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APPLICATIONS OF THE DEFORMATION FORMULA
OF HOLOMORPHIC ONE-FORMS

QUANTING ZHAO AND SHENG RAO

This paper studies some geometric aspects of moduli of curves .il¢, using as
a tool the deformation formula of holomorphic one-forms. Quasi-isometry
guarantees the L2 convergence of deformation of holomorphic one-forms,
which is a kind of global result. After giving the period map a full expansion,
we can also write out the Siegel metric, curvature and second fundamental
form of a nonhyperelliptic locus of .il; in a quite detailed manner, while gain-
ing some understanding of a totally geodesic manifold in a nonhyperelliptic
locus.

1. Introduction

This paper is a complement to our joint paper [Liu et al. 2012b] with Kefeng Liu,
and explores more applications of the deformation formula of holomorphic one-
forms to some problems related to moduli spaces of Riemann surfaces, including
the full expansion of the period map, the Siegel metric and its curvature formulae,
the second fundamental form of Torelli space’s nonhyperelliptic locus, and also a
global result about the deformation of holomorphic one-forms.

We start with the Kuranishi coordinate of the Teichmiiller space J, of Riemann
surfaces of genus g and the deformation formula of holomorphic one-forms 6(¢),
whose construction is contained in Section 2. The key points of the deformation
formula lie in Theorem 2.1. To be more precise, on the Kuranishi family @ : ¥ — A
with a Riemann surface @ ~!(0) = X as its central fiber and a global holomor-
phic one-form of the central fiber 6 € H 0(Xo, Qko), the deformation formula of
holomorphic one-forms emerges as

(1-1) o) =0+ r’(Z H(u ,-mm,...,l-,._l,...,l-“)),
j=1

=1
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such that 6(1) € H°(X,, Q) ), where

n
u(t) = Zfim
i=1

is the integrable Beltrami differential of the Kuranishi family and H is the harmonic
projector in Hodge decomposition with respect to the Poincaré metric on Xj.
Moreover, G denotes the associated Green operator, and 7; is given by

{771' = —G3*d(w; 1H),
Miroin) = —60* (Xt Bk, sig—1,in)) -

g
a=1

We identify n; with n,....1,,....0) here. Apply (1-1) to the canonical basis {92‘
of HY(X P> Q}(p) with respect to the symplectic basis
{Ay, By}izl

for the Kuranishi coordinate A ., yielding

04(1) = 0% + Y 1;(H(1120%) +df)
i=1

We then define A(¢) by

n
Z tl(z H(/"Lj—lr]((xtl ’’’’’ l’j*l ..... in))) = A(t)%ég

[7]>1 Jj=1

Let o, 7, be the A, B period matrices of {91‘3‘}5:1 and M, =1Im(m,). The period
map
IM:J, — %,,

where 9, is the classifying space of Hodge structures of weight one, can be written
out on the Kuranishi coordinate as

(1-2) () = (r, + 7, A H A+ A)H

H. Rauch [1959] and A. Mayer [1969] have expanded the period map only up to
the first order, while Fangliang Yin’s expansion formula [2010] via computing high
derivatives of the period map is not explicit for orders larger than two, since it is
difficult to write all the derivatives out. In a different manner, by solving a recursive
relation, we can get an explicit formula for every order part of the expansion:
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Theorem 1.1 (Theorem 2.5). The period map
M:J,— %,

has the following full expansion on the Kuranishi coordinate A ¢:

Mo (1) = Mg (0) + f

6% A H(1u(1)267) +/ 6% A H(u(t)mf])
Xo

Xo

— %/ 0% A H(M(I)JGS)Mayf 07 AH(u(1)6F)
Xo

Xo

+Z Z {(—1)1_1/}(00"‘/\ [H](,u(t)mff;nl_l)

k>3 m;>0,1<i<]
my+--+mj=k

1
% E1‘4011012/)( 6% A H(M(t)—‘nfljnz—l) o
0

1y o san . B
where 1’ is the N-th order part of the expansion of 1y’ in the deformation formula

of 6% by Theorem 2.1, M®P s the inverse matrix of M, =Im(x)), andi= v/ —1.

Geometric information on the period map is contained in the homogeneous parts
in this theorem, whose meaning will become apparent in the following sections.

In Section 3, by a quasi-isometry result in [Liu et al. 2012a] for the operator
9 0Go 3, we obtain a global result for the deformation of holomorphic one-forms.

Proposition 1.2. The (1, 0)-form n(t) on X, constructed in Theorem 2.1 converges
in L?-norm as long as |t| < 1, and so does 0(t) constructed in Theorem 2.1.

In Section 4, the deformation formula of holomorphic one-forms provides us
with an effective way to write out the Siegel metric and its curvature explicitly
according to the expansion degree of . To maintain that the formula is integral and
clean, we need Definition 4.1 of symmetric derivatives. Also the normal coordinate
(4-5) is used in our calculation.

Theorem 1.3. The Siegel metric ws(t) on the nonhyperelliptic locus of the Torelli
space Jorg can be written as

ws (1) = % Z %85 tr(A(t)A(1))"
n=1

i 1 B}
=5 2 § : 7tr(S,.j(A,m(t)A,,,z(t) o Ay (D))dt; Adij,
k>0 m;>0,1<i<2]
mi+---+moy=k+2



224 QUANTING ZHAO AND SHENG RAO

and its curvature R ;5,7 is given by

1
Rir=—_ > 7 (7S (Am, () Ay (©) - .. Ay (1))
N>0 m;>0,1<i<2]
my+--+my=N+4

i

l 1

+>. 2 >, UIc

5

N>0 N;>0,1<i<3 = m;>0,1<i<l i=1""
33 Ni=N  mitetm=N

x > w(Sr (Am, (@) - Ay, D))

miy,>0,1<n<2s;
2s
Y2y min=m+2

X Z tr(Sl']E(Amﬂ (t) e Am22x2 (t))) T

my,>0,1<n<2s»
259
Zn:l map :m2+2

x Yy (S (Amn (0 Ay, (t))):|

mp,>0,1<n<2s;
2s
Zn=11 my,=m;+2

1
X Z 7tr(S,-S,a; (A, (@) ... Ay (D))
- m;>0,1<i<2l =
Ziz,:lm,':Nz-‘rf}

1 _
x Z 7 (88,7 (Am, (1) ... Apy (D)) |
- m;>0,1<i<2l -

Y mi=N3+3

where we need the convention that the first square bracket in the second summand
equals 8, if Ny =0.
The bound H(v) < —2/g for the holomorphic sectional curvature H(v) along the
direction v = Z?i ]_3 aiu; € I]-I]g’l(X p» Ix,) of R; i 1s also discussed in this section.
Section 5 is motivated by Oort’s conjecture and Moonen’s result as follows.

Conjecture 1.4 [Oort 1997]. Let g = $(My) C Ag be the Zariski closure of the
(open) Torelli locus $, := $(My). For g > 4, determine all special subvarieties (or
varieties of Hodge type) of positive dimension in s, that are contained in ;ﬁ_g and
meet $,. Conjecturally, there are no such subvarieties when g is sufficiently large.

As a complex orbifold, ¢ (C) is a quotient of the Siegel space, which is an
irreducible homogeneous symmetric space under the group Sp(g, R), and special
subvarieties can be considered as images of orbits of an algebraic subgroup. Here
we refer the readers to the remarkable survey [Moonen and Oort 2013, Section 3.6]
for the three equivalent definitions of special subvarieties and other preliminaries.
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Fortunately, we have an important result by B. Moonen [1995]: Let V C o, be
an algebraic subvariety. Then V is a special subvariety if and only if it is totally
geodesic with respect to the Siegel metric and it contains at least one special point.
From [Oort 2003], we know that a special point in #, corresponds to a moduli point
of principally polarized abelian variety (A, A) with A admitting sufficiently many
complex multiplications. The notion of sufficiently many complex multiplications
of an abelian variety A has an equivalent expression: there is a commutative
semisimple subalgebra E C EndO(A) :=End(A) ®z Q with dimg £ = 2g. Perhaps
we need a more geometric description of special points for deeper investigation.

Therefore, it is important to understand the second fundamental form of the
Torelli locus and totally geodesic subvarieties, which is also proposed by B. Farb
[2006], R. Hain [1999] and D. Toledo [1987]. By our deformation method, we can
get the second fundamental form of a nonhyperelliptic locus and some understanding
of a totally geodesic manifold in a nonhyperelliptic locus. The full formula for
the second fundamental form is included in the Appendix, since it is long and
complicated.

Proposition 1.5. The second fundamental form of a nonhyperelliptic locus at the

central point is L
2i51(0) = tr(AiAj1),

where A;;j is defined in our discussion of the homogeneous part of A(t) after
Definition 2.2.

As a direct corollary, the holomorphic sectional curvature along a totally geodesic
submanifold in a nonhyperelliptic locus of J is bounded from below. Moreover,
we obtain the relationship between the total geodesicness and local symmetry, that
is, a totally geodesic manifold in the nonhyperelliptic locus of J, must be locally
symmetric.

2. Full expansion of the period map

Kuranishi coordinates and small deformation of holomorphic one-forms. Fix a
compact topological surface X of genus g with g > 2. The pair (C, [ f]) is a Riemann
surface C with the Teichmiiller structure [ f], where f is an orientation-preserving
homeomorphism from C to ¥ and [f] denotes the isotopic class represented
by f. An isomorphism between two Riemann surfaces with the Teichmiiller
structures (C, [ f]) and (C’, [f']) is a biholomorphic map ¢ from C to C’ such that
[f1=[f"¢]. The equivalence classes of all compact Riemann surfaces of genus
g with this Teichmiiller structure, modulo the isomorphism equivalences, actually
constitute J,. Thus an isomorphism class of [C, [ f]] is a point in J .

From the construction of the Hilbert scheme, the existence of the Kuranishi family
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of Riemann surfaces follows. To be more precise, for every Riemann surface C,
there exists a holomorphic deformation (@, ¢)

w:.:¥X— B, <p:C3>XbO

of C parametrized by a pointed base (B, bp) and a complex manifold with dim¢ B =
3g — 3; this deformation is universal at by and actually universal at every point b
of B. The pair (w, ¢) is called the Kuranishi family of C. For any other deformation

(¢, ¥) ~
1: % — B, w:C;X;()

of C, there exists a unique map (¢, ®) in a small neighborhood of b;, such that the

diagram
@

X' x

| Lw
oy @
(B, by) —— (B, bo)
commutes, where ¢! ;¢ =1¢ and &' is isomorphic to the pullback family ®*%
on the small neighborhood of b,. Accordingly, we also have a family of Riemann
surfaces with the Teichmiiller structure (Xp, [ f5]), that is, @ : & — B, together
with the local topological trivialization

F* : %y, > £ x Uy,

where | J, Uy is an open covering of B such that [Fy] =[f»] with b € U,. For any
Riemann surface with the Teichmiiller structure (C, [ f]), the Kuranishi family also
exists and satisfies exactly analogous universal properties to the one without this
Teichmiiller structure. Possibly after shrinking B, we can describe the Kuranishi
family of (C, [f]) as a triple (=, ¢, F) given by

w: ¥ — B, go:CiCbO, F:X— X xB,

where F is a topological trivialization such that Fp,¢ = f.
A Kuranishi coordinate chart of 7, is given by

(B’bo)%ggv t_)[Xh[Ft]]?

where the triple (@, ¢, F) is the Kuranishi family of (C, [ f]). By Ehresmann’s
classical theorem, there is a natural diffeomorphism W : X;, x B — &; all the fibers

ofw:¥— B
Y x B

|

X

XbOXB
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share the same differential structure as X,,. From this point of view, for every
b € B, the map F;,\IJ,;1 can be deformed to F;,Oll',;)l, that is,

[FW, 1= [Fp ¥, 1.

Letw: H|(X, Z) x H| (X, Z) — Z be the intersection pairing on X. The symplectic
basis of Hi(X, Z) on (X, w) gives, from the map WF~1, one such basis on Xby»
which is enjoyed by the whole Kuranishi family & over the Kuranishi coordinate
chart B. Later on we will write (B, by) as A, ¢, where p denotes the point [C, [ 1]
inFg,and A, ={reC"||t] <e, 1(p) =0} withn=3g—3.

Let A, . be the Kuranishi coordinate centered at p € J, above. Denote the
corresponding Kuranishi family on A, . by @ : & — A, . with the central fiber
@ 1(0) = X,. Let

0 e H (X, sz}(p)

be a global holomorphic one-form on X,. We will construct 6(t) € H 0x,, 52%([),
a holomorphic deformation of 6 with ¢ small.

Denote the well known Poincaré metric on X, by w,. Fix {1;}7_, as a basis of
harmonic T)((L’O)—Valued (0,1) forms, written as [I-I]g’1 (Xp, T)EL’O)), on (X,,wp). And
w(t) = 2?21 t; i is the integrable Beltrami differential of the Kuranishi family
o d = Ape.

Theorem 2.1 [Liu et al. 2012b, Theorem 2.1 and Corollary 2.2]. Given 6 €
HO(Xp, Q}(p), there exists a unique (1, 0)-form n(t) on X, that is holomorphic in
t for sufficiently small t, satisfying

(1) H(n(2)) =0, where H is the harmonic projection on (X 5, wp), and
(2) 6(t) = (L + p(1))n(1) € H'(X;, Qy),

and 6(t) is the desired deformation of 0, given by

0(t) =0+ Y t; (H(wi0) +dfi)

i=1

.......... in € C®(X)).

Based on this, an explicit formula of the period map and variation of Hodge
structures on Kuranishi coordinates are discussed below. Denote the canonical basis
of HO(Xp, Q}(p) by {91‘;‘}5:1 with respect to the symplectic basis {A,, B),}‘f,:1
for the Kuranishi coordinate A, .. Let 0,, 7, be the A, B period matrices of
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{Qg}flzl and M, =Im(m,). Applying the deformation formula above, we get the
holomorphic one-forms 67 (¢) on X, starting at 6/, given by

@1 05 =05+ Y ti(H(ui02) +dfY)
i=1

Definition 2.2 (A(¢) and E(¢)). A(z) is a g x g matrix, while E(¢) is a g x 1 vector
defined by

Z t! Z (e mg, ... i_,—l,...,i,,)) = A(f)%éﬁ,
Z tl(z dfﬁ(il,...,ijl,...,in)> = E*(1).

We write the homogeneous part of order N of A(¢) as Ax(¢). Then

Av(y= Y t'Ay,
[[|=N
wherezzzl (,uj_m(” ’’’’ - ln)) Al,ﬁé In particular, H(x; 107) = ,,%9’3

Detailed discussion of homogeneous parts of A(¢) is given as follows, and will
be useful in the computation.

(1) The first two homogeneous parts A;(¢) and A, (f):
H(wi10y) = Aij 6 for [I] =1,

{H(Mz—‘n )+ H(j 1) = A@0,...0,1,.4,.0,1.0,1;,4.0,....0)+ 9_5 for [I1=2,i # ],

H(wimi) = A,...0.2,4,.0....00 % 95 for |I|=2,i=]j.
Set
A@©,..,0,1,4,0,...0,1,,0,...0) fori < j,
Ajj :=124A0....0.2,4.0....0) fori = j,
Aji fori > j.

Then it is easy to check that

d
Zt,tj J_2ZtA, and EB_AZ(I)_ i
1

i,j=1 |711=2

(2) The general homogeneous part Ay (¢):
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Define A;,

,,,,,

N! |
Jilja! ...jn!Ai1 """ iv = NAG i)
if k appears ji times in iy, ..., iy. Here Zzzl Jx = N since we are considering
the homogeneous N-part. Also it is easy to check that
9 9 Ay()=A
all‘l o aliN N T et
Set | |
0,(t) 0,
O,0) = : and O,=1] :
05 (1) i
Thus using A(¢) and E(t), we rewrite (2-1) as
O,
(2-2) O, =1, A®)) 6 + E(2).
p

Since a holomorphic one-form on a Riemann surface is uniquely determined by its
integration on A cycles, it is clear that {§%(1)}$_, being a frame of H(X,, Q) )
on X; is equivalent to nondegeneracy of the A period matrix o,g(f) on X, i.e.,

(2-3) det(oqp (1)) = det( / 0f (t)) £0 < det(Iy+A@NT) £0,
Ay

where A(¢)7 is the transpose of A(¢). And when {9;‘ (t)}f{:1 becomes a frame, we
have the Hodge—Riemann bilinear relations on X,

_ 1 « B
0_§/x, 0%(t) NOB (1),

i [ agn a8
0< 5/x 0% (1) AOE (1),

which, together with (2-2), implies that

0= %fx (02 + A)%07 + E*(1)) A (05 + AW + EP ),

)4

0< i/ (6% + AD26, + E“(0) A (68 + A, 65 + EP ().
Xp
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Thus, by type consideration and Stokes’s theorem, we have

{0 = Mp.ay Ay — Mp.5, A1),
——B
0<Mp,up—M,,sy A(t);‘fA(t)A.

The matrix forms of these are given by

— T
(2-4) {A(t)Mp = (AMOM,)",

M, — A()M,AQ) > 0.

As our deformation formula is local, {6 (t)}f{: | is always a frame, as t € A,  with
€ sufficiently small. Therefore, (2-3) and (2-4) hold.

On our Kuranishi coordinate A, ¢, the period map IT: J, — 3, can be written
out quite explicitly:

25) H(t)aﬂ=/Ba0(f)yﬂ9},/(f)=/l;a0(t)yﬁ(9;+A(t),3; o))
=TTpray U(t)yﬂ'i‘ﬁ'paaé A(t)()s/o'(t)wg,

where o (£)®? is the inverse matrix of o (t)qp- Here o (t)qp 1s given by
(2-6) Oup (1) = f 08(1) = (Lg + AN )ap.
A
By (2-6), we formulate (2-5) into the matrix type to get
2-7) () = (m, + 7, AN Mg + AN

Full expansion of the period map. We are going to give (2-7) a full expansion,
writing out every order part explicitly.

Lemma 2.3 [Farkas and Kra 1992, Proposition I11.2.3]. If ¢ and ¢ are two d-closed
one-forms on a Riemann surface X, then

/X‘f’WZXy:(/AV‘P/BV‘”_/Bf/AQ/’)’

where {A,, B, }i’i:] is the symplectic basis of X.

Lemma 2.4. We hve

f (i 6%) = ~ M f 07 AH(u 0P,
Ay 2 X

where {90‘}§=1 is the canonical basis of holomorphic one-forms on X and M®P is
the inverse matrix of Myg = Im(myp).
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s -
Proof. Set H(uy_60%) = ¢t.,07 - Then

| Houwot =,
Ag

while Lemma 2.3 implies that
i/ 07 AH(uetP) =icl, / 0“NGY =2¢) M.
Xo " JX '

Finally we have the equality above. ([

Theorem 2.5. The period map I1:J ¢ — 3, has the full expansion on the Kuranishi
coordinate A, ¢

Mo (1) = Mg (0) + f

0% AH(pe(1)26) +/ 6% A H(u(t)mf])
Xo

Xo

— if 0% A H(M(I)JQ‘S)M‘S)’/ 07 AH(u(1)-6F)
2 Xo X

0

+Z Z {(—I)Z_I/XOQ"‘/\ I]-I](,u(t)_mf%l_l)

k>3 m;>0,1<i<I
my+--+mj=k

i
% 5Ml)lIOlZfX 90[2 AN H(M(Z)—‘n?;nz—l) o
0

i
x z1‘40121—3052/—2/A Qu2-2 A H(M(t)—'nfml—l)}’
Xo

where 17\ is the N-th order part of the expansion of 1 from the deformation
formula of 0% by Theorem 2.1 and M®P is the inverse matrix of M p=1Im(m)).

Proof. Write out A, B periods of X; as o,g(t), mep(t), respectively. Then

Oup(t) = /A 0P (1) = /A (95+Zt’(ZH(umﬁl ..... I m)»

[]>1 Jj=1
n

Tap (1) = / 6P (1) = / (0’3+Zt’(ZH(wﬁ-l,.._,i,_l ..... m)))-
Ba Ba =1 Nj=1

Those expansion coefficients are

(2-8)

Thus the period map can be computed as
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(2-9) Myp(t) = / of = / o’ (1)0) = VP (t)1y, (1),
B, B,y

where 67 (¢) is the canonical basis of holomorphic one-forms on X, and oP(t) is
the inverse matrix of oug(1).

Now we only focus on the expansion of o7#(¢), since the expansion of Tap(t) is
already obtained. Set

o (1) =8p+ Y _ t'o}";
[]>1
then

501)/ = Uaﬂ(t)o'ﬁy (t) = <8a,8 + Z tlaaﬂ,l) (5/3)/ + Z tl ,3)/>
[11=1 [1]1>1

=S4y +1 Uayl+t1 “V-l—t’”oﬁ]bﬂy

= 8oy + Z ti(0ay, 0. 1 0001 0)

o
+ E IK<GO,V,K +0Ky+ E Gaﬂ‘lafy>.
IK|>2 H|=1,1J[>1
I14+J=K

Compare both sides of this equation to get

oy _
Oay,(0,....1; 4,.,0) T 90,...1.,...00 = 0,
(2-10) ay i-th by
og' +0ayk + E oup,10;" =0.
[|=1,]J]>1
I+J=K

Define the homogeneous parts of oup(t), meps(t) and o (1) as

@-11) (@uplii= Y Nowpx. (Taplii= Y tXmap . @ P)i=) Kol

|K|=k |K|=k |K|=k

Using these definitions, we rewrite (2-10) to obtain the recursive relation

(Oay)1+(@*")1=0
(Oay)k + (@ )i + Z (0up)i(a?); =0.

i>1,j>1
i+j=k

(2-12)

From (2-9) and (2-11), we get
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Hotﬂ(t) :Jyﬂ(t)nay(t) = ( v+ Z t'o ]//3) (ﬂay(0)+ Z lJT[ay,I)

1>1 1]>1

n
= ap(0) + ) 1i(ay (O)GKf...,;,._m,...,O) + Tap (0, .. 1 0))
i=1

+ Z IK{naﬂ,K+7Tay(0)0—[};ﬂ+ Z ﬂay,lg}/ﬂ}

|K|=2 HI=1,1J]>1
I1+J=K

= Tep(0) + 7ay (0)(07P)1 + (ap)

+Z{<naﬂ>k+nay(oxayﬁ)k+ > (nay»(oyﬂ),-}.
k>2 i>1,j>1
i+j=k

After observing the formula above, we need to use the recursion relation (2-12) to
get the full expansion of o® (z).

Claim. o®?(t) has the expansion

0 (0) =g — [ H(u(0)0)
Ay

—I—Z Z {(—1)1/ (M(I)anml 1)/ (M(t)Jntmz 1) .

k>2 m;>0,1<i<n 1
my+--+m=k

X/A H(pe()om,r - 1)/ H(M(f)wfm,_l)}-

-2 A"‘[—]

Proof. Use an induction argument: For k = 1, according to (2-12), the first-order
part of 0®P (1) is given by

(0P)) = —(0up)1 = — fA H(u(t) 16%).

Assume that the homogeneous parts with orders less than or equal to k — 1 are given
by the formula in the claim. Then the k-th term is

(0*P)e = —(0up)k — Z (ay)i(@7P);

Ll
=—f H(w()onf ) - Zf (n)m?_))
i>1,j>1
=k
x{ ; IS 1>lf ()™, ) - /A H(M(t)mfm,_l)}

m1+ +mp=j
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= /A Hp@ang)+ Y D /A H(u ()],

i#k,m;>01<j<l o
i+mi+--+m=k
< | B, ) R, )
Ay Agy_,

=—/A |]-|](,u(l‘)_ﬂ7£k_1)+ Z (— 1)/ I'L(t)—'ntml 1)

my#k,m;>0,2<i<l
mi+---+mj=k

X/ (/‘L(t)—‘nz mp— 1) / H(M(t)_mfml—l)

1 A -1

= > (—1)’/A H (e (@) mg'hy )

m;>0,1<i<l
X/ H(M(t)—m;xjm—l) / H(M(t)—mtﬁ,m;—l)'
A A

M+ mi=k
] -1

Thus our claim has been proved. U

Let us proceed to the expansion of ITog (7). Use the claim and the expansion
formula of T4 (7) above to get

Haﬁ(t)
= T (0) + ey (0) (07P) 1 + / H(u(1)26%)
By
+Z{f M(t)ﬂ?,k 1)+77ay(0)(0'y'3)k+ Z / M(t)—‘n[ )(Uyﬁ)j}
k>2 ll>_:jj_>kl
= T4p(0) — 7ay (0) AH(u<z>Jeﬂ>+ fB H(u(t)6")
+Z{/ /'L(t)—'n[k 1) Fay(o)/ M(I)Jn,k 1)
k>2
- > nay(0>/ ORI CHOTES Y f (w(®)anf;1)(0° ﬁ),}
i>1,j>1 i>1,j>1
i+j=k i+j=k
= Mos )+ [ 0°ABGu(0)0)
Xo
+Z{/ ONH(u(r)n? ) + /XeaAH(M(z)m;{,._l)(a”ﬁ)j}
k>2 >1] >1% 40

+j=k
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= Mg 0) + [ 0°ABGu(r)0)

Xo
+Z{/ O AH(n )+ Y f@“AH u(6)anfi_y)
k>2 i>1,j>1
i+j=k
X[ Z (—1)1/ H(u () mp, _ ) / I]-Il(pc(t)mfmll)“
m;>0,1<i<l i A
mi+---4+m=j
= T,5(0) +/ 0“A H(1(r)_6%)
Xo
+Z{/ O AH(pOn’ )+ D (—1)1/ 0AH(1e(1)onf;_y)
k>2 i#k,m;>0,1<j<I Xo

i+mymy=k

X/A H(p@mg', ) - / H(Mt)mfml_l)}

1—1

= M4p(0) +/ 0“AH(u(t)0%)
Xo

+Z Z {(—l)l_I/GQAH(M(t)JntmI 1)

k>2 m;>0,1<i<I
my+--+mp=k

%Mmaz/ Qaz/\H(M(t)_lnz?nz_l) - %M“ZISO‘ZIZ/ 0212 /\H(M(t)—'nf,m,—l)}
X X

0 0

and this concludes the proof of Theorem 2.5. ([

Corollary 2.6. For every N > 0,

/X 0 AH(1e(r)-n” )

is a symmetric matrix of («, ).

Proof. We again use an induction argument.

When N = 0, on 0% A H(u(2)260P) is the homogeneous part of first order of
[ep(2). It is easy to see that IT,g(¢) is a symmetric matrix of (o, 8), and thus the
homogeneous part of every order of its expansion will be symmetric in («, §), and
in particular the first order.

Assume that on 0N I]-I](p,(t)mfN), with N <k —1, is symmetric in (¢, 8). Now
we come to the case N = k. By Theorem 2.5, the (k 4 1)-th homogeneous part of
the expansion of I1yg is
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fx CAROm)+ D =D /X 0% AH((0) 27, 1)

m; <k
my+my+--4my=k+1

1
% EMQIUZ/;( GaZAH(IL(t)—InZinz—I)
0
1
% E]‘40121306212/A Q922 A H(M(I)—'n;ﬁ,nﬂ—l)
Xo

and is thus symmetric in («, ). By use of the induction assumption and the
symmetric matrix M, the second summand of the above formula is symmetric in
(o, B). Thus on %A I]-I](u(t)_mfk) is symmetric in (a, B). O

Remark27 Itis easy to see that § [, OAH(i(t)an’ ) = Moy Ay41 (1)} Thus

MA N 41 (t) is a symmetric matrix for N > 0.

3. A global result on deformation of holomorphic one-forms

This section will present a global convergence of the deformation of holomorphic
one-forms in L? norm as a result of the following quasi-isometry for the operator
3 0God.

Proposition 3.1 [Liu et al. 2012a, Theorem 2.2.(3)]. Let TP4=9TP~ 19 € AP9(M)
on a compact Kdhler manifold M. Then we have the inequality

(3-1) |8°0GoaTP™ |, < IITP7 " 2.
Furthermore, ifTI’_l’q is 0*-exact, then the equality in (3-1) holds, i.e.,
|8 0GodTr 4|, = TP~ 2.

This proposition was originally proved by step-by-step spectral decompositions
in the preliminary version of [Liu et al. 2012a]. It is motivated by an attempt to
prove the global Torelli theorem for the Teichmiiller space of CY manifolds and
inspired by the integral operators P and T defined by

Ph(¢)=—— // h(z)(— — —) dxdy, forfunctionsh e L?, p> 2,
h(z) .
Th() = 11 —— // for functions h € C2.
7 J. (z— §)2 a 0
—C|>¢€

These integral operators satisfy (Ph); = h, (Ph), = Th, and the (quasi-)isometry
relations

IThll2 = hll2, IThlzr < CpllhllLr, forany p > 1, with C, — 1 for p — 2,
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which all appear in the classical Teichmiiller theory for Riemann surfaces; see
[Ahlfors 1966], whose main result is the proof of the existence of a solution of the
Beltrami differential equation in C

;w(t 2,2) =1t (2,2) %w(r Z,2),
where 1 (z, z) is a Beltrami differential with || (z, 2) ||, < ¢ < 1. The solution of
the Beltrami differential equation is based on an iteration method due to Bojarski
[1955], while it was Morrey [1938] who first proved the existence of the solution of
the Beltrami equation. One of the main ingredients in the proof of the convergence
of the Bojarski iteration method is the L?-isometry of the inverse 9! of the 9
operator in one complex variable. Kuranishi generalized the iteration method of
Bojarski and constructed the Kuranishi map « : HO-1 (X, T)}’O) — I]-I]O’Z(X, T;(’O), the
most basic technical tool in various aspects of deformation theory.

Fix a basis {u;}7_, of harmonic Tg’o)—valued (0,1) forms with

n
D lwilles <1,
i=1

and let u(t) = Z;’:l t;u; be the integrable Beltrami differential of the Kuranishi
family o : ¥ — A 1.

Theorem 3.2. The (1, 0) form n(t) on X, constructed in Theorem 2.1 converges in
L?-norm as long as |t] < 1.

Proof. Recall that

n(t)—9+thm+ > ity

. [71]>2
is constructed as

ni = —Go*d (i 10),
Nir,i) = —G0* (X ) kM, —1,i)) -

Here we identify n; with n, ...

(3-2)

.,0)- Now let us discuss the global convergence
in L%-norm of the power series. By the quasi-isometry result in Proposition 3.1,
together with (3-2) and the assumption Zf: 1 Imillzee < 1, we have

D il < (Z ||m||m)( > ||m||Lz>.

| |=i [ |=i—1

qth

Also when |I| =1, it is clear that

n n
D il < (Z ||ui||Loo>||9||Lz < 11112

i=1 i=1
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By induction, this yields that for every k > 1,

D dmallze < 10112,

|1|=k

which implies the estimates of 7 (¢)

In@ Iz < 101z2+ 1002 Y 111", O
=1

Corollary 3.3. The function 6(t) constructed in Theorem 2.1 converges in L*-norm
for|t| < L.

Proof. This follows directly from Theorem 3.2. ]

4. The Siegel metric and its curvature

Let us recall the local and global Torelli theorems of the moduli spaces of compact
Riemann surfaces with genus g. Denote the Teichmiiller space of the compact
Riemann surface of genus g by J, and the generalized Siegel upper half-plane
by #,, which is {Z € M(g,C) | Z = Z',Im Z > 0}, an irreducible noncompact
symmetric space, giving 9, a locally symmetric structure. Then

Iy (n) := Kernel (I, 2 Sp(g, 7) > Sp(g, Z/nZ))

forn>2and T, := Kernel(Fg A Sp(g. Z)), where I' is the mapping class group
of the compact Riemann surface of genus g. Also, the moduli space Jl/Lg,") of the
compact Riemann surface of genus g with a fixed n-level structure is defined as the
quotient of T, by I'y(n). We will fix n > 3 from now on. Meanwhile, the Torelli
space Jory is the quotient of I, by T, called the Torelli group. Then we have the
commutative diagram

$ is always injective for g > 2. $" is an open embedding for g = 2, while $°" and
$ are 2 : 1 branched coverings onto its image ramified over hyperelliptic locus



APPLICATIONS OF THE DEFORMATION FORMULA OF HOLOMORPHIC ONE-FORMS 239

for g > 3. In other words, $'*": T,/ fg — ¥, is an embedding where Tg is defined
as p~! ({(—Izg)) and (—1I5,) is a subgroup of Sp(g, Z) generated by —1I,. We shift
to the local point of view. IT is everywhere an immersion for g = 2, but for the
case g > 3, the tangent map of I is injective on the nonhyperelliptic locus and
vanishes on the normal directions of the hyperelliptic locus #€J ;. When restricted
to H€T,, IT is an immersion. According to [Liu et al. 2012b], the tangent map
of $°": T,/ Tg — Jt, at the hyperelliptic locus from the Zariski tangent space of
Te/ ?g to the tangent space of ¥, is injective.

Denote the Hodge bundle on .y and s, by €,; its fiber at a point is the vector
space of holomorphic one-forms on [X], a representative of the complex structure
given by that point. There are three canonical metrics on ¥, and #,, namely
the Hodge metric, the Bergman metric and the Siegel metric. Hard Lefschetz
decomposition and Hodge polarization give us a hermitian metric on €, denoted
by (,). From the natural isomorphism SZ = Sz%g, where S is the symmetric
operator, it induces a hermitian metric on T(1 0 denoted by @j. The Bergman
metric is defined by the Bergman kernel e

— 1, +iZ\' [1,+iZ
= —logdet(l, — WIW) = —logdet( 1, — [ =2 g ,
p=-togdet = W) = —togae(1, - (127 (1277

where W € {A|A € M(g,C), A’ = A, 1, — A’A > 0}, which is the bounded
domain, and Z is the coordinate of the Siegel upper half-plane

{Z|ZeM(g,0), Z=27"Im(Z) > 0}.

Here M(g, C) denotes the group of complex g x g matrices. Thus v, = %85 0.
Finally, the Siegel metric @; is defined by ¢ (€, (, )). Pulled back by the period
map, Siegel metrics, denoted by wy, also exist on Jg, T, and M.

These three metrics are Kéhler metrics and also invariant metrics on the irre-
ducible homogeneous and symmetric space J(,. It is clear that they are different by
a constant multiple, while by [Yin 2010, Theorem 3.1 of Chapter 4], we know they

are actually the same on 9(,.

Definition 4.1 (symmetric derivatives S;, S7, S5, S;75,; and S/ S ). We give some
examples to explain the use of these symbols. Here we use the notation A := A(¢),
and similarly for B(¢), C(¢) and D(t).

(1) First derivative: S;, SJv and Sij-

— 0A -~  — ~90C — E— 0B — — 0D
Si(ABCD):= —BCD+AB—D, S;:(ABCD):=A—CD+ABC—,
ot ot J ot tj atj
—— dA dB A _ 9D 9B 3C — _BC 9D
S;:(ABCD):= — —CD+—BC—+A——D+AB
/ ot; t; at; t; atj ot a1y ot
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where A, B, C, D € M(n, C) are all holomorphic in ¢. Indices without a bar mean
taking derivatives through all holomorphic matrices, and indices with a bar do so
through all antiholomorphic matrices.

(2) Second derivative: S;7S;; and Sl_’j-_S]’d-.

Sij‘-Skl‘(AECE)
92A 32B __— 03A 92B 9C — 0A 3?B 9C — 2B 3*C —
= (D+————D+————D+A————D
0t; 0ty 8tj8t, dt; 8tj8t1 oty oty 8tj3t1 0t; 32‘.,'82‘[ dt; 0ty
92A 9B 3D aAa_Baca_D+ aAa_BBCB_D+ 9B 3%C 9D
0t; 01y 3tj ot ot atj dat; 0t oty 3lj dt; o atj d0t; 0t 0
92A 9B 3D aAﬁacﬁJr aAﬁacﬁH‘ﬁ 92C 9D
dt; 0t 0 8tj dt; 0t Oty 8l‘j oty 0ty 0t; 8l‘j dt; 0t; 0ty 8l‘j
92A — 32D QA _3C 92D 9A _9C 92D _93%C 9D
+ BC —B— —B— B ,
0t; 0ty 8tj8t] dat; Oty 31‘]'81‘] oty 0t 3tj3t1 dt; 0ty 81‘]‘81‘1
/ / DY
S;:8,;(ABCD)
__0A9BOCID JADBICID A 0AIBICID JA0BICID

T3t 9t; Ay Ay * oty dt; dt; Iy * ot; ty On Ot * at; dty O Ot

: L ad d
The difference between these two symbols lies in that % and i can’t operate on
a matrix simultaneously in SITJTS]/J. ! k

Theorem 4.2. The Siegel metric wy(t) on the nonhyperelliptic locus of T, can be
written as

ws (1) = % Z %aé tr(A(t)A®D))".
n=1

Proof. From the definition of the Siegel metric and the fact that holomorphic
one-forms on the Riemann surface and its Jacobian torus can be identified, we
will write it out explicitly using the Kuranishi coordinate A, . on J, with g > 3
and the deformation formula for holomorphic one-forms, where p lies in the
nonhyperelliptic locus.

(4-1) ws(t) =mc1(Eg, ()

1= i —
=——3810gdet—/ 0% (t) ANOE (1)
2 2 Jx,

:—%aétrlog%/ (0% +AM20Y +E* (D) A(6) + A0 05+EB (1))
XP

— LB trlog(M, us — AW AWM
=3 rlog(Mp.ap — (1), At)s pov)
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i -
=~ 589 trlog My (855 M AN AWM My s5y)

= —%85 trlog(8qs — MgUA(t);‘,A(f)gMP,BV)'

We remark here that the % f . 0% () A 0F(t) are positive hermitian matrices for ¢
P
small, and thus diagonalizable matrices. Thus it makes sense for the operator trlog.
Formulate all these into the matrix type to get

1= _ —T

(6) = =509 trlog(1 — M,  A(YM,A(r) ).

From the Hodge-Riemann bilinear relation A(t)M, = M pA(t)T, it follows that
M AOM,AD = ADTAG)
Then the Siegel metric wy(¢) is given by
i T i 1 T
(4-2) (1) =—50d trlog( I-AW"AG) ) =00t —(A(z)TA(t) )"
I’l

00
=5
n=1

. n o )
Restricted to the origin, the Siegel metric is w;(0) = % Y tr(AjAj)dt Adt;. O
i j=1

2
==Y -0 tr(AMA®D)".

n=1

dd tr(A)TAQ))

S| =
l\)|'-"
S| =

[\.)

To compute the curvature of the Siegel metric, we rewrite (3-2) according to the
degree of ¢:

i 1
4-3) ws(t):%aaz > (A O A, () Ay ()

k>2 m;>0,1<i<2l
my+--my =k

. 1 )

k>2 m;>0,1<i<2]
my~+---+my=k

. 1 )
= %Z Z Ttr(slj_(Aml(t)Amz(t)AmZI(t)))dtl /\dt]

k>0 m;>0,1<i<2]
my+---+my=k+2

From (4-3), we know that, if we set w,(¢) = %a)ljdli Adtj, then

1
@4 o=y > 7tr(sl.;(Aml(t)Amz(t)...A,,m(t))),

k>0 m;>0,1<i<2l
my+--+my=k+2

with @;7(0) = tr(A; Aj).
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We need an auxiliary combinatorial lemma before getting to the curvature formula.
Lemma 4.3. The function h;;(t) has the expansion
8ij + (hip1 + (hij)2+-- -,
where (h;j), is the n-th order part of the expansion; then h'i (t) can be expanded as
R =8 — i+ D> (=D Crii)my Bisiymy - - iy Iy

k>2 m;>0,1<i<I
my+-+mp=k

Proof. Directly check that h;; (t)h'*(t) = 8, which is equivalent to

Sik = [&‘j + (hij)n + Z(hij)pi|

p=2

x [a,-k — i+ Y D> =D B Gigiy)my - - <hi,_]k>m,].
p>2 m;>0,1<i<l
mi+---+my=p

It is quite easy to see that the zeroth- and first-order parts of both sides coincide.
Thus this reduces to checking that for p > 2,

0= (hit)p — (hij) p—1(hji)1 +---
+ (hijh Z (=D jiyymy Bigiy)ms - - - iy yk)ms

m;>0,1<i<l
my+--+m=p—1

+ > D iy Cigis)ms - - iy iy

m;>0,1<i<l
my+---+mj=p

The right-hand side can be written as

p
S EY T R m i)y - i mg

i=1 m=im;>0.2<j<I
mi+--+mp=p

+ Z (_l)l(hiil)ml (hiliz)mz R (hl'jflk)ml

m;>0,1<i<l
miy+--+m=p

= > DT i) m Baimy - - i,

m;>0,1<i<l
my+--+mj=p

+ D D iy Cisis)ms - - iy iy

m;>0,1<i<l
mi—+---+mj=p

Now clearly this is zero. Our lemma is proved. (]
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Choose a normal coordinate around p such that a)iJT(O) = 4ij, (80)15 /0t;)(0) =
(0w;57/01)(0) = 0, and (dw;5/91:01)(0) = (dew;5/ 91, 91;)(0) = O, still denoted by
A . According to the convention of Ay (7) we make after the definition of A(z)
and E(t), this is equivalent to saying

tr(A;Aj) =8,
(4-5) tr(A; Ajx) =tr(AyxA;) =0
tr(AigA;) = tr(AjAji) =0

From Lemma 4.3, we get

@6) ol =8;+y. Y. (1)’]_[—

k>1 m;>0,1<i<I
mi+--+mj=k

x< D w(Si(Am O Ay, (r))))

mi,>0,1<n<2s;
2s
Doy Mg =m+2

x( > tr(Siliz(AmZI(t)...Ammz(t))))

my,>0,1<n<2s,
257
Zn lmZn—m2+2

X o X < Z tr(Sin(A’”“ (t) e Alesl (t)))) .

my,>0,1<n<2s;
2s;
Zn:l mip=n;+2

Theorem 4.4. The curvature R;5,; of the Siegel metric wy(t) is given by

1
z]kl Z Z i tr(SifSkf(Aml (D) Ay (1) - - Ay (t)))

N>0 m;>0,1<i<2]
m1+--~+m21=N+4

l
I 1
+> > > I+
o
N>0 N;>0,1<i<3 - m;>0,1<i<l i=1""
Z?:[Ni:N my+---+m;=N

x Z tr( qtl( ’"H(t)"‘Amm] (f)))

mi,>0,1<n<2s
251
Zn:l mip=mi+2

X Z tr(SnE(Amzl (t) T Am2232 (t))) T

mop, >0,
2s
3,21 man=ma+2

< Y (S (Amy () - Ay, (t))):|

miy>0,

2s;
Yoty mpg=m+2
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1
x > 7 U(8:8kg (Am, (0 Ay (1))

m; >0, -
212]:1 m;=N>+3

1 _
x > (858, (Am, (1) . Ay (1))

m; >0, -

212[:1 m;=N3+3

where we need the convention that the first square bracket in the second summand
will be §,, as N1 = 0.

Proof. Just use the well known curvature formula

2 B _
R — 0wy wiP dowrg 0®)i
ijkl 3tiatj ot; 3l‘j

By use of (4-4), we have

aza)k,‘ 1
= Z Z ; tr(Si]TSkl_(Aml (I)Amz (t) s Ang (t)))7

9t;0t;
P a0 mi>0,1<i<2l
my+-tmy=n+4

dwig 1
= Z Z 1 tr(SiSké (Aml (D) Amy (2) - - Ay (t))),

0t;
! n>0 m;>0,1<i<2l
my+--+my=n+3

dw 7 1
;;—jl=2 Z ?tr(S]rSpl-(Aml(t)Amz(t)...Am2,(l‘))).

n>0 m;>0,1<i<2l
my+--+my=n+3

From this we get the formula (4-6) of @'/, Thus the theorem follows easily. O

Also the curvature of the Siegel metric at the point p can be easily gotten from
the curvature formula together with (4-5):

4-7) Ri57(0) = — tr(8;8,7(A2(1) A2 (1)) — 5 tr(S;78,7 (A1 (D AL (D AL (DAL (D))
+ (i Sep (A2 (D) A1 (D)) (878 ,7(A1 (1) Aa(1)))
= — (A A ) — tr(A;AjALA))
— (A AjARA)) + (A Ap) (A, A i)
= — (A A ) — tr(A;AjALAp) — tr(Ai AL ALA)).

3g-3
The holomorphic sectional curvature along the directionv=Y_ a;u; € [H]g’ ! (Xp,Tx p)
is given by i=1
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3g-3 —  —p _ _
Ryjos _ Doi.jki=1 487akaIR;;7(0)

4-8)  H(v) lv]4 (Z?ﬁj aia_jwi](o))z
_ 2u((@A) (@A) (@A) (@ AD) — tr((@acAi) (@ja A )
B (@ tr(AA))’
= (@A) @ AD @A) @A))

(tr((a,- A,-)W))z

Set 21353 a;A; = E and normalize M, to il,. Then A(¢) is symmetric and A;
are all symmetric for 1 <i < g. By the mean value inequality,

tr(EEEE) 1

4-9) 1>——>—

(tr(EE)* ~ &

for the symmetric matrix E. The proof of Proposition 5.4 contains further details.
Thus we have )
H(w) < —-.
8

5. The second fundamental form of a nonhyperelliptic locus and the totally
geodesic submanifold

Now we are ready to compute the second fundamental form of $ : Mg — s, always
fixing the Siegel metric @, on s,. Lift to " : J, — ¥,, with Siegel metric @,
on J¢,. The local Torelli theorem assures the exact sequence

0— Tg(i’o) — jtor*Tg(é’o) NS0

when restricted to a nonhyperelliptic locus of J, and when N is the normal bundle.
Also we have the natural connection $'°"*V on }“’”Tg%’o), where the Chern con-
nection V is determined by @, on 9,. Following the argument of [Colombo and
Frediani 2010, pp. 6-7], the second fundamental form o is defined by

o(s) =m(Vs),s € AO(TJ%’O)).

From the Gauss equation, it follows that
0 d a 0
R -~ 9 -~ _’ -
oty oY dt; 81‘]‘
~( 0 ad a 0 ad a a 0
= R . | 4. PR Y - o\— )0\ — PO B
oty oY at; 8l‘j oty oY at; 8l‘j

where R is the curvature operator of the Siegel metric on J, while R is the one
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on #,. Set
5 0 0 d 0
JTL] — (o} —_— s (o} —_— —_— — .
ijki oty oY dt; alj
Thus
(5- Rz = Risi — Lisud

Thus we focus on the Siegel metric @y and its curvature, and use the bounded
domain %R to simplify the computation.

Siegel geometry on B .

Theorem 5.1. The Siegel metric EZ')S on B, has the full expansion formula

) Z Z Z P (aﬂ)(ya)(WW)"H)dWaﬂ ANdW,5.
n>0 a<py<s

Proof. Because the Siegel metric equals the Bergman metric, we use the Bergman
kernel

&y = —%Bélog det(l, — WW) = —%aé trlog(l, — WW)
i 1 i > 1
= 538(2 - tr(WW)"> = 5aa(z - tr(WW)").
n=1 n=1
Now @, can be written as

T2 Z 2 Z n+1 w(Spizs (W W)™ )dWep A dWys,
n>0 a<By<s

where S, 4,75 indicates taking derivatives along 9/dWqg and 8/0W, s with o <
B,y < & according to Definition 4.1. Since W is symmetric, /0 Wyg takes the
derivative with respect to Wyg and Wpg,. O

Similarly, if we write @y = Zasﬂ qu 2a)((m)(ya)dWol,g A dW,,g, it is easy to

see that | fora=y=p=06

Bupn O =12 fora=y #p=5,

0 otherwise,
and
(5-2) B =S (S pmm(WW)"H)
Cepvd) T 3 Ly T \VEepd) :
n>0

In the following computation, the matrix D is defined as

D _{1 for a = B,
V2 fora #B.
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Lemma 5.2. We have

. 1o
S@PD) _ 5o
Z = 02,07, O (apyr5) (0)

1 7 \m
2 ) l)lpz D2, <m1+1tr(S<aﬁ><a1ﬂ1><WW) l+l)>

k>1 m;>0,1<i<l

my+---+mj=k

! ma+1 1 w1
* <m2+l tr(S(alﬁl)(azﬂz)(WW) ’ ) o my+1 tr(S(ouflﬁ/fl)(VT)(WW) : ) ’
where ay, By, ..., _1, Bi—1 are free indices from 1 to g. (Here (¢; ;) means taking

the derivative just with respect to Wy, g,; this convention will remain in force later.)

Proof. We use another coordinate Yo := Dop Xop 0N B, to rewrite wy. It is easy
to check that s = 5 > Z Q(aﬁ)(ya) dYep AdYs, where

a<By

~ 1 1 -

(5-3) Lapo9 = D D, T

and ﬁ(aﬂ)W(O) = 84y dsp (Kronecker symbol). Now an application of Lemma 4.3
to Q @p)(ys) Yields

R Lk DD DI S S Ca Vi (Je I

k>1 m;>0,1<i<n o1<p a-1=pf1-1
Myt +m=k ~

x (Q(al—lﬁl—l)(VT))ml
From (5-3) and the equality QA — Dyp Dygc?@(”‘”, we get the result.  [J

Theorem 5.3. The curvature R, B S (cnor) IS given by

~

1 —\N+2
Rupomenen =~ D a2 "SapzaSenea(WW) )
N>0

1 o
22 [ > (—l)l(m”(sammlm(ww) “))

N>0 N;>0,N,>0,N3>0 = m;>0,1<i<I
33 Ni=N+1  mittm=N

1 — 1
- _ +1 +1
x (mz+1 (S gy (W W)™ )) a <m1+1 (S, (W™ ))}

_ 1
No+1
(S S W) 5

I . w\N3+1
Nt (g5 S e (W W),
where a1, B1, ..., —1, Bi—1, A, 4, @, ¥ are free indices from 1 to g. (We use the

convention that the quantity in square brackets equals 8,46,y if Ny =0.)
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Proof. We resort to the curvature formula again:

2~ __ a3 .
() 2} ~aew YPentm Py
Reponenon = +). D =

8Wa/38Wy5 <p p<ir aWaﬁ 8Wy3
Also from (5-2), we have
%D, 1
e e o2
v oo (SwpyzmSenenWW) ™),

— = —tr
DXapdXys o k+2

0w, 75 1 _
GEmp) o k+1
T0Xey ; 1 U(Sen S (W),

0D 4oy 1
(p¥)(o7) k+1
—_— = —— (S8, s (WW .
aXyS ;k 1 ( (yd) (¢1ﬂ)(0f)( ) )

From this and Lemma 5.2, the result follows. O

Based on Theorem 5.3, the holomorphic sectional curvature H(V) of @ along
the direction V.= _ p Vapd/0Wep at the zero matrix of 2B, can be easily gotten:

Zagﬂ ZVS(S D=y 2ot Vaﬂv_ﬁvfﬂmﬁ(aﬁ)W(in)ﬁ(o)
(Xazp 2y <5 Bapyzm©) Vaﬂv_ﬁy
_ Za,ﬂ Zy,a Z;,n Za,f Vaﬁv_ﬁvfﬂmﬁ(aﬁ)m({n)(or)(0)
(Z(x,ﬂ Zy,a VaﬁV_MA(aﬁ)(yT))z
_ZZa,ﬂ,y,s Vaﬂmvyém‘
(Za,ﬂ Vaﬂv_aﬂ)z

In the second equahty, «p has a symmetric extension to the whole matrix, and
there (o) in R(a/g) Bl stands for the derivative with respect to Wyg, not to
both W, and Wg,.

By the mean value inequality,

Za,ﬂ,y,a Vaﬂmvyrim <1
—_—
(X VapVap)

(5-4)  H(V)=

=

oQ | =

Thus
2
—2<H(V)<—.
8

Yin [2010, Corollaries 1.1 and 1.2 of Chapter 4] has reproved the classical fact that
H(V) = —2 if and only if V is a symmetric matrix of rank 1.
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Proposition 5.4. IfH(V) = —2/g,then V =kUUT withk > 0 and U € M(g, C)
unitary.

Proof. H(V) = —2/ g forces the following inequalities to become equalities:
VoV Ve -2
Dapys VapVoyVosVsa D, 125 VepVys]
(Xap Verp Veup) (g 1Vapl?)

 Yac | Ve Vil + Ty | X5 Ve Vgl
B (Fup Vel

_ Tl WaslP  (1/9) (T 1Vepl?)’

T (Cap Vs T (e VesP)?

This is equivalent to Zﬁ VaﬁV_},ﬁ =0 and Zﬂ |Vap | = Z/s |V},ﬁ|2 for any o # .
Up to a constant multiple that is a real number bigger than zero, Vg is symmetric
and unitary. Here is a result from [Mok 1989, p. 70]: If V € M(g, C) is complex
symmetric, V can be written as

A

Y
u’ . U,

hg

with U unitary and A; > 0. Also since V is unitary,

which is equivalent to )Ll.z =1,s0A; = 1. Thus V = kUUT with k > 0 and U
unitary. U

Yin [2010, Lemma 1.2 and Remark 1.6 of Chapter 4] showed that Ris very
strongly seminegative in the sense of Siu, but not very strongly negative.

Remark 5.5. In the literature one sees H(V) € [—1, —1/g], since the Bergmann
kernel used is p = —2logdet(1, — WTW).

The second fundamental form and the totally geodesic submanifold. Recall that

tor

gorg _— %g E— %g-
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The period map $'°" is given by, from (2-7),

Iy—A@)T

oresy — G —i T DT =it
IO =l —1AM) )L+ A@) ) = L, +A@T’

where we normalize the target point to il,. The transformation from ¥, to B, is

given by
1,+iz

T 1,-iz

Hence W = A(1)T = A(t), where A(t) is symmetric.
Together with Theorem 5.3, we have

OWeap W5 0W;y OW, e

=~ ~ - - o v
(5_5) Rijkl - Z Z Z Z R(O‘.B)(VS)(CW)(UT) atl atj atk 31‘1

a<py=<di{<no=rt

OWep Wy 5 0Wey OW, o

= Z Z Z Z ﬁ(“ﬁ)@({n)ﬁ at; 8[] oty oty

a.p y.é &y 0T

= — Z ~ +2 tr(S/=S,;(WW)+2)

+y > [Z (-1

N>0 N1>0,N,>0,N3>0 m;>0,1<i<l
Z?:l N;=N+1 mi~+--+m=N;

X <ﬁ tr(S(w)Wlﬂl)(WW)mlH))

x <# tr(S(cxlﬁl)(txzﬁz)(WV_V)m2+l)) .
« (ﬁ tr(S, B 1)<¢>¢)(WW)W+I))]
x [Nz;-i- r(SiS )(WW)NZH)}

1 / i\ N3+1
X[N3+ tr(S:S7,,, (WW)™ )].

In the second equality, we also need a symmetric extension of the indices, as in (5-4).
In the third equality, S; means taking the derivative along d/0¢;, since W = A(¢)
can be seen as a matrix with variable ¢; and d/0t; and 9/d# still run through all
W’s but can’t operate simultaneously on a single W, according to Definition 4.1.



APPLICATIONS OF THE DEFORMATION FORMULA OF HOLOMORPHIC ONE-FORMS 251

Since the calculation is a little bit complicated, we will present a more detailed
formula in the Appendix. Also, the second fundamental form of $'', restricted to a
nonhyperelliptic locus, can be computed out. However, it is difficult to understand
the vanishing of the second fundamental form entirely. Partial results are given as
follows.

Proposition 5.6. The second fundamental form of the nonhyperelliptic locus at the

central point is _
21(0) = tr(AicAjp).

Proof. From (5-5), we easily have R, 737(0) = -1 tr(Sl,’ijl/J(A 1(OA(DA(DAL(D))).
Also, Theorem 4.4 tells us
R;77(0) = — tr(8;78,7(A2 (1) Ax(1))) — 5 tr(S;78,7 (A1 () AL (D) A1 (1) A1 (1))

+ [tr(8i Sk (A2(1) A1 (1)) |[tr(S78,7(A1(1) A2(1))) ].

Hence %;7,7(0) = tr(AiAj;) — tr(AixAp) tr(ApAj). By the use of (4-5), this
proposition follows easily. ([

Corollary 5.7. Holomorphic sectional curvature along a totally geodesic submani-
fold M in a nonhyperelliptic locus of T, is bounded from below.

This shows indicates that a totally geodesic submanifold can’t be arbitrarily
negatively curved.

Proof. Proposition 5.6 tells us that A;; = 0 on the totally geodesic manifold M.
From (4-7) and (4-8), the holomorphic sectional curvature H(v) becomes

tr((aiA,-)(Clej)(akAk)(alAl))
(tr((a; A (a;A))))

HWw) =-2 .
By (4_9)’
H®Ww) > —-2. ([

Proposition 5.8. The totally geodesic manifold M in the nonhyperelliptic locus of
T must be locally symmetric.

Proof. We just need to check that VR =0 on M. We use the well known formulas

9 q
VpRijii = - —Rijg — TR

B
o, piRgjii =T iR

ifql_’

a JR— JE—
VﬁRi]kz' = ERU_’IJ - FZjRiqkl_ - FZlRijkq-
The normal coordinate gives us Ffj (0) =0, and thus both V,R;7,7(0) and V;R; 5, (0)
concern the first derivative of Rij,d-. By Proposition 5.6, A;; =0, i.e., Ax(t) =0,
follows from the fact that the manifold M is totally geodesic. Also, Theorem 4.4
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implies that
Ri); = — (S8, (A2(0A3(0) + A3 () A2(D)) )
— (878 (A2 A1 (D AT A1 (1) + A1 (1) A2 (1) A1 (D) A1 (1))
+1(S8iSip (3 A1) AL AL (D) AL(D) + A3 (1) A1 (1)) tr(S7S,7(A1 (1) A (1))
+tr(
(

tr(S; Sip (A2 () A1 (1))) (78,7 (3 AL AL (DAL)AL (1) + AL (1) A3(1)))
—tr(S,5(A2(0 AT (D) + A1 (1) A2(D)))
tr(Si Sk (A2(1) A1 (1)) tr (878 ,7(A1(1) Ax(1))).

Every summand above has an A,(t) term. So R(p- =0, and thus V,R;s kI 7(0) =
and V3R, (0) = D

Appendix

We give here the full formula for the second fundamental form. Let Eg‘ be defined by
(Eg)yg = 84y 0ps (Kronecker delta). The following example will serve to illustrate
the meaning of the symbol P (permutation summation):

P(ABCDEFGH)

= ABCDEFGH +CBADEFGH + EBCDAFGH +GBCDEFAH,
where A to H are all complex matrices. The matrices with bars are stationary, and
those with bars travel through those without bars.

Replace W by A(t) in (5-5) and rearrange that formula according to degrees in ¢
to get

~ 1 ;o A (1)
R =— Z Z i tr(SijSkz'(Amn (). Amy (1))

N>0m;>0,1<i<2l,]>2
mi+--+my=N+4

Y |2 ey

N1=0,N,>0,N3>0 = m;>0,1<i<l
SN Ny

x Y w(P(E A, (). Anp, (DEG))

mi,>0,
2s1
Zn:l Mip=mi

X Z (P(EalAmﬂ ... Am22s2 (I)E_gzz)) o

mop, >0,

25
Zn 1 Man=n2

x Y tw(P(ES A, @). .. mlzyl(t)E¢))i|
my, >0,
Zillmln—ml
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| Y u(SISi(Am @) Any, (OET))

- m; >0, N
Zytlm, Nr+2

X Z (S S: (E¢Am1(t) Ay (1)) |-

- m; >0, -

Y2 =Ny 42

By convention, the term in the first square brackets has the value 6,46,y if Ny =0.

Theorem A.9. The second fundamental form X5, of the nonhyperelliptic locus is

ijk
ik

1
-y 7( o (S8 (A (VAW - .. Ay (1))

N>0 m;>0,1<i<2l
A mi=N+4

= Y u(SES (A () Ay (r))))

m;>0,[>2
212[:1 m;=N+4

S0 SENN D SN

N>0 N1>0,N,>0,N3>0 = m;>0,1<i<l
S Ni=N mitetm=N

X Z tr(P(EﬁAm” (t) ce Alexl (I)E_g]l))
mi, >0,
225|I Ip—

X Z (P(Ea] Amz1 (t) . Am22x2 (t)E_gZ)) o

mop >0
259
Doy Mon=m3

<X WP T An, D)

m >0

2s;
Yoty M=y

x| D0 (SIS (Am (). A, (DET))

- m;>0 -
221+11 i =Ny+2

X Z (S/S/(E(pAml(t) m2/+| (t)))

- m; >0, -
i mi=Nat2

l

/ 1

-2 > >, U+

N=0 N;=0,1<i<3 & m;>0,1<i<l i=1 "
Y3 N;=N mitetm=Ni
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x> (S, (Amy @) . Ay, ()

my,>0,1<n<2s;
2s
Zn=ll myy=mi+2

X Z tr(Sl-]iz( my (t) m22r2 (t))) T

my,>0,1<n<2sy
2s
2,1:21 mop=ma+2

<o Y (S i (A @) mm,m))]

my,>0,1<n<2s;
S mi=m+2
_ | -
x Z 7 tr(Si Seg (Am, (1) . .. Ay, (1))

- m;>0,1<i<2l -
Y mi=Ny+3

i | -
x > 7 (8787 (Am, (1) - Ay ()

- m;>0,1<i<2l -
2 mi=N3+3

Proof. This follows from Theorem 4.4, the formula for ﬁi 77 above and (5-1). [
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