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1. Introduction

This paper complements our earlier work [A 2010, 2011, 2012] in proving a conjec-
ture of Deser and Schwimmer [1993] regarding the algebraic structure of “global
conformal invariants”. It provides a (rather technical) proof of certain lemmas
announced in [A 2010, 2012].

We recall that a global conformal invariant is an integral of a natural scalar-
valued function of Riemannian metrics, f wn P(8) dVg, which remains invariant
under conformal rescalings of the underlying metric.! More precisely, P(g) is
assumed to be a linear combination, P(g) =) ,., a;C!(g), where each C'(g) is a
complete contraction in the form

(1-1) contrl(V(’”l)R R ® V(ms)R);

here each factor V™ R stands for the m'" iterated covariant derivative of the cur-
vature tensor R, V is the Levi-Civita connection of the metric g and R is the
curvature associated to this connection. The contractions are taken with respect to
the quadratic form g'/. In the present paper, along with [A 2011, 2012], we prove:

Theorem. Assume that P(g) = ) ,., aICl(g), where each C! (g) is a complete
contraction in the form (1-1), with weight —n. Assume that for every closed Rie-
mannian manifold (M", g) and every ¢ € C*°(M"),

/ P(e*g) dV,, = / P(g)dVy,.

n Mn

We claim that P(g) can then be expressed in the form
P(g) = W(g) +div; T" (g) + Pfaff(Riju).

Here W(g) stands for a local conformal invariant of weight —n (meaning that
W(e*?g) = e "*W(g) for every ¢ € C®(M™)), div; T'(g) is the divergence of a
Riemannian vector field of weight —n + 1, and Pfaff(R;j;) is the Pfaffian of the
curvature tensor.

Before we discuss the position of the present paper in the entire work [A 2010,
2011, 2012] we digress to describe the relation between the present series of papers
with classical and recent work on scalar local invariants in various geometries.

Broad discussion. The theory of local invariants of Riemannian structures (and
indeed, of more general geometries, such as conformal, projective, or CR) has a
long history. As discussed in [A 2012], the original foundations of this field were
laid in the work of Hermann Weyl and Elie Cartan; see [Weyl 1939; Cartan 1896].
The task of writing out local invariants of a given geometry is intimately connected

ISee the introduction of [A 2012] for a detailed discussion of the Deser—Schwimmer conjecture,
and for background on scalar Riemannian invariants.
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with understanding polynomials in a space of tensors with given symmetries; these
polynomials are required to remain invariant under the action of a Lie group on
the components of the tensors. In particular, the problem of writing down all local
Riemannian invariants reduces to understanding the invariants of the orthogonal
group.

In more recent times, a major program was laid out by C. Fefferman [1976]
aimed at finding all scalar local invariants in CR geometry. This was motivated by
the problem of understanding the local invariants that appear in the asymptotic ex-
pansion of the Bergman and Szegd kernels of strictly pseudoconvex CR manifolds,
in a similar way to Riemannian invariants that appear in the asymptotic expansion
of the heat kernel; the study of the local invariants in the singularities of these
kernels led to important breakthroughs in [Bailey et al. 1994b] and more recently
by Hirachi [2000]. This program was later extended to conformal geometry in
[Fefferman and Graham 1985]. Both these geometries belong to a broader class of
structures, the parabolic geometries; these admit a principal bundle whose struc-
ture group is a parabolic subgroup P of a semisimple Lie group G, and a Cartan
connection on that principle bundle (see the introduction in [Cap and Gover 2002]).
An important question in the study of these structures is the problem of constructing
all their local invariants, which can be thought of as the natural, intrinsic scalars
of these structures.

In the context of conformal geometry, the first (modern) landmark in understand-
ing local conformal invariants was the work of Fefferman and Graham [1985],
where they introduced the ambient metric. This allows one to construct local
conformal invariants of any order in odd dimensions, and up to order 7 in even
dimensions. The question is then whether all invariants arise via this construction.

The subsequent work of Bailey—Eastwood—Graham [1994b] proved that this is
indeed true in odd dimensions; in even dimensions, they proved that the result
holds when the weight (in absolute value) is bounded by the dimension. The
ambient metric construction in even dimensions was recently extended by Gra-
ham and Hirachi [2008]; this enables them to identify in a satisfactory way all
local conformal invariants, even when the weight (in absolute value) exceeds the
dimension.

An alternative construction of local conformal invariants can be obtained via
the tractor calculus introduced by Bailey et al. [1994a]. This construction bears
a strong resemblance to the Cartan conformal connection, and to the work of
T.Y. Thomas [1934]. The tractor calculus has proven to be very universal; trac-
tor bundles have been constructed [Cap and Gover 2002] for an entire class of
parabolic geometries. The relation between the conformal tractor calculus and the
Fefferman—Graham ambient metric has been elucidated in [éap and Gover 2003].
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The present paper, along with [A 2010, 2011, 2012], while pertaining to the
question above (given that it ultimately deals with the algebraic form of local
Riemannian and conformal invariants), nonetheless addresses a different fype of
problem: We here consider Riemannian invariants P(g) for which the integral
/ yn P (8) dV, remains invariant under conformal changes of the underlying met-
ric; we then seek to understand the possible algebraic form of the integrand P(g),
ultimately proving that it can be decomposed in the way that Deser and Schwim-
mer asserted. It is thus not surprising that the prior work on the construction and
understanding of local conformal invariants, in [A 2011] and in the second chapter
of [A 2012], plays a central role in this endeavor.

On the other hand, a central element of our proof are the “Main algebraic
propositions” 2.28, 3.27, 3.28 in [A 2012]; these deal exclusively with algebraic
properties of the classical scalar Riemannian invariants. (These “main algebraic
propositions” are discussed in brief below. A generalization of these propositions is
the Proposition 1.1 below). The “Fundamental proposition 1.1” makes no reference
to integration; it is purely a statement concerning local Riemannian invariants.
Thus, while the author was led to led to the main algebraic propositions in [A
2012] out of the strategy that he felt was necessary to solve the Deser—Schwimmer
conjecture, they can be thought of as results of an independent interest. The proof
of these propositions, presented in the second part of [A 2012] (and certain claims
announced there proven in the present paper), is in fact not particularly intuitive.
It is the author’s sincere hope that deeper insight (and hopefully a more intuitive
proof) will be obtained in the future as to why these algebraic propositions hold.

Let us now discuss the position of the present paper in the entire work [A 2010,
2011, 2012] in more detail: In the first part of [A 2012] (complemented by [A
2011]) we proved that the Deser—Schwimmer conjecture holds, provided one can
show certain “main algebraic propositions,” announced in Chapters 2 and 3 in [A
2012]. In [A 2010] (which is reproduced in Chapter 4 of [A 2012] —for conve-
nience we refer to propositions and lemmas in [A 2010]; the same propositions can
be found in [A 2012] with different numbering) we claimed a more general propo-
sition which implies the “main algebraic propositions;” this new ‘“Fundamental
proposition” 2.1 in [A 2010]? is to be proven by an induction of four parameters.
In [A 2010] we also reduced the inductive step of Proposition 2.1 to three lemmas
(in particular we distinguished Cases I, II, III of Proposition 2.1 by examining
the tensor fields appearing in its hypothesis, see (1-7) below; Lemmas 3.1, 3.2,
3.5 in [A 2010]? correspond to these three cases). We proved that these three
lemmas imply the inductive step of the Fundamental proposition in Cases I, II, III
respectively, apart from certain special cases which were deferred to the present

2This is reproduced as Proposition 4.13 in [A 2012].
3These correspond respectively to Lemmas 4.16, 4.19 and 4.24 in [A 2012].
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paper. In these special cases we will derive Proposition 2.1 in [A 2010] directly,* in
Section 3. Now, in proving that the inductive step of Proposition 1.1 follows from
Lemmas 3.1, 3.2, 3.5 in [A 2010] we asserted certain technical lemmas, whose
proof was deferred to the present paper. These were Lemmas 4.6, 4.8, and 4.7, 4.9
in [A 2010]; also, the proof of Lemma A.1 in [A 2010] was deferred to the present
paper. We prove all these lemmas from [A 2010] in Section 2.

For reference purposes, and for the reader’s convenience, we recall the precise
formulation of the “Fundamental proposition” 2.1 in [A 2010], referring the reader
to [A 2010] for a definition of many of the terms appearing in the formulation. First
however, we will recall (schematically) the first “Main algebraic proposition” 2.28
in [A 2012]; this is a special case of Proposition 2.1 in [A 2010], and provides a
simpler version of it.

A simpler version of Proposition 2.1 in [A 2010]. Given a Riemannian metric
g over an n-dimensional manifold M" and auxiliary C*° scalar-valued functions
Qq, ..., 2, defined over M", the objects of study are linear combinations of tensor
fields > ., a1Cé’i1"'ia, where each Cé,’i""ia is a partial contraction with o free
indices, in the form

(1-2)  peontr(V™WR®---®@ V"™ R@VWQ ® . -9 ViQ,);

here V™ R stands for the m'”" covariant derivative of the curvature tensor R,°
and V) Q,, stands for the b covariant derivative of the function ). A partial
contraction means that we have list of pairs of indices (4, p), - - -, (¢, ¢) in (1-2), that
are contracted against each other via the metric g"/. The remaining indices (which
are not contracted against another index in (1-2)) are the free indices ;,, ..., i,.

The “Main algebraic proposition” 2.28 in [A 2012] (roughly) asserts the follow-
ing: Let ) ;. L, a;Cl i1+l stand for a linear combination of partial contractions in
the form (1- 2) Where each Cy Li-iu hag a given number oy of factors and a given
number p of factor V® Q. Assume also that oy 4+ p > 3, each b; > 2,7 and that
for each contracting pair of indices (4, ) in any given C é, il the indices 4, , do
not belong to the same factor. Assume also the rank p > 0 is fixed and each partial
contraction Cé;""""ﬂ, l € L, has a given weight —n+up.8 Let also 216L>M a Cé’“'"iw
stand for a (formal) linear combination of partial contractions of weight —n + y;,
with all the properties of the terms indexed in L, except that now all the partial
contractions have a different rank y;, and each y; > u.

4By this we mean without recourse to the Lemmas 3.1, 3.2, 3.5 in [A 2010].
S5These correspond to Lemmas 4.35, 4.41, 4.37 and 4.42 in [A 2012].
OIn particular it is a tensor of rank m + 4; if we write out its free indices it would be in the form
Vi R
b; > 2 means that the function €2; is differentiated at least twice.
8See [A 2012] for a precise definition of weight.
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Assume also that the local equation

Lit...iy,

(1-3) > aX div, ... X divy, C" 4+ 3 X div, ... X div;, Cy =0
IEL,,_ l€L>u_

holds modulo complete contractions with o 4 1 factors. Here, given a partial con-
traction Ci;"l""'“ in the form (1-2) X diviS[Cé*"l"'ia] stands for sum of o — 1 terms
in div; [C é;i 1] where the derivative V' is not allowed to hit the factor to which
the free index ; belongs.’

The “Main algebraic proposition” 2.28 in [A 2012] says that there exists a linear
combination of partial contractions in the form (1-2), >, _, axC g’i Leluttwith all
the properties of the terms indexed in L, and all with rank (u + 1), so that

(1-4) S a@C 43 X divi,, € =0

lel heH

the above holds modulo terms of length o + 1. The symbol (...) means that we
are symmetrizing over the indices between parentheses.

In [A 2010] we set up a multiple induction by which we will prove the “main
algebraic propositions” in Chapters 2, 3 in [A 2012]. The inductive step is proven
in the “Fundamental proposition” 2.1 in [A 2010], which we reproduce here in
Proposition 1.1. This deals with tensor fields in the forms

(1-5)  peontr(V™ Ry ® - - ® V"™ Ryjy @ V@
® - QV7Q,@V @ - @ V,),
(1-6) pcontr(V" Ry ® - - ® V") Ry
RS VR ® - ® S,V Ry
VWO ®--- VP, eVe, ® --®Ve,,
RV, @ @VY, @ @V, ., ® B®V,,)

(See the introduction in [A 2010] for a detailed description of the above form.) In
keeping with the conventions introduced in [A 2010], we remark that a complete
or partial contraction in the above form will be called “acceptable” if each b; > 2,
forl <i < p.10

9Recall that given a partial contraction Cé’” '@ in the form (1-2) with o factors, div;, Cé’” le

is a sum of o partial contractions of rank o — 1. The first summand arises by adding a derivative Vs
onto the first factor 7' and then contracting the upper index Is against the free index ; ; the second
summand arises by adding a derivative V’s onto the second factor T and then contracting the upper
index s against the free index i, and so on.

101n other words, we are requiring each function €2; is differentiated at least twice.
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Proposition 1.1. Consider two linear combinations of acceptable tensor fields in
the form (1-6),

Liy...i
Zalcgl u(Qla---’Qpa¢1’---»¢u)’

leL,

Liy...i
Z alcgll lﬁ1(919 sy Q[)v ¢11 ---7¢u),

leL.,

where each tensor field above has real length o > 3 and a given simple character
/?Simp. We assume that for eachl € L~ ,, By > u+ 1. We also assume that none of
the tensor fields of maximal refined double character in L, are “forbidden” (see
Definition 2.12 in [A 2010]).
We denote by
D ai i, Qb )

jelJ

a generic linear combination of complete contractions (not necessarily acceptable)
in the form (1-5) that are simply subsequent 10 Ksimp. "' We assume that

A-7) Y aXdiv, ... X div,

leL, Ll

x Cg' QU QB D)
+Y aXdiv, ... X div,

lels,

liy...0
X C QR B Pu)

+ 3@ Cl @1, 2 b1, h) =00,
jelJ

We draw our conclusion with a little more notation: We break the index set L,
into subsets L%, z € Z (Z is finite), with the rule that each L* indexes tensor fields
with the same refined double character, and conversely two tensor fields with the
same refined double character must be indexed in the same L*. For each index set
L*, we denote the refined double character in question by L% Consider the subsets
L? that index the tensor fields of maximal refined double character.'> We assume
that the index set of those 7 is Zyj,x C Z.

We claim that for each z € Zy,y there is some linear combination of acceptable
(u+1)-tensor fields,

10t course if Def(/?simp) = @ then by definition Zje] .. =0.

2Note that in any set S of u-refined double characters with the same simple character there is
going to be a subset S’ consisting of the maximal refined double characters.
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D aCy QL Qi ),

reRz

where each A
C;,zl...l,ﬁl (..., Qp’ b1y D)

has a p-double character Li and also the same set of factors AAVALY Rij as in L*
contain special free indices, so that

(1-8) Z alcé’il.“iu(gla RN va ¢1a ) ¢u)vi| V... viﬂv
leL® o
=Y @ Xdivi,, CN QL Qi ) VULV
reR*

=Y @G QL Q1 G Vi Y,

teTy

modulo complete contractions of length > o +u + u + 1. Here each

1.0
C Qs Ry Bl Bu)
is acceptable and is either simply or doubly subsequent to L7.13

(See the first section in [A 2010] for a description of the notions of real length,
acceptable tensor fields, simple character, refined double character, maximal re-
fined double character, simply subsequent, strongly doubly subsequent.) We prove
Proposition 1.1 by a multiple induction on the parameters —n (the weight of the
complete contractions appearing in (1-7)), o (the total number of factors in the
form V™ Ry, S« VY Rijq, VA, among the partial contractions in (1-7)),' @
(the number of factors V¢, ..., V¢, appearing in (1-7)), and o1 + o7 (the total
number of factors V(m)R,-jkl, S*V(”)R,-jkl). When & = 0, Proposition 1.1 coincides
with the “Main algebraic proposition” 2.28 in [A 2012] outlined above. !’

2. Proof of the technical lemmas from [A 2010]

2A. Restatement of the technical Lemmas 4.6-4.9 from [A 2010]. We start by
recalling a definition from [A 2010] that will be used frequently in the present

paper:
13Recall that “simply subsequent” means that the simple character of C;’ll"'l“
Simp(L%).
14The partial contractions in (1-7) are assumed to all have the same simple character—this implies
that they all have the same number of factors V™) Rijui» S, V() Rijii» VA Q,, respectively.
15Sirnilalrly, the “Main algebraic propositions” 3.27 and 3.28 in Chapter 3 of [A 2012] coincide
with Proposition 1.1 above when ® = 1.

is subsequent to
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Definition. Consider any partial contraction in the form (1-6). We consider any set
of indices, {y,, ..., x,} belonging to a factor T, which is either in the form V& g,
or VU™ R,y We assume that these indices are not free and are not contracting
against a factor Vgy,.

If the indices belong to a factor 7 in the form VB Q, then {x;--.,x} are
removable provided B > s 4 2.

Now, we consider indices that belong to a factor T in the form V(’”)R,-jk[ (and
are not free and do not contract against a factor V¢,). Any such index , which
is a derivative index will be removable. Furthermore, if T has at least two free
derivative indices, then if neither of the indices ;, ; are free we will say one of ;, ;
is removable; accordingly, if neither of ¢, ; is free then we will say that one of ¢, ;
is removable. Moreover, if T has one free derivative index then: if none of the
indices ;, ; are free we will say that one of the indices ;, ; is removable; on the
other hand if one of the indices ;, ; is also free and none of the indices 4, ; are free
then we will say that one of the indices g, ; is removable.

Now, we consider a set of indices {,, . . ., x,} that belong to a factor T in the form
S*Vr(]‘")”rv Rijis if {x1, ..., x5} C{ry...ry, j} and none of them are free and none of
them contract against a factor V¢,, then we will say this set of indices is removable.
Furthermore, we will say that the indices ¢, ; in such a factor are removable if
neither ; nor ; is free and v > 0 and at least one of the indices ,,, ..., , j is free.

For the two Lemmas 2.1 and 2.2 we will consider tensor fields in the form

2-1) pcontr(V(m‘)Rijkz ®---®@ V™I Ry
QS VWR® - @S VW R @ VY
(9] V(b])Ql R--Q V(bp)Qp ® v¢Z1 e ® V¢Zu:
® V(]ﬁ/ R R V(;b/ R Vd;zuH_dH R ® Vd;z1u+d+y)'

Zw+1 Zw+d

(Notice this is the same as the form (1-6), but for the fact that we have inserted a
factor VY in the second line.) We recall that for a partial contraction C ;"“"” in the
above form, X, div;, C ;;1 - stands for the sublinear combination in the divergence
div;, Cg'* where the derivative V' is not allowed to hit the factor to which ;,
belongs, nor any factor V¢,, nor the factor VY.

The claims whose proof was deferred to the present paper are then as follows:

Lemma 2.1. Assume that
. . h7- ‘“.(l
22) Y apXudivi, ... Xodivi, Co Q1L QYo )

/’lEHz .
= Zajcé(917 M Qp’ ¢13 M ] ¢u/)s
jeJ
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where all tensor fields have rank ap > a. All tensor fields have a given u-simple
character /?S’imp, for which o > 4. Moreover, we assume that if we formally treat the
factor VY as a factor Vo, 41 in the above equation, then the inductive assumption
of Proposition 1.1 can be applied. (See Subsection 3.1 in [A 2010] for a strict
discussion of the multiparameter induction by which we prove Proposition 1.1.)

The conclusion (under various assumptions which we will explain below) is:
Denote by Hy o, C Hj the index set of tensor fields with rank o in (2-2).

We claim that there is a linear combination of acceptable'® tensor fields

D aqClt QL Qp Y ),

deD
each with a simple character I?gimp, so that

iy g
2-3) Y apCl QL Qp Y br L d) ViU Vi

h€H2.a
: d,iy...i
— X, divi,, Y agCEM (R, Q. Y i ) Vi ViU
deD

ZZQZC;(Q], R} Qp’ Ys ¢17 ---7¢u/7 Ua)'
teT

The linear combination on the right-hand side stands for a generic linear combina-
tion of complete contractions in the form (2-1) with a factor VY and with a simple
character that is subsequent to Es/imp.
The assumption under which (2-3) holds is that there should be no tensor fields
of rank o in (2-2) that are “bad”. Here “bad” means the following:
Ifop, =0in Es/imp then a tensor field in the form (2-1) is “bad” provided:
(1) The factor VY contains a free index.
(2) If we formally erase the factor VY (which contains a free index), then the re-
sulting tensor field should have no removable indices,"’ and no free indices.'®

Moreover, any factors Sy Rjji; should be simple.

If o, > 0in k. then a tensor field in the form (2-1) is “bad” provided:

simp

(1) The factor VY contains a free index.

(2) If we formally erase the factor VY (which contains a free index), then the
resulting tensor field should have no removable indices, any factors Sy Rjjy
should be simple, any factor Vﬁ)Qh should have at most one of the indices
a» b free or contracting against a factor V ¢;.

16“Acceptable” in the sense that each factor €2; is differentiated at least twice).
17Thus, the tensor field should consist of factors Sy Rk, v@g,, and factors V™) Rjjiy with

Fl...tm
all the indices ;,, ..., ,, contracting against factors V¢y,.
8Thatis = 1 in (2-2).
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(3) Any factor V™ Rjji; can contain at most one (necessarily special, by virtue of
(2)) free index.

Furthermore, we claim that the proof of this lemma will only rely on the induc-
tive assumption of Proposition 1.1. Moreover, we claim that if none of the tensor
fields indexed in Hj (in (2-2)) have a free index in VY, then we may assume that
none of the tensor fields indexed in D in (2-3) have that property either.

Lemma 2.2. We assume that (2-2) holds for o = 3. We also assume that for each
of the tensor fields in Hy 19 there is at least one removable index. We then have
two claims:

First, the conclusion of Lemma 2.1 holds in this setting. Second, we can write

@-4) > apXdivi, ... X divi, CP Q1L Qp Y )

/’lEHz
. . g0y
= a X divi, ... X divi, CZ" Q1L Q. Yo bL )
q€Q
+Zalcé(gla ey Qp9 Y’¢la "'7¢M,)7
teT
where the linear combination quQ ag Cg’”"'l“/ stands for a generic linear combi-

nation of tensor fields in the form
(2-5) pcontr(VWl)Rijk[ R ® V(m"l)Rijkl
® S*v(vl)Rl'jkl ®--Q S*V(Vt)Rl'jkl ® V(B)Y
Ve -VPQ,’Ve, - @V,
OVY,, ® OV,  ® OV, . @ OV, ),

Zw+l Zw+d

with B > 2, with a simple character I?;imp

complete contractions Cé, (21,...,R2,,Y,01,...,¢u) are simply subsequent to
/_c';imp. X div; here means that V; is not allowed to hit the factors V¢, (but it is
allowed to hit VBY).

For our next two lemmas, we will be considering tensor fields in the general

and with each a’ > a. The acceptable

form

(2-6) contr(V™ Ry ® - - - @ V™) Ry
® S VR ® - @ SV Ry
® VI (Vawi Vowy — Vo1 Veor)

®V(d1)9p®...®v(dﬁ)§2p®v¢1 ®"'®V¢u)§

19Recall from [A 2010] that H; "* is the index set of tensor fields of rank « in (2-2) with a free
index in the factor VY.
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here Vr(f fB) ...) stands for the sublinear combination in V,(f .).,B (...) where each
derivative V,, is not allowed to hit the factor Vw;.

We also recall from [A 2010] that X div; stands for the sublinear combination
in X div; where V; is in addition not allowed to hit the factor Vw, (it is allowed to
hit the factor V® w)).

Lemma 2.3. Consider a linear combination of partial contractions,

D aCy QL Qp o1, @], s ),

xeX
where each of the tensor fields Cg’i""i" is in the form (2-6) with B = 0 (and is
antisymmetric in the factors V, w1, Vpywy by definition), with rank a > o and real
length o > 4.2 We assume that all these tensor fields have a given simple character
/

simp (We use u' instead of u to stress that this lemma holds in
generality). We assume that

Q7)) acX.divi, .. Xy divi, CP QL Qp 01, @2 1. )

xeX .
+Zajcé(g219 "'anv [w17w2]7¢17 ---’¢ll) :Ov
jeJ

which we denote by Kk

where X, div; stands for the sublinear combination in X div; where V; is in addi-
tion not allowed to hit the factors Vi, V. The contractions C/ here are simply
subsequent to /?;imp. We assume that if we formally treat the factors Vwi, Vw; as
factors Vo, 11, Vo2 (disregarding whether they are contracting against special
indices) in the above, then the inductive assumption of Proposition 1.1 applies.
The conclusion we will draw (under various hypotheses that we will explain

below) is that we can write

2-8) ) acXydivi, ... Xy divi, CpU QL Qp 01, @2 1. )

xeX

= Z ay Xy divy, ... Xq divi, CP1 Q.. Qp (o1, 2], 1 )
xeX’
+Y a;CiQ1, ..., Q. [o1, @], 1, ... pu) =0,

jeJ
where the tensor fields indexed in X' on the right-hand side are in the form (2-6)
with B > 0. All the other sublinear combinations are as above.

Assumptions needed for (2-8): We claim that (2-8) holds under certain assump-
tions on the a-tensor fields in (2-7) that have rank o and have a free index in one

20 Recall that in the definition of “real length” in this setting, we count each factor V(”’)R,
S« VR, V(B)Qx once, the two factors V(“)wl, Vwy as one, and the factors Vo, V@', V¢ as
nothing.
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of the factors Vwi, Vw (say in Vw, without loss of generality)—we denote the
index set of those tensor fields by X“* C X.

The assumption we need in order for the claim to hold is that no tensor field
indexed in X** should be “bad”. A tensor field is “bad” if it has the property that
when we erase the expression Vi,w1Vpjwy (and make the index that contracted
against  into a free index) then the resulting tensor field will have no removable
indices, and all factors Sy R will be simple.

Lemma 2.4. We assume that (2-7) holds, where now the tensor fields have length
o = 3. We also assume that for each of the tensor fields indexed in X, there is a
removable index in each of the real factors. We then claim that the conclusion of
Lemma 2.3 is still true in this setting.

For the most part, the remainder of this paper is devoted to proving the above
lemmas. However, we first state and prove some further technical claims, one of
which appeared as Lemma A.1 in [A 2010].2!

2B. Two more technical lemmas. We claim that an analogue of Lemma 4.10 in
[A 2010]% can be derived for tensor fields with a given simple character Ksimp, and
where rather than having one additional factor V¢, (which is not encoded in the
simple character /?simp), we have two additional factors V,¢,+1, Vedu12.

Lemma 2.5. Consider a linear combination

Liy...0
> @ QL Qi )

leL

of acceptable tensor fields in the form (1-6) with a given u-simple character Ksimp.
Assume that the minimum rank among those tensor fields above is o > 2. Assume
that

(2-9) ZalX* divi; ... X, divi, Co" Qe QB D)
leL X Viyu+1ViyQut2
+ 3@, Ry, P $) Vi1 Visuss =0
jedJ

here X, div; means that V' is in addition not allowed to hit either of the fac-
tors V11, Vou12. We also assume that if we formally treat the factors Ve, 1,
V12 as factors V41, Vo, 1o then (2-9) falls under the inductive assumption of
Proposition 1.1 (with respect to the parameters (n, o, ®, u)). Denote by L* C L

2l1es proof was also deferred to the present paper.
22This corresponds to Lemma 4.44 in [A 2012].
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the index set of terms with rank . We additionally assume that none of the ten-
sor fields Ci;"l'“"ﬂ (Q1,...,2p,¢1,...,¢,) are “forbidden,” in the sense defined
above Proposition 2.1 in [A 2010].

We then claim that there exists a linear combination of (a+1)-tensor fields with
a u-simple character /'c'simp (indexed in Y below) so that

2-10) D @ C Qo Qpa br s ) Vi bust Viyur2Visv - Vi v
leL*
= X, divi,,, Y a,Chl e ( QL Qg )

ey
ve X Vi pur1Viydu2Visv ... Vi v
+ 3 @i CI QL Qi )
jeJ
e X Vi but1VisburaVisv . .. Vi, v,

We also claim that we can write

. . Liy...i
@-11) Y @ X divi, ... X diviy C¢" Q10 Qp 1. 00 Vi Gut1 Vibus
leL
=Y a;Ci(Q1, ... Qp. b1, ... bu)
jelJ
+ ) g X divi, ... X div;,

q€0 L
X CPB Qs Qpy 1, Gut2) Vi Putt Vi uo
+ Y g X divi, ... X div;,
qe0> Qv
X Cg’ kma(Ql’ s oy Q[)? ¢1’ ceey ¢M+2)9

where the tensor fields indexed in Q| are acceptable with a u-simple character
I_c'simp and with a factor V(2)¢u+ 1 and a factor V¢, 2. The tensor fields indexed in
Q> are acceptable with a u-simple character Esimp and with a factor V(2)¢u+2 and
a factor Vo, 1.

Proof of Lemma 2.5. We may divide the index set L* into subsets LY, LY, ac-
cording to whether the two factors V¢, 1, V¢, o are contracting against the same
factor or not— we will then prove our claim for those two index sets separately.
Our claim for the index set LY, follows by a straightforward adaptation of the proof
of Lemma 4.10 in [A 2010]. (Notice that the forbidden cases of the present lemma
are exactly in correspondence with the forbidden cases of that lemma.) Therefore,
we now prove our claim for the index set LY:

We denote by L; C L, J; C J the index sets of terms for which the two factors
Vu+1, VPu4o are contracting against the same factor. It then follows that (2-9)
holds with the index sets L, J replaced by L, J; — denote the resulting new equa-
tion by New(2-9). Now, for each tensor field Ci,’” " and each complete contraction
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CJ, we let Sym[CLi1+##], Sym[CLi1i#], AntSym[C}], AntSym[C}] stand for the
tensor field/complete contraction that arises from Cé;i RN 1{,' by symmetrizing (re-
spectively antisymmetrizing) the indices ,, , in the two factors V¢, 41, Vodu+o.
We accordingly derive two new equations from New(2-9), which we denote by
New(2-9)sym and New(2-9) Ansym-

We will then prove the claim separately for the tensor fields in the sublinear com-
bination Zle Lo @l Sym[C ]i;i il gnd the tensor fields in the sublinear combination
sy ar AntSym[C e

The claim (2-10) for the sublinear combination ) _, eLe @ AntSym[C ]fg;il"'i“ fol-
lows directly from the arguments in the proof of Lemma 2.3 (see this proof below).
Therefore it suffices to show our claim for ), ere @l Sym[C ]lg’i ola

We prove this claim as follows: We divide the index set LY according to the
form of the factor against which the two factors V¢,41, V4o contract: List
out the nongeneric factors {7y, ..., T,} in /?Simp.m Then, for each k < a we let
L‘}"k stand for the index set of terms for which the factors V¢,11, Vo, 1, are
contracting against the factor 7. We also let L7 | stand for the index set of
terms for which the factors Vg, 11, V@, 1o are contracting against a generic fac-
tor V(’")R,;,k,. We will prove our claim for each of the sublinear combinations
ZIEL7,,,+1 a Sym[C]fg’il"'i“ separately.

We first observe that for each k < a1, we may obtain a new true equation from
(2-9) by replacing L by L; 441 —denote the resulting equation by (2-9); sym -
Therefore, for each k < a + 1 for which T is in the form VP, our claim
follows straightforwardly by applying Corollary 1 from [A 2010].24

Now, we consider the case where the factor 7} is in the form S, V™ R p.q: In
that case we denote by Ly s the index set of terms for which one of the factors
Vu+1, Vouio is contracting against a special index in 7. In particular, we will
let L7, . C Ly, stand for the index set of terms with rank . We will then show
that two equations hold:

23Recall from [A 2010] that the nongeneric factors in I?simp are all the factors in the form
vQ,, 5,v») Rjjki> and also all the factors vm) Rjjiy that contract against at least one factor V.

24This corresponds to Corollary 4.14 in [A 2012]. There is no danger of falling under a “forbidden
case,” since we started with tensor fields which were not forbidden.
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First, we claim that there exists a linear combination of tensor fields as claimed
in (2-10) so that

(2-12) ) aSym(Cl" Q1 R Br e )
1 o
ks X Viypus1Vi,wViv ...V, v

la
= ayX divi,, CP QL QR Br - )

yey
X Vil¢u+1vi2a)v,-3v ce Vl-av
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= Zalx diV,'M_1 Cé’il"'["i"‘“ Vi,¢u+1vi2wvi3v cen V,‘av
leLyy
+D @ CE QL Q1 )
jelJ
X Vi1¢u+1vl~2wvi3v . V,’dv,
where the tensor fields in Ly, have all the properties of the terms in L, rank o
and furthermore none of the factors V¢, 41, V¢, 4 are contracting against a special

index.
Then (under the assumption that L , g = @) we claim that we can write

@-13) ) aXdiv, ... X div;,

leLykz 1,ij.

x Sym[Clg" (1, .o, Ry, D1y -y D) Vi But1 VisPusa
= > aXdivg... X div;,
leLjk ok

+ Y a; SymlCI (R, 2, B1 - $) Vi bkt Vioutas
jeJ
where the tensor fields in L;k ox have all the properties of the terms in Lj,
but they additionally have rank > o« + 1 and furthermore none of the factors
Vu+1, Vo142 are contracting against a special index.

If we can show the above two equations, then we are reduced to showing our
claim under the additional assumption that no tensor field indexed in L in Sym(2-9)
has any factors Ve, 11, V¢, 2 that contract against a special index in 7. Under that
assumption, we may additionally assume that none of the complete contractions
indexed in J in (2-9) have that property.”> Therefore, we may then erase the factor
V¢,+1 from all the complete contractions and tensor fields in (2-9); by virtue of
the operation Erase, introduced in the Appendix in [A 2012]—our claim then
follows by applying Corollary 1 from [A 2010] to the resulting equation and then
reintroducing the erased factor Ve, 1. O

Outline of the proofs of (2-12) and (2-13). First we prove (2-12): Suppose without
loss of generality that T} contracts against V¢, and V5, ..., Ve, then replace
the two factors V,¢1, Vpd,+1 by gqp and then apply Ricto €2 p+1,26 (obtaining a
new true equation) an then apply the eraser to the resulting true equation. We then
apply Corollary 1 from [A 2010] to the resulting equation,?” and finally we replace

25This can be derived by repeating the proof of (2-12), (2-13).

26See the relevant lemma in the Appendix of [A 2012].

27Since the factor V42 survives this operation, and since we started out with terms that were
not “forbidden,” there is no danger of falling under a “forbidden case” of Corollary 1 from [A 2010].
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the factor V,(Ib.)“rbﬂ p+1 by an expression

S, VOl Riir, Vi1V 2 Vi1 V2P .. V.

Y2 Ynt1...Tp—1

As in the proof of Lemma 4.10 in [A 2010], we derive our claim. Then (2-13) is
proven by iteratively applying this step and making each Vv into an X div at every
stage.

We analogously show our claim when the factor 7y is in the form V™ Ry
In that case we denote by L ; the index set of terms for which both the factors
Vu+1, V4o are contracting against a special index in 7. We will then show
two claims:

First, that there exists a linear combination of partial contractions (indexed in Y
below) as claimed in (2-10) so that

@-14) Y a Sym[CY Q0 Qpy b1 ) Vi a1 Vo Vigv L V0
leLy, .
=Y ayXdivi,,, C} QL Qi )
ye¥ X Vil¢u+1vi2a)v,~3v e V,‘av
+) X divi,,, CY 1V ¢, Vi Viu L Vi
leLgy
+ Za‘/cé,ilmia(gh sy Qpa ¢1’ sy ¢I/t)

jeJ
/€ X Vi pus1Vi,oVisv ... Vi v,

where the tensor fields in Lg), have all the properties of the terms in L; x, but they
additionally have rank « and furthermore one of the factors Ve, 41, Vo,42 does
not contract against a special index. Then (under the assumption that L7, . = &)
we denote by L; i ; the sublinear combination of terms in L; ; where both factors
V¢,+1 or Vo, 41 contract against a special index in 7. We claim that we can write

@-15) ) aXdiv, ... X div;,

leLyy, Liy.d
e x Sym[Clg" " (Q1, ..., Rp, D1, -+ s D) Vi Gust Vigbus2

Liy..i
x Sym[Cl" (R, ... Qpy i B Vi Bus1 Vigbuta
+> a; Sym[CY (R, Q. b1 G Vi bus VigBuga,
jeJ
where the tensor fields in L; ; ox have all the properties of the terms in L; j, but

they additionally have rank > o + 1 and furthermore one of the factors V¢, 1,
V.42 does not contract against a special index.
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If we can show the above two equations, then we are reduced to showing our
claim under the additional assumption that no tensor field indexed in L in Sym(2-9)
has the two factors V¢, 1, Vo, 12, contracting against a special index in 7. Under
that assumption, we may additionally assume that none of the complete contrac-
tions indexed in J in (2-9) have that property. Therefore, we may then erase the
factor V¢, from all the complete contractions and tensor fields in (2-9); — our
claim then follows by applying Lemma 4.10 in [A 2010] to the resulting equation®®
and then reintroducing the erased factor Ve, . U

Outline of the proofs of (2-14) and (2-15). First we prove (2-14). Suppose without
loss of generality that T; contracts against V¢, ..., V¢ (possibly with 7 = 0);
then replace the two factors V.1, Vy,41 by ga, and then apply Ricto €211 (ob-
taining a new true equation), and then apply the eraser to the factors V¢, ..., Voy
in the resulting true equation. Then (apart from the cases, discussed below, where
the above operation may lead to a “forbidden case” of Corollary 1 in [A 2010]),
we apply that corollary to the resulting equation, and finally we replace the factor
v}f’},,hsz p+1 by an expression

b+h 1 k
VO s Riry ik, Vi Pust Vi VI 1 ... Vi gy

As in the proof of Lemma 4.10 in [A 2010], we derive our claim. Then (2-14) is
proven by iteratively applying this step and making each Vv into an X div at every
stage (again, provided we never encounter “forbidden cases”). If we do encounter
forbidden cases, then our claims follow by just making the factors V¢, 1, Vo, 12
into X divs and then applying Corollary 1 in [A 2012] to the resulting equation
(the resulting equation is not forbidden, since it will contain a factor v m Rjji; with
two free indices), and in the end renaming two factors Vv as Vg,+1, Voo, U

A further generalization: Proof of Lemma A.1 from [A 2010]. We remark that
on a few occasions later in this series of papers we will be using a generalized ver-
sion of the Lemma 2.5. The generalized version asserts that the claim of Lemma 2.5
remains true, for the general case where rather than one or two “additional” factors
Véui1, Véu 1o we have B > 3 “additional” factors Ve, 1, ..., V@, 5. Moreover,
in that case there are no “forbidden cases”.

Lemma 2.6. Let

D @ QL Qs ),
lELl

Liy...ip, ,ip 1...ib+
§ alcg e ! ﬁ(le"-’Qpa¢1""v¢u)’
l€L2

28Notice that there is no danger of falling under a “forbidden case” of that lemma, since there
will be a nonsimple factor S*V(”)Rl:/kl by virtue of the factor V¢, 4 ».
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stand for two linear combinations of acceptable tensor fields in the form (1-6),
each with u-simple character Esimp. We assume that the terms indexed in L have
rank | + B, while the ones indexed in L, have rank greater than 1+ B.

Assume that

@2-16) > X diviy,, ... X div;,,

lELl l,'
X Cg' QL Qs s ) Vi Bukt - VigPusp
+ Y X divi,, ... X div;,

lely Liy...0
X Cg QL Ry Bl ) Vi But - VipDutp

+Zde£(91, e 2,01, Purp) =0,
jeJ

modulo terms of length > o + u + B + 1. Furthermore, we assume that the above
equation falls under the inductive assumption of Proposition 2.1 in [A 2010] (with
regard to the parameter weights, o, @, p). We are not excluding any “forbidden
cases”.

We claim that there exists a linear combination of (u+p-+1)-tensor fields in the
form (1-6) with u-simple character Esimp and length o + u (indexed in H below)
such that

Liy...i
@17 @l Qs )

lELl
X vi1¢u+1 . V,‘5¢u+‘gviﬂ+lv N Viﬂ+MU

L,iy.

+ ) apX divi, ., CTN QL R 1)
helt X Vi, @us1 - - Vighp1 Vi v ... Vig, v

+Y i ClQu. . Qi pusp VM) =0,
jeJ

modulo terms of length > o +u +  + n + 1. The terms indexed in J here are
u-simply subsequent to Ksimp.

Proof of Lemma 2.6. The proof of the above is a straightforward adaptation of the
proof of Lemma 2.5, except for the cases where the tensor fields C é’i Peelslpt T p
are “bad,” where “bad” in this case means that all factors are in the form R;jy;,
S Rijki, VP, » and in addition each factor V® ), contracts against at most one
factor Voo, 1 <h <u+ B. So we now focus on that case.

[T Y B

. [ [, ..
29Notice that if this property holds for one of the terms C , then it will hold for

all of them by weight considerations.
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The “bad” case. Let us observe that by weight considerations, all tensor fields in
(2-9) must now have rank p.

We recall that this special proof applies only in the case where there are special
free indices in factors Sy R;j; among the tensor fields of minimum rank in (2-9).
(If there were no such terms, then the regular proof of Lemma 2.5 would apply.)
We distinguish three cases: Either p > 0, or p =0and o7 > 0, or p =07 =0 and
02 > 0. We will prove the above by an induction on the parameters (weight), o:
Suppose that the weight of the terms in (2-16) is —K and the real length is o > 3.
We assume that the lemma holds when the Equation (2-16) consists of terms with
weight —K’, K’ < K, or of terms with weight —K and real lengtho’,3 <0’ <o0.

The case p > 0. We first consider the u-tensor fields in (2-9) with the extra factor
V.41 contracting against a factor V® Q. Denote the index set of those terms by
L,,. We will first prove that

Liy...iy
@-18) Yl Q1 Qi )
teLy X Vi1¢u+l .. V,'ﬁqbwﬁviﬂﬂv PN Viﬁwv =0.

It suffices to prove the above for the sublinear combination of p-tensor fields
where V¢, contracts against V' Q. (2-18) will then follow by relabeling the
functions €21, ..., €2, and repeating this step p times.

We start by a preparatory claim: Let us denote by L i C L « the index set of
u-tensor fields for which the factor V' contains a free index, say the index i
without loss of generality. We will first prove that

Liy...d
(2-19) > @l Vidust - VigburpVig v - Vi, v =0.
lEiﬂ,ﬁ

Proof of (2-19). We will use the technique (introduced in Subsection 3.1 of [A
2011]) of “inverse integration by parts” followed by the silly divergence formula.

Let us denote by CA‘é, the complete contraction that arises from each C;’”"'l“ﬂ
by formally erasing the expression Vs(izl)Ql Vi@, +1 and then making all free indices
igs1s -+ »igy, DO internal contractions.’® Then, the “inverse integration by parts”

implies a new integral equation
(2-20) / Y aCy+Y a;Ci+) aCidV,=0.
M leL, JjeJ zeZ

Here the complete contractions indexed in J have length o 4+ u and u factors V¢,
but they are simply subsequent to the simple character Ksimp. The terms indexed in

30We recall that to “make a free index iy into an internal contraction” means that we add a
derivative Vi, onto the factor T, to which the free index ;, belongs. The new derivative index
V*!r is then contracted against the index i in T, .
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Z either have length > o +u 4 1 or have length o + u, but also have at least one
factor VB¢, with B > 2.

Now, in the above, we consider the complete contractions indexed in L,, ;s C L,
and we “pull out” the expression AV,Q V¢, to write

Y all,=Y" all- (AV,QV'¢).
leLl, leL,

Now, we consider the silly divergence formula applied to (2-20) obtained by
integrating by parts with respect to the function €2;. If we denote the integrand
in (2-20) by Fg, we denote the resulting (local) equation by silly[F,] = 0. We
consider the sublinear combination silly*[ F,] which consists of terms with length
o +u, w internal contractions and u — 1+ 8 factors V¢, h > 2, and a factor A¢, 4.
Clearly, this sublinear combination must vanish separately modulo longer terms,

silly*[Fg] = 0.

The above equation can be expressed as

(2-21) Spreadv’r'v‘v[ Z a;(_?fg,] Q- Agyy1 =0.
léiﬂ,n
(Here Spread” Vs is a formal operation that acts on complete contractions in the

form (1-5) by hitting a factor 7' in the form V(’”)Rijkl or V(P Q, with a derivative
V* and then hitting another factor 7’ # T in the form V(’")Riﬂd or VIV Q,, with a
derivative V; that contracts against V* and then adding over all the terms we can
thus obtain.) Now, using the fact that (2-21) holds formally, we derive?!

(2-22) > aCl=o.

lely s

Thus, applying the operation Sub,, ; — 1 times to the above and then multiplying
by v,-l,-zszlviluvh%“ we derive (2-19). So for the rest of this proof we may
assume that L, ; = &. U

Now we prove our claim under the additional assumption that for the tensor
fields indexed in L - the factor V@ Q, contains no free index.

We again refer to (2-20) and perform integrations by parts with respect to the
factor VI®) Q. We denote the resulting local equation by silly[Lg] = 0. We pick
out the sublinear combination silly*[ L] of terms with o 4+ u factors, u 4 B factors
V¢, 1 internal contractions, with u + 8 — 1 factors V¢y,, h > 2, and a factor A¢;.
This sublinear combination must vanish separately, silly*[L,] = 0; the resulting
new true equation can be described easily: Let us denote by éé’j ' the 1-vector

31This can be proven by using the operation Erasel. . . ], see the Appendix in [A 2010].
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field that arises from Cy'', 1 € Ly, « by formally erasing the factor V{22, V¢,
making the index / that contracted against ; into a free index j,, and making all
the free indices ;,, ..., ;, into internal contractions. (Denote by &gy, the simple
character of these vector fields.) Then the equation silly*[L,] = 0 can be expressed
in the form

(2-23) > aX divy, CL AL+ a;C AP =0;
leL; « jeJ

here the complete contractions C é are simply subsequent to l?gimp. The above holds
modulo terms of length > o 4-u+1. Now, we apply the operation Sub,, 1 times (see
the Appendix in [A 2012]). In the case o > 3, we apply the inductive assumption
of our Lemma 2.6 to the resulting equation (notice that the above falls under the
inductive assumption of this lemma since we have lowered the weight in absolute
value); we ensure that Lemma 2.6 can be applied by just labeling one of the factors
Vw into V¢,1. We derive (due to weight considerations) that there can not be

tensor fields of higher rank, thus

(2-24) > aSubt T [CL Vi uAg =0.
leL,

Now, formally replacing the factor V;, v by Vj(lzt) Q1 V'¢y, and then setting w = v,
we derive the claim of our lemma. In the case o = 3 (2-24) follows by inspection,
since the only two possible cases are o, = 2 and o7 = 2; in the first case there
are only two possible partial contractions in L « While in the second there are four.
Equation (2-23) (by inspection) implies that the coefficients of all these tensor
fields must vanish, which is equivalent to (2-24).

Now, we will prove our claim under the additional assumption L u =2 (still for
p > 0). We again refer to (2-20) and again consider the same equation silly[Lg] =0
as above. We now pick out the sublinear combination of terms with o + u factors,
u + B factors V¢, and p internal contractions. We derive that

(2-25) > aXdivj, X divj, Ci2 4+ " a;C] =0;

leL, jeJ
here the terms @é’j "2 arise from the pu-tensor fields Ci,l""l" by replacing all u free
indices by internal contractions, erasing the factor Vﬁ)Ql and making the indices
J, % into free indices /', 7. Now, applying Sub,, i times, and then applying the
inductive assumption of Lemma 4.10 in [A 2010] (this applies by length consid-
erations as above for o > 3; while if o = 3 the claim (2-26) will again follow by
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inspection) we derive that

(2-26) > aCy PV uv,u=0.

leL,

) . 2) ; —
Replac.mg the expres-smn VjvVju by a factor V i €2, and then setting w = v,
we derive our claim in the case p > 0.

The case p = 0, 01 > 0. We will reduce to the previous case: We let L }L be the
index set of u-tensor fields where the factor 71 = S, R;ji;V' ¢ contains a special
free index (say the index j is the free index ;, , without loss of generality). We will
prove our claim for the index set L' ; if we can prove this, then clearly our lemma
will follow by induction.

To prove this claim, we consider the first conformal variation of our hypothesis,
Image;[L ¢] =0, and we pick out the sublinear combination of terms with length
o +u+ B, where the factor vis, R,'jkNi ¢~5 1 has been replaced by a factor vy,
and the factor V¢ now contracts against a factor 7, = R;j;. This sublinear com-
bination vanishes separately, thus we derive a new local equation. To describe the
resulting equation, we denote by

Al;,uf o
C (Y prs ) Vi us - Vigurp

the (u—1)-tensor field that arises from

l,' '”A' .--.A.
Cg” [B41.--1; +ﬂ(Y, ¢1’ .--,¢u>vil¢u+1 ..-Vi/3¢l/i+ﬂ

by formally replacing the factor 73 = S*Rijk,qu%] by Vﬁ)Y and also adding a
derivative index V;_onto the factor 7o = R;j; and then contracting that index ;,
against an (added anew) factor V¢;. Denote the (1 — 1)-simple character of the
above (the one defined by V¢», ..., V¢,) by ’-és{irnp' We then have an equation
(2-27) )

. . At dgan.i
Y aXdivi,, ... Xdivi,, G G ) Vidus - Vigburp
leL},

. . Liy...0
+ Z apX diviy,, ... X div;,, C7 (Y, b1, ..o ) Vi bust - Vigbusp

heH
Jeipgr
=Y a; "X b b Vi Bukt - Vigburs.
jelJ
The terms indexed in H are acceptable, have a (1 — 1)-simple character /?S/imp and

the factor V¢, contracts against an internal index (without loss of generality, say
the index ; in the factor 7> = R;j); writing that factor as S, R,-jlei ¢1, we denote the
resulting u-simple factor by Kgimp. The terms indexed in J are simply subsequent
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/

to Esimp. Now, applying the inductive assumption of Lemma 2.6,>> we derive that

(228) Y anCe (Y i, )

heH
X Vi]¢u+1 ‘o V,-ﬁHqSHﬂV,-ﬁH V... V,'ﬂJrHU =0.

Thus, we may assume without loss of generality that H = & in (2-27). Now, we
again apply Lemma 2.6 to (2-27) (under that additional assumption), and we derive
that

(229) 3@l Y g )
ZGL!IL X Vi1¢u+1 ...V,‘ﬁ¢u+ﬂviﬂ+lv...viﬂ+ﬂv =0.

Now, erasing the factor V¢; from the above, and then formally replacing the factor
V;zb)Y by S*R,-(ab)lV"J)lVlv, we derive our claim.

The case p = 0, 01 = 0. In this case 0 = 0. In other words, all factors in Esimp
are simple factors in the form S, R,jklviéh. We recall that in this case all p-tensor
fields in (2-9) must have at most one free index in any factor Sy R;jy. In that case,
we will prove our claim in a more convoluted manner, again reducing ourselves to
the inductive assumption of Proposition 2.1 in [A 2010].

A key observation is that by the definition of the special cases, u + 8 < 07.
In the case of strict inequality, we see (by a counting argument) that at least one
of the special indices in one of the factors S, R;j; must contract against a special
index in another factor Sy R,pcqs. In the case 4+ B = o, this remains true, except
for the terms for which the 8 factors V¢, 1, contract against special indices, say
the indices , in B factors Ty = S, Riu V! ¢~>y, and moreover these factors must not
contain a free index, and all other factors S, R;x; contain exactly one free index,
which must be special. In this subcase, we will prove our claim for all p-tensor
fields excluding this particular “bad” sublinear combination; we will prove our
claim for this sublinear combination in the end.

We will now proceed to normalize the different (u+g8)-tensor fields in (2-9).
A normalized tensor field will be in the form (1-6), with possibly certain pairs of
indices in certain of the factors Sy R;ji; being symmetrized over.

Let us first introduce a few definitions: Given each C fg”'l""'ﬂ, we list out the
factors 11, ... Ty, in the form S, R;i;. Here T, is the factor for which the index ;
is contracting against the factor V,. We say that factors S, Ry are of type I if
they contain no free index. We say they are of type II if they contain a special free
index. We say they are of type III if they contain a nonspecial free index.

Given any tensor field Cé’il"‘iﬂ in the form (1-6), pick out the pairs of factors
Ty, T in the form S, R;j; for which a special index in T;, contracts against a special

32The terms indexed in L}L are now simply subsequent to Ksimp.-
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index in Tg. (Call such particular contractions “special-to-special” particular con-
tractions.) Now, in any Cé’jl'“’ﬁ we define an ordering among all its fa(/:t~ors S« Rijis:
The factor T, = Sy R;; V' ¢, is more important than T, = Sy R/ jir V' ¢p if a < b.

Now, consider a tensor field C é’i 1w and list out all the pairs of factors T}, T
with a special-to-special particular contraction. We say that (7, Tp) is the most
important pair of factors with a special-to-special particular contraction®? if any
other such pair (T, T;)** has either T, less important than 7, or T, = T, and Ty
less important than 7.

Now, consider a tensor field C é’“""ﬁ and consider the most important pair of
factors (7, Tp) with a special-to-special particular contraction. Assume without
loss of generality that the index ; in T, = S, R,j/dV"qga contracts against the index
pin Tp = S, Ri/j/k/pV"/q;b. We say that Ci;“';‘iu is normalized if both factors T, Tj,
are normalized. The factor T;, = Sy R,y V' ¢, is normalized if: Either the index ;
contracts against a factor 7, that is more important than 7y, or if the indices ;, ; are
symmetrized. If 7, is of type II, then we require that the index ; in T}, = Sy R;j (free)
must contract against a special index of some other factor 7., and moreover 7, must
be more important than 7j. If 7, is of type III, then it is automatically normalized.
The same definition applies to 7, where any reference to 7, must be replaced by
a reference to T,.

Let us now prove that we may assume without loss of generality that all u-
tensor fields in (2-9) are normalized: Consider a Ci;““"ﬁ in (2-9) for which the
most important pair of factors with a special-to-special particular contraction is
the pair (7, Tp). We will prove that we can write

Liy...0 +8 ~1,i...0 +8 tyiy...d +B.
(2-30) Cot I =G Y g
teT

here the term C‘é’”""”ﬂ is normalized, the most important pair of factors with
a special-to-special particular contraction is the pair (7, Tp), and moreover its
refined double character is the same as for Cé’il"'iﬂ+ﬂ. Each term Cé'il"'i#+ﬁ has
either the same, or a doubly subsequent refined double character to Cfg’i""ilt+ﬂ;
moreover in the first case its most important pair of factors with a special-to-special
particular contraction will be less important than the pair (7,, 75). In the second
case the most important pair will either be (7, Tp) or a less important pair.
Clearly, if we can prove the above, then by iterative repetition we may assume
without loss of generality that all (u+8)-tensor fields in (2-9) are normalized.

Proof of (2-30). Pick out the most important pair of factors with a special-to-
special particular contraction is the pair (7,, 7p) in C é;i 1iutp  Let us first normalize

33 Assume without loss of generality that 7, is more important than 7},.
34Again assume without loss of generality that 7, is more important than 7.



DECOMPOSITION OF GLOBAL CONFORMAL INVARIANTS 27

T,. If T, is of type III, there is nothing to do. If it is of type II and already
normalized, there is again nothing to do. If it is of type II and not normalized, then
we interchange the indices ;, . The resulting factor is normalized. The correction
term we obtain by virtue of the first Bianchi identity is also normalized (it is of
type III). Moreover, the resulting tensor field is doubly subsequent to C fg*i""i#+5.
Finally, if the factor 7, is of type I, we inquire on the factor 7. against which ; in
T, = S«Rjju contracts: If it is more important than 7}, then we leave T, as it is;
it is already normalized. If not, we symmetrize ;, ;. The resulting tensor field is
normalized. The correction term we obtain by virtue of the first Bianchi identity
will then have the same refined double character as Ci,’”"'l”ﬂ , and moreover its
most important pair of factors with a special-to-special particular contraction is
less important than that pair (7, Tp). O

We may now prove the claim of Lemma 2.6 in this special case, under the
additional assumption that all tensor fields in (2-9) are normalized. We list out the
most important pair of special-to-special particular contractions in each C é;i vt
and denote it by (a, b);. We let (o, ) stand for the lexicographically minimal pair
among the list (a, b);,l € L,. We denote by L'*# C L, the index set of terms
with a special-to-special particular contraction among the terms 7, Tg. We will
prove that

2-31) S ac" V. Vv =0

IeLff‘ﬁ)

Clearly, the above will imply our claim, by iterative repetition.>>

Proof of (2-31). Consider Image%,hY2 [L¢] =0 and pick out the sublinear combina-
tion where the factors T, T are replaced by vVAY ® g, vVBy,® g, and the two
factors Voo, Vo g contract against each other. The resulting sublinear combination
must vanish separately. We erase the expression V, éavt dB,g ,36 and derive a new true
equation in the form

~1i1.

(2-32) Y @ X div, ... X divy, Cg" QL YL Vo) 4 ) aiCH(QL Y, Ya) =0;
leLff"ﬁ) jeJ

here the tensor fields C‘é’il"'i’”ﬁ (21, Y1, Y») arise from the tensor fields Ci,’il s by
replacing the expression V’E)a S Rijrt ® S« Ri/jklvi/ggﬁ with VY1 ® VY, (notice
we have lowered the weight in absolute value).

351n the subcase pu + = o9 it will only imply it for the “excluded” sublinear combination defined

above.
i

36Denote the resulting (« — 2)-simple character by ’?simp'
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Now, applying the inductive assumption of Lemma 2.6 to the above,?” we derive

(2-33) 3 @l QL Y ) Vi L Vv =0,

leLff"ﬁ)

The proof of (2-31) is only one step away. Let us start with an important obser-
vation: For each given complete contraction above, examine the factor VZ(JZC) Yyi; it
either contracts against no factor Vv or against one factor Vv.?® In the first case,
the factor Vg) Y1 must have arisen from a factor S, R;j; of type L. In fact, the indices
2> x correspond to the indices ;, « in the original factor, and we can even determine
their position: Since the pair (c, §) is the most important pair in (2-9), at most
one of the indices ,, , can contract against a special index in a more important
factor than Tg. If one of them does (say ;), then that index must have been the
index ; in T, = Sy R;y. 1f none of them does, then the two indices , , must be
symmetrized over, since the two indices ;,  in T, to which they correspond were
symmetrized over. Now, these two separate sublinear combinations in (2-33) must
vanish separately (this can be proven using the eraser from the Appendix in [A
2012]), and furthermore in the first case, we may assume that the index , (which
contracts against a special index in a more important factor than Tg) occupies
the leftmost position in Vg) Y| and is not permuted in the formal permutations of
indices that make (2-33) hold formally).

On the other hand, consider the terms in (2-33) with the factor V@Y, contracting
against a factor Vu. By examining the index  in the factor Vﬁ%) Y1 V'v, we can
determine the fype of factor in Cj;1--/n+# from which the factor V?Y; arose: If the
index , contracts against a special index in a factor Sy R;j; which is more important
than T, then V@Y, can only have arisen from a factor of type Il in C é’i telutp In
fact, the index , in V@Y, must correspond to the index j 10 Sy R;j(freeyr in Ty If
the index , in Vﬁ) Y1V'v does not contract against a special index in a factor T,
which is more important than Tg, then the factor V@Y can only have arisen from
a factor of type Il in C é;i 1-iwetp In fact, the index , in V@Y, must correspond to
the index x in Sy R;(freeyrs in Ty

The same analysis can be repeated for the factor V®Y,, with any reference to
the factor Tg now replaced by the factor 7.

In view of the above analysis, we can break the left-hand side of (2-33) into
four sublinear combinations that vanish separately (depending on whether VY,
V@Y, contract against a factor Vv or not). Then in each of the four sublinear
combinations, we can arrange that in the formal permutations that make the left-
hand side of (2-33) formally zero, the two indices in the factors vy, vy, are

3TWe have lowered the weight in absolute value.
38The two corresponding sublinear combinations vanish separately, of course.



DECOMPOSITION OF GLOBAL CONFORMAL INVARIANTS 29

not permuted (by virtue of the remarks above). In view of this and the analysis in
the previous paragraph we can then replace the two factors V(z) Yy, V(z) Y, by an
expression V' ¢O,S Rizv ® Si R,/qw \ ¢/3, in such a way that the resultlng linear
combination vanishes formally without permuting the two indices 4, v, ¢'» w- This
proves our claim, except for the subcase u + 8 = o, where we only derive our
claim for all terms except for the “bad sublinear combination”. We now prove our
claim for that case.

The “bad sublinear combination”. We break up the left-hand side of (2-16) accord-
ing to which factor 75 the factor V¢, | contracts —denote the index set of those
terms by LK Denote the resulting sublinear combinations by LK =1, 07.
Given any K we consider the equation ImageY[L g] =0, and we ple out the sub—
linear combination where the term V® S, R RijuV' ¢K is replaced by VB+2y  and
the factor V¢ g now contracts against the factor V¢, 1. This sublinear combination
must vanish separately. We then again perform the “inverse integration by parts”
to this true equation (deriving an integral equation), and then we consider the silly
divergence formula for this integral equation, obtained by integrating by parts with
respect to VB'Y. We pick out the sublinear combination with o +u + 8 factors,
internal contractions and u + 8 factors V¢, and an expression V¢, V"'(ﬁ x This
gives us a new true local equation,

(2-34) > X, divj, X, div;, Co7 +> " a;Cl =0
leLX jeJ
Here the tensor fields Cy CLIP arise from Cg b by formally replacing all u free

indices with internal contractions, and also replacing V¢, 11 @S« R;; k)"Vi $ x with
Vi ¢ur1Vihx ®Y, and then making the indices /, ¥ that contracted against j» k Into
free indices /1, 2. X, div ;j stands for the sublinear combination in X div; where
V/ is not allowed to hit the factor Y. Now, applying the inductive assumption of
Lemma 2.6 to the above,>® we derive that

- _
Z a/Cy' VoV ,0=0.
leLK

We replace VYoV, 9,11V 0oV;,0wV,Y with V’¢M+IS*Ri(jljz)lVi<]~bK and then re-
place all internal contractions by factors Vv (applying the operation Sub,, from the
Appendix in [A 2012]). The resulting (true) equation is precisely our remaining
claim for the “bad” sublinear combination. ([

39We have lowered the weight in absolute value.
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2C. Proof of Lemmas 4.6, 4.8 in [A 2010]: The main part. We first write down
the form of the complete and partial contractions that we are dealing with in Lem-
mas 2.1 and 2.3. In the setting of Lemma 2.1 we recall that the tensor fields C-1-+«
indexed in H, (in the hypothesis of Lemma 2.1) are all partial contractions in the
form

(2-35) pcontr(v(ml)Rijkl R ® V(mJI)R,j,-kl &® S*V(vl)Rijkl Q- ® S*V(U')Rijkl
®V(bl)91 R ® V(hl’)Qp QVY®Ve, - ® V¢Zf
OV, @ ®VY, @ @V, , @ OVi,,,)

Zf+1 Zf+d

where we let f +d+y =u’. The main assumption here is that all tensor fields have
the same u’-simple character (the one defined by V¢, ..., V¢,/), which we denote
by Esfmp. The other main assumption is that if we formally treat the factor VY as
a function V¢, 1, then the hypothesis of Lemma 2.1 falls under the inductive
assumptions of Proposition 1.1 (i.e., the weight, real length, ® and p are as in our
inductive assumption of Proposition 1.1).

In the setting of Lemma 2.3 we recall that we are dealing with complete and
partial contractions in the form

(2-36) contr(V™" Ry ® -+ @ V"V Ry ® SV Ry @ -+ ® Sy V™ Ryjy
VP ® - ®VPQ,® Vo ® Varl® Ve, - @ V.,
VY ®---® v¢;f+d ®--- ®<£Zf+d+l ®-- .®¢7>Zf+d+y),

2f+1

where we let f4+d-+y=u’. The main assumption here is that all partial contractions
have the same u’-simple character (the one defined by V¢, ..., V¢,/), which we
denote by K.f,,. The other main assumption is that if we formally treat the factors
Vw;, Vs as factors Vo, 11, Vo, 12, then the hypothesis of Lemma 2.3 falls under
the inductive assumptions of Proposition 1.1 (i.e., the weight, real length, ® and p

are as in our inductive assumption of Proposition 1.1).

Note. From now on, we will be writing u’ = u, for simplicity. We will also be
writing K, = Ksimp, for simplicity. We will also be labeling the indices ;. . ..
as i 5.

iy
> gl

New induction. We will now prove the two Lemmas 2.1 and 2.3 by a new induction
on the weight of the complete contractions in the hypotheses of those lemmas.
We will assume that these two lemmas are true when the weight of the complete
contractions in their hypotheses is —W, for any W < K < n. We will then show
our lemmas for weight —K.

Reduce Lemma 2.1 to two lemmas. In order to show Lemma 2.1, we further break
up H into subsets: We say that h € HY if C huizs1-lat1 hag a free index (say the
free index ;,,, without loss of generality) belonging to the factor VY. On the other
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hand, we say that 4 € H2” if the index in the factor VY is not free. Lemma 2.1 will
then follow from Lemmas 2.7 and 2.8 below.

Lemma 2.7. There exists a linear combination of acceptable (a«—m+1)-tensor
fields, >,y ayCo ™ (Q, ., R, Y, D1y .., du), Where the index iws) be-
longs to the factor VY , with a simple character Kgimp, so that

2-37) Y apCliner (@, Qp Yo ) ViU ViU

heHY
= ZavX* divi,,, Com 1 2(Q, . Qp Yo ra s )
vev X Vi, v...Vi, v
+ ) aCli QL 2, Y b1 @) ViU Vi .

jeJ
Each C/ is simply subsequent to Ksimp-

We observe that if we can show our first claim, then we can assume, with no
loss of generality, that Hy = &, since it immediately follows from the above that

2-38) > apX.divi,, ... Xy divi,,, ChIr e (@), QY g )

heHy
=Y ayX.divi,,, ... X, divi,,, X, divi, ,
vev Vyig1eelat2
XCg (Ql""’QpaY7¢la---’¢u)
+> a;ClR1. . Q. Y1 ),
jeJ

where each complete contraction C J is subsequent to fésimp. (Note that one of the
free indices in the tensor fields C ; rl-tet2 will belong to the factor VY.)
The second claim, in the setting of Lemma 2.1 is:

Lemma 2.8. We assume HS = @. We then claim that modulo complete contrac-
tions of length > o +u +1,
(2-39) > apClirre QL Qp Yo 9 ViU Vi, U
/’lGHz
=Y @ Xy divj,, CYm 12 (Qy, L Q. Y )

ter xV; v...V

+ZaJC£(Ql, ey pr Yv¢lv ---7(1)1,4),
jeJ

irr+l ia+1 v

where each C/ is acceptable and subsequent to /?Simp.
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We observe that if we can show the above two lemmas then Lemma 2.1 will
follow. (Notice that replacing by the right-hand side of (2-38) into the hypothesis
of Lemma 2.1, we do not introduce 1-forbidden terms.)

We make two analogous claims for Lemma 2.3:

Reduce Lemma 2.3 to two lemmas. We say that h € HY if C™in+1-iat1 hag a free
index belonging to one of the factors Vw;, Vw,. On the other hand, we say that
h e Hé’ if none of the factors Vw;, Vw, in Chir+1--lat1 contains a free index.
(Observe that we may assume with no loss of generality that there are no tensor
fields CMin+1-+iet1 with free indices in both factors Vw;, Vw, — this is by virtue
of the antisymmetry of the factors Vw;, Vw,.) We make two claims. First:

Lemma 2.9. There is a linear combination of acceptable (¢ —m+1)-tensor fields,
Y ey @Ce QL L, Qp, (01, @21, @1, - .., Bu), in the form (2-35) with a
simple character Esimp, so that

2-40) Y apXydivi,, ... X div,,,
heHy

By
X Cg fr+l la+l(Q]’ LR ] va [a)l’a)Z]’ ¢17 e »¢u)
=Y ayXydivi, ... X, divi,,, Xy divi,
vev CUaiﬂ+1--~ia+2 Q Q
X g ( | EEEEE) pa[w]aw2]7¢la--'ﬂ¢u)
+ Y a Xy divi,, ... X divi,,,

9€Q Grinil it
XCg#TH» ot (le"'9vav+[a)lva)2]a¢]9"'7¢u)

+Zalcé(le cety Qp’ [(,()1,6()2], ¢19 RN ¢u)
jeJ

(Recall that by definition the complete contractions indexed in Q have a factor
V(z)a)l.)

We observe that if we can show our first claim, then we can, with no loss of
generality, assume that Hy = &.
Second claim:

Lemma 2.10. We assume Hj = @, and that for some k > 1, we can write

Q2-41) Y acXydivi,, ... Xy divi,,
her

Ryigg..d
Xcg frtl laJrl(Q]a"'an’ [w]7w2]’¢]7"'9¢ll)
=Y aXidivi,,, ... Xy divi,,

teTy

X Cylmtilesk (Qy, ., Qp. (w1, @21, P1s - i)
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+ Z aqX+ diV;T+1 e X+ diVl‘a_H

qeQ x Chiimtdati (Q Qp, Vil ] )
8 1y ceeyndp, V4 1aw2s¢1""’¢u

+Zajcé(917 R Qpa [601,(1)2], ¢la ---’¢M)a
jeJ

where the last two linear combinations on the left-hand side of the equality are

generic linear combinations in the form described in the claim of Lemma 2.3.4°
On the other hand,

D @ Cyi et (Qy L Qs 01, @2l G )

teTy

is a linear combination of acceptable (a —m+k)-tensor fields in the form (2-36)
with a simple character Esimp, and with two antisymmetric factors Vwi, Vw, that
do not contain a free index. We then claim that modulo complete contractions of
length > o 4+ u + 1 we can write

2-42) Y aXydivi, ... Xy divi,
et X CLI-letk(Qy, L, Qy, [w1, 2], 1, -, )
= Z a Xy divi ..o X pdivi,
Gk Q)L Qs (01, 2], s )

+ Z ag X div; ... X div;,
9<0 q,i1.la+1
Xcg’ ol (917"°7QP7V+[0)170)2]’ ¢1,...,¢u)

+Zajcé(g217"-79pv [a)lva)z]v ¢17"'5¢u)7
jeJ

with the same notational conventions as above.

We observe that if we can show the above two claims, then Lemma 2.3 will
follow by iterative repetition of the second claim.
We will now show the four lemmas above.

Proof of Lemmas 2.8 and 2.10. Lemma 2.8 is a direct consequence of Lemma 4.10
in [A 2010].*' Lemma 2.10 can be proven in two steps: First, by Lemma 2.5 we
derive that there exists a linear combination of acceptable (a+k+1)-tensor fields

40In Lemma 2.3, Qiscalled V.
410bserve that our hypotheses on the tensor fields in the equation in Lemma 2.1 not being “bad”
ensure that we do not fall under the “forbidden” cases of Lemma 4.10 in [A 2010].
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(indexed in X below) with a u-simple character Kimp So that

(2-43)) " a,Cyr- ek (Qy, .., Qp. (w1, 02l 1, ) Vi v . Vi v

teTy

=) X divi,, Corie QL Qp [or, ol dr s )

teTi+1
" x Viv...V;

la+k v

=Y a;Cl(Q1. ... Qp. 01, @], 1. ... ¢, V),

jeJ

where the complete contractions indexed in J have length 0 +a 4+ k 4+ 1 and are
simply subsequent to Kgimp. Then, making each factor Vu in the above into an
X div, we derive Lemma 2.10. ]

Proof of Lemma 2.7. We have denoted by fc'simp the simple character of our tensor
fields. We distinguish two cases: In Case A there is a factor V™ Ry in Ksimp, and
in Case B there is no such factor.

We denote @ + 1 = y, for brevity.

Now we break the set Hz” into subsets: In Case A we say that & € sz Fif vy
contracts against an internal index of a factor V(’")Riﬂd. In Case B we say that
he H2b T if VY contracts against one of the indices g, ; in a factor S*V(”)Rijkl.

We define Hé”* = sz \ Hé”f

In each of the above cases and subcases we treat the term VY as a term V¢, 41
in our lemma hypothesis. Then, by applying the first claim in Lemma 4.10 in [A
2010]* to our lemma hypothesis and then making each Vv into an X, div, we
derive that we can write

. . Ryt dg,l
(2-44) X divi, ., ... Xodivi) > apC ™ (@ Q. Yo )

heHé”+

. . hyigyy...dg,i
=X divi,, ... Xodivi, D anCy ™ (Q1L L Qp Yo )

heHé"*’f .
+ ) aC Q. 2 Yt ),

jeJ

h).ﬂ "'.as. .
where ZheHb*— apCq ettty (L R, Y, 01, ..., ¢,) stands for a generic

linear combination as defined above (i.e., it is in the general form ), - -~ but
the factor VY is not contracting against a special index in any factor V( )R,jkl

42By weight considerations, since we started out with no “bad terms” in Lemma 2.1, we will not
encounter no “forbidden tensor fields” for Lemma 4.10 in [A 2010].
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or S*V(”)Rijkl).43 On the other hand, each Cé{(Szl, s Qp Y, 01,0 15 a
complete contraction with a simple character that is subsequent to Ksimp.
Thus, by virtue of (2-44), we reduce ourselves to the case where sz =2 We

will then show Lemma 2.7 separately in Cases A and B, under the assumption that
H)t =o.

Proof of Lemma 2.7 in Case A. We will define the C-crucial factor, for the purposes
of this proof only: We denote by Set the set of numbers u for which V¢, contracts
against one of the factors V™ Ry, If Set # @, we define u; to be the minimum
element of Set, and we pick out the factor V<m>R,jkl in each C" against which
V¢, contracts. We call that factor V™ Ry C-crucial. If Set = @, we will say
the C-crucial factors and will mean any of the factors V(’")R,-jkl.

Now we pick out the subset H.™* C H?, that is defined by the rule i € HY™* if
VY contracts against the (one of the) C-crucial factor.

Now, for each h € Hj we denote by

Hitdiv;, C'" 1« (Qy, ..., Qp, V. 1. )

the sublinear combination in X div;, Cif’i”“'"i““ (Q1,....Q2,,Y,¢1,...,¢,) that
arises when V; hits the (one of the) C-crucial factor.** It then follows that

(2-45)
> anX.divi,, ... X, divg, Hitdivy, CP-00(Qy, L Q). Yo i, )
heHy
+ Z anXy divi,,, ... Xodivy Com - (Qy, L QY 1 )
heH;’*

= Za]C£(Qly ey Qpa Y9 ¢17 "'v¢u)=

jeJ

where each C g has the factor VY contracting against the C-crucial factor v Rijui
and is simply subsequent tO Kgimp.

Denote the (#+1)-simple character (the one defined by V¢y, ..., V41 =VY)
of the tensor fields Hit div,-y Cé,"‘ﬂ' wlaoly (L., Q,, Y, ¢1,...,¢,) by ’_ééimp' (Ob-
serve that they all have the same (u + 1)-simple character.)

43Recall that a special index in a factor V(m)R,-jkl is an internal index, while a special index in a
factor S*V(”)R,-jk[ is an index g, ;.
44Recall that i is the free index that belongs to VY.
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We observe that by applying Corollary 1 in [A 2010] to (2-45) (all tensor fields

are acceptable and have the same simple character /?S/imp),45 we obtain

(2-46) Y ay Hitdiv;, Clmot=ie(Qy, .. Q. Y. b1, ¢ Vi U Vi v

heHy
+ 3 @, X div,,, Climsie e (@)L R, Y . )
uet XV v...Viv
=Y a;CHr QL Q. Y i ) ViU Vi =0,
jeJ

where the tensor fields indexed in U are acceptable (we are treating VY as a factor
V@u+1), have a simple character Kg,,, and each C/ is simply subsequent to K imp-

But then, our first claim follows almost immediately. We recall the operation
Eraseyy[...] from the Appendix in [A 2012] which acts on the complete con-
tractions in the above by erasing the factor VY and the (derivative) index that it
contracts against. Then, since (2-46) holds formally, we have that the tensor field

required for Lemma 2.7 is

>, Eraseyy[Climt-iales(Qy, ., Q. Y, d1a .., )] Vi Y.
uelU

Proof of Lemma 2.7 in Case B. We again distinguish two subcases: In Subcase (i)
there is some nonsimple factor S*V(”)Rl-jkl in fésimp or a nonsimple factor vBQ,
contracting against two factors Vqﬁ;l in Esimp. In Subcase (ii) there are no such
factors.

In Subcase (i), we arbitrarily pick out one factor S,V Ry, or VB Q, with the
properties described above and call it the D-crucial factor. In this first subcase we
will show our claim for the whole sublinear combination ) HE in one piece.

In Subcase (ii), we will introduce some notation: We will examine each factor
T = S*V(”)R,-jk;, T = VB Q. in each tensor field Cg‘*i”+1"'ia’i“+‘ and define its
“measure” as follows: If T = S, V") Rjji; then its “measure” will stand for its total
number of free indices plus 3. If T = VB)Q, then its “measure” will stand for
its total number of free indices plus the number of factors V¢, against which it
contracts.

We divide the index set Hj into subsets according to the measure of any given
factor. We denote by M the maximum measure among all factors among the ten-
sor fields Cp'™ "™+ ' ¢ HY. We denote by H>* C H the index set of the
tensor fields that contain a factor of maximum measure. We will show the claim of

4Notice that by weight considerations, since we started out with no “bad” terms in the hypothesis
of Lemma 2.1, there is no danger of falling under a “forbidden case” of that corollary.
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Lemma 2.7 for the sublinear combination ), _ p - - - - Clearly, if we can do this,
then Lemma 2.7 will follow by induction.

We will prove Lemma 2.7 in the second subcase (which is the hardest). The
proof in the first subcase follows by the same argument, only by disregarding any
reference to M free indices belonging to a given factor and so on.

Proof of Lemma 2.7 in Case B for the sublinear combination ), _y2. ... We
will further divide H>* into subsets, H>**, k=1, ..., o, according to the factor
of maximum measure: First, we order the factors S,V Ry, ... VP Qy in Kgimp,
and label them T, ..., T, (observe each factor is well-defined in /?Simp, because
we are in Case B). We then say that & € Hza’*’1 if in C;"i”+""ia the factor T has
measure M. We say that h € H§*? if in C;,"i”+""ia the factor 7> has measure M
and 77 has measure less than M, and so on. We will then prove our claim for each
of the index sets h € Hy"* k:46 We arbitrarily pick a k < K and show our claim for
ZheHaz_*,k e

For the purposes of this proof, we call the factor 7} the D-crucial factor.

Now we pick out the subset sz K ¢ H?, that is defined by the rule 4 € Hé’ it
and only if VY is contracting against the D-crucial factor 7.

Now, for each h € H we denote by

Hitdiv;, Cp 1 (Q, ..., Qp. Y. 1. ... )

the sublinear combination in X div;, Cg’i”“'"i““(ﬁl, 2, Y, 01, ..., ¢,) that
arises when Vi, hits the D-crucial factor.*” It then follows that

2-47) > apX divi,.,, ... X div; Hitdiv;, Clr-0(Qy L Q). Y dr, . )

heHy
+ 3 apX divi,, . X divy, Che QL Q. Y )
heHé""
= Zajcé(szl’ AR} Qp5 Y7 ¢17 AR ’¢M)a
jeJ

where each C ; has the factor VY contracting against the D-crucial factor and is
simply subsequent to Kgimp.

Denote the (14 1)-simple character (the one defined by Véy, ..., Vo1 =VY)
of the tensor fields Hit diviy C(Z"'”*"'"'“”'V (21,...,2,,Y,¢1,...,0,) by Egimp. (Ob-
serve that they all have the same (u + 1)-simple character.)

We apply Corollary 1 in [A 2010] to (2-47) (all tensor fields are acceptable and

have the same simple character ky;,,,) and then pick out the sublinear combination

46Again we observe that if we can prove this then Lemma 2.7 in Case B will follow by induction.

47TRecall that i belongs to VY by hypothesis.

y = la+tl
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where there are M factors Vv or V¢, or V¢, contracting against T, obtaining

(2-48) Y ay Hitdiv;, CP 1 (Qy, .., Qp. Y1, @) Vi v ViU

her‘*'k

+ ) ay X divy,, Chr el QL QY B )

uelU
X V,’ﬂJrIU...V,'aU

=Y ajCHr QL Q. Y i ) Vi Vi =0,
jedJ

where the tensor fields indexed in U are acceptable and have a simple character
Kmp and each C/ is simply subsequent to ki,

Now, observe that if M > %, we can apply the eraser to VY (see the Appendix
in [A 2012]) and the index it contracts against in the D-crucial factor and derive
our conclusion as in Case A.

On the other hand, in the remaining cases*® the above argument cannot be di-
rectly applied. In those cases, we derive our claim as follows:

In the case M = 1 the D-crucial factor is of the form V), then we cannot
directly derive our claim by the above argument, because if for some tensor fields in
U above we have VY contracting according to the pattern V; Y V¥ Q,V ;¥ (where
Y = v or ¥ = ¢y,), then we will not obtain acceptable tensor fields after we apply
the eraser. Therefore, if M = 1 and the D-crucial factor is of the form V(?Q,,, we
apply Lemma 4.6 in [A 2010] to (2-48) (treating the factors Vv as factors V)* to
obtain a new equation in the form (2-48), where for any tensor field indexed in U
the factor VY contracts against a factor V', I > 3.9 Then, applying the eraser
as explained, we derive our Lemma 2.7 in this case.

When M = % or M =0, then we first apply the inductive assumptions of Corol-
laries 3 and 2 in [A 2010] (respectively) to (2-48),>! in order to assume with no
loss of generality that for each tensor field indexed in U there, the factor VY either
contracts against a factor VB Q,, B >3 or a factor S*V(”)Rijkl, v > 1. Then the
eraser can be applied and it produces acceptable tensor fields. Hence, applying
Eraseyy to (2-48) we derive our claim. U

480bserve that the remaining cases are when M =0, M = %, M=1.

49Furthermore, we can observe that we do not fall under a “forbidden case” of Lemma 4.1 in [A
2010], by weight considerations, and since the tensor fields in our lemma assumption are not “bad”.

50Note that the weight becomes less negative, hence Lemma 4.10 in [A 2010] applies.

51By our assumptions there will be a removable index in these cases. Hence our extra require-

ments of those lemmas are fulfilled.
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Proof of Lemma 2.9. We rewrite the hypothesis of Lemma 2.3 (which is also the
hypothesis of Lemma 2.9) as

(2-49) Y apX.divi ... X divi,, {CE N (QLL L Q) 01, 0,01, )

heH . .
= — SWitCh[C]Z’l”_Hmla_H (Qly ey Qpa w1, W2, ¢17 ey ¢u)}

:Zang(Ql,...,Qp, (w1, w21, @1, ..., Pu).

jeJ

Here the operation Switch interchanges the indices , and ;, in the two factors V,wy,
Vyws.

Notational conventions: We have again denoted by Hy C H, the index set of
those vector fields for which one of the free indices (say ;, ) belongs to a factor
Vwi or Va,. With no loss of generality we assume that for each 42 € Hy, the index
io.1 Delongs to the factor Vw;. We can clearly do this, due to the antisymmetry of
the factors Vwi, Vw;.

We have defined Hé’ = H, \ Hy. For each h € Hz}’ we denote by T, , Ty, the
factors against which Vw;, Vw; contract. Also, for each h € HY we will denote
by 7, the factor against which Vw, contracts.>?

For each h € H,, we will call the factors T,,, T, against which Vw; or Vw,
are contracting “problematic” in the following cases: If T, or T, is of the form
V(’”)R,'jkl and Vw; or Vw; contracts against an internal index; or if T, or T, is of
the form S*V(”)R,'jkl and the factor Vw; or Vw, contracts against one of the indices
k O J.

We then define a few subsets of HY, Hé’:

Definition. We define HJ _, to be the index set of the tensor fields Cplrst et
for which Vw;, Vw, contract against different factors and both 7;,, and 7, are
problematic. ‘ ‘

We define Hy, C Hj to be the index set of the tensor fields Cg’l”“'“l““s for
which 7,,, is problematic.

We define Hé’y , to stand for the index set of the tensor fields Cg’i”“"'i““ s for
which either 7,,, =T, or T, # T, and one of the factors 7,,,, T, is problematic.

Abusing notation, we will use the symbols ), H? and so on to denote generic
linear combinations as above, when these symbols appear in the right-hand sides
of the equations below.

52Note that the definition of Ty, , T, depends on h; however, to simplify notation we suppress
the index A that should appear in Ty, , Ty, -
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We then state three preparatory claims. First, we claim that we can write

2-50) Y apXydivi,, ... Xy div,,,
heH?

2,5

x {Cptrtterl(Qy, L, Qpo o1, 02, 1 B)
— Switch[C ]Z””“”'"“*] (Q1,....Q2p, 01,02, 1, ..., 00}

= Z apXydiv; ... X div;

heHﬁ* ) )
X {C;l’ln+l---lot+l (915 R Qp7 (1)1, (,()2, ¢ls R ¢u)
— Switch[CTy 1" (Qy, ..., Qp. 01, 02, P1. ... i) }
+Zajcé(915 cee Qp’ [C()l, 0)2], ¢17 L] ¢M)’
jeJ
where the linear combination ) _, HY, -+ ON the right-hand side stands for a generic

linear combination in the form descrlbed above. Observe that if we can show
(2-50) then we may assume with no loss of generality that Hﬁ s = in our lemma
hypothesis.

Then, assuming that Hf + =2 in our lemma hypothesis we will show that there
exists a linear combination of (¢—m+1)-tensor fields (indexed in X below) which
are in the form (2-5) with a simple character /?Simp so that

2-51) Y ap{Cli i (Qy, . Qp 01, @2, 1y )

heHy
. Ryizyt...dy
— SWitch[Cy 1" (Qy, ..., Q) 01, @2, @1, - ... ¢u)} izs1Ve - Vig U
_X*divia+2 Zax{cg’il‘..ia+lia+2(gzla-"7Qp9w17w27¢1a"'7¢u)
xeX
. Ryizyl...dy
— Switch[CTy ™+« 1(Qy, ..., Qp, 01, @2, P1, .., G} ViU Vi v
hiy...dg
+Zah{cgll l+1(Ql’"'7Qpaw17w29¢17'~~7¢u)
heH?,
. Ryigyt...dy
— Switch[CT ™+« 1(Qy, ..., Qp, 01, @2, P15 .., G} Vi v Vi v
=Y a;Ci(Q,....,Qp w1, 0], 1, ..., ¢y, V"),

jeJ

We observe that if we can show the above, we may then assume that H)', = &
(and Hf + = @) in the hypothesis of Lemma 2.9.
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Finally, under the assumption that sz « = H5 . = @ in our lemma hypothesis,
we will show that we can write

2-52) > apXydivi,, ... Xy div,,,
Iler*

X {CY I ( QL Qp o1, 02, B1, - )
— Switch[C]Z’i”+""i“+] (Q1,....Q2p, 01,02, 1, ...,00)}

= E ap Xy div; ... X divg
heH] ok

X Cli e (Qy, L, Qp, 01, 02, @1 Bu)
— Switch[CTy ™11 (Qy, ..., Qp. 01, w2, P1. ... ) }

+ Y aiClQu, ..., Qo1 @) 1. b,
jeJ

where the sublinear combination ), HY - ON the right-hand side stands for a
generic linear combination of acceptable tensor fields in the form (2-5) with simple
character /?Simp, with no free indices in the factors Vwi, Vw, and where the factors
T,,, T, are not problematic. Therefore, if we can show the above equations, we
are reduced to showing Lemma 2.9 under the assumptions that Hi* = Hli - =
Hy =2.

Sketch of the proof of (2-50), (2-51), (2-52). Equation (2-50) follows by reiterat-
ing the proof of the first claim of Lemma 4.10 in [A 2010].> (2-51) follows by
reiterating the proof of the first claim of Lemma 4.10 in [A 2010], but rather than
applying Corollary 1 [A 2010] in that proof, we now apply Lemma 2.7 (which we
have shown).> Finally, the claim of (2-52) for the sublinear combination in Hé{ .
where T,, # T,, follows by applying Lemma 2.5.>> We can then show that the
remaining sublinear combination in ), Hp, -~ Must vanish separately (modulo
a linear combination ) jes---) by picking out the sublinear combination in the
hypothesis of Lemma 2.10 where both factors Vw;, Vw, are contracting against
the same factor. (]

Now, under these additional assumptions that Haz’* = Hbz’** = H,i* =g, we will
show our claim by distinguishing two cases: In Case A there is a factor V(’")R,-jkl

53By the additional restrictions imposed on the assumption of Lemma 2.3 there is no danger of
falling under a “forbidden case” of Corollary 1 in [A 2010].

34Observe that the assumption that Lemma 2.3 does not include “forbidden cases” ensures that
we will not need to apply Lemma 2.7 in a “forbidden case”.

551n this case there will be a factor Vo 1 or Vw, contracting against a nonspecial index; therefore
there is no danger of falling under a “forbidden” case of Lemma 2.7.
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in Esimp; in Case B there is no such factor. An important note: We may now use
Lemma 2.7, which we have proven earlier in this section.

Proof of Lemma 2.9 in Case A. We define the (set of) C-crucial factors (which will
necessarily be of the form V") Rjji;) as in the setting of Lemma 2.7. First we prove
a mini-claim which only applies to the case where the C-crucial factor is unique.

Mini-claim, when the C-crucial factor is unique. We then consider the tensor
fields Cg”i”+1'"'i“+1, h € H§ for which Vw, contracts against the C-crucial factor.
Notice that by our hypothesis that H 02* = ¢, it follows that Vw; contracts against
a derivative index in the C-crucial factor. Denote by H{"" C Hj the index set of
these tensor fields.

We observe that for each h € Hy "+ we can now construct a tensor field by
erasing the index in the factor V(m)Rijk[ that contracts against the factor Vw, and
making the index in Vw; into a free index ;,. We denote this tensor field by
Cé”"”““"'““"ﬁ (1,...,2p, 01, w2,¢1,...,¢,). By the analogous operation we
obtain a tensor field Switch[Cé”i"+1"'ia+"'ﬂ(521, s Qpy 01, 02, Py, )]

It follows that in the case where the C-crucial factor is unique, for each 4 € HZ“ ’+,

(2-53) X, divi,,, ... Xy divy,, {CP1 QL Qp 01, 02, @1, Bu)
— Switch[C]2 11 (Q), ..., Q) 01, w2, P1. - -, Pu) |
= X* diV,‘]H_1 . X* diViO(+1 X* diViﬂ
hyigy1. gyl
X {Cg gt ﬁ(Ql,,,,,Qp,a)l,wz,qﬁl,...,qﬁu)
— Switch[Cly ™" (Q), ..., Qp, w1, 02, 1, - . i)
+) X, divi,, ... X, div,,,
reRr AR 2 T PO
x {Cy (Q1,...,Qp, 01,02, 1, ..., Pu)
— Switch[C" 7+ (Qy, ..., Qp, 01, w2, 1. - .., ) }
+ Zajcé(gzl’ ooy Qp, a)lv a)27 ¢1v ey ¢u)v

jeJ

where each tensor field Cg’i”“”'i““ (Q1,...,Qp, 01,2, ¢1, ..., ¢y) has the factor
Vw, contracting against some factor other than the C-crucial factor.
But we observe that

(2—54) X* diV,’ﬂJrl . X* diV,’m+l X* diV,‘ﬁ
Ryigyt..dgiil
x {Cg T (Qy, L Qw01 02, @1 )
— Switch[CTg ™" (Q, ..., Qp, w1, @2, 1, ..., $i)} =0.
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Therefore, in the case Set %= @ or Set = & and o; = 1, we have now reduced
Lemma 2.9 to the case where H, t =g,

Now (under the assumption that H§-* = & when the C-crucial factor is unique)
we consider the sublinear combination Special in the hypothesis of Lemma 2.9 that
consists of complete contractions with Vw; contracting against the C-crucial factor
while the factor Vw, is contracting against some other factor. (If Ser=@ and oy > 1
Special stands for the sublinear combination where Vw; is contracting against a
generic C-crucial factor and Vw, is contracting against some other factor.) In
particular, for each h € Hf, since Hy "+ — & we see that the sublinear combination
in
2-55) ) anX.divi, ... X, divi,,,

heHS , ,
x {Cpimttert(Q, L, Qp o1, 02, 1 )
— Switch[C]0F 11 (Qy, ..., Qp, 01, 02, B1. ..., )}

that belongs to Special is precisely

E ap Xy divi ... Xy divg,
heHY o qe ; ]
2 x Hit div; Clointidost Q.. ., Q,, w1, w0, O1, ..., OL);
atl ~ g p

(in the case Ser = @ and 01 > 1, Hitdiv;,,, just means that V;  can hit any factor
V(’”)R,-jkl that is not contracting against Vw,; recall that in the other cases it means
that it must hit the unique C-crucial factor).

We also consider the tensor fields Cix+1--iat1  Switch[C]"ix+1-tat1 b € H?,
for which Vw; contracts against the C-crucial factor and Vw, does not (or, if
there are multiple C-crucial factors, where Vw;, Vw, contract against different C-
crucial factors). For this proof, we index all those tensor fields in sz ¥ and we
will denote them by Cg’i”+1"'i“+1.

Thus we derive

(2-56) Y apX.div,,, ... X, div;, Hitdiv,,,,
heH; X Clhiretdet (Q L, Q) @1, 2, 91, -+ -, b))
+ Y an X div,, ... X, div,,,
HeBE s Clhin e (Q L Q01 @2, 1 Bi)

=Y a;Cl(Q.....Qp. 01, 02, P1. ... D).

jeJ
We group up the vector fields on the left-hand side according to their weak (u +
2)-characters>® (defined by V¢i, ..., Vo,, Vo, Vap). (Recall that we started off

56See [A 2010] for a definition of this notion.
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with complete contractions with the same u-simple characters —so the only new
information that we are taking into account is what type of factor Vw, contracts
against.) We consider the set of weak simple characters that we have obtained. We
denote this set by {k1, ...kp}, and we respectively have the index sets HZ“*’?f and
Hb,:? .

2 -

We will show our Lemma 2.9 by replacing the index set Hj by any H;Z o,
f<B.

It follows that for each f < B,

@-57) Y anX.div,, ... X, div;, Hitdiv,,,,

f Byigg1.nd
heH, % Cg,ln+1 QL L, Ry 01, 02, 1, Du)
+ Y apX.divi,, ... X, divi,,
heHb'lzf [ PRSI PN
2 XCg (le~~~’Qpaa)lva)29¢la~~~’¢u)
:Za‘]cé(gl’ e ooy Q[)9w19a)27 ¢17 .. '=¢Ll)7
jeJ

where the complete contractions CZ,I have a u-simple character that is subsequent
to Ksimp. We will show our claim for each of the index sets Hé”’?f separately.

Now, we treat the factors Vw;, Vw, in the above as factors V¢, 1, Vo, 12. We
see that since Hg v = Hli = Hazﬂ* = @&, all the tensor fields in the above have the
same (u + 2)-simple character.

Our claim (Lemma 2.9) for the index set H, /" then follows: First, apply the
operator Erasey,,, [...]to (2-57).°7 We are then left with tensor fields (denote them
by

aKy

C‘Z’iﬂ*—lmia(gly--~9vaa)2’ ¢19---9¢u)7 heHz ’
Clirates (), Qp, 0, 1o, ), he Y™,
respectively) with the same (u + 1)-simple character; say Kgmp, 7. We can then
apply Corollary 1 from [A 2010] (since we have weight —n + 2k, k > 0 by virtue
of the eraser — notice that by weight considerations, since we started out with no
“bad” tensor fields, there is no danger of falling under a “forbidden case”), to derive
that there is a linear combination of acceptable «-tensor fields indexed in V below,

with (# + 1)-simple character Esimp, f» so that

2-58) > apChtt(Qy L Qp w2, i G Vi, U ViU

a,/?f

heH,

37See the relevant lemma in the Appendix of [A 2012].
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= @y X divi,, CO QL Q0,1 )

veV . .
x Vi v...Viu
it
= E ajCé{ Tt (Q Q2,01 GV UL Y,
jelJ

where each complete contraction indexed in J is (u + 1)-subsequent to /?Simp, r.In
this setting X, div; just means that in addition to the restrictions imposed on X div;
we are not allowed to hit the factor Vw,.

Then, if we multiply the above equation by an expression V;w; Vv and then
antisymmetrize the indices 4, 5 in the factors V,w;, Vyw, and finally make all Vus
into X divs, we derive our claim. ]

Proof of Lemma 2.9 in Case B (when o1 = 0). Our proof follows the same pattern
as the proof of Lemma 2.7 in Case B.

We again define the “measure” of each factor in each tensor field Cg’i”“'"i““
as in the proof of Case B in Lemma 2.7. Again, let M stand for the maximum
measure among all factors in all tensor fields C g’i”+"""“+1, h € Hy. We denote by
Hf’M C Hj the index set of the tensor fields for which some factor has measure
M.

We will further divide H>M into subsets H>M-* k=1, ..., o, according to the
factor which has measure M: First, we order the factors S, V" Ry, ... VP Q)
in Kimp, and label them 71, ..., T, (observe each factor is well-defined in Kgimp.
because we are in Case B). We then say that /1 € H;’M’l if in Cg””“”"“, T, has
measure M. We say that i € HZ“*M’2 if in C;”i”+""ia, T, has measure M and T}
has measure less than M, and so on. We will then prove our claim for each of
the index sets h € Hy Mk 58 We arbitrarily pick a k < o and show our claim for
ZhEHaZ,M,k ceee

For the purposes of this proof, we call the factor 7} the D-crucial factor (in this
setting the D-crucial factor is unique).

Now, we pick out the subset th ko Hé’ that is defined by the rule & € sz ok
if and only if Vw, contracts against the D-crucial factor 7. We also pick out the
subset Hf ke sz that is defined by the rule 4 € sz *if and only if Vw, contracts
against the D-crucial factor Ty. Finally, we define Hz"’~C H, H{>~ C Hj to stand
for the index set of tensor fields for which Vw, contracts against the D-crucial
factor.

Now, for each h € Hj we denote by

Hitdiv;, Cp 1« (Qy, ..., Qp, @1, w2, P1. ..., i)

3 8Aga\in we observe that if we can prove this then Lemma 2.9 in Case B will follow by induction.
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. S . Roiggl e
the sublinear combination in X div;, Cg" """ (Qy, ..., Qp, 01, w2, $1, ..., Pu)
that arises when V; y hits the D-crucial factor. It then follows that

(2-59) ) anXy divi,, ... X, div;,
heHs x Hitdiv;, Cl'm 1 (Q), ., Qp, 01, @2, 1. -, fu)
= > X divi,, ... X, div,,,,
hEH Switch[CT) 11 (Qy, ..., Qp. 01, w2, 1. - ., Pu)
+ > anX divi,, ... X div,
heltT Chixstdasi (Qy, .. Qp, 01, 02, 1. ... Pu)
= > apXdiv;,, ... X div;,
P SWitCh[CTh ot (R, Ry, w1, w2, 1, )

=Zajcé(91’ "'7vawlaw2’¢]’ "'7¢u)’
jeJ

where each Cg; has the factor Vw, contracting against the D-crucial factor and is
simply subsequent to Kgimp.

We now denote the (u# + 1)-simple character (the one defined by Véy, ..., Vor)
of the tensor fields Hit diV,‘y Cg,“iﬂ%jmiy (21,...,2,, 01,02, ¢1,...,¢,) by /?S/imp.
(Observe that they all have the same (u + 1)-simple character.)

We observe that just applying Lemma 2.1 to (2-59) (all tensor fields are accept-
able and have the same simple character Egimp —we treat Vo as a factor V¢,
and the factor Vw; as a factor VY') and we then pick out the sublinear combination
where there are M factors Vu contracting against T}, we obtain

(2-60) > ay Hitdivy, Cl™ 1 (Qy, ..., Qp, 01, 2, 1, ..., pu) Vi V... Viy

heH{**
+) acXdiv,,, Cyiriele (@ QL 01, 02, 10 )
veX X Vi, v...Viv
+ > @i CP QL L Qp 01, 02, @1, P Vi, U ViU =0,
jeJ

where the tensor fields indexed in X are acceptable and have a (u + 1)-simple
character ’_é;imp and each C/ is simply subsequent to /?;imp.

Now, observe that if M > % then we can apply the Eraser (from the Appendix
in [A 2012]) to Vw, and the index it contracts against in the D-crucial factor and

derive our conclusion as in Case A.
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1
2
so we proceed to show our claim in that case. The two subcases M =
will be discussed in the next subsection.

and M = 0. The first one is easier,
M=0

The remaining cases are when M =1, M =
1
E )

In the case M = 1, i.e., the D-crucial factor is of the form V), then we
cannot derive our claim, because of the possibility that some tensor fields indexed
in X above have Vw, contracting according to the pattern V; \VIQ,V j¥, where
Y =v or ¥ =¢y,. Therefore, in this setting, we first apply the eraser twice to remove
the expression Vl-(jZ) Q,ViyV/w, and then apply Corollary 2 from [A 2010]%° to
(2-60) (observe that (2-60) now falls under the inductive assumption of Lemma 4.6
in [A 2010] since we have lowered the weight® to obtain a new equation in the
form (2-60), where each tensor field in X has the factor Vw; contracting against
a factor V), [ > 3. Then, applying the eraser as explained, we derive our
Lemma 2.9 in this case.

The cases M = % M = 0. Notice that in these cases we must have o = 7, by
virtue of the definition of maximal “measure” above. We will then prove our claim
by proving a more general claim by induction, in the next subsection. U

2D. The remaining cases of Lemma 2.9. We prove our claim in these cases via an
induction. In order to give a detailed proof, we will restate our lemma hypothesis
in this case (with a slight change of notation).

The hypothesis of the remaining cases of Lemma 2.9. Recall that we assume that

2-61) > a X, divi, C3 Q1. ... Qp. $1. ... u. [01, 02])
xeX,
+ Y a X divi, CEN Q1L Qp 1 b (01, @2])

xeX;,

+> a;ClQ1. .. Q1 h) =0
jeJ
holds modulo complete contractions of length > ¢ +u 43 (0 > 3 — here o stands
for u 4+ p — see the next equation). We denote the weight of the complete contrac-
tions in the above by —K. The tensor fields in the above equation are each in the
form

(2-62)  peontr(S VYR ju ® -+ @ S VIR, i
Q V(GI)QI ® ® V(“p)Qp R[Vw; @ Vo] ® V)”(I;l - Vx”‘l;z)-

59Recall that we showed in [A 2010] that this is a corollary of Lemma 4.6 in [A 2010], which we
have now shown.

0There is no danger of falling under a “forbidden case” of Lemma 2.1 by weight considerations
since we are assuming that none of the tensor fields of minimum rank in the assumption of Lemma 2.3
are “bad”.
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We recall that the u-simple character of the above has been denoted by Kgimp. Recall
that we are now assuming that all the factors V@) Q, in Kqimj are acceptable.®! The
complete contractions indexed in J in (2-61) are simply subsequent to Ksimp. We
also recall that X, div; stands for the sublinear combination in X div; where V; is
not allowed to hit either of the factors Vwi, Vws.

We recall that the tensor fields indexed in X, have the free index ;, belonging to
the factor Vw;. The tensor fields indexed in X, have the free index ;, not belonging
to any of the factors Vo, Vw,.

We recall the key assumption that for each of the tensor fields indexed in X,
there is at least one removable index in each tensor field

Cg’ll(Ql’ A Qp’ ¢17 ""¢u’ [a)l’a)z])7

x € X,.%2
In order to complete our proof of Lemma 2.9, we will show that we can write

2-63) > aCEMN Q... Q1 by, (01, 2]V
xeX,
=Y a: X, divi, ... X, div,,
xeX’

X Col Q. Qpa @i G (01, 2] Vi
+Za]C£(Q], ---9Qp’¢]7 ---9¢L¢)v

jelJ

where the tensor fields indexed in X’ are acceptable in the form (2-62), each with
rank a > 2. Note that this will imply the remaining cases of Lemma 2.9, completing
the proof of Lemma 2.3.

We recall that we are proving this claim when the assumption (2-61) formally
falls under our inductive assumption of Proposition 1.1 (if we formally treat Vwy,
Vw; as factors Vo1, Vi, 12).

We will prove (2-63) by inductively proving a more general statement.

Assumptions. We consider vector fields (that is, partial contractions with one free
index)

Cg’il(Q],,,,,Qb’(]ﬁ],,,,,d)v, Yv l/lla"'al/ff)a
Cé"il(glv"'9va¢l9"'v¢v9 [le Xz]v wlv ""w‘[)’

61 Meaning that each a; > 2.
62Recall the definition of a “removable” index from page 8.
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in the following forms, respectively,
(2-64) pcontr(S*V(”')Rxljkz ® @S VYR, ior
QVWQ ®..VWQ, VY
BVYI® - VY @V ®---@V7,),
(2-65) peontr(S,VI Ry i ® -+ @ S VY Ry e
QVWQ ®... V@R[V ® V2l
BVYI® - @VY: @V ®- - @ V,),

for which the weight is —W 4+ 1, W < K. We also assume v + b > 2. Note: the
bracket [. .. ] stands for the antisymmetrization of the indices 4, 5 in the expression
V,w1Vyws.

We assume (respectively) that

(2-66) Y ar X divi, CEN Q1L Qpu i by VoY )
{€Z,

+ ) a X, divi, ... X, div;,
ez, il
Xcg : lV(Ql’"~7Qba¢l7~“s¢v’Yawls--~$¢‘E)
+ > ar X divi, CE(Q L Qi o VoY )

teZy
+ 3 a;CHQ bl o Yo Y) =0,
jeJ
and
2-67) D acXydivy, CF(Qu. .. Qb bro . bos X1 x2) YY)
{eZy

+ ) arX.divi, ... X, div;,
1€z,
c xcgu Qe Pl bos [ x2)s ULy e Ur)

+ Za{'X*diVil Cé’il(Q],,,,,Qb’(ﬁ],.,,,d)v, [X]’ XZ]’wla""Ip‘[)
t€Zy

+ Y a;ClQu, . Qabra s bos X1 x2) YY) =0,
jeJ
hold modulo complete contractions of length > v+ b+t 4 3.
The tensor fields indexed in Z, are assumed to have the free index in one of the

factors VY, Vyri, ..., Vi, or one of the factors Vi, Vxa, Vi, ..., Vi, re-
spectively. The tensor fields indexed in Z, have rank y > 2 and all their free indices
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belong to the factors VY, Vi, ..., Vi, or the factors Vxi, Vxa, VY, ..., Vg,
respectively. The tensor fields indexed in Z; have the property that ;, does not
belong to any of the factors

vY,Vl/f],...,V'(/f-[ or VXI»VXZ,VwI,---’th’

respectively. We also assume that for the tensor fields indexed in Z, U Z, U Za,
none of the factors Vi, ..., Vi, are contracting against a special index in any
factor S*V(”)R,-jkl and none of them are contracting against the rightmost index in
any V@ Q, (we will refer to this property as the p-property). We assume that
v+ b > 2, and furthermore if v+ b = 2 then for each ¢ € Z, U Z,, the factors VY
(or V1, Vx2) are also not contracting against a special index in any S*V(")Rijkl
and are not contracting against the rightmost index in any V@) ,. Finally (and
importantly) we assume that for the tensor fields indexed in Z,, there is at least
one removable index in each C%/1. (In this setting, for a tensor field indexed in
Z,, a “removable” index is either a nonspecial index in a factor S, v Riju, with
v > 0 or an index in a factor V®)Q,,, B > 3.)

Convention. In this subsection only, for tensor fields in the forms (2-66), (2-67)
we say then an index is special if it is one of the indices ¢, ; in a factor IAVALY Rijui
(this is the usual convention), or if it is an index in a factor Vr(f.).r,; Qy, for which all
the other indices are contracting against factors Vi, ..., Vir;.

All tensor fields in (2-66), (2-67) have a given v-simple character Kimp. We as-
sume the complete contractions indexed in J have a weak v-character Weak (i simp)
and are simply subsequent to Kgimp. Here X, div; stands for the sublinear combi-
nation in X div; where V; is not allowed to hit any of the factors

VY, VY, ...,V or Vi, Vs, Vi, ..., Vi,

respectively.

The claims of the general statement. We claim that under the assumption (2-67),
there exists a linear combination of acceptable 2-tensor fields in the form (2-64),
(2-65) respectively (indexed in W below), for which the p-property is satisfied, so
that (respectively)

268) Y @ CEMN Q... . hro o VoYL YD)V
tez,

= Y awXedivi, CPM Qo QB o VoY YD) Vi
weW

+ Y aiCIN Q. Qi b Yo Y ViU =0,
jeJ
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and
(2-69) > aCE(Q . Qi bra s bun X1 X2) Y1 Y Vi
L€z,
+) " ayX. div;,
weW

X C;U’iliz(919 LR ] Qb’ ¢17 R ] ¢U7 [le XZ]’ 1//17 R ] wl')vllv
+ > aiCPN Q1 Qi by D g2l Y ) Vi v =0,
jeJ

We observe that when 7 = 0 and v + b > 3, (2-69) coincides with (2-63).93
Therefore, if we can prove this general statement, we will have shown Lemma 2.9
in full generality, thus also completing the proof of Lemma 2.3.

We also have a further claim, when we assume (2-66), (2-67) with v + b = 2.
In that case, we also claim that we can write

@2-70) > arXydiviy CEMN Q. QB By VoY )
(eZ,UZpUZ,

=Zaqx+divi1 C{g’il(Ql’"'7Qba¢19---9¢v’ Y’ Wl»---ﬂﬁr)

qeQ
+Zajcé(gzlv --~9Qb’¢17 "'5¢1}v Y! w19 ceey ‘(//‘[)7
jeJ
and
@71 Y ar Xy divi, CE(Q1, o Qs brs b X1 x2) YY)
eZ,UZ,UZy,
= ag X divi, CIN Q1 ., Qb1 s X X2l Wt )

qeQ
+ZajC£(QI’"'7Qb7¢]9"'5¢1}7 [Xl’ XZ]’WI, "'5WT)5

jeJ
where the tensor fields indexed in Q are in the same form as (2-64) or (2-65)
respectively, but have a factor (expression) V@Y or Vﬁl) w1V jjwy, respectively,
and satisfy all the other properties of the tensor fields in Z,.

Consequence of (2-68), (2-69) when v+ b > 3. We here codify an implication one
can derive from (2-68), (2-69). This implication will be useful further down in this
subsection. We see that by making the factors Vv into X, div in (2-66),%* (2-67)

63 Also, the assumption of existence of a non removable index coincides with the corresponding
assumption of Lemma 2.3.
64See the Appendix in [A 2012].
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and replacing into (2-68), (2-69), we obtain

2-72) Y ar Xy divy CEM Q1L Qpa i by Vo )

teZ),
+ ) arXudivi, CMQ . Qb Yo YY)
t€Zp
+ > a;ClQ e b Yo ) =0,
jeJ
and
(2_73) Z a{'X* diVi] Cé’il(le ceey Qb’ ¢]5 L] ¢U7 [le X2]5 WIa R WT)
L€z,
+ Y ar X diviy CEMQ L Qi Bra o D X2l Y )
L€z
+ Zajcé(glv "'7Qb’¢la ""¢U9 [le X2]’ wla -"71//T) =05
jelJ

where here the tensor fields indexed in Z/, are like the tensor fields indexed in Z,
in (2-66), (2-67) but have the additional feature that no free index belongs to the
factor Vi, (and all the other assumptions of equations (2-66), (2-67) continue to
hold).

We then claim that we can derive new equations

Q74 Y ar Xy divi, C5N(Q L Q1 o Yo W P

teZ),
+ ) a Xy divy CEMN QL Qpa i b VoY )
LeZy
=Y g Xy divi, CLNQp, . Qi o, Yo Y)
qeQ
+ZajC£(Ql,...,Qb,¢1,...,¢v, Ya 1#17---,1#{)
jeJ
and
2-75) Y arXydivi, CEN(Qu, . Qi o X1 x2) Y )
(eZ;,
+ ) ar Xy divi, CE Q1L Q. bre o bon X1 x2) Y )
CEZy
= ag Xy divi, CLN Q1. Qo D X2l Ve )
qeQ

+ZajC£(Ql’ s Qb,¢19 ""¢v’ [Xl’ XZ]’ WI? ---sWr)s

jeJ
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where here X, div; stands for the sublinear combination in X div; where V; is al-
lowed to hit the factor VY or V x; (respectively), but not the factors Vi, ..., Voo,
(V x2). Furthermore, the linear combinations indexed in Q stand for generic linear
combinations of vector fields in the form (2-64) or (2-65), only with the expressions
VY or V|,w1 Vo, replaced by expressions vy, Véfga)l Vipws.

Proof that (2-74), (2-75) follow from (2-68), (2-69). We prove the above by an
induction. We will first subdivide Z;, Z, into subsets as follows: ¢ € Z; , or
¢ € Zpy if the factor VY (or one of the factors Vi, Vx2) contracts against a
special index in the same factor against which Vi contracts.

Now, if Z;’ pY Zp,p # 2 our inductive statement will be that we can write

2-76) Y arXydivi, ... X, div;,

L€z,
P YT Qb o Yo )

ZZGCX"FdiVi] Cé’il(le AL ] Qb7¢1a ---’d)vv Y’ wlv "~aW‘L’)
fEZ},_p

+ Y aXidivi, ... X div,
k . .
X QL Qo Yo )
+) " ac Xy div, .. Xy divg,
$€Zy Ny it
X O Q1 o YU )

+ D ag X divi, CPM Qe bt B VYY)
qeQ

+ZajC£(§21,...,Qb,¢1,--.,¢v, Ya wlv ""wf)’
jedJ
and
(2-77) Z a§X+diVi| C§~il(91’ sy Qb’ ¢17 ""¢U7 [X]’ X2]» 1//.1’ ceey 1/fr)

(€Zyy

=Y a Xy diviy CF (Qu, .., Qb1 o D x2d Y, Pr)
{GZ[)YP

+ ) @ Xy divi, .. X divg,
teT* t,iy...0x
Xcg, (le'--th’¢lv"'7¢U7[X17X2]’1l,17"'vl/fl')
+ > ar Xy divy, ... X divy,

ez, Coitody
Xcg (Qla’--7Qb7¢17---a¢v’[Xl’X2]vwl’"'7‘//‘[)

\Nop
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+ Zaqx-‘rdivil Cg’il(le---’va¢17"'v¢va[xlv XZ]! ,llllv"'v‘/f‘[)
q€Q

+ 3 a4 CH Q1 bt bos Dt 2] WL V),
jeJ
where the tensor fields indexed in T* have all the properties of the tensor fields

indexed in Z), p (in particular the index in Vi is not free) and in addition have

rank k. The tensor fields indexed in Z;’ Nop in the right-hand side have all the

regular features of the terms indexed in Z/, (in particular rank y > 1 and the factor
Vi1 does not contain a free index) and in addition none of the factors VY (or
V x1, V x2) contract against a special index.

Our inductive claim is that we can write

2-78) > acXydivi, CEMN(Qu, o Qo Yo W P
tez,

zza§X+divi1 C§,i1(§217~'~7Qba¢1’---7¢v’Y? wh---’w‘[)

LEZ)

+ ) a Xy divy, .. Xy div,

1T i
X C Qo Q@1 o Y Y, )

+ ) ac Xy divi, ... X div,

!
Ceza.Nop

Xcg’”“'ly(szl"”’gzb’ ¢19"'5¢)U’ Y’ 1/11’ ""1//‘[)

D ag Xy diviy CETQ e QP B VoY)
q€Q

+ Y a;ClQ1, . QB b Yo ),
jeJ
and

2-79) Y ar Xy divi, CEMN Q. Qo i s (X1 x2) Y )
teZ)

=" ar Xy divy, CE(Qu, o Qy brs - bos X1 x2) YY)
t€Zp
+> " a Xy divi, .. Xy divg,
teTk+! toig el
X Cg, (Ql’ e ey va ¢1’ sy ¢U’ [le X2]7 1//17 ey 1//'17)
+ Y ar Xy divi, ... Xy divg,

!
{Ezu,Nop

x Césl]mly(Ql,...,Qb,¢1,...,¢v, X1, x2l, ¥, ¥o)
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+ ZaqX-‘r diVi[ Cg’il(le ey va ¢1’ cecy ¢U’ [le Xz]a 1//1’ sy 1//‘17)
qeQ
+) aiCHQ . Qo br o D1 X2l YY) =00,
jeJ
We will derive (2-78), (2-79) momentarily. For now, we observe that by iterative
repetition of the above inductive step we are reduced to showing (2-74), (2-75)
under the additional assumption that Z; , = &.
Under that assumption, we denote by Z,, , C Z,, the index set of vector fields for
which the factor VY (or one of the factors V xi, V x») contracts against a special

index. We will then prove another inductive statement: We assume that we can
write

2-80) Y arXydivi, CEMN Q1L Qpara b VoY V)
C€Zpyp

= aXydiv;, ... X, div;,
X (Q L Bl b VU V)
+Z a§X+diVi1 Cé’il(le '--7Qb’¢]a ---5¢U7 Y5 w-la "'awt)

{EZb,Nop
+ZaqX+diVi1 Cg’il(917 "'9Qb’¢17 --~’¢)U7 Yv wl’ ceey wf)
qe0
+Zajcé(917"'7Qb’¢19"'5¢vv Y’ lp]a "'71#7,')’
jeJ
and
@-81) Y arXydivi, CEN (R, Qi by, D x2) YY)
€Zpyp

=" a Xy divi, ... X div,,
k . .
eV X C;’ll.“lk(gzlv ey Qh’ ¢17 ] d)v’ [Xl’ X2]7 ¢19 L] 1//'[)
+ ) ac Xy diviy CEN Q. Qi by D x2) YY)

{EZb,Nop

+ Y agX g divi, PR, Q1 b D X2l YY)
q€Q

+Za]C£(Q]7 ceey Qb’ ¢]9 "'5¢U7 [Xl’ Xz]’ W]’ "'51#7,’)5
jeJ

where the tensor fields indexed in V¥ have all the features of the tensor fields
indexed in Z; p, but in addition have all the k free indices not belonging to factors
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V1, ..., V. The tensor fields indexed in Z;, y,p have all the regular features of

the tensor fields in Z; and in addition have the factor VY (or the factors Vx1, V x2)

not contracting against special indices. The terms indexed in Q are as required in

the right-hand side of (2-74), (2-75) (which are the equations that we are proving).
We will then show that we can write

282) Y acXidivi, CENQ1, . Qb bo Yo )

CGZ},YP
=" aXydivi, ... Xy div,,
teVitl 8 S
Xcg (Ql5~-~5Qb7¢la~~~’¢v5Y’WI"'~7W‘L')
+Z a{X—i-diVil Cg’il(917 ---9va¢19 ---7¢1}7 Yv wlv e ooy wf)

$€Zp Nop

+ZaqX+diVi1 Cg’il(le AR Qb, ¢la ---’¢U7 Y’ Wl, ---5wt)
q€0

+Zajcé{(gzla-~-9Qb7¢19~~~7¢v7 Y’ wlv ---7’(//‘[)7
jedJ

and

(2-83) Z a{'X-‘r diVi] Cg’il(Qla LI ] Qb’ ¢17 ceey ¢Ua [X17 X2]» 11’17 e ey wf)

C€Zpyp
=Y aXydivi, ... X, div,
tevktl 10041
Xcg (919"'ava‘;bla--"(pv?[xl’xz]’wl’""l/fr)
+ Z a{'X-i- divil C{g’il (917 ceey Qb’ ¢19 K] ¢U7 [Xl’ XZ]’ wl’ te wr)

;EZI:,Nop

+Zaqx+divi1 Cg’il(Ql’ LI Qb’ ¢15 "'7¢U’ [Xl’ X2]v lpla ceey l//f)
q€0

+ZGJC£(QI, CE) Qb, ¢17 SRR ¢v, [Xl’ XZ]a WIa SRR wr)
jeJ

(Here the tensor fields indexed in V**! have all the features described above and
moreover have rank k + 1.)

Thus, by iterative repetition of this step we are reduced to showing our claim
under the additional assumption that Z, , = Z , = @.

We prove (2-82), (2-83) below. Now, we present the rest of our claims under
the assumption that Z;,p = Zp,p = . For the rest of this proof we may assume
that all tensor fields have the factor VY (or the factors Vx;, V x2) not contracting

against special indices.
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We then perform a new induction: We assume that we can write

2-84) > ar Xy divi, C5M(QL . QB b Yo )
tez,

=Y a Xy divi) CEN Q1. Qo i e VoYL )
teZp
+) X divi, ... X div,
Tk i
'€ X C;’ll'”lk(glv ey Qb? ¢17 ... 7¢v1 Y7 wlv ey w‘[)
+ ) ag Xy diviy CETQ e Qs P G VoY Y
qeQ
+ZajC£(Ql,...,Qb,¢1,...,¢v, Ya wls ---swf)s
jeJ

and

(2-85) Y arXydivi, CEN(Qu, . Q1 s X1 x2) YL V)
tez,,

= Z a{'X+ divil Céail(Ql’ e ey Qb’ ¢ls ey ¢U7 [Xl’ X2]a wls ey wr)
é’GZ/,

+) @ Xy divi, .. Xy divg,
k . .
et X Cé’llmlk(gla ceey Qb? ¢17 ceey ¢Ua [X17 X2]7 ‘/flv R ] 1)lll')

+ Y g Xy divi, CPN QL Qi by D Xl Y W)
qeQ

+Zajcé]7(gzlﬂ LR ] va ¢19 "'7¢'l)7 [le X2], wls ey w‘[)v

jeJ

where the tensor fields indexed in T* have all the properties of the tensor fields
indexed in Z/, (in particular the index in V; is not free) and in addition have rank
k. We then show that we can write

(2-86) Y acXydivi CEM(Qu . QB b VoY Y
teZ)

:Zaé'x-‘rdlvl] Cg’il(Ql’""va¢17"'7¢v’ Y! 1//17"'71//'[)
t€Zp

—|—Z a; X4 div;, ... X div,
Tk+1 ..
'€ X C;’ll.“lk(szl’ ey Qba ¢19 ey d)v, Ya wlv ey w‘[)
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+Zaqx+divi1 Cg’il(szl’""va¢19"'a¢v’ Y! 1//15"'71//'[)

qeQ
+Zajcé(91’ ceey Qb’ ¢15 ---5¢U’ Y’ wla .. -awf)a
jeJ
and
2-87) D ac X divi, CEN Q. QB D X2l Y )
tez,
=Y ac X divi, CEN Q1. Qo s X2l Y )
tezZy

+) Xy divi, . Xy divig,
teThH! 10 dkgl
XCg (Ql"~~’Qba¢17"'9¢v’[Xl’XZ]swlv"'vwr)

+ Y agX g divi, PR, Qa1 b D X2l YY)
q€Q
+ D aiClQ1, o Qb1 b, 1 x2) Y V).
jeJ
We will derive (2-86), (2-87) momentarily. For now, we observe that by iterative
repetition of the above we are reduced to showing (2-74), (2-75) under the further
assumption that Z/, = @. In that setting, we can just repeatedly apply the eraser
(see the Appendix in [A 2012] for a definition of this notion) to as many factors
V1, as needed in order to reduce ourselves to a new true equation where each of
the real factors contracts against at most one of the factors Vi, ..., Vi, VY (or
Vxi,V Xz).65 Then, by invoking Corollary 1 from [A 2010]° and then reintroduc-
ing the factors we erased, we derive our claim.

Proof of (2-86) and (2-87). Picking out the sublinear combination in (2-84), (2-85)
with one derivative on VY or V x; and substituting into (2-72), (2-73) we derive

(2-88) Y @ X, divi, ... X, divi, Cy Q1. Qo B o VoYL )

teTk
+ 3 ar X divi, CEN(QL L  Br o bon VoY )
C€Zp )
=ZajC£(Q]’"'7Qb’¢]9"'5¢v’ Y’ Ip‘]a"'a‘(ﬁf)a
jelJ
65 All remaining factors Vi, ..., V{¢ and also the factor(s) VY (or Vi, Vx») are treated as

factors V¢y,.
66Notice that there will necessarily be at least one nonsimple factor S*V(”)R,-jkl or VB, by
virtue of the factors VY (or Vw|, Vwy), therefore that corollary can be applied.
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and
2-89) D a X, div;, ... X, div;,
teT* fit i
X CEM(Qy, L Qi o Dt Xl e W)

+Za§X*dlvll Cg,il(le--*’va ¢17"'7¢U’ [Xl’ X2]7 1//19"'51//‘[)
t€Zp ]
=Y a;Cl(Q, ... Q. Pr, s bus X1, x2) Y1, P

jelJ

the sublinear combination ) cez, - - - above is generic.

Split the index set T* according to which of the factors Vi, ..., Vi/;, VY (or
Vi, ..., Vir, V1) contain the k free indices. Thus we write Tk = UaeA Tk
(each o € A corresponds to a k-subset of the set of factors Viri,..., Vi;,VY or
Viri,. ..,V ,Vxi1). We will then show that for each @ € A there exists a linear
combination ) pepe apC g’i 1kt of partial contractions in the form (2-64) or (2-65)
with the first k free indices belonging to the factors in the set o, and the free index
not belonging to Vi, so that

lk+1
2-90) > aC QL Qpa i by Yo Y Vv VL
teTke
— X, div;, Z apClM QL Qp e o YU )
bebe x Vijv...Vyv
=Y a;CI QL Qr b Yo )
jel x Viv...Vyv,
and
@2-91) D aCy QL Qo D x2l Y )
et x Viv...V,v
—Xodivi, Y apCl QL Qb b, D x2d Y )
beB* x Vijv...Vyv
=Y a;CL Q. Qi b D1 X))
jeJ

X VZ'IU.. .V,’kU.

If we can show the above for every o € A, then replacing the factor Vv by X div
we can derive our claim (2-86), (2-87). O

Proof of (2-90) and (2-91). Refer to (2-88) and (2-89). Denote Y or x; by Y41
for uniformity. We pick out any o € A; assume that o = {Vy,, ..., Vi, }.
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Pick out the sublinear combination where the factors Vi, ..., Vi, which
belong to « contract against the same factor as V. This sublinear combina-
tion Z, vanishes separately (that is, Z, = 0). We then apply the eraser to the
factors Vi, ..., VY € A (notice this is well-defined, since all the above factors
and the factor V| contract against nonspecial indices). We obtain a new true
equation, which we denote by Erase[Z,] = 0. It then follows that Erase[Z] -
Vi, wlei‘ v...V;, kavik v) = 0 is our desired conclusion (2-90), (2-91). U

Sketch of proof of (2-78), (2-79), (2-82), (2-83). These equations can be proven
by only a slight modification of the idea above. We again subdivide the index sets
Tk, vk according to the set of factors Vi, ..., Vi or Vi, ..., Vi, Vo that
contain the k free indices (so we write 7% =, ., T%* and V¥ =, , V**) and
we prove the claims above separately for those sublinear combinations.

To prove this, we pick out the sublinear combination in our hypotheses with the
factors Vi, h € o contracting against the same factor against which Vi and VY
(or V1 and Vwy) are contracting. Say o = {hy, ..., hi}; we then formally replace
the expressions

SV i RV n, - VA, VGV g VEY or
A
Vfl..).rﬂll...lkstgzlvl] 1//hl tee Vlk l//hkvs]/fl VIY

and so on by expressions

S,V PRWVIGI VI VY or VAP vy, VY

FleTy r1...ry st
and derive our claims (2-78), (2-79), (2-82), (2-83) as above. U

Proof of the claims of our general statement: Equations (2-68) and (2-69). We
will prove these claims by an induction. Our inductive assumptions are that (2-68),
(2-69) follow from (2-66), (2-67) for any weight —W’, W’ < K and when W' = K
they hold for any length v 4+ b > y > 2. We will then show the claim when the
weightis — K, and v+b =y 4 1. In the end, we will check our claims for the base
case v+b=2.

Proof of the inductive step. Refer back to (2-66), (2-67). We will prove this claim
in four steps.

Step 1: First, we will denote by Z7¢, Zf{’e", Z;7¢ the index sets of the tensor fields
for which VY or one of the factors Vyx;, Vx, (respectively) contracts against a
special index. Then using the inductive assumptions of our general claim, we will
show that there exists a linear combination of 2-tensor fields (indexed in W below)
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which satisfies all the requirements of (2-66), (2-68) so that

2-92) Y a:CEMV, v - X, divi, Y a,ClV; v
rezpec weW ‘ N
= > a;CEViv+ ) a;Ci Vv,

;ez9k jeld

where the tensor fields n Z9X are generic linear combinations of tensor fields of
the same general type as the ones indexed in Z, in (2-66), (2-68) and where in
addition none of the factors VY or Vx1, V x» contract against a special index.

Thus, if we can show the above, by replacing Vv by an X, div;, and substitut-
ing back into (2-66), (2-68), we are reduced to showing (2-67), (2-69) under the
additional assumption that ZP* = &.

Step 2: Then, under the assumption that Z’*“ = &, we will show that we can write

2-93) > acX.divi, COM+ ) ag X, divi, ... X, div, 51
CEZZPEC é-EZflpec
= X, divi, ... Xodivi, Y a,CoM0 4> " a;CP0,
ceC jeJ
where the tensor fields on the right-hand side are of the general form as the ones
indexed in Z;, Z, in our hypothesis, and moreover the factors VY (or the factors
V x1, V x2) are not contracting against special indices.
Notice that if we can show (2-92), (2-93) then we are reduced to showing our
claim under the additional assumption that for each ¢ € Z,UZ,UZ,, the factors VY

(or V1, Vx) are not contracting against special indices. We will show (2-92),
(2-93) below.

Proof of (2-67), (2-69) under the assumption that for each { € Z, U Za U Zy the
factors VY or (V x1, V x2) do not contract against special indices.

Step 3: Proof of (2-94) below. We note that for all the tensor fields in the rest of
this proof will not have the factor VY (or any of the factors V x;, V x2) contracting
against a special index in any factor AAVALY Riju or VB Q,. Now, we arbitrarily
pick out one factor T = S*V(”)R,-jkl orT=V®Q, in Ksimp and call it the “chosen
factor” for the rest of this subsection.

We will say that the factor VY (or Vw;) contracts against a good index in 7,
if it contracts against a nonspecial index in 7 when T is of the form S*V(”)R,-jk;
with v > 0; when T is of the form V®)Q_, then it contracts against a good index
provided B > 3.

We will say that the factor VY (or Vw;) contracts against a bad index if it con-
tracts against the index ; in a factor T' = S, R;j; or an index in a factor T = voaQ,.
We denote by ZBAP C Z, the index set of tensor fields for which VY (or Vw,)
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contracts against a bad index. We also denote by ZgAD C Zp the index set of the
vector fields for which VY contracts against a bad index in 7" and T also contains
a free index. We will show that we can write

2-94) Y a,CEViv— X, divi, Y ayCiP Vv

{eZEADUZf’AD heH
— iy, CJ
{eZ]G00PyZ,Go0D jeJ
where all the tensor fields indexed in Z/599P U Z,690P are generic vector fields of

the forms indexed in Z,, Z;, only with the factors VY or Vw; contracting against
a good index in the factor 7. The tensor fields indexed in H are as required in the
claim of our general statement (they correspond to the index set W in our general
statement).

Step 4: Proof that (2-94) implies our claims (2-68), (2-69). We start by proving
(2-94) (that is, we prove Step 3). Then, we will show how we can derive our claim
from (2-94) (that is, we then prove Step 4).

Proof of Step 3: Proof of (2-94). We can prove this equation by virtue of our
inductive assumption on our general claim. First, we define ZEAD C Z, to stand for
the index set of tensor fields where the factor VY (or Vw,) is contracting against
a bad index in the chosen factor. We pick out the sublinear combination in our
lemma assumption where VY (or Vw;) are contracting against the chosen factor
T = SiRji or T = V@Q,). This sublinear combination must vanish separately,
and we thus derive that

(2-95) Zaix** diVil Cg’il + Z Cng** diV,‘1 oo X diVl'C Cg’il"'i"

+ Z leCg’il =ZajC£,

BAD /
rezyy jed

BAD >
cezZBAPuzZp ;ezBAD

where X, div;, stands for the sublinear combination for which V;, is not allowed
to hit the chosen factor 7. ZZ”BAD C Z, stands for the index set of tensor fields
indexed in Z; with the free index ;, not belonging to the chosen factor and also
with the factor VY (or Vw,) contracting against a bad index.

Now, define an operation Op[. .. ] that acts on the complete contractions above
by formally replacing any expression Vi(jz) Q "Vif (or Vi(jz) Q. Vi) b~y V;D (D
is a scalar function), or any expression Sy R;ji/V'$1V’/Y (or Sy R V'¢1V/ x2) by
V01 Vii0,. (Denote by Kgimp the simple character of these resulting vector fields.)
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Acting on (2-95) by Opl. .. ] produces a true equation, which we may write out as

(2-96) > ar X divi, Op[CIS" + Xy divy, Y apCLH
£ eZBADUZEAP feF
+ Z a;X** diV,‘l . X** diV,‘C Cé’“""" = ZajCé.

¢eZBAp jel

Here X,. div; stands for the sublinear combination in div; where V; is not al-
lowed to hit the factor to which V; belongs, nor any of the factors V¢, ..., Vo,,
Vi, ..., Vi, nor any of the factors VD, VO, V6,. The vector fields indexed
in F are generic vector fields with a simple character Kgyp, for which the free
index ;, does not belong to any of the factors Vi, ..., Vi, or any of the factors
VD, (Vyx1), Vb, V0,.

Now, observe that the above equation falls under our inductive assumption of
the general statement we are proving: We now either have factors

Viyi,..., V¥, VD, or

Vi, ..., VY, Vx1, VD, or
Vi, ..., Vg, [VO1, VBy], or
Vi, ..., Vi, Vxi, [VO1, VO,].

Notice that the tensor fields indexed in are precisely the ones that
contain a free index in one of these factors. Therefore, by our inductive assumption

BAD pyBAD
H;"", Hy

of the “general claim” we derive that there exists a linear combination of 2-tensor
fields, ),y ..., (with factors Vy,..., Vi, VD and so on, and which satisfy the
p-property for the factors V..., Vi) so that

2-97) ) a; Op[CLy"Viiv — Xy divi, Y a,CY "2 Vv =>"a;C}"V;v.

{erADUZfAD veV jeJ

Now, we define an operation Op~'[. . .] that acts on the complete contractions in
the above equation by replacing the factor V; D by an expression V;; <2 V7Y (or
Vij Q. Vi), or by replacing the expression V[,0; V1602 by S, R,-J-abV’ﬁleY (or
S« R; jabvi $1V7w,). The operation Op~! clearly produces a true equation, which
is our desired conclusion, (2-94). O

Proof of Step 4. We derive our conclusions (2-68), (2-69) in pieces. First, we
show these equations with the sublinear combinations Z, replaced by the index set
Zg,spec, Which index the terms with the free index ;, belonging to the factor VY
or Vw; (this will be Substep A). After proving this claim, we will show (2-68),
(2-69) under the additional assumption that Z, y,.. = & (this will be Substep B).
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Proof of Substep A. We make the Vus into X, divs in (2-94) and insert the resulting
equations into our lemma hypothesis. We thus derive a new equation

(2-98) > acX.div, CO"+ ) ag X, div;, 51

{€Zy {EZbl
+ 3 ac X divi, ... X, divi, CE1e 4+ "a;C0 =0,
cez? jeJ

where we now have that the tensor fields indexed in Z, have a free index among
the factors Vyri, ..., Vi, VY (or Vi, ..., V¥, Vxi, Vx2), and furthermore
the factors VY (or the factors Vw, Vw,) are not contracting against a bad index in
the chosen factor T. The tensor fields indexed in Z ,l have a free index that does not
belong to one of the factors Vi, ..., Vi, VY (or VY, ..., Vi, Vxi, Vxo),
and furthermore if the factor VY (or one of the factors Vw;, Vw,) is contracting
against a bad index in the chosen factor T, then T does not contain the free index
i,- Finally the tensor fields indexed in Zl% each have rank a > 2 and all free in-
dices belong to the factors Vi, ..., Vi, VY, (Vwi, Vwr). We may then rewrite
(2-98) in the form

(2-99) > acX.div, COM+ ) ag X, div;, 51

{€Zy {EZbl
+ ) ac X, divi, ... X, div;, CE e 4y " a;C1 =0,
cez? jel

where now for the tensor fields indexed in Zl%/, each a > 1 and the factor Vi
does not contain a free index for any of the tensor fields for which VY (or one of
Vw;, V) contracts against a bad index in the chosen factor.
We will denote by Z g’j cZ g and Zi,u/ C Z,f/ the index sets of tensor fields where
VY (or one of Vw;, Vw,) contracts against a bad index in the chosen factor 7.
From (2-99) we derive

(2-100) > ar Xpudivi, C5M 4 D ar Xou divi, ... Xy divy, CHI10
tezy) cez?, ;

bz bt +ZajC£=(),

jeJ
where X, div; stands for the sublinear combination in X, div; for which V; is in

addition no allowed to hit the chosen factor 7'.

Then, applying operation Op as in Step 3 and the inductive assumption of the
general claim we are proving,%’ and then using the operation Op~'[...] as in the

7 The resulting equation falls under the inductive assumption, as in Step 3.
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proof of Step 3, we derive

@2-101) > agX.divi, C5 4+ Y ag X, divy, ... X, div;, C5it-e

Cezg,ﬁ gez}%,n/
= Y a;X.divi, ... X.div;, C51 0+ " a;C1 =0,
{€Zok jeJ

where the tensor fields indexed in Zpg have rank a > 1 (no free indices belonging
to factors Vyry, ..., VY or Viq, ..., Vx2) and furthermore have the property that
the one index in VY or Vw; does not contract against a bad index in the chosen
factor (and it is also not free). Thus, replacing the above back into (2-99), we
derive

(2-102) Z ag X, div;, C5" + Z ag X, div;, C5"

{€Zq cez)
+ ) ac Xy divi, ... Xy divi, CE1e 4+ "a;C) =0,
cez?’ jel

where the tensor fields indexed in Zg/, Zi” have the additional restriction that if
the factor VY (or Vwi, Vw;,) is contracting against the chosen factor 7 then it is
not contracting against a bad index in 7.

We are now in a position to derive Substep A from the above: To see this claim,

we just apply Eraseyy or Erasey,,, to (2-102) and multiply the resulting equation
by V; YVilu.
Substep B: Now, we are reduced to showing our claim when Z, y,.. = &. In that
setting, we denote by Z, ; C Z, the index set of vector fields in Z, for which the
free index ;, belongs to the factor Vi/,; we prove our claim separately for each of
the sublinear combinations ) (€Zas This claim is proven by picking out the
sublinear combinations in (2-66), (2-67) where the factors Vi, and VY (or V)
contract against the same factor;®® we then apply the eraser to Vi, (this is well-
defined and produces a true equation), and multiply by V; ¥, Vitv. The resulting
equation is precisely our claim for the sublinear combination ) CeZyy

Sketch of the proof of Steps 1 and 2: Equations (2-92) and (2-93). We will sketch
the proof of these claims for the sublinear combinations in Z7*“ U ZP*“ U Z?pec
where one of the special indices in C**! is an index ; or ; that belongs to a fac-
tor S*V(”)R,-jkl. The remaining case (where the special indices belong to factors

V@g,) can be seen by a similar (simpler) argument.®

68These sublinear combinations vanish separately.
9The only extra feature in this setting is that one must prove the claim by a separate induction
on the number of factors Vi, that are contracting against v@ Q.
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For each ¢ € Z{P*° U Z;P* U Z4,,.. we denote by C5't, C41-7 the tensor fields

spec?

that arise from C%1, Cg’i""iV in (2-66), (2-68) by replacing the expressions

SV RV VY and S, VY RyjyuV'$Vix
with a factor Vr(l‘“rrzv ) ; S2p41. We denote by Kgimp the resulting simple character. We
derive
(2-103) Y arX.div;, C5" + ) ar X divi, ... X, div;, C5" +) " a;Cl=0.
;EZépecuzzpec {GZ’:’F“ ]EJ

Now, again applying the inductive assumption of our general statement to the
above, we derive that there is a linear combination of tensor fields (indexed in

W below) with a free index ;, belonging to one of the factors Vi, ..., Vi, or
Vi, ..., Vi, Vxi so that
(2-104) > aCL Vv — X divi, Y ayCPP Vv =Y "a;Cl.

rezpec weW jeJ

Now, by applying an operation Op™* to the above which formally replaces the
factor Vr(f ,).r L, 2, with a factor

S, VA-D R i VieiVEY or S,VAD R Vi VEx,

ri..rpa-2 F1..rpa-2

we derive (2-92) (since we can repeat the permutations by which (2-104) is made to
hold formally, modulo introducing correction terms that allowed in the right-hand
side of (2-92)).

We will now prove (2-93) (that is, Step 2) by repeating the induction performed
in the “Consequence” we derived above (where we showed that inductively assum-
ing (2-76), (2-77) we can derive (2-78), (2-79)):

We will show the claim of Step 2 in pieces: First consider the tensor fields
indexed in Z a,p Of minimum rank 2 (denote the corresponding index set by Zg,p);
we then show that we can write

(2-105) Y arX divy, X divi, C512 = > " a X divy, ... X divg, C515

tez, cezl,
+ ) acXdivi, CE1 4+ > ac X divi, ... X divy, CE 4y " a; ¢
{€Zpy {€Zok je

The tensor fields indexed in Zz’p, Zyp,p on the right-hand side are generic linear
combinations in those forms (the first with rank 3). The tensor fields indexed in
Zok are generic linear combinations as allowed in the right-hand side of (2-93).
Assuming we can prove (2-105), we are then reduced to showing our claim when

the minimum rank among the tensor fields indexed in Z,  is 3. We may then
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“forget” about any X div;, where ;, belongs to the factor Vi/;. Therefore, we are
reduced to showing our claim when the minimum rank is 2 and the factor Vi
does not contain a free index. We then claim our claim by an induction (for the
rest of this derivation, all tensor fields will not have a free index in the factor V;):
Assume that the minimum rank of the tensor fields indexed in Za,p is k, and they
are indexed in Zz, p- We then show that we can write

(2-106) Y acX div;, ... X divy, C51 % =Y " a X divi, ... X div,,, C5-en

{eZ’;,p 4"’52[3:;'
+ > aXdiv, C51 4> ag X div, ... X divi, C5 e+ a0
L€Zpy t€Zok je

The tensor fields indexed in ZZ,W Zyp,p on the right-hand side are generic linear
combinations in those forms (the first with rank k& 4 1). The tensor fields indexed
in Zpk are generic linear combinations as allowed in the right-hand side of our
Step 2.

Iteratively repeating this step we are reduced to proving Step 2 when Z, , = @.
In that case we then assume that the tensor fields indexed in Z; , have minimum

rank k (and the corresponding index set is Z’g p) and we show that we can write

2-107) Y acXdiv;, ... X div; CF1 % =Y " ac X divi, ... X divj,,, C51
tez,, cezyy)
+ 3 ac X divy, ... X div;, CE e 43 a0,
t€Zok Jje
(with the same conventions as in the above equation).
If we can prove (2-105) and (2-107) we will have shown our Step 2.
Proof of (2-105), (2-106), (2-107). We start with a small remark: If the chosen
factor is of the form S*V(“)Rijkl, our assumption implies a more convenient equa-

tion: Consider the tensor fields Cé{*il"'i‘*, ¢ € ZapUZpp; we denote by C‘g’il“"'a the
tensor fields that arise from Cg*i 1-+la by replacing the expression

VY RuVigiVEY  (or VO RiuVigiVExa)

rl..ry rl..ry

by a factor Vr(:)+r2u) 1S2p+1. We then derive

(2-108) Y acX,div;, ... X, div;,
teZ,UzZ ~p s
S X O (Q o Rty B2e s B (XD VL Y)
=Y a;CiQ1, ..., Qpi1, b2, os s (X)) V1 Y0).

jeJ
Now we can derive our claims.
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Proof of (2-106). We split the index set Zz2 = according to the two factors that
contain the two free indices and we show our claim for each of those tensor fields
separately. The proof goes as follows: We pick out the sublinear combination in
our hypothesis (or in (2-108)) where the factors Vyry,, Vi, (or Vi, Vxz) con-
tract against the same factor. Clearly, this sublinear combination, X,, vanishes
separately. We then formally erase the factor V. Then, we apply the inductive
assumption of our general claim to the resulting equation (the minimum rank of
the tensor fields will be 1), and (in case our assumption is (2-108) we also apply
an operation Op~' which replaces the factor V. 2,1 by

S VI Riry ir, ViOIVEY (V).

Fl..ry_2

This is our desired conclusion. O

Proof of (2-105), (2-107). Now we show (2-105) for the subset Z]a‘:g (which indexes
the k-tensor fields for which the free indices ;,, . .., ; belong to a chosen subset of
the factors Vi, ..., V¢, (V x1) (hence the label o designates the chosen subset).
To prove this equation, we pick out the sublinear combination in (2-108) where
the factors Vi, ..., Vi, (Vx1) (indexed in o) contract against the same factor
as V1. Then we apply the eraser to these factors and the indices they contract
against. This is our desired conclusion. To show (2-107), we only have to treat the
factors Vi, as factors V¢y,. The claim then follows by applying Corollary 1 in [A
2010] and making the factors Vv into X divs.”” ([

Proof of the base case (v + b = 2) of the general claim. We first prove our claim
when our hypothesis is (2-67) (as opposed to (2-66)).

Proof of the base case under the hypothesis (2-67). We observe that the weight
—K in our assumption must satisfy K > 2t +8if v>0and K > 2t +6if v =0.

First consider the case where we have the strict inequalities K > 27+ 8 if v >0
and K > 2t + 6 if v = 0. In that case our first claim of the base case can be
proven straightforwardly, by picking out a removable index in each C g’l", ¢ e”Z,
and treating it as an X, div (which can be done when we only have two real factors).
Thus, in this setting we only have to show our second claims (2-70), (2-71).

In this setting, by using the “manual” constructions as in [A 2011], we can
construct explicit tensor fields which satisfy all the assumptions of our claim in the

700bserve that by virtue of the factor Vi, we must have at least one nonsimple factor
S*V(”)R,-jk[ or V(B )Qh in (2-108)-hence (2-108) does not fall under any of the “forbidden cases” of
Corollary 1 in [A 2010], by inspection.
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base case (each with rank > 2), so that

(2-109) X+ divil Zafcg’il(gly LI ] Qb’ ¢17 ceey ¢U9 [le Xz]v 11[/17 ceey wf)

ceZ,UZ

= Zaqx-‘r divil Cz”lq(szl7 ceey Qb’ ¢1a LR ] ¢U7 [Xl’ Xz]v wlv ey lp‘[)
q€Q

+ Y apXydivi, ... Xy divi,,
peP .
X Cgp’llmlc+l(91’ ceey va ¢17 sy ¢v’ [le Xz]v 1//19 ctc 1//7)

+> a;C.

jeJ

Here the tensor field C 5 el il be in one of three forms:

o If v = 2 then each Cg’i""i”l will be in the form

..fd i’ 1
' RXLji
) le+1

(2-110) pcomr(s*v(m)fbl...fhh Rejit ® S*V(”Z)f‘“'

i.de—1
IV X1 ® V2l @V -+ @ Vy i @ V¥ @ V),
where {by, ..., by, dy, ..., dy}={1,..., T}

elfv=1then} , p--
indices ¢, ; in the one factor S, V" R;jy).

-=0 (this can be arranged because of the two antisymmetric

« If v = 0 then each C}""'""**' will be in the form

Aoy T
(2-111) pcontr(v( l)il.l..ic—lhjic

BIV/ X1 @V x2d @Vt - ® VY ® Vg ® V24h),

Ql ® V(AZ)fdl -~~fd}vj/ic+1 Qz

where {by, ..., by, dy,...,dy}={1,..., T}

Then, picking out the sublinear combination in (2-110), (2-111) with factors
Vi, ..., Vi, Vxi, Vxa, we derive that ) = 0. This is precisely our
desired conclusion in this case.

Now, the case where we have the equalities in our lemma hypothesis, K =27+8
ifv>0and K =2746if v =0. In this case we note that in our hypothesis Z, = &
ifv#1,while Z,=Z, =@ if v=1.

Then, if v # 1, by the “manual” constructions as in [A 2011], it follows that
we can construct tensor fields (as required in the claim of our “general claim”), so

pep
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that:

2-112) Y arCEM Q... Qs drs s bos [x1s x2)s Y1, Y Viu
{eZ,

x Xy divi, ag C52(Q4 o Qs 1y o [x1s x2l Y1 Y Vv
=@y (s, Qs b1, os 1, X2l Y, - ) Vi u
+ D aiCPN Q1 Qs by, D X2 YY) Vi,
jeJ
where the tensor field C’g”'1 is in the form

(2_113) pcontr(S*v(Ul)fL..frflRx]f.,kl ® szj’kl

RIVix1 ®Vyx2l ® Vit - ® Vs ¥ @V @ V2),

if v =2, and in the form

(2-114) pcontr(V(TH)f'"'ffSQl ®VI*Q,
Vi1 @V @ Vit - @ Vi ® Vg ® V24h),
ifv=0.
Thus, we are reduced to the case where Z, only consists of the vector field

(2-113) or (2-114), and all other tensor fields in our lemma hypothesis have rank
> 2 (we have denoted their index set by Z/). We then show that we can write

2-115) Xy divi, Y a;CE™M(Qu. . Q. b1 b X1 x2) YY)
teZ),
= a Xy divi, CLN Q1. Qs bra b [ x2) Y )
qeQ
+ Y apXydivi, ... Xy divi,
peP .
X Cé)’llu‘lc+l(91’ ceey Qba ¢19 cee ¢U’ [Xl’ XZ]’ Wl» cee wl’)
+Zajcg,
jeJ
where the tensor fields indexed in P here each have rank > 2 and are all in one of
the forms

2-116) peontr(S, VTR T @ SR,

®[Vix1 ®Vyix2l @ Vy, Y1 - @V, 1 ® V' @ V2¢h),

or

@-117)  peontr(VO " @, @V @[V, 1 @V 121 @V Y - © Y, ¥),
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where each of the indices / contracts against one of the indices ,, . The indices y,
that do not contract against an index /# are free indices.

Then, replacing the above into our lemma hypothesis (and making all the Vus
into X, divs), we derive that a, = 0 for every p € P and a, = 0. This concludes
the proof of the base case when v+ b =2, v # 1. In the case v =1 we show our
claim by just observing that we can write

Q@-118)  Xydivi, Y arCHM(Qu, ... .y b1, D X2l Yio - Pe)

te€Zy
=D agXy divi, CLN Q1 b1 Lt x2) V- W)
q€Q
+ZajC£(Ql, e 5,01, [X1s X2 Y1 Y0

jeJ

this concludes the proof of the base case, when the tensor fields in our lemma
hypothesis are in the form (2-67). U

Now, we consider the setting where our hypothesis is (2-66). We again observe
that if v = O then the weight —K in our hypothesis must satisfy K > 2t +4. If
v > 0 it must satisfy K > 27 + 6. We then again first consider the case where we
have the strict inequalities in the hypothesis of our general claim.

In this case (where we have the strict inequalities K > 2t 4+ 4 if v = 0 and
K > 2t + 6 if v # 0) our first claim follows straightforwardly (as above, we just
pick out one removable index in each Cf,’il, ¢ € Z, and treat it as an X, div). To
show the second claim we proceed much as before:

We can “manually” construct tensor fields in order to write

(2_119) X+divi1 Zafcg’il(gh "'aQb7 ¢ls ---’¢v» Y’ WI, ---51101')

LeZ,UZp
= ZaqX—i- diVi] C;[’lq(glv ceey Qb7 ¢15 KN ¢U9 [X17 XZ]’ le R W‘L’)
qeQ

+ Y apXydivi, ... Xy divi,,

peP P

X Cgp’ll.“l[#l(szlv ceey va ¢17 RN d)U’ [le XZ]’ 1//1’ R 1//‘[)
+Za1Cé
jeJ

Here the tensor field Cg’ el il be in one of three forms:
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« If v =2 then each C2""'""** will be

(2-120) pcontr(S* V(v])fbl fhh Rxl Jopi icl ® S*V(UZ)fdl Ty va f.d}“rl.

i.de—] letl

OV Y@Vt @V ® Vg @ V),
where {b1, ... byp1.dis .oy dyst) = {1, ... T+ 1),

o Ifv=1then ) pep = 0 (this is because of the two antisymmetric indices ¢,
in the one factor S*V(")Rijkl).

o If v = 0 then each Cg’il“'i"“ will be in the form

(2-121) pcontr(V(A‘)fb] o QR v A fi Sty fen Q2

i de—1ic
®fo+1y®vf1¢1 T ®vffwr)s
where {by, ..., by, dy,...,d)}={1,...,T+1}.

Then, picking out the sublinear combination in (2-120), (2-121) with factors
Vi, ..., Vi, VY we derive that ) - = 0. This is precisely our desired
conclusion in this case.

Finally, we prove our claim when we have the equalities K =2t +4if v <2
and K =2t + 6 if v = 2) in the hypothesis of our general claim.

In this case by “manually” constructing X divs so that we can write

peP "’

(2-122) Zagx+ divi, ... Xq divi, CS QL. Yo Y1, W)

¢eZ,UZ,UZ,
= ZaqX_,_ divi, ... Xy divi, CI QL .. Q. Y. Y, - Y)
qeQ
+ Y apXydivi, ... X divi, CPU(Qy, QYY)
peP
+ D a;ClQ1 . Qo Yo V).
JjeJ

Here the tensor fields indexed in P are in specific forms:

o If v = 0 then they will either be in the form

(2-123) pCOl’lll"(V,'* Y®V(A)fx1 -A.fxuSQI ®V(B)fw+l Ny Q2®Vf| V1®- - '®vfz ¢r)»
where {x1,...,x;}={1,..., t}, or in the form

2-124 (A) fr1 -+ fra (B) fxayr -+ Srcd

(2-124) pcontr(V,Y @V Q®V WOV Y1 -8V, ¢r),

where {x1,...,x;}={1,...,t}.
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o If v = 2 they will be in the form

(2-125)  peontr(V;, ¥ @ VO 1Pt g Rifukl @ g B il pilhie
VY1 Q- ®@Vy,d: Vi) @ Vi),

where {x1,...,x;} ={1,..., t}, or in the form

(2-126) pcontr(VqY ® V(A)f"l"'f"'a—l S*Rifmql ® V(B)f"aJrl"'f"r—l R fer i
®Vy Y1 ® -+ ® Vy, ¢: Vi1 ® Virdhr).

« If v = 1, Equation (2-122) will hold with P = &.

Then, picking out the sublinear combination in (2-122) which consists of terms
with a factor VY and replacing into our hypothesis, we derive that the coefficient
of each of the tensor fields indexed in P must be zero. This completes the proof
of our claim. U

2E. Proof of Lemmas 2.2 and 2.4.

Proof of Lemma 2.2. The first claim follows immediately, since each tensor field
has a removable index (thus each tensor field separately can be written as an
X, div).

The proof of the second claim essentially follows the “manual” construction of
divergences, as in [A 2011]. By “manually” constructing explicit divergences out
of each Cé,”““'ia (Q1, ..., Qp, b1, ..., ¢u), h € Hy, we derive that we can write

Q2-127) > apX div, ... X divi, CP QL QY b1 )
heH,

= (Const) X divi, ... X divi, C¢™"(Q1, ..., Qp, Y, b1, .., du)
+ (ConstaX divi, ... X divi, C2"(Qu, ..., Q2,, Y, b1, ., bu)

+ Y agX divi, ... X divi, CL QL Q. Y Br. L )
qeQ

+3 a;ClQu. . Q2 Y i ),
jeJ

where the tensor fields indexed in Q are as required by our lemma hypothesis,
while the tensor fields C', C? are explicit tensor fields which we will write out
below (their precise form depends on the values p, o1, 0y).1

We will then show that in (2-127) we will have (Const); = (Const), = 0. That
will complete the proof of Lemma 2.2. We distinguish cases based on the value of
p: Either p=2orp=1or p=0.

7n some cases there will be no tensor fields C!, C2 (in which case we will just say that in
(2-127) we have (Const)] =0, (Const)y = 0).
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The case p = 2. With no loss of generality we assume that V4'Q; contracts
against V¢, ..., V¢, and that VB'Q, contracts against Vg, .1, ..., V., we
may also assume without loss of generality that x < ¢. By manually constructing
divergences, it follows that we can derive (2-127), where each of the tensor fields
C', C? will be in the forms, respectively,

(2-128) peontr(V;, Y @VY yszl®v(3) 0OV ®- RV 4,),

VUil V1o Velytiedy+s

where if ¢t > 2 then § = 0, otherwise ¢t +68 = 2; or

(2-129)  peontr(VyY @ VIVY L 2@V, Q0

VL. Uyl Vi Yely+1-mdy+s

VY ®---®VV¢,),
where if ¢t > 2 then § = 0, otherwise ¢t + 6§ = 2.

The case p = 1. We “manually” construct divergences to derive (2-127), where
if o1 = 1 then there are no tensor fields C', C? (and hence (2-127) is our desired
conclusion); if o1 =0, 0, = 1 then there is only the tensor field C Uin (2-127) and
it is in the form

(2-130) peontr(V?Y ® S,V." Rii, i) ng @ VY Q

V2. Uyl Dy V1o Yelyt1omdyts
VPRV ® - Q@ VVe,),
where if ¢ > 2 then § = 0, otherwise § =2 —¢.

The case p = 0. We have three subcases: First oo =2, second o =1 and o1 =1,
and third o7 = 2.
In the case oy = 2, the tensor fields C!, C? must be in the forms, respectively,

(2-131) pcontr(V,-*Y ® S,V Riiy iyl ® S, Vi-H R l

V2. Uxl].dy ViVt i/iy+3i7,+4
RV OV @V ®---®Vig,),

or

®S*V(t_1,)R [

ity q1iy42l Y1y LTy 43iy 44

BV'PI RV gV 3@ @ V'¢,),

(2-132) peontr(VY ® S,V R

qu2...Uxi1...0y

(if x =t = 0 then the tensor field C' above will not be present).
In the case o] = 2, the tensor fields C!, C? must be in one of the two forms

2-133)  peontr(Vi,Y @ V™) Ry i g @VEVRL

Ul Uxlendy V1.Vt ly+3iy+4

RV"p @ ® V'),
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or

(2-134)  peontr(V,Y @ VIV Ry o @ VIR :

V1. Uxll.dy V1Y iy+3iy+4

VY ® - ® V).
In the case o1 = 1 and o, = 1, there will be only one tensor field C 1 in the form

(2-135) pcontr(vq Y® S*V(ml) Riiy+|iy+zl ® V(Z_I? R !

Ul Uxlendy V1Yt qly+3iy+4
RV @V ® - @ V')

We then derive that (Const); = (Const); = 0 as in [A 2011] (by picking out
the sublinear combination in (2-127) that consists of complete contractions with a
factor VY — differentiated only once). ([

Proof of Lemma 2.4. We again “manually” construct explicit X div to write

2-136) Y apX divy, ... X divi, Ch Q1. Q. Yo i )
hEHz 1. .
= (Const)1 X div;, ... X div;, Cg"""(Q1, ..., Q2. Y, 1, .., Bu)

+ (ConstaX divi, ... X divi, Co" (R, ..., Q2,, Y, b1, .., bu)

+ 3 agXdivi, ... X divi, CLO(Q, . Q. Y hra . )
qeQ

+Zajcé(le ey va Y7¢l’ ---7¢M)’
jeJ

where the tensor fields indexed in Q are as required by our lemma hypothesis,
while the tensor fields C!, C? are explicit tensor fields which we will write out
below (they depend on the values p, o1, 02). In some cases there will be no tensor
fields C', C? (in which case we will just say that in (2-127) we have (Const); =0,
(Const), = 0).

The case p = 2. With no loss of generality we assume that V4 Q| contracts
against V¢, ..., V¢, and that V®B)Q, contracts against Vo, y1,..., Vg3 we
may also assume without loss of generality that x <¢. By manual construction of
divergences, it follows that we can derive (2-127), where there is only the tensor
field C! and it is in the form
2-137)  peontr(Vi,x1 @ Vo @V?® e v® - g
p [i. X1 X2 VL. Uxllendy 1 Y1 Vily41-wiy+s 2

V"¢ @@ V'),

where if ¢t > 1 then § = 0, otherwise § = 1.

The case p = 1. We “manually” construct divergences to derive (2-136), where
if 01 = 1 then there are no tensor fields C', C? in the right-hand side of (2-136)
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(and this is our desired conclusion); and if o =0 and o, = 1 then there is only the
tensor field C! in the right-hand side of (2-136) and it is of the form
(2-138)  peontr(Vi, w1 ® VVwr @ S,V

V2. Vgl el

B
Riiys1iying @ V3 £

V1o Velyiy+s
BVPI @V ® - @V,
where if ¢t > 2 then § = 0, otherwise § =2 —¢.

The case p = 0. We have three subcases: First 0o =2, second 0, =1 and o1 = 1,
and third o7 = 2.

In the case 0, =2, the tensor fields C', C? in the right-hand side of (2-127) will
be in the two forms, respectively,

(2-139) pcontr(V[i*a)l Ve, ® S,V

qu2...Uxi1...0y

®S. V) Riiy iy @V ® Vigr@Vigi®---®@V¢,),

R

ity 41iy+2l

or

(2-140)  peontr(Vipo; ® V¥Vw, ® S,V

qu2...Uxi].. 0y

R

ilyt1iy42p

®S: VI D R, iy g ® VIOV G @V 3@+ @ V).

In the case o7 = 2, the tensor fields C!, C? will be the forms, respectively,

[ ® yi-D pgi !

Ly+1ly+2 qy1... Ve ly+3ly+4

VP Q- @VVe,),

(2-141)  peontr(Vy,w ® VI ® yim R

V1. Uxll.dy

or

(2-142)  peontr(Vipo1 ® VVw, @ V" Rii i, ap @ VIV R

Ul Uxllendy ViV iy43iy44q

VY ® - ®VV,),

if at least one of the two factors V(’”)Rijk[ contracts against a factor V¢y,, otherwise
we can prove (2-136) with no tensor fields C', C? on the right-hand side.

In the case o7 = 1, 0» = 1, the tensor fields C', C% must be in the forms, respec-
tively,
(2-143) pcontr(V[i*a)l QR Vlw, ® S*V(”) , Rii iyl ® vi-D R I

Ul Uxded VoY qiy43iy 14
VPRV ® - @ V),

or

(2-144)  peontr(Vipor ® Vo @ S,V R i g @ VITUR

V1. Uyl ey Yy Piy+3

VgV ®---@V'¢,).
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We then derive that (Const); = (Const); = 0 by picking out the sublinear
combination in (2-136) that consists of complete contractions with two factors
VY, Vw, —each factor differentiated only once. ]

3. The proof of Proposition 1.1 in the special cases

3A. The direct proof of Proposition 1.1 (in Case II) in the special cases. We now
prove Proposition 1.1 directly in the special subcases of Case 1I. We recall that the
settings of the special subcases of Proposition 1.1 in Case II are as follows: In
Subcase IIA for each p-tensor field (in (1-7)) of maximal refined double character,
C é’i 1 there is a unique factor in the form 7' = V(’”)Rijkl for which two internal
indices are free, and each derivative index is either free or contracting against a
factor V¢,. For Subcase IIB there is a unique factor in the form T = V™ R,y
for which one internal index is free, and each derivative index is either free or
contracting against a factor V¢,,. In both Subcases IIA, IIB there is at least one
free derivative index in the factor 7.

Moreover, in both Subcases IIA and IIB, all other factors in one of the forms
V(’”)R,;,-k[, S*V(”)R,;,k,, v, in Cé’il"'i/L are either in the form S, R;jy or voQ,,
or they are in the form V") Rjji;, where all the m derivative indices contract against
factors V¢y,.”?

In order to prove Proposition 1.1 directly in the special subcases of Subcases 1A,
IIB we will rely on a new lemma. It deals with two different settings, which we
will label Setting A and Setting B below.

In Setting A, we let

D aC QL Qs )

leL

stand for a linear combination of w-tensor fields with one factor V(’”)R,-jkl contain-
ing o > 2 free indices, distributed according to the pattern V((f’?r’e)ez)n_(ﬁe e)R(free) (free)ls
and all other factors being in one of the forms R;jx;, S« Rjju, vAQ,. (In particular
they have no removable indices.)

In Setting B we let
> aCy QL Rl )
leL

stand for a linear combination of p-tensor fields with one factor V(’”>R,~J-kl contain-
ing o > 2 free indices, distributed according to the pattern V((fltle)e)... (free)R(ﬁee) J (free)ls
and all but one of the other factors being in one of the forms Ry, S Rijt, Vs

"2For the rest of this subsection, we will slightly abuse notation and not write out the derivative
indices that contract against factors V¢, — we will thus refer to factors R;jyy, setting m = 0.
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one of the other factors (which we label T") will be in the form VRiji, S«V Riju,
Vv Q. We will call this other factor “the factor with the extra derivative”. More-
over, in Setting B we impose the additional restriction that if both the indices ;,;
in the factor V((fTe) 0)...(free) R (free) j (free) cONtract against the same other factor 7", then
either T’ is not the factor with the extra derivative, or if it is, then T’ is in the form
Vs Rapea, and furthermore the indices ;,; contract against the indices 5, . and we
assume that the indices g, 4, . are symmetrized over.”?

Lemma 3.1. Let ), ; aZCZg*i""iﬂ be a linear combination of -tensor fields as
described above. We assume the following special case of (1-7),

G-1) Y X divi, ... X div;, CY " (Q1, ..., Qp 1. )

leLuL’ o
+ 3 apX divi, ... X divi, C" Q. Qi )
heH
=Y a;Cl(Q1. ... Qp b1 ),
jeJ

holds; here, in both Cases A and B the terms indexed in L will be as described
above; the -tensor fields indexed in L' will have fewer than o free indices in any
given factor of the form V(m)Rijkl. The tensor fields indexed in H each have rank
> w and also each of them has fewer than « free indices in any given factor of the
form V(’")Rijkl. Finally, the terms indexed in J are simply subsequent to /?Simp.

We claim that

(3-2) > a Vv, Vv =0,
leL

We will prove this lemma shortly. Let us now prove that the above lemma
directly implies Proposition 1.1 in the special Subcases IIA (directly) and IIB (after
some manipulation).

Lemma 3.1 implies Proposition 1.1 in the special subcases of Case II. We first
start with Subcase IIA: Consider the sublinear combination of u-tensor fields of
maximal refined double character in (1-7). Denote their index set by Ly C L.
Recall that since we are considering the subcase where (1-7) falls under the special
case of Proposition 1.1 in Case IIA, it follows that for each Cé”'"""ﬂ there is a
unique factor in the form V(”’)Rijkl for which two internal indices are free, and
each derivative index is either free or contracting against a factor V¢y,; denote by
M + 2 the number of free indices in that factor.”*

To put it in other words, in that case the two factors T, T’ contract according to the pattern
(m) . ik c .
V(free).‘. (free)R(frff) j(free)i V(s Ra’" 4y, where the indices s, 4, 4 are symmetrized over.
7480 we set @ = M +2.
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By weight considerations (since we are in a special subcase of Proposition 1.1
in Case IIA), any tensor field of rank > p in (1-7) must have strictly fewer than
M + 2 free indices in any given factor V™ R;y;. Therefore in Subcase 1A, (1-7)
is of the form (3-1), with Ly, C L. Therefore, we apply Lemma 3.1 to (1-7)
and pick out the sublinear combination of terms with a refined double charac-
ter Doub(zz), zZ € Zj/mm,75 we thus obtain a new true equation, since (3-2) holds
formally, and the double character is invariant under the formal permutations of
indices that make (3-2) formally zero. This proves our claim in Subcase IIA.

Now we deal with Subcase IIB: We consider the p-tensor fields of maximal
refined double character in (1-7). By definition (since we now fall under a special
case), they will each have a factor in the form V((f’:’e)e)m (free) R(free) jki, With a total of
M + 1 > 1 free indices.”® Each of the other factors will be in the form Rij or be
simple factors in the form S, R;j;, or in the form vAQ,.

We denote by L C L the index set of y-tensor fields with M + 1 free indices in a
factor V(’”)R,-jkl. It follows by weight considerations that the factor in question will
be unique for each Cé’il ~Iu | € L. We then start out with some explicit manipulation
of the terms indexed in L:

We will prove that there exists a linear combination of (u-+1)-tensor fields,
Zh e anC é}’i‘""ﬁ“ , as allowed in the statement of Proposition 1.1, so that

h,iy.

(3-3) Y _aCl Vv, Vi v=>Y aXdiv,,, C Vv VL
leL heH
+ Z alCé’i""il‘V,-IU...Vi#vZaijg’l""l"Vilv...V,-#U.
1€L 0w jel

Here the u-tensor fields indexed in L., have a factor 7 = V((f%;).l.)_(free)R(f,ee)j (free)ls
and one other factor T' has an extra derivative (meaning that 7’ is either in the
form VR or S,V R, or V). Moreover if both indices ;,; in T contract
against indices /, ! in the same factor 7" and at least one of /, ! is removable, then
T' #T". Clearly, (3-3) in conjunction with Lemma 3.1 implies Proposition 1.1 in
the “special cases” of Case II. So, matters are reduced to showing (3-3) (and then
deriving Lemma 3.1).

Proof of (3-3). Apply the second Bianchi identity to the factor 7 to move one of
the derivative free indices into the position ¢, ; in the factor V((f%e_) 1) (free) R (free) j (free)l -
Thus, we derive that modulo terms of length > o +u + 1,

lazail-"vi)l,

L eiy
g + Cg b

Cé,il.“i“ — —C

T5Recall that ZZ, z € ZI/Wax’ is the collection of maximal refined double characters that
Proposition 1.1 deals with.
7680, weseta =M+ 1.
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where the partial contractions Cy "1/ and CL>"--» have the factor T replaced
by a factor in the form

(m) (m)
Vk(free)...(free) R(free)j (free)l and Vl(free)u.(free) R(free)jk(free) ’

respectively. We then erase the indices , ; in these two factors (thus creating new
tensor fields Cé;]”'l"""ﬂiwrl and Cé’z”'""’iﬂ"w') by creating a free index ;,,,, and
subtract the X div; . [. . .] of the corresponding (u+1)-tensor field. We then derive

LLiyiy . L1iedyg Liy..i
(3-4) Cq = X div;,,, Cy + ) Cyiin,

l€Lyen

where all the fields indexed in L., satisfy the required property of Lemma 3.1,
except for that one could have both indices ;, ; in the factor V(%e_)_l.)‘(ﬁe o) Rifree) j (free)l
contracting against indices 7/, in a factor 7’ which has an additional derivative
index. If Cé;” i [ € Lyew, is not in the form allowed in the claim of Lemma 3.1,
then (after possibly applying the second Bianchi identity and possibly introducing
simply subsequent complete contractions) we may arrange that one of the indices
J,1is a derivative index.

In that case we construct another (u+1)-tensor field by erasing the derivative
index / or ! and making the index ; or in a free index i,.1- Then, subtracting the
corresponding X div; , of this new (u+1)-tensor field, we derive our claim. [J

Therefore, matters are reduced to proving Lemma 3.1.

Proof of Lemma 3.1. Let us start with some notational conventions.

Recall the first variation law of the curvature tensor under variations by a sym-
metric 2-tensor by v;;: For any complete or partial contraction 7'(g;;) (which is a
function of the metric g;;), we define

d
Imagelljij == [T(gl-j +tv,-j)].

dt)t:O
(We write Imagelljl_l_ [...]or Imagelljab [...] below to stress that we are varying by a
2-tensor, rather than just by a scalar.)

We consider the equation Imageil_i [L¢]=0 (which corresponds to the first metric
variation of our lemma hypothesis (that is, of (1-7)). This equation holds modulo
complete contractions with at least o + u + 1 factors.

Thus, we derive a new local equation,

(3-5) Y aXdiv;, ... X div;, Image [Ch""]
+ Z ar X div;, ... X div;, Image,ljab[Cé’”“'l“] = Zajlmageiuh[céf,],
leL\L, jeJ

which holds modulo terms of length > o +u + 1.
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Now, we wish to pass from the local equation above to an integral equation, and
then to apply the silly divergence formula from [A 2009] to that integral equation
(thus deriving a new local equation).

In order to do this, we start by introducing some more notation: Let us write out

1 l,il...iﬂ _ tiy...iq
Imagevah[Cg 1= E a,Cg ,

teT!
l‘,. R PR
where each Cy"'"" is in the form

(3-6)  peontr(Vi{H?) vy ® V" Ry ®--- @ V" VR
®V(b])91 R ® V(bP)QP /Vp®---® V¢u)~

For our next technical tool we introduce some notation: For each tensor field
C i;i 1+la in the form above, we denote by C é the complete contraction that arises by
hitting each factor T; (i =1, 2, 3) by m derivative indices V¥!-*» where ,,, ..., 4,
are the free indices that belong to 7; in C é”'l""'“ (thus we obtain a factor with m
internal contraction, each involving a derivative index). Notice there is a one-to-
one correspondence between the tensor fields and the complete contractions we are
constructing. We can then easily observe that there are two linear combinations

D @ CpQ. . Q1 B,

reR;

Z arC;(Ql, e pr ¢1a R ¢u)v

reRy

where each C g,, r € Ry has at least o + u + 1 factors, while each C é’,, r € R, has
o + u factors but at least one factor V(P ¢, # A¢y, with p > 2, so that for any
compact orientable (M, g),

(3-7) Doar ) aCytap) + ) arCovap) + ) a;Cy(vap) dVy =0

M leL teT! reR; reRy

(denote the integrand of the above by Z,(v,;)). Here again each Cg has o + u
factors and all factors V¢, have only one derivative but its simple character is
subsequent to k. We call this technique (of going from the local equation (3-5) to
the integral equation (3-7)) the “‘inverse integration by parts”.

Now, we derive a “silly divergence formula” from the above by performing
integrations by parts with respect to the factor V®)v,, (until we are left with a
factor v,, — without derivatives). This produces a new local equation which we
denote by silly[Zg(vap)] = 0. We will be using this equation in our derivation of
Lemma 3.1.
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Now, for each Cé’i""i#, [ € L, we consider the factor

(M)
T= V(]‘"ree)...(free) R(free)j(free)l

with the M +2 free indices. We define T/ to be the factor in C é;i 1 that contracts
against the index ; in T and by T'! to be the factor in C é;i 1+iuthat contracts against
the index ; in T'. We define L4, C L to be the index set of tensor fields for which
T/ = T!; we define L,y same C L to be the index set of tensor fields for which
T/ # T'. We will then prove (3-2) separately for the two sublinear combinations
indexed in Lyame, Lnot.same-

Proof of (3-2) for the index set Lame. We first prove our claim for o > 3 and then
note how to prove it when o = 3.

Consider silly[Lg(21, ..., 2, ¢1, ..., ¢u, vap)] = 0. Pick out the sublinear
combination silly  [Lg (21, ..., R2p, @1, ..., du, vap)] =0 with u — M — 2 internal
contractions, and with the indices in the factor v,; contracting against a factor 7’
which either has no extra derivative indices, or if it does, then the contraction is
according to the pattern v*? ® ViR, jbl> We also require that the two factors T”,
T" with an extra M + 2 extra derivatives each. This sublinear combination must
vanish separately, hence we derive

(3-8) silly [ [Zg(Q1, ..., Qp, b1, ..., u, Vap)] =0.

We also observe that this sublinear combination can only arise (in the process of
passing from the equation L, = 0 to deriving silly [Z,(vs,)] = 0) by replacing
the factor v((f];/g)...(free)R(free) j(freeyt DY V((f%z‘)...(free) vj; and then (in the inverse inte-
gration by parts) replacing all x free indices by internal contractions,’’ and finally
integrating by parts the M + 2 pairs of derivative indices (V¢, V,) and forcing all
upper indices hit a factor 7" # T’ and the lower indices to hit a factor 7" # T,
T # T8

Thus, we can prove our claim by starting from (3-8) and applying Sub,, u—M —2
times,”® just applying the eraser to the extra M 42 pairs of contracting derivatives,%
and then replacing the factor v, by Vr(]]‘,/ln)rM RiajpV'u ... VMyVeuVby. Finally
we just divide by the combinatorial constant (053).

Let us now consider the case o = 3: In this case the terms of maximal refined
double character can only arise in Subcase ITA,3! and can only be in one of the

"TThus the factor V((f%g,)m(ﬁee) v;; gets replaced by AMF2y, i

78The fact that o > 3 ensures the existence of two such factors.

79See the Appendix in [A 2012] for this operation, and just set w = v.

80This can be done by repeating the proof of the “Eraser” lemma in the Appendix in [A 2012].
81This follows by the symmetry of the indices g, 4, 4 in any factor Vg R, p.q as discussed above.
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forms
(M) ijkl (2)
v(}’ree)...(free) R(free)j(free)l ® RY ® Vik Ql ’

" )
Vien...greey Reeor jreen ® R™ @ Rrecnigeers-

Thus, in that case we define silly , [Z,(v4p)] to stand for the terms
(M+2) pijkl (M+4)
vjl®vt1.‘.tM+zRU ®VII.A.IM+4I'/€QI’

Vi1 ® Vf%;ﬁz RiK (7 (M+2)y11-..th12

02y R(free)i (free)k»

respectively, and then repeat the argument above. U

Proof of (3-2) for the index set Lot same- We prove our claim in steps: We first
denote by L. . C Lyor.same the index set of tensor fields in L,,os same for which
both indices ;,; in the factor T = V((f%g"_(ﬁee)R(fme) j(freeyr cONtract against special

indices in factors 7/, T' of the form S, Riji;. We will first prove that

(3-9) Z alCé’il“'i”V,-1 v...Viyv= ZaICé’il"'i“Vi, v...Vjuv.
el leL’

not.same

Here the terms in the right-hand side have all the features of the terms in Lot sames
but in addition at most one of the indices in the factor T = V(1)) . Rifree)j free
contract against a special index in a factor of the form S;R;y;. Thus, if we can
prove (3-9), we are reduced to proving our claim under the additional assumption
that Z;:Zt.same = Q' N

For our next claim, we denote by L*_, ... C Ly same the index set of tensor
fields in Lo same for which one of the indices ;,; in the factor

(M)
T = V(free)...(free) R(free)j(free)[

contracts against a special index in factors 7/, T! of the form S, Riji.
We will then prove that

(3-10) Yo aCy Vv Viv=Y " aChtViv .Y,

% "
IELnot.same leL

Here the terms in the right-hand side have all the features of the terms in Lot sames
but in addition none of the indices in the factor 7 = V((flzg).‘.(fre o) R(free) j (free)1 cONtract
against a special index in a factors of the form Sy R;j. Thus, if we can prove
(3-9), we are reduced to proving our claim under the further assumption that for
each C fl’;i]""'ﬂ, I € L, the two indices ;,; in the factor T = Véf%;)m(ﬁee)R(free) j(free)l
contract against two different factors and none of the indices /, ! are special indices
in a factor of the form S R;j.
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In our third step, we prove (3-2) under this additional assumption. We will
indicate in the end how this proof can be easily modified to derive the first two
steps.

For each [ € Lyt same, let us denote by link(l) the number of particular con-
tractions between the factors 7/, T! in the tensor fields C i;’"""ﬁ. (Note that by
weight considerations, 0 < link(l) < 3.) Let B be the maximum value of link(l),
I € Lyor.same, and denote by me.mme C Lot.same the corresponding index set. We
will then prove our claim for the tensor fields indexed in L2, . By repeating
this step at most four times, we will derive our third claim.

Consider silly[Lg(21, ..., 2, ¢1, ..., ¢u, vap)] = 0. Pick out the sublinear
combination silly, [L¢ (21, ..., R2p, @1, ..., ¢u, vap)] =0 with u — M — 2 internal
contractions, and with extra M + 2 derivatives on the factors T/, T! against which
the two indices of the factor v, contract, and with M 42+ B particular contractions
between the factors T/, T'. This sublinear combination must vanish separately,

silly [Lg(21,...,2p, 01, ..., ¢u, vap)] =0.

Moreover, we observe by following the “inverse integration by parts” and the silly
divergence formula obtained from f wn Zg(Vap) dVg = 0, that the left-hand side of
the above can be described as follows:

For each C é’il"'iﬂ, leLB, ... wedenote by c é, (vap) the complete contraction
that arises by replacing the factor T = V(M) + o Rifee) j freert DY Ve ey Vit
and then replacing each free index that does not belong to the factor T’ by an internal
contraction. We then denote by éé(vab) the complete contraction that arises from
C‘i,(vab) by hitting the factor T/ (against which the index j in vj; contracts) by
(M +2) derivative indices V;,, ..., V;, ., and hitting the factor T! (against which
the index ; in v;; contracts) by derivatives Vi, ..., Vine2 32 Tt follows that

(0 =) silly,[Lg(Q1. ... Qp. 1.2 b vap)] = Y a2 (vap)].
ZB

not.same

Now, to derive our claim, we introduce a formal operation Opl. .. ] which acts on
the terms above by applying Sub,, to each of the t — M — 2 internal contractions,?3
erasing M +2 particular contractions between the factors 7/, T! and then replacing
the factor v; by Vr(:")r w RV v . V™ vViuV¥ku. This operation produces a new
true equation; after we divide this new true equation by 2”*!, we derive our claim.

O

Note on the derivation of (3-9), (3-10). The equations can be derived by a straight-
forward modification of the ideas above: The only extra feature we add is that in

82These derivatives contract against the indices Vy, ..., V¢, , that have hit T/,
83See the Appendix of [A 2012] for the definition of this operation.
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the silly divergence formula we must pick out the terms for which (both/one of the)
indices ;,; in vj; contract against a special index in a factor S, VM+2) Rabch"J)h.
This linear combination will vanish, modulo terms where one/none of the indices
j»1 In vj; contract against a special index in the factor S, R;j;: This follows by
the same argument that is used in [A 2010] to derive that Lemma 3.1 in [A 2010]
implies Proposition 1.1 in Case I: We first replace the factor v;; by an expression
v yiy- We then just replace both/one of the expressions Vibn, y ;j by gij and apply
Ricto  twice/once.?* The only terms that survive this true equation are the ones in-
dexed in L,p; same, for which the expression(s) Sy Vr(]".)”ru R,jle"J)h VK y are replaced
by Vr(l"+r2u) 1Y r. We then proceed as above, deriving that the sublinear combination
of terms indexed in L, sqme must vanish, after we replace two/one expressions
SV | Ry VigyVEy by V2 ¥ ;. Then, repeating the permutations applied to

rl...ly 1oty jl .~
any factors Vr(lvfrzv)j Yy, to Sy V,(I".)JV Riju Vi, V*y we derive our claim.

3B. The remaining cases of Proposition 1.1 in Case II1. We recall that there are
remaining cases only when o = 3. In that case we have the remaining cases when
p=3andn—2u—2u <2,orwhen p=2,0p=1and n =2u +2u.

The case p = 3. Let us start with the subcase n — 2u — 2u = 0. In this case, all
tensor fields in (1-7) will be in the form

(3-11) pcomr(v}l{‘jia S ® vB Q,

lat1-dgpg! o1 Josp!
©)
Lata'+1+Yata' +a" Jo+b/+1---Jb+b'+b"

QR Vig, . @ VIti+i'g,),
where we make the following conventions: Each of the indices ; ; is free; also, each
of the indices ; , contracts against some factor V¢y,, and also A, B, C > 2.

Thus, we observe that in this subcase w is also the maximum rank among the
tensor fields appearing in (1-7). Now, assume that the p-tensor fields in (1-7) of
maximal refined double character have a = a, a’ = o', a’ = «”. With no loss
of generality (only up to renaming the factors 2, 2,, 23, ¢1, ..., ¢,) we may
assume that o > o’ > o” and that only the functions V¢, ..., V¢,, contract against
VA Q| in Kgimp. We will then show that the coefficient a4 o Of this tensor field
must be zero. This will prove Proposition 1.1 in this subcase.

We prove that ag o o = 0 by considering the global equation [ Z, dV, =0 and
considering the silly divergence formula silly[ Z,]=0. We then consider the sublin-
ear combination silly [ Z,] consisting of terms with &', «” internal contractions in
the factors V2 Q,, VE Q4. with « particular contractions between those factors
and with all factors V¢, that contracted against VAQ, in /?Simp being replaced
by A¢y,, while all factors V¢, that contracted against V8 Q,, V(© Q3 still do so.

84Recall that this operation has been defined in the Appendix in [A 2012] and produces a true
equation.
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We easily observe that silly, [Z,] = 0, and furthermore silly ,[Z,] consists of the
complete contraction
AY' Qs

(3-12)  contr(Q @ V/1-fa AYQ @V,

cSa ol 41 Tob! b

QAP ... Vb )

Tot1eeJpgp

times the constant (—1)*'2%a, 4 o». Thus, we derive that ay o/ o» = 0.

The second subcase. We now consider the setting where 0 = p=3,n—2u—2u =
2. In this setting, the maximum rank of the tensor fields appearing in (1-7) is
i+ 1. In this case, all (+1)-tensor fields in (1-7) will be in the form (3-11) (with
o+ o +a” = u+ 1, while all the u-tensor fields will be in the form (3-11) but
with o + o' + «” = u, and with one particular contraction ., ¢ between two of the
factors VW Q,, VIBIQ, VO Q.

Now, if both the indices ., ¢ described above are removable, we can explicitly
express C é’i i+ as an X div of an acceptable (u+1)-tensor field. Therefore, we
are reduced to showing our claim in this setting where for each u-tensor field in
(1-7) at least one of the indices ., ¢ is not removable. Now, let z € Zj;,, stand
for one of the index sets for which the sublinear combination ) ,_, - a Cé’il"'iﬂ in
(1-7) indexes tensor fields of maximal refined double character. We assume with
no loss of generality that for each [ € L? the factors vAQ, VBQ, VIOQ; have
a > o > o free indices respectively.®> Therefore, the tensor fields indexed in L?
can be in one of the two forms

e (4) (B)
(3-13) pcontr(V Vi iwjioy 21 ® Vz'aﬂ.‘.iaw,jbﬂ...j,,H,, Q
@ Jx ce Xj+j'+j"
® VCia+a/+l ool pal Tob/ 41+ Jobl b BV l¢l ® Vi ¢u)’
or
(A) cy(B)
(3-14) pcontr(vil...iajl...j;,gzl ® VIV e dortdpey S22
@) Je o X e
®vCia+a’+1--~ia+a’+a/’jb+b’+1--~jb+b’+b”Q3 ® Ve ® Vi ”)’
where A, B > 3.

Now, by “manually subtracting” X divs from these p-tensor fields, we can as-
sume without loss of generality that the tensor fields indexed in our chosen L* are
in the form (3-14).

With that extra assumption, we can show that the coefficient of the tensor field
(3-14) is zero. We see this by considering the (global) equation [ yZgdVy =0
and using the silly divergence formula silly[Z,] = O (which arises by integrations
by parts with respect to the factor V(4) Q). Picking out the sublinear combination

85Recall that by our hypothesis o’ > 2.
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silly, [Z,] which consists of the complete contraction

"

(3-15) contr(Q @V AYQ @V, AY

Jot1ee-Jpap wSe Jptb! 11+ Jos b 4

@ Agy ... Vi g,)

(notice that silly, [Z,] = 0), we derive that the coefficient of (3-14) must vanish.
Thus, we have shown our claim in this second subcase also. O

The case p =2, 0, = 1. Recall that in this case we fall under the special case when
n = 2u + 2. In this setting, we will have that in each index set L%, z € Z,’V,ax,
(see the statement of Lemma 3.5 in [A 2010]) there is a unique p-tensor field of
maximal refined double character in (1-7), where the two indices g, ; in the factor
S, VW Ry will be contracting against one of the factors VA Q;, VB Q, (without
loss of generality we may assume that they are contracting against different factors).
But now, recall that since we are considering Case A of Lemma 3.5 in [A 2010],
one of the factors VW Q,, VB Q, will have at least two free indices. Hence, in at
least one of the factors VW Q,, VB Q,, the index ¥, ! is removable (meaning that
it can be erased, and we will be left with an acceptable tensor field). We denote by

C é;"l"'iﬂ"#“ the tensor field that arises from C é,’i 1-+iu by erasing the aforementioned

k I and making ; or ; into a free index, we then observe that

(3-16) Ci],i]...iﬂ _ XdiViMH C;il...iﬂl’,ﬁrl -0

(modulo complete contractions of length > o 4 u + 1). This completes the proof

of our claim. (|
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