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GENERALIZED EIGENVALUE PROBLEMS
OF NONHOMOGENEOUS ELLIPTIC OPERATORS
AND THEIR APPLICATION

DUMITRU MOTREANU AND MIEKO TANAKA

We consider the equation —div(a(x, |Vu|) Vu) = A|u|?~2u (whose special
case a(x, t) =t”~2 is the p-Laplace equation) on a bounded domain  c RY
with C? boundary, with null boundary condition. We prove that there are
A € R for which the equation has a nontrivial solution. As an applica-
tion, by variational methods, we present the existence of a positive solution
to —div(a(x, |Vu|) Vu) = f(x,u) in 2, where f is asymptotically (p—1)-
linear near zero and oo, considering the nonresonant, resonant, and dou-
bly resonant cases. We show that, generally, the spectrum of the operator
—div(a(x, |Vu|)Vu) on WJ’”(SZ) is not discrete.

1. Introduction

Let 1 < p < oo and let 2 C RY be a bounded domain with C? boundary 9$2. We
are interested in values of A € R such that a nontrivial solution exists to the equation

{—div A(x, Vu) = Au|’~>u in Q,

(EV; A)
u=>0 on 0%2;

such a A is called an eigenvalue for A. Here A: Q x RN — RY is a map that is
strictly monotone in the second variable and satisfies the regularity conditions in
Assumption A below.

The p-Laplace equation is the special case of (EV; A) with A(x, y) = y|P 2y,
and in this case the eigenvalues for A are the usual eigenvalues of the p-Laplacian.
However, we do not suppose that A is (p—1)-homogeneous in the second variable.
Instead, these are the assumptions we make on the map A:

Assumption A. A(x,y) = a(x,|y|)y, where a(x,t) > 0 for all x € Q and all
t € (0, +00); furthermore:

() AeClfQ xRN, RMYNCH(Q x (RV\{0}), RM).
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(i) There exists C; > 0 such that
IDyA(x, y)| < C1|y|1’_2 for every x € Qandye [R{N\{O}.
(ii1) There exists Cy > 0 such that
DyA(x, y)E-£ > Coly|P2|E|* forevery x € Q, y e RV \ {0} and & € RY;
(iv) there exists C> > 0 such that
|IDLA(x, y)| < Co(1+|y|P~1)  forevery x € Q and y € RV \ {0}.
(v) There exist C3 > 0 and a positive #y < 1 such that
IDxA(x, y)| < C3ly”~! (<log Iy)
for every x € Q, y € RV with 0 < |y| < to.

From now on, we assume that Cy < p — 1 < C; which leads to no loss of
generality, as can be seen from Assumption A(ii)—(iii).

A similar hypothesis to Assumption A is considered in the study of quasi-
linear elliptic problems; see [Motreanu and Papageorgiou 2011, Example 2.2;
Damascelli 1998; Motreanu et al. 2011; Miyajima et al. 2012; Tanaka 2012a].
We also refer to [Garcia-Huidobro et al. 1995; Kim 2009; Kim and Kim 2010;
Fukagai and Narukawa 2007; Prado and Ubilla 1998; Robinson 2004] for general-
ized p-Laplace operators. In particular, when A(x, y) = |y|”~2y — that is, when
div A(x, Vu) is the usual p-Laplacian A ,u—we can take Co =C; = p —11in
Assumption A. Conversely, if Co = C1 = p — 1 in Assumption A, the inequalities
in Remark 1(ii)—(iii) below show that a(x, r) = |¢t|?~2, whence A(x, y) = |y|"~?y.
In the p-Laplace case, the first eigenvalue A is obtained by the Rayleigh quotient:
A= inf{fQ [VulP dx/llullﬁ U F£ 0}. But since our operator is nonhomogeneous,
inf{X € R: A is an eigenvalue of A} is in general not obtained by such a Rayleigh
quotient corresponding to A. In Section 3, since the Rayleigh quotient plays
an important role, we study its behavior as |[u|, — O or |lu], — oo under an
additional condition describing an asymptotic (p—1)-homogeneity. For example,
we can consider

div A(x, Vu) = div((ap(x) [ VulP 2 4 aso(x) | Vu|?2) (1 + |Vu|1) P~ D/4vy)

forl < p<g < o0, ap,de € C'(Q) with ming ap > 0 and ming @ > 0. This
satisfies
A(x,y) —ao(®)|ylP 2y =o(ly|P™") as [y| =0,

A(x,y) — aso(X)|yIP 2y = o(ly|P™") as |y| — oo.

Under these these conditions (see (AHO) and (AH) in Section 3), we shall prove
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VuCIl g (x, 1)t
min{// dtdx:||u||p=r}
2 Jo rp

approaches Aj(ap)/p as r — +0 and A (ax)/p as r — +00; here

that

o) =min{/ ao()IVul? dx -, = 1},
Q

Max) = min{/ Qoo (X)|Vul? dx : |ull, = 1}.
Q

Concerning the eigenvalue problem for a nonhomogeneous operator, we can
refer to [Robinson 2004; Tanaka 2012b] under the Neumann boundary condition.
In Section 4, as an application of Section 3, we present the existence of a positive

solution for the quasilinear elliptic equation
) —divA(x, Vu) = f(x,u) in L,
u=~0 on 092,

where f satisfies the following assumption.

Assumption (f). f is a Carathéodory function on 2 x R with f(x,0) = 0 for
a.e. x € 2, f is bounded on bounded sets and f is asymptotically (p—1)-linear
near +0 and 400 in the following sense:

() lim fx,u) =ao uniformly in a.e. x € Q,
u—+0 up—1
. . fx,u) ) .
(i1) lim =« uniformly in a.e. x € €,

u——+oo yP-1
for some constants oo and «.

Regarding the existence of a positive solution under the Dirichlet boundary
condition, we can refer to [Fukagai and Narukawa 2007; Prado and Ubilla 1998]
for nonhomogeneous operators. However, we can not apply these results to our
nonlinear term which is only asymptotically (p—1)-linear near +0 and +o0, and
furthermore with possibly different weights. In [Garcia-Huidobro et al. 1995], it is
proved the existence of a positive radial solution for nonhomogeneous operators.

For the p-Laplace equation, it is well known that if (e« — A1) (g — A1) < O (where
A1 denotes the first eigenvalue of —A ), under a Dirichlet boundary condition),

—Apu=f(x,u) inQ, u=0 onaL,

has a positive solution (see [Dancer and Perera 2001]). One of our main purposes
is to extend this existence result from the p-Laplace equation to the corresponding
problem involving our nonhomogeneous operator A. This is done in Theorem 25.
We mention that in the special case of A(x,y) = A(y), the result in [Kyritsi
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et al. 2010] provides the existence of a positive solution if « < A{Co/(p — 1) and
A1C1/(p — 1) < ap hold (note that we can apply this result only to the case where
o < ag). We emphasize that, for our general operator, the case Aj(ag) # A1(ar)
can occur. Note that in such a situation, contrary to the p-Laplacian case, we can
still apply our theorem when o9 = « provided this number is between X (ag) and
A1(ap). The known result for the p-Laplacian case is obtained from our theorem
simply by setting ag = 1 and a, = 1.

In particular, our theorem implies that if A;(ag) # A1(ax), then every A between
A1(ap) and A (ax) is an eigenvalue of A (see Corollary 26) and has a positive eigen-
function. This shows that, generally, the spectrum of the operator —div A(x, V-)
on WO1 "P(Q) is not discrete.

In the final part of the paper, we treat the one side resonant and doubly resonant
cases under additional conditions on f. For the p-Laplace equation, we refer to
[Tanaka 2009] for the resonant and doubly resonant cases. Our Theorem 31 provides
the existence of a positive solution in all cases of resonance for problem (P) with a
nonhomogeneous operator in the principal part.

2. The properties of the map A
In what follows, the norm on WO1 "P(Q) is given by
lull? :=IVullf,

where ||u||, denotes the usual norm of L9(2) for u € L9(2) (1 < g < 00). Setting

Iyl
(1) G(x,y):= / a(x, ntdt,
0
we can easily see that
VyG(x,y)=A(x,y) and G(x,0)=0
for every x € Q; see [Motreanu et al. 2011] for details.

Remark 1. The following assertions hold under Assumption A:

(i) For all x € Q, A(x, y) is maximal monotone and strictly monotone in y.

C _
1) |[A(x, y)| < —11|y|1”_1 for every (x, y) € Q2 x RN,
p—

C _
(iii)) A(x,y)y > —01|y|p for every (x,y) € Q x RV,
p_

(iv) G(x, y) is strictly convex in y for all x and satisfies the inequalities

2 A, »)yz=Gx,y) = IyI” and  G(x,y) =<

_ o Sy
pip—1 pip—1

for every (x, y) € 2 x RV,
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The following result is important for the proof of the Palais—Smale condition for
the functionals related to our problem.

Proposition 2 [Motreanu et al. 2011, Proposition 1]. Let V : WO1 P(Q)— WO1 PQ)*
be the map defined by

(V(u),v) :f A(x, Vu)Vvdx
Q

foru, v e WO1 ‘P(Q). Then any sequence {u,,} that converges weakly to u and
satisfies lim sup,, _, oo (V (), um —u) <0 also converges strongly to u.

Remark 3. (i) Ifu € Wol’p(Q) is a solution of (P), then u € C1*(Q) for some
O<a<l.

(i) Ifu € Wol’p(Q) is a nontrivial solution of (P) such that u > 0, then u > 0 in Q
and du/dv < 0 on 92, where v denotes the outward unit normal vector on 0<2.

Sketch of proof. (i) Letu € WO1 "7 () be a solution of (P). Then, because u € L>(Q)
as shown by using the Moser iteration process (cf. [Miyajima et al. 2012, Appendix]),
weseethat u € CH4(Q) 0 <a < 1) by the regularity result in [Lieberman 1988].
(ii) Letu € Wol’p(Q) be a solution of (P) satisfying # > 0 and u # 0. Then, by
Assumption (f), we obtain a constant A > 0 satisfying

—divA(x, Vi) + u”" ' >0 in Q.

Noting that u € Cl Q) O0O<a<1) by (i), we have u(x) > 0 for every x € Q
by [Miyajima et al. 2012, Appendix, Theorem B]. In addition, using the strong
maximum principle [ibid., Appendix, Theorem A], we easily see that du(x)/dv <0
for every x € Q2. O

Proposition 4. Let f,,: Q x R — R be a Carathéodory function satisfying
| fuCx, )| < DA +1t|"Y) foreveryxeQ, reR

with some positive constant D independent of n and r € [p, p*), where p* = o0
if N < pand p*=pN/(N —p)if N > p. Assume that A,: Q xRY - RV isa
map satisfying parts (i)—(iv) of Assumption A with positive constants C{, Cy, and
C}, independent of n. If u, is a solution for

—divA,(x,Vu)= fp(x,u) inQ, u=0 onad
and {u,} is bounded in WOl "P(Q), then there exist a subsequence {u,,} of {u,} and
ug € Cé(S_Z) such that u,, — ug in Cé(E_Z) asl — oo.

Proof. Since {u,} is bounded in WO1 'P(Q), we may assume that u,, converges weakly
to some ug in Wol’p (€2) by choosing a subsequence. We can show that there exists
a C > 0 depending only on |2|, p, N, D, C(’), C i, and the embedding constant of
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W,y”(R) into L7" () such that [|u, ]| oo < C max{1, ||, |7 ~P/?" ="} by the Moser
iteration process to [Miyajima et al. 2012, Theorem C], where p* = p* if N > p
and p* > r is any constant if N < p. Since D, C{, and C;, are independent of 7,
|, ]l o is bounded. Therefore, the regularity result in [Lieberman 1988] guarantees
that there exist y € (0, 1) and M > 0 independent of n such that u, € CS’V(E_Z) and
|y ||C(;.y (2) 51 Mﬁwhere we use the fact that C), is independent of n_) Since the
inclusion of C,"" () to C(l)(SZ) is compact, u,, converges to ug in CA(SZ) (note that
up — ug in Wy'* (Q)). O

3. Eigenvalue problems

We introduce a function J : Wg P(Q) — Rby
3) J(u) :/ G(x,Vu)dx forallue Wol’p(Q).
Q

It is clear that J is of class C'. We also note that
4 rS::{uEW()l’p(Q):IIullp:r} forr >0

is a C! Finsler manifold (cf. [Deimling 1985, Sections 27.4 and 27.5]) because r

is a regular value of the function u > ||ul|,, on Wol’p (€2). Hence the norm of the
derivative at u € (r§) of the restriction J of J to rS is defined by
1T )l := min{[|J' () — zq>’(u)||w(;,p(m* ‘1 eR)
= sup{(J'(u), v) : v € T,(rS), vl =1},

where ® (1) := (1/P)||M||Z and T,(rS) denotes the tangent space of rS at u, that

is, T,(rS) ={v € Wol’p(Q) : fQ |u|P~2uv dx = 0}. It follows that the restriction
J=1J |(-s) is a C'-function on 7S in the sense of manifolds.

Proposition 5. For r > 0, the infinum

5 wi(A,r) = inf /G(x,Vu)dx
Q

ue(rs)

is attained at points *ii, € (rS) with ii, € CH*(Q) and i, > 0 in Q. Moreover,
+ii, are solutions of (EV; L) with A = A (A, i) /r?, where

C
0 A.]Fp.

©) M(A,ﬁr)=/ ACx, Vi) Vi, dx >
Q

Proof. Let {u,} C (rS) be a minimizing sequence for (5). Using (2), it follows that
{u,} is bounded in W(}’p (£2), so along a relabeled subsequence we have u, — u
in W, () and u, — u in L?(S) for some u € Wy”(R), thus u € (rS). Since
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G(x, -) is convex and continuous for all x € €2, J is weakly lower semicontinuous
on W(}’p (2) [Mawhin and Willem 1989, Theorem 1.2]. Therefore, we derive that

wi(A,r) 5/ G(x,Vu)dx §liminf/ G(x,Vuy,)dx,
Q n—oo Q

which yields
ni(A,r)y= / G(x,Vu)dx.
Q

The fact that the functional J is even implies that |«| is also a global minimizer
of J,. Consequently, we may assume that # > 0. On the other hand, the Lagrange
multiplier rule leads to the existence of ¢t € R such that

@) / A(x,Vu)Vvdx = t/ uPlvdx forallve W(;‘p(Q).
Q Q

Inserting v = u in (7) entails

CO Co)» CO)LI

8 tr” :/ A(x, Vu)Vudx > [Vulp > —1||u||” = rP.
Q p—1 P=p—-1""7" p-1
Therefore, we have (A Cor
= > .
rp “p—1

From (7), it follows that u is a solution of (EV; X) with A =1t = A1 (A, u)/r?.
According to Remark 3 with f(x,u) = tlu|P2u, it follows that u € Ch¥(Q)
O<a<l)and u > 01in 2. Since J is even and A1(A, u) = A (A, —u), we
have that J(—u) = J(u) = 1 (A, r) and —u is a negative solution of (EV; 1) with
A=1t=A1(A, u)/r?. The result is thus established with &1, = u. O
We define
Ki(A,r):={ue@S):Ju)=un (A}

Then it follows from Proposition 5 that K| (A, r) is not empty for each r > 0.
Because we do not know whether the minimizers of J, are only +,, we introduce
the following:

A(A, 1) :=inf:/ Ax,Vu)Vudx :u e Kl(A,r)},
Q

M(A, 7)== sup{/ A(x,Vu)Vudx :u e K (A, r)}.
Q

Lemma 6. For everyr >0, A,(A,r) and (A, r) are attained.

Proof. We only deal with A, (A, r) because X1 (A, r) can be treated similarly. Fix
any r > 0. Letu, € K1(A, r) satisfy A1(A, u,) = A,;(A,r) asn — oo. Then we
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see that || Vu,||, is bounded from the inequality

C
—°||wn||f’s/ G(x,wn)dx=m<A,r>s/ G (x, Vi) dx
p(p—1) Q Q

for w € rS, where we use the definition of (A, r) and (2). Recall that each u,, is
a solution of (EV; A) with A = A1(A, u,)/r?. Moreover, we have

C C
Cohr? < A(A uy) < —— Vi ||
1 p—1

by Remark 1(ii) (see (6) for the first inequality), whence A (A, u,)/r? is bounded.
As a result, due to Proposition 4, we may assume that there exists ug € WO1 P (Q)
such that u, — ug in Cé(ﬁ) by choosing a subsequence if necessary. Since J
and A{(A, -) are continuous in Wol’p(Q), we see that J(ug) = lim, 0 J(u,) =
n1(A,r), ug € Ki(A,r), and A1(A, up) = limy 00 A1(A, up) = A(A, r). Thus,
our conclusion holds. [l
Define
Alx,Vu)V . G(x,V
Ai(A) = inff ACCVIVE | and py(A) = 1nf/ G, v .
w0 Jo  ullh w0 Jo o ullp

Lemma 7.

Co ni1(A,r)

re

rMA ) G
re T p—1

M <X((A)< min{inf Al} and ui(A)=inf
1 r>0 r>0

Proof. First, we consider A, (A). For every 0 £ u € WOl "P(Q), we have

p p
Co ||Vuu7p§f A()C,VI,;)VudxS Ci ||Vuu7p
p—1 Jlullp Q ullp p—1 Jlullp

by Remark 1(ii)—(iii). Thus (Co/(p — 1))A1 < 11(A) < (C1/(p — 1))A1 by taking
the infimum with respect to u.

Here we fix any ¢ > 0. Then there exists an r, > 0 such that A,(A, r,)/ rf <
inf,~o(A;(A,r)/r?) + e. By Lemma 6, we can choose u, € (r.S) such that
AM(A, ug) =1 (A, re), that is, fQ A(x, Vug)Vugdx =L (A, re). By the definition
of A1(A), we obtain

M(A)S/ AW, Vue)Vus - Mi(A.re) §inf&l(A’r)+8.
Q

llue I ré r>0r?

(€))

Because ¢ > 0 is arbitrary, we have A1(A) <inf,.o(A,(A,r)/r?).
Next we treat p1(A). Fix any ¢ > 0. Then there exists an r, > 0 such that
wi(A, re)/rf <inf.-o(ui(A, r)/rP) +&. On the other hand, because 111(A, r;) is
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attained at some u, € (r.S), we have
. f/ G, V) dx</ G, Vu) | pi(Are) (A
Q Q

in
P P
u#0 l[eell’p

x
llucelly re r=0r?P
Because ¢ > 0 is arbitrary, this yields that p1(A) <inf,~o(u1(A, r)/rP).
For any ¢ > 0, we take v, # 0 such that fQ(G(x, Vvs)/||v€||5) dx < pu1(A)+e.
Then r¢ :=||v¢||, > 0 and so

mA T _ / G(x, Vv,)
e o lvellp

This leads to i1 (A) > infy-o(u1 (A, 7)/rP). .

Proposition 8. If A < A;(A), (EV; A) has no nontrivial solutions.

Proof. Let u be a nontrivial solution of (EV; A) with A < A;(A). Then we have

A Vu)V
M(A)S/—(x’ WU
Q

dx < pni(A) +e.

luell
by the definition of A;(A). This is a contradiction. O
Set
c (C1\"!
(10) Api=— (—1) > 1,
p—1\Co

which is equal to 1 exactly in the case of A(x, y) = |y|P~2y (that is, the special
case of the p-Laplacian ) because we can choose Co=C; = p — 1.

Lemma 9 [Tanaka 2012a, Lemma 16]. Let ¢ > 0. For every
u,p € WHP( Q)N CH(Q)NL®(Q)

withu > 0 and ¢ > 0 in 2, we have
f A, ViV —2— Vax < a,1vg|2,
Q (u+e)r~! B P
Proposition 10. Any nontrivial solution of (EV; L) with A > A A1 changes sign.

Proof. By way of contradiction, assume there is a solution « that does not change
sign. Then we may suppose that u > 0 because A is odd. Due to the strong maximum
principle and the regularity theorem (see Remark 3), it follows that u Cé (Q) and
u > 01in 2. Let ¢ be the positive eigenfunction of —A , corresponding to A such
that [|¢1]|, = 1. According to Lemma 9, we obtain

P p—1
) u
Ap)ul:APHng”gE/S;A(x,VM)V(—(M_i_;)p_l)dx:)»/Sz<u+8) gofa’x

for every ¢ > 0. By taking ¢ | 0, we have A < A,A;. This is a contradiction. [J
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Proposition 11. Assume A A1 < Corr/(p — 1), where Ay > Ay is the second
eigenvalue of —Ap,. If Aphy < A < Corz/(p — 1), (EV; A) has no nontrivial
solutions.

Proof. By way of contradiction, we assume that (EV; 1) has a nontrivial solution u.
Then it follows from Proposition 10 that u changes sign. Moreover, by taking u
as a test function in (EV; 1), we have

Co
p—1

||wi||gsf A, Vi) & Vug) dy = Mu]?,
Q

whence
(11) IVusl? < wollull?.

This inequality guarantees the existence of a continuous path y on S such that
¥0(0) = @1, yo(1) = —¢1 and max,cjo.17 | Vyo(®)|l5 < Az; refer to [Cuesta et al.
1999, Lemma 5.3]. This contradicts the equality
Ay = inf o 1)),
2= inf max (v (0))
where ®(u) := || Vull}, and X :={y € C([0, 11, $) : ¥ (0) = ¢, y (1) = —¢1}; see
[Anane 1987; Cuesta et al. 1999]. This contradiction proves our result.
For the reader’s convenience, we give the sketch of the construction of a path
as required above. Define paths as follows:

tu+ 1 —0uy Uy —tu_ tuy +(1—Hu_
() = = : y2(t) == ,
I+ (U= 0usll, g —tull, s + (I — ],
(I —8u—tu_ (I—-tuy —u_
ya(0) = -

1A —tu—tu_ll, 1A —Duy—u_|,
for t € [0, 1]. Then, setting b= ®|s, we obtain by (11)

max ®(y; (1)) <Ay, fori=1,2,3.
tel0,1]

We recall that any component of O(r) :={u € S : 5(14) < r} contains at least
one critical point of 5, where r > 0 [Cuesta et al. 1999, Lemma 3.6]. Note that
O(A;) contains just two critical points ¢, and —¢; because a critical value ¢ of )
corresponds to the eigenvalue ¢ of the negative p-Laplacian. Since any component
of O(A,) is path connected [ibid., Lemma 3.5], there exists a path y4 joining from
u_/|lu_ll, to @1 or —¢; in O(A). Thus, by noting that ® is even, we can construct
a path yp € X such that max; 5(y0(t)) < XAy by considering )/4_1 V2 Y1 Y3 (—y4)
or its inverse, where yi_l(t) :=¥;(1 —1) and y; - y; denotes the path defined by
yi@)if0<t<landy;2t—1ifJ <t <L O
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3.1. Asymptotically homogeneous case near zero. We now consider the case where
A is asymptotically (p—1)-homogeneous near zero in the following sense.

(AHO) There exist a positive function ag € C' (22, R) and a continuous function
ao(x, 1) on Q x [0, +00) such that

A(x, y) = ap(x)|y|P 2y +ao(x, |yl)y foreveryx € 2, y e RY,

where
. ao(x,1)
lim

0 172 =0 uniformly in x € Q.
t—+ -

For this weight function ag, we define

(12) A1(ao) :=inf{/ ao(x)IVulpdx:Hqu:l}.
Q

Because 0 < min g ap(x) < max, g ao(x) < 00, by the same argument as the one
for the first eigenvalue of the negative p-Laplacian, we can prove that A (ap) is the
first eigenvalue of

(13) —div(ag(x)|Vul?">Vu) = Alul’>u inQ, u=0 ondS.

Moreover, A(ap) has a positive eigenfunction ¢,, € C 1(Q) and it is simple. It is
proved that (13) has no constant sign solutions other than O provided A # A (ag).

Theorem 12. Assume (AHO). For every e > 0 there exists ro > 0 such that equation
(EV; X) has no nontrivial solutions in B, (rp) :={v € Wol’p(Q) Nvllp <ro} provided
A< (ao) —€&.

Proof. We argue by contradiction. Thus we assume that there exist g9 > 0, {A,}
and {u,} such that A, < Ay(ap) — €0, u, € B,(1/n) and u, is a nontrivial solution
of (EV; A,). By taking u, as a test function in (EV; X,,), we have

C
(14) °1||Vun||;;sf A, Vity) Vity dx = hnlutn )8, < (A1 (ag) —£0)/n? — 0
Q

p—
as n — oo. Therefore, u,, — 0 in Wol’p(Q). In addition, by noting that u, is a
nontrivial solution of (EV; A,) and 0 < A, < X;(ag) — &g, Proposition 4 yields that
u, converges to 0 in cl(Q).

Set v, :=uy,/|[u,|l p. Then it follows from (14) and the boundedness of {A,,} that
{v,} is bounded in WO1 'P(Q). Hence, by choosing a subsequence, we may assume
that v, converges to some vy weakly in WO1 "P(Q) and strongly in L?(Q). Again by
taking u,, /||u, ||§ as a test function in (EV; 1,,), we obtain
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aop(x)|Vuy,|P ao(x, |Vuy )| Viu,|?
)Ll(ao)—8o>kn:/ Lp"ldx / o(x, | |27| nl Iy
o  llunllp Q sl

do(x, |V Vu,|?
[ aor i a4 [ BTl Ve
Q Q lunllp

ao(x, |Vu, )| Vu, |
Z)»l(ao)Jr/ o(x, | nIZI nl
Q ||un||p

=:AM(ag)+1

because of the characterization of A;(ag). Hypothesis (AHO) guarantees that for
every 8 > 0 there exists pg > 0 such that |ay(x, r)| < 8|¢t|P~2 if |t] < po. Since
lunllc1 @) — 0 and in view of (14), we can get

s(p—1 s(p—1
1= [ 1vanirar = 22225, < 2020 60 - 0)
Q Co Co
for sufficiently large n. As a result, by taking a sufficiently small § > 0, we have a
contradiction for sufficiently large n. ]

Theorem 13. Assume (AHO). For every € > 0 there exists ri > 0 such that (EV; )
has no constant sign solutions in B, (ry) \ {0} provided X > A (ap) + €.

Proof. By way of contradiction, we assume that there exist g > 0, {1} and {u,}
such that A, > A1(ap) + €0, 0 #u, € B,(1/n) and u, is a constant sign solution of
(EV; A,,). Because A is odd, we may suppose that u,, > 0 by considering —u,, if
necessary. Thus, by Remark 3(1)—(ii), u, € C 1(Q) and u,, > 0 in Q. We note that
An < ApA1(—A)) by Proposition 10, where A1(—A ) denotes the first eigenvalue
of —A, (see (10) for the definition of A}), and so {A,} is bounded. Therefore, we
may assume that A,, converges to some Ag by choosing a subsequence. In addition,
by the same argument as in Theorem 12, we can show that u,, — 0 in C'(Q).

Set Au(x,y) i= AGx, lunll py)/llunlly ™" and fo(x, 1) := Aylt|P~2¢. Then A,
satisfies Assumption A(i)—(iv) with the same constants Cy, C1, and C,. Moreover,
| fuCx, )] < Ault]P~! < A,,)q(—Ap)|t|P*l for every r € R, a.e. x € Q2. Note also
that we have the boundedness of ||v, | due to the inequality Co||Vu, ||§/(p —-H<
fQ A(x,Vu,)Vu, dx = )»,lllun”’p’. Since v, :=u,/|lu,l , is a positive solution of

—div(A,(x, Vu)) = fu(x,u) inQ, u=0 onodL,

Proposition 4 guarantees that {v,} has a convergent subsequence in C!(Q). By
choosing a subsequence, we may suppose that v, — v # 0 in C!(Q) (note that
lvoll , = 1). Using that we obtain, for every w € W&‘p(Q), that

Gio (x| Vity|) V o (x, Vi)V
f“‘)(x [V ””dex=/ o(x. | ”"'}1 " |V, P dx — 0
Q lluan |l o |[Vuul?

as n — oo in view of (AHO) and the convergence u,, — 0. As a result, letting



EIGENVALUE PROBLEMS OF NONHOMOGENEOUS ELLIPTIC OPERATORS 163

n — oo in the equality

ao(x, |Vu,|)V
[ o250, e | T
Q

- dex:ln/ |0 [P 20, w dx
Q ””n”p Q

for each w € Wol’p (€2), we see that vy # 0 is a positive solution of (13) with A = Ag
(see Remark 3(ii) for vp > 0). This yields that L9 = A{(ap), because (13) has no
positive solutions other that A = A1 (ag). Therefore we have a contradiction, because
Ao =limy, 0 Ay > Aq(ao) + &o. U

Proposition 14. Assume (AHO). Then, for every & > 0, there exists ro > 0 such that

Ai(A, 1)

5 > Mi(ap) —e forevery 0 <r < ry.
,

Proof. Assume that there exist ¢ > 0 and r, > 0 such that r, - 0 as n — o0
and A, (A, )/t < Ai(ag) — e for every n € N. Because of Proposition 5 and

Lemma 6 (note that A is odd in the second variable), we can choose a positive
function u, € (r,S) N C(Q) satisfying

/A(x,Vun)Vundszl(A,rn), min/G(x,Vv)dx:/ G(x,Vuy,)dx.
Q Q Q

ver,S

Note that

C
(19) 1Vl = [ AGe Vi) Vit dx =2y (4. 1) < GuaCaw) = €17 = 0,

p— Q
and so u, — 0 in Wol’p(Q). Because u, is a solution of (EV; ) with A =

A (A, r,)/ry (see Proposition 5), by combining the inequality

A (A, Go(x, |V Yy |2
A1(“0>—8>Lpr")=fao(x)|wn|l’dx+/ Gox, Vi) [Vitn|
F Q

P
n Q ””n”p

and an argument as in Theorem 12 with A, =1, (A, r,,)/r, we have a contradiction.
O

Proposition 15. Assume (AHO). Then, for every € > 0, there exists ri > 0 such that

M(A,T)

— <Ml(ap)+¢& foreveryO<r <ry.

,

Proof. Assume that there exist &g > 0 and r, > 0 such that r, - 0 as n — oo

and A1(A, r,) /1l > Ai(ag) + &g for every n € N. According to Lemma 6 and

Proposition 5, we can take a positive function u, € (r,S) N C'(Q) satisfying

/ A(x, Vu,)Vu, dx =1 (A, r,), min / G(x, Vv)dx = / G(x, Vu,)dx.
Q Q Q

ver,S

Noting that, with ¢,, the positive eigenfunction corresponding to A (ap) satisfying
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|9 ll p = 1, we have

P
1'n

pp—1

we see that u,, — 0in C' () due to Proposition 4, because u,, is a positive solution
of (EV; &) with A =11 (A, r,,)/r and (A (ao) +&0 <A1 (A, 1) /18 < Aphi(—A))
by Proposition 10, where A;(—A ) denotes the first eigenvalue of —A , (see (10)
for the definition of A ). Therefore, by the same argument as in Theorem 13 with
An = A1(A, r,)/rY, we have a contradiction. O

C
T : D ||Vun||,’§§f G(x, Vun)dxif G(x, Vg, dx < 1V a -
_ Q Q

The following result follows from Propositions 14 and 15, (note A;(A,r) <
(A, r) for every r > 0).

Corollary 16. Under (AHO), we have

o A(A) L M(AT)
lim —— = lim ———
r—>+0 1P r—+40

Proposition 17. Under (AHO), we have

! ni1(A,r)  Ai(ao)
1m = .
r—+0 rP p

= A1 (ao).

Proof. Due to Proposition 5, for every r > 0, there exists a positive solution
ur € (r$)NCY(Q) of (EV; 1) with A = A (A, u,)/r? and p (A, r) = J(u,). Then
we can prove that u, — 0in C'(Q) as r — +0 and u, /|| u, | , is bounded in W&’p(Q)
as r — +0 by a similar reason to the one in Proposition 15 (note that A; (A, u,)/r?
is bounded as r — +-0 by the inequality below and Corollary 16).

Set Go(x, y) := fo‘y‘ ao(x, t)t dt for y € RV. We point out that

A(A, ) SA(A up) <A (A7)

and

1 ~
ni(A,r) :/ G(x,Vu,)dx = —/ ao(x)|Vu,|? dx —l—/ Go(x,Vu,)dx
Q P Jg Q

MAu) 1 [ ~
:M__/ ao(x,|vu|)|vu,|2dx+/ Go(x, Vu,) dx.
p pJo Q
Thus, by Corollary 16 and r = ||u,|| ,, it suffices to prove
do(x, |Vul)| Vi, |* Go(x, V
1im/a0(x| DIV g0 and tim [ GO0V 4
r—+0 Jo lurllp r—=>+0Jq urllp

Now we fix any ¢ > 0. Then, by (AHO), there exists § > 0 such that

ldo(x, )| <erP™2 and  |Go(x, y)| <ely|P/p forevery0<t<$8, |y <S8.
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Because u, — 0 in C'(Q) as r — 40, we may assume that lurllcr g < 8 for
sufficiently small r > 0. Therefore, we obtain

ao(x, |Vu|)|Vu,|* IVl
5 dx| <e R
Q ”ur”p ”Mr”p

G x, Vu Vu, %
/ 0( s r) dx‘ < ” r”z
Q ”Mr”p p”ur”p

Since ||Vu, ||,/ |lur |l is bounded as r — +0 and & > 0 is arbitrary, our conclusion
holds. .

3.2. Asymptotically homogeneous case near oo. In this subsection, we consider
the case where A is asymptotically (p—1)-homogeneous near oo in the following
sense.

(AH) There exist a positive function as € C' (22, R) and a continuous function
a(x, 1) on Q x R such that
A(x, y) = aos()|yI" 2y +ax, [yDy forevery x € Q, y e R",
where B
.oalx, 1)
lim
t——400 [P—2

=0 uniformly in x € Q.

For the weight function a,, we define

(16) A (doo) :=inf{/ (oo (X)|Vul? dx - ||ull, = 1}.
Q

Because 0 < min, g @00 (x) < max, g doo(x) < 00, by the same argument as for
the first eigenvalue of —A ,, we can prove the following elementary results:

(1) M1(aoo) is the first eigenvalue of
(A7) —div(deo(X)|VulP72Vu) = AlulP2u inQ, u=0 ondS.
(ii) A1(aco) has a positive eigenfunction ¢, € C 1(Q) with lpall, =1 and it is
simple.
(iii) If A # Aq(aco), then (17) has no constant sign solutions other than 0.

Theorem 18. Assume (AH). For every € > 0 there exists Ry > 0 such that equation
(EV; L) has no solutions in Wol’p(Q) \ B, (Ro) provided A < Ai(ax) — €.

To prove the theorem, we need the following result.

Lemma 19. Assume (AH) and let {u,} C WO1 "P(Q) be a sequence satisfying
lupll, — 00 asn — o0. If v, :=uy/|lu,ll, is bounded in Wol’p(Q), the following
assertions hold:
a(x, V)| Vu,|?
/ QG VDI Vel®
Q

P
llun ”p

(i) lim

n—oo
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(ii) For every w € Wol’p(Q),
/ a(x,|Vu,)Vu,Vw
dx
Q

lim |
llnllp

n—o0

G,V
(x Up) dx —

(ii1) lim 5 =0, where é(x,y) = Olylzi(x,t)tdt fory e RN,
=0 JQ ||un||p

Proof. (i) Fix any ¢ > 0. By the property of the function a, there exist R > 0 and
C > 0 such that

(18) la(x, 0| <elt|P 2 if r>R and |a(x,0)|<C if 0<t<R.

Therefore, we obtain

alx, |Vu,|)|Vu,|? C|Vu,|?
/ x| nl)pl d dx 5/ SIanlpdx—i—/ ClVua ';,l dx
Q lunllp |Vitn|>R \Vunl<k tnllp
CR?|Q| CR?|Q|
<ellVualh + 5 <eD” 5
”un”p ”un”p

by (18), where D :=sup,, [|Vv,||,. Letting n — oo, we have

lim sup
n—oo

/ a(x, |Vun|)|vun|2
Q

P
||un||p

dx‘st",

because ||u,||, — o0 as n — oo. Thus, since ¢ > 0 is arbitrary, our conclusion
holds.

(i) Forany ¢ > 0 and w € Wol’p(Q), we have

/ a(x, |Vuy)Vu,Vw ‘
dx
Q

-1
lleen Il

C|Vu,||Vw
§f 8|an|p1|Vw|dx+/ —| n”_] |dx
Vi, |>R Vual<R gl
CR||Vwl|,|Q|P~D/P

p—1
= eIVl IVl + == S
n

by Holder’s inequality and (18). By combining this inequality and a similar argument
to that used in (i), our conclusion is shown.

(iii) It is easily shown that, for every € > 0, there exists C > 0 such that

IG(x, y)| <ée|y|’ +C forevery y € RV.

Therefore, / é(x, Vu,)dx| <e||Vu, ||§ + C|<2|. This implies our conclusion. [J
Q
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Proof of Theorem 18. By way of contradiction, we assume that there exist &g > 0,
{An}, and {u,} such that A, < A1(ax) —€o, lim,, . [lu, || , = 00, and u,, is a solution
of (EV; A,). By taking u,, as a test function in (EV; 1,,), we have

Co
p—1

IV 12 < / A, Vi) Vity dx = dallug 15 < (ot (ace) — o)l I12;
Q

refer to Remark 1(iii). Therefore, v, := u,/||u,| , is bounded in WO1 P(Q).
Again by taking u, /||u, || as a test function in (EV; A,), we obtain

aoo(x)|vun|pd /Zl(xa|v”n|)|v“n|2
_— x
Q

Kl(aoo)—80>?»n=f

2 lually il
acx, |Vun))|Vu,|?
:/aoo(x)|an|pdx+/ (o, | n|)p| nl dx
¢ Q ln

> *i(aso) +o(1),
using the definition of A;(as) and Lemma 19(i). This is a contradiction. U

Theorem 20. Assume (AH). For every ¢ > O there exists Ry > 0 such that (EV; L)
has no constant sign solutions in Wol’p(Q) \ B,(Ry) provided A > Ai(ax) + &.

Proof. By way of contradiction, we assume that there exist &g > 0, {A,}, and {u,}
such that A, > A1 (a@oo) + €0, lim,_, o0 ||ty ]| , = 00, and u,, is a constant sign solution
of (EV; A,). Because A is odd, we may suppose that u,, > 0 by considering —u,, if
necessary. Thus, by Remark 3, u, € C'(Q) and u, > 0 in Q. Here we note that
An < ApA1(—A)) by Proposition 10, where A1(—A ) denotes the first eigenvalue
of —A,, (see (10) for the definition of A ), and so {A,} is bounded. Hence we may
assume, by taking a subsequence, that A, converges to some

Ao € [M1(aco) + 80, Aphi(—Ay)].
In addition, we know that v, := u, /|lu,]| , is bounded in W,"” (%)

Co
—1

IVunlly 5/ A(x, Vup) dx = kpllunll},
Q

where we take u, as a test function in (EV; A,,). Thus, by choosing a subsequence,
we may suppose that v, converges to some v weakly in Wol’p (£2) and strongly in
LP(Q).

We claim that v is a positive solution of

(19)  —div(aee(x)|VV|P2VV) = Ag[v|P?v inQ, v=0 ond<,

that is, v is a positive eigenfunction corresponding to Ag. If our claim holds, then
Ao =A1(ax) occurs because (17) has no positive solutions in the case of A # A1 (axo).
Hence this contradicts A (dso) + €9 < lim,, o0 A, = Ap.
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We now prove our claim. First, we show that v, converges to v strongly in
W&’p(Q). Indeed, by taking (v, — v)/||u,,||ﬁ_1 as a test function in (EV; 1,,), we
have

kn/ vf_l(vn —v)dx
Q

a ’ V n v n
=f aoo(x)|an|pZVUHV(vn—v)d)H—/ MV(vn—v)dx
Q

—1
o uallp
=f oo (X) VU |P 2V, V (v, — v) dx + o(1)

Q

as n — oo due to Lemma 19(i)—(ii). Since v, — v in L?(€2), this implies that
fQ Qoo (X)| VU, P72V, V (v, — v) dx converges to 0 as n — oco. Noting that

o(l) = f oo (X)(|V,|P 72V, — [VUIP2V0)V (v, — v) dx
Q

> minde, / (IVvu P2V, — [VV|P2Vv)V (v, — v) dx
Q Q

> min aoo (| Vo, 157" = Vo2 ) IV, = [V0]l,) = 0,

Ql

we have v, — v in Wol’p(Q) (note 0 < ming doo < Maxg aoe < 00). As a result, v
is a solution of (19) by letting n — o0 in the equality

alx,|Vu,)Vu,Vw
/aw(x)|vvn|p_2VUandx+/ (x, | n|l)p_1 n
N @ uall

dxzkn/ vP~ w dx
Q

for every w € Wg’p (£2); note that, by Lemma 19(ii), the second term converges
to zero. Since v, = u,/||lu,ll, > 0 in £, v is nonnegative, and so v is positive by
Remark 3(i) and ||[v]|, = 1. Thus our claim is shown. U

Proposition 21. Assume (AH). Then, for every ¢ > 0, there exists Ry > 0 such that
A(A,r)

5 > Mi(as) —e& forevery r > Ry.
’

Proof. Assume that there exist &g > 0 and r,, > 0 such that r, - co as n — o0
and A, (A, )/ 1l < Ai(ase) — o for every n € N. Because of Proposition 5 and
Lemma 6, we can choose a positive function u, € (r,5) N C'(RQ) satisfying

/A(x,Vun)Vundxz&l(A,rn), min/G(x,Vv)dx:/ G(x,Vu,)dx.
Q Q Q

ver,S
Note that

Co
p—1

IVunlly S/ A(x, Vup) Vuy dx = A (A, rp) < (M1(ac) — o)1y,
Q
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and so u,/r, = u,/||u,ll, is bounded in Wol’p(Q). Because u,, is a solution of
(EV; 1) with A = A, (A, rp)/ ¥ (see Proposition 5), by the same argument as in
Theorem 18 with A, = A,(A, ry)/ r?, we have a contradiction. O

Proposition 22. Assume (AH). Then, for every & > 0, there exists Ry > 0 such that
M(A,T)
— <Xt(ax)+e foreveryr > Rj.

r

Proof. Assume that there exist &g > 0 and r,, > 0 such that r, - co as n — o0

and A (A, )/ 1Y > Ai(as) + &g for every n € N. According to Lemma 6 and

Proposition 5, we can take a positive function u, € (r,S) N C!(R) satisfying

ver,S

/A(x,w,,)wndxzil(A,rn), min/G(x,Vv)dxz/ G(x, Vu,)dx.
Q Q Q

Note that, with ¢, as in item (ii) of page 165, we have

p
1'n

p(p—1

Hence u,/r, =u,/|lu,|l» is bounded in Wol’p(Q). Since u,, is a positive solution
of (EV; 1) with A = (A, r,)/r}, by the same argument as in Theorem 20 with
An=A1(A,r,)/rr, we have a contradiction. O

Co
mnwnngsf G(x,wn)dxs/ G(x, sV )dx < 1V I,
- Q Q

By Propositions 21 and 22, we have the following result.
Corollary 23. Under (AH), we have
. XI(A,F) . A](Avr)
lim ——= lim ———=
r— 00 rp r——+00 rp
Proposition 24. Under (AH), we have

li ni(A,r)  Ai(aso)
m = .
r—>+4o0  rP p

= A1(doo).

Proof. Due to Proposition 5, for every r > 0, there exists a positive solution
uy € (rSYNCY(Q) of (EV; 1) with A =A{(A, u,)/r? and j11(A, r) = J (u,). Then
uy/lluyllp = u,/r is bounded in Wol’p(Q), as seen from

rPCy

p(p—1)

C
—°||wr||f’s/ G(x,w»dxsf G x. rVw)dx < IVwl?
p(p—1) Q Q

for any w € W, " (Q) with w]|, = 1.
Set

- By
G(x,y) :=/ a(x,tdx foryeRVN.
0

Note that
M(A, 1) <M(Au) <Ai(A,r)
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and
1 ~
wi(A,r) = f G(x,Vu,)dx = —/ Aoo(X)|Vu,|P dx +/ G(x,Vu,)dx
Q PJa Q
M(A, 1 ~ ~
_ A —/ alx, |Vu|)|Vu,|2dx+f G(x, Vu,)dx.
p PJa Q
According to Corollary 23 and Lemma 19(i) and (iii) (note ||u,|, =r — +00), our
conclusion is achieved. O

4. Existence of a positive solution

In this section, we provide the existence of a positive solution to the equation

P) —divA(x, Vu) = f(x,u) in Q,
u=0 on 0%2,
where the nonlinear term f satisfies Assumption (f).

Theorem 25. Assume (AHO), (AH), and (f). Let A1(ag) and ’(as) be the first
eigenvalues of , respectively, (13) and (17) (see the discussion there). If one of the
following conditions holds, (P) has at least one positive solution.

(1) ag > A(ag) and o < A (as).
(11) g < Aq(ag) and o > A (aso).

This addresses the existence of an eigenvalue for our operator because we can
apply Theorem 25 to f(x,u) = Mu|P2u.

Corollary 26. Assume (AHO), (AH), and Ai(ag) # ri(doo). Then, for every A
between Li(ag) and M (as), (EV; L) has a nontrivial (positive) solution. Therefore
A is an eigenvalue of A

To show the existence of a positive solution, we define a C' functional I on
1,
W, P () by

I(u) ::/ G(x,Vu)dx —f Fi(x,u)ydx forue Wol’p(Q),
Q Q

where F (x, u) ::/ fr(x,u)dx, with fy(x,t) given by f(x,¢)if t >0 and O if
1 <0. 0

Remark 27. If u € W(}’p (£2) is a nontrivial critical point of 7, then u is a positive
solution of (P).
Indeed, by taking —u_ as a test function, we obtain

0= (I'(u), —u_) =/ A(x,Vu)(—Vu_)dx —/ fr(x,u)(—u_)dx
Q Q

C
=/ AQx, Vi) (= Vu_)ydx = ——||Vu_|".
Q p—1
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Thus u > 0. By Remark 3(ii) (note that u # 0), we see that u is a positive solution
of (P) (note that f (x,u) = f(x, u)).

Convention. From now on, let Assumption (f) be satisfied.
Lemma 28. If o # A1(ax), then I satisfies the Palais—Smale condition.

Proof. Let {u,} be a Palais—Smale sequence of I, which means that
I(u,) — ¢ and ||I’(un)||Wg,p(Q)* —0 asn— o0

for some ¢ € R. In view of Proposition 2 and the compactness of the embedding
Wol’p(Q) — LP(£2), it is sufficient to prove the boundedness of {u,} in Wol’p(Q).
Then, in view of the inequality

20) inwnnps/G(x,wn>dx=1<un>+/ Fo(x ) d
p(p—1) P Q Q

< I(up)+ Cllunlly,

it is sufficient to prove the boundedness of {u,} in L?(£2). By way of contradiction
we may assume that ||u, ||, — 00 as n — oo by choosing a subsequence if necessary.
Set v, :=u,/|lu,|lp. The inequality (20) ensures that {v,} is bounded in WOl P(Q).
Hence, by choosing a subsequence, we may suppose that v, — vg in Wé "P(Q) and
v, — Vg in LP(2) for some vy.

First, we see that vy > O for a.e. x € Q. Indeed, by taking —(u,)_ as a test
function, we have

oIV (un) Il = (I"(n), —(un)-)

C
= / A, Vitg) (=Y (t)-) dx = —— |V ()|
Q p—1

Because p > 1, we have ||V (u,)_|l, — 0 as n — oo. Thus (v,)—- — Oin WOI”’(Q),
and hence (vg)_ =0 for a.e. x € Q.
Now we prove that
-1
e Coug) — o)y
m _

1) li - —0,
e lluenllh

where p’ = p/(p — 1). Fix an arbitrary ¢ > 0. It follows from condition (ii) of
Assumption (f) that there exists a C; > 0 such that

|f(x,u) —auP~ ' <elu|P~' +C, foreveryu >0, ae.x €.

Then we obtain

/ | fi () — o) P doe < 27 NP T ) 118 + CP Q).
Q
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Since we are assuming that ||u,||, — o0 as n — o0, this shows that

Tim | £ G =)}/l =0,

because ¢ > 0 is arbitrary.
Here we recall the following result proved in Lemma 19:

alx,|Vu,|) Vu . a(x,|Vu,|)Vu
/—( | ;?1 "V(vn—vo)dx: lim / —( | ?7?1 ‘
e  lugll mooda lunllp

(22) lim

n—oo

Vodx=0

for every ¢ € W(}’p (£2). Thus, by considering

(I'(un), va — vo)

p—1
[l ”p

o(l) = =f oo (X) VU, |P 72V, V (v, — vo) dx + 0(1),
Q

and using Proposition 2, we see that v, converges strongly to vg in Wo1 "7(Q). Hence,
by passing to the limit in o(1) = (I'(u,), (,0)/||un||‘,"§_1 for any ¢ € Wol’p(Q) and by
noting (21) and (22), we infer that vg is a nontrivial solution of

—div(ase |[Vul?>Vu) =a|u|’?u inQ, u=0 ona

(note that ||vg||, = 1 and vp > 0 for a.e. x € ). Since vg > 0 forae. x € Q,visa
positive solution of (17) with A = « (see Remark 3). This implies that « = A1 (a),
because (17) has no positive solutions if A 7% Aj(ax). It contradicts the hypothesis
a # Ai(ax). Hence |lu, ||, is bounded, which completes the proof. O

Lemma 29. Assume (AH) and a < A(aso). Then I is coercive, bounded from
below and weakly lower semicontinuous (wisc) on WOl P(Q).

Proof. Because o < A{(a~), we can take sufficiently small constants ¢ > 0 and
0 < 8 < 1 satisfying

(23) (1 -=68)(ri(ac) —&) > F&.

By condition (ii) of Assumption (f), there exists a C > 0 such that
uP
[Fi(x,u)| < (a +8)? +C

for every u > 0 and a.e. x € Q. Due to Proposition 24 and the definition of @ (A, r),
there exists an R > 0 such that, for every u € Wol’p(Q) with |lu|l, > R,

A(aso) —

I
(24) | 66 v dx = A ) = lul?
Q

Hence, for every u € Wol’p(Q) with [u], > R, we obtain
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+¢

I(u)

. (I1-08)(*ri(ax) —¢) ul? +

o
IVuly — lut iy — CI|

_ o0
rip—1
- 5Co
“pp—1D
by (2), (23), and (24), where u; := max{0, u}. This yields that [ is coercive.
Moreover, because /I is bounded from below on B, (R), we see that I is bounded

IVuly —Cl|

from below on WO1 "P(Q). Since J is wlsc (see the proof of Proposition 5) and
Wol’p(Q) < LP(2) is compact, I is wlsc on Wol’p(Q). O

Lemma 30. Assume (AHO) and oy < Ai(ag). Let p < g < p*, where p* =
Np/(N — p)if N > p and p* = 4+00 if N < p. Then there exists py > 0 such that

inf{l(u) : |lully = p} >0 forevery 0 < p < po.

Proof. Because oy < A1 (ap), we can take some sufficiently smalle >0and 0 <6 < 1

satisfying

(25) (1 =38)(M(ap) — &) > ap+¢.

According to Proposition 17, there exists an ry > 0 such that

(A, 1) Mlag) —e¢
rp - p

In addition, Assumption (f) guarantees the existence of D, > 0 satisfying

g+ ¢

(26)

for every 0 <r < rp.

27 Fi(x,u) < u? + Dyu?  foreveryu >0, ae. x € Q.
Because WOI”7 (2) = L9(L2) is continuous, we can take a positive constant C,

such that |Jull, < C,1|Vull, for every WOI’p(Q). We choose a positive constant p
satisfying

5Co 1/(q—p)
(28) o< min{r0|9|l/q_l/p, ( p) } = po.
2p(p—1)D,Cy

Note that |lu||, < ro if ||u|l; = p, by Holder’s inequality and (28). Therefore, for
every |lull; = p, we have

I(u):(l—é)/ G(x,Vu)dx-i—S/ G(x,Vu)dx—/ Fi(x,u)dx
Q Q Q

i (A, ull )
ol

> (1-8) wte

8Co
)+ ———~
p(p—1)

= l{(1 —8) (A (ag) — &) —ag—e}ull? + <L
p P \p(p—DCJ

1Vl = 222 a1 — Dy llu |4

_ q-p p
Dyllullé )uunq
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L )
2p(p—DCq
by the definition of w;(A, r), (2), (27), (26), (25), and (28). This ensures our
conclusion. U

Proof of Theorem 25. (i) Lemma 29 guarantees the existence of a global minimizer
of I. Thus it suffices to prove that minW(;,p @ I < 0 to show the existence of a
nontrivial critical point of /. Choose a positive constant ¢ > 0 such that «g >
Ar(ap) +2¢. Let ¢4, € Cl(Q) bea positive eigenfunction corresponding to A;(ag)
with [|@g, |l , =1 (refer to the text below (13) and note that (13) is a homogeneous
equation). It is easily seen that fQ ao(x, rVegu)dx/r? — 0 as r — +0 (refer to
the proof of Proposition 17 with [[r¢,, || , = r). Hence there exists ry > 0 such that

14 5 ’ v
(29) /G(X»rV%O)dX=r—fao(x)|v¢ao|f’dx+rp/ Golx, Vo) .
Q p Q Q rp
< )wl(ao)+8rp: A(ag) +¢
14

for every 0 < r < rg. On the other hand, it follows from part (i) of Assumption (f)
that there exists a § > 0 such that

Irgal?

(30) Fotr,u)> 2 "8ur forevery u € [0, 8], ae. x € Q.

Therefore, for every 0 < r < min{ry, §/|/¢qlloc}, We have
rp
I(rup) < ?(M(ao) +2e —ap)llgq I <0,

by (29) and (30) (note A (ap) +2¢& — ap < 0), whence minwol.p(m I <O.

(ii) Let p < ¢ < p*. Then, by Lemma 30, we obtain p > 0 satisfying
8o :=inf{l (u) : ||ully = p} > 0.

Now we claim the existence of w € WO1 "7 () such that

(31 lwllg >p and I(w) < dp.

Admitting this claim, we define

c:=inf max I(y(¢)), T :={yeC(0,1], Wol’p(Q)) y(0)=0, y(1) = w}.
vel t€[0,1]

It is obvious that I' = @ and y ([0, 1)) N{u € Wol’p(Q) Nlully = p} # @ for every

y €T, since Wol "P(Q) < L7(Q) is continuous. Thus the mountain pass theorem

guarantees that ¢(> §p) is a nontrivial critical value of I because I satisfies the

Palais—Smale condition by Lemma 28.
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Finally, we prove the existence of w satisfying (31). Because o > A{(ax), We
can choose a positive constant g9 > 0 such that

(32) o > A(as) +2¢&p.

Using item (ii) on page 165, we can take ¢, € C'(Q) be a positive eigenfunction
corresponding to A1 (ax) With [|@, ||, = 1. It follows from Lemma 19(iii) that

/ é(x, rVeu )dx/r? —0
Q
as r — 400 (note that ||r@, ||, = r). Hence there exists Ry > 0 such that

Go(x,rVg,,)
rpP

P
(33) /G(x,rquaw)dx: r—/aoo(x)IV(paoolpdx—i—rp/ dx
Q P Ja Q

- Mlaoo) +80 p _ Ml@oo) +80
p

Irgas 2

for every r > Ry. In addition, it follows from condition (ii) of Assumption (f) that
there exists D > 0 such that

(34) Fp(eu)> =20

u? — D foreveryu >0, ae. x € Q.
Consequently, by (32), (33), and (34), we obtain
7P
I(req,) < ?()\l(aoo) + 280 — )@y, I + D] — —00

as t — 4-oo. This implies the existence of w satisfying (31). (]

4.1. Resonant cases. To consider the resonant cases, we introduce the following
hypotheses for

~ By - [yl
G(x,y) :=/ a(x,t)tdt and Go(x,y) :=/ do(x, t)t dt,
0 0

where a and ag are as in (AH) and (AHO).
(H+) There exist 1 < g < p and Hp > 0 such that
i PGGLy) —atr [yl
im =
lyl—o00 lyle
pé(x, y) —a(x, |y|)|y|2 > —Hy(1+|y|?) forae. x e, everyye RV,
flx, )t —pF(x,t) > —Hy(l +19) fora.e. x € Q, every r > 0.

+00 fora.e. x € Q,
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(H—) There exist 1 < g < p and Hy > 0 such that

; pG(x,y) —ax, [yDlyl?
1m =—

for a.e. x € Q,
lyl—>o00 |yl4

pG(x,y)—a(x, [yD|y)? < Ho(1+|y|?) forae.x e, every y e RV,
fx, Dt —pF(x,1) < Hy(t?+1) for a.e. x € Q, every r > 0.

(HF+) There exist 1 < g < p and Hp > 0 such that
pG(x,y) —alx, lyDIyl> = —Ho(1+1yl) forae. x €, every y e R",

fx, )t —pF(x,t) > —Hy(l +19) forevery t > 0, a.e. x € 2,

. fx,nDt—pF(x,t)
lim = +00
t——400 14

for a.e. x € Q.

(HF—) There exist 1 < g < p and Hy > 0 such that

pé(x, y) —a(x, |y|)|y|2 < Hy(1+|y|?) forae.x e, everyye [RN,
fx,)t—pF(x,t) < Hy(1+1t9) forevery t > 0, a.e. x € Q,

. fx,)t—pF(x,t)
lim = —

t— 400 14

for a.e. x € Q.

(HO4) There exist p <r < p* and Hy > 0 such that

; pGolx, y) —do(x, |y)|yl?
m ==
[y|—=0 [yl

pG(x,y) —a(x, |yDlyP? = —Holy|" forae.x e Q, every |y| <1,

+00 fora.e. x € Q,

fx, )t — pF(x,t) > —Hyt" fora.e. x € Q, everyt € [0, 1].
(HO—) There exist p <r < p* and Hy > 0 such that

pGox, y) —ao(x, [yDly* _
ly[—0 [y
pé(x, y) —a(x, |y|)|y|2 < Hply|” fora.e.x € Q, every |y| <1,

—00 fora.e. x € Q,

fx, )t —pF(x,t) < Hot" fora.e. x € Q, every r € [0, 1].
(HF0+4) There exist p <r < p* and Hy > 0 such that

pGo(x, y) —do(x, [yDIyl* = —Holy|" forae. x € Q, every |y| <1,
fx, 0t —pF(x,1) > —Hyt" for every t € [0, 1], a.e. x € 2,

. fx,Dt—pF(x,1)

m =

li
t—+0 tr

+00 fora.e. x € Q.
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(HFO—) There exist p <r < p* and Hy > 0 such that

pGo(x, y) —ao(x, [yDIy|> < Holyl" forae. x €, every [yl <1,
fx, )t —pF(x,t) < Hot" for every t € [0, 1], a.e. x € Q,

, Dt —pF(x,t
lim fx, Dt~ pFix, 1) = —00 for a.e. x € Q.
t——+0 tr

Theorem 31. Let Assumption (f), (AHO), and (AH) hold. If any of the following
conditions is satisfied, (P) has at least one positive solution.

(1) ag > A(ag), a = Ai(as), and (HF+) or (H+).
(i) ag < Aq1(ag), o = Ai(as), and (HF—) or (H—).
(iii) ag = A1(ag), @ < A (ax), and (HFO+) or (HO+).
1v) ag = Ai(ag), @ > A (as), and (HFO—) or (HO—).
V) ag = ri(ag), @ = A (ax), (HFO+) or (HO+), and (HF+) or (H+).
(vi) g = A1(ap), @ = A1(aso), (HFO—) or (HO—), and (HF—) or (H—).

The rest of this section is devoted to the proof of this theorem, which involves
some preparatory steps.

The singly resonant case Set fo,(x,t) = f(x,t) % L |t|l’ 2t and define approxi-
mate functionals on W P(Q) by

1
L () = fg G(x, Vi) dx - fQ (Fin)+ o) dx = 1) F [ [}

From now on, assume f satisfies Assumption (f). Take first the case @ = A1 (ao).

Lemma 32. [f either (H+) or (HF+) (resp. either (H—) or (HF—)) hold and {u,,}
satisfies

sup I+, (u,) < +oo and hm ||Iin(u,,)|| WP @ = 0

neN

(resp' I’}Ielff\‘f I:I:n(un) > —00 and nll)ngo ||I:/tn(ul’l)||WO]P(Q)* = 0)9

then {u,} is bounded in Wol’p(Q).

Proof. The boundedness of ||u, ||, guarantees that |lu,]| is bounded, since

Co 1
o(D)llunll = (I, (un), un) > P lunll” = C(A+ llunllp) F ;Il(un)+||§

for some C > 0 independent of n. So, by way of contradiction, we assume that
lunll, — o0 as n — oo. Then, by the same argument as in Lemma 28, we see that
Uy :=1uy/|lu,|l, has a subsequence strongly converging to a positive solution vy of

(35) —div(deo |VulP2Vu) = au|P?u inQ, u=0 ondS.
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If o # A1(as), we have a contradiction, because (35) does not have a positive

solution except when A = A1 (). So we may assume that @ = A (doo) and vo =@,

(note [|vo|l, = 1). For simplicity, we still denote the subsequence under discussion

by {v,}. Thus u, (x) — 0o as n — oo for a.e. x € 2 (note vyp = ¢, > 0in 2).
Assume (HF+) or (HF—). We show that

Sr(x, upuy — pFi(x, uy)
Q llunll

(36) I := dx — Fo0,

where the sign on co matches (HF%) and ¢ is a constant as in (HF%). Indeed, it
follows from (HF+) that (fi(x, t)t — pF1(x,t))/t? is bounded from below on
Q2 x [1, 4+00). Therefore, since u,(x) — oo for a.e. x € 2, we have (36) if (HF+)
holds, by applying Fatou’s lemma to the inequality

I>/ f+(X,un)Mn—PF+(X,Mn)qux_ 2I_IO
" Ju=1 . !

P
Up 7 p

€21,

where Hy > 0 is a constant as in (HF+). The case of (HF—) is handled by the
same argument, with — f instead of f. This shows (36).
Furthermore, by Holder’s inequality, we have

an I -:/P5<X»Wn)—é(x,|wn|>|vu,,|2
Q

dx
q
lunllp

5H0f<|wn|4+ ) dx < Hol| Vo, [|4]Q|P~/7 + o(1)
Q

el
< Hol|Vuol912|P~/7 + o(1)

in the case of (HF—), because v,, — vp in WOI”’(Q), where ¢ € [1, p) and Hy > 0
are constants as in (HF—). Similarly, we obtain

(38) I1 = —Hp||Vvo||%]12|P~/P +o(1)

in the case of (HF+).
Hence we have a contradiction because of (36), (37) or (38) by taking the limit
inferior or superior in the equality

pley(uy,) — <I§;n(un), Up)

q
llenllp

=II+1

Assume (H+) or (H—). Because vg is a positive solution of (35), we have
|Vu, (x)| — coasn — oo for ae. x € Qp:={x € Q: |[Vvy(x)| # 0}. Because
|€20] > 0, we can show, by an argument similar to the one used for f, that

/ PG (x, Vuy) —a(x, [Vuy|)| Vi, ?
Q

q
||un||p

dx — Fo0,
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where again the sign matches that of (H=). In addition, we easily obtain that

SO, up)up, — pFy(x, uy)
Q llunll

+ dx > —Hol[va |12 +o(1) = — Ho|lvo || + o(1)
(again, the sign matches). Hence we have a contradiction by considering the limit
of (pI:I:n(un)_<I;,|:n(un)v Mn))/”un”(;i O

Proof of Theorem 31(i). Because «y > Aj(ap), there exists an ng € N such that
oo — p/no > Ar(ag). Note that f_, (x, t)/t”_1 — ag— p/n > ri(ag) ast — +0
forn>ngand f_,(x,1)/tP"' > a— p/n=»r(as) — p/n < A (as) as t — 0.
Hence, by using the proof of Theorem 25(i) to f_,, we can find a global minimizer
up of I, with I, (u,) <0 for each n > ng. Here we remark that sup,, , - (un) <
0. In fact, for every n > ng, we have

1 1
I,n(un) =< Ifn(uno) == I(uno) + ;”Mnonz =< I(uno) + n_”uno”Z = I*no(uno) < 07
0

where, in the first inequality, we use the fact that u,, is a global minimizer of /_,,.
Now, due to Lemma 32, we see that {u,,} is bounded in Wé "P(Q). Therefore,

p

Ayl =0
nii (=4,

1 @)l gy = 1) = 1y @) 1 . <
as n — 00, where A1(—A,) is the first eigenvalue of —A . Since I is bounded
on a bounded set, we may assume that {u,} is a bounded Palais—Smale sequence
of 1. Because [ satisfies the bounded Palais—Smale condition (see Proposition 2),
u, has a subsequence converging to some vg in Wol’p (€2). It is clear that I (vg) <
SUP, =y, I—n (un) = I_py(up,) <0, and so v is a nontrivial critical point of /. [

Proof of Theorem 31(ii). Using Lemma 30 and oy < Aj(ap), we can choose
go € (p, p*l and p > O such that inf{I () : |lullyq, = p} > 0. Since I,(u) >
I(u) — |lullb |1 =P/ /n for every u € WOI’I’(Q), we can take no € N such that
o+ p/no < Ai(ap) and 8o :=inf {1, () : lully4, = p} > 0. Hence, for every n > no,
we have inf{l,(u): |lull4 = p} > 8o, because I, (u) > I,,(u) for every n > ng and
ue WOI’I’(Q). By noting that f,,(x, 1)/t~ - a+p/n>a=»r(asx) ast — +oo,
and applying Lemma 28 to f., instead of f, I, satisfies the Palais—Smale condition.
Therefore, the proof of Theorem 25(ii) implies that, for every n > ng, there exists a
critical point u,, € Wol’p(Q) of I, such that Iy, (u,) > §p. According to Lemma 32,
{u,} is bounded in Wol’p (€2). Thus, because we have a bounded Palais—Smale
sequence of I due to a similar reason as in the case of (i), we can obtain a nontrivial
critical point of I (note that inf,,>,, I (u,) > inf,>,, L1, (u,) > 60 > 0). U

We next turn to the case where ag = A (ap).
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Lemma 33. Assume (HO—) or (HFO—) (resp. (HO+) or (HF0+)). Let u,, # 0 be
an element of Wol’p(Q) satisfying 1., (u,) =0 for every n € N and inf,, I, (u,) >0
(resp. sup,, I+, (u,) < 0). Then liminf,_, o |lu,ll, > 0.

Proof. By way of contradiction, we assume that lim,, , o ||, ||, = 0 by choosing a
subsequence. Note that the boundedness of ||u, ||, yields that [|u, || and [lu,[|/||u,]l
are bounded in view of

Co

p—1

(39 o(D)llunll = (14, n), un) = lunll” = C (L + 11 (un)+115) ﬂFgll(un)Jrllﬁ

for some C > 0 independent of n. Then, since u,, is a positive solution of
—div(A(x, Vu)) = fau(x,u,) in Q2

(refer to Remarks 3 and 27), it follows from Proposition 4 that u, — 0 in C' () (note
that |(fen)+(x, )| < thfl (see Assumption (f)) and u, — 0in L?(2)). Therefore,
we may assume that [lu,[|c1g) < 1 by considering a sufficiently large n. Since
[ fan O, unllpt) /Nty ||£71| < Ct? foreveryt >0, a.e. x € 2 (C > 0 independent of
n; see Assumption (f) and (39)), by a similar argument to Theorem 13, we see that
U, :=uy,/|lu,ll, has a subsequence converging to a positive solution vy in C Q) of

(40) —div(ag(x)|VulP>Vu) = aplu|’>u inQ, u=0 ondQ.

If @g # A1(ap), we have a contradiction because (13) does not have a positive
solution unless A = A1 (ap). So we may assume that «g = A1 (ag) and vp = @, (note
llvoll, = 1). For simplicity, we still denote the subsequence under discussion by

{va}.
Assume (HO+) or (HO—). Then we can prove that

5 ’Vn_~ ,Vn vn2
4 1;:/17 00x, Vun) = do(x. |Vun DI Vitn®
Q

luall,

— +00

(signs match), where r € [p, p*) is a constant as in (HO+) or (HO—). Indeed,
because ||[Vvyll, > 0, we can choose a constant &y > 0 such that [{x € Q: [Vug| >
2¢e0}| > 0. With this &g, we have under assumption (HO+)

5 x,V —ao(x, |Vuy, Vu,,2
IZ/ pGo(x, Vuuy) — do(x, | V)| Vs | mnlrdx_/ Ho|Vu,| dx
| |

Vo, |>¢o [Vu,|” Vu,|<eo
Go(x, Vi) — do(x, [Vun|) | Vi|?
2/ p ’ n | i’ll | Vll |an|rdx—86H0|Q|,
[V, |>¢g9 |V”n|r

where Hj is a positive constant as in (HO+). Hence, applying Fatou’s lemma, our
claim is shown, because the Lebesgue measure of {x € Q: |[Vug| > 2g} is positive.
Similarly, by considering ag(x, [Vun )| Vi, |> — pag(x, Vu,), we can prove (41)
under (HO—).
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On the other hand, by using (HO+) or (HO—), we obtain

n n F s Un
@) are= [ S m PR ) —HO/(vn)ldx
Q

o lunllr

%

— Hollvall;, = —Hollvoll; +o(1)
(note that ||u,,||cl(§) <1 and v, — vg in C(Q)). Now set ¥,, = I,. Since

pV,(uy) — (qjy/l(”n)’ Up) _ pYV, (1) <

(43) +(I+1) =+
llnl?, lunll),

if sup,, (£1+(u,)) <0 (where the signs match throughout), we obtain a contradiction
with (41) and (42) by taking the limit superior or inferior in (43).

Assume (HF0+) or (HFO—). As in the argument for / in the case of (HO+L), we
can show that

S+, up)uy — pFo(x, uy) fr (e, up)uy — pFi(x, uy) r
dx = (vn)’y dx

Q “”n“; v, >0 (un)i

— to00,

the sign matching that of (HF04). Moreover, it is easily seen that

N / pGo(x, Vity) — ao(x, |Vitn])| Vit 2
Q

luall,

dx = F Hol| Vv, |1} = FHoll Vuo L +o(1).

(Note that ||uy||¢1 gy < 1 and v, — vp in C'().) Our conclusion follows from a
similar argument as before. ]

Proof of Theorem 31(iii). Let ng € N such that « + p/ng < A1(as). The proof
of Theorem 25(i) guarantees that, for every n > ng, I;, has a global minimizer
u, such that 7, ,(u,) < 0, because f,(x, t)/tf"_1 —ag+ p/n > oy = Ar1(ap) as
t > +0and fi,(x, t)/t”_1 — o+ p/n<Xi(asx)ast — 4ooif n > ng. Noting
that I, (u) > I,,(u) for every u € Wol’p(Q) and n > ng, {u,} is bounded in
Wol’p(Q) since /4, is coercive on Wol’p(Q) by Lemma 29. Thus {u,} is a bounded
Palais—Smale sequence of / by the same argument as in (i). Therefore, {u,} has a
convergent subsequence to some uq in WO1 "P(Q) because I satisfies the bounded
Palais—Smale condition. On the other hand, Lemma 33 guarantees that uy 7~ 0 (note
SUP, =y Ln (Un) < 0). Therefore ug is a nontrivial critical point of /. O

Proof of Theorem 31(iv). Let ng € N be such that o — p/ng > A1(as). Applying
Lemma 30 to f_, for n > ny (and since ag — p/n < Ai(ap)), we can choose
g0 € (p, p*] and p, > 0 such that 8, :=inf{/_, (u) : lull4, = pn} > 0. By noting that
fon(x,)/tP~ > o — p/n > A(as) as t — 400 for every n > ng, and applying
Lemma 28 to f_, instead of f, we see that I_, satisfies the Palais—Smale condition.
Therefore, the proof of Theorem 25(ii) implies that, for every n > ng, there exists
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a critical point u,, € Wol’p(Q) of I_, such that I_,(u,) > 6, > 0. By Lemma 32,
{u,} is bounded in Wol’p (€2). Thus, by arguing as in case (i), we find a subsequence
{u,} converging to some ug in WO1 P (Q). Also, Lemma 33 yields ug # 0 (note that
inf,>,, I—,(u,) > 0). This shows that u¢ is a nontrivial critical point of /. O

The doubly resonant case. Choose smooth nonnegative functions ¢ and i on
[0, +o00) satisfying (1) =1if0 <t <2, () =0ift >4, () =0if ¢t <5, and
¥ (t) =1if t > 10. Define approximate functionals on WOl P(Q) by

7 1 P p 1 p p
Ly (u) :=1(u) ¥ ZW(IIMII,,)IIMII,, + ;(p(llull,,)llu+ll,,-

Because fin (u) = I+, (u) provided |lul|, <2, the following result can be proved
by the same argument as in Lemma 33. We omit the proof.

Lemma 34. Assume (HO—) or (HFO—) (resp. (HO+) or (HFO+)). Let u;,, #0 be an
element of Wol’p(Q) satisfying (I,) (u,) = 0 for every n € N and inf,, I, (u,) >0
(resp. sup, I;n (n) < 0). Then liminf, _,  [luyl, > O.

Lemma 35. Ifa & p/n # ’(asx), then Ly, (with the matching sign) satisfies the
Palais—Smale condition.

Proof. Let {u,,} be a Palais—Smale sequence of I~+n or I_,. If ||t || p —> OO occurs,
then fin (um) = I+, (u,,) for sufficiently large m. So, by applying Lemma 28
to fi, (note that o & p/n # Ai(a)), we have a contradiction if [|u,,||, — oo.
Consequently, we see that ||u,,||, is bounded. Then, by the same reason as in
Lemma 28, {u,,} has a convergent subsequence in WO1 P(Q). [l

Because L, (u) = L, (1) provided [lu||, > 10, the following result can be proved
by the same argument as in Lemma 32. We omit the proof.

Lemma 36. If either (H+) or (HF+) (resp. either (H—) or (HF—)) and {u,}
satisfies

sup L, (un) <+o0o and  lim [|(Len) ()l ) =0
neN n—oo 0

. =~ . 7 / _
(resp' l’}relff\‘] I:I:n(”n) > —00 and nli{IgO ”(I:I:n) (un)”WOl’p(Q)* - 0)7

(i) is bounded in W, " ().
Proof of Theorem 31(v). Note that f_n(u) = I_,(u) provided |[jul|, > 10 and

L, (u) = Ly, (u)if |lu|l, < 2. So, by a similar argument to that in (i), I_, has a
global minimizer u,,. Moreover, by a similar argument to that in (iii) (note that
Fan(x,)/tP~V > ag+p/n> ri(ag) ast — +0and f_,(x,1)/t’P' >a—p/n<
M (axo) as t — +00), we have f_n (u,) < 0, whence u, # 0. Because Lemma 36
implies the boundedness of ||u, ||, by the same argument as in (i), we see that {u,,}
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is a bounded Palais—Smale sequence of I. Therefore, we may assume that u,
converges to some ug in W(;’p (£2) by choosing a subsequence. On the other hand,
Lemma 33 yields liminf,, , o [lu, ||, > 0. Hence ug # 0. This means that u is a
nontrivial critical point of /. (]

Proof if Theorem 31(vi). Note that I, (u) = I,(u) provided lull, = 10 and
f+n(u) =1_,(u) if [Jul]|, <2. So, because f_,(x, 1/tP~' > ag— p/n < ri(ag)
ast — +0 and fi,(x, t)/tl’_1 —a+ p/n > A(ax) as t - 400, by a similar
argument to those in (ii) and (iv), for each n, we have a nontrivial critical point
u, of i+n with i+n (un) > 0. As a result, by a similar reasoning as in (v), we can
obtain a nontrivial critical point of I. U
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