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SOBOLEYV SPACES

SENG-KEE CHUA, SCOTT RODNEY AND RICHARD L. WHEEDEN

We give an elementary proof of a compact embedding theorem in abstract
Sobolev spaces. The result is first presented in a general context and later
specialized to the case of degenerate Sobolev spaces defined with respect to
nonnegative quadratic forms on R”. Although our primary interest con-
cerns degenerate quadratic forms, our result also applies to nondegener-
ate cases, and we consider several such applications, including the classical
Rellich-Kondrachov compact embedding theorem and results for the class
of s-John domains in R”, the latter for weights equal to powers of the dis-
tance to the boundary. We also derive a compactness result for Lebesgue
spaces on quasimetric spaces unrelated to R” and possibly without any no-
tion of gradient.

1. The general theorem

The main goal of this paper is to generalize the classical Rellich—Kondrachov
theorem concerning compact embedding of Sobolev spaces into Lebesgue spaces.
Our principal result applies not only to the classical Sobolev spaces on open sets
Q C R” but also allows us to treat the degenerate Sobolev spaces defined in
[Sawyer and Wheeden 2010] and to obtain compact embedding of them into various
L9(K2) spaces. These degenerate Sobolev spaces are associated with quadratic
forms Q(x, &) = &' Q(x)€, x € 2, & € R", which are nonnegative but may vanish
identically in & for some values of x. Such quadratic forms and Sobolev spaces
arise naturally in the study of existence and regularity of weak solutions of some
second order subelliptic linear/quasilinear partial differential equations; see, for
example, [Sawyer and Wheeden 2006; Rodney 2007; 2012; Monticelli et al. 2012;
Rios et al. 2013].

The Rellich—Kondrachov theorem is frequently used to study the existence of
solutions to elliptic equations, a famous example being subcritical and critical
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Yamabe equations, resulting in the solution of Yamabe’s problem; see [ Yamabe
1960; Trudinger 1968; Aubin 1976; Schoen 1984]. Further applications lie in
proving the existence of weak solutions to Dirichlet problems for elliptic equations
with rough boundary data and coefficients; see [Gilbarg and Trudinger 1997]. In
a sequel to this paper, we will apply our compact embedding results to study the
existence of solutions for some classes of degenerate equations.

In this section, we state and prove our most general compact embedding results.
In Sections 2 and 3, we study some applications to classical and degenerate Sobolev
spaces, respectively. In Section 4, more general results in quasimetric spaces are
studied.

We begin by listing some useful notation. Let w be a measure on a o-algebra %
of subsets of a set 2, with Q@ € X. For 0 < p < oo, let L (2) denote the class of
real-valued measurable functions f satisfying || /|| 1» () < o0, where || Lz (@) =
(fQ | f1? dw)l/P if p <ooand || f|zeo(q) =ess supg| /|, the essential supremum
being taken with respect to w-measure. When dealing with generic functions in
L% (2), we will not distinguish between functions which are equal a.e.-w. For
E €3, w(E) denotes the w-measure of £, and if 0 < w(E) <00, fE,,» denotes the
w-average of f over E: fg . = [p f dw/w(E). Throughout the paper, positive
constants are denoted by C or ¢ and their dependence on important parameters is
indicated.

For k €N, let %(£2) be a normed linear space of measurable R¥-valued functions
g defined on € with norm || g [|9 (). We assume that there is a subset £ C X such
that (X(£2), X) satisfies the following properties:

(A) For any g € ¥(2) and F € X, the function g x5 € ¥(£2), where x denotes
the characteristic function of F.

(Bp) There are constants Cy, Cs, p satisfying 1 < Cy, C;, p < oo and such that if
{F;} is a finite collection of sets in X with ) ; XF, (x) <Cq forall x € Q,
then

Y legxp 5 = Callgly g, forall g € %(RQ).
/

For 1 < N =< oo, we will often consider the product space L]u\,’ () xX(2). This
is a normed linear space with norm

(1-1) ||(f,g)||L{;)’(Q)xgg(gz) = “f”LN(Q) + 18 llzee)-

w

Aset ¥ C LY () x %(Q) will be called a bounded set in LY (Q) x %(Q) if

sup |/ )Ly @yxarc) < 0°-
(f.g)e¥
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Projection maps such as the one defined by

(1-2) w(fog) = [ (f.8) € Ly () x %K),
play a role in our results. If w(2) < oo, n(L,IX(Q) xX(Q) CLL(Q)if1<g<N.

Theorem 1.1. Let w be a finite measure on a o-algebra X of subsets of a set €2,
with Qe X. Let 1 < p<oo,1 <N <00, X(Q2) be a normed linear space satisfying
properties (A) and (Bp) relative to a collection ¥o C X, and let ¥ be a bounded set
in LY (Q) x %(R).

Suppose that ¥ satisfies the following: given € > 0, there are a finite number of
pairs { £}, Fl}};l with E; € X and F; € X (the pairs and J may depend on €)
satisfying these properties:

1) w(Q \ U, El) <cand w(E}) > 0.

(ii) {F;} has bounded overlaps independent of € with the same overlap constant
as in (Bp), that is,

J
(1-3) Y xp () <Cr xeqQ,
=1

for Cy as in (Bp).
(iii) For every (f, g) € &, the local Poincaré-type inequality

(1-4) I/ = SE wllee ey < €lgxr, lz
holds for each (Eyj, F}).
Let & be the set defined by
(1-5) = {fe Lg(Q) : there exists {(fj,gj)}f'il C S with [/ — f a.e-w}.

Then & is compactly embedded in L%, (Q) if 1 < g < N in the sense that, for every
sequence { fi.} C ¥, there is a single subsequence { fi, } and a function f € L]u\,’ ()
such that fi, — [ pointwise a.e.-w in Q and in LL(Q) normfor1 <q <N.

Before proceeding with the proof of Theorem 1.1, we make several simple
observations. First, in the definition of &, the property that f € Lg ($2) follows
by Fatou’s lemma since the associated functions f/ are bounded in Lg (2), as
¥ is bounded in L]u\,’ (2) x Z(2) by hypothesis. Fatou’s lemma also shows that
& is a bounded set in LUA)[ (€2). Moreover, since N > 1, if { £/} is bounded in
L]uY(Q) and f/ — f a.e.-w, then (fj)E,w — fEw forall E € X; in fact, in this
situation, by using Egorov’s theorem, we have fQ flodw — fQ fo dw for all
peLN'(Q),1/N+1/N'=1.

Next, while the hypothesis w(E;) > 0 in assumption (i) ensures that the averages
JE;w in (1-4) are well-defined, it is not needed since we can discard any pair
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E;, F; with w(E;) = 0 without affecting the inequality w(2 \ | E;) < € or (1-3)
and (1-4).

Finally, since & contains the first component f of any pair (f, g) € ¥, a simple
corollary of Theorem 1.1 is that the projection 7 defined in (1-2) is a compact
mapping of & into LL(R2), 1 < ¢ < N, in the sense that, for every sequence
{(fk.&k)} C ¥, there is a subsequence { fk, } and a function f € LY (Q) such that
Jk; — f pointwise a.e.-w in £ and in LL(Q)normfor1 <g < N.

Proof of Theorem 1.1. Let ¥ satisfy the hypotheses and suppose { fi jxen C g
For each fi, use the definition of & to choose a sequence {( fkj , g,ﬁ)} j C & with
fkj — fr ae-w as j — oo. Since ¥ is bounded in L{X(Q) X X(2), there is
M € (0, 00) such that

”(fkjvg]i)”Lu]\}’(Q)x%(Q) =M

for all k and j. Also, as noted above, { f} is bounded in L]u\,’ (£2) norm; in fact
Il fr ||L5(Q) < M for the same constant M and all k.

Since { f} is bounded in Lg (R),if 1 < N < o0, it has a weakly convergent
subsequence, while if N = oo, it has a subsequence which converges in the weak-
star topology. In either case, we relabel the subsequence as { fj } to preserve the
index. Fix € > 0 and let { £}, F] 1}1J=1 satisfy the hypotheses of the theorem relative
to €. Setting Q€ = J E;, we have by assumption (i) that

(1-6) w(R\ Q) <e.
Let us show that there is a positive constant C independent of € such that

(1-7) D k= U Ewl]p g, < Ce? forallk.
l

Fix k and let A denote the expression on the left side of (1-7). Since

=D Ew— o= ) Ew

a.e.-w as j — oo, Fatou’s lemma gives
P J_ s p
A= El 1}2£f||fk (fk )El’w”Lg,(E,)'

Consequently, by using the Poincaré inequality (1-4) for & and superadditivity of
lim inf, we obtain

.. Dol p
Afl}n_l)gf;é ||gkXF, ”9@(9)‘

By (1-3), the sets F; have finite overlaps uniformly in €, with the same overlap
constant C; as in property (B,) of ¥(2). Hence, by applying property (B,) to the
last expression together with boundedness of &, we get
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<CyMPeP,

A < CyeP liminf || g/ ||?
=Cae }Iggé ||gk||gg(gz)

This proves (1-7) with C = C, M ?.
Next note that

a® [ U fk|pdw<2[ — P dw =274 D),
where

1= 3 [ Vo= U= f0 Bl dw. = 3 (= S0 Br ol 0 (.
l ! l
We estimate / and /] separately. We have
—1
(19) 1<27 (; U=l gy + = ozl )

<2P71(Ce? + CeP) =27 Ce?,
by (1-7). To estimate /1, first note that

~

p

=3 1 )l lE )= L T

l 1 =

Since w(£2) < oo, each characteristic function XE, € LN (2),1/N+1/N'"=1
(with N = 1if N = 00). As { f} converges weakly in LN(Q) when 1 < N < o0
or converges in the weak-star sense when N = oo, for m, k sufficiently large
depending on €, and forall 1 </ < J,

P
T | = fog, dv

Thus 11 < €? for m, k sufficiently large depending on €. Combining this estimate
with (1-8) and (1-9) shows that

(1-10) I fin = JiellLp (@e) < Ce

for m, k sufficiently large and C = C(M, C»).
Let us now show that { f;} is a Cauchy sequence in L) (Q). For m,k as in
(1-10), Holder’s inequality and the fact that || fx || LN (@) =M forall k yield

AT
<\ fm=Jiclzt ey + I fm— il Lt @rqe)
< fm=LicllLz@ow @)Y + || fin—Sicl Ly @rgeyw (@ \ @)Y
< Cew(Q)V? LoMw(\ Q)N
< Cew(Q)V? +2Me/N' by (1-6).

| = fer, o

(E)P :

€
<_.
J
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Since N’ < oo, it follows that { f; } is Cauchy in L} (). Hence it has a subsequence
(again denoted by { fx}) that converges in L} (Q) and pointwise a.e.-w in Q to a
function f € L1 (Q). If N = oo, { f;} is bounded in L°(2) by hypothesis, so its
pointwise limit " € LS (2). If N < oo, since { f } is bounded in L,IX(Q), Fatou’s
Lemma implies that [ € Lg (£2). This completes the proof in case ¢ = 1.

For general ¢, we use the same subsequence { f%} as above. Thus we only need
to show that { f; } converges in L% (Q) for I < ¢ < N. We use Holder’s inequality.
Given ¢ € (1, N), choose A € (0, 1), namely, A = (1/¢g—1/N)/(1—1/N). Hence
A=1/qif N =o0c. Then

(I-11) | fm —fk“qu(Q) g _fk”)i,lv(fz)”fm _fklliTIXk(Q)'

As before, || fxl LN@) = M , and therefore
- 1= 1-A

Hence, by (1-11), { f} is Cauchy in L% (Q) as it is Cauchy in LIIU(Q). This
completes the proof of Theorem 1.1. O

A compact embedding result is also proved in [Franchi et al. 1997, Theorem 3.4]
by using Poincaré type estimates. However, Theorem 1.1 applies to situations not
considered in [Franchi et al. 1997] since it is not restricted to the context of Lipschitz
vector fields in R”. Other abstract compact embedding results can be found in
[Hajtasz and Koskela 1998, Theorem 4; Hajtasz and Koskela 2000, Theorem 8.1],
including a version [Hajtasz and Koskela 1998, Theorem 5] for weighted Sobolev
spaces with nonzero continuous weights, and a version [Hajtasz and Koskela 2000]
for metric spaces with a single doubling measure. The proof in [Hajtasz and Koskela
1998] assumes prior knowledge of the classical Rellich—-Kondrachov compactness
theorem (see, for example, [Gilbarg and Trudinger 1997, Theorem 7.22(i)] and
below).

By making minor changes in the proof of Theorem 1.1, we can obtain a sufficient
condition for a bounded set in L]u\,’ () to be precompact in LL(Q), 1 <¢g <N,
without mentioning the sets {f7}, the space ¥(£2), properties (A) and (B,), or
conditions (1-3) and (1-4). We state this result in the next theorem. An application
is given in Section 4.

Theorem 1.2. Let w be a finite measure on a o-algebra ¥ of subsets of a set €2,
with Qe X. Let 1 < p <o0,1 <N <00, and P be a bounded subset ong(Q).
Suppose there is a positive constant C such that, for every € > 0, there are a finite
number of sets E; € X with

@) w(Q\U; Er) <€ and w(Ep) > 0;
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(i) for every f € P,

p
(1-12) Z 1/ = Sl ]y g, < Ce”-
Let
P = {fe LN(Q) : there exists { f7} C P with [/ — f a.e.-w }.
Then, for every sequence { f.} C @, there is a single subsequence { fi,} and a

function f € Lg(Q) such that fi, — [ pointwise a.e.-w in 2 and in LL(Q) norm
for1 <g<N.

Remark 1.3. (1) Given € > 0, let {E;} satisfy hypothesis (i) of Theorem 1.2.
Hypothesis (ii) of Theorem 1.2 is clearly true for { £} if, for every f € P, there
are nonnegative constants {@;} such that

(1-13) If = fE wllLy &) = €a
and
(1-14) Y af<C

with C independent of f, €. The constants {a;} may vary with f and €.

(2) Theorem 1.1 is a corollary of Theorem 1.2. To see why, suppose that the
hypothesis of Theorem 1.1 holds. Define

P=nF)=1{f:().8) eI}

Let € > 0 and choose {(E;, F;)} as in Theorem 1.1. Given f € %, choose any
g such that (f, g) € ¥ and set q; = ||gXF[ ll¢(q) for all /. Then (1-4), (1-3), and
property (Bp) of (€2) imply (1-13) and (1-14). The preceding remark shows that
the hypothesis of Theorem 1.2 holds. The conclusion of Theorem 1.1 now follows
from Theorem 1.2.

Proof of Theorem 1.2. Theorem 1.2 can be proved by checking through the proof
of Theorem 1.1. In fact, the nature of hypothesis (1-12) allows simplification of
the proof. First recall that if f/ — f a.e.-w and {f/} is bounded in LY (Q),
(f7) E.w — JE,uw forevery E € X. Therefore, by the definition of & and Fatou’s
lemma, the truth of (1-12) for all f € % implies its truth for all f € %. Given a
sequence { fi } in@, we follow the proof of Theorem 1.1, but we no longer need to
introduce the { fk] } or prove (1-7) since (1-7) now follows from the fact that (1-12)

holds for . Further details are left to the reader. O

We close this section by listing an alternate version of Theorem 1.1 that we use
in Section 3D when we consider local results.
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Theorem 1.4. Let w be a measure (not necessarily finite) on a o-algebra ¥ of
subsets of a set 2, with Q € X. Let 1 < p <o00,1 < N <00, X(Q2) be a normed
linear space satisfying properties (A) and (Bp) relative to a set £o C X, and let &
be a collection of pairs (f, g) such that f is X-measurable and g € X(2).
Suppose that & satisfies the following conditions relative to a fixed set Q' € T (in

particular Q' C Q): for each € = €j = 1/j with j € N, there are a finite number of
pairs {E5, Fy}y with Ef € ¥ and Fy € Xy satisfying these conditions:

(i) w(Q'\U; Ef) =0and 0 < w(Ef) < oco.

(ii) {F}}; has bounded overlaps independent of € with the same overlap constant

as in (Bp), that is,

ZXFIE(X) =C;, xeQ,
[

for Cy asin (Bp).
(iii) For every (f, g) € &, the local Poincaré-type inequality

1S = fEswli s = €llg xpe

holds for each (Ej, Fy).
Then, for every sequence {( fi., gx)} in & with

(1-15) suplll il i) + Igkllvr) < oo

there is a subsequence { fi, } of { fi } and a function f € Lﬁ(Q’) such that fi, — f
pointwise a.e.-w in Q' and in LL(Q") norm for 1 <q < p. If p < N, then also
Sk, = fin LY, (') norm for 1 <q < N.

The principal difference between the assumptions in Theorems 1.1 and 1.4 occurs
in hypothesis (i). When we apply Theorem 1.4 in Section 3D, the sets { £7} will
satisfy Q" C |, E7} for each ¢, and consequently the condition in hypothesis (i)
that w (" \ |J; E£5) = 0 for each € will automatically be true. Unlike Theorem 1.1,
the value of ¢ in Theorem 1.4 is always allowed to equal p. Although w(£2) is
not assumed to be finite in Theorem 1.4, w(’) < oo is true due to hypothesis (i)
and the fact that the number of Ele is finite for each €. As in Theorem 1.1, the
hypothesis w(E7) > 0 is dispensable.

Proof of Theorem 1.4. The proof is like that of Theorem 1.1, with minor changes and
some simplifications. We work directly with the pairs ( f%, g%) Without considering
approximations ( f, k] , 8 ]{). Due to the form of assumption (i) in Theorem 1.4, neither
the set Q€ nor estimate (1-6) is now needed. Since w(Q2’\ |, Ef) =0 for each
€ = 1/j, we can replace Q€ by Q' in the proof, obtaining the estimate

(1-16) I fm = JiellLp @ < Ce
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as an analogue of (1-10). In deriving (1-16), the weak and weak-star arguments are
guaranteed since, by (1-15),

Sllip ”fk”LfL’(U,,j EM) < 00.

The main change in the proof comes by observing that the entire argument formerly
used to show that { f;} is Cauchy in L (2) is no longer needed. In fact, (1-16)
proves that { /3 } is Cauchy in L% ('), and therefore it is also Cauchy in L% (Q’)
if 1 <g < p since w(’) < oo. The first conclusion in Theorem 1.4 then follows.
To prove the second one, assuming that p,q < N, we use an analogue of (1-11)
with ” in place of € and the same choice of A, namely,

A 1—A
1 /m = JillLg, @y = W m = Jelpy @il Sm = Jill N 1y

The desired conclusion then follows as before since we have already shown that
the first factor on the right side tends to 0. O

2. Applications in the nondegenerate case

Roughly speaking, a consequence of Theorem 1.1 is that a set of functions which
is bounded in LTIX () is precompact in L% (Q) for 1 < g < N if the gradients of
the functions are bounded in an appropriate norm and a local Poincaré inequality
holds for them. The requirement of boundedness in Lg (£2) will be fulfilled if, for
example, the functions satisfy a global Poincaré or Sobolev estimate with exponent
N on the left side. In order to illustrate this principle more precisely, we first consider
the classical gradient operator and functions on R” with the standard Euclidean
metric. We include a simple way to see that the Rellich—Kondrachov compactness
theorem follows from our results. Our derivation of this fact is different from those
in [Adams and Fournier 2003; Gilbarg and Trudinger 1997]; in particular, it avoids
using the Arzeld—Ascoli theorem and regularization of functions by convolution. We
also list compactness results for the special class of s-John domains in R”. Hajlasz
and Koskela [1998] mention that such results follow from their development without
giving specific statements. See also [Hajtasz and Koskela 2000, Theorem 8.1]. We
list results for degenerate quadratic forms and vector fields in Section 3.

We begin by proving a compact embedding result for some Sobolev spaces
involving two measures. Let w be a measure on the Borel subsets of a fixed open set
Q C R”", and let  be a measure on the o-algebra of Lebesgue measurable subsets
of 2. We also assume that  is absolutely continuous with respect to Lebesgue
measure. If 1 < p < oo, let E ;IZ (£2) denote the class of locally Lebesgue integrable
functions on 2 with distributional derivatives in Lﬁ(Q). If 1 <N < oo, we say
thataset Y C Lg QNE {,f (£2) (intersection of function spaces instead of normed
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spaces of equivalence classes) is bounded in L]u\,’ (QNE {Z () if

sup [l £l Ly e + 1V 1Lz gy} < 00
fey

We use D to denote a generic open Euclidean ball. The radius and center of D
will be denoted r (D) and xp, and if C is a positive constant, CD will denote the
ball concentric with D whose radius is Cr (D).

Theorem 2.1. Let Q C 2 be open sets in R". Let w be a Borel measure on Q2 with
w(fZ) = w(R2) < oo and | be a measure on the Lebesgue measurable sets in 2
which is absolutely continuous with respect to Lebesgue measure. Let 1 < p < 00,
l<N <o0,and¥ C Lg(Q) N Eﬁ (R2), and suppose that, for all € > 0, there exists
8¢ > 0 such that

2-1 If = fpwllLy oy = €VSliLepy forall f e

and all Euclidean balls D with r (D) < 8¢ and 2D C Q. Then, for any sequence
{fx} C ¥ that is bounded in LY (Q) N Ef(Q), there is a subsequence { fk;} and
a function [ € LHZ\)’(Q) such that { fy;} — [ pointwise a.e.-w in Q and in LL(Q)
normforl <g < N.

Before proving Theorem 2.1, we give typical examples of € and w with w(ﬁ) =
w(2) < oo. For any two nonempty sets £, E, C R”, let

(2-2) p(E1, Ex) =inf{|x —y|:x € Eq,y € Es}

denote the Euclidean distance between E and E,. If x € R” and E is a nonempty
set, we write p(x, E) instead of p({x}, E). Let Q be an open subset of Q. If
is bounded and €2 \ € has Lebesgue measure 0, the measure w on 2 defined by
dw = p(x, R"\ Q)% dx clearly has the desired properties if &« > 0. The range of «
can be increased to & > —1 if €2 is a Lipschitz domain and Q\ﬁ is a finite set. Indeed,
if 02 is described in local coordinates x = (x1,...,X5) by X = F(X1,...,Xy—1)
with F Lipschitz, the distance from x to 92 is equivalent to |x, — F(x1, ..., Xp—1)|,
and, consequently, the restriction o > —1 guarantees that w is finite near d$2 by
using Fubini’s theorem; see also [Chua 1995, Remark 3.4(b)]. If 2 is bounded
and 2\ € is finite, but with no restriction on 9<2, the range can clearly be further
increased to @ > —n for the measure p(x, 2 \SNZ)“ dx. Also note that any w without
point masses satisfies w(fZ) =w(R)if € is obtained by deleting a countable subset
of Q.

Proof of Theorem 2.1. We verify the hypotheses of Theorem 1.1. Let

n 1/2
Q) = {g — (g1, gn) gl = (Zg,?) esz(sz)}

i=1
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and || g [lzec2) = g ll L2 (c2)- Then
VS ey = ”Vf”Lﬂ(Q) if /€ Ef(Q).

If /€ Ef(Q), we may identify f with the pair (f, V/) since the distributional
gradient V/ is uniquely determined by f up to a set of Lebesgue measure zero. Then
LY ()N EL(Q) can be viewed as a subset of LY () x %(R). In Theorem 1.1,
choose & to be the particular sequence { f;} C & in the hypothesis of Theorem 2.1,
¥ to be the Lebesgue measurable subsets of €2, and 3¢ to be the collection of balls
D C Q. Then hypotheses (A) and (Bp) are valid with C, = C; for any C;. Given
€ >0, since w(ﬁ) = w(R) < oo, there is a compact set K C Q with w(R\K)<e.
Let 0 <. < p(K,R™\ Q) (where p(K,R" \ ﬁ) is interpreted as oo if Q =R").
Let 8¢ be as in (2-1), and fix re with 0 < re <min{d, 6. }. By considering the triples
of balls in a maximal collection of pairwise disjoint balls of radius r./6 centered
in K, we obtain a collection { £} }; of balls of radius re¢/2 which satisfy 2E} C Q,
have bounded overlaps with overlap constant independent of €, and whose union
covers K. Since K is compact, we may assume the collection is finite. Also,

w(Q\UES) =w(Q\K) <e,
/

and (1-4) holds with F; = E; = Ele by (2-1). Theorem 2.1 now follows from
Theorem 1.1 applied to 2. O

In particular, we obtain the following result when w = p is a Muckenhoupt
Ap(R™) weight, that is, when du = dw = ndx, where n(x) satisfies

1 1 e, N
o1 L N\ipi L7 dx) =€

if 1 < p < o0, and satisfies | D|~! [p ndx <Cessinfpw if p =1, for all Euclidean
balls D, with C independent of D. As is well known, such a weight also satisfies
the classical doubling condition

(2-3) w(Dy(x)) < C(%)ow(Dr/(x)), 0<r' <r<oo,

with 8 = np — € for some € > 0 if p > 1, and with § =n if p = 1, where C and €
are independent of r, r’, x.

We denote by W 1:7:% () the weighted Sobolev space defined as all functions
in L% () whose distributional gradient is in L% (). Therefore W1-7%(Q) =
LE(Q)NEL(Q). If w(R) < oo, it follows that LY (Q) N EL(Q) c WP (Q)
when N > p, and that the opposite containment holds when N < p.

Theorem 2.2. Let 1 < p < 0o, w € Ap(R"), and Q2 be an open set in R" with
w(R) <oo. If 1 < N < o0, then any bounded subset of Lg(Q) N EL(Q) is
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precompact in LL(Q) if 1 <q < N. Consequently, if N > p and ¥ is a subset of
W LPw(Q) with

(2-4) ISy @ = CULS e @ + IV liLe @) forall e,
then any set in & that is bounded in W1-P*(Q) is precompact in LL(Q) for
1<g<N.

If Q is a John domain, then there exists N > p (N can be Op /(6 — p) for some
0 > p as described after (2-3)) such that W P-%(Q) is compactly embedded in
LI(Q) for 1 <q < N. In particular, the embedding of W "P* (Q) into L5 (Q) is
compact when w € Ap(R") and 2 is a John domain.

Remark 2.3. When w = 1 and p < n, the choices N = np/(n— p) and ¥ =
Wol’p (Q2) — the closure in W12 () of the class of Lipschitz functions with com-
pact support in 2 — guarantee (2-4) by the classical Sobolev inequality for functions
in Wol’p (£2) (see, for example, [Gilbarg and Trudinger 1997, Theorem 7.10]). Con-
sequently, the classical Rellich-Kondrachov theorem giving the compact embedding
of Wol’p(SZ) in L9(Q) for 1 <g <np/(n— p) follows as a special case of the first
part of Theorem 2.2.

Proof. We apply Theorem 2.1 with w = p. Fix p and w with 1 < p < oo and
w € Ap(R"). By [Fabes et al. 1982], there is a constant C such that the weighted
Poincaré inequality

I/ = fowllze oy = CrDIIVfllLn py. [ €CP(RQ),

holds for all Euclidean balls D C 2. Then since C°°(£2) is dense in Lg ()N
EP(Q)if 1 <N < oo (see, for example, [Turesson 2000]), by fixing any € > 0 we
obtain from Fatou’s lemma that, for all balls D C Q with Cr (D) <e,

ILf = fowllesy < €lVSlLny if £ € Ly(Q)NELQ).

The same holds when N = oo since LP(Q) = L®(Q) C LE(Q) due to the
assumptions w € A, (R") and w(2) < oo. With 1 < N =< oo, the first statement of
the theorem now follows from Theorem 2.1, and the second statement is a corollary
of the first one.

Next, let 2 be a John domain. Choose 6 > p such that w satisfies (2-3) and define
N =0p/(6 — p). Then N > p and, by [Chua and Wheeden 2008, Theorem 1.8(b)
or Theorem 4.1],

1/ = fowliye <CIVAlLn@: Y./ eC®Q).

Again, the inequality remains true for functions in W 1-7-%(Q) by density and
Fatou’s lemma. It is now clear that (2-4) holds, and the last part of the theorem
follows. O
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Our next example involves domains in R” which are more restricted. For special
Q, there are values N > 1 such that

(2-5) I/ l~ ) = CUl Sl + IV Sl @)

for all f € L'(Q) N EP(Q). Note that if Q has finite Lebesgue measure, then
WhrP(Q) c LY (Q) N EP(Q). As we will explain, (2-5) is true for some N > 1 if
Q is an s-John domain in R” and 1 <s <1+ p/(n—1). Recall that, for 1 <s < 00,
a bounded domain © C R” is called an s-John domain with central point x” € Q if
for some constant ¢ > 0 and all x € Q with x # x’, there is a curve I" : [0,/] —> Q
such that T'(0) = x, ['(/) = x/,

|IT(t1) =T ()| <ty —t; forall [t1,1,] C0,1],
o(C (1), Q) > ct’ for all £ € [0, /].
The terms 1-John domain and John domain are the same. When € is an s-John

domain for some s € [1, 14 p/(n—1)), it is shown in [Kilpeldinen and Maly 2000;
Chua and Wheeden 2008; 2011] that (2-5) holds for all finite N with

1 >s(n—1)—p+1

(2-6) ﬁ B np

and for all f € W12 (Q) without any support restrictions. Note that the right
side of (2-6) is strictly less than 1/ p for such s, and consequently there are values
N > p which satisfy (2-6). For N as in (2-6), the global estimate

@7 NS =Sal~v@ =ClIVS e @), fa :/Qf(x) dx/||.

is shown to hold if f € Lip,,.(€2) [Chua and Wheeden 2011], and then follows
forall £ € L'(Q) N E?(RQ); see the proof of Theorem 2.4 for related comments.
Inequality (2-5) is clearly a consequence of (2-7).

More generally, weighted versions of (2-7) hold for s-John domains and lead to
weighted compactness results, as we now show. Let 1 < p < oo, and, for real o
and p(x, Q°) as in (2-2), let Lf)’ o g (§2) be the class of Lebesgue measurable f* on
Q with

1/p
172z, i = ([ 170000000 dx) <0

Theorem 2.4. Suppose that 1 < s < o0 and 2 is an s-John domain in R". Let
p.a,bsatisfyl < p<oo,a=0,beR,andb—a < p.

M If
(2-8) n+a>sn—1+b)y—p+1,
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then, for any 1 < q < oo such that

1 — _
(2:9) —>max{l—l s(n—14b) p+1}’

q p n (n+a)p
L})a 2§ N E;’b dx () is compactly embedded in LZ“ dx (§2).
@) If p > 1 and

(2-10) n+ap>sn—1+b)—p+1=>n+a,

then, for any 1 < g < oo such that

2-11) C_l>max{é_1’s(n—l+b)—p—n+1}’
q p p

Lll)a 2§ N E;’b dx (R2) is compactly embedded in LZ“ dx (§2).
Remark 2.5. (1) Ifa=b=0,(2-8)isthesameass <1+ p/(n—1). Ifa =0,
(2-10) never holds.

(2) The requirement that b —a < p follows from (2-8) and (2-9) by considering the
casesn—1+b>0and n—1+4b <0 separately. Hence b—a < p automatically
holds in Theorem 2.4(i), but it is an assumption in (ii). Also, (2-10) and (2-11)
imply that ¢ < p, and consequently that p > 1.

(3) Conditions (2-8) and (2-9) imply there exists N € (p, oo) with

1 1 — —
(2-12) —>—anm41—lfm H¢)p+”.
q N p n (n+a)p
Conversely, (2-8) holds if there exists N € (p, oo) such that (2-12) holds.
(4) Assumption (2-11) ensures that there exists N € (g, co) such that (2-11) holds

with ¢ replaced by N.

Proof of Theorem 2.4. This result is also a consequence of Theorem 2.1, but we
deduce it from Theorem 1.1 by using arguments like those in the proofs of Theorems
2.1 and 2.2. Fix a, b, p, ¢ as in the hypothesis and denote p(x) = p(x, 2¢). Choose
w = p%dx and note that w(£2) < oo since ¢ > 0 and 2 is now bounded. Define

0(Q) =g = (g1.....a0)  1gl € LD, , (D)}

and || g llyq) = ”g”L”b (@)- Fix € > 0 and choose a compact set K C £ with
pYdx

|2\ K|pa gx ::/ pldx <e.
Q\K

Also choose 8. with 0 <8, < p(K, Q°), where p(K, ©2€) is the Euclidean distance
between K and Q°€.
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If D is a Euclidean ball with center xp € K and r(D) < %8;, then 2D C Q and
p(x) is essentially constant on D; in fact, for such D,

Lp(xp) < p(x) < Ip(xp). xeD.

We claim that, for such D, the simple unweighted Poincaré estimate

If = /pllepy = Cr(D)IVfllLr(py.  f €Lipjoe(£2).

where fp = fp_ 4x, implies that for f € Lip;,.(£2),

@13) Nf = fppeaxler,, o
= C(D)Y DI + diam(@) P D) (DS 2, oy

where fp padx = [p fp® dx/[p p® dx and C depends on C, a, b but is indepen-
dent of D, f. To show this, first note that, for such D, since p ~ p(xp) on D, the
simple Poincaré estimate immediately gives

lf=rolee,, o = CP(XD)(”_”)/”V(D)IIVfIILzbdx(D), € Lipjoe(82),

and then a similar estimate with fp replaced by fp e 45 follows by standard
arguments. Clearly (2-13) will now follow if we show that

,o(xD)(“_b)/p < r(D)(“_b)/p + diam(Q)(“_b)/p for such D.

However, this is clear since r (D) < p(xp) < diam(£2) for D as above, and (2-13)
is proved.

We can now apply the weighted density result of [Hajtasz 1993; Hajtasz and
Koskela 1998] to conclude that (2-13) holds for all f € L; ()N E;’b ()
and all balls D with xp € K and (D) < 16..

Recall that (¢ —b)/p + 1 > 0. Thus there exists r¢ with 0 < re < %8; and

@ dx

é(ré(“_b)/l’ + diam(Q)(”_b)/p)re < €.

Let ¥ and X¢ be as in the proof of Theorem 2.1, and let {£;}; = {F;}; be the
triples of balls in a maximal collection of pairwise disjoint balls centered in K
with radius %re. Then (2-13) and the choice of r¢ give the desired version of (1-4),
namely

1/ = Jppeaxlir,, ) <€lV Ly, ()

for D = E; and f € Lll)a ()N E;’b dx(Q). Next, use the last two parts of

Remark 2.5 to choose N € (g, o0) such that either (2-9) or (2-11) holds with ¢
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replaced by N. Every f € LllJ
estimate

@14 If = famarley

(QNE?, . (Q) then satisfies the global Poincaré

@ dx ob dx

a

dx(Q) = C“vf”LZbdx(Qy

f € Lh g @NES, (@),

where

fQ,p“dx:/ f,oadx// ,oadx.
Q Q

In fact, under the hypothesis of Theorem 2.4, this is proved for example in [Chua
and Wheeden 2011] for f € Lip,,.(2) N L})a (N E;’b 2, (€2), and then follows
forall f € Lll),, i (S)NE 5 b dx (£2) by the density result of [Hajtasz 1993; Hajtasz
and Koskela 1998] and Fatou’s lemma. By (2-14),

||f||L/1)\’ ax () = C”f”L,l)adx(Q) +C||Vf||LZbdX(Q)

for the same class of f. The remaining details of the proof are left to the reader. [J

In passing, we mention that the role played by the distance function p(x, 2¢) in
Theorem 2.4 can instead be played by

po(x) =inf{{x —y|: y € Lo}, xe€Q,

for certain Q¢ C Q¢; see [Chua and Wheeden 2011, Theorem 1.6] for a description
of such €2 and the required Poincaré estimate, and note that the density result in
[Hajtasz and Koskela 1998] holds for positive continuous weights.

3. Applications in the degenerate case

In this section, 2 will denote a fixed open set in R”, possibly unbounded. For
(x,&) € 2 x R", we consider a nonnegative quadratic form &’ Q(x)& which may
degenerate, that is, which may vanish for some & # 0. Such quadratic forms occur
naturally in the context of subelliptic equations and give rise to degenerate Sobolev
spaces as discussed below. Our goal is to apply Theorem 1.1 to obtain compact
embedding of these degenerate spaces into Lebesgue spaces related to the gain in
integrability provided by Poincaré—Sobolev inequalities. The framework that we
use contains the subelliptic one developed in [Sawyer and Wheeden 2006; 2010],
where regularity theory for weak solutions of linear subelliptic equations of second
order in divergence form is studied.

3A. Standing assumptions. We now list some notation and assumptions that will
be in force everywhere in Section 3, even when not explicitly mentioned.



A COMPACT EMBEDDING THEOREM FOR GENERALIZED SOBOLEV SPACES 33

Definition 3.1. A function d is called a finite symmetric quasimetric (or simply a
quasimetric) on 2 if d : Q x 2 — [0, 00) and there is a constant ¥ > 1 such that,
for all x, y,z € Q,

d(x,y) =d(y.x),
(3-D d(x,y) =0 <= x =y,
d(x.y) =«ld(x.z2) +d(z, y)l.

If d is a quasimetric on €2, we refer to the pair (2, d) as a quasimetric space.
In some applications, d is closely related to Q(x). For example, d is sometimes
chosen to be the Carnot—Carathéodory control metric related to Q; cf. [Sawyer and
Wheeden 2006].

Given x € Q, r > 0, and a quasimetric d, the subset of 2 defined by

By(x)={yeQ:d(x,y)<r}

will be called the quasimetric d-ball centered at x of radius r. Note that every
d-ball B = B,(x) satisfies B C Q2 by definition.

It is sometimes possible, and desirable in case the boundary of €2 is rough, to
be able to work only with d-balls that are deep inside 2 in the sense that their
Euclidean closures B lie in 2. See Remark 3.6(ii) for comments about being able
to use such balls.

Recall that Dg(x) denotes the ordinary Euclidean ball of radius s centered at x.
We always assume that d is related to the standard Euclidean metric as follows:

(3-2) Vx e Qandr >0, s = s(x,r) > 0 such that Dg(x) C B,(x).

Remark 3.2. Condition (3-2) is clearly true if d-balls are open, and it is weaker
than the well-known condition of C. Fefferman and Phong stating that for each
compact K C €2, there are constants 8,9 > 0 such that D,s(x) C B, (x) for all
xeKand 0 <r <ry.

Throughout Section 3, Q(x) denotes a fixed Lebesgue measurable n X n non-
negative symmetric matrix on 2 and we assume that every d-ball B centered in
2 is Lebesgue measurable. We deal with three locally finite measures w, v, i on
the Lebesgue measurable subsets of €2, each with a particular role. In Section 3C,
where only global results are developed, we assume w(£2) < 0o, but this assumption
is not required for the local results of Section 3D. The measure p is assumed to be
absolutely continuous with respect to Lebesgue measure; the comment following
(3-4) explains why this assumption is natural. In Section 3, we sometimes assume
that w is absolutely continuous with respect to v, but we drop this assumption
completely in the Appendix.
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We do not require the existence of a doubling measure for the collection of
d-balls, but we always assume that (€2, d) satisfies the weaker local geometric
doubling property given in the next definition; see [Hytonen and Martikainen 2012]
for a global version.

Definition 3.3. A quasimetric space (2, d) satisfies the local geometric doubling
condition if for every compact K C €2, there exists 8’ = §’(K) > 0 such that, for all
x € K and all 0 < r’ < r < §’, the number of disjoint d-balls of radius r" contained
in B, (x) is at most a constant €, /,» depending on r/r’ but not on K.

3B. The degenerate Sobolev spaces W,,l,;f (2, Q) and Wvl;f 0(52, 0). We will
define weighted degenerate Sobolev spaces by using an ai)p’roach like the one
in [Sawyer and Wheeden 2010] or [Monticelli et al. 2012] for the unweighted
case. We first define an appropriate space of vectors, including vectors which
will eventually play the role of gradients, where size is measured relative to the
nonnegative quadratic form

0(x.6) =¢'0(x)E (x.§) e QxR"

For 1 < p < oo, consider the collection of measurable R"-valued functions g(x) =
(g1(x), ..., gn(x)) satisfying

1/p
(33 £z, = { [ Q0 2007 2a)

1/p
- { /Q I\/Q(X)é(x)lpdu}

< Q.

We identify any two functions g, /i in the collection for which lg — h 42 (@,0) =0
Then (3-3) defines a norm on the resulting space of equivalence classes. The form-
weighted space Sfﬁ(Q , Q) is defined to be the collection of these equivalence classes,
with norm (3-3). By using methods similar to those in [Sawyer and Wheeden 2010],
it follows that ‘Sgi (€2, Q) is a Hilbert space and 58,12 (€2, Q) is a Banach space for
1 <p<oo.

Now consider the (possibly infinite) norm on Lip;..(£2) defined by

(3-4) 1 e .0 = 1/ o @ + 1V ez 0.0)-

We comment here that our standing assumption that (£) = 0 when Z has Lebesgue
measure 0 assures that | Vf|| #2(2,0) is well-defined if f € Lip,,.(€2); in fact, for
such f, the Rademacher—Stepanov theorem implies that V" exists a.e. in Q with
respect to Lebesgue measure.
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Definition 3.4. Let 1 < p < oc0.

(1) The degenerate Sobolev space WVI,;f (€2, Q) is the completion under the norm
(3-4) of the set

Lin p(Q) = Lin D, v,M(Q) ={/ €Lipoc(€2): ”f”WIP(Q Q)< oo}

(2) The degenerate Sobolev space W VoL, 0(82 Q) is the completion under the
norm (3-4) of the set Lipg , ¢(£2) = Lipy(£2) NLipg ,(€2), where Lip,(£2)
denotes the collection of Lipschitz functions with compact support in 2. If
(ORS Lloc (€2), Lipg, 5 0(€2) = Lipy(£2) since v and u are locally finite.

We now make some comments about W (Q Q), most of which have analogues
for W, ;fO(Q Q). By definition, W,, (Q Q) is the Banach space of equivalence
classes of Cauchy sequences of Lipg ,, (Q) functions with respect to the norm (3-4).
Given a Cauchy sequence { fj} of Lipy_,(€2) functions, denote its equivalence class
by [{fi}] If {v;} € [{f] 4], then {v;} is a Cauchy sequence in LY () and {Vv]} isa
Cauchy sequence in ¥4 (82, Q). Hence there is a pair (f, g) € LE(Q)x %5 w(£2,0)
so that

v = FllLp@ =0 and 1IVy; —&llgp,0 =0

as j — oo. The pair (f, g) is uniquely determined by the equivalence class [{ f;}],
that is, it is independent of a particular {v; } € [{ f; }]. We say that (f, g) is represented
by {vj}. We obtaln a Banach space isomorphism $ from Wv ?(2, 0) onto a closed
subspace °W,, M(SZ Q) of LY(Q) x %4 (82, Q) by setting

(3-5) SUSD = (f.8).

We often do not distinguish between Wv ?(Q, Q) and °W (Q Q). Similarly,
: u,o(Q’ Q) denotes the image of W, 1P O(Q Q) under ¢, but we often consider
these spaces to be the same.

It is important to think of a typical element of W}’% (2, 0), or W, P (R, Q),
as a pair (f, g) as above, and not simply as the first component f. In fact, if
(f.8) € Wll,jﬁ (2, 0), the vector ¢ may not be uniquely determined by f; see
[Fabes et al. 1982, Section 2.1] for a well-known example.

If f €Lipg ,(€2), the pair (f, V) may be viewed as an element of Wvl,;f (2,0)
by identifying it with the equivalence class [{ f'}] corresponding to the sequence each
of whose entries is f. When viewed as a class, ( f, V) generally contains pairs
whose first components are not Lipschitz functions; for example, if f € Lpo »(€2)
and F is any function with F' = f a.e.-v, then (f, Vf) = (F, Vf) in Wv 2(Q,0).
However, in what follows, when we consider a pair (f, V) with f € Lipgy ,(€2),
we do not adopt this point of view. Instead we identify an f € Lipg ,(£2) with
the single pair ( f, Vf) whose first component is f (defined everywhere in €2)
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and whose second component is V', which exists a.e. with respect to Lebesgue
measure by the Rademacher—Stepanov theorem. This convention lets us avoid
assuming that w is absolutely continuous with respect to v, written w < v, in
Poincaré-Sobolev estimates for Lip ,(€2) functions. We reserve the notation
for subsets of Lipg ,(£2) viewed in this way.

On the other hand, W' denotes various subsets of Wvl,;f’ (2, Q) with elements
viewed as equivalence classes. When our hypotheses are phrased in terms of such
W, we assume that w < v in order to avoid technical difficulties associated with
sets of measure 0; see the comment after (3-18). In the Appendix, we drop the
assumption w < v altogether.

We abuse the notation (3-4) by writing

G-0) U/ VD rq.0 = 1/ Lo T 1V e @00 J €Lipg,p(£2),

and we extend this to generic (f, g) € Wvl,’p (2, Q) by writing
(3-7)
I r .00 = I/ L2y + 18152,y for any measurable E C Q.

3C. Global compactness results for degenerate spaces. In this section, we state
and prove compactness results which apply to the entire set 2. Results which are
more local are given in Section 3D.

In order to apply Theorem 1.1 in this setting, we use the following version of
Poincaré’s inequality for d-balls.
Definition 3.5. Let 1 < p < o0, let Lipg ,(£2) be as in Definition 3.4, and let
# C Lipg, ,(§2). We say that the Poincaré property of order p holds for ¥ if there
is a constant ¢y > 1 such that for every € > 0 and every compact set K C €2, there
exists § = 8(e, K) > 0 such that, for all /" € ¥ and every d-ball B,(y) with y € K
and 0 < r <6,

1/p
i _ P
(3-8) ( A o[l dw) = el(/-VDwp 8oy 0.0

Remark 3.6. (i) Inequality (3-8) is not of standard Poincaré form. A more typical
form is

1 pd 1/p
39) ([— B
G (w(B,(y)) Br(y)|f JB 0wl w)

1 1/p
<or(cmo VO 17d)
/’L(BCOV (y)) Bcor(Y)
for some ¢y > 1. In [Sawyer and Wheeden 2006; 2010; Rodney 2007; 2012], the

unweighted version of (3-9) with p = 2 is used. Let p(x, d2) and p(E, 0€2) be as
in (2-2). In [Sawyer and Wheeden 2010], the unweighted form of (3-9) with p =2
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is assumed for all f* € Lipg ,(€2) and all B,(y) with y € 2 and 0 <r <Jop(y, Q)
for some &y € (0, 1) independent of y, r. If K is a compact set in €2, this version
would then hold for all B,(y) with y € K and 0 < r < §pp(K, dS2). For general
p,w, and p, if for every compact K C 2, (3-9) is valid for all B,(y) with y € K
and 0 < r < §pp(K, 3R2), then (3-8) follows easily, provided

. i {7 500
G-10 im {sup o

for every compact K C €2. Note that (3-10) automatically holds if w = .

If both (3-9) and (3-10) hold, then (3-8) is true for any choice of v. In this
situation, one can pick v = w in order to avoid technicalities encountered below
when w is not absolutely continuous with respect to v.

(ii) Especially when 92 is rough, it is simplest to deal only with d-balls B which
stay away from 0€2, that is, which satisfy

3-11) BcCQ.

We can always assume this for the balls in (3-8) if the converse of (3-2) is also true,
namely, if

(3-12) Vx € Qand r > 0, 3s = s(r, x) > 0 such that Bs(x) C D,(x).

To see why, let us first show that given a compact set K and an open set G with
K C G C 9, there exists ¢ > 0 so that B;(y) C G for all y € K. Indeed, for such
K and G, let ' = %p(K, G€). By (3-12), for each x € K, there exists r(x) > 0
such that B, (x)(x) C Dy (x). Further, by (3-2), there exists s(x) > 0 such that
Dy(x)(x) C Br(x)/(2¢)(x), where k is as in (3-1). Since K is compact, we may
choose finite collections { B, /2)(x;i)} and { D, (x;)} with x; € K, r; = r(x;),
si = s(x;), and K C | Dy; (x;) C U By, j(26) (Xi). Now set t = min{r; /(2«)}. Let
» € K and choose i such that y € B, /(2¢)(xi). By (3-1), B:(y) C By, (x;) and,
consequently, B;(y) C Dy (x;). Since Dy(x;) C G, we obtain B;(y) C G for
every y € K, as desired. In particular, B;(y) C  for all y € K. Since the validity
of (3-8) for some § = (e, K) implies its validity for min {§, ¢}, it follows that we
may assume (3-11) for every B, (y) in (3-8) when (3-12) holds. Similarly, since the
constant cq in (3-8) is independent of K, we may also assume that every B, ())
in (3-8) has closure in 2.

(ii1)) We can often slightly weaken the assumption in Definition 3.5 that K is an
arbitrary compact set in 2. For example, in our results where w(2) < oo, it is
generally enough to assume that for each € > 0, there is a particular compact K
with w(Q2 \ K) < € such that (3-8) holds. However, in Section 3D, where we do
not assume w(£2) < oo, it is convenient to keep the hypothesis that K is arbitrary.
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Given a set # C Lipg ,(£2), define
(3-13) H = {f: there exists { //} C # with // — [ ae.-w}.

It will be useful later to note that if ¢ is bounded in LN (2) for some N then
% is also bounded in LN (2) by Fatou’s lemma; in partlcular every [ € 9 then
belongs to LN (£2). See (3-15) for a relationship between 9 and the closure of J¢
in Wvl,,f(Q, Q) in case w K v.

We now state our simplest global result. Its proof is given after Corollary 3.11.

Theorem 3.7. Let the assumptions of Section 3A hold, w(2) < 0o, 1 < p < o0,
1 <N =o00,and # C Lipg ,(S2). Suppose that the Poincaré property of order p
in Definition 3.5 holds for # and that

G149 sl Ny + 1 e + 19/ g, 00} <o
¥4

Then any sequence { f.} C % has a subsequence that converges in LL () norm for
every 1 < g < N to a function belonging to L{X(Q).

Let 3¢ C Lipg, p(Q) and ¥ be as in (3-13). We reserve the notation % for the
closure of # in W1 (€2, Q), that is, for the closure of the collection

V) f ety

with respect to the norm (3-6). Elements of ¥ are viewed as equivalence classes. If
w <L,

(3-15) {f : there exists g such that (f, g) € %} C %.

Indeed, if (f, g) € %, there is a sequence { f/} C ¥ such that (f/,V f/)— (f. g)in
Wvl;f(Q, Q) norm, and consequently f// — f in L (). By using a subsequence,
we may assume that // — f pointwise a.e.-v, and hence, by absolute continuity,
that f/ — f pointwise a.e.-w. This proves (3-15). In fact, it can be verified by
using Egorov’s theorem that

(3-16) {f : there exists {(fj,gj)} C % with /7 — f ae-w}C .
Theorem 3.7 and (3-15) immediately imply the following corollary.

Corollary 3.8. Let the assumptions of Section 3A hold, w(2) < oo, and w <K v.

Letl = p <00, 1 <N =00, # CLipg ,(), and ¥ be the closure of ¥ in
’p (2, Q). Suppose that the Poincaré property of order p in Definition 3.5 holds

for % and that

(3-17) ;up{”], ”LN(Q) + (I, Vf)”WVl,’If(Q,Q)} < 0.

w
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Then any sequence { i} in
{ [ there exists g such that (f, g) € %}

has a subsequence that converges in LY () norm for 1 < q < N to a function that
belongs to Lg(Q),

Remark 3.9. Corollary 3.8 may be thought of as an analogue in the degenerate
setting of the Rellich—-Kondrachov theorem since it contains this classical result as
a special case. To see why, set Q(x) =Idand w = v = it to be Lebesgue measure.
Then, given a bounded sequence {( /g, gk)} c W, ’p(Q) dx dx. 0(©2,0), we
may choose {fk } C Lipy(€2) with (fk , ka ) — (fk gr)in Wwh P(Q) norm. Thus,
setting # = { fk ken, j>J, Where each Ji is chosen sufficiently large to preserve
boundedness, the classical Sobolev inequality gives (3-17) with N =np/(n — p)
for 1 < p < n. The Rellich—Kondrachov theorem now follows from Corollary 3.8.

We next mention analogues of these results when ¥ is replaced by a set
WC WP, 0)

with elements viewed as equivalence classes, assuming that w < v. We then modify
Definition 3.5 by replacing (3-8) with the analogous estimate
(3-18)

1/p
([, 1= Fmrsl? ) el Blsgin o £ AD W,
ry

The assumption w < v guarantees that the left side of (3-18) does not change when
the first component of a pair is arbitrarily altered in a set of v-measure zero.

If Poincaré’s inequality is known to hold for subsets of Lipschitz functions in the
form (3-8), it can often be extended by approximation to the similar form (3-18) for
subsets of W (Q Q). Indeed, let us show without using weak convergence that
if w < v and the Radon—leodym derivative dw/dv € LP Q). 1/p+1/p =1,
then (3-18) holds with W' = (Q Q) if (3-8) holds w1th # =Lipg ,(€2). This
follows easily from Fatou’s lemma since if ( f, g) € Wv ?(2, Q) and we choose
{/j} CLipg ,() with (f;,Vf;) = (f. &) in W, ,’p(Q Q) then, for any ball B,
since f; — fin L7 (), we have

1 dw 1 dw
(fj)B’w:m/};fj%dv_)m/]gfﬁdv:f&w.

Of course we may also assume that f; — f a.e.-w by selecting a subsequence of
{/;} which converges to f a.e.-v. The same argument shows that if (3-18) holds for
all pairs in any set W' C Wv ?(Q, Q). then it also holds for pairs in the closure W of
W in Wv1 ,f (€2, Q). Moreover, if all balls B in question satlsfy B C Q (cf. (3-11)),

the assumption can clearly be weakened to dw/dv € LU 1OC(SZ) As we observed in
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Remark 3.6(ii), the balls in (3-8) can be assumed to satisfy (3-11) provided (3-12)
is true.

Analogues of Theorem 3.7 and Corollary 3.8 for a set W C Wvl,;f (2, Q) are
given in the next result, which also includes the Rellich-Kondrachov theorem as a
special case.

Theorem 3.10. Let the assumptions of Section 3A hold, w(2) < oo, and w <K v.
Let1 < p<oo,1 <N <o00,andW C Wvl,;f (2, Q). Suppose that the Poincaré
property in Definition 3.5 holds, but in the modified form given in (3-18), and that

(3-19) sup {1 Sl @) + I/ g o) < 00
. (f.B)ew v (2,0)
et

°w={f: there exists {(fj,gj)}CWwith 17— fae—w).

Then any sequence in W has a subsequence that converges in LY (Q) norm for
every 1 < g < N to a function belonging to L]u\)’ (R2). In particular, if W denotes the
closure of W in Wvls;f (2, Q), the same is true for any sequence in

{f: there exists g such that (f,g) € W}.

As a corollary, we obtain a result for arbitrary sequences {( fx, gx)} which are
bounded in Wv{;f’(Q, Q) and whose first components { f; } are bounded in Lg (2).

Corollary 3.11. Let the assumptions of Section 3A hold, w(R2) < oo, w K v,
l<p<oo,andl < N =< oc. Suppose that the Poincaré property in Definition 3.5
holds for all of Wv{;f (2, Q), that is, Definition 3.5 holds with (3-8) replaced by
(3-18) for W = Wvl,;f(Q, Q). Then if {(fi.gx)} is any sequence in Wvl,;f (2,0)
such that R

supll il ey + 1k 800y, 0) <

there is a subsequence of { fi} that converges in LL () normfor1 <q <N toa
function belonging to LY (Q). If in addition dw/dv € LY (Q),1/p+1/p’ =1,
the conclusion remains valid if the Poincaré property holds just for Lipg ,(S2).

In fact, the first conclusion in Corollary 3.11 follows by applying Theorem 3.10
with W chosen to be the specific sequence {( fx. €k)}x in question, and the second
statement follows from the first one and our observation above that (3-18) holds
with W = W,52(Q, Q) if dw/dv € LE(Q),1/p +1/p' = 1, and if (3-8) holds
with % = Lipg ,(£2).

Proofs of Theorems 3.7 and 3.10. We will concentrate on the proof of Theorem 3.7.

The proof of Theorem 3.10 is similar and omitted. We begin with a useful covering
lemma.
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Lemma 3.12. Let the assumptions of Section 3A hold and let w(2) < co. Fix
p €[1,00) and a set # C Lipg ,(€2). Suppose the Poincaré property of order p
in Definition 3.5 holds for ¥, and let k be as in (3-1) and cy be as in (3-8). Then,
for every € > 0, there are positive constants v = r(€,k,co), M = M(k, cy), and a
finite collection { By (yi)} of d-balls, such that

(3200 w(@\UB(w) <
k
(3-21) % XBoy, () () =M forall x € 2,
(3-22) I/ = fBr(yk),w”Lg)(B,(yk)) =€ll(/f. Vf)”Wul,}f(BcOr(yk),Q)

forall f € ¥ and all k. Note that M is independent of €.

Proof. We first recall the “swallowing” property of d-balls: there is a constant y > 1
depending only on « such thatif x,y € Q, 0 <ry <r, <ooand B, (x)NB,,(y) # 2,
then

(3-23) By (x) C Byr,(y).

Indeed, by [Chua and Wheeden 2008, Observation 2.1], y can be chosen to be
K+ 22,

Fix € > 0. Since w(2) < oo, there is a compact set K C  with w(Q2\ K) <e.
Let 8’ = 6'(¢) be as in Definition 3.3 for K, and let § = §(¢) be as in (3-8). Fix r with
0 <r <min{s, 8’/ (coy)} where g is as in (3-8). For each x € K, use (3-2) to pick
s(x,r) > 0 so that Dy(x,,)(x) C B/, (x). Since K is compact, there are finitely
many points {x;} in K such that K C [ i Byjy(xj). Choose a maximal pairwise
disjoint subcollection {B,/, (yx)} of {B,/,(x;)}. We show that the collection
{Br(yr)} satisfies (3-20)—(3-22).

To verify (3-20), it is enough to show that K C | J; B, (k). Let y € K. Then
Y € B,y (x;) for some x;. If x; = yy for some yy then y € B, (yx). If x; # yy for
all yy, there exists y; such that B/, (y;)N B,/ (x;) # @. Then B, (x;) C B (y;)
by (3-23), and so y € B, (y;). In either case, we obtain y € | J; B, (yx) as desired.

To verify (3-21), suppose that {k,-}l.L:1 satisfies ﬂ,-Llecor(yk,-) # &. Then, by

(3-23), Beyr(Vk;) C Beyyr(yi,) for 1 <i < L. Since y, ¢o > 1, we have

Br/y(yk) C Bcor(yk)

for all k, and consequently

U By 0k;) €U Beor (Wk;) € Begyr (k,)-

By construction, {B,, (yx)} is pairwise disjoint in k. Since 0 < r/y <coyr <4’,
the corresponding constant € in the definition of geometric doubling depends only
on (coyr)/(r/y) = coy?, that is, € depends only on k and c¢q. Choosing M to be
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this constant, we obtain that L < M as desired. The same argument shows that the
collection { B¢, (yx)} has the stronger bounded intercept property with the same
bound M, that is, any ball in the collection intersects at most M — 1 others.

Finally, let us verify (3-22). Recall that 0 < r < § by construction. Hence (3-8)
implies that for each k and all f € ¥,

(3’24) ”f - jBr r)sw ”Lﬁ,(Br k) = E”(f’ Vf)”Wvl.}f(BcOr(J/k)sQ) . U

We deduce the proof of Theorem 3.7 from Theorem 1.1 by choosing ¥(£2) =
LY (Q) x £5(2, Q) and considering the product space

Bz = LY (Q) x (L2 (Q) x LE(2. 0)).
We always choose X to be the Lebesgue measurable subsets of 2 and
Yo ={Br(x):r>0,x € Q}.

Note that Z(£2) and By (q) are normed linear spaces (even Banach spaces), and
the norm in B (@) is

(3-25) 12, (DN aer = Wl @) + 1 L) + 18220, 0)-
The roles of g and (f, g) in Section 1 are now played by ( f, g) and (A, (f, g))
respectively.

Let us verify properties (A) and (B) in Section 1 with #(2) and X chosen as
above. To verify (A), fix B € X and (f, g) € #(R2). Clearly fx, € L% () since
f e LP(Q). Also,

| @rp Q) de= [ @002 d
= [ (@'0w du <cc.
Q
Thus (/. g)xz € #($2) and property (A) is proved.

To verify (Bp), let { B;} be a finite collection of d-balls satisfying ) _; X, x)=<C,
for all x € Q. Then if (f, g) € (),

S D, 1y = 3o Kp, I + 183, 0, 00)”
7 [
<2271 3 (1 f xg, 120 + 1€, ”55(9’@)
l

_or-t [ pp 5/03)7/2
2 /Qlfl (;xB,)var/Q(gQg) (;XB,)G'M

< 2P—1C1 (”f”iﬁ(ﬂ) + ||§||§ﬁ(Q’Q)) =< 2PC1 “(fv g)”é(ﬂ)



A COMPACT EMBEDDING THEOREM FOR GENERALIZED SOBOLEV SPACES 43

This verifies (B,) with C, chosen to be 27C;.
The proof of Theorem 3.7 is now very simple. Let ¥ satisfy its hypotheses and
choose & in Theorem 1.1 to be the set

=LV f ety

Note that & is a bounded subset of By (o) by hypothesis (3-14). Next, in or-
der to choose the pairs { E£;, F;}; and verify conditions (i)—(iii) of Theorem 1.1
(see (1-3) and (1-4)), we appeal to Lemma 3.12. Given € > 0, let {E;, F;}; =
{Br(¥k), Beor (Vi) }k where {yr} and r are as in Lemma 3.12. Then E;, Fj € Xy,
and conditions (i)—(iii) of Theorem 1.1 are guaranteed by Lemma 3.12. Finally, by
noting that the set % defined in (3-13) is the same as the set & defined in (1-5), the
conclusion of Theorem 3.7 follows from Theorem 1.1. O

For special domains €2 and special choices of N, the boundedness assumption
(3-14) (or (3-17)) can be weakened to

(3-26)  suptl| [l ro) T IV llgr y=sup [(/s V)l < 00.
e L2(Q) *2(Q,0) Fex W, 2 (2,0)

This is clearly the case for any €2 and N for which there exists a global Sobolev—
Poincaré estimate that bounds || /| LN (@) by

I/ VD lwr .0

for all f € #. We now formalize this situation assuming that w < v. In the
Appendix, we consider a case when w < v fails.

The form of the global Sobolev—Poincaré estimate we will use is given in the
next definition. It guarantees that (3-14) and (3-26) are the same when N = po.

Definition 3.13. Let | < p < oo and # C Lipg ,(€2). Then the global Sobolev
property of order p holds for ¥ if there are constants C > 0 and o > 1 such that

G2 W g S CIC VN pipq. g forall £ €t

If w < v, (3-27) extends to (f,g) € #. In fact, let (f,g) € % and choose

{fi} C ¥ with (fj,Vfj)— (f.g)in W,,l’;f(Q, Q). Then f; — f in LY () norm,
and by choosing a subsequence we may assume that f; — f a.e.-v. Hence f; — f
a.e.-w because w <K v. Since each f; satisfies (3-27), it follows that

(3-28) 1 lze @) = CI Dpipg.o) i (/.8) €.
Under the same assumptions, namely, that Definition 3.13 holds for a set

% C Lipg, ()
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and that w < v, the same sequence { f;} as above is also bounded in L (€2) norm
and so satisfies (fj) g,w — fE,w for measurable E by the same weak convergence
argument given after the statement of Theorem 1.1. Hence the Poincaré estimate in
Definition 3.5 also extends to ¥ in the same form as (3-18), with W replaced by %,
that is,

1/p _
329 (/Br(w'f_fB’(y)’w'P dw) =€l D2 (5eyr 1.0 1B €

Hence we immediately obtain the next result by choosing W = # and N = po in
Theorem 3.10.

Theorem 3.14. Let the assumptions of Section 3A hold, w(2) < oo, and w <K v.
Fix p €[1,00) and a set 3 C Lipg ,(S2). Suppose the Poincaré and global Sobolev
properties of order p in Definitions 3.5 and 3.13 hold for ¥, and let o be as in
(3-27). If {( fx. 8k)} is a sequence in ¥ with

(3-30) sup 1 g0 (@, 0) < 00

then { fi} has a subsequence which converges in LL(Q) for 1 < q < po, and the
limit of the subsequence belongs to LE (Q).

A result for the entire space Wvl,;f’ (€2, Q) follows by choosing # = Lipg ,(£2)
in Theorem 3.14 or Corollary 3.8:

Corollary 3.15. Suppose the hypotheses of Theorem 3.14 hold with # =Lip g ,(£2).
If {(fr.8r)} C Wv{;f(Q, Q) and (3-30) is true, { fr} has a subsequence which
converges in LY(Q) for 1 < q < po, and the limit of the subsequence belongs to
L ().

See the Appendix for analogues of Theorem 3.14 and Corollary 3.15 without
the assumption w < v.

3D. Local compactness results for degenerate spaces. In this section, for general
bounded open sets Q' with Q' C Q, we study compact embedding of subsets of
Wvl,’p (2, Q) into L (') without assuming a global Sobolev estimate for £ or
Q' and without assuming w(£2) < oco. For some applications, see the comment at
the end of the section.

The theorems below assume a much weaker condition than the global Sobolev
estimate (3-27), namely, the following local estimate.

Definition 3.16. Let 1 < p < co. We say that the local Sobolev property of order
p holds if, for some fixed constant ¢ > 1 and every compact set K C €2, there is a
constant r; > 0 such that, for all d-balls B = B,(y) with y € K and 0 <r < ry,

(31 1/ ge )y SCAONLINN1p .0 i fELIpo(R) with supp £ C B,
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where C(B) is a positive constant independent of f.

Remark 3.17. (i) A more standard assumption than (3-31) is a normalized inequal-
ity that includes a factor r in the gradient term on the right side:

1/(po)
/1P dw)

1 1/p 1 \/_ 1/p

<C|—— |f|pdv) +Cr(— | QVf|de) ,
(V(Br () JB,(» w(Br(»)) JB, ()

with C independent of r, y; see, for example, [Sawyer and Wheeden 2006; Rodney

2007; 2012] in the unweighted case with p = 2. Clearly (3-32) is a stronger

requirement than (3-31).

5-32) (w(Br o .0

(i1) In the classical n-dimensional elliptic case for linear second order equations
in divergence form, Q satisfies c|£|? < Q(x, &) < C|£|? for some fixed constants
¢, C >0 and d is the standard Euclidean metric d (x, y) = |x—y|. For I < p <n and
o=n/(n—p), (3-31) then holds with dw = dv = du = dx since the corresponding
version of (3-32) is true with |\/§Vf| replaced by |V f].

We also use a notion of Lipschitz cutoff functions on d-balls:

Definition 3.18. For s > 1, we say that the cutoff property of order s holds for n
if, for each compact K C €2, there exists § = §(K) > 0 such that, for every d-ball
B, (y) with y € K and 0 < r < §, there is a function ¢ € Lip,(£2) and a constant

Yy =y (y.r) € (0,r) satisfying

(i) 0<¢=<1inQ,

(ii) suppp C B,(y) and ¢ = 1 in By, (),
(i) Vo € £5,(2. Q).

Since u is always assumed to be locally finite, the strongest form of Definition 3.18,
namely, the version with s = co, automatically holds if Q is locally bounded in €2
and (3-12) is true; recall that we always assume (3-2). To see why, fix a compact
set K C Q and consider B,(y) with y € K and r < 1. Use (3-2) to choose open
Euclidean balls D', D with common center y such that D’ C D C B,(y) (C Q
by definition). Construct a smooth function ¢ in 2 with support in D such that
0<¢ <land¢ =1on D'. By (3-12), there is y > 0 such that B, (y) C D’. Then
¢ satisfies Definition 3.18(i)—(iii) with s = oo; for (iii), we use the fact that V¢ has
compact support in €2 together with local boundedness of Q and local finiteness of u.

To compensate for the lack of a global Sobolev estimate, given # C Lipg ,(£2),
we assume in conjunction with the cutoff property of some order s > po’ that, for
every compact set K C 2, there exists § = §(K) > 0 such that, for every d-ball B
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with center in K and radius less than &, there is a constant C; (B) such that
(33 Wl OB Dlyrrg o) if €,

where t =s/p and 1/t + 1/t' = 1. Note that | <¢' <o since s > po’.

Remark 3.19. Inequality (3-33) is different in nature from (3-31) even if ¢’ = o
and w = u since there is a restriction on supports in (3-31) but not in (3-33).
However, (3-33) implies (3-31) when s = po’, w = p, and ¥ contains all functions
in Lip,(€2) with support in any ball. On the other hand, (3-33) is often automatic
if u = v. For example, as mentioned earlier, if Q is locally bounded and (3-12) is
true, the cutoff property holds with s = oo, giving t = 0o and ¢’ = 1. In this case,
when p = v, the left side of (3-33) is clearly smaller than the right side (in fact
smaller than || /'{| 1 q))-

We can now state our main local result.

Theorem 3.20. Let the assumptions of Section 3A and condition (3-12) hold, and
let w K v. Fix p € [1,00) and suppose the Poincaré property of order p in
Definition 3.5 holds for a fixed set 3 C Lipg ,(S2) and the local Sobolev property
of order p in Definition 3.16 holds. Assume the cutoff property of some order
s > po’ is true for |, with o as in (3-31), and that (3-33) holds for ¥ witht = s/ p.
Then, for every {(fi. 8k)} C % that is bounded in Wv{;f(Q, Q) norm, there is a
subsequence { fi.} of { fr} and an [ € Lii’loc(Q) such that fi, — [ pointwise
a.e.-w in Q and in LL(Q') norm for all 1 < q < po and every bounded open Q'
with Q' C Q.

See the Appendix for a version of Theorem 3.20 without assuming w < v.
Recall that % = Wvl,;f(Q, Q) if # = Lipg ,(€2). In the important case when
0 € L(R2), Theorem 3.20 and Remark 3.19 immediately imply the next result.

loc
Corollary 3.21. Let Q be locally bounded in 2 and suppose that (3-12) holds. Fix
p €1, 00), and with w = v = [, assume the Poincaré property of order p holds
for Lipg , (R2) and the local Sobolev property of order p holds. Then, for every
bounded sequence {( fi., gx)} C W,},;i(sz, Q), there is a subsequence { fi, } of { fi}
and a function f € Lgfloc(Q) such that fy, — [ pointwise a.e.-w in Q and in

LI(Q) norm, 1 < q < po, for every bounded open Q' with Q' C Q.

Proof of Theorem 3.20. We begin by using the cutoff property in Definition 3.18 to
construct a partition of unity relative to d-balls and compact subsets of 2.

Lemma 3.22. Fix Q and s > 1, and suppose the cutoff property of order s holds
for n. If K is a compact subset of Q2 and r > 0, there is a finite collection of
d-balls { B, (yj)} with y; € K together with functions {\/;} in Lipy(S2) such that
supp ¥ C By (y;) and
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() KCUj Br(yj),
(b) 0=y < 1inQ foreach jand }_; yj(x)=1forall x € K,

(c) Vyj € £(2, Q) for each j.

Proof. The argument is an adaptation of one in [Rudin 1987] for the usual Euclidean
case. The authors thank D. D. Monticelli for related discussions. Fix r > 0 and a
compact set K C 2, and set § = min{é/2, r} for 6 = §(K) as in Definition 3.18.
Since B < 6, Definition 3.18 implies that, for each y € K, there exist y(y) € (0, )
and ¢y (x) € Lipy(£2) such that 0 < ¢, < 1 in Q, supp¢y C Bg(y)), ¢y =1 in
By (y)(y) and Vo, € &) (€2, Q). The collection {B),(,)(y)}yek covers K, so by
(3-2) and the compactness of K, there is a finite subcollection {B),(y].)(yj)};.”:1
whose union covers K. Part (a) follows since y(y;) < r. Next let ¢; (x) = ¢y, (x)
and define {y/; };" , as follows: set ¥; = ¢ and

Vi=0—=¢1)-(1—=9¢j—1)p;

for j =2,...,m. Then each v; € Lipy(2), and supp ¢; C B,(y;) since B <r.
Also, 0 <y <1in £ and

m

ij(x): 1— H(1—¢j(X)), xeQ.
j=1

j=1

If x € K, x € By(y;)(y;) for some j. Hence some ¢;(x) = 1 and consequently
> iV (x) = 1. This proves part (b). Lastly, we use Leibniz’s product rule to
compute Vy/; and then apply Minkowski’s inequality ;j times to obtain part (c)
from the fact that Vg; € &j (€2, Q). O

The next lemma shows how the local Sobolev estimate (3-31) and Lemma 3.22
lead to a local analogue of the global Sobolev estimate (3-27).

Lemma 3.23. Let Q' be a bounded open set with Q' C Q. Suppose that both
Definition 3.16 and the cutoff property for | of some order s > po’ hold, and also
that (3-33) holds with t = s/ p for a fixed set # C Lip,,.(2). Then there is a finite
constant C (") such that

G349 W@ SCEONE T Nyirq.e §1E%

Proof. Let r; be as in Definition 3.16 relative to the compact set Q' C €, and let §
be as in (3-33). Use Lemma 3.22 to cover 2’ by the union of a finite number of
d-balls { Bj} each of radius smaller than min{r;, d}. Associated with this cover is
a collection {; } C Lipy(2) with supp¢; C Bj, > ; ¥ = 1in @', and

VY € £5,(Q.0).
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If f € ¥, then

= Wi flipee(s))-

Ly’ (20 ; ! w ()

Since v f* € Lipy(£2) and supp(yj /) C Bj, the estimate (3-31) and the product
rule give

(3-36) v fllLro(m))
< CBINW LYW MNr a0
= CB)(IVj flo sy + 1VOV W MLz s
= CB)(I¥) fecs,) + v @Vflng(Bj) +1/VOoVy; Lz (8;))
< CB)USL VN1 @0+ 1/ VOVYi L2 ()-

where we have used |/j| < 1. We estimate the second term on the right of (3-36)
by using (3-33). Recall thatt =s/p > ¢’ and 1/t + 1/t = 1. Let

C = max IV OVY;llLy B))-

(3-35) 1/ Lo @ = Hf > v
J

By Holder’s inequality and (3-33),

- 1SV OVYi gy = 1S p g, IV OV ILs, By
Combining this with (3-36) gives
15/ g gy = CBN(1+ CCBIIL N tr 000

By (3-35), for any f € ¥,

1/ Lz @y < IV e .0y 2 CBN(1+CCi(B))
J

= CE@OMNL VDN @.0) -

Theorem 3.20 follows from Lemma 3.23 and Theorem 1.4. We sketch the proof,
omitting some familiar details. By choosing a sequence of compact sets increasing
to 2 and using a diagonalization argument, it is enough to prove the conclusion
for a fixed open ©’ with compact closure €’ in Q. Fix such an ' and select a
bounded open Q" with Q' C Q” C Q” C Q. For ¥ as in Theorem 3.20, apply
Lemma 3.23 to the set Q" to obtain

G38) WS legren < COMLINyirq.0r [ €%
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By assumption, w < v, so (3-38) extends to % in the form
(3-39) 1 lzze@n S C@IIN-Dlypp.gp (-8 X

Let € > 0. By hypothesis, € satisfies the Poincaré estimate (3-8) for balls B, ())
with y € Q' and r < (e, Q'). Since the Euclidean distance between Q' and 0Q” is
positive and we have assumed (3-12), we may also assume by Remark 3.6(ii) that
all such balls lie in the larger set ”. Next we claim that (3-8) extends to ¥, that
is,

1/p
- — p o i o i
40 ([ 1=Trul?dn) <l Dy gs, 0 1 ADER

for the same class of balls B, (). In fact, if (f,g) € # and { f/} C ¥ satisfies
(f/,Vfiy—(f. g)in WJJ{’(Q , Q) norm, then there is a subsequence, still denoted
{f7}, with f/ — f a.e.-vin , and so with f/ — f a.e.-w in Q since w < v.
By (3-38), { f/} is bounded in L2 (Q2"). Hence, since the balls in (3-40) satisfy
B,(y) C Q”, we obtain fér aw JB,(»),w by our usual weak convergence
argument, and (3-40) follows by Fatou’s lemma from its analogue (3-8) for the
(/7. Vf7).

Now let {( fx, gx)} C % be bounded in Wvl,;f (€2, Q) norm and apply Theorem 1.4
with £(Q) = LY (Q) x £4,(R, Q) to the set ¥ defined by

F ={(fi- frc-8K)) k-

and with {(E}, F})}; chosen to be a finite number of pairs {(B,(y1), Beor (¥1)}i
as in (3-40), but now with r fixed depending on €, and with Q" C | J; B, (7). Such
a finite choice exists by (3-2) and the Heine—Borel theorem since Q' is compact;
cf. the proof of Lemma 3.12. Since Q' is completely covered by | J; E 7> assumption
(i) of Theorem 1.4 is fulfilled. Moreover, the collection { F} has bounded overlaps
uniformly in € by the geometric doubling argument used to prove Lemma 3.12.
Finally, (1-15) follows from (3-39) applied to the bounded sequence {( /%, gx)}
since | J; o £] C . Thus Theorem 1.4 implies that there is a subsequence { f; } of
{f%} and a function f € L}’ (') such that f;, — f a.e-w in Q" and in L, (Q)
norm, 1 < g < po. This completes the proof of Theorem 3.20. O

For functions which are compactly supported in a fixed bounded open €’ with
Q' C Q, the proof of Theorem 3.20 can be modified to yield compact embedding
into LI (Q) for the same Q' without assuming (3-12). Of course we always require
(3-2). Given such ' and a set % C Lipg p.o (27), we may view ¥ as a subset of
Lipgy ,.0(82) simply by extending functions in 3 to all of Q as 0 in Q \ Q’. In
this way, the proof of Theorem 3.20 works without (3-12). For example, choosing
9 =Lipg, p,0(S2'), we obtain:
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Theorem 3.24. Let the assumptions of Section 3A hold and w < v. Let Q' be
a bounded open set with Q' C Q. Fix p € [1,00) and suppose the Poincaré
property of order p in Definition 3.5 holds for Lipg_, o(2'), with Lipg , o(")
viewed as a subset of Lipg , o(2) using extension by 0, and suppose the local
Sobolev property of order p in Definition 3.16 holds. Assume the cutoff property
of some order s > po’ is true for , with o as in (3-31), and that (3-33) holds for
Lipg, .0(2') witht = s/ p. Then, for every sequence {( fx, gx)} C Wv{iO(Q’, 0)
which is bounded in WVI’;f (', Q) norm, there is a subsequence { fy, } of { fi} and
a function f € LY (Q') such that fy, — [ pointwise a.e.-w in Q' and in L3,(Q')
norm, 1 < q < po.

The full force of the local Sobolev estimate in Definition 3.16 is not needed to
prove Theorem 3.24. In fact, it is enough to assume that (3-31) holds only for balls
centered in the fixed compact set .

The proof of Theorem 3.24 is like that of Theorem 3.20, working with the
set Q that occurs in the hypotheses of Theorem 3.24. However, now (3-34) in
the conclusion of Lemma 3.23 (with % = Lipg , o(R')) remains valid if Q’ is
replaced on the left side by 2 since every f € Lipg, p,O(Q/ ) vanishes on Q \ €'.
The resulting estimate serves as a replacement for (3-38), so it is not necessary
to demand that the Ef are subsets of a compact set Q” C Q. Hence (3-12) is no
longer required. Finally, the Poincaré estimate extends as usual to Wvl,iO(Q’ ,0)
(the closure of Lipg , ¢(€2)), and due to support considerations, the E} can be
restricted to subsets of Q' by replacing E7 by E} NQ'; this guarantees w(E}) < oo
since w is locally finite by hypothesis.

Recalling the comments immediately after Definition 3.18 and in Remark 3.19,
we obtain a useful special case of Theorem 3.24:

Corollary 3.25. Let the assumptions of Section 3A hold, Q and Q be bounded, w =
v =, and (3-12) be true. Let Q' be an open set with Q' C Q. Fix p €[1, 00) and
suppose the Poincaré property of order p in Definition 3.5 holds for Lin’p’o(Q')
and the local Sobolev property of order p in Definition 3.16 holds. Then, for
every {(fx. €x)} C Wu{;ﬁo (R, Q) which is bounded in W,,l,;f(Q, Q) norm, there
is a subsequence { fi, } of { fi} and a function f € L2°(Q) such that S, = f
pointwise a.e.-w in Q' and in LY (Q') norm, 1 < ¢ < po.

In the case where p = 2 and all measures are Lebesgue measure, Corollary 3.25
is used in [Rodney 2007; 2012] to show the existence of weak solutions to Dirichlet
problems for some linear subelliptic equations. It is also used in [Rodney 2010]
to derive the following global Sobolev inequality from the local estimate (3-32),
where Q' is open and Q' C Q:

1/2
(3-41) 120 @) = C(fg VoV dx) .
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4. Precompact subsets of LYV in a quasimetric space

In this section, we consider the situation of an open set 2 in a topological space
X when X is also endowed with a quasimetric d. As there is no easy way to
define Sobolev spaces on general quasimetric spaces, this section concentrates on
establishing a simple criterion not directly related to Sobolev spaces ensuring that
bounded subsets of Lg () are precompact in L () when 1 <¢ < N < oo.

We begin by further describing the setting for our result. The topology on X is
expressed in terms of a fixed collection I of subsets of X which may not be related
to the quasimetric d. Thus when we say that a set 0 C X is open, we mean that
0 € J. Given an open 2, we assume the following:

(i) Vxe X and r > 0, the d-ball B,(x) ={y € X :d(x,y) <r}is aBorel set.
(i) Vx € X and r > 0, there is an open set O such that x € 0 C B, (x).
(iii) If X # Q, then Vx € Q, d(x, Q°) = inf{d(x, y) : y € Q¢} > 0.

Property (ii) serves as a substitute for (3-2).
Unlike the situation in Section 3, d-balls centered in €2 may not be subsets of 2
unless X = Q. However, we note the following fact.

Remark 4.1. Properties (ii) and (iii) guarantee that for any compact set K C €2,
there exists ¢(K) > 0 such that B,(x) C Q if x € K and r < &(K). In fact, first
note that for any x € €2, (iii) implies that the d-ball B(x) with center x and radius
ry =d(x,R2°)/(2k) lies in Q. If K is a compact set in €2, (ii) shows that K can be
covered by a finite number of such balls { B(x;)}. With ¢(K) chosen to be a suitably
small multiple (depending on k) of min{ry; }, the remark then follows easily from
the swallowing property of d-balls.

Further, we assume that (€2, d) satisfies the local geometric doubling condition
in Definition 3.3, that is, for each compact set K C €2, there exists §'(K) > 0 such
that, for all x € K and all 0 < r’ < r < §’(K), the number of disjoint d-balls of
common radius 7" contained in B, (x) is at most a constant €, ,, depending on
r/r" but not on K. We will choose §'(K) < &(K).

With this framework in force, we now state the main result of the section.

Theorem 4.2. Let Q C X be as above, and let w be a finite Borel measure on €2
such that, given any € > 0, there is a compact set K C Q with w(2\ K) < €. Let
l<p<ooandl < N < o0, and suppose & C Lg(Q) has the property that, for
any compact set K C 2, there exists §g > 0 such that
(4-1)

I/ = fBwlre gy =b(f.B) if f€Fand B= B,(x),x € K,0<r <k,

where b( f, B) is a nonnegative ball set function. Furthermore, suppose there is a
constant co > 1 such that for every € > 0 and every compact set K C 2, there exists
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8¢,k > 0 such that

4-2) Zb(f, B)? <& forall f€¥

BeF

for every finite family F = { B} of d-balls centered in K with common radius less
than SE, Kk for which {co B} is a pairwise disjoint family of subsets of Q2. Then any
sequence in & that is bounded in L]u\f (2) has a subsequence that converges in
LI(Q) for 1 <q < N to a function in L{X(Q).

Proof. Let € > 0 and choose a compact set K C Q with w(Q2 \ K) < €. Next, for
co = 1, as in the proof of Lemma 3.12, there is a positive constant r = r (¢, K, cp) <
min{dg, SE,K, 8'(K),e(K)/(yco)} (see (4-1),(4-2), Definition 3.3 and Remark 4.1),
where y = k + 2«? with « as in (3-1), and a finite family { B, (yx)}x of d-balls
centered in K satisfying K C | J; Br(yx) and whose dilates { B¢, (k) }x lie in 2
and have the bounded intercept property (with intercept constant M independent
of €). Since {B¢,r(yr)}x has bounded intercepts with bound M, it can be written
as the union of at most M families of disjoint d-balls; see, for example, the proof
of [Chua and Wheeden 2008, Lemma 2.5]. By (4-2), we conclude that

Y b B () < Me.
k

Theorem 4.2 follows then immediately from Theorem 1.2; see also Remark 1.3(1).
O

As an application of Theorem 4.2 we present a version of [Hajtasz and Koskela
2000, Theorem 8.1] in the case p > 1. Our version improves the one in [Hajtasz and
Koskela 2000] by allowing two different measures and by relaxing the assumptions
made about embedding and doubling. Furthermore, while the analogue in [Hajtasz
and Koskela 2000] of our (4-3) uses only the L,IU(B) norm on the left side, it
automatically self-improves to the L% (B) norm due to the doubling assumption,
with a further fixed enlargement of the ball cq B on the right side; see, for example,
[Hajtasz and Koskela 2000, Theorem 5.1].

Corollary 4.3. Let X,d, 2, w be as above, and let |1 be a Borel measure on Q.
Fix1<p<oo,1 <N <o00,andcy > 1. Consider a sequence of pairs

(i g0)} € Ly (Q) x LE(Q)
such that, for any compact set K C 2, there exists Sk > 0 with
(4-3) /i = (D) BwllLz 8y < ax(B)&ill L2 (o B)

for all i and all d-balls B centered in K with coB C Q and r(B) < Sk, where
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ax(B) is a nonnegative ball set function satisfying

(4-4) limsup{sup a«(B,(y))} = 0.
r—0 yek

Then if { f;} and {g;} are bounded in LIIX(Q) and Lﬁ(Q), respectively, { f;} has

a subsequence converging in LY (Q) for 1 < g < N to a function belonging to

LY ().

Proof. Given € > (0 and compact set K C €2, use (4-4) to choose ry > 0 such
that a«(By) < €/B for any d-ball B, centered in K with r < ry, where 8 =
sup; ||gi||Lﬁ(Q) < o0. In Theorem 4.2, choose ¥ = { f;}, x = 8k, b(fi, B) =
ax(B)|gill Lz, B)- and

8e.x = min{Sg, 8'(K), o, e(K)/co}.

If B is a d-ball with center in K and r(B) < SG,K, then co B C 2. Hence

BXGOjf(a*(B)ugi ILseo)” < €”l8ill]p )/ BY < €

for every & as in Theorem 4.2. The conclusion now follows from Theorem 4.2. [

Remark 4.4. (1) The g; in (4-3) are usually the modulus of a fixed derivative of
the corresponding f;, such as |Vf;| when X is a Riemannian manifold. More
generally, g; may be the upper gradient of f; (see [Heinonen 2001] for the
definition).

(2) Theorem 4.2 can also be used to obtain an extension of Theorem 2.4 to s-John
domains in quasimetric spaces; see [Chua and Wheeden 2011, Theorem 1.6].

Appendix

We briefly consider analogues of Theorem 3.14, Corollary 3.15, and Theorem 3.20
without assuming w < v, but adding the assumption that 3 is linear. In this
case, (3-27) can be extended by continuity to obtain a bounded linear map from
% into LE°(Q). Here, as always, % denotes the closure of {(f,Vf): f € %}
in Wvl,;f (€2, Q). However, when w < v fails, there is no natural way to obtain
the extension for every ( f, g) € # keeping the same f on the left side. In fact,
let (f.8) € % and choose {f;} C 9 with (fj.Vf;) — (f.) in W, 2 (R, Q).
Linearity of € allows us to apply (3-27) to differences of the f; and conclude that
{/;} is a Cauchy sequence in L7 (Q). Therefore Ji— f*in L7 () for some
f*e LE’(Q), and

1 1257 @) = I Dlpipg. (8 R
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The function f* is determined by (f, g), that is, f™* is independent of the par-
ticular sequence { fj} C # above. Indeed, if { fj} is another sequence in # with
(f;i,Vfi) = (f, &) in WP (2, 0), and if fj — f* in LE7 (), then, by (3-27)
and linearity of #,

175 = fillge @y < CICT = 1.V i = Vil pi.0) = O

Consequently || f~ *— L2 () = 0. Thus (f, g) determines f™* uniquely as an
element of L5’ (Q). Define a mapping

(A-1) T:%— LE°(Q) by setting T(f,g) = f*.

Note that ¥ is a linear set in Wvl,}f (€2, Q) since ¥ is linear, and that 7" is a bounded
linear map from % into L2 (2). Also note that 7T satisfies T'(f, Vf) = f when
restricted to those ( f, V') with f € . Furthermore, if w < v, then T'(f,g) = f
for all (f,g) € %, thatis, f* = f a.e.-w for all (f,g) € %. This follows since
fi — fin LY(Q) norm and f; — f* in LL (Q2) norm. In this appendix, where
it is not assumed that w < v, f* plays a main role. One can find a function / such
that 7 = f™* a.e.-w and & = f a.e.-v, but as this fact is not needed, we omit its
proof.
An analogue of Theorem 3.14 is given in the next result.

Theorem A.1. Let all the assumptions of Theorem 3.14 hold except that now the
set ¥ is linear and we do not assume w < v. Then the map T : # — LL(Q)
defined in (A-1) is compact if 1 < q < po. Equivalently, if {( fx.gk)} is a sequence
in % with supy, || (fx. g})”WLP (2, Q) < oo, then { f;*} has a subsequence which
converges in LL(Q) for 1 fv;< po, where fi¥ = T(fx, gk ). Moreover, the limit
of the subsequence belongs to LE’ (Q).

Proof. Let % satisfy the hypothesis of the theorem and let {( f¢, gx)} C % be
bounded in Wvlﬁ;f (2, Q). For each k, choose hj € ¥ such that

(A-2) | (e €0 = Chie. Vi)l yip . 0y < 275

Set 91 = {hy}x C %. Then {(hx,Vhy) : hy € %} is bounded in W, ;7 (R2, Q).
Furthermore, (3-27) implies a version of (3-14), namely,

sup | /oo @) + 1/ VOl j <oo.

Fey w (2) W,u (2,0)
Theorem 3.7 now applies to #; with N = po and gives that any sequence in
%, has a subsequence which converges in L% () norm for 1 < ¢ < po to a
function belonging to L5 (€2). The sequence {/1; } lies in 3, as is easily seen by
considering, for each fixed k, the constant sequence { f/} defined by f/ = hy, for
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all j. We conclude that {/ } has a subsequence {/, } converging in LI (2) norm
for 1 <g < po to afunction i € L5’ (Q). By linearity and boundedness of 7' from
¥ to L{,” () together with (A-2), we have (writing /7* = T(fi. gk))

L = hicll oo @y = 1T (fre. §1) = T i, V)l oo () < C27F — 0.

Restricting k to {k;} and using w(£2) < oo, we conclude that { fk";} also converges
to hin LL(Q) for 1 < ¢ < po, which completes the proof. O

Setting # = Lipg ,(€2) in Theorem A.1 gives an analogue of Corollary 3.15.

Corollary A.2. Let the hypotheses of Theorem A.1 hold for # = Lipg ,(£2). Then
the map T defined by (A-1) is a compact map of W,,ly;f (2, Q) into LL(Q) for 1 <
g < po, that is, if {(fic. €k)} C Wo il (2, ) and supg | (e €)1 2. 0 < 09
then { f;} has a subsequence which converges in LL(Q) for1<q < p&, where
=T, 8k). Moreover, the limit of the subsequence belongs to L’ ().

Theorem 3.20 also has an analogue without assuming w < v provided 7 is
linear, and in this instance (3-27) is not required: the subsequence { fx, } of { fx} in
the conclusion is then replaced by a subsequence of { f;*}, where f,* is constructed
as above but now using bounded open " whose closures increase to 2. Now f*
arises when (3-38) is extended to 9, namely, instead of (3-39), we obtain

1 e @ < CQIL D g i (FE)ET

where f* is constructed for a pair ( f, g) € % by using linearity of % and (3-38)
for a particular (2", Q”). It is easy to see that f* € Liﬁoc(ﬂ) by letting Q" /' Q.
The Poincaré inequality analogous to (3-40) is

1/p
* * D - . R _
(/B,‘ (62) |f fB,~(y),w| dU)) = EH(f’ g)”Wvl,}f(Bcor(J’)aQ) if (ﬁ g) € %’
obtained by extending (3-8) from % to #. Further details are omitted.
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