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GEOGRAPHY OF SIMPLY CONNECTED NONSPIN
SYMPLECTIC 4-MANIFOLDS WITH POSITIVE SIGNATURE

ANAR AKHMEDOV, MARK C. HUGHES AND B. DOUG PARK

We construct new families of closed simply connected nonspin irreducible
symplectic 4-manifolds with positive signature that are interesting with re-
spect to the geography problem.

1. Introduction

Given a closed smooth 4-manifold M, let e(M) and o (M) denote the Euler charac-
teristic and the signature of M, respectively. We define
M M
xn (M) = % and  cA(M) = 2e(M) + 30 (M).
Note that e(M) and o (M) are in turn completely determined by x, (M) and cf (M),
that is,

e(M)=12y,(M) —c3(M) and o(M)=c}(M)—S8xy(M).

When M is a complex surface, x, (M) is the holomorphic Euler characteristic of M
while c% (M) is the square of the first Chern class of M. The classical “geography
problem” in algebraic geometry, originally posed by Persson [1981], asks which
ordered pairs of positive integers can be realized as the pair (x, (M), cf (M)) for
some minimal complex surface M of general type. The related “botany problem”,
which is a lot more difficult, asks for the classification of all minimal complex
surfaces with a given pair of invariants (), clz).

The symplectic geography problem, first posed in [McCarthy and Wolfson
1994], asks which ordered pairs of integers can be realized as (x, (M), c%(M )) for
some minimal symplectic 4-manifold M. There has been steady progress on the
symplectic geography problem in recent years and the problem has been completely
solved for simply connected minimal symplectic 4-manifolds with negative signature
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(cf. [Akhmedov et al. 2010a; Akhmedov and Park 2010a; Park and Szabd 2000]).
The symplectic botany problem, that is, the classification problem for minimal
symplectic 4-manifolds with a given pair of invariants (x, c%), seems to be an
intractable problem at the moment. However, we now know that most ordered
pairs are realized by infinitely many pairwise nondiffeomorphic simply connected
minimal symplectic 4-manifolds; see [Gompf and Stipsicz 1999].

In this paper, we will focus our attention on the symplectic geography problem
for simply connected minimal symplectic 4-manifolds with nonnegative signature.
Unlike the negative signature case, the existing literature [Akhmedov and Park 2008;
2010b; Akhmedov et al. 2010b; Li and Stipsicz 2002; Niepel 2005; Park 2002;
2003; Stipsicz 1998; 1999] is far from capturing all possible (xy, c%) coordinates,
even if we allow nontrivial fundamental groups. The main goal of this paper
is to summarize the current state of our knowledge when the simply connected
symplectic 4-manifolds are required to be nonspin, or equivalently, are required
to have odd intersection form. By Freedman’s classification theorem [1982] for
simply connected topological 4-manifolds, our problem is then equivalent to finding
a minimal symplectic 4-manifold M with signature o that is homeomorphic to
kCP? # (k — o)CIP?, where k is any odd positive integer and o is any integer
satisfying 0 < o < k. Here, CP? is the complex projective plane, CP? is the
underlying smooth 4-manifold CP? equipped with the opposite orientation, and
kCP? # (k — o )CP? is the connected sum of k copies of CP2and k —o copies of
CP2. Note that a simply connected symplectic 4-manifold M has odd b;“ (M), and
hence our integer k must be odd.

A closed 4-manifold with signature o corresponds to a point (), c%) on the line
c% = 8, + o. For technical reasons, it will be convenient to fix the signature and
deal with each of these lines separately. It is now well-known (see [Akhmedov and
Park 2008; Park 2003]) that for each signature o > 0, there exists a constant A(o)
depending only on o such that any point (), c%) on the line c% =8+ o satisfying
Xn > M(o) is realized by at least one simply connected nonspin minimal symplectic
4-manifold and infinitely many simply connected nonspin irreducible nonsymplectic
4-manifolds (Definition 13 in Section 6). In other words, kCP? # (k — o)CP? is
homeomorphic to at least one minimal symplectic 4-manifold and infinitely many
pairwise nondiffeomorphic irreducible nonsymplectic 4-manifolds, provided that £
is odd and k > 2A.(0) —1 for some constant A (o) that depends only on the signature o.

The main result of this paper is the explicit formulation of the smallest values of
A(o) that are currently known to the authors. In [Akhmedov and Park 2008], small
A(o) values are given when 0 < o < 4, and these values are listed in Table 1. In
this paper, we will concentrate on the cases when o > 5 (see Table 2 in Section 6).
For example, when 0 < o < 100, we realize more than 20,000 new (x,, c%) points
that were not covered by the results in [Akhmedov and Park 2008; Park 2003].
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log 0 1 2 3 4
AMo)< | 25 | 25 | 24 | 27 | 26

Table 1. Results from [Akhmedov and Park 2008].

If a 4-manifold M is simply connected, then 2y, (M) — 1 = b;(M) > o(M).
Thus we obtain an a priori lower bound yj > [(oc + 1)/2], where

[x]=min{k € Z | k > x}

is the ceiling function. It is tempting to conjecture that our a posteriori lower bound
for x5 can eventually be improved down to A(o) = [(o + 1)/2], which will result
in the complete solution of the geography problem for simply connected nonspin
minimal symplectic 4-manifolds.

Our paper is organized as follows. In Section 2, we present a branched covering
construction of Lefschetz fibrations with positive signature, which is a generalization
of Stipsicz’s constructions [1998; 1999]. In Section 3, we show how to glue together
semifree cyclic group actions on closed 2-manifolds, and then we use these actions to
construct new examples of Lefschetz fibrations with positive signature. In Section 4,
we show how to obtain simply connected 4-manifolds from nonsimply connected
Lefschetz fibrations by performing generalized fiber sums with certain 4-manifolds
that were constructed in [Akhmedov and Park 2010a]. In Section 5, we implement
the strategies from previous sections to construct new families of simply connected
irreducible 4-manifolds with positive signature. In Section 6, we compute the lower
bounds A (o) for many small values of o.

2. Branched covering construction

Let X, be a closed 2-dimensional manifold of genus g > 0. Let ¢ : ¥, — X, be an
orientation-preserving self-diffeomorphism of X, with ¢ fixed points {y, ..., y;}.
Assume that
(P =go---0f =id,
2
p

for some positive integer p > 2, and that ¢ generates a semifree Z/p action on
Y. If ¢t Hi(Xg; Z) — Hi(Xg; Z) is the induced homomorphism on the first
homology group, then we also assume that

(1) P L Fid =0

on Hi(Xg; Z), which is equivalent to 1 not being an eigenvalue of ¢,. See Exam-
ples 3 and 5 below for some concrete examples of ¢.
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We will consider X, x X, as a symplectic 4-manifold equipped with a product
symplectic form @ = priw + prjw, where  is a symplectic volume form on X,
and pr; : X X Xg — X, (j =1, 2) is the projection map onto the j-th factor. For
eachi=1,...,p,let

T; = graph(¢') = {(x, ¢'(x)) | x € T} C T, x g

Note that I', is equal to the diagonal {(x, x) | x € X¢}. The graphs I'y, ..., T,
are symplectic submanifolds of X, x X, with respect to @ (see Lemma 2.1 in
[Akhmedov and Park 2008]), and the graphs intersect at g points

{Gjyp)lj=1,....q}

If we symplectically blow up ¥, x X, at these g intersection points, then the proper
transform B of the union 'y U---UT", consists of p disjoint genus g symplectic
submanifolds of (X, x X,) #q@z.

Let {yx |k =1,...,2g} be a basis for H|(Z,; Z) and let yt1e=1,...,2g}
be the dual basis under the intersection product so that y - y ¢ = (Sf. If we introduce
the notation

[A]=1[Zg x {py]+[{pt'} x X,
then the homology class of I'; is given by

2g

[T =1a1-) " v* x i,

k=1

Using (1), we can express the homology class of B as

q
[B]= p([A] - Z[E,-]),
j=1
where Ey, ..., E, are the exceptional spheres of the blowups. We also note that

q
c1((Zg x ) #4CP?) =PD ((2— 29)[A] - Z[E,-]),
j=1

where PD denotes the Poincaré duality isomorphism.

Since [B] is divisible by p, we may take the cyclic p-fold branched cover of
(B x Xy) #gCP? that is branched along B. We will denote this branched covering
by B: Xép,q — (g x X,) #qCP?. The total space Xg,,p,q inherits a symplectic
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structure from (I, x X,) #¢CP2, and we have
€1(XS ) = B (c1((Sy x E) #9TP?) — -2pDi5))
= pPD((3 2~ )AL+ (p~2) LIE;).
j=1
The characteristic numbers of Xé, p.q can be computed as follows.
e(X5 , ) = pe((Tg x To) #qCP%) — p(p — De(Ty)
=p(2-29)+q) —p(p—H2-2g)
= p(4g* +2gp — 10g —2p +q +6),

q 2
X5, = p(B =25 = PIAI+(p—2) Y1)
j=1
=p23-2g-p)?—q(p—2)%
= p(—p2q —|—8g2 4—2p2 +8gp +4pg —24g — 12p — 49 + 18),

G(Xgpc/)_ ( (Xg'pq)_ze(xg'pq))
=1p(—=p*q+2p°+4gp+4pq—4g—8p—6q+6),

1
Z(e(Xg pa) T G(Xg P q))
= L p(—p*qg +12g> +2p> + 10gp +4pq — 34g — 14p — 3q +24).

(X5 )

Lete:(Zgx X g)#q@2 — X, x X, be the blowdown map. Then the composition
of maps

2) Xgpq—>(z x D) #gCP? -5 B, x T, =5 %,

gives a fibration of X‘g, p.q Over X,. A regular fiber of this fibration is a cyclic
p-fold branched cover of X, that is branched over p points. Thus a regular fiber is
a closed surface of genus equal to

3) L(p*+2gp—3p+2).

The proper transform of each graph I'; (i =1, ..., p) gives rise to a section of (2)
whose image is a genus g surface S; in Xg, p.q With self-intersection equal to

(51 —(cl(xgpq> [5:1) — ()
=22+ (G -2¢~ PIAL+ (- 2>Z[E 1) 18]

=pqg—2¢g—2p—2¢g+4.
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Lemma 1. Let f : Xg,, p.q —> Zg denote the composition of maps in (2). Then f
is a relatively minimal Lefschetz fibration with pq critical points. Moreover, each
critical point of f corresponds to a nonseparating vanishing cycle.

Proof. Clearly the only singular fibers of f are {f‘l(yj) lj=1,...,q} We will
prove that each f~!(y;) contains exactly p Lefschetz critical points. To describe
each f~!(y ;) explicitly, we will view X é p.q as the minimal desingularization of
another branched cover that we will define below.

LetI'=TU---UTl,. Since [I'] = p[A] € Hy(X, x Zg; Z) is divisible by p,
we may take the cyclic p-fold branched cover of X, x X, that is branched along I'.
We will denote this branched covering by E: 5(\5, p.q — g X Xg. The total space
)/(\g,p,q has g singular points, {,/B\_l(yj, yij)|j=1,...,q}, each of which can be
locally modeled by

()] {(x,y,2) €C? | 2P =xP +yP).

In these local coordinates, the singular point ,/B\_l (yj, y;) corresponds to (0, 0, 0),
and a neighborhood of the singular point corresponds to the cyclic p-fold cover of
the (x, y)-plane that is branched over p complex lines that intersect transversely at
(0, 0).

Next let f: X gy p.q —> 2g denote the singular fibration given by the composition

B Pry
Xgpq—>2g><2g—>2g.

A regular fiber of fis again a closed surface of genus equal to (3). There are
exactly g singular fibers {f_l(yj) |j=1,...,q}. Foreach j=1,...,q, note that
]/‘\_1 )\ {E_l (¥, y;)} is a smooth and connected surface since it is the unbranched
cyclic p-fold cover of the once punctured surface ({y;} x X¢) \ {(y;, y;)} coming
from a surjective homomorphism

(&) 1 (({yj} X )\, y))) = Fag —> Z/p C Sp,

where F, is the free group with 2g generators and S, is the symmetric group on p
symbols. Since Z/p is abelian, (5) can be factored as the composition

1 (({yj} X )\ AW, y)D — m1(Eg) — £/ p.

Thus the cover £ '(y/) \ (B~ (vj, ¥))} = ({y;} x )\ (v}, ¥;)} can be viewed
as a restriction of the unbranched cyclic p-fold cover of the closed surface X,. In
other words, f 'y )\ {,8 Y(y;, i Vi)l can be embedded into the unbranched cychc
p-fold cover of X,. This implies that f o\ (B~ Yj, Vi )} is diffeomorphic to
a surface of genus gp — p + 1 having p punctures and f 'y ;) is a connected
surface that is smooth away from the point ﬂ Y(y; i»yj), which is a multiple point
of order p.
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Now recall from [Gompf and Stipsicz 1999; Némethi 1999] that Xé pg 1S
the minimal desingularization of X\g p.q- The standard algorithm for resolution
of singularities (see [Némethi 1999, Example 1.20(h)]) replaces each singular
point 3_1 (yj,yj) of Xg p.q having local model (4) with a closed surface of genus
%(p2 — 3p +2) and self-intersection — p. This surface is just ,B‘I(Ej), which is a
cyclic p-fold branched cover of the exceptional sphere E; branched over p points.
It follows that each singular fiber f~!(y ;) 1s the union of two closed surfaces that
intersect each other transversely at p distinct points. One of the surfaces is 8~ (E i)s
and the other is a genus gp Pt 1 surface of self-intersection — p, which is the
smooth completion of f Yy I\ ,B ~(y;, j»¥;j)}. The p transverse intersection points
between the two surfaces are exactly the p Lefschetz critical points of f that get
mapped to y;. Finally, comparing the sum of genera with (3), we observe that each
union of the two surfaces is obtained by replacing the annular neighborhoods of
p nonseparating circles in a regular fiber with p pairs of transversely intersecting
disks. This implies that all the vanishing cycles are nonseparating. (]

Remark 2. We can verify the number of critical points of f by computing the
difference

e(X¢

¢.p.q) — e(regular fiber) - e(base) = pgq.

We can split the singular fibers of f so that each new singular fiber contains only
one critical point (cf. [Harris and Morrison 1998; Takamura 2004]) but we do not
need to do so for our applications below.

Given a positive integer u, let n, : X — X, be a u-fold unbranched covering of
X, where k = u(g — 1) + 1. We pull back the branched covering

XE Do (T x T #4TP° -5 3, x %,

by the product map n,, X 1y, : Xk, X Tk, — Xg X X, where u; is a positive integer
and k; = u;(g — 1) + 1 for each i = 1, 2. The total space of this pullback is a
new symplectic 4-manifold X5 ¢.p.q (U1, u2), which is a p-fold branched cover of
2k, X X, and a ujus-fold unbranched cover of X5 ¢.p.q- The composition

pry
Jurur X5 g (U1, u2) —> gy X Ty —> Ty,

gives a new relatively minimal Lefschetz fibration, where X g, pg(L, 1) = Xé’ P
and fi1 = f. A regular fiber of f,, ,, is a uo-fold unbranched cover of the fiber of
f (or equivalently a p-fold branched cover of X, branched along u, p points) and
hence has genus equal to

1+%(p2+2gp—3p).
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A section of f gives rise to a section of f;, 4, whose image is a genus k; surface
of self-intersection equal to

ui(pqg—28—2p—2+4).
Since Xg,p,q (u1, up) is a uyuy-fold unbranched cover of Xg,p,q, we have

e(XZ:,p,q(”h u2)) =uiu -e(Xf;,p,q), U(Xé,,,,q(ul, Uz)) = uiu -U(Xg,p,q),

Xn (X5, g i un)) =uquy - xn (X5, . i (X5, (ur, un)) = wyuy - cf (X5, ).

Example 3. Recall from Section 2 of [Akhmedov and Park 2008] that there exists
a semifree Z/(g + 1) action on X, with 4 fixed points satisfying (1). Applying
the above machinery, we obtain a family of symplectic 4-manifolds X§, ,, =

x¢

g.g+1,4U1 U2), where g, u; and u, are positive integers, satisfying

e(X8 ) =2u1uz(g +1)(3g*> —5g +4),

o (X8 ) = 2uiua(g + D(g> +2g —6),
Xn(XE ) = tujua(g +1)(10g% — 13g +6),
H(XE ) =2uiua(g +1)(7g% — 8g +2).

For each triple of positive integers g, u1, u», there exists a relatively minimal
Lefschetz fibration f;, ., : X5, .., — Xk, such that the genus of a regular fiber is
equal to 1+ %uz(g 4+ 1)(3g — 2) and there is a section whose image is a surface of
genus k; = u1(g — 1) + 1 and self-intersection —2u.

Remark 4. The 4-manifolds X, X, (n) and X g (n?) in [Akhmedov and Park 2008]
are equal to X§ |, X% | and X3 ,, respectively.

3. Gluing self-diffeomorphisms of surfaces

In light of the machinery in Section 2, it will be desirable to find lots of semifree
Z/ p actions on closed surfaces. One way to produce such actions is to glue together
semifree Z/p actions on surfaces of low genera as we explain below.

Let v>2be aninteger. Foreachi=1, ..., v, leta; : Xy — X, be an orientation-
preserving self-diffeomorphism of a closed surface of genus g; with ¢; fixed points
{¥i,1» -+, Yig}- Assume that each «; generates a semifree Z/p action on X,. For
each j =1,...,¢;, let p; ; be the rotational number of «; at the fixed point y; ;
so that «; induces rotation by angle 2w p; ;/p in the tangent space at y; ;. The
rotational numbers are well-defined mod p and are relatively prime to p. They
satisfy (see [Nielsen 1937])

qi

S -1 =0 (mod p),
iz Pi, j
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where 1/p; ; denotes the multiplicative inverse of p; ; in (Z/p)*. We can reverse
the signs of p; 1, ..., pi 4 simultaneously by reversing the orientation of X, .

Now choose a single fixed point of ¢; for i = 1, v, and choose two fixed points
of o; fori =2, ..., v—1. Without loss of generality, we may choose yj 2, y,,1 and
yit, yip fori=2,...,v—1. We remove small Z/p-equivariant neighborhoods of
these chosen fixed points and then glue the boundary circle at y; » to the boundary
circle at y;41; fori = 1,...,v — 1. Such gluing of one-holed and two-holed
surfaces results in a closed surface of genus g =Y ", g;. If p; 2 = —pi41,1 for all
i=1,...,v—1, that is, the rotational numbers are negatives of each other at the
gluing points, then the restrictions of ¢;’s to the punctured surfaces can also be
glued together to form an orientation-preserving self-diffeomorphism ¢ : ¥, — X,
with ¢ fixed points, where

v
g=-2w-D+) g
i=1
We will say that ¢ is an equivariant sum of oy, ..., oy, and write = o1 #- - - # .
In case when o) = - - - = &y, we will write { = va for short.

Example 5. For each odd integer p > 3, there exists a semifree Z/p action on
X(p-1)2 as follows. Consider ¥(,_1),2 as the quotient of a regular 2p-gon by
identifying the opposite sides. The rotation of the 2 p-gon by angle 27/ p gives an
orientation-preserving self-diffeomorphism 7, : X(,_1)2 — X(,-1),2 with 3 fixed
points. The fixed points of 7, are the center of the 2p-gon and the 2 points coming
from the vertices. The center of the 2 p-gon has rotational number 1, and the other
2 fixed points both have rotational number —2.

We can find a basis of Hy(X(,-1)/2; Z) such that the induced homomorphism
(Tp)s : HI(Z(p—1)2: £) = Hi1(Z(p—1),2; £) is represented by the (p—1) x (p—1)
matrix

0 - 0]-1

—1
(©) ey

I,

-1
where [, is the identity (p —2) x (p — 2) matrix. It is easy to check that this
matrix satisfies (1).

For each positive integer v, let { = vt, be the equivariant sum of v copies
of 7,. (We glue along fixed points with rotational number —2, and we alternate
the orientations of the punctured X,_1)/2’s so that the rotational numbers are +2
and —2 at each gluing.) Then ¢ : Xy(p—1)/2 = Xuy(p—1)/2 generates a semifree
Z/p action on X,(,—1)/2 with v + 2 fixed points. The induced homomorphism
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Co t Hi(Zy(p—1)/2: £4) — H(Zy(p—1))2; £) satisfies (1) since it can be represented
by a block diagonal matrix each of whose blocks is conjugate to (6).

From the branched covering construction in Section 2, we obtain a family of
symplectic 4-manifolds W5, = X 58;_ 1)/2.p.via1, u2), where p > 3 is an odd
integer and v, u;, u; are positive integers, satisfying

(WP y = pujus[(v* +v) p? — 20> 4+ 3v+ 1) p + v> 4 6v + 8],

uy,uz

o (WP ) = {pujus(vp® —4v —6),

uy,uz

xn(WPY ) = & pujus[(3v* +4v) p* — 6(v* +3v+ D) p + 3v> + 14v + 18],

uy,uy

c%(Wp’” ) = puluz[(2v2 + 3v)p2 - 4(v2 +3v+1)p +2v% +8v + 10].

uy,uz

Moreover, for each quadruple of positive integers p, v, u1, up with odd p > 3,
we have a relatively minimal Lefschetz fibration f,, ,, : Wi\, — X4, such that
the genus of a regular fiber is equal to 1 + %puz[(v + 1) p — v — 3] and there is
a section whose image is a surface of genus k; = 1 4+ u[—1 4+ v(p — 1)/2] and
self-intersection —uv.

Note that ¢3 (W 5,) < 9xn(Wi,), with equality if and only if p =5 and v = 1.
If we view the quotient ¢3(W,5,)/xn (WE%,) as a function of p and v, then its
gradient vector is

24((1)3+31)2+v)p2 —(5v3+ 16v2—|—14v)p + 403 +18v2 4+ 22v —|—6)
- ((31}2—{—41))192—6(1)2—|—3v+1)p+3v2—|—141}—{—18)2
12((p? =4 (p—D** = 12(p—1D*v+2p* — 14p> +28p — 4)
- ((3112—1—41))])2—6(v2+3v+1)p—|—3v2+14v—|—18)2

When p > 7 and v > 1, both components of this gradient vector are negative and
hence c%(W,f]’ff,z) /xn(Wh',) is decreasing as p and v increase. We observe that
. U sU

limy_ oo C%(WIZ,Mz)/X/’l(WIf],uz) =38, and

. Wik, 12Qu+3)
p=00 yu (W) 3v+4

60
<_a
-7

where the rational function 12(2v + 3)/(3v +4) is decreasing for v > 1. Therefore
most W/, lie well below the Bogomolov—Miyaoka—Yau (BMY) line, ¢ = 9.

Remark 6. According to Section 4.5 of [Luo 2000], there is a unique Z/3 action
on X, with g + 2 fixed points. It follows that ij?uz is exactly equal to X 51’ 1, 1N
Example 3. More generally, for each odd integer p > 5, we conjecture that W,Z’%,z is
diffeomorphic to X}, L}z in Example 3. We also conjecture that the 4-manifolds Z,
Zg(n) and Z g (n?) in Section 3 of [Akhmedov and Park 2008] are diffeomorphic

26+1,1 1, 2g+1,1 2¢+1,1 . . .
to WlﬁJr , Wn’gﬁ and W,,f;,Jr , respectively. In particular, we conjecture that
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WIS”II, W: | and W1, lying on the BMY line ¢? = 9y, are diffeomorphic to

complex surfaces H = H(1), H(n) and H(n?) in [Chen 1991; Stipsicz 1998; 1999],
respectively.

4. Generalized fiber sums

Let X} denote a closed Riemann surface of genus b > 0. Suppose f : X — X is a
Lefschetz fibration with generic fiber F diffeomorphic to a closed Riemann surface
X, with genus a > 0. Assume that f is a relatively minimal Lefschetz fibration (i.e.,
no fiber contains a sphere of self-intersection —1) so that X is a minimal symplectic
4-manifold (Theorem 1.4 of [Stipsicz 2000]). Also assume that f has a section
whose image S in X has self-intersection d. From Theorem 10.2.18 in [Gompf and
Stipsicz 1999], X can be equipped with a symplectic structure such that both F
and S are symplectic submanifolds. From Proposition 8.1.9 in [Gompf and Stipsicz
1999], we have an exact sequence

(N 71(F) — m(X) L5 my(2p) — 1.

Let ¢ > 0 be an integer. By symplectically resolving the intersection points, we
can find a symplectic genus ra + b surface X C X representing the homology class
t[F]+ [S] € Hy(X; Z) with self-intersection 2¢ 4+ d. By taking ¢ large enough, we
can assume that 2t +d > 0. Let X=X# (21 4+ d)CP?, where each of the 2¢ + d
symplectic blowups take place at points on ¥ C X. The proper transform ScXis
a symplectic submanifold with genus fa + b and self-intersection 0. Note that we
have
e(X)=e(X)+2t+d,

c(X)=0(X)—2t—d.

Lemma7. Leti: %! < X \ vE be the inclusion map of a parallel copy of s into
the complement of a tubular neighborhood vE in X = X # (2t +d)CP2 Then we
have

n(X\vE) _

(8) —_—
(ix(Gri(ZN)))

where (1~'* (71 (i 1)) is the normal subgroup of m; ()N( \ vf]) generated by the image
L (ZN).

Proof Leti: Xl < X\ vE be the inclusion map of a parallel copy of ¥. From
exact sequence (7), we deduce that 7 (X) /(i (1 (2 1))y = 1. Since the blowups do
not effect the fundamental groups, we conclude that 71 (X)/ (i, (T )y =1.1f
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2t +d > 0, then any meridian ,u(E) of ¥ in T (X \ VE) bounds a disk that comes
from a punctured exceptional sphere. Hence (X \ vZ) = m(X ) and (8) follows
from our last conclusion.

If 2t +d =0, then X = X, ¥ = >, L > and i=i. Any meridian p(X) in
w1 (X \vX) is conjugate to a meridian of S. Since [F]-[S]=1, u(X) is in the normal
subgroup generated by the generators of 71 (F), which in turn lies in (i, (7 (Z1))).
This implies that 771 (X \ vX)/(ix (1 (1)) = 71 (X) /(i (1 (Z1))) = 1. O

For each pair of integers m > 1 and n > 2, let ¥,,(m) denote the irreducible
4-manifold constructed in Section 2 of [Akhmedov and Park 2010a] that has the
same cohomology ring as the connected sum (2n — 3)(S% x S$?). Recall that Y,,(m)
is obtained by performing 2n + 4 surgeries along Lagrangian tori in the product
4-manifold ¥y x X,. Thus Y, (m) contains a pair of submanifolds ¥, = 3> x {pt}
and X, = {pt'} x Z,, both of self-intersection 0. When m = 1, Y,,(1) is a minimal
symplectic 4-manifold. Moreover, X, and X, are symplectic submanifolds of ¥}, (1).
When n > 3, there exist 2n — 4 pairs of geometrically dual Lagrangian tori which,
together with ¥, and X,,, form a basis for H» (Y, (1); Z) = 7*4"—°

Theorem 8. Let f : X — X}, be a relatively minimal Lefschetz fibration as above
having at least one nonseparating vanishing cycle. Suppose that n =ta+b > 2. For
a suitable choice of the gluing diffeomorphism ¢ : 9 (v f)) — d(vVX,), the generalized
fiber sum

©) PY(X) = X #¢Y,(m) = (X \VE) Up(¥,(m) \vE,)
along Y and T, is simply connected, and satisfies

e(P (X)) =e(X)+d+ (8a+2)t+8b—8,
o(P'(X)=0(X)—2t—d,
Xn (P (X)) = xn(X) +2at +2b -2,
(P (X)) =i (X) —d + (16a — 2)t + 16b — 16,
by (PM(X)) = b3 (X) —b1(X) +4at +4b—4 >3,
by (P (X)) =b5 (X) —b1(X)+d + (4a+2)t +4b — 4.
If o (P)' (X)) is not divisible by 16 or if 2t +d > 0, then P)"(X) is nonspin and
the set {P)"(X) | m > 1} contains infinitely many homeomorphic but pairwise
nondiffeomorphic irreducible 4-manifolds. When m = 1, P}(X) is symplectic and

irreducible. If n =ta + b > 3, then Pn1 (X) contains disjoint symplectic tori Ty and
T, of self-intersection 0 satisfying m, (Pn1 X))\ (T UT)) =1
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Proof. Recall from [Akhmedov and Park 2010a] that e(Y,,(m)) = 4n — 4 and
o (Y, (m)) = 0 since torus surgeries change neither e nor o. Hence we have

e(PM"(X)) = e(X) +e(¥, (m)) — 2e(Z,)
=e(X)+2t+d+4n—4—202—2n)
=e(X)+2t+d+8n—38
=e(X)+2t+d—+8ta+8b—38,

o (PI'(X)) =0(X)+0(Yy(m) =0 (X) -2t —d.

The other characteristic numbers can be computed from the formulas y, = ‘l‘(e +0),
3 =2e+30,by =b;—1+%(e+0),and by =b; — 1+ 3(e—0).
To compute 71 (P," (X)), we first choose a standard presentation

l_[[Cj, d]] = 1>
j=1

From the presentation of m1(Y,(m)) in [Akhmedov and Park 2010a], we know
that 771 (Y,,(m))/{(z) = 1, where (z) is the normal subgroup generated by the image
z of any one of the four generators cy, di, ¢z, d» of w1(X,) under the inclusion
induced homomorphism 7y (%,) — 71 (Y, (m)). We also know that any meridian
of ¥, is conjugate to the image of [a;, b][az, b>] in m((Y,(m) \ v,), where a;,
b; (i =1, 2) are the images of standard generators of (X, x {pt}). All relations
of my(Y,(m)) listed in [Akhmedov and Park 2010a], except [a1, b][az, b2] = 1,
continue to hold in 7 (Y, (m) \ vX,) since these relations come from torus surgeries
that occur away from vX,. Since z = 1 still implies a; = b; =1 (i = 1,2) in
w1 (Y,(m)\ vX,), we deduce that (Y, (m) \ vX,)/(z) = 1.

When forming the generalized fiber sum P, (X), we choose the gluing diffeo-
morphism ¢ such that the induced homomorphism ¢, maps the element of (=1

7'[1(2”) Z(Cl,dl, ...,Cn,dn

represented by a nonseparating vanishing cycle of the Lefschetz fibration X to z,
viewed as an element of nl(Z,Ill). Thus z =1 in 71 (P)* (X)), which then implies
that the inclusion induced homomorphism

(10) 1 (Y (m) \vE,) — m1(P," (X))

is trivial. Note that the inclusion induced homomorphism 7 (i 1y > 7, (P"(X)) is
also trivial since it can be factored through homomorphism (10) after > is identified
with E,! via ¢. It follows from Lemma 7 that the inclusion induced homomorphism
T (f \ vi) — (P, (X)) is trivial as well. By the Seifert —van Kampen theorem,
we conclude that 71 (P (X)) = 1.

If 2t +d > 0, then P, (X) contains a genus 2 surface of self-intersection —1 that
is the internal sum of a punctured exceptional sphere in X \ vE and a punctured
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Y5 in Y, (m) \ vX,. In this case, the intersection form of P)*(X) is odd and P, (X)
is nonspin. Also recall that the signature of a spin 4-manifold is divisible by 16
according to Rohlin’s theorem [1952].

Note that e(P," (X)) and o (P)" (X)) are independent of m. If o (P, (X)) is not
divisible by 16 or if 2t +d > 0, then for fixed n, the set { P, (X) | m > 1} consists of
homeomorphic simply connected nonspin 4-manifolds by Freedman’s classification
theorem (cf. [Freedman 1982]).

Since Y, (1) is symplectic, the corresponding fiber sum P (X ) is symplectic as
well (cf. [Gompf 1995; McCarthy and Wolfson 1994]). Since (X E) is a relatively
minimal pair (i.e., every sphere of self-intersection —1 intersects b)) by Corollary 3
in [Li 1999], P (X) is minimal by Usher’s theorem [2006]. Recall from [Hamilton
and Kotschick 2006; Kotschick 1997] that a simply connected minimal symplectic
4-manifold is irreducible, and thus P,Z1 (X) is irreducible.

Any Lefschetz fibration X with fiber genus a and base genus b satisfies b; (X) <
2a +2b. Since X has at least one nonseparating vanishing cycle, we have b1 (X) <
2a +2b < 2at +2b. Thus we deduce that b} (P (X)) > b5 (X) > 1. Since P, (X)
is symplectic and simply connected, b; (Pn1 (X)) = b; (P"(X)) is odd. It follows
that b; (P(X)) = 3 and the Seiberg—Witten invariant of P)*(X) is well defined.

Let Yy denote the symplectic 4-manifold that is obtained by performing the same
torus surgeries on X, X X, as for ¥, (m) except (a| x dj, d,, +m) surgery (cf.
[Akhmedov and Park 2010a]). Let Py = X #¢@Yy be the generalized fiber sum of X
and Y along T and T, using the same gluing diffeomorphism ¢ that was used in
the construction of P, (X). Note that Py is symplectic and minimal for the same
reasons as Pn1 (X). We have by(Py) = b2(P)" (X)) + 2, and there is an orthogonal
decomposition H2(Py; Z) = H & H*, where H is the 2-dimensional hyperbolic
summand generated by the Poincaré duals of [a; x d»] and [b; X ¢»]. Using the
adjunction inequality, we can easily see that every Seiberg—Witten basic class of Py
lies in H.

Since P,"(X) can be obtained from Pn1 (X) by performing a 1/(m — 1) surgery
on a null-homologous torus, we can apply the product formula in [Morgan et al.
1997] as in [Akhmedov et al. 2008; Fintushel et al. 2007; Szab6 1998] and deduce
that there exist surjective homomorphisms

§m H- — H*(P}"(X): D)
that preserve the cup product pairing and satisfy
(1D SWpm(x)(Em(Lo)) = SW p1(x)(51(Lo)) + (m — 1) SWp, (Lo),

for every characteristic element Ly € H- C H*(Py; Z). We note that the right
side of (11) contains only one SW p, term for the reasons given in the proof of
Corollary 2 in [Fintushel et al. 2007]. By a theorem of Taubes [1994], we have
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SWp,(c1(Py)) = £1. By setting Lo = ¢1(£p) in (11) and observing that there are
infinitely many values for the Seiberg—Witten invariants of P, (X), we conclude that
{P)"(X) | m > 1} contains infinitely many pairwise nondiffeomorphic 4-manifolds.

Next we prove that P (X) is irreducible for all m large enough, or more specifi-
cally when SW pm x) (&, (c1(Po))) # 0. We will argue the same way as in the proof
of Theorem 5.4 in [Kotschick 1997]. Suppose P)"(X) = M # N is a connected sum
of two smooth 4-manifolds M and N. Both M and N are simply connected since
P"(X)is. If b;“ (M) and b; (N) are both positive, then the Seiberg—Witten invariant
of P)"(X) is trivial (cf. [Witten 1994]), a contradiction. Without loss of generality,
assume b;“ (N) =0. If b,(N) =0, then the simply connected 4-manifold N must be
homeomorphic to S* by Freedman’s theorem in [Freedman 1982]. Thus it remains
to rule out the case when b2 (N) = b, (N) > 0. In this case, the intersection form of
N is a nontrivial negative definite form, so by Donaldson’s theorem in [Donaldson
1983], it is equivalent to the standard diagonal form. Let ey, ..., e;,(n) be a basis
for H2(N; Z) such that el.2 =—1foreachi=1,...,b(N), and ¢; -e; =0 when
i # j. Using the neck pinching argument as in [Donaldson 1996; Kotschick 1997],
we deduce that M has nontrivial Seiberg—Witten invariant. Moreover, if L is any
Seiberg—Witten basic class of M, then the cohomology classes

by (N)
(12) L+ Y aje,
i=1
where a; = £1 foreachi =1, ..., by(N), are all Seiberg—Witten basic classes of

P (X) = M # N. Furthermore, every Seiberg—Witten basic class of P)"(X) can be
written as (12).

Let L,, =&,,(c1(Po)) be a Seiberg—Witten basic class of P, (X). By changing any
basis element ¢; to —e; if necessary, we can assume that L,, =L —ej —- - - —ep, ()
for some L. Thus L,,+2e; = L+e1—ex—- - -—ep,(n) is also a Seiberg—Witten basic
class of P)"(X). By the adjunction inequality, we can assume that & (c1(Py)) =
cq (Pn1 (X)). It now follows from (11) that there exists e; € E,;l(e]) C H* such
that ¢; (P} (X)) +2&;(€1) or ¢1(Pp) +2¢; is a Seiberg—Witten basic class of P! (X)
or Py, respectively. By a theorem of Taubes [1996], we can then deduce that the
Poincaré dual of & (ey) or e; is represented by an embedded symplectic sphere of
self-intersection —1 in Pn1 (X) or Py, respectively (cf. Remark 10.1.16(b) in [Gompf
and Stipsicz 1999]). This implies that Pn1 (X) or Py is not minimal, a contradiction.

Finally, if n > 3, then Y, (1) contains 2n—4 pairs of geometrically dual Lagrangian
tori that are all disjoint from X,,. The images of these 4n — 8 tori in the fiber sum
Pnl (X) are again Lagrangian submanifolds (cf. [Gompf 1995]). Let T; and T, be
two of these 4n — 8 Lagrangian tori in P!(X) that are not geometrically dual to
each other. By perturbing the symplectic form on P!(X), we can turn both 7} and
T, into symplectic submanifolds of Pn1 (X) (cf. [Gompf 1995, Lemma 1.6]).
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To show 711(Pn1 (X)\ (T1UT»)) =1, it will be convenient to fix 71 and 7>, say
T\ =a} x c§ and T, = aj x dj. Here, a|, a}, ¢} and dj are parallel copies of aj,
a», ¢3 and d3 as defined in [Fintushel et al. 2007]. Then JTI(Pnl X))\ (T UTy))
is normally generated by meridians of 77 and 75, which are all conjugate to the
commutators [bfl, d3] or [by I c3]. Note that the generators by, by, ¢3 and d3
are still trivial in m; (Pn1 (X)\ (T1 U Ty)) since the Luttinger surgery relations in
Section 2 of [Akhmedov and Park 2010a] still hold true in 7} (Pn1 X\ (T UTy)). It
follows that meridians of 7} and T are all trivial and hence 7 (Pn1 X\ (ThUT)) =
w1 (P (X)) = 1. O

Instead of using Y,,(m) summand in generalized fiber sum (9), we may use
Yy—2(m) #2CP? when n > 4. Specifically, we resolve the intersection between
35 and X,_» in Y,_»(m) to obtain a genus n submanifold of Y,_,(m) with self-
intersection 2. Next we blow up two points on this submanifold to obtain a genus
n submanifold X/ of self-intersection 0 in ¥, _»(m) # 2CP2. When m = 1, the
resolution and the blowups can be performed symplectically, and hence (Y,,—»(1) #
2CP?, ¥,) is a relatively minimal pair of symplectic manifolds. The advantage
of using Y,_,(m) #2CP? summand is that the resulting generalized fiber sum has
slightly smaller characteristic numbers than P (X).

Theorem 9. Let f : X — X, be a relatively minimal Lefschetz fibration as above
having at least one nonseparating vanishing cycle. Suppose that n =ta +b > 4.
For a suitable choice of the gluing diffeomorphism ¢ : 9(vX) — d(vX)), the
generalized fiber sum
Qn(X) = X #y (Y, _o(m) #2CP?)
= (X \vE) Uy ((Yy_2(m) #2CP>) \vE))

along s and X/ is simply connected, nonspin, and satisfies

e(Q" (X)) =e(X)+d+ (8a+2)t+8b— 14,
o(Qy(X)=0(X)—2t—d -2,
xn(Qy (X)) = xn(X) +2at +2b — 4,
F(QM(X)) = 3(X) —d + (16a — 2)t + 16b — 34,
by (On (X)) = by (X) —bi(X) +4at +4b—8 >3,
by (0, (X)) = by (X) = bi(X) +d + (4a +2)t +4b —6.
The set {Q7'(X) | m > 1} contains infinitely many homeomorphic but pairwise
nondiffeomorphic irreducible 4-manifolds. When m =1, Q,ll (X) is symplectic and

irreducible. If n =ta+b > 5, then Q,11(X) contains disjoint symplectic tori T| and
T; of self-intersection 0 satisfying w1 (Q)(X) \ (T{UT3)) = 1.
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Proof. We compute that

e(QM (X)) = e(X) + e(Y,_o(m) #2CP?) — 2e(Z))
=e(X)+2t+d+4(n—2)—4+2—2(2—2n)
=e(X)+2t +d+8n—14
=e(X)+2t +d +8ta+8b— 14,

o (Q"(X)) =0 (X)+0(Yp_o(m)#2CP?) = 0(X) — 2t —d — 2.

The other characteristic numbers can be computed from these as before.

Since the exceptional sphere of a blowup intersects X/ once transversely, any
meridian of X/ is null-homotopic in the complement of a tubular neighborhood
vX,. Hence we conclude that

701 (Y2 (m) #2CP?) \ vE}) = 71 (Y2 (m) #2CP?) = 711 (Y, —2(m)).

From [Akhmedov and Park 2010a], we know that 7 (Y,_2(m))/{(z) = 1, where
z is the image of any one of the generators cy, dj, ¢, dy of m(X,_>) under the
inclusion induced homomorphism.

Let £ and E,Q“ denote parallel copies of T and ¥, in the boundaries IVY)
and 9(vX)), respectively. When forming the generalized fiber sum Q7' (X), we
choose the gluing diffeomorphism v such that i/, maps the element of (=1
represented by a nonseparating vanishing cycle of X to z, viewed as an element of
T (E;,”). Thus z =1 in 71 (Q7' (X)), which then implies that the inclusion induced
homomorphism

(13) 71 (Va2 (m) #2CP?) \ v 3} ) — m1(Q0 (X))

is trivial. Note that the inclusion induced homomorphism 771 (£1) — 71 (Q (X)) is
also trivial since it can be factored through homomorphism (13) after S is identified
with E,QH. It follows from Lemma 7 that the inclusion induced homomorphism
T (i \ vf)) — w1 (Q) (X)) is trivial as well. By Seifert—-van Kampen theorem, we
conclude that 71 (Q7 (X)) = 1.

Q7 (X) is nonspin since it contains a surface of self-intersection —1 and genus
a > 0, namely the internal sum of the image of a punctured fiber of X in X \ vE and
a punctured exceptional sphere in (Y, _,(m) # 2CP?) \vX,. Since Y, (1) #2CP?
is symplectic, the corresponding fiber sum Q,lZ (X) is symplectic as well. The
irreducibility of Q,ll(X ) and the fact that {Q}'(X) | m > 1} contains infinitely
many homeomorphic but pairwise nondiffeomorphic irreducible 4-manifolds can
be proved exactly the same way as in the proof of Theorem 8.

Finally, if n > 5, then Y,_»(1) contains 2n — 8 pairs of geometrically dual
Lagrangian tori. The images of these 41 — 16 tori in the blowup ¥, _»(1) #2CP? are
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disjoint from ¥/, and hence their images in Q! (X) are Lagrangian submanifolds of
0, (X). Let T] and T, denote two of these 4n — 16 Lagrangian tori, say T} =a} x c}
and T, = d} x dj. By perturbing the symplectic form on Q) (X), we can turn
both 7] and 7, into symplectic submanifolds of Ql(X). We can deduce that
T (Q,ll (X)\(T{UT,)) =1 in exactly the same way as in the proof of Theorem 8. [

For comparison, we note that

e(Q, (X)) =e(P" (X)) —6, o (Q, (X)) =0(P"(X)) -2,
(4)  x(@r X)) = xa(PM(X) =2, c{(@n(X)) =ci(P) (X)) — 18,
by (O (X)) =by (P (X)) —4, by (Q) (X)) =b; (P (X)) —2.
Remark 10. The irreducible symplectic 4-manifolds M and N (homeomorphic to
47CP? #45CP? and 51CP? #47CP?, respectively) in Section 4 of [Akhmedov and

Park 2008] are respectively equal to Q,ll (X) and Pn1 (X)ywitha=7,b=2,1t=1,
d=-2,n=9,e(X)=36,and o(X) =4.

5. Simply connected 4-manifolds with positive signature

We now apply Theorems 8 and 9 to Lefschetz fibrations in Sections 2 and 3 to obtain
new families of simply connected irreducible 4-manifolds with positive signature.

Example 11. For each triple of positive integers g, u1, uy, recall from Example 3
that there is a Lefschetz fibration f,, 4, : Xfl,uz — %, such that the genus of a
regular fiberisa =1+ %uz(g + 1)(3g —2) and there is a section whose image is a
surface of genus b = u(g —1)+1 and self-intersection d = —2u. Since 2t +d > 0,
we require ¢ > u;. Let

n=t+3tu(g+1)Bg—2)+ui(g—1+1.

Applying Theorem 8 t0 f,, u, : X&5,.u, —> Zp» We obtain a family of simply connected
4-manifolds P (X5 4,), with m > 1 and n > 3, satisfying

e(PI (XS, ) =2uius(g + 1)(3g* — 58 +4)
+4tur(g+1)(Bg —2)+8uyg + 10t — 10u,,

o (PM(XS ) = 3ujuz(g + 1)(g> +28 — 6) — 2t + 2uy,

ui,un

(5 y,(Pm(x8

ur,un

) = tujuz(g + 1)(10g* — 13g +6)
+tuy(g+1)Bg—2)+2t+2u;(g—1),

GHPM(XE, ) = 2uiua(g + 1)(7g> — 8¢ +2)
+ 8tur(g + 1)(3g —2) + 16118 + 14t — 14u;,
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by (PIM(XS ) = tujuz(g 4+ 1)(10g° — 13g +6)
+2tur(g+1)(Bg —2)+4t+4u(g—1)—1,

(16) by (PI(X$ ) = suruz(g+1)(8g> — 17g + 18)

+2tur(g+1)3g —2)+4u;g+6t —6u; —1.
From Theorem 9, we obtain another family of simply connected nonspin 4-manifolds
on(X s L.up), With m > 1 and n > 5, whose characteristic numbers can be computed
from (14) (15), and (16). Moreover, when m = 1, both Pn] (X;fl,,,z) and Q,L(Xf,l,uz)
are irreducible symplectic 4-manifolds and contain symplectic tori 7; and T]f (=
1, 2) of self-intersection 0 such that

i (PLXE, I\NTUT)) =1 and 7 (QL(XS, )\ (T{UT) = 1.

up,u2

Example 12. For each quadruple of positive integers p, v, u, up with odd p > 3,
recall from Example 5 that there is a Lefschetz fibration f,,, ., : W%, — X5 such
that the genus of a regular fiber isa = 1 + %puz[(v + 1) p — v — 3] and there is
a section whose image is a surface of genus b = 1 4+ u;[—1 4+ v(p — 1)/2] and
self-intersection d = —uv. Since 2t +d > 0, we require

t > Tuv/2],

where [x] = min{k € Z | k > x}. From Theorems 8 and 9, we obtain two families
of simply connected 4-manifolds P (W, %,) and Q7 (W,'},) with m > 1 and

n=t+stpu[(v+1)p—v—314+u[-1+v(p—1)/2]+1=>5.
We compute that

e(P,;”(WL{’lﬁtz)) = puluz[(v2 +u)p? =2 +3v+Dp+ v +6v+ 8]
+4tur (v + D) p* +4[urv — tus (v +3) ] p + 10t — Suyv — 8uy,

o (P (WP ) = L pujus(vp? — 4v — 6) — 2t +uyv,

uy,up
xn (P (WP ) = 15 puiun[(3v” +4v) p* — 6(v° +3v + 1) p 4 3v° + 140 + 18]
+tu(v + 1)p2+ [ulv —tus(v +3)]p+2t —uv—2uy,

(P (WP ) = pujua[ (2v° +3v) p* — 4(v* 4+ 3v + 1) p + 20° + 8v + 10]
+8tur (v + 1) p* + 8[uv — tus (v + 3)| p + 14t — Tuyv — 16uy,

b3 (P (WP ) = ¢ puruz[(3v” +4v) p* — 6(° +3v + 1) p 4 3v” + 14v + 18]
+2tus (v + l)p2 +2[u1v —tuz(v+3)]p—|—4t —2uv—4u; —1,

by (P (W[ ) = ¢ purua[ 3v* 42v) p* — 6(v* +3v + 1) p + 30”4 22v 4 30]
+2tur (v + 1)p2+2[u1v —tug(v—|—3)]p+6t —3uv—4u; —1.



276 ANAR AKHMEDOV, MARK C. HUGHES AND B. DOUG PARK

The characteristic numbers of Q7' ( Wupl’f;z) can be computed from these values via
(14). When m = 1, both PY(W/['},) and Q) (W2'},) are irreducible symplectic
4-manifolds and contain symplectic tori 7; and TJ.’ (j =1, 2) of self-intersection 0
such that 771 (P} (W) \ (T1 UT2)) = 1 and 711 (QL (WL W) \ (T] U TY)) = 1.

6. Upper bounds for the lower bound

We start this section by giving a more rigorous definition of A(o) from the intro-
duction.

Definition 13. Given an integer o > 0, let L(c) be the smallest positive integer
with the following properties.

@) A(o) = [(0 +1)/2].

(i) Every point (xp, c%) on the line cf = 8y + o satisfying x, > A(o0) is realized
as (xn,(M;), c% (M;)), where {M; | i € Z} is an infinite family of homeomorphic
but pairwise nondiffeomorphic closed simply connected nonspin irreducible
4-manifolds such that M; is symplectic for each i > 0 and M; is nonsymplectic
foreach i <O0.

As in the introduction, we make the following conjecture.
Conjecture 14. A(0) = [(o0 4 1)/2] for every integer o > 0.

Our goal in this section is to calculate explicit upper bounds on A(o) for many
small values of o. First we restate a result from [Akhmedov and Park 2008] (see also
[Akhmedov et al. 2010a, Theorem 23; Akhmedov and Park 2010a, Theorem 2]).

Theorem 15 [Akhmedov and Park 2008, Theorem 5.3]. Let X be a closed sym-
plectic 4-manifold that contains a symplectic torus T of self-intersection 0. Let
vT be a tubular neighborhood of T and 0(vT) its boundary. Suppose that the
homomorphism w1(0(vT)) — w1 (X \ vT) induced by the inclusion is trivial. Then

for any pair of integers (x, c¢) satisfying

(17) x>1and 0<c <8y,

there exists a symplectic 4-manifold Y with w1 (Y) = m(X),
Xn(Y) = xn(X)+x and ¢;(Y) =ci(X)+e.

Moreover, if X is minimal then Y is minimal as well. If ¢ < 8, orif ¢ =8y and
X has an odd intersection form, then the corresponding Y has an odd indefinite
intersection form. [l

The next theorem gives us a means for constructing infinitely many distinct
smooth structures on some topological 4-manifolds.
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Theorem 16. Let Y be a closed simply connected minimal symplectic 4-manifold
with b; (Y) > 1. Assume that Y contains a symplectic torus T of self-intersection
0 such that m (Y \ T) = 1. Then there exist an infinite family of pairwise nondif-
Jfeomorphic irreducible symplectic 4-manifolds and an infinite family of pairwise
nondiffeomorphic irreducible nonsymplectic 4-manifolds, all of which are homeo-
morphic to Y.

Proof. We can perform a knot surgery on Y along 7 using a knot K C S (see
[Fintushel and Stern 2009, Lecture 3]). Let Yx denote the resulting 4-manifold.
Since w1 (Y \ T) =1, Yk is homeomorphic to Y. By varying the knot K, we obtain
infinitely many pairwise nondiffeomorphic 4-manifolds. If K is a fibered knot, then
Yk can be viewed as a symplectic fiber sum [Fintushel and Stern 1998], is minimal
by Usher’s theorem [2006], and hence is irreducible [Hamilton and Kotschick 2006;
Kotschick 1997].

Given an integer k # 0, let 7' (k) denote the k-twist knot on page 372 of [Fintushel
and Stern 1998] with Alexander polynomial kt — (2k 4 1) +kt~!. If k = +1, then
T (£1) is fibered, and thus Y741y is symplectic and irreducible. If k # 0, 1,
then Y7 is nonsymplectic. It only remains to prove that Y7, is irreducible
when k # 0, 1. We will argue the same way as in the proof of Theorem 8. The
computation of the Seiberg—Witten invariant of Y7 ) in [Fintushel and Stern 2009]
implies that there exists an isomorphism &7, : HZ(YT(I); 7) — HZ(YT(k); 7)
that preserves the cup product pairing and restricts to a one-to-one correspondence
between the Seiberg—Witten basic classes of Y71y and Y7 (). Suppose that Y7 ) is
not irreducible. Then there will be some ¢; € H 2(YT(k); Z) such that e% = —1 and
&1 (c1(YT(1))) + 2ey is a Seiberg—Witten basic class of Y7 ). This will imply that
c1(Yry) +2$T_(1k) (e1) is a Seiberg—Witten basic class of Y7(1). By a result of Taubes
[1996], we can then conclude that the Poincaré dual of &/, (lk) (eq) is represented by
an embedded symplectic sphere of self-intersection —1 in ¥Y7(1y. Hence Y7 (1) is not
minimal, a contradiction. O

By combining Theorems 15 and 16, we may deduce the following.

Corollary 17. Let X be a closed simply connected nonspin minimal symplectic 4-
manifold with b; (X) > 1and o (X) = 0. Assume that X contains disjoint symplectic
tori Ty and T, of self-intersection O such that w1 (X \ (T1 U T3)) = 1. Suppose o is a
fixed integer satisfying 0 <o <o (X). If [x] =min{k € Z | k > x} and if we define

o(X)—o _1—‘,

(o) = ’7 2

then
Ao) < xn(X)+4€(o) + 1.
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In other words, if k is any odd integer satisfying k > b; (X) +2(0) + 2, then
there exist an infinite family of pairwise nondiffeomorphic irreducible symplec-
tic 4-manifolds and an infinite family of pairwise nondiffeomorphic irreducible
nonsymplectic 4-manifolds, all of which are homeomorphic to kCP? # (k — o )CP2.

Proof. We can write 0 (X) —o = 8£(0) +r (o) for integers £(o) and r (o) satisfying
£(c)>—1land 1 <r(o) <8. Since (X \ vT7) =1, we can apply Theorem 15 to
the pair, X and 77. Let (x, ¢) and Y be as in the conclusion of Theorem 15. Since
71 (Y) =m1(X) =1, we have b (Y) = b3 (X)+2x and b, (Y) =b; (X) +10x —c.
By Freedman'’s classification theorem [1982], Y must be homeomorphic to

(b3 (X) +2x)CP? # (b3 (X) + 10x — ¢)CP?.

By setting c =8y +0 — o (X) in (17), we obtain a minimal symplectic 4-manifold
Y that is homeomorphic to kCP2 # (k — 0)CP?, where k = b; (X)+2x. Since ¢
is nonnegative, we must have 8y + o0 —o(X) = 8(x — (o)) —r(o) = 0, which
implies that y > £(o) + 1. It follows that x;(Y) > s (X) +€(c) + 1 and k >
by (X) +2(0) +2.

We recall from [Akhmedov et al. 2010a; Akhmedov and Park 2008; 2010a] that
for each pair of integers (x, c¢) satisfying (17), there exist a minimal symplectic
4-manifold Z with x,(Z) = g, c%(Z) = ¢, and a symplectic torus 7" C Z of
self-intersection O such that Y is the generalized fiber sum of X and Z along T}
and T”. Note that 7, C (X \ vT}) C Y is a symplectic torus of self-intersection 0 in
Y (cf. [Gompf and Stipsicz 1999, Theorem 10.2.1]). Since 71 (X \ (vT1 U T3)) =1,
we have 71 (Y \ 7T2) = 1. We can now apply Theorem 16 to the pair, ¥ and 75, and
conclude that there are infinitely many distinct smooth structures on Y. (]

Next we show that A(o) is subadditive in the following sense.

Corollary 18. Let o1 and o, be positive integers such that o1 + o, is not divisible
by 16. For each j = 1,2, suppose that there exists a closed simply connected
nonspin minimal symplectic 4-manifold N; containing a symplectic torus Tj C N;
of self-intersection 0 such that

(i) m(N\T)) =1,

(i) xn(Nj) =Ar(0j), and o (N;) = o;.
Then we have )(o1 + 02) < A(o1) + A(02).

Proof. Let X be the generalized fiber sum of Ny and N; along 77 and T5. It is easy
to check that X is a closed simply connected minimal symplectic 4-manifold. Since

0(X)=0(N1)+0(N2) =01+02 #0 (mod 16),

X is nonspin by Rohlin’s theorem [1952]. Let T be a parallel copy of 77 (and T>)
in X. From (i), there are topological disks bounding the meridians of 77 and 75,
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and these disks can be glued together to form a topological sphere that intersects T’
transversely once. It follows that 71 (X \ 7)) = 1 and thus we can apply Corollary 17
with 0 = ¢ (X) and conclude that

Ao +02) < xn(X) = xn(N1) + xn(N2) = A(o1) + A(02). O

We now proceed to list the smallest upper bounds on A (o) currently known to the
authors. We begin by first finding parameters g, p, v, u1, up and ¢ in Examples 11
and 12 that yield 4-manifolds with small y; values. By Rohlin’s theorem, these
4-manifolds are nonspin if their signatures are not divisible by 16. Unfortunately,
given an integer o > 0, there is no clear pattern as to which family or parameters

o Mo) < X o Mo) < X
0-1 25 LW 50 86 PL(W5))
2 24 QLW D) 51 111 PL(Wy)#eQsWiD)
3 27 Py (W) 52 110 PL(W; ) #0Qd (W)
4 26 PI(WD) 53 113 PL(Wy ) #eP) (WD)
5 47 0l \(Wd) 54 112 PLOWIH#eP (WD)
6 46 015 (W79) 55 133 PL(Wy)#9Qls(Wr3)
7 49 Plls(Wls,’zz) 56 132 P119(W25,’11)#‘PQ}5(W13,’22)
8 48 PL(WPD) 57 135 PL(WyD#ePL(WD)
9-13 59 0l (W) 58 134 PL(Wy)#@PL(W3)
1421 58 0l (W) 59-61 143 Qly(Wi) #pQl (W)
2 57 Ol (W 62-69 142 Ql(WyD#eQl (W)
23 60 PLW! 70 141 Qly(Wy ) #eQl(W)
24 59 Pl(W) 71 144 Q36 (W3)
25 84 PLOW)D#eQIWD) | 72 143 Q36 (W3)
26 83 PLOWIH#eQlWiH | 73 146 PL(Wy
27 86 Pl (W) #ePl (WD) 74 145 Pl(W3")
28 85  PL(WyD#ePl (WD) | 75-81 167 0%, (W3)
2931 87 0l (W3 82-89 166 0L (W3y)
3239 86 Olo(W;) 90-97 165 03, (W3y)
4047 85 0l (Wil 98 164 0L (W3y)
48 84 0l (W) 99 167 PL (W)
49 87 PL(W5)) 100 166 PL(W5)

Table 2. Upper bounds on A(o).
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will yield a simply connected nonspin 4-manifold X with o (X) > o having the
smallest x5 (X) + £(o) + 1. Hence we had to resort to a computer search.

Table 2 on the previous page lists some of the smallest upper bounds on A(o)
that we found. For example, when o = 10, Table 2 says that A(10) < 59, that is,
for each odd integer k > 2-59 — 1 = 117, there exist an infinite family of pairwise
nondiffeomorphic irreducible symplectic 4-manifolds and an infinite family of
pairwise nondiffeomorphic irreducible nonsymplectic 4-manifolds, all of which are
homeomorphic to kCP2# (k — 10)CP2. The third column in Table 2 lists the simply
connected 4-manifold X that was used to obtain the upper bound via Corollary 17.
The #¢ symbol denotes a generalized fiber sum along the tori 7; and/or ij . We
have compiled upper bounds on A(o) for o up to about 1,000,000 but we will only
list a small sample here.
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SCHUR-HORN THEOREMS IN II,,-FACTORS

MARTIN ARGERAMI AND PEDRO MASSEY

We describe majorization between selfadjoint operators in a o -finite Il
factor (JL, 7) in terms of simple spectral relations. For a diffuse abelian
von Neumann subalgebra ¢ C Jl that admits a (necessarily unique) trace-
preserving conditional expectation, denoted by E, we characterize the clo-
sure in the measure topology of the image through E of the unitary orbit
of a selfadjoint operator in .l in terms of majorization (i.e., a Schur—-Horn
theorem). We also obtain similar results for the contractive orbit of positive
operators in .l and for the unitary and contractive orbits of z-integrable
operators in (.

1. Introduction

Given two vectors x, y € R”, we say that x is majorized by y (x < y) if

k n n
ijny}, k=1,...,n—1; ij:Zyj,
j=1 j=1

j=1 j=1

where x+ € R" denotes the vector obtained from x by rearranging the entries in
nonincreasing order. The first systematic study of the notion of majorization is
attributed to Hardy, Littlewood, and Pdlya [Hardy et al. 1929]. We refer the reader
to [Bhatia 1997] and [Marshall et al. 2011] for further references and properties of
majorization. Itis well known that (vector) majorization is intimately related with the
theory of doubly stochastic matrices. Indeed, x < y if and only if x = Dy for some
doubly stochastic matrix D; then, as a consequence of Birkhoff’s characterization
[1946] of the extreme points of the set of doubly stochastic matrices, one can
conclude that

(1-1) (xeR":x <y} =conv{y, :0 €8S,]},

where conv{y, : 0 € S,,} denotes the convex hull of the set of vectors y, that are
obtained from y by rearrangement of its components through permutations o € S,,.
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supported by PIP 0435 - CONICET and UNLP-11X585.
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It turns out that majorization also characterizes the relation between the spectrum
and the diagonal of a selfadjoint matrix. Let M, (C) denote the algebra of complex
n x n matrices. For A € M,(C), let diag(A) = (a1, a», ..., ay,) € C", and let
A(A) € C" be the vector whose coordinates are the eigenvalues of A, counted with
multiplicity. I. Schur [1923] proved that for A € M,,(C) selfadjoint, diag(A) < A(A);
while A. Horn [1954] proved the converse: given x, y € R” with x < y, there exists
a selfadjoint matrix A € M,(C), with diag(A) = x, A(A) = y. For y € C" let
M, € M, (C) denote the diagonal matrix with main diagonal y and let U, C M, (C)
denote the group of unitary matrices. The results from Schur and Horn can then be
combined in the following assertion: given y € R",

(1-2) {x e R" :x <y} ={diag(UM,U") : U € U,},

usually known as the Schur—Horn Theorem. The fact that majorization relations
imply a family of entropic-like inequalities makes the Schur—-Horn theorem an
important tool in matrix analysis theory [Bhatia 1997]. It has also been observed
that the Schur—Horn theorem plays a crucial role in frame theory [Antezana et al.
2007; Dhillon et al. 2005; Massey and Ruiz 2010].

Majorization in the context of von Neumann algebras has been widely studied
(see for instance [Argerami and Massey 2008b; Hiai 1987; 1992; Hiai and Nakamura
1987; Kamei 1983; 1984]). F. Hiai showed several characterizations of majorization
in a semifinite von Neumann algebra, including a generalization of (1-1), i.e., a
“Birkhoff” theorem. Nevertheless, the lack of the corresponding “Schur-Horn”
theorems in the general context of von Neumann factors was only recently observed.
Early work on this topic was developed by A. Neumann [1999; 2002] in relation
with an extension to infinite dimensions of the linear Kostant convexity theorem in
Lie theory.

W. Arveson and R.V. Kadison [2006] conjectured a Schur—Horn theorem in II;
factors. Although this conjecture remains an open problem, there has been progress
on related (but weaker) Schur—Horn theorems in this context [Argerami and Massey
2007; 2008a; 2009]. There has also been significant improvements of Neumann’s
work on majorization between sequences in co(R™) due to V. Kaftal and G. Weiss
[2008; 2010] because of the relations between infinite dimensional versions of the
Schur—Horn theorem (via majorization of bounded structured real sequences) and
arithmetic mean ideals (see also [Arveson and Kadison 2006] for improvements in
the compact case in B(H)).

In this paper we prove versions of the Schur—Horn theorem (i.e., generalizations
of (1-2)) in the case of a o-finite Il -factor. These results extend those obtained
in [Argerami and Massey 2007; 2008a; Neumann 1999]. Our results are in the
vein of Neumann’s work, and they are related with a weak version of Arveson and
Kadison’s scheme for Schur—Horn theorems, but modeled in Il factors. These
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extensions are formally analogous to the Schur-Horn theorems in [Argerami and
Massey 2007; 2008a], but the techniques are more involved in the infinite case. We
show that our results are optimal, in the sense that they can not be strengthened for
a general selfadjoint operator in a Il factor.

The paper is organized as follows. In Section 2 we develop notation and some
basic results on the measure topology and the t-singular values in von Neumann
algebras. Section 3 deals with majorization in B(H), including some results
complementing those in [Neumann 1999]. In Section 4 we consider a notion
of majorization between selfadjoint operators in a Il factor (M, 7) —in line
with Neumann’s idea— together with several of its basic properties. Although
majorization in Il factors is not a new notion [Hiai 1987; 1992], our approach is
quite different from the previous presentations. In Section 5 we state and prove the
generalizations of the Schur—Horn theorem in Il factors. Our strategy is to reduce
the problem to a discrete version, where we can apply the Schur-Horn theorems
developed in Section 3 for B(H). We then proceed to show that Hiai’s notion of
majorization in terms of Choquet’s theory of comparison of measures [Hiai 1992]
coincides with ours. We finally consider similar results for the contractive orbit of a
positive operator and for the unitary and contractive orbits of bounded t-measurable
operators.

2. Preliminaries

Let (M, ) be a o -finite, semifinite, diffuse von Neumann algebra. The real subspace
of selfadjoint elements in Jl is denoted by Jl**; the group of unitary operators by
AU,4; and the set of selfadjoint projections by P (). Given p € P (M), we use the
notation pt =1 — p. For any a € M and any Borel set A C R, p%(A) € P(M)
denotes the spectral projection of a corresponding to A.

T. Fack [1982] considered in Jl the ideals F(M) = {x € M : T(suppx*) < co} —
the t-finite rank operators — and H (M) = F(AL), the ideal of T-compact operators.
The quotient C*-algebra A /H (M) is called the generalized Calkin algebra. The
essential spectrum of x — denoted o.(x) —is the spectrum of x 4+ JH (M) as an
element of M /I (M). The complement of o, (x) within o (x) is the discrete spectrum
o4(x) of x. As shown in [Hiai 1992], for x € M,

oe(x)={teo(x):t(p*(t—¢,t+¢)) =00 forall ¢ > 0}.

It follows from the previous definitions that x € A% is T-compact if and only if
oe(x) = {0}.
We consider in Jil the measure topology I, which is the linear topology given by

the neighborhoods of 0 € i,

V (e, §) = {r € M : there exists p € P(J) such that ||rp]| < &, r(pL) < 8},
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where €, § > 0. For a II; factor, J reduces to the o-strong topology on bounded
sets, while in a type I, factor it reduces to the norm topology.

Definition 2.1. The upper spectral scale of b € M** is the nonincreasing right-
continuous real function

A:(b) =min{s € R: t(p’(s, 00)) <t}, 1 €][0,00).
The lower spectral scale of b is the nondecreasing right-continuous function
11 (b) = =1 (—b) = max{s e R: 7(p"(—00,s)) <1}, 1€[0,00).

A direct consequence of these definitions is that A;(b), u,(b) € o (b) for every
t € RT. The function ¢t — A,(b) is the analogue of the rearrangement of the
eigenvalues (in nonincreasing order and counting multiplicities) of a self-adjoint
matrix.

For x € Jl we can consider the t-singular values of x given by v, (x) = A;(|x]),
t € [0, 00). The spectral scale and 7-singular values have been extensively studied
[Fack 1982; Fack and Kosaki 1986; Hiai and Nakamura 1987; Kadison 2004; Petz
1985] in the broader context of T-measurable operators affiliated to (M, 7).

The elements of K (Al) can be described in terms of t-singular values. Indeed,
x € J is T-compact if and only if lim,_, 5, v;(x) = 0 [Hiai 1987]. We will make
frequent use of the fact that (since Jt is diffuse) a given t-compact x € M* admits
a complete flag, i.e., an increasing assignment R* > ¢ — e(t) € P (L) such that
t(e(t)) =t, and

@2-1) x=/mM@Md&
0

Unlike the finite case [Argerami and Massey 2007], the equality in (2-1) does not
hold for arbitrary T-compact selfadjoint operators in Jit. This is possibly one of the
reasons why majorization has been considered mainly between positive operators
in the semifinite algebras (see the remarks at the end of [Hiai 1987]). We shall
overcome this issue by considering both the upper and lower spectral scale, as done
in [Neumann 1999] in the case of separable I, factors.

The following fact is used in [Hiai 1992] (in the context of possibly unbounded
operators) but we do not know of an explicit proof in the literature. For x € Jl, we
denote its usual one-norm or trace norm in (M, T) by ||x||; = t(|x]) € [0, oc].

Proposition 2.2. Let (M, t) be a semifinite von Neumann algebra. For s > 0 let
Il - Il¢s) be the norm given by

XNy = inf{llxill; +sllxall s x =x1 +x2, X1, x2 € M}, x €M

Then ||x||¢) = fos v (x) dt, and the topology induced by | - ||(s) agrees with the
measure topology on bounded sets.
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Proof. The equality ||x|| ) = f(; V;(x) dt is proven in [Fack and Kosaki 1986] in the
argument after Theorem 4.4. We now show that the topology induced by || - ||(s) and
the measure topology agree on bounded sets. Indeed, if 0 < s < r then there exists
k € N such that r < ks and therefore ||x|) < [[x]l¢) < kllx|l(s), since t +— v;(x)
is a nonincreasing function. This shows that the norms || - || (), for s > 0, are all
equivalent and induce the same topology. Hence we can assume without loss of
generality that s = 1.

If |xll) < d, then fol V;(x)dt < d. Using that v,(x) is nonincreasing, there
exists 7o with 0 < 7y < +/d such that Vg () < Jd. By [Fack and Kosaki 1986,
Proposition 2.2],

(2-2) v, (X) = inf{l|xq || : T(g™) < 1o},

so there is a projection g € () such that || xg|| < +/d and 7(¢1) < V/d; that is,
x € V(Vd, Vd).
Conversely, if x € V (e, §) and || x| < k, there exists a projection g € P (i) such
that ||xq|| < e, T(g+) < 8. Since x = xg* + xq,
Ixlly < leg ™y + llxqll < k8 + e
thatis, V(e,8)N{x e M: ||x|| <k} C{x e M:|[x]q) <kd+e}. O

Corollary 2.3. Let N be a II; factor with trace Ty, and let {x;} be a bounded net.
ll-111

Then x; — xtfandonlyzfo—J>x
Proof. For any x € N5 we have ||x||; = o5 (|x|) = fol vi(x)ds. Then |- |1 =1 ll(1)
and Proposition 2.2 yields the result. (]

We will often and without mention make use of the following properties of the
measure topology.

Corollary 2.4. Let s C M be a von Neumann subalgebra that admits a (unique)
trace preserving conditional expectation, denoted by Ey. Let {x;} C M** satisfy
Xj LN x,and leta, B € Rwithal < x; < BI for every j. Then:

() xeMP*anda <x < B.
(i) Eq(xj) > Eq(x).

Proof. In order to prove (i) first notice that if x; 2 x with x ; = 0 for every j then
x € M**; indeed, this follows from the facts that the operation of taking adjoint is
continuous in the measure topology and that this topology is Hausdorff. If x & ™,
there exists a nonzero projection ¢ € Al and k € R™ such that gxqg < (—k)q. By
replacing g by a smaller projection if necessary, we may assume that 7(g) < oo.
We have gx;q LA qxq, so for j big enough there exists a projection p such that
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I(gxq —gx;jq)pll < k/3 and T(p™) < t(¢)/2. Then pgp # 0, since
t(pgp) =t(pq) =t(q) —t(ptq) > 1(q9) —1(q)/2 =(q)/2 > 0.

We also get from above that 7(gq) < 2t(pgp). But then t(pg(x; — x)gp) =
7(qlq(x; —x)gp)) < 3k7(q). s0

0 < t(pgx;qp) = T(pqxqp) + T(pq(x; — x)qp) < (—k)T(pgp) + 3kT(q)
< (=k)t(pgp) + 3kt (pgp) = —3kt(pgp) <0,

a contradiction. This shows that x > 0. By linearity we get that if x; Z x and
a<x;<pthena <x <.

Item (ii) follows from the fact that Ey is contractive with respect to || - ||(1)
together with Proposition 2.2. Indeed, it is well known that || E4(x)| < |x|| for
x € M. Using that t(E4(x)y) = t(xE4(y)) < [|Eg(V)|IT(|x]) we get

[Es ()t =sup{|[t(Eq()y)]:y € M, Iyl < 1} < [lx]l1.

For any decomposition x =y + z, since Ey(x) = Ey(y) + E4(2),

IEa )1y = NEaIh + 1 Ea @I < Nyl + Izl

So, by Proposition 2.2, |[Eg(x)|l1) < llx|lq) for all x € M, and so Ey is -
continuous. [l

3. Majorization in £°°(N) and B(H) revisited

Let H be a complex separable Hilbert space. In this section we revise and comple-
ment A. Neumann’s [1999] theory on majorization between self-adjoint operators
in B(H). These results will play a key role in our proof of the Schur—-Horn theorem
in IIo-factors (Theorem 5.5). For conceptual and notational convenience, we shall
follow the exposition in [Antezana et al. 2007] (see also [Kadison 2004]).

In B(H) we consider the canonical trace Tr. We write U(H) for the group of
unitary operators in H, and €(H) for the semigroup of contractive operators in
B(H),i.e.,

@(H)={ve B(H):vv<I}

For k € N, let ?; be the set of orthogonal projections p € B(H) such that
Tr(p) = k. For b € B(H)*?, k € N, we consider

(3-1) Ui(b) = sup Tr(bp), and Li(b)= inf Tr(bp).
pEP PEP

For each k € N, both b +— U (b) and b+ L (b) are norm-continuous in B(H), with
Ly (b) = —Ux(—b). Moreover, Uy (u*bu) = Uy (b) for every b € B(H)**, u e U(H).
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Following [Neumann 1999] (but with a different notation) we define, for f €
£°(N) and k € N,
(32 U(f) = sup{ Y £ K] :k}, Li(f) = inf{ Y £ K| = k}.
jeK jeK
Again, for each k € N, Ly (f) = —Ur(—f). The similarity of the notations in (3-1)
and (3-2) is justified by the following fact: if b € B(¥) is selfadjoint and there exists

an orthonormal basis {e;};en of H and f = (fi)ien € £ (N) such that be; = fie;,
i € N (i.e., if b is diagonal), then by [Antezana et al. 2007, Proposition 3.3]

(3-3) UrD) =Ui(f), L) =Li(f), keN.

Definition 3.1 (operator majorization in B(H) [Antezana et al. 2007]). Let a,
b e B(H)%.
(1) We say that a is submajorized by b, and write a <y, b, if Ux(a) < U (b) for
every k € N.
(i) We say that a is majorized by b, and write a < b, if a <y, b and L (a) > Ly (b)
for every k € N.

We will also use the notion of vector majorization in £5°(N) (used implicitly in
[Neumann 1999]) as follows:

Definition 3.2 (vector majorization in £’ (N)). Let f, g € (5 (N).
(1) We say that f is submajorized by g, and write f <, g, if Ur(f) < Ui(g) for
every k € N.
(i) We say that f is majorized by g, and write f < g, if f <, gand Ly (f) > L (g)
for every k € N.

We fix an orthonormal basis 8B = {e; };eny on H, with associated system of matrix
units {e;;}; jen in B(H). For each f € £°(N) we denote by M; € B(H) the
induced diagonal operator with respect to @, i.e., My =), fieii. By (3-3), it is
immediate that for all f, g € £5°(N),

(3-4) My <My f<g, My=<, M, = f=<yg.

We denote by Pp : B(H) — B(H) the trace preserving conditional expectation
onto the (discrete) diagonal masa with respect to the fixed orthonormal basis.
Explicitly, for each x € B(H),

PD(.X) = Zeiixe,-,- = Zfie,-,- = Mf, where f, = (xe,-, e,-), i €N.
j i

l
The next theorem is a combination of Theorems 2.18 and 3.13 of [Neumann

1999]. Although Neumann phrases the result in terms of vectors in £5°(N), we
phrase it in terms of operators in B(H), as in [Antezana et al. 2007, Theorem 3.10].
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Theorem 3.3 (A Schur—Horn theorem for B(H)). Let H be a separable complex
Hilbert space and let Pp denote the unique trace preserving conditional expectation

onto the discrete masa of diagonal operators with respect to the orthonormal basis
B of H. Then, for b € B(H)%,

{(Pp(ubu*) :u € U(H)} ' ={M;: f €t (N), My < b}.

As a consequence of Theorem 3.3 and (3-4) we recover Neumann’s result for
majorization in £g°(N) which states that, for f, g € £ (N),

(3-5) My e (PpuMyu™) tu € U(H)}'" ifandonlyif f <g.

In the rest of this section we will develop a contractive version of Theorem 3.3
for positive operators of B(H) (Theorem 3.7). We will need a few preliminary
results.

A proof of the following elementary inequality can be found in [Kadison 2004,
Lemma 24].

Lemma 3.4. Let y; > y, > - -+ be positive real numbers and a1, as, ... € [0, 1]
with Z?‘;l oj <k. Then

00 k
(3-6) D iy =Y v
j=1 j=1

Lemma 3.5. Forany g € {>°(N)", k € N we have
Ui(g) = sup{Tr(M,x) : x € 6(H)", Tr(x) < k}.

Proof. The inequality “<” is clear by (3-1) and (3-3). To prove the reverse inequality,
fix k € N, let ¢ > 0, and fix x € 6(H)* with Tr(x) < k. As x is a compact and
positive contraction, x =Y j vjhj, where {h;}; is a pairwise-orthogonal family of
rank-one projections, 0 < y; <1 for all j, and Zj y;j < k. We also have that M, =
> i &ieii, where {e;;}; is the pairwise-orthogonal family of rank-one projections
associated with the canonical basis 9. Let 8 = limsup, g, = maxo.(M,) and
define g’ € £°°(N) by
- {gi if g; > B +e,
8i = B otherwise.

Using [Neumann 1999, Lemma 2.17] it is readily seen that |U(g") — Ui (g)| < ke.
Notice that the set D = {i : g/ > B} is finite. So there is a unitary u € U(H)
(induced by an appropriate permutation) such that g” given by My = uMyu*
satisfies g > g7 > --- > g, where m = |D|, and g/ = B if i > m. For each
JjeN,let h’j =u*hju; then {h/j} j 1s another family of pairwise orthogonal rank-one

projections with sum /. We have
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Z(Z v Tr(el-ih;») =Y v Tty =) vy <k
4 J J J

1

and
0= v Tr(eiih;) <Y Tr(esih’;) = Tr(eir) = 1.
J J

Since x >0 and g < g/,

1

(3-7)  Tr(Myx) < Tr(Myx) = Tr(Mgu*xu) = _ g/ <Z Vi Tr(eiih/j)>.
' j

Now, starting from (3-7) and applying the inequality (3-6) to the numbers g} >
gy>--->0and {Zj yj Tr(eiihj)}i, we get

k
Tr(Mgx) <) &/ (Z i Tr(e,-,-h;->) <) s
i j i=1

= Ur(g") = Ur(g") < Ur(g) +¢k.
As ¢ and x were arbitrary, we have proven the reverse inequality. O

Remark 3.6. Two operators a, b € B(H) are said to be approximately unitarily
equivalent if there exists a sequence {u,},eny C W(H) such that

lim |la —u,bu|| =0.
n—oo

This equivalence is well-known to operator theorists and operator algebraists. As
a consequence of the Weyl — von Neumann theorem, it follows from the proof of
Theorem I1.4.4 of [Davidson 1996] that a, b € B(H) are approximately unitarily
equivalent if and only if their essential spectra (with respect to the classical Calkin
algebra) coincide and dimker(a — Al) = dimker(b — A1) for every A that is not in
the essential spectrum of these operators. From this it can be deduced, again as in
the proof of the result just cited, that for every b € B(H)™ and every orthonormal
basis 3B of H, there exists M, € B(H)" — diagonal with respect to % — that is
approximately unitarily equivalent to b.

The following is the main result of this section.

Theorem 3.7 (A contractive Schur—Horn theorem for B(H)). Let H be a separable
complex Hilbert space and let Pp denote the unique trace preserving conditional

expectation onto the discrete masa of diagonal operators with respect to the or-
thonormal basis B of H. Then, for b € B(H)™",

(Pp(wbv") v e G(H)] | ={M;: f € €°(N)*, My <, b).
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Proof. We first consider a reduction to the case where b is diagonalizable with
respect to the orthonormal basis 3. Indeed, by Remark 3.6 there exists g € £°(N)*
such that b and M, are approximately unitarily equivalent. It is then straightforward
to see that

{vbv* 1v e €(H)}  ={vMgv*:ve€(H)}

and that

(3-8) {Pp(v*bv) :v € 6(H)}  ={Pp(v*Myv):veb6(H)} .

By (3-3), Ux(b) = Ur(My) and Ly (b) = Ly(M,) for all k € N. These identities,
together with (3-8), imply that — without loss of generality — we can assume that
b = M, for some g € £°(N)*.

Let v € €(H) and let p € B(H) be a projection with Tr(p) = k. Since
vw* < I and 0 < Pp(p) < I we have v*Pp(p)v € €(H)* and Tr(v* Pp(p)v) =
Tr(Pp(p)'/?vv* Pp(p)'/?) < Tr(Pp(p)) = k. Put My = Pp(vMgv*). Then

Ur(My) = sup{Tr(Pp(vMgv*) p) : Tr(p) = k}
= sup{Tr((vMgv™) Pp(p)) : Tr(p) = k}
= sup{Tr(M,; (v* Pp(p)v)) : Tr(p) = k} < Ur(M,),

where in the last inequality we are using Lemma 3.5 and the fact that v* Pp(p)v €
@(H)™T. Thus, My <y, M, and, as Ui(-) is norm-continuous for every k € N, we
get the inclusion “C”.

For the reverse inclusion, assume that M ; <,, M, (i.e., f <y, g) and let € > 0.
We follow the idea of the proof of [Bhatia 1997, Theorem I1.2.8]. Consider f’, g’ €
£2(N) @ £°°(N), given by

f'=(f+tee)®ee, g =(g+ee)®O.

where e € £°°(N) is the identity. Note that | f ® 0 — [ [0, | D0 — g'llc < €.
Since f, g >0, we have Uy (f') = Ux(f) + ke, Ux(g') = Ur(g) + ke, Ly (f') = ke,
Li(g") =0, for all k € N. Hence we have f’ < g’. By Theorem 3.3, there exists a
unitary operator u € B(H & H) such that

(3-9) IMy — PpopuMgu®)| <e.
We have
(3-10) Mo — Mg |l <&, |[IMsgo— M| <e.

Nowletg =16&0¢€ B(H & H), and let c = quq (clearly a contraction), seen as
an operator in B(H). Then, as g Ppgp = Pp @0 and gM rg0 = qM rg09 = M rgo0,
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we can use (3-9) and (3-10) to get

My — Pp(cMgc™)|l = llg(M ye0 — Poep (uMggou™))q||
<|IMsgo— PpgpuMygou™)|
<2e+4||My — PpgpuMgu®)| < 3e.

As ¢ was arbitrary, we conclude that My € {Pp(v*M,v) : v € CG(H)}“ ”, O

Remark 3.8. The positivity assumption in Theorem 3.7 is not just a technicality:
even in dimension one we have —1 <,, 0, and {vOv* : |v| < 1} = {0}.

As a consequence of Theorem 3.7 we get that, for f, g € £°(N)*,

(3-11) M; e [Pp(wMgv™) v e @(H)]'" ifand only if f <y g.

4. Majorization in Il -factors

Recall that (M, T) denotes a o-finite and semifinite diffuse von Neumann algebra.
Given a € JM*?, we consider the functions

t

U,(a):/ As(a) ds and Lt(a):/ us(a) ds, teRT,
0 0

where t +— X\ (a) and t — u,(a) denote the upper and lower spectral scales
(Definition 2.1).

Our next goal is to describe the maps b +— U;(b) and b — L,(b) by means of
[Fack and Kosaki 1986, Lemma 4.1]. We will make use of the following relation
between spectral scales and singular values:

(4-1) M@ =v@a+yD—y, wl@=p—vi(—a+pl), aec®,

forany y, p € Rsuchthata +yI, —a+ pl € MT. We will denote by P, (M) the
set of all projections in Jl of trace ¢, i.e.,

Pr(M) ={p € PU) : T(p) =1}.
Since (J, T) is diffuse and semifinite, %, (M) # & for every ¢ > 0.
Lemma 4.1. For any a € M*?,
U,(a) = sup{t(ap): p € P,(M)}, L;(a)=inf{r(ap):pec P, (M)}, teR".

Proof. The equalities are an immediate consequence of the identities (4-1) together
with [Fack and Kosaki 1986, Lemma 4.1] and the fact that, for every r € RT,

sup{z(ap) : p € P (M)} =sup{z((a+yI)p): p P (M)} —yr. O
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Remark 4.2. If a € (M) ™, then u;(a™) =0 for t € RT. Let {e(t)};er+ C Jl be a
complete flag for a such that a = fooo M (a) de(t) (which exists by the assumptions
on ). Then, using [Fack and Kosaki 1986, Proposition 2.7] and (4-1), we have

Ut(a):/)»s(a)ds:r(ae(t)) and L;(a)=0, teR".
0

Thus, for a positive T-compact operator a the supremum in Lemma 4.1 is attained
explicitly by means of the projection e(z) in P, (M) N {a}'.

Lemma 4.3. Let b € M. Then, for each t € RY, the functions b — U,(b), b —
L, (b) are || - ||1-continuous, and they are also I -continuous on bounded sets of M.

Proof. 1t is enough to prove the statement for U, (-), since L,(b) = —U,(—b). Given
& > 0, by Lemma 4.1 there exists p € P, (M) with U,;(x) < t(xp) + . Then

Ux)=U(y) <t@xp)+e—t0Op) < llx =yl +te = llx—yli +e,

where we used the inequality 7((x — y)p) < t(|x —y|p) < llx — y|l¢) that follows
from Lemma 4.1. By letting ¢ — 0 and reversing the roles of x and y we conclude
the & and || - ||; continuity of b +— U, (b) on bounded sets, by Proposition 2.2. [

From now on we will specialize (Jl, ) to be a o-finite I1,-factor with faithful
normal semifinite tracial weight t.

We begin by describing the notion of majorization between selfadjoint operators
in the Il -factor Jl. In the setting of nonfinite von Neumann algebras, this concept
was developed for selfadjoint operators in [Hiai 1992]. Our presentation, inspired
by Neumann’s work [1999], is fairly different (see Remark 4.5 below).

Definition 4.4. Let a, b € M.
(i) We say that a is submajorized by b, and write a <, b, if
Ui(a) <U;(b) foreveryt e RT.
(i) We say that a is majorized by b, and write a < b, if a <, b and
L;(a) > L;(b) foreveryteR".

Remark 4.5. If b € (M) ™, then w,(b) =0 for all t € R and therefore L;(b) =0
for all t € RT. Thus, if a € M+ and a <, b, then a < b.

For a, b € M™, our notion of majorization is strictly stronger than the one
considered in [Hiai 1987]. As we have already mentioned, our notion of majorization
does coincide with that of [Hiai 1992] for selfadjoint operators in a II,-factor (see
Corollary 5.7). It is worth pointing out that in [Hiai 1992] majorization is described
(for normal operators) in terms of Choquet’s theory on comparison of measures,
rather than in the simple terms used above: Lemma 4.1 shows that the notion of
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majorization in a Il -factor from Definition 4.4 is an analogue of the notion of
operator majorization in B(H) as described in Definition 3.1.

For a fixed b € M5, we write Q2 (b) for the set of all elements in J(%? that are
majorized by b, i.e.,
Qub) ={a € M : a < b}.

Proposition 4.6. Let b € M*2. Then Q(b) is a bounded T -closed convex set that
contains the unitary orbit WU 4 (D).

Proof. For any x € A%, the definition of U;(x) and L,(x), together with the
right-continuity of A;(x) and u,(x), imply that
U[ (.x) . Ll (-x)

lim =X(0) =maxo(x) and lim
t—0t t t—0t t

= 1;(0) = mino (x).

Hence, a < b implies o (a) C [mino (b), max o (b)]; in particular ||a| < ||b]|, so
Qu(b) is a bounded set. Lemma 4.3 immediately implies that it is closed in the
measure topology. Moreover, if u € AUy, it is easy to see that A, (ubu™) = A, (b).
So U;(ubu*) = U,(b) and, similarly, L;(ubu™) = L,;(b). Thus ubu™ < b, and
Uy (D) C Ly (D).

Let ay, a, € M%2, y € [0, 1], with a; < b, a < b. Using Lemma 4.1,

Ui(yai + (1 —y)az) = sup{t(p(yar + (1 —y)az)) : 1(p) =t}
=sup{yt(pa)) + (1 —y)t(par) : t(p) =1}
<yUi(a) + (1 = y)Ui(az) = U; (D).
Similarly,
Li(yai +(1=y)a) = yLi(@) + (1 = y)Li(a2) = L,(b),
so ya; + (1 —y)ap < b, and Q (D) is convex. O

Remark 4.7. Let b € A**. The function ¢ — A,(b) is nonincreasing and bounded;

therefore the numbers Af,, (b) =lim;_, o A,(b) and A7 . (b) =lim;_, oo u; (b) exist.

Indeed, we have

e Ui (b) e L)
—

max () =maxoe(b) = tlir& a Amin(b) = min o (b) = tlilgo

4-2) A

Consider the operators b, b € . given by

(4-3) b=(b-2

max

()" and b= (S, (b)) —b)*.
Both b, b are positive T-compact operators with orthogonal support. It is easy to
check that, for all t > 0, U;(b) = U,(b) + A%, (b), L;(b) = —U,(b) + 1%, (b),

max min
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and L, (b) = L,(15) =0. If a < b then, by (4-2),

mln(b) — mm(a) — max (a) — maX (b)
We finish the section with three lemmas on perturbations to be used later.

Lemma 4.8. Let x € H(M)™T, z € P(M) infinite with zx = 0 and & > 0. Then there
exists x' € H (M) such that

(1) the support of x' contains z;
(D) flx"— x|l <e;
(i) A (x") =1 (x) +&/(6+1), 1 € [0, 00).

Proof. Since x is T-compact, there exists so > O such that A, (x) < ¢/6. Let
p1 = p*(Ag(x), 00). The T-compactness of x guarantees that t(p;) < oo.

As x is T-compact and positive, there exists a complete flag e, (t) with x =
fooo A (x) dey(t). Note that p; = e, (sp). Let e1(¢) be a complete flag over z, and
define

;L S0 & o0 e
x—/o (x<x>+ )dex<r>+/ (xz+so(x>+—6+I+S0)de1<r>.

The second term above equals x’ p1 = x'z and its norm is less than £/3; so
e € ¢
Hlapt I+ X pill < — 4+~ + 5 <e

0 g
/ dey(t)
o 6+1 6 6 3

It is clear by construction (since e, (¢)e;(s) = O for all 7, s5) that

Ilx —x'Il <

, &
)\'I(x)=)"l(-x)+6__"_tﬂ te[ovoo)9

and this implies x” € JH(AL). O

Lemma4.9. Let A C M be a diffuse von Neumann subalgebra. Let a € A%, b € M3?
with a < b, and fix ¢ > 0. Then there exist a’ € A%, b’ € M such that

() lla—d'| <e, [|b—b"|| <e;
(ii) a’ < b';
(iii) a’,d’, b', b’ (as defined in Remark 4.7) have infinite support.

Proof. We first consider a partition of the identity
S1=p [ max(b)+ OO) s2=7p < mm(b) max(b)+ )

5 =pb( 00, 3. (b) — g]-

The projection s, is infinite, while the others may or may not be infinite. We
consider a decomposition s, = z; 4 z2 + z3 into three mutually orthogonal infinite
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projections, such that
212 P (s ®) = G Ma® + 5). 2= P (Ra0) = G A0 4 5 )-

Leta,a € H(sd)* and b, b € H(M)T be as in (4-3). Apply Lemma 4.8 to bs; with
the projection z; and to bs3 with z3, to obtain (b)’, (b)" € H (M) ™, both with infinite
support and such that ||(b) — bsi|| < /4, ||(b) — bs3|| < /4. Define

= ((B) + A5ux B) (51 +21)) + (52— 21 = 23)b = ((B)' — Ay (D) (53 + 23)).

As b = (bs; + Aax (D)S1) + bsy — (bs3 — (b)s3), we get

m1n

15" = bIl < 1(B) = bsill + A5y ()21 = bz1 [l + A5 ()23 — bz3ll + | (D) — bss |

Note that AS = (b)) = AS

max max

(b); then b’ = (b)’, b’ = (b)’ have infinite support,

(4-4) (D) =21 (D) + kmax (D) = 1 ((B)) + Ao (D)
&
=x(Db) + ﬁ + A (D) = A, (D) + 611

and similarly

&
Mt(b ) = (b) — 6_+t

Proceeding with a in the same way we did for b, we obtain a’ € A% with
la —d’|| < e, with @’ and @’ having infinite support, and such that

3 &

4-5 A(a) = A — "= —— t€]0,00).

(4-5) (@) t(a)+6+t pe(a’) = pe(a) 611 [0, 00)

From (4-4), (4-5), and the fact that a < b, we deduce that a’ < b’. O
Let N be a semifinite diffuse von Neumann algebra with fns (faithful, normal,

semifinite) trace 7. We consider the set L' (N) NN, which consists of those x €

N with ||x||; < oo. The elements in L'(N) NN are necessarily compact, since

fooo A (|x]) dt < oo forces v, (x) = A (|x]) == 0.

Lemma 4.10. Let N be a semifinite diffuse von Neumann algebra with fns trace t,
and let x € LY (N)%2, ¢ > 0. Then there exists x' € L' (N)%2 such that

() IIx' —xll <&
(i) A (x)) = A, (x) + /(10 +412);
(i) e (x) = ps (x) — /(10 + 41%);
(iv) T(p* (0, 00)) = 00, T(p* (—00, 0)) = 00
(V) p* (=00, 0)+ p*' (0, 00) = 1.



298 MARTIN ARGERAMI AND PEDRO MASSEY

Proof. Since x is T-compact, its essential spectrum contains zero. Then A,(x) > 0,
s (x) <0 for all . With that in mind, the proof runs as the proof of Lemma 4.8,
using the L! property instead of compactness to choose p; and considering the
positive and negative parts of x separately. U

5. Schur—Horn theorems in II,-factors

In this section we prove versions of the Schur—Horn theorem in the o -finite Il-
factor (M, t) (Theorems 5.5 and 5.8), in the spirit of Neumann’s work [1999]. We
also consider versions of these results for t-integrable operators (Theorems 5.10
and 5.12).

We begin with the following result, which comprises the main technical part
of the proof of Theorem 5.5 (by allowing us to reduce the argument to a discrete
case). Recall that V (g, §) denotes the canonical basis of neighborhoods of 0 in the
measure topology, indexed by ¢, § > 0.

Proposition 5.1. Let sl C M be a diffuse von Neumann subalgebra. Let a € **,
b € M be such that a < b and fix m € N. Then there exist {p,}n>1 C P(A),
{gn}n>1 C PM) such that

() pipj=4qiqj=0fori# j;
(1) (pn) =t(gn) = t(p1) foralln e N;
(i) T(1 =Y,y P) =TI =Y 01 n) < =5
(iv) there exist f, g € £ (N) such that
(@ f=<g

® (a= Y rm). (b~ Y swa) ev(- ).
n>1 n>1

Proof. By Lemma 4.9 there exist a’ € A%, b’ € M*? with |la — d'| < 1/2m,
|lb—0b'|| <1/2m,a’ <b', and such that a, a, b, b (as defined in Remark 4.7) have
infinite support. So, at the cost of replacing 1/m with 2/m in (b) above, we can
assume without loss of generality that 7(ry) = 7(s1) = 7(r3) = 7(s3) = 00, where
ri, S1, 13, s3 € P(M) are as in the proof of Lemma 4.9.

Since o is diffuse, there exist complete flags {ez (1) }¢[0,00)> {€a(?)}re[0,00) I A
over r1 and r3 respectively such that 7(ez(¢)) = t(es(t)) =1t for t > 0 and

a 2/00 As(a) dea(s), Q=fools(g) dey(s).
0 0

Similarly, there exist complete flags {e;(f)};c[0,00)» {€5(t)}1e[0,00) OVer s1 and s3
respectively such that 7(ej;(1)) = t(ep(¢)) =1 for r > 0 and

b= / 0B degls), b= f " (b) deyls).
0 0
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Letg, =1—(ej(t)+ep(t)), pr =1—(ez(t)+eq(t)). Then {q;}, {p;} are decreasing
nets of projections that converge strongly to s», r; respectively. For the rest of the
proof, we will fix t > 0 big enough so that the following three properties hold (all
guaranteed by the fact that A,(x) — 0 as t — oo if x € H(M)):

(5-1) (Rin® = L )ar = bar = () + - Ve,
(5-2) (15 ®) = L) pr < aps = (s ® + ) i,
(5-3) max 3, @), 4 B), (@), 4 (®) < -

Now apply [Argerami and Massey 2007, Lemma 3.2] and Corollary 2.3 to ae;(¢)
in the II; factor e;(t)Jlez(¢) and to ae,(t) in the II;-factor e, (7)Me, (). This way
we get N € N with N > ¢ -3m - (2||b||m + 3), partitions {pj} _, and {pj}N:1 of
ez (1) and e, (1) respectively given by

poel3) (5 ial§)15) veen

and coefficients o} > ) > --- > &y, ] > af > --- > o}, given by
/ N ]I/N N 1 N /
o) =— As(aez(1))ds = —t(apj), oj=—t(ap)),
tJ=nu/N t !
such that

4 1 1
(5-4) (aeg, (t) — Ol/»p .)’ (aea (t) — o /) ( ’ _)
jgl JJ Z m 2m

(recall that ||x|| 1y < [|x|l1 and that if [|x]|) < 1/4m?, then x € V(1/2m, 1/2m);
see the proof of Proposition 2.2). Similarly, we obtain for b partitions {g ]} _, and

{g)yie

jt i — 1)t jt i — 1)t
a2 (52 malB) a(5) 1o

and coefficients g > g, > --- = By, B = By = --- = By given by

| of ej (1) and e, (¢) respectively such that

N
Bj=—tbaj. Bj= —f(bq])

with

- 1
(>-) (bez;(t)—Zﬂ}qj), (beb(z)—Zﬁ” ) ( 2m>

j=1
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Consider now a partition {/; }L , of [ rin () — kfnax(b) 41 ] into L consecutive
disjoint subintervals with 2 5 L <2|b|jm+ 3, w1th I = [ (D) — L )L;m(b)),

1 L = (Ae (D), Aiax (B) + %], and such that the length of each I; is no greater than

max

e Define
=pia, b,=qb.

Let y1 = A7 (b), yL = A} (b), and choose y; € I for 2 < j < L — 1. The choice

min

of the y;, together with (5-1) and (5-2), imply that

(5-6)

L
1
ae— Y VjPae(Ij)H <—,
j=I m

L

1
> V‘Pb"(l')H <.
j=1 ’ ! m

For je{l,..., L} let

LMJ if T(p(I;)) < oo,

o0 if T(p%(l;)) =00

a
where | x| denotes the integer part of x € R. We construct {tb}L

For each j, if t“ = 0o we consider a partition

| in the same way.

(P Vien C P(s)

of p%(I;) with T(pi(j)) =1t/N for all i € N; otherwise, if t;? < 00, we consider a
partition
N 41
(pVi CP )
with 7(p”’) =1/N for 1 <i <1%, and 7(py), ) <1/N.
J

Analogously, we consider partitions {g\”'}; C P (M) of pP*(I;) for 1 < j < L.

Since b and b have infinite support, we have

(5-7) t{’ = tf =00, mm(b) = mm Yj = max y; < )‘max(b)
1<j< 1<j<L
and there exists ip € {1, ..., L} with tl.‘(‘) = 00. And, since L < 2|b|jm + 3 and
N >t-3m- (2||b||m + 3), we have
= 1
) ()
(5-8) Z T(ptj“rl Z _m Z T(qzj?ﬂ) =3, Im’
Jjit§<oo i=1 j:t@<oo
We can assume that the projections }_ ;. 14 <00 pt(/ﬂ pand ) 0 <00 q(bj}r , have equal

trace; indeed we can take the necessary mass (which will be certalnly less than 1 /2m)
from one of the projections p“([;,), p (I1) respectively (since each of them is an
infinite projection) before considering the partitions of these projections (this, at
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the cost of replacing both occurrences of “< 1/m” in (5-6) by “e V(1/m, 1/2m)”).
From (5-6) and (5-8),

L&) Lo L1
(5-9) (ae—ZVij/)a(be—ZVqui’)EV(—’—)-
=1 =1 j=1 i=1 m-m
Let {(«;, pi)}i>1 be an enumeration of the countable set
(@) pp):1<j<NYU{@], p):1<j<NYU{(yj. p?):il<j<L,1<i<t9)
and let {(B;, gi)};>1 be an enumeration of the countable set

(B} q):1<j<NYU{(Bl.q):1<j<N}U{(yj.q"):1<j<L,1<i=t).

By construction, {p, }nen C . It also follows that (i), (ii), and (iii) in the statement
of the theorem hold. Moreover, from (5-4), (5-5) and (5-9) we get part (b) of (iv)
(with f = {an}n>1, § = {Buln>1). It remains to show that f < g in the sense of
Definition 3.1. We will only prove that Ui (f) < Ui(g) for k > 1, since the Ly
inequalities follow in a similar way. We have

Yisi B if1<k<N,
SN B+ (k= N)A(B) ifN <k

max

Uk(g) = {

(recall that y; = A, (D) and that there is an infinity of yz in the list {8,}). For
Ur(f) we get

Yo ifl<k<N,

k .
Zz{V:l“} + 2N+ Yoy TN <Kk,

for appropriate choices o (i) € {1,..., L}. If 1 <k < N, then

Uk(f):{

k kt

N [~ N
Ur(g) = Zﬁ,’ 7/0 As(b) ds = TUkt/N(b)

kt k

N [~
Ukiyn(a) = " / As(a) ds = Za,{ = Ui (f).
i—1

0

If N <k,

Uiy =" /O Ao (B) ds + (k — NYAS, . (B)

k
N t
Z?/O As(a) ds + Z Yoy = Uk (f)

i=N+1
since, by (5-7), Vo (i) < A (D) for all i. O

max



302 MARTIN ARGERAMI AND PEDRO MASSEY

Remark 5.2. Let 9§ C [l be a diffuse von Neumann subalgebra. Fix a € #*,
b € M such that a <,, b and let m € N. Then a slightly modified version of the
proof of Proposition 5.1 (with r3 =53 =0, A[ . (b) = A. . (a) =0) shows that there
exist {ppln=1 C P(A), {gnln=1 C P(M) and f, g € £>°(N)T such that conditions
(1)—(iii) and (b) hold, and such that f <,, g. We will use these facts for the proof of

the contractive Schur—Horn theorem (Theorem 5.8).
The following result is standard, so its proof is omitted.

Lemma 5.3. Let N C M be a von Neumann subalgebra that admits a (unique)
trace-preserving conditional expectation, denoted by Ey. Let {p;}jen C %(N) be a
JSamily of mutually orthogonal projections, pairwise equivalent in M. Let {e;;} be
a system of matrix units in B(H). Then there exists a (possibly nonunital) normal
*-monomorphism w : B(H) — M such that

(5-10) m(ej;) =pj, JeEN,
and
(5-11) Exy(m(x))=n(Pp(x)), xe€ B(H).

The characterization of U; in Lemma 4.1 allows us to prove that conditional
expectations are “contractive” from a majorization point of view:

Lemma 5.4. Let sd C M be a diffuse abelian von Neumann subalgebra that admits
a (unique) trace preserving conditional expectation, denoted by E y. Then, for every

b € M2, we have Ey(b) < b.

Proof. Fix t > 0 and let ¢ > 0. Then we can apply Lemma 4.1 in o to get a
projection g € P (A) with t(q) =t and such that U, (E 4 (b)) <t(E4(b)g)+e¢. Since
T(E4(b)q) =t (Eyq(bg))=1(bq) <U,(b), we conclude that U; (E 4 (b)) < U,(b)+¢
for all € > 0; so, U,(E4 (b)) < U,(b). Applying the same proof to —b, we get
L, (Eq()) = —U,(Eg(—b)) > —U,((—b)) = L,(b). As t was arbitrary, we get
Eyq(b) < b. O

We are finally in position to state and prove our main theorem.

Theorem 5.5 (Schur-Horn theorem for [l -factors). Let sd C M be a diffuse abelian
von Neumann subalgebra that admits a (unique) trace preserving conditional
expectation, denoted by Ey. Then, for any b € M,

EaUu®d) ={a €A™ a<Db).

Proof. By Proposition 4.6 and Lemma 5.4, E g (U (b))‘07 C{a e dA:a=<b}. Toshow
the reverse inclusion, fix a € % with a < b and fix m € N. Applying Proposition 5.1
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toa, b we obtain sequences f ={a,}, g ={Bn} CLY (N), {p,} CP(A), {g,} CP(M)
with

(5-12) pirj=qiq; =0 ifi#j, t(p1)=1t(p;)=1(q;) forallj,

(5-13) t(l —ngl pn> - t(l —gjl qn) < %
(5-14) (a= X awpn) (b= X poan) V(o ),

n>1 n>1

and f < g. By Theorem 3.3 there exists a unitary v € B(H) such that
1
1My = Po(wMev™)] < -

The conditions on the projections in (5-12) and (5-13) guarantee that we can choose
w € Uy with wg,w* = p, foralln. Let p=>" py. g =), qn; then by (5-13)
there exists a partial isometry z € .l with z*z = p*, zz* = ¢. Let u be the unitary
u = (w(v) + z)w, where 7 is the *-monomorphism from Lemma 5.3 with respect
to the projections {p,},. From (5-14),

a—m(My) e V(l, l), wbw* — 1w (M,) € V(l, l)
m’ m m’'m
Note that by (5-13) we have t(p+) < 1/m, 1(qg*) < 1/m, so z,z* € V(e, 1/m)
for any & > 0. From this we conclude that

(r(v) + )T (Mg)( (v) + 2)* — T (VMv*) € V(e, %), e>0.

It follows that
2 3

ubu® —w(vMyv*) € V(— —)
m’ m
Letting m vary all along N, we have constructed sequences of unitaries {u,,}, C JM
and {v,,},, C WU(H), and sequences { fo}m, {gn}m C €x (N) with
iy

"1m)mﬁw

(5-15) T(Mp,) —a—250, My, — Pp(v,M,

)—)0

k
umbu,, — (VMg v, —

Using that 7 is a *-monomorphism, the J-continuity of E (Corollary 2.4) and the
fact that £y om = o Pp (Lemma 5.3) we get from (5-15) that

(5-16) T(My,) — 70 (Pp (v My, vjy)) —s
and
(5-17) E(umbi},) — 71 (Pp (v M, v5)) ——
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From (5-15), (5-16), and (5-17), we get E(u,bu,) —a ——> 0. That is, a lies in
—_—7

Eq(Uu(D)) - O
Remark 5.6. Consider the notations and hypothesis in the statement of Theorem 5.5.

It is natural to ask whether one can remove the closure bar in the description of the
set {a € A% : a < b} given in Theorem 5.5. Next we show an example in which

E4Uu(b)) C Eq(Un®)’) S EaCUu(®)) -

This implies that the characterization of {a € #** : a < b} given in Theorem 5.5
cannot be strengthened in the Il case.

We consider p € ?(Jl) an infinite projection with p* alsoinfinite. Then U, (p) =1,
L:(p) =0 for all ¢. Since U,(I) =t¢, L,(I) =t, we have I < p; then

(5-18) I €E4@a(p)) but I¢Eq(Unp)).

Indeed, Theorem 5.5 guarantees the claim to the left in (5-18). On the other hand,
assume that there exists x € mg with I = Eg(x). By Corollary 24,0 <x <[
and then

O=t({—Eqx)=1(Egq(I —x)) =1 —X).

This last fact implies that I = x € %M(p)g by the faithfulness of 7. But as || - [|(1)
is a unitarily invariant norm, for any u € Uy we get

11 —upu*llay = llul — p)u*llay =1 = plia) >0

as p # I. Since | - ||(1) is T-continuous (see Proposition 2.2), there is positive
distance from / to the J-closure of the unitary orbit of p, a contradiction.

It would be interesting to have a description of the set £ (U M(b)g) for an
abelian diffuse von Neumann subalgebra s of a general o -finite semifinite factor
(M, 7), that admits a trace preserving conditional expectation Ey4. But even in the
I factor case this problem is known to be hard (see [Kadison 2002, Theorem 15;
Arveson 2007; Arveson and Kadison 2006] for further discussion). In the II;-factor
case Arveson and Kadison [2006] conjectured that

(5-19) Eq(Uu®) ) =f{aesd™:a~<b,

which is still an open problem (see [Argerami and Massey 2007; 2008a; 2009] for
a detailed discussion). Ul

The next result shows that the notion of majorization in Jt** from Definition 4.4
coincides with the majorization introduced in [Hiai 1992]. Thus, several other
characterizations of majorization can be obtained from Hiai’s work. Following Hiai,
we say that a map is doubly stochastic if it is unital, positive and preserves the trace.
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Corollary 5.7. Let s C M be a diffuse abelian von Neumann subalgebra that
admits a (unique) trace preserving conditional expectation, denoted by E 4. Given
a, b € M, the following statements are equivalent:

(1) a <b.
(ii) a € Ea(ULa(®)) .
(i) a € conv Uy (B)] .
(iv) There exists a doubly stochastic map F on M with a = F (D).
(v) There exists a completely positive doubly stochastic map F on M witha = F (b).

(vi) t(f(a)) < t(f (b)) for every convex function f : I — [0, co) witho(a) C I
and o (b) C I.

(vii) a is spectrally majorized by b (in the sense of [Hiai 1992]).

Proof. By Theorem 5.5, (i) and (ii) are equivalent. The statements (iii)—(vii)
are mutually equivalent by [Hiai 1992, Theorem 2.2]. Also, (iii) implies (i) by
Proposition 4.6. So it will be enough to show that (i) implies (iv).

Let a € sl with a < b. By Theorem 5.5, there exist unitaries {u;} C Jl such
that a = limg E 4 (u jbujf). Consider the sequence of completely positive contrac-
tions Ey(u; - uj) : M — sd; by compactness in the BW topology [Paulsen 2002,
Theorem 7.4], this sequence admits a convergent (pointwise ultraweakly) subnet
{Es(uj - u;‘fk)}. Let F be the limit of such subnet. Since a = limg E&g(ujbuj) and
F(b) =lim, _wot Ex(u jkbujfk), we conclude (mimicking the argument in the proof
of Lemma 3.3 in [Hiai 1992]) that F'(b) = a. It is easy to check that F is unital
and that it preserves the trace. ([

We finish this section with contractive and L! analogs of Theorem 5.5.

Theorem 5.8. Let 51 C M be a diffuse abelian von Neumann subalgebra that admits
a (unique) trace preserving conditional expectation, denoted by E . If b € M™ then

(5-20) Ea(che el < 1)) ={a e o™ :a <y b).

Proof. If ¢ € M is a contraction, then A;(cbc*) < A;(b) [Fack and Kosaki 1986,
Lemma 2.5]. So ¢bc* <y, b and then Lemmas 5.4 and 4.3 give the inclusion “C”
above.

For the reverse inclusion, the proof runs exactly as that of Theorem 5.5, but
instead of using Proposition 5.1 and (3-5) to obtain a sequence of unitary operators
in Jl, we use (3-11) and Remark 5.2 to obtain a convenient sequence of contractions
in JL. O

Remark 5.9. The positivity condition in Theorem 5.8 cannot be relaxed to selfad-
jointness. As a trivial example, take b = 0; then —/ <, b, but cbc* = 0 for all c,
so the set on the left in (5-20) is {0}.
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Recall that L' (/L) Nt consists of those x € .l with 7(|x|) < oo, and that such
elements are necessarily T-compact.

Theorem 5.10. Let si C M be a diffuse abelian von Neumann subalgebra that

admits a (unique) trace preserving conditional expectation, denoted by Ey. If
b e L'(M) N M2 then

lI-111

Eq@Uy®)) "' ={ae LY (M)NA?:a<b, t(a) =1(b)}.
Proof. Proposition 4.6 together with Lemma 5.4 show that E (WU (b)) C {a € A% :
a <b,t(a) =1(b)}. Then Lemma 4.3 and the || - ||;-continuity of the trace imply

the inclusion of the corresponding closure.
Conversely, suppose that a < b and 7 (a) = t(b). First assume that b € M*. Then
a € si*. By Theorem 5.5, there exists a sequence of unitaries {u;} such that

E&g(ujbu}f) L a.

Since b is positive, ||E&g(ujbujf)||1 = r(E&g(ujbujf)) =1(b) =1t(a) = ||a|1. Then
[Fack and Kosaki 1986, Theorem 3.7] guarantees that || Ey (ujbujf) —ally — 0.
If b is not positive, we apply Lemma 4.10 to obtain a’ € 4, b’ € J, with

i) a <V

(i) lla"—ally <&, b= bl < &;
(i) 7(p*(0,00)) = T(p" (0, 00)) = 00}

(iv) T(p*' (=00, 0) = T(p” (=00, 0)) = 00;

(V) p*(=00,0) + p* (0, 00) = p (=00, 0) + p* (0, 00) = I.
Letr; = p“/+ 0, 0), 1 = p”/— (0, 00). The last three conditions above guarantee
that we can find a unitary v € Uy with

v(p? (0, 00 v =11, V(P (0, 00)) v = 1.

Let b” = vb’v*. Then a’ < b”. Since both are T-compact, we deduce that a; < b’jr,
a’ < b”. Note that

al,, bl erilry, a_,b" €rylr.

As both r, r, € o are infinite projections, the factors r.lr; and roJlr, are 1.
So we can apply the first part of the proof to obtain unitaries {uﬁl)} C U(riMry),

{u?)} C U(rpry), with
1 1 2 2
IEa("b] @ ")) —d\ i =0, 1Eq@Pb @P)y)—a |1 — 0.

€]

Since ry +ry = I, rir, = 0, the operators u; = (u j + u}z))v are unitaries in JL.
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Then
| Ea(ujbu’) - ally
< || Ea(ujbu) = Equ;b'u)) |y + | Ea(ub'u?) —a' |y + lla’ —al
<6 =blh+lld' —alli+1 Ea@'b" Sy —a/ I+ 11 Ea 6" @) —d |
2 2
<26 + | Ea S0 @) = dy 1 + | Ea b @)y —al |,

So limsup; || Es(ujbu?) —alli < 2¢, and as & was arbitrary we conclude that
-l

lim; ||E9g(ujbujf) —aly =0,ie.,a€ EqUyd)) . O
Remark 5.11. The condition t(a) = 7(b) in Theorem 5.10 cannot be removed
because of the | - ||;-continuity of the trace . Actually, below we characterize the
case where the trace restriction is removed but only in the case of positive operators.

Theorem 5.12. Let i C M be a diffuse abelian von Neumann subalgebra that
admits a (unique) trace preserving conditional expectation, denoted by Ey. If
be L' (M) NMT then

Eallche e <D = {a e ™ 1a <y by = {a € AT 1 a < b).

Proof If b e L' (M) N M™T and a <,, b then, since A, (b) € L'(R), we get A,(a) €
L'(R"). In particular, a € (M) *. Thus, the second equality is immediate from
the fact that for positive T-compact operators one has L; = 0. So for the rest of the
proof we focus on the first equality.

The inclusion “C” is obtained by combining the arguments at the beginning of
the proofs of Theorems 5.8 and 5.10.

Conversely, let a <, b for some a € ™ (so that a € J(s4)™). We write both a
and b in terms of complete flags in & and M respectively, i.e.,

a=/mhmm%m,b=/maww%m,
0 0

with e, (¢) € o for all ¢ (this can be done since s is diffuse). Then a <, b means that,
forany s >0, [y A¢(a) dt < [ A(b) dt. Foreachs >0, let p; =e,(s)Ve,(s), a finite
projection. So we have ae,(s) <y, bep(s) in the II;-factor p;Mps. By [Argerami
and Massey 2008a, Theorem 3.4], there exists a contraction ¢ € pyJMp, C M with

ks = ts(laeq(s) — Este,(s)(csen(s)bep(s)c)]) < T(ps)?

The trace t, is given by t; = 7/7(p;); using the fact that e, (s) € o and that o is
abelian, we get that Eg, 5)(-) = e4(s)Eg(-). So

1 1
t(laeq(s) — Eg(eq(s)csep(s)bep(s)cieq(s))]) = t(ps)ks < <-
(ps) s
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(note that py > e, (s), so T(ps) = s). Let € > 0O; fix s > 0 such that s > 2/¢ and
fsoo M(a)dt < e/2. Put c = e,(s)csep(s), a contraction in J. Then

la — Eq(cbc®) ||, < lla—aea(s)|| | + ||aea(s) — Eqea(s)csen(s)bep(s)ciea(s)) |

2/ Ao (1) dt + T (|aea(s) — Eq(ea(s)csen(s)bep(s)ciea(s))])

N

e 1 ¢
§§+;<§+

&
2

As ¢ was arbitrary, this shows that a € Eg4({cbc* : ||c|| < 1})“'”'_ 0

Remark 5.13. The proof of Theorem 5.12 uses a reduction to a II; case, under the
hypothesis that the operators belong to L' (t). This last assumption seems to be
essential for such a reduction, and there is no immediate hope of using the same
idea to obtain results like Theorems 5.5 and 5.8. Conversely, one cannot expect to
use those results to obtain Theorem 5.12, since convergence in measure does not
imply || - ||;-convergence.
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CLASSIFICATION OF POSITIVE SOLUTIONS
FOR AN ELLIPTIC SYSTEM
WITH A HIGHER-ORDER FRACTIONAL LAPLACIAN

JINGBO DOU AND CHANGZHENG QU

We discuss properties of solutions to the following elliptic PDE system in R":
(—A)*?u = AquPt + pvP2 + BruP3vP4,
(=A)*?v = Au®t + prv? + Brut3 v,

where 0 < a < n, Aj, uj, B; (j =1,2) are nonnegative constants and p;

and ¢; (i =1, 2, 3, 4) satisfy some suitable assumptions. It is shown that
this PDE system is equivalent to the integral system

j‘ AquPr(y) + p1vP2(y) + Bru3 (y)vP4(y)
u(x) = dy
Rn [x — y|*—

Aauf1(y) + uav?2(y) + Bau®3 (y) v (y)
ve= I =y “

b

in R”. The radial symmetry, monotonicity and regularity of positive solu-
tions are proved via the method of moving plane in integral forms and a
regularity lifting lemma. For the special case with

n+a

n=p=qi=Q@=p3t+ps=q+q= s
n—ao

positive solutions of the integral system (or the PDE system) are classified.
Furthermore, our symmetry results, together with some known results on
nonexistence of positive solutions, imply that, under certain integrability
conditions, the PDE system has no positive solution in the subcritical case.

1. Introduction

In this paper, we study positive solutions of the following higher-order elliptic
system in R":

(1) !(—A)aﬂbt:)»lup‘+M1v"2+,31btmvp4,

(= D)2 = dou + v ® + Bru® v,
MSC2010: 35399, 45K05, 35R09, 35J48, 35B65, 45G15.
Keywords: system of integral equations, regularity, moving plane method in integral form,

classification of solutions.
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where (—A)*/? is a higher-order fractional Laplacian, 0 <« < n, A;, ui, 8i =0
(i =1, 2) are constants, and p; and ¢g; (i =1, 2, 3, 4) satisfy some suitable assump-
tions.

System (1) arises from N-coupled higher-order nonlinear Schrodinger systems

i— —(=A)"d; + |7 P; =0, eR*, t>0,
(2) ot ( ) j igﬁul z| J y
D;(y,1)—> 0, asy—>oo,t>0,j=1,2,...,N,

form € N, B;; = Bj;. System (2) appears in some physical problems, especially
in nonlinear optics. When m = 1, n < 3, it describes physical phenomena such as
the propagation in birefringent optical fibers, Kerr-like photo refractive media in
optics (see [Akhmediev and Ankiewicz 1999]) and Bose—Einstein condensates (see
[Esry et al. 1997]). When the spatial dimension is one, i.e., n = 1, system (2) has
applications in quantum mechanics (see [Liu et al. 2007; Fu et al. 2009]).

Letting ®;(y, 1) = e~ ity (), system (2) is transformed into the elliptic system

N
(=A)"uj=hjuj+ Y Bijluil’u; inR",
(3) i=1

uj(x)—0, as x| —o00,j=1,2,...,N.

Clearly, in some sense, system (1) extends system (3) with N = 2.
For further discussion, we need an integral form of system (1). In Section 5, we
will show that system (1) is equivalent to the following system:

L[ M () + P () + B ()P (y)
= x —ye @

’

4

[ Ru? (y) + pav?(y) + fou® (y)v# (y)
v(x) = P dy.

In particular, when ;= Ay =1 and A} = up = 81 = B, =0, system (4) reduces to

u(x) = / PO dy,
R

n X =yl

q1
v(X)z/ o) dy,
re X —y|"¢

which is closely related to the maximizer of the best constant in a Hardy—Littlewood—
Sobolev (HLS) inequality; see [Chen et al. 2005; Chen and Li 2005].

In recent years many works have been devoted to the study of the special cases
of system (1) or system (4). In the case of & = 2, under certain assumptions, the
existence of bound state solutions and radially symmetric solutions of (3) was
studied in [Bartsch et al. 2007; 2010; Busca and Sirakov 2000; Dancer et al. 2010;
Liu and Wang 2008; Guo and Liu 2008; Hioe 1999; Lin and Wei 2005; Maia

)
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et al. 2006; Sirakov 2007; Wei and Weth 2007; 2008]. In particular, for o = 2
(m>3)and A; = u; =1, B; >0 (i =1,2), de Figueiredo and Sirakov [2005]
proved the nonexistence of positive solutions for system (1) under some subcritical
exponent conditions. When m = n = 1, system (2) is integrable, and there are
many analytical and numerical results on solitary wave solutions of higher-order
nonlinear Schrédinger equations (e.g., see [Liu et al. 2007; Fu et al. 2009]).

Inthecaseof a =2m (m=1,2,...)and uy =A =1, A =ur =51 =6, =0,
system (1) becomes

©) {(_A)Z” =v%,
(=A)"v = ul,

in R". This system is equivalent to the integral system (5) with « = 2m (see [Chen
and Li 2009b]). Guo, Liu and Zhang [Liu et al. 2006; Zhang 2007] proved that any
positive solutions of (6) are radially symmetric for critical exponents py =g = %

Moreover, they also showed that there are no positive solutions of (6) if p», g1 > 1,
but are not both equal to 1, and satisfy the following subcritical exponent condition:

1 n 1 >n—2m
P2+l qi+1 n

Assuming that p; and g, satisfy —*— < p», g1 < 00, under natural integrability

conditions on # and v, Chen, Li and Ou [Chen et al. 2005; Chen and Li 2005]
and Hang [2007] discussed the symmetry, monotonicity and regularity of positive
solutions of system (5) with the critical exponent condition

1 1 n—o
p2+1 * q+1 n
Furthermore, Chen and Li [2009b] proved the nonexistence of positive solutions of
system (5) satisfying some subcritical exponents assumptions.
In [Dou et al. 2011], we studied the symmetry, monotonicity and regularity of
positive solutions of integral system (5) with weighted functions for max {1, =~} <
P2, q1 < oo and

1 n 1 _h—a
p+l g +1 7 n
In addition, the nonexistence result for positive solutions of system (5) with 0 <
P2, q1 < % was established.
In the case of 4; =1, u; = B; = 0 and u(x) = v(x), system (1) reduces to the

single elliptic equation

(7) (=A)*?u =uP, inR"

For p = "*2 Chen et al. [2006] and Li [2004] proved that any positive solutions u

n—oa
of Equation (7) are radially symmetric and monotonic about some point. Indeed all




314 JINGBO DOU AND CHANGZHENG QU

the positive solutions are given by

C, (n—a)/2
(8) u(x) = <m> )

where d > 0 is a constant and C, = (2_“1“(#)1"(%)_1(1)1/2. When o = 2m is
any even number, the above result was also proved by Wei and Xu [1999], and they
showed that there exist no positive solutions of (7) with 0 < t < "+2’" . Moreover,
for & = 2, the problem is the so-called Yamabe problem, and the radlal symmetry
of solutions was discussed by Gidas, Ni and Nirenberg [Gidas et al. 1981].

In this paper, we show that system (1) is equivalent to integral system (4). By
the discussion of the symmetry, monotonicity and regularity of positive solutions of
integral system (4), we are able to perform the classification of positive solutions to
system (1).

Throughout the paper, we use the following notation:

={f() |x eR", fe L""R")NLYR") N LR},
Mh={f&)|xeR", feL®R)NL2R)YNLRY},
where s1; =n(p; — 1) /a, s0; =n(gi —1)/a,i=1,2,and kg =n(p3+ps—1)/a =

n(gz+qa—1)/a withn/(n—a) < pi, gi, p3+pa, g3+q4 <00, and p3+ps=q3+q4.
We are now in a position to state our main results.

Theorem 1.1. Assume that A;, i, B; =0 (i = 1, 2), and they are not equal to zero
simultaneously. Let (u, v) be a pair of solutions to system (4) withu € 1, v € I,.
Thenu,v € L*(R") N L>*(R") for any -~

Theorem 1.2. Assume that A;, i, Bi >0 (i =1, 2) and they are not equal to zero
at the same time. Let (u, v) € 1| x I1y be a pair of solutions to system (4). Then u
and v are radially symmetric and decreasing about some point.

For system (4) with critical exponents, i.e., py = p2 =q1 =q> = p3+ pa =
g3 +qs = ”+"‘ , we have:

Theorem 1.3. Let (u, v) € L2/~ (R") x L= (R") pe a pair of positive
solutions to system (4) with A;, i, Bi >0 (i =1, 2) but not equal to zero at the same
time. If py = py=q1 =q2 = p3+pa=q3+q4 = "F=, thenu, v e L* R") NL®(R")
for an . Moreover, u and v are radially symmetric

and decreasing about some point, and u, v must be of the following forms:

(9) ( ) 1 (n—a)/2 ( ) P (n—a)/2
MO\ dF =P SR P IR ’

where x € R", c1, c; > 0, d > 0 and satisfy the conditions
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2 (n—a)/2 n+a)/2 n+a)/2 (n—a)/2
Cc( )/ 2)»165 )/ + e ( )/ +,3(p2 p4) ’

C2 (n «)/2 kzc(n+a)/2+,u (n+a)/2+,3 ( 9 q4)(n Ot)/2
1

Theorem 1.4. System (1) is equivalent to integral system (4).

Combining our symmetry and equivalence results with the known results on
nonexistence of positive solutions in the subcritical case (see [Dancer et al. 2010;
de Figueiredo and Sirakov 2005]), we can obtain results on the nonexistence of
positive solutions (u, v) of system (1) with some suitable conditions.

Theorem 1.5. (i) Supposen >3, a =2, Ai=u; =1land B; =0 fori =1,2, and

2 -1 1
<p1,q2<ﬂ p2:&2)’ q1=q2(p1 )
e -1

n
n—2 2’ p1—1

Then system (1) has no positive solutions (u, v) satisfying u € L""~D/2(R") N
L @=D/2R") NL®(R") and v € L™~ DR 0 L@~V @R N L2(R).
(ii) Assume thatn > 3, =2 and A;, u; >0, B; >0, B; #0, and p;, q; satisfy

pi(g2—1) quQ2(P1_1)
pi—1 - =1

n n+2 . .
T, <PL@< 5 with py =

and

pPr P2 91 q2
withO < p3 <p1,0<ps <pr,0=<¢q3<q1,0=<q4 <q2, p3+ ps =q3+qa.
Then system (1) has no positive solutions (u, v) satisfying u € I1{ N L*°(R") and
v € [T, N L°(R™).
(iii) Assume thatn =3, 0 =2, Ay = 1 =0, B1 = B > — /A1 2. Then system (1)
has no positive solutions (u, v) satisfying u € I1{ N L°°(R") and v € T, N L*°(R"),
where py =q> =3, p3=q4=1, ps=q3 =2.
Remark 1.6. We can show that the results above hold for the more general system

(=AY 2w = hul' + P2 + BruP v,
(=AY = hu? + pov® + Byutsv®

in R", where 0 < o, k <n, A;, i, Bi =0 (i =1, 2). That is, if

(10)

n n n(p;—1) n(g;—1)
p]’ p27 p3+p4> b q17q27q3+q4> s]i=—, S2i=—
n—uo n— o K
fori = 1,2, and u, v e LR(R") N L¥ (R"), where
n(ps+ps—1) n(gs+q4—1)
ky=———""—2 kj=—1n
o K

then the results of Theorem 1.1, Theorem 1.2 and Theorem 1.4 are still valid.
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We remark that a more general system of m equations has been discussed by
Chen and Li [2009a]. That is,

uj(x):/R Mdy, j=1,2,...,m,

n |x — y|re in R"*

(In

u(x) = (ui(x), uz(x), ..., um(x)),

where f;(u) > 0 are continuous real-valued functions and homogeneous of degree
ng and satisfy df; /ou; > 0 for i = 1,2,...,m. System (11) includes only
the critical exponent case of system (4). It was shown in [Chen and Li 2009a]
any positive solutions of (11) are radially symmetric under the assumptions u ; €
L (R"). Furthermore, based on the Kelvin transformation and the results in [Chen
et al. 2006], any positive solutions of (11) must be the form of (8). In our proof
of Theorem 1.3, a key calculus lemma due to Li and Zhu [1995] and the Kelvin
transformation are used to show that all positive solutions of (4) are given by (9).

The main difficulty in our proof is the lack of a maximum principle for the higher-
order fractional Laplace operator. Theorem 1.4 says that system (1) is equivalent to
the integral system (4), which is helpful for our discussion since we can use the
method of moving planes in integral forms (see [Chen et al. 2006]) to discuss the
radial symmetry and monotonicity of positive solution of the integral system (4).
Furthermore, the regularity of solutions to system (4) is proved by the regularity
lifting lemma introduced in [Chen and Li 2010; Ma et al. 2011].

The paper is organized as follows. In Section 2, we prove the regularity of
solutions of system (4) (Theorem 1.1). The radially symmetric property and
monotonicity of solutions are studied in Section 3 (Theorem 1.2). In Section 4,
positive solutions of system (4) with critical exponents are classified. Namely,
Theorem 1.3 is proved. In Section 5, we obtain some nonexistence results by
proving Theorems 1.4 and 1.5.

Throughout the paper, we always assume that A;, u;, 8; >0 (i =1, 2) and they
are not equal to zero simultaneously. Moreover, for convenience of presentation we
shall use ¢, c;, C, etc. for a suitable positive constants unless indicated otherwise.

2. Regularity

In this section, we prove the regularity of solutions to system (4). To this end,
we need the following regularity lifting lemma (see [Chen and Li 2010; Ma et al.
2011]). An earlier version was introduced in [Chen and Li 2005].

Let V be a topological vector space. Suppose there are two extended norms (i.e.,
the norm of an element in V might be infinity) defined on V,

I lxs - lly = V- — [0, oo
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Let
X:={feV:|fllx <oo} and Y:={feV:|flly<oo}

Lemma 2.1. Let T be a contraction map from X into itself and from Y into itself.
Assume that for any f € X there exists a function g € Z :== X NY such that
f=Tf+ginX. Then f € Z.

We also need an equivalent form of the HLS inequality (see [Chen and Li 2005;
2010]): let C(n, «, p) be a uniform positive constant and define

Tf(x)= /R i) NN

n |x =y

Assume that f € LP(R"

(12) ITfllLr@y = C(n,a, IS

L n+otp (Rn)

Denote
()_{uu), ()| > R,
“BYZ00, jueol <R

Assume that ¢ € L"(R"), ¢ € L*(R"

TP 1 p2—1 pa—1
NG = [ P aye [ B WP OIn 0 ) gy,

| e
1 A q1—1 + q3—1
T2(¢,¢>=/ wm)dw/ 2y OIFBaV DN )
Re |x—y|""¢ R [x—y[r—®

Let up(x) =u(x) —ug(x), and

p2— 3 pa—1 A pi—1
fR(x):f L1V}, (y)+ﬂ1u: iy)v (y) (y)dy+/ mb—n(_ya)u(y)dy,
" lx — ¥ re X — Yl

ol q4 q3—1 q2—1
gR(X)=/ 2Uy, (Y)+,32vb OMu, () (y)dy—l—/ Mv(y)dy.

|x —y|"= R [x =y

Denote the norm in the cross product space L" (R") x L*(R") by
[, V)llrscs = lluell + lvls,
and define the mapping 7 : L"(R") x L*(R") — L"(R") x L*(R") by
T (¢, 9) = (T1(d, 9), Tr(¢, 9)).

Throughout the paper, we use the notation ||ulls = ||u||Ls@®n).
Consider the equation

(13) (0. 9) =T (¢, 9) + (fr: 8r)-
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Notice that there is no intersection between the supports of u g, vg and up, vp, O
(u, v) is a pair of solutions of (13).

Proof of Theorem 1.1. The proof is divided into three steps.

Step 1. Firstly, we show u, v € L*(R"
(1) T is a contracting map from L*(R") x L*(R") to itself for R large enough;
(i) fr and gg belong to L*(R").

We first show (i). For any ¢, ¢ € L*(R"), using the HLS inequality (12) and the
Minkowski inequality, we have

(14) T, o)l
< Cn, o, ) (M up ™ by + milvr” ol + 81 |urve" o ]l,),

where 6 =

By the Holder inequality, we have

n+ots

15 Jul o), < lurlZ ol JorP |, < lvrlZ2 el

where s1; =n(p; —1)/a, j =1, 2, and

16) [ ve o],

1
< (f M?“G(y)dy)“e(/R (pa=Dnf )dy)

pa—1
= llurlly lvrlg el

Q::"_

1
130
( f 9" (y) dy)
Rﬂ

In the above inequality we have chosen 13 = (n+sa)/n > 1, sowetake 1 /t1+1/t, =
sa/(n+ sa) with

ko =1t1p30 =t2(ps— 1)0,

and then
pyppaml_

ko k() n’
Substituting (15) and (16) into (14), we deduce that
(17 Ti(p, @)l < cllugllZ "Ml +c(lvrll?2™ + uglll: Illelp“_ Mels.

Since u € L (R") N LX(R™), v € LY2(R") N L% (R"), we may choose R large
enough such that

1 1 1 pa—1 <1
lugllZ2™ < 2. TorIZ2™ + lurlg el ™ < 3

Hence, from (17) we obtain

(18) ITi(#. )l < 3(llolls + llells).
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Similarly, we have

(19) 1T, ©)lls < 1(Ilolls + llls).
Combining (18) and (19), one obtains

IT (¢, @) llsxs < 5 (Il + lllls)-

It turns out that T is the contracting map from L*(R") x L*(R") to itself.

(i) Next we estimate fr and gg. We write

2—1 D3 pa—1 pi—1
wivy? (4B (M) () /Mub ()
/y R vndyt| 2D gy

(20) fr(x) =

=: Ji+J/o.

n |x =yt

For any s > ", we apply the HLS inequality, Minkowski inequality and Holder
inequality to get

1) 11lls < cllop” "o, +cfus? s 0],
-1 —1
< cllvpllg> Mvlle, +cllunlig Nopllz ™ Ivllks,
and
-1 -1

(22) 120y < cllup' ™ ul|, < clluply!™ Nl
where

-l 1 _ps paml 1 _pi—l 1 ntas 1, a

ki +k2_k3+ ks +k5_ ke +k7_ ns _s+n'

Since vy, up, are bounded, kj, k3, k4, k¢ can be chosen arbitrarily. Notice that - fa <

P3+ pa=q3+qa, soitfollows that ko =n(p3 + ps— 1) /a =n(gz +ga — 1) /a >
n/(n—a). In view of u, v € Lk (R™), we may choose ky = ks = k7 = ko such that

1 p2—1+ Il _a_p—1 +n—ako

Ky kq ko n ki nk
_Dp3  pa—1  n—aky
o k3 * k4 + nko
_pi—1 | n—uak
o k() * nk() ’

Now, letting k, k3, k4, ke — 00, the previous equation implies that

nko
n—aky

We conclude that fi e L"ko/(r—ako—€Rny for any small € > 0. Obviously, nky/
(n — akg) > ko. Similarly, we can show gy € Lko/ (n—ako)—€ (pny
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By Lemma 2.1, if n < akg, we are done. If n > akg, we repeat the above process,
and after a few steps, we obtain

n
u,ve L*(R"), — <s<o00.
n—o

Step 2. We show u, v € L®(R"). We split u(x) into two parts, i.e., u(x) can be
written as

u(x)=/ Mu”'(y)+u1!|);2_(y);i-_/31up3(y)v”“(y) dy
Bi(x) ¥l

AuPt(y)+pvP2(y)+gu? (y)vP4(y)
+ = dy
R\ By (x) |x—yl

=:J3+ Js.

We estimate J3 and J4 separately. First consider J4. Since 1/|x — y|"™* < 1,

and u,v € L*(R") for any -~ < s, according to the assumptions that - <
n—o n—o

P1, P2, p3 + pa, and using the Holder inequality, we have

J4§cf u”‘(y)dy+6/ v”z(y)dy+6/ u? (y)v(y) dy
R\ B; (x) R\ B) (x) R\ B; (x)

< Q.

Next, we compute J3:

1 1/p Jo-1) (p—1)/p
pel [ ) ([ )
By (x) [X—y| (TP Bi(x)
1 1/p Jo—1) (p—=D/p
+c / —_d)’> (/ [v(y) PP d)’>
( By (x) [X—y| (TP Bi(x)
1 Vr p/(p=1) (=i
+c / —_d)’> (/ lu?? (y)vP*(y)] d)’> .
( B (x) [X—y| (7P Bl(x)( )

Choose the constant p such that (n —a)p < n, and then

1 1/p
—d C.
(fm) x—y[e—eor 4 ) =

Since u, v € L*(R") for any -*— <5 < 00, we get

(p=D/p (p=D/p
( f ju(y)| P2/ dy) <C. ( / o(y)|Pr/ = dy) <C,
B (x) B (x)
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and by the Holder inequality, we obtain

p—1

)4
( f |uP3(y>vP4(y)|v”—ldy)
Bi(x)
= =
_P_ 1P P 2
([ o) ([ o) e
By (x) Bi(x)

where [,/ > 1 and 1//{ + 1/, = 1. (We may choose /; = (p3 + p4)/p3 and
Iy = (p3 + pa)/ps.) So u € L°(R"). Arguing as above, it also follows that
v e L®(R").

Step 3. Using the usual bootstrap method, as in [Li 2004], we conclude u, v €
C*®(R™). O

3. Radial symmetry and monotonicity

In this section, we use the method of moving plane in integral form to prove
Theorem 1.2. The moving plane method in integral form used here was introduced
by Chen, Li and Ou [2006] and exploits global properties of integral equations
instead of using the amount of local properties of differential operators as the
traditional moving plane method (e.g., see [Guo and Liu 2008; de Figueiredo and
Sirakov 2005; Liu et al. 2006; Zhang 2007; Wei and Xu 1999; Gidas et al. 1981]).

We first deduce two representation formulas related to u(x) and v(x), respectively.
Let A be a real number. Define

Sp={x=(x1-xp) |x1 =4},
and set
xA:(Z)»—xl,xz,...,xn), uk(x)zu(x’\) and vk(x):v(x)‘).

For convenience, we set Qy(u, v) = Auf'(y) + pn1vP2(y) + Bruf?(y)vP*(y) and
Ky, (u, v) = ou? (y) + u2v2(y) + Bou®(y)v¥(y). In view of (4), we have

1 (x) :/ Oy
R

n Xt =y

Oy (u, v) Qy(u, v)
:/ )Ly n—o dy+ )L} n—a dy
z, Xt =yl rR\x, X% — Y

= it [ e
5, x4 —y[re 3, x4 —yrne

vk(x):/ Mdy+/ Mdy
z b

X |x)\_y|n—oz X |xk_yk|11—a

We also have
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Noting that [x* — y*| = |x — y|, it is easy to see that

(23)  un(x)—u(x)

=/;:< 1 1 )(Qy(u)u U)L)—Qy(lri, U)) dy

[x—y[r=e |yt —y[n—e

1 1 1 1 2 2
- /;:/\<|x—y|ﬂ—0l_|x)u_y|na)[)\‘l(ugj D) =uP' () 4w (072 () —vP2 ()
+B1 (ul> (L () —uP* (™ ()] dy
and
(24)  vi(x)—v(x)
1 1
- /zk(lx—yi"—a - |xk—y|"—“)”<y(“% v) =K, (u, v)) dy
_ 1 o .
- /zk(lx—yw—a o — y|n—a)[*2(“x )= (1) +p2 (v () —v" ()
+B2 (uf vyt ) —u® (v® ()] dy.
The next lemma shows the plane can start moving from x; = —oo to the right.

Lemma 3.1. Let (4, v) € [1; x Iy be a pair of positive solutions of (4). Then, for
A sufficiently negative,

(25) ux) >uyp(x) and v(x)>v,(x) forallx e X,.
Proof. Define
Y={xeZlukx)<u(x)} and X} ={xeX;|v(x) <vi(x)}
Let X} be the complement of ;. From (23) and the mean value theorem, we have

(26)  wup(x)—u(x)

- | (=)
sz, \x—y[r=  |xt—yr=e

x [A @y () —uP (y)+p1 () () —vP(y)
+B81 (] M@ () — v )+ () @) () —u (y))) ] dy

- [
s \x =yl xt =y

x [pirad? ™ ) () —u()) + par1 ' W) (W () —v(y))
+pafrul* Mol ) () —v(y)
+p3BivP (NEr ™ w) (ur () —u(y))] dy,
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where u(y) < ¢;i(u) <uy(y),i =1,3,0on X, and v(y) < ¢;(v) < v (y), j =2,4
on x i’ It follows that we can write

u(x) —ux) <c(lhi + L+ 5L+ 1),

where

Pl 1 pzl
I :=/E O —A (Y —u(y)) dy, 12:=/ v O (V. (y) —v(y)) dy,

w fx =yl .Alx ypre
pa—1
I :=f SO SSRGS
v jx—yl

P4 p3—1
Iy = /u %(m(y)—u(y))dy-

Using the HLS inequality and the Holder inequality, we get

Iy
@7 ( / ) |11|V> < C e y) |~ = )] o

n+ay
n

> 1.

= "% < 1 and my =
ay

ny
~ ntay
Thus, we invoke the Holder inequality to obtain

1/6
(28) { f [ ) () —u(y))fdy}

1/m 1/myy1/6
5{[ 2u(m(y))“”l‘”"“dy] [ /2 (ua(y) —u(y))™ dy] }

p1—
= lluall; s, Ml — MIILV o
(2 ) =’

where s;; = n(p; — 1)/a. Substituting (28) into (27), we get
1/y
(29) (/ |11|V> < Cn 0, Py s =l
;l ():u) (ZA)

Similarly, one has

(30) ”IZHL(VZ =Cn,a, J/)Ilvxllpm ”U)»_U“LV

(2)

where s;p =n(p, —1)/c.
Next, we estimate /3 and /4. By the HLS inequality we have

31 I1s1l,7 < Cn, o, y) |usP v~ (3 = v) || o
(=) =)

Letting 1/t; + 1/t +1/t3 =1 for #; > 1, it follows that
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(32) |JurP v (wa = )| 6

zﬁ)
g o0 0
0 h —-1)0 fz 3
s[ f ul? ”(y)dy] [ / v ”%y)dy} [ / (vx(y)—v(y))9’3dy]
=7 z; =
<Py Noal?s! lvs = vy, -
=) <2”) )

Arguing as Section 2, we choose 13 = (n+ay)/n> 1,1 =m+ay)(p3+ps—1)/
(p3ay)andtr =m+ay)(p3+ps—1)/((pa—Day), satisfying 1 /t;+1/6+1/t3=1.
Then ko = t; p360 = t2(p4 — 1)6. Substituting (32) into (31), we conclude

i
(33) 155l , <Cn, e, Y lluall”; b Noalls ||UA—U||LV
= =) <z”> =’

In the same way, one has

Pz—

v lluall™ IIMA—MIILV

():u) (Eu)

(34) ”14”% <Cn,a, )vI"

Now, we compute the norm _
Minkowski inequality and combining (29), (30), (33) and (34), we arrive at

(%) Nl

pi— p2—
< cllu,ll ‘m ||”A—M||LV +C||UA|| 312 lva—vll.r

L s, Ly =)
+C||M/\||p ||UA||p4_ ||U/\—U||L(V2v)-i-C||U||pA/t0 ||MA||m_

ux—ullpr,
<2L (2”> A =) (z“) >

pi—1 p3=Ly yp
(A e Y e Il T o
=5 = = =

pa— pa—
+C<||UA|| 512 +||MA| 5 ol )||UA_U||LV
Ly Ly L(z v)

Along the same line, noting that p3 + p4 = g3 + g4, we have

—1
36 s —vllgy, < ey +lanl 5, 10, e —ulyy,
( = = = =)

q2— q3 q4—
(||Ux|| 2 Nl % Il )Ilvx—vllu
(E”) =) (E”)

where 521 =n(g; — 1)/a, s2o =n(g2 — 1) /a, ko =n(gz +q4 — 1) /.
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By adding (35) and (36), we obtain
G lox —ullyy, + = vl
P1— p p3—1 -1
< (! g+ 107, Tl 7+ o1, ), )
(2 ) (z ) L(z") (2“> L<2§> L(E“
x s —ully,,
p2— 92— D3 pa—1 g3 qs—1
(Mol ol + %, ol + %, ol )
(2 ) (>: ) =) =) =) (Z’)
X [flvy — v
va ||L(Vzv
p1—1 q1— P3— q3—1
(A T e T N T )
(zA (2 ) = <2°) =) =)

x s~ wly,

p2—1 g2—1 17—1 q: q—l
e (Il + 10N + 1w, 1ol + %, 014"

(X ) (2 ) (=) ():‘) (=) ():‘)

X [lux — v
lva ||L(V2U

Since u € I1; and v € I1,, we can choose A sufficiently negative such that

pi—1 q1—1 p3—1 q3—1 1
e llall s+ Nl 7 + vl el + vl lul®y ) < 3,
L LY L L
():‘ (E ) = (=) =0 (=)
p2—1 q2—1 pa—l q4—1 1
c(Ivl3s + vl T+ lul iy Ml +lul %y vl ) < 5.
L L LY
(Z-) (Z ) =) (2‘> (=) =)
Hence
1 1
u), —ullyr +llvn—uvl;r =<sluy—ul;r +slvy—0|;r .
s = wll g o= vl < Sl = wly, + 5l = vl
This implies that ||u;, —u||Ly = ||vy — v||Ly . 0, and therefore X} and X} must
be empty. Thus, (25) is proved (]

Next we define
rAo=sup{r € R|u,(x) <u(x),v,(x) <v(x)forall x <Aandall x € ¥,}.

By the regularity of positive solutions to system (4), we observe the fact that u
and v are bounded as |x| — oco. Combining this and noting u, v > 0, we conclude
Ao < 0o. Thus, we will move the plane to the limiting position to derive symmetry.
That is, we have the following lemma.

Lemma 3.2. Under the assumptions of Theorem 1.2, we have

(38) uy(x) =u(x) and v,,(x)=v(x) forallx € Z,,.
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Proof. We use argument by contradiction. Assume that there exists a Ag < 0 such
that u(x) > u;,(x), and vy (x) > v,,(x), but u(x) # uy,(x) or v, (x) # v,,(x) for
any x € X,.

We show that the plane can be moved further to the right. More precisely, there
exists an ¢ depending on n, o, and the solution (u, v) itself such that

u(x)>u;(x) and v(x)>v,(x), on X

for A € [Ao, Ao +&).
In the case of v(x) # vy, (x) on Xy, from (23) and (24) we obtain u(x) # uy,(x),
that is, u(x) > u,,(x) in the interior of X,,. Let

If ={x e D, lul) <upy(x)} and TP ={x € Iy, [ v(x) < vp(0)}

Obviously, E_’A‘O has measure zero, and lim; _, 5, X} C E_/'(O The same fact holds for
that of v. Let (X}')* be the reflection of set X} about the plane x; = A. Similarly
to (37), we have

(39) ||ux—u||L(yzu)+||vk—v||Lrv

p1— qi—1 p 17—1 q 71
< el ! 1017, s+ o0, Nl )

(>: ) (2”> =) (z”) =) (2”)

<l —ully,

p2— = q pa—1 q q4—1
(ol ol s’ + 1wl Toul s+, 1%, ")

(Z ) (E ) =) =) =) =)

X |lvx —v
llvx ||L(V2U

pi1—1 q1—1 p3—1 g3—1
e (e e L N T W )
(50" (=50 = <<2“>*) =4 ((E”)*)

X ||u;, —M||L(V2M
-1 qp—1 q3 pa—1 q qs—1

e (e ] e T L Y W Tl

((2 *) <<2i'>*> (ED)) <(z %) (=% (=%

Xllvx—vlly
=)

for any —=*
that for all A € [Ag, Ag + &), we have

v € I1,, we can choose ¢ small enough, such

1
u —ull;r  +\lvx—v|;r <—(u—u y  H vy —v];r )
s =y, e =l < 5 (o —ullg, + v = vl

This implies that ||u; — u||Ly = ||vy — v||Ly o =0. So X} and X} must be empty.
The proof of (38) is then completed (]
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Proof of Theorem 1.2. From Lemma 3.1, it follows that u(x) > u; (x) and v(x) >
v, (x) on X, for A enough negative. This implies the possibility of moving the
plane from near x; = —o0, so we can invoke Step 2: move the plane to the limiting
position to derive symmetry. Furthermore, it follows from Lemma 3.2 that if the
plane stops at x; = Ag for some Ay < 0, then u(x) and v(x) must be symmetric and
monotonic about the plane x; = Ag. Otherwise, we can move the plane all the way
to x; = 0. Since the direction of x; can be chosen arbitrarily, we deduce that u(x)
and v(x) must be radially symmetric and monotonically decreasing about some
point. This completes the proof of Theorem 1.2. (|

4. Classification of positive solutions to system (4) with critical exponents

In this section, we prove Theorem 1.3. Since we have established the regularity and
radial symmetry of solutions to system (4) in previous sections, we may employ a
proposition in [Li and Zhu 1995; Li and Zhang 2003] to show the form of radially
symmetric solutions of (4) with critical exponents. Throughout this section, we
always assume that py = pr =q1 =q2=p3+ps=qg3+q4s= % in system (4) and
(u, v) € LV =0(Rm) x L2/ =) (R, Tt is well known that system (4) (or (1)) is
invariant with respect to scaling, translation, and inversion transformations with the
above exponent conditions.

For x € R" and A > 0, consider the Kelvin transformation of w:

Lo\ Ay —
w"’k(y):<|y—x|> w(” |y(y—x|§)>'

To classify solutions, we need the following lemma.

Lemma 4.1. Let (u, v) be a pair of solutions of system (4) with the assumptions of
Theorem 1.3. Then there exist A > 0 and xo € R" such that

(40) Uxy, 2. (y) =u(y),
41) VUxo, 2 () = v().
Proof. 1t suffices to prove (40). The proof of (41) is similar. Consider xo = 0, for
otherwise we make a translation transform and a scaling transform on uy, ().
Let (u, v) be a pair of solutions of (4). By radial symmetry we assume with-

out loss of generality that u(x) and v(x) are symmetric about the origin and
limyy oo [X " %u(x) = U =u(0). Let A"™% = 1 /u(0) and e be any unit vector

in R". We define
5= — ( Y )
w(y)=——u|—5—e).
lyl"=e \lyl?

w(0) =us and w(e) =u(0).

Then
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Thus, w must be symmetric about %e.
Now, choosing y = (% — h)e for any h, as in [Chen et al. 2006], it is easy to see

n—o l_h 1 n—o l+h
) ) ) )
((2 ) ) %—h| %—h|2 %—h| %—h

Taking y = (% — h)e, we have

w((L+h)e) = (ﬁ)u(é ;he)

Since w is symmetric about %e, by scaling we have

A2 (SR N R (s
1 n—a 4 1 S n—o ¥ 1 el.
|3—h] 7 —h |3+h] 2+

Letting 1 = (5 — h)/(3 + h), it follows that

=

u()LTe) =1t""%u(rte).

Replacing ¢, e by A/|x — y|, y — x/|x — y|, respectively, it follows that u(y — x) =
A/]ly —x)""*u(X*(y — x)/|y — x|?). Furthermore, we can take the translation
transform to obtain (40). [l

To prove our main result, we also need the following proposition from [Li and
Zhang 2003]. Earlier versions with stronger assumptions were first proved by Li
and Zhu [1995].

Proposition 4.2 [Li and Zhang 2003]. Let f € C'(R"), > > 0 and i > 0. Suppose
that for every x € R", there exists L(x) > 0 such that

<|yix|>ﬂf<x+%) =f(y), yeR"\({x}.

Then for some a > 0,d > 0 and x € R"*, we have

Fo) = ia(my/z.

Proof of Theorem 1.3. From Lemma 4.1 and Proposition 4.2, we obtain directly
that the solution of system (4) must be of the form (9). ([l
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5. Equivalence of system (1) and system (4)

In this section, we show the equivalence of system (1) and the integral system (4).
The proof is similar to that in [Chen and Li 2011] which is based on properties and
the Fourier transform of the Riesz potential. For completeness and convenience of
the reader, the details will be included. However, by choosing a suitable cut-off
function, we provide a different approach for the case of even numbers o = 2m.

First, we define a positive solution of (1) in the distribution sense, i.e, u, v €
H*/?(R"), and they satisfy

(42) /(—A)“/4u(—A)°‘/4¢dx:/ (MuP' 4 piv?> + Bt vP) ¢ dx,
Rn

n

(43) / (—D)* (=) P dx = / (Aou? + pov® + Bou®v®)p dx

n

for any ¢ € C3°(R") with ¢ (x) > 0. As usual, by the Fourier transform we have

(44 (a1 u- A g dx = ¢, [ lela©)0 e de
R)‘l Rﬂ
where # and qAS are the Fourier transforms of u and ¢, respectively.
For o = 2m, where m is a positive integer, we prove that every positive solution
of PDE system (1) satisfies integral system (4). Here we don’t use the maximum

principles for higher-order elliptic operators; the method be used here comes from
[Lu and Zhu 2011].

Lemma 5.1. Any positive solutions of system (1) with o = 2m satisfy the integral
system (4).

Proof. We define the cut-off function on Bg(0):

1, xeB(0),

)= {0, x & Bs(0),

and 0 < 7@ <2 on By(0) fori = 1,2, ..., 2m. Let nr(x —y) = n(E22) on By (x)
and choose ¢ (x —y) =nr(x —y)/|x — y|”‘2’". It is easy to check that ¢ € Cgo([R”).
Hence, for any u, v € H" (R"), by definition (42) and integration by parts, we have

45) / (= A" u(= A" dy = / u(—AY"$ dy
RVI RVI

- o ()

_ nr(x —y)
- - Qy(uv U) |)C . yln_zm

’
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where Q, (u, v) is defined in Section 3. Since

(—A)" nrR(x —y)
jx — y|n—2m
1 2m o '
= (=A)" (m)ﬁR(x -+ Zci|x - ylf”“nﬁé)R”,
i=I

one has

— 1
(46) u(—=A)" <M) dy:/ u(—A" (—_2>nR(x—y) dy
Rr |x =y n X =y

2m
-I-Zci /[R” R™"ulx —yl_”+’n%) dy.
i=1

As in [Lu and Zhu 2011], for u € L*/®=2m(R"), using the Holder inequality we
get

@ | — )W R dy
n+2m

n—2m
. 2n . 2m
< C,'R_l ([ u2n/(n—2m)dy> (f |x . y|2n(t—n)/(n+2m)dy>
4 Byg\Br

2R
< C_zlf r2n(i—n)/(n+2m)rn—ldr_) 0,
R R

as R — oo. We also note that

@ [ u(—A)’"(M) dy= [ 8= yut dy=uco).

|x — yln=2m
Therefore, combining (45), (46), (47) with (48), we have

_ )»114"‘()’)+Mlvp2(Y)+ﬂlup3(y)Up4(y)
u(x)_ |x_y|n —2m

In the same way, we obtain

_/ Mwww+uw%@»wmwwww@>
v(x) =

|X— |n 2m

The proof of the lemma is completed. (]

Now, we consider the case that « is not even, that is, system (1) is equivalent to
the integral system (4) for any «.

Proof of Theorem 1.4. (i) For any ¢ € C3°(R"), set

wm—f' 20 ay.
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so that (—A)*/?y = ¢, and then ¢ € H*(R") C H**(R"), and satisfies

(=D) UMy dx = | 0., v)¥(x)dx.
R R~

This implies

/u(—A)“/dex=/ u¢dx=f {/ Mdy}qb(x)dx
’ i o T P

for any nonnegative ¢ € C;°(R"). Thus, we get

o AuP () + P2 (y) + Brul? ()P (y)
u(x) = i — dy.

Similarly, we have

[ AuT () + pov®(y) + Bou® (y)v¥(y)
v(x) = P—— dy.

(i1)) Now we show that any positive solutions of the integral system (4) satisfy
system (1). Assume that u, v € L2/ (=2m) (R") are the solutions of the integral
system (4). Invoking the Fourier transform on both sides of the first equation of (4),
we have

((E) = culE]7 Qe (4, v).

Then o
1E1“U() = cn Qe (u, v)(§).

Hence, for any ¢ € C;°(R"), by (44) one has
| cartucartodi=e, [ et d

e | Qelu, v)$(E) dE

R~

=cn | Ox(u,v)¢(x)dx.
Rn
Similarly, we have

[ cartocartpdr = [ Klw@de de

=cy f K,(u,v)¢p(x)dx.

This means that (u, v) is a pair of solutions of

(=AU = ¢ oyl + 1 vP 4 BrulvP),
(—A)*2v = ¢y (haud' + puov® 4 Bru®v),
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for x € R", in the sense of distributions. This completes the proof of the theorem. [J
Now, we can combine Theorems 1.2 and 1.4 to show the nonexistence results.
Proof of Theorem 1.5. 1t suffices to verify the condition for exponents.

(i) and (ii) Under conditions (i) and (ii), respectively, the nonexistence results
have been proved in [de Figueiredo and Sirakov 2005]. Combining this with our
symmetry results, we find that there exist no nontrivial positive solutions (i, v) with
u eIl NL®(R"Y), v e T, N L®(R") satisfying conditions (i) and (ii), respectively.

(iii) Combining the nonexistence results of Dancer, Wei and T. Weth [2010] and
our symmetry results, we conclude that there exist no nontrivial positive solutions
(u, v) withu € IT{ N L*°(R") and v € [T, N L (R") with p;y =q2 =3, p3=q4 =1,
pa=q3z=2. U
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BOUND STATES OF ASYMPTOTICALLY
LINEAR SCHRODINGER EQUATIONS
WITH COMPACTLY SUPPORTED POTENTIALS

MINGWEN FEI AND HUICHENG YIN

We study the existence and concentration of bound states to N-dimensional
nonlinear Schrédinger equation —e?Au, + V(x)u, = K(x) f (u.), where
N > 3, ¢ > 0 is sufficiently small, and the function f(s) is nonnegative and
asymptotically linear at infinity. More concretely, when f(s) ~ O(s) as
s — +oo, the potential function V (x) lies in Cj(RY) with V(x) > 0 and
V(x) # 0, and K(x) > 0 is permitted to be unbounded under some other
necessary restrictions, we can show that a positive H'(R")-solution u, (x)
exists and concentrates around the local maximum point of the correspond-
ing ground energy function.

1. Introduction and statements of main results

This paper deals with the problem on the existence and concentration of bound
states for the nonlinear Schrédinger equation

{—82Au8 +Vu, =Kx) f(u), xeRV,

(- u. € H'(RY), u.(x) >0,

where N > 3, ¢ > 0 is small, K(x) >0, V(x) >0 with V(x) #£0, f(s) >0 and
f(s) ~ O(s) as s — 400, which is asymptotically linear. Such a solution u; is
called as a bound state for u, € H'(R") and u,(x) > 0.

Consider in particular the superlinear problem given by the equation

(1-2) —&2Au, +V(x)u, = K(x)|ug|?P 'u,, xeRV,
u. € H'@RY), u, >0,
for N>3and 1 < p < x—fg Under various assumptions on the potential function

V(x) = Co > 0 for large |x| or limy| o V(x) = 0 or even V(x) is compactly
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supported with V (x) > 0 and V (x) # 0, the existence of H'-positive solutions has
been established, and the concentration properties of u, can be obtained at a global
or local minimum point of the ground energy function G(§) = VO &K P2 (&)
with 6 = ﬁ — % (one can see [Ambrosetti et al. 2005; Ambrosetti and Malchiodi
2007; Ambrosetti and Wang 2005; Berestycki and Lions 1983; Bonheure and
Van Schaftingen 2008; Byeon and Wang 2006; Davila et al. 2007; del Pino and
Felmer 1996; del Pino et al. 2007; Fei and Yin 2010; Gui 1996; Rabinowitz 1992;
Wang and Zeng 1997; Yin and Zhang 2009]).

For the asymptotically linear problem (1-1) with ¢ = 1, there are many papers on
the existence of solution in recent years. For examples, in the case of V (x) > Cyp > 0
for large |x|, one can see [Costa and Tehrani 2001; Jeanjean and Tanaka 2002; Liu
et al. 2006; Liu and Wang 2004; Stuart and Zhou 1999]; in the special case that
V (x) vanishes at infinity like a/(1 4+ |x|?) < V(x) < A (the constants o € (0, 2),
a > 0 and A > 0) and some other restrictions, the authors in [Liu et al. 2008]
established the existence of bound states.

We now consider the following interesting problems indicated in [Ambrosetti
and Malchiodi 2007]: if the potential function V (x) decays faster than 1/(1+ |x|?)
with o € (0, 2) at infinity or is compactly supported with V(x) > 0 and V (x) # 0,
does the bound state of (1-1) still exist? If it exists, what is the concentration
profile of u.(x) as ¢ — 0? In this paper, we will treat these two problems. We
only focus on the case that V (x) is compactly supported, since the other cases of
V(x) = 0(/(1+ |x|°)) with 0 € R can be treated analogously and even more
simply.

To proceed, we define the ground energy function G (£). The constant coefficient
asymptotically linear equation is as follows:

—Au(x)+VEux) =KE) fw), xeRN,
(1-3) LN
ue H'(RY), u(x)=>0,

where V (&), K (§) >0 with & € A, and the meaning of A is given in assumption (Hy)
below.
The associated Euler functional is defined as

(1-4) If(u):%fw |Vu|2dx+@fw |u|2dx—1<(s)/RN Fu)dx.

where F(u) = fouf(x, T)dT.
In the terminology in [Wang and Zeng 1997], the function G (§) = inf,,c y¢ [ §(u)
is the ground energy function of (1-3) and w(x) is a ground state of the functional
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I5 if G(&) = I (w), where ¢ is the Nehari manifold, defined as
(1-5) M =
{u cH' ([R{N)\{O}:/ IVul? dx+V (€) f > dx =K (£) / Fuu dx}.
RNV RN RV
Under certain assumptions, we will solve the constant coefficient asymptotically

linear problem (1-3) and prove that the ground state exists and G (§) is a continuous
function in A in Section 3 below. The assumptions are as follows:

(Hp) V(x) € CHRY), V(x) > 0; K(x) € C/(RY), K(x) > 0.
(Hy) feCR,RY) ﬂC]’y([R{) with some constant y satisfying0 <y <1; f(s) =0

loc
for s <0; f(s) = O(s*) with some « > 1 near s = 0.

(H3) f(s)/s is a nondecreasing function for s > 0 and

(1-6) @ 1€ (0,400) ass— 4oo.

(H,) There exists a smooth bounded domain A of R" such that V (x) >0, K (x) >0
on A and

V)
1-7 * = max <,

a7 WETRKE

(1-8) 0<cy= gg{f\ G¢) < S1Er})fA G(&).

(Hs) Let N > 5. There exist some constants k > 0and 8 < (¢ — 1)(N —2) —2
such that

(1-9) 0<K(x)<k(1+|x])? inRN.

Our main results in this paper can be stated as follows:
Theorem 1.1 (existence and concentration). Let assumptions (Hy)—(Hs) hold.

(1) Equation (1-1) has at least one bound state u, provided that € is small.

(1) ug has exactly one maximum point x, € A, which satisfies

(1-10) CiZue(xe) =G
and
(1-11) dist(xg, M) > 0 ase— 0,

where Cy, Cy are positive constants independent of ¢, and the set M is defined
by M ={x € A : G(x) = co}. Moreover, if M only contains a single point xy,
then u, is a single peak solution; more precisely,

(1-12) ne() = v(*=5E) + w0,
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where we (x) — 0in CL_(RM)NL®(RY) as e — 0 and v € C*(RV)NH'(RV)
is the positive solution of the equation

(1-13) —Av+V(xo)v=K(x) f(v), xeR".

Remark 1.1. In the assumption (Hs), N > 5 can not be removed to obtain u, €
L?>(RN) in Theorem 1.1 since this is also necessary even for the N-dimensional
linear Laplacian equation. For more details, one can see Remark 1.2 of [Yin and
Zhang 2009]. On the other hand, if we do not require u, € L?(RM) in Theorem 1.1,
for example, only u, € LI(R") is permitted for some ¢ > 1, then Theorem 1.1 still
holds for all N > 2 by our proof procedure since N > 5 is only used in (4-52) of
Section 4 to derive u, € L>(R") through the whole paper.

Remark 1.2. In the assumption (H»), due to f € Cl’y(IR), f(s)=0fors <0and

loc
f(s) = O(s%) near s = 0 with @ > 1, then we actually have 0 < y <min{l, o — 1}.
Remark 1.3. With respect to the assumption (1-7) in (Hy), if V(x) ~1*/(1+ |x|B1)
with 81 > 0 and K (x) ~ 1/(1 + |x|#2) with 0 < B, < B1 or V (x) ~ I*e~*I"" with
B1 > 0and K (x) ~ e~ ¥ with 0 < B, < By, then for 0 < I* <1, we have u* <I* <1,
namely, (1-7) holds true. However, assumption (1-7) does not satisfy the condition
(K1) in [Liu et al. 2008], to the effect that sup{@ 1S > 0} < inf{ 1‘;2)3 Dx| = Ro}
for some Ry > 0, which seems to be crucial to the proof there. On the other hand,
the main assumptions (K1) and (1.8) in Theorem 1.1 of [Liu et al. 2008] are rather
restricted. If we use instead of (K1) the more natural assumption sup { @ 18> 0} <
inf{% 1X € R”}, one can easily derive [ < inf{% 1X € [R{”} and
= inff/ (IVul> + V (x)u?) dxf K (x)u* dx
RN RN

S (VP +1IK ) dx
Sy K(x)u?dx -

which yields an obvious contradiction between the main assumption / > u* of (1.8)
and (K;) in Theorem 1.1 of [Liu et al. 2008].

> inf

Remark 1.4. The function K (x) in (1-1) can be permitted to be unbounded if
o > % in view of the assumption (1-9). Moreover, as in Remark 1.2 of [Yin and
Zhang 2009], we can illustrate that the restriction on 8 < (¢ — 1)(N —2) —2 in

(1-9) is optimal in order to obtain the existence of H'-positive solution to (1-1).

Remark 1.5. The assumption in (H3) that f(s)/s is a nondecreasing function for
s > 0 can be removed by more careful analysis than that employed in this paper.
This will be done in a forthcoming paper.

Next let’s make some comments on the proof of Theorem 1.1. First, we modify
the nonlinear term K (x) f (u.) of (1-1) outside A to g.(x, u,), as in [Yin and Zhang
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2009], with the expression
ge(x,u) =min{K (x) f (), & /(1 +|x|™)u*, e/(1+|x[V)}

for x € RN and u € R, for a positive constant 6 to be chosen suitably. Then we
study the modified equation

(1-14) —&” Mg+ V (X)ue = xa () K (x) f (ue) + (1 — xa (X)) (x, ue)

instead of —&Au, + V(X)u, = K(x) f(ug) in (1-1). It can be shown that the
corresponding Euler functional /. of the modified equation is well-defined and has
a mountain pass geometry in the weighted Sobolev space

EEE{MEQDI’Z(RN)Z/ (82|Vu|2+V(x)|u|2)dx<oo},
RN

with @12(RN) = {u € L*N/V=2(RN) : Vi € L?(RV)}. Motivated by techniques in
Chapter IV of [Ekeland 1990] or [Jeanjean and Tanaka 2002], we can use a variant
of the mountain pass theorem to find a so-called Cerami sequence, and further show
by contradiction that such a Cerami sequence is bounded and prove the existence
of a positive solution u, to the modified equation.

In order to show such a solution u, is just the solution of the original problem
(1-1), we require to derive the decay property of solution u, and further show
ge(x, us) = K(x) f (u.) outside the domain A. To this end, we establish a compact-
ness estimate of integral type to prove that u, is small away from their extreme
points (see Lemma 4.6 below). Based on such an integral estimate together with
the Harnack inequality, we obtain the pointwise decay property of u, at infinity and
then complete the proof of Theorem 1.1.

Here we point out that some phenomena arising from the asymptotically linear
case are quite different from those in superlinear cases, since the exponent p > 1
of f(u) ~ u? plays a crucial role in showing the concentration-compactness of
u. and deriving the decay property of u, at infinity. (Especially important is the
property F(s) = fOS f(r)dt <kof(s)s, with a positive constant kg < % ands >0
in superlinear cases; one can see details in [Yin and Zhang 2009; Fei and Yin
2010] and the illustrations before Lemma 4.3 in this paper.) This means that some
methods used in [Yin and Zhang 2009] cannot be employed directly here.

Our paper is organized as follows. In Section 2, we replace the nonlinearity
K (x) f (ue) outside A by a suitably truncated function g.(x, u.) and give a detailed
analysis of the modified equation (1-14), so that the existence of nontrivial positive
solution u, can be established. In Section 3, we give some preliminary results
regarding the properties of the nonlinear Schrodinger equation —Au + V (§)u =
K (&) f(u). In Section 4, we derive an integral decay estimate and use the Harnack
inequality to derive the pointwise decay estimate of u. at infinity, inspired by
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Lemma 17 of [Ambrosetti et al. 2005] and Lemmas 4.3 and 4.4 of [Yin and Zhang
2009]. From these, together with some involved analysis, we can complete the
proof of Theorem 1.1.

We will use the following notations:
B, denotes the ball centered at the origin with the radius r.
Foraset A C RV, we put A° ={¢"x : x € A}.
2. Existence of critical points for a modified nonlinear equation

We define a class of weighted Sobolev spaces as follows:
E,: {u e g12(RN) :/ (&2 Vul® + V(©)|ul?) dx < oo}
RN

with @12(RY) = {u € L2N/N=2(RN) : Vu € L2(RV)}.
The norm of the space E. is denoted by

12
lulle = (f (82|VM|2+V(X)|u|2)dx> for u € E,.
RN

Towards proving Theorem 1.1, it is necessary to modify (1-1) and further discuss
the existence of solution to the modified equation.
To this end, we define a function g.(x, &) by

&3
I [x]fo

&

+
£, Tr ™

ge(x, &) =min{K(X)f(S), } xeRY, £eR,

where £ = max({§, 0}, and 6y > 2 will be suitably chosen in (4-51).
Set

he(x,8) = xa (DK (x) f(§) + (1 — xa(x))ge(x, §),

where x (x) represents the characteristic function of the set A.
We now consider the modified nonlinear equation

(2-1) —2Au+ V@) u=h.(x,u), xecRV.

The functional corresponding to (2-1) is

(2-2) Ia(u)=%llullﬁ—/ K(X)F(u)dx—f Ge(x,u)dx,
A R

N\A

where F(s) = [y f(r)dt and G(x,s) = [; g:(x, 7) dT.
By (H») and (H3), for any 6 > 0, there exists Cs > 0 such that f(s) <8s+Cs |s|2*_1
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and further

(2-3) / K(x)F(u)dx < C8||ul|> + Ce™> |Ju|?.
A
On the other hand, a direct computation yields for u € E;
2-4) / Ge(x,u)dx < / ge(x, wudx < Cellul?.
RN\ A RN\ A

It follows from (2-3) and (2-4) that I, (u) is well-defined on E,. That I, lies in
C(E., R) is obvious.

Next we show that I, has a mountain pass geometry. Given small ¢ > 0, by (2-3)
and (2-4), there are two small numbers é and » > 0 such that

(2-5) I (u) > Lull? = C8llull?2 — Ce ™ ull? — Cellull? = Lull? for ull, <r.

We now claim that

vy |*d
(2-6) inf M —0.
YeH! ®RV\(0}  fgv Y2 dx

Indeed, if ¥ (x) #0 e H'(RV), then for any fixed A € R, one has y(Ax) € H' (RV).
A direct computation yields that

/ IV (Yo (rx)) > dx = 2>V / |V o (x)|* dx
RN RN

and

/ o) P dx =1~V / [¥o(x)[* dx.
RN RN
Therefore, we arrive at

2 2
2-7) Ja IV (Y0 00)) P dx kaRN [Vo(x)|” dx 0 ash— 0,

Jav WO Pdx 7 fon [Wo(x)|? dx
proving (2-6).
From (2-6), we obtain for any fixed & € A,
. Jen (VU P +VEIYHde v
2-8 f = .
=) yer (0] Jrv KE)Y2dx K (&)

This, together with (1-7), yields that for fixed £ € A there exists a function
@ € C°(RY) such that

Jav (IVo* 4+ V(E)lg|?) dx
fRN K (&)¢p? dx

Choose R > 0 such that Br(§) C A. We define a smooth cut-off function

(2-9) <.
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n:RT — R satisfying n(r) = 1if0 <t < % nt)=0ifr> 5 and In' (0] < <3,

R
Set

0 () = n(lx —£Dp (52 ) € CE ).

/

Then
(2-10) L (t¢e)
2
ZSN(%/ (|V¢|2+V(€)|§0|2)dx—%/ K(S)F(tgo)dx—i—og(l));
RN RN

here and below the notation o, (1) stands for a quantity which satisfies o, (1) — 0
ase — 0.
Thus we have, for ¢ <1,

@-11) liming U2 < _2/ (VP +V©lpl?) dx — L / K ()¢ dx <0,

t——+00
Consequently, there exists some fy > 0 such that /. (#¢.) < 0. This, together
with (2-5), means that I, has a mountain pass geometry. Let

ce = inf max I,(y(1)),

yell, 0<r<1

where I', = {y € C([0, 1], E¢) : y(0) =0, I (y (1)) < 0}. By the mountain pass
theorem in Chapter IV of [Ekeland 1990], as in [Liu et al. 2008], one has the
following lemma.

Lemma 2.1. Under the assumptions (H|)—(Hy), for small ¢ > 0, there exists a
sequence {u,} C E¢ such that I;(u,) — ce and || 1;(un)|lg (1 + llunlle) — O as
n — oo, where E and |1/ (uy) | e, denote by the dual space of E. and the norm of
I[(uy) in E}.

Such a sequence is called a Cerami sequence. Next we will prove the sequence
{u,} is bounded in E.. We reason by contradiction: we assume up to a subsequence
that ||u,||s — +00 as n — +00, and derive a contradiction in Lemmas 2.2 and 2.3.

So assume |lu,||e — oo and set w, = u,/||u,|l.. By the boundedness of {w,} in
E. there exists w € E, satisfying, after passing to a subsequence if necessary,

(2-12) w, ~ o weakly in E,,
(2-13) wp, — o strongly in Li__(RY) with2 <1 < %
(2-14) w, — w almost everywhere in R".

Lemma 2.2. Under the assumptions (H))—(H3), if ||u|le = +00, then w(x) >0
with w(x) #£ 0 and w solves the following equation weakly in E.:

(2-15) —&2Au+ V(x)u = xp(x)IK(x)u.
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Proof. Since it follows from Lemma 2.1 that I/ (u,)u, =o0,(1), then |lu, || = 0,(1)
holds true. This means ||w, || = 0,(1); hence ™ =0 and w > 0.
On the other hand, by Lemma 2.1 and (2-4), we have

I/ n n
on(l):%zl_/ K(X)ngdx_/ gs(x,unz)undx
llun iz A Up ria  lunllz

> 1 —/ K(x)Ma),zldx—Ce;
A Un

here and below o0, (1) denotes a quantity that vanishes as n — oo.
From this, for small ¢ and large n we obtain

(2-16) C/ w2 dx z/ K(x)%wﬁdx >1—o0,(1)—Ce > L.
A A n

Combining (2-13) with (2-16) yields f A w? dx > C, which obviously leads to
w #0.
Next we prove that o satisfies (2-15).

I/
In fact, for any ¢ € CgO(RN), we have o (Un)

= 0,(1), which is equivalent to
s lle

(2-17) €2V, Vo + V(x)wnd) dx
RN

:/ K(x)Mwnd)dx—/ 8 ) g 4o (1).
A Un RNM\A llun lle
Due to (2-12) and (2-17), there holds

(2-18) / (e2VoVe + V(x)wp) dx
RN

= lim (/ K(x)Mwnqjdx—/ qudx).
n—o00\ J o Up RN\ A llnlle

Noting that

2
/ (K(x)Mwn) dx < c/ V(x)w?dx <C
A u A

n

and

K (x)%wn — [K(x)w almost everywhere in A,
n

we get

(2-19) lim / K(X)Mwnqbdx:/ IK(x)wpdx.
A Up A

n—oo
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In addition, one has

(2-20) lim B Un) g

=00 JRN\A llnlle
Substituting (2-19) and (2-20) into (2-18) yields the conclusion of Lemma 2.2. [J

Lemma 2.3. Under the assumptions (H|)—-(Hy), Equation (2-15) has no nontrivial
solution w(x) with w(x) > 0.

Proof. By (1-7), along the proof line of (2-9), there exists v, € C;°(A) such that

LA (€2 Vvel? + V (x)|ve]?) dx
Sy K(x)v2dx

<.

Let A be a set satisfying suppve C Ao C A and

=

. fAO(82|V¢|2+V(x)|go|2)dx
Moo= 1n ;
9eC(Ao) on K (x)p?dx

then o < /.
Due to the compactness of the embedding HO1 (Ao) = L2(Ao), a direct argument
then shows there exists a nontrivial nonnegative function vy € HO1 (Ag) such that

(2-21) —&2Avg+ V (x)vg = oK (x)vg, x € Ag.

In addition, by the strong maximum principle [Gilbarg and Trudinger 1983,
Lemma 3.4 and Theorem 3.5], one has

31)()
v
Moreover, we can assert that if w > 0 is a nontrivial solution of (2-15), then
w #01in A for small €. Indeed, if =0 in A, we get ||a)||2 0 by (2-15), which
yields a contradiction since w is nontrivial.
Hence, we can choose the domain A so that f Ao K (x)vgwdx > 0. In this case,
we have

v()>0, x € Ay, <0, xeaAo.

MO/ Kx)vgpwdx = (—szAvo + V(x)vg)wdx
Ao Ao

=zf K(x)voa)dx—/ £29% 45 >1/ K (x)vow dx.
Ao Ao v Ao

This means g > [, which contradicts with py < /. Hence we complete the proof
of Lemma 2.3. U

Combining Lemma 2.2 with Lemma 2.3, we immediately obtain the announced
result:
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Lemma 2.4. Under the assumptions (Hy)—(Hy), the sequence {u,} in Lemma 2.1
is bounded in E..

Next we state the main result in this section.

Lemma 2.5. Under the assumptions (H\)—(Hy), for small ¢ > 0, the modified
functional I, of (2-1) has a nontrivial critical point u, € E. with the level I.(u.) =c,.

Proof. The boundedness of {u,} in E, implies that there exists u, € E, satisfying,
after passing to a subsequence if necessary,

(2-22) u, —~u, weaklyin E,,

(2-23) up, — ue strongly in L{ _(RV) with2 <t < %

Next we show |[u, |l = |luelle as n — oo, which together with (2-22) leads to

the strong convergence of {u,} in E..
In fact, by I/(u,)u, — 0 and (2-22), we arrive at

(2-24) o0,(1) = / (&*Vuy - Vug + V(X)uyu,) dx
RN
- [ Ko s@dr = [ g uua,
A RN\ A
which implies
(2-25) ||”8||§_/ K (x) f(un)ue dx—f 8e(x, up)ue dx = o0,(1).
A RN\ A

In addition, we have

(2-26) |lu, ||§ _/ Kx)f(up)u, dx _/ 8e(x, up)updx = Ig/(”n)un =o0,(1).
A RM\A

On the other hand, by use of (2-23), we find
(2-27) lim / Kx) f(up)u, dx = lim / K(x) f(up)uesdx,
and for any fixed large R > 0 (without loss of generality, A C Bg is assumed),
(2-28) lim ge(x, uy)u,dx = lim ge(x, up)us dx.

n—oo BR\A n—oo BR\A

Thus, in order to obtain ||u, || — |[uolle, it follows from (2-25)—(2-28) that we
only need to prove the following statement:
For any given § > 0, there exists R > O such that for all n

(2-29) / 8e(x, up)ug dx / 8e(x, up)u, dx
RN\ Bg RN\Bg

<4, < 4.
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It is only enough to check the first inequality in (2-29) since the second one is
similar. By direct computations, we have

Ce
/N 8s(x, uy)ue dx fw”un”s”us”e_)o as R — oo.
RN\ Bg

The last estimate follows from the choice of 6y > 2 and the boundedness of
{u,}. Thus we have shown that u, — u. in E., which completes the proof of
Lemma 2.5. Ol

Remark 2.1. Since h.(x, &) is Lipschitzian continuous in £ for fixed x, it follows
from second order elliptic regularity theory that u, is a classical solution of (2-1).
Furthermore, u, > 0.

3. Solving a related constant coefficient problem

In this section, toward the proof of Theorem 1.1 in Section 4, we study the asymp-
totically linear problem (1-3) with constant coefficients. Some conclusions and
techniques in this section are very similar to those in Section 2, but we give the
argument anyway, for the reader’s convenience.

We consider the functional 7¢ () defined in (1-4) foru € E = H!'(RV) = {u €
H'"(RY) :u(x) = u(]x|)}. Set

1/2
lulle = (/RN<|W|2+ V(E)|ul?) dx) :

which is a norm equivalent to the H'(R"Y) norm. We now verify that /¥ has a
mountain pass geometry. Similar to the proof of (2-5), there are two small numbers
8, r > 0 such that

G- IS = Yullz — C8llullf — CllullF = fllul  for ulls <r.
In addition, by (2-9), there exists a function ¢ € H'(RV) \ {0} such that

Jar (Vo +V©)lol*) dx
Jay K(E)9? dx
Let ¢* be the symmetrization of ¢ (see [Berestycki and Lions 1983, Appen-

dix A.II]). Then ¢*(x) = ¢*(|x]) is a nonnegative function. Moreover, for any
continuous function H (s) such that H (¢(x)) is integrable in RV there holds

(3-2) <.

(3-3) / H(g") dx = / H(g) dx
RN RN
and

(3-4) / Vo Pdx < / Vo ldx.
RN RN
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By (3-2)—(3-4), we have

Jan IV* 2+ V (©)]9*[?) dx
Jan K2 dx

by the same argument as in (2-11) we can derive

(3-5) <l

& *
(3-6) lim inf% <0.

t—+00

Thus there exists 7o > 0 such that 7% (tp¢*) < 0, showing that / § has a mountain
pass geometry. Define the mountain level

(3-7) c1 = inf max I°(y (1)),
yel 0<r<l1

where I' = {y € C([0, 11, E) : y(0) =0, I¥(y(1)) <0}.
The next two lemmas are established analogously to Lemma 2.1 and Lemma 2.4,
respectively.

Lemma 3.1. There exists a sequence {u,} C E such that I¢ (u,) — ¢| and
IS @)l g1 (L4 llnlle) — O as n— oo.
Lemma 3.2. The sequence {u,} given in Lemma 3.1 is bounded in E.
Based on Lemma 3.2, we have:

Lemma 3.3. The functional I° has a positive critical point € H}(RN) with the
level I (w) = cy. That is, w is a radially symmetric solution to the problem (1-3).

Proof. It follows from the boundedness of {u,} in Lemma 3.2 that there exists
w € E satisfying, after passing to a subsequence if necessary,

(3-8) u, =~ o weaklyin E,

(3-9) u, — @ strongly in L] (RV) with2 <t < %

As in Lemma 2.5, we only need to show |lu,|l¢ — [lw|l¢ as n — oo, which
together with (3-8) leads to the strong convergence of {u,} in E.
Since (1%) (u,)w — 0 and using (3-8), we arrive at

on(l):/ (Vu, -Vo + V(S)una))dx—/ KE&)f(upwdx.
RN RN

This implies

(3-10) looll? fR K fuody =o0,(1).
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In addition, we have
(3-11) wmé—ANK@ﬁwnwdx=%ay

On the other hand, it follows from (3-9) and the Holder inequality that
(3-12)

/ ﬂwﬂw—wmxSCf i [t — 0] dx
RN IRN

< Cllupll2llun — @l 2 = 0, (1).

Hence, collecting (3-10)—(3-12) yields ||u,|| — |lw|¢ as n — oo and I5(w)=cy.
Moreover, w is a nontrivial critical point of I¢ to E. By the principle of symmetric
criticality (see [Willem 1996, Theorem 1.28]), w is also a nontrivial critical point
of I to H'(RY). In addition, » > 0 can be shown as in Remark 2.1. Therefore,
Lemma 3.3 is proved. U

Next we assert that the radial function w(x) = w(V (), K(£); x) found in
Lemma 3.3 is a ground state of the functional / § that s,

(3-13) GE) = If (o).

Obviously, G(§) <1 §(w) since w € M, @ being defined in (1-5). What is left
is to show 7% (w) < G(£) in order to get (3-13).

For any u € .M%, let u* be the symmetrization of u. Then u* € H'(R") and
u* > 0. Consider the function

2

(3-14) J(z):ﬁ(m*):’—f (|Vu*|2+V($)|u*|2)dx—K(S)/ F(tu*) dx.
2 RN RN

A direct computation yields

(15 lim % = %/RN(WL{*F +VE) ) dx — @ N w2 dx

K () fw*) |2
= 2 RN( u* —l)lu " dx.

In addition, by the Strauss inequality [Willem 1996, Lemma 4.5], we have
u*(x) = 0 as |x| = +00. On the other hand, it follows from lim,_, o+ f(s)/s =0
that there exists Q C RY with || > 0 such that

(3-16) <M—l)|u*(x)|2 <0

u*(x)

forx e Q. If x e RN \ €2, the left-hand side of (3-16) is nonnegative, by (H3). Thus,

we have
/ (M —1>|u*|2dx <0.
RN u
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This, together with (3-15), yields that there exists fyp = fo(#*) > 0 such that
I¢ (tou™) < 0. Define y (1) = ttou*; then y (t) € I'. By the definition of ¢, we see
that

I5 (@) = ¢; < max I¢ (tou™) < max I% (ttou) < max I (tu) = 1% (u).
0<r<1 0<r<1 t>0

Since u is arbitrary, we have I5(w) < G(&) and (3-13) is shown.

Remark 3.1. By the Gidas—Ni—Nirenberg result [Fei and Yin 2010, Theorem 2 and
following remark], 0 is the unique maximum point of @ (x) in R". This motivates
us to establish a similar result in Lemma 4.5 in Section 4 below.

Finally, we show that the ground energy function G (&) is continuous for & € A.
Here we point out that the continuity of G (&) corresponding to the superlinear case
of f(u) in (1-3) has been proved in [Wang and Zeng 1997].

Lemma 3.4. G(§) is continuous with respect to & € A.
Proof. Consider a sequence {£;} C A such that & =& € A as j — 4o00. Then

V() = V(o), K(§j) = K(&) as j — oo. Set

Ij(u):%[;w |Vu|2dx+@/w Iulzdx—K(Sj)/RN F(u)dx,

Io(u)zéfRN Vul? dx + L fRN u|? dx — K (&) /RN F(u)dx,

2
and
I'j={y eC(0,1], E): y(0) =0, I;(y(1)) <0},
Fo={y € C(I0, 1], E) : y(0) =0, Ip(y (1)) < 0}.
From (3-7) and (3-13), we have
G(§j) = yiélrf,. Jnax Ii(y() and G(&)= yigo Jnax To(y (1)).

The proof of the continuity of G (&) now proceeds in two steps.

Step 1: limsupj_)OO G(j) < G(&).
For any fixed path y (¢) satisfying y (0) =0 and Io(y (1)) <0, we have I;(y (1)) <
0 for large j and

limsup G(§;) <limsup max I;(y (1)) = max Io(y()).
<1 0<r<l1

j—o0 j—oo 0=t
Since the path y (¢) is arbitrary, this yields
(3-17) limsupG (§;) < G(&p).

j—oo
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Step 2: liminf;_, o G(§;) > G (o).

We split this step into four parts.

Letw;(x) € Hr1 (RV) satisty G (&) =1;(wj(x)) (the existence of w;(x) has been
shown in Lemma 3.3).
Part 1. fRN Vo, | dx is uniformly bounded with respect to j.

According to Pohozaev identity [Willem 1996, Appendix], we have

_ V(&;
N-2 |ij|2dx=_ﬁf |a)j|2dx—|—K("§j)/ F(wj)dx.
2N Jpn 2 RN RN
This implies
1
(3-18) G(gj)zlj(wj)zﬁ/ Vo> dx.
RN

It follows from (3-17) and (3-18) that there is a positive constant C such that
(3-19) / |Vw;|*dx <C forany j.
RN

Part 2. fRN wf dx has a uniform upper bound independent of j.
Note that up to a subsequence, there exists a radial symmetric function w (x)
such that, as j — oo,

(3-20) wj— o, weakly in @3"?(R"Y),
3-21) w; — o, stronglyin LI (RY), 1<1< %
(3-22) w; — w, almost everywhere in RN.

By the Strauss inequality [Berestycki and Lions 1983, Lemma A.III, p. 340] for
the radial function in @2(RV), we have

(3-23) Ia)j(x)IZSC(N)IxIZ_Nf |Vw;(x)|*dx, forall x| > 1,
RN

where the positive constant C (V) only depends on N.
Since f(s)/s — 0 as s — 0 by the assumption (H,), we get from (3-23) and the
fact that N > 5 that
M — 0 as |x| — oo uniformly with respect to j.
w;j(x)

This implies that there exists a large number R > 0 such that

f(wj))|a)j|2dx zC/ jw;1? dax,
wj [x|=R

where C > 0 is independent of R and ;.
It follows from (3-24) and the partial differential equation satisfied by w; that

(3-24) / R(V(Sj)—K(Ej)
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for large R,

J

(3-25) C/ |w,-|2dx§/ (wsj)—K<sj)f(“’f))|w,-|2dx
[x|>R |x|>R w

§C/ |a)j|2dx—>C/ lw|>dx as j — oco.
[x|<R

|x|<R

Combining (3-24) with (3-25) yields that fRN |w j|2 dx has a uniform supper
bound with respect to j. Thus w € L?(R") and further w € H'(RY). Moreover, ®
is a solution of the equation

(3-26) —Ao(x)+V(E)ox) = K (&) f(@), xeRY.

Part 3. fRN low; |> dx has a uniform positive lower bound with respect to j.
We now show that fRN |ow; |> dx has a uniform positive lower bound with respect
to j. If so, this assertion together with (3-21) and (3-25) will yield

(3-27) w 0.

Note that V(§9)/K (§p) <! and V(§;) — V(§), K(§;) — K (&) as j — oc.
Thus we can choose a fixed small number 7 > 0 satisfying

(3-28) W ,
K (§0) +n
and, for large j,
(3-29) V() >VE)—n K& <K@ +n.

Let mq be the ground energy of the functional

V _
H'®RY)5um> L f |Vul|? dx+M / u|? dx—(K (£9)+1) / F(u)dx
2 Jgn 2 RN RN
in the Nehari manifold (", which is defined as
M = {u e H'@®Y)\ {0} :
[ vul e v - [ wlar= k@ [ s dx}.
RN RN RN
By (3-28) and the similar proof on Lemma 3.3, one can show that m is achieved

and is positive (in the arguments of Lemma 3.3, we have used the condition
V(€)/K (&) < parallel to (3-28)).
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Consider the function

g;j(0)

= [ WeopPaxs v -m [ roPds-&Etn [ oo d.
Recalling that lim,_¢ F(s)/s2 = limy_0 f(s5)/(2s) =0, we get g;(¢) > 0 for

0 <t « 1. In addition, by (3-29) we get g;(1) < IJ/. (wj)w; = 0. Therefore there
exists a ¢; € (0, 1) such that g;(¢;w;) =0, that is,

(330) 1 [ V(0,7 dx
2 RN

G0 [ o ax = ko +n [ Fjopdnzm

Set
V .
hj(t) = 1f IV(tw;)|* dx + V&) / ltw;|* dx — K(sj)/ F(tw;)dx.
2 Jpn 2 RN RN
It follows from a direct computation and the assumption (H3) that, for ¢ € (0, 1],
(3-31) K1) = t/ |Va)j|2dx+tV(€j)/ |wj|2dx—K(g,~)/ ftwjw;dx
RN RN RN
> 0.
Combining (3-29), (3-30), and (3-31), we obtain, for large j,
Ij (a)J) > my.
Together with (3-18), this yields, for large j,
(3-32) i/ |Vo;|*dx = I;(w;) > my.
N RN

In addition, since

F(s)Y —2F F l
O _FOs=2F@) _ L FG) e f6) L
§2 §3 s—>+00 52 s—>+oo 2§ 2

we have

_ F@s) _ 1

(3-33) 0= <2 5#0

Therefore, by (3-32), (3-33), and the Pohozaev identity we find that

N-2 2 2
(3-34) O<C§W/RN|V0)1-| deC/RNa)jdx,
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where C is a generic positive constant independent of j, that is, fRN o | dx have
a uniform positive lower bound with respect to j.

Part 4. lim; oo [pn F(wj) dx = [pn F(w)dx.
In order to show

j—o00 RN

(3-35) lim F(w;)dx = f F(w)dx,
RN

then by (3-21) we only need to prove:
For any given § > 0, there exists R > 0 such that, for large j,

f F(a)j)a’x
RN\Bg

In fact, if we set ng to be a smooth cut-off function such that ng =0 for |x| < %,

< 4.

(3-36)

ng = 1 for |x| > R and |Vp| < %, then multiplying by nzw; the equation
—Awj+V(EHw; =K E)f (@), xeRY,

yields, for large R and j,
C/ (|ij|2+|wj|2)dx§£—>0 as R — +o00,
[x|=R R

which means that (3-36) and further (3-35) hold.
Finally, we show liminf;_, o G(§;) > G(&p). In view of (3-35), (3-26)—(3-27)
and the fact that G (&) is the ground energy of the functional Iy, we have

(3-37) liminf G (&)
J—>00

= liminf{% /RN(IVwﬂz + V(g,-)lelz) dx — K(§)) /RN F(wj) dx} > G(&p).

j—00
Thus the continuity of G (£) is derived from (3-17) and (3-37), that is, Lemma 3.4
is proved. ([

4. The proof of Theorem 1.1

At first, we intend to obtain an upper bound estimate of the critical value c,
corresponding to the functional /,(u) defined in Section 2, which will play a
crucial role in establishing the concentration and decay estimates of solution u, to
Equation (2-1). From the decay estimates of u, we can show g, (x, u.) = K (x) f (u.)
in RV \ A and subsequently complete the proof of Theorem 1.1.

Lemma 4.1. Under the hypotheses (H\)—(Hy), and with cg as in (Hy), we have, for
small ¢ > 0,

(4-1) ce < (co+0.(1))eN.
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Proof. For & € A, choose R > 0 such that Bg(§) C A. Define a smooth cut-off
function 1 : RT — R* satisfying n(t) = 1if0 <t < £, ) =0ifr > £ and
In' ()] < 3. Set

we (@) = n(lx —&ho(X=5),

where w(x) = w(V (§), K(£); x) is the solution of (1-3).

Noting that w, is compactly supported in A, one can get G.(x, tw,) = 0 for
allr > 0 and x € A, where G.(x, u) is the function defined in (2-2). Then as in
the argument in (2-11), there exists a sufficiently large 7" > O such that I, (Tw,) <
0. This implies that the path y.(t) = {tTw, : t € [0, 1]} is an element of [,
satisfying ¢, < maxo<;<1 I:(y:(t)). Also, similar to the proof of (2-10), we infer
that I, (tTwe) = e (15 (tTw) + 0. (1)). Hence

max L (ve (1) = max L (tTwe) =sN(0max] I (tTw)+0:(1)) = (G (&)+o0:(1)).

Since £ is arbitrary and the smallness of ¢ is independent of the choice of &, then
Lemma 4.1 is proved. U

The next result illustrates that the maximum of u, on A has a uniform positive
lower bound.

Lemma 4.2. Let x, be the maximum point of u, on A, then there exists a positive
constant C independent of € such that

4-2) ug(xe) > C.

Proof. By (H;) and (H3), for any § > 0, there exists Cs > 0 such that f(s) <
8s + Cs|s|%. From I(ug)u, = 0, one has, for small § and ¢,

e |2 = / K f(x, ue)ue dx + f 00 (x, o), dx
A R

N\A

1 2 2
< §||Ms||g + Cllug ||y max ug.
A

Obviously this means that there exists a positive number C independent of ¢
such that u.(x;) > C holds true due to ||u.||. # 0, then the proof of Lemma 4.2 is
completed. ([

Note that since f(s) is asymptotically linear, then in the general case, there is no
number 6 > 0 such that (2460) F (s) < f(s)s for any s > 0, here F(s) = fos f(r)dr.
However, in the superlinear case, this property of (24 60)F(s) < f(s)s with 8 > 0
play a crucial role in obtaining the uniform boundedness of £~V |ju, ||, from (4-1),
which will be used to derive the decay estimate of u, at infinity and the concentration
of u, as ¢ — 0 (one can see the details in [Fei and Yin 2010] and some references
therein). To overcome this kind of difficulty, next we will use some different
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ingredients (motivated by the proofs of Lemmas 2.2-2.3) to treat the uniform
boundedness of eV ||u,||,.

Lemma 4.3. There exists a positive constant C independent of small € such that

(4-3) e—N/ (21 Vue* + V(x)|uel?) dx < C,
RN
namely,
(4-4) / (IVve* + V(ex + xp)|ve|*) dx < C,
RN

where v, (x) = ugs(ex + x.) and the meaning of x. is given in Lemma 4.2.

Proof. For convenience we will use the notation ||v.| with

1/2
loell = (/N(sz +V(ex + x| ) dx) .
R

If (4-4) does not hold, there exists a sequence of functions v, (x) = ug, (€,X +x,)
such that ||v,|| & +00 as n — o0 and v, (x) satisfies

4-5) —Av,+V(e,x +x,)v,
= X, (X) K (exx +x,) f (vy) + (1 = xq, (X)) &, (EnX + X4, Uy),

where Q, = ¢, (A —x,) and x,, = x, € A.
Set w,, = v,,/||va|l, then ||w, || = 1 and w, (x) satisfies

4-6) —Aw,+ V(e,x+x,)w,

(vn) &n (&nx + X4, Vy)
= xq,(xX)K (eqx +xn)fv wn+(1—xQ,,(X))g T .
We rewrite (4-6) as
4-7) —Awy = ap(x)wy,

where

8e, (EnX + Xy, V)

0,6 ==V (&304 X, (DK (€0x-+200 0 (10, ()
n

For any fixed and bounded smooth domain  C R and fixed « € (0, 1), due to
lla, ()| L= @) < C(£2), it follows from ||w,|| =1 and the elliptic equation (4-7) that
lwnllcreg) < C(82, @), where the positive constants C(£2) and C (€2, o) depend on
Q and 2, o respectively. Therefore, for fixed 8 € (0, ), there exists a subsequence
still denoted by {w,} and a function w such that w, — w in C1#(Q).

In particular, for a series of closed ball sequences B (0), k=1, 2, ..., then there
exists a subsequence {w;,} and a function w; such that w;, — w{ in Cc#(B(0)),
and there exists a subsequence {®w+1)n} € {wks} and a function wy 41 such that
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Ok+1)n —> Wk+1 1N Cl*ﬂ(BkH(O)) as n — oo for k > 1. By the diagonal process,
one knows that there exists a subsequence still denoted by {w,} and a function
such that w,, - o in Cllo’cﬂ (RN) as n — 4o00. Of course, lim,_ o 0, (x) = w(x)
holds for x € RV.

Let x, — xo € A. We consider two cases.

Case I: lim,,_, oo dist(x,, dA) /e, = +o00.

In this case, by taking a subsequence, we can assume x, € A. Hence O €
Q, and lim,,_, o dist(0, 0L2,) = lim,_ o, dist(x,, dA) /e, = +00, which leads to
limy,— 00 2, = RY.

For any fixed ¢ € Cgo([RN ), there holds supp ¢ C 2, for lager n. Multiplying ¢
on two hand sides of (4-6) and integrating by parts yield, for large #,

(4-8) [[anV¢ 4+ V(enx + xp)wppldx = / K (g,x +xn)%wn<p dx.
Note that
4-9) lim /[Va)ano 4+ V(enx + xp)wp@ldx = /[Va)Vgo + V(xg)wpldx.
n—oo

Next we show that

(4-10) lim fK(s,,x —|—xn)ff)v”)a)n<pdx=/K(x0)la)(pdx.
n—00 n

Define the set A = {x € RY : lim,_, o, v,(x) = 400} and let A° = RN \ A. If
x € A, then lim,_, o f(v,(x))/v,(x) = 1. If x € A, since lim,_ « ||v,| = +00,
we have w(x) = lim,,_, oo @, (x) = liminf,,_ o v, (x)/ ||V, || = 0.

On the other hand, since K (¢,x + x,) is uniformly bounded for x € supp ¢ with
respect to n and f(s)/s is also bounded, we have

(4-11) lim /K(e,,x —i—x,,)Mwngodx: lim /K(enx+xn)@wgodx.
n—oo n—odo

Uy n
Therefore,
4-12) lim K(epx + xn)Mw(p dx = / K(xo)lwpdx.
=00 Jsupp pNA Un supp ¢NA
In addition, obviously,
(4-13) lim K (g,x +x,,)Ma)<p dx = Ozf K (xp)lwep dx.
n=00 Jsupp pnAc Un supp NA¢

Collecting (4-11)—(4-13) yields (4-10).
From (4-8)-(4-10), we arrive at

(4-14) / VoV +V(xp)we =/ K (xo)lwg,
RN N

R
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which means that w solves
(4-15) —Aw+ V(xg)w = K (xp)lw.

Case II: liminf,_, o dist(x,, dA)/e, < C.

In this case, we can show that xo € dA. Thus, up to a rotation, we can obtain
lim,,— o0 2, = {x € RY : x; < 0}. Similarly to Case I, we conclude that the function
w(x) satisfies

(4-16) —Aw+ V(xp)w = K (xo)lwxix <0 (x).

In Case I or Case II, for any fixed bounded domain M C RY or M C {x e RV :
x1 < 0} we have

/ [IVol* + V (xp)w?]dx = lim f [IVonl* + V(enx +x)0} |dx
M n—oo M

< / [IVw, > + V (enx +x)0] |dx = 1;
RN
then
(4-17) / [IVol* + V (xp)o*]dx < 1,
IRN

which means w € H'(RV) due to V (xp) > 0.

It follows the equations (4-15)—(4-16), together with (4-17), the fact that w >
0, regularity theory and the strong maximum principle for second-order elliptic
equations, that we can get w(x) € C>7(RN) in Case I and w(x) € CH*(RV) for
any o € (0, 1) in Case II, and w(x) > 0 with w(x) — 0 as |x| — oo. However, this
is contradictory with the conclusion of Lemma 2.3. Thus (4-15) and (4-16) have no
nontrivial nonnegative solutions. Lemma 4.3 is proved. (]

Next we assert that the maximum point of u, on A must lie in the interior of A.
Lemma 4.4. lim,_,omaxy u, = 0.

Proof. To prove this, we argue by contradiction assuming that there exists a sequence
&, — 0 as n — oo such that for each n,

(4-18) max u,, > C > 0.
A

Let x,, € dA such that u,, (x,) =maxyy u,, and x, = xo € dA as n — oo. Define
Up(x) = ug, (enx + x,), then v, (0) > C and v, (x) satisfies

(4-19) —Av, + V(epx + xp)Us
= xq, XK (exx + x) f(vy) + (1 = x@, (X)) 8¢, (EnX + Xpn, Vy),

where 2, = gn_](A — Xp).
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By (4-4), there holds
[ vukar=c,
RN

which deduces that for large n, for any fixed R > 0, there exists a positive constant
C(R) depending on R such that

f (IVv,|* +v7) dx < C(R).
Br(0)

In terms of this and (4-19), as in the proof of Lemma 4.3, there exists some

nonnegative function v(x) such that v, — v(x) in C}_(R") and v(x) satisfies

(4-20) —Av+ V(x)v = K(x0) x(r, <0y f (v),  x = (x1,x") e RV,

Note that v, (0) > C, then v(0) > C and further v(x) > 0 in R" by the maximum
principle and Equation (4-20).
On the other hand, acting the test function d,, v on (4-20) yields

/ F(v(0,x")dx =0,
RN—]

which leads to v(0, x’) = 0. However, this is impossible due to v(x) > 0 in RV.
Thus Lemma 4.4 is proved. U

Lemma 4.5. For small €, u, possesses at most one maximum point x, on A and
G(x;) > cpase— 0.

Proof. First, we prove G (x;) — ¢g as € — 0.

If not, we have limsup, _, y G (x¢) > co. Let xe;, — xo € A; then lim; 00 G(xe;) =
limsup,_, o G(x.) > co, which means G (x¢) > cp.

Setv;(x) = Ue, (gjx +x€j). Then v; solves

(4-21) = Avj+V(ejx +x¢;)v;
= XQ; (x)K(ij +x5j)f(vj) +(1—- X, (x))gej (ij +x8j’ v./)‘

As before, we can show that v; converges in Cllo’f‘ (RN) for « € (0, 1) to some
function v that satisfies

(4-22) —Avy+ V(xo)vo = K (x0) f(vg), xRV
or
(4-23) — Ay + V(x0)vo = K (x0) Xy <0y f (V0),  x = (x1,x") e RV,

The case of (4-23) can be excluded by the same argument as in Lemma 4.4, so we
focus on the case of (4-22).
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Set

|
(4-24) Jgj(vj)zifw Vo[> dx + V(gjx +x5)v;|* dx
_/ K(ij—i-xsj)F(vj)dx—/ G(ejx +x,,, v)) dox.
(A=x¢;)/e; RN\(A—xsj)/Sj

By invoking Lemma 2.2 in [del Pino and Felmer 1996] together with 2 F (s) <
f(s)s, we conclude that

(4-25) liminf J,, (v;) > 1°°(vp).
j—o0

This, together with (4-1), yields

co > li_minfej_NISj (ug;) = liminf J;; (v;) > 1" (v9) > G(x0) > co,
j—o0 Jj—o0
which leads to a contradiction.

In addition, using the arguments in [del Pino and Felmer 1996, p. 133], we can
show that u, possesses at most one maximum point x, on A. We omit the details.
This concludes the proof of Lemma 4.5. ([

Next we establish a compactness result for u, which will be crucial to derive the
decay of u.(x) as |x| — oo.

Lemma 4.6. For any v > 0, there exist po(v), &9(v) > 0 such that for p > po(v),
e < go(v), then

(4-26) dist(xz, M) < v,

and

(4-27) e—N/ (2| Vue > + V(x)|ue?) dx < v,
RN\Bap(xs)

where M = {& € A : G(§) = ¢y}, and the meaning of cg is given in (1-8).

Proof. Since the first conclusion can be directly derived from Lemma 4.5, then it
suffices to prove (4-27).

As a consequence of Lemma 4.5 and the assumption on G (x) in (Hy4), we have
d = inf, dist(x,, 0A) > 0and A, = (A —x,)/&, D Byje, = B,

If (4-27) does not hold, then we can assume that there exist vg > 0, 0, > p, —
+00, &, — 0 as n — oo such that

(4-28) T=e "N / (21 Vun* + V() |ual?) dx > vy,
RN\ Be,y oy ()

where x, = X, Up = Ug,.
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Set v, (x) = u, (e,x + x,), V,(x) = V(e,x + x,) and v, — vg, x,, = x9 € M as
n — oo. Then, by (4-1) and (4-25) as n — oo,

19 =62 [ 21V, 4+ V@)l P) dx
2 RN

—s;le (E21Vunl? + V () uy[?) dx — 0,
2 J By (i)

which is contradictory with (4-28). We have completed the proof of Lemma 4.6. [

Before we treat the decay estimate of u, at infinity, we need to establish more
integration estimates based on Lemma 4.6.

Note that by the assumptions in (H;) and (H3), then for any fixed p > 1, there
exists a positive constant C; = C{(p) depending on p such that

V()
(4-29) f(s )_—max K(é)s+C1|s|p

Furthermore we have a relation between | u||, and f A K (x)|u|PTdx for any

l<p< N +2 as follows, which comes from Lemma 2.1 of [Yin and Zhang 2009].

Lemma 4.7. Under the assumptions (H) and (Hy), for each ¢ € (0, 1], then there
exists a positive constant Co = C,(p) depending only on p such that

(4-30) / K@) |u|Pdx < Coe™NP=D2) 1y Pt foru € E,,
A

where the domain A is defined in the assumption (Hy).

For later use, we introduce two fixed positive numbers Kg > 128 and ¢ > 0 such
that ¢? > 128K2/(d3 V), where dy = dist(dA, M) >0 and V; = 1 min,cp V (x) > 0.

Set vo = min{dy/Kg, (16C;C2)~ 2/(r=D} where C; and C, are given in (4-29)—
(4-30). Take &; = min{eg(vg), do/(Kopo(vo)), (In2)/c}, where gqg(vg) and po(vo)
are given in Lemma 4.6. From now on, we always assume ¢ < ¢; and v < 1y in
(4-26)—(4-27).

It follows from (4-26) that, for ¢ < &; and v < vy,

) do do
4-31) dist(xg, 0A) > > and ¢epp(vg) < ?0.
Define 2, , = =RN\ Bg, . (x¢) with R, . = e“" and let 7 > i be integers such

that

do

do
(4-32) Ric1e < ——=<Rie, Rit2:= 5 < Riii3.e.
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By the second inequality in (4-31), one gets R, . > R . > do/Ko > €po(vp) for
n>n and ¢ < g1, and this also yields

(4—33) Qn,s N Bspo(vo) (xe) =g.

Let xpne(x) be smooth cut-off functions such that x, .(x) = 0 in Bg,, (x,),
Xn,s(x) =1in Qn+1,5> 0< Xne = 1 and |VXn,e| =< 2/(Rn+l,£ - Rn,a)~

Lemma 4.8. Under assumptions (H,) and (H,), if ¢ < &1 and n < n < i, we have
(4-34) / Apedx < 1 / (2| Vg |* + V (x)u?) dx,
RY 2 Ja,.

where An,s(x) = 82|V(Xn,£u€)|2 + V(x)(Xn,aue)z-

Proof. For ¢ < ¢, it follows from a straightforward computation that

Rn+1,8 - Rn,a = C‘8R++1’£
This yields
4g? 16
(4-35) %V xnel” < < :
e |Rn+l,s_Rn,s|2 CzR,%_H’S

From the choice of ¢, for ¢ < &1 and n <n < 11, we arrive at

128
2
Can+1,s

(4-36) <V(x) forxe{x:R,<|x—x:| < Rpt1e}

Noting that V x;, . is supported in {x : R, ; < |x —x¢| < Rn+1.¢}, then for ¢ < g
and 77 < n < n, by (4-35) and (4-36), we obtain

(4-37) EVnel> <3V(x) inRY.
Multiplying (2-1) by x.7 ,u. and integrating over RY yields
/ Apedx =14+114111,
RN
where
I:/ 82|V)(n,8|2u§ dx,
Qn,a
n=[ k@@,
ANDe

_ L
16 Jang,.

11 = / ge(x, ug)xisug dx.
(RM\A)NQ, ¢

V(x)uﬁdx+c1/ K (x)|ue P dx,
AN, ¢
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By (4-37), we have
(4-38) 1| < ! / V(x)u? dx.
8 Ja,.

Next we treat |1]].

Clearly, we only need to consider the case A N2, . # <. In this situation, there
is a set X, . such that ¥, . N €2, ; has the uniform cone property and A C ¥, , C
Ay, = {x :dist(x, A) <ro}, where ro > 0 is a small constant such that V (x) > V|
holds true for x € Ayy,.

By (4-30), one has

(4-39) / K () |ug [P dx
Zn,stn,s

(p+D/2
< CreNP=D/2 (/ (2 Vue? + V(x)uj) dx) :
Zn,smgn,s

In addition, by (4-33), we arrive at X, N 2, C RN\ Bep(vy) (x¢) for & < g4
and n > n. Thus, it follows from (4-27), (4-39) and the definition of vy that

(4-40) 1] < % / (£%1Vuel* + V (x)u?) dx.

n,e

Finally, we estimate |/1]].
Similar to the proof of (2-3), for ¢ < ¢, we have

2 3
(4-41) 11| 5/9 T(‘l;'%u?dxf %/ (2| Vuel* + V(x)u}) dx.

n,e

Combining (4-38), (4-40) with (4-41) yields the conclusion of Lemma 4.8. [J

From Lemma 4.8, repeating the same argument as in Lemma 3.3 of [Fei and Yin
2010] leads to the following result.

Lemma 4.9. Under the assumptions of Lemma 4.8, for small ¢ < g1, one has
(4-42) | IV G = ce¥ 2y,
RN

Next, we establish an estimate of u.(x) for large |x]|.

Lemma 4.10. Under the assumptions of Lemma 4.8, for x € RN satisfying |x —x.| >
do/2, where the meaning of x. is given in Lemma 4.2, we have

(4-43) e (x) < €27 N2/C0),
Proof. First we assert that

(4-44) maxu, < C,
A
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where C > 0 is independent of small ¢.
In fact, for any fixed p with 1 < p < %—fg, it follows from (2-1) that v, (x) = u.(ex)

satisfies
(4-45) —Av+V(ex)ve =K (ex) f (ve) < 11—6V(8X)vs+C(p)v£’ in By, (e xe)),

where C(p) is a positive constant dependent of p.
Define a.(x) = %V(sx) — C(p)vf_l; then v, (x) is a weak subsolution of the
equation

(4-46) —Avg+a,(x)ve =0 in By (e 'xp)).

By (4-3), then we obtain, for N 2N

— <g=-——"———and small ¢,
2 1T D)

1/q
(/ lae|? dx) < C+CEe N2 ug|| )N @WN-2) < .
Bdo(gilxs)

This, together with the weak Harnack inequality (see [Gilbarg and Trudinger
1983, p. 193]), yields that there is a positive constant C depending only on the
space dimension N and the L9(By, (¢~ 'x,)) norm of a,(x) such that

1/2
v? dx)
d(y (eilxé‘)

12
:c<s—N/ uidx) < Ce MP|jug. < C,
Bedo(xs)

namely, (4-44) is proved.
In addition, as in (4-45)—(4-46), one knows that v, (x) = u.(ex) is also a weak
subsolution of the equation

max i, = e (xe) = ve (8 ' xe) < C( /
A B,

(4-47) —Av, + b (x)v, =0,

where b (x) = 2V (sx) — C(p) xe (x)v! (= e ()31 + lex[®), and x. is
a characteristic function of A® = {¢~'x : x € A}. Moreover, b,(x) has a uniform
L bound independent of small ¢ by (4-44).

On the other hand, it is noted that for x € RY with x € RV \ By, /2(x), then
Becdy(x) C 2ji41.. holds true for small ¢ and a direct computation yields, for
2*=2N/(N =2),

1/2% 12
(4-48) (f 0.2 dy) sCe—“HW(/ |V<Xﬁ,gue)|2(z>dz)
Bcdo(s—lx) RN

< 2~ (n2)/(ce),
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Subsequently, with the aid of Harnack inequality [Gilbarg and Trudinger 1983,
Theorem 8.17] and (4-48), we arrive at

1/2*
(4-49)  u.(x) = v.(e ') < c( / Ivglz*dy> < 2~ n2)/Ce)
B

cd(y (5_]x)
where C > 0 depends only on dy, N and the uniform L* bound of b, (x).

Since the L°° norm of b, (x) is uniformly bounded, the proof of Lemma 4.10 is
complete. (]

Remark 4.1. By Lemma 4.10, for 6 > 1, there exists an gy such that for ¢ < ¢,
(4-50) lug(x)| <&”  for x € RV \ Byyja(xe).

Next, we show that the local maximum point x, of u.(x) in the domain A is also
a maximum point of u.(x) in the whole space.

Lemma 4.11. Under the assumptions of Lemma 4.8, x. is the maximum point of u
in RV,

Proof. Let y, be the maximum point of u, in RY; then u,(y,) = maxgy u, >
maxy ug > C. According to (4-50), we have y. C By,2(x,) C A for small e.
Hence y. = x, for small ¢ by Lemma 4.5. Namely, the proof of Lemma 4.11 is
completed. U

Proof of Theorem 1.1. 1t follows from the assumption (Hs) that there exist positive
constants oy, 6y, 81 and 6, such that

(4-51) B<(a—01)op—0y) and 4+2(x—0p) < (61 —1)6s,

whereN—%<ao<N—2,90>2,91 > 1.
We define the comparison function

1
U(x) = m fOI’x € RN \ Bdo/z(xé‘)
&

It is easy to know that Z(x) = U (x) — €2u,(x) >0 on 0(Bg,/2(x¢)) for small €.
Recalling that v, (x) = u.(ex) vanishes at infinity, this is also true for Z(x).

On the other hand, using the expression for 4. (x, u.) and noting that o9 < N —2,
we conclude from (4-50) that AZ = AU — &> Au, < 0 holds for x € RV \ By 2(xe)
and sufficiently small ¢.

Thus, by the maximum principle, we deduce u, < U /e2 inx e RV \ By 2 (xe).
This and the uniform boundedness of x. imply

(4-52) U (x) < RV \ A.

e2(1+|x|70)
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Next we verify that u, actually solves Equation (1-1). Indeed, since f(s) = O (s%)
near s = 0, together with (4-50) we have, for small ¢,

(4-53) fug) < Clugl® in RV \ A.

Combining (4-50)—(4-53), we have, for small ¢,

3

(4-54) K (x) f(ue) < Ck(1+ |x|P)|uc|* < lug| in RV \ A.

= THnm

Choose two positive numbers 63 and 64 such that

(4-55) B<(a—063)00—N and 2+2(x—03) <6364.
Collecting (4-50), (4-52), (4-53), and (4-55) yields for small ¢,

(4-56) K0 f(ue) < Ch(1+ |xP)lue e ® < — = inRY\ A,
1+ |x|¥
Therefore, it follows from (4-54) and (4-56) that g.(x, u.) = K (x) f (u,) holds
true in RN \ A and subsequently u, solves the original equation (1-1). In addition,
noting that N — % < 0y, then the estimate (4-52) leads to u, € L*(R") for N > 5.
Finally, combining the conclusions in Lemma 4.2, Lemma 4.5 and Lemma 4.11,
in order to finish the proof of Theorem 1.1, we only need to verify (1-12). Set
M = {xp}, due to (4-26), one has x, — xg as € — 0. Let v.(x) = u.(ex + x,), then
Ve is uniformly bounded in ngc([R{N ) and satisfies the equation

(4-57) —Avp + V(ex +x)ve = K(ex +x,) f(v,), xRV,

As in the arguments of Lemma 4.3 or Lemma 4.5, we can show that v, converges
tove CHRMNHYRY) in C2_(RY) as & — 0. With the aid of (4-43), v, converges
to v in L>®°(RN) as ¢ — 0. Therefore v is a solution of the equation

(4-58) —Av+V(xg)v=K(x) f(v), xeRY;

moreover, by virtue of strong maximum principle, v > 0 can be derived. On the
other hand, as a consequence of Theorem 2 [Gidas et al. 1981] and the subsequent
remark, v is radially symmetric and decays exponentially.

Thus the proof of Theorem 1.1 is completed. U
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TYPE I ALMOST HOMOGENEOUS MANIFOLDS OF
COHOMOGENEITY ONE, III

DANIEL GUAN

This paper is one of a series in which we generalize our earlier results on
the equivalence of existence of Calabi extremal metrics to the geodesic sta-
bility for any type I compact complex almost homogeneous manifolds of
cohomogeneity one. In this paper, we actually carry all the earlier results
to the type I cases. As requested by earlier referees of this series of pa-
pers, in this third part, we shall first give an updated description of the
geodesic principles and the classification of compact almost homogeneous
Kihler manifolds of cohomogeneity one. Then, we shall give a proof of the
equivalence of the geodesic stability and the negativity of the integral in
the first part. Finally, we shall address the relation of our result to Ross—
Thomas version of Donaldson’s K-stability. One should easily see that their
result is a partial generalization of our integral condition in the first part.
And we shall give some further comments on the Fano manifolds with the
Ricci classes. In Theorem 14, we give a result of Nadel type. We define
the strict slope stability. In our case, it is stronger than Ross—Thomas slope
stability. We strengthen two Ross—Thomas results in Theorems 15 and 16.
The similar proofs of the results other than the existence for the type II cases
are more complicated and will be done elsewhere.

1. Introduction

This paper is one of a series of papers in which we finished the project of studying
the existence (or not) of extremal metrics in any Kéahler class on any compact almost
homogeneous manifolds of cohomogeneity one.

In [Guan 2011a; 2011b] we proved that for the type I compact almost homoge-
neous Kihler manifolds of cohomogeneity one, the existence of Calabi extremal
metrics is the same as the negativity of a topological integral. We also proved in
[Guan 2011b] that for any two Kihler metrics in the Mabuchi moduli space of
Kéhler metrics there is a smooth geodesic connecting them. That is, the geodesic
principle I is true for these manifolds.

Supported by DMS-0103282.
MSC2010: 14J45, 34B18, 53C10, 53C25, 53C55.
Keywords: Kihler—Einstein, stability, cohomogeneity one.

369


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2013.261-2
http://dx.doi.org/10.2140/pjm.2013.261.369

370 DANIEL GUAN

As in [Guan 2003], the major tool is from [Guan 1999]. Although the problem of
existence of the extremal metrics can be reduced to an ordinary differential equation
for our manifolds, the problem of the existence of the geodesics has two variables.
Thanks to the Legendre transformation, we can carry it out for the type I manifolds.
But for a general type II manifolds, this method does not work any more. And we
need a new method, which will be carried out in [Guan > 2013a].

Even for the Kéhler—FEinstein equation, our method in [Guan 2011a] is different
from [Guan and Chen 2000]. We used a semisimple method in [Guan 2011a]. One
notices that our exponential map there is not the one for the geodesics. No geodesic
in that situation could have infinite length. It was well known for many years that
there were many nonsmooth solutions for even a real homogeneous Monge—Ampere
equations. In [Chen and Tian 2008] Professor Chen gave an example which looks
like a nonsmooth solution for the one-dimensional toric case, that is, CP'. He also
mentioned it earlier to me in 1999 at Princeton. Mabuchi also mentioned it to me
in Pisa, Italy in 2004. However, we already solved the smoothness question for
the toric manifolds in [Guan 1999]. In this simple case, the method of X. X. Chen
should also produce the smooth solution; see [Guan and Phong 2012]. The content
of this note was presented in the AMS meeting in Pomona California May 2008.
Recently, L. Lempert and L. Vivas claimed (also mentioned by the referee) that
they found a counterexample to our geodesic principle I on the torus. However,
their examples are not very explicit and not published yet. We are not able to
check their examples in this paper. As we know, there is no much equivariant
geometry on the torus. The geodesic problem was trivial on the torus. However,
see also [Feng 2012]. We checked that all the geodesic principles hold on compact
cohomogeneity-one Kihler manifolds. We conjecture that the geodesic principles
hold for all the spherical manifolds. We take them as working principles in our
research. For our safety, we just require that everything is analytic. For example,
for any analytic initial value in the tangent space of the equivariant Mabuchi moduli
space at a given metric, there is a geodesic ray. That is, the geodesic principle |
is not really needed for the geodesic stability. In [Guan and Chen 2000], some
possible obstructions emerged that I eventually treated in [Guan 2002], which led to
the strict slope stability. After a long run, we are able to overcome all the difficulties.
To solve the extremal metrics cases, we have to deal with a fourth-order ordinary
differential equation, which in our cases is fortunately reduced to a second-order
nonlinear equation and is successfully treated.

All the solutions we find in the cohomogeneity-one cases are not explicit except
those in [Guan 1995a; Guan 2007].

In this paper, we shall prove that the negativity of the integral is actually the
same as the geodesic stability.
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A classification which we refer to in this paper can be found in [Guan 2003,
Section 12].

Here we shall describe our updated geodesic stability principles. We conclude
these principles by following the cumulation of other people’s observations and
the evidence from our examples. See [Guan 2003]. We do not assume that these
principles are due to us completely, in particular the first principle.

Motivated by the Donaldson’s functional in the vector bundle case, Mabuchi
[1986] defined a functional on the Mabuchi moduli space of the Kéhler metrics (see
also a conjecture therein). It was later modified independently by several people to
fit the situation of Calabi extremal metrics (see [Guan 1999; Guan and Chen 2000],
etc.) on the equivariant Mabuchi moduli space of Kéhler metrics, which we call the
modified Mabuchi functional.

Principle 1. For any two Kdhler metrics in a given Kdhler class, there is a unique
(smooth) geodesic in the Mabuchi moduli space of Kihler metrics connecting them.

This principle has been tested for toric bundles in [Guan 1999]. We also found
that the same method applies to Kdhler metrics on type-I and type-III compact
almost homogeneous Kéhler manifolds of cohomogeneity one in [Guan 2003;
2011b]; see also [Guan 2007]. It seems to us that there is not any complete geodesic
except the ones induced by the holomorphic vector fields. X. X. Chen [2000] proved
the existence of an unique C!'! solution in general.

We shall concentrate on the maximal geodesic rays. It turns out that the majority
of the maximal geodesic rays are of finite length (this is different from holomorphic
vector bundle theory on vector bundles; cf. [Kobayashi 1987, p. 197] and also the
picture shown in [Semmes 1992, p. 544]). The maximal geodesic rays with infinite
length are very special with some strong convex property, which we call “effective”
maximal geodesic rays. The direction of the effective geodesic rays at each metric
might form a convex cone €.

Principle I1. The limit metrics of the maximal geodesics are concentrations:
A. Finite ray: cone concentration — partial concentration.

B. Infinite ray: blow up caused by some subvarieties outside a compact set —
complete concentration outside the compact set, the metric on this compact set
does not change.

We call the limit of the ratio of the modified Mabuchi functional the generalized
Futaki invariants of the maximal geodesic rays. The generalized Futaki invariant
is positive infinite for finite rays, that is, the only interesting generalized Futaki
invariants come from the effective maximal geodesic rays.

The second principle is based on our work on toric manifolds and cohomogeneity-
one manifolds; see [Guan 2003; 2007] for examples.
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For all the examples we consider in this paper, the Mabuchi equivariant moduli
space is flat (see [Guan 1999]); this is similar to the vector bundle case and is not true
in general (see [Mabuchi 1987]). For two maximal geodesic rays, the generalized
Futaki invariants might be the same if there is a curve connecting the beginning
points such that there is a parallel vector field along this curve which connects the
two tangent vectors at these two points. This observation makes the definition of
the generalized Futaki invariants independent of the initial K&hler metrics.

The generalized Futaki invariants define a function of the effective geodesic cone
which is probably a linear function Fy, ., which is continuous on a certain given
Banach space. Therefore, F can be defined on the closure € of the effective cone
% in the Banach space. We call F|g the generalized Futaki invariant functional
or simply the generalized Futaki invariant. There is a seminorm ||-||,, which is
locally equivalent to the given norm except on some subvarieties and is zero on the
functions induced by the holomorphic vector fields.

Principle IIl. There is a unique extremal metric in a given Kdhler class up to the
automorphism group if and only if the Kdhler class is geodesic stable, that is, with
positive generalized Futaki invariant which is bounded below by the given seminorm.

(Note: in many of our papers, this is called the fourth principle and the next
principle is called the third, reflecting the order in which they were formulated.)

In general, the Mabuchi moduli space might not be flat. We might have some
way to relate the Futaki invariants for two infinite maximal geodesic rays starting
from different points. Let y;(¢), i = 1, 2 be two maximal geodesic rays. We say
that they have the same infinite points if

d(y1,v2) = sup d(y(), (1))
te[0,+00)

is finite. Then we have (see also [Guan 2007, Remark 4]):

Principle IV. The Futaki invariants of two maximal geodesic rays with the same
infinite point are the same.

In the last section, we shall see that our stability in this case is the same as a
version of the slope stability which is stronger than that in [Ross and Thomas 2006].

2. Preliminaries

Here we summarize some known results about the compact complex almost ho-
mogeneous manifolds of cohomogeneity one. In this paper, we only consider
manifolds with a Kéhler structure. For earlier results one might check [Ahiezer
1983; Huckleberry and Snow 1982].

We call a compact complex manifold an almost homogeneous manifold if its
complex automorphism group has an open orbit. We say that a manifold is of
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cohomogeneity one if the maximal compact subgroup has a (real) hypersurface
orbit. In [Guan and Chen 2000; Guan 2003], we reduced the compact complex
almost homogeneous manifolds of cohomogeneity one into three types of manifolds.

We denote the manifold by M and let G be a complex subgroup of its automor-
phism group which has an open orbit on M.

Let us assume first that M is simply connected. Let the open orbit be G/H,
K be the maximal connected compact subgroup of G, L be the generic isotropic
subgroup of K, that is, K /L be a generic K -orbit. We have [Guan and Chen 2000,
Theorem 1]:

Proposition 1. If G is not semisimple, then M is a completion of a C*-bundle over
a projective rational homogeneous space.

If a compact almost homogeneous Kihler manifold is a completion of a C*-bundle
over a product of a torus and a projective rational homogeneous space, we call it a
manifold of type IlI. We dealt with this kind of manifold in our dissertation [Guan
1995a; 1995b]. There always exists an extremal metric in any Kéhler class. In
[Guan 2007], we generalized this existence result to a family of metrics connecting
the extremal metric of [Guan 1995a] and the generalized quasi-Einstein metric of
[Guan 1995b]; we called this family the extremal-soliton metrics. The existence of
the extremal-soliton is the same as geodesic stability with respect to a generalized
Mabuchi functional.

More recently in [Guan 2012], we even generalized the extremal-solitons to the
generalized extremal solitons, which also include Nakagawa’s [2011] generalized
Kihler—Ricci solitons as a special case. We proved the existence of both generalized
extremal solitons and the generalized Kéhler—Ricci solitons on these manifolds.
In a forthcoming paper [Guan > 2013b], we proved the existence of the so called
m-extremal metrics on these manifolds.

In general, if M is a compact almost homogeneous Kéhler manifold and O is
the open orbit, then D = M — O is a proper closed submanifold. Moreover, D
has at most two components. We call each component of D an end. If D has two
components or one component, we say M is an almost homogeneous manifold
with two ends or one end, respectively. We have [Huckleberry and Snow 1982,
Theorem 3.2]:

Proposition 2. If M is a compact almost homogeneous Kdhler manifold with two
ends, then M is a manifold of type II1.

Therefore, we only need to deal with the case with one end. In [Guan and Chen
2000], we treated the first example, that is, the blowup of the diagonal of the product
of two copies of CP". We treated another series in [Guan 2003]. We treated many
more of them in [Guan 2009; 2011b; 2011c], etc. Again, in the case of M being
simply connected, we only need to take care of the case in which G is semisimple.
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If G is semisimple and M has two G orbits, one open and one closed, and moreover
if the closed orbit is a complex hypersurface, there are two possibilities. Let 3, &£
be the Lie algebras of K, L. Then the centralizer of & in ¥ is a direct sum of
the center of & and a Lie subalgebra ¢ with s being either one-dimensional or a
3-dimensional Lie algebra su(2). If & is one-dimensional, we call M a manifold of
type L. If A is su(2), we call M a manifold of type II.

In general, if the closed orbit has a higher codimension, we can always blow
up the closed orbit to obtain a manifold M with a hypersurface end. We call the
manifold M a manifold of type I or II if M is of type I or II, respectively.

There is a special case of the type I manifolds. If the open orbit is a C*-bundle
over a projective rational homogeneous manifold, we call M an affine type manifold
(not to be confused with the closed complex submanifolds of C™).

Then we have (see [Guan 2003, Section 12]):

Proposition 3. Any compact almost homogeneous Kdahler manifold M of cohomo-
geneity one is an Auty(M) equivariant fibration over a product of a rational projec-
tive homogeneous manifold Q and a complex torus T with a fiber F. Therefore, M
can be regarded as a fiber bundle over T with a simply connected fiber M. One of
following holds:

(1) M is a manifold of type III.
(i) M, is of type Il but not affine.
(i) M, is affine.
(iv) M, is of type L
We say that M is a manifold of type I, or type I, affine, if M| is, respectively, a
manifold of type I or type II, affine.
We actually can also obtain the structure of an M -bundle over T from [Huckle-
berry and Snow 1982]. We only need to understand the bundle structure for the open
orbit. By [ibid., Corollary 4.4] we have that the bundle structure is a product unless,

when we apply Proposition 3 to M, F = Q. In the latter case, there is an unbranched
double covering M of M such that the bundle structure of M is a product.

Proposition 4. The M -bundle over T is a product except in the case where the
open orbit is an Fy-bundle over Q x T such that Fy is in the second, sixth and
eighth cases in [Ahiezer 1983, p. 67]. In the latter cases, the M-bundle has an
unbranched double covering which is a product of M, and T.

In [Guan 2011a; 2011b], we dealt with the type I cases.

One updated remark is that since we are dealing with the K&hler metrics it is
more convenient to separate the type Il case into two cases in [Guan 2009] and
[Guan 2011c]. We call the cases in [Guan 2009] (and the papers between [ibid.]
and [Guan 2003]) the fype IV cases. They are the affine cases such that the group
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7 (GF), the restriction of the subgroup G of G fixing a given fiber F, is not of
type A. Therefore, one might also call them the non-type-A type II cases. All of
them are Fano.

One might call the rest (in [Guan 2011c]) of the type II cases the new type II
cases (or simply the type II cases). They are those type II cases such that 7 (G ) is
of type A. Therefore, one might also call them the type A type II cases.

This note is a continuation of the first part and the second part of this paper
[Guan 2011a; 2011b]. We shall retain all the notation from those papers here.

3. The complex structures of the type I almost homogeneous manifolds

In this section, we shall deal with the complex structure of the type I almost
homogeneous manifolds. We retain the notation in [Guan 2011a; 2011b]. Let us
recall some basic notation of the Lie algebras.

Let G be the complex Lie group action and S be the connected complex Lie
subgroup acting on a given fiber. According to [Guan 2003, p. 283, Theorem
12.1(ii)], a compact complex almost homogeneous manifold of cohomogeneity one
is type I if and only if the fiber F' is one of (1) the second and third case with n > 3,
(2) the fourth case, (3) the eight and ninth cases, (4) the fifth case in [Ahiezer 1983,
p. 67].

The fiber F in (4) has S = 7(Gf) = F4,s0 G = F, = S, thatis, M = F is
homogeneous. Therefore, every Kéhler class of M has a metric with constant scalar
curvature. So, we do not need to do anything with (4).

In [Guan 2011a], we look at three special possible fiber cases [Ahiezer 1983,
p. 67] first:

(1) F = F(OP,): The third case in [Ahiezer 1983, p. 67] with n > 3. We have
F=CP"and

S=n(Gr) =S50, C),

regarding CP" as a completion of C". The corresponding compact rank-one
symmetric space is the real n-dimensional real projective space. It has an
equivariant branched double covering Q" of the second case. We denote the
latter case by F(0Q,,).

(2) F = F(Gryg): The fourth case with a standard S = Sp(k, C)-action on the
manifold F = Gr(2k, 2). The corresponding compact rank one symmetric
space is the quaternionic projective space.

3) F= F(Spé’): The ninth case with an § = Spin(7, C)-action on F = CP”. This

is the restriction of (1) with n+ 1 = 8 to the complex Lie subgroup Spin(7, C).
It has an equivariant branched double covering Q7 of the eighth case. In [Guan
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2011a], we also denote the latter case by F (Spg’) and denote both of them by
F(Sp;) whenever there is no confusion.

In [ibid.], we defined a certain basis of the Lie algebra «, F, and G for positive
roots «. And, we considered a fixed point py and its orbit p, generated by a
semisimple element —i H in the Lie algebra. Let T be the tangent vector of p, and
Poo be the limit point in the closed orbit.

In the case (1), we obtained:

Proposition 5. For F(OP,) and F(0Q,), along ps we have
J(Forte; & Fo—e)) = —(tanh )¥' (Goy e, £ Gy ;)

(and JF,, = —(tanhs)G,,). We also have that F, +,, = Ge+,, = 0 (and F,, =
G, =0) fori > 1. In particular, at ps,, JFoy = —Gg for a # e; T e, (and e;),
1 <i<k

In the case of (2), we obtained:
Proposition 6. For F(Gry), we have
JFy, = —(tanh 25) G, ,
J (Fae, % Fap,) = —(tanh 25) ¥ (Gae, F Gaey),
J(Foy—ep & Goyg) = —(tanh ) (G, o, £ Foy ).
T (Fortep £ Goyte) = —(tanh )T (G o, £ Foyrey)-

Fo=Gy,=0fora=e+ep,e —ex,2e;, e +ep withi > 2.
At poo, Wwe have Foy =Gy, =0ifa =e; +e3,2¢;,e; e, i >2,and JFy = G
ifa =2ey, ey = ex. Otherwise J Fy = —G,,.

Before we consider the isolated case (3), we can look at the general cases in
which G # S =7 (G ) C Aut(F), where G r is the subgroup that acts on the fiber F
and 7 : G — Aut(F) is the induced map from G to Aut(F). As in [Ahiezer
1983], G is semisimple, Ug = H is the 1-subgroup. There is a parabolic subgroup
P =SSR with S, S| semisimple and R solvable such that Ug = U S| R where
U = HNS is a l-subgroup of S. The manifold is a fibration over G/ P with the
completion of P/Ug = S/ U as the isotropic open orbit of the almost homogeneous
fiber. In this case, the root system of S is a subsystem of the root system of G.
In the Lie algebra of G, we also have some other F,, G, outside &. Let K be a
maximal connected compact Lie subgroup of G and L be the isotropic subgroup
of K at a generic orbit. Let ¥, & be the corresponding Lie algebras. The tangent
space of G/Ug along ps is decomposed into irreducible £-representations. These
F,, G, are in the complement representation of the Lie algebra & of S. As it is in
the tangent space of G/ P, J Fy, = —G,(mod ¥). Therefore, we have J F, = —G,
for any o which is not in the root system of S.
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If Sis By, G canbe B, C,, F4. If Sis B3, G canbe B,, F4. If Sis C3, G can
be C,, F4. If S'is B, with n > 3, G can only be B,,4,. If § is C, with n > 3, then
G can be Cp,4,,. The case of a By-action that has an isotropic group of SO(4, C)
generated by roots +e; + e, is exactly the same as the case of an Sp(2, C)-action,
which has an isotropic subgroup of Sp(1, C) x Sp(1, C) generated by +2e;, +2e;.

We have a few more possibilities. If S = Dy, kK > 3, G can only be D,,, n > 3 or
E, n>k.If S= D3, thatisan A3, Gcanbe A,,n>2,B,,n>3,C, n>3, D,
n>2and E,. If S = D, G can be any simple group or product of simple groups
other than G».

We then treated the isolated case (3) of the Spin(7, C)-action on CP’ in [Guan
2011a]. This case is the restriction of the case (1) with an G = § = SO(8, C)-action
to the Spin(7, C)-action induced by the spinor representation.

We obtained:

Proposition 7. For F(Sp;), we have

3.\
J(\/EF;,I. + th+hk) = —(tanh %S) (\/thl. + Gh/'+hk)’
JH =—-T,

Fopme; =Ge—e; =0 for 0<i<j<4.
At pOO9 JF/’!,' = _Gh,” Jth+hk = _G/1j+hk9 Fh,‘—/’lk = Gh,‘—hk = O

However, in this case S = B3, G can only be B,, or Fj.

4. The Kihler structures

In [Guan 2011a], we examined the Kihler structure for the S = SO(n, C)-actions
and obtained that for any possible G and S = SO(n, C) we always have a Kéhler
metric: w([X,Y]) = (aH + I, [X, Y]) with the I in the C center of ¥ and a a
nonpositive function of s.

See [Guan 2011a, Section 3].

Therefore, we have the volume formula

r S
V =-Mda*" P H(a,- —a) l_[(bj +a)
1 1

(or V = Ma'a*" ! (tanh s) H(a,- —a) n(bj +a)),
1 1

with some positive numbers a; and b;.
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Then in [Guan 2011a], we dealt with the Kihler metrics with Sp(k, C) and
Spin(7, C)-actions. We have the volume form

r N
V = Ma'a* > (tanh 2s) l_[(a,- —a) H(bj +a)
1 1

for the Sp(k, C)-actions.
For the S = Spin(7, C)-action, we obtained the volume form

V =—Md'a® lL[(a,- —a) li[(bj +a).

i=1 j=1

We also observe that a; and b; come in pairs, and b ;) = a;.
Altogether, we have:

Proposition 8. For the type I case the volume is
V =—Mda™ l_l(ai2 —ad%
for the cases S = Dy or Spin(7, C) and
V = Md'a®"*! (tanh bs) l_[(ai2 —ad?)

for the cases S = By (or Cy) with b =1 (or 2), where M and a; are positive numbers,
m are nonnegative integers. We also have that 2m—+1 (or 2m+72) are the dimensions
of the fiber. Moreover, the vectors in Propositions 5, 6 and 7 are orthogonal to each
other.

Let h =log V. In [Guan 2011a, Section 5, Theorem 2] we obtained:

Proposition 9. If the fiber with the S-action is of type I of complex dimension n,
then the function a for the Ricci form p is

r / n—1
. %( (1g< e - ))> 23" W coth 2N,~s>.
1 1

Moreover, the N; are (1) 1 for S = SO(n + 1, C) and (2) 1 except three of them
being 2 for S of type Ci, (3) V/3/2 for the case S = Spin(7, C). Other coef-
ficients come from the Ricci curvature of G/ P, which is —(qg/p,[X, Y]) with
qG)p = ZaeA+—AP H,, with the standard inner product.

Then we calculated the scalar curvature in [Guan 2011a, Section 6, Theorem 3].
We write

V =—Mad Q(a) = —Mad'(—a)" ' Q1 (a)g(s),

with g(s) = 1 for S = Dy or Spin(7, C) and g(s) = tanh bs for S = By or C. We
write Q(a) = (—a)"~'Q(a) and obtained p A 0"~ = M((—a, Q(a)) + poa’).
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Proposition 10. The scalar curvature is

— 2(_ap Q) +pa’ .

R
—a'Q

Moreover, p(a) = (—a)" "' p1(a) with pi(a) a polynomial of a and is a positive
linear sum of Q1 and product of deg Q1 — 1 factors of Q1. The contribution
of each constant factor k; (that is, the vector F, such that the corresponding
metrics w(Fy, JFy) = kj is a constant along py) is 2k, ;/k; for the Q1 factor. The
contribution of each a; £ a is 2a, ; 01/q;.

Therefore, we have

Jy '1Cup Q)+ pldx _ 2u,(=D Q=D+ [y pdx

Ro= — -
0 Qdx 0 Qdx

where we let u = —a and [ = lim,_, 1 o, a. We also obtained in [Guan 2011a] that
a,(0)=0.

5. Geodesic stability and existence of the Calabi extremal metrics

In [Guan 2011b, Section 2], for any metric we obtained a function I"(s) such that
—4a = 4u =T and the geodesic equation is I'T" = (I"")2, where ’ is the derivative
with respect to s, the parameter from the manifold, and ° is the derivative with
respect to ¢, the parameter for the geodesic. We obtain the smooth geodesics and
so the uniqueness. Therefore, we might regard U = 4u as g in [Guan 2011a].

We also have

4ug(+00) = I (+00) =0

since u is increasing and bounded by —/ (see the end of last section).

We shall apply the method in [Guan 2003] to prove the second and third geodesic
stability principles for all the type I Kéhler almost homogeneous manifolds of
cohomogeneity one.

The proof is parallel to what we have in [ibid.] but even simpler (with our
advanced notation).

Letting H be the Legendre transformation of I" as in [ibid.], a path I'; represents
a geodesic in the Mabuchi moduli space of the equivariant Kahler metrics in a given
Kihler class is a geodesic if and only if H, is linear on 7. We denote h = H.

Recall that R is the scalar curvature, H R its average, Q the volume function
appeared right before Proposition 10. Applying the scalar curvature formula in
Proposition 10, we have that with a positive constant C the derivative of Mabuchi



380 DANIEL GUAN

functional is:
—/ I'(R — HR)w™"
M

-l
:—c/ f‘(s,t)(ZupQ+/(p—RoQ)du> dx
0 X
—I

=C H(x,t)(ZupQ—/(RoQ—p)du) dx

0

I
= C<2h(—l)up(—l)Q(—l) —2h(0)u,(0)Q(0) — Roh(—1) fo QOdx

-1 X —I —I X
+R0/ h/</ Qdu)dx—i—h(—l)/ pdx—/ h’(/ pdu)dx
0 0 0 0 0

n—1 —1 —I
—ZZ N; coth(2N;s)h'Q dx + h'(log(Quy))s Q dx
1 /0 0

_ C<R0/O_lh’</0x Qdu) dx—/o_lh’(/oxpdu> dx

n—1 — —I
—2> Ni | coth@Nis)h' Qdx + [ I (Quy), dx
1 0 0

:C(RO/O_lh/(/OxQdu> dx—/o_lh/</0xpdu> dx

-1

n—1 —1
—2> Ni | coth@N;s)k' Qdx — | Qu,h" dx
1 0

0

= C<R0/O_lh’</0x Qdu) dx—/o_lh’</0xpdu) dx

n—1 —1

—1
—2) N; | coth@QN;H)W' Qdx— | Q(Hy) 'h"dx ).
1 0 0

The change of sign in the second equality comes from I"(s, 1) = —H (x, ) for the
Legendre transformation as in [Guan 2003].

If 4" is negative somewhere, then the geodesic is finite and the limit is a cone
metric. The point —/ cannot be a singular point. At the singular points 2” is negative.
Therefore, the last term of the right hand side is positive infinite. The second term
from the right hand side is finite if O is not a singular point and positive if O is a
singular point since in that case #”(0) < 0 and A’ (0) = 5(0) —50(0) = 0,h" <0
near 0.
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If 1" is nonnegative, then the geodesic ray is infinite and %’ is increasing. s
becomes infinite at each point with 2’ > 0, so coth(2N;s) is 1 at such points. It is
not difficult to see that (H,,)~! is zero whenever 4" is not zero. The limit of the
derivative is:

Theorem 11. For type I compact Kihler almost homogeneous manifolds of co-
homogeneity one, the generalized Futaki invariant of a maximal geodesic ray with
a convex function h is

— X n—1
c(/ " (/ (ROQ—p)du—2ZN,-Q)dx>
0 0 1

with a constant C > 0.

According to [Guan 2011a, (14)], this is proportional to the negative of

-1
f hgdx.
0

We notice that all the generalized Futaki invariants of the maximal geodesic rays
do not depend on the initial metrics and they are positive if there is an extremal
metric.

Moreover, if there is a Kidhler metric with a constant scalar curvature, then at
the corresponding Hy we have that the slopes of Mabuchi functionals are zeros.
Therefore, for any #,

—l X n—1
/ |:h/|:/ (ROQ_p)du—zzNiQCOth(zNiHo’x)i|_Q(Ho’xx)—lh//] dx =0.
0 0 -

In general, the slope of the Mabuchi functional is

n—1

-l
C / 0 (22 N; (coth(2N; Hy ) —coth(2N; Hy))h'+((Ho xx) —(Hxx)l)h”) dx
0 1

—l n—1 2N;Hox ( ,2Nith'
e=Nitx (et — 1) ,
- C/O Q(4 Z Ni (eZN,-(HO,xHh/) _ 1)(62N,-H0._X -1 h

1

+((H0,xx)_1 - (Hxx)_l)h//) dx.

It turns into

_ —1
C lQ nE:Lh’—i-H_] av
0 eZN,' Hox _ 1 0,xx X
1
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Therefore, using this formula as a hint, we can define

||h||i’1=[ (Z 2NHO — Il + Ho |h”|)

to be the norm of W2!. A calculation shows that this is related to

-1 -1
/ |Agh| Qdx and also / sup{lazh(v)|o/|v|0}dV,
0 0

with dV the volume element. The generalized Futaki functional is positive on the
closure of the effective cone in W2!.
The generalized Futaki functional is positive if and only if it is positive for
1 if x > xg,
0 if x < x,

h' =

with xo € [0, —I). These functions 4’ correspond to functions of 4 in W*z’1 which
are the extremal rays of the effective cone. As we see in the sentence right after
Theorem 11, this is the same as the partial integral
—I 12
/ grdu = fidx <0

X0 xg
for the g, f; in [Guan 2011a]. This is the same as the necessary and sufficient
condition in [ibid.] (see (7) and (16) there) for the existence of the Kihler metrics
with constant scalar curvatures.

Therefore, we obtain:

Theorem 12. For type I Kihler compact almost homogeneous manifolds of cohomo-
geneity one, there is a unique extremal metric in a Kdhler class on the manifold
up to the automorphism group if and only if the Kdhler class is geodesically stable.

The same method works for some of Kihler classes on type II compact Kéhler
almost homogeneous manifolds of cohomogeneity one. But in general, we will use
a different method. Theorem 12 and a result similar to Theorem 11 are true for
general compact almost homogeneous manifolds of cohomogeneity one. But it will
take us some more time to publish the related results and proofs. We also expect
that Theorem 12 is true for any Kihler class on any compact Kédhler manifold.

Theorem 11 also gives another proof for the stability (the necessary condition)
in [ibid.]. However, the integral itself and its partial integrals do not occur directly
as generalized Futaki invariants of any (smooth) geodesic.

A generalization of our argument is essential to prove the necessary condition
for the type II cases (and the type IV case in [Guan 2009]). However, since we
have not seen any example with a zero value of the integral for the Ricci classes,
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for all the known cases so far in [Guan 2009], etc., the corresponding result in the
next section is enough for the necessary part for the Kéhler—FEinstein case.

6. Geodesic stability and strict slope stability

In this section, we shall discuss our result and the strict slope stability. This is
something also similar to the holomorphic vector bundle case and can be defined
on any Kéhler class of any compact Kéhler manifold.

6.1. To make the things simpler, first we assume that the Kéhler class is the
anticanonic class — Ky, N is a smooth subvariety and M (N) is the blow-up of M
along N. Let E be the exceptional divisor and e be the largest number such that
—Ky —aE > 0on M(N), regarding Ky, as the pullback line bundle for any a
such that 0 <a <e,

m(N) = /e(_KM — (n—dimN)E)(—Ky —aE)" " da,
0

e
m =/ (=Ky —aE)'"da.
0

We say that M is strictly slope stable if for any subvariety N (not necessary smooth)
that is not a component of the fixed point set of a holomorphic vector field we have
m(N) < m. That is

/e(a —(n—dimN)E(—Ky —aE)" 'da < 0.
0

Notice that there is only one possible zero for a — (n — dim N), we see that if
m(N) —m < 0 then

/C(a —(n—dimN)E(—K —aE)" 'da <0
0

for any 0 < ¢ < e. That is, when N is smooth, our stability is stronger than
Ross—Thomas’s slope stability in [Ross and Thomas 2006], which only requires the
inequality for rational ¢ with 0 < ¢ < e, while our inequality is true for any ¢ with
0 <c <e. If N is not smooth, we do not know whether the slope stability in [Ross
and Thomas 2006] implies these inequalities or not.

A smooth N destabilizes M only if —Ky; — (n —dim N)E is ample, therefore,
—K (E) is ample on E if E is smooth, and is kind of ample even if E is singular.
When N is smooth, we see that E is Fano. By [Futaki 1987], we see that N is Fano
also. This is quite similar to the calculation in [Guan 2003; 2011a].

Actually, when F = CP¥ or Gr(2k, 2), we have D(F) = 2 by [Guan 2011b,
Section 3, Theorem 15]. Therefore, for the closed orbit N, e = —271/ p and the
codimension can only be 1; see [ibid., Section 3]. If y = —[, — 2a, the integral
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above is

-1,
/‘«4*@+m—nEw+r%yHmm“b”@
0

—K(F)
=CA (—K(F) — D(F) — y)Q dy,

with a positive number C. That is exactly the same condition as in Theorem 15 just
cited.
When F = Q%, D(F) = 1. Therefore, e = —[,,. Let

y=—l,—a=—K(F)+m—1—a,

with m = n — dim N. The integral above is
—1,

| o=y =mE@r o Er dy
0

=C/ (—K(F)— D(F) - )0 dy.
—K(F)+m—1
with C > 0. Again, that is exactly Theorem 15 in [ibid.].

6.2. In general, for any given Kihler class @ we let

me(N) = /C(—KM — (n—dim N)E)(w —aE)""' da,
0

(&
me = / (w—aE)"da,
0

with 0 < ¢ < e and e the largest number such that w —aE > 0 for 0 <a < e. We let
Ue(N)y=m.(N)/m.. f N=M, welet m(M) = (—Ky)o" ' and p = m(M)/w".
Then the strict slope stability says that u.(N) —u < 0 for all 0 < ¢ < e. Similar
obstructions appeared in [Guan 2003]. At that time I was not able to understand
the general meaning of this obstruction and related it to the Ding—Tian generalized
Futaki invariant forcibly. But it was clear in [Guan 2003] it was not the Ding—Tian
generalized Futaki invariant. I also talked on this at Pisa, Italy in 2004. Ross and
Thomas [2006] partially generalized this obstruction but without the strict part for a
smooth N, that is, they assume that 0 < ¢ < e. Also, they assume that c is rational,
which makes their slope stability much weaker. For a nonsmooth subvariety N, I
am not sure that their stability implies these inequalities or not. For our case, our
strict slope stability is equivalent to the existence. But the Ross—Thomas slope
stability is only a necessary condition. Therefore, a Kdahler class with the integral
equal to zero when ¢ = e or c is irrational would give a counterexample for the
equivalence between the Ross—Thomas slope stability or Donaldson K-stability and
the existence. See also [Guan 2003; 2007].
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It is very easy to check that if K, is the Kéhler class and we replace — K —aE
by Ky —akE, and let

me(N) = fc(—KM —(n—dimN)E)(Ky —aE)" ' da,
0

the strict slope stability means that m.(N) 4+ m. < 0 holds automatically. Moreover,
if Kj; =0, for any Kéhler metric w we replace —Kj; —aE by w —aE and let

me(N) = /C(—n +dim N)E(w —aE)" ' da,
0

the strict slope stability means that m.(/N) < 0 holds automatically. These strengthen
the Theorem 5.4 in [Ross and Thomas 2006], which is only concerned with when
N is smooth and 0 < ¢ < e is rational.

In the remainder of this section, we want to see that the strict slope stability is
the same as the existence for type I manifolds.

To make things simpler, let us take care of the F(OP,) fiber case first. In our
setting, we only need to deal with the case in which N is the closed orbit. In this case,
by [Guan 2011b, Section 3], we have dim N = n — 1. Let us calculate the number
e for our case. By [ibid., Section 3] we see that the curvature of the exceptional
divisor has eigenvalues D(CP") = 2 times the coefficient of u. Therefore, w —a E
has the first zero eigenvalues when a = (D(F))~'(—I). That is, e = =271,

-1 c
@"me(N) —m(M)m, = f 0 du[ f (—Km)(@—xE)"" ' ="
0 0
—E(w—xE)" "= Ry((w —xE)" — ") dx].
This is proportional to

/C[/x[(l’l—1)KME((1)—uE)n_2+nR0E(a)—uE)"_1]du_E(w_xE)n—l] dox.
0 0

Letting y = —/ —2x and v = —/ — 2u, d = —I — 2c, we obtain that the integral
is proportional to

“Ip el
/ U (1= DKy E@+27 0+ DE)' ™ +nRoE@+2" (v +DE) ] dv
d y

-1
—2E(+27'(y +l)E)"_1:| dy = / hidy.
d

By taking the derivative twice we have

hy=—mn—-DKE)E@+2" ' (y+DE)" > —nRoE(w+2"'(y+DE)" .
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By the argument in [Guan 2011a] after (14) and in the proof of Lemma 6, we see
that h; is proportional to g; there. Therefore, we only need to check for a point 0,
the function /; is right. To prove our conclusion, we only need to check that

hi(0)

-l
= / [(n—DKyE(@+2"' (0+DE)" *+nRE(@+2"'(v+DE)"']dv=0,
0

since g;(0) = 0. Notice that n E(w + 271w+ D E)* ! is related to " there.
The exact same argument works for the case in which the fiber F = Gr(2k, 2).
For the case in which the fiber F = Q", we have D(F) = 1. Therefore, we could
lety=—l—x,v=—[—u,d =—I —c instead and we notice

—K(E)=—Ky —(n—dimN)E.
The same proof goes through.

Theorem 13. On a type I compact almost homogeneous manifold of cohomogeneity
one there is a Kdihler metric of constant scalar curvature in a given Kdahler class if
and only if the Kdhler class is strictly slope stable with respect to the closed orbit.

This is also true for general compact Kéhler almost homogeneous manifolds of
cohomogeneity one. But it will take some time for us to publish the detailed results
and proofs.

6.3. In the case of Fano manifolds, our discussion in Section 6.1 shows:

Theorem 14. Let M be any Fano manifold. If a smooth submanifold N destabilizes
the Ricci class, then N, the blowing-up manifold M(N) of M along N and the
exceptional divisor E are all Fano manifolds.

One could also consider the case where N is a union of smooth submanifolds.
We expect that each of them should be Fano also. Similarly, it should be easy to
obtain some results similar to those of Nadel [1990] and to check out the unstable
Fano threefolds.

For the compact Kdhler manifolds with a zero or negative first Chern class we
showed at the beginning of Section 6.2 that:

Theorem 15. Let M be any compact Kdhler manifold with a negative first Chern
class. Then the negative Ricci class is strictly slope stable.

Theorem 16. Let M be any compact Kdhler manifold with a zero first Chern class.
Then any Kdhler class is strictly slope stable.

Theorems 14, 15, 16 give a good reason why the Calabi conjecture is true for
the negative and zero case but not true in general for the positive case.
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THE SUBREPRESENTATION THEOREM
FOR AUTOMORPHIC REPRESENTATIONS

MARCELA HANZER

We prove that every irreducible subrepresentation in the space of automor-
phic forms on G (A), where G is a connected reductive group defined over a
number field &, and A is the related ring of adeles, is a subrepresentation of
the representation induced from a cuspidal automorphic representation of
a Levi subgroup.

1. Introduction

In this note we prove the global (automorphic) version (over a number field k) of
Casselman’s subrepresentation theorem. We explain it in more detail: in the local
theory (i.e., considering admissible representations of reductive groups over local
fields) there is Harish-Chandra’s subquotient theorem [1954], and then there is also
Casselman’s subrepresentation theorem [1980; 1995]; both of them state that every
irreducible representation (in the appropriate category) of this given reductive group
is a subquotient or (in the case of Casselman’s theorem) a subrepresentation of a
representation induced from a “simpler” one (of an appropriate subgroup). The
global analog of the Harish-Chandra subquotient theorem would be Langlands’
theorem which describes a general automorphic representation as a subquotient of
a representation induced from a cuspidal representation of a Levi subgroup.

We prove the following global version of Casselman’s subrepresentation theorem.

Theorem. Let G be a connected reductive group defined over k. Let (I1, V) be an
((goo, Koo)X G (A p))-irreducible subspace of automorphic forms in A(G (k)\ G (A)).
Then, there exists a parabolic subgroup P = MU of G, an irreducible automor-
phic cuspidal representation wy of M (thus appearing in the space of cuspidal
automorphic forms on M) such that, as abstract global representations, we have

IM— indggggno,

where we consider the normalized parabolic induction (so we extend my trivially on
U (A)) and we take K-finite vectors.

MSC2010: 11F70.
Keywords: automorphic representation, subrepresentation, cuspidal representation.
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We explain all the notation in the Preliminaries section.

We are sure that the experts in the field are aware of the above claim, but we were
not able to find the reference for this statement, which is somewhat more precise
than the aforementioned Langlands’ result in his Corvallis lecture [Borel and Jacquet
1979]. The proof is a pretty straightforward application of the Langlands proof in
his Corvallis lecture, with the decomposition results (on the spaces of automorphic
forms) obtained (along with much stronger results) in [Mceglin and Waldspurger
1995]. We hope that this result will be very helpful for explicit calculations with
automorphic forms, since it is explicitly applicable to the discrete (and K-finite)
part of automorphic L? situation.

2. Preliminaries

Let k be a number field, and A its ring of adeles. Let G be a connected reductive
group defined over k, and G = [[, G(k,), where the product is over archimedean
places of k. We further denote G(A ) = ]_[/KOO G (ky). Let U be the enveloping
algebra of the complexified Lie algebra g of G, (and g is the Lie algebra of G).
We follow the notation of the first chapter of [Mceglin and Waldspurger 1995]. We
denote by 3 the center of U and by K, a maximal compact subgroup of G(k,),
where K, = G(Oy,) for almost all v < co. Here O, is the ring of integers in k,,.
We set Koo = ]_[UIOQ K, and K =[], K,. We fix a minimal parabolic subgroup
Py of G defined over k, and consequently, standard parabolic subgroups (defined
over k) with respect to Py. We denote by S a maximal k-split torus of G, chosen
inside Py and by A the set of simple k-roots of G with respect to S (and Py). We
know that each standard k-parabolic subgroup corresponds to a subset 6 of A. We
denote this by putting P = Py. We denote the modular function on P by §p. For a
standard Levi k-subgroup M of G, we denote by 3 the analogue of 3 for group M.
We denote by Zj, the center of M.

We use the following definition of an automorphic form: Let P = MU be a
standard k-parabolic subgroup of G and ¢ : U(A)M (k) \ G(A) — C a function.
We say that ¢ is automorphic if it satisfies the following conditions:

(1) ¢ has moderate growth (see [Meeglin and Waldspurger 1995, 1.2.3]).
(2) ¢ is smooth (see [Meeglin and Waldspurger 1995, 1.2.5]).
(3) ¢ is K-finite.
(4) ¢ is 3-finite.
Note that the space A(U (A)M (k) \ G(A)) of all automorphic forms as above can
be related to the usual situation with the automorphic forms on M (k) \ M (A) by

attaching to each k € K and ¢ as above a function ¢ : M (k) \ M (A) — C defined by
¢r(m) = 8;]/ 2 (m)¢ (mk) by noting that ¢ is automorphic if and only if it is smooth,
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K-finite, and for all k € K, ¢ is an automorphic form on M (k) \ M (A). We denote
by Ag(U (A)M (k)\ G (A)) the cuspidal part of the space A(U(A)M (k)\ G(A)); i.e.,
the space of all automorphic forms ¢ from A(U (A)M (k) \ G (A)) with the property
that for every standard k-parabolic subgroup P’ = M'U" such that Py C P’ G P we
have ¢ p = 0 (the constant term along P’, defined by ¢p/(g) = fU,(k)\U,(A) ¢ (ug)du).
The space A(U(A)M (k)\ G (A)) is a module for the action of (goo, Koo) X G(Ay),
i.e., for the global idempotent Hecke algebra 9 = 3., ® 9 y, where ¥ is related to
A and finite measures on K, and # ; = ®/ _ #,, where 9(,, v < oo is the Hecke
algebra of compactly supported, locally constant functions on G (k) (see [Borel
and Jacquet 1979, Section 4]). Note that Ag(U(A)M (k) \ G(A)) is a submodule of
A(U(A)M (k) \ G(A)) with this action. Note that the constant term (with respect to
some standard k-parabolic subgroup P = M U) is an intertwining operator between
A(G(Kk)\G(A)) and A(UA)M (k) \ G(A)) [Mceglin and Waldspurger 1995, 1.2.6].
Let & be a character of Zy; (k) \ Zp(A), and let & be an irreducible submodule
of A(M(k) \ M(A)), for a standard k-Levi subgroup M of G. We denote by
A(M (k) \ M(A)), the isotypic submodule attached to v (in the theorem below we
deal with cuspidal 7, so the relevant subquotients are indeed subspaces). We set

AUMMK)\GA))s = [¢p € AURIMK)\ GA)) :
$(z8) =8, ()E@P(g) forall z € Zy(A), g € GA)},

AUAME \GA) = {p € AUBRMK)\GA)):
dr € A(M (k) \ M(A)) for all k € K}.

Analogously, we define by Ag(U(A)M (k) \ G(A))s and Ag(U(A)YM (k) \ G(A))x
the cuspidal parts of the above spaces (i.e., the parts realized in the space of cuspidal
automorphic forms).

Proposition 2.1. Let & be a character of Zy (k) \ Zp (A) and let T1o(M )¢ denote
the set of isomorphism classes of irreducible representations of M (A) occurring as
submodules in Ag(M (k) \ M (A))e¢. We have the decomposition

Ag(UAYM (k) \ G(A))g = @ Ag(UA)YM (k) \ G(A))x.
Tely(M):

Proof. This is explained in [Mceglin and Waldspurger 1995, p. 44]. ]

Remark. By the proof of Lemma 1.3.2 of [Mceglin and Waldspurger 1995], 3
acts on A(U (A)M (k) \ G(A)) by left translations; every automorphic form there
is M -finite; analogously every element of that space is Zy(A)-finite, again here
Zy (A) acts by left translations (because we examine K-finite automorphic forms).
Also, it is easy to see that Ag(U(A)M (k) \ G(A)) is Zy (A)-invariant subspace
with this Z,(A)-action.
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3. The theorem

In this section we prove the main theorem stated in Section 1. The proof follows
directly from the next theorem, so our embedding from the main theorem is realized
through the calculation of the constant term.

Theorem 3.1. Let (I1, V) be an ((§0o, Koo) X G(Ay)-) irreducible subspace of
automorphic forms inside A(G (k) \ G(A)) such that some constant term of a
Sfunction from V does not vanish along a k-parabolic subgroup Py of G; assume that
0 is minimal (set of simple roots) with this property. Then, there exists an irreducible
automorphic representation mo of My(A) (appearing in Ag(My (k) \ Mo (A)) such
that the space of constant terms of V along Py, denoted by Vy, belongs (up to a left
translation by an element from Zy, (A)) to the space Ag(Ug (A)My (k) \ G(A))z, of
cuspidal automorphic forms.

Proof. Let f € V. By definition, the constant term fp,(g) = er(k)\Ue(A) f(ug)du
belongs to A(Uy (A) My (k)\ G (A)), more precisely, to the cuspidal part of this space
(because of the minimality of 8; see [Mceglin and Waldspurger 1995, 1.2.6, 1.2.18]).
By the remark above the Theorem, Zjy, (A) acts on Ag(Up (A) My (k) \ G(A)) by
left translations, and every function from this space is Zjy, (A)-finite. For every
z € Zy,(A), let Vi = 1(z)Vp (the action by left translations). We know that
taking the constant term is intertwining operator, so Vo (and V{;) is (as an abstract
(goos Kxo) X G(Af)- representation) irreducible and isomorphic to V. Let W =
ZzezMg A) Vo

We prove that there exists F € W, F # 0 such that dim¢ spanc{{(z)F : z €
Zy,(A)} = 1. Firstly, let F' # 0 be an element from W such that the dimension of
the space Y :=spanc{/(z) F : z € Zy;, (A)} is minimal. We claim that this dimension
is one. Indeed, let us assume that this dimension (of Y) is greater than one. If,
for every a € Z, (A) acting on Y, the whole space Y is an eigenspace for certain
eigenvalue, it would mean that [(a), for every a, acts as a scalar operator on Y,
and then every one-dimensional subspace, (also the one spanned by F) would be
Z p, (A)-invariant; a contradiction (this would mean that ¥ is one-dimensional). So,
there exists a € Zy, (A) with a nonzero eigenspace strictly smaller than Y, attached
to an eigenvalue o # 0. This means that Y| := (/(a) — «)Y is a proper subspace of
Y. Let Fy := (I(a) —a)F €Y. F| is obviously nonzero; otherwise /(b) F would
be an eigenvector of /(a) for eigenvalue o for every b € Zy, (A), so that the whole
Y is an eigenspace for «; a contradiction. Now, we easily see that the span of the
set {{(D)Fy : b € Zy,(A)} is inside Y1, which leads to contradiction with our choice
of F.

So, we conclude that there exists a character & of Zy; (k) \ Zs(A) such that

(1) [Q)F(8) =8y ()E()F(g) forall g € G(A), z € Zy,(A).
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Now, let Wy denote the (goo, Koo) X G(A r)-subspace of W generated by F. For
every vector from this space, (1) holds. Now, since W = )_ a€Zy, () V(;‘, where
V' are irreducible subspaces, W is also a direct sum of irreducible subspaces (for
example, [Lang 2002, Chapter XVII]), and every (goo, Koo) X G(Af)-submodule
of W is a direct summand. From this directly follows that Wy has an irreducible
submodule; indeed if W =P, Vj;, for some I C Zy, (A), then some projection
attached to this decomposition p, : W — Vj; is nonzero on Wy. Now Ker p. N Wy
has a direct (invariant) complement W) in W, and it is easy to see that W; N W
is an irreducible submodule of W(. This means that we have found an irreducible
subspace of W (so necessarily isomorphic to V i.e., to V;) where the relation (1)
holds. This realization of V inside Ag(Ug(A)Mg(k) \ G(A))¢ is thus obtained
through taking of (maybe translated) constant term along Py. From Proposition 2.1
we have

AoUp(AYMp()\GA)e = €D Ao(Us(A)My(k) \ G(A))x,
wellp(Mp)e

and, combining our embedding with an appropriate projection, we have obtained
an embedding
T — Ag(Us (A) My (k) \ G(A))z,,

for some automorphic (cuspidal) representation 7y of My (A). ([

Note that the space Ag(Mg (k) \ Mg(A)), is semisimple (Gelfand and Piatetski—
Shapiro; see [Borel and Jacquet 1979, Section 4]); so there exists an irreducible
subspace VO’ of automorphic forms in Ay(Mpg (k) \ Mg (A))z, (thus isomorphic to
1) such that there is an embedding

T — Ag(Us (A) My (k) \ G(A))y;

(the space on the right-hand side has an obvious meaning). We note that, as a
(goos Kxo) X G(Ar)-module, the latter space is isomorphic to the global representa-
tion indgg((AAg) 1o (Where we use normalized induction and K-finite vectors in this
space) [Kim 2004, Section 4.5]. This isomorphism can also be given explicitly by
¢ ¢', where ¢/(g) = ¢, and ¢, (m) = 8p,(m)~'/2¢p(mg). This is easily checked
to be G(A)-isomorphism on the space of the smooth (not necessarily K-finite
automorphic forms), but then taking K-finite vectors from both spaces, we get the
claim (see the second and third lectures in [Cogdell 2004]). This, in turn, proves
our main theorem from Section 1.

Acknowledgements

We want to thank Neven Grbac for the helpful discussions about automorphic
representations, and to Goran Mui¢ and Marko Tadi¢ for their interest in our work.



394 MARCELA HANZER

Also, we would like to thank the anonymous referee for suggestions, which improved
the style of the presentation and clarified some mathematical imprecisions.

References

[Borel and Jacquet 1979] A. Borel and H. Jacquet, “Automorphic forms and automorphic representa-
tions”, pp. 189-207 in Automorphic forms, representations and L-functions, 1 (Corvallis, OR, 1977),
edited by A. Borel and W. Casselman, Proc. Sympos. Pure Math. 33, Amer. Math. Soc., Providence,
RI, 1979. MR 81m:10055 Zbl 0414.22020

[Casselman 1980] W. Casselman, “Jacquet modules for real reductive groups”, pp. 557-563 in
Proceedings of the International Congress of Mathematicians (Helsinki, 1978), vol. 2, edited by O.
Lehto, Acad. Sci. Fennica, Helsinki, 1980. MR 83h:22025 Zbl 0425.22019

[Casselman 1995] W. Casselman, “Introduction to the theory of admissible representations of p-adic
reductive groups”, preprint, 1995, http://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf.

[Cogdell 2004] J. W. Cogdell, “Lectures on L-functions, converse theorems, and functoriality for
GL,”, pp. 1-96 in Lectures on automorphic L-functions, edited by J. W. Cogdell et al., Fields Inst.
Monogr. 20, Amer. Math. Soc., Providence, RI, 2004. MR 2071506 Zbl 1066.11021

[Harish-Chandra 1954] Harish-Chandra, “Representations of semisimple Lie groups, II”, Trans. Amer.
Math. Soc. 76 (1954), 26-65. MR 15,398a Zbl 0055.34002

[Kim 2004] H. H. Kim, “Automorphic L-functions”, pp. 97-201 in Lectures on automorphic L-
functions, edited by J. W. Cogdell et al., Fields Inst. Monogr. 20, Amer. Math. Soc., Providence, RI,
2004. MR 2071507 Zbl 1066.11021

[Lang 2002] S. Lang, Algebra, 3rd ed., Graduate Texts in Mathematics 211, Springer, New York,
2002. MR 2003e:00003 Zbl 0984.00001

[Mceeglin and Waldspurger 1995] C. Mceglin and J.-L. Waldspurger, Spectral decomposition and
Eisenstein series: a paraphrase of scripture, Cambridge Tracts in Mathematics 113, Cambridge
University Press, Cambridge, 1995. MR 97d:11083 Zbl 0846.11032

Received October 8, 2011. Revised July 23, 2012.

MARCELA HANZER
DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ZAGREB
BIJENICKA CESTA 30

10000 ZAGREB

CROATIA

hanmar@math.hr


http://msp.org/idx/mr/81m:10055
http://msp.org/idx/zbl/0414.22020
http://www.mathunion.org/ICM/ICM1978.2/Main/icm1978.2.0557.0564.ocr.pdf
http://msp.org/idx/mr/83h:22025
http://msp.org/idx/zbl/0425.22019
http://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf
http://www.math.ubc.ca/~cass/research/pdf/p-adic-book.pdf
http://www.math.osu.edu/~cogdell.1/fields-www.ps
http://www.math.osu.edu/~cogdell.1/fields-www.ps
http://msp.org/idx/mr/2071506
http://msp.org/idx/zbl/1066.11021
http://dx.doi.org/10.2307/1990743
http://msp.org/idx/mr/15,398a
http://msp.org/idx/zbl/0055.34002
http://msp.org/idx/mr/2071507
http://msp.org/idx/zbl/1066.11021
http://dx.doi.org/10.1007/978-1-4613-0041-0
http://msp.org/idx/mr/2003e:00003
http://msp.org/idx/zbl/0984.00001
http://dx.doi.org/10.1017/CBO9780511470905
http://dx.doi.org/10.1017/CBO9780511470905
http://msp.org/idx/mr/97d:11083
http://msp.org/idx/zbl/0846.11032
mailto:hanmar@math.hr

PACIFIC JOURNAL OF MATHEMATICS
Vol. 261, No. 2, 2013

dx.doi.org/10.2140/pjm.2013.261.395

VARIATIONAL CHARACTERIZATIONS
OF THE TOTAL SCALAR CURVATURE
AND EIGENVALUES OF THE LAPLACIAN

SEUNGSU HWANG, JEONGWOOK CHANG AND GABJIN YUN

For the dual operator s, of the linearization s}, of the scalar curvature
function, it is well-known that if ker s;,* # 0, then s, is a nonnegative con-
stant. Moreover, if the Ricci curvature does not vanish, then s, /(n — 1) is
an eigenvalue of the Laplacian of the metric g. In this work, we give some
variational characterizations for the space ker s:,’,*. To accomplish this, we
introduce a fourth-order elliptic differential operator s and a related geo-
metric invariant v. We prove that v vanishes if and only if ker s’g* # 0, and
if the first eigenvalue of the Laplace operator is large compared to its scalar
curvature, then v is positive and ker s”* = 0. We calculate a lower bound

g

for v in the case of ker s}’ = 0. We also show that if there exists a function
which is {-superharmonic and the Ricci curvature has a lower bound, then

the first nonzero eigenvalue of the Laplace operator has an upper bound.

1. Introduction

Let M be a compact smooth n-manifold (without a boundary). The space of all
Riemannian metrics, /M, on M is then open in the space of symmetric 2-tensors,
$2(M), for the compact-open topology or the wk.p -topology, where Wk:P denotes
the Sobolev space. For a Riemannian metric g and a symmetric 2-tensor /4, the
differential sé, (h) of the scalar curvature at g in the direction / is given by

(1-1) sg(h) = —Ag tr(h) + 8¢ (8gh) — g (rg. ).

where Ay is the negative Laplacian of g, and g and §, denote the Ricci curvature
and divergence operator of g, respectively [Besse 1987]. In addition, the L2-adjoint
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/% /A :
operator s, of 5, is given by

(1-2) sg (f)=Ddf —(Ag f)g— frs.

where Ddf denotes the Hessian of f with respect to the metric g. Note that both
/

sg and sé,* are linear second-order differential operators.

In this paper, we consider the fourth-order elliptic differential operator s{ =
sg, osg,* :C®(M) — C®(M). The existence of homogeneous or nonhomogeneous
solutions to o is closely related to the kernel space of sfg,*. For example, Bourguignon
[1975] and Fischer and Marsden [1974] proved that if ker sé,* # 0, then either (M, g)
is Ricci-flat and ker sé* = [R- 1, or the scalar curvature is a strictly positive constant
and sg/(n — 1) is an eigenvalue of the Laplacian. In particular, combined with
the Lichnerowicz—Obata theorem [Lichnerowicz 1958; Obata 1962; Berger et al.
1971], it follows that if g is an Einstein metric with positive scalar curvature, then
ker sé* = 0 or g is the standard round metric on the sphere.

On the other hand, if ker sg,* = 0, then for any function n € C°° (M) there exists
a unique function u € C*° (M) such that (u) = n (Theorem 2.2). In fact, the
condition ker 5" = 0 implies the injectivity of s and the surjectivity of s . In order
to perform variational characterizations of the condition ker s,° # 0, we introduce

a geometric invariant v which is defined by

% =inf{/ go&dgadvg},
M

where the infimum is taken over all functions ¢ € H?(M) = W?2(M) with
I ¢? = 1. Here H>(M) = W?2(M) denotes the Sobolev space which is L? up
to the second (weak) derivatives.

A basic result related to the invariant v is the following.

Theorem A. The invariant v vanishes if and only if ker sg,* =0.

For the case ker s(’g* = 0, we give a lower bound on v and its relationship to the
first nonzero eigenvalue of the Laplacian. We also show that if the first eigenvalue
is large compared to the scalar curvature, then v is positive and ker sé* =0. In
addition, if M is the product of two standard spheres of the same dimension, then v

is exactly equal to the dimension of the spheres.

Theorem B. Let M = S™ x S™ (m > 2) with the standard product metric. Then
_dim(M)

=—

We also obtain upper bounds for the first nonzero eigenvalue of the Laplace
operator when o satisfies a condition on evaluating functions. We say that a
Riemannian manifold (M, g) satisfies the s{-superharmonic condition if there exists
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a smooth function ¢ such that M(j # @ and sl <0on M}, and Ap = 0 on the
boundary dM of M. Here MJ = {x € M : ¢(x) > 0}. For example, if M is
the standard sphere, then the first eigenfunction of the Laplacian satisfies these
conditions. In general, any compact Riemannian manifold (M, g) with positive
scalar curvature and ker s(’g* = 0 satisfies the sf-superharmonic condition.

One of our main results is the following.

Theorem C. Let (M", g) be a compact n-dimensional Riemannian manifold with
a positive constant scalar curvature sg. Suppose that (M, g) satisfies the -
superharmonic condition. If Ricg > k > 0, then the first nonzero eigenvalue
A1 of the Laplacian satisfies

25g —k + \/kz —dksg +4s2/n
2(n—1)

Inequality (1-3) is sharp since the equality holds for the standard sphere. In
performing analysis with the operator &, the main difficulty is that we cannot apply
the theory of second-order elliptic partial differential equations directly since  is
a fourth-order differential operator.

The kernel space of sig* plays an important role in the critical point equation
arising from the total scalar curvature functional. Let J/l; be the set of all smooth
Riemannian metrics of unit volume on M, and let 6 C Jl; be the set of all smooth
Riemannian metrics on M with constant scalar curvature, i.e.,

(1-3) A <

€ ={g €.l :sg = constant}.

The total scalar curvature & : M1 — R is defined as

F(g) = /M Sg dvg.

It is well-known that the total scalar curvature functional & restricted to € will be
critical at g if and only if there is a function f with [,, f = 0 such that

(1-4) zg =55 (f),

where zg is the traceless Ricci tensor defined as zg =rg — (sg/n)g. We call (1-4)
the critical point equation (CPE). Note that if f = 0, it follows from (1-4) that
zg = 0, and thus g is an Einstein metric. However, the existence of a nonzero
solution is a very strong condition. The only known case with a nonzero solution is
that of a standard sphere, and it has been conjectured that this is the only possible
case [Besse 1987]. Namely, it is believed that if there exists a nonzero function f
satisfying the CPE, then g must be an Einstein metric. We remark that a solution
(g, f) to the CPE is a nontrivial example of the «{-superharmonic condition since

Af =—|Zg|2 and Ag f = —(sg/(n—1)) f.
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Unless stated otherwise, we only consider Riemannian metrics on M whose
scalar curvatures are positive constants.

2. Variational properties

Let (M, g) be a closed Riemannian n-manifold and § be the adjoint operator of the
differential d with respect to the metric g. Unless explicitly stated, we will use r
rather than rg as the Ricci tensor of the metric g, and s rather than sg as the scalar
curvature. The following expressions are well-known definitions and identities: for
a function ¢ and any tensor 7,

8Ddo = —dAp—r(de,-), bdp=—A¢, and 6(¢T)=@éT —T(dg,").

Moreover, for any two functions ¢, ¥,

2-1) Y(Ddo,r) = —=8(yr(de,-))—r(de.dy).
Lemma 2.1. Let sl = sy, 05" and assume the scalar curvature sg = s is constant.

Then, for any function ¢,
A(p) = (n—1)A%@ +25Ap — (Ddo, r) + ¢|r|%.
Proof. 1t follows directly from (1-2) that
sg (9) = Ddo — (Ap)g —or

and thus
A(p) = sz 055 (9) = 55 (Ddp — (Ap)g — 7).

By (1-1), we have
sg(Ddg) =—8(r(de,-))—(Ddp,r).
Similarly, since §g =0 and 6r = —%ds =0, we also obtain the following from (1-1):
sy (Ap)g) =(1—-n)A%p—sAp and sy (pr) =—sAp+38(—r(de.-)—p|r|>.
Combining these two expressions, we obtain
A(p) = (n—1)A%¢ +2sA¢ — (Ddo,r) + ¢|r|?. O

Note that o is a fourth-order linear partial differential operator. The following
theorem shows that o is elliptic and self-adjoint. We say that a fourth-order
differential operator is elliptic if the symbol is injective.

Theorem 2.2. The operator A is a self-adjoint, fourth-order elliptic linear operator.
Furthermore, if ker sg,* =0, then for any € C°°(M) there exists a unique function
u € C®(M) such that v = A(u).
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Proof. We first show that s;),* has injective symbol. Recall that for any p € M
and any cotangent vector t € T, M, there is a linear map oy (sy") : T,C*°(M) —
T,C>(S2M) called the symbol of D = sfg,*, and the symbol of D is called injective
if 04(D) is injective for all nonzero ¢. Note that fort € T*M, € C° (M),

0r(sg) ¥ = (—gt,)g +1 @)Y,

which is clearly injective for n > 1. Thus sé* is an operator of order 2 with injective
symbol. By Lemma 4.4 of [Berger and Ebin 1969], o = s;’, o sé* is an elliptic
operator of order 4. It is clear from definition that o is self-adjoint.

Secondly, we show that s is surjective. Since ng is surjective, for any nontrivial

Y € C® (M), there exists £ € C*°(S2M) such that sg, (§) = . From the fact that
sg is constant and the proof of Theorem 5.2 in the same reference, C®°(S2M) =
im sé* @ ker sig. Thus, § = &; + & with & €im s(’g* and &, € ker sig. Therefore, for
£1 =155 (u), we have A(u) = .

Finally uniqueness comes from the assumption that ker s

/% . % / /%
kersg ; clearly kersg C kersg 08y,

%
. g.
and sg o 55" (u) = 0 implies

= 0 since kerd =

0= (.5 0557 (1)) 12 = (557 (). 57 (0)) 2,
where (f,g)r2 = [3; fg dvg, and so Sé,*(u)zo. O

Given a smooth compact n-dimensional Riemannian manifold (M, g), we let
H?(M) = W?2(M) be the Sobolev space defined as the completion of the space
of smooth functions on M with respect to the norm

ol =/ Dol dv +/ Vol dv +[ o dvg.
o200 = | ¢+, st |, g

To investigate the properties of operator & from the perspective of the calculus of
variations, we define E () for any function ¢ € H%(M) as

@2 E@)=5 [ [0- D007~ 251del +r(dy.de)+ )]
Since ¢ (Ddy,r) = div(er(de,-)) —r(de,d¢), and thus
| vtpdory == [ rp.dp).
M M

the Euler—Lagrange equation for the functional E is exactly

(@) = (n — 1A% +2sAp — (Ddg.r) + ¢|r|> = 0.
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Note that if ¢ = constant and ${(¢) = 0, then ¢ = 0 if the Ricci curvature r does
not identically vanish. Furthermore,

3) B =3 [ i) =3 [ 1sreP =0

for any function @. In other words, E is the energy of «.
A simple direct observation is as follows.

Lemma 2.3. The kernel of sé* vanishes if and only if ker 4 = 0.
Proof. The proof follows from the fact that

/M (s5p)? = fM psi(p)

for any function ¢. In fact, assume that ker s{ = 0 and let sé*u = 0. Then u realizes
the infimum of E(¢) among all smooth functions C°°(M). That is, u is a critical
point for E, and thus 4 (u) = 0. O

Example 2.4. Let M be a round n-sphere S” with a standard round metric. Also,
let ¢ be the first nontrivial eigenfunction for the Laplacian so that

Ap = —ng, [Id¢|2=n/ 9%
Sn Sn

Since rg = (n —1)g, it is easy to see that E(p) = 0. Thus the first eigenfunction ¢
realizes the infimum of the functional £ and so

() =0 and kersy" #0.

On the other hand, consider M = §” x §”*1 with the standard product metric.
Then

(2-4) sg =2n%,  |rgl> =n@2n*—n+1),
and the first nonzero eigenvalue is given as

A(M) = 2A1(S") =n.
Let ¢ be the first eigenfunction corresponding to A; (M) so that
(2-5) Ap =—ng, re(dp.dp)=(n—1)|de|*.

Substituting (2-4) and (2-5) into (2-2), we obtain E(¢) = 0. Therefore, we have
A(p) = 0, and thus ker s* # 0.

Recall that H%(M) = W22(M) is the Sobolev space consisting of functions
that are L? up to the second (weak) derivative. Let

W:%goeHz(M):/Mcpzzl}
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and define
v=inf%/ go&d(ga):goeW%.
M

Note that v > 0, and ker f # 0 implies v = 0 by (2-3). The converse is also true.
Theorem 2.5. Suppose that v = 0. Then ker 4 # 0.

Proof. Since v = 0, there exists a sequence (¢g) of functions in H2(M) with
S 97 =1 such that
E(pr) >0 ask — oo.

We now claim that (g ) is bounded in H2(M ). On the contrary, suppose that the
sequence (¢ ) is unbounded in H?(M). Defining & as
~ Yk
k=T >
oIl 72 ()

where [|¢g || 72 (pr) denotes the Sobolev norm in H 2(M), we have

|9kl 2y =1 and /Mcl)']f—>0 as k — oo.

Furthermore, E (@) — 0 as k — oco. Thus the rescaled sequence (@) is bounded
in H2(M) and so (@) converges weakly to a function $oo € H?(M). Applying
the Rellich-Kondrakov embedding theorem H?(M) ¢ HY (M) c L*(M), ¢y
converges strongly to o in L2, and thus, there exists a subsequence, say (@ ), that
converges almost everywhere. However, since ||gg[|12(pr) —> O, the limit function
$o0 =0, which is contradictory to the fact that ||d || 2(ary #Z 0 or [| DA @|| 2 (ar) 7O
Therefore, (¢ ) is bounded, and so ¢ converges weakly to a function ¢ in H?(M).
By the Rellich—Kondrakov embedding theorem again, it is easy to see that ¢y
converges strongly to ¢ in L?(M), and thus, there exists a subsequence, say (gy),
that converges almost everywhere. Consequently, we have

E(p) <liminf E(¢r) = 0.
k—>o00
Hence since E(¢) =0 and [, ¢? =1, ¢ is a nonconstant function and 4 (¢) = 0.
O
Corollary 2.6. The invariant v vanishes if and only if ker Sé* #%0orkersd #0.

Now we consider a special operator stemming from s that also plays a very
important role in the kernel space of sfg*. For a function ¢, define Pg as

Po=m—1)A%p+ 2s¢ Ap —(Ddo,rg)

and define
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P
u = inf S 2('0.
peH?2(M) f‘p
9#0

Note that u < 0 since P = 0 when ¢ is a nonzero constant. Furthermore, it is
easy to see that if u = 0, then either (M, g) is Ricci-flat or ker s = 0. In fact, if
u e kersd and r # 0, then

/uPuz—/ u2|rg|250.
M M

Since = 0 and ry # 0, u must be zero because [, u?|rg|? = 0. The following
theorem shows that if ker ¢ # 0, then p must be nonpositive.

Theorem 2.7. Assume that ker s # 0 and s = sg is constant. Then

§2

2 g

—max |r <u<-—
i lrgl* = p =<

Proof. Let u € ker o be a nonconstant function and r be the Ricci tensor of the
metric g. Since s2/n < |r|?

2
S
,u[ u2§/ uPu:—/ u2|r|2§——/ u?.
M M M nJum

52

< 7
p=—"-

, we have

Thus

On the other hand, it follows from Lemma 2.1 that

[ g0 = [ wsio)= [ {0-10(892 ~25ldgl ~ (Ddg.r) + 6?1112}
M M M

Thus,

| =092 =2sldgP ~(Ddp.r)} == [ PPz ~(maxlrP?) [ o

Therefore, since
/ ¢P¢Z—(maXIr|2)/ ¢*
M M M

for any function ¢, we conclude that
2
> —max |r|”. O
p = —max|r|
In view of Theorem 2.7, the invariant ;« may designate a criteria for how close g is

to an Einstein metric. In fact, when (M, g) is Einstein, it follows from Theorem 2.7
that, if ker «f # 0,

w=="
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In view of the operators o and P, for any real number o, we introduce an elliptic
fourth-order partial differential operator s, defined by

Ao (9) = (n—1)A%p + 25, Ap — (Dd o, 1) + (1 —a)g|rg|?,

where ry is the Ricci tensor and sg is the scalar curvature, which is assumed to be
a positive constant. Note that g = o and s = P.

Theorem 2.8. Assume that ker A = 0 and s = sg is constant. Then there exists a
positive real number og > 0 such that ker Ay = 0 for all o, 0 < o < .

Proof. For 0 <« < 1, let u € ker sy be a nontrivial function. Then
Au) = cxu|rg|2 < (mﬂf}x |rg|2)om
andsov < (maxM |rg |2)a. Since ker s = 0, Corollary 2.6 states that v > 0. Hence,

— V<o O
maxps |rg|

3. Caseofv >0

In this section, we consider the case in which v is positive, or, equivalently, ker s = 0.
We will investigate some necessary and sufficient conditions for v to be positive
and derive lower bounds on v.

Lemma 3.1. Assume v > 0. Then

E(p)

— >0.
PEW,p#1 ||<P||H2(M)

Here |@|| g2 (pry denotes the Sobolev norm in H?(M).

Proof. Suppose that
E) _,
oW o#1 |@ll g2(ar)

Then there exists a sequence (g ) in W such that [|¢g || L2¢ary) = 1 and

E(pr)

— = 50 ask — oo.
ol 72 (o)

Since v > 0, we have [|gx | g2(pr) — 00 as k — oo. Defining ¢ as

-k
= ——,
ol 72 )

we can obtain a contradiction, as in the proof of Theorem 2.5. O
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Theorem 3.2. Let (M, g) be a compact Riemannian n-manifold with positive con-
stant scalar curvature s. If ker 4 = 0, then v > 0 is contained in the spectrum of A.
Proof. Recall that W = {¢p € H*(M) : [;, ¢* = 1}. Theorem 2.5 and Lemma 3.1
imply that

E(p)

= mn _— > O
oeW,0#1 ||| 2(ar)

a

Then, for any function ¢ € W, we have E(¢) > all¢| g2(pr). and thus,
E(p) > oo as [¢lg2ar) — o0

In other words, the functional E is coercive on W'.

On the other hand, let (¢ ) be a sequence in H?(M) such that ¢ — ¢ weakly
in H2(M). Then, according to the Rellich—-Kondrakov theorem, ¢; — ¢ strongly
in L2(M), and thus, a subsequence (¢ ) converges almost everywhere. This shows
that the subspace W is weakly closed in H?(M ). Furthermore, since M is compact,
the subsequence (¢ ) uniformly converges to ¢, and we obtain

E(¢) <liminf E(¢g).
k—o00

The functional E is bounded below and attains its minimum in H?(M) [Struwe
1990]. Letting
Ew) = min{E((p) NS °W}

it is easy to see from the variational principle that
A(u) = vu. O

The properties of the operator & and the lower bound on v are closely related to
the first nonzero eigenvalue of the Laplacian. Let A be the first nonzero eigenvalue
of the Laplace operator A, which is characterized by

A:inf{%:[ﬂ:o}.

It follows from the characterization of the first nonzero eigenvalue that, for any
function ¢ with 3, ¢ =0,

(3-1) /wzslf \dol]?.
M A M

Lemma 3.3. Ler (M", g) be a compact Riemannian n-manifold. Then, for any
Sfunction ¢ € C*° (M),

(2) [ 1aor <5 [ o< [ pdeP.
M M M

where A is the first nonzero eigenvalue of the Laplacian.
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Proof. 1t follows from integration by parts and the Cauchy—Schwarz inequality that

[ aeP =g [ o,

The second inequality in (3-2) follows from the fact that (Ag)? < n|Ddep|>. O

Furthermore, for a function ¢ with [}, ¢ = 0, we have

2 1 2 2 2
[, o= [ e wa [ o= [ ipagr

A direct observation from the definition of ¢ is the following theorem, which
shows that if the first nonzero eigenvalue for the Laplacian is large compared to the
sum of the scalar curvature and the norm of the Ricci tensor, then v is positive.

Theorem 3.4. Let (M", g) be a compact Riemannian n-manifold with positive
constant scalar curvature s. If (n —1)A > 2s +maxys |rg|, then v > 52 /n, and thus
ker A = 0, or, equivalently, ker sg,* =0.

Proof. Note that |rg|? > 52 /n. It follows from Lemma 3.3 that

[ =5 [ o2

for any function ¢. Thus, for any function ¢ € W',
1
E@) = [ (0= 1802 = 251dpP + 1y (dy.de) +Irslp?
2
> l{(n —1)A — (25 +max |rg )} / ldo|? + S—/ @2
2 M 2n M

Hence, v > sz/n. O

Remark 3.5. Assume v > 0 for a compact Riemannian n-manifold (M, g) with a
positive constant scalar curvature. Then it follows from Theorem 3.2 that

A(u) = vu

for some function u € W. In particular, we have

/ u|r|2:v/ u.
M M
/*:

Since ker s,° = 0, by Theorem 2.2, there exists a unique function ¢ € C*°(M) such
that () = u|rg|?. Therefore,

2
%5/ u2|7g|2=/ u&ﬁso=/ <p&ﬁu=v/ ou <vllg| 2.
M M M M
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On the other hand, by the Cauchy—Schwarz inequality,

1 1
2 2
vllell?, < /M pslp = /M pulrg|* < (/M ¢2|rg|2) (/M uzlrglz)

=< (mﬁx rel)llelLz vvllel.a.

Therefore, we have v|¢| ;2 < maxyy |rg|?, and so

S2

2
o< <
= < vllpla < max g .
where ¢ is the function satisfying s4(p) = u|rg|2.
Theorem 3.6. Let M = S™ x S™ (m > 2) with the standard product metric. Then

dim(M)
R

Proof. First, we will examine the case m = 2 since key ingredients of the proof are
contained in this setting. The cases of m > 3 will then be briefly explained.

For M* = §2 x §? with the standard product metric g, we obviously have
sg = |rg|> =4, 1 =2, and rg = g. Thus, (Ddg, r) = Ag for any function ¢, and
SO

A(p) =3A%0 +TAp + 4o.

Let u be a first eigenfunction of S? so that Au = —2u, 2 [;, u? = [;, |du|*, and
rg(du, du) = |du|?. Therefore,

[u&ﬂ(u)z[ 3(Au)2—7|du|2+4u2=2/ u?.
M M M

Hence v < 2. To show the converse inequality v > 2, it is sufficient to prove that,
for any C*° function g,

F(p):= /M[3<A<p>2—7|d¢|2 +2¢%] 0.

First, note that

F(p) = /M(Aw +20)3Ap + ).

It follows from Lemma 3.3 that

2 /M dol? < /Mmgo)z.
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Thus, from the monotonicity of eigenvalues, it follows that, for any function ¢ that
vanishes on the smooth boundary dD of a domain D C M, we have

(3-3) 2 [ do|?* < / (Ap)>.
D D

Assume for a moment that 0 is a regular value of ¢. Let D be a region on M
such that

Ap+2¢ <0 and A(p—i-%(pzo,
and D, be a region such that
Ap+2¢ >0 and Ago—i—%(pfo.

Note that ¢ < 0 on region Dj, and ¢ > 0 on region D,. Thus, dD; = dD;. On
region D1, we have

(3-4) 0<—3¢<Ap<-2¢.

Multiplying (3-4) by ¢ and integrating over D1, we obtain

—2/ <p2§/ ¢A<p§—1/ 9>
D1 D] 3 Dl

Since ¢ =0 on 0D, we get

(3-5) 2f e[ laers-i [ o
D] D] 3 Dl

Similarly, on region D5, we have

(3-6) —2/ <p2§/ ¢A<p§—1/ 9%
D2 D2 3 D2

Let D = Dy U D5. It follows from (3-5) and (3-6) that

1
(3-7) g/ @25/ |d<o|252/ v’
D D D
Note that on M — D, we have
(3-8) (Ap +2¢)(3Ap +¢) = 0.

Furthermore, since the function ¢ vanishes on the boundary dD of D, we can apply
integration by parts and Green’s identity. Thus, it follows from (3-3), (3-7), and



408 SEUNGSU HWANG, JEONGWOOK CHANG AND GABJIN YUN

(3-8) that

Fp) = /D (Mg +20)3Ap +¢) + f (Bp+20)GB¢+9)

=3 f ((Ap)2—2ldoP) + / (20— |dgl?) + [ (Ap+20)3Ap + )
D D M—-D
> 0.

Now, assume that O is a critical value of ¢. By Sard’s theorem, for any positive
real number € > 0, there exists a real number a, —e < a < 0, such that a is a regular
value of ¢. Let D1 4 be aregion such that

(3-9) Ap+2¢p<3a and Agp+igp>o0.

Note that ¢ <a <0 onregion D 4, and ¢ = a on the boundary 0D ,. Multiplying
(3-9) by ¢ and integrating it over D1 4, we obtain

d
(3-10) %a/ go—a/ a—‘”ff (2¢% —|do|?).
Dl,a aDl,a nl Dl,a

where 71 is the outward-pointing unit normal vector field to dD1 4. Next, let D3 4
be a region such that

(3-11) Ap+2¢>—-3a and Ag+1p=0.

We may assume that —a is also a regular value of ¢. Note that 0 < —a < ¢ on
region D, 4, and ¢ = —a on the boundary dD; ,. Multiplying (3-11) by ¢ and
integrating it over D, ,, we obtain

d
(3-12) a/ a—‘”—%a/ ¢ 5/ (2% = IdgP?),
dD> , 912 D> 4 D> 4

where 75 is a unit normal vector field on 9D, ,. Decomposing M into three regions,
we can write

F(g)=3 /D [(Ap)>—2ldg?] + /D

+ / (20— |doP) + / (Mg +20)(3A¢ +¢).
Dz,a M_(Dl,aUDZ.a)

(202~ |dg ) +3 / [(Agp)*—2ldgl?]

l.a D2.a

Applying inequality (3-3) to ¢ —a, we have

/ [(Ap)>—2|dg[?] =0 and f [(Ap) —2|dgl?] = 0.
Dl.a

D3 q
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Thus, from (3-10) and (3-12), we obtain

d¢ dp
F(w)z%lalf le—a/ —+a/ —
D.4,UD> 4 3D1.a 8111 aDz’a an2

+ [ (Ap +2¢0)(BAp + ¢).
M_(Dl,aUDZ,a)

Since |d¢/dn1| <|d¢| and |d¢p/dn,| < |d¢]|, the first three terms on the right-hand
side tend to 0 as € — 0. Finally, let E; , be a region such that Ap 4 2¢ > %a and
Agp + %(p >0, and E5 4 be a region such that Ag +2¢ < —%a and Ag + %(p <O0.
Then we have

[ (A¢+2¢)(3A<p+¢)z§a/ (3A<p+<p)—§a/ (BAp+9).
M_(Dl,aUDZ,a) El,a E2,a

The right-hand side tends to 0 as € — 0. Hence, F(¢) > 0.

In the general case, M 2™ = S™ x S™ when m > 2, it is easy to see that
Sg =2m(m—1), |rg|2 =2m(m—1)2, rg=(m-1)g, A=m.

Thus,
/ pol(g) = 2m—1) f (M) — mldgP]
M M
—(2m2—4m+1)/ |dg0|2—|—2m(m—1)2/ 02
M M

Using a first eigenfunction u of S™, Au = —mu, we can demonstrate that v < m.
To show that v > m, it is sufficient to prove that, for any function ¢,

F(p) := /M(Atp +me)[2m —1)Ag + (2m* —4m + 1)¢] > 0.

Note that

m /M dof? < /Mmgo)z.

An argument identical to that used in the case S? x S? shows that F(¢) > 0, and
thus, v = m. O

Remark 3.7. For the case of M = S™ x S™1k with k > 2, the first nonzero
eigenfunction of S can be used to show that

v <min{(m +k)(k — 1)%, m(k + 1)?}.

However, we do not know the exact value of v.
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4. The first eigenvalue of the Laplacian

As mentioned above, the first nonzero eigenvalue A = A{(M) of the Laplace
operator for a Riemannian manifold (M, g) is related to the operator s§. For
example, if ker s¢ # 0 and g is an Einstein metric with positive scalar curvature, then
A =s/(n—1), from the results obtained in [Berger et al. 1971] and [Bourguignon
1975]. We shall now see that, if there is a nontrivial function on which the action
of o is nonpositive where the function is positive, then the first nonzero eigenvalue
of the Laplacian is bounded above, and vice versa. Recall that we assumed that
the scalar curvature s, = s of a Riemannian manifold (M, g) is always a positive
constant.
For a function ¢ on a smooth manifold M, let us define

MJ={x€M:g0(x)>0}.

We say that a Riemannian manifold (M, g) satisfies the «d-superharmonic condition
if there exists a smooth function ¢ such that

(i) M) # @ and sip <0 on M

(ii) Ag = 0 on the boundary OM, of M} .
For example, if M = S” with the standard round metric go, and ¢ is the first
nonzero eigenfunction of the Laplacian, i.e., Ap = —ng, then s =0 and (S”, go)
satisfies the sd-superharmonic condition. Furthermore, note that any eigenfunction

of the Laplacian satisfies condition (ii). The following lemma shows that the
A-superharmonic condition is implied by ker s§ # 0.

Lemma 4.1. Let (M", g) be a compact n-dimensional Riemannian manifold with
a positive constant scalar curvature sg. If kersd # 0, then (M, g) satisfies the
A-superharmonic condition.

Proof. By Lemma 2.3, ker o # 0 is equivalent to ker s, * # 0. Let s, *¢ = 0 and
@ # 0. Then

Ddy — (Ap)g —¢rg =0.

In particular, taking the trace yields

R
Ap=—-——5_¢,
n—1

and so MJ # @. Since g = 0, the function ¢ satisfies conditions (i) and (ii) in
the definition of the sd-superharmonic condition. O

Theorem 4.2. Let (M", g) be a compact n-dimensional Riemannian manifold
with a positive constant scalar curvature sq. Suppose that (M, g) satisfies the
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sA-superharmonic condition. If Ricg > k > 0, then the first nonzero eigenvalue Ay
of the Laplacian satisfies

25g —k + \JK? —dksg +4s3/n

2(n—1)
Proof. Let sg = s and Ricg = rg = r. In addition, let ¢ be a smooth function
satisfying M(;' # &, Ap <0 on M(;' and A¢ = 0 on the boundary BMJ. If  is
a constant function, then ¢ is a positive constant since Mq;" # . However, we

(4-1) A=

have 0 > sl = ¢|r|?, which is a contradiction. Thus, we may assume that ¢ is a
nonconstant function. By the above hypothesis, we have

4-2) / oslp < 0.
M+

(]

By the definition of & and integration by parts, together with the fact that Ap =0
on M f, we obtain

_ _ 2_ %
@y [ edo= [ o-n@er- [ aeg

" /M+ [250A¢ +¢(Ddg.r) +r|*¢?]

17

= [ L= D@+ eiienp+ 207

Note that
2
(@-4) (1= 1D(Ap)* + 25 —k)pAg + % = (1= 1) Ap +ag)(Ap + ).
where
25 —k + k2 —dks + 452 /n 25 —k — \/k2 —dks + 4s2/n
o = ) IB =
2 2 —1)

Observe that k2 — 4ks + 452 /n > 0 if and only if either

[, 1 [, 1
k<2(1— I_E)Sg or k>2(1+ l—ﬁ)sg,

and the first inequality always holds.
Claim. If

25—k + k2 —4ks +4s2/n _ q

2(n—1) Con—1’
then any subset Q2 of M(;' with C! boundary on which (n —1)A¢ + a¢ > 0 and
A + Be <0 has a measure of zero.

(4-5) Ay >
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Proof. Suppose that a subset 2 of M(j contains an open n-ball. Note that since
Ap = ¢ = 0 on 92, we can apply the Dirichlet principle on the first nonzero
eigenvalue of the Laplacian. By monotonicity, we have

A1 =A1(M) < A1(2).

Since (n — 1)A¢p + agp > 0 and ¢ > 0 on 2, we have
a2
>
PAp = — 9"

Integrating this over €2, we obtain

2 o 2 o . 1 2
/Qldfpl sn_I/Qw <o M(Q)/wa

Thus,
1<« 1
—n—1 A(Q)’
and so
MA@ =2
which contradicts (4-5). This completes the proof of the claim. O

Now, suppose that A; > naTl' Since o > (n — 1), it follows from (4-4) and the
above claim that

2
(n—1)(Ap)* + (2s —k)pAp + %(/)2 >0 ae.on M},

which implies that |, u+ ¢sde = 0. Consequently, from (4-2), we have
1%

/M+ pdp =0.

@
Thus, on the set MJ, we have sl = 0 and
2
S
(n=1)(Ap)* + (2s —k)pAp + —¢* = (1 = 1) Ap + ap)(Ap + Bp) = 0
by (4-3). Since a > (n — 1), either (n — 1)A¢p +a¢ = 0 or Agp + By =0 on the
entire set M J . Therefore, we obtain

+ @ gl @
A = A(My) SmaX{n_l,ﬁ} 1

which contradicts the assumption A > na_l' Hence,

hi=hM) <=

This completes the proof of Theorem 4.2. O
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Remark 4.3. If M = S” with the standard round metric, then taking k =n —1,
the right-hand side in inequality (4-1) becomes

25g —k + \JK? —4ksg + 453 /n
2(n—1)

:n’

and so the result in Theorem 4.2 is optimal.

In fact, in the case Ricg > k and sg = nk — corresponding to the assumption
that g is Einstein — the conclusion of Theorem 4.2 is that A < % Thus, by
the Lichnerowicz—Obata theorem [Lichnerowicz 1958; Obata 1962; Berger et al.
1971], the only Einstein metric with positive constant scalar curvature which is
A-superharmonic is the standard metric on the sphere. This fact also shows that

the assumption ker s{ # 0 cannot be removed from Lemma 4.1.

Remark 4.4. Let (M", g) be a compact n-dimensional Riemannian manifold such
that Ricg > k > 0, where the scalar curvature sy is a positive constant. In addition,
suppose that there exists a function ¢ such that M, ={x € M : ¢(x) <0} # & and
Ap > 0on M. Then, by simply applying Theorem 4.2 to the function ¢ = —g,
we can see that the first nonzero eigenvalue A of the Laplacian satisfies

25g —k + \/k2—4ksg +4sZ/n

M 201 —1)

IA

In particular, if k = 0, then

K 1

Finally, we consider the relationship of v to the first nonzero eigenvalue of
the Laplace operator. In the case of v > 0, it follows from Theorem 3.2 that a
minimizer ¥ for the functional E satisfies du = vu. In particular, since ker sig* =0
when v > 0, we cannot, in general, expect that s /(n — 1) is contained in the
spectrum of the Laplace operator.

Theorem 4.5. Let (M, g) be a compact n-dimensional Riemannian manifold such
that Ricg > k > 0 and assume that v > séz,/n, where the scalar curvature sg is a
positive constant. In addition, suppose that Mu+ £ & for a function u satisfying
Au = vu. Then the first nonzero eigenvalue of the Laplacian satisfies

25g —k + \/k2—4ksg +4sZ/n+4(n—1)v
2(n—1) ’

A1(M) <

unless (M, g) is Einstein.
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Proof. We shall denote sg by s and Ricg = rg by r. From [}, usdu = v [}, u?,
0= / usdu —vu? = / (n—1)(Au)? + 2sulu + r(du, du) + (|r]* —v)u?
M M

§2
> /M(n — 1) (Au)® + (25 —k)ulAu + (7 — v)uz.

The third inequality is strict since (M, g) is not Einstein. We may factor the
integrand as follows:

52 B
(n—1)(Au)*>+ 2s—k)ulAu + (— —v)u2 =((n—1)Au +au)(Au + u),
n n—1

where

1 ’ 452
=5 2s —k +4/k —4ks+7+4(n—l)v ,

2
ﬁ:%(2s—k—\/k2—4ks+4%+4(n—l)v).

Note that if v > s2/n, the radicand is positive for any k > 0.
The remainder of the proof is similar to that of Theorem 4.2. Hence, if g is not
an Einstein metric and A > -%5, then

2
()z/ u&iu—vu2>/ (n—l)(Au)2+(25—k)uAu+(S——v)uzzo,
M M n

which is a contradiction. O

Theorem 4.6. Let (M, g) be a compact n-dimensional Riemannian manifold such
that Ricg > k with

1
(4-6) 0§k§2sg(1—\/1—;—(n—l)é).

Suppose that 0 < v < s§ /n. In addition, assume that M} # @ for a function u
satisfying Au = vu. Then the first nonzero eigenvalue A of the Laplacian satisfies

25¢ —k + \/k2—4ksg +dsZ/n+4(n—1)v

A
1= 20— 1) )

unless (M, g) is Einstein.
Proof. Note that if v < sé /n and (4-6) is satisfied,

2 4sg
k*—4ksg + —=+4(n—1)v > 0.
n

The remainder of the proof proceeds in the same manner as that of Theorem 4.5. [J
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FILL-INS OF NONNEGATIVE SCALAR CURVATURE,
STATIC METRICS, AND QUASI-LOCAL MASS

JEFFREY L. JAUREGUI

Consider a triple of “Bartnik data” (X, y, H), where X is a topological 2-
sphere with Riemannian metric y and positive function H. We view Bartnik
data as a boundary condition for the problem of finding a compact Riemann-
ian 3-manifold (€2, g) of nonnegative scalar curvature whose boundary is
isometric to (X, y) with mean curvature H. Considering the perturbed
data (X, y, AH) for a positive real parameter A, we find that such a “fill-in”
(2, g) must exist for A small and cannot exist for A large; moreover, we
prove there exists an intermediate threshold value.

The main application is the construction of a new quasi-local mass, a con-
cept of interest in general relativity. This mass has a nonnegativity property
and is bounded above by the Brown—-York mass. However, our definition
differs from many others in that it tends to vanish on static vacuum (as
opposed to flat) regions. We also recognize this mass as a special case of a
type of twisted product of quasi-local mass functionals.

1. Introduction

Riemannian 3-manifolds of nonnegative scalar curvature arise naturally in general
relativity as totally geodesic spacelike submanifolds of spacetimes obeying Ein-
stein’s equation and the dominant energy condition. In this setting, scalar curvature
plays the role of energy density. Black holes in this setting are manifested as
connected minimal surfaces that minimize area to the outside. If S is a disjoint
union of such surfaces of total area A, the number /A /167 is interpreted to encode
the total mass of the collection of black holes, possibly accounting for potential
energy between them [Bray 2001].

A fundamental question in general relativity is to quantify how much mass
is contained in a compact region €2 in a spacelike slice of a spacetime [Penrose
1982]. Constructing examples of such quasi-local mass has led to a very active field
of research (we mention here a small number of possible references: [Szabados
2009; Wang and Yau 2009; Huisken and Ilmanen 2001]). For most definitions,
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Keywords: general relativity, quasi-local mass, scalar curvature, static vacuum.
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the quasi-local mass of €2 depends only boundary data of €2: namely the induced
2-metric and induced mean curvature function. We reference pioneering work of
Bartnik [1997; 1989], whose name is given in the following definition.

All metrics and functions in this paper are assumed to be smooth, unless otherwise
stated.

Definition 1. A triple B = (X, y, H), where X is a topological 2-sphere, y is a
Riemannian metric on ¥ of positive Gauss curvature, and H is a positive function
on X is called Bartnik data.

While not always necessary, it is often customary to restrict to positive Gauss
curvature and positive functions H, as we do here. A typical problem involving
Bartnik data (X, y, H) is to construct a Riemannian 3-manifold (M, g) satisfying
some nice geometric properties such that the boundary d M is isometric to (X, y),
and the mean curvature of d M agrees with H. For instance, one might require
(M, g) to be asymptotically flat with nonnegative or zero scalar curvature (see
[Bartnik 1993], for instance). Such a manifold is called an extension of the Bartnik
data.

We focus on the dual problem of constructing compact fill-ins of the Bartnik
data, realizing (X, y, H) as the boundary of a compact 3-manifold. This problem
was considered by Bray in the construction of the Bartnik inner mass [Bray 2001]
(see Section 2.3 below).

Definition 2. A fill-in of Bartnik data (X, y, H) is a compact, connected Riemann-
ian 3-manifold (€2, g) with boundary such that there exists an isometric embedding
L1 (X, y) = (22, g) with the following properties:

(1) the image ((X) is some connected component Sy of 9€2, and

(2) H = Hg,0to0n X, where Hg, is the mean curvature of Sy in (€2, g).

We adopt the sign convention that the mean curvature equals — g(ﬁ , 1), where H
is the mean curvature vector and 7 is the unit normal pointing out of  (e.g., the
boundary of a ball in R" has positive mean curvature).

Without loss of generality, if (€2, g) is a fill-in of (¥, y, H), we shall henceforth
identify X with ¢«(X) and H with the mean curvature of ((X).

We will primarily be concerned with fill-ins satisfying the following geometric
constraints.

Definition 3. A fill-in (€2, g) of (X, y, H) is valid if the metric g has nonnegative
scalar curvature and either

(1) 32 =X, or

(2) 02\ X is a minimal (zero mean curvature) surface, possibly disconnected.
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Figure 1. Left: a valid fill-in of (X, y, H) of the first type (i.e.,
a2 = X). Right: a valid fill-in of the second type (92 \ X is
minimal). R denotes the scalar curvature of g.

Figure 1 provides a graphical depiction. In physical terms, a valid fill-in is a
compact region in a slice of a spacetime that has nonnegative energy density and
possibly contains black holes. Another characterization of the second class of valid
fill-ins is a cobordism of nonnegative scalar curvature that joins the given Bartnik
data to a minimal surface. Note that we require 02 \ ¥ to be minimal, but not
necessarily area-minimizing.

Interestingly, Bartnik data falls into one of three types. Although trivial to prove,
the following fact motivates much of the present paper.

Observation 4 (trichotomy of Bartnik data). Bartnik data (¥, y, H) belongs to
exactly one of the following three classes:

(1) Negative type: (X, y, H) admits no valid fill-in.

(2) Zero type: (X, y, H) admits a valid fill-in, but every valid fill-in (€2, g) has
oR=1X.

(3) Positive type: (X, y, H) admits a valid fill-in (2, g) with nonempty minimal
boundary 92\ X.

Outline. In Section 2, we give some geometric characterizations of valid fill-ins
of Bartnik data of zero and positive type, making connections with static vacuum
metrics. We also recall in Section 2.3 the Bartnik inner mass, which explains the
use of the words positive, zero, and negative in the trichotomy.

The essential idea of this paper, presented in Section 3, is to study the behavior
of Bartnik data (¥, y, AH), where the real parameter A > 0 is allowed to vary. We
show in Theorem 11, the main result, that the data passes through all three classes
of the trichotomy, with interesting behavior at some unique borderline value A = Ag.
In Section 3.1, we introduce a function that probes the geometry of valid fill-ins of
(2, y,AH).

The main application occurs in Section 4, where we use the number Ag to
define a quasi-local mass for regions in 3-manifolds of nonnegative scalar curvature
(Definition 14). Several properties are shown to hold, including nonnegativity. What
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distinguishes this definition from most others is its tendency to vanish on static
vacuum, as opposed to flat, data. We give a brief physical argument for why such a
property may be desirable in Section 4.1.

Section 5 consists of examples of Bartnik data of all three types, and compares
our definition with the Hawking mass and Brown—York mass. In Section 6 we
introduce a general construction for “twisting” two quasi-local mass functionals
together, of which the above quasi-local mass is a special case. The final section is
a discussion of some potentially interesting open problems.

2. Fill-ins of nonnegative type and the inner mass

2.1. Zero type data and static vacuum metrics. First, we classify the geometry of
valid fill-ins of Bartnik data of zero type. Recall that a Riemannian 3-manifold
(82, g) is static vacuum if there exists a function u > 0 (called the static potential),
with u# > 0 on the interior of €2, such that the Lorentzian metric

h=—u’dt*+¢

on R x int(€2) has zero Ricci curvature. This condition is equivalent to the system
of equations

(D) Au =0,
2) u Ric = Hess u,

where A, Ric and Hess are the Laplacian, Ricci curvature, and Hessian with respect
to g. Equation (1) together with the trace of (2) shows that static vacuum metrics
have zero scalar curvature. The following result is primarily a consequence of
Corvino’s work [2000] on local scalar curvature deformation.

Proposition 5. If B is Bartnik data of zero type, then any valid fill-in is static
vacuum.

The idea of the proof is to use a valid fill-in that is not static vacuum to construct
a valid fill-in that contains a black hole. By a very rough analogy, one might think
of this physically as taking some of the energy content in a fill-in and squeezing it
down into a black hole. The delicate issue is that we must preserve the boundary
data in the process.

Proof. Let (2, g) be a valid fill-in of zero type data (X, y, H). By definition,
0 =2.

We claim g has identically zero scalar curvature. If not, there exists p € int(£2)
and r > 0 such that on the closed metric ball B(p, r), the scalar curvature of g
is bounded below by some € > 0. On the set B(p,r/2) \ {p}, let G be a Green’s
function for the Laplacian that blows up at p and vanishes on dB(p, r/2) (see



FILL-INS OF NONNEGATIVE SCALAR CURVATURE AND QUASI-LOCAL MASS 421

[Aubin 1998, Theorem 4.17]). By the maximum principle, G is positive, except on
dB(p,r/2). Extend G by zero to the rest of Q \ {p}, so that G Lipschitz, smooth
away from dB(p, r/2). Perturb G to a smooth, nonnegative function G on 2\ {p}
that agrees with G except possibly on the annular region B(p, 3r/4) \ B(p, r/4).
For a parameter > 0 to be determined, define the conformal metric

§=(1+8G)"g

on Q\ {p}. By construction, g = g outside B(p, r) and thus has nonnegative scalar
curvature outside this ball. For points inside B(p, ), we apply the rule for the
change in scalar curvature under a conformal deformation (see Appendix A):

R=(14+8G)(—8A(1+8G)+(1+8G)R)
> (14+8G)>(—85AG +¢),

Here, R and R are the scalar curvatures of g and g. Since AG has compact support,
we may choose é > 0 sufficiently small so that the above is strictly positive. In
particular, R > 0 on Q\ {p}.

Now, suppose s is the distance function with respect to g from the point p. For
s sufficiently small, G is of the form c/s + O(1) for some constant ¢ > 0. The
normal derivative of G to the sphere of radius s about p in the outward direction
is —c/s> 4+ O(s™") (see [Aubin 1998, Proposition 4.12 and Theorem 4.13]). The
mean curvature of the sphere of radius s with respect to g is 2/s + O(1) (by [Fan
et al. 2009, Lemma 3.4]), and so the mean curvature of this sphere with respect to
g is (using Appendix A):

(1+38G) (s~ + 0 (1 +8es™ + 0(1)) —48es 2+ 0(s™H).

The dominant term is —28¢s 2, so that for some s > 0 sufficiently small, 9B (p,s)
has negative mean curvature (with respect to g) in direction pointing away from p.
Let 2 be 2\ B(p, s), and restrict g to .

The manifold (€2, §) has boundary with two connected components, both of
positive mean curvature in the outward direction. By Lemma 6 below, (2, g)
contains a subset that is a valid fill-in of (X, y, H) with a minimal boundary
component. This contradicts the assumption that the Bartnik data is of zero type,
and so we have proved the claim that g is scalar-flat.

Finally, if (€2, g) is not static vacuum, then Corvino proves the existence of a
metric g on 2 with nonnegative, scalar curvature, positive at some interior point p,
such that g — g is supported away from d€2 [Corvino 2000]. In particular, (€2, g) is
a valid fill-in for the type-zero data (X, y, H), and the above argument leads to a
contradiction. O

To complete the proof of the proposition, we need also the following lemma:
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Lemma 6. Suppose B = (X, y, H) admits a fill-in (2, g) with nonnegative scalar
curvature, such that 02 \ X has positive mean curvature in the outward direction.
Then a subset Q' of Q is a valid fill-in of B with metric g|q. Moreover, Q' has at
least one minimal boundary component.

Proof. By assumption X has positive mean curvature H and 92\ ¥ has positive
mean curvature. By Theorem 19 in Appendix B, there exists a smooth, embedded
minimal surface S homologous to X. The closure of the region bounded between
¥ and S is the desired valid fill-in. U

2.2. Data of positive type.

Proposition 7. Given Bartnik data B, the following are equivalent:
(1) B is of positive type.
(2) B admits a valid fill-in that has positive scalar curvature at some point.
(3) B admits a valid fill-in that has positive scalar curvature everywhere.

The idea of proving the proposition is to create positive energy density at some
interior points at the expense of decreasing the size of the minimal surface. As
in the previous section, the delicate issue is preserving the boundary data in the
process.

Proof. If B admits a valid fill-in with positive scalar curvature at a point, then
9% is of nonnegative type and Proposition 5 rules out the case of zero type (since
static vacuum metrics have zero scalar curvature). This shows (2) implies (1); (3)
trivially implies (2).

Last, we show (1) implies (3). Suppose B = (X, y, H) has positive type, so there
exists some valid fill-in (R, g) of % with boundary ZUS, where S is a nonempty
minimal surface. If (2, g) is not static vacuum, we may complete the proof by
again using the work of Corvino [2000] to perturb (€2, g) to a valid fill-in with
positive scalar curvature at a point. Thus, assume (€2, g) is static vacuum, and so
in particular it is scalar-flat.

Replace (€2, g) with its double across the minimal surface S. Now, (€2, g) has
two boundary components X and X’ (its reflected copy), and contains a minimal
surface S that is fixed by the Z; reflection symmetry. Moreover, g is Lipschitz
continuous across S and smooth elsewhere!. For simplicity of exposition, we
separately treat the cases in which g is smooth and nonsmooth across S.

IThis doubling trick across a minimal surface was used by Bunting and Masood-ul-Alam [1987] to
classify static vacuum metrics with compact minimal boundary that are asymptotically flat. Because
of the asymptotic condition, their theorem does not apply to the present case. We also mention the
fact that because of minimality and the static vacuum condition, S is totally geodesic, which implies
that g is C L1 across § [Bunting and Masood-ul Alam 1987; Corvino 2000]. However, we do not need
this fact.
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(€.8)

Figure 2. Construction in proof of Proposition 7. Left: the double
of (€2, g), which we also refer to as (€2, g), abusing notation. The
function ¢ is harmonic, with the given prescribed Dirichlet bound-
ary values. Right: Q equipped with the metric g, obtained from g
by applying the conformal factor ¢*.

Smooth case. For € € (0, 1), let ¢ be the function on €2 solving the following
Dirichlet problem:

Ap =0 on €2,

p=1 on %,

p=1—€¢ onX.

Consider the conformal metric § = ¢*g, which is smooth with zero scalar curvature.
Moreover, the mean curvature H of ¥ with respect to g strictly exceeds H (for all
choices of €), since ¢ has positive outward normal derivative on X (see Appendix A).
The mean curvature of ¥’ remains positive for € > 0 sufficiently small. Fix such
an €. This construction is demonstrated in Figure 2.

Fix any smooth function p > 0 on Q. For all § > 0 small, let us be the unique
solution to the elliptic problem

Lus=26p in Q,
us =1 on %,
3,(us) =0 onYX,

where L = —8A is the conformal Laplacian of §. Clearly ug = 1, and us converges
inC?to1asdé— 0F. For § > 0 small enough to ensure us > 0, the conformal
metric ug‘g has:

e positive scalar curvature (equal to (Spugs );

« induced metric on X equal to y (by the boundary condition us|y = 1);

e positive mean curvature on X’ (by the boundary condition 9, (us)|s’ = 0);

 mean curvature on X converging uniformly to H as § — 0.
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Fix a particular value of § such that the mean curvature of X’ is positive and the
mean curvature Hs of ¥ is pointwise greater than H (which is possible, since
H>H ). By Lemma 6, there is a valid fill-in of (X, y, I:I(;) that contains a minimal
surface. By Lemma 20 in Appendix C, this valid fill-in can be perturbed to a valid
fill-in of (X, y, H) so that the latter fill-in still has positive scalar curvature.

Lipschitz case. In general we must carry out an extra step to deal with the lack of
smoothness across S. Define ¢ analogously by first solving A¢; = 0 with boundary
conditions of 1 on ¥ and 1 —¢€/2 on S, then defining ¢, =2 — € — ¢ in the reflected
copy. The function ¢ obtained by gluing ¢; and ¢, is C! on €, and smooth and
harmonic away from S. Again, let g = ¢*g, which has zero scalar curvature (away
from S), is Lipschitz across S, and induces the same mean curvature on both sides
of S. Fix € > 0 so that H > H and the g-mean curvature of ¥’ is positive.

By the work of Miao [2002], the fact that both sides of S have the same mean
curvature implies the existence of a family of C 2 metrics { 8s}o<s<s, such that

(1) gs converges to g in C? as § — 0%,
(2) gs agrees with g outside a 6-neighborhood of S, and
(3) the scalar curvature Iég of gs is bounded below by a constant independent of 3.

In particular, the L” norm of Rj (taken with respect to g or gs) for any 1 < p < oo
converges to zero as § — 0. We mimic arguments of Schoen and Yau [1979] to
prove:

Lemma 8. For each § > 0 sufficiently small, the conformal Laplacian
Ls = —8As+ Rs

of gs has trivial kernel on the space of functions v with boundary conditions of
v=00onX and d,v=00n %'.

Proof. Let v belong to the kernel of Ls with the above boundary conditions.
Multiplying Lsv by v and integrating by parts gives

0=/(8|Vv|§5+155v2)d\75.
Q
Let Ra_ =— min(ﬁg, 0), so that
f 8|V L2 dV; < / R v2d
Q Q
N \2/3 N1/
< (/(R5)3/2dva> (/ U6dV5>
Q Q
- - \?*? .
<o [prran) ([ vogan),
Q Q
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having used the Holder and Sobolev inequalities (where ¢ > 0 is a constant). Thus,
for & sufficiently small, a nonzero v may not exist, since the L3/> norm of Ry
converges to zero. O

Fix a smooth function p > 0 on 2. By the lemma and standard elliptic theory,
for 6 > 0 small there exists unique solution u; to the problem:

igug = 5/) in Q,
us =1 on X,
9,(us) =0 onX.

A key fact is that us converges to 1 in C° as § — 07, and this convergence is C?
away from § (see the proof of Proposition 4.1 of [Miao 2002]).

At this point, the proof follows nearly the same steps as in the smooth case, where
we work with the metric ug‘gr5 (which has positive scalar curvature and induces the
metric y on ). We pick § > 0 sufficiently small so that Hs > H and X’ has positive
mean curvature with respect to ug‘gg. Now, if necessary, perturb the CZ metric u§ g5
on a neighborhood of S to a C* metric, preserving the above properties. The proof
now goes as in the smooth case, making use of Lemmas 6 and 20. ([

We remark that our assumption of positive Gauss curvature of (X, y) is not
necessary in Propositions 5 and 7.

2.3. Bartnik inner mass. One source of inspiration for the problem of considering
valid fill-ins with minimal boundary is Bray’s definition of the Bartnik inner mass
[Bray 2001], an example of a quasi-local mass (see Section 4 for more on quasi-local
mass). The Bartnik inner mass aims to measure the size of the largest black hole
that could be placed inside a valid fill-in of given Bartnik data.

Definition 9. The Barnik inner mass of Bartnik data 9% is the real number

A
Mimer() = sup {\/—}
nne (Q’g) 16]'[

where the supremum is taken over the class of all valid fill-ins (€2, g) of %, and A
is the minimum area in the homology class of ¥ in (€2, g).

This definition, though formulated differently, is equivalent to Bray’s. The
purpose of using the minimum area in the homology class of X is to ignore any
large minimal surfaces “hidden behind” a smaller minimal surface.

We observe that the sign of minner () corresponds directly to the type of the
Bartnik data 9&B. To see this, first note that for fill-ins with a minimal boundary, the
minimum area of A in the homology class of ¥ in (€2, g) is always attained by a
smooth minimal surface, and so A is positive (see Theorem 19). For fill-ins without
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boundary, ¥ is homologically trivial, and so A = 0. Thus, mjpper(B) is positive if
9B is of positive type; zero if B is of zero type; and —oo if &R is of negative type.

3. The interval of positivity

The following idea was suggested by Bray: as a function of a parameter A > 0,
consider the Bartnik data (X, y, AH). The main purpose of this section is to state
and prove Theorem 11, which partially answers the question of how the type of the
data depends on A.

One key ingredient is the following well-known theorem.?

Theorem 10 [Shi and Tam 2002]. If Bartnik data (¥, y, H) has a valid fill-in
(€2, g), then

3) /(HO_H)dAy >0,
z

where Hy is the mean curvature of an isometric embedding of (X, y) into Euclidean
space R?, and d A, is the area form on ¥ with respect to the metric y. Moreover,
equality holds if and only if (2, g) is isometric to a subdomain of R>.

Recall that we assume y to have positive Gauss curvature, which is necessary for
the theorem: Hj is well-defined, since an isometric embedding of a positive Gauss
curvature surface into R? exists and is unique up to rigid motions (see references
[13] and [19] in [Shi and Tam 2002]).

In our case, inequality (3), which depends only on the Bartnik data, must be
satisfied for data that admits a valid fill-in. In particular, by increasing H (while
keeping y, and therefore Hy, fixed), it is clear that some Bartnik data do not possess
fill-ins (i.e., are of negative type). Hence, the Shi-Tam theorem gives an obstruction
to Bartnik data being of nonnegative type.

The following main theorem demonstrates that there exists a unique interval of
values of A for which this data (X, y, AH) is of positive type.

Theorem 11. Fix Bartnik data (X, y, H). There exists a unique number Ly > 0 such
that (2, y, AH) is of positive type if and only if . € (0, Ag). Moreover, (2, vy, LH)
is of negative type if A > Ag.

As a consequence, (X, y, AH) is zero type for at most one value of A, namely Ag.

2We remark that the Shi—Tam theorem was originally stated for the case in which every component
of 92 has positive Gauss and mean curvatures. However, one can allow additional minimal surface
components (as we have done here) by observing the positive mass theorem is true for manifolds with
compact minimal boundary. Alternatively, one could employ a reflection argument to eliminate any
minimal surface boundary components.
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Proof. Define

I, ={LeR": (T, y, \H) is of positive type},
Iy={reR": (2, y, AH) is of zero type},
Iso =1, Uly.

Step 1: We first show [, is nonempty. Consider the space Q = X x [—1, 0] with
product metric g, and identify ¥ with ¥ x {0}. Let S be the other boundary
component of 2, namely ¥ x {—1}. Observe that 1) 2 has positive scalar curvature
since X has positive Gauss curvature, and 2) all leaves X x {¢} are minimal surfaces.

Choose a smooth function v on €2 satisfying the following properties: v <0, v
vanishes on ¥ and in a neighborhood of S, and d,v = }‘H on X. For € > 0, let
u. =14 €v. In particular, u. is positive for € > 0 sufficiently small. Consider the
conformal metric g = uﬁg. Note that g, induces the metric y on X, and assigns
the following value to the mean curvature of X:

H.=40,(u.) =4e€d,v =€H,
by our choice of v. Moreover, the scalar curvature of g, is
Ry, = u>(—8Aguc 4+ Ryue) = u>(—8€Agv+ Ryue),

which is positive for € sufficiently small, since R, > 0 and u, is uniformly bounded
below as € — 0. Fix such an €. We can see (2, g.) is a valid fill-in of (2, y, € H),
since this fill-in has positive scalar curvature, induces the correct boundary geometry
on X, and S is minimal (since g. = g near §). In particular, € belongs to I, so

I # .

Step 2: The next step is to show that /¢ is connected, and Iy contains at most one
point. To accomplish this, we show that for every number in /-, every smaller
positive number belongs to /. It suffices to show that if (X, y, H) is of nonnegative
type, then (X, y, AH) is of positive type for all A € (0, 1). This fact follows from
the next lemma, by Proposition 7.

Lemma 12. Let (2, g) be a fill-in of arbitrary Bartnik data (X, y, H). Fix A €
(0, 1) and a neighborhood U of ¥ in Q. There exists a metric g on 2 such that

(@) gisafill-inof (2, y,AH),
(b) g = g, with equality outside U, and

(¢) Rz = min(0, R,) pointwise, with strict inequality on a neighborhood of X,
where R and Rj are the scalar curvature of g and g.

In particular, if (2, g) is a valid fill-in, so is (2, g).
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Proof. Working in a neighborhood of ¥ in €2 diffeomorphic to (—fy, 0] x ¥ and
contained in U, we may assume g takes the form

g=dt2+Gl7

where ¢ is the negative of g-distance to X, and G, is a Riemannian metric on
the surface ¥; = ¥ x {r}. Shrinking #y if necessary, we may assume that every
(X¢, Gy) has positive Gauss curvature K, and positive mean curvature H; (in the
outward direction 9d;). Let p : (—fy, 0] = R be a smooth function equal to 1 in a
neighborhood of —#j, and satisfying

pO)=2"">1, p'1)=0, p'(0)>0.
Define a new metric g on 2 by setting
) g=p@®)°dr* +G,

on the neighborhood of ¥, and extending smoothly by g to the rest of €2; claim
(b) is satisfied. A straightforward calculation shows that ¥ has mean curvature A H
in the metric g; moreover g induces the metric y on X, so claim (a) holds. Last,
we must study the scalar curvature of g on the neighborhood (—#y, 0] x . The
following well-known formula, obtained from computing the variation of mean
curvature under a unit normal flow, gives the scalar curvature of g as:

0H
(5) Ry =—2—"+2K = H} — |,

where £, is the second fundamental form of %, in (2, g), and its norm || - || is
taken with respect to G,. Applying this formula to the metric g yields

1 o't )
p(1)? ¢ (;)%
Now, K; > 0, p(t) > 1, p'(t) > 0 and H, > 0, so we see Rz(x) > 0if R,(x) >0
and Rz(x) > Rg(x) if Ry(x) < 0; both are strict inequalities near ¢ = 0, proving
claim (c). O

(6) Ry =—SRe+2K (1—p() ) +2—=

We conclude that I~ is a convex subset of R, containing all arbitrarily small
positive numbers. Moreover, Iy contains at most a single point.

Step 3: We prove that I is bounded above. This follows immediately from the
work of Shi and Tam. More precisely, if A € I>¢, then

_ [y Hoda,
= [y HdA,

Together with step 2, we see I>¢ and I are intervals of the form (0, Ag] or (0, Ap).
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Step 4: Here we prove that Ao does not belong to 1. If A¢ € I, then by Proposition 7,
there exists a valid fill-in (€2, g) of (¥, v, AgH) with positive scalar curvature at
some point and boundary £ USy, with Sy minimal and nonempty. Solve the mixed
Dirichlet-Neumann problem:

(7) u=1
dy(u) =0 on Sp.

Here, v is the unit normal, always chosen to point out of 2. Note that a solution
exists because R, > 0. By the maximum principle, # > 0 in  and 9, (u) > 0
on X. Let g’ = u*g. Note that g’ has zero scalar curvature, induces the metric
y on X and assigns zero mean curvature to Sy. In particular, if we let H' be the
mean curvature of ¥ with respect to g, then (X, y, H') has a valid fill-in with
minimal boundary, namely (€2, g’), and is therefore of positive type. Observe that
H' > AH. Choose B > 1 so that H' > BAoH. By Lemma 20 in Appendix C, we
see that (X, y, BAoH) is of positive type. Therefore SAg € I, which contradicts
Ao = sup Iy. We conclude I, = (0, A¢), and either I>9 = (0, Ag) or (0, Ap]. It
follows that if A > Ag, then (X, y, A H) must be of negative type. ([l

To emphasize the picture, the data (X, y, LH) is of positive type for A small. As
we increase A, this behavior persists until A = Ag. At this point, the data is zero or
negative, and for A > Aq, the data is negative. See Section 7 for further discussion
of the behavior near A = Ag.

3.1. Inner mass function. In the rest of this section we will study the function
®) m(A) = Mipper (X, ¥, AH)

defined for A € (0, A¢). Intuitively, one would expect the following behavior of the
function m(A). For A small, the mean curvature A H is close to zero, so one might
anticipate the existence of a valid fill-in with minimal boundary of approximately
the same area as X.

As X increases, one would expect the class of valid fill-ins to shrink; one reason
is that the Shi—-Tam inequality is more difficult to satisfy. Consequently, the Bartnik
inner mass ought to decrease as well. The following statement supports this intuition.

Proposition 13. Given Bartnik data (X, y, H), the function m : (0, Ag) — R* is
continuous and decreasing, with the limiting behavior

b
lim m(A) = &
A—0F 167

where | X|, is the area of ¥ with respect to y.
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Proof. Monotonicity: Given 0 < A1 < Ay < Ag, we showed in Lemma 12 that any
valid fill-in of (X, y, Ao H) gives rise to a valid fill-in of (¥, y, A; H) with a metric
that is pointwise at least as large (see (4)). From the definition of the Bartnik inner
mass, this shows that m(A{) > m(A;).

Continuity: Suppose 0 < A1 < A9, and let € > 0. From the definition of the Bartnik
inner mass, there exists a valid fill-in (€2, g) of (¥, y, A1 H) whose minimum area
A in the homology class of ¥ satisfies

A €
m()\.l) — E < g
From Proposition 7, there exists a valid fill-in (Q, g) of (¥, y, A1 H) that has strictly

positive scalar curvature, and whose minimum area A in the homology class of X

is close to A:
| A | A _e
167 160 3

Now, for Ag > A > Ay, (fZ, £) can be perturbed to a fill-in (Q, g of (X,y,AH)
using a metric of the form (4). The scalar curvature of g, has potentially decreased
relative to that of g, but remains positive for A > A; sufficiently close to A;. Since
g, — g in CY, we may assume A — A; is small enough so that

[ A AL _e
16 160 3

where A; is the minimum g, -area in the homology class of ¥. Adding the last
three inequalities and using the definition of the Bartnik inner mass gives

m(Ay) <€+ 12 <e+m(r),

for A — A sufficiently small. Together with the fact that m(-) is decreasing, we
have shown m( -) is continuous at Aj.

Lower limit behavior: To study the behavior of m(¢) for € small, recall that in Step
1 of the proof of Theorem 11 we constructed a valid fill-in of (X, y,eH) by a
metric g, uniformly close (controlled by €) to a cylindrical product metric g over
(2, ). As € — 01, the minimum g, area in the homology class of ¥ converges to
the minimum g-area in the same homology class, which is |[X|, . On the other hand,
the Bartnik inner mass of (X, y, H') (for any H’) never exceeds ,/|X|, /167 by
definition. This proves

PN
lim m(A) =,/ —— O

A—0+ 167 "
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In Section 7 we conjecture that m (1) limits to zero as A — A, behavior supported
by the explicit computation of m()) in a spherically symmetric case in Section 5.1.

4. Quasilocal mass

Recall from the introduction the problem of assigning a “quasi-local mass” to
a bounded region 2 in a totally geodesic spacelike slice (M, g) of a spacetime.
By most definitions, the quasi-local mass of €2 depends only on the Bartnik data
(X, y, H) of the boundary, and we adopt this perspective here. That is, we define
a quasi-local mass functional to be a map from (a subspace of) the set of Bartnik
data to the real numbers. We refer the reader to [Szabados 2009] for a recent
comprehensive survey of quasi-local mass.

We begin by recalling some well-known examples of quasi-local mass. First, the
Hawking mass of (X, y, H) is defined to be

mH(Z»V»H)=\/|16 ( 16H/H2dA)

There is no correlation between the sign of the Bartnik data and the sign of the
Hawking mass. That is, the Hawking mass can be negative for positive Bartnik
data, and vice versa (see Section 5).

Next, the Brown—York mass is defined for Bartnik data (X, y, H) (assuming as
we do that K, > 0 and H > 0) by

1
mBY(E’ Vs H) = g / (HO_H)dAy,
z

where Hj is the mean curvature of an isometric embedding of (X, y) into R3.
Theorem 10 establishes that the Brown—York mass is nonnegative for Bartnik data
of nonnegative type. However, there exist Bartnik data of both negative and zero
type for which the Brown—York mass is strictly positive (see Section 5).

A third example is the Bartnik inner mass, defined in Section 2.3.

A key observation is that Theorem 11 canonically associates to any Bartnik
data (with H > 0 and K, > 0) a positive number A, which we call the critical
parameter. In this section we use g to construct a new example of a quasi-local
mass functional.

To motivate this definition, we will compute the number Ao for concentric round
spheres X, in the Schwarzschild manifold of mass m, with induced metric y, and
mean curvature H,. For our purposes the Schwarzschild manifold of mass m is
R3 minus the open Euclidean ball of radius m /2, where m > 0, equipped with the
metric

©) e=(1+1)'s,
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where § is the Euclidean metric. Note that g is scalar-flat and its boundary is a
minimal 2-sphere, called the horizon.

Straightforward computations show that (X,, ;) is a round sphere of area
471}"2(1 + m/2r)4, and that

H—2 1_i_m 2 om 1_i_m -3
" r 2r r2 2r ’

where we have used (19). The mean curvature Hro of (=,, y,) embedded in R? is

HO=2(142 -
Ty 2r '

Therefore, if we let A, = HrO /H,, then (X,, y,, A, H,) admits a valid fill-in — namely
a closed ball in flat-space of boundary area 47 7>(1 +m/2r)*. On the other hand,
if A belongs to the interval of positivity for (X,, v, H,), then by Shi—Tam

0
o Js HYdA, _ N
[y oA,

Thus, A, is the critical parameter for the Bartnik data. Some simplifications show

_L+m/2r

(10) Ap = 1——m/2r

In particular, we have the identity in Schwarzschild space:

e [Zrle 1 ’
167 22

for all values of r, motivating the following definition of quasi-local mass.

Definition 14. Let B = (X, y, H) be Bartnik data with critical parameter A (from
Theorem 11). Define

m®B)=m(Z,y, H) =,/&<1—i2).
167 Ay

Recall that we assume y has positive Gauss curvature and H > 0.
Theorem 15. Definition 14 of quasi-local mass satisfies the following properties:

(1) (nonnegativity) If Bartnik data B admits a valid fill-in, then its mass m(RB) is
nonnegative and is zero only if every valid fill-in is static vacuum.

(2) (spherical symmetry) If Bartnik data B arises from a coordinate sphere in a
Schwarzschild metric of mass m, then m(®B) = m.
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3) (black hole limit) If B,, = (X, v, H,) is a sequence of Bartnik data and H,, — 0

uniformly, then
lim m (% )=,/&.
n—00 " 167

(4) (ADM-sublimit) If (M, g) is an asymptotically flat manifold with nonnegative
scalar curvature, and if S, is a coordinate sphere of radius r with induced
metric y, and mean curvature H,, then

(1D mapm(M, g) > limsupm(S,, yr, Hy).

r—o

Remarks. The proof of Theorem 15 uses the positive mass theorem [Schoen and
Yau 1979] implicitly, via Lemma 16 below, which relies on the theorem of Shi and
Tam. On the other hand Theorem 15 also recovers the positive mass theorem: if
(M, g) is asymptotically flat, has nonnegative scalar curvature, with d M empty or
consisting of minimal surfaces, then by property (1), m(S,) > 0 for all S,. From
this, inequality (11) gives mapm > 0.

Proof. Nonnegativity: Observe the following four statements are equivalent, using
Theorem 11: m (%) > 0; A9 > 1; the number 1 belongs to the interval of positivity
1; 9B is of positive type. Also, if (X, y, H) is of zero type, then Ag = 1 (as follows
from Theorem 11), so m (%) vanishes. On the other hand, if m (%) vanishes, then
Ao =1, so the data is either negative or zero (again, by Theorem 11). Butifitis given
that the data admits a fill-in, then the data must be of zero type. By Proposition 5,
any such fill-in is static vacuum.

Spherical symmetry: This is clear from the construction at the beginning of this
section; we defined quasi-local mass so that it has this property.

Black hole limit: 1t is straightforward to check that if H,, — 0 uniformly, then the
sequence of critical parameters A, diverges to infinity.

ADM-sublimit: For all r sufficiently large, the coordinate spheres S, have positive
mean and Gauss curvatures. To prove (11), recall that the Brown—York mass limits
to the ADM mass in the sense that

mapm(M, g) = rll)n;o mpy (S,).

(See Theorem 1.1 of [Fan et al. 2009] and the references therein.) Since we assume
(M, g) has nonnegative scalar curvature, S, is of positive or zero type for all r for
which the coordinate sphere is defined. We invoke Lemma 16 below, which states
m(S,) < mpy(S,), completing the proof. U

Lemma 16. For Bartnik data B = (X, y, H) of nonnegative type,
m(B) < mpy(B).
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Proof. Let Hy be the mean curvature of an isometric embedding of (X, y) in R?,
which is well-defined because K, > 0. By Shi-Tam, we have
[s Hod A,
0= "0
Js HdA,

In particular,

2
2 mm= |1E6|y (1 - iz) < J=b <1 - <M> )
i A 167 [5 HodA,

< [1Z]y ((fz Hod Ay +f2 HdAV)(fz HodA, — fz HdAV))
v om (/5 HodA,)"

| %], 16mmpy (B)
- 167 fZ HodAy ’

where again we have used Shi—Tam and the fact that the data is of nonnegative type.
The Minkowski inequality for convex regions in R* [Pélya and Szegd 1951] states

that )
(/ HodAy) > lér|X],.
b

Together with the above, this completes the proof. (]

The right-hand side of (12) is a definition of quasi-local mass proposed by Miao,
which he observed is bounded above by the Brown—York mass using the same
argument [Miao 2009].

4.1. Physical remarks. It has been suggested in the literature (see [Bartnik 2002],
for instance) that if the quasi-local mass of the boundary of a region 2 vanishes,
then Q2 ought to be flat. The Brown—York mass and Bartnik mass both satisfy this
property (see [Bartnik 1989; Huisken and Ilmanen 2001]). Definition 14 suggests
an alternative viewpoint that such €2 ought to be static vacuum, which includes flat
metrics as a special case. Indeed, one could make a physical argument that in a
region of a spacetime that is static vacuum, quasi-local mass should vanish since
there is no matter content and no gravitational dynamics (cf. [Anderson 2010],
which also discusses the vanishing of quasi-local mass on static vacuum regions).

5. Examples

Let (M, g) be a Riemannian 3-manifold. If €2 is a subset of M with boundary 92
homeomorphic to $2, and if 3Q has positive mean curvature H (with respect to
some chosen normal direction), define

m(2) =m0, groa, H),
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where T9€2 is the tangent bundle of 9€2. If g has nonnegative scalar curvature, then
m(£2) > 0 by Theorem 15.

Euclidean space. Consider R with the standard flat metric. Let  C R? be a strictly
convex open set with smooth boundary that is not round, with mean curvature Hy
and induced metric yp. There is no valid fill-in of (€2, yy, Hp) with mean curvature
H > Hy; this statement follows from the Shi-Tam inequality (3) or alternatively
by Miao’s positive mass theorem with corners [Miao 2002]. This implies Ag = 1,
and so m(2) = 0. The Brown—York mass of 2 also vanishes, as Hy = H. A
straightforward computation shows that the Hawking mass of €2 is strictly negative.

Schwarzschild, positive mass. Next let (M, g) be a Schwarzschild manifold of
mass m > 0; see (9). Suppose 2 C M is topologically an open 3-ball with boundary
% disjoint from the horizon.

Lemma 17. For the Bartnik data induced on 02, Ao = 1. Equivalently, m(£2) = 0.
Figure 3 gives a depiction of the Bartnik data in question.

Proof. Certainly A9 > 1, since 2 is tautologically a valid fill-in. If A9 > 1, there
exists a valid fill-in Q' of X (with the same boundary metric and mean curvature),
such that 9"\ ¥ is nonempty and consists of minimal surfaces. Glue Q' to M \
along X, obtaining a manifold (M’, g’) that is smooth and has nonnegative scalar
curvature away from ¥. Moreover, g’ is Lipschitz across S, and dM’ consists
of minimal surfaces (including the Schwarzschild horizon). Let A and A’ be the
minimum areas in the homology class of the boundary for the respective manifolds
(M, g)and (M’, g’). A is attained uniquely by the horizon S in M, and by a similar
consideration A’ is attained by a surface S’ that includes S as a proper subset. (To
see this, observe that the Schwarzschild manifold minus its horizon is foliated by
the {r = const.} spheres, which are convex; thus S may not intersect the interior of
M’ \  yet must intersect M’ \ € to be homologous to the boundary of M’.) Thus

(Z,v,H)

Ly
T
L7
[

Figure 3. Off-center ball in Schwarzschild. The Bartnik data
(2, y, H) arises from the boundary of a small ball away from the
horizon in a Schwarzschild manifold.
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A’ > A. By direct computation,

m = i
“Viex’
and so
A/
/
(13) m < T6m

where m’ = m is the ADM mass of (M’, g’) (equal because g and g’ agree outside
a compact set). Using an argument similar to that of [Miao 2002], one can mollify
(M’, g’) to a smooth, asymptotically flat metric of nonnegative scalar curvature and
minimal boundary that gives strict inequality in (13). This violates the well-known
Riemannian Penrose inequality [Huisken and Ilmanen 2001; Bray 2001]. This
contradiction implies that Lo = 1, so m(£2) = 0. ([l

Thus, we have examples of Bartnik data of zero type that do not arise as the
boundaries of regions in flat space. In other words, we have nonflat domains €2 for
which m(€2) = 0. Of course, by Theorem 15, such €2 must be static vacuum (as is
the case for the Schwarzschild metric).

To further extend this example, Huisken and Ilmanen [2001] show that there
exist small balls €2 away from the horizon in the Schwarzschild manifold whose
Bartnik data (X, y, H) have strictly positive Hawking mass. Moreover, the case
of equality in Theorem 10 shows that the Brown—York mass of €2 is also strictly
positive. It follows that for A > 1 sufficiently close to 1, the data (X, y, AH) is of
negative type, yet still has strictly positive my and mpgy.

Note that we have not stated Q2 being static vacuum implies m(2) = 0. Coun-
terexamples are unknown to the author.

Schwarzschild, negative mass. Let (M, g) be the Schwarzschild metric of mass
m < 0 (defined by (9) on R3 minus the closed ball of radius |m|/2). The Bartnik data
induced on spheres {r = const.} is of negative type because the critical parameter
A, is less than one by (10).

5.1. Example m()) function. Here we give an explicit computation of the inner
mass function m(A) defined in Section 3.1 for Bartnik data % corresponding to the
coordinate sphere S, of radius r > m /2 in the Schwarzschild metric of mass m > 0,
with induced metric ¥ and mean curvature H. The Riemannian Penrose inequality
[Bray 2001] shows that’ the Bartnik inner mass of % equals m. Let A > 0; the
data (S,, y, AH) embeds uniquely as a coordinate sphere S, of some radius r’ in a

3In a Schwarzschild manifold, m = /A/16m, where A is the area of the horizon. Now,
Minner(B) > m follows from the definition. If mjyper(B) > m, there exists a fill-in of B with
minimum area A’ > A attained by a minimal surface. One can then arrange a strict violation of
the Penrose inequality by gluing the exterior Schwarzschild region of % to the fill-in. The gluing is
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Schwarzschild metric of some mass m’. Equating the areas of S, and S, in their
respective metrics, we have

4 /N4
(14) anr?(1+ 2} —ano?(1+ 2.
2r 2r’

Equating A H with the mean curvature of S,/ leads to

(15) 3 2 1+m 2 om 1+m -3 2 1+m’ 2 om! 1_i_m’ -3
r 2r r2 2r Ty 2r! (r"? 2r )

With some calculations, one can compute ' and m’ explicitly. For A € (0, Ag),
we know m (1), the Bartnik inner mass of S,/, simply equals m’ (again, by the
Riemannian Penrose inequality). Omitting some details, we give the formula:

(1o 2 mY
(16) m()\)—2 1+2r Al 1 > .

As anticipated by Proposition 13, m (L) is continuous, decreasing, and m(0) =
/A/161, where A is the area of S, in the Schwarzschild metric of mass m. More-
over, m(A) vanishes at the critical value Ao = (1 +m/2r)/(1 —m/2r) (computed in
Section 4), a property conjectured to hold in general (see the paragraph following
Problem 2 in Section 7).

6. An algebraic operation on quasi-local mass functionals

For a quasi-local mass functional m; (i.e., a map from the set of Bartnik data to the
real numbers), define the following quantity in [—o0, o0]:

Ai(Z,y, H) =sup{A > 0:m;(X, y,AH) > 0}.

In other words, A; measures how much one can scale the boundary mean curvature
until the mass m; becomes negative. Up to this point, we have studied this quantity
for the case in which m; is the Bartnik inner mass (since mipner (2, y, H) > 0 if
and only if (X, y, H) has a valid fill-in). Theorem 11 implies that A; is a positive,
finite number for the case m; = Minner.

Here we use the number A; to construct an algebraic product of two quasi-local
mass functionals, of which that constructed in Section 4 is a special case. We restrict
to quasi-local mass functionals m; satisfying the following mild assumptions on all
Bartnik data:

(1) A;(Z, y, H) is a positive real number, and
(2) m;(X, y, LH) is decreasing as a function of A.

only Lipschitz across %, but the smoothing and conformal techniques in [Miao 2002] can be used to
produce a smooth example, leading to a contradiction.
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For example the Hawking mass, Brown—York mass, and Bartnik inner mass (see
Proposition 13) satisfy these properties.

Define the following binary operation on the set of quasi-local mass functionals.
Given m and m>, let

A
(17) (mxma) (S, v, H) =mi (2,7, rlH)
2

where ; = A; (X, y, H) fori =1, 2. This operation satisfies a number of properties.
Proposition 18. Let m, my, and m3 be quasi-local mass functionals.

(1) mi*xmp=mj.
(2) (my xmy)xm3 =m|xm3 =my * (myxm3). In particular, * is associative.
(3) my controls the sign of m| xmy in the following sense:

(@) my xmy(X, vy, H) > 0ifand only if my(Z, y, H) > 0.
() myxmy(X,y, H)y=0ifand only if my(2, y, H) =0.

(4) If my has the black hole limit property (see Theorem 15), so does m * m5.

(5) If both m| and m, produce the value m on concentric round spheres in the
Schwarzschild metric of mass m, then so does m * m5.

(6) If my < mj (as functions), then my xmy < my *ms.
Sketch of proof. These properties all follow easily from the definitions, so we omit
detailed proofs. We sketch some of the steps as a sample.

A
We compute (m *my) xm3. First, (m) xmy)(X, v, H) =m (Z, Y, k—lH) has
critical parameter A,. Then 2

) A A2
((myxmp)xm3(Z,y, H) =mixm)| Z,y, —H |=m | Z,y, ——H |,
23 M A3

which equals (m; xm3)(Z, y, H).
We also demonstrate property (3a). Note

Al
(myxm) (X, y, H) =m1(2, Y, )\—H>
2

is positive if and only if A1 /A, < Ay; thatis, Ay > 1. However, A, > 1 if and only if
my(X,y, H) > 0. [l

6.1. Examples of m1 %+ m,. In this section, we demonstrate m *m, generally does
not equal my *xm;.
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Hawking mass and Bartnik inner mass. The quasi-local mass of Definition 14 is
equal to m g * Minner, Where m g is the Hawking mass. To see this, note that

16

A= | ——
" 5 H2dA,

and Ajpner = Ag. Then, by definition,

my % Mimer(E, v, H) =mpy| My —,/& -4
H inner( &, ¥, H » Vs * = )\(2) .

We reiterate that m g * minner inherits the following property from mippe,: vanishing
precisely on Bartnik data of zero type.

Hawking mass and Brown—York mass. To compute m g * mpgy, we note that Ay
was found in the last example, and
f s HodA,
ABY = ﬁ
f s HdA,

Using the definition,

1= HdA, \?
my «mpy(2,y, H) = 16; (1_(ffZHTAy .
> Y

This quasi-local mass was written down in a different context by Miao [2009].

Brown—York mass and Hawking mass. The steps from the last example show

fz szAy
mpy *mg (X, y, H)=/ HodA,[1— /| 2Z2—1 ),
= 167

illustrating concretely the noncommutativity of .

7. Concluding remarks and open problems

We conclude by mentioning some questions raised in this paper.

Problem 1. Determine whether the quasi-local mass of Definition 14 is monotone
under some flow.

Monotonicity means that if {(2;, s, H;)}:c[0,¢) 18 some family of surfaces (to-
gether with their Bartnik data) moving outward in a manifold of nonnegative scalar
curvature, then m(%;, y;, H;) is nondecreasing. Monotonicity is often (but not
universally) suggested as a desirable property of quasi-local mass [Bartnik 2002].

Problem 2. Determine whether the Bartnik data (X, y, Ao H) is of zero type. Equiv-
alently, construct a static vacuum fill-in of (X, y, Ao H).
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That the two statements above are equivalent follows from Proposition 5 and
Theorem 11. The precise nature of the Bartnik data rescaled with the critical
parameter ¢ is perhaps the biggest open question of this paper. An affirmative
answer to Problem 2 would imply that (X, y, AgH) admits a static vacuum fill-in.
In general, constructing static vacuum metrics with prescribed boundary data is a
very difficult problem (cf. the work of Anderson and Khuri [2011] on static vacuum
asymptotically flat “extensions” of Bartnik data ).

More generally, one could ask what happens to the geometry of the class valid
fill-ins of (¥, y, AH) in the limit A " Ag. An optimistic conjecture would be that
in the limit A 7 X¢, any valid fill-in (€2, g,) of (¥, y, L H) satisfies:

« the black holes (area-minimizing minimal surfaces) in (£2;, g;) are shrinking
to zero size (i.e., limkﬁAa m(1) =0), and

« the metric g, is approaching a static vacuum metric in an appropriate sense.

There may be a connection between the first point and Miao’s localized Riemannian
Penrose inequality [Miao 2009].

The above discussion is basically a localization of the near-equality case of the
positive mass theorem [Schoen and Yau 1979]. In such a global setting, the question
is: what happens to the geometry of a sequence of asymptotically flat manifolds
(M;, g;) of nonnegative scalar curvature whose total mass is approaching zero?
The Riemannian Penrose inequality [Huisken and Ilmanen 2001; Bray 2001] shows
that any black holes in (M;, g;) must be approaching zero, and some partial results
exist for proving that g; is approaching a flat metric [Bartnik 1997; Lee 2009; Bray
and Finster 2002; Lee and Sormani 2011].

Appendix A. Conformal transformation of curvatures

We repeatedly used the following formulas that relate the scalar curvature and mean
curvature of conformal metrics. Suppose g and g are Riemannian metrics on a
3-manifold for which

g=u'g

for some smooth function u > 0. If R and R are the scalar curvatures of g and g,
then

(18) R =u">(—8Au+ Ru),

where A is the Laplacian with respect to g. Next, suppose S is a hypersurface with
unit normal field v with respect to g. Then the mean curvatures H and H (in the
direction defined by v) with respect to g and g satisfy

(19) H=u"H+4u"3%,®).
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Appendix B. Geometric measure theory

Here is an extremely useful result from geometric measure theory on the existence
and regularity of area-minimizing surfaces.

Theorem 19. Let (M, g) be a smooth, compact Riemannian manifold of dimension
2 <n <7 with boundary OM. Suppose dM has positive mean curvature (i.e., its
mean curvature vector points inward). Given a connected component S of M, there
exists a smooth, embedded hypersurface S of zero mean curvature that minimizes
area among surfaces homologous to S. Moreover, § does not intersect 9M.

These results are essentially due to Federer and Fleming [1960; Fleming 1962;
Federer 1970]. The rough idea of the proof of Theorem 19 is to take a minimizing
sequence of surfaces {S;} (viewed as integral currents) in [S], the homology class
of S. By the Federer-Fleming compactness theorem, some subsequence converges
to a surface S. Standard arguments show that S remains in [S] and indeed has the
desired minimum of area. Regularity theory (requiring n < 7) proves that S is a
smooth, embedded hypersurface. By the first variation of area formula, S has zero
mean curvature and may not touch the positive mean curvature boundary (which
acts as a barrier). See the appendix of [Schoen and Yau 1979] for a careful proof of
the last fact.

Appendix C. Deformations of scalar curvature near a boundary
Here we prove the following useful lemma.

Lemma 20. Suppose that (X, y, Hy) admits a valid fill-in. If 0 < H, < Hy, then
(2, y, Hy) admits a valid fill-in with positive scalar curvature at a point. In
particular, (X, y, H») is of positive type.

Although we only prove the case K, > 0 here, Lemma 20 is true without this
hypothesis. The proof is an application of techniques developed recently by Brendle,
Marques, and Neves [2011].

Proof. Step 1: We construct a valid fill-in of (X, ) with mean curvature strictly
greater than H, and with positive scalar curvature in a neighborhood of X.

Since ¥ is compact, we may choose « € (0, 1) so that « H; > H,. We proved in
step 2 of Theorem 11 that (X, y, « H;) is of positive type and moreover admits a
valid fill-in (€2, g1) whose scalar curvature is strictly positive in a neighborhood U
of . (For the latter statement, refer to Equation (6) and note that p'(0) > 0.)

Step 2: We define a metric g, on 2 as follows, with the goal of making the boundary
mean curvature of g, equal to H,. First, consider a neighborhood of ¥ contained
in U that is diffeomorphic to ¥ x (—#g, 0] (where ¢ = 0 corresponds to X). Define
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forx € ¥ and t € (—1y, O]:
g2(x, 1) = p(1)2dt* + (1 + t Hy(x))y (x),

where p(¢) is a function satisfying p(0) = 1 and will be specified later. It is readily
checked that g, induces on X the metric y and mean curvature H,. Shrinking #y if
necessary and choosing p(7) bounded below by a positive constant with p'(¢) > 0
sufficiently large, we may arrange g, to have strictly positive scalar curvature on
¥ X (—tg, 0]. This is readily checked using (5). Now, extend g, arbitrarily to
a smooth metric on 2 (not necessarily preserving nonnegative scalar curvature).
Replace U with the smaller neighborhood ¥ x (—ty, 0]

To summarize, we have two metrics g; and g» on the compact manifold €2,
inducing boundary data (X, y, « Hy) and (X, y, H»), respectively, each with pos-
itive scalar curvature on the neighborhood U of X. By compactness, the scalar
curvatures of g1|y and g»|y are bounded below by a constant Ry > 0.

Step 3: Apply Theorem 5 of [Brendle et al. 2011] to produce a metric g on
satisfying the following properties*:
(1) Ry(x) = min{Rg, (x), R, (x)} — Ro/2.
(ii) g agrees with g outside of U.
(iii) g agrees with g, in some neighborhood of X.
(To apply the theorem, it is crucial that « H; > H>.)
By the third condition, (€2, £) is a fill-in of (X, y, H). By the first and second
conditions, ¢ has nonnegative (but not identically zero) scalar curvature and 92\ X
(if nonempty) is a minimal surface. In particular, (2, ¢) is a valid fill-in with

positive scalar curvature at some point.
Finally, the last statement in the lemma follows from Proposition 7. (]
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OPERATOR ALGEBRAS AND CONJUGACY PROBLEM FOR
THE PSEUDO-ANOSOV AUTOMORPHISMS OF A SURFACE
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In memory of W. P. Thurston

The conjugacy problem for the pseudo-Anosov automorphisms of a com-
pact surface is studied. To each pseudo-Anosov automorphism ¢, we assign
an AF C*-algebra Ay (an operator algebra). It is proved that the assignment
is functorial, i.e., every ¢’, conjugate to ¢, maps to an AF C*-algebra Ay,
which is stably isomorphic to A4. The new invariants of the conjugacy of the
pseudo-Anosov automorphisms are obtained from the known invariants of
the stable isomorphisms of the AF C*-algebras. Namely, the main invariant
is a triple (A, [I], K), where A is an order in the ring of integers in a real
algebraic number field K and [/] an equivalence class of the ideals in A.
The numerical invariants include the determinant A and the signature X,
which we compute for the case of the Anosov automorphisms. A question
concerning the p-adic invariants of the pseudo-Anosov automorphism is for-

mulated.
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Introduction

A. Conjugacy problem. Let Mod(X) be the mapping class group of a compact
surface X, i.e., the group of orientation preserving automorphisms of X modulo the
trivial ones. Recall that ¢, ¢’ € Mod(X) are conjugate automorphisms whenever
¢ =hogoh! for an h € Mod(X). It is not hard to see that conjugation is an
equivalence relation which splits the mapping class group into disjoint classes
of conjugate automorphisms. The construction of invariants of the conjugacy
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classes in Mod(X) is an important and difficult problem studied by Hemion [1979],
Mosher [1986], and others. Any knowledge of such invariants leads to a topological
classification of three-dimensional manifolds, which fiber over the circle with
monodromy ¢ € Mod(X) [Thurston 1982].

B. Pseudo-Anosov automorphisms. 1t is known that any ¢ € Mod(X) is isotopic
to an automorphism ¢’, such that either (i) ¢’ has a finite order, or (i) ¢’ is a
pseudo-Anosov (aperiodic) automorphism, or else (iii) ¢’ is reducible by a system
of curves I' surrounded by the small tubular neighborhoods N (I'), such that on
X\ N(I'), ¢’ satisfies either (i) or (ii). Let ¢ be a representative of the equivalence
class of a pseudo-Anosov automorphism. Then there exist a pair consisting of
the stable %, and unstable %, mutually orthogonal measured foliations on the
surface X, such that ¢ (¥F;) = (1/14)F and ¢ (F,) = Ay F,, where A4 > 1 is called
a dilatation of ¢». The foliations %, %, are minimal, uniquely ergodic and describe
the automorphism ¢ up to a power. In the sequel, we shall focus on the conjugacy
problem for the pseudo-Anosov automorphisms of a surface X.

C. AF C*-algebras. A C*-algebrais an algebra A over C with anorma+ ||a|| and
an involution a — a* such that it is complete with respect to the norm and |lab| <
lallllb]l and [la*a| = ||a?|| for all a, b € A. The C*-algebras have been introduced
by Murray and von Neumann as rings of bounded operators on a Hilbert space and
are strongly connected with the geometry and topology of manifolds [Blackadar
1986, Section 24]. Any simple finite-dimensional C*-algebra is isomorphic to
the algebra M, (C) of the complex n x n matrices. A natural completion of the
finite-dimensional semisimple C*-algebras (as n — 00) is known as an AF' C*-
algebra [Effros 1981]. An AF C*-algebra is most conveniently given by an infinite
graph, which records the inclusion of the finite-dimensional subalgebras into the AF
C*-algebra. The graph is called a Bratteli diagram. When the diagram is periodic,
the AF C*-algebra is stationary; this is an important special case. In addition to the
usual isomorphism =, the C*-algebras A, A’ are called stably isomorphic whenever
AR =A K, where K is the C*-algebra of compact operators.

D. Motivation. Let ¢ € Mod(X) be a pseudo-Anosov automorphism. The main
idea of the present paper is to assign to ¢ an AF C*-algebra, Ay, so that for every
h € Mod(X) the following diagram commutes:

_conjugacy ¢ =hopoh!
stable
¢ Agr

isomorphism
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(In other words, if ¢ and ¢’ are conjugate pseudo-Anosov automorphisms, then the
AF C*-algebras Ay and Ay are stably isomorphic.) For the sake of clarity, we shall
consider an example illustrating the idea in the case X = T2 (a torus).

E. Model example. Let ¢ € Mod(T?) be the Anosov automorphism given by a
nonnegative matrix Ay € SLy(Z). (The assumption is not restrictive; each Ay with
Tr(Ag) > 0 is similar to a nonnegative matrix. The case Tr(Ag) < O is treated
likewise — by reduction to a nonpositive matrix; then the absolute value of all
entries must be taken.) Consider a stationary AF C*-algebra, Ay, given by the
following periodic Bratteli diagram:

ai ai ai

ann

ap an
Ay = ,
azy an

Figure 1. The AF C*-algebra Ay.

where a;; indicate the multiplicity of the respective edges of the graph. We encourage
the reader to verify that F : ¢ > Ay is a well-defined function on the set of Anosov
automorphisms given by the hyperbolic matrices with nonnegative entries. Let
us show that if ¢, ¢’ € Mod(T?) are conjugate Anosov automorphisms, then Ay,
Ay are stably isomorphic AF C*-algebras. Indeed, let ¢’ = ho ¢ oh™! for an
h € Mod(X). Then Ay = T AyT ! for a matrix T € SL,(Z). Note that

(A" =(TAT "Y' =TA[T™,

where n € N. We shall use the following criterion: the AF C*-algebras A, A’ are
stably isomorphic if and only if their Bratteli diagrams contain a common block
of an arbitrary length (compare with [Effros 1981, Theorem 2.3]; recall that an
order-isomorphism mentioned in the theorem is equivalent to the condition that the
corresponding Bratteli diagrams have the same infinite tails—i.e., a common block
of infinite length). Consider two sequences of matrices:

ApAy--- Ay,

[ —

n

which mimics the Bratteli diagram of Ay, and

TApAg-- Ay T,
——
n

which mimics that of Ay. Letting n — oo, we conclude that Ay @ H = Ay Q@ K.
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F. Invariants of torus automorphisms obtained from the operator algebras. The
conjugacy problem for the Anosov automorphisms can now be recast in terms of
AF C*-algebras: find invariants of stable isomorphism classes of the stationary
AF C*-algebras. One such invariant is due to Handelman [1981]. Consider an
eigenvalue problem for the hyperbolic matrix Ay € SL>(Z): Agva = Aava, where
A4 > 1 is the Perron—Frobenius eigenvalue and v4 = (vg), vf)) the corresponding
eigenvector with the positive entries normalized so that vX) € K =Q()\4). Denote
by m= ng) —I—va) the Z-module in the number field K. Recall that the coefficient
ring, A, of module m consists of the elements & € K such that am C m. It is known
that A is an order in K (i.e., a subring of K containing 1) and, with no restriction,
one can assume that m C A. It follows from the definition that m coincides with an
ideal, I, whose equivalence class in A we shall denote by [/]. It has been proved
by Handelman that the triple (A, [/], K) is an arithmetic invariant of the stable
isomorphism class of Ay: the Ay, Ay are stably isomorphic AF C*-algebras if and
only if A= A’,[I]=[I'] and K = K’. It is interesting to compare the operator
algebra invariants with the matrix invariants obtained in [Latimer and MacDuffee
1933] and [Wallace 1984].

G. AF C*-algebra Ay (pseudo-Anosov case). Denote by F the stable foliation
of a pseudo-Anosov automorphism ¢ € Mod(X). For brevity, we assume that
F¢4 1s an oriented foliation given by the trajectories of a closed 1-form w €
H'(X;R). Let v® = fy’_ w, where {yy, ..., v,} is a basis in the relative homology
Hi (X, Sing ¥y; 7), such that 6 = (61, ..., 6,_1) is a vector with positive coordi-
nates 6; = v*+D /(D (Note that the §; depend on a basis in the homology group,
but a Z-module generated by the 9; does not — see Lemma 5.) Consider the (infinite)
Jacobi—Perron continued fraction [Bernstein 1971] of 6:

(o) =am (70) (7))

where b; = (b(i), R bffl])T is a vector of nonnegative integers, / the unit matrix
and I = (0,...,0,1)”. By definition, Ay is an (isomorphism class of the) AF
C*-algebra given by the Bratteli diagram whose incidence matrices coincide with
By = ((1) blk) for k=1, ..., co. Note that this yields the Bratteli diagram derived in
the model example (the Anosov case).

H. Main results. For a matrix A € GL,(Z) with positive entries, we denote by A4
the Perron—Frobenius eigenvalue and let (vg), ceey UXI)) denote the corresponding
normalized eigenvector with vg) € K = Q(Ay4). The coefficient (endomorphism)
ring of the module m = va) +---+ Zvi{l) will be denoted by A. The equivalence

class of ideal 1 in A will be denoted [/]. Finally, we denote by A =Det(q;;) and ¥
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the determinant and signature of the symmetric bilinear form g (x, y) = Z:’ jaijXixj,
where a;; = Tr(vX)quj)), with Tr(-) the trace function. Our main results can be

expressed as follows.
Theorem 1. Ay is a stationary AF C*-algebra.

Let @ be a category of all pseudo-Anosov (Anosov, respectively) automorphisms
of a surface of the genus g > 2 (g = 1, respectively); the arrows (morphisms) are
conjugations between the automorphisms. Likewise, let & be the category of all
stationary AF C*-algebras Ay, where ¢ runs over the set ®; the arrows of s are
stable isomorphisms among the algebras Ay.

Theorem 2. Let F : ® — o be a map given by the formula ¢ +— Ay. Then:

(1) F is a functor; it maps conjugate pseudo-Anosov automorphisms to stably
isomorphic AF C*-algebras.

(ii) Ker F = [¢], where [¢p] ={¢' € @ | (¢/)" = ¢", m, n € N} is the commensura-
bility class of the pseudo-Anoov automorphism ¢.

Corollary 3. The triple (A, [1], K) and the integers A and X are invariants of the
conjugacy classes of the pseudo-Anosov automorphisms.

I. How can the invariants (A, [I], K), A and X be calculated? There is no easy
way; the problem is comparable to that of numerical invariants of the fundamental
group of a knot. A step in this direction would be computation of the matrix A;
the latter is similar to the matrix p(¢), where p : Mod(X) — PIL is a faithful
representation of the mapping class group as a group of the piecewise-integral-
linear transformations [Penner 1984, p. 45]. The entries of p(¢) are the linear
combinations of the Dehn twists along the (3g — 1) (Lickorish) curves on the
surface X. Then one can effectively determine whether p(¢) and A are similar
matrices (over Z) by bringing the polynomial matrices p(¢) —xI and A —x1 to
the Smith normal form; when the similarity is established, the numerical invariants
A and ¥ become the polynomials in the Dehn twists. A tabulation of the simplest
elements of Mod(X) is possible in terms of A and X (see the Examples section,
page 459); however, this task lies beyond the scope of present paper.

J. Structure of the paper. Proofs of the main results can be found in Section 3.
Sections 1 and 2 consist of lemmas used to prove the main results. Section 4
includes some examples, open problems and conjectures. Since the paper does not
include a formal section on the preliminaries, we encourage the reader to consult
[Blackadar 1986; Effros 1981; Krieger 1980] (operator algebras and dynamics),
[Hubbard and Masur 1979; Thurston 1988] (measured foliations) and [Bernstein
1971; Perron 1907] (Jacobi—Perron continued fractions).
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1. The jacobian of a measured foliation

Let & be a measured foliation on a compact surface X [Thurston 1988]. For
the sake of brevity, we shall always assume that & is an oriented foliation, i.e.,
given by the trajectories of a closed 1-form w on X. (The assumption is not a
restriction; by [Hubbard and Masur 1979], every measured foliation is oriented on a
double cover X of X ramified at the singular points of the half-integer index of the
nonoriented foliation.) Let {yy, ..., v, } be a basis in the relative homology group
H (X, Sing F; Z), where Sing ¥ is the set of singular points of the foliation . It
is well known that n =2g +m — 1, where g is the genus of X and m = |Sing(%F)|.
The periods of w in this basis will be written

ki:/ w.
Vi

The real numbers X; are coordinates of & in the space of all measured foliations
on X (with the fixed set of singular points) [Douady and Hubbard 1975].

Definition 4. By the jacobian Jac(%) of the measured foliation %, we understand
the Z-module m = ZA; + - - - + ZA, regarded as a subset of the real line R.

The importance of the jacobian stems from the observation that although the
periods, A;, depend on the choice of a basis in H,(X, Sing %; Z), the jacobian does
not. Moreover, up to a scalar multiple, the jacobian is an invariant of the equivalence
class of the foliation &. We formalize these observations in the following two results.

Lemma S (invariance of the jacobian). The Z-module m is independent of the
choice of a basis in H\(X, Sing &; Z) and depends solely on the foliation %.

Proof. Indeed, let A = (a;;) € GL,(Z) and let
n
yi/ = Z aij Vj
j=1
be a new basis in Hj (X, Sing %; Z). Then using the integration rules,

n n
;:/a)=/ w:E /w:é aijk;.
/ noo, . |
Vi D j=14ijYi j=1"Yi j=1

To prove that m = m’, consider the following equations:

m/: iZk; :iziaijkj = i(
i=1 i=1 j=1

j=1 Yi=

n

aijZ)kj Cm.
1
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Let A~! = (bij) € GL,(Z) be an inverse to the matrix A. Then A; =)} b,-.,-)Jj

and -
n
m = sz _Zsz,jx _Z<Zb,jz)x’jgm’.

i=l j=I j=1 ~i=l
Since both m’ € m and m € w’, we conclude that m’ = m. Lemma 5 follows. O

Now recall that two measured foliations & and F' are equivalent if there exists an
automorphism /2 € Mod(X) that sends the leaves of the foliation % to the leaves of
the foliation %'. This equivalence deals with topological foliations, i.e., projective
classes of measured foliations; see [Thurston 1988] for an explanation.

Lemma 6 (projective invariance). Let %, ¥ be the equivalent measured foliations
on a surface X. Then

Jac(F') = pJac(F),
where i > 0 is a real number.

Proof. Let h : X — X be an automorphism of the surface X. Denote by A, its
action on H{(X, Sing(%); Z) and by h* on H 1(X; R) connected by the formula

/ w= / h*(w), forall y € Hi(X, Sing(%); Z) and w € Hl(X; R).
hi(y) Y

Let w, a)’ € H'(X; R) be the closed 1-forms whose trajectories define the foliations
F and ¥, respectively. Since &, ¥ are equivalent measured foliations,
o' = ph*(w)

fora u > 0.
Let Jac(¥%) = Zxy + - - - + ZA, and Jac(F') = ZA| +- - - + ZA,,. Then

M:/w/:,ufh*(a)):,u/h( )a), 1<i<n.
i i « (Vi

By Lemma 5, we have

n

n
Jac(?ﬁ):ZZ/ w=ZZ/ w.
i—1 Vi hy(yi)

i=1
Therefore

n

n
Jac(F) = sz o = Msz o = pJac(F).
i=1 Vi i=1 h(vi)

Lemma 6 follows. (]
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2. Equivalent foliations are stably isomorphic

Let & be a measured foliation on the surface X. We introduce an AF C*-algebra, Ag,
corresponding to the foliation ¥ as explained in Section G of the Introduction (for
the foliation %4). The goal of this section is to prove the commutativity of the
following diagram:

5 equivalence
stable
Ag - , Ags
isomorphism

We start with a simple property of Jacobi—Perron fractions [Bernstein 1971].

Lemma 7 (modules and continued fractions). Letm =ZA| +---+ZA, and m' =
ZN, + -+ + ZX,, be two Z-modules, such that w' = um for a u > 0. Then the
Jacobi—Perron continued fractions of the vectors A and A’ coincide except, possibly,
at a finite number of terms.

Proof. Let m=ZA+---+ZA, and m' =ZA| +- - -+ Z1;,. Since m’ = pm, where
W is a positive real, one gets the following identity of the Z-modules:

IN) + -+ 2N, =Z (1) + - - -+ Z (k).

One can always assume that A; and A’ are positive reals. For obvious reasons, there

exists a basis {)L/l/, R )L;;} of the module m’, such that
2= A(ur),
)\‘// — A/)\,/

where A, A’ € GL,} (Z) are the matrices whose entries are nonnegative integers. In
view of Proposition 3 of [Bauer 1996], we have

(01 01 , (01 01
4= (o) () e = (o) ()

where b;, b! are nonnegative integer vectors. Since the (Jacobi—Perron) continued
fraction for the vectors A and uX coincide for any pu > 0 [Bernstein 1971], we

- 0e e -0
O-CH-CDEICD- ()
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()=t (7.0) () G)

In other words, the continued fractions of the vectors A and A’ coincide except at a
finite number of terms. O

where

Lemma 8 (main lemma). Let & and &' be equivalent measured foliations on a
surface X. Then the AF C*-algebras Ag and Ag are stably isomorphic.

Proof. Notice that Lemma 6 implies that equivalent measured foliations %, %' have
proportional jacobians, i.e., m’ = um for a u > 0. On the other hand, by Lemma 7
the continued fraction expansion of the basis vectors of the proportional jacobians
must coincide, except a finite number of terms. Thus, the AF C*-algebras Ag and
Ag are given by the Bratteli diagrams, which are identical, except a finite part of
the diagram. It is well known [Effros 1981, Theorem 2.3] that AF C*-algebras that
have such a property are stably isomorphic. ([

3. Proofs

Proof of Theorem 1. Let ¢ € Mod(X) be a pseudo-Anosov automorphism of the
surface X. Denote by F, the invariant foliation of ¢. By definition of such a
foliation, ¢ (Fg) = Ay Fys, where Ay > 1 is the dilatation of ¢.

Consider the jacobian Jac(%g) = my of F4. Since Fy is an invariant foliation
of the pseudo-Anosov automorphism ¢, one gets the following equality of the
Z-modules:

(1) my :A¢,m¢, )\.¢ 75:&1

Let {v™", ..., v} be a basis in module my, such that v > 0. In view of (1), one
obtains the following system of linear equations:

2™ = a1 oD +apv® -+ apu®,

2 )»¢v(2) =a vV +anv® + -+ ay,v™,

)\4¢v(n) — anlv(l) +an2v(2) + ... +annv(n)’

where a;; € Z. The matrix A = (a;;) is invertible. Indeed, since the foliation %
is minimal, the real numbers vV, ..., v™ are linearly independent over Q. So
are the numbers A5vV, ..., 140", which therefore can be taken for a basis of the
module m. Thus, there exists an integer matrix B = (b;;), such that v =3~ - w®,
where w®) = A¢v(i). Clearly, B is an inverse to matrix A. Therefore, A € GL,(Z).

Moreover, without loss of generality one can assume that a;; > 0. Indeed, if
this is not yet the case, consider the conjugacy class [A] of the matrix A. Since
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v > 0, there exists a matrix A* € [A] whose entries are nonnegative integers. One
has to replace basis v = (v(l), R v(")) in the module my by a basis Tv, where
AT =TAT!. 1t will be further assumed that A = A™.

Lemma 9. The vector (v(l), R v(”)) is the limit of a periodic Jacobi—Perron
continued fraction.

Proof. 1t follows from the discussion above that there exists a nonnegative integer
matrix A, such that Av = A4v. In view of [Bauer 1996, Proposition 3], matrix A
admits a unique factorization:

01 01
® 2=(00) ()

where b; = (bii), e, bf,i))T are vectors of nonnegative integers. Let us consider
the periodic Jacobi—Perron continued fraction:

01 0 1) (0
@ eolin) () ()

According to [Perron 1907, Satz XII], the above fraction converges to a vector

w=w, ... w

satisfying the equation (B1B; - -- Biy)w = Aw = Agw. In view of the equation
Av = Agv, we conclude that vectors v and w are collinear. Therefore, the Jacobi-
Perron continued fractions of v and w must coincide. O

It is now straightforward to prove that the AF C*-algebra attached to foliation
is stationary. Indeed, by Lemma 9, the vector of periods v = f 5@ unfolds into a
periodic Jacobi—Perron continued fraction. By definition, the Bratteli diagram of
the AF C*-algebra Ay is periodic as well. In other words, the AF C*-algebra Ay is
stationary. O

Proof of Theorem 2. (i) For completeness, we give a proof of the following well-
known lemma.

Lemma 10. If ¢ and ¢’ are conjugate pseudo-Anosov automorphisms of a sur-
face X, their invariant foliations F¢ and %y are equivalent as measured foliations.

Proof. Let ¢, ¢’ € Mod(X) be conjugate, i.e., ¢’ =hopoh~! for an automorphism
h € Mod(X). Since ¢ is the pseudo-Anosov automorphism, there exists a measured
foliation %4, such that ¢ (F4) = L4 F4. Let us evaluate the automorphism ¢’ on the
foliation h(%Fg):

®) ¢ (h(Fp)) = hoph™ (h(Fp)) = hep(F) = hhrsFy = hy(h(Fp)).
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Thus, 4 = h(%F,) is the invariant foliation for the pseudo-Anosov automorphism ¢’
and ¥y, F4 are equivalent foliations. Note also that the pseudo-Anosov automor-
phism ¢’ has the same dilatation as the automorphism ¢. U

Suppose that ¢ and ¢’ are conjugate pseudo-Anosov automorphisms. The functor
F acts by the formulas ¢ — Ay and ¢ — Ay, where Ay, Ay are the AF C*-algebras
corresponding to the invariant foliations %y, F¢ . In view of Lemma 10, F4 and
%y are equivalent measured foliations. Then, by Lemma 8, the AF C*-algebras
Ay and Ay are stably isomorphic AF C*-algebras. Item (i) follows.

(ii)) We start with an elementary observation. Let ¢ € Mod(X) be a pseudo-
Anosov automorphism. Then there exists a unique measured foliation, %, such that
¢ (Fg) =Ly Fyp, Where Ay > 1 is an algebraic integer. Let us evaluate automorphism
¢* € Mod(X) on the foliation Fp:

©)  $(Fp) =@ (Fp)) = MsTFp) = hpd(Fg) = 13 Fp = A2 Fg,

where .42 := )»é. Thus, foliation % is an invariant foliation for the automorphism ¢’
as well. By induction, one concludes that F, is an invariant foliation of the
automorphism ¢" for any n > 1.

Even more is true. Suppose that 1y € Mod(X) is a pseudo-Anosov automorphism,
such that " = ¢" for some m > 1 and v # ¢. Then F is an invariant foliation for
the automorphism . Indeed, % is invariant foliation of the automorphism ™. If
there exists & # F such that the foliation &' is an invariant foliation of v, then the
foliation % is also an invariant foliation of the pseudo-Anosov automorphism ™.
Thus, by uniqueness, ¥ = %,. We have just proved the following lemma.

Lemma 11. Let ¢ be the pseudo-Anosov automorphism of a surface X. Denote
by [¢] a set of the pseudo-Anosov automorphisms  of X, such that Y™ = ¢"
for some positive integers m and n. Then the pseudo-Anosov foliation Fy is an
invariant foliation for every pseudo-Anosov automorphism r € [¢].

In view of Lemma 11, one arrives at the following identities among the AF C*-
algebras:

(7) A¢=A¢2==A¢n=/&wm==A¢2=Aw

Thus, functor F is not an injective functor: the preimage, Ker F, of algbera Ay
consists of a countable set of the pseudo-Anosov automorphisms ¥ € [¢], commen-
surable with the automorphism ¢. This proves Theorem 2(ii). O

Proof of Corollary 3.

Proof that (A, [1], K) is an invariant. (i) It follows from Theorem 1 that Ay is
a stationary AF C*-algebra. An arithmetic invariant of the stable isomorphism
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classes of the stationary AF C*-algebras has been found by D. Handelman [1981].
Summing up his results, the invariant is as follows.

Let A € GL,(Z) be a matrix with strictly positive entries, such that A is equal
to the minimal period of the Bratteli diagram of the stationary AF C*-algebra. (In
case the matrix A has zero entries, it is necessary to take a proper minimal power
of the matrix A.) By the Perron—Frobenius theory, matrix A has a real eigenvalue
Aa > 1, which exceeds the absolute values of other roots of the characteristic
polynomial of A. Note that A4 is an invertible algebraic integer (the unit). Consider
the real algebraic number field K = QQ(A4) obtained as an extension of the field
of the rational numbers by the algebraic number A 4. Let (vg), s vg")) be the
eigenvector corresponding to the eigenvalue A 4. One can normalize the eigenvector
so that vX) €eK.

The departure point of Handelman’s invariant is the Z-module

m=2v +-- + 207,

The module m brings in two new arithmetic objects: (i) the ring A of the endo-
morphisms of m and (ii) an ideal / in the ring A, such that / = m after a scaling
[Borevich and Shafarevich 1966, Lemma 1, p. 88]. The ring A is an order in the
algebraic number field K and therefore one can talk about the ideal classes in A.
The ideal class of [ is denoted by [/]. Omitting the embedding question for the
field K, the triple (A, [I], K) is an invariant of the stable isomorphism class of the
stationary AF C*-algebra Ay [Handelman 1981, Section 5]. (]

Proof that A and X ae invariants. Numerical invariants of the stable isomorphism
classes of the stationary AF C*-algebras can be derived from the triple (A, [I], K).
These invariants are rational integers — called the determinant and signature — and
can be obtained as follows.

Let m, m’ be the full Z-modules in an algebraic number field K. It follows
from (i) that if m # m’ are distinct as the Z-modules, then the corresponding AF
C*-algebras cannot be stably isomorphic. We wish to find the numerical invariants,
which discern the case m # m'. It is assumed that a Z-module is given by the set of
generators {Ap, ..., A,}. Therefore, the problem can be formulated as follows: find
a number attached to the set of generators {A1, ..., A,}, which does not change on
the set of generators {1/, ..., A, } of the same Z-module.

One such invariant is associated with the trace function on the algebraic number
field K. Recall that Tr : K — Q is a linear function on K, that is, Tr(a + 8) =
Tr(a) + Tr(8) and Tr(ax) = a Tr(x) for all @, 8 € K and all a € Q.

Let m be a full Z-module in the field K. The trace function defines a symmetric
bilinear form ¢ (x, y) : m x m — @ by the formula

(8) (x,y)— Tr(xy) forallx,yem.
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The form g (x, y) depends on the basis {Aj, ..., A,} in the module m:

n

n
&) qx,y)= Z Zaijxiyj, where a;; = Tr(A; 1 ).
j=1i=1

However, the general theory of bilinear forms (over the fields @, R, C or the ring
of rational integers Z) tells us that certain numerical quantities will not depend on
the choice of such a basis.

Namely, one such invariant is as follows. Consider a symmetric matrix A
corresponding to the bilinear form ¢ (x, y):

al ap -+ 4

app az -+ dyp
(10) A=

Alp d2p -+ dpp

It is known that the matrix A, written in a new basis, will take the form A’ =UT AU,
where U € GL,(Z). Then Det(A’) = Det(UT AU) = Det(U”) Det(A) Det(U) =
Det(A). Therefore, the rational integer number

(11) A = Det(Tr(A; 1)),

called a determinant of the bilinear form ¢ (x, y), does not depend on the choice
of the basis {A, ..., A,} in the module m. We conclude that the determinant A
discerns' the modules m # m’.

Finally, recall that the form ¢ (x, y) can be brought by an integer linear transfor-
mation to the diagonal form:

(12) a1x? +apx3 + - -+ apx2,

where a; € Z \ {0}. We let a;“ be the positive and a; the negative entries in the
diagonal form. In view of the law of inertia for bilinear forms, the integer number
Y= (#a;r ) — (#a;"), called a signature, does not depend on a particular choice of
the basis in the module m. Thus, X discerns the modules m % m’. Corollary 3
follows. O

Note that if A = A’ for the modules m, m’, one cannot conclude that m = m’. The problem of
equivalence of symmetric bilinear forms over Q (i.e., the existence of a linear substitution over @ that
transforms one form to the other), is a fundamental question of number theory. The Minkowski—Hasse
theorem says that two such forms are equivalent if and only if they are equivalent over the field Q)
for every prime number p and over the field R. Clearly, the resulting p-adic quantities will give new
invariants of the stable isomorphism classes of the AF C*-algebras. The question is similar to the
Minkowski units attached to knots; see, e.g., [Reidemeister 1932]. We will not pursue this topic here
and refer the reader to the section on open problems, on page 460.
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4. Examples, open problems and conjectures

In the present section we shall calculate invariants A and X for the Anosov auto-
morphisms of the two-dimensional torus. Examples of two nonconjugate Anosov
automorphisms with the same Alexander polynomial, but different determinants A
are constructed. Recall that isotopy classes of the orientation-preserving diffeomor-
phisms of the torus 72 are bijective with the 2 x 2 matrices with integer entries and
determinant +1, i.e., Mod(Tz) =SL(2, Z). Under the identification, the nonperiodic
automorphisms correspond to the matrices A € SL(2, Z) with |[Tr A| > 2.

Full modules and orders in the quadratic field. Let K = Q(+/d) be a quadratic
extension of the field of rational numbers Q. Further we suppose that d is a positive
square free integer. Let

1+/d .

—— ifd=1 mod4,
(13) w={ 2 o

Vd ifd =2,3 mod4.

Proposition 12. Let [ be a positive integer. Every order in K has form Ay =
2+ (fw)Z, where f is the conductor of A y.

Proof. See [Borevich and Shafarevich 1966, pp. 130-132]. ([

Proposition 12 allows to classify the similarity classes of the full modules in the
field K. Indeed, there exists a finite number of mgp, ey mgf) of the nonsimilar
full modules in the field K, whose coefficient ring is the order A ¢; cf. [Borevich
and Shafarevich 1966, Theorem 3, Chapter 2.7]. Thus, Proposition 12 gives a

finite-to-one classification of the similarity classes of full modules in the field K.

Numerical invariants of Anosov automorphisms. Let A y be an order in K with
the conductor f. Under the addition operation, the order A ¢ is a full module, which
we denote by m ;. Let us evaluate the invariants g (x, y), A and ¥ on the module
my. To calculate (a;;) = Tr(A;A;), welet Ay =1, Ao = fw. Then

ain =2, ap=ay =f, azzz%fz(d—i-]) ifd =1 mod4,

(14) )

an=2, ap=a3=0, anp=2fd ifd=2,3 mod4,
and
as) gx,y) =2x>+2fxy+ 1 f2(d+1)y* ifd=1 mod4,

q(x,y) =2x>+2f%dy? ifd =2,3 mod4.
Therefore

240 ifd=1 mod4
(16) A= f ) 1 mod4,
4% ifd=2,3 mod4,
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and ¥ = +2 in both cases, where ¥ = #(positive) — #(negative) entries in the
diagonal normal form of g (x, y).

Examples. Let us consider some numerical examples, which illustrate advantages
of our invariants in comparison to the classical Alexander polynomials.

Example 13. Denote by M4 and Mp the hyperbolic 3-dimensional manifolds
obtained as a torus bundle over the circle with the monodromies

52 51
(17) A=<2 1) and B=<4 1),

respectively. The Alexander polynomials of M4 and Mg are identical: A4(t) =
Ap(t) =t* — 6t + 1. However, the manifolds M, and My are not homotopy equiv-
alent. Indeed, the Perron—Frobenius eigenvector of matrix A is v4 = (1, V2-1)
while of the matrix B is vz = (1, 2+/2 — 2). The bilinear forms for the modules
my =27+ (v2—=1)Z and mp = Z + (2+/2 — 2)Z can be written as

(18)  qalx,y)=2x*—dxy+6y%, qp(x,y) =2x> —8xy +24y%,

respectively. The modules m4, mp are not similar in the number field K = @(\/5),
since their determinants A(my4) = 8 and A(mp) = 32 are not equal. Therefore,
matrices A and B are not conjugate® in the group SL(2, Z). Note that the class
number hg = 1 for the field K.

Example 14 [Handelman 2009, p. 12]. Let M4 and M g be 3-dimensional manifolds
corresponding to matrices

(19) A:(;L Z) and B:(iL 145)

respectively. The Alexander polynomials of M4 and Mg are identical: A4(t) =
Ap(t) =t* — 8t + 1. Yet the manifolds M, and Mp are not homotopy equivalent.
Indeed, the Perron—Frobenius eigenvector of matrix A is v4 = (1, %\/ﬁ) while of the
matrix B is vg = (1, 11—5\/3) The corresponding modules are my = Z + (%«/E)Z
and mg =7 + (%5\/1_5)2; note that d = 15 = 3 mod4 in both cases, but the
corresponding conductors are f4 = 3 and fp = 15. Using formulas (15) one finds

(20) qgalx,y) =2x2+18y2, qs(x,y) =2x2+450y2,

2The reader may verify this fact using the method of periods, which dates back to Gauss. First we
have to find the fixed points Ax = x and Bx = x, which givesus x4 = 1 ++2 and x5 = (1 ++/2)/2,
respectively. Then one unfolds the fixed points into a periodic continued fraction, which gives us
xa=12,2,2,...]andxgp =[1,4, 1,4, ...]. Since the period (2) of x4 differs from the period (1, 4)
of B, the matrices A and B belong to different conjugacy classes in SL(2, Z).
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respectively. The modules m4, mp are not similar in the number field K = Q(+/15),
since formulas (16) imply that their determinants A(m4) = 36 and A(mp) =900
are not equal. Therefore, matrices A and B are not conjugate in the group SL(2, Z).

Example 15 [Handelman 2009, p. 12]. Let a, b be positive integers satisfying the
Pell equation a®> — 8b%> = 1; the latter has infinitely many solutions, e.g., a = 3,
b =1, etc. Denote by M4 and Mp the 3-dimensional manifolds corresponding to
matrices

a 4b a 8b

21 A=<2b a) and B=<b a)'

M 4 and Mp have the same Alexander polynomial, A4 (1) = Ap(t) = 12 —2at + 1,
yet they are not homotopy equivalent. Indeed, the Perron-Frobenius eigenvector of
matrix Aisvs = (1, ﬁ«/az — 1) while of the matrix B is vy = (1, %\/az —1). The
corresponding modules are my = Z + (ﬁx/a2 —1DZandmp =7+ (81—b\/612 - 1)Z.
It is easy to see that the discriminant d = a’ —1=3 mod4 for all @ > 2. Indeed,
d = (a —1)(a+ 1), so the integer a satisfies a # 1; 3 mod4; hence a =2 mod4,
sothata — 1 =1 mod4 and a + 1 =3 mod4 and, thus, d = a®> — 1 =3 mod4.
Therefore the corresponding conductors are f4 = 4b and fp = 8b, and

(22) qa(x,y) =2x2 43202 — 1)y*, qp(x,y) =2x>+128b*(a> — 1)y>.

The modules m,4, mp are not similar in the number field K = Q(+/a? — 1), because
their determinants A(my) = 64b%(a* — 1) and A(mp) = 256b%*(a® — 1) are not
equal. Therefore, the matrices A and B are not conjugate in SL(2, Z).

Open problems and conjectures. This section is devoted to some questions and
conjectures in connection with the invariants (A, [/], K), g(x, y), A and X.

1. P-adic invariants of pseudo-Anosov automorphisms

A. Let ¢ € Mod(X) be a pseudo-Anosov automorphism of a surface X. If A4 is the
dilatation of ¢, then one can consider a Z-module m = Zv" 4 .. + Zv™ in the
number field K = Q(A4) generated by the normalized eigenvector (v'V, ..., v™)
corresponding to the eigenvalue A4. The trace function on the number field K gives
rise to a symmetric bilinear form g (x, y) on the module m. The form is defined over
the field Q. It has been shown that a pseudo-Anosov automorphism ¢’, conjugate
to ¢, yields a form ¢’(x, y), equivalent to g(x, y), i.e., ¢g(x, y) can be transformed
to ¢’(x, y) by an invertible linear substitution with the coefficients in Z.

B. Recall that two rational bilinear forms ¢ (x, y) and ¢’(x, y) are equivalent when-
ever the following conditions are met:

(1) A = A’, where A is the determinant of the form.
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(i1) For each prime number p (including p = 00), certain p-adic equations between
the coefficients of forms ¢, ¢’ must be satisfied; see, e.g., [Borevich and
Shafarevich 1966, Chapter 1, Section 7.5]. (In fact, only a finite number of
such equations have to be verified.)

Condition (i) has already been used to discern between the conjugacy classes of
the pseudo-Anosov automorphisms. One can use condition (ii) to discern between
the pseudo-Anosov automorphisms with A = A’. The following question can be
posed: find the p-adic invariants of the pseudo-Anosov automorphisms.

2. Signature of pseudo-Anosov automorphism

The signature is an important and well-known invariant connected to the chirality and
knotting number of knots and links [Reidemeister 1932]. It will be interesting to find
a geometric interpretation of the signature X for the pseudo-Anosov automorphisms.
One can ask the following question: find a geometric meaning of the invariant X.

3. Number of conjugacy classes of pseudo-Anosov automorphisms with the same
dilatation

The dilatation A4 is an invariant of the conjugacy class of the pseudo-Anosov auto-
morphism ¢ € Mod(X). On the other hand, it is known that there exist nonconjugate
pseudo-Anosov’s with the same dilatation and the number of such classes is finite
[Thurston 1988]. It is natural to expect that the invariants of operator algebras can
be used to evaluate the number. We conclude with the following conjecture.

Conjecture 16. Let (A, [/], K) be the triple corresponding to a pseudo-Anosov
automorphism ¢ € Mod(X). Then the number of the conjugacy classes of the
pseudo-Anosov automorphisms with the dilatation A4 is equal to the class number
ha = |A/[1]] of the integral order A.
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CONNECTED SUMS OF CLOSED RIEMANNIAN MANIFOLDS
AND FOURTH-ORDER CONFORMAL INVARIANTS

DAVID RASKE

In this note we take some initial steps in the investigation of a fourth-order
analogue of the Yamabe problem in conformal geometry. The Paneitz con-
stants and the Paneitz invariants considered are believed to be very helpful
to understand the topology of the underlying manifolds. We calculate how
those quantities change, analogous to how the Yamabe constants and the
Yamabe invariants do, under the connected sum operations.

1. Introduction

Let (M, g) be a connected compact Riemannian manifold without boundary of
dimension n > 5. Let

(1-1)

Ole] = n—4 (n—4)(n3—4n2+16n—16)R2_2(n—4)

_4(n—1) R+ 16(n —1)2(n —2)2 (n—2)2

be the so-called Q-curvature, where R is the scalar curvature, Ric is the Ricci
curvature. And let

(1-2) P@J=(—Af—dwg((

IRic|?

(n—2)2+4
2i—1)(n—-2)"8"n

be the so-called the Paneitz—Branson operator. It is known that

izm%)d)+Qk]

(1-3) Plglu = QlgyJuns

which is called the Paneitz—Branson equation, where g,, =u = g (see [Paneitz 1983;
Branson 1987; Xu and Yang 2001; Djadli et al. 2000]). We consider the equation
(1-3) as a fourth-order analogue of the well-known scalar curvature equation

n+2
(1-4) Llglv = R[gv]v=2,
where
(1-5) L[g]=—mA+R

n—2

MSC2010: primary 57R65; secondary 57R99.
Keywords: Paneitz—Branson operator, Q-curvature.

463


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2013.261-2
http://dx.doi.org/10.2140/pjm.2013.261.463

464 DAVID RASKE

. . 4

is the so-called conformal Laplacian and g, = v»—2g. The well-known Yamabe
problem in conformal geometry is to find a metric, in a given class of conformal
metrics, which is of constant scalar curvature, i.e., to solve

Llglv=Y v%
on a given manifold (M, g) for some positive function v and a constant Y. The
affirmative resolution to the Yamabe problem was given in [Schoen 1984] after
other notable works [Yamabe 1960; Trudinger 1968; Aubin 1976]. In fact, it was
proven that there exists a so-called Yamabe metric g, in the class [g] which is a
minimizer for the so-called Yamabe functional
vL[g]v) dv
() = S LD D
(fag vi=2dvg) ”

In this paper we investigate a fourth-order analogue of the Yamabe problem. Let

C°(M) be the space of smooth positive functions on M. Similar to the Yamabe
problem, we define the Paneitz functional

[y uP[glu) dvg

n—4

(fM ”%dvg) !

for u € C.2°(M) and the Paneitz constant associated with (M, [g])

(1-7) AM,[g) = inf  ©g(u).
ueC; 22 (M)

(1-6) g (U) =

It is clear that A(M, [g]) is a conformal invariant of the conformal class [g] because
of the conformally covariant property of the Paneitz—Branson operator:

_nt4
(1-8) Plgwlu =w" =% Plg](w-u)
where gy, = = g € [g]. To describe the differential structure of M, we define

(1-9) AMM) = sup A(M, [g]).
le]

We will refer to A (M) as the Paneitz invariant of the manifold M as the counterpart
of Yamabe invariant. In [1986], Gil-Medrano studied the Yamabe constant for a
connected sum of two closed manifolds. One interesting consequence of connected
sum results in [Gil-Medrano 1986] is that every compact manifold without boundary
admits a conformal class of metrics whose Yamabe constant is very negative. In
Section 3 we calculate as Gil-Medrano did in [1986] to verify that

Theorem 1.1. Let (My, g1) and (M>, g2) be two compact Riemannian manifolds
of dimension n > 5. Then, for each € > 0, there is a conformal class [g] of metrics
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on My # M» such that
(1-10) MMy # M>, [g]) < min{A(M1, [g1]), AM(M2, [g2])} + €

and there exists a conformal class [h] of metrics on M1 # M such that
(-1 AM # M, D) < 27" (M(My, [g1]) + A(Ma, [g2]) +e.

Due to the works of Schoen and Yau [1979] (see also [Gromov and Lawson
1980]), one knows that there is some topological constraint for a manifold to possess
a metric of positive Yamabe constant. Therefore it is interesting to see how the
Yamabe invariant is effected by connected sum. It was proven in [Kobayashi 1987],
[Schoen and Yau 1979], and [Gromov and Lawson 1980] that the Yamabe invariant
of connected sum of two manifolds with positive Yamabe invariants is still positive.
More precisely, Kobayashi in [1987] showed that the Yamabe invariant of connected
sum of two manifolds is greater than or equal to the smaller of the Yamabe invariants
of the two. In Section 4 we obtain an analogue for the Paneitz invariant.

Theorem 1.2. If M and M, are compact manifolds of dimension n > 5, then
(1-12) A(My # M>) > min{A(M1), A(M2)}.

The positivity of Paneitz invariant in dimension higher than 4 should be a
topological constraint, as indicated by successful researches in [Chang and Yang
2002] (references therein) for a fourth-order analogue of how Gaussian curvature
influences the geometry of surfaces in dimension 2. Another testing ground is to
consider closed locally conformally flat manifolds. Then the recent works in [Chang
et al. 2004] and [Gonzélez 2005] indicate to us that the positivity of fourth-order
curvature is indeed very informative about the topology of the underlying manifolds.
We would also like to mention the work by Xu and Yang in [2001] where they
demonstrated that positivity of the Paneitz—Branson operator is stable under the
process of taking connected sums of two closed Riemannian manifolds.

In Section 2 we discuss some preliminary facts about the Paneitz functional. In
Section 3 we calculate and verify Theorem 1.1. In Section 4 we prove Theorem 1.2.

2. Preliminaries

Recall that the Yamabe constant of any closed manifold of dimension greater than 2
is a finite number and the largest possible Yamabe constant is realized and only
realized by the Yamabe constant of the standard round sphere in each dimension.
The difficult part is to show that the round sphere is the only one that has the largest
Yamabe constant, which was the last step in the resolution of Yamabe problem
solved by Schoen in [1984] based on a positive mass theorem of Schoen and Yau.
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We observe that, by (1-3),

n

+4
n—4 dvg

2-1) /M(uP[glu) dvg = /MMQ[gu]u
- / Olgulu dvg = / Olguldvg,.
M M

where g, = un%g € [g]. Hence

| wpigo av,
_ (n—4)n3—4n?+16n-16) , 2(n—4) _. ,
‘/M(( 6222 _<n—2)2'Rlc')d”)[g“]
n R?) dv)[gul,
<c /M(( ) dv)[gu]
where

_(n —4)(n3—4n? +16n—1g) 2(n—4)
- 16(n — 1)2(n —2)2 n(n—2)%

n

When we consider a Yamabe metric g,,, we have

fM(Rdv)[gu]

VOI(M’ gu)T

(2-2) — Y vol(M, gu) <n(n—1)vol(S™, go)7,

and since Y and ¢, are nonnegative by hypothesis, we have

Ju WP glu) dvg

(2-3) —
VOI(Ma gu)T

< enY2vol(M, gu)i < cn(n(n — 1)) vol(S™, go)7

_ Jsn(Qav)lgo]

—r = A (8", [goD).
vol(S”, go) n
Consequently we obtain:

Lemma 2.1. Let (M", g) be a closed Riemannian manifold of dimension greater
than 5 with nonnegative Yamabe constant. Then

(2-4) AM™, [g]) = A(S™, [go])

and the equality holds if and only if (M, g) is conformally equivalent to the standard
round sphere (S", go).

On the other hand, by some choices of testing functions similar to the ones used
to estimate the Yamabe functional, we get:
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Lemma 2.2. Let (M", g) be a closed Riemannian manifold of dimension greater
than 4. Then

(2-5) —o0 < A(M", [g]) = A(S". [go]).
where g is the standard round metric on the sphere S™.

Proof. The Paneitz constant is easily seen to be bounded from below, because, by
(1_2)’

(2:6) /M(uP[glu) dv =

4
/ |Au|2dv+an/ R|Vu|2dv——/ Ric(Vu,Vu)dv+/ Qu?dv,
M M n—4 Ju M

where

(n—2)2 +4
an_

T 2n—1D)(m—2)

It suffices to estimate (2-3) for nonnegative functions such that

/ un%tdv =1.
M

Hence, by Holder’s inequality,
(2-7) /(uP[g]u)de[ |Au|2dv—C1/ |Vu|2dv—C2/ u?dv
M M M M

z[ |Au|2dv—C1/ (—Au)udv—CZ/ u?dv
M M M

zl/ |Au|2dv—%C12/ uzdv—sz u?dv
2Jm M M

n—4

2—(%C12+C2)(/ uffz—n‘tdv) Vol(M,g)%
M
4
> —(3CE+C2)vol(M, g)n,
for some constants Cy, C» > 0 depending on (M", g).
To estimate the upper bound we choose to work in geodesic normal coordinates

in a very small geodesic ball By C M and transplant the rescaled round sphere
metric. Let B¢ (0) C R" and

(2-8) gij(x) =8;; + O(|x|*) forall x € B¢ (0).
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Define a smooth nonnegative function u, on M by

n—4
2¢3 'z
(2-9) e (x) = (66 n |x|2) for x € Be(0).
0 for x ¢ By (0)

It is easily calculated that

(2-10) ./ @Qlﬂgh%)dvzzjq |Aue|?dx +o0(1)
M B(0)
A 7¢3 12
_/n (66+|x|2)
n—4 o
2
:/ N
n 1+|X|2
and

dx +o(1)
2n 2n
(2-11) / ul~*dv / ul~*dx +o(l)
M B(0)

263 "
Z/Rn(—eG—l—lxlz) dx +o(1)

2 n
= o () @ o

2
dx +o(1)

Therefore
(ue Plglue) dv 2 |As|?dx
(2-12) pue) = 1 S = Ja ——— +o(l),
(fyguédv) " (frn s7=3dx) 7
2\
where s = (TW> . Thus, taking € — 0, we arrive at
(2-13) A(M, [g]) < A(S™, [go])-

O

One interesting question would be whether (M, g) is conformally equivalent to
(S™, go) when A(M, [g]) = A(S", [go]) without assuming the Yamabe constant of
(M, g) is nonnegative. In other words one would be interested in searching for
some analogue of a positive mass theorem of Schoen and Yau here if it make any

sense.

3. Connected sums and the Paneitz constant

In this section we will calculate the Paneitz functional on a connected sum of two
closed manifolds and verify Theorem 1.1. Let (M, g) be a closed manifold of
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dimension higher than 4. Fix a point p € M and let

0 for x € Bs(p),

(3-D Js= 1 forx e M\ Bys(p),

be a family of smooth functions. We may ask that

C C
(3-2) 0<fz<I, IVf5|<7°, |Af,s|<5—§

for some number Cy > 0.

Lemma 3.1. Let (M, g) be a closed manifold of dimension greater than 4. Let
u € CL(M) be given. Then ug = fsu € CL°(M) and

(3-3) £g(Us) = pg(u) +o(1)
as§ — 0.

Proof. We simply calculate, for a fixed § > 0, by (2-6) and (3-2),

(-4 [ (us Pletus) v

M

4

:/ |Au3|2dv+an[ R|Vu3|2dv——[ Ric(Vug,Vug)dv—l—/ Qu%dv

M M n—4 Ju M
— [ wPlghod-+o(1)

M
and

2n n
(3-5) /u(g’_“dv:/ unzﬁdv—i-o(l),
M M

as § — 0. O

Now let us consider the connected sum of two closed Riemannian manifolds. Let
(M1, g1) and (M>, g») be two compact Riemannian manifolds without boundary of
dimension n > 5. For x; € My and x5 € M, let Bg, (x1) C My and Bs,(x2) C M>
be geodesic balls respectively. To make the connected sum one simply takes off
the open balls B%Sl (x1) and 3%82 (x2) from My and M>, identify 83%81 (x1) with
oB 15, (x2). Hence
(3-6)

My # My =[(My\ Bis, (x1)) U (M2 \ B%gz(xz))]/{aB%gl (x1) ~ 33%52(962)}-

We may construct a metric g on the connected sum M # M, such that g agrees with
g1 on My \ Bs, (x1) and g2 on M> \ Bs,(x2). Notice that topologically M # M,
does not depend on the value of §; when they are sufficiently small. Now let us
calculate and estimate the Paneitz functional on the connected sum.
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Theorem 3.2. Let (M1, g1) and (M>, g3) be two closed Riemannian manifolds of
dimension n > 5. Then for each € > 0, there is a conformal structure [g] on M1# M
such that

(3-7) A(My # M, [g]) < min{A (M, [g1]). M(M2, [g2])} + €.
Alternatively, we may find a conformal structure [g] on M1 # M such that
(3-8) M. [g]) < A(My, [g1]) + A(Ma, [92)27"7 +e.

Proof. Let us assume that A(M1, [g1]) < A(M>,[g2]) and € > O fixed. By the
definition of the Paneitz constant, we know that there is a real number § > 0 and a
smooth function ug € C.£°(M) such that ug vanishes on a geodesic ball Bg(x1) of
radius é and centered at x; € M7 and such that

pg(ug) <A(My,[g1]) +e.

Let g be a metric on M = M # M, which agrees with g1, when restricted to
M1\ Bg(x1). And define the function g on M7 # M, as follows:

g =ug on My \ Bs(x1),
ug =0 elsewhere.

We then have
St (i5? + an RV — 55 Rie(Vily, Vi) + Qi) dv
2n_ n_ .
(fpr 5" dv)"*

Recalling that ug vanishes on Bg(x;) we see that

£g(lis) =

pg(Us) = g, (ug) < A(My,[g1]) +e€.

Consequently,
A(M, [g]) < A(M1,[g1]) + € = min(A(M1, [g1]), A(M2, [g2])) + €.

We now proceed to prove (3-8). First, Lemma 3.1 can be used to say that for any
fixed € > 0, x, € M1, x5 € M, we can find two positive reals 81, > and smooth
functions ug, , us,, where us, € C°°(M;), with the following properties:

us, =0 on Bs (x1), &g, (us) <A(M1,[g1]) + €1,

Ug, = 0 on BSQ(XZ)? @gz(”&z) < A(MZv [gZ]) + €1,

—n+4 . . .
where €, =27 n €. Also, notice that we can assume without loss of generality

2 . . .
that the L7—3 (M) norms of ug, and ug, are normalized. Using the same reasoning
as in the proof of (3-7), a metric g on M1 # M, can be constructed such that g
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agrees with g; when restricted to M; \ B, (x;). Let us consider now the function
on M = M # M, given by

us, on M \381(x1)7
(3-9) U= us, on M \ BSz(xl),

0 elsewhere,
then

@ fMl\le(xn((M)z +an R|Vil|? — -2, Ric(Vii, Vi) + Qii?) dv
pg W= ~_2n
('[MI\BS E L —4dv +fM2\Bs (xz)u" 4dv)” -
sz\B,; (x2) ((Au)z + anR|Vu|2 — RIC(VM Vu) =+ Qu )

(fMl\le (xl)“” i=idy + sz\Bs (x2>”” “d”)
Using (3-9) we then obtain

S ytngs, oy (A% +an R| Vits, [ = 245 Ric(Vils, Vits, )+ Qi ) dv

@g(u) = 2n_ 2n_ _n_
~n—4 ~n—4 n—
(fMl\le (%8, dv+fM2\Bsz(x2)u52 dv) !

sz\Bs (xz)((Au52)2+anR|Vu52|2——R10(Vu52,Vu52)+Qus )dv

2n
(fM1\381(x1)u51 dv+fM2\352(X2)u52 dv)” -

Now, recalling the above stated properties of us, and us,, we may also assume

/ ugi%dv =1,
M;i\Bs; (x;)

and

©g; (Us;)
— / (Aﬁgi2 +an R|Viig, 1> — % Ric(Viig,, Viis,) + Qﬁ?) dv
M;\Bs. (x;) n—2 i
<A(M;.[gi]) + €1
Thus
A(M. [g]) < g (@) < (A(My, [g1]) + A(M2. [g2]) + 2€1)2” "5
= (\(M1. [g1]) + A(M2. [g2]))27"7 +e. O

4. Connected sums and the Paneitz invariants

Kobayashi in [1987] showed that the Yamabe invariant of connected sum of two
manifolds is greater than or equal to the smaller of the Yamabe invariants of the
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two. The aim of this section is to generalize this result of Kobayashi to the case
of compact manifolds of dimension n > 5, and with the Yamabe invariant Y (M)
replaced by it’s fourth-order analogue the Paneitz invariant A(M). Namely, we
have

Theorem 4.1. Let M1 and M3 be closed manifolds of dimensionn > 5. If A\(M1) >0
and A(M3) > 0 then

(4-1) A(My# M3) > min{A(My), A(M3)}.

We will basically follow the approach taken in [Kobayashi 1987]. First we
consider the Paneitz invariant on the disjoint union of compact manifolds. Take
two n-manifolds with conformal structures, say (M1, [g1]) and (M2, [g2]). We
write (M, [g]) = (M1, [g1]) L (M2, [g2]) if M is the disjoint union of M; and M>,
and g; = {g|m,: g € [g]} fori = 1,2. Let u be a smooth nonnegative function
on M. Since M is the disjoint union of M and M> it follows that we can write
u = uy + up, where u; = 0 on M;, where i # j and where u; is a nonnegative
smooth function on M;. If we assume that A(M;, [gi]) = 0 for i = 1, 2, then it can
easily be seen that

A(M, [g]) = min{A(M1, [g1]), A(M>. [g2])}.

Due to Lemma 2.2, we can assume that A(M1) and A(M>) are finite; and we can
use the above equation to conclude that

A(M) = min{A(My), A(M2)].

Let M be a compact manifold of dimension n > 5, and p; and p, two points
of M. We take off two small balls around p; and p,, and then attach a handle
instead, the handle being topologically the product of a line segment and S”~!.
The new manifold obtained in this way will be denoted by M. Let M; and M, be
Riemannian manifolds and let M LI M5 denote the disjoint union of My and M.
If M = M, UM, and p; and p, are taken from M; and M respectively, then
M = M, # M,. Therefore we see that in order to prove Theorem 4.1 it suffices to
show

A(M) = A(M).

Proof of Theorem 4.1. Let € be an arbitrary positive number, which will be fixed
throughout. First, we take a metric g on M such that

(4-2) A(M, [g]) > M(M) —e.

Due to continuity considerations we may assume that [g] is conformally flat around
the points p; and p,. Then there is a function y € C*°(M \ {p1, p2}) and g € [g]
such that ¢ = e¥ g is a complete metric of M \ {p1, p»} and that each of the two
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ends is isometric to the half-infinite cylinder [0, c0) x S”~1(1). For convenience,
we write

(M \{p1, p2},§) = [0,00) x "1 (1) U (M, g) U [0, 00) x "1 (1),

where M is the complement of the two cylinders. We can glue (M, %) and [0,1] x
S§"~1(1), along their boundaries to get a smooth Riemannian manifold (M, g;),
where M is as mentioned in the beginning of the section:

(4-3) (M.g)=(M.Z)U[0.1]x S"7'(1).

We then have

[z (AN +anRIV > = 25 Ric(VAV )+ Qf?)dv
(g f7#5duy™

So, take a positive function f; € C°°(M) such that

A(M., [g1]) =;ng

’

(4-4) /((Afz)2 L anRIV AP — 2 Ric(V 1.V f) + sz) dv
M n—2 .
<AL [g]) + ——

[+1
and
(4-5) [ sisav=1.
M
Lemma 4.2. There is a section, say {t;} x S"1, in the cylindrical part of M such
that
2 2 4 . 2 B
(A" +anR|V fil” = —SRic(V /1. V) + Qf 7 ) dv < —,
{tl}XS”_l n—2 l
where B is a constant independent of .
Proof. Using (4-4) we have
4 .
/ ((Afl)2+a,,R|Vfl|2—Tsz(Vfl,Vfl)+Qf,z) dv
§7=1x[0,1] n
= 1
<AM, [g1]) + T4
4 .
—/ﬂ ((Afl)z +anRIV fil® = =5 Rie(V £1.V fi) + Qﬁz) dv.

Now suppose that [37 |V fi |2dv goes to infinity as [ — oo. It would follow
that | (A f1)? = oo as [ — oo and that this divergence is much faster than the
divergence of (37 |V f;|2dv. But this implies that (37 f; P; fidv>A(M, [gl])—i—lJ%1
for large /, which forces a contradiction (here P; is the Paneitz—Branson operator
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of the metric g;.) It follows that there exists a constant D independent of / such
that

4
/ anR|V fi|> = ——Ric(V f1, V f7) dv < D.
M n—2

Note as well that there exists a constant E such that — (37 Q flzdv < E. Putting
this together we conclude that there exists a ¢#; € [0, /] such that

i ((Afl)z+anR|Vfl|2—$Ric(Vfl,Vfl)+Qflz) dv

thSn—l

_ 1
MM ——+D+E.
<A( ,[gz])+1+l+ +

The lemma follows. O

Now we cut off M on the section {#; x S”~1}, and attach two half-infinite
cylinders to it, so (M, \{p1, p2}, g) reappears. But this time we describe it as
follows:

(M \{p1. p2}.8) =10, 00)x S" M ()U(M — {11} xS" 1, g/)U[0,00) x S"~1(1).

We think of the function f; as defined on M — {{t;} x S"~!}, and extend it to the
whole space M —{p1, p>} as follows: Let F; be W2* function of M — {p1, p2}
such that

Fi=fi onM-—{f}xSs"!
and ~
g(t) fi(x) for (t,x) €[0,1]xS" 1,
0 for (t,x)e[l,oo]xS"_l,

Fl(t,x) = {

where f; = f; ¢t 1x5n—1 € C°(S™~1) and where g is a smooth function on [0, 1]
that goes from a value of 1 to a value of 0, and whose derivative vanishes at 1. Now
it easy to see from (4-4) and the above lemma that

4
/ ((AF,)2 +ayR|VF)|>— ——Ric(VF,,VF) + QFZ) dv
M\{p1,p2} n—2

<A g+ 2.

)
where B is a constant independent of /. Obviously from (4-5) we get
/ Fizady > 1.
M\{p1,p2}
Therefore, we have
2 2_ 4 p: 2
. Jotripy o (AF)? +anRIVF > — 225 Ric(VF, VF) + QF?) dv < 2D,

EIpper
(a\ip1,poy F=3dv)"
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where the infimum is taken over all nonnegative W2:° functions F with compact
support. It follows from the choice of the metric g that the left side of the preceding
equation is equal to A(M, [g]). Since € can be chosen arbitrarily in (4-2), we
conclude A(M) < A(M), which completes the proof. d
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It is shown that parts of planes, helicoids and hyperbolic paraboloids are
the only minimal surfaces ruled by geodesics in the three-dimensional Rie-
mannian Heisenberg group. It is also shown that they are the only sur-
faces in the three-dimensional Heisenberg group whose mean curvature is
zero with respect to both the standard Riemannian metric and the standard
Lorentzian metric.

1. Introduction

The three-dimensional Heisenberg group Hs is the two-step nilpotent Lie group
(R3, ») where

oy, Dx &,y ) = (X y+y 2+ 2+ Sy = xy)).

It is in general identified with a subgroup of G L3(R) by

1 x Z-i-%xy
x,y, 0« |01 y
00 1

We consider in this paper two left-invariant metrics on Hs: one is Riemannian and
the other Lorentzian. Let us denote by Nil? the 3-dimensional Heisenberg group Hj
endowed with the left-invariant Riemannian metric

g =dx*+dy*+ (dz + %(y dx —xdy))2
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on R3. The Riemannian Heisenberg group Nil? is a three-dimensional homogeneous
manifold with a 4-dimensional isometry group; hence it is the most simple 3-
manifold apart from the space-forms. Moreover, it is a Riemannian fibration over
the Euclidean plane R2, with the projection (x, y, z) — (x, ¥).

In the first part of this paper, we give a classification of all ruled minimal surfaces
in Nil®. In order to do this, we first show in Lemma 2.1 that if a ruled surface is
minimal and if a ruling geodesic is not tangent to the fiber, then the ruled surface
should be horizontally ruled. That is, its ruling geodesics are orthogonal to the
fibers. In fact, it was one of the key observations in classifying the ruled minimal
surfaces in S? x R or in H? x R in our previous paper [Kim et al. 2009a]. It turns
out that this fact simplifies the nonlinear partial differential equations describing
ruled minimal surfaces. Then we show in Theorem 2.3 that any ruled minimal
surface in Nil® is, up to isometries, a part of the horizontal plane z = 0, the vertical
plane y =0, a helicoid tan(Az) = y/x, A #~ 0 or a hyperbolic paraboloid z = —xy/2;
see page 480 for the definition of planes. Moreover, we show on pages 488-489
that all of them can be regarded as helicoids or the limits of sequences of helicoids
in the Hausdorff sense.

In fact, it was shown in [Bekkar and Sari 1992] that, up to isometries, parts of
planes, the helicoids and the hyperbolic paraboloids are the only minimal surfaces
in Nil® ruled by straight lines that are geodesics. According to Lemma 2.1, any
ruling geodesic of a ruled minimal surface is either parallel or orthogonal to the
fibers. We then note in Proposition 2.4 that geodesics parallel or orthogonal to
the fibers everywhere are straight lines (in the Euclidean sense), and thereby show
that “straight line” condition may be deleted in the aforementioned claim. For the
properties of the Gauss map and representation formulae of the minimal surfaces
in Nil3, see for example [Bekkar et al. 2007; Daniel 2011; Inoguchi 2005; 2008;
Mercuri et al. 2006; Sanini 1997].

In the second part, we consider the natural left-invariant Lorentzian metric

g, =dx*+dy* — (dz+ S(ydx —x dy))2

on Hs. (Lorentzian metrics on Hj3 are discussed in [Rahmani 1992; Rahmani and
Rahmani 2006].) Then we consider surfaces in H3 whose mean curvature is zero
with respect to both metrics g and g, and show in Theorem 3.2 that they must be
one of the above mentioned surfaces, that is, a part of planes, helicoids or hyperbolic
paraboloids. It can be considered as a generalization of the fact that the helicoids
are the only surfaces except the planes in R*> whose mean curvature is zero with
respect to both the standard Riemannian metric and the standard Lorentzian metric
[Kobayashi 1983] and the fact that the helicoids (surfaces invariant under the screw
motion) are the only surfaces except the trivial ones in S* x R or H? x R whose
mean curvature is zero with respect to both the standard Riemannian metric and the
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standard Lorentzian metric [Kim et al. 2009a]. For this we derive the equation for
the mean curvature of a graph in Hs to be zero with respect to the Lorentzian metric
g; and compare it with the minimal surface equation. The idea of considering these
two equations at the same time is not new — see [Albujer and Alias 2009; Alias
and Palmer 2001; Kobayashi 1983]; also, the “dualities” between minimal surfaces
in Nil® and maximal surfaces in the Lorentzian Nil® were studied in [Lee 2011].

2. Ruled minimal surfaces in Nil®

We first state several facts on the geometry of Nil®, necessary for the proof of the
main result in this section. For their proofs, one may refer, for example, to [Inoguchi
et al. 1999].

A frame field. 1t can be easily seen that

_9 _ya _ 9
= 20 Tt

N =
Sl
)
N

is a left-invariant orthonormal frame field on Nil® and in particular, e3 is tangent to
the fibers. Letting V be the Levi-Civita connection on Nil®, we have for this frame
field

Veei =0, i=1,2,3,
Ve ey =—Vee1 = 1e3, Vee3=Veei=—1€, Vees=V,e,=1e.
Isometries. The isometry group of Nil® has two connected components: an isometry
either preserves the orientation of both the fibers and the base of the fibration, or

reverses both orientations. The identity component of the isometry group of Nil® is
isomorphic to SO(2) x R? whose action is given by

cosf —sinf Z o
[sin@ cos 0:| ’ 1Y
| € z
cosd —sinf 0 cx a
= sin 6 cos b 0 y|+|b],
_%(asin@—bcos@) %(acos9+bsin0) 1 Z

which shows that Nil® is a homogeneous space. In fact, one can see that, for
any point p € Hsz and a unit tangent vector v orthogonal to e3(p), there exists a
unique isometry ¢ such that ¢(p) =0, de(v) = €1(0) and dp(e3(p)) = e3(0). Note
also that the translations along the z-axis (in the Euclidean sense) are isometries
belonging to the identity component.
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Euclidean planes. A Euclidean plane or simply a plane is a set of points (x, y, z) €
Hs satisfying a linear equation ax 4+ by +cz +d = 0. It is easy to see that all the
planes except the “vertical” planes ax + by +d = 0 are congruent. In fact, every
nonvertical plane ax + by + z + d = 0 is congruent to the “horizontal” plane z =0
under the left translation by (—2b, 2a, —d), (x, y, z) — (=2b, 2a, —d) x (x, y, z),
that is,

X 1 0 1 cx r—2b
vyl 0 1 0 y|+| 2a
z —a —b 1 Z —d

Moreover, a vertical plane is not congruent to a nonvertical plane since every
isometric image of a fiber is a fiber. In fact, one can check that a vertical plane is
not isometric to a nonvertical plane by computing their curvatures.

A parametrization of ruled surfaces. Let ¥ be aruled surface in Nil® and let p € ©
be a point at which 7}, X is transversal to the fiber. Assume, furthermore, that the
direction of the ruling geodesic at p is not perpendicular to the fibers. Then, in a
neighborhood of p, we can take a tangent vector field V to X in the direction of
the ruling (everywhere on the neighborhood) as

V =n(cosB e —sinb ey) + e3

for some functions 7 and € on X. Since T, X is transversal to the fiber, the unit
normal vector field n of X is not perpendicular to e3: (n, e3) # 0. Then

W =sinf e +cosf ey — (n, sin6 e, +cos<9e2)e3
(n, e3)
gives another tangent vector field on ¥ which is transversal to V. Now we take
a parametrization X (s, t) of ¥ in the neighborhood of p such that X (s, 0) is the
integral curve of W with X (0, 0) = p and such that ¢ parameter curves are the
ruling geodesics with X, (s, 0) = V(X (s, 0)). Then X (s, t) is a parametrization of
the ruled surface ¥ in the neighborhood of p satisfying

X;(s,0) =sina(s) ey +cosa(s) e; + g(s)es,
(1) X:(s,0) =h(s)(cosa(s) e —sina(s) er) + e3,
Vx, X; =0,
for some smooth functions i (s), a(s) and g(s).

For the parametrization X satisfying the condition (1), we are to compute the
functions X; and X;; defined by

Xs(s,1) = Xs1(s, 1)er + Xso(s, t)es + X3(s, t)es,
X:(s,t) = X(s,)e1 + Xa(s, )ex + X3(s, t)es.
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Now, since ¢ parameter curves are geodesics, we have

0X;i
Vx, X = . at” e + E . XiX1jVe €
i i,J
3X,1 ) (8X,2 ) 8X13

= XX —= —XnX =0.

( 5 T XX )er+(— nXi)er+ —=e3 =0

By solving the system of equations

X1 X2 0X13
Y + X Xi3=0, 9t X3 =0, 9t 0

with the initial condition
X;1(s,0) =h(s)cosa(s), Xp(s,0)=—h(s)sina(s), X;(s,0)=1,
we have
X1(s,t) =h(s)cos(t —a(s)), Xp(s,t)=h(s)sin(t —a(s)), Xp(s,t)=1.
On the other hand, since the Levi-Civita connection V is torsion-free, one has
Vx, Xs = Vx, X;.

Hence we have

XsZ
at

90Xy 9
a7 +5XnXp3+ Xi3X0) Jer +

— XX+ Xz3Xs1))6’2

X3
|, + 5 (X X2 — X2 X51) )es

90X

8X[1 1
= + E(XS2XZ‘3 + X3X12) |er +
as as

— 3 (Xa X3+ Xs3Xt1)>6’2

aX,3 1
+ o5 + (X1 X2 — X2 X11) )e3,

and Xj; satisfies the equations

% = % = h'(s) cos(t —a(s)) +h(s)e'(s) sin(r — a(s)),

Xy _ Xy _ h'(s) sin(t — a(s)) — h(s)a'(s) cos(t — a(s)),
ot s

X3 _ 9Xi3

5 = s + (X1 X2 — X2 X41)
=h(s)sin(t —a(s)) X1 — h(s)cos(t —a(s)) X,
with the initial condition

X1(5,0) =sina(s), Xp(s,0)=cosa(s), Xs(s,0)=g(s).
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By solving these equations, we get

X;1(s, 1) =sina(s) + A'(s) sin(t — a(s)) + A'(s) sina(s)
—h(s)a'(s) cos(t —a(s)) + h(s)a'(s) cos a(s),

Xo(s,t) =cosa(s) —h'(s) cos(t —a(s)) +h'(s) cosa(s)
— h(s)a'(s) sin(t — a(s)) — h(s)a'(s) sine(s),
Xy3(s, 1) = g(s) — h(s) sint +th(s)h'(s) — h(s)h'(s) sint
+ h(s)*d'(s) — h(s)*d'(s) cos .
The second derivatives of X. We will compute the derivatives
VX,XI’ VXXXI = VX[XS and VXSXs-
For notational simplicity, let us set
X = VX,Xt = Xie1+ Xinex + Xize3,
X =V, X5 = Xsner + Xsner + Xszes,
Xs;s = vX’SXS == Xsslel + XSSQeZ + Xss3e3-

Since ¢ parameter curves are geodesics, we have X;.;, = 0, that is,
thl = Xtt2 = Xtt3 =0.

From the equalities

X
Xt = X5 = ( 8;1 +3(X2 X3 +Xt3Xs2))el
0X 0X
+ (TSZ —3(XnXga+ Xt3Xs1)>eZ + ( 8;3 + 3 (XX — thXsl))%,
0X 0X 0X
Xsis = ( - +Xs2Xs3>el +( 52 Xs1X53>eZ+ 53 63
as as as

we have

X1 = %[cos a(s) 4+ h' (s)cos(t —a(s)) +h'(s) cosa(s)
+ h(s)a'(s) sin(t — ar(s)) — h(s)a'(s) sina(s) + h(s) sin(z — a(s))(g(s)
+h(s)(—sint +h'(s)(t —sint) + 2h(s)e'(s) sin* /2))],
X0 = %[— sino(s)+h'(s) sin(t —a(s)) —h'(s) sina(s) —h(s)a’(s) cos(t —a(s))
— h(s)a'(s) cosa(s) + h(s) cos(t —a(s))(—g(s)
+h(s)(sint — 1’ (s)(t — sint) — 2h(s)a’(s) sin* /2))],
X3 = 2h(s)[—cost —h'(s)(cost — 1) + h(s)a'(s) sint],
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X1 =0/ (s) cosa(s) —2h'(s)a’ (s) cos(t — a(s)) +2h'(s)o’(s) cos a(s)
— h(s)a(s)? sin(t — ae(s)) — h(s)e!'(s)* sina(s)
+ (—cos a(s) +cos(t — a(s)) — h'(s) cos ar(s)
+ h(s) sin(r — ae(s)) + o' (s) sina(s))
x (—g(s)+h(s)(sint +1'(s)(sint — 1) — 2h(s)a'(5) sin* 1 /2))
+h"(s)sin(t — a(s)) +h"(s) sina(s)
—h(s)a"(s) cos(t —a(s)) +h(s)a” (s) cos a(s),

X0 = —a/(s) sina(s) — 2h'(s)a’(s) sin(t — e (s)) — 2k (s)a’ (s) sin e (ss)
+ h(s)a' (s)* cos(t — a(s)) — h(s)a'(s)? cos a(s)
+ (sina(s) 4+ ' (s)(sin(z — a(s)) + sina(s))
+2h(s)a'(s) sin /2 sin(t /2 — a(s)))
x (—g(s)+h(s)(sint+h'(s)(sint —1) —2h(s)a' (s) sin* £ /2))
—h"(s)cos(t —a(s)) +h"(s) cosa(s)
—h(s)a"(s) sin(t — a(s)) — h(s)a” (s) sina(s),

X3 =g'(s) +h'(s)*(t —sint) — I'(s)(sint — 4h(s)e/'(s) sin® £ /2)
+ h(s)(h" (s)(t —sint) — h(s)a" (s)(cos 1 — 1)).

Mean curvature. We give a condition for the ruled surface X to be minimal in terms

of the parametrization X. Let E, F, G and [, m, n, respectively, be the coefficients

of the first and second fundamental forms of the surface ¥ whose parametrization

satisfies (1). Then the mean curvature of X in a neighborhood of p is given by
_1 Gl—2Fm+En _1 <Xtv Xt><Xs;Sa Xs XXI) _2(Xs’ Xt><Xs;ta Xs X Xt)
2 EG-F* < ? X5 x X, |2

Since

Xs X Xt = (X2 X3 — X3 Xn)er + (X3 X111 — Xs1 Xi3)er + (X1 X2 — X2 Xr1)e3,
X is a parametrization of a minimal surface if and only if
(2) H:=(X;, X;)(Xysr Xg X X1) = 2(Xg, X)) (Xr, Xy ¥ X;)
= (X X2)((Xe2Xi3 = X3 Xi2) X1 + (X3 X0t = X1 X3) X2
l + (X1 X2 — X2 X11) X53)
- 2(2 Xsan') (X2 X153 — X53X12) X511
l + (X3X01 — X1 Xi3) Xsr2 + (X1 X2 — X2 X11) X13)
=0.
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Ruled minimal surfaces in Nil*>. Now we will find all ruled minimal surfaces in
Nil.
Lemma 2.1. [f the surface whose parametrization X satisfies (1) is minimal, then

h(s) =0foralls.

Proof. Considering the parametrizations X (s, 1) := X (s — sg, t) if necessary, we
need only to prove 7(0) = 0. By rotating the surface in Nil® if necessary, we
may assume that «(0) = 0. Since we have explicit formulae for all X, X,, X;.s,
X1, X1, we can compute H directly. In particular, since X is minimal, we have
H(0, 1) =0 for all ¢. Since «(0) = 0, H (0, t) becomes
H(0,1) = Ag+ At + Art> + Ast®
+Bocost + Byt cost + Byt* cost + B3 cos 2t 4 Byt cos 2t 4 Bs cos 3t
+Cosint + Citsint + C2t2 sint + C3 sin 2t 4+ Cyt sin 2t + Cs sin 3¢
where the constants A;, B;, C; are functions of /(0), 4'(0), h”(0), «’(0), «” (0) and
£(0), ¢'(0). In the following computation, we are to use only the following terms:
A3 =h(0)’h'(0)?,
By = —3h(0)A'(0)> — h(0)*h'(0)*> — 3h(0)' (0)* — h(0)*K'(0)?
— 2h(0)’g(0)h' ()’ (0) — 6g(0)1(0)° 1’ (0)er’ (0) — 31(0)* ' (0)er' (0)*
— 91 (0)h(0)>a’ (0)> — 6K (0) "1’ (0)a’ (0)* — h(0)*h" (0) — h(0)*h" (0),
Bs = 1(3h(0)*’(0) 4 3h(0)°’ (0) + 6h(0)*' (0)er’ (0) + 6 (0)°’ (0)er' (0)
+3h(0)*h(0)*’(0) 4 31 (0)*c’ (0)1(0)° — h(0)°’(0) — h(0)%a (0)?),
2(R(0)* + h(0)° 4 31(0)° ' (0) + 3h(0)° 1 (0) + 3h(0)* 1’ (0)°
+3R1(0)°H (0)* + h(0)*h'(0)* + h(0)° 1’ (0)* — 3h(0) ' (0)*
—3h(0)7a’(0)* = 3h(0)° 1’ (0)' (0)* — 3" (0)1(0) &' (0)%).

Cs

Since H (0, t) =0 for all ¢ and since the above expression is a linear combination
of linearly independent functions of ¢, all of A;, B;, C; must be 0. Since A3 =
h(0)°h’(0)® = 0, we have either 4#(0) = 0 or '(0) = 0. Now suppose 4(0) # 0.
Then A'(0) = 0 and B; becomes

Bi = —h"(0)h(0)* — K" (0)h(0)> = —h" (0)h(0)>(h(0)*> 4+ 1) = 0.
Hence we have /”(0) = 0 and in addition

4Bs5 = —a'(0)*h(0)® — &' (0)*h(0)° + 3’ (0)(0)® + 3 (0)h (0)* = 0,
4Cs = =3/ (0)*1(0)" =3¢/ (0)*1(0)° + h(0)’ +h(0)* = 0.
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Then, since 3B5 — h(0)a’' (0)Cs = 20’ (0)h(0)*(h(0)> + 1) = 0, we have «/(0) =0
and Cs becomes 4Cs = h(0)3(h(0)?> + 1) = 0. This contradicts the assumption
h(0) # 0. Hence we must have h(0) = 0 if X is a parametrization of a minimal
surface. O

If p is a point in a ruled surface ¥ at which T, X is transversal to the fiber
and the direction of the ruling is not perpendicular to the fibers, then X has the
parametrization of the type given in (1) in a neighborhood of p. If, in addition,
¥ is minimal then the above lemma implies that the direction of the ruling at p
is parallel to the fibers. This contradicts the fact that 7, is transversal to the
fibers. Therefore we can conclude that in a ruled minimal surface ¥ the directions
of the rulings are horizontal, that is, perpendicular to the fibers wherever T, % is
transversal to the fibers.

Now we consider the minimal surfaces which are ruled by horizontal geodesics.

Lemma 2.2. If ¥ is a minimal surface in Nil* ruled by geodesics perpendicular
to the fibers, then up to the isometries in Nil>, ¥ is a part of the horizontal plane
z =0, the vertical plane y = 0, a helicoid tan(Az) = y/x, A # 0 or a hyperbolic
paraboloid 7 = —xy /2.

Proof. One can see that the surface X has a local parametrization Y (s, ¢) satisfying
Y;(s,0) =cos B(s)(—sina(s)e; +cosa(s)er) + sin f(s)e3,
3) Y;(s,0) =cosa(s)e; +sina(s)ey,
Vy,Y; =0.

If we set
Yi(s, 1) =Ys1(s,1)e; + Yo (s, t)er + Ys3(s, t)es,

Yi(s, 1) =Yn(s, 1)er + Yeo(s, )er + Yi3(s, 1)es,
by solving the equation Vy,Y; = 0 with the initial condition
Y:(s,0) =cosa(s)e; +sina(s)es,
we have
Yii(s,t) =cosa(s), Yn(s, t)=sina(s), Y;(s,t)=0.

Moreover, from Vy, Y, = Vy, Y;, we can see that Yj; satisfies the equations

oY1 _ oY

o T gy = ¢ (s) sin(s),
Yo 0¥

Y T 8 = o' (s)cosa(s),
3YS3 _ 3Yt3

5 = 5y T YaYn = YoYu) =sina(s)Ys —cosa(s) Yy
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with the initial condition

Ys1(s,0)=—cos B(s) sina(s), Ys2(s,0)=cos B(s)cosa(s), Yy3(s,0)=sinS(s).
By solving this system of equations, we get

Ys1(s, 1) = —cos B(s) sina(s) — ta’ (s) sina(s),
Yo (s, 1) = cos B(s) cosa(s) + ta'(s) cos a(s),
Ys3(s, t) =sin B(s) —t cos B(s) — %tza’(s).

By direct computations, we can see that the minimal surface (2) can be written as
B'(s) +1('()B'(s) cos B(s) —a” (s) sin B(s))
2
+ %(o/(s)ﬁ’(s) sin B(s) +a”(s) cos B(s)) = 0.

Therefore we have 8'(s) = 0 and a”(s) = 0, that is, 8(s) = b and «(s) = as + ¢
for some constants a, b, c.
When a # 0, relocating the surface ¥ by an isometry in Nil®, we may assume that

a(s) =as and Y(O,O):(COSb 0,0).

9
a
Then, since

9,0
8Z7 3_82’

<

0
92—5—%

0| =

b_ 0 D
P ox 9z’
we have
Y, (s, 0) = —cosbsin(as) e; + cos b cos(as) e; + sinb e
= —cosb sin(as)i + cos b cos(as) o
ax ay
. y . X 0
+ (smb + = cos b sin(as) + = cosb cos(as)) —
2 2 0z

Y:(s, t) = cos(as) e; + sin(as) e,

= cos(as)% + sin(as)% + (—% cos(as) + % sin(as))a%.

Integrating the components of Y (s, 0) with initial data Y (0, 0) = ((cos b)/a, 0, 0),
we have

Y(s,0) = (% cos b cos(as), % cos b sin(as), m%(l +cos(2b) + 4a sin b)).
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Then integrating the components of Y;(s, t) with initial data Y (s, 0), we have
Y(s,1) = (t cos(as) + % cos b cos(as),

t sin(as) + % cos b sin(as), %(1 + cos(2b) + 4a sin b)).
Noting that
Y(s. 1) = (r c03(as), 5in(as), 7 (1 +cos(2b) +4sin b)),

we can see that Y is a parametrization of either the helicoid

y 442
tanlz == where A = -
X 1 4+ cos(2b) +4asinb

if 1 +cos(2b) +4asinb # 0, or the plane z =0 if 1 4 cos(2b) +4a sinb = 0.
When a = 0 and cos b # 0, we may assume up to isometries that «(s) = 0 and
Y (0, 0) = (—tan b, 0, 0). Then

Y(s,0) =cosbe;+sinbes =cosbi + sinb—l—fcosb i,
ay 2 0z

0 y o
Yi(s, 1) = ey =£—58—Z,

and a similar computation as above gives
Y(s,1) = (t —tanb, s cos b, —%st cosb+ %s sinb),
which is a parametrization of the hyperbolic paraboloid z = —xy/2. Whena =0

and cos b = 0, we have

9 _yao

ox 20z
and Y (s, t) is a parametrization of the xz-plane if we set Y (0, 0) =(0,0,0). U

Yi(5,0) =e3, Yi(s,1)=e =

Theorem 2.3. If ¥ is a minimal surface in Nil® ruled by geodesics, then up to the
isometries in Nil®, ¥ is a part of the horizontal plane z = 0, the vertical plane y =0,
a helicoid tan(Az) = y/x, A # 0 or a hyperbolic paraboloid 7 = —xy /2.

Proof. 1f there is a point p € ¥ at which T}, X is transversal to the fibers, then X
is transversal to the fibers in a neighborhood of p. Therefore, from the argument
following Lemma 2.1, the ruling geodesics through any points in the neighborhood
must be horizontal. Then by Lemma 2.2 the neighborhood coincides with a part
of the helicoids, the hyperbolic paraboloid or the xy-plane up to the isometries in
Nil®. Now since the tangent spaces at every point of these surfaces are transversal
to fibers, the whole X must be a part of one of these surfaces.
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On the other hand, if the tangent space T, X is tangent to the fibers at every
point p € %, then e3 is tangent to . Relocating ¥ by an isometry of Nil®, we may
assume that (0, 0, 0) € ¥ and that ¥ is tangent to the plane y =0 at (0, 0, 0). So
Y is ruled by the fibers and has a ruled parametrization X (s, ) = (x(s), y(s), t)
satisfying x(0) = y(0) =0, y'(0) = 0 and x'(0) = 1. The mean curvature of this
parametrized surface can be easily computed to be

x"(s)y"(s) = x'(s)y" (s)
()2 + ¥ ()

Solving the equation x”(s)y'(s) — x"(s)y” (s) = 0 with the above initial conditions,
we have y(s) = 0, which implies that ¥ is a part of the vertical plane y =0. [

We remark that the mean curvature formula of the cylinder over curves in the
xy-plane is given in p. 22 of [Inoguchi et al. 2000], and that characterizations of
these cylinders in terms of the harmonicity of the tangential Gauss maps are given
in [Sanini 1997].

By the above theorem, we know that the ruled minimal surfaces in Nil® are
congruent to the surfaces given in the theorem, which are all ruled by horizontal
geodesics. In fact, the vertical plane y = 0 is also ruled by vertical geodesics, that is,
fibers, and this is the only doubly ruled surface among the surfaces in Theorem 2.3.
Noting that isometries in Nil® always move fibers to fibers, we can see that the
ruled minimal surfaces in Nil® always have horizontal ruling geodesics.

Ruled minimal surfaces as limits of helicoids. Consider the (generic) helicoids
H, :y—xtan(Az) =0

and the point p, (r;, 0, 0) on the x-axis, where r, = 4/2/A. The isometry which
sends x-axis to itself and sends the origin to p; is given by the left translation by
(ry, 0, 0), that is,

@, 3,20 (12, 0,0)x (x, y, 2) = <x+r,x,y,z+%y>.

If we pull back H, via this isometry, then p, is moved to the origin and the equation
of the pullback of H, becomes

y—(x+r) tan(kz+ ~ == 22)‘ ) =0.

Now let u = 1/r, = /A /2. Then the above equation can be written as

__y 1 _1( my )
=—2+—t L),
¢ M+2M2 U
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Using the Taylor expansion of tan~!(x), we see that this is equivalent to

z=—%+0(u)

in a fixed-size box around the origin when w is sufficiently small. This function
converges uniformly to z = —xy/2 as pu goes to 0, which shows that the pointed he-
licoids (H,, p;) converge (in the Hausdorff sense) to the exceptional ruled minimal
surface z +xy/2 =0:

(H;, pp) = {z+xy/2=0} as A — 0+.
On the other hand, one can easily check that

(H,, 0) — horizontal plane as A — oo,

(H,, 0) — vertical plane as L — 0.

Therefore all ruled minimal surfaces in Nil® are either helicoids or limits of se-
quences of them.

Straight line geodesics. We characterize the geodesics that are straight lines in the
Euclidean sense and give another proof of the result in [Bekkar and Sari 1992]
mentioned in Section 1.

Proposition 2.4. Let y(t) = (x(¢), y(t), z(t)) be a geodesic in Nil>.

(1) If y'(0) is perpendicular to the fiber, then y (t) is a straight line everywhere
perpendicular to the fibers.

(2) If y'(0) is parallel to the fiber, then y (t) is a straight line everywhere parallel
to the fibers.

Proof. The following equation of geodesics is given in [Inoguchi et al. 1999], but
we derive it here again for self-completeness. Note first that

/_ /i /i /i_ / / / 170 l
y—xax+yay+zaz—xe1+yez+(z + 3"y —xy))es.

Then we have
Vyy' =x"er+y'er+ (2 + 1"y — xy'))/e3
+x'Vye1+yVyer+ (2 +1(x'y —xy))V, €3
=" +y @+ 3y —xyN)er+ (' —x' @ + 5"y —xy)))es
+(Z+ 1y —xy)) es.

Hence y(t) = (x(¢), y(¢), z(t)) is a geodesic if and only if
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x// + y/(z/ + %(x/y _ xy/)) — O,
(4) y' =X (43" y —xy")) =0,
(Z+ 1y —xy)) =o0.

Note that the straight line (a, b, ct 4+ d) parallel to the fiber is a geodesic. Now,
suppose (¥'(0), e3) = 0. Then, since (y'(0), e3) = (z/ + %(x/y — xy/))(O) =0 and
since 7'+ % (x’y—xy’) is a constant function, from the geodesic equation (4) or by the
so-called conservation lemma [O’Neill 1983, p. 152], we have 7’ + %(x’y —xy)=0
for all ¢. Moreover, the geodesic equation (4) gives x”(t) = y”(¢t) = 0, that is, x ()
and y(¢) are linear functions of ¢ and consequently from the geodesic equation (4)
again, we have

2(t) = =3 (' (0)y(0) — x(0)y' (0)t + ¢

for a constant c. Now it is easy to see that y (¢) is perpendicular to the fibers every-
where.

If 1/ (0) is parallel to the fiber, then the fiber through y (0) is an image of a geo-
desic, and from the uniqueness of the geodesic, we have y () = (x(0), y(0), at +b)
for constants a, b which is parallel to the fiber everywhere. U

Proposition 2.5. Suppose the straight line 5(t) = (a1t + by, axt + by, azt + b3) is
a geodesic in Nil>. Then 8'(0) = (a1, a», a3) is either perpendicular or parallel to
the fiber. Moreover, if 8'(0) is perpendicular to the fiber, then §(t) is perpendicular
to the fiber everywhere and if §'(0) is parallel to the fiber, then 5(t) is parallel to
the fiber everywhere.

Proof. In the proof of the above Proposition 2.4, one can see that in order for the
straight line §(¢) to be a geodesic, it should be that a3 = —%(albz —azby). The
claims follow easily from this fact. U

Now we can also say that every ruled minimal surface in Nil® is ruled by geodesics
which are also straight lines. We remark that it was shown in [Bekkar and Sari
1992] that if the surface is ruled by geodesics that are also straight lines then the
surface must be a part of the planes, helicoids or hyperbolic paraboloids. However,
in view of Theorem 2.3, we can see that the “straight line” condition is redundant.
On the other hand, one may get Theorem 2.3 by applying the aforementioned result
together with Lemma 2.1 and Proposition 2.4.

3. Another characterization of ruled minimal surfaces in Hj

We consider surfaces in H3 whose mean curvature is zero with respect to both
metrics g and g; and show that they must be one of (a part of) the above mentioned
surfaces, that is, planes, helicoids and hyperbolic paraboloids.
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A Lorentzian connection. Let us consider the left-invariant Lorentzian metric
2
g, =dx*+dy* — (dz+ 3 (ydx —x dy))

on Hs and let (-, -) be the Lorentzian inner product. Let e}, e; and e3 be the same
as the ones given in Section 2. It is easy to show that they are orthonormal with
respect to the Lorentzian metric g, as well, that is, (e;, e;) =0if i # j and

(e1,e1) =(e2,e2) =1, (e3,e3)=—1.
Let D be the Levi-Civita connection for the metric g; .
Proposition 3.1. We have D, e; =0 fori =1,2,3, and
D, ex =—D,,e; = %83, D, e3=D,e| = %6’2, De,e3 = De,er = —%el.

Proof. It is known that the Koszul formula

2UVy W, X) = V(W, X)+ W(X, V) — X(V, W)
—(V, [W, X]) +(W, [X, V]) + (X, [V, W])

holds; see, for instance, [O’Neill 1983]. Since [e], e;] = e3, [e2, e3] = [e3, 1] =0,
one has (D, e, e1) =0, (D, €2, e2) =0, 2(D, €2, e3) = (€3, [e1, e2]) = (€3, €3) =
—1 and D¢, €2 = %eg. Since

(Deje3,€1) =0, (D e3,e3)=0, 2(D, e3,e2)=/es,[e2, e1])=(e3, —e3)=1,
one has D, e3 = %ez. One can check the others in the same manner. |
Lorentzian exterior product. For tangent vectors

v=ae| +arey+aze;, w=>bie+bre)+ bze;
in Nil?, the Lorentzian exterior product v X ; w is computed as

€1 e —e3
vXpw=|a; ay a3z| = (axbs —azby)e; + (azb1 —aibz)er + (axby —aiby)es,
by by b3

which is orthogonal to both v and w. One can easily see that v x; w = 0 if and
only if v and w are linearly dependent.

Zero mean curvature equation. Let X be a graph of a function z = f(x, y) in Hs
and consider the parametrization r(x, y) = (x, y, f(x, y)) of X. Set

X
p=fx+%v q=fy_§-
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If ¥ is minimal, that is, the mean curvature is zero in Nil3, the function f satisfies
the minimal surface equation

(1 +q2)fxx - zquxy + (1 +P2)fyy =0.

For the derivation of this equation, see for example [Inoguchi et al. 2000].

In this section, we will derive an equation for the mean curvature of the graph
¥ to be zero with respect to the Lorentzian metric g, . First, let us recall some
definitions. A point z € X is called spacelike if the induced metric on 7T, % is
Riemannian, timelike if the induced metric is Lorentzian and lightlike if the induced
metric has rank 1. We will derive the equation when X is spacelike, that is, every
point of X is a spacelike point. The case when X is timelike is almost identical.
Note that when z € X is lightlike, one cannot define the mean curvature.

Now let ¥ be a spacelike graph of a function z = f(x, y). Note first that
p* 4+ ¢* < 1 since the graph is spacelike. We now compute the first fundamental
form I and the second fundamental form II of ¥. Since

re=(1,0, fx) =e1+pes, ry=(0,1, fy) =ex+qge3

and
(re.re) =1-p?,
(re,ry) =—pq,
(ry.ry) =1-¢°,
one has
E=(rqr)=1-p
F=(ry,ry)=—pq,
G=(ry,ry)=1-¢"
Since ry X1 ry = —pe| — ge; — e3, the unit normal vector field n to the graph is

1
n = (—pe1—qex—es). W=v1-(p*+4%.

Since the directional derivatives of p and g, e; (p) and e;(g), are computed as

0 = (57 = 537) (5 3) = fim
@ =(5:-37:)(h-3)=fw 1
‘32(p):(%""%%)(fx‘i‘%):fxy—i-%,
exq) = (% + %a%) <fy _ %) = forr
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one has
Dy 1y = D¢, 4pey (€1 + pe3) = per + fire3,
p q
Dryrx = _Eel + 592 + fxye3a
Dryry =—qe; + fyye3-

Then one has the following coefficients of the second fundamental form II:
1
= <Drxrx’ n)= W(_pq + fix),

1 2 2
m=<Dryrx,n>=W(%_%+fxy>,

1
n= <Dryry, n)= W(Pq + fyy)-
Now the mean curvature H of the spacelike graph X is computed as

 IG —2mF +nE

H =
2 EG-F?

Then, since
IG—-2mF +nE

)
=%[(—pq+fxx)(l—q2)+(p 2‘1 +fxy>pq+(pq+fyy)(l—p2)]

= =07 fex+2pafes + (1 = P ]

one can see that the mean curvature of the graph z = f(x, y) of a function f(x, y)
is zero if and only if

(1 _q2)fxx +2PCIfxy + (1 - p2)fyy =0.

When the graph ¥ is timelike, one has the same equation.

Zero mean curvature surface.

Theorem 3.2. Let ¥ be a surface in Hi. If the mean curvature of X is zero with
respect to both metrics g and g, , then up to the isometries in Nil®, = is contained
in one of these surfaces:

e the horizontal plane z = 0;

o the vertical plane y = 0;

e a helicoid tan(Az) = y/x, A # 0;

e a hyperbolic paraboloid z = —xy /2.
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Proof. Suppose first that 3 has a point around which it can be represented as
a graph of a function of (x,y), say, z = f(x,y). Consider the vector field
X = —qe; + pe;. Since X = —qe| + pe; = —qr, + pr,, it is tangent to X.
Since the vector N = r, X ry = —pej| — ge — ej3 is orthogonal to ¥ and since
N x e3 = —qe; + pes = X, X is orthogonal to both N and e3. Then one has

VxX = (Q(fxy - %) - pfyy)el + (p(fxy + %) - Qfxx)ez-

Now, since the mean curvature of ¥ C Hj3 is zero with respect to both g and g, ,
one has

(5) (1467 fex —2pqfey + (L + p?) fry =0,
(6) (1= g% fex +2pqfey + (1 = p?) fyy = 0.

Subtracting the two equations, one has

7 4 fox —2Pqfry + P fry =0

and then one has finally by (7),

X X VxX = (—qei + per) x [(‘I(fxy - %) - pfyy)el + (p(fxy + %) - Qfxx)ez]
= (¢ frx = 2Pqfry + P fry)e3 =0.

Now, since X and Vx X have the same direction, the integral curve of X passing
through a point in X is a geodesic, and since X is orthogonal to e3, the geodesic is
orthogonal to the fiber. Hence the surface X is a horizontally ruled minimal surface
in Nil°.

If the surface ¥ has no point around which ¥ is represented as the graph
of f(x,y), then it is a vertical cylinder over a curve in the xy-plane and has a
parametrization

X (s, 1) = (x(s), y(s), 1),

with x(0) = y(0) = 0. By repeating the arguments in Theorem 2.3, one can show
that the surface is isometric to the vertical plane y = 0. Now this completes the
proof. ]

Remark. If we add (5) and (6), we have fy, + f,, =0, that is, if a graph of a
function z = f(x, y) in Hs satisfies the condition of Theorem 3.2, f must be a
harmonic function. This fact is true for the three-dimensional Lorentzian space I3
and is the motivation of [Kim et al. 2009b]. We think it is a nontrivial fact and
would like to find applications of this fact in future study.



RULED MINIMAL SURFACES IN THE THREE-DIMENSIONAL HEISENBERG GROUP 495

Acknowledgments

We would like to express our gratitude to the anonymous referee for many valuable
suggestions.

References

[Albujer and Alias 2009] A. L. Albujer and L. J. Alias, “Calabi—Bernstein results for maximal
surfaces in Lorentzian product spaces”, J. Geom. Phys. 59:5 (2009), 620-631. MR 2010i:47088
Zbl 1173.53025

[Alfas and Palmer 2001] L. J. Alias and B. Palmer, “A duality result between the minimal sur-
face equation and the maximal surface equation”, An. Acad. Brasil. Ciénc. 73:2 (2001), 161-164.
MR 2002¢:53007 Zbl 0999.53007

[Bekkar and Sari 1992] M. Bekkar and T. Sari, “Surfaces minimales réglées dans 1’espace de
Heisenberg H3”, Rend. Sem. Mat. Univ. Politec. Torino 50:3 (1992), 243-254. MR 94h:53009
Zb1 0810.53012

[Bekkar et al. 2007] M. Bekkar, F. Bouziani, Y. Boukhatem, and J. Inoguchi, “Helicoids and axially
symmetric minimal surfaces in 3-dimensional homogeneous spaces”, Differ. Geom. Dyn. Syst. 9
(2007), 21-39. MR 2008e:53009 Zbl 1159.53335

[Daniel 2011] B. Daniel, “The Gauss map of minimal surfaces in the Heisenberg group”, Int. Math.
Res. Not. 2011:3 (2011), 674-695. MR 2012b:53117 Zbl 1209.53048

[Inoguchi 2005] J.-i. Inoguchi, “Flat translation invariant surfaces in the 3-dimensional Heisenberg
group”, J. Geom. 82:1-2 (2005), 83-90. MR 2006d:53070 Zbl 1082.53064

[Inoguchi 2008] J.-i. Inoguchi, “Minimal surfaces in the 3-dimensional Heisenberg group”, Differ.
Geom. Dyn. Syst. 10 (2008), 163-169. MR 2009a:53009 Zbl 1160.53364

[Inoguchi et al. 1999] J.-i. Inoguchi, T. Kumamoto, N. Ohsugi, and Y. Suyama, “Differential geometry
of curves and surfaces in 3-dimensional homogeneous spaces, 1", Fukuoka Univ. Sci. Rep. 29:2
(1999), 155-182. MR 2000h:53018 Zbl 0962.53032

[Inoguchi et al. 2000] J.-I. Inoguchi, T. Kumamoto, N. Ohsugi, and Y. Suyama, “Differential geometry
of curves and surfaces in 3-dimensional homogeneous spaces, 1I”, Fukuoka Univ. Sci. Rep. 30:1
(2000), 17-47. MR 2001¢:53085 Zbl 0974.53039

[Kim et al. 2009a] Y. W. Kim, S.-E. Koh, H. Shin, and S.-D. Yang, “Helicoids in S? x R and H? x R”,
Pacific J. Math. 242:2 (2009), 281-297. MR 2010h:53008 Zbl 1172.53037

[Kim et al. 2009b] Y. W. Kim, H. Y. Lee, and S.-D. Yang, “Minimal harmonic graphs and their
Lorentzian cousins”, J. Math. Anal. Appl. 353:2 (2009), 666—670. MR 2010i:53110 Zbl 1161.53051

[Kobayashi 1983] O. Kobayashi, “Maximal surfaces in the 3-dimensional Minkowski space L3,
Tokyo J. Math. 6:2 (1983), 297-309. MR 85d:53003 Zbl 0535.53052

[Lee 2011] H. Lee, “Maximal surfaces in Lorentzian Heisenberg space”, Differential Geom. Appl.
29:1 (2011), 73-84. MR 2012e:53117 Zbl 1216.53055

[Mercuri et al. 2006] F. Mercuri, S. Montaldo, and P. Piu, “A Weierstrass representation formula
for minimal surfaces in H3 and H? x R”, Acta Math. Sin. (Engl. Ser.) 22:6 (2006), 1603-1612.
MR 2007g:53007 Zbl 1119.53041

[O’Neill 1983] B. O’Neill, Semi-Riemannian geometry: with applications to relativity, Pure and
Applied Mathematics 103, Academic Press, New York, 1983. MR 85f:53002 Zbl 0531.53051

[Rahmani 1992] S. Rahmani, “Métriques de Lorentz sur les groupes de Lie unimodulaires, de
dimension trois”, J. Geom. Phys. 9:3 (1992), 295-302. MR 93f:53061 Zbl 0752.53036


http://dx.doi.org/10.1016/j.geomphys.2009.01.008
http://dx.doi.org/10.1016/j.geomphys.2009.01.008
http://msp.org/idx/mr/2010i:47088
http://msp.org/idx/zbl/1173.53025
http://dx.doi.org/10.1590/S0001-37652001000200002
http://dx.doi.org/10.1590/S0001-37652001000200002
http://msp.org/idx/mr/2002c:53007
http://msp.org/idx/zbl/0999.53007
http://msp.org/idx/mr/94h:53009
http://msp.org/idx/zbl/0810.53012
http://msp.org/idx/mr/2008e:53009
http://msp.org/idx/zbl/1159.53335
http://dx.doi.org/10.1093/imrn/rnq092
http://msp.org/idx/mr/2012b:53117
http://msp.org/idx/zbl/1209.53048
http://dx.doi.org/10.1007/s00022-005-1730-1
http://dx.doi.org/10.1007/s00022-005-1730-1
http://msp.org/idx/mr/2006d:53070
http://msp.org/idx/zbl/1082.53064
http://msp.org/idx/mr/2009a:53009
http://msp.org/idx/zbl/1160.53364
http://msp.org/idx/mr/2000h:53018
http://msp.org/idx/zbl/0962.53032
http://msp.org/idx/mr/2001c:53085
http://msp.org/idx/zbl/0974.53039
http://dx.doi.org/10.2140/pjm.2009.242.281
http://msp.org/idx/mr/2010h:53008
http://msp.org/idx/zbl/1172.53037
http://dx.doi.org/10.1016/j.jmaa.2008.12.025
http://dx.doi.org/10.1016/j.jmaa.2008.12.025
http://msp.org/idx/mr/2010i:53110
http://msp.org/idx/zbl/1161.53051
http://dx.doi.org/10.3836/tjm/1270213872
http://msp.org/idx/mr/85d:53003
http://msp.org/idx/zbl/0535.53052
http://dx.doi.org/10.1016/j.difgeo.2011.01.003
http://msp.org/idx/mr/2012e:53117
http://msp.org/idx/zbl/1216.53055
http://dx.doi.org/10.1007/s10114-005-0637-y
http://dx.doi.org/10.1007/s10114-005-0637-y
http://msp.org/idx/mr/2007g:53007
http://msp.org/idx/zbl/1119.53041
http://msp.org/idx/mr/85f:53002
http://msp.org/idx/zbl/0531.53051
http://dx.doi.org/10.1016/0393-0440(92)90033-W
http://dx.doi.org/10.1016/0393-0440(92)90033-W
http://msp.org/idx/mr/93f:53061
http://msp.org/idx/zbl/0752.53036

496 H. SHIN, Y. W. KIM, S.-E. KOH, H. Y. LEE AND S.-D. YANG

[Rahmani and Rahmani 2006] N. Rahmani and S. Rahmani, “Lorentzian geometry of the Heisenberg
group”, Geom. Dedicata 118 (2006), 133—140. MR 2007h:53112 Zbl 1094.53065

[Sanini 1997] A. Sanini, “Gauss map of a surface of the Heisenberg group”, Boll. Un. Mat. Ital. B (7)
11:2, suppl. (1997), 79-93. MR 98e:53009 Zbl 0886.53018

Received October 6, 2011. Revised September 14, 2012.

HEAYONG SHIN

DEPARTMENT OF MATHEMATICS
CHUNG-ANG UNIVERSITY
SEOUL 156-756

SOUTH KOREA

hshin@cau.ac.kr

YOUNG WOOK KIM
DEPARTMENT OF MATHEMATICS
KOREA UNIVERSITY

SEOUL 136-701

SOUTH KOREA

ywkim@Xkorea.ac.kr

SUNG-EUN KOH

DEPARTMENT OF MATHEMATICS
KONKUK UNIVERSITY

SEOUL 143-701

SOUTH KOREA

sekoh @konkuk.ac.kr

HYUNG YONG LEE
DEPARTMENT OF MATHEMATICS
KOREA UNIVERSITY

SEOUL 136-713

SOUTH KOREA

distgeo@korea.ac.kr

SEONG-DEOG YANG
DEPARTMENT OF MATHEMATICS
KOREA UNIVERSITY

SEOUL 136-713

SOUTH KOREA

sdyang @korea.ac.kr


http://dx.doi.org/10.1007/s10711-005-9030-3
http://dx.doi.org/10.1007/s10711-005-9030-3
http://msp.org/idx/mr/2007h:53112
http://msp.org/idx/zbl/1094.53065
http://msp.org/idx/mr/98e:53009
http://msp.org/idx/zbl/0886.53018
mailto:hshin@cau.ac.kr
mailto:ywkim@korea.ac.kr
mailto:sekoh@konkuk.ac.kr
mailto:distgeo@korea.ac.kr
mailto:sdyang@korea.ac.kr

PACIFIC JOURNAL OF MATHEMATICS
Vol. 261, No. 2, 2013

dx.doi.org/10.2140/pjm.2013.261.497

G-BUNDLES OVER ELLIPTIC CURVES
FOR NON-SIMPLY LACED LIE GROUPS AND
CONFIGURATIONS OF LINES IN RATIONAL SURFACES

MANG XU AND JIAJIN ZHANG

We study the relation between the moduli space of flat G-bundles over a
fixed elliptic curve X and the moduli space of rational surfaces with G-
configurations containing X as a fixed anticanonical curve, where G is a
non-simply laced, compact, simple and simply connected Lie group. Our
method is to reduce G to a simply laced maximal subgroup G’.

1. Introduction

This paper is a continuation of our earlier study, briefly recapitulated below, on the
identification between the moduli space of flat G-bundles over a fixed elliptic curve
% and the moduli space of rational surfaces with G-configurations containing ¥ as
an anticanonical curve. For the case of G = E,,, the rational surfaces are exactly del
Pezzo surfaces, and the identification was predicted by a duality argument in physics
and proved in [Looijenga 1976; Donagi 1997; 1998; Friedman et al. 1997]. The
essential reason for this identification in this case is the existence of an E,,-structure
on del Pezzo surfaces [Demazure et al. 1980; Manin 1974], which turns out to be
related to Gosset polytopes [Lee 2010; 2012].

This structure on rational surfaces was extended to the cases A,, and D, in
[Leung 2000]. Starting from Leung’s result, we obtained in [Leung and Zhang
2009a] an analogous identification for all simply laced Lie groups G. In [Leung
et al. 2012; Leung and Zhang 2009b], we extended this identification further to
the non-simply laced cases and the affine Kac—Moody E, case. The method in
that last paper consists in reducing non-simply laced cases to simply laced cases,
by considering a non-simply laced Lie group G as the fixed subgroup of a bigger
simply laced group G’, under the action of the outer automorphism group of G'.

In this paper, we consider another reduction. From Lie theory (see [Bourbaki
2005], for example), a non-simply laced Lie group G is uniquely determined by
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a simply laced maximal subgroup G’ determined by the long roots of G. Hence
it is natural to apply our earlier results for the simply laced cases in [Leung and
Zhang 2009a] to the current situation. In this way, we establish the identification
between flat G-bundles over a fixed elliptic curve X and rational surfaces with
Y as an anticanonical curve for non-simply laced Lie groups G (G # Fy), by
considering the maximal simply laced subgroup G’ determined by the long roots
of G. Unfortunately, this method is not very effective for the case G = Fy. In the
following, we assume that G # Fy. Similar to the simply laced cases, we define
G-surfaces and rational surfaces with G-configurations (see Definitions 5, 12,
and 16). Let Out(G") be the finite group defined in Proposition 2. Our result is this:

Theorem 1 (Propositions 10, 14 and 19). Let ¥ be an elliptic curve with identity
element 0 € X, and let G be any simple, compact, simply connected Lie group of
B,,, C, or G, type. Denote by S’g the moduli space of the pairs (S, X), where S is a
G-surface such that ¥ € | — Kg|. Denote by J(/Lg the moduli space of flat G-bundles
over X.

@) Ef’g can be embedded into Jl/tg as an open dense subset.

(ii) This embedding can extend to an isomorphism from S’g onto Jl/tg by including
all rational surfaces with G-configurations, and this gives us a natural and
explicit compactification H’g of 9’(2;.

This study is motivated by a certain duality in physics. When G = E, is
considered as a simple subgroup of Eg x Eg, these G-bundles are related to the
duality between F-theory and string theory. Among other things, this duality
predicts the identification between the moduli of flat E,-bundles over a fixed elliptic
curve ¥ and the moduli of del Pezzo surfaces with the fixed anticanonical curve
Y. For more details, one can see [Donagi 1997; 1998; Friedman et al. 1997]. Our
result can be considered as a test of this duality for other Lie groups.

As an application, this identification provides us with an intuitive explanation for
Jl/tg. We also provide an interesting geometric realization of root system theory, and
we can see very clearly how the Weyl group acts on the moduli space of (marked)
flat G-bundles over X.

Notation. Let G be a compact, simple and simply connected Lie group. We
preserve the notation of in [Leung and Zhang 2009a], which is as follows.

r(G) therank of G A(G) the root lattice

R(G) the root system A (G) the coroot lattice

R.(G) the coroot system Ay (G) the weight lattice

W(G) the Weyl group ad(G) the adjoint group of G (= G/C(G))
T(G) a maximal torus A(G) the set of simple roots of G

C(G) the center of G Out(G) the outer automorphism group of G
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Recall that the outer automorphism group of G is defined as the quotient of the
automorphism group of G by its inner automorphism group. As is well-known, it
is isomorphic to the diagram automorphism group of the Dynkin diagram of G.

When there is no danger of confusion, we can omit the letter G.

2. Reductions to the simply laced cases

Let G be a simple, compact and simply connected Lie group. Then G is classified
into the following 7 types according to its Lie algebra.

(1) Ap-type, G=SUn+1);
(2) B,-type, G = Spin(2n + 1);
(3) Cu-type, G =Sp(n);

(4) Dy-type, G = Spin(2n);
(5) E,-type,n=26,7,8;

(6) Fa-type;

(7) Go-type.

Among these, A,, D, and E, are called of simply laced type, while B,,, C,,, F4 and
G, are called of non-simply laced type. A,, B,, C,,, D, are called classical Lie
groups, while E,, F; and G, are called exceptional Lie groups.

From now on, we always assume that G is a compact, simple, simply connected
Lie group of non-simply laced type, that is, of type B,, C,, Fa, G2. There are two
natural approaches to reduce these situations to the simply laced cases. One is
embedding G into a simply laced Lie group G” such that G is the subgroup fixed by
the outer automorphism group of G”. Another is taking the simply laced subgroup
G’ of maximal rank.

In [Leung and Zhang 2009b] we explained the first reduction. In this paper we
concentrate on the second.

Proposition 2 [Bourbaki 2005]. There exists canonically a simply laced Lie sub-
group G’ of maximal rank of G determined by the long roots of G, such that G' and
G share a common maximal torus. There is a short exact sequence

1 - W(G) — W(G) — Out(G") — 1.
This exact sequence is split, that is,
W(G) = W(G') x Out(G').
We write the moduli space of flat G-bundles on X as Jl/tg.

Corollary 3. ME = M / Out(G).
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Proof. Let T be the common maximal torus of G and G’. Then
./(/Lg = Hom(m(X), G)/ad(G) = Hom(m(X), T)/W(G) =T x T/W(G).
Similarly, Jl/tg =T x T/W(G’). Therefore
Ji/tg =T xT/W(G)=(T xT/W(G))/(W(G)/W(G)) = A/Lg//Out(G/). ]

We defined in [Leung and Zhang 2009a] (rational) G’-surfaces and rational
surfaces with G’-configurations. Let ng, be the moduli space of G’-surfaces
containing ¥ as a fixed anticanonical curve. As shows in the same paper, we have
the following identification of moduli spaces

G ~ G
Iy =M.
Let Out(G’) act on Efg, via the above isomorphism. In the next section, we shall
see explicitly how Out(G") acts on Ef’g/.
Thus we have a natural question: How can we define G-configurations on rational

surfaces when G is non-simply laced, in such a way that ¢ = 95’/ Out(G')? We
answer this question in the next section.

Remark 4 [Bourbaki 2005; Humphreys 1978]. We give the construction, the root
system, and the finite group Out(G’) of G’ for non-simply laced Lie group G in
each case. We also give the Dynkin diagrams of G and G’.

(1) For G = Spin(2n + 1), we take G’ = Spin(2n).

AG) ={a;,i=1,...,n)}.

AG)=1{B;,i=1,...,n}, where By = (o —a1), o=, Bi =, i =3, ..., n.
Out(G’) is the group Z, that exchanges the two spin representations of Spin(2n). In
fact, Out(G') = {1, p}, where p(o;) =«;,i =3, ..., n, p(a)) =ay, and p (o) = ;.

B, O—=0O---C==D D, O—O-- %1

Bn Bn-1 P2 pi ¥n  OCn—1 O3
o
(2) For G = Sp(n), we take G’ = SU(2)".
AG)=1{a;i=1,....n).
AG)={Bii=1,....n}, where i = L@ —aiy1),i=1,....n—1, B, =0,
Out(G’) is the symmetry group S, of the n copies of SU(2) in G’.

¢, O—O---0=D0 Al 0O o---0 0
:31 ﬁZ ﬂn—l ,Bn a1 a2 Un—1 n

(3) For G = F,, we take G’ = Spin(8).
AG) ={ag,i=1,.... 4}
AG)={Bi,i=1,...,4}, where Bi =0, Br =03, B3 =15 (s—013), Ba =5 (1 —ats).



G-BUNDLES OVER ELLIPTIC CURVES AND CONFIGURATIONS OF LINES 501

Out(G’) is the triality group S3 that permutes the three 8-dimensional representations
of Spin(8).

ay
Fy O—C=—=—0—0 Dy |
Bi B Bz B

o [0%) a3

(4) For G = G,, we take G' = SU(3).
A(G) ={a;,i =1, 2}.
A(G) ={p;,i =1, 2}, where | =«y, B2 = —1/3(] + a2).
Out(G’) is the group Z, that exchanges the 3-dimensional representation of SU(3)
with its dual. In fact, Out(G’) is generated by —1 € Aut(A(G")).
G> [0——6) Ay o——-=0
B B o @

In the following we let % be a fixed elliptic curve with the identity element 0O,
and we fix a primitive d-th root of Jac(X) = X (equivalently, a level d structure
on X), whered =2forG=D,,B,,d=9—nforG=E,,andd =n+ 1 for
G =A,, C,, Gy, respectively; see [Leung and Zhang 2009a] for the ADE cases.
Recall from the same reference (for instance) that for any compact, simple and
simply connected Lie group H, we have

ME = (A (H)® %)/ W(H),

where % is the moduli space of flat H-bundles over X.

3. Flat G-bundles over elliptic curves and rational surfaces: the non-simply
laced cases

In this section, we study case by case the G-bundles over elliptic curves and
corresponding rational surfaces for a non-simply laced Lie group G (G # F3).

3.1. By-bundles (n = 2). According to the last section, for G = Spin(2n + 1) we
take G’ = Spin(2n) C G.

Let S be a D, surface containing ¥ as a smooth anticanonical curve. Recall
from [Leung and Zhang 2009a] that S is a blow-up of F; at n points xi, ..., x;, on
¥ that are in general position,' with corresponding exceptional classes /i, . . ., ,.
Let f and s be the classes of fibers and the section in Fy. The Picard group of S is
isomorphic to H (S, Z), which is a lattice with basis s, f, i, ..., L,. The canonical
classis K = —(2s+3f = > ;).

We know from [ibid.] that the set

{(xe H¥*S,2) | x-K=x- f =0}

IThis means that the x; are all distinct and that x; +x; # 0 for all 7, j.
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is a root lattice of D, type. We take a simple root system of G’ = D), as
ADp) ={ar=lh—hyoo=f-lL-ha=h—0, ...,0p=l_1—1}

Let p be the generator of Out(G’) = Z,, such that p(a;) = a2, p(a2) = @ and
pla;)=a; fori =3,...,n.

Recall that a D,,-configuration on S is an n-tuple £ = (e1, ..., e,) where ¢; =1, ;)
or f —ly) such that ) e; - s =0 (mod 2). Equivalently, a D,-configuration on S
is an n-tuple ¢ = (eq, . . ., ;) such that after blowing down e,, . .., e] successively,
we obtain F!' with a fibration F! — P! defined by the fiber f.

On the other hand, the exceptional system ¢’ = (e], ..., e,) where e = I,
or f —ls() such that ) e -s =1 (mod 2) also determines A(D,). The condition
Y e -s =1 (mod 2) is equivalent to the fact that after blowing down e}, ..., ¢}

successively, we obtain P! x P! with a fibration P! x P! — P! defined by f. It is
easy to see that the map which interchanges /; and f —/;, and preserves all other /;
and f —I;, plays the role of the generator of Out(D,) = Z,. Therefore we have the
following natural definition of B,-configurations.

Let S be a rational surface with a ruling f : § — P! [ibid.], and ¥ € | — K5], such
that f|x : & — P! is a double covering with 0 € X as a ramification point. Recall
that an exceptional system of length n on S is an n-tuple { = (ey, €2, . . ., e,) wWhere
the ¢;’s are exceptional divisors such thate; -e; = —§;j,¢; - Kg =—1,1 <i, j <n.
A divisor defining the ruling f : § — P! is still denoted by f, which is effective of
arithmetic genus 0.

Definition 5. A B,-configuration on S is an exceptional system of length n (if

exists) { = (eq, ez, ..., e,) With ¢; - f =0 for all i, such that we can consider § as
a blow-up of [ or P! x Pl atn points x1, X2, ..., x, on X, with corresponding
exceptional divisors ey, ez, ..., e,. When such a ¢ exists, we call S a (rational)

surface with a B,-configuration. Let p € Out(D,) be the diagram automorphism.
Define p(¢) 1= (f —e1, €2, ..., en).

Lemma 6. Let ¢ = (ey, ea, ..., e,) be a B,-configuration. Then
p(;) == (f_el’eb "'aen)
is also a B,-configuration.

Proof. By [Leung and Zhang 2009a], if after blowing down ey, .. ., e; successively
we obtain [y, then after blowing down e,,, ..., ez, f —e; we shall obtain P! x P!
Conversely, if after blowing down e, ..., e; successively we obtain P! x P!, then
after blowing down e, ..., ey, f —e; we shall obtain F;. The result follows. [J

When xq,...,x, € ¥ are in general position (footnote 1), the surface S in
Definition 5 is called a B,-surface.



G-BUNDLES OVER ELLIPTIC CURVES AND CONFIGURATIONS OF LINES 503

Lemma 7. Let S be a B,-surface.

(1) Any B, -configuration on S consists of exceptional curves.

(i) The Weyl group W (D) acts on all B, -configurations with two orbits and acts
on each orbit simply transitively.

(iii) These two orbits are exchanged by Out(D,,).
(iv) The group W (D,) x Out(D,) acts on all B, -exceptional systems simply tran-
sitively

Proof. Let S be a B,-surface with a ruling f : § — P'. Then by definition, S is
a blow-up of [; or P! x P! atn points xy, x2,...,x, € X. Let [y, ..., [, be the
corresponding exceptional divisors. Then we have

{x €Pic(S) [ x>’=xK=—1,xf =0}

:{llv"'7ln7f_llv"'7f_ln }'
Thus a B,-configuration must be of the form: ¢ = (ey, ..., e;) where ¢; = I5(;)
ore; = f —ly(;) and o is a permutation of 1, ..., n. Obviously, xi, ..., x, are in
general position if and only if all the /; and f —I; are exceptional curves. Therefore,
(1) is true.
(iii) This follows from Definition 5.
(iv) This is a consequence of (ii) and (iii).
(i1) Let (ey, ea, ..., e,) be a B,-configuration on S. Then e¢; =I5 (;) or f —Is(;) for
1 <i <n, where o is a permutation of {1, ..., n}. The Weyl group W (D,,) acts as

the group generated by permutations of the »n pairs {(/;, f —1;) |i=1,...,n} and
interchanges of /; and f —[; simultaneously in two pairs in {(/;, f —1;) | 1 <i <n}.

Therefore W(D,) acts on the set {(e1,...,e,) | > e -s =0 (mod 2)} simply
transitively. Similarly the condition )_e; -s = 1 (mod 2) determines another orbit
on which W (D,,) acts simply transitively. ([

Remark 8. Although we know the B,-configurations on S, unfortunately, we can
not single out the B,-root system within the Picard lattice Pic(S) = H 2(S,2).
However, according to Section 2, we have a root system of B, type consisting of
Q-divisors on S:

RB) 2+ f—1), £Ui—1), £(f —li—1)) |i £ j, 1 <i, j <n).
It is easy to see that the corresponding root lattice is
n
AB)Exez( )o@z | xf =xK =0}
i=1

and
R(B,) ={x € A(B,) | x*=—2orx*=—1}.
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The set of simple roots of B, is
ABY={p=3f—-l.Bi=li-1—1i,i=2,...,n}.

Recall that the Weyl group W (B,,) is the subgroup of Aut(A(B,)) generated by
the reflections o, with « € R(B,).

Corollary 9. Let R(B,,) be defined as above. Then W (B,,) acts on the set of all
B, -configurations simply transitively.

Let 9’1';" be the moduli space of pairs (S, ¥) where S is a B,-surface (so the
blown-up points xp, x2, ..., x, are in general position), and ¥ € |—Kj|, where
two pairs (S, X) and (§’, X) are said to be isomorphic to each other if there is
an isomorphism f : S => § such that f|y = idg. Denote .A/tg" the moduli space
of flat B,-bundles over X. Let zg” be the (marked) moduli space of the triples
(S, 2, ¢=(y,...,1,). By Lemma 7, we have

Sy =Sy W(By) =S5 /(W (Dy) x Out(Dy)).

Let (5,2, =(,...,1y)) € g’gn be as above. For all @ = %’f + Y ail; €
A(B,) C Pic(S)g = Pic(S) ® Q with a; € Z,i =0, ..., n, the invertible sheaf
induced by restriction to X

Oz (a) :=05(a0(0) ®O0(X_ail;)|x
is well-defined. Moreover, deg(Ox(«)) =« - (—Kgs) = 0. Then
Os(x) €Jac(X) = X.
Thus there is a morphism
¢ : 5" — Hom(A(B,), £),
which is induced by the restriction: for all @ € A(B,,) € Pic(S)qg,
9((S, Z, ) () :=0x(x) €Jac(T) = X.

Proposition 10. (i) ng” is embedded into Jl/tg" as an open dense subset.

(ii) This embedding can be extended naturally to an isomorphism

Bn ~ Bn
E]DE -

by including all rational surfaces with B,-configurations.

Proof. Similarly as in [Leung and Zhang 2009a], we have

M = Hom(A(B,), £)/ W (B,).
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Then by Lemma 7 or Corollary 9, since two different sets of simple roots differ by
a W(B,)-action, we just need to show that the map

¢: ¥y — Hom(A(B,), ¥)
is an open dense embedding and that ¢ can be extended to an isomorphism § from

the natural compactification jg” of gg" to Hom(A(B,,), X):

¢: ¥y => Hom(A(B,), ).
The map ¢ is injective. For this, we take a simple root system of D, as
Br=3f—1i, Bi=1li_y—1; for2<i<n.
Then the restriction induces an element u € Hom(A(B,), X). For
B=ao(5f)+ X aili € A(By),
let x; =1; N X and p = u(B) € X. Then we have an equation

Z axi =p,

where + is the addition on the elliptic curve ¥. Taking 8 = 8;,i =1,...,n
respectively, and setting p; = u(B;) accordingly, we obtain the following system of
linear equations

{—Xl = D1,
Xi—1 — X = Dpi, i=2,...,l’l.
Obviously, the solution of this system of linear equations exists uniquely for given
pi with 1 <i <n.

The open dense property of the image of the embedding ¢ is obvious.

Finally, the statement (ii) comes from the existence of the solutions to the above
system of linear equations. ([

3.2. C,-bundles. We take G' = Al € G =C,, where C,, =Sp(n) and A; =SU(2).
Note that Out(A7) = S,,.

Let S be a rational surface with an A’-configuration that contains X as a smooth
anticanonical curve. Recall from [Leung and Zhang 2009a] that S is a (successive)

blow-up of P? at 2n points x1, y1, . .., X, ¥, on X, with corresponding exceptional
classes I1, 1], ..., 1,1, where x; +y; =0 € X. The Picard group of S is H?(S, 2),
which is a lattice with basis h,11,1},...,1,,[,. The canonical divisor is K =

—(Br =Y Ui +1)).

A simple root system of A’ can be taken as

AAY={a; =1 =1 |1 <i<n)}.
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When the above simple root system is chosen, the pair (S, X) determines a
homomorphism # € Hom(A(G’), X) which is given by the restriction map

u(e) :=0(w)|x.

Lemma 11. Let u € Hom(A(G'), X) be an element corresponding to a triple
(S, 2, ¢), where S is a surface with an A'{-configuration ¢ = (1,1}, ..., Iy, I}).
Let p € Out(G') = S,,.. Then p - u corresponds to the triple (S, X, p(£)), where
P(&) = Upy Lyys -5 Loy Ly y)-

Proof. Since u is the restriction map: o; — O(o;) s, u(e;) =0(; — llf)|z =X;i— Vi
fori =1,...,n. Hence p -u(a;) = u(atyi)) = Xpi) — Yp(i)- Therefore we have the
result, since x,¢) + ypi) =0. U

Thus, it is natural to define a C,-configuration on S to be the form

=, 1)y s Uy 1))

More precisely, denote S the blow-up of P, at n pairs of points (x1, —xy1), ...,
(xp, —x,) on X, with n pairs of corresponding exceptional divisors (I1,1}), ...,
(In,1}), where [; and [/ are the exceptional divisors corresponding to the blowing
up at x; and —x;, respectively.

Definition 12. A C,-exceptional system on S is an n-tuple of pairs

((619 e/l)v L] (en: e;;))

where (e;, €}) = (lg(,-),l(’j(l.)) or (lé(i),la(,-)), i =1,...,n, and o is a permuta-
tion of 1,...,n. A C,-configuration on § is a C,-exceptional system ¢, =
((e1, €}), ..., (en, €,)) such that after blowing down successively e, , ey, ..., €/, e1,

we obtain the surface P2.

It can be shown that x|, x2, ..., x, € £ C P? are in general position (in the sense
of footnote 1) if and only if any C,-exceptional system on § consists of smooth
exceptional curves. Such a surface is called a C,-surface.

Lemma 13. (i) Let S be a surface with a C,-configuration. The group W (A1) x S,
acts on all C,-exceptional systems on S simply transitively.

(i) Let S be a Cy-surface. The group W (AY) X S, acts on all Cy,-configurations
on S simply transitively.

Proof. 1t suffices to prove (i). The Weyl group W (A7) x S, acts as the group
generated by permutations of the n pairs {(/;, ) | i =1, ..., n} and interchanging of
/; and llf for each i. From this, we see that W (AY) x S, acts on all C,,-configurations
simply transitively. (]
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Denote by Ef’G the moduli space of G’ = A'-surfaces with a fixed anticanonical
curve X, and by S’G the natural compactification by including all rational surfaces
with A’-configurations. From [Leung and Zhang 2009a] we know that there is an
isomorphism ¢ : EfG JI/LG

Denote by E/’E" the moduli space of pairs (S, X), where S is a C,,-surface, that
is, S is the blow-up of P2 at 2n points +xy, ..., =x, € X such that xq, ..., x, are
in general position, and two pairs (S, X) and (§’, X) are said to be isomorphic to
each other if there is an isomorphism f : § => S’ such that f|y = idy. Denote by
A/Lg” the moduli space of flat C,,-bundles over X.

Proposition 14. (i) 9%’ is embedded into Jl/tg” as an open dense subset.

(ii) This embedding can be extended naturally to an isomorphism
Cn ~ 1/Cy
I = My
by including all rational surfaces with C,-configurations.

Proof. By Corollary 3, J(A,g" = JI/L i /S, = 9) / S,. Therefore it is sufficient to show
that ¥$ = 9241/, This follows from Lemmma 1. 0

Remark 15. Obviously, this description in Proposition 14 coincides with the well-
known description of flat C,,-bundles over elliptic curves [Friedman et al. 1997].
A flat C,, = Sp(n)-bundle over ¥ corresponds to n pairs (unordered) of points
(x;j, —x;),i=1,...,non X, uniquely up to isomorphism. One pair (x;, —x;) will
determine exactly one point on CP!, since the rational map determined by the linear
system |2(0)| induces a double covering from ¥ onto CP!. The moduli space of flat
SU(2)-bundles over X is isomorphic to P!. So the moduli space of flat C,,-bundles
over X is precisely isomorphic to §"(CP') = CIP", the ordinary projective n space.

3.3. G,-bundles. For G = G,, we take G' = A, = SU(3).

Let S be a rational surface with an A;-configuration (see [Leung and Zhang
2009a]) containing ¥ as a smooth anticanonical curve. Recall [ibid.] that § is
a (successive) blow-up of P? at 3 points x, x2, x3 on X, with corresponding
exceptional classes /1, [2, I3, where x; +x2 +x3 =0 € X. Let & be the class of lines
in P2. The Picard group of S is Pic(S) = H?(S, Z), which is a lattice with basis
h, Iy, Iy, I3. The canonical line bundle K = —(3h — 2?21 ;).

Recall that

(x e H¥S,2) | x-K=x-h=0)
is a root lattice of A, type. We can take a simple root system of A, as

A(Ay)) ={ar =l — L, ar =1 —13}.
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Let p € Out(A;) = Z; be the generator of order 2 (we can take p = —1, that is,
p(a;) = —a;).

Denote by ¥4 the moduli space of A,-surfaces with a fixed anticanonical curve
¥, and ¥4 the natural compactification by including all rational surfaces with
Aj-configurations. From [Leung and Zhang 2009a] we know that 9*2‘2 = Jl/tg‘z.
Let ¢ be the isomorphism.

Definition 16. Let S be as immediately above. A G,-exceptional system on S is an
ordered triple (ey, e2, e3) of exceptional divisors such thate; -e; =0=¢;-h,i # j
and y;+y,+y3 =0 where y; =e¢; N X. A Gy-configuration on S is a G-exceptional
system (g, = (e1, e2, e3) such that we can consider S as a blow-up of P2 at these 3
points yi, y», y3 on X, with corresponding exceptional divisors ey, €3, e3. When S
has a G,-configuration (of course ¥ € | — K|), we call S a (rational) surface with
a Gy-configuration.

When x1, x», x3 are nonzero distinct points on X, any Gp-exceptional system on
S consists of exceptional curves. Such a surface is called a G-surface. These 3
points x1, xp, x3 € X are said to be in general position.

Let S, S’ be two surfaces with G,-configurations ¢, ¢’ respectively. We say
that (S, 2, ¢) = (5, X, ¢’) if there exists an isomorphism f : S => §’ such that
fls : ¥ — X is the identity or the involution of X.

A triple (S, X, ¢) determines an element # of Hom(A (A3), ) by the restriction

ula) =0@)|x.

Lemma 17. Let u € Hom(A(A), X) correspond to the triple (S, X, ¢), where S
is a surface with a G,-configuration { = {l1, [, 13}. Then p - u corresponds to
(8", X, ¢"), where S is another surface with a G-configuration ' = (I}, I, I3) with
;N Y = —x;. Moreover, we have (S, X, ¢) = (8, X, ¢').

Proof. Since u is the restriction map: «; — O(;)|x, u(oy) =0 — L) |s = x1 —x2,
u(oy) =xp—x3. Hence p-u=v & v(e;) = —u(e;) & x1—x2=y2—y1, X3 — X3 =
Y3i—Yy2 = yi = —X;.

Next we prove the second assertion. We first fix an embedding ¢ : & < P?
such that (the image of) ¥ is defined by the equation zy? = 4x> + axz> + bz’
and 0 = [0, 1, 0] € X, where [x, y, z] is the coordinate system of P2, Then the
automorphism of P2 defined by [x, y, z] — [x, —V, z] induces an isomorphism f
of the triple (0, X, IPZ), which is the involution on X that maps x € ¥ to —x. On
the other hand, for x1, xp, x3 € X, we have obviously (—x;) 4+ (—x2) + (—x3) =0.
Thus we have the isomorphism ¢ defined by f. ]

Lemma 18. (i) Ler S be a surface with a G,-configuration. The Weyl group
W (A») acts on all G,-exceptional systems on S simply transitively.
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(i1) Let S be a Gy-surface. The Weyl group W (A») acts on all G,-configurations
on S simply transitively.

(iii) Let [(S, X, ¢)] be the isomorphism class of (S, X, ). Then W(Aj) X Z, acts
on the set [(S, X, ¢)] simply transitively.

Proof. Let f : (S, 2,¢) = (S, X,¢). If f|y =idy, then S =5 and f =ids. In
this case, W(A,) acts on the G,-configurations on S simply transitively. On the
other hand, by Lemma 17, the involution on ¥ can be extended to an isomorphism
from S’ onto S. In this case the involution — idy acts on the set [(S, X, ¢)]. Thus
the result follows. U

Proposition 19. Let Ef’gz be the moduli space of pairs (S, X) where S is a G-
surface, and Jl/tg2 be the moduli space of flat G,-bundles over X. Then we have

6) Efgz is embedded into Mgz as an open dense subset.

(i1) This embedding can be extended naturally to an isomorphism
Gy ~ /G
9;2:2 ~ Mzz’

by including all rational surfaces with G,-configurations.

Proof. By Corollary 3 we have ./(/ng = J(/ng / Out(Ay) = 9;‘2 /Z,. Thus it suffices
to show that H’gz = ngz /Z>. This follows from Lemma 18. (]

Remark 20 [Friedman et al. 1997]. A SU(3)-bundles over X is determined by a
section of H%(0x(3(0))), which is a meromorphic function with the only pole 0 of
order at most 3. Let x, y be the local coordinates of X around 0, then this function
is ap+a1x +ayy up to nonzero constant. Thus the moduli space ./(/t’;2 is isomorphic
to P2. By the proof of Lemma 17, the function ag + a;x + (—az)y defines the same
G»-bundle over . Thus we have Jl/tgz = WP%’LZ.

Remark 21. For the Fy case, unfortunately, the method used in this paper is not
very effective. We can not find a suitable definition for F4-configurations. Thus in
this case, the method used in [Leung and Zhang 2009b] is the better one.
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