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AND FOURTH-ORDER CONFORMAL INVARIANTS

DAVID RASKE

In this note we take some initial steps in the investigation of a fourth-order
analogue of the Yamabe problem in conformal geometry. The Paneitz con-
stants and the Paneitz invariants considered are believed to be very helpful
to understand the topology of the underlying manifolds. We calculate how
those quantities change, analogous to how the Yamabe constants and the
Yamabe invariants do, under the connected sum operations.

1. Introduction

Let (M, g) be a connected compact Riemannian manifold without boundary of
dimension n > 5. Let
(1-1)
n—4 n—4)(n3—4n?+16n—-16 2(n—4
Olel— - AR D4 4 161216 by 20— 4)
4(n—-1) 16(n —1)?(n—2) (n—2)

be the so-called Q-curvature, where R is the scalar curvature, Ric is the Ricci
curvature. And let

|Ric|2

_ (n—2)>+4 4 .
1-2) Plg]l=(—A)*—d — X Rg———R d
(1-2) Plg]=(=A) 1Vg((2(n—1)(n—2) g~ —— Ricg | d ) + 0[g]
be the so-called the Paneitz—Branson operator. It is known that
n+4
(1-3) Plglu = Qfgulur=*

which is called the Paneitz—Branson equation, where g,, =u a g (see [Paneitz 1983;
Branson 1987; Xu and Yang 2001} [Djadli et al. 2000]). We consider the equation
[(I-3)| as a fourth-order analogue of the well-known scalar curvature equation

(1-4) Lglv = RlgyJv2,
where
(1-5) L[g] :—MAJFR

n—2
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. : 4
is the so-called conformal Laplacian and g, = v»—2g. The well-known Yamabe
problem in conformal geometry is to find a metric, in a given class of conformal
metrics, which is of constant scalar curvature, i.e., to solve

Liglv= Yviss

on a given manifold (M, g) for some positive function v and a constant Y. The
affirmative resolution to the Yamabe problem was given in [Schoen 1984 after
other notable works [[Yamabe 1960; [Trudinger 1968} |Aubin 1976]. In fact, it was
proven that there exists a so-called Yamabe metric g, in the class [g] which is a
minimizer for the so-called Yamabe functional

[y (L[g]v) dvg
(S v “2d Vg )%

In this paper we investigate a fourth-order analogue of the Yamabe problem. Let
C°°(M) be the space of smooth positive functions on M. Similar to the Yamabe
problem, we define the Paneitz functional
S (WP (glu) dvg

2n n—4
(fag ui=3dvg) "
for u € C;2°(M) and the Paneitz constant associated with (M, [g])

(1-7) AM.[gh= inf ().
ueC. L (M)

Y(v) =

(1-6) g () =

It is clear that A(M, [g]) is a conformal invariant of the conformal class [g] because
of the conformally covariant property of the Paneitz—Branson operator:

(1-8) Plgwlu = w4 Plg](w-u)

where g, = w = g € [g]. To describe the differential structure of M, we define

(1-9) A(M) = sup A(M, [g]).

le]
We will refer to A (M) as the Paneitz invariant of the manifold M as the counterpart
of Yamabe invariant. In [[1986]], Gil-Medrano studied the Yamabe constant for a
connected sum of two closed manifolds. One interesting consequence of connected
sum results in [Gil-Medrano 1986] is that every compact manifold without boundary

admits a conformal class of metrics whose Yamabe constant is very negative. In
we calculate as Gil-Medrano did in [1986] to verify that

Theorem 1.1. Let (M1, g1) and (M>, g2) be two compact Riemannian manifolds
of dimension n > 5. Then, for each € > 0, there is a conformal class [g] of metrics
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on M1 # M» such that
(1-10) A(My # M3, [g]) < min{A(M1, [g1]). M(M2, [g2])} + €

and there exists a conformal class [h] of metrics on M # My such that

(1-11) MMy # My, [h]) < 2757 (A(My, [g1]) + A(Ma, [g2]) + €.

Due to the works of Schoen and Yau [1979] (see also [Gromov and Lawson
1980]]), one knows that there is some topological constraint for a manifold to possess
a metric of positive Yamabe constant. Therefore it is interesting to see how the
Yamabe invariant is effected by connected sum. It was proven in [Kobayashi 1987]],
[Schoen and Yau 1979], and [|[Gromov and Lawson 1980] that the Yamabe invariant
of connected sum of two manifolds with positive Yamabe invariants is still positive.
More precisely, Kobayashi in [[1987]] showed that the Yamabe invariant of connected
sum of two manifolds is greater than or equal to the smaller of the Yamabe invariants
of the two. In we obtain an analogue for the Paneitz invariant.

Theorem 1.2. If My and M, are compact manifolds of dimension n > 5, then
(1-12) A(My # Mz) > min{A(M1), A(M2)}.

The positivity of Paneitz invariant in dimension higher than 4 should be a
topological constraint, as indicated by successful researches in [[Chang and Yang
2002]] (references therein) for a fourth-order analogue of how Gaussian curvature
influences the geometry of surfaces in dimension 2. Another testing ground is to
consider closed locally conformally flat manifolds. Then the recent works in [[Chang
et al. 2004] and [[Gonzélez 2005] indicate to us that the positivity of fourth-order
curvature is indeed very informative about the topology of the underlying manifolds.
We would also like to mention the work by Xu and Yang in [2001]] where they
demonstrated that positivity of the Paneitz—Branson operator is stable under the
process of taking connected sums of two closed Riemannian manifolds.

In [Section 2| we discuss some preliminary facts about the Paneitz functional. In
Section 3| we calculate and verify [Theorem 1.1] In[Section 4] we prove [Theorem 1.2]

2. Preliminaries

Recall that the Yamabe constant of any closed manifold of dimension greater than 2
is a finite number and the largest possible Yamabe constant is realized and only
realized by the Yamabe constant of the standard round sphere in each dimension.
The difficult part is to show that the round sphere is the only one that has the largest
Yamabe constant, which was the last step in the resolution of Yamabe problem
solved by Schoen in [[1984] based on a positive mass theorem of Schoen and Yau.
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We observe that, by [(T-3)]
ntd
(2-1) / (uP[g]u) dl)g :/ uQ[gu]u n—a dvg
M M

=/I‘4Q[gu]unz—n4dvg =/MQ[gu]dUgu’

4

where g, = un—4g € [g]. Hence

/M(uP[g]u)dvg
_ (n—4)n3—4n?+16n—-16) , 2(n—4) . ,
_/M(( 1601222 X n_2p N ) d”)[g“]
< 2 d
<cn /M((R) 0)[gul.

where

_(n—=4(n?—4n*+16n—1g) 2(n—4)
- 16(n —1)2(n —2)2 o —2)%

n

When we consider a Yamabe metric g,,, we have

fM(RdU)[gu]

(2-2) "1 — Y vol(M. gu)# < n(n—1)vol(S™, go) 7.,
vol(M, g,)) »

and since Y and ¢, are nonnegative by hypothesis, we have

o3 DOPEMI D yr M, gt < ealnin— 1) v0I(S", o)

vol(M, gy,) 7

2(0d
_ L?L”)[g — (5™, [g0]).
vol(S™, go) 7

Consequently we obtain:

Lemma 2.1. Let (M", g) be a closed Riemannian manifold of dimension greater
than 5 with nonnegative Yamabe constant. Then

(2-4) AM", [g]) = A(S™. [go])

and the equality holds if and only if (M, g) is conformally equivalent to the standard
round sphere (S", o).

On the other hand, by some choices of testing functions similar to the ones used
to estimate the Yamabe functional, we get:
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Lemma 2.2. Let (M", g) be a closed Riemannian manifold of dimension greater
than 4. Then

(2-5) —00 < A(M", [g]) = A(S".[goD).
where g is the standard round metric on the sphere S".

Proof. The Paneitz constant is easily seen to be bounded from below, because, by

(1-2)]

@6 [ wPlelydv =
M
/ |Au|2dv+an/ R|Vu|2dv—i/ Ric(Vu,Vu)dv—l—/ Qu?dv,
M M n—4 Jm M

where
_ (n—2)%+4
S n—(n—2)

It suffices to estimate [(2-3)| for nonnegative functions such that

/ un%tdv =1.
M

Hence, by Holder’s inequality,

(2-7) /(uP[g]u)dvz[ |Au|2dv—C1/ |Vu|2dv—C2[ u?dv
M M M M

2/ |Au|2dv—C1/ (—Au)udv—CZ/ u?dv
M M M

Zl/ |Au|2dv—%C12/ uzdv—CZ/ u?dv
2 Jm M M

n—4
z—(%cf+cz)(/ unz—"‘*dv) Vol(M,g)%
M
4
> —(3C7 + C2) vol (M. g,
for some constants Cy, C, > 0 depending on (M", g).
To estimate the upper bound we choose to work in geodesic normal coordinates

in a very small geodesic ball By C M and transplant the rescaled round sphere
metric. Let B2¢(0) C R™ and

(2-8) gij(x) =8;; + O(|x|*) forall x € B2 (0).
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Define a smooth nonnegative function u, on M by

2¢3 "7
(2_9) ue(x) — (m) for x € Be (0), )
0 for x ¢ B1c(0)
It is easily calculated that
@10 [ wePluodv= [ |BucPdx+o)
M B(0)
n—4
2¢3 22
= Al —— d 1
fulo (i) | @ ven
2 \7TP,
= Al —— x+o(l
Ll (e) M

and

2n 2n
(2-11) / ul~*dv :/ ul~*dx +o(1)
M B(0)

2¢3 "
:/Rn(—e6+|x|2) dx +o(1)

2 n
:Ln(1+|x|2) dx +o(1).

Therefore
(uec Plglue) dv o |As|?dx
(2-12) plue) = U S = Ja —— = +o(l),
(fyu&dv) ™ (fgasi=idx) "
L_4
where s = (ﬁ) > Thus, taking € — 0, we arrive at
(2-13) A(M, [g]) = A(S™. [go))-

O

One interesting question would be whether (M, g) is conformally equivalent to
(S™, go) when A(M, [g]) = A(S", [go]) without assuming the Yamabe constant of
(M, g) is nonnegative. In other words one would be interested in searching for
some analogue of a positive mass theorem of Schoen and Yau here if it make any

sense.

3. Connected sums and the Paneitz constant

In this section we will calculate the Paneitz functional on a connected sum of two
closed manifolds and verify [Theorem 1.1} Let (M, g) be a closed manifold of
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dimension higher than 4. Fix a point p € M and let

0 for x € Bs(p),

(3-1) Js = 1 forx e M\ Bys(p),

be a family of smooth functions. We may ask that

C C
(3-2) 0<fs<l Vi< IAfsl<%

for some number Cqy > 0.

Lemma 3.1. Let (M, g) be a closed manifold of dimension greater than 4. Let
u € CL(M) be given. Then ug = fsu € CL°(M) and

(3-3) g (ug) = @g(u) +o(1)
as$— 0.

Proof. We simply calculate, for a fixed § > 0, by [(2-6)| and |(3-2)]
G4 [ (s Plelus)do

4
:/ |Au3|2dv+an/ R|Vu3|2dv——/ Ric(Vu(g,Vu,g)dv—l—/ Qu%dv
M M n—4 Ju M

:/ (uP[gu)dv+o(1)
M
and
2n_ 2n
(3-5) / ug 4dv:/ un=4dv+o(l),
M M
as § — 0. O

Now let us consider the connected sum of two closed Riemannian manifolds. Let
(M1, g1) and (M3, g») be two compact Riemannian manifolds without boundary of
dimension n > 5. For x1 € M7 and x> € M, let Bs, (x1) C M1 and Bg, (x2) C M>
be geodesic balls respectively. To make the connected sum one simply takes off
the open balls B%(Sl (x1) and 3%82 (x2) from My and M>, identify 83%81 (x1) with
oB 15, (x2). Hence
(3-6)

Mi# My =[(My\ Bis, (x1)) U (M2 )\ B%gz(xz))]/{aBégl (1) ~ 33%52(362)}-

We may construct a metric g on the connected sum M7 # M, such that g agrees with
g1 on My \ Bs,(x1) and g2 on M\ Bs,(x2). Notice that topologically My # M»
does not depend on the value of §; when they are sufficiently small. Now let us
calculate and estimate the Paneitz functional on the connected sum.
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Theorem 3.2. Let (M1, g1) and (M>, g2) be two closed Riemannian manifolds of
dimension n > 5. Then for each € > 0, there is a conformal structure [g] on M1# M,
such that

(3-7) A(My # Ma, [g]) < min{A(M1. [g1]), A(M2, [g2])} + €.

Alternatively, we may find a conformal structure [g] on M1 # My such that

4

(3-8) AM, [g]) < A(M1, [g1]) + A(Ma, [g2])27 7 +e.

Proof. Let us assume that A (M1, [g1]) < A(M>,[g2]) and € > O fixed. By the
definition of the Paneitz constant, we know that there is a real number § > 0 and a
smooth function ug € C.°°(M) such that ug vanishes on a geodesic ball Bg(x1) of
radius é and centered at x; € M7 and such that

g (us) < A(My,[g1]) +e.

Let g be a metric on M = M # M, which agrees with g1, when restricted to
M\ Bg(x1). And define the function iig on M; # M, as follows:

us =ug on M\ Bs(x1),
ug =0 elsewhere.

We then have

n—2
Sl o \ita
(/m Us dv)

Recalling that ug vanishes on Bg(x1) we see that

Jo (Diis? + an R|Viig|? — 45 Rie(Vilg, Viig) + Qii2) dv

g (ug) =

pg(ls) = g, (ug) < A(M1,[g1]) +e.

Consequently,
A(M. [g]) < MM, [g1]) + € = min(A(M1, [g1]). A(M2, [g2])) + €.
We now proceed to prove |(3-8)| First, can be used to say that for any

fixed € > 0,x1 € My, x5 € M», we can find two positive reals §1, > and smooth
functions ug, , us,, where ug, € C°°(M;), with the following properties:

usy =0 on Bs (x1), gg,(us) <A(M1.[g1]) +€1.

u52 =0 on B(gz(XZ)’ pgz(”&) < )L(MZ’ [gZ]) + €1,
where €; = 27 e Also, notice that we can assume without loss of generality

2 . . .
that the Ln—3 (M) norms of ug, and ug, are normalized. Using the same reasoning
as in the proof of a metric g on M # M> can be constructed such that g
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agrees with g; when restricted to M; \ B, (x;). Let us consider now the function
on M = M # M, given by

u81 on MI\BS] (xl)’
(3-9) u=qug, onM\ Bg,(x1),
0 elsewhere,
then
fMl\le ey (A)? +a, R|Vil|> — 227 Ric(Vii, Vi) + Qii?) dv
£g () =

(fMl\le(xl)Mﬂ 4dv+-[M2\Bg (xz)”” 4dv)n 4
fM2\35 (xz)((A“)z+anR|VM|2 - 2Rlc(Vu Vu)—|— O )

(fMl\le (xl)un =adv + sz\Bsz(xz)un 4dv)
Using[(3-9)| we then obtain

Jvnss, o) (Afis)? +an R|Vils, | — 745 Ric(Viis, Viis,) + Qg ) dv

pg ()= STH n
o n—4 4 n—
(fa\8s, o5, A0+ [\ By, (e sy V)" =

sz\Bsz(xz)((Au(gz) +anR|Vu52|2——Rlc(Vugz,Vugz)—i-Qu5 )dv

(fM‘\le(xl)ué’l dv+fM2\Ba’2(x2)un 4dv)” -

Now, recalling the above stated properties of us, and ug,, we may also assume

/ ugl.nz—n4dv=1,
M;\Bs; (x;)

and

@gi(“&)
) Lo 4 Lo ~ 3
=/ (Augl. +anR|Vig,| ——Rlc(Vugl.,Vugi)—i—ng,)dv
M;\Bs, (x; n—2 ;
<A(M;, [gi]) + €.
Thus

/\(M» [g]) =< @g(l]) < ()&(Ml, [gl]) +/\(M2’ [gz]) + 261)2_"”;4
= (A(M1.[g1]) + A(Ma, [g2]))27"7 +e. -

4. Connected sums and the Paneitz invariants

Kobayashi in [[1987]] showed that the Yamabe invariant of connected sum of two
manifolds is greater than or equal to the smaller of the Yamabe invariants of the
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two. The aim of this section is to generalize this result of Kobayashi to the case
of compact manifolds of dimension n > 5, and with the Yamabe invariant Y (M)
replaced by it’s fourth-order analogue the Paneitz invariant A(M). Namely, we
have

Theorem 4.1. Let M1 and M> be closed manifolds of dimensionn > 5. If A(M1) >0
and A(M3) > 0 then

4-1) A(My # M3) > min{A(M1), A(M2)}.

We will basically follow the approach taken in [Kobayashi 1987|]. First we
consider the Paneitz invariant on the disjoint union of compact manifolds. Take
two n-manifolds with conformal structures, say (M1, [g1]) and (M3, [g2]). We
write (M, [g]) = (M1, [g1]) U (M>, [g2]) if M is the disjoint union of M and M>,
and g; = {g|m,: g € [g]} fori = 1,2. Let u be a smooth nonnegative function
on M. Since M is the disjoint union of M and M> it follows that we can write
u = uq + uz, where u; = 0 on M;, where i # j and where u; is a nonnegative
smooth function on M;. If we assume that A(M;, [g;]) > 0 fori = 1, 2, then it can
easily be seen that

A(M, [g]) = min{A (M1, [g1]). A(M>. [g2])}.

Due to|[Lemma 2.2] we can assume that A(M7) and A(M>) are finite; and we can
use the above equation to conclude that

AMM) = min{A(My), A(M2)}.

Let M be a compact manifold of dimension n > 5, and p; and p, two points
of M. We take off two small balls around p; and p,, and then attach a handle
instead, the handle being topologically the product of a line segment and S~
The new manifold obtained in this way will be denoted by M. Let M; and M, be
Riemannian manifolds and let M1 LI M, denote the disjoint union of My and M.
If M = My UM; and p; and p, are taken from M; and M5 respectively, then
M = M, # M. Therefore we see that in order to prove it suffices to
show

A(M) = A(M).

Proof of[Theorem 4.1] Let € be an arbitrary positive number, which will be fixed
throughout. First, we take a metric g on M such that

(4-2) A(M,[g]) > A(M) —e.

Due to continuity considerations we may assume that [g] is conformally flat around
the points p; and p,. Then there is a function y € C*°(M \ {p1, p2}) and g € [g]
such that & = e¥ g is a complete metric of M \ {p1, p2} and that each of the two
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ends is isometric to the half-infinite cylinder [0, c0) x S”~1(1). For convenience,
we write

(M \ {p1, p2},8) =1[0,00) x S""1(1) U (M, §) U [0, 00) x S"7(1),

where M is the complement of the two cylinders. We can glue (AZ , &) and [0, /] x
S$7~1(1), along their boundaries to get a smooth Riemannian manifold (M, g;),
where M is as mentioned in the beginning of the section:

(4-3) (M,g)=(M,g)u[0,1]x S"~1(1).

We then have

’

- 2 2_ 4 p; 2
AT ] = o AL+ anRIV /P = 5 RV L V) + 02
7= (faz /7= dv)™
So, take a positive function f; € C° (M) such that
(4-4) /((Af,)2 +anR|V fi|* - iRie(Vf,, V) + sz) dv

M n—2 J 1
<AM.[gi)+—

[+1
and
(4-5) / fitidy = 1.
M
Lemma 4.2. There is a section, say {1} x S®1, in the cylindrical part of M such
that
2 2 4 . 2 B
(Af))*+an RV fiI*———Ric(Vf, V) + Of° ) dv < —,
{t;}xSn—1 n—2 [

where B is a constant independent of [.

Proof. Using [(4-4)] we have

[ ((Aﬁ)2+anR|Vfl|2—ﬁRic(Vﬁ,Vﬁ)JrQf,z)dv
Sn=1x[0,I]

<A [g) + 7

—/~ ((Af,)2+anR|Vf,|2—iRic(Vﬁ,Vf,H Qf;z) dv.
M I’l—2

Now suppose that [37 |V /i |2dv goes to infinity as [ — oo. It would follow
that [’ (A f1)?> = oo as [ — oo and that this divergence is much faster than the
divergence of (37 |V f;|2dv. But this implies that (37 f; P; fidv>A(M, [gl])+l-|+1
for large /, which forces a contradiction (here P; is the Paneitz—Branson operator
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of the metric g;.) It follows that there exists a constant D independent of / such
that

4
/ anR|V fi|> = ——=Ric(V 1,V f;) dv < D.
M n—2

Note as well that there exists a constant E such that — |’ &Y flzd v < E. Putting
this together we conclude that there exists a #; € [0, /] such that

4 .
z ((Afz)2 FanRIV i~ 2 Rie(V 1. fi) + Qfﬁ) v
thSnfl l’l—2 1
AM, ——+D+E.
<A Jgi) + 4 + D+
The lemma follows. O

Now we cut off M on the section {f; x S"~1}, and attach two half-infinite
cylinders to it, so (M, \{p1, p2}, &) reappears. But this time we describe it as
follows:

(M \{p1, p2}, &) =[0,00)x S"H(U(M —{r1}x S" ™", g1) U[0, 00) x S" (1),

We think of the function f; as defined on M — {{;} x S"~1}, and extend it to the
whole space M —{p1, p2} as follows: Let F; be W2 function of M — {py, p2}
such that

F =1/ on M —{t;} x S"1
and ~
g() fi(x) for (t,x) €[0,1]x S" 1,

Fi(t,x) =
1. x) {O for (¢,x) € [1, 00] x §"71,

where f; = f; l¢¢,1x5n—1 € C>®(5"~1) and where g is a smooth function on [0, 1]
that goes from a value of 1 to a value of 0, and whose derivative vanishes at 1. Now
it easy to see from|(4-4) and the above lemma that

4
/ ((AF,)2 +anR|VF)|>— ——Ric(VF,,VF) + QF2) dv
M\{p1,p2} n—2 /. B
<AM.[aD)+ 7

where B is a constant independent of /. Obviously from |(4-5)| we get

2n
/ Fyn=adv > 1.
M\{p1,p2}

Therefore, we have

(AF)? +anRIVF|>— 25 Ric(VF,VF) + QF?)dv

e Jiipr, 3 ( <A(M),

2n

(a\ip,poy F3 V)"
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where the infimum is taken over all nonnegative W2>® functions F with compact
support. It follows from the choice of the metric g that the left side of the preceding
equation is equal to A(M,[g]). Since € can be chosen arbitrarily in we
conclude A(M) < A(M), which completes the proof. d
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