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PIECEWISE LIPSCHITZ CONTINUOUS METRICS

HAIGANG L1 AND CHANGYOU WANG

We study harmonic maps (2, g) — (N, h), where  C R” is a bounded
domain divided into two pieces, the Riemannian metric g is Lipschitz in
each piece, and (N, h) is a closed Riemannian submanifold of R*. We prove
the partial regularity of stationary harmonic maps, and the global Lips-
chitz and piecewise C!'“-regularity of weakly harmonic maps from (2, g)
to manifolds (N, i) that support convex distance square functions.

1. Introduction

Throughout this paper we assume that Q@ = QT U Q™ UT is a bounded domain of
R" decomposed into two subdomains Q* and Q~ by a C!:!-hypersurface I', and
that g is a piecewise Lipschitz metric on €, satisfying g € C*1(Q") N C%(Q™)
and discontinuous at every x € I'. For example, let 2 = B; C R” be the unit ball,
=B N{x=(x",0) € R"}, and

g0 ifxe B ={x">0}NBy,

() = {kgo ifx € Bl ={x" <0}N By,

where go is the standard metric on R" and k (# 1) is a positive constant. Let
(N, h) — R¥ be an [-dimensional, smooth compact Riemannian manifold without
boundary, isometrically embedded in the Euclidean space R*.

Motivated by the recent studies on elliptic systems arising from composite
materials (see [Li and Nirenberg 2003]) and the periodic homogenization theory in
calculus of variations (see [Avellaneda and Lin 1987] and [Lin and Yan 2003]), we
are interested in the regularity issue of harmonic maps from (€2, g) to (N, h).

In order to describe the problem, let’s recall some notations. Throughout this
paper, we use the Einstein convention for summation. For the metric g = g;; dx’ dx/,
let (g7) = (g,-j)_l, and dv, = /g dx(= ,/det(g;;) dx) be the volume form of g.
For 1 < p < +00, define the Sobolev space

Whr (@, N)={u: Q>R |u(x)eNae. xeQ, E,(u, g) = [, |Vulg dvg < oo},
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.. [du  du
Vul? =¢ (=, 2=
| Mlg § <8x,- an>

where

is the energy density of u with respect to g, and (-, - ) denotes the inner product in
R¥. Denote W'2(2, N) by H (€2, N). Now let’s recall the definition of stationary
harmonic maps.

Definition 1.1. A map u € H'(2, N) is called a (weakly) harmonic map if it is a
critical point of E»( -, g), i.e., if u satisfies

(1-1) Agu~+ Au)(Vu,Vu)g =0 in Q
in the sense of distributions. Here
1 0 .0
A= = ij_ o
¢ Jgox (\/§g 0%, )

is the Laplace—Beltrami operator on (€2, g), A(-)(-, -) is the second fundamental
form of (N, h) < RK, and A(u)(Vu, Vu), = g"/ A(u)(du/dx;, du/dx;).

Definition 1.2. A (weakly) harmonic map u € H'(Q, N) is called a stationary
harmonic map if, in addition, it is a critical point of E,( -, g) with respect to the
following domain variations:

(1-2)

d
-~ / IVu!'|> dvg =0, with u'(x) =u(F,(x)),

where F(t, x) := F;(x) € C'([-38, 8], C1(R, Q)), for some small § > 0, is a family
of diffeomorphisms that satisfies

Fo(x) =x for x € Q,
(1-3) F,(x)=x for (x, 1) € 9Q x [, 8],
F(QF) cQF forte[-8,6].

In particular, F;(I') C I" for 0 <t <.

It is readily seen that any minimizing harmonic map from (€2, g) to (N, h) is a
stationary harmonic map. Definition 1.2 implies that a stationary harmonic map on
(2, g) is a stationary harmonic map on (Q¥, g). Since g € C% 1(Q%), we can see
that u satisfies an energy monotonicity inequality on %. We will show in Section 2
that a stationary harmonic map on (€2, g) also satisfies an energy monotonicity
inequality in I" under the condition (1-4) below.

The first result is concerned with the (partial) Lipschitz and (partial) piecewise
C!-%_regularity of stationary harmonic maps. In this context, we are able to extend
the well-known partial regularity theorem of stationary harmonic maps on domains



HARMONIC MAPS ON DOMAINS WITH PIECEWISE LIPSCHITZ METRICS 127

with smooth metrics, due to Hélein [2002], Evans [1991], and Bethuel [1993]. More
precisely:

Theorem 1.1. Let u € H'(Q, N) be a stationary harmonic map on (2, g). Suppose
that g satisfies the following jump condition on I" for n > 3: for any x € ', there
exists a positive constant k(x) # 1 such that

(1-4) lim g(y) =k(x) lim g(y).
yeQt yeQ™
Yy—>x V—>Xx

There exists a closed set ¥ C Q, with H""2(X) = 0, such that u € Lip,..(Q2\ Z, N),
and for some 0 <o < 1,u € Cl’”{((QjL UD)\Z,N)N Cl’“((Q* UD)\ X, N).

loc loc

The jump condition is needed for both energy monotonicity inequalities for u
and the piecewise C!“-regularity of u.

We point out that in dimension n = 2, since the energy monotonicity inequality
automatically holds for H'-maps, Theorem 1.1 holds for any weakly harmonic
map from domains of piecewise C%!-metrics, i.e., any weakly harmonic map
on domains with piecewise Lipschitz continuous metrics satisfying (1-4) is both
Lipschitz continuous and piecewise C'* for some 0 < o < 1.

Weakly harmonic maps from domains with smooth metrics into Riemannian
manifolds may not enjoy partial regularity properties in dimensions n > 3; see
[Riviere 1995]. Here we consider weakly harmonic maps on domains with piece-
wise Lipschitz continuous metrics into a Riemannian manifold (N, &), on which
dlzv( -, p) is convex for p € N. Such Riemannian manifolds N include those with
nonpositive sectional curvatures and geodesic convex balls in Riemannian manifolds.
In particular, we extend the classical regularity theorems on harmonic maps on
domains with smooth metrics, due to [Eells and Sampson 1964] and [Hildebrandt
et al. 1977].

Theorem 1.2. Let g satisfy the conditions of Theorem 1.1. Assume that on the
universal cover (ﬁ , ﬁ) of (N, h),! the square of distance function d?\;( -, p) is convex
forany p € N. Ifu € HY(Q, N) is a weakly harmonic map, then u € Lip;,. (€2, N),
and for some 0 <o < 1, u € Cp¥(QTUT, N)NCLY (R~ UT, N).

The idea for the proof of Theorem 1.1 is motivated in [Evans 1991] and [Bethuel
1993]. However, there are several new technical difficulties:

(i) Establishing an almost energy monotonicity inequality for stationary harmonic
maps in (€2, g). This is achieved by observing that an exact monotonicity
inequality holds at any x € I', see Section 2 below.

'Here the covering map I1: N — N is a Riemannian submersion.
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(i1) Establishing a Hodge decomposition in L? (B, R"), for any 1 < p < 400, on
a ball B = B, (0), equipped with certain piecewise continuous metrics g. More
precisely, we need to show that the solution of

ad v . .
8—x[.<(l,llgj) —lef m B,

v=0 on dB
enjoys a W!-P-estimate: for any 1 < p < +o0,

IVvllzrey < Cll fllLrp)

provided that (a;;) € C(ﬁ) N C(B?) for some § > 0, is uniformly elliptic, but
is discontinuous on d B \ B®, where B® = {x € B :dist(x, 0B) < 8}. This
follows from a recent theorem in [Byun and Wang 2010; Dong and Kim 2010];
see also [Dong and Kim 2011a; 2011b] and Section 3 below.

(iii)) Employing the moving frame method to establish the decay estimate in suitable
Morrey spaces under a smallness condition, analogous to [Ishizuka and Wang
2008]. To obtain Lipschitz and piecewise C!-*-regularity, we compare the har-
monic map system with an elliptic system with piecewise constant coefficients
and perform a hole-filling argument, similar to [Giaquinta and Hildebrandt
1982].

The paper is organized as follows. In Section 2, we derive an almost energy
monotonicity inequality. In Section 3, we show the global W7 (1 < p < 00)
estimate for elliptic systems with certain piecewise continuous coefficients, and a
Hodge decomposition theorem. In Section 4, we adapt the moving frame method of
[Hélein 2002] and [Bethuel 1993] to establish an e-Holder continuity. In Section 5,
we establish both Lipschitz and piecewise C!¢ regularity for Holder continuous
harmonic maps. In Section 6, we consider harmonic maps into manifolds supporting
convex distance square functions and prove Theorem 1.2.

2. Energy monotonicity inequality

This section is devoted to the derivation of energy monotonicity inequalities for
stationary harmonic maps from (€2, g) to (N, h).

Theorem 2.1. Under the same assumptions as in Theorem 1.1, there exist C > 0
and ro > 0, depending only on 2, I', and g, such that if u € WL2(Q, N) is a
stationary harmonic map on (2, g), then for any xo € €2, there holds

(2-1) sz_”/ |Vu|§dug§ec’r2—"/ \Vul} dv,
B;(x0) By (x0)

forall 0 < s <r < min{rg, dist(xg, d€2)}.
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Since g € CO1(Q1), there are C > 0 and ry > 0 such that (2-1) holds for any
xo € QT and 0 < s < r < min{ro, dist(xg, dQT)}; see [Hélein 2002]. In particular,
(2-1) holds for any xo € Q\I'" and 0 < s < r < min{ry, dist(xg, 0€2)}, where
' ={x e Q: dist(x, I') <rg} is the rg-neighborhood of I". To show (2-1) for
xo € ', it suffices to consider the case xg € I.

It follows from the assumption on I'" and g that there exists o > 0 such that
for any xo € I' there exists a C'!-diffeomorphism ® : B; — B, (xg), where
r1 = min{rg, dist(xg, 0€2)}, such that

Do(BY) = Q* N B, (x0),
®o(I'1) =I'N By, (xp), where I'y = {x € By : x, =0}.

Define it(x) = u(®o(x)) and g(x) = ®;(g)(x) for x € By. Then it is readily seen
that g is piecewise C*!, with T as its discontinuity set, and satisfies (1-4) on I';.
(In fact, since

o ID)

0
@(8)ij () = gu (Po(x) 52 (1) (x),
i J

condition (1-4) implies that
lim ®gg(y) = k(Po(x)) lim pg(y)
yeQt yeQ~
y—>Xx y—x
for any x e I'1.) It is also easy to see that, if u : (B,, (xo), g) = (I, h) is a stationary
harmonic map, so u : (By, g) — (N, h).
Thus we may assume that Q = By, that g is a piecewise C*!-metric which
satisfies (1-4) on the set of discontinuity I'y, and that u : (By,g) — (N, h) is a

stationary harmonic map. It suffices to establish (2-1) in By,,. We first derive a
stationarity identity for u.

Proposition 2.2. Let u € WLY2(B, N) be a stationary harmonic map on (B, g).
Then

du B
(2-2) (2g'1<8—” —u>Yik—|Vu|§,div Y)@dx
B

xXr 0x;
0 . ou Ou
[ e (Y

B, 0xk
forallY = (Y', ..., Y"1, Y") € C}(By, R") satisfying

>0 forx" >0,
(2-3) Y'"(x){=0 forx" =0,
<0 forx" <0,

where Y = 8Y*/3x; and divY = Y""_, 8Y' /dx;.
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Proof. Let Y € Cé (B1, R") satisfy (2-3). Then there exists § > 0 such that F;(x) =
x+1tY(x), t €[4, 4], is a family of diffeomorphisms from B to B; satisfying
the condition (1-3). Hence

d
0=—

dt

d

~dr

2
oty [Vu(F ()|, dvg

~ 0(/ |Vu(F, ()|} dvg + /]_|Vu(F,(x))|§dvg).

Set G, = Ft_ , for t € [-4, §]. Direct calculations yield

d
dt

/ IV(u(Fz(x))| dvg

/ Velx +1Y(x) g”(x—i—tY(x))< >
t=0 X1

X (1Y (1)) ki + 1Y) () +1Y)) dx
—/ Vex)g (x) Du ou S Y 48, Y5 dx
= Bli 8 8 8xk9 8)([ ki j 1jL
d i ou Ju
+ / —|  (87(G(x)VE(G(x)IG (X)) —, — ) dx
*df +=0 ax; 3Xj
Ju OJu [ du Ju
= 2 Yyl — gl divy d
/B¢<g <axl ax1> im8 <ax,- ax1> v )f !

ou Ou
ij
/i axk(‘/_g )Y <a ax,>dx’

t=0

~dr

where we have used the equalities

d o
a7 z:oJG'(x) = —divY,
d [
o _ G = -y,
d 14 4
7o (87 (G 0)VE(G () = (fgf)
This completes the proof. (]

Proposition 2.3. Let u € WLY2(B, N) be a stationary harmonic map on (B, g).
There exists C > 0 such that:

(i) For any xo = (x(’), xy) € Bijp \ Ty, there exists 0 < Ry < min{%, Ix(';l} such
that

(2-4) rz_”/ |Vul; dv, < eCRRz_”/ |Vul}dv, if 0<r <R <Ry.
B, (x0) Bgr(x0)
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(ii) For any xo € B2,
(2-5) rz_"/ \Vul} dvg < eCRR2—"/ \Vul;dv, ifO<r <R<jy.
B, (x0) Br(x0)

Proof. (1) By choosing Y € Céx’(BJr, R") or Y € C°(B; , R"), we conclude that
u is a stationary harmonic map on (B, g) and ( B[, g). Hence the monotonicity
inequality (2-4) holds; see [Hélein 2002].

(i1) Step 1. We first consider the case where xg € I';. Without loss of generality, we
can assume that xo = (0/,0). Fore > 0and 0 < r < 3, let Ye(x) = xne(x), where
ne(x) = ne(|x|) € C3°(By) satisfies

2 1 forO<s<r—e
2- <n <1 "< 1< = = -7 = ’
( 6) 0_776_ ’ 775_0’ |77€|_6, 775(5) :0 fOI'SZI".
Then
j , xixj
(2-7) (Yeo); :8ij776(|x|)+77€(|x|)W-

Substituting Y, into the right side of (2-2), and using

2 (vae)
Xk

[, G (EE () ax

<C for a.e.xe B \TIy,

we have

(2-8)

<Cr/ |Vul? dx

< Cr/ |Vu|gdvg.
B,

Substituting (2-7) into the left side of (2-2), we obtain

ou 9
(2-9) <2gu <_” _“> (Yo — |Vu? div Y€)J§dx
B ox; dx

=<2—n>/B |Vu|§ne<|x|>¢§dx—/ L ACONES
J
+/B 24 <8u 8u>xx w1 vz dx.

dx; dxg[ |x|

Define g by
_( / xn) — hmy*)()’ >0 g(y) if x" > O,
limy_o, yr<0g(y) if x" <O.

Then we have

(2-10) lg(x) —g(x)| < C|x| forall x € B;.
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Further, by (1-4) we can assume

= go if x" >0,
gx) = o
kgo if x" <0 (k#1).
Hence we can write
. [ou OJu
B, ax;  Oxp | | V8
where
o ou du \ xkxJ
I =2 olJ d
‘ /Blg <ax, 8x> x| Ne(1x)y/g dx,
. du  du \ xkxJ
II =2 iy _ _l] d
‘ Bl(g )<3x, axk> x| Te(l¥D/g dx.
Since
_,-j<8u ou >xkxj _ |x||8u/ar|2 if x" >0,
ox;  dxe| 1xI | (1/K)Ixllou/or? i x" <0

is nonnegative in B; and 7. (|x|) <0, we have I. <0. For II, by (2-10) we have

(2-12) 1| < Crz/ \Vuly [n.1(1x]) dvg.
B,

Putting these estimates first into (2-11) and then into (2-9), and finally combining
(2-9) and (2-8) with (2-2), we obtain, after taking € to zero,

(2-13) (2—n)/B |Vu|§dvg+r/33 \Vul} JgdH"™!

z—C(r/ |Vu|§dvg+r2/ |Vu|§¢§dH"—1).
B, 3B,

It is not hard to see that (2-13) implies

d
— <eC’r2—"/ |Vul|? dvg> > (),
dr B, §

so that (2-5) holds when x¢ € By >.

Step 2. To show (2-5) in the general case, it suffices to consider xo € By2 \ I'1 such
that

|Br(x9) "B >0 and [Bg(xo)NB;|>0.

For simplicity, assume xo € B, . We consider two cases:
Suppose d(xo, I'1) = |x;| > }LR. Then:
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e IfR>r> }‘R, it is easy to see that

rz_"/ |Vul} dv, < 4”_2R2_”/ |Vul? dv,.
B, (x0) Br (x0)

e If0<r < %R (< d(x0,T'1)), we have Bg/s(xo) C B, so (2-4) implies

2-n 2 cr (R\*™" 2
r / Vul2dv, < e (5) / Vul? dv,
By (x0) B

R/4(xX0)
< eCRR“/ |Vl dv,.
Br(x0)
Suppose instead that d(xo, I'1) = |xg| < %R. Then:

. IfRZrZ}tR,then

rz_"/ |Vul; dvg < 4"—2R2—"/ \Vul; dv,.
B, (x0) Br(x0)

e If0<r < d(xo, ') = |xg] < }LR, then by setting xo = (xol, .. .,xg_l, 0) we
have

By (x0) C Byxz(x0) C Bajx(X0) C Brj2(X0) C Br(x0),

so that (2-5) yields

r2—"/ |Vul} dvg < |x6’|2_”/ |Vul} dvg
By (x0) By (xo)

<22 [ vuldy,

Bz\xg | (%0)

2—n
< 21-2,CR (B) / IVul3 dvg
2 Brya (i)

< eCRRz_”/ Vul? dv,.
Br (x0)

« If d(xo, ) (= |x}]) < r < 1R, then we have

B, (x0) C Bar(x0) C Bgrj2(xo) C Br(x0),
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so that (2-5) yields

rz_"/ |Vu|§dvg52"—2(2r)2—"/ Vul} dv,
B, (x0) Bor (X0)

2—n
<2k () / Va2 dv,
2 BR2(xo)

§eCRR2_”/ |Vul? dv,.
Bg(x0)

Therefore (2-5) is proved in all cases. [l

3. WlP_estimate for elliptic equations with piecewise continuous coefficients

In this section, we will provide the global W!-7-estimate for elliptic equations with
piecewise continuous coefficients. The proof is a slight modification of that of
[Dong and Kim 2010] (see also [Dong and Kim 2011a; 2011b]) or [Byun and
Wang 2010]. As a corollary, we will establish the Hodge decomposition theorem
(Theorem 3.2) for piecewise continuous metrics g, a crucial ingredient to prove
Theorem 1.1.

For a ball B = B,(0) C R", set B = {x € B : dist(x, dB) < €} for € > 0. Let
(aij(x))1<i,j<n be bounded measurable, uniformly elliptic on B; i.e., there exist
0 <A <A < +00 such that

(3-1) AE? < a,-j(x)gf‘gg <Al¢> ae.xe B forall £ e R".

Theorem 3.1. Assume (a;;) satisfies (3-1), and there exists € > 0 such that (a;;) €
C(ﬁ) N C (B¢) and is discontinuous on dB™ \ B¢. For p € (1, +00), let f €
LP(B,R"). Then there exists a unique weak solution v € Wol’p(B, R™) to

0 (v _dfi
2 <a”8xj)_28 in B,

(3-2) iy 9xi 70X

u=0 on oB,
that satisfies
(3-3) IVullzrgy < C N fllLeca)

for some C > 0 depending only on p and (a;;).

Proof. By (3-1), we see that for any § > 0, there exists R = R(6) > 0 such that
the coefficient function (a;;) satisfies the (8§, R)-vanishing of codimension-one
conditions (2.5) and (2.6) of [Byun and Wang 2010, p. 2562]; see also [Dong and
Kim 2010; 2011a; 2011b]. In fact, we have

lim  max ai;(x', x") —aij (x4, x| ;o ;o =0
P10 xo=(x).xy)eB Jai Y liaa g
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Therefore Theorem 3.1 follows directly from [Byun and Wang 2010, Theorem 2.2,
p. 2653]. U

As an immediate consequence of Theorem 3.1, we have the following Hodge
decomposition on B equipped with certain piecewise continuous metrics g.

Theorem 3.2. Let g be a piecewise continuous metric on B such that g is continuous
on BT and on B® for some § > 0, and is discontinuous on dB* \ B®. Then for any
pe(,400)and F = (Fy,..., F,) € LP(B,R"), there exist G € Wé’p(B) and
H e L?(B, R") such that

(3-4) F=VG+H, div§H<:—Ta—( ‘gUH)) in B.

Further, there exists C = C(p, n, g) > 0 such that
(3-5) IVGllrgy +I1HILrgy < CIIF I Lrsy -
Proof. For 1 <i, j <n,seta;; = /28" on B. Then (a;j) satisfies the conditions

of Theorem 3.1, so that there exists a unique solution G € Wol’p (B) to

0 (208 L (g
(3-6) 0x; <‘/§g 3%) = gy (VEEIE) B,
G=0 on 0B,

and
IVGlios < C |25 Fjl

Set H = F — VG. Then we have
G
div-H_— g (F-——)):O on B,
8 \/_axl ([ J axl

||H||Lp(31/2) = ||F||Lp(31/2) +IVGllLrgy = C I FllLrs) -

LP(B) = c ”F”LP(B) .

and

This completes the proof. (]

4. Holder continuity

In this section, we will prove that any stationary harmonic map on (By, g), with
g€ CO’I(BIjE UT), is Holder continuous provided that || B, |Vu|§, dvy is sufficiently
small. The idea is based on suitable modifications of the original argument in
[Bethuel 1993] (see also [Ishizuka and Wang 2008]), thanks to both the energy
monotonicity inequality and the Hodge decomposition theorem established in the
previous two sections. More precisely:
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Theorem 4.1. There exist g > 0 and ag € (0, 1), depending only on n, g, such
that if the metric g € C%! (BljE UT'y) satisfies the condition (1-4) on I'y, and u €
WUL2(By, N) is a stationary harmonic map satisfying

(4-1) rg—"/ |Vul} dvg < €
Bro(x())

for some xo € Bijp and 0 < ry < zlt’ then u € C*(B,,/2(x0), N), and
(4_2) [M]CO‘U(BrO/Q(Xo)) =< C(r()a EO)-

Proof of Theorem 4.1. The proof is based on suitable modifications of [Bethuel
1993; Ishizuka and Wang 2008]. First, observe that if xo = (x(/), xp) € B*, it
follows from the monotonicity inequality (2-5) that we may assume (4-1) holds
for some 0 < rg < |xg|. Then the ep-regularity theorem in [Bethuel 1993] (see
[Ishizuka and Wang 2008] for domains with C 0-Imetrics) implies that for some
0<ap<1,uecC*(B,n(xp)) and (4-2) holds. Hence it suffices to consider the
case xo = (xé, 0) € 'y 2. By translation and scaling, we may assume xo = (0, 0)
and proceed as follows.

Step 1. Asin [Bethuel 1993; Hélein 2002; Ishizuka and Wang 2008], we assume that
there exists an orthonormal frame on u*TN |p,. For 0 <6 < %, to be determined later,
let {ea}f)l: 1 C W12(Byg, R¥) be a Coulomb gauge orthonormal frame of u*TN |p,,;
that is,

dive((Vea, eg)) =0 in By (I=a,B=<1),

l
Z/ Veq |2 dv, < c/ IVul? dv,.
a=1"Bw

By

(4-3)

For 1 <« <, consider (V ((u —uzg)n) , eq), where uzy = fBze u is the average of
u on By, and n € C;°(B)) satisfies

2
0<n<1; nm=1inBy; n=0outside Byg,4; |Vn|§§.

Define the metric g on Byy by
gx) =n(x)gx) + (1 —nx)go(x), x € By.
Then it is easy to see that
g=gonBy; g=gooutside Bygjs; g€ C(B_zj;) NC (B \ Bgsa).

In particular, g satisfies the conditions of Theorem 3.2. Hence, by Theorem 3.2, for
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1 < p<n/(n—1), there exist ¢, € Wol’p(Bzg) and Y, € LP(Byy) such that

(V((w—u)n), ea) = Voo + Vo, divg(¥y) =0 in By,

4-4)
IVGallLr By 1 WallLry) S IV U—u20)m) e (Bog) S NVUllLr(Bog)-

Since u satisfies the harmonic map equation (1-1), we have
(4-5) div, ((Vu, ey)) = g/ Viu(Vjey, eg)eg in By.
Thus we obtain

(4-6) Aghe = 87 Viu(Vjeq, eg)eg in By.
Decompose ¢, = él) + ¢§,2>, where qbél) solves

(4-7) {Ag &) =0 in By,

' =¢y, ondBy,

and d)éz) solves

(4-8) {Ag 5 =g Viu(Vjeq, eg) eg in By,

éz) =0 on 0By.

Step 2: Estimation of d)él)

E CR", by

. We will need the Morrey space defined, for arbitrary

MPPEY = { £ E >R = s (7 e 17 ] < +oo}.
r (x)CR"?

It is well-known (see [Gilbarg and Trudinger 1983]) that (/5(51) € C*(By) for some
oo € (0, 1), and forany 0 <r <6/2,

4-9) (867 e, ) S 67" /B IVoL|P dx < COP™" /B IVul? dx,
[ 20

and

(4-10) (19)”_"/ IVoD|P < CtP*||Vullyrr,y forall 0 <t <1,
BT0

Step 3: Estimation of %({2)‘ Denote by #' (R") the Hardy space on R"” and BMO(E)
the BMO space on E for any open set E C R". By (4.13) of [Ishizuka and Wang 2008,
p. 435], for p’ = p/(p — 1) > n, there exists h € Wol’pl(Bg), with ||Vh||Lp/(BQ) =1,
such that

1902 |74, =€ [ 1902, V).
0



138 HAIGANG LI AND CHANGYOU WANG

Using (4-8), (4-4), and the duality between %' and BMO, we show that
4-11) ”V(f)(z) ||Lp(39) / fg” V u, (Vjeq, e,g))(e,gh) dx

fg (Vieq, eg)Vi(egh)u dx
= CH\/_g (Viea, eﬂ>vi(€ﬂh)||g€1(w [u]lBmo(By)
S IIVE87 (Viea. ep)ll L2y IV (eph) Il 123y [ BMOBA)

SIVull 2oy I Vil s s,y - 6"/7 2.

(Here, to go from the third line to the fourth, we used that & € WO1 P /(Bg) and that
dive(Vey, eg) vanishes in By, so \/gg"j(vjea, eg)Vi(egh) € %! (R") and

” «/Egijwj'em eg) Vi (eﬁh)”%'(R") <C || «/Egijwj'em eﬂ>”L2(39) Vi(egh)ll L2(B,)-
This last factor satisfies
IV (epm) I 2By < IVepll 208, 11l oo By + I VR Lo, 0" P~ < COMP2,
since the Sobolev embedding implies (because p’ > n) that h € cl-n P/(Bg) and
2l e,y < €O

Finally, the estimate [u]pymoB,) < C||Vullpr.» (B, is a consequence of the Poincaré
inequality.)
Putting the estimates of ¢(§1) and d)éz) together, we obtain that, forall0 <7 < 1,

1/p
(4-12) ((:9)1’" / |V¢O,|pdx> < C(x® +t'7Pe) | Vullprr(sy)-
Btﬁ

Step 4: Estimation of v,. Since divz(¥,) =0 on By, we have
/ |'¢fa|§~,dvg :/ (1[/a+v¢aa wa>g dvg,
Bag By
:/ <<v((u_u26)77), eol>’ wa)gdvg
Bog

=— [ (u—ux)n(Vey, Yo)z dvg
Bog
S V& 87 VieaW] || g [ — u20)nlsm0
5 ||¢a||L2(Bzg)||V€a||L2(329) [(u — u20)nlpM0

S ||VM||L2(329)||Wa||L2(Bzg)||VM||MM(BI),
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where we have used the inequality

[ — u20)nlpmo =< C [ulpmosyy) < C IIVullprr(s,) -
This, combined with Holder’s inequality, implies
I/p
(4-13) (9”_" / Wfotlp) < Ceo [Vullprr(sy) -
By

Step 5: Decay estimation of Vu. Putting (4-12) and (4-13) together, we have that,
for some 0 < g < 1,

1/p
(4-14) ((m)”—” / |Vu|”) < C(eo+ T + "7 | Vil prrr By
Br@

forany0<t<land0<6 < % Now we claim that for some « € (0, 1), we have
(4-15) IVullpgrncs, ) < Cleo+ 7% + 1 7"Pe0) | Vil proo-n (s,

for all 0 < 7 < 1. To show this, let By(y) C B;/4. We divide into three cases:

(@) y € ByyaN B* and s < |y"|. As remarked at the beginning of the proof, for
some 0 < g < 1 we have

1/p ¢ \% 1/p
(o)) (o )
B(y) [y By (y)
s o 1/p
C( m ) ((2|y"|)p_"/ |Vu|1’>
|y"] By (y',0)

T\’ v
<c((%) / VuP ) (since |y < 7/4)
2 B.2(y'.0)

< Cleo+ Tt +1' 7€) Vullmrrs,) (by (4-14)).

IA

(b) y € By/aN B* and s > |y"|. Then B;(y) C Bjyr45(y’, 0) C Bay(y', 0). Hence

I/p 1/p
(sp—"/ |Vu|”) <2v/r-l ((2@?‘”/ |Vu|”)
Bs(¥) Bas (¥,0)

< Cleg+ 7™ +1"7"7¢0) | Vullyrongs,, (by (4-14)).
(¢) y € B;y4NTy, ie., y" =0. Then it follows directly from (4-14) that
1/p
(sp—" / |Vu|P> < Cleg+ T +1'7"7¢0) | Vatll oo s, -
B (y)

Combining (a), (b) and (c) together and taking the supremum over all B;(y) C B4,
we obtain (4-15).
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It is clear that by first choosing t and then € sufficiently small, we can arrange
that

1
IVullpger s, ) < 5 1Vullyger s,y -
/

Iterating this inequality finitely many times yields that there exists o1 € (0, 1) such
that for any x € Bjj4 and 0 <r < 1 it holds

rp_"/ [Vul? dx < CrP*™ IIVuIIf",[p,,,(Bl).
B (x)
This implies u € C*'(B12) by Morrey’s lemma. The proof is now completed. []

5. Lipschitz and piecewise C**-regularity

In this section, we will first establish Lipschitz and piecewise C'*-regularity
for stationary harmonic maps on domains with piecewise C” !-metrics, under a
smallness condition of energy. Then we will prove Theorem 1.1.

Theorem 5.1. There exist g > 0 and By € (0, 1), depending only on n and g,
such that if the metric g € C%! (BlﬂE UT') satisfies the condition (1-4) on I', and
u € WH2(By, N) is a stationary harmonic map on (By, g) satisfying

(5-1) rg—"/ |Vul} dvg < €
Bro(x(J)

for some xo € By and 0 < rg < %, then u € Cl"BO(BrO/z(xo) N BE, N), and
ue CO’I(B,-O/2(XO), N)

Proof. The proof is based on the hole filling argument and the freezing coefficient
method. It is divided into two steps.

Step 1: u € C%(B3y,/4(xg), N) forany O <« < 1. To see this, first recall Theorem 4.1
implies that there exists 0 < ag < % such that u € C*(B7,,/3(x0)) and for any
y € B7r0/8 (xp), it holds

20
(5-2) sz_”/ IVul?dx < C(f) Orz_”/ Vulldx, O<s<r<==2
By (y) r B, (y) 8
and
(5-3) oscg Hu < Cr™, 0<r< %O.

For y € B7,,/8(x0) and 0 <r <ro/8,letv: B.(y) — R¥ solve

{Agv =0 in B,(y),

5-4) v=u on 3B, (y).
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By the maximum principle and (5-3), we then have
OSCB, (y)V < 0SCyB, (y)U < Cr®,

Moreover, since g € CO’I(BIlL U I'y), it follows from [Li and Nirenberg 2003,
Theorem 1.1] that v € C%! (B,/z(y), [R{k) andve CHA (B,/z(y) N B*, [R{k) for any
0<p<l.

Multiplying (1-1) and (5-4) by u — v, subtracting one result from the other and
integrating over B, (y), we obtain

/ |V(M—v)|2dx§/ IVu|2|u—v|§ pn—2+3a0
B (y) B, (y)

This, combined with
/ Vol dx < ClIVUlls, 0"
B, j2(y)
implies

r\2—n
(5) / IVulP dx < C(11V0]3 (g, () 72 +77%) < Cr0.
2 Brya(y)

This, combined with Morrey’s lemma, yields u € C3%/ 2(B7r0 /8(x0)). Repeating
this argument, we can show that u € C%(B5,4(xo)) for any 0 <« < 1, and

(5-5) ¥ / |Vu|*dx < Cr*® forall y € B3y a(xo), 0 <7 < r4—°.
B (y)

Step 2: There exists 0 < Bp < 1 such that u € Cl'ﬂO(B,O/z(xo) N B*, N). There are
two cases to consider:

Case I: xo = (x{, x3) € Bli. We may assume 0 < ro < |xg|, so that B, (xo) C B*.
For B, (x) C By,(xo), let v : B, (x) — RF solve

(5-6) {Agv =0 in B, (x),

v=u on B, (x).

Then by (5-5), for any % <a<l,
(5-7) / IV(u—v)|2dx§C/ \Vul|u — v| dx < C r3e2,
By (x) B, (x)
Also, since g € C*!(B,,(x0)), we have for any 0 < 8 < 1 that v € Cl’ﬂ(Br/z(x))

and

2 s\ 2
(5-8) [V = (Vo)p,Pdx = C(2) Vi = (Vi) g, o2 v,
B,(x) r B, (x)
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for <s <r/2. (Here §, f = I]TI [ f dx.) Note that (5-8) also holds trivially for
r/2 <s <r. Combining (5-7) and (5-8) we obtain, for any 0 < 6 < 1,

2
][ \Vu - (VM)BQ,(x)| dx
By (x)

2(][ |Vu—Vv|2a’x+][ |Vv—(Vv)Bg,(x)|2dx)
B@,(x) Bﬁr(x)

C(GZﬁ ][ |Vu — (Vu)p, ) |2 dx + e—nr3q_2).
B, (x)

A

IA

For (3 —2)/2 < fy < B8, let 0 < 6 < 1 be such that C6;” = 6.7, Then

2
(5-9) Vi~ (V) g, 0| dx <657 ][

|Vu —(Vu) g, (x) |2dx —|—Cr3°‘*2.
Bgyr (x) B, (x)

Iterating (5-9) m-times, m > 1, yields

(5-10) Vit — (V) gy, | dx

By, (x)

= (9(’)”)2ﬁ0 ][ |V“ — (Vu)p,x) |2 dx + C(@(')n,,)Sa—z Z 9({(2/30—(301—2))

B, (x) j=1

< (95")3“2<]i N Vi — (Vi) g, o | dx + Cr3“2>.
(X

This clearly implies that Vu € C3*/2~1(B, (xo)).

Case II: xo = (x(, 0) € I'y. For simplicity, we assume x, = 0. Define g on B; by

lim,yo+g(0', 1) if x € Bf

80 = {lim o g0 1) if x e By

Then we have
(5-11) lg(x) —gx)| <Clx|, xe€B.

Moreover, by suitable dilations and rotations of the coordinate system, (1-4) implies
that there exists a positive constant k = 1 such that

§(x) = (4 (k=1Dxp-(x))go, x € By,
where x BT is the characteristic function of B, .
ForO0<r <ry/2,letv: B.(0) — R¥ solve

{Agv =0 in B,(0),

(5-12)
v=u on 0B, (0).
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Then we have

IVul*dx < C/ |Vu|> < Cr" =22,

OSCB, (0)V < 0SCp, (0)U < Cl’a, /
B, (0)

B, (0)

Multiplying (1-1) and (5-12) by u — v and integrating over B, (0), we obtain

/ IV(u—v)|>dx
B (0)

5/ gY(u—v)i(u—v);J/gdx
B, (0)

< C/ VuPlu —v|dx+/ VB — V35 | [uil | — v); | dx
B, (0) B, (0)

|Vu|2dx+Cr2/ |Vv|2+1/ IV(u —v)|*dx
B (0)

< CoscBr(o)v/
B,(0) 2

B,(0)

SCr"—2+3“+Cr"+°‘+1/ IV(u—v)|*dx.
2 /B,

This implies

(5-13) / IV(u—v)|*dx < Cr"—2+3,
B, (0)

It is well-known that v € C*°(B;(0)) for any 0 < s <r. In fact, (5-12) is equivalent
to:

0 ov
- E— n/Z_ - )— = 1
(5-14) ™ <(1 + (k 1)X31 )8x,~) 0 in B,(0),

we conclude
(i) dv/ox, satisfies the jump property on I'y:

v
lim (x', xp) = k"? lim
x40+ 00X, xp 10~ 00Xy

av

(', x,) forall (x',0) el N B 0).

(i) V*v e C°(B,(0)) for any multiindex o = (a1, ..., o1, 0).

(ili) Vv € L*°(B;(0)) for any 0 < s < r, and

(5-15) IVVIZ (8, 009 < Cr2" / |Vul?.
B, (0)
For f: B,(0) — R¥, set
~ af af af
5-16 D =<—— 14+ (K72 = 1)y p- )
(5-16) Fi= (G e (L )
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and denote by (5 fs= st ) D f dx the average of D f over Bs(0). Then, for any
0<pB<l,

~ ~ 28 ~ -
][ |Dv—(Dv)S|2dx §C<£> ][ |Du—(Du)r|2a’x forall 0 <s <r.
By(0) r B,(0)

Combining this with (5-13) yields, for any 0 <6 < 1,

][ | Du — (Dug, | dx < o* ][ |Du — (Du), | dx +co—mr3 2,
By (0) B, (0)

As in case I, iterations of this inequality yield, forany 0 < s <r,

§\ 3a—2

][ ‘5u—(5u)s‘2dx§(f< ) ][ ‘E)u—(ﬁu)r|2dx+Cs3°‘_2.
B, (0) B, (0)

r
This, combined with case I, implies that for any B, (x) C B,,(x9o) and 0 <s <7,

§\ 3a—2

][ ‘Eu_(ﬁu)x,s|2dx§C( ) ][ ‘5u_(5u)x,r‘2dx+cs3a_27
B, (x) By (x)

r

where (5u} x,s denotes the average of Du over B, (x). It is readily seen that the
preceding inequality yields u € Cl3e/2-1 (Bry/2(x0) N Bli) and u € Co’l(BrO 12(x0)).
This completes the proof. (]

Proof of Theorem 1.1 . Define the singular set

E:{er: li_mrz"/ |Vu|2dx262}.
B, (x)

r—0

Then by a covering argument we have H "=2(%) =0; see [Evans and Gariepy 1992].
For any xp € 2\ Z, there exists 0 < ry < dist(xg, d€2) such that

2—n 2 2
ro / [Vu|”dx < €.
By (x)

Hence by Theorems 2.1, 4.1, and 5.1, we have
u € CH(Byn(x0) NQE,N) and  u e C*'(Byy2(x0), N),

for some 0 < o < 1. In particular, we have

hmﬂ”/‘ |Vul?dx =0 forall x € By, 2(x0),
40 B,(x)

so that B, 2(xg) N X = &, i.e., X is closed. This completes the proof. O
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6. Harmonic maps to manifolds supporting convex distance square functions

In this section, we consider weakly harmonic maps u from (€2, g), with g the
piecewise Lipschitz continuous metric as in Theorem 1.1, to (N, /), whose universal
cover (N, h) supports a convex distance square function d]%( -, p) forany p € N.
We will establish both the global Lipschitz continuity and piecewise C!%-regularity
for such harmonic maps u. This can be viewed as a generalization of the well-known
regularity theorem of Eells and Sampson [1964] and Hildebrand, Kaul and Widman
[Hildebrandt et al. 1977].
The crucial step is the following theorem on Holder continuity.

Theorem 6.1. Assume that the metric g is bounded measurable on 2, i.e., there
exist two constants 0 < A < A < 400 such that Al, < g(x) < Al, fora.e. x € 2,
and the universal cover (N h) of (N h) supports a convex distance square function

-, p) forany p € N. Ifu € H'(Q, N) is a weakly harmonic map, then there
exzsts a € (0, 1) such thatu € C*(2, N).

Proof. Here we sketch a proof that is based on modifications of that in [Lin
1997]. Similar ideas have been used by Evans in his celebrated work [1982] and
by Caffarelli [1982] for quasilinear systems under smallness conditions. First, by
lifting u : Q2 — N to a harmonic map it : 2 — N, we may assume (N, h) = (N h)
and dlz\,( , p) is convex on N for any p € N.

We first claim that

(6-1) Agd*(u, p) > 0.
In fact, by the chain rule of harmonic maps (see [Jost 1991]), we have
Agd®(u, p) = Vyud®(u, p)(Agu) + Vyd*(u, p)(Vu, Vu),.

Since Agu L T, N, V,d*(u, p) € T, N, the first term in the right side vanishes. By
the convexity of d%, the second term in the right side satisfies

V2d?(u, p)(Vu, Vu)g > 0.

Since u € H'(2, N), by suitably choosing p € N and applying Poincaré inequality
and Harnack’s inequality, (6-1) implies u € L}, (2, N).

Foraset E C N, letdiam, E denote the diameter of E with respect to the distance
function dy (-, -). For any ball B,(x) C €2, we want to show that u € C*(B,2(x))
for some 0 < o < 1. To do it, set C, := diamy u(B,(x)). We may assume C, > 0
(otherwise, u is constant on B, (x) and we are done). Now we want to show that
there exists 0 < 8o = 8o(N) < 3 such that

(6-2) diam,, u (B, (x)) < 3C..
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Since u,(y) =u(x+ry): B;(0) — N is a harmonic map (B;(0), g,), with g,(y) =
g(x +ry), we may, for simplicity, assume x =0 and r = 2. Forany 0 < € < %,
since u(B1) C N is a bounded set, there exists m = m(¢) > 1 such that u(By) is

covered by m balls B', ..., B™ of radius €C;.

Claim. There exists sufficiently small € > 0 such that u(B}/2) can be covered by at
m

most (m — 1) balls among B', ..., B™.

To see this, let x; € By such that B’ C By, c,(pi), pi=u(x;),for1 <i <m. Let
1 <m’ < m be the maximum number of points in {p;}_; such that the distance
between any two of them is at least C1/32. Thus the sets Bc,/16(p;i), for 1 <i <
m’, cover u(B). For convenience, set U; = u~'(B"(p;, C1/16)), the notation
BV (x, R) referring to the ball in N with center x and radius R. We will show that
there exists ig € {1, ..., m'} such that

(6-3) 1CT < sup dy(u(x), piy) < Ct,
XEBQ

and

(6-4) H"(U;, N By2) > co,

m'

for some universal constant ¢ > 0. Indeed, since B;/, C U Ui, we have
i=1
’

m
Z H"(U;NByjy) = H"(By)2).

i=1

Hence there exists iy € {1, ..., m’} such that
1
H"(U; N Byj2) = co:= — H"(B1)2).
m

This implies (6-4). Now (6-3) follows from the triangle inequality.
Next we define

f(x) = sup dy (u(z), pi,) —dxu(x), pi,), X € B.

ZGBl

It is clear that f > 0 in By, and (6-1) implies A, f <0 in By. By Moser’s Harnack
inequality, we have

inffchfzc/ sz/ f
Bip B B2 B 20Uy,

> C(supdy(u, pi,) — sup dy (u, piy))H" (B12Us, )
By BiNUj,

> C (5C1 — 55 C7) co =:05CF
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for some universal constant 6y > 0. This implies

(6-5) sup dy (u(z), piy) — sup dy(u(z), pi,) = 6pCy = (1 —6p)C.

ZEB; Z€B12

Now we argue that the claim follows from (6-5). For, otherwise, we would have
u(B1/2) N Baec,(pj) # D forall 1 < j <m. Let zg € B; be such that

€C1+dnu(zo0), piy) = supdy(u(z), piy)-
B

Since u(B;) C U:": Bsec, (pi), there exists p;, € {p1, ..., pm} such that u(zp) €
Bocc,(piy). Since u(Bi2) N Baec,(piy) # D, there exists z; € By, such that
u(z1) € Bacc,(pi;). Therefore we have dy(u(z1), u(z0)) < 2¢C;. Therefore we
have

sup dn (u(z), piy) — sup dn(u(z), piy) < €Ci+dyu(z0), pi,) —dnW(z1), piy)

Z€B) z€B1p2

<eCy+dnu(zo), u(z1)) < 3eCy.

This contradicts (6-5) if € > 0 is chosen to be sufficiently small.

From this claim, we have either

(i) diamy u(B;2) < %Cl —in which case (6-2) holds with §y = %—or

(i) diamy u(By) > 1C1.
Then we consider v(x) = u(x/2) : Bj — N and conclude:

e v is a harmonic map on (B, g1/2), with the metric g1,2(x) = g(x/2).

« 1Cy < diamy v(By) < C).

e v(B) is covered by at most m—1 balls By, ..., B™=! of radius €C}.

Thus the claim is applicable to v so that u(Bj,4) = v(Bj,2) can be covered by at
most m—2 balls among B!, ..., B"~!.

If diamy v(By)2) < %C 1, we are done. Otherwise, we can repeat the above
argument. It is clear that the process can at most be repeated m times, and the
process will not be stopped at step kg < m unless diamy u(By—x) < %C 1. Thus
(6-2) is proven.

It is readily seen that iteration of (6-2) implies Holder continuity. ]

Proof of Theorem 1.2. First, by Theorem 6.1 and the argument from Section 4, we
can show that for some 0 <« < 1,

/ IVul>dx < Cr"2"2*  forall B,(x) C Q.
B, (x)

Then we can follow the proof of (5-2) to show that u € C®'(Q)NCH*(Q*UT, N).
a
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