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CERTIFYING INCOMPRESSIBILITY
OF NONINJECTIVE SURFACES WITH SCL

DANNY CALEGARI

Cooper and Manning (2011) and Louder (2011) gave examples of maps of
surface groups to PSL(2, C) which are not injective, but are incompressible
(i.e., no simple loop is in the kernel). We construct more examples with
very simple certificates for their incompressibility arising from the theory of
stable commutator length.

The purpose of this note is to give examples of maps of closed surface groups
to PSL(2, C) which are not 7;-injective, but are geometrically incompressible, in
the sense that no simple loop in the surface is in the kernel (in the sequel we use
the word “incompressible” as shorthand for “geometrically incompressible”). The
examples are very explicit, and the images can be taken to be all loxodromic. The
significance of such examples is that they shed light on the simple loop conjecture,
which says that any noninjective map from a closed oriented surface to a 3-manifold
should be compressible.

Examples of such maps were first shown to exist in [Cooper and Manning 2011],
by a representation variety argument, thereby answering a question of Minsky
[2000] (also see [Bowditch 1998]). More sophisticated examples were then found
by Louder [2011]; he even found examples with the property that the minimal
self-crossing number of a loop in the kernel can be taken to be arbitrarily large.
Louder’s strategy is to exhibit an explicit finitely presented group (a limit group)
which admits noninjective incompressible surface maps, and then to observe that
such a group can be embedded as an all-loxodromic subgroup of PSL(2, C).

It is easy to produce examples of noninjective surface groups. What is hard is to
certify that they are incompressible. The main point of our construction, and the
main novelty and interest of this paper, is to show that stable commutator length
(and its cousin Gromov-Thurston norm) can be used to certify incompressibility.

Our examples are closely related to Louder’s examples, although our certificates
are quite different. So another purpose of this note is to advertise the use of stable
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commutator length as a tool to get at the kind of information that is relevant in
certain contexts in the theory of limit groups.

We move back and forward between (fundamental) groups and spaces in the
usual way. We assume the reader is familiar with stable commutator length, and
Gromov-Thurston norms in dimension 2. Standard references are [Calegari 2009;
Gromov 1982; Thurston 1986]. Computations are done with the program scallop,
available from [Calegari and Walker 2011].

Recall that if X is a K (7, 1), the Gromov-Thurston norm of aclass o« € Hy(X; 7)
(denoted ||«||) is the infimum of —x (T")/n over all closed, oriented surfaces T
without spherical components mapping to X and representing no. Our certificates
for incompressibility are guaranteed by the following proposition.

Proposition 1 (certificate). Let X be a K (w, 1), and let a € Hy(X; Z) be repre-
sented by a closed oriented surface S with no torus or spherical components. If
there is a strict inequality ||| > —x (S) — 2 (where || - || denotes Gromov—Thurston
norm) then S is (geometrically) incompressible.

Proof. If S is compressible, then « is represented by the result of compressing S,
which is a surface S” with no spherical components, and — x (S") < ||«||. But this
contradicts the definition of ||«||. O

On the other hand, a closed surface S without torus or spherical components
representing « and with — x (§) = ||«|| is 71-injective, so to apply our proposition to
obtain examples, we must find examples of spaces X and integral homology classes
o for which ||«|| is not equal to —x (S) for any closed orientable surface S; i.e.,
for which ||| is not in 2Z. Such spaces can never be 3-manifolds, by combined
results of [Gabai 1983; Thurston 1986], so our methods will never directly find a
counterexample to the simple loop conjecture.

The groups we consider are all obtained by amalgamating two simpler groups
over a cyclic subgroup. The generator of the cyclic group is homologically trivial
in either factor, giving rise to a class in H, in the big group. The Gromov—Thurston
norm of this class is related to the stable commutator length of the loop in the two
factors as follows:

Proposition 2 (amalgamation). Let G be an amalgamated product G = J %) K
along a cyclic group (w) which is generated by a loop w which is homologically
trivial on either side. Let ¢ : Hy(G; Z) — Hi({w); Z) be the connecting map in the
Mayer-Vietoris sequence, and let Hy, C H>(G; Z) be the affine subspace mapping
to the generator. If w has infinite order in J and K, then

inf [l = 2(sely (w) +selg (w).
oE My,

Proof. This is not difficult to see directly from the definition, and it is very similar
to the proof of Theorem 3.4 in [Calegari 2008]. However, for the sake of clarity
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we give an argument. Note by the way that the hypothesis that w is homologi-
cally trivial on either side is equivalent to the statement that the inclusion map
Hi((w); Z) - H\(J; Z) ® H|(K; Z) is the zero map, so ¢ as above is certainly
surjective. Moreover, if Hy(J; Z) and Hy(K; Z) are trivial (as will often be the
case below), then ¢ is an isomorphism, and H,, consists of a single class «.

It is convenient to geometrize this algebraic picture, so let X; and Xg be
Eilenberg—MacLane spaces for J and K, and let X be obtained from X; and
Xk by attaching the two ends of a cylinder C to loops representing the conjugacy
classes corresponding to the images of w in either side. Let y be the core of C. If S
is a closed, oriented surface with no sphere components, and f : § — X represents
some no with o € Hy,, then we can homotope f so that it meets y transversely
and efficiently — i.e., so that f~!(y) consists of pairwise disjoint essential simple
curves in S. If one of these curves maps to y with degree zero we can compress S
and reduce its complexity, so without loss of generality every component maps with
nonzero degree. Hence we can cut S into S; and Sk each mapping to X; and Xk
respectively and with boundary representing some finite cover of w. By definition
this shows infye g, |||l > 2(scl;(w) 4 sclg (w)).

Conversely, given surfaces S; and Sg mapping to X; and X with boundary
representing finite covers of w (or rather its image in each side), we need to construct
a suitable S as above. First, we can pass to a cover of each S; and Sk in such a
way that the boundary of each maps to w with positive degree; see, for example,
Proposition 2.13 of [Calegari 2009]. Then we can pass to a further finite cover of
each so that the set of degrees with which components of 9.5 and of dSx map over
w are the same (with multiplicity); again, see the argument of the proposition just
cited. Once this is done we can glue up S; to Sx with the opposite orientation to
build a surface S mapping to X which, by construction, represents a multiple of
some « in H,,. We therefore obtain inf,cq, || < 2(scly(w) + sclg (w)) and we
are done. O

We now show how to use these propositions to produce examples.

Example 1. Start with a free group; for concreteness, let F' = (a, b, c). Consider a
word w € F of the form w = [a, b][c, v] for some v € F. Associated to this expres-
sion of w as a product of two commutators is a genus 2 surface S with one boundary
component mapping to a K (¥, 1) in such a way that its boundary represents w. This
surface is not injective, since the image of its fundamental group is F' which has
rank 3. Let G={(a, b, c, x, y | w =[x, y]); i.e., geometrically a K (G, 1) is obtained
from a K (F, 1) by attaching the boundary of a once-punctured torus 7 to w. The
surface R := SUT has genus 3, and represents the generator of H>(G; Z). On the
other hand, by the Amalgamation Proposition, the Gromov—Thurston norm of this
homology class is equal to 2-scl ) ([x, y]) +2-sclg(w). Since scl, ) ([x, y]) = %
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(see [Calegari 2009, Example 2.100], for instance), providing % < scl(w) the result
is noninjective but incompressible.

The group G can be embedded in PSL(2, C) by first embedding F as a discrete
subgroup, then embedding (x, y) in such a way that [x, y] = w. By conjugating
(x, y) by a generic loxodromic element with the same axis as w, we can ensure this
example is injective, and it can even be taken to be all loxodromic. This follows
in the usual way by a Bass—Serre type argument; a similar argument appears in
[Calegari and Dunfield 2006, Lemma 1.5].

Almost any word v will give rise to w with scl(w) > %; for example,

scl([a, bllc, aal) =1,

as can be computed using scallop. Experimentally, it appears that if v is chosen
to be random of length 7, then scl(w) — % as n — oo. For example,

scl([a, b][c, bcABBcABCbbcACbcBcbb]) = %

The closer scl(w) is to % the bigger the index of a cover in which some simple
loop compresses. This gives a practical method to produce examples for any given
k in which no loop with fewer than & self-crossings is in the kernel.

Example 2. Note that the groups G produced in Example 1 are 1-relator groups,
which are very similar to 3-manifold groups in some important ways. A modified
construction shows they can in fact be taken to be 1-relator fundamental groups
of hyperbolic 4-manifolds. To see this, we consider examples of the form G =
(a,b,c,x1,y1,...,Xg, yg | w = ]_[le[x,-, y;]) i.e., we attach a once-punctured
surface T, of genus g, giving rise to a noninjective incompressible surface R = SUT,
of genus g + 2.

Let (a, b, ¢) act discretely and faithfully, stabilizing a totally geodesic H* in H*.
We can arrange for the axis £ of w to be disjoint from its translates. Thinking of
(X1, Y1, ..., Xg, yg) as the fundamental group of a once-punctured surface T, we
choose a hyperbolic structure on this surface for which 97} is isometric to £/(w),
and make this group act by stabilizing a totally geodesic H” in H* in such a way that
the axis of 07, intersects the H3 perpendicularly along £. Providing the shortest
essential arc in T from 07, to itself is sufficiently long (depending on the minimal
distance from ¢ to its translates by (a, b, c)) the resulting group is discrete and
faithful. This follows by applying the Klein—Maskit combination theorem, once
we ensure that the limit sets of the conjugates of (a, b, c¢) are contained in regions
satisfying the ping-pong hypothesis for the action of 7;(7,). This condition can
be ensured by taking g big enough and choosing the hyperbolic structure on T
accordingly; the details are entirely straightforward.
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Example 3. Let H be any nonelementary hyperbolic 2-generator group which is
torsion free but not free. Let a, b be the generators. Then the once-punctured torus
with boundary [a, b] is not injective. As before, let G = (H, x, y | [a, b] =[x, y]).
Then G contains a genus 2 surface representing the amalgamated class in H>(G; Z),
and the norm of this class is 1 +2-scly ([a, b]) > 0, so this example is noninjective
but incompressible.

As an example, we could take H to be the fundamental group of a closed
hyperbolic 3-manifold of Heegaard genus 2, or a 2-bridge knot complement. Such
examples have discrete faithful representations into PSL(2, C).

Example 4. It is easy to produce examples of 2-generator 1-relator groups H =
{(a, b | v) in which % —e <scl([a, b)) < % for any €. Such groups are torsion-free
if v is not a proper power. Just fix some big integer N and take

v = ([a, bI*™)8 ([a, b)) - - - ([a, b]EV)8m

to be any product of conjugates for which there are as many +N’s as —N’s. Such
an H maps to the Seifert-fibered 3-manifold group

(a,b,z|[a,b]N ="' [a, 21 =[b, 2] = 1),

in which scl([a, b]) = (N — 1)/2N. The only subtle part of this last equality is the
lower bound, which is certified by Bavard duality (see [Calegari 2009, Theorem
2.70]) and the existence of a rotation quasimorphism associated to a realization
of the fundamental group of the Seifert manifold as a central extension of the
fundamental group of a hyperbolic torus orbifold with one orbifold point of order
N. Since scl is monotone nonincreasing under homomorphisms, the claim follows.
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GLOBAL WELL-POSEDNESS FOR THE
3D ROTATING NAVIER-STOKES EQUATIONS
WITH HIGHLY OSCILLATING INITIAL DATA

QIONGLEI CHEN, CHANGXING MIAO AND ZHIFEI ZHANG

We prove the global well-posedness for the 3D rotating Navier—Stokes equa-
tions in the critical functional framework. This result allows us to construct
global solutions for a class of highly oscillating initial data.

1. Introduction

In this paper, we study the 3D rotating Navier—Stokes equations

ur—vAu+ Qesxu+u-Vu+Vp =0,
(I-1) divu =0,

u(0,x) = uo(x),
where v denotes the viscosity coefficient of the fluid, 2 the speed of rotation, ej
the unit vector in the x5 direction and S2e3 x u the Coriolis force. We refer to
[Chemin et al. 2006; Majda 2003; Pedlosky 1987] for its background in geophysical
fluid dynamics. If the Coriolis force is neglected, the equations (1-1) become the
classical 3D incompressible Navier—Stokes equations

ur—vAu+u-Vu+Vp =0,
(1-2) divu =0,
u(0,x) = ug(x).

The global existence of a weak solution of (1-1) can be proved by the classical
compactness method, since we still have the energy estimate

t
)], +2 [0 1Vu(s) (125 ds < luol2».

As in 3D Navier—Stokes equations, the uniqueness and regularity of weak solutions
are also open problems. Recently, Giga et al. [2006; 2007; 2008] studied the local

Chen is supported by NSF of China (NSFC) grants 10701012 and 10931001. Miao is supported by
NSFC grants 11171033 and 11231006. Zhang is supported by NSFC grant 10990013.

MSC2000: primary 35Q30; secondary 35D10.

Keywords: rotating Navier—Stokes equations, global well-posedness, Besov space, highly oscillating.
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existence of a mild solution for a class of nondecaying initial data which includes a
class of almost periodic functions, as well as global existence for small data. On
the other hand, when the speed €2 of rotation is fast enough, the global existence of
smooth solution was proved in [Babin et al. 1997; 1999; Chemin et al. 2000; 2006].

For the 3D Navier—Stokes equations, Fujita and Kato [1964; Kato 1984] proved
the local well-posedness for large initial data and the global well-posedness for
small initial data in the homogeneous Sobolev space H7 and the Lebesgue space L3,
respectively. These spaces are all the critical ones, which are relevant to the scaling
of the Navier—Stokes equations: if (u, p) solves (1-2), then

(1-3) (un(t.x), pa(t. x)) := (Au(R?t,Ax), A% p(A%t, Ax))

is also a solution of (1-2). The so-called critical space is the one such that the
associated norm is invariant under the scaling of (1-3). Recently, Cannone [1997]
(see also [Cannone 1995; 2004; Cannone et al. 1994]) generalized it to Besov spaces
with negative index of regularity. More precisely, he showed that if the initial data
satisfies
ol i3 Se p>3
for some small constant ¢, then the Navier—Stokes equations (1-2) are globally
well-posed. Let us emphasize that this result allows us to construct global solutions
=1
for highly oscillating initial data which may have a large norm in H2 or L3. A
typical example is
X3

ug(x) = sin s (=020 (x), 919(x).0)

where ¢ € #(R?) and & > 0 is small enough. We refer to [Chemin and Gallagher
2006; Chemin and Zhang 2007; Chen et al. 2010a] for some relevant results. A
natural question is then to prove a theorem of this type for the rotating Navier—Stokes
equations.

We know that Kato’s method heavily relies on the uniform boundedness of the
Stokes semigroup in L? and global L? — L4 estimates, but the Stokes—Coriolis
semigroup is not uniformly bounded in L? for p # 2; see Theorems 5 and 6 in
[Dragicevic et al. 2006]. Standard techniques allow us to prove these estimates only
locally for the Stokes—Coriolis semigroup, hence one can obtain the local existence
of mild solution in L3 by Kato’s method. Whether one can extend this solution to
a global one for small data in L? is a very interesting problem.

Very recently, based on the global L? — L4 estimates with ¢ < 2 < p and
L9— H? estimates with q > 3 for the Stokes—Coriolis semigroup, Hieber and
Shibata [2010] proved the following global result for small data in H 2,
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Theorem 1.11. Let q > 3. Then there exists ¢ > 0 independent of 2 such that for
any ug € HZ witllz |leg ”H% < ¢, the equations (1-1) admit a unique mild solution
u € C([0,00), Hy) satisfying

(1-4) ueC(0,00), L9 and lim sup 52 3 llee(s,-)||Le =0,

t—>0F g<s<s

Vu e C((0,00),L*) and lim sup s4||Vu(s g2 =0.
t=07F <5<t

1
Here HZ denotes the closure of the set {u € C°(R*)?,divu = 0} in the norm of

10,

The goal of this paper is to prove the global existence of a solution of (1-1) for a
class of highly oscillating initial velocity. Thus we need to solve the system (1-1) for
the initial data in a crltlcal functional framework whose regularity index is negative,
for example, Bp q 5 for p > 3. However, Cannone’s proof [1997] doesn’t work
for our case, since it also relies on the global L? — L4 estimates for the Stokes
semigroup. Indeed, for the Stokes—Coriolis semigroup %(¢), one has

16()uollr = Cpat®lluollr, if p#2;

see Proposition 2.2 in [Hieber and Shibata 2010]. Then we can infer from the
definition of the Besov space that
G uoll .3 <Ct*|luoll ., 3.
660l 1y = ool oo
.43
This means that even if the initial data u¢ is small in BP,;JF P the linear part of the
solution, [|G(¢)uoll ._, 3, may become large after some time g > 0.

Fortunately, we have the following important observation: if u is an element of
L? with suppu € {£: |€] = A}, then

_ )2
[6@ulLe < Cpae™ ullLo
for any p €[1,00] and ¢ € [0, o], while for any u € L?,

16@ull 2 = llull2-

.13
This motivates us to 1ntr0duce the hybrld -Besov spaces %7 3 > (see Deﬁnition 2.2).

Roughly speaking, if u € 973 2’ B the low frequency part of u belongs to H 2 > and
the high frequency part belongs to Bp 0 = . So, 973 2 K » is still a critical space. A
remarkable property of 975 2’ "is that if p >3, then

1-3
||u0(x)||%%,%_l <Ce'7p,

2.p
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for ug(x) = sin(x;/e)¢p(x), with ¢(x) € $(R3); see Proposition 2.4. That is, the

.13
highly oscillating function is still small in the norm of %3’ > !

Definition 1.2. Let 1 < p < oo, we denote by E, the space of functions such that
E,= {u ddivu =0, lulg, < +oo},

where

+ ||ul]

u :=u~
gy =Tl

NN\._.

3_
)
Definition 1.3. We denote by Cy([0, 00); %

-1

that u is continuous from (0, co) to %22 oy

Ll(R—i- %2 p‘H)

3_
o ) the set of functions u# such

\._.
\w

1
2
2
, but weakly continuous at = 0; i.e.,

-3 =<1
A=

lim sup (u(s,-), g(-))=0 for all g € ¥ with || g|| _

=0T g<s<t By

SN,

Our main results are stated as follows.

Theorem 1.4. Let p € [2,4]. There exists a positive constant ¢ independent of Q2
such that if |uo|| . 1
such that

4331 < ¢, then there exists a unique solution u € Ej, of (1-1)
2.p

ueC*([O 00); B 2%17% 1).

Remark 1.5. Due to the inclusion map

! for p > 2,

1 =13

H>CRBy'»

Theorem 1.4 is an improvement on Theorem 1.1. The importance of this is that
it allows us to construct global solutions of (1-1) for a class of highly oscillating

initial velocity u, for example,

(1-5) no(x) = sin( =) (<026(x). 91/ (). 0)

where ¢ € $(R3) and ¢ > 0 is small enough. This type of data is large in the
Sobolev norm; however, it is small in the norms of Besov spaces with negative
regularity index.

Remark 1.6. As shown in Section 4.2 of [Cannone 2004], for the classical Navier—
Stokes equations (1-2), there exists the following “highly oscillating™ initial data:
uo(x) € ¥ (R3) is such that i1 (£) = 0 if |£| < 1/e. Then

(1-6) luoll 172 < &' lluoll -

We point out that examples like (1-5) are not included in such initial data. In fact, if
supp ¢(§) C {|€| < 1/2¢}, then the above estimate is satisfied, while if ¢ (&) has no
support, it is not sure that (1-6) holds, which implies the norm of ||u|| ;1,, may
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not be small enough.

Remark 1.7. The inhomogeneous part of the solution has more regularity:
u—%9(t)ug € C(RY; Bz%,oo)’
which can be proved by following the proof of Proposition 4.1.
If ug lies in H %, we can obtain the following global well-posedness result.

Theorem 1.8. Let p €[2,4] There exists a positive constant ¢ independent of 2
such that, if ug belongs to H?2 > with ||u0|| 1356 then there exists a unique
global solution of (1-1) in C(R™, H2) e

Remark 1.9. Slnce we only impose the smallness condition of the initial data in
the norm of 973 2’ thls allows us to obtain the global well-posedness of (1-1) for
a class of hlghly oscillating initial velocity u#g. Moreover, the uniqueness holds in
the class C(R™, I-.I%); 1.e., it is unconditional.

The structure of this paper is as follows. In Section 2, we recall some basic
facts about Littlewood—Paley theory and the functional spaces. In Section 3, we
recall some results concerning the Stokes—Coriolis semigroup’s regularizing effect.
Section 4 is devoted to the important bilinear estimates. In Section 5, we prove
Theorem 1.4 and Theorem 1.8.

2. Littlewood—-Paley theory and the function spaces

First of all, we introduce the Littlewood—Paley decomposition. Choose two radial
functions @, x € #(R?) supported in € = {£ € R3, % <|é|=< %}, B={EcR3,|E|< %},
respectively, such that

Y @78 =1 forall £ #0.

jez
For f € ¥'(R3), the frequency localization operators A; and S;(j € Z) are defined
by v

Ajf=9Q7/D)f, Sif=xC7D)f. D=-=
Moreover, we have
j—1
Sif= Y Af inZ®).
k=—oc0

Here we denote by %/(R?) the dual space of
E(R?) = {f € F(R?): D* £ (0) = 0 for all multiindices & € (N U 0)>}.
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With our choice of ¢, it is easy to verify that
2-1) AjARf=0 if|j—k[>=2 and A;j(Sk—1fArf)=0 if|j—k|=5.

In the sequel, we will constantly use Bony’s decomposition [1981]:

(22 fe=Trg+Tef + R(f.2).
with
Tre=YSi1fdjg. R(L9=Y A fRjg. Rig= Y Ay
e jez ==t

Definition 2.1 (homogeneous Besov space). Let s € R, 1 < p,g < +o0o. The
homogeneous Besov space Bls,’q is defined by

By g =/ €X' ®): 1115, <+oo).
where
1/ 5, = |25 Ak fllzo | ja-

Ifp=gq=2, B; , 1s equivalent to the homogeneous Sobolev space HS.

Definition 2.2 (hybrid-Besov space). Lets, o € R, 1 < p < +o00. The hybrid-Besov
space %;’z} is defined by

By, =S €X' ®) 11| [ gy < +oo}.
where

1/ llage = sup 2 A fllp2+ sup 2| A Sz
2k<Q 2k>Q

The norm of the space L’ (% ) is defined by
171z gy = sop 2ks||Akf s 22+ sup 2% Ax fllLs Lo
2k>Q
It is easy to check that L/ (% ) cL’ (93 ) where the norm of L7 (%; U) is
defined by

||f||L'T(%°2‘;) = ” ||f(l)||%A2c; ‘ I

Bernstein’s lemma will be repeatedly used throughout this paper:

ro.
T

Lemma 2.3 [Chemin 1995]. Let 1 < p <q < +oc. Then for any B,y € (NU{0})°,
there exists a constant C independent of f, j such that, for any f € L?,

supp /' C {|&] < 4927} = (|07 f | < CPVHING=D 1)1,

supp f C {4127 <|§| < 4,27} = || fllr < C27I sup 9P £ 1|1
1Bl=lvI
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Proposition 2.4. Let ¢ € F(R) and p > 3. If ¢po(x) := eix?lqb(x), then, for any
0<e<Q7!,

= |w

1—
<
H%Hgké;,%_l =Ce v,

where C is a constant independent of e.

Proof. Let jo € N be such that Q < 2/0 ~ ¢~1. By Lemma 2.3, we have
sup 26 DI | AjggllLr < C2G~ Do < Cel~h,

JZJo

Noting that eix?l = (—isal)Neix?l for any N € N, we get, by integration by parts,
g y g y g yp

Ajpe(x) = (ie)¥ 2V /Rs TN (R (x =) () dy. h(x) = (F ).

By the Leibnitz formula, we have

N
Ajge(x)] = CeN2Y Y 2k / 105 @7 (x = )| |9Y g ()] dy,
k=0 R
from which, along with Young’s inequality, we infer that, for j > 0,

N
I85els = oY 30 2929 @ T3 1 [ F0 )] = CN2Y,
k=0

and for j <0,

N
18jgellza = CeN 32423 |04, @7 1) o |08 D (1) 1 = €V 27D,
k=0

Thus we have

R 143y _3
sup 2% 1)j||Aj¢g||Ll7 < CeNoW=1+3)Jo < Cel=p,
Q<2/<2/0

i 1 1
sup 2%”Aj¢s||L2 <CQ2eN <Nz,
2/=Q

Summing up the above estimates yields that

S v

13 = Ce'™v.
Ry

el

The proof of Proposition 2.4 is completed. O
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3. Regularizing effect of the Stokes—Coriolis semigroup

We consider the linear system
ur—vAu+ Qesxu+Vp =0,
(3-1) divu =0,
u(0,x) = ug(x).
From [Giga et al. 2005; Hieber and Shibata 2010, Proposition 2.1], we know that

(3-2) u(t,&) = cos(Q%l)e_”léztlﬁb(S) + sin(Q%t)e_"'S'ztR(é)%(é),

for t > 0 and £ € R3, where I is the identity matrix and

0 &3/1&l =82/
R(&) = | =&3/|§] 0 &1/l
&2/181 =&1/18] 0

The Stokes—Coriolis semigroup is explicitly represented by
(3-3) (1) f =[cos(QR31) +sin(QR3t)R]e”' 2 f, fort >0, feL?,
where R3 f(§) := (&3/|£]).f (&) for £ #0.

Proposition 3.1 (smoothing effect of the Stokes—Coriolis semigroup). Let € be a
ring centered at 0 in R3. Then there exist positive constants ¢ and C depending
only on v such that if supp ti C A6, then we have:

(i) forany A > 0,
(3-4) 16(0)ull > < Ce™ " ul| 2
(ii) if A Z 2, then, forany 1 < p < o0,
(3-5) I9@ullLr < Ce™ Jullo.
Proof. (i) Thanks to (3-2) and the Plancherel theorem, we get
[6@ulz2 = |9 9a@) | 2 < Cle™ ¥ raE)], < Cemlula,

where we have used the support property of ().

(ii) Let ¢ € D(R3 \ {0}), which equals 1 near the ring 6. Set

s0.0:= 007 [ 0ok 6 ae
To prove (3-5), it suffices to show

(3-6) lg@x, )1 < Ce ¥,
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Thanks to (3-3), we infer that
— - _ 12
(3-7) |g(x,t)|dx§C/ / |p(A18)||%(, &)| d& dx < Ce™M.
[x]<A—1 |x|<A—1 JR3

Set L :=x-Vg/(i |x|2). Noting that L(e?*¥) = ¢'**§, we get, using integration by
parts,

glx.0)= /R LN 907 0% 5 di = /R LN (@0TO%(.8) d.
where N € N is chosen later. Using the Leibnitz formula, it is easy to verify that
‘ay(eiiﬂ%l)‘ <ClE""a + @, {3V(e—v|$|2t)‘ < C|§|_|y‘e_%|5|2t,

Thus we obtain
(LHN (¢S, £))|
SCI TN 3 AR (VN ) () 0% IR g2 o) 0% 14+ R (D))

loey [+1leen |

+lazl=lal
la|=N

<Clax[™N 37 (V) (g ||| Tl el 3 € (1 e,
loey [ +lapl

+lazl=lal
lal=N

Taking N = 4, for any & € {§£ : A7'A < |§| < AL} and for some constant A
depending on the ring € and A = €,

(L5 (@071 )G(1.6))| < Clax|~He 58P,

which implies that
gl n)ldx = Ce™ V)3 / Ax|™* dx < Ce**,

/|x|zA |x|=+

which, together with (3-7), gives (3-6). Then the inequality (3-5) is proved. O
The following proposition is a direct consequence of Proposition 3.1.

L2 g2
Proposition 3.2. Let s, 0 € R, and (p, q) € [1,00]. Then, for any u € %;’pq 077
we have

(3-8) I6Mullza Gy = Cllull%;j,g-%’
and for any f € Z;%SZ(;, we have

t
(3-9) H /0 Gt —1)f(r)dt <CIf Oz go )

£ (355777
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Proof. Here we only prove (3-9). For any 2/ > €, we get by Proposition 3.1 that

t
HAj/O Yit—r1)f(r)dr

t .
<c f =2 AL £ (o)L di.
Lp 0

from which, along with Young’s inequality, it follows that

t
(3-10) H Aj/o Gt —1)f(r)dr

< Cllem ™ g 181 SOl 1o

L4.LP L
=C27d A SOl -

Similarly, we also have
122
<Clle=7 | La 1A fO)ll s 2
LY.L2 r r

_2;
= CH A f Oy o
Then the inequality (3-9) follows from (3-10) and (3-11). O

Aj/o Yt—1)f(r)dr

4. Bilinear estimates

We study the continuity of the inhomogeneous term in the space £, 7 whose norm
is defined by

gy 5= Bl +lul,

Do

o) Doy
We define

t
B(u,v):= /0 Gt —1)PV-(u®v)dr,

where P denotes the Helmholtz projection which is bounded in the L? space for
l < p<oo.

Proposition 4.1. Let p €[2,4]. Assume that u, v € Ej, 1. There exists a constant C
independent of 2, u, v such that, for any T > 0,

4-1) 1B(u.v)|lE, = Cllullg, +lIvlE, 7
Proof. Thanks to Proposition 3.2, it suffices to show that

(4-2) ||Mv||Zl 3.3 =Cllulg, rlvlE, -

From Bony’s decomposition (2-2) and (2-1), we have
Ajv)= Y Aj(Sp—iudev)+ > Aj(SkmvAgu) + > Aj(AguBgv)
lk—j|<4 lk—j|<4 k>j—2
=:I; +1; + 11I;.
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Set Jj :={(k', k) : |k — j| <4,k' <k —2}. Then for 2/ > Q,

”Ij”L%,Lp = Z ||Aj(Ak’uAkU)“L%,Lp
Jj

= (Z +Y + Z)”AJ(Ak'MAkU)HLITLp =11+ 12+,

Jj,ll J,]h Jj,hh
where
T ={k'kyeJ:2X <@ 2* <qj,
Jigm={K kel :2¥ <@, 2k > qj,
Jimn={K k)eJ;: 2K >q, 2k > Q)
We get by using Lemma 2.3 that
3.3
Li=C Y Akulpgere2C0 Al s 1o
(k’,k)EJj,”

<Cc > 22||Ak/u||LooL22 ||Akv||L1L22 k(3=3)
(k'.K)ed; 1

_ _3
<Cllull. .y 3 lvll., 534, Z Fk'=k) 5 =3k
LPRBZ P Ll %2 D
T “°2.p 2.p (k/,k)EJj'”
<C2” 3 u ol ’
| || 2%%_1 [ ”L‘T@sz%j,,%“

where we used in the last inequality the fact that

I e I SIP ST e Y]

(k' k)ed; 11 k'<k-2 lk—j|<4

with C independent of j. Similarly, we have

has Y Awulisreldevlps g,
(k’,k)eJ; 1n

K k'
<C Z 27 [ Aprullpge 22" [ Akvlpy Lo
(k',k)ET} 1h

<C2 v ||ul

Toead! vl e

Lid
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and

lj3 < Z lArulLseroelAxvlips o
(k’,k)eJ; nn

k(31 k'
=C Y 20 VAUl e 2 Akl 1
(k’,k)eJ; nn

=C2” P]||”|| b3Vl
221)

On the other hand, for 2/ < Q, we have

10y 2 = D0 1A (Arubgd)lpy g2

Jj

< (Z o Z)HAJ-(Ak/uAkv)uL;Lz =latls+ s

Jiar  Jjan  Jjnn

We get by using Lemma 2.3 that

K %
LasC Y 27| Apuliger22¥ Akl g2
(k,k')EJj,”

3j
<C2 2 |ul. v
[ IIL vl

NN\._.
’U\w

and, noting that p <4,

Iis<C A A
[EELSD DE [V T LV 3
(k,k")eJj 1n

k' /(3
<C Y 25| Apullpe22V G

1
D[ Agvliy o
(k,k")EJj 1n

_3J
<C27 2 |u|.
I

and

URETD DR LV A TN
(k,k"YeJ; nn

(3 _ r(3_1
=c 3 20TNApule 2O ALy L
(k,k")eJj nn

_3j
<C2 2 ||u||~

il
T 2

Ll %% %
T 2.p
Summing up the estimates for /; through I ¢ yields that

(4-3)

sup 277 |I; Iz pp+ sup 22 ) Iz r2 =Cllulle, +IvE, 7
2/>1 27 <1
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By the same procedure as the one used to derive (4-3), we have

(4-4) sup 277 | 11; lpyp» + sup 22 ), Ipyz2 = Clullg, 2 IvlE, 7
2i>1 2/ <1

Set Kj :={(k,k"):k > j—3,|k"—k| <1}. Then we have

111,:(2 Z Z Z)Aj(AkuAk,v)::111,-,1+111j,2+111j,3+111j,4,

K Kiin Kjn Kjnn

where )
K =1{(k,k)eK;:2k<Q, 2" <@,

Kjim={lk, k') e K;: 2k <@, 2F > Q)

Kjpm ={(k, k') e Kj: 2% > 2K <@,

Kjpn =1k, k) e K;:2F > Q2% > Q).
We get by Lemma 2.3 that

3j(1—1
10y e = €270 3 0 Agudpevllpy g
(k,k)eK;

; 1 k k 5 5
=207 ST 23| Al 22722 E | Apvll g 122702

(k.k")EK; 11
3j(1—-1 —3-3K

< 2%( p)||u||Z _1|| Iz 555+ 2, T
L1%3, (k.k)EK; 11

@ .
NN\»—
':\w

<C2p1u 13 vl s 3 Z23<k1)
Il g3 3007 50

p k>j—3
<27 lullg, 1 IVl E, -

and

3 _3j
Ml 2 =C22 0 ) Akubgvllpy 0 = C272 ullg, vlE, o
(k,k")EK; 11

Similarly, we obtain
111} » +III]-,3||L1TL,,

3j
=C2: ) Al e
(k.keK; 1nVUKj p

3j
<23 ( > IakulgeralAvllgs o+ 3 1Akl 1o ||Ak/v||L%OLz)
Kj.in Kj ni

_3;
=C27 lullg s IvlE,
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and

3 .
. . oJ
||IIIJ,2 +HIJ,3”L1TL2 <C2»r E ”AkuAk,v”LITLzzfp
(k.kNEK; 1nUK; ni

_3i
=C27 2 ulg,rlIVlE, 7
Finally, due to 2 < p < 4, we have
3
ML all s pr <C207 ) |kl 2
(k,k/)EKj’hh

3.
=c2r/ Y | AullzgerolAkvlipy o
(k.,k")eKj nn

_3;
<C27 v |u|lg, r IVE, +
and
3j(2-1 _3
M0 4l 2= €2 G720 30 Akl g <C2 2 ulg, lvllE, ;-
(k,k")EK; hn

Summing up the estimates of 111; -1l 4, we obtain

3 37
4-5)  sup 20/ ({ljl| s pp + sup 22 ULl gy g2 = Cllullg, plIvlE, 7
27 >1 2/ =<1
Then the inequality (4-2) can be deduced from (4-3)—(4-5). O

In order to prove the uniqueness of the solution in C(R*; H %), we establish the
following new bilinear estimate in the weighted time-space Besov space introduced
in [Chen et al. 2008; 2010b].

|—

Proposition 4.2. Assume that u, v € L‘%"(Bz2 oo)- Then, forany T > 0, we have

} ot o2t 1A vllzge L2 oo
2,00

1B, ) .1 =Clull .1

LT B LT B2,OO
where

1o _n2J
wj, T = Sup ek5T27(1 28 ejri=1—e 2T,
k=j

Remark 4.3. The inequality ¢; 7 < w; r (top of page 277) is important to the
following estimates. On the other hand, due to the fact limy_,o wj 7 = 0, it can be

proved that if u € C([0, T; H%), then, for any ¢ > 0, one has
”a)j,TZ%IIAijIL%oLz Hloo <e¢ if T is small enough.

This point is important in the proof of uniqueness.
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Proof. First we note that e¢; 7 < w; 7 for any j € Z and that
l(j_j/) . ./ . . . ./
(4-6) wj T <22 wjr if jT <7, wjr =2wjrr if j < j.
We get by Proposition 3.1 that
4-7) | B(u,v)| . i <sup22/ H‘Q(Z—I)A PV . (u(}i)u)HL2 dt
2

<sup2? [ P 185 @ V) g2
jG

<Csup2™ 26] TllA; (”U)||L°°L2
JEZ

We use Bony’s decomposition to estimate ||A; (uv)||L%oLz. Since ej 7 < wj T and
thanks to (4-6), we have

@8) Y 1A (Skorudgv)llpser
lk—j|<4

k
=<Clull 4 Y 2KUArvlpeere
200 |k—j|<4

< Coyj, 22||u|| oad lorr22 18z 2] .
2

and, again by the same properties of w; T,

3k K Yo
ISk—1vllzoe = D 1Ak 0)1 2225 < [Jop 72T |Apvllpsera] o0 D 25 wly
frsko k'<k—2
k, —1 K
<o rfor, 27 1Ak vlLge L2 e

which implies that

@9) Y 11Aj(Sk—rvAgu)llpger
|k_j|§4 K
<25ochlul .y Jorr2T 18evl ez
k,T L?OBZEOO k', T k LPL2|joo>

and for the remainder term,
(4-10) Z |Aj (AguBgv) ”L%OLZ

< Z 251HA]'(AkuAkU)HL$9Ll
k>j—2
<C > 2%j||Aku||L§’9L2HZkaL%°L2
k>j—2
<Copp2tlul oy forr2® 1Al re] e
T 2,00

Substituting (4-8)—(4-10) into (4-7) concludes the proof. O
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5. Proofs of Theorem 1.4 and Theorem 1.8

The proof of Theorem 1.4 is based on the following classical lemma.

Lemma 5.1 [Cannone 1995]. Let X be an abstract Banach space and B : X xX — X
a bilinear operator, || - || being the X -norm, such that for any x; € X and x, € X,

we have

I1BCx1, x2) I = nllx g [H]x2]-

Then for any y € X such that
anlyll <1,

the equation
x =y+ B(x,x)

has a solution x in X. Moreover, this solution x is the only one such that

x| < L=y 1=4nlly]
= o .

Proof of Theorem 1.4. Using the Stokes—Coriolis semigroup, we rewrite the sys-

tem (1-1) as the integral form
t

(5-1)  u(x,t) =%@0)uy —/ Gt —0)PV-(u®u)dr :=%{)uo + B(u, u).
0
Thanks to Proposition 3.2, we have

<
[6(DuollE, = Clluoll%é,p%_

, = Cec.

Obviously, B(u, v) is bilinear, and we get by Proposition 4.1 that
IB(u.v)llE, = Clulg,lvlE,-
Taking ¢ such that 4C%¢ < %, Lemma 5.1 ensures that the equation
u=%1tug+ B(u,u)
has a unique solution in the ball {u € E, : |[u| g, < %}. |

Now we prove Theorem 1.8.

Proof of Theorem 1.8. We introduce a Banach space F;, whose norm is defined by

el £, := lull

Foori by T I,

Step 1: existence in F,. We define the map

Tu:=%9()ug + B(u,u).
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Next we prove that, if ¢ is small enough, the map J has a unique fixed point in the
ball

BA = {u S Fp : ”u”Ep = Ac, ||M||F,, = A”uOHH%}’

for some A > 0 to be determined later. From Proposition 3.2 and Proposition 4.1,
we infer that

2
(5-2) 1Tullg, = Clluoll%z%,j_l +Cllul,.

On the other hand, we get by Proposition 3.1 that

(5-3) B W ;oo i 1)

=< H/t‘g(t—r)PV~(u®u)(r) dt
0

Loo(R+:;H )

N
EC(ZZj(sup /t ||<§(Z—I)Aj[|3’V~(u®u)(f)||Lzdr) )
0

jez teRT

=C

t

3 g2

227 sup / e 62]’||Aj(u®u)||der
teRt J0O 12

In the following, we denote by {c;}jez a sequence in /> with norm [|{c;} 12@z) < 1.
We get by Lemma 2.3 that

r
(5-4) sup/o6_022]t||Aj(Tuu)||der

teRT
&2
<e ™ lpi@ry > 1A (Sk—tudgu)| poo@t:r2)
lk—j|<4

< C2H|Skorullpoo@tiroey Y NAkUlLoo@+;r2)
lk—j|<4

k~—2j
<
_Cllullzm(w;%ﬁ_l)z 2 |k—§j|:<4 | Akcull oo gt 1.2y

_3; k—j) Kk
<C2 2 |u| g, 272 22| Agull poo(mt:L2)

lk—jl<4

_3;
< C2 ¥y ull g, Il g s 8
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The remainder term of uv is estimated by

r
(5-5) sup/(;e_CZZJtHAjR(u,u)Hdet

teRt+ 5i
— J ~
<7 Loty 2 1A (Audiw) | L1 gr.p2)
k>j—2

<C Z ”Zku|‘L1(R+;Loo)”Aku||L°°(R+;L2)
k>j—2

Kk
a2 2 M 1Akl et
P k>j—2

3k~ Llk
<Cllullg, Y 272229 Agulpoo@;r2)
k>j—2

<C2™ chj ”u”Ep“uHLOO(R+ H2)

Combining (5-4)—(5-5) with (5-3) yields that

1B, w)ll = Cllull g, llull ¢

Loo(rt; Hz) - Loo(Rt; Hz)

It is easy to verify that

[6()uoll 7 = Clluoll 4

L°°H* -

Consequently by (5-2) and the estimate

luolly 31 < Clluol

1
off
J32p

(which follows from Lemma 2.3 and the definition of the Besov space), we obtain
(5-6) [TullF, §C||uo||H% + Cllulg, lulF,-

Taking A = 2C and ¢ > 0 such that 2C 2¢ < 1 it follows from (5-2) and (5-6) that
the map J is a map from B4 to By. Slmllarly, it can be proved that 7 is also a
contraction in B4. Thus, the Banach fixed point theorem ensures that the map &
has a unique fixed point in B 4.

Step 2: uniqueness in C(R™; H%). Let u; and u, be two solutions of (1-1) in
C(RT: H %) with the same initial data uy. We consider

uy —uy = B(uy —G(t)ug,uy —uz) + B(G(1)ug, uy —uz)
+B(Ll1 — Uy, Uy —E@(t)uo) + B(u1 — uz,%(t)uo).
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Then we get by Proposition 4.2 that

(5-7)  sup (w1 —u2)(] .
t€[0,T]

=C sup ||(u1_u2)(l)||
t€[0,T

+ sup ()= S@pmol 1y + sup_Nua() = S@pmoll 51 ).
t€[0,T] t€[0,T]

1
B2
2

(ij,Tﬁ 1A uoll2]) 00

1
B2
2

where we used the fact wj 7 <1 so that

i
|wj, 7221148 ull s 2] ;o0 < sUP | lu (@)1l 5y
tel0,T

.. -1
Noticing that w; o = 0 and uo € H?Z, we have

/ 1
ij,Tﬁ 1A uoll2] 00 < ic

for 7' small enough. On the other hand, since u;, uy € C(RT; H %), we also have

1
sup fluy —4()uoll ;1 + sup |luz —9()uoll ;1 =
1€[0,T] H2  ie0,1] it =3¢

for T small enough. Then (5-7) ensures that u(¢) = u,(¢) for T small enough.
Then, by a standard continuity argument, we conclude that #; = u; on [0, 00). [
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PRESENTING SCHUR SUPERALGEBRAS

HOUSSEIN EL TURKEY AND JONATHAN R. KUJAWA

We provide a presentation of the Schur superalgebra and its quantum ana-
logue which generalizes the work of Doty and Giaquinto for Schur alge-
bras. Our results include a basis for these algebras and a presentation using
weight idempotents in the spirit of Lusztig’s modified quantum groups.

1. Introduction

1.1. The Schur algebra. The Schur algebra plays a central role in the represen-
tation theory of GL(n) (e.g., see [Deng et al. 2008]). It is also the prototypical
example of a quasihereditary algebra [Cline et al. 1988]. And, of course, it is at
center stage in Schur—Weyl duality. If V' denotes an n-dimensional vector space
and V®4 denotes the d-fold tensor product of V' with itself (all vector spaces and
tensor products are over the rational numbers), then there is action of the symmetric
group on d letters, X, on yed by permuting the tensor factors. With this notation
we can define the Schur algebra by

S(n,d) = Ends, (V®9).

On the other hand the enveloping algebra of the Lie algebra gl(n), U(gl(n)), has
a natural action on V and, hence, on V®4. We could instead define S(n, d) as
the image of the resulting representation U(gl(n)) — Endg(V ®9). Schur—Weyl
duality implies these two definitions coincide. Thus the Schur algebra acts as a
bridge between representations of gl(n) and the symmetric group. The above story
generalizes to the quantum setting if we replace the rational numbers with the
rational functions in the indeterminate ¢, the symmetric group by its Iwahori—Hecke
algebra, and the enveloping algebra by the quantum group associated to gl(n). The
resulting algebra is called the g-Schur algebra.

Because of the fundamental importance of the Schur and g-Schur algebras it
is desirable to study them from as many perspectives as possible. Building on
[Green 1996], Doty and Giaquinto [2002] provided a presentation of the Schur

Research of the second author was partially supported by NSF grant DMS-0734226 and NSA grant
H98230-11-1-0127.
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algebras by generators and relations. Since the enveloping algebra surjects onto the
Schur algebra, the known generators and relations for U(gl(n)) yield generators
and relations for the Schur algebra. But as U(gl(n)) is infinite dimensional and
S(n,d) is finite dimensional, there must be additional relations. Remarkably, Doty
and Giaquinto prove that only two more, easy to state, relations are required. As
an outcome of their calculations they obtain a basis and a presentation via weight
idempotents reminiscent of Lusztig’s modified quantum group, U. They also prove
quantum analogues of all these results.

One notable application of the Doty—Giaquinto presentation, in [Li 2010], is a
geometric realization of Schur algebras as a certain ring of constructible functions
on generalized Steinberg varieties. We also see that their presentation of the g-Schur
algebra is closely related to the geometric construction of the g-Schur algebras and
quantum group U, (gl(n)) given by Beilinson, Lusztig, and MacPherson ([Beilinson
et al. 1990]; see also [Deng et al. 2008, Part 5]).

1.2. The Schur superalgebra. There is a Z,-graded (i.e., “super”) analogue of the
above setup. Namely, now let V' = V5 @ V; denote a Z,-graded vector space with
the dimension of V§ equal to m and the dimension of V7 equal to n. We define
V'®4 a5 the d-fold tensor product of V with itself. The symmetric group 4 acts
on V®4 by signed permutation of the tensor factors. The Schur superalgebra is
then defined to be

S(m|n,d) = Ends, (V®9).

On the other hand the enveloping superalgebra of the Lie superalgebra gl(m|n),
U(gl(m|n)), has a natural action on V and, hence, on V ®¢. We could instead define
S(m|n, d) as the image of the resulting representation U(gl(|n)) — Endg(V ®%).
The super version of Schur—Weyl duality implies these two definitions coincide
[Berele and Regev 1987; Sergeev 1984]. Thus the Schur superalgebra acts as
a bridge between representations of gl(m|n) and the symmetric group. In posi-
tive characteristic this connection can be used to prove the Mullineux conjecture
[Brundan and Kujawa 2003].

There is also a quantum version of this story. We again replace the rational
numbers with the rational functions in the indeterminate ¢ and the symmetric
group by its Iwahori—Hecke algebra, and now replace the enveloping algebra by
the quantum group associated to gl(m|n). Schur—Weyl duality in this setting was
established by Moon [2003] and Mitsuhashi [2006]. The resulting algebra is called
the g-Schur superalgebra. Du and Rui [2011] have studied the representation theory
and combinatorics of the g-Schur superalgebras.

1.3. Results. In this paper we generalize the results of Doty and Giaquinto to
the Schur and ¢-Schur superalgebras. It should be noted that after obtaining the
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appropriate analogues of the ingredients used in [Doty and Giaquinto 2002], the
final results are proved using the same arguments as in the nonsuper case. The main
challenge is to correctly formulate and prove these analogues.

In Theorem 2.3.1 we obtain a presentation for the Schur superalgebra from
the standard presentation of the enveloping algebra for gl(m|n). We prove we
only need to add two additional relations just as in the case of the Schur algebra.
We then give an explicit basis for the Schur superalgebra and its integral form in
Theorem 2.14.3. Finally, in Theorem 2.15.1 we prove that the Schur superalgebra
admits a presentation using weight idempotents in a form reminiscent of Lusztig’s
modified quantum group.

We also prove the analogous results in the quantum setting. We use the quantum
group U = U, (gl(m|n)) as presented by Zhang [1993] and prove in Theorem 3.3.1
that we need to add only two additional relations to the standard presentation of U
to obtain the g-Schur superalgebra. We also provide a basis for the ¢g-Schur superal-
gebra and an o{ = Z[q, g~ ']-form in Theorem 3.12.1. Finally, in Theorem 3.13.1 we
prove that the ¢g-Schur superalgebra admits a presentation via weight idempotents
which is reminiscent of Lusztig’s modified quantum group for gl(n).

1.4. Future directions. The results of this paper open the door to a number of
interesting avenues of research. Sergeev [1984] and Olshanski [1992], in the
nonquantum and quantum cases, respectively, give a Schur—Weyl duality for the
type Q Lie superalgebras. It would be interesting to obtain a presentation for
the corresponding type Q Schur superalgebras. In a different direction, our pre-
sentation of the Schur and g-Schur superalgebras a la Doty—Giaquinto suggests
the possibility of geometric constructions for gl(m|n) in the spirit of [Beilinson
et al. 1990; Li 2010]. In a third direction, in proving the quantum case we obtain
the commutator formulas for the divided powers of root vectors and establish
the existence of an s = Z[q, ¢~ !]-form for the quantum group U, (gl(m|n)). Al-
though perhaps not surprising to experts, to our knowledge this has not appeared
elsewhere in the literature. The existence of such a form allows one to consider
representations at a root of unity and a super analogue of Lusztig’s small quantum
group as in [Lusztig 1990]. Finally, the existence of a presentation of the g-
Schur superalgebra using weight idempotents suggests that Lusztig’s modified
quantum groups should have a super analogue. Lusztig’s modified quantum
group is a key ingredient to the categorification of the quantum group associ-
ated to sl(n) (for example, as explained in [Lauda 2012]). Also see [Mackaay
et al. 2010] and references therein for a discussion of categorifications of the
q-Schur algebras. The categorification of quantum supergroups is currently an
open problem and a super analogue of Lusztig’s modified quantum group may be
useful.
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2. Nonquantum case

In this section all vector spaces will be over the rational numbers, Q.

2.1. The Lie superalgebra gl(m|n). Given a Z,-graded vector space V = V;® V3
we write v € Z, for the degree of a homogeneous element v € V. For short we
call v even (resp. odd) if v = 0 (resp. v = 1). Let us also introduce the following
convenient notation. For fixed nonnegative integers m and n and 1 <i <m +n we
define

1 -
) I, ifizm+1.

F_ {6, if i <m;

Let g = g @ g7 denote the Lie superalgebra gl(m|n). As a vector space g is
the set of m 4+ n by m + n matrices. For 1 <i, j <m +n we set E; ; to be the
matrix unit with a 1 in i-th row and j-th column. Then the set of matrix units
forms a homogeneous basis for g. The Z,-grading on g is defined by setting g5 to
be the span of Ej j where 1 <i, j <morm+1<1i, j <m+n and g to be the
span of the E; j suchthatm+1<i<m+nandl1<j<norl <i <mand
m—+1=j <m+n. That is, the degree of E; ; is i+,

The Lie bracket on g is given by the supercommutator:

2 [Eij. Exa] = 8 Eqy — (=1) P Bri 8y By .

By definition it is bilinear and so it suffices to define it on the basis of matrix units.

We fix b to be the Cartan subalgebra of g consisting of all diagonal matrices and
let b* be its dual. Let ; : h — Q be the linear map that takes an element of b to its
i-th diagonal entry. The set {&; | | <i <m + n} forms a basis of h* and we define
a bilinear form, ( , ), on h* by setting

3) (ei,85) = (=1)'5;;.

With our choice of Cartan subalgebra the root system of g is
S={ei—¢j|1<i#j<m+n}

and the matrix unit E; ; spans the &; — &; root space. In particular there is a natural

Z,-grading on ® given by declaring that the root &; — ¢; has degree E ij = i+

We fix the Borel subalgebra of g given by taking all upper triangular matrices.

Corresponding to this choice of Borel the positive roots are

Ot ={e;—ej |1 <i<j<m+n}
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and if we set «; = &; — €41, then {&q,...,d,+,s—1} are the simple roots. The
simple roots have degree _
0, ifi ;
o =1q- 1 l 7 m:
1, ifi =m.
2.2. The Schur superalgebra. A g-(super)module is a Z,-graded vector space
M = My @& Mj which admits an action by g. The action respects the Z,-grading
in that for any r, s € Z,, if x € g, and m € My, then x.m € M, ;5. The action also
respects the Lie bracket in that for any homogeneous x, y € g and m € M, we have

[x, y].m = x.(y.m) — (=1)* 7 y.(x.m).

Note that here and elsewhere we give the condition only on homogeneous elements.
The general case is obtained by linearity. As all modules will be Z,-graded, we
choose to omit the prefix “super”.

The natural g-module, V', is the vector space of column vectors of height m + n.
For 1 <i <m + n, let v; denote the element of V' with a 1 in the i-th row and
zeros elsewhere. Then the set {v; | 1 <i < m + n} defines a homogeneous basis
for V with v; =i fori = 1,...,m + n. The action of g on V is given by left
multiplication.

We denote universal enveloping superalgebra of g by U. It inherits a Z;-grading
from g and natural basis given by the PBW theorem for Lie superalgebras [Kac
1977, Section 1.1.3]. As for Lie algebras, a g-module can naturally be thought of
as a U-module and vice versa. In particular, U admits a coproduct and so if M
and N are g-modules, then M ® N is again a g-module.

As it will be important in the calculations which follow, let us make this explicit.
The coproduct U — U ® U is given on elements of gby x — x® 1 + 1 ® x. We
use the convention that in any formula in which two homogenous elements have
their order reversed, a sign is introduced which is —1 raised to the product of their
degrees. Given a homogeneous element x € g and homogeneous m € M andn € N,
then the coproduct along with the sign convention implies that we have

x.m®n)=(x.m)@n+ (=1)*"m ® (x.n).

In particular, for d > 1 we may define the d-fold tensor product of the natural
module:
Vel —yRVe---QV.

Let
pd U — End@(V®d)

denote the corresponding superalgebra homomorphism. We define the Schur super-
algebra S(m|n, d) to be the image of p;. In particular, we can and will think of
S(m|n, d) as a quotient of U.
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Note that the Schur superalgebra can also be defined as follows. There is a
signed permutation action of the symmetric group on d letters, X 4, on V®d_ The
super analogue of Schur—Weyl duality [Berele and Regev 1987; Sergeev 1984] then
shows that

S(m|n,d) = Ends, (V®9).

2.3. A presentation of the Schur superalgebra. Our first main result gives the
Schur superalgebra by generators and relations. Here and throughout, if 4 is an
associative superalgebra and x, y € A are homogeneous elements, then we write

[x, y] = xy = (=D)*?Vyx.
For an element x € 4 the map ad x : A — A is defined by ad x(y) = [x, y]. Note
that the bilinear form used in the following relations is the one introduced in (3).
Theorem 2.3.1. The Schur superalgebra S(m|n, d) is generated by homogeneous

elements
€1y vy lmin—ts f1seeos fmn—1. Hi, ..., Hyyin,

i=fi=0fori #m,

where the 7 5-grading is given by setting ey = fm = 1,
and H; = 0.
The following is a complete set of relations:

(R1) [H;, Hi] =0, where 1 <i, j <m+mn;

R2) [er, i1 = 8ij (Hi — (=D TiH;1y), 10, j<m+n—1,

(R3) [Hi,ej] = (=) (si,aj)ej and [Hi, fi] = —(=1)(e1, ) f;,
wherel <i <m+n, 1=j<m+n-—1;

(R4) [em.em] =0, (ade;)' T1@®Dle; =0, if1<i#j<m4n—1andi#m,
[em»[em—l,[em’em+1]]] =0, ifmmn=2;

RS5) [fms fm]=0, (ad fij)' Tl f; =0, if1<i# j<m+n—1andi#m,
[m: Um=1:m: fmall =0, ifm.n =2

(R6) H1 +H2+"'+Hm+n = d;

R7) Hi(Hi—1)---(H;j—d) =0, wherel <i <m+n.

D

2.4. Strategy and simplifications. The basic strategy of the proof of Theorem 2.3.1
is as in [Doty and Giaquinto 2002] and as follows. For short, let us write S for
S(m|n,d). Let T be the superalgebra given by the generators and relations in
the theorem. The goal is to prove 7T is isomorphic to S as superalgebras. We
first show that relations (R1)—(R7) hold in S. This implies we have a surjective
homomorphism 7" — §. We then prove that the dimension of 7" is no larger than
the dimension of .S’ by exhibiting a spanning set of 7" with cardinality equal to the
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dimension of S. See Section 2.14. This immediately implies that the map is an
isomorphism and the spanning set is a basis.

Note that the universal enveloping superalgebra U is the superalgebra on the same
generators but subject only to the relations (R1)—(R5) (see [Leites and Serganova
1992] or [Zhang 2011]). As S(m|n,d) is a quotient of U via p, it has the same
generators but possibly additional relations. The content of Theorem 2.3.1 is that
we only need to add relations (R6) and (R7) to obtain a presentation of S(m|n, d).

As it will be helpful in later calculations, let us briefly pause to make explicit
the connection between this presentation of U via generators and relations and the
one obtained from the matrix realization of g given in Section 2.1. If we write
Ej; j for the i j-matrix unit as in Section 2.1, then the isomorphism between these
superalgebras is given on generators by e; = E;;11, fi + E;y1, and H; — Ej ;.
We identify these two realizations of U via this map. In particular, there is a
canonical embedding g < U and we will identify g with its image under this map.

As both S and T are quotients of U they are both generated by the images of
generators of U. To lighten notation, we choose to use the same notation for algebra
elements which can be viewed in more than one of these algebras. In particular, we
write e;, fi, and H; for the generators of U and their images in S and 7'. We will
endeavor to always be clear in which algebra we are working. If the algebra is not
explicitly stated, then the calculation holds for all three algebras U, S, and T'.

We will also frequently make use of the fact that the inclusion

gl(m) @ gl(n) = g5 < gl(m|n)

induces an inclusion

U(gl(m) @ gl(n)) = U(gl(m|n)).

Thus any computation involving purely even elements will carry over from [Doty
and Giaquinto 2002]. More generally, when calculations are essentially identical to
those in that paper we will usually leave them to the reader.

2.5. The new relations. We now observe that (R6) and (R7) hold in S.

Lemma 2.5.1. Under the representation pg : U — End(V ®4 ) the elements Hy, . . .,
Hy 10 in S satisfy the relations (R6) and (R7). Moreover, the relation (R7) is the
minimal polynomial of H; in Endg(V ®9).

Proof. Since the elements Hy, ..., Hpy4, are purely even, this follows from [Doty

and Giaquinto 2002, Lemma 4.1]. O

As explained above, this implies the surjection p; : U — S factors through 7'
and we obtain a surjective superalgebra homomorphism, 7" — S. To prove that
this map is an isomorphism it suffices to show that their dimensions are equal by



292 HOUSSEIN EL TURKEY AND JONATHAN R. KUJAWA

obtaining an explicit basis for T and, hence, for S(m|n, d). In fact it turns out to
be no harder to work over the integers and so we obtain a basis for an integral form,
S(m|n, d)z, of the Schur superalgebra.

2.6. Divided powers. Let A denote any of U, S, or T'. Recall from Section 2.4
that we identify gl(m|n) as a subspace of U. For each o = ¢; —¢j € ®* we use
this identification and write x4 for the image in A of the matrix unit £; ;. We call
Xq a root vector. For x € A and k € 7>, define the k-th divided power of x to be

k
w2
k!

In particular, we have the divided powers of the root vectors, xér) ,forall 0 € ®
and r > 0.
We define

A(m|n)={k=(k1,...,km+n)|)\,' eZ, i=0forl <i §m+n}.

Given any tuple of integers A (e.g., A € A(m|n)), let |A| denote the sum of those
integers. Using this we define

A(m|n,d) = {A e A(mln) | |A] = d}.
Fori =1,...,m+n and k > 0 define an element of A4 by

H\ _ Hi(Hi—1)---(Hi—k +1)
(k)_ k! ’

(4)-

2.7. The Kostant 7Z-form. We now define analogues of the Kostant Z-form. We
also take this opportunity to introduce certain subalgebras which will be needed in
what follows. Let A denote U, S, or T. Let A° denote the subsuperalgebra of A
generated by H, ..., Hy1p,. In particular, if A is S or T, then it is clear that A°
is the image of U respectively, under the quotient map.

The Kostant Z-form for A is denoted by Az and it is defined to be the subring
of A generated by

where, by definition,

H.
{efk),fi(k)|i=1,...,m+n—l,k20}u{(kl) |i:l,...,m+n,k20}.

Moreover, we set A% to be the intersection of A® with 47. For 4 equal to S or 7,
it is clear that Az and A% are nothing but the image of Uz and UZO, respectively,
under the quotient map.
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2.8. The weight idempotents. We begin by investigating the structure of 7% and
TZO. For A = (A;) € A(m|n) we define

Note that as Hy, ..., Hy+, commute the product can be taken in any order. When
A € A(m|n, d) it is convenient to set the notation

1, = H,.

Because of part (b) of the following proposition we refer to these elements as weight
idempotents.

Proposition 2.8.1. Let 1° be the ideal of U° generated by the elements
H1 +H2+"'+Hm+n—d and I‘I,(I‘Il—l)(fll—d)
fori=1,...,m+n. Then

(a) we have a superalgebra isomorphism U°®/1° = T?;

(b) the set {15 | € A(m|n,d)} is a Q-basis for T® and a Z-basis for TZO. More-
over, they give a set of pairwise orthogonal idempotents which sum to the
identity;

(¢) in T® we have Hy = 0 for any A € A(m|n) such that |\| > d.

Proof. Since the elements Hy, ..., Hy+, are purely even, this follows from [Doty
and Giaquinto 2002, Proposition 4.2]. O

Proposition 2.8.2. Let 1 <i <m+n,k € Z>¢, A € A(m|n,d), and € A(m|n).
We have the following identities in the superalgebra T°:

(1) Hily = A1 LT CAT
iy = AiL), k A= k A>

Ai
) Hyly, = Ay ly, whered, = ( );
wia wia u U L

®) Ho= Y My
AeA(m|n,d)

Proof. They follow from [Doty and Giaquinto 2002, Proposition 4.3]. O
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2.9. The root vectors. We continue to let A denote any of U, S, or T'. Recall from
Section 2.6 that for each & € ® we have the root vector x, € 4. In particular, note
that x, is homogeneous and X, = &, where the grading on roots is as given in
Section 2.1. Given o = ¢; —¢j € ®, we set

Hy = H; — (-1 > Hj.

Given o = ¢; —¢j, B = ¢ —&; € @ such that « 4+ B € ®, we define

1, if j =k;
(4) Ca,p = {_(_l)xax,s’ ifi =1.

Using this notation, (2) implies the following commutator formula for root vectors
in 4.

Lemma 2.9.1. Let o, B € ® and say a = ¢; —¢j and B = gj — ;. We have

Hy, ifa+p=0;
[Xa, Xg] = | Ca.pXa+p. o+ pED;
0, otherwise.

We also note that an easy induction proves that for all ¢, > 0 and @ € ® we
have

b
) @) B) _ (a: )xéﬁb)_

2.10. Commutation relations between root vectors and weight idempotents. We
now compute the commutation relations between root vectors and weight idempo-
tents.

Proposition 2.10.1. For any a € ®, A € A(m|n,d) we have the commutation
formulas
LitaXa: ifh+ae A, d);
Xolp = .
0, otherwise,

and

Xelp—q, fA—a € A(m|n,d);
Iy xeg = .
0, otherwise.

Proof. Although analogous to [Doty and Giaquinto 2002, Proposition 4.5], the
proof involves keeping track of signs so we include it. We first note that (2) implies
forall/ =1,...,m+n and o € ® we can use the parity function given in (1) and
the bilinear form given in (3) to write

©6) [Hy, xa] = (=) (61, @) xa.
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Now say a = ¢; — €. Using (6) we obtain

B H\\ (Hi = (=) (e, 0)\ ( Hj — (1) (5. )
= (TG (75 ) (05 )

l#i,j
_ ( I (Hl)) (Hi - (—1)"(—1)") (Hj —(=1/ (—(—1)1'))%
1%i Al Ai Aj
=G )
1% Al Aj Aj
M?ltiplying on the left by Kﬁi I and using the fact that H;xy = xo (H; + 1), we
ge
v (HIA,- 1) (H]kj 1)(,}1 (Zl))x“’

which, using Proposition 2.8.2, simplifies to

o e (GO TG

[#i,j

If A; > 0, then this can be rewritten as

e () 1

I#i,j
The first summand on the right-hand side of the preceding equality vanishes by

Proposition 2.8.1. This proves the first part of the proposition in the case A; > 0. If
Aj =0, then (7) can be written as

Yali = ((xﬁl) L1 (Zl))x“ - e

1#i,j
where t = (Aq,...,A; +1,...,4;_1,0,..., Atn). Butthen |u| =[A|+1>d
and hence the right-hand side is zero by Proposition 2.8.1. This proves the first
statement. The proof of the second is similar. O

2.11. Commutation relations between divided powers of root vectors. We now
compute the commutation formulas between divided powers of root vectors, but
first we make a simplifying observation. If the root vector x4 is odd (i.e., if & is an
odd root), then in g we have [xy, X¢] = 0. But in U and, hence, in S and 7', we
have [xg, Xo] = 2x2. Taken together, this implies

=0
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inU, S, and T for all odd o € ®. That is, for odd roots we only need to consider
root vectors of divided power one.

Lemma 2.11.1. Leto, B € D andr, s € Z>y.
() If Xa =0and xXg = 0, then

3
(s) @ e (s—Jj) —r—=s+2j xr=D
+ Z Xg i xg YV, ifa+B=0;
x‘gr)xés) _ mm(r s)
(s) (r) + Z Ca ey (s J) (5]4:,3 (gr J)’ ifoa+ped;
Igs) xé’ ) , otherwise.

(2) If Xa =0and Xg =1, then

9) (r) 1 _ ;(;) ()+Caﬂxa 3xé 1), ifa+ B € ®;
K él)xg)’ ifa+p ¢ .

(3) If Xa =1 and Xg = 0, then

(10) xOx =

{x/g) ()—i—caﬂxa ﬂx( _1), ifa+ B e d;
B

g, fatpgd.
4) If Xa =1 and xXg =1, then

x4+ Hy.  ifa+ B =0;

(11) xél)x‘(gl) = xél)xél) + X4, fa+pBed;

l(gl)xél) , otherwise.

Proof. As (8) involves purely even root vectors, it follows from the classical case
(see [Doty and Giaquinto 2002, Equations (5.11a)—(5.11c)]). Equations (9) and (10)
are verified by a straightforward induction on r. Equation (11) follows directly
from Lemma 2.9.1. O

2.12. Kostant monomials and content functions. Any product in A of nonzero
elements of the form

H.
(12) x0, ( ’),
S

taken in any order and for any 7,5 € Z>¢, @ € ®, 1 <i < m + n, will be called
a Kostant monomial. Note that by [Kujawa 2006, Lemma 2.1] the set of Kostant
monomials span Uz and, hence, 77 and S7. The goal is to find a subset of Kostant
monomials which will provide a basis for 77.
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We now introduce the content function on Kostant monomials. They will be
used as a bookkeeping device in the proof of Proposition 2.14.1. It is defined just
as in the classical case [Doty and Giaquinto 2002, Section 2].

The content function

m-+n
(13) x : {Kostant monomials} — @ Zs;i
i=1
is defined as follows. We first define it on the elements in (12). If @« = ¢; —¢j € @
and r > 1, then
X(Xg)) = TEmax(i, )"

Ifi=1,...,m+nandr > 1, then

()=

We then extend this definition by declaring x(X'Y) = x(X)+ x(Y) whenever X, Y
are Kostant monomials.

We also define a left content function, xr,, and right content function, x g, on the
elements given in (12) by

Hj Hi
X =rei, xr(6Y) =rej, m((S)):XR((S)):Q

They are defined on general Kostant monomials using the rules x7 (X'Y) = xr(X)+
xp(Y) and xg(XY) = xgr(X) + xr(Y) for any Kostant monomials X and Y.

In what follows we view elements in the image of the content functions as
elements of A(m|n) via the map

m-+n

(14) Y aisi > (@1, amtn).

i=1

2.13. A lemma on content functions. To label the elements of our basis for the
Schur superalgebra, we need to define the following set of tuples of nonnegative
integers indexed by the positive roots of g:

(15)

P(mln) = {4 = (A(@))qep+ | A(@) €Z>¢ if & =0and A(x) € {0, 1} if @ = 1}.

Fix an order on ®*. For A = (A(a)) € P(m|n) we define
eq = 1_[ x(gA(oc))’ fa= l—[ x(_‘i("‘)),
aedt aedt

where the products defining e4 and f4 are taken according to the fixed order on ®.
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The last ingredient we need is the following partial order on A (m|n). It is defined
by declaring for A = (A;), u = (i) in A(m|n) that

(16) A=p

ifand only if A; < u; fori =1,...,m+n.
Lemma 2.13.1. For A = (A(a)), C = (C(a)) € P(m|n), A € A(m|n) we have

x(ealy fo) 2 & ifandonlyif xp(lyeqfc) <N
ifand only if  xg(eq fclyr) A",

where
Vi=h4 D A@a, MV i=r+ ) Clae
aedt acedt
Proof. As our content functions are defined just as in [Doty and Giaquinto 2002],
the proof of Lemma 5.1 there applies verbatim. O

2.14. A basis for the Schur superalgebra. Let us define the set
Y= |J fealnfclx(eafo) =i}

reA(m|n,d)

A,CeP(m|n)
Note that we have the following alternate descriptions of Y. Following from
Proposition 2.10.1 we have

eqly fc = lyeqafc =eqfclyr,

where A" and A are as above. Using this and Lemma 2.13.1 we can characterize Y
as

Y= |J (weafclxcleafor == | feafclirlxrleafo) =2}
M eA(m|n,d) A'eAN(m|n,d)
A,CeP(m|n) A,CeP(mn)
Finally we are prepared to give a basis for 7.
Proposition 2.14.1. The set Y spans the Z-superalgebra T7.

Proof. The proof is exactly parallel to the proof of [Doty and Giaquinto 2002,
Proposition 5.2]. Namely, as discussed in Section 2.12, the Kostant monomials
span 77. From Proposition 2.8.1 we in fact know that 77 is spanned by Kostant
monomials consisting of products of divided powers of root vectors and weight
idempotents. Given such a Kostant monomial, we may use Proposition 2.10.1
to move all weight idempotents to the right-hand side of the Kostant monomial.
Thus it suffices to show that Kostant monomials consisting of products of divided
powers of root vectors can be written as an integral linear combination of elements
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in Y. This is done by inducting on the degree and content of the monomial using
the commutation formulas. As our content formula and commutation formulas
are of the same form as in [Doty and Giaquinto 2002], the inductive argument
used there applies here without change. The only difference appears when we
use the commutation formulas given in Lemma 2.11.1. Extra signs appear but all
coefficients remain integral and this is all that is needed for the proof.

We also need that for all s, ¢ € Z>, the term (H";_t) in (8) belongs to TZO. As
these elements are purely even this follows from the remark after [ibid., (5.11)]. It
can also be verified directly by an inductive argument using the identity

("7)=(0)-(5) :
s s s—1
Lemma 2.14.2. The cardinality of the set Y is equal to the dimension of the Schur

superalgebra.

Proof. By [Donkin 2001, Section 2.3] the dimension of the Schur superalgebra is
equal to the number of monomials of total degree d in the free supercommutative
superalgebra in m? 4 n? even variables and 2mn odd variables. Equivalently, the
dimension of S is the same as the number of monomials in m? + n? — 1 even
variables and 2mn odd variables of total degree not exceeding . From this it is
immediate that the dimension of S is the same as the cardinality of the set

P={e4Hpg fc|B=(Bi)€A(m|n); B;=0; A,C € P(m|n), |A|+|B|+|C|=d}.

Thus to prove the lemma it suffices to give a bijection between P and Y. Define
the map P — Y by

eqHp fc +—eqly fc,

where A = (d — |A| — |B| —|C|)e1 + B + x(e4 fc). The inverse map is given by

eqly fc —eqaHp fc,
where B = A — x(e4q fc) —A1€1. This completes the proof of the lemma. O

As T surjects onto S(m|n, d), it immediately follows from the previous two
results that Y is a basis for the Schur superalgebra and its integral form and that T’
and S are isomorphic. Therefore we have proven Theorem 2.3.1 and the following
result.

Theorem 2.14.3. The set

Y= |J {ealnfc|A4.CePmin). xeafc) =<1}
AeA(mn,d)

is a Q-basis for S(m|n, d) and a Z-basis for S(m|n,d)z.
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Finally, we note that there is another basis similar to Y in which the ¢ and f
monomials are interchanged (see [Doty and Giaquinto 2002, Theorem 2.3] where
the analogous basis is denoted Y_).

2.15. A weight idempotent presentation. We also have an alternate presentation
of the Schur superalgebra using weight idempotents.

Theorem 2.15.1. The Schur superalgebra S(m|n, d) is generated by the homoge-
neous elements
ers v lmin—1> Sf1oo-os Jmtn—1, 1o,
where A runs over the set A(m|n, d) and the Z,-grading is given by setting em =
fm=1,ei=fi=0fori #m,and 1) =0 forall A € A(m|n, d).
The following is a complete set of relations:
RI) Lly =8l Y. =l
AeA(m|n,d)
RY) el = Lyyo,€in ifA +0{,-€A(m|n,d);
0, otherwise;
lk—a,-fi’ ifk—aieA(m|n,d);
0, otherwise;
eily_o;, ifA—a; € A(mln,d);
0, otherwise;
(Rz////) 1)\.]1; — filk-l-a;» lf)\' +O[1 € A(Wl|l’l, d)’
0, otherwise;

R2") fily =

(R2") 1yei = {

R3) [ei. fil=68i; Y. (i— (=D k)
AeA(m|n,d)
and relations (R4) and (RS) given in Theorem 2.3.1.

The proof of Theorem 2.15.1 is identical to the analogous [Doty and Giaquinto
2002, Theorem 2.4] so we omit it.

3. Quantum case

The ground field is now the field of rational functions in the indeterminate g, Q(q).
In this section all vector spaces will be defined over Q(g).

3.1. The quantum supergroup for gl(m|n). We have analogous results in the
quantum setting. The enveloping superalgebra U is replaced by the quantized
enveloping superalgebra U = U, (gl(m|n)) defined in [Zhang 1993; De Wit 2003]".

I'There are errors in [Zhang 1993] which are corrected in [De Wit 2003].
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By definition U is given by generators and relations as follows. The generators are

+1 +1
Elm--’Em—i-n—l’ F177Fm+n—1a Kl 9-~'7K

m+tn:

The Z,-grading on U is given by setting Em=Fpn=1 E,=F,=0fora#m,
and K ffl = 0. These generators are subject to relations (Q1)—(Q5) in Theorem 3.3.1.

3.2. The g-Schur superalgebra. To define the ¢g-Schur superalgebra, S;(m|n, d),
we need to introduce the analogue of the natural representation for U. Set V to be
the (m + n)-dimensional vector space with fixed basis vy, ..., Up+n. A Z,-grading
on V is given by setting v, = a, where we use the notation introduced in (1). Before
proceeding we set a convenient notation. For a = 1,...,m + n we define

(7 ga=gq""".

The analogue of the natural representation, o : U — Endgg)(V), is defined by

8a
p(Ka)vp = qE vy = go" vy,
(18) p(Eq)vp = 8a+1,bva’
p(Fa)vp = 5a,bva+1-
The bilinear form used above is as in (3). It is a direct calculation to verify that this

defines a representation of U.
We define a comultiplication on U given on generators by

AEg) =E;®K;'Kyy1 +1® Eg,
(19) A(F)=Fa® 1+ KoK}, ® Fg.
A(Ka) = Ka ® Ka-
Using this comultiplication and the sign convention discussed in Section 2.2 we

then have an action of U for any d > 1 on the d-fold tensor product of the natural
module,

VO =VeVR---®V.
That is, we obtain a superalgebra homomorphism
(20) pa - U— Endgy) (V®Y).

We define the g-Schur superalgebra Sy(m|n,d) to be the image of py. In
particular, we can and will view it as a quotient of the superalgebra U and so a set
of generators of U gives a set of generators for S, (m|n, d) which are subject to
possibly additional relations.
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3.3. A presentation of the q-Schur superalgebra. We first introduce the quantum
analogue of root vectors so as to more easily state the relations for the ¢-Schur
superalgebra. For 1 <a # b < m + n we define the root vector E, j recursively as
follows. Fora=1,...,m+n—1 we set

Ea,a-l—l = Ea and Ea+1,a = Fa.
If |a —b| > 1, then E, j is defined by setting

EqgcEcp—qcEcpEqpc, ifa > b;

21 E,p=
@D @b {Ea,CEc,b _qc_lEc,bEa,c, ifa<b.

where ¢ can be taken to be an arbitrary index strictly between ¢ and b. Tt is
straightforward to see that E,; is independent of the choice of ¢. It is also
straightforward to see that £, ; is homogeneous and of degree £, —¢p.

We can now give a presentation for S, (m|n, d). Note that the bilinear form used
in the following relations is defined in (3) and the notation ¢, is as defined in (17).

Theorem 3.3.1. The q-Schur superalgebra Sq(m|n, d) is generated by the homo-

geneous elements

+1 +1
Etr...Emin-t, Fi, ..., Fpyny, KU KEL

The 7,-grading is given by setting E;y = Fy =1, Eq = Fq = 0 for a # m, and
K ffl = 0. These elements are subject to the following relations:

Q1) for M, N e{*l}and 1 <a, b <m+n,
KMKYN = KN KM and K.K;'=K;'K,=1;

a

Q) forl<a<m+nandl <b<m+n-1,

KaEppi1=q D Epp 1 Ka= Qc(zaa’b_éa’b“)Eb,bHKa’
KaEpi1p =g Epyy pKa =gl PP By Ky
Q3) forl<a,b<m+n-—1,
KoKl — K Koty
da—dqg"

[Ea,a+1 s Eb—l—l,b] = 8a,b

9’

and for |a — b| > 1, we have the commutations

Eqov1,0aEpv10 = Epr1pEar1,a and Egap1Eppi1 = Eppri1Eaatt:
(Q4) E? = E? =0;

m,m—+1 m+1,m
(Q5) if neither m nor n is 1, we have the following Uy (gl(m|n)) Serre relations.
For a # m, we have
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(a) Ea+1,aEa+2,a = QaEa—I—Z,aEa—i—l,aa l<a<m+n-2,
(b) Ea,a+1Ea,a+2 = (JaEa,a+2Ea,a+1a l<a<m+n-2,
©) Ea+1a-1Ea+1,0 =9aEa+1,0aEa+1,0a-1, 2=a=m+n,
D Eg—1,a+1Eaa+1 =9aEaa+1Ea—1a+1, 2=a=m+n.

For a = m, we have

[Em-i-l,mv Em+2,m—1] = [Em,m—{—ly Em—l,m+2] =0.

If either m = 1 or n = 1, then these relations are omitted;

(Q6) Ki Ky KKl Koy KL, = g%

Q7) (Kg—1)(Kq—qa)(Kq _‘h%) o+ (Kq _qg) =0,foralll <a <m+n.

3.4. Strategy and simplifications. As in the nonquantum case, the approach of
[Doty and Giaquinto 2002] applies in our setting once the correct definitions and
calculations are established. Namely, let T be the algebra defined by the generators
and relations of Theorem 3.3.1. The basic line of argument is the same as before:
we prove that relations (Q1) through (Q7) hold in S = S, (m|n, d) and so we have
a surjective map T — S induced by the map p; given in (20). We then show this
map is an isomorphism by showing via a series of calculations that the dimension
of T is no more than the dimension of S. As it is no more difficult, we actually
prove a slightly stronger result by working with a Z[g, ¢~ ']-form.

As before we lighten the reading by using the same notation for elements of U
and their images in the quotients T and S. We will make it clear in which algebra
we are working whenever it is important to do so. Furthermore, we can again make
use of the fact that the quantum group associated to gg is a subalgebra of U (as the
subalgebra generated by E,, F,; (a # m) and K fﬂ, ..., KE1 yand so calculations

m+n
on purely even elements follow from the analogous results in the nonsuper setting.

3.5. The new relations. We first prove that relations (Q6) and (Q7) hold in S =
Sq(mln, d) and, hence, the surjection p; : U — S factors through T.

Lemma 3.5.1. Under the representation pg : U — End(V®d), the images of the
K, satisfy the relations (Q6) and (Q7). Moreover, the relation (Q7) is the minimal
polynomial of the image of K, in End(V®?).

Proof. Using the action of U on V given in (18) and on V®€ via the comultiplica-
tion (19) and the sign convention discussed in Section 2.2, the argument is as in the
nonquantum case except that the calculations are done multiplicatively. We point
out that there is one subtlety (and it is the reason why our relations differ slightly
from the analogous ones from [Doty and Giaquinto 2002, Lemma 8.1]). Namely,
the action of K, when a > m is the inverse of what might be expected. O
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3.6. Divided powers and weight idempotents. Let A denote U, T, or S. We now
define various elements of A which are analogous to those defined in the nonquantum
setting.

We first introduce notation for the quantum integers. Given n € Z>, let

[n] = % and [n]!=[n]-[n—1]---[2]-[1].

It is helpful for calculations to note that [#] is unchanged by the substitution g > ¢!
and, in particular, under the substitution ¢ — ¢,.
Given x € A and k € Z>(, we define the k-th divided power of x by
k
w2

[k
In particular, the root vectors introduced in Section 3.3 have divided powers, E(YI);’
foralll <a#b<m+nandr>0.
If 1 <a,b <m+ n, then we set

Kap = KaKj '

Fort € Z>¢ and ¢ € Z, we use the ¢, notation given in (17) and set

’

|:Ka;cj| B ﬁ Kaqfl_”l _Ka—1qa—c+s—1

! s=1 C];; _q;S

Kopic li[ Kapqs ™t =K gz
t a5 —aq7° '

For short, we write
Ki| | Ka:0
2 I A

For A = (A,) € A(m|n), we write

As the K, commute, the product can be taken in any order. For A € A(m|n, d) we
introduce the shorthand

1)L = KA

and because of Proposition 3.6.1(b) we call these weight idempotents.
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We define A° as the subalgebra of A generated by
KE!' and [lia]

foralla=1,...,m+n,t € Z>y. We define qu to be the s = Z[q, ¢~ ']-subalgebra
of A generated by

KE! and [Ifa]

foralla=1,...,m+n,t>0.If A equals T or S, then it is clear that A% and Agﬂ
is the image of U and Ugg, respectively, under the quotient map.

Now we investigate the structure of T° and Tga- In the following proposition we
continue our use of the notation g, introduced in (17).

Proposition 3.6.1. Define I° to be the ideal of U° generated by
KKy KmKyy - Kyl —¢? and (Ka=1)(Ka—4a) -+ (Ka—4)

m+n "~
fora=1,...,m+n. Then:

(a) We have a superalgebra isomorphism U%/1° = TO,

(b) The set {1; | A € A(m|n,d)} is a Q(q)-basis for T® and a Z[q, g~ ')-basis for
ng. Moreover, they give a set of pairwise orthogonal idempotents which sum
to the identity.

(c) Ky =0 forany u € A(m|n) such that ||| > d.

Proof. As these elements are purely even, the proof of [Doty and Giaquinto 2002,
Proposition 8.2] applies if we keep in mind the slight difference in K, when a > m
and that we should replace each v in their argument by ¢,. O

To state the next result we need to introduce the Gaussian binomial coefficient.
For z € Z, and t € Z>, define

[z:| _ 4 qz—s+1 _q—z+s—1

22
( ) t qS _q_s

s=1

In the equations which follow one might expect g, to appear in the binomial
coefficients. However, the binomial coefficient is invariant under the map g +> ¢!
so this dependency is avoided.

Proposition 3.6.2. Let | <a <m+n,t € Z>g, c € Z, A € A(m|n,d), and
w € A(m|n). We have the following identities in the superalgebra T°:

+i, Ky c Aa+c
(@ KZ'h =qa"™1;, [‘; j|1k=|:at ]u;
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(b) Kuly =Auly, wherekuzn[)\a];
4 LMa

© Ku= Y ul
AeA(m|n,d)

Proof. As the elements are purely even, the argument from the proof of [Doty and
Giaquinto 2002, Proposition 8.3] carries over if we replace v by ¢,. O

3.7. Commutation relations between root vectors and weight idempotents. Re-
call that in Section 3.3 we defined root vectors E, 5 € Uforevery 1 <a#b <m+n.
Asis our convention, we also write £, j for theirimage in T and S. We now compute
the commutation relations between root vectors and weight idempotents.

Proposition 3.7.1. For any A € A(m|n,d), and a = ep — e, € ®, we have the
commutation formulas

1)L+aEb,Cv fr+aeN(imnd);
Epcly=

0, otherwise,
o [Ebclias ifh—a € Alnin.d);
A Ebe = 0, otherwise.

Proof. The following identities are derived by direct computation:
Ka;() Ka;_l _ )\.a+1 Ka;o

N e e !
Ka; 1 _ A’a Ka a_l —1 Ka

e [Aa }_q“ [ka}”" Ko a1

From the defining relation (Q2), we can see that K, and Ej . commute if a # b
and a # c. Moreover,

KpEpe=qpEp,Kp.

This implies

Kb _ Kb;—l
(25) Eb,c |:)\'bj| - |: )\‘b i| Eb,C'

We also have

which implies

K K. 1
26 E “l=|"° }E .
( ) b,c |:ch| |: )"c b,c
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Then, for A € A(m|n,d), and b # ¢, we have

Ky, —1]|K.; 1 K
=[] 1 5] e

1#b,c

Multiply both sides of the preceding equality by [i’)’ ] and use (23) to simplify the
right-hand side and (25), (26) to simplify the left-hand side. The result is

Kp; 1 . Ap+1 Ky K.;1 K;
e[ =L LU T e

l#b,c
Assuming A, > 1 and using (24), we get

_ A+ 1] Kb re | Ke —1p—1| Ke K
P L [ [ ) 1 [

I#b,c

Thus, when A, > 1 we can multiply through in the above expression and apply
Proposition 3.6.1(c) to see that the first summand must be zero. The above equality
simplifies to

Eb,clk = qcv_l Kc_1 1)L+05Eb,c-

Now, by Proposition 3.6.2(a), KC_1 acts on 1) 14 as qc_()”"_l). Thus we obtain the

equality in the first part of the proposition in the case A, > 1.
If A = 0, then the right-hand side is zero by Proposition 3.6.1(c). This proves
the first part of the proposition. The proof of the second part is similar. O

3.8. Commutation formulas between divided powers of root vectors. We will
need to know how divided powers of root vectors commute with each other. To
obtain this we use the PBW-commutator lemma presented in [De Wit 2003]. We
first consider the case when both root vectors correspond to positive roots?:

(—I)E“s”EC’dEc,dEa,b, (b<corc<a<b<d);

(—1)E“"’E""’61bEc,dEa,b, (a<c<b=d);

QT Egpbog =0 e Eas. (@a=c<b<dy;

o Eqd+4z " EcaEap. (b =c);
(—DEabEcdE. 4Eqp+(qp — a3 ) EqaEcp.

(a<c<b<d).

Before stating the result, we first observe that we can make the following assump-
tions. First, since the case when both root vectors have divided power one is handled
by (27), we may assume that at least one of the powers is greater than one. Second,

2Note that there is a typographic error in [De Wit 2003, 20(b)] and that we have chosen to write
signs in an equivalent but more symmetric fashion.
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if e, — &p is an odd root, then by [De Wit 2003, Section IV] we have Ej p = 0.
That is, just as in the nonquantum case we may assume the odd root vectors have
divided power at most one. Therefore, in what follows if the power of a root vector
is one, then it may be even or odd; but if the power is greater than one, then we
are implicitly assuming the root vector is even. In particular, the combination of
these two assumptions means that in each formula below at least one root vector
is even and, hence, our formulas do not involve extra signs due to the Z,-grading.

Under the above assumptions lengthy but elementary inductive arguments us-
ing (27) imply the following commutator formulas for the divided powers of root
vectors associated to positive roots. In these relations and the ones that follow we
use the g, notation introduced in (17) and the Gaussian binomials introduced in
(22). The relations given here are analogous to those obtained in [Xi 1999] for the
quantum groups of simple Lie algebras.

Proposition 3.8.1. Let E, , and E 4 be two root vectors witha <b and ¢ <d, and
let M, N > 1 satisfying the assumptions given above. We then have the following
commutation formulas.

(D) Ifb<corc<a<b<d,then

M) »(N) _ -(N) (M)
Ea,b Ec,d _Ec,d Ea,b :
Q) Ifa=c<b<dora<c<b=d,then

M) -(N) _ _MN (N) ~(M)
Eop Ecg=aqy E 4E;; -

(B) Ifa<b=c<d,then

min(M,N)
M) ~(N) _ —~(N=t)(M—t) n(N—t) -(t) (M—t)
E pEcqg = Z 4p E g "Ejalap
t=0

@) Ifa<c<b<d,then
min(M,N) (—1)

(M) ~(N) _
E ' Ecqg= Z qp *
t=0

We note that from these commutator formulas we can derive a second set by
solving for Eg:? E(%[) and then interchanging (a, b) and (¢, d). Taken together
with the formulas given in the proposition these give a complete set of commutator
formulas for divided powers of positive root vectors. That this is a complete set of

1 (6) p(N=1) (M=) ()
(@b—ap VINE; yE;q "Egy " Egq g

formulas can easily be seen by considering the various possibilities for the subscripts
(cf. [Doty and Giaquinto 2002, Section 9]).

There is a similar set of commutator formulas for divided powers of negative
root vectors. They can be derived directly using the analogous results from [De Wit
2003]. Alternatively, U admits an antiautomorphism given by E, +— F,, F,— Eg,
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and K, — K !. Applying this map to the commutator relations for positive root
vectors yields the commutator relations among negative root vectors.

3.9. More commutation formulas. Finally we give the commutation formulas
between a positive and a negative root vector. Let us assume a < b and ¢ < d. Then
from [De Wit 2003] we have the following:

(28) Ea,b Ed,c

(—1)E“’bEd"’Ed,cEa,b, (b<corc<a<b<d);
(—)EarEacEy Eqp+ KepEaypc, a<c<b=d)
= (—1)E“"’Ed’c EqcEqp— (—I)E“!”Ed"?Ka,bEd,b, (a=c<b<d);
(~)EarBacEy Eqp+ (qa—4az") " (Kap —K}). (a=candb=d);
(~1)EarEacEy Eop—(qp— a5 )V KepEacEap. (@a<c<b<d.

With elementary inductive arguments, this yields the next result. The assumptions
on divided powers of root vectors stated before Proposition 3.8.1 apply here as well.

Proposition 3.9.1. Let E, , and E; . be two root vectors witha < b and ¢ < d,
and let M, N > 1. We then have the following commutation formulas.
(D) Ifb<corc<a<b<d,then

(M) (N) _ ~(N) (M)
Ea,b Ed,c _Ed,c Eab :

2) Ifa<c<b=d,then

min(M,N)
M) -(N) _ —t(N—t) o (N—t) -t M~—t) ()
Eop Eqe = Z qp Eje "Kealyp "Eae
=0
(B3) Ifa=c<b<d,then
min(M,N)
(M) ~(N) _ t —t(M—1-t) (1) o (N—1) pt (M—1)
Eop Egl = Z (=1D’q, EgpEge KapEgp
t=0
@) Ifa < b, then
min(M,N)
(M) ~(N) _ WN-t) | Kap;2t =M — N | (M~
Ea,b Eb,a - Z Eb,a |: ¢ t Ea,b :
t=0
5) Ifa<c<b<d,then
(M) -(N)
Ea,b Ed,c
min(M,N)

—t(2N-3t— - N— M~
= 2 D N g gy VI E G B KL Egly T EL
=0



310 HOUSSEIN EL TURKEY AND JONATHAN R. KUJAWA

We can use the antiautomorphism on U defined in the previous section along with
simple calculations to derive additional identities (compare [Doty and Giaquinto
2002, Section 9]). In this way we obtain a complete set of commutation relations
involving a positive root vector to the left of a negative root vector. There are similar
commutation formulas for the case of a negative root vector followed by a positive

root vector. These can be obtained from the above formulas by solving for the term
EgoE,
Taking all possible formulas we obtain the commutation formulas for divided

powers of root vectors. The interested reader can derive the complete set.

EC(IA;[). The new formulas will be of a similar form.

3.10. An si-form for U. Recall that Lusztig defined an # = Z[q, ¢~ !]-form for
U, (g) whenever g is a semisimple Lie algebra. We define an analogous «{-form
for U. Let Uy denote the sd-subsuperalgebra of U generated by

K
(s [F][12asozmenanscauf

Fix an order on the root system ®* and let P(m|n) be as in (15). For 4 =
(A(a)) € P(m|n), we define

e T RGO m= 1R

a=¢c,—epEdT a=g,—e €Dt

where the product is taken according to the fixed order on ®*.

There is a known basis for the analogously defined s-form for U, (gg) following
from Lusztig’s basis for U (sl(n)) [Lusztig 1990, Theorem 4.5] (see also [Xi 1999]).
Using this basis and the quantum commutator formulas given in the previous section
it follows that Uy has an s{-basis given by the set
(29)

m-+n
{EA I (Kga [5;’])FC ‘A, C e P(m|n),oq, ... ,0men€0, 1},,u€1\(m|n)}.

a=1

In particular this gives a basis for U after extending scalars (compare with [Zhang
1993, Proposition 1]).

If Ais S or T, then we define Ay to be the image of Uy under the quotient
map. In particular Ay is a Z[g, ¢~ ']-subsuperalgebra of A and (the image under
the quotient map of) the set given in (29) spans A 4. For short we call S;(m|n, d)y
the integral q-Schur superalgebra.

3.11. Quantum Kostant monomials and content functions. We now define the
quantum analogue of the Kostant monomials. Any finite product of nonzero elements
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of the form

(M) +1 K,
Ea’b ’ Ka k) [l ]7

where l <a#b <m+nand M,t € Z>(, will be called a Kostant monomial.
We also define content functions as before. Namely, the content function

m-+n
(30) x : {Kostant monomials} — @ Le;

i=1
is given on generators by declaring foro = ¢, —ep € &, M, N e N, and t € Z>
that

M —
HELD) = Monniarr 1K) =xk7H = ([ ]) =0

For general monomials we again use the formula x(XY) = x(X)+ x(Y) whenever
X, Y are Kostant monomials.

We also define the left content, xr, and right content, y g, by declaring on
generators that

XL(EL%)) = Me,, xr(Ka) = xo(K; 1) = XL([I?D — 0,

XR(EL(IJ,\bl))=M8b, XR(Ka)=XR(Ka_1)=XR(|:I§ai|) =0,

and again using the rule x7.(XY) = xr(X) + xg(Y) (similarly for y g) whenever
X and Y are Kostant monomials. We again use (14) to view outputs of the content
functions as elements of A (m|n).

3.12. A basis for the q-Schur superalgebra. We can now state the quantum ana-
logue of Theorem 2.14.3.

Theorem 3.12.1. The integral q-Schur superalgebra is the A-subalgebra of
Sq (m |I’l, d)

generated by

K
M M b
EM M) [I}

where |l <a<m+n—1,1<b<m-+n,and M € 7>q. Moreover, the set

Y= | {(E4lxFc|A.CeP(mn). x(E4Fc) <A}
AeA(m|n,d)

forms a Q(q)-basis of Sq(m|n, d) and an s1-basis of Sq(m|n, d)y.
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We remark that, as in Section 2.14, the set Y has alternate descriptions using
the left and right content functions. Applying the antiautomorphism of U yields a
similar basis in which the positions of the £ and F terms are swapped; that is, the
analogue of Y_ in [Doty and Giaquinto 2002].

Proposition 3.12.2. The set Y spans the superalgebra T.

Proof. The proof is exactly analogous to the proof of Proposition 2.14.1 and
the proof of [Doty and Giaquinto 2002, Proposition 9.1]. One again argues by
induction on degree and content using the above commutation formulas to write
an arbitrary Kostant monomial as a Z[g, ¢~ !]-linear combination of elements of Y.
The coefficients in our commutation formulas are slightly different, but they are still
elements of Z[g, ¢~ '] and so this does not affect the substance of the argument. [

Lemma 3.12.3. The cardinality of the set Y is equal to the dimension of S =
Sq(m|n,d).

Proof. It is known that the dimension of S (m|n, d) over Q(g) equals the dimension
of S(m|n, d) over Q. This is established, for example, in the proof of [Mitsuhashi
2006, Proposition 4.3]. This can also be seen as an outcome of [Du and Rui 2011,
Theorem 9.7]. The result then follows by the proof of Lemma 2.14.2. O

Theorems 3.3.1 and 3.12.1 now follow as in the nonquantum case.

3.13. A weight idempotent presentation. We also have a quantum analogue of
Theorem 2.15.1 which gives the g-Schur superalgebra by generators and relations
using the weight idempotents.

Theorem 3.13.1. The q-Schur superalgebra Sg(m|n, d) is generated by the homo-
geneous elements

Ei,....Emin-i. Fi.... Fyin-1, L1,

where A runs over the set A(m|n, d). The Z;-grading is given by seiting En=
Fpn=1E,=F,=0fora#m,and 1, =0forall . € A(m|n,d).
These generators are subject only to the relations:

Q1) Lilp=&ul, Y. L=l
AeA(m|n,d)

Q2) Eau:{éwaEa» if A +aq € Amln. d);

, otherwise;

Q) Faly = {:)A_%Fa’ g & Almin, d):

, otherwise;
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(Qzl//) lkEa — Ealk—aav if)\«—aa € A(}’I’l|”l, d),
0, otherwise;
(Q2////) 1, Fp = Falk+aaa lf)\ + o4 € A(mll’l, d),
0, otherwise;
AeA(m|n,d)

and relations (Q4) and (Q5) given in Theorem 3.3.1.

Theorem 3.13.1 is proven just as in the nonquantum case and as in the proof of
[Doty and Giaquinto 2002, Theorem 3.4].

4. The g-Schur superalgebra as an endomorphism superalgebra

4.1. Quantum Schur—Weyl duality. There is a natural signed action of the Iwahori—
Hecke algebra associated to the symmetric group on d letters, H; = Hg(Xy),
on V&4 Mitsuhashi [2006] defines the g-Schur superalgebra as the superalgebra

S :=S(m|n, d) = Endg, (V®9).

The main result of [Mitsuhashi 2006] is to establish a Schur—Weyl duality between
this endomorphism algebra and the Iwahori—-Hecke algebra. However, it is not
immediately obvious the g-Schur superalgebra defined in this paper as a quotient
of U coincides with the one used there. We now reconcile this difference.

Recall that we have a fixed homogeneous basis vy, ..., U+, for V and this
defines a homogeneous basis {v;, @ ---®v;, | 1 <iy,...,ig <m 4+ n} for ved,
Define a map o4 : V®4 — V®4 py

oq(vi, ® - Qi) = (—1)‘_”'1+"'+‘_"’d Vi) @ Q iy,

It is easily seen that o; commutes with the action of H; on V® defined in
[Mitsuhashi 2006].

Let U? denote the quantum group associated to gl(m|n) in [Benkart et al.
2000; Mitsuhashi 2006]. This algebra is generated by elements ey, ..., €n+n—1,
Sis--oy fm+4n—1, and qh (where & ranges over the elements of the dual weight
lattice), along with an element denoted by o. For each d > 1, denote by

pa 1 U7 — Endg(y) (V®Y)

the homomorphism given in Equation (3.2) of [Mitsuhashi 2006]. Theorem 4.4 of
the same reference states that S = pa(U?). For short we write S for the ¢-Schur
superalgebra defined in Section 3.2 as a quotient of U. We claim that S =S. When
d =1, it is straightforward to see that the action of the generators ¢4, fq, qh,
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coincide with the action of our E,, F,, and K 2:1. More generally, this remains true
for d > 1 once we take into account the fact that the difference in the coproducts is
exactly explained by the fact that we use the sign convention whereas Mitsuhashi
does not but instead introduces the element o (which acts on V&4 by o).

Thus S CS. It only remains to account for the extra generator ¢ in U°. That is,
since o acts on V&4 by the map o, we need to show that o lies in S. The next
lemma shows that it lies in the image of p; and, hence, in S.

Lemma 4.1.1. For each d > 1, there exists xg € U so that pg(xz) = 04.

Proof. Tt suffices to construct an element of U whose action on our basis for ved
coincides with the action of o,;. We build this element up in several steps. First, for
0<s=<dand1 =<a=<m+n we use the notation given in (17) and (1) to define
ws,q € U by

(Ka—1D(Ka—ga) -+ (Ka=q5™")
X (Ka— 5+ (=) (Kg— g3t - (Ka— q%)
(@5 — 1G5 —dqa) - (g5 — g5 (@5 — a5 (g5 —qd)

Given 1 <a <m + n we define a function,

(€29 Ws.q =

r(l:{vil ®"'®vid | 1 Ellasldfm"’_n}_){ovlavd}»
which counts the occurrences of v, in v;; ® --- ® v;,. That is, it is defined by
ta=1qV;;, ®---Qui,))={t=1,....,d |i; =a}.

Then by a direct calculation (cf. the calculation used to prove relation (Q7) in
Lemma 3.5.1),

(—1)”"5(%‘1 Vi, @+ ®uj,), ifs=rg

Ws,a(Vi; @ Vi, -+ QV;,) = {0’ if s # rg.

d
Now, for | <a <m + n define Q, € Uby Q; = ) ws4. It then follows that
for any basis vector v;; ® --- ® v;, we have 5=0

Qa(vi, @+~ ®vj,) = (_l)ra-a(vil R+ Qi)
m+n
Finally we define €2 € U to be the element @ = [] Q. It follows that

a=1
m+tn

Q(Uil ®"'®vid) — ( 1_[ (—l)ra‘a)(vil ®"'®Uid)
a=1

= ()T, @ - @ vy,

— (_1)5,'1 T+t Vpmtn (vil R ® vid)
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for every basis element v;; ® --- ® v;,. That is, as desired, 2 € U acts as oy
on V&4, O
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CLASSIFYING ZEROS OF
TWO-SIDED QUATERNIONIC POLYNOMIALS
AND COMPUTING ZEROS OF TWO-SIDED POLYNOMIALS
WITH COMPLEX COEFFICIENTS

FENG LIANGGUI AND ZHAO KAIMING

We improve the method of Janovska and Opfer for computing the zeros on
the surface of a given sphere for a quaternionic two-sided polynomial. We
classify the zeros of quaternionic two-sided polynomials into three types —
isolated, spherical and circular — and characterize each type. We provide a
method to find all quaternion zeros for two-sided polynomials with complex
coefficients. We also establish standard formulae for roots of a quadratic
two-sided polynomial with complex coefficients, which yields a simpler and
more efficient algorithm to produce all zeros in the quadratic case.

1. Introduction

In this paper we will treat two-sided quaternionic polynomials, those of the form

n
(1) px) ::Zajx-ibj, x,aj,bjeH, a,b, #0,
j=0
where H is the skew field of quaternions. These polynomials include also all one-
sided polynomials, where all coefficients are located on the left side or the right
side of the powers. For a long time, it has been known that one-sided quaternionic
polynomials may have two classes of zeros: isolated zeros and spherical zeros
(see for instance [Pogorui and Shapiro 2004; Topuridze 2003]), while a method
to compute all zeros of such polynomials was developed in [Janovska and Opfer
2010b] and a more efficient means was found in [Feng and Zhao 2011].
A general quaternionic polynomial is a finite sum of terms of the form

(2) tj(x) =aqpj-x-ayjc--aj—1,j-x-ajj, x,a()j,alj,...,aijH, jZO.

Feng is partially supported by NUDT and HNSF of China (Grant 11JJ7002), and Zhao is partially
supported by NSERC and NSF of China (Grant 11271109). The research in this paper was carried out
during the first author’s visit to Wilfrid Laurier University in 2011 and 2012. The authors are grateful
to the referees for good suggestions.
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Such a term is called a monomial of degree j. The polynomial p(z) in (1) is only a
very special type of a general quaternionic polynomial. There are relatively few
results on two-sided quaternionic polynomials; we list some that are relevant to our
study.

In [De Leo et al. 2006], the authors gave an example of a two-sided polynomial
and Opfer [2009] obtained that a general quaternionic polynomial of degree n has at
least one zero provided the polynomial has only one monomial of degree n. More
recently, for a quaternionic two-sided polynomial of type (1), Janovska and Opfer
[2010a] showed that there may be five classes of zeros according to the five possible
ranks of a certain real (4 x 4) matrix, and they provided a method to find the zeros
in a given equivalence class.

This paper is organized as follows. In Section 2, by improving the method
of [Janovska and Opfer 2010a], we classify the zeros of quaternionic two-sided
polynomials into three types — isolated zeros, spherical zeros and circular zeros —
and characterize each type of zero. In Section 3, we provide a method to compute all
quaternion zeros of a two-sided polynomial with complex coefficients. In Section 4,
for a quadratic two-sided polynomial with complex coefficients, we further establish
the standard formulae for roots, so that a simpler and more efficient algorithm is
given to produce all zeros for a quadratic two-sided polynomial with complex
coefficients.

We will now give a short introduction to the quaternionic algebra. By R, C we
denote the fields of real and complex numbers, respectively, and by N the set of
natural numbers. In the skew field H of quaternions, any element has the form

3) g=ap+aii +ayj+ask = (ap+aii)+ (ar+asi)j,
where i, j, k satisfy

the product is extended to H by R-bilinearity. We call ag the real part of the
quaternion ¢ in (3), also written fg, while ¢ — Rg = ai + a»j + aszk is called the
imaginary part and denoted by Jq. The modulus |q| of g is

g1 = /a3 +a? +a3 + .

The conjugate of g, denoted by g, is defined by g = ap —aji —arj — ask.

Two quaternions ¢qi, g» are called equivalent, denoted by g; ~ ¢», if there is
an h € H\{0} such that ¢; = hgoh~". The set [q] = {hgh~" : h € H\{0}} will be
called the equivalence class of g or, for short, the class of g. Indeed “~” defines
an equivalence relation on H. So each quaternion is located in one and only one



CLASSIFYING AND COMPUTING ZEROS OF TWO-SIDED POLYNOMIALS 319
equivalence class. It is well known that

Q~q = Ng=Nq and |qi| =lq2|,

that is, [g] = {u € H : Hu = Nq, |u| = |q|}, which can be regarded as the surface of
a ball in R* = Ri + Rj + Rk if ¢ is not real. It is easy to see that [¢q] = {q} if ¢
is real and [¢] contains infinitely many elements if ¢ is not real. In the case that
g is not real, the only two complex numbers contained in [¢] are £ and &, where
£ =Ng ++/Iq|*> — (Mq)?i. Here we are calling a quaternion complex if it is of the
form ag + a;i, with ag, a; € R.

There is a very useful tool to study the quaternion algebra, which is the so-called
derived matrix (appeared in [Feng 2010])

The derived mapping o : H™" — C?"*?" from the set of n x n quaternionic
matrices into the set of 2n x 2n complex matrices is defined by

4 A=Al+Arj A A A

“) =A1+Aj = o(A)= A )

where A, A, € C"*". This mapping is injective, and obviously preserves addition
and multiplication of matrices. We call o (A) the derived matrix of A (or, following
[Zhang 1997], the complex adjoint matrix of A). We will be interested in the case
where n = 1.

To conclude this introduction, we mention that it was Niven [1941; 1942] who
made first steps in generalizing the fundamental theorem of algebra to the quater-
nionic situation. Since then many attempts have been made to compute roots of a
quaternionic polynomial [Serddio et al. 2001; Serddio and Siu 2001; Pumpliin and
Walcher 2002; De Leo et al. 2006; Gentili and Stoppato 2008; Gentili and Struppa
2008; Gentili et al. 2008], most of which have focused on one-sided polynomials. In
[Lam 2001, Section 16] and [Wang et al. 2009b] there are several general results on
polynomials (of the one-sided type) over division rings. There are also a lot of recent
studies on quaternionic matrices, for example [Farid et al. 2011; Wang et al. 2009a].
A large bibliography on quaternions can be found in [Gsponer and Hurni 2008].

2. Classifying zeros of two-sided quaternionic polynomials

To investigate the zeros of the polynomial in (1), we can assume (by left and right
division, respectively) that a, = 1 and b, = 1, that is, the polynomial is monic:

5) px):=x" +ap_1x" by 4+ +aixby +ay, x,a, bj e H.

Let £ be a fixed complex number. In this section, we shall give a classification
of the zeros of p(x), which improves the results in [Janovska and Opfer 2010a].
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Furthermore, we give a clear description of the structure of each class of zeros for
a polynomial p(x) whose coefficients are complex.

From [Pogorui and Shapiro 2004], we know that all powers xk keN, of a
quaternion x have the form xK = oyx + Bk, where ay, By are real numbers. In order
to determine the numbers oy, B, Janovskd and Opfer [2010b] gave two approaches.
One is via the iteration

=0, po=1,
(6) aj+1=2§}txaj+,3j,
Bj+1=—IxPa;, j=0,1,....
The other one relies on the formula
{ajzsw-{)/ x> — (ix)2,

(7N .
Bo=1, Bjt1=—IxPa;, j=0,1,...,

where u; is the complex solution of u? —2(9x)u +|x|> = 0 with positive imaginary
part. Formula (7) for «; is of course easier to program than the iteration (6).
However, since a power is involved, an economic use of (7) would also require
an iteration.

For convenience of later use, we will first give a self-closed formula for ax and
Bx to improve the above formulas, that is, we give the following lemma, by which
we can determine the real numbers oy, S directly.

Lemma 2.1. Suppose 7 is a quaternion, k is a natural number. Let
E=Nz+V|z|2 — M2)?%i.

Then 7¥ = apz + Bi, where

k _ gk Fk—1 _ sk—1
ak=$ ? eR, ﬁk=|g|2-ieu%.
§—§ §—§
Remark 2.2. In this lemma, we set
k _ Fk Fh—1 _ gk—1
d é =1 and i =0
§—¢§ §—§
for k = 1, while
%-k _ gk gk—l _ gk—l

2 :Ek—l_i_gk—Qg_{_‘ . '+§k_1, Z—(Sk_2+§k_3§+' . .+§k—2)

§-¢ £§-¢
for k > 1 if € is real. Actually & is a complex number contained in [z].

Proof. Since Nz = NE and |z| = |§|, we see that z € [§]. Let

gty =1 — (E+En+ &
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Then g(¢) is a polynomial with real coefficients, that annihilates each element of [£].
Note that the polynomial ¥ can be expressed as t* = h(t)g(t) + axt + By, where
oy and B are real constants, A(t) € R[¢]. Consequently, we have

{Olki? + Br = £,
aré + B =&~

If £ — £ =0, then & is a real number and z = £. A straightforward verification
shows the statement of the lemma for this case. Now suppose £ — € # 0. By (8),

kK Fk £k _ Esk Fhk—1 _ gk—1
e S A e )
§—§ §—§ §—¢§

Since ¢* =h(q)g(q) +arg + B = arg + Py for all ¢ € [£], the proof is complete. (]

®)

Ok

With Lemma 2.1 in hand, we now introduce the method to find all zeros in the
sphere [£] for p(x) where & is a fixed complex (so R§ is fixed).

Now for the fixed complex number &, and for any z € [£], p(z) can be repre-
sented by

p(2) = (@nz+ Bp) + an—1(ctp_12+ Bp—1)bp—1 + - - - +ar1(c1z2+ B1)b1 + ao
= (apz +ap—10y—12by—1 +-- - +ara1zby) + (By +- - - + a1 B1b1 + ap)

= A(2) + B,
where
A@) =apz+ap—1ay-12by—1 +- - - +a1a1zb1,
B =B+ Bu-1an-1bp_1+---+aip1by +ag € H.
It is clear that the coefficients «j, 8; (j =1, ..., n) are given in Lemma 2.1. So,

solving the equation p(z) = 0 in [£] is equivalent to finding the solutions in the
sphere surface [£] of the following equation:

(&) A(z) =—B.

Let z =M€ + x1i + x2j + x3k, x1, x2, x3 € R. Regard z as the vector

and regard the surface of the sphere [£] as

X1
T = l(xz) X7 x5 4 x5 = |EP — (ME)%, x1, 0, x3 €RY .
X3
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Unfolding the left side of (9) leads to the following linear system consisting of four
equations in three variables,

X1 e
(10) Mlx]=]|"],
e
X3

where M is a known real 4 x 3 matrix, eg, e;, ¢z, and e3 are known real numbers.
Suppose S is the solution set of the linear system (10). Then the set of zeros of

p(x) contained in [£] is
{@?)mesmz}

If (10) has no solution, that is, S = &, then [£] contains no zero of p(x).

When (10) has a solution, its solution set can be represented by N + X, where
N is the solution space of the system of homogeneous linear equations M X = 0,
while Xy is a particular solution of (10). Now we analyze the set N' 4 X as follows.

If dim N' = 0, then (10) has only one solution Xy, so [£] contains at most one
zero of p(x).

If dim N'=1, then S becomes a straight line in the three-dimensional {x, x>, x3}-
space. So [£] contains no zero of p(x) when S is separated from the sphere [£], [£]
contains only one zero when § is tangent to the sphere [£], and [£] contains two
zeros if the straight line S pierces the sphere [£].

If dim N =2, § is a plane in the three-dimensional {x;, x, x3}-space, there are
three possible position relationships between the plane and the sphere: separated,
tangent and intersected. Then [£] contains no zero of p(x) for the separated situation,
contains only one zeros for the tangent situation. With respect to the intersected
situation, the intersection of the plane and the sphere is a circular curve, so the zeros
of p(x) contained in [£] form a circle in the three-dimensional {x;, x2, x3}-space.

Finally, if dim N' = 3, then S = R3, and each point in [£] is a zero of p(x).

To sum up the above arguments, we have obtained:

Theorem 2.3. Let p(x) be as in (5), and let § be a complex number. If Zjg1(p) is
the set of zeros of p(x) contained in [§] and |Zig)(p)| is its cardinality, we have the
following possibilities:

* 1 Zis(p)l =2
e Zig)(p) is a circle on the surface of the sphere [§].

o Zig)(p) = &1

Definition 2.4. Let p(x) be as in (5), and let zg be a zero of p(x). If z¢ is not real
and Z;,1(p) = [zol, we say that zo generates a spherical zero, or simply that it is a
spherical zero. If zg is real or |Z[,,;;(p)| <2, it is called an isolated zero. If zj is
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not real and has the property that Z,;;(p) is a circle on the sphere [z0], we say that
Z0 generates a circular zero, or is a circular zero.

Thus Theorem 2.3 classifies the zeros of quaternionic two-sided polynomials
into three types: isolated zeros, spherical zeros and circular zeros.
Now we apply Theorem 2.3 to two-sided polynomials with complex coefficients.

Theorem 2.5. Let p(x) := x" + ap_1X" " b,_| + -+ ajxb; + ag, where all the
a;,b; i=0,1,...,n—1) are complex numbers. Let & be a complex number with
Zig)(p) # . We have the following possibilities:

o Zig(p) C L&, &)
e Zip(p) ={z1+22j : 21 € Cfixed, 22 € C, |22|* = §]* — |z1]* > 0}.
* Zig(p) = &1

Proof. If all a;, b; are complex, in (9) we set

Pn =0, Pn—1=0p—-10p-1, ..., pr=auaiay,
gn=1,  gn-1="Dby_1, .o q1=Db1, qo=-—B.

Then all p;, g; are known complex numbers. Writing the point z in [£] as
z=z1+22j, z21,22€C,

and using the derived mapping, we can write (9) as

(o)D) () (2 D) () =(" )

which is equivalent to
n n _

(11 <Z Piqi)21 = 40, (Z Piqi>22=0-
i=1

i=1
Since Z¢)(p) # &, (11) is consistent.
IfY ", pigi=0and Y !_, pigi # 0, then

2

q0 2 2
U=—=7—— and |z =I§]"—
Y i1 Didi

' q0
Z?:l Piqi
When

2

= >0,

‘ q0
Yo Pidi

the zeros of p(x) contained in [£] are circular zeros, and

q0 . 2 2 q0
=i t2j:2eC | =" - ‘n—
> iz Pidi > iei Didi

]

Zig(p) = {
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Otherwise,
q0

Z?:l Piqi
IfY"  pigi=0and ) ;_, pigi =0, then go = 0 and each point in [£] is a zero
of p(x). So itis a spherical zero, that is, Z[g;(p) = [£].
Finally, if Zl'.l:l piqi # 0, then zo =0 and z = z; + z2j = z1, which has at most
two values in [£]: & and £. [l

Z[S](P)Z{ }E{S,g}-

Janovska and Opfer [2010a] classified the zeros of quaternionic two-sided poly-
nomials p(x) into five classes according to the five possible ranks of a real (4 x 4)
matrix obtained from the coefficients of p(x). In their notation, type 0 and type 1
solutions are isolated solutions, a type 2 solution can be an isolated solution or
a circular solution, a type 3 solution is a circular solution or a spherical solution,
while a type 4 solution is a spherical solution.

We can understand Theorem 2.3 from the view of point of geometry as follows.
The set of isolated zeros in [£] is of dimension 0, the set of circular zeros in [£] is
of dimension 1 because they form a circular line, and the set of spherical zeros in
[£] is of dimension 2 because these zeros form a surface of a ball.

Remark 2.6. (a) Since one-sided polynomials, as in (5), belong to the class we
are considering, isolated zeros and spherical zeros in fact occur (actually these two
types are the only solutions; see [Feng and Zhao 2011; Janovskd and Opfer 2010b]).
From the study of the quadratic case in Section 4 of this paper, we shall see that
the polynomial p(x) = x2 4 ixi + 2 has circular zeros and two conjugate isolated
Zeros.

(b) From Theorem 2.5 we see that, for a two-sided polynomial p(x) with complex
coefficients, an isolated zero (if exists) of p(x) should be a complex number, and
the equivalence class [z] for an arbitrary circular zero z (if it exists) should contain
no complex roots of p(x). These facts will be used in the sequel.

3. Finding all zeros of quaternionic two-sided polynomials
with complex coefficients

Consider a quaternionic two-sided polynomial with complex coefficients:
(12)  px):=x"+dap_1x"'bp_1 +---+arxb; +ay, xeH, a, bj eC.
We will find a method to compute all the zeros of p(x). We introduce the notation

P(x) i=x" 4+ ap_1by1x" '+ -+ arbix + ao,

P(x) :=x"+ap_1bp_1 X"+ -+ a1bix +ap,

P () :=x"4+ay 1by_ X"+ Fajbix +ap.
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Theorem 3.1 (characterization of spherical zeros). Let & be a complex number:
Then each point of [§] is a zero of p(x) if and only if

P& =pE) =0 and pE)=pE).

Proof. For any z € [£], we can write 7 as z = g&q ™~ for some ¢ = 7| + z2j with
71,22 € C, and |z1|> + |z2/> = 1. Then p(z) = 0 is equivalent to

gE"q "+ an_1gE" g by 4+ - +a1qEq by +ap =0.

By the derived mapping, we get
21 22\ (§" 21 —22
-2 21 &) \z2 z1
an—1 721 22 (&7 ) (21 —Zz) (bn—l )
+ - o _ N - RN
( an1) <—zz m)( e )\ = by
()22 C)E ) (M)
ay) \—22 21 §)\z2 21 by ap

which is equivalent to the system of the following two equations:

(13) |21 2(F(§) — o) + |22 (P(€) — a0) +a0 = 0,
(14) 2122(P ) = P (6) =0.
The above argument will be also used in later proofs.

=>) Suppose each point of [£] is a zero of p(x). Then (13) and (14) hold for any
21, 20 € C with |72 + |Z%| = 1. Note that (13) can also be written as

(15) lz112(p(&) — pE)) + p(E) = 0.

The equalities (15) and (14) hold for arbitrary complex z;, zo with |z;|> + |z2|> =1,
yielding that p(€) — p(§) =0, p(§) =0, and P () — 9 (€) = 0. The rest follow
easily for this direction.

<) Obvious. O

Theorem 3.2 (characterization of isolated zeros). Let T be the set of nonreal,
isolated zeros of p(x). Then

T={cC:pE) =0 D& #PENUEC:pE) =0, 5(E) #0);
the set of all isolated zeros of p(x) is {the real roots of p(x)}UT.

Proof. By Remark 2.6, we see that the set of isolated zeros of p(x) is contained in
{€ € C: p(€) = 0}. Let & be a nonreal complex root of 5. If p (§) = P () and
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P(&) =0, then £ becomes a spherical zero from Theorem 3.1. Hence,

T={cC:pE) =09 #PENUEC:PE)=0,5E) #0),
and the set of all isolated zeros of p(x) is {the real roots of p} U T. ([

Theorem 3.3 (characterization of circular zeros). Let & be a given complex number.
Then [&] contains a circular zero of p(x) if and only if

(16) PEDPE) <0 and D E)=pE).

Moreover, if [§] contains a circular zero of p(x), then

(%5)2(1 Gk §<s>>2 o

pE - p®
and the set of circular zeros in €] is

{mg+ﬁ(§)+ﬁ($) ~ 5<§>+5(s>>2}.

&) —p&) p&) —p&)

Proof. =) Suppose [£] contains a circular zero of p(x). By Theorem 2.5, the
circular zeros in [£] contain no complex zeros of p. Using the first part of the
proof in Theorem 3.1, we know that there exist z;, zo € C with z;zp # 0 and
|z1|%> 4 |z2|> = 1, such that z = (21 + 22J)&(z1 + 22j) ! is a zero of p(x). So (13)
and (14) hold for this z, which yield |z;|2p(€) + |z2]*P() =0 and p (§) = P (§).
From |z1|*p(§) + |z2/*Pp(§) = 0, we have

1P E)PE) = —122*PE)PE) = — |22 [FE)I* <0,
that is p(£)p(£) < 0, as desired.
<) Note that p(£)p(€) < 0 implies J& # 0 and |p(£)]> — p(E)p(€) > 0. Let
21, 22 € C be given by
2 P&
21 = == —— =
|lpE)IF—pE)p(§)

Then z1z2 # 0, |z1]> + |z2/> = 1 and it is easy to verify that (13) and (14) hold
simultaneously. So (z1 + z2j)&(z1 +22j) ! is a zero of p(x). From

Séi+nj 0eC |l = (‘35)2(1

(17) 122)? = 1—|z1|%.

(21 +220)E (21 +220) 7 = |21%€ + |22|*E — 2212006 j

(18) 2 . .
=NE + Q221" = DI — 2212235,

we see that [£] contains a noncomplex zero of p(x). The inequality p(& YP(E) <0
also implies p(&) # 0, so from Theorem 3.1 we know [&] contains no spherical
zeros of p(x). Now combining with Theorem 2.5 we see [£] contains a circular
zero of p(x). The proof of this direction is completed.
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Finally, if [£] contains a circular zero, let z; and z, be defined by (17). Then

yet g = POEFEO
Gl =D =56 e
PO+PEO) _ _ 2© 2@

PEO-5E)  PE-PE (P - PENFE)

Therefore,

~ TN~ 2

ri= (35)2(1 PO+ PE) ﬂ:@)) >0

p(&)—p&)
and by Theorem 2.5 and (18), the set of circular zeros in [£] is
PE+PE)
pE) - p&)
From Theorems 3.1 and 3.2 we have actually given a method to find all isolated

zeros and spherical zeros:
Let the complex solution set of p(x) =0 be

{mg+ Y¢i+zj:z€C, |z|2=r}. a

{51""’%-5’771""’77/{’ ;1’51""74‘[’ El’ ;l"‘l’é_-["l‘l"“’é‘t’g_-t}’

where &1, ..., & are distinct real numbers, 1y, ..., 1, {1, - - ., {; are distinct nonreal
complex numbers (each 7; is no longer a root of p(x)), <1:7(;,-) * ?(fi) fori =
1,...,0land ?(Ci) = ?(Ei) fori =141, ..., t. Then the set of all spherical zeros
of p(x) is

(G4 ]U--- UL,

and the set of all isolated zeros of p(x) is

{glv"'755’771’""nkvé-]’é_-]?"'aé‘lagl}'

Next we consider how to find all circular zeros of p(x). From Theorem 3.3 we
need only to find all complex numbers & with [£] containing a circular zero of p(x).
First we give a necessary condition for p(x) to have a circular zero.

Proposition 3.4. Let p(x) be a two-sided polynomial of the form of (12). If p(x)
has a circular zero, then

1 1 1
an—1bn—1 an—1by—1 an—1bn—1 .
aib ab arb

that is, p(x) cannot be essentially written as a one-sided polynomial.
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Proof. Suppose contrarily

1 1
an—1bn—1 _ an—1bn—1
a1b1 a151

Then p(x) = <17(x). Let £ be a complex number and [£] contain a circular zero of
p(x). Then by Theorem 3.3 we have

PO=DE=pE=pE and PEPE =pEBE) =pE =0,
a contradiction to p(£)p(£) < 0. The proof for the other inequality is similar. [
Lemma 3.5 [Zhang 1998, Theorem 3.16]. Let f =a,(x)y"+---+aj(x)y+ao(x)
and g = by, (x)y" + -+ b1(x)y + bo(x) € Clx, y|, where a;(x), b;(x) € C[x]
i=0,...,n,j=0,1,...,m) witha,(x)b,(x) #0. Let R(f, g; x) be the resultant
of f and g of order m + n, given by

a,(x) a,_1(x) ap(x)
a,(x) a,—1(x) ... ap(x)
a,(x) a,_1(x) eer oooap(x)
b (x) by_1(x) . ... box)
b (x) bp_1(x) ... ... bo(x)
by (x) bp_1(x) ... ... bp(x)
where a,(x), ..., a1(x), ap(x) are located in the first m rows, and the coefficients
b (x),...,b1(x), bo(x) are located in the lower n rows. Then a complex xq is a
zero of R(f, g; x) if and only if the system
{f(xo, y)=0
g(x0,y) =0
has a solution yy € C or the system
{an (x0) =0
bm(XO) =0

holds.

Now suppose [£] contains a circular zero of p(x), where & is a given complex
number. Then by Theorem 3.3 we have ?7(&‘ )= 37(5) and p(£)p(¢) < 0. The
later inequality implies the imaginary part of p(£)p (&) is 0.
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Set ag = co + dpi, where ¢y, dy are the real part and imaginary part of ag,
respectively. Also set (§7, "1, ... %2 &)=+ i and

1
an—1bn—1 .
=U+Vi,

a1b1

where «, B are both real row vectors (real 1 x n matrices), U and V are both real
column vectors (real n x 1 matrices). It is easy to see the first component of U is 1
while the first component of V is 0. From <17($ )= <17(§ ) we get

1
an—1bp—1
(19) B - =0.
all;I
And note that the imaginary part of p(£)p(£) is 0, so we get
(20) BUaU +BVaV +copU +doBV =0.
Let £ = u + yi with u, y € R. Remark 2.6(b) ensures that y = 0. Then
E"=u"+ Clu" i)+ C (i) - (i)™

When 7 is even, we have

ME" =u" = Cou" 2y 4+ y" (=13,

Sg_-n — C}iun—ly 4t Cg—luyn—l(_l)%’
and when 7 is odd we have

‘RSn =u" — C,Zlu”—2y2 4.4 CZ—luyn—l(_l)%’
SS” = Ciunfly 4.4 CZ*2u2yn72(_l)% +yn(_1)n74

For convenience we take n to be an odd number, n = 2k + 1 since it is similar for
the case that n is even. In this case (19) becomes

QD) (Cl" 'y 4+ Oy )T 4y (=D)LL y)
1

an—IEn—l
=0.

ai1b



330 FENG LIANGGUI AND ZHAO KAIMING

Since y # 0, we can write this as

22) (Clu"' 4 O =) -y (=D T, L)
i

an—ll;n—l
=0.

all;1
It is easy to see that (22) can be rewritten as
(23) FHdiw T+ de W)z + di () =0,

where z := yz, k = ”T_l, di(u), ..., dy(u) € Clul, degdy(u) = 2k (implying
that di (1) # 0).

We treat (20) in a similar manner. Note that y 7 0, the first component of U is 1
and the first component of V is 0, then we obtain from (20) the following equation:

(24) Ry )z + hy()z2* - 4 hy () =0,

where 7 :=y2, k = %, hi(u), ..., hy(u) € Clu], degh, (u) =2n —1.
Up to now, we have shown that, if [£] contains a circular zero of p(x), then the
real part and imaginary part of & must satisfy (23) and (24). Let

fi=+di) A dio )z di(w),
g =h @z +hy@)z "+ hy ).
We denote by R, the resultant of f and g. Then

1 dim ... ... ... di(w)
1 diw) ... ... .. di(u)
1 diw) ... ... ... d(w)
R, = hi(u) hotw) ... ... h,(n) ,
hi(u) hotu) ... ... hy(u)
hi(m) ho(w) ... ... hy(uw)
which is a polynomial in the variable u with complex coefficients. Let xy, ..., X,

be the real roots of R, (if R, has no real root, then p(x) has no circular zero, by
Lemma 3.5). Then substitute x; for u in (23) to get corresponding nonzero solutions
for y. In this way we get at most finitely many complex numbers x; + y;;i, where
yi; is the real solution of
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OO+ di ) 4 di ()Y 4 di(x) = 0,

I=1,...,s,j=1,...,n. (If such a y;; does not exist, this also shows p(x) has
no circular zeros.) Now if [£] contains a circular zero, then from Lemma 3.5 we
know & must be equal to some x; + y;;i. Therefore, for the finitely many complex
numbers x; +y;i ({=1,...,s, j=1,...,n), using Theorem 3.3 we can find all
circular zeros of p(x).

This method for finding circular zeros will be valid so long as the resultant R,
is not the zero polynomial. Since we have excluded the cases

1 1 1 1
an—1by—1 an—1bn—1 an—1bn—1 an—1bn—1
= . and . =
a1b1 a1151 611[;1 6_11[;1

(Proposition 3.4 ensures that p(x) has no circular zeros under such circumstances),
generally speaking the resultant R, obtained at the moment cannot vanish. We
have done a lot of tests, and have never discovered a two-sided polynomial p(x) of
form (12) with the conditions in Proposition 3.4 such that R, = 0.

Example 3.6. Find all zeros of p(z) =z> —iz%i —izi + 1 in H.

Solution. p(z) =7+ 7>+ z7+1, ?(z) =73 — 7> — 7+ 1. The complex roots of
p(z) are —1,i, —i. <17(i) =2-2i, ?7(17) =2+ 2i. Thus, p has no spherical zero,
and the set of isolated zeros is {—1, i, —i}.

Now we seek the circular zeros. We have

1

U= , V=0, c=1, dy=0,

1
1
a=x=3xx2 =y x), B=(0Cxly—y 2y, ),

In this case, (24) and (23) become

(25) Bx+ 12— (10x3+10x24+6x+2)1 + (Bx5+5x* +6x3 +6x2+3x+1) = 0,
(26) t+(=3x*4+2x+1)=0,

where ¢ := y2. The resultant R, is

1 —3x24+2x+1 0
R,=| 0 1 —3x24+2x +1
3x+1 —(10x3 +10x2 +6x +2) 3x° +5x* +6x3 +6x24+3x+1
= —32x* +32x% +20x + 4.

The real roots of R, are (from MATLAB)
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x1 = —0.500000000000000, x; = 1.255773570847266,
and from (26) we get the positive roots
vy, = 0.866025403784440, y,, = 1.104243923243840

and their opposites We investigate the complex numbers
E=xityni, S=§&, G=xpt+yyi, &=&.

For &, we have p(§1) = 1, p(§)p(&) = 1 > 0. So, [£] (= [£]) contains no
circular zeros of p.

Since j(83) = 7.7552i, ()P (&) < 0, and P (8) = P (&), then [&] (= [&4])
contains a circular zero of p, and the set of circular zeros of p is

T = {1.255773570847266 + zj : z € C, |z|* = (1.104243923243840)>}.

Hence the zero set of pis {—1,i, —i}UY.

4. Formulae of zeros for quadratic two-sided polynomials
with complex coefficients

In this section we concentrate on the case where p is quadratic with complex
coefficients. We establish formulae for finding its spherical, circular and isolated
zeros, and spell out a simple and efficient algorithm to find all zeros. So let

(27) p(x) :=x>+ (a+bi)x(c+di) + (e + fi),

where a, b, ¢, d, e, f are real numbers. In the notation introduced at the beginning
of Section 3, we then have

P(x) :=x>+ (@ +bi)(c+di)x + (e + fi),
D (x) 1= x>+ (a+bi)(c —di)x + (e + fi),

Recall that a complex £ is said to be a spherical zero of p(x) if £ is nonreal and
each point of [£] is a zero of p(x).

Theorem 4.1 (existence of spherical zeros). The polynomial p(x) in (27) has a
spherical zero if and only if one of the following conditions is met:

eb=d=f=0 and (ac)? < 4e.
ca=b=f=0 and e>0.
ec=d=f=0 and ¢> 0.

Furthermore, in this case the set of all zeros of p(x) is

_ _ 2;
28) [ ac+ 426 (ac) z}
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Proof. <=) When one of the conditions is met, p(x) becomes x> + axc + e, which
is a real polynomial. So each nonreal zero of p(x) is a spherical zero. In this case
the complex roots of p are

—ac++/4e—(ac)’i  —ac—+/4e—(ac)?i

By the method provided in Section 3 to find all spherical zeros and isolated zeros,
we conclude that the set of all zeros of p(x) is given by (28).

=) Suppose the complex £ is a spherical zero of p(x). Then by Theorem 3.1 we
have p(€) = p(€) =0and D (&) = D (§). Consequently, 5 should be a polynomial
with real coefficients, from which we get

(29) f=0, ad=—bc,

and p(x) = x2 + (ac — bd)x + e. This forces £ to equal one of the two conjugate

numbers
(bd —ac) £ /4e — (ac — bd)?i

where (ac — bd)?* < 4e. We may assume that

(30) £ (bd — ac) ++/4e — (ac — bd)? i.

Since ?7(5) = <17(§), we have
&%+ ((ac + bd) + (bc — ad)i)é = &%+ ((ac + bd) + (bc — ad)i )E.

Substituting (30), simplifying and comparing real and imaginary parts, we obtain

((bd —ac)+ (ac+bd))v/4e — (ac —bd)> =0, (bc—ad)y/4e — (ac —bd)? =0,
which yields
3D bd =0, bc=uad.

From (29) and (31)itiseasytoseea=b= f =0,orc=d=f=0,orb=d = f =0.
Ifa=b=f=0o0rc=d= f =0, then from (ac — bd)?> < 4e we find e > 0. If
b=d = f =0, then by (ac — bd)? < 4e we get (ac)’ < 4de. O

Corollary 4.2. Let p(x) be a polynomial of the form in (27). Then p(x) has a
spherical zero if and only if p(x) can be written as p(x) = x> +rx +s, where r, s
are real numbers with r> —4s < 0. Moreover, in this case, the set of zeros of p(x) is

|:—r+mi:|
— S |
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Theorem 4.3 (existence of circular zeros). The polynomial p(x) in (27) has a
circular zero if and only if bd # 0, ad = bc, and

f—(ac+ bd)bc)2

3 2 2 2, , 2
(32) 3 (@) +2(bc)* + (bd)*) + e of > ( Sid

Moreover, in this case the set of all circular zeros of p(x) is

(33)
ac+bd f—(ac+bd)bc . . ) f—(ac+bd)bc 2
— : () =A—|——F7—"—"—
{ 7 + 2bd i+zj:z€C,|z] b ,
where

A= 3((ac)* +2(be)* + (bd)*) + e — ¢ f.

Proof. =) Let [£] contain a circular zero of p(x), where & is a complex number.
Then [£] contains no complex zeros of p(x) (see Remark 2.6), and & satisfies (17).
From Proposition 3.4 we see that bd # 0.

Let £ = u + yi where u, y € R with y # 0. From the second equation in (17) we
deduce that u = —(ac + bd)/2 and ad = bc.

Now from Theorem 3.3 we may assume p(x) has a solution x = u + wi + v j
with u, w, v € R and v # 0. Substitute x in p(x) with u + wi + vj. Then we get

(34) u? — w? —v* +acu — bcw — bdu — adw + e =0,
(35) 2uw + bcu + acw +adu —bdw+ f =0.

From (34) it follows that u? + (ac — bd)u — w* — 2bcw + e = v*> > 0. So,
(36) u? + (ac — bd)u —2bcw + e > w>.

From (35) we have w = (f — (ac + bd)bc)/2bd. Substituting this value in (36)
yields (32). And in this case it’s easy to see by Theorem 2.5 that the set of circular
zeros in [£] is as given in (33), since

_ac+bd w f — (ac+bd)bc

2 2bd ’
f —(ac+ bd)bc)2

2 2 2
= —bd)u —w” —2b =A-—
v u”+ (ac Ju—w cw+e ( bd

and x = u 4+ wi 4+ vj is a circular zero of p.

<) When the conditions bd # 0, ad = bc, and (32) are satisfied, we can verify
directly that each element of the set in (33) is a zero of p(x). Note that (33) has
infinitely many elements, and Theorem 4.1 implies that p(x) has no spherical zeros,
since bd # 0. Again by Theorem 2.5 we know that p(x) has a circular zero. [

Next we give a consequence of Theorems 4.1 and 4.3.
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Corollary 4.4. (1) The polynomial x> +r(t +i)x(t +i) + e, where r,t,e € R,
has a circular zero if and only if r # 0 and 4e/r> +t* 4+ 51> +3 — 1% > 0.

(2) No quadratic polynomial with two-sided complex coefficients can have a spher-
ical zero and a circular zero simultaneously.

From Theorem 2.5 we know that the set of isolated zeros of p(x) is contained
in the nonempty set {z : z € C, p(z) = 0} in this case. Using Theorem 4.1 and
Theorem 4.3 we have:

Theorem 4.5. The polynomial p(x) in (27) has an isolated zero if and only if it
either has a circular zero, or has no circular zero or spherical zero. In either case,
the set of isolated zeros of p(x) is {z : 7 € C, p(z) = 0}, where p is regarded as a
complex polynomial (so the classical formula can be used).

Corollary 4.6. The zeros of p(x) are distributed in at most 3 equivalence classes,
and p(x) has finitely many zeros if and only if p(x) has neither circular zeros nor
spherical zeros.

Summary of the algorithm to find all zeros of a quadratic two-sided quaternionic
polynomial with complex coefficients. Given a polynomial arx%by + ajxby + ao,
with x e H, a;, b; € C, axby # 0, first divide it by a, and b,, so as to reduce it to
the form

p(x):= X2+ (a+bix(c+di)+e+ fi.

Step 1. Test the three conditions of Theorem 4.1. If any of them is met, the set of
zeros of p is

—ac++/4e — (ac)?i
5 )

Otherwise, go to the next step.

Step 2. Compute the (real and complex) zeros of the polynomial

P(x):=x>+ (a+bi)(c+di)x+e+ fi.

Denote them by z; and z;. Test the three conditions of Theorem 4.3. If they are
all met, the set of zeros of ¢ is the union of {z1, zo} with the set (33) of the same
theorem. Otherwise, the set of zeros of ¢(x) is {z1, z2}.

Example 4.7. For the polynomial p(x) := x? +ixi 4 2, none of the conditions in
Theorem 4.1 is met, so there are no spherical zeros. In Step 2 we get two (conjugate)
isolated zeros and a circular zero. The complete set of zeros is

1+4/7i 1=+/T7i
2 2

}U{—%ﬂfrze@,lzl%%}.

The zeros fall into two equivalence classes.
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Example 4.8. For p(x) ;== x>+ (1 +i)x(1+i)+1, again there are no spherical
zeros. The algorithm (or Corollary 4.4) gives a circular zero, and two (nonconjugate)
isolated zeros, so the set of zeros is

[{(V2=1)i, =(V2+ 1)i}u{-1—i+zj:z€C, |z2>=3}.
The zeros fall into three equivalence classes.

Example 4.9. The polynomial x> + 1 has a spherical zero; hence (by Step 1 or
Corollary 4.2) its set of zeros is [i] = {a1i +arj +azk : a% —i—a% —i—a% = 1}, forming
a single equivalence class.
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COXETER GROUPS, IMAGINARY CONES AND DOMINANCE

XIANG FU

Brink and Howlett [Math. Ann. 296:1 (1993), 179-190] have introduced a
partial ordering, called dominance, on the root systems of Coxeter groups in
their proof that all finitely generated Coxeter groups are automatic. Edgar
(Ph.D. thesis, 2009), in an investigation of various regularity properties of
Coxeter groups, studied a function on the reflections of such groups, called
oo-height. Here we show that these two concepts are closely related to each
other. We also give applications of dominance to the study of imaginary
cones of Coxeter groups.

1. Introduction

In this paper we attempt to extend the understanding of a partial ordering (called
dominance) defined on the root system of an arbitrary Coxeter group. The dominance
ordering was introduced in [Brink and Howlett 1993] (where it was used to prove
the automaticity of all finitely generated Coxeter groups). Dominance ordering
was further studied in [Brink 1998; Krammer 1994; 2009], and it has only been
recently examined again, in [Dyer 2012] (in connection with the representation
theory of Coxeter groups) and in [Edgar 2009; Fu 2012]. The present paper is a
short addition to the last two references, and it could serve as a building block in the
general knowledge of dominance ordering and of the combinatorics and geometry
of Coxeter groups in general.

More specifically, this paper has the following two objectives: (1) investigating
the connection between the dominance ordering on the root system of an arbitrary
Coxeter groups W and a specific function (called co-height) defined on the set of
reflections of W; and (2) exploring the applications of the dominance ordering to
the imaginary cone of W (as defined by Kac).

The paper is organized into three sections. The first introduces background
material: root bases, Coxeter data, and root systems are defined in the context of the
paper, and some basic properties of Coxeter groups are recalled for later use in the

The work presented in this paper was completed when the author was supported by the Australian
Research Council Discovery Project Invariant theory, cellularity and geometry, no. DP0772870.
MSC2010: primary 20F55, 20F65; secondary 20F10.
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paper (most of them can be found in [Howlett 1996]). Here we follow the definition
used in [Krammer 1994], which gives a slight variant of the classical notion of
root systems, particularly adapted when working with arbitrary (not necessarily
crystallographic) Coxeter groups. Furthermore, this framework allows easy passing
to reflection subgroups. Indeed, we recall the fundamental property [Dyer 1987,
Theorem 1.8] that the reflection subgroups of a Coxeter group are themselves
Coxeter groups, and this particular framework allows us to apply all the definitions
and properties to the reflection subgroups and not only to the overgroup.

In the second section, the first main theorem (giving the connection between
oo-height and dominance order) is stated and proved. All results are related to an
arbitrary Coxeter datum, implying the data of a root system ®, its associated Coxeter
group W, and the set 7" of all reflections of W (consisting of all the W -conjugates
of the Coxeter generators). The main objects of study are:

e The dominance order on ® (Definition 3.1). Given x, y € ¥, we say x
dominates y if whenever w € W such that wx € &~ then wy € &~ too (where
@~ denotes the set of negative roots).

e The oco-height function on 7'. This is a variant of the usual (standard) height
function of a reflection ¢t € T, namely, the minimal length of an element of
W that maps «; (the unique positive root associated to #) to an element of the
root basis. Adhering to the general framework of this paper, our definition
of the height function applies to all reflection subgroups of W. It is easy to
check (Lemma 3.13) that the height of ¢ is equal to the sum of the heights of ¢
relative to each maximal (with respect to inclusion) dihedral reflection subgroup
containing ¢. The co-height of ¢ is then defined as a subsum of this sum, taking
into account only those subgroups which are infinite (Definition 3.8).

We then show that these two concepts are closely related in the following way. The
canonical bijection ¢ <> oy, between T and ®™ (the set of positive roots), restricts
to a bijection between (for any n € N)

e the set T, of all reflections whose oo-height is n, and

e the set D, of all positive roots which strictly dominate exactly n other positive
roots.

The proof of this fact (Theorem 3.15) relies on a study of dihedral reflection
subgroups. We have previously studied the partition (Dy,)nen of ®T in [Fu 2012];
in particular, we showed there that each D, is finite and we gave an upper bound
for its cardinality. Together with Theorem 3.15, this allows us to deduce here some
further information on the combinatorics of the 73,’s (Corollary 3.23).

The final section explores the relation between the dominance order and the
imaginary cone of a Coxeter group. The concept of imaginary cone was introduced
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in [Kac 1990] to study the imaginary roots of Kac—Moody Lie algebras, and was
later generalized to Coxeter groups by Hée [1990; 1993] and Dyer [2012]. It is
defined as the subset of the dual of the Tits cone (denoted by U™* here) consisting
of elements v € U* such that (v, ) > 0 for only finitely many o € ®* (where
(', ) denotes the bilinear form associated to the Coxeter datum). The main results
(Theorem 4.13 and Corollary 4.15) of this section state the following property:
whenever x, y € ®, then x dominates y if and only if x — y lies in the imaginary
cone. One direction of this property was first suggested to us by Howlett [private
communication], and it is a special case of a result obtained independently (but
earlier) by Dyer. We are deeply indebted to both of them for helpful discussions
inspiring us to study the imaginary cone. We would also like to thank the referee of
this paper for many valuable suggestions, especially those resulting in Corollary 4.15.
To close this section, we include an alternative definition for the imaginary cone in
the case where W is finitely generated.

2. Background material

Definition 2.1 [Krammer 1994]. Suppose that V' is a vector space over R. Let ( , )
be a bilinear form on V' and let A be a subset of V. Then A is called a root basis if
the following conditions are satisfied:

(C1) (a,a) = 1for all a € A, and for distinct elements a, b € A, either (a, b) =
—cos(r/myp) for some integer myp = mp, > 2, or else (a, b) < —1 (in which
case we define m,p = mp, = 00).

(C2) 0 ¢ PLC(IT), where the the positive linear cone of a set A is defined by

PLC(A)={Z)taa ‘)La20f0rallaeAand)La/>0f0rsomea’€A .

acA

If A is a root basis, then we call the triple € = (V, A, (,)) a Coxeter datum.
Throughout this paper we fix a particular Coxeter datum ‘6. We stress that our
definition of a root basis is not the most classical one of [Bourbaki 1968] or even
[Humphreys 1990]: the root system (see Definition 2.5) arising from our definition
of a root basis is not necessarily crystallographic (indeed, the bilinear form can take
values less than —1), and the root basis is not assumed to be linearly independent
(this allows us to transmit easily the definitions and properties of a Coxeter group to
its reflection subgroups; indeed, the requirements in our definition of a root basis of a
Coxeter group are identical to those in the characterization of the equivalent of a root
basis in any reflection subgroup). Observe that (C1) implies that a ¢ PLC(A \ {a})
if a € A, and (C1) and (C2) together imply that {a, b, ¢} is linearly independent for
all distinct a, b, ¢ € A. Note also that (C2) is equivalent to the requirement that
zero does not lie in the convex hull of A.
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For each a € A, define p; € GL(V) by the rule p,x = x—2(x,a)a forall x € V.
Observe that p, is a reflection, and p,a = —a. We summarize a few useful results:

Proposition 2.2 [Howlett 1996, Lecture 1, propositions on pp. 2-3]. (i) Suppose
that a, b € A are distinct such that myp # 00. Set 0 = 7w /mgyp. Then

. (2 1 12
(papb)’a=sm( i+ )Qa sin z@b

sin 6 sin 6
for each integer i, and in particular, p, pp has order mgp in GL(V).
(ii) Suppose thata,b € A are distinct such that mgp, = 0o. Set 8 =cosh™ ! (—(a, b)).

Then
. sinh(?i + I)Ga sil?hZiGb 0 0.
(papp)'a = sinh 0 sinh 0
2i + 1)a+2ib ifg =0,
for each integer i, and in particular, pg pp has infinite order in GL(V). O

Let G¢ be the subgroup of GL(V') generated by {p, | @ € A}. Suppose that
(W, S) is a Coxeter system in the sense of [Hiller 1982] or [Humphreys 1990] with
S ={rq |a € A} being a set of involutions generating W subject only to the condition
that the order of rqry, is myp for all a, b € A with m,p, # oo. Then Proposition 2.2
yields that there exists a group homomorphism ¢¢: W — G satisfying ¢ (1) = pa
for all @ € A. This homomorphism, together with the G-action on V', gives rise to
a W-action on V': for each w € W and x € V, define wx € V by wx = ¢¢(w)x. It
can be easily checked that this W -action preserves ( , ). Denote the length function
of W with respect to S by £, and call an expression w = rirp --- 1, (Where w € W
and r; € §) reduced if £(w) = n. The following is a useful result:

Proposition 2.3 [Howlett 1996, Lecture 1, theorem, p. 4]. Let G¢, W, S and £ be
as above, and let w € W and a € A. If £(wrg) > L(w), then wa € PLC(A). O

An immediate consequence of the proposition is the following important fact:

Corollary 2.4 [Howlett 1996, Lecture 1, corollary, p. 5]. Let G¢, W, S and ¢¢ be
as above. Then ¢¢: W — G is an isomorphism. O

In particular, the corollary yields that (G, {p, | a € A}) is a Coxeter system
isomorphic to (W, S). We call (W, §S) the abstract Coxeter system associated to
the Coxeter datum €, and we call W a Coxeter group of rank #S (where # denotes
cardinality).

Definition 2.5. The root system of W in V is the set
®={wa|weWanda e A}.

The set @+ = ®NPLC(A) is called the set of positive roots, and the set @~ = —dT
is called the set of negative roots.
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From Proposition 2.3 we may readily deduce that:

Proposition 2.6 [Howlett 1996, Lecture 3, corollary on p. 11, proposition on p. 10
and lemma on p. 4]. (i) Let w € W and a € A. Then

L(w)—1 ifwaed™,

twra) = L(w)+1 ifwaedT.

(i) ® = ®T W D, where W denotes disjoint union.
(iii) W is finite if and only if ® is finite. O

Define 7 =, e wSw™ L. We call T the set of reflections in W . For each x €
D, let p € GL(V) be defined by the rule px(v) = v—2(v, x)x for all v € V. Since
x € @, it follows that x = wa for some w € W and a € A. Direct calculations yield
that px = (¢¢(w))pa(Pe(w))~! € G¢. Now let r, € W be such that ¢ (ry) = px.
Then ry = wrow™! € T, and we call ry the reflection corresponding to x. It is
readily checked that r = r_x forall x e ® and T = {ry | x € ®}. Foreacht € T
we let oy be the unique positive root with the property that ro, = ¢. It is also easily
checked that there is a bijection y: T — &7 given by ¥ (¢) = a;, and we call ¥
the canonical bijection.

For each x € ®T, as in [Brink and Howlett 1993], we define the depth of x
relative to S to be min{{(w) | w € W and wx € ®~}, and we denote it by dp(x).
The following lemma gives some basic properties of depth:

Lemma 2.7 [Brink and Howlett 1993; Brink 1994; Saunders 1991]. (i) Let
a € ®F. Then dp(e) = 1 (£(ry) + 1).

(i) Letr € S and a € ®* \ {a;}. Then
dp(e) -1 if (e, r) > 0,
dp(ra) = | dp(a) if (e, r) =0,
dp(e)+1 if (x,r) <O.

Proof. (i) See [Brink 1994, Corollary 2.7]. This is also a special case of [Fu 2010,
Lemma 1.3.19].

(i1) See [Brink and Howlett 1993, Lemma 1.7]. O

Remark 2.8. Part (i) of Lemma 2.7 is equivalent to the property that any reflection
in a Coxeter group has a palindromic expression which is reduced, and this was
indeed noted in [Saunders 1991, Proposition 4.3].

Define functions N: W — ®(®*) and N: W — P(T) (where P denotes the
power set) by setting

Nw)={x¢€ ot | wx € ®7},
Nw)={teT|lwt)<l(w)},
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for all w € W. We call N the reflection cocycle of W (sometimes N (w) is also
called the right descent set of w). Standard arguments such as those in [Humphreys
1990, Section 5.6] yield that, for each w € W,

(2-1) L(w) =#N(w)
and
(2-2) Nw) ={re | x € N(w)}.

In particular, N(r4) = {a} for a € A. Moreover, £(wv~') 4+ £(v) = £(w) for some
w, v € W if and only if N(v) € N(w).

A subgroup W' of W is a reflection subgroup of W if it is generated by the
reflections contained in it: W/ = (W’ N T). For any reflection subgroup W’ of W,
let

SW={eT |NONW ={}} and AW')={xed|reeSW).

It was shown by Dyer [1990] and Deodhar [1982] that (W', S(W')) forms a Coxeter
system:

Theorem 2.9 (Dyer). (i) Suppose that W' is an arbitrary reflection subgroup
of W. Then (W',S(W')) forms a Coxeter system. Moreover, W N'T =
Upewr wSWHwL,

(ii) Suppose that W' is a reflection subgroup of W, and suppose that a, b € A(W')
are distinct. Then

(a,b) e {—cos(n/n) |n eNandn > 2} U (—o0,—1].
Conversely, if A’ is a subset of ®* satisfying the condition that
(a,b) e {—cos(t/n) |neNandn > 2} U (—o0, —1]
foralla,b € N witha # b, then N' = A(W') for some reflection subgroup
W' of W. In fact, W = ({rg | a € A'}).
Proof. (i) See [Dyer 1990, Theorem 3.3].
(ii) See [Dyer 1990, Theorem 4.4]. O
Let (, )’ be the restriction of (, ) to the subspace span(A(W’)). Then ¢’ =
(span(A(W")), A(W'), (,)’) is a Coxeter datum with (W’, S(W’)) being the as-
sociated abstract Coxeter system. Thus the notion of a root system applies to 6.
We let ®(W'), ®T(W’) and & (W’') be, respectively, the set of roots, posi-
tive roots and negative roots for the datum %’. Then ®(W') = W/A(W’), and
Theorem 2.9(i) yields that ®(W') = {x € ® | r, € W’}. Furthermore, we have
O+ (W) = d(W')NPLC(A(W’)) and = (W') = —dF (W’). We call S(W') the
set of canonical generators of W', and we call A(W') the set of canonical roots
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of ®(W’). In this paper a reflection subgroup W’ is called a dihedral reflection
subgroup if #S(W') = 2.

A subset @’ of ® is called a root subsystem if r,x € ® whenever x, y are both
in @'. It is easily seen that there is a bijective correspondence between the set of
reflection subgroups W’ of W and the set of root subsystems ® of ®: W' uniquely
determines the root subsystem ®(W’), and ®’ uniquely determines the reflection
subgroup ({ry | x € ®'}).

The notion of a length function also applies to the Coxeter system (W', S(W')),
and we let £ sawry): W' — N be the length function for (W', S(W')). If w €
W’ and a € A(W’) then applying Proposition 2.6 to the Coxeter datum ¢’ =
(span(A(W")), A(W'), (', )) yields

Z(W/’S(W/))(w) —1 if wa € qD_(W/),

23 Lw,sow =
(2-3) s (Wra) Lo saryw) + 1 if wa € &F (W),

Similarly, the notion of a reflection cocycle also applies to the Coxeter system
(W, S(W")). Let N . sqwryy: W — P(W' N T) denote the reflection cocycle for
(W', S(W')). Then, for each w € W',

N(W’,S(W’)) (w) = {l € W, NnT | Z(W’,S(W’)) (wt) < E(W/,S(W/))(w)},

and we define Ny, saw7y)(w) = {x € T (W') | wx € d~(W’)} for each w € W'.
It is shown in [Dyer 1987] that ZV(W/,S(W/))(w) = N(w) N W’ for an arbitrary
reflection subgroup W' of W. Furthermore, it is readily seen that the canonical
bijection ¥ restricts to a bijection ¥': TNW' — & (W') given by ¥/ () = ;. For
w € W', applying (2-1) to the Coxeter datum ¢’ = (span(A(W'), A(W’), (,))
yields that

(2-4) E(W/,S(W’)) (w) = #N(W’,S(W/)) (w)

Furthermore, £/, s(wy) (w v + Lowr, swny) (V) = Ly, swry) (w) for some w,
v € W’ precisely when Ny swy)(v) S Naw', sawry) (w).

For a Coxeter datum € = (V, A, (', )), since A may be linearly dependent, the
expression of a root in @ as a linear combination of elements of A may not be
unique. Thus the concept of the coefficient of an element of A in any given root
in @ is potentially ambiguous. We close this section by specifying a canonical
way of expressing a root in @ as a linear combination of elements from A. This
canonical expression follows from a standard construction similar to that considered
in [Howlett et al. 1997, Proposition 2.9].

Given a Coxeter datum € = (V, A, (, )), let E be a vector space over R with
basis Ag = {e, | @ € A} in bijective correspondence with A, and let (, )g be the
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unique bilinear form on E satisfying
(ea,ep)E = (a,b) foralla,b e A.

Then€g =(E, Ag, (, )g) is a Coxeter datum. Moreover, 6 g and ¢ are associated
to the same abstract Coxeter system (W, S); indeed, Corollary 2.4 yields that
the abstract Coxeter group W is isomorphic to both G¢ = ({p; | @ € A}) and
G = ({pe, | a € A}). Furthermore, W acts faithfully on E viar,y = pe,y for
allae Aand y e E.

Let f: E — V be the unique linear map satisfying f(e;) =a foralla € A. Tt is
readily checked that ( f(x), f(y)) = (x,y)g forall x, y € E. Now, for all a € A
and y € E,

ra(f(¥)=pa(f(¥) = f()=2(f(y).a)a= f(y)=2(f(y), f(ea)) f(ea)
= f(y—=2(y,eqa)E€a) = f(ray).

Then it follows that w( f(y)) = f(wy) for all w € W and all y € E, since W
is generated by {r, | a € A}. Let ®g denote the root system associated to the
datum € g . Standard arguments yield that:

Proposition 2.10 [Fu 2012, Proposition 2.1]. The restriction of f defines a W -
equivariant bijection ®g < . O

Since AEg is linearly independent, it follows that each root y € ®g can be
written uniquely as y = > eaeAp ta€a; We write g = coeffe, (y) and call it the
coefficient of e, in y. We use this uniqueness together with the W-equivariant
bijection f: ®g <> ® to give a canonical expression of a root in ® in terms of A:

Definition 2.11. Suppose that x € ®. For each a € A, define the canonical coeffi-
cient of a in x, written coeff, (x), by requiring that coeff, (x) = coeff,, (£ ~1(x)).
The support, written supp(x), is the set of a € A with coeff, (x) # 0.

3. Dominance, maximal dihedral reflection subgroups and infinity height

Throughout this section, let W be the abstract Coxeter group associated to the
Coxeter datum € = (V, A, (', )), and let ® and T be the corresponding root system
and the set of reflections, respectively. Recently, in [Edgar 2009], a uniquely
determined nonnegative integer, called co-height, was assigned to each reflection
in W. (Edgar attributes the concept to Dyer.) Naturally, the set T is then the disjoint
union of the sets Ty, 71, T, ..., where the set T, consists of all the reflections
with oo-height equal to .

These T,, were used in [Edgar 2009, Chapter 5] to demonstrate nice regularity
properties of W. They gave rise to a family of modules in the generic Iwahori—
Hecke algebra associated to W, and in turn, these modules were used by Dyer
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(unpublished) to prove a weak form of Lusztig’s conjecture on the boundedness of
the a-function. Dyer also showed that if W is of finite rank, then there are finitely
many reflections in 7}, for each n.

In this section we prove that for an arbitrary reflection t € T whose co-height
equals n, the corresponding positive root a; dominates precisely n other positive
roots. This observation will then establish a bijection between the set of all reflec-
tions in W with oco-height equal to 7 and the set of all positive roots that dominate
precisely n other positive roots. Recent results on dominance obtained in [Fu 2012]
may then be immediately applied to the 7},’s, answering a number of basic questions
about these T},’s.

Following [Howlett et al. 1997] and [Bjorner and Brenti 2005, Section 4.7], we
generalize the definition of dominance to the whole of ® (whereas in [Brink and
Howlett 1993] and [Brink 1998], dominance was only defined on ®*), and we
stress that all the notations are the same as in the previous section.

Definition 3.1. (i) Let W’ be a reflection subgroup of W, and let x, y € ®(W').
Then we say that x dominates y with respect to W’ if
ftweW |lwxed (W) C{weW |wy e d (W)}
If x dominates y with respect to W' then we write x domy,,, y.
(ii) Let W' be a reflection subgroup of W and let x € ®+(W’). Define

Dy (x) ={y e ®T(W’') |y # x and x domyy,, y}.

If Dy (x) = & we call x elementary with respect to W'. For each nonnegative
integer n, define

Dwip = {x € ®F(W') | #Dw(x) = n}.
If W =W, we write D(x) for Dy (x) and D, for Dy ,. If D(x) = @ then
we call x elementary.

It is readily checked that dominance with respect to any reflection subgroup W’
of a Coxeter group W is a partial ordering on ®(W’). The following lemma
summarizes some basic properties of dominance:

Lemma 3.2 [Fu 2012, Lemma 3.2]. (i) Let x, y € Ot be arbitrary. Then
x domy, y if and only if (x, y) > 1 and dp(x) > dp(y).

(i1) Dominance is W -invariant, that is, if x dom then wx domy, wy for all
wY w Wy
wew.

(iii) Let x, y € @ be such that x domy, y. Then —y domy, —x.

(iv) Let x, y € ®. Then there is dominance between x and y if and only if (x, y) > 1.
O
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Corollary 3.3. Let x, y € ®, and let W' be an arbitrary reflection subgroup
containing both ry and ry.

(1) There is dominance with respect to W' between x and y if and only if
(x,y) =1, where (, ) is the restriction of (', ) to the subspace span(A(W')).

(i) x domy, y if and only if x domy,, y.

Proof. (i) This follows from Lemma 3.2(iv) applied to the Coxeter group W' and
the datum 6’ = (span(A(W')), A(W'), (,)).

(i1) The desired result is trivially true if x = y, so we may assume that x # y. It is
clear that x domy;, y implies that x domy;, y. Conversely, suppose that x domy;, y.
Then (i) yields that (x, y) = (x,y)’ > 1. Thus Lemma 3.2(iv) yields that either
x domy;, y, or else y domy, x. If the latter is the case, then by the first part of the
current proof, y domy,, x, and hence it follows that x = y (since dominance with
respect to W’ is a partial ordering), contradicting our choice of x and y. O

Next is a well-known result whose proof can be found in the remarks immediately
before Lemma 2.3 of [Brink and Howlett 1993]:

Lemma 3.4. There is no nontrivial dominance between positive roots in the root
system of a finite Coxeter group. O

Next we have a technical result which is going to be used repeatedly in the rest
of this paper.

Proposition 3.5. Let a, B € ®T with (a, B) < —1, and let W' be the dihedral
reflection subgroup generated by ro and rg. Further, we set 0 = cosh™ Y (—(a, B)),
and for each i € Z adopt the notation

sinhif .
(3-1) ¢; = { sinh6 7o #0.
i if6 =0.

(1) W' is infinite, and ®(W') = {ci+10c +¢; B | i € Z}.

(ii) Suppose that x, y € ®(W'). Then (x, y) € (—oo, —1]U|[1, 00), and in particu-
lar, if x # £y then ({rx,ry}) is an infinite dihedral reflection subgroup. More
specifically,

@) If x =cpt10+cpP and y = cp100 + e B, then
cosh(n—m)8)>1 if #0,

(x.y) = o0 _
1 if 6 =0.

) If x =cpr10+cpBand y = cpm—10¢ + cm B, then

_ [—cosh((n +m)f) <—1 if 6 #0,
(X’y)_{—1 if 0 =0.
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) If x =cp—100+cpPB and y = cpp41a + cm B, then

[ —cosh((n +m)f)<—1 if6+#0,
“’”‘{-1 if 6=0.

@ If x =cp—1a+cpBand y = cpp—10 + e B, then

_ (cosh((n—m)8) =1 if 6 #0,
(x’y)_{l if 6=0.

(iii) If x € ®T (W) \ {at, B}, then Dy (x) # @.

Proof. (i) Proposition 4.5.4(ii) of [Bjorner and Brenti 2005] implies that W’ is
infinite, and the rest of statement follows from direct calculations similar to those
in Proposition 2.2.

(i1) This follows from (i) and a direct calculation.

(iii) If x € T (W') \ {a, B}, part (i) yields that either x = ¢, +1a + ¢, B (for some
n #0), orelse x =cy—1a+cp B (for some n # 1). Then part (ii) and Corollary 3.3(i)
imply that we can find some y € ®(W’) \ {x} such that x domy,, y. d

The other key object to be studied in this section is the numeric function co-height
on 7. As mentioned in the introduction, this function is defined in terms of infinite
dihedral reflection subgroups of W, and in order to make a precise definition of this
function we need a few technical results on infinite dihedral reflection subgroups.
We begin with a well-known one, whose proof we include for completeness.

Proposition 3.6 [Dyer 1991]. Suppose that o, B € ®T are distinct. Let
W =({ry |y € (Ra+RB)NOT}).
Then W' is a dihedral reflection subgroup of W.

Proof. Suppose for a contradiction that W’ is not dihedral. Then #S(W') > 3, and
let x1, x2, x3 € A(W’) be distinct. Theorem 2.9(ii) then yields that (x;,x;) <0
whenever i, j € {1,2,3} are different. Clearly x;, x», x3 are all in the two-
dimensional subspace Ro + RS, and thus a contradiction would arise if we could
show that x1, x», x3 are linearly independent. Let ¢, ¢z, ¢3 € R be such that
c1x1 + c2x2 + c3x3 = 0. Since x1, X2, x3 € ®T, and 0 ¢ PLC(A), it follows that
c1, €2, c3 cannot be all positive or all negative. Renaming x1, x5, x3 if necessary,
we have the following three possibilities:

(3-2) c1,c2>0 and c¢c3<0, or
(3-3) c1,c2<0 and c¢c3>0, or
(3-4) ci1,¢2,¢c3=0.
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If (3-2) is the case then 0 = (c1x1 + ca2x2 + ¢3x3, x3) <0, and if (3-3) is the case
then 0 = (c1x1 + c2x2 + ¢3x3, x3) > 0; both are clearly absurd. Hence (3-4) must
be the case and x1, X2, x3 are linearly independent, a contradiction, as required. [J

Let o, B € ®* be distinct. Let W” be an arbitrary dihedral reflection subgroup
of W containing the dihedral reflection subgroup ({ry.,7g}). Let x, y be the
canonical roots for W”. It can be readily checked that Rx + Ry = Ra + RS, and
hence x, y € (Ra+RB)N®T. It then follows that W C ({r, | y € (Ra+RB)NDT}).
This observation, together with Proposition 3.6, readily yields the following well-
known result:

Proposition 3.7. Every dihedral reflection subgroup ({rq,rg}) of W (where the
elements o and B of ®T are distinct), is contained in a unique maximal dihedral
reflection subgroup, namely ({r, | y € ®T N (Ra + RB)}). |

Definition 3.8. (i) Define .l to be the set of all maximal dihedral reflection
subgroups of W.

(ii) Define Jlo to be the set {W’' € A | #W' = oo}.
(iii) For each z € T, define ., to be the set {W’' € J |t € W'}.

(iv) Let W’ be a reflection subgroup of W, and let t € W' N T. Define the standard
height, hqw,swn (t), of t with respect to the Coxeter system (W', S(W')) to
be

min {E(W@S(W/))(w) lwe W, wa; € A(W/)}.

For the standard height of ¢ with respect to the Coxeter system (W, S), we
simply write A (t) in place of hy, s)(?).

Remark 3.9. For arbitrary reflection subgroup W’ of W, the depth function nat-
urally applies to @+ (W’): if x € ®T(W’), then the depth of x relative to S(W')
(written dp 7, s(wy) (x)) is defined to be

min {{ g, swry)(w) | w € W and wx € d~(W')}.
Now, for each t € W/ N T, it is easily checked that
dpw, swry) (@) = hawr,sawryy (@) + 1,
and hence applying Lemma 2.7(i) to the Coxeter system (W', S(W’)) yields that

E(W/,S(W’)) (l) —1
> .
We include a proof of the next result for completeness:

Lemma 3.10 [Edgar 2009]. For eacht € T, we have
T\{t}= W (W' NT)\{t}).

W'’e;

(3-5) haw,sawny)(t) =
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Proof. 1t is readily checked that 7'\ {t} = Uy ¢y, (W' NT)\ {t}), and hence we
only need to check that this union is indeed disjoint. Suppose for a contradiction
that there are distinct Wy, W5 € M, with r € W1 N W, for some r € T \ {¢t}. Then

clearly ({r,t}) € Wy and ({r,t}) C W,, contradicting Proposition 3.7. O
From this and the canonical bijection y: T <> ®T we immediately get:
Corollary 3.11. @+ \{a} = |4 (@ (W')\{e}). for eacha € V. O
W’ ey,

Remark 3.12. In particular, the corollary implies that for ¢ € T, if Wy, W5 € Jl;
are distinct, then @+ (W) N & (W) = {a;}.

Lemma 3.13 [Edgar 2009]. Lett € T be arbitrary. Then
h(t) = Z h(W’,S(W’))(Z)‘
W’ell;

Proof. For any reflection t € T', Corollary 3.11 yields that

(3-6) {ae®t |tac® }={a;}U ( L-_I-J {a e T W)\ o} | ta € q>—}).

W’ell;

Since h(t) = 1(£(t) — 1) = 2 (#N(t) — 1), it follows from (3-6) that

h(t) = %( Z #la e T (W) \{o} |t € <I>_(W’)})

W’ell;

= Z 3w sy @) —1) (by (2-4))

W’el;
= Y hawsowy ) (by (3-5)). O
W’ell;
Definition 3.14 [Edgar 2009]. For ¢ € T, define the co-height of t to be
h*(t) = Z hw, sowy) ().
W’ e, Ndloo

and for each nonnegative integer n, we define
T,={t €T |h®@)=n}

From this definition it is not clear whether, for a specific nonnegative integer n,
there is a reflection ¢t € T with A°°(¢) = n. It turns out that a number of basic
questions like this can be solved with the aid of the results obtained in [Fu 2012]
once we prove the following:

Theorem 3.15. For each nonnegative integer n, there is a bijection T, <> Dy, given
by 1 < oy.
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The proof of the theorem will be deferred until we have all the necessary tools.

Proposition 3.16. Suppose that t € T, and let W’ be an infinite dihedral reflection
subgroup containing t. If haw sowy)(t) = 1, then there exists some x € ot (W')
distinct from a; and satisfying oy domy; x.

Proof. Observe that the condition &y, s(w)) (t) = 1 is equivalent to o, ¢ A(W'),
and hence the required result follows immediately from Proposition 3.5@1ii). O

The following proposition will be a key step to prove Theorem 3.15:

Proposition 3.17. Let W’ be an infinite dihedral reflection subgroup, and let
AW') ={a, B}.

(i) There are two disjoint dominance chains in ®(W'), namely:

(3-7) -~ domy, rargra(B) domy, rerg(a) domy, re(B) domy, a
domy, (—B) domy, rg(—a) domy, rgre(—pB) domy, ---

and

(3-8) - domy, rgrerg(a) domy, rgre(B) domy, rg(a) domy, B
domW (—0() domW I"a(—ﬂ) domW rarﬂ(—og) domW

In particular, each root in ®(W') lies in exactly one of these two chains, and
the negative of any element of one chain lies in the other. The roots in ®(W')
dominated by either o or B are all negative.

(ii) If x € (W') then #Dw(x) = haw, s(w)) (rx)-

Proof. (i) Theorem 2.9(ii) and [Bjorner and Brenti 2005, Proposition 4.5.4 (ii)]
yield that (a, B) < —1. Hence it follows from Lemma 3.2(iv) that & domy;, — and
B domy;, —ar. Then we can immediately verify the existence of the two dominance
chains (3-7) and (3-8), and from these two chains the remaining statements in (i)
follow readily.

(ii) The required result follows immediately from the definition of &y swy) (7x)
and the two dominance chains (3-7) and (3-8). O

Proposition 3.18. Suppose that x, y € ®* are distinct with x domy, vy, and let W’
be a dihedral reflection subgroup containing rx and ry. Then hqy: swy)(rx) > 1.

Proof. It follows from Corollary 3.3(ii) that x domy;,, y, so Lemma 3.4 above yields
that W’ is an infinite dihedral reflection subgroup. Let {«, 8} = A(W’). We know
from Proposition 3.17(i) that the roots in ®(W’) dominated by either « or S are all
negative, and since x domy, y € @, it follows that x ¢ {«, B}. Hence by definition

haw,swny(rx) = 1. O
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From the last two propositions we may deduce the following special case of
Theorem 3.15:

Lemma 3.19. There is a bijection Ty <> Dg given by t <> o;.

Proof. Let t € Ty, and suppose for a contradiction that oy ¢ Dy. Then there exists
s € T\ {t} such that o; domy;, ats. Let W’ be the unique maximal dihedral reflection
subgroup of W containing ({s,7}). Proposition 3.18 yields that h ¢y sw))(t) > 1.
Since a; domyy,, g, it follows from Lemma 3.4 that W’ € loo, and consequently
h®°(t) > 1, contradicting the assumption that ¢ € Ty.

Conversely, suppose that a; € Dy, and suppose for a contradiction that ¢ ¢ Tj.
Then there exists some W' € M; N Moo With by, sawry) (1) = 1. But then
Proposition 3.16 yields that oy ¢ Dy, producing a contradiction as required. [

Observe that Proposition 3.17(ii) can be equivalently stated as:

Proposition 3.20. Suppose that t € T, and suppose that W' is an infinite dihedral
reflection subgroup containing t. Then

#Dw (o) = haw,swry) (1) O

Proposition 3.21. Suppose thatt € T is arbitrary. Then

W Dwie) = D).
W’els Moo
Proof. First we observe that Remark 3.12 yields that the union of the sets Dy (o)
over all W’ in M; N Moo is indeed disjoint.

It is clear that [ty ¢, nu, Pw(ar) € D(ar).

Conversely, suppose that x € D(a;). Let W’ be the unique maximal dihedral
reflection subgroup of W containing ({z, r}). Then Corollary 3.3(ii) yields that
ay domy,, x. Finally since there is no nontrivial dominance in any finite Coxeter
group, it follows that W' € Moo, as required. O

Now we prove that for any reflection 1 € W, its co-height 2°°(¢) equals the
number of positive roots strictly dominated by o;:

Theorem 3.22. Lett € T be arbitrary. Then h°°(t) = #D(a;).
Proof. It follows from Proposition 3.20 and Proposition 3.21 that
hoo(l) = Z h(W’,S(W’))(Z) = Z #DW/(O[t) I#D(O[t). ]
W’ el Nlloo W’ el NMoo
Proof of Theorem 3.15. The theorem follows immediately from Theorem 3.22. [J

Combining [Fu 2012, Theorem 3.8, Corollary 3.9, and Corollary 3.21] with
Theorem 3.15 we may deduce:
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Corollary 3.23. (i) For each positive integer n,
T, C{tt't |t € To andt’ € Ty, for somem <n—1}.
(ii) Suppose that W is an infinite Coxeter group with #S < co. Then
0 <#Ty < (#To)" ™! — (#To)"

for each positive integer n. O

Remark 3.24. An upper bound for #7y(= #Dy) is given in [Brink and Howlett
1993]; furthermore, for any fixed finitely generated Coxeter group, this number can
be explicitly calculated following the methods presented in [Brink 1998].

4. Dominance and imaginary cone

Kac introduced the concept of an imaginary cone in the study of the imaginary
roots of Kac—Moody Lie algebras. In [Kac 1990, Chapter 5] the imaginary cone
of a Kac—-Moody Lie algebra was defined to be the positive cone on the positive
imaginary roots. The generalization of imaginary cones to arbitrary Coxeter groups
was first introduced in [Hée 1990], and subsequently reproduced in [Hée 1993].
This generalization has also been studied in [Dyer 2012] and [Edgar 2009]. In this
section we investigate the connections between this generalized imaginary cone and
dominance in Coxeter groups; in particular, we show that whenever x and y are
roots of a Coxeter group, then x domy,, y if and only if x — y lies in the imaginary
cone of that Coxeter group.

Let (W, S) be the abstract Coxeter system associated to the Coxeter datum
€= (V,A,(,)), and let ® be the corresponding root system. Let X be a vector
subspace of V. In this paper, a cone is assumed to be a convex cone. For any cone
C in X, we define C* = {f € Hom(X,R) | f(v) >0 forallve C} and call C*
the dual of C; and for any cone F € Hom(X, R), we define F* ={ve X | f(v) >
O forall f € F} and call F* the dual of F. If W acts on X, then Hom(X, R)
bears the contragredient representation of W in the following way: if w € W and
f € Hom(X, R) then wf € Hom(X, R) is given by the rule (wf)(v) = f(w™1v)
for all v € X. It is readily checked that for a cone C in X, we have C € C**, and
also for any w € W, we have (wC)* = wC*.

The following is a well-known result whose proof can be found in [Howlett 1996,
Lecture 1, Note (¢)]:

Lemma 4.1. Suppose that X is a real vector space of finite dimension, and let C
be a cone in X. Then (C*)* = C, where C is the topological closure of C in X
(with respect to the standard topology on X). O

Set P =PLC(A)U{0}. It is clear that P is a cone in V. We define the Tits cone
of W in the same way as in Section 5.13 of [Humphreys 1990]:
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Definition 4.2. The Tits cone of the Coxeter group W is the W -invariant set
U= |J wpr.
wew

It is not obvious from this definition that the Tits cone is indeed a cone; however,
this is made clear by the following result:

Proposition 4.3.
(4-1) U = {f € Hom(span(A),R) | f(x) > 0 for all but finitely many x € ®*}.

Proof. Denote the set on the right-hand side of (4-1) by Y, and for each f €
Hom(span(A), R) define Neg( f) by Neg(f) = {x € ®1 | f(x) <0}.

If f €U then f = wg for some w € W and g € P*, and it is readily checked
that Neg( /) € N(w™!). Since N(w™') is a finite set, it follows that f € Y, and
hence U C Y. Conversely, suppose that f € Y. If Neg(f) =@ then f € P* C U.
Thus we may assume that #Neg( f) > 0, and proceed by induction. Observe that
then there exists some @ € A such that f(«) < 0. It is then readily checked that
#Neg(ry f) = #Neg(f) — 1, and hence it follows from the inductive hypothesis
that ro f € U. Since U is W -invariant, it follows that f € U, and hence Y CU. O

Lemmad44. U* = (| w(P*)*. Furthermore, U* = (| wP whenever A is a
finite set. wew wew

Proof. Write U* ={v eV | f(v) >0, forall f €U}
={veV|(wg)(v)=0forall¢ € P*andall w e W}
={veV|pw 'v)=0, forall¢ € P* and all w € W}
N {veV|¢pw ' v)=0forall ¢ € P*}

wew
= N {wveV|¢()=0forall ¢ € P*}.
Thus e
(4-2) U*= [ {wveV]ve(P**}.

wew

Let X = span(A). If #A is finite then it follows from Lemma 4.1 that (P*)* = P
It is clear that P is topologically closed; hence (4-2) yields that U* = (1, ¢y wP
when A is a finite set. O

Lemma 4.5. Suppose that v € V has the property that (a,v) < 0 for all a € A.
Then wv —v € P forall w € W. Moreover, if v € P thenv € U*.

Proof. Use induction on £(w). If £(w) = 0 then there is nothing to prove. If £(w) > 1
then we may write w = w'r, where w’ € W and a € A with £(w) = £(w’) + 1.
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Then Proposition 2.3 yields that w’a € ®* C P, and we have
wv—v = Wryv—v=w'w-21,a)a)—v=(wv—-v)—2a,v)wa.

By the inductive hypothesis, w'v —v € P. Since (a,v) < 0, it follows from the
above that wv —v € P.
If v € P then wv = (wv—v) +v € P for all w € W, and hence

ve N wlPCcU*. O
wew
Proposition 4.6 [Fu 2012, Proposition 3.4]. Suppose that x, y € ® are distinct
with x domy, y. Let W' be the dihedral reflection subgroup generated by rx and ry,
and let A(W'") = {a, B}. Then there exists some w € W' such that

wx=a, wx=f,
or
wy= —f, wy= —o.
In particular, (x,y) = —(a, b). |

Proposition 4.7. Suppose that x, y € ® such that x domy, y. Then w(x —y) €
PLC(A) forall w € W, thatis, x —y € U™,

Proof. The assertion is trivially true if x = y, so we may assume that x # y. Since
x domy;, y, Lemma 3.2(iv) yields that (x, y) > 1. Let W' be the (infinite) dihedral
subgroup of W generated by ry and ry,. Let S(W') = {s,¢} and A(W') = {os, ot }.
Proposition 4.6 yields that (o, 2;) = —(x, y) < —1. Set ¢; as in Proposition 3.5
for each i € Z. Since x domy;, y, it follows that (x, y) > 1, and Proposition 3.5(ii)
then yields that there exist integers m and n such that

X= Cp+10s + CnQy, or X=Cp—10s + CpQy,

V= Cm+10s + Cm¥s, V= Cm—10s + Cm¥s.
Next we shall show that n > m. Suppose for a contradiction that m > n. Then either
X =y (when n = m) or else there will be a w € W’ such that wx € ®(W’)N®~ and
yet wy € ®(W’) N ®T (when n < m), both contradicting the fact that x domy, y.
Since ¢, > ¢ whenever n > m, it follows that x — y € PLC(A). Given the W-
invariance of dominance, for any w € W, repeat the argument with x replaced by
wx and y replaced by wy, we may conclude that w(x —y) € PLC(A) C (P*)*. It
then follows from Lemma 4.4 that x —y € U*. |

When #A is finite, it can be checked that Lemma 4.4 yields that whenever x,
y € ® such that x —y € U™, then x domy;, y. In fact we can remove this finiteness
condition and still prove the same result, and to do so we need some special notations
and a few extra elementary results. We thank the referee of this paper for prompting
us to look in this direction.
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Notations 4.8. For a subset / of S weset Ay ={x e A|ryel}; Vi =span(Aj);
Wi = (I); and Pr = PLC(Ay) U {0}. Furthermore, we set

P/ ={f €eHom(V;,R) | f(x) >0 forall x € Pr};
Pi*={xeVi| f(x)=0forall /€ P}}.

Then€; = (V7, Ag, (, )1) (where (, )j is the restriction of (, ) on V) is a Coxeter
datum with corresponding Coxeter system (Wy, I'), and we call W} the standard
parabolic subgroup of W corresponding to /. Clearly Wy preserves V7.

Lemma 4.9. Suppose that I is a subset of S. Then P** NVy € P/™.

Proof. Write V = V; @ V/, where V] is a vector space complement of V7. Then
every v € V is uniquely written as v = vy + v}, where v; € V7 and v; € V}. Every
g € P/ givesrisetoa g’ € P* as follows: for any v € V, simply set g’(v) = g(vy).
Now let x € P** N V; and f € P/ be arbitrary. Then f(x) = f'(x) > 0, since
f'€ P*and x € P**. Hence x € P/'*,and so P**NV; C P/ O

Proposition 4.10. Let x, y € ®. Then x —y € U™ if and only if x domy, y.

Proof. By Proposition 4.7 we only need to prove that when x and y are both roots
then x — y € U™ implies that x domy, y. The assertion certainly holds if x = y,
thus we only need to check the case when x # y.

Since dominance and U * are both W -invariant, it follows that we only need to
prove the following statement: if x € &~ then y € @~ too.

Take I = {ry | @ € supp(x) Usupp(y)}, and note that in particular, / is a finite
set. Now in view of Lemma 4.4, Lemma 4.9 and the fact that W} preserves V; we
have

x—ye( N wP**)mV,g( N wP**)mV,g N w(P*™ NV

wew weWy weWy
)k
c N wP/™= [\ wky,
weWw; weWy

where the equality follows from Lemma 4.1, since [ is a finite set. Thus x —y € Py,
and this implies, precisely, that y € &~ whenever x € ®~. O

Next we have a technical result which is a key component of the main theorem
of this section.

Proposition 4.11. Suppose that x, y € ® are distinct with x domy, y. Then there
exists some w € W such that wx € ®, wy € ®~ and (w(x — y),z) < 0 for all
zedT,

Proof. Clearly it is enough to show that under such assumptions there exists some
w e W with wx € T, wy € ®~ and (w(x — y),z) <0forall z € A.
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Let W’ be the (infinite) dihedral reflection subgroup of W generated by ry and r,,,
and let A(W') = {ao., bo}. Clearly ag, bg € ®*, and Proposition 4.6 yields that

(ag,bo) = —(x,y) < —1; furthermore, there is some u € ({rx, ry}) such that
(4-3) u(x)=ao, u(x)= bo,
u(y)=—bo, u(y)=—ao.

At any rate, u(x — y) = ag + bp. Since the W-action preserves ( , ), it follows
that (ag,ao) = 1 = (bo, by), and hence (ag + bg, ap) < 0 and (ag + bo, by) < 0.
However there may exist some ¢; € A with (ag + bo, c1) > 0. If this is the case,
set ay =r¢,ap and by = r¢, bg. Recall that (d,c1) <O forall d € A\ {c1}, so it
follows that

4-4) c1 € supp(ao) U supp(bg).

Since (ag + bg,c1) > 0, whereas (ag + bo,ao) < 0 and (ag + bo, bo) < 0, it
follows that ag # ¢; and by # c;. Therefore we see that ay, by € ®, and
(a1.b1) = (ap,by) < —1. Consequently Theorem 2.9(ii) yields that ay, by are
the canonical roots for the root subsystem ®(({rq,,7p, })). Since r¢, (ao + bo) =
ag + bo —2(ag + bg, c1)c1 and (ag + bg, c1) > 0, it follows that

supp(a1) U supp(b1) < supp(ao) U supp(bo)

and
> coeffg(ar) + Y coeffy(b1) < Y coeffy(ag) + »  coeffa(bo).
aeA a€eA aeA aEeA

Moreover, since (ag + bg, c1) > 0, it follows that at least one of (aq, c1) or (b, ¢1)
must be strictly positive. Hence Lemma 2.7 yields that

dp(ai) +dp(by) = dp(ao) + dp(bo).

Repeating this process, we can obtain new pairs of positive roots {as, b>}, ...,
{am—l ) bm—l}, {am, bm} with

supp(dm) U supp(bp) < supp(am—1) U supp(bpm—1) C - -+ C supp(ao) U supp(bo)

and dp(am) + dp(bm) < dp(am—1) + dp(bm—1) =< --- = dp(ao) + dp(bo), so long
as we can find a ¢, € A such that (a—1 + bm—1,¢m) > 0. This process only
terminates at a pair {a, b, } for some n if (a, + by, z) <0 for all z € A. Now if we
could show that this process terminates at some such {a,, b, } after a finite number
of iterations, then we have in fact found a w € W given by

(4-5) W =re,Tc,_, """ TeyU, Wwhere u is asin (4-3),
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satisfying

(w(x—=y),2)=(r¢, - 1e, (@0 +bo),z) =(an +by,z) <0

for all z € A.

Observe that the set of positive roots having depth less than or equal to the specific
bound dp(ag) + dp(bo) and support in the fixed finite subset supp(ag) U supp(bo)
of A is finite; indeed, Lemma 2.7(ii) implies that there are at most

#(supp(ao) U supp(bg))Ir@0)dp(bo)

such positive roots. Hence it follows that the possible pairs of positive roots {a;, b; }
obtainable in the process above must be finite too. Since

Z coeffy (a;) + Z coeff, (b)) < Z coeff, (a;) + Z coeff, (b;)
acA acA acA acA
for all j > i, it follows that the sequence {ag, bo}, {a1, b1}, ... must terminate at
{an, by} for some finite n, as required.
Finally, keeping w as in (4-5), we see from the construction above that either
wx =a, € ®T and wy =—b, € d",orwx =b, € T and wy = —a, € . O

Definition 4.12. We define the imaginary cone Q of W by
0= {v e U™ | (v,a) <0 for all but finitely many a € <I>+}.

The following result was obtained independently by Dyer as a consequence of
[Dyer 2012, Theorem 6.3], stating that the imaginary cone of a reflection subgroup
is contained in that of the overgroup.

Theorem 4.13. Suppose that x, y € ® such that x domy, y. Then x —y € Q.

Proof. By Proposition 4.7 we know that x — y € U™, thus to prove the desired
result, we only need to show that (x — y, z) < 0 for all but finitely many z € .
Suppose that z € @ such that (x — y, z) > 0. Let w € W be as in Proposition 4.11.
Then (w(x —y), wz) > 0, and by Proposition 4.11 this is possible only if z € N(w).
Since #N(w) is clearly finite (equal to £(w)), it follows that indeed (x — y,z) <0
for all but finitely many z € ®. O

Remark 4.14. The above theorem is a special case of Dyer’s result when the
subgroup is dihedral. In fact, Dyer’s result, when applied to dihedral reflection
subgroups, implies that if x and y are roots with x domy, y, then x —cy € Q for an
explicit range of ¢ € R depending on the value of (x, y). Our formulation was first
suggested to us by Howlett and Dyer, and we gratefully acknowledge their help.

Theorem 4.13, combined with Proposition 4.10, immediately implies this:

Corollary 4.15. Let x, y € ®. Then x —y € Q if and only if x domy;, y. O
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Remark 4.16. By Proposition 4.10 and Corollary 4.15, when x, y € &, it is
impossible for x —y tobe in U* \ Q.

Corollary 4.17. Suppose that x, y € © are distinct. The following are equivalent:

(i) Whenever x domy, z domy, y for some z € ®, then either z = x or z =y (thus
forming a cover of dominance);

(i1) There exists a w € W such that wx € Do and wy € —Dy.

Proof. Suppose that (i) is the case. Let w be as in Proposition 4.11 above. First
we show that then wx € Dg. Suppose for a contradiction that wx ¢ Dy, and let
z € D(wx). Then Proposition 4.11 yields that wy € ®~ and (wy, z) > (wx, z) > 1.
Hence it is clear that z domy, wy. But this implies that x domy, w™lz domy;, y
with x # w™!z # y, contradicting (i). Therefore wx € Dy, as required. Exchanging
the roles of x and —y we may deduce that wy € —Dy.

Suppose that (ii) is the case and suppose for a contradiction that there exists
some z € @\ {x, y} such that x domy;, zdomy, y. Let w € W with wx € Do and
wy € —Dyg. If wz € ® then Lemma 3.2(ii) yields that wx domy, wz, contradicting
the fact that wx € Dg. On the other hand, if wz € ®~, then parts (ii) and (iii) of
Lemma 3.2 yield that —wy domy,, —wz € @™, contradicting the fact that —wy € D.

O

Observe that applying Corollary 4.17 to arbitrary reflection subgroup W’ of W
yields the following:

Corollary 4.18. Suppose that W' is a reflection subgroup of W with x and y €
®(W') being distinct. The following are equivalent:

(i) Whenever x domy,, zdomy,, y for some z € ®(W'), then either z = x or
z=y;

(ii) There exists aw € W' such that wx € Dy,o and wy € —Dwy. O

Definition 4.19. Suppose that W' is a reflection subgroup of W and x, y € ®(W’)

satisfy both (i) and (ii) of Corollary 4.18. Then we say that the dominance between
x and y is minimal with respect to W',

Proposition 4.20. Suppose that x, y € ® are distinct with x domy, y, and let W’
be the dihedral reflection subgroup generated by ry and ry. Then the dominance
between x and y with respect to W' is minimal.

Proof. 1t follows from Corollary 3.3(ii) that x domy,, y, and hence Lemma 3.4
yields that W' is infinite dihedral. Let A(W’) = {«a, B}. Then Proposition 3.17(i)
yields that Dy o = {a, B}.

On the other hand, it follows from Proposition 4.6 that there is some w € W'

such that
wx=a, wx=>b,

wy= —b, wy= —a;
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consequently Corollary 4.18 yields that the dominance between x and y with respect
to ({rx,ry}) is minimal. O

From this proposition we may deduce:

Proposition 4.21. Suppose that x € ®T with D(x) = {x1, X3....,Xm}. For each
ief{l,2,....m}, set Wy = ({rx,rx;}). Then W; # W; wheneveri # j.

Proof. Foreachi € {1,2,...,m}, set {s;, t; } = S(W;). Suppose for a contradiction
that W' = W; = W for some i # j. Then we may write {s,7} = {s;,;} = {sj.1;}.
Corollary 3.3(ii) yields that x domy, xj forall k €{1,2,...,m}, and since there is
no nontrivial dominance in finite Coxeter groups, it follows that Wy, W, ..., Wy
are all infinite dihedral reflection subgroups. Hence it follows from Proposition 4.5.4
of [Bjorner and Brenti 2005] that (s, o;) < —1. Set ¢ as in Proposition 3.5 for
each n € Z. Since x domy;, x; and x domy, x;, Proposition 3.5(ii) yields that either

X =CmOs + Cm4104, X = Cmls + Cm—10y,
Xi=Cm'Os + Cp/ 101, or Xi = Cm/Qs + Cp/—10t,
Xj= Cm//(xs+cm//+1(xt, Xj= Cm/ Qs + Cp7—10¢,

for some distinct integers m, m’ and m”. Observe that in either case (x;, x;) > 1,
and therefore there will be (nontrivial) dominance between x; and x;. Without loss
of any generality, we may assume that x domy;, x; domy, x;. Then

X domW/ X domw/ Xj
by Corollary 3.3(ii), contradicting Proposition 4.20. O

We close this paper with an alternative characterization for the imaginary cone Q
when #A < oo.

Proposition 4.22. If#A < oo then
(4-6) 0 ={wv|we W andv € P such that (v,a) <0 foralla € d*}.

Proof. First we denote the set on the right-hand side of (4-6) by Z, and for each
b € P, define Pos(b) = {c € ®* | (b, c) > 0}. Recall that, under the assumption
that #A < oo, Lemma 4.4 yields that

0= {v € ﬂ wpP ‘ (v,a) < 0 for all but finitely many a € &7} .
wew

Let u € Q be arbitrary. Since #A < oo, it follows from Lemma 4.4 that u € P.
If Pos(u) = @, then trivially u € Z. Therefore we may assume that Pos(u) # &,
and proceed by induction on # Pos(u) (this is only possible because u € @, and so
#Pos(u) < 00). Let a € A be chosen such that (1, a) > 0. Then it can be readily
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checked that Pos(rgyu) = rg(Pos(u) \ {a}). Thus the inductive hypothesis yields
that rou € Z. Clearly Z is W-invariant, and so u € Z, and hence Q C Z.
Conversely, if x € Z, then x = wv for some w € W and v € P such that
(v,a) <0 forall a € A. Lemma 4.5 yields that v € U*, and since U* is clearly
W -invariant, it follows that x € U*. Suppose that y € &+ with (x, y) > 0. Since
(x,y) = (wv, y) = (v,w'y), and since (v,a) <0 for all a € &1, it follows that
w~ly € ® and thus y € N(w™!). The finiteness of the set N(w™!) then implies
that x € Q, and hence Z C Q. O
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We study the semicontinuity of automorphism groups for perturbations of
domains in complex space or in complex manifolds. We provide a new ap-
proach to the study of such results for domains having minimal boundary
smoothness. The emphasis in this study is on the low differentiability as-
sumption and the new methodology developed accordingly.
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1. Introduction

It is a familiar perception of everyday life that symmetry is hard to create, but
easy to destroy. To make the crooked straight requires some definite effort, but
the slightest change can suffice to make the straight a little crooked and hence not
straight at all. This perception is easily substantiated in precise form for geometric
objects in Euclidean space. It is natural to ask if something similar might apply for
automorphism groups in complex analysis, that is, for the group of biholomorphic
self-maps of, say, a bounded domain in complex Euclidean space.

In one complex variable, this idea does not yield much, at least in the topologically
trivial case. Since all bounded domains that are topologically equivalent to the unit
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disc are biholomorphic to the unit disc (Riemann mapping theorem, of course),
there is not much interest in discussing how the automorphism group varies with
the domain: it does not vary at all.

But, in higher dimensions, the idea comes into its own. Domains near the unit
ball can have no automorphisms whatever except the identity, and indeed domains
with trivial automorphism group are dense in the set of C*° strongly pseudoconvex
domains in the C*° topology (see [Greene and Krantz 1982a] for detailed references
to the literature): the proof of this result in fact goes back really to Poincaré, in
effect, since it depends essentially only on counting parameters rather than on the
details of local invariant theory, at least once one knows that biholomorphic maps
extend smoothly to the boundary [Fefferman 1974]. It is also the case that domains
near the unit ball have automorphism groups which are isomorphic to a subgroup
of the automorphism group of the ball. Indeed, if a domain is C°° close enough to
the ball, then the domain is either biholomorphic to the ball or its automorphism
group is isomorphic to a (closed) subgroup of the unitary group [Greene and Krantz
1982a].

This kind of semicontinuity holds in greater generality [ibid.]. If a C*° strongly
pseudoconvex domain is not biholomorphic to the ball, then there is a neighborhood
of the domain in the C*° topology on the set of all C° bounded domains with
the property that the automorphism group of every domain in the neighborhood
is isomorphic to a subgroup of the automorphism group of the original domain.
(The case of the fixed domain being biholomorphic to the ball is as in the previous
paragraph.)

The goal of this paper is to explore the possibility of reducing the level of
differentiability required for this type of semicontinuity result, both for the fixed
domain itself and for the perturbed domains and the topology upon them. We shall
show in fact that C* can be reduced to C2. This is optimal in the sense that C? is
the natural setting for the discussion of strong pseudoconvexity and is the lowest
level of regularity for which the definition is naturally given. (One can, of course,
construct somewhat more intricate and to some extent artificial ideas of strong
pseudoconvexity wherein the boundary need not have that much regularity, but
these will not be explored here.)

It will turn out that the complex analysis results just discussed can in fact best
be treated by changing the whole context to manifolds and general group actions.
The role of complex analysis becomes simply to guarantee a kind of uniform
compactness discussed in Section 2 in detail.

To put this matter in perspective, it is desirable to recall in outline how the
semicontinuity results in [Greene and Krantz 1982a] were obtained. The starting
point is the use of normal family arguments. In this context, the setup is as follows.
Fix a bounded domain £2¢. Then a sequence of bounded domains €2; is considered
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to converge to $2¢ if there is a sequence of maps ®; : Qo — €2; which converges
to the identity in some appropriate topology. Now, in this situation, a sequence of
automorphisms f; : 2; — 2; always has a subsequence fj, such that the maps
<I>j_k1 o fj, o®j, converge to some map of 2 to the closure of 2¢. Here convergence
means uniform convergence on compact subsets of 2.

However, it is relatively easy to show, and it is in fact a classical result that, if
the limit mapping is in fact interior, i.e., if its image lies in Q itself, then that limit
is an automorphism of €2¢. (A detailed proof is given in [Krantz 2001].) Thus, in
trying to relate the automorphisms of the €2;’s to those of €2, one is interested in
situations where it is guaranteed that the family of maps of the sort described always
has “nondegenerate” limits; that is, the limits are necessarily the maps into €2
itself, with no boundary points in the image.

As it happens, every strongly pseudoconvex bounded domain that is not biholo-
morphic to the ball has a compact automorphism group. This was proved in [Wong
1977] and has been much generalized since, to the point where the result is not only
valid for C2 domains but is localized completely: if a sequence of automorphisms
has the property that, for some interior point the sequence of the images of the
point converge to a C? strongly pseudoconvex boundary point of a domain in a
general complex manifold, then the domain is biholomorphic to the ball [Efimov
1995; Gaussier et al. 2002]. This line of thought makes it natural to consider the
whole normal families situation for bounded strongly pseudoconvex domains that
are not biholomorphic to the ball, which will indeed be the main topic in this paper.
However, certain aspects of the situation can be treated with no pseudoconvexity
invoked at all. If one simply assumes the relevant kind of nondegeneracy of normal
families as a hypothesis, then a semicontinuity result already follows. This matter
is treated in Section 2.

It is natural to ask when that nondegeneracy hypothesis is satisfied, that is, under
what conditions of a more familiar sort the nondegeneracy condition (stably interior)
that is required in Section 2 is sure to hold. As we shall see, it in fact always holds
under the hypothesis of C? strong pseudoconvexity of the boundary of Q¢ (2o not
biholomorphic to the ball) and the assumption that the £2; converge to 2 in the
C? topology. How this arises requires some explanation.

The semicontinuity of automorphism groups in the C? case will be obtained in
this paper again by using curvature invariants to bound the distance of orbits from
the boundary stably. But the stability of the asymptotic constancy of holomorphic
curvature of the Bergman metric will be obtained without using the Fefferman
expansion, thus avoiding the need for a large number of derivatives. Instead, the
behavior of the holomorphic sectional curvature of the Bergman metric will be
analyzed using the “scaling method,” as explained in Section 3. The possibility
of using the scaling method depends on noting that the holomorphic sectional
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curvature can be expressed in terms of a special basis for the Hilbert space of square
integrable holomorphic functions (see [Greene and Wu 1979] and [Epstein 1965]
for the special basis concept in generality). This means that one can detour around
the rather awkward formulas from Riemannian geometry that express the curvature
tensor as a whole in terms of the metric and operate instead with more directly
accessible aspects of the fundamental Bergman construction.

In the last section of the present paper, a more refined kind of semicontinuity
result involving not just isomorphism to a subgroup but isomorphism to a subgroup
via diffeomorphism conjugacy will be obtained for strongly pseudoconvex domains
with low boundary regularity. For technical reasons, the regularity cannot be
quite reduced to the C? level which would be all that is needed for the subgroup
semicontinuity. This is related to the present Theorem 4.3, a uniform version of
Lempert’s extension theorem for biholomorphic mappings of bounded domains with
C*% smooth boundaries for every k > 2. For the conjugacy arguments, the necessary
regularity here turns out to be C*%. It may be possible that diffeomorphism
conjugacy also applies in the C? case, but this result cannot be proved by the
methods used here.

It is worth noting that in [Greene and Krantz 1985] we established a version of the
semicontinuity theorem for automorphism groups in the context of C? convergence.
That paper was an important first step in the program we are developing here. The
role of holomorphic curvature of the Bergman metric was replaced by the quotient
invariant, that is the Carathéodory volume divided by the Kobayashi—Eisenmann
volume. But the curvature methods here are of independent interest, and the needed
stable uniformity of C k extension of automorphisms, for low k, is checked here in
Theorem 4.3.

2. Normal families and general semicontinuity of groups of mappings

In this section, some very general results will be discussed about groups of diffeo-
morphisms of open sets in Euclidean spaces. The fundamental idea is that, as far as
semicontinuity of the groups is concerned, the noncompact case can be converted to
the compact case. This is, more precisely, true as far as semicontinuity in the sense of
isomorphism to a subgroup is concerned. We begin with a definition of an appropri-
ate idea of convergence of the open sets. For convenience, and without any particular
loss of generality, we restrict our attention to connected open sets, i.e., domains.

Definition 2.1. A sequence £2; of connected open sets, or domains, in a Euclidean
space R”, is said to containment-converge to a limit domain 2 if, for every compact
subset K of €29, K is contained in §2; for all sufficiently large ;.

Definition 2.2. If the sequence {€2;} of domains containment-converges to a do-
main ¢, then a sequence of C°° mappings f;j : Q; — R” is said to converge C*°
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normally if, for each compact subset K of €2¢, the mappings f; and their derivatives
of all orders converge uniformly on K.

Note here that the f; are defined in a neighborhood of K, any compact set K,
for all j sufficiently large, so that the desired uniform convergence indeed makes
sense.

For our next definition, we recall that there is a metric, to be denoted yg, on the
set of all C* mappings of a neighborhood of a compact subset K to R” such that
convergence in this metric is equivalent to convergence of the mappings and their
derivatives of all orders uniformly on the compact set K (see [Greene and Krantz
1982b], for example).

Definition 2.3. Suppose that {2} is a sequence of domains which containment-
converges to a domain $2¢ and also suppose that, for each j, G; is a group of
diffeomorphisms of €2;, and that G is a group of diffeomorphisms of €2o. We
say that the sequence of groups G; converges normally to Gy if, for each compact
subset K of £2¢ and for each € > 0, there is a j¢ g such that, for each j > j¢ g and
each ¢; € G;, the mapping ¢; | lies within yg -distance € of some element of Gy.

In case one has not domains, but compact manifolds and compact groups, then
the situation is as follows:

Lemma 2.4 (from [Ebin 1968]; cf. [Kim 1987] and [Greene et al. 2011]). If
M is a compact manifold and if Gj is a sequence of compact subgroups of the
diffeomorphism group of M [in the topology determined by the metric ypr] such
that Gj converges to the compact subgroup G then, for all j sufficiently large, G;
is isomorphic to a subgroup of Gy. Moreover, the isomorphism can be obtained by
conjugation by a diffeomorphism ¢; and the ¢; can be chosen to converge to the
identity [again in the topology determined by the metric ypr].

This follows from the original result of [Ebin 1968] as follows. Averaging
on arbitrary Riemannian metric on M with respect to the action of G gives a
Riemannian metric g on M which is G-invariant; i.e., G C Isom(g), where Isom(g)
is the isometry group of g. Averaging g with respect to the action of G; for each j
yields Riemannian metric g; with G; C Isom(g;) for each j. Since the elements
of G; are close to the elements of G by hypothesis, when j is large, it follows easily
that the sequence {g;} of metrics converges C*° to g. By Ebin’s original result,
there are, for all j sufficiently large, diffeomorphisms ¢; : M — M such that ¢;
conjugates Isom(g;) to a subgroup ¢; o 8 o¢>j_1 € Isom(g) for all B € Isom(g;) of
Isom(g); moreover, the sequence {¢; } can be taken to converge C*° to the identity.
Then each ¢; conjugates G; (for j large) to a subgroup Gj of Isom(g), with éj
C*-close to G. By a classical theorem of [Montgomery and Samelson 1943], it
follows that G j 1s isomorphic to a subgroup of G via conjugation by an element o;
of Isom(g), with the o; converging to the identity.
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This point will arise again in a slightly different form in Section 5, q.v.

Our goal here is to show how to reduce the domain case to the compact manifold
situation described in Lemma 2.4. Specifically, we want to prove the following
proposition:

Proposition 2.5. Suppose that {2} is a sequence of bounded domains in RN
which containment-converges to S2q in the sense of Definition 2.1 and that, for
each j, Gj is a compact group of diffeomorphisms of cl(2;) and that the sequence
{Gj} converges C°° normally to a compact group G of diffeomorphisms of cl(£2¢)
[convergence in the sense of Definition 2.3]. Here, of course, cl denotes the closure
of the indicated set. Then, for all sufficiently large j, the group Gj is isomorphic to
a subgroup of Gy.

Proof. The essential tool is to use group-invariant exhaustion functions to find
a smoothly bounded subdomain of €2 that is taken to itself by each element of
the group G and then to pass to the “double” of these subdomains to form a
compact manifold. Then one does a similar construction to nearby Gj-invariant
subdomains of €2; and thus attains the situation of Ebin’s theorem. We now describe
this situation in more detail, following the arguments developed in [Greene and
Krantz 1982b]:

Definition 2.6. A real-valued function p : 2 — R on a domain €2 is said
to be an exhaustion function if, for every a € R, the set p~ ! ((—o0, &) is
compact — that is, the sublevel sets of p are compact.

Exhaustion functions of course always exist on domains and indeed on manifolds
in general. One for (not necessarily bounded) domains that frequently occurs
in complex analysis is max (||z]|2, —log dist(z, the complement of the domain)).
Exhaustion functions with special properties play an important role, for instance, in
the study of Stein manifolds; these are of course more difficult to construct.

Now suppose that G is a compact group of diffeomorphisms on a domain €2 and
suppose that p is an exhaustion function on 2. Then the function p defined by

p(2) = /G p(¢(2)) dA(g),

where dA is the normalized Haar measure on G, is also an exhaustion function,
as one easily sees. This function is G-invariant in the sense that p(g(z)) = p(2).
Thus its sublevel sets are invariant under the action of G: a given sublevel set is
mapped to itself by each element of G.

If p is C°°, then p is also C . In this case, for all sufficiently large o, except
for a set of measure 0, the sublevel set 5~ (—o0, @] is a compact C* manifold-
with-boundary. This follows from Sard’s theorem: one need only take « so large
that the sublevel set is nonempty and such that « is a regular value for p.
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Now we return to the situation of a sequence of compact groups G; converging
in our previous sense to a compact group Gy. As in the general setting above, we
choose a C*° exhaustion function py and average it over G to get a Gg-invariant,
C*exhaustion function py.

Because G; is defined on Q; while p is defined on €2y, we cannot average
Po to make it G;-invariant. We can, however, perform the averaging on arbitrary
compact subsets.

Specifically, choose o as above, so that [)gl (—o0, ] is nonempty and of course
is a compact subset of 4. Let L be a compact subset of €2¢ which contains
,551 (—00, o] in its interior and let L.; be a compact subset of 2 that contains L in
its interior.

Because the sequence G; converges to Gy, it follows easily that, for j sufficiently
large, the images under G; of points of L lie in L. It then follows in addition
that one can average the function pg over the action of Gj, as in the process of
averaging to construct p. Denote this new function on L by p;. Note that, because
the elements of G; are, for j large, close to those of G, the function p; is C*°-close
(i.e., yr-close) to po on L. In particular, the sublevel set L; N [)j_l (—o0, a] will be,
for j sufficiently large, a smooth manifold-with-boundary which is C close to
py ! (—o0, al.

In particular, if we choose a regular value « for g9 with the sublevel set My :=
,651 (—o0, @] nonempty then, for all j sufficiently large, the sublevel set M; :=
,6]._1 (—o0, ] will be a nonempty C°° manifold-with-boundary. Moreover it will be
close to ,651 (—o0, ] in the C*° sense. Namely, there will be a sequence of diffeo-
morphisms ¢; : My — M which converges in the C*° sense to the identity on M.

More precisely, these diffeomorphisms can be obtained as follows: for j large, p;
has derivative bounded away from O along integral curves of the gradient of p
(gradient relative to an arbitrary Riemannian metric, indeed) near 5~ ({a}). Motion
along the integral curves gives a diffeomorphism of the a-level of p onto the a-level
of p;. Standard Morse theory then establishes a diffeomorphism of p~1([8, «])
onto ,51_1 ([8,«]) for some B < o but with B close to «. This diffeomorphism is
C* close to the identity and can hence be patched via a partition of unity to the
identity diffeomorphism on 5! ([%(oe + B), «]) to give the desired diffeomorphism
of p~1((—o0, &) to ,5]._1 ((—o0, a]), C® close to the identity.

The next step of the proof is to form the doubles of the invariant subdomains
with smooth boundary and extend the compact group actions to them. This will
make it possible to apply the lemma above to the present situation.

For this, suppose that 2 is a domain, M a compact subset that is a (nonempty)
smooth manifold with boundary and H a compact group of diffeomorphisms of €2
that map M to itself. By the usual averaging process, similar to the construction of
the invariant exhaustion functions as already discussed, there is a Riemannian metric
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g on 2 for which the elements of H act as isometries; i.e., H is contained in Isom(g).
Now the metric g restricted to M can be modified so as to remain invariant under H
while being a product metric at and near the boundary of M (see [Greene and Krantz
1982a] for an early instance of this construction). This modification is obtained by
first noting that, if N is the inward unit normal (relative to g) along the boundary
dM , then there is an € > 0 such that the g-exponential map E : 0M x[0,€) —> M
defined by E(p, s) = exp,(sN(p)) is a diffeomorphism for |s| < € and moreover
E(p,s), pedM,0=<s <e,is adiffeomorphism of manifolds with boundary onto a
neighborhood V' of dM in M. This is the usual tubular neighborhood construction.
Then one obtains a product metric /# on the neighborhood of the boundary as

h = ds* + dp?,

where dp? is the metric on M and we push this metric over via E to the neigh-
borhood V of dM in M. This is clearly invariant under H. Then one can extend
this metric to all of M in an H-invariant way, by taking a function ¢ on V' that
depends on s alone and hence is invariant under the H-action. This function is to
be 1 in a neighborhood of s = 0, and hence as a function on M, is equal to 1 in
a neighborhood of dM . It is to be equal to 0 when s > €/2. Then ¢/ + (1 —¢p)g
will be a metric on M as desired: it is smooth on all of M, is invariant under H,
and is a product metric near dM .

This metric now extends smoothly to| be a metric /2 on the double M of M in
an obvious way. The group H acts on M as a subgroup of the 1sometry group of
h. This subgroup of the isometry group of /1 will be denoted by H.

Our construction can clearly be taken to be stable with respect to the original
H-invariant metric g on M in the sense that, if g is another H-invariant metric
on M which is C*® close to g, then the corresponding metric h 1 on the double M
of M will be C* close to /.

With these ideas in mind, we return to the convergence situation as before.
Namely, we continue to denote by M ;i the doubles of the Gj-invariant sublevel
sets, and let G i denote the extension of the G;. Now, when j is large, there are
diffeomorphisms f; : My — M i which have the property that the pullback to M,
of the Gj-action on M; via f; converges in the sense of Lemma 2.4 above.

In particular, G; is then isomorphic to a subgroup of G, for all sufficiently large
J - Note that, as such, these isomorphisms apply not to G; itself but to the restriction
of Gj to Mj. But, since M; has nonempty interior, the restriction of G; to be
an action on the (Gj-invariant) set M; is injective: two isometries of a connected
manifold which are equal on a nonempty open set are equal. (This follows easily by
a standard continuation argument.) Hence the original G; are indeed isomorphic to a
subgroup of Gy when j is sufficiently large. Thus the proposition is established. [
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3. Bergman metric and curvature with C? stability near the strongly
pseudoconvex boundary

Let n > 1 throughout this section. Denote by %, the collection of bounded domains
in C” with C? smooth, strongly pseudoconvex boundary, equipped with the C?
topology via the C? topology on defining functions. The goal of this section is to
establish the following result, which is Klembeck’s theorem [1978] for domains
in 9@, with C? stability. In the statement below the notation Sq (p; £) denotes the
holomorphic sectional curvature of the Bergman metric of the domain €2 at p along
the holomorphic section generated by the tangent vector £.

Theorem 3.1. Let Q € Dy. Then, for every € > 0, there exist § > 0 and an open
neighborhood U of Q2 in D, such that, whenever Q € U,

sup{)SQ(p;é)—(—nil

for any p € Q satisfying dis(p, C" \ Q) < 6.

)‘: Qe%,ée@”\{O}}<e

We remark, before giving the proof, that this result is crucial in establishing
the semicontinuity theorem (Theorem 5.2): if € is not biholomorphic to the unit
open ball, there exists (ﬁ,é) € TQ¢ = Q¢ x C" such that Sﬁ(ﬁ,é) #—4/(n+1)
due to Lu Qi-Keng’s theorem [Lu 1966; Greene et al. 2011, Theorem 4.2.2]. Now
Theorem 3.1 implies that, choosing U smaller if necessary, this curvature difference
continues to hold for every domain 2 € U. Consequently, one sees that there exist
a constant § > 0 depending only on (p, é) and a neighborhood U of Q in the space
of domains such that

dis(¢p(p),C"\ Q) > 4§ for all ¢ € Aut(2)
for every Q2 € U, a crucial point in the proof of Theorem 5.2.

Proof. It suffices to show that the following cannot hold:

(1) there exist eg > 0 and {Q,} C Dy, such that 2, — Q in the C2 topology as
v — 00 and there exists a sequence { p, € 2, } with lim,,_, oo dis(py, d2,) =0
such that

4
‘SQU(Pv,év) + il > €9

for every v.
Since the goal is to show that
: 4
Jim [Sa (o) + 5] =

we may assume without loss of generality that lim,—, oo py exists. Denote this limit
by p. Notice that p € 9L2.
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Let ¢, € 02y, be the closest boundary point of 2, to p, foreveryv=1,2,....
Then consider a sequence R, : C" — C" of complex rigid motions (i.e., unitary
maps followed by translations) in C” and another rigid motion R satisfying

(1) R(p) =0 and R,(gy) = 0 for every v;

(2) R,(02y) for every v, and ﬁ(aﬁ) are tangent at 0 to the hyperplane defined
by Rez; = 0;

3) limy— 00 || Ry — §||CZ = 0, where the norm here is the C2-norm of mappings

on an open neighborhood of the closure of Qin C".

Notice that R, (£2,) converges to ﬁ(ﬁ) in the C? topology on bounded domains
with smooth boundaries. Therefore, without loss of generality, we may also assume
the following:

(1) 0€ 3N (N3, IR);

v=1
2" 9Q and dQ2, (for every v =1,2,...) share the same outward normal vector
n=(—1,0,...,0) at the origin;

3" py = (ry,0,...,0) with r, > 0 for every v.
Now we need the following three lemmas for the proof. The first is:

Lemma 3.2 ([Kim and Yu 1996]; cf. [Greene et al. 2011, Chapter 10]). There exists
an open neighborhood U of the origin in C" such that

lim  sup 2_SQUOU(P1);S)_
V=00 gseecn| 2—Sq, (pv:§)

The proof of this lemma is a normal families argument.

Notice that this lemma implies: if limy 00 Sq,nv(pv; &) exists, it will coincide
with limy o0 Sq,, (Pv; §).

The next two lemmas convert the problem of understanding the boundary as-
ymptotic behavior of the Bergman curvature to that of the stability of the Bergman
kernel function in the interior under perturbation of the boundary:

Lemma 3.3 ([Kim and Yu 1996]; cf. [Greene et al. 2011, Chapter 10]). Let the
sequence {(py; &) € 2, x (C*\{0})} be chosen as above. Let B" denote the open
unit ball in C". Then there exists a sequence of injective holomorphic mappings
oy 1 2y NU — C" with the following properties:

(1) ov(py) = 0 (the origin of C");
(i1) for every r with 0 <r < 1, there exists N > 0 such that, for every v > N,
(1-r)B" Coy(Q,NU)C (1+r)B".

The third and last lemma toward the proof of Theorem 3.1 is as follows:
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Lemma 3.4 ([Ramadanov 1967; Kim and Yu 1996]; cf. [Greene et al. 2011,
Chapter 10]). Let D be a bounded domain in C" containing the origin 0. Let
{D,} denote a sequence of bounded domains in C" that satisfies the following
convergence condition:

given € > 0, there exists N > 0 such that (1—€)D C D, C (1 +¢€)D for
everyv > N.

Then, for every compact subset F of D, the sequence of Bergman kernel functions
Kp, of D, converges uniformly to the Bergman kernel function Kp of D on F x F.

This is a result of Ramadanov [1967]. Now we return to the proof of Theorem 3.1.

Let ¢, &, Q, 2, be as above. Let U be an open neighborhood of the origin
as in Lemma 3.2. Taking a subsequence, we may assume that ¢, € 2, N U for
every v. Select o, as in Lemma 3.3.

Apply Lemma 3.4 to our setting, with D,, = ¢,(2, N U) and D = B". The
conclusion of Lemma 3.4 states that the sequence Kp, (z, {) converges uniformly to
Kp(z,8) on F x F. This of course implies that the sequence Kp  (z, ¢) converges
to Kp(z, E ). Notice that the functions now involved are holomorphic functions in
the z and { variables together. Therefore Cauchy estimates imply that Kp, (z,{)
converges uniformly to Kp(z,¢) on F x F in the C¥ sense for any positive
integer k. Since the holomorphic sectional curvature of the Bergman metric involves
derivatives of the Bergman kernel function up to fourth order, we may conclude that
S, (@,nU)(0;-) converges uniformly to Sgn(0;-) on {§ € C" : |[£]| = 1}. Notice
that the latter is the constant function with value —4/(n + 1).

Combining this result with the localization lemma (Lemma 3.2), the conversion
lemma (Lemma 3.3), and the fact that every biholomorphism is an isometry for the
Bergman metric, we see that

:vlim Sav(QvﬂU)(O;d0v|qv (év)) = lim Sav(QVﬂU)(Uv(C]v);d(’v|qv (év))
—>00 vV—>00

n+1
= lim So,nu(gviéy) = lim Sg, (qv:&v).
This completes the proof of Theorem 3.1. O

Remark 3.5 (completeness of the Bergman metric). The Bergman metric of a
bounded strongly pseudoconvex domain is known to be complete ([Diederich
1973]; for the more general case see [Ohsawa 1981]). Since the scaled limit shown
in the proof of Lemma 3.3 is the unit ball, a variation of that proof argument also
yields the same conclusion as [Diederich 1973] regarding completeness also (see
[Greene et al. 2011, Section 10.1.7]).
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4. Stable C* -extension of automorphisms

The purpose of this section is to establish the stability of the extension theorem
for the automorphisms of a bounded strongly pseudoconvex domain under C¥
perturbation for finite k.

The result and the techniques involved in the proofs are new. More importantly,
the contents of this section (especially Theorem 4.3 on page Theorem 4.3) are
essential in creating the necessary “metric double” in the proof of Theorem 5.2.

Convergence of Lempert’s representative map. Let X, Y be complex Banach
spaces. Let ¢ : U — Y be a map from an open subset U of X into Y. The map ¢ is
said to be differentiable at x € X, if there exists a bounded linear map Dy¢p: X — Y
such that

[¢(x + 1) = p(x) = (Dxp) () ||y = o1l x)

as ||h||lx — 0. Let L(X,Y) denote the set of bounded linear maps from X into Y.
It is naturally equipped with the operator norm and hence becomes a Banach space.
Then ¢ is said to be C! on U if D¢ exists for all x € U and

D¢:x €U Dyp € L(X.Y)

is continuous.

It is also well established what it means for ¢ to belong to the class C k; see,
[Mujica 1986], for example. To understand this point, consider the space L (X x---X
X,Y) of bounded k-linear maps with valuesin Y. Foran S € L(X x---x X, Y),
define its norm as follows:

ISk = sup{IS iy, ... i)y < Iallx = 1o llhgllx <13

One more piece of notation is necessary: for a k-linear map S, a (kK — 1)-linear
map [S](h) is defined by

[SIR)(hys . b)) i= S(hy By ).

Now the idea of a map belonging to the class C¥ can be defined inductively: the
map ¢ is said to be Ckatxe X,fork=1,2,...,if there exits a bounded k-linear
map D§¢:Xx-.-><X—> Y such that

| —

k
| D524 o — DX —[DEGI) |, = ol ]lx)

as h — 0 and
k. k
D*¢:xeUDipecL(Xx---xX,Y)
k
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is continuous. It is also known that such a D¢ is symmetric k-linear.
Similarly, we may define the concept of Holder class. For an o with 0 <o <1,
a map ¢ is said to belong to the class Ccka if ¢ is Ck and

ID%p — DXk

yeu x =yl
oo lx—ylg

Throughout this section, we denote by A the open unit disc {z € C: |z| < 1}.
We shall follow the terminology of [Lempert 1986] closely. Let s be such that
0 <s <o and set

Xp={f:0A—>C"| feC*},
Yn={f € X,: f admits a holomorphic continuation to cl(A)},
YnJ' ={f € X}: f admits an antiholomorphic continuation to cl(A) with f(0)=0}.

Notice that X, = Y,, @ YnJ-.

Let 2 = 2, be a bounded strictly convex domain defined by the C k+1.e defining
function p. Then there exists a convex open neighborhood V of cI(2) such that
Q =Q,=1{zeV:p(z) <0}, where the defining function p : U — R, defined on
a convex open set U with cl(V) C U, is of class Ck+1¢ (k > 1,0 <o < 1) with
dp # 0 at any point of Q2. We may further assume without loss of generality that

(1) p:U — R is compactly supported, and
(2) the real Hessian of p is strictly positive at every point of 9<2.

Let N be a Ck+1@ neighborhood of p chosen so small that every element of N
has its real Hessian strictly positive at every point of V. We may require further
that there exists a constant R" > 0 such that, if , T € N, then || — 7|l ck+1.ey <1
and ||l ch+1.0qy < R

Let p be a point in 2 and let W a neighborhood of p in €2 such that W C 2,
for all n € N. Define © : N @ (C" \{0}) @ W — Y, by ©(1,{.q) = ey ¢ 4, Where
en ¢4 1s the stationary map (i.e., extremal map) from cl(A) to cl(£2) satisfying
en.tq(0) =q and ey ¢ ,'(0) = ¢ for some 1 > 0.

Proposition 4.1. The map © is locally CK*=5 for any 0 < s < a.

Proof. Let (17,v,q) € N @ C" \ {0} & W. We shall prove that © is C**~5 pear
(m,v,q). Lete =epyq = (e1,...,ey) :cl(A) = cl(2,) and € = (éy,...,€,) be
the dual map of e. (See [Lempert 1981] for the definition of the dual map and its
basic properties.) Since € has no zeros, there exist two components which do not
vanish simultaneously by a generic linear change of coordinates. Hence we may
assume without loss of generality that ¢; and é, do not vanish simultaneously on
cl(A). It is also shown in [Lempert 1981] that ¢ extends to a C ko map up to the
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boundary, and that there exist functions G, G, € C%®(cl(A)) that are holomorphic
in A and satisfy ;G + €,G, = 1. Define the holomorphic matrix H on A by

6/1 —52 —Glé:; —Glén

6/2 52 —Gzé?, —Gzén
H=|¢, 0 1 - 0

e 0 (R 1

n

Notice that H € C%%(cl(A)) and det(H) # 0 on cl(A). Set
YRV ={f €Yutllf lcraay < R.f(A) C U}
and define the map
>:NoC"\{}eWoYrVoR->TaoY: 0C"®C"
by

(H'rzo f)

0. 10 = (ro fn( 7o)

),f(O)—q, f/(O)—kv),

where
() T={g:0A >R:geC’},
(ii) 7 : Y,y — Y:- | is defined by n(zi"w akzk) =371 axz*, and
(iii) (H'r; o f);j denotes the j-th component of H'r; o f and (H'r; o f) =
(H'rzo f)a,....(H'rz0 f)n).

Then f : cl(A) — cl(2,) is an extremal map satisfying f(0) = ¢, f'(0) = Av if
and only if ®(r,v,q, f,A) = 0. So, according to [Lempert 1986], we only need to
prove that @ is C k.a=s For this purpose define the map ¥ : N @ YnR’U — T by
W(r, f) =ro f. Then we pose the following:
Claim. W is Cko=s,

We shall prove this claim by induction on k. We need some notation. For a
domain Q, k € ZT, and 0 < o < 1, define

|DYg(x)— DY g(y)|

lgllcx. = sup |D¥g(x)|+ sup
CRe(eE) xecl($2) X,VeEcl(R) |x — y|*
ly|=0.1,..., k x#y.lvl=k

Moreover, A < B will mean that A < CB for some constant C. In turn, 4 5 B
will mean that 4 — 0 whenever B — 0.

Let j €{0,....k}. Let Nj = {r € C/t14U) : |Ir| ci+raqy < R'}. Define
Wi N @ Y,,R’U — T by W;(r, f) =ro f. Suppose that, for all r, T € N, we
have ||r —tl|¢ie @y < 1.
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In case j = 0, it suffices to show that

1Wo(r, /)= Wo(w, )l cosany < (IIr = tllcoaw) + 1/ = gllcosaa) -
For x € A,
[rof(x)—tog(x)| =|ro f(x)—rog(x)|+|rog(x)—7og(x)|
SI()—g()* 7 +[(r —1) 0 g ()]
S (1 = gllcos@ay +Ir = ellcoa)) ™
For x, y € dA, let§(x,y) =ro f(x)—tog(x)—ro f(y)+tog(y). Then
16Cx, )| = |ro f(x)—rog(x)|+[rog(x)—tog(x)|
+lrof(y)—rog|+Irog(y)—tog(y)
<2(R)*[f(x) = g()|* +2[r — tllco.euy
<2(RR)If = glEosaay T 20 —tllcoew)
and
|6(x, ) =[rof(x)—rof(y)|+|toglx)—tog(y)|
=R f(x) = fOI*+ R'gx) —g(»)|* <2RR'|x — y|*.

This implies that

8 IS (1 —gllcosaay + I = tllcoaqy) ™ lx =yl

which proves the case j = 0.
Let j > 0. Suppose that W; : Nj @ YnR’U — T is of class C/**75(U). Then,
since

D) ¥j+1(t,8) = (r'o flg+to f =W, g+ ¥(z, f),
it follows that W; 4 is of C J+1L.a=s (7). This proves the claim.

Since m is a bounded linear map, the second component of ® is also of class
Ck@=s(U)). The proof of the proposition is now complete. O

Next, for r € N, g € W, consider Lempert’s representation map at q for the
domain 2,. We have L, ;4 :cl(B") — cl(2,) defined by L, 4(8) =O(r, ¢, q)(|¢]) =
er.¢,4(I¢]). The following proposition discusses the convergence of these represen-
tation maps.

Proposition 4.2. Let pj, p€ N and p;, p € W be such that || pj — pl| cx+1.e () = O,
|pj — p| = 0as j — oo. Set the notation Lj := Ly, p;, L := Lp, p and B :=
B"\{z € C":|z| <&}. Then,for 0 < <o and 0 <§ < 1, Lempert’s representation
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maps Lj for Qp; converge to Lempert’s representation map L for 2, on BY in the
Ck-B norm, as j — oo
Proof. Letev: Y, — C" be defined by ev(g) = g(1) (here “ev” stands for “evaluation”
map). Since L() = O(p, ¢, p)(1) = evo®(p, L, p) for { € IB”, ev is bounded
linear. Write D¢ = grttmn /gt 9xy'™, where |£] = my + -+ + my. Then
¢ - - - -
DYL(C) = (D|(p|,§’p)®)(x1, X X X)) (D).

mi mp

So ||Lj — Ll|lck.emry — 0as j — oo.

Given v € C", |v| = 1, £ € A, denote by e the extremal map satisfying e(0) = p,
€’(0) = pv for some > 0. Then L(&v) = e(€|v]) = e(&). This implies that L(&v)
is holomorphic with respect to £. Now the Poisson integral formula for A yields
the desired conclusion. O

A simultaneous extension theorem for automorphisms. The next goal is to es-
tablish the following theorem, which treats the C k. convergence of sequences
of automorphisms. This result is new, and the proof technique is new. It has
independent interest.

Theorem 4.3 (uniform extension). Let 2, 2 be bounded, strongly pseudoconvex
domains in C" with Ckt1.¢ (ke k>20<a=1)boundaries such that Q;
converges to 2 as j — oo in the C k1 topology, and with Q2 not biholomorphic to
the ball. Let a sequence { fj € Aut(2;):j =1,2, ...} be given. Then, for any B with
0 < B < «a, the sequence f; (every one of which extends to a C k. diffeomorphism
of the closure cl(§2;) by the “sharp extension theorem” of [Lempert 1986]) admits
a subsequence Qj, and fj, € Aut(S2z,) that converges to the C k-B_diffeomorphism,
the extension of f € Aut(Q), in the C*P topology.

This indeed is a normal family theorem together with Holder convergence up to
the boundary. Of course precise definitions and terminology are in order, which
will be presented here as the exposition progresses.

Definition 4.4. Let Q; and 2 be bounded strongly pseudoconvex domains in C"
with C%® (k € Z, k > 2, 0 < « < 1) boundaries. As j — 0o, the sequence of
domains £2; is said to converge to Q2 in the C ke topology, if there exist an open
neighborhood U of cl(2), C* diffeomorphisms F U — U, and a positive
integer N such that

cl(2) e U;

cl(2;) €U forall j > N;

e each F; maps cl(£2) onto cl(£2;) as a ck2 diffeomorphism; for every j > N;

| Fj —id ||cx.e @y — 0 and ||Fj_1 —id||ck.ey — 0, as j — oo.
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In a similar manner, we say that the sequence of maps f; € C koo i, C™)
converges to [ € CH%(Q, C™) in the C*2 sense, if

Bim 5 o Fj — fllcxaqgy =0.
j—>o0

We now present several technical lemmas.
Lemma 4.5. Let Qj be a domain in R" for each j =1, 2, 3. If
1) g,h:Q21— Qyare ck maps that are injective,
(i) f:Qy—>Q3isa ck’a” map, and

(iii) (k, ) is the pair of the positive integer k and the real number « satisfying
k+oa=min{k’ +o' k" +a"}and 0 <a <1,

then
(1) fogeCh*(Q1,Q3) and
2) | fog— fohlcrsg,) = Ilg —llcreg, for any B with0 < B <a.

Proof. We present the verification of (1) only, as our arguments are mostly straight-
forward computations and the proof of (2) is similar. The chain rule implies that

D (fog)(x)= (D™ f)(g(x))(D™ g(x))™ (D™2g(x))™2 -+ (D™ g (x))™n,

where £ and m are multiindices and 7; nonnegative integers satisfying |m| < |{|
and ) m} < |€]. (We use the usual multiindex notation here; we omit detailed
expressions as they are standard.) Note that

Y DY
Ifoglcra= sup [DY(fog))|+ sup L OR)ZDT(/o0))]
xe€; X,y |x—y|
0<|y|=k x#y,|ly|l=k

First, one sees immediately that

m’+-+mj,
sp [D7(f 0 )| 5 1 lewaay Y o lglchagg, " <o
xe
|y|=0,1,1...,k
On the other hand,

|DY(f 0g)(x)—D¥(fog)(»|
= [SD™ (g - (D™ () - (D ()™
— D™ f(g(»)- (D™ g(p)™1 - -+ - (D™ g ()™
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=S {ID™ £ () = D™ £(g () - (D™ g ()™ - - - (D™ g ()™

+ (D™ f(g(») - (D™ g(x))™ — D™ g(y))™)
((D™2g(x))"2 - -oe - (D™ g (x)) " |

+‘(Dmf(g(y)))(Dmlg(y))m/l) ----- ((Dmng(x))m;,_(Dmlg(y))m’l)‘}
SIS ek @y + ”g”%"(ﬂl))P(”g”C"ﬂ(Ql))lx — e,

where P is an appropriate polynomial with P(0,...,0) = 0. Hence (1) follows.
We omit the proof of (2). O

Lemma 4.6. Let k > 1. Assume that Q1, Q, are bounded domains in R" admitting
C* diffeomorphisms f;, f:cl(Q1) — cl(Ry) satisfying || f; — f | cr.a @) — 0
as j — 00. If limj o0 SUPycci(2,) |fj_1(x) — 7(x)| =0, then

. —1 -1 =
Jim 177 = llers@@ay =0

forany 0 < 8 <a.

Proof. The inverse function theorem implies that d fj_1 lf; ) = (dfj] y)~! and
df~! lroy = (df'|y)~". Since cl(€2) and cl(£2;) are compact, there exist a constant
C > 0 and a positive integer N such that |det(df|,)| > C and |det(df;|,)| > C for
any point y € €2 and any integer j > N. Lemma 4.5 and its proof argument now
yield the desired conclusion. O

Lemma 4.7. Let k be an integer with k > 2 and o a real number satisfying 0 <a < 1.
If Q is a bounded, strongly pseudoconvex domain in C", not biholomorphic to the
unit open ball, with C*¥T1% boundary then, for any B with 0 < B < «, there exist
an open neighborhood U of Q and a constant C such that || f || cx.6 @ gyy < C for
any Q' € WU and any | € Aut(Q').

Proof. Assume the contrary. Then there exists a sequence of strongly pseudoconvex
domains €2; with Ccktla boundary converging to €2 in the C k1 topology and
a sequence f; € Aut(£2;) such that

Jll?;o I fillcrs gy = o°-
Then either

(1) there exists a sequence {x; € Qj : j =1,2,...} such that [D” f;(x;)| — oo
as j — oo for some multiindex y satisfying 0 < |y| < k; or

(2) there exist x;, yj € Q2 such that }Dyfj(x,') —D”fj(yj)‘/|xj- —yj|ﬂ goes to
infinity with j for some multiindex y with |y| = k.
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Suppose that (1) holds. Then, since the sequence f; converges to f in the C*°(K)
topology on every compact subset K of €2, it must be the case that lim; o0 xj =
p € 02 (taking a subsequence if necessary).

We shall arrive at the desired contradiction to (1) by means of the following
three steps:

Step 1. Adjustments. Let F; denote the same diffeomorphism of cl(£2) onto cl(£2;)
as in Definition 4.4. Set Fj(p) = pj, /j(pj) =q;, f(p) = q. Take the invertible
affine C-linear transformations 7', 7}, ¢, t; : C"* — C" such that

* Ti(pj)=T(p)=1tj(qj) =1t(q) =(0,...,0);

* the outward normal vectors to the boundaries of 7;(2;), T(£2), #;(£2;) and
t(2) at (0,...,0) are equal to (1,0, ...,0); and

* limj_,00 77 =T and limj 50 1; = 1.

Then Tj(2;) converges to 7'(£2) in the Ck+1.2 topology, and also 1j(£2) con-
verges to £(£2). Replacing therefore f and f;, respectively, by 1o f o T~! and
tjo fjoT; !, we may assume that:

e Q, Qj, Q, Q; j are bounded strongly pseudoconvex domains with Ck+1.@
boundaries such that £2; (and Q; i, respectively) converges to 2 (and to Q,
respectively) in the Cktla topology. More pre01sely, there exist a neigh-
borhood U (and U, respectively) of cl(£2) (and of cl(Q) respectively) and
dlffeomorphlsms Fj : cl(R2) — cl(2) and FJ CI(Q) — cl(Qj) such that
F;j(0) = F (0) = 0 and the maps Fj, F 1 F and F converge to the

identity map in the C*¥ 1% sense.

* p,pj=po Fj_l, P, pj =po Fj_l are defining functions of 2, Q;, SA2, ﬁj,
respectively, such that || o — pj[lcx+1.8() — 0 and || p— p; ||Ck+1sﬁ(0) — 0 as
j — oo and

(9 dp _ (9pj Ipj
(1,0,...,0) = (_821 (0)""’_azn (0)) = (—821 (0)""’_azn (0))

_ (9 b ) _ (9P 9p;

— (821 0),..., 7 (0)) = (821 0),..., 3 (0)).

e There exist biholomorphisms f; : Q2; — Q i, 12— Qanda sequence X; € §2;
converging to 0 € 92 as j — oo such that f; converges to f* uniformly on
every compact subset K of 2 while |De Ji(xj)| = oo as j — oo for some
multiindex £ with 1 < |£| <k.
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Step 2. Simultaneous convexification. This step is directly from [Fornaess 1976].
To the expansion of p at 0,

p(z) =2Rez; +Rez

0 3 Z i (O)Z,z, +o(lz1%),

apply the local biholomorphic change Y = (w1, ws, ..., wy,) of holomorphic coor-
dinate system at the origin 0 defined by

221+Z8 (O)Z,z,, i=1,

i i=2,...,n.

w;i(z) =

The new defining function (we continue to use p, as there is little danger of confu-
sion) takes the form

1 p _
p=Rew; + 5 ,Z dwr, O)w;w; + e(w),

where e(w) = o(|w|?). Note that Y () is strictly convex in a small neighborhood
of 0. Furthermore, there exists a positive integer N such that Y (U’ N ;) is strictly
convex for any j > N. Let p; denote 5; o Y, where f;is strictly convex on V' N €;
for all j > N. Set

_ I P00
p(z) =Rezy + 3 IXJ: E(O)Zﬂj +0(2).

There exists a positive constant R sufficiently large so that the real Hessian forms
of p(z) —|z|*/(2R) —Re z; and pj(z) — |z|*/(2R) — Re z; are positive definite at
every z € V/. Choose h € C*°(R) such that

h(x)=0 if x>1,
0<h(x)<1 if 0<x<I,
hix)=1 if x <0.

Taking a larger value for N if necessary, we may have that the real Hessian forms of

Rezl—i-E%——h 1zl =n ﬁ(z)—E—Rezl
2R "N\ 2R

2 z ZZ
Rezl—i-l-i-ﬁh(' |n ")( ()—%—Rezl)

are both positive definite real Hessian at every point of Vg :={z € C” |zZ| <8}eV’
whenever 7 satisfies 0 < 7 <% Take n > 0 such that 22V +2y <3 8 and set
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N
22 1 Z |21 —2%"n =
‘L’(Z) RCZ] 2R +N h W ( ) ——Rezl

N
ElR Z 222"\ ( |2
T]’(Z)=RCZI+ R +ﬁ h W ,Oj(Z)—ﬁ—ReZl .

We further let C = {z € C" :7(z) <0}, C; ={z € C" : 7j(z) < 0} and U" =
w1V /3). Then C, C; are bounded strictly convex domains such that the re-
stricted mappings

T|U//QQ:U”ﬂQ—>V5/3ﬂC and T|U//anZU”ﬂQj—>V5/3ﬂCj

are biholomorphisms, and 7; converges to 7 in the C k+1.8 norm, for every f3,
0<B<a.

Apply the same process to Q and to j at 0. Denote by C.C; ' the respective
strictly convex domains with defining functions 7, 7; and WUV produced by
the same procedures.

Step 3. Estimates. Let w € C NV’ N (ﬂ;i1 C;) be a point that admits an extremal
map e : cl(A) — cl(C) satisfying

e(0)=w, e(1)=0, and e(cl(A)) Ccl(C)NV".

Let ¢/(0) = pv where |v| = 1. Let L : cI(B") — cl(C) (L;j : cl(B") — cl(C)),
respectively) be the Lempert representative map of C (Cj, respectively) at w. By
Proposition 4.2, there exists a € > 0 such that lim; o | Lj — L| cr.8 @y = 0
for any § with 0 < 8 <. Let I be a closed cone containing v in cl(B") so that
L(T') Ccl(C)NVs/3and L;(I") Ccl(Cj) N Vs forall j > N. Let

T =¢ fO=C f©0=5 TO=a, TE) =a

and let L : cl(B") — cl(@ ) and L j (@) — cl(é i), respectively, denote the
Lempert representative map of C at the point @ and the Lempert representative
map of C; at the point &;.

Cons1der now the composite maps L'oYo foX oL :T — B" and
fj_ oYo fioY 'oL;:T — B". Denoteby h:cl(D) — cl(C) the extremal
map satisfying /(0) = w, h’'(0) = A¢, for some A > 0, and by h=7To foX loh:
cl(D) — cl(é) the extremal map satisfying

cﬂ?ofoT—UMQ)
[d(Yo foX= ()|

for some A. Since C is strictly convex and f extends to cl(2) as a CX¥ diffeo-
morphism for all y < «, we have

hO)=a, h(0)=2xr[l
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A~ ~ Ao o -1
(MMW’ftv>u@»:foWﬂoun

wloL -
|[d(Wo foW=1]4(0)]

By the same reasoning we also have

WﬂozCﬂﬂﬁbﬁOW“UMG)
’ [d(W o fjoW=u ()]

)zﬁoW”o@@y

Considering the left-hand sides of the preceding identities, for any 8,0 < 8 < «,
we obtain

lim || foW™ oL fjoW ™oLl cuar, =0,
J—>00
where I'e = '\ {z € I : |z] < &}. Therefore
lim | foX oL~ foF; oY oLjlcksr,
j—o0
= lim | foF oY o Lj— fjo Y o Lj|crsr,)-
Jj—00 e

Hence
IfoX oL —foF; oY oLjlcks,
SIN o L—F oY o Ljllchsr,
SIY oL =T o Ljlcrary + 1T o Lj = F oY o Ljllcrar,)
SIL—=Ljlicksay + 1Gd—F7 )Y o Lllcrs(r,) — 0 as j — oo.
On the other hand, by the proof argument of Lemma 4.5, we have
|l fo Fj_1 oY ! oLj—fjo ! oLjllck.a(r,)
= = fioFpoF oY o Lillcknr, & I/ = fi o Ellcrs(o)

on a sufficiently small neighborhood o of p. This contradicts (1).
To complete the proof let us now suppose that (2) holds. If |x; — yj| > « for
some positive constant «, then

|DY fj(xj) = DY fi(yj)l _2C
< —_—
|xj — ;P Kb

holds for some constant C'. Without loss of generality, we may assume that x; —
p €0 and |x; — yj| < k. Suppose that there exist sequences x;, y; € 2; and a
positive constant v such that x; — 0 € Q2 as j — oo and |xj — yj| < v so that

|DYf;(x;) — D*f; ()]
Ixj — vjlP
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as j — oo for some multiindex £ where |£| = k. Repeating Steps 1, 2 and 3 above,
we again arrive at a contradiction. Hence the proof of Lemma 4.7 is complete. [J

Proof of Theorem 4.3. Throughout the proof, we shall take subsequences from the
{ /j} several times. But we denote them by the same notation fj, since there is little
danger of any confusion.

By Cauchy estimates and the standard normal family theorem, for any compact
subset K of 2 we have

lim || fj = fllex.sx) = 0.
j—o0

Denote by K, = {z € Q| dist(d2, z) > n}. Then there exist N > 0 and n > 0 such
that F;(K) € K, € Q forall j > N. So

/i o Fj— flleksxy = N fjo Fj— filleksxy + 1S — fllcksxy =0

as j — oo for all 8 < « by the proof of Lemma 4.6.
Let A > 0. For x € cl(R2) — K¢, there exists y € K¢ such that |x — y| < €. By
Lemma 4.7, we have

|D!(fj0F)(x)=D'f(x)| < | D' (fj0 Fj)(x)— D' (fjo Fy)(»)|

+|D!(fj0 F))(») = D' f(»)|+|D'f(»)—-D'f ()]
< 2|x—y|ﬁ—|—e <2ePte.

Since

sup |DY(fjoFj)(x)—D'f (x)]

xecl(Q)

0<|¢|<k

fmax{ sup |DY(fjoFj)(x)—D'f(x)|,  sup ID‘(fjoF;)(X)—D‘f(x)l},
xeK. xecl(Q)\Ke
0<|{|<k 0<|{|<k

there exist N > 0 and € such that, for all j > N,

sup | DE(fjo Fj)(x)— DS (x)] < A.
xecl(RQ)
o<|l|<k

DA F) () =D () =D ([0 FW+ DS Wy

Let §¢(x, ) := )P

(1) sup  §g(x,y) = max( sup  Sg(x, ), sup  Jy(x, y))-
x,y€cl(2) x€cl(R2) x,y€cl(Q)\ K
|¢l=k yeKe,|t|=k le|=FK
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Consider the first supremum in the right-hand side of (1). For x € c1(2), y € K,
there exists z € K¢ such that dist(K¢, x) = |x — z|. Therefore we see that

|DY(f; 0 Fj)(x) — D*f(x) — D*(fj 0 Fj)(z) + D*f (2))|

Sg(x,y) <

|x —y|P
N |DY(f; 0 Fj)(z) — D'f () — Dg(ﬁ o Fj)(») + D'/ ()|
|x —y|

S 8g(x.2) +8¢(2, p),

because |[x — y| > |x —z|and |y —z| < |y — x| + |x — z| < 2|x — y|. Notice now
that, for p satisfying 4+ u < o, we have that §y(x,z) < |x —z|* < €. So

sup Se(x,y) <A
xecl(), yeK,

[€]=k

for any j > N. (For this last, one may need to adjust the sizes of N and €.)
Consider now the second supremum in the right-hand side of (1). Let x, y €

cl(Q)— K. If |[x — y| <e, then for p satisfying B+ u <o, §¢(x, y) S [x—y|* < et
If |[x — y| > ¢, let z be a point in K, satisfying |x — z| = dist(K¢, x). Then
Sp(x,y) S6p(x,z)+68¢(z, ), since |[x —z| <e < |x—y|and |y —z| < 2|x — y|.
So

sup 81 (x,y) <A.

x,yecl(@)\Ke
€=k

Since A > 0 is arbitrary, we see that

lim  sup Gp(x,y)=0
J =0 x yecl(RQ)
L=k

for any B < «. This completes the proof of Theorem 4.3. O

5. Conjugation by diffeomorphism

For isometries of compact Riemannian manifolds, semicontinuity involves not just
that nearby metrics have isometry groups which are isomorphic to subgroups of
the unperturbed metric, but that the isomorphisms are obtainable via conjugation
by diffeomorphism (cf. [Ebin 1968; Guillemin et al. 2002]). This conjugation by
diffeomorphism actually applies in the case of bounded C*° strongly pseudoconvex
domains as well; see, e.g., [Greene and Krantz 1982b; Greene et al. 2011]. Naturally,
the C® hypothesis used in these references is, as usually happens, replaceable by
a finite differentiability hypotheses simply by tracing through the arguments and
checking how many derivatives are needed.
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In this section, the subject will be investigated of the finite differentiability version
of the conjugation by diffeomorphism results already shown in the references
indicated in the C°° case. These results are of active interest because, by this
time, quite precise results are known about extension to the boundary with finite
smoothness of automorphisms of bounded strongly pseudoconvex domains with
boundaries of finite smoothness. In particular, the results of the previous sections
give motivation to study the issues discussed in the present section.

In the C* version presented in [Greene and Krantz 1982a] and [Greene et al.
2011], the basic technique was to pass to the double in the topologist’s sense of
the domain, thus creating a situation to which the compact manifold results could
be applied. This technique can still be applied in the present case. The difference
is that we need now to keep track of how many derivatives are lost in the passage
to the double. For the manifold with boundary itself, no derivatives are lost. It
is shown in [Munkres 1963] that a C k manifold with boundary, k > 1, hasa C k
double that is unique up to C k diffeomorphism.

In our case Theorem 4.3 allows us to have the C¥¢ metric double for every
k > 2 and any 0 < o < 1. But, the need to make the group act on the double
requires that the doubling construction be invariant under the group, which actually
needs k > 4. And this will turn out to reduce the guaranteed differentiability of the
conjugating diffeomorphism.

To facilitate the discussion, we introduce a definition (similar to one given in
Section 2) of the sense in which a sequence of groups of diffeomorphisms might
converge to a limit group:

Suppose that M is a compact C k manifold with boundary, k a positive integer.
Suppose that Gq is a compact Lie group of C k diffeomorphisms of M and that
moreover Gj, j = 1,2,... are a sequence of compact Lie groups of C k diffeo-
morphisms. Then we say that the sequence G converges to Gy in the C k sense
if for each € > 0 there is a number jj such that, if j > j, and g € Gj, then there
is an element g¢ € G such that the distance from g to g is less than €. Here the
distance means relative to any metric on the set of C*¥ mappings which gives the
usual C¥ topology on C¥ maps from M to M.

In these terms, we can now formulate the general real-differentiable result we
shall use in the complex case:

Theorem 5.1. Suppose that M is a compact C" manifold with boundary and that
r > 2 is an integer, that G is a compact Lie group of C" diffeomorphisms of M,
and that Gj, j = 1,2, ..., is a sequence of compact groups of C" diffeomorphisms
which converge in the C" sense to Go. Then, for all j sufficiently large, there is
a C"2 diffeomorphism Fj of M 1o itself such that Fj o Gj o Fj_1 is a subgroup
of Gy, i.e., Fj conjugates the elements of G; into elements of G.
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The proof of this theorem follows almost precisely the pattern of the proof of
Theorem 0.1 in [Greene and Krantz 1982a] (cf. [Greene et al. 2011, Theorem 4.4.1]).
The only difference is that we must here keep some track of the number of derivatives
involved: Ebin’s theorem concerned the C®° case so that loss of a derivative or two
or indeed of any finite number was irrelevant. This is why we need the results of
Section 4.

Discussion of the proof of Theorem 5.1. As in Section 2, the essential method is to
pass to the double of M and extend the action of the groups to the double. Then
one can use Ebin’s result in the form presented in [Guillemin et al. 2002], where
only C'! is required for the closeness of the group actions. But here we have to keep
track of degrees of differentiability as opposed to the C*° situation of Section 2.

The most natural way to form the equivariant double is via metric construction
as already explained in Section 2 (cf. [Greene and Krantz 1982a]). As before one
takes a metric g on the manifold with boundary that is invariant under the group G.
Then one defines charts in neighborhoods of boundary points p using the normal
field to the boundary. Specifically, let N(g) be the g-metric normal to the tangent
space to the boundary dM at the point ¢ in M. Then one defines charts in a
neighborhood of points p in the boundary as follows: map dM x (—€,€) — M by
(q.1) —exp, (1N (q)), where exp is the geodesic exponential map of the Riemannian
metric g and N (q) is the inward pointing normal at ¢. Choosing a chart around p
in dM then gives a chart in a neighborhood of p in the double of M if we interpret
expy (1N (¢)) to be in the second copy of M when 7 < 0.

In terms of derivative loss, the choice of the normal vector N loses one derivative,
since it is an algebraic process using g and the tangent space of the boundary and
the latter is not C* but C*~!. But an additional loss of derivative, so that two
derivatives are lost, occurs because the exponential map is defined by the geodesic
equation and that equation involves the Christoffel symbols, which involve the first
derivative of the metric g. And the metric g has already lost one derivative in the
averaging over the action of the group G.

Thus one obtains a G-equivariant construction of the double M of M and by
construction the action of G on M extends to be an action of G on M. This
extended group action is C" 2. Associate to the group G a group G defined to
be G @ Z,. Then G acts on M in a natural way. Namely, we label the elements
of M by (m,a) where m € M and a € {0, 1} with 0 corresponding to the original
of M and 1 corresponding to the second copy of M. Then we let (g, b) acting on
(m,a) be

(g(m),a+D),

where the addition a + b is in Z,. For example (idg, 1) acts on M as the “flip”
map that interchanges the two copies of M.
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Note that the fixed point set of (idg, 1) is exactly dM . And, for any element
g € G, the fixed point set of (g, 1) is contained in dM, though it need not be all
of it, and can indeed be empty if the action of g on dM has no fixed point. These
observations will be important later.

Now we turn to the explicit situation of Theorem 5.1. We choose a sequence of
Gj-invariant C” ~! metrics on M, which can clearly be taken to converge in the
C"~! sense to a Go-invariant C"~! metric on M. Passing to the double M gives
a sequence of Gj '/ group actions on M. We can form a sequence of Gj '/ invariant
metrics by combining, via a partition of unity, a product metric structure near the
boundary with the Gj-invariant metric on the interior of M. Namely, as similar
to before, let £ be the exponential map of the metric g;, j =0,1,2,..., acting
on the normal bundle of the boundary oM of M in M to give maps also to be
denoted by Ej : M x (—a,a) — M of the boundary dM of M producted with
an open interval (—a, a) into M. The size of a can, by the C"~2 convergence of
the £ to Ey, be chosen uniformly so that these E; are diffeomorphisms onto their
images in M, which themselves converge in the C” 2 sense to the limit C" 2
diffeomorphism Ej.

Via this diffeomorphism, we transfer the product metrics on dM X [0, €), namely
Hj x dt?, to the associated tubular neighborhoods of dM in M. This transfer
gives a Gj -invariant metric for each j and these metrics s converge C"2 to the
limit G-invariant metric. Now we can combine, using a Gj j-equivariant partition
of unity, these product metrics with the G;-invariant metric g; on M to obtain a
Gj j-invariant metric on M , to be denoted & gj. This metricis C"~ 2. Andit converges
in the C”~2 topology to the corresponding GO invariant metric go on M. (The
Gj-equivariant partition of unity is obtained by taking the partition of unity function
to depend on ¢ alone, ¢ as above).

Now we can apply Ebin’s theorem, in the form given in [Guillemin et al. 2002]
and [Kim 1987], for the C”~2 case to  get C’~? diffeomorphisms F; : IE M — M
which conjugate Gj 7 into a subgroup of GO (Here we are reasoning as follows: there
is a diffeomorphism that conjugates Isom(g;) into a subgroup of Isom(go) and
hence conjugates G ; into a subgroup of Isom(gy) and these diffeomorphisms can
be taken to converge to the identity map. So the image of G 7 under this conjugation
is close to G for large j in the sense of C"~2 convergence. By the classical
theorem of [Montgomery and Samelson 1943], this conjugation image is in fact
itself conjugate in Isom(gy) to a subgroup of G by an element close to the identity.
(See, e.g., [Greene et al. 2011, Chapter 4], for more detail.)

Now we need to know that in fact the conjugation image of G; lies in Gy, not
just in 60. For this, we need only show that the diffeomorphism that is conjugating
takes dM to itself. This can be deduced as follows: let us denote by Fix(y) the
fixed point set of ¥. Then conjugation takes fixed points to fixed points in the



392 ROBERT E. GREENE, KANG-TAE KIM, STEVEN G. KRANTZ AND AERYEONG SEO

sense that Fix(f oy o f~1) = f(Fix()). Now consider the case of ¥ equal to
the flip map which interchanges the two copies of M in M . When f is close to the
identity, / o o ! has to belong to the part of the group that interchanges the
two components. So its fixed point set cannot be larger than dM . Thus f(dM) lies
in dM and hence equals dM (since f is a diffeomorphism of dM onto its image).

This completes the proof of the theorem. O

Note that these considerations of fixed points of the interchange map did not
arise in Section 2, since we were concerned there only with isomorphism, not with
the existence of a conjugating diffeomorphism of the manifolds with boundary.

The application to the strongly pseudoconvex case now follows:

Theorem 5.2. Let Qo be a bounded strongly pseudoconvex domain with a C**
boundary in C", not biholomorphic to the unit ball. Then there is a C k.o neighbor-
hood N of Q2 such that, for any Q € N, there is a C¥=3 diffeomorphism f:Q—=>Q
with the property that f o Aut(Q)o f~1 C Aut(Qo).

Theorem 5.2 is derived from Theorem 5.1 by exactly the arguments of [Greene
and Krantz 1982a].

In outline, these arguments are as follows: first, the stable estimation of Bergman
metric curvature (Theorem 3.1) in Section 3 guarantees that, if {$2;} is a sequence
of domains converging in C ko o Qo (k > 4) with ¢ not biholomorphic to
the ball, and if pg € Qo, then there is a 6, > 0 such that the distance ¢;(po) to
C" —Q;j is at least §,, for all ¢; € Aut(2;) for all j sufficiently large. This in turn
makes possible the application of normal families arguments to show that for every
sequence ¢; € Aut(£2;), there is a subsequence {¢;, } which converges uniformly
on compact subsets (of (). The uniformity of boundary behavior established
in Section 4 then implies that this subsequence converges uniformly in the C*—3
topology on the closure of the domains, where comparison over different domains
is via fixed diffeomorphisms of 2; — €2; for each j, these converging in the C k
topology to the identity. Thus one passes to the situation of Theorem 5.1. For
further details, the reader can consult [Greene and Krantz 1982a].

6. Concluding remarks

Semicontinuity of symmetry in the general sense is an idea with deep roots in
intuition to the point that it arguably predates formal mathematical thought altogether.
In precise form, when all the symmetry groups belong to one fixed (compact) Lie
group, it was given definitive formulation in the result of [Montgomery and Samelson
1943]. The situation for isometry groups and automorphism groups is made more
delicate because a priori not all the groups are even isomorphic to subgroups of
any fixed Lie group. In [Greene and Krantz 1985], ways of dealing with this issue
in the automorphism group case were introduced. The results obtained turned
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out to have some interesting applications, e.g., they played a role in [Bedford and
Dadok 1987]. One of the main points of the first part of this paper was that, on
account of normal families considerations, in fact this difficulty of the groups not
belonging a priori to a fixed larger group is obviated in very general situations.
All that is needed is that the groups keep some fixed compact set in the domain
(or manifold) within another fixed compact set: this is in effect the stably interior
property introduced in Section 2. The remainder of the paper describes how this
condition can be guaranteed in the case of C? strongly pseudoconvex domains.
In view of the great generality of the stably interior property, it is natural to ask
whether some similar guarantee of the property might be available for other classes
of domains, for example, those of finite type in the sense of D’ Angelo. This would
seem to be a potentially fruitful topic for further investigation.
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KLEIN FOUR-SUBGROUPS OF
LIE ALGEBRA AUTOMORPHISMS

JING-SONG HUANG AND JUN YU

We classify the Klein four-subgroups I' of Aut(u) for each compact simple
Lie algebra uy up to conjugation, by calculating the symmetric subgroups
Aut(uy)? and their involution classes. This leads to a new approach to the
classification of semisimple symmetric pairs and 7, x Z,-symmetric spaces.
We also determine the fixed point subgroups Aut(i)T.

1. Introduction

Riemannian symmetric pairs were classified by Elie Cartan (see [Carter 1993],
for example) and the more general semisimple symmetric pairs were classified by
Marcel Berger [1957]. The algebraic structure of semisimple symmetric spaces
is even more interesting for geometric and analytic reasons. Some of the recent
works are Oshima and Sekiguchi’s classification [1984] of reduced root systems
and Helminck’s classification [1988] for algebraic groups. Most recently some new
approaches to the classification and the parametrization of semisimple symmetric
pairs were given in [Huang 2002] by using admissible quadruplets and in [Chuah
and Huang 2010] by using double Vogan diagrams.

In this paper we study semisimple symmetric spaces from a different point of
view — by determining the Klein four-subgroups in Lie algebra automorphisms.
Let ug be a compact simple Lie algebra and g be its complexification. Denote
by Aut(uy) the automorphism group of . For any involution 6 in Aut(uyg), we
first determine the centralizer Aut(ug)? of #, which is a symmetric subgroup. By
understanding the conjugacy classes of involutions in Aut(ug)?, we proceed to
classify Klein four-subgroups I'" of Aut(ug) up to conjugation. This gives a new
approach to the classification of commuting pairs of involutive automorphisms
of up or g. We note that the ordered commuting pairs of involutions correspond to

The research work described in this paper was partially supported by a Research Grant from Research
Grant Council of HKSAR, China; the second author’s current work is supported by a grant from SNF
(Schweizerischer Nationalfonds). Finally, we would like to thank the anonymous referee for his/her
careful reading and helpful comments.

MSC2010: primary 20E45; secondary 53C35.

Keywords: automorphism group, involution, symmetric subgroup, Klein four-group, involution type.
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Berger’s classification of semisimple symmetric pairs.

If " is a finite abelian subgroup of the automorphism group of a Lie group G,
then the homogeneous space G/H is called a ['-symmetric space provided that
(G")o € H € GT; see [Lutz 1981]. In the case of I' = Z this is a symmetric space
and in the case of I' = Z it is the k-symmetric space studied in [Wolf and Gray
1968]. In the case of I' = Z, x Z5 it is the Klein four-group; Z, x Z,-symmetric
spaces were studied in [Bahturin and Goze 2008; Kollross 2009]. This paper
contains a complete list of all Z, x Z,-symmetric pairs and our method is very
different from theirs. Finally, we determine the fixed point subgroups Aut(ug)".

2. Preliminaries

2A. Complex semisimple Lie algebras and Dynkin diagrams. Let g be a com-
plex semisimple Lie algebra and b a Cartan subalgebra. Then g has a root-space
decomposition
g=bho ( D ga),
acA

where A = A(g, ) is the root system of g and g, is the root space of the root o € A.
Let B be the Killing form on g. It is a nondegenerate symmetric form. The restriction
of B to b is also nondegenerate. For any A € h*, let H,, € b be determined by

B(H,, H) = A(H) forall H eb.

For any A, u € b*, define (A, u) :== B(Hy, H,).
For any root o, we have

(D Hy €h.

Define

) H = LH
“ a(Hy) o

which is called a coroot; let

(3) 0# Xy € g
be any nonzero vector (recall that dim g, = 1), which is called a root vector of the
root . The notation H,, H,,, X, will be used frequently in this paper.
Note that, for any «, 8 € A,
(a, B) = B(Hy, Hp) = B(Hy) = a(Hp) €R,
(a, ) = B(Hy, Hy) = a(Hy) # 0,

and 2(a, B)/(B. B) € Z. We also note that spang{c | @ € A} C bh* is a real vector
space of dimension equal to » = rank g = dimc b; see [Knapp 2002, pp. 140-162].
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We set Aq,p = 2(e, B)/(B. B) = a(H}). Then

[H,, Xgl=B(H)Xp = %xﬂ = ApaXp.

Choose a lexicography order of spang{a | @ € A} to get a positive system A™
and a simple system IT. Let

(4) H={Ol1,0(2,...,ar}.
For brevity, we write
(5) Hlv Hl/

instead of Hy,, HO’[I, for a simple root «;.

Draw A, gAg o edges to connect any two distinct simple roots « and 8, and
draw an arrow from « to 8 if (o, o) > (B, B); this gives us a graph. This graph is
connected if and only if g is a simple Lie algebra; in this case it is called the Dynkin
diagram of g. In this paper, we always follow Bourbaki numbering to order the
simple roots; see [Bourbaki 2002, pp. 265-300]. The following are all the possible
(connected) Dynkin diagrams.'

o] 2% Op—1 oy
B, O O —0
o] (%) o3 Op—1 oy
C, O O O<=0
al o) as Op—] on
O
D O Q/%1—1
()
" o an o3 Qp-3 Ofn—N
(@)
Ap
O O O
E6 o] o3 oy o5 o6
O«
O O O
3} a3 o4 o5 (673 a7
E;
O
O O O
Eg al o3 oy o5 (o7 o7 og
O«
F4 O—0O=—=>0—"70
o] o2 o3 oy
G, O0=0
ap o

I These diagrams are drawn by using a Latex package of Professor Jiu-Kang Yu. We are grateful to
him for the kind permission to use this package.
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Let Aut(g) be the group of all complex linear automorphisms of g and Int(g) be
the subgroup of inner automorphisms. We define

Out(g) := Aut(g)/ Int(g).

The exponential map exp : g — Aut(g) is given by
exp(X) =exp(ad(X)) forall X € g=Lie(Aut(g)).

2B. A compact real form. One can normalize the root vectors {X,, X_,} so that
B(Xo, X_4) =2/a(Hy). Then [Xy, X_o] = H,,. Moreover, one can normalize
{X4} appropriately, such that

(6) Uy = spanp{Xey — X, i(Xg+X_o), iHy:0 € AT}
is a compact real form of g [Knapp 2002, pp. 348-354]. Define
O(X+iY):=X—iY forall X,Y eu.

Then 6 is a Cartan involution of g (as a real semisimple Lie algebra) and ug = 99 is
a maximal compact subalgebra of g. Any other compact real form of g is conjugate
to ug. Below, whenever we discuss a compact real form of g, we always use this
compact real form ug in (6).

Let Aut(up) be the group of automorphisms of 1y and Int(utg) be the subgroup of
inner automorphisms. Any automorphism of ugy extends uniquely to a holomorphic
automorphism of g, so Aut(ug) C Aut(g). Similarly, Int(uy) C Int(g). Define

O(f):=0f6"" forall f e Aut(g).

Then it is a Cartan involution of Aut(g) with differential 8. It follows that Aut(ug) =
Aut(g)® and Int(up) =Int(g)® are maximal compact subgroups of Aut(g) and Int(g),
respectively. We also have

Out(ug) := Aut(ug)/ Int(ug) = Out(g) = Aut(I),

where Aut(IT) is the symmetry group of the graph IT consisting of permutations of
vertices preserving the multiples of edges and directions of arrows.

2C. Notation. We denote by ¢¢ the compact simple Lie algebra of type E¢. Let
Eg be the connected and simply connected Lie group with Lie algebra ¢g. Let
¢6(C) and E¢(C) denote their complexifications. Similar notation will be used for
other types.

Let Z(G) and 3(g) denote the center of a group G and a Lie algebra g, respectively,
and G¢ denote the connected component of G containing identity element. For Lie
groups H C G, let Zg(H) denote the centralizer of H in G, and for Lie algebras
b C g, let Z4(bh) denote the centralizer of h in g. Let Ng(H) denote the normalizer
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of H in G. For any two elements x, y € G, we write x ~ y to mean x, y are
conjugate in G, that is, y = gxg~! for some g € G and x ~y y to mean y = gxg ™~
for some g € H.

In the case of G = Eg or E7, let ¢ denote a nontrivial element in Z(G).

In the case of uy = e7, let
, H)+H.+ H,
0 2

€ie7 Ce7(C).
Let Pin(n) (Spin(n)) be the Pin (Spin) group in degree n. Write
c=ejey---e, € Pin(n).

Then c is in Spin(n) if and only if n is even; in this case ¢ € Z(Spin(n)). If n is
odd, then Spin(n) has a spinor module M of dimension 2*~1/2_Tf n is even, then
Spin(n) has two spinor modules M, M_ of dimension 2"~2/2 We distinguish
My and M_ by requiring that ¢ acts on M, as the identity when 4 |n and as
multiplication by —i when 4 | n — 2 (and thus ¢ acts on M_ as multiplication by
—1 and i, respectively, in the same two cases).

We define the matrices

(0 I, (-1, 0
(55 (D)

1, 0 0 0 01, 0 0
oo oo ;|10 o0
X 0o 0-1,0] =0 o o 1|
0 0 0 I, 0 0 —I, 0

0 0 0 I,

0 0 —I, 0

K 01, 0 0"

-1, 0 0 0

and the groups
Zm =My | A= 1},

Z' ={(e1, €2, €3, €4) | € = £1, €1€26364 = 1},

—1, 0 00\ (-1, 0 0 0
- _<0—1q00 0 I, 0 0
rars=\l o o ol | o o=z o0

0 0 01 00 0 I
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3. Involutions

The classical compact simple Lie algebras are as follows. For F = R, C, H, let
M, (F) be the set of n x n matrices with entries in F', and

so(n) ={X € M,(R) | X + X' =0},
su(n) ={X € M,(C) | X+ X* =0, tr X =0},
sp(n) = (X € M,(H) | X + X* =0}.

Then {su(n):n >3}, {so2n+1):n> 1}, {sp(n) : n > 3}, {so(2n) : n > 4} represent
all isomorphism classes of compact classical simple Lie algebras.

Let ug be a compact simple Lie algebra and g = (1p) ® C be its complexification.
Note that the conjugacy classes of involutions in Aut(ity) are in one-to-one corre-
spondence with isomorphism classes of noncompact real forms of g, and are also
in one-to-one correspondence with isomorphism classes of irreducible Riemannian
symmetric pairs (i, €9) of compact type or (go, €9) of noncompact type; see [Huang
2002; Helminck 1988] and references therein. One direction of this correspondence
is as follows: let 8 be an involutive automorphism of a compact real simple Lie
algebra uy, and extend it to a holomorphic automorphism of g. Let £y C uy and
ipo C up (so po C iug) be the +1, —1 eigenspaces of 8 on 1, respectively. Let

go="%yDpo

(this is also the Cartan decomposition of gg). Then go is a real simple Lie algebra
(that is, a real form of g), (up, £g) is a Riemannian symmetric pair of compact
type and (go, £o) is a Riemannian symmetric pair of noncompact type. The other
direction of this correspondence needs a sophisticated argument.

These objects were classified by Elie Cartan in 1926. We list this classification
here. Our presentation below is mainly from [Knapp 2002, pp. 408-426; Helgason
2001, pp. 515-518]. In each case, we also define a specific involution in each
conjugacy class of involutions in Aut(ug), which corresponds to a real simple Lie
algebra or symmetric space. In the exceptional simple Lie algebras case, these
involutions are labeled as o1, 07, 03, 04, 0 and T = o3 (this is used only in the E¢
case). We will use this notation for involutions frequently in the rest of this paper.

The notation AI-G is Cartan notation and the notation eg 5, etc., is Helgason
notation (with a little difference). For a real simple Lie algebra gy with a Cartan
decomposition go = £y @ po and whose complexified Lie algebra g is an exceptional
simple Lie algebra, Helgason [2001, pp. 517-518] made an interesting observation:
the isomorphism type of go is distinguished by the type of g (or its compact real
form up) and the integer dim £y —dim po. For example, the notation e, _» (written by
Helgason as eg(2), as he used the integer dim po —dim &) instead) means the compact
real form of the complexified Lie algebra has type ¢5 and dim €y — dim py = —2.
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The elements (coroots) H/ are defined in (2) and (5).

i) Type A. For uy = su(n), n > 3, {Ad(I,,,—p) | 1 < p < n/2} (type AIID),
{t = complex conjugation} (type Al), {t o Ad(J,,2)}} (type AII) represent all
conjugacy classes of involutions in Aut(uy). The corresponding real forms are
su(p,n— p), sl(n, R), sl(%2, H).

ii) Type B. For ug =s0(2n+ 1), n > 1, {Ad({, 2041-p) | 1 < p < n} (type BI)
represent all conjugacy classes of involutions in Aut(ug). The corresponding real
forms are so(p,2n+ 1 — p).

iii) Type C. For ug = sp(n),n > 3, {Ad(I,,—p) | 1 < p <n/2} (type CII) and
{Ad(il)} (type CI) represent all conjugacy classes of involutions in Aut(itg). The
corresponding real forms are sp(p, n — p), sp(n, R).

iv) Type D. For uy = s0(2n),n > 4, {Ad(I, 2,—p) | 1 < p < n} (type DI) and
{Ad(J,)} (type DIII) represent all conjugacy classes of involutions in Aut(uy). The
corresponding real forms are so(p, 2n — p), s0*(2n, R).?

v) Type E¢. For uy = ¢, let v be a specific diagram involution defined by

T(Hal) = Ha(,» T(HOIG) = Hoq’ T(Ha3) = HaS,
T(Hozs) == Ha_g» T(Haz) - Hazv T(Hou) - Ha4’
T(Xte) = Xtog, T(Xtog) = Xtay  T(Xtaz) = Xzass
T(X:l:as):X:I:Ot:w T(X:taz) :X:I:Olzv T(X:I:ou) :X:ta4-
Let 0 = exp(wi H}), 0o = exp(wi(H| + HY)), 03 = t, 04 = T exp(i H}). Then
o1, 03, 03, 04 represent all conjugacy classes of involutions in Aut(ug), which
correspond to Riemannian symmetric pairs of type EII, EIII, EIV, EI and the
corresponding real forms are eg _», ¢6,14, 6,26, ¢6.—6. AlsO, o1, 02 are inner auto-

morphisms and o3, 04 are outer automorphisms.
vi) Type E5. For ug = ¢7, let

o) = exp(wiHj),

H)+ H;+ H;
0y = exp(m’%),

(,%+@+w+wg
o3 =exp| mi 5 .

Then oy, 02, 03 represent all conjugacy classes of involutions in Aut(ug), which
correspond to Riemannian symmetric pairs of type EVI, EVIIL, EV and the corre-
sponding real forms are ¢7 s, ¢7.25, ¢7,_7.
vii) Type Eg. For ug = eg, let
o) =exp(wiH;), oy =exp(wi(H,+ H))).

2When n = 4, we have Ad(I ) ~ Ad(Jy), and 50(2, 6) = s0™(8).
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Then o1, o, represent all conjugacy classes of involutions in Aut(ug), which corre-
spond to Riemannian symmetric pairs of type EIX, EVIII and the corresponding
real forms are eg 24, €3 3.

viii) Type Fy4. For ug = {4, let

o) =exp(niH|), oy =exp(wiH,).

Then o1, o, represent all conjugacy classes of involutions in Aut(ug), which corre-
spond to Riemannian symmetric pairs of type FI, FII and the corresponding real
forms are f4, —4, f4’20.

ix) Type Gz. For 1y = g, let 0 = exp(;r H{), which represents the unique conju-
gacy class of involutions in Aut(iy) and corresponds to a Riemannian symmetric
pair of type G and the corresponding real form is g, _».

4. Centralizer of an automorphism

In this section we prove a property of the centralizer G* of an element x in a
complex or compact Lie group G. First, we recall a theorem of Steinberg [Carter
1993, pp. 93-95].

Proposition 4.1 (Steinberg). Let G be a connected and simply connected semisim-
ple complex (or compact) Lie group. Then the centralizer G* for any x € G
is connected.

For an element x in a group, we write o(x) for the order of x. The notation
(7 Int(g)§
in this paper always means (Int(g)?)o, not (Int(g)o)?. Similarly for
(8) Int(uo)), Aut(ug)), Aut(g)].

Proposition 4.2. Let g be a complex simple Lie algebra. Suppose that the order
of an element 6 € Aut(g) is equal to the order of the coset element 0 Int(g) in
Out(g) = Aut(g)/ Int(g), that is, 0(6) = o(0 Int(g)). Then Zing) (Int(g)g) =1
Proof. By the assumption, 6 is a diagram automorphism; this means there exists
a Cartan subalgebra t which is stable under 6 and  maps A" to itself, where
A = A(g,t) and AT is a positive system. For any o € A, let 8(X,) = aqXoa
with a, # 0.
Let k = 0(0) = 0(0 Int(g)). Then, for any o € A,

Xy =605 (X,) = ( I1 ag,-a)xgka.

0<j=<k—1

1_[ agja=1.

O0=<j=<k—1

It follows that
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Let L = Int(g)g, s=t,T= exp(adt) and S = exp(ads). It is clear that S C L.

We first show that Zyyg)(S) = T. It is clear that t C Zy(s). Suppose that
Xy € Zy(s) for some o« € A*. Since 6% = 1, we have Yo<j<k 10/ (H) et =5
for any H € t. Then [ZOS].S,(_I 0/ (H), Xa] =0.

For any j, we have

[67H., Xo] =67 (1H, 6"/ X,]) = 6/ (( [1 aefa) (0" Ty H) - Xek,-a)

0<i<k—j—1

=< 1 agfa>-((9k_ja)H)-( I1 agk,-+,-a)xa

O<i<k—j-1 O<i<j-1

=< I1 aez-a)-((9"—fa>H>-Xa=<<e’<—f'a)H>-Xa.
0<i<k-—1

Hence 0 = [ZOS].S,HI 0/ (H), Xa] = ((Zosjskfl Gk_ja)H) - Xo. This implies

Z 6/a =0,

0<j<k—1

which contradicts that all 8/« are positive roots. So Z4(s5) = t. Since Zyyg)(S)
is connected (by Corollary 4.51 of [Knapp 2002, p. 260], which also applies to
complex semisimple groups), Zing)(S) =T.

Now we show that Zyng) (L) = 1. Suppose that 1 # T € Zyq) (L). By the above,
we have Ziy(g) (L) C Zinyg) (S) =T, then T = exp(ad H) for some H € t. For any
@ €A, Yook 0/ (Xa) € g? (since 6F =1), s0

> ef'(Xa):r( > ef(Xo»): Yt Xa)= Y e POHoi(X,).

0<j<k—1 0<j<k-1 0<j=<k-1 0<j=<k-1
Since each 6/ (X,) is of the form 6/ (X,) = bjXyiq for some b; # 1, the last
equality implies 7(X,) = X, if {#/a, 0 < j < k — 1} are distinct.

Claim 4.3. Those a € A with roots in {§/a,0 < j < k — 1} pairwise different
generate A (as a root system,).

Since 7(X,) = X, when the elements 6/« are distinct for 0 < j<k-—1,by
Claim 4.3, we have t(X,) = X, for any « € A. Hence v = 1, which is to say,

Zin (Int(g)g) = 1. O
Proof of Claim 4.3. Note that & maps A™ to itself, so it maps the simple system
IM={a,...,qa} toitself. We have four cases to consider, that is, A = A,, (n > 2),

D, (n = 4), Eg and 6 is an automorphism of order 2, or A = D4 and 6 is an
automorphism of order 3. We give the proof when A = A, (n > 1) and 0(0) = 2.
The proof for other cases is similar.
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When A=Ay, (n>1)and 0(0) =2, we have 0(«;) = oo +1—; and 8 (a2 4+1—i) =
o; forany i, 1 <i <n.For1<i<n,let

Bi=> o and Bl= > amy.

l<j=i I<j<i
Then 6(£p8;) # £Bi, 0(£B)) # £ and {£p;, £B/: 1 <i <n} generate A. [

Corollary 4.4. Let ug be a compact simple Lie algebra. If 0 € Aut(uy) satisfies the
condition 0(0) = 0(6 Int(uy)), then Zlm(uo)(lnt(uo)g) =1.

Corollary 4.4 indicates that if G is a compact (simple) Lie group of adjoint type
and x is of minimal possible order among all elements in the connected component
containing it, then (G*)g is also of adjoint type and the conjugation action of any
element y € G* — (G*)g on (G")g is an outer automorphism.

5. Symmetric subgroups of Aut(1y)

Let up be a compact simple Lie algebra. For each conjugacy class of involutions in
Aut(ug), we choose a representative 6 as in Section 3 and determine the symmetric
subgroup Aut(ug)?.

When uy is a classical simple Lie algebra nonisomorphic to so(8) or ug = s0(8)
but 6 # Ad(l44), we can use matrices to represent involutions 8 and calculate
the corresponding Aut(up)?. In the case of 6 = Ad(l4.4) € Aut(so(8)), we have
6 ~ exp(miH,). Then

Int(so(8))’ = (Sp(1)*/Z") x D,

where Z' = {(¢€1, €2, €3, €4) | €, = =1, €1€2€3¢4 = 1}, and D C Sy is the (unique)
normal order four subgroup of S; with conjugation action on (Sp(1)*)/Z’ by per-
mutations. Then we observe that there exists a subgroup of Aut(so(8)) that projects
isomorphically to Aut(so(8))/ Int(so(8)) = S5 and is contained in Aut(s0(8))?. A
little more argument shows

Aut(s0(8))? = (Sp(1)*/Z') x S4.

When ug is an exceptional simple Lie algebra, we first determine the symmetric
subalgebra £y = ug and the highest weights of the isotropic space po = u, Y asa
£o-module. The results are summarized in Table 1. The coroots H/ are defined in
(2) and (5) and the involutions are defined in Section 3.

Since any element of Aut(up)? which acts trivially on both £y and pg must be
trivial, the isomorphism type of €y and its isotropic module p determine Aut(uo)g
completely. We may get Aut(uo)g in the following way. Start with a compact
connected Lie group H of the form H = A x H; with A=Z (Aut(uo)g)o a connected
torus (A = U(1)* with s = dim 3(#y)) and H, a connected and simply connected
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0 £ p
El o4 = T exp(wi Hy) sp(4) Vs
EIl o1 = exp(i H}) su(6) @ sp(1) Nt ec?
Elll o, =exp(wi(H|+H}) s0(10)®iR (M @D M_®1)
EIV 03 =T f4 Vw4
EV o3 =exp(mi(H| + H)) su(8) A'C?
EVI o1 = exp(wi Hj) s0(12) @ sp(1) M, ®C?
EVII 02 = exp(mi HY) e DiR Vo, @ DB (Vo ® 1)
EVII o, =exp(wi(H| + H})) 50(16) M,
EIX o1 = exp(wiH)) e7 ®sp(l) Vo, ® C?
FI o1 = exp(wiH)) sp(3) ®sp(l) Ve, ® C?
FII oy = exp(i H)) 50(9) M
G o =exp(wiH]) sp(1) ®sp(l) Sym?® C? ® C?

Table 1. Symmetric pairs and isotropic modules (exceptional Lie
algebras case).

compact Lie group with Lie Hy; = [#g, €] (then Lie H = ¥5 = ug). Then we have a
surjective homomorphism

. H — Aut(ug)

determined by g as a €p-module. With this construction, it is clear that Im(r) =
Aut(uo)g and ker 7 is determined by £y and its module p (as described in Table 1). By
Proposition 4.1 and Corollary 4.4, we can also determine the number of connected
components of Aut(119)?. Then we could find elements outside Aut(uo)g to generate
Aut(ug)? together with Aut(uo)g. We show the detailed argument in most cases
below. The results about the symmetric subgroups Aut(1p)? are given in the last
column of Table 2. The information about the first three columns of Table 2 is
contained in [Knapp 2002, pp. 408-426]. The fourth column is from Section 3.

5A. Type E¢. Now uy = ¢g. Consider an outer automorphism 6 = o3 or o4. By
Corollary 4.4, any element in Int(ug)? — Aut(uo)g acts on ug as an outer auto-
morphism. Note that ug = sp(4) or f4, so it has no outer automorphisms. By
Corollary 4.4, it follows that Int(ug)? = Aut(uo)g and Aut(up)? = Aut(uo)g x (60).
Moreover, Aut(uo)g is of adjoint type by Corollary 4.4.

Consider an inner automorphism 6 = o or 0. Let 8’ € Eg be an involution

which maps to 6 under the covering 7 : Es — Int(e). We have

Int(es)’ = {g € B¢ | 0'g0' 'g~' € Z(Eo)}/Z(Es),
Int(ee)) = {g € Bo | 0'g0' g~ = 1}/ Z(Es),
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Type (ug, &) rank 0 symmetric subgroup Aut(ug)?
Al (su(n),s0(n)) n—1 X (O(n)/(—1))x(0)
All (su(2n),sp(n))  n—1 J,XJ ! (Sp(n)/(—1))x(0)
Al (su(p+q),s(u(p)tu@)) p 14Xy 4 (SW(p)xU@))/ Zp+q)x(T)
p<q Ad(t) = complex conjugation
Al (su2p),s(u(p)+u(p)) p 1ppXIp, (SW(p)xU(p))/ Zop)x(T, J)p)
p=gq Ad(J,)(X,Y) = (Y, X)
p‘{"q (s0(p+4),50(p)+50(@) p LgXlny — (O(P)XO@)/{(~1,.~1))
DI (so(Zp),so(p)+so(p)) p 1, ,XI,, ((O(p)xO(p)/{(—=1p,—1,))X(J},)
p>4 Ad(J) (X, V)=, X)
DI (s0(8),50(4)+s0(4)) 4 IL14Xlyq4 ((Sp(1)")/Z')xS,4
p=4 S, acts by permutations
DIII (s0(2n),u(n)) n J,XJ! (U m) /{1 > {1y n)
Ad(1,,,) = complex conjugation
CI (sp(n),u(n)) n(iNHXGrn! U ) {£1H)={1)

Ad(jI) = complex conjugation

g GPPHDSPPIE@) P 1y XTpg  (SPPIXSP@/ (~Tp=1y)

CIl  (sp(Zp).sp(p)+sp(p)) p 1pp X1y, ((Sp(P)XSp(p)/((=1p,—1p))>(Jp)

P=q Ad(J,)(X,Y) = (Y, X)
EI (¢6, 5p(4)) 6 04 (Sp(4)/(—1))x(0)
Ell (eq, sU(6)+sp(l)) 4 of (SU(6)XSP(1)/((8%I, D, (=1,=D))x(7)
& =sp3)@sp(l)
EIII (e6, 50(10)+iR) 2 0> (Spin(10)x U (1)/{(c,i)))»(T)
£, =5009)
EIV (¢6, 4) 2 o3 Fax(0)
EV (e7, su(8)) 7 03 (SU®)/(il))x(w)
€ =s5p4)
EVI (e7, 50(12)+sp(1)) 4 o] (Spin(12) xSp(1))/{(c, 1), (—1,—1))
EVII (e7, es+iR) 3 02 (EexU(1))/{(c,e 3)))x(w)
£ = fa
EVIII (e5, 50(16)) 8 o Spin(16)/(c)
EIX (es, e745p(1)) 4 o E7xSp(1)/{(c,—1))
FI (fa, sp(3)+sp(1)) 4 o (Sp3)xSp(1))/{(—=1,-1))
FII (f4, 50(9)) 1 o) Spin(9)
G (g2, sp(D+sp(1)) 2 o (Sp(1)xSp(1))/{(—=1,—1))

Table 2. Symmetric pairs and symmetric subgroups. (When n =4,
DIII is identical to BDI when p =2 and ¢ = 6.)



KLEIN FOUR-SUBGROUPS OF LIE ALGEBRA AUTOMORPHISMS 409

(use Proposition 4.1 here). If {g € E¢ | 0'g0'"'¢g~! € Z(Eg)} # EC, then there
exists g € Eg such that 0'g0’"'g~! = ¢ € Z(Eg). Then go'g~! = 6'c”!. But
0(0)=2#6=0(0"c™"). Sogt'g~ ' #6'c™!. Then{g €Eq|0(g)g "' € Z(Ee)} =E.
and so Int(eg)? = Int(eﬁ)g. Since o1, 0, commutes with t,

Aut(eq)? = Int(eg)§ x (T).
The conjugation action of T on Int(e6)8 is determined by its action on £y = ug, and
(eg)" =spB) D sp(l), (eg)" =50(9).

5B. Type E;. Now uy=-¢7 and Aut(e7) =Int(e7) is connected. Let 7 : E; — Aut(e7)
be the adjoint homomorphism, which is a 2-fold covering. Let

o =exp(wiH,) € E7,

H,+H.+H
oé:exp(ni%) € By,

2H/+H,+H.+H
aé:exp(m’ ! 22 3 7) €E;.

Then 7 (o)) = 0y, 0(o{) =2, 0(03) =4 and o(0}) = 4. One has
Aut(e7)” = {g € By | gojg "0/ € Z(E)}/ Z(Ey),
Aut(e7)] = (g €Ey | go/g o/ = 1}/Z(Ey)

(use Proposition 4.1 here), where Z(E7) = (exp(wi(H, + H, + Hy))) = Z/2Z is
the center of E;.
For 6 = o1, suppose that there exists g € E7 such that

golg (o) ™! = exp(ri(H3 + Hi + HY)).

Then gexp(wiH;)g™' = exp(wi(H, + H})). Then there exists w € W such
that w(exp(wi H,)) = exp(mi(Hs + Hj)). Since w(exp(wiH,,)) = exp(niH{U(az)),
we get exp(rriH;}(az)) =exp(wi(H; + H;)). Then

w(az) € (a5 +a7) +2spany{ay, az, a3, a4, a5, ag, A7}

There are no roots in (as + «7) + 2 spany{oy, a2, a3, a4, @5, o6, 27}, SO there are
no g € E7 such that (gol’g_l)al’_1 =exp(mwi(Hy+ H; + H})). Then

!
9]

{g€Ey|(gojg ™ Ho " € Z(E)) =E7'.

So Aut(e7)”" = Aut(e7)g'.
For 6 = o, or o3, let

_ n(XOlz - X*Olz) H(thj - X*O{5) T[(Xon - X,a7)
w = €xXp f eXp f exXp f .
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Then

woyw ' =057 = oy exp(ri(Hy + Hi + H})),

woo™ ! = oy = o} exp(mi(Hy + Hi + HY)),
and w?> = 1. Then Aut(e7)? = Aut(e7)g x (w). The conjugation action of w on
Aut(e7)8 is determined by its action on €y = ug, and we have

() = fa, () =sp(4).

Further, @ acts on b as sq,Sq554;, Where s, in the Weyl group is the reflection
corresponding to the root «.

5C. Types Eg, F4, Ga. If uy = eg, f4, g2, then Aut(up) is connected and simply
connected. By Proposition 4.1, Aut(ug)? is connected. Then they are determined
by uf and p =g ~".

6. Klein four-subgroups of Aut (i)

In this section, we classify Klein four-subgroups I' (called simply Klein subgroups)
in Aut(1p) up to conjugation. We also determine the fixed-point subgroups Aut(up)" .
Note that such a I' is equal to {1, 8, 0, 8o} for two commuting involutions 6 # o.
Fix an involution 6; the conjugacy class of I' is determined by the conjugacy classes
of the involution o (s 0) in Aut(ug)?.

6A. Ordered commuting pairs of involutions and semisimple symmetric pairs.
For a compact simple Lie algebra ug and its complexification g, the isomorphism
classes of semisimple symmetric pairs (go, ho) with go a real form of g and hy (£ go)
noncompact are in one-to-one correspondence with the conjugacy classes of ordered
commuting pairs of involutions (8, o) in Aut(up) with 6 # o. One direction of
this correspondence is as follows: let u; ; (i, j = 0 or 1) be the joint eigenspace
of 6 and o where 6 acts on it as (—1)’ and o acts on it as (—1)/. Then we have
a decomposition
Up = up,0 D up,1 BuroDuy1.

Then €)= ug =1up,0Dup,; and ipg = uae =uy o®Puy, 1. Extend 6, o to holomorphic
automorphisms of g and let

go ="t +po=upo+up1+i(uo+u) and bho=g) =upo+iuo.

Then gg is a real form of g and (go, ho) is a semisimple symmetric pair with
ho # go and noncompact. The other direction of this correspondence needs a more
sophisticated argument.

When 6 is fixed, the conjugacy classes of the pairs (6, o) in Aut(up) are in
one-to-one correspondence with the Aut(u)?-conjugacy classes of involutions in
Aut(ug)? — {6}.
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Ug T lozugi Type
su(p+q) [,e=(t.1,4) so(p)+so(q) AI-AI-AIIL S
su(2p) Fp=(t,Jp) u(p) AI-AII-AIIL, N
su(2p+2q) F;,‘q =(t Jp+q,ll/,’q) sp(p)+sp(q) AII-AII-AIIL, S
su(p+q+r+s) Lp.grs s(u(p)+u(g)+u(r)+u(s)) AIII-AIII-AIIL, NSV
su(2p) Cp=(I,p,.Jp) su(p) AIII-AITI-AIIL, V
so(p+q+r+s) Cpars s0(p)+so(g)+so(r)+so(s)) BDI-BDI-BDI, NSV
s0(2p) Cp={(Jp.1p,p) s0(p) DI-DI-DIII, S
s0(2p+2q) T'p,= (Jp+q,1,’)’q) u(p)+u(q) DI-DIII-DIII, S
s0(4p) I =(J2,K)) sp(p) DIII-DIII-DIII, V
sp(p) Ip=(iljI) s0(p) CI-CI-CL, V
sp(p+q) Lpg=0l1,4) u(p)+u(q) CI-CI-CIL, S
sp(2p) F;, =(il,jJp) sp(p) CI-CII-CII, S
sp(p+q+r+s) Cpars sp(p)+sp(q)+sp(r)+sp(s) CII-CII-CII, NSV

Table 3. Klein subgroups in Aut(ug) for the classical cases. (When
p=1, g=3,T'1 3 is very special since Ad(l2,6)~Ad(J4).)

For an exceptional compact simple Lie algebra uy and any representative 6 of
involution classes in Section 3, we give the representatives of classes of involutions
in Aut(19)? — {6} and identify their classes in Aut(ug). For any classical compact
simple Lie algebra 1 and a representative 6 of an involution class, we have a similar
classification of involutions in Aut(ug)? — {6}; we omit it here but remark that the
representatives can be constructed from Table 3. This gives a new proof to Berger’s
classification of semisimple symmetric pairs.

In most cases the symmetric subgroup Aut(ug)? is a product of classical groups
with some twisting, for which we can classify their involution classes by matrix
calculations. In the remaining cases, ug = 50 @ 3 for an exceptional simple Lie
algebra sg and an algebra 3 =0, iR or sp(1). We have a homomorphism

p: Aut(uo)(’ — Aut(sg).

Then what we need to do is to classify involutions in p‘1 (o) for o € Aut(sg) an
involution or the identity element, which is not hard in general.

For an exceptional compact simple Lie algebra uy, the conjugacy class of an
involution o € Aut(up) is determined by dim g°. (This is an accidental phenomenon
observed by Helgason [2001, pp. 517-518].) For any involution o € Aut(ugp)? — {6},
the class of o in Aut(ug) is determined by dim g° = dim#° + dim p° and the
dimensions dim £, dim p® can be calculated from the class of o in Aut(19)?. The
coroots H/ are defined in (2) and (5) and the involutions o;, o, T are defined in
Section 3.
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Type Eg. Now ug =¢g. For =0 = exp(nin’), one has
Aut(ug)®* = (SU(6) x Sp(1)/((e*™ P I, 1), (=1, —1))) x (1),

or={,—1)=(-1,1), where Ad(7)(X,Y) = (J3)_(J3_1, Y). Then, in Aut(uyg),
—la 0 1) ~o —5 0 1)~o
O 12 9 2? 0 14 9 ]’
ils 0 ) ~o ilz O o
0 —il)’ > 0 —ilz)’ o

T ~ 03, TO1 ~ 04, T(J3,1) ~ 0y.

These elements represent all the conjugacy classes of involutions in Aut(ug)? — {0}.
For 6 = 0, = exp(i(H| + H()), one has

Aut(up)” = ((Spin(10) x U(1))/((c, i) x (t), o2 = (=1, 1) = (1, ~1),

where c =eje; - - - e19 and Ad(t)(x, 2) = ((e1e2 - - - e9)x(e1es - - - e9) ™!, z71). Then,
in Aut(uyg),

(e1ezezes, 1) ~ o1, (ejex---eg, 1) ~ o2,

(8 1—|—i> ( s l—i-i)
) ~ 07, -0, /™ — ~ o,
V) 2

T ~o03, T(ejexezey, 1)~ oy,

where
_ 1+eex 14 ezeq 14+ egeqg

=~hA ©n T h

These elements represent all the conjugacy classes of involutions in Aut(ug)? — {#}.
For 6 = 03 = 1, one has Aut(uy)®> =F4 x{(t). Let 71, 7 be involutions in F4 with

2 Esp@) @sp(l),  fif E5009).

Then, in Aut(uy),
T~ 01, T27 02,

0371 ~ 04, 0372~ 03,

these elements represent all the conjugacy classes of involutions in Aut(ug)? — {6}.
For0 =04 =71 exp(m’Hz’), one has Aut(ug)™ = (Sp(4)/{—1)) x (o4). Let

T =il r—_IZO r—_lo
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Then, in Aut(uyg),
71 ~ o1, T2 ™~ 02, 3~ 01,
O4T| ~ 04, O4Tp ~ 04, 0473~ 03.
These elements represent all the conjugacy classes of involutions in Aut(ug)? — {6}.
Type E7. Now ug =¢7. For0 =0 = exp(m’Hz’), one has
Aut(u)”" = (Spin(12) x Sp(1))/((c, 1), (=1, =1)),
where oy = (—1,1)= (1, —1), c =eje---eq3. Let

_lteer 1+ezes  lHepen

V2 V2

Then, in Aut(uy),
(e1e2e3e4, 1) ~ 01, (e1e2,i) ~ 02, (e1€2---¢6,1) ~ 03,
(6,1) ~o2, (=6,1)~o03, (e18e1, 1) ~ o1.
These elements represent all conjugacy classes of involutions in Aut(ug)? — {6}.

Moreover,
(o1, (e1eze3e4, 1)) ~ Fo, (o1, (e1dey, 1)) ~ Fi.
) Hé + HS/ + H7/

For0 =0, =1 = exp(nlf) one has

i
Aut(u)g* = ((Es x U(1))/{(c, e3))) % (),
where c¢ is a nontrivial central element of E¢ with o(c¢) = 3, o, = (1, —1) and
(¢ ®iIR)” =§4®0. Let 11, 7» be involutions in E¢ with
¢e Zsu(6) ®sp(l), e Zs0(10) DiR.

Then, in Aut(uy),
T1 ™~ 01, T2 ~ 01,

T102 ~ 03, 1202 ™~ 02,
a)NO—Z’ wr] N03’

where 1 € F4 = Ef is an involution with (§4)" = sp(3) @ sp(1). These elements
represent all the conjugacy classes of involutions in Aut(ugp)? — {6}.
For

H,+H.+H +2H/
9:0’3:6Xp<7'[i 2+ 54_2 7+ 1),
one has .
o3 . 141
Aut(ug)y” = (SU®)/(il)) ¥ {w), o3=—+1,

V2
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where Ad(w)X = J4)_(J4_1. Let ) = (_12 16), )= (_14 14). Then, in Aut(uyg),

71~ 01, T2~ 01, T1037~ 02, T203703,

w~ 0oy, wo3z~o03 wJy~0o3.
These elements represent all conjugacy classes of involutions in Aut(ug)? — {6}.
Type Eg. Now ug=r¢g. For0 =0 = exp(m’Hz’), one has

Aut(up)® = (E7 x Sp(1))/((c, —1)),

where o1 = (1, —1) = (c, 1). Let 7y, 75 denote the elements in E; with ‘L'12 = ‘(22 =c

and ¢7' = e6 B iR, ¢ = su(8). Let 3, 74 be involutions in E; such that there exist
Klein subgroups I', I'" C E7 with three nonidentity elements in I" all conjugate to
73, three nonidentity elements in I' all conjugate to t4, and eg = 5u(6) @ (iR)?,
e = 50(8) @ (sp(1))°. Then, in Aut(uy),

(t1,0) ~o1, (12,0)~02, (13,1)~o01, (14,1)~00.

These elements represent all conjugacy classes of involutions in Aut(1p)? — {6}.
For 0 = 0y = exp(wi(H; + Hl/)), one has Aut(up)?? = Spin(16)/(c), where
op=—1,c=¢ejey---e14. Let

_ 1+erex 1+ e3eq 1+eise16

S = .. ,
V2 V2 V2
T] = e1ezeséy, T) = ejexes - - - eg, 73 :8, T4 = —4.
Then, in Aut(uy),
71~ 01, T2~ 02, T3~01, T470).

These elements represent all the conjugacy classes of involutions in Aut(ug)? — {6}.
Type F4. When uy = f4, for 0 = o = exp(wi H)),

Aut(ug)” = Sp(3) x Sp(1)/{(—1, —1)),
where o1 = (—1,1) = (I, —1). Let

1 1 0

—-100 — 0
T = 0 10],1], m»= 0 —-10},1), 1w3=0(311I1).
0 01 0 01
Then, in Aut(uyg),
Ty~ 01, T2~ 02, T3~~O0].

These elements represent all conjugacy classes of involutions in Aut(ug)? — {9}.
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For 0 = 0, = exp(wi H}), one has Aut(up)®> = Spin(9), oo = —1. Let 7; =
ejerezey, T) = e1ezes - - - eg. Then, in Aut(ug), we have t; ~ o1 and 7, ~ 0. These
elements represent all conjugacy classes of involutions in Aut(u)? — {6}.

Type G3. Whenug=g; and 6 =0 = exp(m’Hl’), one has
Aut(u)” = Sp(1) x Sp(1)/{(—1, =1)),

where o0y = (—1, 1) = (1, —1). Denote T = (i, i). Then, in Aut(up), we have T ~ o,
and T represents the unique conjugacy class of involutions in Aut(ug)? — {6}.

By the above, we have reproved Berger’s classification of semisimple symmetric
pairs. The next proposition is an immediate consequence of this classification.

Proposition 6.1. There are 23, 19, 8, 5, and 1 isomorphism classes of nontrivial
(that is, ho # go) semisimple symmetric pairs (go, ho) with go noncompact and
g = go ®r C a complex simple Lie algebra of types E¢, E7, Eg, Fy4, and G,
respectively.

6B. Klein subgroups, speciality, regularity and centralizers. For a Klein group
" C Aut(up), we call the conjugacy classes of the involutions in I" the involution type
of I', and the classes of Riemannian symmetric pairs corresponding to the involutions
in I' the symmetric space type of I'. Since there is a one-to-one correspondence
between these two types, we simply say fype of I' for either involution type or
symmetric space type.

For a compact simple Lie algebra v, a Klein subgroup I' of Aut(uy) is called
regular if any two distinct conjugate (in Aut(ug)) elements o, 6 € I' are conjugate
by an element g € Aut(ug) commuting with fo (that is, g € Aut(ug)??).

A Klein subgroup I' C Aut(uyg) is called special if there are two (distinct) elements
of I which are conjugate in Aut(ug). It is called very special if three involutions
of I' are pairwise conjugate in Aut(up). Otherwise it is called nonspecial. The
definition of special is due to [Oshima and Sekiguchi 1984].

In Tables 3 and 4, we list some Klein subgroups I'; C Aut(ug) for each compact
simple Lie algebra ug together with their symmetric space types (when 1 is classical)
or involution types (when ug is exceptional). These subgroups are not conjugate to
each other since their fixed point subalgebras ug" are nonisomorphic. In the last
column we also indicate whether they are special or not. For brevity, we write N to
mean nonspecial, S to mean special but not very special, V to mean very special.
The speciality of the subgroups I'}, ; . ¢ depends on the parameters. In general they
can be nonspecial, special or very special; in this case we use NSV to denote their
speciality. The reader can determine for which parameters they are nonspecial,
special or very special. The notation I, 4, J,, etc. is defined in Section 2C.

Theorem 6.2. For a compact simple Lie algebra vy, any Klein subgroup I C Aut(ug)
is conjugate to one in Table 3 or Table 4 and they are all regular.
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i I lh= uori Type

¢6 'y = (exp(i H;), exp(i Hy)) suB)?*@(ER)?  (01,01,01),V
¢6 ' = (exp(wiHy), exp(wi(H}+H,+H.))) su@)@(sp(1))’@iR (o1, 01,02), S
¢ I's = (exp(ni(HZ’-}-Hl’)), exp(rri(HH—H{))) su(5)BER)? (01, 072,02), S
¢ 'y = (exp(ni(H{—f—Hé)), exp(n'i(Hg—i—HS/))) 50(8)B(IR)? (02,02,07),V
¢ I's = (exp(wiH;), T) sp(3)Psp(1) (01,03,04), N
¢6 I's = (exp(miH,), T exp(mwiHy)) 50(6)DIiR (01,04, 04), S
¢6 I'7 = (exp(mi(H{+H)))), ) 50(9) (02, 03,03), S
¢6  I's = (exp(mi(H{+H))), t exp(wi H})) 50(5)Pso(5) (02,04, 04), S
€7 I'= (exp(nin’), exp(n'iHA{)) su(6)D(IR)? (01,01,01), V
€7 'y = (exp(i H,), exp(wi H3)) s0(®)@®(sp(1))®  (01,01,01), V
¢7 I's = (exp(wiHj), T) 50(10)D(iR)? (01,09, 02), S
¢7 Iy = (exp(wiH|), 7) su(6)dsp(1)@iR (01, 02,03), N
¢7 I's = (exp(wi Hy), T exp(wi H})) su@)@su(d)@iR  (01,03,03), S
¢7 [ = (7, w) fa (02,02,02), V
¢7 I'7 = (7, wexp(wi H})) sp(4) (02,03,03), S
¢7 I'g = (texp(mwiHJ), wexp(wi Hy)) 50(8) (03,03,03), V
es 'y = (exp(rwi H), exp(mi Hy)) es®(IR)? (01,01,01),V
eg I, = (exp(wi Hy), exp(wiHY)) 50(12)69(5]3(1))2 (01, 01,02), S
eg '3 = (exp(wi Hy), exp(mwi(H|{+H,))) su(8)diR (01,072,0%), S
es 4 = (exp(wi(H,+H))), exp(mi(H+H)))) 50(8)Dso(8) (02,072,02), V
fa Iy = (exp(wi Hy), exp(miHY)) su(3)d(IR)? (o1,01,01), V
fa Iy = (exp(mi Hy), exp(mwi H,)) 50(5)69(5;3(1))2 (01,01,02), S
fa '3 = (exp(wi Hy), exp(mi Hy)) 50(8) (02,07,02), V
[0 I' = (exp(wi H{), exp(rwi H,)) (iR)? (0,0,0),V

Table 4. Klein four-subgroups in Aut(ug) for the exceptional cases.

Proof. When uy is a classical compact simple Lie algebra, we can do matrix calcula-
tion to show Table 3 is complete and any Klein subgroup is regular. When ug is an
exceptional compact simple Lie algebra, from Klein subgroups we get nonconjugate
commuting pairs of involutions (8;, 6,) distinguished by the isomorphism type of
uée"QZ) or the distribution of the classes of the (ordered) tuples (61, 6>, 63). When
ug is of type Eg, E7, Eg, Fy4, or G, we get (at least) 23, 19, 8, 5, or 1 nonconjugate
commuting pairs, respectively. By Proposition 6.1, they represent all conjugacy
classes of commuting pairs of involutions. So Table 4 is complete.

For an exceptional simple Lie algebra ug, suppose that some Klein subgroup
fails to be regular. Then we can construct nonconjugate commuting pairs (61, 6»)
and (0], 6) (= (62, 61)) with (01, 62) = (67, 03), 61 ~ O{, 62 ~ 60,, 616, ~ 66;. Then
there should exist more isomorphism classes of semisimple symmetric pairs. But it
is not the case, and it follows that any Klein subgroup is regular. (]
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Another way of proving all Klein subgroups of Aut(u) are regular is as follows.
First we just need to check for any commuting pair of involutions 6y, 6, € Aut(ug)
with 6 ~ 6, (in Aut(ug)), 61, 6> are conjugate in Aut(ugy)?, where § = 6,6,. Fix 0
as a representative in Section 3, when ug is an exceptional simple Lie algebra. This
was already checked in the last subsection; when ug is a classical simple Lie algebra,
we can check this from the data in Table 3 (list of Klein groups with symmetric
space type) and Table 2 (symmetric subgroups).

A statement equivalent to the regularity of all Klein subgroups (Theorem 6.2) is
that two commuting pairs of involutions (6, o) and (8, o) are conjugate in Aut(it)
if and only if

0~0', o~ad, Oo~0¢c

and the Klein subgroups (@, o), (0’, o’} are conjugate. This statement clearly implies
the second statement in Theorem 6.2. To derive this statement from Theorem 6.2,
give two pairs (0, o) and (0, o) withd ~6', 0 ~o',00 ~0'c"and (0, o) ~ (0', o).
After replacing (6’, o’) by a pair conjugate to it, we may assume (0, o) = (¢’, o'},
that is, (9, 0) and (0’, 0’) generate the same Klein subgroup. By Theorem 6.2,
(0, o) is regular, so (9, o) and (9’, o’) are conjugate. Since any Klein subgroup of
Aut(up) is regular, a conjugacy class of Klein subgroups gives 6, 3, or 1 isomorphism
types of semisimple symmetric pairs when it is nonspecial, special but not very
special, or very special, respectively.

The fact that all Klein subgroups in Aut(ug) are regular is an interesting phenom-
enon. The property of regularity can be generalized to closed subgroups of any Lie
group; a vast array of examples of nonregular subgroups is given in [Larsen 1994].

From Tables 1 and 4, we can abstract the following facts.

Proposition 6.3. When ug is an exceptional compact simple Lie algebra, any
two classes of involutions have commuting representatives; for any Klein group
I' C Aut(ug) the centralizer Aut(ug)" intersects of Aut(ug).

For classical compact simple Lie algebras, both statements of the above proposi-
tion fail in general. For example, in Aut(su(2n)) and foran odd p with 1 <p <n—1,
7 0o Ad(/,, ) (t = complex conjugation) doesn’t commute with any involution con-
jugate to Ad(I 2,—p); in Aut(s0(4n)), Aut(so (4n))™ C Int(so(4n)) (see Table 3
for the definition of I'),).

For each Klein subgroup I' listed in Table 3 or 4 with two generators 6, o €
Aut(ug), we get the centralizer Aut(ug)" by calculating (Aut(ug)?)?. The results
about Aut(u)" are listed in Table 5 for classical compact simple Lie algebras and
in Table 6 for exceptional compact simple Lie algebras.
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U Fi L= Aut(uo)ri
su(p+q).p#q  Tpy ((O(p) x O/ {(—1p,—1y))) x(T)
su(2p) Lpp ((O(p)xO(p)/((—1p,—1p))) x(T,J)p),
Ad(J,)(X,Y)=(Y,X),Ad(r) =1
su(2p) r, W(p)/{—1p))x(7,z), Ad(z) =1
su2p+2q),p#q T, (Sp(p) xSp(g))/{(—1p, —1;))) X (T I p1q)
su(4p) r,, ((Sp(p) xSp(p)) /{((—1p, —1,))) ¥ (T J2p, Ip),
Ad(J,)(X,Y) = (Y, X), Ad(t J»p) =1
5u(P+£]+V+S) Fp,q.r,s ((S(U(p)XU(Q)XUrXUs)/<Zp+q+r+s>)>4(T>
Ad(t) = complex conjugation
suQp+2r),p #r Tpprr (SWp)yxUp)xU, xU)/{Zapyor)) ¥ (T, Iy )
Ad(J,,) (X1, X2, X3,X4) = (X2, X1, X4,X3)
su(4p) Upppp ((SW(p)xU(p)xU(p)xU(p))/{Zsp)) ¥ (T, J2p,Jpp)
Ad(J2,) (X1, X2, X3,X4) = (X3, X4, X1, X0)
su(2p) r, PSU(p)x(F,,T)
Ad(t) = complex conjugation, Ad(F,) =1
so(p+q+r+s)  Tpars (O(p)x0(g)xOr)xO0(s)/{=1ptg+r+s)

s02p+2r),p#r Tpprr  ((O(p)xO(P)xOr)xOr)/{(—lrpi2r) ¥ {Jp.r)
Ad(J, ) (X1, X2, X3, X4) = (X2, X1, X4, X3)

50(4[7); )4 5&2 Fp,p,p,p ((O(P))4/(—I4p>)>4<fzp, Jp.p)
Ad(J2p) (X1, X2, X3, X4) = (X3, X4, X1, X2)
50(8) IR (U)*/Z") % (€12,€13,€1,4,Sa)

Ad(e12)(X1, X2, X3, X4) = (— X1, — X5, X3, X4),etc
Sy acts by permutations

s50(2p) I (O(p)/(=1p)) X F)
s02p+29),p#q T,y ((Up)xU@)/((=1p,—1y))) x(T)
Ad(t) = complex conjugation
s0(4p) Cpp (U P xUp))/{((=1,,—1p))) x (T, Jp),
Ad(J,)(X,Y) =(Y,X)

s0(4p) I, Sp(p)/{=1,)) x F,

sp(n) I (Om)/(—1I,))xF)
sp(p+q),p#q Tpy (U p)xU(q)/((—1p,—1y))) x(T)

sp(2p) Cpp (U Pp)xUp)/{((=1,,—1p))) x (T, Jp),

Ad(t) = complex conjugation, Ad(J,)(X,Y) = (¥, X)

sp(2p) r, Sp(p)/(—1,)) X F,

sp(ptq+r+s)  Tpgrs (Sp(p) xSp(q) xSp(r) X Sp(s)) /{— L p+g+r+s)

5p(2p+2r),p 7é r 1—‘p,p,r,r ((SP(P) X SP(P) XSP(V) Xsp(r))/<_12p+2r>) X (Jp,r)
Ad(J, ) (X1, X2, X3, X4) = (X2, X1, X4, X3)

5p(4P) Fp,p,p,p ((SP(P))4/(—I4p>)>4 <J2p’ Jp.p)
Ad(J2p) (X1, X2, X3, X4) = (X3, X4, X1, X2)

Table 5. Fixed point subgroups of Klein four-subgroups: classical cases.
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uy I L= Aut(uo)r'

6 T1 (SUB)YXSUG) UM xUM) /(e 31, 1,e3 1), (e T e 3, 1))x(z,1),
Ad(D)(X, Y, h, ) = (Y, X, A, ), Ad@)(X, Y, A, ) = (Y, X, A~ ™Y

e [ SU@)xSp(H)xSp(H)yxU 1)) /{GI,—1, l,i),(l,—l,—l,—l)))x(r),
Ad(D)(X,y,2,0) = (LX) Ly, z,A7h

¢ '3 SUG)xUM)xU1))x(t), AdT) X, Apw) =X, AL
¢ Iy ((Spin@®)xU () xU (1) /{(=1,—1,1),(c,1,=1)))x(z),
Ad(t)(x, A, ) = (x, A7 ")
¢ I's ((Sp(3)xSp(1))/{(=1,—1))) x ()
¢ g ((SO©)xUM)/{(—1,-D)))x(t',z),
Ad(2)(X, 1) = (13X 3,471, Ad(r)) =1
e ['7 Spin(9) x (t)
¢ I'g ((Spin(5) xSpin(5)) /{(—=1,—=1)))x(7",z), Ad(z)(x,y) = (y,x)
¢e7 Ty (SU@O)xU()xU(1)/{(e Le 5, 1),(—=1,1,1D)x(z),
Ad@)(X A p) = (BXT7 a7 wh
e Ty (Spin(8)xSp(1)*)/((c,—1,1,1),(1,—1,—1,—1),(—1,—1,—1,1))
¢7 I3 ((Spin(10)x U (1)xU (1)) /((c,i,1))) x(z),
Ad(2)(x, A, 1) = (elxell - Lu™h
¢7 Ty (SU©6)xSp()xU(1)/((e 3 I,1,e 5 ), (—I,—1,1)))x(z),
Ad()(X,y,2) = (X5 y,27h
¢7 I's ((Spin(6) xSpin(6) xU (1)) /{(c,c’, 1), (1,—1,=1))) x(z1,22),
Ad(z)(x,,0) = (3,x,27), Ad(z2) (x,y,4) = (e;xe; ' eyye; ', A1
e; g Fix(t,w)
¢ Iy (Sp@)/{(—1))x (t,0)
¢7 Ig (SO®)/(=I)x ()
eg Iy (EexU(DxU(1)/{(c,e3 , 1)) x(z), [5 = 4080
eg Iy (Spin(12) xSp(1)xSp(1))/{(c,—1,1),(=1,—1,=1))
eg I'3 ((SUR)U)/{((=1,1),G1,—=1)))x(z), [§=s5p(4D0
eg Iy ((Spin(8) xSpin(8))/{(—1, —1) (c, c)})w z),  Ad@)(x,y) = (y,x)
fy T (SUG)YxU)xU) /(€3 Le 3, 1)) x(z), [ = 50(3)®00
fa Ty ((Sp(2)xSp(1) xSp(1)) /((—1,—1,—1))
f4 T3 Spin(8)
o T UMxUM)x(z), Ad)(,pu) =1 u™h)

Table 6. Fixed point subgroups of Klein four-subgroups: excep-
tional cases.
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FRACTAL ENTROPY OF NONAUTONOMOUS SYSTEMS

RUI KUANG, WEN-CHIAO CHENG AND BING LI

We define formulas of entropy dimension for a nonautonomous dynamical
system consisting of a sequence of continuous self-maps of a compact met-
ric space. This study reveals analogues of basic propositions for entropy
dimension, such as the power rule, product rule and commutativity, etc.
These properties allow us to convert to an equality an inequality found by
de Carvalho (1997) concerning the product rule for the autonomous dynam-
ical system. We also prove a subadditivity rule of entropy dimension for
one-dimensional dynamics based on our previous work.

1. Introduction

Entropies are important factors in the study of autonomous (i.e., deterministic)
dynamical systems that are induced by iterations of a single transformation. The
concept of topological entropy was originally introduced by Adler, Konheim and
McAndrew [Adler et al. 1965] as an invariant of topological conjugacy and a nu-
merical measure for the complexity of a dynamical system. Later on, Bowen [1971]
and Dinaburg [1971] gave an equivalent definition when the space is metrizable.
Other studies [Brucks and Bruin 2004; Katok and Hasselblatt 1995; Pollicott and
Yuri 1998; Walters 1982] and the references therein discuss related definitions and
properties. In the 1990s, various authors introduced several refinements of the
notion of entropy, leading to significant findings in many different directions.

The commutativity formula for topological entropy (and measure theoretic en-
tropy) was proved first in [Dana and Montrucchio 1986]. With the development
of the study of nonautonomous dynamical systems, Kolyada and Snoha [1996]
introduced and studied the notion of topological entropy for a sequence of continuous
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self-maps of a compact metric space. Many properties for such dynamical systems
were studied in [Cadnovas 2011; Huang et al. 2008; Kolyada et al. 1999; 2004;
Mouron 2007] and elsewhere. Particularly, the commutativity of the topological
entropy was proved and announced in [Kolyada and Snoha 1996]. This kind of
problem for nonautonomous dynamical systems has been studied for many years by
several authors. A good discussion of these properties and applications appears in
[Balibrea et al. 1999; Cénovas and Linero 2002; 2005; Hric 1999; 2000; Kolyada
and Snoha 1996; Zhu et al. 2006].

Although systems with positive entropy are much more complicated than those
with zero entropy, zero entropy systems have various complexities; see [de Carvalho
1997; Dou et al. 2011; Ferenczi and Park 2007; Huang et al. 2007; Misiurewicz
1981; Misiurewicz and Smital 1988; Misiurewicz and Szlenk 1980]. These studies
give some methods of classifying zero entropy dynamical systems. De Carvalho
[1997] introduced a notion of entropy dimension to distinguish zero topological
entropy systems and obtained some basic properties of entropy dimension. Cheng
and Li [2010] presented some examples to show that every number in (0, 1) can
be attained by the entropy dimensions of the dynamical systems and a dynamical
system whose entropy dimension is one and topological entropy is zero. These
findings answered the question asked in [de Carvalho 1997].

This paper analyzes a nonautonomous discrete dynamical system (X, 77 )
given by a compact metric space X and a sequence T o, = {7;}{2, of continuous
self-maps of X. The trajectory of a fixed point x is defined as the sequence
x, Ti(x), To(T1(x)), .... Our goal is to study the properties of fractal entropy of
nonautonomous dynamical systems. The paper is organized as follows. Section 2
defines and studies the entropy dimension D(7] ) of a nonautonomous dynamical
system given by a sequence T, = {T;};2, of continuous maps of a compact metric
space X into itself. Section 3 investigates some formulas of entropy dimension
for nonautonomous dynamical systems. These include the power rule, product
rule and topological equisemiconjugacy. Applying these results shows that the
commutativity of entropy dimension is also true for nonautonomous dynamical
systems and the product rule holds for the autonomous dynamics, which was given
just as an inequality in [de Carvalho 1997]. Section 4 focuses on continuous maps on
the unit interval [0, 1]. To show the subadditivity of entropy dimension, this paper
uses the main result in [Cheng and Li 2010] to consider two continuous commuting
interval maps. Finally, we discuss the notion of the asymptotical entropy dimension.

2. Equivalent definitions

Topological entropy is one of the most fundamental dynamical invariants associated
to a continuous map. It roughly measures the orbit structure complexity of the map.
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For nonautonomous dynamical systems, a sequence of continuous maps {7;}7°, is
considered. The s-topological entropy dimension of a nonautonomous dynamical
system is introduced in this section. After that, we give different types of equivalent
definitions.

Let (X, d) be a compact metric space and {7;}7°, be a sequence of continuous
maps from X to itself. Denote by 7'  the sequence {7;}7°, and by (X, T ) the
induced nonautonomous dynamical system.

For any i € N, let Ti0 = Id, where Id is the identity map on X. Set

T'=Ti+m-no---oTiy10T; and Tf"ZTl-’loT,-lllo-"oT,-lin_l)-

For any open cover o of X, define
T, " (s0) = (T, "(A) : A € st}
and
s (T1.00) = Vi T, (sh)

={A,nT A N--nT " VA, A et 1< j<n—1).

in—1
We write s{'f for simplicity instead of {7 (77 ) if there is no confusion. Let N'(s)
be the minimal possible cardinality of a subcover chosen from .

Definition 2.1. Let7; : X — X,i=1,2,3, ..., be a sequence of continuous maps
and s > 0 be a real number. The s-topological entropy of 7}  is defined as

D(Ss TI,OO) = Sup D(Sa TI,OO’ ﬂ),
A
where o ranges over all open covers of X and

D(s, T} 00, A) = lim sup is log N'(sA7).
n—oco N

When 7; =T for all i e N, D(s, T1.) is just the s-topological entropy of T
defined in [Cheng and Li 2010] (denoted by D(s, T')). Furthermore, if s = 1 and
T; =T for alli e N, it is trivial that D(s, T; ) is just the topological entropy of T
(usually denoted by A (T)).

From Definition 2.1 it follows that the s-topological entropy D(s, T1.~) enjoys
the following properties.

Proposition 2.2. (i) The map s > 0+ D(s, T1 ) is nonnegative and decreasing
with s.

(i) There exists sy € [0, +00] such that

+oo if0<s < s,

D(sle,OO):{O ifs>s
0-
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Proposition 2.2(ii) indicates that the value of D(s, T ) jumps from infinity to O
at both sides of some point sg, which is similar to a fractal measure. Analogously
to the fractal dimension, define the entropy dimension of 7}  as follows.

Definition 2.3. Let (X, T} o) be a nonautonomous dynamical system. Define the
entropy dimension of Tj  to be

D(Ti. ) =sup{s > 0: D(s, T1,00) =00} =inf{s > 0: D(s, T1,00) = 0}.

When T; =T for alli e N, then D(T1,o0) = D(T'), where D(T) is the entropy
dimension of 7" defined in [Cheng and Li 2010; Dou et al. 2011].

We now turn to definitions motivated by analogues of the topological entropy.
Let n € N and define a new (Bowen) metric d,, on X by

dy(x, y) = max d(T{ (x), T{ ()),

where x, y € X.

Definition 2.4. A set F C X is called an (n, €)-spanning set of X for 7 o if, for
any x € X, there exists y € F with d,(x, y) < ¢. A dual definition is as follows. A
set E C X is called an (n, ¢)-separated set of X for 77 o if d,(x, y) > € for every
pair of distinct point x, y € E, x # y.

Define
r (T} 00, 1, €) = min {#F : F C X is an (n, £)-spanning set for Tl,oo},
(T .00, 11, €) =max{#E : E C X is an (n, )-separated set for Tl,oo},

where #E is the number of elements in £. The following lemma describes the
relationship among these two quantities and the number of covering sets.

Lemma 2.5. Let T; : X — X be a sequence of continuous maps of a compact metric
space (X, d).

(1) For any open cover s of X with Lebesgue number §,
(2-1) N <r(Ti,00,1,8/2) < 5(T1,00, 11, 8/2).

(i1) For any € > 0 and open cover s with diam(s) := max{diam(A) : A € A} <,
(2-2) r(Ti00, 1, €) < 8(T1 00, 1, 8) < N(AT).

Proof. (1) Since any maximal (n, €)-separated set of X for 77 o is (n, €)-spanning,
the second inequality of (2-1) holds. Thus, it suffices to prove the first inequality.
Let F be a (n, §/2)-spanning set for X of cardinality r (71 -, 1, §/2). Then

n—1
X = U ﬂ T, B(Tix, 8/2).

xeF i=0
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Note that B(T'x, §/2) is a subset of a member of o for any 0 <i <n — 1 and
x € F; thus,

N(dY) <r(Th,00, 1, 8).

(i) The first inequality of (2-2) holds, as in (i). It suffices to prove the second

inequality of (2-2). Let E be an (n, )-separated set of cardinality s(7 o0, 7, €).

Then no member of the cover s can contain two elements of E since diam(«{) < &.
This implies

§(T1.00, 1, €) < N(AY). O

Lemma 2.5 immediately implies the following property, which indicates that

the s-topological entropy for 77 o can be equivalently defined by the spanning and
separated sets.

Proposition 2.6. Let T; : X — X,i =1,2,3, ..., be a sequence of continuous
maps and s > 0 a real number. Then

1 1
D(s, Ti ) = lim lim sup — log r (T} 00, 11, €) = lim lim sup — log s(T1 .0, 11, €).
n

e—>0 p5o00 N e=>0 pooo

3. Dynamical propositions

The entropy dimension we defined for a nonautonomous dynamical system is a
topological equiconjugacy invariant. Thus, we can consider those two entropy
zero dynamical systems as being not the same or being not equivalent by different
entropy dimension. The main idea of this section is quite similar to that of Kolyada
and Snoha’s approximations. The basic proposition of entropy dimension is the
power rule. The inequality of the power rule can be shown as follows.

Lemma 3.1 [Kolyada and Snoha 1996]. Let A, B be any two open covers of X.
Then

D) N(dvB) < N(N(B);
(i) N(T;"sl) < N ()
(i) TN AVR)=T"1(sA) v T HB);
(iv) N(A) = N(B) when A is finer than B (denoted by s = RB).

Proposition 3.2. Let X be a compact topological space and T ~ a sequence of
continuous maps from X to itself. Then

(3_1) D(S, Tlrfloo) = mSD(Sa Tl,OO)
forany s >0 and m € N, where T{f’oo = {TlEi:rl])m }?io. As a consequence,

D(T{") = D(T1,00).
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Proof. Let A be any open cover of X. For any n € N,
AV TN )V TTHA) V- v T D ()

=V T () VT2 () v - v T (),
so by Lemma 3.1(v),

NV T ) Vv T () = NV T () v - v T 70" ().
Note that
ANV T () v T2 sy Ve v T (o)
=V (T~ D) V(T e (Tl )T D v - -
VAT (T ) o o (T )™ (D),

and thus
lim sup og N (st v T ) v T2 (s) v - v T D ()
n—oo (mn)s
1 m
= %D(S, Tl’ooa &q’)'
Therefore,

1
D(s, T1, 00, $4) = lim sup I log N(&ﬂ]f) > lim sup log N'(s4]™)

k— 00 n—oo (nm)*

= limsup
n—oo (nm)’

log N (AV T () VT2 ) V- v T D ()

1 m
= %D(S, Tl’ooa &q’)'

Thus, D(s, T" ) <m*D(s, T1,0).

For the enfropy dimension, assume ¢ > D(7T] ) is any real number. Then
D(t, T1.00) = 0, which, combined with (3-1), implies D(t, Tl’floo) =0,s0¢t >
D(Tl’f’oo). Therefore, D(Tl’ﬁ)o) < D(T1,~) by the arbitrariness of ¢. O

[Kolyada and Snoha 1996] gives an example showing that the inequality in (3-1)
can be sharp when s = 1. The following two propositions indicate that the inequality
in (3-1) can be an equality under some conditions.

Proposition 3.3 (power rule). Let X be a compact topological space and Ty ~ be a
sequence of continuous maps from X to itself. If T1 o is periodic with period m € N,
thatis, Tiyyj =T forany 1 < j <m andi > 0, then

D(S, Tlrfloo) = mSD(S’ TI,OO)

forany s > 0. As a consequence, D(Tl’f’C>o = D(T1,c0)-
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Proof. Assume m > 2 since the case m = 1 is trivial. From Proposition 3.2, it is
only necessary to prove D(s, TI”LO) >m*D(s, T1.c0)-

Let s be any open cover of X and k =nm +r, where n > 1 and 1 <r <m.
Combining 7' oo ={T1, T2, ..., T1n, T1, T2, ..., Ty, ... } and T1’700={T’", ", ...}
with Lemma 3.1(1ii),

T sty v T " sty v e T DD (o)
=TT AV T () v v T 8D ()
=T ™AV T (D) v v T D ()
= (T N AV T ) v v T (o)
fori =0,1,2,.... Therefore, &Qlf(Tl,oo) can be written as
(v T sty v v T ) (T VT s v v TP ()
V.. -\/(Tl_(n_l)msﬁ\/Tl_((n_l)m—i_l)(&ﬁ)\/‘ . 'le—(nm—l)(‘Sﬂ))
V(T v T D sty v v T ()
= (VT V- T ) v T (v T ) v v T ()
Ve (@M T v T sy v v T ()
VT N AV T sy v v TV ()
= AV ()T A Vv (T TR VT T ()
= (A (T10)) | (T ) V(T ™ (] (Th 00)).
Combining parts (i) and (iii) of Lemma 3.1, we obtain
N (™ (T 00)) = N (] (T1,00) (T{0) V(T (A (T 00))
< N((A (T1,00) ] (TN (A (T1,00)).

Thus,
D(s, T{"s, A} (T1,00)) = limsup n ™ log N' (A} (T1,00))] (T]"))

n—oo

> limsupn~ (log N (s (T} 00)) — 1og N (s8] (T 00)))
n—oo

=limsupn~ log N(&ﬁ’l’m” (Th.00))
n—oo

=m’ limsup(nm +r)™"* logN(ﬂ'ferr(TLoo))

n—oo

= m® limsup k> log N (4% (T1.00)) = m* D(s, T} o0, S4),

k—00

which implies that D(s, Tlnfoo) > m® D(s, T1 ) by the arbitrariness of . [l
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Applying Proposition 3.3 to the case of one map as a sequence leads to the

following, which solves a problem in [de Carvalho 1997], where the author gave an
inequality.

Corollary 3.4. Let (X, T) be a topological dynamical system. Then
D(s, T™Y=m*D(s, T)
forany s > 0and m € N. In particular, D(T™) = D(T).

Now let us consider the sequence of equicontinuous maps from X to itself;
that is, 71 . = {T;};2, is equicontinuous on X. More precisely, for any x € X and
& > 0, there exists 6 > 0 such that d(T;x, T;y) < e foralli = 1,2, ... whenever

d(x,y) < 8. We know that é can be independent of the choice of x when X is
compact.

Proposition 3.5 (power rule). Let (X, d) be a compact metric space and T} o be a
sequence of equicontinuous maps from X to itself. Then

D(s, Tlrfloo) = mSD(S, Tl,oo)
forany s > Q.

Proof. By Proposition 3.2, it suffices to prove D(s, T{",)) > m*D(s, T1 ) for
m > 2. For any ¢ > 0, let

§(e)=e+sup max sup {d(TFx), T (y) :d(x,y) <e}.
i>1 k=1, m—1x yeX
Since X is compact and 7}  is equicontinuous, we have:
(1) if ¢ = 0, then 5(g) — 0;
(i) ifd(x, y) <e,thend(TF(x), T}(y)) <8(¢) foranyi>landk=1,2,...,m—1.

Let E be any (nm, §(¢))-separated set for 71 . Then, E is an (n, £)-separated
set for Tm and $,, (T 00, 6(€)) < 5, (T" 1o g).

Therefore, writing k = nm +r with 1 <r <m, we have the following calculation:

1
D(s, Ty Oo) = hm lim sup—logsn(T1 'o0r €)

-0 psoo N

1
> 1im lim sup — 10g su—1m+ (Th 0, 8(6))

e—=>0 p—oo

1
=m’ limli B —— _ T} 00, 6
=m’ SE)I(I) 1rrlrisolip (1= Dm+71) gS(n 1)m+r( 1,00, 0(€))

1
>m® lim hmsup—logsk(Tloo,(S(e))
5©)=0 (oo kS

=m’D(s, T1.00)- U
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Proposition 3.6 (monotonicity). Let X be a compact topological space and Ty ~ a
sequence of continuous maps from X to itself. Then

(3-2) D(s, Ti,00) < D(s, Tj,00)
foranys >0and1 <i < j <+4o0.

Proof. Let o be any open cover of X. Lemma 3.1(i) implies
(3-3)

n—1 . n—1 . n—1 .
N(&d?):N( V T/ (&Q)):N(sz@V V TI.J(&Q)> §N(&Q)N< V T/ (ﬂ)).
j=0 j=1 Jj=1
Lemma 3.1(ii) shows that
(3-4)
n—1 . n—2 . n—2 .
N( V Ti’(&i)) =N(Ti1( V T,-Jl(&i))) < N( V T,-Jl(&i)) = NI
j=1 j=0 j=0
Combining (3-3) and (3-4) leads to
Ny < NN D).

Therefore,

1 1
D(s, T 00, o) = lim sup — log N'(s4}) < lim sup — log(N (N (A ).
n n

i+1
n—00 n—00

Thus,

log N(A772) = D(s, Tit1.00, SA),

D(s, T; 0, 1) < limsup ( il

nsoo (n—2)°
and D(s, T; o) < D(s, Tj+1,00) by the arbitrariness of s{. Hence, (3-2) holds. [

Applying the monotonicity shows that the s-topological entropy for the com-
position of two maps does not depend on the order, as the following theorem
indicates.

Theorem 3.7 (commutativity). Let X be a compact topological space and let T, S
be two continuous maps from X to itself. Then

D(s,ToS)=D(s,SoT)
forany s > 0.
Proof. From Proposition 3.6, we obtain
D(s, {S,T,8,T,...}) <D(s,{T,S,T,S,...}) <D(s,{S, 7,5, T...}),
which implies

D(s, {S, 7.8, T,..) =D, {T,S,T,S,...}).
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By Proposition 3.3,

D(s, ToS)=D(s, {ToS, ToS,...)=2"D(s,{S,T,S,T,...})
=2D(s,{T, S, T,S,...} ) =D(s, {SoT, SoT, ...})=D(s, SoT). O

Corollary 3.8. Let X be a compact topological space and T; (i =1,2,...,n) be
the continuous self-maps on X. Then, for any 1 <i <n and s > 0,

D(s, T,0---0T,oT))=D(s, Ti_1o---0oThoTioT,0---0T;).
Proof. By Theorem 3.7,

D(s, T,o---0T;0T;_10---0Th,oTy) = D(s, (T,o0---0T;)o(T;_10---0Tr0oT}))
= D(s, (Ti—yo0---0TroTy)o(Tyo---0T;))
=D(s,T;_10---0ThoTjoT,0---0T;). U

The following corollary was given in [Cheng and Li 2010]; however, this paper
provides a quick proof from the commutativity (Theorem 3.7).

Corollary 3.9. Let X be a compact topological spaces and Ty, T, be two continuous
maps on X. If (X, T1) is conjugate to (Y, T»), then D(s, T\) = D(s, Tp) for any
s > 0.

Proof. Let ¢ be a conjugacy between 7} and T». Since T = ¢oTjo¢~", Theorem 3.7
shows that

D(s, ) = D(s, (poTy) o~ ") = D(s, T)). O

As Corollary 3.9 shows, the s-topological entropy D(s, T') for an autonomous
dynamical system is a conjugate invariant quantity. For the nonautonomous case,
the definition of conjugacy must be adapted to the following.

Definition 3.10. Let (X, {7;}{2,) and (Y, {S;}:2,) be two nonautonomous dynam-
ical systems. Denote by 71 o = {7;}{, a sequence of equicontinuous surjective
maps from X to Y. If

7Tl'+10Ti :S,'OTEI'

for every i > 1, we say that |  is a topological equisemiconjugacy between 77
and S| ~, and the dynamical system (X, 7' o) is topologically equisemiconjugate
with (Y, S1,o0). Furthermore, if 771 o is an equicontinuous sequence of homeomor-
phisms such that the sequence 7| ;O = {7'[!-_1 }72, of inverse homeomorphisms is
also equicontinuous, we say that 711”00 is a topological equiconjugacy between 77
and S 0, and the dynamical system (X, 77 o) is topologically equiconjugate with

(Y, S1,00)-
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Theorem 3.11. Let (X, d) and (Y, p) be compact metric spaces and T~ and S|,
be the sequences of continuous maps from X and Y into themselves, respectively. If
the system (X, T o) is equisemiconjugate with (Y, S1 ), then

(3_5) D(S, Sl,oo) S D(S, TI,OO)
forany s > 0.

Proof. Let 71« be the equisemiconjugacy between X and Y. For any given ¢ > 0,
noting that 7|  is a sequence of equicontinuous maps from X onto Y and X is
compact, there exists (¢) > 0 such that if p(7;(x), m;(y)) > & for some i > 1,
then d(x, y) > 6(¢). Let E C Y be an (n, ¢)-separated set for S; o, with maximal
cardinality s(S1.00, 7, €). Choose one point from each fiber rrfl(y), y € E and
denote by Ex the set of such points. Then Ey C X is an (n, §(¢))-separated set for
T1,00. Therefore, s(T1,00, 1, §(€)) > 5(S1,00, 1, €), which implies (3-5). O

Apply Theorem 3.11, the following statement holds.

Corollary 3.12. Let (X, d) and (Y, p) be compact metric spaces and Ty  and S1,00
be the sequences of continuous maps from X and Y into themselves, respectively. If
the system (X, T1.) is equiconjugate with (Y, S1,o0), then

D(S, Sl,OO) = D(S, Tl,OO)

forany s > 0. As a result, D(S1.0) = D(T1,0)-

Theorem 3.13 (product rule). Let (X, d) and (Y, p) be compact metric spaces. Let
{T;}72, and {S;}72, be two sequences of continuous maps on X and Y , respectively.
Define a metric d* on X x Y by d*((x1, y1), (x2, y2)) = max{d(x1, x2), p(y1, y2)}
and a sequence of transformations on X x Y by (T; x S;)(x, y) = (T;x, S;y). Then

D(s, Tl,oo X Sl,oo) < D(s, Tl,oo) + D(s, Sl,oo)
forany s > 0, where Ty oo X S1,00 = {T; X 5;}72,.

Proof. We know that balls in the n-Bowen metric d; are products of balls on X and
Y since balls in the product metric d* are products of balls on X and Y. Therefore,

r(Tl,OO X Sl,OO» n’ 8) S r(T1,005 n’ E)r(Sl,OOa I’l, 8)-

Thus D(s, T1,00 X S1,00) < D(s, T1,00) + D(s, S1,00)- O

4. Subadditivity

For S, T two continuous functions from the compact metric space X to itself, some
additional conditions are necessary to obtain some interesting results. It is natural
to assume that § and T commute, that is, So 7 = T o S. For instance, in [Hu
1993], the subadditivity of topological entropy (S o T) < h(S) + h(T) was proved
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for diffeomorphisms on C* compact Riemannian manifolds. This section also
investigates the subadditivity for entropy dimension in one-dimensional dynamics.
For convenience, the following two definitions use the same concept and notation
adopted in [Cheng and Li 2010].

Definition 4.1. An interval map T : [0, 1] — [0, 1] is called piecewise monotone
continuous if there exist points 0 =ag <aj; < --- <ay =1 such that T'|4,_, 4, 18
continuous and monotone.

Definition 4.2. Let T be a piecewise monotone continuous map. If J is a maximal
interval on which T'|; is continuous and monotone, then 7 : J — T (J) is called a
branch or lap of 7. The number of laps of T is denoted by [(T').

Rothschild [1971] and Misiurewicz and Szlenk [1980] independently obtained
the topological entropy formula for a piecewise monotone map (see [Brucks and
Bruin 2004; Pollicott and Yuri 1998]). The following theorem gives a generalized
s-topological entropy formula.

Theorem 4.3 [Cheng and Li 2010]. Let T : [0, 1] — [0, 1] be a piecewise monotone
continuous map and s > 0 a real number. Then

log I(T")

nS

4-1) D(s, T) = lim sup

n—oo

Theorem 4.4 (subadditivity). Let T, S be piecewise monotone continuous maps
suchthatT oS = SoT and let s > 0 be a real number. Then

D(s,SoT) = D(s,S)+ D(s, T).
Hence, we have the inequality
4-2) D(SoT) <max{D(S), D(T)}.

Proof. Since SoT =T o S, itis trivial that SP o T?1 =T? o §P for all p, g € N.

The number of intervals of monotonicity of S” o T" is smaller than or equal to
[(T™)I(S™). Thus, we obtain that [((S o T)") < I(S™)I(T"). The previous theorem
gives that

D(S, SOT) =llmsupm fllmsupM
n—oo n n— 00 ns
< limsup log /(5 + lim sup logI(T7) =D(s, S)+ D(s, T).
n—00 n’ n—00 ns

For any ¢ > max{D(S), D(T)}, it is clear that D(¢, S) = D(¢, T) = 0 by the
definition of entropy dimension. Thus, D(¢, SoT) =0, which implies D(SoT) <t¢.
It follows that D(S o T) < max{D(S), D(T)} by the arbitrariness of ¢. U
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Corollary 4.5. Let T, S be piecewise monotone continuous maps such that T o S =
SoT.IfD(S)=D(T)=0,then D(SoT) =0.

Note that in general from D(S) > 0 or D(T) > 0, it may not possible to deduce
that D(SoT) > 0. To find a result in this setting, calculate the left shift S and right
shift 7 on the symbolic space {1, 2}%. Then S o T is the identity map. It is trivial
that D(S) =1 and D(T) = 1. However, D(S o T) = 0. This example also indicates
that the inequality in (4-2) can be sharp. On the other hand, it is easy to see that the
inequality can be an equality. For example, if S is the identity map, then D(S) =0,
and D(SoT)= D(T)=max{D(S), D(T)}. Some related properties of topological
entropy of composition, S o 7', can be found in [Goodwyn 1972; Raith 2004].

Consider a sequence 11 o = {7;}{2, of continuous functions from a compact met-
ric space X to itself. Proposition 3.6 shows a kind of monotonicity of {D(s, T} ~0)}
on i € N. Here, we can introduce the notion of the asymptotical entropy dimension
of the considered system as the limit of entropy dimension in

D*(Txo) = lim D(T; ),
11— 00

where T;  is the tail 7;, T;11, ... of the sequence T} .

Theorem 4.6. Let Ty o = {T;}72, be a sequence of monotone continuous functions
from X to itself, where X is the unit interval [0, 1] or unit circle S'. Then the
entropy dimension is D(T ) = 0. Consequently, D*(Tx) = 0.

Proof. Consider the unit interval case first. Assume that £ = {x{, x2, ..., x;} is
a subset of [0, 1] with x; < xp < --- < x4. Since the functions T}, T, T3, ... are
monotone, for every j =0, 1, 2, 3, ..., we obtain either

T () < T] () < T/ (x3) < - < T{ ()

or
T (x1) > T/ (x2) = T/ (x3) = - = T/ (w0).

This implies that the set E is an (n, €)-separated set if and only if for every
i=1,2,...,k—1,the set {x;, x;;+1} is (n, €)-separated. Denote the integer part of
a number z by [z]. Since the length of the unit interval [0, 1] is 1, at most [%] of
the distances |7/ (x1) — T} (x), | T{ (x2) = T/ (x3)1, ..., |T{ (1) = T ()] are
longer than €. Therefore, at most n[é] sets of the form {x;, x;+1},i=1,2,...,k—1
are (n, €)-separated. Thus, if E is (n, €)-separated, then k — 1 < n[%]. By definition,
D(s, T1,00) = 0 for any s > 0, which implies D(T} ) = 0. Similarly, D(T}j ») =0
for any j > 1. Thus, D*(To,) =0

Next, consider the case X = S'. The proof is similar to that of the unit interval
case when the order of the points on S' is the angle of points on S'. Therefore,
D*(Tw) = 0 is also obtained in this case. [l
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A GJMS CONSTRUCTION FOR 2-TENSORS AND
THE SECOND VARIATION OF THE TOTAL Q-CURVATURE

YOSHIHIKO MATSUMOTO

We construct a series of conformally invariant differential operators acting
on weighted trace-free symmetric 2-tensors by a method similar to that of
Graham, Jenne, Mason, and Sparling. For compact conformal manifolds of
dimension even and greater than or equal to four with vanishing ambient
obstruction tensor, one of these operators is used to describe the second
variation of the total Q-curvature. An explicit formula for conformally
Einstein manifolds is given in terms of the Lichnerowicz Laplacian of an
Einstein representative metric.

Introduction

Let (M, [g]) be a conformal manifold of dimension n > 3. The k-th GIMS operator
[Graham et al. 1992] is a conformally invariant differential operator acting on
densities €(—n/2 + k) — €(—n/2 — k), which is defined for all k € Z if n is
odd and for integers within the range 1 <k <n/2 if n is even. This operator has
a universal expression in terms of any representative metric g € [g] with leading
term the k-th power of the Laplacian. The idea for the construction is realizing
densities as functions on the metric cone % and computing the obstruction of its
formal harmonic extension to the ambient space (, g), where g is an ambient
metric of Fefferman and Graham [1985; 2012]. After the appearance of [Graham
et al. 1992], other GIMS-like conformally invariant differential operators have been
constructed in, e.g., [Branson and Gover 2005; Gover and Peterson 2006].

In this article, we establish another variant of the GJMS construction. Our
operators Py act on weighted trace-free symmetric (covariant) 2-tensors:

Pk:svo(—g+2+k) N 8’0<—g+2—k>.

Here, the values that k takes are the same as in the density case, ¥y is the space of
trace-free symmetric 2-tensors on M, and ¥p(w) = ¥y ® €(w). The main tool of
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our construction is the Lichnerowicz Laplacian of the ambient metric g, which is
defined by .
Ay := A +2Ric® - 2R,

where A = V*V is the connection Laplacian and Ric®, R are the following tensorial
actions of the Ricci and Riemann curvature tensors of g:

(Ric°5) (X, ¥) := L((Ric(X, ), 6 (Y, )z + (Ric(Y, -), 5 (X, ))z),
(R&)(X.Y) = (R(X. . Y. ). 6);.

Our intention to study the GIMS construction for 2-tensors is because of its
relation to the second variation of the total Q-curvature, i.e., the integral of Branson’s
Q-curvature [1995]. Recall that, for a 4-dimensional compact conformal manifold
(M, [g]) of positive definite signature, the Chern—Gauss—Bonnet formula for the
total Q-curvature Q is

- 1
0 =872y (M) — Zf (WIS dV,
M

where y (M) is the Euler characteristic, W is the Weyl tensor, and g € [g] is any
representative. One can deduce from this that Q < 872y (M) and the equality holds
if and only if (M, [g]) is conformally flat. It turns out that there is a partial gener-
alization of this fact to the higher dimensions. Recall that a conformal metric [g]
is identified with a weighted 2-tensor g € ¥(2). Let J{|4) be the conformal Killing
operator. Then we have the following theorem, which is due to Mgller and @rsted
[2009].

Theorem 0.1. Let S" be the sphere of even dimension n > 4. Then, for any
smooth 1-parameter family g, of conformal metrics on S" such that go = g«q and
8:li—0 & image 3{[gstd]’ the total Q-curvature Q, attains a local maximum at t = 0.

Our main theorem contains Theorem 0.1 as a special case. Consider the following
decomposition of ¥4(2), which is valid for any compact positive definite conformal
manifold (M, [g]) and a representative g € [g] (see [Besse 1987, Section 12.21]):

(0-1) F0(2) = image K ® F51(2).

Here S’gTT(w) is the space of TT-tensors (trace-free and divergence-free tensors)
with respect to g. This is an orthogonal decomposition with respect to the L>-inner
product, and if g is Einstein, the Lichnerowicz Laplacian A; of g respects this
decomposition.

Theorem 0.2. Let (M, [g]) be a compact conformally Einstein manifold of positive
definite signature with even dimension n > 4, and g an Einstein representative
with Schouten tensor P, =28 Then, for any smooth 1-parameter family g, of
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conformal metrics such that go = g, the second derivative of the total Q-curvature
att =0is

P2 . n/2—1
02) 0=~ /M< [ (AL -4 — Di+4m@n—2m — D1)efy. ¢§T>g,

m=0

where go%T is the 8’% (2)-component of ¢ = g;|;—o with respect to (0-1). In particular,
suppose there is an Einstein representative g with A > 0 such that the smallest
eigenvalue o of ALlyng(z) satisfies

(0-3) oa>4n-—1)A.

Then, for any g, for which ¢ ¢ image X[, the total Q-curvature attains a local
maximum at t = 0.

For (8", gstd), A =1/2 and A, = A +2n. Therefore the assumption for the latter
half of Theorem 0.2 is satisfied, and hence Theorem 0.1 follows.

Some ideas for the proof of Theorem 0.2 are in order. Let (M, [g]) be a compact
conformal manifold of even dimension n > 4 (here we may allow arbitrary signature).
If we are given a smooth family g, of conformal metrics on M such that go = g,
then the derivative ¢, = g, € ¥(2) is trace-free with respect to g;. As shown in
[Graham and Hirachi 2005], the derivative of Q, is given by

EQ;=(—1)”/ 5 /M<@,,¢t>g,,

where O, is the Fefferman—Graham ambient obstruction tensor of g, [Fefferman
and Graham 1985; 2012]. In particular, if (M, [g]) has vanishing obstruction tensor,
which is the case if (M, [g]) is conformally Einstein for instance, then é ; stabilizes
at t = 0. In this case the second derivative of Q, at t = 0 is of interest. It is given
by

2

(0-4) 2

0| = (—D"”% / (0,0, 9D,
=0 M

where @;, :F0(2) — Fo(2 — n) is the linearization at g of the obstruction tensor
operator (@;,w is trace-free because g is obstruction-flat). This shows that it suffices
to compute @’g to derive the second variational formula of the total Q-curvature.
The construction of our operators Py leads to the fact that P = P, is equal to @fg
up to a constant factor for obstruction-flat manifolds. (For n =4 and 6, since an
explicit formula of the obstruction tensor is known, one can directly compute its
linearization. In higher dimensions our result is really new, because there is no such
concrete formula for 0.) Thus our GIMS construction adds new knowledge of @é,
which was previously studied in [Branson 2005; Branson and Gover 2007; 2008].
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If we specialize to the case of conformally Einstein manifolds, explicit com-
putation is possible thanks to a well-known associated ambient metric. We will
derive a formula of Py restricted to 9’§T(—n /2 + 2+ k) with respect to an Einstein
representative g with Schouten tensor P, i =Ag;

k—1
n n
05) Pelgs npain =] | (AL—401=1Da=2(=2-+k=2m) (5 +k-2m—1)).

m=0

Then Theorem 0.2 is an immediate consequence.

This article is organized as follows. Preliminaries about ambient metrics and
some preparatory lemmas are included in Section 1. In Section 2, our operators Py
are constructed. One of the characterizations of Py is that it gives the obstruction to
dilation-annihilating TT-harmonic extension of ¢ € ¥o(—n/2 + 2 + k) with respect
to the ambient Lichnerowicz Laplacian AL. In Section 3, we first show that the
variation of the normal-form ambient metric modified by adding a certain tensor in
the image of the Killing operator of g is a best possible approximate solution to the
harmonic extension problem mentioned above. Using this fact, we prove that the
trace-free part of @’g equals P in general. In Section 4, we work on conformally
Einstein manifolds and prove Theorem 0.2.

In this article, “conformal manifolds” are of arbitrary signature unless otherwise
stated. Index notation is used throughout. On ambient spaces we use I, J, K, ...
as indices, while on the original manifolds i, j, k, ... are used.

1. Preliminaries

Let (M, [g]) be a conformal manifold of dimension n of signature (p, g) with
metric cone 9. With a fixed representative metric g € [g], 9 is trivialized as

YR, x M, t*g > (1,x).
Let G be the associated ambient space:
G:=GxRER. x M xR={(,x, p)}.

In our index notation, if 4 is trivialized as above, we use the indices 0 and oo for
the 7- and p-components, respectively.

The space ¢ carries a natural R -bundle structure. The dilation §;, s € R*, is by
definition the action of s> € R, and the infinitesimal dilation field is denoted by T.
The spaces of the densities, weighted 1-forms, and weighted covariant symmetric
2-tensors (all of weight w) are denoted by €(w), I (w), and ¥(w). By the metric
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cone 4, these spaces are realized as follows:

(1-1) Cw)={feC®WUR) |Tf=uwf},
T(w)={reC® YT |Tit=0, Lrr=wrt},
P(w)={o € C®G Sym* T*9) | T1o =0, %ro=wo}.

The R -action extends to % =% x R and so does 7. In terms of the extended T,
we define

When & € $(w) satisfies (76 )| 74 =0, then & |74 makes sense as a section in P (w)
via the identification (1-1). We use the notation & |7 to express this weighted
tensor.

Let g be a preambient metric. This means that g € F2)isa homogeneous pseudo-
Riemannian metric of signature (p + 1, g 4 1) defined on a dilation-invariant open
neighborhood of 4 in % such that its pullback to %4 is equal to g € ¥(2). In the
sequel we only work asymptotically near %, so we may assume that all preambient
metrics are defined on the whole %. We next introduce the straightness condition:

(1-2) VT =id.

If this is true, the differential of the canonical defining function r = |T |§ of Gis
(1-3) dr=2T.g.

Recall that it follows immediately from (1-2) that

(1-4) T'R,,c, =0, andhence T'Ric,, =0.

The Fefferman—Graham theorem states that there is a straight preambient metric g
with
~ O(r®) if n is odd,
Ric = ST

O@r"* 1) if nis even.
In this article, such a metric g is called an ambient metric. When n is odd,
ambient metrics are unique modulo O (#°°) and the action of dilation-invariant
diffeomorphisms on % leaving points on 4 fixed (such diffeomorphisms are called
ambient-equivalence maps in the sequel). If n is even, the situation is subtle. For a
1-form T € 9 (w), we define

F=0"(") << 7t=00""" and (r'7"%)|r¢ vanishes

= 7=00") mod r™'TJg.
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We say that & € P(w) is Ot (") if

i) o=00");

(i) T26 = O~ (r™*!) and hence (r ™6 )|y makes sense; and
(i) (r7"0)|rm € F(w — 2m) is trace-free with respect to g.

Then, ambient metrics are unique modulo O1(r"/?) and the action of ambient-
equivalence maps. By [Fefferman and Graham 2012, Equation (3.13)], the condition
Ric = O (r"/*~1) for ambient metrics actually forces

Ric = 0T (/27 1,

Let g € [¢] and consider the induced trivialization G Ry x M x R. If a straight
preambient metric g is near ¢ of the form

(1-5) g=2pdt* +2pdtdp +1g,,

where g, is a 1-parameter family of metrics on M with gy = g, then g is said to be
in normal form relative to g. For any straight preambient metric g and a choice of
g € [g], it is known [ibid., Proposition 2.8] that there exists an ambient-equivalence
map ® such that ®*g is in normal form relative to g.

Lemma 1.1. Let § be a straight preambient metric. For ¥ € J(w) and & € $(w),
Vri=w—=1D%, V7é=(w-=2)5.
Proof. Let 5 eX (@) Then, since the Levi-Civita connection is torsion-free,
(VrE)& =T(2()) - #(Vré) =T (z(€)) - #([T. ]+ VeT)
=T(#(§)) — 7(%£r8) —7(VeT) = ErD)(E) — (§) = (w — DE ().
The second equality is proved similarly. O

Now let g be a fixed ambient metric. Let Fo(w) be the subspace of formally trace-
free tensors of ¥(w), and $rr(w) the subspace of formally TT-tensors. Moreover,
we define

FXw):={6 e F(w) | T16 = 00™)},
FX(w) :=Fow) NFX(w),  FEr(w) := Prr(w) NFX (w).

If n is odd, these spaces are invariant under O (»°°)-modifications of g. If n is even,
we need some technically defined tensor spaces. For 2 —n < w < 2, we set

Farr(w) :={5 € F(w) [trg& = O (1" 2P2T), 855 = 0 (7212
(“aTT” is for “approximately TT”) and

FErw) == {6 € Farr(w) | T16 = O~ (r[r=2Hw/ 2N 1
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where §; is the divergence operator (§30);, = v 0;;,and [x] is the smallest
integer not less than x. Then g’fTT(w) does not depend on the O (+"/?)-ambiguity
of g. To check this, let g’ = g 4+ A be another ambient metric with A = OF(r"/?).
Then T1A = O~ (r"/>*1). Since trg 0 =trgo + O(r"/?) for any &, the trace
condition is not affected. The Christoffel symbol of g’ is given by

(fw/)KIJ — f‘KIJ _ %(g/—l)KL(DA)LIJ — fK[j _ %(DA)KIJ 4 O(rn/Z)’

where

(DA = 6KAIJ - 6IAKJ -V, Ak,

Hence
(836); = (836); + 3(DAY' K 16, + 1(DAY K &, + O("?).
Let A =r"2A. Then
(DA)gpy = ”Vn/z*l(TK Ay =T Ag;— T Agp) + 0"’

and, because T_UA = O~ (r),

(DAY, =nr"?"' T A"+ 07 ("),
Therefore, if & € FX.p(w), 836 = 836 + O~ ("/?) = O~ (r[=21w)/21),

Lemma 1.2. Let g be an ambient metric and ¢ € $o(—n/2+2+ k), wherek € Z .
If n is odd, then there exists 6 € E}’%(T(—n/2 + 2+ k) such that 6|ry = @. If n is
even, there exists 6 € S}fTT(—n/Z +2+k) such that 6|ty = @ as long ask <n/2.
In both cases, the restriction ¢ = & |q is uniquely determined.

Proof. To prove the existence part, take any (g € 9’(}){ (—n/2 + 2+ k) for which
00)lTm =¢. We shall inductively construct 6,y € g)g (—n/2+2+k) for nonnegative
integers m such that

6(m) :&(m_l)—i-O(rm_l), ch&(m) = O(rm)

Suppose we have &u_1y € FX (—n/2+2+k) With 8351y = O™ 1). If G(m) €
95( (—=n/2+2+k), then T 1836, = 0 is automatically guaranteed:

TV Gn-1) 1 =V (T Gn-1))1,) = (VT Gn-1)) 1y =0+8" G m-1)),, =0.
We seek for () assuming that it is of the form
(1-6) Gy = Gon-1)) g + 2" Ty Viy +r" T Ty =" Wy,

where V € T (—n/2+2+k —2m) satisfies T'V, =0, f € €(—n/2+k —2m), and
W e X (—n/2 42+ k —2m) is such that the whole expression (1-6) is trace-free
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and vanishes if contracted with T' (hence tr; W = f. 1’ W, =V, + f T, ). Minus
of the divergences of the additional three terms on the right-hand side of (1-6) are

VI, V) =T (/2424 0V, + T, VIV, )+ 00™),
VI T, T ) = 2+ 1+ R f T, + 0™,
V(=W )y ="t (=2m)(V, + fT;)+ 00™).

Therefore, we first put V = (n/2 +2 +k — 2m)~'r ""*+16:6,_1), and set f =
—(n/2+ 14k —2m)~'V/V, sothat the O(r"~")-term of the divergence of (1-6)
vanishes. This is possible for all m if n is odd, and until m = |n/2 + k] if n is
even. Applying Borel’s lemma, the proof of the existence for n odd is complete.
When 7 is even, we get 0 = 0(|(x/2+k),2))- Furthermore, if n/2 41+ k is an even
number, then 836 can be made O~ (r"/>T170/2) " Anyway, §;G finally becomes
O~ (r!®/Z+/21) "and the existence for n even is proved.

Let us once again take 0(g) as we did in the beginning of this proof. If & is as in
the statement, then since (7 16)|g = 0 and 6|7y = ¢, ¢ must be written as

where 77V, = O(r). Moreover, in order for TG = O(r?) to be satisfied, T/ W, ,
should be V, +r~'T, T'V, + O(r). Then

& n 57 -

vI@T, v, —rW,) = <§+k)V, +T, (V'V, =2r7'T’V, )+ O(r).

Therefore, V, mod O~ (r) is determined by the condition ;6 = O~ (r). If we
put f T, into V,, then the right-hand side will be (n + 2k — 2) f T,. Thus V, is
uniquely determined in order to satisfy 3o = O(r). ]

We call ¢ in Lemma 1.2 the ambient lift of ¢ € F(—n/2+2+ k).

2. A GJMS construction for trace-free symmetric 2-tensors

Let (M, [g]) be a conformal manifold of dimension n > 3 and g an ambient metric.
We shall play with the following three operators:

X E~P(w) — E~I)(w+2), o> [—llr&,

y:Pw) > F(w—2), &+ ALG,

g - I, e (Vr+E2)e = (w2 -1)5.
Just as in the case of the classical GIMS construction, one can verify the following.

Proposition 2.1. The operators x, y, h enjoy the sl(2) commutation relations:

[h,x]=2x, [h,y]=-2y, [x,y]l=h.
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The proof is left to the reader. Consequently we have the following identities:

2-1) ", x]=—my" ' (h—m+1),
(2-2) X", yl=mx" Y (h+m—1),
(2-3) Y = ()" = DV D) - (h+m —2) + X Z,

where Z,, is some polynomial in x, y, &.
We are going to verify that x, y, and & preserve the subspaces Ef’%‘T(w) when n
is odd and yfTT(w) when 7 is even. For this we need two lemmas.

Lemma 2.2. For f € é(w), 7 € T(w),
(2-4) f=00" = Af=00"h,
(2-5) T=0 (") = AT=0"(0"").
In (2-5), we may also replace A with the Hodge Laplacian Ay.
Proof. First we compute A(r'”):
AGr™) = —@161 "™y ==V Qmrm! T,)=—-2m(2m +n)rm L.

Hence it is clear that f = O(™) implies A f = O("~") and that T = O(+™)
implies AT = O™ 1. So, to prove (2-5), it remains to show that A(rm_lfTI )
is O~ (1. This is checked directly:

@1 (rm_lfTI) =2(m — l)rm_szI T, +rm_1f§” + T ﬁjf
and therefore
A fT) = —2(m — D@m +n+2w)yr™ 2 fT, + 0™ ").

By Bochner’s formula AHfl = Afl +I€i/cljfj, Aut = 0~ (r"™ 1) is clear. [l

Let (Dli\idc)0 : g’(w) — g(w —4) be defined by

((DRic)°5), = (V,Ric,x — V,Ric;x — Vg Ric;,)5'¥.

Then it is known that, on any symmetric 2-tensor,
(2-6) 8z 0 AL = Ay o8z + (DRic)°.
Lemma 2.3. Whennisevenand2 —n <w <2,

& € ¥r(w) = (DRic)°6 = 0~ ("> 1.
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Proof. Let Ric = r"/2~1§. Then
(2-7) ﬁlR’-\i—/CJK = (n — 2)rn/2—2T1 g][( + 0(,,?1/2—1)‘
Therefore

(ViRic, £)57K = (n—2)r"*72(8,6);T; + 00",

On the other hand, since 716 is at least O~ (r), we can write TI&” = fT] +O(r).
Hence, by (2-7) and (1-4),

(V,Ric; )67 % = (n —2r"*2fTKS, ¢ + 0" = 0™/,
Consequently, (Dli?c)"& =0~ (r"/* Y, -
Proposition 2.4. If n is odd, then, for any w,

X(FFrw) CFFrw+2),  y(Fw) c Frw =2),  A(Firw)) C Fipw).
Ifn is even,

x(ngT(w))Cg’fTT(w-i-Z), 2—n<w<0,

y(g);(TT(w)) C Frr(w —2), —n

h(g’fTT(w)) C Prr(w), 2—n<w<?2

A

9

Proof. Since the case n odd is easier to prove, we discuss the case n even. It is
clear that 1 ($%.p(w)) C F%.1(w). For 6 € $Xp(w), we have T 1(r6) =rT 16 =
O~ (r1n=24W/2142) o (r6) = r trg 6 = O(r1"=2TW)/21%1) "and

83(r6) = —2T 16 + 1836 = O~ ([ 2TW)/21H)
Hence xo € f;”fTT(w 4+ 2). It remains to show that yo € gofTT(w —2). The trace
of ALG is trg AL = A(trg, &) = O (r1=2+w)/21=1y by (2-4). Furthermore,
Ve (T76;,)=08x"61; + TV, =515 + TV 5y,
and hence
AT'5,,)=-VE6,, —VE(T'V5,))

=2VKG, . —TIVEV, 6, = —2VEKG, + T/ ALG,,;
the last equality is because of (1-4). This implies 7' ALG = O (pn=24w)/2Ty
Finally, (2-6) and Lemma 2.3 show §; A6 = O~ (r(n=24w)/21=1y O

Theorem 2.5. Letk e Z ifnisodd,andk € {1,2,...,n/2} if n is even. For any
0 €Po(—n/2+2+k), letc e g’(—n/Z + 2 + k) be any extension of the ambient
lift 9. Then Af&@ depends only on ¢ and not on the extension. Furthermore,
A’f_& |7 makes sense as a section in ¥(—n/2 +2 — k).
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Proof. We work on the case n even only. Any two extensions of ¢ differ by a tensor
of the form rT, where T € 9’0( n/2+k). Equatlon (2-1) shows that the commutator
[A r] vanishes on 8’0( n/2 + k) and hence AL(V'E)Icg = 0. In particular, using
Lemma 1.2 one can take & € S’aTT( n/2+2+k) as an extension of ¢. Then by
Proposition 2.4, ALO' € EfaTT( n/2+2—k)and A’ﬁ&hM is defined. O

Theorem 2.6. Let k € Z if n is odd, and k € {1,2,...,n/2} if n is even. Let
¢ € Fo(—n/2 42+ k) and let ¢ be its ambient lift. Then there exists a solution
o€ 9¥T( —n/2424k)ifnisodd,and 6 € Sf’dTT( n/2+2+k) ifn is even, to the
problem

(2-8) AL =0@* Y, Glg=¢,

which is unique modulo O (r*). For any such &, (r'=* ALG)|g is independent of the
ambiguity that lives in 6, and agrees with A’ﬁ& |¢ up to a constant factor:

1

1—k Tk~
(2-9) ( ALO’) ‘(@ WALO' |<g
Proof. We work on the case n even only. Let us begin with an arbitrary extension
&0y € FXp(—n/2+2+k) of ¢. If an extension G, 1) satisfies ApGn—1y)= O™ "),
then it has a modification &) = G(m_1) + "1, 61 € FXp(—n/2 4+ 24k —2m),
which is unique modulo o@™mth), satisfying AL5(,,,) = O0(@™). In fact, by (2-2),

we have
(2-10) AL = dmr™ N m — k)& + r" ALG.

Thus &7 can be taken so that ALé(m) O (™) unless m = k. Hence there is a & with
the property stated in the theorem. Let A;.6 =r¥~' F, with F € SI’XTT( —n/24+2—k).
Then, by (2-3), Ak & = 41 yk=1yk=1 F — 45=1(k — 1)12F + O(r). Hence (2-9). O

Except in the case where n is even and k =n/2, (A’ﬁ&)h M 1s trace-free since
trg A]ﬁ& and T A’ﬁ& are both O (r).

Definition 2.7. Let (M, [g]) be a conformal manifold of dimension n > 3 and g
an ambient metric. We call

Po:Fo(—n/2+24k) = Fo(—n/2+2—k), Pp=tle(AlGIrMm)

the GJMS operator on trace-free symmetric 2-tensors, where ¢ € F(—n /2424+k)
is any extension of the ambient lift of ¢. (One can remove tf, unless n is even and
k =n/2.) In particular, when n = dim M > 4 is even,

P = Pn/z : 990(2) — 90(2—1’[)

is called the critical GIMS operator on trace-free symmetric 2-tensors.
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Theorem 2.8. The GJMS operators on trace-free symmetric 2-tensors do not de-
pend on the choice of g, and hence are conformally invariant differential operators.

For the case where n is even and k = n/2, the direct verification of the conformal
invariance is not easy. We will see in Theorem 3.4 that, up to a constant factor, P¢
is equal to tfy @:g(p, which is clearly conformally invariant. Here, we prove the
theorem in the case n odd and the case n even, k <n/2 — 1.

Proof of Theorem 2.8 except the case where (n, k) = (even, n/2). By Theorem 2.6,
we may work with ' ~¥A[ & instead of Af&. Let g be an ambient metric, ¢ €
Fo(—n/2+ 2+ k) and, let 6 be a solution to the problem stated in Theorem 2.6.
Then, if ® is an ambient-equivalence map, ®*6 solves the same problem with
respect to ®*g. Since (dD*r)l_kAL’q,*g(d)*&) = &*(r'*ALo), the restrictions of
(d*r)! =k AL@*g(d)*&) and r'"%*ALo to TM coincide. Therefore we may assume
that g is in normal form.

When 7 is odd, the assertion is now clear because g is formally unique if it is in
normal form. So we assume that n is even in what follows. It suffices to show that,
if g, § are ambient metrics in normal form and ¢ € Q)ffTT(—n/Z +24+k),

AG —ALG =0(p"*?) and A5, —ALs; = 0(p"*7h).

Let DX 1= r« 17— r« ;- From [Fefferman and Graham 2012, Equation (3.16)],
one concludes that DK” = 0(p"*"!) and @’DK” = O (p"*71). Therefore

&}11 —A&IJ =6K(2DLK(16'J)L)+0(/)”/2_1) _ O(p"/z_l),

In addition, Ric =Ric+0 (0"/?~") and R = R+ O (p"/*>~2) by [ibid., Equation (6.1)].
Hence A]ﬁ —ALG = O(p"/*7?). Moreover, if S‘”KL = IéIJKL — IéIJKL, then

A

:_2t—4(g;1)kM(ggl)lnSvikﬂ 6.mn_4t—3(g;l)km§ikjoo&m0+4t—4p(g;l)km§ikj005_moo
_Zl_zgioojoo&oo +4t—3p‘§ioojoo6000 _81_4:025'1'00}'0050000 +O(,On/2_l).

Again by [ibid., Equation (6.1)], we have Suk[ = 0(p"/* 1, Stjkoo — 0(p"* 1),

Szookoo = O(p"/2 2) and hence ALU ALU — O(p"/2 1) 0

We close this section with a lemma that is proved just like the construction of &
in Theorem 2.6.

Lemma2.9. Letk € Z... Forany fi € €(—n/2—24k), there exists f € €(—n/2+4k)
such that

Af=fi+o0@* .
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Likewise, for any T\ € T(—n/2 —1+k), there exists T € T(—n/2+ 1 +k) such that
AT =7+ 0.

In both problems, we may arbitrarily prescribe the values along G; if we prescribe
flg, Tlg, then f, T are unique modulo O (r®).

3. The variations of obstruction tensor and Q-curvature

Let g be an ambient metric for a conformal manifold (M, [g]) of dimension n > 3.
Recall that, from general calculations on (pseudo-)Riemannian curvature tensors,
the differential of the Ricci tensor operator (which we write as Ric here) is

3-1) Ric; 6 = 3ALG — 8536,

where 5;; is the dual of the divergence (S;ff) 1= 6( ;1 Tyy and By is defined by
RBzo = 830 + %d (trz o). Therefore, for n even, a solution ¢ € E}’;‘TT(Z) to the
problem in Theorem 2.6 approximately solves Ric’g o =0, and hence it is expected
that we can read off @fg(p from the asymptotics of 6. This will finally turn out to be
true, but since the definition of O depends on the existence theorem of normal-form
ambient metrics, in order to capture @qu) our starting point has to be infinitesimal
modifications of ambient metrics in normal form. The differential equation that
they (approximately) satisfy is different from Ap & = 0. So we shall establish a
method for translating solutions of the two equations.

Let (M, [g]) be an n-dimensional conformal manifold with n > 4 even and
@ € $9(2). Suppose that g, is a family of conformal metrics (here we use s for
the parameter, because ¢ will denote a coordinate on ) with go = g such that
gsls=0 = ¢. Let g € [g] be any representative metric, and g, the corresponding
representatives of g;. By the method of [Fefferman and Graham 2012], we can
construct a family of ambient metrics

g =2pdt* +2tdtdp +1°g}

such that g5 = g; and g; smoothly depends on the two variables p, s. All these
metrics satisfy Ric, = O (#"/>~1) and T JRic, = O~ (+"/?). Differentiating these
equations, we conclude that 6 = Gporm = (d/ds)gs|s=0 solves

Ric; 6 =0(¢"*™"), TIRic;6 =0 ("?).
Note that it satisfies T _1Gnorm = 0, trg Gnorm = O(r), and hence

TI@J(&normhj = 6J(Tl(a'norm)1j) - glj(&norm)lj =0(r);
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therefore it holds that
(3-2) T 1B 36nom = T 1836n0m + 3T (trz Gnorm) = O (r).
Since the obstruction tensor O = O is defined by

~ 2"2(n/2 — 1)1?

©s =Cp (rl_n/zRiCS)lTMa Cp = (_l)n/Z—l (n/ ) s
n—2

we have

1—n/26T) ~
@:gw =Cn (r n/ Rlcganorm)ITM-

Lemma 3.1. Let 6,oim be as above. Then, there exists a dilation-invariant vector
field & on § such that §|¢ = 0 and

973;5 (&norm +3{§§) = 0(,}1/2)’

where K3 is the Killing operator: (i%gé)lj = 26(1 ?;:J). Such a 5 is unique modulo
O (r"*™1 and satisfies §(T, &) = O(r?), trz HzE = O(r).

Proof. The equation to be solved is B3I g,§ = —RBz0norm + o). By a straight-
forward calculation,
(%g,%g,é)l = A§,; —Ricuéj.

Since Ric, ;&7 = 0 ("/?) for any £ satisfying | = 0, the equation simplifies to
Aé = —B3z000rm + o3, By Lemma 2.9, 5 is uniquely determined up to an
O (r"?*1) ambiguity.

If we write € = rV, then AE = —2nV + O(r). On the other hand, T 1AE =
—2T 1RBz0norm + O (r"/?) should be O(r) by (3-2). Consequently 71V = O(r),
i.e., TUE = O(r?). Moreover, tr; & =2V!E, =4T'V, + 0(r) = 0(r). O

Let 6 = Gnorm + f]fg,é € 9)(2). It is a consequence of the fact that the Ricci
operator commutes with diffeomorphisms that Ricé %gé = Ric:é L8 = ifgﬁfc.
Since &[4 =0, Ric = 0 (+"/>~"), and T_Ric = 0~ (+"/?), %;Ric itself is O (r"/>~1)
and TJ&EinTC = O~ (r"/?). Therefore Ricé & =00"*, TJRicé & =0"("?).
Moreover, B35 = O(r"™/?) and hence 5iB36 = o2, T185B36 = 0~ (r"'?).
Thus we conclude

(3-3) ALs = 00", TiALs=0"("?).

Lemma 3.2. Let Gnom and & be as in Lemma 3.1. Then & = Gnorm —|—57{g,§ € g’fTT )
and it is a solution to (3-3).

Proof. It remains to show that ¢ € g’fTT (2). By taking the trace of (3-3), we obtain
A(tr; &) = O(r">7"). In addition, since tr; %z& = O(r), we have (tr; &)|g = 0.
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Hence, by Lemma 2.9, tr; 6 = O(r"/?). Then B;6 = O(r"/?) implies §;6 =
O~ (r"/?). Furthermore,
and

T/6. =7 :E), =TI F & § _¥§ JE N _

o1y = ( gg)IJ—T vI‘éj—i_T vJ‘éI—VI(T gj)—o(’”)-

Since A(r"/2 fT, ) = —2nr">"' fT, + O("/?) for f € €(—n), one can determine
fsothat A(T?G,, +r"?fT,) = O@G™?). Then T’&,, +r"2fT, is still O(r),
and hence T 16 = O~ (+"/?>*!) by Lemma 2.9. O

Lemma 3.3. Let 6yorm and § be as in Lemma 3.1 and set 6 = 0yorm + K gé . Then
ALé =2 Ric} Gnom = O (r"/*™1), and (r="2(ALe -2 Ric}; Gnom)) |7 vanishes.

Proof. Recall that
}ALG — Ric] Gnom = Ric} Hgé — 5136 = L;Ric — 83%;6.
Let Ric = r"/2-1§ and § =rV. We proved in Lemma 3.1 that TIVI =0(r). As
in the proof of Lemma 1.1, we compute
Thus (rl_"/zig ﬁc)lm vanishes. On the other hand, if we write Bzo = r"/2%, then
(83B56); =V (%) ) =nr"*7IT T + 0",
and hence (r' ="/ 28;‘% 39) |74 = 0. This completes the proof. O

Theorem 3.4. Let (M, [g]) be a conformal manifold of even dimension n. Then the
differential of the obstruction tensor @:g is given by

B (_l)n/Z—l 1

3-4 O,p = P o, :
(3-4) i T 0+ 50008

Proof. Let 61otm, é as in Lemma 3.1 and 6 = 6yorm + 37{55. By Lemma 3.2, Py is

equal to the trace-free part of 2"_2(n/2 — 1)!2(r1_”/2AL6)|TM. By the previous

lemma, (r]_”/ZAL&)hM = (2r!—/2 Ricjg; Onorm) | TM = c,,l_l@/g(p. Therefore,

(_1)n/2—1

tf,0 p=-— 2
A A YR

On the other hand, trg @;,ga = (0, ¢)g, for trg O =0 for any g. Hence (3-4). ]

Combining the theorem above and (0-4), we obtain the following.
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Corollary 3.5. Let (M, [g]) be a compact conformal manifold of even dimension
n > 4 with vanishing obstruction tensor. Let g, be a family of conformal structures
such that gog = g. Then the second derivative of the total Q-curvature att =0 is

1 /
=7 <P§07 (0) s
=0 4 M ¢

where ¢ = g:|;—0 and P : $5(2) = So(2 — n) is the critical GIMS operator on
trace-free symmetric 2-tensors.

d2

d?Qt

4. Explicit calculations for conformally Einstein manifolds

Recall that, for g € [g] Einstein with Ric;; =2A(n — 1)g; ; SO that P, =28 the
following formula gives an ambient metric that is genuinely Ricci-flat:

(4-1) g =2pdt*+2tdtdp+t*(1 +rp)°g.

The inverse of g is

0 0 !
@hH"=10 r20+r)2%" 0
! 0 —2t7%p

and the Christoffel symbol of g is given by

0 0 0 0 t—laik 0
r,,=|o —rt(14+2p)g;; 0, ok = 18k rkij A(1+rp) 718K,
0 0 0 0 A(l+ip)~'s;* 0

0 0 ¢!
FOOIJ: 0 —(1+)»P)(1_)\p)gij 0
i1 0 0

A direct computation shows that Wl. k= tzWi L where W and W are the Weyl
tensors of g and g, respectively (the latter is extended to ¢ =R, x M x R in the
trivial way). The other components of W are zero.

Lemma 4.1. Let § be as above, and suppose that & € $(w) is of the form
6 = (1 +Ap)waij ,

where o; ; Is a symmetric 2-tensor on (M, g). Then
42) ALs=t""(1+1p)" (AL —4(n — DA —2(w —2)(n+w — 3)A)o,

where A;, = A +4nk — 2W is the Lichnerowicz Laplacian of g.
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Proof. The first covariant derivative of ¢ is as follows:

Vo8 = 0,6 — 2T ;6 =1"(1+210)" " (w =)Aoy, .
VoGi; =0i6;; — 20,6, ="~ (1 +10)" (w —2)0;; ,
V& =0u6,; —200 6, =1"(14+1p)" Vo,
ViGioo = ~ToeGi = =1V (L+2p)" " lioy
ViGio = —ToGy = =17 (1 +10) "0y .

Therefore,

Vo Voo Gij :aﬁm&ij — %00 Voo 0
- 1(1+Ap)w "(w—=2)(w—3)ro;;
—2R 0" 6 =V Vo6

P
V.o.. =2T O(HV 0| )k

OOlj’

VooV &,:aﬁw&u—zr soti Voo O = 1" (14 2p)" 72 (w — 2) (w — 3)2%0;;
ki
§'ViViG;; = 04V, =Ty N, 65 =207 V6 ),
~ - ~ ~ ~O ~ ~0 = o~
— %% Voo Gi; =201 V16100 = T VoG —28% V161500

=—1"(1+210)"(Ac;; —2(n(w—2)—2)io;; )

and hence
r —1g -2, -2 2 kG & =
NG =—2""VyV 5, 2720V Vi —t (L +2p) 28"V, V6,
=" (14 10)" 2 (A 441 — 2w = 2)(n+w — 3)A)o;;
Consequently, A& = (A —2W)é is given by (4-2). ([l

Theorem 4.2. Let (M, [g]) be a conformally Einstein manifold with dim M =n > 3,
and g € [g] an Einstein representative with Schouten tensor P =1g;;- Then, the

action of Py restricted to 8’ r(=n/2+2+k) is given by (0- 5).
Proof. Let p =t ~"/2t27kg e $3.(—n/2+2+k) and 6 = (1+1p) "/*T2+*¢. Then

V& =t PP A4 ap) TP, G V6 = VoG = Ve =0.

ij ooi

Since @ is a TT-tensor on (M, g), & itself is a TT-tensor with respect to g, and hence
is an extension of the ambient lift of ¢. We may compute A’ﬁ& by Lemma 4.1. By
taking the value along % and trivializing with respect to g, we obtain (0-5). (I

Now we prove our main theorem.

Proof of Theorem 0.2. Let ¢ = J{[5)& + <p1giT be the decomposition of ¢ = g;|;—
with respect to (0-1) and E, the flow generated by &. Then g, = E*, g, satisfies
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8ili=0 = gofT and the total Q-curvature of g/ is equal to Q,. Therefore

1
= [ (petr. o)

and thus (0-2) follows from Theorem 4.2. Under the assumption of the latter half of
the theorem, any eigenvalue of A |,¢  —4(n — DA +4m(n —2m — 1)A is strictly
positive for 0 <m <n/2 —1. Theref(T)(rze):, if ‘/’% = 0, the second derivative of Qt at
t =0 is negative. O

d2
_o dr?

d* —

120 0,

t t=0
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DROPLET CONDENSATION AND
ISOPERIMETRIC TOWERS

MATTEO NOVAGA, ANDREI SOBOLEVSKI AND EUGENE STEPANOV

We consider a variational problem in a planar convex domain, motivated
by the statistical mechanics of crystal growth in a saturated solution. The
minimizers are constructed explicitly and are completely characterized.

1. Introduction

In understanding the physical phenomenon of droplet condensation or crystal
growth, the central issue is to explain how a particular macroscopic shape of
the growing droplet or crystal is determined by microscopic interactions of its
constituent particles.

According to Gibbs’ formulation of statistical mechanics, the probability of a
microscopic configuration o is proportional to exp(—gH (o)), where 8 > 0 is the
inverse temperature and H (-) is the Hamiltonian defining the energy of the system.
Therefore the most probable configurations are the ones with minimal energy. In
the “thermodynamical” limit of a large number of particles, this minimum becomes
very sharp: the overall configuration of the system settles, up to minute fluctuations,
to a well-defined deterministic structure.

It turns out that the microscopic laws of atomic interactions give rise to a certain
macroscopic quantity, the surface tension, which determines the droplet shape via
minimization of the surface energy. Phenomenology of surface tension was proposed
by Gibbs in the late 1870s. In an important contribution, G. Wulff suggested in
1900 that for a growing crystal, its equilibrium shape is that of a ball in a metric
generated by the surface tension (the Wulff shape).
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It has been furthermore observed experimentally that flat facets of a growing
crystal may carry macroscopic but monomolecular “islands”, whose shape is also
determined by the surface tension. A mathematical approach to explaining this
phenomenon has been developed by S. Shlosman and collaborators in a series of
works [Schonmann and Shlosman 1996a; loffe and Shlosman 2008; 2010], building
upon his earlier work with R. L. Dobrushin and R. Kotecky [Dobrushin et al. 1992].

A typical setting in this approach is represented by the following discrete model
of crystal growth, which is a variant of the Ising model: fix an open domain Q C R?
of unit area and consider the three-dimensional lattice obtained by intersecting the
cylinder @ x [—1, 1] € R® with (1/N)(Z* + (0, 0, 1)), where N is a large integer
parameter. At each node ¢ of this lattice there is a variable o; (the spin) taking
values +1 (interpreted as “t belongs to the free phase”) and —1 (interpreted as “¢
belongs to the condensed phase”). The collection o = (o) is called the microscopic
configuration of the system.

Fix now the Ising Hamiltonian H (o) = — Zs’ t1ls—t]=1 O5015 which describes a
“ferromagnetic” interaction between nearest neighbors (equal values have smaller en-
ergy than opposite ones), and consider the canonical probability distribution p(o) =
exp(—BH (0))/Z. Here the normalization coefficient Z = )__exp(—BH (o)) is
defined by summation over all configurations that satisfy the so-called Dobrushin
boundary condition: spins at outermost nodes (x, y, z) of the lattice have values
+1ifz>0and —1ifz <O0.

It turns out that in the limit of large N the main contribution to probability
comes from configurations where the lower and upper halves of the lattice are filled,
respectively, with —1’s and +1’s. In this equilibrium state, the numbers of +1’s
and —1’s are asymptotically equal, so that Sy =), 0; ~ 0, and fluctuations of the
flat surface dividing the two phases are logarithmic in N.

A more interesting situation occurs when, in addition to the Dobrushin boundary
values, the system is conditioned to have macroscopically more —1’s than +1°s:

SNZZO,:—mNz
t

with m > 0. In this case, depending on the value of m, the most probable state of
the system may feature one or more monomolecular layers on top of the surface
z=01n the box Q x [—1, 1]. A detailed account of the observed equilibrium states
as m changes can be found in [loffe and Shlosman 2010].

As proved in [Schonmann and Shlosman 1996a], the behavior of this model in
the continuous limit N — oo is closely related to the following variational problem:
given an open set 2 C R” and a value m € [0, +00), find

(1-1) min{f ¢*(Du):ue BV(RY),u=0on R”\Q,u(-)eN,/ udx:m},
Q Q
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where ¢* is some given general norm on R". Of course, in the application to
the Ising model we are discussing here one has n = 2, the two-dimensional case;
however the case of generic dimension n of the ambient space R” also makes sense
from the mathematical point of view. The growth of a droplet and formation of new
layers of the solid is described by the growth of profile u as m increases.

The norm ¢*(-) here is related to the surface tension as follows. The surface
tension y3D (-) is a function defined over S2, the two-dimensional unit sphere in R3,
and satisfying y3P ) > 0 and 3P (—v) = 3P (v) for all v € S?. The surface
energy of a closed surface M2 C R is defined to be

H(M?) = f y3P(vy) ds,
MZ

where vy is the unit normal to M? at s € M?. While y3? defines the 3D shape of a
crystal growing in space, the shape of monolayers growing on facets is given by
the restricted 2D surface tension defined for n € S' by

3D

2D ad
V) = — ,
Yy (V) 14 (0.0

av
where the derivatives are taken at the “north pole” vy = (0,0, 1) € S? along all
tangents v € S! to S? [Ioffe and Shlosman 2010]. The function yZD can then
be extended to all of R?> by homogeneity of degree one, and ¢*( -) is defined as
the convex hull of the thus defined y>”(-). However in the sequel ¢* will be
fixed, without any assumptions of smoothness or strict convexity: indeed one of
the examples in Section 5 corresponds to a crystalline norm.

It is easy to see that the functional minimized in (1-1) is the one-dimensional
surface energy for the restricted surface tension. It turns out that minimization
of this surface energy alone is sufficient to reconstruct most of the physics of
monomolecular layer growth described in [loffe and Shlosman 2010]. In particular,
if *(-) is the Euclidean norm and 2 a unit square, then as m grows, the first four
monomolecular layers start as Wulff circles and then develop into “Wulff plaquettes”
while from the fifth layer on all new layers appear as Wulff plaquettes identical to
underlying layers (Section 5).

In contrast, this simple variational model does not capture the thermodynamic
fluctuations, which render Wulff circles below a certain size unstable and prevent
their formation for small m. Neither does it capture the microscopic (that is, “finite-
N”) structure of the Wulff plaquettes, whose boundaries are in fact separated with
gaps that vanish in the continuous limit. A first-principle approach that takes proper
account of these phenomena is due to R. Dobrushin, S. Shlosman and their coauthors
and is presented in [Dobrushin et al. 1992; Schonmann and Shlosman 1996a; 1996b;
Ioffe and Shlosman 2008; 2010].



460 MATTEO NOVAGA, ANDREI SOBOLEVSKI AND EUGENE STEPANOV

It is worth observing that a similar problem with the additional restriction that
u be a characteristic function of some set (that is, that the droplet has exactly one
layer) in the two-dimensional situation (that is when n = 2), the set Q is convex,
and the norm ¢* is Euclidean, has been studied in [Stredulinsky and Ziemer 1997],
and for more general anisotropic norms (but for a somewhat different functional,
namely, with penalization on the volume instead of the volume constraint), in
[Novaga and Paolini 2005]. The latter problem will play an important role also in
the present paper. Eventually, one has to mention that it is also very similar to the
well-known Cheeger problem, the solutions of the latter being so-called Cheeger
sets; see for instance [Buttazzo et al. 2007; Kawohl and Novaga 2008; Kawohl and
Lachand-Robert 2006; Caselles et al. 2010].

Our aim in this paper is to study the variational problem (1-1) in the two-
dimensional case (that is, when n = 2). This geometric optimization problem is
considered without resort to the underlying lattice model or its continuous limit,
allowing us to treat an arbitrary open domain €2 and an arbitrary norm ¢* that
is not necessarily strictly convex. In this setting we completely characterize the
minimizers and the possible levels of # when the domain €2 is convex. In particular
it turns out that except some degenerate situation, which can however happen only
when €2 is not strictly convex, the number of nonzero levels of u is at most two.

The basic tool we use is the auxiliary problem when u is a priori required to have
a single nonzero level (that is, is requested to be a characteristic function); namely,
we show that in the two-dimensional case (n = 2) when 2 is convex, the nonzero
levels of solutions to the latter problem corresponding to different values of m as m
grows can be arranged as a family of sets ordered by inclusion. Thus, solutions to
problem (1-1) can be seen as “towers” with levels solving the auxiliary problem.
The assumption of convexity of €2 is essential, as shown by a counterexample at
the end of Section 4A. The main result of the paper is formulated as Theorem 4.10.
We conclude with an explicit example of solutions to (1-1) for the case of a square
Q =10, 1]> with a strictly convex (Euclidean) norm and a crystalline norm.

This work was inspired by some seminar talks of Senya Shlosman. After it was
completed, we learned that a full description of the solutions to the variational
problem (1-1) when €2 is a square and ¢™ is generated by a physical Hamiltonian
(in particular, when it is the Euclidean norm) has been independently obtained
by him and Ioffe by a rigorous continuous limit of a suitable lattice model (S.
Shlosman, private communication, 2012). Their proof, together with an analysis of
the microscopic structure of the solution and its behavior under thermal perturbations,
has not yet been published.
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2. Notation and preliminary results

For a set E C R" we denote by |E]| its Lebesgue measure, by 1g its character-
istic function, by E its closure, by 9 E its topological boundary, and by E€ its
complement.

In the following ¢ will denote the given (not necessarily Euclidean) norm over
R". Given E C R" and x € R", we set

dist, (x, E) := inf p(x —y), df (x) := disty (x, E) — dist, (x, E°).
ye

The value d(f (x) is the signed distance from x to dE and is positive outside E.

Notice that at each point where d(f is differentiable one has (see [Bellettini et al.
2001])

(2-1) ¢*(Vd}) =1, v-Vd; =1 forall vedp*(Vd)),
where ¢* denotes the dual norm of ¢ defined as
¢*(§):= max &-ny
n:e(m=1

and d¢™ denotes the subdifferential of ¢* in the sense of convex analysis. In
particular

VdE vt
¢ er(vE)

where vF is the exterior Euclidean unit normal to JE.
We define the anisotropic perimeter of a set £ C R" as

(2-2) Py(E):= sup{ f divndx:neCy(R"), p(n) < 1} = / p*(wE)dH !,
E IE

where 0*E is the reduced boundary of E according to De Giorgi. We will usually

identify a set E of finite perimeter with the set of its density points (that is, points

of density 1).

Given an open set 2 C R" we define the BV -seminorm of v € BV (£2) as
/ ¢*(Dv) ;= sup{f vdivndx: ne Cé([R{”), o) < 1},
Q Q

where Cé (R™) stands for the set of continuously differentiable functions with
compact support is R".

We let W, := {x | ¢(x) < 1}, usually called the Wulff shape, be the unit ball of
@. Observe that P,(W,) =n|W,|.

In the sequel, given x € R" and r > 0, we set W, (x) := x +rW,, (a Wulff ball of
radius r with center x). In this notation the reference to a norm ¢ is not retained
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for the sake of brevity, but always silently assumed. When ¢ is the Euclidean norm,
we will use a more common notation B, (x) instead of W, (x) and P instead of P,.

Definition 2.1. Given an r > 0, we say that E satisfies the r W,-condition, if for
every x € d E there exists an y € R” such that W, (y) C E and x € dW,(y).

Observe that, if E is convex, then E€ satisfies the r W,,-condition for all » > 0.
We conclude the section by recalling the following isoperimetric inequality
[Taylor 1975].

Proposition 2.2. For all E C R" such that |E| < +00 there holds
n—1

E| 7
23) Po(E) =~ P, (W),

ol 7

3. Existence of minimizers

Notice that, since the total variation is lower semicontinuous and the constraints
are closed under weak BV convergence, by direct method one immediately gets
existence of minimizers of (1-1).

Proposition 3.1. For any m > 0 there exists a (possibly nonunique) minimizer
of (1-1).

For every u € L'(R") and j € N we set
(3-D Ej:={uz>j}

It is worth observing that whenever u( -) takes values in N,

(3-2) U= Z‘ 1g,
i=1
and
(3-3) [ o ow=3"rcn.
i=1

Remark 3.2. If we let u,, be a minimizer of (1-1) for a given m > 0, then the
normalized functions v,, := u,,/m converge, as m — 00, up to a subsequence, to a
minimizer of the problem

min{/ (p*(Dv):veBV(R"),v:OonQC,/ vdx:l},
Q Q

which is closely related to the Cheeger problem in 2 [Kawohl and Novaga 2008].

Proposition 3.3. If u is a minimizer of (1-1), then u € L°°(R").
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Proof. Assume by contradiction that |E;| > 0 for all j € N. Notice that
Jim,1511=0
(since otherwise u would not be integrable). Given xy € Q we let
uj :=min(u, j)+ IWRj (x0)

where the radius R; is such that

/uj:/u:m,
Q Q

that is (keeping in mind (3-2)),

[WlR =" |E;].

i>j

and choose j € N big enough so that Wg; (x) C €2.
Letting

n—1

F() i=nWy |7 1" T sothat Py(Wr, (x0) = F(IW, IR,

we have
/Qfﬂ*(Duj)S/Qw*(Dmin(u,j))+P¢(WR,-(XO))
=Lw*(Dmin(u,j))+f(|W¢|R7)

< / @* (D min(u, j)) + Z f(E;]) by the concavity of f
Q

i>j

< [Q ¢*(Dminu, )+ Y Py(E) by (23)

i>j
- fQ o*(Du) by (3-3).

the second inequality being strict unless |E;| = |E¢| for alli > j, k > j, thus leading
to a contradiction. O

Proposition 3.4. Let Q C R" be star-shaped. Then the problem (1-1) is equivalent
to the following relaxed problem:

(3-4) min{/ go*(Du):ueBV(R”),u:OonQC,u(-)eN,/udxzm}.
Q Q

Namely, the minimum values and the minimizers are the same for both problems.
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Proof. 1t is enough to show that any minimizer u of (3-4) satisfies

(3-5) / wdx = m.
Q

To this aim let €2 be star-shaped with respect to x¢ and assume by contradiction that
(3-5) is violated. Let u; (x) :=u(xo+A(x —xp)) for any A > 0, so that u, € BV (R"),
u,(-) € N, while, by star-shapedness of €2, one has u; = 0 outside of Q2 for every
A > 1. Then there exists a A > 1 such that (3-5) holds with u replaced by u;.
However,

f ¢*(Du;) =A'" f @*(Du) =" / ¢*(Du) < / ¢*(Du)
Q xX0+A(2—x0) Q Q

(the second equality is due to the fact that Q C xg + A(2 — xg) for A > 1, while
u = 0 outside of €2), contradicting the minimality of u. (]
4. The convex two-dimensional case

In this section we shall assume that n =2 and  C R? is a convex open set.

Given E C R? and an r > 0 we define the set E” C E by the formula

(4-1) B {U{Wr(x) . W,(x) CE} ifr>0,

E if r =0.

Notice that, if E is a convex set, then E” is convex and satisfies the r W,,-condition.
The set E” is called the Wulff plaquette of radius r relative to E.
The following assertion holds:

Lemma 4.1. Let E C R? be a convex open set satisfying the rWy-condition for
somer > 0. Then E =E".

Proof. One has E” C E. On the other hand, 0 E C dE” because E satisfies the
r W,-condition. Minding that £, and hence E", is convex, we get E = E". O

The convexity of set E is essential in Lemma 4.1. In fact, if A, B and C are the
vertices of an equilateral triangle A A BC with side length 1, then letting

E = B]/z(A) U B]/Z(B) @) B]/z(C) UAABC
we have that E satisfies the %Ww—condition with respect to the Euclidean norm, but

EV2 = Bl/Z(A) U Bl/z(B) U Bl/2(C) # E.
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4A. Isoperimetric sets. We consider the constrained isoperimetric problem
(4-2) min{ P,(E) : E C Q, |E|=m € [0, |21},

which corresponds to the problem (1-1) under the additional constraint that « is
a characteristic function. Clearly, the minimizers of this problem exist and the
assertion of Proposition 3.4 remains valid for this problem.

Let Rg > 0 be the maximal radius R such that Wz (x) C €2 for some x € €2, and
let rq € [0, Rq] be the maximal radius r such that 2 satisfies the » W,-condition
(we set for convenience rg = 0 if 2 does not satisfy any r W,-condition). Observe
that in the Euclidean case one has
1
(14 FEIET)

where « stands for the curvature of 0%2.

Lemma 4.2. Let m € (0, |2]), and let E be a minimizer of (4-2). Then E is convex
and there exists an r > 0 (depending on m) such that E satisfies the r W,-condition
and each connected component of 0 E N 2 is contained in dW,(x), for some Wulff
ball W, (x) C Q (with x depending on the connected component of 0 E N Q).

Remark 4.3. Recall that here and in the sequel when speaking of the properties of
a set E of finite perimeter we actually refer to the respective properties of the set of
its density points. In particular, a minimizer E of (4-2) is not necessarily convex,
but the set of its density points is (and hence, in particular, the closure E is convex).

Proof. STEP 1. We first show the convexity of E. As in [Ambrosio et al. 2001,
Theorem 2] we can uniquely decompose E as a union of (measure theoretic)
connected components {E;};c;, where [ is finite or countable, such that

|E|=)_|Ei| and P,(E)=Y_ P,(E)).

iel iel
As in [Ambrosio et al. 2002, Proposition 6.12], one shows by the isoperimetric
inequality and the minimality of E that the number of connected components is
finite and the boundary of each connected component E; is parametrized by a finite
number of pairwise disjoint Jordan curves. In particular, the boundaries of two
different connected components do not intersect. Further, using Lemma 6.9 from
[Ambrosio et al. 2002], one has that the perimeter P, (E;) of a measure theoretic
connected component E; that has its boundary parametrized by Jordan curves

{9ij }?/;1 (all parametrized, say, over [0, 1]) is given by

N; 1 .
Py(E;) = Z/O ¥ (6] (1)) dt,
j=1
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where ¥ : R> — R is some convex and 1-homogeneous function (in fact, 1 :=¢*o R,
R being the clockwise rotation of R? by 77/2; see Corollary 6.10 from [Ambrosio
et al. 2002]). Hence, using Jensen inequality one shows that the convex envelope
of E; has lower (anisotropic) perimeter than E; itself, and minding that is also has
greater volume (as well as the fact that the assertion of Proposition 3.4 is valid for
the problem (4-2)), one has that each E; is convex.

Finally, if E is not connected, recalling that €2 is convex we can translate a
connected component inside €2 in such a way that its boundary touches the boundary
of another connected component (this changes neither the perimeter nor the volume),
and taking the convex envelope of the resulting set we obtain again a set with greater
volume and strictly lower anisotropic perimeter, hence a contradiction which shows
that E is convex.

STEP 2. Reasoning as in [Novaga and Paolini 2005, Theorem 4.5], where the
related problem

min{P,(E) — A|E|: E C 2,1 >0}

was considered instead of (4-2), one gets that each connected component of 9 E N €2
is contained in W, (x), for some x € R and r > 0.

Moreover, as in [Ambrosio et al. 2002, Theorem 6.19] one can show the existence
of a (possibly nonunique) Lipschitz continuous vector field n : 9 E — R? such that
n(x) € d¢*(v(x)) for ¥'-ae. x € IE. In particular div,n € L>®(JE), where
div;n := d;(n - ) denotes the tangential divergence of n and corresponds to the
anisotropic curvature of d E; see [Taylor 1975; Bellettini et al. 2001]. (Here and
below 7 and v denote respectively the Euclidean unit tangent and exterior normal
vectors to 0E.)

Without loss of generality we may assume that div,7n is constant along every
maximal segment contained in 0 E (if not, we can substitute n over the segment by
a convex combination of its values on the endpoints of the segment; one would then
still have n € d¢*(v) along the segment because v is constant there and dg™(-)
is convex). In particular, if a connected component X of 0 E N Q2 is contained in
W, (x), then n(y) = (y —x)/(reo(y —x)) for #'-ae. y € .

STEP 3. We now prove that E satisfies the r W,,-condition for some r > 0. Since E
is convex, it is enough to show that

4-3) div,n < % %'-a.e. on IE.

This follows by a local variation argument as in the proof of Lemma 4.9 below. Let
us fix x; € X, where X is a connected component of 0 EN €2, and xp € 0E \ >. We
know from the previous step that ¥ is contained in dW, (x) for some x € R? and
r > 0. We distinguish four cases.



DROPLET CONDENSATION AND ISOPERIMETRIC TOWERS 467

Case 1. There are two disjoint open sets U;, i = 1, 2, such that x; € U; and U; N E
do not contain segments. Let ¥1, ¥» be two nonnegative smooth functions, with
support on Uy, U, respectively, such that

(4-4) / U1 (@)e*((2) d¥' (2) = / 2 (2)9* (v(2)) d¥ (2).
UINOE

U,NOE

We consider a family of diffeomorphisms such that

Ve, x) :=x+ey(x)n(x) — e (x)n(x) +o(e)
for ¢ > 0 small enough. By (4-4), the term o(¢e) can be chosen in such a way that
(4-5) |E®| = |E| forall & >0 small enough,

with E¢ := W (g, E) C 2. We then have

PAEY=PE)+E [ @yt e an @
UNOE

—8/ V2 (2)diven(2)* (v(2)) d%' (z) + o(e),
UNOE

where v stands for the exterior Euclidean unit normal to dE. As ¢ — 01, by
minimality of E, we get
1 .
—/ Y1(@)e*((2) d¥' (2) Z/ Y (2)diven(2)e* (v(2)) d' (2).
U NOE

r UsNIE
which in view of (4-4) gives (4-3).

Case 2. We can find two maximal segments £, £, C d E such that x; € ¢;, and we
define E°? by shifting £; by c;e parallel to itself outside E, and by shifting ¢, by
co¢ inside of E, with c¢1, ¢; so that (4-5) holds, that is

(4-6) cillil = e2l€a].
By [Novaga and Paolini 2005, Lemma 4.4] we have
P,(E?) = Py(E) +ciaie — craze +0(¢),

where ay, a are respectively the (Euclidean) length of the face of W,, parallel to
£1, £>. By minimality of E, letting ¢ — 0" we obtain cjo; > coa. Recalling (4-6),
we finally get

1 oy o

-=—>— =div;n(z) for z € ;.
T Y
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Case 3. There is a maximal segment £; C d E and an open set U, such that x; € £y,
xp € Uy and U N JE does not contain segments. We proceed by combining the
previous strategies and we define the set E° by shifting £; by ¢ parallel to itself
outside E, and then taking the image of the resulting set through the diffeomorphism

Ve, x) :=x —eYar(x)n(x) +o(e),

where 1, is a nonnegative smooth function supported on U, satisfying
4-7) f Y2 (29" (v(2)) d¥t' (2) = 1]
U,NOE

This condition guarantees that the volume change after these two operations is of
order o(g), so that the extra term o(¢) in the definition of W is chosen in such a
way that (4-5) holds. Reasoning as above, we get

Py(E®) = Py(E) + e — 8/ Y2 (2)diven(2)e* (v(2)) d#' (2) + o(e),
U,NOE

which gives, by minimality of E,

o =14l f Yo (2)diven(2)g* (v(2)) dt’ (2),
r U,NIE

which gives (4-3), recalling (4-7).

Case 4. There is a maximal segment £, C d E and an open set U; such that x; € Uy,
xy € o and U; N JE does not contain segments. This case can be dealt with
reasoning as in the previous case, by shifting ¢, by ¢ inside E and defining

Y(e, x):=x+ ey i1(x)na2(x) +o(e).

STEP 4. From (4-3) it follows that the radius r in Step 3 does not depend on the
connected component X. In particular, every connected component of d E N €2 is
contained in d W, (x), for a fixed r > 0 (while x depends in general on the connected
component). (]

Consider now the function v(r) := |Q2"|. It is clearly constantly equal to |€2| for
r <rgq and to zero for r > Rgq, while over [rq, Rq] it is continuous and monotone
decreasing. In particular, for all m e [|QRe]|, |Q|] there exists a unique value
rm € [rq, Rq] such that v(r,,) = m.

From the isoperimetric inequality (2-3) and Lemma 4.2, we get the following
statement.

Proposition 4.4. Ler Q C R2 be convex, and let E be a minimizer of (4-2) with
m € [0, |2|]. Then either

(@) E=Q™, ifm > |QR|, or
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(b) E is the closure of some convex union of Wulff balls of radius Rg, if m €
[Ré|W(ﬂ|7 |QRQ|]7 or

(c) E= Wm(x)forsomex eQ,ifm< RélW(pl.

Proof. We can assume m € (0, |€2|). By Lemma 4.2, there exists an r > 0 (depending
on m) such that E is the closure of a union of Wulff balls of radius r, hence E C Q'
and r < Rq.

If m > |QRe|, then necessarily r < Rg and E = Q', since otherwise we could
find a connected component of d E N €2 that is not contained in the boundary of a
Waulff ball, contradicting Lemma 4.2. In particular, we have r = r,,.

Ifme [Ré|W¢|, |©2R2|] then r = Rq, since otherwise E would coincide with
the set Q" (with r < Rg), which has volume strictly greater than |Q%2|.

Ifm < Ré|W¢| the result follows by the isoperimetric inequality (2-3). O

Remark 4.5. It is worth noticing that, if €2 is strictly convex, then there exists a

unique ball Wg, (x) C €, and thus QRe = Wg,(x). In other words, the case (b)

of the above Proposition 4.4 reduces to case (c). Therefore, either E = Q" if
R F_ W : R

m > |Q%2|,or E = Wm(x) for some x € 2, if m < |Q"2|.

We now state an easy consequence of Proposition 4.4 showing that solutions
to the problem (4-2) with decreasing volumes may be arranged as a decreasing
sequence of sets.

Corollary 4.6. Let 2 be convex and let m; be a decreasing sequence such that
mj € (0, |S2]), for all j. There exists a sequence of sets Ej suchthat E;j 1 CE; C L,
|E;| =mj and each E; is a minimizer of (4-2) with m :=m .

Note that the convexity assumption on the set Q2 is essential in the above result.
In fact, reasoning as in [Kawohl and Lachand-Robert 2006, Section 6] with the
example of €2 a couple of circles connected by a thin tube (like a barbell considered in
[Kawohl and Lachand-Robert 2006, Section 6]), one provides a family of minimizers
of (4-2) with decreasing volumes which cannot be arranged as a decreasing sequence
of sets (see Figure 1).

4B. Isoperimetric towers. We return now to the original problem (1-1). Here and
below we let u € L'(R?) be an arbitrary minimizer of this problem and E ;j be its
level set corresponding to a j € N, as defined by (3-1). The following result follows
directly from Corollary 4.6.

Proposition 4.7. If Q is convex, then for all j € N the set E; is a minimizer of the
problem (4-2) with m := |E | (in particular E; is convex).

Proof. 1If the assertion is not true, then considering a sequence of sets E; of
minimizers of (4-2) (with m := |E|) such that E;'+1 C E; C Q, |E;.| :=|Ej| (the
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Figure 1. Example of  C R? nonconvex: two circles connected
with a thin tube. E; and E; (which has two connected components)
are two minimizers of (4-2) that are not included into one another.

existence of such a sequence is guaranteed by Corollary 4.6), and setting
! . ,
u = Z lEj R
J
we get

o) =3 Pk < X Pt = [ 00w,
J J

the strict inequality being due to the fact that one of E; is not a minimizer of (4-2)
(with m := | E|) by assumption. On the other hand,

/u’dx:/udx:m,
Q Q

since the level sets of u” and u have the same volume by construction. This would
mean that u is not a solution to the problem (1-1). O

Remark 4.8. By Proposition 4.7 and Lemma 4.2, each set E; is convex and each
connected component of dE; N 2 is contained in d W, (x;) for some Wulff ball
Wr,- (x;) C .

Lemma 4.9. Let S;, S; be connected components of dE; N Q2 and dE; N 2, respec-
tively, with j > i, such that
1

(48)  SCOW,eCR S CaW,0)CR (S —x)C
i j

(S; —x;),

for some x;, x; € R2, r;, rj>0. Thenr; >r;.
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Proof. 1t is enough to consider the case j =i + 1. We can also assume S; # S;+1,
otherwise there is nothing to prove. As in Figure 2, there are two cases to consider.

Case 1. There are two points y; € Si, yi+1 € S;+1 and two disjoint open sets U; C 2
and U;4; C Q2 such that y; € U;, yi+1 € Uiy, and that U; N S; and U;41 N Si41
do not contain segments. Consider a smooth function y; with support on U;. It
generates a one-parameter family of diffeomorphisms of E; defined by

Yi(e, x) :=x —eyi(x)n;(x)

for all sufficiently small & > 0, where
( ) X — X
ni(x) = ———.
l rig(x —x;)

Consider now a one-parameter family {W; (¢, -)} of diffeomorphisms of E;
such that W;;1(0,x) =x for all x € E; 4, V;11(¢, -) —Id is supported in U, for
all € > 0, while

Vivi(e, x) == x 41 (Onip1(x) +o(e)
as ¢ — 0T, where ;1 is some smooth function (with support in U; 1), and
X~ Xitl
Fip1 (X — Xig1)

We choose W; 1 so that the sets E} := W, (e, E;) and E} | :=

ni+1(x) ==

Wiy i(e, Eiy) satisty
|E7 | +1E; | = |Ei| +|Ei 1l

for all sufficiently small & > 0. Denote by v; the exterior Euclidean unit normal to
dE;. Since

|Ef | = |Ei| — 8/ Vi (2)9*(vi(2)) %' (2) + o(e),
JdE;NU;
|E{ | =|Eis1] +e¢ / Vi1 (vit1(2)) d%' (2) +o(e),
0E; 1 1NUj11

as ¢ — 0T, we have
4-9) / Vi (D)9 (v (2)) d¥' (2) = / Vi1 @@* (vi41(2) d#' (2).

JAE;NU; AE; +1NUj+1
Letting now

uer=u—1p —Lg, +1g +1g, = ) g +1g +1g .

ki
k#i+1
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we have [ u, dx = [, udx for all sufficiently small & > 0. Recall that
1
/ 0" (Dug) = / o*(Du) — ¢ / Ly @0 () a3 )
Q Q JIE;NU; i

+8/ .L‘pl‘rl(Z)¢*(Vi+1(z))d%l(z)+0(8).
IE;i 11NV Tit]

As ¢ — 0T, by minimality of u, we get

-~ Vi (¢ (0 (2)) dH (@) + —— / Vi1 (29" (vi11(2) d¥#' (2)
Fi JIE;NU; Fit1 0E;1+1NUit
>0,

which together with (4-9) implies the thesis.
Case 2. We can find two maximal line segments £; C S; and £; 1 C S;+;. We define

then E7 by shifting the segment ¢; by c;¢ parallel to itself inside E; and Ej | by

shifting the segment ¢, parallel to itself outside of E; | by ¢; 1€ with ¢; and ¢; 1
S0 as to satisfy
|E; |+ 1E; | = |Ei| +|Eit|

for all ¢ > O sufficiently small. Since
|E7| = |Ei| —cilile +o(e),
|Ef (1] = Eiv1]l +citilivile +o(e),
as ¢ — 07, we have
(4-10) cillil = civ1lliyl.
Letting again, as in Case 1,
Ug = U — lE,v — 1E;+1 —+ lEf —+ 1E1'8+1 = Z lEk =+ IEI%3 + lEf_H,
ki
k#i+1

we have [, u, dx = [, u dx for all sufficiently small ¢ > 0. On the other hand, by
[Novaga and Paolini 2005, Lemma 4.4],

/(p*(Dug)=/ @™ (Du) — ciotje + cip1ai 1€ +o(g),
Q Q

where o;, o; 41 are the (Euclidean) lengths of the face of W, parallel to ¢;, £;41,
respectively. By minimality of u, letting ¢ — 0" we obtain c;a; < ¢jp1@iy1.
Recalling (4-10), we get r; = |€;|/a; > |€i1]/0tiv1 =Tig1.

Notice that in this proof we do not have to deal with the situation depicted
in Cases 3 and 4 of the proof of Lemma 4.2 due to condition (4-8). In fact, the
latter implies that if S; contains a line segment ¢;, then the line segment £; :=
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xj + (I — x;)rj/r; is contained in §;. Otherwise, if there is a neighborhood
U; of a point of §; such that S; N U; does not contain any line segment, then

U;:=x;+(U; —x;)rj/r; is a neighborhood of a point in S; such that S; NU; does
not contain any line segment. (I

Yi+1

Eitq

N Q

Figure 2. The two possible cases in the proof of Lemma 4.9.

We are now able to prove the following result giving the complete characterization
of solutions to the problem (1-1).

Theorem 4.10. Let Q@ C R? be convex and set jmax ‘= ||tlloo. Then one of the
following cases holds.

(a) There exists anr € [rq, Rg) such that Ej =Q forall j < jmax. In this case
u = jmaXIQ'_‘
(in particular, if r = rq, then u = jmax1@).

(b) There exists an ¥ € (rq, Rq) such that E; = W; (x) for some x € Q2 such that

Jmax

Wi(x) C Q, and EJ- = Q" forall j < jmax. In this case
u= 1W;(x) + (jmax - 1)19’

(c) There exists an i € (0, rq] such that E o = Wi (x) for some x € Q such that

Wi (x) C 2, and Ej = S_Zfor all j < jmax. In this case

u= IW;(x) + (Jmax — D1g

(note that this condition may hold only when rg > 0).
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(d) Every Ej is the closure of a convex union of Wulff balls of radius Rg for all
J < Jjmax. In this case

J max

u= Z lE,
j=1

Remark 4.11. Observe that Case (d) of Theorem 4.10 is the only case where the
number of nonzero level sets of the minimizer may be bigger than two.

Proof. We may assume jmax > 1, since otherwise the result follows directly from
Proposition 4.4.

By Remark 4.8, for all i < j,ax the set E; is convex and each connected component
of JE; N is contained, up to a translation, in dW,, (x;) for some r; > 0, x; € R2.
Moreover, if d E; N2 and 0 E; 41 N 2 are nonempty, from the inclusion E;;+| C E;
it follows that we can always find two connected components S; C dE; N 2 and
Si+1 C 0E;1 N Q satisfying the assumptions of Lemma 4.9. By Lemma 4.9 we
then get r; > r; 4 for all i < jax-

Recalling Propositions 4.7 and 4.4, this leaves only the following possibilities:

() E;=Q", Ej =+ withr; > riqq. If r; > rg (hence Q' # ), then minding
Eiy1 C E; we have in this case r; = riy; hence E; = E; 1, = Q", while if
riy1 <r; <rg we have E; = I:Zi+1 = Q, and we may just setr; =rjq1] :=rgq
so that still E; = Ei+1 = Q' (because Q2 = Q).

(i) E; =", Eip1 = W, (xip1) with ri = riyqy.

(i) E; =W, (x;), Eix1 = Wy, (xip1) withr; > riqy.

(iv) E; is a closure of some convex union of Wulff balls of radius Rg and Ei =
VVrl.Jrl (xi+1) with Rg > riy1.

(v) Both E; and E i+1 are closures of some convex unions of Wulff balls of radius
Rq.

(Note that the case when Ei+l is a closure of a convex union of Wulff balls
of radius Rg and E; = W, (x;) with Rq < r; is impossible.) Thus there is a
J €10, ..., jmax} and an r; € [rg, Rg) such that either

(A) for every i < j one has E;=Q" or

(B) for every i < j each E; is a closure of a convex union of Wulff balls of radius
Rg (in particular, just a single closed Wulff ball),

while E; = Wri (xi), ri < Rg foralli > j, with {r;} decreasing.

Consider now an arbitrary i > j such that E; # &. Note that either r; <r| < Rq
(Case A) or r; < Rq (Case B).

It remains to show that E; = & for all j > i. Suppose the contrary, namely, that
E;11 # @. We may assume without loss of generality all level sets are open convex
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by Proposition 4.7, and, further, El+1 CE;foralll €{J,..., jmax}) (if not, from
what has been already proven it follows that we may just shift appropriately all
the respective level sets, which would maintain both fQ ¢*(Du) and fQ u). Choose
now & > 0 and &’ > 0 sufficiently small so that for /| :=r;11 —¢&"and r; :=r; +&
one would have

@-11) P =l i
and Wy (x;) C Ei—1, Eita C Wy, (xi+1). From (4-11) one gets &' = (r; /ri11)e +
o(¢g), and hence

Py(Wyy (xip) + Py (W (x0)) 7l 47 Figl =i

= —1—e— 4o,
Py(Wyp (i) + Pp(Wy, (X)) rigr =+ Fip1 (Fige1 + 1)

where the error term o(¢) is negative when r; = r; 1. Therefore, representing u as
u=u+1g,, +1g, and letting

w =i+ w, oo 1w, o,

we get [, ¢*(Du}) < [, ¢*(Du) for sufficiently small ¢ > 0; but [, udx =
fR2 ul, dx, contrary to the optimality of u, which proves the claim.
One has therefore either j = jymax — 1 Or J = jmax, Which concludes the proof. [J

5. An explicit example

5A. A square with Euclidean norm. Let now S := [0, 1]*> and let ¢ be the Eu-
clidean norm on R?. From Theorem 4.10 we obtain the following characterization
for the minimizers of (1-1).

Proposition 5.1. Ler = [0, 1]%.

(D) Ifmem—1,nm/4),withl <n <4, we have jyax = n, E; = B.(x9) CQ

and E; = Q" for j < jmax, with

n—m-—1
r=|——.
dn—1)—nm
2) If m e [nm/4,n],with 1 <n <4, we have jmax = n and E_j = S_Z’forj < Jmaxs
withr = /(1 —m/n)/(4—m).
3) If m > 4 we have
24/ 2+
5-1 max ; 1
= e {557 [P ] 1)

and EJ- = Q" for j < jmax, Withr = /(1 —m/ jmax) /(4 — ).

max
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Proof. By Theorem 4.10 for all m > 0 we have one of the following two possibilities.
Case A. Ej = Q' for all J < Jjmax With

M= jinax| Q) = jmax (1 = 4 —71)r%) 1[0, 5]
It then follows that

Jmax — M

r =714(jmax) := W
max

and Y/ P(E;) = Fp(jmax), where

J
Fa(x):=xP(Q4W) =dx —2/4— 7 \/x(x —m).

Notice that

Py —d JA o 2x—m
Fix)=4—+4—x R

which implies that F,(x) is increasing for x > ((2 + /7)/2+/m)m, while it is
decreasing for m < x < ((2+ +/7)/2+/7)m. As a consequence we have

: A . 24+ ym
(5-2) Jmax € %, j4 1), where j* = L 2\/\;’4
Case B. Ej,,, = By(x0) CQand E; = Q" for all j < jma with

m =77+ (jmax — D]

:(jmax—l)(1—<4— ,j‘“a" n)r2> re (0, 3).

Jmax — 1

It follows

. jmax_ 1—m .
= —1
7B (Jmax) \/(4_ ) Gox — 1) — 70 > 1A (Jmax )

and Y/ P(E;) = Fp(jma). Where

Fp(x) := (x — )P(QPD) 4 27rp(x)

=4(x—1)—2«/4—71J(x—l—ﬁ)(x—l—m).

Notice that the derivative

2x— 1) —m— -2

Fyx)y=4—i—7 mdmb

\/(x—l—ﬁ)(x—l—m).
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Assuming x > 4/(4 — ), we then have that Fp is increasing for

27 R
2J 22+ /)

x—1>

and decreasing otherwise, so that

2 4
(53)  Jjmme % P +1), where 13:{ i +ﬁJ

27 " 20 )
as soon as jmax > 5.

Observe that, if m < 5w /4, we have jnax < 4 and there is only one choice
for the minimizers E;. In particular, we are in Case A or Case B depending
on the value of m. On the other hand, when m > 57 /4, we have to determine
which one between Cases A and B is energetically more convenient. However,
since min{Fg(jB), Fg(jB + 1)} > min{F4(j*), FA(j4 + 1)} for all m > 57 /4, it
follows that Case B can never occur as a minimizer, thus implying the thesis. [J

It is worth remarking that 2 /(2 + ) is the volume of the (unique) Cheeger set
Cq of €2, so that Proposition 5.1 implies that the functions u,, / jmax converge to
the characteristic function of Cg, according to the Remark 3.2.

5B. A square with a crystalline norm. Now we set Q = [0, 1]*> as above and
¢(v) =max{|vy|, |v2|}. Notice that ¢ is a crystalline norm with Wulff shape

Wy ={(x,y) € Rt x| +[y| <1},
As before, we are able to characterize completely the minimizers of (1-1).
Proposition 5.2. Let Q2 and ¢ be as above.
) Ifme (O, %], we have jmax = 1 and E| = W,(xo) C Q, withr = m/2.
(i) Ifm € [3, 1), we have jmax = 1 and Ey = Q" withr = /(T —m)/2.

(iii) If m = 1, then either jmax = | and E; = Q, or jmax = 2, E1 = Q" and
E> = W,(x0) C @, withr € (0, 1].

(iv) If m > 1, we have

(5-4) o € Hl +2ﬁmJ , Ll +2ﬁmJ + 1}

and E; = Q" for j < jmax, Withr = /(T =/ jmax) /2.
Proof. The proof is similar to that of Proposition 5.1.
Ifm< %, then jya.x = 1 and E, = W,(x0) C €, since the (rescaled) Wulff shape
solves the isoperimetric problem. By Theorem 4.10, for all m > % we have one of
the following two possibilities.
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Case A. E; = Q" for all j < jmax With
. r . 2 1
M = jmax|R2' | = jmax(1 —2r°), I‘G[O, 5],

which gives

1 m

r=—|[1———,

\/E Jmax
ijIX

and Y P,(E;) = Fa(jmax), Where
j=1
x2—mx
Fasx)=x(4—-4r)=4x—4 >

Since the function F, is increasing for x > (1 + +/2)m/2 and decreasing for
m<x<(+ \/E)m/Z, we have

: A : 1442
Jmaxe{]A, JA+1}» where ]A:= L ) mJ
Case B. Ejmx = W,(x9) C Q and Ej = Q' for all J < Jmax, With r € (0, %] and

m =21+ (jmax — D (1-2%),
1
3
If m =1 then j,x =2 and we can take any r € (0, %]

If m > 1 then jnm.x = m + 1 and we get
;= Jmax —m — 1
2(jmax - 2)
jmi\X
and Z P, (E ) = Fp(jmax), Wwhere

]_—1
IBX—4X— —4(x -2 —( )

Since the function Fjp is increasing for x > (1+«/§)m /24— «/5) /2 and decreasing
otherwise, we have

and hence m > 1 because jy.x > 2 and r <

1+\/§m+3—\/§J.

Jjmax € (78, jB+1), where jB::L 5 5

As in the proof of Proposition 5.1, when m > 1 we have to determine which of
Cases A and B is energetically more convenient. Since min{Fg(j?), Fp(jB+1)} >
min{Fa(j4), FA(G*+ 1)} (by a calculation as in the example with the Euclidean
norm), it follows that Case B can never occur. U
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BRAUER’S HEIGHT ZERO CONJECTURE
FOR METACYCLIC DEFECT GROUPS

BENJAMIN SAMBALE

We prove that Brauer’s height zero conjecture holds for p-blocks of finite
groups with metacyclic defect groups. If the defect group is nonabelian
and contains a cyclic maximal subgroup, we obtain the distribution into
p-conjugate and p-rational irreducible characters. The Alperin-McKay
conjecture then follows provided p = 3. Along the way we verify a few
other conjectures. Finally we consider more closely the extraspecial defect
group of order p* and exponent p? for an odd prime. Here for blocks with
inertial index 2 we prove the Galois—Alperin—-McKay conjecture by comput-
ing ky(B). Then for p < 11 also Alperin’s weight conjecture follows. This
improves results of Gao (2012), Holloway, Koshitani, Kunugi (2010) and
Hendren (2005).

1. Introduction

An important task in representation theory is the determination of the invariants of
a block of a finite group when its defect group is given. For a p-block B of a finite
group G we are interested in the number k(B) of irreducible ordinary characters and
the number /(B) of irreducible Brauer characters of B. Let D be a defect group of B.
Then the irreducible ordinary characters split into k; (B) characters of height i > 0.
Here the height h(x) of a character x in B is defined by x (1), = P0G D|p.
If p =2, the block invariants for several defect groups were obtained in the last
years. In particular the invariants are known if the defect group is metacyclic; see
[Sambale 2012]. However, for odd primes p the situation is more complicated.
Here even in the smallest interesting example of an elementary abelian defect group
of order 9, the block invariants are not determined completely; see [Kiyota 1984].
Nevertheless Brauer’s k(B)-conjecture and Olsson’s conjecture were proved for all
blocks with metacyclic defect groups in [Gao 2011; Yang 2011]. Following these
lines, we obtain in this paper that also Brauer’s height zero conjecture is fulfilled
for these blocks. The proof uses the notion of lower defect groups and inequalities
from [Héthelyi et al. 2012]. Moreover, if G is p-solvable, we obtain the algebra

MSC2010: 20C15, 20C20.
Keywords: Brauer’s height zero conjecture, metacyclic defect groups, Alperin’s weight conjecture.
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structure of B with respect to an algebraically closed field of characteristic p. If
one restricts to blocks with maximal defect, the precise invariants were determined
in [Gao 2012]. We can confirm at least some of these values. For principal blocks
there is even a perfect isometry between B and its Brauer correspondent in Ng (D)
by the main theorem of [Horimoto and Watanabe 2012].

In the second part of the paper we consider the (unique) nonabelian p-group with
a cyclic subgroup of index p as a special case. Here the difference k(B) —[(B) is
known from [Gao and Zeng 2011]. We confirm this result and derive the distribution
into p-conjugate and p-rational irreducible characters. We also show that k; (B) =0
for i > 2. This implies various numerical conjectures. Moreover, it turns out that the
Alperin—-McKay conjecture holds provided p = 3. This is established by computing
ko(B). Here in the case | D| < 3* we even obtain the other block invariants k(B),
k;(B) and [(B), which leads to a proof of Alperin’s weight conjecture in this case.
This generalizes some results from [Holloway et al. 2010], where these blocks were
considered under additional assumptions on G.

The smallest nonabelian example for a metacyclic defect group for an odd prime
is the extraspecial defect group p 12 of order p? and exponent p?. For this special
case Hendren [2005] obtained some inequalities on the invariants. In [Schulz 1980]
one can find results for these blocks under the hypothesis that G is p-solvable.
The present paper improves both of these works. In particular if the inertial index
e(B) of B is 2, we verify the Galois—Alperin—-McKay conjecture (see [Isaacs and
Navarro 2002]), a refinement of the Alperin-McKay conjecture. As a consequence,
for p < 11 we are able to determine the block invariants k(B), k;(B) and [(B)
completely without any restrictions on G. Then we use the opportunity to prove
several conjectures including Alperin’s weight conjecture for this special case. As
far as I know, these are the first nontrivial examples of Alperin’s conjecture for a
nonabelian defect group for an odd prime.

2. Brauer’s height zero conjecture

Let B be a p-block of a finite group G with metacyclic defect group D. Since for
p = 2 the block invariants are known and most of the conjectures are verified (see
[Sambale 2012]), we assume p > 2 for the rest of the paper. If D is abelian, Brauer’s
height zero conjecture is true by [Kessar and Malle 2011] (using the classification).
Hence, we can also assume that D is nonabelian. Then we have to distinguish
whether D splits or not. In the nonsplit case the main theorem of [Gao 2011] says
that B is nilpotent. Again, the height zero conjecture holds. Thus, let us assume that
D is a nonabelian split metacyclic group. Then D has a presentation of the form

-1) D=(x,y|x" =y?" =1, yxy ' =x")
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with 0 </ < m and m — [ < n. Many of the results in this paper will depend on
these parameters. Assume that the map x — x*! generates an automorphism of (x)
of order p — 1. Then by Theorem 2.5 in [Gao 2011], the map o with a(x) = x*!
and a(y) = y is an automorphism of D of order p — 1. By the Schur—Zassenhaus
theorem applied to O, (Aut(D)) < Aut(D), (o) is unique up to conjugation in
Aut(D). In particular the isomorphism type of the semidirect product D x (o)
does not depend on the choice of «z. We denote the inertial quotient of B by I (B);
in particular e(B) = |I(B)|. It is known that I (B) is a p’-subgroup of the outer
automorphism group Out(D). Hence, we may assume that / (B) < (). Sometimes
we regard o as an element of Ng (D) by a slight abuse of notation.

We fix a Brauer correspondent bp of B in Cs (D). For an element u € D we
have a B-subsection (u, b,) € (D, bp). Here b, is a Brauer correspondent of B in
Cg(u). Let & be the fusion system of B. Then by Proposition 5.4 in [Stancu 2006],
% is controlled. In particular Cp (u) is a defect group of b,; see Theorem 2.4(ii) in
[Linckelmann 2006]. In case /(b,) = 1 we denote the unique irreducible Brauer
character of b, by ¢,. Then the generalized decomposition numbers dl.“j form a
vector d¥ := (d;‘% : x €Irr(B)). More generally we have subpairs (R, bg) < (D, bp)
for every subgroup R < D. In particular I (B) =Ng(D, bp)/D Cg(D). Forr e N
we set ¢, 1= e"/7.

Proposition 2.1. Let B be a p-block of a finite group with a nonabelian metacyclic
defect group for an odd prime p. Then [(B) > e(B).

Proof. We use the notation above. If D is nonsplit, we have e(B) =[(B) = 1. Thus,
assume that D is given by (2-1). Let m(d) be the multiplicity of d € N as an elemen-
tary divisor of the Cartan matrix of B. It is well-known that m(p"*") =m(|D|) = 1.
Hence, it suffices to show m(p") > e(B) — 1.

By Corollary V.10.12 in [Feit 1982], we have

m(p") =Y my (R)
ReR
where R is a set of representatives for the G-conjugacy classes of subgroups of
G of order p". After combining this with the formula (2S) of [Broué and Olsson
1986] we get
m(p"y= Y my (R bg)

(R,bR)eR’

where R’ is a set of representatives for the G-conjugacy classes of B-subpairs
(R, bg) such that R has order p”.

Thus, it suffices to prove mg)((y), by) > e(B) — 1. By (2Q) [ibid.] we have

mg)((y), by) = mg;(b’)) where B := byc(@)’b}'). It is easy to see that Np({y)) =

Cp(y), because D/(x) = (y) is abelian. Since B is controlled and I (B) acts
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trivially on (y), we get Ng((y), by) = Cs(y) and By = b,. Thus, it remains to
prove mj((y)) = e(B) — 1. Let x'y/ € Cp(y) \ (y). Then x' € Z(D). Hence,
by Theorem 2.3(2)(iii) in [Gao 2011] we have Cp(y) = Z(D)(y) = (x”mil) X (y).
By Proposition 2.1(b) in [An 2011], also b, is a controlled block. Observe that
(Cp(y), bcy(y)) 1s a maximal by -subpair. Since o € Nc,;(,)(Cp(y), bey(y)), We see
that e(by) = e(B).

As usual, b, dominates a block of Cg(y)/(y) with cyclic defect group

1

Cp(y)/(y) = (xP" ).

Hence, p" occurs as elementary divisor of the Cartan matrix of b, with multi-
plicity e(by) — 1 = e(B) — 1 (see [Dade 1966; Fujii 1980]). By Corollary 3.7
in [Olsson 1980] every lower defect group of b, must contain (y). This im-
plies m,(,?«y)) =e(B)—1. O

Since Alperin’s weight conjecture would imply that /(B) = e(B), it is reasonable
that (y) and D are the only (nontrivial) lower defect groups of D up to conjugation.
However, we do not prove this. We remark that Proposition 2.1 would be false for
abelian metacyclic defect groups; see [Kiyota 1984].

We introduce a general lemma.

Lemma 2.2. Let B be a controlled block of a finite group G with Brauer correspon-
dent bp in Cg(D). If (u, b,) € (D, bp) is a subsection such that

Ng (D, bp) NCq(u) € Cp(u) Co(Cp(u)),
then e(b,) =1(b,) = 1.

Proof. By Proposition 2.1 in [An 2011], b, is a controlled block with Sylow
by-subpair (Cp(u), bc,w)). Hence,

e(by) = INcgw)(Cpu), bepw))/ Cp(u) Co(Cp(u))].

Every Z-automorphism on Cp () is a restriction from Autg (D). This gives

Ncg ) (Cp (), bepw) € N (D, bp) NCq(u)) Co(Cp(u)) € Cp(u) Co(Cp ().

Thus, we have e(b,) = 1. Since b, is controlled, it follows that b, is nilpotent
and [(b,) = 1. O

Theorem 2.3. Let B be a p-block of a finite group with a nonabelian split meta-
cyclic defect group for an odd prime p. Then

pl +p1—1 _ pZZ—m—l -1
e(B)

k(B) = -I-e(B))P"-
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Proof. If e(B) = 1, the block B is nilpotent. Then the claim follows from Theo-
rem 2.3(2)(iii) in [Gao 2011] and Remark 2.4 in [Héthelyi and Kiilshammer 2011].
So, assume e(B) > 1. The idea is to use Brauer’s formula [Nagao and Tsushima
1989, Theorem 5.9.4]. Let u € D. Then b, has metacyclic defect group Cp (u).
Assume first that u € Cp (I (B)). Since I (B) acts freely on (x), we see that u € (y).
As in the proof of Proposition 2.1 (for u = y), we get e(b,) = e(B). If Cp(u)
is nonabelian, Proposition 2.1 implies /(b,) > e(B). Now suppose that Cp(u) is
abelian. Since y € Cp(u), it follows that Cp(u) = Cp(y) = (xpmfl) X (y). Thus,
by Theorem 1 in [Watanabe 1991] we have [(b,) =1(by) = e(B).

Now assume that u is not F-conjugate to an element of Cp (I (B)) = (y). We
are going to show that e(b,) = I(b,) = 1 by using Lemma 2.2. For this let
y € (Ng(D, bp) NCg(u)) \ Cp(u) Cc(Cp(u)) by way of contradiction. Since
DCg(D)NCg(u) =Cg(D)Cp(u) € Cp(u) Cg(Cp(u)), y is not a p-element.
Hence, after replacing y by a suitable power if necessary, we may assume that
y is a nontrivial p’-element modulo Cg (D). By the Schur—Zassenhaus Theorem
(in our special situation one could use more elementary theorems) applied to
D/ Z(D)<Autg (D), y is D-conjugate to a nontrivial power of & (modulo Cg(D)).
But then u is D-conjugate to an element of (y). Contradiction. Hence, we have
Ng(D,bp)NCg(u) € Cp(u) C(Cp(u)) and e(b,) =1(b,) = 1 by Lemma 2.2.

It remains to determine a set QR of representatives for the F-conjugacy classes
of D; see Lemma 2.4 in [Sambale 2011a]. Since the powers of y are pairwise
nonconjugate in &, we get p" subsections (u, b,) such that [(b,) > e(B) (including
the trivial subsection).

By Theorem 2.3(2)(iii) in [Gao 2011] we have | D’| = p” ! and |Z(D)| = p" "+,
Hence, Remark 2.4 in [Héthelyi and Kiilshammer 2011] implies that D has pre-
cisely p"~m+2A=1(pm=I+1 1 pm=l _ 1) conjugacy classes. Let C be one of these
classes that do not intersect (y). Assume «'(C) = C for some i € Z such that
o' # 1. Then there are elements u € C and w € D such that o' (1) = wuw™!.
Hence y := wla’ € Ng(D, bp) NCg(u). Since y is not a p-element, we get a
contradiction as above. This shows that no nontrivial power of « can fix C as a set.
Thus, all these conjugacy classes split in

pm—H—l + pm—l _ pm—21+1 -1
e(B)

n—m+2l—1

orbits of length e(B) under the action of I (B). For every element # in one of these
classes we have [(b,) =1 as above. This gives

! -1 2l—m—1
n D EPT =P -1,
k(B) = E I(b,) = e(B)p" + o(B) P 0
UeR




486 BENJAMIN SAMBALE
The results for blocks with maximal defect in [Gao 2012] show that the bound
in Theorem 2.3 is sharp (after evaluating the geometric series [ibid., Theorem 1.1]).

Theorem 2.4. Let B be a p-block of a finite group with a nonabelian split meta-
cyclic defect group D for an odd prime p. Then

f—1
ko(B) < P +eB) |p" < p"=|D: D,
e(B)
3 pki(B) < ( +e<B>) Pl < pr = D),
i=0 e(B)
ki(B)=0 fori> min{2(m —D, %”’_1}

In particular ko(B) < k(B); that is, Brauer’s height zero conjecture holds for B.

Proof. We consider the subsection (y, b,). We have already seen that [(b,) = e(B)
and Cp(y)/(y) is cyclic of order pl . Hence, Proposition 2.5(i) in [Héthelyi et al.
2012] implies the first inequality. For the second we consider u := X" e Z(D).
Since u is not D-conjugate to a power of y, the proof of Theorem 2.3 gives [(b,) = 1.
Moreover, |Autg({u))| =e(B). Thus, Theorem 4.10 in the same reference shows the
second claim. Since ky(B) > 0, it follows at once that k; (B) =0 fori > (n+m—1) /2.
On the other hand Corollary V.9.10 in [Feit 1982] implies k; (B) =0 for i > 2(m —1).

Now we discuss the claim ko(B) < k(B). By Theorem 2.3 it suffices to show

[ l -1 2l—m—1
p—1 n_(P+p T —p —1 n
<e(B) +e(B))p << o(B) +e(B)>P .

This reduces to [ < m, one of our hypotheses. (]

Again for blocks with maximal defect, the bound on ky(B) in Theorem 2.4 is
sharp; see [Gao 2012]. On the other hand the bound on the height of the irreducible
characters is probably not sharp in general.

Corollary 2.5. Let B be a p-block of a finite group with a nonabelian split meta-
cyclic defect group for an odd prime p. Then

p'-1
e(B)

k(B) < ( + e(B)) (prtmIT2 4 pt— p .

Proof. In view of Theorem 2.4, the number k(B) is maximal if ky(B) is maximal
and k{(B) = k(B) — ko(B). Then

p'—1
e(B)

and the result follows. U

ki(B) < ( + e(B))(p"+m"‘2 —p")



BRAUER’S HEIGHT ZERO CONJECTURE FOR METACYCLIC DEFECT GROUPS 487

Apart from a special case covered in [Schulz 1980], it seems that there are no
results about B in the literature for p-solvable groups. We take the opportunity to
give such a result, which also holds in a more general situation.

Theorem 2.6. Let B be a controlled block of a p-solvable group over an alge-
braically closed field F of characteristic p. If I1(B) is cyclic, then B is Morita
equivalent to the group algebra F[D x I (B)] where D is the defect group of B. In
particular k(B) = k(D x I(B)) and [(B) = e(B).

Proof. Let P < D, H and H as in Theorem A in [Kiilshammer 1981]. As before
let ¥ be the fusion system of B. Then parts (iii) and (v) of that theorem imply that
P is F-radical. Moreover, the Hall-Higman lemma gives

Cp(P) Oy (H)/ Oy (H) S Cx(0,(H)) CO,(H) = POy (H)/Oy(H).

Since P is normal in H, we have Cp(P) € P. In particular P is also F-centric.
Now let g € Ng (P, bp). Since B is controlled, there exists a h € Ng (D, bp) such
that 1~'g € C(P). Hence, g € Ng(D, bp) Ci(P) and

DCg(P)/PCg(P)<INg(P,bp)/P Cs(P).

Since P is %-radical, it follows that P C5(P) = D Cs(P). Now Cp(P) =Z(P)
implies P = D. Hence, H = D x I(B). Observe at this point that / (B) can be
regarded as a subgroup of Aut(D) by the Schur-Zassenhaus Theorem. Moreover,
this subgroup is unique up to conjugation in Aut(D). Hence, the isomorphism
type of D x I(B) is uniquely determined. Since [ (B) is cyclic, the 2-cocycle y
appearing in [ibid.] is trivial. Thus, the result follows from Theorem A(iv). O

Let us consider the opposite situation where G is quasisimple. Then the main
theorem of [An 2011] tells us that B cannot have nonabelian metacyclic defect
groups. Thus, in order to settle the general case it would be sufficient to reduce the
situation to quasisimple groups.

For the convenience of the reader we collect the results about metacyclic de-
fect groups.

Theorem 2.7. Let B be a block of a finite group with metacyclic defect group. Then
Brauer’s k(B)-conjecture, Brauer’s height zero conjecture and Olsson’s conjecture
are satisfied for B.

In the next sections we make restrictions on the parameters p, m, n and [ in order
to prove stronger results.

3. The group M pn+1

Letn =1. Then m =1+ 1 and D is the unique nonabelian group of order p"*!
with exponent p™. We denote this group by M ,»+1 (compare with [Holloway et al.
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2010]). It follows from Theorem 2.4 that k; (B) = 0 for i > 2. We will see that the
same holds for i = 2.

Theorem 3.1. Let B be a block of a finite group with defect group M ,n+1 where p
is an odd prime and m > 2. Then k;(B) = 0 for i > 2. In particular the following
conjectures are satisfied for B:

o Eaton’s conjecture [2003],
o Eaton—Moreto conjecture [2011],
e Robinson’s conjecture [1996],
o Malle—Navarro conjecture [2006].
Proof. Assume k,(B) > 0. We are going to show that the following inequality from

Theorem 2.4 is not satisfied:

m—1 __

(3-1) ko(B) + p*k1(B) + p*ky(B) < (”—1

2
(B +e(B))p )

In order to do so, we may assume k>(B) = 1. Moreover, taking Theorem 2.3 into
account, we assume

pm—l -1 pm—l _pm—2
ko(By = ——— B , kk(By=—— — 1.
0o(B) ( (B) +e( ))p 1(B) (B
Now (3-1) gives the contradiction
2
p-—p
pt =< (eB)+1)p* - —eB)p<p’.
e(B)

Hence, k(B) = 0. In particular Eaton’s conjecture is in fact equivalent to Brauer’s
k(B)-conjecture and Olsson’s conjecture. Also the Eaton—Moret6é conjecture is
trivially satisfied. Robinson’s conjecture, stated in the introduction of [Robinson
1996, reads: If D is nonabelian, then p"X) < |D : Z(D)| for all x € Irr(B). This is
true in our case. It remains to verify the Malle—Navarro conjecture. For this, observe

k(B) _ (p”“1 —1
I(B) =\ e(B)?

by Corollary 2.5 and Remark 2.4 in [Héthelyi and Kiilshammer 2011]. Now we
establish a lower bound for ko(B). From Theorem 2.4 we get

+ 1)(p+ 1—p H<p"+p" ' —p"?=k(D)

m—1 __
ney < =1,
e(B)

This gives

m __ m—2
(32)  ko(B)=k(B) —ki(B) > pe(B) PHL e B(p—1+1.
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The other inequality of the Malle—Navarro conjecture reads
k(B) < ko(B)k(D") = ko(B)p.
After a calculation using (3-2) and Corollary 2.5, this boils down to
pr2p" T+ < " 2p 41,
which is obviously true. O

The argument in the proof of Theorem 3.1 can also be used to improve the
general bound for the heights in Theorem 2.4 at least in some cases. However, it
does not suffice to prove k;(B) = 0 for i > m — [ (which is conjectured). The next
theorem also appears in [Gao and Zeng 2011].

Theorem 3.2. Let B be a block of a finite group with defect group M ,m+1 where p
is an odd prime and m > 2. Then

m—1 _ m—2

14 —P
e(B)
Proof. By the proof of Theorem 2.3, it suffices to show [(b,) =e(B) for 1 #u € (y).
Since n = 1, we have Cp(u) = Z(D){y) = (x?) x (y). Thus, by Theorem 1 in
[Watanabe 1991] we have [(b,) = e(B). U

p"+p

k(B) —I(B) = +e(B)(p — ).

This result leads to the distribution of the irreducible characters into p-conjugate
and p-rational characters. We need this later for the study of decomposition numbers.
We denote the Galois group of Q(¢ |G\)|@(§\G|p/) by 4. Then restriction gives an
isomorphism 4 = Gal(Q(¢|6,)|Q). In particular since p is odd, %4 is cyclic of order
|G|,(p — 1)/ p. We often identify both groups.

Proposition 3.3. Let B be a block of a finite group with defect group M ,m+1 where
p is an odd prime and m > 2. Then the ordinary irreducible characters of B split
into orbits of p-conjugate characters of the following lengths:

o two orbits of length p"~2(p — 1) /e(B),

o one orbit of length p'(p — 1)/e(B) for everyi =0, ...,m —3,

e (p—1)/e(B) + e(B) orbits of length p — 1,

e (p—1)/e(B) orbits of length p'(p — 1) foreveryi =1, ...,m —2,

e [(B) (> e(B)) p-rational characters.
Proof. By Brauer’s permutation lemma (Lemma IV.6.10 in [Feit 1982]) it suffices
to reveal the orbits of % on the columns of the generalized decomposition ma-
trix. The ordinary decomposition numbers are all integral, so the action on these

columns is trivial. This gives [(B) p-rational characters. Now we consider a set of
representatives for the B-subsections as in Theorem 2.3.
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There are (p"~! — 1)/e(B) nontrivial major subsections (z, b,). All of them
satisfy [(b;) = 1 and Autg({z)) = I(B). So these columns form m — 1 orbits of
lengths pm*Z(p —1)/e(B), p’"*3(p —1)/e(B),...,(p — 1)/e(B), respectively.
Now for u € (x) \ Z(D) we have [(b,) = 1 and Autg({u)) = (y) x I (B). This gives
another orbit of length pm_z(p— 1)/e(B). Nextlet 1 #u € (y). Thenl(b,) =e(B)
and Autg((#)) = 1. Hence, we get e(B) orbits of length p — 1 each.

Finally let u := x’y/ € D\ (x) such that u is not conjugate to an element of (y).
As in the proof of Theorem 2.3, p' {i holds. Since | D’'| = p, we have (x'y/)? = x'P
by Hilfssatz I11.1.3 in [Huppert 1967]. In particular D’ C (u) and Np((u)) = D.
Moreover, |D : Z(D)| = p2 and |Autp({u))| = p. Since I (B) acts trivially on
D/(x) = (y), we see that |Autg((u))| = p. The calculation above shows that u has
order p™~1°¢7 We have exactly p”~1°2/=1(p — 1)? such elements of order p” 102!,
These split in p™~1°¢i=2(p — 1)?/e(B) conjugacy classes. In particular we get
(p—1)/e(B) orbits of length p"™~=2(p—1) each forevery i =0, ...,l—1=m—2.

O

It should be emphasized that the proof of Proposition 3.3 heavily relies on the
fact Autg((u)) = 1 whenever I(b,) > 1. Since otherwise it would be not clear,
whether some Brauer characters of b, are conjugate under Ng ((u), b,). In other
words, generally the knowledge of k(B) — [(B) does not provide the distribution
into p-conjugate and p-rational characters.

For p = 3 the inequalities Theorem 2.3 and Corollary 2.5 almost coincide. This
allows us to prove the Alperin—-McKay conjecture.

Theorem 3.4. Let B be a nonnilpotent block of a finite group with defect group
M3n+1 where m > 2. Then

e(B) =2, ko(B) =22,

ki(B) e {3"72,3" 2+ 1}, ki(B)y=0 fori=>?2,
11-3" 249 11.3" 2411

k(B)e{ —, . } I(B) € {2, 3.

In particular the Alperin—-McKay conjecture holds for B.

Proof. Since B is nonnilpotent, we must have e¢(B) = 2. From Theorem 2.3
we get k(B) > (11 -3™72 4 9)/2. On the other hand Corollary 2.5 implies
k(B) < (11-3"2 4 11)/2. Hence, I[(B) € {2,3} by Theorem 3.2. Moreover,
we have (3" +7)/2 <ko(B) < (3" +9)/2 by Theorem 2.4 (otherwise k{(B) would
be too large). Now Corollary 1.6 in [Landrock 1981] shows that ko(B) = (3" +9) /2.
Since we get the same number for the Brauer correspondent of B in Ng (D), the
Alperin—-McKay conjecture follows. (]
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The next aim is to show that even Alperin’s weight conjecture holds in the
situation of Theorem 3.4 provided m < 3. Moreover, we verify the ordinary weight
conjecture [Robinson 2004] in this case using the next proposition.

Proposition 3.5. Let B be a block of a finite group with defect group M ,n+1 where p
is an odd prime and m > 2. Then the ordinary weight conjecture for B is equivalent
to the equalities

1

m— _1 _1
ko(B) = <p(— + e(B))p, ki (B) = P=% m-2

e(B) eB "

Proof. We use the version in Conjecture 6.5 in [Kessar 2007]. Let Q be an
Z-centric and F-radical subgroup of D. Since |D : Z(D)| = p?and Cp(Q) < Q,
we have |D : Q| < p. Assume |D : Q| = p. Then D/Q < Autg(Q). Since F
is controlled, all %-automorphisms on Q come from automorphisms on D. In
particular D/Q < Autg(Q). But then Q cannot be -radical. Hence, we have seen
that D is the only %-centric and J-radical subgroup of D. It follows that the set
N'p in [Kessar 2007] only consists of the trivial chain. Since [ (B) is cyclic, all
2-cocycles appearing in the same paper are trivial. Hence, we see that

wiD,dy= Y [IB)NIx)|
xeln’(D)/1(B)

where Irr? (D) is the set of irreducible characters of D of defect d > 0 and

IB)NI(x):={yel(B):"x=x}.

Now the ordinary weight conjecture predicts that k% (B) = w(D, d) where k%(B)
is the number of irreducible characters of B of defect d > 0. For d < m both
numbers vanish. Now consider d € {m, m 4 1}. Let us look at a part of the character
table of D:

D ‘ by xP y
G S
O pg‘lljm—l 0

Xij
Vi

Here i,k € {O,...,pm_1 —1}, j€{0,...,p— 1} and gcd(k, p) = 1. The
characters of degree p are induced from Irr({x)). It can be seen that the linear
characters of D splitinto (p™ —p)/e(B) orbits of length e(B) and p stable characters
under the action of 7 (B). This gives

m—1 __

W(D,m+1):<p—

o(B) +e(B))p-
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Similarly, the irreducible characters of D of degree p split into p”~2(p — 1)/e(B)
orbits of length e(B). Hence,

P_] m—2
w(D, =— .
(D, m) B "

The claim follows. O
We introduce another lemma, which will be needed at several points.

Lemma 3.6. Let g be the integral quadratic form corresponding to the Dynkin
diagram A,,and leta € 7".

() Ifq(a)=1,thena ==%@0,...,0,1,1,...,1,0,...,0).

(i1) If g(a) = 2, then one of the following holds:
ea=%+(,...,0,1,1,...,1,0,0,...,0,1,1,...,1,0,...,0),

e a==+(,...,0,1,1,...,1,0,0,...,0,—-1,—-1,...,—-1,0,...,0),
ea==+(0,...,0,1,1,...,1,2,2,...,2,1,1,...,1,0,...,0).
Here s, ..., s includes the possibility of no s € Z at all.

Proof. Without loss of generality, r > 2. Leta = (ay, ..., a,). Then

r r—1 r—1
(33 q@=) ai—) aai= %@ +) (@ —ai1)? +a,2).
i=l1 i=l1 i=l

Assume first that g(a) = 1 and a; # 0 for some i € {1, ..., r}. After replacing
a with —a if necessary, we have a; > 0. By the equation above we see that the
difference between two adjacent entries of @ is at most 1. Going from i to the left
and to the right, we see that a has the stated form.

Now assume g(a) = 2. If one of {a, a,} is £2, so must be the other, since
each two adjacent entries of a must coincide. But this contradicts (3-3). Hence,
ai, ar € {1, 0}. Now let |a;| > 3 for some i € {2, ...,r — 1}. Going from i to the
left we get at least two nonvanishing summands in (3-3). The same holds for the
entries on the right side of i. Thus, we end up with a configuration where a; # 0.
This is again a contradiction. It follows that ¢; € {1, +2,0} fori =2,...,r — 1.
In particular we have only finitely many solutions for a. If no %2 is involved in
a, it is easy to see that a must be one of the given vectors in the statement of the
lemma. Thus, let us consider a; = 2 for some i € {2, ..., r — 1} (after changing
signs if necessary). Then a;_1, a; 1 € {1, 2}, since otherwise (a; — ai_1)> >4 or
(aj+1— a;)* > 4. Now we can repeat this argument with a; 1 and ;1| until we get
the desired form for a. O
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Theorem 3.7. Let B be a nonnilpotent block of a finite group with defect group
M3m+1 where m € {2, 3}. Then

349 11-3"7249

2 2 ’
In particular Alperin’s weight conjecture and Robinson’s ordinary weight conjecture
[Robinson 2004] are satisfied for B.

ko(B) = ki(B)=3""2, k(B)= I[(B)=e(B)=2.

Proof. Since B is nonnilpotent, we must have e(B) =2. The case m =2 is very easy
and will be handled in the next section together with some more information. Hence,
we assume m = 3 (that is, |[D| = 81) for the rest of the proof. By Theorem 3.4
we already know ko(B) = 18. By way of contradiction we assume k(B) = 22,
ki(B) =4 and [(B) = 3.

We consider the vector d? for z := x> € Z(D). As in [Héthelyi et al. 2012] (we
will use this paper a lot) we can write d* = Zis:o a; @i for integral vectors a;. We
will show that (ag, @;) =0 for i > 1. By Lemma 4.7 [ibid.] this holds unless i = 3.
But in this case we have (a3, a3) = 0 and a3 = 0 by Proposition 4.4 [ibid.]. If we
follow the proof of Theorem 4.10 [ibid.] closely, it turns out that the vectors a; are
spanned by ag, a; and a4. So we can also write

d* =ap+ a1t + a0

where 7 and o are certain linear combinations of powers of 9. Of course, one
could give more precise information here, but this is not necessary in this proof.
By Lemma 4.7 [ibid.] we have (ag, ag) = 27.

Let g be the quadratic form corresponding to the Dynkin diagram of type As.
We set a(x) := (ao(x), a1(x), as(x)) for x € Irr(B). Since the subsection (z, b;)
gives equality in Theorem 4.10 [ibid.], we have

ko(B)+91(B)= D qla(x)) =54
x €lrr(B)

This implies g(a(x)) = 3200 for x € Irr(B). Assume that there is a character
x € Irr(B) such that ag(x)a; (x) > 0 for some i € {1, 4}. Since (ag, a;) =0, there
must be another character x’ € Irr(B) such that ag(x)a; (x") < 0. However, then
g(a(x)) > 3" by Lemma 3.6. Thus, we have shown that ag(x)a;(x) = 0 for
all x € Irr(B) and i € {1, 4}. Moreover, if ag(x) # 0, then ag(x) = £3"X) again
by Lemma 3.6.

In the next step we determine the number g of integral numbers d*(x) for
characters x of height 1. Since (ag, ap) = 27, we have 8 < 4. Let ¢ € Irr(B)
of height 1 such that d*(y) ¢ Z. Then we can form the orbit of d*(y) under the
Galois group 7€ of Q(£9)[(Q(Z9) NR). The length of this orbit must be |#] = 3. In
particular 8 = 1.
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This implies that d*(x) = aop(x) = %1 for all 18 characters x € Irr(B) of
height 0. In the following we derive a contradiction using the orthogonality relations
of decomposition numbers. In order to do so, we repeat the argument with the
subsection (x, b,). Again we get equality in Theorem 4.10, but this time for ky(B)
instead of ko(B) + 9k (B). Hence, d*(x) = O for characters x € Irr(B) of height
1. Again we can write d* = Z}lo a; {57 where a; are integral vectors. Lemma 4.7
[ibid.] implies (ag, ap) = 9. Using Lemma 3.6 we also have ag(x) € {0, =1} in
this case. This gives the final contradiction 0 = (d%, d*) = (ag, ap) = 1 (mod 2).

Hence, we have proved that k(B) = 21, k;(B) = 3 and /(B) = 2. Since B is
controlled, Alperin’s weight conjecture asserts that /(B) = [(b) where b is the
Brauer correspondent of B in Ng (D). Since e(b) = e(B), the claim follows at
once. the ordinary weight conjecture follows from Proposition 3.5. This completes
the proof. ([

4. The group p'*2
In this section we restrict further to the case n = 1 and m = 2, that is,

D=(x,y|x" =y’ =1,yxy ' =x"*7)

is extraspecial of order p> and exponent p2. We denote this group by p1_+2 (compare

with [Hendren 2005]). In particular we can use the results from the last section.
One advantage of this restriction is that the bounds are slightly sharper than in the
general case.

Inequalities. Our first theorem says that the block invariants fall into an interval
of length e(B).

Theorem 4.1. Let B be a block of a finite group with defect group p2 for an odd
prime p. Then

Pl By <k <Z T s Byt e®) 1
(B) e(B)p < =B e(B)p+e ,
p—1 p—1
(m +€(B)>P —e(B)+1<ky(B) < (m +€(B)>P,
p—1 p—1
B M= Tl

ki(B)=0 fori>2,

e(B) <I(B) <2e(B) - 1,

pr—1

k(B) —1(B) = )

+ (p — De(B).
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Proof. The formula for k(B) — [(B) comes from Theorem 3.2. The lower bounds
for [(B) and k(B) follow from Proposition 2.1 and Theorem 2.3. The upper bound
for ko(B) comes from Theorem 2.4. The same theorem gives also

ny <=1 —1.
e(B)

Adding this to the upper bound for ko (B) results in the stated upper bound for k(B).
Now the upper bound for /(B) follows from k(B) —[(B). A lower bound for ko(B)
is given by

ko(B) = k(B) — ki(B)

it SV Lk SEPVINCNPUIN .l S B)+1
2 U e =S o)+ —(mw( ))p—e( )+

Moreover,

p?—1

ki(B) =k(B) —ko(B) = (B)

B Pl B p—1
+e(B)p — <m+€( ))P = o)
Since we already know that the upper bound for ky(B) and the lower bound for
k(B) are sharp (for blocks with maximal defect), it follows at once that the lower
bound for k;(B) in Theorem 4.1 is also sharp (compare with Proposition 3.5).
If e(B) is as large as possible, we can prove slightly more.

Proposition 4.2. Let B be a block of a finite group with defect group pl_Jr2 foran
odd prime p. If e(B) = p — 1, then k(B) < p>+ p — 2, [(B) < 2e(B) — 2 and
ko(B) # p* —r forr € {1,2,4,5,7,10, 13}.

Proof. By way of contradiction, assume k(B) = p> + p — 1. By Theorem 4.1 we
have ko(B) = p2 and k;(B) = p—1. Set z := x? € Z(D). Then we have [(b;) = 1.
Since I (B) acts regularly on Z(D) \ {1}, the vector d* is integral. By Lemma 4.1 in
[Héthelyi et al. 2012] we have 0 # dj,, =0 (mod p) for characters x of height 1.
Hence, d° must consist of p? entries £1 and p — 1 entries £p. Similarly [(b,) = 1.
Moreover, all powers x' for (i, p) = 1 are conjugate under %. Hence, also the
vector d* is integral. Thus, the only nonvanishing entries of d* are £1 for the
characters of height 0, because (d*, d*) = p? (again using [ibid., Lemma 4.1]).
Now the orthogonality relations imply the contradiction 0 = (d*, d*) =1 (mod 2),
since p is odd. Thus, we must have k(B) < p>+ p —2 and [(B) < 2e(B) — 2.
We have seen that every character of height 0 corresponds to a nonvanishing
entry in d*. If we have a nonvanishing entry for a character of height 1 on the other
hand, then Theorem V.9.4 in [Feit 1982] shows that this entry is &=p. However, this
contradicts the orthogonality relation (d*, d*) = 0. Hence, the nonvanishing entries
of d* are in one-to-one correspondence to the irreducible characters of height 0.
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Thus, we see that p? is the sum of ko(B) nontrivial integral squares. This gives the
last claim. g

Since in case e(B) = 2 the inequalities are very strong, it seems reasonable to
obtain more precise information here. In the last section we proved for arbitrary m
that the Alperin—-McKay conjecture holds provided p = 3. As a complementary
result we now show the same for all p, but with the restrictions m =2 and e(B) = 2.
We even obtain a refinement of the Alperin-McKay conjecture, which is called the
Galois—Alperin—-McKay conjecture; see Conjecture D in [Isaacs and Navarro 2002].

Theorem 4.3. Let B be a block of a finite group with defect group plfz for an odd
prime p and e(B) =2. Then ko(B) = p(p+3)/2. In particular the Galois—Alperin—
McKay conjecture holds for B.

Proof. By Theorem 3.4 we may assume p > 3. For some subtle reasons we
also have to distinguish between p = 7 and p # 7. Let us assume first that
p # 7. By Theorem 4.1 we have ko(B) € {p(p+3)/2—1, p(p+3)/2}. We write
d* = Zip:(g_l)_l a;¢ ;7 , with integral vectors a;. As in Proposition 4.9 of [Héthelyi
et al. 2012] we see that a; = 0 if (i, p) = 1. Moreover, the arguments in the proof
of Proposition 4.8 of the same paper tell us that a, = 0 and a;, = a(,_;), for
i=2,....,(p—1)/2. Now let 7; := ¢, + ¢,  fori =2,...,(p—1)/2. Then we

can write
(p—1)/2

d* = ap + Z a;T;
i=2

for integral vectors a;. Here observe that d* is real, since (x, b, ) and (1, b,-1) are
conjugate under / (B). By [ibid., Lemma 4.7] we have (ao, ap) =3p, (a;, a;) = p for
i#jand (a;,a;)=2pfori>2. Nowleta(yx)=(a;(x):i=0,2,3,...,(p—1)/2)
for x € Irr(B). Moreover, let g be the integral quadratic form corresponding to the
Dynkin diagram of type A(,—1)/2. Then as in [ibid., Proposition 4.2], we get

. p—3 p—=3\_ p+3
> q(a(x))—p<3+2 > > )—p o
x €lrr(B)

Let x € Irr(B) be a character of height 1. Suppose that a(x) # 0. Then we have
ko(B) = p(p+3)/2—1 and x is the only character of height 1 such that a(yx) # 0.
In particular y is p-rational and a(x) = ag(x) € Z. Now Theorem V.9.4 in [Feit
1982] implies p | ao(x). Since (ag, ag) = 3 p, this gives p = 3, which contradicts
our hypothesis. Hence, we have shown that a(x) = 0 for all characters x € Irr(B)
of height 1. In particular

p+3

> atax) =p——.
x €lrr(B)
h(x)=0
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By way of contradiction suppose that ko(B) = p(p + 3)/2 — 1. Then there is
exactly one character x € Irr(B) such that g(a(x)) = 2 (this already settles the
case p = 5). Now the idea is to show that there is a p-conjugate character
also satisfying g(a(y)) > 1. In order to do so, we discuss the different cases in
Lemma 3.6. Here we can of course choose the sign of a(y).

First assume

a(y)=(,...,0,1,1,...,1,0,0,...,0,—-1,-1,...,=1,0,...,0).

Choose an index k corresponding to one of the —1 entries in a(x). Let k' €
{2,...,(p — 1)/2} such that kk’ = £1 (mod p), and let y € G be the Galois
automorphism which sends ¢, to g“]',‘/. Then

(p=1)/2

Ye (o) = —1— Z 7.
i=2
Apart from this, ;- acts as a permutation on the remaining indices

{2,.... (p=D/2}\ {k}.

This shows that a(y(x)) contains an entry 2. In particular yx (x) # x. Moreover,
Lemma 3.6 gives g(a(yr(x))) > 1.
Next suppose that

a(x)=@,...,0,1,1,...,1,2,2,...,2,1,1,...,1,0,...,0).

Here we choose k corresponding to an entry 2 in a( ). Then the same argument as
above implies that a(yx (x)) has a —2 on position k;. Contradiction.

Now leta(yx) =(0,0,...,0,1,1,...,1,0,0,...,0,1,1,...,1,0,...,0) (ob-
serve the leading 0). We choose the index k corresponding to a 1 in a(x). Let
Y be the automorphism as above. Observe that x is not p-rational. Thus,
Proposition 3.3 implies yx(x) # x. In particular g(a(yx(x))) = 1. Hence, we
must have a(yp(x)) = (-1,-1,...,—1,0,0,...,0) where the number of —1
entries is uniquely determined by a(y). In particular a(y(x)) is independent
of the choice of k. Now choose another index k; corresponding to an entry 1
in a(y) (always exists). Then we see that a(x) and thus x is fixed by ykTI)/k/l.
Proposition 3.3 shows that Vk71Vki must be (an extension of) the complex con-
jugation. This means k' = —k| (mod p) and k = —k; (mod p). However this
contradicts 2 <k, k; < (p—1)/2.

Finally leta(x)=(,1,...,1,0,0,...,0,1,1,...,1,0,...,0). Here a quite
similar argument shows that a(x) only contains one entry 0, say on position k.
Now we can use the same trick where k; > 2 corresponds to an entry 1. Here
alyy (x))=1(0,0,...,0,—-1,-1,0,...,0). Letkp € {2, ..., (p — 1)/2} such that
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ko = +kk| (mod p). Then the —1 entries of a(yi;, (X)) lie on positions k| and ;.
Since these entries lie next to each other, we get k == 1 = £k; (mod p) where the
signs are independent. However, this shows that k and k; are adjacent. Hence, we
proved that a(x) = (1,0, 1) and p =7 ((1, 1, 0, 1) is not possible, since 9 is not a
prime). However, this case was excluded. Thus, ko(B) = p(p + 3)/2.

It remains to deal with the case p = 7. It can be seen that there is in fact a
permissible configuration for ko(B) = 34:

d* = 1,...,1, 1441, ..., 14+00+13, 1 4+10, 1 + 713, 0+ 713,

13 times 6 times
‘172,...,‘172,‘173,...,‘L’3,0,...,0).

6 times 6 times

Hence, we consider d- for z := x”. Suppose by way of contradiction that ko(B) = 34.
Then k;(B) =4 and k(B) = 38. By Proposition 3.3 we have exactly two 7-rational
irreducible characters in Irr(B). Moreover, the orbit lengths of the 7-conjugate
characters are all divisible by 3. Hence, we have precisely one 7-rational char-
acter of height 1 and one of height 0. In the same way as above we can write
d* = ag + a1 + ast3; see Proposition 4.8 in [Héthelyi et al. 2012]. Then
(ao, ap) = 3-7% (a;,a;) = 7% for i # j and (a;,a;) =2-7° for i =2,3. For
a character x € Irr(B) of height 1 we have 7 | a;(x) for i = 0, 2,3 by [ibid.,
Lemma 4.1]. Since

> qlaG0)=5p",

x €lrr(B)

it follows that g (a(x)) = 7? for every character x € Irr(B) of height 1. It is easy to
see that a(x) ¢ {£7(0, 1, 1), £7(1, 1, 0)}. Hence, the four rows a () for characters
x of height 1 have to following form up to signs and permutations:

1
111
Thus, for a character y; € Irr(B) of height 0 i =1, ..., 34) we have

34
d*(xi) = ao(xi) #0 and Zao()(,‘)2=72.

i=1

Up to signs and permutations we get (ag(x;)) = (4, 1, ..., 1) (taking into account
that only x; can be 7-rational). So still no contradiction.
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Now consider d;;. The Cartan matrix of by is 7(3 ;) up to basic sets; see [Dade
1966; Rouquier 1998]. We can write

5 5
&y, =Y @005 and dy, = b0
L 2

for x € Irr(B). It follows that (o, do) = (bo, by) = 8 (this is basically the same
calculation as in Proposition 4.8 in [Héthelyi et al. 2012]). By Corollary 1.15
in [Murai 2000] we have ao(x1) # 0 or 170( x1) # 0. Without loss of generality
assume ag(x1) # 0. Then ay(x;) = %1, since (ag, ag) = (d*, ap) = 0. On the
other hand ay(x) = O for characters x € Irr(B) of height 1, because we have
equality in Theorem 2.4 in [Héthelyi et al. 2012]. However, this gives the following
contradiction:

34 34 34
0= (a0, do) = Y ao(x)ao(xi) = Y _do(xi) = Y do(x:)* =7 (mod 2).
i=1 i=2 i=2

Altogether we have proved that ko(B) = p(p + 3)/2 for all odd primes p.
In order to verify the Galois—Alperin—-McKay conjecture we have to consider a
p-automorphism y € 4. By Lemma 1V.6.10 in [Feit 1982] it suffices to compute
the orbits of (y) on the columns of the generalized decomposition matrix. For an
element u € D of order p, y acts trivially on (u). If u has order p?, then y acts as
D-conjugation on (u). This shows that y acts in fact trivially on the columns of
the generalized decomposition matrix. In particular all characters of height O are
fixed by y. Hence, the Galois—Alperin—-McKay conjecture holds. (I

The case p < 11. We already know ko (B) if e(B) = 2. For small primes it is also
possible to obtain k(B).

Theorem 4.4. Let B be a block of a finite group with defect group p'™ for
3<p<llande(B)=2. Then
p*+4p—1 p+3

—1
k(B)= "= k(B)="7"p. kl(B):pT, I(B) =2.

The irreducible characters split into two orbits of (p — 1)/2 p-conjugate characters,
(p + 3)/2 orbits of length p — 1, and two p-rational characters. For p > 5 the
p-rational characters have height 0. In particular Alperin’s weight conjecture and
Robinson’s ordinary weight conjecture [Robinson 2004] are satisfied for B.

Proof. We have ko(B) = p(p+3)/2 by Theorem 4.3. For p =3 the block invariants
and the distribution into 3-conjugate and 3-rational characters follow at once from
Theorem 4.1 and Proposition 4.2. So we may assume p > 3 for the first part
of the proof. Suppose k(B) = (p>+4p + 1)/2 and k1 (B) = (p + 1)/2. Then
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Irr(B) contains exactly three p-rational characters. Moreover, the orbit lengths of
the p-conjugate characters are all divisible by (p — 1)/2. Let z := x?. Then we

can write
(p—1)/2

d*=ap+ Z a;T;

i=2

as in Theorem 4.3 where 7; := ;1", —|—§p_i fori=2,...,(p—1)/2 (see Proposition 4.8
in [Héthelyi et al. 2012]). Then (agp, ap) = 3p?, (a;,a;) = p? for i # j and
(a;,a;) = 2p2 for i > 2. For a character x € Irr(B) of height 1 we have p | a;(x)
by [ibid., Lemma 4.1]. Since

3
S qaG =212,

2
xelr(B)

we have g(a(x)) = p? for every character x € Irr(B) of height 1. If all characters
of height 1 are p-rational, we have p = 5. But then (ag, a;) = 0. Hence, exactly
one character of height 1 is p-rational. Now choose a non-p-rational character
Y € Irr(B) of height 1. Assume a(y) = p(0,...,0,1,1,1,...,1,0,...,0) with
at least two entries 1 in a row and at least one entry O (see Lemma 3.6).

If ap(¥) = 0, then a(y(¥)) = p(—1,—1,...,—-1,0,0,...,0) = a(y’'(¥))
for two different Galois automorphisms y, y’ € 4 (see proof of Theorem 4.3).
Moreover, y ~!y’ is not (an extension of) the complex conjugation. In particular
(y =) (W) # . Since (a2, az) =2p>, y~ 'y’ (up to complex conjugation) is the
only nontrivial automorphism fixing d*(y). So, ()/_ly’)2 is (an extension of) the
complex conjugation. This gives 4 | p — 1 and p = 5 again. But for 5 the whole
constellation is not possible, since a(y) is 2-dimensional in this case.

Finally assume a(¢¥) = p(1,1,1,...,1,0,0,...,0). Then we can find again a
Galois automorphism y (corresponding to an entry 0 in a(y)) such that a(y (1)) =
a(yr). So we get the same contradiction in this case too.

Hence, we have seen that a (1) contains either one or (p —1)/2 entries £1. Thus,
the rows a(x) for characters x of height 1 have to following form up to signs and
permutations:

1

1 1
In particular, for all characters x; of height 0,

d*(xi) =ao(xi) #0 (=1,...,p(p+3)/2).
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Moreover,
p(p+3)/2

> ao(xi)?=p’.
i=1
Subtracting p(p + 3)/2 on both sides gives

o0

41 R —1y=pP=3
(1) ; (=) =p—
for some r; > 0. Choose r/ € {0, 1, ..., (p—3)/2} such that r; =] (mod (p—1)/2).
Since we have only two p-rational characters of height 0, the following inequality
is satisfied: ) /2, r/ <2. Using this, it turns out that (4-1) has no solution unless
p > 11. Hence, k(B) = (p> +4p —1)/2.

The orbit lengths of p-conjugate characters follow from Proposition 3.3. If
there is a p-rational character of height 1, we must have p = 5. Then of course
both characters v;, ¥, of height 1 must be 5-rational. For these characters we
have d*(y;) = ap(y;) = £5 with the notation above. Now our aim is to show
that ¥r; — v or Y| + Y, vanishes on the 5-singular elements of G. This is true
for the elements in Z(D). Now let (u, b,) be a nonmajor B-subsection. Assume
first that u € (y). Since [(b,) = 2, we have equality in Theorem 2.4 in [Héthelyi
et al. 2012]. This implies deZi,so,- =0fori, j € {1, 2}. Next suppose u € (x). Then
d"(y;) € Z. Hence, Theorem V.9.4 in [Feit 1982] implies 5 | d“(;). Since the
scalar product of the integral part of d“ is 15 (compare with proof of Theorem 4.3),
we get d*(y;) =0 for i = 1, 2 again. It remains to handle the case u# ¢ (x) and
[(b,) = 1. Here Lemma 4.7 in [Héthelyi et al. 2012] shows that the scalar product
of the integral part of d* is 10. So by the same argument as before d*(1/;) = 0 for
i =1, 2. Hence, we have shown that yr; — ¥, or | 4+ ¥, vanishes on the 5-singular
elements of G. Now, one can check that under these circumstances the number 2 is
representable by the quadratic form of the Cartan matrix C of B. However, by (the
proof of) Proposition 2.1, the elementary divisors of C are 5 and 5°. In particular
every entry of C is divisible by 5. So this cannot happen. Hence, we have shown
that the two irreducible characters of height 1 are 5-conjugate.

Now let 3 < p < 11 be arbitrary. Then the two conjectures follow as usual. [J

If we have p = 13 in the situation of Theorem 4.4, then (4-1) has the solution
rp =19, r3 =1 and r; =0 for i > 4. For larger primes we get even more solutions.
With the help of Theorem 3.7 and Theorem 4.4 it is possible to obtain k(B) — [(B)
in the following situations:

e p=3, D asin (2-1) with n =1 = 2 (in particular |D| < 39),

e3<p<11, Dasin (2-1) withn =2 and [ = 1 (in particular |D| < ),
and e(B) = 2.
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However, there is no need to do so.
In case p =3, Theorem 4.4 applies to all nonnilpotent blocks. Here we can show
even more.

Theorem 4.5. Let B be a nonnilpotent block of a finite group with defect group 32,

Then e(B) =1(B) =2, k(B) =10, ko(B) =9 and k{(B) = 1. There are three pairs
of 3-conjugate irreducible characters (of height 0) and four 3-rational irreducible
characters. The Cartan matrix of B is given by 3(% é) up to basic sets. Moreover,
the gluing problem [Linckelmann 2004] for B has a unique solution.

Proof. Since B is nonnilpotent, we get e(B) = 2. It remains to show the last
two claims.

It is possible to determine the Cartan matrix C of B by enumerating all de-
composition numbers with the help of a computer. However, we give a more
theoretical argument which does not rely on computer calculations. By (the proof
of) Proposition 2.1, C has elementary divisors 3 and 27. Hence, C:= %C = (g f )
is an integral matrix with elementary divisors 1 and 9. By changing the basic set if
necessary, we may assume that C is reduced as a binary quadratic form; see [Buell
1989]. This means 0 < 2b < a < c. We derive

%azfac—b2=d6t6=9

and a € {1, 2, 3}. This gives only the following two possibilities for C: (21), (19).
It remains to exclude the second matrix. So assume by way of contradiction that this
matrix occurs for C. Let d be the column of decomposition numbers corresponding
to the first irreducible Brauer character in B. Then d; consists of three entries 1
and seven entries 0.

It can be seen easily that d* = (1, ..., 1, 0)T up to permutations and signs. Since
(dy,d*) =0, we have d;(x10) = 1 where xj¢ is the unique irreducible character of
height 1.

Now consider y. The Cartan matrix of by is 3 (% é), see [Dade 1966; Rouquier
1998]. We denote the two irreducible Brauer characters of b, by ¢; and ¢, and
write dyg, = a;(x) +bi(x)¢3 for i = 1, 2. Then we have

6 = (a;,a;) + (bi, b;) — (ai, b;),
0= (ai, a;) +2(a;i, b))tz + (bi, b) &3
= (ai, a;) — (bi, bi) + (2(a;, bi) — (i, bi))¢3,
3= (a1, a2) + (b1, b2) + (b1, a2) 83 + (a1, b2)E3
= (a1, az) + (b1, ba) — (a1, b2) + (b1, a2) — (a1, D2)) &3,
0= (a1, a) + (a1, ba) + (b1, a2))53 4 (b1, b2) 3
= (a1, az) — (b1, b2) + (a1, ba) + (b1, az) — (b1, b2))&3.
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Thus, (ai,a;) = (bi, bi) = 4, (ai, bi) = (a1, a2) = (b1, by) = 2 and (a1, by) =
(a2, b1) = 1 for i = 1,2. It follows that the numbers dy,, can be given in the
following form (up to signs and permutations):

(1 1142 148 83 &3 : '>T
-1+ - - 1+ 166 -]

But now we see that d; cannot be orthogonal to both of these columns. This
contradiction gives C up to basic sets.

Finally we investigate the gluing problem for B. For this we use the notation
of [Park 2010]. Up to conjugation there are four %-centric subgroups Q; :=
(x3,y), Q2 := (x), Q3 := (xy) and D. This gives seven chains of ZF-centric
subgroups. It can be shown that Autg(Q1) = 53, Autg(Q»2) = Ce, Autg(Q3) = Cs
and Autg(D) = C3 x S3. It follows that H>(Autg (o), k=) = 0 for all chains
o of F-centric subgroups of D. Consequently, H([S(%°)], &42@) = 0. Hence, by
Theorem 1.1 in [Park 2010] the gluing problem has at least one solution. (Obviously,
this should hold in a more general context.)

Now we determine H' ([S(F°)], sﬁlg). For a finite group A it is known that
H!(A, k*) = Hom(A, k*) = Hom(A/A'OP'(A), k). Using this we observe that
H!(Autg (o), k*) = C, for all chains except o = Q3 and o = (Q3 < D), in which
case we have H' (Autg (o), k%) = 0. Since [S(F°)] is partially ordered by taking
subchains, one can view [S(%°)] as a category where the morphisms are given by
the pairs of ordered chains. In particular [S(%°)] has exactly 13 morphisms. With
the notation of [Webb 2007] the functor ﬂéf is a representation of [S(F¢)] over Z.
Hence, we can view &ﬂlg as a module J over the incidence algebra of [S(%°)].
More precisely, we have

M= € sh@=c;.
acOb[S(F)]
At this point we can apply Lemma 6.2(2) in [Webb 2007]. For this let
d :Hom[S(F“)] — M
a derivation. Then by definition we have d(8) = 0 for

B €{(Q3, 03), (03,03 < D), (D, Q3 < D), (Q3 <D, 03 < D)}.

For all identity morphisms g € Hom([.S(%°)]) we have

d(B) = d(BB) = dz(B)d(B) +d(B) =2d(B) =0.

Since gy for B, y € Hom([S(%F°)]) is only defined if 8 or y is an identity, we see
that there are no further restrictions on d. On the four morphisms (Q;, Q1 < D),
(D, Q1 < D), (Q2, Q2 < D) and (D, Oy < D) the value of d is arbitrary. It
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remains to show that d is an inner derivation. For this observe that the map &ﬂlg(,B)
is bijective if B is one of the four morphisms above. Now we construct a set
u={u, € &dlg(a) :a € Ob[S(F)]} such that d is the inner derivation induced by u.
Here we can set up,-p = 0. Then the equation

d((Q1, Q1 < D)) = A5((Q1, Q1 < D))(ug,)

determines ugp,. Similarly d((D, Q1 < D)) = &ﬂl@(uD) determines up. Then
d((D, Q; < D))= &ﬁlg(uD) —UQ,<p gives ug,p and finally

d((Q2, Q2 < D)) = A% (ug,) —Ug,<p

determines u o,. Hence, Lemma 6.2(2) in [Webb 2007] shows H! ([S(F9)], &419) =0.
So the Gluing Problem has only one solution by Theorem 1.1 in [Park 2010]. [J

Whenever one knows the Cartan matrix (up to basic sets) for a specific defect
group, one can apply Theorem 2.4 in [Héthelyi et al. 2012]. This gives the following
corollary.

Corollary 4.6. Let B be a 3-block of a finite group and (u, b,) be a subsection
for B such that b, has defect group Q. If Q/{u) = 342 then ko(B) < | Q. Ifin
addition (u, b,) is major, we have k(B) < |Q|, and Brauer’s k(B)-conjecture holds
for B.

Using [Usami 1988; Puig and Usami 1993] one can show that Corollary 4.6
remains true if we replace 31+2 by the similar group Co x C3.

The next interesting case which comes to mind is p = 5 and e(B) = 4. Here
Proposition 4.2 gives k(B) € {26, 27,28}, ko(B) € {22, 25}, k1 (B) € {1, 2, 3, 4}
and [(B) € {4, 5, 6}. It is reasonable that one can settle this and other small cases
as well, but this will not necessarily lead to any new insights.

We remark that also for the extraspecial group of order p? and exponent p some
results of Hendren [2007] can be improved. In particular in [Héthelyi et al. 2012]
we proved Olsson’s conjecture for these blocks provided p # 3. On the other hand
for p = 3, Brauer’s k(B)-conjecture was shown in [Sambale 2011b].
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