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ENERGY IDENTITY FOR THE MAPS FROM A SURFACE
WITH TENSION FIELD BOUNDED IN L?

L1 JIAYU AND ZHU XIANGRONG

Let M be a closed Riemannian surface and «,, a sequence of maps from M
to Riemannian manifold NV satisfying

S‘;P("V"n "LZ(M) + "T("n)"L”(M)) <A

for some p > 1, where 7 (u,) is the tension field of the mapping u,.
For a general target manifold NV, if p > g, we prove the energy identity
and the neckless property during blowing up.

1. Introduction

Let (M, g) be a closed Riemannian manifold and (N, /) be a Riemannian manifold
without boundary. For a mapping « from M to N in W12(M, N), the energy
density of u is defined by

e(u) = 1|du|* = Tracequ™h,

where u*h is the pull-back of the metric tensor /.
The energy of the mapping u is defined as

E(u) = /M e(u)dv,

where dV is the volume element of (M, g).
A map u € C'(M, N) is called harmonic if it is a critical point of the energy E.
By the Nash embedding theorem we know that (N, /1) can be isometrically into a
Euclidean space RX with some positive integer K. Then (N, /) may be considered
as a submanifold of RX with the metric induced from the Euclidean metric. Thus
amap u € C'(M, N) can be considered as a map of C!(M, RX) whose image
lies in N. In this sense we can get the Euler—Lagrange equation

Au = A(u)(du, du).
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The tension field () is defined by
t(u) = Appu— A(u)(du, du),

where A(u)(du, du) is the second fundamental form of N in RX. So u being
harmonic means that t(u) = 0.

The harmonic mappings are of special interest when M is a Riemann surface.
Consider a sequence of mappings u#, from Riemann surface M to N with bounded
energies. It is clear that u, converges weakly to u in W1-2(M, N) for some u in
W12(M, N). But in general, it may not converge strongly in W1-2(M, N). When
7(uy) = 0, that is, when u, are all harmonic, Parker [1996] proved that the lost
energy is exactly the sum of some harmonic spheres, which are defined as harmonic
mappings from S?2 to N. This result is called the energy identity. Also he proved
that the images of these harmonic spheres and u (M) are connected, that is, there
is no neck during blowing up.

When 7(u,) is bounded in L2, the energy identity was proved in [Qing 1995]
for the sphere, and in [Ding and Tian 1995] and [Wang 1996] for a general target
manifold. Qing and Tian [1997] proved there is no neck during blowing up. For the
heat flow of harmonic mappings, the results can also be found in [Topping 2004a;
2004b]. When the target manifold is a sphere, we proved the energy identity in [Li
and Zhu 2011] for a sequence of mappings with tension fields bounded in L In™ L,
using good observations from [Lin and Wang 2002]. On the other hand, in the
same paper we constructed a sequence of mappings with tension fields bounded in
L1In™ L such that there is a positive neck during blowing up. In [Zhu 2012] the
neckless property during blowing up was proved for a sequence of maps u, with

W e ot =

In this paper we prove the energy identity and neckless property during blowing
up of a sequence of maps u, with 7(u,) bounded in L? for some p > %, for a
general target manifold.

When t(uy) is bounded in L2 for some p > 1, the small energy regularity proved
in [Ding and Tian 1995] implies that u, converges strongly in W :2(M, N) outside
a finite set of points. For simplicity of exposition, it is no matter to assume that M
is the unit disk Dy = D(0, 1) and there is only one singular point at 0.

In this paper we prove the following theorem.

Theorem 1. Let {u,} be a sequence of mappings from Dy to N in W12(Dy, N)
with tension field t(uy). If

@) llunllpr2cp,) + 1T @n)llLe(py) < A for some p > §,
(b) up — u strongly in W2(Dy \ {0}, RK) as n — oo,
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then there exists a subsequence of {uy} (we still denote it by {u,}) and some non-
negative integer k so that for any i = 1,...,k, there exist points x,’;, positive
numbers r,’; and a nonconstant harmonic sphere w* (which we view as a map from
R? U {oo} — N) such that:

(1) xi — 0,7} - 0asn— oo.

R R
(—”j+li+|'.’—'.'|)=ooforanyi7éj.
Tn

(2) lim
rn l’,’1 +}’,{

n—00
(3) w' is the weak limit or strong limit of u, (x,i, + r,’;x) in WLIUZC (R%, N).
(4) Energy identity: We have

k
(1-1) lim_ E(un, Dy) = E(u, Dy) + > E@w).

i=1
(5) Neckless property: The image u(D1) U Uff:l w! (R?) is a connected set.

This paper is organized as follows. In Section 2 we state some basic lemmas
and some standard arguments in the blow-up analysis.

In Section 3 and Section 4 we prove Theorem 1. In the proof, we use delicate
analysis on the difference between normal energy and tangential energy. The en-
ergy identity is proved in Section 3 and the neckless property is proved in Section 4.

Throughout this paper, the letter C denotes a positive constant that depends only
on p, A and the target manifold N and may vary in different places. We also don’t
distinguish between a sequence and one of its subsequences.

2. Some basic lemmas and standard arguments

We recall the regular theory for a mapping with small energy on the unit disk and
tension field in L? (p > 1).

Lemma 2. Let u be the mean value of u on the disk Dy/,. There exists a positive
constant €5 that depends only on the target manifold such that if E(u, Dy) < ejzv
then

(2-1) lu—@llw2.0(p,,,) = C(IVullL2ep,y + 2@)]p),

where p > 1.
As a consequence of (2-1) and the Sobolev embedding WP (R?) C C°(R?), we
have

2-2)  Nullose(p, ) = sup  |u(x)—u()| < C(IVulr2p,) + It@)llp).

x,y€Dy/2
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Remarks. ¢ In [Ding and Tian 1995] this lemma is proved for the mean value
of u on the unit disk. Note that

fDl u(x)dx fDl/z u(x)dx
| D1 | D12

= C”VUlle(Dl)

So we can use the mean value of  on D/, in this lemma.

» Suppose we have a sequence of mappings u, from the unit disk D; to N with
ltnlgrr.20y) + 17 @)l oo,y = A for some p > 1.
A point x € D is called an energy concentration point (blow-up point) if
for any r such that D(x,r) C Dy, we have

SupE(un,D(X,r)) > 6]2\77
n

where € is given in this lemma. If x € D; isn’t an energy concentration
point, we can find a positive number § such that

E(uy, D(x,96)) < 612\, for all n.

Then it follows from Lemma 2 that we have a uniformly W?2:?(D(x, §/2))-

bound for u,. Because W2? is compactly embedded in W12, there is a

subsequence of u, (still denoted by u,) and u € W2?(D(x, §/2)) such that
lim u, =u in WH2(D(x,8/2)).

n—o0
So uy converges to u strongly in W 1-2(D;) outside a finite set of points.

Under the assumptions of our theorem, by the standard blow-up argument, that
is by repeatedly rescaling u, in a suitable way, we can obtain some nonnegative
integer k so that for any i =1, ..., k, there exist a point x,’;, a positive number r,’;
and a nonconstant harmonic sphere wt satisfying (1), (2) and (3) of Theorem 1. By
the standard induction argument in [Ding and Tian 1995] we only need to prove
the theorem in the case where there is only one bubble.

In that case we can assume that w is the strong limit of the sequence u, (x,+7,x)
in WLIO%, (R?). We may assume that x, = 0. Set wy(x) = 1, (ryx).

As

lim lim E(u,, D1\ Dg) = E(u, Dy),

8—0 n—>00
the energy identity is equivalent to

(2-3) lim lim lim E(u,. Ds\ Dy, g) = 0.

—>0n—>00 R—>0o0

To prove the sets u(D;) and w(R? U co) are connected, it is enough to show
that

(2-4) lim lim lim sup  |up(x) —un(y)| =0.

§—>0n—>00 R—o0 x,y€Ds\D,, R
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3. Energy identity
In this section, we prove the energy identity for a general target manifold when
p=2
Assume that there is only one bubble w which is the strong limit of u(r,-)

in WL oc (Rz) Let e be the constant in Lemma 2. By the standard argument of
blow-up analysis we can assume that, for any #,

(3-1) E(uy, Dy,) = sup  E(up, D(x,r)) = %612\]
=< n
D(?:;)rEDl

Lemma 3 [Ding and Tian 1995]. If t(uy) is bounded in L? for some p > 1, then
the tangential energy on the neck domain is zero, that is,

(3-2) lim lim lim |x|72|0gu|?* dx = 0.

§—0 R—>o00 n—>00 D;s\Dy, r

Proof. The proof is the same as in [Ding and Tian 1995], so we only sketch it.
For any € > 0, take &, R such that, for any n,

E(u, Dys) + E(w,R*\ Dg) +8*@=D/p &2,

We may suppose that r, R = 27/7 § = 2770, When n is big enough we have, for
any jo = j = jn,
E(un, Dy1—j \ Dy—j) < €%

For any j, set
ha(277) = %/Slun(z—jﬁ) do
and
(1) = hn 277 (21 = By (277) D) 0 repia)
It is easy to check that

d2ha(t) | Vdha(t) _
dt? ¢ drt 0,

Consider /1, (x) = hy(|x|) as a map from R? to RX | then A/, = 0in R2. Setting
Pj = Dyi1—; \ D,—; we have

e/, 217].

Taking the inner product of this equation with u, — &, and integrating over P;,
we get that

[ 1V (i) 2l = — / (i) (A i) +7 (1)) dx + / (i)t ds.
P; P; oP;
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Note that by definition, /,(27/) is the mean value of {27/} x S! and (/,), is
independent of 6. So the integral of (1, — hy,)(hy,), on dP; vanishes.
When jy < j < ju, by Lemma 2 we have

ltn —hullcocp;y = llun —hn(2_j)||CO(Pj) + [|un —hn(21_j)||CO(P,-)
< 2|unllosccp;)
< C(IVunllL2ep,_ upyupy ) + 2227 Pl (un) )
< C(é + 2—2(P—1)j/1’)
< C(e+82PD/P) < Ce.

Summing over j for jo < j < j, gives

(3-4) |V (ty — )| dx
Ds\D3;, R
= > [ 1Vl dx
jo<j<in®Pi

= [ ol + @) d
Jo<Jj<ijn i
+ 5 [ =)= o)y s

Jo<Jj<in P

SCE(/D (|Vun|2+|r(u,,)|) dx+

26\D2r, R /3D25 UdDsy, R

SCe(/ |Vun|2dx+52(p_1)/p+e)SCe.
D>s\D2y, R

Vg ds)

Here we use the inequality

/ |Vu,|ds < Ce,
3D25 UaDzrnR

which can be derived from the Sobolev trace embedding theorem.
As hy,(x) is independent of 6, it can be shown that

/ lxl‘zlaeunlzdmf IV (tun — hn)|* dx < Ce,
D2s\D2ry R D35\ D2y, R

so this lemma is proved. O

It is left to show that the normal energy on the neck domain also equals to zero.
We need the following equality.

Lemma 4 (Pohozaev equality [Lin and Wang 1998, Lemma 2.4, page 374]). Let
u be a solution to

Au+ A(u)(du, du) = t(u).
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Then

(3-5) / (10,ul® —r~2|9qul?) ds=%/ 7 (xVu) dx.
D;

D,

As a direct corollary, by integrating over [0, 8], we have

8
(3-6) [(|3ru|2—r_2|89u|2)dx=/ 3/ - (xVu) dxdt.
Ds o ! D,

Proof. Multiplying both sides of the equation by x Vu and integrating over D;, we

get
/ |Vu|2dx—t/ |a,u|2ds+lf xV|Vu|2dx=—/ T (xVu) dx.
Dt 3Dt 2 Dt Dt

Note that

1/ xV|vu|2dx=—/ |vu|2dx+5/ Vul? ds.
2 Jp, D, 2 Jap,

Hence,

/ (|8ru|2—%|Vu|2)ds=%/ - (xVu) dx.
BD, Dt

As |Vu|? = |0,u|* + r~2|0gu|?, we have proved this lemma. d

Now we use this equality to estimate the normal energy on the neck domain.
We prove the following lemma.

Lemma 5. If t(uy) is bounded in L? for some p > g, then for § small enough we
have

’/ (19 un)® — |x|72|9qul?) dx| < C§P~D/P|
D;
where C depends on p, A\, the target manifold N and the bubble w.
Proof. Take ¢ € C5°(D3) satisfying ¢ = 1 in Dy, then

A(Wun) = YA(un)(dun, dun) + ¥ty + 2V Vuy + ug Ay
Set g = VA (uy)(duy, duy) + Y1, + 2V Vuy, + uy Ay, When |x| < 1,

i) = R #205) = [0 .

Let ®, be the Newtonian potential of ¥z, then A®,, =y 7,,. The corresponding
Pohozaev equality is

8
(3-7) /(|8,CI>n|2—r_2|89<Dn|2)dx=/ %/ Uin - (xV®,) dxdt.
0 Dy

Ds



188 LI JIAYU AND ZHU XIANGRONG

Here

00a() = R x (W) () = | AL

As 1, is bounded in L? (p > 1), we have
V@u[* dx = CE*P=DIP IV, |3, ;) = CE*P™DIP| g |7 < C5* =D/,
D
By (3-7), it can be shown that for any § > 0,

IV®,|? dx < C§*P—D/»p,

)
(3-8) ' / Ly, (xVy) dxdi| <
0 t D¢ Ds

For 6 small enough, we have

(3-9) ‘/ (1,112 = 2 9gun|2) dx
Ds

Tn - (xVuy,) dxdt

D,

8
tn'(xVCDn)dxdl +2/ %f 1XTn| |V (tn—Pp) (x)| dxdt

<C54(1v 1)/p_|_2/ |xr,,HV(un—CDn)(x)|(/ —dt) dx
x| ¢

< CsDIP 4o / el 1V (1t — D)) x| In = dx
Ds |X|

Forany j >0, set ¢; () = ¥ (52%75) = ¥ (3=5555)- When 2778 < |x| <2'7/3,
we obtain

(3-10)  [3:(un — <I>n)<x)|—‘ / 2 00 () — () dy
</ |WA(un)(d”n’d”n)+2va“n+unAW|(y)

|x =yl
A(un
WA gy s [ (Vunl a0 dy
| _Y| 1<|y|<2
/|<p,A(un)(y)| L (U= Ao,
=l =]
|¢,A(un>Ty>| ! |A(u|n)3|<y)|dy e
e A0, C
/ LT
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When § > 0 is small enough and 7 is big enough, for any j > 0, we claim that
(3-11) l¢j AGun)l pja—py < CQ7/8)HPV/2,

where the constant C depends only on p, A, the bubble w and the target manifold
N.
Take § > 0 and R(w) that depends on w such that

E(u,Dgs) < e and  E(w,R*\ Dgey)) < 3en-

The standard blow-up analysis (see [Ding and Tian 1995]) shows that for any j
with 87, R(w) < 27/§ and n big enough, we have

E(tn, Dya—jg\ Dy-3-j5) < Lex.
By (3-1), when 2778 < r,, /16, we get
E(un, Dya—is\ Dy-3-i5) < g€x-
So when 2776 < r, /16 or 2778 > 8r, R(w), by Lemma 2, we see that

2
loj Awn)ll p/2—py = ClIVun ||L2p/(27p)(D23_jS\Dz_z_ja)

= 2
SC||un—un,j||W2.p(D23_].8\D2_2_].3)
ISR el §
=)™ IVunlzap,, v,y T IT@I]
<CcQ8 4

where i1, j is the mean of u, on Dy3—j5\ Dy—2—jg.
On the other hand, when r, /16 <27/§ < 8r, R(w), we can find no more than
CR(w)? balls with radius r,/2 to cover Dy3—j5\ Dy—2—j§, that is,

m
Dys—js\ Dy—2—jg5 C U D(y;, %rn)
i=1
Set B; = D(yi, %rn) and 2B; = D(y;, ry). By (3-1), for any i with i <m we have
E(u}‘h 2Bl) S %EJZV
Using Lemma 2 we obtain

2
loj Al p2-py = CIVURIL2010-m (D s \D,_s_j )

m 20/ (—p) @-p)/p
< C(Z [ Vin ||L§p/<zi>(3,-))

i=1

m
2
= CZ Vun ||L2p/<2—p)(B,.)

i=1
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3

— 2
=C Z uun —itn,i ”WZ-I’(Bi)

=

Ms

=C

()™ P | Vuy ||y 5y + T @) 17)

i=
< Cm((z—jg)—4(17—1)/p +1)
<c@/§~HpD/p,
where i, ; is the mean of u, over B; and the constant C depends only on p, A,
the bubble w and the target manifold N. So we have proved (3-11).
By (3-10) and (3-11), when p > 1 we get

(3-12) / (2] [Vt — D) (0)] ] In = dx
D | x|

fZ[ | el [Vt — D) (O] ] In
j=1

23 §<|x|<21-7 § | x|

T D faseni<ar- 15 | | | x|
1
SC( |tn| In — dx
Ds | x|
+i/ (/ |¢,A(un>(y)| )lx“nde)
i Jaris<ixi<ar- 15 |x|

(Hln )wa 1)(D3)+j§12 J§1n H/ I%A(un)(y)l i ,,)

p—1
V=n oA iy 2
2 —
<c(#(mg)"" E 5105 10y A2/ )
J=

X Izl
Here we use the fact that the fraction integral operator I( /) = | [k f is bounded
from L9(R?) t0 L2/ (R2) for | <g < 2.

Whenp> , that is, when 2p/(3p —2) < p/(2— p), by (3-11) we have

X

(3-13) lj Aun)|| 225 =C2~ ig)’ j Aun)ll 5 -
o C(2_18)_2_Tp.
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From (3-12) and (3-13) we get

(3-14) / ] 1V (1t — @) ()] ] In - dlx
Ds |X|

1 e °] ;
2(1n L)7 “istn 20
fc(é (1n8) +.§_1:2 5ln = ||¢JA(u,,)||3§p2)
s ) jz_j o _2-p
C(8+Z2_151n?(2_15)_ » )

Jj=1

E C<8 I 82(1’1;—1)

A

) =Cs'7.
It is clear that (3-9) and (3-14) imply that

(3-15) ‘/ (|arun|2 —i’_2|39un|2) dx < CS(P—I)/P'
Ds

This concludes the proof. O

Now we use these lemmas to prove the energy identity. Note that w is harmonic.
From Lemma 4 we see that fDR(|a,w|2 —r72|dgw|?)dx = 0 for any R > 0. It is
easy to see that

lim  lim ‘/ (19, un|*=r?|dgun|*)dx
DrnR

R—ocon—>o0

= lim ‘/ (10, w*=r2|9gw|*)dx
R—o0|/Dg
= 0.

Letting § — 0 in (3-15), we obtain

(3-16) lim lim lim ‘/ (|3run|2_r—2|89un|2)dx
Dé\DrnR

§—0 R—ooh—>0

§—0 n—>o0

< lim lim ‘/ (107unl? = r=?|8gun|?) dx
Ds

+ Iim lim
R—o00 n—>00

| ol = r2100ua )
DrnR

=0.
Using Lemma 3 we obtain that the normal energy also vanishes on the neck domain,
so the energy identity is proved.

4. Neckless property

In this section we use the method in [Qing and Tian 1997] to prove the neckless
property during blowing up.
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For any € > 0, take §, R such that
E(u, Dys) + E(w,R*\ Dg) +8*@=D/p o 2,

Suppose r, R = 27/n § = 27J0. When n is big enough, the standard blow-up
analysis shows that for any jo < j < ju,

E(up, Dy1—j \ Dy—j) < €%

For any jo < j < ju, set L; = min{j — jo, j» — j}. Now we estimate the norm
IVunllp2(p;)- Set Pj,s = Dyi—j \ Dy——; and take /iy, j,; similar to /1 in the last
section, but

hn i (2FT) = % [S un(2*171.6) de.

By an argument similar to the one used in deriving (3-4), we have, for 0 <7 < L;,

4-1) r_2|39u,,|2dx
Jj.t

5 fj\ 2e=D)
<Ce |Vuu|“dx+Q2"77) » + o | —hn,j | |Vun|ds.
. >

P; ;

Set fj(t) = /. P, |Vuy|?dx, a simple computation shows that

=2 2’—1'/ _ |vun|2ds+2—f—f/ ~ |Vun|*ds ).
{217 }xS! 21—/ }xS!

Combining that /1 ; ; is independent of 6 and £y, ; ; is the mean value of u, at
the two components of dP; ; with the Poincaré inequality yields that

/ i — i 1| [Vt dis

Pj,t

[ gl Vualds [ =l Vanl ds
{2t=7}xS1 {2—1—Ji}xS!

1 1
2 2
([, el as) ([ wwlas)
{2t=7}xS1 {2t=7}xS1
) )
+(/ |”n_hn,j,t|2ds) (/ |v”n|2ds)
(2—1—i}xS] (2-1—i1xS!

< C(zf—f f \Vun|?ds +27"7 / |V |? ds)
{217 }xS1 {2-1=7}x81
<Cfi@).

On the other hand, by a similar argument as we made to obtain (3-15), we get
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4-2) ‘/ (larun|2_r_2|80un|2)dx
Pj_[

=c(@)T +@ T ) zc@)'v.

Since |Vu|? = |0,u|? + r=2|0gu|? = 2r=2|dgu|® + (|0, u|?> — r~2|0gu|?), by
(4-1) and (4-2) we have

=2

Pj_[
2(p—1)

=Ce(fio+@ DT )+ +cH

r_2|8gun|dx+‘/ (19 un|? —r~*dgun|*) dx
Pj 4

_Ww=Dj =Dt

sc(efj(z)u 2 +f]f(t)).

Take € small enough and set €, = ijl In 2, then for some positive constant C big
enough we get

‘- L ra + Ce /et >,
J c’/
We may assume that €, > 1/C, then we have
(e—I/C]rj(t))/ + Ce—epje(ép—l/C)l > 0.

Integrating this inequality over [2, L] gives

/i) = C(e_L’/CJ”,'(Lj) +eer) /Lj oler—1/0)t dt)
<C(e7LilC (L) + e_fpje(Elp—l/C)Lj).
Note that j > L, so
i@ <Ce L€ fi(L) +eI/C).

Since the energy identity was proved in the last section, we can take § small such
that the energy on the neck domain is less than €2, which implies that Ji(Lj)< €.
So we get

fi2) < C(e7LilCe? 4 e7i/C),
Using Lemma 2 on the domain Pj = D,i1—; \ D,—; when j < j,, we obtain

2d=p)Jj
lunllosecryy < CIVunllLzcp,_yupup o +2 7 llt@n)llp)

< C(fj(2)+e27).
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Summing over j from jg to j, yields

Jn
Il 0se(Ds\Dary ) = D lttnllosecr))
J=Jo
in ‘
<C Y (/i@ +e %))
j=Jo
jn X X
<C Z (e7Li/Ce 4 ¢7I/C o720
i=Jjo
oo o0
= C(Z e Ce 4 Z e_j/C)
i=0 J=Jjo

< C(E2 —i—e_j"/c) < C(e2 +81/C).

Here we used the assumption that €, > 1/C. So we have proved that there is no
neck during the blowing up.
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