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ON CROSSED HOMOMORPHISMS OF
THE VOLUME PRESERVING DIFFEOMORPHISM GROUPS

RYOJT KASAGAWA

We construct crossed homomorphisms of the groups of volume preserv-
ing diffeomorphisms of closed manifolds with nontrivial first cohomology
groups and give their applications to the volume flux groups. Moreover, we
see that they descend to crossed homomorphisms of their isotopy groups. In
the two dimensional case, we show that their restrictions to Torelli groups
are the first Johnson homomorphisms.

1. Introduction

In this paper we construct crossed homomorphisms J of the group %, of volume
preserving diffeomorphisms of a closed oriented smooth manifold M of dimension
n with volume form vol. Each J is related with a Pontryagin class p of degree k
and takes values in # = Hom(/\"_4kH "(M; R), H ' (M; [RE)). This construction
is an analogy of that for the symplectomorphism groups of symplectic manifolds
in [Kasagawa 2008]. In it, crossed homomorphisms are constructed from certain
relations of Chern classes and the cohomology class of the symplectic form. In
this volume case, we use relations such as p(M) Ua; U ---Ua,_q = k[vol],
where a; € H'(M; R) and « € R. But there are usually many such relations, and
the domains of crossed homomorphisms constructed from such relations need to
be restricted to certain subgroups, so we consider them all together. This is the
reason why the target of J is the space of homomorphisms between cohomology
groups as above. The crossed homomorphism J, which is a 1-cocycle in terms
of group cohomology theory, depends on the choice of the ingredients used in
the construction, but we can show that its cohomology class does only on the
Pontryagin class p, not on the other ingredients. Some cohomology classes on
groups of volume preserving diffeomorphisms were studied by McDuff [1983],
but they are defined only on the identity component. A significant point of our
construction is that J’s and their cohomology classes are defined on the whole
group of volume preserving diffeomorphisms.
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We calculate the derivative of J along smooth curves in %@,,;. Its formula contains
the derivative of the volume flux homomorphism of (M, vol) as a term, so we have
an application of our crossed homomorphisms to the volume flux ones. As a
corollary of it, we obtain some conditions for which the volume flux groups vanish,
some of which have been obtained by Kgdra, Kotschick, and Morita [2006]. They
studied more properties of flux groups not only for the volume case, but also for the
symplectic case and others. In the two dimensional case, Kotschick and Morita also
studied cohomology classes of the symplectomorphism groups of surfaces related
with the extensions of the flux homomorphisms in [Kotschick and Morita 2005;
2007]. Their work suggests some applications of the crossed homomorphisms J.

The derivative formula for J tells us that the image of the identity component
of %o under J is easily understood. It turns out that J descends to a crossed
homomorphism ¢, from 7%y, to a quotient of ¥. It can be considered a crossed
homomorphism of the group 7% of path components of the diffeomorphism group
9 of the oriented manifold M since it is isomorphic to my%ye by the induced
homomorphism of the standard inclusion %y, < % by Moser [1965]. The first
nontrivial example of ¢ is the two dimensional case. Let M be a closed oriented
surface X, of genus g = 3. The group % is called the mapping class group of X,.
The standard action of it on Hy = H;(Xg; Z) gives the well-known representation
mo% — Sp(2g; Z), whose kernel $ is called the Torelli group. Johnson [1980]
defined a surjective homomorphism 7, : $, — /\3 Hz/Hz, which is called the first
Johnson homomorphism. If we take p =1 as a Pontryagin class of degree 0, the tar-
get of the crossed homomorphism § is #/~ = Hom(/\zH1 (2 R), H' (Zg; [F\R))/fv.
Using the Poincaré duality, we have a natural injection /\3 Hz — . We can see
that it induces an injective homomorphism from the target of 7, to that of $.
Thus, we can compare 7, with ¢ on the Torelli group $, and can show that $
coincides with —7,/2 on $,. In other words, $ is an extension of —7,/2 as a
crossed homomorphism of the whole mapping class group with larger target. Thus,
the $’s in dimension greater than 2 are considered analogues of the first Johnson
homomorphisms for higher dimensions. On the other hand, Morita [1993] had
already extended 7, to a crossed homomorphism of 7y% with target % /\3 Hyz/Hy.
The target of Morita’s crossed homomorphism is also contained in that of ¢ in the
same way as above. We do not know if they are essentially the same, but in this
paper we don’t pursue this problem.

We note that there are many ways of extending Johnson homomorphisms, such as
[Day 2007; Morita 1993; Morita and Penner 2008; Perron 2004] and others, and also
that some relations between first Johnson homomorphisms and flux homomorphisms
in the two dimensional case were obtained [Day 2011]. So, if we consider high
dimensional analogues of these works, our crossed homomorphisms give ingredients
for them.
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This paper is organized as follows: In Section 2, we define the crossed homo-
morphisms J and $ and state the main results. In Sections 3 and 4, we show the
existence of main ingredients in the construction of J and some lemmas related
to them. In Section 5, we recall properties of Bott homomorphisms. In Section 6,
we prove Theorem 2.3, which states that the crossed homomorphism J is well
defined and defines a unique cohomology class. In Section 7, we calculate the
derivative of J along a smooth path in %, and show some results for the volume
flux homomorphisms and groups. In Section 8, we see that J descends to the
crossed homomorphism $. In Section 9, we recall the first Johnson homomorphism
7o of . In Sections 10, 11, and 12, we explicitly describe ingredients needed to
calculate ¢ in the 2 dimensional case. In Sections 13 and 14 we compute $, which
shows that it coincides with —%rg on the Torelli group $.

2. Definitions and main results

Let M be a closed oriented smooth manifold of dimension n with a volume form
vol. Let 9% = Diff, (M) be the group of orientation preserving diffeomorphisms
of M and Do = {@ € D | ¢* vol = vol} its subgroup of volume preserving ones.
Put C°(M) ={g € C®(M) | [,, g vol =0}, Dy, then acts on it by p.g = (¢~ )*g
for ¢ € Pyo and g € C3°(M). Put psh(a) = ¢y(h(p*a)) for a € H'(M) and
h e Hom(H' (M), C$°(M)), Do then acts on Hom(H ' (M), C§°(M)) by (¢, h) >
@:h. Here, H'(M) is the first cohomology group of M with real coefficients,
and hereafter we use cohomology groups with real coefficients if not mentioned
explicitly. In this paper, actions of %y, on similar spaces of homomorphisms,
such as Hom(A'H' (M), V), (V = Q"~'(M), H""'(M), ...), are given by the
same formula, ¢sg(a) = ¢.(g(¢*a)), for g considered there. Take a linear section
r: HY(M) — Z'(M) of the projection Z!(M) — H'(M), where Z'(M) is the
space of closed 1-forms on M.

Lemma 2.1. There exists a unique crossed homomorphism
f:Byot 3@ > f, € Hom(H' (M), CF°(M))
such that df,(a) = @sr(a) —r(a) for each ¢ € Dyo and a € H'(M).

Here, gsr(a) = ¢« {r(¢*a)} as mentioned above, and by definition, f is a crossed
homomorphism if and only if the equality f,y = f,+¢: fy holds for all ¢, ¥ € Dyq.

Foranya =ay  A---Aay € /\hHl(M), put A\,a =r(a;) A--- Ar(ay) and
(Ja =a; U---Uay, we then have the homomorphisms

A NHY (M) > Q"(M) and |J: N"H'(M) - H"(M)

by linear extension for each 2. We use the same symbols /\, and | J for different A’s.
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Let I,%k be the set of invariant, symmetric, multilinear functions on gl(n, R)
of degree 2k with values in R. Take p € I,%" . We have the Pontryagin class
p(M)e H (M) of M corresponding to it. Let A be a GL(n, R)-connectionon T M,
and F4 € Q2(M, End(T M)) its curvature form. We then have p(M)=[A(A)p] €
H* (M) by Chern—Weil theory, where A(A)p = p(F(Zk)) =p(Fyu, Fa, ..., Fa).
We also need A(A, B)p = 2k fo p(B — A, Ff‘zft(llg A))dt which is the Chern—
Simons—-Bott form, where B is another GL(n, R)-connection. This introduction of
Pontryagin classes, more generally of primary and secondary characteristic classes,
is referred to in Chapter 4 of [Vaisman 1987]. It is also helpful to compute them in
this paper.

Let/=n—4k and k: N H! (M) — R, the homomorphism defined by

k(@) =(p(M)Ua, [M])//M vol fora e NH'(M).
Lemma 2.2. There exists a homomorphism
w: NH' (M) — Q"' (M)
such that dju(a) = k(@) vol —A(A)p A \,a for all a € N H' (M).
For ¢ € Byo and a =a; A - Aa; € N HY(M), put
fola) = Z( Hm-! /\ a7 (@) A fyam) /\r(a,)
ot

in /=1 (M) and extend it by linear combination for any a € A\' H!(M). We use the
same symbol f,, for all /, but there is no confusion. Put

Jo(@) = [A(A, @A) p AN\ra+ A A)p A fy(@) + ppn(a) — pu(a)].

Then it is a well-defined element of H"~!(M). Here, ¢, A is the pushforward
connection of A by ¢.: TM — TM. Put

% = Hom (N H' (M), H""'(M)).
We can show J, € ¢ and the following theorem:

Theorem 2.3. The map
J: Dy Jye¥

is a well-defined crossed homomorphism depending on the choice of p, A, r, and .
Its cohomology class [J] € H' (D01, %) in group cohomology depends only on p,
not on the choice of A, r, and L.
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Here the action of %, on ¥ is given by (¢, h) — ¢zh as mentioned before.
By definition, the map J is a crossed homomorphism if and only if the equality
Joy = Jy+@;Jy holds for all ¢, ¥ € Dy See [Brown 1982] for group cohomology.

In general, the cohomology classes [J] are nontrivial. Proposition 7.8 gives a
condition for them to be nontrivial, and Corollary 7.7 is a simple example of them.
These are corollaries of Proposition 2.4 below. Since the target € of J is the same
for all p € InZk , we obtain the map from I,%k to H' (Do, ) by Theorem 2.3, which
is easily checked to be linear, but we don’t study this homomorphism in this paper.

In order to state Proposition 2.4, we introduce the volume flux homomor-
phism. Let 9,00 be the identity component of %, and 7 : QNZ)V(,LO — Dyol.0
its universal covering. Each element of QNDV()LO is represented by a smooth curve
{@s}ser0.1] C Dvor,0 With ¢o = idps, which is denoted by [¢s] € @Vol,o. The volume
flux homomorphism

1
Flux™: Dye 0 = H" '(M), Flux™([g,]) = / [L(X,) vol]ds
0

with respect to vol is a well-defined surjective homomorphism [Banyaga 1997]. Here
X is the time-dependent vector field given by do, /ds = X o g5, and t(X) denotes
the interior product by X,. The image Flux™ (7~ 1(id)) of the fiber 7 ! (id) C éBvol,O
at the identity under Flux™ is called the volume flux group, which is denoted by
[yol (M ) .

In order to state the relation of J with Flux™, we define the homomorphisms

2-1) L,L.: H Y(M)— %
as the linear extensions of

! m—1 1
_ _1ym—1 , .
L(w)(a)—p(M)UZ( 1) (amUw,[M])jglaJUUaJ //M vol

m=1 j=m+l

and Ly (w)(a) = —k(a)w + L(w)(a) forw e H" '(M)anda =a; A---Aa €
NH (M).
Proposition 2.4. The equality J o = L o Flux™ holds on @vol,o; that is,
Jp (@) = —k (a) Flux™ ([¢s]) + L(Flux™ ([ps])) (@)
holds for any [@s] € Byor0 and a € /\lHl(M).

Let L,, L, and k), be the homomorphisms L, L, and « with respect to p €
12¥ respectively. This proposition implies that the volume flux group I'yo (M) is
contained in the kernel of L, for all p, since I'yo) (M) is defined independently of p.
In particular, if there exists an L, whose kernel is zero, we have I'yo (M) = {0}. The
next theorem restates this consequence in terms of L, and its examples are given
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in Corollary 7.6. Let @ be the set of pairs (p, a) of p € I** and a € N-HH! (M)
for some k, and Py = {(p, a) € P | k,(a) = 0}. For each (p, a) € P, we have the
homomorphism L, (-)(a): H" (M) - H'" \(M).

Theorem 2.5. The volume flux group Tyo1(M) of any closed oriented smooth mani-
fold M of dimension n with a volume form vol satisfies

Tyol(M) C i [kerL,(- )(a)} n { ()ImL,(- )(a)}.

(p,a)ePy (p,a)eP\ Py

Proposition 2.4 tells us that the image of %y, 0 by J is contained in Im L. On
the other hand, we know from Moser’s result [1965] that the inclusion %yg <> 9
is a weak homotopy equivalence. Using these, we can show the following theorem:

Theorem 2.6. The crossed homomorphism J descends to a well-defined one;
$:moD — H/Im L.

Its cohomology class [$] € H'(mq%®, ¥#/Im L) depends only on p, not on the
choice of vol, A, r and 1.

As mentioned above, Corollary 7.7 gives a nontrivial example of Theorem 2.3.
But since the image of J in this corollary is contained in Im L, it is a trivial case
of Theorem 2.6, so we need a nontrivial example of the cohomology class [ $].

Let M = X, be a closed oriented surface of genus g = 3. The isotopy group 7%
is called the mapping class group of ¥,. We take p=1 € Ig . Then, our crossed
homomorphism J: @yq — H = Hom(/\zHl(Eg), Hl(Eg)) is simply given by
Jo(a) =[fy(a)+@zpu(a)— pu(a)] for an area form w (= vol) on X4, which descends
to $ on mo%. The subgroup $, = {¢ € moD | ¢ = id on H(Xg; Z)} C moD
is called the Torelli group. Let 7,: $, — /\3H1(2g; Z)/H(Xg; Z) be the first
Johnson homomorphism [Johnson 1980]. Using Poincaré duality, we have a natural
homomorphism /\3 H\(X,; Z) < ¥. Moreover, we can see that it descends to an
injective homomorphism

(2-2) Ji N Hi(Sg: )/ H{(Sg; 7) <~ %/ Im L.
Theorem 2.7. For any closed oriented surface X, of genus g 2 3, the following
equality holds:
ng = _%] 0 Tg.
We remark that $|g, is a usual homomorphism because the subgroup . of 7%
acts trivially on the target of $. This theorem implies that the restriction $|g, is a

nontrivial homomorphism, which defines a nontrivial first cohomology class. Thus,
the class [$] is also nontrivial. This gives a nontrivial example of Theorem 2.6.
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3. Lemmas

In this section we will prepare the lemmas which are needed to show that the homo-
morphism J,, is defined on the exterior product NH! (M) and that the cohomology
class of J is unique.

Let a; € ZY (M) and {j € C®°(M) with 1 < j < h. We expand the exterior
product /\}}: ((oj +d¢&j), we then have

h h h m o kp—1 5
/\(Olj-i-dé'j)—/\aj:Z Z /\{ /\O[j/\dé’kp}/\/\()lj,
j=1 j=1

m=1 1<ky<--<kn,<h p=1 j:kp_|+1 J=km+1

where kg =0. Set@d =a| @ - Q. { =1 ® - - - ® ¢, and

ki—1 kp—1 h
KGH-Y S N /\{ N nde, }A/\aj,
m=1 1<ki<---<k,<h p=2"j=kp_1+1 J=kn+1

we then have K, (&, ¢) € Q"~1(M) and

h h
(3-1) N(@j+de)— N\ o) =dKi@ 7).

j=1 j=1

This equality is the only requirement for K}, so the choice of it is not unique.
The following lemma is an easy consequence of the definition of K, so we omit
the proof:

Lemma 3.1. The following equalities hold:

() Kn(@, ) AB=Kp1(@®B, @0 — (—D"Na-n— Ky (@, ) Adn.
(i) BAKW(@, ) =—Kp1(BR& n®)+n/\& +ndKi(@, 0).
where B € Z' (M), n € C®(M), and N\ad = a1 A -+ Aa.

Let &) be the h-th symmetric group. Put oy = a5(1) ® - - - ® a5 () and Z(, =
Lo() - QLo for o € Fp.

Lemma 3.2. The equality Ky (s, {,) = sgn(o) K, (@, £)(mod d2"=2(M)) holds
foreach o € &),

Proof. 1t is sufficient to show the equality for any transposition o = (s, t) € ¥, with
s <t.Foreachl <m <h,put I, ={(ky,...,kpn) |1 <k <--- <k, <h}, and
define the map o : I,,, — I, by
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u ifs,t €u,
ifs,t €eu,
o(u) = . . .
{ki, ..., km,t} {5} reordered in ascending order ifs cu, t € u,
{ki, ..., kpn, s}~ {t} reordered in ascending order ifs €u, t € u,
where u = (ky, ..., ky) € Iy, and s € u means s € {ky, ..., k;,} by abuse of notation.
Put
ki—1 m kp—1 h
Au=ED N ngg N { /\aj/\dg“kp} AN\ e
j=1 p=2 j:kp,1+1 Jj=km+1
and

ki1—1 —1

h
A7 = (=Dh~! /\ Ao (j) N Lo (k) /\ { /\%(n Ad{a(kp)} ACZ

p=2 " j=kp_1+1 J=km+1
foru = (ky, ..., kn) € I,. It is easy to see the following equalities:
(1) If s, € u, then Ag = _Ao‘(u).

an exact form if s = kq,

i) If s, 1 cu, then A% = —Agu + !
(@) Is,r € u @) {0 if s £ k.

an exact form ifs=k; <k, <t,
(iii) If s € u, 1 ¢ u, then A% = — Ay, + =
0 otherwise.

an exact form ifs <k <k, <t,

iv) If s €u, t €u, then A2 = —Asq) + .
(iv) 4 u o) {0 otherwise.

Thus, we have A, = —Ag;,)(mod dQ"2(M)). Since the map o on [, is
bijective, we have

h h
Kin(@,2)=) Y AT==> Y Asw(mod dQ"*(M))

m=1 uel, m=1 uel,
h
== ) Au=sgn(@)Ky(@. ). O
m=1 uel,

4. The proofs of Lemmas 2.1 and 2.2

In this section we will prove Lemmas 2.1 and 2.2 and show some properties of the
homomorphisms in these lemmas.
We preserve the notation in Section 2.

Proof of Lemma 2.1. Let B' (M) be the space of smooth exact 1-forms on M. We
have gyr(a) —r(a) € BY(M) for any ¢ € @y and a € H'(M) since [psr(a)]=a=
[r(a)] € H'(M). Since the exterior derivative d gives an isomorphism from C°(M)
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to B (M), we have a unique fy,(a) € C3°(M) satisfying df,(a) = ¢:r(a) —r(a).
The equality

(p¥)er(a) —r(a) = ggr(a) —r(a) + @ (Yzr —r)(@*a)

for ¢, ¥ € Dyo and a € H'(M), and the injectivity of d on C§°(M) imply foy (a) =
Jo(@) + (o1 fy)(a). O

Letu: H' (M) — Z'(M) be another linear section of the projection Z (M) -
H'(M). We have two crossed homomorphisms f, and f, in Lemma 2.1 with

respect to r and u respectively. The proof of the following lemma is almost the
same as that of Lemma 2.1, so we omit it:

Lemma 4.1. There is a uniqgue homomorphism
q=qru: H' (M) - C5°(M)
such that dq(a) = u(a) — r(a) for all a € H'(M). Moreover, the equality

fu,w - fr,(p =019 —q
holds in Hom(H "' (M), C§°(M)).
Proof of Lemma 2.2. Note that «(a) vol —A(A)p A /\,a € Q"(M) is exact for
any a € /\lHl(M) by the definition of k. Fix a basis {e;} C /\ZHI(M) and take
w(e;) € Q"1 (M) arbitrarily such that du(e;) = k (e;) vol —A(A) A /\,e; for all i.

The linear combination of w(e;)’s give the required homomorphism. O

Foreacha=a1® - -®ay, € ®hH1(M), set
Rn@) =Kp(r(a)®---Qr(ap),qa) Q- ®qlan)),

where r and ¢ are the homomorphisms in Lemma 2.1 and 4.1 respectively. Then
the linear extension defines a homomorphism

R Q"H'(M) — Q"' (M)

for each h. The composition ®"H'(M) — N'H'(M) A Q"(M) is also de-
noted by the same symbol, /\,, where the first homomorphism is the projection
®hH1(M) — /\hHl(M) givenbyad=a;®---Qa,+—>a=ay N---Nay.

Similarly, we use the same symbol for a homomorphism on /\hH '(M) and the
composition of it with the projection ®h H'(M) — NH! (M). For example, the
image of a by the composition ®1 HY (M) — /\IH1 (M) K qQn-l (M) is denoted
by p(a) := p(a). There is no confusion since we can distinguish them by a or a.

For each permutation o € ¥, let ®hH1(M) Sar> a, € ®hH1(M) be the
linear extension of a1 ® - - - @ aj > do(1) ® -+ - @ Ay (h)-
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Lemma 4.2. Leta € ®" H' (M), b e H' (M), and ¢ € Byq1. Then:
@) Aua—N\ra=d8f,(a).
(1) @3 Rrun = Ro.rgu.h> where Ry and Ry,rp,u.n are Ky with respect to r, u, and
@sr, @zu respectively.
(iil) (D) A Rp(@) = —Rpp1(b ®@a) +q(b)/\ra + q(b)d Ry ().
(iv) Rn(@) Ar(b) = Rpy1@®b) — (=D)"'\,a - qb) — Kn(a) Adq(b).
(V) @284 (@) A@yr(b) = @3 811 (@®D) — (= 1) Ny, 039 (b) — 01 80, (@) Ad 93q ().
vi) Ry(as) =sgn(o)Ry(a)(mod th_z(M))for eacho € ¥y,

Proof. (i) and (ii) follow immediately from the definition of K. (iii), (iv), (v), and
(vi) are direct consequences of Lemmas 3.1 and 3.2. Ul

5. Bott homomorphisms

In this section we shall recall Bott homomorphisms [Vaisman 1987], which are
useful for our computation.

Let G be a Lie group, but we consider only G = GL(#n, R) in this paper. Let
m: P — M be aprincipal G-bundle over a manifold M. Let A, withh=0,1,...,r
be r + 1 connection forms on P, and

A’ ‘:{(to,tl,...,tr)e[RR’+1 th=0, thZI}
h=0

the standard r-simplex. Then we have the average connection A = Y heothAn on

the product bundle 7 x id: P x A” — M x A”. Let I*(G)(= I,’f) be the vector

space of invariant, symmetric, multilinear functions on the k-th product g* of the

Lie algebra g of G with values in R. For each p € 1°(G), put A(Ag, ..., A)p =

(—l)% f A p(Ff(ik)), where F; is the curvature form of /i, the orientation of A" is

given by dty A+ - - Adt, with tg = 1—22:1 th,and p(F;, Fj, ..., F;)is denoted by

p(Flf{k)). Then we have Bott homomorphisms A(Ayg, ..., A,): I(G) — Q*"(M).

They have the following properties:

(i) dA(Ag, ..., A)p = ZZZO(—I)hA(AO, coos A1, Aptt, ..., Ay p, in par-

ticular, dA(Ag)p =0 for r = 0.

(i) A(Ag): I"(G) — Q*(M) is the Chern—Weil homomorphism; that is, the
equality A(Ag)p = p(F§.) holds.

(iii) A(Ao, A)p =k [y pla, Fy ") dr, where o = A} — Ag and A, = Ag + ar.
Let O be another principal G-bundle over M, and ¢: Q — P a G-bundle

isomorphism over a diffeomorphism ¢ of M. The pushforward connection of
A by ¢ is denoted by @, A = (¢~ )*A.

(iV) A(QZ)*AO, ¢*Al, ey (ﬁ*Ar)p = (p*A(Ao, A], Ceey Ar)p.
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6. Proof of Theorem 2.3

Recall that for any integer & and any homomorphism v: H' (M) — Z'(M),
Ay: N'HY (M) — Q" (M) is defined as the linear extension of aj A - -- A aj
v(aj) A---Av(ay). We use the same symbol /\, for the composition ®hH1 (M) —
/\hH L(M) — Q"(M) as mentioned above. We consider mainly the cases of
V=T,U, QiF, .

Forany ¢, € Yyganda=a1 Q- Qa; € (X)l HY (M), put

!
fo@) = (=" Npyrlitm—1 A fol@m)Nrams1.

m=1
and
f(/),l/f(a)
=— Z(—l)erk/\(W):rfll,kfl A @z (fy) (@) Ngoricr1m—1 A Fp(@m) N\ramy1.1,

1<k<m<l

where ¢; j =a; ® ---®aj withi < j and /\sait1,; = 1. Linear extension defines
the maps
By > ¢ > f, € Hom(Q'H' (M), @'~' (M)
and
G213 (@, ¥) > fpy € Hom(Q' H' (M), Q'72(M)).

Lemma 6.1. For any ¢, € Dy, and a € ®l H' (M), the following equalities
hold:

(1) df(p(a) = /\(p:ra - /\ra
(i) do:(fy)(@ = Ngy),ra — Ny,
(i) @ fy (@) — fou (@) + f,(@) = dfyy @).

Proof. For (i), it is sufficient to show the equality fora =a;®---Qa; € ®l H'(M).
Direct computation shows

l
df(p(a) - Z /\(pnr[ll,m—l Adf(p(am) AN /\r&m—i-l,l

m=1

[
=" Agrtit.m AM@r(@m) = r(@am)y A N\rlims

m=1

l l
== Z /\(pﬁr[ll,m AN /\r&m—i-l,l - Z /\(pﬁral,m—l AN /\r&m,l
m=1

m=1

= /\(purgl - /\r&
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A similar computation to (i) shows (ii) and (iii), so we omit it. U

Lemma 6.2. Foranyp € Yyopanda=a1®---Qa; € (X)l H'(M), the following
equalities hold:
(W) fo@) = fplari—1) Ar@a)+ (=D Ny a1 A folap).
(1) fp(@) = felaN\razr; —gsr(a) A fo(an).
(iii) f,(as) = sgn(o) f,(a) + an exact form, where o € ¥, is any permutation of

degreel and a, = a5(1) ® - - - @ Ao (1)-

Proof. (1) and (ii) directly follow from the definition of f.
For (iii), we proceed by induction on /. It is trivial for / = 1. For / = 2 and
o = (1,2) € ¥, the equality f,(a1 ® az) + fy(ax @ a1) = d{— f,(a1) fy(az)} is
a desired one. Assume that the statement holds for / — 1(= 1). Let 0 € &;. To
begin with, we consider the case of (/) =[. We can consider o as an element
of ¥;_;. By assumption, there exists & € Q!=3(M) such that folaoqi—1)) =
sgn(a)f(p(&lyl_l) +dh, where 50{1,1_1} =) Q- Qdy(-1)- Using (i), we have
folao) = folao(1,1-1) @ ar)
= fo(aop1,1-1y)) A1 (ap) + (—1)171/\%#70{1,1—1} A folar)
= (sgn(0) fp(@r,i—1) +dh} Ar(a) + (=D sgn(@) Ny, ai-1 A fylar)
=sgn(o) fp(a) +d{h Ar(ap}.
In the other cases we consider that o can be given as the product of a transposition
and a permutation of essentially lower degree such as the case above. Using this

and induction hypothesis we can show the / case. By induction, we complete the
proof of (iii). O

For each ¢ € %,,), we define the map
Jo: @ H (M) - Q" 1(M)
by
Jp@ = A(A, @A) p AN+ D9 A p A f(@) + p:10(@) — p(@)
for each a € ®l H'(M).

Lemma 6.3. (i) dJ,(a) =0 for any ¢ € Gyo and @ € @' H'(M). Put J,(a) =
[Jp(@)].
(i1) The map J,: ®l H'(M) — H""Y(M) is a homomorphism.

(iii) The map J: Dyot > ¢ > J, € Hom(®’ H' (M), H""'(M)) is a crossed
homomorphism.
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Proof. (i) Using the definitions, Lemma 2.2, Lemma 6.1, and properties of Bott
homomorphisms, we have

dJy (@) = {Alp A p — AA) Y AN+ Al A p A N\gyra — /\sa)

+o.f(9*a) vol —A(A) p AN\, @*a} — {k (@) vol —A(A)p AN, a)
=0.

(ii) By (i), a > Jy(a) is well-defined as a map. Its linearity is obvious.

(iii) Direct computation using Lemma 6.1 and properties of Bott homomorphisms
shows the equality

02y @) = Jyy (@) + Jy (@)
=d[A(A, g A, (V) A)p ANrd+ A(@Y)A)P A fiy (@)
— A(@A, (@) A)p A f,(@)]
in Q"1 (M). This implies that the map J is a crossed homomorphism. ([

Let B be another GL(n, R)-connectionon TM and u: H'(M)— Z'(M) another
linear section of the projection Z (M) — HY(M). Let

b QH (M) > Q" (M)
be the homomorphism defined by
V(@) = pr(@) — ps@ + AA, B)p AN+ A(A) p A Ry(@)

for each a € ®[ H'(M). Here ur and g are u’s in Lemma 2.2 with respect to
T ={p,B,u}and S ={p, A, r} respectively.

Lemma 6.4. (i) dv(@) =0 foranya € ® H'(M).
(i1) The map
v: @ H (M) 3a - [v(@)]e H™ (M)
is a well-defined homomorphism.

Proof. (1) Using Lemma 2.2, Lemma 4.2, and properties of the Bott homomorphisms,
we have

dv(a) = k(@) vol =A(B)p A A\ya — {k (@) vol —A(A)p A N\,a}
+{AB)p— AA)p}ANwa+ AA)p A Aua— N\ a}
=0.

(i) By (i), v is defined as a map and its linearity is clear. [l
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f(p (a) is written as

T5.0@) = A(A, 9 A)p AN+ A(@A) P A frp(@) + @pa5(@) — pus(@)

for the choice S = {p, A, r, us} of the ingredients to define it. S is doubly used,
but there is no confusion, and f, denotes the f in Lemma 2.1 with respect to ». We
consider also

J1.5(@) = A(B, 9B)p A N+ M@ B)p A fup(@) + @yuur (@) — pur (@)

with respect to another choice T = {p, B, u, ur}. We note that p in S and T is
common.

Lemma 6.5. For any ¢ € %yo and a € ®l H'(M), the following equality holds:
fT,(p(Zz) — fs,(p(&) = @sv(a) — v(a) + an exact form.

Proof. 1t is sufficient to show the following equality for a = a; ® - - - ® @; with
a; € H' (M):

J1.0(@) — Js,0(@) — {9:0(@) — 9(@) }

= d({A(A, B, ¢.B)p — A(A, 9. A, 9. B)p} AN\ ja
+ (=D A, 0 ) p AR1@E) — (=D o AA, BYPY A fu (@)

l
+ A(<P*A)P A [Z(_l)m_l {‘ptﬁm—l(él,m—l) A fu,go(am)/\udm-i-l,l

m=1

+ (_l)m_l/\(pural,m—l AN fr,(p(am)ﬁl—m (am+l,l)}i|) .

Here we note £o(*) = 0 and /\4ulusi1. = 1.

It is easy to show that the difference of both sides of the expression is equal to 0.
The computation is carried out by using Lemmas 2.1, 4.1, 4.2, and 6.1. But it is
standard, so we omit it. O

Proof of Theorem 2.3. For any ¢ € %], the homomorphism J,, defined in Lemma 6.3
descends to the homomorphism J,, : NH'(M)— H" (M) by Lemma 6.2(iii) and
the closedness of A(A)p. Here we use the same symbol J, for different domains
®l H'(M) and /\lH (M) as mentioned before. Lemma 6.3 implies that the map
J: Dyo) = # is a crossed homomorphism. Since a crossed homomorphism is
a 1-cocycle in group cohomology theory, we have the cohomology class [J] €
H'(%yo1, %) in group cohomology [Brown 1982]. Similarly, the homomorphism v
defined in Lemma 6.4(ii) descends to a homomorphism v € # by Lemma 4.2(vi).
Forany S = {p,A,r,us} and T = {p, B, u, ur} with common p, Lemma 6.5



ON CROSSED HOMOMORPHISMS 469

implies Jr , — Js o = (anS— v; hence, Jr o Js = 8v as 1-cocycles in CH (Do, %),
where % = C°(@yo1, #) = C'(@yop, #) — - - - is the cochain complex. Thus, we
have the independence of [J] from the choice of S except for p € S. O

7. The derivative of J

In this section we will compute the derivative of J along curves in %y, and show
some results related to volume flux homomorphisms and groups.

Let {¢s}sef0.1] C Dvol be any smooth curve and X the time-dependent vector
field on M defined by d¢,/ds = X o . Let

[:C*(M)—> R

be the homomorphism defined by 1 (h) = [, hvol / [,, vol for h € C*(M). Recall
that f is the crossed homomorphism defined in Lemma 2.1.

Lemma 7.1. df, (a)/ds = —u(Xs)@sr(a) + 1 (1(Xs)@szr(a)) for any a € H'(M).

Proof. Put Yy := — (¢, 1, X, where (- ), denotes the push-forward of vector fields.
It satisfies dop ! /ds = Yy 09 !. Set b :=¢*a € H'(M). It is constant with respect
to s and we have df, (a) = (¢, Y r(b) — r(a). Using Cartan’s formula for the Lie
derivative & of differential forms, we have

d d —1\* —1\*
| £ fo @] = ST o) = (07 Ly k)
= (@ )AL () + LY )dr (b)) = —d{t(X, ) gsur (b))
= d{_L(Xs)wsﬁr(a) + I(t(Xs)Qastr(a))}-

Since (dfy,/ds)(a) and —u(Xy)@ser(a) + I (1(Xs)@gsr(a)) belong to C°(M), we
obtain the lemma. [l

In the following lemma, f, and p are the homomorphisms from ®l H'(M) to
Q= 1(M):

Lemma 7.2. For any a1 = a1 ® --- Q@ a; and a € ®l H'(M), the following
equalities hold:

) < @) = ] Xy (D" X (N gt 1) A fi @) A1)
=D At et AT X @527 (@) N\ g
- L(Xx)(/\gosur&l,l)-
(ii) j—s{fﬂsuu(ﬁ) — (@)} = =k (@)e(Xy) VOl H(X) A9 A) pY A Ny
+ A(@sxA) p A (X)) (Ngyra) — d{t(X o) s e (@)}
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Proof. We note that pja; € H (M) is constant with respect to s.
(i) Similar to the proof of Lemma 7.1, we get

L (Nowrirn-1) = =X Apritn-1)}

and using Lemma 7.1, we have

[

L for@n =31 Agritm 1)} A Fy ) A

m=1

)
= Y D" A granm A UKD @esr @)} Aréim

m=1

I
+ Z(_l)mil/\%nr&l,m—l AN I(L(Xs)wsﬁr(am))/\rém-i-l,l-
m=1

Computing the first term d{...}(= RHS;) in the right hand side of (i), and
comparing this result with the last equality, we have the desired equality. In the
computation, we note that an: = Zin:Z in RH S} and that the interior product
is an antiderivation of degree —1.
(i1) Using Cartan’s formula for the Lie derivative, we can show (ii) by direct
computation. O

Lemma 7.3. The following equalities hold:

@) %((ps*A —A) =dy aBs — (X)) Fy, 4 for some B € I'(End(T M)), where
dy,. A denotes the covariant exterior derivative with respect to @gy A.

(i) £ A(@uA)p = —d {1L(X) ApsA) p}.
(it) LA(A, g A)p = —1(X,) A(@sA) p + dR, for some R, € Q%=1 (M).

S
Proof. For (ii), since A(@sxA)p = @5 A(A)p is a closed form, we can show the
equality by using Cartan’s formula.
Equalities (i) and (iii) can be obtained in the same way as the proofs of Lemma
4.2 in [Kasagawa 2008] and the equality below (5.1) in the same paper, so we omit
the proofs. ([

For each p € I, let
(7-1) L,Ly: H" (M) — Hom(®'H' (M), H""'(M))
be the homomorphisms defined as the linear extensions of

1 m—1 1
~ ~ _1ym—1 , ;
L(w)(a)—p(M)UZ( 1) (amUw,[M])jL:J]a,U U g //Mvol

m=1 j=m+l
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and
Ly(w)(a) =—k(@w+ L(w)(a)
fora=a;®---Qa; € @ H'(M).
The following lemma can be easily checked, so we omit the proof.

Lemma 7.4. For any w € H" " '(M), a €  H' (M), and o € ¥,, the equalities
L(w)(ay) = sgn(o)L(w)(a) and Ly (w)(ay) = sgn(o)L(w)(a) hold. Hence, L
and L induce the homomorphisms L and L in (2-1) respectively.

Proposition 7.5. For any smooth curve {¢s} C Dyol, the equality

(7-2) j—sj% — Lo ([t(X,) vol]) € %

holds. Here, X is the time-dependent vector field on M given by dgs/ds = X o ¢;.

Proof. To begin with, we compute the derivative d JN%_ (a)/ds for each
a=a1Q --Qq €®1H1(M).

By using Lemmas 7.1, 7.2, and 7.3, we have

d > -~
%J% (Cl)
d

= {%A(A, %*A)p} ANra+ {j—SA(ws*A)p} A fo, (@)

+A@AIP AL f @+ g @ — p@)
= —k(a)i(X) vol

!
+ A p AL X D" Ayt A CD@ser @) Ardins)

m=1

+d[Ry AANG = LX) MA@ A)PY A f, (@)

[
+A @A A X D" XD Agriit 1) Ao @) At

m=1
— (X))@ )

Since @gpr(ay,) A vol = 0, we get {t(X;)@spr (an)} vol = @gur(an) A t(Xs) vol.
By integrating this on M, we obtain

HGXgr(@n) [ vol = (la] VLX) voll, (1)
M
Using these equalities and linearity, we have

dJ, (a)/ds = [dJ,, (a)/ds] = L ([t(Xs) vol])(a)
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for each a; therefore, we obtain dJ, /ds = i,+([t(X s) vol]) as homomorphisms
from ®l H'(M) to H"~'(M). By Lemma 7.4, we have the proposition. (|

Proposition 2.4 and Theorem 2.5, which are results related with volume flux
homomorphisms and groups, easily follow from Proposition 7.5, so we show them
and their corollaries here.

Proof of Proposition 2.4. We integrate the equality in Proposition 7.5 with respect
to s for [¢s] € Dyol,0. Since the map L is linear and Jig = 0, we have

1
Jg = L+</ [(X,) vol] ds) = L4 (Flux™ ([¢s])).
0

This implies the proposition. ([

Proof of Theorem 2.5. Take [¢s] € 7~ !(id) C @Vol,o. Since @9 = ¢; = id and
Jpid(a) =0 for any (p, a) € P, by Proposition 2.4 we have —«, (a) Flux™ ([¢;]) +
L,(Flux™([¢s]))(a) = 0; therefore, Flux™([¢s]) € ker L,(-)(a) if k,(a) = 0,
otherwise Flux™ ([¢]) € Im L ,(-)(a). Since the flux homomorphism is defined
independently of (p, a) € %, the theorem follows. (]

Let Pont; (M) be the space of the Pontryagin classes lying in H*(M). As an
application of Theorem 2.5, we can show the following corollary:

Corollary 7.6. Let M be a closed oriented smooth manifold of dimension n with a
volume form vol satisfying one of the following conditions:

(i) n = 4k and dim Pont, (M) = 1,
(i1) n =4k + 1 and dim Pont, (M) = 2, or

(iii) there exists a rational homology n — 1 sphere N C M separating M into two
connected submanifolds My and M, with boundaries N and —N satisfying
U"HY(M;, N) = H"(M;, N) withi =1, 2.

Then the volume flux group of (M, vol) is trivial; that is, I'yo (M) = {0}.

Proof. (1) By the assumption, there is a nonzero Pontryagin class p(M) € H"(M).
Takea=1€ /\OHI(M) = R. The pair (p, 1) belongs to % \. P in Theorem 2.5.
Since the map L, is the zero map, we have Im L ,(-)(1) = {0}. By Theorem 2.5,
we have the result.

(i1) By the assumption, there are Pontryagin classes p(M) and g(M) which are
linearly independent in H"~!(M). By Poincaré duality, we can take a, b € H' (M)
satisfying p(M)Ua #0 and g(M)Ub #01in H" (M). Then the pairs (p, a) and (g, b)
belong to % \ %, and we have Im L ,(-)(a) =Rp(M) and Im L, (- )(b) =Rq(M).
Since their intersection is {0}, the result follows.
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(iii) Let ¢;: M; — M with i = 1,2 be the inclusions. Then we can show the
induced homomorphism ¢ +: H/ (M, N) ® H/ (M, N) — H/(M) is an iso-
morphism for each 1 < j <n — 1. By the assumption, there exist ¢;q, ..., e, €
H'(M;, N) with J}_; eij #0in H"(M;, N) fori =1,2. Puta; = (U, eij) €
H"(M) with i =1, 2, the pairs (1, a;) and (1, ap) then belong to % ~\ P, where
p=1c¢ Ign. By the definition of the homomorphism L = L,_;, we have
ImL(-)(a;) C L;.“(H"_l(M,-,N)) for i = 1,2. Using Theorem 2.5, we have
Fyot(M) C C(H"™ (M1, N) N5 (H" (M3, N)) = {0}, O

We remark that Kedra, Kotschick, and Morita [2006] have obtained various
conditions for the volume flux group I'yo(M) to vanish. (i) in Corollary 7.6 is
one of them. The case of a connected sum in (iii) can also be obtained from
their stronger results for volume flux groups. Moreover, in the case of (i) in
Corollary 7.6, the volume flux homomorphism Flux™ descends to a homomorphism
Flux: @0 — H" ' (M)/ Tyo(M) = H"~'(M), which is also called the volume
flux homomorphism. In this case they also proved that Flux extends to a crossed
homomorphism on the whole group %, but they didn’t give an explicit formula
of it.

Corollary 7.7. In the case of (i) in Corollary 7.6, take a p € I,%k such that
(p(M), [M]) = [, y Vol Then the crossed homomorphism J with respect to p
is rewritten as

J: Do = H" N (M), Jp = [A(A, @A) p+ @t — 1],
and it is an extension of the flux homomorphism Flux as a crossed one.

Proof. Since [ = n — 4k =0, we have /\IH1 (M) = R. Then the target of J can
be considered as H"~!(M). By the same reason, we have the simple form of J
as above. In particular, u is an (n — 1)-form satisfying dju = vol —A(A)p. Since
L =0, Proposition 2.4 and I'yo1 (M) = {0} imply that the restriction of J to Dye10
is equal to Flux™ = Flux. O

This corollary also gives an example of the next proposition. We return to the
situation of Theorem 2.3.

Proposition 7.8. If the homomorphism L is nontrivial, so is the cohomology class
[J] in Theorem 2.3.

Proof. Since %Dy, acts trivially on the target of J, the restriction J|g,, , is a usual
homomorphism. Moreover, the assumption and Proposition 2.4 imply that it is
nonzero since the flux homomorphism Flux™ is surjective. The cohomology class
of a nontrivial homomorphism is also nontrivial. Thus, the restriction [J|g,,, ,] of
the class [J] in Theorem 2.3 is nonzero; hence, so is [J]. O
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Since the flux homomorphism Flux™ is surjective, the image J (Dyo1.0) of Dol.0
by J coincides with Im L, by Proposition 2.4. This implies that J descends to a
map

$: oDy = #H/Im L.
The following lemma follows from Theorem 2.3:
Lemma 7.9. The map $ is a crossed homomorphism and its cohomology class
[$] € H' (m0Dyor, %/Im L)
depends only on p, not on the choice of A, r and L.
Here we give a trivial example of J.

Example 7.10. We consider the standard n-dimensional torus 7" = R"/Z". Let
(x1, ..., x,) € R" be the standard coordinates of R”. The volume form dx' A--- A
dx" also gives the standard one vol on 7" with [, vol=1. One-forms dx', ..., dx"
give a basis [dx'], ..., [dx"] of H'(T™). Put Y =[dx']A--- A[dx"]. Then this
is the base of \'H'(T").

We consider the case of p = 1; hence, k =0,/ =n —4k =n, and a connection A
is not needed. We take the section r: H'(T") — Z'(T") given by r([dx']) = dx'
withi = 1,...,n. Since k(Y)vol —/\,Y = 0, we can take u = 0. Thus, we
have the crossed homomorphism J: %y — #H = Hom(/\"Hl(T"), H"‘l(T”)).
In this case we have J,(a) =[f,(a)] because © =0 and p = 1. Since «(¥Y) =1
and L(w)(Y) = w for any w € H"~Y(T™), which are easily checked, we have
Jo(Y) =0 for any ¢ € Dyo1,0 by Proposition 2.4. Let ¢ € SL(n, Z) C Dyo1. We
have ¢4r(a) —r(a) =0foralla € H'(T™). This implies f,(a) =0 hence J, =0.
Thus, J descends to a crossed homomorphism $™ : m¢Dyo — ¥, whose image of
SL(n, Z)(C myDyo1) is {0}.

Letn = 5. There is a split exact sequence 0 — K — 7o Diff(T") — GL(n, Z) — 0,
where K = ZSOEB(Z)ZZGBZ?:O (7) I["; .1, by [Hatcher 1978] for n = 5 and [Hsiang and
Sharpe 1976] for n = 6. So we have a split one 0 - K — m¢@yo — SL(n, Z) — 0.
Here the action of K on H*(T") is trivial. The groups I';;; of twisted spheres are
finite abelian groups (see [Milnor 2011] and its references). Hence, every element
of K is of finite order. This shows $~(K) = {0}; hence, Im $~ = {0}, so we have
J = 0 for the choice of r and u as above. Its cohomology class [ /] is also zero.

8. Proof of Theorem 2.6

In this section we will prove Theorem 2.6, whose main part is that the crossed
homomorphism $ is essentially independent of the choice of volume form on M.



ON CROSSED HOMOMORPHISMS 475

Let vol and vol be two positive volume forms on M. By Moser [1965], there
exist € > 0 and & € Diff . (M) such that &, vol =€ vol’. We consider the isomorphism

Ct Dyol = Doy With ce(p) = é(ps_l

given by the conjugation by £. Let C5° (M)’ be the vector space of smooth functions
on M with integral O with respect to vol’. Itis easy to see that the map &, : C§°(M) —
CS° (M)’ given by &,h := (E~Y*h forh e Cy° (M) is a well-defined isomorphism.
Let

£&: Hom(H'(M), C$°(M)) — Hom(H' (M), C°(M))

be the homomorphism defined by (&:4)(a) = &.(h(§*(a))) fora € H I(M) and
h € Hom(H' (M), Cy°(M)). We also need the homomorphism

Es:1 9 — 9

defined in the same way as before. Here we use the same symbol &; as above.

We recall that r: H!'(M) — Z'(M) is an injective linear section of the projection
ZY (M) — H'(M) and so is &:;r. Let f be the crossed homomorphism in Lemma 2.1
with respect to the volume form vol and r, and f” with respect to vol” and &:r. Let
J be the crossed homomorphism in Theorem 2.3 with respect to volume forms vol
and S ={p, A, r, u(= us)}, and J’ with respect to vol’ and S' = {p, &, A, &7, Es ).

Lemma 8.1. The following diagrams commute:

Dyor ~L= Hom(H' (M), C°(M)) Byor —L> %
0« 1 wd @) | e
B > Hom(H' (M), C°(M)') Doy > K

Proof. Let ¢ € By,.

(i) For any a € H'(M), we have

d{(&: fp) @)} = {Esper} (@) — (§er)(a) = {ce (@):6ar}(a) — (Ger) (@) = d{ [, () (@)};
then (& f,)(a) = fég((p) (a) because (&3 fy)(a), fcfé(w) (a) € C3°(M)'. This implies (i).

(i) For any a € N H! (M), we can show

d{&:u(a)} =«'(a) vol' —AEA) p A Ng,ra,
where «’ is the x with respect to vol’. Thus, we can take & as  in Lemma 2.2
with respect to vol’ and {p, &, A, &r}. Using (i), we can find &eJy)(a) = JL’_E((/)) (a)
by direct computation. This implies that the diagram commutes. U
Let L, L/+: H" Y (M) — % be the homomorphisms in (2-1) with respect to
vol and vol’ respectively.



476 RYOJI KASAGAWA

Lemma8.2. (i) ImL;=ImL’.
(i) &(ImLy)=ImL/.
Proof-. Since &, vol = € vol’, we have || y Vol =€ f 4 vol' and «” = ex. Those imply

L, =€L, and L/, (§,w) = e&{L (w)} for all w € H"~'(M), which show (i) and
(ii). O

By Lemmas 8.1 and 8.2, we have the following commutative diagram:

ToTvol —2> 9¢/Tm L,

o s

0Dy 2> 9¢/Im L,

where $ and $’ are induced from J and J’ respectively. By Moser, the inclusion
Dol — D is a weak homotopy equivalence. Hence, it induces an isomorphism
JT()@VO] = JT()QZ).

Hereafter, we assume that & is isotopic to the identity & ~ id, which is always
possible in Moser’s method. We have the following commutative diagram:

70D —> mByol 2> ¥/ Im L+

cé»*:idL l{sﬁzid

~

70D —= Doy —= 9/ Im L,

which implies that any $ with respect to vol coincides with some $’ with respect
to vol’. The remaining part of Theorem 2.6 can be shown in the same way as
Theorem 2.3. Thus, we complete the proof of Theorem 2.6.

9. Johnson homomorphisms

Let X, be a closed oriented surface of genus g =3,and Hy := H 1(Xg; Z) its first
homology group with coefficients in Z. Let Diff (3) be the group of orientation
preserving diffeomorphisms of X, with the C* topology. The mapping class group
Mg of X is the group of path components of Diff  (3,). The standard action of
JMg on Hz induces a well-known representation Jily — Aut(Hz, -) = Sp(2g, Z),
where - denotes the intersection pairing on Hz. The kernel $, of the representation
is called the Torelli group. Take a base point * € ¥, as depicted in Figure 1,
and fix it. We can consider the mapping class group Jl, . of (X, %), which
is the group of path components of the subgroup Diff, (X,, %) C Diff, (X,) of
diffeomorphisms preserving the base point. The kernel 4, . of the composition
Mg« — Mg — Sp(2g, Z) is also called the Torelli group.
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(000G 00,

Figure 1. A base point * and a bounding pair (y, 3).

Figure 2. A basis a;, b; of Hy.

Let 7}, be a Dehn twist along a simple closed curve (SCC) y in X,. Let (y, §)
be a bounding pair (BP); that is, a pair of disjoint homologous SCC’s which are
not homologically trivial. A BP map is given by T, Ta_l. D. Johnson [1979]
showed that $, , are generated by all BP maps. He also defined the (first) Johnson
homomorphism 7 =7 $, . — /\3HZ. Let

or =T, Ty ' € Diff (g, %)

be the BP map for the BP (y, §) as depicted in Figure 1. Johnson [1980] calculated
the value of 7 at ¢ € g «, which is T(¢y) = (Zf.:ll a; /\bi) A by. Here {a;, b,-}‘ig:1
is the symplectic basis for Hz as depicted in Figure 2, and the mapping class [¢x]
of ¢y is also denoted by the same symbol ¢;. Hereafter we use this symbol for a
diffeomorphism and its mapping class.

The Johnson homomorphism 7 descends to 7: $, — /\3 Hz/Hz, which is also a
Johnson homomorphism, and is denoted by the same letter T. Here, Hz is considered
a subgroup of /\’ Hz by the injection Hz 5 x > x A (3 ,ainbi) e N Hy. Let
{a’, b}} be the dual basis of H ! (X¢; Z) = Hj to {a;, b;}. Poincaré duality gives
the identification Hy = Hj by a; — —b], b; — a. Using it, we have

N Hy ¢ Hy ® N Hz = Hom(Hz, N Hy).

The image 7(¢;) = (Zf‘;ll ai Ab;) Nby € N’ Hy of ¢ by 7 is given, as an element
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of Hom(Hz /\> Hy), by
ai—byna; forl<i<k-—1, akHZf;llai/\bi,

9-1 :
O-1)  t(er) {bi'—>bk/\bi forl <i<k-—1, cr> 0,

where ¢ denotes the remaining base elements, and it is given as an element of
2
H; ® \ Hz by
k—1

9-2) Tl ==Y _{a; ® (@ Abp) +b] ® (bi Ab) —aff ® (a; Aby)}.
i=1

10. The homomorphism L in the 2-dimensional case

In this section we will compute the homomorphism L defined in Section 2 in the
2-dimensional case with p = 1.

Let M = X, be a closed oriented surface of genus g = 3 and w an area form
with area A = f): w. Let {a;, b;} and {a], b}} be the dual bases of H7 and H; to
each other in Sectlon 9. Set H=H(Xg) and H* = H! (Xg). The bases {a,, b;}
and {a}, b}} can also be considered bases of H and H™ respectively.

In this case, since n =/ = 2 and p = 1, the homomorphism L,: H*
Hom(/\ H*, H*) of (2-1) is given by

L+(w)=[a|—>%{

(@1 U, [Zgher — (U, [Eher — e Ues, [Zglhw}]
forwe H*andc =c; Ay € /\ZH*. In particular, for w = a/, b} € H* with
1 <[l <g, wehave

ai naj 0,

Li(a}): wA@H%e%@+w%x

af A% > (ars; —8;ap),
and
a;i A a; — %(8,-161;‘ —a:dj),

L (b]): {bf /\bj — 0,
ai Ab% > 5 (8ub’ —8ib)),
forall 1 <i, j < g, where §;; denotes Kronecker’s delta.
We can represent L (a;') and L (b]) as elements of H* ® /\2H as follows:

8
* 1 * * *
(10-1)  Li(a)) =5, ;{a,- ® (ai Abr) + b} ® (bi Aby) —af @ (a; Ab)),

8
s 1 * s *
(10-2) L+(bl):ﬂ E {aj®(a1/\aj)+bj®(a1/\bj)—b, ®(aj/\bj)}.
Jj=1
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We remark that under the identification ( N H *)* >~ A2H, the dual basis of \>H*
to {a/ /\a’J‘.‘(i < j), b} /\bj(i < j)af /\bjf(‘v’i, j)}is given by

{lainaj G < j), b nbj (0 < j), Sai by Vi, )Y € NH

by our convention.

11. A section r

In this section we will explicitly give a section r as in Section 2, which is needed
in order to define our crossed homomorphism.

Let T; (1 <i < g) be compact submanifolds of ¥, —as depicted in Figure 3 —
which are diffeomorphic to a 2-torus with two open disks deleted. We consider each
T; as a submanifold of R? / (27Z)?* and use the induced coordinates (x, y)eT; C
Rz/(2nZ)2. But we mainly take (x, y) € (—m, 7] X (—m, 7]\ (int D*1int D?) C T,
as depicted in Figure 4. We assume

(—m, ] x [—1, MU[—1, 1] x (=7, 7] C (=7, w] x (—m, 7]\ (int D? L int D?).

oy

—7T

- 0 T X

Figure 4. Coordinates of 7;.
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Let p: R — R be a smooth function such that

0 if x <0,
©o(x) = { monotone increasing if 0 < x <&,
1 if € <ux,

for a sufficiently small ¢ > 0. We define closed 1-forms «;, 8; € Z 1(Eg) with
I<i<gby

w4 (p) = dp(x) if p=(x,y)eT,
’ 0 if peT\T,

dp(y) if p=(x,y) €T,

ﬂi(p):{o if pe X \T,.

It is easy to see that {«;, B;} represents the basis {a}, b}} of H*.
We use the section r: H* — Zl(Eg) of the projection Z!(X,) — H* defined
as the linear extension of r(a]) = «; and r (b)) = B; with 1 <i < g.

12. BP maps ¢

In this section, we will define BP maps ¢ with 1 < k < g as w-preserving diffeo-
morphisms. We will compute $,, in later sections.
Let (x, y) € T be the local coordinates of 7} given in Section 11. We explicitly
give simple closed curves y and § on T} by
{(-3e.y) e Tk | y e R/27Z}

and
{(m—3e.y) €Tk |y eR/277)}

respectively. A BP map ¢;: ¥, — X, is given by

(x,a(x)+y) if p=(x,y)e[-3e, 2] x(—m,w] C T}
we(p)=1(x,—a(x—m)+y) ifp=(x,y)elr—3e, 7 —2] x (-, n] C Ty
p otherwise,

where a: [—-3e, —2¢] — R is a nonincreasing smooth function satisfying

0 near t = —3¢
—2m neart = —2¢.

a(t) ={

See Figure 5 for the support of ¢;. It is easy to check ¢, € 9, = {¢ € Diff(%,) |
¢*w = w} and

(x, —a(x)+y) if p=(x,y) €[-3¢, 2] x (—m, ] C Ty,

o (p=](x,ax—m)+y) if p=(x,y) €lr—3e, 7 —2e]x (-7, 7] C Ty,
p otherwise.



ON CROSSED HOMOMORPHISMS

or .

481

supp S

7

AN

—>
ag

8 LY /7 ////////% iz /%

e

%pp Pk / Supp @k
g
. | /, /suppock /I
- 3¢ _3,-2 0 ¢ T—3 g—2emX
2 T — %s

Figure 5. Simple closed curves y and § and supp .

13. J,,

In this section we will compute J,, and prove Theorem 2.7 without showing some
lemmas, whose proofs are given in the next section.

In the case of (M, vol) = (¥, w), the crossed homomorphism J is written as
J: D29 Jyed = Hom(/\zH*, H*), where J,(a) = [J;,(a)] € H* and

Jo(@) = fy(cnr(ca) — gar(cr) - fplcr) + @anla) — u(a)

fora=c Acye NH".

Hereafter, we fix k as 1 < k < g and write ¢ = ¢ for simplicity.

Let * € X, be the base point depicted in Figure 1 as before. Since ¢, — B
is exact, we have a unique function h € C*(X,) satisfying dh = ¢, fr — B and
h(x) = 0. Let Z;_ and X4 be the connected components of X, \ 7} such that
* € Xy. The following lemma is easily checked, so its proof is omitted:

Lemma13.1. (i) h=—-1on%;_.
(1) h=0o0n X4
Set hg := fzg ho.
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Lemma 13.2. Assume ¢ = ¢ with 1 <k < g.

(1) Jy(a)=0fora=a’rat Vi, j)ora=bAb% (i #k, j#k)ora=aAb*
¢ i J l J ! J
(G#J, i Fk, jFh.
1+ ho/A)bY ifi <k,
(i) Fora=b* Ab? (i # k), we have J(a) = | T/ 1<
(ho/A)b} ifi >k.
(I+ho/A)af ifi <k,
(ho/Mya?  ifi>k.
(iv) Fora =aj A b;’f with j # k, we have J,(a) = 0.
—(L+ho/A)aj ifi <k,
(v) Fora =a} Ab},we have Jy(a) = {0 ifi =k,
—(ho/Aa;  ifi>k
For a while we admit this lemma. It implies that J,, is given by
ho
Al

(iii) Fora =a’ Ab} (i #k), we have J,(a) = !

h
Jo=Y i abp e (1+ Zo)b;“ + 5 Ab*®

i<k i>k

h h
+ Y@ Ab @ (142 )ar + Y (] AbD ® af

i<k i>k
h h
+> @Ay e(—1- X‘))a;f +> @ A e (- X())a,’:
i<k i>k

as an element of (/\2H *)* ® H*. Under the identification (/\2 H *)* = /\2H , which
is given by (af Aa%)* > Sa; Aaj, (bf ADS)* = 3bi Abj, and (af ADH)* > 5a; Ab;
by our convention as remarked before, we have

1
Jp =5 D b} ® (b Abi) +af ® (@i Abi) = aff @ (ai A b))

i<k

h 8
+ ﬁ Z{b;’k ® (bi Aby) +a; ® (a; Aby) —ai @ (a; Ab;)}
i—1

as an element of H* ® /\2H ; therefore, by (9-2) and (10-1), we obtain

Jp = —37(p) +hoL+(a}).

Proof of Theorem 2.7. As mentioned before, we use the same symbol ¢ for the
mapping class [¢] € oD = moD,, of ¢ € D,,. The computation above implies §, =
—%j o1 (¢) for ¢ = ¢ (1 <Vk < g), where j is the homomorphism (2-2). Johnson
[1980] showed that T is mo@-equivariant, which means 7 (Yo ~') = . {t(¢)} for
any ¢ € $, and ¥ € mp%. $ is also mp@-equivariant on $,; in fact, since $ is a
crossed homomorphism on g%, we have $,y-1 = $y + Vs $p — (Yo~ $y =
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Y1 $y, where we used (w(pw_l)n = id because Yoy ! € $g. Clearly j is also
moP-equivariant, which means j(g.t) = @{j(¢)} for any ¢ € /\3HZ /Hz. Since
all B P maps generate $, by [Johnson 1979] and are conjugate to some ¢y by an
element of mo%. Thus, $ and —% j ot coincide on all BP maps. This implies
}:—%joronﬁg. U

To show Lemma 13.2, note that we can retake homomorphisms r and u for every
@ € $¢ s0 as to compute J,, easily; in fact, we have shown Jr , — Js o = @zv —v
for different choices of S and 7 with common p in the proofs of Theorem 2.3
and Lemma 6.5. Since ¢ € $, acts trivially on the cohomology group of X, we
obtain Jr , — Js , = 0. In particular, the value J, is independent of the choice of r
and p. So we can use r defined in Section 11, namely r(a;) = o; and r(b*) = Bj,
in the computation below. With regard to u, for any gak and qg € /\ H'! (Z ) we
take w(ap) and extend it linearly to © on whole /\ H! (X;). A connection A is
not needed since we compute J with respect to p = 1. The computation below is
carried out using such r and u.

Recall that f, € Hom(H Iz ¢)» C3°(Xy)) in the following lemma is the image
of ¢ = ¢ under the crossed homomorphism f in Lemma 2.1.

Lemma 13.3. We have f,(a]) =0with1 <i < g, and

fw(bjf)z{g h f1s)<gj#k

—ho/A if j=k

Proof. Since supp(¢)Nsupp(«;) = < (see Figure 5), we have df, (a}) = ¢.a; —a; =0.
The condition f,(a;) € C3°(X,) implies f,(a’) = 0. For the same reason, we have
fo (bf,k.) = 0 for j # k. Since df,(b}) = ¢+Bx — P, f,(b}) is equal to h up to a
constant. The result follows from the condition f,(b;) € C§°(X,). [l

Next we prove Lemma 13.2 using lemmas in Section 14, which are needed only
for (v) in Lemma 13.2 and are shown there.

Proof of Lemma 13.2. (i) For a = a} /\a , we have \,a =q; Aaj=0andk(a) =0.
Hence, we can take w(a) =0. Usmg Lemma 13.3, we have

Jp(@) = folal)a; — guai - fo(@}) + gpu(a) — p(a) =
Similarly we obtain the equality for the other cases since all terms in J:D (a) are

ZE10.

(ii) Since /\,a = 0 and «k (a) = 0, we can take w(a) = 0. Using Lemma 13.3, we
obtain J,(a) = —(h —ho/A)p:p;. Since ¢ =id and h = —1 on supp B; fori <k,
and & =0 for i > k by Lemma 13.1, we have (ii).

(iii) and (iv) These items are shown in the same way as (i) and (ii), so we omit the
proofs.
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(v) In order to compute J,(a) for a = a A b}, we can take u satisfying u(a) =
M-+ 4+ %)\xd y —1; by Lemma 14.2 and use the notation there.
Leti # k. By Lemma 13.3 we have

= 1
Jp(a) = ¢up(a) — pla) = g (Axdy) — dxdy} — (¢uTi — T0).
By Lemmas 14.3 and 14.4, we obtain, for 1 </, m < g,

0 if 1 £k,
/J;(a): —Qrl4+ A /A ifl=k,i <k,
“ —Qr*—A)/A  ifl=k,i>k,

/ Jy(a) =0.
bm

This case follows from A, +A_ = A, hy = 2% — A_ (which is Lemma 14.5) and
the fact that J,(a) is a closed form.
Leti = k. We have

- h
Jo(@) = —guay - fo (b)) + @uia) — pula) = Xoak +@sp(a) — pula),

where we use ¢ = id and & = 0 on supp «,. By a similar computation of fc J;, (a)
with ¢ = q;, b,, as above, we obtain

h 272 —(—A_
—Oali6 —er A ( )a,f =0
A A

by Lemma 14.5. This implies (v). (]

Jyla) =

14. The main part of the computation

In this section we will show the lemmas needed to prove Lemma 13.2. These are
the main parts of the computation of J,(a). Throughout this section, we fix the
integerkas 1 <k < g.
Let A: ¥, — [0, 1] be a smooth function with support as depicted in Figure 6

such that

supp A C Ty

d(suppr) = II’s!

supp dX C small neighborhood of 9 (supp 1)

A=1on suppX\ suppdAi.

Since ¢ > 0 is sufficiently small, we can also assume

T, =T N{(x,y) | —4e <x <0} Cc A~ ().
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y suppd i y

T
WG
supp B

Y / % ////% iyl

suppl/l
Figure 6. Support of A.

Let A4+: Xz — [0, 1] be two smooth functions uniquely defined by

Aot+A+Ary =1,
suppA_ C Ex_ UTy,
supp A4 C gy U T,
suppA_ Nsupp iy = .

As depicted in Figure 6, supp A4 and supp A_ are closed subsurfaces of X, with
one circle boundary and two respectively.

Hereafter, we assume w|7, = dx A dy since the crossed homomorphism $ is
independent of the choice of w.

We consider the 2-form d(Ax dy) on T as that on X, by extending it by O on
Y \T;. Letwy € Q3(z ¢) be the two closed 2-forms defined by supp w+ C supp A+
and

(14-1) w_+dAxdy)+ oy =w.
Set Ay = fzg w+. Wehave A_ + A, = A.

Lemma 14.1. For anyi with 1 <i < g and p, q € Rwith p 4+ q = 1, there exists
T; € Ql(Eg) satisfying
(i) a; A Bi = par A B1+qag A Bg +dT;,
(ii) supp t; C the image of an embedding of a rectangle,
(iii) supp 7; Nsupp ¢ C T}/, and
qg ifi<k,

@iv) fi|Tk’ =sdp(y) withs = {—p ifi>k
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! D il o 7
e L]

O

-— a] - ai - a; - dg

Figure 7. Support of t;.

Proof. Let p be the smooth function on R in Section 11. For any 7_, #, 14 € R
satisfying 1_ + & < fo + ¢ < 4, we define the smooth function py: R — [0, 1],
where W = {t_, 1y, 1+, p, q}, by

0 if t <t_,

—pp(t —to) if t_ <t<t_+e,

—-p if hHd+e<t<i
ow(@)=1{—p+p—1o, if t9<t<ty+e,

l-p(=q) if n+e<t<tg,

g{l —p(t—ty)} ifty <t<ty+e,

0 if tp+e<t,

for r € R. Let Ty € QYR x [—¢, 2¢]) be the 1-form defined by Tw(x,y) =
ow (x)dp(y) for (x,y) € R x [—¢, 2¢]. We have

0 if x <t_,
—pdp(x —1p) ANdp(y) if - <x <t +e,
0 if t_4+¢e<x<t,

dtw(x,y) = 1dp(x —to) Adp(y) if 1o <x <ty+e,
0 if fp+e<x<ty,
—qdp(x —t ) ANdp(y) if ty <x <ty +e,
0 if 1, +e<x.

By the definition of «; and §; in Section 11, we have o; A 8; = dp(x) Adp(y)
on the local coordinates (x, y) € T; for each 1 <i < g. So, we can appropriately
choose 7, 1o, -~ € R and an embedding [7_, t; +¢] x [—¢, 2¢] < X, as depicted
in Figure 7 such that the extension t; of Ty by 0 on the complement of the image
of the embedding satisfies the required properties. O

We apply Lemma 14.1 for p=A_/A and ¢ = A, /A, we then have 1; € Ql(Eg).
Let a = a AD}; then k(a) = 1/A. Using (14-1) and (i) in Lemma 14.1, we obtain

1 1 1
K@w—a; A B; = Za)_ — pa1 A B +Zw+—qagAﬁg+d{ZAxdy—r,~}.
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Since

1 1
supp (Zw_ — pay A ﬂl) C suppAi_, supp (Zaur —qag A ﬁg) C supp Ag,

and
1 1
—a)_—poq/\,B1>=/ (—a) —qa /\,8):0,
lupp)» <A supp A+ A - § §

there exist u—_, w4 € SZI(Zg) such that supp u— C suppA_, supp b+ C A4, dpu_ =

%w, —parABranddpuy = %a)Jr —qag A Bg. Thus, we have

K(@)w—o; AB; = d(u, +us+ %)\xdy — r,~>.
Hence, we can take
1
(14-2) ni@) = p—+py + —hxdy — 7.

Thus, we have:

Lemma 14.2. In the situation above, for every ¢ = @ and a = a; A b}, there exists
a homomorphism |1 : /\2H1(Eg) — Ql(Eg) in Lemma 2.2 satisfying (14-2).

. {0 if Jj #k,
Lemma 14.3. (i) fa,- {ps(Ax dy) — Ax dy) = {—2712 Pk

(i) fbj {pe(Ax dy) — Ax dy} =0 forall j.

Proof. Since supp{¢p,(Axdy) — Axdy} C supp ¢ is disjoint from a; (j # k) and b;
for all j, the integrals along them are equal to 0. So, we have only to compute the
integral along a;. We recall that A is equal to 1 on supp ¢. On T}, we have

9. (x dy) —Ax dy = (9~ )*(x dy) —x dy

—xa'(x)dx (x,y) €e[-3¢e, 2e] x (—m, 7]
=1{xd (x—m)dx (x,y)e[r —3e,m —2e] x (—m, 7]
0 otherwise;
hence,
—2¢ T—2¢e
/ {go*(kxdy)—kxdy}:/ {—xa/(x)}dx+/ xa'(x —m)dx
ai —3¢ T—3¢
= m{a(—2¢) —a(=3¢)} = —27°. O
0 if j#k,
Lemma 144. (i) / (psTi —Ti)=3g=AL/A if j=k i<k,
aj

—p=—A_J/A if j=k,i Zk.
(i1) / (pxti — 1) =0 forall j.
bj



488 RYOJI KASAGAWA

Proof. We have only to compute the integral along a; since the others are clear by
considering the support of the integrand. Let p be the smooth function on R with
0(0) = 0 whose differential dp agrees with the pullback of dp by the projection
R — R/2nZ. By Lemma 14.1, on T} we have

0T =T = (9~ ) (s dp ()} — s dp(y)
= —sp/(—a(x) + y)a'(x) dx +s{p'(—a(x) +y) — p'(»)} dy
for (x, y) € [-3¢, —2¢] x (—m, ], and ¢, T; — 7; = 0 otherwise. Since
supp(p«ti — 7;) C T},

we have

—2¢
/ (psTi —Ti) = = f P (—a(x)+0)d'(x)dx = s[ﬁ(—a(x))]jgi =s. [

3e

Finally, we prove the following lemma:
Lemma 14.5. ho=2m%—A_.
Proof. Since supph Nsupp Ay = @ and 2 = —1 on supp A_, we have
h=GA_+r+Arp)h=—A_+Xh

and

(14-3) h():/ ha):—/ kw+f Mho.
b by by

8 8 8

Since dh = ¢, B — Px by definition and w|7, = dx A dy by assumption, we obtain
d(Ahx dy) =dr ANhx dy + A(@Br — Br) Axdy + Aho.

Then we have

(14-4) / Aho = —/
by by

g 8

dinxdy= [ (b ponxdy
EA’
by Stokes’ formula and 4 = —1 on suppdA Nsupph C suppdi_.

On the other hand, since supp A C Ty, we have

ro=dAxdy)—dirxdy=dr_Axdy+dQOxdy)+dr Axdy
and
w=A_o+dr_Axdy+dArxdy)+dii Axdy+iio.

By considering supports, we get o = A_w+dl_ Axdy and

(14-5) —/ k_w:—f a)_+/ di_Nxdy.
Eg 28 25’
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Summing up equalities (14-3), (14-4), and (14-5), we have
== [ o~ [ p~prxa.
Zg Eé’
Since B =dp(y) =dp(y) on Ty, we have

(@B — Bi) Axdy =dlo{p(M Axdy =

—p' (—a(x)+y)a' (x)dx Ax dy if (x,y)e[—3e, —2e] x (—m, 7],
pllax—m)+y)a' (x—m)dxAxdy if (x,y)e€[r—3e,m—2¢e]x(—m, 7],
0 otherwise,

and then we obtain

—2¢ w—2¢e
/ (go*,Bk—,Bk)/\xdy:—/ a/(x)xa’x+/ a(x —m)xdx
P —3e -3¢
—2¢
=7 / a(x)dx = n[a(x)]:gi =272
—3e
Since fzg w_ = A_, we have hg = —A_ + 272, O
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