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We study the location of possible poles of a family of residual Eisenstein
series on classical groups. Special types of residues of those Eisenstein series
were used as key ingredients in the automorphic descent constructions of
Ginzburg, Rallis and Soudry and in the refined constructions of Ginzburg,
Jiang and Soudry. We study the conditions for the existence of other possible
poles of those Eisenstein series and determine the possible Arthur parameters
for the residual representations if they exist. Further properties of those
residual representations and their applications to automorphic constructions
will be considered in our future work.

1. Introduction

Automorphic descent constructions of Ginzburg, Rallis and Soudry [Ginzburg et al.
2011] produce the inverse of the Langlands functorial transfers from classical groups
to the general linear groups. More recently, the extensions of those constructions to
produce endoscopy transfers for classical groups were considered in [Ginzburg 2008;
Ginzburg et al. 2012; Jiang 2011; 2012]. The key ingredient in these constructions
is to use certain Fourier coefficients of special types of residues of certain residual
Eisenstein series as kernel functions in the corresponding integral transforms. In
order to explore the possibility of more general constructions, in this paper we start
to consider other possible poles and residues of these and more general residual
Eisenstein series for classical groups.

1A. Classical groups. Let F be a number field and let £ be a quadratic extension
of F whose Galois group is denoted by I'z/r = {1, t}. Denote by A = A the ring
of adeles of F.

The classical groups considered in this paper, denoted by G,,, are the F-quasisplit
unitary groups U, and Uj, 4 of hermitian type, the F-split special orthogonal
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group SO»,; and the symplectic group Sp,,,, and the F-quasisplit even special
orthogonal group SO,,. Define the number field F’ as F if G, is not a unitary
group and as E if it is. Denote by Rz, r(GL,,) the Weil restriction of the GL,, from
F'to F.

We try to follow closely the notation introduced in [Mceglin and Waldspurger
1995]. Since the groups considered in this paper are quasisplit, we fix a standard
Borel subgroup Py = MyNy of G, that is realized in the upper-triangular matrices
in a chosen realization of the classical group in matrices [Ginzburg et al. 2011].
Let Tp be the maximal split torus of the center of M that defines the root system
R(Ty, G,) with the given positive roots R (Ty, G,,) and the set A of simple roots.
Let P = MN be a standard parabolic subgroup of G, (containing Pp) and let T,
be the maximal split torus in the center of M. The set of restricted roots is denoted
by R(Ty, G,). We define R (Ty;, G,) and Ay, accordingly.

Furthermore, we define Xy, = X f,," to be the group of all continuous homomor-
phisms from M (A) into C* that are trivial on M (A)!. Then following page 6 of
[Mceglin and Waldspurger 1995] for the explicit realization of X, define the real
part of X, which is denoted by Re X ;.

1B. Discrete spectrum of GL,p. Let T be an irreducible unitary cuspidal automor-
phic representation of GL, (A). Take the standard parabolic subgroup Q,» = L »U,»
of GL,p, whose Levi subgroup L, is isomorphic to GL;d’ . Then 7 = t®” is an
irreducible unitary cuspidal automorphic representation of L »(A). As in Section
II.1.5 of [Mceglin and Waldspurger 1995], denote by P the X S]“h"” -orbit of the
cuspidal datum (L,», ). For an automorphic function ’

¢r € A(Lap (F)Ugp (A)\GL4H(A))

denote by ¢ g1 = Ad, the element A om ¢, for A € X La» Here the mapping
mg from GL4;,(A) to L s (A)"\L,»(A) is as defined on page 7 of [Mceglin and
Waldspurger 1995] by means of the Langlands decomposition with respect to
0 ,»(A) and the standard maximal compact subgroup of GL,;(A). An Eisenstein
series attached to ¢, &, is defined by

E(pronTOMN(@ = Y Az(yg).

Y€Q b (F)\GLap (F)

It converges absolutely for A in the cone

{[eRe X" | (1, &) > (p, . &) foralla € R¥ (T, GLw)}.

and converges uniformly for g in a compact set and A in a neighborhood of 0 in

GL‘“’ . The general theory of Langlands [1976; Mceglin and Waldspurger 1995]

asserts that it has meromorphic continuation to the whole parameter space X G];“b

a
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and satisfies the standard functional equations in terms of the relevant intertwining
operators.

Take Ap = ((b—1)/2, (b —3)/2,..., (1 —b)/2) € Re X, and define the
iterated residue ‘

AT, b)($:)() = Resy” E(@rgn, T ©1)(g).

It follows from [Mceglin and Waldspurger 1989] that A(z, b)(¢,)(g) is a square-
integrable automorphic function of GL,;(A), or more precisely, that it defines the
GL,»(A)-equivariant homomorphism

A(T,b): A(Lgp(F)Up (A)\GLyp(A)) , — L. (GLab(F)\GLab(A))

The image is an irreducible subspace of Ldlsc(GLab(F )\GLab(A))aﬂ;’ which is
denoted also by €; ), and is usually called the Speh residual representation.
Mceglin and Waldspurger proved that all noncuspidal automorphic representations
occurring in the discrete spectrum of GL,;(A) are of this type.

Theorem 1.1 [Mceglin and Waldspurger 1989]. As b ranges over the divisors of n,
withn = ab and b > 1, and t ranges over the irreducible unitary cuspidal auto-
morphic representations of GL,, with a)l; = X, the residual representations €z p)
generated by the corresponding residues A(t, b)(¢) span the residual spectrum
(GL,,(F)\GL,(A)),, where x is a unitary central character of GL,(A).

res

1C. Main results. We consider a family of residual Eisenstein series on G, (A).
For a partition n = r +m, take the standard maximal parabolic subgroup P, = M, N,
of G,, whose Levi subgroup M, is isomorphic to Rz//r(GL,) x G,,. For any
g € Rpyr(GL,), define § = w,g'w, or w,t(g) w, in the case of unitary groups,
where w, is the antidiagonal symmetric matrix defined inductively by

0 1
Wyr—1 0

and ¢ € 'g/r = {1, ¢}. Then each element g € M, is of type diag{z, A, =1, with
t € Rpryr(GL,) and h € G,,. Since P, is maximal, the space of characters xGn M is
one-dimensional. Using the normalization in [Shahidi 2010], it is identified with C
by s > Ag.

For simplicity, we state here only our results for the case of m > 0, and refer to
Section 5 for the case of m = 0.

Let o be an irreducible generic cuspidal automorphic representation of G, (A).
Write r = ab. Let ¢ € A(Ngp(A)Map (F)\NGL(A)) A(r,b)@o - Following [Langlands
1976; Mceglin and Waldspurger 1995], an Eisenstein series is defined by

El($aches ) = E(@ago )= > Aod(rg).

Y €Pup (F)\NGn (F)
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It converges absolutely for the real part of s large and has meromorphic continuation
to the whole complex plane C.

The objective of this paper is to determine the location of possible poles (at
Re(s) > 0) of this family of residual Eisenstein series, or more precisely the
normalized Eisenstein series, and basic properties of the corresponding residual
representations. We take the expected normalizing factor B, ¢+ (s) of the Langlands—
Shahidi type, which is given by a product of relevant automorphic L-functions:

(-
bh+1 [b/2] 1b/2]
frra(s)i=L(s+=2— 7 x0) [T ens+1.7.0) [ Lens(o). 707,
=

i=1

where ey, ;(s) ;=25 +b+1—2i, and p and p~ are defined as

Asai if G, = Uy,
Asai®$  if G, =Ujyyg,
(1-2) o sa12® 1 n 2n+1
Sym if G, = SOy;,41,
A? if G,, = Sp,,, or SO,
Asai®$  if G, = Uy,
Asai if G, = Uppy1,
(1_3) ,0_ — ial 1 n 2n+1
A if G, =SO02,41,
Sym? if G, = Sp,,, or SO,,.

For unitary groups, “Asai” is the Asai representation of the L-group of Rg,r(GL,)
and § is the character associated to the quadratic extension E/F via class field
theory. For symplectic or orthogonal groups, Sym? and A% denote the symmetric
and exterior second powers of the standard representation of GL,(C), respectively.
In addition, we have the following identities [Ginzburg et al. 2011, Remark (3),
page 21]:

L(s,tx1t")=L(s,7,0)L(s, T, p"),

where t* =t if F/ = F and t* = t' if F/ = E, where the involution ¢ is the
nontrivial element in the Galois group I'g,F.
We use the function S ; »(s) to normalize the Eisenstein series by

(1-4) ElS (PacbygosS) = Bbr.o () ENy (A by@os )

In order to determine the location of the poles of E*(¢a(r,p)c0, §), We need to
consider four cases:

(1) L(s, t, p) has a pole at s =1, and L(%, T X a) #£0;
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(2) L(s, 7, p) has apole at s =1, and L(%, T X a) =0
(3) L(s,t,p")hasapoleats =1, and L(s,7 xo) hasapoleats =1;
(4) L(s,t,p ) hasapoleats =1, and L(s, T x o) is holomorphic at s = 1.

We define the sets of possible poles according to the four cases:

A b—2 b .

ey —— = 1);
0, — ,2} in Case (1);
0,.... =% —b_z} in Case (2);

X;_ — 2 2
1,0 N _

0,.. ,le, [%1} in Case (3);
A b—3 b—1 .
OT T} in Case (4).

When b =1 or 2, the set bem is empty for Case (2), and when b = 1, the set bem
is empty for Case (4). Note that we omit O in the set X l_:f, o since the normalized

Eisenstein series E*(@a(r.b)@o. §) 18 holomorphic at s = 0 (Corollary 4.3).

Theorem 1.2. Assume that G,, is either the symplectic group or the F-quasisplit
special orthogonal group, and assume that m > 0. Let o be an irreducible generic
cuspidal automorphic representation of G, (A), and let T be an irreducible unitary

self-dual cuspidal automorphic representation of GL, (A). The normalized Eisen-

+

stein series EZé* (DA, )20 $) s holomorphic for Re(s) > 0 except at s =sp € Xb,r,a’

where it has possibly at most simple poles.

This is a consequence of Proposition 4.1, Corollary 4.3, and Theorems 4.5
and 5.2.

The proof uses an induction formula (Proposition 3.2) for the constant term of
E*(¢a(,byao» §) along the standard maximal parabolic subgroup P,. This formula,
which extends a similar one studied in [Jiang 1998], is proved in Section 3, with
the unnormalized version proved in Section 2 (Proposition 2.3); it uses the Arthur
classification [Arthur 2013] for the discrete spectrum of the classical groups. This
yields more explicit information about the residual representations. A special case
of Sp,, was treated in [Brenner 2009]. We note that there are some mistakes in the
arguments used there, and we have corrected them along the way in our discussion.

We remark that the calculations in both Sections 2 and 3 work also for F-
quasisplit unitary groups, and the results there cover the case when G, is either
Uy, or Ugyyr.

In the proof of Theorem 1.2, the case of m > 0 is treated in Section 4 and
the case of m = 0 is briefly discussed in Section 5. This makes the discussion
clearer and the formulas involved easier to present. By using the induction formula
(Proposition 3.2), one reduces the proof to showing that the normalized Eisenstein
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series E*(¢a(r.p)00,5) 1S holomorphic at 0 < Re(s) < %, which is proved in

Corollary 4.3 and Proposition 4.4. The proof of this result uses the result of Arthur
[2013, Corollary 7.3.5] on behavior at s = 0 of the normalized intertwining operators,
and on classification of the discrete spectrum. We thank James Arthur for his careful
explanation of this issue. Since the results in [Arthur 2013] for the case of unitary
groups are now proved in [Mok 2012], the proof of Theorem 1.2 also works for
F-quasisplit unitary groups.

Another issue is to consider the possible poles of the normalized Eisenstein series
EZA* (Pa(r.p)20, ) at Re(s) < 0 by the standard functional equation. This needs
sufficient properties of the involved standard intertwining operator and the local
Plancherel measures in this setting. We will leave this for our future consideration.

There is one more issue in extending Theorem 1.2 to cover the case when o is
tempered, but nongeneric. We need to normalize the intertwining operators involved
in the calculation of the induction formula so that they are holomorphic and nonzero
for Re(s) > 0 at every local place. Following the work of Arthur [2013], one is able
to define these local L-functions at all local places. According to Mceglin [2010],
over p-adic local fields, for the tempered local L-packets, the normalization of these
intertwining operators by the Langlands—Shahidi local factors yields the required
properties of the normalized intertwining operators. It seems that at archimedean
local places, this may need more work, and we decide to consider this technical
issue in the future. Hence we still restrict Theorem 1.2 to the generic case in this
paper, which is enough for the current applications to our work in progress on
constructions of certain types of endoscopy transfers for classical groups [Jiang
2011; 2012].

In Section 4 we prove Theorem 1.2 for the case when m > 0, and in Section 5
we prove Theorem 1.2 for the case when m = 0. In the last section, we will
discuss the conditions for the existence of poles of the normalized Eisenstein series
E*(¢A(r.p)o0, ) at 5o € X lf,r, , and determine the possible Arthur parameters for
these residual representations of G,(A), which are generated by the residues at

S0 € X;fm, respectively, and are square-integrable.

2. An induction formula

In this section, we take G, to be one of the following classical groups: the F-
quasisplit unitary groups Uy, and Uy, 1, the F-split odd special orthogonal group
SO2,+1, the symplectic group Sp,,, and the F-quasisplit even special orthogonal
group SOy,.

Let o be an irreducible cuspidal automorphic representation of G,,(A), without
assuming its genericity. From the Langlands theory of Eisenstein series, the possible
poles of an Eisenstein series are determined by its constant terms. For the residual
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Eisenstein series E)), (¢ (c,p)g0 5). the general formula for constant terms along
parabolic subgroups are given in [Mceglin and Waldspurger 1995, Section II.1.7],
for instance. In this section, we investigate the constant term of E”, (¢ (z,b)o » §)
along the maximal parabolic subgroup P, (as given in Section 1), which leads to an
induction formula. This extends the formula in [Jiang 1998] to this more general
setting. On the way of our calculations, we also correct some technical mistakes
in [Brenner 2009], which treated a special family of residual Eisenstein series of
Sp,, (A).

In the explicit calculation for the induction formula, we may set P for the
standard maximal parabolic subgroup P, of G = G,,. We denote by Q or QZ{’a(b_l)
a parabolic subgroup of GL,;, with Levi subgroup isomorphic to GL, x GL,p—1).

2A. Constant terms of Eisenstein series. Here we calculate the constant term of
E" (da(, oo, §) along the maximal parabolic subgroup P = P,, which is defined
by

Ep, ($rg0.5)(8) = / E(¢ago, s)(ng)dn.

Na(F)\Na(A)

Assume that Re(s) is large. After unfolding the Eisenstein series, we obtain

(2-1) Ep,(dag05)(8)

- Z Z / / Asp(wyn'n"g)dn'dn”,
Ve N,

w=lePy\G/ P, yEMY (F)\My(F) aw(A)

where we define M} := wPypw N M, and NY = wPypw NN, and [NY]:=
NS (F)\N} (A). Note that the unipotent radical N, can be decomposed as a product
NuwN}, where N, ,, satisfies N, ,, "N’ = {1} and N, = Ny, wN, = NNy .
For the first summation in (2-1), we consider the generalized Bruhat decompo-
sition P,;\G/P,. As in [Shahidi 2010, Lemma 4.2.1], the representative w™' of
the double coset P,,w™! P, is chosen to have the minimal length. Following the
explicit calculations done in [Ginzburg et al. 2011, Chapter 4], it is not hard to
figure out that by the cuspidal support of the Eisenstein series, all terms vanish
except the two double cosets, whose representatives are given by w = Id and

0 0 01 O
Ly 0 00 0
w=o=-)l 0 0 10 o0 [,
0 0 00 Lp
0 4,00 0
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with @ ™! being in the open cell. Here we use (—1)¢ and =+ to make sure that @
belongs to G,,. Define, for w =1d or w,

Ep,($ago:Dw= ) / / s yn'n"g)dn’dn".
y M (F)\M,(F) I INGT Naw ()

Then the constant term is expressed as

(2-2) Ep (prgo,5) = Ep, (Prgo, )1+ Ep, (Pagos $)w-

We will calculate each of these two terms in the following two subsections.

2B. Id-term. Write
1, X Y Z w
Lap—1) VA
nX,Y,Z, W)= 1 Y
Lap-1) X

/ € Nllv
I,
where X', Y' and Z’ are uniquely determined by X, Y and Z. Note that P, N
M\M, = P";ﬁl)\Gn_a. The Id-term of the constant term is

a(

23)  Ep@ase-Ou@= Y f hs (yng)dn,

_ Na
yePITe (FN\Gy—q(F) 1N

where [N,] := N,(F)\N,(A). The integral can be calculated as follows:

/ Ao (yng)dn = / h (nyg)dn
[Nq] [Ng]

:/ / Asp(n'n(X)yg)dn'dX
[Maxa(b—l)] [Natha]
=[ eeargarx.

[Maxa(b—l)]

Here [Z] := Z(F)\Z(A) for Z = N,, Myxa@—1), and Ny, N N, respectively. We
denote by n(X) the element n(X, 0, 0, 0) with X € M,y qp—1).
Let us understand the last integral

(2-4) / d(n(X)g)dX.
[Muxap—1)]

Recall that the Levi subgroup M, is isomorphic to Rg//r(GL4p) X G, We denote
its elements by (x, 1) with x € Rg//r(GLyp) and h € G,,. We fix g € G,(A). Then

the function
x> ¢((x, 1)g)
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is an automorphic function in the space of the residual representation € ;) of
GL,»(Afr). Consider the standard maximal parabolic subgroup
Qa,ab-1) = La,a-1)Ua,ap-1)

of GL,; associated to the partition ab = a 4+ a(b — 1). Then the integral (2-4) is
the constant term of ¢ ((x, 1)g) (as an automorphic form in x) along the maximal
parabolic subgroup Q, (1), which is denoted by ¢g, ,(,_;,-

Let P, 4p—1) be a standard parabolic subgroup of G, whose Levi subgroup
M, qp—1) 1s isomorphic to

RF//FGLa X RF’/FGLa(b—l) X Gm

and whose unipotent radical is N := N, 44—1). We denote by (¢, r, h) the element
diag(t, r, h, 771, 171 in My 41y (A).

Lemma 2.1. The constant term Aspg, ,,_,, belongs to the space

A(Na.a-1(A) My ap—1)(F)\G (A)),l DR b 1) 5 o

F/
Here |- |pr = |det|a,,; and F' is E if G, is unitary, and is F otherwise.

Proof. Let K = I1,K, be the standard choice of maximal compact subgroup of
G, (A) such that the Iwasawa decomposition

G,(A) =P, ap-1H(A)K

holds. It suffices to show that for all k € K, the constant term A;¢g, ,(,_,, ((Z, r, h)k)
belongs to the space of automorphic forms

A(Ma,a(bfl)(F)\Ma,a(bfl)(A))rl R A -1 [ o
where t € GL,(Ag/), r € GLa(b_D(AFf) and h € G,,(A).
By the definition (2-4), we have

D0ty (7, D) = / d(n(X)(t, r, Hk)dX.

[Maxa(b—l)]

Since the function ¢ (m) := m PP ab ¢ (mk), for m € M,,(A), is an automorphic
form in A(Map(F)\Map(A)) Az pyeo Tor all k € K, without loss of generality, we
can assume that

G ((t, 1, h) = Pr Ay (2, 7)) @ Do (h),

where the function ¢y ar.p) € A(GL4H(F')\GL4p(AF))A(r.p) and the function
Pk.oc € A(G(F)\Gp(A))s. Therefore, we obtain

¢Qa,a(b—1) ((tv r, h)k) = (¢k,A(T,b))Qa,a(b,1) ((tv l")) ® ¢k,0 (h)’
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where (dr,A(c.b)) Qg.a—1) 18 the constant term of ¢y (r,») along the parabolic sub-

group Qg ap—1) of GLyp.
By [Jiang and Liu 2012, Lemma 4.1], the constant term (¢, a(z.5)) Ouato-1) belongs
to the space

A(Uaatp-1)(A) La,a-1)(F)\GLap (Ap)) . SR 2 A b1y
It follows that the function A;¢g, ., (g) belongs to the space
A(Na,a(bfl)(A)Ma,a(bfl)(F)\Gn(A))rl OV A b1 [ o O

According to Lemma 2.1, we restrict the Id-term Ej, pr (pA®o» $)14 to the sub-
group I, x G,_,(A) of the Levi subgroup GL,(Afr') x Gn «(A) and obtain
(2-5)
Enppy@sgo. e i) = > Agn  (diagUa, vh. 1))
YEP! e (FI\Gyea(F)

= E, 0 (A1205_0P0) acb-D@os S + D),

where |- |p :=| - |a,, and the restriction i;_ ¢ = i:—ad)QZf’a@fn to G,,_,(A) is an
automorphic function in the space

A(Nn(bal)(A)Mn(ba1)(F)\Gﬂ “(A))A(tb DI o
2C. w-term. ltis easy to see that
N;D = {n(oa Oa Z’ O) | Z € Maxa(b—l)}-

We denote by n(Z) the element n(0, 0, Z, 0). The coset M (F)\M,(F) is isomor-
phic to Pyp—1)(F)\G,—q(F). Therefore, we have

Ep, (¢rg0:5)w(8)

- / / A (0~ 'yi(Z)ng)dZdn
Ng,o(A)

vePpt l)(F)\Gn o(F) Maxap-1)]
B Z / / rs@ (M(Z)w 'nyg)dZdn,
yEP(b )y FNGn—a(F) Na,o(A) J [Map-1)xal

where [Ma(b—l)xa] = Ma(b—l)xa(F)\Ma(b—l)xa(A), and n(Z) is the element

Lip—1) Z
I,
1 for Z e Ma(b—l)xa-
1, Z'
Lip—1)
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We denote the inner integration by

(2-6) F(g) = / 6 (n1(2)g)dZ.
[M,

(b—1)xal

Let Qaw—1),a :=Law-1),aUap-1),« be a standard parabolic subgroup of GL,;, whose
unipotent radical U,—1),, embedded into G, consists of all the elements n(Z).
Moreover, the standard parabolic subgroup Pyp—1).¢ = Ma@—1),aNa—1),a of G,
has the property that Ma(b—l),a = La(b—]),a x G,, and Na(b—l),a = a(b—l),aNab-

Lemma 2.2. The function Ay is an automorphic function in the space
A(Naw—1).a(A)Map—1).a(F)\G, (A))‘ PSP A b-DEI [ o
Here | - |p is as defined in Lemma 2.1.

Proof. The proof is similar to the proof of Lemma 2.1. For all £ € K, the function
¢r(m) := m fab p (mk), for m € M, (A), is an automorphic form in the space
A(Mup(F)\Map(A)) Az,p)00- We may assume that

G ((t, 1, 1) = Pr Ay (£, 7)) ® P o (h),
where t € GL,4—1)(Af/), r € GL,(Af/) and h € G, (A). Then

G ((t, 7, 1) = [(Dh, A.0)) 0uiprya (2 7)) @ Br. (W]

By [Jiang and Liu 2012, Lemma 4.1], the constant term (¢x, A(z,5)) Qup_1)., 1S a0
automorphic function in the space

A(Ua(b—l),a(A)La(b—l),a(F)\GLab(AF’))l A De) - (&
This is enough to deduce the lemma. (]

Next, following the notation of [Maeglin and Waldspurger 1995, 11.1.6], we
consider the intertwining operator

(2-7) M@, ) =M, |- A b-1) |- """t 90),

which is defined by
(M. 1.6)@) = [ M@ ng)dn.
Naap—1)NONap—1),a®~ (F)\Ng ap—1)(A)
Now, plug this intertwining operator into the w-term and obtain

Ep,($as0, )ul8) = Yo (M@, )r9)(ve).

yEePIG e (FN\Gy—a(F)
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By [Meeglin and Waldspurger 1995, Proposition II1.1.6], the intertwining operator
M(w, -) maps

A(Na(bfl),a(A)Ma(bfl),a(F)\Gn(A))l IS AGb-1@]- D o

to

A(Na,u(b—l)(A)Ma,a(b—l)(F)\Gn(A))| DD g A (b T)@o

F!

where t* =1t if F'=F, and t* = t' if F’ = E, with ¢ being the nontrivial element in
the Galois group I'g,r. Therefore, the restriction of the w-term E ;’b’ P, (Prgo> o
to the subgroup I, x G, _,(A) of the Levi subgroup GL,(Ar/) x G,,—,(A) is equal
to

(2-8) ENS (i o M@, ), s — 3)(h).

Combining the results of Sections 2B and 2C, we achieve an induction formula of
the constant term.

Proposition 2.3. The constant term E7j;, p (Pa(z.byoo, §) restricted to the subgroup
1, xG,—_,(A) of the Levi subgroup GL,(Ap) X G,_4(A) is expressed as the identity

(2-9) Ej, p,(Page, ) (s, b))
= EZ(;,il)(Ll/z(i:_a%Zh )ab—)@os S + 3) (h)

,ab—1)

+E (MG o M(w, ), s — 5)(h),

which holds for all s with Re(s) large, and then is extended to s € C by meromorphic
continuation. Here

M@, ) =M, |7 *Acb-1 7" r80),
|“|F:=1|"l|a,,and & is defined in (2-6). Note that F' is E if G, is a unitary group,
and is F otherwise.

3. A normalized induction formula

In this section, we keep the assumption on G, as in Section 2 and calculate normaliz-
ing factors for the relevant intertwining operators involved in the functional equation
of Eisenstein series and in the induction formula (2-9). This leads to an induction
formula for normalized Eisenstein series. As we remarked in the introduction of
this paper, we have to assume that o is an irreducible generic cuspidal automorphic
representation of G, (A) if m > 0.
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3A. Normalized Eisenstein series (m > 0). We assume that m > 0, and recall the
definitions of p and p~ in (1-2) and (1-3):

Asai if G, = Uy,

Asai®dé if G, =Up,y1,

T sym* i Gy =500,
A? if G, = Sp,,, or SOy,
and
Asai®s  if G, = Usy,
- Asai if G, = U1,
P a2 if G, = SO3,41,

Sym? if G, = Sp,, or SO,,.
It follows [Ginzburg et al. 2011, Remark (3)] that
L(s,tx1t*)=L(s,7,p)L(s, T, p"),

where t* =t if F/ = F and t* = t' if F/ = E, where the involution ¢ is the
nontrivial element in the Galois group I'g/r.
In order to normalize the Eisenstein series, we consider the normalization of the
intertwining operator M («/, | - WA ®o)(¢p) with
Iab
o = (=1 I
+1,
By the general theory of Eisenstein series and intertwining operators [Langlands
1976; Mceglin and Waldspurger 1995, Chapter VI; Shahidi 2010, Theorem 6.1.7],

both E(¢a(r,py@o.s) and M(o', |- |5 A ® o) can be extended to meromorphic
functions of s € C, and the Eisenstein series E (¢ags, §) has the functional equation

(3-1 E@aqnge: ) =E(M@, |- [ AT, b) ®0)(9), —s).
If Re(s) =0, then E(da(r,p)®s. §) is holomorphic.
For any factorizable function ¢ = ), ¢, we write

Mo, |- [wA®0) (@) = [M(e, |- %A, ®0,)(B0).

By [Shahidi 2010, Theorem 6.3.1], for each local place v, define

N’(a)/, |- |§7£A(Tva b) ®Ov)(¢v)

1
= M /’ . S/A v,b o),
ZCARNETA R A
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where the local normalizing factor

r/(a)/, |- |§:U’A(Tv’ b) ®Uv)
L(s, A(ty, b) x 0y)
T LGE L Aty b) X 00)e(s, A(zy, b) X 0y, Yy)
L(2s, A(ty, b), p)
“LOs+1, Ao, b), 0)e2s, ATy, b), pr ¥0)
Define r'(o', |- [ AT, b) ® 0) = [, 7/ (o, |- 5 A(T0, D) ® oy). The global
normalized intertwining operator is

N'(@, |- [pa®0) =[[N'(&, |- I}, b) ®0y).
v
For the global (complete) L-functions, we have

2l —b—1
L<s+—,‘c><a),

L(s,A(r,b)xa): >

—.

1

1

-

(-2) L(s, A(t,b),p)=[[LGs+b—2i+1,7,p)

i

1
< [] Ls+b-G+pH+1Lr®7").

1<i<j<b
Hence the quotient of complete L-functions has the property that

L(s, Az, b) x 0)L(2s, A(t, b), p)
L(s+1,A(r,b) xo)L(25+1, A(z, b), p)

is equal to
[b/2] 1b/2] b1
[TL(foit).t0) [TL(frie) + 1.7, p‘)L(s -5 T X 0)
i=1 i=1
/2] b/2] :

1_[ L(eb,,-(s) +1,t, p) l_[ L(eb,,-(s), T, ,0_)L<s + %, T X 0)

i=l i=1
where ey, ;(s) :=2s +b+1—2i, fpi(s) ;=25 —b — 1+ 2i. Define

[b/2] [b/2] b1
op(s) = l_[ L(fb,,-(s), T, p) l_[ L(fb,,-(s) +1,, ,of)L(s - T X 0),

i=1 i=1
[b/2] [b/2]
Bos) =[] Leni®)+1.7.0) [T Llewit) 7. p7)L (s +

i=1 i=1

b+1

,rxa),
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and
[b/2] [b/2] h—1
en() i= [T e(fi(). 7. 0) [Te(foi () + 1.7, p7)e (s = 25— 7 x 0).

i=1 i=1

Finally define the global normalizing factor by
~ o (s)
(3-3) ro, | 5%%AQc)=r(o, | %A(T,h) Q)= —-—
(1T )=l )= Bon)
and the normalized global intertwining operator by
N (@, | 15 A®0)

G Nl ) = e X o)ees. A, b))

Then we have that
1
r(a)’, [-13 ,A®a)

N(@, 1A, b)®0) = M@, |15 A ®0).

Meanwhile, we use B;(s) to normalize the Eisenstein series

(3-5) E S (PameosS) = Bo()EL, (DA byzos S)-

By the functional equation (3-1) of E}, (Pa(z,p)®0, ), the normalized Eisenstein
series E 2,;* (Pa(r.pyo- §) satisfies the functional equation

(3-6) E (@achee ) = Egy (N, |- [ A®0)(9), —s).
In fact,
E*(¢prgo. ) =Bp()E(M(', |- |5 A®0)(9), —s)

=Bp(s) - r(, | | AQO)E(N(@', |- | A®0) (@), —s)
_Bs) - r(o. ] [ A®0)
a By (—s)

Since ap(s) = €p(s)Bp(—s), we have

Bo(s) (e, |- 1A ®0) = Bp(—s).

From this we deduce the functional equation (3-6).
We remark that when b = 1, it is easy to show that for Re(s) > 0, the normalized
global intertwining operator

E*(N(@, |- A ®0) (@), —s).

N(&, | AT, b) Qo)

is holomorphic for all choice of data, and nonzero for some choice of data.
In fact, if b =1 and t ® o is a generic representation, then the normalized local
intertwining operator N («’, -) is holomorphic and nonzero by Theorem 11.1 of
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[Cogdell et al. 2004]. The proof uses the Langlands functorial transfers of o from
G, to the corresponding general linear groups, the Ramanujan type estimate for
cuspidal automorphic forms on general linear groups [Luo et al. 1999], and the
structure of generic unitary dual for classical groups over all local fields [Lapid
et al. 2004]. Hence the result for » = 1 holds for F-quasisplit unitary groups with
the same proof [Cogdell et al. 2011].

However, when b > 1, we are not able to prove the above properties for the
normalized global intertwining operator N («’, - ), so that we are not able to control
the poles at Re(s) < O of the normalized Eisenstein series through the functional
equation (3-6). We will leave this issue for our future consideration.

3B. Normalization of M (@, -) with m > 0. In order to normalize the global in-
tertwining operator

s—1/2 s+(b—=1)/2

M(a),-)::M(a),I-IF/ A(T,b—1)Q || ‘L’®0),

as defined in (2-7), we decompose it into a composition of two intertwining operators

Mo, |- 15" A b -1 @] 15V 1 ©0) = M@, ) o M(w2, ),
where
I,
) T
w1 = 1
Lip—1)
1,
and
Lip—1)
1,
wy = (=1 I
+1,
Lop—1)

More precisely, M (w1, -) and M (wy, - ) are standard intertwining operators of the
following types: M (w;,, -) maps from the space

A(Na(b—l),a(A)Ma(b—l),a(F)\Gn(A))| IS AG b @] 15D g0
to the space
A(Nap—1),a(A)Map—1y,a(F)\G, (A))| PP A 1)@]- [ e
and M (w1, - ) maps from the space

A(Nap—1).a(A) Map—1).a(F)\G, (A))‘ PSP A@b-DE] [ g

F
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to the space
A(Na(b—l),a(A)Ma(b—l),a(F)\Gn (A))| . |;f_(b_l)/2f*®| . |';,_,1/2A(r,b—l)®(r'

The standard Langlands—Shahidi normalizing factors for M (w1, -) and M (w,, -)
are given by r (w1, - ) and r(wy, - ), where

L(Zs—l—g—l,A(r,b—l) xr*)
r(a)lv')= b b
L<2s+§, Az, b—1) X t*)8<2s+§— 1, A(t.b—1) % r*)

and r(w», +) is

—1
L(s—{—bT,r xa)L(Zs—l—b—l,t, ,0)

L(s—i—w, T xa)L(Zs—i—b, T, ,o)e(s—l—b;l, T x0)8(2s+b— 1, 7, ,0)'

2 2
We define
M(wy, ) =r(wi, - )N(wi, -),
M(ws, ) =r(w2, - )N (@2, -),
r(, ) =r(wy, - )r(w,-),
and
(3-7) M(w,-)=r(w, )N(w,-).

It follows that
N((,(), '):N(C()l, ')ON(w27 )

Proposition 3.1. Assume that b > 1. For Re(s) > 0, the normalized global inter-
twining operator

N, )=N(o,|-15"*A, b—1)® |- [ V1 ®0)
is holomorphic for all choices of data, and nonzero for some choice of data. For
Re(s) =0, it is holomorphic.

Proof. First we show that the normalized intertwining operators N (w;, - ) fori =1, 2
are holomorphic and nonzero at Re(s) > 0.

Indeed, by Theorem 11.1 in [Cogdell et al. 2004] for orthogonal and symplectic
group cases, N (w», - ) is holomorphic for all choices of data and nonzero for some
choice of data, when Re(s + (b — 1)/2) > 0. For even and odd unitary group cases,
the same result follows from Proposition 9.4 in [Kim and Krishnamurthy 2005] and
Proposition 5 in [Kim and Krishnamurthy 2004].
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For the normalized intertwining operators N (wy, -), it is essentially the inter-
twining operator for general linear groups, which is considered in [Mceglin and
Waldspurger 1989]. We write it as an eulerian product

N(@i, ) =[] No(@r. ).

with T = ), 7,. Since 7, is unitary and generic, we can assume that
T = [ "St(r, a1) x| - [*St(12, a2) X - -+ x| - [ St(7, @),

where —% <V < % for all i and St(t;, a;) are Steinberg representations for some
supercuspidal representations 7; and integers a;, and nonlinked. Write e(t,) =
2 inf{% — ||, 1 <i < r} (referring to 1.10 in [Moeeglin and Waldspurger 1989]). It
follows that

e(A(ty,b—1)) =e(1y).

By Proposition 1.10 in [Mceglin and Waldspurger 1989], N, (w1, -) is holomorphic
and nonzero when Re(s — % —(—s—(b-— 1)/2)) > —e(1y) at all local places v. In
particular, they are holomorphic and nonzero at Re(s) > 0, and so is the normalized
global intertwining operator N(wy, -). Hence N(w, -) = N(wy, -) o N(wo, -) is
holomorphic for all choices of data when Re(s) > 0.

We notice that for Re(s) > 0, N(wy, ) as a GL,,-intertwining operator is an
isomorphism, and hence N (w, - ) = N (w1, - ) o N (w3, - ) is nonzero for some choice
of data. O

By substituting the normalized Eisenstein series EZI;* (PA(r,b)®s, §) in (3-5) and
the normalized intertwining operator N (w, -) in (3-7) into the induction formula
(2-9) in Proposition 2.3, we obtain

Ep (dago, $)((a, 1))

B aa | |
= mEa(})‘l—l) (A—I/Z(lzfa(rb Z,ba(h—l))A(T,b—l)(@J’ s+ E)(h)
- 2
ﬂb(s)'r(a)7') — . ~
i) B R0 N @, s = 3) 0.
- 2
Using a similar calculation as in (3-2), it is easy to verify that
L)l — L(2S 4 1’ T, p(_)hﬂ)’
,Bh—l(s + 5)
P (s) L(2s, 7, p(—)bH)

=0T T g

k)
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where

b
&,(s) ::e(s+ T xcr)s(Zs—i—b— 1, T, p)e(Zs—i—E— 1, A(r,b—1) x ‘L'*).

Therefore, for b > 1, we obtain the following normalized induction formula.

Proposition 3.2 (induction formula). Let G,, be the classical groups as defined in
Section 2. Assume that m > 0 and o is an irreducible generic cuspidal automorphic
representation of G, (A). For b > 1, the following formula holds:

(3-8)  Ejyp, ($asor $)((La, h))
_\b+1 _ .

=L(2s+ 1,7, 070 ) ELST (i nin_ob0), s + 3) ()

L(2s, T, p(_)b+l)

&, (s)

El0T (o N(w, ). s — 3) (),

where )Mfl/2(i:_a¢Q) = )L*I/z(i;lk—d¢QZﬁ,(b,1))A(r,b—l)@w'

3C. Normalization for the case of m = 0. In this section, we consider the case
of m = 0. Due to the similarity between the cases of m = 0 and m > 0, we will
just briefly sketch the result here. We continue to use the notation and references
(which will not be mentioned) introduced in previous sections.

Note that when m = 0, G,, = SO,, must be F-split. In this case, we divide the
G, into two types: Type (1), G, = Sp,, and Uz,1, and Type (2), G, = SO2,+1,
SO,,, and U,,.

In order to normalize the Eisenstein series, we consider the intertwining operator
M(o', |- % A) (@) with

Iah
W = (_l)ab 1 ,
+1

where the [ in the middle is the identity matrix of order at most one, that is, it either
is 1 or disappears, depending on the structure of G,.
For any factorizable function ¢ = ), ¢y, we write

M, |- [pA) (@) = HM(w/, | I Av) (o),

and for each local place v, define

N'(@, |- [ AT, ) (o) = r M(@, |- ATy, b)) (o),

(CARPTCD)

where the local normalizing factor r’ (a)’ T ATy, b)) is defined as follows.
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When G, is of Type (1), define
L(S, A(Tv,b))
! /, ° S/A v,b =
& T A ) = T A b6, Al B). ¥0)

L(2s, A(zy, b), p)

X ;
L@2s+1, ATy, D), p)e2s, Azy, b), p, ¥v)
and when G,, is of Type (2), define

s L(2s, A(ty, b), p)
r'(@ |- 1% Ay, b)) = :
v L(2S+1’A(Tvab)v p)g(zst(Tv,b)ap» Wv)

Then we define r'(«/, | - % A(T, b)) =11, r’(a)’, |- 15 ATy, b)). The global nor-
malized intertwining operator is

N'@, ][ 8) =[[N'(, |15 A, b))
v

We calculate the L-functions as in (3-2) and obtain

Leamh)  Ll="50)
L(s+1,AG. b)) L(s+25 )

2
and
[b/2] [b/2]
[TLhit) .o [[LUi)+1,7,07)
L(2s, A(r,b),p) iz i=1
LQ2s+1,A(t,b).p)  15/2]

Lb/2] ’
[[Ltei@+1.7.0 [] Levits). 7. 07)
i=1 i=1
where e, ;i (s) :==2s +b+1—2i, fp;(s) =25 —b—1+2i.
When G, is of Type (1), define

[b/2] [b/2] bh—1
(@) = []L(foi ). 7 p) [T L(foi®) +1.7.07)L(s = T 7).

i=1 i=1

[b/2] [b/2] b+1
Bos) = [T Lleni) + 1.7, p) [T Llenits). 7. 07 L(s + - 7).

i=1 i=1

[b/2] [b/2] h—1
&)= [T e(foi .7 p) [T e(frs@) + 1.7 p7)e (s = 5= 7).

i=1 i=1

and then define

N@. |1 A) = sp($IN'(@, ][5 A)
T (s, AT, b, Y)e2s, AT, b), p, )
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When G, is of Type (2), define

[b/2] [b/2]
ap()= [JLSoi@). 1. 0) [ L) +1.7,p7),

i=l i=1

[b/2] [b/2]

Bo(s) =[] Leevnits)+1.7.0) [ | Lleni(s). 7. p7),
i=1 i=1
[b/2] Lb/2]

()= [[e(foi) 7o) [[e(foi) + 1.7, 07),
i=1 i=1

and then define
(SN (@', |- % A)
e(2s, A(1,b), p, V)

Now we define the normalizing factor by

N, |- ) =

S s ap(s)
e A) = —m—.
ren e ) = g e ®)
Then
1

r(@, |15 AT, b))

N(o, || A(z, b)) = M(', |- Az, b)).

103

Remark 3.3. The terms «;,(s) and B (s) correspond to the terms ay(s) and by (s)
in [Brenner 2009, Section 4.2]. We correct the definition of b, (s) in [Brenner 2009]

here.

We use B (s) to normalize the Eisenstein series

(3-9) EL (@acpy $) = B () ELy(Pace.by» 5)-

Then, similarly to (3-6), we have the functional equation for the normalized Eisen-

stein series:
(3-10) Ey @acpyss) = Ep (N@', |- [ A) (@), —s).
Next, we normalize the intertwining operator as defined in (2-7),
Mo, ) :=M(w, |-} A, b—1) @] [ 7),
by

_ Mo, -)

(3-11) N, ):= N(a), [ |SF_,1/2A(‘L', b—1)Q®]|- |?,_(b_1)/2‘17) r@.)
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with r(w, - ) defined as follows. When G, is of Type (1), define
r, ) =r(o, |- [5"?A@ b-1) @]V )

) L(s+ 250 0)L@s+b— 10, p)L (254 5 — 1, A b= 1) x 7)

2 2
L(s + ’%1, r)L(2s+b, z, p)L(zs n g, At b—1) x r*)
1
x S(S-l—b%l, ‘L'>8(2s+b— 1,1, p)s(Zs—l-g_ 1, A(t.b—1) x T*)’

and when G, is of Type (2), define
r, ) =r(o, |- "a@b-1 |- 0 ")

L2s+b—1,7, ,O)L(2s—|—g— LA@b=1)x7)

L(2s+b,t,p)L(25+ 5, A b—1) x )

1
8(2S+b— 1,1, p)8<2s—|—g— 1, A(r,b—1) x r*)

X

’

where t* =t if F' = F and t* = 7' if F/ = E, with ¢ being the nontrivial element
in the Galois group I'g/F.
The following, corresponding to Proposition 3.1, is also true when m = 0.

Proposition 3.4. For Re(s) > 0 and b > 1, the normalized global intertwining
operator N (w, | - |s ]/ZA('C, b—1)®]- |S+(b ])/21') is holomorphic for all choices
of data, and nonzero for some choice of data.

The proof follows from that of Proposition 3.1, and we omit the details here.

By substituting the normalized Eisenstein series EZI;* (@A(z,b), §) in (3-9) and the
normalized intertwining operator N (w, -) in (3-11) into the induction formula (2-9)
in Proposition 2.3, we obtain

E" p ($as $)((Las b))

/3[7(5) n—a,%
:—ﬂb_l(s+%)Ea(b l)()\' 1/2(ln a¢Qab

Br(s) - r(@,-)
_.l_ e
Bo-1(s —3)

Using a similar calculation as in (3-2), it is easy to verify that

» l))A(rb s+ 1))

Eju0 1 (M o N(@, ), s — ) (h).
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ﬂb(s) (_)b+l
—————=L(2s+1,7, ,
b5+l - FE LA
(_)b+l
B )
Bo—1(s = 3) £,(5)

where 8;7 (s) is defined as follows. When G, is of Type (1), define 8;7 (s) to be the
product

b . b—1
8(2S+b—1,T,p)8<2s+§—l,A(T,b—1)X‘E >8<S+ 5 ,‘L’);

and when G,, is of Type (2), define
b
ep(s)=e(2s+b—1,1, ,o)s(zs+E —LA@b=xT).

Therefore, for b > 1, we obtain the following normalized induction formula, which
is similar to Proposition 3.2.

Proposition 3.5. With notation as defined above, for b > 1, the following formula
holds:

(3-12)  Eyp ($a.$)((Las h))
_\b+1 _ .

=L(2s+ 1,7, p 7 ) ELST (ho12(ir_a0). s+ 5) (D)

L(2s, T, p(_)b+l)

&, (8)

Ejt (hplir_go N, - ). s — 5)(h),
where A_I/Z(i::—“(pQ) = )»—1/2 (i:_a(pQZ{’a(l)—l))A(‘E,bfl)'

4. Proof of Theorem 1.2 (m > 0)

We are going to prove Theorem 1.2 for the case where m > 0 using the normalized
induction formula given in Proposition 3.2. From now on, we only consider
symplectic group and F-quasisplit special orthogonal group cases.

4A. Case of b=1. The case of b =1 is the starting step of our proof by induction.
Assume that s € C with Re(s) > 0.
By Equation (3-5), we normalize E} (¢: g0, s) as follows:

El*(¢r@0,8) =L(s+ 1,1 x0)LQ2s+ 1,7, p)E} (P10, 5)-

By [Mceglin and Waldspurger 1995, Proposition II.1.7], the constant term of the
Eisenstein series E/ (¢rg0, s) along a standard parabolic subgroup P’ is always
zero unless P’ = P,. In the case of P/ = P,, we have

El p ($rgos $) = hsdrao (@) + M@, |- [T ©0) (hsh).
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By Lemma 1.4.10 of [Mceglin and Waldspurger 1995], the Eisenstein series
El(¢:90,5) has a pole at some point so if and only if the constant term of
E} p (¢:c0, s) has a pole at 5o, and hence if and only if the term

M, |- [pT ®0)(hs)

has a pole at sg, since the first term A;¢; g5 (g) 1s holomorphic. By our normalization,
we have

M, |- [pt®0) () =r (@, |- [pT ®)N (@, |- |57 ®0)(4),

and for Re(s) > 0, by [Cogdell et al. 2004, Theorem 11.1], the normalized global
intertwining operator N (', | - |} T ® o) is holomorphic for all choice of data and
nonzero for some choice of data. Thus, it reduces to checking the existence of the
pole at s = so of the global normalizing factor r (', | - %7 ® 0).

Recall from (3-3) that the global normalizing factor r(«', | - %7 ® o) in this

case is
L(s,t xo)L(2s, 1, p)

Lis+1,tx0)L2s+1,1,p)e(s, T x0)e(2s, T, p)

Since both (s, T x o) and €(2s, 7, p) are holomorphic and nonzero, the poles of
the global normalizing factor 7 (', | - [} T ® 0) at s = 59 > 0 with Re(sp) > 0 are
the same as the poles of the quotient

L(s,t xo)L(2s,1,p)
Lis+1,tx0)L2s+1,1,p)

at s = sg > 0 with Re(sg) > 0.

Since o is generic and t is self-dual, by the global Langlands functorial transfer
from G, to a general linear group [Cogdell et al. 2004] and the analytic property of
the complete L-functions of the Rankin—Selberg convolution [Cogdell and Piatetski-
Shapiro 2004; Meeglin and Waldspurger 1989], we deduce that the complete L-
function L(s, T X o) is holomorphic at all s € C except for a possible simple pole
at s =0 or 1, and is nonzero when Re(s) < 0 or Re(s) > 1. Such a pole occurs if
and only if T occurs as an isobaric summand in the image of o under the Langlands
functorial transfer [Cogdell et al. 2004].

On the other hand, by [Grbac 2011], based on the work of Arthur [2013] on the
classification of the discrete spectrum of G, (A), the complete L-function L(s, T, p)
is holomorphic at all s € C except for a possible simple pole at s = 0 or 1, and
is nonzero when Re(s) < 0 or Re(s) > 1. Such a pole occurs if and only if T can
descend to an irreducible generic cuspidal automorphic representation of a classical
group determined by p [Ginzburg et al. 2011].

Hence, when Re(s) > 0, the denominator L(s + 1,7 x o)L(2s + 1, 7, p) is
holomorphic and nonzero, and the numerator L(s, T x o) L(2s, 7, p) is holomorphic
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except for a possible simple pole at s = % or s = 1. This proves the theorem for the
case of b = 1. We summarize the above as the following.

Proposition 4.1 (case b = 1 of Theorem 1.2). Let G, be the symplectic group
or the F-quasisplit special orthogonal group. Let T be an irreducible unitary
cuspidal automorphic representation of GL,(A) and let o be an irreducible generic
cuspidal automorphic representation of G,,(A). The normalized Eisenstein series
El*(¢rq0, §) is holomorphic at Re(s) > 0, except at s = % and s = 1, where it has
possible simple poles. Moreover:

(1) El*(¢r@0, s) has a simple pole at s = % if and only if L(s, T, p) has a pole at
s = l,andL(%,t x o) # 0.

(2) E}*(¢ra0, 5) has a simple pole at s =1 if and only if L(s, T x 0) has a pole
ats = 1.

In particular, E}'*(¢rg0, §) is holomorphic at Re(s) > 0 if T is not self-dual.

Proposition 4.1 includes the case of m = 0, which is proved in [Grbac 2011].

We remark that by the functional equation for the normalized Eisenstein series
(3-6), one deduces the analytic properties at Re(s) < 0, since when b = 1, the
normalized intertwining operator occurring in the functional equation is holomor-
phic for Re(s) > 0 and is a nonzero operator. At Re(s) = 0, it is holomorphic
(Corollary 4.3).

4B. Case of b > 1. This general case of Theorem 1.2 is proved by using the nor-
malized induction formula (Proposition 3.2) and the case of b = 1 (Proposition 4.1).
One technical point is to prove that the normalized Eisenstein series £ Zl;* (Pr20,S)
is holomorphic at s = 0 (Corollary 4.3), which is a consequence of the following.

Proposition 4.2. Let G, be the symplectic group or the F-quasisplit special or-
thogonal group. Assume that o is an irreducible generic (or tempered if nongeneric)
cuspidal automorphic representation of G,,(A). If By(s) has a pole at s = 0, then
the pole at s = 0 of By(s) must be simple and E,, (P, pyoo, S) must vanish at
s =0.

Proof. Note first that by [Arthur 2013], the Langlands—Shahidi normalization works
for intertwining operators with tempered induced data at s = 0. Hence we allow
here that o could be any irreducible tempered cuspidal automorphic representation
if it is not generic.

Assume that 8,(s), as defined in (1-1) or in Section 3A with more detail, has a
pole at s = 0. It implies that when b =1,

Bis)=LR2s+1,7,p)L(s+1,7 x0)
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has a pole at s =0, and when b > 1, the only factor in 8 (s) to have a possible pole
ats =0is L(s, 7, o).

Whenb=1,L(2s+1, 1, p)and L(s+ 1, T x o) both have at most a simple pole
at s = 0, but they cannot happen at the same time, since L(s + 1, T X o) having a
simple pole at s = 0 implies that L(s, 7, p~) has a pole at s = 1. Therefore, B (s)
has at most a simple pole at s = 0. When b > 1, L(s, t, ,poH) has at most a
simple pole at s = 0. So, for b > 1, B(s) also has at most a simple pole at s = 0.
Hence, B, (s) has at most a simple pole at s = 0 for all » > 1. Now the assumption
that B (s) has a pole at s = 0 implies that ord;—o(8,(s)) = 1 for any b > 1, that is,
Bp(s) has a simple pole at s = 0.

By the functional equation (3-1) and the normalized functional equation (3-6),
we have

El (Page.s) =r(@, |- |pA ®0)E2b(N(w/, |- [P A®0)(¢), —S),
with By(—s)
By(s)

By the above discussion on the pole at s = 0 of Bj(s), it is clear that

r@, |- lFA®o) =

(@ | [FA®0)]s=p = (=)TE0P = -],

and hence
@) Ely(ases lsmo = —EL(N@, [3A®0)(@), —s)| _,-
So it suffices to show that the normalized intertwining operator N (', | - |% A ® o)

is an identity map at s = 0. We deduce this fact from the work of Arthur.

Arthur [2013, Corollary 7.3.5] proved that for the tempered or generic represen-
tation that has the Arthur parameter such that 8, (s) has a simple pole at s = 0, the
normalized intertwining operator at s = 0 has the identity

Mo (@) oN(@', A®o) =1d,

where A(w") is the A-factor (see for example [Keys and Shahidi 1988, Section 2]),
t(’) is a canonical map from o' A(1, b) R0 to A(t, b)®o defined by Arthur [2013],
and N(w', A ® o) is the evaluation at s = 0 of the normalized intertwining operator
from the induced representation I(A ® o, s) to I(w' A ® o, —s) (the vector-valued
induced representations). The intertwining operator N (o', | - | A ® o) considered
in this paper is a map from the space of automorphic forms

A(Nap(W) Map(FNGA)), s x5

to the space

AN (AYMap(FINGA)), -y g
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Note that by the strong multiplicity one theorem for GL, and the definition of
the isotypic component A(Nal7 AYM,p (F )\G(A))‘ 1 A®a” this subspace depends
only on the equivalence class of A, but not on its realization A in the space of
automorphic forms. Therefore, we have the following relation between the two
versions of the normalized intertwining operators at s = 0:

N, A®c)=1(w)oN(, AQo).
Since the global A-factor is trivial (see [Keys and Shahidi 1988, Section 2]), we
have the following identity at s = O:
Egy(N@', |- [7A®0)($), 0) = Egy(dac.by@s 0)-

By comparing with the identity (4-1), we obtain that E7, (¢a(z,n)00, §) vanishes at
s = 0. This completes the proof. ([

Following from the definition of the normalized Eisenstein series, we have:

Corollary 4.3. Let G, be the symplectic group or the F-quasisplit special orthog-
onal group. Assume that o is an irreducible generic (or tempered if nongeneric)
cuspidal automorphic representation of G,,(A). The normalized Eisenstein series
EZL* (PA(r.p)®0 s §) is holomorphic at the point s = 0.

By using Corollary 4.3 and the normalized induction formula in Proposition 3.2,
we are able to prove Theorem 1.2 for the case of b > 1, that is, to determine the
location of possible poles of the normalized Eisenstein series E; (P (r.p)g0 - S)
for b > 1. To do so, we consider the following four cases:

(1) L(s, 7, p) has apole at s =1, and L(%, T X a) #0;

(2) L(s, 7, p) has apole at s =1, and L(%, T X 0) =0;

(3) L(s,t,p " )hasapoleats =1, and L(s, 7 x o) hasapoleats =1;

(4) L(s,t,p ) hasapoleats =1, and L(s, T x o) is holomorphic at s = 1.

We define the sets of possible poles according to the four cases:

A b—2 b . ]
o,.. ’T’i} in Case (1);
0,..., —b_4, _b—2} in Case (2);
Xro=1 2 2

i A b—1 b—H} . )
o,..., > T in Case (3);
A -3 b—1 .
0,...,7,7} in Case (4).

When b =1, the set Xffna is equal to the set {%} in Case (1); is empty in Case (2);

is equal to the set {1} in Case (3); and is empty in Case (4). Hence the set Xl":r’ o 18
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the set of possible poles of the normalized Eisenstein series E;,;* (PA.b)0, s) for
b =1 and Re(s) > 0, by Proposition 4.1.

It is clear that when b = 2, the set XZL . 1s also empty in Case (2). Note that we
omit O in the set X ;t, o since the normalized Eisenstein series EZ’b* (Pa.b)®0> S)
is holomorphic at s = 0 (Corollary 4.3).

Here is the case of » > 1 and m > 0 of Theorem 1.2. The proof of this theorem
for Re(s) > % is given by an induction argument, while the proof of this theorem
for 0 < Re(s) < % needs the Arthur classification [2013] of the discrete spectrum,
which is stated here and will be proved in Section 6C.

Proposition 4.4 (case 0 < Re(s) < % of Theorem 1.2). Let G, be the symplectic
group or the F-quasisplit special orthogonal group. Assume that the irreducible
cuspidal automorphic representation o of G,,(A) is generic and the irreducible
unitary cuspidal automorphic representation t of GL,(A) is self-dual. Then
EZZ;*(¢A(I#b)®U’ s) is holomorphic for 0 < Re(s) < %

With Propositions 4.1 and 4.4, Corollary 4.3, and the normalized induction
formula (3-8), we are able to prove the following.

Theorem 4.5 (case b > 1 and m > 0 of Theorem 1.2). Let G, be the symplectic
group or the F-quasisplit special orthogonal group. Assume that the irreducible
cuspidal automorphic representation o of G,,(A) is generic and the irreducible

unitary cuspidal automorphic representation t of GL,(A) is self-dual. Then

+

o> Whereit

EZZ,* (PA(.p)@0 s S) is holomorphic for Re(s) > 0 except at s =59 € X
may have possibly at most simple poles.

Proof. By Corollary 4.3 and Proposition 4.4, E/;* (P (z,p)go» §) is holomorphic at

0 <Re(s) < %, and hence we assume that Re(s) > % in the following discussion.

When b = 1, it is Proposition 4.1. We may assume that b > 1 and use the
normalized induction formula (3-8):

Eyp ($agor ) (Lo, b))
_\b+l _ )

= L(2S + 1, T, IO( ) + )EZ ha—’ik)()\'—l/Z(l::,a(bQ), s+ %)(h)

L(Zs, T, p(_>b+l)

&,(s)

Ey St (s o N(@, - ), s — 3)(h).
When Re(s) > %, the term

b+l _ .
L(2s+1,t, o™ )EZ(;,@T) (A—1)2(r_aP0), s + %)(h)

+

is holomorphic except for possible simple poles at so € X, | _

assumption.

+ %, by the induction
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The term
L(2s, T, p(*)bﬂ)

&, (8)

E it (MpGr_ o N(@, ), s —3)(h)

is holomorphic for Re(s) > 1 except for possible simple poles at X ;r_ Lto — % by the
induction assumption, while at % < Re(s) < 1, it is holomorphic by Proposition 4.4.
Ats = %, _

Ey, 51 (hpGr_y o N(@, ), s —5)(h)

is holomorphic by Corollary 4.3, while the L-function L(2s, t, p(_)b+l) may have
a simple pole according to the classification of four cases on the parity of b, the
type of t, and the type of G, in the Introduction.

Hence E!;" (¢ (z,b)®0» §) is holomorphic for Re(s) > % except for possible simple
poles at 5o € (X;r_l’m + %) U (X;’_lywr - %) with Re(sp) > % It is easy to check
that

le_,r,a = (le_—l,r,(r + %) U [(Xl_:—l,r,a B %)\{0}]

The theorem follows. O

This completes the proof of Theorem 1.2 for the case of m > 0. We conclude
this section with the following remarks.

(1) Theorem 1.2 holds for the F-quasisplit unitary groups if Corollary 4.3 is proven
for the F-quasisplit unitary groups, which is done since Arthur’s work has
been extended to the F-quasisplit unitary groups [Mok 2012]. The extension
of Arthur’s classification of the discrete spectrum for F-quasisplit unitary
groups will also imply that the complete Asai (and twisted Asai) L-functions
are holomorphic in 0 < s < 1 (as in [Grbac 2011] for symplectic or F-split
special orthogonal groups), which is one of the key ingredients in the proof of
Theorem 1.2 for b =1 and m > 0.

(2) Theorem 1.2 is also expected to hold when o is nongeneric, but tempered. The
technical issue is the normalization of the local intertwining operators at all
local places. At p-adic local fields, one can use Mceglin’s work [2008; 2010].
Since her work at archimedean local places is not general enough to cover our
cases, one needs more work, which will be considered in our future work.

(3) The current version of Theorem 1.2 is sufficient for our applications to the
constructions of endoscopy correspondences considered in [Jiang 2011; 2012].

5. Proof of Theorem 1.2 (m = 0)

In this case (m =0), G, is either a symplectic group or an F'-split special orthogonal
group. When b = 1, Theorem 1.2 for m = 0 is given in [Grbac 2011, Theorem 3.1].
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For b > 1, the proof of case m = 0 requires analogous results to Proposition 4.2
and Corollary 4.3, which are stated below. By the definition of S (s) in this case as
in Section 3C, the same proof works here.

Proposition 5.1. Let G,, be a symplectic group or an F-split special orthogonal
group. Assume that b> 1 and m =0. If B, (s) has a pole at s =0, then E,, (pA(z,b), 5)
vanishes at s = 0. Moreover, the normalized Eisenstein series EZL* (Pa(e.b), $) Is
holomorphic at the point s = 0.

To determine the location of possible poles of the normalized Eisenstein series
EZ,;* (PA(z,b), s) for b > 1, we consider the following four cases:

(1) L(s, 7, p) hasa pole at s = 1, and L(3, t) # 0 if G,, is of Type (1);
(2) if G, is of Type (1), then L(s, 7, p) has a pole at s = 1 and L(1, 7) = 0;

3) if G, is of Type (1), then L(s, T, p~) has a pole at s =1 and L(s, ) has a
pole at s = 1 (this case occurs only if @ = 1 and 7 is the trivial character of
GL;(A));

(4) L(s,t,p ") hasapoleats =1, and L(s, t) is holomorphic at s =1 if G, is
of Type (1).

Note that in Type (1), G, = Sp,,, and in Type (2), G, = SO2,41 or SO,. When
a =1 and t is a quadratic character of GL;(A), [Kudla and Rallis 1990; 1994] treat
the case when G, = Sp,,, or SOy,.

Similarly, we define the sets of possible poles according to the four cases:

A b 2 b . ]
0,. - 2} in Case (1);
(A),...,;4,b;}, in Case (2);
Xpoi= b21 b21

) A — + . .
o,..., 5o } in Case (3);
A b—3 b—1 )
O,...,T,T}, in Case (4).

We also omit O because EZI;* (PA(z,p), ) s holomorphic at s = 0 (Proposition 5.1).
Now the same inductive argument proves Theorem 1.2 for the case of m =0 and
b > 1. We omit the details here.

Theorem 5.2 (case m = 0 of Theorem 1.2). Let G, be a symplectic group or
F-quasisplit orthogonal group. Assume that the irreducible unitary cuspidal auto-
morphic representation T of GL,(A) is self-dual. Then the normalized Eisenstein
series EZI;* (Pa(z,p), 8) is holomorphic for Re(s) > 0 except possibly at most simple
poles at s =sg € XZT
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6. Residual representations and Arthur parameters

In this section, we assume that G, is either symplectic or orthogonal, since we
will use results from [Arthur 2013]. Based on Theorem 1.2, we will check the
square-integrability for the residues at 5o € X lj +.o Of the normalized Eisenstein series
EZ;* (Pa(r.p)0 - §) (including the case of m = 0) in Section 6A, and write down the
Arthur parameters for those square-integrable residual representations if they are
nonzero in Section 6B. Based on Sections 6A and 6B, we prove Proposition 4.4
using the Arthur classification [2013] of discrete spectrum. Finally, we investigate

the conditions for the nonvanishing of those residual representations.

6A. Square-integrability. We recall that P, = My ,,N,» ,, is the standard par-
abolic subgroup of G, whose Levi subgroup is isomorphic to GLZ;b X Gp,. Simply
denote by Ay := Ay, ~the set of restricted simple roots that can be described as
follows. ”

Let {e; | 1 <i < b} be the natural set of coordinates on Re aj‘uab e If G, is not

trivial, then
Ap={ei—er,er—e3,...,ep_1 —€p, €p}.

If G, is trivial, then A, = Ap, where Ag is the set of simple roots of R(Tp, Gp).

Recall the notation in Section 1.3 of [Mceglin and Waldspurger 1995]. Let ¢
be an automorphic function and let I1o(M, ¢) be the cuspidal support of ¢ along
P = MN. The cuspidal exponent Re(rr) for 7 in I1o(M, ¢) is realized as a vector
in terms of the basis {e; | 1 <i < b}. Denote the cuspidal exponent of ¢ by

e(¢) = {Re() | for all w € y(M, ¢) and for all P = MN}.

Let e(sg, b, T, 0) be the set of cuspidal exponents of the residues of the normalized
Eisenstein series EZ,;* (PA(r,h)®0, §) at s = 5o belonging to the set X ,'f,w.

By the square-integrability criterion [Mceglin and Waldspurger 1995, Lemma
1.4.11], the residues of the Eisenstein series are square-integrable if and only if each

character of cuspidal support can be written in the form

E Xo O,

OlEAM

with coefficients x, € R, x, < 0. Moreover, in our cases the criterion is equivalent
to, for all Zib:] cie; ine(sy, b, 1,0),
J
(6-1) Y ci<0 forall 1<j<b.
i=1
Theorem 6.1 (square-integrability). Let sg € C such that Re(sy) is in (0, (b+1)/2].
Assume that the normalized Eisenstein series EZL* (Paz.p)®0 §) has a simple pole
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at s = sg. Then the residue of EZZJ* (Pa(.by20, S) at so is square-integrable except
at so = (b—1)/2 in Case (3).

Proof. The theorem is proved by induction on b. The key step in the proof is
to determine the cuspidal exponents in e(sg, b, T, o) by applying the induction
formula (3-8), Lemma 2.1, and Lemma 2.2.

First, when b =1, by Section 4A, if the Eisenstein series has a pole at sg > 0, then
the cuspidal exponent of the residue of the Eisenstein series is —so and the residue
is square-integrable. By Proposition 4.1, the Eisenstein series is holomorphic at
Re(s) > 0 except at s = % or s = 1. In these cases, the cuspidal exponent of the
residues of the Eisenstein series is —so = —+ or —1. Then e(so, 1, T, o) satisfies
the condition (6-1) and the residues are square-integrable. Hence, the statement is
true for b = 1.

Next, we assume that the statement holds for b — 1 and show that it is also true
for b by induction.

By the induction formula (3-8), we have to consider the cuspidal exponents of

the two terms
L@+ 1,7 0V ELE (s + )
and
L(s. . p ) ELE (s = b).

If (b —1)/2 < Re(s) < (b + 1)/2, the first term Ej;,"} (-, s+ 3) is holo-
morphic. Since b > 2 and EZZJ* (Pa(r.p)20, $) has a pole at sy, the second term
EZ(_[)“_T)( .S = %) has a pole at so. By Lemma 2.2, the set e(sg, b, T, o) of the
cuspidal exponents equals

b—1
{(—So— ) ,Cl,...,Cb,1>‘(Cl,...,bel)Ee(S()—%,b—l,‘L’,O')}.

By induction, e(so — %, b—1,r1, cr) satisfies the condition (6-1). It follows that
e(so, b, T, 0) also satisfies the condition (6-1). Hence the residue of the Eisenstein
series EZé* (Pa(r.p)20- S) at sp is square-integrable.

Next we consider the points at 0 < Re(s) < (b — 1)/2. By the normalized
induction formula (3-8), Lemma 2.1, and Lemma 2.2, the set of cuspidal exponents
e(so, b, T, 0) is a subset of the union

—1

(6-2) {(so— b ,cl,...,cb_l)|(c1,...,cb_l)ee(so—l—%,b—l,t, a)}

b—1
U{(—so— 5 ,cl,...,cb,1>‘(cl,...,cb,l)Ee(so—%,b—l,f,a)}.

When s = %, the set e(so — %, b—1,1, O’) needs some explanation. If sg = % and
EZ(;“_T) (Pa@b—1@os S — %) in the second term vanishes at s = sg, then the second
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term is holomorphic at s = % Hence we do not need to consider this set of cuspidal
exponents when we only consider the square-integrability for nonzero residues. On
n—a,x*

the other hand, if Ea(b_’l) (gbA(,,b,l)@U, s — %) in the second term does not vanish

at s, by Section 1B, then the cuspidal exponent of EZ(;‘ET)(- ,s— %) atsg is
2—b 4—b b-2

1
€(S0—§,b—1,'[,0'):{(T,T,...,T)}.

When sg = (b — 1)/2 in Case (3), the residue of the first term of the normalized
induction formula is nonzero due to the nonvanishing of the residue of

EZ(;T) (DAa.o-1@osS)

at s = b/2 in Theorem 6.2. Then e(sg, b, T, o) contains the set

b—1
{(So— S ...,Cb—l) | (c1, v ep-) €e(so+ 5. b— 1, r,cr)},
which does not satisfy the condition (6-1), but satisfies Zl]: ¢ <0.

When sg = (b — 1)/2, but not in Case (3), then the first term in the induction
formula, E Z(_b“_ T)( .S+ %), is holomorphic at s = (b — 1) /2. Thus, only the second
term EZ(;‘I_T)( S — %) has a possible pole at s = (b — 1)/2. Then e(so, b, T, o)
equals

b—1
{(—So—T,C1,...,Cb—1)|(01,-..,Cb—l)Ge(so—%,b—l,f,a)},

whose vectors satisfy the square-integrability criterion.

For so < (b — 1)/2, we have s) — 2 < (b —2)/2 and so + 3 < b/2. Since
—so—(b—1)/2 <0and so—(b—1)/2 <0, by induction, each vector in the set (6-2)
satisfies the square-integrability criterion. This completes the proof. ([

6B. Arthur parameters. From Theorem 6.1, the residual representations of G, (A)
generated by the residues of the (normalized) Eisenstein series E Zl;* (Pa@.p)00> S)
at s = so belonging to the set X ;m belong to the discrete spectrum of the space of
automorphic forms on G, (A), except one case when sy = (b — 1)/2 for Case (3).
Denote the residual representation by € a (. »)®s.so-

We will figure out the Arthur parameters for those square-integrable residual rep-
resentations € A (z,p)g0.s, if they are nonzero. Note that the nonvanishing conditions
for those residual representations will be studied in the next subsection. We do this
case by case for sy € Xl':r’g.

We assume o is an irreducible cuspidal automorphic representation of G, (A)
with tempered global Arthur parameter v, [2013].

Case (1): In this case, when m > 0, the irreducible unitary cuspidal automorphic
representation t of GL,(A) has the property that L(s, 7, p) has a simple pole at
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s =1 and L(%, T X 0) # 0, where p is the symmetric square representation of
GL,(C) if G,, = SOy,41, and is the exterior square representation of GL,(C) if G,
is Sp,, or SO»,.

We consider the residual representation € A (¢, p)gq0,5o Of Gn(A) at so=(b—2j)/2
with j =0,1,...,[(b —1)/2]. According to [Arthur 2013], the global Arthur
parameter  attached to the residual representation € (¢ p)go,s, Of G (A) is

(6-3) Y = Yawbesb-2j2 = (1,26 — ) B(z,2)) B,

with j =0, 1,...,[(b—1)/2]. Note that when G, is SOy, 1, T is of orthogonal
type; and when G, is Sp,,, or SOy, T is of symplectic type. Thus YAz p)g0,(b—2)/2
is a global Arthur parameter for G,. When m = 0, we have
(r,2(b—j)H(r,2)) if Gn # Spyy,»

Y = YA@h)®o, (-2 :{ : i i
A(T,b)®0,(b—2j)/2 (-L—,2(b—J))EB(T,2J)EH(lGL1(A)’1) lfGnZSpZn'

Case (2): This case is the same as Case (1), and the only difference is that so =
(b—2j)/2with j =1,2,...,[(b—1)/2]. Hence when m > 0, the global Arthur
parameter V attached to the residual representation € (¢ p)go,s, Of G (A) is

(6-4) Y = Yawbesb-2j2 = (1,206 — ) B(z,2)) B,
with j =1,2,...,[(b—1)/2]; and when m = 0, we have

(r.2(b— j)) B (z,2)) it G, # Spy,,
(t,2(b—j)) B (r,2j))B (gL, 1) if G, =Sp,,.

Case (3): In this case, when m > 0, the irreducible unitary cuspidal automorphic
representation T of GL,(A) has the property that L(s, 7, o) has a simple pole at
s =1 and L(s, T x o) also has a simple pole at s = 1, where p~ is the exterior
square representation of GL,(C) if G, = SO»,+1, and is the symmetric square
representation of GL, (C) if G, is Sp,,, or SO,,,. Following [Arthur 2013], the global
tempered Arthur parameter for the irreducible cuspidal automorphic representation
o is

(6-5) Vo = (z, DEY/,

where v/’ is a global Arthur parameter that is the complement of (z, 1) in v,
We consider the residual representation € (¢, p)g0,5, of G, (A) at

_b+1-2j

2

with j =0,1,...,[b/2]. According to [Arthur 2013], the global Arthur parameter
Y attached to the residual representation €A (r,p)@0,s, 0f Gn(A) is

(6-6) V = Va@beo,b+1-2j)2 = (1,20 +1-2)B (r,2j — 1) B,

Y = VA@ bhoo,(b-2j)/2 = {

S0
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with j =2,3,...,[b/2]. If j =0, we have

(6-7) ¥ =Yachee s = (020 + DBEY"

Note that when j = 1, the residual representation € Az p)®q,s=(b—1)/2 Of G, (A)
is not square-integrable (Theorem 6.1). Note that when G, is SOy, 41, T is of
symplectic type; and when G, is Sp,, or SOy,, T is of orthogonal type. Hence
YA(e,b)®o,(b—2j)/2 With j =0or j =2,3,...,[b/2] is a global Arthur parameter
for G,,.

When m =0, this case only occurs if @ = 1 and t is the trivial representation of
GL{(A). If j =2,3,...,[b/2], we have

VY = Ya@beo,b+1-2j)2 = (T, 20+ 1=2j) B (7, 2j — ) BH (oL, a), D.
If j = 0, according to the definition of the four cases, G, must be Sp,, and
¥ =Va@bhoo,m+)2 = (T,2n+1).
Case (4): This case is similar to Case (3). The only difference is that
b+1-2j
=

with j = 1,2,...,[b/2]. Hence when m > 0, the global Arthur parameter
attached to the residual representation € A (r,p)®o.s, Of G, (A) is

(6-8) Y =VAa@bhoo,b+1-2j)2 = (T,2b+1—=2j)B (r,2j — 1) By,

with j =1,2,3,...,[b/2], and when m = 0, we have

50

VY = YA(.b)®o,(b+1-2j)/2
_{(r,2b+1—2j)EB(r,2j—1) if G, # Spa,.
(t.2b+1-2/)B(1,2j — DB (lgL,@, 1) if Gy = Spy,.

Note that the residual representation €z p)@o, b—1)/2 0f G, (A) (j = 1) in this case
belongs to the discrete spectrum of G, (A).

6C. Proof of Proposition 4.4. Proposition 4.4 follows from the discussion on
square-integrability in Section 6A and the discussion on the global Arthur param-
eter in Section 6B. In fact, if there is an sy such that 0 < Re(sg) < %, such that
the normalized Eisenstein series EZE;* (@A(r,h)20, §) has a pole at s = 5o, then by
Theorem 6.1, the residue at s = sy must be square-integrable, and hence the residual
representation contributes to the discrete spectrum. On the other hand, by the Arthur
classification [2013] of the discrete spectrum, there is no global Arthur parameter
for G, that parametrizes such a residual representation. Hence the normalized
Eisenstein series EZL* (PA(z.b)20 > §) must be holomorphic at 0 < Re(s) < % This
proves Proposition 4.4.
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6D. Nonvanishing conditions. When b = 1, the nonvanishing of the residues of
the normalized Eisenstein series has been discussed in Proposition 4.1. In the
following, we assume that b > 1.

For s = 59 € X" bt.oo the normalized Eisenstein series EZ,;* (Pa(r.p)oo, $) has a
pole at s = s if one of its constant terms has a pole at s = s9. The normalized
induction formula (3-8) says

E b (Pago, $)((La, 1))
b+l

=L(2s+1,7,p7" )Eaolty (o1 i b0, 5+ 3) ()

L(2s,, ,o(_)bﬂ)

£,(s)

El T (Mg o N, ). s — 5) ().

Hence so has the property that so € (X;_, ., +3) U (X, ., —3) and 5o > 0.
By the discussion of the global Arthur parameters in Section 6B, if both

El,01 (cipain_gbo. s+ 5) ()

and
Eltt (Mo N, ), s — 3)(h)

are nonzero, they cannot be proportional to each other since they have different
Langlands parameters. Hence the problem reduces to verifying the nonvanishing
of either of the two terms. Note that from the definition, both A_j»i;_,¢o and
Ap(y_, o N(w, -))¢ give general sections in the corresponding space, respec-
tively Therefore, the existence of the poles of the normalized Eisenstein series

ab (¢A(r b)®o,S) at § € X+ br.o follows from the existence of the poles of the
normalized Eisenstein series Ea(b_l)(qﬁA(,,b_l)@(,, s)ats e X;r_l’w.

By repeating the argument, this reduces to the case of b being as small as possible.
The discussion will be given for each of the four cases.

Case (1): In this case, the irreducible unitary cuspidal automorphic representation
7 of GL,(A) has the property that L(s, 7, p) has a simple pole at s = 1 and

L(% T xo) #£0,

where p is the symmetric square representation of GL,(C) if G,, = SOy,41, and
the exterior square representation of GL,(C) if G, is Sp,,, or SO»,. In this case,
the smallest possible value of b is b = 1. The existence of the pole at the only value
s = % is treated in the first case in Proposition 4.1.

Case (2): In this case, the irreducible unitary cuspidal automorphic representation
7 of GL,(A) has the property that L(s, 7, p) has a simple pole at s = 1 and

L(z, T xa) 0,
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where p is the symmetric square representation of GL,(C) if G,, = SOy,41, and
the exterior square representation of GL,(C) if G, is Sp,,, or SO»,. In this case,
the smallest possible value of b is b = 3, which leads us to consider the existence
of the pole at s = % The normalized induction formula is

Ey'p (faso- $)((La, )
=LQs+1,1,0)Ey, " (Ao1ppif_odo. 5+ 5)(h)

L(2s, 1, p) g
W E} " (hip(if_, o N(w, - )@, s — 3)(h).

It follows from Theorem 1.2 that the first term

L@2s+ 1,1, p)ES, “*(Ao1ppif_ 0, s+ 1) (h)

is holomorphic at s = 2, since L(2s +1, 7, p) is holomorphic at s = 5 Land s+ 3 ;=1
does not belong to the empty set X + ., in the case of the normalized Eisenstein
series E (k 1200 _oP0, s+ )(h)

The second term

L(2s, 1, p) e
W ES (M, o N(w, - )@, s —3)(h)

has a simple pole at s = % if and only if the normalized Eisenstein series

ES M (Pat2z0:S)

is not identically zero at s = 0.

Case (3): In this case, the irreducible unitary cuspidal automorphic representation
7 of GL,(A) has the property that L(s, 7, p~) has a simple pole at s = 1 and
that L(s, T X o) also has a simple pole at s = 1, where p~ is the exterior square
representation of GL, (C) if G,, = SOy, 41, and the symmetric square representation
of GL,(C) if G, is Sp,,, or SOy,. In this case, the smallest possible value of b is
b = 1. The existence of the pole at the only value s = 1 is treated in the second
case in Proposition 4.1.

Case (4): In this case, the irreducible unitary cuspidal automorphic representation
T of GL,(A) has the property that L(s, 7, p~) has a simple pole at s = 1 and
L(s, T x 0) is holomorphic at s = 1, where p~ is the exterior square representation
of GL,(C) if G, = SOy,+1, and the symmetric square representation of GL,(C) if
G, is Sp,, or SOy,. In this case, the smallest possible value of b is b = 2, which

leads us to consider the existence of the pole at s = % The normalized induction
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formula is
ES p ($age. ) (Lo, h))
=LQs+1,7,p ) E; " (ho1paiy_ob0, 5+ 3) (1)
LQ2s,t,p7) . _ . B
—— By (aply_g o N, ). s — 3) (h).
52(5)

It follows from Theorem 1.2 that the first term
L@2s+1,7, p ) EL “*(A1pin_ob0. 5+ 1)
is holomorphic at s = % with the same argument as in Case (2). The second term
L2s,t,p7)
&5(s)
has a simple pole at s = % if and only if the normalized Eisenstein series
E; " (¢rgo, $)

does not vanish identically at s = 0.
The above discussion leads to the following theorem.

E!* (Al _y o N(w, - ), s — 1)

Theorem 6.2. With the notation above, the following hold.
(1) Assume that L(%, T X o) £ 0and L(s, T, p) has a simple pole at s = 1. The
normalized Eisenstein series
E " (Papygo, S)
has a simple pole at each s € X;r’ o» Which is defined in Case (1).
(2) Assume that L(% T X 0) =0and L(s, t, p) has a simple pole at s = 1. The
normalized Eisenstein series

El (A bygos S)

has a simple pole at each s € X;'_ _, which is defined in Case (2), if and only

b,t,0°
if the normalized Eisenstein series

E;a_a’*(QsA(t,Z)@(r s S)

is not identically zero at s = 0.

(3) Assume that L(s, T, p~) and L(s, T X o) have a simple pole at s = 1. The
normalized Eisenstein series

ElS (acbygos S)

has a simple pole at each s € X;I’U, which is defined in Case (3).
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(4) Assume that L(s, T, p~) has a simple pole at s = 1 and L(s, T x o) is holo-
morphic at s = 1. The normalized Eisenstein series

El (A bygos S)

has a simple pole at each s € X, _ _, which is defined in Case (4), if and only

b,t,0°
if the normalized Eisenstein series

EZ_LL*(()Z&T@O' ’ S)
does not vanish identically at s = 0.

Remark 6.3. The nonvanishing results may also apply to the case of m = 0 accord-
ingly, but we omit the discussion here. Finally, it is natural to expect that the results
discussed in this section hold for quasisplit unitary groups.
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