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BIHARMONIC HYPERSURFACES IN COMPLETE
RIEMANNIAN MANIFOLDS

Luis J. ALIAS, S. CAROLINA GARCIA-MARTINEZ AND MARCO RIGOLI

We consider biharmonic hypersurfaces in complete Riemannian manifolds
and prove that, under some additional assumptions, they are minimal.

1. Introduction

According to a definition first given by B. Y. Chen [1991], an isometrically immersed
oriented hypersurface in Euclidean space, ¢ : M — R™* ! is biharmonic if its mean
curvature vector field H satisfies

AH =0,

where A denotes the Laplacian on the hypersurface. It is well known that for
submanifolds of Euclidean space, trace(B) = mH = A¢, where B is the second
fundamental form of the immersion. Hence, for any fixed unit vector a of Rm+1

(1) mA(H.a) = A*(p,a)

and the hypersurface is biharmonic if and only if each component of the immersion
@ is a biharmonic function. Chen [1991; 1996] conjectured that a biharmonic
hypersurface (in fact any biharmonic submanifold) of R”*1 is minimal, the converse
being, of course trivially true. This statement is of a local nature and the conjecture
holds for hypersurfaces in R3 [Chen 1991] and R* [Hasanis and Vlachos 1995;
Defever 1998]. However, in general, it has been shown to be true only under some
additional assumptions, sometimes of a global nature: see for instance [Akutagawa
and Maeta 2013] and [Nakauchi and Urakawa 2011].
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This problem can be considered in a more general perspective. Indeed, let (M, g)
and (N, h) be Riemannian manifolds and ¢ : (M, g) — (N, k) a smooth map. Let
7(¢) denote its tension field, that is,

7(p) = trace(Vdep) = > _(Vdo)(ei.e;). m=dim M,

i=1

where Vdg is the generalized second fundamental tensor and {e;,...,en} is a
local orthonormal frame on (M, g). Given a relatively compact domain Q C M
one introduces the bienergy functional E¥ () on by setting

2@ =3 [ 1e)P,

where integration is understood with respect to the volume element of (M, g). Then
¢ is a biharmonic map (meaning a critical point of this functional on M —i.e., on
each relatively compact domain €2 C M), if and only if the bitension field

) () = At(p) = Y RV (1(9), px(e)) ps (i)

vanishes identically. Here RN denotes the (3,1) curvature tensor of (N, /).

When ¢ : (M™, g) — (N™F1, 1) is an isometric immersion of an m-dimensional
hypersurface and v is a local unit normal vector field along ¢, writing the mean
curvature vector as

3) H=Hv

and indicating with B the second fundamental form in the direction of v, a heavy
computation shows that (2) is equivalent to the system

(4a) AH —|B|*H +Ric™ (v,v)H =0,
(4b) 2B(VH, )+ 1mVH? —2HRicN (v, )HT =0,

where # : TM* — T'M denotes the musical isomorphism, 7 the tangential compo-
nent and Ric? the Ricci tensor of (N, h) [Ou 2010, Theorem 2.1].

At this point one easily verifies that a biharmonic hypersurface in R”*! in the
sense of Chen is exactly a biharmonic hypersurface as defined in this more general
setting. In this new perspective Chen’s conjecture has been generalized to the
following [Caddeo et al. 2001; 2002]:

Let ¢ : (M, g) — (N, h) be an isometric immersion into a Riemannian
manifold of nonpositive sectional curvature. If ¢ is biharmonic then it is
minimal.
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This new conjecture has been shown to be true if M is compact [Jiang 1986]
or if H is constant [Ou 2010], but false in general [Ou and Tang 2012]. Here we
restrict ourselves to complete noncompact biharmonic hypersurfaces and in fact we
concentrate our efforts on the consequences of (4a) alone.

To avoid confusion with a terminology used for biharmonic submanifolds, we
underline that in what follows by a proper immersion we mean an immersion that
is topologically proper: preimages of compact sets are compact sets.

2. Statement of main results

Our first main result is the following.

Theorem 1. Let ¢ : M — (N, {,)) be an oriented, proper, isometrically immersed,
biharmonic hypersurface in the complete manifold N. For some origin o € N
assume that

o(M)Ncut(o) = 2.

Having set o = disty (-, 0), suppose that the radial sectional curvature KN, of N

rad
satisfies

(5) KN > —G(o)

rad

for ¢ > 1 and some G € %Z(R(')") such that G(0) > 0, G'(t) > 0 and G(t) = o(t?)
as t — 4+00. Let v be a unit normal vector field along ¢ and suppose

(6) Ric¥ (v,v) <0

along ¢. Then ¢ is minimal. In particular if the sectional curvature ng\:’ct is
nonpositive, (M) is unbounded in N .

As an immediate consequence of Theorem 1, using [Mari and Rigoli 2010] and
[Alias et al. 2009], we obtain:

Corollary 2. Let ¢ : M — R™*1 be an oriented, isometrically immersed, bihar-
monic hypersurface. If the image ¢ (M) is contained in a nondegenerate open cone
of R™*1 or the hypersurface is cylindrically bounded as (M) C B, (0) x R™~1 C
R? x R™~1, then the immersion cannot be proper.

We recall here that, fixed an origin o € R™*! the nondegenerate cone with
vertex o, direction a and width 6 is the subset

€ =%6p00= {pe[Rm+1\{o}:<|§:Z|,a>200s9},

where a € S™ is a unit vector and 6 € (0, 7/2). By nondegenerate we mean that

it is strictly smaller than a half-space. On the other hand, following the definition
introduced in [Alfas et al. 2009], an immersed hypersurface ¢ : M — R™*1 is said
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to be cylindrically bounded if (M) C B, (0) x R"T177 c R? x R™T1=P where
p =2 and B,(0) C R? denotes the ball of radius r. In particular, p = 2 gives the
weakest requirement.

To introduce the next result we consider the operator

(7 L=A+RicN(v,v)

where v is a unit normal vector field along the hypersurface ¢ : M — (N, (,))
and we let le(M ) denote its spectral radius. Clearly if Ric™ (v, v) < 0 then
)»IL(M ) > 0 but this latter fact can be true even if Ric™ (v, v) > 0 provided this
positivity compensate with the geometry of M. (For a detailed discussion see
[Bianchini et al. 2012]). Thus AIL(M) > 0 is weaker than Ric™ (v, v) < 0.

Theorem 3. Let ¢ : M — (N, (,)) be a biharmonic, complete, oriented hypersur-
face with mean curvature H. Suppose that the operator L in (7) satisfies

(®) A By > 0.
If H € L>(M) then ¢ is minimal.

This result is extended to a different class of integrability for H in Theorem 7 of
Section 3 below.

Next, we consider the case when (N, (,)) is a Cartan—~Hadamard manifold, that
is, N is complete, simply connected and with nonpositive sectional curvature. What
follows is a gap theorem.

Theorem 4. Let ¢ : M — (N, (,)) be an isometrically immersed, oriented, bi-
harmonic hypersurface of dimension m > 3 into a Cartan—Hadamard manifold.
Suppose that the mean curvature H satisfies

a),ln/m m—1

w2m=Y m - 1)

) I H | ary <
where wy, is the volume of the unit ball of R™. Then ¢ is a minimal hypersurface.

3. Proof of the main theorems and some further results

With the notations of Theorem 1 we consider the function v = 0?o¢. The assumption
¢(M) N cut(o) = & implies that v is smooth on M. Clearly,

(10) |Vv| <24/v.
Since M is complete and noncompact and ¢ is proper we have

(1D) v(x) > 400 asx —>o00 inM.
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To compute Av we recall (see, for instance, [Jorge and Koutroufiotis 1981]) that
(12) A(0* 0 ¢) = (Hess 0%)(ps(ei). o« (ei)) + (Vo*, mH)

with {e;} a local orthonormal frame on M. Let G € C Oo([Riar ) satisfy

(13) GO0)>0 and G'(t)=0 onR.

(In particular, G can be chosen to agree, for ¢ large, with the function ctd, where
0 <d <2, or with ct?(log )¢, where & > 0.)

If Kﬁd > —(@, by the Hessian comparison theorem (see Theorem 2.3 and Re-

mark 2.3 of [Pigola et al. 2008] for the appropriate statement that we are using
here) we get

(14) Hess(0%) < Co/G(0)(.)

outside a compact set and for some appropriate constant C > 0. Up to modifying C
we can assume that (14) is true on M . Hence, from (12) and (14) we deduce that

(15) Av < C2J/vV G(VV) + 2m/v|H|
on M . Next, from (4a), letting u = H? we get
(16)  Au=2HAH +2|VH|? =2|B|*u—2RicN (v,v)u +2|VH|?.

Using Newton’s inequality,

(17 |BI> = m|H|?,
we obtain
(18) Au +2RicN (v, v)u —2mu® > 2|VH|* > 0,

and we are left with a solution u# > 0 of the differential inequality

(19) Au+a(x)u—2mu®>0
with
(20) a(x) = 2RicN(v, V) o @(x).

Proof of Theorem 1. First observe that since ¢ is proper and N is complete, the
induced metric on M is complete. Next we follow an idea introduced in [Akutagawa
and Maeta 2013]. Since ¢ is proper, for every T € R, the set

DT = v_l([o’ T])

is compact. Suppose u #£ 0. Then there exists xo € M such that u(xo) > 0 and we
can suppose to have chosen 7" sufficiently large that xog € D7/,\0D1)>.
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We define
(21 F(x) = (T —v(x))*u(x)

on Dy. Note that F >0, F =0 on 0Dy and F(xq) > 0. It follows that there exists
a positive absolute maximum for F(x) at some point X € D7 \dDr. At this point
we have

(22) v—;(ﬁ) =0 and A—;()E) <0.
From (22), a straightforward computation yields
Vu(x 2
(23) ubé)(_c);) T v(ﬁ)vv(i)
and
Au(x) 2 o 2 12 4 |Vu(x)| .
i T O T T e I T ® e

We use (23), (15) at X with ,/u = |H]|, and (10) at X into the above inequality to
obtain (omitting x for the ease of notation)

Au 2

— < [C*VG(V/v) +2mf]f+ ———|Vv|?
u T—v )2
ST [C*VG(Wv +2mf]f+(T_v)2
From (19) we then deduce
12

<8 C2 v f
(24) U=+t (T_)\/G(\/_ f+ T 2"

Multiplying by (7 —v(x))? both sides of (24) and using that a(x) = a (x)—a_(x),
that G is nondecreasing, and that x € Dy we have

r) = 0y + S ) VGG
+ 2/ v(x)v/ F(x) —|——v(x)

3/2
VGWT)+2VT VFF) + ZT.

T? }
S s—a (%) +
2m

Therefore

F(X)=2VTJF(x)-TZ(T) <0,

where
T 12
Z(T) = —supDTa++—~/_ G(WT)+—.
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Note that Z(7T) > 0. Then
F(xo) = F(x) = T(l + 1+ Z(T))2 <C*T(1+ Z(T))

and therefore, since xo € D)3,

2
u(xg) < %(T Supp, d+ + VTV G(ﬁ))

2
= (T supp, @+ VTVGIT) = C¥(sup, 0 + 7= VGWT)).

However, by assumption ¢ = 0 and using G(¢) = o(¢?) as t — 400 we have

T_I/Z\/G(ﬁ) =o(l) asT — +oo.

Thus, letting 7 — 400 in (25), we deduce u(xg) < 0 which contradicts the
assumption #(xo) > 0. The contradiction shows that u = H? = 0 on M, that is, ¢
is minimal.

Suppose now that KN <

sect —
(25) Av < C2 vV G(W).

This, together with (10) and (11), guarantees the validity of the Omori—Yau max-
imum principle on M (see Theorem 1.9 of [Pigola et al. 2005]). Now the result
follows from Theorem 3.9 of [Pigola et al. 2005]. O

0. Since ¢ is minimal (15) becomes

For the proof of Theorem 3 we need the next proposition which is a version,
adapted to the present purposes, of Lemma 3.1 in [Brandolini et al. 1998].

Proposition 5. Let (M, (,)) be a complete manifold and let a(x), b(x) € €°(M)
and suppose that

(26) b(x)=0
and
(27) AE(M)Y >0 with L= A+ a(x).

Let u € C?(M) be a solution of
(28) Au+axX)u—b(x)u=0 onM.

Ifue L*>(M) then u = 0 on supp(b(x)). In particular, if u does not change sign
and b(x) #£ 0, then u = 0.

Proof. We suppose b(x) £ 0 otherwise there is nothing to prove. Next, we reason
by contradiction and we assume the existence of x¢ € supp(b(x)) C M such that
u(xg) # 0 and b(xg) # 0. (Note that if u(xg) # 0 and b(x¢) = 0 by continuity
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we can always find x;; sufficiently close to xg so that u(x;) # 0 and b(x;) # 0).
Choose R > 1 such that xg € Bg. Let ¥ be a cut-off function 0 < v < 1 satisfying

¥ =1 onBg, supp(¥) S Brt1. |VY|=2.

Then uyr € <6(2)(M ), uyy # 0 and by the variational characterization of k{“(B R+1)
we have

S8, (V@) —a(x)(uy)?)
fBR+l(u¢)2 .

(29) A (Bry1) <

Since k{‘(M ) > 0 the monotonicity property of eigenvalues yields )\IL(B R+1) > 0.
Next, we consider the vector field W = uy2Vu. A direct computation using (28)
gives

div(W) = b(x)u*y? —a(x)uy? + |V(uy) > —u?|Vy .

Hence by (29) and the divergence theorem

023k Bren) [ wtvi [ vl [ bty
Br+i BRr+1 BRr+1

Rearranging, using the properties of ¥ and (26) we obtain

b(x)u? 54/ u?.

B [ -
BRr Br+1\BRr

BRr

Letting R — 400 and using the fact that u € L?(M) we deduce

AL /M u?— /M b(x)u? <0.

We reach a contradiction by observing that AIL (M) > 0 and in a neighborhood of
X0, b(x) and u?(x) are strictly positive.

The last statement follows immediately from the strong maximum principle and
(28) (see the remark after the proof of Theorem 3.5 on page 35 of [Gilbarg and
Trudinger 1983)). O

Proof of Theorem 3. We apply Proposition 5 to the solution H of (4a) with a(x) =
Ric™ (v, v) and b(x) = | B|2. By Newton’s inequality (17), supp(H) < supp(b(x)),
which gives a contradiction to the conclusion of Proposition 5 unless H = 0; thus
¢: M — (N,{,)) is minimal. O

Corollary 6. Any biharmonic, isometrically immersed, complete oriented hyper-
surface M with mean curvature satisfying H € L*(M) in a space with nonpositive
Ricci tensor is minimal.
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For the proof of this corollary simply observe that since Ric (v, v) <0 then
AE(M) =0 for L = A +RicV (v, v).

With the aid of Theorem 4.6 in [Pigola et al. 2008] we can extend the range of
integrability of H as follows.

Theorem 7. Let ¢ : M — (N, {,)) be a biharmonic, isometrically immersed,
oriented hypersurface. For some A > % let Lo = A+ 2ARicV (v, v) and suppose
that

(30) rrm) =o.
< B < A —1 and assume that
(31) H e L*BD ).

Then ¢ is minimal.

Remark 8. If A = %, La=L=A+Ric"(v,v)and g = —% so that condition
(31) becomes H € L?(M). In this way, we recover Theorem 3.

Proof of Theorem 7. We let u = H?. From the differential inequality (18) and
1|Vu|?
4

we deduce that  is a nonnegative solution of

VH|? =

(32) ulu + 2Ric™ (v, v)u? —2mu® = Lvul?.

By Theorem 1 of [Fischer-Colbrie and Schoen 1980], inequality (30) implies the
existence of a positive solution ¥ on M of

Ay +2ARicN (v, v)y =0.

We can thus apply Theorem 4.6 of [Pigola et al. 2008] withp =, A = —%, |H|= A,
K =0, a(x) =2Ric™ (v, V), b(x) = 2m and o = 2. Note that assumption (4.43)
of Theorem 4.6 of [Pigola et al. 2008] is true by (31). It follows that u = 0, that is,
¢: M — (N, (,)) is minimal. O

We remark that if we let L,,/4 = A+ (m/2) Ric™ (v, v) and we assume
(33) AHM) 2.0,

as a consequence of Theorem 7, if H € L™ (M) then ¢ is minimal.

As a matter of fact, we can avoid assumption (33) and obtain the same conclusion
in case (N, (,)) is a Cartan-Hadamard manifold. This is the content of Theorem 4.
Towards this end, we observe that if ¢ : M — (N, (,)) is an isometric immersion
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of dimension m > 2, Hoffman and Spruck [1974] have shown the validity of the
following L!-Sobolev inequality: for every u € Wol’1 (M),

(m—1)/m
(34) Sl(m)‘l(f |u|’"/""‘”) 5/ (IVu| +m|H|ul)
M M
with

7'[2m_1 (m + 1)1+$

35 S =

where wj, is the volume of the unit ball of R (observe that in [Hoffman and Spruck
1974] the mean curvature vector field is not normalized). Having fixed ¢ > 0, from
(34) we immediately deduce (see for instance [Pigola et al. 2008, pp. 175-176])
that for every v € WO1 2 (M)

(36)
(m-2)/m 2 /1 9\ 2
Sz(m,s)_l(/ |v|2m/('"—2)) s/ (|Vv|2+8—(m—) m2|H|2v2)
M M 4 m—1
with
4(m—1)>1+ &2
37) Sa(m. ) = Sy(m)*.

(m—2)2 &2

Proof of Theorem 4. In the assumptions of the theorem and by the above discussion
we have the validity of (36) on M. Next, for u = H? we rewrite (16) in the form

(38) ulu + 2Ric™ (v, v)u? —2|B|*u? = 1| Vu|®.
Since N is Cartan—-Hadamard,

(39) 2RicY (v,v)—|BJ?) <o0.

From (9) and the fact that H € L™ (M) we have

(40) ue L"*(M) withm/2> 1,

because m > 3. Applying Theorem 9.12 of [Pigola et al. 2008] with 0 = m/2,
a=2/mand A = —% to (38) we deduce that either u is identically zero or, by
formula (9.41) of [Pigola et al. 2008],

. 2/m 1
(fM'H' ) = T s m)?

Note that to obtain this inequality we use (37). Thus, letting & | 0" we obtain

1 wll™ m—1

Hllpmon = = i
1 lzmon 2 55 Gy T2 (4 1)
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Using (35) in this latter we contradict (9). Thusu =0and ¢ : M — (N, (,)) is
minimal. O
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HALF-COMMUTATIVE ORTHOGONAL HOPF ALGEBRAS

JULIEN BICHON AND MICHEL DUBOIS-VIOLETTE

A half-commutative orthogonal Hopf algebra is a Hopf *-algebra generated
by the self-adjoint coefficients of an orthogonal matrix corepresentation
v = (v;7) that half commute in the sense that abc = cba for any a, b, c € {v;;}.
The first nontrivial such Hopf algebras were discovered by Banica and Spe-
icher. We propose a general procedure, based on a crossed product con-
struction, that associates to a self-transpose compact subgroup G c U, a
half-commutative orthogonal Hopf algebra s,(G). It is shown that any
half-commutative orthogonal Hopf algebra arises in this way. The fusion
rules of ., (G) are expressed in term of those of G.

1. Introduction

The half-liberated orthogonal quantum group O, were recently discovered by
Banica and Speicher [2009]. These are compact quantum groups in the sense of
[Woronowicz 1987], and the corresponding Hopf *-algebra A} (n) is the universal
x-algebra presented by self-adjoint generators v;; submitted to the relations making
v = (v;;) an orthogonal matrix and to the half-commutation relations

abc =cba, a,b,c e (v}

The half-commutation relations arose, via Tannaka duality, from a deep study
of certain tensor subcategories of the category of partitions; see [Banica and
Speicher 2009]. More examples of Hopf algebras with generators satisfying the
half-commutation relations were given in [Banica et al. 2010], and the classification
of “easy” orthogonal Hopf algebras (which means that the tensor category of
corepresentations is spanned by partitions) with generators satisfying the half-
commutation relations was very recently done in [Weber 2012].

The representation theory of O, was discussed in [Banica and Vergnioux 2010],
where strong links with the representation theory of the unitary group U, were found.
It followed that the fusion rules of O, are noncommutative if n > 3. Moreover a
matrix model A (n) — M>(R(U,)) was found in [Banica et al. 2011].

MSC2010: 20G42,22C05, 16T05.
Keywords: Hopf algebras, quantum groups, compact groups.
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The aim of this paper is to continue these works by a general study of what we
call half-commutative orthogonal Hopf algebras: Hopf x-algebras generated by the
self-adjoint coefficients of an orthogonal matrix corepresentation v = (v;;) whose
coefficients satisfy the previous half-commutation relations. Our main results are
as follows.

(1) To any self-transpose compact subgroup G C U, we associate a half-commuta-
tive orthogonal Hopf algebra s4..(G), with s, (U,) =~ A% (n). The Hopf algebra
A, (G) is a Hopf x-subalgebra of the crossed product R(G) x CZ,, where the
action of Z; of R(G) is induced by the transposition.

(2) Conversely, any noncommutative half-commutative orthogonal Hopf algebra
arises from the previous construction for some compact group G C U,,.

(3) The fusion rules of s{.(G) can be described in terms of those of G.

Therefore it follows from our study that quantum groups arising from half-
commutative orthogonal Hopf algebras are objects that are very close from classical
groups. This was suggested by the representation theory results from [Banica and
Vergnioux 2010], by the matrix model found in the “easy” case in [Banica et al.
2011] and by the results of [Banica et al. 2013] where it was shown that the quantum
group inclusion O, C O, is maximal. The techniques from [Banica et al. 2013],
and especially the short five lemma for cosemisimple Hopf algebras, are used in
essential way here. The use of versions of the five lemma for Hopf algebras was
initiated in [Andruskiewitsch and Garcia 2009].

The paper is organized as follows. In Section 2 we fix some notation and recall
the necessary background. In Section 3 we formally introduce half-commutative
orthogonal Hopf algebras, and recall the early examples from [Banica and Speicher
2009; Banica et al. 2010]. Section 4 is devoted to our main construction, which
associates to a self-transpose compact subgroup G C U, a half-commutative or-
thogonal Hopf algebra s, (G), and we show that any half-commutative orthogonal
Hopf algebra arises in this way. At the end of the section we use our construction to
propose a possible orthogonal half-liberation of the unitary group U,. In Section 5
we describe the fusion rules of ¥, (G) in terms of those of G.

We assume that the reader is familiar with Hopf algebras [Montgomery 1993],
Hopf x-algebras and with the algebraic approach (via algebras of representative
functions) to compact quantum groups [Dijkhuizen and Koornwinder 1994; Klimyk
and Schmiidgen 1997].

2. Preliminaries

Classical groups. We first fix some notation. As usual, the group of complex n x n
unitary matrices is denoted by U,, while O, denotes the group of real orthogonal
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matrices. We denote by T the subgroup of U,, consisting of scalar matrices, and by
PU, the quotient group U, /T.

Definition 2.1. Let G C U,, be a compact subgroup.

(1) We say that G is self-transpose if g' € G forall g € G.

(2) We say that G is nonreal if G ¢ O,, i.e., if there exists g € G with g;; € R,
for some i, j.

(3) We say that G is doubly nonreal if there exists g € G with g;;gx; € R, for some
i, j, k1.

Note that the subgroup 5n =TO, C U, (considered in [Banica et al. 2013]) is
nonreal but is not doubly nonreal.

Orthogonal and unitary Hopf algebras. We next recall some definitions on the
algebraic approach to compact quantum groups. We work at the level of Hopf
x-algebras of representative functions. The following simple key definition arose
from [Woronowicz 1987].

Definition 2.2. A unitary Hopf algebra is a x-algebra A which is generated by
elements {u;; | 1 < i, j < n} such that the matrices u = (u;;) and u = (u;“j) are
unitaries, and such that:

(1) There is a x-algebra map A : A — A ® A such that A(u;;) = Zzzl Uik @ Ug;.
(2) There is a x-algebra map ¢ : A — C such that &(u;;) = §;;.
(3) There is a *-algebra map S : A — A such that S(u;;) = ujl

If u;; = u;.“j for 1 <i, j <n, we say that A is an orthogonal Hopf algebra.

It follows that A, &, S satisfy the usual Hopf *-algebra axioms and that u = (u;;)
is a matrix corepresentation of A. Note that the definition forces that a unitary
Hopf algebra is of Kac type, i.e., S* = id. The motivating example of unitary (resp.
orthogonal) Hopf algebra is A = R(G), the algebra of representative functions on
a compact subgroup G C U, (resp. G C O,,). Here the standard generators u;; are
the coordinate functions which take a matrix to its (i, j)-entry.

In fact every commutative unitary Hopf algebra is of the form % (G) for some
unique compact group G C U, defined by G =Hom,_,s(A, C) (this the Hopf algebra
version of the Tannaka—Krein theorem). This motivates the notation “A =%R(G)” for
any unitary (resp. orthogonal) Hopf algebra, where G is a unitary (resp. orthogonal)
compact quantum group.

The universal examples of unitary and orthogonal Hopf algebras are as follows
[Wang 1995a].



16 JULIEN BICHON AND MICHEL DUBOIS-VIOLETTE

Definition 2.3. The universal unitary Hopf algebra A, (r) is the universal *-algebra
generated by elements {u;; | 1 < i, j < n} such that the matrices u = (u;;) and
u= (u;"j) in M, (A,(n)) are unitaries.

The universal orthogonal Hopf algebra A, (n) is the universal x-algebra generated
by self-adjoint elements {u;; | 1 <i, j <n} such that the matrix u = (u;;)1<; j<n in
M, (A,(n)) is orthogonal.

The existence of the Hopf x-algebra structural morphisms follows from the
universal properties of A,(n) and A,(n). As discussed above, we use the notations
Ay(n) =R, ) and A,(n) =R(O,"), where U, is the free unitary quantum group
and O} is the free orthogonal quantum group.

The Hopf x-algebra A, (n) was introduced by Wang [1995a], while the Hopf
algebra A,(n) was defined first in [Dubois-Violette and Launer 1990] under the
notation #(/,,), and was then defined independently in [Wang 1995a] in the compact
quantum group framework.

Exact sequences of Hopf algebras. In this subsection we recall some facts on
exact sequences of Hopf algebras.

Definition 2.4. A sequence of Hopf algebra maps

Co>B5>AlL>cC
is called preexact if i is injective, p is surjective and i (B) = A“°?, where
AP =laec A|([dRp)A(a) =a® 1}.

A preexact sequence as in Definition 2.4 is said to be exact [Andruskiewitsch
and Devoto 1995] if in addition we have i(B)TA = ker(p) = Ai(B)", where
i(B)t =i(B) Nker(e). For the kind of sequences to be considered in this paper,
preexactness is actually equivalent to exactness.

The following lemma, that we record for future use, is Proposition 3.2 in [Banica
et al. 2013].

Lemma 2.5. Let A be an orthogonal Hopf algebra with generators u;;. Assume that
we have surjective Hopf algebra map p : A — CZ>, u;j — 8;jg, where < g >= 7.
Let P,A be the subalgebra generated by the elements u;juy; with the inclusion
i:P,AC A. Then the sequence

CoPASABCZ, > C

is preexact.

Exact sequences of compact groups induce exact sequences of Hopf algebras. In
particular, if G C U, is a compact subgroup, we have an exact sequence of compact
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1-6GNT—->G—->G/GNT -1,
which induces an exact sequence of Hopf algebras
C—>RG/GNT) > R(G) > R(GNT) - C.
We sketch a proof of the next lemma for completeness.

Lemma 2.6. Let G C U, be a compact subgroup. Then R(G/G NT) is the subal-
gebra of R(G) generated by the elements u;juy,, i, j, k,l € {1, ..., n}. Moreover, if
G = U, then R(PU,) = R(U,/T) is isomorphic with the commutative x-algebra
presented by generators wij y, 1 <1, j, k,l <n and submitted to the relations

n n
ik,jj — Oik — w_]],lk’ wij,kl - w]l,lka
Jj=1 Jj=1

n
* — . .
§ : Wij kiWpg k1 = 8ipbjg-

k=1
The isomorphism is given by wj; i u,-kujfl.
Proof. Let p : R(G) — R(G NT) be the restriction map. It is clear Ker(p) is
generated as a *-ideal by the elements u;;, i # j, and u;; —u;;. Let B be the

subalgebra generated by the elements u;;u;;. Then B is a Hopf *-subalgebra of
R(G) and it is clear that B C R(G)°?. To prove the reverse inclusion we form
the Hopf algebra quotient R(G)//B = R(G)/B+TR(G) and denote by p : R(G) —
R(G)// B the canonical projection. It is not difficult to see that in R(G)//B we
have p(u;;) =01if i # j and p(u;;) = p(u ;) for any i, j. Hence there exists a
Hopf x-algebra map p’: R(G/T) — R(G)//B such that p’ o p = p. It follows that
R(G)P C R(G)°P. But since our algebras are commutative, R(G) is a faithfully
flat B-module and hence by [Takeuchi 1972] (see also [Andruskiewitsch and Devoto
1995]) we have R(G)°? = B, and hence R(G/GNT) =R(G)°? = B.

The last assertion is just the reformulation of the standard fact that PU,, is the
automorphism group of the x-algebra M,,(C) (see, e.g., [Wang 1998]). ]

3. Half-commutative Hopf algebras

We now formally introduce half-commutative orthogonal Hopf algebras. Of course
the definition of half-commutativity can be given in a general context, as follows.
It was first formalized, in a probabilistic context, in [Banica et al. 2012].

Definition 3.1. Let A be an algebra. We say that a family (a;);<; of elements of A
half-commute if abc = cba for any a, b, c € {a;,i € I}. The algebra A is said to
be half-commutative if it has a family of generators that half-commute.
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At a Hopf algebra level, a reasonable definition seems to be the following one.

Definition 3.2. A half-commutative Hopf algebra is a Hopf algebra A generated
by the coefficients of a matrix corepresentation v = (v;;) whose coefficients half-
commute.

We will not study half-commutative Hopf algebras in this generality. A reason for
this is that it is unclear if the half-commutativity relations outside of the orthogonal
case are the natural ones in the categorical framework of [Banica and Speicher
2009]. Thus we will restrict to the following special case.

Definition 3.3. A half-commutative orthogonal Hopf algebra is a Hopf x-algebra A
generated by the self-adjoint coefficients of an orthogonal matrix corepresentation
v = (v;j) whose coefficients half-commute.

The first example is the universal one, defined in [Banica and Speicher 2009].

Definition 3.4. The half-liberated orthogonal Hopf algebra A} (n) is the universal
x-algebra generated by self-adjoint elements {v;; | 1 <i, j <n} which half-commute
and such that the matrix v = (v;j)1<;, j<n in M,,(A}(n)) is orthogonal.

The existence of the Hopf algebra structural morphisms follows from the universal
property of A%(n), and hence A} (n) is a half-commutative orthogonal Hopf algebra.
We use the notation A (n) = R(O;;), where O; is the half-liberated orthogonal
quantum group. We have R(O;") — R(O}) — R(0,), ie., O, C OF C O;.
Atn =2 we have O = O; , but for n > 3 these inclusions are strict.

Another example of half-commutative orthogonal Hopf algebra is the following
one, taken from [Banica et al. 2010].

Definition 3.5. The half-liberated hyperoctahedral Hopf algebra A (n) is the uni-
versal x-algebra generated by self-adjoint elements {v;; | 1 < i, j < n} which
half-commute, such that v;;jv;x = 0 = vi;vj; for k # j, and such that the matrix
v = (Vij)1<i,j<n in M,(A%(n)) is orthogonal.

Again the existence of the Hopf algebra structural morphisms follows from the
universal property of Ay(n), and hence Aj(n) is a half-commutative orthogonal
Hopf algebra. See [Banica et al. 2010] and [Weber 2012] for further examples.

The following lemma will be an important ingredient in the proof of the structure
theorem of half-commutative orthogonal Hopf algebras.

Lemma 3.6. Let A be a half-commutative orthogonal Hopf algebra generated by
the self-adjoint coefficients of an orthogonal matrix corepresentation v = (v;;)
whose coefficients half-commute. Then P,A is a commutative Hopf x-subalgebra
of A. If moreover A is noncommutative then there exists a Hopf *-algebra map



HALF-COMMUTATIVE ORTHOGONAL HOPF ALGEBRAS 19

p: A — CZ; such that for any i, j, p(v;;) = 8;;s, where (s) = Z», that induces a
preexact sequence
C— PA> AL CZ,—C.

Proof. The key observation that P, A is commutative is Proposition 3.2 in [Banica
and Vergnioux 2010]. It is clear that P,A is a normal Hopf *-subalgebra of A,
and hence we can form the Hopf x-algebra quotient A// P,A = A/A(P,A)", with
p:A— A//P,A the canonical surjection. It is not difficult to see that in A// P, A
we have p(v;;) =01if i # j, p(v;;) = p(vj;) for any i, j and if we put g = p(v;;),
g% = 1. So we have to prove that g # 1. If g = 1, then A// P, A is trivial and p = ¢.
We know from [Chirvasitu 2011] that A is faithfully flat as a P, A-module (since
orthogonal Hopf algebras are cosemisimple), and hence by [Schneider 1992], we
have A°°? = P,A. So if g =1 we have A®°? = P,A = A and A is commutative.
Thus if A is noncommutative we have g # 1, the map p satisfies the conditions in
the statement and we have the announced exact sequence (Lemma 2.5). ([l

Remark 3.7. The previous exact sequence is cocentral. Thus it is possible, in prin-
ciple, to classify the finite-dimensional half-commutative orthogonal Hopf algebras
according to the scheme used in [Bichon and Natale 2011]. The classification data
will involve in particular pairs (I", w) formed by a finite subgroup I' C PU,, and a
cocycle w € H 2(T", Z»), see [Bichon and Natale 2011] for details.

4. The main construction

In this section we perform our main construction that associates to any self-transpose

compact subgroup G C U, a half-commutative orthogonal Hopf algebra s, (G)

and we show any half-commutative orthogonal Hopf algebra arises in this way.
We begin with a well-known lemma. We give a proof for the sake of completeness.

Lemma 4.1. Let G C U, be a compact subgroup, and denote by u;; the coordinate
functions on G. The following assertions are equivalent.

(1) G is self-transpose.

(2) There is a unique involutive Hopf x-algebra automorphism s : R(G) — R(G)
such that s (u;;) = u;“j.

Moreover if G is self-transpose the automorphism is nontrivial if and only G is

nonreal.

Proof. Assume that G is self-transpose. Then we have an involutive compact group
automorphism
0:G—>G, g (g) '=3g,

which induces an involutive Hopf *-algebra automorphism s : R(G) — R(G) such
that s(u;;) = ufj Uniqueness is obvious since the elements u;; generate R(G)



20 JULIEN BICHON AND MICHEL DUBOIS-VIOLETTE

as a x-algebra. Conversely, the existence of s will ensure the existence of the
automorphism o since G >~ Hom,_,1¢(R(G), C), and hence G will be self-transpose.
The last assertion is immediate. ([l

Definition 4.2. Let G C U,, be a self-transpose nonreal compact subgroup. We de-
note by R(G) x CZ, the crossed product Hopf x-algebra associated to the involutive
Hopf x-algebra automorphism s of Lemma 4.1.

Recall that the Hopf *x-algebra structure of R(G) x CZ; is defined as follows
(see, e.g., [Klimyk and Schmiidgen 1997]).

(1) As acoalgebra, R(G) x CZ; = R(G) ® CZ5.

(2) Wehave (f®s')-(g®s/) = fs'(g)®s't/, forany f, g R(G)and i, j € {0, 1}.

(3) We have (f ® s')* =s'(f)* ®s' forany f € R(G) and i € {0, 1}.

(4) The antipode is given by S(u;; ® 1) = ujfl. ®1, S(ujj ®s) =uj; s (in short
S(f®s")=s"(S(f))®s' forany f € R(G) and i € {0, 1}).

For notational simplicity we denote, for f € R(G), the respective elements f ® 1
and f ®s of R(G) x CZ, by f and fs.

Definition 4.3. Let G C U, be a self-transpose compact subgroup. We denote by
A, (G) the subalgebra of R(G) x CZ, generated by the elements u;;s, where i, j
range over {1, ..., n}.

Proposition 4.4. Let G C U, be a self-transpose compact subgroup. Then 9,(G)
is a Hopf *x-subalgebra of R(G) x CZ,, and there exists a surjective Hopf x-algebra
morphism

w:Ay(n) > A (G),  vij > uijs.

Hence d.,(G) is a half-commutative orthogonal Hopf algebra, and is noncommuta-
tive if and only if G is doubly nonreal.

Proof. We have (u;js)* = sul’.‘j = u;js and hence the elements u;;s are self-adjoint
and generate a x-subalgebra. Moreover, using the coproduct and antipode formula,
it is immediate to check that A(u;js) =), uiks ® ugjs and S(u;js) = uj;s, and
hence #,(G) is an orthogonal Hopf x-subalgebra of R(G) x CZ,. We have

WijSUKISUpgS = UjjUiUpgS = UpgUy UijS = UpgSUKISU;]S.

Hence the coefficients of the orthogonal matrix (u;;s) half-commute, and we get
our Hopf *-algebra map m : A%(n) — s4.(G). The algebra s4,(G) is commutative
if and only if the elements u;;s pairwise commute. We have u;;suys = u;juj;, so
A4(G) is noncommutative if and only if there exist i, j, k, [ with u;;u}; # uklu;.kj,
which precisely means that G is doubly nonreal. ([

The Hopf x-algebra s{,(G) is part of a natural preexact sequence.
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Proposition 4.5. Let G C U, be a self-transpose compact subgroup. Then there
exists a Hopf x-algebra embedding R(G/GNT) — A, (G) and a preexact sequence

C—RG/GNT) S s, (G) S €7, — C.

Proof. The map ¢ is defined as the restriction to #,(G) of the Hopf x-algebra
map ¢ ®id : R(G) x CZ, — CZ,. Hence we have q(u;;s) = §;js. Let B be the
subalgebra of 4,(G) generated by the elements u;jsuys = u;juj,. It is clear that
B = s1,.(G)*°?, and hence we have a preexact sequence

C— B d4.(G) % cz,— C.

Consider now the injective Hopf algebra map v : R(G) < R(G) xCZy, f— fR1.
Since R(G/GNT) =R(G)" is the subalgebra generated by the elements u;;u;;
(Lemma 2.6), we have v(R(G/GNT)) = B, and we get our preexact sequence. [

We will prove (Theorem 4.7) that a noncommutative half-commutative orthogonal
Hopf algebra is isomorphic to 4, (G) for some compact group G C U, . Before this
we first prove that the morphism in Proposition 4.4 is an isomorphism A’ (n) =~
A.(U,). This can be seen as a consequence of the forthcoming Theorem 4.7, but
the proof is less technical while it already well enlightens the main ideas.

Theorem 4.6. We have a Hopf x-algebra isomorphism A% (n) =~ ., (U,).

Proof. Let r : A} (n) — s4.(U,) be the Hopf x-algebra map from Proposition 4.4,
defined by 7 (v;;) = u;;s. It induces a commutative diagram of Hopf algebra maps
with preexact rows

C —— PA () —— A*(n) —2> €7, —— C

[ & |
C —— R(PU,) —— s.(U) —> Ccz, — C

where the sequence on the top row is the one of Lemma 3.6 and the sequence on
the lower row is the one of Proposition 4.5. The standard presentation of R(PU,,)
(Lemma 2.6) ensures the existence of a x-algebra map R(PU,) — P,A}(n),
ujjuy; = v;jvg, which is clearly an inverse isomorphism for ;. Thus we can
invoke the short five lemma from [Banica et al. 2013, Theorem 3.4] to conclude
that 77 is an isomorphism. U

A precursor for the previous isomorphism A% (n) >~ sd,.(U,) was the matrix model
A%(n) < M>(R(U,)) found in [Banica et al. 2011, Section 8].

Theorem 4.7. Let A be a noncommutative half-commutative orthogonal Hopf
algebra. Then there exists a self-transpose doubly nonreal compact group G with
T C G C U, such that A ~ A.,.(G).
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Proof. Let A be a noncommutative half-commutative orthogonal Hopf algebra.

Step 1. We first write a convenient presentation for A. By Lemma 3.6 there exist
surjective Hopf x-algebra maps

Axn) S AL cz,

with pf (v;;) = &;;s. We denote by V the comodule over A} (n) corresponding to
the matrix v = (v;;) € M, (A} (n)), with its standard basis ey, ..., e,. To any linear
map A : C — V& with

A(l) = Z A, ..., im)eil K --®e,,

yeenslm

we associate families X (1) and X’(1) of elements of A} (n) defined by

X(&)={ Z vi]j]"'vimjm)\'(jlv--'sjm)_)\'(ilv---aim)l ’ila"-yim e{lv---an}}a
Jlseess Jm

X' = { X Vit iAo = A e i € {1,...,n}}.
Jseees Jm

These elements generate a *-ideal in A} (n), which is in fact a Hopf x-ideal, that we
denote by 7. We also view V as an A-comodule via f, and the map A is a morphism
of A-comodules if and only if f(/,) =0. Now given a family ‘€ of linear maps
C— V®" m e N, we denote by I the Hopf x-ideal of A*(n) generated by all the
elements of X (1) and X'(1), A € 6. It follows from Woronowicz Tannaka—Krein
duality [Woronowicz 1988] that f induces an isomorphism A’ (n)/l¢ >~ A for a
suitable set ‘6 of morphisms of A-comodules (typically €€ is a family of morphisms
that generate the tensor category of corepresentations of A).

Step 2. We now construct a compact group G with T C G C U,,. We start with a
presentation A’ (n)/l¢ > A as in Step 1. The existence of the map p : A — CZ,
implies that for A : C — V®" if A # 0 and A € 6, then m is even (evaluate p on
the elements of X (1)). We associate to A : C — V&> ¢ ¢ the following families

of elements in R(U,,), where in each case iy, ..., iz, range over {1, ..., n}:
* * . . . .
Xl(&) = ) Z uiljlujzjz "'ui2m71j2,77,1uizmjzm)\'(.llv --'9]2m)_)\(l15 '~~al2m)1 )
JlseesJ2m
/ * * . . . .
X1 =1 2 uiitpist Wiy g Wiy M(1s s Jom) = A1, oo d2m) 1Y
jlv--'ijm
Xo) =1 X uj jitings Uiy Bin o M1 - <o Jom) — AL <o) 1
.]17"~7.j2111
!/ _ . * . X * . . _ . .
Xz(&) =1 Z UjiinUjyiy o uJZm—HZm—lujzmizm)\’(.]h N ) R (ST S
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Now denote by Jq the *-ideal of R(U,) generated by the elements of X; (1), X|(A),
X>(2) and X’ (%) for all the elements A € 6. In fact J¢ is a Hopf x-ideal and we
define G to be the compact group G C U, such that R(G) =~ R(U,)/J¢. The
existence of a Hopf *-algebra map p : R(G) — CZ, u;; — §;;t, where t denotes
a generator of Z, is straightforward, and thus T C G. Also it is easy to check the
existence of a Hopf *-algebra map R(G) — R(G), u;; > u;kj, and this shows
that G is self-transpose. We have, by Proposition 4.4, a Hopf *-algebra map
7 Aj(n) = A (G), vij —> u;js. Itis a direct verification to check that 7 vanishes
on I¢, so induces a Hopf *-algebra map 7 : A — «,(G). We still denote by v;;

the element f(v;;) in A. We get a commutative diagram with preexact rows

C —— PA LN A —p)CZQ—>C

g [~ |
C — R(G/T) —— 4.(G) —> ¢z, — C

where the sequence on the top row is the one of Lemma 3.6 and the sequence on
the lower row is the one of Proposition 4.5. To prove that 7 is an isomorphism,
we just have, by the short five-lemma for cosemisimple Hopf algebra [Banica
et al. 2013], to prove that 77| : P,A — ®R(G/T) is an isomorphism. Let J; be the
x-ideal of R(PU,) generated by the elements of X (1), X|(A), X2(A) and X>(A)
for all the elements A € 6. It is clear, using the Z-grading on R(G) induced by
the inclusion T C G and the fact that J¢ is generated by elements of degree zero,
that J; = JgNR(PU,), so R(G/T) ~R(PU,)/J;. But then the natural x-algebra
map R(PU,) — P,A (Lemma 2.6) vanishes on J/,, and hence induces a *-algebra
map R(G/T) — P,A, which is an inverse for 7|. Hence 7 is an isomorphism,
and the algebra A being noncommutative, it follows from Proposition 4.4 that G is
doubly nonreal. U

The proof of Theorem 4.7 also provides a method to find the compact group G
from the half-commutative orthogonal Hopf algebra A.

Example 4.8. On can check, by following the proof of Theorem 4.7, that the
hyperoctahedral Hopf algebra Aj (n) is isomorphic to 4,(K,), where K, is the
subgroup of U, formed by matrices having exactly one nonzero element on each
column and line (with K,, ~T" x S,).

Remark 4.9. Let H C G C U, be self-transpose compact subgroups. The inclusion
H C G induces a surjective Hopf *-algebra map «.(G) — A.(H), compatible
with the exact sequence in Proposition 4.5. Thus if the inclusion H C G induces
an isomorphism H/H N'T >~ G/G NT, the short five lemma ensures that A, (G) >~
A (H). In particular, A, (U,) >~ A (SU,).
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We now propose a tentative orthogonal half-liberation for the unitary group. In
fact another possible half-liberation of U, has already been proposed in [Bhowmick
et al. 2011], using the symbol A} (n). We shall use the notation A’*(n) for the
object we construct, which is different from the one in [Bhowmick et al. 2011].

Example 4.10. Let A}*(n) be the quotient of A, (n) by the ideal generated by the

elements
k

abc —cba, a,b,c, €{u;j, Uiihs

Then A}*(n) is isomorphic with 4. (U3 ,), where U, , is the subgroup of Us,
consisting of unitary matrices of the form

A B
(_B A), A, B € M,(C),

and hence is a half-commutative orthogonal Hopf algebra.

Proof. Let w € C be a primitive fourth root of unity. We start with the probably
well-known surjective Hopf *x-algebra map

Ao(2n) — Ay(n),

. k
wijtugy
Xi j» Xntintj > > , i, je{l, ..., n},
%
Wi —u;;
Xni,j H> o i,jef{l,...,n},
ui;—uij
Xinyj > o i,jef{l,...,n},

where x; ; denote the standard generators of A,(2n). It is clear that it induces
a surjective Hopf x-algebra map A}(2n) — A}*(n), and hence A}*(n) is a half-
commutative orthogonal Hopf algebra.

Let J be the ideal of A}(2n) generated by the elements

Vi,j = Untintjs Untij + Vintj, i, j€{1l,...,n}

(where v; ; denotes the class of x;; in A (n)). Then J is a Hopf *-ideal in A};(2n) and
the previous Hopf *-algebra map induces an isomorphism A%(2n)/J >~ A}*(n) (the
inverse sends u;; to x;j +wx,4; ;). Now having the presentation A%(2n)/J ~ A};*(n),
the proof of Theorem 4.7 yields A*(n) >~ A, (U3 ,). O

5. Representation theory

In this section we describe the fusion rules of #{,(G) for any compact group G (as
usual by fusion rules we mean the set of isomorphism classes of simple comodules
together with the decomposition of tensor products of simple comodules into simple
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constituents). Thanks to Theorem 4.7, this gives a description of the fusion rules of
any half-commutative orthogonal Hopf algebra.

If A is a cosemisimple Hopf algebra, we denote by Irr(A) the set of simple
(irreducible) comodules over A. If A = R(G) for some compact group, then
Irr(R(G)) = Irr(G), the set of isomorphism classes of irreducible representations of
G. By a slight abuse of notation, for a simple A-comodule V, we write V € Irr(A).

Let G C U, be a self-transpose compact subgroup. Recall that the transposition
induces an involutive compact group automorphism

0:G—>G, g (g)'=3.

For V € Irr(G), we denote by V° the (irreducible) representation of G induced by
the composition with o. If U is the fundamental n-dimensional representation of
G, then U° ~ U.

We begin by recalling the description of the fusion rules for the crossed product
R(G) x CZ,. See [Wang 1995b, Theorem 3.7], for example.

Proposition 5.1. Let G C U, be a self-transpose compact subgroup. Then there is
a bijection
Irr(R(G) x CZy) ~ Irr(G) U Irr(G).

More precisely, if X € Irr(R(G) x CZ,), then there exists a unique V € Irr(G) with
either X >~V or X >~V ®s. For V, W € Irr(G), we have

VOWRs) = (VeW)®s,
(Ves)eW=(VeW’)®s,
(VRs)Q(WRs)~ VW,
Proof. The description of the simple comodules follows in a straightforward manner
from the fact that R(G) x CZ, = R(G) ® CZ; as coalgebras. The tensor product

decompositions are obtained by using character theory; see [Woronowicz 1987] or
[Klimyk and Schmiidgen 1997]. (]

Remark 5.2. If G C U,, is connected and has a maximal torus 7" of G contained
in T", it follows from highest weight theory that V7 ~ V for any V € Irr(G). We
do not know if this is still true without these assumptions.

To express the fusion rules of «,(G), we need more notation. Let G C U, be a
compact subgroup, and denote by U the fundamental n-dimensional representation
of G. For m € Z, we put

Ir(G) ) = {V € Irr(G), V c UP" @ (U @ U)® for some [ € N},

where U®? = C and form <0 U®" = U® ™,



26 JULIEN BICHON AND MICHEL DUBOIS-VIOLETTE

Now if V € Irr(G)jo), then V € Irr(G/G N T) (see Lemma 2.6), and since
R(G/GNT) CA(G), we get an element in Irr(d,(G)), still denoted V.

ItV elr(G)pyj, then VC U ® (U ® U)®!, for some [ € N, and hence the
coefficients of V ® s belong to #.(G). Thus we get an element of Irr(«d.(G)),
denoted Vs.

Corollary 5.3. Let G C U,, be a self-transpose compact subgroup. Then the map
IIT(G)[()] I II‘I‘(G)[[] — Iﬂ(ﬂ*(G))

given by
Vi \%4 lf Ve Irr(G)[O],
Vs lf Ve II‘I‘(G)U],

is a bijection. Moreover, for V € Irr(G)o;, W, W’ € Irr(G) (17, we have

VWs>~(VeW)s,
Ws@QV (WQV)s,
Ws@Ws>WeW",
Ws =~ Ws.

Proof. The existence of the map follows from the discussion before the corollary,
while injectivity comes from Proposition 5.1. For V € Irt(G) n), V' € Irt(G) 1, the
simple constituents of V ® V” all belong to Irr(G)+m, and that Vo € Irr(G) (.
So the isomorphisms in the statement (that all come from the isomorphisms of
Proposition 5.1) yield decompositions into simple s4,(G)-comodules. Thus we
have a family of simple s, (G)-comodules, stable under decompositions of tensor
products and conjugation, and that contains the fundamental comodule Us: we
conclude (e.g., from the orthogonality relations [Woronowicz 1987; Klimyk and
Schmiidgen 1997]) that we have all the simple comodules. ([
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SUPERDISTRIBUTIONS, ANALYTIC AND
ALGEBRAIC SUPER HARISH-CHANDRA PAIRS

CLAUDIO CARMELI AND RITA FIORESI

We extend the theory of super Harish-Chandra pairs, originally developed
by Kostant and Koszul for smooth Lie supergroups, to algebraic super-
groups over a field of characteristic zero. We also review the corresponding
complex analytic theory and we give a characterization of the action of an
algebraic (resp. complex analytic) super Harish-Chandra pair on a super-
variety (resp. complex analytic supermanifold).

1. Introduction

The main purpose of this paper is to extend the theory of super Harish-Chandra
pairs, originally developed by Kostant [1977] and Koszul [1983] for smooth Lie
supergroups, to algebraic supergroups, enlightening similarities and differences
with the complex analytic setting, treated in detail by Vishnyakova [2011]. This
approach appears to be especially fruitful in the study of algebraic supergroup
representations and more in general supergroup actions on supervarieties.

Roughly speaking, a super Harish-Chandra pair (SHCP for short) consists of a pair
(Go, g), where Gy is an ordinary algebraic (resp. analytic or smooth) supergroup
and g is a Lie superalgebra, with even part go = Lie(Gy). If G is a supergroup
(algebraic, analytic or differential), we have a natural SHCP associated with it:
(Go, Lie(G)). What appears to be surprising is the fact that the correspondence
between supergroups and SHCP is bijective (up to isomorphism), i.e., starting from
a given SHCP (G, g), we can reconstruct a supergroup, which has a corresponding
SHCP (G, Lie(G)) = (Gy, g), and such supergroup is unique. Actually more is
true: there is an equivalence of categories between the category of supergroups
(algebraic, analytic or differential) and the category of SHCPs (algebraic, analytic
or differential), once morphisms are properly defined.

Such equivalence in the smooth context dates back to [Koszul 1983], while the
analytic setting is due to Vishnyakova [2011], though a careful reading of [Koszul
1983], shows that the complex theory appeared already, somehow implicitly, in that
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paper. Vishnyakova applied the result about the equivalence of categories between
analytic supergroups and analytic SHCPs to provide a characterization of those
complex homogeneous analytic supermanifolds that are split. We take her work
a step forward: we characterize the concept of action of an analytic SHCP on an
analytic supermanifold, proving it is equivalent to the ordinary notion of action
of an analytic super Lie group on an analytic supermanifold. Our result, which is
novel, immediately carries over to the affine algebraic category.

After our paper appeared on the web on June 2011, Masuoka [2012] published a
more general and very interesting result in which he quoted our work, giving us the
credit for being the first authors to treat the algebraic setting for the equivalence of
categories between algebraic supergroups and algebraic SHCPs in characteristic
zero. Masuoka is able to obtain a generalization of our result through a characteristic
free approach, in purely algebraic terms.

In his paper, Masuoka defines a category of SHCPs whose objects are pairs
consisting of an Hopf algebra C and a finite dimensional right C—comodule W,
together with appropriate compatibility conditions. In the characteristic zero case,
the category of Masuoka’s SHCPs is anti-isomorphic to the algebraic SHCP category
we use in the present paper. He then establishes an equivalence between the category
of such SHCPs (C, W) and the category of affine (i.e., super commutative and
finitely generated) Hopf superalgebras, which in turn is contravariantly equivalent
to the category of affine algebraic supergroups. The functor establishing such an
equivalence associates to each pair (C, W) a subalgebra A(C, W) of the completion
of the smash product Hopf algebra C x'T (W) (here T (W) denotes the tensor algebra
of W). In this sense, Masuoka’s approach seems more related to Kostant’s proof of
the categorical equivalence between smooth SHCPs and smooth super Lie groups.
Indeed in his approach Kostant realizes the structure sheaf of the supergroup as a
subalgebra of the algebraic dual of the smash product R[G(] x" U(g). We believe
that the importance of Koszul’s approach relies in the simple geometrical realization
of the sheaf as the coinduced module

Homay gy (U(g), O, (Go)),

which is very explicit. This is particularly important when one tries to deduce
general properties of super Lie groups (see, for instance, the characterization of
split homogeneous supermanifold in [Vishnyakova 2011], or our Proposition 4.3).
Moreover, as far as we understand, it is still an open problem to establish whether
the correspondence between SHCPs as we define them and algebraic supergroups
is an equivalence of categories in the positive characteristic case.

Since our methods are essentially different from Masuoka’s and present a geo-
metric point of view particularly useful for the applications (see our Section 4), we
believe that our work still deserves a place in the literature.
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Our treatment begins with the definition of distribution superalgebra. We keep
our discussion general enough to accommodate both the analytic and algebraic
category and we believe this is one of the strengths of our paper and it singles
it out from the previous treatments of the same subject we quoted above, which
usually deal with just one category (algebraic, analytic or differential) at a time. The
distribution superalgebra is a key object; its definition in differential supergeometry
dates back to Kostant [1977], who first recognized its importance in this context.
As we show in our work, the distribution superalgebra D(G) of a supergroup G
(algebraic, analytic or differential) is naturally equipped with a Hopf superalgebra
structure and it is indeed this Hopf structure, which makes possible the reconstruction
of the algebraic, analytic or differentiable supergroup associated with an SHCP.
In fact, when the characteristic of the ground field k is zero, D(G) is linearly
isomorphic to k|G| ® U(g) (k|G| denoting the ordinary group algebra associated
with the topological group |G| underlying the supergroup G). This allows us to
endow k|G| ®U(g) with an Hopf superalgebra structure, inherited by D(G) via the
above mentioned linear isomorphism. The superalgebra of the global sections of the
structural sheaf of the algebraic supergroup G, associated (uniquely) with the given
SHCP (|G|, g), is then realized inside the dual of k|G| ® WU(g), thus inheriting its
Hopf structure. This is essentially the reason why the above mentioned equivalence
of categories works, though the proofs and the statements are necessarily more
complicated, since of the technicalities involved, which at this point differ depending
on the category we consider, for example for the analytic category we cannot take
into consideration the global sections only, but we need to look at the whole sheaf.

This paper is organized as follows.

In Section 2 we describe the superalgebra of distributions of an analytic or
an algebraic supergroup, establishing its relation with the universal enveloping
superalgebra. The material exposed here is general common knowledge, though
we are not aware of a treatment as complete and general as ours.

Section 3 contains the main results of our paper, including Theorem 3.6, which
establishes the equivalence of categories between SHCPs (algebraic or analytic) and
supergroups (algebraic or analytic). For the reader’s convenience, this is preceded
(starting on page 39) by a brief review of the equivalence between the category of
analytic SHCPs and the category of analytic supergroups.! Subsequently (page 42)
we establish the equivalence between the category of algebraic SHCPs and the
category of affine algebraic supergroups under suitable hypothesis for the ground
field. The results of this section were generalized in [Masuoka 2012], with totally
different methods, posted on the web at a later date than ours.

In Section 4 we provide an equivalent approach to the study of the actions of

IThe material of this section appeared already, essentially in this form, in [Vishnyakova 2011].
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supergroups, via SHCPs. This result extends the result stated in [Deligne and
Morgan 1999] for the smooth category (see also [Balduzzi et al. 2009; Carmeli
et al. 2011]). These results are novel as far as we know.

We believe the present work is justified, given the importance of the algebraic
theory for practical purposes together with the lack of an appropriate and complete
available reference.

For all the definitions and main results in supergeometry expressed with our
notation, we refer the reader to [Fioresi and Gavarini 2011] or [Fioresi and Gavarini
2012, Chapter 2] or [Carmeli et al. 2011, Chapters 1, 4, 10]. In particular we shall
employ both the sheaf-theoretic and the functor of points approach to supergeometry.
On this we invite the reader to consult the classical references [Deligne and Morgan
1999; Manin 1988; Varadarajan 2004].

2. The superalgebra of distributions

We start by giving the definition of distribution and distribution superalgebra. Our
treatment is general enough to accommodate the two very different categories of
supermanifolds and superschemes. For the classical definitions we send the reader
to [Jantzen 2003, page 95], [Demazure and Gabriel 1970, Chapter II §4, no. 6], and
[Dieudonné 1970]. For the basic definitions of supergeometry we refer the reader
to [Manin 1988; Varadarajan 2004; Deligne and Morgan 1999; Fioresi and Gavarini
2012].

Distributions. Let k be the ground field.

Let X = (]X], Ox) be an analytic supermanifold or an algebraic superscheme
over the field k.

Let X (k) be the k-points of X, that is X (k) = Hom(k%°, X) in the functor of
points notation. For an analytic supermanifold X we have that its k-points X (k) are
identified with the topological points | X|, while for X a superscheme the k-points,
are in one to one correspondence with the rational points, that is, the points x € | X|
for which Ox ,/mx » =k, mx  being the maximal ideal in the stalk Oy .
Definition 2.1. A distribution supported at x € X (k) of order at most n is a mor-
phism ¢ : Ox , — k, with m')’f; C ker(¢) for some n. The set of all distributions
at x of order n is denoted as D, (X, x), while D(X, x) denotes all distributions
supported at x. Both D, (X, x) and D(X, x) have a natural super vector space
structure.

We also define

px)= ] DX, x

xeX (k)

2If X is an analytic supermanifold, k = R or k = C or even k = Q), the p-adic numbers (see for
example [Serre 1992]). If X is a superscheme, k is a generic field.
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as the distributions of finite order of X. Also D(X) has a natural super vector space
structure.

Observation 2.2. (1) We have
Dy(X,x) = (Ox.x/my )",

since if ¢ € D, (X, x), we have ¢(m’;(tcl) = 0; hence ¢ factors and becomes an
element in (Oy / mg‘fxl)*. Further notice that

Do(X,x) =k, Di(X,x)=k® (mx./mx )"

Hence Dy (X, x)* := (mx../ mg(’x)* becomes identified with the tangent space to
X at the point x.

(2) If X is an affine algebraic superscheme, O(X) the superalgebra of the global
sections of its structural sheaf, a distribution supported at x of order n can be
equivalently seen as a morphism ¢ : O(X) — k, with m’ C ker(¢), where m, :=
{¢p € O(X)|¢p(x) = 0} is the maximal ideal of all the functions vanishing at x,
where as usual in supergeometry f(x) simply means the image in Ox /mx , of the
element f € O(X) under the natural morphisms: 0(X) — Ox y — Ox /mx » = k.
(Notice that since x is rational, we have O(X) =k ®@m, and Ox ,/mx x = k).

We leave it to the reader to check that the two definitions of distributions given
are essentially the same in this case.

(3) If X is a smooth supermanifold, that is, if we are in the differential category, we
can view a point supported distribution as a morphism ¢ : 0(X) — R, m’} C ker(¢),
where m, is the maximal ideal corresponding to the point x € | X| (see [Kostant
1977] and [Carmeli et al. 2011, 4.7]), thus recovering the same definition as in (2)
for the affine algebraic category. This is one of the many analogies between the
category of affine supervarieties and smooth supermanifolds.

Example 2.3 (distributions on k”17). Here we assume char(k) = 0. Consider the
superspace X = k”!¢ (both in the analytic and affine algebraic context). Let x; ... x P>
&1 ...&, denote the global coordinates and mo = (x...xp, & ...&,;) the maximal
ideal in the stalk Oy ¢ at the origin. We have

(O“X,o/ngrl = span {1, xi‘ X EST ST Y =n ).

If I = (i1 ...ip+q), let X denote the monomial xi’ L XJETL L EST . Since the
distributions at 0 of order n are the dual of the super vector space Ox o/ mgH, we
have that a basis for the super vector space of distributions at the point O is given by
¢y such that ¢;(X;) =6y, with I = (iy...ip1g), J = (J1 ... jpt+q) multiindices,
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> ix =Y jx =n. So we have

o (f)_;(i)jl (i)jp<i>jp+l (i)jp+q(f)(0)
A U SR W P S W P dE, T\ og '

The superalgebra of distributions of an analytic supermanifold. In this section
we characterize the distributions for an analytic supermanifold M = (|M|, Oy) in
the following way. Distributions at the point x € |M] are the elements in O},
whose kernel contains an ideal of finite codimension, in analogy with Kostant’s
treatment [1977] for the smooth category. We start with a lemma.

Lemma 2.4. Let M = (|M|, Oyr) be an analytic supermanifold, x € |M|, mx x the
ideal in Oy . of the sections vanishing at x. For each positive integer p, m;x is an
ideal of finite codimension.

Proof. It follows from the Taylor expansion formula. In fact, every element f in
Opm,x can be written as f =), f161, where f; is an element in the classical stalk
of germs of holomorphic functions ¥ . For each positive integer ¢, a germ f;
can in turn be written as

f@=a@+ Y GefWF+ Y he)

K:1<|K|<q—1 J:|J1=q

where I, J, K are multiindices. Hence we can write

f=Z(f1(x>+ > (aRf1>(x>zR>e’+ > hir@)z e’
1

R:|R+I|<p [I4+R|=p
From this formula, it follows that the elements in m§ .. are generated by the mono-
mials {ZK01}|K+I|§p’ and @M,x/mf,l . has finite dimension. U

Proposition 2.5. An ideal J in Oy has finite codimension if and only if there
exists an integer p > 0 such that mf\),[’x cJ.

Proof. The “if” part follows from the previous lemma. For the “only if”” part we
reason as follows. Consider the descending chain of ideals J +m#, . > J +mh/ .
Since J has finite codimension there exists g such that J +m9, . = J + m’ﬁl
From this it follows that m%, . € J +m%, . -mu x. Since, by the previous lemma,
m%, . 1s finitely generated we can apply the super version of Nakayama lemma (see
[Varadarajan 2004]) and we get m9, . € J. (]

We have then obtained the following result, which establishes a parallelism with
the smooth category.

Theorem 2.6. The distributions on an analytic supermanifold M supported at a
point x correspond to morphisms f : Oy  — k whose kernel contains an ideal of
finite codimension.
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The distributions of a supergroup at the identity. We now want to restrict our
attention to the distributions of a supergroup (analytic or algebraic) at the identity
element e € G (k).

As a consequence of the Observation 2.2, we have

Di(G,e)" = (mg../m§ )" = T.(G) = Lie(G).

It is only natural to expect D(G, e) to be identified with U(g), with g = Lie(G).
This is true, as we shall see, provided we exert some care.

As we remarked in the Definition 2.1 the distributions at the identity are a super
vector space, however there is a natural additional superalgebra structure that we
can associate to the super vector space of distributions, by defining the convolution
product.

Definition 2.7. Let ¢, v € D(G, e). We define their convolution product as the
following morphism:

@*x)(f)=(@@VIL*(f), [l

where p denotes the multiplication in the supergroup G and u* the corresponding
sheaf morphism.

The following proposition is a straightforward check.

Proposition 2.8. The convolution product makes D(G, e) into an associative su-
peralgebra, its unit being the evaluation at e, denoted by ev, : Og , — k.

We now want to examine the relation of D(G, e) with the universal enveloping
superalgebra of the supergroup G. Since D(G, e) D Di(G,e)t = Lie(G), by
the universal property of the universal enveloping superalgebra AU (g), we have a
superalgebra morphism « : U(g) — D(G, e).

Observation 2.9. If G is an algebraic supergroup and the characteristic of k is
positive, say char(k) = p > 0, then D(G, e) contains more than the elements coming
from AU(g) (refer to Example 2.3). This is because the divided powers X" /m! are
in D(G, e) but not in U(g). Again similarly, as in the classical situation, we have
that any morphism WU(g) — D(G, e) factors via the universal enveloping restricted
algebra U’ (g):

aA(g) — U (g) = U(g)/(XP — X'P1) - D(G, e)

where X!?! denotes the derivation in g corresponding to p-times the derivation X
(which is a derivation here, since we are in characteristic p).

Let char(k) = 0.
Proposition 2.10. The morphism a : U(g) — D(G, e) is an isomorphism.
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Proof. This is done essentially in the same way as in the classical setting, which is
detailed in [Varadarajan 2004, Chapter I] for the analytic category and [Demazure
and Gabriel 1970, Chapter II, 6, 1.1] for the algebraic category. U

Proposition 2.11. There is an isomorphism of the superalgebra of distributions on
a supergroup G and the superalgebra of the left-invariant differential operators
on G. In this situation U(g) is isomorphic to the superalgebra of the left-invariant
differential operators on G.

Proof. The same remarks as in the previous proof apply. (]

The distributions of an affine algebraic supergroup. We now want to restrict
ourselves to the case of affine algebraic supergroups. As we shall see, this algebraic
setting shares many similarities with the differential one.

Consider the module of distributions D(G) (see Observation 2.2):

D(G) = U D(G, x) C 0(G)*.
xeG (k)

Definition 2.12. If ¢ = ) ¢,, is a distribution with ¢,, € D(G, p;) we say that
¢ is supported at {p;}. On the whole D(G) we have a well-defined associative
product, called the convolution product:

(@p* D) (f) = ($p ® P ()

and its unit is ev,, the evaluation at the unit element: ev.(f) = f(e). Here u*
denotes (as before) the comultiplication in the Hopf superalgebra O(G).

Observation 2.13. If ¢, and ¢, are distributions supported at p and g respectively,
then ¢, x ¢, is supported at pq. This is a consequence of the fact that

w*(mpq) Cmy®0(G)+0(G) ®my

where m, is as usual the maximal ideal of the sections in O(G) vanishing at
x € G(k). my =my o+ Jo(c), that is, my is the sum of m, o the ordinary maximal
ideal corresponding to the topological rational point x € G (k) and the ideal Jo(g)
generated by the odd sections in O(G).

Lemma 2.14. Let ¢, € D(G, g). Then there exists a unique ¢. € D(G, e) such that
$e = €Vg-1 *x P,

Proof. Since ¢g = (eVg xeV,-1) x g, define ¢, =ev,-1 xd, € D(G, e). [l
Proposition 2.15. D(G) is a super Hopf algebra with comultiplication A, counit €
and antipode S given by

Alp)(f®8) = (f-8), €(P)(f):=g(eve(f)), S@(f) =™ (f)),

where i : G — G denotes the inverse morphism.
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Proof. Direct check. O
Let k|G| be the group algebra corresponding to the ordinary group G (k), i.e.,

k|G|={ > xgg}.

geG (k)
Agek

Proposition 2.16. We have a linear isomorphism
V:D(G) > kIG|®UQ), ¢g> E® e,

which endows k|G| @ U(g) of a Hopf superalgebra structure. This structure is
induced by the natural Hopf structures on the group algebra k|G| and U(g):

AvGi(8) =¢g®g, AqepU)=UR1+1QU, geGk),Ucgy.
The superalgebra structure is defined by
E®X)(h®Y)=gh®(h™'X)Y, geGk). XYW,
with h™' X :=ev,-1 » X xevy,. (By Proposition 2.10 we identify distributions at e
with elements in AU(g).)

Proof. This is done with a direct check. We just point out that it is enough to do
such check just on generators. U

3. Super Harish-Chandra pairs

The theory of super Harish-Chandra Pairs (SHCP) that we shall develop presently
provides an equivalent way to approach the analytic or affine algebraic supergroups.

Definition of an SHCP. Any time we say supergroup we mean an analytic or an
affine algebraic supergroup over a field k of characteristic zero.

Definition 3.1. Let G be a group (complex analytic or affine algebraic) and g a
super Lie algebra. We make the following assumptions:
(1) go =~ Lie(Gy).

(2) Gy acts on g and this action restricted to g is the adjoint representation of G
on Lie(Gg). Moreover, the differential of the action is the Lie bracket. We
denote such an action by Ad or as g.X, g € Gg, X € g.

Then (Gy, g) is called a super Harish-Chandra pair (SHCP).
A morphism of SHCP is simply a pair of morphisms ¥ = (1, p¥) preserving
the SHCP structure; that is:

(1) Yo : Gy — Hp is a group morphism (in the analytic or algebraic category).

(2) p¥ : g — b is a super Lie algebra morphism.
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(3) Yo and p¥ are compatible in the sense that '01\/;0 =dyy and

Ad(Yo(g)) o p¥ = p¥ 0 Ad(g).

When Gy is an analytic group we shall speak of an analytic SHCP, when Gy is
an affine algebraic group of an algebraic SHCP.

We would like to show that the category of (analytic of algebraic) SHCP, denoted
by (sheps), is equivalent to the category of supergroups (analytic or algebraic),
denoted by (sgrps). In order to do this we start by associating in a natural way a
supergroup to an SHCP.

Definition 3.2. Let (Go, g) be an SHCP. The sheaf O, of the ordinary group Gg
carries a natural action of AU(gp), since the elements of WU(gg) act on the sections in
Og,(U) as left-invariant differential operators. We define O (U) as

©G(U) = Homou(go) (Ou(g)’ @Go(U))s U Copen GO'

Proposition 3.3. The assignment U +— Og(U) is a sheaf of superalgebras on G,
where the superalgebra structure on Og(U) is given by

Ji- fa=mgg o (f1® f2) o Ay

and the restriction morphisms pyy : Og(U) — Og(V) are pyv(f) := pyv o f,
where pyy are the restrictions of the ordinary sheaf Og,.

Proof. The check f1- f» is an associative product is routine, while the sheaf property
comes from the fact Og, is an ordinary sheaf. (]

We now show that (Gg, O¢) is a superspace, by showing that is globally split; in
other words, that

06(U) = 0g,(U) ® /\(g1)-
Theorem 3.4. (1) Lety: /\(g1) — AU(g) be the symmetrization map, given by
y(Xin-AXp) = i, D DXy X,
p: €S,
where |T| denotes the parity of the permutation t. Then
7 UGo) @ Ng1) — U(g), X®Y > X-y(Y)
is an isomorphism of super left U(go)-modules.

(2) (Go, Og) is globally split; i.e., for each open subset U C Gy there is an
isomorphism of superalgebras

0¢(U) ~Hom(/A(g1), Og,(U)) =~ 0g,(U) @ N(g1)".

Hence Og carries a natural 7-gradation.
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Proof. (1) is an application of Poincaré—Birkhoff-Witt (PBW) theorem (see
[Varadarajan 2004]), while for (2) consider the map
¢u : 0¢(U) — Hom(/A\(g1), Og,(U)), [ foy.

Since y is a supercoalgebra morphism, ¢y is a superalgebra morphism. In fact,

du(f1-f2)=mo fi® froAygy oy =mo fi® fro(y ®y)Aw) = du (f1)du (f2).

That ¢y is a superalgebra isomorphism follows at once from U(gp)-linearity. [
As an almost immediate consequence of the previous theorem we have:

Corollary 3.5. If G is an analytic manifold or algebraic scheme, then (Gg, Og) is
a superspace.

In the next sections we complete the task of showing (Gg, O¢) is a supergroup by
providing explicit expression for the multiplication, unit and inverse. This will lead
to the main result of the paper, namely the equivalence of categories between the
SHCP and supergroups. We now state the main result of the paper and then we shall
prove it with different methods in the next sections, since at this point the analytic
and algebraic categories diverge and require dramatically different treatment.

Theorem 3.6. Let k be a field of characteristic zero, k = C if we are in the algebraic
category. Define the functors
d€ . (sgrps) — (sheps)
G — (Gy, Lie(G))
¢ = (18], (do)e)

and
X (sheps) — (sgrps)
(Go.g9) > G = (Go. Homayq,) (U(g). Og,))
v = (Yo, p¥) fr=Yiofopy,

where G and (G, g) are objects and ¢, v are morphisms of the corresponding
categories (in the definition of ¥, Gy is the ordinary group underlying G). Then
¥ and K define an equivalence between the categories of supergroups (analytic or
algebraic) and super Harish-Chandra pairs (analytic or algebraic).

Analytic SHCP. Letk =C.

For analytic SHCP it is relatively easy to define a supergroup structure on the
superspace (Go, Og) we have defined above, by mimicking what happens in the
smooth case. In fact for an analytic ordinary group Gy, the action of U(gp) on Og,
is given by

(Dy- f)(g) = f(ge'?), Zego, [elgU),
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where e’Z denotes the one-parameter subgroup corresponding to the element Z € g.
Notice that at this point we encounter an important difference with the algebraic
setting, since in that case we do not have a result such as the Frobenius theorem
available.

Proposition 3.7. (G, O¢) is an analytic supergroup where the multiplication (.,
inverse i and unit e are defined via the corresponding sheaf morphisms by

(15 (H X D] ) =[f((h™X0Y)](gh),
[*(HX]E™H =g 2],
() =[],
for f € Og(U) and g, h € |G|, where |G| is the topological space underlying Gy.
Here X denotes the antipode in U(g).

Note. We shall discuss the peculiar form of p*, i*, ¢* in Remark 3.14.

Proof. The proof of this result is the same as in the differential smooth setting,
where everything is defined in the same way (see [Carmeli et al. 2011, Chapter 7]. In
particular to prove that u*, i*, e* are AU (go)-morphisms is harder than the verification
of the compatibility conditions and the Hopf superalgebra properties. As an example,
let us verify w is well-defined the other properties being essentially the same type
of calculation. Due to the PBW theorem, it is enough to prove go-linearity. Let
Z € go; then

W (IZX,Y)(g. h) = f(h" (ZX)Y)(gh)
= f((h™2)(h~ . X)Y)(gh)
=D, , [f(.X)Y)] (gh).
On other hand,

~ d
[(Dz ®id)(w* ()X, Y)](g, h) = 7

FURT'X)Y)(ge“h)
t |t=0

_4 FART'X)Y)(ghe' "' D)
dt =0

=D, ., [f((7 . X)V)] (gh).
Similarly, for the left entry, one finds
WX, ZY) (g h) = f(h™'X)ZY)(gh)
= f(Z' XY + 071X, Z1Y) (gh)
=D (f((h'X)Y))(gh) + f(Ih™' X, Z]Y ) (gh)

and
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d
W)X, Y)(g, he'?) = o |tzOf(((}ze’Z)*lX)Y)<ghe’z>

t
=[D, (' X)ON)](gm) + f(I(h™'X), Z1Y ) (gh).
]

dt 11=0

We are now ready for the proof of Theorem 3.6 in the analytic setting.

Theorem 3.8. There is an equivalence of categories between analytic SHCP and
analytic supergroups expressed by the functors X and ¥ in Theorem 3.6.

Proof. Let us first show the correspondence between morphisms. If ¢ is a morphisms
of analytic supergroups, it is immediate that (|¢|, (d¢).) is a morphism of SHCP.
Conversely, if ¥ = (9, py ) is a morphism of SHCP (G, g), (Ho, b), then the map
Y*:0ygU) — @G(wal(U)) defined by ¥*(f) =¥ o f o py is a sheaf morphism
and (Yo, ¥*) is a morphism of the supergroups G and H. As one can check, the
assignments in Theorem 3.6 establish a one-to-one correspondence between the set
of morphisms of SHCPs and the set of morphisms of analytic supergroups.

We now turn to the correspondence between the objects. Let G be a supergroup
and G the supergroup obtained from the SHCP (G, Lie(G)), where Gy is the
ordinary analytic group underlying G. As for the smooth setting, let us define the
morphism : G — G by

n*: 06(U) — 05 (U) = Homayg,) (U(@). Og, (1)),
s (5: X = (=DX|(Dys)]).
Here Dy denotes the left-invariant differential operator on G associated with

X € AU(g), that is Dy = (1 ® X)u*. The definition is well-posed as one can
directly check, moreover 7 is a SLG morphism, i.e.,

noug=pnsomxn).
Indeed, for each s € 0(G), X, Y € U(g), and g, h € Gy,
[((* @ n*) () (X, V)] (g, h) = (=D¥H(Dy @ Dy (9)1(g. 1)
= (=D"* D,  Dysl(gh)
=[n* &) (=" X)Y)](gh)
=[(nEn*))(X, V)](g, h).

The last thing to check is that 5 is an isomorphism. This is true because |7]| is
clearly bijective and, for each g € Gy, the differential (dn), is bijective:

[(dm)g(Dy)](s) = Dy n*(s) =evg(Dyn*(s)) = [Dyxn*(s)1(1)(g)
= (=D™MI* ) (X) (@) = [(Dx$)I(8) = Dy (),
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where we denote by D x a left-invariant differential operator on G corresponding
to X € U(g) while Dy denotes a left-invariant differential operator on G.

We conclude using the inverse function theorem, which holds also for analytic
supermanifolds and again this is an important difference with the algebraic setting,
where we do not have this tool available. (]

Remark 3.9 (p-adic SHCP). One can define p-adic supermanifolds, supergroups
and SHCP through the obvious same definitions within the framework described
classically in [Serre 1992]. In fact since the category of p-adic manifolds resembles
very closely the category of analytic manifolds, it is then only reasonable to expect
that one can develop along the same lines the theory of p-adic supermanifolds. Once
the basic results, like the inverse function theorem, are established, the equivalence
of categories between p-adic supergroups and the p-adic SHCP will then follow
through the same proof we have detailed for the analytic category.

Algebraic SHCP. We now prove our main result, Theorem 3.6, in the case of G an
affine algebraic supergroup over an algebraically closed field of characteristic zero.
The category of affine algebraic supergroups is equivalent to the category of
commutative Hopf superalgebras; hence we need to show that there is a unique
commutative Hopf superalgebra 0(G) associated to a SHCP (G, g), namely the
superalgebra of the global sections of the sheaf O¢ as in Definition 3.2.

Since the exponential appears for the action of U(go) on O(Gy) (see beginning
of previous subsection), the question is entirely classical and it is treated in detail in
[Demazure and Gabriel 1970, Chapter 2] for the algebraic setting. We shall briefly
review a few key facts, sending the reader to that reference for details.

Let G be an algebraic group and A a commutative algebra, p : A(t) — A[t]/(t?)
the natural projection, ¢ even. By definition, Lie(Gg)(A) = ker Go(p). Since G is
affine we have Go C GL(V) for a suitable vector space V; hence we can write

Lie(Go)(A) ={1+1tZ} C Go(A(t)) C GL(V)(A(1))
=GL(V)(A) +tEnd(V)(A)

for suitable Z € End(V)(A), where End(V) is the functor of points of the su-
perscheme of the endomorphisms of the vector space V. Very often Lie(Gy) is
identified with the subspace in End(V) consisting of the elements Z. As a notation
device we define

e'? =1+41Z € Gy(A®t)).

Let g € Go(A) =Hom(0(Gy), A), thatis, g is an A-point of G, and let f € O(Gy).
As another common notational device, we denote g( f) with f(g). Since A embeds
naturally in A(#) we can view g also as an A(¢)-point of G and consider f (ge’z).
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We then define

d
* - etZ — b,
() o |t:Of (ge'”)
where f(ge'?) = (ge'?)(f) = a+ bt € A(t). One sees that the left-hand side of
(*) corresponds to the natural action of Z € Lie(Gg) on O(Gy) via left-invariant
operators, that is,
d
—  f(ge') =D (f),
dt 1=0
which we denoted by l~)Z f in the analytic category.
We now go back to the super setting and prove the analogue of Proposition 3.7.

Proposition 3.10. The superalgebra O(G) = Hom(U(g), O(Gy)) associated to the
algebraic SHCP (G, g) is an Hopf superalgebra where the comultiplication p1*,
antipode i* and counit e* > are defined as follows:

[ ()X, (g, h) = [f (k. X)Y)1(gh),
(NI H =1fE X)),
e*(f) =[f(Dle),

for f € 0(G), g, h € |G|. Here X denotes the antipode in U(g).

Proof. 1t is the same as for Proposition 3.7. Though the context is different, once
the exponential terminology assumes a meaning for the algebraic category, the
calculations are the same. (]

The next proposition shows a very natural fact: given an SHCP (G, Og), the
sheaf Og is the structural sheaf associated with the superalgebra of its global sections
0(G), so that the morphisms w*, i*, e* are actually defined as the appropriate sheaf
morphisms, corresponding to u, i, e, multiplication, inverse and unit in the algebraic
supergroup G = Spec O(G). corresponding to the SHCP (G, g).

Proposition 3.11. Let (Gy, g) be an SHCP, with Gg an affine group scheme and
let Og asin 3.1. Then G := (Gg, O¢g) is a supergroup scheme.

Proof. In Proposition 3.10 we have seen that 0(G) := Homoy g, (U(g), Og,(Go))
has an Hopf superalgebra structure, moreover by Theorem 3.4 it is globally split.
Hence we only need to prove that G = Spec O(G). Clearly the topological spaces
underlying the superspaces G = (G, O¢) and Spec 0(G) are homeomorphic. We
only need to show that Ogg) = Og, where Og(g) denotes the structural sheaf
associated with the superring O(G). We set up a morphism

3In analogy with Proposition 3.7 we have kept the terminology u*, i*, ¢*, though we are not
making (yet) any claim on the sheaf morphisms.
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¢ :06(U) — Og)(U)
taking s : U(g) — Og,(U) to

¢(s):U— []0G)x,
xeU
as follows. Any s € Og(U) gives raise naturally to s, : U(g) = Og,(U) — Og, «.
Since as a AU(gp) module, U(g) is finitely generated, say by N generators, once we
fix those generators, s, is equivalent to the choice of N elements in Og, . Since
likewise O(G), is finitely generated by N elements as free O, -module (those N
elements corresponds dually to the generators of U(g) as U(go)-module), we have
that s, can be viewed as an element of O(G),. So we define

p(s)(x) =s¢, x€eU.
We leave to the reader the check that ¢ is a sheaf isomorphism. (]

Theorem 3.12. The category of algebraic SHCP is equivalent to the category of
affine algebraic supergroups.

Proof. We need to establish a one to one correspondence between the objects and
the morphisms.

As for the objects, if (G, g) is an algebraic SHCP, we can define an affine alge-
braic supergroup defining the following Hopf superalgebra (see Proposition 3.10):

0(Go, 8) = Homy, ) (U(), O(Go)).

Conversely, if we have an algebraic supergroup, we can find right away the SHCP
associated to it. What we need to show is that these operations are one the inverse
of the other; that is,

0(Go, 9) =0(G),

where Gy is the algebraic group underlying G and g = Lie(G). Certainly they
are isomorphic as 0(Gp)-modules, since they have the same reduced part and, by
a result from [Masuoka 2005], they both can be written as 0(Gy) ® A for some
exterior algebra A, but being their odd dimension the same, the two exterior algebras
are isomorphic.
We can set a map
n*:0(G) — 0(Go, 9)

taking s to 5 : X > (—=1)!XI|Dx(s)|, where Dx(s) = (1 ® X)u*. This is a well-
defined morphism of Hopf superalgebras and X +— (—1)!XI| Dy (s)| is a AU(go)-
morphism. This is done precisely in the same way as in the proof of Theorem 3.8.

We now want to show that n* is surjective. This will imply that n* is an isomor-
phism. In fact the two given supergroups G = Spec 0(G) and G = Spec 0(Gy, g)
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are smooth superschemes, with the same underlying topological space and same
Lie superalgebra (hence the same superdimension), and n* induces an injective
morphism 7 : G — G (see [Fioresi and Gavarini 2013, Section 2]).

For the surjectivity of n*, we need to show that, for each morphism of U(gp)-
modules 5 : U(g) — O(Gy), there exists s € O(G) such that 5(X) = (—=1)XI| Dy (s)].
Since AU(g) = WU(go) ® /\(g1) (see Theorem 3.4) and 5 is a morphism of WU(g)-
modules, s is determined by E(y(XI)) for X! = X’i‘ . Xﬁ,”, where the X; form a
basis for g; and i; =0, 1 (again refer to Theorem 3.4). Notice that X; =y (X;). Since
X1, ..., X, are linearly independent, also the corresponding left-invariant vector
fields Dy, ..., Dy, will be linearly independent at each point. Let D,,(x) denote the
left-invariant differential operator corresponding to y (X) € U(g). Notice that fixing
a suitable basis in U(g), the linear morphism X — y (X) corresponds to an upper
triangular matrix and sends linearly independent vectors to linearly independent
vectors. Consider the equation (—1)‘X[||Dy(xz)s| =5(X"), for X! = Xli‘ X, a
monomial in /A\(g). This is an equation where each Dy, appearing in the expression
for D,,(x1y can be expressed as

Dy, = Zai Oxy»  Plai) # pxij)

where the x;; are global coordinates on GL,,, D G (regardless of their parity).
Since the D’)él . D’;n are linearly independent by the PBW theorem (see also
Proposition 2.11), the D,,(x) will also be linearly independent, and the equality

(=DXD, x| =5(x")
will yield a solution
axi]jl cee axi,jrs = diyj..irjr

for all iy jj . . .1, j- such that

s = E iy j.dp jrXirji -« Xy jr -
We leave to the reader the correspondence between morphisms. (]

Example 3.13. We want to verify explicitly the surjectivity of n* in the case of
GL(1]1) and make a few remarks on how to extend the calculation to the case of
G = GL(m|n). Let O(GL(1|1)) = k[a11, ax, a1, aa1llay,', a5, 1. Let

D12 = (1 ® 0oy )™ = a11 8y, + 21 Dy

Doy = (1 ® doy )™ = @12 gy + 22 Doy 5

be the left-invariant vector fields corresponding to the generators 0dy,,, Oy, Of
Lie(G)1; then
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y(D12D21) = 5(D12Da1 — D2 Dy2)

1
— E(all 8011 —an aazz)
+ajnax 8a12 80,2, + terms with coefficients in J@(GL(]U)),

where JoGL(1)1)) denotes as usual the ideal generated by the odd elements. Notice
that the terms with coefficients in Jo(GL(1j1)) do not contribute in the expression
|Dy (D, D,,)S|. For the same reason, the term a1 9,4, — a22 d4,, Will make a contribu-
tion only if applied to s°, and consequently can be considered not as unknown, but
as a known term. This is important in case one wants to generalize this procedure
to GL(m|n); in fact only the terms containing only odd derivations will produce
new quantities to be determined.

Given 5 : U(g) — O(Gp) we want to determine s € O(G), with n*(s) = 5. Since
Lie(GL(1|1)1 = (Ou,y> 0a,,)» the map § is determined once we know its image on
/\Lie(GL(1]1)1, that is,

sO=51), s =50u,), T =50ny), 2 =51 Oy 00))-

Consequently the s we want to determine must satisfy the equations

s9 = 1],

12 _
§7 = —|a110q,,s + 002104,,5|,
21
s = _|a12811]1s +a2280[21s|9

1221 _ |1
s = |5(a1104,,8 — @2200,,5) + 110220011, 05, 5

A simple calculation gives us

12 21

o128 o218
=504 —— — =+ [s"2* = L (a1184,,5° — @2204,5") ]
ai an aiax

0120021
s .

There is no conceptual obstacle to extending this calculation to the case of
G = GL(m|n). If @(G) = k[a,‘j, Olk[][d;l, d{l] where d] = det(aij){lfi,jim} and
dr = det(a;;) (m+1<i,j<m+n)» the left-invariant vector fields are given by

Xl] = (1 ® axi/‘) M* = Zxkiaxkj’
k

where x;; denote the coordinates on GL(m|n) regardless of their parity. We can then
repeat the calculation we did above. Notice that any even derivation appearing in
the expression | D, (x)s| will affect only s¥ = |1s]| since we are taking the reduction
modulo the ideal of the odd nilpotents.

Remark 3.14. We clarify the relation between the Hopf superalgebra O(G) =
Hom(U(g), 0(Gp)) associated to the SHCP (Gy, g) and the distribution superal-
gebra D(G) of the supergroup G (also naturally associated to the same SHCP).
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For an affine supergroup G, the superalgebra of distributions D(G) has a natural
Hopf superalgebra structure; see Proposition 2.15. This structure is inherited by
k|G| ® U(g) through the linear isomorphism with D(G) given in Proposition 2.16.
The superalgebra of global sections of G, 0(G) = Hom(U(g), 0(Gg)) can then be
naturally viewed as a subspace of D(G)* = (k|G| ®U(g))*, since elements in O(G)
arise as suitable morphisms |G| x AU(g) — k. One can then immediately verify that
the Hopf superalgebra structure on O(G) C D(G)* is precisely obtained by duality,
from the Hopf superalgebra on D(G) suitably restricting the comultiplication,
counit and antipode morphisms.

4. Action of supergroups and SHCPs

We now want to relate the action of an analytic of algebraic supergroup G on a
supermanifold or superscheme M, with the action of the corresponding SHCP
(Go, g) on M. In this section, if g € |G| we denote by g : C°° — G the morphism
whose pull-back is the evaluation at g. We recall a well-know definition:

Definition 4.1. A morphism a: G x M — M is called an action of G on M if
(*%) ao(ux1ly)=ao(lg xa)

and

ao (é, 1M> = 1M-

In the functor of points notation, this is the same as demanding the following,
where T is a supermanifold (resp. a superscheme) and M (T) = Hom(T, M) are
the T'-points of M:

(1) 1-x =x for all x € M(T), where 1 the unit in G(T).
(2) (g182) - x =g1-(g2-x) forall x € M(T) and all g1, g» € G(T).

Here, as usual, we are writing a(g, x) as g - x.
If an action a of G on M is given, then we say that G acts on M.

Definition 4.2. An action of an analytic SHCP (G, g) on a supermanifold M
consists of an action

a:GoxM—>M
of the reduced Lie group Go on M, with a : a o (jig|—c *x 1m), plus a representation

Oa: g — Vec(M)P
X—(X® 1@(M))a*
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of the super Lie algebra g of G on the opposite of the Lie superalgebra of vector
fields over M, the whole satisfying the compatibility relations

Pajy (X) = (X® loay)a* for all X € go,
pa(@.Y) = (a® ) pa(Y)(@®)*  forall g€ |G|, Y g,
where a8: M — M is given by a8 :=ao (g, 1y).

The next proposition tells us that actions of an SHCP correspond bijectively to
actions of the corresponding analytic supergroup.

Proposition 4.3. Let G be an analytic supergroup acting on a supermanifold M.
Then there is an action of the SHCP (G, Lie(G)) on M. Conversely, given an
action of the SHCP (G, g) on M, there is a unique action a,: G x M — M of the
analytic supergroup G corresponding to the given SHCP on M whose reduced and
infinitesimal actions are the given ones. If U is an open subset of M, we have

a’: Oy (U) — Homaygy) (U(9). (O6,&0u)(lal ™" (U))),
[ [X > DX Loy ® p(X))a* ()].

Proof. Let us check that a;( f) is U(go)-linear. For all X € U(g) and Z € gy we
have

at(MH(ZX) = (DX (1® p(ZX))a*(f)

=D 10p(X))1®Z. @A ®a"a*(f)
=(-D¥(1®p(X))1®Z ® D) (i* @ L)a*(f)
= (D ®1)[ap(HX0O].

We now check that aj; is a superalgebra morphism.

[ay(f1) - ap(f)](X) = mgg, g0, [a* (D) @a*()]AX)

= (=D"m[(1®p(Xa))a* () ® (1® p(X@2))a* ()]
= (DX (AR p(X))(a*(f1) - a* () = a;(fi - L)X,

where f; € O(M) and X (1) ® X(2) denotes A(X). Concerning the “associative”
property, we have that, for X, Y € U(g) and g, h € Gy,

[(w* @Dl (H](X. Y)(g. k) = [a;(f)] (A" XY)(gh)
= (= DIXIFYHXIY L (7)o (LX) (@8™) (f)
= (=D (1) (@) p (X) @) (/)
=[A®a)ai(H](X.Y)(g. h),
and, finally, (ev, ® 1)a;§(f) =p(l)=f.
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Uniqueness can be proved as follows. Let a be an action of G on M and let
(a, pg) be as in Proposition 4.3. If f € Oy (U), then

a*(f) € (Homag,) (U(g), Og,)®0m)(lal~" (U))
= Homay(gy) (U(g), (OG,&0m) (lal~" (U)));

hence, using (**) in Definition 4.1 and the fact that p, is an antihomomorphism,
we obtain for all X € U(g)

a*(f)(X) = (—DM[(Dy ® Da*($)](1)
= (D1 ® p (X)) (a*(H (D) = (DX (1 ® pu(X))a*(f). O

Let us now assume G is an affine algebraic supergroup over a field of character-
istic zero and (Gy, g) is the corresponding SHCP and furthermore assume they are
acting on a supervariety M, the Definition 4.2 being the same, taking the morphisms
in the appropriate category.

We state the analogue of the Proposition 4.3 in the algebraic setting, its proof
being essentially the same.

Proposition 4.4. Let G be an algebraic supergroup acting on a supervariety M
(not necessarily affine). Then there is an action of the SHCP (G, Lie(G)) on M.
Conversely, given an algebraic action of the algebraic SHCP (Gy, g) on M, there is
a unique action a,: G X M — M of the algebraic supergroup G corresponding to
the given SHCP on M whose reduced and infinitesimal actions are the given ones.
If U is an open subset of M, we have

a’: Oy (U) — Homayg) (U(g). (Og, ® Opr)(lal ™" (U))),
e [X e (DX Loy ® p(X))a* ().
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ORBIFOLDS WITH SIGNATURE (0; k, k"1, k", k™)

ANGEL CAROCCA, RUBEN A. HIDALGO AND RUBI E. RODRIGUEZ

Two interesting problems that arise in the theory of closed Riemann sur-
faces are (i) computing algebraic curves representing the surface and
(ii) deciding if the field of moduli is a field of definition.

In this paper we consider pairs (S, H), where S is a closed Riemann
surface and H is a subgroup of Aut(S ), the group of automorphisms of
S, so that S/H is an orbifold with signature (0; k, k"~1, k", k™) where
k, n > 2 are integers.

In the case that S is the highest abelian branched cover of S/H we
provide explicit algebraic curves representing S. In the case that & is
an odd prime, we also describe algebraic curves for some intermediate
abelian covers.

For k = p >3 aprime and H a p-group, we prove that H is a p-Sylow
subgroup of Aut(S), and if p > 7 we prove that H is normal in Aut(S).
Also, when n # 3 we prove that the field of moduli in such cases is a field
of definition. If, moreover, § is the highest abelian branched cover of
S/H , then we compute explicitly the field of moduli.

1. Introduction

A closed Riemann surface S of genus g > 2 may be described by many different
objects, for instance, by algebraic curves (by the Riemann—Roch theorem [Farkas
and Kra 1992]), by torsion-free cocompact Fuchsian groups (by the Koebe—Poincaré
uniformization theorem [Koebe 1907a; 1907b; Poincaré 1907]), by Schottky groups
(by the retrosection theorem [Bers 1975; Koebe 1907b]), or by certain principally
polarized abelian varieties (by the Torelli theorem [Torelli 1913; Weil 1956]).
In general, to provide different explicit representations for the same Riemann
surface has been a difficult problem, in spite of huge efforts to solve it. It seems
that Burnside [1893] and Klein [1878] provided the first examples of algebraic
curves and Fuchsian groups, both representing the same Riemann surfaces. In
many cases, the group Aut(S) of automorphisms of S and its subgroups play

Carocca and Rodriguez were supported by Fondecyt grants 1095165 and 1100767. Hidalgo was
supported by Fondecyt grant 1110001 and UTFSM grant 12.11.01.

MSC2000: primary 30F10, 30F40; secondary 14H37.
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a fundamental role in finding algebraic curves representing S. For instance, if
S/ Aut(S) has signature of the form (0;r, s, ¢), then there are known examples
having an explicit Fuchsian group and an explicit algebraic curve, both representing
S [Burnside 1893; Klein 1878] (we also recommend reading [Karcher and Weber
1999]).

A field of definition of S is a subfield K of C for which it is possible to find
an irreducible nonsingular projective algebraic curve representing S, defined by
polynomials whose coefficients belong to IK. If C is an algebraic curve describing S,
then the field of moduli of S is defined as the fixed field of the group of field
automorphisms o of C such that C and C? are isomorphic, where C? is the
algebraic curve defined as the zeroes of the polynomials obtained from the ones
defining C after o acts on their coefficients. The field of moduli is always contained
in any field of definition, but it may happen that the field of moduli is not a field of
definition.

In this article we study closed Riemann surfaces S admitting subgroups H <
Aut(S) so that S /H has signature (0; k, k"1, k", k™), where n, k > 2 are integers.
For k = 2 this type of surface was considered in [Carvacho 2010; Gonzélez-Diez
and Hidalgo 1997] to provide examples of closed Riemann surfaces admitting
topologically equivalent but conformally nonequivalent cyclic groups of order 2”.

In the general case, if S is the homology cover of S/H, then we compute the
field of moduli and we give explicit algebraic curves for S. These explicit algebraic
curves for homology covers allow us to find algebraic curves for those Riemann
surfaces S admitting an abelian group G < Aut(S) such that S /G has signature
(0; k, k"1 k™, k™). We describe such a situation for the case that k is a prime and
G = 7j x Zyn. Also, for k an odd prime, we describe the group Aut(S) and we
prove that the field of moduli of S is in fact a field of definition.

In this article we will use letters such as S, R, S to denote (closed) Riemann
surfaces, orbifolds will usually be denoted using italic letters such as O, 0 or as
S /H (where S is a Riemann surface and H < Aut(.S)), groups will be denoted by
letters such as H, I', G, etc.

2. Preliminaries

2.1. Orbifolds. An orbifoldisatuple 0= (S, {(p1,k1),...,(Pn,kn),...}) where
(1) S is a Riemann surface, called the Riemann surface structure of O, (ii) { p1, p2,...}
C S is a collection of different isolated points, called the cone points of O, and
(iii) each k; > 2 is an integer, called the cone order of pj. An orbifold of signature
(v:ki,...,ky) is given by an orbifold O = (S, {(p1,k1)....,(pn.kn)}) where S
is a closed Riemann surface of genus y. An orbifold without cone points is just a
Riemann surface.
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A conformal homeomorphism between two orbifolds, say 01 = (S1,{(p1,k1),- ..,
(pnrkn),...}) and Oy = (S2,{(¢1,11), ..., (gn, 1), ...}), is a conformal homeo-
morphism between S and S, (the corresponding Riemann surface structures),
sending cone points to cone points, and preserving the cone point orders. If
01 = 0, = 0, then we speak about a conformal automorphism of the orbifold O.
We use the notation 07 = 0, to indicate that 0 and O, are conformally equivalent
orbifolds.

We denote by Auto,(0) the group of conformal automorphisms of the orbifold O.
If S is the conformal Riemann surface structure of O, then we denote by Aut(S) its
group of conformal automorphisms. There is a natural inclusion Auty, (0) < Aut(S),
but in general these two groups are different.

If O is an orbifold and H < Auty(0) acts discontinuously on the Riemann surface
structure, then the quotient 0/ H may be seen again as an orbifold as follows. We
denote by 7 : 0 — O/ H the canonical quotient map. A cone point of O/H may be
obtained in two different ways. In the first case, if p € O is not a cone point and
it has nontrivial H-stabilizer H(p), then 7 (p) is a cone point with order equal to
the order of H(p). In the second case, if p € O is a cone point of order # and its
H -stabilizer has order m, then 7(p) is a cone point with order equal to nm.

The orbifolds we consider in this paper are the good orbifolds in Thurston’s
terminology; they are obtained as quotient spaces O = S / F, where Sisa (not
necessarily closed) Riemann surface and F < Aut(§ ) is a discontinuous group of
conformal automorphisms of S. The cone points are those equivalence classes of
points of S with nontrivial F-stabilizer.

2.2. Homology covers. Good orbifolds admit as (branched) universal cover either
the Riemann sphere, the complex plane or the hyperbolic plane; this is a conse-
quence of the classical uniformization theorem. Let us consider a good orbifold
0= (S,{(p1,k1),...,(pn,kn)}) of signature (y; kq,...,kyn). The first (orbifold)
fundamental group of O is

(2-1) n;’fb((@):(al,...,ay,ﬂl,.. ,B,,,Sl,...,é:

oy, 8 n b= ==k =1),
ji=1
Wherem(S)=(oc1,...,ay,ﬂl,.. By ]_[ —loj, ,B]]—l) with [a,b]=aba™ b7},
and the element §; represents a simple small loop around pj in S —{p1,..., Pn},

foreach j =1,...,n

It is clear that to each normal subgroup N of finite index of nfrb((@) there
corresponds an orbifold 0 and a finite group H < Autorb(ﬁ), so that O = 6/H .
Observe that H is isomorphic to Jrfrb (6)/N. When N = Jr;’rb(G)/ (the derived

subgroup of ni’rb (0)), the corresponding cover orbifold 0 is called the homology
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orbifold cover of 0. We will be interested only in the particular case when the
homology orbifold cover is a closed Riemann surface (i.e., there are no cone points),
in which case we call it the homology cover of O, and say that O is a homology
orbifold.

Clearly, the homology orbifold cover of O is the homology cover if and only
if nfrb (0)’ has finite index in Jrfrb (0) and it acts freely on the universal cover space
of 0. The finite index condition is equivalent to the condition that the underlying
Riemann surface structure of O is the Riemann sphere; that is, y = 0. The free

action condition is equivalent to the following one.

Theorem 1 [Maclachlan 1965]. Let O be an orbifold of signature (v;ky, ..., kn).
Then nfrb (0 is torsion-free if and only if

(2-2) lem(ky,....kj—1.kjq1.....kn)=lem(ky,... . ky) forall j=1,... n.
The homology cover (when it exists) is the highest abelian Galois cover of O.

2.3. Fuchsian groups. The basic theory of Fuchsian groups may be found, for
instance, in the classical book [Beardon 1983]. A cocompact Fuchsian group acting
on the upper half-plane H? is a discrete group I" < PSL(2, R) such that H?/ T is
an orbifold of some signature; that is, the underlying Riemann surface is a closed
Riemann surface. It is known that a cocompact Fuchsian group I has a presentation
of the form
(2-3)
Y n
r =<a1,b1,...,ay,by,51,...,8n 1 laj. bj] [1 8 =651 = oo = skn = 1>,
Jj=1 Jj=1
where y and n are nonnegative integers, the k; > 2 are integers, and 2y —2 4n —
Z};l kj_1 > 0. The tuple (y;kq, ..., ky) is known as the signature of I (this is
the signature of its quotient orbifold H?/ I).

An orbifold O is of hyperbolic type if there is a cocompact Fuchsian group I" so
that 0 = H?/ I". By the Poincaré—Koebe uniformization theorem [Koebe 1907a;
1907b; Poincaré 1907], every orbifold with signature (y; k1, .. ., k) is of hyperbolic
type if and only if 2y —2+n — Z;;l kj_1 > 0.

By the hyperbolic area of a Fuchsian group I' (respectively, of a hyperbolic orb-
ifold) of signature (y; k1, ..., kp) we refer to the hyperbolic area of a fundamental
polygon domain for it; it is given by

(2-4) A(I‘):2n(2y—2+2(1—%)).
j=1 /

We say that a cocompact Fuchsian group I', with presentation (2-3), is a homology
Fuchsian group if y = 0 and it satisfies Maclachlan’s conditions (2-2). In other
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words, homology Fuchsian groups are exactly those cocompact Fuchsian groups
providing a Fuchsian uniformization of a hyperbolic homology orbifold of genus
zero. If T is a homology Fuchsian group of signature (0; ky,...,ky,), then the
homology cover of the homology orbifold 0 = H?/T" is S = H?/ I/, where I"/
denotes the derived subgroup of I'.

2.4. Fields of moduli and fields of definition. As a consequence of the implicit
function theorem, every irreducible nonsingular projective algebraic curve defines a
closed Riemann surface; conversely, by the Riemann—Roch theorem, every closed
Riemann surface may be described by an irreducible nonsingular projective algebraic
curve. It is this equivalence which allows the work in the analytical and in the
algebraic settings in a parallel way.

Let C be an irreducible nonsingular projective algebraic curve, say defined by
homogeneous polynomials Py, ..., P,, each one with coefficients in a subfield
KK < C. Let g denote the genus of the closed Riemann surface corresponding
to C. If 0 € Aut(C/Q), the group of field automorphisms of C, then we may
consider the new polynomials Pi’ ,..., P?, where the coefficients of PJF’ are the
corresponding images under o of the coefficients of the original polynomial P;.
The algebraic curve C?, defined by these new polynomials, is still an irreducible
nonsingular projective algebraic curve, and it defines a new closed Riemann surface
of genus g. It is not difficult to see that if C is another irreducible nonsingular
projective algebraic curve that is birationally equivalent to C, then C? and C? are
also birationally equivalent. Therefore, a natural action of Aut(C/Q) is defined on
the moduli space of genus g. The stabilizer of the moduli class of C under such
action is the subgroup

K¢ = {o € Aut(C/Q) : C =~ C°} < Aut(C/Q).

The fixed field of K¢, denoted by M(C), is called the field of moduli of C.

A subfield KK of C is called a field of definition of C if there is an irreducible
nonsingular projective algebraic curve C defined over [ which is birationally
equivalent to C. At this point it is important to note that it is not clear that given
a field of definition L < C of C there is a smaller subfield F < L which is again a
field of definition of C.

The field of moduli M(C) is contained in any field of definition of C, and it
coincides with the intersection of all fields of definition of C [Koizumi 1972].
Moreover, there is a field of definition of C which is an extension of finite degree
of the field of moduli [Débes and Emsalem 1999; Hammer and Herrlich 2003].

If g =0, then C = P!, s0 in this case M(C) = Q is a field of definition. If g = 1,
then C is equivalent to an (affine) elliptic curve E, = { y2 =x(x —D(x—n)},
where n € C—{0,1}. If j(n) = (1 —n+n?)3/n?>(n—1)? is its j-invariant and
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a(n) = 27j(n) ’

Jjm =1
then E; is also described by D; = {y? = 4x3 —a(n)x —a(n)}. It follows that
Q(j(n)) is a field of definition for E;. Moreover, if 0 € Aut(C/Q) and E7 = E(y)
is conformally equivalent to E;, then they must have the same j-invariant; that
is, o (j(n)) = j(n). It follows that M(C) = M(E,) = Q(j(n)) is also a field of
definition.

In genus g > 2, the situation is more difficult. There are examples for which
the field of moduli is not a field of definition [Earle 1971; Huggins 2007; Shimura
1972]; all of the examples there are hyperelliptic curves. It is stated in [Earle
1971] that there are examples of nonhyperelliptic Riemann surfaces with the same
properties, but no explicit one is given. An explicit example of a nonhyperelliptic
Riemann surface of genus g = 17 which cannot be defined over R and whose field
of moduli lies inside R is given in [Hidalgo 2009] (this example is related to the
hyperelliptic example in [Earle 1971]).

A. Weil [1956] provided the following sufficient and necessary conditions for
the moduli field to be a field of definition.

Theorem 2 [Weil 1956]. Let C be an irreducible nonsingular projective algebraic
curve defined over a finite Galois extension L of its field of moduli M(C). If for every
o € Aut(L/M(C)) there is a biholomorphism fs : C — C° defined over I such
that the compatibility condition frx = fg o fr holds for all o, T € Aut(L/M(C)),
then there exists an irreducible nonsingular projective algebraic curve E defined
over M(C) and there exists a biregular map F : C — E, defined over L, such that
F°o fo=F.

As a consequence of Theorem 2, it follows that if C has no nontrivial auto-
morphism, then it may be defined over its field of moduli. Unfortunately, if C
has nontrivial automorphisms, then it is a very difficult task to check whether
Weil’s conditions hold. But if C/ Aut(C) has signature of the form (0;a, b, ¢)
(quasiplatonic surfaces, or platonic if some cone order is equal to 2), then C may
be defined over its field of moduli [Coombes and Harbater 1985; Wolfart 2006].

Consider a (branched) holomorphic covering between closed Riemann surfaces,
say f:S — R. Assume S and R are given by fixed algebraic curves and that R is
defined over M(S). For each o € Aut(C/M(S)) we may consider the (branched)
holomorphic covering f° : S — R° = R. We say that they are equivalent
coverings, denoted by { % : S — R} =~ {f : S — R}, if there is a holomorphic
isomorphism ¢4 : S — S? so that f° o¢py = f. The field of moduli of f:S — R,
denoted by M(f : § — R), is the fixed field of the subgroup

K(f:S— R)={o €Aut(C/M(S)):{f°:S° > R} ={f:S —> R}}.
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It is clear from the definition that M(S) < M(f : S — R), but in general they
may be different fields. For the particular case that R =.5/ Aut(S) and S has genus
at least two, the following is well known (a direct consequence of Theorem 2).

Theorem 3 [Déebes and Emsalem 1999]. If C is an irreducible nonsingular projec-
tive algebraic curve of genus g > 2, then there exists an irreducible nonsingular
projective algebraic curve Cy, defined over M(C), and there exists a Galois cover
f:C — Cy, with Aut(C) as deck group, so that M(f : C — Cy) = M(C).
Moreover, if (Cy)s denotes the branch locus of f and if Cy — (C1)s contains at
least one M(C)-rational point, then M(C) is also a field of definition of C. Such a
curve Cy is called a canonical model of C / Aut(C).

3. Main results

Let S be a closed Riemann surface and let Hy, Hy < Aut(S). We say that H; and
H, are (weakly) topologically equivalent (respectively, conformally equivalent) if
there is an orientation preserving self-homeomorphism (respectively, conformal
automorphism) /2 : S — S so that Hy = fH; f~'. If H < Aut(S), then we denote
by Autg (S) the normalizer of H in Aut(S).

3.1. p-groups of automorphisms. A regular cover of an orbifold O is a closed
Riemann surface S together with a group H of conformal automorphisms such
that the quotient orbifold S /H is isomorphic to O. In the case that H is an abelian
group, we say that the regular cover is an abelian cover of the orbifold. In this
section we consider regular p”*!-covers of orbifolds of type (0; p, p"~ 1, p™, p"),
where n > 2 and p is an odd prime; that is, H is a p-group of order p"T!. The
interest in this type of example is that examples were constructed in [Carvacho
2010; Gonzalez-Diez and Hidalgo 1997] of closed Riemann surfaces S admitting
topologically equivalent but conformally nonequivalent cyclic groups of order 21,
where n > 2, so the quotient of S by the 2-group generated by these two cyclic
subgroups is an orbifold with signature (0; 2, 2", ontl pntly

Let S be a closed Riemann surface and let H < Aut(S) be a p-group such that
S /H has signature of the form (0; p, p"~!, p", p™), with n > 2, and consider the
regular branched cover P : § — 6, with H as deck group.

Since n > 3, then (up to left composition by a suitable Mobius transformation)
we may assume that the branch values of P are oo of order p, 0 of order p"*~!,
and 1 and some A € C — {0, 1} are the ones of order p”. The choice of A is not
unique, but the only other possible choice is 1/A.

Theorem 4. Let p > 3 be a prime and let n > 2 be an integer. Consider a closed Rie-
mann surface S with a subgroup H < Aut(S) such that H is a p-group with S /H
of signature (0; p, p"~1, p", p™). Let . € C—{0, 1} be as defined above. Then:
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(1) H is a p-Sylow subgroup of Aut(S). In particular, if Hy, Hy < Aut(S) are
p-groups with S /Hj of signature (0; p, p"~1, p", p™), then Hy and H, are
conformally equivalent.

(2) If n> 3, then
(a) Autg (S) = H for A # —1,

(b) [Autg (S): H] € {1,2} for A = —

(3) If n =2, then
(@) [Autg (S): H] € {1,2} for A # —1,

(b) [Autgy (S): Hle{1,2,4} for A = —

@) If p = po, where
(@) po=7forn=2,and
(b) po =5forn=>3,
then Autg (S) = Aut(S).

Remark 5. In the case A = —1 and n > 3, part (2) of Theorem 4 asserts that
either Autg (S) = H or [Autg(S) : H] = 2. In the last case, S/ Autg(S) has
signature (0;2p,2p"~!, p™), which is a maximal signature [Singerman 1972], so
Autg (S) = Aut(S).

3.2. Normality condition. Let S be a closed Riemann surface and H < Aut(S).
Let M(S, H) denote the locus in the moduli space M(S) of S consisting of those
classes of Riemann surfaces S admitting a group H of conformal automorphisms,
which is topologically equivalent to H. In general, one should expect that M(S, H)
is a singular variety. The following shows that this is not the case if H is a p-group
and S/H has signature (0; p, p"~ 1, p", p™).

Corollary 6. Let p > 3 be a prime and let n > 2 be an integer. Consider a closed
Riemann surface S and let H < Aut(S) be a p-group such that S /H has signature
0; p, p"~ L, p", p™). Then M(S, H) is a normal subvariety of M(S).

Proof. The normality condition for (S, H) is equivalent to the following property:
given any two pairs (S, Hy) and (S2, H>), where S; is a closed Riemann surface
(of the same genus as §) and Hj is a p-group of conformal automorphisms of
S; so that S;/Hj has signature (0; p, p"~!, p", p™), and there is an orientation
preserving homeomorphism f : S; — S, with fH; f~' = H,, then / may be
replaced by a biholomorphism with the same properties. This property is exactly
what part (1) of Theorem 4 states. O

3.3. Homology rigidity.

Corollary 7. Every orbifold of signature (0; p, p"~ 1, p", p™), where p > 3 is a
prime and n > 2 is an integer, is uniquely determined, up to conformal equivalence,
by its homology cover Riemann surface.
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Proof. A consequence of part (1) of Theorem 4. O

Remark 8 (Torelli’s theorem). Let O be an orbifold of signature (0; p, p"~ 1, p"., p™),
where p > 3 is a prime and # > 2 is an integer. As any two homology covers of O
are conformally equivalent Riemann surfaces, we may define the Jacobian of O,
denoted by J(0), as the Jacobian of any of these covers. It follows that J(0) is
uniquely determined, up to equivalence of principally polarized abelian varieties,
by O. As a consequence of Torelli’s theorem, J(0) determines the conformal class
of the homology cover of 0 and, by Corollary 7, it also determines the conformal
class of 0. In this way, a kind of Torelli’s theorem is obtained for this class of
orbifolds. We may wonder how to describe the Jacobian of O in terms of multivalued
holomorphic differential forms so that it looks more similar to the construction for
the case of Riemann surfaces. In order to do this, we use as homology the orbifold
homology group

HY™(0) = m}™(0)/7{"™(0)',

and as holomorphic forms those multivalued holomorphic forms whose liftings to
the homology cover define the holomorphic one forms of it.

3.4. Algebraic curves in the abelian case. Curves for the hyperelliptic homology
covers and for the homology covers of homology orbifolds with triangular signature
have been described in [Hidalgo 2012]. Algebraic curves for the homology covers of
orbifolds with signature of the form (0; &, ..., k) have been obtained in [Gonzilez-
Diez et al. 2009]. We next provide the algebraic curves for the homology covers
of orbifolds with signature (0; k, k"1 k", k™), where k, n > 2 are integers. As a
consequence of the results in [Hidalgo 2012], the homology covers of such orbifolds
cannot be hyperelliptic. Note that if R is the homology cover of such an orbifold O,
then O = R/H, where H = Zy X Zyn—1 X Zn.

Theorem 9. Let k, n > 2 be integers and let O be an orbifold with signature
(0; k, k"1, k" k™). Denote by R a homology cover of 0, let H < Aut(R) be so
that R/H = 0, and let P : R — O be the Galois cover with H as deck group. We
may assume (up to a Mobius transformation) that the cone points of O (that is, the
branch values of P) are given by the points 0, 1, oo and A € C—{0, 1}. We may also
assume that oo is the cone point of order k, that 0 is the cone point of order k!
and that 1 and A are the cone points of order k™.
Then R is represented by the (singular) projective algebraic curve

_ —1 gn_gn—1
A T )
Cy: c P,

—1_ —1 —1
kzloczlgn k—i—z{‘n —i—zé‘n =0



62 ANGEL CAROCCA, RUBEN A. HIDALGO AND RUBI E. RODRIGUEZ

H is generated by the projective linear transformations
ao([zo:21:22:23)) =[p120: 21 1 222 23],
bo([zo:21:22:23]) = [z0 : pu—121: 22 : 23],
col[zo:z1:22:23)) =20 1 21t pnz2 t z3),

where pg = €% ik for each positive integer s, and the branched covering map P

is represented in this model by

an—l
P(zo:z1:22:23) = —(1—_)
Z(])‘zé‘" '~k

The only singular point of the above curve is [1 : 0:0 : 0].

Theorem 9 may be used to find algebraic curves for closed Riemann surfaces S
admitting an abelian group G < Aut(.S') whose quotient orbifold S/ G has signature
of the form (0; k, k"1, k™, k™). In fact,let 0 : S — S /G = 0 be a regular abelian
branched cover with G as deck group. Let R be the homology cover of O, let
P : R — O be the regular abelian branched cover, with deck group H < Aut(R).
Then there exists a subgroup K < H, acting freely on R and so that G =~ H/ K,
and there exists a regular unbranched cover F : R — S, with K as deck group,
satisfying P = Q o F. As we have explicit curves for R and an explicit presentation
for H, the classical invariant theory permits us to obtain explicit algebraic curves
for S and an explicit presentation of G. We show an application in the next section.

3.5. Families with Galois group of order p"*1. As mentioned before, we are in-
terested in regular p”*!-covers of orbifolds of type (0; p, p"~1, p™, p"), where n >
2 and p is an odd prime. In Section 9 we will see that the algebraic structure of
the corresponding groups of order p"T! is restricted to only two algebraic types: a
direct or a semidirect product of Z,» and Z,. The geometric types (classified by
either geometric signature or generating vector for the corresponding action) are
more varied: four different types are found in each algebraic case.

We study the corresponding families of Riemann surfaces, giving their algebraic
curves in the abelian case.

The next result makes the above more explicit for the case when G = Z, x Zpn,
where p is a prime. As we will see in its proof, this is a heavy computational
procedure, but not a hard one.

Theorem 10. Let S be a closed Riemann surface admitting a group G < Aut(S)
such that G = (A, B: AP = BP" =[A,Bl=1)2=7Z,xZpn and 0 = S/G is an
orbifold with signature (0; p, p"~1, p™, p™), where n > 2 and p is an odd prime.
Let R be a homology cover of 0, let H < Aut(R) be so that R/H = 0. Let K < H
be the normal subgroup so that S = R/K and G = H/ K.
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(1) If K = Zpn—1, there exist 8 e{l,2,....p" ' =1}, ae{0,1,....,p—1} and

ge{l,....[(p"—=1)/pl}, with (B, p) =1 =(p, q), such that a (singular) projective
algebraic curve representation of S is given by one of the following two families.

(@) If a =0, there exists A in C, with A # 0, 1, such that

A—Dw? —w? +w? =0
( YW, 1 3 }CIFD3

N gt P o PNa, P B T ap—B
{( DI (wy +wi)?w; +w;  w; =0
and the action of G is generated by the projective linear transformations

A([wo : wy :wa tws]) = [prwe : wy : wy T wsl,

n—1__
B([wo : wy :wy :w3]) =[wo: prwy : pf Py g,
where pj, = 27/ P* The regular branched covering map Q : S — S/G in
this model is represented by
p p
w, +w
O(lwo : wy w1 w3)) = —>——L
Wo
The singular points of the above curve are given by the (p + 1) points
[0:0:1:0]and[1:0:0:(1—1)!/7].

(b) If a > 0, there exists A in C, with A # 0, 1, such that

pn—l (—1)4+1

"1 B-pa _
A 1) (vl —vy)dvf v; 71=0

v
. _ (_l)oc—i-l .
vé’vf(p Brap—p | Gt r B (wd—vP)”? ’S(kvé’—vf)a =0

and the group G is generated by the transformations

A(lvo 1 vy vz 1 v3]) =[vo vy : pf Py vy,

n—1 n—1_
B(lvg:vy:va:vs])) =[pF wvo:pf Bui vy tus)

The regular branched covering map Q : S — S/ G in this model is repre-

sented by

p
3

P P
v0+v3

)\v(l;—v
O([vo : vy tvp:v3)) =

Q) If K = pr—2 X Zp, there exist A in C, with A # 0,1, and integers y,v €
{1,..., p— 1} such that a (singular) projective algebraic curve representation of S
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is provided by the plane projective curve

n—1
(=nP" =7 P (p—y) p2
(o ym  +48) ™ (0= Dl —u)

+uf uf ey 0} c P2,

and the group G is generated by the transformations
A([ug s uy 1uz]) = [prug tuy s uz],  B(lug :uy :uz]) = [ug : pntty = uz).

The regular branched covering map Q : S — S/ G in this model is represented by
o( P
Ug:Uy:Up)) = —5——-
0-71T2 ug + uf
3.6. Field of moduli. If S is a closed Riemann surface, then it follows from the
Riemann—Roch theorem that .S may be described by an irreducible nonsingular
projective algebraic curve C. It is clear from the definition that we may define the

field of moduli of S as the field of moduli of C and a field of definition of S as a
field of definition of C.

Theorem 11. Let p > 3 be a prime, n > 3 be an integer, S be a closed Riemann
surface, and H < Aut(S) be a p-group with S | H of signature (0; p, p"~1, p™, p™).
Then S may be defined over its field of moduli.

Remark 12. Under the hypotheses of Theorem 11, if Auty,(S/H) is nontrivial,
then S/H admits an extra conformal involution J such that (S/H)/(J) is the
orbifold whose underlying Riemann surface is C, with exactly three cone points (of
orders 2p, 2p"~! and p"). It follows that S is a Belyi curve and hence it may be
defined over a finite extension of Q.

Our next result computes the field of moduli for the homology covers of orbifolds
with signature (0; p, p"~ !, p", p"), where p > 3 is a prime and n > 2.

Theorem 13. Let p > 3 be a prime and n > 2 be an integer. For each A € C—{0, 1},
let Cy, be as in Theorem 9 with k = p. Then:

(1) Cp = Cy for k, € C—{0,1} if and only if 1 € {A, 1/A}.
(2) M(Cy) =@ +A71).
(3) M(Cy) is a field of definition for Cj,.
Theorem 13 will be proved using arguments similar to those given by Debes and
Emsalem in the proof of Theorem 3. In our case, we do not consider the quotient

by the full group of automorphisms, but just the quotient by the abelian group H
in Theorem 9.



ORBIFOLDS WITH SIGNATURE (0; k, k=1 k" k™) 65

4. Proof of Theorem 4

Proof of part 4. As previously noted, there is a regular branched cover P : § — C,
with H as deck group, so that its branch values are oo of order p, 0 of order p"*~1,
1 of order p" and A of order p”. Let us denote by 0, the orbifold whose underlying
Riemann surface is C and whose cone points are oo of order p, 0 of order p"~ 1, 1
of order p” and A of order p”; thatis, Oy = S/H.

If H is not a p-Sylow subgroup, then there is some H <1 K < Aut(S), where
K is a p-group and [K : H] = p. It follows that there is an automorphism of order
p = 3 of the orbifold 0;. As there are no three cone points with the same order,
this is impossible. O

Proof of parts (2) and (3). If n > 3, then it is easy to see that

{1}, A eC—{0,£1},
(t(z) =—z), A=-—1.

Since Autg (S)/H < Auty,(0y), it follows that

H, LeC—1{0,%1},
K, A=-1,

Autor(0y) = {

Autg (S) = {
where [K : H] € {1, 2}.
If n = 2, then
(a(z) =A/z), AeC—{0,£1},
(t(z) =—z,B(z) =—1/z), A=-1.
Again as Autgy (S)/H < Auty,(03), it follows that

Auto (0y) = {

H, LeC—{0,+£1},
Autg (S) =1 ~
utg (S) {K, A= 1.
where[f—i:H]e{1,2}and[l/(\:H]e{1,2,4}. O

Proof of part (4). As a consequence of the results in [Leyton and Hidalgo 2007],
there exists a prime pg such that the group H is a normal subgroup in Aut(.S) for
P = po; that is, Aut(S) = Autg (S). Next, we proceed to prove that py may be
chosen as desired.

Let p > 3 be any odd prime. We already know that H is a p-Sylow subgroup
of Aut(S) and that S/H has signature (0; p, p"~ 1, p”, p™). If S/ Aut(S) has
signature of the form (0; «, b, ¢, d), then it follows from Singerman’s list [1972] of
maximal Fuchsian groups that (0;a, b, c,d) = (0; p, p"~ 1, p”, p™) and, in particu-
lar, that H = Aut(S).

Thus we need only take care of the case when S/ Aut(S) has signature of the
form (0; 7, s,7). In this case, at least one of the values r, s, ¢ should be a multiple of
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p". We may assume ¢ = kp”, where k is a positive integer. We may also assume
that 2 <r < s and, moreover, that if r = 2, then s > 3. Let

D = [Aut(S) : H].

If D = 2, then clearly Autg (S) = Aut(S).
From now on assume that D > 3. Riemann—Hurwitz (hyperbolic area comparison)
asserts that

111 11 2
4-1) Dl1—-—-— =)=

where both sides are necessarily positive.

Lemma 14. If either

() p=T7,0r

2) pe{3,5}andn =3,

then D < 11.

Proof. Assume D > 12. As (r,s) # (2, 2), it follows from (4-1) that

D 1 1 < 1 1 2
6 kp” - p pn—l pn'

Since the quantity in parentheses is positive, the last inequality implies that

12
</
2+ p+pr!

Therefore, if p > 7 then
K < 12 < 12
24 p+pt1 T 242p
and if p € {3,5} and n > 3 then
12 12

k < = §§<1,
24 p+prt T 24343277

§%<l,

obtaining a contradiction in all cases. O
The following proposition gives the desired result.
Proposition 15.
(1) Ifn =2, then py <7.
(2) Ifn > 3, then pg < 5.
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Proof. Let us denote by N, be the number of p-Sylow subgroups of Aut(S). We
need to prove that N, =1, if either (i) p > 7 is prime and n > 2 or (ii)) p > Sisa
prime and n > 3.

As N, =1 mod p, we may write N, =1+ pL,, where L, is a nonnegative
integer.

If we assume that N, > 1, then N, > 1+ p. As N, divides |Aut(S)| = D|H|,
it follows that N, must divide D.

If p>11, then N, > 12;as D <11 by Lemma 14, we obtain a contradiction.

For the remaining cases, we will make use of the following equality, obtained
from (4-1):

11 D
(4-2) (D(l————)—z)p”+p"—1+p+2:ze{1,...,D}.
r S

Note that both sides in this equality are positive integers.
If p =7, since D <11 by Lemma 14, we must have that L7 =1 and N; = D = 8.
If either r, s > 3 or r =2 and s > 4, then

(1))

and the left side of (4-2) is bigger than 8, a contradiction to the fact that the right
side should be less than or equal to D.
We are left with the case » = 2 and s = 3. But in this case the left side of (4-2)

equals
1 1
(8(1————) —2)7”+7"—1 +9<0,
r S

again a contradiction.

Now we consider p = 5 and n > 3. In this case either (i) Ls =1 and Ns =D =6
or(ii) Ls =2and Ns =D =11.

For D = 6, if either (a) r, s > 3 or (b) r =2 and s > 6, then

(R

and the left side of (4-2) is bigger than D, a contradiction. The remaining cases are
r =2 and 3 <s < 5. But in these cases we have

11
(6(1————)—2)5”+5”_1 +7<0,
r )

again a contradiction.
For D =11, if either (a) r, s > 3 or (b) r = 2 and s > 4, then

(o1-t-1) )
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and the left side of (4-2) is bigger than D, a contradiction. The remaining cases are
r =2 and s = 3, 4. But in these cases we have

1 1
(11(1————)—2)5”+5”—1 +7<0,
r S

again a contradiction. O

5. Proof of Theorem 9

Let R be the homology cover of an orbifold O with signature (0; &, KL kR kT,
where k, n > 2. The closed Riemann surface R admits a group H < Aut(R), where
H = 7y X Zjn—1 X Zyn and such that R/H = 0.

First consider the orbifold 0* obtained from O, but assuming all cone points
are of order k". The homology cover of this new orbifold is a closed Riemann
surface S admitting a group H* < Aut(S), H* == Zyn X Zjn X Zyn, and such that
0* = S/H*. It is known (see [Gonzélez-Diez et al. 2009]) that an algebraic curve
representation of S is given by

C: kn kn kn C P ’
Axg +x7 +x3 =0

that H* is generated by the projective transformations

a([xo:x1:x2:x3]) =[pnxo:x1:X2:x3],  b([xo:x1:X2:X3]) =[X0:pnX1:X2:X3],

c([xo:x1:x2:x3]) =[x0:X1:pnX2:X3]

and that the holomorphic map

has degree k3" and is a branched regular cover with H* as deck group. In this
case, 7 (Fix(a)) = oo, w(Fix(b)) = 0, m(Fix(c)) = 1 and n(Fix(abc)) = A.

Now consider the subgroup of H* given by K = (a¥, pk"! ) = Zyn—1 X Zy, and
set Og = S/K. The group Hy = H*/K is a group of conformal automorphisms
of Og, Hy = H, and @o/H() = 0*.

Clearly, if R denotes the underlying Riemann surface structure of the orbifold O,
then R/ Hj is the orbifold O. In this way, since any two homology covers of O are
conformally equivalent, we may assume R = Rj.

In order to find an algebraic curve representation for Ry we proceed as follows.
First, we consider the affine curve representation of S defined by x = x¢/x3,
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y = x1/x3 and z = x,/x3; that is,

. xk"+yk”+zk”:0 3
C(): kn kn CG:
AXT 4+ 4+1=0

and the action of H* is generated by the linear transformations

Cl(X,y,Z)=(/OnX,y,Z), b(X,y,Z)=(X,,0ny,Z), C(x’y’2)=(xay,/0n2)-

1

The subalgebra of (ak,bkn_l) invariant polynomials, C|[x, y,z]("k’bkn_ ), is

generated by the monomials xk"_l, yk and z. It follows that the holomorphic map
F:C®—> (3,
(x,y,2) > (xkn_l,yk,z) = (u,v,w)

is a regular branched covering with (a*, pE" ! ) as deck group, and therefore F (6 0)
provides an affine algebraic curve representation of R, given by
k fn—1 kno_
F(CO):{u —i_kv kn——i_lw _O}CC?’y

Au” +v +1=0

where the action of H = H*/K is generated by
Clo(M,U,U)):(,Olu,U,U)), bO(”av’w):(”aPn—lvv U)),
co(u,v,w) = (u,v, pyw).

If we consider the projective space P3 with coordinates [zg : z; : z5 : 23], and we

set
Zo 21 z)

Uu=—, v=—, w=—,

Z3 Z3 z3
then we obtain that R is represented by the projective algebraic curve
k _k"—k knfl kn_knfl kn
c— )% —i—z11 Z5 1 +Zzl:0 c p?
n—1_ n— n— :
kzg Zé‘ k4 Zlf + zé‘ =0
As the branched covering map P : R — R/H must satisfy 7 = P o F and

n—1 n—1_ n—l_l n—1
F([xo:x1:x2:x3]) = [x(lf :x’fxéC k :xzxéc :xéC ]

then

an—l
e 1
P(zo:z1:22:23]) = —(m)
2073
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6. Proof of Theorem 10

Proof. Consider a closed Riemann surface S admitting a group G < Aut(S) such
that G = Z, x Zpn and O = S/ G is an orbifold with signature (0; p, p"~ 1, p", p™),
where n > 2 and p is an odd prime. Denote by P : S — O the natural holomorphic
branched cover with G as deck group.

In this section we will find algebraic curves representing S and the action of G
on them.

Let R be the homology cover of 0, and let Q : R — 0 = R/H be the branched
regular covering with H as deck group, where H = Zp X Z,n—1 X Zpn.

Since G is abelian, there is a subgroup K < H such that S = R/K (and hence
K acts freely on R), G = H/K, and there is a regular holomorphic covering
T :R— S with K as deck groupand Q = PoT.

Consider the affine algebraic curve Cy representing R, obtained from Theorem 9
by making z3 = 1:

p pnfl p” .
C():{zo-i-z1 n_—i;zz _O}CC3,
kz(l; +zf +1=0
in which case the group H is generated by
ao(zo,21,22) = (120,21, 22),  bo(20,21,22) = (20, Pn—171,22),
co(20. 21, 22) = (20, 21, PnZ2).

6.1. Algebraic structure of K. We next describe the algebraic structure of K. At
this point we should note that, using the model of R given in Theorem 9, the
transformations in H acting with fixed points on .S are exactly the ones that belong
to {ao) U {bo) U (co) U {aoboco)-

Proposition 16. Consider the algebraic model of (R, H) provided by Theorem 9.
Let K < H be such that K acts freely on R and H/K = 7, X Zpn. Then, either

(1) Zpn—r =K = (ag‘bocé’q), where (p,q) =1and0<a < p—1;or
—p p?v Py
() Zpn—2xZp =K =(by"cy ) x{aoc, ), where (p,v) =land 1 <y <
p—1L
Proof. Consider a surjective homomorphism
O H—J=10pxIpn

with K = ker(®) acting freely on R. Note that the order of K is p”~!. Then:

a) KN {ag) = {I}, which implies that ®(aq) has order p.

b) K N (by) = {I}, which implies that ®(hg) has order p"~!.
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c) KN {co) = {1}, which implies that ®(c¢) has order p”".
d) KN {aghoco) = {1}, which implies that ®(ay)P(bg)D(co) has order p”.
Hence the subgroups of J given by (®(bg)) and (®(cy)) have respective in-
dices p? and p, and there are two cases to be considered, as follows.

Case i). Assume (®(bg)) C (P(cg)). Then there exists 1 <u < p — 1 such that
Dd(bg) = CD(C(’;”), in which case & = boc(;p” is an element of K of order p"~!,
and therefore K = (/) is cyclic of the form given in case (1).

Case ii). Assume (®(bg)) ¢ (P(co)). Then we have the following commutative

diagram of subgroup inclusions and corresponding indices:

J
/ \
(@(bo)) p2
T

(®(co)) N{D(bo))p

(®(co))

and it follows that
(®(co)) N (D(bo)) = (®(c27)) = (®(B)).

Hence there exists v such that 1y = c{;zvb(:p is in K, and A has order p"~2.
Also note that (v, p) = 1, since otherwise an adequate power of /¢ would be a
nontrivial power of by in K. It follows that there are two possibilities for K, either
K = 7,01 0or K= (ho) x(t) = Zpn—2XZp.

Subcase K is not cyclic. és previously noted, in this case K = (hg) x (t) =
2 yn—2 X Lp, where ho = cé’ Ubgp and (p,v) = 1. Ast € H has order p, it has the
form

bﬂpn—z ypn—l
0

. a
t=ay ¢ ,

where o, B,y €{0,1,..., p—1}.
Let us assume o = 0. If y = 0, then 7 € (bg). As K acts freely on R, necessarily
n—2 n—1
t =1 and we get a contradiction. If (y, p) = 1, then we may assume ¢ = bgp cé’

(by considering an appropriate power of the original 7); hence
h=thy?"" = b7 ¢ K (o).

Again, as K acts freely, / must be trivial, and 7 would belong to (hg), again a
contradiction. Then we have proved that o > 0.
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Since ¢ has order p, we may replace ¢ by a suitable power of it in order to assume

n—1
thatt—aobﬂp .

We_now claim that we may assume 8 = 0. Indeed, if 8 > 0, then ¢
aoco o) is an element of order p in K that does not belong to (ho).
Therefore we may write 1 = aocl’nil”, and observe that 1 <y < p — 1 because

K N {ag) ={I}. This is case (2).

hﬂpn—2

Subcase K is cyclic. In this case, K = (h) = Z,n-1. Let us write

h=aghycy
where ¢ €{0,1,...,p—1},8€1{0,1,....p" ' =1}, y €{0,1,..., p" —1}.
())/pn—l = h?""" = 1 ensures that y =0 mod p. It follows that
either y =0or y = pS¢q, where s € {1,...,n—1} and (p,q) = 1.

Next, we need to ensure that, for § € {1,2,..., p" 1 —1}, no power h8 acts with
fixed points in C; that is, 4% & (ag) U (bo) U (co) U (aghoco).

But if y = 0 then h? = bp B is a nontrivial element of the group generated by
by, a contradiction. Slmllarly, if s > 1 then h?" " = bﬂ 7" is a nontrivial element
of the group generated by by, a contradiction.

Therefore i = agbgcé’q, with (1;, q)=1, azlnd it follows that 4% is not in (by).

Butif =0 mod p, then h?"~~ = ¢27" " is a nontrivial element of the group
generated by ¢, a contradiction. Hence (p, ) = 1, and 4% is not in (o).

We note that 4% € (aq) implies that 8§ = 0 mod p"~!, and since (8, p) = 1,
to have § =0 mod p”~!, which is not possible by our choice for §.

The condition /% € (agbgco) implies that 8 = pgs mod p™~!, from which
(B—pq)§ =0 mod p"~!, and then § =0 mod p™~!, which is not possible by
our choice for §.

By taking an appropriate power of /1, we may assume that

The condition ¢

K = (agboct?),

where (p,q) = 1.

Now note that in this case 1 <« < p — 1, since @ = 0 implies that ®(by) =
®(co)™P4 is an element of (®(cg)), which is a contradiction, as we are in case ii).
This is case (1). O

6.2. The cyclic case. As a consequence of Proposition 16, we may assume
K = (agbocl?),
where (p,g) =1anda € {0,1,..., p—1}. Note that

agboc(l))q(ZO, Zl ’ 22) = (IO(iYZO’ pn—lzlapZ_IZZ)'
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6.2.1. The case @ = 0. We next search for polynomials in C[zg, z,z,]X. We
first note that zy € C[zg, 21, z2]X. Next, we search for polynomials of the form
z{z) € Clzo, z1. 22]%, where u, v € {0,1,..., p"~!}. The invariance property
requires that the values u and v satisfy the relation

u+vg=0 mod p" !

As (p,q) = 1, we have that some of those polynomials are given by

Zf)n_l, Zzpn_l, Z?Zzpn_l_l.
Let us consider the holomorphic map
F:C*—C*
F(Zo, Z1, Zz) = (Zo, Zf)n_l s Zé)n_l , Z?Zé)n_l_l) = (x1 ,X2,X3, X4).

Let us note that x4/x3 = z?/zz. As (p"lg)=1,it f0}1191ws that there exist
integers a, b so that ag + bp™~! = 1; that is, z; = (z‘ll)”(zf )b = (X4/X3)"xé’.
It follows that z; is uniquely determined by the tuple (xy, x5, X3, X4) and a choice
for z,. In particular, as zq is uniquely determined by x;, one sees that the map
F has degree p"~! and it is K-invariant. In this way, an affine algebraic curve
defining F(Cp) is given by

xf+x2+xf=0

F(Cy) = Axf+x,+1=0"% cc?
n—1 n—1_
xf —xgxf - 0

and a projective one is provided by taking x; = yo/Va, X2 = y1/Va, X3 = V2/ Va,
X4 = y3/ya, where [yo : y1: V2 @ V3, 4] € P4, as follows:
-1
Yo +yiyy vy =0
Ay§+y1yf_1 4—)/‘{J =0} cP*
n—1 n=1_1 1—
5o o=riyy Ty =0

The map F is, in projective coordinates, given as

n—1_1 n—1 n—1
F(zp:z1:22:23]) = [zozb{J :zf’ :zf : (11

=[Vo:y1:y2:3: yal
As, by the first equality above,
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the above also provides the (birational) algebraic curve

{ (k—l)y(f—y§’+yf=0}cp3
n—1__ n—1 _ .
DI @Y+ Dy Ty i =0

By making the change of coordinates wg = yg, w1 = ¥, Wy = y3, W3 = Y4,
the above is written as

{ (A—l)wg—wf+w§’=0}cp3
n—1_ n—1 —
(DT (Wl +w?)?w? ! +wy wif )
and the map F is given as
i Ve[ PP P g T =g p" T
F([zo:24 .22.23])—[2023 1z, 1z{zZ, Z, iz ]—[wo-wl Jwyiws).
In this case, the group G = H/ K is generated by the transformations
Ar([wo : wy wz tws]) = [prwo t wy wp T ws),
By ([wo s wy :wy :ws]) = [wo : wy : pr_ wy : w3),

11

Ci([wo : wy s wa 2 ws)) =[wo: prwy:pf  ~'wsy:ws).

Notice that the elements A = A; and B = C; also generate G as desired. As the
branched covering map Q : S — S /G must satisfy P = Qo F, where P: R— R/H
is (as in Theorem 9) given by

n—1

p
. 1
P(zo:z1:z2:z3) =~ — =)
PP
0743
and since
P! p—1 Py P P P
_( 1 )__(y1y4 )_yo Yy Wy 1
n—1_, | = P = P N
zP 7P p Yo Yo Wy
073
we obtain
wé’—l—wf
O(wo :wytwyiws]) = ——F—
Wy

6.2.2. The case « € {1,2..., p—1}. Next, we search for polynomials of the form

Z(’)z’l‘z;’ € C[zo,zl,zz]K, where € {0,1,..., p—1} and u, v € {0, 1,...,p”_1}.

The invariance property requires that the values u# and v satisfy the relation

n—2 1

tap" " +u+vg=0 mod p" .

As (p,q) = (v, p) = 1, we have that some of those polynomials are given by

P pn—l pn—l q Pn—l_l p—l apn—Z
Zgs I3 s Zy s Z1Z5 - .
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Let us consider the holomorphic map

F:C*—C?,

n—1 n—1 n— 1_1 1 « n—2
F(zo.z1,22)=(z§.20 .z8 .z{z3 2y 21P ) =(x1. X2, X3, X4, X5).
Let us note that x4 /x3 =z / Z5. As (p"~ 1, q) =1, it follows that there exist inte-

n—1

gers a, b so that ag+bp"~' = 1, from where z; = (z7)%(z{ ) = (x4/x3)%x%z,.
It follows that z; is uniquely determined by the tuple (x1 , X2, X3,X4,X5) and a

choice for z,. ,

— n—< | . .

As zé’ is uniquely determined by x{, and Z(I; lz‘lxp is uniquely determined
by x5, X3, X4, X5 and a choice of z;, we have that z is also uniquely determined

by the previous data.
All the above permits us to see that the map F has degree p"~! and it is K-
invariant. In this way, an affine algebraic curve defining F(Cy) is given by

X1+X2+X§)=0
)Lx1+x2+1=0

_ 5
F(C())— xpn—l_qupn 1_1 -0 C([: .
4 273
p_ . p-1l «
Xg—x7 x; =0
We may write x, = —(x; +x3) In this way, writing u1 = X1, Uy = X3, U3 = X4

and u4 = x5, the above curve is
()»—l)ul—u2 +1=0
ué’n_l + (=19 (u, +up)‘1u2 oo bt
I/l4 +( 1)a+1 (ul +up)a =0

Now, we may write

up =

1

and setting y; = u,, y, = u3 and y3 = uy, the above curve is

n—1 ( 1)q+1 n—1__
Wl -yl T =0
(A —1)9 3
cC
(_l)ot—H |
Vit a1 DT - =0

and F is of the form

n—1 n—l_l 1
F(zo.z1.22) = (25 .2z 2P = (01 2l ).
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Writing y; = vo/v3, y2 = v1/v3 and y3 = v,/v3, we obtain the projective
model

n—1 (— )q+l n—1_1
of T ey ey =0
cP
p, p*+pla—2) (=D« p—1 Py _
Uy Uy +M—a+IH( —U3) ()\UO v3) =0

and for n > 3 we have that max{p"~!, p" 1 4g—1,ap" 24+ p—1}=p" 1 4q—1
and therefore F : P3 — P3 is given as

F([zo:z1:22:23])
_r.p! a1, .4
[22 I3 4

—1 n—2 n—1 n—2 n—1
pt =1, _p—1_ap P +q—p—ap . P+
Z5 z 73 P Z3 ]

In the case n = 2 a similar formula may be given for F; the maximum value
aboveis p+q—1if g > o and p 4+ o — 1 otherwise.
Continuing with n > 3, the group G = H/ K is generated by the transformations

-1

Ay(vo vy vz 1 v3]) =[vo vy 1 pl vy 1w,

Bs([vo : vy vz 1 v3]) = [vo : pi_ vy 1 pfva 1 3],
n—1__

Co([vo = v1 1 v2:v3]) =[p1vo: pf v vy :vs):

Notice that the elements A = A, and B = (5 also generate G as desired. As the
branched covering map Q : S — S /G must satisfy P = Qo F, where P: R— R/H
is (as in Theorem 9) given by

pn—l P
P(zp:z1:2p:23]) = —(21—) = _(ﬂ) - Uy iy

p_p*1-p

2523 X1 Uy
N (A—l)uf 1 (k—l)yf’ _ (k—l)vg’
(ué’ —-1) (yf’— 1) v(l; —vf
we obtain
O(vo:vy:vaivs]) = M-
vg-i—vf

6.3. The noncyclic case. In this case,

= (b7l aocd”").

where (p,v)=1andy €{1,2,...,p—1}.
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We have that

— 2y -1
b pcé) (ZO’ZI’ZZ) = (ZO’pn_2217/0;1)—222)7
aocg” (20,71, 72) = (p120.21. P} 22).
Clearly, z§!z82 € Clzo, 21, z,]X if and only if

{A—FCyzO mod p,

Cv—B =0 mod p" 2.
In this way,
p P" Py v
Zo» 21+ Zy z1722 € Clzo, 21, 22]

Let us consider the map

F:C® -3,
n 2
F(zo.21.22) = (2. 20 .zg "z{z2) = (X1, X2.X3).

If we fix (xl,xQQX3), then we have p choices for zg (Z(I; = x;) and p" 2

choices for z; (zf’ = X5). Once we have made such choices, the value of z; is
uniquely determined from Zé’ ¥zVz, = x3. It follows that F has degree p"~! and
is K-invariant as desired.

The algebraic curve F(Cp) is provided by

" Hp—y) p*v P " _
F(Co):{xl Xy (X1 4xy) +xg _O}CC3.
Axi+x5+1=0
As
(1+x )
X1 =
T

this curve is also represented by, taking y; = x, and y; = X3,
n—1¢,_ 14
(P ey "oy 2o p  (L+27) p" 2
—(1 - =0 C-.
{ 52" (—) (1+27) i \N % T2 C

A projectivization of this plane curve is given by, using the projective coordinates
[to : uy : us] € P? and taking y; = ug/u, and y, = u1/u-, the following one:

(—1)P" =y 1oy
()™ @ 0 )

n n P 2
+ul ul =y 1hLPJ”’”zO}C[Ij’Z.
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In this case, the transformations ag, bg and ¢ define the transformations
Az([uo uy 1uz)) =[uo: p¥ Vuy tusl,  Bsy(luo:uyius]) =[pruo: py_qui :usl,
Cy([uo ruy tuz)) =[uo : ppuy tuzl.

The elements 4 = C; "’ B3 and B = C; also generate G as desired. And since

p! p
z AY
P(ZO7ZI7ZZ):_( 5 )= L,
4 1+

we obtain

O([ug :uy :uz)) = I

7. Proof of Theorem 11

Proof. Let C be a nonsingular projective algebraic curve admitting a p-group H of
conformal automorphisms of C with C/H of signature (0; p, p"~!, p™, p™) and
let P:C—->C/H= Chea holomorphic branched covering with H as deck group.
We may assume the branch values of P are given by oo or order p, 0 of order p"~1,
and 1 and A € C—{0, 1} are the ones of order p". We notice that

{1}, A #—1,
(J(z) =—=z), A=-1.

Let K¢ = {0 € Aut(C/Q) : C? = C}. For each 0 € K¢ there is a biholo-
morphism f, : C — C%. As H? is unique up to conjugation in Aut(C?), by
Theorem 4, we may assume that fo Hf,;~! = H°. It follows that there is a M6bius
transformation M, so that P° o fz = My o P. The transformation My, is uniquely
determined by f,. As M, must preserve the cone points and their orders, it
follows that M, (00) = 00, M5 (0) =0 and that {1, Ay} = {Ms(1), Ms(X)}, where
Ag € C—{0, 1} is branch value of order p" of P° : C? — C (in fact, A¢ = 0 (A)).
It follows that either (i) My = I, in which case A, = A or (ii)) Ms(z) = z/A, in
which case Ao = 1/A.

AUtorb(S/H) = {

7.1. Let us assume, from now on, that A # —1.

Lemma 17. Let A # —1 and 0 € K¢. If there is another biholomorphism fa :
~ ~1 ~
C — C%suchthat f ;Hf, = H°, then f,=ho fs, for somehe H.

-~ ~ 1
Proof. If there is another biholomorphism f, : C — C? suchthat f, H f, = H°,
then f; 1o f, € Aut(C) normalizes H. In this way, f,; ! o f induces an element
of Auton(S/H). As this last group is trivial, we obtain that £, 'o f, e H. O
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As a consequence of Lemma 17, My is uniquely determined by o and, in
particular, the collection { M, : 0 € K¢} satisfies Weil’s conditions in Theorem 2.
Hence, there is an isomorphism F : C—>cC 1, where C; is defined over M(C), with
the property that F = F° o M, for every 0 € K.

Let us consider the Galois cover Q : C — B, where Q = F o P. We note that,
for 0 € K¢, we have (as P° = P)

anfo.:FUOPUOfO-=FOM0_10MUOPOfU_lOf0:ROP=Q.

Now we follow Déebes and Emsalem’s arguments [1999]. Assume we are able to
find a point ¢; € C; which is M(C)-rational and so that ¢; is not a branch value
of the Galois covering Q. Fix a point ¢ € C so that Q(c) = c;. It follows that the
H-stabilizer of ¢ is trivial. We have the points a(c), f5(c) € C?. As

0%(0(0)) =0(Q(c)) =0(c1) =c1 and Q°(fo(c)) = Q(c) =c1,

it follows that there is some /i, € H so that s (fo(c)) = o(c). Moreover, as a
consequence of Lemma 17 and the fact that ¢ has trivial stabilizer in H, such
he € H is unique. In this way, we may assume that f,(c) = o (c) and, by the above,
such an isomorphism is uniquely determined by o. Again, by the uniqueness, this
new family { f, : 0 € K} satisfies Weil’s conditions and, by Theorem 2, C is
definable over its field of moduli.

In this way, in order to finish our proof, we only need find a M(C)-rational
point on C; outside the branch set. This is equivalent to finding a point r €
C-— {00, 0, 1, A} with the property that F(r) = a(F(r)), for every 0 € K¢. As
o(F(r)) = F°(o(r)) = F(M;(0(r))), we need to find a point r € C—{0, 1, A}
such that

Mo (r) =0o(r).

In this way, we need to find a point r € C—{0, 1, A} so that
(1) ifo(A) = A, theno(r) =r; and
2) ifa(A) =1/A,thenao(r) =r/A.

Condition (1) asserts that we need to find r € Q(X). Clearly, any point of the
form r = a(1 4+ X), where « € Q satisfies (1) and (2).

7.2. Let us now consider the case A = —1. We have (see Remark 5) that either
(1) Autg (C) = H or (ii) Aut(C) = Autg (C) and [Aut(C) : H] = 2.

In case (i) we may proceed as in the case A # —1 as Lemma 17 is still valid in
this situation (the normalizer of H in Aut(C) is H).

In case (ii) we have that C/Aut(C) = (C/H)/{J); that is, C is quasiplatonic,
so it is defined over its field of moduli. O



80 ANGEL CAROCCA, RUBEN A. HIDALGO AND RUB{ E. RODRIGUEZ
8. Proof of Theorem 13
Proof. Since

p_p"—p | p" ! _pt—pi! p"
zEz +z z +z: =0
G, = { 073 1 3 2 } c p?
=0

D pn—l_p pn 1 pn—l
AZO z3 + 23 +23

and
kn—l
P(zo:z1:22:23]) = —(1—_)
Z]gzé‘” =k

then, for each o € Aut(C/Q), one has that CY = Cy(3) and P° = P.

Let K = {0 € Aut(C/Q) : ), = Cyn)}, so M(C) = Fix(K}).

If o € K, then there is an isomorphism f; : Cj — Cy(y). As a consequence
of Theorem 4, we may assume [, H f(,_1 = H. So, there is a M&bius transforma-
tion M, such that My o P = P° o f;. As M, must preserve the cone points and
their orders, one has that

My(c0) =00, My(0)=0, Ms{l,A}={1,0(A)}.

It follows from the first two equalities above that My (z) = Lz, for a suitable
L € C—{0}. The equality Ms{1,A} = {1,0(A)} asserts that either (1) L = 1 and
oc(A)=Aor(2) L=0(A) and o(A) = 1/A. As a consequence, we have proved (1)
and (2).

Part (3) is a consequence of Theorem 11. O

9. Galois groups of order p"*1

In this section, we consider those groups G of order |G| = p"*! acting on compact
Riemann surfaces with signature (0; p, p"~ 1, p”, p™), for any odd prime p.
The algebraic structure for these groups is determined by the following result.

Proposition 18. Let p be an odd prime number and let G < Aut(S) be a group of
order |G| = p"t! acting on a compact Riemann surface S with S /G of signature

©: p, p" 1, p" ™).
Then G is isomorphic to either

(1) Zpn x Zp, o
@) {rop P = p7 = 1y ay = P,

Remark 19. in the first case we have provided, in Theorem 10, algebraic curves
for S. In the second case explicit algebraic curves are more complicated, but we
will study this problem elsewhere.
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Proof. First notice that G has a presentation of the form
n n n—1
G=(X1,X2,X3,X4I)Clp =X2p =X3p =Xf=X1X2X3X4=1,g{)

where %R denotes other relations.

Therefore G cannot be cyclic, since otherwise it could not be generated by
elements of the given orders.

Moreover, G has a cyclic subgroup of order p”, which is normal because it has
index p, and therefore G is isomorphic to

G =Zpn x5 Zp = (x) %o (¥)

where o (x) = x* with u? = 1 mod p”". The only solutions for u are # = 1 and the
powers of u = p"~! 4 1, and the result follows. O

Remark 20. We will denote the groups appearing in Proposition 18 as follows:
(9-1) Gu:(x,y:xpnzyp:l,y_lxy:x”)

withu = 1 oru = 1 + p"~!, and we will study the families of algebraic curves
admitting G,, actions with signature (0; p”, p", p"~ ', p).

Lemma 21. Consider the groups G, given by (9-1) and

(9-2) I'= (a(), bo, C()d() :ag = bgn_l = C(‘;Jn = dé)n = a()b()C()d() = 1)

Assume © : ' — Gy, is an epimorphism such that K = ker ® is torsion-free.
Then either

D K=((boco_pqag“,ao_lcoaoco_”s)), with0<a<p—1,0<s<pand(q, p)=1,

or
Il K = ((aoco_Pn_lv,bé’c(;pzq,bo_lcoboca“s)), withl <v<p—-1,0<s<p
and (q, p) =1,

where ((-)) denotes normal closure in T.
Proof. Since K is torsion-free, we obtain that
a) KN {ag) = {1}, and it follows that y; = ®(ag) has order p;
b) K N (by) = {1}, and it follows that y, = ®(bg) has order p"~1;
c) KN{cg) ={1}, and it follows that y3 = ®(cg) has order p”;
d) KN {agboco) = {1}, and it follows that y4 = ®(dy) has order p”.

Since ® is an epimorphism, {y1, 2, ¥3, V4} generate G,. But clearly y4 =

(y1y2y3)~", and therefore {y1, y2. y3} generate G.
We now examine the following two cases separately.
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Case I) Suppose (y1, y3) = G,. We have G, = (y3) Xys (1) for some 0 < s < p.

Also y, = y‘f‘y_fq with (¢, p) = 1. Hence

Y213 P YT = ®(boc, Plag®) =1

and it follows that bocgpqao_“ K.
Furthermore CD(ao_lcoaocO_”s) = y1_1y3y1y3_”s = 1; hence ao_lcoaoco_”s eK.
Then, checking the order of F/((boco_pqao_“,aoco_laglco_"s)), we obtain, as
required,
_ -pq —a -1 -1 —u’
K = ((bocy " ag®. aocy ay g™ ).

Case II) Suppose (y1, y3) < Gy. Then

pn—lv

Y1=1);

_ n—1
with (v, p) = 1, since (y3) is a maximal subgroup of G,. Hence aqc, Ve K.
In this case,

(y2.3) = Gy = (¥3) Xus (y2)

for some 0 < s < p. Hence y2_1y3y2y3_”s = 1 from where balcoboca”s c k.

2 —pn2
Finally, y5 = y¥ ¢ with (¢, p) = 1, from where bJ ¢, ”? € K.

_ ph—1 _p2 s
Again, by checking the order of F/((aoco LA bé’co P balcoboco_” )) we
obtain
_ ph—1 —p2 K
K= ((aoco Py bé’co rPa balcoboco_” )) O

Considering the above notation for the elements y; = ®(aqg), y» = D(by),
y3 = ®P(cp) and y4 = O(dp) in Gy, we have the following result, which states that
examples for both cases of Proposition 18 exist, by the Riemann existence theorem.

Corollary 22. If the group Gy, withu = 1 oru = 1 + p"~1, acts on a compact
Riemann surface with signature (0; p, p"~1, p", p™), then a generating vector for
the action may be chosen to be exactly of one of the following forms:

Q) (1, y20P 3, vy TPy TI), with (¢, p) = land 1 <a < p—2;

_1_ _ .
b) (y1.y9% y3.y3 PUyt), with (¢ p) = 1;

_ —1—- .
o) (yi. vy w8 y3, vy P9), with (¢, p) = 1;

n—1 —1— n—1 _
d vy Coyaynys DUyl

In the first three cases the order of y1 is p, the order of y3 is p" and yl_1 Y3yt =
yg’s with 0 < s < p. In the last case y, has order p"~', y3 has order p", y3 = y1¥
andyz_ly3y2 = yg‘s with 0 < s < p.
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The following table gives the genera of some intermediate curves, where gp,
denotes the genus of the quotient of S by the subgroup L < Aut(S) and where V is
any cyclic maximal subgroup acting freely:

generating vector u=1+p+1! u=1
(1, y‘l"yfq,yf, gl = B 1 8y = T 1
—1-pq —1— _p— e
Y3 N1 oc) g(y;I—qul—l—a) _pT g(y 1 pqyl—l ay = p2
2p— n—2 2p—1)— n__
8(y1) = £=r 2(p Lz (y1) 2p
gy =r=20+1 | gun=p"=2p+1
8yt = 0 E(yhy) = =0
gyr=p-—1 gr=p-—1
—1-pg —1 _ _
(SRTRZANSE TS PR ot 8(y3) =0 83 =0
8pyytorayny =0 8yytorayy =0
2 "—2(2p—1 n—
T
_ 2_
8(y2) = p+1 g(yf):P23P+1
E(y¥.y1) _10 E(y¥.y1) =10
gy =4 gy =45
-
(yl’yl y3 73, Y3 pq) 8(y;) =0 8(y;) =0
8pyytmray =0 8iyimray =
2pht— n—2 2p—1)— n__
gy = LSRN gy = PR
gy oy =0 gy =0
gr=p-—1 gr=p-1
pn—lv _0 0
(3 vz 8iy3) = 8) =
—1—pn—ly _
V3 P ’ 21) g<y;1—p"—1vy;1) =0 g( 3—1—p" Iy 271) 0
2ph— n—1__ 2pht—ph 1_
&) =% g = L—5—=
p2-3p _ p*-3p
8iyry = +1 8(y7) +1
E(y¥.y1) :10 E(y¥.y1) 0
gy =" gy =5
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EXPLICIT ISOGENY THEOREMS FOR DRINFELD MODULES

IMIN CHEN AND YOONIJIN LEE

Let F = F,(T) and A = F,[T]. Given two nonisogenous rank-r Drinfeld
A-modules ¢ and ¢’ over K, where K is a finite extension of F, we obtain a
partially explicit upper bound (dependent only on ¢ and ¢’) on the degree of
primes p of K such that P,(¢) # P,(¢’), where P, (%) denotes the charac-
teristic polynomial of Frobenius at o on a Tate module of *. The bounds are
completely explicit in terms of the defining coefficients of ¢ and ¢’, except
for one term, which can be made explicit in the case of r =2. An ingredient
in the proof of the partially explicit isogeny theorem for general rank is an
explicit bound for the different divisor of torsion fields of Drinfeld modules,
which detects primes of potentially good reduction.

Our results are a Drinfeld module analogue of Serre’s work (1981), but
the results we obtain are unconditional because the generalized Riemann
hypothesis holds for function fields.

1. Introduction

Let A=F,[T], F =F,(T), and let F be a fixed algebraic closure of F, K a finite
extension of F in F, K the algebraic closure of K in F, O the ring of integers of K,
and [, a finite field of order g.

By a prime g (or place) of K, we mean a discrete valuation ring R with field of
fractions K and maximal ideal g, and v denotes the discrete valuation associated
to a prime g of K. For each place v of K, we fix a choice of K, and extend v
to K ,, which by abuse of notation we also call v. Also, when we speak of finite
extensions of K, we assume they are initially given as subfields of K.

Let oo be the infinite prime of F* with corresponding discrete valuation

Voo (f/g) = deg g —deg f,

where f, g € A. Let SX be the set of the infinite primes of K lying over oo, and
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let 5o € SX have corresponding discrete valuation v.
Let t be the map that raises an element to its g-th power. A Drinfeld A-module
¢ over K is given by an [ -algebra homomorphism i : A — K and an [F,-algebra

homomorphism
¢:A— K{t}

such that ¢, has constant term i(a) for any a € A, and the image of ¢ is not
contained in K.
A rank-r Drinfeld A-module ¢ over K is completely determined by

or=i(T)+a1@T+-+a_ 1T ' +A@P)T,

where a; (¢), a, = A(¢p) € K for 1 <i <r —1. We call A(¢) the discriminant of ¢.
For any monic a € F,[T], we have

M—1
(1) Ga=i(@)+ Y ai(p. )T + A(@) " V@ DM
i=1
for some a; (¢, a) € K, where M =r degg a.
For any a € A, a # 0, we define the A-module of a-torsion points as

lal = {r € K | ¢a(2) =0}
If I is a nonzero ideal of A, we similarly define the A-module of I-torsion points:
d[I1={r e K |¢ps(1)=0foreverya e I}.

We have ¢la] >~ (A/aA)" if ¢ is of rank r [Rosen 2002, Proposition 12.4]. Let
Ky o := K (¢[a]) be the field obtained by adjoining a-torsion points of ¢ to K, and
let Ky ;= K(p[1]).

In the following, we briefly explain the definition of good reduction of a Drinfeld
module. For more details, refer to [Goss 1996; Thakur 2004]. Let ¢ be a rank-r
Drinfeld A-module over K and let o be a prime of K. Let Oy, be the valuation ring
of g with the maximal ideal g and residue field F, := O, /. We say that ¢ has
integral coefficients at g if ¢, has coefficients in Oy, for all @ € A and the reduction
modulo g of these coefficients defines a Drinfeld module over g. The reduced
Drinfeld module is denoted by ¢¥.

Let ¢ and ¢’ be Drinfeld A-modules over K. Then a morphism f from ¢ to
¢’ over K is a polynomial f in K{t} with the property that f¢, = ¢/ f for all
a € A. A nonzero morphism from ¢ to ¢’ over K is called an isogeny from ¢
to ¢’ (over K). If there exists an isogeny from ¢ to ¢’ over K, then we say that
¢ and ¢’ are isogenous (over K). An isogeny f from ¢ to ¢’ over K is called
an isomorphism (over K) if there is an isogeny g from ¢’ to ¢ over K such that
fg=1=gf, where I denotes the identity morphism. We note that ¢ and ¢’ are
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isomorphic (over K) if and only if there is a ¢ € K* such that c¢, = ¢/ c for all
a € A (for more details, refer to [Rosen 2002]).

We say that ¢ has good reduction at g if there exists a Drinfeld module i over
K that is isomorphic to ¢ over K, i has integral coefficients at g, and ¥¥ is a
Drinfeld module of rank r.

By [Takahashi 1982] (see [Goss 1996, Theorem 4.10.5]; also [Goss 1992, Theo-
rem 3.2.3] for one direction), we have that ¢ has good reduction at g if and only
if the Gg-module ¢[£>°] := J,,~; ¢[£"] is unramified at p, where G is the
absolute Galois group of K and Lisa prime ideal of A different from . This
is the analogue for Drinfeld modules of the classical result of Ogg, Néron, and
Shafarevich in the theory of abelian varieties.

If ¢ is a Drinfeld A-module defined over K and all its defining coefficients a; (¢)
lie in O, then we say that ¢ is integral over O. If ¢ is integral over O, then it has good
reduction outside any set of primes S of K that includes the primes lying over co
and the primes dividing the discriminant A(¢) of ¢. In particular, the G g-modules
¢[£°°] and ¢[£] are unramified outside S U {primes of K lying over £}.

Let £ be a finite prime of A. The £-torsion points of ¢ in K give rise to a
representation

Pp.e: Gk — Auty e (@[£]) =GL,(A/LA),

where G is the absolute Galois group of K. For a prime g of K, if ¢ has good
reduction at g, then py ¢ is unramified at g if g does not lie over £.

For an unramified prime g of K, let Frob,, € Gg denote a Frobenius conjugacy
class at p. Let ay,(¢) denote the trace of Froby, on the Te(¢h), and P, (¢)(X)
the characteristic polynomial of Frob, on the T¢(¢). It is known that a,(¢) and
Py, (¢)(X) are independent of £ [Goss 1996, Theorem 4.12.12].

Serre [1972] proved that if E is an elliptic curve over a number field L without
complex multiplication, then there are only finitely many primes p such that the
Galois representation pg , on the p-torsion points of E is not surjective. The
analogue of Serre’s result [1972] for rank-2 Drinfeld A-modules was proved by
Gardeyn [2001], that is, if ¢ is a rank-2 Drinfeld module over K without complex
multiplication, then there are only finitely many primes &£ such that pg ¢ is not
surjective. The case of general rank is proven in [Pink and Riitsche 2009a; 2009b].

The following theorem is the Tate conjecture for rank-r Drinfeld A-modules
over K, and its generalization to t-motives can be found in [Tamagawa 1994].

Theorem 1.1 [Taguchi 1996]. Let ¢, ¢’ be rank-r Drinfeld A-modules over K , and
Ag the L£-adic completion of A. Then the natural homomorphism

Homg (¢, ¢") ®a Ag — Homy (6,1 (Te(9), Te(9"))

is an isomorphism, where T¢ () is the £-adic Tate module of *.
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A consequence of the Tate conjecture is the isogeny theorem [Taguchi 1992,
Proposition 3.1] that states that two Drinfeld A-modules ¢, ¢’ over K are K-
isogenous if and only if P, (¢)(X) = P, (¢")(X) for all but finitely many primes .

We prove the following partially explicit and effective version of the isogeny
theorem for rank-r Drinfeld A-modules over K. For a Drinfeld A-module ¢ and a
place g of K, define

Vp(ai(9))
4

TK,@(¢):inf{q—_1 i:l,...,r}.

For any extension L/F, let y;, = [[Fy : F;]. It is known that the constant field of
K 1or := K(¢la] : a € A nonzero)

is finite over [, (see [David 2001, Lemma 3.2]), so we may define yy = vk, -
More precisely, let g4 % = [Kx(Ag, %) : Kxl, where Ay & is the lattice associated
to the uniformization of ¢ over C,. Then we have

Yo < 8¢ = min{gy & : 50 | 00}

One can bound g4, & using knowledge of the successive minima of the lattices
Ay % associated to ¢ [Gardeyn 2002, Proposition 4(i)]. Unfortunately, an explicit
bound for these successive minima is not currently known except in the case of
rank < 2 [Chen and Lee 2013], so this term is currently inexplicit in general.

Throughout, Inx denotes the natural logarithm of x, log, x denotes the logarithm
of x to base ¢, and log(’; x = log, max{x, 1}.

Theorem 1.2. Let ¢y, ¢» be rank-r Drinfeld A-modules that are integral over O
and not K -isogenous. Let S be the set consisting of the primes of K lying over the
prime 0o and the primes dividing A(¢1) A(¢2). Suppose o & S is a prime of K of
least degree such that P, (¢1) # Py, (¢p2). Then

4
(2) deggp < max{—(Cq,, +W+cersqr logq W), s max{l +210gq s, 7}},
mo

where

s = the geometric extension degree of K / F,
mo =Yk,

cr = 2P +r+ 1,

dy = c, +log, 86rs*(g+ 1),

In(qd,)
N r = < 1>
" In(gd,) — 1

Cy.r =log, 86rs2(g+1)+c,<1+sq,, log, mio—i-logq d,)+c,sq,, log, log, d,,
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ar(¢l)=A(¢l)9 i=1725
W =log; (Ak (D1, $2) +2D(91, $2)) + 84, 8210,
where D(¢1, ¢2) = degy radg A(¢p)) +degy radx A(¢o),

Ak (@1, 92) == 1k o(P1) degg v — D Tk o(P2) degg v,

deggradg x = ) degg v.
v(x)#0

(The sums are over every place v of K.)

Note that any Drinfeld A-module defined over K is isomorphic over K to a
Drinfeld A-module that is integral over 0. In order to reduce the bounds given by
the above theorem, in particular the quantity degy radx A(¢1)A(¢2), one should
use minimal models of ¢; and ¢, (see [Taguchi 1993, Section 2]).

The proof follows the strategy in [Serre 1981] adapted to the Drinfeld module
situation, with the notable difference that the effective Chebotarev density theorem
we use [Kumar Murty and Scherk 1994] is stronger and unconditional because the
general Riemann hypothesis holds for function fields. Also, unlike in the number
field case, it is necessary to deal with wild ramification when bounding the different
divisor. The bound we obtain on the different divisor is completely explicit in terms
of the defining coefficients of the Drinfeld modules involved, unlike the results in
[Gardeyn 2002], which are effective but not explicit. Also, the bounds are sensitive
to primes of potentially good reduction, unlike the bounds in [Taguchi 1992].

We discuss some of the differences between our method and that of [Gardeyn
2002] in more detail in Section 7. In the rank-2 case, it is possible to make explicit
the quantities involved in Gardeyn’s bounds for the different divisor of torsion
fields by determining the Newton polygons of exponential functions attached to
Drinfeld modules [Chen and Lee 2013]. However, the computation of Newton
polygons grows in complexity for higher rank, so new techniques using weaker
information will likely be required to obtain explicit bounds for successive minima
so we can apply the bounds of [Gardeyn 2002] for the different divisor and gg.
Further remarks about this will be made in Section 7.

Cojocaru and David [2008] find upper bounds for the number of primes g of
degree d such that the field extension of F obtained by adjoining a root of the
characteristic polynomial of the Frobenius endomorphism of ¢ over the finite field
A/ is the fixed field K, where ¢ is a Drinfeld module over K of rank 2 and K
is an imaginary quadratic field over F'. An ingredient in their proof requires the
surjectivity results of Pink [1997] and Gardeyn [2001]. However, they do not require
explicit versions of these in order to achieve their results; that is, they use the fact
that the Galois representation pg, ¢ : Gal(F*P/F) — GL,(A/%A) and its projection
in PGL,(A/£A) are surjective for all but finitely many primes & in A, assuming
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Endz(¢) = A. As a method, they also use the effective version of the Chebotarev
density theorem in [Kumar Murty and Scherk 1994], but for the different divisor
bounds they only require the bounds in [Gardeyn 2002, Proposition 6].

2. Preliminaries

Let L be a finite extension of K and let O; be the maximal order of L, that is, the
integral closure of O in L. The constant field [, of L is the algebraic closure of [,
in L. The geometric extension degree of L/K is the degree of L/K’, where K’ is
the maximal constant field extension of K in L (thatis, [L : K]/[FL : Fx]). We say
L/K is a geometric extension if K = K'.

For a prime ideal B of Oy, we let deg; B be the [, -dimension of the residue
class field Fy o :=0p /B of *B, extending this to a general ideal / of Oy, by additivity
on products. For a in O, we define the degree of a by deg; a := deg; (a), where
(a) is the principal ideal of O generated by a.

More generally, let 2B be a prime of L, Oy o the valuation ring of *B, and
Fr s :=0p 5/ the residue class field of ‘B. Then the degree of ‘B is defined to
be deg; B :=[F o : F.], the Fz-dimension of F7 g3. We extend the definition by
linearity to a divisor © = ) "z n3B of L by deg; © = ) " nys deg; B. The finite
part Dg of a divisor ® = 5 nyB is the divisor gy, nsB.

Let iz kx : Div(K) — Div(L) be the conorm map from divisors on K to divisors
on L, defined by

iLk(9) =Y e(B/p)B

Blp

for every prime g of K and then extended by linearity, where e(5/¢) denotes the
ramification index of B over ‘B.

For ®B a prime of L lying over the prime g of K, denote by f(*5/¢) the inertia
degree of B over p.

Lemma 2.1 [Rosen 2002, Proposition 7.7]. Let L/K be a finite extension, ® a
divisor of K, and B a prime of L lying over the prime g of K. Then

B
deg ir/x® =n'degg ©, deg, B = JB/®) degg .

[Fr :Fkl

where n' is the geometric extension degree of L/ K.

Let L/K be a finite extension. Writing divisors in terms of places instead of
primes, the different divisor (L /K) of L/K is defined as

D(L/K) =) w(D(Ly/K))w,

w
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and its degree is given by

deg; D(L/K) =Y w(D(Ly/K,)) deg; w,

where w ranges through all normalized places of L, and D(L,,/K,) is the different
ideal of L,/ K,.
For convenience, we also define the degree with respect to K of ®(L/K) as

degy D(L/K) = Zmax{v(D(Lw/Kv)) :w|v} degg v,

where v ranges through all normalized places of K. Similarly, we define the degree
with respect to K of Do(L/K) as

degy Do(L/K) = Zmax{v(D(Lw/KU)) : wlv} degy v.

Voo
Lemma 2.2. Let L/K be a finite extension. Then
deg; D(L/K) <n'degg D(L/K),
where n' is the geometric extension degree of L/ K.

Proof. By the definition, we have

deg, D(L/K) =) w(D(Ly/K,))deg; w

= Z Z w(D(Ly/Ky))degr w

voowlv

= 22 D vDLu/Kew/v) f /)

v wlv

degp v
K]

Zmax v(D(Ly/Ky)) :wlv} ) e(w/v) f(w/v) degg v

wlv

[[FL [FK]

—_— Zmax{v(D(Lw/Kv)) :wlv} degg v =n'degy D(L/K),

v

where [F; and Fg are the constant fields of L and K respectively, f(w/v) denotes
the relative degree of w over v, and we use the identity

[L:K]=) e(w/v)f(w/v),
wlv

which is valid because our constant fields are finite and hence perfect [Rosen 2002,
Proposition 7.4]. (]
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Lemma 2.3 [Serre 1979, Proposition 8, Chapter 111.4]. Let M/L/K be a tower of
finite separable extensions. The different divisor satisfies the transitivity relation

D(M/K)=D(M/L) +imt®(L/K).

Lemma 2.4. Let K be a local field with ring of integers O, and let L/K be a
finite extension of K with ring of integers Op. Let o € O be such that L = K («),
and suppose f(X) € O[X] is the minimal polynomial of o over K. Then the
different ideal D(0y /0) divides the ideal (f'(a)), with equality holding if and only
if 0p = Ola]. Furthermore, we may replace f(X) by any monic polynomial g(X)
in O[X] that a satisfies.
Proof. See [Serre 1979, Corollary 2, II1.6]. For the final remark, note that g(X) =
F(X)h(X) for some g(X) € O[X], so (g'(e)) = (f'(@)h(a)) € (f'(a)). g
Lemma 2.5. Let E/K and L/K be finite extensions of local fields, with O the ring
of integers of K, Og the ring of integers of E, Ogy the ring of integers of EL, and
Oy the ring of integers of L.

Then the different ideals satisfy D(EL/L) | Ogr - D(E/K).
Proof. Suppose that O = Ok [x] for some x € B, so that E = K (x) (see [Serre 1979,
Proposition 12, II1.6]). Let f € Ox[X] be the minimal polynomial of x over K.

Now EL = K(x)L = K(x) and x € Ogy.

As f € O[X] is monic and x € Oy is a root of f, we may apply Lemma 2.4 to
getthat D(EL/L) | Ogr - f'(x). But as O = O[x], we have D(E/K) =0g - f'(x).
Hence, Ogr - f'(x) =0EL -Of - f'(x) =0g, - D(E/K). The result thus follows. [

Lemma 2.6. Let E/K and L/K be finite extensions of global fields. Then
D(EL/K) <ipr/p®D(E/K)+ig ;1 D(L/K).

Proof. This follows by localization and applying Lemma 2.3 and Lemma 2.5. [

3. Effective Chebotarev density theorem

Lemma 3.1. Let K be a finite extension of F = F,(T) with constant field F,, where
[, is a finite field of order q, and let g be the genus of K. Let S(N) be the number
of primes g of K with degy ¢ = N. Then

' N 4\ g2

q
SIN) =] = (2g+1+(2g+%)c—])T.

Proof. From the prime number theorem for L [Rosen 2002, Theorem 5.12], we
have that

We recall the proof to make the constant explicit.
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Let Zg (u) be the zeta function of K. Using the Euler product decomposition of
Zk (1) and [Rosen 2002, Theorem 5.9], we obtain

_ ]_[l.zil(l—mu) _ . d\—S(d)
ZK(M)_m_}:[](I_M) .

Taking the logarithmic derivative of both sides, multiplying by u, and equating
coefficients of u” yields the relation

2g
g"+1=) a)=>"dsw).
i=1

d|N

Using the M6bius inversion formula yields
2g
NS(N) =" u(dg" +0- 3" u() (Z 7 d)-
dIN dIN i=1
Following the argument in [Rosen 2002, Theorem 2.2], we obtain

> gV —g"

d|N

<gN2 L NGV,

Similarly, using the Riemann hypothesis [Rosen 2002, Theorem 5.10], we obtain

> () (zzg n,-N/">

d|N i=1

< 2gqN/2+2quN/4.

It follows that
INS(N) —q"| < 2g + Dg"* + Ng"? +2gNg™/*,
SO

q
S(N) — N

<2g+1
- N
g1 N, N

Since x/q* < 1/q for x > 1, (3) is less than or equal to

(3) qN/2+qN/3+28qN/4

‘ N

g/ S\ 4

— |28 +14+(2g8+35)— ). (]
~ (g+ +(g+gq)

The next theorem follows from the effective Chebotarev density theorem in

[Kumar Murty and Scherk 1994, Theorem 1].
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Theorem 3.2. Let K be a finite extension of F = [, (T) with constant field F, and
genus g, where g = qg1 0. Let E be a finite Galois extension of K with Galois group
G, Fyn the algebraic closure of Fy in E, and K' = Fyn K the maximal constant field
extension of K in E.

Let € C G = Gal(E/K) be a nonempty conjugacy class in G whose restriction
toFgn/Fy =K'/K is %, where T is the Frobenius map t(x) = x4, and let ® be the
different divisor of E/K’. Let ¥ be the divisor of K that is the sum of the primes of
K that are ramified in E, and suppose X' is a divisor of K such that ¥’ > 3. Let
B = max{degy X', deg, O, 2|Gal(E/K")| —2, 1}.

If

Nz log £<BZ+B<2g+§+3)+2(5g+£+3>)
_mO ‘103 m m

and N = k (mod m), there is a prime & ¢ X' of K such that degy » = N and
Frob,, = €.

Proof. The situation at the outset is that we start with ' =[F, (T) and K a finite
extension of F with possibly larger constant field F,, where ¢ = g;. Next, we
replace F =T, (T) by F =[,(T), so that K is a geometric extension of F' =, (T).
This allows us to use Lemma 3.1 without modification, but now gq is replaced by ¢.

Another remark is that if there exists a prime ¢ ¢ X’ of K such that degy o = N
and Frob,, = 6, then it follows that € restricted to K'/K = Fyn /F, is ™ by
[Kumar Murty and Scherk 1994, Lemma 1]. Since Gal([F» /I,) is cyclic of order m,
we have that T = ¥ in Gal(F, /F,) if and only if N =k (mod m).

Let [ » be the algebraic closure of F, in E, so K’ := F,»K and E/K' is a
geometric extension. Let & := deg; ® and §' = degy ¥’. Let (N, X’) be the
number of primes g ¢ Supp X’ of K with degy = N, and let 7 (N, £’) be the
number of primes g ¢ Supp X’ of K such that degy ¢ = N and Frob,, = 6.

It suffices to find a lower bound Ny for N such that for N > Ny, m¢(N, ') is
positive.

In fact, the genus g of K over [F, is the same as that of K" over F,» (see [Rosen
2002, Proposition 8.9]). We know that the genus of K’ over F,» and the genus of E
over [ym are related by the Riemann—Hurwitz theorem [Rosen 2002, Theorem 7.16].
Thus, letting g be the genus of E, we have

“ ge =1+[Gal(E/K)| (g — 1) + 9.

The effective Chebotarev density theorem in [Kumar Murty and Scherk 1994,
Theorem 1] gives
m|€| m|€|

——n(N,Y)—a<m¢(N,E) < ——na(N,E) +a,
|G| |G|
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where

_|(€| N2 1 14+ N/|€|
(5) (X—WC] 28EE|+2(28+1)+W5 .

The condition N = r (mod m) ensures 6 restricted to Fym /[, is V.

Remark 3.3. When X’ = ¥, this is what is proved in [Kumar Murty and Scherk
1994, Theorem 1]. However, the proof carries over with X replaced by ¥’. In
particular, the key identity (2.1) still holds with y € Y, unramified replaced by
y € Y, not in the support of &' > 3.

deg, 3
We have 7(N, 2') > S(N) — eg]’\j . Thus.
€| degy ¥ ,
S(IN) - —=22" ) _a< N, ¥).
Gl ( (N) N o < g )

It is therefore enough to find a lower bound for N such that
€ d Y
©) m(S(N) = eg%) —a >0,

From Lemma 3.1, we have

gV N/2

n4\q
(7) W—(2g+1+(2g+§)6—1)T§S(N)
N N/2

q n4\9
<+ (2g+1+(2g+3) ).
_N+(g+ +(g+2)q) N

Since |G|/m = |Gal(E/L")| and (1 + N/|€|)/q"/* <2, from (5) we have

2m|6|

3 a < NIG]

qN/2(|Ga1(E/K’)| Qg +1+8)+ %)

Therefore, combining (6) through (8), we obtain

degy E/)
— |-«
N

©)) M(S(N)—
Gl

m| | N/2( N2 degy X’ ’ / 8E
> 1 —co+—22 = 4 2|Gal(E/K")|(2g+1+8")+22= ) ),
_N|G| q q (&) qN/2 | a( / )|( 8 ) m

where co =2g+ 1+ (2g + %)4/q.
We thus need to find a lower bound of N such that the right-hand side of the
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inequality in (9) is positive, or equivalently,

g"? > co+ degTK/zE/ 1 2|Gal(E/K))| (2g +1+8) +25E
q m
= o+ dqug/f/ +2|Gal(E/K')| Qg +1+8)
+ %(1 +|Gal(E/K")| (g — 1) + 19)
=c0+(k:quK/zy+2|Gal(E/K’)|(2g+l+5’+87_1) +%(1+%@),
using (4).

Let 1 < B,§ < B, % < B, and |Gal(E/K’)| < 1B + 1. Note that if g = 0, it
suffices to take 8’ < B and 9 < B only, as it is then automatic that |Gal(E/K")| <
%91) +1< %B + 1. Therefore, we have

/
o+ CEEE +21GalE/KO) (2 + 148+ 1) + 2 (14 4a)
<co+-L +B+(2g+1+B+8 1)+ 21418
<ot ypt(B+D(2g+1+B+5 = +--(1+3B)
§2g+1+(2g+%)g+ﬁ+(B+2)(2g+1+B+g7_1)+%(1+%B)

2 g 28 N4, B
<B +B(2g+3+m>+6g+3+ e+ +

2 &g 26 B
< B2+ B(2g+3+£) +10g+6+ 8 o

where the last inequality uses 4/q < 2. Therefore, it suffices to have

N2 (g2 8 2_8) B
"> (B2+B(2g+3+5) +10g+6+ 8 + o

This can be satisfied if the following two inequalities hold:

2 B
oth/zzBZ+B(2g+3+%>+10g+6+Zg, (l—oz)qN/2>qN—/2,
where 0 < o < 1; equivalently,

B.

1/ , g 2g 1
Nz 2log, —(B2+B(28+3+5) +10g+6+5), N >log,
o m m 1—
Taking o = %, the required inequalities become

2
N = 2log, $(B2+B(2g+3+ 1) +10g+6+="). N> log, 4B.
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So if 2 4 g g
Nz log, 5 (B2 +B(2g+3+ ) +2(5¢+3+2))
mo 3 m m
and N = k (mod m), then there is a prime g ¢ ¥’ of K such that degy ¢ = N and
Frob, = €. U

Corollary 3.4. Let the notation and hypotheses be as in Theorem 3.2. Then there
exists a prime © ¢ %' of K such that Froby, =€ and

4
(10) degwsm—ologqog‘(8+3g+3>+m.

Proof. Let M be the integer such that
2

M==
mo

4/ 52 g 8
1ogq0§(B +B(2g+E+3)+2<5g+E+3>)+8,
where 0 < § < 1. Let N = M +k/, where 0 < k' < m — 1 is chosen so that
N =k (mod m). Then

2 4

2. 4, g g
Nz Zlog, 3(3 +B<2g+m +3)+2<5g+m +3))

and N =k (mod m). By Theorem 3.2, there exists a prime g ¢ ¥’ of K such that
degyg # = N and Frob,, = 6. Now,

degg p =N =M+
<2 log ‘—‘(BZ+B(2g+3+§)+10g+6+2—g)+m
“mg 13 m m

2

<= 1o ‘—‘(B+2 +3+5)2+m
~ my gq°3 g m

4 4

4. Bounds for the different divisor

Proposition 4.1. Let ¢ be a rank-r Drinfeld A-module that is integral over K, and
let £ = (a) be a finite prime of A with a monic. Let Do(Ky ¢/K) be the finite part
of the different divisor D (K4 ¢/K). Then we have

e —-2)" -1

(11) degKZDO(K(p,g/K)fr(degKa—i— |

degg A(¢)) ;

where £ = q%r <. In addition, if v(a A(¢)) = 0 for a finite place v of K , then
(12) v(D(Kg,2,w/Kv)) =0,

where D(Ky ¢ /K,) is the different ideal of Ky ¢ /Ky, and w|v is a place of
Kp 2w
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Proof. This is a slightly modified version of [David 2001, Lemma 4.2], derived
from [Taguchi 1992].
Let a € K be a root of a separable polynomial

m

f(X)=byX +b1X9+---+b, X1
with b; € O and byb,, # 0. Then

h(X) = b, =" f(X/bw)
= bob?" 2X + by b1 1 TIXT o by b4 X

" x?" e 0[X]
is monic. Since h(b,,a) =0 and K (o) = K (b,,«), we may apply Lemma 2.4 to
bno and h(X) to show that the different ideal D(K («)/K) divides the principal
ideal (bob%, ).

Let £=(a) and f(X)=¢q(X). Then f(X)=aX+---+A(p)4" ~ D/ =D xa"
where m = rdegpa (see [Rosen 2002, Proposition 13.8]). There are r roots
Bi,..., Br of ¢p.(X) that generate Ky ¢ over K. Using the transitivity of the
different (see Lemma 2.3), it follows that

(13) D(Ky o/K) | (bob, =) = (a (A(g))" 2@ ~D/@=D)",

This shows that if v(aA(¢)) = 0 for a finite place v, then v(D(Ky ¢ /Ky)) =0.
Furthermore, taking the degree with respect to K of (13), we obtain

=2y -1

degg @0(K¢,2/K)§r<degka+ -1

degg A(‘P))- 0

It is possible to obtain a bound on degx D (K ¢/K) based on Proposition 4.1
and Lemma 4.2, but instead we find a slightly more refined bound in Proposition 4.3,
using additional techniques.

Lemma 4.2. Let 0o be an infinite prime of K, K& the completion of K at 00, O
the valuation ring of 00, v the valuation associated to 0o, and e the ramification
index of oo over co. .

Let p7(X) = TX + a1 X9+ - +a;X? +---+a,X? be a rank-r Drinfeld
A-module defined over K, and write

b (X)=T"X + b0, X4+ 5, X0 + - £ b, X",

where n > 1.
Vso(ai)
Let w1 = max{e, — - i=1,...,rt and w, =nw,. Then
q
Vs (bi)
qi

:i=l,...,rn}.

wy > max{ne, —
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Proof. We use induction on n. First note that

rn

Grn O X) =T I X + 509X+ 4 b A0 X4 o 4 b2 8" X947

so taking A, € K with

Vo (b;
Vo (Ap) = wy > max{ne, — OO(l. i) i=1,..., rn}
q
implies that ¢7» (1, X) € Ox[X].
The result is true for n = 1, as
{ Vso(ai) . }
w] = maxje, — - i=1,...,rt.
q
Assume
v (bi) .
wnzna)lzmax{ne,— - .l:l,...,rn}.
q

Now consider the terms in the product
prnnn =¢rnogpr =T" +bit+-- -+ byt ) o (T+ajt+---+a,1"),
where there are 2(r 4 1) types of terms to consider:
bi‘ciT=biTqiti, 1 <i<rn,
birialr = b,-afir“rl, 1<i<rn,
bi‘fiar‘[r = biafifi+r, 1<i<rn,
" T'ayt, T"ayt?, ..., T"a, "

We need to show that w,, 1 is greater than or equal to the valuations of the coefficients
of each type of term, that is, for each i with 1 <i <rn,

Vs (b;)
(14) Opg1 > —— - ! ,

_ b — .
(15) Ont1 > _vseb) v“(qf), l<j<r,

qH—] q]
(17) Onp1 > ne — ”"’°(f"), 1<j<r

q
As w, > —vg(b;)/q' for 1 <i <2n, we have
Vs (bi)

Wy
wn+1=wn+w12;+w12_ w1

qi+j
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for j =0,1,...,randi =1,2,...,rn, so (14) and (15) are satisfied. Since
wi = max{e, —vx(a;)/q’ : j=1,...,r},

wpy1 =+ Do) =nw) + v > ne+w;

Zmax{(n—i—l)e, ne—&?j):jzl,...,r,}
q

so the last inequalities in (16) and (17) are satisfied. U

In the following proposition, we obtain an upper bound on the degree of the
different divisor of Ky ¢/K that uses mild information from the Newton polygons
of ¢,(X) and takes into account primes of potentially good reduction.

Proposition 4.3. Let ¢ be a rank-r Drinfeld A-module that is integral over K, and
let £ = (a) be a finite prime of A with a monic. Let ©(Ky ¢/K) be the different
divisor of Ky ¢/ K. Then we have

r

7 (s degy a +A(¢)) +2degg aradg A(¢)),

degy D(Ky ¢/K) < r(

where s denotes the geometric extension degree of K/F, £ = q%8r < A(¢) =
— 2, T(@) degg v, and for x € K we let degg radg x := ), ()0 degg v (the
sums are over every place v of K).

Proof. Let o7 (X) =TX + a1 X9+ -- +a,X7, where g; € 0. Let

rn

q
f(X) = ¢a(X) = bOX+b1Xq +-- +brnxqm = brn H(X —Oli),
i=1

where by = a, b, = aﬁqm_l)/(qr_l), and n = degg a = degy £. Let o be any one

of the «;.
Let g be a finite place of K with corresponding discrete valuation v,, and let

tso:inf:%(ai), i=1,...,r.}
q'—1

Note that 7, > 0. Let K|, be the completion of K at g, and KB’O /Ky, atotally tamely
ramified extension with ramification index 1/(¢"" — 1) and ring of integers @;O.
Over Ks,f), ¢ is isomorphic to a Drinfeld A-module

or(X)=TX +a; X+ +a X"

where a; = a[/)\‘fi_l, vp(a;) > 0for 1 <i <r,v,(A) =15, and X € KK;.
Let ¢, (X) = byX +b| X9 +---+b/, X", As b, = b; /A7, we have

vp (b)) > (¢" — Dvp (L) = (¢ — D,
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From the Newton polygon of f(X), we have

rn __

1
vp(ar) - - (qm_l - 1)7:50
q" —1
Up(a) Z qrn _qrn—l =:—4.

Pick a 1 € KB; such that v, (u) =8 +€, where 0 < e <

. Now

qu’l _ 1
qrn
FX 1) =ben/ " [ J(X = pats),
i=1
and we know that g(X) = [[; (X — ne;) is monic and lies in @;,[X], where @;O is

the ring of integers of K,,. Thus, g'(X) = wi"~'a/b,,. Hence,

vp(g'(ne) = vp (W) (@™ — 1) +vp(@) — vp (bra)

rn

<3(g" — D+ 1+ vp(@) — vp(an)?

q"—1
qrn_l ql"n_l (qrn—l _1)(qrn_1)
= vp(ar) g —1 (qrn _qrn—l - 1) - g _qrn—l Tp+1+v@(a)
qrn -1 1 _ql—rn q2rn—l _qrn _qrn—l +1
= vl g 7o + 1+ vy (a)
qrn_l qrn_q_l_i_qlfrn
= v, (a,) — T, + 1+ v,(a).
O ) q—1 Y v
It follows that
qrn_l qrn_q_1+ql—rn
vp (DK, (ne)/K))) < vy (ay) @ -Da=D" o Tp+1+v,(a)
and
v@(D(Kp(O‘)/KKJ))
< vp(D(K,(na)/K/)) +vp(D(K,,/K))
qrn_l qrn_q_1+ql—rn
< vpla,) — To +2 4+ v, (a).
T ) g—1 g g
Since 7, < vy (a,)/(qg" — 1), we have
qrn_l qrn_q_1+ql—rn
v, (a,) — T, +24+v,(a)
TR VRS q—1 v i
rn_ rm __ _1+ l—rnv a
> v (a,) — S 1 il r)+2+v@(a)
(g"—D(@g—-1) qg—1 g —1
_ 1=rn
= vp(a,)—L—1 +2+vp(a) > 2.

@ —-D@—-1
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From Proposition 4.1, we know that for a finite place vy, of K, v, (D(K (a)/K)) =0
if vy, (aa,) = 0. It follows that

(18) vy (D(Ky(a)/K))
qrn_l _qrn_q_1+q1—rn
(¢g"—D(@ -1 q—1

where v =1 if v, (aa,) > 0 and v =0 if v, (aa,) = 0.

Let o € SX be an infinite prime of K with corresponding valuation v, and let
K /K be atotally tamely ramified extension with ramification index 1/(g"" — 1)
and ring of integers O .

Let

<vp(a,) Tp +2v + vy (a),

r®(¢>=inf{”°f°(“"), i = 1,...,r.}
q' =1

Note that 75 < 0.
Over K, ¢r is isomorphic to a Drinfeld A-module

Or(X)=TX +a; X +---+a X7,

where a] = ai /241, vs(a)) >0for 1 <i <r,vx(h) =1tx,and A € KL .
Let ¢ (X) =byX + b, X9 +---+ b, X", Set
Vs (a;)

a)1=max{e,— - :l=1,...,r}=1.
q

From Lemma 4.2, we know that

vso (b))
qi

:i:l,...,rn}.

w, =nwp > max{ne, —

Thus, vs (b)) > —g'nefori=1,...,rn. As b, = b; /29" ~1, we have
vso(bi) = —g'ne+(¢' — Dv (M) = —g'ne+(¢' — D

From the Newton polygon of f(X), it follows that

qrn -1
vo-o(ar) qr 1 —i—neq””* _ (qrn—l o l)fo'o
V(@) = — g —q = —6.

1

Let s be such that v, (o) = 850 + €00, Where 0 < €50 < 1/(¢"" — 1). Now

qrn
X ) =bra/ply [[X = neoe),
i=1
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and we know that g(X) = (X Uso;) 18 monlc and lies in 0L [X], where
0, is the ring of integers of K . Thus, g (X)= la /brn

. Hence,
Vo (8 (nsor))
= Vs (Us) (@™ — 1)+ v (@) — v (Drn)
qrn -1
r—1

qrn_l qrn_l
= Uo'o(ar) qr_l <qrn_qrn—l —1
qrn_l (qrn—l_l)(qrn_l)
+ne —

<éx(q@"" =)+ 14+vs(a)—vs(ar)

q_l qrn_qrn—l T°_°+1+v°_°(a)
qrn_l l_q]—rn qrn_l qun—]_qrn_qrn—l+1
= v (ar) T E— +ne 1 T T+ 1+vs(a)
qrn_l qrn_l qrn_q_l_i_qlfrn
= 3 — - 1 — .
A PT Ty PRI A
It follows that
qu’l_l qrn_l
19 o(D(Kx Kz)) <vx
(19) Uoo( (Ks(@)/ oo))_voo(ar)(qr_l)(q_l)—l-ne 7—1
rn __ _1+ 1—rn
_1 qq—l 1 To + 2+ v (a).

Let ®(K (a)/K) be the different divisor of K () over K, and Qp the set of
conjugates of o over K p. Using (18) and (19), we obtain

degy D(K(a)/K) =Y max{vp(D(Kp(a)/Kp)): e € Qp}degy P
P

rn

1
anq—] _Z e(00/00) degy o0
soeSK
m__._1 1—rn
-1 qq_l—i_q ZTPdegKP—I—ZdegKradKaar
qrn_l f( / )
coeSK

m_ . _1 1—rn
_4 q 1+q erdegKP+2degKradKaar
q- v

71 71 ijrpdegKP+2degKradKaa,,
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where the summation runs through all the primes P of K, s is the geometric
extension degree of K/F, and we use the fact that ), vp(x)degg P = O for
x € K. Remark that ), tp degg P <0; so we finally get

degx D (K (a)/K)

rmo_q m_g_14 1—rn
fnsq 1 —i—q q ] q (—thdegK P)+2degKradKaar
q- q— .

ql’l’l_l ql’}’l_l
<ns + 7 <— er degy P) + 2 degg radg aay
9= 3

qg—1
qrn_l
qg—1

r

=

(ns — Z Tp degg P) +2degg radg aa,
v

T (ns + A(¢)) +2degk radg aay

r

<

T (sdegg a+ A(¢)) +2degy radg aA(e).

Using transitivity of the different (see Lemma 2.3) and the fact that K ¢ is generated
by r of the roots «;, the result follows. O

Corollary 4.4. Assume the notation of Proposition 4.3. Let ¢ and ¢, be rank-r
Drinfeld A-modules that are integral over 0. Let D (K /K) be the different divisor
of K/K,where K = Ky, ¢ Ky, ¢. Then we have

r

degy D(K/K) < r( . (25 degg a+ A(¢1, ¢2)) +2D(p1, ¢2) + 4 degy a),

where A(¢1, ¢2) = A1) + A(g).

Proof. The result follows from Lemma 2.6 and Proposition 4.3. ]

5. Proof of Theorem 1.2

We first recall some intermediate results, which are function field analogues of
those found in [Serre 1981] (see [Gardeyn 2002]).

Lemma 5.1. We have
Z degp £ >¢g"
I<degp £<N

for all positive integers N, where the sum is over finite primes £ of F.

Proof. The product of all finite primes £ of F such that deg £ divides N is equal to
T4" — T, so the inequality follows. U
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Lemma 5.2. For any nonzero n € A, there exists a finite prime £ of F such that
n #0 (mod £) with deg, £ <1+ log, degy n.

Proof. Suppose n =0 (mod £) for all the primes £ such that
I <degp £ < 1+]log, degy n.

Choose k := |1 + log, degpn], so that k — 1 < log, degyn < k, and hence
g <degpn < ¢*.

Then Hlsdegp o<k divides n, so qk <degpn, by Lemma 5.1. Butdeg, n < qk,
which is a contradiction. U

For the proof of Theorem 1.2, we will require an estimate of the form
20 I < S
(20) v = 1 +log, x
forx > C.

Lemma 5.3. Let ¢* > 1 be given and set t* =1 — 1/In(gc™). Then we have

1) yx’* 5;
1 +log, x

for x > c*, where .
, = (T () /in(gen)
1+log, c* 14log, c*

Proof. The inequality

yxt < ;
~ 1+log, x
is equivalent to |
—t
) =2
flx,n) [tiog,x "

For a fixed ¢, taking the derivative of f with respect to x,

1

Flx,t) = x—’((l —1)(1 +1log, x) — —>/*2,
Ing
where * = (1 —|—10gq x). Hence, f'(x, t) > 0 is equivalent to
1
(1= +1og, x) — — =0,
Ing

or equivalently,

(22) (1—1)(Ing +1nx) > 1.
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Assuming ¢ < 1, (22) is equivalent to

ol/(1-0)
x>

= B(1).

Thus, for a fixed < 1, f(x, t) is increasing with respect to x, when x > f(¢); that
is, f(x,t) > f(B(t),t)if x > B(t). Now, B(t*) =c* and t* < 1, so we obtain

XU (e ) <

= w,

for x > c*. O
Lemma 5.4.

(23) log, (x +y) < max{log, (2x), log, (2y)},

(24) log,(x +y) <log,x +log,y ifx,y=2

Proof. In order to have z > log, (x + y), it suffices to have

g*>x and 5¢*>y,

0=
0=

which is equivalent to
z> logq (2x) and z> logq 2y).
Thus, taking z = max{logq (2x), logq (2y)}, we have
log, (x +y) < max{log,(2x), log,(2y)}. O

Conclusion of the proof of Theorem 1.2. Let © ¢ S be a prime of K with least
degree such that P, (¢1) # P, (¢2), where S is the given finite set of primes of
K outside of which both ¢; and ¢, have good reduction. Let ¢y be a nonzero
coefficient of Py, (¢1) — Py, (¢2).

It is known that a root y of Py,(¢1) or P, (¢») satisfies

1
Voo (V) = - degg

(see [Goss 1992, Theorem 3.2.3(c)(d); Gardeyn 2002, Proposition 9]). This implies
that each coefficient B8 of Py,(¢1) and Py, (¢,) satisfies deg, B < degy ¢, and hence
each coefficient o of Py, (¢p1) — Py, (¢2) also satisfies degy o < degy ; in particular
degp ap < degg ¢.

We choose a finite prime £ of F by Lemma 5.2 such that

(25) ap#0 (mod £) and degp £<1 ~|—logq degy .,

and write £ = (a), where a is monic in A.
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Suppose g lies above the prime p of F. For x > 7, we have log, x < 2(x -1
(since if we let f(x) = 2(x -1 - logq x, then f’(x) >0 for x > 7 and f(7) > 0).
Hence, we obtain that x < q(l/z)(x_l), SO q(l/z)(x_l)/x > 1; hence, qx_l/x >
qg/P&=D for x > 7. Thus, noting that

_ f®/p)
~ [Fx :Fpl’
if x > max{l + 210gq s, 7}, we get that

a = gUDE=D 5 o fo/p)
X [Fx :Frl

But then if £ = g, we would have

f(@/p)

degpp < I +log, degg o =1+log, ——— Fy degr p;

Frl

in other words,

__ S/
x [[FK . [FF]’
where x = deg p = deg, £. Therefore, we either have that

degp p < max{l+ 210gq s, 7},

or £ # p by the above inequality. In the former case, it follows that degy g <
s max{l +2log, s, 7}.
Suppose we are now in the latter case, where £ # p. Consider the representation

Ye:Gg — AutA/£(¢1[£]) X AutA/,g((f)z ) =GL,(A/L) xGL,(A/L),

where ¥¢ = pg, ¢ X pg, ¢. Let G¢ be the image of this homomorphism. Let C¢ be
the subset of G ¢ consisting of pairs (a, b) such that the characteristic polynomials
of a and b are not equal. Note that Cg¢ is invariant under conjugation, so it is a
union of conjugacy classes in Gg. Since £ # p, we have C¢ # O; in particular,
there is some conjugacy class € C C¢ in G ¢ with € # @.

Let S¢ = S U {primes I of K lying over £}. Then the Galois representation ¢
is unramified outside S¢. We have A/£ = [F,, where ¢ = g%°&r £,

Let K /K be the field extension associated to ¥ ¢, and let n (resp. n’) be its
degree (resp. geometric extension degree). Applying Corollary 3.4 to K /K, and
using Lemma 2.2 together with the bound for the degree with respect to K of
D =D(K/K) given in Corollary 4.4, we deduce that there is a prime P & Sg such
that Frobp =% C C¢ and

4
degy P < —logq%(B+3g+3)+m,
my

where
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Y=Y p=T=3p, m=[Fz:Fxl, mo=I[Fk:Frl,
peSe pes

degy ¥’ = degg radx A(d1)A(¢) +degg £,

B = max{degy ¥, degz ©,2|Gal(E/K")| — 2,2},

degz ® < rn’(g%ll(Zs degg a+ A(pr1, $2)) +2D(¢1, o) +4degy a)-
Then
(26) degy P < mio log, ;—‘(B+3g+3)+m < mio(logq %B—Hogq 4(g+ 1)) +m,

using B > 2 and Lemma 5.4. Note that regarding B, the terms degy ¥’ and
2|Gal(E/K’)| — 2 are less than the bound we use for degz ©, so we can ignore
them later on when we bound B.

Using Lemma 5.4, we obtain

log, degz ©

—log, rn/(uz\(q&] 92) +2D(1.¢0) + (25 ”‘11 +4) degy a)

< log, rn’ +log, (‘Z— (A(1.92) +2D(G1.9) + (25 = +4) deg a)

§logqrn +max{Vy, W»},
where
£ —1
Vi :=log, 2q—(A(¢1, $2) +2D(¢1, $2))

=log, 2 +log, £ = +log, (AG1.62) +2D(@1. ).

Vs :=log, 2(25Z 1 +4) degy a

1
<log, 2 +log, 8s +10gq = — +10gq degg a < Vi +log, 8s +log, degy a.

Thus,
log, B
<log, rn’+ Vi +log, 8s+log, degy a

—1 4 log, degga+log, (A1, d2) +2D(¢1, $2).

=log, rn +logq16s +logq£ I

Since n’ <n =|Gg| < 2 log, ¢ = degy £ =degpa, and degg a < sdegpa =
s log, ¢, we finally obtain
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(27) log, B
<log, 16rs>+(2r’+r)log, £+log, log, +log, (A($1, $2)+2D(d1. $2)).

Note that if logq (A(qb1, ¢2) +2D(¢1, qbz)) = 0, the derivation of the bound (27)
above can be modified so as to obtain

(28) log, B <log, 16rs* + (2r> +r)log, € +log, log, £.
Thus, we have
(29) log, 3B <log, §rs’+2r’+r+1)log, t-+log} (A(@1, $2) +2D(¢1, $2)) .
Returning to (26), we obtain
(30) degy P < mi(logq 86rs*(g+ 1)+ (2r* +r+1)log, €
' +log} (A (@1, ¢2) +2D (1, $2))) +m.

By construction of Cg¢, we have Pp(¢1) # Pp(¢2) (mod £). Thus, degy o <
degy P, and from (25), it follows that

4
(1) degy o < — (log, 86rs>(g+ 1)+ (2r* +r + 1) log, £
no
+log} (A (@1, ¢2) +2D (1, $2))) +m

4
< m—(logq 86rs>(g+ 1) + (2r> +r + 1)(1 + log, degy )
0
+logy (A(¢1, ¢2) +2D(¢1, $2))) +m.

log, x

As 1+10gqx21, <1, we have

een® 2 g 1wy,
1 +log, (degg ) ~ mo

where ¢, =2r*+r+1,d, :=¢, —I—logq 86rs2(g + 1), and

W :=log} (A1, ¢2) +2D(¢1, ¢2)) + mmy.

If x > d,, then using Lemma 5.3 with ¢* = d, and x = degy ¢, we obtain
. X 4
yx = m =< m—o(dr‘f'W),
where y is as in Lemma 5.3. This implies that
fo A W)

mo Y

X
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so that

1 +log, d,

(32) log, degg o =log, x < — 10gq (d +W)- (d,)/n(ad,)

1
< s (logg - | log, (d, + W) +log, (1 +1log, d,) — e )
r
4 1
(logq +log, d, +log, W +log, (1 +log, d;) — ———log, dr)
In(qd,)

<s <logq 4 +log, W +log, log, d ) + log, d,

using d,, W > 2, and where

In(gd,) 71 In(gd) -1

We note that when g or r is large, s; , tends to 1 from above.
Substitution of (32) into (31) yields

(33) %degK p <log, 86rs2(g + 1)+ (1+1og, degg ) + W
<log, 86rs*(g+1)

4
+ cr(l —{—s*(logqm— +log, W +log, log, dr> +log, a’r) +Ww
= log, 8675>(g+ 1)+, (145" log, — 4 —i—loqu)

+ ¢rs logq logq d-+W+cs logq

= Cq,r + w + Crs:;’r logq w

where
4
Cp.r = log, 86rs>(g + 1)+, (1455, log, — ~+log, d )+ sy, log, log, d;.

Therefore, we either have the above upper bound (33) on degy ¢ or degy o <
d, < Cy s, so in the end we get

4
(34) degy o < m—o(c,,,r + W+ sy, log, W).
Finally, we note from the discussion in the introduction that m < g4, 8¢, .

6. The case of rank 2

In this section, we consider the case of rank 2 and K = F', and explain how to make
all the terms explicit in our isogeny theorem.
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For a Drinfeld A-module ¢ of rank 2 over K = F = [, (T), the successive
minima of the lattices associated to the uniformizations of ¢ are determined in
[Chen and Lee 2013], and this is used to obtain an explicit bound for the valuation
Voo (D(K oo (¢plal)/ K o)) of the different of Ky , = K (¢[a]) over K at the infinite
prime oo of K and vy (D (K, (¢lal)/Ky)) at a finite prime p of K, following the
work of Goss [1996].

The infinite prime case is obtained using the explicit information about the
Newton polygon of the exponential map ey  attached to ¢ from its uniformization
over Ceo.

Assume the same notation as in the proof and statement of Proposition 4.3, taking
K = F =T,(T) and o0 = o0; the explicit bounds given in [Chen and Lee 2013]
are as follows.

Let¢pr =T 4+at+ a»t? and j(@) = alﬁl/ag, and let m be the least positive
integer such that —v(j(¢)) < qm“. Then we have

1 if —vo(j(9)) <q,
Voo (D (Koo (@la])/ Kc)) < {1 +r(@ T = 1) if g < —v(j (@) g™,

where
—Vo(J (@) — g™
= +m—1,
T eg-n T
and
2vp(a) if ¢ has good reduction
over Ky,
U (D(Kp(qﬁ[a])/Kp)) <{2vp(a)+1 if vy(j(¢p)) > 0 and ¢ has
bad reduction over Ky,
2up(a) 1= 28 i (6) <0,

Putting this together yields the following explicit bound on the different divisor
of F(¢lal)/F when ¢ has rank 2, which can be used in place of the more general
bound that we use in this paper. See Section 7 for a comparison of the two bounds
in the context of our application.

Theorem 6.1. Let ¢ be a Drinfeld A-module of rank 2 over F, and D (F (¢la])/ F)
the different divisor of F (¢lal)/F. Then

degr D(F(¢la])/F)
<2degpa+degpn+

g—1 degp &+ Uoo(D(Foo(¢[a])/Foo)),

where § is the (monic) denominator of j(¢) as represented by a fraction in reduced
form, and n is the product of finite primes p such that ¢ has bad reduction over F.
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Concerning the term g4, we have from [Gardeyn 2002] that

26 = 8p.00 < (@° = 1)(@* — PV2p.00/V1.4.005

where v; 4 o 18 the i-th successive minimum of ¢ associated to its uniformization
over Co. In [Chen and Lee 2013], the v; ¢ o are determined as follows.
Case 1: If —v(j(¢)) < g, then v| ¢ oo = V2,900 = —51.

Case 2: If ¢ < —v(j(§)) < g™, then vy 4 00 = —51, V2.4.00 = —S1 — k, Where
s1 = (v(an) —I—qz)/(q2 —1)in Case 1 and s1 = (v(a;) +¢q)/(g — 1) in Case 2, and
m, Kk are as above.

7. Comparison with work of Gardeyn

In this section we make some detailed comparisons with the work in [Gardeyn
2002], where an effective isogeny theorem is proven.

For the proof of our Theorem 1.2, an essential ingredient is the bound on the
different divisor given in Proposition 4.3,

(35) degg D(Ky e/K)

< r(é:ll (sdegg a+ A(p)) +2degg radg A(¢) +2degy a),

where we recall that A(¢p) = — ZU 7,(¢) degg v. The counterpart of (35) in
[Gardeyn 2002] is

(36) degyp D(Ky,¢/K) <rdegga+degy Ay,

where Ay is a divisor of K that is determined from the Newton polygons of the
exponential functions associated to uniformizations of ¢ over Cy,, where g is a
prime of K.

Although there is a larger dependence on £ in our different bounds when we take
degrees with respect to K, what is required in the application is the degree with
respect to Ky ¢, which necessitates multiplying the degree with respect to K by
n’ < €. This means both bounds end up being comparable in their dependence on
¢, as we later take the log, of this degree with respect to Ky ¢.

The quantity A4 is more difficult to make explicit and compare, as we saw in
Section 6, where its determination in the case of rank 2 and K = F = [, (T) is
recalled from [Chen and Lee 2013]. The method in [Chen and Lee 2013] yields
the entire Newton polygon and uses Gekeler’s theory of Drinfeld modular forms as
well as Rosen’s theory of formal Drinfeld modules. It may be possible to obtain
weaker information using the more elementary approach of Chen and Lee [2012] in
the infinite prime case, and to generalize Rosen’s work to higher rank in the finite
prime case, in such a way that Gardeyn’s bounds can be made explicit.
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As for the terms g, it would seem that this also requires some knowledge relating
to the successive minima of the lattices associated to the uniformization of ¢ over
infinite primes.

Finally, two other places of difference are in our use of [Kumar Murty and Scherk
1994] for the Chebotarev density theorem instead of [Geyer and Jarden 1998], and
in our analytic estimation methods, which differ slightly from [Gardeyn 2002; Serre
1981] because we have attempted to reduce the size of the constants in the different
divisor bound, especially in front of the dominating terms.
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TOPOLOGICAL PRESSURES FOR
e-STABLE AND STABLE SETS

XIANFENG MA AND ERCAI CHEN

In this paper, topological pressures of the preimages of e-stable sets and
certain closed subsets of stable sets in positive entropy systems are investi-
gated. It is shown that the topological pressure of any topological system
can be calculated in terms of the topological pressure of the preimages of
e-stable sets. For the constructed closed subset (W. Huang, Commun. Math.
Phys. 279, 535-557 (2008)) of the stable set or the unstable set of any point
in a measure-theoretic “rather big” set of a topological system with positive
entropy, especially for the weakly mixing subset contained in the closure of
the stable and unstable sets, it is proved that topological pressures of these
subsets can be no less than the measure-theoretic pressure.

1. Introduction

Let (X, T') be a topological dynamical system (TDS) in the sense that X is a compact
metric space with a compatible metric d and T : X — X is a homeomorphism.
A TDS is said to be noninvertible if the map is surjective and continuous but not
one-to-one. For x € X and € > 0, the e-stable set of x under T is the set of points
whose forward orbit e-shadows that of x:

Wix,T)={yeX:d(T"x,T"y) <e forall n > 0}.

The preimages of these sets can be nontrivial and hence disperse at a nonzero
exponent rate. the dispersal rate function /(7 x, €) was introduced in [Fiebig et al.
2003]. The relationship between A4 (T, x, €) and the topological entropy /A, (T)
was also investigated. It was proved that when X has finite covering dimension, for

all e > 0,
sup hS(T’ X, E) = htOp(T)'

xeX
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In [Huang 2008], the finite-dimensionality hypothesis turns out to be redundant.
This equality is proved to be always true for any noninvertible TDS.

It is known that certain results concerning topological entropy can be generalized
to topological pressure. For any f € C(X, R), consider the fopological pressure of
the preimages of the e-stable set of x:

P(T, f,x,€) = lim lim sup l log P,(T, f,8, T7"W2(x,T)),
8—0 psto0 N

where
P,(T, f,8, TT"W:(x,T))

= sup{z exp f,(x) : E is an (n, §)-separated subset of 7" W/ (x, T)},

xek

and f,(x) = Z?;ol f o T'(x). We show that the topological pressure of any non-
invertible TDS with positive metric entropy can be calculated in terms of the
topological pressure of the preimages of e-stable sets. That is, for all € > 0,
sup P(T, f,x, €)= P(T, f),
xeX
where P(T, f) is the standard notion of the topological pressure. For the null
function f, this equality is the above one for the topological entropy.
For x € X, the stable set W*(x, T) and the unstable set W"(x, T) of x are
defined as .
W' x, T)={yeX: lim d(T"x,T"y) =0},
n—-+4o00
W'x, T)={yeX: lim d(T"x, T "y)=0}.
n—-+o0o

For Anosov diffeomorphisms on a compact manifold, pairs belonging to the stable
set are asymptotic under 7 and tend to diverge under 7~'. However, Blanchard et al.
[2002] showed that in most case, this phenomenon does not happen in a TDS with
positive metric entropy. N. Sumi [2003] investigated the stable and unstable sets of
C? diffeomorphisms of C* manifolds with positive metric entropy. He showed that
the closure of the stable set W*(x, T') of “many points” is a perfect x-chaotic set and
the closure of the unstable set W (x, T') contains a perfect x-chaotic set. W. Huang
[2008] got further information in the general noninvertible TDS with positive metric
entropy. He proved that there exists a measure-theoretically “rather big” set such
that the closure of the stable or unstable sets of points in the set contains a weakly
mixing set. The Bowen entropies of these sets were also estimated there. It was
proved that the lower bound is the usual metric entropy 4, (7) for the ergodic
invariant measure /.

By introducing the topological pressure for the closed subset and using the
excellent partition formed in Lemma 4 of [Blanchard et al. 2002], we show that,
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for the constructed closed subsets of stable and unstable sets in [Huang 2008], the
topological pressure of these sets can also be estimated. More precisely, we prove
that if u is an ergodic invariant measure of a TDS (X, T') with h,(T) > 0, then,
for w-a.e. x € X, the closed subsets

Ax) SW(x,T), Bx)<W'x,T)

and the weakly mixing subset

ExX)STWs(x, T)YNWu(x, T)
constructed in [Huang 2008] have the following properties:
() lim,— yoo diam T"A(x) =0 and P(T~!, f, A(x)) > P, (T, f),
(b) lim,,_, ;oo diam 7" B(x) =0 and P(T, f, B(x)) > P,(T, f),
(©) P(T, f, E(x)) = Py(T, f) and P(T™', f, E(x)) = Pu(T, f),
where P, (T, f) is the measure-theoretic pressure.

The paper is organized as follows. In Section 2, the topological pressure for
the closed subset of a TDS is introduced. Some related notions and results about
entropy are also listed. In Section 3, the topological pressure of the preimages of
an e-stable set is introduced. Using the tool formed in [Blanchard et al. 2002], we
show that the topological pressure of any TDS can be calculated in terms of the
topological pressure of the preimages of an e-stable set. As a generalization of
the entropy point, the notion of the pressure point is also introduced. In Section 4,
results (a)—(c) above are proved. In Section 5, the results in sections 3 and 4 are
stated and proved for the noninvertible TDS.

2. Preliminaries

Let (X, T) be a TDS and %Bx be the o-algebra of all Borel subsets of X. Recall
that a cover of X is a finite family of Borel subsets of X whose union is X, and
a partition of X is a cover of X whose elements are pairwise disjoint. We denote
the set of covers, partitions, and open covers, of X by €y, Px, and €%. Given a
partition « of X and x € X, denote by «(x) the atom of « containing x. For two
given covers U, V' € €x, U is said to be finer than V" (denoted by U > V') if each
element of AU is contained in some element of ¥". Let

UV ={UNV:UeU Vel

Given integers M, N with0 <M < N and U € €x, we set

N
Wy = \/ T~
n=M
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Given U € €x and K C X, put

N(@L, K) = min {the cardinality of F: F c AU, |J F O K}
FeF
and H (U, K) =log N (U, K). Then the topological entropy of U with respect to T’
for the compact subset K is

1 1
hiop(T, U, K) = lim —H@U™, K) = int;—H(Ong_l,K).
n—-oon n=zln

The topological entropy of T for the compact subset K is defined by hp(T, K) =
SUPa gy, hiop(T, U, K); and the topological entropy of T is defined by A, (T) =
supg hiop(T, K).

Let (X, T) be a TDS, K a closed subset of X, U € €%, and f € C(X, R), where
C (X, R) is the Banach space of all continuous, real-valued functions on X endowed
with the supremum norm. We set

(1)  PJ(T, f,U,K)= inf{ > sup exp fu(x):V €€y and V' > oug—l},
Velr xeVNK
where f,(x) = Z?;(l) f(T/x). When VN K =@, we let SUp,.cynk €Xp fu(x) =0.
Then the above definition is well defined. It is clear that if f is the null function,
P,(T,0,%U, K) = Nz, K).
For V' € €x, we let o be the Borel partition generated by V" and define

P*(V)={B € Px : B =V and each atom of g is the union of some atoms of «}.

Lemma 2.1 [Ma et al. 2010, Lemma 2.1]. Let M be a compact subset of X and let
feCX,R),V € €x. Then

Z sup f(x):min{z sup f(x):ﬂe@)*(V)}.
Bep

inf
Beby xeBNM Bep¥eBOM

B=V

Let 3 (X) be the collection of all nonempty closed subsets of X. For any
nonempty subset A of X and € > 0, let N(A,¢) = {x € X : dist(x, A) < €},
where dist(x, A) = inf{d(x, y) : y € A}. The Hausdorff metric H; on the space
J(X) induced by the metric d is defined as

H;(A,B)=infle: ACN(B,¢)and BC N(A,¢)} forany A, B C X.

Then (I (X), Hy) constitutes a compact metric space.

Lemma 2.2. Let (X, T) be a TDS, AU € 6%, and f € C(X, R"). Then the function

F:K —>inf{2 sup f(x):V ey andﬁfgéu}
VEOVerﬂK

is measurable from ¥ (X) to RT, where sup,.ynx f(x) =0 for VN K = 2.
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Proof. By Lemma 2.1 it suffices to prove that for each B € 8, where € *(U),
the function Fp : K — sup,.pnx f(x) is measurable.

Foreachr e R, let €, ={K :sup,cpnx f(x) >r}. Let U = £~ 1(r, +00). Then
U is an open subset of X. Forr > 0,ift BNU =9,%, =9. If BNU # o,
€ ={K: KN(BNU) # &}. Let o be the Borel partition generated by the open
cover U = {U;}_,. Then each A € & has the form ((V;c, Ui) N (jcu U]‘) where
L,M cC{l,...,s}and L N M = &. Note that, for each open subset W of X,
the sets {K : KN(WNU) # @} and {K : KN (W NU) # @} —which equals
{K:KNU # @} (H(X)\{K : K C W})—are both measurable subsets of J(X).
Then the set {K : K N(ANU) # &} is measurable for each A € «. Since each atom
B of B is the finite union of elements of «, it follows that €, is a measurable subset
of H(X). Forr <0, €, =€éoU{K :sup,cpnx f(x) =0} =% U{K: BNK =o}.
Since {K: BNK =0} =H(X)\{K: BNK #Z}and {K : BNK # O} is
measurable, €, is also measurable. Thus Fp is a measurable function. O

Let K € H(X), U € €%, and f € C(X,R). We define P(T, f,U, K) =
limsup,,_, .. (1/n)log P,(T, f,U, K).

Let (X, T) be a TDS. Denote by M (X) the set of all Borel probability measures
on X, by M(X, T) the set of T-invariant measures, and by (X, T) the set of
ergodic measures. Then M°(X, T) C M(X, T) C M(X), and M(X), M(X, T) are
convex, compact metric spaces endowed with the weak*-topology.

Since the map f is a homeomorphism, it induces in a natural way a homeomor-
phism T : #(X) — #(X) by T(A) = T(A) for each A € H(X). Then (¥(X), T)
constitutes a TDS induced by (X, T).

For each i € M(H(X), ’f), the following lemma shows that the limit superior in
the above definition can be obtained by the limit for ji-a.e. K € H(X).

Lemma 2.3. Let (X, T) be a TDS, W € €%, f € C(X,R), and 1 € M(H(X), T).
Then, for fi-a.e. K € H(X), P(T, f,U, K) = lim,_, 1 oc(1/n)log P,(T, f,U, K)
exists.

Proof. Forany n,m € N, ¥ = U8~ 95 = Ul we have V' v T =" = ur ™!,
It follows that

Popm(T. £ UK)< > > sup  exp furm(x)
VieV, VeV, xeViNT"V,NK

=> > sup  exp(fu(x) + fin(T"x))

Vi VoeV, xeViNnT"V,NK

< Z Z ( sup exp fu(x)- sup exp fu(2))

ViV Vo xeViK zeVLNT"K

= ( Y. sup exp fn(x))( > sup exp fm(z))-
Vil xeViNK Vol zeVLNT"K
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Since V;,i =1, 2 is arbitrary,
Poym(T, f, U, K) < Pu(T, f,U, K) - Py (T, f, U, T"K).
By the definition of T and Lemma 2.2, we have that
log P,(T, f,U, K) : H(X) > RU {—o0}
is a subadditive sequence of measurable functions. Then, by Kingman’s subadditive

ergodic theorem (see [Walters 1982]), we complete the proof. O

When K = X, P(T, f,U, X) = P(T, f,U), which is the local topological
pressure defined by Huang and Yi [2007], clearly, P(T, 0, U, K) = hp(T, U, K).
Given a partition o € P(X), u € M(X) and a sub-o-algebra € C B, let

Hy(e) = ) | —pu(A) log u(A),

Aea

Hy (e | 6) = Z/X —E(1416) log E(14 | €) du,

Aexa

where E(14 | €) is the expectation of 14 with respect to €. One standard fact states
that H,, (a | ) increases with respect to o and decreases with respect to 6. The
measure-theoretic entropy of p is defined as

hu(T) = sup h,(T,a),

aeP X
where

. 1 n—1 . n—1
hy(T,a) = nkToo ;H,,V(oz0 ) = l:r;ii H,(ap ).
For each f € C(X, R), the measure-theoretic pressure of 1 is defined as
PAT. ) =h(D)+ [ du.
X

For a given U € €y, set

H = inf H H = inf H )
1 (W) ﬂe@lxn’ﬂzm w(B) and H,(U|€) ﬂe@lxr}ﬂzm w(B|6)

When p € M(X, T) and € is T-invariant (that is, 7€ = @), HM(OILS_1 | €) is a
nonnegative subadditive sequence for a given U € AU. Let

. 1 n—1 _ n—1
BT U9 = Tim = Hu (U €)= inf H, (™ | 6).

For € = {&, X} (mod w), we write H,, (U | €) and h, (T, U | €) as H, (W) and
h, (T, W), respectively. Romagnoli [2003] proved that

h(T) = sup h,(T,U).
NeCs



TOPOLOGICAL PRESSURES FOR ¢-STABLE AND STABLE SETS 123

It is well known that, for 8 € Px, h, (T, B) =h, (T, B | P.(T)) < H, (B | P.(T)),
where P, (T) is the Pinsker o -algebra of (X, %, u, T).

Lemma 2.4 [Huang 2008, Lemma 2.1]. Let (X, T) be a TDS, n € M(X, T), and

U e€Cx. Then
hy (T, W) = h, (T,WU| P,(T)).

For U € €5, u € M(X, T) and f € C(X, R), we define the measure-theoretic
pressure for T with respect to U as

Po(T, £,9) = (T, U) + / Fdu.
X
Obviously,

PuT, f)=h,(T)+ | fdu= sup h, (T, W)+ | fdu= sup P,(T, f,W).
X Ue6s X Ue6s

Let (X, T) be a TDS, n € M(X, T), and B, be the completion of Bx under w.
Then (X, B, i, T) is a Lebesgue system. If {«;};c; is a countable family of finite
partitions of X, the partition o = \/;_; «; is called a measurable partition. The sets
A € B, which are unions of atoms of «, form a sub-o-algebra of &, by & or «
if there is no ambiguity. Every sub-o-algebra of %, coincides with a o -algebra
constructed in this way (mod ).

Given a measurable partition o, put @~ = \/%> | T "o and «” = \//>° T«
Define in the same way %~ and F' if F is a sub-o-algebra of %,,. It is clear that
for a measurable partition o of X, we have

a- =@~ and af =@7 (mod ).

Let & be a sub-o-algebra of %, and « be the measurable partition of X with
o~ = %F (mod ). u can be disintegrated over F as u = fx Uy du(x), where
Uy € M(X) and u,(x(x)) =1 for pu-a.e. x € X. The disintegration is characterized
by two properties:

(a) For every f € L'(X, Bx, n), f € L'(X, By, uy) for p-a.e. x € X, and the
map x — [y f(y)dux(y) isin L'(X, F, ).
(b) For every f € L'(X, By, ), E.(f [F)(x)= fx fduy for pae. x € X.
Then, for any f € LY(X, By, “w,

[){([deux)du(m=fxfdu.

Lemma 2.5 [Huang 2008, Lemma 2.2]. Let (X, T) be a TDS, u € M(X, T), and
F be a sub-o-algebra of B,,. If © = fX Wy di(x) is the disintegration of | over %,

(@) for V' € 6x, Hu(V | F) = [y Hy, (V) dp(x),
(b) for W,V € 6x, Hy(UNVY | F) < H,(W| F) + H, (V| F).



124 XIANFENG MA aND ERCAI CHEN

Let K be a nonempty closed subset of X. For € > 0, a subset of X is called an
(n, €)-spanning set of K, if for any x € K there exists y € F with d, (x, y) <e€, where
d,(x,y) = max?;o1 d(T'x, T'y); asubset E of K is called an (n, €)-separated set
of K,ifx,ye E, x #yimplies d,(x, y) > €. Letr,(d, T, €, K) denote the smallest
cardinality of any (n, €)-spanning subset for K and s,,(d, T, €, K') denote the largest
cardinality of any (n, €)-separated subset of K.

For each € > 0 and f € C(X, R), we define

P,(T, f,e, K) = sup{ > exp fu(x): E is an (n, €)-separated subset of K}.

xekE

The topological pressure of T for the closed subset K is defined as

P(T, f,K)= hmhmsupllogP (T, f, e, K).
€0 p— 400

Clearly, for f = 0, we can write P,(T,0,¢,K) = s,(d, T, €, K). It follows
that P(T, f, K) = h(T, K), where h(T, K) is the Bowen entropy for the closed
subset K defined in [Walters 1982]; see also [Huang 2008]. When K = X,
P(T, f,X)=P((T, f),where P(T, f)isthe standard notion of topological pressure
defined in [Walters 1982]. Moreover, it is not hard to verify that P(T, f, K) =
SUPy g, P(T, f,U, K).

3. e-stable sets

Let (X, T) be a TDS with a compatible metric d. Given € > 0, the e-stable set of
x under T is the set of points whose forward orbit e-shadows that of x:

W (x,T)={yeX:d(T"x,T"y) <eforalln=0,1,...}.

Since the preimages of these sets can be nontrivial, we can consider the following
function. For each x € X, f € C(X, R), and € > 0, let

P(T, f,x,¢€):= hmhmsup—logP (T, f,6, TT"W.(x,T)).
6—0 p—+o0o

P (T, f, x, €) is called the topological pressure of the preimages of the e-stable
sets of x. For f =0, Py(T, 0, x, €) = hy(T, x, €), where the latter is the dispersal
rate function defined in [Fiebig et al. 2003]. It was proved in [Huang 2008] that
Sup,ex hs (T, x, €) = hyop(T) for all € > 0. In the present section, we show that
this is also true for the functions Py(T, f, x,€) and P(T, f). By proving that,
for any u € M°(X, T') with positive entropy, lim._.o Ps(T, f, x,€) > P, (T, f) for
pn-a.e. x € X, we can obtain the result. We need the following lemmas.
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Lemma 3.1. Let (X, T) be a TDS, f € C(X,R), and {K,} be a sequence of
nonempty closed subsets of X. Then

llmllmsupllogP (T, f,6, K,) = sup hmsup—logP (T, f,U, K,).

-0 p—4o0 Ou€<€0 n—+00
Proof. For a fixed § > 0, choose 1" € €, with diam¥" < §. For n € N let A be an
(n, 8)-separated set of K,. Since B N K,, contains at most one element of A for
each B of \/?:_(; T~V for every W € 6x with W > V3", each element of W also
contains at most one element of A. We get ) _, exp fu(x) < Py(T, f,V, K,).
That is P, (T, f, 8, K,) < P,(T, f,V, K,;). Then

1 1
limsup —log P, (T, f, 6, K )<11msup—10gP (T, f,V, Ky)

n—+oo N n—+00
1
< sup hmsup log P, (T, f,U, K,).
Oug‘@” n——+00

Letting § — 0, we get

hmhmsupllogP (T, f,6, K,) < sup hmsupllogP (T, f,U, K,).
=0 p>+4o00 N %e‘@o n——+o00
In the following, we show the converse inequality. For any fixed U € €, let &
be the Lebesgue number of U. For n € N, let E be an (n, §/2)-separated set of K,
with the largest cardinality. Then E is also an (n, §/2)-spanning set of K,,. From
the definition of spanning sets, we know that

n—1

U m T_iWD K, Wherem: {y €X:d(T'x.y) < %}
xeE i=0

Now, foreachx € Eand0<i <n—1, B;s /2(Ti x) is contained in some element of
U since § is the Lebesgue number of the open cover U. Hence, for each x € E, the
intersection ﬂi:ol T~ Bs)»(T'x) is contained in some element of \/::(} 7. Let
W ={/Zy T"Bs/2(T'x) : x € E}. Then W € €x and W > Ul ™" Let

(T, £, Kp) =inf{ 3 inf exp fu(x) 7 €6y and ¥ = up .
ver XeVNK,
Then

Ou(T. £ K = 3 fu0 = BT, 1.2 K2,

xeE

Let 7o, = sup{| f(x) — f(¥) |: d(x, y) <diamU}. Then

eXp(—n‘[ou)Pn(T, fa ou, Kn) S Qn(T’ f’ Ou'v Kn)
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So
—tou+hmsup—10gP (T, f,u, K )<11rnsup—logP (T, £ % Kn)

n—+oo N n——+00

1
< lim lim sup — log P, (T, 1, %, Kn).

=0 p>+4o0 N

Since U is arbitrary, we get

sup hmsup—logP (T, f,u, K)<11m11msup—logP (T, f,8,K,). U

el n—>+o0 6—0 p—+4o00
An immediate consequence of Lemma 3.1 is the following.

Lemma 3.2. Let (X, T) be a TDS and f € C(X,R). Then, for each x € X and
€>0,

1
Py(T, f,x,€) = sup hmsup—logP (T, f,U, T"Wi(x,T)).
UeGs, n—>+00

Lemma 3.3 [Walters 1982, Lemma 9.9]. Let ay, ..., ax be given real numbers. If
pi=0,i=1,... . kand ¥ pi=1,

k k
> pila; —log p;) <log ) e,
i=1 i=1

and equality holds if and only if

et
pi=——— Jfordlli=1,.. k.
Zi:l e
Let (X, T) be a TDS, u € M(X, T), and %, be the completion of By under
w. The Pinsker o-algebra P, (T) is defined as the smallest sub-o-algebra of %,
containing {§ € Px : h, (T, &) =0}. It is well known that P, (T) = PM(T_I) and
P, (T) is T-invariant, that is, 7! (Pu(T)) = P,(T).

Lemma 3.4 [Huang 2008, Lemma 3.5]. Let (X, T) be a TDS, u € M(X, T), and
8 > 0. Then there exist {W;}° | C Px and 0 =ky < ky < --- such that

(a) diam W| < § and lim;_, ; o, diam W; = 0,
(b) limy— 400 H, (Px | P7) =h,(T), where Py = \/f=l T 5W; and P = Vi Px,
(©) Moo TP~ = Pu(T).

Lemma 3.5. Let (X, T) be a TDS, U € €%, f € C(X,R), and K € H(X). Then,
foreachn e N,

PAT, f,U, T"K) = Pu(T, foT™", T"U, K).
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Proof. For each V" € €x and V" > \/l'.l:1 Tio, obviously, 77"V € €, and T ™"V >
ViZo T~
Since for each V € V',

sup  exp fu(x) = sup exp f,(T"x),
xeT"VNT"K xeVNK

it is easy to see that P, (T, f,U, T™"K) < P,(T, f o T7", T"U, K). From the
homeomorphism of 7', the inverse inequality holds. Then P,(T, f,U, T™"K) =
P(T, foT™", T", K). (]

Recall that a set-valued map F from X to JH(X) is said to be measurable if
{xe X: F(x)NA # @} € By for every Borel (open or closed) subset A of X.

Lemma 3.6. Let G : X — H(X) be a measurable set-valued map, f € C(X,RT),
and U € €5,. Then

F:x—>inf{2 sup f(y):Ve%Xande%}
VeV yeVNG(x)

is Borel-measurable, where sup,cyng ) f(y) =0 for VNG (x) = 2.

Proof. By Lemma 2.1, for each x € X, we have

inf{ Y sup f(y) :We%x,wzou} =min{ Y sup f(y) :Ve@*(ou)}.
VeV yeVNG(x) VeV yeVNG(x)

It is sufficient to prove that, for each V € V', where ¥ € #*(U), the function

Hy :x = sup,cyng () f(») is Borel-measurable.

Foreachr e R, let E, ={x: SUPyevnG(x) f(y) >r}. Note that U = f~!(r, +00)
is an open subset of X. Forr > 0,if VNU =9, E, = . f VN U # &, then
E.={x:VNGx)NU # &}. Since VNU € B(X), by the set-valued measurability
of G, it is clear that E, is a Borel subset of X. Forr <0, E, = Eg U F, where
F={xsupycyngu) f(y) =0}. Since

F={x:VNGx)=0}=X\{x:VNGkx) £ I}

is Borel-measurable, E, is also a Borel subset of X; thus Hy is Borel-measurable.
O

The next theorem clearly implies the main result of this paper.
Theorem 3.7. Let (X,T)beaTDS, f € C(X,R),and pe M*(X,T) with h,(T) > 0.
Then, for p-a.e. x € X, lime_,0 P(T, f,x,€) > P, (T, f).
Proof. It suffices to prove that, for a given € > 0, Py(T, f,x,€) > P,(T, f) for
u-a.e. x € X.

Fix € > 0. Since T is a homeomorphism on X, there exists § € (0, €) such that
d(T 'x,T7'y) <€ when d(x, y) <8. By Lemma 3.4, there exists {P;}72, C Px
satisfying diam P; < §, ﬂ;’ozo T—"®P~ =P,(T),and H,(P, | ") — h,(T) when
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k — +00, where % = \/;’il P;. Since diam Py <4, itisclear that P~ (x) S WS (x, T)
for each x € X.
Let u = f x Mx dpu(x) be the disintegration of u over . Then

supp(uy) € P~ (x) € Wi(x,T) forpu-ae. x €X.

Let k € N. By inequality (3.3) in [Huang 2008], we know that there exists

AUy € €% such that
I 1
) lim sup —HM<\/ Tl | T—"@—> > H, (P | 97) — —.
n—+oo N i—0 k

Forn e N, let F,,(x) = (1/n)log P,(T, foT™", T"Uy, Wi (x, T)). Noting that
the map x — W/} (x, T) is upper semicontinuous, it follows from Lemma 3.6 that F,
is a Borel-measurable function. Let F(x) = limsup,_, , ., F,(x) for x € X. Then
F is also Borel-measurable. Since TW(x, T) € Wi(Tx, T) for each x € X, we
have

Po(T, foT7", T" Wy, WS (x, T))

n+l
§inf{ > sup exp fro T~ "D (y):V €@y and ¥ > \/ T’OlLk}
Vel yeVNT W (x,T) i=2

n+l
< inf{ > sup exp froT-" V() : ¥ €@y and ¥V > \/ T’Gll,k}
VeV yeVNW: (Tx,T) i=1

= Py (T, fo ™D ol ws(Tx, T)).

Then
1
F(x) =limsup —log P,(T, foT™", T"WUy, W)(x,T))

n—+oo N
) n—+1 1 1) gt

< lim sup . log Py i (T, foT "0 Ty, W(Tx, T))
n— 400 n n+1

= F(Tx).

Thus, F(x) < F(Tx) for each x € X. Since u € M(X, T), fx F(Tx)du(x) =
fx F(x)du(x), we have, F(Tx) = F(x) for u-a.e. x € X. Moreover, F(x) = a;
for n-a.e. x € X as u is ergodic, where a; > 0 is a constant.

From Lemma 2.1, there exists a finite partition

B e @*(\n/ Tl'ouk)
i=1

such that

P, (T, foT ", T"U, W2 (x,T)) = Z sup exp fnoT " (x).
Bep xeBNWE(x,T)
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It follows from Lemma 3.3 that

log Py(T, foT ™", T"WUy, Wi(x,T))
= log Z sup  exp fpoT " (x)

Bep XEBNW(x.T)
> ZMx(BﬂWES(X, T))( sup  exp froT "(x) —logu,(BNW;(x,T)))
Bep xeBNWE(x,T)
=H,(B)+), sup  foT"(x)-pue(B)  (supp(e) S We(x, T)
BepreBOWe(eD) for u-a.e. x € X)
n
= Hy, (\/ Tiouvk) +/ fooT"duy
i=1 X
Then
ay = / F(x)du = / lim sup F,,(x) du > lim sup/ F,(x)du
X X n——+o0 n—+o00 JX
1 n
> lim sup/ - (Hux (\/ T’Ouk) +/ funoT™" d,ux) du(x)
n—+oo JX N i=1

1 t 1
= limsup (/ —Hy, (\/ T’%) du(x) + — / f fooT™" dude(X))
n—>+oo \Jx 1 i1 nJx
. 1 e 1 _
=lim sup(/ -H,, (\/ T’Ouk> du(x)+ — / fooT™" d,u(x))
n—+oo \JXx I i1 nJx

zlimsup/X lHM(\/ Tfouk> dp(x) +/X fdu(x) (since p e M(X, T))
i=1

n——+00 n

= lim sup lHM (\/ Ty | @‘) + / fdu(x) (by Lemma 2.5(a))
i=1 X

n—+oo N

n—1
1 .
= lim sup —HM<\/ Ty | T‘”@“) +/ fdu(x)
i=1 X

n—+oo N
1 . .
= H(B 1 97) — 3+ / fdu(x)  (by inequality (2)).
X
Since Ps(T, f,x,€) > F(x) for each x € X, we have
. _ 1
PS(Ta f,.x,E) ZkETOO(HM(Pk |9) )_%—i_\/};fdl’b(-x))

=, (D¢ [ fduto) = BT f)
for p-a.e. x € X. -
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We introduce the e-pressure point and pressure point for a TDS. Let (X, T)
be a TDS, f € C(X, R). For € > 0, we call x € X an e-pressure point for T if
P(T, f,x,e)= P(T, f), and we call it a pressure point if lim¢_,, Ps(T, f, x,€) =
P(T, f). The function Ps(T, f, x, €) is decreasing in €. It follows that every
pressure point is also an e-pressure point for each € > 0. Note that, while the
notion of an e-pressure point depends on the choice of the metric, that of pressure
point does not. Denote by P (T, f) the set of all pressure points of (X, T) for
feC(X,R). For f =0, the e-pressure point and pressure point are the e-entropy
point and entropy point, respectively, which are introduced in [Fiebig et al. 2003].
Moreover, P (T, 0) = €(T), where € is the set of all entropy points of (X, T).

Remark 3.8. Let (X, T) be a TDS, f € C(X, R). If there exists u € M°(X, T)
such that P(T, ) = P, (T, f), P(T, f) # 2.
4. Stable sets

The main results of the present section are Theorems 4.1 and 4.5. Recall that, for a
TDS (X, T) and x € X,

Wix, T)={yeX: lim d(T"x,T"y) =0},
n——+00
Wx, T)={yeX: lim d(T"x, T "y)=0}.
n——+0o
WS (x, T) is called the stable set of x for T, and W (x, T) is called the unstable
set of x for T. Obviously, W*(x, T) = W*(x, T~') and W*(x, T) = W*(x, T™1).

Theorem 4.1. Let (X, T) bea TDS, f € C(X,R), and p e M°(X, T) with h,(T) >
0. Then, for p-a.e. x € X,

(a) there exists a closed subset A(x) € W*%(x, T) such that

lim diam7"A(x)=0 and P(T7', f, A(x)) = Pu(T, f);
n——+00

(b) there exists a closed subset B(x) € W"(x, T) such that

lim diam7 "B(x)=0 and P(T, f, B(x)) > P,(T, f).

n—-+4o00

Proof. Since pe M°(X, T), PIL(T*I, f)=P.T, f),and W*(x, T-H=w"(x,T),
(a) implies (b). It remains to prove (a).
By Lemma 3.4, there exist {W;}2, C Px and 0 =k; < kp < --- satisfying

(a) diam W; < é and lim;_, o, diam W; =0,
(b) 1imy_ 100 H, (P |P7) =h,(T), where Pr=\/*_, T™%W; and @ = \/32, Py,
© N2, TP~ = P, (T).
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Let Q; =\, T™/(Pyv P,V---VP)fori eN. Then Q; € Px, Q1 2 Qy <+,
and \/;2, Q; =P~

Forxe X,let A(x) = ﬂj’il 0, (x). Then A(x) is a closed set and A(x) 2 P~ (x).
The set A(x) also has the properties lim,_, ;o diam 7" A(x) = 0 and A(x) C
WS (x, T) (see the proof of [Huang 2008, Theorem 4.2] for details).

Moreover, the set-valued map A : x — A(x) is measurable. In fact, for each
open set U of X,

o
r:Nawev=Unnuea:icy
n=1 n>1k>n
is a Borel set of X. Then, for each closed set V of X, {x : Q;(x) C X\V}isa
Borel set. It follows that {x : Q;(x)NV # &} is Borel and then A : x — A(x) is
set-valued measurable.
Let u = f x Mx dpu(x) be the disintegration of u over . Then

3) supp(iy) €SP (x) € A(x) for p-ae. x € X.

We now prove that, for p-ae. x € X, P(T™!, f, A(x)) > P.(T, f). Since
limy s 0o Hy (Pr | 7) = h,(T), it is sufficient to prove that, for each k € N,
P(T7Y, fLA(x)) = Hy(Pe | 97) — 1/ k+ [ f du(x) for p-ae. x € X.

For a given k € N, there exists Uy € €% such that

1 1
(4) limsup _Hu(\/ Ty | T‘”@‘) >H, (P |9 )—— foreachneN
n—+oo N iz0 k
(see [Huang 2008] for details).
Let F,(x) = (1/n)log P,(T~Y, f, U, A(x)), where

Po(T7, f, U, A(x))

n—1
= inf{ > sup expfno T D) : ¥ ey and ¥ > \V T‘OILk},
Vel yeVNA(x) i=0
and f,,(z) = Z?:_ol f(T'72). By Lemma 3.6, F,, is a Borel-measurable function. Let
F(x) =limsup,_, , , F,(x) for each x € X. Then F is also a Borel-measurable
function on X.
For each ¥ = \/'Z) Ty, T='V = \/7Z, TUy. Since T(A(x)) € A(T(x))
(see the proof of [Huang 2008, Theorem 4.2]), for each V €V,

n—1 n—1
sup Y fTTyn< oswp Y f(Ty)
yeT~'VNA®) ;=g yeT 1 (VNA(Tx)) ;=9
n

= sup Zf(T_iy) < sup Zf(T_iY),

yeVNA(Tx) i=1 yeVNA(Tx) i=0
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it is not hard to see that P, (T ™", £, Uy, A(x)) < Pt (T™Y, £, U, A(Tx)). Hence

1
F(x) =limsup —log P,(T~!, £, U, A(x))

n—>+oo N

1 1
<limsup " . T log P(T7 !, f, U, A(Tx)) = F(Tx).
n

n—+400 n 1

Thus F(x) < F(Tx) for each x € X. Since u € M(X, T), we have

/X(f(TX) — f(0) du(x) =0.

Then F(Tx) = F(x) for u-a.e. x € X. From the ergodicity of u, there exists a
constant a; > 0 such that F(x) = a; for p-a.e. x € X.

By Lemma 2.1, there exists a partition 8 € QP*(\/:.';(} T'y) such that, for p-a.e.
xeX,

log P,(T~Y, £, 9, A(x))

n—1
=log) " sup expy f(T'y)

Bep yeBNA(x) i=0
n—1
=3 /,LX(B)< sup exp »_ f(T'y)—log ,ux(B)> (by (3) and Lemma 3.3)
Bep yeBNA(x) o

n—1

=H, (B)+)_ sup expy f(T7'y)-pc(B)
Bep yeEBNA(x) i—0

n—1
> Hy, (\/ T"%) + fx Sao T~ Vduy.
i=0

Then

ar = / F(x)du = f limsup F,,(x) du(x) > lim supf F,(x)du(x)
X X X

n——+o00 n—+o0o
n—1
1 .
> lim sup — / (HM (\/ T’Ouk) —I—f fao 7-=D de) di(x)
n—+o0 N Jx im0 X
1 n—1 .
= limsup — (/ H,, (\/ T’%) du(x) —i—f fao 7-=D a’u(x))
n—+oo N \Jx i=0 X

n—1

= lim sup 1/ H,, (\/ T"Ouk> du(x) +/ fdu(x) (since u e M(X,T))
D¢ iz0 D¢

n—+oo N
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n—1
1 .
= lim sup —Hﬂ(\/ T | gp—) + f fdu(x) (by Lemma 2.5(a))
n—+4o0 N iz X
1 n—1 .
= lim sup _Hu<\/ T'Uy | T_(”_l)@_> +/ fdu(x)
n—+oo N . X
i=0

_o 1
> H, (P |9 )—%Jr/ fdp(x) (by (4)).
X
Therefore, for p-a.e. x € X,

1
P(T™Y £, A) > P(T™Y, £, %, A(x)) = F(x) > H, (P | @‘)—ﬁ/ fdu(x)
X
for each k € N.
Then

P fA@) 2 tim (Hu(P 27— 1) +/deu<x)

=HM(T)+/)(fdM(x)=PM(T, . O

This completes the proof of Theorem 4.1.

A direct consequence of Theorem 4.1 is the following.
Corollary 4.2. Let (X, T) be a TDS, f € C(X, R). If there exists u € M°(X, T)
with P, (T, f) = P(T, f), there exists x € X, a closed subset A(x) € W*(x,T),
and a closed subset B(x) C W"(x, T) such that

(a) lim,_, oo diam T"A(x) =0 and P(T~", f, A(x)) = P(T, f);

(b) limy— 4o diam T " B(x) =0 and P(T, f, B(x)) = P(T, f).

A TDS (X, T) is transitive if, for each pair of nonempty open subsets U and
V of X, there exists n > 0 such that U N T™"V # &; and it is weakly mixing if
(X x X, T x T) is transitive. These notions describe the global properties of the
whole TDS. Blanchard and Huang [2008] give a new criterion to picture “a certain
amount of weakly mixing” in some consistent sense. The notion of a weakly mixing
set was introduced as follows.

If X, Y are topological spaces, denote by €(X, Y) the set of all continuous maps
from X to Y.

Definition 4.3. Let (X, T) be a TDS and A € 2%. The set A is said to be weakly
mixing for 7 if there exists B C A satisfying

(a) B is the union of countably many Cantor sets;
(b) the closure of B equals A;

(c) for any C € B and g € 6(C, A), there exists an increasing sequence of natural
numbers {n;} C N such that lim;_, ;o 7" x = g(x) for any x € C.
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Denote by WM, (X, T) the family of weakly mixing subsets of (X, 7). The
system (X, T) itself is called partially mixing when it contains a weakly mixing
set. The whole space X is a weakly mixing set if and only if TDS (X, T') is weakly
mixing [Xiong and Yang 1991]. The following result (See [Blanchard and Huang
2008, Proposition 4.2]) gives an equivalent characterization of the weakly mixing
set in another way.

Proposition 4.4. Let (X, T) be a TDS and A be a nonsingleton closed subset of X.
Then A is a weakly mixing subset of X if and only if, for any k € N and any choice
of nonempty open subsets Vi, ..., Vi of A and nonempty open subsets Uy, . .., U
of X with ANU; #2,i=1,2,...,k, there exists m € N such that T"'V; NU; # @
foreach 1 <i <k.

Now we prove the following theorem. Part (a) of Theorem 4.5 was already
proved in [Huang 2008]. For completeness, we state it in the theorem.

Theorem 4.5. Let (X, T) be a TDS and p € M*(X, T') with h,,(T) > 0. Then, for
u-a.e. x € X, there exists a closed subset

E(x) SWs(x, T)NWi(x, T)
such that

(@) E(x) e WMy(X, T)N WMy (X, T™"Y), i.e., E(x) is weakly mixing for T, T~';
(b) P(T, f, E(x)) = Pu(T, f)and P(T™", f, E(x)) = Pu(T, f).

Proof. Let B, be the completion of By under n. Then (X, B, u, T) is a Lebesgue
system. Let P, (T') be the Pinsker o -algebra of (X, %, u, T). Let :fX Urdin(x)
be the disintegration of u over P, (T). Then, for p-a.e. x € X,

supp(py) € Wo(x, T)N W (x, T)

and
supp(je,) € WMy (X, T) N WM(X, T

(see [Huang 2008, Theorem 4.6] for details).
We now prove that, for p-a.e. x € X,

P(T, f,supp(uy)) > Py (T, f) and P(T™', f,supp(ir)) = Pu(T, f).

By the symmetry of 7 and T~!, P, (T, f) = P,(T~!, f). It remains to prove
that, for u-a.e. x € X, P(T, f, supp(uy)) > P, (T, f). Since P,(T) is T -invariant,
Ty = ury for p-a.e. x € X. Therefore, there exists a T -invariant measurable set
Xo C X with u(Xg) =1 and T u, = uy, for x € Xy.
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For each U € €%, x € X, and n e N, by Lemma 2.1, there exists a § € @*(Oug*l)
such that
(5) log Py(T, f, U, supp(fiyx))

=10ginf{Z sup exp fu(x): V e €x andV:mg—l}
Vv YEVOsupp(Ly)

=log Z sup exp fn(x)
Bep yeBNsupp(ix)

=Y e B( sup  fulo)—logua(B))  (by Lemma 3.3)
Bep y€BNsupp(ity)

=H, (B)+ ) me(B)  sup  fu(x)
Bep y€BNsupp(pix)
> H (G + [ fudus
X
Fix AU € €% and n € N. Denote F, (x) = H,, (\/;':_01 T7i) + [y fa dpx for each
x € Xg. Then

n+m—1

Frim(0)=H < Vo %) | v
SHHx(\/T_i >+HMX<T_n\/T_iOu)+/ fnd:ux'i‘/ SfmoT"duy
i=0 i=0 X X
<\_/ lou) /meT dpiy
=F, <x>+HTn,h<\/ >+ / Fnd T" 1
i=0 X
= Fp(x)+Hy,n, <\/T ’Ou> /fmd,m

:Fn(x)+Fm(Tnx)»

SFn(x)+HT”

that is, { F,,} is subadditive. Since the map x — . (A) for each A € % is measurable
on Xy, it follows that F;,(x) is measurable on X(. By Kingman’s subadditive ergodic
theorem, lim,_, o (1/n) F,(x) = aq, for n-a.e. x € X, where aq is a constant. Then,

by (5),
P(Ta f’ Ou'v SUPP(Mx)) = Ao,
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for each AU € %%9( and p-a.e. x € X. Therefore

n—oo

— tim / (Hmug—lw / fndux) dp(x)
n—oon Jy X

.1 ne
= lim —H, (U} 1|P,L(T))+/ fdu
n—oon X

1 1
aou=/ Iim —F,(x)dyu = lim —/ F,(x)du
X n n—oon Jy

:hu(Tam|Pu(T))+Lfdﬂ

= P,(T, f,U)  (by Lemma 2.4).

It follows that
P(Ta f’ Gu’ Supp(:ux)) Z PLL(Tv fv Ou)

for each U € €5 and p-a.e. x € X.
Choose a sequence of open covers {U,,}>°_; with lim diam{U,,} = 0. Then

lim Py (T, f,Up) = lim (hM(T, A,) + / fdu)
n—oo n—>oo X
= b D)+ [ =P ).

Since for each m € N and p-a.e. x € X, P(T, f, Uy, supp(uyx)) > P (T, f, Up),
we have

P(T, f,supp(ux)) =sup P(T, f,UW,, supp(iLyx)) > sup PM(T: fi W) = PM(T: 5

meN m>1

for each p-a.e. x € X. [l
It is not hard to see that the following corollary holds.

Corollary 4.6. Let (X, T) be a TDS and f € C(X, R). Then

@) sup,cx P(T, f, WS(x, T)NW¥(x,T))=P(T, f);

(b) if there exists u € M°(X, T) with P, (T, f) = P(T, f), then, for p-a.e. x € X,
there exists a closed subsets E(x) C Ws(x, T) N W¥(x, T) such that
(i) E(x) € WM (X, T)NWM(X,T™ ),
(i) P(T, f, E(x))=P(T~", f, E(x)) = P(T, f).
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5. Noninvertible case

In this section, we generalize the results in Sections 3 and 4 to the noninvertible
case. Let (X, T') be a noninvertible TDS, that is, X is a compact metric space, and
T : X — X is a surjective continuous map but not one-to-one.

Set X = {(x1,x2,...) : T(xj+1) = x;,x; € X,i € N}. It is clear that X is a
subspace of the product space I1°2, X with the metric dr defined by

o0

dr((x1, %2, ), (s 32, ) = )

i=1

d(x;, yi)
2i '

Let 7 : X — X be the shift homeomorphism, that is,
T(xr,x,.0) = (T, xi, %2, ).

We refer to the TDS ()~( , f) as the inverse limit of (X, T). Let m; : X — X be the
natural projection onto the i-th coordinate. Then 7; : (X, T) — (X, T) is a factor
map.

Lemma 5.1. Let (X, T) be a noninvertible TDS, f € C(X,R). Then, for each
WU € €S and K € H(X),

Poim(T, f,U, K) < Py(T, f,U, K)- P, (T, foT™, T, K)
foreachn,m € N,

Proof. Since for each 'y > %81’1 and V5 > Oug*l we have V| vV T~ > oug+m71’
it follows that

Pogn(T, £ U K)< D" 3" sup  exp furm(x)
Vier, V2€V2xevlmT7’nV2mK

= Z Z sup exp(fin(x) + fu(T"x))

Vi€V VoeV, xeVINT " V,NK

Do D sup expfu(x)-  sup exp fu(T"x)

Vier VQEVQXEV'QK xeT~"mVoNK

= > sup expfu(x): Y sup exp(foT™),(x).
Vier, xeViNK Voels xeT"V,NK

A

By the arbitrariness of 9’| and V',, we have

Pn-i—m(T’ f’ Ou/v K) S Pm(Ta fa OU’? K) 'PVZ(T7 fonv T_mou/a K) ‘:’
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Lemma 5.2. Let (X, T) be a noninvertible TDS, f € C(X,R). Then, for each
WU € €5 and K € H(X),

P,(T, foT™, T7™U, T"™K) = P,(T, f,U, K) foreachn, meN.
Proof. Fix n, m € N. For each V' > (T~™a0)p~",

sup  exp(foT™),(x)= Z sup  exp f,(T"x)
vy XeVNT MK Ve xeVAT MK

:Z sup  exp fu(x).
vy XET"VNK

Since TV > oug—l,
P,(T, foT™, T7"U, T™"K) < P,(T, f,U, K).
Conversely, for each V" > oug*{ T > (T*’”Gu)’é’1

sup exp fu(x) =Y sup  exp fu(T"x)

VGLVXEVOK Veol/xeT’m(VﬂK)

= Z sup exp(foT™),(x).
vy X€TmMVAT-mK
Then

P.(T, foT™, T7™U, T™"K) > P,(T, f,U, K),
which completes the proof. ([

Lemma 5.3. Let (? , T) be the inverse limit of a noninvertible TDS (X, T). Let
feC(X,R) andlet w; : X — X be the projection to the first coordinate. Then, for
any sequence of nonempty closed subsets K, of X,

hmhmsup—logP (T fom,$, K )_hmhmsup—logP (T, f, 6, m1(K,)).

-0 p—s+4o00 -0 p—s+4oo

Proof. Let U € 6%,. For each V" € 6x with V" > Oug—l and x € VN (K,), obviously,
o N e A Th

n—1 n—1
(formn@ =Y (for)T/(®) =) foTl(mi) = fulmi¥) = fo(x),

j=0 j=0

where x = 7r1x. Then

S sup exp(fom),E) =Y. sup expfu(x).

Ve Fer ' VNK, ver XeVnm(Ky)

It follows that

(6) P(T, fom,wy U, K,) < Po(T, £, U, 71 (K,)).
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~

On the other hand, for each ¥ € %)N( with 7 > (nflou)gfl, FeVNK,, mV > %8*1,
and

Y sup exp(fomDu(B) =D sup  exp fu(x)

Vev xeVNk, ey xem (VNK,)

=D supexpfuln),

Ven 1 xem VNm K,

where x = mxX. Then we get the opposite part of the inequality of (6), and
consequently

7 P.(T, fomy, w7, K,) = Po(T, f,U, 7;(K,)).
Now we have

11msupllogP (T, fom,m lag, K )_hmsupllogP (T, f,U, 7 (Kp)).

n—oo n— o0

From Lemma 3.1, we get

lim lim sup — ! log P, (T fom,$, K,) > hmhmsupllogP (T, f, 8, m1(Ky)).
=0 pooo N -0 n—oo
Conversely, let 7; : X — X be the projection to the i coordinate and AU e C@" .
By the definition of X, it is easy to see that there exists some U € €% such that
T (Ou) > U. Since for any two closed subsets C and D of X, P,(T, f,U, C) <
P,(T, f,U, D) and 7;(K,) = T~ Dm;(K,), by (7), we have

1
hmsup—logP (T, fom,ou K,)

n—oo

1 ~
<limsup —log P,(T, f omy, n;‘ou, K,)

n—oo

1
—hmsup—logP (T, f,U, m;(K,))

n—oo

<11msup—10gP (T, f,u, T~ =D (K,))

n—oo

1 )
= limsup ———— log Pyi—1(T, f, U, T~V (K,))

n—soo N+i—1

1 .
< lim sup P log(Pi—i(T, f, U, T~ Pm;i(K,))

n—soo N+i—1

Py(T, foT' 1, 770 Dy, 770"Vr(K,))) (by Lemma 5.1)

1
_hmsup P, (T, f,U, 7 (K},)) (by Lemma 5.2)

n—oo

1
< hmhmsup —P,(T, f, 6, m1(K,)).

3=>0 pooo
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By Lemma 3.1, we get
hmhmsup—logP (T, fom,8,Ky) < hmhmsup—logP (T, f,6,m(Ky)). O
=0 n—co n—00
Now we can prove the following theorem.
Theorem 5.4. Let (X, T) be a noninvertible TDS, f € C(X, R), and u € M°(X, T)
with h, (T) > 0. Then, for p-a.e. x € X, lim¢_,o Py(T, f,x,€) > P, (T, f).

Proof. Let (X T) be the inverse limit of (X, T). Fore > 0,n € N, and x € X
denote K,, = =T "W 2(x T) Then, from the definitions of dy and X it is easy to
see that w1 (K,) C T "W (x, T), where x = m;(x). By Lemma 5.3, we have

P(T, f, x, 6)—11m11msup—logP (T, f,6, TT"W(x,T))

=0 n—+oo

> lim lim sup log P, (T, f, 8, m1(K,))

=0 n—+o0

= lim lim sup log P,,(f, fom,d, Ky)

U n—+4o00

= Ps(i fom, X, %)

It follows that, for each x € X ,
@®) lim (T, f,m(®), €)= lim Py (T, fom. %, 5).
e—0 e—0 2

Let i1 €. M¢ (X T) with m(,u) . Then, by Theorem 3.7, there exists a Borel
subset Xo C X with M(Xo) =1 such that, for any X € Xo,

9) lin})P(T fom, %, §)>P (T, fom) =h; (T)—|—/~fomd;1

> o (T) +/X Fdu = Pu(T. f).

Let Xo = ﬂl(io)- Then Xo € %, and 1 (Xo) = 1. By the inequality (8) and (9), we
have
lirr(l) Py(T, f,x,€) > P,(T, f) foreachx € X, O
€e—

Theorem 5.4 immediately leads to the following corollary.

Corollary 5.5. Let (X, T) be a noninvertible TDS and f € C(X, R). If there exists
apue M(X,T) such that P,(T, f) = P(T, ), P(T, [) # <.

Lemma 5.6. Let (i, T) be the inverse limit of a noninvertible TDS (X, T). If
A C E is weak mixing, so is m(A) and P(T, f omy, A) = P(T, f, m1(A)).
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Proof. The fact that 1 (A) is weak mixing follows from Lemma 4.8 in [Blanchard
and Huang 2008]. The latter follows from Lemmas 5.3 and 3.1. U

The following theorem shows that Theorem 4.5 also holds for noninvertible TDS.

Theorem 5.7. Let (X, T') be a noninvertible TDS and € M*(X, T) with h,(T) > 0.
Then, for w-a.e. x € X, there exists a closed subset E(x) € W3(x, T) such that
P(Tv fv E(x)) Z P[L(T7 f) andE(x) € WMS(Xv T)'

Proof. Let ()~( , f) be the inverse limit of (X, T'). Then there exists i € ¢ ()N( , T)
with 71 (1) = u, where 7 is the projection to the first coordinate. Obviously,

Po(T. fom) = ha(T) +f~ Fomdji = hy(T) +/ Fdu=P(T, f).
X X

By Theorem 4.5, there exists a Borel set )?0 C X with ﬂ(io) = 1 such that, for
each x € io, there exists a closed subset E(x) C W5 (x, T) such that

P(T, fom, ER)) > Py(T, fom) and E(X)e WM,(X,T).

Let (Xg) = nl(io). Then X € B, and u(Xo) = 1. For each x € Xy let
E(x)=m(E(X)), where x = 1 (x). Then E(x) C m(WS(X, T)) CWsx,T). By
Lemma 5.6, we have

P(T, f,E() = P(T, fo, E®) = Pa(T, fom) = Pu(T, f)
and E(x) €e WM (X, T). O
The following result is immediate.
Corollary 5.8. Let (X, T) be a noninvertible TDS. Then

(@) sup,x P(T, f, Wo(x,T)) = P(T, f);

(b) if there exists pu € M°(X, T) with P,,(T, ) = P(T, f), then, for p-a.e. x € X,
there exists a closed subset E(x) C W*(x, T) such that E(x) € WM(X, T)
and P(T, f, E(x)) = P(T, f).

Remark 5.9. From the proof of Theorem 4.5, we know that E(x) = supp(ity),
where (i, is a probability measure determined by the disintegration of u € M (X, T')
over the Pinsker o -algebra P, (T).
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LIPSCHITZ AND BILIPSCHITZ MAPS ON CARNOT GROUPS

WILLIAM MEYERSON

Suppose A is an open subset of a Carnot group G and H is another Carnot
group. We show that a Lipschitz function from A to H whose image has
positive Hausdorff measure in the appropriate dimension is bilipschitz on
a subset of A of positive Hausdorff measure. We also construct Lipschitz
maps from open sets in Carnot groups to Euclidean space that do not de-
crease dimension. Finally, we discuss two counterexamples to explain why
Carnot group structure is necessary for these results.

1. Introduction

Guy David [1988] proved that if f is a Lipschitz function from the unit cube in
R" to a subset of some Euclidean space with positive n-dimensional Hausdorff
measure, there exists a subset K of the domain of f with positive n-dimensional
Hausdorff measure such that f is bilipschitz on K.

Shortly thereafter, Peter Jones [1988] proved the following stronger result: if
f is a Lipschitz function from the unit cube in R" to a subset of some Euclidean
space, then the unit cube can be broken up into the union of a “garbage” set (whose
image under f has arbitrarily small n-dimensional Hausdorff content) and a finite
number of sets K1, ..., Ky such that f is bilipschitz on each K;.

David [1991] later translated this proof into the language of wavelets, which are
more readily generalizable to Heisenberg and other Carnot groups. The proof as
written in [David 1991] only depends on a few general properties, all but one of
which hold for Heisenberg (and other Carnot) groups.

This story has further generalizations: for example, [David and Semmes 1993]
generalizes Jones’ argument to work with Lipschitz functions that are only defined
on Ahlfors d-regular subsets of a Euclidean space R", with d possibly less than N,
while [Semmes 2000] allows the domain and range to be metric spaces subject to a
specific condition.

In Section 2 we adapt some of the ideas in [David 1991; Jones 1988] to Carnot
groups and prove that a Lipschitz function between such groups having an image of
positive Hausdorff measure in the appropriate dimension is bilipschitz on a subset

MSC2010: 43A80.
Keywords: analysis on Carnot groups, Heisenberg groups, Grushin plane, subriemannian, wavelets.
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of the domain of positive Hausdorff measure. Section 3 investigates how big, in
terms of dimension, Lipschitz images of Carnot groups in Euclidean space can
be. Finally, Section 4 explores two counterexamples explaining why Carnot group
structure is necessary for these results. In particular, neither Ahlfors regularity nor
subriemannian manifold structure would be sufficient.

2. Jones-type decomposition for Carnot groups

2A. Brief outline. This section is organized as follows. In Section 2B we give
some definitions concerning Carnot groups and set up some notational conventions.
In Section 2C we state the five properties of Euclidean space on which David’s
argument rests and show how the first four of them work for Heisenberg groups. In
Section 2D we explain why these properties also work for other Carnot groups. In
Section 2E, we prove our main result (Theorem 2.12): If A is an appropriate subset
of the k-th Heisenberg group H; corresponding roughly to the unit cube in R", and
F is a Lipschitz function from A to another Heisenberg group whose image has
positive Hausdorff (2k 4+ 2)-dimensional measure, then there exists B C A with
positive Hausdorff (2k + 2)-dimensional measure such that F is bilipschitz on B.
Finally, in Section 2F we derive some corollaries of Theorem 2.12.

Although our main focus is on the Heisenberg groups (especially Hy), all of the
results in this paper apply equally well to Carnot groups in general. To exploit this
fact, the results in Section 2E will be stated and proved in the more general context
of Carnot groups.

2B. Definitions.
Definition 2.1. The n-th Heisenberg group H, is defined as the set

{1, ..,z )iz, €C 1 €R)
equipped with the following group law:
n
(Zl, -.-9Zn,t)(w1, coey wn,s) = (Zl—i_wl, __.’Zn_i_wn’t_i_s_i_sz Z]w])’
j=l1

where J denotes imaginary part.

For n = 1, we often write z; in terms of its real components as z; = x 4+ iy and
refer to the point (z1, ) as (x, y, t), so H; inherits a natural Euclidean coordinate
structure from R3.

The Heisenberg group is a special example of a Carnot group:

Definition 2.2. A Carnot group G is a connected, simply connected, nilpotent Lie
group whose Lie algebra g is graded, i.e.,

d
a=@D g,
=1
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where
[o1,9;1=9gj+1 and gg+1 = {0}.
We call g; the horizontal component of g.

By standard results of Lie group theory (see, for example, [ Varadarajan 1984]),
the exponential map gives a diffeomorphism between a Carnot group and its Lie
algebra. Further, the standard definition of a Lie algebra in terms of vector fields
provides a canonical identification between the tangent space of a Lie group at a
given point and the Lie group itself. (When g € G is fixed, for every tangent vector
v there is a unique X € g such that X (g) = v and we can identify exp(X) with v.)

We shall freely use these canonical identifications between a Carnot group, its
Lie algebra, and its tangent space throughout this paper. For example, every Carnot
group has a coordinate structure induced by its Lie algebra. For H,, this coordinate
structure was already mentioned in Definition 2.1, where g; consists of the points
of the form (z1, ..., z,, 0) with final coordinate equal to zero.

Every Carnot group has a family of dilation homomorphisms {3, : A > 0} and a
metric called the Carnot—Carathéodory metric. They are defined as follows:

Definition 2.3. Let 1 > 0, let G be a Carnot group and let g € G, where g = Z 8i
with g; € g;. Define the dilation

o (g) = Z)»igi-

Definition 2.4. Let G be a Carnot group, let g, 7 € G, and let I', , be the set of all
curves
y:[0,11- G

with y(0) = g, y(1) = h, and y'(¢) € g; for each ¢ € [0, 1]. Define the Carnot—
Carathéodory distance between g and h to be

dcc(g, h) = lnf f ly'(1)] dt,

g h
where |y/(¢)] is the length of y/(¢) in a fixed Euclidean metric on the real vector
space gj.
Because I'g ;, in this definition is nonempty — see [Montgomery 2002] — we
have dcc (g, h) < oo whenever g, h € G.

Note 2.5. It is often easier to work with a comparable L* quasidistance function
d based on the Carnot metric. For the first Heisenberg group Hj, this is done by
defining distance to the origin as

d((x,y,2), (0,0,0)) =max(|x|, |yl, |z|'?)

and for an arbitrary g, 4 in this group, defining
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d(g,h)=d(h g, (0,0,0)).

There is of course a completely analogous construction in an arbitrary Carnot
group: if G is a Carnot group, we use the grading of its Lie algebra g as in the
definition of Carnot groups:

Because the identity element in a Carnot group is the image of the origin under the
exponential map, we shall refer to it as 0. Now, letting g be an arbitrary point in G
we first define its quasidistance to the identity element, d(g, 0), by recalling the
direct sum decomposition

exp (@) =g
j
with g; € g; and setting
d(g,0) = )T
(g.0) lI;l;ﬂl;id(llgjllj)

where || - ||; isanormon g; for j =1, ..., d. Finally, for an arbitrary g, h € G, we
finish by setting
d(g,h)=d(h™'g,0).

For the duration of this paper, dcc shall refer to Carnot—Carathéodory distance
and d shall refer to quasidistance.

A fundamental operation for Carnot groups is the Pansu differential, defined as
follows (see [Capogna et al. 2007], for example):

Definition 2.6. Let /' : G — H be a function from one Carnot group G to another
Carnot group H. The Pansu differential DF(g) of F at g € G is the map

DF(g):G— H
defined at g’ € G as the limit

DF(g)(g) = lim 8- [F(g)" ' F(gssg)]

whenever the limit exists.

Using the canonical identifications stated above, we can view the Pansu differen-
tial as a map between Lie algebras or as a map from the tangent space at g € G to
the tangent space at F'(g). We shall take advantage of this fact throughout.

In the tangent vector interpretation, the Pansu differential DF(g) induces a linear
map between the horizontal component of the tangent space of G at g and the
horizontal component of the tangent space of H at F'(g) [Pansu 1989]. Calling this
linear map MF(g), we can view MF as a matrix-valued map sending g to MF(g).
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2C. Five key properties.

2C1. Dyadic decomposition. There exists a dyadic decomposition for Euclidean
space defined as follows: For each nonnegative integer k we let 9; be the set of all
cubes of the form

(a1 275 @+ 27" x - x (@, 275, (@, + 1) - 27%)

contained in the unit cube, where the a; are all integers. Then the elements of 2
are disjoint open sets. Further, each element of 9 is (up to a set of measure zero) a
disjoint union of elements of 94,1, the 9, are all translates of each other, and one
can transform an arbitrary element of 9 into an arbitrary element of 9, by a
dilation (by a factor of 27 ') followed by translation. Finally, fixing a cube Q € 9;
and letting d be its diameter (i.e., d = \/n27*), the number of cubes in 2; whose
distance from Q is at most d is bounded above by a constant depending only on #.

Our immediate goal is to generalize this decomposition to the Heisenberg group
H,. To do this we loosely follow Christ’s construction of Theorem 11 in [Christ
1990]. First we let By denote the discrete subgroup of H; generated by (1, 0, 0)
and (0, 1, 0) and call it the discrete Heisenberg group. We then define B, for each
positive integer n, to be the image of By under the dilation §;p-» (in particular, the
first 2 coordinates are multiplied by 10™"; the final coordinate is multiplied by
10~2"). Equivalently, B, is the subgroup of the first Heisenberg group generated
by (107", 0,0) and (0, 107", 0). If x is a point in B,, we give it the label (x, n)
and note that x has a different label for each B, containing x. We form a tree
by defining an order relation < on the set of all such pairs (x, n). We start this
procedure with the following definition.

Definition 2.7. We say that (x, @) is a parent of (y, 8) if B=a + 1 and y = xg,
where the first two components of g all lie in (—%10_‘", %10_“] and the final
component lies in (—3 - 1072, 1. 1072].

LRI

Using the obvious analogies from family trees (“ancestor”, “descendant”, “grand-
parent”, “sibling”, etc.) for both the tree points and corresponding dyadic cubes (to
be defined momentarily), we say (x, @) < (y, B) if (y, B) is an ancestor of (x, «).
Following along exactly as in Definition 14 of [Christ 1990], we create from this
tree a family of dyadic “cubes”. In particular, we define

Q)= U Becly, 151079,
».B)=(x,e)
where Bcc(z, €) is the ball centered at z of radius € with respect to Carnot—
Carathéodory distance. We will say that each cube Q(x, ) is a cube at scale
« and we define 92, to be the set of all the cubes of scale «. All the cubes in
94 are translates of each other by elements of the discrete Heisenberg group of
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the appropriate scale; further, each member of each 2, is an open set while each
element of 2, is (up to a set of measure zero) the disjoint union of elements of
9q+1. Also, one can transform an arbitrary element of 9, into an arbitrary element
of 9,41 by a dilation (by a factor of 10~!) followed by translation. Finally, the
number of cubes in 2, within diam(Q (x, «)) of Q(x, «) is bounded by a constant
independent of «.

Analogously, for the k-th Heisenberg group, we begin by rewriting the elements of
H. to mirror the above construction for H: in other words, writing z; =x;_1+ix2;
where x3;_1, x2; € R, we let By be the subgroup of H; generated by

{(xl,...,xzk,()):xj =:|:5j,1, 1 5152/{}

where §;; is the Kronecker delta. In this setting, B, would be the subgroup of Hj
generated by

{(c1s e X, 0) s xy = £10778;,, 1 <1 < 2k}

and the construction for H; goes through for H; with only minor changes. In
particular, the definition of (x, &) being a parent of (y, 8) would now require
y = xg where the first 2k components of g all lie in (—% 1079, %10_“] and the final
component lies in (—3 - 1072, 1. 1072¢].

In this construction, the analogue to the unit cube in Euclidean space is the
unique cube of scale 0 containing the identity element; according to the notation
defined in the preceding paragraph, the name for this cube is Q(0, 0).

Remark. In making this decomposition we are saying nothing about the boundaries
of the elements of the 2, other than that they are closed sets of Hausdorff measure
zero in the appropriate dimension. Also, this decomposition is not the same as the
decomposition of the Heisenberg group found in [Strichartz 1992].

2C2. Orthogonal decomposition of L*>. Looking back at Euclidean space R" for
inspiration, we note that the Hilbert space L?([0, 1]") of square-integrable functions
on the unit cube can be decomposed into orthogonal subspaces as follows: if B is a
positive integer, we define Cg C L2([0, 17") as

{f e L2([0, 11" : flo 1s constant for Q € 24 and fQ f=0for Qe 92}3,1},
while Cy ¢ L2([0, 17%) is defined as
{f € L*([0, 11™) : f is constant}.

This yields the orthogonal decomposition

L*([0,1]") = @ Cp.
B=0
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In other words, if f € Cg, g € C, with B # y, f[O,l]” fg = 0 while for each
h e L?([0, 1]") there exists hg € Cg for B a nonnegative integer with 1 = ZZOZO hg,
the sum in question converging in L2([0, 1]*) to h.

For the Heisenberg groups we can mimic this procedure as follows: here, our
“base” cube shall be denoted as Q(0, 0) where the first zero denotes the origin and
the second zero denotes scale. Similarly, we define the Cg (as subspaces of the
Hilbert space L?(Q(0, 0)) of real-valued, square-integrable functions) identically
to the way we did with Euclidean space. In other words, if § is a positive integer,
we define Cg C L%(Q(0, 0)) as

{f €L*(Q(0,0)): flg is constant for Q € 24 and Jo f=0for Qe 1,
while Cy € L?(Q(0, 0)) is defined as
{f € L*(Q(0,0)) : f is constant}.

This yields the orthogonal decomposition
2 o
L7(Q(0,0)) = P Cp.
p=0

For B > 0, Cp has a spanning set consisting of the functions fp ¢ for Q, Q’
sibling cubes in 24 defined as follows: fp o' is equalto 1 on Q, —1 on Q’, and O
everywhere else; we shall call this spanning set Sg. Sg is approximately orthogonal
in the following sense: there exists some universal constant K (independent of 8)
such that for each f € Sg we have

#{gESﬂZfQ(o,o) fg;éO} <K,

where the # symbol denotes cardinality.
When we proceed to the proof, we will wish to find a fixed Y > 0 such that if
g, ¢ € 0(0,0) with g # g/, there exists some dyadic cube Q such that

diam (Q) < Ydcc(g,g') and g, g’ € Q.

This is arranged by considering not just the cube families 9, discussed in the
previous section but expanding each cube family 9, to a larger family 9,.
If « > 0, we define 9/, to consist of the cubes of the form

{80:0€9,8€Byia);

remember that B, was defined in the previous subsection as the discrete Heisen-
berg group of scale o + 2.

This does not cause the number of dyadic cubes of a given scale to multiply
unreasonably because writing g € B, 5 in coordinate form as (z1, ..., z,, t), every
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element of 9/, can be written as gQ for some Q € 2, and g € B, with
s eees 2 €[—107%,107*] and ¢ € [—-1072%, 1072].
Letting Ly denote left translation by ¢ whenever g € H k. we then define
Cs={foLg1:feCp g€ Bgia}.

In fact, writing g € Bg» in coordinate form as (zy, ..., z,, 1), every element of
Cl/3 can be written as f o L,-1 for some f € Cg and g € B, with

2y zn €[=1077,107%] and re[-107%#,107%].

Fixing B, we can construct an approximately orthogonal basis for C ;3 analogously
to the way we did for each Cg: we simply construct an approximately orthogonal
basis for Cg o L,-1 for each g separately.

Finally, for both Euclidean space and the Heisenberg group, it is occasionally
necessary to work with sets on a slightly larger scale than the unit cube. To do this,
one fixes some integer k < 0, denotes our base cube to be the cube of scale k£ which
contains Q(0, 0), and then defines Cg and C;S appropriately for 8 < 0 (for example,
C. will consist of the constant functions on our new base cube here).

2C3. Differentiability. On the Euclidean unit cube, there exists a Jacobian map that
sends each Lipschitz function f (which may be either scalar-valued or Euclidean
vector-valued) on the unit cube to the almost-everywhere-defined function J f, the
Jacobian of f. At almost every point, the Jacobian is a linear map from the tangent
space of the domain to the tangent space of the image. Further, the partial derivative
of each component is bounded above by the Lipschitz coefficient of f. Finally,
a Lipschitz function f with almost everywhere constant Jacobian defined on a
connected open set is uniquely determined by this Jacobian and its value at a single
point: if Jf is equal to the linear map 7" almost everywhere and f(x¢) = yo then

f(x) =T (x —xp)+ yo for all x where f(x) is defined.

Similarly, if G and H are two Heisenberg groups and F : G — H is Lipschitz,
then by [Pansu 1989] the Pansu differential DF (which, for almost every g € G
induces a map DF(g) : G — H) satisfies these three properties:

(i) At almost every g € G, the differential of the Lie group map DF(g) at the
identity induces a Lie algebra homomorphism from the tangent space of G at
g to the tangent space of H at F(g).

(i) The magnitude of each component of DF is bounded above (up to a constant
depending on normalization) by the Lipschitz coefficient of F.
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(iii) If for almost every g with respect to Haar measure on G, DF(g) (which was
defined as an H-valued function defined on G) is equal to the Lie group
homomorphism ¢ : G — H and gg € G, ho € H with F(go) = ho then

F(g) =hoo(gy'g) forall g where F(g) is defined.

Of the properties, only (iii) is not a simple consequence of [Pansu 1989]. However,
(iii) is a direct consequence of this fact concerning uniqueness of Lipschitz maps:

Fact 2.8. Suppose G and H are Carnot groups, U C G is connected and open,
go€eUand F1:U — G and F,: U — G are two Lipschitz maps such that DF|(g) =
DF>(g) for almost all g € U with respect to Haar measure and F1(go) = F>(go)-
Then Fy = F>.

Proof. Suppose there exists u € U with Fy(u) # F>(u). Fix € > 0 such that
dec(Fi(u), Fo(u)) > €.

Let y be a piecewise horizontal curve in U joining go to u. There exists g’ € G
sufficiently close to the identity such that the left translation of y by g’ lies in U
(which implies that g’'go, g'u € U) with dcc(F1(g'go), F2(g'u)) > € and almost
everywhere on this translation, DF| = DF,. However, integration then implies

Fi(gu)Fi(g'g0) ' = F(g'u)Fa(g'g0) "

Therefore, we know that dcc (F1(g'u), F2(g'u)) = dcc(F1(g'go), F2(8'80)) > €;
since g’ can be made arbitrarily close to the identity this gives us that

€ <dcc(Fi(u), F>(u)) =dcc(Fi(go), F2(g0)) =0
producing a contradiction, so we conclude that F| = F, as desired. (|

In fact, because each linear map i from the horizontal component of G to the
horizontal component of H has at most one extension (which we call 1}) to a Lie
group homomorphism from G to H, we can go one step further and say that if
MF is equal to the linear map ¥ almost everywhere and go € G, hg € H with
F(go) = ho then

F(g)=hoV (g5 ')
for all g where F(g) is defined.

2C4. Weak convergence. If a sequence f,, of uniformly Lipschitz functions on
a bounded Euclidean region converges uniformly to some function f then f is
Lipschitz, and moreover the Jacobians J f, converge weakly in L? to the Jacobian
of f. In other words:
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Fact 2.9. Let U C R* be a bounded open set and let { f,} : U — R™ be a sequence of
uniformly Lipschitz functions which converges uniformly to the function f:U — R™.
If g : U — Ris an L? function and D represents partial differentiation with respect
to a fixed vector in R¥ then

f (Df)g — f (Df)s.
U U

where the integrals are with respect to Lebesgue measure and the derivatives in
question are defined almost everywhere.

As will be stated shortly, Fact 2.9 generalizes to Heisenberg groups when the map
MF induced by the Pansu differential (see the definitions section) is used in place
of the Jacobian. In particular, one notes that because MF consists of derivatives
of horizontal components of F' with respect to horizontal tangent vectors, MF can
be viewed as an array of horizontal derivatives of real-valued Lipschitz functions
(after postcomposing with the appropriate coordinate functions). Then, the weak
convergence in question is the following fact:

Fact 2.10. Let U C Hy be a bounded open set and let {f,} : U — H,, be a
sequence of uniformly Lipschitz functions which converges uniformly to the function
f:U— Hy. If g : U — Risan L? function (with respect to Haar measure) and
D represents partial differentiation with respect to a fixed left-invariant horizontal

vector field in Hy then
[ @rg~ [ 0
U U

where the integrals are with respect to Haar measure and the derivatives in question
are defined almost everywhere.

Facts 2.9 and 2.10 have the same classical proof, which involves approximating g
by sufficiently smooth test functions with compact support and integrating by parts.

2CS. Lipschitz extension. If A is a subset of the unit cube of R” and f is a Lipschitz
function from A to some Euclidean space, then f can be extended to a Lipschitz
function on the entire unit cube (or, in fact, to all of R" for that matter). It is not
known whether this extension property also holds for maps from a subset of a
Heisenberg group G into the same group G [Balogh and Fissler 2009; Brudnyi and
Brudnyi 2007], and for that reason we assume the Lipschitz map in Corollary 2.17
below is defined on an open subset of G. It has been shown recently in [Balogh
and Fissler 2009] that this extension property does not hold for maps from R¥ to
H, with n < k. Also, [Rigot and Wenger 2010] shows that the property does not
hold for maps from R¥ to any jet space on H, whenever n < k. However, this
property does hold for maps from any Carnot group to any R*. It also holds for
maps from R2 to H, for n > 2, as was shown in [Fissler 2007; Magnani 2010].
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More generally, based on recent results in [Wenger and Young 2010] the Lipschitz
extension property holds for maps from any set with Assouad—Nagata dimension
less than or equal to n to any jet space group on R". Notably, this implies the
Lipschitz extension property for maps from Hj to Hpgy .

2D. General Carnot groups. We now explain how the constructions performed in
Section 2C on the Heisenberg group can be generalized to work on other Carnot
groups. We need a notion of discretization (already used implicitly in the decompo-
sition in Section 2C1).

Definition 2.11. Let G be a Carnot group whose Lie algebra g is graded as
d
g=@@ g,
j=1

Write m; as the vector space dimension of g; for 1 < j < d. We say that G is
discretizable if for 1 < j < d there exist collections

(Xl € and {ggnkl, €G, with exp(X(in) = &(a).
and subgroups
H; <G, where H; = ({g¢.i}i<izm;,j<j=<d);

such that {X(j,l-)}:.zl spans g; as a vector space and, writing G’ = ({g(lyi)}:"zll) and
Gj = ({exp(g;)}j =)

G' is a discrete subgroup with G'NG; = H;.
In this setting, we say that G’ is the discretization of G.

Examples of discretizable Carnot groups include Heisenberg groups, Euclidean
spaces, and jet spaces. For example, we can take the discrete Heisenberg groups as
the discretization of the Heisenberg groups.

If G is discretizable, the method in [Christ 1990] can be followed as in Section 2C1
to create a dyadic decomposition, with By now defined to be the discretization G'.
Although the scaling constant used to create B, from By (which was 107" in the case
of Heisenberg groups) depends on the specific Carnot group itself (in particular,
it depends on the relationship between the coordinates of an arbitrary point g
and dcc (g, 0); compare Theorem 2.10 in [Montgomery 2002]), the procedure for
Heisenberg groups can otherwise be copied exactly to create a dyadic decomposition
for G into dyadic “cubes”. Because the base cube for our construction will still be
a cube based at the origin of scale zero, we can still refer to it as Q (0, 0). With our
new dyadic decomposition in hand, we can also copy the construction of the Cg
and C /’3 in Section 2C2 in the setting of our discretizable group G.
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Finally, we observe that the results in Sections 2C3 and 2C4 (which involved
differentiability and weak convergence) used no properties specific to Heisenberg
groups. Therefore, the results in Sections 2C3 and 2C4 carry over just as well to
maps from one Carnot group to another. Actually, Fact 2.8 in Section 2C3 was
already stated and proved in terms of Carnot groups.

2E. Proof of main theorem. In what follows, H* and h* shall refer to Hausdorff
k-dimensional measure and Hausdorff k-dimensional content, respectively (both of
which we define with respect to Carnot—Carathéodory distance).

Our goal is to prove the following theorem.

Theorem 2.12. Let G be a discretizable Carnot group of homogeneous dimension
k and let H be another Carnot group. Suppose F : Q(0,0) C G — H is Lipschitz.
If § > 0, there exists a positive integer N and subsets Z, X1, ..., Xy of Q(0,0)
such that

W(F(Z)) <8,
ZUX U---UXy = 0(0,0),

and F is bilipschitz on each X;. Furthermore, N and the bilipschitz coefficients of
the F|X; depend only on the groups G and H, 8, and the Lipschitz coefficient of F,
and not on the map F itself.

Before beginning the proof, we shall introduce two notions of nearness.

Definition 2.13. Suppose Q(x, «) and Q(y, «) are elements of the decomposition
from 2C1 of a discretizable Carnot group into cubes of the same scale. We say
that O (x, o) and Q(y, @) are adjacent if the distance from Q(x, o) to Q(y, o) is
bounded above by the diameter of Q(x, «).

Note that two coincident cubes of the same scale are considered adjacent.

Definition 2.14. Suppose Q(x, @) and Q(y, «) are elements of the decomposition
of a discretizable Carnot group into cubes of the same scale. We say that Q(x, «)
and Q(y, o) are semiadjacent if Q(x, o) and Q(y, @) are not adjacent and the
parents of Q(x, o) and Q(y, @) are not adjacent, but the grandparents of Q(x, o)
and Q(y, o) are adjacent.

Turning to the proof of Theorem 2.12, we begin by establishing some further
notation and normalizations.

Let E be the ratio of the diameter of an arbitrary “cube” to the diameter of
one of its “children” using Carnot—Carathéodory distance. For example, if G is
a Heisenberg group (using exactly the “cube” decomposition from Section 2C1),
then E = 10.
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Using the Carnot—Carathéodory distance, we set
0 = diam(Q(0, 0)).
Also, we let 0 < L < Ly < oo be constants such that if Q and Q’ are semiadjacent,

Lidiam(Q) < d(Q, Q') < Lodiam(Q).

We note that L; and L, only depend on G, not Q or Q'.

In addition, we may assume that F is 1-Lipschitz and that there exists n > 0 such
that F is defined on the dilation 8,4, Q(0, 0). For convenience we scale Hausdorff
measure so that |Q (0, 0)| = 1 where |S| denotes the Hausdorff measure of S.

Finally, we let W be a positive integer such that every cube Q' of scale W — 10
such that Q' N Q(0, 0) # @ satisfies Q' C 814, Q(0, 0). Throughout this proof, we
will be focusing primarily on subcubes of Q(0, 0) of scale at least W.

With our notation and normalizations set up, we prove the following proposition,
which provides a partial wavelet decomposition of the linear map MF induced by
the Pansu differential DF of F.

Proposition 2.15. Suppose 1 > € > 0. There exists n, C > 0 such that if « > W
and Q := Q(a, a) and Q' := Q(b, a) are semiadjacent cubes with

(1) h*(F(Q)) > eE™*

and

) W (F(Q") > eE~

but

3) dec(F(Q), F(Q) < 5€LI6E™

then there exists B € [a—4, a+nland fg o € C /’3 and integers i, j such that

{(MF); j, fo.0)!
{(fo.0s fo.0)|

where C ;3 is the space defined in Section 2C2 and MF is the matrix of horizontal
components of the Pansu differential DF.

Further, C only depends on G, H, and € (and, in particular, not on the specific
choice of F).

4) > C|Q|'?,

Also, the inner product in (4) is taken with respect to L*(G); it equals

/(MF)i,ij,Q'dM
G

where p© is Haar measure on G scaled so that w(Q(0, 0)) = 1.
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We also note that the number of possible candidates for fp o for a given Q is
uniformly bounded, with a bound that depends only on the specific groups G and H.

Proof. Assume the contrary. Then, for each n there exists a 1-Lipschitz map F,
and semiadjacent cubes Q(a,, o,) and Q(b,, o) such that
® hk(Fn(Q(an, ay))) > EE_ka",
o W5(Fy(Q(by, ap))) > €E~Fon,
o dec(Fa(Qan, ), Fu(Q by, a))) < 3¢ L0 E~, and
. fQ(o,O) vf <27"Q(ay, O‘”)|1/2I|f||i2(g(o,0)) whenever ¥ is a matrix entry of
MF, and f € Cl/g, where B € [a, —4, a,+n].

By rescaling and translating we may suppose

O(an, oy) = Q(a, a)

for all n and by passing to a subsequence we suppose

Q by, otn) = Q(b, @)

for all n. Further, the Arzela—Ascoli theorem lets us pass to another subsequence
such that F;, converges uniformly on Q (0, 0) to some Lipschitz map F. Moreover,
by translation (we can do this because of the expanded C’ families) we can sup-
pose Q(a, ) and Q(b, a) have the same great-great-grandparent Q(z, « —4). By
weak-star convergence, the restriction of each component of MF to Q(z, « —4) is
orthogonal to Cg for B > o —4 which implies that MF is constant almost everywhere
on Q(z, @ —4). From this, the discussion in Section 2C3 lets us conclude that there
exists a Lie group homomorphism ¢ such that DF = ¢ on Q(z, o« —4) and further,
there exist elements gog € G, ho € H such that

(5) F(8) =hoop(gy'8)
for all g € Q(z, o —4). Further,

W(F(Q(a, a)) > liminf h*(F,(Q(a, @))) > e E~*

because F,,(Q(a, o)) is eventually contained in an arbitrarily small neighborhood of
the closure F(Q(a, @)); such a neighborhood can have Hausdorff content arbitrarily
close to WK (F(Q(a, @))).
Working towards a contradiction, we next define the sequences of points {X,,}
and {Y,,} such that
Xn€Q(a,a), Y, € Qb,a)

and
dec(Fu(Xn), Fy(Yy)) < 3€L10E™°.
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By the definition of sequential compactness, there exist points a’ € Q(a, @), b’ €
QO (b, @) such that
dcc(F(a'), F(b') < 5€LiOE™.

However, because Q(a, «) and Q(b, a) are semiadjacent,
dec(a',b') = LIOE™.

Therefore, since (5) implies that the Pansu differential DF of F is defined everywhere
and, in fact, is constant, the image of the Pansu differential DF of F in the direction
of the tangent vector from a’ to b’ has magnitude at most %E. As F is Lipschitz
with coefficient 1, this implies that

(©6) R (F(Q(a, @) < |F(Q(a,a))| < JeE™*.

The first inequality in (6) follows immediately from the fact that Hausdorff content is
bounded above by Hausdorff measure. The second inequality is a direct consequence
of the change-of-variables formula for Carnot groups (see the proof of Theorem 7
of [Vodopyanov and Ukhlov 1996], which can be directly adapted to this case).
As (6) contradicts our hypotheses, the proposition follows. ([

Armed with this proposition, our next goal is to show that a sufficiently large
portion of our domain lies in finitely many such semiadjacent pairs.

Proposition 2.16. Letr Q2 be the set of all pairs of cubes which satisfy the hypotheses
of Proposition 2.15 and let

p(x) =#w=(0,0)eQ:xe QU

Suppose N > 0; then there exists a constant K’ depending only G, H, and € such
that

fx:p(x) = N} <K'N~".

Proof. If (Q, Q') € Q, Proposition 2.15 gives us a wavelet function fp o corre-
sponding to (Q, Q') such that the projection of MF onto f o had L? magnitude
at least Ce|Q|'/>. However, only a bounded number of pairs of cubes can be
assigned a given wavelet function in this way. This is because of the control that
Proposition 2.15 gives to both the scale and support of fp o' in terms of the scale
and location of Q. Now, we seek to show that

1> > |0
(0,0)eQ

where the implied multiplicative constant only depends on G, H, and «.
Because F is 1-Lipschitz, we can replace the constant 1 on the left hand side
with ||MF||§. Next, for any specific pair (Q, Q') in our sum, we let (g, oy (MF)
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be the orthogonal projection of MF onto f o'. By Proposition 2.15,
170,00 (MF)|l2 = Ce| Q1'%

in other words,
f 70,0/ (MF)|* > C*€?| Q.

Summing this over €2 gives us indeed that

2
1= IMFl;= > |0l
(Q.0"ef
because the fp o are approximately orthogonal and a given wavelet function can
only appear in the sum a bounded number of times. However,

/¢ - Y ol
(0,0)eQ

so Chebyshev’s inequality therefore tells us that
Sy={x:¢(x) =N}

has
ISyl < N1,

which proves the proposition. ([

Proof of theorem. We complete the theorem through an infinite series of iterations
as in [Jones 1988]. This process is divided into stages (indexed by « > 0); at stage
o we assign each point x of each subcube of Q(0, 0) of scale « a label x,, i.e., a
finite string of zeroes and ones, such that every point in a fixed cube of scale o has
the same label.

At stage 0 we apply a leading digit of O to every point in the base cube. In other
words, for each x € Q(0, 0), we set xo = 0. Also, we define Zy = & for future
reference.

For 0 < o, we begin by defining the garbage set Z,, by letting S, be the collection
of all cubes Q of scale o + W such that

|F(Q)| < §EketW)

andset Z, = S, U Zy_1.

Next, we run through each pair of cubes at scale « + W which lie in Q(0, 0)\ Z,
and which satisfy the hypotheses of Proposition 2.16 with € = ﬁ& Supposing that
there are n, such pairs (Q1, Q/l), voey (Onys Q;la), we will inductively define the
labels x(y ) form =0, 1, ..., ny as follows:

First, x(,0) = xo—1 for each x € Q(0,0) \ Z,. Then, for m > 0 we define
Xam) = X(@m—1) for x ¢ Q, U Q). We note that x( ,—1), when viewed as a
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function on Q(0, 0) \ Z,, is constant at a value (call it z;, and let y; be its length)
on Q,, and at a possibly different value (call it z», and let y, be its length) on Q, ;
without loss of generality we may assume that y; > y,. There are several cases to
consider:

(I) If y1 = y» and z1 # 22 we simply define x4 m) = X(@,m—1) on both Q,, and
Q-

(II) If y1 = y» and z1 = z» we then let x(y ) be equal to the string created by
adding a O to the end of x(y,,»—1) on Q,, and the string created by adding a 1
to the end of x (¢, ;m—1) On Q).

(IIT) If y; > y, and z is not the first y; digits of z; we simply define x () =X (@, m—1)
on both Q,, and Q.

(IV) If y1 > y» and z; is the first y, digits of z, we let define Xy ) = X(@,m—1) ON
QOm; on Q) we let y’ be the element of {0, 1} that is not the (y, + 1)-th digit
of z; and define x(q, ) on Q), to be the string created by adding y’ to the end
of X(a,m—1)-

Once we have finished this process for each cube, we define x, = X(¢,n,) ON
00,0\ Zy.

Now, defining Y, to be the set of all points x such that x, has length at least n
for some «, we conclude from Proposition 2.16 that there exists N such that

[{x e 00,00 \UZa:x € Yn}|< 1556

we now define the set Z =, Z, U Yy.

If x € Q(0,0)\ Z, the sequence {x,} is eventually constant; denote its limiting
value by x. Since there are at most 2" strings of length n, there are at most 2V
possible values of xo.

We finish by setting

Xw={xe 00,00\ Z:x00=w)}

whenever w is a string of zeroes and ones of length less than N. For each such
w, F|X, must be bilipschitz (if not, there exist x;, x, € X, and a pair of cubes
(Q, Q) satisfying the hypotheses of Proposition 2.15 such that x; € Q, x, € Q/,
contradicting the definition of X,,), proving the theorem. U

2F. Consequences.

Corollary 2.17. Suppose A is an open subset of a discretizable Carnot group G
(with homogeneous dimension k), H is another Carnot group, and F : A — H
is Lipschitz, and H¥(F(A)) > 0. Then there exists a subset B C A of positive
k-dimensional Hausdorff measure such that F restricted to B is bilipschitz.
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Proof. We can express A as a countable union of translates and dilates of the base
cube Q(0, 0); by countable additivity of Hausdorff measure one of these cubes,
which we call C, is sent by F to a set F(C) with HK(F(C)) > 0. By rescaling we
can suppose C is the base cube Q(0, 0). The previous theorem divides this cube into
the union of a “garbage” set Z (consisting of those cubes whose image has measure
too small, as well as those cubes which are in too many bad pairs), where F(Z)
can be taken to be arbitrarily small (say, with W& (F(2)) < %hk(F (A))) and a finite
union of sets F; such that F'|F; is bilipschitz for each j. Since H k(F U j F;)) >0,
there exists some j where |F;| > 0 and we let B = F;. O

If one assumed that H¥(A) < oo, looking closely at the shape of A would allow
us to conclude above that the measure of B and the bilipschitz constant of ' would
depend only on G, H, A, the Lipschitz coefficient of F, and the k dimensional
Hausdorff content of F'(A).

Restricting attention to the first Heisenberg group H;, we use this corollary
to show that if we only consider maps whose domains are open, two questions
from [Heinonen and Semmes 1997] are equivalent. To begin we need two more
definitions.

Definition 2.18. Suppose Q; and Q; are metric spaces with Hausdorff dimension k.
We say that Q1 looks down on Q) if there exists a Lipschitz function f from some
subset of 0 to Q» such that the image of f has nonzero Hausdorff k-measure.

Definition 2.19. Suppose Q is a metric space with Hausdorff dimension k. We say
that Q is minimal in looking down if whenever Q' is a metric space with Hausdorff
dimension k such that Q looks down on Q’, Q also looks down on Q.

(Note that this definition is formulated differently from the one in [Heinonen
and Semmes 1997].)

Question 22 in [Heinonen and Semmes 1997] asks whether the first Heisenberg
group is minimal in looking down and Question 24 asks if every Lipschitz map
from H; to a metric space with nontrivial Hausdorff 4-measure is bilipschitz on
some subset with positive Hausdorff 4-measure.

Clearly 24 implies 22. However, we now know from the corollary that 22 implies
24 when only looking at maps from open sets. This is true because (assuming Hj is
minimal in looking down) if F : E C H; — X is Lipschitz and H*(F(E)) > 0 then,
letting G : X — H| be another Lipschitz map with H*(G(X)) > 0 (and supposing,
by restricting images, that X = F(E)), G o F satisfies the conditions of the corollary
and therefore is bilipschitz on some subset E’ C E with |E’| > 0. On this set, we
therefore have that F is invertible with inverse (G o F)~! o G, which is clearly
Lipschitz, which therefore implies that F'|E’ is bilipschitz. Because F was arbitrary,
we can conclude that Question 24, when restricted to maps defined on open sets, is
equivalent to Question 22.
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Raanan Schul recently proved a statement corresponding to Question 24 for
maps where the domain is Euclidean in [Schul 2009]. In particular, he showed that
if F is a Lipschitz function from the k-dimensional unit cube [0, 1] into a general
metric space, one has the decomposition

n
[0,1*¥=Gu | Fj,
j=1
where F(G) has arbitrarily small k-dimensional Hausdorff content and F is bilips-
chitz on each of the F;. The main reason why Schul’s argument does not generalize
to this setting is the dearth of rectifiable curves passing through a given point
in a general Carnot group. For example, although the first Heisenberg group has
Hausdorff dimension 4, the space of horizontal tangents to rectifiable curves through
a given point in that group has dimension two.
We finish this section by discussing the question of Jones-style decompositions
for Lipschitz maps on Carnot groups. Just as in [Jones 1988], my argument for the
main theorem actually implies the following stronger statement:

Corollary 2.20. Suppose U is a bounded open subset of a discretizable Carnot
group G with Hausdorff dimension Q, H is another Carnot group, F : U — H is
Lipschitz, and € > 0. Then there exists a finite collection {A;} of subsets of U such
that each restriction F|A; is bilipschitz and

hQ(F(U\LiJAi)) <e.

For unbounded open subsets of discretizable Carnot groups a diagonalization
argument yields the following.

Corollary 2.21. Suppose U is an open subset of a discretizable Carnot group
G with Hausdorff dimension Q, H is another Carnot group and F : U — H is
Lipschitz. Then there exists a countable collection {A;} of subsets of U such that
each restriction F|A; is bilipschitz and

he(F(U\UA:)) =0.

A natural generalization of the above results is in the setting of subriemannian
manifolds, defined below.

Definition 2.22. A subriemannian manifold is a triple (M, A, g) where M is a
smooth manifold, A is a distribution (i.e., subbundle of the tangent bundle 7' M)
on M which is smooth and satisfies the property that for each p € M, (TM),, is
generated as a Lie algebra by A, and g is a smooth section of positive-definite
quadratic forms on A (i.e., g, defines an inner product on A, which varies smoothly

in p).
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Recall [Varadarajan 1984] that the set S is said to generate a Lie algebra g if the
set of finite Lie brackets of elements of S spans g as a vector space.

We shall consider M to be naturally equipped with a metric dcc defined as
follows: for x, y € M,

1
dcc(x,y)= inf /O Ve (), y'(t))dt

yelxy
where I'y y is the family of all curves
y:[0,1]1-> M

with y(0) =x, y(1) =y, and y'(¢) € Ay for all 7.

Now, suppose M and N are subriemannian manifolds such that M is locally
bilipschitz equivalent to a discretizable Carnot group G and N is locally bilipschitz
equivalent to a Carnot group H. Then Corollary 2.21 still holds if G is replaced by
M and H is replaced by N.

For example, M and N could both be ordinary riemannian manifolds. Because
riemannian manifolds are locally bilipschitz equivalent to Euclidean spaces, where
we have all five properties from Section 2, we can consider arbitrary subsets of
M instead of just open subsets. Thus we have the following corollary: if M is a
riemannian manifold, A C M has Hausdorff dimension k, N is another riemannian
manifold, and F : A — N is Lipschitz with H kK(F(A)) > 0, then there exists a
subset B C A with H*(B) > 0 such that f|B is bilipschitz.

Not all subriemannian manifolds are locally bilipschitz equivalent to Carnot
groups, and hence we cannot replace G and H by arbitrary subriemannian manifolds
in Corollary 2.21. In particular, we will show in Section 4B that Corollary 2.21
becomes false if G and H are replaced by the Grushin plane and the Euclidean
plane, respectively.

3. Hausdorff dimension of Lipschitz images

We begin by observing the following corollary of the results in Section 2.

Corollary 3.1. Assume A is an open subset of a discretizable Carnot group G with
homogeneous dimension k, assume H is another Carnot group, and let f : A — H
be a Lipschitz map such that H*(f(A)) > 0. Then there exists an injective Lie
group homomorphism from G to H.

Proof. By the preceding results, f is bilipschitz on some B C A with positive
k-dimensional Hausdorff measure. Then the Pansu differential of f at any Lebesgue
point of B gives the desired homomorphism. (]
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Because the converse of this result is trivial (the Lie group homomorphism in
question is locally Lipschitz), Corollary 3.1 reduces the question of whether one
Carnot group “looks down” on another to a question about the groups’ Lie algebras.

An easy consequence of Corollary 3.1 is that if G is a discretizable nonabelian
Carnot group with homogeneous dimension k and U C G then every Lipschitz
image of U in any Euclidean space has zero k-dimensional Hausdorff measure. This
follows because there are no injective group homomorphisms from a nonabelian
group to an abelian group. In fact, for this consequence we need not assume U 1is
open here because the image space, Euclidean space, has the Lipschitz extension
property.

Despite having Hausdorff measure k-measure zero, the Lipschitz image of U
in R¥ can still be quite large. For example, we have the following theorem, which
answers a question asked by Le Donne (personal communication, 2009):

Theorem 3.2. Suppose that G is a discretizable Carnot group with homogeneous
dimension k, and let € > 0. There exists a bounded open U C G and a Lipschitz
map F : U — RK such that H*=¢(F (U)) > 0.

Proof. As in our results in Section 2, we illustrate the case G = H'! in detail and
remark that the construction is analogous for the general case. The construction is
based on the procedure from [Kaufman 1979].
We begin by setting

y =161/,
which tells us that y < % and log, -1 16 =4 —€. We next fix g € [y, %) and define

20

A= 5
I

in particular,
A(3 —B%) =20 10.
With this data, we then set our initial box
I°=[-1,11x[~1,1] x[-A, Al C H'
and define 7' to be the union of the sixteen boxes

(a, b, c)-SﬁIO

where
ael{-b A} belhi) ecf-d-bn i)

We arbitrarily label these boxes 1 /1 for j=1,...,16.
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The point of this construction is to find n > 0 such that

dec(I}, ) >n for j#k
and
dec(It,8(1%)>n forall j.

Clearly, if two of the boxes in I! have different horizontal components, then they
are at least 1 — 28 apart; similarly, every box in ! is at a distance of exactly % - B
away from the nearest horizontal edge of 1°.

The only issue is vertical distance. To find the minimum distance between a
vertical edge of 7% and a box in 7', it suffices to consider a box in /! where ¢ = — 31
and look at the bottom edge of 1°. Every point on the bottom edge of such a box
has a vertical coordinate which is at least

—3A—pP—-2-1B>-A4+10-2=—1+8.

Now, we recall that if g = (x1, y1,0) and & = (x3, ¥, 0) are points in H I with
X1, Y1, X2, y2 € [—1, 1], then writing the product g_lh as (x3, y3, z3) we note that
lza| < 2.

Consequently, if p = (p1, p2, p3) is a pointin I'! and ¢ = (g1, g2, —X) is a point
on the bottom edge of 1°, we note that the vertical coordinate of p~—!g is at most

—(—A+8)—A+2=—6,

which implies that vertical edges of I° will be separated from boxes in /' by at
least 6 units.

Similarly, looking at two boxes in I' with the same horizontal component (e.g.,
let A be such a box with ¢ = —%)\. and B be such a box with ¢ = —%A), the vertical
coordinate of points in A are at most —%A — 8 and the vertical coordinate of points
in B are at least —%k + 8. Therefore, whenever a € A and b € B, the vertical
coordinate of a~'b is at least

(—3A+8)— (—3r—8)—2=14,

implying a separation of 14 between any two such boxes.
In subsequent stages we replace each box of the form

p- 8MIO
(there are 16 such boxes in stage k; at this stage i = B¥) with the sixteen boxes
p-8ua b, c)-8p,(I°

and denote by I* the union of all the boxes produced in stage k.
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In stage k, each box has a label of the form / (kal ....a) Where each a; ranges from 1
to 16; we extend this process to stage k 4 1 by labeling the subboxes from / (ka i)
as I(ka_:_,l...,ak,v) where v =1, 2, ..., 16. The intersection of the I*’s, to be defined as
1, is a Cantor set in H' of dimension

logg-116 >4 —e.

Each point x € I has a unique label of the form (ay, ..., a,, ...) (where each g;
ranges from 1 to 16) such that foreachn e N, x € I(’(’lI ’’’’ @)’ fv=C(ay,...,a,,...)
and w = (by, ..., by, ...) with m being the smallest integer where a,, # b,,, the

distance between the points corresponding to v and w is (up to a multiplicative
constant independent of m) equal to .

Similarly, we set JY to be the box [—1, 1
the union of the sixteen boxes

]* in Euclidean space R* and J' to be

(a, b,c,d)+y]0

where a, b, ¢, d can each equal —% or % We arbitrarily label these boxes J ]1 for
j=1,...,16.
The point of this construction is now to find n” > 0 such that

dJ, Ih >n'  forj+#k

and
d(J},8(J%) >n" forall j,

where the distance above is Euclidean.

Clearly, any two of the boxes in J! are at least 1 — 2y apart; similarly, each such
box is at a distance of exactly % — y away from the boundary of J°.

In subsequent stages we replace the box

p+vJ°

with the sixteen boxes
p+v((a,b,c,d)+ )/JO)

and denote by J¥ the union of all boxes produced in stage k. Note that at stage k,
v =yk

In stage k, each box has a label of the form J(’;l where each a; ranges from 1
to 16; we extend this process to stage k + 1 by labeling the subboxes from J(’;l ..... @)

as J(ZTI a.v) where v =1, 2, ..., 16. The intersection of the J*’s, to be defined as

J, is a Cantor set in R* of dimension

log,-116 =4 —¢.
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Each point x € J has a unique label of the form (ay, ..., a,,...) (where each g;
ranges from 1 to 16) such that foreachn e N, x € J(’le ’’’’ )’ fv=C(ay,...,a,,...)
and w = (by, ..., by, ...) with m being the smallest integer where a,, # b,,, the

distance between the points corresponding to v and w is (up to a multiplicative
constant independent of m) equal to y™.

We can define a Lipschitz map F from 1% ¢ H' to R* whose image contains J
(and therefore has Hausdorff dimension logy_l (16)) via the following three-step
process.

Step 1. Map [ to J. This is done by mapping a point in / with a label of the form
(ay,...,ay,...) tothe point with the same label in J. By construction, one notes
that if 8 = y then this map is bilipschitz.

Step 2. For each ordered n-tuple (ay, ..., a,) with each a; in {1, ..., 16} (this
includes the zero-tuple, where we would be mapping the boundary of 7%) we choose
a point p,. . .4, I J(” @) and then send all of the points in the boundary of

I(’Zl ,,,,, an) 0 Pay,....an)

Step 3. The remaining region of 7% consists of sets of the form Sty ) defined as

forv_l 2,...,16.

The closure of this region 1ncludes the boundary of I( o ) and of I(';Jlrl ay.v) 10T

v=1,...,16. Fixing (aj, ..., a,) (we may work on each S (ay.....ay) SCParately) we

define the map f from the interval [0, 16] to R* to be a smooth function sending
,,,,, apandv=1,...,16 10 pw,,.. a4, v)- We can suppose f has Lipschitz
norm comparable to y". We then define g to be a smooth, real-valued, Lipschitz
function (with Lipschitz coefficient comparable to 8~") on the closure of S?al ..... )
which sends the boundary of [, to 0 and the boundary of /, ”H ) OV We
can create such a g by the Whitney extension theorem (the construction is more
straightforward if we do not require smoothness). On the closure of S("al .... o (the

construction merely repeats the existing one on the boundary) set F = f o g; then
FI|S{, .4 has Lipschitz norm comparable to (%)".

.....

the set of all points in [/}, | which do not lie in / "ﬂu’a 0

.....

Note that if y < 8, (%)” goes to zero as n goes to infinity, which means that F is
differentiable (in the Pansu sense) at each point of / with derivative zero. Further,
by construction F is C' outside of I where the Pansu differential always has rank
zero or one (and this differential approaches zero as we approach points of [); in
fact, it is locally constant near the boundaries of the relevant cubes if we use the
Whitney extension, so the construction here is indeed an appropriate analogue of
[Kaufman 1979]. (|

In fact, because the constructed map is constant on the boundary of 1°, nesting
appropriately rescaled examples of this form inside each other yield the following
corollary.



LIPSCHITZ AND BILIPSCHITZ MAPS ON CARNOT GROUPS 167

Corollary 3.3. Suppose that G is a discretizable Carnot group with homogeneous
dimension k. There exists a bounded open U C G and a Lipschitz map F : U — Rk
such that F (U) has Hausdorff dimension k.

4. Counterexamples

In this section we develop two counterexamples to show why Carnot group structure,
or something close to it, is necessary for the results of the previous two sections.

4A. A space-filling curve.

Theorem 4.1. There exists an Ahlfors 2-regular metric space X and a Lipschitz
map F : X — R? such that F(X) has positive 2-dimensional Hausdorff measure
but F is not bilipschitz on any set of positive 2-dimensional measure.

Proof. The function in question will be the space-filling curve F from [0, 1]
(equipped with the square root distance metric) to the unit square in R> mentioned
in Section 7.3 of [Stein and Shakarchi 2005]. Although this function is a surjective
map of spaces with Hausdorff dimension 2 and Lipschitz, it is not bilipschitz on any
subset with positive Hausdorff 2-measure. To see this, suppose that the space-filling
curve F is bilipschitz on a set A with H 2(A) > 0. As F(A) has positive Lebesgue
measure, it contains a point x of Lebesgue density one. Letting € > O there exists
8 > 0 such that
|B(x;8) NF(A)| > (1 —€)|B(x; )l

Writing out the binary expansion of the components of x and of &, B(x; §) contains
a dyadic cube Q of side at least %8; since €|B(x; 8)] < 1000€|Q|, we have

|ONF(A)| > (1—1000¢)|Q]|.
As F is measure-preserving, letting J be the preimage of O we conclude
[JNA| > (1—-1000¢)|J].

By rescaling and translating we can suppose F' is therefore bilipschitz on a set
A of Hausdorff 2-measure arbitrarily close to 1 (although the rescaled F is not
identical to our space-filling curve, it preserves all the relevant properties, such as
being Lipschitz in the appropriate metric, measure-preserving, and sending a pair
of points whose “square root” distance is at least % to the same point).

Let x, x’ be two points which are at least }L apart in Euclidean distance (and
therefore % away with respect to square root distance) such that F(x) = F(x').
We can suppose that y, y’ € A are arbitrarily close to x, x’ respectively; therefore,
ly —y'| > }r; however,

|[F(3) = FODI S IF&) = FOI+IF&) = FOI
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which can be made arbitrarily small by the Lipschitz property (all distances use the
square root metric in the domain and the Euclidean metric in the image) showing
that F cannot be bilipschitz on A with any coefficient. (]

In this example, the third and fourth properties (involving differentiability) from
Section 2C fail. This suggests that some notion of differentiability is necessary for
the results in [Jones 1988] to extend to other spaces.

4B. The Grushin plane.

Theorem 4.2. There exists a 2-dimensional subriemannian manifold M with Haus-
dorff dimension 2, an open U C M, and a Lipschitz map

F:U— R?

which is not decomposable in the following sense: There does not exist a countable
collection {A;} of sets such that

H*(F(U\ LIJ A))=0

and F|A; is bilipschitz for each i.

Proof. We use the Grushin plane M as our subriemannian manifold.

To construct the Grushin plane we define a riemannian metric on the following
region of R%: {(x, y) : y #0}.

This metric is defined as ds? = dx? 4+ x~2dy?. We then use this metric to induce
a geodesic structure on all of R?, where a rectifiable curve must have horizontal
tangent at each point that it crosses the y-axis.

One can observe that off of the vertical axis, the Grushin plane is locally bilips-
chitz to Euclidean space (but with a constant that blows up as we get closer to the
axis). However, the distance between two points on the vertical axis is proportional
to the square root of their Euclidean distance.

In other words, the Grushin plane is a union of a (disconnected) riemannian
manifold and a line of Hausdorff dimension two, making it a subriemannian manifold
of both Euclidean and Hausdorff dimension two.

To construct our counterexample, we consider an open neighborhood of the
segment S joining (0, 0) to (0, 1), say: Uc = (—¢€, €) x (—€, 1 +¢€) for € > 0. The
space-filling curve previously constructed as in Chapter 7 of [Stein and Shakarchi
2005] has already been shown to be Lipschitz when defined as a function from
a set which is bilipschitz to S with image the unit square. We can extend this
mapping to a Lipschitz mapping F from U, to R? by standard constructions (note
the importance of having a Euclidean target space here).

However, there does not exist a countable collection of sets Ay, ..., A,, ... such
that G := U\ |, A, is sent to a set of arbitrarily small Hausdorff content by F and
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F is bilipschitz when restricted to the A,. This is because A, NS must be a nullset
(by the previous arguments concerning the space-filling curve for each G) which
implies that G must contain almost all of S, in the sense of Hausdorff measure.
Therefore, F'(G) must contain almost all of the unit square in the sense of Hausdorff
measure (or Hausdorff content, which is equivalent in this case), producing our
desired contradiction. (]

In this example, the first and second properties (involving homogeneity) from
Section 2C fail, which suggests that some notion of homogeneity is also necessary
for the results in [Jones 1988] to extend to other spaces.
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GEOMETRIC INEQUALITIES IN CARNOT GROUPS

FRANCESCOPAOLO MONTEFALCONE

Let G be a subriemannian k-step Carnot group of homogeneous dimension
Q. We prove several geometric inequalities concerning smooth hypersur-
faces (submanifolds of codimension one) immersed in G, endowed with the
H-perimeter measure.
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1. Introduction

During the last years there has been an increasing interest in studying analysis
and geometric measure theory in metric spaces (see [Ambrosio 2001; Ambrosio
and Kirchheim 2000a; 2000b; Cheeger and Kleiner 2010; David and Semmes
1997; Garofalo and Nhieu 1996; Varopoulos et al. 1992] and bibliographic ref-
erences therein, but this list is far from being exhaustive). In this regard, impor-
tant examples of highly noneuclidean geometries are represented by the so-called
Carnot—Carathéodory (or subriemannian) geometries; see [Capogna et al. 1994;
Gromov 1996; Montgomery 2002; Pansu 1982; 1989; 2005; Strichartz 1986;
Vershik and Gershkovich 1994]. In this context, Carnot groups play the role of
modeling the tangent space (in a suitable generalized sense, which is related to
the Gromov—Hausdorff convergence) of a subriemannian manifold; see [Gromov
1996; Montgomery 2002]. For this and many other reasons, Carnot groups are an
intriguing field of research; see [Ambrosio et al. 2006; Balogh 2003; Balogh et al.
2009; Capogna et al. 2010; Cheng et al. 2005; Danielli et al. 2007; 2010; Franchi
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et al. 2001; 2003a; 2003b; 2007; Hladky and Pauls 2008; Magnani 2002; Magnani
and Vittone 2008; Montefalcone 2005; 2007a; Ritoré and Rosales 2008].

A k-step Carnot group (G, ) is an n-dimensional, connected, simply connected,
nilpotent, stratified Lie group (with respect to the group multiplication ¢ ) whose
Lie algebra g >~ R” satisfies

nglea@Hkv [HlvHi—l]:Hi (l=2,,k), Hk+1:{0}

We assume that i; = dimH; (i = 1,...,k) so that n = fo:l h;i. Any Carnot
group G has a 1-parameter family of dilations, adapted to the stratification, that
makes it a homogeneous group, in the sense of Stein’s definition [1993]. We refer
the reader to Section 1.1 for a more detailed introduction to Carnot groups.

In this paper, we shall prove some geometric inequalities concerning smooth
hypersurfaces immersed in a subriemannian k-step Carnot group G of homogeneous
dimension Q := Zf;l ih;. We have to stress that hypersurfaces will be endowed
with the so-called H-perimeter measure o;’q—l , which is a natural substitute for the
intrinsic (Q —1)-dimensional CC Hausdorff measure. In Section 1.2, we will discuss
some preliminary notions concerning homogeneous measures and the horizontal
geometry of hypersurfaces. Then we will recall some tools which will be important
in the sequel, such as a coarea-type formula and the horizontal integration by parts
theory; see Section 1.3.

In Section 2 we will extend to this setting some isoperimetric-type constants,
introduced in [Cheeger 1970] for compact riemannian manifolds and later studied
in [Yau 1975].

In particular, we shall prove the validity of some global inequalities for smooth
compact hypersurfaces with (or without) boundary, immersed into G. Here, we
would like to remark that there is a strong relationship between these inequalities
and some eigenvalue problems related to the second-order differential operator £y
(which is nothing but a horizontal version of the Laplace—Beltrami operator); see,
more precisely, Definition 21 in Section 1.2.

Roughly speaking, after defining the isoperimetric constants (in purely geometric
terms), we will show that they are equal to the infimum of some Rayleigh quo-
tients. More precisely, let S C G be a smooth hypersurface and assume 9.5 # &.
Furthermore, set
o5 (V)
om1(S1)
where N C S is a smooth hypersurface of S such that N N 9dS = & and S; is the

unique (n —2)-dimensional submanifold of S’ such that N = 9.5;. We have to stress
that 0?1_1 and 0’};2 denote homogeneous measures on Sy and N, respectively.

Isop(S) := inf

These measures can be thought of, respectively, as the (Q — 1)-dimensional and
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the (Q — 2)-dimensional CC Hausdorff measures on S; and N ; see Section 1.2.
Then, it will be shown that

[s lgradysv| o !
Jslvlog!

where the infimum is taken over suitably smooth functions on S such that ¥ |5 = 0.
As mentioned, this constant is related to the first nonzero eigenvalue A; of the
following Dirichlet-type problem:

{ ~Lusy = Ay,
Vips =0;

see Definition 21. Indeed, we shall see that

L)
4
see Corollary 28. Some similar results concerning another isoperimetric constant
will be proved; see Theorem 30 and Corollary 31. The proofs of these results follow
the scheme of the riemannian case, for which we refer the reader to [ Yau 1975];
see also [Cheeger 1970] and [Chavel 1984; 1993]. We also remark that the main
technical tool in the original proofs is the coarea formula.

In Section 3 we shall prove two geometric inequalities involving volume, H-
perimeter and the first eigenvalue of the operator g on S. These results generalize
an inequality of Chavel [1978] and an inequality of Reilly [1977], respectively.

In Section 4 we will extend to the Carnot setting some classical differential-
geometric results (such as linear isoperimetric inequalities); see, for instance,
[Burago and Zalgaller 1988] and references therein. The starting point is an integral
formula very similar to the euclidean Minkowski formula; see Corollary 20 for a
precise statement. In particular, we will show that

Isop(S) = inf

(h—1) % 1(S) < R(L(|%H| +|Cyynl) ot + o;,—z(aS)),

where S C G is a compact hypersurface with boundary and R denotes the radius
of a homogeneous p-ball circumscribed about S. From this linear (isoperimetric)
inequality, it is possible to infer some geometric consequences and, among them,
we prove a weak monotonicity inequality for the H-perimeter; see Section 4.1,
Proposition 38.

Section 5 contains a theorem about nonhorizontal graphs in 2-step Carnot groups.
This generalizes a classical result of Heinz [1955]; see also [Chern 1965].

Let us describe this result in the simpler case of the Heisenberg group H!. So let
S C H! be a T-graph associated with a function t = f(x, y) of class C? over the
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xy-plane. If the horizontal mean curvature ¥, of S satisfies a bound |¥,,| > C > 0,
then

CHEL (P ry(W)) < HE, Py (BU))

for every C !-smooth relatively compact open set U C S, where %Eu i=1,2)is
the usual i -dimensional euclidean Hausdorff measure and %y, is the orthogonal
projection onto the x y-plane. Hence, taking U := S N C, (7), where C, (') denotes
a vertical cylinder of radius r around the T-axis of H!, yields

r < 3
- C
for every r > 0. It follows that any entire x y-graph of class C?2, having either
constant or only bounded horizontal mean curvature ¥, must be necessarily a
H-minimal surface. An analogous result holds true in the framework of step 2
Carnot groups; see Theorem 42.

In Section 6 we shall study some (local) Poincaré-type inequalities, depending on
the local geometry of the hypersurface S and, more precisely, on its characteristic
set Cg; see Theorems 44 and 45.

For instance, let S C G be a C2-smooth hypersurface with bounded horizontal
mean curvature €. Then, we shall prove that for every x € § there exists Ry <
disty (x, dS) (which explicitly depends on Cg) such that

1 1
D p
(/ IWI”O}’{_I) SCPR(/ IgradHSw|pa}’1_1) , pEl, 4o,
SR SR

for all ¥ € CO1 (Sg) and all R < Ry, where Sg := S5 N By(x, R).

These results are obtained by means of elementary “linear” estimates starting
from the horizontal integration by parts formula, together with a simple analysis of
the role played by the characteristic set. Finally, in Section 6.1 we will prove the
validity of a Caccioppoli-type inequality for weak solutions of the operator £ps.

1.1. Carnot groups. A k-step Carnot group (G,«) is a finite-dimensional con-
nected, simply connected, nilpotent and stratified Lie group with respect to a poly-
nomial group law e . The Lie algebra g =~ R” fulfills the conditions g = H; ®- - -® Hy,
[Hi,Hi—1]=H; foralli =2,...,k+1, Hy4; = {0}, where [ -, -] denotes the Lie
bracket and each H; is a vector subspace of g. In particular, we denote by 0 the
identity of G and assume that g =~ T(G. We also use the notation H := H; and
V:=H, ®--- @ Hg. The subspaces H and V are smooth subbundles of TG called
horizontal and vertical, respectively.

Notation 1. Throughout this paper, we denote by Py, : TG — H; the orthogonal
projection map from 7G onto H; for any i = 1,...,k. In particular, we set
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Py = Pg;. Analogously, we set Py : TG — V to denote the orthogonal projection
map from 7G onto V.

Let ; :=dimH; foranyi = 1,...,k. Setng := 0 and n; := Z§=1 hj for any
i=1,...,k.Note that n; = hy,n, = hy+hy, ..., and ng = n.

Notation 2. Throughout this paper, we set Iy, = {n;—; + 1,...,n;} for any
i=1,...,k. Wealsoset Iv:={hy +1,...,n} and use Greek letters o, 8, y, ...,
for indices in Iy. For the sake of simplicity, we set 4 := h; and I, := Iy, .

The horizontal bundle H is generated by a frame X, := {X,..., X} of left-
invariant vector fields. This frame can be completed to a global graded, left-invariant
frame X :={Xy,..., X} for TG. Note that the standard basis {e; :i = 1,...,n}
of R” can be relabeled to be graded or adapted to the stratification. Any left-

invariant vector field of the frame X is given by X;(x) = Ly4e; (i = 1,...,n),
where L x , denotes the differential of the left-translation L, defined by Ly y:=xey
for all y € G. We also fix a euclidean metric on g = ToG such that {e; :i = 1,...,n}

is an orthonormal basis. This metric g = (-, - ) extends to the whole tangent bundle
by left-translations and makes X an orthonormal left-invariant frame. Therefore
(G, g) is a riemannian manifold.

Let exp : ¢ — G be the exponential map. Hereafter, we will use exponential
coordinates of the first kind; see [Varadarajan 1974, Chapter 2, p. 88].

As for the case of nilpotent Lie groups, the multiplication ¢ of G is uniquely
determined by the “structure” of the Lie algebra g. This is the content of the Baker—
Campbell-Hausdorff formula; see [Corwin and Greenleaf 1990]. More precisely,

exp(X)eexp(Y) =exp(X xY) forall X,Y eg,
where x : g X g — g denotes the Baker—Campbell-Hausdorff product, given by

() X*Y=X+Y+ X Y]+ HX [X.Y]]- 5[Y.[X. Y]]
+ brackets of length > 3.

Using exponential coordinates and (1), the group multiplication e turns out
to be polynomial and explicitly computable; see [Corwin and Greenleaf 1990].
Moreover, 0 = exp(0, ..., 0) and the inverse of x € G (x = exp(xy,...,Xp)) is
x7 ! =exp(—=xi,...,—xpn).

A subriemannian metric g, is a symmetric positive bilinear form on the hori-
zontal bundle H. The CC-distance dcc(x, y) between x, y € G is given by

dec(x,y) = inf/,/gH()'/, y)dt,

where the infimum is taken over all piecewise-smooth horizontal paths y joining x
to y. Later, we shall choose g, := g|y.



176 FRANCESCOPAOLO MONTEFALCONE

Carnot groups are homogeneous groups; that is, they admit a 1-parameter group
of automorphisms é; : G — G (¢ > 0) defined by §;x := exp(zj, i ¢ Xi; € ), where
X = exp(z j.ij Xij e,-j) € G. As already said, the homogeneous dimension of G is
the integer Q := Zle ih; coinciding with the Hausdorff dimension of (G, dcc)
as a metric space; see [Montgomery 2002].

We recall that a continuous distance ¢ : G x G — R4 U {0} is a homogeneous
distance if, and only if,

o(x,y)=o0(zex,zey) forall x, y,z€eG; 0(8;x,8;y)=to(x,y) forallt>0.

The structural constants of g (see [Chavel 1993]) associated with the frame X
are defined by Ci;. = ([Xi, Xj]. X;) for all i, j,r = 1,...,n. They are skew-
symmetric and satisfy Jacobi’s identity. The stratification of the Lie algebra g
implies a fundamental “structural” property of Carnot groups: if X; € H;, X; € Hy,,
then [X;, Xj] € Hj4p,. Note that, if i € Iy, and j € Iy, , then

2) C,-'}’;é0:>me1HS+r.
Equivalently, if Cl.’j # 0, then ord(i) + ord(j) = ord(r), where ord : {1,...,n} —
{1,...,k} is the function defined as ord(/) =i <=1 € Iy,.
Notation 3. Henceforth, we shall set
e Cpp = [Ci(}l-]i,j=1,...,h € Mpxp(R) foralla € Iy, ={h+1,....h+ hy};
o C%:= [Cl.‘;‘.]i,jzlw.’n € Muxn(R) forala e Iy =4{h+1,...,n}.

Remark 4. It is important to observe that (2) immediately implies that the matrices
just defined are the only ones which can be nonzero.

Let us define the left-invariant coframe w :={w; :i = 1,...,n} dual to X i.e.,
w; = X;* forevery i =1,...,n. The left-invariant 1-forms w; fori =1,..., n are
uniquely determined by the condition w; (X;) = (X;, X;) = 81.1 foralli, j=1,...,n,
where 81.] denotes Kronecker delta.

Definition 5. We shall denote by V the unique left-invariant Levi-Civita connection

on G associated with the left-invariant metric g = (-,-). Moreover, if X, Y €
X(H) := C*(G, H), we shall set

VY =P, (VxY).
Let X ={X1,..., Xy} be the global left-invariant frame on 7G. Then
n
() VX =3 3 (C=Cl +Cl)Xe foralli j=1,...m

r=1

see, for instance, [Milnor 1976, Section 5, pp. 310-311]. Furthermore, we stress
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that V¥ is a partial connection, called horizontal H-connection; see [Ge 1992] or
[Koiller et al. 2001]; see also [Montefalcone 2007a] and references therein. Using
Definition 5 together with (3) and (2), it is not difficult to show the following:

o Vs flat; ie.,
VEXj=0 foralli,jely:

o VA ig compatible with the subriemannian metric g,; i.e.,
X(Y,Z)= (VY. Z)+(Y.V¥Z) forall X,Y,Z € X(H);
e V# is torsion-free; i.e.,
VY —=VEX —P,[X,Y]=0 forall X,Y € X(H).

Definition 6. If € C°°(G) we define the horizontal gradient of v as the unique
horizontal vector field grady ¥ such that (grady, ¥, X') = dy(X) = X for every
X € X(H). The horizontal divergence of X € X(H), divy X, is defined, at each
point x € G, by

divy X(x) := Trace(Y — V?X)(x) (Y € Hy).

Forany Y =3 ;¢ 1, YiXj € X(H), we denote by $,Y the horizontal Jacobian
matrix of Y i.e.,

}HY = [Xi(yj)]j,ielh,'

Example 7 (Heisenberg group H” (n > 1)). The Lie algebra b, = R?"*! of the
n-th Heisenberg group H” can be described by means of a left-invariant frame Z :=
{X1,Y1,....Xi,Yi,..., Xu, Yy, T}, where, at each p = exp(xy, ¥1,X2, ¥2,-- -,
Xn, Yn,t) € H", we have set X;(p) := 9/0x; —§y,~a/at, Yi(p):=09/0y; + éx,-a/az
foreveryi =1,...,n; T(p):=09/0t. One has [X;, Y;]=T foreveryi =1,...,n,
and all other commutators vanish, so that T is the center of b, and b, turns out to
be a nilpotent and stratified Lie algebra of step 2; i.e., h,, = H & H,. The structural
constants of b, are described by the skew-symmetric (2x# x 2n)-matrix

01 - 00
-1 0 - 00
cArtl = N
00 - 01
00 - —-120

1.2. Hypersurfaces. The (riemannian) left-invariant volume form of any Carnot
group G is defined as ot := A\j_; w; € \"(T*G). By integration of the n-form o,
one obtains the Haar measure of G, which equals the push-forward of the n-
dimensional Lebesgue measure £" on g = R". The symbols %, 95, will denote
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the intrinsic CC s-dimensional Hausdorff measure and the euclidean s-dimensional
Hausdorff measure, respectively. (Sometimes we will use the notation off = Vol").
Let S C G be a hypersurface (i.e., a codimension 1 submanifold of G) of class C*
(i = 1). Let v denote the (riemannian) unit normal vector along S. Then x € S is a
characteristic point if and only if dim Hy = dim(Hy N T S). The characteristic
set of S is given by Cg :={x € § : dim Hy = dim(Hyx N T« S)}. In other words, a
point x € S is noncharacteristic (hereafter abbreviated as NC) if and only if H is
transversal to S at x. Hence, one has Cg :={x € S : |®,v(x)| = 0}, where P,
denotes orthogonal projection onto H. It is of fundamental importance that the
(Q — 1)-dimensional CC Hausdorff measure of the characteristic set Cg vanishes;
ie., %gc_ 1(CS) = 0; see, for instance, Theorem 6.6.2 in [Magnani 2002]. We
also stress that if S is a hypersurface of class C?2, then precise estimates of the
riemannian Hausdorff dimension of Cg can be found in [Balogh et al. 2010]; see
also [Balogh 2003] for the case of the Heisenberg group H" (n > 1).

The (7 — 1)-dimensional riemannian measure along S is defined by integration
of the (n — 1)-differential form 01’31_1 L S := (vlog)|s, where _| denotes the
“contraction” operator on differential forms; see [Federer 1969]. We recall that
_: /\k (T*G) — /\k_1 (T*G) is defined, for X e TG and @ € /\k (T*G), by setting
XJdao)yXY1,.... Y1) i=a(X, Y1, ..., Yi—1).

At each NC point x € S\ Cg the unit H-normal is defined as

Pv
Vg ‘= H .
|@HV|

Similarly to the riemannian case, we define an (n — 1)-differential form 0'}11_1 €
N'"H(T*S) by setting

oS = (g Jol)]s.

By integration of 01’21_1 L S, one gets a left-invariant and (Q — 1)-homogeneous
measure, which is called H-perimeter measure. This measure can be extended to
the whole of S by setting 0}’{_1 L Cg = 0. Note that 01’21_1 LS=|P,vof LS.
Furthermore, denoting by H’CQC_ ! the (Q — 1)-dimensional spherical intrinsic CC
Hausdorff measure (i.e., associated with the CC-distance dcc), then

oIS N B) = k(vy) &' L(SNB) forall B € Bor(G),

where the density-function k (vg), called metric factor, explicitly depends on vy
and dcc; see [Magnani 2002].

At each NC point x € S\ Cg, the horizontal tangent bundle HS := HNTS C TS
and the horizontal normal bundle vyS C H split the horizontal bundle H into
an orthogonal direct sum; i.e., H = vy @ HS. The stratification of g induces a
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stratification of 7S := EBf.‘le,-S , where we have set HS := H;S'; see [Gromov

1996]. Note that at any characteristic point x € Cg one has Hy, = Hy .S, so that

ifx e S\Cg,

. h—1
dlm(H"S):{ ho ifxeCs

Notation 8. Throughout this paper, we denote by Pys : TS — HS the orthogonal

projection map from 7S onto HS.

Now let S C G be a hypersurface of class C2 and let V'S denote the induced
connection on S from V. The tangential connection V’® induces a partial connection
on HS defined by

VY :=Pug(VPY) forall X, Y € X' (HS) := C'(S,HS).
It turns out that
V?SY = V?Y — (V;IY, vH) vy forevery X,Y € f{l(HS);
see [Montefalcone 2007a].

Definition 9 (see [Montefalcone 2007a]). We call HS-gradient of ¢ € C 1(S) the
unique horizontal tangent vector field gradgqy such that

(gradygy, X) = dy(X) = Xy forall X € X' (HS).
We denote by divys the HS-divergence; i.e., if X € x! (HS) and x € S, then
divys X(x) := Trace(Y — V?SX)(x) (Y € H:S).
The HS-Laplacian Ays is the second-order differential operator defined as
Apsy := divys(gradygy) for every ¢ € c2(S).
The horizontal second fundamental form of S \ Cg is the map given by
By(X.Y):=(V{Y,vy) forall X,Y € X' (HS).
The horizontal mean curvature ¥, is the trace of By;;i.e., # :=Tr By =—divy vy.

It is worth observing that the HS-connection admits, in general, a nonzero torsion
because By, is not symmetric; see [Montefalcone 2007a].

Definition 10. Let U C S be an open set. We shall denote by C,’;S(Gu) i=12)
the space of functions whose HS-derivatives up to i-th order are continuous on U.

We stress that the previous definitions concerning the horizontal second fundamen-
tal form By (-, -) and the HS-connection can also be reformulated by using the func-
tion space CI"{S(OIL) (i =1, 2) and, more precisely, by replacing X! (HS) = C (S, HS)
with X},g(HS) := Cig(S., HS).
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Let S C G be a hypersurface of class C* (i > 1) and let v be the outward-pointing
unit normal vector field along .S. We need to define some important geometric
objects. To this end, we first note that v = P, v + Pyv. By using the left-invariant
frame X = {X1,..., Xy}, we see that Pyv = Zaelv va Xy, where vy := (v, Xy);
see Notation 2.

Notation 11. Hereafter we shall set

N e Va .
Wy - ] forall o € Iy;

° W= Zae]v o X

* Cyi= Zaelﬁz wa Cpys
see, for instance, Notation 3 and Remark 4.
1.3. Other tools. Let S C G be a hypersurface of class C? (i > 1). Let S be
an (n — 2)-dimensional submanifold of S of class C!, oriented by the outward
pointing unit normal vector n € TS N Nor(3dS). We shall denote by 012 the
riemannian measure on S i.e., of 2L 3S = (7 02~ 1)|5s. In particular, note
that (X _ al’il_l)|as = (X, n)|Pyv| 01’3’_2 L 48 forevery X e X1(TS):=C (S, TS).
The unit HS-normal along 9S is given by ngs := Pysn/|Pusn|. In this way, we

can define a homogeneous (7 — 2)-dimensional measure 0?1_2 € /\n_2 (T*0S) by
setting 01’21_2 L dS := (nys UZ{_I)DS- It follows that

oIl 3S = |Pyv||[Pusn| op 2L 0S

and that (X _| 01'21_1)|3S = (X, nys) 0}111_2|— S for all X € X! (HS) := C'(S, HS).
Now let v A € A%(TS) be a unit 2-vector orienting S, where v € Nor(S) and
n € TS N Nor(9S). Then, the characteristic set of S is defined as

Cys :={p€dS:|Py(vAn)]| =0},

where the orthogonal projection operator %, is extended to 2-vectors in the standard
way.

Proposition 12. Let S C G be a compact hypersurface of class C' and let ¢ €
CI;S(S ). Then

4 /S lgradysd(v)] ol (x) = /R o126 5N S} ds.

Proof. This formula follows from the riemannian coarea formula; see [Burago and
Zalgaller 1988], [Chavel 2001] or [Montefalcone 2009]. We have

/ $ () |gradzs ()| 02~ (x) = / ds / b o2 (y)
S R o~ 1[sINS
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for every ¢ € L'(S, o*,’g_l); see [Burago and Zalgaller 1988; Chavel 2001]. Choos-
ing

b = |gradHS§0||gp |
lgradzg |
yields
|grad s ¢| - -
/ dleradpgpl ot = [ 1RO g ol [P v ot = / lgradg] 0!
s s |gradzgo| —_—  Js

n—1

The (riemannian) unit normal 1 along ¢~ ![s] is given by n = grad;g¢/|grad s ¢|.
Hence |Pysn| = |gradyg¢|/|gradrg¢| and it turns out that

d
/ds/ 60 ol /ds/ leradysl g ) on-2
R o 1[sINS o—1[s)ns |gradzge|
/ ds / 249112,
o~ 1[sINnS
_g'H

=/ds/ O';I . O
R o~ 1[sINS

Below, we recall a basic integration by parts formula for horizontal vector fields;
see [Montefalcone 2007a].

Definition 13. Let &y : X! ps(HS) — C(S) be the first-order differential operator
given by

DpsX = divys X + (Cyvp, X)  forall X € X};5(HS) (:= Cpig(S, HS)).
Furthermore, let £ys : C fIS(S ) — C(S) be the second-order differential operator
given by

Lhs@ = Apse + (Cyvu, gradyge) forall ¢ € CéS(S);
see Definition 9 and Notation 11.

The horizontal matrix Cy; is a key object, related to the skew-symmetric part
of the horizontal second fundamental form B,,. Note that Dys(¢pX) = ¢DpsX +
(gradyge, X) for every X € % ¢(HS) and every ¢ € CA,S(S) Moreover, one has
Lrse = Dus(gradye) for every ¢ € C les(S ). These definitions are motivated by
Theorem 3.17, Corollary 3.18 and Corollary 3.19 in [Montefalcone 2007a].

Theorem 14 (see [Montefalcone 2007a]). Let S be a compact NC hypersurface of
class C? with boundary 3S of class C'. Then

(5) / @HSXG;;—I:—/ Yo (X, vm) o1+ / (X, nus)oly ® for all X eX'(H).
S S a5
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Remark 15. We note that, in general, ¥, ¢ LIIOC(S ; o,’g_l); see [Danielli et al.

2012]. However, it is always true that ¥, € L]

loc(S;(rl’él_l); see, for instance,
[Montefalcone 2012].

Remark 16. Let S C G be a hypersurface of class C? and v the outward-pointing
unit normal vector along S. For any X € X(G) let us set X+ := (X, v)v and
X T := X — X to denote the riemannian normal and tangential components of X'
at any point of S. We would like to stress that formula (5) can be seen as a
particular case of a general integral formula, the so-called first variation formula of
the H-perimeter. More precisely, the first variation formula is given by

(6) IS(X,G;,—I):/S(—%H(Xl,u)+divTS(XT|@Hv|—(X{v)u;))o,’;—l,

where Ig(X, al’él_l) denotes the first derivative of the H-perimeter under a smooth
variation of S with initial velocity X; see [Montefalcone 2012, Theorem 4.6].
Formula (6) also holds if Cg # @, but in this case we need to assume €, €
LlloC (S; ag_l). We observe that, in the case of the first Heisenberg group H!, this
formula coincides with that of Ritoré and Rosales [2008, Lemma 4.3, p. 14]. Note
that, if X = X}, € X(H), then

Xpgp|Ppv| — (X, v)vgy
= (XH — Py (X, VH>V)|@HV| —|Pyv[(Xy, l)>(VH - |97)HV|V)
= (XH —(Xy, V)‘)H)|QPHV| = Pus(Xy) |Pyvl,

where we have used the fact that v = [P, v|vg + )¢ 1, Va Xo at each NC point.
Finally, inserting this into (6), we obtain an equivalent form of (5). In particular, for
any X € X(H) the function @y X turns out to be the Lie derivative of the differential
(n — 1)-form 01111_1 L S with respect to the initial velocity X of a smooth variation
of S. Roughly speaking, this can be rephrased by saying that the differential
(n—1)-form (DysX) a;’{_l e A"~1(T*S) is the “infinitesimal” first variation of S.

Formula (5) holds true even if Cg # &, at least under suitable assumptions.

Definition 17. Let X € C'(S \ Cg, HS) and set oy := (X o’ 1)|s. We say
that X is admissible (for the horizontal divergence formula) if the differential
forms ay and day are continuous on all of S, or, more generally, if o, dae € L°°(S)
and 100 € L*°(dS). We say that ¢ € C,_ZIS(S \ Cs) is admissible if gradyg¢ is
admissible for the horizontal divergence formula.

We stress that, if the differential forms oy and doy are continuous on all of S
(or, more generally, if o, da € L®°(S) and 150 € L*°(0S), where 15 : IM — M
is the natural inclusion), then Stokes’ formula holds true; see, for instance, [Taylor
2006]. This fact motivates the following:
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Corollary 18. Let S C G be a compact hypersurface of class C?* with boundary S
of class C. Then:

() [ DusX ot = [36(X. nus) ol for every admissible X € C'(S\Cs., HS).

(i) [g Luspol ' = [ig(gradygd.nus) ol 2 for every admissible ¢ € Cig(S\Cs).
(iii) If 0S = @, then

- /S oFpsp oty = /S |gradsp|* o !

for every ¢ € C leS(S \ Cs) such that ¢* is admissible.

The last formula holds even if 0.5 # &, but for compactly supported functions.
One can show that ¢? is admissible if and only if ¢ € C7o(S\Cs)N WF}S’Z(S, OI’ZI_I),
where we have set WHIS’2 (S, 0}:{—1) ={pe LS, 07{—1) ‘|gradygo| € L2(S, 0}’{_1)}.
We also remark that any vector field X € C!(S, HS) turns out to be admissible.
Analogously, any ¢ € CIE,S(S ) is admissible.

Lemma 19. Let x;; := ZieIH x; Xi be the “horizontal position vector” and let g,
denote its component along the H-normal vy; i.e., gy := (X, vu). In the sequel,
the function g, will be called “horizontal support function” of x. Then, we have:

(i) divy x, = h;
(i) Dus(xps) = (h—1) + gy ¥y + (Cyvn, xus) at each NC point x € S\ Cyg,
where Xps := Xy — &y VH-
Proof. We have divy x;; = Zf;l (Vx,xpy, Xi) = Zl/{j=1 (Xi (xj)+(Vx, Xj. Xi)) =

Zfl =1 51.1 = h, where 81.1 denotes Kronecker’s delta; here we have used $,,(x,) =
Id, and (Vy, X;, X;) = 0 for all i, j € I; see Definition 6 and formula (6).
Furthermore, by definition, one has divys x, = divy x; — (Vy, X, ve). Hence

divys x;; = h — (vg, vy) = h— 1. Furthermore, by definition, we have

h
(7 dives Xus = Y (Ve (¥ — 8vm). Ti),
i=2
where we have used an orthonormal horizontal frame t ; := {7, ..., 75} in an open

neighborhood U C G of S such that 7;(x) = vgy(x) at any x € S\ Cg; see, for
instance, Definition 3.4 in [Montefalcone 2007a]. Starting from (7), we compute

h
diVHs XHS = Z((‘L’,‘, ‘L’i) —gH(ngH, T; )) = (h— 1)—gH diVH Vg = (h— 1) +gH%H
i=2
for every x € S\ Cg. The thesis easily follows from the definition of %ys. O

A simple consequence of Corollary 18 and Lemma 19 is given by the following:
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Corollary 20 (Minkowski-type formula). Let S C G be a compact hypersurface of
class C?. Let Xy = ZieIH X; X; be the horizontal position vector. Furthermore, set
gy = (X, vu) and xys = x — gy vy for every x € S\ Cg. Then

/S((h — 1)+ g%y + (Cyv. xus)) oy ' = 0.

Proof. 1t is enough to apply Corollary 18 to the horizontal tangent vector field xgs €
C!(S\ Cg, HS). Using Remark 15 and Lemma 19 the thesis easily follows. [

Definition 21 (eigenvalue problems for £ys). Let S C G be a compact hypersurface
of class C? without boundary. Then we look for solutions of class C I_ZIS(S \Cs)N
W1}§2(S , 0’}1—1) to the problem

~Lusy = AY;
[svolt=o0.

If S # @, we look for solutions of class CI_ZIS(S \Cg)N W,;gz(S, 0;’{_1) to the
problems

(P1) {

_ e ~Lusy = AY;
Py) { Tusy =20y ) gy
Vlps =0; i 0.
NHs 108

We explicitly remark that dvy/dnys = (gradyg V. nus).

The problems (P;), (P,) and (P3) generalize to our context the classical closed,
Dirichlet and Neumann eigenvalue problems for the Laplace-Beltrami operator on
riemannian manifolds; see [Chavel 1984; 1993].

Finally, we recall a recent general result about the size of horizontal tangencies
to noninvolutive distributions, which applies to our Carnot setting; see Theorem 4.5
in [Balogh et al. 2010].

Theorem 22 (generalized Derridj’s theorem). Let G be a k-step Carnot group.

() If S C G is a hypersurface of class C?, the euclidean-Hausdorff dimension of
the characteristic set Cg of S satisfies dimg, g, (Cn) <n—2.

(i) If V = H C TG satisfies dimV > 2 and N C G is an (n — 2)-dimensional
submanifold of class C?, then the euclidean-Hausdorff dimension of the char-
acteristic set Cy of N satisfies dimg,.ga,(Cn) <n—3.

Remark 23. Let N C G be an (1 — 2)-dimensional submanifold of class C2. This
smoothness condition is sharp; see [Balogh et al. 2010]. Moreover, we stress
that dimV = 1 just for Heisenberg groups and 2-step Carnot groups having 1-
dimensional center. For Heisenberg groups H", n > 1, using Frobenius’ theorem
yields dimgy gau(Cn) < 1, where n = %dim H; see also [Balogh et al. 2010]. On
the contrary, 1-dimensional curves in H! can be horizontal or transversal to H. For
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2-step groups having 1-dimensional center (or, equivalently, horizontal bundle H of
codimension 1) a simple analysis shows that dimgy pa(Cy) = 7 — 2 if, and only if,
G reduces to the direct product of H' and of a euclidean space RA-2,

2. Isoperimetric constants and the first eigenvalue of £yg
on compact hypersurfaces

As a consequence of the coarea formula (4) we may generalize to the Carnot groups
setting some results about isoperimetric constants and global Poincaré inequalities
for which we refer the reader to [Chavel 1984; 1993]; see also [Cheeger 1970; Yau
1975].

Let S C G be a compact hypersurface of class C? with (or without) boundary.
Similarly as in the riemannian setting (see [Cheeger 1970; Yau 1975]), we may
give the following:

Definition 24. The isoperimetric constant Isop(S) of S is defined as follows:
e If 0S5 = &, we set
o5 (V)
min{GI’ZI_l(Sl), OI’ZI_I (Sz)} ’
where the infimum is taken over all C2-smooth (1 — 2)-dimensional subman-

ifolds N of S which divide S into two hypersurfaces S;, S with common
boundary N = 957 = 9S5.

o If 0S # @, we set

Isop(S) :=inf

o2 (N)
om1(Sy)

where N C S is a smooth hypersurface of S such that N N1 9dS = & and S

is the unique C2-smooth (n — 2)-dimensional submanifold of S such that
N =0S;.

Here 05, S;, S, and N = 9S; (i = 1, 2) are not assumed to be connected.

Isop(S) := inf

This definition requires some comments. As recalled in the introduction, in the
riemannian setting analogous isoperimetric constants were introduced in [Cheeger
1970], in order to give a geometric lower bound for the smallest eigenvalue of
the Laplace—Beltrami operator on smooth compact riemannian manifolds. This
definition was somewhat motivated by an example of Calabi, the so-called dumbbell
manifold, homeomorphic to S%. Actually, an analysis of this example shows that,
in order to bound A from below, the diameter and the volume are not enough.

We also have to recall that these isoperimetric constants turn out to be strictly
positive. Although this claim turns out to be (more or less) elementary in dimension
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n = 2, it becomes a bit more difficult when n > 2; see [Cheeger 1970]. Some
years after Cheeger’s result, Yau [1975] reconsidered the isoperimetric constants
and demonstrated that A has a bound in terms of volume, diameter and (of a lower
bound of the) Ricci curvature. See the survey [Li 1982] for a glimpse on this topic.

Below we shall generalize some of the results of [Yau 1975]. Our results will
follow the original scheme, which is based mainly on a suitable use of the coarea
formula for smooth functions. Note also that, instead of C°°-smooth hypersurfaces,
here we are considering hypersurfaces of class C2. We have to observe that all the
results could also be stated for C! hypersurfaces. But the delicate matter here is
that in our setting, new difficulties come from the presence of characteristic points
and, in the C! case, it is not simple to prove that isoperimetric constants are strictly
positive. Actually, the following further hypothesis seems to be unavoidable in
order to have nonzero isoperimetric constants:

(H) Every C2-smooth (n — 2)-dimensional submanifold N C S satisfies
dimCy <n—2.

This assumption can be overcome by using the generalized Derridj’s theorem,
(Theorem 22); see also Remark 23. As a consequence, the results of this section
are “meaningful” (in the sense that the isoperimetric constants do not vanish) at
least for any Carnot group G such that dim V > 2 and for all Heisenberg groups
H"*, with n > 1.

Theorem 25. Let S C G be a compact hypersurface of class C2.
(1) If dS = @, then

Js lgradys vl of !
Jsvlog!
where the infimum is taken over all C*-smooth functions on S such that
[svolit=o.

(1) If S # O, then

Isop(S) = inf

[s |grastW|0"11{_1

Jslvlog!

where the infimum is taken over all C*-smooth functions on S such that
Vlys =0.

Warning 26. The definition of Isop(.S) can be weakened. For instance, part (i)
of Definition 24 can be given by assuming S of class C! and then by taking the
infimum over all (n — 2)-dimensional submanifolds N of S of class C! which
divide S into two hypersurfaces Sy, S, with common boundary N = 95, = 4S55.

Isop(S) = inf
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In this case, Theorem 25(i) holds, without modifications, by taking the infimum
over Cés—smooth functions. If S # @ an analogous claim holds, for the other
isoperimetric constant. Furthermore, equivalent remarks can be given for all the
results of this section. Nevertheless, as already said, this weaker formulation seems
to be less meaningful because of the presence of characteristic points.

Warning 27. Throughout this section, we shall fix a homogeneous distance o on G
of class C'! outside the diagonal of G.

Proof of Theorem 25. The proof repeats almost verbatim the arguments of Theorem 1
in [Yau 1975]. We just prove the theorem for S = @ since the other case is
analogous. First, let us prove the inequality

s lgradys | o
Js ¥l 01'31_1
where ¥ € C2%(S) and f sV 0}’{_1 = 0. To prove this inequality let us consider the

auxiliary functions ¥ 7 = max{0, ¥}, ¥~ = max{0, —}. By applying the coarea
formula (4) and the definition of Isop(S) we get that

Isop(S) <inf

400
[ lemdysy ot = [t re sy =drz1sop(s) [ Flog
S 0 S
Now we shall prove the reversed inequality. So let us assume that 0?1_1 (Sp) =
0;’{_1 (S>) and let € > 0. By making use of the fixed homogeneous distance ¢ on G,
we now define a function ¢ : S — R by setting

o, N)
®) Ve(X)|s, = { c if o(x,N) <e,
1 ifQ(x,N)>e,

Ve(¥)ls, = {_aM if o(x, N) <e,

> —a if o(x, N) > e,

where the constant o depends on € and is chosen in a way that || s Ve al’ZI_l =0.
Obviously

lim o = w
>0 op ' (S2)
Since
n—1 _ 14+«

/|gradHSWe|0H = / |grastQ(x»N)|U;I_l
S € Ne:={xeS:0(x,N) <€}

1 €
= +a/ o2 {x € Ne:o(x, N) =t} dt,
€ 0
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one gets

lim/ |lgradys Vel o ' = (1 + ) o 2(N).
e—>0/)9

Moreover limg_, ¢ fS A O';I =0y 1(S)) +a oy ~1(S5). Putting it all together
we get

inf fs |gradH51//|a f lim fs |grad1-151ﬁe|0;]_l < U?{_I(N)‘
v [glvloy =0 [o|velof! o2 (Sy)

If we take the infimum over N and S, the inequality follows. O

Corollary 28. Let Ay be the first nonzero eigenvalue of either the closed eigenvalue
problem or the Dirichlet eigenvalue problem (see Definition 21). Then we have

1 > g(Isop(S))*.

Proof. We just prove the first claim, as the second claim is similar. Let ¢ be an
eigenfunction of $yg corresponding to A;. Then

fsW&gHSWUn ! fs|gradHSW| n ! fslgrastWIZ /|W|2

fs|w|2 H fs|w|2 (fS|1ﬁ|2 n- 1
_ Us Wlleradysylof)® 1 (fs |grastw2|o;;—1)2 N (Isop(S))2
Uswlogr)® % (sv2op)’ !

where we have used Theorem 25 together with the Cauchy—Schwarz inequality. [

We now extend, to Carnot groups, another isoperimetric constant and some
related facts which, in the riemannian case, were studied in [Yau 1975].

Definition 29. The isoperimetric constant Isopy(S) of any C2-smooth compact
hypersurface S C G with boundary 95 is given by

_2(8S1 Nas,) }
min{oH LS, oy 1(Sz)}

where the infimum is taken over all decompositions S = S7 U S, such that
O';l{_l(Sl N Sz) =0.

Isopy(S) := inf{

Theorem 30. Let S C G be a compact hypersurface of class C? with boundary.
Then

[s lgradygy| oy ! }
infgeg [ |V —Blol!

where the infimum is taken over all C?-functions defined on S.

Isopy(S) = inf{
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Proof. The proof is analogous to that of Theorem 6 in [Yau 1975]. First, let us
prove the inequality

Js lgradps | o !
Jslwlog!

To this end, let us define the functions ¥+ :=max{0, v —k}, ¥~ := — min{0, ¥ —k},
where k € R is any constant such that

Isop(S) <inf

HlHxe Syt >0 <iof1(S). ol 'xeS:y™ >0} <ol (5.

By using again the coarea formula (4) together with the definition of Isopy(S) we
get that

+o00
[ tedus o = [ opxe s yE =i z1s0(s) [ v o

We prove the other inequality. Assuming 01’21_1 (Sp) < 01'21_1 (S;) and € > 0, we
define the function
o(x,051NdS>)

(9) lﬂe(x)|515=1v WG(X)LS'Z:: €
0 if o(x, d51N3S3))>e€.

if o(x,051N0S5))<e,

Furthermore, one can find a constant k (¢) satisfying

[ Wwe=k@logt = int [ 1ve—plog;
S BeR J s
and such that k(¢) — 0 for ¢ — 0", Hence

{ Js lgradys el o }< o-2(3S) N 3S,)
infger [ [Ve—Blof ') ~ min{of (1), 071 (S2)}

Corollary 31. Let S C G be a compact hypersurface of class C*. Then

4
(10) / —kzan_lf—/ rad,v|? 0% !
sV = Gapasye J e e

for every ¥ € C2(S) and every k € R such that

lim

e—>0

ol HxeS:y =kt =101(S)., ofxeS:y <k}=1ak(S).

Furthermore, if y € C*(S) and fS voy 1 =0, then

2 2
(n ot = gt [ erdus o
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Proof. One has | s YT -y) GI’ZI_I = 0, where the functions ¥ are defined as in
the proof of Theorem 30. Moreover, by using once more coarea formula, we get

/Slw—klza}?lz/ |w++w—|za';;15/ |w+|zo';;‘+/ 2ot

ISOpO(S) (/ |gradys (v )2 |0 +/ |gradys (V)2 ol 1)

+ — n—1
<o L+ lerady o

+ -
= m ™+ ”LZ(S;a"H—l) ||grastW||L2(S;gnH—l)
This proves (10). In order to prove (11) we note that the hypothesis |, sV 01’21_1 =0
actually implies that

/Swzaﬁf‘ - Igg&/s(w—k)zaﬁ,—%

which, together with (10), implies the thesis of the theorem. O

3. Two upper bounds on A ;

Below we shall extend two (nowadays classical) inequalities obtained, respectively,
by Chavel and Reilly in the euclidean/riemannian setting. An important feature of
these results is that they give explicit upper bounds for the first nontrivial eigenvalue
(of the Laplacian) of a compact submanifold of R”. For further details we refer to
[Chavel 1978] and [Reilly 1977]; see also [Heintze 1988]. To begin with, let 2 £ G
be a bounded domain and assume that S := 92 is a connected hypersurface of
class C2, with orientation given by the outward normal vector v. Moreover, let Xp
be the horizontal position vector field and let us apply the usual divergence formula.
We also set o = Vol”. We have

hVol”(SZ)=/QdiVHxHUI'§=/aQ(xH, vyop! =/S(xH,vH) ot

where we have used Lemma 19(i). Furthermore, we may further assume that
the “center of mass” of d2 (with respect to the H-perimeter) is placed at the
identity 0 € G. In other words, let us assume that [ x; 0% ! = 0 for every
i€l,={l,...,h}, where x,;; = (x1,...,X;,...,Xp) is the horizontal position
vector; see Lemma 19.

The last assumption is justified by the following:

Lemma 32. Let S C G be a compact hypersurface of class C* (i > 1). We can
always choose a system of exponential coordinates x = exp(xy, ..., X,) on G such
that [¢ x; o1 (x) =0 foreveryi € Iy ={1,...,h}.
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Proof. Let
x; o (x
= % foralli € I, ={1,...,h}
Oqg (S)
anday =(ay,...,ai,...,ap). Seta:=exp(ay, Oy), where the symbol Oy denotes

the origin of V C g. Consider the change of variables y := ®(x) =a~ ' s x (x € G).

Equivalently, we have ®(x) = L,—1(x), where L, is the left-translation by

a~! = —a; see Section 1.1. The usual change of variables formula together with

standard properties of the pull-back imply the following chain of equalities:

(12) / f(y)U?fl(y)=/ S(@(x)) Fac(®)(x) o' (x)
D(S) S
= [[@*(roit) = [ro@et o)
S S

for every smooth function f : S — R; see, for instance, [Lee 2003, Lemma 9.11,
p. 214]. Using the left-invariance of the H-perimeter yields $ac(®) = 1, or equiv-
alently, @*o}’{_l = 021_1. Now, let us assume that f(y) := y; for any i € I,.
Equivalently, let f be the i-th exponential coordinate of the variable y € G. Note
also that (f o ®)(x) = ®;(x) = —a; + x; for any i € I,;. Actually, this follows
from the fact that the group law e acts linearly on the horizontal layer; see (1). Then,
using (12) yields

/ y,oHl(y) /( a; +xi) oy “l1(x)=0 foralli € Iy,
D(S)

which achieves the proof. O

We therefore get that

hVol™(Q)= /xH,UH /|xH|oH1<,/a;,1(s /|xH|2

n—1 2 _n—1 U?Jl(S) 2 n—1
=,/ 1(S) /Zx,. o< /Z|gradﬂsxz~| OH
SieIH iely

where the last identity follows from Lord Rayleigh’s characterization of the first
nontrivial eigenvalue A of the operator £ys on S. Now a direct computation gives
the pointwise identity ) ;. I, |gradygx;|*> = h — 1. Hence, putting it all together,
we have shown the following:

Theorem 33. Let Q S G be a bounded domain with C? boundary S = dD. Let A
be the first (nontrivial) eigenvalue of the operator £ys on S. Then

Yol'(Q) _ h—1
Vi s S
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We now discuss another geometric inequality, which looks very similar to the
last one. More precisely, let S be a C?-smooth compact hypersurface without
boundary. So let us make use of Rayleigh’s principle:

M/SszaZFI S/Slgradﬂswlsz}’fl

for any function ¢ € C%(S \ Cs) N WI’ZHS(S,U}’{_l) satisfying [ (pal’él_l =0.
Again, we assume that the center of mass of S = 92 is placed at 0 € G so that
| s Xi 01’51_1 = 0 for every i € I};. Hence, similarly as above, we get that

AI/SMHPU =1 Z/ ”‘<MZ/ |gradys i ol = (h=1) o \(S).

iely iely

At this point, we reformulate Corollary 20 as follows:

[ =1+ (G + G 3 7 =0

From this identity and the Cauchy—Schwarz inequality, we easily get that

(h=1of ' (S) = \/ /S |xH|202f1J / |36+ Cyvn|* o
\// ey |2 0% ¢/ %2, + |Cyonl?) ol

(h—1)olr 1(S) )
52, + |Cvnl?) /|XH| o

Therefore

and hence
(h—=1) o7 (S ))
j&(%7'+|CﬁVH|)

which proves the following:

= (=)0l (S).

Theorem 34. Let Q@ S G be a bounded domain with C? boundary S = 0D and v
the outward-pointing unit normal vector along S. Let A1 be the first eigenvalue of
the operator Lys on S. The following upper bound for A1 holds:

_ Js (G +1Cvul?) ot 5 (3G +|Cyvnl?) o
(h=1) o' (S) h-1
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4. Horizontal linear isoperimetric inequalities

Let S C G be a compact hypersurface of class C? with (or without) boundary.
Let xj be the horizontal position vector of S and set xps := x5 — gy vy Where
gy = (xp, vy) is the horizontal support function of §'; see Lemma 19. We recall
that

(13) /S((h — 1)+ gu¥y + (Cyvr. xus)) oy ' = /BS(XH’ Nis) O

see Corollary 20. Note that, if S = &, then the boundary integral vanishes. From
this we easily get that
(14)

(h—l)ff;]_l (S) f/s(|gH| |# |+ (Cyvm, XHS)|)U’111_1+/8S|(XH» 77HS)|07*-I_2-

Remark 35 (assumptions on g). Let o(x) = 0(0, x) = ||x||, be a homogeneous
norm on G and let o(x, y) = ||y~ ! e x||, be the associated (homogeneous) distance
on G. In this section we assume the following:

(i) o is piecewise C! outside the diagonal of G;

(ii) |gradyo| <1 at each regular point of g;
(iii) |x4| <o(x,0) forall x € G.
Example 36. On the Heisenberg group H”, the CC-distance dcc satisfies these
assumptions. Another example is the distance associated with the Koranyi norm
defined by || x|l := 0(x) = y/|xy|* 4+ 162 for x = exp(x, ¢) € H". This norm is
homogeneous and C *°-smooth out of 0 € H" and satisfies conditions (ii) and (iii).

This example can easily be generalized to any Carnot group having step 2 and
satisfying CI"]‘,ng =—1p; 85 , (a, B € In,). Actually, in this case, one can show

that the homogeneous norm | - ||o, defined by || x| := v/|xy|* + 16]x,|? for all
X = exp(xy, Xg,) satisfies all the conditions in Remark 35.

Let R be the radius of the g-ball B, (0, R), centered at the identity 0 of the
group G and circumscribed about S. It is important to remark that, because of the
left-invariance of the H-perimeter, we may replace 0 with any x € G. Below, we
shall estimate (by the Cauchy—Schwarz inequality) the right-hand side of (14). To
this aim, note that g,; < |x,| < || x||o. So we have

(15) (h—l)a’}f_l(S)ER(A(|%H|+ICHVH|)0%_I +a’;;2(aS)),

which is a linear inequality. Obviously, if S is H-minimal, i.e., %, = 0, we have

(16) (h—1)ol1(S) < R(/ |Cyvm ol ! +a§;2(aS)).
S
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Furthermore, if Y, := max{%,,(x)|x € S}, one gets

(17) o;;l(S)((h—l)—R%g)sR(/ |chH|a;';‘+a;,—2(aS)).
S

Equivalently, we have

_ n—1
(18) R> G=Doy (S_)l o
W0om=1(S) + (f5 |Cyvnl ol + 0172 (0S))

and, by assuming R%,O{ < h—1, we also get

R([s 1Cyvul ot +0772(3S))
(h—1)— R

(19) o1(S) <

Here, we just remark that there are no closed compact H-minimal hypersurfaces
immersed in Carnot groups. This fact can be proved by using the first variation
formula of the H-perimeter; see [Montefalcone 2012]. The previous formulae have
been proved for hypersurfaces with boundary, but they hold even if .S = @. More
precisely:

Proposition 37. Let S C G be a compact hypersurface of class C? without bound-
ary. Let R be the radius of the o-ball By(0, R), centered at the identity 0 of the
group G and circumscribed about S. Then

0) (=D () = R [ (18] + | Cornl) "
Yheneis)
S ol () + s [Cyual o
RfS |CH\)H|01’£I_1
(h—1)— R%*Y,

2D

(22) o 1(S) <

4.1. Application: a weak monotonicity formula. In the sequel, we shall set S; =
S N By(x,t). The “natural” monotonicity formula which can be deduced from the
inequality (15) is contained in:

Proposition 38. The following inequality holds for £'-a.e. t > 0:
(23)
d UZ_I(SI) 1 n—1 n—2
Ty ey (/St(I%HIJrICHvHI)oH + oy (aSmBQ(x,z))).

Proof. Since we are assuming that the homogeneous distance o is smooth (at
least piecewise C'!), by applying the classical Sard’s theorem we get that S; is a
C?-smooth manifold with boundary for $'-a.e. t > 0 (or, equivalently, this claim
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follows by intersecting S with the boundary of a p-ball B,(x, ) centered at x and
of radius ¢). So let us apply formula (13) for the set S;. We have

(h—1) 0% (S1) sr(/

where 7 is the radius of a p-ball centered at x and intersecting S'. Since

(194] + |Cyvl) ol +aﬁ;2<ast)),
8S; = {85 N By(x.1)} U {3By(x,1) N S},

we get

(24) (h—l)a;;l(s,)gz(/ (19| + |Cyvnl) ot + o72(0S N By(x, 1))

t

=:RB(1)

=:4(2)
+ 0% 2(0Bg(x, 1) N S)) :

Now let us consider the function /() := ||y ~! e x||, for all y € S. By hypothesis,

¥ is a C!-smooth function — at least piecewise — satisfying |grad, ¥| < 1; see
Remark 35. So we may apply the coarea formula to this function. Since |grad¢ | <
|grad,; |, we easily get that

1
ot () — ot (Sy) = / |grady | oy ! = / ol 2y s]N S} ds
t

Si \S:
151
= /t o2 (0Bo(x,5) N S) ds.

From the last inequality we infer that

d
Eff?fl (S¢) = o} 2(9Bo(x, 1) N S)

for £'-a.e. t > 0. Hence, from this inequality and (24), we obtain

(h—1) o;’{_l (Sy) < t(&ﬁ(l) + B(t) + %UZ_I (St)),

which is an equivalent form of (23). O

We have to notice however that, in order to prove an “intrinsic” isoperimetric
inequality, the number (4 — 1) in the previous differential inequality is not the
correct one, which is (Q — 1). This fact motivates a further study, made by the
author in [Montefalcone 2009; 2010].
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5. A theorem about nonhorizontal graphs in 2-step Carnot groups

We begin by describing our result in the simpler setting of the first Heisenberg
group H'; see also [Montefalcone 2007b]. For the notation, see Example 7.

Theorem 39 (Heinz’s estimate for T-graphs). Let S = {p = exp(x, y,1) € H! :
t = f(x,p) forall (x,y) € R?} be a T-graph of class C? over the xy-plane. If
|7| = C > 0, then

C ¥E Py (W) < ¥, (P oy (9U))

for every Cl-smooth relatively compact open set U C S. Hence, taking U :=
S N Cy(T), where Cr(T) denotes a vertical cylinder of radius r around the T -axis
T :={p =exp(0,0,t) e H', t € R}, yields, for everyr >0,

2
r=—.
C
It follows that any entire x y-graph of class C? having constant (or just bounded)
horizontal mean curvature J¢;; must be necessarily a H-minimal surface. To see this
fact, it is enough to send r — 4-co. The proof of the previous theorem is elementary.

More precisely, one uses the following identity:

—/%Hwaézf vy do,
a ou

where 0 = T* =dt + M denotes the dual 1-form to the vertical direction 7.
We also have to remark that woé = —d6 = dx A dy. The previous theorem is a
generalization to our context of a classical result obtained in [Heinz 1955]. This
was generalized in [Chern 1965] and then by other authors in a number of different
directions.

Below, we shall restrict ourselves to consider only 2-step Carnot groups.

Definition 40 (nonhorizontal graphs in 2-step Carnot groups). Let G be a 2-step
Carnot group andlet Z =) . 1, Za X € V be a constant vertical vector. In this
case, for the sake of simplicity, we reorder the variables in g as x = (x 71, xz7),
where X7 = (x,Z) eRand x 1 :=x —xzZ € Z+. Then, we say that S C G
is a Z-graph (over the hyperplane Z1) if there exists a function ¥ : Z+ — R such
that S = {p =exp(x 7L,V (xz1)) €G, x,1 € Z1}.

Let us fix a constant vertical vector Z € Vandlet S ={p =exp(xz1, ¥ (xz1)) €
G, X1 € Z1} be a Z-graph of class C? over the Z-+-hyperplane. For the sake
of simplicity and without loss of generality, we may take Z = X, for a fixed index
aely={+1,...,n}.

Now let us define a differential (n — 2)-form on S C G by setting
£ = (vy XoJ op)

2
|s\cq € AXT*S).
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This differential (n — 2)-form £% is well-defined out of Cg and we have to compute
its exterior derivative. Below we will briefly sketch a proof, which can also be
found in [Montefalcone 2007a]; see Claim 3.22.

Lemma 41. At each NC point,

dE%|s\cs = —Hymaoy s\Cs-

Proof. Let us set {j := (Xo | Xj 1 of)|s forany o € Iy and j € I, and compute
dj :=d(Xoq 1 Xj 1og)|s. Let G be a k-step Carnot group. We claim that

n

n
(25) dijls\cs = Z Co’fj(XkJUI'el)lS\cs= Z Cé‘jvkafe'_”sws-
k=a+1 k=a+1

The proof of this claim is just a long, but elementary, calculation. Since we are
assuming that G has step 2, using the properties of the Carnot structural constants
yields Co]fj = 0 whenever j, k € I}; and @ € Iy. Hence d{; = 0 for every j € I};.
By linearity £% = — jel, v},¢;, where v}, = (vy, Xj) for any j € I,;. It follows

easily that d&% = —%Hwao'?]_l, as wished. O

Theorem 42 (Heinz’s estimate for nonhorizontal graphs in 2-step Carnot groups).
Let G be a 2-step Carnot group and let Z € V be a constant vertical vector.
Furthermore, let S be a Z-graph of class C? over the Z*-hyperplane. If | % | >
C >0, then

(26) C i (P 71 (W) < iy > (P 71 (OU))

for every C-smooth relatively compact open set W C S. Hence, taking U =
S N Cy (%), where C, (%) denotes a euclidean cylinder of radius r around the
Z-axis given by % :={p = exp(071,t) € G, t € R}, yields, for everyr >0,

n—1
C

Proof. Without loss of generality, we may assume —9¢,, > C > 0 and take Z = X,
for some fixed index « € Iy. In this case, one has

27) r=<

wa oy s =veop s = (Xo a,’e’)‘s =d¥n Xd‘,

where the last identity follows from our assumption that .S is a Xy -graph. By using
Lemma 41 and Stokes’ formula, we obtain the integral identity

—/ Hywo oy ! =/ vy | Xo | op.
W 2

Furthermore, we have
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u P

Xg @)
/(VHJ d ¥, )‘9}

= [ ) a2 D
Putting it all together, we get CHf5 ! (P y 1 (W) < % ? (P 1 (90)), which proves
(26) when Z = X,. The thesis follows by linearity. Finally, (27) follows from (26)
and the elementary calculation

Xg (0w)

%n—2(aBn—1
gen— I(B -

’

where Bgu_ 1 denotes a euclidean unit ball in Z+ >~ R*~1, O

It follows that an entire Z-graph of class C? over the Z+-hyperplane having
constant (or bounded) horizontal mean curvature ¢, must be necessarily a H-
minimal hypersurface.

6. Local Poincaré-type inequality

By using an elementary technique, somehow analogous to the one used in Section 4,
we will state a local Poincaré-type inequality for smooth compactly supported
functions on NC domains. First we need the following:

Definition 43. Let S C G be a hypersurface of class C2 and let U € S be an open
domain. We say that U is uniformly noncharacteristic (abbreviated UNC) if

Pyv(x
sup |ZU(X)| sup M < +00.
X €N x € |9]’HU(X)|
We stress that
C
(28) ICyvul =Y 0aClivu| < > lwallCHllor < Ent
acly acly H

where C := ), [CffllGr only depends on the structural constants of g. Set

1
2[01% ooy + Cllw || Loy ]

Rou =
From (28), we have |Cyvy| < C maxger, |wa|. Moreover, [p|wy|ol ! =
[z va|of~! < ol~1(B) for every Borel set B C S.

Theorem 44. Let S C G be a hypersurface of class C*. Let A C S be a uniformly
NC open domain. Then, for all x € WU and for all R < min{disty(x, 0U), Ry},
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1
P P
29) (/m |w|1’o}’;1) fch([u |grastw|Pa;z;1), pell,+odl,
R R

for every ¥ € CFIIS(OILR) N Co(UR). More generally, let AU C U be a bounded open
subset of WU with smooth boundary such that diam, (°U) < 2 min{diste(x, 0U), Ray}.
Then

(30) (/~ |w|l’al’ZI—l)”§Cp diamg(@)(ﬁ |gradHS¢|pG;I_1)p’ pell. oo,
u u

for every ¥ € CFIIS(OTL) N Co (OTL)

_ 2D

- 2h-3

Proof. Letus set g := /€2 + 2 (¢ > 0). By applying Theorem 14 with X = y,x,
we get

In this theorem one can take Cp, :

[u e ((h— 1)+ gy + (Coyvar xas) + {eradps Ve, xpg)} 0!
R
= ‘/fe (XH’ nHS) O—}l{_z$
0UR

and so

<h—1)/% wso;,—lsze( / [V (19,1 +|Cpyvaal) + | zrad s Vi ] o+ weo’;ﬁ)

UR 0UR

< R(1% |l ow ) +C 1| Lo ) /Ou Vool
R

+R(/ |gradﬁs%|07q_l+/ st’;l_z)-
UR 0UR

By using Fatou’s lemma and the estimate R < Rq, we get that

(”‘1)/% ] 0!

<(h—1) liminf [ Yeoly!
e—>0t Jopg

lim Yeo '+ R lim (/ |gradyo Ve| o ! +/ Ve 0}11_2).
e—=>01T \ Jag 0UR

e—>0t Ja i

1

=

Obviously, ¥ — || and |gradyg | — |gradyg | as long as & — 0; moreover
|| = 0 along 0UR. Now since, as it is well-known, |gradyg |1/f|} < |gradygv|, we
easily get the claim by Lebesgue’s dominated convergence theorem. So we have

shown that R
ol < rad o1
[ wiest = 555 [ leduslo
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for every € C,;S(ou R) N Co(UpR). Finally, the general case follows by Holder’s
inequality. More precisely, let us use the last inequality with || replaced by [v|?.
This implies

2R
[y ot < ply|P gradys | o !
/OUR H (2h—3) Ug HS H

1
2pR (/ (p-1)q -n—1\? -1\
< [y |24 g / gradysy |7 o)
(2h—3) Ug H Ug HS H

where % + é = 1. This achieves the proof of (29). Finally, (30) can be proved by
repeating the same arguments as above, just by replacing R with diam(U). O

With some extra hypotheses one can show that (29) still holds up to the charac-
teristic set.

Theorem 45. Let S C G be a hypersurface of class C?* with (or without) bound-
ary 0S. We assume that S has bounded horizontal mean curvature ¥, and that
dim Cg < n — 2. Furthermore, let Ue (€ > 0) be a family of open subsets of S with
C' boundaries, such that:

(i) Cs C U for every € > 0;
(i) of 71 (Ue) — 0 fore - 07;
(i) fo, [Pyl o2 — 0 fore —07.

Then, for every x € S and every (small enough) € > 0 there exists Ry := Ro(x, €) <
disty(x, 0S) such that

1 1
p P
G31) (/S |w|1’o;z;1) fch(/S IgradHSWIpo,’lfl), pell,+ool,
R R

holds for every € C&S(SR) N Co(SR) and every R < Ry, where

1
Ry = min{dist (x,0S), }
’ AC(1+ I llLoeisrvue) + 1 lLoo(si)]
Proof. Set Yo := /&2 + %2 (0 < & < 1). We shall prove the theorem for p = 1.
The general case will follow by using Holder’s inequality. Let U (€ > 0) be as
above. Fix €p > 0. For every € < ¢( one has

[ welCynl a3 = 2C 1 lioecag i~ o),

where we have put C := ) | Cif llr. Furthermore (ii) implies that for every

aely
§ > 0 there exists €5 > 0 such that 6/~ (U¢) < § whenever € < €5. Taking
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fSR ws O.n—l

§<-2orRTZ M one gets
2/ ll oo e,

/ er|CHVH| 07{_1 <C Ve O—;]_l
Ue SR

for every € < min{eg, €o}. Moreover, for any € € |0, min{eg, €0}, one has

/ Vel Cyoal o7 < Cllll Lo(s vy / Vet
Sr\Ue
It follows that
/ Vel Cyval o7 < C(1 + [ oecs ) / Vet
SR SR

Since, by hypothesis, the horizontal mean curvature is bounded, we clearly have

—1 —1
Vel 0% <119l oo s, / Vel
SR SR

Applying Theorem 14 with X' = v.x, (and arguing as in the proof of Theorem 44)
yields

(h-1) /S Ve o}';lsze( /S (e (191 +|Cyvaa]) +leradps e o'+ /8 Rz 0}’{2)

<R[C(1+ @l Locs v+l e (s ] /S Yol
R

—i—R(/ |gradHSw8|oﬁl_1+/ Ve 021_2).
SR aSR
Soif R < Ry, one gets

2R
22 st + [ o)
Sk Zh 3 Sk

Veopr
We have . — |¥| and |gradygve| — |gradygy| as long as ¢ — 0 and |[¢| =0
along dSg. Since ‘gradHS |1ﬂ|‘ < |gradyg |, the thesis follows from Fatou’s lemma
and Lebesgue’s dominated convergence theorem. O

6.1. A Caccioppoli-type inequality. Our final result is a generalization of the classi-
cal Caccioppoli inequality (see, for instance, [Ambrosio 1997]) for the operator Ly
on smooth hypersurfaces.

Let S C G be a hypersurface of class C? and set Sg := S N By(x, R) for any
x € G. We are going to consider the functions satisfying, in the distributional sense,

(32) ~%us¢ =y on Sg,

whenever ¥ € L2(Sk, OI’ZI_I).
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So let us take a function ¢ € Cbl{S(SR) NCo(SR) suchthat 0 <¢<1,{=1o0n
Sr/2=SNBy(0,R/2) and |gradys¢| < Co/R. Inserting into the above equation
the function ¢ = (¢ — ¢g), where ¢ € R is a fixed constant, and then integrating
over SR, yields

(33) /g§2|gfast¢|ZU;1_l+2/q ;(gb—gbo)(gradHSZ,grastqﬁ)af’q_l
R R

=211 =212

= | vew—snoy.

=II3

We have

i ~ _
I = 5/5 1$1?|gradpsp|? o ! +2/ | — ol |gradpsp|? o " .
R

SR

=: 14
Moreover 14 < 2C02 /R?||¢ — o L2(Sg)- Now let us estimate the third integral /3:

2(h—
/SR V@ - o) ot = /SR 2(rn ) o
1

<4R2/ ZO.n—l+ / 40 Zo_n—l

- 1 -
suﬂ/imﬁogl+§5/ |6 —ol” of; .
SR SR
Since { = 1 on Sg/,, using the previous estimates yields

2C% +1
| lenadysgPott < S0 [ g goP ot war [ ylopt,
R/2 R Sr SR
We summarize these calculations, as follows:

Theorem 46. Let S C G be a hypersurface of class C?; let ¢o € R and let ¢ be a dis-
tributional solution to the equation —Lys¢ =V on Sg, where Y € L>(Sg. Ul’ﬁl_l).
Then, there exists a positive constant C > 0 such that the following “Caccioppoli-
type” inequality holds:

_ 1 _ _
/ lgradys | 0%t < c(—z/ 16— gol 0! +R2/ v2 ol 1)
Sr/2 R Sr SRr

for every (small enough) R >0, where Sg := S N By(x, R), forany x € S.
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FIXED POINTS OF ENDOMORPHISMS
OF VIRTUALLY FREE GROUPS

PEDRO V. SiLvVA

A fixed point theorem is proved for inverse transducers, which leads to an
automata-theoretic proof of the fixed point subgroup of an endomorphism
of a finitely generated virtually free group being finitely generated. If the en-
domorphism is uniformly continuous for the hyperbolic metric, it is proved
that the set of regular fixed points in the hyperbolic boundary has finitely
many orbits under the action of the finite fixed points. In the automorphism
case, it is shown that these regular fixed points are either exponentially sta-
ble attractors or exponentially stable repellers.

1. Introduction

Throughout the paper, the ambient groups are assumed to be finitely generated.

Gersten [1987] proved that the fixed point subgroup of a free group automorphism
¢ is finitely generated. Using a different approach, Cooper [1987] gave an alternative
proof, proving also that the fixed points of the continuous extension of ¢ to the
boundary of the free group is, in some sense, finitely generated. Bestvina and
Handel [1992] achieved a major breakthrough with their innovative train track
techniques, bounding the rank of the fixed point subgroup and the generating set
for the infinite fixed points. Their approach was pursued by Maslakova [2003],
who considered the problem of effectively computing a basis for the fixed point
subgroup. The paper turned out to contain some errors, and subsequently a new
paper by Bogopolski and Maslakova [2012] was posted on arXiv with the purpose
of correcting these errors.

Gersten’s result was generalized to further classes of groups and endomorphisms
in subsequent years. Goldstein and Turner extended it to monomorphisms of free
groups [1985] and to arbitrary endomorphisms [1986]. Collins and Turner extended
it to automorphisms of free products of freely indecomposable groups [1994];
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see the survey by Ventura [2002]. With respect to automorphisms, the widest
generalization is to hyperbolic groups and is due to Paulin [1989].

Sykiotis [2002] extended Collins and Turner’s result to arbitrary endomorphisms
of virtually free groups using symmetric endomorphisms; see also [Sykiotis 2007]
for further results on symmetric endomorphisms. In [Silva 2012], we generalized
Goldstein and Turner’s automata-theoretic proof to arbitrary endomorphisms of free
products of cyclic groups. In the present paper, this result is extended to arbitrary
endomorphisms of virtually free groups, providing an automata-theoretic alternative
to Sykiotis’ result.

This is done by reducing the problem to the rationality of some languages
associated to a finite inverse transducer, and subsequent application of Anisimov
and Seifert’s theorem.

Infinite fixed points of automorphisms of free groups were discussed by Gaboriau,
Jaeger, Levitt, and Lustig [Gaboriau et al. 1998], where it is remarked in particular
that some of the results would hold for virtually free groups with some adaptations.

In [Silva 2010], we discussed infinite fixed points for monomorphisms of free
products of cyclic groups, the group case of a more general setting based on the
concept of special confluent rewriting system. These results are now extended to
endomorphisms with finite kernel of virtually free groups (which are precisely the
uniformly continuous endomorphisms for the hyperbolic metric), and we discuss the
dynamical nature of the regular fixed points in the automorphism case, generalizing
the results of [Gaboriau et al. 1998] on free groups.

The paper is organized as follows. Section 2 is devoted to preliminaries on
groups and automata. We discuss inverse transducers in Section 3, proving a
useful fixed point theorem. In Section 4 we prove that the fixed point subgroup is
finitely generated for arbitrary endomorphisms of a (finitely generated) virtually
free group G.

In Section 5 we get a rewriting system with good properties to represent the
elements of G, and in Section 6 we use it to construct a simple model for the hyper-
bolic boundary of G. We study uniformly continuous endomorphisms in Section 7
and in Section 8 we prove that the infinite fixed points of such endomorphisms are,
in some sense, finitely generated.

The classification of the infinite fixed points of automorphisms is performed in
Section 9, and Section 10 includes an example and some open problems.

2. Preliminaries

Throughout the paper, we assume alphabets to be finite. We start with some group-
theoretic definitions. Given an alphabet A, we denote by A~! a set of formal
inverses of A, and write A = AU A~!. We extend the mapping a — a~! to an
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involution of the free monoid A* in the obvious way. As usual, the free group on A
is the quotient of A by the congruence generated by the relation {(aa™', 1):a € A}.
We denote by 6 : A* - F, the canonical morphism.

Let
Ry =A%\ <U A*aa_lA*)

acA

be the subset of all reduced words in A*. It is well known that, for every g € Fy,
g0~! contains a unique reduced word, denoted by g. We also write it = u6 for
every u € A*. Note that the equivalence u6 = v < i = v holds for all u, v € A*.

A group G is virtually free if G has a free subgroup F' of finite index. In view
of Nielsen’s theorem, it is well-known that F' can be assumed to be normal, and is
finitely generated if G is finitely generated itself. Therefore every finitely generated
virtually free group G admits a decomposition as a disjoint union

G=FUFbU---UFb,,,

where F' G is a free group of finite rank and by, ..., b,, € G.

We shall need also some basic concepts from automata theory.

Let A be a (finite) alphabet. A subset of A* is called an A-language. We say
that b = (Q, qo, T, 8) is a (finite) deterministic A-automaton if

e (O is a (finite) set,
*q€Qand T C Q,
e §: 0 x A— Q is a partial mapping.
We extend § to a partial mapping Q x A* — Q by induction through

(g, )6=¢q, (q,ua)é=(q,u)d,a)s meA* acA).

When the automaton is clear from the context, we write qu = (¢, u)5. We can
view o as a directed graph with edges labeled by letters a € A by identifying
(p, a)é = g with the edge pi>q. We denote by E(s) € O x A x Q the set of all
such edges.

A finite nontrivial path in s is a sequence

aj ap dan
Po—>pi—> ++ —>py

with (pi_1, a;, pi) € E(d) fori =1, ..., n. Its label is the word a; - - - a, € A*. It
is said to be a successful path if pg = qo and pn € T. We also consider the trivial
path p—>p for p € Q. Itis successfulif p=¢qo € T.

The language L(A) recognized by s is the set of all labels of successful paths
in «. Equivalently, L(#d) ={u € A*: qou € T}. If (p;_1, a;, p;) € E(HA) for every
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i € N, we may also consider the infinite path

aj a as
pPo—>p1——>p2—> """ .
Its label is the (right) infinite word ajazas ---. We denote by A® the set of all

(right) infinite words on the alphabet A, and also write A% = A* U A®. We denote
by L, () the set of labels of all infinite paths gg— - - - in A.

Given u € A* and o € A, we say that u is a prefix of & and write u <« if @« = uf
for some 8 € A®. By convention, this includes the case « < « for & € A“. For
every n € N, we denote by a!"! the prefix of length n of «, applying the convention
that o/ = o if n > |a|.

It is immediate that (A°°, <) is a complete A-semilattice: given o, B € A, a A B
is the longest common prefix of & and 8 (or « if « = B € A®). The A operator will
play a crucial role in later sections of the paper.

The star operator on A-languages is defined by

L*=UL”,

n>0

where L = {1}. An A-language L is said to be rational if L can be obtained from
finite A-languages using finitely many times the union, product, and star operators
(this is called a rational expression). Alternatively, by Kleene’s theorem [Berstel
1979, Section III], L is rational if and only if it is recognized by a finite deterministic
A-automaton &. The definition through rational expressions generalizes to subsets
of an arbitrary group in the obvious way. Moreover, if we fix a homomorphism
7 A* — G, the rational subsets of G are the images by 7 of the rational A-languages.
For obvious reasons, we shall be dealing mostly with matched homomorphisms.
A homomorphism 7 : A* = G is said to be matched if a~'z = (ar)~! for every
a € A. For details on rational languages and subsets, the reader is referred to
[Berstel 1979; Sakarovitch 2003].
We shall need also the following classical result of Anisimov and Seifert.

Proposition 2.1 [Sakarovitch 2003, Proposition 11.6.2]. Let H be a subgroup of a
group G. Then H is a rational subset of G if and only if H is finitely generated.

We end this section with an elementary observation that helps us to establish
that fixed point subgroups are finitely generated.

Proposition 2.2. Let 7 : A* = G be a matched epimorphism and let X C G. Let
A be a finite A-automaton such that

(i) L(sh) € Xn~ !,
(i) L(sf) Nxm~! % O for every x € X.

Then X is a rational subset of G.
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Proof. It follows immediately that X = (L(s4))7, so X is a rational subset of G. [J

3. Inverse transducers

Given a finite alphabet A, we say that T = (Q, qo, 8, 1) is a (finite) deterministic
A-transducer if

e (O is a (finite) set,

*qo€Q,
e §:0OxA— Qand A: Q x A— A* are mappings.

As in the automaton case, we may extend § to a mapping Q x A* — Q. Similarly,
we extend A to a mapping Q x A* — A* through

(g, DA=1, (q,ua)k=(q,u)rA((qg,u)é,a)r (u€ A*,acA).

When the transducer is clear from the context, we write ga = (g, a)§. We can
view 7 as a directed graph with edges labeled by elements of A x A* (represented
in the form a|w) by identifying (p, a)é = ¢, (p, a)» = w with the edge p—)q.
The set of all such edges is denoted by E(J) C O x A x A* x Q. If pu =g and
(p, u)A = v, we also write pgq and call it a path in J.

It is immediate that given u € A*, there exists exactly one path in J of the form
qo—‘>q We write uJ = v, thus defining a mapping J 4* — A*.

Assume now that 7 = (Q, qo, §, 1) is a deterministic A-transducer such that
—1y,,—1
pa—lu>q is an edge of J if and only if q—|>p is an edge of I

Then T is said to be inverse.
Proposition 3.1. Let T = (Q, qo, §, \) be an inverse A-transducer. Then

(1) 6:0 x A* > Q induces a mapping S OxFy— Qby(q, u@)g =(q, u)é,
(ii) T : A* — A* induces a mapping J: Fy— Fu by udJ = uJeo.

Proof. (1) Since the free group congruence ~ is generated by the palrs (aa=', 1), it
suffices to show that (¢, vaa~'w)8 = (¢, vw)é forallg € Q; v, w e A*anda € A.
Since 4 is a full mapping, we have a path

v|v alu a Y wlw’

(D q—>q1—>@———>q3—>q4

1

J. Since T is inverse (in particular deterministic), we must have v’ = u~" and

g3 = q1. Hence we also have a path

and so (g, vaa~'w)8 = q4 = (¢, vw)$ as required.
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(i1) Similarly to part (i), it suffices to show that (vaa™! w)@zé = (vw)@:@ for all
v,we A*and a € A.
We consider the path (1) for ¢ = go. Since ' =u~! and g3 = q;, we get
(waa~'w)T0 = Wuu'w)o = Ww)o = (vw)T,
as required. (]

We now prove one of our main results, generalizing Goldstein and Turner’s proof
[1986] to mappings induced by inverse transducers.

Theorem 3.2. Let T be a finite inverse A-transducer and let 7 € F4. Then
={geFa:gT =gz}
is rational.
Proof. Write I = (Q qo, 8, L). For every g € Fu, let Pi(g) = _1(g§) € F4 and
write gog = (qo, )8, P(g)=(P1(g), q08)- Note that g € L if and only if P;(g) =z.
We define a deterministic A-automaton dg = (P, (1, qo), S, E) by
P={P(g):g€Fak
S=PN({z} x Q);
E={(P(g),a, P(ga)): g € Fa, a € A}.

Clearly, &dg is a possibly infinite automaton. Note that, since J is inverse, we
have qaa* =g forallge Q anda € A. Tt follows that, whenever (p,a,p) eE,
(p',a=', p) € E. We say that such edges are the inverses of each other.

Since every w € A* labels a unique path P(l)—>P(w9) it follows that

L(dg)=L0"".

In view of Proposition 2.2, to prove that L is rational it suffices to construct a finite
subautomaton Bg of g such that L C L(%Bg).
We now fix

M =max{|(g,a)r|:q € 0, a € Z}, N =max{2M + 1, |z|}

and
P'={P(g) e P:|Pi(g)| < N}.

Since A and 7 are finite, so is P’. However, infinitely many g € F4 may yield the
same state P(g).

Given g € Fy, write gt = g!!l. Given p = (g, q) € P, we also write p. = gi. We
say that an edge (p1, a, p2) € E is

e central if py, p, € P/,

o compatible if it is not central and pjt = a.
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Lemma 3.3. (i) There are only finitely many central edges in Ag.

(i) If (p1, a, p2) € E is not central, either (p1, a, p2) or (pa, a” !, p1) is compati-
ble.

(iii) For every p € P, there is at most one compatible edge leaving p.

Proof. (i) A and P’ are both finite.

(i) Assume that (py, a, p2) is neither central nor compatible. Write p; = (g1, q1)
and pr = (g2, 92). Suppose that gy = 1. Then g, = Pi(a) = a‘l(ag”) and so
|g2] <14 M < N, in contradiction with (p1, a, p>) being noncentral.

Thus g, = bu for some b € Av\ {a} and u € R4. On the other hand, we have
g2=a"'gi(q1,a)}, and so

g =a 'bu(qy, a).
If lu| < M, then |g1], |g2| <2M +1 < N and (py, a, p») is central, a contradiction.
Thus |u| > M > |(q1, a)A| and so got =a~'. Thus (p2,a”"', p1) is compatible.

(iii) Any compatible edge leaving p must be labeled by pt, and g is deterministic.
O

A (possibly infinite) path go—> g1 —> - - - in sy is

o central if all the vertices in it are in P’,

o compatible if all the edges in it are compatible and no intermediate vertex is
in P’

Lemma 3.4. Let u € L. Then there exists a path
—1 1
(1. 40) = Ph=2 =1 p1—> ph = -+ 55 pu = p 5 pll € S

in g such that

1) u= uovlwl_lul . vnwn_lun,
(ii) the paths p;L p;.’ are central,

(iii) the paths p;.’_li>pj and p;.ﬁ)pj are compatible,
(iv) pj ¢ P if both vj and w; are nonempty.

Proof. Since S C P’ by definition of N, there exists a path

) (1, q0) = po—> pg—5 pi =5 - s pl D ple S

ws
in sdg such that u = ugxu; - - - x,u, and the paths p;- - p;-/ (which may be trivial)
collect all the occurrences of vertices in P’ (and are therefore central).
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By Lemma 3.3(ii), if (p, a, r) occurs in a path p;.’_li>p}, either (p, a, r) or
(r,a”!', p) is compatible. 9n the other hand, since x; is reduced, it follows from
Lemma 3.3(iii) that p;.’_l—"> p’; can be factored as

iy Vi w.;l /

Djy—>Pj—Pj
with p;.’ 1 R p; and p;. N p; compatible. Clearly (iv) holds since no intermediate
vertex of p;./_l 4 p;. belongs to P’ by construction. O

We say that a compatible path is maximal if it is infinite or cannot be extended
(to the right) to produce another compatible path.

Lemma 3.5. For every p € P’, there exists in Ag a unique maximal compatible
path M, starting at p.

Proof. Clearly, every compatible path can be extended to a maximal compatible
path. Uniqueness follows from Lemma 3.3(iii). (I

We now define
P/ ={p € P': M, has finitely many distinct edges }

and P; = P"\ P|. Hence M/, contains no cycles if p € P;. By Lemma 3.5, if M,
and M, intersect at vertex r,,/, they coincide from r,, onwards. In particular, if
M, and M, intersect, then p € P| if and only if p’ € P|. Let

Y ={(p,p') € Py x Py: M, intersects M, }.

For every (p, p') € Y, let M,,\ M,y denote the (finite) subpath p—>r,, of M. In
particular, if p’ = p, M, \ M, is the trivial path at p.
Let B4 be the subautomaton of sy containing

« all vertices in P’ and all central edges,
« all vertices and edges in the paths M, (p € P;) and their inverses,
« all vertices and edges in the paths M, \ M, ((p, p’) € Y) and their inverses.

It follows easily from Lemma 3.3(i) and the definitions of P and M, \ M, that
PBq 1s a finite subautomaton of «g. As remarked before, it suffices to show that
L C L®RBy).
Let u € L. Since B contains all the central edges of A, it suffices to show
that all subpaths -1
/” vj wj ’
Pj1——=Pj—Pj
appearing in the factorization provided by Lemma 3.4 are paths in %Bg.
Without loss of generality, we may assume that v; # 1. If w; =1, p;.L L € P/
and we are done. Hence we may also assume that w; # 1. Now, if one of the
vertices p;./ 1 p//. is in Py, so is the other and we are done, since B4 contains all
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the edges in the paths M, (p € P|) and their inverses. Hence we may assume that
p;/ 1» P € Py. It follows that p; =r, p (Smce vjw; ' € Ry, the paths M "

and M, cannot meet before p;.) Thus p —>pj is M " \M . andp —)pj
is My \ M » , and so these are also paths in By as requlred ([

4. The fixed point subgroup

We can now produce an automata-theoretic proof to Sykiotis’ theorem.

Theorem 4.1 [Sykiotis 2002, Proposition 3.4]. Let ¢ be an endomorphism of a
finitely generated virtually free group. Then Fix ¢ is finitely generated.

Proof. We consider a decomposition of G as a disjoint union
3) G=FbyUFbyU---UFb,,,

where F = F4 < G is a free group with A finite and by, . .., b, € G with by = 1.
Letgpg: Fy = Fpand n: F4 — {0, ..., m} be defined by

@ =(gpo)bg, (g € Fa).

Since the decomposition (3) is disjoint, ggg and gn are both uniquely determined
by g, and so both mappings are well defined.

Write Q ={0,...,m}. Foralli € Q and a € X, we have b;(ap) = hi 4b a)s
for some (unique) h;, € Fa and (i,a)é € Q. It follows that, for every j € O,
d;=(0,0, j,8) is a well-defined finite deterministic A-automaton. We define
also a finite deterministic A-transducer J = =(0,0,4, 1) by taking (i, a)A = h, a
foralli e Q anda € A.

Assume that alhrs

i——(,a)d=]
is an edge of J. Then b; (ap) = h; ,b; and so
b; =bi(ap)(a @) =h;.bj(a 'p) = hiahja-1bgja1s-

This yields h; 4h ,-1 =1 and (/, a~")8 =i. Thus there is an edge
L a! \F,a_l .1 .
j———(j,a )é=i
and so 7 is an inverse transducer. We claim that J = =¢p. Indeed, letg=ay ---a,
(a, € A, ;). Then there exists a (unique) path in J of the form

. ai |hzo,a| . ‘12|hzl .ay anlhzn 1.an
0=1ip i . in.

Moreover, i; = (ij—1,a;)é for j =1, ..., n. It follows that

g = bi,(a19) - - - (an®) = hig,a,bi\ (@20) - - - (anp)
= hio,alhil,azbiz (a3(p) (an(p) hl() a "’ hin—lsanbin
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and so
g¢0 = hio,a1 e hl'n,],a,l = (hio,ul e hinfl,a,,)e = g@
Thus T = 0.
Note that we have also shown that gn =i, = (0, a; - - - a,)é. Hence
) L(sAj)={ue A" :ubn=j).
Next let

Y ={(,j) € Qx Q:bj(bip) € Fab;}.
For every (i, j) € Y, let z; ; € F4 be such that b;(b;¢) = z; jb; and define
Xi,j=1{g € Fa:gb; eFixgpand gn= j}.

We claim that X; ; is a rational subset of F4 for every (i, j) € Y. Indeed, (gb;)¢ =
(9)(bip) = (890)bgy (bip). Hence

X, j={g€ Fa:(g00)b;(bip) =gb; and gn = j}
={g € Fa:(g¢p0)zi jbi = gb; and gn = j}
={g€Fa:gpo=2gz j}N{g€Fa:gn=j}
Writing
Lij={g € Fa:gpo=gz |}

it follows from (4) that X; ; = L; ; N (L(s4;))0. Since ¢y = %, it follows from
Theorem 3.2 that X; ; is an intersection of two rational subsets of F4, and is hence
rational itself; see [Berstel 1979, Corollary I11.2.10].

Now it is easy to check that

(5) Fixp = (J (U{Xi; : (i, j) € Y})b;.

ieQ
Indeed, forevery (i, j) € Y, we have X; jb; C Fix ¢ by definition of X; ;. Conversely,
let gb; € Fix ¢ for some g € F4 and i € Q. Then gb; = (gb;)¢ = (gp0)bgy(bip)
and so b, (bip) € Fab;. Hence (i, gn) € Y. Since g € X; 4y, (5) holds. Since the
X, j are rational subsets of F4 and therefore of G, it follows that Fix ¢ is a rational
subset of G and is thus finitely generated by Proposition 2.1. ([

Unfortunately, our approach does not lead directly to an algorithm to compute a
basis of Fix ¢ (see [Bogopolski and Maslakova 2012]) because it is not clear how
to decide in Section 3 whether p € P’ belongs to P or P, and how to compute the
paths M, and M, \ M.
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5. A good rewriting system

We recall that a (finite) rewriting system on A is a (finite) subset %R of A* x A*.
Given u, v € A*, we write u—> g if there exist (r, s) € % and x, y € A* such that
u =xry and v = xsy. The reflexive and transitive closure of — ¢, is denoted by

We say that R is

e length-reducing if |r| > |s| for every (r, s) € R,

o length-nonincreasing if |r| > |s| for every (r, s) € R,

« noetherian if, for every u € A*, there is a bound on the length of a chain
U RV R —>RVUn,

o confluent if, whenever u—7v and u—J, w, there exists some z € A* such
that v—7,z and w—,z.

A word u € A* is irreducible if no v € A* satisfies u—>qv. We denote by Irr R
the set of all irreducible words in A* with respect to %R.

We introduce now some basic concepts and results from the theory of hyperbolic
groups. For details on this class of groups, the reader is referred to [Ghys and de la
Harpe 1990].

Let 7 : A* > G be a matched epimorphism with A finite. The Cayley graph
'4(G) of G with respect to = has vertex set G and edges (g, a, g(axw)) for all
geGandac A. We say that a path p—u>q in I'4 (G) is a geodesic if it has shortest
length among all the paths connecting p to g in I'4 (G). We denote by Geo4 (G) the
set of labels of all geodesics in I'4 (G). Note that, since I'4 (G) is vertex-transitive,
it is irrelevant whether or not we fix a basepoint.

The geodesic distance di on G is defined by taking d;(g, /) to be the length of
a geodesic from g to . Given X € G nonempty and g € G, we define

di(g, X) =min{d; (g, x) : x € X}.
A geodesic triangle in I" 4 (G) is a collection of three geodesics
Prigi— &, Prigr—>g3 P3igi—g

connecting three vertices g1, g2, g3 € G. Let V(P;) denote the set of vertices
occurring in the path P;. We say that ['4(G) is §-hyperbolic for some § > 0 if

Vg e V(P):di(g, V(P)UV(P3)) <6

for every geodesic triangle { P, P>, P3} in I'4(G). If this happens for some §, we
say that G is hyperbolic. It is well known that the concept is independent from both
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alphabet and matched epimorphism, but the hyperbolicity constant § may change.
Virtually free groups are among the most important examples of hyperbolic groups.

We now use a theorem of Gilman, Hermiller, Holt, and Rees [Gilman et al. 2007]
to prove the following result.

Lemma 5.1. Let G be a finitely generated virtually free group. Then there exist a
finite alphabet A, a matched epimorphism ww : A* — G, and a positive integer Ny
such that, for all u € Geos(G) and v € A%,

(1) there exists some w € Geos(G) such that wr = (uv)m and
lu Aw| = |ul — Nolvl;

(ii) there exists some z € Geos(G) such that zw = (vu)w and lu=' A z71| >
lu| — Nolvl.

Proof. (i) By [Gilman et al. 2007, Theorem 1], there exists a finite alphabet A, a
matched epimorphism 7 : A* - G, and a finite length-reducing rewriting system %
such that Geos (G) = Irr . The authors also prove that this property characterizes
(finitely generated) virtually free groups.

Let No =2 max{|r]|: (r, s) € R}. Suppose that

UV = Wy——> W] —> G ——>GW, = W

is a sequence of reductions leading to a geodesic w. Then (wv™')7 = ux and since
u is a geodesic we get |u| < |v|+|w| and so |u| —|w| < |v|. On the other hand, since
%R is length-reducing, we get |u|+|v| = |uv| > |w|+n and so n—|v| < |u|—|w]| <|v].
Thus n < 2|v].

Trivially, |u A wo| > |u]. Since u A w;—; € Geos(G), it is immediate that
lu Aw;i| > |uAwij—1| — No/2 and so

No
lu Aw| = [u Awy| > |ul —n— > |ul — No|v|.

(ii) The inverse of a geodesic is still a geodesic. By applying (i) to #~' and v~!, we
get (u~ v = x7 for some x € Geou (G) satisfying [u~'Ax| > |u~'|— Nolv~!|.
Then we take z = x . ([l

We assume for the remainder of the paper that G is a finitely generated virtually
free group, 7 : A* - G amatched epimorphism, and Ny a positive integer satisfying
the conditions of Lemma 5.1. Since G is hyperbolic, it follows from [Epstein et al.
1992, Theorem 3.4.5] that Geo (G) is an automatic structure for G with respect to
7 (see [Epstein et al. 1992] for definitions), and so the fellow traveler property holds
for some constant Ky > 0 (which can be taken as 2(§ + 1), if § is the hyperbolicity
constant). This amounts to saying that

Vu,v € Geos(G) : di(um,vr) <1 = Vn e N:d "z, v"r) < Ky).
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We fix a total ordering of A. The shortlex ordering of A* is defined by

o Jlul <v], or
u <gvif , . .~
lul = |v| and u = wau', v = wbv’ witha < b in A.
This is a well-known well-ordering of A*, compatible with multiplication on the
left and on the right. Let

(6) L ={ue€Geos(G) :u < v for everyveumr_l}.

By [Epstein et al. 1992, Theorem 2.5.1], L is also an automatic structure for G
with respect to 7, and therefore rational. We note that L is factorial (a factor of a
word in L is still in L).

Given g € G, let g denote the unique word of L representing g. This corresponds
precisely to free group reduction if G = F4 and m = 6. Since we shall not need free
group reduction from now on, we also write u = um for every u € A* to simplify
notation.

Theorem 5.2. Consider the finite rewriting system R’ on A defined by
R ={(u,i):uecA* |ul < KoNo+1, u # .
Then

(1) R is length-nonincreasing, noetherian and confluent,
(ii) IrR’ = L.

Proof. (1) R’ is trivially length-nonincreasing, and that it is noetherian follows from

) (u, ) ER = u>yu

and A* being well-ordered by <y, plus compatibility of <,; with multiplication.
Next we show that

(8) u—> i holds for every u € A*.

We use induction on |u|. The case |u| < KoNg + 1 follows from the definition
of ®*'. Hence assume that |u| > KoNg -+ 1 and (8) holds for shorter words. Write
u = avb with a,b € A. If av ¢ L, we have u—>p,avb and u = avb. Hence
u—> i follows from %b—)}/ﬁ. Hence we may assume that av € L.

Suppose that u ¢ Geos(G). By Lemma 5.1(i), there exists some w € Geo4(G)
such that wr = (avb)m and |av Aw| > |av| — Ny > KgNo+1 — Ny > 0. Hence we
may write w = aw’ and we get (vb)m = (a~'w)m = w'm. Since |w’'| < |vb| due to
u ¢ Geoy (G), we get |vb| < |vb|, and so we may apply the induction hypothesis

twice to get e N
u = avb—s pavb—s pavb =i.
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Thus we may assume that u € Geo4 (G). We claim that a"=q. Let p=KoNyp+1<
|ul. Since u,u € Geos(G) and umr = um, the fellow traveler property yields
dy(u'Plr, ulPlg) < Ko, and so ulPlw = (a!Plx)7r for some x of length < K. Thus,
by Lemma 5.1(i), there exists some w € Geo, (G) such that wrr = (u!Plx)m = ulPlz

and
@' Aw| > @) — Nolx| > p— KoNo = 1.

Hence it!"! = w!!l. Now av € L by assumption; hence u!”! € L, and so ul?! = ulpl,
Since wr = ulPlr and w € Geoa(G), we get a = ul) < w!l = ! in (4, <). On
the other hand, @ <j; u yields a''! <a in (A4, <), and so !l = g as claimed.
Now it follows easily that u = aa—"u = avb and the induction hypothesis yields
vb—>’1§,% and therefore u = avb—>’1§,aﬁ = u. Therefore (8) holds.

Assume now that u—7% v and u—7% w. By (8), we get v—>7%,v = u and

w—>"%w = u. Hence R’ is confluent.

(i) It follows from (8) that Irr®’ C L. The converse inclusion follows from the
implication
U—> RV = U >q U,

which follows in turn from (7). U
We now establish some technical results which are useful in later sections.

Lemma 5.3. Letu,ve L andlet w € A* be such that vw € Geoa (G) and (vw)m =
urw. Then |u Av| > |v| — KoNp.

Proof. Let k = |v| and write u = u®ly’. Since v = (vw)™, it follows from the fellow
traveler property that d; (v, u*'7) < K. Hence we may write v = (u/¥1z)7r with
lz| < Kp. Since ul¥ is itself a geodesic, it follows from Lemma 5.1(i) that there
exists a geodesic u!P!z’ satisfying (u!?1z")m = (u'¥1z)m = v and

p =M AulP1Z| > ™) — Nolz| > [v] — KoNp.

Now v € L yields v <z u!?lz’, and so v!”! <; u!Pl. On the other hand, u € L yields
u <y vw, and so ul?! < vlP! Thus u!P! = v!P) and so juAv| > p > |v| — KoNg. O

Proposition 5.4. (i) Letuv € L and let w € A* be such that |lv] > KoNo+ Nolw].
Then uvw = uvw.

(1) Letu € A* and let vw, vw’ € L. Then [uvw A uvw’| > |v] — KoNo — Nolul.

Proof. (i) Write v = vyvy with |vp| = No|w|. By Lemma 5.1(i), there exists some
uv1z € Geoa(G) such that (uviz)r = (uvw)rw. Let x = wow. By Lemma 5.3,
we get |[x Auvy| > |uvy| — KogNp. Since |vi| = |v| — |va] = KNy, u < x and we
may write x = uy for some y. Since L is factorial, we have y € L. In view of
yr = (u"'x)m = (vw)mr, we get y = vw and so uvw = uvw.
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(i1)) We may assume that |v| > KoNg + Nolu|. Write v = vivy with |v1| = Np|u|.
Let x = uv; and write p = |x| + |vz|. By the proof of Lemma 5.1, we have
xvow, xvow’ € Geoy (G).

Let y =uvw. Since (xvow)m = ym, it follows from the fellow traveler property
that d; ((xv2)7, Y1) < K. Hence we may write (xvy)m = (y!Pls) with |s| < K.
Since y!P! is itself a geodesic, it follows from Lemma 5.1(i) that there exists a
geodesic ylP~KoNolg/ satisfying (ylP—KoNolg"\r = (ylPls)m = (xv2)7. To complete
the proof, it suffices to show that

) |y AXv2| = p — KoNo.
Indeed, together with the corresponding inequality for y’ = uvw’, this implies
[uvw Auvw’| = p — KoNo > |vz2] — KoNo = [v| — KoNo — No|u|

and we obtain the desired inequality.

To prove (9), we consider the geodesic y!P~KoMlg’  Since (ylP—KoMNlgyg =
(xv2)7r, we get Xvy <y ylP~KoNolg’ and so xuv,lP—KoNol < y[P=KoNol - Op the
other hand, xvow is also a geodesic. Hence y = uvw = xv,w <y xvpw yields
y[p—KoNo] <y x_vz[p_KONO]. Therefore y[p—KoNo] — x—v2[P—KoNo]’ 0 (9) holds. O

6. A new model for the boundary

We can now present a new model for the boundary of a finitely generated virtually
free group which proves useful in studying infinite fixed points. The notion of
boundary is indeed one of the important features associated to hyperbolic groups. To
present it, we define a second distance in G by means of the Gromov product (taking
1 as basepoint). We keep all the notation introduced in Section 5. In particular, G
is a finitely generated virtually free group and L = Irr ®’.

Given g, h € G, we define

(glh) = 5(di(1, &) +di (1, h) —di(g, h)).

Fix & > 0 such that ¢§ < 1/5, where § is the hyperbolicity constant from Section 5.
Write z = e® and define

7z~ (8l if g #£h,

0 otherwise

p(g, h)= {

for all g,h € G. In general, p is not a distance because it fails the triangular
inequality. This problem is overcome by defining

dr(g, h) =inf{p(go, g1) +---+p(8n-1,81):80=28, ga=h;81,...,8—1 € G}.

By [Viisild 2005, Proposition 5.16] (see also [Ghys and de 1a Harpe 1990, Propo-
sition 7.10]), d; is a distance on G and the inequalities
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(10) 50(8.h) <da(g. h) < p(g. h)

hold for all g, h € G.

In general, the metric space (G, d») is not complete. Its completion (6, dy) is
essentially unique, and 0G = G \ G is the boundary of G. The elements of the
boundary admit several standard descriptions, such as equivalence classes of rays
(infinite words whose finite factors are geodesics) where two rays are equivalent
if the Hausdorff distance between them is finite [Ghys and de la Harpe 1990,
Section 7.1]. We won’t need precise definitions for these concepts or d since, as
we shall see next, we can get a simpler description of G for virtually free groups.

Lemma 6.1. There exists some My > 0 such that, forall g, h € G,

(i) 18] < 1g A ghl + KoNo + Nolhl,

(ii) di(g, h) > T — Ko,

(i) 1g AR] < (glh) <18 Ah|+ Mo.

Proof. (i) By applying Lemma 5.1 to the product g, there exists some factorization
g = vz and some geodesic vw € (gh)m ! such that [v| > |g| — No|h|. Now we
apply Lemma 5.3 to u = gh and vw to get |u A v| > |v| — KoNy. Hence

1z Agh|=|uAv|>|v]|—KoNy>|g| — Nolh| — KoNp.

(i) Let u = g A h. Applying (i) to g and g~ !4, and in view of d; (g, h) = |g~'h|,

we get o
|8l < 1g ANh|+ KoNo+ Nodi (g, h).

(ii1) We define Mo=456+(25+14+Ko)No—1/2, assuming that I" 4 (G) is -hyperbolic.
Let u = g Ah, and write g = uv, h = uw. It is easy to check that

(glh)=3(di(1,8)+d\ (1,h)—d1 (g, ) =5 (|ul+d (um, &) +|ul+d\ (ur,h)—d; (g, h)).

Since di (g, h) < di(g, um) +di(um, h), we get |g Ah| = |u] < (glh).
Consider now the geodesic triangle determined by the paths

Py
Py uJT—U>g, P unlﬂz, Ps: gg—h>h.

Since I"'4 (G) is 8-hyperbolic,

(1D di(q, V(P)UV(Py)) <6 forevery g € V(P3).

Assume that P; : g = q01> e in]n = h with a; € A. Since

di(qo, V(P1))=0<48 and di(gn, V(P2))=0<3,
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it follows from (11) that there exist some j € {0,...,n — 1} and p; € V(Py),
p2 € V(P,) such that dy(q;, p1), di(qj+1, p2) < 4. Since Py and P, are geodesics,
we get
(glh) = 2(di(1, &) +di(1,h) — dy (g, h))
= 5 (lul+di(um, p1)+di(p1, g)
+ul+di(um, p2) +di(p2, h) —di(g, q;) — 1 —di(gj+1, h))
= |2 ARl +5(di(ur, p1) +di (um, pa))
+5(di(p1, &) —di(g. q)) + 5(di(p2, b) —di(gj41, h) — 5.

Since di(p1, g) <di(p1,q;)+di(q;, 8) <5+di(q;, g), we have
8
3(di(p1.g) —di(g.4))) < 3.

Similarly,
8
3(di(p2. h) = di(gj41, 1) < 5.

Out of symmetry, it suffices to show that d; (um, p;) < (26 + 1 + Ko) No.
Applying (ii) to p; and p,, we get

pil— 1P APal

Ko.
No 0

d\(p1, p2) =

Since py (respectively py) is a prefix of g (respectively h), it follows easily that
P1APp2=uand |p1| — |p1 A p2|l =d;i(um, p1). Hence

di(um, p1)
< (di(p1, p2) + Ko)No < (d1(p1,q;j) +di(qj,qj+1) +di(gj+1, p2) + Ko)No
<28 +1+ Ko)Ny. O

The language L introduced in (6) was noted to be rational. We recall that an
automaton is said to be trim if every vertex occurs in some successful path. Let
A=1(0,qo, T, E) be a finite trim deterministic A-automaton recognizing L (for
example, the minimal automaton of L; see [Berstel 1979]). Since L is factorial, we
must have 7= Q. Let

IL={a e A”:a" € L for every n € N}.

Equivalently, since o is trim and deterministic and T = Q, we have 0L = L, ().
Write L = L UJL. We define a mapping d3 : L X L — [R{aL by

2 lenBl i o £ B,

0 otherwise.

ds(a, B) = {
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It is immediate that d5 is a distance in L. Indeed, an ultrametric distance since
lo Ayl = min{la A B, [BA Y}

holds for all o, B, y € L. We commit a slight abuse of notation by also denoting by
ds the restriction of d3 to L x L.

Proposition 6.2. (i) The mutually inverse mappings (G, dp) — (L,d3) : g+— g
and (L, d3) — (G, dy) : u — um are uniformly continuous;

(i1) (f,, ds) is the completion of (L, d3);
(iii) (0L, d3) is homeomorphic to the boundary of G.

Proof. (1) In view of (10), it suffices to show that
VM >0 3N >0:((glh)>N = |gAh|> M),
VM >0 3N >0:(gAh|>N= (glh) > M).

Now we apply Lemma 6.1(iii).

(i1) Let (ay), be a Cauchy sequence in (I:, d3). For every k € N, the sequence
(a,[lk]),, stabilizes when n — 4o00. Moreover, lim,_, 4 oz,[lk] is a prefix of

[k+1]

lim «, .

n——+00
Let B € A be the unique word satisfying f¥1 = lim,,_, o M for every k € N. It
is immediate that 8 € L and 8 = lim,,_, 4 @,. Hence (L, d3) is complete. Since
o =lim,_ 40 o™ for every o« € dL, (L, d3) is the completion of (L, d3).

(iii) By (i) and (ii), the uniformly continuous mappings (G, d>) — (L,d3) : g+ g
and (L,d3) — (G,d) : u — um admit (unique) continuous extensions to their
completions (see [Dugundji 1966, Section XIV.6]), say

<I>:6—>ﬁ, \D:ﬁ—>6.

Hence ®W is a continuous extension of the identity on G to its completion G. Since
such an extension is unique, ®W¥ must be the identity mapping on G. Similarly,
Wd must be the identity mapping on L, and so ® and ¥ are mutually inverse
homeomorphisms. Therefore the restriction ®|36 : dG — 0L must also be a
homeomorphism. U

We have just proved that our construction of L constitutes a model for the
hyperbolic completion of G. But we must also import to L the algebraic operations
of G since we shall be considering homomorphisms soon. Clearly, the binary
operation on L is defined as

LxL—L:(u,v) uv,
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so that (G,d>) — (L,d3) : g — g is also a group isomorphism. But there is
another important algebraic operation involved. Indeed, for every g € G, the left
translation 7, : G — G : x — gx is uniformly continuous for d> and so admits a
continuous extension T, : G — G. It follows that the left action of G in its boundary,
G x0G — 0G : (g, o) — aT,, is continuous. We can also replicate this operation
in L as follows.

Proposition 6.3. Letu € L. Then t, : L — L : v+ uv is uniformly continuous.

Proof. 1t suffices to show that
YM >0 3N >0:(lvAw|> N = |uv Auv| > M).
By Proposition 5.4(ii), we can take N = M + KqNg + No|u|. |

Therefore 7, admits a continuous extension 7, : I — [ and the left action
L xdL — 0L : (u, o) — at, is continuous. Write ua = a7,. For every « € 9L,
we have - N
woe=u lim o= lim wuoll.
n—-+o0o n—+00
Hence (L, d3) serves as a model for (6 , dp) both topologically and algebraically.
From now on, we pursue our work within (L, d3).

7. Uniformly continuous endomorphisms

We keep all the notation introduced in Section 5. In particular, G is a finitely
generated virtually free group and L = Irr ®’. Following the program announced
above, we work within (i, d3).

Given an endomorphism ¢ of G, we denote by ¢ the corresponding endomor-
phism of L for the binary operation induced by the product in G, that is, u¢p = (um)e.
To simplify notation, we often write u¢ instead of um ¢ for u € A*.

We say that ¢ satisfies the bounded cancellation property if

{lugl = |ugp A (uv)@| :uv € L}

is bounded. In that case, we denote its maximum by B,. This property was
considered originally for free group automorphisms by Cooper [1987].

We also fix the notation Dy, = max{|ag|:a € X} and recall that a homomorphism
with finite kernel is called virtually injective.

Theorem 7.1. Let ¢ be a virtually injective endomorphism ¢ of G. Then ¢ satisfies
the bounded cancellation property.

Proof. Suppose that ¢ does not satisfy the bounded cancellation property. Then

Vm €N Juuvy € L upn@| — [um@ A (Upvm)@| > m.
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Let Xo = (Ko + Dy)No. We claim that
(12) VmeN Ju, v, eL:(|u,p|—|(u,v,)p|>m
and |(uy,v,,)@| — [y, @ A (4, 0,)¢| < Xo).

Indeed, let m € N. Take n = m + X¢ and write v, = aj---a; (a; € X). For
i=0,...,k, letw; = (uyay ---a;)p. Let j denote the smallest i such that

lup@ Aw;i| < |up@ A (nv,)@).

Take u,, = u, and v, =a;---a;_; (since j > 0). Since L is factorial, we have
u,,v, €L.
Now, by the minimality of j, we get

ln@ Awj_1| > lup@ A (Uyvn)@l.
Since [u,@ Aw;| < |u,@ A (u,v,)@], it follows that
lwj—1 Aw;| < [up@ A (uyvn)@l.
Applying Lemma 6.1(i) to w;_;7 and a;¢, we get
lwj—1] < [wj—1 Aw;|+ KoNo+ Nolaje| < |wj—1 Aw;|+ Xo
=< [un@ A (Upvp)@| + Xo < lup@| —n+ Xo = lupp| —m,

and so |u;, @] — [(u,v,)¢| = |ux@| — |wj—1| > m.

Suppose that |w;_1| — |u,¢ A wj_1| > Xo. Since we have seen above that
lwj—1] < |wj_1 Aw;|+ Xo, we get |u,¢ Awj_1| < |wj_1 Aw;jl, in contradiction
with [w;_1 Aw;| < |up@ A (Uyv,)@| < luy@ Awj_1|. Thus

|ty 0P| = |14}, @ A (113, 0,) @ = w1 | = |un@ Awj—1] < Xo,

and so (12) holds.
We prove that

(13) Vm eN Ju, v, €L :|u,¢|>m and |(u,,v,)¢| < Xo+ NoD,,.

m m mvm

Indeed, let m € N. We have in I'4 (G) geodesics
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where pg = u,, ¢, pr = (u,,v,)p, and p = u,, ¢ A (u,,v,,)¢. Assume that u), =
1---ag (a; € A). Let

I={ie{0,...,k}: there exists a geodesic (a; - - -ai)(p—>gi>u;,1(p in 4 (G)}.
Clearly, 0 € /. We claim that
(14) (i—lelanddi((a1---ai—1)¢,g) > NoDy)=ie€l

holds fori =1, ..., k. Indeed, assume i —1 € I and (a; - - -ai_l)(p—y>gi>u;n<p is
a geodesic with y € L. Applying Lemma 5.1(ii1) to the word a; 1% and the geodesic
u = yq, it follows that there exists some geodesic (aj - - -a,-)goimjn(p such that
z and u share a suffix of length > |yg| — Nolai_1<[)| > |ygl — NoDy > |gq|. Since
['4(G) is deterministic, our geodesic (a; - - -a,-)(pim,/n(p factors through g, and
so (14) holds.

Since k ¢ I due to |g| > 0, it follows from (14) that d| ((a; - - - a;)p, g) < NoD,
for some i € {1 ., k}. Let j denote the smallest such i. We define u,, =a;,---ax
and v, = Smce L is factorial and u/,v,, € L, we also have u” n€L.

By mlmmahty of j, wehave di((a; ---a;)¢, g) > NoD, fori =0, ..., j—1. By
(14), we get 1, ..., j € I and so there exists a geodesic (aj - - -aj)¢—>gi>u;n<p
in I'4(G). Hence

|t @l = di (1, up, @) = di((ar - -~ aj)g, u, @) > lq| > |u,,@| — |(u,,v,)p| > m.
Finally,
|(up )@l = di(1, (upv,)e) = di((@r---ap)e, (u,v,,)e)
<d\((ar---aj)e, g +di(g, (u,v,)9) < NoD,+ |r|
= NoDy + |ty v,)¢| — 143, & A (14, v,)@| < NoDy + Xo

and so (13) holds.

Now, since |(u,,v,,)¢| is bounded, u,, v, € L, and Ker ¢ is finite, |u, v, | must
be bounded and so must be |u),|. This implies that |u,,¢| must be bounded, contra-
dicting |u,, @| > m. Thus ¢ satisfies the bounded cancellation property. ([

Proposition 7.2. The following conditions are equivalent for a nontrivial endomor-
phism ¢ of G:

(1) o is uniformly continuous for dy;
(i1) ¢ is virtually injective.

Proof. (i) = (ii). Suppose that Ker ¢ is infinite. In view of (10), it suffices to show
that there exists some 7 > 0 such that

VE>03dg,heG:(p(g, h) <& and p(ge, hp) > n).
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By (10), we only need to show that there exists some M € N such that

VN eN 3g,h € G:((glh) > N and g # he and ((g9)|(hp)) < M).
Take M = (gop|1) =0 and fix gg € G \ Ker ¢. We prove the claim by showing that
(15) VN €N 3h e Kerg: ((hgo)|h) > N.

Let N e N. By Lemma 6.1(iii), we have |lhgoAh| < ((hgo)|h) for every h € G; hence
we only need to find out /& € Ker ¢ satisfying |hgg A h| > N. By Lemma 6.1(i), we
have |hgoAh| > |h|—KoNo— No|go|. Hence it suffices that || > N+ KoNo~+ No|gol
for some h € Ker ¢, and that is ensured by Ker ¢ being infinite. Thus (15) holds as
required.

(i) = (1). Suppose that ¢ is not uniformly continuous for d,. In view of (10),
there exists some 1 > 0 such that

VE>03g,heG:(p(g, h) <& and p(gp, hp) > ).
Hence, by (10), there exists some M € N such that
VN eN 3g,h € G:((glh) > N and g # hy and ((g9)|(hp)) < M).
In view of Lemma 6.1(iii), we have that
VneN Ju,,v, €L:(lu, Avy| >nand u,¢ # v,¢ and |u, @ Av,@| < M).

Let w, = u, Av, € L. Then either w,¢ # u,¢ or w,¢ # v,@. Without loss of
generality, we may assume that w,¢ # u,¢. Suppose that |w,¢| > M + B,. By
definition of By, we get |w,¢| — |w,@ A u,@| < By, and so |w,¢ Au,p| > M.
Similarly, |w,@ A v,@| > M, and so |u,¢ A v,@| > M, a contradiction. Therefore
lw,¢| < M + B, for every n. Since |w,| > n and L is a cross-section for 7, it
follows that Ker ¢ is infinite. ([l

Given a uniformly continuous endomorphism ¢ of (G, d»), ¢ : L — L is uni-
formly continuous for d3. Since L is the completion of (L, d3), ¢ admits a unique
continuous extension ® : L — L. By continuity, we have
(16) a®=( lim o"Y® = lim og.

n——+00 n—-+o0o
Corollary 7.3. Let ¢ be a uniformly continuous endomorphism of G and uo € dL.
Then |ug| — lug A (ua)®| < By,.

Proof. We have (ua)® = lim,_, 4o (w1 by (16). In view of Proposition 7.2,
we have lim,,_, | o |(ua™)@| = 4+-00. Hence |u@ A (ua)®| = |ug A (ua™g| for
sufficiently large m. Since ua!™ € L, the claim follows by definition of B,. U
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8. Infinite fixed points

Keeping all the notation and assumptions introduced in the preceding sections, we
fix now a uniformly continuous endomorphism ¢ of the finitely generated virtually
free group G. We adapt notation introduced in [Ladra and Silva 2011] for free
groups, and the proofs are adaptations of proofs in [Silva 2010].
Given u € L, let uoc = u A ug@ and write
u=uo)ur), up=uo)up).

Also define

uo’' = N{(uv)o :uv € L}
and write uo = (uo’)(uo").
Lemma 8.1. Let uv € L. Then

(1) |MU//| S B(p7

(ii) luo|—luo A (uv)g| < |uc”|,
(i) (uv)@ = (uo’)(ua")(up)(ve),
(iv) wv)o’ = ua’)( A (wo”)up)((v2)@) A (o) (ur)v2)).

uvzel

Proof. (i) We may assume that [uo| > B,. Let v denote the suffix of length B, of
uo and write uo = u'v. Suppose that uw € L. It suffices to show that u’ is a prefix
of (uw)g, and this follows from

lu'v(up)| — [u'v(u) A (uw)@g| = [ug| — lug A (uw)g| < By,
and |v| = B,.
(ii) uo’ is a prefix of uo A (uv)g@.
(iii) uo' is a prefix of (uv)¢@ and both sides of the equality are equivalent in G.
(iv) uo’ is a prefix of (uv)o’ by (iii). O
For every u € L, we define
ué = (o, ut, up, qou).

Note that there exists precisely one path of the form q0i>qou in A.
Lemma 8.2. Let u, v € L be such that ué = v€ and let a € A, a € A%, Then

(1) ua € L ifand only if va € L;

(i) ifua € L, (ua)s = (va)§;
(iii) uv—" € Fix ¢;

(iv) ua € L if and only if va € L;
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(v) ua € Fix © if and only if va € Fix ®;

i) ifa € L, @ = limy,_ 400 a™u.
Proof. (1) u& = vé€ implies gou = qov.
(ii) Clearly, gou = qov yields goua = gova. Considering v=a in Lemma 8.1(iii), we
may write (ua)o = (uo’)u’ and deduce that u’, (ua)t, and (ua)p are all determined
by u&. Hence (ua)t = (va)t, (ua)p = (va)p, and u’ =v'.

Finally, since gou = qov, we have uaz € L if and only if vaz € L. It follows
from Lemma 8.1(iv) that there exists a word x € L which satisfies both (ua)o’ =
(uoHx and (va)o’ = (vo')x. Now (uoHu' = (ua)o = ((ua)o")((ua)o”) =
(uo)x((ua)o”). Hence u’ = x((ua)o”). Similarly, v' = x((va)s”). Since u’ =/,
we get (ua)o” = (va)o”, and so (ua)é = (va)k.

(i) (uv=Ng = (up)(vp)~! = (o) (up)(vp)~'(vo)~! = (uo)(vo)~!

= wo)wut)(vr) 1(vo) ! =uv-l.
(iv) We have ua € L if and only if ua!™ € L for every n € N. Now we use (i) and
induction on n.

(v) We have ua = (uo’)(uo”)(ut)a and, in view of Corollary 7.3 and (16), also

(ua)® = (uo’) lim (uo”)(up)(ag).

Hence ua € Fix @ depends just on u£ and «.

(vi) Let m = KoNo + No|u|. By Lemma 6.1(i), we have |a!"! A al"lu| > n —m for

every n. Hence a = lim,,_, | oo /"™ =1lim,,_, ; oo a1y O
Given X C A®, write

Pref X = {u € A" : ua € X for some a € A™}.

Recall the finite trim deterministic A-automaton s = (0, q0, O, E) recognizing L.
We build a (possibly infinite) A-automaton o, = (Q', gy, T’, E’) by taking

Q' = {ué& : u € PrefFix ®},
q0 = 1§,
T ={ué € Q' :ut =up =1},
E'={(u€,a,vE) e Q' x A x Q' : v =ua € PrefFix ®}.
We note that &d:p is deterministic by Lemma 8.2(ii) and is also accessible: if
u € PrefFix @, there exists a path q(’)—umé, and so every vertex can be reached
from the initial vertex.

Let S denote the set of all vertices ¢ € Q such that there exist at least two edges
in %, leaving q. Let Q" denote the set of all vertices g € Q’ such that there exists
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some path g—>p € SUT’. We define sl = (Q”, g4, T", E") by taking gy = gy,
T"=T,and E" =E'N(Q" x A x Q0").

Lemma 8.3. S is finite.

Proof. In view of Lemma 8.1, the unique components of #& that may assume
infinitely many values are ut and up. Moreover, we claim that

a7 ut #1=|up| < B,

holds for every u € PrefFix ®. Indeed, suppose that ut # 1 and |up| > B,,.
Write a = uf for some a € Fix ®. In view of Corollary 7.3, |up| > B, yields
|(uB)® Aug| > |uo| and now ut # 1 yields (uB)® Aupf) = (up Au) =uo. Since
B # 1, this contradicts « € Fix ®. Therefore (17) holds.

It is also easy to see that

(18) lup| > By = ué ¢ S

for every u € Pref Fix ®. Indeed, if |up| > B, and a is the first letter of up, then,
by definition of By, (uo)a is a prefix of (ua)® whenever ua € Fix ®. Therefore
any edge leaving u& in *9% must have label a, and so (18) holds.

In view of Proposition 7.2, we can define

Wo =max{lu|:u € L, lup| <2(B,+ D, — 1)}.
Let Zo = B, + No(Ko + Wy) D,,. To complete the proof, it suffices to prove that
(19) lut| > Zo=>ué ¢S

for every u € PrefFix ®.
Suppose that |ut| > Zy and

(u, a, (ua)é), ué, b, (b)) € E'

for some u € Pref Fix ®, where a, b € A are distinct. We have (ua)¢ = vé for some
v € PrefFix ®. By Lemma 8.2(v), we get uaa € Fix ® for some o € L. By (16),
we get uao = lim,_, o (uaa™)@, and so |(uaa™)@| > |u| for sufficiently large
n. Let

p =min{n € N: [(waa™)@| > |ul}.

Note that p > 0 since |ut| > Zy and by (17). Since |(uaa!?~"1)@| < |u| by the
minimality of p, we get

(20) |(uaa'™)@| < |(waa?M@| + D, < |u|+ D,.
On the other hand,
1) jul — |(uaal?)g A u| < B,.
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Otherwise, by definition of By, uaa and (uac)® would differ at position
|(wac™)@ Au| +1.
Similarly, ub8 € Fix ® for some g € L. Defining

g =min{n € N : |(ubp™)@| > |ul},

we get

(22) |ubB' )| < |ul+ D,
and

(23) ul — |ubBf')g Aul < B,.

Write u =u uy with |uz| = B,. Then by (20) and (21) we may write (uaa'”)g=u;x
for some x such that |x| < B, + D,,. Similarly, (22) and (23) yield (ubB4)g =u;y
for some x such that |x| < B, + D,. Writing w = (Bl41)~1b=laalP], it follows
that we = (y~'x)7, and so |w@| < 2(By, + Dy — 1). Hence |w| < Wy. Applying
Lemma 6.13) to g = (ubB9))r and h = wr, we get

ubpl| < |ubp'" A uac?!| + No(Ko + lwl) < lul + No(Ko + Wo),
and so g < No(Ko+ Wp). Hence, in view of (17), we get
ut| = Jul = |uo| < |@bp')@| — juc| < [ug|+ | (B¢ - |uo|
< lup|+ No(Ko+ W) Dy < B, + No(Ko + Wo) Dy,
contradicting |ut| > Zy. Thus (19) holds and the lemma is proved. O

We say that an infinite fixed point « € Fix ® N dL is singular if o belongs to
the topological closure (Fix ¢)¢ of Fix ¢. Otherwise, « is said to be regular. We
denote by Sing ® (respectively Reg ®) the set of all singular (respectively regular)
infinite fixed points of ®.

Theorem 8.4. Let ¢ be a uniformly continuous endomorphism of a finitely gener-
ated virtually free group G. Then

(i) the automaton s, is finite;

(i) L(sdy) = Fix ¢;
(iii) Lw(&ﬁg) = Sing ®.
Proof. (i) The set T’ is finite and S is finite by Lemma 8.3. On the other hand, by
definition of S, there are only finitely many paths in &dfp of the form v; : p'—¢’

with p’, ¢' € SUT"U{g/} and no intermediate vertex in S UT" U {g,}. Now recall
that &% is accessible. Hence every path of the form g LN p € SUT’ can be extended
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to some path q(’)—v>q—u> p € SUT’ which is itself a concatenation of the finitely
many paths v;. Therefore Q" is finite and so is 4.

(ii) Every u € L labels at most a unique path gj = 1& —u>u§ out of the initial vertex
in s, On the other hand if gy = 1654’ is a path in #/,, the fourth component
of & ylelds a path qo—>q in o, and so u € L. Hence

L(sdy)={ueL:ut €Ty ={ueL: ut =up=1}=Fixy.

Since L(sd}) = L(sd,), (ii) holds.

(iii) Let o € L, (sAy ) Then there exists some ¢” € Q" and some infinite sequence
(in)n such that qo —>q is a path in &1” for every n. Write u = a1l and let

v, = alinly=1, By Lemma 8.2(iii), we have v,, € Fix ¢ for every n. It follows from
Lemma 8.2(vi) that « = lim,,_, y 5; v,. Thus @ € Sing ®.

Conversely, let « € Sing ®. Then we may write o = lim,_, yo0 U, for some
sequence (v,), in Fix ¢. Let k € N. For large enough n, we have a!¥l = v*! and
so there is some path

okl
i —l —>tk S

where a/flw = v,,. Thus « € L,,(s4}) as required. O

Recall now the continuous extensions 7, : I — L of the uniformly continuous
mappings 7, : L — L : v — uv defined for each u € L (see Proposition 6.3). As
remarked before, this is equivalent to saying that the left action

Lx0L— 0L:(u,a)— ua

is continuous. Identifying L with G and d L with dG, we have a continuous action
(on the left) of G on dG. Clearly, this action restricts to a left action of Fix ¢ on
Fix®NoG: if g e Fixgp and ¢ e Fix® NG with o =lim,,, o g, (g1 € G),

(g)®=(g lim g,)®=( lim gg,)®= lim (gg,)¢
n——400 n—4-00 n— 400
= lim (gp)(g.p) =(gp) lim g, =g( lim g,)®
n—+00 n—-+o0o n—+o00
=g(ad) =

Moreover, the (Fix ¢)-orbits of Sing ® and Reg ® are disjoint: if « € Sing ®, we
can write @ = lim,,_, 1 g, With the g, € Fix ¢ and get go = lim,,_, 1 c ggn With
ggn € Fix ¢ for every n; hence « € Sing ® = ga € Sing ® and the action of g~!
yields the converse implication.

We can now prove the main result of this section.

Theorem 8.5. Let ¢ be a uniformly continuous endomorphism of a finitely gener-
ated virtually free group G. Then Reg ® has finitely many (Fix ¢)-orbits.
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Proof. Let P be the set of all infinite paths s(’)imi ... in , such that
so € SU{qo}, s, & SU{qo} foreveryn >0, s, #s, whenever n # m.

By Lemma 8.3, there are only finitely many choices for s;,. Since A is finite and Ay,
is deterministic, there are only finitely many choices for s, and from that vertex
onwards, the path is uniquely determined due to s ¢ S (n > 1). Hence P is finite,

and _we may assume that it consists of paths p. A ... fori=1,...,m. Fixa path
q0—>pl foreachi and let X = {u ayq, ..., Uy} CoL. We claim that X CReg ®.
Leti € {1,...,m} and write 8 = u;«;. To show that 8 € Fix @, it suffices to

show that lim,,_, ;o 8@ = B. Let k € N. We must show that there exists some
r € N such that

(24) n>r= "¢ Bl >k
In view of Proposition 7.2, there exists some r > k such that
n>r=|p"g| > k+B,.

Suppose that |81 A B| < k for some n > r. Then |f"o| < k. Since k < r <n,
it follows that 8™t # 1. On the other hand, since |8"l¢| > k + B,, we get
| p| > B,. In view of (17), this contradicts BI"& € Q’. Therefore (24) holds for
our choice of r and so X C Fix ®. Since the path

;B

do—

can visit only finitely often a given vertex, 8 ¢ Lw(&ﬁ;ﬁ), and so X € Reg @ by
Theorem 8.4(iii).

By the previous comments on (Fix ¢)-orbits, the (Fix ¢)-orbits of the elements
of X must be contained in Reg ®. We complete the proof of the theorem by proving
the opposite inclusion.

Let B € Reg ®. By Theorem 8.4(iii), we have 8 ¢ Lw(&ﬂ;’)), and so there exists a
factorization 8 = u« and a path

;) u ;o
GQo—>p'—>

in &Q; such that p’ signals the last occurrence of a vertex from S U {g,)}. We claim
that no vertex is repeated after p’. Otherwise, since no vertex of S appears after p’,
we would get a factorization of p’ s as

;v W ,w
p—9 —>q9 —
and by Lemma 8.2(iii) and (iv) we would get (uvw"v~'u=" 7 e Fix ¢ and

B= lim wvw'v-lu-l,
n—+0o0o
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contradicting 8 € Reg ®. Thus no vertex is repeated after p’, and so we must
have p’ = p} and « = «; for some i € {1, ..., m}. It follows that 8 = uce;. By
Lemma 8.2(iii), we get

1 .-
uu; € Fix g,
and we are done. O

Theorem 8.5 is somehow a version for infinite fixed points of Theorem 4.1,
which we proved before for finite fixed points. Note however that Sing ® does not
in general have finitely many (Fix ¢)-orbits since Sing ® may be uncountable (take
for instance the identity automorphism on a free group of rank 2).

Since every finite set is closed in a metric space, we obtain the following corollary
from Theorem 8.5.

Corollary 8.6. Let ¢ be a uniformly continuous endomorphism of a finitely gener-
ated virtually free group G with Fix ¢ finite. Then Fix ® is finite.

9. Classification of the infinite fixed points

We can now investigate the nature of the infinite fixed points of ® when ¢ is an
automorphism. Since, by Proposition 7.2, both ¢ and ¢~! are then uniformly
continuous, they extend to continuous mappings ¢ and W which turn out to
be mutually inverse in view of the uniqueness of continuous extensions to the
completion. Therefore @ is a bijection. We say that & € Reg ® is

o an attractor if 3& > 0VB € L : (ds(at, B) < & = lim,_, 400 BP" = );
o arepellerif 3¢ >0 Vg € L: (d3(a, B) <e=1limy 100 BOT" = ).

The latter amounts to saying that « is an attractor for ®~!. There exist other types,
but they do not occur in our context as we shall see.
We say that an attractor o € Reg ® is exponentially stable if

e, k,£>0VBeLVneN: (di(a, B) <e= ds(a, BO") <k2™"ds(, B)).
This is equivalent to saying that
(25) AM,N,£>0VBe L VneN:
(JaAB|>M=|a ABD"|+ N > tn+|anpBl).

A repeller ¢ € Reg @ is exponentially stable if it is an exponentially stable
attractor for 1.

Theorem 9.1. Let ¢ be an automorphism of a finitely generated virtually free group
G. Then Reg @ contains only exponentially stable attractors and exponentially
stable repellers.
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Proof. Let o € Reg @ and write « = ajap --- witha; € A. Then there exists a path
léi>oe[”§£>a[2]§£> e
in &dﬁp. Let Yo = By(Dy-1 + 1) + By-1(Dy, + 1) and let
V ={ué e Q :lut|> Yyor|up| > Yo).

It is easy to see that Q" \ V is finite. We saw in the proof of Theorem 8.5 that there
are only finitely many repetitions of vertices in a path in &ﬁfp labeled by a regular
fixed point. Hence there exists some np € N such that

(26) al™g e V for every n > ny.

Now we consider two cases.

Case I: o™t = 1. We claim that
27 ot = 1 for every n > ny.

The case n = ng holds in Case I, so assume that o1z = 1 for some n > ng. Then
alMg € V, and so [al"!p| > Yo > 2B,,. Since |« 1| > |«!"@| — B, by definition
of By,
o+ Hp| = o Hg| — o) > je"IG] — B, — o] =1 = |« p| — B, — 1
>Yy—By,—1> B,,.

By (17), we get ot =1, and so (27) holds.
Next we show that

(28) ((a[n]y)cb)[’”rl] = gl"t1

if n > ng and /"y € L. Indeed, by (27) we have a!"g = o (" p) and | p| >
Yo > B,. By the definition of B, and Corollary 7.3, we get ((@!y)®)"T1 =
a" (a1 p)1 Considering the particular case y = a,,1, we also get

(a[""‘]]@)[”"‘l] — Ol[n](Ol[n],O)[l] — ((a["]y)¢)[n+1].

Since a"*!z = 1 by (27), we have (a"!@)l"+1] = ¢["*+11 "and so (28) holds.

Hence we may write («!"ly)® = a"*11y’ whenever a!"ly € L. Iterating, it
follows that, for all k > ng and n € N, al¥ly € L implies (a/¥ly)®" = alk+1ly’ for
some y’. By considering 8 = a!*ly and o*! = « A B, we deduce that

la ABl = no = la ABP"| = n+la A Bl

holds for all B € L and n € N. Therefore (25) holds, and so « is an exponentially
stable attractor in this case.
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Now, if |a!l7| = 1 for some # > ng, we can always replace ng by ¢ and deduce
by Case I that o is an exponentially stable attractor. Thus we may assume the
following.

Case II: "'t £ 1 for every n > ny. By replacing ng by a larger integer if necessary,
we may assume that (26) is also satisfied when we consider the equivalents of &
and V for ¢!,

Since ¢ is injective, there exists some 7] > ng such that
™3| > ng + B,.

Since a1t # 1, it follows from (17) that |«"11p| < B,; hence a!"lo = a["! for
some ny > ng. Write x = a!"1p. Then a"lg = al™lx yields

ol = (@l (xp™h),
and so
ny = || < a1 + |xo 1| < |a™lo~1| 4+ B,D,,-1.

On the other hand, |a"1p| < B, <Yy and a1 e V together yield Yy < |a!"l7| =
ny —ny, and so

ny + Bq)q <n —Yy+ B(p—l <np— B(pD(p—l < |0t[n2JF|.
In view of (17), we can apply Case I to ¢~!. Hence « is an exponentially stable
attractor for ¢ ~! and, therefore, an exponentially stable repeller for ¢. ]
10. Example and open problems

We include a simple example which illustrates some of the constructions introduced
earlier.

Example. Let G=7x7; and let A ={a, b, c}. We note that this is not the canonical
set of generators, which would not work. Then the matched homomorphism
7w : A* — G defined by

ar =(1,0), br=(0,1), cr=(1,1)
yields
Geos(G) = (aUc)* U@ 'Ue™H*uib, b1y,
and we can take

R={xx"" 1) x € AYU{(@D0, ¢®), (B0a®, c®), (c°DP, a®), (Ot a®) : 8, e = +1}
U{(ac™", b), (cta, b), (@ ‘e, b), (ca™', b), %, 1), (b2, 1)}
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< l<b<b!, we get

to get Geoy (G) = Irr R. Ordering A bya<c<a~
L=a*(1Uc)U@ H*(1uchup,

recognized by the automaton &{ depicted by

q0 q1
j b,c,c”! l
a—l C
q2 q3

a!

Hence L = L, (A) = {a®, (a—")*}.

Let ¢ be the endomorphism of G defined by (m, n)gp = (2m,n). Then ¢ is
injective and therefore uniformly continuous, admitting a continuous extension ¢
to L. Since B, =0, it is easy to check that &Q;J is the automaton

b§ ——

N

a”'¢ 1§

-1 a

and

16=(1,1,1,90), b§=(1,1,1,93), a"§=(1,1,a",q1), a"§=(1,1,a7", q2)

for n > 1. Note that, in general, we ignore how to compute ${/ , our proofs being
far from constructive!

It is immediate that Fix ® = {1, b, a®, (a~1)®}. Moreover, the regular infinite
fixed points a® and (a~')® are both exponentially stable attractors.

Finally, we end the paper with some easily predictable open problems.

Problem 10.1. Is it possible to generalize Theorems 4.1, 8.5, and 9.1 to arbitrary
finitely generated hyperbolic groups?

Paulin proved [1989] that Theorem 4.1 holds for automorphisms of hyperbolic
groups.

Problem 10.2. Is Fix ¢ effectively computable when ¢ is an endomorphism of a
finitely generated virtually free group?

For the moment, only the case of free group automorphisms is known; see
[Bogopolski and Maslakova 2012].
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Another natural question to ask in this context is whether similar results hold for
equalizers. Given homomorphisms ¢, ¥ : G — G/, let

Eq(p, ¥) ={x € G:xp =x¢}.

Problem 10.3. Given homomorphisms ¢, ¥ : G — G’ of finitely generated virtually
free groups with ¢ injective, is Eq(p, ¥) finitely generated?

This question has been solved by Goldstein and Turner for free groups [1986].
The restriction to the case where at least one of the homomorphisms is injective
is required even in the free group case (see [Gersten 1987] and [Ventura 2002,
Section 3] for counterexamples).
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THE SHARP LOWER BOUND FOR THE FIRST POSITIVE
EIGENVALUE OF THE FOLLAND-STEIN OPERATOR ON A
CLOSED PSEUDOHERMITIAN (27 4+ 1)-MANIFOLD

CHIN-TUNG WU

In this paper, we obtain a sharp lower bound estimate for the first nonzero
eigenvalue of the Folland-Stein operator &, |c| < n, on a closed pseudoher-
mitian (2n + 1)-manifold M. This generalizes the first nonzero eigenvalue
estimates of the sublaplacian and Kohn Laplacian.

1. Introduction

Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold (see the next section
for basic notions in pseudohermitian geometry). A. Greenleaf [1985], S.-Y. Li
and H.-S. Luk [2004], and H.-L. Chiu [2006] proved the sharp lower bound of the
first positive eigenvalue A? of the sublaplacian A, on a pseudohermitian (2n + 1)-
manifold M. More precisely, it was proved that
A? . nk

n+1

if [Ric —% Torl(Z, Z) > k(Z, Z) for all Z € T o, some positive constant k, on
a closed pseudohermitian (2n + 1)-manifold with the nonnegative CR Paneitz
operator Py if n =1 (also see [Chang and Wu 2010]).

Very recently, S. Chanillo, H.-L. Chiu and P. Yang [Chanillo et al. 2012] obtained
the sharp lower bound of the first positive eigenvalue A} of the Kohn Laplacian [,
on a pseudohermitian (2n+1)-manifold M with n =1, 2. Later, S.-C. Chang and the
author [Chang and Wu > 2013] proved the same result for n > 3. They showed that

2nk
“n+1
if Ric(Z, Z) = k(Z, Z) for all Z € T}, some positive constant k, on a closed

pseudohermitian (2n 4 1)-manifold M with nonnegative CR Paneitz operator Py if
n = 1. Note that there is no assumption involving the pseudohermitian torsion.

n
1
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In this paper, we generalize the first nonzero eigenvalue estimates of the sub-
laplacian Aj; and Kohn Laplacian [J,, to the Folland—Stein operator £,. First we
need some definitions.

Definition 1.1. Let (M, J, 6) be a closed pseudohermitian (2n 4 1)-manifold. De-
fine

n
Pop=> (pa"p+inApe*)0F = (Pge)0f, B=1.2,....n,
a=1

which is an operator that characterizes CR-pluriharmonic functions ([Lee 1988] for
n =1 and [Graham and Lee 1988] for n > 2). Here Pgp = Zg=1 (90&&,3 +inAgep®)
and Pg = (P ,3<p)9‘3 , the conjugate of P. Moreover, we define

Pop = 8,(P9),

which is the so-called CR Paneitz operator Py. Here &, is the divergence operator
that takes (1, 0)-forms to functions by 8;(0,6%) = 0,,% and §,(0560%) = 0g,%. If
we define 9, = @0 and 5b(p = @z0%, then the formal adjoint of 9, on functions
(with respect to the Levi form and the volume form 6 A (d6)") is 9, = —5,.

We observe that P is a real and symmetric operator and

‘/wwﬁw»=—]l&m¢

Definition 1.2. We say that the Paneitz operator Py with respect to (J, ) is non-
negative if, for all C* smooth functions g,

/(Po¢)¢ > 0.

Remark 1.3. When (M, J, 6) is a closed pseudohermitian 3-manifold with vanish-
ing pseudohermitian torsion, the corresponding CR Paneitz operator is nonnegative
[Chang et al. 2007]. Unlike n = 1, let (M, J, 8) be a closed pseudohermitian
(2n + 1)-manifold with n > 2. The corresponding CR Paneitz operator is always
nonnegative as in (3-4).

Definition 1.4 [Graham and Lee 1988]. Let (M, J, 6) be a closed pseudohermitian
(2n + 1)-manifold. We define the purely holomorphic second-order operator Q by

Q9 =2i(A%g,).p.
Note that [T, Ap] =2Im Q and

(1-1) 4Py=A?+n’T? —2nRe Q = (Ap +inT)(Ay —inT) —2nQ
= (Ap—inT)(Ap+inT) —2n0.
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Now we consider, for ¢ € R, the self-adjoint operators
Le=Ap+icT,

with |¢| <n. By aresult in [Folland and Stein 1974], each £, |c| < n, is a subelliptic
operator of order %; hence &, has a discrete spectrum tending to +oo.

In the following we can obtain a sharp lower bound for the first nonzero
eigenvalue A{ of the Folland—Stein operator &., ¢ € R with |c| < n, on a closed
pseudohermitian (27 + 1)-manifold.

Theorem 1.5. Let (M, J, 0) be a closed pseudohermitian (2n 4 1)-manifold. Sup-
pose that

— 1
Ric — (n=—o)n+1) Tor
2(n—+c)
1
Ric — (nton+l) Tor
2(n —c)
for a positive constant k and for all Z € T o. In addition we assume the Paneitz
operator Py is nonnegative if n = 1. Then the first nonzero eigenvalue of £, |c| <n,
must satisfy

}(Z, Z)>k(Z,Z) ifc>0,
(1-2)
}(Z, Z)>k(Z,Z) ifc<DO,

n+|c|
n+1

Note that the constant in the torsion tensor term in assumption (1-2) depends on
the variable c. In the standard pseudohermitian (2 + 1)-sphere (S>'*!, J, 6) with
the induced CR structure J from C"*! and the standard contact form é, we can
show that the lower bound in Theorem 1.5 is sharp (see Section 4).

In particular, when (M, J,0) is a closed pseudohermitian 3-manifold with

Af >

vanishing pseudohermitian torsion, the corresponding CR Paneitz operator Py
is nonnegative.

Corollary 1.6. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold with
vanishing pseudohermitian torsion. Suppose that
Ric(Z,Z)>k{Z,Z) ifc>0,
{Ric(z Z)>k(Z,Z) ifc<O,
for a positive constant k and for all Z € Ty g. Then the first nonzero eigenvalue

of ¢, |c| < n, must satisfy
n—+|c|

n+1
Moreover, when ¢ = n, the operator &, is just the Kohn Laplacian: &,, = [J,.

A§ >

Corollary 1.7. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. Sup-
pose that
Ric(Z,Z)>k(Z, Z)
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for a positive constant k and for all Z € Ty . In addition we assume the Paneitz
operator Py is nonnegative if n = 1. Then the first nonzero eigenvalue of the Kohn

Laplacian U, must satisfy
2nk

n+1
When ¢ = 0, the operator ¥ is just the sublaplacian Ap; i.e., £y = Ap.

Corollary 1.8. Let (M, J, 0) be a closed pseudohermitian (2n + 1)-manifold. Sup-

pose that
1
|:Ric _nt

for a positive constant k and for all Z € T o. In addition we assume the Paneitz
operator Py is nonnegative if n = 1. Then the first nonzero eigenvalue of the
sublaplacian Aj, must satisfy

n
12

Tor](Z, Z)>k(Z, Z)

nk
n+1
Further, we study the case when a sharp lower bound estimate of ¥, |c| < n, is
achieved in Section 4.

29>

Proposition 1.9. Under the same conditions as in Theorem 1.5, if we assume the
first nonzero eigenvalue of £, 0 < |c| < n, satisfies

po = ey
n+1
(1-3) / AP geaeg =0

for a corresponding eigenfunction ¢. of £ with respect to | and with f (0c, pc) =1,
then the eigenfunction ¢, will satisfy
n(n+c) n(n —c)
(1_4) f|ab C| 2(}’12 cz))\' and /lab Cl _2( 2 CQ’))\‘I’
thus we also have
n2 c . ¢ c
(Ap@e, pe) = pop Ll and i(Toc, o) = araln
Letting ¢ — 0T, we see that [ [3p0.|* = [ |3ppc]> = lk(l) and f_i(T(pC, @) =0
for c = 0. When ¢ = n, from (1-4), we get that d,¢, = 0 and thus U@, = 0. This

implies that the corresponding eigenfunction ¢, of &£, = [J;, with respect to A will

also satisfy
nk

n ©n
This yields that ¢,, achieves a sharp lower bound for the first nonzero eigenvalue of

Appy =
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the sublaplacian A,. Furthermore, it can be showed the pseudohermitian torsion Ay
of M is zero; thus (M, J,0) is the standard pseudohermitian (2n + 1)-sphere
($2+1J,0) (see [Chang and Wu > 2013] for details).

2. Basic materials

Let us give a brief introduction to pseudohermitian geometry (see [Lee 1988] for
more details). Let (M, &) be a (2n + 1)-dimensional, orientable, contact manifold
with contact structure &, dimg £ = 2n. A CR structure compatible with £ is an
endomorphism J : £ — £ such that J> = —1. We also assume that J satisfies the
following integrability condition: if X and Y are in &, thensois [/ X, Y]+ [X, JY],
and J([JX, Y]+ [X,JY]) =[JX,JY]—[X,Y]. ACR structure J can extend
to C ® & and decomposes C ® & into the direct sum of 77 ¢ and Tp ;, which are
eigenspaces of J with respect to i and —i, respectively. A pseudohermitian structure
compatible with & is a CR structure J compatible with & together with a choice of
contact form 8. Such a choice determines a unique real vector field T transverse
to &, called the characteristic vector field of 6, such that 6(T) =1 and £76 =0
ord6(T,-)=0. Let{T, Z,, Z5} be a frame of TM ® C, where Z,, is any local frame
of T1.0, Zg = Zy € Tp.1 and T is the characteristic vector field. Then {6, 8%, 6%},
which is the coframe dual to {T', Z,, Z3}, satisfies

d§ = ih,56% A 6P

for some positive definite hermitian matrix of functions (h,z). Actually we
can always choose Z, such that h,3 = dup; hence, throughout this paper, we
assume hy g = Sop.

The Levi form (, ) is the Hermitian form on 77 o defined by

(Z,W)=—i(d0, ZAW).

We can extend (, ) to Tp ; by defining (Z,WYy=(Z,W) forall Z, W € T1,0. The
Levi form induces naturally a Hermitian form on the dual bundle of 7 o, also
denoted by (, ), and hence on all the induced tensor bundles.

The pseudohermitian connection of (J, ) is the connection V on TM ® C (and
extended to tensors) given in terms of a local frame Z, € T ¢ by

VZe=0l ®25 VZi=wi®25; VT =0,
where w,” are the 1-forms uniquely determined by the following equations:

doP =0° N +O AT, T AOY =0, w.f +wz* =0.
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We can write 7, = Aaﬂéﬁ with Ayg = Age. The curvature of the Webster—Stanton
connection, expressed in terms of the coframe {6 = 09, 02, 95’}, 18

Webster showed that I1g* can be written as
Mg% = Rp% p50° N O7 + W ,0P NO — W5;0P N0 +i6p AT —iTg AOY,
where the coefficients satisfy
Rpaps = % = Rapsp = Rpaps. Wpay = Wyap.

We will denote components of covariant derivatives with indices preceded by
comma; thus write Ayg , . The indices {0, «, a} indicate derivatives with respect
to {T, Z,, Z5}. For derivatives of a function, we will often omit the comma, for
instance, Qo = Za@, Yo5 = ZgLap — a)o,V(ZB)Zy(p, @9 = T¢ for a (smooth)
function ¢. Let the Cauchy—Riemann operator d;, be defined locally by dp¢ = ¢,6¢,
and let 9, be the conjugate of d,. For a function ¢, the subgradient V, is defined
locally by Vyp = ¢“Z, + ©*Zs. The sublaplacian A, the Kohn Laplacian [, and
the Folland—Stein operator £, on functions are defined by

App = —(0a® +95%), Do =(Dp+inT)g, Lo =(Ap+icT)g.

The Webster—Ricci tensor and the torsion tensor on 77, are defined by

Ric(X, ¥) = Rys X“Y?,

Tor(X,Y) =i Y (AzsX?YP — AupX°YP),
wp

where X = X%Z,, Y = YPZ;, R,3 = R,”,5. The Webster scalar curvature is
R=R,*=h"PR,j.

3. Proof of Theorem 1.5

Let (M, J, 0) be a closed pseudohermitian (2n+1)-manifold. In this section, we can
obtain lower bound estimates for the first nonzero eigenvalue of the Folland—Stein
operator ¥, |c| < n, on a closed pseudohermitian (2n 4 1)-manifold.

First we need the following Bochner formula for the Kohn Laplacian [Chanillo
et al. 2012, Equation (2.8)]).
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Lemma 3.1. For any complex-valued function ¢, we have

G —30h[aef = Xﬂj(waﬂm + 9a5B,5) + Ric((Vop)c, (Voo)c)
o,

1 - = +1,- _
(0p, 3p0p0) — . (0,050, 050)

o 2n

1,- = n—1, _ . _
- ;(P% Ipep) + T<P¢, W),

where (Vpp)c = ¢% Zy is the corresponding complex (1, 0)-vector field of V.

First we derive some useful identities which we need in the proof of Theorem 1.5.
Let ¢ be a smooth complex-valued function on M. By integrating the Bochner
formula (3-1), we have

_ _ +2
(3-2) 0=/ E (%B%ﬁ-l-fpaﬂ%g) - —nzn /(DMP, Opep)
a.p

2—n _ .
+ — (Pop)@ + [ Ric((Vp@)c, (Vo)c).
We also have

63 [ Leata=[3
a.p

2

+—4 /(Dbfp, )
n

o,pB

af_la Vh —
of n Y of

n—1

1
= / (Pop)g + - / (Do, Opg).

n

Here we used the following divergence formula [Graham and Lee 1988] for the
trace-free part of ¢, 5:

_ 1_
Baﬁ(p =@up — ;(p)/yhaﬁ‘

That is,

- - = n—1
(B%9) (B,5%) = o*7 (B,) = (¢ B.59) / ———¢" Pu

.z n—1 . n—1
= (¢"B,59)." ———(@P). +——(Pop)g.

Then we integrate both sides to get
_2_n—1 _
(3-4) / Zﬂ\Baﬁwl =— f (Pop)g.
a,

Taking together the two formulas (3-2) and (3-3), we get

1 1
/(wa, Dbfﬂ):/z %ﬁ%ﬁ-l-;/(Pow)a—i-/Ric((wa)@, (Vop)c).
a.p

n—+
4n

(3-5)
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By taking complex conjugate to (3-5) and replacing @ by ¢, one obtains

+1 (= = 1 . _ _
(3-6) n“—n/(mbfﬂ, Db¢)=/2/; %ﬂ%,ﬁ;/(PWWWL/RIC((VW)@, (Vs@)c).

From the formula (1-1), we have
a4 [op= [t -l -2100.

= [(Eop. One)—20 [ 126,

By (1-1), we can also obtain

(3-8) 4 / (Pog)g = f (D0, Do) — 2n f (Tg. 9.

Proof of Theorem 1.5. Let ¢, be an eigenfunction of the Folland-Stein operator &,
¢ € R with |c| < n, with respect to the first nonzero eigenvalue A{; i.e., L@ = A{@c.
When 0 < ¢ < n, from (3-6) and (3-7) for
n—+c n—c—

gcz ‘:’ Da
2n bt 2n b

we have

+ — —
%/(Db(;oc’ $c¢c> = % f<Db¢Ca Db@c)"‘u /(Db(pu Db‘pc>

n4+c n+2— _
= n+1 /Z%aﬂ%aﬁ-i- n+1 /(POQDC)QDC

e [ —c =
+Z+1 /Rlc((vbcpc)c, (beﬂc)C)-i-%/(Q(pc,(pC)

n+c n+2—c
— -0 P .
= 1/;3 PeapPeap+ 1 f( 09c)Pe

n+c/|: . (n=om+1
Ric—m———~
n+1 2(n+c)

+

TOI':| ((Vb(pc)(ﬁv (vb¢c)C),

where we used the equation
/ (O¢c, pc) = — / Tor((Vego)es (Voge)e),

since [(Qge, @) is real, and thus [(Qg., ¢.) =2 [i A% g, aPeg=—2[1A@cu@ecp.
Hence, if Py is nonnegative and
n—c)n+1)

[Ric BT Torl(Vege)e, (Vowe)e) = kldppel?,
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we have
— 2 n—+c _ n+2—c _
(3-9) Af f |Obge|” =~ 1 / gwwﬂmﬁﬁ / (Poge)@e
n—+c . (m—co)n+1)
Ric———— T Vioe)e, (V,
i /[ =g T ((Vbe)e, (Vope)e)
n+c = 2
> —k 8 cl »
> fl b9cl
which shows that A > 2=Ck.

When —n < ¢ < 0, from (3-5) and (3-8), the same computation shows that
— n—+c — n—c — —
/ (Oppe, Lepe) = / (O, Opoe) + . / (Tppc, Opec)
n—c _ n+2+c _
= n+1 / aXﬂ:(pcaﬁ(pcaﬂ + ﬁ /(Po(pc)(pc

L n=e / [Ric _ptomtl) Tor] (VoBo)e. (VsFoe).

N[ —

n+1 2(n—c)
Thus, if Py is nonnegative and
. (n+o)n+1) _ _
[Ric ———————— Torl(Vs@c)c, (Vsge)e) = kldpeel?,
2(n—c)
we get

n—c n+2+c
K?/|8b¢c|2= — /(Powc)wc

n—c/[ . (mton+1)
Ric—————=
n+1 2(n—c)

>—k/|ab¢c ,

which implies that A§ >~

+ Tor:| ((Vbac)@v (vb(ﬁc)C)

O

4. Example and proof of Proposition 1.9

In this section, we calculate the eigenvalues of sublaplacian Aj, Kohn Laplacian [,
and the Folland—Stein operator &, |c| <n, of the standard pseudohermitian (2n+1)-
sphere §2"*!. We show that the lower bound in Theorem 1.5 is sharp. We also
study the case when a sharp lower bound estimate of &, |c| < n, is achieved.

Let $2+1 = {Go. 21, v 20| >0 Z,z] =1} c C""! with the induced CR struc-
ture from C"*! and the contact form 6 = 5 L (du—du)|gnr1 where u= (Z/:O Z,Z]) 1
is a defining function. It can be shown that the pseudohermitian torsion is free and
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the Webster—Ricci tensor is given by R,z = (n+ 1)h,z.

We write
9.=-0 5.2 <j<n 9-=9:8 (0<j k<n)
i =%z % 5 =Jj=n, jk = %% ==,
and z = (20, 21,---»2n), 6 = (30, 31, ..., 9,). We let - denote the dot product.

Then, by the computation in Section 1 of [Geller 1980], we have

P = 2(—A + > zjzkajak) + 4078+ (n—0)z-8,
k=0

where A = Z?:o 9j05 1s the standard Laplacian on C"*!. In particular, we have

n
Ap = 2(—A—|— > z,-zka,-ak) +n(z-842z-9),
7. k=0

n
O, = 2(—A +> zjzkajak) +2n7 - 8.
j.k=0

If Y is a bigraded spherical harmonic of type (p, ¢) on C"**! (a harmonic poly-
nomial which is a linear combination in terms of the form z°z¥, where p, y are
multiindices with |p| = p, |y| = ¢q), then £.Y = (2pq +m+c)g+ n— c)p)Y.
Similarly,

ApY =(2pg+n(p+q)Y, LY =29(p+n)Y.

This example shows that the lower bound in Theorem 1.5 is sharp.

Now we study the case when a sharp lower bound estimate for the first nonzero
eigenvalue of the Folland—-Stein operator &, |c| <n, on a pseudohermitian (2n + 1)-
manifold M is achieved. We only consider the case when the constant ¢ is nonneg-
ative. The same computation follows when c is negative.

First, from (3-9), we have the following observation.

Lemma 4.1. Under the same conditions as in Theorem 1.5, when the first nonzero
eigenvalue of ., 0 < ¢ < n, satisfies

? _ n—+c k.
n+1
then the corresponding eigenfunction . will satisfy
4-1) Pap =0 foralla,p,
. (n=o)m+1 -~ 2
4-2 Ric———— T \% , (V, =k|0 ,
(4-2) [ ic 3t o) Or] ((Vope)e. (Vbee)e) =k|0pee

(4-3) Poge = 0.
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Proof of Proposition 1.9. The integral condition (1-3) says that

/ (00, p) = —2i / A ooy = O,

and then by integration by parts, we obtain

4-4) /(Q(pc, (pc) = /(‘pc’ 0¢c) = /(Qﬁom @c) =0.
From (1-1), one can see that

4Py =[Ap—i(n*/c)T1[Ap+icT] @nc+n+c)Q+ 2nc—n—0)Q].

_ Z[
Then, from (4-3) and (4-4), one obtains
0= 4/(1’0%)@» = Al /([Ab —i(*/O) T 1ge, ¢c)

=i / ([(1 = /0Ty + (1 +n/0Tlge, @)

= f[(l —n/)3p@el* + (1 +n/0)3pec|*],
which is
4-5) (n—c) / Fype” = (0 +¢) / .

On the other hand, the equation £.¢. = (Ap +icT)p. = A{¢@. yields
(4-6) 1= [ oo = [ v
1 _
=3 f([(n +0)0p + (1 —)Op e, ¢c)

=/<1+n/c>|5b¢c\2+(1 /Ol

The equations (1-4) follow from (4-5) and (4-6) easily. [l
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REMARK ON
“MAXIMAL FUNCTIONS ON THE UNIT r-SPHERE”
BY PETER M. KNOPF (1987)

HONG-QUAN L1
Volume 129:1 (1987), 77-84

The article in question contains an important result on the behavior of the
Hardy-Littlewood maximal function M gn» on the unit n-sphere, providing
a weak-type linear bound that has not been improved on in the intervening
decades. Unfortunately, the proof has a gap, since it relies on an incorrect
intermediate result (Lemma 3). We correct the proof by providing a sharper
lower bound for a trigonometry integral than the one used by Knopf.

1. Introduction

Let S”~1 (n > 2) denote the unit sphere of dimension n — 1, i.e., the n — 1 dimen-
sional, simply connected Riemannian manifold of constant sectional curvature 1.
Let d gn—1 be the induced distance and ( gn—1 be the induced measure.

Consider the centered Hardy-Littlewood maximal function, M gn—1, on S n—1
ie.,

1
Mgai f(x) = sup / f )] dpgnai (7).
O<r<m Msn—l(BSn—l(xv”)) Bgn—1(x,7)
xeS" feLl(s™,

where Bgn—1(x,r) is the open ball with center x and radius r > 0.
In [Knopf 1987], the following theorem is presented:

Theorem 1.1. There exists a constant A > 0 such that
(1-1) |(Mgn-1|lp1—sp1.00 < An foralln > 2.

The author is partially supported by the NSF of China (grant no. 11171070), NCET-09-0316 and
“The Program for Professor of Special Appointment (Eastern Scholar) at Shanghai Institutions of
Higher Learning”.

MSC2010: 42B25,43A85.
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For other results concerning the estimates of type (1-1), see for example [Stein
and Stromberg 1983] in the setting of R”, [Li 2009; Li and Qian 2011] in the
setting of H-type groups, [Li 2010] for Grushin operators, [Li and Lohoué 2012]
for the case of real hyperbolic spaces and [Naor and Tao 2010]. There is also a
bound of type

lim || Mcubellp1—p1.00 = +00
—>+00

about the centered maximal function associated to cubes in R”; see [Aldaz 2011]
or [Aubrun 2009] for details.
Let w,—; denote the area of the unit sphere of R"; i.e., wy—1 = 2——+

T
Recall
that, for x € S*7 1,0 <t <2, (

NI§ [SIN]

)

S(x,t)={yeS" ' CR" [x—y| <t}
[S(x,1)| = pgn—1(S(x,r)).

There exist some mistakes in [Knopf 1987]. For example, near the end of the
proof of Lemma 3, take

[ = 2(1 — n_% ) y
and we find that Lemma 3 is wrong. Knopf uses the estimate that

2 arcsin(z/2) 2 arcsin(z/2)

sin" 2 udu > a),,_2/ sin 2 u cos u du,
0

1S (. 1)] = s f

0

which gives the lower bound

n—1
t2\1 2
1-2 Sl ==t 212 forall0 <7 <~2, n>2.
D Isenolz 2t le(1-4 < Vi 0z
This estimate is not sharp enough to obtain the desired result. In order to make
the proof in [Knopf 1987] effective, we need the sharper and sufficient lower
bound:

Lemma 1.2. There exists a constant ¢ > 0 such that, foralln>2 and 0 <t < «/i
we have

2 2773 2\1"7"
(1-3) |S(x,z)|zcw,,_l[n(l—z,ll—%)ﬂ 1—%] [(1—%)] .

More specifically, using the bound (1-3) instead of (1-2) in the proof of Knopf’s
Lemma 1 yields an improved result to replace Lemma 1:
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(1-4) Mgn—1 f(x)

\/n(l—t -5 )+eyf1-% 2
< 1 ——
_cmax{ _Slllp ; u(( 2)x),
n 2=t
<./2(0-n"1)
n  sup u((l—L)x), u(n_lx)}.
1 vn
0<t<n 2

Using (1-4) instead of the original Lemma 1 estimate at the end of the proof of
Lemma 3 in [Knopf 1987] gives

(1-5)  Mgn—1 f(x)

FR R Ly

<c max{ sup

_1
n 2=t

<J/2(1—n—1)
-1
t
n  sup (H— nln(l——) ), 1+vnlnn}MTf(x).
_1 N
0<t=<n 2

It is trivial to check that the right side of (1-5) is at most cn M f(x), and using
this inequality the rest of the original proof works and gives the correct result.
2. Proof of Equation (1-3)
For 0 < ¢ < /2, set r = 2arcsin(¢/2); then
r sinr dy
[S(x,1)| = / Wn—a(sins)" 2 ds = _2/ e
o " Jo V1— y2
_ sinr d
> Pn=2 yh2 S 2 (sinr)""! /
\/_ Vi—y «/_ \/l—usmr

Observe that

1 u"2 1\" 2% ! du
——du>|1—-
0 l1—usinr n %\/l—usmr

_yp=ma-H1 1 1

m + \/1 —(1— sm r
1 1
Cﬁ V(I =sinr) +sinr
Then Stirling’s formula implies (1-3). O
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Remark. By (1-3), a simple computation then leads to
2-1) |S(x,1)| > cwp—y whenever V2(1—n~ ') <t <2andn>2.
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