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Brink and Howlett [Math. Ann. 296:1 (1993), 179-190] have introduced a
partial ordering, called dominance, on the root systems of Coxeter groups in
their proof that all finitely generated Coxeter groups are automatic. Edgar
(Ph.D. thesis, 2009), in an investigation of various regularity properties of
Coxeter groups, studied a function on the reflections of such groups, called
oo-height. Here we show that these two concepts are closely related to each
other. We also give applications of dominance to the study of imaginary
cones of Coxeter groups.

1. Introduction

In this paper we attempt to extend the understanding of a partial ordering (called
dominance) defined on the root system of an arbitrary Coxeter group. The dominance
ordering was introduced in [Brink and Howlett 1993] (where it was used to prove
the automaticity of all finitely generated Coxeter groups). Dominance ordering
was further studied in [Brink 1998; Krammer 1994; 2009], and it has only been
recently examined again, in [Dyer 2012] (in connection with the representation
theory of Coxeter groups) and in [Edgar 2009; Fu 2012]. The present paper is a
short addition to the last two references, and it could serve as a building block in the
general knowledge of dominance ordering and of the combinatorics and geometry
of Coxeter groups in general.

More specifically, this paper has the following two objectives: (1) investigating
the connection between the dominance ordering on the root system of an arbitrary
Coxeter groups W and a specific function (called co-height) defined on the set of
reflections of W; and (2) exploring the applications of the dominance ordering to
the imaginary cone of W (as defined by Kac).

The paper is organized into three sections. The first introduces background
material: root bases, Coxeter data, and root systems are defined in the context of the
paper, and some basic properties of Coxeter groups are recalled for later use in the
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paper (most of them can be found in [Howlett 1996]). Here we follow the definition
used in [Krammer 1994], which gives a slight variant of the classical notion of
root systems, particularly adapted when working with arbitrary (not necessarily
crystallographic) Coxeter groups. Furthermore, this framework allows easy passing
to reflection subgroups. Indeed, we recall the fundamental property [Dyer 1987,
Theorem 1.8] that the reflection subgroups of a Coxeter group are themselves
Coxeter groups, and this particular framework allows us to apply all the definitions
and properties to the reflection subgroups and not only to the overgroup.

In the second section, the first main theorem (giving the connection between
oo-height and dominance order) is stated and proved. All results are related to an
arbitrary Coxeter datum, implying the data of a root system @, its associated Coxeter
group W, and the set T of all reflections of W (consisting of all the W -conjugates
of the Coxeter generators). The main objects of study are:

e The dominance order on ® (Definition 3.1). Given x, y € ¥, we say x
dominates y if whenever w € W such that wx € &~ then wy € &~ too (where
@~ denotes the set of negative roots).

e The oco-height function on 7'. This is a variant of the usual (standard) height
function of a reflection ¢t € T, namely, the minimal length of an element of
W that maps «; (the unique positive root associated to #) to an element of the
root basis. Adhering to the general framework of this paper, our definition
of the height function applies to all reflection subgroups of W. It is easy to
check (Lemma 3.13) that the height of 7 is equal to the sum of the heights of ¢
relative to each maximal (with respect to inclusion) dihedral reflection subgroup
containing ¢. The co-height of 7 is then defined as a subsum of this sum, taking
into account only those subgroups which are infinite (Definition 3.8).

We then show that these two concepts are closely related in the following way. The
canonical bijection ¢ <> &y, between T and ®™ (the set of positive roots), restricts
to a bijection between (for any n € N)

e the set T, of all reflections whose oo-height is n, and

e the set D, of all positive roots which strictly dominate exactly n other positive
roots.

The proof of this fact (Theorem 3.15) relies on a study of dihedral reflection
subgroups. We have previously studied the partition (Dy,),en of ®T in [Fu 2012];
in particular, we showed there that each D, is finite and we gave an upper bound
for its cardinality. Together with Theorem 3.15, this allows us to deduce here some
further information on the combinatorics of the 7},’s (Corollary 3.23).

The final section explores the relation between the dominance order and the
imaginary cone of a Coxeter group. The concept of imaginary cone was introduced
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in [Kac 1990] to study the imaginary roots of Kac—Moody Lie algebras, and was
later generalized to Coxeter groups by Hée [1990; 1993] and Dyer [2012]. It is
defined as the subset of the dual of the Tits cone (denoted by U™* here) consisting
of elements v € U* such that (v, ) > 0 for only finitely many o € ®* (where
(', ) denotes the bilinear form associated to the Coxeter datum). The main results
(Theorem 4.13 and Corollary 4.15) of this section state the following property:
whenever x, y € ®, then x dominates y if and only if x — y lies in the imaginary
cone. One direction of this property was first suggested to us by Howlett [private
communication], and it is a special case of a result obtained independently (but
earlier) by Dyer. We are deeply indebted to both of them for helpful discussions
inspiring us to study the imaginary cone. We would also like to thank the referee of
this paper for many valuable suggestions, especially those resulting in Corollary 4.15.
To close this section, we include an alternative definition for the imaginary cone in
the case where W is finitely generated.

2. Background material

Definition 2.1 [Krammer 1994]. Suppose that V' is a vector space over R. Let ( , )
be a bilinear form on V' and let A be a subset of V. Then A is called a root basis if
the following conditions are satisfied:

(C1) (a,a) = 1for all a € A, and for distinct elements a, b € A, either (a,b) =
—cos(/mgyp) for some integer m,p = mp, > 2, orelse (a, b) < —1 (in which
case we define m,p = mp, = 00).

(C2) 0 ¢ PLC(IT), where the the positive linear cone of a set A is defined by

PLC(A)={Z)Laa‘)La20f0rallaeAandAa/>Oforsomea’€A .

acA

If A is a root basis, then we call the triple € = (V, A, (', )) a Coxeter datum.
Throughout this paper we fix a particular Coxeter datum ‘6. We stress that our
definition of a root basis is not the most classical one of [Bourbaki 1968] or even
[Humphreys 1990]: the root system (see Definition 2.5) arising from our definition
of a root basis is not necessarily crystallographic (indeed, the bilinear form can take
values less than —1), and the root basis is not assumed to be linearly independent
(this allows us to transmit easily the definitions and properties of a Coxeter group to
its reflection subgroups; indeed, the requirements in our definition of a root basis of a
Coxeter group are identical to those in the characterization of the equivalent of a root
basis in any reflection subgroup). Observe that (C1) implies that a ¢ PLC(A \ {a})
if a € A, and (C1) and (C2) together imply that {a, b, ¢} is linearly independent for
all distinct a, b, ¢ € A. Note also that (C2) is equivalent to the requirement that
zero does not lie in the convex hull of A.
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For each a € A, define p; € GL(V) by the rule p,x = x—2(x,a)a forall x € V.
Observe that p, is a reflection, and p,a = —a. We summarize a few useful results:

Proposition 2.2 [Howlett 1996, Lecture 1, propositions on pp. 2-3]. (i) Suppose
that a, b € A are distinct such that myp # 00. Set 0 = 7w/myp. Then

. 2+ 1 12
(papb)’a=sm( i+ )Ga sin z@b

sin 0 sin 0

for each integer i, and in particular, pg pp has order mgp in GL(V).

(ii) Suppose thata, b € A are distinct such that mgp, = 0o. Set 8 =cosh™ ! (—(a, b)).
Then

sinh(2i 4+ 1)0 sinh 2i 6

. b if6#£0,
apya=1 smng T g 0 107
(2i + 1)a +2ib ifo =0,
for each integer i, and in particular, pg pp has infinite order in GL(V). O

Let G¢ be the subgroup of GL(V') generated by {p, | @ € A}. Suppose that
(W, S) is a Coxeter system in the sense of [Hiller 1982] or [Humphreys 1990] with
S ={rq |a € A} being a set of involutions generating W subject only to the condition
that the order of ryry is myy for all a, b € A with m,p 7# co. Then Proposition 2.2
yields that there exists a group homomorphism ¢¢: W — G satisfying ¢ (1) = pa
for all @ € A. This homomorphism, together with the G-action on V', gives rise to
a W-action on V: for each w € W and x € V, define wx € V by wx = ¢¢(w)x. It
can be easily checked that this W -action preserves ( , ). Denote the length function
of W with respect to S by £, and call an expression w = ryry -+ - (Where w € W
and r; € §) reduced if £(w) = n. The following is a useful result:

Proposition 2.3 [Howlett 1996, Lecture 1, theorem, p. 4]. Let Gg¢, W, S and £ be
as above, and let w € W and a € A. If L(wrg) > £(w), then wa € PLC(A). O
An immediate consequence of the proposition is the following important fact:
Corollary 2.4 [Howlett 1996, Lecture 1, corollary, p. 5]. Let G¢, W, S and ¢¢ be
as above. Then ¢¢: W — G is an isomorphism. O

In particular, the corollary yields that (G, {p, | a € A}) is a Coxeter system
isomorphic to (W, S). We call (W, S) the abstract Coxeter system associated to
the Coxeter datum €, and we call W a Coxeter group of rank #S (where # denotes
cardinality).

Definition 2.5. The root system of W in V is the set
®={wa|weWanda e A}.

The set @+ = ®NPLC(A) is called the set of positive roots, and the set @~ = —dT
is called the set of negative roots.
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From Proposition 2.3 we may readily deduce that:

Proposition 2.6 [Howlett 1996, Lecture 3, corollary on p. 11, proposition on p. 10
and lemma on p. 4]. (i) Let w € W and a € A. Then

L(w)—1 ifwae d™,

twra) = L(w)+1 ifwaecdt.

(i) ® = ®T W P, where W denotes disjoint union.
(i) W is finite if and only if ® is finite. O

Define 7 = |J, ey wSw™!. We call T the set of reflections in W. For each x €
®, let px € GL(V) be defined by the rule py(v) = v—2(v, x)x forall v € V. Since
x € &, it follows that x = wa for some w € W and a € A. Direct calculations yield
that px = (¢e(w))pa(de(w))™! € G¢. Now let rx € W be such that ¢ (rx) = px.
Then ry = wraw™! € T, and we call ry the reflection corresponding to x. It is
readily checked that ry =r_y forallx e ® and T = {r, | x € ®}. Foreacht € T
we let oy be the unique positive root with the property that ro, = ¢. It is also easily
checked that there is a bijection y¥: T — &1 given by ¥(¢) = a;, and we call ¥
the canonical bijection.

For each x € ®7, as in [Brink and Howlett 1993], we define the depth of x
relative to S to be min{{(w) | w € W and wx € &7}, and we denote it by dp(x).
The following lemma gives some basic properties of depth:

Lemma 2.7 [Brink and Howlett 1993; Brink 1994; Saunders 1991]. (i) Let
a € ®t. Then dp(a) = %(E(ra) +1).
(i) Letr € S and a € ®1 \ {a,}. Then
dp(e)—1 if (,ar) >0,
dp(ra) = | dp(a) if (,ar) =0,
dp(e) +1 if (e, r) <O.

Proof. (1) See [Brink 1994, Corollary 2.7]. This is also a special case of [Fu 2010,
Lemma 1.3.19].

(i1) See [Brink and Howlett 1993, Lemma 1.7]. O

Remark 2.8. Part (i) of Lemma 2.7 is equivalent to the property that any reflection
in a Coxeter group has a palindromic expression which is reduced, and this was
indeed noted in [Saunders 1991, Proposition 4.3].

Define functions N: W — ®(®1) and N: W — P(T) (where P denotes the
power set) by setting

Nw)={xedt |wxed},
N(w)={r e T | £(wt) < L(w)},
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for all w € W. We call N the reflection cocycle of W (sometimes N (w) is also
called the right descent set of w). Standard arguments such as those in [Humphreys
1990, Section 5.6] yield that, for each w € W,

2-1) {(w) = #N(w)
and
(2-2) Nw) ={re | x € N(w)}.

In particular, N(r4) = {a} for a € A. Moreover, £(wv~') 4+ £(v) = £(w) for some
w, v € W if and only if N(v) C N(w).

A subgroup W' of W is a reflection subgroup of W if it is generated by the
reflections contained in it: W/ = (W’ N T). For any reflection subgroup W’ of W,
let

SW=4eT|NONW ={}} and AW')={xed|reeSW).

It was shown by Dyer [1990] and Deodhar [1982] that (W', S(W')) forms a Coxeter
system:

Theorem 2.9 (Dyer). (i) Suppose that W' is an arbitrary reflection subgroup
of W. Then (W',S(W")) forms a Coxeter system. Moreover, W N'T =
Uwewr wSWHw™L.

(ii) Suppose that W' is a reflection subgroup of W, and suppose that a, b € A(W')
are distinct. Then

(a,b) e {—cos(n/n) |n eNandn > 2} U (—oo0,—1].
Conversely, if A’ is a subset of ®% satisfying the condition that
(a,b) e {—cos(t/n) |neNandn > 2} U (—o0, —1]
foralla,b e N witha # b, then N' = A(W') for some reflection subgroup
W' of W. In fact, W = ({rg | a € A'}).
Proof. (i) See [Dyer 1990, Theorem 3.3].
(>ii) See [Dyer 1990, Theorem 4.4]. O
Let (, )’ be the restriction of (, ) to the subspace span(A(W')). Then ¢’ =
(span(A(W")), A(W'), (,)’) is a Coxeter datum with (W’, S(W’)) being the as-
sociated abstract Coxeter system. Thus the notion of a root system applies to 6.
We let ®(W’'), ®T(W’) and &~ (W’) be, respectively, the set of roots, posi-
tive roots and negative roots for the datum %’. Then ®(W') = W/A(W’), and
Theorem 2.9(i) yields that ®(W') = {x € ® | r, € W'}. Furthermore, we have
O+ (W') = d(W') NPLC(A(W’)) and d(W') = —&F (W’). We call S(W’) the
set of canonical generators of W', and we call A(W') the set of canonical roots
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of ®(W’). In this paper a reflection subgroup W’ is called a dihedral reflection
subgroup if #S(W') = 2.

A subset @' of ® is called a root subsystem if ryx € &' whenever x, y are both
in @', It is easily seen that there is a bijective correspondence between the set of
reflection subgroups W’ of W and the set of root subsystems @ of ®: W’ uniquely
determines the root subsystem ®(W’), and ®’ uniquely determines the reflection
subgroup ({ry | x € ®'}).

The notion of a length function also applies to the Coxeter system (W', S(W')),
and we let £ sawry): W' — N be the length function for (W', S(W')). If w €
W’ and a € A(W’) then applying Proposition 2.6 to the Coxeter datum €’ =
(span(A(W’)), A(W'), (', )) yields

E(W/,S(W’)) (w)—1 if wa e @~ (W),

2-3 Lowsaw =
(2-3) W, sw) (Wra) Lavsawny@) + 1 if wa € (W),

Similarly, the notion of a reflection cocycle also applies to the Coxeter system
(W, S(W")). Let N (. sqwryy: W — P(W' N T) denote the reflection cocycle for
(W', S(W')). Then, for each w € W',

N(W’,S(W’)) (w) = {l ew'nT | Z(W’,S(W’)) (wt) < Z(W/,S(W/))(w)},

and we define Ny, sawry)(w) = {x € T (W') | wx € d~(W')} for each w € W'
It is shown in [Dyer 1987] that IV(W/,S(W/))(U)) = N(w) N W’ for an arbitrary
reflection subgroup W’ of W. Furthermore, it is readily seen that the canonical
bijection ¥ restricts to a bijection ¥': TNW' — & (W') given by ¥/ (t) = ;. For
w € W', applying (2-1) to the Coxeter datum ¢’ = (span(A(W'), A(W’), (,))
yields that

(2-4) E(W/,S(W’)) (w) = #N(W/,S(W/)) (U))

Furthermore, £, 5wy (w v + Lowr, swny) (V) = Ly, swry) (w) for some w,
v € W' precisely when N(W’,S(W’))(U) C Nw,swn) (w).

For a Coxeter datum € = (V, A, (', )), since A may be linearly dependent, the
expression of a root in @ as a linear combination of elements of A may not be
unique. Thus the concept of the coefficient of an element of A in any given root
in @ is potentially ambiguous. We close this section by specifying a canonical
way of expressing a root in @ as a linear combination of elements from A. This
canonical expression follows from a standard construction similar to that considered
in [Howlett et al. 1997, Proposition 2.9].

Given a Coxeter datum € = (V, A, (, )), let E be a vector space over R with
basis Ag = {e, | @ € A} in bijective correspondence with A, and let (, )g be the
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unique bilinear form on E satisfying
(eq,ep)E = (a,b) foralla,b e A.

Then€g =(E, Ag, (, )g) is a Coxeter datum. Moreover, 6 g and € are associated
to the same abstract Coxeter system (W, S); indeed, Corollary 2.4 yields that
the abstract Coxeter group W is isomorphic to both G¢ = ({p; | a € A}) and
G = ({pe, | a € A}). Furthermore, W acts faithfully on E viar,y = pe,y for
alae Aandy € E.

Let f: E — V be the unique linear map satisfying f(e,) =a foralla € A. Tt is
readily checked that ( f(x), f(y)) = (x,y)g forall x, y € E. Now, for all a € A
and y € E,

ra(f(¥)=pa(f(¥) = f)=2(f(y).a)a= f(y)=2(f(y), f(ea)) f(eqa)
= f(y—=2(y,ea)E€a) = f(ray).

Then it follows that w( f(y)) = f(wy) for all w € W and all y € E, since W
is generated by {r, | a € A}. Let ®g denote the root system associated to the
datum € g . Standard arguments yield that:

Proposition 2.10 [Fu 2012, Proposition 2.1]. The restriction of f defines a W -
equivariant bijection g < . O

Since AEg is linearly independent, it follows that each root y € ®f can be
written uniquely as y = ) ea€Ap rala; We write Ag = coeffe, (y) and call it the
coefficient of e, in y. We use this uniqueness together with the W-equivariant
bijection f: ®g <> ® to give a canonical expression of a root in @ in terms of A:

Definition 2.11. Suppose that x € ®. For each a € A, define the canonical coeffi-
cient of a in x, written coeff, (x), by requiring that coeff, (x) = coeff,, (£ ~1(x)).
The support, written supp(x), is the set of a € A with coeff, (x) # 0.

3. Dominance, maximal dihedral reflection subgroups and infinity height

Throughout this section, let W be the abstract Coxeter group associated to the
Coxeter datum € = (V, A, (', )), and let ® and T be the corresponding root system
and the set of reflections, respectively. Recently, in [Edgar 2009], a uniquely
determined nonnegative integer, called co-height, was assigned to each reflection
in W. (Edgar attributes the concept to Dyer.) Naturally, the set T is then the disjoint
union of the sets Ty, 171, T, ..., where the set T, consists of all the reflections
with oo-height equal to .

These T,, were used in [Edgar 2009, Chapter 5] to demonstrate nice regularity
properties of W. They gave rise to a family of modules in the generic Iwahori—
Hecke algebra associated to W, and in turn, these modules were used by Dyer
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(unpublished) to prove a weak form of Lusztig’s conjecture on the boundedness of
the a-function. Dyer also showed that if W is of finite rank, then there are finitely
many reflections in 7}, for each n.

In this section we prove that for an arbitrary reflection t € T whose co-height
equals n, the corresponding positive root «; dominates precisely 7 other positive
roots. This observation will then establish a bijection between the set of all reflec-
tions in W with co-height equal to n and the set of all positive roots that dominate
precisely n other positive roots. Recent results on dominance obtained in [Fu 2012]
may then be immediately applied to the 7},’s, answering a number of basic questions
about these T},’s.

Following [Howlett et al. 1997] and [Bjorner and Brenti 2005, Section 4.7], we
generalize the definition of dominance to the whole of ® (whereas in [Brink and
Howlett 1993] and [Brink 1998], dominance was only defined on ®*), and we
stress that all the notations are the same as in the previous section.

Definition 3.1. (i) Let W’ be a reflection subgroup of W, and let x, y € ®(W').
Then we say that x dominates y with respect to W’ if

ftweW |lwxed (W) C{weW |wy e d (W)}

If x dominates y with respect to W’ then we write x domy,,, y.
(ii) Let W’ be a reflection subgroup of W and let x € ®*(W’). Define

Dy (x)={y e ®T(W’')|y # x and x domy,, y}.

If Dy (x) = @ we call x elementary with respect to W’. For each nonnegative
integer n, define

Dwin = {x € @ (W) | #Dw(x) = .

If W/ =W, we write D(x) for Dy (x) and D, for Dy ,. If D(x) = @ then
we call x elementary.
It is readily checked that dominance with respect to any reflection subgroup W’

of a Coxeter group W is a partial ordering on ®(W’). The following lemma
summarizes some basic properties of dominance:

Lemma 3.2 [Fu 2012, Lemma 3.2]. (i) Let x, y € T be arbitrary. Then
x domy, y if and only if (x, y) > 1 and dp(x) > dp(y).

(i1) Dominance is W -invariant, that is, if x dom then wx domy, wy for all
wY w wy
wew.

(i) Let x, y € @ be such that x domy, y. Then —y domy, —x.

(iv) Let x, y € ®. Then there is dominance between x and y if and only if (x, y) > 1.
O
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Corollary 3.3. Let x, y € ®, and let W' be an arbitrary reflection subgroup
containing both ry and ry.

(1) There is dominance with respect to W' between x and y if and only if
(x,y) =1, where (, ) is the restriction of (', ) to the subspace span(A(W')).

(i) x domy, y if and only if x domy,, y.

Proof. (i) This follows from Lemma 3.2(iv) applied to the Coxeter group W' and
the datum 6’ = (span(A(W')), A(W’), (,)).

(ii) The desired result is trivially true if x = y, so we may assume that x # y. It is
clear that x domy;, y implies that x domy;,, y. Conversely, suppose that x domy;, y.
Then (i) yields that (x, y) = (x,y)’ > 1. Thus Lemma 3.2(iv) yields that either
x domy, y, or else y domy, x. If the latter is the case, then by the first part of the
current proof, y domy,, x, and hence it follows that x = y (since dominance with
respect to W’ is a partial ordering), contradicting our choice of x and y. O

Next is a well-known result whose proof can be found in the remarks immediately
before Lemma 2.3 of [Brink and Howlett 1993]:

Lemma 3.4. There is no nontrivial dominance between positive roots in the root
system of a finite Coxeter group. O

Next we have a technical result which is going to be used repeatedly in the rest
of this paper.

Proposition 3.5. Let a, B € ®T with (o, B) < —1, and let W' be the dihedral
reflection subgroup generated by ro and rg. Further, we set 0 = cosh™ Y (—(a, B)),
and for each i € Z adopt the notation

sinhif .
(3-1) ¢; = { sinh6 7o #0.
i if6 =0.

(1) W’ is infinite, and ®(W') = {ci+100 + ;B | i € Z}.

(ii) Suppose that x, y € ®(W'). Then (x, y) € (—oo, —1]U[1, 00), and in particu-
lar, if x # £y then ({rx,ry}) is an infinite dihedral reflection subgroup. More
specifically,

@) If x =cpt10+cpP and y = cp100 + e B, then
cosh((n—m)8)>1 if 6 #£0,

(x.y) = o _
1 if 0 =0.

®) If x =cpr10+cnfand y = cpy—10 + C B, then

_ [—cosh((n+m)f) <—1 if 6 #0,
“’”‘{-1 if 6 =0.
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) If x =cp—10+cpPB and y = cpp410 + cm B, then

[ —cosh((n +m)f)<—1 if 8+#0,
“’”‘{-1 if 6=0.

@ If x =cp—1a+cpBand y = cpp—10 + e B, then

{cosh((n —m)f)>1 if 0#0,

)= if 6=0.

(iii) If x € ®T(W')\ {at, B}, then Dy (x) # @.

Proof. (i) Proposition 4.5.4(ii) of [Bjorner and Brenti 2005] implies that W’ is
infinite, and the rest of statement follows from direct calculations similar to those
in Proposition 2.2.

(i1) This follows from (i) and a direct calculation.

(iii) If x € T (W) \ {a, B}, part (i) yields that either x = ¢, -1 + ¢, B (for some
n #0), orelse x =cy—1a+cp B (for some n # 1). Then part (ii) and Corollary 3.3(i)
imply that we can find some y € ®(W’) \ {x} such that x domy,, y. d

The other key object to be studied in this section is the numeric function co-height
on 7. As mentioned in the introduction, this function is defined in terms of infinite
dihedral reflection subgroups of W, and in order to make a precise definition of this
function we need a few technical results on infinite dihedral reflection subgroups.
We begin with a well-known one, whose proof we include for completeness.

Proposition 3.6 [Dyer 1991]. Suppose that o, B € ®T are distinct. Let
W = ({ry |y € (Ra+RB)NDOT}).
Then W' is a dihedral reflection subgroup of W.

Proof. Suppose for a contradiction that W’ is not dihedral. Then #S(W') > 3, and
let x1, x2, x3 € A(W’) be distinct. Theorem 2.9(ii) then yields that (x;,x;) <0
whenever i, j € {1,2,3} are different. Clearly x;, x», x3 are all in the two-
dimensional subspace Ro + RS, and thus a contradiction would arise if we could
show that x1, x», x3 are linearly independent. Let c1, ¢z, ¢3 € R be such that
c1x1 + c2x2 + c3x3 = 0. Since x1, X2, x3 € ®T, and 0 ¢ PLC(A), it follows that
c1, €2, c3 cannot be all positive or all negative. Renaming xp, x5, x3 if necessary,
we have the following three possibilities:

(3-2) c1,c2>0 and c¢c3<0, or
(3-3) c1,c2<0 and c¢c3>0, or
(3-4) c1,¢2,¢c3=0.
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If (3-2) is the case then 0 = (c1x1 + c2x2 + ¢3x3, x3) <0, and if (3-3) is the case
then 0 = (c1x1 + c2x2 + ¢3x3, x3) > 0; both are clearly absurd. Hence (3-4) must
be the case and x1, x», x3 are linearly independent, a contradiction, as required. [J

Let o, B € ®* be distinct. Let W” be an arbitrary dihedral reflection subgroup
of W containing the dihedral reflection subgroup ({ry.7g}). Let x, y be the
canonical roots for W”. It can be readily checked that Rx + Ry = Ra + RS, and
hence x, y € (Ra+RB)N®T. It then follows that W” C ({r, | y € (Ra+RB)NDT}).
This observation, together with Proposition 3.6, readily yields the following well-
known result:

Proposition 3.7. Every dihedral reflection subgroup ({ry.rg}) of W (where the
elements o and B of ®T are distinct), is contained in a unique maximal dihedral
reflection subgroup, namely ({r, | y € ®T N (Ra + RB)}). O

Definition 3.8. (i) Define il to be the set of all maximal dihedral reflection
subgroups of W.

(ii) Define Jlo to be the set {W’' € Al | #W' = oo}.
(iii) For each t € T, define .l; to be the set {W' € M |t € W'}.

(iv) Let W’ be a reflection subgroup of W, and let t € W' N T. Define the standard
height, hqw,sw (t), of t with respect to the Coxeter system (W', S(W')) to
be

min {E(W/’S(W/))(w) |we W, wa; € A(W/)}.

For the standard height of ¢ with respect to the Coxeter system (W, S), we
simply write A(t) in place of iy, s)(?).

Remark 3.9. For arbitrary reflection subgroup W’ of W, the depth function nat-
urally applies to @ (W'): if x € ®+(W’), then the depth of x relative to S(W’)
(written dpy, s(wy) (%)) is defined to be

min {{w, swry)(w) |w € W and wx € d~(W')}.
Now, for each t € W/ N T, it is easily checked that
dpw, swy) (@) = haw,sawry () + 1,
and hence applying Lemma 2.7(i) to the Coxeter system (W', S(W')) yields that

K(W/,S(W’)) ([) —1
7 .
We include a proof of the next result for completeness:

Lemma 3.10 [Edgar 2009]. For eacht € T, we have
T\{t}= W ((W'NT)\{t}).

W’e;

(3-5) haw, sawry)(t) =
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Proof. Tt is readily checked that 7'\ {t} = Uy ey, (W' NT)\ {t}), and hence we
only need to check that this union is indeed disjoint. Suppose for a contradiction
that there are distinct Wy, W5 € M, with r € W1 N W, for some r € T \ {t}. Then

clearly ({r,t}) € Wy and {{r,t}) C W>, contradicting Proposition 3.7. O
From this and the canonical bijection y: T <> ®T we immediately get:
Corollary 3.11.  ®*\{a} = |4 (@Y (W')\{e}).for eacha € V. O
W’ eMyy

Remark 3.12. In particular, the corollary implies that for ¢ € T, if Wy, W5 € J;
are distinct, then @+ (W1) N & (W) = {a;}.

Lemma 3.13 [Edgar 2009]. Lett € T be arbitrary. Then
h(t) = Z h(W’,S(W’))([)'
W’el;

Proof. For any reflection t € T', Corollary 3.11 yields that

(3-6) {aecp+|taeq>—}={a,}u( @ {aeq>+(W’)\{a,}|zaeq>—}).

W’ell;

Since h(t) = 1(£(t) — 1) = L (#N(t) — 1), it follows from (3-6) that

h(t) = %( Z #la e T (W) \{os} |t € <I>_(W’)})

W’ell;

= Z 5 (Lawr,sawy @) —1) (by (2-4))
W’el;

= Z hw,swy) (@) (by (3-5)). O
W’el;
Definition 3.14 [Edgar 2009]. For ¢t € T, define the co-height of t to be
h>(t) = Z haw, swy) (),
W’ e, Ndloo

and for each nonnegative integer n, we define
T, ={teT|h*®) =n}.

From this definition it is not clear whether, for a specific nonnegative integer n,
there is a reflection ¢t € T with A°°(¢) = n. It turns out that a number of basic
questions like this can be solved with the aid of the results obtained in [Fu 2012]
once we prove the following:

Theorem 3.15. For each nonnegative integer n, there is a bijection Ty, <> Dy, given
by I < 0y.
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The proof of the theorem will be deferred until we have all the necessary tools.

Proposition 3.16. Suppose that t € T, and let W’ be an infinite dihedral reflection
subgroup containing t. If haw, s(w)(t) = 1, then there exists some x € Ot (W)
distinct from oy and satisfying oy domy; x.

Proof. Observe that the condition /(y, s(w)) (t) = 1 is equivalent to o, ¢ A(W'),
and hence the required result follows immediately from Proposition 3.5(iii). [

The following proposition will be a key step to prove Theorem 3.15:

Proposition 3.17. Let W' be an infinite dihedral reflection subgroup, and let
AW') ={a, B}.

(i) There are two disjoint dominance chains in ®(W'), namely:

(3-7) -~ domy, rargra(B) domy, rerg(a) domy, re(B) domy, a
domy, (—=B) domy, rg(—a) domy, rgre(—pB) domy, ---

and

(3-8) ---domy, rgrarg(a) domy, rgre(B) domy, rg(a) domy, B
domy, (—a) domy, rq(—B) domy, rerg(—a) domy, ---

In particular, each root in ®(W') lies in exactly one of these two chains, and
the negative of any element of one chain lies in the other. The roots in ®(W’)
dominated by either o or B are all negative.

(ii) If x € ®(W') then #Dw(x) = haw, s(w)) (rx)-

Proof. (1) Theorem 2.9(ii) and [Bjorner and Brenti 2005, Proposition 4.5.4 (ii)]
yield that (a, B) < —1. Hence it follows from Lemma 3.2(iv) that & domy;, — and
B domy;, —ar. Then we can immediately verify the existence of the two dominance
chains (3-7) and (3-8), and from these two chains the remaining statements in (i)
follow readily.

(ii) The required result follows immediately from the definition of 2y 5w 1)) (7x)
and the two dominance chains (3-7) and (3-8). O

Proposition 3.18. Suppose that x, y € ®% are distinct with x domy, vy, and let W'
be a dihedral reflection subgroup containing rx and ry. Then hqy: swy)(rx) > 1.

Proof. It follows from Corollary 3.3(ii) that x domy;,, y, so Lemma 3.4 above yields
that W’ is an infinite dihedral reflection subgroup. Let {«, B} = A(W’). We know
from Proposition 3.17(i) that the roots in ®(W’) dominated by either « or § are all
negative, and since x domy,, y € @, it follows that x ¢ {«, B}. Hence by definition

h(W/,S(W’)) (ry) > 1. O
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From the last two propositions we may deduce the following special case of
Theorem 3.15:

Lemma 3.19. There is a bijection Ty <> Dg given by t <> o;.

Proof. Let t € Ty, and suppose for a contradiction that oy ¢ Dg. Then there exists
s € T'\ {t} such that o; domy;, ats. Let W’ be the unique maximal dihedral reflection
subgroup of W containing ({s,7}). Proposition 3.18 yields that hqy s (t) > 1.
Since a; domyy,, g, it follows from Lemma 3.4 that W’ € Lo, and consequently
h®(t) > 1, contradicting the assumption that ¢ € Ty.

Conversely, suppose that a; € Dy, and suppose for a contradiction that ¢ ¢ Ty.
Then there exists some W' € M; N Moo With hy, sawry) (1) = 1. But then
Proposition 3.16 yields that oy ¢ Dy, producing a contradiction as required. [

Observe that Proposition 3.17(ii) can be equivalently stated as:

Proposition 3.20. Suppose that t € T, and suppose that W' is an infinite dihedral
reflection subgroup containing t. Then

#Dw:(ar) = haw,swn)(1). O

Proposition 3.21. Suppose thatt € T is arbitrary. Then

W Dwie) = D).
W’ el "Moo
Proof. First we observe that Remark 3.12 yields that the union of the sets Dy (o)
over all W’ in JM; N Mo is indeed disjoint.

It is clear that [ty ¢, A, Pw(ar) € D(ar).

Conversely, suppose that x € D(a;). Let W’ be the unique maximal dihedral
reflection subgroup of W containing ({z, rx}). Then Corollary 3.3(ii) yields that
ay domy,, x. Finally since there is no nontrivial dominance in any finite Coxeter
group, it follows that W’ € Moo, as required. O

Now we prove that for any reflection 1 € W, its co-height 2°°(¢) equals the
number of positive roots strictly dominated by «;:

Theorem 3.22. Lett € T be arbitrary. Then h°°(t) = #D(a;).
Proof. 1t follows from Proposition 3.20 and Proposition 3.21 that
hOO([) = Z h(W’,S(W’))(Z) = Z #DW/((Xt) :#D(Ott) ]
W' el Nulloo W’ ey NMoo
Proof of Theorem 3.15. The theorem follows immediately from Theorem 3.22. []

Combining [Fu 2012, Theorem 3.8, Corollary 3.9, and Corollary 3.21] with
Theorem 3.15 we may deduce:
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Corollary 3.23. (i) For each positive integer n,
T, C{tt't |t € To andt’ € Ty, for somem <n—1}.
(ii) Suppose that W is an infinite Coxeter group with #S < co. Then
0 <#T, < (#To)" ™' — #To)"

for each positive integer n. O

Remark 3.24. An upper bound for #7Ty(= #Dy) is given in [Brink and Howlett
1993]; furthermore, for any fixed finitely generated Coxeter group, this number can
be explicitly calculated following the methods presented in [Brink 1998].

4. Dominance and imaginary cone

Kac introduced the concept of an imaginary cone in the study of the imaginary
roots of Kac—Moody Lie algebras. In [Kac 1990, Chapter 5] the imaginary cone
of a Kac—Moody Lie algebra was defined to be the positive cone on the positive
imaginary roots. The generalization of imaginary cones to arbitrary Coxeter groups
was first introduced in [Hée 1990], and subsequently reproduced in [Hée 1993].
This generalization has also been studied in [Dyer 2012] and [Edgar 2009]. In this
section we investigate the connections between this generalized imaginary cone and
dominance in Coxeter groups; in particular, we show that whenever x and y are
roots of a Coxeter group, then x domy,, y if and only if x — y lies in the imaginary
cone of that Coxeter group.

Let (W, S) be the abstract Coxeter system associated to the Coxeter datum
€= (V,A,(,)), and let ® be the corresponding root system. Let X be a vector
subspace of V. In this paper, a cone is assumed to be a convex cone. For any cone
C in X, we define C* = {f € Hom(X,R) | f(v) >0 forallve C} and call C*
the dual of C; and for any cone F € Hom(X, R), we define F* ={ve X | f(v) >
O forall f € F} and call F* the dual of F. If W acts on X, then Hom(X, R)
bears the contragredient representation of W in the following way: if w € W and
f € Hom(X, R) then wf € Hom(X, R) is given by the rule (wf)(v) = f(w™v)
for all v € X. It is readily checked that for a cone C in X, we have C € C**, and
also for any w € W, we have (wC)* = wC™.

The following is a well-known result whose proof can be found in [Howlett 1996,
Lecture 1, Note (¢)]:

Lemma 4.1. Suppose that X is a real vector space of finite dimension, and let C
be a cone in X. Then (C*)* = C, where C is the topological closure of C in X
(with respect to the standard topology on X). O

Set P =PLC(A)U{0}. It is clear that P is a cone in V. We define the Tits cone
of W in the same way as in Section 5.13 of [Humphreys 1990]:
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Definition 4.2. The Tits cone of the Coxeter group W is the W -invariant set
U= |J wpr.
wew

It is not obvious from this definition that the Tits cone is indeed a cone; however,
this is made clear by the following result:

Proposition 4.3.
(4-1) U = {f € Hom(span(A),R) | f(x) > 0 for all but finitely many x € ®*}.

Proof. Denote the set on the right-hand side of (4-1) by Y, and for each f €
Hom(span(A), R) define Neg( f) by Neg(f) = {x € ®* | f(x) <0}.

If f €U then f = wg for some w € W and g € P*, and it is readily checked
that Neg(f) € N(w™!). Since N(w™') is a finite set, it follows that f € Y, and
hence U C Y. Conversely, suppose that f € Y. If Neg(f) =@ then f € P* C U.
Thus we may assume that #Neg( f) > 0, and proceed by induction. Observe that
then there exists some @ € A such that f(«) < 0. It is then readily checked that
#Neg(ry f) = #Neg(f) — 1, and hence it follows from the inductive hypothesis
that ro f € U. Since U is W -invariant, it follows that f € U, and hence Y CU. O

Lemma44. U* = () w(P*)*. Furthermore, U* = (| wP whenever A is a
finite set. wew wew

Proof. Write U* ={v e V| f(v) >0, forall f €U}
={veV|(wg)(v)=0forall¢ € P*andall we W}
={veV|gpw 'v)=>0, forall¢ € P* and all w € W}
= N {veV |¢pw 'v)>0forall ¢ e P*}

wew
= (N {wveV|¢()=0forall ¢ € P*}.
Thus et
(4-2) U*= [ {wveV|ve(P**}.

wew

Let X = span(A). If #A is finite then it follows from Lemma 4.1 that (P*)* = P
It is clear that P is topologically closed; hence (4-2) yields that U* = (", e WP
when A is a finite set. d

Lemma 4.5. Suppose that v € V has the property that (a,v) < 0 for all a € A.
Then wv —v € P forall w € W. Moreover, if v € P thenv € U*.

Proof. Use induction on £(w). If £(w) = 0 then there is nothing to prove. If £(w) > 1
then we may write w = w'r, where w’ € W and a € A with £(w) = £(w') + 1.
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Then Proposition 2.3 yields that w’a € ®* C P, and we have
wv—v = Wryv—v=w'w-21,a)a)—v=(wv—-v)—2a,v)wa.

By the inductive hypothesis, w'v —v € P. Since (a,v) < 0, it follows from the
above that wv —v € P.
If ve P then wv = (wv—v)+v e P forall we W, and hence

ve (| w lPCcU* O
wew
Proposition 4.6 [Fu 2012, Proposition 3.4]. Suppose that x, y € ® are distinct
with x domy, y. Let W' be the dihedral reflection subgroup generated by rx and ry,
and let A(W'") = {a, B}. Then there exists some w € W' such that

wx=a, wx=f,
or
wy= —pf, wy= —ao.
In particular, (x,y) = —(a, b). d

Proposition 4.7. Suppose that x, y € © such that x domy, y. Then w(x —y) €
PLC(A) forall w € W, thatis, x —y € U™,

Proof. The assertion is trivially true if x = y, so we may assume that x # y. Since
x domy;, y, Lemma 3.2(iv) yields that (x, y) > 1. Let W' be the (infinite) dihedral
subgroup of W generated by ry and ry,. Let S(W') = {s,¢} and A(W') = {os, ot }.
Proposition 4.6 yields that («g, ;) = —(x, y) < —1. Set ¢; as in Proposition 3.5
for each i € Z. Since x domy;, y, it follows that (x, y) > 1, and Proposition 3.5(ii)
then yields that there exist integers m and n such that

X=Cp+10s + Cpoty, or X=cCp—105 + Cray,

V= Cm+10s + Cm¥s, V= Cm—10s + CmQ.
Next we shall show that n > m. Suppose for a contradiction that m > n. Then either
x =y (when n = m) or else there will be a w € W’ such that wx € ®(W/')N®~ and
yet wy € ®(W’') N ®F (when n < m), both contradicting the fact that x domy, y.
Since ¢, > ¢ whenever n > m, it follows that x — y € PLC(A). Given the W-
invariance of dominance, for any w € W, repeat the argument with x replaced by
wx and y replaced by wy, we may conclude that w(x —y) € PLC(A) C (P*)*. It
then follows from Lemma 4.4 that x —y € U*. O

When #A is finite, it can be checked that Lemma 4.4 yields that whenever x,
y € ® such that x —y € U*, then x domy,, y. In fact we can remove this finiteness
condition and still prove the same result, and to do so we need some special notations
and a few extra elementary results. We thank the referee of this paper for prompting
us to look in this direction.



COXETER GROUPS, IMAGINARY CONES AND DOMINANCE 357

Notations 4.8. For asubset / of S weset Ay ={x e A|ryel}; Vi =span(Ay);
Wr = (I); and P = PLC(Ay) U {0}. Furthermore, we set

P = {f € Hom(Vy,R) | f(x) >0 forall x € P]};
Pi*={xeVi| f(x)=0forall f € P}}.

Then6; = (V7, Ar, (, )1) (where (, )j is the restriction of (, ) on V) is a Coxeter
datum with corresponding Coxeter system (Wy, I'), and we call W} the standard
parabolic subgroup of W corresponding to /. Clearly Wj preserves V7.

Lemma 4.9. Suppose that I is a subset of S. Then P** N Vy € P/™.

Proof. Write V = V; @ V/, where V] is a vector space complement of V7. Then
every v € V is uniquely written as v = vy + v}, where vy € V7 and v} € V}. Every
g € P/ givesrise toa g’ € P* as follows: for any v € V, simply set g’(v) = g(vy).
Now let x € P** NV} and f € P; be arbitrary. Then f(x) = f’(x) > 0, since
f'€ P*and x € P**. Hence x € P/'*,and so P**NV; C P/ O

Proposition 4.10. Let x, y € ®. Then x —y € U™ if and only if x domy, y.

Proof. By Proposition 4.7 we only need to prove that when x and y are both roots
then x — y € U™ implies that x domy, y. The assertion certainly holds if x = y,
thus we only need to check the case when x # y.

Since dominance and U * are both W -invariant, it follows that we only need to
prove the following statement: if x € &~ then y € @~ too.

Take I = {ry | @ € supp(x) Usupp(y)}, and note that in particular, / is a finite
set. Now in view of Lemma 4.4, Lemma 4.9 and the fact that W} preserves V; we
have

x—ye( N wP**)mV,g( N wP**)mV,g N wP* V)

wew weWy weWw;
kk
C N wP/™= () wky,
weW; weWy

where the equality follows from Lemma 4.1, since [ is a finite set. Thus x —y € Py,
and this implies, precisely, that y € &~ whenever x € ®~. O

Next we have a technical result which is a key component of the main theorem
of this section.

Proposition 4.11. Suppose that x, y € ® are distinct with x domy, y. Then there
exists some w € W such that wx € ®, wy € ®~ and (w(x — y),z) < 0 for all
zedT.

Proof. Clearly it is enough to show that under such assumptions there exists some
w e W with wx € T, wy € ®~ and (w(x — y),z) <0forall z € A.
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Let W’ be the (infinite) dihedral reflection subgroup of W generated by ry and ry,
and let A(W') = {ag, by}. Clearly ag, by € ®T, and Proposition 4.6 yields that

(ao.bo) = —(x,y) < —1; furthermore, there is some u € ({rx, ry}) such that
4-3) u(x)=ao, u(x)= bo,
u(y)=—bo, u(y)=—ao.

At any rate, u(x — y) = ag + bg. Since the W-action preserves ( , ), it follows
that (ag,ao) = 1 = (bo, bg), and hence (ag + bg, ap) < 0 and (ag + bo, by) < 0.
However there may exist some ¢; € A with (ag + bo, c1) > 0. If this is the case,
set ay =r¢ ap and by = r¢, bg. Recall that (d,c1) <O forall d € A\ {c1}, so it
follows that

4-4) c1 € supp(ao) U supp(bo).

Since (ag + bg,c1) > 0, whereas (ag + bo,ao) < 0 and (ag + bo,bo) < 0, it
follows that ag # ¢; and by # c;. Therefore we see that a;, by € ®, and
(a1.b1) = (ap,bo) < —1. Consequently Theorem 2.9(ii) yields that ay, by are
the canonical roots for the root subsystem ®({{rq,,7p, })). Since r¢, (ag + bo) =
ag + bo—2(ag + bg, c1)c1 and (ag + bo, c1) > 0, it follows that

supp(a1) U supp(b1) < supp(ao) U supp(bo)

and
> coeffg(ar) + Y coeffy(b1) < Y coeffy(ag) + Y | coeffy(bo).
aeA a€eA aeA aEeN

Moreover, since (ag + bg, c1) > 0, it follows that at least one of (ag, ¢1) or (bg, ¢1)
must be strictly positive. Hence Lemma 2.7 yields that

dp(ai) +dp(b1) = dp(ao) + dp(bo).

Repeating this process, we can obtain new pairs of positive roots {az, b2}, ...,
{am—ls bm—l}, {am, bm} with

supp(dm) U supp(bp) < supp(am—1) U supp(bpm—1) C - -+ € supp(ag) U supp(bo)

and dp(am) + dp(bm) < dp(am—1) + dp(bm—1) < -+ < dp(ao) + dp(bo). so long
as we can find a ¢, € A such that (a;,—1 + bm—1,¢m) > 0. This process only
terminates at a pair {a,, b, } for some n if (a, + by, z) <0 for all z € A. Now if we
could show that this process terminates at some such {a,, b, } after a finite number
of iterations, then we have in fact found a w € W given by

(4-5) W =re,Tc,_, "+ Tey¥, Where u is asin (4-3),
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satisfying
(w(x—=y),z) = (re, -+"rey(@o +bo),z) = (an + by, z) <0

for all z € A.

Observe that the set of positive roots having depth less than or equal to the specific
bound dp(ag) + dp(bo) and support in the fixed finite subset supp(ag) U supp(bo)
of A is finite; indeed, Lemma 2.7(ii) implies that there are at most

#(supp(ao) U supp(by)) P@0)+dpbo)

such positive roots. Hence it follows that the possible pairs of positive roots {a;, b; }
obtainable in the process above must be finite too. Since

Z coeffy (a;) + Z coeff, (b)) < Z coeff, (a;) + Z coeff, (b;)
acA acA acA acA
for all j > i, it follows that the sequence {ag, bo}, {a1, b1}, ... must terminate at
{an, by} for some finite n, as required.
Finally, keeping w as in (4-5), we see from the construction above that either
wx =a, € ®T and wy =—b, € d",orwx =b, € T and wy = —a, € . O

Definition 4.12. We define the imaginary cone Q of W by
0= {v e U* | (v,a) <0 for all but finitely many a € CI>+}.

The following result was obtained independently by Dyer as a consequence of
[Dyer 2012, Theorem 6.3], stating that the imaginary cone of a reflection subgroup
is contained in that of the overgroup.

Theorem 4.13. Suppose that x, y € ® such that x domy, y. Then x —y € Q.

Proof. By Proposition 4.7 we know that x — y € U™, thus to prove the desired
result, we only need to show that (x — y, z) < 0 for all but finitely many z € ®.
Suppose that z € @ such that (x — y, z) > 0. Let w € W be as in Proposition 4.11.
Then (w(x —y), wz) > 0, and by Proposition 4.11 this is possible only if z € N(w).
Since #N(w) is clearly finite (equal to £(w)), it follows that indeed (x — y,z) <0
for all but finitely many z € ™. O

Remark 4.14. The above theorem is a special case of Dyer’s result when the
subgroup is dihedral. In fact, Dyer’s result, when applied to dihedral reflection
subgroups, implies that if x and y are roots with x domy, y, then x —cy € Q for an
explicit range of ¢ € R depending on the value of (x, y). Our formulation was first
suggested to us by Howlett and Dyer, and we gratefully acknowledge their help.

Theorem 4.13, combined with Proposition 4.10, immediately implies this:

Corollary 4.15. Let x, y € ®. Then x —y € Q if and only if x domy;, y. O
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Remark 4.16. By Proposition 4.10 and Corollary 4.15, when x, y € &, it is
impossible for x —y tobe in U* \ Q.

Corollary 4.17. Suppose that x, y € ® are distinct. The following are equivalent:

(i) Whenever x domy, z domy, y for some z € ®, then either z = x or z =y (thus
forming a cover of dominance);

(i1) There exists a w € W such that wx € Do and wy € —Dy.

Proof. Suppose that (i) is the case. Let w be as in Proposition 4.11 above. First
we show that then wx € Dg. Suppose for a contradiction that wx ¢ Dy, and let
z € D(wx). Then Proposition 4.11 yields that wy € ®~ and (wy, z) > (wx,z) > 1.
Hence it is clear that z domy, wy. But this implies that x domy, wlz domy, y
with x # w~!z # y, contradicting (i). Therefore wx € Dy, as required. Exchanging
the roles of x and —y we may deduce that wy € —Dy.

Suppose that (ii) is the case and suppose for a contradiction that there exists
some z € @\ {x, y} such that x domy, zdomy, y. Let w € W with wx € Do and
wy € —Dyg. If wz € ®T then Lemma 3.2(ii) yields that wx domy, wz, contradicting
the fact that wx € Dg. On the other hand, if wz € ®~, then parts (ii) and (iii) of
Lemma 3.2 yield that —wy domy,, —wz € @™, contradicting the fact that —wy € D.

O

Observe that applying Corollary 4.17 to arbitrary reflection subgroup W’ of W
yields the following:

Corollary 4.18. Suppose that W' is a reflection subgroup of W with x and y €
O(W') being distinct. The following are equivalent:

(i) Whenever x domy,, zdomy,, y for some z € ®(W'), then either z = x or
z=1y;

(ii) There exists aw € W' such that wx € Dy,o and wy € —Dwy. O

Definition 4.19. Suppose that W' is a reflection subgroup of W and x, y € ®(W’)

satisfy both (i) and (ii) of Corollary 4.18. Then we say that the dominance between
x and y is minimal with respect to W’.

Proposition 4.20. Suppose that x, y € ® are distinct with x domy,, y, and let W'
be the dihedral reflection subgroup generated by ry and ry. Then the dominance
between x and y with respect to W' is minimal.

Proof. 1t follows from Corollary 3.3(ii) that x domy,, y, and hence Lemma 3.4
yields that W' is infinite dihedral. Let A(W’) = {«a, B}. Then Proposition 3.17(i)
yields that Dy o = {c, B}.

On the other hand, it follows from Proposition 4.6 that there is some w € W'

such that
wx=a, wx=>b,

wy= —b, wy= —a;
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consequently Corollary 4.18 yields that the dominance between x and y with respect
to ({rx,ry}) is minimal. O

From this proposition we may deduce:

Proposition 4.21. Suppose that x € ®1 with D(x) = {x1,X2....,Xm}. For each
ief{l,2,....m},set Wy = ({rx,rx;}). Then W; # W; wheneveri # j.

Proof. Foreachi € {1,2,...,m}, set {s;, t;} = S(W;). Suppose for a contradiction
that W' = W; = W, for some i # j. Then we may write {s,7} = {s;,;} = {sj.1;}.
Corollary 3.3(ii) yields that x domy, xj forall k €{1,2,...,m}, and since there is
no nontrivial dominance in finite Coxeter groups, it follows that Wy, Wa, ..., Wy
are all infinite dihedral reflection subgroups. Hence it follows from Proposition 4.5.4
of [Bjorner and Brenti 2005] that (g, ot;) < —1. Set ¢; as in Proposition 3.5 for
each n € Z. Since x domy;, x; and x domy;, x;, Proposition 3.5(ii) yields that either

X = Cmls + Cm+10¢, X = Cmls + Cm—10¢,
Xi=Cm s + Cp/ 101, or Xi = Cm/0s + Cm/—10,
Xj=Cm»Cs + Cm 4104, Xj=Cm"0s + Cm—104,

for some distinct integers m, m’ and m”. Observe that in either case (x;, x;) > 1,
and therefore there will be (nontrivial) dominance between x; and x;. Without loss
of any generality, we may assume that x domy, x; domy, x;. Then

X domW/ X domw/ x]'
by Corollary 3.3(ii), contradicting Proposition 4.20. O

We close this paper with an alternative characterization for the imaginary cone Q
when #A < oo.

Proposition 4.22. [f#A < oo then
4-6) Q={wv|weWandv € P suchthat (v,a) <0 foralla € d*}.

Proof. First we denote the set on the right-hand side of (4-6) by Z, and for each
b € P, define Pos(b) = {c € ®* | (b, c) > 0}. Recall that, under the assumption
that #A < oo, Lemma 4.4 yields that

0= {v € ﬂ wpP ‘ (v,a) < 0 for all but finitely many a € &} .
wew

Let u € Q be arbitrary. Since #A < oo, it follows from Lemma 4.4 that u € P.
If Pos(u) = @, then trivially u € Z. Therefore we may assume that Pos(u) # &,
and proceed by induction on # Pos(u) (this is only possible because u € @, and so
#Pos(u) < 00). Let a € A be chosen such that (1, a) > 0. Then it can be readily
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checked that Pos(rgyu) = rg(Pos(u) \ {a}). Thus the inductive hypothesis yields
that rou € Z. Clearly Z is W-invariant, and so u € Z, and hence Q C Z.
Conversely, if x € Z, then x = wv for some w € W and v € P such that
(v,a) <0 forall a € A. Lemma 4.5 yields that v € U*, and since U* is clearly
W -invariant, it follows that x € U*. Suppose that y € &+ with (x, y) > 0. Since
(x,y) = (wv, y) = (v,wy), and since (v,a) <0 for all a € &1, it follows that
w~ly € & and thus y € N(w™!). The finiteness of the set N(w™!) then implies
that x € Q, and hence Z C Q. O
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