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It is shown that parts of planes, helicoids and hyperbolic paraboloids are
the only minimal surfaces ruled by geodesics in the three-dimensional Rie-
mannian Heisenberg group. It is also shown that they are the only sur-
faces in the three-dimensional Heisenberg group whose mean curvature is
zero with respect to both the standard Riemannian metric and the standard
Lorentzian metric.

1. Introduction

The three-dimensional Heisenberg group Hs is the two-step nilpotent Lie group
(R3, ») where

oy, Dx &,y ) = (X y+y 2+ 2+ Sy = xy)).

It is in general identified with a subgroup of G L3(R) by

1 x Z-i-%xy
x,y, 0« |01 y
00 1

We consider in this paper two left-invariant metrics on Hs: one is Riemannian and
the other Lorentzian. Let us denote by Nil? the 3-dimensional Heisenberg group Hj
endowed with the left-invariant Riemannian metric

g =dx*+dy*+ (dz + %(y dx —xdy))2
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on R3. The Riemannian Heisenberg group Nil? is a three-dimensional homogeneous
manifold with a 4-dimensional isometry group; hence it is the most simple 3-
manifold apart from the space-forms. Moreover, it is a Riemannian fibration over
the Euclidean plane R2, with the projection (x, y, z) — (x, ¥).

In the first part of this paper, we give a classification of all ruled minimal surfaces
in Nil®. In order to do this, we first show in Lemma 2.1 that if a ruled surface is
minimal and if a ruling geodesic is not tangent to the fiber, then the ruled surface
should be horizontally ruled. That is, its ruling geodesics are orthogonal to the
fibers. In fact, it was one of the key observations in classifying the ruled minimal
surfaces in S? x R or in H? x R in our previous paper [Kim et al. 2009a]. It turns
out that this fact simplifies the nonlinear partial differential equations describing
ruled minimal surfaces. Then we show in Theorem 2.3 that any ruled minimal
surface in Nil® is, up to isometries, a part of the horizontal plane z = 0, the vertical
plane y =0, a helicoid tan(Az) = y/x, A #~ 0 or a hyperbolic paraboloid z = —xy/2;
see page 480 for the definition of planes. Moreover, we show on pages 488-489
that all of them can be regarded as helicoids or the limits of sequences of helicoids
in the Hausdorff sense.

In fact, it was shown in [Bekkar and Sari 1992] that, up to isometries, parts of
planes, the helicoids and the hyperbolic paraboloids are the only minimal surfaces
in Nil® ruled by straight lines that are geodesics. According to Lemma 2.1, any
ruling geodesic of a ruled minimal surface is either parallel or orthogonal to the
fibers. We then note in Proposition 2.4 that geodesics parallel or orthogonal to
the fibers everywhere are straight lines (in the Euclidean sense), and thereby show
that “straight line” condition may be deleted in the aforementioned claim. For the
properties of the Gauss map and representation formulae of the minimal surfaces
in Nil3, see for example [Bekkar et al. 2007; Daniel 2011; Inoguchi 2005; 2008;
Mercuri et al. 2006; Sanini 1997].

In the second part, we consider the natural left-invariant Lorentzian metric

g, =dx*+dy* — (dz+ S(ydx —x dy))2

on Hs. (Lorentzian metrics on Hj3 are discussed in [Rahmani 1992; Rahmani and
Rahmani 2006].) Then we consider surfaces in H3 whose mean curvature is zero
with respect to both metrics g and g, and show in Theorem 3.2 that they must be
one of the above mentioned surfaces, that is, a part of planes, helicoids or hyperbolic
paraboloids. It can be considered as a generalization of the fact that the helicoids
are the only surfaces except the planes in R*> whose mean curvature is zero with
respect to both the standard Riemannian metric and the standard Lorentzian metric
[Kobayashi 1983] and the fact that the helicoids (surfaces invariant under the screw
motion) are the only surfaces except the trivial ones in S* x R or H? x R whose
mean curvature is zero with respect to both the standard Riemannian metric and the
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standard Lorentzian metric [Kim et al. 2009a]. For this we derive the equation for
the mean curvature of a graph in Hs to be zero with respect to the Lorentzian metric
g; and compare it with the minimal surface equation. The idea of considering these
two equations at the same time is not new — see [Albujer and Alias 2009; Alias
and Palmer 2001; Kobayashi 1983]; also, the “dualities” between minimal surfaces
in Nil® and maximal surfaces in the Lorentzian Nil® were studied in [Lee 2011].

2. Ruled minimal surfaces in Nil®

We first state several facts on the geometry of Nil®, necessary for the proof of the
main result in this section. For their proofs, one may refer, for example, to [Inoguchi
et al. 1999].

A frame field. 1t can be easily seen that

_9 _ya _ 9
= 20 Tt

N =
Sl
)
N

is a left-invariant orthonormal frame field on Nil® and in particular, e3 is tangent to
the fibers. Letting V be the Levi-Civita connection on Nil®, we have for this frame
field

Veei =0, i=1,2,3,
Ve ey =—Vee1 = 1e3, Vee3=Veei=—1€, Vees=V,e,=1e.
Isometries. The isometry group of Nil® has two connected components: an isometry
either preserves the orientation of both the fibers and the base of the fibration, or

reverses both orientations. The identity component of the isometry group of Nil® is
isomorphic to SO(2) x R? whose action is given by

cosf —sinf Z o
[sin@ cos 0:| ’ 1Y
| € z
cosd —sinf 0 cx a
= sin 6 cos b 0 y|+|b],
_%(asin@—bcos@) %(acos9+bsin0) 1 Z

which shows that Nil® is a homogeneous space. In fact, one can see that, for
any point p € Hsz and a unit tangent vector v orthogonal to e3(p), there exists a
unique isometry ¢ such that ¢(p) =0, de(v) = €1(0) and dp(e3(p)) = e3(0). Note
also that the translations along the z-axis (in the Euclidean sense) are isometries
belonging to the identity component.
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Euclidean planes. A Euclidean plane or simply a plane is a set of points (x, y, z) €
Hs satisfying a linear equation ax 4+ by +cz +d = 0. It is easy to see that all the
planes except the “vertical” planes ax + by +d = 0 are congruent. In fact, every
nonvertical plane ax + by + z + d = 0 is congruent to the “horizontal” plane z =0
under the left translation by (—2b, 2a, —d), (x, y, z) — (=2b, 2a, —d) x (x, y, z),
that is,

X 1 0 1 cx r—2b
yl—1]0 10 y |+| 2a
z —a —b 1 z —d

Moreover, a vertical plane is not congruent to a nonvertical plane since every
isometric image of a fiber is a fiber. In fact, one can check that a vertical plane is
not isometric to a nonvertical plane by computing their curvatures.

A parametrization of ruled surfaces. Let ¥ be aruled surface in Nil® and let p € ©
be a point at which 7}, X is transversal to the fiber. Assume, furthermore, that the
direction of the ruling geodesic at p is not perpendicular to the fibers. Then, in a
neighborhood of p, we can take a tangent vector field V to X in the direction of
the ruling (everywhere on the neighborhood) as

V =n(cosbe; —sinb er) + e3

for some functions 7 and € on X. Since T, X is transversal to the fiber, the unit
normal vector field n of X is not perpendicular to e3: (n, e3) # 0. Then

W =sinf e +cos0 ey — (n, sin e, +C089e2)e3
(n, e3)
gives another tangent vector field on X which is transversal to V. Now we take
a parametrization X (s, t) of ¥ in the neighborhood of p such that X (s, 0) is the
integral curve of W with X (0, 0) = p and such that ¢ parameter curves are the
ruling geodesics with X, (s, 0) = V(X (s, 0)). Then X (s, t) is a parametrization of
the ruled surface ¥ in the neighborhood of p satisfying

X(s,0) =sina(s) e; +cosa(s) er + g(s)es,
(1) X;(s,0) =h(s)(cosa(s)e; —sina(s) er) + e3,
Vx, X; =0,
for some smooth functions A (s), a(s) and g(s).

For the parametrization X satisfying the condition (1), we are to compute the
functions X;; and X;; defined by

XS(S7 t) - XSI(Sa t)el + XSZ(Sv t)eZ +XS3(S7 t)e37
Xi(s,1) =Xn(s,t)er + Xna(s, 1)er + X3(s, 1)es.
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Now, since ¢ parameter curves are geodesics, we have

0X;i
Vx, X = . at” e + E . XiX1jVe €
i i,J
3X,1 ) (8X,2 ) 8X13

= XX —= —XnX =0.

( 5 T XX )er+(— nXi)er+ —=e3 =0

By solving the system of equations

X1 X2 0X13
Y + X Xi3=0, 9t X3 =0, 9t 0

with the initial condition
X;1(s,0) =h(s)cosa(s), Xp(s,0)=—h(s)sina(s), X;(s,0)=1,
we have
X1(s,t) =h(s)cos(t —a(s)), Xp(s,t)=h(s)sin(t —a(s)), Xp(s,t)=1.
On the other hand, since the Levi-Civita connection V is torsion-free, one has
Vx, Xs = Vx, X;.

Hence we have

XsZ
at

90Xy 9
a7 +5XnXp3+ Xi3X0) Jer +

— XX+ Xz3Xs1))6’2

X3
|, + 5 (X X2 — X2 X51) )es

90X

8X[1 1
= + E(XS2XZ‘3 + X3X12) |er +
as as

— 3 (Xa X3+ Xs3Xt1)>6’2

aX,3 1
+ o5 + (X1 X2 — X2 X11) )e3,

and Xj; satisfies the equations

% = % = h'(s) cos(t —a(s)) +h(s)e'(s) sin(r — a(s)),

Xy _ Xy _ h'(s) sin(t — a(s)) — h(s)a'(s) cos(t — a(s)),
ot s

X3 _ 9Xi3

5 = s + (X1 X2 — X2 X41)
=h(s)sin(t —a(s)) X1 — h(s)cos(t —a(s)) X,
with the initial condition

X1(5,0) =sina(s), Xp(s,0)=cosa(s), Xs(s,0)=g(s).
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By solving these equations, we get

X;1(s, 1) =sina(s) + A'(s) sin(t — a(s)) + A'(s) sina(s)
—h(s)a'(s) cos(t —a(s)) + h(s)a'(s) cos a(s),

Xo(s,t) =cosa(s) —h'(s) cos(t —a(s)) +h'(s) cosa(s)
— h(s)a'(s) sin(t — a(s)) — h(s)a'(s) sine(s),
Xy3(s, 1) = g(s) — h(s) sint +th(s)h'(s) — h(s)h'(s) sint
+ h(s)*d'(s) — h(s)*d'(s) cos .
The second derivatives of X. We will compute the derivatives
VX,XI’ VXXXI = VX[XS and VXSXs-
For notational simplicity, let us set
X = VX,Xt = Xie1+ Xinex + Xize3,
X =V, X5 = Xsner + Xsner + Xszes,
Xs;s = vX’SXS == Xsslel + XSSQeZ + Xss3e3-

Since ¢ parameter curves are geodesics, we have X;.;, = 0, that is,
thl = Xtt2 = Xtt3 =0.

From the equalities

X
Xt = X5 = ( 8;1 +3(X2 X3 +Xt3Xs2))el
0X 0X
+ (TSZ —3(XnXga+ Xt3Xs1)>eZ + ( 8;3 + 3 (XX — thXsl))%,
0X 0X 0X
Xsis = ( - +Xs2Xs3>el +( 52 Xs1X53>eZ+ 53 63
as as as

we have

X1 = %[cos a(s) 4+ h' (s)cos(t —a(s)) +h'(s) cosa(s)
+ h(s)a'(s) sin(t — ar(s)) — h(s)a'(s) sina(s) + h(s) sin(z — a(s))(g(s)
+h(s)(—sint +h'(s)(t —sint) + 2h(s)e'(s) sin* /2))],
X0 = %[— sino(s)+h'(s) sin(t —a(s)) —h'(s) sina(s) —h(s)a’(s) cos(t —a(s))
— h(s)a'(s) cosa(s) + h(s) cos(t —a(s))(—g(s)
+h(s)(sint — 1’ (s)(t — sint) — 2h(s)a’(s) sin* /2))],
X3 = 2h(s)[—cost —h'(s)(cost — 1) + h(s)a'(s) sint],
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X1 =0/ (s) cosa(s) —2h'(s)a’ (s) cos(t — a(s)) +2h'(s)o’(s) cos a(s)
— h(s)a(s)? sin(t — ae(s)) — h(s)e!'(s)* sina(s)
+ (—cos a(s) +cos(t — a(s)) — h'(s) cos ar(s)
+ h(s) sin(r — ae(s)) + o' (s) sina(s))
x (—g(s)+h(s)(sint +1'(s)(sint — 1) — 2h(s)a'(5) sin* 1 /2))
+h"(s)sin(t — a(s)) +h"(s) sina(s)
—h(s)a"(s) cos(t —a(s)) +h(s)a” (s) cos a(s),

X0 = —a/(s) sina(s) — 2h'(s)a’(s) sin(t — e (s)) — 2k (s)a’ (s) sin e (ss)
+ h(s)a' (s)* cos(t — a(s)) — h(s)a'(s)? cos a(s)
+ (sina(s) 4+ ' (s)(sin(z — a(s)) + sina(s))
+2h(s)a'(s) sin /2 sin(t /2 — a(s)))
x (—g(s)+h(s)(sint+h'(s)(sint —1) —2h(s)a' (s) sin* £ /2))
—h"(s)cos(t —a(s)) +h"(s) cosa(s)
—h(s)a"(s) sin(t — a(s)) — h(s)a” (s) sina(s),

X3 =g'(s) +h'(s)*(t —sint) — I'(s)(sint — 4h(s)e/'(s) sin® £ /2)
+ h(s)(h" (s)(t —sint) — h(s)a" (s)(cos 1 — 1)).

Mean curvature. We give a condition for the ruled surface X to be minimal in terms

of the parametrization X. Let E, F, G and [, m, n, respectively, be the coefficients

of the first and second fundamental forms of the surface ¥ whose parametrization

satisfies (1). Then the mean curvature of X in a neighborhood of p is given by
_1 Gl—2Fm+En _1 <Xtv Xt><Xs;Sa Xs XXI) _2(Xs’ Xt><Xs;ta Xs X Xt)
2 EG-F* < ? X5 x X, |2

Since

Xs X Xt = (X2 X3 — X3 Xn)er + (X3 X111 — Xs1 Xi3)er + (X1 X2 — X2 Xr1)e3,
X is a parametrization of a minimal surface if and only if
(2) H:=(X;, X;)(Xysr Xg X X1) = 2(Xg, X)) (Xr, Xy ¥ X;)
= (X X2)((Xe2Xi3 = X3 Xi2) X1 + (X3 X0t = X1 X3) X2
l + (X1 X2 — X2 X11) X53)
- 2(2 Xsan') (X2 X153 — X53X12) X511
l + (X3X01 — X1 Xi3) Xsr2 + (X1 X2 — X2 X11) X13)
=0.
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Ruled minimal surfaces in Nil*>. Now we will find all ruled minimal surfaces in
Nil.
Lemma 2.1. If the surface whose parametrization X satisfies (1) is minimal, then

h(s) =0 foralls.

Proof. Considering the parametrizations X (s, 1) := X (s — o, #) if necessary, we
need only to prove #(0) = 0. By rotating the surface in Nil® if necessary, we
may assume that «(0) = 0. Since we have explicit formulae for all X;, X;, X;.s,
X1, X1.1, we can compute H directly. In particular, since X is minimal, we have
H(0,t) =0 for all z. Since «(0) =0, H(0, ) becomes
H(0,1) = Ag+ At + At + Ast®
+Bgcost + Bitcost + th2 cost + B3 cos 2t + Byt cos 2t + Bs cos 3t
+Cosint + Cytsint + C2t2 sint + C3 sin 2t 4+ Cyt sin 2t + Cs sin 3¢
where the constants A;, B;, C; are functions of /(0), 4'(0), A" (0), «’(0), «” (0) and
£(0), ¢'(0). In the following computation, we are to use only the following terms:
Az = h(0)’1 (0)’,
By = —3h(0)h' (0)> — h(0)*h'(0)*> — 3h(0)' (0)* — h(0)*K'(0)*
—2h(0)*g ()1’ (0)a'(0) — 6 (0)h(0) k' (0)a'(0) — 3(0)* ' (0’ (0)
— 91 (0)h(0)>a’ (0)> — 6K (0)" ' (0)a’ (0)> — A (0)*h” (0) — h(0)*h" (0),
Bs = %(311(0)40/(0) +3h(0)°¢(0) 4+ 61 (0)* 1’ (0)a’ (0) + 61 (0)°A’ (0)a (0)
+3h(0)*h(0)*’(0) 4 31 (0)*c’ (0)1(0)° — h(0)°’(0) — h(0)*a (0)?),
1(h(0)’ +h(0)> +3h(0)°1' (0) + 3h(0)°h’(0) + 31(0)° K’ (0)*
+31(0)° k' (0)* + 1(0)*h'(0)* + 1 (0)° K’ (0)* — 3h(0)°a’ (0)*
—3h(0)"a’(0)* — 3h(0)° 1’ (0)e' (0)* — 31" (0)1(0) o' (0)?).

Cs

Since H (0, r) =0 for all ¢ and since the above expression is a linear combination
of linearly independent functions of #, all of A;, B;, C; must be 0. Since A3 =
h(0)°h’(0)> = 0, we have either #(0) = 0 or 4'(0) = 0. Now suppose h(0) # 0.
Then #’(0) = 0 and By becomes

B; = —h"(0)h(0)* — K" (0)h(0)> = —h" (0)h(0)*(h(0)*> 4+ 1) = 0.
Hence we have 4”(0) = 0 and in addition

4Bs5 = —a/(0)°1(0)® — &’ (0)*h(0)° + 3" (0)h (0)° + 3 (0)h (0)* = 0,
4Cs = —3a/(0°h(0) — 3¢ (0)°h(0)° + h(0)° + 1 (0)* = 0.
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Then, since 3B5 — h(0)a’' (0)Cs = 20’ (0)h(0)*(h(0)> + 1) = 0, we have «/(0) =0
and Cs becomes 4Cs = h(0)3(h(0)?> + 1) = 0. This contradicts the assumption
h(0) # 0. Hence we must have h(0) = 0 if X is a parametrization of a minimal
surface. O

If p is a point in a ruled surface ¥ at which T, X is transversal to the fiber
and the direction of the ruling is not perpendicular to the fibers, then X has the
parametrization of the type given in (1) in a neighborhood of p. If, in addition,
¥ is minimal then the above lemma implies that the direction of the ruling at p
is parallel to the fibers. This contradicts the fact that 7, is transversal to the
fibers. Therefore we can conclude that in a ruled minimal surface ¥ the directions
of the rulings are horizontal, that is, perpendicular to the fibers wherever T, % is
transversal to the fibers.

Now we consider the minimal surfaces which are ruled by horizontal geodesics.

Lemma 2.2. If ¥ is a minimal surface in Nil* ruled by geodesics perpendicular
to the fibers, then up to the isometries in Nil>, ¥ is a part of the horizontal plane
z = 0, the vertical plane y = 0, a helicoid tan(Az) = y/x, A # 0 or a hyperbolic
paraboloid 7 = —xy /2.

Proof. One can see that the surface X has a local parametrization Y (s, r) satisfying
Y;(s,0) =cos B(s)(—sina(s)e| + cosa(s)er) + sin S(s)es,
3) Y,(s,0) =cosa(s)e; +sina(s)es,
Vy, Y, =0.

If we set
Yo(s,1) =Ys1(s,1)e1 + Yo (s, 1)ex + Y3(s, t)es,

Yi(s,t) =Y (s, t)er + Yia(s, t)er + Yi3(s, t)es,
by solving the equation Vy,Y; = 0 with the initial condition
Y:(s,0) = cosa(s)e; +sinw(s)es,
we have
Yii(s,t) =cosa(s), Yi(s,t)=sina(s), Y;(s,t)=0.

Moreover, from Vy, Y, = Vy,Y;, we can see that Y; satisfies the equations

Y51 _ Y _ :

5 = 95 = o' (s)sina(s),
aYS2 _ aYtz _ /

T T (s) cosa(s),
8Y53 _ ath;

5 3 + (Ys1Yi2 — Y2 Yi1) =sina(s) Yy —cosa(s) Y
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with the initial condition

Ys1(s,0)=—cos B(s) sina(s), Yso(s,0)=cos B(s)cosa(s), Ys3(s,0)=sinB(s).
By solving this system of equations, we get

Ys1(s, 1) = —cos B(s) sina(s) — to’ (s) sina(s),
Yo (s, 1) = cos B(s) cosa(s) +ta'(s) cosa(s),
Yi3(s, 1) =sin B(s) —t cos B(s) — 317/ (s).

By direct computations, we can see that the minimal surface (2) can be written as
B/(5) +1(e (5)B(s) cos B(s) — o' (s) sin B (s))
2
+ %(o/(s)ﬂ’(s) sin B(s) + o (s) cos B(s)) = 0.

Therefore we have 8'(s) = 0 and a”(s) = 0, that is, 8(s) = b and a(s) = as +c¢
for some constants a, b, c.
When a # 0, relocating the surface ¥ by an isometry in Nil®, we may assume that

w(s)=as and Y(O,O):(COSb 0,0).

9
a
Then, since

b, _0
81’ 3_8Za

=<

0
92—5-{—

N =

o _ 0 D
I~ ox 9z’
we have
Y,(s,0) = —cosbsin(as) e; + cos b cos(as) ey + sinb e
= —cosb sin(as)i + cos b cos(as) o
ox ay
. y . X 0
+ (smb + = cosbsin(as) + = cosb cos(as)) —
2 2 9z

Y:(s, t) = cos(as) e; + sin(as) e,

= cos(as)% + sin(as)% + (—% cos(as) + % sin(as))a%.

Integrating the components of Y (s, 0) with initial data ¥ (0, 0) = ((cosb)/a, 0, 0),
we have

Y(s,0) = (al cos b cos(as), al cos bsin(as), m%(l + cos(2b) + 4a sin b)).
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Then integrating the components of Y;(s, t) with initial data Y (s, 0), we have
Y(s,1) = (t cos(as) + % cos b cos(as),

t sin(as) + % cos b sin(as), %(1 + cos(2b) + 4a sin b)).
Noting that
Y(s. 1) = (r c03(as), 5in(as), 7 (1 +cos(2b) +4sin b)),

we can see that Y is a parametrization of either the helicoid

y 442
tanlz == where A = -
X 1 4+ cos(2b) +4asinb

if 1 +cos(2b) +4asinb # 0, or the plane z =0 if 1 4 cos(2b) +4a sinb = 0.
When a = 0 and cos b # 0, we may assume up to isometries that «(s) = 0 and
Y (0, 0) = (—tan b, 0, 0). Then

Y(s,0) =cosbe;+sinbes =cosbi + sinb—l—fcosb i,
ay 2 0z

0 y o
Yi(s, 1) = ey =£—58—Z,

and a similar computation as above gives
Y(s,1) = (t —tanb, s cos b, —%st cosb+ %s sinb),
which is a parametrization of the hyperbolic paraboloid z = —xy/2. Whena =0

and cos b = 0, we have

9 _yao

ox 20z
and Y (s, t) is a parametrization of the xz-plane if we set Y (0, 0) =(0,0,0). U

Yi(5,0) =e3, Yi(s,1)=e =

Theorem 2.3. If ¥ is a minimal surface in Nil® ruled by geodesics, then up to the
isometries in Nil®, ¥ is a part of the horizontal plane z = 0, the vertical plane y =0,
a helicoid tan(Az) = y/x, A # 0 or a hyperbolic paraboloid 7 = —xy /2.

Proof. 1f there is a point p € ¥ at which T}, X is transversal to the fibers, then X
is transversal to the fibers in a neighborhood of p. Therefore, from the argument
following Lemma 2.1, the ruling geodesics through any points in the neighborhood
must be horizontal. Then by Lemma 2.2 the neighborhood coincides with a part
of the helicoids, the hyperbolic paraboloid or the xy-plane up to the isometries in
Nil®. Now since the tangent spaces at every point of these surfaces are transversal
to fibers, the whole X must be a part of one of these surfaces.
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On the other hand, if the tangent space T, X is tangent to the fibers at every
point p € %, then e3 is tangent to . Relocating ¥ by an isometry of Nil®, we may
assume that (0, 0, 0) € ¥ and that ¥ is tangent to the plane y =0 at (0, 0, 0). So
Y is ruled by the fibers and has a ruled parametrization X (s, ) = (x(s), y(s), t)
satisfying x(0) = y(0) =0, y'(0) = 0 and x'(0) = 1. The mean curvature of this
parametrized surface can be easily computed to be

x"(s)y"(s) = x'(s)y" (s)
(<(5)7 + Y ()22

Solving the equation x”(s)y’(s) — x"(s)y”(s) = 0 with the above initial conditions,
we have y(s) = 0, which implies that X is a part of the vertical plane y =0. [

We remark that the mean curvature formula of the cylinder over curves in the
xy-plane is given in p. 22 of [Inoguchi et al. 2000], and that characterizations of
these cylinders in terms of the harmonicity of the tangential Gauss maps are given
in [Sanini 1997].

By the above theorem, we know that the ruled minimal surfaces in Nil® are
congruent to the surfaces given in the theorem, which are all ruled by horizontal
geodesics. In fact, the vertical plane y = 0 is also ruled by vertical geodesics, that is,
fibers, and this is the only doubly ruled surface among the surfaces in Theorem 2.3.
Noting that isometries in Nil® always move fibers to fibers, we can see that the
ruled minimal surfaces in Nil® always have horizontal ruling geodesics.

Ruled minimal surfaces as limits of helicoids. Consider the (generic) helicoids
H, :y—xtan(Az) =0

and the point p, (7;, 0, 0) on the x-axis, where r; = +/2/A. The isometry which
sends x-axis to itself and sends the origin to p; is given by the left translation by
(r3, 0, 0), that is,

.y, 2) = (12,0, 0) % (x, y, 2) = <X+Vx,y,Z+%y).

If we pull back H, via this isometry, then p, is moved to the origin and the equation
of the pullback of H, becomes

y— (x-l—r;)tan(kz-i— —Vzm ) —0.

Now let u = 1/r; = </A/2. Then the above equation can be written as

__y 71( ny )
z 2,u+2u2tan sy
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Using the Taylor expansion of tan~!(x), we see that this is equivalent to

z=—%+0(u)

in a fixed-size box around the origin when w is sufficiently small. This function
converges uniformly to z = —xy/2 as pu goes to 0, which shows that the pointed he-
licoids (H,, p;) converge (in the Hausdorff sense) to the exceptional ruled minimal
surface z +xy/2 =0:

(H;, pp) = {z+xy/2=0} as A — 0+.
On the other hand, one can easily check that

(H,, 0) — horizontal plane as A — oo,

(H,, 0) — vertical plane as L — 0.

Therefore all ruled minimal surfaces in Nil® are either helicoids or limits of se-
quences of them.

Straight line geodesics. We characterize the geodesics that are straight lines in the
Euclidean sense and give another proof of the result in [Bekkar and Sari 1992]
mentioned in Section 1.

Proposition 2.4. Let y(t) = (x(¢), y(t), z(t)) be a geodesic in Nil>.

(1) If y'(0) is perpendicular to the fiber, then y (t) is a straight line everywhere
perpendicular to the fibers.

(2) If y'(0) is parallel to the fiber, then y (t) is a straight line everywhere parallel
to the fibers.

Proof. The following equation of geodesics is given in [Inoguchi et al. 1999], but
we derive it here again for self-completeness. Note first that

/_ /i /i /i_ / / / 170 l
y—xax+yay+zaz—xe1+yez+(z + 3"y —xy))es.

Then we have
Vyy' =x"er+y'er+ (2 + 1"y — xy'))/e3
+x'Vye1+yVyer+ (2 +1(x'y —xy))V, €3
=" +y @+ 3y —xyN)er+ (' —x' @ + 5"y —xy)))es
+(Z+ 1y —xy)) es.

Hence y(t) = (x(¢), y(¢), z(t)) is a geodesic if and only if
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x// + y/(z/ + %(x/y _ xy/)) — O,
(4) y' =X (43" y —xy")) =0,
(Z+ 1y —xy)) =o0.

Note that the straight line (a, b, ct 4+ d) parallel to the fiber is a geodesic. Now,
suppose (¥'(0), e3) = 0. Then, since (y'(0), e3) = (z/ + %(x/y — xy/))(O) =0 and
since 7'+ % (x’y—xy’) is a constant function, from the geodesic equation (4) or by the
so-called conservation lemma [O’Neill 1983, p. 152], we have 7’ + %(x’y —xy)=0
for all ¢. Moreover, the geodesic equation (4) gives x”(t) = y”(¢t) = 0, that is, x ()
and y(¢) are linear functions of ¢ and consequently from the geodesic equation (4)
again, we have

2(t) = =3 (' (0)y(0) — x(0)y' (0)t + ¢

for a constant c. Now it is easy to see that y (¢) is perpendicular to the fibers every-
where.

If 1/ (0) is parallel to the fiber, then the fiber through y (0) is an image of a geo-
desic, and from the uniqueness of the geodesic, we have y () = (x(0), y(0), at +b)
for constants a, b which is parallel to the fiber everywhere. U

Proposition 2.5. Suppose the straight line 5(t) = (a1t + by, axt + by, azt + b3) is
a geodesic in Nil>. Then 8'(0) = (a1, a», a3) is either perpendicular or parallel to
the fiber. Moreover, if 8'(0) is perpendicular to the fiber, then §(t) is perpendicular
to the fiber everywhere and if §'(0) is parallel to the fiber, then 5(t) is parallel to
the fiber everywhere.

Proof. In the proof of the above Proposition 2.4, one can see that in order for the
straight line §(¢) to be a geodesic, it should be that a3 = —%(albz —azby). The
claims follow easily from this fact. U

Now we can also say that every ruled minimal surface in Nil® is ruled by geodesics
which are also straight lines. We remark that it was shown in [Bekkar and Sari
1992] that if the surface is ruled by geodesics that are also straight lines then the
surface must be a part of the planes, helicoids or hyperbolic paraboloids. However,
in view of Theorem 2.3, we can see that the “straight line” condition is redundant.
On the other hand, one may get Theorem 2.3 by applying the aforementioned result
together with Lemma 2.1 and Proposition 2.4.

3. Another characterization of ruled minimal surfaces in Hj

We consider surfaces in H3 whose mean curvature is zero with respect to both
metrics g and g; and show that they must be one of (a part of) the above mentioned
surfaces, that is, planes, helicoids and hyperbolic paraboloids.
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A Lorentzian connection. Let us consider the left-invariant Lorentzian metric
2
8. = dx*+dy* — (dz + %(y dx —x dy))

on Hs and let (-, -) be the Lorentzian inner product. Let e}, e; and e3 be the same
as the ones given in Section 2. It is easy to show that they are orthonormal with
respect to the Lorentzian metric g, as well, that is, (e;, e;) =01if i # j and

(e1,e1) = (e, e2) =1, (e3,e3)=—1.
Let D be the Levi-Civita connection for the metric g, .
Proposition 3.1. We have Die; =0 fori =1,2,3, and
D, ex =—D,,e| = %e3, D, e3 =D, e = %6’2, De,e3 = Dger = —%el.
Proof. It is known that the Koszul formula

2UVY W, X) = V(W, X)+ W(X, V) — X(V, W)
—(V, [W, X]) +(W,[X, V]) + (X, [V, W])

holds; see, for instance, [O’Neill 1983]. Since [e;, e2] = e3, [e2, e3] = [e3, 1] =0,
one has (D, ez, e1) =0, (Dg ez, e2) =0, 2(D,, e, e3) = (e3, [e], e2]) = (e3, €3) =
—1 and D, ex = %e3. Since

(De,e3,e1)=0, (D e3,e3)=0, 2(D,e3,e)=/{es,[e2,e1])=(e3, —e3)=1,
one has D, e3 = %82. One can check the others in the same manner. O
Lorentzian exterior product. For tangent vectors

vV=aje; +ares +azez, w=D>bje| + bre,+ bzes
in Nil?, the Lorentzian exterior product v x; w is computed as

e; e —e3
vXpw=|a; a a3| = (axbz —azby)e; + (azby —a1bsz)es + (a2b1 —a1by)es,
by by b3

which is orthogonal to both v and w. One can easily see that v x; w = 0 if and
only if v and w are linearly dependent.

Zero mean curvature equation. Let X be a graph of a function z = f(x, y) in Hj
and consider the parametrization r(x, y) = (x, y, f(x,y)) of X. Set

— Y —f _2
p_fX+2’ q f’ 2
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If ¥ is minimal, that is, the mean curvature is zero in Nil3, the function f satisfies
the minimal surface equation

(14+¢°) fox = 2Pqfry + (1 + p?) fry = 0.

For the derivation of this equation, see for example [Inoguchi et al. 2000].

In this section, we will derive an equation for the mean curvature of the graph
X to be zero with respect to the Lorentzian metric g, . First, let us recall some
definitions. A point z € X is called spacelike if the induced metric on 7, % is
Riemannian, timelike if the induced metric is Lorentzian and lightlike if the induced
metric has rank 1. We will derive the equation when X is spacelike, that is, every
point of X is a spacelike point. The case when ¥ is timelike is almost identical.
Note that when z € ¥ is lightlike, one cannot define the mean curvature.

Now let ¥ be a spacelike graph of a function z = f(x,y). Note first that
p? 4+ q* < 1 since the graph is spacelike. We now compute the first fundamental
form I and the second fundamental form II of . Since

re = (1,0, fi) = e + pes, ry=(071,fy)=32+qe3

and
(re,rx) =1-p?,
(re,ry) =—pq,
(ry.ry) =1-¢°,
one has
E=(rer)=1-p
F=(rc,ry)=—-pq,
G=(ry,ry)=1 —q%
Since ry X1 ry = —pe| — ge; — e3, the unit normal vector field n to the graph is

1
n=;(-per—qer—e). W=vl- (P*+4%).

Since the directional derivatives of p and g, e;(p) and e;(g), are computed as

e =55~ 372) (5 +3) =
o= ()2
ex(p) = (%+§8%)<fx+%) = foy+ 1,
ex(q) = (% + %a%) (fy _ %) .
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one has
Dy 1y = D¢, 4pey (€1 + pe3) = per + fire3,
p q
Dryrx = _Eel + 592 + fxye3a
Dryry =—qe; + fyye3-

Then one has the following coefficients of the second fundamental form II:
1
= <Drxrx’ n)= W(_pq + fix),

1 2 2
m=<Dryrx,n>=W(%_%+fxy>,

1
n= <Dryry, n)= W(Pq + fyy)-
Now the mean curvature H of the spacelike graph X is computed as

 IG —2mF +nE

H =
2 EG-F?

Then, since
IG—-2mF +nE

)
=%[(—pq+fxx)(l—q2)+(p 2‘1 +fxy>pq+(pq+fyy)(l—p2)]

= =07 fex+2pafes + (1 = P ]

one can see that the mean curvature of the graph z = f(x, y) of a function f(x, y)
is zero if and only if

(1 _q2)fxx +2PCIfxy + (1 - p2)fyy =0.

When the graph ¥ is timelike, one has the same equation.

Zero mean curvature surface.

Theorem 3.2. Let ¥ be a surface in Hi. If the mean curvature of X is zero with
respect to both metrics g and g, , then up to the isometries in Nil®, = is contained
in one of these surfaces:

e the horizontal plane z = 0;

o the vertical plane y = 0;

e a helicoid tan(Az) = y/x, A # 0;

e a hyperbolic paraboloid z = —xy /2.
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Proof. Suppose first that 3 has a point around which it can be represented as
a graph of a function of (x,y), say, z = f(x,y). Consider the vector field
X = —qe; + pe;. Since X = —qe| + pe; = —qr, + pr,, it is tangent to X.
Since the vector N = r, X ry = —pej| — ge — ej3 is orthogonal to ¥ and since
N x e3 = —qe; + pes = X, X is orthogonal to both N and e3. Then one has

VxX = (Q(fxy - %) - pfyy)el + (p(fxy + %) - Qfxx)ez-

Now, since the mean curvature of ¥ C Hj3 is zero with respect to both g and g, ,
one has

(5) (1467 fex —2pqfey + (L + p?) fry =0,
(6) (1= g% fex +2pqfey + (1 = p?) fyy = 0.

Subtracting the two equations, one has

7 4 fox —2Pqfry + P fry =0

and then one has finally by (7),

X X VxX = (—qei + per) x [(‘I(fxy - %) - pfyy)el + (p(fxy + %) - Qfxx)ez]
= (¢ frx = 2Pqfry + P fry)e3 =0.

Now, since X and Vx X have the same direction, the integral curve of X passing
through a point in X is a geodesic, and since X is orthogonal to e3, the geodesic is
orthogonal to the fiber. Hence the surface X is a horizontally ruled minimal surface
in Nil°.

If the surface ¥ has no point around which ¥ is represented as the graph
of f(x,y), then it is a vertical cylinder over a curve in the xy-plane and has a
parametrization

X (s, 1) = (x(s), y(s), 1),

with x(0) = y(0) = 0. By repeating the arguments in Theorem 2.3, one can show
that the surface is isometric to the vertical plane y = 0. Now this completes the
proof. ]

Remark. If we add (5) and (6), we have fy, + f,, =0, that is, if a graph of a
function z = f(x, y) in Hs satisfies the condition of Theorem 3.2, f must be a
harmonic function. This fact is true for the three-dimensional Lorentzian space I3
and is the motivation of [Kim et al. 2009b]. We think it is a nontrivial fact and
would like to find applications of this fact in future study.
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