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Dedicated to Robert Steinberg on the occasion of his ninetieth birthday.

We show that the character of the Steinberg representation of a split semi-
simple p-adic group at a very regular element is given (up to sign) by a
power of g, the number of elements in the residue field. We also show that
(under an assumption on the characteristic) the character of an Iwahori-
spherical representation at a split very regular element is given by a trace
in the corresponding Hecke algebra module.

1. Introduction

1.1. Let K be a nonarchimedean local field and let K be a maximal unramified
field extension of K. Let O be the ring of integers of K and let p be the maximal
ideal of O; the counterparts for K are denoted by O and p. Let K* = K — {0}. We
write O/p = F,, a finite field with g elements of characteristic p.

Let G be a semisimple almost simple algebraic group defined and split over K
with a given O-structure compatible with the K -structure.

If V is an admissible representation of G(K) of finite length, we denote by ¢y
the character of V in the sense of Harish-Chandra, viewed as a C-valued function
on the set G(K),s := G,s N G(K). (Here, G,; is the set of regular semisimple
elements of G, and C is the field of complex numbers.)

In this paper we study the restriction of the function ¢y to:

(a) acertain subset G(K),, of G(K),s, namely, the set of very regular elements in
G(K) (see 1.2) in the case where V is the Steinberg representation of G (K),
and

(b) a certain subset G(K);, of G(K),,, namely, the set of split very regular
elements in G(K) (see 1.2) in the case where V is an irreducible admissible
representation of G(K) with nonzero vectors fixed by an Iwahori subgroup.
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In case (a), we show that ¢y (g) with g € G(K),s is of the form +¢" with
n € {0,—1,-2,...} (see Corollary 3.4) with more precise information when
g € G(K);yr (see Theorem 2.2) or when g € G (K )y, (see Theorem 3.2). In case (b)
we show (with some restriction on characteristic) that ¢y (g) with g € G(K)g,, can
be expressed as the trace of a certain element of an affine Hecke algebra on an
irreducible module (see Theorem 4.3).

Note that the Steinberg representation S is an irreducible admissible repre-
sentation of G(K) with a one-dimensional subspace invariant under an Iwahori
subgroup on which the corresponding affine Hecke algebra acts through the “sign”
representation; see [Matsumoto 1969; Shalika 1970]. This is a p-adic analogue
of the Steinberg representation [Steinberg 1951] of a reductive group over F. In
[Rodier 1986], it is proven that ¢s(g) # 0 for any g € G(K),s.

12. Letge G,sNG(K). Let T' = Tg’ be the maximal torus of G that contains g.
We say that g is very regular if T’ is split over K and for any root o with respect
to T’ viewed as a homomorphism 7'(K) — K* we have «(g) ¢ (1 +p). If, in
addition, «(g) € O, we say that g is compact very regular.

Let G(K),, be the set of elements in G(K) that are very regular, and G (K ).,
the set of compact very regular ones. We write G(K),, = G(K),» N G(K) and
G(K)eyr = G(K)epr NG(K). Let G(K)yyr be the set of all g € G(K),, such that
Ty is split over K.

1.3. Notation. Let K* = K — {0}, and let v : K* — Z be the unique (surjective)
homomorphism such that v(p" — p"*!) = n for any n € N. For a € K* we set
lal =q~"@.

We fix a maximal torus 7 of G defined and split over K. Let Y (resp. X)
be the group of cocharacters (resp. characters) of the algebraic group 7. Let
(,):Y x X — Z be the obvious pairing. Let R C X be the set of roots of G with
respect to 7', let R be a set of positive roots for R, and let IT be the set of simple
roots of R determined by R*. We write [T ={o; :i € I}. Let R~ = R— R™. Let
YT (resp. Y1) be the set of all y € Y such that (y, ) > 0 (resp. (y, a) > 0) for
allo € RT. We define2p € X by 2p =), g+ .

We have canonically 7 (K) = K*®Y; we define a homomorphism x : T(K) — Y
by x(A®y) =v(A)y forany A € K*,y € Y. Forany y € Y, we set T(K), =
x '(y). Fory € Y, let T(K)$ = T(K)y N G(K)s,. Note that if y € Y** then
T(K)y=T(K),.

For each « € R let U, be the corresponding root subgroup of G.

2. Calculation of ¢s on G (K)g,,

2.1. Let W C Aut(T') be the Weyl group of G regarded as a Coxeter group; for
i €1, let s; be the simple reflection in W determined by «;. We can also view
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W as a subgroup of Aut(Y) or Aut(X). Let w = wq be the longest element of
W. For any J C I, let W be the subgroup of W generated by {s; : i € J} and let
R; :Rﬂzielza,‘. Let

Rf=R;NRY and R, =R, —Rj.

Let g be the Lie algebra of G, and let t C g be the Lie algebra of T. Forany J C I,
let [; be the Lie subalgebra of g spanned by t and the root spaces corresponding
to the roots in R;. Let n; be the Lie subalgebra of g spanned by the root spaces
corresponding to roots in R — R;r.

According to [Casselman 1973], ¢s is an alternating sum of characters of rep-
resentations induced from one-dimensional representations of various parabolic
subgroups of G defined over K. From this, one can deduce thatif € T(K)NG(K),s
then

¢s() =Y (=D > 8,w@) /> Dy s (w@)”?,

Jci weW

where forany J C [ and ¢’ € T(K)NG(K),; we set

Dy (1) = |det(1 — Ad(t)|g/1,)
8;(t") = |det(Ad(t)|w,) |,

and /W is the set of representatives of minimal length for the cosets ¥V} \WV. Here
for a real number a > 0 we denote by a'/? or \/a the nonnegative square root of a.

Writing ¢ instead of ¢g, we have:

Theorem 2.2. Let y € Y and let t € T(K)$%. Then ¢ (t) = g~ 7).

2.3. More generally, let r € T(K)*®, where y € Y. By a standard property of Weyl
chambers, there exists w € W such that w(y) € Y. Let t; = w(t). Then the
theorem is applicable to 1, and we have ¢ (1) = ¢ (1)) = g~ W20},

24. Let y = wo(y), ' = wo(t). We have ¢s(1) = ¢s(t'), ' € T(K);,, —y' ey,
We show that

v(B(")) if BeRT,

(D v(l—B)) = {0 itpeR

Assume first that 8 € R™. If v(B(t')) # 0 then v(B(¢’)) < 0 (since (y’, B) # 0 and
(¥, B) <0); hence, v(1 —B(t')) = v(B (). If v(B(t")) =0 then B(t') —1 € O —p;
hence, v(1 — B(t")) =0 =v(B(t')) as required.

Assume next that 8 € R~. If v(B(t")) # 0 then v(8(¢')) > 0 (since {(y’, B) #0
and (y’, B) > 0); hence, v(1 — B(#')) =0. If v(B(¢')) =0 then B(t') — 1 € O —p;
hence, v(1 — B(t')) = 0 as required.
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For any w e W, J C I we have
Dy ;(w(t)) = 1_[ q—v(l—a(w(l/))) — 1_[ q—v(a(w(t’))) — 1_[ q—(y’,w_'a)

a€ER—Ry aeR—Ry a€R—Ry
wleeRt wlaeRrt
and
/ —v(a(w( -y wla
S;(w(t)) = 1_[ q (e(w(®)) — 1_[ q (y ).
a€RT—R} aE€RT—R}

(We have used (1) with 8 = w™!(«).) We see that
P =¢@)=) (-D¥ )" Jg o)

Jcli we/ W

where for w € /W we have

Xy, J = E wla — E wla

aE€RT—R} aER—Ry
wlaeRt
_ -1 -1
= woa — W
aE€RT—R} a€ER™—R]
w(@)eR™ w N @)eRrt
=2 E wla € X.
aeRT—R}
wlaeR™

For w € /W, we have « € R}r = wla € RT; hence,

E wla = E w_la,
a€RT—R} aeRT
wlaeR™ waeER™

so that x,, j = x,,, where
Xy =2 E wla € X.
aeRt

wlaeR™
Thus, we have

$(=Y (D7 Y g = Y cufa T

JclI welW weWw
where for w € VWV we set
J
cw=Y (=D,
Jcli
we/ W

For w e W, let L(w) ={i € I : s;w > w}, where > refers to the standard partial
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order on W. For J C I, we have w € YW if and only if J C £(w); thus,

Cy = -
w= Y (=D,

JCL(w)

and this is 0 unless £(w) = @ (that is w = wy), in which case ¢,, = 1. Note also
that x,,, = —4p; thus, we have

¢(t) = Cwoﬁ—(y ,Xmo) — q(y ,2p0) — q7<y’2’)>.

Theorem 2.2 is proved. O

2.5. Assume now that t € T(K) satisfies the following condition: for any o € R
we have a(t) — 1 € p— {0} so that a(7) — 1 € p"« — p"«*! for a well defined integer
ng > 1. Note that n_, = n, and v(1 — (7)) =ny, > 1 for all @ € R; hence,

() =Y (1) Y green e ey Mol

JciI welW
Thus,

) ¢(t) = ﬁ(W)qZ'JER naf2 4 strictly smaller powers of g.

In the case where K is the field of power series over F, the leading term in (2) is
equal to §(W)q™, where m is the dimension of the “variety” of Iwahori subgroups
of G(K) that contain the topologically unipotent element t (see [Kazhdan and
Lusztig 1988]).

3. Calculation of ¢s on G(K),,

3.1. We will again write ¢ instead of ¢g. In this section we assume that we are
given y € G(K),,. Let T" = T. Note that 7" is defined over K let A" be the
largest K -split torus of 7’. For any parabolic subgroup P of G defined over K
such that y € P, we set 6p(y) = |det(Ad(y)|u) , where n is the Lie algebra of the
unipotent radical of P.

Let X be the set of all pairs (P, A), where P is a parabolic subgroup of G
defined over K and A is the unique maximal K-split torus in the center of some
Levi subgroup of P defined over K. Then that Levi subgroup is uniquely determined
by A and is denoted by M 4. Let X' ={(P, A) € X : A C A’}. According to [Harish-
Chandra 1973], we have

3) ¢() = (DT 3" (=)™ A5 (1) 2 Dgpa, ()72,
(P,A)eXx’

where Dg/p, (v) = |det(1 — Ad(y)|g/1)| (we denote by [ the Lie algebra of M ).
Theorem 3.2. Assume in addition that y € G(K )eyy. Then ¢ (y) = (—1)dimT—dimA’"
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Proof. From our assumptions we see that §p(y) =1=Dg/um, (y) forall (P, A) € X;
hence, (3) becomes

¢(y) = (=DM " (—pima,

(P,A)ex’

Let ) be the group of cocharacters of A’ and let $) = ) ® R. The real vector
space ) can be partitioned into facets Fp 4 indexed by (P, A) € X’ such that
Fp_4 is homeomorphic to R%™m4 . Note that the Euler characteristic with compact
support of Fp_4 is (—1)4™4, and the Euler characteristic with compact support
of § is (=1)dima$ = (—1)dimA", Using the additivity of the Euler characteristic
with compact support we see that Z(P’A)EX,(—I)dimA = (=1)ImA" thus, p(y) =
(—1)dimT—dimA’ g required. O
3.3. In the setup of 3.1, let P, be the parabolic subgroup of G associated to y as
in [Casselman 1977]. Note that P, is defined over K. The following result can be
deduced by combining Theorem 3.2 with the results in [Casselman 1977] and with
Proposition 2 in [Rodier 1986].

Corollary 3.4. We have ¢ (y) = (—)dmT—dima’s, (1)

The corollary provides another proof of Theorem 2.2.

4. Iwahori spherical representations: split elements

4.1. Let B be the subgroup of G(K) generated by
{(Ug(O):ax € RYYU{UL(p) : ¢ € RT}UT(K)o.

(The subgroups U, (O), U, (p) of U, are defined by the O-structure of G.) Then
B is an Iwahori subgroup of G(K). For any « € R we choose an isomorphism
Xo i K = U, (K) (the restriction of an isomorphism of algebraic groups from the
additive group to U,), which carries O onto U,(O) and p onto U, (p). We set
W :=Y - W with Y normal in W (recall that V acts naturally on Y). Let Y’ be the
subgroup of Y generated by the coroots. Then W’ := Y’ - W is naturally a subgroup
of W. According to [Iwahori and Matsumoto 1965], W is an extended Coxeter
group (the semidirect product of the Coxeter group W’ with the finite abelian group
Y/Y’) with length function

Iywy= Y Iyl + D Iy, e) =1,

aeR™ aeR™
wl(@)eR* wl (@)eR™
where ||a|| =a if a > 0 and ||a|| = —a if a < 0. From the same reference we know

that the set of double cosets B\G(K)/B is in bijection with W; to yw (where
y €Y, w € W) corresponds the double coset €2,,, containing 7 (K),w (here w is
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an element in G (O) which normalizes 7 (K )¢ and acts on it in the same way as w);
moreover, £(Q2y,/B) = §(B\Qyy) = ¢'O") for any y € ¥, w € W. For example,
if y e YT then I(y) = (v, 2p).

Let H be the algebra of B-biinvariant functions G(K) — C with compact
support with respect to convolution (we use the Haar measure dg on G(K) for
which vol(B) = 1). For y, w as above, let T,,, € H be the characteristic function
of Qy,. Then the functions T,,, w € W form a C-basis of H, and according to
[Iwahori and Matsumoto 1965], we have

T =Ty for w, w' € W with l(ww') =1(w) +1(w),
Fp+D(Ey—¢q)=0 for we W with [(w) = 1.

In other words, H is what one now calls the Iwahori—-Hecke algebra of the (extended)
Coxeter group W with parameter q.

4.2. Let C;°(G(K)) be the vector space of locally constant functions with compact
support from G(K) to C. Let (V, o) be an irreducible admissible representation
of G(K) such that the space V2 of B-invariant vectors in V is nonzero. If f
C;°(G(K)) then there is a well defined linear map o : V — V such that for
any x € V we have oy(x) = fG f(g)o(g)(x)dg. This linear map has finite rank;
hence, it has a well defined trace tr(oy) € C. From the definitions we see that for
f, [/ €C(G(K)) we have oy, p» =0 poy 1 V — V where * denotes convolution. If
f € H then oy maps V into V8 and tr(o) =tr(oylys). (Recall that dim VB <00))
We see that the maps o 7|y s define a (unital) H-module structure on VB Itis known
that the H-module V8 is irreducible [Borel 1976]. Moreover, for w € W we have
tr(og,) = tr(Ty), where the trace in the right side is taken in the H-module VB,

Theorem 4.3. Assume that K has characteristic zero and that p is sufficiently large.
Letye YT andt € T(K)$. We have

pv (1) =g~ (Ty),
where the trace in the right side is taken in the irreducible H-module V5.

An equivalent statement is that
¢y (1) =tr(og,)/ vol(2,).

(Recall that T on the right side is the characteristic function of 2, = BT (K),B.)
The assumption on characteristic in the theorem is needed only to be able to use
a result from [Adler and Korman 2007]; see (5) below. We expect that the theorem
holds without that assumption.
In the case where y = 0, the theorem becomes

4) teT(K)NGeyr = ¢y (1) =dim(V5).



506 JU-LEE KIM AND GEORGE LUSZTIG

As pointed out to us by R. Bezrukavnikov and S. Varma, in the special case where
y € YT, Theorem 4.3 can be deduced from results in [Casselman 1977].

4.4. In the case where V = S (see 1.1), for any y € Y1, ¢y acts on the one-
dimensional vector space V5 as the identity map, so that ¢y (1) = g~ 2*) for all
teT(K )3‘,. We thus recover Theorem 2.2 (which holds in any characteristic).

5. Proof of Theorem 4.3

5.1. Let B= By, Bi, Ba, ... be the strictly decreasing Moy—Prasad [1994] filtration
of B. This is a sequence associated to a point x in the building such that B = G o.
Each B;/B;4 is abelian. Let T,, := T (K) N B,,. Applying [Adler and Korman 2007,
Corollary 12.11] to ¢y, we conclude that

) ¢y is constant on the Ad(G)-orbit “(+T}) of ¢Tj.

Lemma 5.2. Letn > 1. Foranyt € T(K); and 7 € B, there exist g € B,,t" € Ty,
and 7' € By, such that Ad(g)(t'z) =1t't"7.

Proof. Let Z={a € R:Uy,NB, 2UyNBy11}. If Z= then B, =T, B,+1;
hence, z = "7’ for some ¢’ € T, and 7 € B, 1, and one can take g = 1. If
Z # & then we can find a, € K for each o € Z such that x,(a,) € B, and
z=[], ez Xa(ay) (mod T, B,41). Such a, can be chosen independent of the order
of the product since B,/ T, B, is abelian. Take g =[], xo ((1 — a(t’~Y)) lay).
Then g € B, since |1 —a(t'~1)|>1forye Y. (Toshow |1—a(t'~!)|>1forye Y™,
we argue as for (1). Assume first that o € RY. If v(ar(t'~1)) #0 then v(a(r'~")) <0
(since (y,a) # 0, (y,a) > 0); therefore, v(1 — a('~")) = v(a (")) < 0 and
[1—a('~ D> 1. Ifv(a@' ")) =0thena(t’~')—1 e O—p; hence, v(1—a(t'~1)) =0
and |1 —a(t’~!)| =1 as required. Assume next that « € R~. If v(a(t'~!)) #0
then v((r’~!)) > 0 (since (y,a) # 0, (y,a) < 0); hence, v(1 —a(¥~1) =0
and |1 — (") =1 as required. If v(a(t’~")) =0 then a (') —1 € O —p;
hence, v(1 — a(t'™")) =0 and |1 — a(~!)| = 1 as required.) Now, we have
' lgt’g7 ! =z71 (mod T, But1).

Writing Ad(g)(t'z) =t - (t'"'gt’'g™") - (gzg~!), we observe that gzg~' =z
(mod B,41) and t'~'gt'g "'z € T, B,41; hence, Ad(g)(t'z) can be written as t't"7’
with t” € T,, and 7' € B,y 1. O

Lemma 5.3. BtB; C B¢t T)).

Proof. 1t is enough to show that ¢B; C Bi(tT)). Let tyz; € tB; withtgp=t and z; €
B;. We will construct inductively sequences g1, g2, ..., t1,t2,...,and zy, 22, . ..
such that Ad(gy - - g281)(f0z1) = Ad(gk)(fot1 - - tk—12k) = (fot1- - - k) Zk+1 With
gi €Bi,tieT;,and z; € B;.
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Applying Lemma 5.2ton=1,1t =1y, and z=z;, we find t; € T} and 2, € B;
such that gltozlgfl = tot1z2 with | € T1 and z, € B,. Suppose we found g; € B;,
Zi+1 € Bix1,and t; € T; fori =1, ...,k where k > 1. Applying Lemma 5.2 to
n=k+1, ¢ =toty---ty, and 7 = Zp41, We find 8k+1 € Bi+1, tkr1 € Ty+1, and Zp 40 €
By42 so that gx410f1 - - - thk+1gk_J:1 = Ad(gk41- - 8281)(t0z1) =tot1ty - - - try 12k 42-
(To apply Lemma 5.2 we note that ¢’ € T(K); since fy € T(K); and t;-- -t € Ty,
so that for any o € R we have a(¢;--- 1) € 1 +p.) Taking g € B to be the limit of
8k 8281 as k — oo, we have Ad(g)(tpz1) € tT]. U

5.4. Continuing with the proof of Theorem 4.3, we note that by Lemma 5.3 and
(5), for the characteristic function f; of B;¢B;, we have

tr(oy,) = [ [1(8)pv(g) dg = [5,5 dv (1) dg = vol(BitB1)y (1).
Thus it remains to show
tr(or,)  t(og,)
vol(BtB;)  vol(BtB)’

Since B; is normalized by B, B acts on V Bi: moreover, since V is irreducible and
VB £ 0, B acts trivially on V21, (Otherwise, there would exist a nonzero subspace
of V on which B acts through a nontrivial character of B/By; since V5 #£0, we
see that (V, o) would have two distinct cuspidal supports, a contradiction.) Thus
we have V81 = V8, Since oy, and o, have images contained in VB = V8B itis
enough to show

tr(oy,lys)  tr(og,lys)
vol(BitB))  vol(BtB) '
We can find a finite subset L of T'(K )¢ such that BB = |_| B;¢B;t. It follows that

tel

7) vol(BtB) = vol(B1B))t(L)

(6)

and o5, = ) ., 07,0(7) as linear maps V — V. Restricting this equality to VB

and using the fact that o () acts as identity on V2, we obtain

(®) og,lve =8(L)ay|vs

as linear maps V8 — V. Clearly, (6) follows from (7) and This completes the

proof of Theorem 4.3. (]
The following result will not be used in the rest of the paper:

Proposition 5.5. If y € Y** and t € T(K), then BtB C BT (K),.

Proof. 1t is enough to show that 1z C B‘T(K)y for any z € B. We can write z = 1pZ/,
where 79 € T (K)o, ' € B1. We have tz = ttyz', where ttg € T(K), = T (K)$ (here
we use that y € Y1), Using Lemma 5.3, we have 17z’ € Bi(t1yT1) C BT (K),. O
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5.6. In the remainder of this section we assume that G is adjoint. In this case,
the irreducible representations (V, o) as in 4.2 (up to isomorphism) are known
to be in bijection with the irreducible finite-dimensional representations of the
Hecke algebra H (see [Borel 1976]) by (V, o) — V8. The irreducible finite-
dimensional representations of H have been classified in [Kazhdan and Lusztig
1987] in terms of geometric data; moreover, in [Lusztig 2010], an algorithm to
compute the dimensions of the (generalized) weight spaces of the action of the
commutative semigroup {¥, : y € Y1} on any tempered H module is given. In
particular the right hand side of the equality in Theorem 4.3 (hence also ¢y (¢) in
that theorem) is computable when V is tempered.
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