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We obtain upper bounds for the eigenvalues of the Schriodinger operator
L = A, + q depending on integral quantities of the potential 4 and a con-
formal invariant called the min-conformal volume. When the Schrodinger
operator L is positive, integral quantities of ¢ appearing in upper bounds
can be replaced by the mean value of the potential g. The upper bounds we
obtain are compatible with the asymptotic behavior of the eigenvalues. We
also obtain upper bounds for the eigenvalues of the weighted Laplacian or
the Bakry—Emery Laplacian Ay = A,+V ¢V, using two approaches: first,
we use the fact that Ay is unitarily equivalent to a Schriodinger operator
and we get an upper bound in terms of the L2-norm of V¢¢ and the min-
conformal volume; second, we use its variational characterization and we
obtain upper bounds in terms of the L*-norm of V,¢ and a new conformal
invariant. The second approach leads to a Buser type upper bound and also
gives upper bounds that do not depend on ¢ when the Bakry—Emery Ricci
curvature is nonnegative.
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1. Introduction and statement of results

We study upper bound estimates for the eigenvalues of Schrodinger operators and
weighted Laplace operators or Bakry—Emery Laplace operators.
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The Schrodinger operator. Let (M, g) be a compact Riemannian manifold of
dimension m and g € C°(M). The eigenvalues of the Schrodinger operator L :=
Ag + g acting on functions constitute a nondecreasing, semibounded sequence of
real numbers going to infinity:

MAg+q) <h(Ag+q) < <M(Ag+q) <--- S 00.

The well-known Weyl law, which describes the asymptotic behavior of the eigen-
values of the Laplacian [Bérard 1986], can be easily extended to the eigenvalues of
Schrodinger operators on compact Riemannian manifolds:

2/m
1) im a0 (M0 ) =
k—00 k
where «,, = 4n2w,;2/ " and w,, is the volume of the unit ball in R™. This says
that the normalized eigenvalues Ay (Ag +q) (g (M)/ k)?/™ asymptotically tend to a
constant depending only on the dimension. However, upper bounds of normalized
eigenvalues in general cannot be independent of geometric invariants and the
potential g; see [Colbois and Dodziuk 1994] or the introduction of [Hassannezhad
2011]. We shall obtain upper bounds for normalized eigenvalues depending on some
geometric invariants and integral quantities of the potential g. These upper bounds
are compatible with the asymptotic behavior in (1); that is, they tend asymptotically
to a constant depending only on the dimension as k£ goes to infinity.
Numerous articles have studied how the eigenvalues of L can be controlled
in terms of geometric invariants of the manifold and quantities depending on the

potential. From the variational characterization of eigenvalues, it is easy to see that

1
M(Ag+q) < / dit.
! § 1 //Lg(M) Mq §

For the second eigenvalue 1(A, + ¢), El Soufi and Ilias [1992, Theorem 2.2]
obtained an upper bound in terms of the mean value of the potential ¢ and a
conformal invariant:

VC([g]))z/’"Jrqudug
Mg(M) Mg(M) ’

where V,.([g]) is the conformal volume defined by Li and Yau [1982] which only
depends on the conformal class of g, denoted by [g].

For a compact orientable Riemannian surface (X, , g) of genus y, as a conse-
quence of inequality (2), they obtained the following inequality, where | | denotes
the floor function:

2 A2 (Ag+q) Sm(

d
3) Aa(Ag+g) < — VHJ Jr, 4

Mg(zy) 2 ,ug(zy) ‘
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For higher eigenvalues of Schrodinger operators, Grigor’yan, Netrusov and Yau
[Grigor’yan et al. 2004] proved a general and abstract result that can be stated
in the case of Schrddinger operators as follows. Given positive constants N and
Cy, assume that a compact Riemannian manifold (M, g) has the (2, N)-covering
property (that is, each ball of radius » can be covered by N balls of radius r/2) and
pg(B(x,1)) < Cor? for every x € M and every r > 0. Then, for every ¢ € C°(M),
we have (see [Grigor’yan et al. 2004, Theorem 1.2 (1.14)])

Ck+87"' [, q"dug—6 [, 9 dug
,ug(M)

where § € (0, 1) is a constant which depends only on N, C > 0 is a constant which
depends on N and Cj, and gt = max{| + ¢/, 0}.

Moreover, if L is a positive operator, then we have (see [Grigor’yan et al. 2004,
Theorem 5.15])

C)) M(Ag+q) <

’

Ck+qudpLg
€png(M)

where € € (0, 1) depends only on N and C depends on N and Cy.

The above inequalities in dimension two have a special feature as follows. Let
¥, be a compact orientable Riemannian surface of genus y. Then, for every
Riemannian metric g on X, and every g € CO(E},), we have (see [Grigor’yan et al.
2004, Theorem 5.4])

(&) M(Ag+q) =

’

Q(V + l)k +8_1 fzy q+d:ug -6 f):y q_dug
Mg(zy)

where § € (0, 1) and Q > 0 are absolute constants.

Inequalities (4) and (5) are not compatible with the asymptotic behavior regarding
the power of k, except in dimension two. Yet, for surfaces, the limit of the above
upper bound for normalized eigenvalues depends on the genus y as k goes to infinity.
Therefore, it is not compatible with (1).

We obtain upper bounds which generalize and improve the above inequalities
without imposing any condition on the metric and which are compatible with the
asymptotic behavior. Before stating our theorem, we need to recall the definition
of the min-conformal volume. For a compact Riemannian manifold (M, g), its
min-conformal volume is defined as follows (see [Hassannezhad 2011]):

V([g]) = inf{ug, (M) : go € [g], Riccigy > —(m — 1)}.

)‘k(Ag ‘HI) =

’

Theorem 1.1. There exist positive constants o, € (0, 1), By, and C,, depending
only on m such that, for every compact m-dimensional Riemannian manifold (M, g),
every potential g € C°(M), and every k € N*, we have
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o' [y a" divg —om [3y 4 dig

Mg (M) 2 2
Bm<V([g])> +Cm( k ) .
g (M) g (M)

In particular, when the potential q is nonnegative, one has

[1y @ ditg (V<[g]>)2/m ( k )2/’"
7 M (A, + A + B, +Cp ,
D MlBgta) = A= —0p 1o (M) 1o (M)

6) M(Ag+q) =

where A, = .

We also obtain upper bounds for eigenvalues of positive Schrodinger operators.
Note that the positivity of the Schrodinger operator L = A, + g implies that |’ w4
is nonnegative, and g here may not be nonnegative. The following upper bound
generalizes inequalities (5) and (7).

Theorem 1.2. There exist constants A,, > 1, By, and C,, depending only on m

such that if L = Ag +q with q € C%M) is a positive operator, then, for every
compact m-dimensional Riemannian manifold (M™, g) and every k € N*, we have

[1p 4 ditg (V([g]))z/'" < k >2/’"
A(A, + A=+ B, +Cp .
(Beta) = An” o 1o (M) 1o (M)

Given the Schrodinger operator L = A, + ¢, for every ¢ > 0, the Schrodinger
operator L = A, +q — Ay (L) +¢ is positive and Ax (L) = Ax (L) — A1 (L) +¢. When
¢ goes to zero, Theorem 1.1 leads to the following.

Corollary 1.3. Under the assumptions of Theorem 1.1, we get

M(Ag+q) < Ap————+ {1 = An)ri(Ag+q)

2/m 2/m
Bm(V([g])) +Cm( k ) '
Mg(M) Mg(M)

In the two-dimensional case, for a compact orientable Riemannian surface

(X¥,, g) of genus y, thanks to the uniformization and Gauss—Bonnet theorems,
one has V([g]) < 4my. Therefore, in compact orientable Riemannian surfaces,
one can replace the min-conformal volume by the topological invariant 4y in the
above inequalities.

Corollary 1.4. There exist absolute constants a € (0, 1), A, and B such that, for
every compact orientable Riemannian surface (X, g) of genus y, every potential
q € C%(M), and every k € N*, we have

(&) )»k(Ag-l-q)Mg(Zy)S/ (ag* —a~'q7)duy+ Ay + Bk.
Zy
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And if L is a positive operator,

M(Dg + @iy () = a/ g dpg+ Ay + Bk.
Y
An interesting application of Theorem 1.1 is the case of weighted Laplace
operators or Bakry—Emery Laplace operators.

Bakry—Emery Laplacian. Let (M, g) be a Riemannian manifold and ¢ € C*(M).
The corresponding weighted Laplace operator Ay is defined by

Ap=Ag+ V-V,

This operator is associated with the quadratic functional [, |V, f|*¢™ du,, that is,
/ Apfhe™®dug = / (Vo f, Vehe™ dps,.
M M

This operator is an elliptic operator on C°(M) C L%(e~® dig) and can be extended
to a selfadjoint operator with the weighted measure e =% du ¢~ In this sense, it arises
as a generalization of the Laplacian. The weighted Laplace operator Ay is also
known as the diffusion operator or the Bakry—Emery Laplace operator which is
used to study the diffusion process; see, for instance, the pioneering work of Bakry
and Emery [1985] or [Lott 2007; Lott and Villani 2009]. The triple (M, g, ¢) is
called a Bakry—Emery manifold, where ¢ € C>(M) and (M, g) is a Riemannian
manifold with the weighted measure e“”du,g; see [Lu and Rowlett 2012; Rowlett
2010]. The interplay between the geometry of M and the behavior of ¢ is mostly
taken into account by means of a new notion of curvature called the Bakry—Emery
Ricci tensor!, which is defined by

Riccig = Ricciy + Hess ¢.

Our aim is to find upper bounds for the eigenvalues of Ay denoted by A;(Ay) in
terms of the geometry of M and of properties of ¢.

Upper bounds for the first eigenvalue A1(Ay) of complete noncompact Riemann-
ian manifolds have been recently considered in several works; see [Munteanu and
Wang 2012; Setti 1998; Su and Zhang 2012; Wu 2010; 2012]. These upper bounds
depend on the L*°-norm of V,¢ and a lower bound of the Bakry—Emery Ricci
tensor.

Let (M, g, ¢) be a complete noncompact Bakry—Emery manifold of dimension
m with Riccigy > —k%(m —1) and |Ve¢| < o for some constants k > 0 and o > 0.
Then we have, by [Su and Zhang 2012, Proposition 2.1] (see also [Munteanu and

! The Bakry—Emery Ricci tensor Ricciy is also referred to as the oo-Bakry—Emery Ricci tensor.
We denote Ricciy and Hess ¢ by Riccig (M, g) and Hessg ¢ wherever any confusion might occur.
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Wang 2012; Wu 2010; 2012])

©9) A(Ag) < 3((m — Dk +0)>.
In particular, if Riccig > 0, we have

(10) M(Ay) < 307,

We consider compact Bakry—Emery manifolds and we present two approaches to
obtain upper bounds for the eigenvalues of the Bakry—Emery Laplace operator in
terms of the geometry of M and the properties of ¢.

First approach. One can see that Ay is unitarily equivalent to the Schrodinger
operator L = Ag—l-%Ag(,M— }‘ IVg¢|2; see, for example, [Setti 1998, p. 28]. Therefore,
as a consequence of Theorem 1.2, we obtain an upper bound for A;(Ay) in terms
of the min-conformal volume and the L2-norm of Ved.

Theorem 1.5. There exist constants A,,, B, and C,, depending on m € N*, such
that, for every m-dimensional compact Bakry—Emery manifold (M, g, ¢), we have

() < Ay V.2 + B (V([g]))Z/erc ( k )M
= ey TR o0 I "))

It is worth noticing that in full generality it is not possible to obtain upper bounds
which do not depend on ¢; see, for instance, [Su and Zhang 2012, Section 2]. How-
ever, we will see that for compact manifolds with nonnegative Bakry—Emery Ricci
curvature we can find upper bounds which do not depend on ¢ (see Corollary 1.8).

In the two-dimensional case, as a result of Corollary 1.4, we obtain the following.

Corollary 1.6. There exist absolute constants a € (0, 1), A, and B such that, for
every compact orientable Riemannian surface (X, g) of genus y and every k € N*,

he(Dg)ig(Zy) <alVedll7z s )+ Ay + Bk.

Second approach. This approach is based on using the technique introduced in
[Hassannezhad 2011], which was successfully applied for the Laplace operator A,
on Riemannian manifolds [Hassannezhad 2011, Theorem 1.1]. We obtain upper
bounds for eigenvalues of Ay in terms of a conformal invariant. We also obtain a
Buser type upper bound for A;(Ag) (see Corollary 1.9).

Definition 1.1. Let (M, g, ¢) be a compact Bakry—Emery manifold. We define the
¢-min-conformal volume as

(11)  Vu([gD) =inf{uy(M, go) : go € [g], Riccig(M, go) = —(m — 1)},

where 14 (M, go) is the weighted measure” of M with respect to the metric g.

2For a Bakry-Emery manifold (M, g, ¢), when Mg is the weighted measure with respect to the
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Note that up to dilations® there is always a Riemannian metric gg € [g] such that
Riccig (M, go) > —(m — 1). We are now ready to state our theorem.

Theorem 1.7. There exist positive constants A(m) and B(m) depending only on
m € N* such that, for every compact Bakry—Emery manifold (M, g, ¢) with Vo] <
o, for some o > 0 and for every k € N*, we have

V. 2/m k 2/m
(12)  3(Ay) < AGm) max{o?, 1}(M) " B(m)( ) .
e (M) pp (M)
If a metric g is conformally equivalent to a metric go with Riccig(M, go) > 0,
Vs ([g]) = 0. Thus an immediate consequence of Theorem 1.7 is the following.

Corollary 1.8. There exists a positive constant A(m) depending only on m € N*
such that, for every compact Bakry—Emery manifold (M, g, ¢) with Vs([g]) =0
and for every k € N*,

(13) Ak (A )SA(m)<—) :
’ 1o (M)

The above upper bound is similar to the upper bound for the eigenvalues of the
Laplacian in Riemannian manifolds (M, g) when V ([g]) = 0; see [Korevaar 1993].

If Riccig(M) > —Kz(m — 1) for some k > 0, then, for gg = Kzg, one has
Riccig (M, go) > —(m — 1) and Vy([g]) < ue(M, go) = k" nuy(M, g). Replacing
in inequality (12), we get a Buser type upper bound for the eigenvalues of the
Bakry—Emery Laplacian.
Corollary 1.9 (Buser type upper bound). There are positive constants A(m) and
B(m) depending only on m € N* such that, for every compact Bakry—Emery mani-
fold (M, g, ¢) with Ricciy(M) > —k%2(m —1) and |Ved| < o for some k > 0 and
o > 0, and for every k € N*, we have

2/m
A (Ag) < A(m) max{c?, 1}K2+B(m)< ) .
’ 1o (M)
A weaker version of Corollary 1.9 can be proved directly by the classic idea
used by Buser [1979] and Li and Yau [1980]. We refer the reader to the appendix,
where we give a simple and direct proof.

Remark 1.1. All of the results mentioned above for compact manifolds are also
valid when one considers bounded subdomains of complete manifolds with the
Neumann boundary condition.

metric g, we simply denote the weighted measure of a measurable subset A of M by g (A) instead
of 11 (A, ).

3Note that Hess ¢ and Riccig do not change under dilations. If Riccig (M, g) > —K2(m —1)g, for
all & > 0, Riccig (M, go) := Riccig (M, ag) = Riccig(M, g) = —k2(m —1)g = —(k2 /) (m — 1)gp.
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2. Preliminaries and technical tools

Basic definitions. A capacitor is a pair of Borel sets (F, G) in a topological space
satisfying F & G.

We say that a metric space (X, d) satisfies the (x, N; p)-covering property if
each ball of radius 0 < r < p can be covered by N balls of radius r/x. We sometimes
call this the local covering property when p < oo.

For any x € X and 0 <r < R, we define the annulus A(x, r, R) as

A(x,r,R):=Bx,R)\B(x,r)={ye X:r<d(x,y) <R}

Note that A(x,0, R) = B(x, R). If F = A(x,r, R) and A > 1, we define *F :=
A(x, 7 'r, AR). For F C X and r > 0, we denote by F" the r-neighborhood of F':

F'={xeX:dx,F)<r}

Here we state the key method that we use in order to obtain our results. This
method was introduced in [Hassannezhad 2011] and was inspired by two elaborate
constructions given in [Colbois and Maerten 2008; Grigor’yan et al. 2004]. It
leads to the construction of a “nice” family of capacitors, crucial to estimating the
eigenvalues of Schrodinger operators and Bakry—Emery operators via capacities.

Capacity on Riemannian manifolds. For each capacitor (F, G) in a Riemannian
manifold (M, g) of dimension m, we define the capacity and the m-capacity by

(14) cap,(F,G) = inf / IVegl*dpg and cap(s (F.G)= inf f Voo™ dpiy,
ped M ped M

respectively, where I = J(F, G) is the set of all functions ¢ € C5°(M) such that
suppe C G,0<¢ <1, and ¢ =1 in a neighborhood of F. If J(F, G) is empty,
capg(F, G) = capEZ’])(F, G) = +4o0.

Proposition 2.1 ([Hassannezhad 2012, Theorem 1.2.1]; see also [Hassannezhad
2011]). Let (X, d, u) be a metric measure space with a nonatomic Borel measure
W satisfying the (2, N; p)-covering property. Then, for every n € N*, there exists a
family of capacitors sl = {(F;, G;)}!_, with the following properties:

1) w(F) =v:= ,u(X)/(Sczn), where c is a constant depending only on N.

(1) The G; are mutually disjoint.
(i) The family s is such that either

(a) all the F; are annuli with outer radii smaller than p and G; = *F;, or

(b) all the F; are domains in X and G; = Fl.r" with ro = 161W'0'

As a consequence of this proposition, we have:
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Lemma 2.2. Let (M™, g, ) be a compact Riemannian manifold with a nonatomic
Borel measure 1. Then there exist positive constants c(m) € (0, 1) and o(m)
depending only on the dimension such that, for every k € N*, there exists a family
{(F;, G,-)}f-‘:1 of mutually disjoint capacitors with the following properties:

M) w(F) > c(m)M

DT (VIgD )" k™ o
(I) cap, (F;, G;) < . [r&(ug(M)> +a(m) 1o (M) » With 1o = 155

Proof of Lemma 2.2. Take the metric measure space (M, dg,, ), where go € [g]
with Riccig) > —(m —1) and dj, is the distance associated to the Riemannian metric
go. It is easy to verify that (M, dg,, u) has the (2, N; 1)-covering property, where
N is a constant depending only on the dimension [Hassannezhad 2011]. Therefore,
Proposition 2.1 implies that for every k € N* there is a family of 3k mutually disjoint
capacitors {(F;, G;)}?X, satisfying the following properties (see [Grigor’yan et al.
2004, Proposition 3.1] for more justification):

o uW(F;) > c(m)u(M)/k, where c(m) € (0, 1) is a positive constant depending
only on the dimension.

o Either

(a) all the F; are annuli with outer radii smaller than 1 and capFZ])(F,-, 2F) <
Q,n, where the constant Q,, depends only on the dimension, and G; = *F;;

or

(b) all the F; are domains in M and G; = Fl-r", where rg = 161@.

Hence, the family of {(F;, Gi)}?i , has property (I). We now show that at least k
of the capacitors satisfy property (II). We first find an upper bound for the m-capacity
capy, ]) (F;, G;). If all the F; are annuli, we already have an estimate by property (a).
If the F; are domains, one can define a family of functions ¢; € I (F;, G;), 1 <i <3k,
such that [Vg ;| < 1/ry. Then

1
Cap[g])(F” Gi) = / |vg0¢l dﬂgo m/’Lgo(Gi)-

Since Gy, ..., G3 are mutually disjoint, there exist at least 2k of them so that
Mg (Gi) < gy (M)/k. Similarly, there exist at least 2k sets (not necessarily the
same ones) such that u,(G;) < ug(M)/k. Therefore, up to reordering, we assume
that the first k of them (that is, G, ..., Gy) satisfy the inequalities

ng(Gi) = pg(M)/k and g (Gi) < gy (M)/ k.
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Hence, in general, there exist k capacitors (F;, G;), 1 <i <k, with

1 gy (M)

cap(y (Fi, Gi) < Om + i

The left side of this inequality is a conformal invariant. Now, taking the infimum
over go € [g] with Riccig, > —(m — 1), we get
1 V(gD

cap(") (F;. Gi) < Qu + —

Now, for every ¢ > 0, we consider plateau functions { fi}i.‘zl, fi € T(F;, G;), with

[ 1St < caply) (i G e
M

Therefore,

2/m 1-2/m
(15) cap, (F:.Gy) < / |vgf,-|2dugs( / |vgfl~|’"dug) ( / Luupp 1 dug)
M M M

2
< (cap™ (Fi, Gy + )"

1V
S(Qm"‘r—m (gD

e (G =2m

2/m
+s> 1g(G)' =2
ok

2/m 1-2/m
S[an/’"+r1—2<V(,Eg])) +82/m](ug§:w>) |

0

where the last inequality is due to the well-known fact that
(a+b) <a’+b°

when a, b are nonnegative real numbers and O < s < 1. Letting ¢ tend to zero, we
obtain property (II). This completes the proof. U

Capacity on Bakry-Emery manifolds. In an analogous way, we define the capacity
in a Bakry—Emery manifold (M, g, ¢). For each capacitor (F, G) in a Bakry—Emery
manifold (M, g, ¢) of dimension m, the capacity and the m-capacity are defined as

(16) cap,(F,G) = inof/ |Veol*dug and capfpm)(F, G)= inof/ IVep|" dpng,
ved I m veT Jpm

respectively, where I = J(F, G) is the set of all functions ¢ € C5°(M) such that
suppe C G,0<¢ <1 and ¢ =1 in a neighborhood of F. If J(F, G) is empty,
cap,(F, G) = cap;)m)(F, G) = +o0.

We prove a similar lemma below (Lemma 2.2). We first show that every compact
Bakry—Emery manifold satisfies the assumptions of Proposition 2.1. Thanks to a
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volume comparison theorem for Bakry—Emery manifolds, which we quote next, we
can show that such have the local covering property (see Lemma 2.4).

Theorem 2.3 (volume comparison theorem [Wei and Wylie 2009]). Let (M, g, ¢)
be a compact Bakry—Emery manifold with Riccig > a(m —1). If 3,¢p > —o with
respect to geodesic polar coordinates centered at x, then, for every 0 <r < R, we
have (assume R <1 /2/a if a > 0)

we(B(x, R)) < ook v(im, R, o)

He(B(x,r)) — vim,r, o)’

and, in particular, letting r tend to zero yields

17)

(18) e (B(x, R)) < e”Ru(m, R, @),

where v(m, r, @) is the volume of a ball of radius r in the simply connected space
form of constant sectional curvature «.

Lemma 2.4. Let (M, g, ¢) be a compact Bakry—Emery manifold with Ri ccig >
—«%(m — 1) and |Ved| < o for some k > 0 and o > 0. There exist constants
N(@m) e N* and € =&(o, k) > 0 such that (M, g, ¢) satisfies the (2, N; £)-covering
property. Moreover, there exists a positive constant C(m) such that, for every 0 <
r<R<&andx e M, the annulus A = A(x, r, R) satisfies capfbm)(A, 24)) < C(m).
Proof. Take & = min{1/0, 1/x}. (Take & = oo if 0 = k = 0.) We first show that
(M, g) has the doubling property for r < 4&, that is,

me(B(x,r)) <cug(B(x,r/2)), 0<r <4§,

for some positive constant ¢. From this, it is easy to deduce that (M, ug) has
the (2, N; £)-covering property, for example with N = ¢*. To prove the doubling
property, according to inequality (17) we have

M(ﬁ(B(-x’r)) <egr v(mara _Kz) =egr v(m,/{r,—l)
;,L¢(B(x,r/2)) N v(m,r/2, _Kz) U(msKr/zv_l)‘
Take 7 := «r. Then, for 0 < r < 4§ =4min{l/o, 1/k}, we have

v(im, kr, —1) A vim,r,—1)

o <e = <c(m),
v(im,kr/2, —1) v(im,r/2,—1)
where o
c(m):= sup 64%-
Fe(0.4) v(m,r/2,—1)
Thus

% <c(m) foreveryO0<r <§&.

Therefore, (M, g, ¢) has the (2, N; &)-covering property for N = c*(m).
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To estimate the capacity of an annulus, we now follow the same argument as
in [Hassannezhad 2011, p. 3430]. Let A = A(x,r, R) and let f € J(A, ’A) be
given by

1 if ye A(x, r, R),
(19) FOy) = 2d4(y, B(x,r/2))/r %fyeA(x,r/Z, r)and r #0,

1 —dy(y, B(x,R))/R if y € A(x, R,2R),

0 ifye M\ A(x,r/2,2R).
We have

1V, /] < {Z/r on B(x,r)\ B(x,r/2),

1/R on B(x,2R)\ B(x, R).

Therefore,

cap(4,7) = [ 1911y = (2) oA/ + () oAt R 20

2\" 1\"
= (%) moBG, )+ () Ho(BG,2R)).
Having inequality (18), we get
m m
capfpm)(A, 2A) < <%) e oim, r, —k2) + (%) 2 Ry(m, 2R, —k?)

m m
= (%) e“"vim, kr,—1)+ <$) 2 Ry(m, 2k R, —1).

Take 7 :=«r and R := K R. Then, for every 0 <r < R <2§ =2min{l /o, 1/k}, we
get

(m) 2 2\" 2 ~ 1\" 4 >
(20) cap,, (A,”A) < (=) eevim,r,— 1)+ | =) ev(im,2R,—1).
r R

Setting C (m) to the supremum of the expression on the right side over 7, Re 0,2)
completes the proof. ([

Lemma 2.5. Let (M™, g, $) be a compact Bakry—Emery manifold with Ve <o
for some o > 0. There exist positive constants c(m) € (0, 1) and o(m) depending
only on the dimension such that, for every k € N*, there exists a family {(F;, G,-)}i.‘:1
of capacitors with the following properties:

M
D) pp(F) > c(m)l%]({ ),

o pe(M) [ 1 (Vo(lg)) 2/m < k )2/’”
(I) capy(F;, Gi) < . |:r§</t¢(M)) + a(m) 10 (D) , where

1/ro = 1600 max{o, 1}.
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Proof. We consider the Bakry—Emery manifold (M, g, ¢) as the metric measure
space (M, dg,, ug) where go € [g] with Ricciy (M, go) > —(m — 1) and py is the
weighted measure with respect to the metric g. According to Lemma 2.4, this space
has the (2, N, £)-covering property with £ = min{l /o, 1}. Having Proposition 2.1
and Lemma 2.4, and following steps analogous to those in Lemma 2.2 we see,
for every k € N*, there exists a family of £ mutually disjoint capacitors {F;, G;}
satisfying the following properties:

o e (F;) >c(m)uy(M)/k, where c(m) € (0, 1) is a positive constant depending
only on the dimension, and w4 (G;) < ug(M)/k. Either

(a) all the F; are annuli with outer radii smaller than &, G; = F;, and
capy” (F;, G) < C(m),

where C (m) is the constant defined in (20);
or
(b) all the F; are domains in M, G; = Fl.r0 is the rg-neighborhood of F;, and
capy” (F;, Gy) < ry *Vi([g])/ k. with ro = & /1600.
Hence, cap;&m)(F,-, G;)<C(m) —i—ro_2 Vs ([g])/ k. Now, for every € > 0, we consider
a family of functions { fi}i'(:p fi € I(F;, G;) such that

[ it die < (G e
M

We repeat the same argument as before.

capy (Fi. Gi) < / IV, fiPe Py
M

2/m 1-2/m
= (/ |ngi|me_¢d:“g) (/ lsuPPf,'e_¢>d/J“g>
M M

2/m 1-2/m
<[eomem o (VDY ] (1s0DY
o k k

Having 1/rp = 1600/ = 1600 max{o, 1} and letting ¢ tend to zero, we obtain
property (II). This completes the proof. (]
3. Eigenvalues of Schrodinger operators

In this section, we prove Theorems 1.1 and 1.2. The idea of the proof is to construct
a suitable family of test functions to be used in the variational characterization of
the eigenvalues. Due to the min-max Theorem, we have the following variational
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characterization for the eigenvalues of the Schrodinger operator L = A, +g:

V, fI>du, + 2qd
A (Ag +¢q) =min max fMl ¢/ Mg2 fo q9Hs
Vi 0£feVi Sy frdug

9

where Vj is a k-dimensional linear subspace of H (M) and Mg is the Riemannian
measure corresponding to the metric g.

According to this variational formula, for every family { fi}ll‘:1 of disjointly
supported test functions, one has

@2y M (Ag+¢q) < max Ju Ve £il® dpag + [y fa disg
’ - re(l,.n K fM fi2 d,ug

The potential g € C ‘M)isa signed function (notice that we can assume g € L'(M)
as well). We define a signed measure o associated to the potential g by

o(A) = f q dug for every measurable subset A of X.
A
For any signed measure v we write v = v+ — v, where v and v~ are the positive
and negative parts of v, respectively. For any signed measure v and 0 < § < 1 we
define a new signed measure vs as vy :=8vT — v,
Let u and v be two signed measures on M. Then, according to [Grigor’yan et al.
2004, Lemma 4.3], we have

(22) (L+v)s > s +vs.

Proof of Theorem 1.1. For a real number A € R define u; := (Auy, —o)t asa
nonatomic Borel measure on M. We apply Lemma 2.2 to (M, g, u,). Thus, for
every k € N* and every A € R, there exists a family {(F;, G,-)}%k , of 2k capacitors
satisfying properties (I) and (II) of Lemma 2.2.

From now on, we take A := A = A (L). Property (I) yields
(g — ) (M)
2k '

The measure (Axpg — o)~ is also nonatomic. Since G; are mutually disjoint, up to
reordering, the first k£ of them satisfy

(Mg —o)” (M)
k b

(kg — o) (F) = c(m)

(Akpg —0)(Gy) < ie{l,... k}.

Therefore

(23) (g —0) (G — (apg — 0) T (Fp)
< (Mg —0)~ (M) —e(m) (Mipig —0)+(M)'
k 2k
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For every € > 0 and every 1 <i <k, we choose f; € J(F;, G;) such that
(24) fM Ve fil? dug < capy(Fi, Gi) +e.
Inequality (21) implies that there exists i € {1, ..., k} so that

xk/ f,?dugs/ |vgf,~|2dug+/ Fqdu,.
M M M

Hence, having Lemma 2.2 and inequality (23), we get
25) 05/ |vgf,-|2dug—/ F20u — @) diig
M M
<cap,(Fi, Gi)+e€ —f f[FOw—q) dug
M
M1 [V 2/m 2k O\
S'ug( )[—2< ([g])) —|—a(m)( ) :|—|—e
2k Lrg \ng(M) g (M)
+f f,-z(kk—q)_dug—/ [F0w—q)t dug
M M

peMD 1 (V(Igh ™ ( 2k )2/’"}
< 7 [rg(,ug(M)> +a(m) 100 (M) +€

(Mg — o)™ (M) (it — ) (M)
—c(m) .
k 2k
We now estimate the last two terms of this inequality considering two alternatives.

+

Case 1. If Ay = At (L) is positive, then, applying (22) for the measure A;u, and
signed measure —o with § = c(m)/2, we get

(26) @O\kﬂg —0) (M) = (hpag — )~ (M)

> C(;n)a_(M) —ot (M) + c(z—m)/\kug(M)-

Substituting (26) in (25) and letting € tend to zero gives
(2/c(m))a™ (M) —o~ (M)

g (M)
L] (vqg]) )2/’" L alm ( 2k )2/'"
c(m)rg \ mg(M) c(m) \ pg(M) '
Case 2. If Ay = A (L) is nonpositive, applying (22) for the signed measures Ay g
and —o with § = c(m)/2 implies

@27 M =

c(;" ) Ottty =) (M) = (hifig — )~ (M) = @o—(m — o (M) + Mg (M).
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Substituting this in (25) and letting € go to zero gives

2

ot (M) — (c(m)/2)0~ (M) 1(V([g]))2/";a(m>( 2k )2/’“

28) A +—
(28) Je= 15 (M) 272 \ g (M) 15 (M)

Therefore, A, (L) is smaller than the sum of the right sides of inequalities (27) and
(28). We finally obtain inequality (6) with, for example, o, = c(m)/4. O

Proof of Theorem 1.2. We partly follow the spirit of” the proof of [Grigor’yan et al.
2004, Theorem 5.15]. Take the metric measure space (M, g, j4y). By Lemma 2.2,
for every k € N* there is a family of 2k disjoint capacitors {(F;, G ,-)}1.2/‘ | that satisfies
properties (I) and (II) of Lemma 2.2. For every ¢ > 0, let { f; ,zi , be a family of
test functions with 2 f; € J(F;, G;) and 4fM |ngl~|2dug < capg(E, G;)+e. We

claim that this family satisfies the following property:

2k 2k
(29) Zf fﬁqdugszf |Vgﬁ|2dug+/ qdug.
i=1 vM i=1YM M

If we have inequality (29),

2k 2k
60 3 [ (Vs odu =2y [ Vet [ qdu,
i=1 "M i=1*M M
§km_axcapg(E~,G,-)+ks+/ qdg.
l M

By the assumption, f v (Ve fi |2—|— fl.zq) dpug 1s positive for each 1 <i <2k. Therefore,
at least k of them (up to reordering we assume that it’s the first k) satisfy the
inequality

qud:ug

G [ VAP £2) diy < maxcap, (G e
M l

Inequality (31), together with the bounds of cap, (Fi, Gi) and ug(F;) given in
Lemma 2.2 and properties (I) and (II), leads to

fM'Vgﬁ|2dMg+fMﬁ2‘1dMg

(L) <
) mlax foiszg
- max; cap, (F;, G;)+e+(1/k) [y,qd,
N l'Lg(Fi)
2/m 2/m
- 1 2<V([g])) —|—a(m)( ) 2ke N 2[\qdig .
c(m)ry \ g (M) pg(M) cm)pg(M) — c(m)pug(M)
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Hence we get the desired inequality as € tends to zero. It remains to prove inequality
(29) which is proved in [Grigor’yan et al. 2004, Section 5]; however, for the reader’s
convenience we repeat the proof. We define the function / by the identity

2k
(32) S f+nr=1.
i=1

Since fi, ..., for are disjointly supported and 0 < f; < 1/2, h > 1/2. We now
estimate the left side of inequality (29).

2k
(33) /(Zﬁ2+h2—h2)qdug=f qdug—/ h*q dp
M \i=1 M M

s/ qdug+f V| dpg.
M M

where the last inequality comes from the fact that the Schrédinger operator L is
positive. Identity (32) implies

2k 2k
—2hVeh=—Vh> =Y V2 =2 fiVyfi.
i=1 i=1
Therefore,
2k 2k 2k
(G4 Veh? <2V h P =D IV fFP =4 iV filP <) IV fil®

i=1 i=1 i=1

Combining inequalities (33) and (34) we get inequality (29). O

4. Eigenvalues of Bakry—Emery Laplace operators

In this section we consider eigenvalues of the Bakry—Emery Laplace operator Ay
on a Bakry—Emery manifold (M, g, ¢), where M is a compact m-dimensional
Riemannian manifold and ¢ € C%(M). We denote the weighted measure on M by
e with

ne(A) = f e ? dug  for every Borel subset A of M.
A

Proof of Theorem 1.5. As we mentioned in the introduction, one can see that
Ay = Ay + Vg - Vg is unitarily equivalent to the positive Schrédinger operator
L=A,+ %quﬁ + §|vg¢|2. Therefore, Theorem 1.2 yields

1
g (M)

M(Ag) < Ay /M (LAgh+ 1Ved ) dug

vqg]))”’" ( k )”m
+ B, +Cpl —— .
<Mg(M) I/Lg(M)
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Now Stokes’ theorem implies that | y Ag®dig = 0. This gives the result. (|

For the proof of Theorem 1.7, we use the characteristic variational formula for
the Bakry—Emery Laplacian; see for example [Lu and Rowlett 2012, Proposition 1;
Rowlett 2010, Proposition 4].

V,fl?e%d
(35) A(Ag) = inf sup Ju gf' e
Vi fev fo e % dpug

where V is a k-dimensional linear subspace of H (M, He)-

Proof of Theorem 1.7. According to Lemma 2.5, for k € N* we have a family of k
capacitors satisfying properties (I) and (II). For every ¢ > 0, take f; € I (F;, G;),
1 <i <k, so that

[ 19esiPe b, < capy (. Gy e
M

Hence, the characteristic variational formula (35) gives
V, fil*e=?d cap,(F;, Gi) +¢
fMl g.]ztli ng 5 max P¢( 1 l)
; i
fM fie ¢d/*g ! g (Fi)

Having the properties (I) and (II), we get
1% 2/m 2/m k

M (Ag) < A(m) max{o?, 1}(M) + B(m)( ) Lo
s (M) s (M) c(m) g (M)

Letting ¢ go to zero, we get the desired inequality. O

Ak (Agp) < max
1

Appendix: Buser type upper bound on Bakry—Emery manifolds

Here, we present a direct and simple proof of a weaker version of Corollary 1.9. The
idea behind this proof was used by Buser [1979, Satz 7], Cheng [1975], and Li and
Yau [1980] in the case of the Laplace—Beltrami operator. It is based on constructing
a family of balls as capacitors which will be the support of test functions. We can
successfully apply this idea in the case of the Bakry—Emery Laplace operator.

Theorem A.1 (Buser type upper bound). Let (M, g, ¢) be a compact Bakry—Emery
manifold with Riccig(M) > —k%*(m —1) and |Ved| < o for some k >0and o > 0.
There are positive constants A(m) and B(m) such that, for every k € N*,

2/m
M (Ag) < A(m) max{o, k) + B(m)<ﬁ> .

To see that the above theorem is weaker than Corollary 1.9, consider the case
where Riccig (M, g) is nonnegative. Indeed, the upper bound in Theorem A.1 still
depends on o while Corollary 1.9 provides an upper bound which depends only on
the dimension.
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Proof. Since Riccig(M) > —k%(m — 1) and |Vq,¢| < o, the comparison theorem
gives us the following inequalities for every 0 < r < & = min{1/0, 1/k} (with
E=o00ifo =k =0):

pe(B(x,r)) . vlm,r,—k?) or VM, 1, —K?)
<e v < sup ¥ ———————
e (B(x,r/2)) vim,r/2, —k%) " re  vim,r/2, —k*)

and

=:c1(m)

(36) we(B(x,r)) <e’ v(m,r, —k2) < sup e®Sv(m, s, —k2)r™ =: cy(m)r™.
5€(0,8)

Given k € N*, let p (k) be the positive number defined by
p (k) = sup{r : there exist py, ..., px € M with dg(p;, p;) > r for all i # j}.

We consider two cases.

Case 1. Let p(k) > &. For every r < &, there are k points py, ..., pr with
B(pi,r/2)cap B(pj,r/2) =@ foralli # j. Foreachi € {1, ..., k}, we consider
a plateau function f; € J(B(p;,r/4), B(p;,r/2)), 1 <i <k, defined as in (19).
Then, for every 1 <i <k and every r < &,

[ug Ve fil?e™® dp,g _ 16 16 gy (B(pi, r/2) _ o
[y fre®du, 2 g (B(pi, r/4)) -
Therefore, letting r tend to &, one has
fM |ngi|2€_¢ dig
Ju fre=duy,

Case 2. Let p(k) < &. Take r < p(k) very close to p(k). As in Case 1, there are k
points pi, ..., px with B(p;, r/2)cap B(pj,r/2) = & for all i # j. Repeating the
same argument, we get, for every 1 <i <k,

()—

16 2
< CI(m)E_Z < A(m) max{o, k}-.

V. fil*e?d 16
fMl gJ:l| Hg < ci(m) .
Ju fie? dug r
Therefore, for every 1 <i <k,
V,fil’e ?d 16
Ju Vs il dug _ ) 16
Ju Je? dig p (k)
We now estimate p (k). Let p(k) < s < & and n be the maximal number of points
qis---,qn € M so that d(g;, q;) > s for all i # j. Of course n < k and because

of the maximality of n, the balls {B(g;, s)}7_, cover M. Hence, according to
inequality (36),
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(M) <D 11g(B(gi. 8)) < nea(m)s™ < key(m)s™.
i=1

Thus, letting s tend to p(k), we get

2/m
5 < cr(m)*™ <L> .
p (k) (M)

Therefore,

\v4 : 2 —¢d k 2/m
Ju| gfille g _ 16c1(m)cz(m)2/m(—) .
Ju fie? dug g (M)

In conclusion, we obtain

Sy IV fil?e™ dpug
JSu fizei(p dg

2/m
he(Ag) < max < A(m) max{o, K}2+B(m)(—u¢l(€M)) -0
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