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VARIATIONAL CHARACTERIZATIONS
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For the dual operator s, of the linearization s}, of the scalar curvature
function, it is well-known that if ker s;,* # 0, then s, is a nonnegative con-
stant. Moreover, if the Ricci curvature does not vanish, then s, /(n — 1) is
an eigenvalue of the Laplacian of the metric g. In this work, we give some
variational characterizations for the space ker s:,’,*. To accomplish this, we
introduce a fourth-order elliptic differential operator s and a related geo-
metric invariant v. We prove that v vanishes if and only if ker s’g* # 0, and
if the first eigenvalue of the Laplace operator is large compared to its scalar
curvature, then v is positive and ker s”* = 0. We calculate a lower bound

g

for v in the case of ker s}’ = 0. We also show that if there exists a function
which is {-superharmonic and the Ricci curvature has a lower bound, then

the first nonzero eigenvalue of the Laplace operator has an upper bound.

1. Introduction

Let M be a compact smooth n-manifold (without a boundary). The space of all
Riemannian metrics, /M, on M is then open in the space of symmetric 2-tensors,
$2(M), for the compact-open topology or the wk.p -topology, where Wk:P denotes
the Sobolev space. For a Riemannian metric g and a symmetric 2-tensor /4, the
differential sé, (h) of the scalar curvature at g in the direction / is given by

(1-1) sg(h) = —Ag tr(h) + 8¢ (8gh) — g (rg. ).

where Ay is the negative Laplacian of g, and g and §, denote the Ricci curvature
and divergence operator of g, respectively [Besse 1987]. In addition, the L2-adjoint
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/% /A :
operator s, of 5, is given by

(1-2) sg (f)=Ddf —(Ag f)g— frs.

where Ddf denotes the Hessian of f with respect to the metric g. Note that both
/

sg and sé,* are linear second-order differential operators.

In this paper, we consider the fourth-order elliptic differential operator s{ =
sg, osg,* :C®(M) — C®(M). The existence of homogeneous or nonhomogeneous
solutions to o is closely related to the kernel space of sfg,*. For example, Bourguignon
[1975] and Fischer and Marsden [1974] proved that if ker sé,* # 0, then either (M, g)
is Ricci-flat and ker sé* = [R- 1, or the scalar curvature is a strictly positive constant
and sg/(n — 1) is an eigenvalue of the Laplacian. In particular, combined with
the Lichnerowicz—Obata theorem [Lichnerowicz 1958; Obata 1962; Berger et al.
1971], it follows that if g is an Einstein metric with positive scalar curvature, then
ker sé* = 0 or g is the standard round metric on the sphere.

On the other hand, if ker sg,* = 0, then for any function n € C°° (M) there exists
a unique function u € C*° (M) such that (u) = n (Theorem 2.2). In fact, the
condition ker 5" = 0 implies the injectivity of s and the surjectivity of s . In order
to perform variational characterizations of the condition ker s,° # 0, we introduce

a geometric invariant v which is defined by

% =inf{/ go&dgadvg},
M

where the infimum is taken over all functions ¢ € H?(M) = W?2(M) with
I ¢? = 1. Here H>(M) = W?2(M) denotes the Sobolev space which is L? up
to the second (weak) derivatives.

A basic result related to the invariant v is the following.

Theorem A. The invariant v vanishes if and only if ker sg,* =0.

For the case ker s(’g* = 0, we give a lower bound on v and its relationship to the
first nonzero eigenvalue of the Laplacian. We also show that if the first eigenvalue
is large compared to the scalar curvature, then v is positive and ker sé* =0. In
addition, if M is the product of two standard spheres of the same dimension, then v

is exactly equal to the dimension of the spheres.

Theorem B. Let M = S™ x S™ (m > 2) with the standard product metric. Then
_dim(M)

=—

We also obtain upper bounds for the first nonzero eigenvalue of the Laplace
operator when o satisfies a condition on evaluating functions. We say that a
Riemannian manifold (M, g) satisfies the s{-superharmonic condition if there exists
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a smooth function ¢ such that M(j # @ and sl <0on M}, and Ap = 0 on the
boundary dM of M. Here MJ = {x € M : ¢(x) > 0}. For example, if M is
the standard sphere, then the first eigenfunction of the Laplacian satisfies these
conditions. In general, any compact Riemannian manifold (M, g) with positive
scalar curvature and ker s(’g* = 0 satisfies the sf-superharmonic condition.

One of our main results is the following.

Theorem C. Let (M", g) be a compact n-dimensional Riemannian manifold with
a positive constant scalar curvature sg. Suppose that (M, g) satisfies the -
superharmonic condition. If Ricg > k > 0, then the first nonzero eigenvalue
A1 of the Laplacian satisfies

25g —k + \/kz —dksg +4s2/n
2(n—1)

Inequality (1-3) is sharp since the equality holds for the standard sphere. In
performing analysis with the operator &, the main difficulty is that we cannot apply
the theory of second-order elliptic partial differential equations directly since  is
a fourth-order differential operator.

The kernel space of sig* plays an important role in the critical point equation
arising from the total scalar curvature functional. Let J/l; be the set of all smooth
Riemannian metrics of unit volume on M, and let 6 C Jl; be the set of all smooth
Riemannian metrics on M with constant scalar curvature, i.e.,

(1-3) A <

€ ={g €.l :sg = constant}.

The total scalar curvature & : M1 — R is defined as

F(g) = /M Sg dvg.

It is well-known that the total scalar curvature functional & restricted to € will be
critical at g if and only if there is a function f with [,, f = 0 such that

(1-4) zg =55 (f),

where zg is the traceless Ricci tensor defined as zg =rg — (sg/n)g. We call (1-4)
the critical point equation (CPE). Note that if f = 0, it follows from (1-4) that
zg = 0, and thus g is an Einstein metric. However, the existence of a nonzero
solution is a very strong condition. The only known case with a nonzero solution is
that of a standard sphere, and it has been conjectured that this is the only possible
case [Besse 1987]. Namely, it is believed that if there exists a nonzero function f
satisfying the CPE, then g must be an Einstein metric. We remark that a solution
(g, f) to the CPE is a nontrivial example of the «{-superharmonic condition since

Af =—|Zg|2 and Ag f = —(sg/(n—1)) f.
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Unless stated otherwise, we only consider Riemannian metrics on M whose
scalar curvatures are positive constants.

2. Variational properties

Let (M, g) be a closed Riemannian n-manifold and § be the adjoint operator of the
differential d with respect to the metric g. Unless explicitly stated, we will use r
rather than rg as the Ricci tensor of the metric g, and s rather than sg as the scalar
curvature. The following expressions are well-known definitions and identities: for
a function ¢ and any tensor 7,

8Ddo = —dAp—r(de,-), bdp=—A¢, and 6(¢T)=@éT —T(dg,").

Moreover, for any two functions ¢, ¥,

2-1) Y(Ddo,r) = —=8(yr(de,-))—r(de.dy).
Lemma 2.1. Let sl = sy, 05" and assume the scalar curvature sg = s is constant.

Then, for any function ¢,
A(p) = (n—1)A%@ +25Ap — (Ddo, r) + ¢|r|%.
Proof. 1t follows directly from (1-2) that
sg (9) = Ddo — (Ap)g —or

and thus
A(p) = sz 055 (9) = 55 (Ddp — (Ap)g — 7).

By (1-1), we have
sg(Ddg) =—8(r(de,-))—(Ddp,r).
Similarly, since §g =0 and 6r = —%ds =0, we also obtain the following from (1-1):
sy (Ap)g) =(1—-n)A%p—sAp and sy (pr) =—sAp+38(—r(de.-)—p|r|>.
Combining these two expressions, we obtain
A(p) = (n—1)A%¢ +2sA¢ — (Ddo,r) + ¢|r|?. O

Note that o is a fourth-order linear partial differential operator. The following
theorem shows that o is elliptic and self-adjoint. We say that a fourth-order
differential operator is elliptic if the symbol is injective.

Theorem 2.2. The operator A is a self-adjoint, fourth-order elliptic linear operator.
Furthermore, if ker sg,* =0, then for any € C°°(M) there exists a unique function
u € C®(M) such that v = A(u).
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Proof. We first show that s;),* has injective symbol. Recall that for any p € M
and any cotangent vector t € T, M, there is a linear map oy (sy") : T,C*°(M) —
T,C>(S2M) called the symbol of D = sfg,*, and the symbol of D is called injective
if 04(D) is injective for all nonzero ¢. Note that fort € T*M, € C° (M),

0r(sg) ¥ = (—gt,)g +1 @)Y,

which is clearly injective for n > 1. Thus sé* is an operator of order 2 with injective
symbol. By Lemma 4.4 of [Berger and Ebin 1969], o = s;’, o sé* is an elliptic
operator of order 4. It is clear from definition that o is self-adjoint.

Secondly, we show that s is surjective. Since ng is surjective, for any nontrivial

Y € C® (M), there exists £ € C*°(S2M) such that sg, (§) = . From the fact that
sg is constant and the proof of Theorem 5.2 in the same reference, C®°(S2M) =
im sé* @ ker sig. Thus, § = &; + & with & €im s(’g* and &, € ker sig. Therefore, for
£1 =155 (u), we have A(u) = .

Finally uniqueness comes from the assumption that ker s

/% . % / /%
kersg ; clearly kersg C kersg 08y,

%
. g.
and sg o 55" (u) = 0 implies

= 0 since kerd =

0= (.5 0557 (1)) 12 = (557 (). 57 (0)) 2,
where (f,g)r2 = [3; fg dvg, and so Sé,*(u)zo. O

Given a smooth compact n-dimensional Riemannian manifold (M, g), we let
H?(M) = W?2(M) be the Sobolev space defined as the completion of the space
of smooth functions on M with respect to the norm

ol =/ Dol dv +/ Vol dv +[ o dvg.
o200 = | ¢+, st |, g

To investigate the properties of operator & from the perspective of the calculus of
variations, we define E () for any function ¢ € H%(M) as

@2 E@)=5 [ [0- D007~ 251del +r(dy.de)+ )]
Since ¢ (Ddy,r) = div(er(de,-)) —r(de,d¢), and thus
| vtpdory == [ rp.dp).
M M

the Euler—Lagrange equation for the functional E is exactly

(@) = (n — 1A% +2sAp — (Ddg.r) + ¢|r|> = 0.
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Note that if ¢ = constant and ${(¢) = 0, then ¢ = 0 if the Ricci curvature r does
not identically vanish. Furthermore,

3) B =3 [ i) =3 [ 1sreP =0

for any function @. In other words, E is the energy of «.
A simple direct observation is as follows.

Lemma 2.3. The kernel of sé* vanishes if and only if ker 4 = 0.
Proof. The proof follows from the fact that

/M (s5p)? = fM psi(p)

for any function ¢. In fact, assume that ker s{ = 0 and let sé*u = 0. Then u realizes
the infimum of E(¢) among all smooth functions C°°(M). That is, u is a critical
point for E, and thus 4 (u) = 0. O

Example 2.4. Let M be a round n-sphere S” with a standard round metric. Also,
let ¢ be the first nontrivial eigenfunction for the Laplacian so that

Ap = —ng, [Id¢|2=n/ 9%
Sn Sn

Since rg = (n —1)g, it is easy to see that E(p) = 0. Thus the first eigenfunction ¢
realizes the infimum of the functional £ and so

() =0 and kersy" #0.

On the other hand, consider M = §” x §”*1 with the standard product metric.
Then

(2-4) sg =2n%,  |rgl> =n@2n*—n+1),
and the first nonzero eigenvalue is given as

A(M) = 2A1(S") =n.
Let ¢ be the first eigenfunction corresponding to A; (M) so that
(2-5) Ap =—ng, re(dp.dp)=(n—1)|de|*.

Substituting (2-4) and (2-5) into (2-2), we obtain E(¢) = 0. Therefore, we have
A(p) = 0, and thus ker s* # 0.

Recall that H%(M) = W22(M) is the Sobolev space consisting of functions
that are L? up to the second (weak) derivative. Let

W:%goeHz(M):/Mcpzzl}
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and define
v=inf%/ go&d(ga):goeW%.
M

Note that v > 0, and ker f # 0 implies v = 0 by (2-3). The converse is also true.
Theorem 2.5. Suppose that v = 0. Then ker 4 # 0.

Proof. Since v = 0, there exists a sequence (¢g) of functions in H2(M) with
S 97 =1 such that
E(pr) >0 ask — oo.

We now claim that (g ) is bounded in H2(M ). On the contrary, suppose that the
sequence (¢ ) is unbounded in H?(M). Defining & as
~ Yk
k=T >
oIl 72 ()

where [|¢g || 72 (pr) denotes the Sobolev norm in H 2(M), we have

|9kl 2y =1 and /Mcl)']f—>0 as k — oo.

Furthermore, E (@) — 0 as k — oco. Thus the rescaled sequence (@) is bounded
in H2(M) and so (@) converges weakly to a function $oo € H?(M). Applying
the Rellich-Kondrakov embedding theorem H?(M) ¢ HY (M) c L*(M), ¢y
converges strongly to o in L2, and thus, there exists a subsequence, say (@ ), that
converges almost everywhere. However, since ||gg[|12(pr) —> O, the limit function
$o0 =0, which is contradictory to the fact that ||d || 2(ary #Z 0 or [| DA @|| 2 (ar) 7O
Therefore, (¢ ) is bounded, and so ¢ converges weakly to a function ¢ in H?(M).
By the Rellich—Kondrakov embedding theorem again, it is easy to see that ¢y
converges strongly to ¢ in L?(M), and thus, there exists a subsequence, say (gy),
that converges almost everywhere. Consequently, we have

E(p) <liminf E(¢r) = 0.
k—>o00
Hence since E(¢) =0 and [, ¢? =1, ¢ is a nonconstant function and 4 (¢) = 0.
O
Corollary 2.6. The invariant v vanishes if and only if ker Sé* #%0orkersd #0.

Now we consider a special operator stemming from s that also plays a very
important role in the kernel space of sfg*. For a function ¢, define Pg as

Po=m—1)A%p+ 2s¢ Ap —(Ddo,rg)

and define
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P
u = inf S 2('0.
peH?2(M) f‘p
9#0

Note that u < 0 since P¢ = 0 when ¢ is a nonzero constant. Furthermore, it is
easy to see that if u = 0, then either (M, g) is Ricci-flat or ker 4 = 0. In fact, if
u € kerd and r # 0, then

/uPu=—/ u2|rg|250.
M M

Since = 0 and rg # 0, u must be zero because [, u?|rg|? = 0. The following
theorem shows that if ker s4 # 0, then p must be nonpositive.

Theorem 2.7. Assume that ker s # 0 and s = sg is constant. Then

Irel> <p < 5
—max |r —=£.
M E =k = n

oQ N

Proof. Let u € ker o4 be a nonconstant function and r be the Ricci tensor of the
metric g. Since s2/n < |r|?, we have

2
s
,u/ u2§/ uPu=—/ u2|r|2§——/ u?.
M M M nJm

52

< 2
p=—"-

Thus

On the other hand, it follows from Lemma 2.1 that

[ g0 = [ wsio)= [ {0-10(892 ~25ldgl - (Ddg.r) + 621112}
M M M

Thus,

/ {(n=1)(Ap)> —25|dp|* —¢(Ddg,r)} > —[ ¢?|r|* = —(max |r|2)/ 0>,
M M M M

Therefore, since

f wP<pZ—(maXIr|2)/ ¢?
M M M

for any function ¢, we conclude that

;Lz—mﬂallx|r|2. d
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In view of Theorem 2.7, the invariant © may designate a criteria for how close g is
to an Einstein metric. In fact, when (M, g) is Einstein, it follows from Theorem 2.7

that, if ker «§ # 0,

52

M=—;-

In view of the operators & and P, for any real number o, we introduce an elliptic
fourth-order partial differential operator {,, defined by

a(p) = (n = 1) A% + 25, Ap — (Dd. rg) + (1 —a)plre|?,

where ry is the Ricci tensor and sg is the scalar curvature, which is assumed to be
a positive constant. Note that g = o« and o = P.

Theorem 2.8. Assume that ker A = 0 and s = sg is constant. Then there exists a
positive real number ag > 0 such that ker dg = 0 for all ®, 0 < o < ap.

Proof. For 0 <« < 1, let u € ker oy, be a nontrivial function. Then
Au) = aulrg|® < (mj‘/z}x |rg|2)au
andsov < (maXM |rg |2)a. Since ker o4 = 0, Corollary 2.6 states that v > 0. Hence,

%
<a. 0

o< ————
maxyy |rg|? —

3. Caseofv >0

In this section, we consider the case in which v is positive, or, equivalently, ker s = 0.
We will investigate some necessary and sufficient conditions for v to be positive
and derive lower bounds on v.

Lemma 3.1. Assume v > 0. Then

E
inf i > 0.

oeW,0#1 |0l mr2(ar)
Here |@l| g2 (ary denotes the Sobolev norm in H?*(M).

Proof. Suppose that
E(p)

_=W) .
oeW,0#1 ||| gr2(ar)

Then there exists a sequence (g ) in W such that || |[z2(pr) = 1 and

E(pr)

— = 50 ask — oo.
@l 72 (o)
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Since v > 0, we have || || g2(pr) — 00 as k — oco. Defining ¢ as

~ Yk
k=7 —>
oIl 772 ()
we can obtain a contradiction, as in the proof of Theorem 2.5. O
Theorem 3.2. Let (M, g) be a compact Riemannian n-manifold with positive con-
stant scalar curvature s. If ker s = 0, then v > 0 is contained in the spectrum of .
Proof. Recall that W = {(p e H>(M) : fM @? = 1}. Theorem 2.5 and Lemma 3.1
imply that
E
a:= inf i > 0.
oeW,0#1 ||| 2(ar)
Then, for any function ¢ € W, we have E(¢) > a| ¢l g2(ar). and thus,
E(p) — o0 as [@llg2ar) — oo

In other words, the functional E is coercive on W'

On the other hand, let (¢f) be a sequence in H2(M) such that g — ¢ weakly
in H?(M). Then, according to the Rellich—-Kondrakov theorem, ¢y — ¢ strongly
in L2(M), and thus, a subsequence (g ) converges almost everywhere. This shows
that the subspace W is weakly closed in H?(M ). Furthermore, since M is compact,
the subsequence (¢ ) uniformly converges to ¢, and we obtain

E(p) <liminf E(¢t).
k—o00

The functional E is bounded below and attains its minimum in H?(M) [Struwe
1990]. Letting
E() = min{E((p) tp € W},

it is easy to see from the variational principle that
A(u) =vu. O

The properties of the operator s{ and the lower bound on v are closely related to
the first nonzero eigenvalue of the Laplacian. Let A be the first nonzero eigenvalue
of the Laplace operator A, which is characterized by

A:inf{fﬂzl—z’;lz:/szo}.

It follows from the characterization of the first nonzero eigenvalue that, for any
function ¢ with [}, ¢ =0,

3-1) / wzs%/ |del|?.
M M



VARIATIONAL CHARACTERIZATIONS OF THE TOTAL SCALAR CURVATURE 405

Lemma 3.3. Ler (M", g) be a compact Riemannian n-manifold. Then, for any
Sfunction ¢ € C°(M),

(2) [ 1dor < [ o< [ pdeP.
M M M

where A is the first nonzero eigenvalue of the Laplacian.

Proof. 1t follows from integration by parts and the Cauchy—Schwarz inequality that

[ aet <] [ o

The second inequality in (3-2) follows from the fact that (Ap)? < n|Dde|?>. O

Furthermore, for a function ¢ with f u ¢ =0, we have

21 2 2 o 2
| =] @0 s [ < [ Dagp,

A direct observation from the definition of & is the following theorem, which
shows that if the first nonzero eigenvalue for the Laplacian is large compared to the
sum of the scalar curvature and the norm of the Ricci tensor, then v is positive.

Theorem 3.4. Let (M", g) be a compact Riemannian n-manifold with positive
constant scalar curvature s. If (n —1)A > 2s + maxpy |rg|, then v > s2/n, and thus
ker A = 0, or, equivalently, ker sé* =0.

Proof. Note that |rg|? > 52 /n. It follows from Lemma 3.3 that

[ laek =} [ @y

for any function ¢. Thus, for any function ¢ € W,
1
E@) = [ (0= 1802 = 251dgP + 1y (dy.de) +Irslp?

2
2%{(n_1))L—(2s+rna><|"g|)}/ |d“’|2+;_[ v
M nJIm

Hence, v > 52 /n. O

Remark 3.5. Assume v > 0 for a compact Riemannian zn-manifold (M, g) with a
positive constant scalar curvature. Then it follows from Theorem 3.2 that

A(u) =vu

for some function u € W'. In particular, we have

/ u|r|2=v/ u.
M M
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Since ker sé* =0, by Theorem 2.2, there exists a unique function ¢ € C°°(M) such
that #(¢) = u|rg|?. Therefore,

2
S [t = [ wstp = [ ptu=v [ gusvlplpe.
n M 1\4{1 M. . M

On the other hand, by the Catchy—Schwarz inequality,

1 1
2 2
vlgl?, < /M gy = /M pulrg|® < (/M ¢2|rg|2) (/M lerglz)

=< (H]l‘%llX re)leli2 vvllel e
Therefore, we have v|¢|| ;2 < maxyy |r¢|?, and so
2
s 2
— <v <max |rg|”,
= < vllgle = maxre|

where g is the function satisfying s(¢) = u|rg|?.
Theorem 3.6. Let M = S™ x S™ (m > 2) with the standard product metric. Then
dim(M)
B
Proof. First, we will examine the case m = 2 since key ingredients of the proof are
contained in this setting. The cases of m > 3 will then be briefly explained.

For M* = §2 x §? with the standard product metric g, we obviously have
sg = |rg|> =4, A =2, and rg = g. Thus, (Ddg, r) = Ag for any function ¢, and
SO

A(p) = 3020 +TAp + 4.

Let u be a first eigenfunction of S2 so that Au = —2u, 2 [;, u* = 3, |du|*, and
rg(du,du) = |du|?. Therefore,

/u&d(u):/ 3(Au)2—7|du|2+4u2:2/ u?.
M M M

Hence v < 2. To show the converse inequality v > 2, it is sufficient to prove that,
for any C°° function ¢,

F(g) = /M[3(A¢)2—7Id<p|2 +2¢%] > 0.
First, note that
Flp) = /M(Afp +20)30¢ +9).

It follows from Lemma 3.3 that

2 /M dol? < /Mmgo)z.
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Thus, from the monotonicity of eigenvalues, it follows that, for any function ¢ that
vanishes on the smooth boundary dD of a domain D C M, we have

(3-3) 2 [ do|?* < / (Ap)>.
D D

Assume for a moment that 0 is a regular value of ¢. Let D be a region on M
such that

Ap+2¢ <0 and A(p—i-%(pzo,
and D, be a region such that
Ap+2¢ >0 and Ago—i—%(pfo.

Note that ¢ < 0 on region Dj, and ¢ > 0 on region D,. Thus, dD; = dD;. On
region D1, we have

(3-4) 0<—3¢<Ap<-2¢.

Multiplying (3-4) by ¢ and integrating over D1, we obtain

—2/ <p2§/ ¢A<p§—1/ 9>
D1 D] 3 Dl

Since ¢ =0 on 0D, we get

(3-5) 2f e[ laers-i [ o
D] D] 3 Dl

Similarly, on region D5, we have

(3-6) —2/ <p2§/ ¢A<p§—1/ 9%
D2 D2 3 D2

Let D = Dy U D5. It follows from (3-5) and (3-6) that

1
(3-7) g/ @25/ |d<o|252/ v’
D D D
Note that on M — D, we have
(3-8) (Ap +2¢)(3Ap +¢) = 0.

Furthermore, since the function ¢ vanishes on the boundary dD of D, we can apply
integration by parts and Green’s identity. Thus, it follows from (3-3), (3-7), and
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(3-8) that

Fp) = /D (Mg +20)3Ap +¢) + f (Bp+20)GB¢+9)

=3 f ((Ap)2—2ldoP) + / (20— |dgl?) + [ (Ap+20)3Ap + )
D D M—-D
> 0.

Now, assume that O is a critical value of ¢. By Sard’s theorem, for any positive
real number € > 0, there exists a real number a, —e < a < 0, such that a is a regular
value of ¢. Let D1 4 be aregion such that

(3-9) Ap+2¢p<3a and Agp+igp>o0.

Note that ¢ <a <0 onregion D 4, and ¢ = a on the boundary 0D ,. Multiplying
(3-9) by ¢ and integrating it over D1 4, we obtain

d
(3-10) %a/ go—a/ a—‘”ff (2¢% —|do|?).
Dl,a aDl,a nl Dl,a

where 71 is the outward-pointing unit normal vector field to dD1 4. Next, let D3 4
be a region such that

(3-11) Ap+2¢>—-3a and Ag+1p=0.

We may assume that —a is also a regular value of ¢. Note that 0 < —a < ¢ on
region D, 4, and ¢ = —a on the boundary dD; ,. Multiplying (3-11) by ¢ and
integrating it over D, ,, we obtain

d
(3-12) a/ a—‘”—%a/ ¢ 5/ (2% = IdgP?),
dD> , 912 D> 4 D> 4

where 75 is a unit normal vector field on 9D, ,. Decomposing M into three regions,
we can write

F(g)=3 /D [(Ap)>—2ldg?] + /D

+ / (20— |doP) + / (Mg +20)(3A¢ +¢).
Dz,a M_(Dl,aUDZ.a)

(202~ |dg ) +3 / [(Agp)*—2ldgl?]

l.a D2.a

Applying inequality (3-3) to ¢ —a, we have

/ [(Ap)>—2|dg[?] =0 and f [(Ap) —2|dgl?] = 0.
Dl.a

D3 q
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Thus, from (3-10) and (3-12), we obtain

d¢ dp
F(w)z%lalf le—a/ —+a/ —
D.4,UD> 4 3D1.a 8111 aDz’a an2

+ [ (Ap +2¢0)(BAp + ¢).
M_(Dl,aUDZ,a)

Since |d¢/dn1| <|d¢| and |d¢p/dn,| < |d¢]|, the first three terms on the right-hand
side tend to 0 as € — 0. Finally, let E; , be a region such that Ap 4 2¢ > %a and
Agp + %(p >0, and E5 4 be a region such that Ag +2¢ < —%a and Ag + %(p <O0.
Then we have

[ (A¢+2¢)(3A<p+¢)z§a/ (3A<p+<p)—§a/ (BAp+9).
M_(Dl,aUDZ,a) El,a E2,a

The right-hand side tends to 0 as € — 0. Hence, F(¢) > 0.

In the general case, M 2™ = S™ x S™ when m > 2, it is easy to see that
Sg =2m(m—1), |rg|2 =2m(m—1)2, rg=(m-1)g, A=m.

Thus,
/ pol(g) = 2m—1) f (M) — mldgP]
M M
—(2m2—4m+1)/ |dg0|2—|—2m(m—1)2/ 02
M M

Using a first eigenfunction u of S™, Au = —mu, we can demonstrate that v < m.
To show that v > m, it is sufficient to prove that, for any function ¢,

F(p) := /M(Atp +me)[2m —1)Ag + (2m* —4m + 1)¢] > 0.

Note that

m /M dof? < /Mmgo)z.

An argument identical to that used in the case S? x S? shows that F(¢) > 0, and
thus, v = m. O

Remark 3.7. For the case of M = S™ x S™1k with k > 2, the first nonzero
eigenfunction of S can be used to show that

v <min{(m +k)(k — 1)%, m(k + 1)?}.

However, we do not know the exact value of v.
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4. The first eigenvalue of the Laplacian

As mentioned above, the first nonzero eigenvalue A = A{(M) of the Laplace
operator for a Riemannian manifold (M, g) is related to the operator s§. For
example, if ker s¢ # 0 and g is an Einstein metric with positive scalar curvature, then
A =s/(n—1), from the results obtained in [Berger et al. 1971] and [Bourguignon
1975]. We shall now see that, if there is a nontrivial function on which the action
of o is nonpositive where the function is positive, then the first nonzero eigenvalue
of the Laplacian is bounded above, and vice versa. Recall that we assumed that
the scalar curvature s, = s of a Riemannian manifold (M, g) is always a positive
constant.
For a function ¢ on a smooth manifold M, let us define

MJ={x€M:g0(x)>0}.

We say that a Riemannian manifold (M, g) satisfies the «d-superharmonic condition
if there exists a smooth function ¢ such that

(i) M) # @ and sip <0 on M

(ii) Ag = 0 on the boundary OM, of M} .
For example, if M = S” with the standard round metric go, and ¢ is the first
nonzero eigenfunction of the Laplacian, i.e., Ap = —ng, then s =0 and (S”, go)
satisfies the sd-superharmonic condition. Furthermore, note that any eigenfunction

of the Laplacian satisfies condition (ii). The following lemma shows that the
A-superharmonic condition is implied by ker s§ # 0.

Lemma 4.1. Let (M", g) be a compact n-dimensional Riemannian manifold with
a positive constant scalar curvature sg. If kersd # 0, then (M, g) satisfies the
A-superharmonic condition.

Proof. By Lemma 2.3, ker o # 0 is equivalent to ker s, * # 0. Let s, *¢ = 0 and
@ # 0. Then

Ddy — (Ap)g —¢rg =0.

In particular, taking the trace yields

R
Ap=—-——5_¢,
n—1

and so MJ # @. Since g = 0, the function ¢ satisfies conditions (i) and (ii) in
the definition of the sd-superharmonic condition. O

Theorem 4.2. Let (M", g) be a compact n-dimensional Riemannian manifold
with a positive constant scalar curvature sq. Suppose that (M, g) satisfies the
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sA-superharmonic condition. If Ricg > k > 0, then the first nonzero eigenvalue Ay
of the Laplacian satisfies

25g —k + \JK? —dksg +4s3/n

2(n—1)
Proof. Let sg = s and Ricg = rg = r. In addition, let ¢ be a smooth function
satisfying M(;' # &, Ap <0 on M(;' and A¢ = 0 on the boundary BMJ. If  is
a constant function, then ¢ is a positive constant since Mq;" # . However, we

(4-1) A=

have 0 > sl = ¢|r|?, which is a contradiction. Thus, we may assume that ¢ is a
nonconstant function. By the above hypothesis, we have

4-2) / oslp < 0.
M+

(]

By the definition of & and integration by parts, together with the fact that Ap =0
on M f, we obtain

_ _ 2_ %
@y [ edo= [ o-n@er- [ aeg

" /M+ [250A¢ +¢(Ddg.r) +r|*¢?]

17

= [ L= D@+ eiienp+ 207

Note that
2
(@-4) (1= 1D(Ap)* + 25 —k)pAg + % = (1= 1) Ap +ag)(Ap + ).
where
25 —k + k2 —dks + 452 /n 25 —k — \/k2 —dks + 4s2/n
o = ) IB =
2 2 —1)

Observe that k2 — 4ks + 452 /n > 0 if and only if either

[, 1 [, 1
k<2(1— I_E)Sg or k>2(1+ l—ﬁ)sg,

and the first inequality always holds.
Claim. If

25—k + k2 —4ks +4s2/n _ q

2(n—1) Con—1’
then any subset Q2 of M(;' with C! boundary on which (n —1)A¢ + a¢ > 0 and
A + Be <0 has a measure of zero.

(4-5) Ay >
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Proof. Suppose that a subset 2 of M(j contains an open n-ball. Note that since
Ap = ¢ = 0 on 92, we can apply the Dirichlet principle on the first nonzero
eigenvalue of the Laplacian. By monotonicity, we have

A1 =A1(M) < A1(2).

Since (n — 1)A¢p + agp > 0 and ¢ > 0 on 2, we have
a2
>
PAp = — 9"

Integrating this over €2, we obtain

2 o 2 o . 1 2
/Qldfpl sn_I/Qw <o M(Q)/wa

Thus,
1<« 1
—n—1 A(Q)’
and so
MA@ =2
which contradicts (4-5). This completes the proof of the claim. O

Now, suppose that A; > naTl' Since o > (n — 1), it follows from (4-4) and the
above claim that

2
(n—1)(Ap)* + (2s —k)pAp + %(/)2 >0 ae.on M},

which implies that |, u+ ¢sde = 0. Consequently, from (4-2), we have
1%

/M+ pdp =0.

@
Thus, on the set MJ, we have sl = 0 and
2
S
(n=1)(Ap)* + (2s —k)pAp + —¢* = (1 = 1) Ap + ap)(Ap + Bp) = 0
by (4-3). Since a > (n — 1), either (n — 1)A¢p +a¢ = 0 or Agp + By =0 on the
entire set M J . Therefore, we obtain

+ @ gl @
A = A(My) SmaX{n_l,ﬁ} 1

which contradicts the assumption A > na_l' Hence,

hi=hM) <=

This completes the proof of Theorem 4.2. O
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Remark 4.3. If M = S” with the standard round metric, then taking k =n —1,
the right-hand side in inequality (4-1) becomes

25g —k + \JK? —4ksg + 453 /n
2(n—1)

:n’

and so the result in Theorem 4.2 is optimal.

In fact, in the case Ricg > k and sg = nk — corresponding to the assumption
that g is Einstein — the conclusion of Theorem 4.2 is that A < % Thus, by
the Lichnerowicz—Obata theorem [Lichnerowicz 1958; Obata 1962; Berger et al.
1971], the only Einstein metric with positive constant scalar curvature which is
A-superharmonic is the standard metric on the sphere. This fact also shows that

the assumption ker s{ # 0 cannot be removed from Lemma 4.1.

Remark 4.4. Let (M", g) be a compact n-dimensional Riemannian manifold such
that Ricg > k > 0, where the scalar curvature sy is a positive constant. In addition,
suppose that there exists a function ¢ such that M, ={x € M : ¢(x) <0} # & and
Ap > 0on M. Then, by simply applying Theorem 4.2 to the function ¢ = —g,
we can see that the first nonzero eigenvalue A of the Laplacian satisfies

25g —k + \/k2—4ksg +4sZ/n

M 201 —1)

IA

In particular, if k = 0, then

K 1

Finally, we consider the relationship of v to the first nonzero eigenvalue of
the Laplace operator. In the case of v > 0, it follows from Theorem 3.2 that a
minimizer ¥ for the functional E satisfies du = vu. In particular, since ker sig* =0
when v > 0, we cannot, in general, expect that s /(n — 1) is contained in the
spectrum of the Laplace operator.

Theorem 4.5. Let (M, g) be a compact n-dimensional Riemannian manifold such
that Ricg > k > 0 and assume that v > séz,/n, where the scalar curvature sg is a
positive constant. In addition, suppose that Mu+ £ & for a function u satisfying
Au = vu. Then the first nonzero eigenvalue of the Laplacian satisfies

25g —k + \/k2—4ksg +4sZ/n+4(n—1)v
2(n—1) ’

A1(M) <

unless (M, g) is Einstein.
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Proof. We shall denote sg by s and Ricg = rg by r. From [}, usdu = v [}, u?,
0= / usdu —vu? = / (n—1)(Au)? + 2sulu + r(du, du) + (|r]* —v)u?
M M

§2
> /M(n — 1) (Au)® + (25 —k)ulAu + (7 — v)uz.

The third inequality is strict since (M, g) is not Einstein. We may factor the
integrand as follows:

52 B
(n—1)(Au)*>+ 2s—k)ulAu + (— —v)u2 =((n—1)Au +au)(Au + u),
n n—1

where

1 ’ 452
=5 2s —k +4/k —4ks+7+4(n—l)v ,

2
ﬁ:%(2s—k—\/k2—4ks+4%+4(n—l)v).

Note that if v > s2/n, the radicand is positive for any k > 0.
The remainder of the proof is similar to that of Theorem 4.2. Hence, if g is not
an Einstein metric and A > -%5, then

2
()z/ u&iu—vu2>/ (n—l)(Au)2+(25—k)uAu+(S——v)uzzo,
M M n

which is a contradiction. O

Theorem 4.6. Let (M, g) be a compact n-dimensional Riemannian manifold such
that Ricg > k with

1
(4-6) 0§k§2sg(1—\/1—;—(n—l)é).

Suppose that 0 < v < s§ /n. In addition, assume that M} # @ for a function u
satisfying Au = vu. Then the first nonzero eigenvalue A of the Laplacian satisfies

25¢ —k + \/k2—4ksg +dsZ/n+4(n—1)v

A
1= 20— 1) )

unless (M, g) is Einstein.
Proof. Note that if v < sé /n and (4-6) is satisfied,

2 4sg
k*—4ksg + —=+4(n—1)v > 0.
n

The remainder of the proof proceeds in the same manner as that of Theorem 4.5. [J
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