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GLOBAL WELL-POSEDNESS FOR THE
3D ROTATING NAVIER-STOKES EQUATIONS
WITH HIGHLY OSCILLATING INITIAL DATA

QIONGLEI CHEN, CHANGXING MIAO AND ZHIFEI ZHANG

We prove the global well-posedness for the 3D rotating Navier—Stokes equa-
tions in the critical functional framework. This result allows us to construct
global solutions for a class of highly oscillating initial data.

1. Introduction

In this paper, we study the 3D rotating Navier—Stokes equations

ur—vAu+ Qesxu+u-Vu+Vp =0,
(1-1) divu =0,

u(0,x) = uo(x),
where v denotes the viscosity coefficient of the fluid, €2 the speed of rotation, e;3
the unit vector in the x5 direction and Qe3 x u the Coriolis force. We refer to
[Chemin et al. 2006; Majda 2003; Pedlosky 1987] for its background in geophysical
fluid dynamics. If the Coriolis force is neglected, the equations (1-1) become the
classical 3D incompressible Navier—Stokes equations

ur—vAu+u-Vu+Vp =0,
(1-2) divu =0,
u(0,x) = ug(x).

The global existence of a weak solution of (1-1) can be proved by the classical
compactness method, since we still have the energy estimate

t
)2, +2 /0 IVu(s) 125 ds < luo|%.

As in 3D Navier-Stokes equations, the uniqueness and regularity of weak solutions
are also open problems. Recently, Giga et al. [2006; 2007; 2008] studied the local
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existence of a mild solution for a class of nondecaying initial data which includes a
class of almost periodic functions, as well as global existence for small data. On
the other hand, when the speed €2 of rotation is fast enough, the global existence of
smooth solution was proved in [Babin et al. 1997; 1999; Chemin et al. 2000; 2006].

For the 3D Navier—Stokes equations, Fujita and Kato [1964; Kato 1984] proved
the local well-posedness for large initial data and the global well-posedness for
small initial data in the homogeneous Sobolev space H2 and the Lebesgue space L3,
respectively. These spaces are all the critical ones, which are relevant to the scaling
of the Navier—Stokes equations: if (u, p) solves (1-2), then

(1-3) (u;\(l,x), px(t,x)) = (ku(kzt,kx),kzp(kzt,kx))

is also a solution of (1-2). The so-called critical space is the one such that the
associated norm is invariant under the scaling of (1-3). Recently, Cannone [1997]
(see also [Cannone 1995; 2004; Cannone et al. 1994]) generalized it to Besov spaces
with negative index of regularity. More precisely, he showed that if the initial data
satisfies
ol iy Se p >3

for some small constant ¢, then the Navier—Stokes equations (1-2) are globally
well-posed. Let us emphasize that this result allows us to construct global solutions
for highly oscillating initial data which may have a large norm in H>or L3 A
typical example is

o(x) = sin = (<02 (x). 919 (x).0)
where ¢ € (R?) and & > 0 is small enough. We refer to [Chemin and Gallagher
2006; Chemin and Zhang 2007; Chen et al. 2010a] for some relevant results. A
natural question is then to prove a theorem of this type for the rotating Navier—Stokes
equations.

We know that Kato’s method heavily relies on the uniform boundedness of the
Stokes semigroup in L? and global L? — L9 estimates, but the Stokes—Coriolis
semigroup is not uniformly bounded in L? for p # 2; see Theorems 5 and 6 in
[Dragicevic et al. 2006]. Standard techniques allow us to prove these estimates only
locally for the Stokes—Coriolis semigroup, hence one can obtain the local existence
of mild solution in L? by Kato’s method. Whether one can extend this solution to
a global one for small data in L3 is a very interesting problem.

Very recently, based on the global L? — L? estimates with ¢ <2 < p and
L9— H? estimates with q > 3 for the Stokes—Coriolis semigroup, Hieber and
Shibata [2010] proved the following global result for small data in H 2,
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Theorem 1.11. Let g > 3. Then there exists ¢ > 0 independent of Q2 such that for
any ug € HZ Witllz |leg ”H% < ¢, the equations (1-1) admit a unique mild solution
u € C ([0, 00), Hg) satisfying

(1-4) ueC((0,00),L9) and Tim sup $27%4 ||u(s, )| e = 0,

=0T g<s<t

Vu € C((0,00), L?) and hm sup s4||Vu(s g2 =0.

t—0F 0<s<t
1

Here HZ denotes the closure of the set {u € C°(R*)3,divu = 0} in the norm of
11,y

The goal of this paper is to prove the global existence of a solution of (1-1) for a
class of highly oscillating initial velocity. Thus we need to solve the system (1-1) for
the initial data in a cgitical functional framework whose regularity index is negative,
for example, Bp_,?; for p > 3. However, Cannone’s proof [1997] doesn’t work

for our case, since it also relies on the global L? — L9 estimates for the Stokes
semigroup. Indeed, for the Stokes—Coriolis semigroup %(7), one has

16 uoliLr < Cpat®lluollLe, if p#2;

see Proposition 2.2 in [Hieber and Shibata 2010]. Then we can infer from the
definition of the Besov space that

G(ugl| . _ ;SCZZM S 113
I6(woll 5 = CPNwol

L 143
This means that even if the initial data u¢ is small in B p;— ? the linear part of the
solution, [|6()uol| ._, 3, may become large after some time ¢y > 0.

Fortunately, we have the following important observation: if u is an element of
L? with supp € {£ : |§] = A}, then

_ 32
[6@)ullLr < Cpae™ llullLy
for any p €[1,00] and ¢ € [0, o], while for any u € L?,
16@)ull L2 < flull L2

3_
This motivates us to 1ntr0duce the hybrld Besov spaces 973 2’ (see Deﬁnition 2.2).
Roughly speaking, if u € 9]32 " , the low frequency part of u belongs to H7 and
the high frequency part belongs to Bp oo . So, % 3 " 5! is still a critical space. A
remarkable property of 9]32 ” ~!is that if p >3, then
lluo () .

1.3
%Z.P

1-3
4 =Ce»,
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for ug(x) = sin(x;/e)¢(x), with ¢(x) € F(R3); see Prop0s1t10n 2.4. That is, the
highly oscillating function is still small in the norm of B 3 1;’ -1

Definition 1.2. Let 1 < p < oo, we denote by £, the space of functions such that
E,= {u ddivu =0, [lul g, < +oo},

where

+ lull -

R+: %%% ) LI(R+ 9732 IJ'H)

Il 2= llull - Zoe(
sP3 p

3
Definition 1.3. We denote by Cy ([O oo) %2’P ) the set of functions # such

that u is continuous from (0, co0) to %2’ ! but weakly continuous at ¢t = 0; i.e.,

3 < 1.

p

lim sup (u(s,-), g(-))zO forall g € ¥ with ||g| _1,
=0t g<s<s 2.p

Our main results are stated as follows.

Theorem 1.4. Let p € [2,4]. There exists a positive constant ¢ independent of 2
such that if ||ugl| . 1
such that

1.3 < ¢, then there exists a unique solution u € Ej of (1-1)
%
2.p

13_
u e Cu(0.00): B2
Remark 1.5. Due to the inclusion map
.13
H% g%zz’lf ! for p > 2,

Theorem 1.4 is an improvement on Theorem 1.1. The importance of this is that
it allows us to construct global solutions of (1-1) for a class of highly oscillating
initial velocity u¢, for example,

(1-5) o(x) = sin( =) (=029 (x). 914/(x). )

where ¢ € (R?) and & > 0 is small enough. This type of data is large in the
Sobolev norm; however, it is small in the norms of Besov spaces with negative
regularity index.

Remark 1.6. As shown in Section 4.2 of [Cannone 2004], for the classical Navier—
Stokes equations (1-2), there exists the following “highly oscillating” initial data:
ug(x) € 9'(R3) is such that i1y(£) = 0 if |£] < 1/e. Then

(1-6) luoll gg1/> < &' lluoll g1

We point out that examples like (1-5) are not included in such initial data. In fact, if
supp ¢(&) C {|&| < 1/2¢}, then the above estimate is satisfied, while if ¢(£) has no
support, it is not sure that (1-6) holds, which implies the norm of [|u¢|| 51,, may
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not be small enough.

Remark 1.7. The inhomogeneous part of the solution has more regularity:
.1
u—%(tyug € C(R*; B7 ).
which can be proved by following the proof of Proposition 4.1.

If ug lies in H %, we can obtain the following global well-posedness result.

Theorem 1.8. Let p € [2,4]. There exists a positive constant ¢ independent of 2

such that, if uy belongs to H? with luo]l . 130 =< c, then there exists a unique
%

global solution of (1-1) in C(R™T, H2) 2y

Remark 1.9. Smce we only impose the smallness condition of the initial data in
the norm of %2 P thls allows us to obtain the global well-posedness of (1-1) for
a class of hlghly oscillating initial velocity uy. Moreover, the uniqueness holds in
the class C(R™T, H%), i.e., it is unconditional.

The structure of this paper is as follows. In Section 2, we recall some basic
facts about Littlewood—Paley theory and the functional spaces. In Section 3, we
recall some results concerning the Stokes—Coriolis semigroup’s regularizing effect.
Section 4 is devoted to the important bilinear estimates. In Section 5, we prove
Theorem 1.4 and Theorem 1.8.

2. Littlewood—Paley theory and the function spaces

First of all, we introduce the Littlewood—Paley decomposition. Choose two radial
functions ¢, x € #(R3) supported in € = {£ e R3, 3 1=l1=3 W B={tcR3 || < %},
respectively, such that

Z(p(Z_jé) =1 forall £ #0.

jez
For f € ¥'(R3), the frequency localization operators A; and S;(j € Z) are defined
by

: _ v,
Ajif =@ D) Sif=xQ@7D) S D=—

Moreover, we have

j—1
Sif= > Arf inZ' R
k=—o0

Here we denote by %'(R?) the dual space of

H(R) = {f € S(R*) : D* £ (0) = 0 for all multiindices & € (N U 0)3}.
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With our choice of ¢, it is easy to verify that
(2-1) AjARf=0 if|j—k|=2 and A;j(Sk—1fArf)=0 if|j—k|=5.

In the sequel, we will constantly use Bony’s decomposition [1981]:

(2-2) Je=Trg+Tgf + R(/.2),
with
Trg=) Si-1fAjg. R(L.9)=) AjfAjg. Ajg= Y Ajye
jez jez lj'—jl<1

Definition 2.1 (homogeneous Besov space). Let s € R, 1 < p,g < 4+00. The
homogeneous Besov space BIS, 4 1s defined by

B ={/ X ®): 1/l , < +00},
where
1/ gy, o= 12518k f Il 10
Ifp=g=2, B;,z is equivalent to the homogeneous Sobolev space H*.

Definition 2.2 (hybrid-Besov space). Lets, 0 € R, 1 < p < 4o00. The hybrid-Besov
space %;‘; is defined by

B% = {/ €' ®) ]| fllgge < +oo},

where

| £ llage = sup 2| Akl + sup 27 Ae Lo
2k<Q 2k=>Q

The norm of the space L (973 ) is defined by
1/ 1z gy = sup 2’”||Akf||y 12+ sup 2% Ax fllLs o
2k<Q 2k>Q
It is easy to check that L;(%;;) C L’T(%i’,‘;), where the norm of L’T(%‘;’;) is
defined by

”f”L’T(g)‘a;f;) = H ”f(t)”gh;f; ‘ I

Bernstein’s lemma will be repeatedly used throughout this paper:

ro.
T

Lemma 2.3 [Chemin 1995]. Let 1 < p < g < 4o0. Then for any B,y € (NU{0})3,
there exists a constant C independent of f, j such that, for any f € L?,

supp /' C {|&] < 4027} = 1|07 f | < C2VHING=D) 1)1,

supp f C {4127 <|§| < 4,27} = || [l < C27I7 sup 9P £ 1|1
1Bl=|vI
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Proposition 2.4. Let ¢ € (R3) and p > 3. If ¢e(x) 1= e & ¢(x), then, for any
0<e<Q7!,

S |w

< Cel™
||¢8”%2%:p%_1 _CS s

where C is a constant independent of e.

Proof. Let jo € N be such that Q < 2/0 ~ ¢~!. By Lemma 2.3, we have
sup 26 DI | Aj gl Lr < C2G DI < Cel™h

JZjo

Noting that el = (—igd)N % for any N € N, we get, by integration by parts,

Ajpe(x) = (ie)N2¥ /R T (R =) dy. hE) = () ().

By the Leibnitz formula, we have

N
8.0 = Ce¥2 529 [ (@ @ (= || g )] .
k=0 R
from which, along with Young’s inequality, we infer that, for j > 0,

N
I850elze = eV Y 22 |G @ )| [ 6] = €V,
k=0

and for j <0,

N
. _ B L
jPellLa =C¢ y . y <Ce 1)3j
1A gellra < CeN Y 28923 @5 my27 p)| o 0N o ()| 1 < CeN2mDY
k=0
Thus we have
sup 25 VI Ajellr < CeN2WN=1+ o < cpl=3
Q <2/ <240
sup 25[|Ajgell 2 < CQ2eN < CeN 73
2/ <Q

Summing up the above estimates yields that

|

i, <CelTw.
I35

The proof of Proposition 2.4 is completed. O
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3. Regularizing effect of the Stokes—Coriolis semigroup

We consider the linear system
ur—vAu+ Qesxu+Vp =0,
(3-1) divu =0,
u(0,x) = ug(x).
From [Giga et al. 2005; Hieber and Shibata 2010, Proposition 2.1], we know that

(3-2) it €)= cos(sz%z)e—vlélzfm(g) + sin(sz%z)e—”'E'Z’R(S)%@),

for t > 0 and £ € R?, where I is the identity matrix and

0 &3/1&l =&/l
R(&) = | —&3/I8] 0 &1/l
&2/181 =&1/18] 0

The Stokes—Coriolis semigroup is explicitly represented by
(3-3)  9(t)f = [cos(QR31) +sin(QR31)R]e”" 2 f, fort >0, fe L2,
where R3 f(€) 1= (§3/15)/ () for & #0.

Proposition 3.1 (smoothing effect of the Stokes—Coriolis semigroup). Let € be a
ring centered at 0 in R3. Then there exist positive constants ¢ and C depending
only on v such that if supp i C A6, then we have:

@) forany A > 0,
(3-4) [6(ul L2 < Ce™ ¥ Ju]l 2
(i1) if A = Q, then, forany 1 < p < o0,
(3-5) 16 ullzr < Ce™ " flul| o
Proof. (i) Thanks to (3-2) and the Plancherel theorem, we get
I6@ull 2> = |G ©)a©)| - < C|le ™ aE)|, < Ce™ Jul),,

where we have used the support property of #(§).

(i) Let ¢ € B(R3\ {0}), which equals 1 near the ring €. Set

g(t.x) = (2m) 7 / PTG §) dE.
R3
To prove (3-9), it suffices to show

(3-6) lg(x,0)l L1 < Ce™*".
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Thanks to (3-3), we infer that

(3-7) lg(x,0)|dx <C 6. 718)||6(t.&)| d& dx < Ce™*
lx|<a—1 JR3

|x|<A—1

Set L:=x-Vg/(i |x|?). Noting that L(e?*€) = ¢/**€ we get, using integration by
parts,

g = [ 1V 0800 de= [ LY 0 90.) de,
where N € N is chosen later. Using the Leibnitz formula, it is easy to verify that
‘3V(eii9|%f)‘ <ClE™a + Qo ‘3V(e—v|¥|21)} < C|§|—|V|e—%|§|2t_

Thus we obtain
(LHN (¢S, £))|
<Clx|™V 3 ANt vV (0 )0 (IR gz (e VT g (14 R(8))|

loy [+leen |

+loz|=lal
la|=N

<CPx™N 37 2 |(VVT9) (g |||l lesle S (1 gl .

leep I +lanl
tlaz|=lal
la|=N

Taking N = 4, for any £ € {§ : A7'A < |§| < AA} and for some constant A
depending on the ring € and A = €2,
(LR EG( £)| = Clax| e 5,

which implies that

/ lg(x,1)]dx < Ceer?1)3 / |Ax|™*dx < Ce_C)‘zt,
|x|> 5

1
|x|=5

which, together with (3-7), gives (3-6). Then the inequality (3-5) is proved. O
The following proposition is a direct consequence of Proposition 3.1.

S22
Proposition 3.2. Let s, 0 € R, and (p, q) € [1, o<0]. Then, for any u € %;’pq 774,
we have

(3-8) 16l £g @goy = Cllull,

s—q o—l ’

2.p

and for any [ € Z;ﬂ%;(;, we have

(3-9) H /(;t Yt —1)f(r)dr

< CIF Oy o).

Iy 330 )
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Proof. Here we only prove (3-9). For any 2/ > Q, we get by Proposition 3.1 that

‘Aj/() Gt—1)f(r)dt

from which, along with Young’s inequality, it follows that

t .
<C / e—ct—0)2% 1A £ (©)||Lr dx,
Lp 0

t
(3-10) HAjfo Git—r1)f(r)dr

< Cle™ | Lo 18, /@1 1o

_2;
=C27d A (O Lo

q
L4Lp

Similarly, we also have
—ct22 :
<Clle™ | e 1A @1 g2
L1912 r r

_2;
<C2 4/ ||Ajf(f)||LlTL2-
Then the inequality (3-9) follows from (3-10) and (3-11). O

t
Aj[o Y(t—1)f(r)dt

4. Bilinear estimates

We study the continuity of the inhomogeneous term in the space £, 7 whose norm
is defined by

gy r = Mol +llul

mrﬂé%'ﬂ l(mn%§§+ﬂ'

We define .
B(u,v) := / Gt —1)PV-(u®v)dr,
0
where P denotes the Helmholtz projection which is bounded in the L? space for

l < p<oo.

Proposition 4.1. Let p €2, 4]. Assume that u, v € E, 1. There exists a constant C
independent of 2, u, v such that, for any T > 0,

(4-1) IBw. vk, =Cllulg, rIvlE, -

Proof. Thanks to Proposition 3.2, it suffices to show that

(4-2) ||””||Z1T%2%_.p% =Clullg, 7 IvlE, +-
From Bony’s decomposition (2-2) and (2-1), we have
Ajv)= Y Aj(Sp—udev)+ > Aj(Sk—vAgu) + Y Aj(Agulgv)
lk—jl=4 lk—jl<4 k>j—2
=:I; +1I; + 11;.
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Set Jj :={(k’, k) : |k — j| <4,k' <k —2}. Then for 2/ > Q,

1Ly o < D0 18 (Aprudgv)llps 1o
Jj

(Z —I—Z—i— Z) |Aj(Ak/uAkv)||L1TLp = Ij,l +1j,2 +Ij,3,

Jiar  Jan Jjnn
where
Jin={kkyes:2¥ <@ 2k <q
Jigm={K k)yeJ;:2¥ <@, 2k > qj,
Jinn =14k k)yeJ; 2" > q, 2k > Q).
We get by using Lemma 2.3 that
3.3
Li=C ) lAwulpgere2CT7 Akl
(k".k)edj i

<Cc > 22||Ak/u||LooLz2 ||Akv||L1L22 k(3=3)

(k' k)eld; 11
k'—k)y—3k
<Clull. .y 3ol a0 Y, 28727
XB3 Ll %22_ p
.p p (k' k)eld; 11
<C2_F’||M|| .%%_lll ||~ 433+
2 2

where we used in the last inequality the fact that

b e S L S R LY er a2

(k’,k)EJjJ[ k'<k—2 lk—j|<4

with C independent of j. Similarly, we have

L= ) lAwulrgreldevlpy o
(k' k)eJ; 1n

Kk’ /
=C ) 27 Apulige 2 1Akl 10
(k. k)EJj 1n

3.
<C27 7/ ||u 13 4]v 3
Il g3 31100y 3 5

NN\’J!
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and

ha< Y IAwulzgreldelp L,
(k',k)ET} hin

k(-1 k'
=C Y 20V Apullrg 2l Akvly L
(k'.k)eJ; hn

_3;
= C27 7 flull v ||~

ok 3 .53,
@2 P g2 pt
L7 %5, B3 b

On the other hand, for 2/ < Q, we have

15 Es 2 = D0 1A (Apudgv)l gy pa
Jj

= (Z +) + Z)“Aj(Ak’UAkU)”LlTLz =1lja+15+1js.

Jiar Jian  Jjnn

We get by using Lemma 2.3 that

K k'
a<C Y 25| Apulpse 22X | Akvlipy 1o
(kk)EJ] 1l

<car ¥ leell 2

and, noting that p <4,

lis<C A A
s SC D0 1Bkl e 2 18RVl 2o
(k.k")elj in

k' r(3_1
=C Y 2 Al 22X DN ARl g
(k k’)EJj 1h

=C2” 2IIMII vl

.13
B2 P
2 T

5.3
2° P
2.p
and

li¢=C Ay A
e =C D0 Bkl ey 2 N8RV £
(k.k")eJj nn

"3 r3_1
<C Y KO apulip 2GR IAwI L 1
(k,k")eJTj nn

=C2” 2IIuII Sl

ot 31107y o530
2 LT%
Summing up the estimates for /; through I ¢ yields that

(4-3) sup 21” 17 ”Ll rp+ sup 22 E ”I] ”Ll 2= C”””Ep T”v”Ep T
2i>1 2/ <1
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By the same procedure as the one used to derive (4-3), we have

(4-4) sup 2/ |11 Iz o+ sup 22 |y Iz z2 = CllullE, +IvlE, 7
2i>1 2i<1

Set Kj :={(k,k"):k > j—3,|k’—k| <1}. Then we have

1l = (Z + Z + Z + Z )Aj(AkuAk/v) i= Iy +HI; 5 +1I; 3 +1I1; 4,
Kin Kion Kin Kjnn

where ,
K ={k,k)ek;:2k<q 2 <q}

Kjim={(k, k') e K;: 2k <@, 2F > @),

Kjpm ={(k, k') e K; : 2% > Q 2K <@,

Kjpn =1k, k) e K;:2F > Q2% > Q).
We get by Lemma 2.3 that

. < (C2370=9) ,
M1l e < C2YO70 S0 [ Agubgvlpy g
(k,k/)EKj’”
. i k ’
<2075 3 25| Al 227 T gl 227K
(kk/)EKj”

- _k_5
<CCDul sl s Y 2R
Lgeaz,r ™ LAz
D D (k k/)GKj i1
_3;
<C2p ull. s lvll., ssy E 2736k=0)
LOp2°P Ll 2~n
T “°2,p T 2

k>j -3
_3;
<C2 v |ulg,IvlE, -
and
3 _3J
Ml 2 €22 ) IAgubpvlps 1 = C27 2 ul g, £ VI E, £
(k.k)eK; 11

Similarly, we obtain
||1Hj,2 + Hlj,3 ||L1TLD

3
S D DR LV s
(k.k"EK; 1n UK pi

3/
< (2> (Z I1AkullLse 2l Akvlipy po + D ||Aku||L1Lp||Ak/v||LooLz)
Kjin K ni

_3;
<C27 ullg p vl E,
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and
3.
M2+ M allpy g2 <C207 30 Al e
(k.k")eKj 1nUKj mi
_3J
=C2 2 ullg, 7 IvlE, £
Finally, due to 2 < p <4, we have

3.
14l p3 o =C207 > | Akudevl g
(k.k")EKj pn

3.
<C2»’ Z [ AxullLgeLr ||Ak’v||L1TLP
(k.k")EK nn
_3;
=C27 % |ulg, rIVlE, 7
and
3i(2_1 -y
1,4l 3 2 = C2 G % 1Akubivllyy g <C2 2 Nlullg, o llvlE, o
(k,k"EK; nn

Summing up the estimates of 111; 1~I1l; 4, we obtain

(4-5) sup 2”J ”I[I] ”Ll Lp + sup 27 2 ||]Hj ”L 2= C”“”Ep T”U”E,7 T
2/ >1 2/ <1
Then the inequality (4-2) can be deduced from (4-3)—(4-5). O

In order to prove the uniqueness of the solution in C(R™; H %) we establish the
following new bilinear estimate in the weighted time-space Besov space introduced
in [Chen et al. 2008; 2010b].

1

Proposition 4.2. Assume that u, v € L°°(B oo)- Then, for any T >0, we have

T 72,00

I
1BGwN o =Cllul gy forr22 18500z 2] e

where
. LG—k . —c22iT
wjri=supep 22U e pi=1—c :

k>j

Remark 4.3. The inequality e¢; 7 < w; 7 (top of page 277) is important to the
following estimates. On the other hand, due to the fact limy o w; 7 = 0, it can be
proved that if u € C([0, T']; H%), then, for any ¢ > 0, one has

Ha)j’Tﬁ ||Ajv||L<%oLz Hloo < ¢ if T is small enough.

This point is important in the proof of uniqueness.
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Proof. First we note that ¢; 7 < w; 7 for any j € Z and that

@-6)  wjp<22U gy it <j. wir <201 ifj<j
We get by Proposition 3.1 that

@7 Bww)l, <s,up2% / [t -0V )|

1
B2
2

< Sup2 2 ”e_czzthLl ”AJ(M ®v)||LOOL2
jez

<Csup2™ Ze_] TllA; (”U)“L"OL2
JEZ

We use Bony’s decomposition to estimate ||A; (uv)||L%oLz. Since ej 7 < wj T and
thanks to (4-6), we have

@8) Y 1A (Sk—1udgv)llper

lk—jl<4 k
=Cllull .1 E 2| Agvllpeer2
LPBZ T
k1< i
< Coj. T22||u|| Lo ih |or, 722 | Akl oo 2 | oo

and, again by the same properties of w; r,

375 /L/ ’
ISk—1vllzeo = Y IAgv]|L227% < |op 227 [ Apvllser2 e Y 2K 0!y
k’'<k-2 k'<k—-2

k-1 K
<2%wp ok, 122 [ArvliLgere [ oo

which implies that

@9) Y 11Aj(Sk—1vAgu)llpeer
lk—j|<4

k
<22 ull

’
k.T ‘V%GT2%HAkﬂmL$L2Mm,

1
o B3
7 B3

and for the remainder term,
4100 > |Aj(Agudgv) oo

k>j-2 . ~
<y 271|\Aj(AkuAkU)HL;°L1
k>j-2
<C > 2%jHAk”HLC;OLZ HZkUHU;OLZ
k>j-2

1AL k
< .
._CMQJQZHUHL?BéwHth22HAkaLfLﬂbw-

Substituting (4-8)—(4-10) into (4-7) concludes the proof. O
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5. Proofs of Theorem 1.4 and Theorem 1.8

The proof of Theorem 1.4 is based on the following classical lemma.

Lemma 5.1 [Cannone 1995]. Let X be an abstract Banach space and B: X xX — X
a bilinear operator, || - || being the X -norm, such that for any x; € X and x, € X,
we have

IBGx1,x2) [ = nllxlHlx2 ]l
Then for any y € X such that
anllyll <1,

the equation
x =y+ B(x,x)

has a solution x in X. Moreover, this solution x is the only one such that

= 2 .

Proof of Theorem 1.4. Using the Stokes—Coriolis semigroup, we rewrite the sys-

tem (1-1) as the integral form
t

(5-1)  u(x,t) =%@)up —/ Gt —1)PV-(u®u)dt :=%()ug + B(u,u).
0
Thanks to Proposition 3.2, we have

< <
[6()uoll g, < CIIMoII%Z%’,p%_I = Ce.

Obviously, B(u, v) is bilinear, and we get by Proposition 4.1 that
IB(u. V) E, = ClulE,lvlE,-
Taking ¢ such that 4C2¢ < %, Lemma 5.1 ensures that the equation
u=9%t)uo+ B(u,u)
has a unique solution in the ball {u € Ej : ||u| g, < %}. O
Now we prove Theorem 1.8.
Proof of Theorem 1.8. We introduce a Banach space F), whose norm is defined by
ety = 12l i, + 1015,
Step 1: existence in F,. We define the map

Tu:=%)ug+ B(u,u).
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Next we prove that, if ¢ is small enough, the map I has a unique fixed point in the
ball

By:={uc Fp:lullg, < Ae.lulr, < Alluoll 41 7.

for some A > 0 to be determined later. From Proposition 3.2 and Proposition 4.1,
we infer that

R I < 2
(5-2) 1Tullg, < C||uo||%2%,p%_1 + Cllullg,-

On the other hand, we get by Proposition 3.1 that

(53 1B 0] o i

/t&@(t—r)[P’V-(u Qu)(r)dt
0

=

ZOO(IRJF;H%)

2\ 4
SC(Zﬂ(sup /t ||<Q(t—r)AjI]3’V-(u®u)(t)||der) )
0

jez teERT

=C

¢
3. _=n2j

227 sup / e A R u)l| 2 dT
tert Jo 1

In the following, we denote by {c;}jez a sequence in /? with norm I{ci 2@z = 1.
We get by Lemma 2.3 that

r
(5-4) sup/oe_"'zz]tHAj(Tuu)Hder

teERT
_~22]'
<1 Npiwsy . N4 (Sk—1udgt) | poo:r2)
lk—j|<4

< C27V Sk qullpoo@riroey Y, I Akullpoo@mt;r2)

lk—j|<4
<Clul. a0 227 Akl o)
Loo(rtz P ") Parri¥

k=) K
2722 || Agu]| poo(rt;L2)

3 .
<C2 2 |ullg, Y 2
lk—j|<4

3.
< —2J ¢ ~ .
< C2Hejllull g, el oo i 3
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The remainder term of uv is estimated by

t .
(5-5) sup /0 e A R(u,u) |2 d

teERT 5
—pn=] ~
SH" 2 tHLOO(RJr) Z ”Ai(Ak”Ak”)”LI(W;Lz)
k>j—2
=C Z HAk”HLl(R+;LO°)||Ak”||L°°(R+;L2)
k>j—2
=Cllullz, 5500 D 2 Akl Lotz
kzj—z

Yy
<Cllullg, Y 272%22%)|Agullpoo@+:r2)
k>j—2
_3;
<C27 2 ¢j|ullg, llul

973'2

LooRT;H3)

Combining (5-4)—(5-5) with (5-3) yields that

1B, u)ll; < Cllullg, llull 7

Loom+;H3) = Loom+:H3)

It is easy to verify that

[6(@)uoll 7 = Clluoll

oon—

Consequently by (5-2) and the estimate

u 13, =<C|u
| oll%zzpp 1 lluoll

(which follows from Lemma 2.3 and the definition of the Besov space), we obtain
(5-6) 1TullF, = Clluoll 1 + Cllullg, llulF,-

Taking A = 2C and ¢ > 0 such that 2C?¢ < 5, it follows from (5-2) and (5-6) that
the map J is a map from B4 to B,4. Similarly, it can be proved that & is also a
contraction in B 4. Thus, the Banach fixed point theorem ensures that the map &

has a unique fixed point in B4.

Step 2: uniqueness in C(R™; H%) Let u; and u, be two solutions of (1-1) in
C(RT; H %) with the same initial data uy. We consider

Uy —uy = B(u1 —%G(t)ug, uq —l/lz) + B(‘Q(Z)uo,ul —uz)
+B(M1 — Uy, Uy —‘@(l)uo) + B(u1 —uz,%(l)uo).
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Then we get by Proposition 4.2 that

7 swp [ —u)O)]
t€[0,T] By
i
<C swp (|G —u)Ol ) (log.r22 1810l ] 00
t€l0,T Bs

+ sup (0= S@uoll 5y + sup lua ()= SOuoll 1 ).
te[0,T] te[0,T]

where we used the fact wj 7 < 1 so that
i
0,722 |Ajulpgerz]jee = sup [u@ll 5y
| piel = s Ol

.. -1
Noticing that w; o = 0 and ug € Hz, we have

/ 1
”wjaTzénAqu”ZH[oo =3¢

for 7" small enough. On the other hand, since u{, u, € C ([F\R+; H %), we also have
sup uy —=G@)uoll 51 + sup uz =G(uoll
t€[0,T] t€[0,T1]

for T small enough. Then (5-7) ensures that u(¢) = u,(¢) for T small enough.
Then, by a standard continuity argument, we conclude that #1 = u, on [0, 00). [

H7_3C
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