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ORBIFOLDS WITH SIGNATURE (0; k, k"', k", k™)

ANGEL CAROCCA, RUBEN A. HIDALGO AND RUBI E. RODRIGUEZ

Two interesting problems that arise in the theory of closed Riemann sur-
faces are (i) computing algebraic curves representing the surface and
(ii) deciding if the field of moduli is a field of definition.

In this paper we consider pairs (S, H), where § is a closed Riemann
surface and H is a subgroup of Aut(S), the group of automorphisms of
S, so that S/H is an orbifold with signature (0; k, k"1, k", k™) where
k, n > 2 are integers.

In the case that S is the highest abelian branched cover of S/H we
provide explicit algebraic curves representing S'. In the case that k is
an odd prime, we also describe algebraic curves for some intermediate
abelian covers.

For k = p >3 aprime and H a p-group, we prove that H is a p-Sylow
subgroup of Aut(S), and if p > 7 we prove that H is normal in Aut(S).
Also, when n # 3 we prove that the field of moduli in such cases is a field
of definition. If, moreover, § is the highest abelian branched cover of
S/H , then we compute explicitly the field of moduli.

1. Introduction

A closed Riemann surface S of genus g > 2 may be described by many different
objects, for instance, by algebraic curves (by the Riemann—Roch theorem [Farkas
and Kra 1992]), by torsion-free cocompact Fuchsian groups (by the Koebe—Poincaré
uniformization theorem [Koebe 1907a; 1907b; Poincaré 1907]), by Schottky groups
(by the retrosection theorem [Bers 1975; Koebe 1907b]), or by certain principally
polarized abelian varieties (by the Torelli theorem [Torelli 1913; Weil 1956]).
In general, to provide different explicit representations for the same Riemann
surface has been a difficult problem, in spite of huge efforts to solve it. It seems
that Burnside [1893] and Klein [1878] provided the first examples of algebraic
curves and Fuchsian groups, both representing the same Riemann surfaces. In
many cases, the group Aut(S) of automorphisms of S and its subgroups play
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a fundamental role in finding algebraic curves representing S. For instance, if
S/ Aut(S) has signature of the form (0;r, s, ¢), then there are known examples
having an explicit Fuchsian group and an explicit algebraic curve, both representing
S [Burnside 1893; Klein 1878] (we also recommend reading [Karcher and Weber
1999]).

A field of definition of S is a subfield K of C for which it is possible to find
an irreducible nonsingular projective algebraic curve representing .S, defined by
polynomials whose coefficients belong to IK. If C is an algebraic curve describing S,
then the field of moduli of S is defined as the fixed field of the group of field
automorphisms ¢ of C such that C and C? are isomorphic, where C? is the
algebraic curve defined as the zeroes of the polynomials obtained from the ones
defining C after o acts on their coefficients. The field of moduli is always contained
in any field of definition, but it may happen that the field of moduli is not a field of
definition.

In this article we study closed Riemann surfaces S admitting subgroups H <
Aut(S) so that S/ H has signature (0; &, k"= k", k™), where n, k > 2 are integers.
For k = 2 this type of surface was considered in [Carvacho 2010; Gonzélez-Diez
and Hidalgo 1997] to provide examples of closed Riemann surfaces admitting
topologically equivalent but conformally nonequivalent cyclic groups of order 2”.

In the general case, if S is the homology cover of S/H, then we compute the
field of moduli and we give explicit algebraic curves for .S. These explicit algebraic
curves for homology covers allow us to find algebraic curves for those Riemann
surfaces S admitting an abelian group G < Aut(S) such that S/G has signature
(0; k, k"1, k", k™). We describe such a situation for the case that k is a prime and
G = 7j X Zyn. Also, for k an odd prime, we describe the group Aut(S) and we
prove that the field of moduli of S is in fact a field of definition.

In this article we will use letters such as S, R, S to denote (closed) Riemann
surfaces, orbifolds will usually be denoted using italic letters such as O, 0 or as
S /H (where S is a Riemann surface and H < Aut(S)), groups will be denoted by
letters such as H, I', G, etc.

2. Preliminaries

2.1. Orbifolds. An orbifold is atuple O = (S, {(p1.k1),...,(Pn,kn),...}) where
(1) S is a Riemann surface, called the Riemann surface structure of O, (ii) { p1, p2,...}
C S is a collection of different isolated points, called the cone points of 0, and
(iii) each k;j > 2 is an integer, called the cone order of p;. An orbifold of signature
(y:ky,...,kp) is given by an orbifold O = (S, {(p1,k1),-.., (Pn,kn)}) where S
is a closed Riemann surface of genus y. An orbifold without cone points is just a
Riemann surface.
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A conformal homeomorphism between two orbifolds, say 01 = (S1,{(p1,k1), ...,
(Pn.kn),...}) and Oy = (S2.{(q1.11),....(gn.ln),...}), is a conformal homeo-
morphism between S and S, (the corresponding Riemann surface structures),
sending cone points to cone points, and preserving the cone point orders. If
0, = 0, = 0, then we speak about a conformal automorphism of the orbifold O.
We use the notation 0y = 05 to indicate that 0 and O, are conformally equivalent
orbifolds.

We denote by Auty, (0) the group of conformal automorphisms of the orbifold O.
If S is the conformal Riemann surface structure of O, then we denote by Aut(S) its
group of conformal automorphisms. There is a natural inclusion Auty, (0) < Aut(S),
but in general these two groups are different.

If O is an orbifold and H < Auty(0) acts discontinuously on the Riemann surface
structure, then the quotient O/ H may be seen again as an orbifold as follows. We
denote by 7 : 0 — O/ H the canonical quotient map. A cone point of O/ H may be
obtained in two different ways. In the first case, if p € 0 is not a cone point and
it has nontrivial H-stabilizer H(p), then 7 (p) is a cone point with order equal to
the order of H(p). In the second case, if p € O is a cone point of order n and its
H -stabilizer has order m, then 7(p) is a cone point with order equal to nm.

The orbifolds we consider in this paper are the good orbifolds in Thurston’s
terminology; they are obtained as quotient spaces 0 = S / F, where S is a (not
necessarily closed) Riemann surface and F < Aut(§ ) is a discontinuous group of
conformal automorphisms of S. The cone points are those equivalence classes of
points of S with nontrivial F-stabilizer.

2.2. Homology covers. Good orbifolds admit as (branched) universal cover either
the Riemann sphere, the complex plane or the hyperbolic plane; this is a conse-
quence of the classical uniformization theorem. Let us consider a good orbifold
0= (S.{(p1.k1),...,(pn,kn)}) of signature (y;k1,...,ky). The first (orbifold)
fundamental group of O is

2-1) n;“b(@):<a1,...,ay,ﬂl,...,ﬁy,sl,...,(sn:

Y n A .
H[aj’ﬁj]n5k=511="'=5n"=1>,

Jj=1 k=1
wherem(S):(ozl,...,Oly,,Bl,...,,By: jzl[aj,ﬂj]:1>’ with [a,b]=aba='b~,
and the element 8} represents a simple small loop around p; in S —{p1. ... pal},

foreach j =1,...,n.

It is clear that to each normal subgroup N of finite index of nfrb(G) there
corresponds an orbifold O and a finite group H < Auty,(0), so that 0 = O/H.
Observe that H is isomorphic to ni’rb(@) /N. When N = ni’rb((@)’ (the derived
subgroup of ni’rb (0)), the corresponding cover orbifold 0 is called the homology
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orbifold cover of 0. We will be interested only in the particular case when the
homology orbifold cover is a closed Riemann surface (i.e., there are no cone points),
in which case we call it the homology cover of O, and say that O is a homology
orbifold.

Clearly, the homology orbifold cover of O is the homology cover if and only
if nfrb (0)' has finite index in JT(I)rb (0) and it acts freely on the universal cover space
of 0. The finite index condition is equivalent to the condition that the underlying
Riemann surface structure of O is the Riemann sphere; that is, y = 0. The free
action condition is equivalent to the following one.

Theorem 1 [Maclachlan 1965]. Let O be an orbifold of signature (y;ky, ..., k).
Then Jrfrb (0)' is torsion-free if and only if

(2-2) ICIIl(kl, . 7kj—lakj+19 ce ,kn)zlcm(kl, . ,kn) forall ] = 1, Y /N
The homology cover (when it exists) is the highest abelian Galois cover of O.

2.3. Fuchsian groups. The basic theory of Fuchsian groups may be found, for
instance, in the classical book [Beardon 1983]. A cocompact Fuchsian group acting
on the upper half-plane H? is a discrete group I' < PSL(2, R) such that H?/ T is
an orbifold of some signature; that is, the underlying Riemann surface is a closed
Riemann surface. It is known that a cocompact Fuchsian group I has a presentation
of the form
(2-3)
V4 n
P =(arbi.oay by 8c [lag by 1 & =67 =+ =8k =1),
j=1 j=1
where y and n are nonnegative integers, the k; > 2 are integers, and 2y —2 4n —
27=1 kj_l > 0. The tuple (y; k1, ..., ky) is known as the signature of I (this is
the signature of its quotient orbifold H?/ I).

An orbifold O is of hyperbolic type if there is a cocompact Fuchsian group I" so
that 0 = H?/ I". By the Poincaré—Koebe uniformization theorem [Koebe 1907a;
1907b; Poincaré 1907], every orbifold with signature (y; k1, .. ., ky) is of hyperbolic
type if and only if 2y =2 +n—37_; ki > 0.

By the hyperbolic area of a Fuchsian group I' (respectively, of a hyperbolic orb-
ifold) of signature (y; k1, ..., ky) we refer to the hyperbolic area of a fundamental
polygon domain for it; it is given by

(2-4) A(F):Zn(2y—2+2(l—%)).
j=1 J

We say that a cocompact Fuchsian group I', with presentation (2-3), is a homology
Fuchsian group if y = 0 and it satisfies Maclachlan’s conditions (2-2). In other
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words, homology Fuchsian groups are exactly those cocompact Fuchsian groups
providing a Fuchsian uniformization of a hyperbolic homology orbifold of genus
zero. If " is a homology Fuchsian group of signature (0; k1, ..., k), then the
homology cover of the homology orbifold 0 = H?/ T is S = H?/ I, where I"/
denotes the derived subgroup of I'.

2.4. Fields of moduli and fields of definition. As a consequence of the implicit
function theorem, every irreducible nonsingular projective algebraic curve defines a
closed Riemann surface; conversely, by the Riemann—Roch theorem, every closed
Riemann surface may be described by an irreducible nonsingular projective algebraic
curve. It is this equivalence which allows the work in the analytical and in the
algebraic settings in a parallel way.

Let C be an irreducible nonsingular projective algebraic curve, say defined by
homogeneous polynomials Pq,..., P,, each one with coefficients in a subfield
K < C. Let g denote the genus of the closed Riemann surface corresponding
to C. If 0 € Aut(C/Q), the group of field automorphisms of C, then we may
consider the new polynomials P{, ..., P7, where the coefficients of ij’ are the
corresponding images under o of the coefficients of the original polynomial P;.
The algebraic curve C?, defined by these new polynomials, is still an irreducible
nonsingular projective algebraic curve, and it defines a new closed Riemann surface
of genus g. It is not difficult to see that if C is another irreducible nonsingular
projective algebraic curve that is birationally equivalent to C, then C° and C? are
also birationally equivalent. Therefore, a natural action of Aut(C/Q) is defined on
the moduli space of genus g. The stabilizer of the moduli class of C under such
action is the subgroup

Ke ={o € Aut(C/Q): C = C%} < Aut(C/Q).

The fixed field of K¢, denoted by M(C), is called the field of moduli of C.

A subfield K of C is called a field of definition of C if there is an irreducible
nonsingular projective algebraic curve C defined over [ which is birationally
equivalent to C. At this point it is important to note that it is not clear that given
a field of definition L < C of C there is a smaller subfield F < L which is again a
field of definition of C.

The field of moduli M(C) is contained in any field of definition of C, and it
coincides with the intersection of all fields of definition of C [Koizumi 1972].
Moreover, there is a field of definition of C' which is an extension of finite degree
of the field of moduli [Débes and Emsalem 1999; Hammer and Herrlich 2003].

If g =0, then C = P!, so in this case M(C) = Q is a field of definition. If g =1,
then C is equivalent to an (affine) elliptic curve E, = { y? =x(x = (x —n)},
where n € C—1{0,1}. If j(n) = (1 —n+1n?)3/n?(n—1)? is its j-invariant and
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at = 270

Jm—=1
then E, is also described by Dy, = {y? = 4x3 —a(n)x —a(n)}. It follows that
Q(j (n)) is a field of definition for £;. Moreover, if o € Aut(C/Q) and E} = Es(y)
is conformally equivalent to £, then they must have the same j-invariant; that
is, o (j(n)) = j(n). It follows that M(C) = M(Ey) = Q(j(n)) is also a field of
definition.

In genus g > 2, the situation is more difficult. There are examples for which
the field of moduli is not a field of definition [Earle 1971; Huggins 2007; Shimura
1972]; all of the examples there are hyperelliptic curves. It is stated in [Earle
1971] that there are examples of nonhyperelliptic Riemann surfaces with the same
properties, but no explicit one is given. An explicit example of a nonhyperelliptic
Riemann surface of genus g = 17 which cannot be defined over R and whose field
of moduli lies inside R is given in [Hidalgo 2009] (this example is related to the
hyperelliptic example in [Earle 1971]).

A. Weil [1956] provided the following sufficient and necessary conditions for
the moduli field to be a field of definition.

Theorem 2 [Weil 1956]. Let C be an irreducible nonsingular projective algebraic
curve defined over a finite Galois extension L of its field of moduli M(C). If for every
o € Aut(L/M(C)) there is a biholomorphism fy : C — C? defined over L such
that the compatibility condition frs = f o fr holds for all o, T € Aut(L/M(C)),
then there exists an irreducible nonsingular projective algebraic curve E defined
over M(C) and there exists a biregular map F : C — E, defined over L, such that
F°o f, = F.

As a consequence of Theorem 2, it follows that if C has no nontrivial auto-
morphism, then it may be defined over its field of moduli. Unfortunately, if C
has nontrivial automorphisms, then it is a very difficult task to check whether
Weil’s conditions hold. But if C/ Aut(C) has signature of the form (0;a, b, ¢)
(quasiplatonic surfaces, or platonic if some cone order is equal to 2), then C may
be defined over its field of moduli [Coombes and Harbater 1985; Wolfart 2006].

Consider a (branched) holomorphic covering between closed Riemann surfaces,
say f : S — R. Assume S and R are given by fixed algebraic curves and that R is
defined over M(S). For each o € Aut(C/M(S)) we may consider the (branched)
holomorphic covering f° : S — R° = R. We say that they are equivalent
coverings, denoted by { f? : S — R} =~ {f : S — R}, if there is a holomorphic
isomorphism ¢4 : S — S so that f° o¢py = f. The field of moduli of f :S — R,
denoted by M(f : S — R), is the fixed field of the subgroup

K(f:S—R)={0€Aut(C/M(S)):{f7:S° > R} ={f:S — R}}.
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It is clear from the definition that MI(S) < M(f : S — R), but in general they
may be different fields. For the particular case that R = .5/ Aut(S) and S has genus
at least two, the following is well known (a direct consequence of Theorem 2).

Theorem 3 [Debes and Emsalem 1999]. If C is an irreducible nonsingular projec-
tive algebraic curve of genus g > 2, then there exists an irreducible nonsingular
projective algebraic curve Cy, defined over M(C), and there exists a Galois cover
[ C — Cy, with Aut(C) as deck group, so that M(f : C — Cy) = M(C).
Moreover, if (Cy)s denotes the branch locus of [ and if Cy — (Cy)s contains at
least one M(C)-rational point, then M(C) is also a field of definition of C. Such a
curve C1 is called a canonical model of C / Aut(C).

3. Main results

Let S be a closed Riemann surface and let Hy, H, < Aut(S). We say that H; and
H, are (weakly) topologically equivalent (respectively, conformally equivalent) if
there is an orientation preserving self-homeomorphism (respectively, conformal
automorphism) /2 : S — S so that H, = fH; f~!. If H < Aut(S), then we denote
by Autg (S) the normalizer of H in Aut(S).

3.1. p-groups of automorphisms. A regular cover of an orbifold O is a closed
Riemann surface S together with a group H of conformal automorphisms such
that the quotient orbifold S/ H is isomorphic to O. In the case that H is an abelian
group, we say that the regular cover is an abelian cover of the orbifold. In this
section we consider regular p”*1-covers of orbifolds of type (0; p, p"~ 1, p", p™),
where n > 2 and p is an odd prime; that is, H is a p-group of order p"*!. The
interest in this type of example is that examples were constructed in [Carvacho
2010; Gonzélez-Diez and Hidalgo 1997] of closed Riemann surfaces S admitting
topologically equivalent but conformally nonequivalent cyclic groups of order 2”1,
where n > 2, so the quotient of .S by the 2-group generated by these two cyclic
subgroups is an orbifold with signature (0; 2,27, 27+1 2n+1),

Let S be a closed Riemann surface and let H < Aut(S) be a p-group such that
S /H has signature of the form (0; p, p"~1, p™, p"), with n > 2, and consider the
regular branched cover P : S — @, with H as deck group.

Since n > 3, then (up to left composition by a suitable Mobius transformation)
we may assume that the branch values of P are oo of order p, 0 of order p"~!,
and 1 and some A € C — {0, 1} are the ones of order p”. The choice of A is not
unique, but the only other possible choice is 1/A.

Theorem 4. Let p > 3 be a prime and let n > 2 be an integer. Consider a closed Rie-
mann surface S with a subgroup H < Aut(S) such that H is a p-group with S /H
of signature (0; p, p"~1, p, p™). Let . € C—{0, 1} be as defined above. Then:
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(1) H is a p-Sylow subgroup of Aut(S). In particular, if Hy, H, < Aut(S) are
p-groups with S /Hj of signature (0; p, p"~1, p", p™), then Hy and H, are
conformally equivalent.

2) If n = 3, then
(a) Autg(S) = H for A # —1,

(b) [Autg (S): H] € {1,2} for A = —1.

) Ifn =2, then
(@) [Autg (S): H] €{1,2} for A # —1,

(b) [Autg (S): H]€{1,2,4} for A = —1.

@) If p = po, where
(@) po=7forn=2,and
(b) po =5 forn=>3,
then Autg (S) = Aut(S).

Remark 5. In the case A = —1 and n > 3, part (2) of Theorem 4 asserts that
either Autg (S) = H or [Autg(S) : H] = 2. In the last case, S/ Autg (S) has
signature (0;2p,2p" 1, p™), which is a maximal signature [Singerman 1972], so
Autg (S) = Aut(S).

3.2. Normality condition. Let S be a closed Riemann surface and H < Aut(S).
Let M(S, H) denote the locus in the moduli space M(S) of S consisting of those
classes of Riemann surfaces S admitting a group H of conformal automorphisms,
which is topologically equivalent to H. In general, one should expect that (S, H)
is a singular variety. The following shows that this is not the case if H is a p-group
and S/H has signature (0; p, p"~ 1, p", p™).

Corollary 6. Let p > 3 be a prime and let n > 2 be an integer. Consider a closed
Riemann surface S and let H < Aut(S) be a p-group such that S /H has signature
0; p, p™= 1, p", p™). Then M(S, H) is a normal subvariety of M(S).

Proof. The normality condition for AL(S, H) is equivalent to the following property:
given any two pairs (S, H;) and (S,, H>), where S; is a closed Riemann surface
(of the same genus as §) and Hj is a p-group of conformal automorphisms of
S; so that S;j/Hj has signature (0; p, p"~1, p", p™), and there is an orientation
preserving homeomorphism f : S; — S, with fH; f~! = H,, then f may be
replaced by a biholomorphism with the same properties. This property is exactly
what part (1) of Theorem 4 states. O

3.3. Homology rigidity.

Corollary 7. Every orbifold of signature (0; p, p"~1, p", p"*), where p > 3 is a
prime and n > 2 is an integer, is uniquely determined, up to conformal equivalence,
by its homology cover Riemann surface.
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Proof. A consequence of part (1) of Theorem 4. O

Remark 8 (Torelli’s theorem). Let O be an orbifold of signature (0; p, p" !, p"., p"),
where p > 3 is a prime and n > 2 is an integer. As any two homology covers of O
are conformally equivalent Riemann surfaces, we may define the Jacobian of O,
denoted by J(0), as the Jacobian of any of these covers. It follows that J(0) is
uniquely determined, up to equivalence of principally polarized abelian varieties,
by 0. As a consequence of Torelli’s theorem, J(0) determines the conformal class
of the homology cover of O and, by Corollary 7, it also determines the conformal
class of 0. In this way, a kind of Torelli’s theorem is obtained for this class of
orbifolds. We may wonder how to describe the Jacobian of O in terms of multivalued
holomorphic differential forms so that it looks more similar to the construction for
the case of Riemann surfaces. In order to do this, we use as homology the orbifold
homology group

Hlorb (@) — ni)rb (@)/T[?rb (@)/’

and as holomorphic forms those multivalued holomorphic forms whose liftings to
the homology cover define the holomorphic one forms of it.

3.4. Algebraic curves in the abelian case. Curves for the hyperelliptic homology
covers and for the homology covers of homology orbifolds with triangular signature
have been described in [Hidalgo 2012]. Algebraic curves for the homology covers of
orbifolds with signature of the form (0; &, ..., k) have been obtained in [Gonzilez-
Diez et al. 2009]. We next provide the algebraic curves for the homology covers
of orbifolds with signature (0; k, k"1 k" k™), where k, n > 2 are integers. As a
consequence of the results in [Hidalgo 2012], the homology covers of such orbifolds
cannot be hyperelliptic. Note that if R is the homology cover of such an orbifold O,
then O = R/H, where H = Zy X Zyn—1 X Zn.

Theorem 9. Let k, n > 2 be integers and let O be an orbifold with signature
(0; k, k"1 k" k™). Denote by R a homology cover of 0, let H < Aut(R) be so
that R/H = 0, and let P : R — O be the Galois cover with H as deck group. We
may assume (up to a Mobius transformation) that the cone points of O (that is, the
branch values of P) are given by the points 0, 1, oo and A € C—{0, 1}. We may also
assume that oo is the cone point of order k., that 0 is the cone point of order k!
and that 1 and A are the cone points of order k".
Then R is represented by the (singular) projective algebraic curve

_ 1 pn_gn—1
A T )
Cy: c P,

—1_ —1 —1
kzloczfn k+z{‘n —{-Z];n =0
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H is generated by the projective linear transformations
ao([z0:z1 1221 23]) = [p120 1 21 1 22 1 z3),
bo([z0:z1:22:23]) = [20 & pu—121:22: 23],
co([zo:z1:22:23)) =[z0 1 21 : pnz2 : 23],

where pg = 271/ K

is represented in this model by

A
P(zo:z1:22:23]) = —(1—)

k _kn—1—k
2073

, for each positive integer s, and the branched covering map P

The only singular point of the above curve is[1 :0:0 : 0].

Theorem 9 may be used to find algebraic curves for closed Riemann surfaces S
admitting an abelian group G' < Aut(.S') whose quotient orbifold S /G has signature
of the form (0; k, k"=, k", k™). In fact, let Q : S — S/G = O be a regular abelian
branched cover with G as deck group. Let R be the homology cover of O, let
P : R — O be the regular abelian branched cover, with deck group H < Aut(R).
Then there exists a subgroup K < H, acting freely on R and so that G =~ H/K,
and there exists a regular unbranched cover F' : R — S, with K as deck group,
satisfying P = Q o F. As we have explicit curves for R and an explicit presentation
for H, the classical invariant theory permits us to obtain explicit algebraic curves
for S and an explicit presentation of G. We show an application in the next section.

3.5. Families with Galois group of order p"*1. As mentioned before, we are in-

terested in regular p"*!-covers of orbifolds of type (0; p, p"~ 1, p™, p"), where n >
2 and p is an odd prime. In Section 9 we will see that the algebraic structure of
the corresponding groups of order p"*! is restricted to only two algebraic types: a
direct or a semidirect product of Z,» and Z,. The geometric types (classified by
either geometric signature or generating vector for the corresponding action) are
more varied: four different types are found in each algebraic case.

We study the corresponding families of Riemann surfaces, giving their algebraic
curves in the abelian case.

The next result makes the above more explicit for the case when G = Z;, X Zpn,
where p is a prime. As we will see in its proof, this is a heavy computational
procedure, but not a hard one.

Theorem 10. Let S be a closed Riemann surface admitting a group G < Aut(S)
such that G = (A, B : AP = BP" =[4,B]=1) =lpxZpnand 0 = S/G isan
orbifold with signature (0; p, p"~1, p", p™), where n > 2 and p is an odd prime.
Let R be a homology cover of 0, let H < Aut(R) be so that R/H =0. Let K < H
be the normal subgroup so that S = R/K and G = H/K.
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) IfK;anfl,thereexist,B e{1,2,...,p”_1—1},a€{0,1,...,p—1}and

qgel{l,....[(p"=1)/pl}, with (B, p) =1=(p, q), such that a (singular) projective
algebraic curve representation of S is given by one of the following two families.

(@) If a = 0, there exists A in C, with A # 0, 1, such that

{ (A_l)wéj—wf*“w;:o}cm
. n—1 n—1
(= DI (Wl +wh)?w? _ﬂ+wf wg“"ﬂzo

and the action of G is generated by the projective linear transformations
A([wo 1wy twa tws3)) =[prwo t wy wy tws,
n—1_
B([wo : wy :wy :w3]) = [wo : prwy : pf Pwy iy,

where py = 27/ P*  The regular branched covering map Q : S — S/G in
this model is represented by

p p
Wy + w
O([wo : wy twy : w3)) = —2——
Wy

The singular points of the above curve are given by the (p + 1) points
[0:0:1:0]and[1:0:0:(1—1)!/P).

(b) If o > 0, there exists A in C, with .. # 0, 1, such that

+1
(D7 p_ . p\q, P =B, B—pa _
v +m(kvl —v3)%v; v; =0
S: (et cp?
p. p(p"—B)+ap—p - p_ . P\p'— P_ Py _
v U3 + G )etr B (vg—v3)? ﬂ(kvo—v3 )* =0
and the group G is generated by the transformations
A(vo vy :vp i v3]) =[vo vy 2 pf Py ),
n—1 n—1__
B(lvg:vy:va:vs])) =[pF wvo:pf Boi s i vs).
The regular branched covering map Q : S — S /G in this model is repre-
sented by
o( p= et
Vo:iV iV iV3]) = —5—.
0:V1:V2:03 v(l)’ n Uf
Q) If K = pn—2 X Zp, there exist A in C, with A # 0,1, and integers y,v €

{1,..., p— 1} such that a (singular) projective algebraic curve representation of S
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is provided by the plane projective curve

(=P ey "' (p-y), p?
{m(“g +u3) uy " (= Dug —u3)

n N(p_ny_ 2
_|_u11v ué’ (p—y—D+p+p-v =0} C [|3>2,
and the group G is generated by the transformations

A(luo tuy uz]) = [pruo tuy 1uz],  B([uo tuy tuz]) =[ug : puuty uz).
The regular branched covering map Q : S — S/ G in this model is represented by
o( I

Ug - U - U|) = —F5— .
ug + uf
3.6. Field of moduli. 1f S is a closed Riemann surface, then it follows from the
Riemann—Roch theorem that .S may be described by an irreducible nonsingular
projective algebraic curve C. It is clear from the definition that we may define the
field of moduli of S as the field of moduli of C and a field of definition of S as a
field of definition of C.

Theorem 11. Let p > 3 be a prime, n > 3 be an integer, S be a closed Riemann
surface, and H < Aut(S) be a p-group with S | H of signature (0; p, p"~1, p™, p™).
Then S may be defined over its field of moduli.

Remark 12. Under the hypotheses of Theorem 11, if Auty,(S/H) is nontrivial,
then S/H admits an extra conformal involution J such that (S/H)/{J) is the
orbifold whose underlying Riemann surface is @, with exactly three cone points (of
orders 2p, 2p" ! and p™). It follows that S is a Belyi curve and hence it may be
defined over a finite extension of Q.

Our next result computes the field of moduli for the homology covers of orbifolds
with signature (0; p, p"~1, p™, p"), where p > 3 is a prime and n > 2.

Theorem 13. Let p > 3 be a prime and n > 2 be an integer. For each A € C—{0, 1},
let Cy, be as in Theorem 9 with k = p. Then:

(1) Gy, =Cyforh,ueC—{0,1} ifand only if € {A, 1/A}.
(2) M(Cy) = QA +171).
(3) MI(Cy) is a field of definition for Cj.
Theorem 13 will be proved using arguments similar to those given by Débes and
Emsalem in the proof of Theorem 3. In our case, we do not consider the quotient

by the full group of automorphisms, but just the quotient by the abelian group H
in Theorem 9.
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4. Proof of Theorem 4

Proof of part 4. As previously noted, there is a regular branched cover P : S — @,
with H as deck group, so that its branch values are oo of order p, 0 of order p"~ !,
1 of order p” and A of order p”. Let us denote by 0y, the orbifold whose underlying
Riemann surface is C and whose cone points are oo of order p, 0 of order p"~ 1, 1
of order p™ and A of order p”; thatis, Oy = S/H.

If H is not a p-Sylow subgroup, then there is some H <1 K < Aut(S), where
K is a p-group and [K : H] = p. It follows that there is an automorphism of order
p > 3 of the orbifold 0;. As there are no three cone points with the same order,

this is impossible. O
Proof of parts (2) and (3). If n > 3, then it is easy to see that

{1}, AeC—{0,£1},
(t(z) =—z), A=-1.

Since Autg (S)/H < Auty(0)), it follows that

H, LeC—{0,+1},
K, h=-1,

Auto (0y) = {

Autg (S) = {
where [K : H] € {1, 2}.
If n = 2, then
{a(z) =4 /z), A eC—{0,£1},
(T(Z)=—Z,ﬁ(2)=—1/2), )\'=_1
Again as Autg (S)/H < Auty(0)), it follows that

Autor (@k) = {

H, AeC—{0, 1},
Autg(S) =1 A
utg (S) {K, =1,
where [H : H] € {1,2} and [K : H] € {1,2,4}. O

Proof of part (4). As a consequence of the results in [Leyton and Hidalgo 2007],
there exists a prime pg such that the group H is a normal subgroup in Aut(.S) for
P = po; that is, Aut(S) = Autgy (S). Next, we proceed to prove that py may be
chosen as desired.

Let p > 3 be any odd prime. We already know that H is a p-Sylow subgroup
of Aut(S) and that S/H has signature (0; p, p"~ !, p”, p™). If S/ Aut(S) has
signature of the form (0;a, b, ¢, d), then it follows from Singerman’s list [1972] of
maximal Fuchsian groups that (0;a, b, ¢, d) = (0; p, p" 1, p™, p™) and, in particu-
lar, that H = Aut(S).

Thus we need only take care of the case when S/ Aut(.S) has signature of the
form (0; r, s, ¢). In this case, at least one of the values r, s, ¢ should be a multiple of
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p". We may assume ¢ = kp”", where k is a positive integer. We may also assume
that 2 < r < s and, moreover, that if r = 2, then s > 3. Let

D = [Aut(S) : H].

If D =2, then clearly Autg (S) = Aut(S).
From now on assume that D > 3. Riemann—-Hurwitz (hyperbolic area comparison)
asserts that

111 11 2
(4-1) D(1—-—-— =2 =,

where both sides are necessarily positive.

Lemma 14. If either

() p=17,0r

2) pe{3,5}andn >3,

then D < 11.

Proof. Assume D > 12. As (r,5) # (2, 2), it follows from (4-1) that

D 1 1 -5 1 | 2
6 kpn ) = p  prl pr

Since the quantity in parentheses is positive, the last inequality implies that

12
k< ——mM.
24+ p+ pn!

Therefore, if p > 7 then

12 12
k < =
24 p+pt T 242p

§%<1,

and if p € {3,5} and n > 3 then

12 12 6
k < < <-<l1,
T24p+prt T 24343277

obtaining a contradiction in all cases. O
The following proposition gives the desired result.
Proposition 15.
(1) Ifn=2,then py <7.
(2) Ifn = 3, then py < 5.
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Proof. Let us denote by N, be the number of p-Sylow subgroups of Aut(S). We
need to prove that N, =1, if either (i) p > 7 is prime and n > 2 or (ii)) p > Sisa
prime and n > 3.

As Ny =1 mod p, we may write N, = 1+ pL,, where L, is a nonnegative
integer.

If we assume that N, > 1, then N, > 14 p. As N, divides |Aut(S)| = D|H|,
it follows that NV, must divide D.

If p> 11, then N, > 12;as D < 11 by Lemma 14, we obtain a contradiction.

For the remaining cases, we will make use of the following equality, obtained
from (4-1):

11 D
(4-2) (D(l————)—2)p”—|—p”_l+p—|—2=?€{1,...,D}.
r S

Note that both sides in this equality are positive integers.
If p=7,since D <11 by Lemma 14, we must have that L7 =1 and N; =D =8.
If either ¥, s > 3 or r =2 and s > 4, then

(1))

and the left side of (4-2) is bigger than 8§, a contradiction to the fact that the right
side should be less than or equal to D.
We are left with the case r = 2 and s = 3. But in this case the left side of (4-2)

equals
1 1
(8(1————) —2)7"+7”—1 +9<0,
r S

again a contradiction.

Now we consider p = 5 and n > 3. In this case either (i) Ls =1 and Ns =D =6
or(ii)) Ls =2and Ns =D =11.

For D = 6, if either (a) r, s > 3 or (b) r =2 and s > 6, then

(or-2))

and the left side of (4-2) is bigger than D, a contradiction. The remaining cases are
r =2 and 3 < s < 5. But in these cases we have

1 1
(6(1————)—2)5”+5"—1 +7<0,
r S

again a contradiction.
For D =11, if either (a) , s > 3 or (b) r = 2 and s > 4, then

(o1-1-1) )
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and the left side of (4-2) is bigger than D, a contradiction. The remaining cases are
r =2 and s = 3, 4. But in these cases we have

11
(11(1————)—2)5”+5”—1+7<o,
r S

again a contradiction. O

5. Proof of Theorem 9

Let R be the homology cover of an orbifold O with signature (0; k, I L SO
where k, n > 2. The closed Riemann surface R admits a group H < Aut(R), where
H >~ 7y X Zjn—1 X Zyn and such that R/H = 0.

First consider the orbifold 0* obtained from O, but assuming all cone points
are of order k". The homology cover of this new orbifold is a closed Riemann
surface S admitting a group H* < Aut(S), H* = Zyn X Zyn X Zyn, and such that
0* = S/H*. It is known (see [Gonzdlez-Diez et al. 2009]) that an algebraic curve
representation of S is given by

k k"

k" k" k"
6:{ x2n+xln+x2 :O}CIP’3,
Axy +x7 +x3 =0

that H* is generated by the projective transformations

a([xo:x1:x2:x3]) =[pnXo:x1:X2:x3],  b([x:x1:Xx2:X3]) =[X0:pnX1:X2:X3],

c([xo:xy:xp:x3]) =[x0:x1:pnX2:X3]

and that the holomorphic map

kn
n:6—>@:[x0:x1 :xz:x3]r—>—(—)
X0
has degree k3" and is a branched regular cover with H* as deck group. In this
case, 7 (Fix(a)) = oo, n(Fix(b)) = 0, m(Fix(c)) = 1 and n(Fix(abc)) = A.

Now consider the subgroup of H* given by K = (a¥, bkn_l) = Zyn—1 X2y, and
set Og = S/ K. The group Hy = H*/K is a group of conformal automorphisms
of Oy, Hy =~ H, and @o/H() =0*.

Clearly, if R denotes the underlying Riemann surface structure of the orbifold O,
then Ro/Hj is the orbifold O. In this way, since any two homology covers of O are
conformally equivalent, we may assume R = Rj.

In order to find an algebraic curve representation for Ry we proceed as follows.
First, we consider the affine curve representation of S defined by x = x¢/x3,
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y = x1/x3 and z = x,/x3; that is,
R N ,
COZ kn kn CC
AXY 4y 4+1=0

and the action of H* is generated by the linear transformations

a(x,y.z) = (pnx.y.2), b(x,y.2) = (x,pny.2), c(x.y.2) = (x,y,pnZ).

—1
ak,bkn )

k b*"""y invariant polynomials, C[x, y, z]¢ > Is

The subalgebra of (a
generated by the monomials xknil, yk and z. It follows that the holomorphic map

F:C®—> (3,
(.2 = KK 2) = (v w)
is a regular branched covering with (a*, pk"! ) as deck group, and therefore F (6 0)

provides an affine algebraic curve representation of R, given by
k Jn—1 kno
F(Co) = {u +kv kn——i_lw N 0} C 033,

Aut +v +1=0

where the action of H = H*/K is generated by
Clo(H,U,U)):(,Olu,U,UJ), bo(M,U,U)):(M,,On_IU, U)),
co(u,v,w) = (u,v, pyw).

If we consider the projective space [P3 with coordinates [z : z; : z5 : 23], and we

set

20 Z1 2
Uu=—, v=—, wW=—,
Z3 Z3 Z3

then we obtain that R is represented by the projective algebraic curve
k _k"—k knfl kn_knfl kn
el e B e I P Ol cps.
)\Zgzécn —k +zlfn +z§n =0
As the branched covering map P : R — R/H must satisfy 7 = P o F and

n—1 n—1_ n—l_l n—1
F(xo:x1:x2:x3]) = [x(l)‘ :x’f)céC k :xzxéc :xéC ]

then

anfl
. . . —1
P([ZO 1Z112p -23]) = _( k kn—l_k)'
2043
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6. Proof of Theorem 10

Proof. Consider a closed Riemann surface S admitting a group G < Aut(.S) such
that G = Zp, x Zpn and O = S/ G is an orbifold with signature (0; p, p"~ 1, p", p™),
where n > 2 and p is an odd prime. Denote by P : S — O the natural holomorphic
branched cover with G as deck group.

In this section we will find algebraic curves representing S and the action of G
on them.

Let R be the homology cover of 0, and let Q : R — 0 = R/H be the branched
regular covering with H as deck group, where H = Zp X Z,n—1 X Zpn.

Since G is abelian, there is a subgroup K < H such that S = R/K (and hence
K acts freely on R), G = H/K, and there is a regular holomorphic covering
T : R — S with K as deck groupand Q = PoT.

Consider the affine algebraic curve Cy representing R, obtained from Theorem 9
by making z3 = 1:

p Pt P
z z z5 =0
C0={0+1 I }CC3,
Azy +z0 +1=0
in which case the group H is generated by
ao(zo, 21, 22) = (120,21, 22),  bo(20, 21, 22) = (20, Pn—121, 22),
00(20721722) = (ZO’ZI,,OnZZ)-

6.1. Algebraic structure of K. We next describe the algebraic structure of K. At
this point we should note that, using the model of R given in Theorem 9, the
transformations in H acting with fixed points on .S are exactly the ones that belong
to {ao) U (bo) U (co) U (aoboco)-

Proposition 16. Consider the algebraic model of (R, H) provided by Theorem 9.
Let K < H be such that K acts freely on R and H/ K = 7, X Zpn. Then, either

(1) Zpn—r =K = (a‘(’)‘bocé’q), where (p,q) =land 0 <a < p—1;o0r

(2) Zyn-2x2p=K = (bapcgzv) X (aocgn_ly), where (p,v) =land 1 <y <
p— 1L

Proof. Consider a surjective homomorphism
S H—>J=1LpxLpn
with K = ker(®) acting freely on R. Note that the order of K is p"~!. Then:

a) K N{ag) = {I}, which implies that ®(a() has order p.
b) K N (by) = {1}, which implies that ®(by) has order p"~!.
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c) KN{cg) = {1}, which implies that ®(c¢) has order p”".
d) KN {agbocy) = {1}, which implies that ®(ag)P(bg)D(cp) has order p".

Hence the subgroups of J given by (®(by)) and (P(cg)) have respective in-
dices p? and p, and there are two cases to be considered, as follows.
Case i). Assume (®(bg)) C (P(co)). Then there exists 1 < u < p — 1 such that
®(bo) = ®(cf"), in which case & = bocy?" is an element of K of order p"~!,
and therefore K = (/) is cyclic of the form given in case (1).

Case ii). Assume (®(bg)) & (P(cg)). Then we have the following commutative
diagram of subgroup inclusions and corresponding indices:

(@(co)) N (D(bo))p
and it follows that
(@(co)) N (D(bo)) = (‘P(Cé’z)) = (D(by)).

Hence there exists v such that 1y = cé’zvb(;p is in K, and A has order p"—2.
Also note that (v, p) = 1, since otherwise an adequate power of /4y would be a
nontrivial power of by in K. It follows that there are two possibilities for K, either
K = Zpn—1 or K = (ho) X (1) = Zpn—2 xZp.

Subcase K is not cyclic. és previously noted, in this case K = (hg) x {t) =~

Zyn—2 X Zp, where hg = cé’ vb(;p and (p,v) = 1. Ast € H has order p, it has the

form
2

n—1
CVP

apBp"™
ObO 0 ’

t=a
where «, B8,y €{0,1,...,p—1}.
Let us assume @ = 0. If y =0, then ¢ € (bg). As K acts freely on R, necessarily

n—2 n—1
bgp P

t =1 and we get a contradiction. If (y, p) =1, then we may assume { = 0

(by considering an appropriate power of the original 7); hence

h=thy?"" = b2 ¢ K0 (by).

Again, as K acts freely, h must be trivial, and / would belong to (hg), again a
contradiction. Then we have proved that o > 0.



72 ANGEL CAROCCA, RUBEN A. HIDALGO AND RUBI E. RODRIGUEZ

Since ¢ has order p, we may replace ¢ by a suitable power of it in order to assume

that t = aobﬂp g”n g

WE _now claim that we may assume = 0. Indeed, if 8 > 0, then thﬂ P =
aoco +9) i an element of order P, in K that does not belong to (/).
Therefore we may write ¢ = agc?”" ¥, and observe that 1 <y < p — 1 because
K N {ag) = {I}. This is case (2).

Subcase K is cyclic. In this case, K = (h) = Z,n-1. Let us write

h=abbel
where @ € {0, 1,..., p—1}, ﬂe{O,l,...,p 11, yefo,1,....p"—1}

The condition cgp "' — "' = 1 ensures that y =0 mod p. It follows that
either y =0 or y = p¥q, where s € {1,...,n—1} and (p,q) = 1.

Next, we need to ensure that, for § € {1,2,..., p"~ ! —1}, no power h% acts with
fixed points in C; that is, /% € (ag) U (bo) U (co) U (aoboco).

But if y = 0 then A? = bp B is a nontrivial element of the group generated by
bg, a contradiction. Slmllarly, if s > 1 then h?"* bﬁ P"™" is a nontrivial element
of the group generated by by, a contradiction.

Therefore & = a‘(’)‘bgcé’q, with (pz, q)=1, ezlnd it follows that /4% is not in (by).

Butif =0 mod p, then ?"~~ = ¢97""" is a nontrivial element of the group
generated by ¢, a contradiction. Hence (p, ) = 1, and /% is not in {co).

We note that 4% € (aq) implies that 6 = 0 mod p”~!, and since (8, p) = 1,
to have § = 0 mod p" !, which is not possible by our choice for §.

The condition /% € (agboco) implies that B8 = pgé mod p™~!, from which
(B—pqg)§ =0 mod p"~ !, and then § =0 mod p”~!, which is not possible by
our choice for §.

By taking an appropriate power of /1, we may assume that

K = (agbocl?),

where (p,q) = 1.

Now note that in this case 1 <« < p — 1, since « = 0 implies that ®(by) =
®(co)P4 is an element of (®(cg)), which is a contradiction, as we are in case ii).
This is case (1). O

6.2. The cyclic case. As a consequence of Proposition 16, we may assume
K = (agboch?),
where (p,g) =1land @ €{0,1,..., p—1}. Note that

agbocy?(z0, 21, 22) = (0§20 pn—121. Pi_, 22).
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6.2.1. The case « = 0. We next search for polynomials in C[zg, z, z5]K. We
first note that zg € C[zg, z1, z2]X. Next, we search for polynomials of the form

125 € Clzo. z1, 22)%, where u, v € {0,1,..., p"~'}. The invariance property
requires that the values u and v satisfy the relation

u+vg=0 mod p" L.
As (p,q) = 1, we have that some of those polynomials are given by

pn—l pn—l q pn_l—l

L A

Let us consider the holomorphic map

F.C*—cC*,
F _ Pt Pt g p -y
(20721722)_(20’21 722 72122 )_(xl’x27x37x4)'

Let us note that x4/x3 = zq/22 As (p" L q) =1, it follows that there ex1st
integers a, b so that ag + bp"~! = 1; that is, z; = (Zq)"(z1 )b = (X4/X3)”
It follows that z; is uniquely determined by the tuple (x7, X, X3, x4) and a ch01ce
for z;. In particular, as zg is uniquely determined by x;, one sees that the map
F has degree p"~! and it is K-invariant. In this way, an affine algebraic curve
defining F(Cyp) is given by

xf’—l—xz—kxf:O

F(Cy) = kxf+x2+1—0 cCt
n—1 n—1
xf —xgxf -1 =0

and a projective one is provided by taking x; = yo/Va, X2 = V1/Va, X3 = V2/ Va,
X4 = y3/ya, where [yo : y1 1 y2 : 3. y4] € P4, as follows:
-1
Yo +yiyg +yy =0
Ay§+y1yf_l +yP=0¢ Pt
n—1 n—l_l 1—
i =y Ty =0

The map F is, in projective coordinates, given as

n—l_l n—1 n—1 _1 1 n
F(zo:z1:22:23]) = [zozf : zf’ :zf :Zfzé’ Z, R ;’ ]

=[Vo:y1:y2:y3:pal
As, by the first equality above,

vo+ vy
Y1 = =
Va4
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the above also provides the (birational) algebraic curve
{ (X—l)yé’—y§’+yf=0}cp3
n—l_l n—1 -1 .
DI+ T vy v =0

By making the change of coordinates wy = yg, W1 = y3, Wy = Y3, W3 = Yq4,
the above is written as

{ <>~—1>w5—wf+w£=0}cp3
n—l_l n—1 —1

D7 (g +w])Tw?f +wd w7 =0

and the map F is given as

q n—1

prl=1, _pnTl g _ptl =1 _1—q  _p"Tly
122 Z3 .Z3 ]—[wo.wl.w2.w3].

F([zozzl:22123])=[zoz3 Zy  ZyZ
In this case, the group G = H/K is generated by the transformations
Ay ([wo : wy twz tws]) = [prwo : wy t ws : ws],
Bi([wo : wy :wy : ws]) = [wo : wy : pi_ wa 1 ws),
Ci([wo : wy s wy : w3]) =[wo : prwy ipfn_l_lwz s w3l

Notice that the elements A = A; and B = C; also generate G as desired. As the
branched covering map Q : S — S /G must satisfy P = Qo F, where P: R— R/H
is (as in Theorem 9) given by

n—1
zy
P([Z()ZZI I22§Z3]):— P y
PP D
0-3
and since
! p—1 Py P Py P
_(1_) __(ym )_ Yo +yy _ wg +w
n—1_ - D - 2 - P
Zé)zf p Yo Yo w,
we obtain
. wg +w
O([wo : wy :wy:w3)) = -
Wy

6.2.2. The case o € {1,2..., p—1}. Next, we search for polynomials of the form
zézﬁ‘z;’ € Clzg, z1,22)%, where t € {0, 1, ..., p—1Yand u, v € {0, 1,..., p"~ 1}
The invariance property requires that the values u and v satisfy the relation

n—2 1

tap" “+u+vg=0 mod p" .

As (p,q) = (v, p) = 1, we have that some of those polynomials are given by

—1 n—1 n—1 n—2
p p" p qg_p' -1 p—1_ap
200 41 2 122 z

, Z:Z s Iy %
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Let us consider the holomorphic map

F:C?=C’,
_(-P P "N g p"T =1 _p=1 _ap" TRy
F(ZO’ZI’ZZ)_(Zoszl 922 72122 ’ZO Zl )_(xl’x2’x37x4’x5)'

Let us note that x4 /x3 = ziI /2. As (p" 1, q) =1, it followls that there exist inte-
gers a, b so that ag +bp™~! = 1, from where z; = (z;])”(zf )b = (x4/x3)”xé’zz.
It follows that z; is uniquely determined by the tuple (x;, x5, X3, X4, X5) and a

choice for z,. 5
. . . —1 n—2z . .

As zé’ is uniquely determined by x;, and zé’ z‘lxp is uniquely determined

by X, X3, X4, X5 and a choice of z;, we have that z is also uniquely determined

by the previous data.
All the above permits us to see that the map F has degree p”~! and it is K-

invariant. In this way, an affine algebraic curve defining F(Cy) is given by

X1+X2+X§=O
AX1+Xx,4+1=0

_ 5
F(Cy) = xpn—] _qupn—l_l _0 cC.
4 273 =
p p—1 o
Xsg—x7 x; =0
We may write x, = —(x; —i—x;’). In this way, writing 1 = X1, Uy = X3, U3 = X4

and u4 = x5, the above curve is
(A=Duy—ul +1=0
ufnil + (=17 +u§)qu§nil_1 =0 CCh
uf + (=Dl g+ ud)® =
Now, we may write

1
_ P
”1—)\_1(”2_1)’

and setting y1 = u,, y, = u3 and y3 = uy, the above curve is

n— —1 g+1 n—1_
vy 1JrL(?»yf’—l)"yf’ oy
(=11 o
» (_1)a+1 C

-1
Vit a0 DT 07 - =0

and F is of the form

nfl_l —1 n—2
F(ZO’ZI’ZZ):(Zg 72?25 725 Z‘ixp ):(yl,J’ZvJ’3)-
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Writing y1 = vg/vs3, y» = v1/v3 and y3; = v,/v3, we obtain the projective
model

(—)7+!

Pl pg—1 P pNg, P"TI-1
vy U +W(kv0 —v3) vy =0 3
cP
P, p*+p(a@—2) R P Py\P=13 P _ P\ —
V5 U3 +—(k—1)“+P—1(UO_v3) (Avg —v3)* =

and for n > 3 we have that max{p"~!, p" 1 4+g—1,ap" 2+ p—1}=p" 1441
and therefore F : P? — P3 is given as

F([Z() VZ1 . Zp Z3])
" a1, g p" T =1 _p=1_ap"? p"Tl4g—p—ap"? . _p"'tq-1
= [22 Z3  1Z,Z : z Zy 123 ]
In the case n = 2 a similar formula may be given for F’; the maximum value
aboveis p+¢q—1if ¢ > o and p + «a — 1 otherwise.
Continuing with n > 3, the group G = H/ K is generated by the transformations

Az([vo i vy i vz v3]) =[vo vy ,Of_lvz EYR

By ([vo : vy 1wz i v3]) =[vg : pi_ vy pfvs s 03],

-1

Ca[vo : v1 121 v3]) = [prvo: 2"ty iva sl

Notice that the elements A = A, and B = C, also generate G as desired. As the
branched covering map Q : S — S /G must satisfy P = Qo F, where P: R— R/H
is (as in Theorem 9) given by

n—1

Zp X2 u1+up
P([20221222123]):—(+_1_):—(—):—2
zgzd 77 X1 ui
_ (A—l)uf _ (k—l)y{’ _ (k—l)v{;
(ud —1) or -1 vy —vy
we obtain
o( p= ot
Vo iV1 iV iV3]) = —5——5-.
0:V1:V2:03 U(I;‘i‘vf

6.3. The noncyclic case. In this case,
2 n—1
_[—P PV YD
K = (bo Cp »@oCq ),

where (p,v) =1landy € {1,2,...,p—1}.
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We have that
2
— -1
by Ped P (20,21, 22) = (20, P 5215 Py 22),
n—1
aocy? (20.21.22) = (p120. 21, P] 22)-
A_B_C

Clearly, z§'z7 z; € Clzo, 21, 2,]% if and only if

A+Cy =0 mod p,
Cv—B =0 mod p"2

In this way,

p "% _p-— v,

v
Zp- 21 - Zy 2122 € Clzo, 21, 22]

Let us consider the map

F:C®—> (3,
n—2
F(z0.21.22) = (2. 2] .2y 7z{z2) = (x1.x2.X3).

If we fix (xq, xz,x3) then we have p choices for zg (z = x;) and p" 2

choices for z; (z1 = X5). Once we have made such choices, the value of z; is
uniquely determined from Zé’ yzfzz = x3. It follows that F has degree p"~! and
is K-invariant as desired.

The algebraic curve F(Cy) is provided by

" Hp—y) p v P _
F(Co)—{x (o1 +7) 7 O}c@3.
)\.X1+X2+1—0
As
(l—i—xzp)
Xy =——F,
A

this curve is also represented by, taking y; = x and y, = x3,

(_l)pn—l(p—)/) n—l( _ ) 2 (1+yp) n
{—M,n_l(p_,,) (D) o) - )+ =0 e

A projectivization of this plane curve is given by, using the projective coordinates
[tg : uy :us] € P? and taking y; = ug/u, and y, = u/u,, the following one:

n—1
(=P (P=¥) D 2" (p-y) pv p p
(G ) (0= g —u?)

+uf uf "(p—y—1)+p+p>v :0} c P2
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In this case, the transformations aq, bg and ¢y define the transformations

Az([uo :uy uzl) ={ug: py Vuy tuzl.  Bs(ug:uyuz]) =[piuo: pj_ uy s,

C3([uo s uy s uz]) =[uo : pnuy @ uzl.

The elements 4 = C_,,_ "’ B; and B = Cj; also generate G as desired. And since

p! P
z A
P(ZO’Zlyz2):_( lp )= yl )
Z, l—l—y1
we obtain
o( p— 0
Ug UL Uz|) = ——.
0 ! 2 ug —i—uf

7. Proof of Theorem 11

Proof. Let C be a nonsingular projective algebraic curve admitting a p-group H of
conformal automorphisms of C with C/H of signature (0; p, p"~', p", p"*) and
let P:C—->C/H= Chea holomorphic branched covering with H as deck group.
We may assume the branch values of P are given by oo or order p, 0 of order p"~!,

and 1 and A € C— {0, 1} are the ones of order p". We notice that

{1}, A # -1
(J(z) =-z), A=-1.

Let K¢ = {0 € Aut(C/Q) : C° =~ C}. For each 0 € K¢ there is a biholo-
morphism f, : C — C%. As H? is unique up to conjugation in Aut(C?), by
Theorem 4, we may assume that f, Hf, ! = H°. It follows that there is a Mobius
transformation M, so that P° o fu = My o P. The transformation M, is uniquely
determined by f,. As M, must preserve the cone points and their orders, it
follows that M, (00) = 00, M (0) =0 and that {1, As} = {Ms(1), Ms(X)}, where
Ao € C—{0, 1} is branch value of order p” of P? : C% — C (in fact, Ay = a(1)).
It follows that either (i) M, = I, in which case A, = A or (ii) Ms(z) = z/A, in
which case Ay, = 1/A.

Autorn(S/H) = {

7.1. Let us assume, from now on, that A # —1.

Lemma 17. Let A # —1 and 0 € K¢. If there is another biholomorphism f o
~ ~1 -~
C — C%suchthat f;H f, = H°, then [, =ho fs, for someh e H.

- ~

Proof. If there is another biholomorphism f, :C — C? suchthat f, H f, = H°,
then f; 1o f, € Aut(C) normalizes H. In this way, f, ! o f, induces an element
of Auto(S/H). As this last group is trivial, we obtain that f; 1o fo e H. O
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As a consequence of Lemma 17, My is uniquely determined by o and, in
particular, the collection {M, : 0 € K¢} satisfies Weil’s conditions in Theorem 2.
Hence, there is an isomorphism F : C>cC 1, where C; is defined over M(C), with
the property that F' = F° o M, for every o € K¢.

Let us consider the Galois cover Q : C — B, where Q = F o P. We note that,
for o € K¢, we have (as P° = P)

anfazFUOPUOfU:FOMU_IOMUOPOfO._IOfa:ROP:Q.

Now we follow Debes and Emsalem’s arguments [1999]. Assume we are able to
find a point ¢; € C; which is M(C)-rational and so that c; is not a branch value
of the Galois covering Q. Fix a point ¢ € C so that Q(c) = c;. It follows that the
H -stabilizer of ¢ is trivial. We have the points o (c), f5(c) € C?. As

0%(0(0) =0(Q(c) =0(c1) =¢1 and  Q%(f5(c)) = Q(c) =cy,

it follows that there is some /i, € H so that s ( f5(c)) = o(c). Moreover, as a
consequence of Lemma 17 and the fact that ¢ has trivial stabilizer in H, such
he € H is unique. In this way, we may assume that f5(c) = o (c¢) and, by the above,
such an isomorphism is uniquely determined by o. Again, by the uniqueness, this
new family { f; : 0 € K, } satisfies Weil’s conditions and, by Theorem 2, C is
definable over its field of moduli.

In this way, in order to finish our proof, we only need find a M(C)-rational
point on C; outside the branch set. This is equivalent to finding a point r €
C-— {00, 0, 1, A} with the property that F(r) = o(F(r)), for every 6 € K¢. As
o(F(r)) = Fo(o(r)) = F(M; ' (o(r))), we need to find a point r € C—{0, 1,1}
such that

Ms(r)=0o(r).

In this way, we need to find a point r € C— {0, 1, A} so that
(1) if o(A) = A, then o(r) = r; and
(2) ifo(A) =1/A, theno(r) =r/A.

Condition (1) asserts that we need to find r € Q(1). Clearly, any point of the
form r = (1 + A), where « € Q satisfies (1) and (2).

7.2. Let us now consider the case A = —1. We have (see Remark 5) that either
(1) Autg (C) = H or (ii) Aut(C) = Autg (C) and [Aut(C) : H] = 2.

In case (i) we may proceed as in the case A # —1 as Lemma 17 is still valid in
this situation (the normalizer of H in Aut(C) is H).

In case (ii) we have that C/Aut(C) = (C/H)/{J); that is, C is quasiplatonic,
so it is defined over its field of moduli. O
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8. Proof of Theorem 13

Proof. Since

n—1 n—1

p_p"—-p D p"—p "
Zrz +z z +z5 =0
CAZ{ 0“3 1 3 2 }CIP3

n—1_ n—1 n—1
kz(l)’zf LG zf + zé) =0

and

an—l
P(zo:z1:22:23) = _(—Zk ,16,,_1_,{),
0°3
then, for each o € Aut(C/Q), one has that C = C,(3) and P? = P.

Let Kj = {0 € Aut(C/Q) : C), = Cy(1)}, s0 M(Cy) = Fix(K}).

If o € K}, then there is an isomorphism f; : Cy — Cy(3). As a consequence
of Theorem 4, we may assume f, H fg_1 = H. So, there is a Mobius transforma-
tion My such that My o P = P% o f;. As M, must preserve the cone points and
their orders, one has that

Ms(00) =00, Ms(0) =0, Ms{l.A}={l.0(1)}.

It follows from the first two equalities above that My (z) = Lz, for a suitable
L € C—{0}. The equality Ms{1,A} = {1,0(X)} asserts that either (1) L = 1 and
o(A)=Aor(2) L=0(A) and 6(A) = 1/A. As a consequence, we have proved (1)
and (2).

Part (3) is a consequence of Theorem 11. O

9. Galois groups of order p"+1

In this section, we consider those groups G of order |G| = p"*! acting on compact
Riemann surfaces with signature (0; p, p"~!, p", p"), for any odd prime p.
The algebraic structure for these groups is determined by the following result.

Proposition 18. Let p be an odd prime number and let G < Aut(S) be a group of
order |G| = p"t1 acting on a compact Riemann surface S with S/ G of signature

0: p, p" 1, p" ™).
Then G is isomorphic to either

(1) an XZP,O}"
Q) (x,y:x?" = pP =1,y lxy = x?" 7' H1),

Remark 19. in the first case we have provided, in Theorem 10, algebraic curves
for S. In the second case explicit algebraic curves are more complicated, but we
will study this problem elsewhere.
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Proof. First notice that G has a presentation of the form

G = (xl,xz,x3,x4 : xf’n= xé’nz xfn_l = xf = X1X3X3X4 = 1,9]%)
where % denotes other relations.
Therefore G cannot be cyclic, since otherwise it could not be generated by
elements of the given orders.
Moreover, G has a cyclic subgroup of order p”, which is normal because it has
index p, and therefore G is isomorphic to

G = Zpn g Zp = (X) X5 (y)
where o (x) = x* with u? =1 mod p". The only solutions for u are u = 1 and the
powers of u = p"~! + 1, and the result follows. O
Remark 20. We will denote the groups appearing in Proposition 18 as follows:
(O-1) Gu=(x,y:x?" = pP =1,y xy =x")
with u = 1 or u = 1 4+ p"~!, and we will study the families of algebraic curves
admitting G,, actions with signature (0; p”, p", p"~ 1, p).

Lemma 21. Consider the groups G, given by (9-1) and

n—1

(9—2) I'= (ao, b(), Cod() . aé’ = b(l; = C(I;n = d(‘fn = Cl()b()C()d() = 1)

Assume © : I' — Gy, is an epimorphism such that K = ker ®© is torsion-free.
Then either

)] Kz((b()co_mao_“,ao_lcoaoco_”s)), with0<a<p—1,0<s<pand(q, p)=1,

or
_ph—1 _n2 s
) K =({aocy” ".bJcy P by eobocg™ ), withl <v<p—1,0<s<p
and (¢, p) =1,

where ((-)) denotes normal closure in T.
Proof. Since K is torsion-free, we obtain that
a) K N{ag) = {1}, and it follows that y; = ®(ag) has order p;
b) K N (by) = {1}, and it follows that y, = ®(bg) has order p"*~!;
¢) KN{cg) = {1}, and it follows that y3 = P(cg) has order p”;
d) KN {aghoco) = {1}, and it follows that y, = ®(dy) has order p”.

Since @ is an epimorphism, {y1, 2, y3, ¥4} generate G,. But clearly y4 =

(»1y2y3)" ', and therefore {1, y,, y3} generate G,.
We now examine the following two cases separately.
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Case I) Suppose (y1, y3) = G,. We have G, = (y3) Xys {(y1) for some 0 < s < p.

Also y, = y‘l"yé’q with (g, p) = 1. Hence

v2y3? = ®(bocy Mag®) =1

and it follows that boc, ’ qaa"‘ k.
Furthermore (D(ao_lcoaoca”s) = y1_1y3y1y3_”s = 1; hence a;,
Then, checking the order of F/((boc(;pqag“,aoco_lao_lca"s)), we obtain, as

required,

S
lcoaoco “eK.

= ({bocy "ag™. aocq ag ' eg™))
Case II) Suppose (y1, y3) < Gy. Then

pn—lv

Y1=);

n—1

with (v, p) = 1, since (y3) is a maximal subgroup of G,. Hence aoco_p “eK.
In this case,

(y2.3) = Gu = (¥3) Xus (y2)

for some 0 < s < p.zHence y2_1y3y2y3‘”s =1 from Wherezbalcobocaus c K.
Finally, yf = yf 7 with (¢, p) = 1, from Where bpco_p 1¢K.
Again, by checking the order of F/((aoco_ . bp _p a bo cobocy™ )), we
obtain
_ph— 1 _
K = ((aoco p bp r*q bO cobocy” )) O

Considering the above notation for the elements y; = ®(ag), yo = P(by),
y3 = ®P(cp) and y4 = O(dp) in G, we have the following result, which states that
examples for both cases of Proposition 18 exist, by the Riemann existence theorem.

Corollary 22. If the group Gy, withu = 1 oru = 1 + p"~1, acts on a compact
Riemann surface with signature (0; p, p"~1, p", p™), then a generating vector for

the action may be chosen to be exactly of one of the following forms:

) (1, 202 3, v TP TI), with (¢, p) = 1and 1 <a < p—2;

—1-pgq

b) (y1. 77, y3. 03 yi), with (q. p) = 1;

—1- ;
o) (r1, yllyf",n vy P0), with (¢, p) = 1;
1 —1—ph— 1 _
& (2 yarsyy T V).
In the first three cases the order of y1 is p, the order of y3 is p" and y1 Ty, y1
y3 wzth 0<s<p. In the last case y, has order p"~", y3 has order p", y2 y3
and y; Lysy, = vy T with0 < s < p.
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The following table gives the genera of some intermediate curves, where gr,
denotes the genus of the quotient of S by the subgroup L < Aut(S) and where V is
any cyclic maximal subgroup acting freely:

generating vector u=1+p"! u=1
4 o1 o1
(1. 093 I3, g = 1 gy = 1
—1-pq —1— _ p— _ p—
Y3 ) Spytmrayrizy = T |8y lTrayrimey T T
2ph— n—2 2p—1)— n__
gy = LR gy = 2R
gop=r =20+ | gyn=p =20 +1
8y =0 8(yry) =0
gr=p-—1 gr=p-1
“1-pq __
(yl,y_,f’q,y3,y3 pqyll) 8(y;) =0 8(yy) =0
g(y3—l—pqyl—12) =0 g(ys—l—pqyl—l) =0
2p"— p"=2(2 p—1)— n_
gy = LSRN gy = PR
_ p*-3p _ p*-3p
gy =7 +1 gy =7 +1
E(y¥.y1) :10 E(y¥.y1) :10
gy =5 gy =5
—1,,P4 —1-pgq _ _
(yl’y1 Y37, )3. )3 ) 8(y;) =0 g(y;) =0
8(yyiray =0 8(yyi—ray =0
_ 2ph— n—2 2 _1)_ _ n__
gy = LR | gy = PP
g(y§)=P2_2P+1 g(y§)=p2—2p+1
gy =0 gy =0
gyv=p—1 gy =p—1
( pn—lv —() —O
V3 V2, )3, 1 8(y;) = 8(y3) =
—1-p" v _—1
—1—ph— - O —1—ph— = O
3 ') Sty Sty
2ph_ n—1__ 2ph_ n—1_
gy ="F—H5—L | gp)=F—F5—"+
_ p>-3p _ p%=3p
gy =" +1 guny == +1
E(yY 1) =10 E(yY.y1) =10
gy =" gy ="
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