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GLOBAL WELL-POSEDNESS FOR THE
3D ROTATING NAVIER–STOKES EQUATIONS
WITH HIGHLY OSCILLATING INITIAL DATA

QIONGLEI CHEN, CHANGXING MIAO AND ZHIFEI ZHANG

We prove the global well-posedness for the 3D rotating Navier–Stokes equa-
tions in the critical functional framework. This result allows us to construct
global solutions for a class of highly oscillating initial data.

1. Introduction

In this paper, we study the 3D rotating Navier–Stokes equations

(1-1)

8<:
ut � ��uC�e3 �uCu � ruCrp D 0;

div uD 0;

u.0;x/D u0.x/;

where � denotes the viscosity coefficient of the fluid, � the speed of rotation, e3

the unit vector in the x3 direction and �e3 � u the Coriolis force. We refer to
[Chemin et al. 2006; Majda 2003; Pedlosky 1987] for its background in geophysical
fluid dynamics. If the Coriolis force is neglected, the equations (1-1) become the
classical 3D incompressible Navier–Stokes equations

(1-2)

8<:
ut � ��uCu � ruCrp D 0;

div uD 0;

u.0;x/D u0.x/:

The global existence of a weak solution of (1-1) can be proved by the classical
compactness method, since we still have the energy estimate

ku.t/k2
L2 C 2

Z t

0

kru.s/k2
L2 ds � ku0k

2
L2 :

As in 3D Navier–Stokes equations, the uniqueness and regularity of weak solutions
are also open problems. Recently, Giga et al. [2006; 2007; 2008] studied the local
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existence of a mild solution for a class of nondecaying initial data which includes a
class of almost periodic functions, as well as global existence for small data. On
the other hand, when the speed � of rotation is fast enough, the global existence of
smooth solution was proved in [Babin et al. 1997; 1999; Chemin et al. 2000; 2006].

For the 3D Navier–Stokes equations, Fujita and Kato [1964; Kato 1984] proved
the local well-posedness for large initial data and the global well-posedness for
small initial data in the homogeneous Sobolev space PH

1
2 and the Lebesgue space L3,

respectively. These spaces are all the critical ones, which are relevant to the scaling
of the Navier–Stokes equations: if .u;p/ solves (1-2), then

(1-3)
�
u�.t;x/;p�.t;x/

�
WD
�
�u.�2t; �x/; �2p.�2t; �x/

�
is also a solution of (1-2). The so-called critical space is the one such that the
associated norm is invariant under the scaling of (1-3). Recently, Cannone [1997]
(see also [Cannone 1995; 2004; Cannone et al. 1994]) generalized it to Besov spaces
with negative index of regularity. More precisely, he showed that if the initial data
satisfies

ku0k
PB
�1C 3

p
p;1

� c; p > 3

for some small constant c, then the Navier–Stokes equations (1-2) are globally
well-posed. Let us emphasize that this result allows us to construct global solutions
for highly oscillating initial data which may have a large norm in PH

1
2 or L3. A

typical example is

u0.x/D sin
x3

"

�
�@2�.x/; @1�.x/; 0

�
where � 2 S.R3/ and " > 0 is small enough. We refer to [Chemin and Gallagher
2006; Chemin and Zhang 2007; Chen et al. 2010a] for some relevant results. A
natural question is then to prove a theorem of this type for the rotating Navier–Stokes
equations.

We know that Kato’s method heavily relies on the uniform boundedness of the
Stokes semigroup in Lp and global Lp �Lq estimates, but the Stokes–Coriolis
semigroup is not uniformly bounded in Lp for p 6D 2; see Theorems 5 and 6 in
[Dragičević et al. 2006]. Standard techniques allow us to prove these estimates only
locally for the Stokes–Coriolis semigroup, hence one can obtain the local existence
of mild solution in L3 by Kato’s method. Whether one can extend this solution to
a global one for small data in L3 is a very interesting problem.

Very recently, based on the global Lp � Lq estimates with q � 2 � p and
Lq �H

1
2 estimates with q > 3 for the Stokes–Coriolis semigroup, Hieber and

Shibata [2010] proved the following global result for small data in H
1
2 .



GLOBAL WELL-POSEDNESS FOR THE 3D ROTATING NAVIER–STOKES EQUATIONS 265

Theorem 1.1. Let q > 3. Then there exists c > 0 independent of � such that for
any u0 2H

1
2
� with ku0k

H
1
2
� c, the equations (1-1) admit a unique mild solution

u 2 C
�
Œ0;1/;H

1
2
�

�
satisfying

(1-4) u 2 C..0;1/;Lq/ and lim
t!0C

sup
0<s<t

s
1
2
� 3

2q ku.s; � /kLq D 0;

ru 2 C..0;1/;L2/ and lim
t!0C

sup
0<s<t

s
1
4 kru.s; � /kL2 D 0:

Here H
1
2
� denotes the closure of the set fu 2 C1c .R3/3; div uD 0g in the norm of

k � k
H

1
2

.

The goal of this paper is to prove the global existence of a solution of (1-1) for a
class of highly oscillating initial velocity. Thus we need to solve the system (1-1) for
the initial data in a critical functional framework whose regularity index is negative,
for example, PB�1C 3

p
p;q for p > 3. However, Cannone’s proof [1997] doesn’t work

for our case, since it also relies on the global Lp �Lq estimates for the Stokes
semigroup. Indeed, for the Stokes–Coriolis semigroup G.t/, one has

kG.t/u0kLp � Cp;�t2
ku0kLp ; if p ¤ 2I

see Proposition 2.2 in [Hieber and Shibata 2010]. Then we can infer from the
definition of the Besov space that

kG.t/u0k
PB
�1C 3

p
p;q

� C t2
ku0k

PB
�1C 3

p
p;q

:

This means that even if the initial data u0 is small in PB�1C 3
p

p;q , the linear part of the
solution, kG.t/u0k

PB
�1C 3

p
p;q

, may become large after some time t0 > 0.

Fortunately, we have the following important observation: if u is an element of
Lp with supp Ou 2 f� W j�j& �g, then

kG.t/ukLp � Cp;�e�t�2

kukLp

for any p 2 Œ1;1� and t 2 Œ0;1�, while for any u 2L2,

kG.t/ukL2 � kukL2 :

This motivates us to introduce the hybrid-Besov spaces PB
1
2
; 3

p
�1

2;p
(see Definition 2.2).

Roughly speaking, if u 2 PB
1
2
; 3

p
�1

2;p
, the low frequency part of u belongs to PH

1
2 and

the high frequency part belongs to PB�1C 3
p

p;1 . So, PB
1
2
; 3

p
�1

2;p
is still a critical space. A

remarkable property of PB
1
2
; 3

p
�1

2;p
is that if p > 3, then

ku0.x/k
PB

1
2
; 3

p�1

2;p

� C "1� 3
p ;
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for u0.x/D sin.x1="/�.x/, with �.x/ 2 S.R3/; see Proposition 2.4. That is, the

highly oscillating function is still small in the norm of PB
1
2
; 3

p
�1

2;p
.

Definition 1.2. Let 1� p �1, we denote by Ep the space of functions such that

Ep D
˚
u W div uD 0; kukEp

<C1
	
;

where
kukEp

WD kuk
zL1
�

RCI PB
1
2
; 3

p�1

2;p

�Ckuk
zL1
�

RCI PB
5
2
; 3

pC1

2;p

�:
Definition 1.3. We denote by C�

�
Œ0;1/I PB

1
2
; 3

p
�1

2;p

�
the set of functions u such

that u is continuous from .0;1/ to PB
1
2
; 3

p
�1

2;p
, but weakly continuous at t D 0; i.e.,

lim
t!0C

sup
0<s<t

˝
u.s; � /; g. � /

˛
D 0 for all g 2 S with kgk

PB
� 1

2
;1� 3

p

2;p

� 1:

Our main results are stated as follows.

Theorem 1.4. Let p 2 Œ2; 4�. There exists a positive constant c independent of �
such that if ku0k

PB
1
2
; 3

p�1

2;p

� c, then there exists a unique solution u 2 Ep of (1-1)
such that

u 2 C�
�
Œ0;1/I PB

1
2
; 3

p
�1

2;p

�
:

Remark 1.5. Due to the inclusion map

H
1
2 � PB

1
2
; 3

p
�1

2;p
for p � 2;

Theorem 1.4 is an improvement on Theorem 1.1. The importance of this is that
it allows us to construct global solutions of (1-1) for a class of highly oscillating
initial velocity u0, for example,

(1-5) u0.x/D sin
�x3

"

�
.�@2�.x/; @1�.x/; 0/

where � 2 S.R3/ and " > 0 is small enough. This type of data is large in the
Sobolev norm; however, it is small in the norms of Besov spaces with negative
regularity index.

Remark 1.6. As shown in Section 4.2 of [Cannone 2004], for the classical Navier–
Stokes equations (1-2), there exists the following “highly oscillating” initial data:
u0.x/ 2 S0.R3/ is such that Ou0.�/D 0 if j�j � 1=". Then

(1-6) ku0k PH 1=2 � "
1=2
ku0k PH 1 :

We point out that examples like (1-5) are not included in such initial data. In fact, if
supp O�.�/� fj�j � 1=2"g, then the above estimate is satisfied, while if O�.�/ has no
support, it is not sure that (1-6) holds, which implies the norm of ku0k PH 1=2 may
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not be small enough.

Remark 1.7. The inhomogeneous part of the solution has more regularity:

u�G.t/u0 2 C
�
RCI PB

1
2

2;1

�
;

which can be proved by following the proof of Proposition 4.1.

If u0 lies in PH
1
2 , we can obtain the following global well-posedness result.

Theorem 1.8. Let p 2 Œ2; 4�. There exists a positive constant c independent of �
such that, if u0 belongs to PH

1
2 with ku0k

PB
1
2
; 3

p�1

2;p

� c, then there exists a unique
global solution of (1-1) in C.RC; PH

1
2 /.

Remark 1.9. Since we only impose the smallness condition of the initial data in
the norm of PB

1
2
; 3

p
�1

2;p
, this allows us to obtain the global well-posedness of (1-1) for

a class of highly oscillating initial velocity u0. Moreover, the uniqueness holds in
the class C.RC; PH

1
2 /; i.e., it is unconditional.

The structure of this paper is as follows. In Section 2, we recall some basic
facts about Littlewood–Paley theory and the functional spaces. In Section 3, we
recall some results concerning the Stokes–Coriolis semigroup’s regularizing effect.
Section 4 is devoted to the important bilinear estimates. In Section 5, we prove
Theorem 1.4 and Theorem 1.8.

2. Littlewood–Paley theory and the function spaces

First of all, we introduce the Littlewood–Paley decomposition. Choose two radial
functions ', �2S.R3/ supported in CDf�2R3; 3

4
�j�j� 8

3
g, BDf�2R3; j�j� 4

3
g,

respectively, such that X
j2Z

'.2�j�/D 1 for all � ¤ 0:

For f 2S0.R3/, the frequency localization operators �j and Sj .j 2 Z/ are defined
by

�jf D '.2
�j D/f; Sjf D �.2

�j D/f; D D
rx

i
:

Moreover, we have

Sjf D

j�1X
kD�1

�kf in Z0.R3/:

Here we denote by Z0.R3/ the dual space of

Z.R3/D ff 2 S.R3/ WD˛ Of .0/D 0 for all multiindices ˛ 2 .N[ 0/3g:
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With our choice of ', it is easy to verify that

(2-1) �j�kf D 0 if jj �kj � 2 and �j .Sk�1f�kf /D 0 if jj �kj � 5:

In the sequel, we will constantly use Bony’s decomposition [1981]:

(2-2) fg D Tf gCTgf CR.f;g/;

with

Tf g D
X
j2Z

Sj�1f�j g; R.f;g/D
X
j2Z

�jf z�j g; z�j g D
X

jj 0�j j�1

�j 0g:

Definition 2.1 (homogeneous Besov space). Let s 2 R, 1 � p; q � C1. The
homogeneous Besov space PBs

p;q is defined by

PBs
p;q WD

˚
f 2 Z0.R3/ W kf k PBs

p;q
<C1

	
;

where
kf k PBs

p;q
WD
2ks
k�kf kLp


lq :

If p D q D 2, PBs
2;2

is equivalent to the homogeneous Sobolev space PH s .

Definition 2.2 (hybrid-Besov space). Let s, � 2R, 1�p�C1. The hybrid-Besov
space PBs;�

2;p
is defined by

PBs;�
2;p
WD
˚
f 2 Z0.R3/ W kf k PBs;�

2;p
<C1

	
;

where
kf k PBs;�

2;p
WD sup

2k��

2ks
k�kf kL2 C sup

2k>�

2k�
k�kf kLp :

The norm of the space zLr
T
. PBs;�

2;p
/ is defined by

kf k zLr
T
. PB

s;�

2;p
/
WD sup

2k��

2ks
k�kf kLr

T
L2 C sup

2k>�

2k�
k�kf kLr

T
Lp :

It is easy to check that Lr
T
. PBs;�

2;p
/� zLr

T
. PBs;�

2;p
/, where the norm of Lr

T
. PBs;�

2;p
/ is

defined by
kf kLr

T
. PB

s;�

2;p
/ WD

kf .t/k PBs;�

2;p


Lr

T

:

Bernstein’s lemma will be repeatedly used throughout this paper:

Lemma 2.3 [Chemin 1995]. Let 1�p� q �C1. Then for any ˇ,  2 .N[f0g/3,
there exists a constant C independent of f , j such that, for any f 2Lp,

supp Of � fj�j �A02j
g) k@f kLq � C 2j j jCjn. 1

p
� 1

q
/
kf kLp ;

supp Of � fA12j
� j�j �A22j

g) kf kLp � C 2�j j j sup
jˇjDj j

k@ˇf kLp :
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Proposition 2.4. Let � 2 S.R3/ and p > 3. If �".x/ WD ei
x1
" �.x/, then, for any

0< "���1,

k�"k
PB

1
2
; 3

p�1

2;p

� C "1� 3
p ;

where C is a constant independent of ".

Proof. Let j0 2 N be such that �� 2j0 � "�1. By Lemma 2.3, we have

sup
j�j0

2.
3
p
�1/j
k�j�"kLp � C 2.

3
p
�1/j0 � C "1� 3

p :

Noting that ei
x1
" D .�i"@1/

N ei
x1
" for any N 2 N, we get, by integration by parts,

�j�".x/D .i"/
N 23j

Z
R3

ei
y1
" @N

y1

�
h.2j .x�y//�.y/

�
dy; h.x/ WD .F�1'/.x/:

By the Leibnitz formula, we have

j�j�".x/j � C "N 23j
NX

kD0

2kj

Z
R3

ˇ̌
.@k

y1
h/.2j .x�y//

ˇ̌ˇ̌
@N�k

y1
�.y/

ˇ̌
dy;

from which, along with Young’s inequality, we infer that, for j � 0,

k�j�"kLq � C "N
NX

kD0

2kj 23j
.@k

y1
h/.2j y/


L1

@N�k
y1

�.y/


Lq � C "N 2jN ;

and for j � 0,

k�j�"kLq �C "N
NX

kD0

2kj 23j
.@k

y1
h/.2j y/


Lq

@N�k
y1

�.y/


L1 �C "N 2.1�
1
q
/3j :

Thus we have

sup
�<2j<2j0

2.
3
p
�1/j
k�j�"kLp � C "N 2.N�1C 3

p
/j0 � C "1� 3

p ;

sup
2j��

2
j
2 k�j�"kL2 � C�

1
2 "N
� C "N� 1

2 :

Summing up the above estimates yields that

k�"k
PB

1
2
; 3

p�1

2;p

� C "1� 3
p :

The proof of Proposition 2.4 is completed. �
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3. Regularizing effect of the Stokes–Coriolis semigroup

We consider the linear system

(3-1)

8<:
ut � ��uC�e3 �uCrp D 0;

div uD 0;

u.0;x/D u0.x/:

From [Giga et al. 2005; Hieber and Shibata 2010, Proposition 2.1], we know that

(3-2) Ou.t; �/D cos
�
�
�3

j�j
t

�
e��j�j

2tI bu0.�/C sin
�
�
�3

j�j
t

�
e��j�j

2tR.�/bu0.�/;

for t � 0 and � 2 R3, where I is the identity matrix and

R.�/D

0@ 0 �3=j�j ��2=j�j

��3=j�j 0 �1=j�j

�2=j�j ��1=j�j 0

1A :
The Stokes–Coriolis semigroup is explicitly represented by

(3-3) G.t/f D
�
cos.�R3t/I C sin.�R3t/R

�
e�t�f; for t � 0; f 2Lp

� ;

where bR3f .�/ WD .�3=j�j/ Of .�/ for � ¤ 0.

Proposition 3.1 (smoothing effect of the Stokes–Coriolis semigroup). Let C be a
ring centered at 0 in R3. Then there exist positive constants c and C depending
only on � such that if supp Ou� �C, then we have:

(i) for any � > 0,

(3-4) kG.t/ukL2 � Ce�c�2t
kukL2 I

(ii) if �&�, then, for any 1� p �1,

(3-5) kG.t/ukLp � Ce�c�2t
kukLp :

Proof. (i) Thanks to (3-2) and the Plancherel theorem, we get

kG.t/ukL2 D
yG.t; �/ Ou.�/

L2 � C
e��j�j

2t
Ou.�/


2
� Ce���

2t
kuk2;

where we have used the support property of Ou.�/.

(ii) Let � 2 D.R3 n f0g/, which equals 1 near the ring C. Set

g.t;x/ WD .2�/�3

Z
R3

eix���.��1�/yG.t; �/ d�:

To prove (3-5), it suffices to show

(3-6) kg.x; t/kL1 � Ce�c�2t :
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Thanks to (3-3), we infer that

(3-7)
Z
jxj���1

jg.x; t/jdx�C

Z
jxj���1

Z
R3

ˇ̌
�.��1�/

ˇ̌ˇ̌
yG.t; �/

ˇ̌
d� dx�Ce�c�2t :

Set L WD x � r�=.i jxj
2/. Noting that L.eix��/D eix�� , we get, using integration by

parts,

g.x; t/D

Z
R3

LN .eix��/�.��1�/yG.t; �/ d�D

Z
R3

eix��.L�/N
�
�.��1�/yG.t; �/

�
d�;

where N 2 N is chosen later. Using the Leibnitz formula, it is easy to verify thatˇ̌
@ .e˙i�

�3
j�j

t /
ˇ̌
� C j�j�j j.1C�t/j j;

ˇ̌
@ .e��j�j

2t /
ˇ̌
� C j�j�j je�

�
2
j�j2t :

Thus we obtainˇ̌
.L�/N

�
�.��1�/yG.t; �/

�ˇ̌
�C jxj�N

X
j˛1jCj˛2j

Cj˛3jDj˛j

j˛j�N

��NC˛
ˇ̌
.rN�˛�/.��1�/@˛1

�
e˙i�

�3
j�j

t
�
@˛2
�
e��j�j

2t
�
@˛3.ICR.�//̌̌

�C j�xj�N
X

j˛1jCj˛2j

Cj˛3jDj˛j

j˛j�N

�˛
ˇ̌�
r

N�˛�
�
.��1�/

ˇ̌
j�j�j˛1j�j˛2j�j˛3je�

�
2
j�j2t .1C�t/j˛1j:

Taking N D 4, for any � 2 f� W A�1� � j�j � A�g and for some constant A

depending on the ring C and �&�,ˇ̌
.L�/4

�
�.��1�/yG.t; �/

�ˇ̌
� C j�xj�4e�

�
4
j�j2t ;

which implies thatZ
jxj� 1

�

jg.x; t/j dx � Ce�c�2t�3

Z
jxj� 1

�

j�xj�4 dx � Ce�c�2t ;

which, together with (3-7), gives (3-6). Then the inequality (3-5) is proved. �

The following proposition is a direct consequence of Proposition 3.1.

Proposition 3.2. Let s, � 2 R, and .p; q/ 2 Œ1;1�. Then, for any u 2 PB
s� 2

q
;�� 2

q

2;p
,

we have

(3-8) kG.t/uk zLq

T
. PB

s;�

2;p
/
� Ckuk

PB
s� 2

q ;��
2
q

2;p

;

and for any f 2 zL1
T

Bs;�
2;p

, we have

(3-9)
Z t

0

G.t � �/f .�/ d�


zL

q

T

�
PB

sC 2
q ;�C

2
q

2;p

� � Ckf .t/k zL1
T
. PB

s;�

2;p
/
:
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Proof. Here we only prove (3-9). For any 2j ��, we get by Proposition 3.1 that�j

Z t

0

G.t � �/f .�/ d�


Lp

� C

Z t

0

e�c.t��/22j

k�jf .�/kLp d�;

from which, along with Young’s inequality, it follows that

(3-10)
�j

Z t

0

G.t � �/f .�/ d�


L

q

T
Lp

� C
e�ct22j 

L
q

T

k�jf .�/kL1
T

Lp

� C 2�
2
q

j
k�jf .�/kL1

T
Lp :

Similarly, we also have�j

Z t

0

G.t � �/f .�/ d�


L

q

T
L2

� C
e�ct22j 

L
q

T

k�jf .�/kL1
T

L2

� C 2�
2
q

j
k�jf .�/kL1

T
L2 :

Then the inequality (3-9) follows from (3-10) and (3-11). �

4. Bilinear estimates

We study the continuity of the inhomogeneous term in the space Ep;T whose norm
is defined by

kukEp;T
WD kuk

zL1
�
0;T I PB

1
2
; 3

p�1

2;p

�Ckuk
zL1
�
0;T I PB

5
2
; 3

pC1

2;p

�:
We define

B.u; v/ WD

Z t

0

G.t � �/Pr � .u˝ v/ d�;

where P denotes the Helmholtz projection which is bounded in the Lp space for
1< p <1.

Proposition 4.1. Let p 2 Œ2; 4�. Assume that u, v 2Ep;T . There exists a constant C

independent of �, u, v such that, for any T > 0,

(4-1) kB.u; v/kEp;T
� CkukEp;T

kvkEp;T
:

Proof. Thanks to Proposition 3.2, it suffices to show that

(4-2) kuvk
zL1

T
PB

3
2
; 3

p
2;p

� CkukEp;T
kvkEp;T

:

From Bony’s decomposition (2-2) and (2-1), we have

�j .uv/D
X
jk�j j�4

�j .Sk�1u�kv/C
X
jk�j j�4

�j .Sk�1v�ku/C
X

k�j�2

�j .�kuz�kv/

DW Ij C IIj C IIIj :
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Set Jj WD f.k
0; k/ W jk � j j � 4; k 0 � k � 2g. Then for 2j >�,

kIjkL1
T

Lp �

X
Jj

k�j .�k0u�kv/kL1
T

Lp

�

�X
Jj ;l l

C

X
J;lh

C

X
Jj ;hh

�
k�j .�k0u�kv/kL1

T
Lp WD Ij ;1C Ij ;2C Ij ;3;

where

Jj ;l l D f.k
0; k/ 2 Jj W 2

k0
��; 2k

��g;

Jj ;lh D f.k
0; k/ 2 Jj W 2

k0
��; 2k >�g;

Jj ;hh D f.k
0; k/ 2 Jj W 2

k0 >�; 2k >�g:

We get by using Lemma 2.3 that

Ij ;1 � C
X

.k0;k/2Jj ;l l

k�k0ukL1
T

L12k. 3
2
� 3

p
/
k�kvkL1

T
L2

� C
X

.k0;k/2Jj ;l l

2
k0

2 k�k0ukL1
T

L22k0
k�kvkL1

T
L22k. 3

2
� 3

p
/

� Ckuk
zL1

T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

X
.k0;k/2Jj ;l l

2.k
0�k/2�

3
p

k

� C 2�
3
p

j
kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

;

where we used in the last inequality the fact that

X
.k0;k/2Jj ;l l

2.k
0�k/2�

3
p

k
�

X
k0�k�2

2.k
0�k/

X
jk�j j�4

2�
3
p

k
� C 2�

3
p

j ;

with C independent of j . Similarly, we have

Ij ;2 �
X

.k0;k/2Jj ;lh

k�k0ukL1
T

L1k�kvkL1
T

Lp

� C
X

.k0;k/2Jj ;lh

2
k0

2 k�k0ukL1
T

L22k0
k�kvkL1

T
Lp

� C 2�
3
p

j
kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p
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and
Ij ;3 �

X
.k0;k/2Jj ;hh

k�k0ukL1
T

L1k�kvkL1
T

Lp

� C
X

.k0;k/2Jj ;hh

2k0. 3
p
�1/
k�k0ukL1

T
Lp 2k0

k�kvkL1
T

Lp

� C 2�
3
p

j
kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

:

On the other hand, for 2j ��, we have

kIjkL1
T

L2 �

X
Jj

k�j .�k0u�kv/kL1
T

L2

�

�X
Jj ;l l

C

X
Jj ;lh

C

X
Jj ;hh

�
k�j .�k0u�kv/kL1

T
L2 WD Ij ;4C Ij ;5C Ij ;6:

We get by using Lemma 2.3 that

Ij ;4 � C
X

.k;k0/2Jj ;l l

2
k0

2 k�k0ukL1
T

L22k0
k�kvkL1

T
L2

� C 2�
3j
2 kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

;

and, noting that p � 4,

Ij ;5 � C
X

.k;k0/2Jj ;lh

k�k0uk
L1

T
L

2p
p�2
k�kvkL1

T
Lp

� C
X

.k;k0/2Jj ;lh

2
k0

2 k�k0ukL1
T

L22k0. 3
p
� 1

2
/
k�kvkL1

T
Lp

� C 2�
3j
2 kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

;

and

Ij ;6 � C
X

.k;k0/2Jj ;hh

k�k0uk
L1

T
L

2p
p�2
k�kvkL1

T
Lp

� C
X

.k;k0/2Jj ;hh

2k0. 3
p
�1/
k�k0ukL1

T
Lp 2k0. 3

p
� 1

2
/
k�kvkL1

T
Lp

� C 2�
3j
2 kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

:

Summing up the estimates for Ij ;1 through Ij ;6 yields that

(4-3) sup
2j>1

2j 3
p kIjkL1

T
Lp C sup

2j�1

2
3j
2 kIjkL1

T
L2 � CkukEp;T

kvkEp;T
:
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By the same procedure as the one used to derive (4-3), we have

(4-4) sup
2j>1

2j 3
p kIIjkL1

T
Lp C sup

2j�1

2
3j
2 kIIjkL1

T
L2 � CkukEp;T

kvkEp;T
:

Set Kj WD f.k; k
0/ W k � j � 3; jk 0� kj � 1g. Then we have

IIIj D
�X

Kj ;l l

C

X
Kj ;lh

C

X
Kj ;hl

C

X
Kj ;hh

�
�j .�ku�k0v/ WD IIIj ;1CIIIj ;2CIIIj ;3CIIIj ;4;

where
Kj ;l l D f.k; k

0/ 2Kj W 2
k
��; 2k0

��g;

Kj ;lm D f.k; k
0/ 2Kj W 2

k
��; 2k0 >�g;

Kj ;hm D f.k; k
0/ 2Kj W 2

k >�; 2k0
��g;

Kj ;hh D f.k; k
0/ 2Kj W 2

k >�; 2k0 >�g:

We get by Lemma 2.3 that

kIIIj ;1kL1
T

Lp � C 23j.1� 1
p
/

X
.k;k0/2Kj ;l l

k�ku�k0vkL1
T

L1

� C 23j.1� 1
p
/

X
.k;k0/2Kj ;l l

2
k
2 k�kukL1

T
L22�

k
2 2k0 5

2 k�k0vkL1
T

L22�k0 5
2

� C 23j.1� 1
p
/
kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

X
.k;k0/2Kj ;l l

2�
k
2
� 5

2
k0

� C 2�
3
p

j
kuk

zL1
T
PB

1
2
; 3

p�1

2;p

kvk
zL1

T
PB

5
2
; 3

pC1

2;p

X
k�j�3

2�3.k�j/

� C 2�
3
p

j
kukEp;T

kvkEp;T
;

and

kIIIj ;1kL1
T

L2 � C 2
3j
2

X
.k;k0/2Kj ;l l

k�ku�k0vkL1
T

L1 � C 2�
3j
2 kukEp;T

kvkEp;T
:

Similarly, we obtain

kIIIj ;2C IIIj ;3kL1
T

Lp

� C 2
3j
2

X
.k;k0/2Kj ;lh[Kj ;hl

k�ku�k0vk
L1

T
L

2p
2Cp

� C 2
3j
2

�X
Kj ;lh

k�kukL1
T

L2k�k0vkL1
T

Lp C

X
Kj ;hl

k�kukL1
T

Lpk�k0vkL1
T

L2

�
� C 2�

3
p

j
kukE;T kvkEp;T
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and

kIIIj ;2C IIIj ;3kL1
T

L2 � C 2
3
p

j
X

.k;k0/2Kj ;lh[Kj ;hl

k�ku�k0vk
L1

T
L

2p
2Cp

� C 2�
3j
2 kukEp;T

kvkEp;T
:

Finally, due to 2� p � 4, we have

kIIIj ;4kL1
T

Lp�C 2
3
p

j
X

.k;k0/2Kj ;hh

k�ku�k0vkL1
T

L
p
2

�C 2
3
p

j
X

.k;k0/2Kj ;hh

k�kukL1
T

Lpk�k0vkL1
T

Lp

�C 2�
3
p

j
kukEp;T

kvkEp;T
;

and

kIIIj ;4kL1
T

L2�C 23j. 2
p
� 1

2
/

X
.k;k0/2Kj ;hh

k�ku�k0vkL1
T

L
p
2
�C 2�

3j
2 kukEp;T

kvkEp;T
:

Summing up the estimates of IIIj ;1–IIIj ;4, we obtain

(4-5) sup
2j>1

2
3
p

j
kIIIjkL1

T
Lp C sup

2j�1

2
3j
2 kIIIjkL1

T
L2 � CkukEp;T

kvkEp;T
:

Then the inequality (4-2) can be deduced from (4-3)–(4-5). �

In order to prove the uniqueness of the solution in C.RCI PH
1
2 /, we establish the

following new bilinear estimate in the weighted time-space Besov space introduced
in [Chen et al. 2008; 2010b].

Proposition 4.2. Assume that u, v 2L1
T
. PB

1
2

2;1
/. Then, for any T > 0, we have

kB.u; v/k
L1

T
PB

1
2
2;1

� Ckuk
L1

T
PB

1
2
2;1

!j ;T 2
j
2 k�jvkL1

T
L2


l1
;

where

!j ;T WD sup
k�j

ek;T 2
1
2
.j�k/; ej ;T WD 1� e�c22jT :

Remark 4.3. The inequality ej ;T � !j ;T (top of page 277) is important to the
following estimates. On the other hand, due to the fact limT!0 !j ;T D 0, it can be
proved that if u 2 C.Œ0;T �I PH

1
2 /, then, for any " > 0, one has!j ;T 2

j
2 k�jvkL1

T
L2


l1
< " if T is small enough:

This point is important in the proof of uniqueness.
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Proof. First we note that ej ;T � !j ;T for any j 2 Z and that

(4-6) !j ;T � 2
1
2
.j�j 0/!j 0;T if j 0 � j ; !j ;T � 2!j 0;T if j � j 0:

We get by Proposition 3.1 that

(4-7) kB.u; v/k
PB

1
2
2;1

� sup
j2Z

2
j
2

Z t

0

G.t � �/�j Pr � .u˝ v/


L2 d�

� sup
j2Z

2
3j
2

e�c22j t


L1
T

k�j .u˝ v/kL1
T

L2

� C sup
j2Z

2�
j
2 ej ;T k�j .uv/kL1

T
L2 :

We use Bony’s decomposition to estimate k�j .uv/kL1
T

L2 . Since ej ;T � !j ;T and
thanks to (4-6), we have

(4-8)
X
jk�j j�4

k�j .Sk�1u�kv/kL1
T

L2

� Ckuk
L1

T
PB

1
2
2;1

X
jk�j j�4

2k
k�kvkL1

T
L2

� C!�1
j ;T 2

j
2 kuk

L1
T
PB

1
2
2;1

!k;T 2
k
2 k�kvkL1

T
L2


l1
;

and, again by the same properties of !j ;T ,

kSk�1vkL1�
X

k0�k�2

k�k0vkL22
3
2

k0
�
!k0;T 2

k0

2 k�k0vkL1
T

L2


l1

X
k0�k�2

2k0!�1
k0;T

�2k!�1
k;T

!k0;T 2
k0

2 k�k0vkL1
T

L2


l1
;

which implies that

(4-9)
X
jk�j j�4

k�j .Sk�1v�ku/kL1
T

L2

� 2
k
2!�1

k;T kuk
L1

T
PB

1
2
2;1

!k0;T 2
k0

2 k�k0vkL1
T

L2


l1
;

and for the remainder term,

(4-10)
X

k�j�2

�j .�kuz�kv/


L1
T

L2

�

X
k�j�2

2
3
2

j
�j .�kuz�kv/


L1

T
L1

� C
X

k�j�2

2
3
2

j
k�kukL1

T
L2

z�kv


L1
T

L2

� C!�1
j ;T 2

j
2 kuk

L1
T
PB

1
2
2;1

!k;T 2
k
2 k�kvkL1

T
L2


l1
:

Substituting (4-8)–(4-10) into (4-7) concludes the proof. �
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5. Proofs of Theorem 1.4 and Theorem 1.8

The proof of Theorem 1.4 is based on the following classical lemma.

Lemma 5.1 [Cannone 1995]. Let X be an abstract Banach space and B WX�X!X

a bilinear operator, k � k being the X -norm, such that for any x1 2X and x2 2X ,
we have

kB.x1;x2/k � �kx1kkx2k:

Then for any y 2X such that
4�kyk< 1;

the equation
x D yCB.x;x/

has a solution x in X . Moreover, this solution x is the only one such that

kxk �
1�

p
1� 4�kyk

2�
:

Proof of Theorem 1.4. Using the Stokes–Coriolis semigroup, we rewrite the sys-
tem (1-1) as the integral form

(5-1) u.x; t/D G.t/u0�

Z t

0

G.t � �/Pr � .u˝u/ d� WD G.t/u0CB.u;u/:

Thanks to Proposition 3.2, we have

kG.t/u0kEp
� Cku0k

PB
1
2
; 3

p�1

2;p

� Cc:

Obviously, B.u; v/ is bilinear, and we get by Proposition 4.1 that

kB.u; v/kEp
� CkukEp

kvkEp
:

Taking c such that 4C 2c < 3
4

, Lemma 5.1 ensures that the equation

uD G.t/u0CB.u;u/

has a unique solution in the ball fu 2Ep W kukEp
�

1
4C
g. �

Now we prove Theorem 1.8.

Proof of Theorem 1.8. We introduce a Banach space Fp whose norm is defined by

kukFp
WD kuk

zL1.RCI PH
1
2 /
CkukEp

:

Step 1: existence in Fp. We define the map

Tu WD G.t/u0CB.u;u/:
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Next we prove that, if c is small enough, the map T has a unique fixed point in the
ball

BA WD
˚
u 2 Fp W kukEp

�Ac; kukFp
�Aku0k PH

1
2

	
;

for some A> 0 to be determined later. From Proposition 3.2 and Proposition 4.1,
we infer that

(5-2) kTukEp
� Cku0k

B
1
2
; 3

p�1

2;p

CCkuk2Ep
:

On the other hand, we get by Proposition 3.1 that

(5-3) kB.u;u/k
zL1.RCI PH

1
2 /

�

Z t

0

G.t � �/Pr � .u˝u/.�/ d�


zL1.RCI PH

1
2 /

� C

�X
j2Z

2j

�
sup

t2RC

Z t

0

kG.t � �/�j Pr � .u˝u/.�/kL2 d�

�2� 1
2

� C

2
3
2

j sup
t2RC

Z t

0

e�Qc22j t
k�j .u˝u/kL2 d�


l2

:

In the following, we denote by fcj gj2Z a sequence in l2 with norm kfcj gkl2.Z/ � 1.
We get by Lemma 2.3 that

(5-4) sup
t2RC

Z t

0

e�Qc22j t
k�j .Tuu/kL2 d�

� ke�Qc22j t
kL1.RC/

X
jk�j j�4

k�j .Sk�1u�ku/kL1.RCIL2/

� C 2�2j
kSk�1ukL1.RCIL1/

X
jk�j j�4

k�kukL1.RCIL2/

� Ckuk
zL1
�

RCI PB
1
2
; 3

p�1

2;p

�2k2�2j
X
jk�j j�4

k�kukL1.RCIL2/

� C 2�
3
2

j
kukEp

X
jk�j j�4

2
.k�j/

2 2
k
2 k�kukL1.RCIL2/

� C 2�
3
2

j cjkukEp
kuk

zL1.RCI PH
1
2 /
:
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The remainder term of uv is estimated by

(5-5) sup
t2RC

Z t

0

e�Qc22j t
k�j R.u;u/kL2 d�

�
e�Qc22j t


L1.RC/

X
k�j�2

�j .�kuz�ku/


L1.RCIL2/

� C
X

k�j�2

z�ku


L1.RCIL1/
k�kukL1.RCIL2/

� Ckuk
zL1 PB

5
2
; 3

pC1

2;p

X
k�j�2

2�k
k�kukL1.RCIL2/

� CkukEp

X
k�j�2

2�
3
2

k2
1
2

k
k�kukL1.RCIL2/

� C 2�
3
2

j cjkukEp
kuk

zL1.RCI PH
1
2 /
:

Combining (5-4)–(5-5) with (5-3) yields that

kB.u;u/k
zL1.RCI PH

1
2 /
� CkukEp

kuk
zL1.RCI PH

1
2 /
:

It is easy to verify that

kG.t/u0k zL1
T
PH

1
2
� Cku0k PH

1
2
:

Consequently by (5-2) and the estimate

ku0k
PB

1
2
; 3

p�1

2;p

� Cku0k PH
1
2

(which follows from Lemma 2.3 and the definition of the Besov space), we obtain

(5-6) kTukFp
� Cku0k PH

1
2
CCkukEp

kukFp
:

Taking AD 2C and c > 0 such that 2C 2c � 1
2

, it follows from (5-2) and (5-6) that
the map T is a map from BA to BA. Similarly, it can be proved that T is also a
contraction in BA. Thus, the Banach fixed point theorem ensures that the map T

has a unique fixed point in BA.

Step 2: uniqueness in C.RCI PH
1
2 /. Let u1 and u2 be two solutions of (1-1) in

C.RCI PH
1
2 / with the same initial data u0. We consider

u1�u2 D B
�
u1�G.t/u0;u1�u2

�
CB

�
G.t/u0;u1�u2

�
CB

�
u1�u2;u2�G.t/u0

�
CB

�
u1�u2;G.t/u0

�
:
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Then we get by Proposition 4.2 that

(5-7) sup
t2Œ0;T �

k.u1�u2/.t/k
PB

1
2
2;1

� C sup
t2Œ0;T �

k.u1�u2/.t/k
PB

1
2
2;1

�!j ;T 2
j
2 k�j u0k2


l1

C sup
t2Œ0;T �

ku1.t/�G.t/u0k PH
1
2
C sup

t2Œ0;T �

ku2.t/�G.t/u0k PH
1
2

�
;

where we used the fact !j ;T � 1 so that!j ;T 2
j
2 k�j ukL1

T
L2


l1
� sup

t2Œ0;T �

ku.t/k
PH

1
2
:

Noticing that !j ;0 D 0 and u0 2
PH

1
2 , we have!j ;T 2

j
2 k�j u0k2


l1
�

1

3C
;

for T small enough. On the other hand, since u1, u2 2 C.RCI PH
1
2 /, we also have

sup
t2Œ0;T �

ku1�G.t/u0k PH
1
2
C sup

t2Œ0;T �

ku2�G.t/u0k PH
1
2
�

1

3C
;

for T small enough. Then (5-7) ensures that u1.t/ D u2.t/ for T small enough.
Then, by a standard continuity argument, we conclude that u1 D u2 on Œ0;1/. �
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