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CLOSED PSEUDOHERMITIAN (27 4+ 1)-MANIFOLD

CHIN-TUNG WU

In this paper, we obtain a sharp lower bound estimate for the first nonzero
eigenvalue of the Folland-Stein operator &, |c| < n, on a closed pseudoher-
mitian (2n + 1)-manifold M. This generalizes the first nonzero eigenvalue
estimates of the sublaplacian and Kohn Laplacian.

1. Introduction

Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold (see the next section
for basic notions in pseudohermitian geometry). A. Greenleaf [1985], S.-Y. Li
and H.-S. Luk [2004], and H.-L. Chiu [2006] proved the sharp lower bound of the
first positive eigenvalue A? of the sublaplacian A, on a pseudohermitian (2n + 1)-
manifold M. More precisely, it was proved that
A? . nk

n+1

if [Ric —% Torl(Z, Z) > k(Z, Z) for all Z € T o, some positive constant k, on
a closed pseudohermitian (2n + 1)-manifold with the nonnegative CR Paneitz
operator Py if n =1 (also see [Chang and Wu 2010]).

Very recently, S. Chanillo, H.-L. Chiu and P. Yang [Chanillo et al. 2012] obtained
the sharp lower bound of the first positive eigenvalue A} of the Kohn Laplacian [,
on a pseudohermitian (2n+1)-manifold M with n =1, 2. Later, S.-C. Chang and the
author [Chang and Wu > 2013] proved the same result for n > 3. They showed that

2nk
“n+1
if Ric(Z, Z) = k(Z, Z) for all Z € T}, some positive constant k, on a closed

pseudohermitian (2n 4 1)-manifold M with nonnegative CR Paneitz operator Py if
n = 1. Note that there is no assumption involving the pseudohermitian torsion.

n
1
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In this paper, we generalize the first nonzero eigenvalue estimates of the sub-
laplacian Aj; and Kohn Laplacian [J,, to the Folland—Stein operator £,. First we
need some definitions.

Definition 1.1. Let (M, J, 6) be a closed pseudohermitian (2n + 1)-manifold. De-
fine

n
Po = (0a% +inApas”)0” = (Psp)6®, p=1.2,....n,
a=1

which is an operator that characterizes CR-pluriharmonic functions ([Lee 1988] for
n =1 and [Graham and Lee 1988] for n > 2). Here Pgp = ZZZI ((paaﬁ +inAgy@®)
and Pg = (P ,3(0)9'3 , the conjugate of P. Moreover, we define

Pop = 8p(Po),

which is the so-called CR Paneitz operator Py. Here &, is the divergence operator
that takes (1, 0)-forms to functions by 8;(0,0%) = 04,% and 8,(050%) = 0g,%. If
we define dpp = ¢,60 and 5;,(,0 = @z0%, then the formal adjoint of 9, on functions
(with respect to the Levi form and the volume form 6 A (d9)") is 3} = —3p.

We observe that Py is a real and symmetric operator and

f(Pw, ) = —/(Pow)@

Definition 1.2. We say that the Paneitz operator Py with respect to (J, ) is non-
negative if, for all C°*° smooth functions ¢,

/(P()(PW > 0.

Remark 1.3. When (M, J, 0) is a closed pseudohermitian 3-manifold with vanish-
ing pseudohermitian torsion, the corresponding CR Paneitz operator is nonnegative
[Chang et al. 2007]. Unlike n = 1, let (M, J, 8) be a closed pseudohermitian
(2n 4 1)-manifold with n > 2. The corresponding CR Paneitz operator is always
nonnegative as in (3-4).

Definition 1.4 [Graham and Lee 1988]. Let (M, J, ) be a closed pseudohermitian
(2n 4+ 1)-manifold. We define the purely holomorphic second-order operator Q by

0p =2i(Apy),p .
Note that [T, Ap] =2Im Q and

(1-1) 4Py = A} +n’T? —2nRe Q = (Ap +inT)(Ay —inT) —2nQ
= (Ap—inT)(Ap+inT) —2n0.
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Now we consider, for ¢ € R, the self-adjoint operators
Le=Ap+icT,

with |c| <n. By aresult in [Folland and Stein 1974], each £, |c| < n, is a subelliptic
operator of order %; hence &, has a discrete spectrum tending to +o00.

In the following we can obtain a sharp lower bound for the first nonzero
eigenvalue A{ of the Folland—Stein operator &, ¢ € R with |c| < n, on a closed
pseudohermitian (2n + 1)-manifold.

Theorem 1.5. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. Sup-
pose that

. (n=o)m+1) :
[RIC—W’I‘OI}(Z, Z)zk(Z,Z) lfCZO,

[Ric 4ot o
2(n —c)

(1-2)
}(Z, Z)>k(Z,Z) ifc<DO,

for a positive constant k and for all Z € T o. In addition we assume the Paneitz
operator Py is nonnegative if n = 1. Then the first nonzero eigenvalue of £, |c| <n,
must satisfy

n+|c|

n+1

A§ >

Note that the constant in the torsion tensor term in assumption (1-2) depends on
the variable c. In the standard pseudohermitian (2n + 1)-sphere (§2+1 J , é) with
the induced CR structure J from C"*! and the standard contact form , wWe can
show that the lower bound in Theorem 1.5 is sharp (see Section 4).

In particular, when (M, J, 6) is a closed pseudohermitian 3-manifold with
vanishing pseudohermitian torsion, the corresponding CR Paneitz operator P
is nonnegative.

Corollary 1.6. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold with
vanishing pseudohermitian torsion. Suppose that

{Ric(Z, Z)>k(Z,Z) ifc=>0,
Ric(Z,Z)>k(Z,Z) ifc<0O,

for a positive constant k and for all Z € Ty o. Then the first nonzero eigenvalue
of &, |c| < n, must satisfy

n+|c|
n+1

A5 >
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Moreover, when ¢ = n, the operator &, is just the Kohn Laplacian: &,, = [J,.

Corollary 1.7. Let (M, J, 6) be a closed pseudohermitian (2n + 1)-manifold. Sup-
pose that

Ric(Z, Z) > k(Z, Z)

for a positive constant k and for all Z € Ty . In addition we assume the Paneitz
operator Py is nonnegative if n = 1. Then the first nonzero eigenvalue of the Kohn
Laplacian U, must satisfy

When ¢ = 0, the operator ¥ is just the sublaplacian Ap; i.e., £y = Ap.

Corollary 1.8. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. Sup-

pose that
. n
|:R1C -

for a positive constant k and for all Z € T . In addition we assume the Paneitz
operator Py is nonnegative if n = 1. Then the first nonzero eigenvalue of the

! Tor](Z, Z)>k(Z,Z)

sublaplacian A, must satisfy
0 nk
)\,1 Z .
n+1

Further, we study the case when a sharp lower bound estimate of ¥, |c| < n, is
achieved in Section 4.

Proposition 1.9. Under the same conditions as in Theorem 1.5, if we assume the
first nonzero eigenvalue of £, 0 < |c| < n, satisfies

n—+
ICIk
n+1

(1_3) anﬁwca(zcﬁ =0

¢ _
1=

9’

for a corresponding eigenfunction ¢. of £, with respect to | and with f (0c, pc) =1,
then the eigenfunction ¢, will satisfy

aa) [P =505 and [ el —2((2 9y

2(n% +c?) 2

thus we also have

2
n .
/(Abwc‘a (/)c) = nz——i_cz)\.(i‘ and /l<T¢C, (/)C) = )\‘(i‘

n? 42
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Letting ¢ — 0T, we see that [ |3pp.|* = [ |3ppc]> = %)\(1) and [ i(T@c, o) =0
for c = 0. When ¢ = n, from (1-4), we get that d,¢, = 0 and thus U@, = 0. This
implies that the corresponding eigenfunction ¢, of &£, = [J;, with respect to A will
also satisfy
_ nk
Tt Dn-

Apgy

This yields that ¢,, achieves a sharp lower bound for the first nonzero eigenvalue of
the sublaplacian A,. Furthermore, it can be showed the pseudohermitian torsion Ayg
of M is zero; thus (M, J,0) is the standard pseudohermitian (2n + 1)-sphere
(§2"+1 ] 9) (see [Chang and Wu > 2013] for details).

2. Basic materials

Let us give a brief introduction to pseudohermitian geometry (see [Lee 1988] for
more details). Let (M, &) be a (2n + 1)-dimensional, orientable, contact manifold
with contact structure &, dimg £ = 2n. A CR structure compatible with £ is an
endomorphism J : £ — £ such that J> = —1. We also assume that J satisfies the
following integrability condition: if X and Y are in &, thensois [/ X, Y]+ [X, JY],
and J([JX, Y]+ [X,JY]) =[JX,JY]—[X,Y]. ACR structure J can extend
to C ® £ and decomposes C ® & into the direct sum of 77 ¢ and Tp ;, which are
eigenspaces of J with respect to i and —i, respectively. A pseudohermitian structure
compatible with & is a CR structure J compatible with & together with a choice of
contact form 8. Such a choice determines a unique real vector field T transverse
to &, called the characteristic vector field of 6, such that 6(T) =1 and £76 =0
ord(T,-)=0. Let{T, Z,, Z5} be a frame of TM ® C, where Z,, is any local frame
of Ty.0, Zg = Zo € To,1 and T is the characteristic vector field. Then {6, 8%, 6%},
which is the coframe dual to {T', Z,, Z3}, satisfies

d9 = ih,560°N 6"

for some positive definite hermitian matrix of functions (h, 5). Actually we
can always choose Z, such that i,z = dug; hence, throughout this paper, we
assume Ay g = op.

The Levi form (, ) is the Hermitian form on 77 o defined by

(Z,W)=—i{d0, Z A W).

We can extend (, ) to Tp,; by defining (Z,W)=(Z, W) forall Z, W € T1,0. The
Levi form induces naturally a Hermitian form on the dual bundle of 77, also
denoted by (, ), and hence on all the induced tensor bundles.
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The pseudohermitian connection of (J, 8) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T ¢ by

VZe=0l ®2Z5 VZi=wif ®25 VT =0,
where w,”? are the 1-forms uniquely determined by the following equations:
doP =0°nw,” +OATP, T, n0% =0, wif +wz”=0.

We can write 7, = Aaﬂeﬂ with Ay = Agy. The curvature of the Webster—Stanton
connection, expressed in terms of the coframe {# = 0°, 6%, 6%}, is

Webster showed that I1g% can be written as
Mg* = Rp%,50° AN O7 + W5 ,0P NO — WP 5507 N0 +i0p AT —iTg NG,
where the coefficients satisfy
Rpaps = Ryjo; = Rapsp = Roaps.  Wpay = Wyap.

We will denote components of covariant derivatives with indices preceded by
comma; thus write Ayp ,,. The indices {0, o, &} indicate derivatives with respect
to {T, Zy, Z5}. For derivatives of a function, we will often omit the comma, for
instance, ¢, = Zy¢, Pop = ZEZa(p — a)ay(Zg)Zy(p, @9 = T¢ for a (smooth)
function @. Let the Cauchy—Riemann operator dj, be defined locally by 0,9 = ¢,60¢,
and let 9, be the conjugate of 3,. For a function ¢, the subgradient V, is defined
locally by V,¢ = ¢*Z, +¢%Zs. The sublaplacian A, the Kohn Laplacian [J;,, and
the Folland—Stein operator &, on functions are defined by

App = —(0s* +¢5%),  Opp=(Ap+inT)p, L= (Ap+icT)gp.
The Webster—Ricci tensor and the torsion tensor on 77 o are defined by
Ric(X, ¥) = R,z XY,

Tor(X,Y) =i Y (AzsX VP — AypX°YP),
wp

where X = X*Z,, Y = YPZ, R,3 = R,”,5. The Webster scalar curvature is
R=R,"=h"PR,;.
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3. Proof of Theorem 1.5

Let (M, J, 0) be a closed pseudohermitian (2n+1)-manifold. In this section, we can
obtain lower bound estimates for the first nonzero eigenvalue of the Folland—Stein
operator &, |c| < n, on a closed pseudohermitian (2n 4 1)-manifold.

First we need the following Bochner formula for the Kohn Laplacian [Chanillo
et al. 2012, Equation (2.8)]).

Lemma 3.1. For any complex-valued function ¢, we have

1 = _ _ )
(3-1 —EDb|ab(P’2 = Zﬁ:(%g%ﬂ + waﬁfpag) +Ric((Vop)c, (Vop)c)
o,

1 1
- %(3;)(/), 3ppp) — .

n

(0,059, 059)
1,- - n—1,
— —(Pg, dpp)+ ——(Pg. 0p9),
n n
where (Vpp)c = ¢*Zy is the corresponding complex (1, 0)-vector field of V.

First we derive some useful identities which we need in the proof of Theorem 1.5.
Let ¢ be a smooth complex-valued function on M. By integrating the Bochner
formula (3-1), we have

_ _ +2
(3-2) 0= f > (¢aﬁ¢aﬂ+§0&ﬂ§0a,§)——n2n f (Do, Ope)
a,p

2—n _ )
+T/(P0<P)<P+/RIC((VW)@, (Vo@)c).
We also have
(3-3) / > 0apPap = / >
a.p

a’ﬂ
n—1

2

a—_la yh,
ap TV Tap 4n

1
+ — /(Db(P’ Dh(p)

n

1
/(Po¢)¢+ Tn /(Db% Opo).

Here we used the following divergence formula [Graham and Lee 1988] for the
trace-free part of ¢ 5:
1,
BaB(p = (paB - ;(p)f hafi'
That is,

2 _ Z . .z n—1
(Baﬁ§0) (BaB‘P) — (paﬂ (BaB‘/’) — (‘paBaB‘/’)’ﬂ _

¢ P,@

.z n—1 . n—1
= (¢“B,59).” —T(soPaw),“ +T(Pow)¢-
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Then we integrate both sides to get
_2_ n—1 _
(3-4) f 2/5;|Ba,3<p| =— / (Pog)@.
a,

Taking together the two formulas (3-2) and (3-3), we get

_ 1 _ .
(m/y7% Dbfﬂ):/z %ﬁwaﬁ-l-r—l/(Pow)f/)-i-/RlC((VW)@, (Vbp)c)-
a.B
By taking complex conjugate to (3-5) and replacing ¢ by ¢, one obtains
n+l (= = _ 1 _ . _ _
(3-6) e (O, Opep)= Z PapPapt (Po)@+ [ Ric((Vo@)c, (Vo@)c).
(X,ﬁ
From the formula (1-1), we have
an 4 [ep= [(@rrint) -l -2100.

= [ (e One)-20 [ 106.0.

By (1-1), we can also obtain

(3-8) 4 / (Pop)g = / (D, Top) — 20 / (To. ).

Proof of Theorem 1.5. Let ¢, be an eigenfunction of the Folland—Stein operator &£,
¢ € R with [c| < n, with respect to the first nonzero eigenvalue A{; i.e., L@, = A{ ..
When 0 < ¢ < n, from (3-6) and (3-7) for
n—+c n—c—

gcz ‘:’ Da
2n b+ 2n b

we have

_l’_ —_ I
% f (Oppe, Lepe) = n4nc / <Db¢chb§0c>+u f (Oppe, Do)

n+c n+2
= l’l+1 fzwcaﬁ¢6aﬂ /(Po(pc)(pc

+e o —< (15
+Z - / Ric((Voge)c. <vb<pc)q:)+u / (e, 0.)

n—+c
= n+1 /Z‘pcaﬁ(pcaﬂ+ n+1 /(PO(pc)(pc

n+c/|: . (m—o)(n+1)
Ric———
n+1 2(n+c)

Tor} ((Vogo)c, (Vogelc),
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where we used the equation
/(Q(pc, Yc)=— / Tor((Vope)e, (Voge)c),

since f( Q(pc, (pc> is real, and thus f( Q‘po (pc> = Zfl AaB(pc&@cB = _2fiAaﬁ¢ca¢cﬁ-
Hence, if Py is nonnegative and

. (n—om+1 .
[Ric —% Torl(Vog)e. (Voge)e) = klpeel®

we have

— 2 n—l—C I’l+2
(3-9) A / |0pe|” = / Z%ﬁmﬁ / (Poge)Pe

n+tc . (m—o)m+1)
+ "t 1 /|:RIC —W TOI':| ((ngﬂc)c, (Vb(Pc)(E)

n+c - )
> ——k 0p0.|°,
= n+1 /l b§0c|

which shows that 1{ > Z—iik.
When —n < ¢ < 0, from (3-5) and (3-8), the same computation shows that

— + = - = =
% /<Db¢c, ic(pc) = % /(Db(pm Db(pc> + u /<Db(ﬂc, Db@c)

n—c _ n + 2+c
= /Z(pcaﬂ(gpcaﬂ +— /(Po(pc)(pc
a’ﬂ

n+1
n—¢ . (n+on+1) _ ~
+ n+1 f[RlC—W Tor:| ((Vb(pc)c, (Vb(pc)c).

Thus, if Py is nonnegative and

1
[Ric —(’”2“)& Torl(Vs@2)cs (Vo@)e) = klapeel.
(n—c)

we get

n—c _ n+2+c
A?/Iabgoclzszzwcaﬂ(Pcalg"i_ /(POQDL)QDL
a'ﬂ

- . + +1 _ _
+ Z—i—i f [Rlc —% Tor] ((ngac)@, (Vb%)a:)

>—k/|am ,

which implies that A§ > 2

O
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4. Example and proof of Proposition 1.9

In this section, we calculate the eigenvalues of sublaplacian A, Kohn Laplacian [,
and the Folland—Stein operator &, |c| <n, of the standard pseudohermitian (2n+1)-
sphere S2"*!. We show that the lower bound in Theorem 1.5 is sharp. We also
study the case when a sharp lower bound estimate of &, |c| < n, is achieved.

Let 2" ={(z0, 21, ..., zn) | >0 z;z;=1 } c C"*! with the induced CR struc-
ture from C"*! and the contact form 6 = 5 (du—3du)| gonr1 where u = (Z?:O Zij) -1
is a defining function. It can be shown that the pseudohermitian torsion is free and
the Webster—Ricci tensor is given by R, 5 = (n+ Dh,3.

We write

j:i, 5,:@ 0<j<n), dp=0;0 (0<j k<n),
0z 0z - J - -
and z = (20, 21,---,2n), 6 = (00,01, ...,0,). We let - denote the dot product.
Then, by the computation in Section 1 of [Geller 1980], we have

n
*. = 2(—A + Z z,-zkajak) +(m+0)z-8+m—c)z-6,
Jok=0

where A = Z?:o dj05 1s the standard Laplacian on C"*!. In particular, we have

n
Ap =2(—A+ Z ZjZkajak) +n(23+z8),
J.k=0

n
0, = 2<—A + Z ZjZka,'ak) +2n7 - 6.
k=0

If Y is a bigraded spherical harmonic of type (p, ¢) on C"*! (a harmonic poly-
nomial which is a linear combination in terms of the form z°z¥, where p, y are
multiindices with |p| = p, |y| = ¢), then £.Y = (2pg + (n+c)g + (n — c)p)Y.
Similarly,

ApY =@2pg+n(p+q))Y, U,Y =2q(p+n)Y.

This example shows that the lower bound in Theorem 1.5 is sharp.

Now we study the case when a sharp lower bound estimate for the first nonzero
eigenvalue of the Folland—Stein operator £, |c| < n, on a pseudohermitian (2n+1)-
manifold M is achieved. We only consider the case when the constant ¢ is nonneg-
ative. The same computation follows when c is negative.

First, from (3-9), we have the following observation.
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Lemma 4.1. Under the same conditions as in Theorem 1.5, when the first nonzero
eigenvalue of £, 0 < ¢ < n, satisfies

? _ n—+ Ck,
n+1
then the corresponding eigenfunction ¢, will satisfy
4-1) Pgg =0 foralla, B,
. (=041 -
(4-2) [RIC —w TOY] ((Vhsﬂc)a:, (beﬂc)c) = k|ah§0e )
(4-3) Pog. = 0.

Proof of Proposition 1.9. The integral condition (1-3) says that
[(@oev0 =2 [ 4%y =0
and then by integration by parts, we obtain
(4-4) /(Q(pc,%)=/<¢c, 0p.) =/<Q¢c,<pc> =0.
From (1-1), one can see that

4Py =[Ap—i(n*/O)T[Ap +icT] @nc+n+c)Q+ 2nc—n—0)Q].

_ 2_c[
Then, from (4-3) and (4-4), one obtains

0—4 / (Pog) e = ¢ / ([Ap — i (1 /O) T e 0]

=i f ([(1 = /)Ty + (1 +1/)Tplee, ¢.)

=2 f[(l —n/O)dpeel* + (1 +n/c)0ppc*].
which is
(4-5) (n—c) f [Gpe|” = (1 +) / |8p¢c .
On the other hand, the equation £.¢, = (Ap +icT)p. = A{¢@. yields
(4-6) 1= [ toep = [ (v 0
= % /([(n + )0, + (n — ) Tp]¢e. ¢c)

= f(l Jrf’l/C)|5b<pc|2 + (1 =n/) ||,
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The equations (1-4) follow from (4-5) and (4-6) easily. O
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