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ON 4-MANIFOLDS, FOLDS AND CUSPS

STEFAN BEHRENS

We study simple wrinkled fibrations, a variation of the simplified purely
wrinkled fibrations of Williams (Geom. Topol. 14:2 (2010), 1015-1061), and
their combinatorial description in terms of surface diagrams. We show
that simple wrinkled fibrations induce handle decompositions of their total
spaces which are very similar to those obtained from Lefschetz fibrations.
The handle decompositions turn out to be closely related to surface dia-
grams and we use this relationship to interpret some well known operations
on 4-manifolds in terms of surface diagrams. This, in turn, allows us classify
all closed 4-manifolds which admit simple wrinkled fibrations of genus one,
the lowest possible fiber genus.

1. Introduction

After the pioneering work of Donaldson [1999] and Gompf [1999] on symplectic
4-manifolds and Lefschetz fibrations and of Auroux, Donaldson and Katzarkov on
near-symplectic 4-manifolds [Auroux et al. 2005], the study of singular fibration
structures on smooth 4-manifolds has received considerable attention in the research
literature. Among the highlights in the field have been existence results for so called
broken Lefschetz fibrations over the 2-sphere on all closed, oriented 4-manifolds
[Akbulut and Karakurt 2008; Baykur 2008; Gay and Kirby 2007; Lekili 2009]
as well as a classification of these maps up to homotopy [Lekili 2009; Williams
2010]. Furthermore, the classical observation that Lefschetz fibrations over the
2-sphere are accessible via handlebody theory and can be described more or less
combinatorially in terms of collections of simple closed curves on a regular fiber
known as the vanishing cycles [Kas 1980; Gompf and Stipsicz 1999] was extended
to the broken Lefschetz setting in [Baykur 2009].

Our starting point is the work of Williams [2010], who introduced the closely
related notion of simplified purely wrinkled fibrations, proved their existence and
exhibited a similar combinatorial description of these maps — again by collections
of simple closed curves on a regular fiber — which he calls surface diagrams. It

MSC2010: primary 57M50; secondary S7R65.
Keywords: 4-manifolds, folds, cusps, simple wrinkled fibrations, simplified purely wrinkled
fibrations, broken Lefschetz fibrations, surface diagram.
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C2

Cq
Figure 1. A surface diagram of S' x S3#§! x §3 due to Hayano [2012].

follows that all smooth, closed, oriented 4-manifolds can be described by surface
diagrams; an example of such a diagram is shown in Figure 1. However, the
correspondence between simplified purely wrinkled fibrations and surface diagrams
has been somewhat unsatisfactory in that it usually involved arguments using broken
Lefschetz fibrations and the assumption that the fiber genus is sufficiently high.

It is one of our goals to provide a detailed and intrinsic account of this corre-
spondence and to clarify the situation in the lower-genus cases. Once this is done
we give some applications.

We now describe the contents of this paper in more detail. In Section 2 we begin
by recalling some preliminaries from the singularity theory of smooth maps and the
theory of mapping class groups of surfaces. This section is slightly lengthy because
we intend to use it as a reference for future work.

The following two sections form the technical core of this paper. In Section 3 we
introduce simple wrinkled fibrations over a general base surface; in the case when the
base is the 2-sphere our definition is almost equivalent to Williams’ simplified purely
wrinkled fibrations and our reason for introducing a new name is mainly to reduce
the number of syllables. We explain how the study of simple wrinkled fibrations
reduces to certain fibrations over the annulus which we call annular simple wrinkled
fibrations to which we associate twisted surface diagrams; roughly, such a diagram
consists of a closed, oriented surface X, an ordered collection of simple closed
curves cy, ..., c; C X and an orientation-preserving diffeomorphism p: ¥ — X
such that pairs of consecutive curves (c; and ¢;; for i <[, as well as u(c;) and cy)
intersect transversely in one point. We prove the following:

Theorem 1.1. There is a bijective correspondence between annular simple wrinkled
fibrations up to equivalence and twisted surface diagrams up to equivalence.

For precise definitions we refer to Section 3. In the course of the proof we show
that annular simple wrinkled fibrations induce (relative) handle decompositions
of their total spaces which are, in fact, encoded in a twisted surface diagram
(Section 3B). These handle decompositions bear a very close resemblance with
those obtained from Lefschetz fibrations; the only difference appears in the framings
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of certain 2-handles. The section ends with an investigation of the ambiguities for
gluing surface bundles to the boundary components of annular simple wrinkled
fibrations.

In Section 4 we specialize to the case when the base surface is either a disk or a
sphere and recover Williams’ setting. Using our results about annular simple wrin-
kled fibrations we obtain a precise correspondence between Williams’ (untwisted)
surface diagrams and simple wrinkled fibrations over the disk (Proposition 4.1) and
the sphere (Corollary 4.2). In particular, our approach provides a direct way to
construct a simple wrinkled fibration from a given surface diagram circumventing
the previously necessary detour via broken Lefschetz fibrations.!

Next, we address the subtle question of which surface diagrams give rise to
simple wrinkled fibrations over the sphere and thus describe closed 4-manifolds.
Just as in the theory of Lefschetz fibrations, the key is to understand the boundary
of the associated simple wrinkled fibration over the disk. We show how to identify
this boundary with a mapping torus and describe its monodromy in terms of the
surface diagram. Unfortunately, it turns out that the boundary is much harder to
understand than in the Lefschetz setting.

We then go on to review the handle decompositions exhibited in Section 3 when
the base is the disk or the sphere and describe a recipe for drawing Kirby diagrams
for them. To complete the picture, we compare our decompositions with the ones
obtained via simplified broken Lefschetz fibrations.

In Sections 5 and 6 we give some applications. We show that certain substitutions
of curve configurations in surface diagrams correspond to cut-and-paste operations
on 4-manifolds. In particular, we give a surface diagram interpretation of blow-
ups and sum stabilizations, by which we mean connected sums with CP?2, cp?
and §2 x S%. Using these we easily obtain a classification of closed 4-manifolds
which admit simple wrinkled fibrations with the lowest possible fiber genus.

Theorem 1.2. A smooth, closed, oriented 4-manifold admits a simple wrinkled
fibration of genus one if and only if it is diffeomorphic to kS*> x §* or mCP?#nC P2
where k,m,n > 1.

Our result should be compared to [Baykur and Kamada 2010] and [Hayano 2011],
where the classification problem of genus-one simplified broken Lefschetz fibrations
is addressed but only partial solutions are achieved. However, it should also be noted
that their class of maps is strictly larger than that of genus-one simple wrinkled
fibrations and it is thus conceivable that the classification is more complicated.

Section 7 closes this paper by highlighting what we consider as some of the main
problems in the field and by outlining some related developments.

1By now this can be considered as a special case of [Gay and Kirby 2012], which appeared while
we were writing this paper.
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Conventions. By default, all manifolds are smooth, compact and orientable; all
maps are smooth and all diffeomorphisms preserve orientations. Given a submani-
fold S C M we denote by v.S (respectively v.S) an open (respectively closed) tubular
neighborhood of S and whenever we speak of neighborhoods of submanifolds we
usually mean tubular neighborhoods. For induced orientations on boundaries we use
the outward normal first convention and, in order to coherently orient regular fibers
of maps between oriented manifolds, we use the fiber first convention. Exceptions
to these rules will be explicitly stated and we reserve the right to sometimes restate
some of the conditions for emphasis.

2. Preliminaries

To fix some terminology, let f : M — N be a smooth map with differential
df :TM — TN. A critical point or singularity of f is a point p € M such thatdf),
is not surjective. The set of critical points, called the critical locus of f, will be
denoted by

Cr:={peM|rkdf, <dmN}C M.

The image of a critical point is called a critical value and the set of all critical
values is called the critical image of f.

As customary, we call the preimage of a point a fiber, usually decorated with the
adjectives regular or singular indicating whether or not the fiber contains singulari-
ties. Note that regular fibers are always smooth submanifolds with trivial normal
bundle.

Remark 2.1. The terms critical point and singularity are used synonymously and
somewhat inconsistently in the literature, even in standard references such as
[Golubitsky and Guillemin 1973]. We will adapt to this custom of arbitrariness and
also use both terms depending on which seems more appropriate. However, we
would like to stress that neither term indicates the failure of a map to be smooth
at a given point— all maps we consider are smooth — they just indicate irregular
behavior of the differential at that point as described above.

2A. Folds, cusps and Lefschetz singularities. As a warm-up, recall that a generic
map from any compact manifold to a 1-dimensional manifold has only finitely
many critical points on which it is injective and, moreover, all critical points are of
Morse type; that is, they are locally modeled on maps of the form

X1y 0v0y X)) > —x%—---—x,f+x,f+1+'--+x,%,
where the number £ is called the (Morse) index of the critical point. (We say that a
map f : M™ — N" is locally modeled around p € M on fy: R™ — R" if there are
local coordinates around p and f(p) mapping these points to the origin such that
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the coordinate representation of f agrees with fj.) Maps whose critical points are
all of Morse type are called Morse functions.

A similar statement holds for maps to surfaces. For convenience we take the
source to be 4-dimensional from now on. In this setting the Morse critical points
are replaced by two other types of singularities known as folds and cusps which
can also be described in terms of local models. The model for a fold point is the
map R* — R? given by the formula

(2-1) (t,x,y, ) (1, —x" = y* £29)
and the cusps are locally modeled on
(2-2) (t,x,y,2)— (t, —x3+3tx—y2j:zz).

If the sign in either of the above expressions is positive (respectively negative), then
the singularity is called indefinite (respectively definite).

An easy calculation shows that the critical loci of the fold and cusp models
are given by {(r,0,0,0) | r € R} and {(r2, r,0,0) | r € R}, respectively. As
a consequence, the critical image of a smooth map is a smooth 1-dimensional
submanifold near fold and cusp points. The critical images of both models are
shown in Figure 2. Note that the critical image is smoothly embedded in the
fold model whereas in the cusp case it is topologically embedded via a smooth
homeomorphism whose inverse fails to be smooth only at the cusp point.

It follows directly from the models that folds always come in 1-dimensional
families on which the map restricts to an immersion. We will usually be sloppy and
refer to such an arc of fold points in the source as well as their image in the target
as fold arcs. Furthermore, cusps are isolated in the critical locus in the sense that
there is a small neighborhood which contains no other cusps. However, cusps are
not isolated singularities. In fact, one can show that any cusp is surrounded by two
fold arcs, at least one of which is indefinite.

We can now state the normal form of generic maps from 4-manifolds to surfaces.

t

Figure 2. The critical images of the fold and cusp models.
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Theorem 2.2 (generic maps to surfaces). A generic smooth map from a 4-manifold
to a surface has only fold and cusp singularities, it is injective on the cusps and
restricts to an immersion of its critical locus with only transverse intersections
between fold arcs.

Results of this kind are common knowledge in singularity theory; precise ref-
erences for Theorem 2.2 are [Golubitsky and Guillemin 1973, Theorem 5.2] and
[Levine 1964, Theorem 1] (see also [Boardman 1967; Morin 1965]).

The preceding discussion shows, in particular, that the critical locus of a generic
map to a surface is a smooth 1-dimensional submanifold of the source.

Remark 2.3. Recently, these generic maps to surfaces have appeared under the
name Morse 2-functions in [Gay and Kirby 2011a; 2011b; 2012].

In what follows we only deal with indefinite singularities. So from now on, when
we speak of folds and cusps, we always mean the indefinite ones.

Figure 2 contains some further decorations which we will now explain. Both
folds and cusps are intimately related to 3-dimensional Morse—Cerf theory. The
fold models a trivial homotopy of a Morse functions with one critical point (of
index two) on the vertical slices. This means that the model restricted to a small arc
transverse to the fold locus is a Morse function with one critical point of index one
or two, depending on the direction. The arrows in the picture indicate the direction
in which the index is two. Note that the topology of the fibers of either side of a
fold arc is necessarily different.

Similarly, the cusp is also a homotopy of Morse functions on the vertical slices,
although a nontrivial one. It models the cancellation of a pair of critical points of
index one and two. The arrows indicate the index two direction of the fold arcs
adjacent to the cusp.

For the moment, this is all we have to say about folds and cusps. Another
important type of singularity which has its roots in (complex) algebraic geometry
is the Lefschetz singularity and its local model is given in complex coordinates by

L:C*>C, (z,w)r> zw.

At this point it becomes important whether the charts that we use to model the map
are orientation-preserving. Indeed, the use of orientation-reversing charts for the
Lefschetz model produces so called achiral Lefschetz singularities which are not
compatible with complex geometry; in orientation-preserving coordinates achiral
Lefschetz singularities can be modeled by (z, w) +— zw which is not holomor-
phic. We will thus always use orientation-preserving charts to model singularities
whenever the source or target are oriented. Note that this is no restriction for folds
and cusps since both models admit an orientation-reversing diffeomorphism which
leaves the map invariant.
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As stated in the introduction, maps with (indefinite) fold, cusp and Lefschetz
singularities have been prominently featured in the research literature over the past
decade. Unfortunately, different authors have used different names for various types
of maps and there is yet no commonly accepted terminology in the field. For the
purpose of this paper we use this:

Definition 2.4. Let f : X — B be a surjective map from an oriented 4-manifold
to an oriented surface, with critical locus Cy. Assume that all intersections in the
critical image are transverse intersections of fold arcs and Cy is transverse to the
boundary of X. We call

(a) a wrinkled fibration if Cy contains only indefinite folds and cusps,

(b) a (broken) Lefschetz fibration if Cy contains only Lefschetz singularities (and
indefinite folds),

(c) a broken fibration if C; contains only indefinite folds, cusps and Lefschetz
singularities.

We will usually refer to X as the toral space and to B as the base of f.

If f:X — B is abroken fibration, then X NCy is either empty or consists of
finitely many fold points and it follows from the fold model that f restricts to a
circle valued Morse function over each boundary component of B.

The regular fibers of f are orientable surfaces and our conventions determine
an orientation. We will usually assume that X = f~!(dB) so that the fibers are
closed surfaces.

It is quite useful to think of broken fibrations as singular families of surfaces
parametrized by the base. More precisely, the images of the folds and cusps cut
the base into several regions which may or may not contain Lefschetz singularities.
Each regular fiber is an orientable surface whose topological type depends only on
the region that it maps into. One thus decorates the base with the topological type
of the fibers over each region together with some information about what happens
to a fiber if one crosses a fold arc (the fold vanishing cycles corresponding to the
little arrows we have indicated above, see Definition 3.11) or runs into a Lefschetz
singularity (the Lefschetz vanishing cycle). Under certain circumstances this data
is enough to determine the map as we will see later on; see also [Gay and Kirby
2012].

We finish this section with a short review of the homotopy classification of
broken fibrations over S? that was mentioned in the introduction. An important
contribution of Lekili [2009] is that he showed how to pass back and forth between
broken Lefschetz fibrations and wrinkled fibrations via two local homotopies, i.e.,
homotopies supported in arbitrarily small balls. As portrayed in Figure 3 one can
wrinkle a Lefschetz point into an indefinite triangle (that is, an indefinite circle with
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Figure 3. Wrinkling (left) and unsinking (right) a Lefschetz singularity.

three cusps) and one can exchange a cusp for a Lefschetz singularity; this move is
sometimes called unsinking a Lefschetz point from a fold. (Moreover, he showed
that these modifications work equally well with achiral Lefschetz singularities which,
together with the results of [Gay and Kirby 2007], proves the existence of broken
Lefschetz fibrations.) As a consequence, one can translate questions about broken
fibrations into questions about wrinkled fibrations which are accessible by means of
singularity theory. For example, there is a structural result similar to Theorem 2.2
for generic homotopies between wrinkled fibrations. The basic building blocks
include isotopies of the base and total space and three types of modifications (and
their inverses) that are realized by local homotopies: the birth/death, the merge and
the flip. Figure 4 shows their effect on the critical image. In general, such a generic
homotopy will pass through maps with definite singularities. However, the main
theorem in [Williams 2010], which was conjectured in [Lekili 2009], states that
indefinite singularities can, in fact, be avoided. In other words, any two homotopic
wrinkled fibrations are homotopic through wrinkled fibrations.

<> > <o

birth merge

- X

flip

“—

Figure 4. The basic local homotopies.

Remark 2.5. It has become common to refer to an application of any of these
modifications as moves performed on a broken fibration; this terminology is due
to [Lekili 2009]. It is important to note that most of these moves are not strictly
reversible in the following sense. If the critical image of a given broken fibration
exhibits the left configuration in any of the pairs, it is always possible to replace
it by the one on the right. However, it might not be possible to go into the other
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direction. The only exception is the birth. In all other cases some extra conditions
are needed to go from right to left. This is indicated in our pictures with shaded
arrows. For further details we refer to [Lekili 2009].

Remark 2.6. There is some disagreement in the literature about which direction in
the second pair in Figure 4 should be called merge and which inverse merge. To avoid
this decision we simply speak of merging cusps and merging folds, respectively.

2B. Surfaces and simple closed curves. As we pointed out, the regular fibers of
broken fibrations are surfaces and these fibers will be our main focus later on. The
theory of surfaces and mapping class groups is yet another field of mathematics
with many different conventions and, in the author’s experience, it can be confusing
to decide whether a statement in some reference actually applies to a situation at
hand. For this reason we give very precise definitions, deliberately risking to be
overly precise.

By a surface ¥ we mean a compact, orientable, 2-dimensional manifold, possibly
with boundary and some marked points in the interior. A simple closed curve in X
is a closed, connected, 1-dimensional submanifold of X that does not meet the
boundary or the marked points. We usually consider simple closed curves up to
ambient isotopy in X relative to d X and the marked points and will not make a
notational distinction between a simple closed curve and its isotopy class. Note
that according our definition simple closed curves are unoriented objects. However,
from time to time it will be convenient to choose orientations on them in order to
speak of their homology classes.

The geometric intersection number of two simple closed curves a, b C X is
i(a,b):=min{#aNP)|a~a, B~b, ahB}eN,

where the signs ~ and rh indicate isotopy and transverse intersection. If the curves
as well as the surface are oriented, then we also have an algebraic intersection
number which is obtained by a signed count of intersections after making the curves
transverse. Equivalently, this number can be described as

{a,b) :=([a], [b])s = ([a], [D]) p,(s) € Z,

where the bracket on the right side denotes the intersection form on H;(X). (In the
present paper homology is always taken with integer coefficients.)

Note that the algebraic intersection number is alternating and depends only on
the homology classes of the oriented simple closed curves while the geometric inter-
section number is symmetric and depends on the isotopy classes. Both intersection
numbers have the same parity and satisfy the inequality

(2-3) |{a,b)| <i(a, D).
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We say that a and b are geometrically dual (respectively algebraically dual) if their
geometric (respectively algebraic) intersection number is one.

A simple closed curve a C X is called nonseparating if its complement is
connected, otherwise it is called separating. Note that a simple closed curve is
separating if and only if it is null-homologous (with either orientation) and thus
simple closed curves that have geometric or algebraic duals are automatically
nonseparating.

Diffeomorphisms of surfaces. Let us now turn to diffeomorphisms of surfaces. Let
Diff" (X, 3%) denote the set of orientation-preserving diffeomorphisms that restrict
to the identity on 0¥ and preserve the set of marked points. The mapping class
group of X is defined as

Mod(X) := mo(Diff (T, 9X), id).

Given a simple closed curve a C X there is a well defined mapping class 7, e Mod(X)
called the (right-handed) Dehn twist about a. Similarly, any simple arc r C X that
connects two distinct marked points gives rise to a half twist T, € Mod(X).

It is well known that Mod(X) is generated by the collection of Dehn twist and
half twists, where the latter are only needed in the presence of marked points.
On the other hand, mapping classes can be effectively studied by their action on
(isotopy classes of) simple closed curves. In particular, it is desirable to understand
the effect of Dehn twists on simple closed curves. While this can be tricky, the
situation simplifies significantly on the level of homology classes.

Proposition 2.7 (Picard—Lefschetz formula). Let X be a surface, a C X a simple
closed curve and let x € H\(X). Then for any orientation on a we have

(2-4) (th)ex = x +k ([a], x) [a].

In particular, if b is an oriented simple closed curve, then

(2-5) 75 ()] = [b] +k ([a], [b]) [al.

Proof. See [Farb and Margalit 2011, Proposition 6.3] U

Remark 2.8. The Picard-Lefschetz formula is particularly useful for the torus
since, in that case, mapping classes are completely determined by their action on
homology.

Another useful tool is the change of coordinates principle, which roughly states
that any two configurations of simple closed curves on a surface with the same
intersection pattern can be mapped onto each other by a diffeomorphism. We will
only use the following special cases. For details we refer to [Farb and Margalit
2011, Chapter 1.3].
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Proposition 2.9 (change of coordinates principle). If a, b C X is a pair of non-
separating simple closed curves, then there exists some ¢ € Difft (2, 0X) such
that ¢ (a) = b. Furthermore, if a, b and a’, b’ are two pairs of geometrically dual
curves, then there is some ¢ € Difft (X, %) such that ¢ (a) = a’ and ¢ (b) =1'.

Mapping tori and their automorphisms. Given a surface ¥ and a diffeomorphism
U X — X, possibly not orientable or orientation-preserving, we can form the
mapping torus

S = (£ x [0, 11)/((x, D ~ (u(x), 0))

which is a 3-manifold that fibers over S' = [0, 1]/{0, 1} in the obvious way. If
Y is oriented and p is orientation-preserving, then our conventions stated in the
introduction induce an orientation on X (u). All surface bundles over S’ can be
described as mapping tori. Indeed, if a 3-manifold fibers over S', then one chooses
a fiber and a lift of a vector field that determines the orientation of S! and the return
map of the flow of this vector field induces a diffeomorphism of the fiber which is
usually called the monodromy.

Let Y be an oriented 3-manifold that fibers over the circle viaamap f: Y — S,
An automorphism of (Y, f) is an orientation- and fiber-preserving diffeomorphism
of Y. We denote the group of automorphisms by Aut(Y, f) or simply by Aut(Y)
when the fibration is clear from the context. If we identify ¥ with a mapping torus,
say X(u), then we obtain a description of Aut(Y) in terms of diffeomorphisms
of X. Indeed, any element ¢ € Aut(X (1)) can be considered as a path (¢;);c[0,1]
in Diff " () connecting some element ¢ € Diff" (%) to ¢ = ™ ¢pou. In particular,
¢o must be isotopic to w L pop and thus represents an element of Cyoq(x) (1), the
centralizer in Mod(X) of (the mapping class represented by) w. Elaborating on this
observation one arrives at the conclusion that

2-6)  mo(Aut(Y)) = mo( Aut(E (1)) = Cytoacsy (1) X w1 (Diff(E), id),
where the multiplication on the right side is given by
(8.0) (h,7)=(hog. (37 18) %0).

This means that there are essentially two types of automorphism of mapping tori:
the ones that are constant on the fibers coming from Cwmoqcx)(t) and the ones
coming from | (Diff(X), id) that vary with the fibers and restrict to the identity
on the reference fiber. However, it turns out that for most surfaces there are no
nonconstant automorphisms.

Theorem 2.10 [Earle and Eells 1969]. If X is a closed, orientable surface without
marked points, the group w1 (Diff(X), id) is isomorphic to Z,, Z ® Z, or the trivial
group, depending on whether the genus g equals 0, 1, or more than 1.
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Hence, as soon as the genus of the fiber of a mapping torus is at least two, all
automorphisms are isotopic (through automorphisms) to constant ones.

Remark 2.11. It is important not to confuse the group Aut(Y) with the group of
all (orientation-preserving) diffeomorphisms of Y. A general diffeomorphism will
not even be isotopic to a fiber-preserving one!

Theorem 2.10 has many important consequences, of which we only highlight one.
Corollary 2.12. Let P — S? be a surface bundle with closed fibers of genus g.
(1) If g =0, then P is diffeomorphic to S* x §? or CP2#CP2.
(2) If g = 1, then P is diffeomorphic to T? x S?, S' x 83 or S! x L(n, 1).
(3) If g = 2, then P is diffeomorphic to Ly x 52

Proof. For the genus-one case see [Baykur and Kamada 2010, Lemma 10]. The
other cases are well known. (]

3. Simple wrinkled fibrations over general base surfaces
Without further ado we introduce the main objects of study in this paper.

Definition 3.1. Let X be a 4-manifold and B a surface, both oriented. A simple
wrinkled fibration with total space X and base B is wrinkled fibration w : X — B
with the following additional properties:

(1) 09X =w™(B).

2) CyNIX =02.

(3) Cy is nonempty, connected, and contains a cusp.
(4) w is injective on Cy,.

(5) All fibers of w are connected.

The genus of w is the maximal genus among all regular fibers. Finally, two
simple wrinkled fibrations w : X — B and w’ : X' — B’ are equivalent if there
are orientation-preserving diffeomorphisms ¢ : X — X’ and ¢ : B — B’ such
that w' o = ¢ o w.

A neighborhood of the critical image of a simple wrinkled fibration is shown in
Figure 5. Before we continue we make some remarks about the definition.

Remark 3.2. Simple wrinkled fibrations over S2 are, in essence, the same as
Williams’ simplified purely wrinkled fibrations, with two minor differences. On
the one hand we do not put restrictions on the fiber genus, but on the other we
require the presence of cusps. Both conditions can always be achieved by applying
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Figure 5. A neighborhood of the critical image of a simple wrin-
kled fibration.

Figure 6. The base diagrams during a flip-and-slip move. (The
pictures show the complement of a disk in the lower-genus region
of the original fibration.)

a flip-and-slip move (see next remark) and are thus not restrictive. Moreover, the
“simple wrinkled fibrations without cusps” are easily classified (see Example 3.7),
so one does not lose too much by excluding them.

Remark 3.3. Given a simple wrinkled fibration over S2 there is an important
homotopy to another such simple wrinkled fibration which has become known as a
[fip-and-slip move. Its effect on the base diagram is shown in Figure 6. One first
perform two flips on the same fold arc and then chooses an isotopy of the total space
(the slip) during which the critical image undergoes the changes demonstrated in
the picture. A flip-and-slip increases the fiber genus by one and introduces four
new cusps.

Remark 3.4. In spite of the lengthy definition, simple wrinkled fibrations are
arguably the simplest possible maps from 4-manifolds to surfaces, at least as far
as their singularity structure is concerned. As will be explained in detail it is
this simplicity which makes it possible to give nice combinatorial descriptions of
4-manifolds.

Given the rather specialized nature of simple wrinkled fibrations one might
wonder whether they actually exist. This is indeed the case and we begin by giving
some simple constructions.
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Example 3.5 (surface bundles). Let 7 : X — B be a surface bundle over a surface B
with closed fibers of genus g. Then we can perform a birth homotopy on 7 to
obtain a simple wrinkled fibration of genus g+ 1 with two cusps.

Example 3.6 (Lefschetz fibrations). If f : X — B is a Lefschetz fibration (possi-
bly achiral) with closed fibers of genus g, then after wrinkling all the Lefschetz
singularities we obtain a number of disjoint circles with three cusps in the critical
image. By suitably merging cusps we can turn this configuration into a single circle
resulting in a simple wrinkled fibration of genus g + 1.

Example 3.7 (the case without cusps). This example includes the broken Lefschetz
fibration on S* from [Auroux et al. 2005] that was mentioned in the introduction.
Let €2 be a cobordism from ¥, to ¥,_; together with a Morse function p : Q — I
with exactly one critical point of index two. Then p xid: 2 x S' — I x S! is a stable
map with one circle of indefinite folds which fails to be a simple wrinkled fibration
only because it does not have any cusps. Nevertheless, we can use 2 x S! to build
wrinkled fibrations over S? by suitably filling in the two boundary components
with £, x D? and £,_; x D? such that the fibration structures on the boundary
extends. Using the handle decomposition from [Baykur 2009] it is easy to see that
this construction produces the following total spaces: P #S' x S where P is any
Y ,—1-bundle over S2 and, if g=1, $% and some other manifolds with finite cyclic
fundamental group; see [Baykur and Kamada 2010; Hayano 2011]. Having built
these maps one can then apply a flip-and-slip to obtain honest simple wrinkled
fibrations. In particular, S* carries a simple wrinkled fibration of genus two.

These examples show that simple wrinkled fibrations can be considered as a
common generalization of surface bundles and (achiral) Lefschetz fibrations. The
vastness of this generalization is indicated by the following remarkable theorem.

Theorem 3.8 [Williams 2010]. Let X be a closed, oriented 4-manifold. Then any
map X — S? is homotopic to a simple wrinkled fibration of arbitrarily high genus.

Remark 3.9. Williams’ proof builds on the results of [Gay and Kirby 2007] which,
in turn, depends on deep theorems in 3-dimensional contact topology. This some-
what unnatural dependence could be removed by refining the singularity theory
based approach of [Baykur 2008] to produce maps which are injective on their
critical locus.

Williams [2010] introduced a combinatorial description of simple wrinkled
fibrations over S in terms of what he calls surface diagrams. We will generalize
his construction to the setting of general base surfaces.

Let w: X — B be a simple wrinkled fibration. The discussion in Section 2A
shows that the critical locus C,, C X is a smoothly embedded circle and that
w restricts to a topological embedding of C,, into B. Furthermore, the critical
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image w(C,) separates B into two components. Indeed, if the complement were
connected, then all regular fibers would be diffeomorphic. But according to the fold
model, the topology of the fibers on the two sides of a fold arc must be different. In
fact, since we require that all fibers are connected, the genus on one side has to be
one higher than on the other side. We will call the two components of B \ w(Cy,)
the higher- and lower-genus regions.

We would like to understand more precisely how the topology of the fibers
changes across the critical image. A reference path for w is an oriented, embedded
arc R C B that connects a point py in the higher-genus region to a point p_ in
the lower-genus region and intersects w(C,,) transversely in exactly one fold point.
Then the reference fibers ¥+ (R) := wil(pi) over the reference points py are
closed, oriented surfaces.

Lemma 3.10. A reference path R C B induces a nonseparating simple closed curve
c(R) C X4+ (R) which depends only on the isotopy class of R relative to its reference
points and the cusps.

Definition 3.11. The curve c(R) C X4 (R) is called the (fold) vanishing cycle
associated to R.

Proof. The fold model implies that w™!(R) is a cobordism from X, (R) to £_(R)
on which w restricts to a Morse function with exactly one critical point of index 2.
Thus w~'(R) is diffeomorphic to X (R) x [0, 1] with a (3-dimensional) 2-handle
attached along a simple closed curve in ¥ (R) x {1} which is canonically identified
with a simple closed curve c¢(R) C X4 (R). U

Next, let us look at what happens around the cusp. Let Ry and R, be two
reference paths for w with common reference points and assume that their interiors
are disjoint. We call R; and R; adjacent if their union Ry U R, bounds a disk in B
that contains exactly one cusp.

Lemma 3.12. Let Ry and R, be adjacent reference paths. Then the vanishing
cycles c(Ry) and c(Ry) in X4 := X1 (R)) = X (Ry) are geometrically dual.

Proof. As in the proof of Lemma 3.10 the preimages w‘l(Ri), i =1,2, are
both cobordisms from X to X_, each consisting of a 2-handle attachment along
c(R;). By reversing the orientation of R; we can consider w~!(R;) as a cobordism
from X_ to X, now consisting of a 1-handle attachment. In this process the former
attaching sphere of the 2-handle c¢(R;) becomes the belt sphere of the 1-handle.
Gluing w~'(R;) and w™!(R;) together along X gives a cobordism from X_ to
itself consisting of a 1-handle attachment followed by a 2-handle attachment. Now
recall that a cusp models the death (or birth) of a canceling pair of Morse critical
points. Hence, the attaching sphere of the 2-handle, which is c(Rj3), intersects the
belt sphere of the 1-handle, which is c(Ry), in a single point. ]
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Looking a bit ahead, our strategy will be to choose suitable collections of
reference paths and to study simple wrinkled fibrations in terms of the induced
collection of vanishing cycles. The only obstacle for doing so is the possibly
complicated topology of the base surface. But this can easily be overcome by
cutting the base into three pieces

B=B,UAUB_

where A is a regular neighborhood of the critical image of w (diffeomorphic to an
annulus) and B. are the closures of the complement of A. The subscript in By
indicates whether the surface is contained in the higher- or lower-genus region.
Note that w restricts to surface bundles over B and, although complicated, these
form a rather well studied class of objects. Thus the interesting new part of w is
the restriction w™'(4) — A which is a simple wrinkled fibration over an annulus
whose critical image is boundary parallel.

Definition 3.13. A simple wrinkled fibration w : W — A over an annulus A is
called annular if its critical image is boundary parallel.

So in order to understand simple wrinkled fibrations over any base surface, it is
enough to understand annular simple wrinkled fibrations and this is where twisted
surface diagrams (see Definition 3.20 below) enter the picture. The remainder of
this section is devoted to the proof of Theorem 1.1 stated in the introduction.

Remark 3.14. Gay and Kirby [2012] have published a result that contains Theorem
1.1 as a special case. Although their methods are somewhat similar to ours we feel
that our approach is of independent interest.

We will split the proof of the theorem into the two obvious parts. The first part is
the subject of Section 3A (see Proposition 3.25) where we show how assign twisted
surface diagrams to annular simple wrinkled fibrations. The second part that shows
how to build annular simple wrinkled fibrations from twisted surface diagrams is
treated in Section 3C (see Proposition 3.31). In between, we will see in Section 3B
that, just as Lefschetz fibrations, annular simple wrinkled fibrations are directly
accessible via handlebody theory.

3A. Twisted surface diagrams of annular simple wrinkled fibrations. Consider
an annular simple wrinkled fibration w : W — A. We denote by 0+ A and 0_A
the boundary components of the base annulus A contained in the higher- and
lower-genus regions, respectively, and we let

LW =w1(3.A).

We equip d4+ A and 94 W with the opposite boundary orientation, so that W is an
oriented cobordism from 94 W to d_W.
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Figure 7. A reference system for an annular simple wrinkled fibration.

Definition 3.15. Let w : W — A be an annular simple wrinkled fibration. A
reference system for w is a collection of reference paths R = {Ry, ..., R} for w
(where [ is the number of cusps) such that

(1) all reference paths have the same reference points pi € 04+ A,
(2) the interiors of the arcs are pairwise disjoint,

(3) with respect to the orientations on d1 A the arcs leave 0 A and enter d_A in
order of increasing index (see Figure 7) and

(4) each fold arc is hit by exactly one of the R;.

Remark 3.16. Condition (3) might need some further explanation. Assume that we
have a collection of properly embedded arcs in a surface which all hit the boundary
in the same point and are otherwise disjoint near that boundary component. If the
boundary component is oriented, then there is a well defined notion of order for
the arcs which can be described as follows. We take a small half disk around the
boundary point and orient the boundary of this half disk so that it agrees with the
orientation of the boundary component of the surface. For a generic choice of half
disk each arc will intersect the boundary of the half disk transversely in one point
and the order of these intersection points is easily seen to be independent of the
choice of half disk.

As before, we denote the reference fibers by T4 := Y4 (R) = w™ ! (p4+). Using
the reference fibers we can write o+ W as mapping tori

0+ W = X4 (ut)

where uy € Mod(X+) is the monodromy of w over d1 A (in the positive direction).
We will refer to 4 and w_ as the higher and lower monodromies of w.
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Figure 8. Swinging an arc around a boundary component.

Lemma 3.17. Let w : W — A be an annular simple wrinkled fibration together
with a reference system R ={Ry, ..., R;} and let c; = c(R;) C X4. Fori < the
vanishing cycles c; and c; 4+ are geometrically dual, and so are 4 (c;) and c;.

In the proof we need the following construction. Let B be an oriented surface
and let R and S be two properly embedded arcs in B which hit a boundary compo-
nent d; B C 0B transversely in the same point such that S enters d; B after R (as
explained in Remark 3.16) and whose interiors are disjoint. As indicated in Figure 8
we can modify S by moving its endpoint along 9; B resulting in a new arc S” which
enters 9; B before R and whose interior is still disjoint from R. We will say that S’
is obtained from S be swinging once around 9; B. (Note that swinging around 9; B is
not the same as performing a boundary parallel Dehn twist since such Dehn twists
are supported in the interior of B and fix a collar neighborhood of the boundary.
In particular, they cannot change the order of arcs at the boundary and, moreover,
in Figure 8 a boundary parallel Dehn twist applied to S would produce an arc that
intersects R in its interior.)

Proof of Lemma 3.17. The first statement follows from Lemma 3.12 since for i </
the reference paths R; and R; are clearly adjacent. For the second statement we
first swing R; once around the boundary of A so that the resulting reference path R,
is adjacent to R; and thus c(R)) is geometrically dual to ¢(R;). Next we observe
that R; is homotopic to R; precomposed with the boundary curve. Thus the parallel
transport along R; is the composition of the parallel transport along R; and the
higher-genus monodromy. In particular, we have c¢(R)) = u4(c;). O

Remark 3.18. Note that in the above proof we did not actually need the whole
reference system but only the parts of the arcs contained in the higher-genus region.

Let us isolate the combinatorial structure encountered in the above lemma.

Definition 3.19. Let X be a surface. A circuit (of length [) on ¥ is an ordered
collection of simple closed curves I' = (cy, ..., ¢;) such that any two adjacent
curves ¢; and c;4 are geometrically dual for i < [. A switch for I is a mapping
class u € Mod(X) such that w(c;) and ¢ are geometrically dual. We say that I is
closed if ¢; and c; are geometrically dual, that is, if the identity works as a switch.
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Definition 3.20. A twisted surface diagram is a triple G = (X, I', u) where X is a
closed, oriented surface, I is a circuit in ¥ and u € Mod(X) is a switch for I". In
the case that I" is a closed circuit and n = id, we simply speak of surface diagrams
and shorten the notation to & = (X, I') or sometimes even (X; ¢y, ..., ).

Remark 3.21. Note that our definition of surface diagrams is slightly different from
Williams’ original definition [2010]. Indeed, Williams requires that surface diagrams
are induced from simple wrinkled fibrations over the sphere so that the associated
annular simple wrinkled fibration has trivial higher and lower monodromies while
we only require trivial higher monodromy. The reason for our deviance is that we
would like to have an abstract definition of (twisted) surface diagram that does not
depend on any relation to simple wrinkled fibrations. However, it turns out that
the trivial lower monodromy condition for an annular simple wrinkled fibration is
not easy to state in terms of its twisted surface diagrams (see Section 4A for the
untwisted case) and we find it more appropriate to consider it as an extra condition.

Remark 3.22. There is no restriction on the intersections of nonadjacent curves
in a circuit. Circuits in which nonadjacent curves are disjoint, so called chains of
curves, are well known objects in the theory of mapping class groups of surfaces
where they play an important role.

Remark 3.23. Sometimes it will be convenient to choose orientations on the curves
in a circuit I' = (cy, ..., ¢;) in order to speak of their homology classes. If the
ambient surface is oriented, we always choose orientations such that the intersection
of ¢; and ¢;41, i <[, has positive sign.

With this terminology we can rephrase Lemma 3.17 as stating that an annular
simple wrinkled fibration w : W — A together with a reference system R induces
a twisted surface diagram

Gw,R = (E-i-? Fw,R’ /’L—F)

where the higher monodromy works as a switch.

Not surprisingly, the twisted surface diagrams constructed in Lemma 3.17 depend
on the choice of the reference system. To understand this dependence we observe
that a reference system is uniquely determined (up to isotopy relative to the boundary
and the cusps) by specifying the first reference path — this follows directly from the
definition. Furthermore, it is easy to see that any two reference paths which have
the same reference points and hit the same fold arc become isotopic after suitably
swinging around the boundary components of A.

Now let R ={Ry,..., R} and S = {51, ..., S;} be two reference systems with
common reference points and let S; hit the same fold arc as R;. As in the proof
of Lemma 3.17 we successively swing the arcs Sy, S;—1, ..., S once around each
boundary component to obtain a new reference system S’ in which the first reference
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path hits the same fold arc as R;. Now, by further swinging all of S simultaneously,
but this time independently around the boundary components, we can match the
two first reference paths and thus the whole reference systems.

Let us analyze the effect of this matching procedure on the twisted surface
diagram. For brevity of notation let & = (X, I', ) be the twisted surface diagram
associated to an annular simple wrinkled fibration w : W — A together with a
reference system R. Since the surface ¥ and the switch p only depend on the
reference points, only the circuit I' = (cy, . . ., ¢;) will be affected by swinging some
reference paths. Moreover, note again that the vanishing cycles ¢; only depend on
the part of the reference paths contained in the higher-genus region. Thus swinging
around the lower-genus boundary does not change the circuit.

Now, as we have already observed, if we swing the last reference path in R once
around both boundary components, we obtain a new reference system R’, which
induces the circuit

FE] = (,u(cl), Clyovn, 61—1)-

This operation of going from & to &1 := (T, F/[L]]’ ) makes sense in the abstract
setting of twisted surface diagrams and we call it (and its obvious inverse) switching.
Note that if the higher monodromy p is trivial, then switching simply amounts to a
cyclic permutation of the vanishing cycles.

Since we can relate any two reference systems for a given annular simple wrinkled
fibration by suitably swinging reference paths, we see that the twisted surface
diagram is well defined up to switching.

Next we want to compare the twisted surface diagrams of two equivalent annular
simple wrinkled fibrations as in the commutative diagram below.

x 2o x

J

A . A
If R is a reference system for w, then R’ := $(R) is a reference system for w'.
LetS=(Z, T, u) and & = (', I/, u') be the associated twisted surface diagrams.
Then ¢ induces an orientation-preserving diffeomorphism ¢ : ¥ — ¥’ and clearly
the higher monodromies satisfy ' = ¢ug L. It is also easy to see that

I'=¢():=(p(c1), ..., p(cr)

where, as usual, I' = (cy, ..., ¢;). Again, the effect of an equivalence of annular
simple wrinkled fibrations makes sense for abstract twisted surface diagrams and
we say that & and &’ are diffeomorphic via ¢.
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Combining this with switching we end up with the following definition.

Definition 3.24. Two twisted surface diagrams & and &’ called equivalent if, for
some integer k, &' is diffeomorphic to S,

Summarizing this section so far, we have proved the first half of Theorem 1.1:

Proposition 3.25. To an annular simple wrinkled fibration w : W — A we can
assign a twisted surface diagram

610 = (Z+’ va ,LL+)

which is well defined up to equivalence. Moreover, equivalent annular simple
wrinkled fibrations have equivalent twisted surface diagram.

Remark 3.26. We would like to point out that it is very convenient that only the
equivalence class of the surface diagram plays a role. Indeed, in order to actually
visualize the twisted surface diagram of an annular simple wrinkled fibration one
has to identify the higher-genus reference fiber with some model surface and there
is no canonical way to do so. However, any two such identifications will differ by a
diffeomorphism of the model surface and thus be equivalent. So we can safely forget
about the choice of identification whenever we are only interested in the equivalence
class of the simple wrinkled fibrations or the diffeomorphism type of its total space.

3B. Handle decompositions for annular simple wrinkled fibrations. As a next
step we relate the twisted surface diagrams associated to annular simple wrinkled
fibrations to the topology of their total spaces. We will see that the situation is very
similar to Lefschetz fibrations.

Proposition 3.27. Let w: W — A be an annular simple wrinkled fibration. Then
W has a relative handle decomposition on 0+ W with one 2-handle for each fold arc.
Such a handle decomposition is encoded in any twisted surface diagram for w.

In the following we will refer to the 2-handles associated to the fold arcs as fold
handles.

Proof. The rough idea is to parametrize A by S! x [0, 1] such that the composition
of w and the projection p : S x [0, 1]— [0, 1] becomes a Morse function. We equip
S x [0, 1] with coordinates (8, t) and refer to the direction in which ¢ increases as
right. We say that a parametrization « : A — S' x [0, 1] is w-regular if the critical
image C, := «x o w(Cy) is in the following standard position:

o All cusps point to the right.

e Each Ry := {0} x [0, 1] meets C, in exactly one point, either in a cusp or
transversely in a fold point.

« The projection p restricted to C, has exactly one minimum on each fold arc.
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We claim that for any w-regular parametrization «, the map
P =pokow: W —[0,1]

is a Morse function. Clearly, the critical points of p, are contained in Cy,. Thus we
have to understand how the projection p interacts with the critical image C,. By
the standard position assumption there are three ways how a level set S; := S! x {t}
can intersect C,. (see Figure 9):

a) S intersects C, transversely in a fold point,

b) S; meets C in a cusp and the fold arcs surrounding the cusp are on the left
side of S; or

c) S; is tangent to a fold arc which is located on the right side of S;. We will
refer to this phenomenon as a left tangency.

B —

t
Figure 9. Level sets intersecting the critical image.
It turns out that only the left tangencies contribute critical points of p,. In fact,

from the models for the fold and cusp we immediately see that p, is modeled on
the compositions

(3-1) (t,x,y,2) > (t, —x> +3tx —y* +22) > 1
in case of a cusp intersection and
(3-2) (t,%, 3,2 > (t, =x> =y + ) > £t

for a transverse fold intersection (the sign depends on how the fold and cusp models
are embedded) which shows that these are regular points of p,.

It remains to treat the concave tangencies. These occur precisely at the minima
of pi|c,. This minimum can be modeled by ¢ — 2 and it is easy to see that p, is
modeled on

(3-3) t,x,y,2) > (x> —y* + 22 +1%)
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which is a Morse critical point of index 2. By assumption there is exactly one

concave tangency for each fold arc and, using the correspondence between Morse

functions and handle decompositions, we obtain the desired handle decomposition.
In order to understand how the fold handles are attached, consider the arcs

R; =Ry, C S' x [0, 1],

where 61, ..., 6 € S' is a sequence of numbers ordered according to the orientation
of S' (for example, the [-th roots of unity). The w-regular parametrization x can
be chosen in such a way that each R; is a reference path for precisely one fold
arc and C, is contained in the open annulus S' x (¢, 1 — €) for some € > 0. For
each R; we obtain a vanishing cycle ¢; in the fiber of w over (6;, 0) € 9+ A and the
local model for folds implies that the fold handles are attached to ;W x [0, €]
along the vanishing cycles ¢; pushed off into the fiber over (6;, €) with respect to
the canonical framing induced by the fiber.

The relation to twisted surface diagrams now becomes obvious. There is a
canonical way to turn the reference paths ©y, ..., ®; into a reference system by
fixing ®; and successively sliding the endpoints of the remaining arcs along the
boundary onto ®; against the orientation. Thus the vanishing cycles record the
attaching curves of the fold handles. (I

Remark 3.28. The above proposition is one of the reasons why we require the
presence of cusps in the critical loci of simple wrinkled fibrations. If there were no
cusps, then it would not be possible to avoid right tangencies which would corre-
spond to 3-handles instead of 2-handles. Thus the presence of cusps guarantees that
the total spaces of annular simple wrinkled fibrations are (relative) 2-handlebodies.

Remark 3.29. The observation that fold tangencies correspond to Morse critical
points was also made by Gay and Kirby [2011a] in their more general setting of
Morse 2-functions. The fact that the real part of the Lefschetz model is also a Morse
function allows to include Lefschetz singularities in the discussion. Proceeding this
way, one can recover Baykur’s result [2009] about handle decompositions from
broken Lefschetz fibrations.

Remark 3.30. The reader familiar with Lefschetz fibrations will have noticed the
strong resemblance of the handle decompositions described above with the ones
induced by Lefschetz fibrations. In fact, the handle decompositions have exactly
the same structure except that the fold handles are attached with respect to the fiber
framing while the framing of the Lefschetz handles differs by —1.

3C. Annular simple wrinkled fibrations from twisted surface diagrams. Using
the handle decompositions exhibited in the previous section as a stepping stone we
can now build annular simple wrinkled fibrations out of twisted surface diagrams
and thus complete the proof of Theorem 1.1.
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Figure 10. Building a simple wrinkled fibration from a surface
diagram. Bold curves represent the critical image, and dashed
curves the reference path.

Proposition 3.31. A twisted surface diagram G = (X, I', i) determines an annular
simple wrinkled fibration ws : We — S' x [0, 1] with higher-genus fiber ¥ and
higher monodromy (.

Proof. To make the construction of wg more transparent we begin with some
preliminary considerations. One important ingredient is the mapping cylinder X (w)
with its canonical fibration p : = (u) — S' =[0, 11/{0, 1} in which we identify X
with the fiber over 0 ~ 1. We will also need a collection of arcs R = {Ry, ..., R;}
in S! x [0, 1] that will serve as a reference system for we; see Figure 10(a). To
construct these let r : [0, 1] — [0, 1] be a smooth function that has the constant
value 1 on the interval [1, 2], satisfies r(0) = r(1) = 0 and is strictly increasing for
t < % and strictly decreasing for ¢ > % If the length of " is [, then fori =1, ...,!
we let 6; := (i — 1)/c and define

R :={(6:;r(t), 1)/ ~ |t e[0,11C ' x [0, 11}.

We can now give the construction of Wg and wg in three steps.

Step 1: We begin by taking the product W) := X (un) x [0, %] and define a map
wy : Wy — S' x [0, 1] by sending (x, ) to (p(x), 1).

Step 2: Next, we construct W, by attaching 2-handles to W) in the following way.
LetI"=(cy, ..., c). Using the arc R; C S!x [0, 1] described above we can parallel
transport the curve ¢; C X to the fiber of w; over (9,-, %) We attach a 2-handle to
the resulting curve with respect to the fiber framing.

This choice of framing allows us to extend w; over each 2-handle. Indeed, we
can consider attaching the i-th (4-dimensional) 2-handle as a 1-parameter family
of 3-dimensional 2-handle attachments parametrized by a small neighborhood



ON 4-MANIFOLDS, FOLDS AND CUSPS 281

of (6;, 1) in S' x {1}. (Of course, these neighborhoods are pairwise disjoint.) For
each point 6 in such a neighborhood, the restriction of w; to the 6-ray {6} x [O, %]
extends to a Morse function (with one critical point of index 2) over a slightly
longer ray, say {6} x [0, %] in the standard way. Using these 1-parameter families
of Morse functions we can extend w; to map from W to an annulus with “bumps’
on one side, as shown in Figure 10(b), and this map has an arc of indefinite folds
on each bump. We can then smooth out the bumps by standard techniques from
differential topology to obtain a map wy : W — S! x [0, %] in which each 2-handle
attachment has created an arc of indefinite folds whose endpoints hit the boundary
of W, transversely in the component that was affected by the handle attachment, as
in Figure 10(c); let us call this component d, W5.

’

Step 3: For the final step we first note that the restriction of w, over S! x {%} is
a circle valued Morse function with a pair of critical points of index 1 and 2 for
each fold arc of w,. The crucial observation is that the condition that I" is a circuit
with switch p implies that all these pairs of critical points cancel! Thus there is a
standard homotopy, which we parametrize by [%, 1], from ws|,w, to a submersion
that realizes this cancellation. We let

We := W Uy, w, 02 W2 X [%, 1]

and extend w; over the newly added collar of 9, W, by tracing out the homotopy
to obtain a map wg : Wg — S 1'% [0, 1]. This last step removes all critical points
from the boundary in exchange for an interior cusp for each canceling pair. Clearly
we is an annular simple wrinkled fibration with base diagram as in Figure 10(d).

Note that Wg is diffeomorphic to W, and thus has the same relative handle
decomposition. Moreover, it follows directly from the construction that R is a
reference system for wg with & as its twisted surface diagram. ]

In order to finish the proof of Theorem 1.1 we have to show that equivalent
twisted surface diagrams give equivalent annular simple wrinkled fibrations. Recall
that an equivalence of surface diagrams is a combination of two things: switching
and a diffeomorphism. We will treat these separately.

Lemma 3.32. [f S and &' are diffeomorphic, then ws and we are equivalent.

Proof. Let 6= (X, T, u), & =(X, T, i) and let ¢ : & — ¥’ be a diffeomorphism
such that I'" = ¢(I") and i’ = pup~'. We will extend ¢ to a diffeomorphism
¢ : W — W which fits in the commutative diagram
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This will be done by going through the steps in the proof of Proposition 3.31. Let
W; and Wl/ ,i =1, 2, denote the 4-manifolds built in each step.

From the identity u/ = ¢pu¢p~' we deduce that ¢ induces a fiber-preserving
diffeomorphism X (1) — X’(u). Taking the product with the identity, we obtain
(2)1 . W] —> Wl/ .

In the second step, where the 2-handles are attached to the curves in I', we simply
note that (ﬁl maps the attaching regions into each other and can thus be extended
over the 2-handles to ¢A52 : W, — W,. Note that the smoothing of the bumpy annulus
does not cause any trouble since it does not involve the total space.

For the third step observe that, given a homotopy from w;|y,w, to a submersion,
we can push it forward via ¢32|32W2 to obtain such a homotopy for wj|,, W) U

Lemma 3.33. If G is a twisted surface diagram, then wg and wgi are equivalent.

Proof. If we take the canonical reference system for wg and swing the last reference
path once around the boundary, we obtain a reference system that induces S
Thus wg and wg are essentially the same annular simple wrinkled fibration. [

3D. Gluing ambiguities. Recall that simple wrinkled fibrations over arbitrary base
surfaces can be obtained from annular ones by gluing suitable surface bundles to
the boundary components. To be precise, let wy : W — A be an annular simple
wrinkled fibration and let 74 : Y4 — B4 be surface bundles over surfaces B such
that there are boundary components Cy. C By and fiber-preserving diffeomorphisms

Yoy (Cy) — 0L W.
Then we can form a simple wrinkled fibration
w:Yy Uy, WUy Y. — By Uc, AUc B_.

Of course, different choices of gluing diffeomorphisms may lead to inequivalent
simple wrinkled fibrations. If we fix a pair ¥+ of gluing maps, then we can obtain
any other such pair by composing with automorphisms (in the sense of Section 2B)
of the boundary fibrations wq : 9+ W — S!. Obviously, isotopic gluing maps give
rise to equivalent simple wrinkled fibrations and the gluing ambiguities are a priori
parametrized by

7o (Aut(d4+ W, w)) x 7o (Aut(d_W, w)).
However, it turns out that the first factor can be eliminated.

Lemma 3.34. Let w: W — A be an annular simple wrinkled fibration. Then any
fiber-preserving diffeomorphism of 0. W extends to a self-equivalence of w.

Proof. By Theorem 1.1 we can assume that w is built from a twisted surface
diagram G = (X, I', i) such that 0, W = X (). According to (2-6) there are two
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.

Figure 11. The relevant regions for extending nonconstant automorphisms.

Y2

st

types of automorphisms of X (u), the constant ones coming from Cmoqd(x) () and
the nonconstant ones originating from | (Diff(X), id). The statement that constant
automorphisms of 0, W extend to self-equivalences of w is just a reformulation of
Lemma 3.32. Thus it remains to treat the nonconstant ones.

By Theorem 2.10 these only occur when ¥ has genus one; we can thus assume
that ¥ = 72. A refinement of Theorem 2.10 states that the map

(3-4) 71 (Diff(T%), id) — 71 (T2, x),

which sends an isotopy to the path traced out by a base point x € T’ during that
isotopy, is an isomorphism; see [Earle and Eells 1969]. Note the first two curves
in I, say ¢; and ¢, generate the fundamental group of 72. Hence, we only have to
extend the automorphisms coming from generators of (Diff(Tz), id) that map
to c; and c; in (3-4). If we parametrize the torus by S I'x §'  C? such that §' x {1}
maps to ¢; and {1} x S' maps to c,, then such generators are given by

RUE, ) = (e 'E, ) and h2(E,n) =&, e ') (tel0,1])

and we denote the corresponding automorphisms of X (u) by
@i (x, 1) := (b (x), ).

In order to extend ¢; to Wg we take one step back and homotope the path A¢ to
be constant outside the interval where the 2-handle corresponding to ¢; is attached.
These intervals (times [0,1]) are highlighted in Figure 11. Outside the preimage of
the regions shown in Figure 11 we can simply extend ¢; as the identity. In these
region, observe that ;' fixes ¢; setwise at all times, it just rotates it more and more
as t increases. It is easy to see that these rotations can be extended across the
2-handles in a way that respects the fibration structure. (I

Remark 3.35. The genus-one case of Example 3.7 shows that this Lemma does
not hold in the absence of cusps. The above proof breaks down at the point where
we need the vanishing cycles to generate the fundamental group.
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4. Simple wrinkled fibrations over the disk and the sphere

We now leave the general theory behind and focus on untwisted surface diagrams,
that is, pairs & = (¥, I') where I is a closed circuit in X, which we refer to simply
as surface diagrams from now on. This will not lead to confusion since we will not
encounter any twisted diagrams anymore.

By the results of the previous section, a surface diagram & corresponds to an
annular simple wrinkled fibration whose higher-genus boundary component has
trivial monodromy. In fact, the higher-genus boundary of we : We — S' x [0, 1]
as constructed in Proposition 3.31 is canonically identified with the trivial fibra-
tion £ x S'. We can thus fill this boundary component with ¥ x D? using some
fiber-preserving diffeomorphism of ¥ x S! to obtain a simple wrinkled fibration over
the disk. We denote the fibration obtain by gluing with the identity by we : Zg — D?
or, by a slight abuse of notation, simply by Zg with the map to the disk implicitly
understood. Since the boundary of the disk is contained in the lower-genus region,
we refer to such fibrations as descending simple wrinkled fibrations (over the disk).
According to Lemma 3.34, different gluing diffeomorphisms give rise to simple
wrinkled fibrations equivalent to Zg. We have thus established the following:

Proposition 4.1. There is a bijective correspondence between the respective equiv-
alence classes of (untwisted) surface diagrams and descending simple wrinkled
fibrations over the disk.

To make the connection to simple wrinkled fibrations over S2, recall that by
construction the boundary of Zg fibers over the circle. For the moment, let us
say that G has trivial monodromy if this boundary fibration is trivial (this will
be made more precise in Definition 4.4 below). In this situation we can close off
to a simple wrinkled fibration over S by proceeding as above. More precisely,
for a fixed boundary fiber ¥’ in Zg we can choose a fiber-preserving diffeomor-
phism ¢ : &’ x S! — 9 Zg and fill the boundary of Zg with a copy of X’ x D?. The
result is a closed 4-manifold X& = Zg U, £ x D? equipped with a simple wrinkled
fibration over S* which we denote by wé. Unfortunately, this gluing process is more
delicate. The main problem is that there is no canonical choice for ¢; moreover, if
the genus of X’ is low, then different choices can lead to inequivalent fibrations.
Combining Proposition 4.1 with the discussion in Section 3D and Theorem 2.10
leads to the cleanest possible statement:

Corollary 4.2. Let g > 0 be a positive integer.

(1) For g = 3 there is a one-to-one correspondence between equivalence classes of
genus g surface diagrams with trivial monodromy and genus g simple wrinkled
fibrations over S>.
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(2) For g = 2 (respectively g = 1) the set of equivalence classes of genus g
simple wrinkled fibrations over S? with equivalent surface diagrams admits a
transitive action of Z @ Z (respectively Z5).

Recall that, according to Theorem 3.8, we can obtain all closed, oriented, smooth
4-manifolds from surface diagrams by the above process. It is thus of great interest
to understand which surface diagrams have trivial monodromy and actually describe
closed 4-manifolds. The following example indicates that most surface diagrams
will not have trivial monodromy.

Example 4.3. Let ¥ be a closed, orientable surface together with a mapping
class ¢ € Mod(X). Then any factorization of u into positive Dehn twists yields a
Lefschetz fibration over the disk whose boundary can be identified with the mapping
torus X (¢) = (X x [0, 1])/(x, 1) ~ (¢ (x), 0). As in Example 3.6 we can turn this
Lefschetz fibration into a descending simple wrinkled fibration without changing
the boundary. Thus any surface bundle over the circle (with closed fibers) bounds
some descending simple wrinkled fibration over the disk and any mapping class
can be realized as the monodromy of a surface diagram.

In fact, the situation is very similar to the theory of Lefschetz fibrations. Any
word in positive Dehn twists (or, equivalently, a finite sequence of simple closed
curves) on a closed, oriented surface determines a Lefschetz fibration over the disk,
the boundary fibers over the circle with monodromy being given by the product of
the Dehn twists; and if this monodromy is trivial, one can close off to a Lefschetz
fibration over S2. Just as an arbitrary product of Dehn twists will not be isotopic to
the identity, so will a surface diagram not give rise to a simple wrinkled fibration
over S2. The advantage of the Lefschetz setting is the direct control over the
boundary.

4A. The monodromy of a surface diagram. In order to obtain a more intrinsic
description of the boundary of Zg in terms of G we need a little detour. Leta, b C X
be a pair of simple closed curves in a surface ¥ that intersect transversely in a single
point. We denote by X, and X, the surfaces obtained by surgery on the curves a
and b, respectively. To be concrete, we fix tubular neighborhoods va and vb and
consider X, (respectively X) as the result of filling in the two boundary components
of ¥ \ va (respectively X \ vb) with disks. We can assume that v(a Ub) :=vaUvb
is diffeomorphic to a once punctured torus— for convenience we also assume
that it has a smooth boundary in X. Observe that X \ v(a U b) has one boundary
component and is contained in both X, and ¥, as a subsurface. Furthermore, the
closure of vb\ va (respectively va \ vb) is a disk in X, (respectively ). It follows
that, up to isotopy, there is a unique diffeomorphism

Kab @ g — Xp
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which restricts to the identity on X \ v(a U b). Furthermore, we can assume that
Kq.p Mmaps b\ va onto a \ vb.

Now let & = (X; ¢y, ..., ¢7) be a surface diagram and consider the associated
simple wrinkled fibration wg : Zg — D?. Then each adjacent pair of curves c;
and c; 4 fits the above situation and we thus get a collection of diffeomorphisms

Ke; X, —> X

sCitl Cit1*

Moreover, it follows from the definition of surface diagrams that the composition

K& = Kcjep OKe_y,¢0 0 OKey e

maps X, to itself and it is easy to see that its isotopy class does not depend on any
of the implicit choices involved in its definition.

Definition 4.4. The mapping class g € Mod(X.,) represented by the composition
above is called the monodromy of &.

This name is justified by the following lemma.

Lemma 4.5. Let G = (X, I") be a surface diagram. Then the boundary fibration
(0Zs, we) can be identified with the mapping torus ., (g).

Proof. By the construction of wg its fiber over the origin is naturally identified
with X. Furthermore, recall that the annular fibration associated to & is equipped
with a reference system whose reference paths we can naturally extend from the
annulus to the disk by connecting them to the origin. The result is a collection
of reference paths Ry, ..., R; from the origin to the boundary of the disk and we
denote its endpoints by 6 ..., 8 € S'. Observe that such a reference path, say R;,
gives rise to an identification of the fiber over 6; with the surface X, obtained from
surgery on ¢; where ¢; is the vanishing cycle associated to R;.

Now consider the region in the base bounded by two adjacent reference paths R;
and R;. Using a suitable notion of parallel transport we see that the preimage
of this region contains a trivial bundle with fiber X \ v(c; Uc;4+1). In particular,
the parallel transport along the boundary segment from 6; to 6, restricts to the
identity on the complement of v(c; Uc;41) and thus must be isotopic to k¢, ¢,
the claim follows. (]

and

It is also possible to describe the monodromy in terms of the original surface X.
This takes us on another small detour. Let a C X be a nonseparating simple closed
curve in a surface ¥ and let Mod(XZ, a) denote the subgroup of Mod(X) consisting
of all elements that fix a up to isotopy. Recall that there is a short exact sequence

(4-1) 1 — (1)) — Mod(Z, a) 4 Mod(Z \ a) —> 1
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where we consider X \ a as a twice punctured surface (see [Farb and Margalit 2011,
Chapter 3] and also [Ivanov 1992, Section 7.5] for a proof that cut, is well defined).
The complement X \ a can be related to the surgered surface ¥, as follows. In X,
there is an obvious pair of points, namely the centers of the surgery disks. If we
denote by X the surface obtained by marking these points, then X\ a is canonically
identified (at least up to isotopy) with X* and thus Mod(XZ \ a) is canonically
isomorphic to Mod(X}). Hence, we can define the surgery homomorphism

®, : Mod(Z, a) > Mod(Z,)

as the composition
@,

/—\.
Mod(X, a) — Mod(Z \ a) —— Mod(X}) —— Mod(Z,)
cutg = 7 forget

where the last map is induced by forgetting the marked points in 2.
Applying this to surface diagram we obtain the following.

Lemma 4.6. Let S = (X; ¢y, ..., ;) be a surface diagram. Then

& = Tr, (e1) © Tr_, (@) © T, (e) € MO(X)
is contained in Mod(Z, c1) and satisfies ., (i) = te.

Proof. Since ¢; and ¢; 4 are geometrically dual, the mapping class 7;, () has a
representative T € Difft(X) that maps ¢; to cj4+1 (as a set). The claim then follows
from the observation that the diagram

TS~ B\¢ —> TF

Tre; (ciq1) L j T lK"i-”iJrl

E<—ZE\ciy1 — 7

commutes up to isotopy. U
The above makes it interesting to study the map ®., and its kernel.

Lemma 4.7. Let a C X be a nonseparating simple closed curve. The group
Mod(Z, a) is generated by elements of the form t. and A, p = (74 )3, where
i(a,c)=0andi(a,b)=1.

We refer to the mapping classes A, j as A-twists. Note that A-twists are defined
for arbitrary pairs of geometrically dual curves and do not have to involve the
curve a in the above Lemma.

Proof. 1t follows from the short exact sequence (4-1) that we can obtain a generating
set for Mod(X, a) by lifting a generating set for Mod(X \ a) and adding the Dehn
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twist about a. As a generating set for Mod(X \ @) we can take the collection Dehn
twists and so called half-twists about simple arcs connecting the two punctures.
Then the Dehn twists in Mod(Z \ a) have obvious lifts in Mod(X) and it is easy to
see that each half-twist lifts to a A-twist. ([

Corollary 4.8. The kernel of ®, : Mod(S, a) — Mod(Z,) contains the Dehn
twist T, as well as all A-twists involving a.

The expert will have noticed that the mapping class [ig in Lemma 4.6 is simply
the monodromy of the boundary of the Lefschetz part of the simplified broken
Lefschetz fibration obtained from we by unsinking all the cusps. Of course, there
are many different lifts of us to Mod(X). For example, it follows from the braid
relations for the pairs of adjacent curves that

~ —c
me =T, (T Te)) (T Te) - - - (T Tey)
—2c
= Tcl (Tcl TC] TC[)(TC],l TC[ Tclfl) L (TCI Tcz TC])
and since 7., is contained in the kernel of ., we obtain two other choices. To

illustrate these mapping class group techniques we produce some examples of
surface diagrams with trivial monodromy.

Example 4.9. Given a not necessarily closed circuit I' = (cy, ..., ¢;) in an oriented
surface X we can form a closed circuit DI" :=(cy, ..., ¢;—1, ¢1, €1, . .., C2) Which
we call the double of I'. We claim that the surface diagram D& := (X, DI') has
trivial monodromy. For convenience let us write t; = t.,. As explained above the
monodromy of D& can be lifted to Mod(X) as

w=(0n1)...(u2tu-11-2)(T-117-1)(UTu-17)(TU-1T—2T1—1) . . . (T1T27T1)
=(1112) ... (T2T-1T-2) Ao (TI—1T1—2T—1) . . . (T1T2TY).

Our goal is to factor this expression into a sequence of A-twists involving ¢;. The
key observation is that
(—2T-1T1-2) Ay (T-1T1—2T1-1)
= (U—2T-1T1-2) A¢_y,q (T—2T1-1T1-2)
= (7-2T-1T1-2) Doy (T—2T—1T1-2) " A yar,
= Aqsuima(a-),u2u-iu-a(e) Deaiery

= AC!—ZJ]—ZTI—ITI—Z(CI) A6‘172,6171'

Applying this repeatedly we eventually obtain

M= Acl,zS]Acl,Sl,l cee Acl,éz,
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where §; 1= 11727 .. . Th—2Tk—1Tk—2(cx). Hence, the monodromy of DG is trivial
by Corollary 4.8.

It is also possible to show that DG has trivial monodromy by directly construct-
ing a simple wrinkled fibration over S%. This construction will also justify our
terminology. The key observation is that, even if I" is not closed, the ideas in the
proof of Proposition 3.31 can be used to build a wrinkled fibration over the disk.

Indeed, by attaching 2-handles to ¥ x D? along the fiber framed curves ¢; in
boundary fibers ordered according to the orientation of S! we obtain a 4-manifold
with boundary Pr together with a map to the disk which has an arc of folds for each
2-handle and each arc gives rise to a pair of Morse critical points on the boundary.
As in the third step of the proof of Proposition 3.31 we can trade pairs of critical
points on the boundary coming from ¢; and ¢;41, i < I, for cusps in the interior.
What remains is a wrinkled fibration on Pr over the disk with two critical points on
the boundary, one coming from c; and the other from ¢;. Of course, if I" is closed,
then Pr is diffeomorphic to Zg where & = (X, I'), but the corresponding map to
the disk is different.

If we apply this construction to the reversed circuit T=(c,...,c1), then we
obtain another 4-manifold Py and it is easy to see that the self-diffeomorphism
of ¥ x D? which sends ( p, x) to (p, —x) induces an orientation-preserving diffeo-
morphism from Pr to Pr. We thus obtain a wrinkled fibration on P and the identity
map of d Pr provides an orientation-reversing and fiber-preserving diffeomorphism
of the boundary fibrations on Pr and Pr. Hence, the fibrations on Pr and Pp give
rise to a wrinkled fibration over S2 on the double D Pr = Pr Uiy Pr which turns
out to be a simple wrinkled fibration with surface diagram DG.

4B. Drawing Kirby diagrams. In this section we show how to translate surface
diagrams into Kirby diagrams of the associated simple wrinkled fibrations. For the
necessary background we refer the reader to [Gompf and Stipsicz 1999]. Throughout,
we use Akbulut’s dotted circle notation for 1-handles to avoid ambiguities for
framing coefficients.

Descending simple wrinkled fibrations. Let we : Zg — D? be a descending simple
wrinkled fibration of genus g with surface diagram & = (Z,; ¢y, ..., ¢;). Recall
that the associated handle decomposition of Z is obtained from (some handle
decomposition of) X, x D? by attaching 2-handles along ¢; C ¥, x {6;} with the
fiber framing where 6;,...,6, € S I are ordered according to the orientation on S 1
So in order to draw a Kirby diagram for Zg we need to find a diagram for X x D?
in which the fibers of the boundary should be as clearly visible as possible.

A convenient choice is the diagram shown in Figure 12 which is induced from
the obvious handle decomposition of X, with one 0-handle, 2g 1-handles and one
2-handle. One fiber of ¥, x § ! which we identify with X, is clearly visible and
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_

Figure 12. A diagram for X, x D? where fiber and blackboard
framing agree. The red curves show a basis for Hy(Xg).

the canonical generators ay, by, ..., a,, by for Hi(X,) are also indicated. We have
chosen the orientations such that (a;, bi)zg = 1. Another advantage of this picture
is that the fiber framing agrees with the blackboard framing. One minor drawback
is that the picture does not immediately show all fibers of ¥, x § ! but only an
interval worth of them (just thicken the surface a little). However, this is actually
enough for our purposes since we only need the fibers over the interval [0y, 6;] C S.
To get the orientations right we require that the orientation of the fiber agrees with
the standard orientation of the plane and, according to the “fiber first convention”,
the positive S!-direction points toward the reader.

With this understood, it is easy to locate the attaching curves of the fold handles in
the diagram and it remains to determine their framing coefficients. More generally,
we can describe the linking form of the link corresponding to the fold handles.
It should be no surprise that the framing and linking information in the diagram
depends on our choice of the handle decomposition for X.

Let ¢ C X be a simple closed curve. After choosing an orientation its homology
class [c] € H{(Z) can be expressed as

8

[e1= (na () @i + 1y, (€) bi).

i=1

We identify ¥, with £, x {0} and, by a slight abuse of notation, we continue to
denote the canonical push-off of ¢ to X, x {z}, z € D?, by c.

Lemma 4.10. For a simple closed curve c C Xg x{0},0 €61, 6,] C S1, the framing
coefficient of the fiber framing in Figure 12 is given by

8
(4-2) fr(c) =Y ng, (©)np, (©).

i=1
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Figure 13. An intersection in a surface diagram and its crossing
in the Kirby diagram.

Furthermore, if ¢ C X, x {6} and ¢ C X4 x {0} are two oriented simple closed
curves, with 0,0’ € [0y, 0;1, their linking number in Figure 12 is

g
4-3)  Ik(c,c) = sgn(0 —0)(c. )+ Y (na, (©np, () + 14, (np, (€)).

i=1
where (c, c') is the algebraic intersection number of ¢ and ¢’ in X, and sgn denotes
the sign of a real number.

Proof. First observe that ¢ C X, x {#} can be isotoped off the 2-handle of X,
so that it becomes completely visible in Figure 12 and, since the fiber framing
and blackboard framing agree, its framing coefficient is given by its writhe in the
diagram — the signed count of crossings with some chosen orientation. From the
way the diagram is drawn it is clear that each crossing is caused by ¢ running over q;
and b; for some i and that their signed sum is given by the right side of (4-2).
The statement about linking numbers follows from a similar count of crossings.
Recall that the linking number of two oriented knots can be computed from any link
diagram as half of the signed number of crossings. The second term on the right
side of (4-3) arises just as above. However, the first term deserves some explanation.
Each (transverse) intersection point of ¢ and ¢’ in X, contributes a crossing in the
diagram. Now, the sign of the crossing depends on two things: the sign of the
intersection point and the information which strand is on top in the diagram. From
Figure 13 we see that the contribution of each crossing is exactly as in (4-2). [

Remark 4.11. Formula (4-3) can be used to obtain a description of the intersection
form of the 4-manifold Zg using only the data in G. Also, since (4-3) only depends
on the homology classes of the curves in G, so do the intersection form and, in partic-
ular, the signature of Zs. We will return to this observation in a future publication.

The diagrams of simple wrinkled fibrations derived from Figure 12 are good
for abstract reasoning, however, in practice it is convenient to start with a cleaner
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Figure 14. A cleaner diagram of X, x D?.

diagram for X, x D? such as the one shown in Figure 14. In this picture, the fiber
appears as the boundary sum of regular neighborhoods of the basis curves {alf, b; }ligzl
which, in turn, appear as meridians to the dotted circles. The framing coefficient of
the fiber framing for simple closed curves on a fiber in Figure 14 can be computed
as follows. It is not hard to see that Figure 14 is obtained from Figure 12 by a
sequence of 1-handle slides and an isotopy of the 2-handle and vice versa. Note
that these moves do not change the framing coefficients of any other 2-handles that
might have been around. Moreover, during the moves, the b-curves remain fixed,
while the a-curves undergo some changes. When pulling ! in Figure 14 back to
Figure 12 one obtains a representative for the element

lai, bil*---*[ai_1,bi—1]*a; € T (Xy)

where [x, y] = xyx~'y~!. The important observation is that while this curve is
not isotopic to a; it does represent the same homology class. As a consequence,
formula (4-2) can be used for Figure 14 with ¢; replaced by a_.

>

Closing off and the last 2-handle. Recall that our motivation comes from Williams
theorem that all closed, oriented 4-manifolds admit simple wrinkled fibrations
over S2. We have seen that these can be described (up to equivalence) by surface
diagrams with trivial monodromy and we have already mentioned that it is in general
not easy to check whether the monodromy of a given surface diagram is trivial. But
the situation is even worse. Say that we know for some reason that a given surface
diagram has trivial monodromy and let us also assume that the genus is at least
three so that there are no gluing ambiguities. Even in this case it is not clear at all
how the surface diagram encodes the information to complete the Kirby diagram.

To be more precise, let w : X — S? be a simple wrinkled fibration with surface
diagram &. Let vX_ be a neighborhood of a lower-genus fiber and let Z := X \vX_.
Then w restricts to a descending simple wrinkled fibration on Z and dZ can be
identified with £_ x §' so that & must have trivial monodromy. We can draw a
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Kirby diagram for Z as described in the previous section and to complete it to a
diagram for X we have to understand how to glue vX_ back in.

We can choose a handle decomposition for v¥X_ with one 0-handle, 2g(X_)
1-handles and one 2-handle. Turning this upside down results in a relative handle
decomposition on dZ = Y _ x S! with one 2-handle, 2g(X_) 3-handles and a
4-handle. The general theory tells us that the 3- and 4-handles attach in a standard
way once we know how to attach the 2-handle. Unfortunately, it turns out to be
rather difficult to locate this last 2-handle in the Kirby diagram for Z.

Our knowledge about the last 2-handle is a priori limited to the following ob-
servation. If we identify vX_ with £_ x D?, then the attaching curve of the last
2-handle corresponds to {p} x 3 D? for some p € X_. In particular, we see that it
must be attached along a section of the boundary fibration (dZ, w).

Remark 4.12. Given a surface diagram & with trivial monodromy there is a general
method for finding possible last 2-handles for Zg which is not very conceptual
but still useful in some situations. One considers a Kirby diagram for Zg as a
surgery diagram for dZg and performs (3-dimensional) Kirby moves until the
fibration structure is clearly visible as £_ x S'. In such a diagram it is easy to
locate attaching curves for possible last 2-handles which one can then pull back to
the original diagram by undoing the moves and dragging the curves along. This
strategy also works for Lefschetz fibrations as discussed in [Gompf and Stipsicz
1999, Chapter 8.2].

Just as in the Lefschetz case, the situation becomes easier if one knows that Zg
can be closed off to a fibration over S? which admits a section. The proof of the
following lemma is the same as in the Lefschetz case and we refer the reader to
[Gompf and Stipsicz 1999].

Lemma 4.13. Let w : X — S? be a simple wrinkled fibration with surface dia-
gram &. If w admits a section of self-intersection k, then the last two handle appears
in the diagram for Zg as a k-framed meridian of the 2-handle corresponding to the
fiber. Furthermore, if S is a surface diagram and a meridian as above can be used
to attach the last 2-handle, then the corresponding simple wrinkled fibration admits
a section of self-intersection k.

In order to illustrate Remark 4.12 and Lemma 4.13 as well as our method of
drawing Kirby diagrams we give an example which is also a warm-up for the next
section.

Example 4.14. Let a, b C X, be a geometrically dual pair of simple closed curves.
We claim that & = (X, a, t5(a), b) is a surface diagram for X, | x S2#CP2. We
can assume that a and b are the standard generators a; and b; in Figure 14 and
Figure 15 shows the final Kirby diagram. In order to see how we got there let us first
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Figure 15. Manifolds with surface diagram (Xg; a, 1,(a), b).

ignore all the blue components. What is left is just the Kirby diagram for Zg. The
framings on the fold handles can either be computed using Lemma 4.10 (together
with Proposition 2.7) or by hand (the curve is simple enough to draw a parallel
push-off in the fiber direction and compute the linking number). We now perform
the obvious handle moves: using the meridians to the two 1-handles on the left
we first unlink the —1-framed fold handle (corresponding to t;(a)) to obtain a
—1-framed unknot isolated from the rest of the diagram, then we unlink the black
2-handle (corresponding to the fiber) and finally cancel the 1-handles and their
meridians. Obviously, the thus obtained diagram shows X, X D*>#CP? and
the boundary is clearly visible as ¥, 1 x S!. Moreover, it is easy to see that the
last 2-handle can be attached along a O-framed meridian to the fiber 2-handle and
the resulting manifold is X, X S2#CP? as claimed. Finally, since we attached
the last 2-handle in a region that was not affected by the Kirby moves it will not
change when we undo the moves again and we arrive at Figure 15. Lemma 4.13
then tells us that the corresponding simple wrinkled fibration will have a section of
self-intersection zero.

Note that for g > 3 any other choice for the last 2-handle that might have
been possible leads to an equivalent fibration whose total space is diffeomorphic
to X, 1 X S2#CP2. In the lower-genus cases there are more options. However, in
any case one will end up with a blow-up of some surface bundle over S2.

4C. Relation to broken Lefschetz fibrations. Let w: X — B be a simple wrinkled
fibration. After trading all the cusps for Lefschetz singularities by applying Lekili’s
unsinking modification we obtain a broken Lefschetz fibration

Bw:X—>B

with one round singularity, smoothly embedded in the base, and all its Lefschetz
points on the higher-genus side. If the base is the sphere or the disk, then 8,, is a
simplified broken Lefschetz fibration in the sense of [Baykur 2009] and thus induces
another handle decomposition of X.
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In order to relate these two handle decompositions, let us briefly review how a
simplified broken Lefschetz fibration 8 : X — B gives rise to a handle decomposi-
tions. Much in the spirit of simple wrinkled fibrations one chooses a reference point
in the higher-genus region together with a collection of disjointly embedded arcs
Ly, ..., Ly, R C B, where k is the number of Lefschetz singularities, emanating
from the reference point such that each L; ends in a Lefschetz point and R passes
through the round singularity once. Such a system of arcs is known as a Hurwitz
system for B. The arcs in a Hurwitz system then give rise to simple closed curves
in the reference fiber X to which we shall refer to as the Lefschetz vanishing
cycles A1, ..., Ay C X and the round vanishing cycle p. A handle decomposition
of X is then given as follows:

o Start with ¥ x D2.

o Going around S', attach a Lefschetz handle along the A; pushed off into fibers
over S' (that is, 2-handles with framing —1 with respect to the fiber framing).

o Attach a round 2-handle along p.

The round 2-handle decomposes into a 2-handle and a 3-handle such that the 3-
handle goes over the 2-handle geometrically twice and the 2-handle is attached
along p with respect to the fiber framing. (For more details see [Baykur 2009].)

Now let w : X — B be a simple wrinkled fibration and let §,, be the associated
simplified broken Lefschetz fibration. Given a reference system R = {R;} for w
with associated surface diagram (X, I') there is a canonical Hurwitz system for §,,.
Since the unsinking homotopy is supported near the cusps we can assume that the
nothing happens around the reference paths. Now observe that the arcs R; cut the
higher-genus region into triangles each containing a single Lefschetz singularity
of By. Thus, up to isotopy, there is a unique arc L; in the triangle bounded by R;
and R;;; going from the reference fiber to the Lefschetz singularity and for the
round singularity we take the arc R = R;. According to Lekili [2009], the vanishing
cycles of 8,, with respect to this Hurwitz system are given by

Ai=1,(ciy1) and p=c.

We can go from the handle decomposition induced by S, to the one induced by w
using the following handlebody interpretation of the (un)sinking deformation.
Assume that we have a Lefschetz singularity next to a fold arc that is sinkable,
that is, the Lefschetz and fold vanishing cycles intersect in one point. (In other
words, it is the resulting of unsinking a cusp.) In terms of handle decompositions
the situation before and after the sinking process is locally described in Figure 16.
(These handle decompositions have already appeared in a disguised form in [Lekili
2009].) Clearly, both pictures describe a 4-ball and they are related by an obvious
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Figure 16. A Lefschetz singularity before and after sinking. (The
Lefschetz 2-handle on the left runs over both 1-handles. One readily
checks that it is correctly framed.)

2-handle slide. Indeed, to go from (a) to (b) one has to slide the Lefschetz handle
over the fold handle in such a way that it unlinks from the lower 1-handle. Note
that his handle slide is compatible with the fibration structures in the sense that the
attaching curves stay on the fibers. Moreover, it mysteriously adjusts the framings
exactly as needed.

Remark 4.15. Although the handle slide described above seems to be a correct
interpretation of Lekili’s (un)sinking deformation it is a priori not obvious why this
should be true. In fact, the deformation is a combination of wrinkling, merging
and flipping (see [Lekili 2009, Figure 8]) and does not seem very atomic. On the
other hand, the handle slide is an atomic modification of the handlebodies. It would
be interesting to see a 1-parameter family of Morse functions associated with the
(un)sinking deformation that would exhibit the handle slide.

This shows that, if we start we the handle decomposition of 8,,, then sliding A,
over p = ci produces a fiber framed attaching curve A} which is isotopic to c;.
Successively sliding A; over A;_, ~ ¢; results in fiber framed attaching curves A;
isotopic to ¢; 1. Altogether we end up with fiber framed curves A/, ..., 1}, p. The
final observation is that A is isotopic to p = ¢ and can be unlinked and isolated from
the rest of the diagram to form a zero framed unknot which cancels the 3-handle
coming from the round singularity. What we are left with is the decomposition
associated to w.

5. Substitutions

Let & = (X, I') be a surface diagram and let A be a subcircuit of I". If A’ is any
circuit that starts and ends with the same curves as A, then we can build a new
surface diagram (X, I'") where I'’ is obtained by replacing A with A’. We call
this operation a substitution of type (A|A’). Similar substitution techniques for
Lefschetz fibrations are studied in [Endo and Gurtas 2010; Endo et al. 2011].
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Passing to the associated simple wrinkled fibrations one can ask how such a
substitution affects the total spaces. In the following we treat two instances in
which this question can be answered. Our main tools are the handle decompositions
exhibited in the previous section.

Let Z be a compact 4-manifold, possibly with nonempty boundary. Recall that
the operations of taking connected sums with C P2 and X% x S? (taken in the interior
of Z) are commonly known as blow-up and sum stabilization. We will be slightly

more general and also call connected sums with C P2 blow-ups and connected sums
with CP 2#@, the twisted S2-bundle over S2, sum stabilizations. For convenience,
we let
. §2 x §2 for k even,
e {czﬂ #CP2  for k odd,

and note that Sy, is described by the (0, k)-framed Hopf link.

Lemma 5.1 (blow-ups and sum stabilizations). Let & = (X, I') be a surface dia-
gram and let &' be obtained from & by a substitution of type

(5-1) (a.bla, 7, (), b).
Furthermore, let & be obtained by a substitution of type
(5-2) (a.bla,b,t)(a),b).

Then Zg is diffeomorphic to the blow-up Zs # FCP? and Zgr is diffeomorphic to
the sum stabilization Zg#S_y.

Of course, any substitution is reversible so that whenever a surface diagram
contains a configuration of the form (a, tbil (a),b)or (a, b, t,f (a), b) the associated
4-manifold must be a blow-up or sum stabilization, respectively. We will call these
blow-up (respectively sum stabilization) configurations.

Proof. By switching we can assume that ' = (..., a,b),so I''(..., a, rbi] (a), b)
and " =(...,a,b, ré‘ (a), b). Figure 17 shows the relevant parts of the handle
decompositions of the associated 4-manifolds. The shaded ribbons indicate the
regions that contain all the other fold handles. Note that the curves a and b appear
as O-framed meridians to the dotted circles.

In the case of Ze' we can use the meridians to unlink the curve corresponding
to ‘L';: (a) resulting in an unknot with framing 1 which is isolated from the rest of
the diagram. Furthermore, the rest of the diagram agrees with the diagram for Zg
and the claim follows.

The argument for Zg~ is almost the same. Again, by sliding over the meridians
we can isolate the curves corresponding to b and rlf (a) from the rest of the diagram.
This time we obtain a (0, —k)-framed Hopf link that represents a copy of S_;. [
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ZG//

Figure 17. The relevant parts of the handle decompositions of Zg,
Ze and Zgr. All 2-handles without framing coefficient are 0-
framed.

Proposition 5.2. Let &, &' and &" be as in Lemma 5.1.

(1) All three diagrams have the same monodromy.

(2) If G has trivial monodromy so that Zs closes off to a closed 4-manifold X,
then Zg closes off to X # FCP? and Zg» closes off to X #Sy.

(3) Any closed 4-manifold obtained from &' (resp. &") is a blow-up (resp. sum
stabilization) of a manifold obtained from G.

Proof. The first statement follows directly from Lemma 5.1 since connected sums
with closed manifold (taken in the interior) do not change the boundary.

For the other statements, observe that if one knows how to apply the method
from Remark 4.12 for &, then one also knows it for &’ and &”, and vice versa. [J

Another instance where a substitution corresponds to a well known cut-and-paste
operation was observed in [Hayano 2012, Lemma 6.13]. Assume that a surface
diagram & contains a curve ¢ C X. If d C ¥ is geometrically dual to ¢, then one
can perform a substitution of type (c | ¢, d, ¢) and Hayano shows that if & denotes
the resulting surface diagram, then Zg is obtained from Zg by a surgery on the
curve § C X C Zg with respect to its fiber framing, that is, the framing induced by
the its canonical framing in ¥ together with the framing of ¥ in Zg as a regular
fiber of we : Zg — D2.

One immediately notices that our sum-stabilization substitution is a special
case of this construction. However, it also paves the way for the following minor
generalization of the surgery substitution which captures not only the fiber framed
surgery but also the one with the opposite framing. (Recall that an embedded circle
in an orientable 4-manifold always has trivial normal bundle and there are exactly
two framings, since ;(SO(3)) = 7Z,.)
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Figure 18. Hayano’s surgery substitution: neighborhoods with
vanishing cycle ¢ (left) and vanishing cycles ¢, d, ¢ (right).

Lemma 5.3. Let & and &' be two surface diagrams with the same underlying
surface ¥ and let c,d C X be a geometrically dual pair of simple closed curves.
If &' is obtained from & by a substitution of type (c | c, tck(d), c), then Zg is
obtained from Zg by a surgery on d C ¥ C X with respect to the fiber framing
when k is even and the opposite framing when k is odd.

Proof. As in Hayano’s proof, it is enough to work in a neighborhood of ¢ Ud which
we can assume to be a punctured torus. Using our handle decomposition instead of
the ones from broken Lefschetz fibrations, the effect of Hayano’s surgery substitu-
tion, that is, the case when k = 0, looks as in Figure 18, where ¢ (respectively d)
appears as the meridian of the upper (respectively lower) 1-handle. To obtain
the other even cases, observe that in Figure 18, right, we can slide the 2-handle
corresponding to d once over each 2-handle corresponding to ¢ in the same direction.
Depending on the direction this changes the framing coefficient by +2 and one
readily checks that the resulting diagram shows a neighborhood with vanishing
cycles (c, thz (d), ¢). Repeating this trick one can obtain all configurations with
even k and they will all describe the fiber framed surgery on d.

As shown in [Gompf and Stipsicz 1999, Example 8.4.6] the surgery with the
opposite framing can be realized by inserting a pair of a Lefschetz vanishing cycle
and an achiral Lefschetz vanishing cycle which are both parallel to d. But Figure 19
shows that the result is the same as a substitution of type (c | c, rc_l (d), ¢) which
corresponds to k = —1. Moreover, the arguments for shifting the value of k by
multiples of 2 works just as in the fiber framed case. (I

Using Lemma 5.3, the sum stabilization can be interpreted as performing surgery
on a null-homotopic curve with either of its framing. Indeed, as d one takes one of
the adjacent vanishing cycles of ¢ in & which is clearly null-homotopic in Zg.

It would be interesting to interpret other cut-and-paste operations on 4-manifolds
as substitutions in surface diagrams. For example, it is reasonable to expect such
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Figure 19. Surgery with the opposite framing.

an interpretation for certain rational blow downs which can be described in terms
of Lefschetz fibrations; see [Endo et al. 2011]. However, we settle for blow-ups
and sum stabilizations in this paper.

6. Manifolds with genus-one simple wrinkled fibrations

In this section we prove Theorem 1.2. Our strategy is to use Proposition 5.2
to construct some genus-one simple wrinkled fibrations and then show that this
construction gives all such fibrations.

We begin with the construction of genus-one simple wrinkled fibrations over S2.
As before, we denote by Sy the closed 4-manifolds described by the (0, k)-framed
Hopf link and we define a family of manifolds

6-1)  Xtgmn = Sp#1(S? x SH#mCP*#nCP2, kel{0,1}, [,m,n>0.

Note that these are precisely the manifolds in Theorem 1.2. Recall that Sy is an S2-
bundle over S2. By performing a birth on a suitable bundle projection Sy — S we
obtain a simple wrinkled fibration with two cusps. We can then use Proposition 5.2
to add the other summands at will. Thus, in order to prove Theorem 1.2, it remains
to show the following.

Proposition 6.1. Ler w : X — S? be a simple wrinkled fibration of genus one.
Then X is diffeomorphic to some Xy, described in (6-1).

Remark 6.2. The reason for our small reformulation of Theorem 1.2 is that, while
the original formulation is cleaner, the new one is more in tune with the structure
of the proof.

The key to the proof of Proposition 6.1 is the simple nature of simple closed curves
on the torus. Indeed, the two facts that two oriented simple closed curves on the torus
are isotopic if and only if they are homologous and that the (absolute value of the)
algebraic and geometric intersection numbers agree allow us to transfer the whole
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discussion of genus 1 surface diagrams into the homology group H(T?) =7 @ 7
simply by choosing orientations on the curves. Building on this observation we
obtain the following result about the structure of genus-one surface diagrams.

Lemma 6.3. Any closed circuit on the torus of length at least three contains blow-up
or sum stabilization configurations (as described in Lemma 5.1).

Proof. LetI" = (cy, ..., c;) be a (not necessarily closed) circuit on the torus of
length ¢ > 3. As usual, we choose an arbitrary orientation on c¢; and orient the
remaining curves by requiring that (c;, ¢j+1) = 1 for i <[ so that we can consider
each ¢; as an element of H;(T?).

We first observe that, since any two adjacent curves in I" are algebraically dual,
they form a basis of H; (T?). In particular, for i > 3 we can write

¢i =kici-1—ci—2, ki€l

where the coefficient of ¢;_, determined by our convention that {(c;_, ¢;) = 1.
This shows that if we denote by o; := {(cy, ¢;) the algebraic intersection number
between c; and ¢;, then we obtain a recursive formula

(6-2) o; =kioi_1 —0i2

for i > 3 with initial values o1 = 0 and 0, = 1. At this point we note that I" is
closed if and only if |o7| = 1.

We claim that if |k;| > 2 for all i > 3, then |o;41| > |o;| for all i. This follows
inductively since |o7| > |o7| and from (6-2) we get

o1l = |kiv10i —oi—1] = |Ikit1lloi] — loi—1l| = lkiz1lloi| — loi—1] > oyl

where we have used the reverse triangle inequality, the induction hypothesis and
the assumption that |k;11| > 2. As a consequence, we see that if I" is closed, then
we must have |k;| < 1 for some i > 3.

Assume first that k; = £1. To keep the notation transparent we momentarily
rename the relevant curves to

(6-3) (ci—2,ci—1,¢i) =:(a, &, D).

By assumption, b = £ — a and thus £ = £=(a + b) and the orientation convention
shows that (a, b) = 1. By invoking the Picard-Lefschetz formula (Proposition 2.7)
we obtain

() = b+ (a,b)a =a+b = =+&,

which, after forgetting the orientations again, reveals the excerpt of I" shown in (6-3)
as a blow-up configuration.

A similar argument exhibits a sum-stabilization configuration in the remaining
case when k; = 0. The details are left to the reader. |
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The proof of Proposition 6.1, and thus of Theorem 1.2, is now very easy.

Proof of Proposition 6.1. Any genus-one simple wrinkled fibration over S? is
obtained by closing off a manifold Zg associated to a surface diagram & = (72, I).
Moreover, any such diagram & can be closed off since the mapping class group
of the lower-genus fiber is trivial. By Lemma 6.3 and Proposition 5.2(3) we can
successively split off summands of the form £CP? and S; until the remaining
surface diagram, say Gy has a circuit of length two. It is easy to see that Zg,, is the
trivial disk bundle S? x D?. (Either by drawing a Kirby diagram or by observing that
any simple wrinkled fibration with two cusps is homotopic to a bundle projection.)
Thus there are exactly two ways to close off the fibration, producing a summand of
the form Sp = §%2 x S2or S| = CP2#CP2. O

7. Concluding remarks

The theory of simple wrinkled fibrations and surface diagrams is still in a very early
stage and at this point it raises more questions then it provides answers. We would
like to point out what we consider as some of the major problems in the subject as
well as to indicate some further developments.

7A. Closed 4-manifolds. The ultimate goal is to use surface diagrams to study
closed 4-manifolds. Unfortunately, it turns out that most surface diagrams do not
describe closed manifolds since they have nontrivial monodromy and it is usually a
hard problem to determine whether a given surface diagram has trivial monodromy.
The following is thus of great interest.

Problem 7.1. Find at least necessary conditions for a surface diagram to have trivial
monodromy that are easier to check.

The next major problem was already mentioned on page 292. If a surface diagram
of sufficiently high genus is known to have trivial monodromy, then it determines
a unique closed 4-manifold together with a simple wrinkled fibration over S? by
closing off the associated fibration over the disk. However, for practical purposes
the information on how to close off is encoded too implicitly in the surface diagram.
For example, by simply looking at the surface diagram it not at all clear how to
answer the following very reasonable questions about the corresponding simple
wrinkled fibration over S

¢ Does the fibration have a section?

o What can be said about the homology class of the fiber? Is it trivial, primitive,
torsion, ...?

o What is the fundamental group, homology, etc. of the total space?
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What is missing is one more piece of information which is roughly the (framed)
attaching curve of the last 2-handle. One can also reformulate this issue in terms of
mapping class groups (see [Hayano 2012], for example).

Problem 7.2. Find a practical method to determine the missing piece of information
from a surface diagram with trivial monodromy.

7B. Higher-genus fibrations. The fact that any (achiral) Lefschetz fibration can be
turned into a simple wrinkled fibration of one genus higher suggests the philosophy
that simple wrinkled fibrations of a fixed genus might behave similarly as (achiral)
Lefschetz fibrations of one genus lower.

This analogy works rather well for the lowest possible fiber genera. Indeed, our
result about genus-one simple wrinkled fibrations looks very similar to the (rather
trivial) classification of genus zero (achiral) Lefschetz fibrations, the latter being
blow-ups of either §? x §? or CP? #CP2.

Following this train of thought one might hope to be able to say something useful
about the classification of genus two simple wrinkled fibrations over S but one
should expect to be lost as soon as the genus is three or higher. However, it is
nonetheless conceivable that part of the classification scheme that works in the
genus-one case might carry over to higher-genus fibrations, as we will now explain.

Let &= (X; ¢y, ..., ;) be a surface diagram and assume that for some 2 < k <
the curve ¢ is geometrically dual to ¢;. Then there is an obvious way to decom-
pose G into the two smaller surface diagrams (X; ¢y, ..., ¢x) and (X; ¢, ¢k, - - ., C1).
Repeating this process we eventually obtain a decomposition of & into a collection of
surface diagrams with the property that no pair of nonadjacent curves has geometric
intersection number one. Let us call such a surface diagram irreducible.

In terms of the simple wrinkled fibration associated to G the above decomposition
of & should correspond to merging the fold arcs that induce c¢; and cg. (As shown
in [Lekili 2009], the necessary and sufficient condition for a fold merge is exactly
that the vanishing cycles of the fold arcs are geometrically dual.) The result is a
wrinkled fibration that naturally decomposes as a boundary fiber sum of the two
simple wrinkled fibrations associated to the parts of the decomposition of &.

This suggests that any descending simple wrinkled fibration over the disk nat-
urally decomposes into a boundary fiber sum of irreducible fibrations where we
call a simple wrinkled fibration irreducible if its surface diagram is irreducible.
Consequently, the classification of descending simple wrinkled fibrations splits into
two parts: the classification of irreducible fibrations and understanding the effect of
boundary fiber sums.

The genus-one classification fits into this scheme as follows. Our arguments
show that the only irreducible surface diagrams of genus-one are given by the
blow-up configurations (a, t;tl(b), b) and the sum-stabilization configurations
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(a, b, r,f (a), b) for k # 1. Using the handle decompositions it is easy to identify
the corresponding manifolds. (They are the connected sum of S? x D? with either
+CP?, §?x S? or CPZ#W.) Furthermore, the boundary fiber sums are performed
along spheres and are thus easy to understand.

Making these arguments precise requires an understanding of the effect of merg-
ing folds and cusps on surface diagrams.

7C. Uniqueness of surface diagrams. Given the fact that all closed 4-manifolds
can be described by surface diagrams, it is natural to ask for a set of moves to relate
different surface diagrams that describe the same manifold, similar to the situation
of 3-manifolds and Heegaard diagrams.

A first step in this direction was taken by Williams [2011] who relates the surface
diagrams of homotopic simple wrinkled fibrations over S of genus at least three.
He shows that any two homotopic simple wrinkled fibrations can be connected by
a special homotopy that is made up of four basic building blocks. These building
blocks are simple enough to understand their effect on the initial surface diagram
(see also [Hayano 2012]).

So far this is completely analogous to the 3-dimensional context. A new phenom-
enon in the 4-dimensional context is that two simple wrinkled fibrations on a given
4-manifold are not necessarily homotopic. The structure of the set 72(X) :=[X, §?]
of homotopy classes of maps from a closed 4-manifold to the 2-sphere — also known
as the second cohomotopy set of X —is described in [Kirby et al. 2012] (see also the
references therein). Our results show that an equivalence class of surface diagrams
for X determines an orbit of the action of the diffeomorphism group of X on 72(X).
This action is usually neither trivial, as shown by the two projections of S> x §2
which are interchanged by flipping the factors, nor transitive since the action of the
diffeomorphism group on the second homology group preserves divisibility. Thus,
reparametrizing a surface diagram can change the homotopy class of its simple
wrinkled fibration but one cannot expect to obtain all homotopy classes in this way.

A general method for relating broken fibrations in different homotopy classes is
the projection move mentioned in [Williams 2010] but it is not at all obvious how
to interpret this procedure in terms of surface diagrams. Altogether, the problem of
relating surface diagram with nonhomotopic fibrations is still wide open.
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THIN r-NEIGHBORHOODS OF EMBEDDED GEODESICS
WITH FINITE LENGTH AND NEGATIVE JACOBI OPERATOR
ARE STRONGLY CONVEX

PHILIPPE DELANOE

In a complete Riemannian manifold, an embedded geodesic y with finite
length and negative Jacobi operator admits an r-neighborhood N, (y) with
radius r > 0 small enough such that each pair of points of N,(y) can be
joined by a unique geodesic contained in N, (y) where it minimizes length
among the piecewise C! paths joining its endpoints.

Introduction

Let M be a connected complete Riemannian manifold; let d denote its Riemannian
distance function [do Carmo 1992]. A connected subset S C M with nonempty
interior S° is called strongly convex for a pair of points (p,g) € S x S if there
exists a unique geodesic path ¢ € [0, 1] — y(t) € M such that y(0) = p, y(1) =¢q
and y(t) € S° for t € (0, 1), with y length-minimizing among piecewise C' paths
from p to ¢ in S. The subset S is just called strongly convex if it is so for each pair
(p,q)e SxS.

Definition 0.1. Let S C M be a strongly convex subset. For each pair (p, g) € S x S,
the length of the geodesic path joining p to g with interior in S° is called the inner
distance from p to g in §, denoted by ds(p, q).

It is quite natural to endow a strongly convex subset S C M with its inner distance
function dg. The latter is nothing but the length metric associated with the metric
space (S, d|s) [Gromov 1981].

Since Whitehead’s landmark paper [1932], it has been known that small enough
balls in M are strongly convex. Moreover, if B is such a ball, its inner distance
function dp coincides with the restriction of d to B x B [Kobayashi and Nomizu
1996; Cheeger and Ebin 2008; Aubin 1998; do Carmo 1992; Klingenberg 1995].
In the flat torus R"/Z", if the radius of a ball B belongs to the interval (1, 1),
the reader can check that B remains strongly convex but dp no longer coincides
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with d|p«p. Here, we would like to construct a general family of examples of
strongly convex subsets S C M such that ds # d|sxs-

The notion of extended distance function used in [Figalli et al. 2012] is similar
in spirit to that of inner metric; could it guide us toward an example? Let us recall
its definition. If ¢ € [0, 1] — y(#) € M is an embedded geodesic without conjugate
points, the map Id x exp : TM — M x M induces a diffeomorphism ¥, from a
neighborhood U of (y(O), (dy/dt)(O)) in TM to a neighborhood W of (y(0), y(1))
in M x M. The extended distance function d,, of [Figalli et al. 2012] is then defined
in Wby d,(p,q) =1|V|, where ¥,,(p, V) = (p, q). It is called so because, if y
contains no cut point, shrinking W" if necessary, it satisfies d,, (p, q) =d(p, q). In
this setting, we would like to know whether a thin enough tube about the geodesic y
must be strongly convex. Anytime it is, one may identify d,, with the restriction
to W of the inner distance function of the tube; in particular, the function d,, satisfies
in effect the distance axioms.

By a tube about y is meant a closed subset of M containing y ([0, 1]), with
nonempty interior and each point of which admitting a unique nearest point in
y ([0, 1]); moreover, if p — p]f denotes the nearest-point map, the geodesic from p
to p)f should meet y ([0, 1]) orthogonally. Finally, the lateral boundary of the tube
is given by the equation d(p, p#) =r, where r > 0 is a small real number called
the radius of the tube.

We are thus willing to study the question: under which conditions must a tube
about an embedded geodesic be strongly convex?

First of all, indeed, we should restrict to geodesics without conjugate points
(at least in their interior) since, by the Morse index theorem, they would not be
minimizing otherwise [Milnor 1963]. To proceed further, let us take examples. In
the domain of the unit sphere of R? given by 0 < longitude < 7 and —r < latitude < r
with r small, we see that the geodesic joining two points with equal latitude close
enough to r does not stay in that domain. But if we look at a similar domain about
the interior equator of a torus of revolution in R* and pick two points as above, the
geodesic joining them does stay in the domain. So, a curvature assumption should
be made along a geodesic before we can expect the strong convexity of a tube about
it, and positive curvature rules out strong convexity.

Eventually, we will show that a tube 7, (y,) with small enough radius r about a
geodesic y with negative Jacobi operator is essentially strongly convex. Specifically,
we will prove the following result:

Theorem 0.2. Let y:s € [0, Lo] = vo(s) € M be an embedded unit-speed geodesic
with negative Jacobi operator. Given ¢ > 0, there exists o > 0 such that, if r € (0, o),
the tube T, (y,) is strongly convex for each pair (p, q) € T,(vo) x T:(y) of points
satisfying either |s( p}}o) —s (q}}0 ) =c¢,ors( p]fo ) and s (qj0 ) belong to the subinterval
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s, Lo—c). Furthermore, if M has dimension 2, the result holds with ¢ =0 provided
we except the boundary pairs (p, q) lying in the same end (s = 0 or s = £y) of the
tube.

In this statement, we allow the geodesic y,, to contain cut points. For instance,
if the image of y, is contained in the curve {x? + y? = 1, z = 0} viewed as the
interior equator of a torus of revolution in R3, we allow its length £y to belong
to the interval [0, 277). In this context, the inner distance function for which we
are looking appears well approximated by the pseudometric defined in the tube
by d(p,q) = |s(py,) —s(gy;)|, at least for the pairs (p, ¢) € T-(yo) x T;(y,) such
that d( P, q) > r. Accordingly, our proof will split in two parts; let us provide a
rough outline of it.

Case 1: For d (p, g) less than a suitable positive constant ¢ independent of r as
r | 0, there exists a unique minimizing geodesic ¢ € [0, 1] — y(¢) € M from p
to g, so we only have to prove the inclusion y((0, 1)) C (T, (y,))°. We do it using a
one-parameter family of geodesics A € [0, 1] — ¢, interpolating between c( given
byt e[0,1] - yo(ts(qjo) +(1— t)s(p)fo)) and ¢; = y. For A small, we certainly
have ¢, ((0, 1)) C (T, (yo))°. We must rule out the possibility that ¢ (¢) first touches
the boundary of 7,(y) for some ¢ € (0, 1). If n =2, it could happen but on the
lateral part of 97, (y,) because the ends of T, (y,) are totally geodesic. If n > 2,
the pinching s[(c;, (t)))fo] € (p, £p) is obtained relying on the assumption (ignored
elsewhere in the proof) that d(p, q) > ¢ or s(pjo) and s(quO) liein [¢, €9 — ¢]. As
for the lateral part of 7, (y,), the estimate d(c;\ (1), (c, (t)))fo) < r (unless p = q)
follows from a maximum principle for geodesics shown to hold in 7} (y,) due to
our curvature assumption.

Case 2: d (p,q) = c. Here, we must work harder, shrink » > 0 and show that,
if 1 € [0, 1] = y(¢) € M is a geodesic from p to g ranging in 7,(y,), its Jacobi
operator should stay, like the one of ), negative. Moreover, we infer from the latter
property that y must be minimizing and unique. We are thus left with proving the
very existence of y. It will be done by a tricky connectedness argument, fixing p,
letting g vary in the tube and using the parameter z = d (p,q) € lc, £o] itself.
The openness part of that argument is based on the invertibility of d(exp p)()'/(O)),
which holds due to the curvature property of y; the closedness part relies on the
aforementioned maximum principle.

Can one find a quicker proof? We did not. With Theorem 0.2 and its proof at
hand, it becomes easy to obtain a full strong convexity result if, instead of the tube
T,(yo), we consider the closure of the r-neighborhood of y, that is, the subset
Ny (yg) ={m e M, d(yy([0, £o]), m) < r}. In this way, we get the main result of
the paper, namely:
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Corollary 0.3 (main result). Let yq : s € [0, £o] = yo(s) € M be an embedded
unit-speed geodesic with negative Jacobi operator. There exists ¢ > 0 such that the
subset N, (yq) C M is strongly convex for r € (0, 0).

The paper is organized as follows: the next two sections are devoted to preliminary
tools for the proof, general properties of thin tubes are recorded in Section 1 and
further ones under our curvature assumption in Section 2, the proof of Theorem 0.2
itself is given in Section 3, and that of Corollary 0.3, in Section 4.

1. Properties of a thin tube about an embedded geodesic

Throughout this section, we use the setting of Theorem 0.2 but drop the assumption
made on the Jacobi operator of the geodesic y,.

1A. Fermi map, cylinders and Gauss lemma. Let us recall how the tube 7, (y)
can be precisely defined [Aubin 1998; Gray 2004]. The geodesic y, extends
uniquely as a geodesic embedding of an interval I = (—¢, £g + €) with € small. We
consider the map

(V,s) € Vg~ x I = Eo(V,s) =expy,  (I"(V)) € M,

where we have denoted by VOL the subspace of T, )M orthogonal to the velocity
vector Vo = (dyy/ds)(0), by ||70(V) the vector field along y, obtained by parallel
transport of the vector V and by exp;0 (s) the restriction of the exponential map to

I70(Vo)(s)*. The differential of Ey at (0, s) is given by
d
(8V. 85) € Vg x R— dEo(0. 5)8V. 85) = T2 ()85 + " (3V)(5) € Ty, M:

it is an isomorphism since orthogonality is preserved by parallel transport. From the
inverse function theorem [Lang 2002] and the compactness of [0, £¢] (or bounded
length of y,)), we infer! the existence of a real R > 0 such that, setting | V| for the
norm of a vector V and B+(0, R) = {V ¢ VOL, |V| < R}, the map Eg induces a
diffeomorphism from a neighborhood of BL(0, R) x [0, £y] onto a neighborhood of
its image. Let us fix such a radius R once for all. For r < R, we denote by 7, (y)
the image by Ej of B+ (0,7r) x [0, £o] and call it the fube about y,, with radius r
[Gray 2004]. We set p — Fy(p) = (vOL (p), z(p)) for the inverse of the mapping
Ey and refer to it as the Fermi map along y,. We call z(p) the height of the
point p relative to y, and the subsets E;?p(yo) = {p € Tr(yy), z(p) = £o} and
E'};’t(yo) = {p € Tr(yy), z(p) = 0}, respectively, the top and bottom ends of the

IFull details are given in Section 1D for a construction encompassing the present one.
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tube. If p € Tr(y), the unit-speed geodesic

1
s €10, It ()] — EO(S % (P) ,z<p>)

lvg (P)]
is the unique minimizing geodesic from y to p; its length v, (p) = |voL (p)| 1s thus
equal to d(yg, p). For short, that geodesic will be denoted by s — [y, pl(s) €
Tr(y(), and the function t), itself simply by v unless a confusion may occur. We
let Ny, (p), or just N(p) if no confusion, denote the velocity vector d[y, pl/ds
evaluated at s = d(y,, p). The unit vector field p — N (p) is defined in the open
subset of the tube Tr(y) where v(p) > 0, that is, outside the geodesic y; moreover,
it is readily seen to satisfy dz(N) =0, de(N) =1 and Vy N = 0, with V the Levi-
Civita connection. If r € (0, R], we set C,(yg) = {p € Tr(yy), t(p) =r} for the
cylinder of radius r about y, sometimes called the lateral part of the boundary of
the tube 7, (y,). The outward unit normal to that cylinder at p € C,(y,) is nothing
but N(p) due to the generalized Gauss lemma according to which the gradient of
the function v and the vector field N coincide [Gray 2004, pp. 26-28]. The identity
N = grad v will be central for us. It yields the following identity, recorded here for
later use, valid at each p € Tr(y,) such that t(p) > 0:

(1) (g—dv*)(V,W)=(g—d>)(TI5(V), 3 (W)) forall (V,W)eT,MxT,M,

where we have set Hﬁ(V) =V —g(V, N)N for the orthogonal projection of T, M
onto N (p)*; in other words, if we write TM = RN @ N+ on {t > 0}, the generalized
Gauss lemma implies that the metric g splits into the sum of dt> along RN and
(g — d?) along N-t.

Finally, i € (0, oo] will stand for the injectivity radius of Tr(y), that is, for
the minimum of the distance from a point p to its cut locus as p varies in T (y,)
[do Carmo 1992, pp. 267-273]. For each r € (0, R], the injectivity radius of 7, (y)
will thus be at least equal to i. If M is compact, i is finite, but i = co if M is the
hyperbolic space, for instance.

1B. Fermi charts and related notions. Letn=dim M. Given an orthonormal basis
{er, ..., en} of T, )M with e, = (dy/ds)(0), let us assign to each p € Tr(y)
the n-tuple x = (x, x") € B"1(0, R) x [0, £o], where B"~1(0, R) denotes the
closure of the ball of radius R in the Euclidean space R"~!, given by x(p) =
(x',...,x""1 x") if and only if vOL(p) = Zz;ll x%eq and z(p) = x". The map
x:Tr(yg) = B"1(0, R) x [0, £o] so defined is called a Fermi chart along the em-
bedded geodesic y,. (In 1922, while a PhD student at the Scuola Normale Superiore
in Pisa, motivated by the study of the equivalence principle in general relativity,
Enrico Fermi was the first to consider such local coordinates, which he used along
timelike paths; see [Gray and Vanhecke 1982, p. 217] and references therein.)
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We see from this construction that y = (y, y") is another such chart if and
only if y" = x" and there exists an orthogonal transformation R € O(n — 1) such
that y = ?ix. The calculations which we will perform in the tube Tz (y,) will be
invariant (or tensorial) with respect to change of Fermi charts. We will freely use
the local Euclidean metric e, = Z?:l (dx")? (just denoted by ¢, unless confusing)
and the affine structure inherited from its (flat) Levi-Civita connection D, = D.
The latter will be convenient to identify distinct tangent spaces and hence view
vectors tangent to T (y,) at distinct points as belonging to the same vector space.
We will also view the Christoffel symbols Fl’.‘j (x) of our original (global) connection
V as the components in the chart x of the local fensorial difference (V — D).

In the Fermi chart x, the components of the metric tensor g satisfy g;; (0, x"*) =§;;,
dg;;(0,x") =0, so the Christoffel symbols vanish at (0, x"), meaning that g is
osculating to ¢ along y,. We set || - || for the norm associated to the Euclidean
metric ¢ and 6y =min | U|| < 1 < ®g=max ||U||, where U runs over all unit? tangent
vectors at points of Tg(y,). For each p € Tr(y,), setting p(x) = +/ 22;11 (x%)2,
we have t(p) = p(x(p)). The geodesic ray ¢ € [0, 1] — Eo(tvol(p), z2(p)eM
reads t — R(t) = (txl, R tx"_l,x”) with x = x(p); being constant, its speed
is equal to p(x), so the unit vector field N reads N(p) = v(x(p)) with v(x) =
(1/p)(®) Yoy x79/9x°.

IfW=>3" Wa/ox' € T,M, we may view W as a constant vector field in
Tr(yy), in other words, extend it to Tr(y() by D), parallelism, a notion well
defined in any Fermi chart along y. Following [Gray 2004, p. 21], let us call any
such vector field a Fermi field (here, with respect to y,). Given a point p € Tr(y,)
and vector field Z on Tr(y,), we may similarly consider the Fermi field Z(p),
thinking of it as Z frozen at p. Among Fermi fields, one may distinguish those
with W" = 0 from those writing Z = Z"d/dx" (sometimes called axial). For later
use, we record the brackets identities

0 d d
2) |:v —] =0 and |:v, '08 ] = —pv for all o < n.
x()l

T dxn 9xY

Finally, it will be convenient to consider on Tg(y) the field of projections [Ty =
Zz;ll dx* ® d/dx%, which is the constant (or Fermi) extension of the orthogonal
projection of T, )M onto VOL.

1C. Estimates for geodesics in a thin tube. Beforehand, let us recall a classical
result, namely: there exists a continuous function p € M — x(p) € (0, oo] called
the convexity radius, which is smaller than the injectivity radius, such that, for each
o € (0, x(p)), the Riemannian ball B(p, o) is strongly convex [Cheeger and Ebin
2008, pp. 103-105; Klingenberg 1995, pp. 84-85; Whitehead 1932]. For r > 0

2Here and below, to be understood for the metric g, unless otherwise specified.
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small, we may thus consider the function r — x,,(r) = min{x(p), p € T,(yy)},
which is nonincreasing. We set ¢ = x,,(R) and stress that ¢ < 1i. Our first estimate
is an upper bound on the length of the geodesics contained in the tube Tg,(y() with
Rop =min(R, ¢/3).

Proposition 1.1. Ify: [0, £] — y(s) € Tr,(¥,) is a unit-speed geodesic,’ its length £
is bounded above by Ly, with Lo = €y+ 2R if i =00, and Lo =2(ly+c¢) if ¢ < o0.

Proof. If i = oo, the geodesic y is minimizing and unique in M. But we can join
its endpoints p = y(0), ¢ = y(£) by a geodesic path broken twice, namely, first by
going along the geodesic ray from p to y(z(p)), next by going from y(z(p)) to
vo(z(q)) along y,, then by going along the geodesic ray from y(z(g)) to g. The
total length of that broken path must be larger than ¢ and it is, indeed, at most equal
to Lo =¥{p+2R.

If ¢ < 0o, for each € > 0 small enough, the triangle inequality satisfied by the
Riemannian distance on M shows that we can cover the tube Tg,(y,) by N open balls
of radius r = ¢ — €, successively centered at the points y(0), yo(r), yo(2r), ...,
Yo((N — 1Dr), yo(£o), with N = [£p/c] + 1. Now, the length of the restriction of
the geodesic y to each ball is bounded above by 2r and, letting € | 0, we obtain
£ <2Nc. O

Using a Fermi chart along y,), setting R; = %Ro, we can readily find a positive
constant ¢ such that, for each p € Tk, (y,), the following estimates hold at x = x(p):

3) lg —ell <cip?(x), |IV—DJ| <cipx).

The purpose of our next proposition is twofold. On the one hand, it provides
a radius under which the geodesics contained in a tube about y, and longer than
a given length § > 0 keep moving axially in a single direction; in particular, they
must be embedded, like y,. On the other hand, it provides an estimate describing
how CP-close to y, a geodesic should be in order to get C'-close to it.

Proposition 1.2. Fixing 6 € (0, Ly), let r; > 0 be given by

1 /4 2
r12(C]®(2)+—2(3+C1L0®%) ) = 1
90

For each r € (0, min(Ry, r1)) and each unit-speed geodesic s € [0, £] — y(s) €
T, (yq) with length £ > §, the axial component dy"/ds of the velocity cannot vanish.
Moreover, the following estimate holds:

2
4 2 2, 1 (4 2) ) 2
< £+C1€®0 py + Cl®0+02 £+C1€®0 Py
0

dy 0
8— J—
ds 0x"

“4) ‘

3Thlroughout the paper, £ denotes the length of y which may vary; it should be written £(y), of
course, but we will stick to the short notation £ instead.
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where p, stands for max,ejo,¢) p(y(0)) and ¢ = £1, according to the sign of
dy"/ds.

Proof. Before proving the first assertion we require an estimate; namely, letting
s € [0, €] — y(s) € Tg,(y() be a unit-speed geodesic, we have

d
) H nod—ﬁ(w

4
< <Z +01€®(2))py for all s € [0, £].

Indeed, if 5 € [0, 4], we write, forall @ € {1, ...,n— 1},

£ Sd2ya
—r0-ro-[ [ 4@ das

while if s € [%, E], we write instead

d)/a N o K Sd2ya
= — 0) —
s ”S)y()/o/s -

In either case, transforming the last term of the right-hand side by means of the

(¢4

geodesic equation, recalling (3) and using the triangle and Schwarz inequalities,
we readily infer (5). Writing

_ Tody/ds|? dy dy dy
—— 5 and ||—— 1—(g—¢)
ldy/ds|| ds ds’ ds

the latter to be combined with (3), we get

dy 2
o —~
Ods

1
0%

’

dy" 242
'K Z1man®-

hence, using (5), we obtain the important lower bound

1 (4 2
(6) 1—(c1®0 e <£+cle®0> )p§ for all s € [0, £].
0

Recalling Proposition 1.1 and the assumption £ > &, this shows that dy" /ds cannot
vanish provided the radius r of the tube in which the geodesic ranges satisfies

r? Cl®2-i-i i-i-ClL()@)z ’ <1
02 \s 0 ’

orelse r € (0, min(Ry, r1)), as we assumed. The first part of Proposition 1.2 is thus
proved.
Moreover, letting now ¢ stand for the sign of dy"/ds, we have

ldy"/ds(s)| =edy"/ds,
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so we readily get from (6) and the obvious inequality |dy"/ds| < ||dy/ds||, the
pinching

n 2
1 22 dy L 2 2
_zcl®0py§ 1—¢ ’r < <c1®0+% Z—i—c]Z@O Py
Combined with (5) this yields (4), since
0 dy"
ax" ds

Writing UM for the unit tangent bundle and End (7M) for the bundle of sym-
metric* endomorphisms of TM, let us consider the map

d
8d_:(S)_ + |&

d
< H“Od_:(”

(s)—l‘. O

(p.U) e UM — J(p,U) = R, (-, U)U € Endy(TM),

where R, stands for the Riemann curvature tensor at the point p € M. It satisfies
gV, d(p, U)W)=S,(V,U, W, U) where S, stands for the sectional (or covariant
Riemann) curvature tensor of the metric g at the point p; it is thus, indeed, symmetric.
We denote by k'(p,U)<--- <k (p, U) the eigenvalues (each repeated with its
multiplicity) of the nontrivial part of J(p, U), namely of its restriction to U~. For
eachae{l,...,n—1},themap (p,U) e UM — «k*(p,U) e Ris Clloc [Kato 1995,
pp. 122-123], hence uniformly Lipschitz for p € Tg,(y,). So there exists a constant
ko such that, for each pair ((p, U), (p’, U')) € UM? with max (ty,(P). vy, (P)) < Ro
and each @ € {1, ..., n — 1}, the following uniform estimate holds:

(7) [k (p. U) —k*(p', U| < ko(d(p, p)+ U =U'|).

For each unit-speed geodesic o € [0, £] — y(0) € M, we write s — J, (s) for
the pullback to [0, ] of the map J by the section

d
t— <y(s), —y(s)> e UM
do
and call J, (s) the Jacobi operator along the geodesic y at s. We further write

K; (5)<---< Kﬁ‘l (s) for the eigenvalues of the restriction of J, (s) to Z—Z(s)L and
call them the Jacobi curvatures along y at s.

Corollary 1.3. Given § and r as in Proposition 1.2, set

4 ) , 1[4 5\
k=kol 1+ < +c1Lo®Oy+ C1®0+—2 ~+c1Lp0y r).
) 6y \ &
For each unit-speed geodesic o € [0, €] — y(o) € T.(y,) with length £ > § and

4Here, “unit” and “symmetric” refer to the Riemannian metric g, of course.
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each s € 10, €], the following estimate holds:
k() — 1 (V" ()| < kpy, foralla €{l,....,n—1},

where /cé <o < K(')'*l stand for the Jacobi curvatures along y,.

Proof. Fixing y as stated, we may apply Proposition 1.2 to it. This yields an
estimate for ||(dy/do)(s) — d/dx"|| which, combined with the estimate (7) read at
(p, U)=(y(s), (dy/do)(s)) and (p', U") = (yo(y"(s)), 3/dx"), yields the desired
result. ([

Corollary 1.3 shows in particular that, if the Jacobi operator along y stays
definite, it must stay so (with the same signature) along geodesics longer than a
given length and contained in a tube about y,, of small enough radius.

1D. Family of Fermi maps near y,. For each unit-speed geodesic s € [0, {] —
y(s) € Tg,(v¢), let I, ,(y) C [0, £o] denote the axial image interval y" ([0, £])
and 7' (y,, v), the shortest piece of tube about y containing y, equal to {m €
Ty, (vo), x"(m) € I, (y)}. If such a geodesic y is an embedding, when is it possible
to construct a Fermi map along it such that a point m € T (y,, y) may stay outside
the corresponding tube about y if and only if its height z,, (m) relative to y satisfies
either z,,(m) < 0 or z,,(m) > £? When such a possibility occurs, we call (y,, y)-
exceptional the latter points and (yq, v)-accessible all other points of T (y, y).
Sticking to the notations of Proposition 1.2, we will prove the following:

Proposition 1.4. For each § € (0, £y), there exists rp € (0, min(Ry, r1)) such that,
for each unit-speed geodesic y longer than § and contained in T,,(y), a Fermi map
can be constructed along y with corresponding tube about vy containing the whole
of T (yy, v) but its (v, y)-exceptional points.

We call family of Fermi maps near y the map which assigns, to each unit-speed
geodesic y as stated and each (y, y)-accessible point m € T}, (y), the image of m
by the Fermi map along y.

Proof. The idea is to use a suitable implicit function theorem argument along y,.
Since it is absent from the literature, we will present it carefully. Let us fix § €
(0, £p) and a unit-speed geodesic o € [0, £*] — y*(0) € T,,(y,), with £* > § and
ro € (0, min(Ry, r1)) to be chosen later. From Proposition 1.2, we know that y*
is an embedding. We can thus construct a tube 7, (y*) about y*, for some radius
o > 0, as done for y, in Section 1A. We want p,+ < r» small enough compared
to o such that the tube 7, (y*) contains 7 (y, y*) but its exceptional points. Can
we choose the radius r, such that this property holds for every such geodesic y*?

First, we observe that the required property holds for y* if and only if it holds for
the reversed geodesic y}.,, given by o € [0, £*] = y7, (0) = y*(£* — o). Therefore,
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applying Proposition 1.2 to y*, we may assume with no loss of generality that
dy*™/do is positive.
Next, we note that the geodesic y* is given by its Cauchy data

- wm AV
(p* u”) = ()/ (0), (O)> e UM

do
and its length £* € [8, Lo], while the generic point m* of the tube 7, (y™) is deter-
mined by its Fermi map image F,«(m™), namely by its height 0 * =z« (m*) € [0, £*]
and by the vector V* = vlﬁ (m*) € (u*)* such that |V*| < o and E,«(V*, 0%)=m*
Here, we have denoted by E,« : (u*)+ x (—€, £* +€) — M (respectively, by vj*)
the analogue for y* of the map Ej (respectively, of the component Ué‘) defined for
vo at the beginning of Section 1A.

The resulting point (p*, u*, V*), the amalgam of the Cauchy data of y* with
the Fermi component V* = v]ﬁ (m*) € (u*)* of m*, lies in the vector bundle
ker Tm — UM, the kernel of the tangent map to the natural projection 7 : UM — M.
Sticking to the Fermi chart x along y,, we use it to build a chart of ker 7w near
(p*, u*, V*) by assigning to each neighboring point (p, u, V) the (3n — 2)-tuple
Gl ud, o ug Ve VY with xf = xi(p) and ug, V¢ defined
as follows. Firstly, for each tangent vector W € T,M, let Wy € TPOLM , with
poL = p)}o =y (x"(p)), denote its (backward) parallel transport> along the geodesic
ray [y, pl, and Wy € T}, 0)M, similarly from the latter now along y,. We pause
to record a lemma (the proof of which is left as an easy exercise):

Lemma 1.5. If U is a unit tangent vector at p € T, (y) and U, stands for its par-
allel transport to the point yo(x" (p)) along the geodesic ray [y, pl, the following
estimate holds:

|U — Upll < c1®0t*(p).

Applying this lemma, combined with Proposition 1.2 and the triangle inequality,

to the vector u™ € T,»M, and recalling that | - || = | - | along y,, we infer the
estimate

®) lug — en| < kira,

with

4 2 2 1 /4 2 ’
k1:E+C1LO®O+ c1®0+cl®0+9—2 g"‘ClLO@O -
0

Here, we used the positivity assumption made above on (u*)". Taking r, < 1/kq,
this estimate implies the positivity of (u;)". Back to the definition of the chart of

3Henceforth, with respect to the Levi-Civita connection V, unless otherwise specified.
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ker Tt under elaboration, we take (p, u, V) close enough to (p*, u*, V*) for u;
to be still positive, and we define the u{’s and V;;'’s by

n—1 n—1
ujey, = Iou Ve, = TV,
0€a ouo, 0 €a 0VvVo-

a=1 a=1

We recover the full parallel transported vectors ug, Vp, by setting

n—1
uy = N Zl(u(o)‘)z,
o=

since |uo| = 1 and u;; > 0, and
1 n—1
n__ _ "~ ayro
Vo =—— E :MOVO’
Uy
a=1

since Vg L ug. So (x?, ug, V') is, indeed, a local chart of ker 7'r. Although heavier,
let us denote it rather by (x*, uy®, Vi) since we are now willing to move around
the geodesic y* and the point m* € T,(y*), hence to let the point (p*, u*, V*)
itself vary in ker T near (po, uo, Vo) = (v(s0), (dyo/ds)(s0), 0) with so € [0, £o].
Deferring the completion of the present proof, we pause to set up an appropriate
implicit function theorem.

Implicit function theorem argument. In this section, the requirement that the geodesic
y* be longer than § will be unnecessary, thus ignored provisionally. Given sq € [0, £¢]
and oy € [0, £y — so], let the point (p*, u*, V*) € ker T be close to (po, ug, Vo)
and the real o* € R be close to op; let a further point m belong to 7}, (y,). Setting
y*(0) = exp . (ou*) and m* = E\-(V*, o), consider the map

W(p*, u*, V* %, m)=x(m*) —x(m) e R".

Using the chart (x*', u$®, Vj®) for (p*, u*, V*) and the chart x’ for m, let us denote
the local expression of W (respectively, x o E,+) by

\IJ’(x*J,uga, V*a,a*,x]) — El(x*], u(ﬂ;a’ V*a,O'*)—Xl.

At the point given by® x** = 0, x*" = s, uy® =0, Vi =0, 0" =09, x* =0,
x" =59 4+ 0p, we have

W ((0, 50). 0,0, 09, (0,50 +00)) =0 foralliefl,....n)

and

det ov) (0, 50), 0, 0, a9, (0, 50+ 00)) ) #0
€ a(v*o{’o_*) ,80), Y, U, 0p, , S0 oo ,

6Throughout with o ranging in {1, ...,n — 1}.
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where 0 stands for the zero vector of R"~!. The latter equation holds since

v/ JE/
IV, o%) AV, 0%)

and dE7((0, s0), 0, 0, 09) = dx/ o dEo(0, so + 00), where dEo(0, so + 0p) is an
isomorphism as seen in Section 1A. We are thus in position to apply the im-
plicit function theorem [Lang 2002]. There exists a real € > 0 and a unique map
(x*/, uy®, x/)y— F*= (°V(>§l, e VS”_I, ¢*) such that, if

) p(x")<e, X" —sol<e, |Mougl<e, px)<e, |x"—(so+00)| <€,
the identities

if%] %0 s xk o oxak *coxk ke k J) — .
Y (x sug Vo (X ug x5, (X  uy, xT), x )=0 foralli € {1,...,n}

are satisfied with Zg;ﬁ (°V3"‘(x*k, ug”, x%))? and \g*(x*k, uy®, xky — ao| small. By
construction, these identities imply m = m™; in other words, the map

x/ = F*(x*/, up”, x7)

is nothing but the expression of the Fermi map F,« along the geodesic y*(o) =
exp«(ou*) read in the Fermi chart x along y. Finally, let us stress that the real
€ > 0 occurring in (9) may be chosen so small that it becomes independent of the
pair of parameters (so, 0p), because the latter lies in a compact subset of RZ, namely
in the triangle of the positive quadrant given by so + op < £o. Henceforth, we fix
€ > 0 so.

Completion of the proof of Proposition 1.4. Back to the case of our previous geodesic
y*, supposed longer than § and with positive axial component, we are now in position
to choose the radius r, of the tube about y, in which y* should lie. First of all,
we fix a point m € T (y, y*). So far, we have required r; € (0, min(Ry, r1, 1/k1)).
Redoing the preceding implicit function theorem argument now with p* = y*(0),
so = x"(p*), so + 09 = x"(m), the first and fourth inequalities of (9) prompt us
to take r, < €. Besides, we must further shrink r, > 0 in order to keep y™* nearly
vertical so that the third inequality of (9) holds as well. From (8), we can do it
by taking r, < €/kj, as easily verified. Altogether, if the geodesic y* is longer
than § € (0, £p) with dy* /do > 0 and if it is contained in the tube 7}, (y,) with
ro € (0, min(Ry, r1, €/k1)), the triple

*i *I ook *o *0 d]/* i i
X7 =x"(y(0)), uy =u 0) ), x* =x"(m)
do
satisfies the bounds (9). So we may consider its image by the local map F*
precedingly constructed. In particular, it follows that the point m lies in a tube
about the embedded geodesic y* if and only if its height z,+(m) = ¢*(x*, u}®, x")
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lies in the interval [0, £*]. Since the point m was arbitrarily fixed in T'(y,, y*), we
are done. O

1E. Second fundamental form of a cylinder. 1f n > 2, sticking to the notations
of Section 1A, let us study the second fundamental form of a cylinder C,(y,) of
small radius r about y,,.

Proposition 1.6. Given r € (0, min(1, R)), a point p € C,(y,) and a pair of vectors
(V,W)eT,C,(yy) xT,C,(yy), let us denote by 11,,(V, W) the second fundamental
form of the cylinder C,(y) calculated at p on (V, W). If we extend the vectors
V., W and N(p) as Fermi fields on Tr(y,) and set p* = yy(z(p)), the following
asymptotic expansion holds:

1
W, (V, W) = ——g(Il,V, MoW)(p™) +r(S(V, N(p), W, N(p))(p™)
— 18(IyV, N(p), oW, N(p)(p1)) + 0 (™),

where, again, S stands for the sectional curvature tensor.

Proof. By definition [Gray 2004, p. 33; do Carmo 1992, p. 128], we have
I,(V,W)=g(—=VyN, W)(p) and, here, one may allow the vectors V, W to be
arbitrary in T, M since N is a vector field defined outside C,(y,). Covariant differ-
entiation of the generalized Gauss lemma identity g(N, - ) =dvton {t > 0} C Tr(y,)
yields

(10) o,(V,W)=-=Vde(V, W)(p).

More generally, for each pair of vector fields (A, B), we find Vdt(A, B) =
g(A, VpN) = g(B, V4N); hence also, using Lie brackets,

(1) 2Vde(A, B) =N.g(A, B)+g(A, [B,N]) +g(B,[A, N,
since V is torsionless. Taking a Fermi chart x along y such that

x(p)=(r,0,...,0,x"(p)),
—_——
n—2

let us calculate Vdp(r, 0, x™) using (11) with A and B equal to the 3/dx. Note that
v(r, 0, x") = 8/8x1 and dp(r, 0, x") = dx'. From (1), we get g1;(r, 0, x™) = 6y;
and N - g(3/9x',3/9x")(r, 0, x") = 0. From (2), we find [3/0x", v](r, 0, x") =0

and
a 1/ 0 a
[Ebc_“’v:|(r’0’xn)=;(8xa_51“@) for all @ < n;

in particular, [8/8x1, v](r, 0, x™) = 0. Besides, for i, j € {2, ..., n}, we can derive
the local expressions of N.g(3/dx', 3/9x7)(r, 0, x") = (dgi;/dx")(r, 0, x") from
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the following Riemann-type formulas extended to the Fermi setting [Spivak 1979;
Delanoé and Ge 2010, Lemma 2]:

gap(x',0,...,0,x") =84 — $(x)?Ra1p1(0, ..., 0,x") + O((x")?),
N e’ — —
n—2 n—1
witha,be{2,...,n—1}, and
gan(x',0,x") = =3(x")?Ra1n1 (0, x™) + O ((x")?),

12
(12 gun(x',0,x™) =1 — (x")2Ry1,1 (0, x™) + O ((x1)?),

where x! stands for a small real parameter and R;ji; for the components of the
sectional curvature tensor. Doing so, we obtain the expression

n—1n—1

1
(13) Vdp(r, 0, x") = Z Z(;aab — 2rRa1p1 (0, x™) + 0(r2)> dx® Q@ dx®
a=2 b=2
n—1
+) (=rRaim (0. x") + 0(r)) (dx* @ dx" + dx" ® dx*)
a=2
+ (=7 Ru1n1 (0, x™) + O (%)) dx" @ dx".
The latter combined with (10) yields the proposition. U

Remark 1.7. For later use, we record here that, if n =2, recalling (1), the expansion
of the metric in the Fermi chart x becomes simply

g(xl, xz) =dx'®dx'+ (1 — (xl)zK(O, xz) + O((x1)3)) dx*®dx>,

where K stands for the Gauss curvature of M. Accordingly, still from (11), the
Hessian formula (13) becomes

Vdp(r, x*) = (—rK(O, x3)+ 0(1’2)) dx* @ dx>.

2. Further properties when the Jacobi operator is negative

From the properties established is the preceding section for a thin tube about the
geodesic y,, we will now derive stronger ones by assuming that the operator $,, is
negative, as done in Theorem 0.2. Specifically, using the notations of Corollary 1.3
and setting ko = maxX;e[o,¢] K(’}_l (s), our assumption means that ko < 0; henceforth,
it is implicitly made.

Proposition 2.1 (the second fundamental form stays definite). One can find a small
real r3 > 0 such that, for each p € T,,(y) withr =t(p) #0, the second fundamental
Sform of C,(y,) at the point p is negative definite.
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Proof. Let us take a Fermi chart x at the point p like the one used in the proof
of Proposition 1.6 and write with it the expression of II,,(V, W) found in that
proposition, with V.=W =", Vi3/dx’ € T,C,(y,). We find

(14) LV, V)
n—1

1 r
=5, 2V S Ram 0.6 (V")?
a=2

1 n—1 n—1
- 4—< (V)2 =82 3~ Ratt (0, x)VV" =27 Ry11 (0, x")<V">2>
' \a=2 a=2

1 n—1n—1
= 2.2 VOV (Bar = 57 Rainn (0.2™) + 02
a=2 b=2

and the result readily follows from R,1,1(0, x") < k¢ < 0, provided r is taken small
enough. U

Proposition 2.2 (geodesics obey a maximum principle). One can find a small
real r4 > 0 such that, for each geodesic path t € [0,1] — y(t) € T,,(yg), the
following inequality holds:

max e(y(1) < max (x(y(0)), t(y(1))).
Moreover, if t(y (1)) = max (t(y(O)), t(y(l)))for some ¥ € (0, 1), the path y must
be constant.

Proof. Anytime t € [0, 1] — y(¢) € Tr(y,) is a geodesic, at each ¢ € [0, 1] such
that v(y(¢)) # 0, we have

2
%(t(y(t))) = th()/(t))(fi—);, %)
If n > 2, combining (13) with (14) written with V = ‘;—)t’, we infer that the second
derivative of the auxiliary real function ¢ € [0, 1] — t(y(¢)) is nonnegative on [0, 1]
provided v(y(¢)) < r4 = r3. If n = 2, the same conclusion holds with r4 small
enough, due to Remark 1.7 read with K (0, x2) <kp<0.In any case, the maximum
principle [Protter and Weinberger 1967] implies the first part of the proposition.
Moreover, it yields voy = t(y(#)) =:ry > 0; hence (dy/dt)(t) € T,)Cy, (y,) for
each r € [0, 1]. From (10) and Proposition 2.1 combined with

d2
ﬁ(t(y(t))) <0,

we infer that dy/dt =0, so y must indeed be constant. U
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Before moving on to the next property, we state a lemma of independent interest.
(A reader parachuting to this point should understand it preceded by: “Let y be an
embedded unit-speed geodesic with negative Jacobi operator.”)

Lemma 2.3. One can find a small real rs > 0 such that the inequality g > dt)z/o +d ZJZ/O
between quadratic forms holds at each point of {p € T,5(y,), v(p) > 0}.

Proof. Take a point p as stated and a Fermi chart x along y, such that x(p) =
(r,0,...,0,x™). From Remark 1.7 read with K (O, x2) < kg < 0, the lemma
appears straightforward if n = 2. In higher dimensions, from (1) and the expansion
of g;;(x!, 0, x™) in (12), we infer that, for each vector V =>""_ Vi3/dx' € T,M,
the quadratic form (g — dtf,o — dz)z,o)( p) applied to V can be expressed in the
chart x, up to O(r?) terms, as the sum of two quadratic polynomials in V, namely
S s (38ab — 2r2Ra1p1 (0, x™)) V4V? and

n—1

> (3VE =37 Ram (0, x)VAV™) = 7 Ry11 (0, x™) (V).

a=2
By taking r > 0 small enough, and using R,,1(0, x") < k¢ < O for the second
polynomial, we can make each polynomial nonnegative. (I

Proposition 2.4 (y, is minimizing). Take rs > 0 as in Lemma 2.3. The length of
each piecewise C' path t € [0, 1] — c(t) € M ranging in T,5(yq) with z(c(0)) =0
and z(c(1)) = €y must be at least equal to £y. Furthermore, if equality holds and
toc(t) =0 for somet € [0, 1] then c, reparametrized by an arc-length parameter
suitably shifted to avoid jumps’ on each subinterval of [0, 1] in the interior of
which ¢ is C' and dc/dt # 0, coincides with y,,.

Proof. Let ¢ be a path as stated and x a Fermi chart along y,. From Lemma 2.3,
the length of ¢ satisfies

Lrd 2 rden\?
e>/0 <E(poc)) +<d¢) dt.

Therefore, if [} |(d/dt)(poc)|dt #0, we have £ > [ |de" /dt|dt > € as asserted.
Moreover, if £ = £, we see that (d/dt)(poc) must vanish, hence also (poc) anytime

it does at some ¢ € [0, 1]. In that case, the images of ¢ and y, coincide, so |dc/dt| =
ldc/dt|| =|dc"™/dt| and fol |dc"/dt|dt =Ly =c"(1)—c"(0) = fol (dc"/dt)dt. The
latter equality implies that dc” /dt > 0, so the path c, reparametrized by arc length
as stated, must indeed coincide with y,. |

"By taking the initial value of the parameter on a subinterval equal to (zero, of course, on the first
subinterval and elsewhere to) the final value of the parameter on the preceding subinterval.
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Proposition 2.5 (long geodesics have a negative Jacobi operator). Given § > 0, we
can find rg € (0, min(Ry, r1)] such that, for each r € (0, rg) and each unit-speed
geodesic o € [0, €] — y(o) € T,(y,) with length £ > §, the Jacobi operator $,, is
negative, or else maxgc[o,¢] K)’,‘_l (s) <O.

Proof. Let k = k(r) be the affine function of r defined in Corollary 1.3 and r* be
the positive root of the quadratic equation rk(r) 4+ ko = 0; the proposition holds
with r¢ = min(Ry, r1, ™) by Corollary 1.3. O

Proposition 2.6 (each geodesic is minimizing). One can find a small real r; > 0
such that, for each unit-speed geodesic s € [0, £]— y(s) € M and each piecewise C'
patht € [0, 1] — c(t) € M, both ranging in T,,(y,) with c(0) = y(0), c(1) = y(¥),
the length of ¢ must be at least equal to £. Moreover, equality holds if and only if c,
reparametrized by a suitable arc length parameter on each subinterval of [0, 1] in
the interior of which ¢ is C' and dc/dt # 0, coincides with y.

Proof. Let y be a geodesic of length £ as stated. The proposition is obvious if £ < i.
If ¢ > i, which we suppose in the proof, we may use Propositions 1.2 and 1.4 read
with § = i; the radii r| and r;, are understood accordingly and we take r7 < r,. In
this situation, we know that y is an embedding and there exists a Fermi chart x,,
along y whose domain T, (y) contains T (y, y) but the (y,, y)-exceptional points.

Our next task is the main one; namely, we must specify how the radius n of that
tubular domain can be controlled by ;. By inspecting the proof of Proposition 1.4,
we see (sticking to its notations, except for y* now written y, so m* = y(0),
u* = (dy/ds)(0)) that such a control amounts to a similar one on

oo, Tous, x) ||* = > (V¥ ous, 0)°,
i=1
where x* TToug, x satisfy the bounds (9) now read with € = r, and where V5" has
to be defined by

-1
1 n . n—1
V= — E ub Uy withuy' =+ [1— Zl (ug™)>2.
0 g=1 o=

n—

Furthermore, as 7 | 0, we know that Za:ll (°l/3"’)2 tends to zero. All we require is
thus a uniform positive lower bound on |ug"|. Such a bound will follow from (6)
and Lemma 1.5. Indeed, the former combined with Proposition 1.1 implies here
that

dy"
ds

2 1 4 2 . 2 2
>1- 6’1@04-? {4—261@0(304‘1) ry,
0

which in turn yields |u"| > |dy"/ds| — c1®(2)r72. Thus we get
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1 (4 :
" >1— <2c1®3+ ?(Y +201®(2)(£0+i)) )r72.
0

Defining t; > 0 by, say,

t2<2c ®2+i<4—1+20 k(¢ +i))2> _!
1 1% 98 i 1%Y9pt0 5’

and taking r7 < vy, we obtain |ug"| > % Now, itis clear that ||V (x™*, IToug, x)|| tends
to zero as r7 |, 0. Here, among the arguments of V', we are given the first one, since
x*=x(y(0)); similarly for the second one, since ITouj is defined out of (dy/ds)(0);
the sole variable is the third one, since x = x(m) with m € T (yq, y) N T,(y).
Moreover, using the aforementioned Fermi chart x,,, the identity

p(xy) = V(" Moug, x) |

holds. So p(x,) | 0 as r7 | 0, which shows that the implicit function theorem used
in the proof of Proposition 1.4 allows us to let  go to zero as r7 |, 0.

Besides, Proposition 2.5 read with § = i implies that, if we take r; < r¢, the
Jacobi operator of y is negative.

We conclude that there exists r7 > 0 small enough such that, if y ranges in 7}, (),
the radius n of the tube about y provided by Proposition 1.4 may be taken small
enough such that Lemma 2.3 and Proposition 2.4 hold for the geodesic y in T,,(y).

Now, we are in position to complete the proof of Proposition 2.6. Let ¢ be a path
as stated. By the definition of T'(y, y), the smallness of r; (hence of 1) and the
property of T, (y) proved in Proposition 1.4, there exists a closed interval contained
in [0, 1] such that the restriction ¢ of ¢ to this interval fulfills the assumption
of Proposition 2.4 (read in T;(y) instead of T,,(y()). So we get the inequalities
L =length of ¢ > length of ¢ > £ = length of y, which proves the first part of the
proposition. Moreover, if L = £, the images of the paths ¢ and ¢ must coincide,
so ¢ shares with y the same endpoints and the last part of Proposition 2.6 follows
from that of Proposition 2.4. U

Corollary 2.7 (each geodesic is uniquely determined by its endpoints). Take r7 > 0
as in Proposition 2.6. For each (p, q) € T,,(yg) x T,,(y), there exists at most
one unit-speed geodesic of y : [0, £] — M entirely lying in T,,(y,) with y(0) = p,
y) =gq.

Proof. We argue by contradiction. If two distinct unit-speed geodesics of M entirely
lying in 7, (y() had the same endpoints, Proposition 2.6 would imply that the length
of each geodesic is at least equal to the length of the other; so the geodesics would
have equal length. Still by Proposition 2.6, the geodesics would thus coincide,
which is absurd. O
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3. Proof of Theorem 0.2

Reduction of the proof. We only have to prove the existence of a radius r > 0 such
that each pair of points of the tube 7 (y,), located as stated in Theorem 0.2, can be
joined by a geodesic with interior lying in (7, (y))°. Indeed, suppose we have done
so. Then, each such geodesic must be unique (by Corollary 2.7) and minimizing
among piecewise C! paths sharing the same endpoints and lying in 7, (y,) (by
Proposition 2.6), so the proof is complete.

Strategy. Fixing p € T.(y,), let us consider the subsets

%5 ={meT(vy),m# p,z(m) > z(p) and, if z(p) = 0 or Lo, z(m) # z(p)},
%, ={m e T.(vy),m # p, z(m) < z(p) and, if z(p) = 0 or £o, z(m) # z(p)}.

Assuming z(p) < £y, we will prove Theorem 0.2 for g € 22;5. Assuming z(p) > 0,
we would prove it similarly for g € % ;. Let us proceed to the proof itself. We
distinguish two cases.

Case 1: z(q) — z(p) < ¢/2. For A € [0, 11, set pi- = [yo, pl(At(p)) and g;- =
[0, q1(Ax(g)). Take r < ¢/2. Then, for each A € [0, 1], the points p)f and qlL lie in
the Riemannian ball {m € M, d(mé, m) < o} with center mé = yo(%(z(p) + Z(q)))
and radius 0 = ¢/2 4+ r < ¢. Hence there exists a unique minimizing geodesic
¢ 1[0, 1] - M going from pf to qkl and such that, for each r € [0, 1], the map
A €[0,1] = c,(t) € M is smooth. We must prove that ¢;((0, 1)) C (7:(y())°. To
do so, let us argue by connectedness on the set

A ={xel0. 1], c:((0. 1)) € (T(y)°}-

By construction, A is nonempty (0 € A) and relatively open in [0, 1], so we
only have to prove that A is closed. Letting (A;);en be a sequence of A and
Aoo = lim; o A; € [0, 1], it amounts to prove that ¢, ((0, 1)) C (7-(yy))°. By
continuity, the geodesic ¢, rangesin 7, (y,). If ¢, (8) € Cr(y) for some 6 € (0, 1),
Proposition 2.2 implies that c,__ is constant, so pto = qi@. But the latter yields
p = ¢, contradicting the assumption g € SZ:;.

We are left with ruling out the following property:

(15) z(¢),(0)) =0o0r £y forsome 6 € (0, 1).

To do so, given § > 0, we distinguish two subcases as stated in Theorem 0.2.

Subcase 1: n =2. If (15) held, the vector (dc;_,/dt)(0) would necessarily belong
to kerdz \ {0}. But then, the geodesic ¢t — c;_ (t) would stay for all ¢ € [0, 1] in
the end of the tube given by the equation z = z(c,_ (f)) because, when n =2, the
latter is fotally geodesic. We reach a contradiction, since we have assumed that

z(p) < £ and, if z(p) =0, z(g) # 0.
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Subcase 2: n > 2 and either |z(p) —z2(q)| =2 ¢ or ¢ < z(p) <z(q) <ly—¢. If
|z(p) —z(q)| > ¢, the length £, __ of the geodesic ¢, must be bounded below by ¢
due to Lemma 2.3. It follows that dc_ /dt > 0 if r > 0 is taken small enough, due
to Proposition 1.2 read with § = ¢. So, in that case, the property (15) cannot hold.
If instead ¢ < z(p) < z(q) < €p— ¢, with |z(p) — z(g)| < ¢, the latter inequality
yields €, < ¢ +2r, while the former pinching combined with Lemma 2.3 yields
£y, = 2¢ if (15) holds. In that case, we get the lower bound r > ¢ which is absurd,
provided r < ¢. In either case, we conclude that (15) cannot occur for r > 0 small
enough.

Having proved that Ao, € A, we conclude that A is closed and hence equal
to [0, 1]. In particular, 1 € A so Case 1 is settled.

Case 2: z(q) — z(p) = ¢/2. Here, reading the constant r; from Proposition 1.2 with
8 =¢/2, we take r > 0 small as done in Proposition 2.5. Furthermore, we consider
the subset of the interval [z(p), £o] defined by

35 ={s3€lz(p). Lol. Ym €%}, z(m) =3=> T, () is strongly convex for (p, m)}.

By construction, if 3 € 3:;, the whole interval [z(p), 3] must lie in 3;; and, by Case 1,
we know that 3; contains the interval [Z (p), z(p)+¢/ 2). In the next two lemmas,
we prove that 3; is both closed and relatively open in [z(p), £o]. Granted it is, by
connectedness, it must coincide with [z(p), £o]; hence Theorem 0.2 is established
when z(p) < {pand g € 3;. The proof when z(p) > 0 and g € &, is similar. [

Lemma 3.1. The subset 3; is closed.
Lemma 3.2. The subset 3; is relatively open in [z(p), £o].

Proof of Lemma 3.1. Let (z2;);en be a sequence of 3;;; set 3 =1im;_, » z; € [2(p), Lol
We must prove that 3 € 3;;, so we may assume with no loss of generality that 3 >
z(p)+¢/2. Fix m €% satisfying z(m) = 3 and let (m;);en be a sequence of & such
that, foralli e N, z(m;) = z; and lim; , oo m; =m. Foreachi e N, sett € [0, 1] —
ci(t) € M for the unique minimizing geodesic such that ¢;(0) = p, ¢;(1) = m;
and ¢;((0, 1)) C (T (v())°. By Proposition 1.1, the sequence ((dc;/dt)(0)), ., is
bounded in T, M; it thus converges toward a vector V € T,M. By continuity of
the map exp, : T)M — M, the geodesic ¢ € [0, 1] — exp,, (tV) € M (let us denote
it by ¢) satisfies ¢(0) = p, ¢(1) = m and ¢([0, 1]) C T,(y,). For each t € (0, 1),
Proposition 1.2 implies that z(c(¢)) € (z(p), z(m)) while, taking r < r4, we know
that t(c(¢)) < r by Proposition 2.2, so the inclusion c¢((0, 1)) C (7} (y,))° must hold.
Finally, by Proposition 2.6 and Corollary 2.7, the geodesic ¢ must be minimizing
and unique in 7, (y,). In other words, we have proved that 7 (y) is strongly convex
for (p, m). Since the point m is arbitrary, we conclude that 3 € 3; as desired.
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Proof of Lemma 3.2. Pick 3 € 3} and m € & with z(m) = 3. We may take
3 € [z(p) +¢/2, £y) without loss, due to Lemma 3.1. Let ¢t € [0, 1] — ¢, (t) € M
be the geodesic such that ¢, (0) = p, ¢, (1) = m and ¢, ((0, 1)) C (T (yp))°.
By Proposition 2.5, the Jacobi operator of c¢,, is negative. Therefore the tangent
map d(expp)((dcm/dt)(O)) :TyM — T,,M is invertible [Aubin 1998, pp. 17-18;
do Carmo 1992, pp. 117, 149; Milnor 1963, pp. 98, 100]. The inverse function
theorem [Lang 2002] yields a real €,, > 0 such that each point m’ lying in the
Riemannian ball B(m, €,,) can be joined to the point p by a unique geodesic
tel0,1] = cw(@) = expp(tV/) € M with V' € T,M close to V,, = (dcy, /dt)(0).
Possibly shrinking €, > 0, we take it such that z(p) +¢/4 < z < £y on B(m, €,,).
Since the level set T, (y,) N {z = 3} is compact, it can be covered by the union of
finitely many balls B; = B(m;, €;),i € {1, ..., N}, each constructed like the ball
B(m, €,,). There exists 6 > 0 such that the level set 7, (y,) N {z = 3+ 0} remains
covered by |}, B;.

Claim. The subset 3} contains 5 +6.

The claim, provisionally taken for granted, implies that [z(p), 3 + 0] C 3;, o)
Lemma 3.2, indeed, holds. O

Proof of the claim. Pick m' € 22;; with z(m') =3+ 6. There exists i € {1, ..., N}
such that m" € B;. Som" = exp, (V') € M for a unique vector V' € T, M close to
Vi = (dcu, /dt)(0). Moreover, there exists a unique geodesic path A € [0, 1] —
m(A) € M ranging in B; such that m(0) =m;, m(1) =m’. Let A €[0, 11— V, e T,M
be the corresponding path, derived (like V') from the inverse function theorem as
done above, such that expp(Vk) =m(}). Setz €[0, 1]— y,(¢) € M for the geodesic
path given by y, (1) = exp,(¢V;). From the pinching z(p) + ¢/4 < z(m(%)) < £o
combined with Proposition 2.2, we know that m((0, 1)) C (7, (y))°. Let us argue
by connectedness on the subset of the interval [0, 1] given by

L= {x €0, 11, 7,((0. 1) € (T,(vo))°}.

which is nonempty (0 € L). The closedness of L can readily be established, arguing
as we did for that of 3;. Let us focus on proving that L is relatively open in
[0, 1]. If & € L, the continuity of exp, implies the existence of & > 0 such that
v, ([0, 1]) C Ta,(y,) for each A" € (A — u, A+ ) N[0, 1]. By Lemma 2.3, taking
2r < rs5, we know that the length of the geodesic y,, is at least equal to ¢/4. By
Proposition 1.2 read in 75, (y,) with § = ¢/4, we can take r > 0 small enough such
that dy,,/dt > 0; hence z(y,,((0, 1])) C (z(p), £o). Furthermore, taking 2r < r4
and applying Proposition 2.2, we get t(y,,(t)) < r for ¢ € (0, 1). It follows that
A" € L; in other words, L is relatively open in [0, 1]. By connectedness, we get
L =0, 1]. In particular, 1 € L, from which we readily infer that m’ € EZ;F. Since m’

is arbitrary, we conclude 3+ 6 € 3;, as claimed. U
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4. Proof of Corollary 0.3

The assumption made in Theorem 0.2 on the geodesic y is an open condition.
Given a small real ¢ > 0, we can thus find » > 0 such that Theorem 0.2 holds
for the geodesic s € [—r, £y +r] — y,.(s) € M defined as the extension of the
geodesic y to the interval [—r, £o + r]. There still exists a Fermi map about the
extended geodesic y,; let us stick to our preceding notations for this map. It is
important to note the inclusion

(16) Ny (yo) C T:(v,)

which follows from those of B(y(0),r) and B(yy({o), r) in T,(y,) combined
with the identity N, (yo) = T, (yo) U B(y((0), r) U B(yq(£o), r). Given a pair of
points (p, q) in N,(yq), say, with z(p) < z(q), we must prove that N,(y,) is
strongly convex for (p, ¢). To do so, it suffices to construct a geodesic path from p
to ¢ ranging in (N,(y())°. Indeed, by (16) combined with Proposition 2.6 and
Corollary 2.7 applied in 7} (y,.), such a geodesic path will necessarily be minimizing
and unique in N,(y,). From Theorem 0.2 applied in 7, (y,) C N,(y,), we only
have to treat the following two cases.

Case 1: z(g) —z(p) = ¢ and either z(p) <0 or z(g) > £9. By Theorem 0.2, the tube
T, (y,) is strongly convex for (p, q). Lett € [0, 1] — y(t) € M denote the geodesic
from y(0) = p to y(1) = g such that y((0, 1)) C (7;(y,))°. We must prove that
v((0, 1)) C (N,(yp))°. By Proposition 1.2, we know that d(z o y)/dt > 0 while,
by Proposition 2.2, we have toy < r on (0, 1). We may assume with no loss of
generality the existence of T € (0, 1) such that either z(y(T)) = 0 or z(y(T)) = £o.
If the former occurs, the restriction of y to the subinterval [0, 7] is minimizing in
T,(y,) N{—r < z < 0} among piecewise C' paths joining p to y(T). Besides, the
ball B(y,(0), r) being strongly convex, there exists a unique minimizing geodesic
7 €[0, 1] — c¢(r) € M such that c(0) = p, c(1) =y(T), c((0, 1]) C (B(y((0), r))°.
By uniqueness and due to (16), these geodesics must coincide: ¢(t) = y(z7T). In
particular, we do have y((0, T']) C (B(y((0), r))°. Similarly, if the latter occurs, the
restriction of y to the subinterval [7', 1] is minimizing in 7, (y,) N {€o < 2 < Lo +r}
among piecewise C! paths joining y(T) to g. The ball B(y,(€o), r) being strongly
convex, there exists a unique minimizing geodesic t € [0, 1] — ¢(r) € M such
that ¢(0) = y(T), c¢(1) =¢q and ¢([0, 1)) C (B(yo(£o), r))°. Again, these geodesics
must coincide: ¢(t) = y(r + (1 — t)T). In particular, we do have y([T, 1)) C
(B(yog(€o), r))°. Case 1 is settled.

Case 2: z(q) — z(p) < ¢ and either z(p) < ¢ or z(q) > €9 — ¢. Here, we may
assume that the points p and ¢ lie in the closure of a strongly convex ball B and
argue as in Case 1 of the proof of Theorem 0.2, with 7, (y,) now replaced by
N, (yq). Doing so, the present proof is reduced to ruling out the analogue of (15),
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namely the property
1 (0) €[3B(y0(0), r)N{z <0}JU[dB(yo(£0), )N{z>Lo}] for some 6 € (0, 1).

This can be done by observing that the geodesic ¢ € [0, 1] — ¢, () € M is
minimizing from pto to qto and by relying on the inclusion (16) combined with

the strong convexity of the balls B(y(0), r) and B(yy({o), r); we leave it as an
exercise.
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EIGENVALUES OF PERTURBED LAPLACE OPERATORS ON
COMPACT MANIFOLDS

ASMA HASSANNEZHAD

We obtain upper bounds for the eigenvalues of the Schrodinger operator
L = A; + q depending on integral quantities of the potential 4 and a con-
formal invariant called the min-conformal volume. When the Schrodinger
operator L is positive, integral quantities of ¢ appearing in upper bounds
can be replaced by the mean value of the potential g. The upper bounds we
obtain are compatible with the asymptotic behavior of the eigenvalues. We
also obtain upper bounds for the eigenvalues of the weighted Laplacian or
the Bakry—Emery Laplacian Ay =A,+V,¢-V, using two approaches: first,
we use the fact that Ay is unitarily equivalent to a Schriodinger operator
and we get an upper bound in terms of the L?-norm of V.¢ and the min-
conformal volume; second, we use its variational characterization and we
obtain upper bounds in terms of the L>°-norm of V,¢ and a new conformal
invariant. The second approach leads to a Buser type upper bound and also
gives upper bounds that do not depend on ¢ when the Bakry—Emery Ricci
curvature is nonnegative.
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We study upper bound estimates for the eigenvalues of Schrodinger operators and
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The Schrodinger operator. Let (M, g) be a compact Riemannian manifold of
dimension m and g € C%(M). The eigenvalues of the Schrodinger operator L :=
A, + g acting on functions constitute a nondecreasing, semibounded sequence of
real numbers going to infinity:

MAg+q) =h(Ag+q) < < M(Ag+q) < --- S 00.

The well-known Weyl law, which describes the asymptotic behavior of the eigen-
values of the Laplacian [Bérard 1986], can be easily extended to the eigenvalues of
Schrédinger operators on compact Riemannian manifolds:

g (M) )2/ "
= (Xm )

(1 klirgokk(Ag +q)( k

where «,, = 4712(4),;2/ " and w,, is the volume of the unit ball in R™. This says
that the normalized eigenvalues Ay (Ag +q) (g (M)/ k)2/m asymptotically tend to a
constant depending only on the dimension. However, upper bounds of normalized
eigenvalues in general cannot be independent of geometric invariants and the
potential g; see [Colbois and Dodziuk 1994] or the introduction of [Hassannezhad
2011]. We shall obtain upper bounds for normalized eigenvalues depending on some
geometric invariants and integral quantities of the potential g. These upper bounds
are compatible with the asymptotic behavior in (1); that is, they tend asymptotically
to a constant depending only on the dimension as k£ goes to infinity.

Numerous articles have studied how the eigenvalues of L can be controlled
in terms of geometric invariants of the manifold and quantities depending on the
potential. From the variational characterization of eigenvalues, it is easy to see that

1
M(A,+qg) < / dite.
! § 1 ;ng(M) Mq §

For the second eigenvalue A>(Ag + ¢), El Soufi and Ilias [1992, Theorem 2.2]
obtained an upper bound in terms of the mean value of the potential ¢ and a
conformal invariant:

2/m
) A(Ag+q) fm(—v"([g])) +—qudMg,
Hg (M) Hg (M)

where V,([g]) is the conformal volume defined by Li and Yau [1982] which only
depends on the conformal class of g, denoted by [g].

For a compact orientable Riemannian surface (X, g) of genus y, as a conse-
quence of inequality (2), they obtained the following inequality, where | | denotes
the floor function:

8 Ly—l—3J N fzyqdﬂg

3 A (Ag + .
3) 2(Ag q)sﬂg(zy) 7 1e(3))
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For higher eigenvalues of Schrodinger operators, Grigor’yan, Netrusov and Yau
[Grigor’yan et al. 2004] proved a general and abstract result that can be stated
in the case of Schrodinger operators as follows. Given positive constants N and
Cy, assume that a compact Riemannian manifold (M, g) has the (2, N)-covering
property (that is, each ball of radius r can be covered by N balls of radius r/2) and
g (B(x, 1)) < Cor? for every x € M and every r > 0. Then, for every ¢ € CO(M),
we have (see [Grigor’yan et al. 2004, Theorem 1.2 (1.14)])

Chot 57 [y a* dig —8 fyya™ dis
/Lg(M)

where § € (0, 1) is a constant which depends only on N, C > 0 is a constant which
depends on N and Cy, and ¢g* = max{| + ¢/, 0}.

Moreover, if L is a positive operator, then we have (see [Grigor’yan et al. 2004,
Theorem 5.15])

9

4 M(Ag+q) =

Ck+ [y qdug
Gﬂg(M)

where € € (0, 1) depends only on N and C depends on N and Cy.

The above inequalities in dimension two have a special feature as follows. Let
Y, be a compact orientable Riemannian surface of genus y. Then, for every
Riemannian metric g on X,, and every g € C 0(E),), we have (see [Grigor’yan et al.
2004, Theorem 5.4])

&) M(Ag+q) <

’

Oy + Dk+67" [5 qFdug =3 [5 g dug
:Uvg(Ey)

where § € (0, 1) and Q > 0 are absolute constants.

Inequalities (4) and (5) are not compatible with the asymptotic behavior regarding
the power of &, except in dimension two. Yet, for surfaces, the limit of the above
upper bound for normalized eigenvalues depends on the genus y as k goes to infinity.
Therefore, it is not compatible with (1).

We obtain upper bounds which generalize and improve the above inequalities
without imposing any condition on the metric and which are compatible with the
asymptotic behavior. Before stating our theorem, we need to recall the definition
of the min-conformal volume. For a compact Riemannian manifold (M, g), its
min-conformal volume is defined as follows (see [Hassannezhad 2011]):

V([g)) = inf{ug (M) : go € [g], Riccigy > —(m —1)}.

’

Theorem 1.1. There exist positive constants o, € (0, 1), By, and C,, depending
only on m such that, for every compact m-dimensional Riemannian manifold (M, g),
every potential g € C°(M), and every k € N*, we have
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@, S adig — o [y a” dig

/Lg(M) y 2
Bm(V([g])> +Cm( k ) .
//Lg(M) I/Lg(M)

In particular, when the potential q is nonnegative, one has

[y qdrig (V([g])>2/’" ( k )2/’"
7 A (A Ap=———+ B, Cn ,
D Bty =dn® Ot B o) O Lo

6) M(Ag+qg) <

~1
where A, = a,,".

We also obtain upper bounds for eigenvalues of positive Schrédinger operators.
Note that the positivity of the Schrodinger operator L = Ag + ¢ implies that [, ¢
is nonnegative, and g here may not be nonnegative. The following upper bound
generalizes inequalities (5) and (7).

Theorem 1.2. There exist constants A,, > 1, B, and C,, depending only on m

such that if L = Ay +q with q € CY%(M) is a positive operator, then, for every
compact m-dimensional Riemannian manifold (M™, g) and every k € N*, we have

Jur 4 dig (V([g]))z/’" ( k )2“"
Ar(A, + A,———+ B, +Cp .
(Be @)= An™ o) 1o (M) g (M)

Given the Schrodinger operator L = A, + ¢, for every & > 0, the Schrodinger
operator L = A, +q — A1 (L) +¢ is positive and Ax (L) = Ax (L) — A1 (L) +¢. When
& goes to zero, Theorem 1.1 leads to the following.

Corollary 1.3. Under the assumptions of Theorem 1.1, we get

M(Ag+q) <Ay + (1 —=An)ri(Ag+9q)

2/m 2/m
Bm(V([g])) +Cm( k ) .
/'Lg(M) I/Lg(M)

In the two-dimensional case, for a compact orientable Riemannian surface
(X¥,, g) of genus y, thanks to the uniformization and Gauss—Bonnet theorems,
one has V([g]) < 4my. Therefore, in compact orientable Riemannian surfaces,
one can replace the min-conformal volume by the topological invariant 477y in the
above inequalities.

Corollary 1.4. There exist absolute constants a € (0, 1), A, and B such that, for
every compact orientable Riemannian surface (X,, g) of genus y, every potential
q e CO(M), and every k € N*, we have

®) MDDt () < / (ag* —a~'q™) dpy + Ay + Bk.
EV
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And if L is a positive operator,

M(Bg+ @ty (T,) = a/ g dpg+ Ay + Bk.
Y
An interesting application of Theorem 1.1 is the case of weighted Laplace
operators or Bakry—Emery Laplace operators.

Bakry—Emery Laplacian. Let (M, g) be a Riemannian manifold and ¢ € C*(M).
The corresponding weighted Laplace operator Ay is defined by

Ap=Dg+ V-V,

This operator is associated with the quadratic functional | w VoS [2e=?du ¢» that is,
/ Apfhe ?dp, = / (Vo f, Vehe™® dpu,.
M M

This operator is an elliptic operator on C2°(M) C L*(e™? dtg) and can be extended
to a selfadjoint operator with the weighted measure e =% du ¢- In this sense, it arises
as a generalization of the Laplacian. The weighted Laplace operator Ay is also
known as the diffusion operator or the Bakry—Emery Laplace operator which is
used to study the diffusion process; see, for instance, the pioneering work of Bakry
and Emery [1985] or [Lott 2007; Lott and Villani 2009]. The triple (M, g, ¢) is
called a Bakry—Emery manifold, where ¢ € C2(M) and (M, g) is a Riemannian
manifold with the weighted measure e‘q’d,ug; see [Lu and Rowlett 2012; Rowlett
2010]. The interplay between the geometry of M and the behavior of ¢ is mostly
taken into account by means of a new notion of curvature called the Bakry—Emery
Ricci tensor!, which is defined by

Riccig = Riccig + Hess ¢.

Our aim is to find upper bounds for the eigenvalues of Ay denoted by Ax(Ay) in
terms of the geometry of M and of properties of ¢.

Upper bounds for the first eigenvalue A1(Ag) of complete noncompact Riemann-
ian manifolds have been recently considered in several works; see [Munteanu and
Wang 2012; Setti 1998; Su and Zhang 2012; Wu 2010; 2012]. These upper bounds
depend on the L*°-norm of V,¢ and a lower bound of the Bakry—Emery Ricci
tensor.

Let (M, g, ¢) be a complete noncompact Bakry—Emery manifold of dimension
m with Riccig > —«k%(m —1) and |Ve¢| < o for some constants k > 0 and o > 0.
Then we have, by [Su and Zhang 2012, Proposition 2.1] (see also [Munteanu and

! The Bakry—Emery Ricci tensor Ricciy is also referred to as the oo-Bakry—Emery Ricci tensor.
We denote Riccig and Hess ¢ by Riccig (M, g) and Hessg ¢ wherever any confusion might occur.
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Wang 2012; Wu 2010; 2012])

©) M (8g) < 3((m — D +0)>.
In particular, if Riccig > 0, we have

(10) A(Ag) < 1o,

We consider compact Bakry—Emery manifolds and we present two approaches to
obtain upper bounds for the eigenvalues of the Bakry—Emery Laplace operator in
terms of the geometry of M and the properties of ¢.

First approach. One can see that Ay is unitarily equivalent to the Schrodinger
operator L = Ag+%Ag¢+ %|vg¢|2; see, for example, [Setti 1998, p. 28]. Therefore,
as a consequence of Theorem 1.2, we obtain an upper bound for A;(Ag) in terms
of the min-conformal volume and the L2-norm of V.

Theorem 1.5. There exist constants A,,, B,,, and C,, depending on m € N*, such
that, for every m-dimensional compact Bakry—Emery manifold (M., g, ¢), we have

M(Bg) < Ap— Ve Pagyy, + B (V([g]))Z/erc( £ )W
= (TR0 T () "))

It is worth noticing that in full generality it is not possible to obtain upper bounds
which do not depend on ¢; see, for instance, [Su and Zhang 2012, Section 2]. How-
ever, we will see that for compact manifolds with nonnegative Bakry—Emery Ricci
curvature we can find upper bounds which do not depend on ¢ (see Corollary 1.8).

In the two-dimensional case, as a result of Corollary 1.4, we obtain the following.

Corollary 1.6. There exist absolute constants a € (0, 1), A, and B such that, for
every compact orientable Riemannian surface (%, g) of genus y and every k € N*,

he(Dg)g(Zy) <al|Vedll7z s )+ Ay + Bk.

Second approach. This approach is based on using the technique introduced in
[Hassannezhad 2011], which was successfully applied for the Laplace operator A,
on Riemannian manifolds [Hassannezhad 2011, Theorem 1.1]. We obtain upper
bounds for eigenvalues of Ay in terms of a conformal invariant. We also obtain a
Buser type upper bound for A;(Ag) (see Corollary 1.9).

Definition 1.1. Let (M, g, ¢) be a compact Bakry—Emery manifold. We define the
¢-min-conformal volume as

(1D Vs ([g]) = inf{uy (M, go) : go € [g], Riccig(M, go) > —(m — 1)},
where gy (M, go) is the weighted measure? of M with respect to the metric go.

2For a Bakry—Emery manifold (M, g, ¢), when g is the weighted measure with respect to the
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Note that up to dilations? there is always a Riemannian metric gg € [g] such that
Riccig (M, go) = —(m — 1). We are now ready to state our theorem.

Theorem 1.7. There exist positive constants A(m) and B(m) depending only on
m € N* such that, for every compact Bakry—Emery manifold (M, g, ¢) with Vo] <
o, for some o > 0 and for every k € N*, we have

5 Ve(lgD V" k™
(12) M (Ay) = A(m) max{o ’1}(M¢(M)) +B(m)(u¢(M)> '

If a metric g is conformally equivalent to a metric go with Riccig(M, go) > 0,
Vs ([g]) = 0. Thus an immediate consequence of Theorem 1.7 is the following.

Corollary 1.8. There exists a positive constant A(m) depending only on m € N*
such that, for every compact Bakry—Emery manifold (M, g, ¢) with Vs([g) =0
and for every k € N*,

k 2/m
(13) Me(Ag) = A(fﬂ)<—) :
’ 1o (M)
The above upper bound is similar to the upper bound for the eigenvalues of the
Laplacian in Riemannian manifolds (M, g) when V ([g]) = 0; see [Korevaar 1993].
If Riccig(M) > —k2(m — 1) for some k > 0, then, for gy = k2g, one has
Riccig(M, go) = —(m — 1) and Vg ([g]) < nge(M, go) = k™ gy(M, g). Replacing
in inequality (12), we get a Buser type upper bound for the eigenvalues of the
Bakry—Emery Laplacian.

Corollary 1.9 (Buser type upper bound). There are positive constants A(m) and
B(m) depending only on m € N* such that, for every compact Bakry—Emery mani-
fold (M, g, ¢) with Ricciy(M) > —k%(m —1) and |Ve¢| < o for some k > 0 and
o >0, and for every k € N*, we have

A (Ag) < A(m) max{o?, 1}K2+B(m)<—> .
’ 1o (M)
A weaker version of Corollary 1.9 can be proved directly by the classic idea
used by Buser [1979] and Li and Yau [1980]. We refer the reader to the appendix,
where we give a simple and direct proof.

Remark 1.1. All of the results mentioned above for compact manifolds are also
valid when one considers bounded subdomains of complete manifolds with the
Neumann boundary condition.

metric g, we simply denote the weighted measure of a measurable subset A of M by (4 (A) instead
of uy(A, g).

3Note that Hess ¢ and Riccig do not change under dilations. If Riccig (M, g) > —k2(m—1) g, for
all & > 0, Riceig (M, gg) := Riccip(M, ag) = Riccig(M, g) > —Kz(m —-g= —(Kz/ot)(m —1go.
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2. Preliminaries and technical tools

Basic definitions. A capacitor is a pair of Borel sets (F, G) in a topological space
satisfying F ¢ G.

We say that a metric space (X, d) satisfies the (k, N; p)-covering property if
each ball of radius O < r < p can be covered by N balls of radius r/kx. We sometimes
call this the local covering property when p < oo.

For any x € X and 0 <r < R, we define the annulus A(x, r, R) as

A(x,r,R):=Bx,R)\B(x,r)={ye X:r<d(x,y) <R}.

Note that A(x,0, R) = B(x, R). If F = A(x,r, R) and A > 1, we define *F :=
A(x, 2" 'r, AR). For F C X and r > 0, we denote by F" the r-neighborhood of F:

F'={xeX:dx,F)<r}.

Here we state the key method that we use in order to obtain our results. This
method was introduced in [Hassannezhad 2011] and was inspired by two elaborate
constructions given in [Colbois and Maerten 2008; Grigor’yan et al. 2004]. It
leads to the construction of a “nice” family of capacitors, crucial to estimating the
eigenvalues of Schrodinger operators and Bakry—Emery operators via capacities.

Capacity on Riemannian manifolds. For each capacitor (F, G) in a Riemannian
manifold (M, g) of dimension m, we define the capacity and the m-capacity by

(14) capg(F,G):inf/ IVeol?dp, and capgj])(F,G)zinf/ Voo™ djtg,
veT Jm 0T J

respectively, where 7 = J(F, G) is the set of all functions ¢ € C5°(M) such that
suppp C G,0<¢ <1, and ¢ =1 in a neighborhood of F. If T (F, G) is empty,
cap,(F, G) = capE;"])(F, G) = +oo0.

Proposition 2.1 ([Hassannezhad 2012, Theorem 1.2.1]; see also [Hassannezhad
2011]). Let (X, d, i) be a metric measure space with a nonatomic Borel measure
W satisfying the (2, N; p)-covering property. Then, for every n € N*, there exists a
family of capacitors sl = {(F;, G;)};_, with the following properties:
() wn(F) = v:=wu(X)/(8c*n), where c is a constant depending only on N.
(i1) The G; are mutually disjoint.
(iii) The family A is such that either
(a) all the F; are annuli with outer radii smaller than p and G; = °F;, or
(b) all the F; are domains in X and G; = Fir0 with rg = ﬁp.

As a consequence of this proposition, we have:
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Lemma 2.2. Let (M™, g, ) be a compact Riemannian manifold with a nonatomic
Borel measure w. Then there exist positive constants c(m) € (0, 1) and a(m)
depending only on the dimension such that, for every k € N*, there exists a family
{(F;, G,-)}f.‘: | of mutually disjoint capacitors with the following properties:

M
O () > om0,

M1 (Vg™ ko™
(I cap (Fr, Gi) == [%<M;;(M)> +a(m)(ug(M)) ]’Wlthro:ﬁ'

Proof of Lemma 2.2. Take the metric measure space (M, dg,, iu), where gg € [g]
with Riccig) > —(m —1) and dy, is the distance associated to the Riemannian metric
go. It is easy to verify that (M, dg,, u) has the (2, N; 1)-covering property, where
N is a constant depending only on the dimension [Hassannezhad 2011]. Therefore,
Proposition 2.1 implies that for every k € N* there is a family of 3k mutually disjoint
capacitors {(Fj, G,-)}f’i | satisfying the following properties (see [Grigor’yan et al.
2004, Proposition 3.1] for more justification):

o w(F;) > cm)u(M)/k, where c(m) € (0, 1) is a positive constant depending
only on the dimension.

o Either

(a) all the F; are annuli with outer radii smaller than 1 and cap(m)(F,, ’F) <
O, where the constant Q,, depends only on the dimension, and G; = 2F;;

or

(b) all the F; are domains in M and G; = Fl.ro, where rg = ﬁ.

Hence, the family of {(F;, G,-)}?i | has property (I). We now show that at least k
of the capacitors satisfy property (II). We first find an upper bound for the m-capacity
cap, g]) (F;, G;). If all the F; are annuli, we already have an estimate by property (a).
If the F; are domains, one can define a family of functions ¢; € I (F;, G;), 1 <i <3k,
such that [V ¢;| < 1/r¢. Then

1
Cap[g])(FZs G < f |Vgo§0t d/ngo = m,ugo(Gi)-
o
Since Gy, ..., G3 are mutually disjoint, there exist at least 2k of them so that
Mg (Gi) < gy (M)/k. Similarly, there exist at least 2k sets (not necessarily the
same ones) such that g (G;) < ug(M)/k. Therefore, up to reordering, we assume
that the first k£ of them (that is, G, ..., Gy) satisfy the inequalities

:U“g(Gi) =< I'Lg(M)/k and I'Lgo(Gi) = Mgo(M)/k-
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Hence, in general, there exist k capacitors (F;, G;), 1 <i <k, with

Mgy (M)
cap[g])(F,, Gi)<O0On+ :goT

The left side of this inequality is a conformal invariant. Now, taking the infimum
over go € [g] with Riccig, > —(m — 1), we get

V(g

"(F, Gi) < On+
C'dp[g] i»Ui) = Um I’6n k

Now, for every ¢ > 0, we consider plateau functions { f,-}f:l, fi € I(F;, G;), with

[ 19" dag = canfy) 5 G e
M

Therefore,

2/m 1-2/m
(15) cap, (F.Gi) < f |vgﬁ|2dugs< / |Vgﬁ|Mdug> ( f Luupp 1 dug)
M

2 _
(cap[g])(F,, Gi)+ 8) /m,bLg(Gi)1 2fm

1 2/m
(Qm+7V(,Eg]) +e> g (G)' 2
o

2/m 1-2/m
[om e LYy pm (1a00)

0

where the last inequality is due to the well-known fact that
(a+b) <a*+b°

when a, b are nonnegative real numbers and 0 < s < 1. Letting ¢ tend to zero, we
obtain property (II). This completes the proof. U

Capacity on Bakry-Emery manifolds. In an analogous way, we define the capacity
ina Bakry—Emery manifold (M, g, ¢). For each capacitor (F, G) ina Bakry—Emery
manifold (M, g, ¢) of dimension m, the capacity and the m-capacity are defined as

(16) capy(F,G) = inof_/ IVepl?dpy and capy” (F,G) = inof_/ IVeo|™ dpiy,
ved Jm veT J

respectively, where 7 = J(F, G) is the set of all functions ¢ € C5°(M) such that
suppe C G,0 < ¢ <1 and go =1 in a neighborhood of F. If J(F, G) is empty,
cap¢(F, G) = calp¢7 )(F G) =

We prove a similar lemma below (Lemma 2.2). We first show that every compact
Bakry—Emery manifold satisfies the assumptions of Proposition 2.1. Thanks to a
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volume comparison theorem for Bakry—Emery manifolds, which we quote next, we

can show that such have the local covering property (see Lemma 2.4).

Theorem 2.3 (volume comparison theorem [Wei and Wylie 2009]). Let (M, g, ¢)
be a compact Bakry—Emery manifold with Riccig > a(m —1). If 3,¢ > —o with
respect to geodesic polar coordinates centered at x, then, for every 0 <r < R, we
have (assume R < 7 /2/a if a > 0)

(17 e (B(x, R)) < R v(m,R,a)’
pe(B(x,r)) v(m, r, o)

and, in particular, letting r tend to zero yields
(18) g (B(x, R) <e”Ro(m, R, a),

where v(m, r, @) is the volume of a ball of radius r in the simply connected space
form of constant sectional curvature o.

Lemma 2.4. Let (M, g, ¢) be a compact Bakry—Emery manifold with Ri ccig >
—k*(m — 1) and |Veo| < o for some k > 0 and o > 0. There exist constants
N(m) e N* and &£ =&(o, k) > 0 such that (M, g, ¢) satisfies the (2, N; £)-covering
property. Moreover, there exists a positive constant C (m) such that, for every 0 <
r < R<E&andx e M, the annulus A = A(x, r, R) satisfies capfbm)(A, 24)) < C(m).

Proof. Take &€ = min{1/0, 1/x}. (Take & = oo if 0 =k = 0.) We first show that
(M, g) has the doubling property for r < 4&, that is,
e (B(x,r)) < cug(B(x,r/2)), 0<r<4g,

for some positive constant ¢. From this, it is easy to deduce that (M, ug) has
the (2, N; £)-covering property, for example with N = ¢*. To prove the doubling
property, according to inequality (17) we have

e (B(x,r)) < or v(m, r, —k?) _ or Vlm,kr,—1)
pe(B(x,r/2)) =€ v(m,r/2, —KZ)_e v(m, kr/2, —1)

Take 7 := «r. Then, for 0 < r <4& =4min{l/o, 1/«}, we have

or V(m, kr,—1) A v(im,r, —1) < c(m),

vm, kr /2, —1) = vm, 7/2, —1) =

where s
cm) = sup et 2D
Fe0.4) v(m,7/2,-1)

Thus

_Ho(B(x, 1)) <c(m) foreveryO0<r <E&.
re(B(x,1/2))

Therefore, (M, g, ¢) has the (2, N; £)-covering property for N = c*(m).
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To estimate the capacity of an annulus, we now follow the same argument as
in [Hassannezhad 2011, p. 3430]. Let A = A(x,r, R) and let f € J(A, 2A) be
given by

1 if ye A(x, r, R),
(19) Fy) = 2dg,(y, B(x,r/2))/r %fy € A(x,r/2,r)and r # 0,

1 —dg(y, B(x,R))/R if ye A(x, R,2R),

0 ifye M\ A(x,r/2,2R).
We have

Vg /1 < {Z/r on B(x,r)\ B(x,r/2),

1/R on B(x,2R)\ B(x, R).

Therefore,

capy" (A, %A) = fM Ve iy < (2) g (AC,r/2,) + () 1o (AG, R.2R)

< (3) 1B ) + (L) 1o (BGx. 2R)).
(;) (%

Having inequality (18), we get

m m
cap((pm)(A, 2A) < (%) e’ v(m, r, —k%) + (%) e*®v(m, 2R, —k?)

= (i)me”v(m, kr,—1)+ (L)mechv(m, 2kR, —1).
Kr KR
Take 7 := kr and R :=« R. Then, for every 0 <r < R <2& =2min{l/o, 1/k}, we

get
2\" 1\" ~
(20)  capy” (A,%A) < (-) e2v(m,;7,—1)+<:) etom, 2R, —1).
F R

Setting C (m) to the supremum of the expression on the right side over 7, Re 0,2)
completes the proof. ([

Lemma 2.5. Let (M™, g, ) be a compact Bakry—Emery manifold with Vel <o
for some o > 0. There exist positive constants c(m) € (0, 1) and o(m) depending
only on the dimension such that, for every k € N*, there exists a family {(F;, G,-)}i.‘: |
of capacitors with the following properties:

M
M) () > c(m)%,

o meDT L (Vg )" k"
(1D cap (11 G = =5 [r(%(w(M)) +“(m)<u¢(M>> } where

1/rop = 1600 max{o, 1}.
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Proof. We consider the Bakry—Emery manifold (M, g, ¢) as the metric measure
space (M, dg,, ng) where gg € [g] with Ricciy (M, go) > —(m — 1) and  is the
weighted measure with respect to the metric g. According to Lemma 2.4, this space
has the (2, N, £)-covering property with £ = min{1/o, 1}. Having Proposition 2.1
and Lemma 2.4, and following steps analogous to those in Lemma 2.2 we see,
for every k € N*, there exists a family of k mutually disjoint capacitors {F;, G;}
satisfying the following properties:

o np(F;) = c(m)uy(M)/k, where c(m) € (0, 1) is a positive constant depending
only on the dimension, and uy(G;) < ug(M)/k. Either

(a) all the F; are annuli with outer radii smaller than &, G; = 2F;, and
capy” (F;, G;) < C(m),

where C(m) is the constant defined in (20);

or

(b) all the F; are domains in M, G; = F;° is the ro-neighborhood of F;, and
capl" (i, Gi) < ry *Vi(LgD)/ k. with ro = &/1600.

Hence, cap((;")(Fi, G;))<C(m) +r0_2 Vs ([g])/ k. Now, for every € > 0, we consider

a family of functions {fi}f.‘zl, fi € I(F;, G;) such that

/ Ve fil"e ™ dpg < capf,f")(ﬂ, Gi) +e.
M

We repeat the same argument as before.

capy (Fr. Gr) < / IV, fiPe~Pdpg
M

2/m 1-2/m
= (/ |ngi|me_¢d:““g) (/ 1suPPfie_¢dMg>
M M

< [C<m>2/m i (M>W + gzxm] (M)l‘” "

2
g k k

Having 1/rg = 1600/§ = 1600 max{o, 1} and letting ¢ tend to zero, we obtain
property (II). This completes the proof. ([

3. Eigenvalues of Schriodinger operators

In this section, we prove Theorems 1.1 and 1.2. The idea of the proof is to construct
a suitable family of test functions to be used in the variational characterization of
the eigenvalues. Due to the min-max Theorem, we have the following variational
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characterization for the eigenvalues of the Schrddinger operator L = A, +¢:

Vo FI?di, + 2qd
A (Ag +¢q) =min max fMl ¢/ Mg2 fo ol
Vi 0£feV, S [Pdug

’

where Vj is a k-dimensional linear subspace of H'(M) and Mg is the Riemannian
measure corresponding to the metric g.

According to this variational formula, for every family { ﬁ}’le of disjointly
supported test functions, one has

(21) )\k(A +q) <  max fM |v8fl|2d,u/g+fM flzq dpLg
§ T iefl,.. k) fM fiz dpig

The potential g € C ‘M)isa signed function (notice that we can assume g € L'(M)
as well). We define a signed measure o associated to the potential g by

o(A) = / g du, for every measurable subset A of X.
A

For any signed measure v we write v = v — v, where v and v~ are the positive
and negative parts of v, respectively. For any signed measure v and 0 < § <1 we
define a new signed measure vg as vy := vt — v,

Let u and v be two signed measures on M. Then, according to [Grigor’yan et al.
2004, Lemma 4.3], we have

(22) (L +v)s > s + vs.

Proof of Theorem 1.1. For a real number A € R define p; := (Aug — o)t asa
nonatomic Borel measure on M. We apply Lemma 2.2 to (M, g, u,). Thus, for
every k € N* and every A € R, there exists a family {(F;, Gi)}l.zi | of 2k capacitors
satisfying properties (I) and (II) of Lemma 2.2.

From now on, we take A := Ay = A¢(L). Property (I) yields

(g =) (M)
2k '

The measure (Axug — o)™ is also nonatomic. Since G; are mutually disjoint, up to
reordering, the first £ of them satisfy

(Mg — o)~ (M)
X ,

(Mg —0) T (Fy) = c(m)

(Mg —0) (Gi) <

e{l,..., k}.
Therefore

(23) (ittg — ) (Gi) — Gty — 0)H(F)
Gty =0 (M) Gty = 0)* (M)
k 2k
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For every € > 0 and every 1 <i <k, we choose f; € J(F;, G;) such that
24) [ 9P i < cap (G

M

Inequality (21) implies that there exists i € {1, ..., k} so that

xk/ fl-zduggf |vgfl~|2dug+/ fPadu,.
M M M

Hence, having Lemma 2.2 and inequality (23), we get
@) o< [ Verfdug~ [ £0u-ardg
M M

<cap,(Fi, Gi)+e€ —/ JP 0w —q)dug
M

Mg(M)[l<V([g])>2/’”+ ( 2k )2/'"}
= 2\ on) T Lo ¢

2%k
+/ ff(kk—q)_dug—/ PO —q)t du,
M M

peMT 1 V([g]))z/’" ( 2k )2/'"}
=T [rg(ug(M) toem\ an)  ]TE

(Mg — o)™ (M) (pg — ) (M)
—c(m) .
k 2k
We now estimate the last two terms of this inequality considering two alternatives.

+

Case 1. If A = At (L) is positive, then, applying (22) for the measure A, and
signed measure —o with § = c(m)/2, we get

(26) @()&kﬂg —0) (M) — (g — o)~ (M)
> #G_(M) —o (M) + @/\wg(M}-

Substituting (26) in (25) and letting € tend to zero gives
2/c(m))a* (M) — o~ (M)

g (M)
L] <V([g])>2/’” L am ( 2k )2/’"
c(m)rg \ ng(M) c(m) \ ng(M) '
Case 2. If Ay = A (L) is nonpositive, applying (22) for the signed measures Ay uig
and —o with § = c(m)/2 implies

27 A =<

c(m)
2

c(m)

(Aprg =) (M) = Gupprg — )~ (M) > o (M) = (M) + A fug (M).
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Substituting this in (25) and letting € go to zero gives

o (M) — (c(m)/2)o~ (M) 1(V([g]))2/’" a(m)( 2k )2/'”

28) A 4+ —
(28) Je = 11 (M) 272 \ g (M) 2 \ g

Therefore, A (L) is smaller than the sum of the right sides of inequalities (27) and
(28). We finally obtain inequality (6) with, for example, o, = c(m) /4. |

Proof of Theorem 1.2. We partly follow the spirit of” the proof of [Grigor’yan et al.
2004, Theorem 5.15]. Take the metric measure space (M, g, 4y). By Lemma 2.2,
for every k € N* there is a family of 2k disjoint capacitors {(F;, G,-)}l.zi | that satisfies
properties (I) and (IT) of Lemma 2.2. For every ¢ > 0, let { f,-}izi , be a family of
test functions with 2 f; € J(F;, G;) and 4fM |ngl~|2d,ug < capg(E, G;)+e. We
claim that this family satisfies the following property:

2% 2%
(29) Z/ fradug SZ/ |vgfi|2dﬂg+/ qdpg.
i=1 "M i=1'M M

If we have inequality (29),

% 2%
60 3 [ Vsl odu <2y [ Vet [ qdu,
i=1YM i=1vM M
§kmaxcapg(Fi,G,~)+ks+/ qdg.
i M

By the assumption, f v (Ve fi REE fizq) dpug 1s positive for each 1 <i <2k. Therefore,
at least k of them (up to reordering we assume that it’s the first k) satisfy the
inequality

qudﬂg

G [ VAP 52q) dag < maxcap, (. Gy +e P
M 1

Inequality (31), together with the bounds of capg(Fi, G;) and ug(F;) given in
Lemma 2.2 and properties (I) and (II), leads to

Ju |ngi|2dﬂg+fM fi2‘1d:“g
foizd/Lg

_ max; capg(E,G,-)—Fs—i-(l/k)qudug

- wg(F;)

1 2/m 2k \™ 2 2(,,qd
; 2<V([g]>) +a(m)< k ) L oke | 2fyadus
c(m)ry \ g(M) g (M) cm)pg(M) — c(m)pe (M)

Ar(L) < max
L
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Hence we get the desired inequality as € tends to zero. It remains to prove inequality
(29) which is proved in [Grigor’yan et al. 2004, Section 5]; however, for the reader’s
convenience we repeat the proof. We define the function / by the identity

2k
(32) S f+nr=1.
i=1

Since fi, ..., fa are disjointly supported and 0 < f; < 1/2, h > 1/2. We now
estimate the left side of inequality (29).

2k
(33) /(Zfiz—i_hz_hz)qdﬂé’:f C]dﬂg—/ hzqdug
M\ M M

< [ g+ [ 19nan,.
M M

where the last inequality comes from the fact that the Schrodinger operator L is
positive. Identity (32) implies

2k 2k
—2hVeh=—=Vh* = "V, f2 =23 fiV,f:.
i=1 i=1
Therefore,
2k 2k 2k
(B4)  VehP < 2RV R =Y IV AP =4 1AV filP <Y IV il
i=1 i=1 i=1
Combining inequalities (33) and (34) we get inequality (29). ]

4. Eigenvalues of Bakry—Emery Laplace operators

In this section we consider eigenvalues of the Bakry—Emery Laplace operator Ay
on a Bakry—Emery manifold (M, g, ¢), where M is a compact m-dimensional
Riemannian manifold and ¢ € C?(M). We denote the weighted measure on M by
g With

He(A) = / e ? du, for every Borel subset A of M.
A

Proof of Theorem 1.5. As we mentioned in the introduction, one can see that
Ay = Ag+ V¢ - Vg is unitarily equivalent to the positive Schrodinger operator
L=Ag+1A.¢+ 5|V,¢[>. Therefore, Theorem 1.2 yields

1
g (M)

M(Ag) < Ay / (3840 + 3IVe01?) duig
M

vqg]))z/’" ( k )2/’"
(Mg(M) g (M)
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Now Stokes’ theorem implies that f y DgPdug =0. This gives the result. O

For the proof of Theorem 1.7, we use the characteristic variational formula for
the Bakry—Emery Laplacian; see for example [Lu and Rowlett 2012, Proposition 1;
Rowlett 2010, Proposition 4].

V, e ?d
(35) A(Ag) = inf sup Ju g{'_ He
Vi fev fo e~ du,

where V; is a k-dimensional linear subspace of H' (M, He)-

Proof of Theorem 1.7. According to Lemma 2.5, for kK € N* we have a family of k
capacitors satisfying properties (I) and (II). For every ¢ > 0, take f; € I (F;, G;),
1 <i <k, so that

/ 1V, fil2e P dig < capy(Fr. G) +e.
M
Hence, the characteristic variational formula (35) gives

\Y% 52_¢)d ca F,,G)+e¢
A(Agp) < max fMl g{' ¢ He < max p¢( ) .
i [y fre?dug i mg (Fi)
Having the properties (I) and (II), we get
v 2/m 2/m k
M (Ap) < A(m) max{o?, 1}(M) —i—B(m)( ) T
1o (M) 1o (M) c(m)pg (M)

Letting ¢ go to zero, we get the desired inequality. U

Appendix: Buser type upper bound on Bakry—-Emery manifolds

Here, we present a direct and simple proof of a weaker version of Corollary 1.9. The
idea behind this proof was used by Buser [1979, Satz 7], Cheng [1975], and Li and
Yau [1980] in the case of the Laplace-Beltrami operator. It is based on constructing
a family of balls as capacitors which will be the support of test functions. We can
successfully apply this idea in the case of the Bakry—Emery Laplace operator.

Theorem A.1 (Buser type upper bound). Let (M, g, ¢) be a compact Bakry—Emery
manifold with Riccig(M) > —«2(m —1) and |Ved| < o for some k >0 and o > 0.
There are positive constants A(m) and B(m) such that, for every k € N*,

2/m
A (Ag) < A(m) max{o, «k}> + B(m) (W) .

To see that the above theorem is weaker than Corollary 1.9, consider the case
where Riccig (M, g) is nonnegative. Indeed, the upper bound in Theorem A.1 still
depends on o while Corollary 1.9 provides an upper bound which depends only on
the dimension.
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Proof. Since Riccig(M) > —k%(m —1) and |Ve¢| < o, the comparison theorem
gives us the following inequalities for every 0 < r < £ = min{l/o, 1/x} (with
E=o0c0ifo=k=0):

po(B(x.r) _ o, vim.r, —k?) or V(m,r, —Kk?)

e ) < sup e o
/L¢(B(x,r/2)) v(m,r/Z, —K ) re(0,&) v(m7r/2’ —kK )

and

=:c1(m)

(36) wug(B(x,r)) <e’"v(m,r, —k2) < sup e”Sv(m, s, —k>)r™ =: cy(m)r™.
5€(0,8)

Given k € N*, let p (k) be the positive number defined by
p (k) = sup{r : there exist p1, ..., pr € M with dg(p;, pj) > r for all i # j}.

We consider two cases.

Case 1. Let p(k) > £&. For every r < &, there are k points pj, ..., pr with
B(pi,r/2)cap B(pj,r/2) =@ foralli # j. Foreachi € {I, ..., k}, we consider
a plateau function f; € J(B(p;, r/4), B(pi,r/2)), 1 <i <k, defined as in (19).
Then, for every 1 <i <k and every r < §,

Ju\VefiPe™dug 16 ug(B(pi,r/2)) _
[y fre®dug T r? pne(B(pi,r/4) ~
Therefore, letting r tend to &, one has
Sy IV fil?e™? dpug
Sy Fre? dug

Case 2. Let p(k) < &. Take r < p(k) very close to p(k). As in Case 1, there are k
points p1, ..., px with B(p;,r/2)cap B(p;,r/2) = @ for all i # j. Repeating the
same argument, we get, for every 1 <i <k,

fM |ngi|2€_¢ deg

( )16
coum)—.
1 ]"2

16 )
< cl(m)? < A(m)max{o, k}~.

16
=ci(m)—.
p

Sy fPe™? dug
Therefore, for every 1 <i <k,
[y Ve fil?e™ dug < eym) 16
=cm)——.
Sy fPe™? dug p(k)?

We now estimate p (k). Let p(k) <s < & and n be the maximal number of points
qis.--,qn € M so that d(g;, q;) > s for all i # j. Of course n < k and because
of the maximality of n, the balls {B(g;, s)}7_, cover M. Hence, according to
inequality (36),
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ro(M) <Y s (B(gi, 8)) < nea(m)s™ < kea(m)s™.
i=1

Thus, letting s tend to p(k), we get

1 -, (m)2/m (L)Z/m
pk)? = ue(My)

Therefore,

V, filetd Ko\
LHIERLTS 1601(m)62(m)2/m<—> .
Ju fie? dug g (M)

In conclusion, we obtain

V, fil*e?d
M (Ag) <max | g?' e
! Ju e dig

2/m
< A(m) max{o, k}>+ B(m) <W> . O
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FOUR EQUIVALENT VERSIONS OF NONABELIAN GERBES
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We recall and partially improve four versions of smooth, nonabelian gerbes:
Cech cocycles, classifying maps, bundle gerbes, and principal 2-bundles. We
prove that all four versions are equivalent, and so establish new relations
between interesting recent developments. Prominent partial results that we
prove are a bijection between the continuous and smooth nonabelian coho-
mology, and an explicit equivalence between bundle gerbes and principal
2-bundles as 2-stacks.
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1. Introduction

Let G be a Lie group and M be a smooth manifold. There are (among others) the
following four ways to say what a smooth G-bundle over M is:

(1) Cech 1-cocycles: an open cover {U;} of M, and for each nonempty intersection
U;iNU; asmooth map g;; : U; NU; — G satisfying the cocycle condition

8ij - 8jk = 8ik-
(2) Classifying maps: a continuous map
f:M—BG
to the classifying space BG of the group G.

(3) Bundle 0-gerbes: a surjective submersion 7 : ¥ — M and a smooth map
g:Y xu Y — G satisfying

* * *
28 " T38 = 7138,

where ;; 1Y xy Y Xy Y — Y xp Y denotes the projection to the i-th and
Jj-th factors.

(4) Principal bundles: a surjective submersion 7 : P — M with a smooth action
of G on P that preserves mr, such that the map

PxXG—->PxyP:(p,g)— (p,p.g)
is a diffeomorphism.

It is well-known that these four versions of smooth G-bundles are all equivalent.
Indeed, (1) forms the smooth G-valued Cech cohomology in degree one, whereas
(2) is known to be equivalent to continuous G-valued Cech cohomology, which in
turn coincides with smooth G-valued Cech cohomology. Further, (3) and (4) form
equivalent categories, and isomorphism classes of the objects (3) are in bijection
with equivalence classes of the cocycles (1).

In this article we provide an analogous picture for smooth I'-gerbes, where I'
is a strict Lie 2-group. In particular, I can be the automorphism 2-group of an
ordinary Lie group G, in which case the term “nonabelian G-gerbe” is commonly
used. We compare the following four versions:

Version I: Smooth, nonabelian Cech I'-cocycles (Definition 3.6). These form
the classical, smooth groupoid-valued cohomology H' (M, T') in the sense of
Giraud [1971] and Breen [1990, Chapter 4; 1994].

Version II: Classifying maps (Definition 4.4). These are continuous maps f :
M — B|I'| to the classifying space of the geometric realization of I'; such
maps have been introduced and studied in [Baez and Stevenson 2009].
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Version III: I'-bundle gerbes (Definition 5.1.1). These have been developed
by Aschieri, Cantini and JurCo [Aschieri et al. 2005] as a generalization of
the abelian bundle gerbes of Murray [1996]. Here we present an equivalent
definition by applying a higher categorical version [Nikolaus and Schweigert
2011] of Grothendieck’s stackification construction to the monoidal pre-2-stack
of principal I'-bundles.

Version IV: Principal I"-2-bundles (Definition 6.1.5). These have been introduced
in [Bartels 2006]; their total spaces are Lie groupoids on which the Lie 2-group
" acts in a certain way. Compared to Bartels’ definition, ours uses a stricter
and easier notion of such an action.

We prove that all four versions are equivalent, and follow the same line of arguments
as in the case of G-bundles outlined above:

» Baez and Stevenson have shown that homotopy classes of classifying maps of
Version II are in bijection with the continuous groupoid-valued Cech cohomol-
ogy I:Il (M, I'). We prove (Proposition 4.1) that the inclusion of smooth into
continuous Cech T'-cocycles induces a bijection

H!(M,T)=H' (M, T).

These two results establish the equivalence between our Versions I and II
(Theorem 4.6).

o I"-bundle gerbes and principal I'-2-bundles over M form bicategories. We
prove (Theorem 7.0.1) that these bicategories are equivalent, and so establish
the equivalence between Versions III and IV. Our proof provides explicit
2-functors in both directions.

» We prove the equivalence between Versions I and III by showing that nonabelian
I'-bundle gerbes are classified by the nonabelian cohomology group H! (M, T")
(Theorem 5.3.2).

The first aim of this paper is to simplify and clarify the notion of a nonabelian
gerbe. This concerns the notion of a I'-bundle gerbe (Version III), for which we
give a new, conceptually clear, and manifestly 2-categorical definition. It also
concerns the notion of a principal 2-bundle (Version IV), for which we provide a
new definition that is carefully balanced between generality and simplicity.

The second aim of this paper is to make it possible to compare and transfer
available results between the various versions. Indeed, none of the three equivalences
above is available in the existing literature. As an example why such equivalences
can be useful, we use Theorem 7.0.1 —the equivalence between I"-bundle gerbes
and principal I"-2-bundles — in order to carry two facts about I"-bundle gerbes over
to principal I'-2-bundles. We prove:
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(1) Principal I"'-2-bundles form a 2-stack over smooth manifolds (Theorem 6.2.1).
This is a new and evidently important result, since it explains precisely in
which way one can glue 2-bundles from local patches.

(2) If I and Q2 are weakly equivalent Lie 2-groups, the 2-stacks of principal I'-
2-bundles and principal €2-2-bundles are equivalent (Theorem 6.2.3). This
is another new result that generalizes the well-known fact that principal G-
bundles and principal H-bundles form equivalent stacks, whenever G and H
are isomorphic Lie groups.

The two facts about I'-bundle gerbes (Theorems 5.1.5 and 5.2.2) on which these re-
sults are based are proved in an outmost abstract way: the first is a mere consequence
of the definition of I'-bundle gerbes that we give, namely via a 2-stackification
procedure for principal I"-bundles. The second follows from the fact that principal
["-bundles and principal €2-bundles form equivalent monoidal pre-2-stacks, which
we deduce as a corollary of their description by anafunctors.

The present paper is part of a larger program. In a forthcoming paper, we address
the discussion of nonabelian lifting problems, in particular string structures. In a
second forthcoming paper we will present the picture of four equivalent versions in
a setting with connections, based on the results of the present paper. Our motivation
is to understand the role of 2-bundles with connections in higher gauge theories,
where they serve as “B-fields”. Here, two (nonabelian) 2-groups are especially
important, namely the string group [Baez et al. 2007] and the Jandl group [Nikolaus
and Schweigert 2011]. More precisely, string-2-bundles appear in supersymmetric
sigma models that describe fermionic string theories [Bunke 2011], while Jandl-2-
bundles appear in unoriented sigma models that describe, e.g., bosonic type-I string
theories [Schreiber et al. 2007].

This paper is organized as follows. In Section 2 we recall and summarize the
theory of principal groupoid bundles and their description by anafunctors. The rest
of the paper is based on this theory. In Sections 3—6 we introduce our four versions of
smooth I'-gerbes, and establish all but one equivalence. The remaining equivalence,
the one between bundle gerbes and principal 2-bundles, is discussed in Section 7.

2. Preliminaries

There is no claim of originality in this section. Our sources are [Lerman 2010;
Metzler 2003; Heinloth 2005; Moerdijk and Mrcun 2003]. A slightly different but
equivalent approach is developed in [Murray et al. 2012].

2.1. Lie groupoids and groupoid actions on manifolds. We assume that the reader
is familiar with the notions of Lie groupoids, smooth functors and smooth natural
transformations. In this paper, the following examples of Lie groupoids appear:
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Example 2.1.1. (a) Every smooth manifold M defines a Lie groupoid, denoted
by Mgis, whose objects and morphisms are M, and all of whose structure maps
are identities.

(b) Every Lie group G defines a Lie groupoid denoted by BG, with one ob-
ject, with G as its smooth manifold of morphisms, and with the composition

82081 = 8281-

(c) Suppose X is a smooth manifold and p : H x X — X is a smooth left action
of a Lie group H on X. Then, a Lie groupoid X/ H is defined with objects X
and morphisms H x X, and with

sth,x):=x, t(h,x):=p(h,x) and id,:=(1,x).
The composition is
(h2, x2) o (h1, x1) := (h2hy, x1),

where x, = p(h1, x1). The Lie groupoid X/ H is called the action groupoid
of the action of H on X.

(d) Lett: H— G be a homomorphism of Lie groups. Then,
P:HXG—>G:(h,g)— (t(h)g)

defines a smooth left action of H on G. Thus, we have a Lie groupoid G/ H.

(e) To every Lie groupoid I" one can associate an opposite Lie groupoid I"°P which
has the source and the target map exchanged.

We say that a right action of a Lie groupoid I" on a smooth manifold M is a pair
(o, p) consisting of smooth maps & : M — I'g and p : M ,x; 'y = M such that

p(p(x,8),h)=p(x,goh), px,idyx)=x and a(p(x,g)) =s(g)

for all possible g, h € I'1, p € I'p and x € M. The map « is called anchor. Later
on we will replace the letter p for the action by the symbol o that denotes the
composition of the groupoid. A left action of I' on M is a right action of the
opposite Lie groupoid I'°P. A smooth map f : M — M’ between I'-spaces with
actions («, p) and (¢, p') is called T"-equivariant if

dof=a and f(o(x,8)=p"(f(x), 2.

Example 2.1.2. (1) Let I" be a Lie groupoid. Then, I' acts on the right on its
morphisms I'y by @ := s and p := o. It acts on the left on its morphisms by
a:=tand p:=o.
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(2) Let G be a Lie group. Then, a right/left action of the Lie groupoid BG (see
Example 2.1.1(b)) on M is the same as an ordinary smooth right/left action
of Gon M.

(3) Let X be a smooth manifold. A right/left action of X, (see Example 2.1.1(a))
on M is the same as a smooth map o : M — X.

2.2. Principal groupoid bundles. We give the definition of a principal bundle in
exactly the same way as we are going to define principal 2-bundles in Section 6.

Definition 2.2.1. Let M be a smooth manifold, and let I" be a Lie groupoid.

(1) A principal I'-bundle over M is a smooth manifold P with a surjective sub-
mersion 7 : P — M and a right I"-action (¢, p) that respects the projection 7,
such that

T:Pox; Ty = Pxy P:(p, g (p.p(p.g)
is a diffeomorphism.

(2) Let Py and P, be principal I'-bundles over M. A morphism ¢ : P — P, is a
["-equivariant smooth map that respects the projections to M.

Principal I'-bundles over M form a category Bun-(M). In fact, this category is
a groupoid; i.e., all morphisms between principal I"-bundles are invertible. There
is an evident notion of a pullback f*P of a principal I'-bundle P over M along a
smooth map f : X — M, and similarly, morphisms between principal I"-bundles
pull back. These define a functor

f*: Bunp (M) — Bunp(X).

These functors make principal I'-bundles a prestack over smooth manifolds. One
can easily show that this prestack is a stack (for the Grothendieck topology of
surjective submersions).

Example 2.2.2 (ordinary principal bundles). For G a Lie group, we have an equality
of categories
Bungg (M) = Bung(M);

i.e., Definition 2.2.1 reduces consistently to the definition of an ordinary principal
G-bundle.

Example 2.2.3 (trivial principal groupoid bundles). For M a smooth manifold and
f:M — Ty asmooth map, P:=M yx,I'y and w(m, g) := m define a surjective
submersion, and «(m, g) :=s(g) and p((m, g), h) := (m, goh) define a right action
of I on P that preserves the fibers. The map v we have to look at has the inverse

TP Xy P Poax, Ty ((m, 1), (m, g2) — ((m, g1), g7 ' 0 g2),
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which is smooth. Thus we have defined a principal I"-bundle, which we denote
by I and which we call the trivial bundle for the map f. Any bundle that is
isomorphic to a trivial bundle is called trivializable.

Example 2.2.4 (discrete structure groupoids). For X a smooth manifold, we have
an equivalence of categories

Buny, (M) = C™(M, X)is-

Indeed, for a given principal Xgjs-bundle P one observes that the anchor o : P — X
descends along the bundle projection to a smooth map f : M — X, and that
isomorphic bundles determine the same map. Conversely, one associates to a
smooth map f : M — X the trivial principal Xgis-bundle I+ over M.

Example 2.2.5 (exact sequences). Let

2.2-1) 1 H—>Gc-—2~k 1

be an exact sequence of Lie groups, and let I' := G / H be the action groupoid asso-
ciated to the Lie group homomorphism ¢ : H — G as explained in Example 2.1.1(d).
In this situation, p : G — K is a surjective submersion, and

a:G—>Tp:gr—>g and p:Gex; 1> G:(g,(h,g))r— g

define a smooth right action of I" on G that preserves p. The inverse of the map
is

TG xkG— Gox, T (g1, 8) = (81, (7 (8185 1), 82)),
which is smooth because 7 is an embedding. Thus, G is a principal I'-bundle over K.

Next we provide some elementary statements about trivial principal I"-bundles.

Lemma 2.2.6. A principal I'-bundle over M is trivializable if and only if it has a
smooth section.

Proof. A trivial bundle I has the section
Sfe M — If X = (x, idf(x)),

and so any trivializable bundle has a section. Conversely, suppose a principal
["-bundle P has a smooth section s : M — P. Then, with f :=«os,

@Iy —> P:(m,g)— p(s(m),g)
is an isomorphism. ([l

The following consequence shows that principal I'-bundles of Definition 2.2.1
are locally trivializable in the usual sense.
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Corollary 2.2.7. Let P be a principal I"-bundle over M. Then, every point x € M
has an open neighborhood U over which P has a trivialization: a smooth map
f U — g and a morphism ¢ : 1y — P|y.

Proof. One can choose U such that the surjective submersion 7 : U — P has a
smooth section. Then, Lemma 2.2.6 applies to the restriction P|y. (]

We determine the Hom-set Hom(I s, I,) between trivial principal I'-bundles
defined by smooth maps fi, f2 : M — I'p. To a bundle morphism ¢ : Iy, — Iy,
one associates the smooth function g : M — I'; which is uniquely defined by the
condition

(posp)(x)=sp(x)og(x)
for all x € M. It is straightforward to see that:

Lemma 2.2.8. The above construction defines a bijection
Hom(Iy, Ip) > {g € C¥(M,Ty) |sog= fiandtog = fr},

under which identity morphisms correspond to constant maps and the composition
of bundle morphisms corresponds to the pointwise composition of functions.

Finally, we consider the case of principal bundles for action groupoids.

Lemma 2.2.9. Let X/ H be a smooth action groupoid. The category Buny (M)
is equivalent to a category with:

e Objects: principal H-bundles Py over M together with a smooth, H -antiequi-
variant map f: Py — X;ie., f(p-h) =h"'f(p).

o Morphisms: bundle morphisms ¢y : Py — Py, that respect the maps f and f'.

Proof. For a principal X/ H-bundle (P, «, p) we set Py := P with the given
projection to M. The action of H on Py is defined by

pxh:=p(p, (h,h~"-a(p))).

This action is smooth, and it follows from the axioms of the principal bundle P
that it is principal. The map f : Py — X is the anchor «. The remaining steps are
straightforward and left as an exercise. U

2.3. Anafunctors. An anafunctor is a generalization of a smooth functor between
Lie groupoids, similar to a Morita equivalence, and also known as a Hilsum—
Skandalis morphism. The idea goes back to [Bénabou 1973]; also see [Johnstone
1977]. The references for the following definitions are [Lerman 2010; Metzler
2003].

Definition 2.3.1. Let X and ) be Lie groupoids.
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(1) An anafunctor F : X — ) is a smooth manifold F, a left action (¢, p;) of X
on F, and a right action (¢, p,) of Y on F such that the actions commute and
o F — A} is a principal Y-bundle over Xj.

(2) A transformation between anafunctors f : F = F’isasmoothmap f: F — F’
which is X'-equivariant, )-equivariant, and satisfies ojo f = and o). 0 f =

The smooth manifold F of an anafunctor is called its total space. Notice that
the condition that the two actions on F commute implies that each respects the
anchor of the other. For fixed Lie groupoids X and ), anafunctors F : X — )
and transformations form a category Ana® (X, )). Since transformations are
in particular morphisms between principal Y-bundles, every transformation is
invertible so that Ana* (X, )) is in fact a groupoid.

Example 2.3.2 (anafunctors from ordinary functors). Given a smooth functor
¢ : X — Y, we obtain an anafunctor in the following way. We set F := & 4x ;) with
anchors o : F — Xy and o, : F — )y defined by o (x, g) :=x and «, (x, g) :=s(g),
and actions

pr:Xigxqy F—F and p,:Fox; V1= F

defined by p;(f, (x, g)) := (f), ¢(f)og) and p,((x, g), ) := (x, go f). In the
same way, a smooth natural transformation 7 : ¢ = ¢’ defines a transformation

fo i F = F' by f,(x,g) = (x,n(x) og). Conversely, one can show that an
anafunctor comes from a smooth functor, if its principal I"-bundle has a smooth
section.

Example 2.3.3 (anafunctors with discrete source). For M a smooth manifold and I"
a Lie groupoid, we have an equality of categories

Bunp (M) = Ana®™ (Mgis, I').
Further, trivial principal I'-bundles correspond to smooth functors. In particular,
with Example 2.2.2 we have:

(a) For G a Lie group and M a smooth manifold, an anafunctor F : Myis — BG
is the same as an ordinary principal G-bundle over M.

(b) For M and X smooth manifolds, an anafunctor F : Mgis — Xgjs 1s the same as
a smooth map.

Example 2.3.4 (anafunctors with discrete target). For I' a Lie groupoid and M a
smooth manifold, we have an equivalence of categories

C®(To, M) = Ana™ (T, Mgis)

where C*°(I"g, M)" denotes the set of smooth maps f :I'o— M such that fos= fot
as maps I'j — M. The equivalence is induced by regarding a map f € C*(I'g, M)"
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as a smooth functor f : " — My;s, which in turn induces an anafunctor. Conversely,
an anafunctor F : ' — My;s is in particular an Mg;s-bundle over I'g, which is nothing
but a smooth function f : I'o — M by Example 2.2.4. The additional I"-action
assures the I"-invariance of f.

Example 2.3.5 (anafunctors between one-object Lie groupoids). Let G and H
be Lie groups, and let BG and BH be the associated one-object Lie groupoids
(Example 2.1.1(b)). Then, there is an equivalence of categories

Hom(G, H)JH = Ana®*(BG, BH),

where the action of H on Hom(G, H) is by pointwise conjugation. The functor
which establishes this equivalence sends a smooth group homomorphism« : G — H
to the evident smooth functor F, : BG — BH and converts this into an anafunctor
(Example 2.3.2). A morphism 4 : a1 — o is sent to the natural transformation
ny : Fy, = Fy, whose component at the single object is the morphism 2 € H. In
order to see that this is essentially surjective, it suffices to notice that the principal
H -bundle of any smooth anafunctor F : BG — BH has a section. The proof that
the functor is full and faithful is straightforward.

For the following definition, we suppose &X', ) and Z are Lie groupoids, and
F:X — Yand G:)Y — Z are anafunctors given by F = (F, oy, p;, oy, pr) and
G= (G’ ﬂla T, IBra fr)-

Definition 2.3.6. The composition G o F : X — Z is the anafunctor defined in the

following way:

(1) Its total space is
E:=(Fux8G)/~
where (f, t;(h, g)) ~ (o-(f, h), g) for all h € Y, with «,(f) = t(h) and
Bi(g) =s(h).
(2) The anchors are (f, g) — oy (f) and (f, g) — B,-(g).
(3) The actions & (x4 E — E and E gx; Z| — E are given, respectively, by

., (f,e) = (o(y, f),g) and ((f,8),y)— (f.1.(g, V).

Remark 2.3.7. Lie groupoids, anafunctors and transformations form a bicategory.
This bicategory is equivalent to the bicategory of differentiable stacks (also known
as geometric stacks) [Pronk 1996].

In this article, anafunctors serve two purposes. The first is that one can use con-
veniently the composition of anafunctors to define extensions of principal groupoid
bundles:
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Definition 2.3.8. If P : Myis — I is a principal I'-bundle over M, and A : ' — Q
is an anafunctor, then the principal ©2-bundle

AP:=AoP: Mys— Q2
is called the extension of P along A.

Unwinding this definition, the principal ©2-bundle A P has the total space
(2.3-1) AP = (Pyxq N)/~

where (p, p1(y, M)~ (p(p,y),A) forallpe P,Ac Aand y e I'| witha(p)=t(y)
and oy(A) = s(y). Here « is the anchor and p is the action of P, and A =
(A, oy, ar, p1, pr). The bundle projection is (p, A) — 7 (p), where r is the bundle
projection of P, the anchor is (p, A) — «,()), and the action is

(p7)\)°w:(p’ pr()"va)))'

Extensions of bundles are accompanied by extensions of bundle morphisms. If
¢ : P = P, is a morphism between I'-bundles, a morphism A¢ : APy — AP, is
defined by A¢(p1, A) := (¢(p1), A) in terms of (2.3-1). Summarizing, we have:

Lemma 2.3.9. Let M be a smooth manifold and A : T" — Q be an anafunctor. Then,
extension along A is a functor

A : Bunp (M) — Bung(M).
Moreover, it commutes with pullbacks and so extends to a morphism between stacks.

Next we suppose that ¢ : H — G is a Lie group homomorphism, and G/ H
is the associated action groupoid of Example 2.1.1(d). We look at the functor
® : G/ H — BH which is defined by © (A, g) := h. Combining Lemma 2.2.9 with
the extension along ®, we obtain:

Lemma 2.3.10. The category Bung,, (M) of principal G | H-bundles over a
smooth manifold M is equivalent to a category with:

o Objects: principal H-bundles Py over M together with a section of ® (Pg).

o Morphisms: morphisms ¢ of H-bundles so that © (@) preserves the sections.

The second motivation for introducing anafunctors is that they provide the
inverses to certain smooth functors which are not necessarily equivalences of
categories.

Definition 2.3.11. A smooth functor or anafunctor F : X — ) is called a weak
equivalence, if there exists an anafunctor G : Y — X together with transformations
GoF =idy and F o G =idy.
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We have the following immediate consequence for the stack morphisms of
Lemma 2.3.9.

Corollary 2.3.12. Let A : " — Q be a weak equivalence between Lie groupoids.
Then, extension of principal bundles along A is an equivalence A : Bunp(M) —
Bung (M) of categories. Moreover, these define an equivalence between the stacks
Bunp(—) and Bung(—).

Concerning the claimed generalization of invertibility, we have the following well-
known theorem; see [Lerman 2010, Lemma 3.34; Metzler 2003, Proposition 60].

Theorem 2.3.13. A smooth functor F : X — Y is a weak equivalence if and only if
the following two conditions are satisfied:

(a) It is smoothly essentially surjective: the map
sopry: Xo rXe V1 — Mo
is a surjective submersion.
(b) It is smoothly fully faithful: the diagram

X F

Vi

Xox.)(o

Yo x Yo

FxF

is a pullback diagram.

Remark 2.3.14. One can show that any smooth functor F : X — ) that is a weak
equivalence actually has a canonical inverse anafunctor.

2.4. Lie 2-groups and crossed modules. A (strict) Lie 2-group is a Lie groupoid I
whose objects and morphisms are Lie groups, and all of whose structure maps are
Lie group homomorphisms. One can conveniently bundle the multiplications and
the inversions into smooth functors

m:I'xI'—=T and i:I"—>T.
Example 2.4.1. For A an abelian Lie group, we have that the Lie groupoid BA
from Example 2.1.1(b) is a Lie 2-group. The condition that A is abelian is necessary.

Example 2.4.2. Let¢: H — G be a homomorphism of Lie groups, and let G/ H be
the corresponding Lie groupoid from Example 2.1.1(d). This Lie groupoid becomes
a Lie 2-group if the following structure is given: a smooth left action of G on H by
Lie group homomorphisms, denoted by (g, #) — 8h, satisfying

1(®h) = gt(h)g™' and ""Wx =hxh~!
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for all g € G and h, x € H. Indeed, the objects G of G/ H already form a Lie
group, and the multiplication on the morphisms H x G of G/ H is the semidirect
product

(2.4-1) (ha, &2) - (h1, g1) = (h2%h1, g281).

The homomorphism ¢ : H — G together with the action of G on H is called a
smooth crossed module. Summarizing, every smooth crossed module defines a Lie
2-group.

Remark 2.4.3. Every Lie 2-group I can be obtained from a smooth crossed module.
Indeed, one puts G :=1I'g and H :=ker(s), equipped with the Lie group structures
defined by the multiplication functor m of I'. The homomorphism ¢ : H — G is
the target map ¢ : I'j — I'g, and the action of G on H is given by the formula
8y :=idg -y -id,-1 for g € T'g and y € ker(s). These two constructions are inverse
to each other (up to canonical Lie group isomorphisms and strict Lie 2-group
isomorphisms, respectively).

Example 2.4.4. Consider a connected Lie group H, so that its automorphism
group Aut(H) is again a Lie group [Onishchik and Vinberg 1988]. Then, we
have a smooth crossed module (Aut(H), H, i, ev), where i : H — Aut(H) is the
assignment of inner automorphisms to group elements, and ev : Aut(H) x H — H
is the evaluation action. The associated Lie 2-group is denoted by AUT(H) and is
called the automorphism 2-group of H.

Example 2.4.5. Let

| —=H—~6-L-k—+1

be an exact sequence of Lie groups, i.e., an exact sequence in which p is a sub-
mersion and ¢ is an embedding. The homomorphisms ¢ : H - G and p: G — K
define action groupoids G/ H and K /G as explained in Example 2.1.1. The first
one is even a Lie 2-group: the action of G on H is defined by ¢ =t~ (gt(h)g™ ).
This is well-defined: since

p(gtmg™) =p@pt()pe™) =p@pi@ =1,

the element g7 (h)g~! lies in the image of ¢, and has a unique preimage. The action
is smooth because ¢ is an embedding. The axioms of a crossed module are obviously
satisfied.

If a Lie groupoid I'" is a Lie 2-group in virtue of a multiplication functor
m: ' x I' = T, then the category Bun (M) of principal I'-bundles over a smooth
manifold M is monoidal:
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Definition 2.4.6. Let P : Mg — I and Q : Myis — I be principal I'-bundles. The
tensor product P ® Q is the anafunctor

diag m

PxQ
M gis Mgis x Mgis —— T x T

.

Example 2.4.7. (a) Since trivial principal I'-bundles I correspond to smooth
functors f : Mgis — I' (Example 2.3.3), it is clear that Iy ® I, =1 ,.

(b) Unwinding Definition 2.4.6 in the general case, the tensor product of two
principal I'-bundles P; and P, with anchors «; and o, respectively, and
actions p; and p,, respectively, is given by

(2.4-2) Pi® Py = ((Py X P2) moey xa) ¥t T1) / ~
where
(2.4-3) (p1, p2, m(y1, y2) oy) ~ (p1(p1, v1), p2(p2, ¥2), V)

for all py € Py, p2 € P> and morphisms y, y1, v» € I'y satistying ¢ (y;) = o; (p;)
fori =1, 2 and s(y;)s(y2) = t(y). The bundle projection is

7 (p1, p2, V) :=m(p1) = ma(p2),

the anchor is @(p1, p2, v) := s(y), and the I"-action is given by

o((p1, p2,¥), ¥) = (p1, p2, y o ¥').

As a consequence of Lemma 2.3.9 and the fact that the composition of anafunctors
is associative up to coherent transformations, we have:

Proposition 2.4.8. For M a smooth manifold and T a Lie 2-group, the tensor
product
® : Bunp (M) x Bunp (M) — Bunp(M)

equips the groupoid of principal T'-bundles over M with a monoidal structure.
Moreover, it turns the stack Bunp(—) into a monoidal stack.

Notice that the tensor unit of the monoidal groupoid Bun (M) is the trivial
principal I"-bundle I; associated to the constant map 1: M — T, or, in terms of
anafunctors, the one associated to the constant functor 1 : M — T".

A (weak) Lie 2-group homomorphism between Lie 2-groups (I', mr) and (€2, mg)
is an anafunctor A : ' — 2 together with a transformation

Ixl —~ o

/7

(2.4-4) AxA n A
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satisfying the evident coherence condition. Under the equivalence with smooth
crossed modules (Remark 2.4.3), Lie 2-group homomorphisms correspond to so-
called butterflies [Aldrovandi and Noohi 2009]. A Lie 2-group homomorphism
is called weak equivalence, if the anafunctor A is a weak equivalence. Since
extensions and tensor products are both defined via composition of anafunctors, we
immediately obtain:

Proposition 2.4.9. Extension along a Lie 2-group homomorphism A : ' — Q
between Lie 2-groups is a monoidal functor

A : Bunp (M) — Bung (M)

between monoidal categories. Moreover, these form a monoidal morphism between
monoidal stacks.

Since a monoidal functor is an equivalence of monoidal categories if it is an
equivalence of the underlying categories, Corollary 2.3.12 implies:

Corollary 2.4.10. For A : T' — Q a weak equivalence between Lie 2-groups, the
monoidal functor of Proposition 2.4.9 is an equivalence of monoidal categories.
Moreover, these form a monoidal equivalence between monoidal stacks.

If we represent the Lie 2-group I' by a smooth crossed module ¢ : H — G as
described in Example 2.4.2, we want to determine explicitly what the tensor product
looks like under the correspondence of (G / H)-bundles and principal H-bundles
with antiequivariant maps to G; see Lemma 2.2.9.

Lemma 2.4.11. Lett : H — G be a crossed module and let P and Q be G H -
bundles over M. Let (Py, [) and (Qg, g) be the principal H-bundles together
with their H-antiequivariant maps that belong to P and Q, respectively, under the
equivalence of Lemma 2.2.9. Then, the principal H-bundle that corresponds to the
tensor product P @ Q is given by

(PRQ)r=(PxyQ)/~ where (pxh,q)~ (p,qx("""h)).

The action of H on (PQ Q) g is [(p, ¢)1xh =[(pxh, q)], and the H -antiequivariant
map of (P ® Q)u is [(p, @)1 — f(p)-8(q).

Similar to the tensor product of principal I'-bundles, the dual PV of a principal
["-bundle P over M is the extension of P along the inversion i : I' — I of the 2-
group, P¥ :=i(P). The equality mo (id, i) = 1 of functors M — T induces a death
map d : P ® P¥ — I,. We are going to use this bundle morphism in Section 5.2,
but omit a further systematical treatment of duals for the sake of brevity.
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3. Version I: groupoid-valued cohomology

We have already mentioned group-valued Cech 1-cocycles in the introduction. They
consist of an open cover U = {U;};c; of M and smooth functions g;; : U;NU; — G
satisfying the cocycle condition g;; - gjx = gix. Segal [1968] realized that this is
the same as a smooth functor

g:é(%)—)BG

where BG denotes the one-object groupoid introduced in Example 2.1.1(b) and C(w)
denotes the Cech groupoid corresponding to the cover . It has objects Ll;c; Ui

and morphisms |_| U; NU;, and its structure maps are

ijel

s(x, i, j)=(x,1), tx,1,j)=(x,J),
du iy =(x,i,i) and (x,j,k)o(x,i,j)=(x,i,k).

Analogously, smooth natural transformations between smooth functors ¢ — BG
give rise to Cech coboundaries. Thus the set [é (W), BG] of equivalence classes of
smooth functors equals the usual first Cech cohomology with respect to the cover .
The classical first Cech-cohomology H' (M, G) of M is hence given by the colimit
over all open covers U of M:

H' (M, G) = li_qri)n[Cv(Gu), BG].

We use this coincidence in order to define the 0-th Cech cohomology with
coefficients in a general Lie groupoid I':

Definition 3.1. If I' is a Lie groupoid we set

H'(M,T) := %’n[é(m)’ I

where the colimit is taken over all covers U of M and [Cv (), I'] denotes the set of
equivalence classes of smooth functors C(U) — T'.

Remark 3.2. The choice of the degree is such that HO(M, T) agrees in the case
I' = Ggis (Example 2.1.1(a)) with the classical O-th éech-cohomology H(M, G)
of M with values in G.

The geometrical meaning of the set is given in the following well-known theorem,
which can be proved, e.g., using Lemma 2.2.8.

Theorem 3.3. There is a bijection

ﬁO(M , ) = {Isomorphism classes of principal I"-bundles over M }.
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If I' is not only a Lie 2-groupoid but a Lie 2-group one can also define a first
cohomology group H'(M,T). Indeed, in this case one can consider the Lie 2-
groupoid BI" with one object, morphisms I'g and 2-morphisms I';. Multiplication
in I" gives the composition of morphisms in BI'. Let [é (W), BI'] denote the set of
equivalence classes of smooth, weak 2-functors from the Cech-groupoid C@u) to
the Lie 2-groupoid BT'. For the definition of weak functors see [Bénabou 1967].
Below we will determine this set explicitly.

Definition 3.4. For a 2-group I' we set

H'(M,T) = 1%1)1[6(%), Br].

Remark 3.5. This agrees for I' = Gg;s with the classical H! (M, G). Furthermore,
for an abelian Lie group A the Lie groupoid BA is even a 2-group and H! (M, BA)
agrees with the classical Cech-cohomology H?(M, A).

Unwinding the above definition, we get Version I of smooth I'-gerbes:

Definition 3.6. Let I" be a Lie 2-group, and let U = {U,}4ca be an open cover
of M.

(1) A I'-I-cocycle with respect to AU is a pair ( fug, gupy) Of smooth maps
Jap :UsNUg — Ty and  gupy, : U NUgNUg — Ty
satisfying s(gupy) = f8y - fup and t(gupy) = fay, and
(3-1) 8aps © (8pys -1df,,) = gays o (df,; - upy)-

Here, the symbols o and - stand for the composition and multiplication of T,
respectively.

(2) Two I'-1-cocycles ( fug, upy) and (foltﬂ’ g&ﬁy) are equivalent, if there exist
smooth maps hy : Uy — I'g and sqp : Uy NUg — T'y with

S(Sotﬁ) = g(/)(ﬁ “he, t(saﬂ) = hﬂ * 8ap
and (idhy . g(xﬁy) o (Sﬂy . idfaﬂ) o (idfﬂy . Sozﬂ) = Saqy © (g(,xﬂ)/ . idha)-

Remark 3.7. For a crossed module r : H — G and I" := G/ H the associated Lie
2-group (Example 2.4.2) one can reduce I'-1-cocycles to pairs

fup :UgNUg — G and  gup, : U, NUgNUg — H,

which then satisfies a cocycle condition similar to (3-1). Analogously, coboundaries
can be reduced to pairs

hy Uy — G and 3up:U,NUz— H.
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This yields the common definition of nonabelian cocycles, which can for example
be found in [Breen 1990] or [Baez and Stevenson 2009].

Example 3.8. In case of the crossed module i : H — Aut(H) with ' = AUT(H)
(see Example 2.4.4) I'-1-cocycles consist of pairs faﬂ Uy NUg — Aut(H) and
8up : UsNUgNU, — H. Cocycles of this kind classify so-called Lie groupoid
H -extensions [Laurent-Gengoux et al. 2009, Proposition 3.14], which can hence be
seen as another equivalent version for AUT(H )-gerbes.

4. Version II: classifying maps

It is well-known that for a Lie group G the smooth Cech-cohomology H' (M, G)
and the continuous Cech-cohomology }vli (M, G) agree if M is a smooth manifold
(in particular paracompact). This can, e.g., be shown by locally approximating
continuous cocycles by smooth ones without changing the cohomology class — see
[Miiller and Wockel 2009] (even for G infinite-dimensional). Below we generalize
this fact to nonabelian cohomology for certain Lie 2-groups I". Here the contin-
uous Cech-cohomology I:IE (M, T') is defined in the same way as the smooth one
(Definition 3.4) but with all maps continuous instead of smooth. A Lie groupoid I
is called smoothly separable, if the set moI" of isomorphism classes of objects is a
smooth manifold for which the projection I'g — moI" is a submersion.

Proposition 4.1. Let M be a smooth manifold and let I be a smoothly separable
Lie 2-group. Then, the inclusion

H'(M,T) - H (M, T)
of smooth into continuous Cech cohomology is a bijection.

Remark 4.2. It is possible that the assumption of being smoothly separable is not
necessary, but a proof not assuming this would certainly be more involved than
ours. Anyway, all Lie 2-groups we are interested in are smoothly separable.

Proof of Proposition 4.1. We denote by m|I" the Lie subgroup of I'; consisting
of automorphisms of 1 € I'y. Since it has two commuting group structures —
composition and multiplication —it is abelian. The idea of the proof is to reduce
the statement via long exact sequences to statements proved in [Miiller and Wockel
2009]. The exact sequence we need can be found in [Breen 1990]:

HO(M, (oD)gis) — H'(M, Bz T) — H' (M, )
— H'(M, (oD)gis) — HX(M, Bz T).

Note that ﬁl(M ,I') and HI(M , (molM4is) do not have group structures; hence,
exactness is only meant as exactness of pointed sets. But we actually have more



FOUR EQUIVALENT VERSIONS OF NONABELIAN GERBES 373

structure, namely an action of H! (M, Brr1I") on H! (M, T). This action factors to
an action of

C := coker(H*(M, (zoD)gis) — H' (M, Brr ).

In fact on the nonempty fibers of the morphism H! M, T) — H! (M, (mol)qis) this
action is simply transitive. In other words: H' (M, I') is a C-torsor over

K :=ker(H' (M, (oD)ais) > H(M, B T)).
The same type of sequence also exists in continuous cohomology, namely
HY(M, (oD)ais) — HL(M, BmiT) — HL(M, T)
— H{(M, (xoD)ais) — H;(M, Bz T).

With 5 5

C’ = coker(HX(M, (zoT)ais) — HL.(M, BrriT)),

K’ :=ker(Hy(M, (moD)ais) — HX(M, Bx ),
we exhibit I:Il (M, T) as a C’'-torsor over K.

The natural inclusions of smooth into continuous cohomology form a chain map
between the two sequences. From [Miiller and Wockel 2009] we know that they
are isomorphisms on the second, fourth and fifth factor. In particular we have
an induced isomorphism K => K’. Lemma 4.3 below additionally shows that the

induced morphism C — C’ is an isomorphism. Using these isomorphisms we see
that H' (M, I') and Hé (M, I") are both C-torsors over K and that the natural map

H'(M,T) - H!(M,T)

is a morphism of torsors. But each morphism of group torsors is bijective, which
concludes the proof. U

Lemma 4.3. The images of
fH (M, (woD)ais) — H' (M, BxiT) and f':H)(M, (xoT)ais) — HL(M, Br T')
are isomorphic.

Proof. Recall that HO(M , (oIM)dis) 1s the group of smooth maps s : M — ol
and HS(M , (roIM)gis) is the group of continuous maps ¢t : M — wol". The groups
H! M, Bz ") = I:IZ(M, m1I") and I:IZ(M, Br . I") = I:IE(M, 7 1I") are isomorphic
by the result of [Miiller and Wockel 2009]. Under the connecting homomorphism

HO(zoT, (zoD)ais) — H' (mol, Bz )

the identity idy,r is sent to a class &r with the property that f(s) = s*&r and
f'(t) = t*&r. Hence it suffices to show that for each continuous map ¢ : M — moI’
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there is a smooth map s : M — moI" with s*&r = r*&p. It is well-known that for each
continuous map ¢ between smooth manifolds a homotopic smooth map s exists. It
remains to show that the pullback H' (wol, B T") —> H' (M, B I') along smooth
maps is homotopy invariant. This can, e.g., be seen by choosing smooth (abelian)
Bz T'-bundle gerbes as representatives, in which case the homotopy invariance can
be deduced from the existence of connections. O

It is a standard result in topology that the continuous G-valued Cech cohomol-
ogy of paracompact spaces is in bijection with homotopy classes of maps to the
classifying space *BG of the group G. A model for the classifying space BG is for
example the geometric realization of the nerve of the groupoid BG, or Milnor’s
join construction [1956].

Now let I" be a Lie 2-group, and let |I"| denote the geometric realization of the
nerve of I'. Since the nerve is a simplicial topological group, |I'| is a topological
group. Version II for smooth I'-gerbes is this:

Definition 4.4 [Baez and Stevenson 2009]. A classifying map for a smooth I"-gerbe
is a continuous map

f:M— BT
We denote by [M, ‘B|T'|] the set of homotopy classes of classifying maps.

Proposition 4.5 [Baez and Stevenson 2009, Theorem 1]. Let I be a Lie 2-group.
Then there is a bijection

- -
H.(M,T') =[M, BT[]
where the topological group |T'| is the geometric realization of the nerve of I.

Note that the assumption of [Baez and Stevenson 2009, Theorem 1] that '
is well-pointed is automatically satisfied because Lie groups are well-pointed.
Propositions 4.1 and 4.5 imply the following equivalence theorem between Version I
and Version II.

Theorem 4.6. For M a smooth manifold and I" a smoothly separable Lie 2-group,
there is a bijection

H'(M,T)=[M, B|T].

Remark 4.7. Baez and Stevenson [2009, Section 5.2] argue that the space B|I|
is homotopy equivalent to a certain geometric realization of the Lie 2-groupoid
|BT"| from Section 3. Baas, Bostedt and Kro [Baas et al. 2012] have shown that
|BI'| classifies concordance classes of charted I'-2-bundles. In particular, charted
["-2-bundles are a further equivalent version of smooth I"-gerbes.
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5. Version III: groupoid bundle gerbes

Several definitions of nonabelian bundle gerbes have appeared in literature so far
[Aschieri et al. 2005; Jur¢o 2011; Murray et al. 2012]. The approach we give here not
only shows a conceptually clear way to define nonabelian bundle gerbes, but also pro-
duces systematically a whole bicategory. Moreover, these bicategories form a 2-stack
over smooth manifolds (with the Grothendieck topology of surjective submersions).

5.1. Definition via the plus construction. Recall that the stack Bunp(—) of prin-
cipal I"-bundles is monoidal if I" is a Lie 2-group (Proposition 2.4.8). Associated
to the monoidal stack Bunj-(—) we have a pre-2-stack

Triv Grbr (=) := B(Buny(—))

of trivial T"-gerbes. Explicitly, there is one trivial I"-gerbe Z over every smooth
manifold M. The 1-morphisms from Z to Z are principal I"-bundles over M, and
the 2-morphisms between those are morphisms of principal I"-bundles. Horizontal
composition is given by the tensor product of principal I"-bundles, and vertical
composition is the ordinary composition of I'-bundle morphisms.

Now we apply the plus construction of [Nikolaus and Schweigert 2011] in order
to stackify this pre-2-stack. The resulting 2-stack is by definition the 2-stack of
["-bundle gerbes; i.e.,

Grbr(—) := (Triv Grbr(-)) ™.
Unwinding the details of the plus construction, we obtain the following definitions:

Definition 5.1.1. Let M be a smooth manifold. A I'-bundle gerbe over M is
a surjective submersion 7 : ¥ — M, a principal I'-bundle P over Y[/ and an
associative morphism

w:mnPu,P— 5P

of I'-bundles over Y3,

The morphism w is called the bundle gerbe product. Its associativity is the
evident condition for bundle morphisms over Y.

In order to proceed with the 1-morphisms, we say that a common refinement of
two surjective submersions 7y : Yy — M and m, : Yo — M is a smooth manifold Z
together with surjective submersions Z — Y; and Z — Y, such that the diagram

Y /Z\Y
N
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is commutative.

We fix the following convention: suppose P; and P; are ["-bundles over surjective
submersions U; and U,, respectively, and V is a common refinement of U; and Us.
Then, a bundle morphism ¢ : P — P, is understood to be a bundle morphism
between the pullbacks of P; and P, to the common refinement V. For example,
in the following definition this convention applies to U; = Y}, U, = v}*! and
v =2z~

Definition 5.1.2. Let G; and G, be I'-bundle gerbes over M. A I-morphism
A : G — G is a common refinement Z of the surjective submersions of G;
and G, together with a principal I'-bundle Q over Z and a morphism

B:P®LO—> 0P

of I'-bundles over Z?1, where ¢1, ¢ : ZI?! — Z are the two projections, such that «
is compatible with the bundle gerbe products @ and ;.

The compatibility of o with ) and p, means that the diagram

Mo ®id

5P @ PO T3P @810
id®¢} B
(5-1) TP ®5 0@, P ¢
£3,B®id
O®myPL@n, P e, GO

of morphisms of I'-bundles over Z!3 is commutative.

If A7 : Gi — Gy and Az : Gy — G are 1-morphisms between bundle gerbes
over M, the composition A3 0 A13 : Gi — Gs is given by the fiber product Z :=
Zy3 Xy, Z12, the principal I'-bundle Q := Q23 ® Q12 over Z, and the morphism

Bo3®id id®p12

P3®¢70 5083 01

;0 Q® Py

The identity 1-morphism idg associated to a I'-bundle gerbe G is given by Y
regarded as a common refinement of 7 : ¥ — M with itself, the trivial I"-bundle I
(the tensor unit of Bun(Y)), and the evident morphism I} ® P - P ®1;.

In order to define 2-morphisms, suppose that 7y : Y1 — M and 7, : Yo — M are
surjective submersions, and that Z and Z’ are common refinements of 7r; and 75.
Let W be a common refinement of Z and Z’ with surjective submersions r : W — Z



FOUR EQUIVALENT VERSIONS OF NONABELIAN GERBES 377

and r’ : W — Z’. We obtain two maps

/

51 :W—r>Z—>Y1 and £ :W;>Z/—>Y1,
and, analogously, two maps s», , : W — Y,. These patch together to maps
xwi=06Lt): WY xyYr and yw:=(s2,0): W — Yo xyYs.
Definition 5.1.3. Let G| and G, be I'-bundle gerbes over M, and let
A A G — G
be 1-morphisms. A 2-morphism
p: A=A

is a common refinement W of the common refinements Z and Z’, together with a
morphism

Py PRr Q0 — Q' ®xj, Py
of I'-bundles over W that is compatible with the morphisms 8 and §’.

The compatibility means that a certain diagram over W/ commutes. Fiberwise
over a point (w, w’) € W x; W this diagram looks as follows:

(5-2)

P25y (w')t2w) @ P2 sy (w),52(w) @ Ol (w) A, Pa sy w) .t w) @ Olrw) @ P lsy (w).s1 (w)
j12®id o®id
Py w). )@@ r(w) O'lrw)® Pt 5wy, (w)®P1lsy (w51 (w)
wy ' ®id id®u
Pal s (w). 1w @ P2 sy (w) 12 (w) @ Ol r(w) O’ w)® P sy (w),n (w)
id®p idou;!

Palea.n @ Q') @ Prlsian ) o Ol ®Prln )@ Pilsy -
Finally we identify two 2-morphisms (Wi, r1, r{, ¢1) and (Wy, r2, 7}, ¢2) if the
pullbacks of ¢ and ¢, to W x zx 7 W' agree. Explicitly, this condition means
that, for all w; € Wy and wy € W) with ri(w;) = r2(w2) and r{(w1) = rj(w>), and
for all p; € yy, P = yy, P> and g € r{ Q =ry Q, we have ¢1(p2. ) = ¢2(p2, ).

Remark 5.1.4. e In the above situation of a common refinement W of two
common refinements Z, Z’ of surjective submersions Yi, Y, the diagram



378 THOMAS NIKOLAUS AND KONRAD WALDORF

/jvr\
%

Z/

(5-3) Y >

is not necessarily commutative. In fact, diagram (5-3) commutes if and only if
the two maps xw : W — Y| Xy Y1 and yw : W — Y» X Y» factor through
the diagonal maps Y; — Y| X Y| and Y> — Y> Xy Ys, respectively.

« In the case that a 2-morphism ¢ is defined on a common refinement Z for which
diagram (5-3) does commute, Definition 5.1.3 can be simplified. As remarked
before, the two maps xw and yw factor through the diagonals, over which the
bundles P; and P, have canonical trivializations (see Corollary 5.2.6). Under
these trivializations, ¢ can be identified with a bundle morphism

p:0— 0.

Furthermore, the compatibility diagram (5-2) simplifies to the diagram

P, ®@n7 0 ,0Q® P
(5-4) idene Nie®id
P, ®nj Q' — 150" ® Py.

Next we define the vertical composition
3o A= As

of 2-morphisms ¢j» : A; = A and ¢y3 : Ay = Az. The refinement is the fiber
product W := Wi, x z, Wa3 of the covers of @12 and ¢,3. The bundle gerbe products
induce isomorphisms

xﬂ\:vplgx*W%Pl@x*wlzpl and y*szgy;fV%Pz@ytVlsz

over W. Under these identifications, the morphism yj, P, ® Q1 — Q3 ® xy, Py for
the 2-morphism ¢,3 * @15 is defined as

id®g12 V23 ®id

Yivy, P2® ¥y, P2® 01

Yivy, P2®Q2®x3,, Pi

Q3®x;‘3,23 P ®x;’<VIZP1 .

The identity for vertical composition is just the identity refinement and the identity
morphism. Finally we come to the horizontal composition

¢ 0@ ApoAp = Ay oA,
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of 2-morphisms @13 : A2 = A, and @23 : Ax3 = A);: its refinement W is given
by Wiz X (v,xvy) Wa3. We look at the three relevant maps xw : W — Y1 xy Y1,
yw: W — Yy xyYrand zw : W — Y3 X ¥3. The morphism ¢ of the 2-morphism
@23 0 @12 1s defined as the composition

»23®id id®g12

2y P3® 023 ® 012 05y P.® 012 0 ® 01, ®x}, Pr.

It follows from the properties of the plus construction [Nikolaus and Schweigert
2011] that (a) these definitions fit together into a bicategory Grbr (M), and that (b)
these form a pre-2-stack Grbr(—) over smooth manifolds. That means there are
pullback 2-functors

f* 1 Grbr(N) — Grbr (M)

associated to smooth maps f : M — N, and that these are compatible with the
composition of smooth maps. Pullbacks of I'-bundle gerbes, 1-morphisms, and
2-morphisms are obtained by just taking the pullbacks of all involved data. Finally,
the plus construction implies (c):

Theorem 5.1.5 [Nikolaus and Schweigert 2011, Theorem 3.3]. The pre-2-stack
Grbr (—) of T'-bundle gerbes is a 2-stack.

Remark 5.1.6. Every 2-stack over smooth manifolds defines a 2-stack over Lie
groupoids [Nikolaus and Schweigert 2011, Proposition 2.8]. This way, our ap-
proach produces automatically bicategories Grbr (X)) of I'-bundle gerbes over a Lie
groupoid X. In particular, for an action groupoid X = M /G we have a bicategory
Grbr (M ) G) of G-equivariant T'-bundle gerbes over M.

In the remainder of this section we give some examples and describe relations
between the definitions given here and existing ones.

Example 5.1.7. Let A be an abelian Lie group, for instance U(1). Then, BA-bundle
gerbes are the same as the well-known A-bundle gerbes [Murray 1996]. For more
details see Remark 5.1.10 below.

Example 5.1.8. Let (G, H, t, «) be a smooth crossed module, and let G/ H be
the associated action groupoid. Then, a (G /H)-bundle gerbe is the same as a
crossed module bundle gerbe in the sense of Jur€o [2011]. The equivalence relation
of “stably isomorphic” of [Jur¢o 2011] is given by ‘“l-isomorphic” in terms of
the bicategory constructed here. These coincidences come from the equivalence
between (G / H)-bundles and so-called G-H -bundles used in [Jur¢o 2011; Aschieri
et al. 2005] expressed by Lemma 2.3.10. In particular, in case of the automorphism
2-group AUT(H) of a connected Lie group H, a AUT(H )-bundle gerbe is the same
as a H-bibundle gerbe in the sense of [Aschieri et al. 2005].
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Example 5.1.9. Let G be a Lie group, so that Gg;s is a Lie 2-group. Then, there is
an equivalence of 2-categories

grbg, (M) = Bungg (M) gis.

Indeed, if G is a Ggis-bundle gerbe over M, its principal Ggis-bundle over Y (21 is
by Example 2.2.4 just a smooth map « : Y?! — G, and its bundle gerbe product
degenerates to an equality 755 - 1, = 75 for functions on Y B!, In other words,
a Ggis-bundle gerbe is the same as a so-called G-bundle 0-gerbe. These form a
category that is equivalent to the one of ordinary principal G-bundles, as pointed
out in Section 1.

Remark 5.1.10. There are two differences between the definitions given here (for
[' = BA) and the ones discussed in the list below. Firstly, we have a slightly
different ordering of tensor products of bundles. These orderings are not essential
in the case of abelian groups because the tensor category of ordinary A-bundles is
symmetric. In the nonabelian case, a consistent theory requires the conventions we
have chosen here. Secondly, the definitions of 1-morphisms and 2-morphisms have
been generalized step by step:

(1) In [Murray 1996], 1-morphisms did not include a common refinement, but
rather required that the surjective submersion of one bundle gerbe refines the
other. This definition is too restrictive in the sense that, e.g., U(1)-bundle
gerbes are not classified by H*(M, Z), as intended.

(2) In [Murray and Stevenson 2000], 1-morphisms were defined on the canonical
refinement Z := Y| x s Y» of the surjective submersions of the bundle gerbes.
This definition solves the previous problems concerning the classification of
bundle gerbes, but makes the composition of 1-morphisms quite involved
[Stevenson 2000].

(3) In [Waldorf 2007], 1-morphisms were defined on refinements ¢ : Z — Y| X 3 Y5.
This generalization allows the same elegant definition of composition we have
given here, and results in the same isomorphism classes of bundle gerbes.
Moreover, 2-morphisms are defined with commutative diagrams (5-3) — this
makes the structure of the bicategory outmost simple (see Remark 5.1.4).

(4) In the present article we have allowed for a yet more general refinement in the
definition of 1-morphisms. Its achievement is that bundle gerbes come out as
an example of a more general concept— the plus construction — and we get,
e.g., Theorem 5.1.5 for free.

Despite these different definitions of 1-morphisms and 2-morphisms, the resulting
bicategories of BA-bundle gerbes in (2), (3) and (4) are all equivalent (see [Waldorf
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2007, Theorem 1; Nikolaus and Schweigert 2011, Remark 4.5] and Lemma 5.2.8
below).

5.2. Properties of groupoid bundle gerbes. We recall that a homomorphism A :
' — Q between Lie 2-groups is an anafunctor together with a transformation
(2.4-4) describing its compatibility with the multiplications. We recall further from
Proposition 2.4.9 that extension along A is a 1-morphism

A : Bunp(—) — Bung(—)

between monoidal stacks over smooth manifolds. That is, extension along A is
compatible with pullbacks, tensor products, and morphisms between principal I"-
bundles. Applying it to the principal I'-bundle P of a I'-bundle gerbe G, and also
to the bundle gerbe product w, we obtain immediately an Q2-bundle gerbe AG. The
same is evidently true for morphisms and 2-morphisms. Summarizing, we get:

Proposition 5.2.1. Extension of bundle gerbes along a homomorphism A : T' — Q
between Lie 2-groups defines a 1-morphism

A : Grbp (=) — Grbg(—)
of 2-stacks over smooth manifolds.

We recall that a weak equivalence between Lie 2-groups is a homomorphism
A : T — Q that is a weak equivalence (see Definition 2.3.11). We have:

Theorem 5.2.2. Suppose A : " — Q is a weak equivalence between Lie 2-groups.
Then, the 1-morphism A : Grbp(—) — Grbo(—) of Proposition 5.2.1 is an equiva-
lence of 2-stacks.

Proof. The monoidal equivalence A : Bunp(—) — Bung(—) between the monoidal
stacks (Corollary 2.4.10) induces an equivalence Triv Grbr (M) — Triv Grb (M)
between pre-2-stacks. Since the plus construction is functorial, this induces in turn
the claimed equivalence of 2-stacks. U

Next we generalize a couple of well-known results from abelian to nonabelian
bundle gerbes. We define a refinement of a surjective submersion 7 : ¥ — M
to be another surjective submersion w : W — M together with a smooth map
f:W — Y such that { = m o f. Notice that such a refinement induces smooth
maps f; : WK — YI* that commute with the various projections w;,...;, and 7;,...;,.

Lemma 5.2.3. Suppose G, = (Y1, Py, 1) and Gy = (Y2, P, o) are I'-bundle
gerbes over M, f : Yy — Y, is a refinement of surjective submersions, and
@ : fy Py — Py is an isomorphism of T'-bundles over Y 1[2] that is compatible with
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the bundle gerbe products 11 and ., in the sense that the diagram
f3*llf

Ty P [y P ——— a5 P

* * *
TR¢®T ¢ T3¢

* * *
7T23P1®7T]2P1 7T13P1

is commutative. Then, G| and G, are isomorphic.

The proof works just the same way as in the abelian case: one constructs the
1-isomorphism over the common refinement Z := Y| X ¥> in a straightforward
way. As a consequence of Lemma 5.2.3 we have:

Proposition 5.2.4. Let G= (Y, P, u) be a I'-bundle gerbe over M,and f : W — Y
a refinement of its surjective submersion w : Y — M. Then, (W, f;'P, f5u) is a
[-bundle gerbe over M, and is isomorphic to G.

Lemma 5.2.5. Let G = (Y, P, i) be a I'-bundle gerbe over M. Then, there exist
unique smooth mapsi : P — P andt:Y — P such that:

(1) The diagrams

~
~
~

(2]
yl2l i yl2l Y “ame Y

are commutative.
(i1) The map t is neutral with respect to the bundle gerbe product |; i.e.,
n(t(y2), p) = p = p(p, t(y1))
forall p € P with x(p) = (y1, y2).
(ii1)) The map i provides inverses with respect to the bundle gerbe product ; i.e.,
p(i(p), p)=t(y1) and p(p,i(p))=t(y2)

forall p € P with x(p) = (y1, y2)-
Moreover, a(t(y)) =1 and a(i(p)) = a(p)~' forallpe Pand y €Y.

Proof. Concerning uniqueness, suppose (¢, i) and (¢', i") are pairs of maps satisfying
(i), (ii) and (iii). Firstly, we have t'(y) = u(z(y), t'(y)) =(y) and so t = ¢’. Then,
u(i(p), p) =t(y1) =t'(y1) = u(i’(p), p) implies i(p) =i'(p), and so i =i’. In
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order to see the existence of ¢ and i, denote by Q :=diag" P the pullback of P to Y,
denote by QV the dual bundle and by d : Q ® Q¥ — I; the death map. Consider
the smooth map

wl®idyv diag

00000 L0005 p

K d!
Yﬁ-llﬁ-Q®Qv

where s : Y — I is the canonical section (see the proof of Lemma 2.2.6). It is
straightforward to see that this satisfies the properties of the map ¢. Since all maps
in the above sequence are (anchor-preserving) bundle morphisms, it is clear that
toa=1. [l

Corollary 5.2.6. Let G = (Y, P, ) be a I'-bundle gerbe over M, and let t and i be
the unique maps of Lemma 5.2.5. Then,

(i) 1 is a section of diag* P, and defines a trivialization diag* P = 1;
(ii) i is a bundle isomorphism i : P¥ — flip* P;
(iii) Co :=Y and C, := P define a Lie groupoid with source and target maps 11 o
and m, o x, respectively, composition |, identity t and inversion i.

The following statement is well-known for abelian gerbes; the general version
can be proved by a straightforward generalization of the constructions given in the
proof of [Waldorf 2007, Proposition 3].

Lemma 5.2.7. Every 1-morphism A : G — H between I'-bundle gerbes over M is
invertible.

The last statement of this section shows a way to bring 1-morphisms and
2-morphisms into a simpler form (see Remark 5.1.10). For bundle gerbes G
and G, with surjective submersions 7; : Y1 — M and 5 : Y» — M we denote by
Hom(G1, G>) the Hom-category in the bicategory Grbr (M), and by Hom(Gy, G»)FF
the category whose objects are those 1-morphisms whose common refinement is
Z :=Y X Y>, and whose 2-morphisms are those 2-morphisms whose refinement
is W :=Y] x ) Y, with the maps r, r’ : W — Z the identity maps.

Lemma 5.2.8. The inclusion Hom(G,, G»)** — Hom(G;, G,) is an equivalence of
categories.

Proof. First we show that it is essentially surjective. We assume A :G; — Gy is a
general 1-morphism with a principal I'-bundle Q over a common refinement Z of

the surjective submersions 7 : Y| — M and w5 : Yo — M of the two bundle gerbes.
We look at the principal I'-bundle

Q:=k3P,@prs Q@K Py
over Z := Y1 Xy Z X Yo, where

k1 :Z—= Y,z y) e L yi@), ki Z— Y (v 2, y2) e (02(2), ).
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The projection pry5 Z—Y 1 X p Y2 is a surjective submersion, and over 7 x YixuYs Z
we have a bundle morphism « : prif Q — prj Q defined over a point (Z, ') with
2= (1,2, y2) and 7' = (y1, 7', y2) by

Q; ——— Paly,2),5 ® Q2 ® Pily, yi2)
lu;@id@id

P2|y2(z’),)’2 ® P2|y2(z),y2(z’) ®0.:8 P |y1,y1(z)
lid@ﬂ@id

Paly, )92 ® Q2 @ Pilyi).n@) @ Pilyiyi
lid@id@m

Palyy (2,30 @ @ ® Pily, () ——— Q5.

The compatibility condition (5-1) implies a cocycle condition for « over the threefold
fiber product of Z over Y; x Y», and since principal I'-bundles form a stack, the
pair (Q, «) defines a principal I'-bundle O over ZfP := Y, xp Y5. It is now
straightforward to show that the bundle isomorphism S itself descends to a bundle
isomorphism Bf? over ZP x; ZF in such a way that the triple (Z**, QF, gt?)
forms a 1-morphism A : G| — G,.

In order to show that A" is an essential preimage of .4, it remains to construct
a 2-morphism ¢ : A= A™. In the terminology of Definition 5.1.3, we choose
W =Z withr :=pr,: W — Z and r’ :=pr;3 : W — Z™. Note that diagram (5-3)
does not commute. The maps xy : W — Y 1[2] and yy : W — Yzm are given by
xw =sok and yw =k, where s : Yl[z] — Yl[z] switches the factors. Now, the bundle
isomorphism of the 2-morphism (pzp we want to construct is a bundle isomorphism

VPR 0 — Q®xiy P

over W, and is fiberwise over a point w = (y1, z, ¥2) given by

id®ider !
P2|yz(z),yz®Qz P2|yz(z),yz®Qz®Py1 (2),51(2)
lid@id@ufl
P2y, 2),3,®@Q:®Pily; 310 ®Pily 20,51 == Qu®Pils(y1.11(2)»

where ¢ is the trivialization of diag* P of Corollary 5.2.6. The compatibility condi-
tion (5-2) is straightforward to check.

Now we show that the inclusion Hom(G;, Go)'* — Hom(G;, G,) is full and
faithful. Since it is clearly faithful, it only remains to show that it is full. Given a
morphism A — A’ in Hom(Gy, G»), i.e., a common refinement W of Y| x 5 Y» with
itself and a bundle morphism ¢, we have to find a morphism in Hom(Gy, gz)FP such
that the two morphisms are identified under the equivalence relation on bundle gerbe
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2-morphisms. We denote the bundles over Y; x y; ¥> corresponding to A and A’ by Q
and Q’. The refinement maps are denoted as before by r = (s1, 2) : W —> Y1 xy V>
and r' = (f1, o) : W — Y1 X Y». Then we obtain an isomorphism r*Q — r*Q’
fiberwise over a point w € W by

d~'®id
Olsiw), o) — Py’ lsy0).00) @ P2l 53 w).02 () @ Qs (w). 5 (w)

lid@q)

Py |53w).12(0) @ Q11 (w). 12 (w) @ Pt sy ()1 (w)

lid@ﬂ,l

(5-1

d®id
Py [53w). ) @ P2lsy ().t ) @ QI (w).sa (w) —— Qs (w).saw)

where d : Py |, w),w) ® Pals;w),nw) — i is the death map. One can use the
compatibility condition for ¢ to show that this morphism descends to a morphism
¥ : Q — Q' which is a morphism in Hom(G;, G»)'F. The two morphisms (W, ¥)
and (Y] xp Y2, @) are identified if their pullbacks to

74 X(Y]XMszMY1><MY2) (Yl XM YZ) = {w ew | r(U)) =r/(w)} = WO

are equal. On the one side, the map Wy — W is the inclusion and the map
Wo — Y1 xu Y> is equal to r. The pullback of i along r is by construction the
map r*Q — r*Q’ from (5-1). On the other side, bundles xj, P; and yj;, P, over
Wy have canonical trivializations (Corollary 5.2.6(i)) under which ¢ becomes also
equal to the morphism (5-1). O

5.3. Classification by Cech cohomology. In this section we prove that Versions I
(Cech I'-1-cocycles) and III (I"-bundle gerbes) are equivalent. For this purpose,
we extract a Cech cocycle from a I'-bundle gerbe G over M, and prove that this
procedure defines a bijection on the level of equivalence classes (Theorem 5.3.2).
First we have to ensure the existence of appropriate open covers.

Lemma 5.3.1. For every I'-bundle gerbe G = (Y, P, i) over M there exists an
open cover W = {U;}ic; of M with sections o; : U; — Y, such that the principal
[-bundles (0; x 0;)* P over U; N U; are trivializable.

Proof. One can choose an open cover such that the 2-fold intersections U; N U; are
contractible. Since every Lie 2-group is a crossed module G /H (Remark 2.4.3),
and G/ H-bundles are ordinary H-bundles (Lemma 2.2.9), these admit sections
over contractible smooth manifolds. But a section is enough to trivialize the original
['-bundle (Lemma 2.2.6). (]

Let G be a I'-bundle gerbe over M, and let U = {U;};<; be an open cover with
the properties of Lemma 5.3.1. We denote by Mg, the disjoint union of all the
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open sets U;, and by o : Mg, — Y the union of the sections o;. Then, o is a
refinement of 7 : ¥ — M, and we have a I"-bundle gerbe Gy , that is isomorphic
to G (Proposition 5.2.4).

The principal I'-bundle P;; of G, , over the component U; NU is by assumption
trivializable. Thus there exists a trivialization #;; : P;; — I fi for smooth functions
fij :UinU; — I'g. We define an isomorphism ;. between trivial bundles such
that the diagram

Pjx ® Pjj P;
1k ®tij lik
Ifjk ® Ifij Iy,

Mijk

is commutative. Now we are in the situation of Lemma 5.2.3, which implies that
the I'-bundle gerbe Gy 5.r := (M, L, piji) is still isomorphic to G.

Combining Lemma 2.2.8 with Example 2.4.7(a), we see that the isomorphisms
wijk correspond to smooth maps g;jx : UiNU;NU, — I'y such that s(g;jx) = fjk- fij
and 7(gijx) = fix. The associativity condition for u;;; implies moreover that

8ays © (Sapy "1df,;) = gaps 0 (idy,, - gpys)-

Hence, the collection { f;;, gijx} is a I'-1-cocycle on M with respect to the open
cover U.

Theorem 5.3.2. Let M be a smooth manifold and let I be a Lie 2-group. The above
construction defines a bijection

{ Isomorphism classes of T'-bundle gerbes over M } = H' (M, TN).

Proof. We claim that I'-bundle gerbes (Mq, Ifl.j, wijx) and (Mqy, Ihij, Vjjk) are
isomorphic if and only if the corresponding I'-1-cocycles are equivalent. This
proves at the same time that the choices of open covers and sections we have
made during the construction do not matter, that the resulting map is well-defined
on isomorphism classes, and that this map is injective. Surjectivity follows by
assigning to a I'-1-cocycle (f;;, gijx) with respect to some cover AU the I"-bundle
gerbe (May, Ig;,, piji) with p;j determined by Lemma 2.2.8.

It remains to prove that claim. We assume A = (Z, Q, «) is a 1-isomorphism
between the I'-bundle gerbes (My, I fij» Wi k) and (Mo, Ih,-j, vijk). Similarly to
Lemma 5.3.1 one can show that there exists a cover W of M by open sets W; that
refines both U and %, and that allows smooth sections w; : W; — Z for which
the I'-bundle w; Q is trivializable. In the terminology of the above construction,
choosing a trivialization ¢ : @*Q — I, with smooth maps h; : W; — I'g over My
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converts the isomorphism « into smooth functions s;; : W; N W; — I'; satisfying
s(sij) = glf ; ~h;i and t(s;;) = hj - g;;. The compatibility diagram (5-1) implies the
remaining condition that makes (/;, s;;) an equivalence between the I"-2-cocycles
(fij. &) and (f};. gli0)- O

6. Version IV: principal 2-bundles

The basic idea of a smooth 2-bundle is that it gives for every point x in the base
manifold M a Lie groupoid P, varying smoothly with x. Numerous different
versions have appeared so far in the literature, e.g., [Bartels 2006; Baez and Schreiber
2007; Wockel 2011; Schommer-Pries 2011]. The main objective of our version
of principal 2-bundles is to make the definition of the objects (i.e., the 2-bundles)
as simple as possible, while keeping their isomorphism classes in bijection with
nonabelian cohomology. Thus, our principal 2-bundles will be defined using strict
actions of Lie 2-groups on Lie groupoids, and not using anafunctors. The necessary
“weakness” will be pushed into the definition of 1-morphisms.

6.1. Definition of principal 2-bundles. As an important prerequisite for princi-
pal 2-bundles we have to discuss actions of Lie 2-groups on Lie groupoids, and
equivariant anafunctors.

Definition 6.1.1. Let P be a Lie groupoid, and let I" be a Lie 2-group. A smooth
right action of I on P is a smooth functor R : P x ' — P such that R(p, 1) = p
and R(p, id;) = p for all p € Py and p € P, and such that the diagram

id
PxTxT — 2~ PxT
R xid R
PxTI P

of smooth functors is commutative (strictly, on the nose).

For example, every Lie 2-group acts on itself via multiplication. Note that, due
to strict commutativity, one has R(R(p, g), g_l) =pand R(R(p,y),i(y))=p
forallgel'yg, pe Py, y €'y and p € Py.

Remark 6.1.2. This definition could be weakened in two steps. First, one could
allow a natural transformation in the above diagram instead of commutativity.
Secondly, one could allow R to be an anafunctor instead of an ordinary functor. It
turns out that for our purposes the above definition is sufficient.

Definition 6.1.3. Let A and ) be Lie groupoids with smooth actions (Ry, p1),
(R2, p2) of a Lie 2-group I'. An equivariant structure on an anafunctor F : X — Y
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is a transformation

X xT X
Fxid A / F
yxr 0 N
satisfying the following condition:
" .
XXTXT —&™ o yxr AXTXT —2"  xr
N N N
Fxidxid XxI —R—— X Fxidxid Fxid X
S Ve
Axid = A
‘ / idxm 4
nyxF Fxid F VxI'xl ——— = YxTI” F
Ry
Rzﬂk\ l / Rzk \
yxI y YxT ).

Ry

An anafunctor together with a I'-equivariant structure is called I"-equivariant ana-
functor.

In Appendix A we translate this abstract (but evidently correct) definition of
equivariance into more concrete terms involving a ["j-action on the total space of
the anafunctor.

Definition 6.1.4. If (F, 1) : X — Y and (G, y) : X — Y are I"-equivariant anafunc-
tors, a transformation n : F' = G is called I'-equivariant, if the following equality
of transformation holds:

R
X xT Ry X X xT / X
Gxid (& nxid F><1d F = Gxid /V G n F
YxT Y YxT = V.
2

It follows from abstract nonsense in the bicategory of Lie groupoids, anafunctors
and transformations that we have another bicategory with

» objects: Lie groupoids with smooth right I"-actions;
o I-morphisms: I'-equivariant anafunctors;

» 2-morphisms: I'-equivariant transformations.
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We need three further notions for the definition of a principal 2-bundle. Let M
be a smooth manifold, and let P be a Lie groupoid. We say that a smooth functor
7w P — My is a surjective submersion functor, if w : Py — M 1is a surjective
submersion. Let 7 : P — Mg be a surjective submersion functor, and let Q be
a Lie groupoid with some smooth functor x : @ — Mg;s. Then, the fiber product
P xu Q is defined to be the full subcategory of P x Q over the submanifold
Po xm Qo C Py x Qp.

Definition 6.1.5. Let M be a smooth manifold and let I" be a Lie 2-group.

(a) A principal T'-2-bundle over M is a Lie groupoid P, a surjective submersion
functor 7 : P — Myjs, and a smooth right action R of I" on P that preserves 7,
such that the smooth functor

T:=(pr,R):PxI —=>PxyP
is a weak equivalence.
(b) A 1-morphism between principal ['-2-bundles is a I'-equivariant anafunctor
F:P— P

that respects the surjective submersion functors to M.

(c) A 2-morphismbetween 1-morphisms is a ["-equivariant transformation between
these.

Remark 6.1.6. (a) The condition in Definition 6.1.5(a) that the action R preserves
the surjective submersion functor & means that the diagram of functors

PxT S P

pry T

P Mg

A

1s commutative.

(b) The condition in Definition 6.1.5(b) that the anafunctor F respects the surjective
submersion functors means in the first place that there exists a transformation

P, il P,

Mdis~
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However, since the target of the anafunctors ; and 7, o F is the discrete
groupoid My, the equivalence of Example 2.3.4 applies, and implies that,
if such a transformation exists, it is unique. Indeed, it is easy to see that an
anafunctor F : P — O with anchors o : F — Py and «, : F — Q respects
smooth functors 7 : P — Mgis and x : © — Mg, if and only if 7 oy = x o ;..

Example 6.1.7. The trivial I'-2-bundle over M is defined by
P:i=MgsxI', m:=pr;,, R:=idy xm.

Here, the smooth functor T even has a smooth inverse functor. In the following we
denote the trivial I"-2-bundle by Z.

Remark 6.1.8. The principal I'-2-bundles of Definition 6.1.5 are very similar to
those of Bartels [2006] and Wockel [2011], in the sense that their fibers are groupoids
with a I'-action. They only differ in the strictness assumptions for the action, and
in the formulation of principality. Opposed to that, the principal 2-group bundles
introduced in [Ginot and Stiénon 2008] are quite different: their fibers are Lie
2-groupoids equipped with a certain Lie 2-groupoid morphism to BI'.

6.2. Properties of principal 2-bundles. Principal I'-2-bundles over M form a bi-
category denoted 2-Bunp(M). There is an evident pullback 2-functor

f*:2-Bunp(N) — 2-Bun (M)

associated to smooth maps f : M — N, and these make 2-Bun(—) a pre-2-stack
over smooth manifolds. We deduce the following important two theorems about
this pre-2-stack. The first asserts that it actually is a 2-stack:

Theorem 6.2.1. Principal I'-2-bundles form a 2-stack 2-Bunp(—) over smooth
manifolds.

Proof. This follows from Theorem 5.1.5 (I'-bundle gerbes form a 2-stack) and
Theorem 7.0.1 (the equivalence Grbr(—) = 2-Bunp(—)) we prove in Section 7. [J

Remark 6.2.2. Similar to Remark 5.1.6, we obtain automatically bicategories
2-Bunp(&X) of principal I'-2-bundles over Lie groupoids &, including bicategories
of equivariant principal T"-2-bundles.

The second concerns a homomorphism A : I' — Q of Lie 2-groups, which
induces the extension A : Grbr(—) — Grbg(—) between 2-stacks of bundle gerbes
(Proposition 5.2.1). Combined with the equivalence Grbr(—) = 2-Bunp(—) of
Theorem 7.0.1, it defines a 1-morphism

A :2-Bunp(—) — 2-Bung(—)

between 2-stacks of principal 2-bundles. Now we get as a direct consequence of
Theorem 5.2.2:
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Theorem 6.2.3. If A : " — Q is a weak equivalence between Lie 2-groups, then
the 1-morphism A : 2-Bunp(—) — 2-Bung(—) is an equivalence of 2-stacks.

A third consequence of the equivalence of Theorem 7.0.1 in combination with
Lemma 5.2.7 is

Corollary 6.2.4. Every 1-morphism F : Py — P, between principal I"-2-bundles
over M is invertible.

The following discussion centers around local trivializability that is implicitly
contained in Definition 6.1.5. A principal I"-2-bundle that is isomorphic to the trivial
['-2-bundle 7 introduced in Example 6.1.7 is called trivializable. A section of a
principal I'-2-bundle P over M is an anafunctor S : Mg;s — P such that w o S =idy,,
(recall that an anafunctor 7 o S : M — M is the same as a smooth map). One can
show that every point x € M has an open neighborhood U together with a section
s : Ugis = Plu. Such sections can even be chosen to be smooth functors, rather
than anafunctors, namely simply as ordinary sections of the surjective submersion
7 (Plu)o — Ugis.

Lemma 6.2.5. A principal I"-2-bundle over M is trivializable if and only if it has a
smooth section.

Proof. The trivial I'-2-bundle 7 has the section S(m) := (m, 1), where 1 denotes
the unit of I'y. If P is trivializable, and F : Z — ‘P is an isomorphism, then, F o S
is a section of P. Conversely, suppose P has a section S : Mgis — P. Then, we get
the anafunctor

(6-1) T=MgxT —>4 _pyp R

P.

It has an evident I"-equivariant structure and respects the projections to M. Accord-
ing to Corollary 6.2.4, this is sufficient to have a 1-isomorphism. O

Corollary 6.2.6. Every principal I"-2-bundle is locally trivializable; i.e., every
point x € M has an open neighborhood U and a 1-morphism T : 7T — P|y.

Remark 6.2.7. In Wockel’s version [2011] of principal 2-bundles, local trivializa-
tions are required to be smooth functors and to be invertible as smooth functors,
rather than allowing anafunctors. This version turns out to be too restrictive in
the sense that the resulting bicategory receives no 2-functor from the bicategory
Grbr (M) of I'-bundle gerbes that would establish an equivalence.

It is also possible to reformulate our definition of principal 2-bundles in terms of
local trivializations. This reformulation gives us criteria which might be easier to
check than the actual definition, similar to the case of ordinary principal bundles.
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Proposition 6.2.8. Let P be a Lie groupoid, w : P — Mygis be a surjective submer-
sion functor, and R be a smooth right action of T on ‘P that preserves w. Suppose
every point x € M has an open neighborhood U together with a I -equivariant
anafunctor T : T — P|y that respects the projections. Then, w : P — Mg is a
principal I"-2-bundle over M.

Proof. We only have to prove that the functor t is a weak equivalence, and we use
Theorem 2.3.13. Since all morphisms of P have source and target in the same fiber
of m : Py — Mygis, we may check the two conditions of Theorem 2.3.13 locally, i.e.,
for P|y, where U; is an open cover of M. Using local trivializations 7; : Z — P|y,,
the smooth functor 7 translates into the smooth functor (id, pry, m) : Mgis xI' xI" —
(Mgis x T) x 3y (Mgis x T'). This functor is an isomorphism of Lie groupoids, and
hence essentially surjective and fully faithful. O

7. Equivalence between bundle gerbes and 2-bundles

In this section we show that Versions III and IV of smooth ["-gerbes are equivalent
in the strongest possible sense:

Theorem 7.0.1. For M a smooth manifold and " a Lie 2-group, there is an equiva-
lence of bicategories
grbr (M) = 2-Bunp (M)

between the bicategories of T'-bundle gerbes and principal I"-2-bundles over M.
This equivalence is natural in M i.e., it is an equivalence between pre-2-stacks.

Since the definitions of the bicategories Grbr (M) and 2- Bun- (M), and the above
equivalence are all natural in M, we obtain automatically an induced equivalence
for the induced bicategories over Lie groupoids (see Remarks 5.1.6 and 6.2.2).

Corollary 7.0.2. For X a Lie groupoid and I a Lie 2-group, there is an equivalence
Grbr(X) = 2-Bunp (X).

The following outlines the proof of Theorem 7.0.1. In Section 7.1 we construct
explicitly a 2-functor

€y :2-Bunp (M) — Grbr(M).

Then we use a general criterion assuring that €, is an equivalence of bicategories.
This criterion is stated in Lemma B.1: it requires (A) that €, is fully faithful on
Hom-categories, and (B) to choose certain preimages of objects and 1-morphisms un-
der €,,. Under these circumstances, Lemma B.1 constructs an inverse 2-functor R s
together with the required pseudonatural transformations assuring that €, and Ry,
form an equivalence of bicategories. Condition (A) is proved as Lemma 7.1.7 in
Section 7.1. The choices (B) are constructed in Section 7.2.
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In order to prove that the 2-functors €,; extend to the claimed equivalence
between pre-2-stacks, we use another criterion stated in Lemma B.3. The only addi-
tional assumption of Lemma B.3 is that the given 2-functors €, form a 1-morphism
of pre-2-stacks; this is proved in Proposition 7.1.8. Then, the inverse 2-functors Ry,
obtained before automatically form an inverse 1-morphism between pre-2-stacks.

7.1. From principal 2-bundles to bundle gerbes. In this section we define the
2-functor €y : 2-Bunp (M) — Grbr(M).

Definition of €y on objects. Let P be a principal I'-2-bundle over M, with projec-
tion 7w : P — M and right action R of I" on P. The first ingredient of the I"-bundle

gerbe €, (P) is the surjective submersion 7 : Py — M. The second ingredient is a

principal I'-bundle P over 77([)2]. We put

P =P xT.
Bundle projection, anchor and I"-action are given, respectively, by
(7.1-1) X(p,8):=(t(p), Rs(p), g™ "), alp,g)i=¢
and (p, g)oy = (R(p,idg-1-y),5(¥)).
These definitions are motivated by Remark 7.1.2 below.
Lemma 7.1.1. This defines a principal T"-bundle over 73([)2].

Proof. First we check that y : P — 7352] is a surjective submersion. Since the
functor T = (id, R) is a weak equivalence, we know from Theorem 2.3.13 that

[ (PoxTo) exos P2 = P2 (p, g, o1, 02) > (s(p1), 5(02))

is a surjective submersion. Now consider the smooth surjective map

g (Pox To) Xyt PIV— P1 xTo: (p. g, o1, p2) > (o o R(p2.idg-1), g71).

We have x o g = f; thus, x is a surjective submersion. Next we check that we have
defined an action. Suppose (p, g) € P and y € I'; such that e (p, g) = g =1(y).
Then, a((p, g) o y) = s(y). Moreover, suppose yi, y» € I'1 with #(y;) = g and
1(y2) =s(y1). Then,
((p, 8)oy) oy = (R(p,idg-1 - Y1), s(¥1)) 0 12
= (R(p,idg-1 - y1 -idy(p)-1 - ¥2), s(12)) = (p, 8) 0 (Y1 0 12),
where we have used that y; oy, = y1 - idy(),)-1 - ¥2 in any 2-group. It remains to

check that the smooth map

T:Pox;T1— Pyxy P:((p,8),y) > (0, 8),(p,g) oY)
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is a diffeomorphism. For this purpose, we consider the diagram
PP
(7.1-2) lm
(Po x ') x (Po x I'p) P x Pl

TXT

and claim that (a) N1 := P %, I'1 is a pullback of (7.1-2), (b) N» :== P, x, P
is a pullback of (7.1-2), and (c) the unique map Ny — N, is 7. Thus, T is a
diffeomorphism.

In order to prove claim (a) we use again that the functor t = (id, R) is a weak
equivalence, so that by Theorem 2.3.13 the triple (P; x I'1, 7, s x t) is a pullback
of (7.1-2). We consider the smooth map

%— . Nl - 7)1 X 1—‘1 . ((pv g)v V) = (R(p’idg*1)9 V)

which is a diffeomorphism because (o, y) = ((R(p, id;(y)), 1(y)), ) is a smooth
map which is inverse to &. Thus, putting f; :=70& and g; := (s X ) 0§ we see
that (N1, f1, g1) is a pullback of (7.1-2). In order to prove claim (b), we put

fa((p1, 81), (P2, 82)) := (R(p1,id 1), p2),

82((p1, 1), (02, 82)) := (R(s(p), g7 ). g2, R(t(p1), g7 ). £1)-

It is straightforward to check that the cone (N3, f2, g2) makes (7.1-2) commutative.
The triple (N2, f>, g2) is also universal: in order to see this suppose N’ is any smooth
manifold with smooth maps f': N’ — P{z] and g’ : N’ — (Py x I'g) x (Py x Ty)
so that (7.1-2) is commutative. For n € N’, we write f'(n) = (p1, p2) and g’'(n) =
(P1, 81, P2, 82). Then, o (n) := ((R(p1,1d, 1), 82), (p2, g1)) defines a smooth map
o:N — P,x, P. One checks that f, o0 = f" and g, o0 = g/, and that o is
the only smooth map satisfying these equations. This proves that (N3, f2, g2) is a
pullback. We are left with claim (c). Here one only has to check that 7 : Ny — N,
satisfies f» = flot and go =g o T. (]

Remark 7.1.2. The smooth functor T = (id, R) : P x I' — P x P is a weak
equivalence, and so has a canonical inverse anafunctor ! (Remark 2.3.14). The
anafunctor

—1
P o Pxy P — P xy PP xT —=>T,

where c is the functor that switches the factors, corresponds to a principal I"-bundle

over P(g2] that is canonically isomorphic to the bundle P defined above.

It remains to provide the bundle gerbe product

w3 P@n,P — 13 P,
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which we define by the formula

(7.1-3) w((p23, £23)» (P12, &12)) := (P12 0 R(p23,1dy), ), £23812)-

Lemma 7.1.3. Formula (7.1-3) defines an associative isomorphism
w:mmP P — 5P

of principal T"-bundles over 7)([)3].

Proof. First of all, we recall from Example 2.4.7(b) that an element in the tensor
product 7735 P ® 7}, P is represented by a triple (p23, p12, y) where pa3, p12 € P

with 771 (x (p23)) = m2(x (p12)), and a(p23) - a(p12) = 1(y). In (7.1-3) we refer to
triples where y =idyg,,¢,,, and this definition extends to triples with general y € I'y

by employing the equivalence relation

(7'1'4) (plv p2, V) ~ (pl o (y . ida(pz)_l)’ p2’ ldS()/))'

The complete formula for w is then

(7.1.5) n((023, 823), (P12, 812), ¥) = (p12 0 R(p23, idng; “¥),s(¥)).

Next we check that (7.1.5) is well-defined under the equivalence relation (7.1.4):

m(((p23, £23)5 (P12, &12)5 V)
= (p120 R(p23,id1 - y), ()
= (/012 oR(p230 R(idR(S(p23),g;31)’ V- idg;zl)’ idglz)v S(V))
= M((pZS o R(idR(s(ng),gil)’ V- idgl—zl), S(V)g;zl)a (/0127 812); ids(y)))
= 1(((p23, 823) 0 (¥ -id,1), (o12, 812), idg(y))).

Now we have shown that u is a well-defined map from 735P ® 7}, P to {3 P,
and it remains to prove that it is a bundle morphism. Checking that it preserves
fibers and anchors is straightforward. It remains to check that (7.1.5) preserves the
["-action. We calculate

w(((p23, 823), (P12, &12), ¥) 0 V)
= (023, 823), (P12, 812), ¥ 0 7) = (P23 0 R(p12,idgy, - i (¥ 0 7)), (7))
= (p23 0 R(R(p12,idg,), i(¥) 0i (7)), 5(7))
= (230 R(R(p12, idgp,), i (1) © R(idR(s o).+ £ (7)), 5 (7))
= (p23 0 R(p12, dg,, - i (¥)) 0 R(dR(s(o1).0) i (7)), (7))
= (p23 0 R(p12,idg,, - i(¥)), s(¥)) 0 7 = i ((p23. 823), (P12, 812), ¥) 0 7.
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Summarizing, p is a morphism of I"-bundles over 73([)3]. The associativity of p
follows directly from the definitions. U
Definition of €y on 1-morphisms. We define a 1-morphism €, (F) : €3, (P) —
€ (P’) between I'-bundle gerbes from a 1-morphism F : P — P’ between principal
['-2-bundles. The refinement of the surjective submersions 7 : P — M and 7’ :
P’ — M is the fiber product Z := Py x y P,. Its principal I"-bundle has the total
space
Q:=F xTYy,

and its projection, anchor and I"-action are given, respectively, by

(7.1.6) x(f.8) = (u(f), R, (f), g ), alf.g) =g
and (f’ g)o]/ = (p(f’ id’g*l )/)»S()/)),

where p : F x 'y — F denotes the I'j-action on F that comes from the given
["-equivariant structure on F (see Appendix A).

Lemma 7.1.4. This defines a principal I'-bundle Q over Z.

Proof. We show first that the projection x : Q — Z is a surjective submersion. Since
the functor 7/ : P’ xI' — P x ;P is a weak equivalence, we have by Theorem 2.3.13
a pullback

X

(Pyx To) gx: (P} xm Py)

£ sopr,

F wrom($) X P Py xm P

along the bottom map (f, p’) — («,(f), p’), which is well-defined because the
anafunctor F preserves the projections to M (see Remark 6.1.6(b)). In particular,
the map £ is a surjective submersion. It is easy to see that the smooth map

k:X— FxTo:((f, P, (P 8- p. ) > (fop ' oR(p,idg-1), g7")

is surjective. Now we consider the commutative diagram

X £ FxTy
3 X
F rrog;( )Xz Po po Po xu P

The surjectivity of k£ and the fact that £ and o4 x id are surjective submersions shows
that x is one, too.
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Next, one checks (as in the proof of Lemma 7.1.1) that the I"-action on Q defined
above is well-defined and preserves the projection. Then it remains to check that
the smooth map

S:ant Fl - Q XP()XM'P(/) Q:(f’ 8 y)|_> (f7g7 p(fvidg_l )/)»S()/))

is a diffeomorphism. An inverse map is given as follows. Given an element
(f1, &1, f2, &) on the right-hand side, we have o;(f1) = o;(f2), so that there
exists a unique element p’ € P| such that fj o p’ = f>. One calculates that
(p’, g2) and (idg,(s,), &1) are elements of the principal I'-bundle P’ x T’y over
736[2] of Lemma 7.1.1. Thus, there exists a unique element y € I'; such that
(o', 82) = (ida, (), &1) o y. Clearly, t(y) = g1 and s(y) = g2, and we have
p' = R(ido, (s, id,1 - ¥). We define £7'(f1. g1, f2. 82) := (f1. 81, ¥). The cal-
culation that £~ is an inverse for £ uses property (ii) of Definition A.1 for the
action p, and is left to the reader. U

The next step in the definition of the 1-morphism €(F) is to define the bundle
morphism

B:PRLO—>500P

over Z X Z. We use the notation of Example 2.4.7(b) for elements of tensor
products of principal I'-bundles; in this notation, the morphism § in the fiber over

a point ((p1, p}), (p2, py)) € Z Xy Z is given by

B0, g), (f,),v)— ((f,&'gh), (B, h "), ),

where h € I'g and p € P are chosen such that s(p) = R(pa, h=' and 1 (5) = p1,
and

(7.1.7) f=p"" o foR(p,idy), idp).
Lemma 7.1.5. This defines an isomorphism between principal T"-bundles.

Proof. The existence of choices of o, h follows because the functor 7" : P/ x I' —
P’ x p P’ is smoothly essentially surjective (Theorem 2.3.13); in particular, one
can choose them locally in a smooth way. We claim that the equivalence relation on
Q‘Z*Q ® P identifies different choices; thus, we have a well-defined smooth map. In
order to prove this claim, we assume other choices p’, i’. The pairs (0, h~') and
(', h'~!) are elements in the principal I'-bundle P’ over Py x m Py and sit over the
same fiber; thus, there exists a unique y € I'y such that (p, h o 7 =0, nh;
in particular, R(p, idj, - ) = p’. Now we have

(f.&'gh), (B, k™), v)=((f,g'gh), (B, k™), (idiy) - i(F) - 7)o ¥)
~((f, g'gh) o (idiiy)-i (7)), (B, Ko7, y)
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so that it suffices to calculate
(f.8'gh) o (diy) - i(7) = (p(f.idj-1-i(P)), g'gh’)
=(p(p~" o foR(p',idy),i (7)), g'gh)
= (p(R(F™",i(p)-idy-1) o f o R(p',idy), idy), g'gh’),

where the last step uses the compatibility condition for p from Definition A.1(i1).
In any 2-group, we have i(y) - idy(;) = (id;5)-1 - 7)1, in which case the last line
is exactly the formula (7.1.7) for the pair (o', h').

Next we check that 8 is well-defined under the equivalence relation on the tensor
product P’ ® ¢ Q. We have

x:=((0, &), (f,8), 1-v2)oy)~((p'.g)oyi, (f, 8oy, y)=1x

for y1, y» € I'y such that #(y1) = g', t(y2) = g and s(y1)s(y2) = t(y). Taking
advantage of the fact that we can make the same choice of (p, #) for both repre-
sentatives x and x’, it is straightforward to show that (x) = B(x’). Finally, it is
obvious from the definition of g that it is anchor-preserving and I'-equivariant. []

In order to show that the triple (Z, Q, 8) defines a 1-morphism between bundle
gerbes, it remains to verify that the bundle isomorphism g is compatible with the
bundle gerbe products p and w; in the sense of diagram (5-1). This is straightfor-
ward to do and left for the reader.

Definition of €y on 2-morphisms, compositors and unitors. Let Fy, Fy : P — P’
be 1-morphisms between principal I'-bundles over M, and let n : F = G be a
2-morphism. Between the I"-bundles O and Q,, which live over the same common
refinement Z = Py x y P, we find immediately the smooth map

n:01— 02:(f1,9)— n(f1), &)

which is easily verified to be a bundle morphism. Its compatibility with the bundle
morphisms 1 and S, in the sense of the simplified diagram (5-4) is also easy to
check. Thus, we have defined a 2-morphism €7 (1) : € (F1) = Ep (F2).

The compositor for 1-morphisms F; : P — P’ and F, : P’ — P” is a bundle
gerbe 2-morphism

Cr, P €pu(Fro F1) — €y (F2) o€y (F1).

Employing the above constructions, the 1-morphism €, (F> o F) is defined on the
common refinement Z 5 :=Py x » P and has the I'-bundle Q5 = (F; Xpy F)/ P} x
"o, whereas the 1-morphism €, (F>) o€, (F1) is defined on the common refinement
Z :="Py xy Py xy Py and has the I'-bundle Q> ® Q; with Qy = Fy x I'g. The
compositor ¢, r, is defined over the refinement Z with the obvious refinement
maps pry3 : Z — Zj and id : Z — Z making diagram (5-3) commutative. It is thus
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a bundle morphism ¢, , : pri; Q12 — Q2> ® Q1. For elements in a tensor product
of I'-bundles we use the notation of Example 2.4.7(b). Then, we define cf, r, by

(7.1.8) ((p, P, P, (f1, f2, @) > ((02(5 " 0 fa,idn), gh), (1o, k1), idy),

where h e g and g : R(p/, h ) — o, (f1) = o;(f2) are chosen in the same way as
in the proof of Lemma 7.1.5. The assignment (7.1.8) does not depend on the choices
of h and p, nor on the choice of the representative ( fi, f>) in (F} Xp F) /Py It
is obvious that (7.1.8) is anchor-preserving, and its I'-equivariance can be seen by
choosing (g, 1) in order to compute cr, g, ((p, p', p"), (f1, f2, g)) and (p', h) with
p':=R(p,idy -y~ in order to compute cg, £, (((p, p', p"), (f1, f2. g)oy). In
order to complete the construction of the bundle gerbe 2-morphism cF, r, we have to
prove that the bundle morphism cF, r, is compatible with the isomorphisms S, of
Em(FroF1) and (Id® B1) o (B, ®id) of €y (F>) o€y (F1) in the sense of diagram
(5-4). We start with an element ((p”, g"), (fi2, 8)) € €n(P") ® ¢;Q12, where
Ji12 = (f1, f2). We have

Bra((p”, &"), (f12, 8)) = (Fr2. &"gh, ., h™Y)

upon choosing (0, i) as required in the definition of €7 (F; o Fy). Writing ﬁ; =
(f1, f») further we have

(7.1.9)  (GFer,r, ®id) (2, 8"gh, 5, h7Y)
= (02055 ' o fo,idp,). §"ghha, fro o, hy' p. A7)

upon choosing appropriate (02, #2) as required in the definition of cf, r,. This is the
result of the clockwise composition of diagram (5-4). Counterclockwise, we first get

(d@¢fer.m) (0, "), (fi, ) = (0" g, £, gh1, £/ k(Y

for choices (o1, h1), where f” .= pz(,éfl o f2,idp,) and f':= f1 o p1. Next we
apply the isomorphism B, of €,,(F>) and get

(B @id) (0", &", ", ghi, f1, hi") = (f7, g"ghha, p, ™", £, hTY)

where we have used the choices (0, h) defined by p = R(ﬁl_l, hi)oR(pr, h 'hy)
and h := /’ll_lhhg. The last step is to apply the isomorphism S of €,;(F,) which
gives

(7.1.10) (d®B)(f",&"ghha, p.h™", f1,hy") = (f7, " ghha, [/, 17" 5, k1),

where we have used the choices (p, ) from above. Comparing (7.1.9) and (7.1.10),
we have obvious coincidence in all but the first and third components. For these
remaining factors, coincidence follows from the definitions of the various variables.
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Finally, we have to construct unitors. The unitor for a principal I'-2-bundle P
over M is a bundle gerbe 2-morphism

up :éy(dp) = idng(p).

Abstractly, one can associate to idg,, (py the 1-morphism idgi P) constructed in the
proof of Lemma 5.2.8, and then notice that idg; (p) and € (idp) are canonically
2-isomorphic. In more concrete terms, the unitor up has the refinement W := ([)3]
with the surjective submersions r := pr;, and r’ := prj to the refinements Z = 73([)2]
and Z’ =Py of the 1-morphisms €, (idp) and idg,,(p), respectively. The relevant
maps xw and yw are pry; and pr,3, respectively. The principal I'-bundle of the
I-morphism idg,,(p) is the trivial bundle Q" = I;. We claim that the principal
['-bundle Q of €,,(idp) is the bundle P of the bundle gerbe €, (P). Indeed, the
formulae (7.1.6) reduce for the identity anafunctor idp to those of (7.1-1). Now,
the bundle isomorphism of the unitor up is

yiy P ®r*Q = pri, P ® pri, P _”>prT3P =0 ®xi, P,

where p is the bundle gerbe product of €,,(P). The commutativity of diagram
(5-2) follows from the associativity of u.

Proposition 7.1.6. The assignments €y for objects, 1-morphisms and 2-morphisms,
together with the compositors and unitors defined above, define a 2-functor

€m 1 2-Bunp (M) — Grbr(M).

Proof. A list of axioms for a 2-functor with the same conventions as we use here can
be found in [Schreiber and Waldorf 2008, Appendix A]. The first axiom requires
that the 2-functor €,; respects the vertical composition of 2-morphisms — this
follows immediately from the definition.

The second axiom requires that the compositors respect the horizontal compo-
sition of 2-morphisms. To see this, let Fj, F{ : P — P’ and F,, F} : P’ — P" be
I-morphisms between principal I'-2-bundles, and let n; : F| = F’ 1’ and ny : Fp = F2’
be 2-morphisms. Then, the diagram

é )
Eu(Fyo Fy) o) Eu(Fjo F))
CFlh“ “CF{.Fé
Em(F2) o€y (Fr) Em(F,) o€p(Fy)

Em(m)oém(n2)
has to commute. Indeed, in order to compute cf, r, and ¢/ p; one can make the
same choice of (p, /), because the transformations 7 and 5, preserve the anchors.
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Then, commutativity follows from the fact that ; and 7, commute with the groupoid
actions and the I'j-action according to Definition A.1.

The third axiom describes the compatibility of the compositors with the compo-
sition of 1-morphisms in the sense that the diagram

CFyoFy,F3

Em(F30F0 Fy) Em(F3) o€y (Fro Fp)

CF30F, . F} “ “idoch_Fl

Em(F30F)0€y(F1) = Em(F3) 0 €p(F2) o€ p(F1)
3.2

is commutative. In order to verify this, one starts with an element ( f1, f>, f3, &)
in € (F3 0 Fp o Fy). In order to go clockwise, one chooses pairs (02,3, f12,3) and
(P12, h12) and gets from the definitions
CW = ((’03(51_2{3 © f37 idh12‘3)’ gh12,3),

(,02(/51_,; o f20p12,3,1dp,,), h1—21’3h1’2), (fiop12, hl_,lz))-

Counterclockwise, one can choose firstly again the pair (0 2, #1,2) and then the
pair (02,3, h2,3) with p 3 = R(p12,3,1ds,,) and ha 3 = h]_éhlm. Then, one gets

CCW = ((03(p33 0 p3(f3. idn, ). idn, ;). gh1.2h23),
(020513 0 foidn,,) 0 F2.3. 3 ). (fiopra. hyb)),

where one has to use formula (A-2) for the I'j-action on the composition of equi-
variant anafunctors. Using the definitions of 4, 3 and p, 3 as well as the axiom of
Definition A.1(ii) one can show that CW = CCW.

The fourth and last axiom requires that compositors and unitors are compatible
with each other in the sense that for each 1-morphism F : P — P’ the 2-morphisms

Cidp, F ido . ~
En(F) =€y (Foidp) === €1 (F)oEy (idp) =2 €1 (F)oid,, p) =€ (F),

CF.id.p/ soid
En (F) =€y (idpr o F) —= €3 (idp) o€y (F) =2 idee,, (pr) 0Gu (F) =1 (F)

are the identity 2-morphisms. We prove this for the first one and leave the second as
an exercise. Using the definitions, we see that the 2-morphism has the refinement
W :="Po xu Po x m P, with r = pry5 and r’ = pry3. The maps xw : W — Py x Po
and yw : W — P x y P, are pr|, and A oprs, respectively, where A is the diagonal
map. Its bundle morphism is a morphism

@ :pri3 Q — pry; O ®pry, P,

where Q = F x I'g is the principal I'-bundle of €,,(F), and P =P; x I’y is the
principal I'-bundle of €,;(P). Over a point (p;, p2, p’) and (f, g) € pri; Q. ie.,
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o;(f) = p1 and R(a,(f), g~") = p’, the bundle morphism ¢ is given by

(f.8) > (0(5~" o f.idn). gh. p. h™"),

where 1 € Ty, and 5 € P; with s(p) = R(p2, h~!) and (p) = o (f). We have
to compare (W, ¢) with the identity 2-morphism of €,;(F’), which has the refine-
ment Z with r = r’ = id and the identity bundle morphism. According to the
equivalence relation on bundle gerbe 2-morphisms we have to evaluate ¢ over a
point w € W with r(w) = r’(w); i.e., w is of the form w = (p, p, p’). Here we can
choose 4 =1 and p =id,, in which case we have

(p(f’ g) = ((f7 g)7 (idpv 1))'
This is indeed the identity on Q. (]

Properties of the 2-functor €. For the proof of Theorem 7.0.1 we provide the
following two statements.

Lemma 7.1.7. The 2-functor € is fully faithful on Hom-categories.

Proof. Let P, P’ be principal I'-2-bundles over M, and let Fy, F» : P — P’ be
I-morphisms. By Lemma 5.2.8 every 2-morphism 1 : € (F1) = € (F>) can be
represented by one whose refinement is Py X ps P, so that its bundle isomorphism is
n:Q01— O, where Qi := Fy xI'"fork=1,2. Wecanread off amap n: F| — F>,
and it is easy to see that this is a 2-morphism n : F| = F;. This procedure is clearly
inverse to the 2-functor €, on 2-morphisms. O

Proposition 7.1.8. The 2-functors €y form a 1-morphism between pre-2-stacks.

Proof. For a smooth map f : M — N, we have to look at the diagram
2-Bunp(N) —~ 2-Bunp-(M)
%N %M

Grbr(N)

— Grbr (M)
of 2-functors. For P a principal I'-2-bundle over N, the I"-bundle gerbe €, (f*P)
has the surjective submersion pr; : Y := M xy Py — M, the principal I"-bundle
P:=M xy P x Ty over Y and a bundle gerbe product u defined as in (7.1-3)
that ignores the M-factor. On the other hand, the I"-bundle gerbe ™€y (P) has
the same surjective submersion, and —up to canonical identifications between
fiber products —the same I'-bundle and the same bundle gerbe product. These
canonical identifications make up a pseudonatural transformation that renders the
above diagram commutative. U
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7.2. From bundle gerbes to principal 2-bundles. We now provide the data we will
feed into Lemma B.1 in order to produce a 2-functor Ry : Grbr (M) — 2-Bunp (M)
that is inverse to the 2-functor €, constructed in the previous section. These data
are:

(1) A principal I'-2-bundle ¢ for each I'-bundle gerbe G over M.

(2) A l-isomorphism Ag : G — €,/ (Rg) for each I'-bundle gerbe G over M.

(3) A l-isomorphism R 4 : P — P’ and a 2-isomorphism 74 : A = € (R 4) for
all principal I'-2-bundles P, P’ over M and all bundle gerbe 1-morphisms
A€y (P) — Ep(P).

Construction of the principal T'-2-bundle Rg. We assume that G consists of a
surjective submersion 77 : ¥ — M, a principal I'-bundle P over Y!?! and a bundle
gerbe product . Let o : P — T be the anchor of P, and let x : P — Y% be the
bundle projection.

The Lie groupoid P of the principal 2-bundle R¢ is defined by

Po:=YxTy and P;:=P xTy;
source map, target maps, and composition are given by, respectively,

(7.2.1) s(p. g) = (m(x(p).g). t(p.g):=(m(x(p)),a(p)™" g)
and (p2, g2) o (p1, &1) = (u(p1, p2), g1)-

The identity morphism of an object (y, g) € Py is (y, g) € P1, where 1, denotes
the unit element in P over the point (y, y); see Lemma 5.2.5. The inverse of
a morphism (p, g) € Py is (i(p), a(p)~'g), where i : P — P is the map from
Lemma 5.2.5. The bundle projection is 7w (y, g) := m(y). The action is given on
objects and morphisms by

(7.2.2) Ro((y,8).8) = (y.g¢).
Ri((p.8),v):=(po(idg -y id;()-14-14(p) & S(¥)).

Lemma 7.2.1. This defines a functor R : P x I' — P, and R is an action of T
onP.

Proof. We assume that t : H — G is a smooth crossed module, and that I" is the
Lie 2-group associated to it; see Example 2.4.2 and Remark 2.4.3. Then we use
the correspondence between principal I'-bundles and principal H-bundles with
H -antiequivariant maps to G of Lemma 2.2.9. Writing y = (h, g’), we have

Ri((p, 8),y)=(p**h, gg").

With this simple formula at hand it is straightforward to show that R respects source
and target maps and satisfies the axiom of an action. For the composition, we
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assume composable (p2, g2), (p1, g1) € P1;ie., g2 = a(p1) ' g1, and composable
(h2, g5), (hy, g}) € T'1;ie., g5 =t(hy)g]. Then we have

R((p2. 82) 0 (p1, 81), (ha, g5) o (1, g}))
= R(((p1, p2), 81), (hahi, g) = ((p1, p2) x¥1(hah1), 18})
= (u(p1*8'ha, p2) *$hi1, g181) = (w(p1, p2*Sho) *$hy, 8181)
= (w(p1*1hy, pax$ha), g18)) = (p2%%*h, 8285) © (p1*¥1h1, £18))
= R((p2, 82), (h2, 85)) o R((p1, &), (h1, &),
finishing the proof. U

It is obvious that the action R preserves the projection . Thus, in order to
complete the construction of the principal 2-bundle Rg it remains to show that the
functor T = (pr;, R) is a weak equivalence. This is the content of the following
two lemmata in connection with Theorem 2.3.13.

Lemma 7.2.2. The functor t is smoothly essentially surjective.

Proof. The condition we have to check is whether or not the map

(s x5)opr,

(Y xToxTo)ex; (P xTg) xy (PxTIp)) —— ¥ xTp) xy (¥ xTp)

is a surjective submersion. The left-hand side is diffeomorphic to (P x I'g) 7, Xx,
(P x TI'p) via pr,, so that this is equivalent to checking that

§ X8 (P xXT0)gjox Xm0y (P xTo)— (¥ xT) xpy (Y xTp)

is a surjective submersion. Since the I'y-factors are just spectators, this is in turn
equivalent to checking that

(T2 X 72) 0 (X X X) : P rjoy Xmyoy P — Y
is a surjective submersion. It fits into the pullback diagram

P7T10XX7TIOX P s pxp
XXX XXX

Yy X, YR yl2]  yl2]

1

Ty X T2 T XTI

yRlIe—7M > Y x Y
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which has a surjective submersion on the right-hand side; hence, also the map on
the left-hand side must be a surjective submersion. (I

Lemma 7.2.3. The functor t is smoothly fully faithful.

Proof. We assume a smooth manifold N with two smooth maps
fiN—>PoxTo) x(PyxTg) and g:N — P xy P

such that the diagram

N 7)] XM P]
f X1
(Po x To) x (Po x T'o) —— (Po xm Po) x (Po xum Po)

is commutative. For a fixed point n € N we put

((p1, 81)s (P2, 82)) :=g(n) € (P xTg) xp (P xTp),
(v,8,8.0.8.8)):=fm) e (Y xToxTpy) x (Y x T x ).

The commutativity of the diagram implies x (p1) = x (p2) = (', y), so that there
exists ' € I'1 with pp = pjoy’. We define y := idgl—l -y'-idy(p,)-14,» Which yields
a morphism y € I'y satisfying t(py1, g1, ¥) = (p1, &1, P2, &2) = g(n). On the other

hand, we check that

(s(p1, g1, ¥) t(p1, g1, ¥) = (m2(p1), &1, s, 1 (p1), a(p) g1, t(¥)) = f(n),

using that s(y) = gl_lgz and 7 (y) = gl_loe(pl)a(pz)_lgg. Summarizing, we have
defined a smooth map

oc:N—>PxT1:n— (p1,g1,7)

suchthat too =gand (s xf)oo = f. Now let 6’ : N — P x I'1 be another such
map, and let o’ (n) =: (p], g}, ¥"). The condition that 7(o (n)) = g(n) = t(c'(n))
shows immediately that p; = p| and g; = g{, and then that pj oy = pjoy’.
But since the I'-action on P is principal, we have y = y’. This shows ¢ = o’.
Summarizing, P; x I'; is a pullback. |

Example 7.2.4. Suppose I' = BU(1) (see Example 2.1.1(b)) and suppose G is a
["-bundle gerbe over M, also known as a U(1)-bundle gerbe (see Example 5.1.7).
Then, the associated principal BU(1)-2-bundle %g has the groupoid P with Py =Y
and P; = P, source and target maps s = mp o x and t = 7} o x, and composition
p2 o p1 = u(p1, p2). The action of BU(1) on P is trivial on the level of objects
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and the given U(1)-action on P on the level of morphisms. The same applies for
general abelian Lie groups A instead of U(1).

Construction of the 1-isomorphism Ag : G — €u(Rg). The I'-bundle gerbe
€m(Rg) has the surjective submersion Y=Y x [y with 7 (y, g) := w(y). The
total space of its I"-bundle Pis P:=Px ['g x I'g; it has the anchor a(p, g, h) = h,
the bundle projection

¥ P =Y (p g, ) ((mi(x(p), a(p) '), (ma(x(p)), gh™)),

the I'"-action is

(P g0y "= ((p, ) 0 R(Unsiyiyr 811 ¥), s())

7.2.2 . . _
e ((P’ 8) © (tmy(x(py) © (ldgp-1 -y - idg-1), gh IS()/)), S()’))

7.2.1 . . _
T2V (Ultmse o o (idgp-1 -y -id,-1), p), gh s (y), s ()

(2.4-3) . : _
= (po(ldgh_l "V 'ldg—]a(p))7 gh ls(y)’ S()/)),
and its bundle gerbe product [ is given by

N 7.1-3 .
(P23, 823, h23), (P12, g12, hin) (= ((p12, 812) © R((p23, 823). idpy,), hazhi2)

722
022 ((p12, 812) © (P23, 823h12), h23h12)

7.2.1)
0 ((p23, p12), 823h12, hazhi2).

In order to compare the bundle gerbes G and €, (Rg) we consider the smooth
mapso : Y - Y xTpand 6 : P — P that are defined by o(y) := (y, 1) and
a(p) = (p,a(p), a(p)).

Lemma 7.2.5. The map & defines an isomorphism & : P — (o x 0)* P of T-bundles
over Y21, Moreover, the diagram

n P @mny, P

~% D ~% D
TP, P
n i

ES ~ % =y
w3 P T3P

is commutative.
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Proof. For the first part it suffices to prove that & is I'-equivariant, preserves the
anchors, and that the diagram

2 v [2

is commutative. Indeed, the commutativity of the diagram is obvious, and also that
the anchors are preserved. For the I'-equivariance, we have

o(poy)=(poy,s(y),s(y))=(p,a(p),a(p))oy =c(p)oy.

Finally, we calculate

A ((p23, (p23), @(p23)), (P12, a(p12), a(p12)))
= (u(p23, p12), a(pa3)a(pi2), a(paz)a(pi2))
= ((p23, p12), @ (u(pa3, p12)), @ (u(p23, p12)))

which shows the commutativity of the diagram. U

Via Lemma 5.2.7 the bundle morphism & defines the required 1-morphism Ag,
and Lemma 5.2.3 guarantees that 4g is a 1-isomorphism.

Construction of the 1-morphism Ry : P — P'. Let A : €y (P) — € (P) be
a 1-morphism between I"-bundle gerbes obtained from principal I'-2-bundles P
and P’ over M. By Lemma 5.2.8 we can assume that A consists of a principal
I'-bundle y : Q — Z with Z =Py x iy 73(’), and some isomorphism S over Z (2] For
preparation, we consider the fiber products Z, := Py X i 736[2] and Z; .= 7362] xm Py
with the obvious embeddings ¢; : Z; — Z and ¢, : Z, — Z obtained by doubling
elements. Together with the trivialization of Corollary 5.2.6, the pullbacks of g
along ¢; and ¢, yield bundle morphisms

Bi:=1B:pri; Q — pry; QO ®@pr}, P
and

By = L;kﬂ :pr§3 P’ ®PI‘TQ 0— pr>1k3 o,

where P :=P; x g and P':="P’ x Iy are the principal I"-bundles of the I"-bundle
gerbes €, (P) and €, (P’), respectively.

Lemma 7.2.6. The bundle morphisms B; and B, have the following properties:
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(i) They commute with each other in these sense that the diagram

/ ﬁr
qu,pé ® Qpl,Pll QP1,P§

1d®p \ ,3\ "

sz,p/z ® Pp.ps

P, ® QP
P1:P> QPZaP[ P1,P2 6, ®id

is commutative for all ((p1, p}), (p2, p)) € Z2\.
(i1) B is compatible with the bundle gerbe product | in the sense that

Bilp,ps.p = QA ® tpy, py,p3) © (Bl py,ps,pr ®1d) 0 Bilpy, p,

for all (p1, p2, p3, p) € 77(53] x P,
(iii) B, is compatible with the bundle gerbe product | in the sense that

/ . .
IBrlp,p’l,pé O(Mp/l’p/ A ®1d) :,Br|p,pé,pg O(1d®ﬂr|p,p’l,pé)

2

for all (p. p}, ph. p}) € Pox Py

Proof. The identities (ii) and (iii) follow by restricting the commutative diagram
(5-1) to the submanifolds 77(%3] x P, and Py x 776[3] of ZB1, respectively. Similarly,
the commutativity of the two triangular subdiagrams in (i) follows by restricting
(5-1) along appropriate embeddings Z?! — Z[3), (]

Now we are in position to define the anafunctor R 4. First, we consider the left
action

Po:Tox Q— Q:(g.q)— Br((d, 8), q)

that satisfies «(Bo(g, ¢)) = g (g). The action Sy is properly discontinuous and free
because g, is a bundle isomorphism. The quotient F := Q/ 'y is the total space
of the anafunctor R 4 we want to construct. Left and right anchors of an element
q € F with x(q) = (p, p’) are given by

a(q):=p and o (q) =R a@).

The actions are defined by

pi(p.q) =B (q, (p. 1)) and p.(q,p) =B ((R(P', idy(y-1). 1), q).

The left action is invariant under the action By because of Lemma 7.2.6(i). For the
right action, invariance follows from Lemma 7.2.6(ii) and the identity

W(R(P idyigy 150 D (Gd, ) "2V 1/ (G, ), (R, idgigy1)s D).
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Lemma 7.2.7. The above formulas define an anafunctor F : P — P’.

Proof. The compatibility between anchors and actions is easy to check. The
axiom for the actions p; and p, follows from parts (ii) and (iii) of Lemma 7.2.6.
Lemma 7.2.6(1) shows that the actions commute. It remains to prove that oy : F — Py
is a principal P’-bundle. Since ; is a composition of surjective submersions, we
only have to show that the map

T F 4,% P — Foxo F:(q,0) v (q,0:(q, "))
is a diffeomorphism. We construct an inverse map t~! as follows. For (g1, ¢»)
with x(g1) = (p, p') and x(g2) = (p, p’), choose a representative
~l N EY . -1
(0,8, 9):=Brl, y 5(q2)-

Such choices can be made locally in a smooth way, and the result will not depend on
them. We have x (g) = (p, p’) that there exists a unique y € I'; such that g; =g oy.
Now we put

t g1, 2) = (q1, R(F, y1)).

The calculation of 7! o7 is straightforward. For the calculation of (tot™")(¢1, ¢2)
we have to compute in the second component

Br (RGP, y ™" iy 1), q1)
=B (RGP, y ™" +idy(g)-1). D o (¥ -idgay-1). §) = B (', (@@ ™), §)
= Bo(algnNe(@ "' B (B, &), @) = Bola(gna(@) g, q2),

and this is equivalent to g;. O

In order to promote the anafunctor F' to a 1-morphism between principal 2-
bundles, we have to do two things: we have to check that F commutes with the
projections of the bundle P; and P, and we have to construct a I'-equivariant
structure on F. For the first point we use Remark 6.1.6(b), whose criterion 7 ooy =
7 o «, is clearly satisfied. For the second point we provide a smooth action p :
F x I'1 — F in the sense of Definition A.1 and use Lemma A.2, which provides a
construction of a I'-equivariant structure. The action is defined by

(7.2.3) p(q.v) =B (g 0 (duig) - ¥ -id;)-1), (R0 ): 1))
Lemma 7.2.8. This defines a smooth action of 'y on F in the sense of Definition A. 1.

Proof. Smoothness is clear from the definition. The identity

p(p(q, y1), VZ)::81_1(qo(idot(q)'yl'VZ'idz(yz)—lt(yl)—l)s (id, 1 (y1-v2)) =p(q, y1-¥2)
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follows from the definition and the two identities
(7.2.4) a(p(g,y)) =alqg)s(y)
and (]/1 . idl(yl)’l) . (idx(yl) V2 idl(]/z)’lt()/l)’l) =YV idl(yg)*lt(yl)*l .

The latter can easily be verified upon substituting a crossed module for I"'. Checking
condition (i) of Definition A.1 just uses the definitions. We check condition (ii) in
two steps. First we prove the identity

pe(oi(p,q), vioy)=pi(R(p, v1), p(q,¥))-

The main ingredient is the decomposition

(7.2.5) ida(q) - (Yioy) -id; ()1 = (idaqg) ¥ *1d; ()-1) 0 (g (g)s (11 ()1 " Vi - 1dy(g)-1)

that can, e.g., be verified in the crossed module language. Now we compute

oo, q),y0y) = /31_1 (q o (idy(g) - (VoY) -id;(yy-1), (R(p, 1 (1)), t(Vl)))
(725 IBl_l(q o (id(q) - ¥ - 1d;)-1), (R(p, ¥1), I(Vl)))

= p1(R(p, 1), p(q, 7))

The second step is to show the identity

(e (q, ), v ov) =pr(plg, y), R(P', ¥+)).

Here we use the decomposition

(726) ida(q) . ()/ o )/r) . idz(y)—l = (ida(q) Y- id,(y)—l) o) (ida(q) Ve idt(y)—l).

Then we compute

p(pr(q’ 10/)’ yo )/r)
= ﬂl_l(ﬁ,((R(p/, ida(q)“), D),qgo (ida(q) (Y ovr) 'idt(y)_l))s (id, f()/)))
T2V BB (R 7 iy a1 D
Bo(a(@)s(v)s() ' a(@) ", g o (idagg) - ¥ -idyy)-1))), (id, 1()))
Y B (B (RGP - a1 0 (Wt - ¥ -idiy 1), (i, 1(1)
= pr(p(q,v), R(p", ¥r)),

where we have employed the equivalence relation on F that was generated by the
action of fy. O
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Construction of a 2-isomorphism n4 : A = €, (R 4). We may again assume that
the common refinement of A is the fiber product Py x ys Pj; otherwise, the proof
of Lemma 5.2.8 provides a 2-isomorphism between .4 and one of these. Now, .4
and €7 (R 4) have the same common refinement, and 71 4 is given by the map

n:0—> FxTy:q~ (q,a(q)).

This is obviously smooth and respects the projections to the base: if x (¢) = (p, p’),
then

%@, a(@) "= ((q), R, (@), a(@)™) = (p, p).

Further, it respects the I'-actions:

n(goy)=(goy,s(¥)) =B (goy, (d, 1) "= (p(q,idug-1 1), s N "= n(q)oy,

so that n is a bundle morphism. It remains to verify the commutativity of the
compatibility diagram (5-4). Let ((0’, g'),q") € P’ ® {{Q, and let (¢, (p, g)) €
{3 O ® P be a representative for S((p’, g’), ¢"). In particular, we have a(g)g =
g'a(q’), since B, is anchor-preserving. Then, we get clockwise

(7.2.7) n®@id)(B((r', 8. 4)) = (¢, ¢(@)), (p, 8))-

Counterclockwise, we have to use the isomorphism of Lemma 7.1.5 that we call 8

here. Then,

(7.2.8) B(ide@n) (0. g).q4") =B((r'. &). (¢'.a(q")))
=(q.g'x(ghg™". (p.9)

where the choices (o, &) we have to make for the definition of ,3 are here (p, g_l),
and ¢ is defined in (7.1.7), which gives here

G=pB"(B((0. 1). g, (R(p™".idg1), g7 h).

Comparing (7.2.7) and (7.2.8) it remains to prove ¢ = ¢ in F. As F was the quotient
of O by the action Sy, it suffices to have

Bo(e', @) L B (B.((id, &), B, (0, 1), ), (R(p™,idg 1), g71)

DB (B (0 814 (R(p™ i), g7)
=B (87'(q. (0. 8)). (R(p™",idg-1), g7")

© g1 (q. (id, 1)) =q.

This finishes the construction of the 2-isomorphism 7 4.
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Appendix A. Equivariant anafunctors and group actions

In this section we are concerned with a Lie 2-group I" and Lie groupoids X and Y
with actions R : X xI' > Xand Ry : Y xI' = ).

Definition A.1. An action of the 2-group I" on an anafunctor F : X — ) is an
ordinary smooth action p : F x 'y — F of the group I'; on the total space F' that

(i) preserves the anchors in the sense that the diagrams

FxI —~F FxD|—2~F

alxtl a; and a,xs\ or

XOXFOT)XO yOXFOT)yO
1 2

are commutative;

(i1) is compatible with the I"-actions in the sense that the identity

p(xofon,yioyoy)=Ri(x,y)op(f v)oR(n,yr)
holds for all appropriately composable x e X1, n€ Yy, fe F,andy;, y,y-€T.

If Fy, F, : X — Y are anafunctors with I"-action, a transformation n : F; = F; is
called I'-equivariant if the map n : F; — F, between total spaces is I'j-equivariant
in the ordinary sense.

Anafunctors X — ) with I'-actions together with I"'-equivariant transformations
form a groupoid Ana®(X,)). On the other hand, there is another groupoid
- Ana> (X, V) consisting of I"-equivariant anafunctors (Definition 6.1.3) and I'"-
equivariant transformations (Definition 6.1.4).

Lemma A.2. The categories Anaf’(X,Y) and I'-Ana™ (X, )) are canonically
isomorphic.

Proof. We construct a functor

(A-1) E: AnaP(X,)) — I'-Ana™ (X, )).

Let F : X — Y be an anafunctor with I"-action p. We shall define a transformation
Ap i FoR; = Ryo(F xid).

First of all, the composite

R
XxI =y -ty

is given by the total space (Xp x I'g) g, X, F, left and right anchors send an element
(x, g, f)to(x,g) and o, (f), respectively, and the actions are
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Oy)olx, g, H=@(0). 1(y), Rilx. y)of) and (x,g, flon=(x,g, fon).
On the other hand, the composite

i R
rxr 2% yrLoy

is given by the total space ((F' X I'1) pyo(a, xs) X: V1) / ~ with the equivalence
relation

(fon',yoy',m)~(f.y. Ra(n',y")on).

The left and right anchors send an element (f, y, n) to (e;(f), t(y)) and s(n),
respectively, and the actions are

X, YNo(fiy.m=(xof.y oy.,n) and (f,y,mon =(f,y.non).

The inverse of the following map will define the transformation A:

(FXT1) Ryo(a, x5yt V1 = (XoXT0) Xy F: (fs v, M (r(f), 1(¥), p(f. ¥)on).

Condition (i) ensures that this map ends in the correct fiber product, and condition (ii)
ensures that it is well-defined under the equivalence relation ~ . The left anchors
are automatically respected, and the right anchors require condition (i). Similarly,
the left action is respected automatically, and the right actions due to condition (ii).
The axiom for a transformation is satisfied because p is a group action. This defines
the functor £ on objects. On morphisms, it is straightforward to check that the
conditions on both hand sides coincide; in particular, £ is full and faithful.

In order to prove that the functor £ is an isomorphism, we start with a given
["-equivariant structure A on the anafunctor F. Then, an action p: F x I'y = F'is
defined by

(£, ) prs T (f v iRy, (1))
with pry : (Xp xI'g) g, Xo, FF — F the projection. The axiom for an action is satisfied
due to the identity A obeys. It is straightforward to verify conditions (i) and (ii) of

Definition A.1. To close the proof it suffices to notice that the two procedures we
have defined are (strictly) inverse to each other. ]

We are also concerned with the composition of anafunctors with I'-action. Sup-
pose that Z is a third Lie groupoid with a I"'-action Rz, and F : X — ) and
G : )Y — Z are anafunctors with ['-actions p : F xI'j > Fandt:G xI'i —> G.
Then, the composition G o F is equipped with the I"-action defined by

(A-2) (Fxy,G)xT1— (Fxy,G):((f.2),y)— (p(f, y), t(g,ds))).
We leave it to the reader to check:

Lemma A.3. Let X', Y and Z be Lie groupoids with I"-actions Ry, R, and Rs.
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(@) Let F: X - Y and G : Y — Z be I"-equivariant anafunctors. If T"-equivariant
structures on F and G correspond to I'1-actions under the isomorphism of
Lemma A.2, then the I"-equivariant structure on the composite F o G corre-
sponds to the I'1-action defined above.

(b) The isomorphism of Lemma A.2 identifies the trivial I -equivariant structure
on the identity anafunctor id : X — X with the I'1-action R : X} x I'1 — &)
on its total space X.

Appendix B. Constructing equivalences between 2-stacks

Let C be a bicategory (we assume that associators and unifiers are invertible 2-
morphisms). We fix the following terminology: a 1-isomorphism f : X; — X»
in C always includes the data of an inverse 1-morphism f : X, — X; and of
2-isomorphisms i : fo f = id and j :id = f o f satisfying the zigzag identities.
Let D be another bicategory. A 2-functor F : C — D is assumed to have invertible
compositors and unitors.

The following lemma is certainly “well-known”, although we have not been able
to find a reference for exactly this statement.

Lemma B.1. Let F : C — D be a 2-functor that is fully faithful on Hom-categories.
Suppose one has chosen:

(1) forevery object Y € D an object Gy € C and a 1-isomorphism &y : Y — F(Gy);

(2) for all objects X1, X» € C and all 1-morphisms g : F(X1) - F(X3), a 1-
morphism G : X1 — X5 in C together with a 2-isomorphism 1, : g = F(Gg).1

Then, there is a 2-functor G : D — C and pseudonatural equivalences

a:idp=FoG and b:GoF =ide.

In particular, F is an equivalence of bicategories.

Proof. We recall our convention concerning 1-isomorphisms: the 1-isomorphisms &y
include choices of inverse 1-morphisms £y together with 2-isomorphisms iy :
£y o&y = id and jr:id=é&yo £y satisfying the zigzag identities.

First we explicitly construct the 2-functor G. On objects, we put G(Y) := Gy.
We use the notation g := (§y, 0 g) o §yl for all 1-morphisms g : Y1 — Y in D,
and define G(g) = G;. If g, g’ : Y1 — Y; are 1-morphisms, and ¢/ : g = g’ is a
2-morphism, we consider the 2-morphism v defined by

—1

n; _ (idor)oid
F(Gg) === (¢y,08) o &y,

(Ey,08)) 0 By, ——— F(Gy).

'More accurately we should write Gy, x,.¢ and nx, x,, ¢, but we will suppress X1 and X in the
notation.
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Since F is fully faithful on 2-morphisms, we may choose the unique 2-morphism
G{):G(g) = G(g') such that F(G(y)) = & In order to define the compositor
of G we look at 1-morphisms g5 : Y1 — Y» and g»3 : Y» — Y3. We consider the
2-morphism

(,‘71
G(g12).G(g23)

F(G(g23) 0 G(g12)) =———= F(Gy3,) o F(Gy,)

-1 -1
- on-
ﬂngﬂ ngl2

((Ev, 0 823) 0 &y,) 0 ((Ey, 0 g12) 0 &y,)

ﬂa,iy2

(Ey, 0 (8230 812)) 0 &y, ———= F(G(g230812));

Me230%12
its unique preimage under the 2-functor F is the compositor

Ceingn - G(823) 0 G(g12) = G(g230812).
In order to define the unitor of G we consider an object ¥ € D and look at the
2-morphism
—1 1

. Tay _ ley iy g .
F(G(ldY)) =y (SY o ldY) o SY % ldF(G(Y)) é F(ldG(Y))

Its unique preimage under the 2-functor F is the unitor uy : G(idy) = idg(y). The
second step is to verify the axioms of a 2-functor. This is simple but extremely
tedious and can only be left as an exercise. The third step is to construct the
pseudonatural transformation

a:idp = FoG.

Its component at an object Y in D is the 1-morphism a(Y) :=&y : Y — F(G(Y)).
Its component at a 1-morphism g : Y| — Y is the 2-morphism a(g) defined by

a(Yz) 0g ————— SY2 og
idolgylzog

6y, 08) 0id

1
L{,IYZ

(v, 08) 0 &y,) 0 &,

T]goid

F(Gg) oy, ———= F(G(g))oa(Y1).
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There are two axioms a pseudonatural transformation has to satisfy, and their proofs
are again left as an exercise. It is easy to see that a is a pseudonatural equivalence,
with an inverse transformation given by a(Y) := &y. The fourth and last step is to
construct the pseudonatural transformation

b:GoF =idc.

Its component at an object X is b(X) := Géfm :G(F (X)) — X. Its component at
a I-morphism f : X — X3 is the 2-morphism

b(f):b(X2) o G(F(f)) = fob(X))
given as the unique preimage under F of the 2-morphism
F(b(X2) 0 G(F(f)) ——— F(b(X2)) o F(G(F(f)))
"é_pl%)‘)";(lf)
Erxy 0 (Erxy) o F(f)) 0Erx)
a,iF(xy) T
F(f)okrix)

Ar;onep

F(f)o F(b(X1)) =———= F(f ob(Xy)).

The proofs of the axioms are again left for the reader, and again it is easy to
see that b is a pseudonatural equivalence with an inverse transformation given by
b(X) := Gy, O

As a consequence of Lemma B.1 we obtain the certainly well-known result:

Corollary B.2. Let F : C — D be essentially surjective, and an equivalence on all
Hom-categories. Then, F is an equivalence of bicategories.

Since we work with 2-stacks over manifolds, we need the following stacky
extension of Lemma B.1. For a pre-2-stack C, we denote by Cj; the 2-category it
associates to a smooth manifold M, and by ¥* : Cy — Cy, the 2-functor it associates
to a smooth map v : M — N. The pseudonatural equivalences ¥* o p* = (@ o ¥)*
will be suppressed from the notation in the following. If C and D are pre-2-stacks,
a l-morphism F : C — D associates 2-functors Fj; : Cyy — Dy to a smooth
manifold M, pseudonatural equivalences

lew*OFN%FMOIﬁ*

to smooth maps v/ : M — N, and certain modifications Fy, , that control the relation
between Fy and F;, for composable maps ¥ and ¢.
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Lemma B.3. Suppose C and D are pre-2-stacks over smooth manifolds, and F -
C — D is a 1-morphism. Suppose that for every smooth manifold M

(1) the assumptions of Lemma B.1 for the 2-functor Fyy are satisfied, and

(2) the data (Gy, &y) and (G4, ng) is chosen for all objects Y and 1-morphisms g
in DM.

Then, there is a 1-morphism G : D — C of pre-2-stacks together with 2-isomorphisms
a:FoG=idp and b:GoF =id¢

such that for every smooth manifold M the 2-functor Gy and the pseudonatural
transformations ay; and by are the ones of Lemma B.1. In particular, F is an
equivalence of pre-2-stacks.

For the proof one constructs the required pseudonatural equivalences G and
the modifications G , from the given ones, Fy, and Fy ,, respectively, in a sim-
ilar way as explained in the proof of Lemma B.1. Since these constructions are
straightforward to do but would consume many pages, and the statement of the
lemma is not too surprising and certainly well-known to many people, we leave
these constructions for the interested reader.
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ON NONLINEAR NONHOMOGENEOUS RESONANT
DIRICHLET EQUATIONS

NIKOLAOS S. PAPAGEORGIOU AND GEORGE SMYRLIS

We consider a (p, 2)-equation with a Carathéodory reaction f(z, x) which
is resonant at +o00 and has constant sign, z-dependent zeros. Using vari-
ational methods, together with truncation and comparison techniques and
Morse theory, we establish the existence of five nontrivial smooth solutions
(four of constant sign and the fifth nodal). If the reaction f(z,x) is C!in
x € R, then we produce a second nodal solution for a total of six nontrivial
smooth solutions.

1. Introduction

Let Q € RY be a bounded domain with a C?-boundary 9<2. In this paper we study
the nonlinear Dirichlet problem

(1 —Apu(z) —Au(z) = f(z,u(z)) i, ulpa=0, 2<p.
Here A, denotes the p-Laplacian differential operator defined by
Apu(z) = div(|| Du(z)||”">Du(z)) forallu e Wol’p(Q).

Problem (1) is important in quantum physics in connection with Derrick’s model
[Derrick 1964] for the existence of solitons, which was investigated in more detail
by Benci, D’ Avenia, Fortunato, and Pisani [Benci et al. 2000]. Recently, such
equations attracted the interest of people working on nonlinear partial differential
equations and some existence and multiplicity results were proved in [Cingolani
and Degiovanni 2005; Cingolani and Vannella 2003; Sun 2012]. All consider
nonresonant equations. In contrast, in this work we deal with the resonant case.
More precisely, we assume that, asymptotically at 00, we have resonance with
respect to the first eigenvalue of (—A, Wo1 "P(Q)). In problem (1) the reaction
f(z, x) is a Carathéodory function (i.e., for all x € R, z = f(z, x) is measurable,
and, for a.a. z € Q, x — f(z, x) is continuous) and has positive and negative zeros
which in general depend on z € Q2. Problems driven by the p-Laplacian, and with a

MSC2010: 35120, 35J60, 35J92, 58E05.
Keywords: resonant equations, tangency principle, strong comparison principle, constant sign and
nodal solutions, Morse theory.
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reaction that has zeros, were studied by Bartsch, Liu, and Weth [Bartsch et al. 2005]
(they assume that the zeros are constant) and by Iturriaga, Massa, Sanchez, and
Ubilla [Iturriaga et al. 2010] (they have variable zeros). In both works the reaction
f(z,-)is (p — 1)-superlinear.

Here, we prove the existence of at least five nontrivial smooth solutions and
provide sign information for all of them (two are positive, two are negative and
the fifth is nodal). Moreover, by strengthening the regularity of f(z,-) (namely,
assuming that f(z,-) e C I(R)), we produce a second nodal solution for a total of
six nontrivial smooth solutions, all with precise sign information.

Our approach is variational based on the critical point theory, coupled with
suitable truncation and comparison techniques and with Morse theory (critical
groups). In the next section, for the convenience of the reader, we recall the main
mathematical tools that we will use in this work.

2. Mathematical background

Let X be a Banach space. By X* we denote the topological dual of X and by (-, -)
the duality brackets for the pair (X*, X). Let ¢ € Cl'(X). We say that ¢ satisfies
the Cerami condition if the following is true:

C-condition. Every sequence {x,},>1 € X such that {¢(x,)},>1 € R is bounded
and

(2) (I+ lx, D@’ (xn) — 0 in X*asn — oo
admits a strongly convergent subsequence.

This compactness-type condition is in general weaker than the usual Palais—Smale
condition (“PS-condition” for short). However, it suffices to have a deformation
theorem and from it derive the minimax theory of certain critical values of ¢ (see,
for example, [Gasifiski and Papageorgiou 2006]). In particular, we can state the
following theorem, known in the literature as the mountain pass theorem [ibid.,
p. 648].

Theorem 1. If ¢ € C'(X) satisfies the C-condition, xo, x; € X, p >0, ||xo—x1| > p,
max {@(xo), ¢(x1)} <inf[p(x) : [lx —xoll = pl =1,
and

c = inf max @(y(t)), wherel' ={y € C([0,1], X) :y(0) =x¢, y(1) = x1},

yel' 0<t<1

then ¢ > n, and c is a critical value of ¢.
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In the analysis of problem (1), in addition to the Sobolev spaces
Wol(Q), Hy(Q),
we will also use the Banach space
Co Q) ={ueCYR):ulyo=0).
This is an ordered Banach space with positive cone
Ci={ueCyRQ):u(z)=0forall z € Q).

This cone has a nonempty interior given by
a
intCy = {u €Cy:u(z) >0forall z € Q, 8—u(z) <Oforall z € 89}
n

(here n(-) denotes the outward unit normal on 9€2).
Let fu: Q2 xR — R be a Carathéodory function with subcritical growth in x € R;
1.e.,

| fo(z, x)| <d() +élx|""! foraa. zeQ, alxeR,
with a € ,¢c >0, an
itha € L(Q),, é > 0, and

Np )
— ifp<N,
l<r<p*={N-p

400 if p>=N.

We set Fy(z, x) = [, fo(z,s)ds and consider the C'-functional ¢ : WOI’p(Q) —
R defined by

1
wo(u) = ;HDuII,’; + %||Du||% —/ Fo(z,u(z))dz forallu e Wol’p(Q).
Q

The next theorem is a particular case of a more general result of [Gasiriski and
Papageorgiou 2012].

Theorem 2. If ug € WO1 "P(Q) is a local C(l) (Q)-minimizer of ¢y, i.e., there exists
00 > 0 such that

@o(uo) < @o(uo+h)  forall h € Co(Q) with ||hllc1 g < po,

then ug € CH¥(Q) for some o € (0, 1) and uy is also a local Wol’p(Q)-minimizer
of o; i.e., there exists p1 > 0 such that

@o(ut0) < @o(uo+h) forall h € Wy'P(Q) with ||h|| < p1.
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Remark. We should mention that the first such result was proved by Brézis and
Nirenberg [1993] and was later extended by Garcia Azorero, Peral Alonso, and
Manfredi [Garcia Azorero et al. 2000].

Let A, he L°°(2). We write h < h if, for every compact K C €2, we can find
& > 0 such that
h(z)+e¢e < fz(z) fora.a. z € K.

Clearly, if h, h € C(2) and h(z) < h(z) forall z € , then h < h. A straightforward
modification of the proof of Proposition 2.6 of [Arcoya and Ruiz 2006] in order
to accommodate the extra linear term —Au gives the following strong comparison
principle.

Proposition 3. If€ >0,h, h € L°(Q), h < h,u,v e CS(S_Z) are solutions of
—Apu(z) — Au(z) +Elu@)Pu(z) = h(z),
—Ap0(2) = Av(@) + I Pu(@) = h(z) inQ,

andv eintCy, thenv —u € int C,.

Proof. We follow [Arcoya and Ruiz 2006] (see Proposition 2.6).
By nonlinear regularity, u, v € CHB(Q) (0 < B <1).
We have

A, )+ A@W) +EuPPu=h<h=A,0)+A@W) + &P~ in W P(Q).
Acting with (u — v)* € W,"”(R), we obtain
(Apu)—A,(), (u—v)F)+({AW) — A(v), (u—v)*)
—I—/ﬂé(lulp_zu — v Hw—-v)tdz <o,
which implies that || D (u — v)+||% <0, since A, is monotone; hence u < v.
First we show that u(z) < v(z) for all z € Q2. For this purpose, we introduce
Dy={z€Q:u(z)=v(z)} and Dy ={z€Q:Du(z) =Dv(z) =0}.

We show that Dy C D;. So, let zg € Dy. Since u < v, the function z — (4 —v)(z)
attains its maximum at zg € Do and so we have Du(zg) = Dv(zp). If Du(zp) # 0,
then we can find B 0(20) € Q2 such that

[Du(z)| >0, [Dv(@)] >0, (Du(z), Dv(z))gy >0 forallze B,(z).
We set w =v —u € C4\ {0}. Then w satisfies the linear elliptic equation

N Jw
> yz(nij(z)g) =—E@P " = ulPuw) +h —h.

ij=1"" !
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In this equation the coefficients n;;(-) are given by
ou au

1ij(2) = 8;;(1Du@) ">+ D)+ (p — 2)||Du(z)||p’48—(z)—(z)
Zi 0z

forall z € Ep (z0) (see [Arcoya and Ruiz 2006, p. 854]). Hence n;; € jC/g(Ep (z0))
with B8 € (0, 1) and the »;; form a uniformly elliptic operator by taking p € (0, 1)
even smaller if necessary. Then the strong maximum principle (see [Gilbarg and
Trudinger 2001; Véazquez 1984]) implies that

u(z) < v(z) forall z € B,(z0),

which contradicts the fact that zo € Dg. So, we infer that Dy C D;.
Since by hypothesis v € int C, we see that D is compact and so Dy is compact.
So, we can find 21 € 2 open and smooth such that

DyCQ CQ CQ.

We can find ¢ > 0 such that
u(z)+¢e <v(z) forall ze€df,
h(z)4+e <h(z) foraa. zeg.
Let § € (0, min{e, 1}) be such that
Ells|P2s — 151”72 | <& foralls,s” € [—[lulloo, V]l With |s —s'| < 26.

Then we have
—Ap(U+8) = Au+8)+£[u+81" 7 (u+8) = —Ap () — A@w)+&|u+81" " (u+6)
= E[lu+8|" 2 (u+8)—|ulP"*ul+h
<h+e<h=—Au—Av+EvP,
which implies # 4+ < v in Q1, by the weak maximum principle.
Since Dy C 21, we infer that the boundary point theorem is valid for uniformly
elliptic operators with Holder continuous coefficients (see [Finn and Gilbarg 1957,

Lemma 7, p. 31; Gilbarg and Trudinger 2001, p. 46]). So, for every zg € 992, we

have
Jw
—(z0) <0,
an

and therefore v —u € int C,.. (I

We now recall some basic facts concerning the spectrum of (—A, WO1 P(Q)).
We consider the nonlinear eigenvalue problem

{—Apu(z) =Mu@)|?2u(z) ae.in Q,
(3
ulypo =0.
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A number A € R is an eigenvalue of (—A,, Wol’p(Q)) if the problem (3) has a
nontrivial solution i € WO1 'P(); that solution is an eigenfunction corresponding
to the eigenvalue %. The smallest eigenvalue ):1( p) of (=A,, Wol’p (€2)) has the

following properties (see [Anane 1987; Anane and Tsouli 1996; Garcia Azorero
and Peral Alonso 1987]):

« A1(p) is positive and isolated.

« A1(p) is simple (its eigenspace is one-dimensional).
IDully

D
l[uell’p

. il(p)zinf[ ueW&’WQ),uiO].

In this variational characterization of A1 ( p), the infimum is realized on the corre-
sponding one-dimensional eigenspace. Moreover, it is clear from the third property
above that the elements of the one-dimensional eigenspace do not change sign. In the
sequel, by iy, € W(}’p(Q), we denote the L”-normalized (i.e., {11 | , = 1) positive
eigenfunction corresponding to the eigenvalue A;(p) > 0. The nonlinear regularity
theory (see, for example, [Gasinski and Papageorgiou 2006, pp. 737-738]), implies
that 71, , € C4\ {0}. Then the nonlinear maximum principle of [Vazquez 1984]
says that 711 , € int C. Since the spectrum o (p) of (—A,, Wol’p(Q)) is closed and
i](p) > 0 is isolated, the second eigenvalue )Auz(p) =inf[A€o(p):A> o) (p)]is
also well-defined.

If N =1 (ordinary differential equation), then o (p) = {)A»k (P)li=1 € (0, +00),
where each ik(p) is a simple eigenvalue, )A\k(p) — +00 as k — 400 and the
corresponding eigenfunctions {7y, ,}«>1 have exactly k — 1 zeros (see, for example,
[Gasiniski and Papageorgiou 2006, p. 761]).

If N > 2 (partial differential equation), then the Ljusternik—Schnirelmann min-
imax scheme via the Krasnoselskii genus gives us a whole strictly increasing
sequence of eigenvalues {ik(p)}kzl such that ik(p) — 4oo0ask — +oo. Itis
not known if this is the complete list of eigenvalues. If p = 2 (linear eigenvalue
problem), then these are all the eigenvalues of (—A, HO1 (Q)).

Next we recall some basic definitions and facts from Morse theory and from
[Cingolani and Vannella 2003; 2007], which we will need in order to produce a
second nodal solution.

So, as before, let X be a Banach space and (Y7, Y») a topological pair such that
Y, €Y, C X. For every integer k > 0, by H (Y1, Y») we denote the k-th-relative
singular homology group with integer coefficients for the pair (Y7, Y»). For k <0,
H, (Y1, Ys) =0.

Given ¢ € C!'(X) and ¢ € R, we introduce the sets

p'={xeX:p(x)<c}, K,={xeX:¢'(x)=0}, K,={xeK,:p(x)=c}
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The critical groups of ¢ € C'(X) at an isolated critical point x € X with ¢(x) =c¢
(ie., x € K) are defined by

Cr(p,x) = Hi(¢°NU, 9 NU \ {x}) forall k >0,

where U is a neighborhood of x such that K, N¢°NU = {x}. The excision property
of singular homology theory implies that the above definition of critical groups is
independent of the particular choice of the neighborhood U'.

Now suppose that ¢ € C 1(X) satisfies the C-condition and inf p(Ky) > —o0.
Let ¢ < inf@(K,). The critical groups of ¢ at infinity are defined by

Ci(p, 00) = H (X, ¢¢) forall k > 0.

The second deformation theorem (see, for example, [Gasinski and Papageorgiou
2006, p. 628]), implies that this definition is independent of the level ¢ < inf ¢ (Ky,).
Suppose that K, is finite and define

M(t,x) = Zrank Ci(p, x)t* forallr e R, all x € K,
k>0
and
P(t,o0) = Zrank Ci(p, oo)tk for all r € R.
k>0

The Morse relation says that

(4) > M(t.x)=P(t,00) + (1 +)Q(),

xekKy,

where Q(t) =) ;- Bt is a formal series in ¢ € R with integer coefficients .

Let H be a Hilbert space, x a point in H, and U a neighborhood of x. Let
peC*U). Ifx K,, then the Morse index p = u(x) of x is defined to be
the supremum of the dimensions of the vector subspaces of H on which ¢”(x) is
negative definite. The nullity v(x) of x € K, is the dimension of ker ¢” (x). We say
that x € K,, is nondegenerate if ¢”(x) is invertible (i.e., v(x) = 0). If ¢ € C*(U)
and x € K, is nondegenerate with Morse index u, then

Ci(p,x) =62 forall k>0,

where Jy , is the Kronecker symbol.

As mentioned in the introduction, to produce a second nodal solution, we will
use some facts from [Cingolani and Vannella 2003; 2007]. Suppose f: QxR — R
is a measurable function such that, for a.a. z € Q, f(z,-) € C'(R) and

|fl(z,x)| <a@(z)+&lx|"% foraa. zeQ,allxeR,
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X
with @ € L*(Q)4,¢>0and p <r < p*. Weset F(z,x) = / f(z,s)ds and
consider the C?-functional ¢ : WO1 "P(Q) — R defined by 0

1
o) = ;||Du||§ + %IIDuII% —/ F(z,u(z))dz foralluce Wol’p(Q).
Q
Forall u, v, y € Wol’p (£2), we have (see [Cingolani and Vannella 2003])

@ W, y) = fQ (1] Dull”2)(Dv, Dy)aw dz
+ (p—2)/ | Du||P~*(Du, Dv)gy (Du, Dy)gy dz —/ fi(z, u)vydz.
Q Q

Here (-, -) denotes the duality brackets for the pair consisting of the spaces

W@ = Wy P(Q)F and W, P(Q), where %"' % =1

Suppose that ug € K,. Nonlinear regularity theory (see [Ladyzhenskaya and
Ural’tseva 1968; Lieberman 1991]) implies that ug € Col(S_Z). It follows that

b(-) = [|Duo(- )P~ P2 Dug(-) € L(2, RY).

Let Hj be the completion of C2°(€2) under the inner product

v, y)p = fQ [(L+ [BII*)(Dv, Dy)gy + (p —2)(b, Dv)gw (b, Dy)gy]dz.

Denote by || - || the corresponding norm. Clearly || - || is equivalent to the usual
Sobolev norm of HOI(Q), so Hj and HOI(SZ) are isomorphic. Since p > 2, WOI’I’(Q)
is embedded continuously into Hj,. Let L, € £(H,, H};) be defined by

(Lp(0), y)p = (v, y)p —/ fi(z,up)vydz forallv,y € Hp.
Q

Then L, is a Fredholm operator of index zero and it is the extension of ¢” (1o) on
H;,. We consider the orthogonal direct sum decomposition

H=H ®H'@HT,

where H~, H°, H* are the negative, null and positive spaces according to the
spectral decomposition of L, in L%(Q). Then H~ and H° are finite-dimensional
and, since ug € Cé (), standard regularity theory implies that

H™ @ H' C W, " (Q)N L®(Q).

Weset V.=H~@H"and W = W, " ()N H". Then W,”(2) =V @& W and,
by [Cingolani and Vannella 2003, p. 279], there exists ¢ > 0 such that

(@" (uo)v, v) = cllv||? forallve W.
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In what follows, for every r € (1, +00), we denote by
AW @ wr @, Lelog
ro- 0 ’ r r/ - ’

the nonlinear map defined by
5) (Ar(u), v) =/ | Du|"~%(Du, Dy)gv dz forallu,y e W(}’r(Q).
Q

If r =2, then we set A, = A € S.B(HOI(Q), H~1(Q)). The next result can be
found in [Gasifiski and Papageorgiou 2006, pp. 745-746].
Proposition 4. If A, : Wol’r(Q) — W‘l’”/(Q) is defined by (5), then A, is continu-
ous, monotone (hence maximal monotone) and of type (S)4; that is, if u, converges
weakly to u in Wol’p(Q) and limsup,,_, | (A, (u,), uy, —u) <0, then u, — u in
W, (Q).

Throughout this paper by | - || we denote the norm of WO1 "7(Q). By virtue of

Poincaré’s inequality, |[u|| = ||Du||, for all u € Wol’p(Q). By || - || we will also
denote the norm of RV . No confusion is possible, since it will always be clear from
the context which norm we mean.
For x € R, we define
x* = max{£x, 0}.

Then for u € WOI"D(SZ) we set
W () =u(-)*.
We know that u™ € Wol’p(Q) and

ul=ut+u" and u=ut—u".

By | - |gv we denote the Lebesgue measure on RY.
Finally, if g : 2 xR — R is a measurable function (for example, if (z, x) — g(z, x)
is a Carathéodory function), then we set

Ne)(-)=g(-,u(-)) forallue W, " ().

3. Constant sign solutions

In this section, we produce four nontrivial smooth solutions of constant sign, two
positive and two negative. The hypotheses on the reaction f(z, x) are the following:
Hypotheses H. (i) f:Q2 x R — R is a Carathéodory function.

(i) f(z,0)=0ae.in Q.

(i) |f(z,x)| <a(z)+c|x|P~ foraa. z € Q, all x € R, with @ € L®(Q), ¢ > 0.
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(iv) If F(z,x) = [; f(z,5)ds, then

pF(z, x)
x—+oo |x|P
and, for some 7 > 2,
Sz, x)x—pF(z,x) _ ,

lim sup < p <0 uniformly for a.a. z € Q.
x—+o0 |X|T

= )A\l(p) uniformly for a.a. z € 2,

(v) There exist functions wy € WH2(Q) N C() such that

w_(z) <c_ <0<cy <wiy(z) forallze®,

esssup (-, wi(-)) <0 =<essinf f(-, w_(-)),
Q

and A,(w_) + A(w_) <0< A,(wy)+ Awy) in WHP(Q) = Wy P (Q)*.

(vi) For every p > 0, there exists §, > 0 such that for a.a. z € €2, the function
x — f(z,x) +§p|x|p_2x is nondecreasing on [—p, p].

(vii) There exist integer m > 2 and functions n, j € L°°(£2) . such that

() <n(@) <) <dm1(2) ae. in R, Au(2)#n, A2 #i
and

fz,x) f(z,x)

n(z) <liminf —— <limsup —— < #(z) uniformly for a.a. z € Q.
x—0 X x—=0 X

Remarks. Hypothesis H(iv) implies that, asymptotically at +00, we have resonance
with respect to the principal eigenvalue A1 (p) > 0 from the right. Hence the energy
functional of the problem, as we will see, is indefinite. Hypothesis H(v) is satisfied
if we can find c_ < 0 < ¢4 such that f(z,cy) = f(z,c-) =0a.e. in Q.

Example. The following function satisfies the hypotheses H (for simplicity, we
drop the z-dependence):

n(x —|x|""%x) if [x] <1,
f&x)=1- 2 e
AP (xP72x = x|"77x) if x| > 1,
with n € A (2), Ams1(2)),m>2andr > 2,1 <1 < p.
We introduce the following truncations of f(z, - ):

0 ifx <0,
(6) fulz, x) = f(z,x) if0<x <wy(z),
fz,wi(z) ifwi(z) <x
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and
fz,w_(2)) ifx<w_(2),
f~@x)=1 f@x) ifw_(z)<x=<0,
0 if 0 < x.

X
Both are Carathéodory functions. Let Fi(z, X) = / fi (z, ) ds and consider
the C'-functionals Py W(;’p (Z) — R defined by 0

1 .
G () = ;I|Du||§+%||Du|I%—/ Fi(z,u(z))dz forall u e Wy ().
Q

Also, let ¢ : W(}’p (2) — R be the energy (Euler) functional for problem (1)
defined by

1
o) = ;||Du||§ + %HDuII% — ,/gz F(z,u(z))dz forallue Wol’p(Q).

Clearly, g € C'(W,"(Q)).
First, we produce two nontrivial constant sign smooth solutions of (1).

Proposition 5. If hypotheses H(iii), (v), (vi), (vii) hold, then problem (1) has at
least the two nontrivial constant sign smooth solutions

upeintCy and vge —intCy,
and both are local minimizers of ¢.

Proof. First we produce the positive solution.

From (6) we see that ¢ is coercive. Also, using the Sobolev embedding theorem,
we can check easily that ¢ is sequentially weakly lower semicontinuous. So, by
the Weierstrass theorem, we can find ug € WOl "7 (2) such that

(7) ¢ (uo) =inf [Py () : u € WyP ()] =m .

By virtue of hypothesis H(vii), we can find ¢ > 41(2) and 0 < 8 < min{cy, —c_}
such that

(8) F(z,x) > 10x* foraa.ze Q,all x| <6.
Let t € (0,1) be small such that tii;»(z) € [0, 8] for all z € Q (recall that
it12 €intCy). Then
R o 1, ” s
P4 (ti2) = E||DM1,2||Z + §K1(2) —/ Fi(z,ti2) dz
Q

P .
< =Dt 215 + = [21(2) — F]
p 2

(see (8) and recall that || 2] = 1).
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Since ¥ > A(2) and p > 2, by choosing ¢ € (0, 1) even smaller if necessary,
we have ¢ (ti11 2) < 0, which implies @ (1) = 1+ < 0= @, (0) (see (7)); hence

uop ;é 0.
From (7) we have ¢’ (1) = 0, which implies

€) Ap(uo) + Auo) = N, (uo).

On (9) we act with —u, € Wol’p(Q) and obtain ug > 0, ug # 0 (see (6)). Also,
we act with (ug —w, )t € W(}’p(Q). Then

(Ap(uo), (o —wi) ™) + (Aug), (wo —w4)™)
= /Q f+(Z’ ug) (o — w+)+ dz = /;2 Sz wy)(wo — U)+)Jr dz (see (6))
<(A,(wy) + Awy), (o —wy)™),
by hypothesis H(v). Therefore
f (IDuoll”~Dug — | Dw 1|~ Dw., Dug — Dws )y dz
o Do~ wo) 13 0.

It follows that ug < wy..
So, we have proved that

up € [0, wil={ue Wy"(R):0 < u(z) <w,(z) ae. in Q}.
Then (9) becomes A, (ug) + A(ug) = Ny (up) (see (6)), and hence
(10) —Apup(z) — Aup(z) = f(z,uo(z)) ae.in Q, wuglpg=0.

From (10) and [Ladyzhenskaya and Ural’tseva 1968, Theorem 7.1, p. 286], we
have ug € L*°(£2). We can apply the regularity result of [Lieberman 1991, p. 320]
and have ug € C\ {0}. Note that

Ap(uo) + A(ug) — Nyp(up) =0 < Ap(wy) + A(wy) — Np(wy) in wlr(Q),
by H(v), and, for a.a. z € Q2 and all x, y € [—p, p] with x > y, we have, by H(vi),

[z x) = f(z,y) = =&p(x —y),
Let a(£) = ||&]|P~2& 4+ & for all £ € RY. Then a € C'(RV),

Va(§) = IISIIP‘Z(I +(p —m‘ﬁf) +1

and
diva(Du) = Au+Au  forall u € Wy'P(Q).
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We have (Va(£)y, y)gy = ||y||* for all £, y € RY and so we can apply [Pucci
and Serrin 2007, Theorem 2.5.3, p. 37] and infer, via H(v), that

uo(z) < wy(z) forallzeQ.
Let p = max{||wy|loo, |w—|lso}. By virtue of H(vi) and (10), we have
—Apup(z) — Aug(2) +E,u0(2)P " = f(z,u0(2)) +E,u0(x)P ' >0 ae. in Q,
and hence
Apuo(2) + Aug(z) < E,up(z)?™"  ae.in Q.

Invoking the boundary point theorem of Pucci and Serrin [2007, Theorem 5.5.1,
p. 120] we have ug € int C.. Therefore

It is clear from (6) that ¢ |{0,w,] = ¢l{0,w,]- Therefore uq is a local Cé(S_Z)—
minimizer of ¢ and so by Theorem 2 it is also a local W(:’p (2)-minimizer of ¢.

Similarly, working this time with ¢_, we produce another constant sign smooth
solution vy € —int C; which is a local minimizer of . ]

Using ug € int C, vy € —int C, we can produce two more nontrivial constant
sign smooth solutions.

Proposition 6. If hypotheses H hold and K, is finite, problem (1) has at least four
nontrivial constant sign smooth solutions

ug, 4 € int Cy with it —ugy € int C4

vo, V€ —intC4  withvy— D €intCy.
Proof. From Proposition 5 we already have two solutions u € int C4 and vy €
—int C+.

Next we produce the second nontrivial positive smooth solution. To this end, we
introduce the following truncation of f(z, -):

f @z uo(@)  ifx <up(2),

b h (2, %) :{ Flox)  ifuez) <x.

X
This is a Carathéodory function. We set H (z, x) = / hy(z,s)ds and consider
the C'-functional v, : Wo1 "P(Q) — R defined by 0

! 1
w+<u>=;||Du||§+§||0un%—fgH+<z,u<z>>dz for all u € Wy"(2).

Claim 1. The functional ¥ satisfies the C-condition.
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Proof. Let {u,},>1 C WOl’p (£2) be a sequence such that

(12) [V (uy)| < My forsome M| >0,alln>1
and
(13) (14 lun DV (1) — 0 in WHP(Q) as n — oo,

From (13) we have

enllgll
(14) (Ap(un), g) + (A(un), g) —f hi(z, un)g dZ‘ <8l
Q L+ [Junll
for all g € W, " (), with &, |, 0.
In (14) we choose g = —u,, € Wol’p(Q). Then we get

| Du,, |15 + | Du;; |3 —/ f(z up)(—u,)dz<¢e, foraln=>1,
Q

by (11); this implies that || Du,; ||§ <cillu, || for some ¢; >0and all n > 1 (by H(iii)),
and we conclude, since p > 1, that

(15) {4 buz1 € Wy P(Q) s bounded.

We will show that {u,},>1 C W(: 'P(Q) is bounded. Arguing by contradiction,
because of (15) and by passing to a suitable subsequence if necessary, we may
assume that ||u;" || — co. We set y, =u; /|lu; ||, n > 1. Then ||y,|| =1 forall n > 1
and so we may assume that

(16) Yo — yin WyP(2) and y, — yin LP(Q) asn— oo,

w . .
where — indicates weak convergence. From (14), we have

h+(Z, I/t;:_)

/
-1 gdz) =e,lgl.

1
(17) ’(A n), &)+ —=———=(A(n), &) —/
g s [[P=2 o
with g, — 0 (see (15)).
Hypothesis H(iii) and (11) imply that

{ Nh+ (u;—)

(18)
st 17!

} C LP(Q) is bounded.
n>1

From (18) and using hypothesis H(iv), as in the proof of Proposition 30 of
[Aizicovici et al. 2008], we have

19 el Wog =1 in LP(Q).
(19) i F=hoy (@)
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Also, if in (17) we choose g =y, —y € Wol’p(Q), pass to the limit as n — oo
and use (16) and (19), we obtain

nli)ngo“Ap(yn)’ Yn—=Y) +{A), yo — )1 =0,
from which we get successively

limsup [(A,(yn), Yo —¥) +(A(¥), y» —¥)] <0 (since A is monotone),

n—oo

limsup (A, (ya), yn —y) <0 (see (16)),

n—oo
Y, =y in Wol’p () (see Proposition 4).
The upshot is that
(20) Iyll=1, y=0.

Passing to the limit as n — oo in (17) and using (19) and (20), we see that
(Ap(»), 8) =?\1(p)f yPlgdz forall g € W, "(%),
Q

since p > 2 and |u;| || — oco. This yields Ap(y)):](p)yl’_1 and so
—Apy(@) =h(p)y@P" ae.inQ, ylhe=0,

implying, in view of (20), that

2D y =Ally,, forsome A > 0.

Therefore y(z) > 0 for all z € €2 and this implies that ;" (z) — +o0 for all z € .
Then, by virtue of hypothesis H(iv), we have

+ +(z) — ¥
) Sz, uy (D)u, (z) — pF(z, u, (2)) <B <0 foraa.ze,

lim su T
n— 00 lun (2)|7

or again, in view of (11),

hy(z, uf (@)l (2) — pHi(z,uyf (2) 4

(22) limsup <B <0 foraa. zeQ.

n—00 |z ()|

Hypothesis H(iv) and Fatou’s lemma, together with (21) and (22), imply that

(23) lim sup

oo iy ||

On the other hand, from (12) and (15), we have

[ Tt @ = pH e D] dz <0
Q

p
(24) —M < | Duf )+ S Duf 13— /Q pHy (2, u) dz
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for some M, > 0 and all n > 1.
Also, if we choose g = u;| € WOI"”(SZ) in (14), then

(25) —&n < — | Du, |5 — ||Du;||§+/ hi(z,uNuldz foralln>1.
Adding (24) and (25), we obtain

My < [ [l - pHyGoad]dz+ (B = 1) 1013
Q

for some M3 > 0 and all n > 1, whence (since p > 2)

L
e = e

L + p_{\__ 1
[, et etz ea(§ 1) g

for some ¢; > 0 and all n > 1, and finally, since T > 2 and p > 2,

1
(26) 0< limian/ [he(z, u;Huf — pHy(z, u;)] dz.
u Q

n—o00 || n

Comparing (23) and (26), we reach a contradiction.
This proves that {u;"},>1 C Wol’p(Q) is bounded; hence {u,},>1 € Wol’p(Q) is
bounded, by (15). So, we may assume that

27) Uy — win Wy'P(Q) and  u, — u in L7(RQ).

If in (14) we choose g = u, —u € Wol’p(Q), pass to the limit as n — oo and
use (27), then, as before, exploiting the monotonicity of A, we have
lim sup (A, (u,), u, —u) <0,
n—oo

implying that u,, — u in WO1 'P(Q), by Proposition 4. Hence v satisfies the C-
condition, and this proves Claim 1. (]

Claim 2. The function ug is a local minimizer of V4.

Proof. We may assume that K, N[0, wy]= {0, uo}. Otherwise, let y be a nontrivial
element of K, N[0, w,] distinct from u; as a nontrivial solution of (1), y can be
taken such that uy < y, because (1) has a biggest solution in [0, w.] (this is shown
like Proposition 4.4 in [Filippakis et al. 2009]). Therefore, we are done if such a y
exists.

We introduce the following truncation of i (z, - ):

hi(z,x)  ifx Swy(2),

2 A =
29 hte 0 {h+(Z, w4 (2)) ifwi(z) <x.

This is a Carathéodory function. We set FI+ (z,x)= fox fz+(z, s) ds and consider
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the C'-functional ¥/ : Wol’p (2) = R defined by
N 1 n
Yy(u) = ;||Du||5 + %IIDuH% — /;Z H(z,u(z))dz forallue W()l’p(Q).

From (28) it is clear that v/ is coercive. Also, it is sequentially weakly lower
semicontinuous. Hence, we can find ug € WO1 "7 () such that

U1y (fig) = inf [y (u) : u € Wy ()],
which is to say @; (#p) = 0; therefore
(29) Ap(ug) + A(uo) = Ny, (o).
On (29) first we act with (g — ug)* € Wol’p(Q) and then with (1o — wy)™ €
W&’p(Q). Using (11), (28) and hypothesis H(v), this leads to
o € [ug, wyl = {u € Wy () uo(z) < u(z) < wy(2) ae. in QJ.

Then (29) becomes A, (ug) + A(ug) = Ny (up) by (11) and (28); thus ug € K, N
[0, w ], which is to say ug = u.
From Proposition 5 and its proof, we have

upeintC, and wug(z) <wy(z) forall z e Q.

From (28) we infer that ¥4 |0, ] = 1ﬁ+|[o,w+], so ug is a local Cé (€)-minimizer
of ¥r,. Applying Theorem 2, we see that u¢ is also a local Wol’p (€2)-minimizer of
¥y, as we wished to show. O

If u € Ky, then
Ap(u)+ A(u) = Ny (u).

Acting with (ug—u)™ € Wol’p(Q) and using (11), we show that ug <u. Therefore
(30) Ky, Cluo) = {u € Wy'" () : up(z) < u(z) for aa. z € Q}.

By virtue of Claim 2, ug € Ky, . Note that from (11) and (30) it follows that
Ky, € K, and recall that by hypothesis K, is finite. So, as in [Aizicovici et al.
2008, proof of Proposition 29], we can find p € (0, 1) small such that

(31) Y (uo) < inf [y (u) : [lu —uoll = pl =n;.
Claim 3. Yy (thy,,) — —00 ast— +o0.

Proof. By virtue of hypothesis H(iv), we can find ,31 € (3, 0) and My > ||uglleo
such that f(z, x)x — pF(z, x) < B1x" for a.a. z € Q, all x > My. Thus

(32) hi(z, x)x — pHi(z,x) < fix" +c3
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for a.a. z € Q, all x > My, some c¢3 > 0.

(Note that F(z,x) = Hi(z, x) — Hy(z, ug(2)) + f(z, up(z))uo(z) for a.a. z € ,
all x > My.)

Without loss of generality, we may assume that T < p (see H(iv)). We have

i(HJr(z,x)) _ hy(z,x)xP — pxP H (2, x)

dx xP - x2p
_ @)X = pHi(z,%) _ pix® +cs
- xPt1 - xptl

A o C3
=pixT P+ :

(see (32))

It follows that
Hy(z,x) HiGy _ B ( 1 )_ﬁ(i_i)

xP yP - p—t\xP7T yrT p

fora.a. z € Q,all x >y > M.
Letting x — 400, using hypothesis H(iv) and recalling that T < p, we obtain

M) _Hi@y) _ B 1l

< + —— foraa.zeQ,all y> My,
P yr p—tTylmt pyP
or, upon multiplication by y” and with ¢4 = c3/p,
5 N
(33) ](p)y” —H. (z,y) < Ly’ +c¢4 foraa.zeQ,ally>0.
p p—T

Then, for t > 0, we have

) P . 2 .
(34) w+<ru1,p)=;x1<p>||u1,p||§+EHDul,pn%—/ H. (. tiy,) dz
Q
i :

Bi . .
paedl M M FIDi I3 +eal@An - (see (33).

<

Since T > 2 (see H(iv)) and ﬁl < 0, it follows from (34) that ¥, (tii1,,) — —00
as t — +oo. This proves Claim 3. U

Claims 1, 3 and (31) permit the use of Theorem 1, the mountain pass theorem.
So, we can find & € W(;’p(Q) such that

(35) Yy (uo) < nf < ¥y (i)
(see (31)) and
(36) 1//jr () =0.

From (35) we see that &1 # ug, while from (36) we have i € [ug) (see (30)).
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Therefore # is the second nontrivial positive solution of (1) (see (11)). Moreover,
nonlinear regularity theory (see [Lieberman 1991]) implies that i € int C, ug <,
uo # . From the tangency principle of [Pucci and Serrin 2007, p. 35], we have

up(z) <ii(z) forall z € Q.
Let p = ||it]|co and let é > é 0 (é » > 0 as postulated by hypothesis H(vi)). We set
h(2) = f(z,u0(2) +Euo()"™" and h(2) = f(z,2(2) +Ea)"".

Clearly, A, he L>®(Q)y, h < h (see H(vi) and recall ug(z) < @i (z) for all z € Q).
Moreover, i € int C4 and so we can use Proposition 3 and infer that i —ug € int C..
Similarly, consider the truncation

flz,x) ifx <wv(2),
f(z,v(2)) ifv(z) <x.

Arguing as before, we produce a second nontrivial negative solution o € —int C
such that vy — 0 € int C. (I

h_(z,x)= {

4. Nodal solutions

In this section we produce nodal solutions for problem (1). Under the current
hypotheses H, we will produce a nodal solution, and subsequently, by strengthening
the regularity on f(z, -) (see hypotheses H below), we will generate a second nodal
solution. In this section, Morse theory is a basic tool.

Our strategy is the following. First we will show that problem (1) has extremal
constant sign solutions; i.e., there is a smallest nontrivial positive solution u
of (1) and a biggest nontrivial negative solution v_ of (1). By truncating f(z, -) at
{v_(2), u+(2)} and using variational methods and Morse theoretic techniques, we
show that problem (1) has nontrivial solutions in the order interval [v_, u ] distinct
from v_ and uy. The extremality of v_ and u implies that such solutions are
necessarily nodal. The nonhomogeneity of the differential operator u — —A ,u—Au
creates difficulties, which we have to overcome. To this end, note that hypotheses
H(iii), (vii) imply that we can find c5 > %1(2) and ¢g > 0 such that

f(z,x)x > csx? —cglx|? foraa.zeQ,all x €R.
This growth estimate leads to the following Dirichlet problem
(B7)  —Apu(z) — Au(z) = csu(z) —colu()|”uz) inQ, ulaq=0.

Proposition 7. Problem (37) has a unique nontrivial positive solution u, € int C
and, since (37) is odd, v, = —u, € —int C. is the unique nontrivial negative solution

of (37).
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Proof. We consider the C'-functional y, : Wol’p (2) — R defined by
1 1 Cs s 1
ye(0) = I Dull} + 31 Duls = =l 13+ ;nu*uz for all u € Wy ().

Since p > 2, it is clear that y is coercive. Also, y; is sequentially weakly lower
semicontinuous. Therefore, we can find u, € W(}’p (€2) such that

(38) yi(u,) =infly, ) :u € Wyl (@] =m].

Since ¢s > A1(2) and p > 2, for ¢t € (0, 1) small, we have y (tii12) <0, which
implies y4 (u,) = m} < 0=y,(0) by (38); hence u, # 0.
From (38) we have

(39) Y () =0
and therefore
Ap () + Au) = esuf —coul)P.
On (39) we act with —u_ € Wol’p(Q) and infer that u, > 0, u, # 0. Hence
Ap(uy) + Auy) = csuy — c6u£_1, and so
— Ayt (2) — Auy(2) = csu(2) — coux(2)?™"  ae.in Q, wuylsq =0.

Nonlinear regularity theory (see [Ladyzhenskaya and Ural’tseva 1968; Lieberman
1991]) implies that u, € C\ {0}. Moreover, from the strong maximum principle of
[Pucci and Serrin 2007, p. 34], we have u,(z) > 0 for all z € 2. Then

Apuy(z) + Auy(z) < coux(z)P71 ae. in Q,
which in view of [Pucci and Serrin 2007, p. 120] leads to
Uy € int C+.

This establishes the existence of a nontrivial positive smooth solution of (37).
Next we show the uniqueness of u, € int C.. To this end, we consider the integral
functional B4 : L' (Q) — R = RU {400} defined by

. 1,
%llDul/ZHZ + 2IDul 2|3 ifu >0, ul? e Wy (Q),

+00 otherwise.

(40) By(u) = {

Let Go(t) =tP/p+ t2/ 2 for all ¥ > 0. Clearly Gy is strictly convex and strictly
increasing. We set G(y) = Go(J|y|]) forall y € RY. From (40) we have

[o G(Du'2)dz ifu>0, u'/? e Wy (Q),

+00 otherwise.

(41) Bilu) = [
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Let uy, uy € dom 84 and set y; = u}/z, Yo = u;/z. Then yq, y, € WOI’p(Q). We
define
y3 = (tuy 4+ (1 — tyup)/? € WP (Q)  with 7 € [0, 1].

Then Lemma 4 of [Benguria et al. 1981] (see also [Diaz and Sad 1987, Lemma 1])
implies that

IDy; )l < (t1Dy1 @I + (1 =) Dy2(2)I1?)/? ae. in @,

or again, since Gy is increasing,

42 Go(IDys()1) < Go((tIDy1@I? + (1 =) Dy22)I1?)?)  ae.in Q.

The right-hand side is bounded above by tGo(||Dy1(z)|]) + (1 — )Go (|| Dy2(2) ),
since 1 — Go(t1/?) is convex. So from (42) we obtain successively
G(Dy3(z2)) <tG(Dy1(2)) + (1 —1t)G(Dy2(2)) a.e.in Q,

G(D(tuy + (1 — D) (2)) < 1G(Du,* () + (1 = 1)G(Duy* (z)) ae.in Q,
and finally, using (41), the convexity of B.

Letu e WO1 "P(Q) be a nontrivial positive solution of the auxiliary problem (37).
From the first part of the proof we have u € int C,. Therefore u> € dom . Also,
if h e Cé(S_Z) and t € (—1, 1) is small, then u?> + th € dom B,. So, the Gateaux

derivative of B at u? in the direction / exists. The chain rule and the density of
CH(&) in W, (Q) imply
—Ayu—A
(43) ﬂjr(uz)(h) :/ e e dz forallhe Wol’p(Q).
Q u

Similarly, if v € WO1 "P(Q) is another nontrivial positive solution of (37), then
v € int C4 and we have

, 0 —A,v— Av 1Lp
(44) BL(w)(h)= [ —————hdz forallh e W, (Q).
Q v

Since B4 is convex, its Giteaux derivative is monotone, and so, from (43)
and (44), we have

0 < (B, (W — B, (), u* —v?),,

_ / (—Apu—Au B _APU_AU)(uz—vZ)dz
Q v

u

—1 p—1
csu — cguPf Cc5V — CgU
= / — u? —v?) dz
Q u v

=c6/(vp1 —uP YW —v?)dz <0.
Q
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Therefore u = v, showing that u, € int C is the unique nontrivial positive solution
of (37).

Since (37) is odd, we conclude that v, = —u, € —int C. is the unique nontrivial
negative solution of (37). O

Having this proposition, we can now establish the existence of extremal nontrivial
constant sign solutions for problem (1).

Proposition 8. If hypotheses H hold, then problem (1) has a smallest nontrivial pos-
itive solution u € int C 1 and a biggest nontrivial negative solution v_ € —int C,..

Proof. Recall that the set of nontrivial positive solutions of (1) is downward directed
(i.e., if u1, up are nontrivial positive solutions of (1), then there exists a nontrivial
positive solution u of (1) such that u < u; and u < uy; see [Filippakis et al. 2009,
Lemma 4.2 and Proposition 4.4]). So, in order to produce the smallest nontrivial
positive solution of (1), it suffices to consider the set

S ={uce W(}’p(Q) : u is a nontrivial solution of (1), u € [0, w4]}.

From Proposition 5, we know that Sy is nonempty and S C intC.
Let u € S} and consider the Carathéodory function

0 if x <0,
(45) ei(z,x) = csx — cexP ! if0<x <i(z),
csit(z) —ceu(z)P~! ifu(z) < x.

X

We set E (z, x) :/ e4(z, s) ds and consider the C'-functional o : Wol’p(Q) —R
defined by 0

1
a+(u):;||Du||§+%||Du||§—/ Ey(z,u(z))dz forall u e Wy (Q).
Q

It is clear from (45) that o (- ) is coercive. Also, it is sequentially weakly lower
semicontinuous. So, by the Weierstrass theorem, we can find i € Wol’p (€2) such
that

(46) o4 (il) = inf o (1) : u € Wy P (Q)].

As before (see the proof of Proposition 7), since c¢5 > *1(2) and p > 2, for
t € (0, 1) small we have oy (tii1 ) < 0, and therefore o, () < 0 = 0,(0); hence
it # 0. From (46) this implies o/, (i1) = 0; therefore

47 A,(i) + A(it) = N, (@t).

On (47) we act with —ii~ € WOI”’(Q) and obtain & > 0, i # 0 (see (45)). Also
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on (47) we act with (i — )" € W,? (). We obtain
(Ap(@), (@ —w)") + (A®@), @ —u)*)
= /Q ey (z, i) (i —)T dz = /Q(csﬁ — P V(i —u)Tdz (see (45))
< [ S m@E—i" dz= (4, @, G—0)+ (A, =)
this implies
/{ (12Dt~ Dl 2D, Di — D) ds + 1D~ 1 =0,
and so @i < u.
So, we have proved that
iel0,al={ueW,"(Q):0<i(z) <ii(z) ae. inQ), @#0.
From (45) and (47) it follows that
—Aii(z)— Aii(z) = csii(z) —coii(z)P™' ae.inQ, dilpg=0, @>0, @#0,

whence i = u, by Proposition 7, and therefore i < u.
Since u € S is arbitrary, we conclude that

(48) uy <u forallues,.

Now let C C S, be a chain (i.e., a totally ordered subset of S). Then we can
find {u,},>1 € C such that inf C = inf,,>| u,; (see [Dunford and Schwartz 1958,
p- 336)).

We have

49) Ap(up) +Aun) = Ny(up), uy €luy, wy] foralln>1

by (48), so {un}n>1 € W(}’p(Q) is bounded.
So, we may assume that

(50) Un —> win Wy'P(Q) and u, — u in L7(Q).

On (49) we act with u,, —u € Wol’p(Q), pass to the limit as n — oo and use (50).
Then

lim ((Ap(un), up —u) + (AQup), up —u)) =0,

n—oo

and so (reasoning as in Claim 1 in the proof of Proposition 6)

(51) uy —u in WyP(Q).
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So, if in (49) we pass to the limit as n — oo and use (51), then (48) yields
Ap(u)+A() =Ny(u), us=<u,

which leads tou € S, u = infC.

Because C is an arbitrary chain, the Kuratowski—Zorn lemma gives the existence
of a minimal element u4 € S of S;. But recall that S, is downward directed. So,
if u € S4, we can find y € S; such that y < u, y < u;. The minimality of u
implies that u4 = y and so u4 < u. Since u € Sy is arbitrary, we conclude that u
is the smallest nontrivial positive solution of (1).

Similarly, let S_ be the set of nontrivial negative solutions of (1) in [w_, O].
Then S_ is upward directed (i.e., if vy, vy € S_, then we can find v € S_ such that
v] < v, vy <; see [Filippakis et al. 2009, Lemma 4.3]). Let v € S_ and consider
the Carathéodory function

¢5(2) — ¢6|U()P?V(z)  if x <T(2),
e_(z,x)= csx — colx|P2x if v(z) <x <0,
0 if 0 < x.

X

Weset E_(z, x) =/ e_(z, s) ds and consider the C'-functional o_ : Wol’p(Q) —R
defined by 0

1 1
o_(u) = ;||Du||g + §||Du||% —/ E_(z,u(z))dz forallue Wol’p(Q).
Q
Reasoning as above, we produce v_ € —int C, the smallest nontrivial negative

solution of (1). O

To implement the strategy outlined in the beginning of this section and produce
a nodal solution, we need to be able to identify the nonzero critical points of ¢
distinct from u, and v, which are in the order interval [vy, us]. This can be done
using critical groups. For this reason, we compute the critical groups of ¢ at the
origin.

Proposition 9. If hypotheses H hold, then Cy(¢,0) = 6y 4, Z for all k > 0 with
dp =dim @/, E(1;(2)).

Proof. Let u € (G (2), im+1 (2)) and consider the C2-functional o Wol’p (Q2)—R
defined by

1 1 i
eo() = —IIDull} + SIDull3 = lull3 for all u € Wy ().

We consider the homotopy hyg : [0, 1] x WO1 "7 (Q) — R defined by

ho(t, u) = to(u) + (1 — Do) for all (¢, u) € [0, 1] x Wy'P(Q).
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Clearly ho(0, ) = ¢o(-) and 21(0, -) = ¢(-).

It is easy to see that, since p > 2, ¢ satisfies the C-condition. Also, reasoning
as in Claim 1 in the proof of Proposition 6, via hypothesis H(iv), we show that ¢
satisfies the C-condition.

Suppose we can find {z,},>1 [0, 1] and {u,},>1 < W(}’p(Q) such that

(52)  ty—tu, = 0in WyP(Q) and (o), (ty, u,) =0 foralln > 1.
From the equality in (52), we have
Ap(un) + Aup) =1, Ny (up) + (1 — 1) puty,
and therefore
(53) —Apuu(2)—Aup(2) =ty f (2, up(2))+(A—t,) puy(z)ae. in Q,  uylyo=0.
Since i € (o (2), Ams1(2)), we have
tf(z, x)x + (1 —)ux> > csx> —cg|x|? foraa.zeQ,allx eR, €0, 1],

where ¢s5 > A1(2) and ¢g > 0 are as before (see (37)). Then from (53) and the proof
of Proposition 8, we have u, < u, for all n > 1, which contradicts (52). Therefore
(52) cannot happen and so the homotopy invariance of critical groups (see, for
example, [Chang 2005]) implies that C (ho(0, - ), 0) = Cr(ho(1, -), 0) for all k >0,
whence

(54) Ci (90, 0) = Ci(9,0) forall k> 0.

Note that gp()’ (0) = A — I (see [Cingolani and Vannella 2003, p. 277]) and
recall that i € (A (2), Am1(2)). Invoking Theorem 1.1 of [Cingolani and Vannella
2003], we have Ci(¢o, 0) = 6k 4, Z for all k > 0, with d,,, = dim EB;":l E(i(2)).
Using (54) concludes the proof. ]

Now we have all the necessary tools to complete our strategy and produce a

nodal solution.

Proposition 10. If hypotheses H hold, problem (1) has a nodal solution yg € Cé (Q)
such that
ur—ypeintCy and yy—v_ €intCy.

Proof. Let us € intC; and v_ € —int C4 be the two extremal nontrivial constant
sign solutions of (1) produced in Proposition 8. Using these two solutions, we
introduce the following truncation of the reaction f(z, -):

fz,v-(2)) ifx <v_(2),
(55) gz, x)=1 flz,x) ifv_(z) <x<u4(2),
f(Z, M+(Z)) if M+(Z) < X.
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This is a Carathéodory function. We set G(z, x) = fox g(z,s)ds. Also, let
g+(z,x) = g(z, £x¥) and Gi(z,x) = fox g+(z,s)ds. Then we introduce the
C'-functionals £*, £ : W,” () — R defined by

* 1 1 2
' = LIDul + 510ul} - [ G udz,

1
p
Claim 1. K¢+ € [v_, uy], Ker = {0, us}, K= = {0, v_}.

EXL(u) = — || Dullh + %IIDuH% —/ G+(z,u(z))dz forallue Wol‘p(Q).
Q

Proof. Let u € Kg+. Then we have
(56) A, (u) 4+ AG) = Ny(u).
On (56) we act with (u —u)* € W,'” () and obtain
(Ap), w—up)™)+(AW), (u—up)™)
= /Q 8z, w)u—uy)"dz= /Q [ up)—up)tdz (see (55)

= (Ap(uy), w—up) ")+ (A(uy), (u—up)™),

so that

/{ }(||Du||P—ZDu — [|1Duy "> Duy, Du— Duy) gy dz+ D —u)*|3=0
U>uy
and therefore u < u..

Similarly, acting on (56) with (v_— —u)* € Wol’p(Q), we show that v_ < u.
Therefore Kg+ C [v—, uy].

In a similar fashion, we show that Kfi C [0, u4]. Clearly {0, uy} < Kfi' The
extremality of u implies that K¢+ = {0, u }. Similarly, K¢+ = {v_, 0}. This proves
Claim 1. U

Claim 2. The functions u, € int Cy. and v— € —int C. are both local minimizers
of the functional £*.

Proof. It is clear from (55) that £} is coercive. Also, it is sequentially weakly lower
semicontinuous. So, we can find i € W(}’p (£2) such that

E¥ (i) = inf[£F (u) :u € Wy ()]

As in the proof of Proposition 5, using hypothesis H(vii) and the fact that 2 < p,
we have & (ti12) < 0 for t € (0, 1) small, which give &7 (&) < 0 = &} (0); hence
it #0, showing that # = 1 by Claim 1.



ON NONLINEAR NONHOMOGENEOUS RESONANT DIRICHLET EQUATIONS 447

Butuy €intCy and §*[c, =& |c, (see (55)). Therefore u is a local Cé(S_Z)—
minimizer of £*; hence it is a local WOl 'P(Q)-minimizer of £* (see Theorem 2).
Similarly for v_ € —int C, using this time the functional £*. (Il

We assume that K¢+ is finite (otherwise, we already have an infinity of dis-
tinct nodal solutions). Also, without any loss of generality, we assume that
£*(v-) < &} (uy) (the analysis is similar if the opposite inequality holds). By
virtue of Claim 2, as in [Aizicovici et al. 2008, proof of Proposition 29] we can
find p € (0, 1) small such that

(57) §"(v-) <& (uy) <inf[§* () : lu—uill=pl=n, and |v-—uill>p.

Note that £* is coercive (see (55)); hence it satisfies the C-condition. This fact
and (57) permit the use of the mountain pass theorem. So, we can find yy € Wé P(Q)
such that

(58) Yo € Ke« and 1, <& (yo).

From (57), (58) and Claim 1, we have

(59) Yo € ['U_,l/l+], Yo %{U_,l/t_._}.

Since yy is a critical point of £* of mountain pass type, we have

(60) Ci(§%, yo) #0.

Using the homotopy invariance of critical groups, we have Cy(£*, 0) = Ci (¢, 0)
for all k£ > 0, which gives (see Proposition 9)

61) Cr(E*,0) =8¢4,Z forall k >0.

From (60), (61) and since d,, > 2, we infer that yg # 0. Then the extremality
of u4 and v_ and the fact that yg € [v_, u] imply that yg € C(l) () (see [Lieberman
1991]) is a nodal solution of (1).

Using the tangency principle of [Pucci and Serrin 2007, p. 35], we have

(62) v_(2) < yo(z) <uy(z) forall z e Q.

Let p = max{|lu]l, lv-|} and let &, > O as postulated by hypothesis H(vi).
Then, for € > &,, we have
—Apy0() — Ayo(2) +E1yo(2)1” 2 y0(2)
= [z 502) +Eo@)I"0R) < fz, ur (@) +Euy ()7
=—Apus(2) — Auy(2) +E&u, ()P ae.in Q.
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Setting 1:(2) = f (2. yo(2)) +Eyo()IP?yo(2) and b= f (z, w1 (2) +Eur ()P,
we see that i, h € L°°(€2) and & < h. Since uy €int C, we can apply Proposition 3
and infer that u, — yg € int C.. Similarly we show that yg —v_ € intC. ([

So, we can state the following multiplicity theorem concerning problem (1). We
stress that the result is proved without assuming any differentiability on the function
x — f(z,x) (see hypotheses H). In addition our multiplicity theorem provides
precise sign information for all the solutions produced.

Theorem 11. If hypotheses H hold, the problem (1) has at least five nontrivial
smooth solutions:

ug, i €intCy withug —ii € intC,
vg, 0 € —intCy  withvy — D € intCy,
and

Yo € Cé(K_Z) nodal s.t. yo—vo€eintCy, ug—yo€intCy.

Next, by strengthening the regularity condition on f(z, - ), we will be able to
produce a second nodal solution.
The new hypotheses on the reaction f(z, x) are the following:
Hypotheses H. (1) f:Q xR — Risameasurable function.
(ii) For a.a. z € Q, we have f(z,0)=0and f(z,-) € C!(R).
(i) |fi(z,x)| <a(z) +elx|""%foraa zeQ,allx eR, witha € L®(Q)y,c>0
and p <r < p*.
X
(iv) If F(z,x) = / f(z,s)ds, then
0

i pF(z,x)
Iim ——

= )A\l(p) uniformly for a.a. z € Q
x—+o00 |x|P

and, for some 7 > 2,

9 - F ’ 3 1
f(z, x)x — pF(z,x) < B <0 uniformly for a.a. 7 € Q.

lim
x—+oo |x|7
(v) There exist functions wy € W2 () N C(Q) such that
w_(z2) <c_<0<cy <wy(z) forallze Q,
esssup (-, wi(-)) SOSessQinff(-,w—(-))
Q
and

Ap(w_)+ Aw_) <0< Ap(wp)+A(wy) in WHP(Q) = Wy (@)

(where 1/p+1/p' =1).
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(vi) For every p > 0, there exists §, > 0 such that, for a.a. z € 2, the function
x— f(z,x) +§p|x|p*2x is nondecreasing on [—p, p].

(vii) There exists integer m > 2 such that
)< fi(2,00<hn1(2) aeinQ, A, #ESz ) AR FEflE ),

£1(z.0) = tim L)
x—0 X

uniformly for a.a. z € 2.

In what follows, we use the notation and the functionals introduced in the proof
of Proposition 10.

Proposition 12. If hypotheses H hold, then problem (1) has a second nodal solution
ye Cé () such that

ur—yeintCy and y—v_ €intCy.

Proof. We assume that K¢+ is finite (otherwise we already have an infinity of nodal
solutions). From the proof of Proposition 10, we have

{0» U4, v, }’0} g Kfi g [U_, M+].

We know that u € int C, and v_ € —int C4 are local minimizers of the func-
tional &, (see Claim 2 in the proof of Proposition 10). So, we have

(63) Cr(E* uy) = Cr(§%,v_) =8 0Z forall k >0.
Also, from (61) we have
(64) Ck(£%,0) =6.q,Z forall k> 0.
Moreover, since £* is coercive (see (55)), we have
(65) Cr(£%,00) =68 0Z forall k >0.
Claim 1. Ci (@, yo) = Cx(§*, yo) forall k > 0.
Proof. We consider the homotopy £ : [0, 1] x W(: "P(Q) — R defined by
h(t,u) = (1 —0)E* () +19(u) forall (¢, u) € [0, 1] x Wy " ().

We have 72(0,-) = £*(-) and &(1,-) = ¢(-) and both functionals satisfy the
C-condition. Let {#,},>1 € [0, 1] and {u,},=1 € W,'” (%) such that

(66)  ty— t,uy — yoin Wy"(Q) and  (B).,(t,u,) =0 foralln> 1.
From the equation in (66), we have

Ap(ttn) + Alttn) = (1 = 1) Ny (1) + 1N (1) forall n > 1,
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by (55). Hence

—Apun(2)—Auy(2) = (1=1,)8(z, un(2))+1t, f (2, un(2)) ace.in L,
uplag =0 forall n > 1.

(67) {

From (67) and [Lieberman 1991], we know that we can find y € (0, 1) and
M > 0 such that

(68) u, € Cy7(Q) and |u, <M foralln>1,

From (68) and the compact embedding of Cé’y (Q) into Cé(S_Z), by passing to a
suitable subsequence if necessary, we may assume by (66) that

(69) up, — yo in C'(Q).
Since yg € intcl_y(g—z)[v,, u4+] (see Theorem 11), from (69) it follows that
0
up €v_,uyl, wu, #v_, u,#uy foralln> ngp;

this, by (55), gives {u,},>n, € Kg+, which contradicts our hypothesis that K¢+ is
finite. So, (66) cannot happen, and, from the homotopy invariance of critical groups,
we have

C(h(0, ), yo) = C(h(1,-), yo) forallk =0,
which yields the claim. ([

From (60) and Claim 1, we have
(70) Ci(p, yo) #0.
Claim 2. Ci (¢, yo) = 8k.1Z forall k = 0.

Proof. From [Cingolani and Vannella 2007, Lemma 2.2], we know that we can find
p > 0and a C>-function ¥ : V N Ep — R (recall V. = H~ & H° (see Section 2),
while Ep ={ue Wol’p(Q) |lull < p}) such that

"0y, u) = (9" (yo)v,u) forallu,ve W(}’p(Q).

In addition 9" (0) is a Fredholm operator and ker 9" (0) = H. From [Cingolani
and Vannella 2003, p. 286], we have

(71) Ci(p, y0) = Cx(9,0) forall k> 0.
Then (70), (71) imply that

(72) C1(9,0) #0,

and so

(73) d_=dimH <1,
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Let dy = dim H°. We consider two cases:
Case I: dyp = 0. In this case, u = 0 is a nondegenerate critical point of ¢ with Morse
index d_. Hence Cy (¥, 0) = 8k 4_Z for all k > 0 (see Section 2). In view of (72)
we then have d_ =1, so Cx (@, yo) = 8k,1Z for all k > 0 (see (71)).
Case II: dg > 0. In this case, u = 0 is a degenerate critical point of ¢. From (73)
we see thatd_ =1 ord_ =0.

If d_ =1, then, from [Cingolani and Vannella 2003, p. 286], we have Cy (¢, 0) =
Sk.1Z for all k > 0, so Ci (¢, yo) = 6.1Z for all k > 0 (see (71)).

If d_ = 0, then, from (72) and [Cingolani and Degiovanni 2009], we have
Cr(9,0) = 6 1Z for all k > 0, so Ci (¢, yo) = 8k.1Z for all k > 0 (see (71)).

This proves Claim 2. O

Claims 1 and 2 imply that
(74) Cv(E*, y0) =612 forall k > 0.

Suppose that Ke: = {0, uy, v_, yo}. Then, from (63), (64), (65), (74) and the
Morse relation (see (4)) with 7 = —1, we have (—1)% =0, a contradiction. Therefore,
we can find § € Kex, § € {0, uy, v_, yo}. We have § € [v_, u4] (see Claim 1 in
the proof of Proposition 10) and so ¥ is nodal. Moreover, J € COI(S_Z) (nonlinear
regularity) and, as we did for yy (see the proof of Proposition 10), we show that

Now we can state the second multiplicity theorem for problem (1).

Theorem 13. If hypotheses H hold, then problem (1) has at least six nontrivial
smooth solutions
uo, 4 €intCy with i —up € intCy,

vg, D € —intCy  withvg — v €int Cy

and vy, y € Cé(S_Z) nodal with ug — yo, ug—y € int C4. and yo — vg, y —vg € int C..
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A GEOMETRIC MODEL OF AN ARBITRARY
REAL CLOSED FIELD

STANISEAW SPODZIEJA

We give an elementary construction of any real closed field in terms of Nash
function fields. We also give a characterization of any Archimedean field in
terms of fields of Nash functions.

Introduction

In the study of Hilbert’s 17th problem, orderings of a real field k are of importance
(see [Alonso 1986; Alonso et al. 1984; Artin 1927; Artin and Schreier 1927a;
1927b; Bochnak and Efroymson 1980; Broker 1982; Dubois 1981; Guangxing 2005;
Marshall 2003; Prestel and Delzell 2001; Schwartz 1980]). By the Artin—Schreier
theorem [Artin 1927; Artin and Schreier 1927a; 1927b], the study of such orderings
amounts to considering real closures of k. The aim of this article is to construct
a universal model of an arbitrary real closed field. To this end, we construct, in
terms of Nash functions, all real closures of the rational function fields £k = Q(A7),
where Ay = (A;:t€T) and T # O is a system of any number of variables. This
suffices to achieve our purpose, because any real closed field R is order-preserving
isomorphic to a real closure of some field @(A7) (Corollary 5.5). If T = &, then
Q(A7) = Q, and the above is obvious. We assume the Kuratowski—Zorn lemma,
so the set 7' can be well-ordered, provided T # <.

L. Broker [1982] proved in his ultrafilter theorem that there exists a one-to-one
correspondence between the family of ultrafilters and the family of orderings in
Q(A7), or equivalently with the real closures of Q(A 7). We prove that there exists
a one-to-one correspondence between the family of orderings in Q(Ar) and the
family of plain filters (Theorem 5.2, Proposition 2.4, and Corollary 2.5). By a plain
filter we mean a filter Q of subsets of R” with these properties:

(1) Any U € 2 is a nonempty open connected semialgebraic set.

(2) For any algebraic set V C R”, where V = P~1(0) and P € Q[Ar], some
connected component of R” \ V belongs to Q.

This research was partially supported by the program POLONIUM 2009-2010.
MSC2000: primary 14P10, 14P20; secondary 32C07.
Keywords: Nash function, semialgebraic set, real closed field, ordering.
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(3) For any Uy, U; € 2, there exists Uz € 2 such that Us C U; N Us.

The correspondence between orderings and plain filters is as follows: For any
ordering > of Q(Ar), there exists a unique plain filter € such that f > 0 if and
only if f > 0 on some U € 2, where > is the usual ordering on R. Conversely, any
plain filter €2 determines a unique ordering > of Q(Ar) in this way.

The main result of this article is Theorem 5.2, where we give a construction of
any real closure of Q (A7) in terms of Nash functions. The main idea and motivation
for the above considerations was a geometric construction of the algebraic closure
of C(Ay, ..., Ay) [Spodzieja 1996]. More precisely, for any plain filter 2 of open
connected semialgebraic sets and any U € €, the ring N'(U) of Q-Nash functions
(see Section 1) on U is a domain. In | ;.o N(U), we introduce an equivalence
relation ~: (f; : Uy = R) ~ (f2: Us — R) if and only if fi|y, = f2|y, for some
U; € Q. The set N of equivalence classes of ~ with the usual operations of addition
and multiplication is a field, which is a real closure of Q(A7) (see Theorem 5.2,
and compare [Spodzieja 1996, Theorem 2.4 and Corollary 2.5]). One can view Ng
as the inverse limit of the étale topology | ;.o N(U) of R [Grothendieck 1967].

In Section 3, we prove that an ordering > of Q(Ar) is Archimedean if and only
if the set () cq U is nonempty for the plain filter € determining >; and if that is
the case, this set has exactly one point (Theorem 3.1). In Section 4, we give some
examples of non-Archimedean orderings corresponding to the one in [Spodzieja
1996].

1. Preliminaries

Let I be the field Q of rational, R of real, or C of complex numbers. Let T be a
nonempty set. We denote by A7 = (A; : t € T') a system of independent variables
Ay, by K[A 7] the ring of polynomials in A7 over K, and by K(A ) the quotient
field of K[A7]. Note that for any P € K(A7), we have P € K(A,, ..., A;,) for
some finite number of indices ¢, ...,t, € T.

We denote by K7 the set of all functions T — K equipped with the unique
topology for which all projections K" 5 x > x(¢) € K, ¢ € T are continuous.

Let I be a subfield of K. A subset of IK” is called L-algebraic, or simply algebraic
if L = K, when it is defined by a finite system of equations P =0, where P € L[Ar].
Any L-algebraic set in K7 is of the form {x € KT : (x(#1), ..., x(t,,)) € V}, where
meN,t,...,t, € T,and V C K™ is an [L-algebraic subset of K".

If L is a subfield of R, then we assume that L is an ordered field with order
induced from R.

Let L be a subfield of R. A subset of R” is called L-semialgebraic when it is
defined by a finite alternative of finite systems of inequalities P > 0 or P > 0, where
P € L[A7]. Analogously to the above, any L-semialgebraic set in R is of the form



A GEOMETRIC MODEL OF AN ARBITRARY REAL CLOSED FIELD 457

{x eRT : (x(t1),...,x(tw)) € X}, wherem €N, t1,...,1,, € T, and X C R" is
an [-semialgebraic subset of R™. A set is called open basic L-semialgebraic if it
has the form {x e RT : g;(x) >0, i =1,...,n}, forsomen e Nand g; € L[A7],
i=1,...,n.

We now list some basic properties of algebraic and semialgebraic sets in infinite-
dimensional real vector spaces, which follow easily from their analogues in finite-
dimensional spaces [Benedetti and Risler 1990; Bochnak et al. 1987; Bochnak
and Efroymson 1980; Efroymson 1974; 1976; 1981; Mostowski 1976; Prestel and
Delzell 2001; Tancredi and Tognoli 2006; Tworzewski 1990].

Proposition 1.1. Let L be a subfield of R (or K in (a)).

(@) The family of L-algebraic sets in KT is closed with respect to union and
intersection of a finite number of sets.

(b) The family of L-semialgebraic sets in RT is closed with respect to complement,
union, and intersection of a finite number of sets.

(c) (Tarski-Seidenberg) Let 7y, .. 4, : RT 5 x — (x(t1), ..., x(ty)) € R™, where
t,....tweT. If X CRT, Y C R™ are L-semialgebraic sets, then Ty oty (X)
and 71,171 i, (Y) are L-semialgebraic sets, too.

(d) For any LL-semialgebraic set X C RY, the interior Int X, closure X, and the
boundary 0 X are L-semialgebraic sets.

Let L be a subfield of R. A function f : U — R, where U C R’ is an open
-semialgebraic set, is called an L-Nash function if f is analytic and there exists a
nonzero polynomial P € L[Ar, Z] such that P(A, f(A)) =0 for A € U. In fact, f
depends on a finite number of variables, so the analyticity of f is clear. The ring of
[-Nash functions in U is denoted by N’ L.

The next result follows via R. Thom’s lemma (see for instance [Bochnak et al.
1987, Proposition 2.5.4 and the arguments of Theorems 2.3.6 and 2.4.4]) from the
fact that any L-semialgebraic set in a finite-dimensional vector space over R is the
disjoint union of a finite number of L-semialgebraic sets which are homeomorphic
to Cartesian products of intervals.

Proposition 1.2. Let I be a subfield of R. Any connected component of an -
semialgebraic subset of RT is L-semialgebraic.

A function f : U — C, where U C CT is an open set, is called a C-Nash function
if f is holomorphic and there exists a nonzero polynomial P € C[Ar, Z] such
that P(X, f(A)) =0 for A € U. The ring of C-Nash functions in U is denoted by
NE).

For the basic properties of Nash functions and semialgebraic sets in finite-
dimensional vector spaces, see, for instance, [Benedetti and Risler 1990; Bochnak
etal. 1987; Bochnak and Efroymson 1980; Efroymson 1974; 1976; 1981; Mostowski
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1976; Nash 1952; Tancredi and Tognoli 2006; Tworzewski 1990]. From these
properties, we immediately obtain:

Proposition 1.3. Let I = R or K = C, let L be a subfield of K, and let U C KT
be an open connected set. Then N*(U) is a domain, provided U is semialgebraic
when K = R. In particular NQ(U) is a domain.

2. Orderings in Q(A7)

Let 7 be a nonempty set. A family Q of subsets of R? will be called a c-filter
(connected sets filter) if it satisfies these conditions:

(i) Any U € Q is a nonempty open connected (D-semialgebraic set.
(ii) For any Q-algebraic set V ¢ R, there exists U € Q such that VN U = @.
(iii) For any Uj, U, € , there exists Us € 2 such that U3 C U; N Us.

Proposition 2.1. Let Q2 be a c-filter of subsets of RT. The set 3Q 1= Nvea U has
at most one point. Moreover, whenever T is a finite set, 02 # & if and only if there
exists a bounded set U € Q2.

Proof. If x1, x, € 02 with x| # x5, then for some polynomial f € Q[A7], we have
f(x1) <0< f(x2). Hence, for some W € Q such that W N f‘l(O) = &, we have
both f(x) <0and f(x) > 0 for some x € W. This contradiction gives the first part
of the assertion.

Now let T'={ty, ..., t,}. Suppose that 92 # & and each W € 2 is an unbounded
set. Take xo € €2, and let f = (A7) = A,z1 + .-+ Atzm —r, where r € Q and
r> xg(tl) 4+ —{—xg(tm). Then f~1(0)N W = & for some W € Q. Since W is a
connected unbounded set, x( is not an accumulation point of W. This contradicts
the choice of xo. Now assume that some W € Q2 is bounded. Then it is easy to
see that there exists a sequence of nonempty compact sets C; D C, D --- with
diameters decreasing to 0 and such that U N C,, # & for all U € 2 and n € N. Then
there exists x € [),cn Cn belonging to 9. (]

Let us fix a c-filter 2 and define a relation >g in (A7) by

f>q0 <= there exists U € Q2 such that f(x) > 0 forall x € U,
a8 = f—g>al.

Let Q be a family of subsets of R”. If an ordering > of Q(A7) satisfies f > 0
if and only if f > 0 on some U € 2, we say that Q determines the ordering >.

Lemma 2.2. The relation >g is an ordering in Q(Ar), or in other words, a total
ordering satisfying

fog = f+h>=qg+h and f>q0,g2>00 = fg>q0.
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Proof. The relation >, is well-defined. Indeed, if f € Q(A7) and f # 0, then
the union of the sets of zeros and poles of f is contained in some Q-algebraic set
V & R™. Hence, by (i) and (ii), for some U € €2, the values f(x) have a fixed sign
for all x € U. Moreover, if for some U;, U, € Q2 we have f(x) > 0 for x € U
and f(x) <Oforx e Uy, then 0 < f(x) <Oforx e U NUz,and Uy NU, # O
by (iii). This is impossible. It is easy to see that the remaining conditions are also
satisfied. [l

Proposition 2.3. Let 1, 2, be c-filters. If the orderings >q, and >gq, are equal,
then Q={UUW :U € Q, W € Q,} is a c-filter determining the ordering >gq,.

Proof. Since 2] and 2, are c-filters, it suffices to prove that U N W # & for
all U € Q1 and W € Q,. Suppose U N W = & for some U € Q) and W € Q.
Let U =U; U---UUp UV be a decomposition of U into disjoint basic open
semialgebraic sets Uy, ..., Uy and a semialgebraic set V included in an algebraic
set. By (i) and (ii), there exists U’ € 21 such that U’ C U; for some i € {1, ..., k}.
Since U; = {x e RT : fix)>0, j=1,...,n}forsome fi,..., f, € Q[Ar], by
the assumption we havefi, ..., f; >q, 0, and so there exists W; € 2, such that
fi(x) >0 forall x e Wy and j =1,...,n. By (iii), there exists W, € 5 such
that W, CWN W and f;j(x) >0forall j=1,...,nand x € W,. Thus W, C U,
which contradicts the assumption. (I

Now let > be an ordering in @Q(Ar), and let
n
A, = {ﬂfi_l((o,—i—oo))CRT:fi e Q(A7), fi=0fori=1,...,n, neN},
i=1

where we regard f € Q(Ar) as a function f : R” — R. By the definition of 9,
and the Tarski transfer principle (see [Tarski 1948; Seidenberg 1954]), we find that
& & 9,. Moreover, the relation > is defined by

f >0 <= thereexists U € U, such that f(x) >0 forall x € U.

The sets of the family U, may be disconnected, so U, is not a c-filter. We will
prove that the ordering > is defined by some c-filter.

Proposition 2.4. There exists a unique c-filter Q with the following properties:
(a) Forany f € Q(Ar), we have f >q 0if and only if f > 0.

(b) For any U € Q, there exists a Q-algebraic set V- C RT such that U is a
connected component of RT \ V.

(c) Forany Q-algebraic set V. CRT, some connected component of RT \V belongs
to Q.

Proof. Let ¥ be the family of all connected components of sets U € AU, .
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Claim 1. Every U € U, has a connected component Uy such that UyN'W # & for
any W € ...

Let U €U, and let U = Uy U --- U U, be the decomposition into connected
components. Assume to the contrary that there exist Wy, ..., W, € U, such that
UnW,=gfori=1,...,n. Then UN W N---NW, =, which is impossible.
This gives Claim 1.

Claim 2. Each U € U, has exactly one connected component Sy that intersects
every W € U,..

Let U €U, and let Uy, ..., U, be the connected components of U. Then
s
(1) U=[)xeR":g(x)>0)
=1
for some nonzero polynomials g; € @[Ar], with g; >=0for/=1,...,s, and

n m
U= OnUluJ(xreR": fixx) >0}, i=1,...,p,
j=1k=1
for some nonzero polynomials f;, f; j« € Q[Ar]. Denote by €; ; i the sign of f; ; «
in the ordering >. Then ¢; jx #0 and €; j « fi j x > O for any i, j, k. Observe that
forsomei € {l,...,p}and j €{l,...,n}, wehave f; ;y >O0fork=1,...,m.
Indeed, in the opposite case,

S P n m
o=NNN N R : 5ix) >0, € jufiju(x) >0} €U,

I=1i=1 j=1k=1

which is impossible. So, for some ig € {1, ..., p} and jy € {1, ..., n},

m
U'=()lx €eR": fiy jox(x) > 0} €U,
k=1
and U'NU; = @ for j # jo. Hence, by Claim 1, Sy = U}, is the unique connected
component of U satisfying Claim 2.

Claim 3. The family Q = {Sy : U € U, } is a c-filter.

Since for every Q-algebraic set V C R there exists U €Al, such that UNV =@,
we have Sy NV = &. Hence, it suffices to prove that for any Sy,, Sy, € €2, there
exists Sy, € 2 contained in Sy, N Sy,. Indeed, by the argument of Claim 2, there
exist Wi, Wy € U, such that W; C Sy, and W, C Sy,. Hence, Sw,nw, CWiNW, C
SUl N SUz and SW10W2 € Q.

Claim 4. The c-filter Q2 defined in Claim 3 satisfies the assertion of Proposition 2.4.
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Part (a) is obvious.

Let U € 9L, be of the form (1), f =g;...gs, and V = f~1(0). Then, by the
definition of Sy;, we see that Sy is a connected component of R” \ V. This gives (b).

Let V = f~1(0) be a @-algebraic subset of R”. Then U = {x e R’ : fz(x) >0} =
RT\V e, and Sy € Q is a connected component of R” \ V. This gives (c) and
completes the proof. |

We call the c-filter €2 defined in Proposition 2.4 the plain filter for the ordering >
and denote it by €2, .
From Proposition 2.4, we immediately obtain:

Corollary 2.5. The mapping > +— 2. is a one-to-one correspondence between the
set of orderings of Q(Ar) and the set of plain filters.

Remark 2.6. From the ultrafilter theorem [Broker 1982], we see that for any
ultrafilter & of subsets of R, there exists a plain filter Q@ C %.

Remark 2.7. It is easy to observe that the statements of this section hold with Q
replaced by R.

3. Archimedean orderings in Q(Ar)
Let > be an ordering of (0(A 7). Then one can assume that T is linearly ordered by
H>t <= Ay > Ay,
If f > g, then we also write g < f.
Theorem 3.1. The following conditions are equivalent:

(a) The field (QQ(A7T), =) is Archimedean.

(b) There exists x. € 02, such that the set of coordinates of x,. is algebraically
independent over Q.

(c) There exists x,. € 02, such that f > 0 if and only if f(x.) > 0.
(d) There exists x,. € 092, such that x. € U forany U € Q..

Proof. Assume (a). Then for any #{,...,#, € T with f{ < --- < t,, and for the
projection 7y, .. 4, : RT — (x(t1), ..., x(t,)) € R", the family

() Qg = Ay, 0, (U) 1 U € 2}

determines an Archimedean order in Q(A;,, ..., A;,). Thus for some W € Q;, ;.
the function f = Atz1 + -+ Atzn is bounded on W. So the set W is bounded.
Hence, by Proposition 2.1, there exists (xi,...,x,) € 9§, . Since the pro-

jections m;, ., are open, it is easy to observe that, for #, ..., Ik, € {(t1,...,t;}

with #, < -+ < t;» We have (xg,, ..., Xi;) € BQ,kl ,,,,, i, Consequently, there
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exists x € RT such that for any t,...,t, € T with t; < --- < t,, we have
.1, (X) € 082, . Summing up, x € 02. The set of coordinates of x is
algebraically independent over (0: otherwise, f (x)=0 for some nonzero polynomial
f € Q[Ar], and so f is infinitesimal. This contradicts (a) and gives (b).

Assume (b). Then any nonzero f € Q(Ar) with f >0 is defined at x,.. Moreover,
f(xs) #0,s0 f(x,) > 0. Conversely, assume that f(x.) > 0. Then obviously for
some connected component U of f ~1(0, +00), we have U € Q. and f(x) > 0 for
x € U. Summing up, we obtain (c).

The implication (¢) = (d) is trivial.

Now assume (d). Then we immediately obtain (b), and hence, no f € Q(Ar)
is infinitesimal, and the field (Q(Ar), >) is Archimedean. This gives (a) and
completes the proof. O

Remark 3.2. The assertion of Theorem 3.1 also holds for every c-filter determin-
ing > in place of the plain filter 2. .

Theorem 3.1 implies:

Corollary 3.3. Let T be a finite set. Then the set of Archimedean orderings of
Q(A7) is a dense subset of the space of orderings in Q(Ar) in the path topology
(see, for instance, [Marshall 2008]) of the real spectrum Sper(Q[Ar]).

4. Examples of non-Archimedean orderings

Let m be a fixed positive integer and A a system of m variables Ay, ..., Ay.
Take any P € R[A]. Let ['p C R™ be a set defined by

Fp={(A1,....,.An) €R": P(A1, ..., Au—1, Ay +¥) = 0 for some y € [0, 00)}.

We define a polynomial w(P) e R[Ay, ..., Ap—1] (or anumber w(P) eRifm=1)
by w(P)=0for P =0, and w(P) = Py for P # 0, where

P=PAL+PA . Py

and P, e R[A{, ..., Ap_1](or ,eRifm=1)fori=0,...,d and Py #O0.
Let us define sets Wp C R™, for P € R[A]. The definition will be inductive with

respect to the number of variables Ay, ..., A,,. For P € R[A], we put
R\T'pCR ifm=1,

3) Wp =R o
(R"\Tp)N(Wyrpy xR) CR if m>1.

By the Tarski—Seidenberg theorem — see Proposition 1.1(c) —the sets Wp are
semialgebraic for all P € R[A].

Analogously to Theorem 1.1 of [Spodzieja 1996], we prove the following propo-
sition, which gives an example of c-filter.
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Proposition 4.1. The family W = {Wp : P € R[A]} satisfies these conditions:

Ro. Wp C{LeR": P(X) #0}.

Ri. WpNWgo = Wpg.

Ry. For P # 0, Wp is an unbounded subset of R™.

R3. For P # 0, Wp is an open, connected and simply connected set.

Moreover, one can demand that
R4. Wp =R™ for P = const, P # 0.

In particular, W contains the c-filter
Q={Wp: P ecQ[A]}.

Lemma 4.2. Let 1 < iy < -+ <1, < n, and let P € R[A;,..., A;,]. Let
Q eR[AY, ..., Ay] be a polynomial of the form

4) O(x1, ..., xp)=Pxiy, ..., xi,), (x1,...,x,) €R".
Then Wp C R™, WQ c R", and
Wo C{(x1, ..., xp) €R" : (x4, ..., x;,) € Wp}.

Proof. For P =0 or n = m, the assertion is trivial. Assume that P # 0 and n > m.
Consider the case n = m + 1. Then there exists 1 < j < n such that

(AiI’ L] Alm) = (A17 L] An—jv An—j+27 "'9An)a

under the obvious convention for j = 1 and j = n. Denote the i-th iteration of w
by ', where 0(P) = P. Then, for (xi, ..., x,—;) € R*™,

wl(P)(xla-~-7xn—]’xn—]+27-~-’xn—1) if Ofi Sj _27
O (Q)(x1, ..y Xnmi) = Y 0 (P (X1, ... Xp—j) ifi=j—1,
@ TN PY (X1, ey Xpei) if j<i<n.
Hence,
Fwi(Q) = {(xl, e Xp_i) € [R”_i (xq, ..., Xn—js Xn—j+42 -+ xn,i) € Fwi([))}
for0 <i <j—2,and
ij—l(Q) = {(X1, ey xn_j+1) € [Rn_j-H : ()C1, ey Xn_j) € ij—l(p)}

and I gy = [yi-1(p) for j <i <n. In particular, W gy = W,,i-1(p for j <i <n.
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Summing up, by (3),

Wo = [(R"7\Tyi(g)) x R']
i=0

j—2
=@ X)) €RY (X1 Xy o Xn 20 Xnmi) € R™TTI\ Ty}

i=0
N1, X)) €R™ 2 (x1y e, X)) € R\ Tyimi(p)} N [W,i () X RY]

j—2
C ﬂ{(xl,...,xn) eR" (X1, .. Xy j, Xn—jg2, ..o Xn—i) € R—i-1 \Tyicpy)
i=0

N[W,i-1py x R/]
={(x1,...,x0) €R" : (x;),...,x;,) € Wp}.

This gives the assertion for n = m + 1. Hence, by an easy induction with respect to
n —m, we obtain the assertion. O

Let T be a linearly ordered set and let > be the ordering of T'.
Forany t;,...,t, €T, <--- <t,, we define a projection map

‘RT sx 0 (x(t1), ..., x(tn)) € R™.
Define a family Q of semialgebraic subsets U of R” by

(5) U=(y..0,)  (Wp),
wheremeN, t1,...,tp, €T, t; <+ <ty,and P € Q[A,, ..., A, ]\ {0}
Proposition 4.3. The family 2 is a c-filter.

Proof. By Proposition 4.1 (condition R;), any U € 2 is a nonempty set.

Let V C R” be a Q-algebraic set, and let P € Q[A7]\ {0} be such that V =
{x e RT : P(x) =0}. Then P € Q[A, ..., A, 1\ {0} for some tq, ..., 1, €T,
< <tp,and U = (7, ., ,m)_] (Wp). Applying Proposition 4.1 (condition Rp),
we obtain that U satisfies (i).

Let Uy,U; € Q2. Letty,...,ty,uy,...,u, € T satisfy t; < --- < t,;, and
up < --- < Uy, and assume moreover that for some P € Q[A,,..., A, ] and
Q€Q[Ay,. ..., Ay,]wehave Uy = (m,,...4,) " (Wp) and Uy = (my,...u,) " (Wp).
Let vi,...,v, € T, v; < --- < vg, be such that {z1,...,t,} U{ui,...,u,} C
{vi,...,vs),and let P, Q € R[Ay,, ..., Ay, ] be polynomials of the form (4) de-
termined by P and Q, respectively. Then, by Proposition 4.1 (condition R;) and
Lemma 4.2,

Top.on)” Wpg) = oy )™ (W) N (T 0) ™ (W) CULN U,

This gives (ii).
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Take any U € Q. There exist #1, ...,t, € T and P € R[A,,, ..., A, 1\ {0} such
thatty <--- <t and U = (74, ,m)*l(Wp). By Proposition 4.1 (condition R3),
U satisfies (iii). This completes the proof. (I

From the definition of the family €2, we immediately obtain:
Corollary 4.4. Forany t|,t, € T, we have t| > t; if and only if Ay, =g Ay,.

Let Q € Q[Ar]\ {0} and let Q¢ be a family of semialgebraic subsets U of RT
defined by

(6) U=(my...,) " (WpNWp),

wheremeN, 11, ..., t, €T, ;1 <---<ty,and PO € Q[A,, ..., A, 1\ {0}. By
Proposition 4.3, we have:

Corollary 4.5. Qg is a c-filter.

Let X C R” be an open semialgebraic set and let ¥ € X be a point with rational

coordinates. There exist 1, ..., % € T, t; < --- < tx, and an open semialgebraic set
Y C R* such that X = {x € RT : (x(#1), ..., x(#)) € Y}. Hence, there exists r > 0
such that

B.={xe RT: ‘nllaxk lx(t;)) —x(@t)| <r} C X.
i=l1,...,

Let
Po=Aq ... A (A] 4+ AL —1/r7),

1
let Uy = (n,l,,..,tk)_l (Wp,), and let ' : Uy — R” be a mapping defined by

xX@)+1/x(@) forxelUytelt,..., &},

F(X)(t)={x(t) forx e Up,t € T\ {11, ..., &}.

Proposition 4.6. {F(U) : U € Qp,} is a c-filter subset of X. In particular, for any
open semialgebraic set Y C R”, there exists c-filter subsets of Y.

Proof. By Lemma 4.2, any set U € Qp, is a subset of Uy. Moreover, F is an
open semialgebraic mapping, so F(U) is semialgebraic for U € Qp,. Hence,
{F(U):U € Qp,} satisfies conditions (i)—(iii). O

From Proposition 4.6 and Theorem 3.1, we have that:

Corollary 4.7. The set of c-filters defined in Proposition 4.6 is a dense subset of the
space of orderings in Q(Ar) in the path topology of the real spectrum Sper(Q[Ar]).
Moreover, any ordering determined by such a c-filter is not Archimedean.

Remark 4.8. It is easy to see that the results of this section hold if we replace Q
by R.
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5. Fields of Nash functions

Let T be a nonempty set. We denote by N'(X) the domain of (Q-Nash functions on
an open connected semialgebraic set X C R”.

Let > be an ordering in Q(Ar) and let Q. be the plain filter of subsets of RT
determining >. Let us introduce in |, cq, N(U) arelation ~, by

(fi:Ui—> R~ (f2: U= R) < Fyeq, (UCU NUzand fily = f2lv).

From Proposition 2.4, we immediately see that ~,_ is an equivalence relation. The
equivalence class of ~, determined by f : U — R is denoted by [ f]., and the set
of all such classes by N',.. The set Ny is linearly ordered by

[fl- >0 < Fyeq, (f eNU) and f(x) >0 forx € U).

Proposition 5.1. The set N'., together with the usual operations

LAil-+ [l =1filu+ f2lul-,  [Al--1L)-=[filvf2lul-,
where fi e N(Uy), fr e N(Up),and U € Q,,U C Uy N Uy, is a real field.

Proof. Since the ring N'(U) is a domain for any U € 2., so is N'... We prove that
any nonzero f € N, has an inverse in N, . Indeed, there exists U € . such that
f e N(U). Since f #0, the set £~!(0) is contained in some proper Q-algebraic
subset of R”. Then, by the definition of c-filter, one can assume that f (1) # 0 for
any A € U. Thus 1/f € N(U), so f has an inverse in N, . Summing up, N, is a
field. Since —1 € N (U) is not a sum of squares in N'(U), it follows that —1 € N’y
is not a sum of squares in N, . (]

Theorem 5.2. The field N',. is a real closure of the field (Q(A7T), >).

Proof. Take any irreducible polynomial P € N, [Z] of odd degree d with respect
to Z. Then there exists U € Q. such that P € N(U)[Z]. Letty,...,t, €
T, and let U C R” be an open connected semialgebraic set such that U =
(x € RT : (x(t1), ..., x(tn) € U}. By using the Hermite method (for U) we
deduce that there exists a decomposition U = U U---U U, UV of U into disjoint
open basic (D-semialgebraic sets Uy, ..., Uy and a semialgebraic set V included in
an algebraic set such that P(x, Z) has the same number of zeroes for all x € U;
and each of these zeroes is single. By (i) and (ii) in the definition of a c-filter,
there exists U’ € Q. such that U’ C U; for some i € {1, ..., k}. Then there exists
k € N, k > 0 such that P(x, Z) has exactly k zeroes for x € U’, and so there exist
functions &1, ..., & : U’ — R with &(x) < --- < &(x) such that P(x, & (x)) =0
forxeU’,i=1,...,k. As & (x) are single zeroes of P(x, Z), by the Implicit
Function Theorem, &; is a Nash function fori =1, ..., k. As N, is a real field
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(Proposition 5.1), Ny is a real closed field. Since N, is an algebraic extension of
Q(A7T), by the Artin—Schreier Theorem, it is a real closure of (Q(A7r), >). O

Remark 5.3. The above results of this section also hold for an arbitrary c-filter
determining > in place of the plain filter 2. . The results also hold if we put R in
place of Q.

From Theorems 3.1 and 5.2, we recover the familiar result that any Archimedean
field can be embedded in R.

Corollary 5.4. Let Q, be a plain filter of subsets of RT determining an Archi-
medean ordering > of Q(Ar), and let x, € ﬂU€Q> U. Then the mapping

Neosfi—= f(xo)eR
is an order-preserving monomorphism.
From Theorem 5.2, we immediately obtain:

Corollary 5.5. Let R be a real closed field with ordering >, and let T be the
transcendence basis of R over Q whose existence is guaranteed by the Kuratowski—
Zorn lemma. Assume that T # & and let At = (A, : t € T) be a system of
independent variables. Then the field R is order-preserving isomorphic to a real
closure of the rational functions field Q(Ar), i.e., to some field N'..

Remark 5.6. Let K be an algebraically closed field of characteristic zero. Then
K = R[i], where i = —1, for some real closed field R. Let T C R be the
transcendence basis of I over (. Assume that 7 # &. Then K is isomorphic to an
algebraic closure of Q(Ar). By Theorem 1.1 of [Spodzieja 1996], one can introduce
a filter Q¢ of open, connected, and simply connected semialgebraic subsets U of
CT satisfying conditions (i), (ii), and (iii). Then, analogously to [Spodzieja 1996],
one can introduce a geometric construction of the algebraic closure of Q(A7) in
terms of complex Nash functions.
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TWISTED K-THEORY FOR THE ORBIFOLD [%/G]
MARIO VELASQUEZ, EDWARD BECERRA AND HERMES MARTINEZ

The second author dedicates this paper to Heset Maria

The main result of this paper establishes an explicit ring isomorphism be-
tween the twisted orbifold K-theory “K,,([#/G]) and R(D”(G)) for any
element © € Z3(G; S'). We also study the relation between the twisted
orbifold K-theories *K o1, (%) and * K1, (V) of the orbifolds ¥ = [# /G] and
%Y = [%/G'], where G and G’ are different finite groups, and o € Z3(G; S')
and o’ € Z3(G'; S') are different twistings. We prove that if G’ is an ex-
traspecial group with prime number p as an index and order p” (for some
fixed n € N), under a suitable hypothesis over the twisting o’ we can obtain a
twisting o on the group (Z,)" such that there exists an isomorphism between
the twisted K-theories “'Korb([* /G'D) and “K o, ([#/(Zp)"]).

1. Introduction

The twisted K-theory is a successful example of the increasing flow of physical
ideas into mathematics. Brought from the physical setup, the twisted orbifold
K-theory has been, for the last twenty-five years, a fruitful field of ideas and
development in K-theory and algebraic topology. It emerged from two sources: the
consideration of the D-brane charge on a smooth manifold by Witten [1998], and
the concept of discrete torsion on an orbifold by Vafa [2001]. Although for any
element o € H>(%; Z) one can associate the twisted K-theory “K (%), its structure
is simpler if the element « lies in the image of the pullback associated to the map
X — x. In such a case, we call this element a discrete torsion since we can see it
as an element in the cohomology H?(G; Z).

On the other hand, an orbifold is a type of generalization of a smooth manifold.
It is a topological space locally modeled as a quotient of a manifold by an action
of a finite group. When X represents an orbifold, the twisted K-theory is more
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interesting because it is naturally related to equivariant theories if we specialize
in the orbifold ¥ = [X/G], where X is a smooth manifold and G is a compact
Lie group acting almost freely on X. In the case of orbifolds, we have another
important advantage to work with; it is the cohomological counterpart given by the
Chen-Ruan cohomology on orbifolds H (%; C) related to K-theory by the Chern
character. The Chen—Ruan cohomology of orbifolds has an interesting nontrivial
internal product which makes it an algebra. This product can be presented in the
setup of the K-theory to obtain a stringy product on the K-theory of the orbifold
Ko (%) (see [Becerra and Uribe 2009; Adem and Ruan 2003]). If the orbifold
considered has the form [X/G], then the twisted orbifold K-theory can be related
to the equivariant K-theory of the spaces of fixed points by the G-action on X.
On the other hand, the tensor product defines a product

K o1 (%) @ PK i (%) — “TPK o1 (%)

for any pair of elements « and f in H>(¥; Z). In fact, one can obtain a stringy
product for the twisted K-theory on orbifolds by using the stringy product defined
on each space of fixed points to define an explicit stringy product in each *K (%)
for any « € H3(¥; Z). Nevertheless, the crucial information to define the stringy
product on the twisted K-theory of orbifolds does not lie in H>(%; Z); instead it
lies in H*(¥; Z). Given an element ¢ in H*(%; Z), it defines an element 0 (¢)
in H3(AX; Z), where A% is the inertia orbifold associated to %¥. Hence, we can
define a stringy product over the twisted K-theory orbifold @K 1, (A%X) by using a
suitable structure of the inertia orbifold AX. One such product structure is based
on the map 6(¢) called the inverse transgression map, which is considered to be
the inverse of the classical transgression map.

For this paper, the stringy product in Ko (%) has a trivial expression as we will
restrict our observations to the case in which ¥ = [{x}/G], where G is a finite
group.

The main result in this paper is to present an explicit relation between the twisted
Drinfeld double D®(G) and the twisted orbifold K-theory “Kq,([*/G]) for an
element w of discrete torsion (see Section 4). This allows us to relate the twisted
orbifold K-theories “K o ([*/G]) and “’/Korb([* /G']) for two orbifolds [*/G] and
[*/G'] with the twistings w € H*(G; Z) and o' € H*(G’; Z). To obtain such a
relation, we modify the stringy product defined in [Adem et al. 2007] by an element
in Ry, (C() N C(h)).

2. Pushforward map in the twisted representation ring

In this section, we introduce the pushforward map. Although this map can be defined
for almost complex manifolds, we will focus only on the case of homogeneous
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spaces G/H. To define this map, let us recall the Thom isomorphism theorem in
equivariant K-theory.

Fact [Segal 1968, Proposition 3.2]. Let X be a compact G-manifold and p : E — X
be a complex G-vector bundle over X. There exists an isomorphism

¢: K5(X) > KG(E, E\Ep), ¢(F]):=p"(F)®Ar_1(E),

where Ey is the zero section and the class A_i(E) is the Thom class associated
to [E].

Remark 2.1. We need to recall how to define the normal bundle. If M and N are
G-manifolds (that means a manifold with a smooth G-action) and f: M — N is a
G-embedding, we can define a (real) vector bundle t such that df (TM)®t =TN
(for details in this construction, consult [tom Dieck 1987]). If the map f is not a
G-embedding, we can consider f : M — N x D/ (D/ is the unitary disk in R/
with the trivial G-action) for sufficiently large j and by Corollary 1.10 [Wasserman
1969] we can approximate f by an immersion g ¢, then we define the normal bundle
for f as the normal bundle of g .

Now, we proceed to define the pushforward map f : K5 (X) — K5(Y) for a
differentiable map f : X — Y between almost complex G-manifolds by letting t
be the normal bundle associated to the map f : X — Y. We define the pushforward,
which will be denoted by f, as the composition

KEX) S KE (T o\t) B KEY x DI (Y x DI)\g (X)) S KE(Y x D)) ZKE(Y),

where ¢ is the Thom isomorphism. The map j is given by excision, the map iy is
the pullback map induced by the inclusion, and the last isomorphism is induced by
the natural inclusion. The pushforward map can be defined also in the twisted case
(see [Carey and Wang 2008]). Consider the following diagram of inclusions:

G K
H HNK
from which we get a diagram of surjections:
G/G 11— G/K
Ji J2

G/H < G/(HNK)
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Using this diagram we obtain the map
Joxoiy : KG(G/H) > KG(G/K),  [El— [A-i(z),) ® i3 (p™(E))],
where 7}, is the normal bundle of j,, and the map
iyojix: KG(G/H) = K5(G/K), [E]l [if (A-1(7))) ®iT (p"(E))].

Afterwards, we compare the two maps and we conclude that the obstruction bundle
is A_1 (i (tj,)/7}j,). This means that

(2-1) iy o ix([E]) = jax 0 i5 ([ED) @ A1 (i7(},)/T},)-

We consider the particular case of the groups H = Cg(x) and K = Cs(y), where x
and y are elements in the group G and Cg(x) and C(y) denote their centralizers
in G. Then by (2-1) we get an obstruction bundle which is denoted as y; .

3. Twisted orbifold K-theory for the orbifold [/ G]

The goal of this section is to consider a K-theory structure on an orbifold structure
defined by the trivial action of a finite group over the space {x}. This is a particular
case of a more general kind of spaces that are obtained by almost free actions of a
compact Lie group over compact manifolds. These spaces naturally have an orbifold
structure that sets a basis for all developments in this paper. When the manifold is
one point and the group is finite, all the hypotheses in the already defined theory
hold.

Let us consider the inertia orbifold A[x/G] for a finite group G. We define the
orbifold K-theory for the orbifold [*/G] as the module

Ko ([%/G) := K (Alx/G]) = @D K (I%/Ca()) = P Koo ),
(®) (&)

where (g) denotes the class of conjugation of the element g € G and C;(g) denotes
the centralizer of the element g € G. In this case, the orbifold K-theory introduced in
[Adem et al. 2007] turns out to be simply K (), which is additively isomorphic to
the group @(g) R(Cg(g)) (see [Adem and Ruan 2003]), where R(C(g)) denotes
the Grothendieck ring associated to the semigroup of isomorphism classes of linear
representations of the group C¢(g), and the sum is taken over conjugacy classes.
The product structure in K¢ () is defined as follows: consider the maps

e1:Cg(g)NCqg(h) x Cs(g)NCg(h) — Cs(g), ei(a,b)=a,
er:Cg(g)NCq(h) x Cs(g) NCg(h) — Cg(h), ex(a,b)=b,
e1n:Cg(g)NCq(h) x Cg(g) NCg(h) — Cg(gh), ernla,b)=ab.
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Note that for any element T € G, the map ¢, : G — G defined by ¢, (g) = tg7 !

implies that ¢; o e; = ¢; o (¢, ¢;). Thus, the maps e; are ¢.-equivariant for any
element T € Cg(g). Given E in R(Cg(g)) and F in R(Cg(h)), we define the
product

(3-1) ExF :=e(e](E)®e;(F)®ygn) € R(Cg(gh)).

Since the action is trivial, it follows from Theorem 2.2 in [Segal 1968] that
R(C;(8)) = Kcs(g)(*). Thus, the product can be seen as

*: Kcgo) (%) X Keginy (%) = Kcg(gh) (%)

in the setup of equivariant K-theory. We note that the product defined in (3-1)
is analogous to the stringy and twisted stringy product defined in [Becerra and
Uribe 2009] in the case in which G is an abelian group. Let o be a cocycle in
Z3(G; SYH, ie, a: G x G x G — S§! satisfies «(a, b, ¢)a(a, be, d)a(d, c,d) =
a(ab,c,d)a(a, b, cd) for all a,b,c,d € G. We proceed to define the twisted
orbifold K-theory “K o ([*/G]).

For the global quotient [X/G] and the element a € Z*(G; S'), the twisted
orbifold K-theory is defined as the sum

(3-2) Koo (1X/G1) := €D ““K ) (X9,
geC

where C is a set of representatives of the conjugacy classes in G and «; is the
inverse transgression map (see below for details). In particular, if G is an abelian
group, the set C is the group G. For every group H and 8 € Z>(H; S') we take its
associated group Hg given by the central extension

1—>S1—>Hﬁ—>H—>1.
Recall that the group Hpg is the set S ' x H, with the group operation defined by
(s1, 1) * (52, h2) 1= (s1528(h1, h2), hihs).

The twisted equivariant K-theory #K  (X) is defined as the class of Hg-equivariant
vector bundles such that the action of the center S! restricts to multiplication on the
fibers. In the case of the space X = {x}, the twisted equivariant K-theory PK 1 (%)
coincides with Rg(H ), the Grothendieck ring of classes of projective representations
for the group H (see [Karpilovsky 1993] for a precise definition of Rg(H)).

Returning to the case of the orbifold [*/G] for a finite group G, the twisted
orbifold K-theory defined in (3-2) takes the form

Ko ([%/ G1) := D “K () () = P Rar, (Ci:(2)).

geC geC
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Inverse transgression map. We review the inverse transgression map for finite
groups to describe the multiplicative structure in the module “K o, ([*/ G]). Through-
out this subsection we follow the development presented in Section 3.2 in [Becerra
and Uribe 2009]. Let us recall the definition of the inverse transgression map for
a global quotient [M/G]. For g € G, consider the action of C;(g) x Z on M8 =
{x € M | gx = x} given by (h, m) - x := hg"x and the homomorphism

Ve:C(g) xZ— G, (h,m)+— hg".

Thus, the inclusion i, : M® — M becomes a Y, equivariant map and induces a
homomorphism
i;‘ tHE(M Z) — ch(g)xz(Mg; 7).
From the isomorphisms
Hég(g)XZ(Mg; Z) = H*(Mg XCc(g) XECG(g) X BZ; Z)
= HE ) (M3 7) @7 HY(S'; Z),

we have, for each «,

L grk o k . k—

iy Hg(M;Z) — He (M8 2) @ H,

lo (M5 2)

Hence, we define the inverse transgression map as the map induced by projecting
on the second factor

Ty Hé(M; 7)) — Hg;(lg)(Mg; 7).
In the particular case that [M/G] = [*/ G] the definition above turns into:

Definition 3.1. For any element o € Z3(G; S'), the inverse transgression map is
defined as the map

Ty ! Hé‘;(*; 7)) — Hg;(lg)(*; Z)

induced by 7, on each k.

Product in the twisted case. Take o € Z3(G; 7). Let us consider the orbifold
[*/G] where G is a finite group. Now, consider the module

(3-3) Ko ([%/ G1) := € R, (Ca(8)).
geC

where o, € H 2(C(g); 7) denotes the inverse transgression map of «. The goal of
this subsection is to define an associative product for this module; specifically, we
show that it’s possible to endow the module *K o ([*/ G]) with a ring structure. For
simplicity, we denote C;(g) as C(g). Consider the inclusion maps of groups

ig :C(g)NC(h)— C(g),in:C(gyNC(h) — C(h)
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and
igh: C(g)NC(h) — C(gh)

for g, h € G. These maps induce the restriction maps
i*: H>(C(g): SY = H*(C(g)NC(h); Y,

i - H*(C(h); §") — H*(C(g) N C(h); S1,
and the morphism iy, induces a map

(ign)s : H*(C(g) N C(h); S") — H*(C(gh): S1,

which is the induction morphism in group cohomology (see for example [tom Dieck
1987]).

Given E € R,,(C(g)), we consider it as a C(g)q,-module that restricts to mul-
tiplication on the fibers over S!. Therefore, we get the following commutative
diagram for the inclusion i, and the identity map s on I

1 - 5! - C(8)q, C(g) 1
(3-4) s (s,1g) iy
1 - S > (C(@NC(M)ixw) — C@NC(h) —— 1

This implies that any C(g)q,-module restricts to a (C(g) N C(h)),-;(ag)—module,
denoted by i;f(E). In particular, for any (E, F) € Ry, (C(g)) X Ry, (C(h)), we get
the map

Ry, (C(8)) X Ray, (C(h)) = Rix(@,)(C(8) NC(h)) X Rix(e,) (C(g) N C(R)),
(E, F) > (i, (E), iy (F)).

Now, from the central extensions
1= 8" = (C(e) NC(M))iz (e = C(RNC(h) — 1,
1 8" = (C()NC(h))it(ey = C(NC(h) > 1
induced by i} () and i () € H*(C(g) N C(h); S1)), we get
1= 8" x 8" = (C(@)NCh))iz@y x (C(&) NC Uit (e
— C(e)NC(h) x C(g)NC(h) — 1

For E € Ri;(ag)(C(g)) and F € Ri;(ag)(C(g)), the tensor product £ ® F is naturally
a(C(g)NC(h)) ix(ag) X (C(g)NCh)) ,-;;(ah)—module that restricts to multiplication
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on the fibers by elements of S!. By considering the action restricted to the diagonal
A(C(NC) CC(gNCh) xC(g)NC(h),
we get the central extension
1—8'—>(Cen C(h)iz @yt = AC(ENC(h)) — 1
corresponding to the element
i7(arg)iji(an) € H*(C(g) N C(h); S1).
Thus, we have

Rix(@,) (C(8) NC(R)) X Rix() (C(&) N C (1)) = Rix(@yiz(an) (C(g) N C(N)),
(E,F)=> EQF.

Now, since i5(at)ijs () = i, (@) in H?(C(g)NC(h); S since the cocycles

are cohomologous (see [Adem et al. 2007, Proposition 4.3]), it follows that

Riz @iz @ (C(8) NC (M) = Ry, (@) (C() NC ().
Therefore, the induction map can be defined as
h
Ri @ (C(8) NC (M) = Riigyy,it, @ (C(gh)), A Indg (80 (A).

Thus, a product on the module (3-3) can be obtained from the previously described
morphisms to get

(3-5) Ry, (C(8)) X R, (C(h)) = Ra,, (C(gh))
defined by

(E. F) > Exy F i=Indg$)) 00 ((H(E) ® 071 (F) ® yen)
where y, j is defined as the excess bundle as in Section 2.

Definition 3.2. By using the restriction notation, we define the twisted stringy
product in the module “K 4 ([*/G]) as the map

Ry (C(8)) X Ry (C(h)) = Ry,a, (C(gh))
C(gh) C(g) C(h)
(E,F)— IC(;wg)mC(h) (ReSC(g)mC(h)(E)®Resc<g)mC(h)(F)®Vg,h)’

where Resgg;mc(m denotes the restriction of a-twisted representations of C(g) to
ig(ar)-representations of C(g) N C(h) (and likewise for h).
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4. Twisted orbifold K-theory and the algebra D“(G)

The goal of this section is to give an introduction of the twisted Drinfeld double
D®(G) and to show an explicit relation with the twisted orbifold K-theory. Our
main reference is [Witherspoon 1996]. Let us recall the definition and the main
properties of the twisted Drinfeld double to clarify the nature of this structure
and its representations. From a different point of view, we can also obtain some
properties of the stringy product defined on the sections above, using the properties
of the representations of the twisted Drinfeld double. Namely, the Grothendieck
ring of these representations is isomorphic to the twisted orbifold K-theory with
the structure induced by the stringy product, which will be proven on page 481.
Because of the associativity of the tensor product of the D“(G)-modules, this yields
a proof of the associativity of the stringy product defined above; see Corollary 4.3.

Let G be a finite group and k an algebraically closed field. Let @ be an element
in Z3(G, k*), that is, a function w : G x G x G — k* such that

wl(a,b,c)w(a,bc,dyw(d, c,d) =w(ab,c,d)w(a,b, cd)

for all a, b, c,d € G. We define the quasitriangular quasi-Hopf algebra D”(G)
as the vector space (kG)* ® (kG), where (kG)* denotes the dual of the algebra
kG (see [Drinfel’d 1987]) and the algebra structure in D“(G) is given as follows:
consider the canonical basis {§, ® X}, xrec of D”(G), where J, is the function such
that §,(h) =1 if h = g and 0 otherwise. We denote §, ® x by §,x. Now, we define
the product of elements in the basis by

(4-1) (BgX)(Bpy) = wg(x, y)8gdypr—1XY,

where w, is the image of w via the inverse transgression map of the element g € G
as in Definition 3.1. The multiplicative identity for this product is the element
1pocy=6P 2eG 0¢ 1. Now, we use the notation & ¢ for the element §, 1. The coproduct
A : D?(G) - D?(G) ® D”(G) in the algebra D”(G) is defined by the map

(4-2) A@e%) =P ye(h, h™' 2)(81%) ® (81, %),
heG

where
wlh,l, x)w(x, x Vhx, x7x)

w(h, x, x"x)

Ye(h, 1) =

The algebra D“(G) endowed with these operations is usually called the twisted
Drinfeld double.

Representations of D®(G). Let U, V be modules over the algebra D (G). Con-
sider the tensor product U ® V as a D“(G)-module endowed with the action from
D®(G), induced by the coproduct A. Note that the field £ can be considered as a
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trivial D®(G)-module, which is the multiplicative identity for the tensor product
of D”(G)-modules. In particular, for k = C, we define the ring of representations
R(D“(G)) of D”(G) as the C-algebra generated by the set of isomorphism classes
of D®(G)-modules with the direct sum of modules as the sum operation and the
tensor as the product operation. We define the ideal Ro(D®(G)) generated by all
combinations [U] — [U’] — [U"] (brackets denoting the isomorphism class) where
0— U’ — U — U” — 0is a short exact sequence of D”(G)-modules. Now, we
define the Grothendieck ring R(D“(G)) as the quotient between Rep(D®(G)) and
the ideal Ry(D*(G)).
The algebra D”(G) is quasitriangular with

A= P 8,1®8z and A = ) wgue1(g.87) 81 @ g
g,heG g,heG

Thus, AA(a)A™' = o (A(a)) for all @ € D®(G), where o is the automorphism that
exchanges the images in the coproduct. Therefore, if U and V are D“(G)-modules,
this equation implies that U ® V and V ® U are isomorphic as D“(G)-modules;
that is, the algebra R(D®(G)) is commutative. Now, assume that 8 : G x G — C*
is a cochain with coboundary

5B(a, b, c) = B(b, c)B(a, be)pab, ¢)' Bla, b) "
Then, the algebra D“*#(G) is isomorphic to D®(G) given through the map

B
Blx, xgx—H ¥

In particular, we get the isomorphism

U (8, %) =

v*: R(D”P(G)) > R(D(G)).

Next, we consider the following theorem (compare [Willerton 2008, Theorem 19]):
Theorem 4.1. The ring R(D®(G)) is additively isomorphic to the ring

P R (Ce),

(8)cG
where (g) denotes the conjugacy class of g € G.
Proof. For all x € G, we take the subspaces

$°(x):= €P €& and D”(x):=PHCs3
geC(x) geG

of D®(G). Then S®(x) is a subalgebra of D”(G) with identity element § 1 such
that, from the product defined in D“(G), it follows that S*(x) = R, C(x) where
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R, C(x) is defined in [Karpilovsky 1993]. Given (g) C G, consider

D((g)) := @ D“(h).

he(g)

Note that D*(G) = @( 9)CG D?((g)) (additively). For an element / in a fixed
conjugacy class (g), take a S (h)-module (i.e., a R,, C(h)-module) U, and define
the map

U—U ®S‘”(h) Dw(h),

whose image is a D ((g))-module if we take the action of D“((g)) on it as right
multiplication in the second factor. On the other hand, for a D“((g))-module V,
we define the map

V> V1,

whose image is a R, C (h)-module. Thus, there is an equivalence between R, C (h)-
modules and D®((g))-modules. Therefore, from [Karpilovsky 1993, Theorem 1.3.2],
we have R, (C(h)) = R(D“((g))) for any h € (g), and the theorem follows. [

From [Dijkgraaf et al. 1991], we get that it is possible to explicitly describe the
morphism using the induction DPR which is defined on each R, (C(g)) for g € G.
Namely, let (p, V) be a twisted representation of the group C(g) and define the
representation ¥ ((p, V)) := (m,, A) of D(G) as given by
wi(x, x;)

1 xs®)0(r)v»

4-3) A:=1Ind%  (V), =77, (8 X)X @V =88
4-3) n C(g)( ) TTp 7T,o( kx)x‘/®v k o (xs. )

Xs8Xs
where x; is a representative of a class in G/C(g), r € C(g) and the element x; is a
representative of a class in G/C(g), such that xx; = x,r.

Relation between R(D®(G)) and the twisted K-theory of the orbifold [+/G]. Let
us consider an element w € Z3(G; S1). By (3-3) the twisted orbifold K-theory of
the orbifold [*/G] is the ring

“Korn([%/Gl) = @) “Keg() = @ Ru, (C(2)).

(8)CG (&) cG

By Theorem 4.1, there exists an additive isomorphism between R(D®(G)) and
the twisted orbifold K-theory “K o ([*/ G]). We will show that if we endow this
ring with the twisted product x4, then the additive isomorphism is in fact a ring
isomorphism. The DPR induction is defined as (Ig( g)(E), pr) wWhere (E, ) is an
element in R, (C(g)). Let us consider two elements E and F in R, (C(g)) and
R, (C (h)) respectively. The tensor product of the DPR-induction of these elements
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can be related to the twisted product % via the Frobenius reciprocity as follows:
I8 (E) ® ¢ (F) = 1) (E ® RE o) (I (F)))

~ 1G G C(h)
= IC(g) (E ® IC(g)(RC(g)nC(h)(F) ® Vg,h))

"G (1@ C(s) i
= I Icineam Regnem (B) ® Regncan (F) @ Ven))

~ G () (i
= Icgncm (Regnem (E) @ Regnca (F) @ ven)

~ G (1C(sh) Ce) c(hy

= 1 (e gyncan Re e E) @ Reqgnea (F) ® Ve.n))
~ 7G
= 18 oy (E %0 F).

Proposition 4.2. There exists a ring isomorphism
(“Korb([%/ G1), %) = (R(D“(G)), ®).

Proof. DPR induction defines a morphism ¢ : @(g)cc R,(C(g)) — R(D*(G)).
Moreover, we proved above that for E € R, (C(g)) and F € R,, (C(h)), we have

P(E)QP(F) =¢(E*, F);
that is, it is a ring homomorphism. By Theorem 4.1, the result follows. U

Corollary 4.3. The stringy product %, is associative.

5. Twisted K-theory for an extraspecial p-group

The goal of this section is to establish a relation between the twisted orbifold
K-theories for the orbifolds [/H] and [x/G], where H is an extraspecial group
with exponent p, order p?**! and G = (Z p)2”+1. For an odd prime number p, a
p-group H is called extraspecial if its center Z(H) is a cyclic group of order p,
thatis Z(H) = Z,, and H/Z(H) is an elementary abelian group. Any extraspecial
p-group has order p>**! for some n € N. On the other hand, for any n there exist
two extraspecial groups of order p?"*! such that a group has exponent p and the
other group has exponent p?. The motivation for these kinds of relations comes
from works such as [Goff et al. 2007], where these relations are studied for p = 2,
and to some extent results due to A. Duman [2009]. However, there exists a deeper
interest to study these kinds of relations by establishing correspondences with the
twisted Drinfeld algebras. In particular, the following result is of utmost importance
for obtaining the results of this section:

Theorem 5.1 [Naidu and Nikshych 2008, Corollary 4.20]. Let H be a finite group
o' € Z3(H; S') such that

o H contains an abelian normal subgroup K,

o o' |k xkxk is trivial in cohomology (in H3(K; 1)),
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o there exists an H-invariant 2-cochain pn over H such that (W) |k xkxx =
o' |k xKxK-

Then, there exists a group G and an element w € Z%(G; SY) such that R(D®(G)) =
R(DY (H)).
From the relation established in the previous section between the twisted Drin-

feld’s algebras and the twisted orbifold K-theory, we get the following corollary
under the same assumptions as in the last theorem.

Corollary 5.2. There exists a ring isomorphism
“Korn [/ G1) = Ko ([#/ H1).

Now, we follow with a nice application of this result.

2+1 and exponent p.

Proposition 5.3. Let H be an extraspecial group with order p
Then

Ko (L¥/H1) = “Kor ([%/(Z,)*" 1)
for some nontrivial twisting .

Proof. Let H be an extraspecial group. From definition we may assume K =Z(H)=
Z,. Now, suppose there exists u € C%(H; S") such that § (1) |k xk xk = @ | K x K xK»
which is H -invariant; that is, if we take the action of H on the 2-cochains C%(H; S!)
defined by u := u(yx;y~', yxoy™1), then Yu = p in C*>(H; S') forall y € H.
Now, since K = Z(H), it follows that "u|x = u|g for all y € H. Thus, for all
y € H there exists a 1-chain , on H such that §n, =”u/u = 1. Since K is abelian,
we can define the map

2
y n)’I 77y2
Ny1y2

Lemma 5.4 [Naidu 2007, Lemma 4.2, Corollary 4.3]. The function v defines an
element in HZ(H/K; K)).

v:H/K xH/K — CY(H;SY), (i, y)r—

However, this element represents a short exact sequence
1—>I€—>I€><UH/K—>H/K—>1,
where the product in K xy, H /K is defined by the formula

(o1, x1)(p2, x2) := (v(x1, X2) P12, X1X2).

Now, the element w € Z3(G; S1), with G := K x, H/K, is defined for all (o1, x1),
(o2, x2), (p3,x3) in K x, H/K by the formula

w((p1, x1) (P2, x2) (3, x3)) := (v(x1, x2) ((x3))) (1) p1 (ks x3),

where u : H/K — H is a function such that, when composed with the projection
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p: H— H/K, yields p(u(x)) = x, and k,, ,, € H is an element that satisfies
u(x)u(x2) = kyy xu(pux)u(xz))).

Clearly, when «' is the trivial 3-cocycle, we can choose w to be trivial and so
v is also trivial. By definition of an extraspecial group, H/K is an elementary
abelian group and if v is trivial, it follows easily that K x, H /K= (Z p)2”+1. It
remains to show that w is nontrivial in H3(G; S'). Take H = {hi,..., hpzn+1},
K =Z(H) ={z1,...,2p} and K = {p1,..., pp}, with p; nontrivial for i # 1.
Denote the quotient group H/K = {x|K, ..., xpan}, with x; = 1y,. Now, we
define the function u : H/K — H such that u(x; K) = xi(zi_l) for x;K € H/K,
zj € K. Consider the element ((p, x; K), (p, x;K), (p, x;K)) with p € K fixed and
nontrivial. Since v is trivial, the element w is reduced to p(ky, k. x,x) = p(zi) # 1,
which implies that w is nontrivial. (]

Twisted orbifold K-theory for the orbifold [x/(Z,)"]. With the above result, to
calculate the orbifold K-theory structure for [x/H], with H an extraspecial p-
group, we only have to calculate the twisted orbifold K-theory for [*/(Z,)"] and a
twist element in H>((Z S b, following the constructions presented in Section 3.
Because all those constructions are based on the inverse transgression map, we
proceed to give an explicit way of calculating it. Later we present an example with
a particular twist element, having no trivial inverse transgression map.

* Inverse transgression map for the group (Z,)" Let us consider the following
commutative diagram given by two natural short exact sequences:

Xp b4

0 -7 -7 -7, - 0

(5-1)

0 -7, 2.7, "7, - 0

where 7 and t are the natural projections, and likewise for the downarrow maps.
These two exact sequences in the diagram above induce long exact sequences

(52) - — H*'(BG;2,) - H"(BG: 7) ¥

(774

HY(BG; Z)

=% HYBG: Z )—> H"*Y(BG;7) — -,
(53) - —s H*'(BG:2,) L5 H"BG: 7,) =¥
()

H"(BG; Z )
—3 HYBG; 7)) LN H""(BG;7,) — --

Remark 5.5. The connection morphism g of the long exact sequence (5-3) is
known as the Bockstein map. It induces a map g : H*(BG; Z,) — H*(BG; Z,,)
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which has the multiplicative property

Bxy) = B(x)y + (—1)*EDxB(y).

Since G is a p-group, HX(BG; —) is also a p-group and this implies that the
morphism (x p), in the long exact sequences (5-2) and (5-3) is the zero map.
Thus, 7, and t, are injective maps and Hk(BG; 7) = Hk(BG; sz). On the
other hand, by the exactness of the sequence (5-3), we have H*(BG; Zy) =
Ker(B: H*(BG; Z,) - H**'(BG; Z,)) and then

H"(BG;Z) =XKer(B: H*(BG; Z,) > H**'(BG; Z,,)).

Relation to the inverse transgression map. By definition, the inverse transgression
map 7, is a map defined between the groups H*(BG; Z) and H*"'(BC;(g); 7).
Since G = (Z,)" is an abelian group, the inverse transgression map can be factorized
as

7, : Ker(B: H*(BG; Z,) —» H*"'(BG; Z,))

— Ker(B: H*"1(BG; 2,) -~ H*(BG; Z,)).
Consider the cohomology ring H*(BG; Z,) =F[x1, ..., x4, 1®Aly1, ..., y,] with
|xil=2and |y;| =1fori =1,...,n. By the calculations above we need to find a
polynomial p(xy, ..., X5, y1,..., Yu) €Fplxr, ..., X, J®@Aly1, ..., y,] of degree k,
such that 8(p) =0 and 7,(p) # O for some g € G.

To obtain the desired polynomial, first we do the calculation of the inverse
transgression map. Take an element g = (ay, ..., a,) € G and consider the map

GXxZ—->Gx(g)—>G

defined by
(h,m) — (h, g") — hg".

At the level of cohomology we get

(5-4) H*(BG;F,) - H*(BG x B(Z,); F,) > H*(BG x BZ;F,),
X = X; +a;w = X,
Yi > yitaiz = yi +aiz,

where

H*(BG x B(Z)); Fp) =F,lx1, ..., X0, wI® Aly1, ..., Yn, 2],
H*(BG x BZ; Fp) =F,[x1, ..., X)) @ Aly1, ...y Y, 2.

Now, for the products x;y;, x;x;, y;y; € H*(BG; [F,) we can obtain the calculation
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of the inverse transgression maps. For the first product x;y; we get
(5-5) (xiyj) = (xi +aiw)(y; +a;z) = x;yj +xia;z +a;wy; +a;a;wz

in H*(BG x B(Z); F),) and (x;y;) = x;y; + x;a;z in H*(BG x BZ; [F,), from
Definition 3.1 it follows that T,(x;y;) = x;a;. For the second product x;x; we get

(xixj) = (xi +ajw)(x; +a;w) = x;xj + X;a;w + a;wx;
in H*(BG x B(Z,); Fp) and (x;x;) — x;x; in H*(BG x BZ; [ ); hence
(5-6) To(xix;) =0.
Finally, for the product y;y; we get
(5-7) (iyj) = i +aiz)(yj +aiz) = yiyj +yiajz+aizy;

in H*(BG x B(Z,); F,) and (y;y;) = yiyj+(ajyi—aiy;)zin H*(BG x BZ; F));
therefore 7,(y;y;) = (ajy; —a;y;).

Since we are interested in calculating the inverse transgression map for elements
a € H*(G; 7), we consider only polynomials of degree 4 in

H*(BG; Fp) =Fplxr, ..., xal® Aly1, ..., yal.

Now, we present some examples of the inverse transgression map. It is easiest to
consider the cases n =2 and n = 3. In the first case the inverse transgression map
is a trivial map. In the latter the inverse transgression map is more interesting.

Example 5.6. n =2. For p # 2 we have H*(BG; [F,) = F,[x1, x2]1 ® Aly1, y2]
with |y;| =1 and |By;| = |x;| = 2. Thus, we can just consider linear combinations
of the polynomials p;(x1, X2, y1, ¥2) = x1x2, p2(x1, X2, y1, y2) := x1y1y2 and

p3(x1, X2, Y1, y2) := x2y1y2. For p; the calculations leading up to (5-6) show that
Tg(p1) = 0. Thus we need to find a (Z,)-linear combination p of the polynomials
p2 and p3 such that 8(p) = 0. But we have

B(p3) = x2(B(y1)y2 — y18(y2)) = x2(x1y2 — y1x2),

B(p2) =x1(By1)y2 — y1B(y2)) = x1(x1y2 — y1x2).
Therefore, there does not exists such a (Z)-linear combination.

n = 3. By analyzing the degree of the polynomials, we obtain the element

(5-8) p(X1, X2, X3, Y1, Y2, ¥3) = X1Y2Y3 — X2)1Y3 + X3Y1)2,

which satisfies the condition 8(p) = 0. To check this, we use the property of 8
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noted in Remark 5.5:

B(p) = B(x1y2y3) —B(x2y1y3)+B(x3y1y2)
= Bx)y2y3+x18(2y3) —B(x2)y1y3 —x2B(y1y3) +B(x3) y1y2+x38(y1y2)
=x18(2)y3—x1y28(y3) —x2B(y1) y3+x2y18(y3) +x38(y1) y2 —x3y18(y2)
= X1X2Y3—X]1Y2X3 —X2X1 Y3 +X2Y1X3+X3X1 Y2 —X3Y1X2
=0.
The inverse transgression map for an element g = (ay, az, a3) € (Z p)3 evaluated in
the polynomial p gives
(5-9) To(p) = Tg(x1y2y3) — To(X2y1Y3) + Tg(X3Y1)2)
= x1(azy2 — a2y3) — x2(azyr — ary3) +x3(axy1 —aiyz)
=ai(x2y3 — x3y2) +aa(x3y1 — x1y3) + az(x1y2 — x2y1).

Lemma 5.7. Let g = (ay, az, a3) and h = (by, by, b3) be elements in G = (Zp)3.
The double inverse transgression map of p is equal to

(5-10) TwTg(p) = [(a1, a2, a3) x (b1, bz, b3)] - (x1, x2, Xx3).

Remark 5.8. With n =3, this example shows that for n > 3 the inverse transgression
map is nontrivial. We can always consider the element p(x1, ..., Xy, Y1, .., Yn) =
X;YjYk — XjYiyk + Xxkyiyj as being in H4((Zp)”; 7). By calculations similar to
those leading to (5-9), we can prove that 8(p) = 0 while 7,(p) # 0 for g € (Z,)".

By using the inverse transgression map for the group (Z,)" presented above and
by the decomposition formula presented in Theorem 3.6 in [Becerra and Uribe
2009], we can calculate the explicit structure of the twisted orbifold K-theory for
the orbifold [*/(Z p)3] and the twist element « as the element in H3((Z p)3; )
associated to the polynomial defined in (5-8) via the isomorphism H3((Z,)*; S') =
H*((Z,)*; Z). Note that in this case

Koo/ (Z,)’ N = P “Kz,y()= @ Re(Z,)).
gG(ZI,)3 gG(Zp)3
Now, for each g € Z,, the decomposition formula implies

Rq, ((Zp)3) RO= l_[ (@(;p)h’%)(zpﬁ ’

g.he(Z,)?

where ¢, is a p-root of the unity. Note that the action of (Z p)3 on Q(&p)n.a, is to
multiply by the double inverse transgression map evaluated on k € (Z p)3, Th(0g) (k).
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By Lemma 5.7, we get

Q,) ifg=rh,AeZ,,

0 else.

(5‘11) (@(gp)h,(xg)(zp)} =

So, for h # 0, we have
Ry (ZpHeQ=[] Q).

reZy

while for g =0, we get

Ry (Z)H®Q= [ Q.

re(Zp)?

Then, the twisted orbifold K-theory module for the orbifold [*/(Z p)3] turns out to
be
Ko/ (Z,)’D@Q=[] Q) © [] Q)

rEZ) Ae(zpﬁ

and the product structure is defined via the product of the elements in Q(¢),).

6. Final remarks

With the result presented in Section 4 about the Grothendieck ring associated to
the semigroup of representations of the twisted Drinfeld double D®(G) and the
twisted orbifold K-theory, we found a nice relation between two structures coming
from different sources. As we already said, the orbifold [«/G] is a particular case
of a more general kind of orbifolds obtained by the almost free action of a compact
Lie group G on a compact manifold M. With a little more structure, the stringy
product introduced in Section 3 can be extended to a stringy product on the module
“Korb([M/G]) (in the same way as in [Becerra and Uribe 2009]), where [M/ G]
denotes the orbifold structure obtained by the almost free action (see [Adem and
Ruan 2003] for the details of this structure). Therefore, under suitable hypotheses
we can think about the twisted orbifold K-theory “Kq,([M/G]) as a more general
object which coincides with the Grothendieck ring R(D®“(G)) if G is a finite group
and M = {x}. Nevertheless, we shall explore the interpretation and consequences
of this more general object. Next, we focus our attention on the results obtained in
Section 5, where we establish an explicit relation between the twisted orbifold K-
theories of the orbifolds [*/H] and [*/(Z,)"], where H is a particular extraspecial
p-group. In the same spirit, we look for some general relation between the twisted
orbifold K-theories *K o, ([M/ G]) and PK o (IM /K1) of the orbifolds [M/G] and
[M/K], for suitable twistings & € H3(G; S') and g € H*(H; S'), and appropriate
actions of the finite groups G and K on a compact manifold M. In the same way,
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we hope that some analogous results may be obtained if G and K are compact
Lie groups acting almost freely on a compact manifold M. By our preliminary
observations, in order to obtain such results, some hypothesis on the almost free
actions of the compact Lie groups G and K must be added.
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LINEAR RESTRICTION ESTIMATES
FOR THE WAVE EQUATION
WITH AN INVERSE SQUARE POTENTIAL

JUNYONG ZHANG AND JIQIANG ZHENG

We study modified linear restriction estimates associated with the wave
equation with an inverse square potential. In particular, we show that the
classical linear restriction estimates hold in their almost sharp range when
the initial data is radial.

1. Introduction and statement of main result

In this paper, we study a modified restriction estimate associated with the wave
equation perturbed by an inverse square potential. More precisely, we consider the
following wave equation with a singular potential:

afu—Au—i—iu:O, (t,x) eRxR", aeR,

(1-1) |x|?
u(t, x)|e=0 =0, du(t,x)i=0 = f(x).
The scale-covariant elliptic operator P, := —A + a/|x|? appearing in (1-1) plays

a key role in many problems of physics and geometry. The heat and Schrodinger
flows for the elliptic operator P, have been studied in the theory of combustion
[Vazquez and Zuazua 2000] and in quantum mechanics [Kalf et al. 1975]. The
wave equation (1-1) arises in the study of the wave propagation on conic manifolds
[Cheeger and Taylor 1982]. There has been a lot of interest in developing Strichartz
estimates both for the Schrodinger and wave equations with the inverse square
potential; we refer the reader to [Burq et al. 2003; 2004; Planchon et al. 2003b;
2003a; Miao et al. 2013b]. However, as far as we know, there are few results about
the restriction estimates associated with the operator P, arising in the study of
eigenfunction estimates of P,. Here, we address some restriction issues in special
settings associated with the operator P,.

In the case a = 0 —the linear wave equation with no potential — we can solve

Partially supported by the Fundamental Research Foundation of B.I.T (20111742015).
MSC2010: 42B37, 35Q40, 47J35.

Keywords: linear restriction estimate, spherical harmonics, Bessel function, inverse square potential.
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the equation by the Fourier transform formula

i _sintv=4A) . 1 awix€( 2mitlE| _ —2mitlE]\ FrendE
(1-2) u(t, x) — f=5; /Rne (e e )f(é)m,

where the Fourier transform is defined by

f©= [ e a.

It is well known that the spacetime norm estimate of u(z, x) is connected with the
linear adjoint cone restriction estimate

(1-3) I (F dU)V”L?’x(Ran) = Cp,q,n,S”F”Ll’(S,da)a

where F is a Schwartz function and the inverse spacetime Fourier transform of the
measure F do is defined by

(Fdo)"(t,x) = /S F(z,£)e*™ 0519 do (g) = /R ) F(|g|,g)e2ni<x~s+t|a>%

Here, the set S is a nonempty smooth compact subset of the cone
{(,§) e RxR": 7 = ||} with n>2.

The canonical measure do is the pull back of the measure d&/|&| under the projec-
tion map (z, &) — &. By the decay of (do)Y and the Knapp counterexample, the
two necessary conditions for (1-2) are

2n n+1 n-—1

and <

n—1 q p’
(see [Stein 1979; Tao 2003a]). The corresponding linear adjoint restriction conjec-
ture for cones asserts that:

(1-4) q>

Conjecture 1.1. The inequality (1-3) holds with constants depending on n, p, q,
and S if and only if the inequalities (1-4) are satisfied.

Even though there is a large amount of literature focused on this problem, it
remains open for n > 4. For progress on this conjecture, we refer the readers
to [Taberner 1985; Strichartz 1977; Tao 2001; 2003a; 2003b; Tao et al. 1998;
Wolff 2001]. Shao [2009a] provided two simple and novel arguments to prove
that Conjecture 1.1 holds true for the spatial rotation invariant functions which are
supported on the cone. Motivated by [Shao 2009a], Miao et al. [2012] utilized
expansions in spherical harmonics and analyzed the asymptotic behavior of the
Bessel function to generalize Shao’s result for cone cases by establishing, assuming
(1-4), that

|| (F d(f)v ||L?(R;L;1n—l eré (gn—l)) = Cp,q,n,S “ F”LI’(S, do)-
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In the case a # 0, the spacetime Fourier transform is no longer so useful; one
can instead establish an approximate parametrix for the fundamental solution and
try to obtain good control over it. In our case we resort to expansions in spherical
harmonics and Hankel transforms, for technical reasons involving the singular
potential; compare [Burq et al. 2003; Planchon et al. 2003b; Miao et al. 2013b].
Although the harmonic expansion expression leads to some loss of angular regularity
in the restriction estimates, it allows us to show the restriction estimates when ¢ is
close to 2n/(n—1). A key ingredient in this process is to explore the oscillatory
properties of the Bessel function and e?*/¢! to overcome the difficulties arising from
the low decay of the Bessel function J, (r) when v ~ r. Finally, by using the
properties of the hypergeometric function shown in [Planchon et al. 2003b], we
prove an inequality involving the Hankel transform to obtain the desired result.

Main Theorem. Assume n > 2 and a > —%(n —2)2, and let u be the solution of
(1-1). Suppose that p > 1 and

! 1 2
_p@tlh  2n

1-5 .
(1-5) n—1 n—1

Then there exists a constant C, depending only on p, q, n, and a, satisfying the
following conditions:

(1) If f is a radial Schwartz function, then

14
(1-6) ||u(t’x)”L?’x(leR") =C &l prLP(R”)'

(i) If f is a Schwartz function (may not be radial) and p > 2, then

_1 A
(1-7) lut. Dllpaera,,  raemy = CNET? ] Loy

Remarks. (i) This extends the classical restriction estimate associated with the
Laplace operator to a restriction estimate associated with —A 4 a/|x|*. We obtain
more estimates than the Strichartz estimates of [Burq et al. 2003; Planchon et al.
2003b], which focus on p = 2. The theorem can also be viewed as an exten-
sion of the result in [Chen et al. 2012] about the operator —A + a/r? acting on
Lz((O, o0); r1 dr).

(i1) The theorem means that we almost show that the classical linear restriction
estimates hold for radial functions in the conjecture range.

(iii) When a = 0, we recover the cone restriction result in [Shao 2009b]. When
supp f is compact, we can extend the result to ¢ > p’(n + 1)/(n — 1), which is the
same range as in the cone restriction conjecture.

(iv) Equation (1-6) gives a Strichartz-type estimate

1
e 2, ) 200410/ ey = € V172 f | 2y
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for the radial solution. The method used here generalizes the result for the radial
initial data to a linear finite combination of products of the Hankel transform of
radial functions and spherical harmonics. We hope to remove the whole radial
assumption in (1-6) in the future, at least for g > 2(n +3)/(n + 1).

(V) If f C{&: N <|£| <2N}and f is radial, the method here can be employed
to obtain the Strichartz estimate
n=2_n+1 2n
lu@. ) Ls @xrry =CN 2 || fll2@eny  forg>-—.
We remark that the pair (¢, g) is allowed to be out of the admissible requirement in

[Planchon et al. 2003b], it is however consistent with the admissible range due to
[Miao et al. 2013b].

(vi) We rely heavily on the harmonic expansion formula to give the expression of
the solution due to the potential, which causes the restriction p > 2. It is possible
that the resolvent expression can be used to remove this restriction.

Now we introduce some notation. We use A < B to denote the statement that
A < CB for some constant C, which may vary from line to line and depend on
various parameters. We write 4 ~ B to mean that A < B < A.

If the constant C depends on parameters other than p, ¢, n, and S, we denote
this fact explicitly using subscripts. For instance, C¢ should be understood as a
positive constant depending on € in addition to (possibly) p, ¢, n, and S.

Pairs of conjugate indices are written as p and p’, where

1 1
—+—=1 and 1=p<=oo.
p P

This paper is organized as follows: In Section 2, we present some simple
facts about the Hankel transforms and the Bessel functions and also recall the
van der Corput lemma. Section 3 is devoted to the proof of the Main Theorem via
expansions in spherical harmonics and an analysis of the asymptotic behavior of the
Bessel function. Finally, in an Appendix, we show an inequality used in Section 3,
involving the Hankel transforms.

2. Preliminaries

Before turning to Hankel transforms and Bessel functions, we recall the expansion
formula in spherical harmonics. For details, refer to [Stein and Weiss 1971]. For
convenience, we write

E=pw and x=r0 withw,0eS" !,

We denote by 9k the space of spherical harmonics of degree k on S”~!, whose



LINEAR RESTRICTION ESTIMATES FOR WAVE WITH INVERSE SQUARE POTENTIAL 495

dimension is given by

2k +n—

d0)=1, dk)= Tcﬁk ;= (k)" for k > 0.

Note that if n = 2 this dimension is 2 for all k.
Any g € L?(R") can be expanded in spherical harmonics as

oo d(k)
@-1) g) =YD ari(rYi(0),

k=0Il=1
where {Yg 1,.... Yk dak)} is an orthogonal basis of 9k . We have the orthogonal
decomposition

L2 Sl’l l) @%k

and by orthogonality,
(2-2) gz = llax ()2 -

The Hankel transform formula (see Theorem 3.10 in [Stein and Weiss 1971], for
instance) relates the Fourier transform of g to spherical harmonics. It reads

oo d(k) L, oo
(23) gpo)=) )" 27TikYk,l(60),0_2/0 T ypnz2 Qurp)ag(r)r= dr.

k=01=1

Here the Bessel function J () of order k is defined by

(3)"
r(k+4re)

A simple computation gives the rough estimate

k
(2-4) ()] < LA (1+%),
2k (k + 3)T'(3) k+3

where C is an absolute constant. These estimates will be mainly used when r < 1.
Another well known asymptotic expansion about the Bessel function is

(2-5) Ji(r) =r_i\/gcos (r—lﬂ—z) +0k(r_3/2) as r — oo,

but with a constant depending on k (see [Stein and Weiss 1971]). As pointed out in
[Stein 1993], if one seeks a uniform bound for large r and k, then the best one can

b k1
Jr(r) = / e (1—-5%) "7 ds, with k > —1 and r > 0.

1

. _1 . . : .
dois |J;(r)| < Cr™3. To investigate the asymptotic behavior in k£ and r, we recall
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Schlifli’s integral representation [Watson 1944] of the Bessel function. For r € R™

and k > —%,

(2-6) J (V) — L i eir sinf@—ik6 do — Sin(kﬂ’) ooe—(r sinh s+ks) ds
k o 2 T 0

/4

=: Ji(r) — Ex(r).

We remark that £ (r) = 0 when k € Z*. A simple computation gives, for r > 0,

2-7) |Ex(r)| = <C(r+k) L

sin(k ) ooe—(r sinhs+ks) 7o
T 0

Next, we recall some properties of the Bessel function Jy (7) from [Stein 1993;
Stempak 2000]; see [Miao et al. 2013a] for a detailed proof.

Lemma 2.1 (asymptotics of the Bessel function). Assume k > 1. Let Ji.(r) be the
Bessel function of order k defined as above. Then there exist a large constant C
and a small constant ¢ independent of k and r such that

(2-8) | (r)| < Ce¢+r) when r <k/2,
_1
(2-9) [T < Ck3 (k™5 |r —k|+1)7%  when k/2 <r <2k,
(2-10) Jer) =r72 3 ar (e + E(r)  when r > 2k,
+

where |a+(r)] < C and |E(r)| < Cr~1.

We define

eI =" vk vk = ViPk) ta witha> 17D

For the sake of simplicity, we sometimes write v instead of v(k). Let g be a
Schwartz function defined on R”. We define the Hankel transform of order v:

(2-12) (#vg)(pw) =/0 (F/O)_%Jv(r,o)g(ra))r”_1 dr.

If the function g is radial, we can drop the dependence on w from both sides.
We remark that if g has the expansion (2-1), it follows from (2-3) that

oo d(k)
(2-13) 2E) =" 2mi* Ve 1 (@) (Huoyai) (p).
k=01=1

The following properties of the Hankel transform are proved in [Burq et al. 2003;
Planchon et al. 2003b]:
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Lemma 2.2. Let ¥, be as above and let

Ay 1= —0% — ”r;la, n (vz(k) - (%)2 )r_z.

() 9, = 9,1
(i) #y is self-adjoint: ¥, = ;.
(iii) ¥, is an L? isometry: ”%V‘p”Lé = ||¢”L§
(iv) % (Avp)(€) = [E* (Hy) (€). for ¢ € L.
We conclude this section by recalling van der Corput’s lemma [Stein 1993]:

Lemma 2.3. Let ¢ be a smooth real-valued function defined on an interval [a, b],
and assume |¢p% (x)| > 1 for all x € [a, b). Assume moreover that either k > 2, or
k = 1 and ¢'(x) is monotonic. Then

b
L/" RITIOPN
a

with ¢, independent of ¢ and A.

(2-14) < AR,

3. Proof of the main theorem

In this section, we will use the asymptotic properties of the Bessel function and the
stationary phase argument to establish two estimates for the Hankel transform. A
key ingredient is to effectively exploit the oscillatory property of the Bessel function
and ¢/*€l to obtain more decay.

The Hankel transform and the solution. Let us consider (1-1) in polar coordinates.
Write v(¢,r,0) = u(t,r6) and g(r,0) = f(r) = f(x). Then v(¢, r, 0) satisfies

n—1

0V —0pp 0 — ——0,V— %Agv—l- %v =0,
r r

(3-1)
v(0,r,0) =0, d,v(0,r,0)=g(r,0).

We use the spherical harmonic expansion to write

oo d(k)
(3-2) g(r0)=> " ar(r)Yi(0).
k=01=1
Using separation of variables, we can write v as a superposition

oo dk)

(3-3) (6,1, 0) =) Y vkt 1) Yy (0,

k=01=1
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where vy ; satisfies

attvk,l - arrvk,l -
(3-4)
Ve 1(0,7) =0, 0,0k 1(0,7) = ag (1)

foreach k,/ e N, 1 <[ <d(k). Define
_ 2(k) — n—2)\2
n 1a +V (k) —( 2 ) .

r
r r2

n—1 k(k+n—-2)+a
0 vk, + b v,1 =0,

(3-5) Ayy = —02 —

.
Then we are reduced to considering the system

(3-6) {3nvk,1 + vy Vi, = 0,

Ve, 1(0,7) =0, 0:vg 1(0,7) = ag ;1 (r).

Applying the Hankel transform to (3-6), we have, by Lemma 2.2,

(3-7) {3n5k,1 + p* Vg1 =0,
Uk 1(0,8) =0,  0,0x1(0,&) = bg 1 (p).
where
(3-8) Uk 1 (t, p) = (Hovr 1), p),  br1(p) = (Hvag 1)(p).

Solving this ODE and using the Hankel transform, we obtain
o _n=2 ~ -2
@) = [0 Ly 0t 2 dp

1 n—2 . .
= 21 /(; (rp) 2 V(k)(rlo)(eltp e ltp)bk,l(lo)lon 2d10
lherefore, we get

(3-9) u(x,r)=v(t,r,0)
oo d(k) 0o .
=30 Y YO [ 0o Dy () sineo s (0)6" dp
k=0 I=1 0
oo d(k)
=Y YO [ sinp)bic i (p)](r).

k=01=1

Estimates of Hankel transforms. We now turn to some key estimates needed for
proving the main theorem.

Proposition 3.1. Let R > 1 and let ¢ be a smooth function supported in the interval
I:= [% 1] and taking values in [0, 1]. Then
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oo d(k) _ 2\ %
(3-10) ‘ (ZX|[ e nwmonaee i) )
k=01=1 L7 ®L7([R,2R])
oo d(k)
< CH( ) |bk1(p)|2) ,
k=0 I=1 L3
where C is a constant independent of R.
Proof. Using the Plancherel theorem in 7, we have
oo d(k) 1
(3-11) LHS of (3-10) < (Z > HJu(k)(rp)bkz(p)w(p)HLz) :
k=0 I=1 LZ([R,2R])

With this, it is easy to verify (3-10) if we can prove that
2R
(3-12) / |Jx(r)|>dr < C,
R

where R > 1 and C is independent of & and R. To prove (3-12), we write

2R
(3-13) / |Jk(r)|2dr:/ |Jk(r)|2dr—|—/
R I

I

|Jk(")|2di’+/ | T (r))? dr,
I3
where
I =[R,2R]N[0,k/2],
I, =[R,2R]|N[k/2,2k],
=[R,2R]N[2k, o]
By using (2-8) and (2-10) in Lemma 2.1, we have
(3-14) [ [Tk () dr < C/ e rdr < Ce K, | Je(r)|?dr < C.
I I3

For the remaining interval, we write

2k 2k 5 . 1
[ nwrar= [Cuanrar=c [Trd et -k) e <c
I k

2 2
where the last inequality follows from the fact that the integral is uniformly bounded
(by 2 + ﬁ) for all k£ > 0. Together with (3-14), this yields (3-12). O

Proposition 3.2. Suppose R > 1. Let ¢ be a smooth function supported in the
interval I := [% 1] and taking values in [0, 1].

(1) If K is finite, there exists a constant Cg independent of R such that
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K d&k)
(XX
k=0 1[=1

2\3
) L (R;LE° ([R,2R])

(f%ﬂwm(pnz)

k=0 I=1
(i1) If K is infinite, there exists a constant C independent of R such that

K_d(k) 2}
(l;) IX; ) L2°(R;LZ°([R,2R))
K dk)
(Z ) |bkz<p>|2)

k=01=1

(3-15) ‘

w .
/O ¢ T oy (o) ()0 (o) dp

=C

Ly

(3-16) ‘

/ T T ()b (P)p(p) dp

=C

L2

Proof. We first prove (3-15). Recalling (2-5) we can write |J, %) (r)| < CKr_%
when r > 1. By the Minkowski inequality and the Hausdorff—Young inequality in
t, there exists a constant Cx independent of R such that

K d(k) 2.1
' (I;) IZI ) LR, L7 ([R,2R])
K d(k)
(Z > |bia(0)] )

k=0 I=1
This proves (3-15). When K is infinite, we need to show a precise estimate uniform
in K. We utilize the Schlifli’s integral representation of the Bessel function (2-6)
to write J, (k) (rp) = E, k) (rp) + jv(k) (rp). By (2-7), the Minkowski inequality,
and the Hausdorff—Young inequality in #, there exists a constant C independent of

K and R such that
2y}
) L°(R;LE°([R,2R]))

[
! (i%\bk,w)!)

k=01=1
k=0 1I1=1

Thus, it remains to prove (3-16) with J,, k) replaced by J v(k)- We consider 0 <§ <1
to be fixed later, and write [—m, 7] = I1 U I, U I3, with

I, =1{6:10| <6},
I =[-n,—n/2=68]U[rn/246, ],
Iy =[-m 7]\ (11 U Ip).

[ ¢ T 4o (o) (D)0 () dp

< CKR_%

Ly

/ P E\y oy (robes (D)0(p) dp

<CR™

Ly
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We define
(3-17) ®, 4 (0) = sme—@
and let x5(6) be a smooth function satisfying
1, 6el-$.4]
3-18 0) =
(5-18) x5(0) {o, 6 & [=28,25].
Then write
(3-19) Ji(r) = 2—/ ek ® go = Jl(ry + JHr) + T2 (r),
with

b g
J,g (r):= %/ e”q’”‘(g)x(;(@) do,
—7T
JE(r) = %/I el Pk ® g,
2

JR(r) = % /1 e erk @ (1 —y5(6)) db.
3

When 6 € I,, the function dD’ () = cost) —k/r is monotonic in the intervals
[-7m,—m/2—68]and [7/2 + 6, JT] and satisfies

EOIE ﬁ + |cos 6] = sin.

Then van der Corput’s lemma (Lemma 2.3) gives, uniformly in £,

1 / oir®ri®) gp
I,

(3-20) <csr L.

2

When 6 € I3, we have |®, ()| > sin§, and Lemma 2.3 again yields that

L irex®q _
s |, e O =0 do

1

<cgr 2

(3-21)

uniformly in k.
Using arguments similar to those above, it follows from (3-20) and (3-21) that

‘ (Z Z / ”p Jz(k)(rp)—{—Jv(k)(rp))bkl(p)(p(p)dp )
k=0 1=1 L ®;L°([R,2R))
oo d(k)
<24 (X X lbeato) ) .
1;”2; Li(I)

To establish (3-16) with J,, (k) replaced by J! k) Ve need to use the oscillation of
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e'P effectively. To this end, we write the Fourier series as by ;(p) = Y j bli lei%l)f ,
where

: 4 T .
(3-22) b=t /0 =130y () dp.

Then Z]- |bl£,l |2 = ”bk’l(p)”i%)(l)' For simplicity, we use the scaling argument to

reduce the problem by replacing ¢ and r by 27¢ and 27 r respectively, and define
(3-23)

1 % ami(—i ipr sin 0—i
VI yja(r) = 5t [ e [ niorsinda=iv®0866) av(p) dp.

Let m =t — j/4. Then we write
G2 k() =5 [ TR O 00 dpas

— % fR @(r sin @ —m)e 09 5. (0) dob.

For our purpose, we need to investigate the asymptotic behavior of the function
w,]fl (r). We consider two subcases:

(a) 4R <|m|. R > 1, hence |m| > 4. Since ¢ is a Schwartz function, we have
|¢(rsin@ —m)| < Cx(1+ |rsin@ —m|)™™ forall N > 0.
On the other hand, we have
|rsin@ —m| > |m| —r|sin 6] > t55|m|,
since ¥ <2R <|m| and |6| < 26. Thus, (3-24) gives
(3-25) V()] < Cs,n(1+ [m) ™V,

Keeping in mind that m =t — j /4, we have

‘(ZZ Yo bV ) )
k=0I=1 j L& (R;LR°([R,2R])
4R<|t—j/4]
oo d(k) . ' N
sca,NR-NH(ZZ S iy ) .
k=0 I=1 i ’ L (R;L°([R,2R)))
4R=<|t—j/4|

By the Cauchy—Schwarz inequality, and choosing N large enough, the above is
bounded by
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0o d(k) . . 3
G RN H (Z S b PO - i|)—N)
imoi=1 7 4 LE@LE(R,2RD)
oo d(k) oo d(k)
=G NR™ (Z YD b 1|2) SR H(Z > b (o)] ) K
k=01=1 j k=01=1 L)
(b) |m| <4R. Again, since ¢ is a Schwartz function,
(3-26) |¢(rsinf —m)| < Cy(1+|rsin@ —m|)™N forall N > 0.

By (3-24), this gives

k C . -N
Wm(”)}fﬁ(/{ezwma, d9+[{9:|9<28, (I +[rsin 6 —m|) d@).

| sin@—m|>1} |rsin@—m|>1}
Letyzrsin@—m;then
_ 1
s ko= ([ e asn M) s)
T\ J{yilyl=1} {ilylz1}

For fixed ¢, R, we define the set A ={j € Z: |t — j /4| <4R}. Tt is easy to see the
cardinality of 4 is O(R). Thus, it follows from (3-27) and the Cauchy—Schwarz
inequality that

\‘

H(ZZ Y bV a0 )
k=01=1"'jeA4 L (R;LP°([R,2R]))
oo d(k) 0o d(k)
=G NR™ Z(ZZZVJ l|2) SR (ZZVJM(P)! ) O
k=01=1 j k=0 I=1 L3 (D)

Proposition 3.3. Let ¢ be a smooth function supported on I = [% 1] and taking
values in [0, 1], and let R be a positive real number. Assume (1-5) is satisfied, and
consider the quantity

0=
K d(k)

103>

/ 110 1 o ()b (P)e(p) dp
k=0 1[l=1

1
2)2

(1) When K is finite, there exists a constant Cx independent of R such that

LI®;LY ([R,ZR]))‘

rn—1gy

(Recall the definition of v = v(k) in (2-11).)

K d(k)

(3-28) Q= Ck min {R7, R‘"?(l‘fﬂﬂw)}H (Z > lbe z(p)P)

k=01=1

7100
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(i) When K is infinite, there exists a constant C independent of R such that

(fj%wm(m )

(329) 0 <Cmin{R%, R"T (=7 ‘
k=01=1

L3u)
Proof. We first consider the case R < 1. The Minkowski inequality and the
Hausdorff—Young inequality in # show that
K d(k)

F (ZZHJv<k)<rp>bkl(pxo(p)nLq) ‘

k=01=1

03

Le, ., (IR2R)
Hence, by (2-4), there exists a constant C independent of K such that
K dk) 2 7

n— 2q (87'[}’) 2 \?% ,_ %
QSC( e )( 0(P)bic1(p) ) " ldr)
Jor = (B Eleresr| Z
and
. K d(k)
Q <CR4 (ZZ“P(P)ka(P)’ ) V-
k=0 1[1=1

Secondly, we consider the case R > 1. By Prepositions 3.1 and 3.2, we use
interpolation to obtain

K dk) , 2\ 1
(Z S| [ st do )
k=0 1=1 LI®LT,_ , (IR.2R])
s K d(k)
< cgrR™T Umawtn ‘(Z > le(0)bri(p)] ) o
k=0 I=1 Ly (D)
When K is infinite,
oo d(k) . 2\ 1
(X X| [ aeme e dr) )
k=0 1I1=1 Lq(R'Lq ([R 2R]))
oo d(k)
< cr"3H (it ‘(Z 3 le(bis ()] ) |
k=0 I=1 L3 (D)
In view of (1-5) and since supp ¢ C [% 1], this shows (3-28) and (3-29). O

Conclusion of the proof of the Main Theorem. We know that if f is radial, so is u
in (3-9). To prove the Main Theorem, we need to estimate the following by (3-9):
K d(k)

D0 YO (p™" sin(tp)br 1 (p))(r)

k=01=1

(3-30)

. 2 —
LYWL, L2(S"1)
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in the cases of K = 0 and K = oo, which correspond to the radial case and the
general case respectively. To this end, we use orthogonality and apply a dyadic
decomposition to (3-30) to obtain the estimate

(3-30)
K dk) .
( (z H( 3 Lty (L)
k=0 [=1
_n—2 2 2 % 9 é
)P b (0" 2 dp ) ))
0 LI®LY,_,  (R2R))
=3

where R and M are dyadic numbers and ¥ is a smooth function supported on [%, 1]
and taking values in [0, 1]. By a scaling argument, we have

oS
R M

K d(k)

(XX

k=01=1

1
2)2

Applying Proposition 3.3 with ¢(p) = x(p)p?2
when K is finite,

Z5CK(Z(Zmin{(RM)Z,(RM)—”Z‘(I—W?%)}
R M
K d(k)
(2 Ixtowt- bkl(Mp>|)

k=0 I=1

o0
_h=2 i _
‘ / (rp)~ 2 Jy(rp)e ™ x(p)bi 1 (Mp)p"*dp

J)
LI®LY, | (RM2RM)) '

21 (o the above, one can see that

% M(n_l)_n;;l

)

0

and when K is infinite,

= C(Z(me{(RM)z, (rRm)~"5 (1-aatn)y
R "M
oo d(k)
(Z > 1 x(e)p2 b (Mp)] )

k=01=1

M(n N-=3

)

Since ¢ > 2n/(n — 1), one has

sup 3 min {(RM)%, (RM)~"F (Imaan)} < oo,
R M

sup 3 min {(RM) 7, (R~ (=720 )1 < oo,
M g
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Then by Schur’s test lemma and the embedding /? < [? with ¢ > 2—’11 > p, we
have, in the case when K is finite,

- K d(k) L
2 = i (w00 x(m(z 3 |bk1<Mp>|2) )

M Je=0 I=1

n—1_n+l1 K dk) %

SCK(ZM(P’_ a (%)(ZZV%I(P)} ) )

k=0 1=1 Ly
K d()

SCKH(ZZ|bk1(P)| ) :
k=0 I=1 P24, ®)

and in the case when K is infinite and p > 2,

oo d(k)

ESC(ZM(nz”l_n ( )(I;)IZI bk (p)] ) p)}’
‘(itg}bm(ﬂ))\ ) o

By Lemma 2.2, we have by ;(p) = v(k)%u(k)[%u(k)ak,l](p)- To proceed we
make use of the following fact, whose proof we defer to the Appendix:

Claim. For the measure space (RY, dw(p)), where dw(p) = p" =% dp, and for
1 < p < o0, denote by L? (w) the corresponding Lebesgue space equipped with the
norm

oo P
171 = ( [ 11 aw)”
Let ¥, (k). ¥ (k) be the Hankel transforms defined above and suppose that

n—2 n—-1 n-2
(3-31) T—v(O)<T<T+ n(0) + 2.

Then there exists a constant C such that, for any { fi}32, € L?(w;1 2), we have

c|(zir)

Condition (3-31) is satisfied because 1 < p < nle by the Main Theorem’s
assumptions. Thus, applying the Claim we get

(3-32) H (Z 90 (i) Hou ) S| )

L?(w) LP(w) '

K d(k)

(Z D Fuarap)] )

z=c|
k=0 I=1

n—2 g, ®F)
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By (2-2) and (2-13), under the conditions of the Main Theorem, we further have
_1 A _1 A
D = C H |$| p f(%_) HL[p)n—l dp(R+§L£)(§"_l)) = C ” |$| p j(g) “Lg(R")'

This completes the proof. O

Appendix: Proof of (3-32)

Let Ti = %, (k) 0 (k)» and set A= 112;2 We first show that

(A-1) I Tk fill e w) < Cll fxcllLe w)-

by following the argument used to prove Theorem 3.1 in [Planchon et al. 2003b].
By that argument, we can write

D) = [ Ky 050 felo)s™ s,

where the kernel is given by

B—2 _ 2

s atp | B=a . (5

. A""Bp}»+3+2F( 3 +1, 3 +1,,3+1,(;)) for s < p,
ﬂ""px+a+2F( 7 +1, > +1,a+1,(§)) for s > p,

where F(a, b; c; d) is the hypergeometric function and
_ P+
FEHTE+1)

A p

When s is near p, the kernel ks’u (p, s) behaves like c(p—s)~! + O(—log |p —s]).
Define

Tl TRV i= [ R0 [T fuo)] 2

where
—1

~ n—1 _h—1
ko u(ps)=p 7 Ky (p.s)s" 7
Then

(Tels"? fe)]) () = [0 P70, T T AN =0T (T (o).

Note that -
[T SO Loy = 1077 TS @) o

To prove (A-1), it suffices to show

(A-2) 1Tk fiell Lo (o1 dpy < Cllfiell Lo (o1 dp)-
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Again by the argument in [Planchon et al. 2003b], one has

0(p—)»—u—2+es—)»+/1,—e) for s < p,

k )| =
ky (0. 5)| = {0(pv—k—es—k—v—2+€) for s > p.

Then -
RO (o) = | O/ I pors < p,
0((s/,0))‘_”_%+6) for s > p.

Since A—v < (m—1)/p <A+ p+ 2, the kernel ],;8,“ is bounded in L!(dp/p).
Using logarithmic coordinates, we express the operator 7y as a convolution operator
with the kernel k‘?, w- When s ~ p, we recall that kf,), u 1s a Calderon—Zygmund
kernel behaving like

c(p—s5)"" + O(log|p—s]).

Applying Young’s inequality to the region away from p ~ s and Calderén—Zygmund
theory to the region p ~ s, we obtain (A-2), and so (A-1).

By a similar argument, we show the adjoint operator T ,:‘ is also bounded in
L? (w), provided A —u < (n—1)/p’ <A+ v+ 2, which is true for 1 < p < co.

Now we are ready to show (3-32). We consider two cases:

If 1 < p <2, since the adjoint operator T,:‘ = 9y (k) ¥y (k) is bounded in L? /(w),
we get (3-32) by duality.

If 2 < p <00, we set ¢ := p/2 (forgetting the earlier value of ¢). Then g > 1,
and we have

()|

Ll’(w) Li(w)

= | > I T ficl?
3

(o,@]
= sup ‘/0 > Tk fil*g(p)p" 2 dp
gezg/(w) k

o0
=3 wp | 1T s et dp
g>
k gerd w)

= Z ||kak||Lp(w)-
k

By (A-1), we see that

H (Z|kak|2)

Z |fk||ip(w)
k

=CY  sup ‘/0 | fePg(p)p"* dp

£g=0
k geLq/ (w)

Lr(w)
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o0
<C s [ Y IAPe 2 dp
k

g£=0
geLd (w)
2 2 2 52
SC\ il SCH( |fk|) |
2, = N E) ],
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