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Given a finite-dimensional algebra A over a field k, and a finite acyclic
quiver Q,let A = A®; k Q, where k Q is the path algebra of Q over k. Then
the category A-mod of A-modules is equivalent to the category Rep(Q, A)
of representations of Q over A. This yields the notion of monic representa-
tions of O over A. We denote the full subcategory of Rep(Q, A) consisting
of monic representations of Q over A by Mon(Q, A). It is proved that
Mon(Q, A) has Auslander—Reiten sequences.

The main result of this paper explicitly describes the Gorenstein-projec-
tive A-modules via the monic representations plus an extra condition. As a
corollary, we prove the equivalence of three conditions: A is self-injective;
Gorenstein-projective A-modules are exactly the monic representations of
Q over A; Mon(Q, A) is a Frobenius category.

1. Introduction

Let A be an Artin algebra, and A-mod the category of finitely generated left
A-modules. A complete A-projective resolution is an exact sequence of finitely
generated projective A-modules

0
pr= ...plptpl, .

such that Hom4 (P, A) is also exact. A module M € A-mod is Gorenstein-projective
if there exists a complete A-projective resolution P* such that M = Kerd®. Let
P(A) be the full subcategory of A-mod of projective modules, and GP(A) the full
subcategory of A-mod of Gorenstein-projective modules. Then

P(A) CGP(A) C+A = (X € A-mod | Ext/ (X, A) =0 for all i > 1}.
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It is clear that GP(A) = A-mod if and only if A is self-injective. If A is of
finite global dimension, GP(A) = P(A) (but the converse is not true); and if
A is a Gorenstein algebra (that is, inj.dim 4 A < 0o and inj.dim A4 < 00), then
GP(A) =LA (but the converse is not true); see, for example, [Enochs and Jenda
2000, Corollary 11.5.3]. This class of modules enjoys more stable properties than
the usual projective modules (see [Auslander and Bridger 1969], where it was
called a module of G-dimension zero); it becomes a main ingredient in the relative
homological algebra [Enochs and Jenda 1995; 2000] and in the representation theory
of algebras (see [Auslander and Reiten 1991a; 1991b; Beligiannis 2005; Gao and
Zhang 2010; Iyama et al. 2011], for example), and plays a central role in the Tate
cohomology of algebras (see [Avramov and Martsinkovsky 2002; Buchweitz 1987],
for example). An important feature is that GP(A) is a Frobenius category with
relative projective-injective objects being projective A-modules, and hence the stable
category GP(A) of GP(A) modulo P(A) is a triangulated category. By [Buchweitz
1987; Happel 1991], the singularity category of a Gorenstein algebra A is triangle
equivalent to GP(A). Thus explicitly constructing all the Gorenstein-projective
modules is a fundamental problem, and is useful to all of these applications.

On the other hand, the submodule category has been extensively studied by
C. M. Ringel and M. Schmidmeier [2006; 2008a; 2008b]; see also [Simson 2007].
By [Kussin et al. 2012] it is also related to the singularity category; see also [Chen
2011]. It turns out that the category of the Gorenstein-projective modules is closely
related to the submodule category (see [Li and Zhang 2010; Xiong and Zhang
2012]), or, in general, to the monomorphism category [Zhang 2011]. The present
paper explores such a relation in a more general set-up.

Given a finite-dimensional algebra A over a field &, and a finite acyclic quiver Q
(here “acyclic” means that Q has no oriented cycles), let

A=AQikQ,

where k Q is the path algebra of Q over k. We call A the path algebra of a finite quiver
Q over A. Asinthe case of A=k, A-mod is equivalent to the category Rep(Q, A) of
representations of Q over A. This interpretation permits us to introduce the so-called
monic representations of Q over A. See Definition 2.2. Let Mon(Q, A) be the full
subcategory of Rep(Q, A) consisting of monic representations of Q over A. Then
Mon(Q, A) is a resolving, functorially finite subcategory of Rep(Q, A), and hence
has Auslander—Reiten sequences (see Theorem 3.1). The main result of this paper,
Theorem 5.1, explicitly describes all the Gorenstein-projective A-modules, via the
monic representations of O over A plus an extra condition. We emphasize that here
A is not necessarily Gorenstein. By our main result, if we know all the Gorenstein-
projective A-modules, we know all the Gorenstein-projective A-modules, and, in
this way, we give an inductive construction of the Gorenstein-projective modules.
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The proof of Theorem 5.1 use induction on | Q| and a description of the Gorenstein-
projective modules over the triangular extension of two algebras via a bimodule
which is projective in both sides (Theorem 4.1). As a corollary, we see that A is
self-injective if and only if GP(A) = Mon(Q, A), and if and only if Mon(Q, A)
is a Frobenius category (Corollary 6.1). As another corollary, if Q has an arrow,
P(A) =Mon(Q, A) if and only if A is hereditary (Corollary 6.3).

2. Monic representations of a quiver over an algebra

Throughout this section k is a field, Q a finite quiver, and A a finite-dimensional
k-algebra. We consider the path algebra AQ of Q over A, describe its module
category, and introduce the concept of monic representations of Q over A. In
Subsections 2A-2D, Q is not assumed to be acyclic if not otherwise stated.

2A. Given a finite quiver

Q = (Qo, Q1.5.¢),

let P be the set of paths of Q. We write the conjunction of paths from right to left. If
p=o;---ay € Pwitha; € Q1,1 >1,and e(e;) =s(a;41) for 1 <i <[—1, we call
[ the length of p and denote it by /(p), and define the starting vertex s(p) = s(ay)
and the ending vertex e(p) = e(oy). We denote a vertex i by e;, and regard it as
a path of length 0, with s(e;) =i = e(e;). Let kQ be the path algebra of Q over
k. It is well-known that the category k O-mod of finite-dimensional £ Q-modules
is equivalent to the category Rep(Q, k) of finite-dimensional representations of Q
over k; see, for example, [Ringel 1984, p. 44].

2B. Let A = AQ be the free left A-module with basis P. An element of AQ is
written as a finite sum ) _ pep dpp, Where a, € A and a, = 0 for all but finitely
many p. Then A is a k-algebra, with multiplication bilinearly given by

(app)(byq) = (apby)(pq),

where a,b, is the product in A, and pgq is the product in k Q. We have isomorphisms
A=AQkQ=kQ ®; A of k-algebras, and we call A = AQ the path algebra of
0O over A.

For example, if 0 = e — - - - — e, the algebra A is given by the upper triangular
matrix algebra of A: :

AA--- AA
0A--- AA
Tay=|: i
00 A A
00 0 A
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In general, if Q is acyclic and Qg is labeled as 1, ..., n in such a way that j > i
whenever there is an arrow « : j — i in Oy, then
k k™M fmaoL.. ke
0 k kM3 ... M2
. mp3
@-1) 7 ,
00 0 - &k

nxn
where m j; is the number of paths from j to i and k""" is the direct sum of m j;
copies of k, and hence

A A2 AM3L ... ATl

0 A A™R2 ... AMn2

. mp3
S
0 O o --- A

nxn

2C. By definition, a representation X of Q over A is a datum

X=(Xi5X(¥7i € Q()’aE Ql)?

where X; is an A-module for each i € Q¢ and X, : X)) = Xe@) 1S an A-map
for each o € Q. It is a finite-dimensional representation if each X; is finite-
dimensional. We call X; the i-th branch of X. A morphism f from representation
X to representation Y is a datum (f;, i € Qp), where f; : X; — Y; is an A-map for
each i € Qy, such that, for each arrow « : j — 1, the diagram

(2-3) jx

commutes. We call f; the i-th branch of f. If p=«a;---a; € P with o; € Q1,
[>1,and e(;) =s(aj41) for 1 <i <I—1, we put X, to be the A-map X, - - - X,
Denote by Rep(Q, A) the category of finite-dimensional representations of Q over A.
A morphism f = (fi,i € Qp) in Rep(Q, A) is a monomorphism (epimorphism,
isomorphism) if and only if f; is injective (surjective, an isomorphism) for each
i € Q().
Lemma 2.1. Let A be the path algebra of Q over A. Then we have an equivalence
A-mod = Rep(Q, A) of categories.

We omit the proof of Lemma 2.1, which is similar to the case of A = k; see
[Auslander et al. 1995, Theorem 1.5, p. 57; Ringel 1984, p. 44]. Throughout this

paper we will identify a A-module with a representation of Q over A. Under this
identification, a A-module X is a representation (X;, X4, i € Qp, ¢ € Q1) of O
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over A, where X; = (le;) X, 1 is the identity of A, and the A-action on X; is given
by a(le;)x = (le;)(ae;)x forall x € X and a € A; and X : X5) = Xe(o) 1S the
A-map given by the left action by 1o € A. On the other hand, a representation
(Xi, Xo,i € Qo,a € Q1) of O over A is a A-module X = @ier X;, with the
A-action on X given by

0 if s(p) #1i,

(ap)(xi) = | ax; if p=e,

aX,(x;) € Xepy ifs(p)=iandl(p)>1,
foralla € A, p e P, x; € X;. Let f : X — Y be a morphism in Rep(Q, A).
Then Ker f and Coker f can be explicitly written out. For example, Coker f =
(Coker f;, Ya,i € Qo, o € Q1), where, for each arrow o : j — i,

I?a : Coker f; — Coker f;
is the A-map induced by Y ; see (2-3). A sequence of morphisms
0—x Ly -5z 50
in Rep(Q, A) is exact if and only if each
0— X; i>Y,-i>Z,-—>O

is exact in A-mod, for i € Q.
In the following, if Qg is labeled as 1, ..., n, we also write a representation X
of Q over A as

X
Xn/ (Xq. acy)
and a morphism in Rep(Q, A) as
h
I

2D. The following is a central notion of this paper.

Definition 2.2. A representation X = (X;, X,,i € Qp, ¢ € Q1) of Q over Aisa
monic representation, or a monic A-module, if, for each i € Qy, the A-map

(Xa) OlEQl.: @ Xs(oz) - Xi

e(a)=i @0,
e(a)=i

is injective, or, equivalently, if the following two conditions are satisfied.



168 XIU-HUA LUO AND PU ZHANG

(m1) For each o € O, the map X, : Xs(«) = Xe(o) 1S injective.
(m2) For each i € Qy, there holds Y 4ep, Im Xy = P wecp, Im X,.

e(a)=i e(a)=i
Denote by Mon(Q, A) the full subcategory of Rep(Q, A) consisting of monic
representations of Q over A. We call Mon(Q, A) the monomorphism category of
A over Q.
If Q is a quiver in which, for any vertex i, there is at most one arrow ending at i,
condition (m2) vanishes. For example, if Q = e — e, then Mon(Q, A) is called
the submodule category of A in [Ringel and Schmidmeier 2006; 2008a]. If

O=e— .- >0,
n 1

Mon(Q, A) is called the filtered chain category of A in [Arnold 2000; Simson
2007].

2E. Let Q be a finite acyclic quiver, A a finite-dimensional algebra, and A =
A ®k kQ. Throughout this paper, we label the vertices of Q as 1,2,...,n, in
such a way that if there is an arrow from j to i, then j > i. Denote by P (i) the
indecomposable projective k Q-module at i € Qg. It is clear that P (i) € Mon(Q, k);
it follows that M ®; P (i) € Mon(Q, A) for M € A-mod. Thus we have the functors

— Q¢ P(i) : A-mod — Mon(Q, A), —;:Rep(Q, A) > A-mod
(by taking the i-th branch).
We also need the adjoint pair (— ®x P (i), —;).

Lemma 2.3. For each object X = (X;, Xq,1 € Qo, @ € Q1) € A-mod and each
A-module M, we have isomorphisms of abelian groups, which are natural in both
positions

(2-4) Hom (M ® P (i), X) = Homy (M, X;)
foralli € Q.

Proof. For f = (fj, j € Qo) € Homy (M ®; P(i), X), we have f; € Homy (M, X;).
Since M Qi P(i) = (M Qi ejkQe;,idy Qa, j € Qp, a € Qy), it follows from the
commutative diagram (2-3) that

0 if there are no paths from i to j,
@5 fi= { > ’

m @y p+> X, fi(m) if there is a path p fromi to j.
By (2-5) we see that f — f; gives an injective map
Homp (M ®; P(i), X) - Homs (M, X;).

This map is also surjective, since for a given f; € Homy (M, X;), f = (f;, j € Qo)
given by (2-5) is indeed a morphism in Rep(Q, A) from M ®; P (i) to X. (]
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Proposition 2.4. (i) The indecomposable projective A-modules have the form
P ® P(i), where P is an indecomposable projective A-module, and P (i) is
the indecomposable projective k Q-module ati € Q.

(1) The indecomposable projective objects in Mon(Q, A) are exactly the indecom-
posable projective A-modules.

(iii) If I is an indecomposable injective A-module and P (i) is the indecomposable
projective kQ-module at i € Qq, I Qi P(i) is an indecomposable injective
object in Mon(Q, A).

Proof. (i) As adirect summand of the regular A-module 5 A, we see that P Q@ P (i)
is a projective A-module, and each projective A-module has this form. By (2-4)
we have

End, (P ®x P (i)) = Homy (P, (P Q P(i))i) = Enda(P),

from which we see that P ®; P (i) is indecomposable.

(i1) Note that P ® P (i) e Mon(Q, A). By (i) we know that it is an indecomposable
projective object in Mon(Q, A). On the other hand, it is clear that Mon(Q, A) is
closed under taking subobjects, as a consequence any indecomposable projective
object in Mon(Q, A) has this form.

(iii) Note that I ®; P (i) is an indecomposable object in Mon(Q, A). Put L =
D(A4) ®r kQ, where D = Homy (—, k). It suffices to prove that L is an injective
object in Mon(Q, A), by induction on |Qq|. We write L =(L;, Ly, i € Qp, @ € O1).

Let Q' be the quiver obtained from Q by deleting a sink vertex 1, L’ the repre-
sentation in Rep(Q’, A) obtained from L by deleting the branch L;. We observe
that L' = D(A4) ®; kQ’, and by inductive hypothesis L’ is an injective object in
Mon(Q’, A).

Let0 > X i> Y %5 Z — 0 be an exact sequence in Mon(Q, A), with
X =(X;, Xg,i € Qo,a € Q1),and h : X — L a morphism in Rep(Q, A). Let X’
be the representation in Rep(Q’, A) obtained from X by deleting the branch X,
and similarly for Y’, Z’. Then we have an exact sequence

O—>X’i> Y’i/>Z’—>O
in Mon(Q’, A), where f’ is the morphism in Rep(Q’, A) obtained from f by
deleting the branch fi, and similarly for ¢’ and for 4’ : X’ — L’. Since L’ is an
injective object in Mon(Q’, A), by definition we have a morphism

up

Ww=|:1:Y->L
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in Rep(Q’, A) such that &’ = u’ f’. Tt suffices to construct an A-map

up: Y] —> L]
up
us
suchthatu = | . | : Y — L is a morphism in Rep(Q, A), and that i = u; f;.
Up
First, we have an A-map u’l : Y1 — L such that the diagram
fi
X|&———T
hll
uj

Ly

commutes. Consider the A-map

(Loz”s(oz) - u/1 Yot)aEQl : @ Ys(a) — L.
e(a)=1 ac0,
e(a)=1

Since we have the exact sequence of A-modules

diag(fy)) diag(gs())
0— P X — P Yiw — P Ziw — 0.

aeQ aeQ aeQ
e(a)=1 e(a)=1 e(a)=1

and since
(L(XMS(OZ) - Mll Yy) acQ; © diag(fs(a)) = (La“s(ot)fs(a) - u/l Yafs(a)) o(tE)Qll
eld)= e(a)=
= (Laus(a)fs(a) - u/lfIXot) a€Q
e(a)=1
= (Lahx(a) - hlxa) aeQ
e(w)=1
=0,
where the second equality follows from the fact that f : X — Y is a morphism in
Rep(Q, A), it follows that (Lyus) — 1} Yy) acg, factors through diag(gy(a)). That
is, there is an A-map e(@)=1
V1 :@Zs(a) — Ly,
aeQ)

e(x)=1
such that

(Lozus(a) - Ml] Ya)otte =1 Odiag(gs(a))-

e(a)=1
Since L; is an injective A-module and
(Zo) aco, : @ Zs) = Z)

e(x)=1 @0,
e(w)=1
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is an injective A-map, it follows that there is an A-map w; : Z; — L1, such that
V) = Wi 0 (Zy) aco, - SO we have
e(x)=1

(Lottge) — ) Ye) aco, = w10 (Zy) ac, ©diag(gsw)) = (Wi181Ya) aco »

e(x)=1 e(a)=1 e(w)=1

where the second equality follows from the fact that g : ¥ — Z is a morphism in
Rep(Q, A). This means that for each « € Q| with e(«) = 1 we have

(2—6) Laus(a) — u’lYa = wllea.

Now put u; = u| +wig : Y1 — L. Then (2-6) together with the inductive

hypothesis implies that
ujp
Uus
u=\|.1:Y—=1L

Un

is a morphism in Rep(Q, A). It is clear that

ui fi = ) +wig) fi =uj fi = hi.

This completes the proof. ]

2F. Recall from [Auslander and Reiten 1991a] that a full subcategory X" of A-mod is
resolving if X contains all projective A-modules and X is closed under extensions,
kernels of epimorphisms, and direct summands. It is straightforward to verify
that Mon(Q, A) is closed under extensions, kernels of epimorphisms, and direct
summands. By Proposition 2.4 we have the following.

Corollary 2.5. For a finite acyclic quiver Q and a finite-dimensional algebra A,
Mon(Q, A) is a resolving subcategory of Rep(Q, A).

2G. There is another similar but different notion. Let A = kQ/I be a finite-
dimensional k-algebra, where [ is an admissible ideal of kQ. An [-bounded
representations of Q over k is a datum X = (X;, Xy, i € Qp, @ € Q1), where X; is a
k-space for each i € Qo, and Xy : X() = Xe(w) 15 @ k-linear map for each @ € Q1,
such that } . ¢, X, = 0 for each element . c,p € I, where [(p) > 2 and
¢p € k. An I-bounded representation X = (X;, Xo,7 € Qo, @ € Q1) of Q overk is
a monic representation, if for each i € Q( the k-linear map

(Xo) acor : P Xsw) = Xi

e(w)=i @0,
e(a)=i

is injective. Let Rep(Q, I, k) be the category of finite-dimensional /-bounded
representations of Q over k. There is an equivalence of categories between A-mod
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and Rep(Q, I, k); see [Auslander et al. 1995, Proposition 1.7, p. 60; Ringel 1984,
p- 45]. Let Mon(Q, 1, k) denote the full subcategory of Rep(Q, I, k) of I-bounded
monic representations Q over k. Then Mon(Q, 0, k) = Mon(Q, k).

Proposition 2.6. Let A = kQ/I be a finite-dimensional k-algebra, where I is an
admissible ideal of k Q. Then P(A) C Mon(Q, I, k) if and only if A is hereditary.

Proof. If A is hereditary, I = 0. Itis clear P(kQ) € Mon(Q, 0, k).

Conversely, if I # 0, take an element Zpep cpp €1 withl(p)>2andc, €k.
We may assume that all the paths p with ¢, # 0 have the same starting vertex j
and the same ending vertex i. Consider the projective A-module P(j) = Ae;. As
an I-bounded representation of Q over k, we write P(j) as

P(j) = (e;kQej, fu.t € Qp,x € O1).

Let oy, ..., a, be all the arrows of Q ending at i. We claim that

(fotv)lgvfm : @ es(av)erj - eierj

1<v<m

is not injective, where f,, is the k-linear map given by the left multiplication by
oy. Since each path from j to i must go through some «,, and Zpep cpfp=0,it
follows that

> dimg(es@,k Qe;) > dimy(eik Qe;).

1<v<m

This justifies the claim, that is, P(j) ¢ Mon(Q, I, k). O

Now, let A = A ®; kQ be the path algebra of Q over A. Assume that A is of
the form A =k Q’/I’, where Q' is a finite quiver and I’ is an admissible ideal of
kQ’. We emphasize that, in general,

Mon(Q, A) # Mon(Q’, I, k).

In fact, P(A) CSMon(Q, A) (Proposition 2.4); but generally P(A) CMon(Q’, I, k)
is not true, as Proposition 2.6 shows. This is the reason why we do not use the
notation Mon(A).

3. Functorial finiteness of Mon(Q, A) in Rep(Q, A)
The aim of this section is to prove the following.

Theorem 3.1. Let Q be a finite acyclic quiver, and A a finite-dimensional algebra.
Then Mon(Q, A) is functorially finite in Rep(Q, A) and Mon(Q, A) has Auslander—
Reiten sequences.
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The idea of the proof given below is essentially due to Ringel and Schmidmeier
[2008a] for the case of QO — e — e. The same result for the case of

O=e—---— e
n 1

has been obtained in [Moore 2010; Zhang 2011].

3A. Let Q be a finite acyclic quiver. Remember we label the vertices of Q as
1,2, ..., n,such that if there is an arrow from j to i, j > i. So vertex 1 is a sink.
Denote by P(— i) the set of all the paths p with ending vertex e(p) = i and

I(p) = 1.
For X € Rep(Q, A) and i € Qy, put K; to be the kernel of the A-map

(Xa)(xEQl.: @ Xs(a) - Xi-

e(w)=i a0,
e(a)=i

Fix an injective envelope §; : K; < IK; of K;. Then there is an A-map

((Pa)aEQl.: @ Xs) = IKi

e(a)=i @c0,
e(w)=i

such that the diagram

Ki(ﬁ' @ Xs(ot)

aeQ

(3-1) 5 o=
//)a) oE Q]

]Ki e(a)=i
commutes for each i € Qp. We construct a representation
rMon(X) = (tMon(X);, tMon(X),, i € Qp, @ € Q1) € Rep(Q, A)

as follows. For each i € Q, define

(3-2) tMon(X); =X; ® IK; & ) 1K ).
peP(—i)
(Note that if i is a source, by definition rMon(X); = X;, and that if py, ..., p,, are

all the paths in P(— i) with the same starting vertex j, the IK;®---® IK; isa
direct summand of B ,cp ;) IKs(p)-) .
For each arrow « : j — i, define

m

tMon(X)y : X; ®IK; ® P IKp) > Xi®IKi® P Ky
PEP(=)) qeP(—i)
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to be the A-map given by

(B3) Xkt Y ki Xa() o) Fhi+ D Keaps
PEP(=J) PEP (=)

where Xj € Xj, kj S IK]', ks(p) S IKS(I,). Note that s(p) = s(ap), and that kx(ap) is
just k(). Also note that at the right side of (3-3), k; and ) ks(p) belong
to different direct summands of ) 1K (g)-

PEP (=)
qeP(—i

Lemma 3.2. For X € Rep(Q, A), we have tMon(X) € Mon(Q, A).

Proof. For each i € Qy, let ay, ..., a, be all the arrows ending at i. By definition
we only need to prove that the A-map

(tMon(X)g,, - .., tMon(X)y,,) : @ rMon(X)s(aj) — rMon(X);
I<j<m
is injective. This is clear by (3-1)—(3-3). For completeness we include a justification.

Suppose z; =xS(a_;)+kS(a;)+(Zpe7>(—>s(aj)) ks(py) €tMon(X)s (e, j=1,...,m,
and Zlgjgm tMon(X)g; (z;) = 0. Then by (3-3) we have

0= Z Xaj(xs(aj))"i_ Z (paj(xs(a_f))+ Z ks(aj)+ Z Z kS(OCjP)

I<j=m I<j<m I<j=m I<j<m peP(—s(a;))

EXi®IKi® @ K.
qeP(—i)
Thus
Z thj (xs(aj)) =0, Z Pa; (-xs((xj)) =0,
I<j<m I<j<m

and Ky (a;) = 0 = ky(a,;p) forall j =1,...,m and all p € P(— s(c;)). Note that
> 1<j<m Xa; (Xs(@;)) = 0 implies

Xs(ay)
€ K;.
xs(am)
By (3-1) we have
Xs(ay)
Sl 0 = D 0w =0.
Xs (@) l<j=m
Since §; is injective, we have xsq;) = 0 for j = 1,...,m. Thus z; = 0 for

j=1,...,m. This completes the proof. (]
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3B. Let X be a full subcategory of A-mod. Recall from [Auslander and Reiten
1991a] that a right X-approximation of M is a morphism f : X — M with X e X
such that the induced homomorphism Homy4 (X', X) — Homu (X', M) is surjective
for each X’ € X. If every object M admits a right X’-approximation, X is called
a contravariantly finite subcategory in A-mod. Dually one has the concept of a
covariantly finite subcategory in A-mod. If X is both contravariantly and covariantly
finite in A-mod, X is a functorially finite subcategory in A-mod.

Proposition 3.3. Let Q be a finite acyclic quiver, and A a finite-dimensional
algebra. Then Mon(Q, A) is contravariantly finite in Rep(Q, A).

More precisely, let X € Rep(Q, A), f = (fi,i € Qp) : tMon(X) — X, where
fi : tMon(X); — X; is the canonical projection. Then f is a right Mon(Q, A)-
approximation of X.

Proof. We use induction to prove that f is a right Mon(Q, A)-approximation of X.
The assertion trivially holds if |Q¢| = 1. Suppose that the assertion holds for the
quivers Q with |Qg| =n — 1. Assume that |Qg| = n and that

81
g=\|:1:Y—=>X
&n

is a morphism in Rep(Q, A) with ¥ € Mon(Q, A). We need to prove that there is
a morphism
hy
h=1| :|]:Y— rMon(X)
hy

in Rep(Q, A) such that g = fh.

Let Q' be the quiver obtained from Q by deleting vertex 1, X’ the representation
in Rep(Q’, A) obtained from X by deleting the branch X, and Y’ the representation
in Mon(Q’, A) obtained from Y by deleting the branch Y;. Then by definition
rMon(X’) is exactly the representation in Mon(Q’, A) obtained from rMon(X) by
deleting the branch rMon(X);. Further,

f2 &
: tMon(X') — X' and Y s X
In 8n
are morphisms in Rep(Q’, A). By the inductive hypothesis there is a morphism
hy

1Y — rMon(X")
hy
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in Rep(Q’, A), such that

1) f2 hy
8&n Jn hy
Let oy, ..., a, be all the arrows ending at 1. Since
(YO{19~--5Y(¥W,): @ Ys(aj)_)Yl
1<j<m

is an injective A-map and /K| @ (®pe’P(—>1) IKS(,,)) is an injective A-module, it
follows that there is a map

n:Yi—>IK & P K

peP(—1)
such that the diagram
Yoy oo Yam)
@ YS(Olj) Yl
I<j<m
y n
i
(Bl ----- By,
@ I‘MOH(X)S(O[J.) IK|1 & @ IK(p)
I<j<m peP(—1)

commutes, where /1 = diag(hgs(a))s - - - » Ps(,)) and, foreach j =1,...,m,

Bj :tMon(X),;) > IK1® @ IKqp)
peP(—1)

is the A-map given by

Xs(aj) +ks((xj) + Z kS(P) = Qu; (xS(Olj)) +k5(0lj) + Z kS(ajp)
peP(—s(a;)) PEP(—s(aj))

for

Xs(aj) + ks(otj) + Z kS(P) € rMOH(X)S(Olj)

PEP(—s(aj))
J = XS(OC_,‘) @ IKS(O{_,‘) @ @ IKS(p)
PeP(—s(aj))

For y € Ys(a;), suppose

hs(aj)(y) = Xs(a;) + ks(ozj) + Z ks(p) € rMon(X)s(ozj)-
pEP(—s(a;))
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Then we have
tMon(X) g, hso;) (V) = Xo; (X)) + o (Xsaj)) + Ks(ay) + Z karm
= Xo; (Xs(aj) + Bjhs;) () peP(—s(@;))
= Xo; it hstep ) + Bihsiap ()
= Xo;8s@;)(¥) + Bjhs;)(y)
=81¥a; (y) + 1Yo, (y),

where the last equality uses the fact that g : ¥ — X is a morphism in Rep(Q, A).
Now we define A : Y| — rMon(X); to be the A-map given by

hi(y) =g1(y) +n(y)

for each y € Y;. From the computation above we have rtMon(X)g;hsa;) = h1 Yo,
for j =1,..., m. It follows that
hi
h=1|:]:Y— rMon(X)
hn

is amorphism in Rep(Q, A). Since f;: rtMon(X); — X is the canonical projection,
we have fin =0 and f;g; = g1, and hence fh = g. This completes the proof. [

3C. Proof of Theorem 3.1. By Corollary 2.5 and Proposition 3.3 we know that
Mon(Q, A) is a resolving, contravariantly finite subcategory of Rep(Q, A), and
hence Mon(Q, A) is functorially finite in Rep(Q, A); see [Krause and Solberg 2003,
Corollary 2.6(1)]. It follows that Mon(Q, A) has Auslander—Reiten sequences, by
[Auslander and Smalg 1981, Theorem 2.4]. U

4. Gorenstein-projective modules over the upper triangular matrix algebras

4A. Let A and B berings, M an A-B-bimodule, and A = (’3 Al;] ) the upper triangular
matrix ring, where the addition and multiplication are given by the ones of matrices.
We assume that A is an Artin algebra [Auslander et al. 1995, p. 72], and consider
finitely generated A-modules. A A-module can be identified with a triple ())f) +
or simply ();) if ¢ is clear, where X € A-mod, Y € B-mod, and ¢ : M Qp Y — X
is an A-map. A A-map ();)45 — (};)d), can be identified with a pair (g), where
f € Homu (X, X’), g € Homp(Y, Y’) are such that the diagram

¢
MRpY — X

id®g l f j
¢/

M®pY —— X’
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commutes. A sequence of A-maps

(fl) (fz)

X1 81 X, &2 X3

0= (v), == (1), == (), =
1/ ¢ 2/ ¢ 37 ¢3

is exact if and only if
0— X1 15 X, 2 x3—0

is an exact sequence of A-maps, and
0—Y -5 y—o0

is an exact sequence of B-maps. The indecomposable projective A-modules are

exactly
P M®z Q
(a) = ("3°),

where P runs over indecomposable projective A-modules and Q runs over inde-
composable projective B-modules.

Note that an algebra A is of the form above if and only if there is an idempotent
decomposition 1 = e + f such that f Ae = 0; and in this case

A (eAe eAf).
0 fAf

4B. The following result describes the Gorenstein-projective A-modules, if 4 M
and Mp are projective modules.
A M
A=
(%)

be an Artin algebra, M an A-B-bimodule such that sM and Mp are projective

X
(Y)¢ €GP(A)

ifandonly if  : M ®p Y — X is injective, Coker ¢ € GP(A), andY € GP(B). In
this case, X € GP(A) ifand only if M @ Y € GP(A).

Theorem 4.1. Let

modules. Then

Note that here A is not assumed to be Gorenstein: this will be important to the
main result in the next section. The same result under the assumption that A is
Gorenstein can be found in [Xiong and Zhang 2012, Corollary 3.3] (however, the
proof there cannot be generalized to the non-Gorenstein case). The same corollary
implies that, if A is Gorenstein in Theorem 4.1, ())5)¢ € GP(A) implies X e GP(A).
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Proof of Theorem 4.1. The last assertion is easy: it follows from the exact sequence
¢
0— M®pY — X —> Coker¢p — 0

and the fact that GP(A) is closed under extensions and the kernels of epimorphisms;
see, for example, [Holm 2004].

We next prove the “if” part of the first equivalence in the theorem. We assume
that ¢ : M ®p Y — X is injective, Coker¢ € GP(A), and Y € GP(B). Then we
have a complete B-projective resolution

. -1 0 d° 1
(4-1) 0= —0' =0 50—
with ¥ = Kerd’®, and a complete A-projective resolution

. -1 0 4 51
4-2) PP= ...—P ' —P —P —..

with Coker ¢ =Ker d®. Since M is projective, we get the following exact sequences
of A-modules:

0> M@pY >MR30°>M®Q'— -,

0 — Coker¢p — P° - P! — ...

Since oM is projective, M ®p Q' is a projective A-module for each i > 0. Since
Exti‘ (Cokerp, M ®p Q%) = 0, it follows from the exact sequence

O—>M®BYE>X—>C0ker¢—>O

that the map M @3 Y — M ®3 Q° factors through ¢. So, by a version of the
horseshoe lemma, we see that there is an exact sequence of A-modules

43) 0—>X—P'@Mes Q") - P eMes0") -
with '

o = (i id®zd”)’ o' P~ M@ Q'
for all i € Z, such that the diagram

id d/()
0—>M®sY Mep0° 2" _ M®0!

(4-4) l¢ @ l l o
0 X PO®(M®p 0% - Ple(M®g Q) —> -
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commutes. By the same argument we get the following commutative diagram with
exact rows:
id@pd' >

M®pQ~? M®p Q! MQpY —0
@-5) j(;;) (&)L j¢
-2

- —=PPOMRp Q) >P'OMR Q") ——=X——>0.
Putting (4-4) and (4-5) together, we get the exact sequence of projective A-modules

—1 —1
N <P ® (M @5 0 ))

Q 0
PO (M 5 Q°) (3‘)) Ple Moz 0h
= (") T () =
()

Q° o'
: a° X
with Ker (d/o)= (Y)¢‘
For each projective A-module P, Homy (L*, (g )) = Homu(P*, P) is exact,
since P* is a complete projective resolution. For each projective B-module Q, since

Q- is a complete projective resolution, Homg (Q°, Q) is exact. Since M ®p Q is
projective, Hom (P*, M ®p Q) is exact. Note that

HornA(L’, (M%B Q)) ~ Homu (P*, M ® Q) & Homp(Q", 0):

4-6) L*=

here the direct sum only means that each term of the complex at the left side is a
direct sum of terms of complexes at the right side, that is, it does not mean a direct
sum of complexes; in fact, the complex at the right side has differentials

Homy (d', M @ Q) Homy (o', M ®5 Q)
O HOmB(d/ia Q) .

By the canonical exact sequence of complexes

()

0— Homu(P*, M®5 Q) ~ Hom, (L‘, (M%B Q)) L9 Homp(0*, 0)— 0,

we know that u
HomA<L', ( (XQ)B Q))
is also exact. We conclude that L is a complete A-projective resolution, and hence
()Y( ) é is a Gorenstein-projective A-module.
Conversely, assume that ()y( ) s € GP(A). Then there is a complete A-projective

resolution (4-6) with
a0 X
Ker (d/()): (Y)¢‘
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Then we get an exact sequence (4-1) of projective B-modules with Kerd’® =Y,
and the exact sequence

@7 v =
> PleMe 07 > PPeMes0°) - PleMes ) — -

of projective A-modules with Ker 3° = X. Since M3 is projective, it follows that
M ®p Q" is exact. Since (3,5) is a A-map, by (4-6) we know that 9 is of the form

i = dli 0
“\o! id®pd" )’
where o’ : P! > M @5 Q' foralli € Z, and
-1 0 d 51
rpP= .--.—P —SP —SP —--.
is a complex. By the canonical exact sequence of complexes

id ,
0— M®z Q" 8), . w0, Homp(Q", Q)P* —> 0,
we see that P* is also exact.
From (4-6) we have the following commutative diagram with exact rows and
columns:
0 0

0—>MQpY ——> MQ@pQ° M®p Q! — - ..

¢ () ()

0—=X—>P oM 0% =P &oM®z0)) — -

(id,0) (id,0)
0 — Coker ¢ PO P!
20
0 0 0

Thus ¢ : M ®p Y —> X is injective and Kerd” = Coker ¢. For each projective
A-module P, since

Hom, (L*, (g)) =Homu (P*, P)

and L is a complete projective resolution, it follows that P* is a complete projective
resolution, and hence Coker ¢ is a Gorenstein-projective A-module.
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For each projective B-module Q, since P* is a complete projective resolution,
it follows that Hom4 (P*, M ®p Q) is exact. Since L*® is a complete projective
resolution, it follows that

M ~ L] .
Hom, (27, (MG Q)) = Hom, (P*, M ®5 Q) ® Homp (0", Q)
is exact (again, the direct sum does not mean a direct sum of complexes). By
the same argument we know that Hompg(Q*®, Q) is exact. It follows that Y is a
Gorenstein-projective B-module. (]

5. Main result

5A. The aim of this section is to prove the following characterization of Gorenstein-
projective A-modules, where A is the path algebra of a finite acyclic quiver over
a finite-dimensional algebra. We emphasize that here A is not assumed to be
Gorenstein.

Theorem 5.1. Let Q be a finite acyclic quiver, and A a finite-dimensional algebra
overafieldk. Let A=AQrkQ,and X = (X;, Xy,i € Qo, @ € Q1) be a A-module.
Then X € GP(A) if and only if X € Mon(Q, A) and X satisfies this condition:

(G) foreachi € Qy, X; and the quotient X; /@ Im X, liein GP(A).
aeQ

e(a)=i

Example 5.2. (i) Taking

O=e—---— e

n 1

in Theorem 5.1, we get that a 7;,(A)-module X = (X;, ¢;) is Gorenstein-projective if
and only if each ¢; is injective and that each X; is a Gorenstein-projective A-module
and each Coker ¢; is a Gorenstein-projective A-module. Under the assumption that
A is Gorenstein, this result has been obtained in [Zhang 2011, Corollary 4.1]; the
case for n =2 was treated in [Li and Zhang 2010, Theorem 1.1(i)]; see also [lyama
et al. 2011, Proposition 3.6(i)].

(i1) Let A be the k-algebra given by quiver

QQO

o—>o<—o
3 1

with relations k%, k%, A%, aly — A, BAz — A1 B. Then

AAA
A:A@ka:<0 A O),
00A
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where Q is the quiver

e—> 0 <o,
3 1 2

and A = k[x]/(x?). Let k be the simple A-module, and o : k < A the inclusion.
By Theorem 5.1, the following A-modules lie in GP(A):

(X1 =4, X2=0 ngo X, =0=Xp),

(X;1=A = = Xy, =id, Xg=0),
(X1 =A = X3 = Xy =0, Xg=id),
(X1=k = =0, Xo=0=Xp),

(X =k, = =0, X, =id, Xg=0),
(X, =k, Xy= =k, X,=0, Xz=id),
(X1=A = = Xaza, Xp=0),
(X1=A ,X2=0 =k, X¢=0, Xg=o0),

(Xi =A@k, X2=k, X3=k, Xa= (). X5 = ().

In fact this is the complete list of the pairwise nonisomorphic indecomposable
Gorenstein-projective A-modules. Also by Theorem 5.1,

M =AYh=kYVs=kY,=0=Yg) ¢ GP(A).

For a description of all the pairwise nonisomorphic indecomposable Gorenstein-
projective A-modules see [Ringel and Zhang 2011], where A is the path algebra of
an arbitrary acyclic quiver over A = k[x]/(x?).

5B. We prove Theorem 5.1 by using Theorem 4.1 and induction on | Q.

Remember we label Qg as 1, ..., n,in such a way that j > i ifa:j — i isin
Q1. Thus n is a source of Q. Denote by Q' the quiver obtained from Q by deleting
vertex n, and A" = A ®; kQ’. Let P(n) be the indecomposable projective (left)
k Q-module at vertex n. Put P = A ®;radP (n). Clearly P is a A’-A-bimodule and
A= (%/ i); compare (2-2).

Since kQ is hereditary, rad P (n) is a projective k Q’-module, and hence P =
A @i radP(n) is a (left) projective A’-module, and a (right) projective A-module
(since as a right A-module, P is a direct sum of copies of A4). So we can apply
Theoren/l 4.1. For this, we write a A-module X = (X;, Xy,1 € Qo,a € Q1) as
X = (?)((n)dﬂ where X' = (X;, Xq, i € Q), a € Q}) is a A’-module, and

d:PR4X,— X

is a A’-map. The explicit expression of ¢ is given in the proof of Lemma 5.4. We
keep all these notations of Q’, A’, P(n), P, X’ and ¢ throughout this section.
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5C. By a direct translation from Theorem 4.1 in this special case, we have:

Lemma 5.3. Let X = ())((r/l)q& be a A-module. Then X € GP(A) if and only if X
satisfies the following conditions:
(1) Xn € GP(A).
(i) ¢ : P ®4 X, — X' is injective.
(iii) Coker¢ € GP(A).
For each i € Qj, put A(n — i) to be the set of arrows from n to i; and P(n — i)

the set of paths from # to i. For an integer m > 0 and a module M, let M™ denote
the direct sum of m copies of M.

Lemma 54. Let X = (X;, Xo,1 € Qo, @ € Q1) be a A-module. If Xg is injective
foreach B € Q,¢: P®s X, — X' is injective if and only if X, is injective for all
o € Q, and Zpep(n—n') Im XP = @pep(n—n') Im prO}" all Q6

Proof. Fori € Q, set m; = |P(n — i)|. As a kQ’-module, rad P () can be written

as
k™

kMn—1

(see (2-1) and Section 5B), hence we have isomorphisms of A’-modules

X,
PRsX,ZEadP(n) @ A) @4 X, EradP(n) Q; X, =
X::ln—l
Let P(n — i) ={p1,.... pm;}. Then ¢ is of the form
é1 X! X
¢n—] len_l Xn—l
where ¢; = (X, ..., Xpm,-) : X" — X; (for the meaning of X, see Section 2C).

So ¢ is injective if and only if ¢; is injective for each i € @y, and if and only if
Z ImX, = @ ImX, and X, isinjective forall p € P(n — i).
peP(n—>i) pEP(n—i)
From this and the assumption the assertion follows. ([
Lemma 5.5. Let X = (§L)¢ be a monic A-module.
(1) Foreachi € Qg there holds y_ ,cp(,—1yImXp =D ,cp(uiy Im X ).
(2) ¢: P Q4 X, — X' is injective.
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(3) Coker¢ = (Xi/ D pepuoiy Im X p, Xo. i € Qfy, & € Q). where, for each
a:j—>iinQ,
Yo:x) @ mx,>x/ P mx,
qeP(n—j) peP(n—i)
is the A-map induced by X .

Proof. By Lemma 5.4 and its proof, it suffices to prove (1). For each i € Qj, set
[i =0if P(n — i) is empty, and [; = max{l(p) | p € P(n — i)} otherwise, where
[(p) is the length of p. We use induction on /;. If /; =0, (1) trivially holds. Suppose
l; > 1. Let Zpep(n_”-) X (xn,p) =0 for x, , € X,,. Since

> ImXp:ZXa< > Iqu>,

peP(n—i)—Am—i) aeQ) qeP(n—s(a))
e(x)=i
we have
0= Z Xp(xn,p): Z Xo(Xn,o) + Z Xp(xn’p)
peP(n—i) acA(n—i) pEP(n—i)—A(n—>i)
= > xa(xn,a>+Zxﬂ( > Xq<xn,ﬂq))-
acA(n—i) BeQ) qeP(n—s(B))
e(B)=i

By (m2) in Definition 2.2 we know that X, (x, o) =0 for « € A(n — i), and

Xﬂ( > Xq(xn,ﬂq))zo

qeP(n—s(B))

for B € Q’1 with e(8) =i. So qup(n—m(ﬁ)) X4 (xn,p4) = 0 by condition (ml) in
Definition 2.2. Since Iyg) < I; for each g € Q) with e(B) =1, it follows from the
inductive hypothesis that X, (x, ;) =0for g € Q}, e(B) =i,and g € P(n — s(B)).
This proves (1) and the lemma. U

Lemma 5.6. Let X = ())((n)qﬁ be a monic A-module. Then Coker ¢ is a monic

A'-module.
Proof. We need to prove that, for each i € Q|), the A’-map
(ia)aeQ/l : @ (Xs(a)/ @ Im Xq) — X[/ @ ImXp

e(a)=i aeQ’I geP(n—s()) peP(n—i)
e(a)=i

is injective. For this, assume that

Y Xo(Gs@a) =0,

acQ)
e(w)=i
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where X;(4) « is the image of X;().0 € Xs(o) In Xs0)/ P Im X,. Then

qgeP(n—s(w))

ZXa(xs(a),a) € @ IIIlXp.

acQ) pEP(n—i)
e(w)=i

So there are x, , € X, such that

Zxa(xs(a),oe): Z Xp(xn,p)-

acQ) pEP(n—i)
e(w)=i

Thus
0= Z Xot(xs(ot),a) - Z Xp(xn,p)

aeQ] pePn—i)
e(a)=i

= Z X(x(xs(a),oc) - Z Xﬂ(xn,ﬂ) _ZXO(( Z Xq (xn,aq))

Q)] BeAn—i) acQ) qgeP(n—>s(a))
e(a)=i e(a)=i

= Z Xa(xs(a),a - Z Xq(xn,qu)) - Z Xﬁ(xn,/ﬁ)-

aeQ) qeP(n—s(a)) BeA(m—i)
e(w)=i

Using the assumption on X, we get
Xs(a), 0 = Z Xq(xn,aq)»
geP(n—s(x))
that is, Xs(a),a = 0. O
Lemma 5.7. Let X = ())((n) s be a monic A-module satisfying (G). Then

(x,./ D ImXp)/< @Imxa)

pEP(n—1) aeQ)
e(a)=i

is a Gorenstein-projective A-module for all i € Q,.

D ImX, < > ImXp,

peP(n—i)—A(n—i) BeQi
e(B)=i

Proof. Since

it follows that

(5-1) ZIm)N(az(ZImXonL D ImX,,)/( D Imx,,>

acQ) acQ) pEP(n—i) pEP(n—i)
e(a)=i e(a)=i
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:(ZImXﬁJr @ ImXp)/< @ImX,,)

BeQ pEP(n—i)—A(n—>i) pEP(n—i)
(=i
~(Zmx)/( B mx,)
pe0, pePn—i)
e(p)=i
- ( D Imxﬁ>/< D ImX,,>
pe0, pePln—i)
e(pr=i

(the last equality following by (m2) in Definition 2.2). Hence the desired quotient
is X; /@D peo, Im Xg, which is Gorenstein-projective by (G). ([

e(B)=i /
Lemma 5.8. Let X = ())((n) s be a monic A-module satisfying (G). Then
X/ @ mx,
peP(n—j)
is a Gorenstein-projective A-module for each i € Q.

Proof. We prove the assertion by using induction on /;, which is defined in the
proof of Lemma 5.5. If i € Q6 with [; = 0, the assertion follows from (G).
Suppose [; > 1. Since ImX, € 4eo, Im X,, we have the exact

pEP(n—i) R
sequence ele)=i
o—>< D ImXo,>/< D ImX,,)
a€Q pEP(n—i)
e(w)=i
— X/ @ mx,— X /@ mX,—0,
peP(n—i) aeQ)

e(a)=i

and by (G) the last term on the second line is Gorenstein-projective. It suffices to
prove that the term on the first line is Gorenstein-projective. By (5-1) this term is
DB we o, Im X,. By Lemma 5.6 each X, is injective, and it follows that

e(a)=i -
m% =X,/ @ mx,
peP(n—j)

where j = s(a). Since [; < I;, the conclusion of the lemma follows from the
inductive hypothesis. U

Lemma 5.9. The sufficiency in Theorem 5.1 holds. That is, if
X = (Xi’XOl’ i € QO?a € Ql)

is a monic A-module satisfying (G), X is Gorenstein-projective.
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Proof. Using induction on n = |Qy|, the assertion clearly holds for n = 1. Suppose
that the assertion holds for n — 1 with n > 2. It suffices to prove that X satisfies
Lemma 5.3(i)—(iii).

Condition (i) is contained in (G); and condition (ii) follows from Lemma 5.5(2).
By Lemma 5.6 Coker ¢ is a monic A’-module; and by Lemmas 5.7 and 5.8 we know
that Coker ¢ satisfies (G). It follows from the inductive hypothesis that condition
(ii1) is satisfied. O

Lemma 5.10. Let X = (X;, Xo,1 € Qp, @ € Q1) be a A-module with X,, a
Gorenstein-projective A-module. Then P ® 4 X, is a Gorenstein-projective N\'-
module, where P is defined in Section 5B.

Proof. Let P(n) be the indecomposable projective kK Q-module at vertex n. Writing
rad P (n) as a representation of Q' over k, we have

radP(n) = (K", fo,i € Q. a € Q)

where m; = |P(n — i)| for each i € Q. By the construction of P(n) we know
that rad P (n) has the following three properties:
(1) Each f, : k"s@ — [™e@® is injective.

(2) Foreachi € Q,

Y Imfy= P Imfa

aeQ) acQ)
e(a)=i e(a)=i

(3) For each i € Q, k™ /(D 4, Im f,) and kA=l are jsomorphic as k-
spaces. e()=i

It follows that
P®RsX,ZE@adP(n)Qr A) @4 X,

ZradP(n) Qi X, = (X', fo @k idy,, i € Qy, @ € Q).

By (1), (2), and (3) we clearly see that P ®4 X, is a monic A’-module satisfying
(G); for example, by (3) we know that

X,T’/ @ Im(fa ®k ian) =~ Xr‘[A(n%t)l

aeQ)
e(a)=i

is a Gorenstein-projective A-module. Now the result follows from Lemma 5.9. [J
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SD. Proof of Theorem 5.1. By Lemma 5.9 it remains to prove necessity, namely,
if X is a Gorenstein-projective A-module, X is a monic A-module satisfying (G).
Using induction on n = [Qo|, the assertion is clear for n = 1. Suppose that the
assertion holds for n — 1 with n > 2. We write X as (g((n) o~ Then X satisfies
conclusions (i)—(iii) of Lemma 5.3.

By (i) and Lemma 5.10 we know that P ® 4 X,, is a Gorenstein-projective A’-
module. Then, by (ii) and (iii), we know that X’ € GP(A’), since GP(A') is
closed under extensions. By the inductive hypothesis X’ is a monic A’-module
satisfying (G). Hence:

(1) Xg is injective for each g € Q).

(2) X; is Gorenstein-projective for each i € Q.

(3) X, is injective for each @ € Q.

@ X pernonImXy =@ ,cppoi Im X, foralli € Oy,

We get (3) and (4) from (1), condition (ii), and Lemma 5.4.

Since Coker ¢ = (Xi/eapep(n%i) ImX,, Xy, i€ Qp € Q’l) is a Gorenstein-
projective A’-module, it follows from the inductive hypothesis that the following
properties hold:

(5) For each @ € Q1, X, is injective.
©) > @eQ)] Im)?a =6 weQ) Im)N(o,, foralli € Qé.

e(w)=i e(w)=i
Claim 1: X satisfies (m2) in Definition 2.2.

Indeed, suppose

(5-2) Z Xa (xs(a),a) =0.
aeQ
e(a)=i

Since

Z Xa(xs(a),a) = Z on(xs(oc),oz)+ Z Xa(xs(a),a)v

a€Q acA(n—i) aeQ)
ela)=i e(a)=i

it follows that

Z ia(m) = Z Xa(xs(oz),ot)+ @ ImXP

acQ) acQ) peEP(n—i)
e(w)=i e(w)=i
=— Y Xeywo)+ P ImX,=0,
acA(n—i) pEP(n—1)

where we used (5-2) for the second equality.
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Then by (6) we have ia (Xs(@).a) = 0; and by (5) we know X;(4).« = O for each
a € Q) with e(a) =i. This means that there are x,, , € X, such that

Ywa= Y, Xqbng) € Y, ImX,

geP(n—s(w)) geP(n—s(w))

for each a € Q) with e(o) =1i. By (5-2) we have

0= Z Xo(Xn,a) + Z on( Z Xq(xn,q)>-

acA(n—i) aeQ)] qeP(n—s(a))
e(a)=i

By (4) we know that X, (x, o) =0 for all « € A(n — i), and that X, X, (x, ) =0
for all o € Q] with e(a) =i and g € P(n — s(«)). Thus X, (Xs(a),«) = 0, for all
o € Q1 with e(a) = i. This proves Claim 1.
Claim 2: X;/ @ peo,Im Xg is a Gorenstein-projective A-module for each i € Qy.

e(B)=i

Indeed, since Coker ¢ is a Gorenstein-projective A’-module, by the inductive

hypothesis we know that

(Xi/ D ImXp>/@Im)~(a

pEP(n—i) ac Q’1
e(w)=i

is a Gorenstein-projective A-module: it is exactly the desired module by (5-1).
Now, (3) and Claim 1 mean that X is a monic A-module; and (2), together with
conclusion (i) of Lemma 5.3 and Claim 2, means that X satisfies (G). O

6. Corollaries

6A. For the definition of a Frobenius category in the sense of [Quillen 1973],
we refer to [Happel 1988, p. 11; Keller 1990, Appendix A]. As a consequence
of Theorem 5.1 and Proposition 2.4, we get the following characterization of
self-injectivity.

Corollary 6.1. Let A be a finite-dimensional algebra, and Q a finite acyclic quiver.
Then the following are equivalent:

(1) A is self-injective.
(ii) GP(A ®kQ) =Mon(Q, A).
(iii)) Mon(Q, A) is a Frobenius category.

Proof. (i) = (i1): If A is self-injective, every A-module is Gorenstein-projective,
and hence (ii) follows from Theorem 5.1. The implication (ii)=> (iii) is well-known.
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(iiil) = (i): Take a sink of Q, say vertex 1, and consider D(A4) ® P(1). By
Proposition 2.4 (iii) it is an injective object in Mon(Q, A), and hence, by assumption,
it is a projective object in Mon(Q, A). By Proposition 2.4(ii) we know that D(A,4),
the first branch of D(A4) ® P(1), is a projective A-module, that is, A is self-
injective. (]

Let D”(A) be the bounded derived category of A, and K b(P(A)) the bounded
homotopy category of P(A). By definition the singularity category ng (A) of
A is the Verdier quotient Db(A)/Kb(P(A)). Buchweitz [1987, Theorem 4.4.1]
proved that if A is Gorenstein, there is a triangle-equivalence ng (A) = GP(A),
where GP(A) is the stable category of GP(A) modulo P(A); see also [Happel
1991, Theorem 4.6]. Note that if A is Gorenstein, A = A ®; kQ is Gorenstein; see
[Auslander and Reiten 1991b, Proposition 2.2]. So we have the following.

Corollary 6.2. Let A be a finite-dimensional Gorenstein algebra, and Q a finite
acyclic quiver. Let A = A Qi kQ. Then there is a triangle-equivalence ng (A) =
GP(A). In particular, if A is self-injective, then there is a triangle-equivalence
D?,(A) =Mon(Q, A).

6B. Recall the tensor product Q® Q’ of two finite quivers Q and Q’ (not necessarily
acyclic). By definition Q ® Q' is the quiver with

(0®0N=00xQ; and (Q® Q)1 =(01x QyU(Qox Q).

More explicitly, if « : i — j is an arrow of Q, then, for each vertex t' € Q), there
is an arrow (o, t') : (i, ') = (j, 1) of Q ® Q'; and if B’ : s — ¢’ is an arrow of Q’,
then, for each vertex i € Qy, there is an arrow (i, 8) : (i,s") = (i,t) of O ® O’.

Let A=kQ/I and B =kQ’/I’ be two finite-dimensional k-algebras, where Q
and Q' are finite quivers (not necessarily acyclic), and I, I’ are admissible ideals of
kQ, kQ’, respectively. Then

A®cB=k(Q®Q)/101',

where I 01’ is the ideal of k(Q ® Q') generated by (I x Q) U (Qo x I') and the
elements

(d, t/)(ia :B/) - (.]’ ﬂ/)<a7 S/),

where o : i — j is an arrow of Q, and B’ : s’ — ¢’ is an arrow of Q. See, for
example, [Leszczyrniski 1994]. Note that 7 J I’ may not be zero even if I =0=1".
We have proved this:

Fact. A ®; B is hereditary (that is, I O 1' = 0) if and only if either A = k190! gs
algebras and I' =0, or B = k19l gs algebras and I = 0.
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6C. One can describe when A is hereditary via Mon(Q, A).

Corollary 6.3. Let A be a finite-dimensional basic algebra over an algebraically
closed field k, Q a finite acyclic quiver with |Q1]| 20, and A = A Qi kQ. Then
P(A) =Mon(Q, A) if and only if A is hereditary.

Proof. Without loss of generality we may assume that A is connected (an algebra is
connected if it cannot be a product of two nonzero algebras).

If A = A®y kQ is hereditary, then, by the fact above and the assumption on Q,
we have A = k, and hence Mon(Q, k) = GP(kQ) by Theorem 5.1. It follows that

Mon(Q, A) =GPk Q) =PkQ) =P(A).

Conversely, if A # k, A is not semisimple since A is assumed to be connected
and basic and k is assumed to be algebraically closed. It follows that there is a
nonprojective A-module M. Take a sink of Q, say vertex 1, and consider A-module
X =M ®; P(1), where P(1) is the simple projective kK Q-module at vertex 1. Then
X € Mon(Q, A),but X ¢ P(A). O
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