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In this paper we construct a new family of representations for the quantum
toroidal algebra AU, (sl;°_r|_1), which are £-extremal in the sense of Hernandez.
We construct extremal loop weight modules associated to level 0 fundamen-
tal weights w; whenn = 2r + 1 is odd and £ = 1, r+1 or n. To do this,
we relate monomial realizations of level 0 extremal fundamental weight crys-
tals to integrable representations of A, (sls’:_l), and we introduce promotion
operators for the level 0 extremal fundamental weight crystals. By specializ-
ing the quantum parameter, we get finite-dimensional modules of quantum
toroidal algebras at roots of unity. In general, we give a conjectural process

to construct extremal loop weight modules from monomial realizations of

crystals.
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1. Introduction

Let us consider a finite-dimensional simple Lie algebra g and its associated quantum
affine algebra U, (). Beck [1994] and Drinfeld [1987] proved that Ug4(g) has two
realizations: first as the quantized enveloping algebra of the affine Lie algebra g
and second as the Drinfeld quantum affinization of the quantum group Uy (g).
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The representation theory of the quantum affine algebras has been intensively
studied (see, among others, [Akasaka and Kashiwara 1997; Beck and Nakajima
2004; Chari and Pressley 1991; 1995; Frenkel and Mukhin 2001; Frenkel and
Reshetikhin 1999; Lusztig 1993; Nakajima 2001]). Kashiwara [1994] has defined a
class of integrable representations V' (A) of these algebras, called extremal weight
modules, parametrized by an integrable weight A and with crystal basis %B(1).
When A is dominant, V(1) is the simple integrable module of highest weight A. But
in general V() is not simple and it is neither of highest weight nor of lowest weight.
These representations were the subject of numerous papers (see [Beck 2002; Beck
and Nakajima 2004; Hernandez and Nakajima 2006; Kashiwara 1994; 2002b; Naito
and Sagaki 2003; 2006; Nakajima 2004]) and are particularly important because they
have finite-dimensional quotients for some special weight A. Kashiwara has proved
in this way the existence of crystal bases for the finite-dimensional fundamental
representations of U, (g) (for a special choice of the spectral parameter).

The quantum affine algebra U, (g) is also a quantum Kac-Moody algebra and
thus can be affinized again by the Drinfeld quantum affinization process. One gets
a toroidal (or double affine) quantum algebra U, (g'°") which is not a quantum
Kac—Moody algebra anymore and can not be affinized again by this process (it can
be viewed as “the terminal object” in this construction). These algebras were first
introduced by Ginzburg, Kapranov and Vasserot [Ginzburg et al. 1995] in type A
and then in the general context [Jing 1998; Nakajima 2001]. In type A, they are
in Schur—Weyl duality with elliptic Cherednik algebras [Varagnolo and Vasserot
1996].

The representation theory of these algebras has been intensively studied (see for
example [Feigin et al. 2011a; 2011b; 2012; 2013; Hernandez 2005; 2009; 2011;
Miki 2000; Varagnolo and Vasserot 1998] and references therein). In the spirit of
works of Kashiwara, Hernandez [2009] proposed the definition of extremal loop
weight modules for Uy (g'°"). The main motivation is to construct finite-dimensional
representations of the quantum toroidal algebra at roots of unity. He constructs the
first example of such a module for Uy (sly") which is neither of {-highest weight
nor of £-lowest weight. This module is generated by an £-weight vector of £-weight
an analogue of the level 0 fundamental weight w; = A1 — Ag. By specializing the
quantum parameter ¢ at roots of unity, he obtains finite-dimensional representations
of the quantum toroidal algebra at roots of unity.

In the present paper, we construct a new family of extremal loop weight modules

for the quantum toroidal algebra AU, (slg’_ﬁ_ ») I: we define extremal loop weight

1 After this paper appeared on the arXiv, the constructions in [Feigin et al. 2013] were brought to
our attention by H. Nakajima. Some of the representations constructed in this paper (the V(Y, (Y, 11 )
are also defined in [Feigin et al. 2013] from another point of view and are called vector representa-
tions there.
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modules associated to the level 0 fundamental weight w; = Ay — Ag when n =
2r +1isoddand £ = 1,7 + 1 or n (Theorem 4.1). We call them the extremal
fundamental loop weight modules. This construction is based on the monomial
realizations of level 0 extremal fundamental weight crystals B(wy). We relate
these monomial crystals with integrable representations of Uy (sl}f_rH) by studying
their combinatorics: we introduce promotion operators for B(wy) (1 < £ <n). We
describe them in terms of monomials. These operators play an important role in
our work: on the one hand, at the level of crystals, they are used to check that these
monomial crystals are closed when £ = 1,7 + 1 or n (see Definition 3.6 for this
notion, related to the theory of g-characters). On the other hand, at the level of
representations, they enable us to define the action of the quantum toroidal algebra.
We show that the representations we constructed are irreducible and, as modules over
the horizontal quantum affine subalgebra, they are isomorphic to the fundamental
extremal weight modules V(). We give explicit formulas for the action from
the associated monomial crystal. By specializing the quantum parameter g at
roots of unity, we get new irreducible finite-dimensional representations of the
quantum toroidal algebra at roots of unity. When £ is not equal to 1,7 + 1 or n,
the corresponding monomial crystals are not closed and it is not possible to make
the same construction. We give a conjectural process to define other extremal loop
weight modules in this situation: as an example, we construct an extremal loop
weight module of U, (slffr) associated to the weight 2.

Let us describe the methods used in this paper in more detail. Kashiwara [2003]
and Nakajima [2003] have defined a crystal Jl, called the monomial crystal, whose
vertices are Laurent monomials. They determined monomial realizations of crystals
of finite type. These results have been extended in [Hernandez and Nakajima 2006]
to the level 0 extremal weight U, (§ln+1)—crystals B(wy) 1 <L=<n)ifn=2r+1
is odd, it is isomorphic to a sub-U, (§ln+1)—crystal My of M.

The monomials occurring in these realizations of crystals can be interpreted at
the level of representation theory. In fact Frenkel and Reshetikhin [1999] defined a
correspondence between £-weights (eigenvalues of the Cartan subalgebra for the
Drinfeld realization) and these monomials. Motivated by these facts, Hernandez
[2009] used the monomial AU (§14)—crystal Ay to construct an integrable represen-
tation of Uy (slﬁfr) whose £-weights are the monomials occurring in this crystal. He
defined in this way the first example of extremal loop weight modules for AU, (slﬁfr).
We use the same technical feature in this paper. We propose to relate the monomial
AUy (§ln+1)—crystals Mg (where n = 2r + 1 is supposed to be odd) with integrable
representations of AU, (slg’:L 1)

Let us outline the main steps of the construction of extremal fundamental loop
weight modules associated to Jly. It is based on the combinatorial study of these
crystals. The cyclic symmetry of the Dynkin diagram of type Af,l) has a counterpart
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at the level of crystals. Actually, these symmetry properties are already known for
the U (sl,+1)-crystals of finite type, and translated into the existence of promotion
operators (see [Bandlow et al. 2010; Fourier et al. 2009; Okado and Schilling
2008; Schilling 2008; Shimozono 2002] and references therein). Here we introduce
promotion operators for the level 0 extremal fundamental weight crystals %B(wy)
(1 £ < n). We improve these operators in the monomial realizations Jl; of
[Hernandez and Nakajima 2006]. In particular, we get a new description of these
monomial crystals.

A monomial set is not in general the set of £-weights of an integrable repre-
sentation. In fact, it must satisfy combinatorial properties related to the theory
of g-characters (see [Frenkel and Mukhin 2001; Frenkel and Reshetikhin 1999]).
This leads us to introduce the notion of closed monomial set (Definition 3.6). It
gives a necessary condition for a set to be the set of £-weights of an integrable
representation. Finally, we determine when the monomial crystal it is closed, using
promotion operators: this is the case if and only if £ = 1, 7 + 1 or n (Theorem 3.22).

When .ty is closed, we construct an associated integrable AUy (sl;"j_l)—module
whose set of £-weights consists of monomials occurring in Jl;. For that, we paste
together some finite-dimensional representations of the various vertical quantum

affine subalgebras of U, (slilojrl). The existence of promotion operators for .y

involves that it defines a AU, (sl;;’j_ ,)-module structure. Furthermore we check that the
representations obtained in this way do satisfy the definition of extremal loop weight
modules. They are irreducible, isomorphic to the level 0 fundamental extremal
representations V() as modules over the horizontal quantum affine subalgebra.
Moreover the action of the quantum toroidal algebra on them is explicitly known,
given from the associated crystal. Finally by specializing the quantum parameter g
at roots of unity, we get finite-dimensional representations of the quantum toroidal
algebra at roots of unity.

When the monomial crystal Jil, is not closed, there is no integrable representation
of Uy (slg’j_l) whose set of £-weights consists of monomials occurring in it. The
idea is to consider instead of Jl, a closed crystal containing it and to apply the
preceding methods to this crystal. We treat an example of such a construction: we
define a representation of U, (slﬁfr) which satisfies the definition of extremal loop
weight modules.

Let us now describe briefly the organization of this paper.

In Section 2 we recall the definitions of quantum affine algebras U, (§ln+1) and
quantum toroidal algebras AUg (SIZ’:L]) and we briefly review their representation
theory. In particular one defines the extremal weight modules and the extremal loop
weight modules. Section 3 is devoted to the study of monomial crystals. We recall
its definition and we introduce the notion of closed monomial set (Definition 3.6).

We introduce promotion operators for the level 0 fundamental extremal weight
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crystals. As a consequence, we determine when Ay is closed (Theorem 3.22). In
Section 4 we construct a new family of representations of AU, (slifj_l) (the extremal
fundamental loop weight modules) when #n is odd and .l; is closed (Theorem 4.1).
We check that these representations satisfy the definition of extremal loop weight
modules (Theorem 4.7) and we give formulas for the action (Theorem 4.12). We
get finite-dimensional representations of the quantum toroidal algebra at roots of
unity by specializing the quantum parameter ¢ at roots of unity (Theorem 4.18). In
Section 5 we treat an example where the considered monomial crystal is not closed.
We construct a representation of U, (slffr) associated to the level 0 weight 2.
In Section 6 other possible developments and applications of these results are
discussed.

2. Background

We recall the main definitions and general properties about the representation theory
of quantum affine algebras and quantum toroidal algebras of type A.

2A. Cartan matrix. Let C = (Cj,j)o<;,j<n be a Cartan matrix of type A,(,l) (n=2),

(2 —10 -+ 0 —1

—1 2 .- 0
c=|"°

0

0 L2 -1

\-1 0 - 0 -1 2

Remark 2.1. The case n = 1 is not studied in the article and is particular. In this
case, the Cartan matrix is
2 =2
(%7)

and involves —2. Furthermore, the quantum toroidal algebra AU, (sltzor) requires a
special definition with different possible choices of the quantized Cartan matrix
(see [Hernandez 2011, Remark 4.1]).

Set I ={0,...,n}and Iy = {1,...,n}. In particular, (C; ;j); jer, is the Cartan
matrix of finite type A,. In the following, I will be often identified with the set
Z/(n+ 1)Z. Consider the (n+2)-dimensional vector space

h=Qho®Qh &---®Qhy, ®Qd

and the linear functions ¢; (the simple roots) and A; (the fundamental weights) on
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h given by (i, j € I),
ai(hj) =Cji,  ai(d) =60,
Ai(hj)=46ij. Ai(d)=0.

Denote by TT = {ag,...,an} C h* the set of simple roots and by ITV =
{ho, ..., hn} Ch the set of simple coroots. Let P ={A eh*|A(h;)€Z forany i € [}
be the weight lattice and P = {A € P | A(h;) > 0foranyi € I}, the semi-
group of dominant weights. Let Q = ;c; Za; C P (the root lattice) and
QT =Y,/ Na; CQ.For A, ueb* write A>pifA—pneQ".

Set ho = Q/y @ ---® Qhy and Iy = {ay,....an}, [I§ = {hy..... hy}. Then
(ho, Iy, HB’) is a realization of (Cj j);,jer, (see [Kac 1990]). We define as above
the associated weight lattice Py, its subset P(;r of dominant weights, and the root
lattice Q.

Denote by W the affine Weyl group: it is the subgroup of GL(h*) generated by
the simple reflections s; € GL(h*) defined by s;(A) = A — A(h;)a; (i € I). The
Weyl group of finite type Wj is the subgroup of W generated by the s; with i € I.

Letc=ho+---+h,and § =ag+---+ a. We have

{we P|wh;)=0foralli € I} =Q0F.

Put P, = P/Q¢ and denote by cl: P — P the canonical projection. Denote by
P% ={\ e P|A(c) =0} the set of level 0 weights.

2B. Quantum affine algebra U, (§ln+1). In this article ¢ = ¢! € C* (r € C) is not
a root of unity and is fixed. For/ € Z,r > 0,m > m’ > 0 we set

I -l
[l = % e 7[¢*"),
[rlg! = [rlglr — g .. - [1g.

] o
m’q [m —m']g! [m’]y!

Definition 2.2. The quantum affine algebra U, (§ln+1) is the C-algebra with gener-
ators ky, (h € b), xl.i (i € I) and relations

knkn = k> ko =1,
lenxjlep = ¢ W,
k; —k;!

_1 4
q—q
)Py — i x5 )P =0

[x;". x;1=46i,
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Here we use the notation kilLl = k4p,; and for all » > 0 we set (xl.i)(’ ) =
(xl.i)’ /[rlg!. One defines a coproduct on U, (§ln+1) by setting

Alkp) = kp ® kp,
AN =xF@1+k@x, A =x7 @k +1®x;.

Let Ug (sln+1)’ be the subalgebra of U, (sln+1) generated by the x and ky, for
h € )" Qh;. This has P, as a weight lattice.

For J C I denote by g (§ln+1) J the subalgebra of AUy (§1n+1) generated by the

i Jkpp, fori € J,pe Q. If J = I, %q(§1n+1)10 is the quantum group of finite

type associated to the data (ho, ITo, TTy), also denoted by AUy (sl,+1). In particular,
a g (sl,,+1) -module has a structure of Uy (sl,41)-module. If J = {z} withi e/,
WUy (sln_H) J is isomorphic to AU, (sl2) and denoted by U;. So a Uy (sl,,_,_l) module
has also a structure of U (sl )-module.

Let Uy (§ln+1) (resp WUg (§ln+1)_, Uq(h)) be the subalgebra of U, (§1n+1)
generated by the x (resp. the x;~, the kj). We have a triangular decomposition of
WUy (sln+1) (see Lusztlg 1993]):

Theorem 2.3. We have an isomorphism of vector spaces
Ug (sly11) ~ Ug (sl 1) © Ug () @ Ug (sl 1) T

2C. Representations of U, (§ln+1). For V' a representation of AUy, (§ln+1) and
v € P, the weight space V,, of V' is

Vi={eV|kyv=q"Puv,Vhep).

Setwt(V)={ve P|V, #{0}}.

For A € P, a representation V is said to be of highest weight A if there is v € V),
such that for all i € I, xi+ v =0 and Uy (sl,41) - v = V. Furthermore there is a
unique simple highest weight module of highest weight A.

Definition 2.4. A representation V is said to be integrable if
(i) it admits a weight space decomposition V = @ V,,
(1) all the xl.jE (i € I) are locally nilpotent. vep

Remark 2.5. This definition differs from the one given in [Hernandez 2009]. In
fact we require that the following additional conditions be satisfied:

(iii) V, is finite-dimensional for any v € P.
(iv) VyeNg; =10} forallve P, N > 0,i € 1.
These conditions are implied by the previous ones for the highest weight modules.

Theorem 2.6 [Lusztig 1993]. The simple highest weight module of highest weight X\
is integrable if and only if A is dominant. We denote it V(L) (A € PT).
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For an integrable representation V' of ‘U, (§ln+1) with finite-dimensional weight
spaces, one defines the usual character

Xx(V) =" dim(V)ew) € [ | Ze(v).

veP veP

Similar definitions hold for the quantum group Ug4(sl,+1). In this case, the
integrable simple highest weight modules are parametrized by P(;r and denoted
by Vo(A) (A € P(;L ). Further they are finite-dimensional (see [Lusztig 1993; Rosso
1991]). Let 6 be the category of integrable finite-dimensional representations of
g (sly+1) and R its Grothendieck ring.

Theorem 2.7 [Lusztig 1993; Rosso 1991]. The category € is a semisimple tensor

category and the simple objects of € are the (Vo(X)), . p+. Furthermore x induces
0

a ring morphism

X:R— @ Ze(v),

ve Py
where the product on the right is defined by e(u)e(v) = e(ju + v).

We do not recall here the theory of crystal bases of quantum groups, we just
refer to [Kashiwara 1994; 2002a; 2002b]. Let us remind only that for A € PT,
the Uy (§ln+1)—m0dule V(L) has a crystal basis B(A). In the same way we denote
by By () the crystal basis of the fuq (sl,,_,_l)—l}lodule Vo(A) (A € P0+ ). Wl}el’l we
want to distinguish crystals of Uy (sly41), Ug (Sly+1) s with J C I and Uy (sly+1)’,
we call it respectively a P-crystal or an I -crystal, a J-crystal and a Pj-crystal.

2D. Extremal weight modules. In this section we recall the definition and some
properties of extremal weight modules for the quantum affine algebra U, (§1n+1)
given by Kashiwara [1994; 2002b]. All of these hold for general quantum Kac—
Moody algebras and in particular for Ug (Sl;+1).

Definition 2.8. For an integrable U, (§ln+1)—m0dule Vand A € P, avector v € V,
is called extremal of weight A if there are vectors {vy }yew such that vyg = v and

+

xF vy =0 and (xi:F)(:Ew()»)(hi)) Uy = V) if Zw(A) (k) > 0.

Note that if the vector v is extremal of weight A, then for w € W, vy, is extremal
of weight w(A).

Remark 2.9. The definition of extremal vector can be rewritten as follows (see
[Kashiwara 1994]): for an integrable U, (§ln+1)—module V', a weight vector v of
weight A is called i-extremal if xl.+ ‘v =0orx; -v=0. In this case we set
Si(v) = (xl._)(}‘(hi)) -vor S;(v) = (x;r)(_)“(h")) - v respectively. Then a weight
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vector v is extremal if, for any / > 0, §;, o--- 0 §;,(v) is i-extremal for any
i,iy,...,i; € I. We set in that case

Wev={Sj o008, |leNi,....ijel}.
The notion of extremal elements in a crystal & can be defined in the same way.

Definition 2.10. For A € P, the extremal weight module V' (A) of extremal weight A
is the WUy (sl, 41 )-module generated by a vector vy, with the defining relations that vy,
is extremal of weight A.

Example 2.11. If A is dominant, V(1) is the simple highest weight module of
highest weight A.

Theorem 2.12 [Kashiwara 1994]. For A € P, the module V()) is integrable and
has a crystal basis B(1).

Set A = @y, where 1 < ¢ < n and @y is the level 0 fundamental weight
wy=A {— Ag.

Theorem 2.13 [Kashiwara 2002b]. Let 1 <{ <n.
(i) V(wy) is an irreducible Uy (§ln+1)-module.

(ii) Any nonzero integrable g (§1n+1)-m0dule generated by an extremal weight
vector of weight wy is isomorphic to V(wy).

Let w be an element of W such that w(wy) = wy + §. Such an element exists
and is not unique (see [Kashiwara 2002b]). It defines a AUy (§ln+1)’ -automorphism
(also called Pj-automorphism in the following) of the restricted AUg (§1n+ 1)’-module
V(wy), which sends v to vy,. It is of weight §, and denoted by z,. Let us define
the Uy, (sly41) -module

W(wy) = V(wy)/(ze — D) V(wy).
Theorem 2.14 [Kashiwara 2002b]. Let 1 <{ <n.
(i) W(wy) is a finite-dimensional irreducible g (§1n+1)/ -module.
(ii) For any pn € wt(V(wy)),
W(wg)a = V(o
(iii) V(wy) is isomorphic to W(wy) gy as a Ug (§ln+1)—m0dule.

Here M, is the affinization of an integrable A, (§ln+1)’ -module M : this is
the AUy (sl,41)-module with a weight space decomposition My = @ (Mafr)v
defined by vep

(Mage)y = M)
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and with the obvious action of xl.i. Note also that we have an isomorphism of
WUgq (sl,41 ) -modules
My ~Clz,z7'|®@ M,

+4i. Oxi. In the same way one defines the

where x act on the right side by z
afﬁmzatlon Batr of a Pgj-crystal AB. For an integrable Uy (sln_H) -module M with

associated Pg-crystal 9B, the affinization My has a P-crystal RB,g.

2E. Quantum toroidal algebra VU, (sl;"il). In this section, we recall the definition
and the main properties of the quantum toroidal algebra U, (sl“’r 1) (without central
charge).

Definition 2.15 [Ginzburg et al. 1995] The quantum toroidal algebra U, (sl}f_rH) is

the C-algebra with generators x L (iel,reZ),ky(heb), him (il ,meZ—{0})
and the following relations (i, ] e L' ri,rmeZ meZ—{0}):
khkh’ = kh-i-h” k() = 1’ [kh’ h],m] = 0’ [hi,m’ /’lj’m/] = O’
kpxE ko = q= WxE,

1

+ 7 _ . +
[hi,m,xj,r] = i%[mcl,]]qxj,m_i_r,

¢+ 7 o ’

+ = 1 L,r+r i,r+r
€)) [x; . x5 1= 8ij =

q9—4q
+ + +C; + +Ci; .+ :I: + +
Xir+1Xj e —4 U‘x] rXir+1 =4 ”xl r X1 T X 1 X
+ + _+ + _+ + _+
XXXty (q+ q )‘xl r1Nit, r/xl e + xz:l:l ¥ Xi X

+ _+ -1\, + _+ + =+ + _+
—X; rle ri z:i:l r’ + (q +4q )xi,rzxi:l:l r’xi,rl _xl:i:l rXi rzxz ry’

0ifi # j, j*1. Here foralli € I and m € Z, ¢ €Uy (s )

and [xE N ],2]— n+1
:I:l]]

is determined by the formal power series in U, (slt L lz

00 = D" =k (=) bt )

m>0 m'>1
and¢i"'m=0form<0,¢i_m=0form>0.

jEThere is an algebra morphism U, (§ln+1) — WUy (sl;lo_ri_l) defined by kj, — ky,

X xl o (h€b,iel). Itsimage is called the horizontal quantum affine subalgebra
of Uy (slifil) and is denoted by U” 7 (L 1) In particular, a Ug(sI;} | )-module V
has also a structure of AU, (sln+1) module We denote by Res(V) the restricted

WUy (sln+1) module obtained from V.
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As said above, the quantum affine algebra AU, (§1n+1)’ has another realization
in terms of Drinfeld generators [Beck 1994; Drinfeld 1987]: this is the C-algebra
with generators xl.jfr (i €ly,rel),ky(heby), him (€ ly,meZ—{0}) and the
same relations as in Definition 2.15. It is isomorphic to the subalgebra Uy (sl:;’j_l)
of %q(slif_ri_l) generated by the xl.j;, kp, him (i € Ig,r € Z,h € ho,m € Z—{0}).
Uy (sl 1) is called the vertical quantum affine subalgebra of AUg (s, ).

Forall j €I, set I; = I—{;}and define the subalgebra Ug™’ (s ) of Uy (s )
generated by the xfr, kp, higm (i € Ij,r € Z,h € @ielj Qhj,m € Z—{0}). In
particular %Z’O(sl;fil) is the vertical quantum affine subalgebra Ou,';(sl;fil) of
Uy (s ). All the AUg™ (s1" ) for various j € I are isomorphic: in fact let 6 be
the automorphism of the Dynkin diagram of type A,(,l) corresponding to the rotation
such that (k) = k + 1, where [ is identified to the set Z/(n + 1)Z. It defines an
automorphism 6 of b by sending %;,d to hg(y,d (i € I). Forall j € J, let 2
be the automorphism of Uy (Slifil) which sends xi“er, kp, him t9 xétj (). k.e é ("
hgi i),m respectively (where i € I, h € b, r € Z, m € Z—{0}). It gives by restriction
an isomorphism of algebras between Uy (slﬁf_ﬁ_l) and U "’ (slﬁfj_l), still denoted by
Y ).in the following. If V is a AU, (§ln+1)/ -module, we denote by V (/) the induced
%Z’] (slg’_ﬁ_l)—module. R

For i € I, the subalgebra AU; generated by the xifr, him.kpn; (r € Z,m € Z—{0},
p € Q) is isomorphic to Uy, (slp)'.

We have a triangular decomposition of AUy (slﬁfﬂrl).

Theorem 2.16 [Miki 2000; Nakajima 2001]. We have an isomorphism of vec-
tor spaces

Ug (I 1) = Uy (I )™ @ Uy (H) ® Ug (S ) T,

where Ug4 (slif_ri_l)jE (resp. Ug (6)) is generated by the xiﬂ; (resp. the ky, the h; ).

2F. Representations of U, (sl;":_l).
Definition 2.17. A representation V' of U, (slif_ﬂ_ 1) is said to be integrable if Res(V)
is integrable as a AUy (sl,;41)-module.

Definition 2.18. A representation V' of U, (slﬁfﬁrl) is said to be of £-highest weight
if there is v € V such that

() V=g (1) v,
(ii) Ug(h)-v = Cv,
(iii) forany i € I.r € Z, x;\, -v =0.

For y € Hom(Uy (6) C) an algebra morphism, by Theorem 2.16 we have a
corresponding Verma module M (y) and a simple representation V' (y) which are
£-highest weight. Then we have:
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Theorem 2.19 [Miki 2000; Nakajima 2001]. The simple representations V (y) of
WUy (sltor \) are integrable if there is (A, (P;)ier) € P* x (1 + uClu))! satisfying
ykp) =q AMh) and the following relation in Clz*"], for eachi € I:

Pi(zq™")
Pi(zq)

The polynomials P; are called Drinfeld polynomials and the representation V()
is then denoted by V(A, (P;);er). Such a representation is also integrable in the
sense of [Hernandez 2009], that is, V(A, (P;);er) satisfies conditions (iii) and (iv)
of Remark 2.5.

The Kirillov—Reshetikhin module associated to k > 0,a € C* and 0 <{ <n is
the simple integrable representation of weight kA, with the n-tuple

1 —ua 1—uaq2 l—uaqz(k ) for i —E,
for i ?éﬁ

Y (9] (2) =g

If k =1, it is also called the fundamental module.
Consider an integrable representation V' of U, (sl“’r 1)- As the subalgebra U, (b)
is commutative, we have a decomposition of the weight spaces V), in simultaneous

generalized eigenspaces
W= @D Von

vVEP
y €Hom(Uq (h),C)

where V(, )y ={x €V :dpeN,Viel,Vm > 0, (¢l m y(¢l jEm))l’-x = 0}.
If V(y,y) # {0}, then (v, y) is called an £-weight of V.

Definition 2.20. A U, (slg’j_l)—module V' is weighted if the Cartan subalgebra

AUy (6) acts on V' by diagonalizable operators. The module V is thin if it is weighted
and the joint spectrum is simple.

The terminology is different in [Feigin et al. 2011a; 2011b; 2012; 2013]: a thin
module is called tame.

Definition 2.21 [Frenkel and Reshetikhin 1999; Hernandez 2005; Nakajima 2001].
The g-character of an integrable representation V' of ‘U, (sltor 1) with finite-dimen-
sional £-weight spaces is defined by the formal sum

XgW)= Y dim(Vy,)e(v.y).
VEP
y €Hom(U4 (h),C)

Furthermore if the weight spaces of V' are finite-dimensional we have

x(Res(V)) = B(xq(V)).
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where Res(V) still denotes the restricted Uy, (§ln+1)—module obtained from V', and

B l_[ Ze(v,y) — 1_[ Ze(v)
VEP veP
y €Hom(Uy (h),C)

is Z-linear such that B(e(v, y)) = e(v) for all (v, y) € P x Hom(Uy, (6), 0).

Proposition 2.22 [Frenkel and Reshetikhin 1999; Hernandez 2005; Nakajima 2001].
Let V be an mtegmble representation of AU (sltor 1) and consider an {-weight
(v, y) € PxHom(Uy, (b) C) of V. Then there exist polynomials Q;(z), R;i(z) € C[z]
(i € I) of constant term 1 such that

deg(Q )—deg(R;) Q (Zq )R (ZCI)
Qi(zq)Ri(zq™")

) >y (@i, =

m=0

in C[z*"]. Furthermore, if V has a finite composition series
Lo={0}CLiCL,C---CLp=V

suchthat Lj1/Lj >~ V(Aj, (Pl-j)iel), where the roots ofPl-j arein g” foralli €1,
0<j<k-—1,then

(ii) there exist w € PT,a € Q7 satisfying v = w —a,
(iii) the zeros of the polynomials Q;(z), R;(z) are in q”.
If V is a Kirillov—Reshetikhin module, one reduces to the case where the defining

parameter a is in g7 by twisting the action by the automorphisms #; of Uy (slif_rH)
given by (b € C*)

p(xE)=b"xE. () =b"hE,. t(ky) =

Consider formal variables Y.il, e* iel,l eZ ve P)and let A be the
group of monomials of the form m = e@m ]_[161 le7 Y”' 1 (m) , where u; j(m) € Z,
w(m) € P are such that

> i (m) = w(m)(hi).

lez

For example, ej:A'YjEl € Aand A4;; = e“ Yl 1Yzl+1Yt llle:-ll € A. A
monomial m is said to be J-dominant (J C I) if for all j € J and / € Z we have

uj j(m) > 0. An I-dominant monomial is said to be dominant.

Remark 2.23. Let us fix a monomial m € A and consider monomials m" which
are products of m with various AjEl (i € 1,1 € 7). By [Hernandez and Nakajima
2006, Remark 2.1], w(m’) is umquely determined by w(m) and u; ;(m’). So in the
following when we are in this situation, the term e®™) will be safely omitted.
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Let V be an integrable U, (sltor 1)-module such that for all £- Welght (v,y)of V,
the roots of the associated polynomials Q;(z) and R;(z) are in g% for all i € 1.
For (v,y) € P x Hom(%q(ﬁ) C) an {-weight of V, one defines the monomial
M,y =e"[lierez Yul 7, where

0i(x)=[J(1—z¢"y' and Ri(z)=[](1—zg")"".
lez lez
We denote V(y,) = Vi, ,,,- We rewrite the g-character of an integrable representa-
tion V' with finite-dimensional £-weight spaces by the formal sum

xqg(V) = Zdim(Vm)m e Z[e", Yi,jJ:I]]veP,ieI,leZ-
m

Let us denote by JL(V') the set of monomials occurring in x4 (V).

By this correspondence between £-weights and monomials due to Frenkel and
Reshetikhin [1999], the I-tuple of Drinfeld polynomials with zeros in ¢Z are
identified with the dominant monomials. In particular for a dominant monomial m2,
one denotes by V(m) the simple module of £-highest weight m. For example
V(ekhe Yo Y0542 Ye s42(k—1)) is the Kirillov—Reshetikhin module associated
tok>0,a=¢q°€C*(seZ)and L e I, and V(er* Yy ) is the fundamental module
associatedtoa = ¢’ € C* (s€ Z)and £ € I.

Similar results hold for the quantum affine algebra U, (§ln+1)/ due to Chari
and Pressley [1994]. In this case, the simple integrable representations are finite-
dimensional and denoted V((P;);er,) in the following. Note that the weights
A € Py can be omitted here because they are completely determined by the Drinfeld
polynomials (P;);ef,»

b = deg(P) Ay + - + deg(Pa) An.

In the same way if V' is a Kirillov—Reshetikhin module of U, (§ln+1)/ , its £-weights
can be only considered as elements of Hom(ouq(f)o), C) (where qu(f)o) is the
subalgebra of Ay (§ln+1)/ generated by kj, (h € o) and hjpm (i € Ig,m € Z —
{0})). They still satisfy the relations in (2). By twisting the action on V by an
automorphism #; of U, (§ln+1)’ for some b € C*, it can be parametrized as above
by Laurent monomials in Z[Y b Vic 1,1z~ The weight w(m) € Py of a monomial
me Z[Y ¥ Hic Io,lez can be omitted here because it is completely determined by
the u,’l(m) (i elyle?).

Recall that the Kirillov—Reshetikhin modules Vo(Yy sYy 542 ... Yo s420k—1))
(k >0,s5s €Z, L e Iy over %q(§1n+1)’ can be obtained from the Uy (sl,+1)-
modules Vo (kAy) as follows: there exist evaluation morphisms ev, : Ug (§1n+1)/ —
WUg(8ly+1) (@ € C*) which send x; o, kj, on x;, kj, respectively (i € Iy, h € hy).
So the WUy (§ln+1)’—m0dule Vo(YesYe 542 ... Yo s42(k—1)) is obtained by pulling
back the action of U, (sl,+1) on Vo(kAy) by ev, for some a € C*. In particular,
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Vo(Ye,sYe 542 .- Ye s42(k—1)) is irreducible as a Alg (sl 4 1)-module, isomorphic
to Vo(kAy).

We have defined irreducible finite-dimensional AUy (§ln+1)/ -modules W(wy)
(£ € Ip) in Section 2D. One can determine them in terms of the Drinfeld realization.
For that we need the following additional result.

Lemma 2.24 [Nakajima 2004]. Let v be a vector of an integrable g (§ln+1)’ -
module of weight A € cl(P°) such that for all i € Iy, A(h;) > 0. Then the following
conditions are equivalent:

(1) v is an extremal vector.
(i) x;,-v=0foralli €Iy, reZ

As a direct consequence of these results, W(@y) is isomorphic to a fundamental
representation Vo((1 —dg ;au);ey,) for a special choice of the spectral parameter
a € C* (see [Nakajima 2004, Remark 3.3] for an expression of it). In particular for
this spectral parameter, one deduces that Vo ((1 — 8¢ ;au);ey,) has a crystal basis.

Let €; be the category of finite-dimensional AU, (§ln+1)’ -modules (of type 1)
and QR; its Grothendieck ring. Recall that 6; is an abelian monoidal category, not
semisimple, with as simple objects the Vo ((P;);cy,) and R; is the polynomial ring
over Z in the classes [Vo((1—6¢ ;jau)icr,)] (£ € Iy, a € C*) (see [Chari and Pressley
1994; Frenkel and Reshetikhin 1999]). As in [Hernandez and Leclerc 2010], we
consider €; 7 the full subcategory of ¢; whose objects V' satisfy:

For every composition factor S of V, the roots of the Drinfeld polynomials
(Pi(u))ier, belong to ¢~.

This is also an abelian monoidal category, not semisimple and the Grothendieck
ring R; 7 of €; 7 is the subring of %R; generated by the classes [V (Y} 5)] with
L € Iy, s € Z (see [Frenkel and Mukhin 2001]).

Theorem 2.25 [Frenkel and Reshetikhin 1999]. x4 induces a ring morphism x4 :
Riz — Z[Yiill]ielo,lez’ called the morphism of q-characters. Furthermore we
have the commutative diagram

Xq

%I,Z Z[Yi’ill]ielo,lez

- Ll

R P Ze(v)

ve Py

where the ring morphism Res : R; 7 — R is the restriction and B is defined by

B(m) = e(w(m)).
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One does not have an expression of g-character of a representation in general. But
explicit formulas exist for the fundamental modules and the Kirillov—Reshetikhin
modules over Uy (sl,+1)" and Uy, (sl}f_r'_l), given in terms of tableaux [Hernandez

2011; Nakajima 2003].

2G. Extremal loop weight modules. We recall the notion of extremal loop weight
modules for AU, (slfil). The main motivation for this is the construction of finite-
dimensional representations of the quantum toroidal algebra as in the theory of

Kashiwara, but at roots of unity in this case.

Definition 2.26 [Hernandez 2009]. An extremal loop weight module of U, (slﬁfj_l)
is an integrable representation V' such that there is an {-weight vector v € V
satisfying:

1 %q(slﬁfil) v="V.

(i) v is extremal for oug (s1't ).

n+1
(iii) Uy’ (s1 ) - w is finite-dimensional for all w € V and j € I.

Example 2.27. If m is dominant, the simple £-highest weight module V(m) of
£-highest weight m is an extremal loop weight module.

An example of such a representation which is neither of £-highest weight nor of
{-lowest weight is given in [Hernandez 2009]. The goal of this article is to construct
a new family of extremal loop weight modules, called extremal fundamental loop
weight modules.

3. Study of the monomial crystals .i(e®*Y, Y, ;e)

We will relate in our paper the monomial realizations Jil, of level 0 extremal
fundamental weight crystals B(wy) (1 < £ < n) of %q(§1n+1) with integrable
representations of Uy (sl;"_ri_l). In this section, we study the combinatorics of these
monomial realizations, the main point being the use of promotion operators for
level 0 extremal fundamental weight crystals introduced below. This is the first step
of the construction of integrable modules associated to Jly.

In Section 3A, one gives the definition of the monomial AU, (§ln+1)—crystal M
[Kashiwara 2003; Nakajima 2003]. This definition holds when the considered
Cartan matrix has no odd cycle. So it does not work for AU, (§ln+1) when 7 is even,
and we have to assume that # = 2r + 1 (r > 1) is odd until the end of the article.
Following [Hernandez and Nakajima 2006], we recall the monomial realization of
RB(wy) (1 <L <n): itis isomorphic to the sub-A, (§ln+1)—crystal

My = M(e™¢ YZ’OYO_,C}K)
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of M generated by the monomial e ®*¢ Y, OYO_!(:,E (with dy equal to min(¢, n+ 1 —Y)).
Furthermore we define the notions of a g-closed monomial set and of a monomial set
closed by the Kashiwara operators, respectively related to the theory of g-characters
and to the combinatorics of crystals.

The monomial crystals Jl, have already been studied in [Hernandez and Nakajima
2006]: the monomials occurring in these crystals are explicitly given for 1 < £ <n
and their automorphisms z, are described in terms of monomials. We recall these
results in Section 3B.

In Section 3C, we introduce promotion operators for level 0 extremal fundamental
weight crystals B(wy) (1 < £ < n). The promotion operators were introduced in
[Shimozono 2002] for the Young tableaux realization of the finite Uy (sl;+1)-
crystals Bo(kAyg) (k € N*, 1 < £ < n) and studied in numerous papers (see
[Bandlow et al. 2010; Fourier et al. 2009; Okado and Schilling 2008; Schilling 2008;
Shimozono 2002] and references therein). It is the counterpart at the level of crystals
of the cyclic symmetry of the Dynkin diagram of type Af,l). After recalling these
definitions, we extend the promotion operators for the level 0 extremal fundamental
weight crystals B (wy). Finally we specify the promotion operator of B(zwy) in its
monomial realization .

In Section 3D, we use promotion operators to obtain a new description of Jit,. In
particular, we improve results given in [Hernandez and Nakajima 2006] for these
crystals. Furthermore we determine the £ € Iy for which the monomial crystals Jil,
are closed (Theorem 3.22): this is the case if and only if £ = 1,7 + 1 or n.

3A. Monomial crystals. In this section we define the monomial crystal M of
AUy (§1n+1) when n = 2r + 1 is supposed to be odd, following [Kashiwara 2003;
Nakajima 2003]. Monomial realizations of the crystals B(A) with A € P, in
particular of B(wy) (1 <{ < n), are studied in [Hernandez and Nakajima 2006;
Kashiwara 2003; Nakajima 2003]. They are obtained as subcrystals of .l generated
by a monomial. We recall these results here. Finally we introduce new notions of
g-closed monomial set and of monomial set closed by the Kashiwara operators.

As we have said above, the definition of the monomial crystal /M requires that the
considered Cartan matrix C is without odd cycle. So we assume that n = 2r + 1
(r = 1) is odd until the end of the article. In particular there is a function s : I —
{0, 1}, +— s; such that C; ; = —1 implies s; +5; = 1.

Consider the subgroup Al C A defined by

M={me A|u;;(m)=0if ] =s; + 1 mod 2}.
Following [Kashiwara 2003; Nakajima 2003], let us define wt : Ml — P by

wt(m) = w(m).
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and ¢;, @i, pi,qi : M — Z U {oco} U{—o0} fori € I by (m € M)
@i,.L(m) =Y uj(m). @i(m)=max{g; (m)|LeZ}>0,
I<L

ei,L(m)=—> ujj(m), & (m)=max{e;,r(m)|LeZ}>0,
=L

pi(m) =max{L € Z | &;,p(m) = &i(m)}

S sy m) = g (m)},

= max{L e”?Z
I<L

qi(m) =min{L € Z | ¢;, 1. (m) = ¢;(m)}

= min{L eZ ‘ — Z uj(m) = 8,~(m)}.

I>L

Then we define éi,fi cM— MU{0} fori € I by

. {0 if ;(m) =0,
ei-m= .
mA; p;my—1 if &i(m) >0,
~ 0 if ;(m) =0,
Jim = A if 0; 0
MA; g1 1 @i () > 0.

Theorem 3.1 [Kashiwara 2003; Nakajima 2003]. The crystal (M, wt, &;, ¢;, €;, ]7,-)
is a Wg (sly+1)-crystal, called the monomial crystal.

Remark 3.2. When 7 is even, the Dynkin diagram of type A,(ll) is not bipartite. In
this case, (M, wt, &;, @i, €;, f;—) does not satisfy the axioms of crystal (see [Kashiwara
2003]). Other crystal structures are defined on (a subset of) A in [Kashiwara 2003].
But the monomials used are different with those occurring in the theory of g-
characters of U, (slifﬂrl)-modules and it is not useful for what we will do in the

next sections.

For m € /M denote by Ji(m) the connected subcrystal of [l generated by m. As
it is explained above, the weight of a monomial m’ € Al(m) is determined by w (1)
and u; ;(m") (Remark 2.23). So we will omit the term e®") and we just specify
the weight of the monomial m. For J C I and m € M, denote by Jl s (m) the set of
monomials obtained from m by applying the Kashiwara operators ¢;, f, fori e J.
It is a connected sub-J-crystal of Jl(7) generated by m.

For p € Z and o € Z§, let 15, o be the map 75 o: M — JM defined by

A Uin\ _ IMa Uin
sz’“(e l_[YlJl )_e l_[Yi,n+2p'
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This is a Pj-crystal automorphism of the crystal M, also called shift automorphism
in the following.

The following result was proved in [Kashiwara 2003; Nakajima 2003] when m
is a dominant monomial and is generalized in [Hernandez and Nakajima 2006] for
all m € JM.

Theorem 3.3. For m € M, the crystal M(m) is isomorphic to a connected compo-
nent of the crystal B(A) of an extremal weight module for some A € P.

It was shown in [Kashiwara 2002b] that the fundamental extremal crystals B(@y)
are connected for all £ € . Let

d¢ =min({,n+1—-1)

be the distance between the nodes 0 and £ in the Dynkin diagram of type A f,l). We
have the following monomial realization of & (wy).

Theorem 3.4 [Hernandez and Nakajima 2006]. Set M = ¢™¢ Yg 0Yo. d for L € .
Then M is extremal in M and M(M) >~ B(wy) as P-crystals.

One can define in the same way the monomial crystal /g associated to Ug (sl 41).
It can be done for all n > 2, the Cartan matrix of type A, being without cycle.
As it is said above, the weights of monomials are completely determined by the
powers of variables Yil in this case. So they can be safely omitted. For m € .y,
we denote by Mg (m) the subcrystal of Jly generated by m. We have:

Proposition 3.5 [Kashiwara 2003; Nakajima 2003]. The Ug4(sl,41)-crystals
Mo(Y; i) and Bo(A;) are isomorphic for all i € Iy and k € Z.

Fori € I, set E; : M — M the map sending the variables Yi1 e’ to 1 for
all j #i and v € P, and YjEl to themselves. Another map will be used below:
E! 1 M — M, which sends the variables YjEl to themselves if j # i and Yljil, v

to 1 for all v € P. These two maps are also deﬁned in [Frenkel and Mukhin 2001]
and denoted by f; and B, respectively.

Definition 3.6. (i) A set of monomials & C Jl is said to be g-closed in the direction
i (i €l)ifforall m € & there exists a finite subset

P CFN (m-HAz,),
lez

which contains m, and a sequence (n4)sey,, Of positive integers such that
oF, (Z sed,, s -s) is the g-character of a representation of U;.

(i1) A set of monomials ¥ is said to be J-g-closed (J C I), or simply g-closed if
J =1,if & is g-closed in the direction i for all i € J.
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(iii) A set of monomials & C M is said to be J-closed by the Kashiwara operators
(J C 1), or simply closed by the Kashiwara operators if J = 1, if the operators
ei, fi preserve & forall i € J.

(iv) A set of monomials &¥ C . which is J-g-closed and J-closed by the Kashiwara
operators (J C I), is called a J-closed set. If J = [, it is simply called a
closed monomial set.

Remark 3.7. (i) The definition of a g-closed set is inspired by the theory of
g-characters and the algorithm of [Frenkel and Mukhin 2001]. In particular,
it involves g-characters of AU, (§12) -modules. Let us recall that in this case,
the image of x4 : R; 7 — Z[Y1 ll]lez is known (see [Frenkel and Reshetikhin
1999)): itis equal to the subrlng Z[(Y1 Y 1+2)]lez of Z[Y ¥ 11;e7 generated
by the ¥, , + ¥ l+2 (I € 7).

(ii) The notion of a g-closed set holds also for the monomial Uy (sl,,4-1)-crystal ..
Further it extends naturally when ¢ is specialized at roots of unity, by using
the theory of g-characters at roots of unity [Frenkel and Mukhin 2002].

Let V' be an integrable U, (sl}f_rl_l)—module such that for all £-weight (v, y)
of V, V(y,) is finite-dimensional and the roots of the associated polynomials
Qi(z) and R;(z) are in g% for all i € I. Then the monomial set (V) is g-
closed. Note that the Frenkel-Mukhin algorithm need not necessarily hold for V':
for example, it does not work for the simple finite-dimensional AU, (§13)’ -module
VO(Y1%0Y2,3) ~ Vo(Y1,0Y2,3) ® Vo(Y1,0) considered in [Hernandez and Leclerc
2010], but JI/L(VO(YIZ’OYZJ)) is g-closed.

In general, AL(1') is not closed by the Kashiwara operators: for example, the g-
character of the qu (sl,)’-module Vo(Y, 0) contains the monomial Y ¢ but does
not contain Yl_’ However, it holds for the fundamental U, (sl,,+1) -modules. In
fact by using the tableaux sum expressions of their g-characters given in [Nakajima
2003], we have:

Proposition 3.8 [Nakajima 2003]. Let Vy(Y; x) be a fundamental representation
of WUy (sly+1) (i € Iy, k € Z). Then the monomial sets Mo(Y; ) and M(Vo(Y; x))
are equal.

In particular by Proposition 3.5, M(Vo(Y; x)) has a Ug(sl,, 4 1)-crystal structure
isomorphic to Bo(A;). As a consequence:

Corollary 3.9. For all 1 <i < n and k € Z, the Uy (sl,41)-crystal Mo(Y; )
is closed.

Finally, let us give an example of a monomial crystal which is not g-closed.
Consider the Uy (sly)-crystal Ao (Y7,4Y7,0):

-1 —1y—1
ViaVio=>Yi6Yi0=>Yi6Y12:
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If Mo(Y1,4Y1,0) is g-closed, it should contain (Vo (Y1,4Y1,0)). This is not the
case, the g-character of V(Y] 4Y1,0) being

—1 —1 —1y—1
XagVo(Y1 Y1 0) =Y, Y 0+ Y 6Y1 0+ Y1 4Y1, +Y6Y 5.

3B. Description of the monomial crystal M(e®¢Yy ¢ Yy, ,1, ¢ ). Assume that n =
27 4+ 1 is odd with r > 1. The monomial crystals /M (e®* YLOYO_’;,K) are studied
in [Hernandez and Nakajima 2006, Section 4]: the monomials occurring in these
crystals are explicitly described and the automorphisms z; are given in terms of
monomials. We recall these results here.

To describe the monomial crystals M (e®* YZ,OYO_,t}e)’ we assume in this section
that £ <r + 1 (as in [Hernandez and Nakajima 2006]). Let us begin by explaining
why we can do that. We need the notion of twisted isomorphism of crystals (this
definition appears in [Bandlow et al. 2010]).

Definition 3.10. Let % and %' be crystals over two isomorphic Dynkin diagrams D
and D’ with vertices respectively indexed by I and I’ and let 6 : I — I’ be an
isomorphism from D to D’. Then ¢ is a O-twisted isomorphism if ¢ : B — B’ is a
bijection map and forallb € B andi € I,

Jowy-¢(b) =¢(fi-b) and &gqy-p(b) = ¢ (& -b).

Let ¢ be the automorphism of the Dynkin diagram of type A,(,l) such that ¢ (k) =
—k (k €I), where I is identified to the set Z/(n+1)Z. It defines an automorphism ¢,
of b by sending %;,d to h,;),d foralli € I. Let ¢ : M — . be the map defined
by (r € Q)

v (e T ¥y er) = e T Yoiyen.

Then we show easily that ¢ is an (-twisted automorphism of the P-crystal Jd.
Furthermore it induces an ¢-twisted isomorphism

Y d(e™ Ye,oYo_,el) — MY, L, OYO_,ZI

between the monomial crystals Jl(e®*¢ Ye 0Y0 7 ) and M(e@n+1-¢ Y, i e, oYo .
foralll1 <f<r+1.

So one can assume that 1 < £ <r + 1. In this case, dy = £ and we study the
crystal MM (e®tY, . 0Y0 e) (see [Hernandez and Nakajima 2006]). One defines the
monomials

i, =Y i Yi pixy forl<k=n+1,pez,
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with ¥, 11, , = Yo, by convention. By Remark 2.23, the terms e®™) can be safely

omitted for all m’ € M(e®*¢ Y, o0, e) Set My = e®¢ Y, oYo ¢ and

M _YK 2]Y0_n €+1+2]Y] Z-l—ijn —{4+14j

= (n—li+2jn—e+2j—2 ) X (1] g [ 42] s - 1 1—e+2j)
J £
= [T Pntapizjra T1 Plesioapta

p=1 p=j+1

with 0 < j < {. In particular, My =Y, | 0_,}+1+e = Ty41,—£5(Mp) and M =
73,—5(My) for £ = r + 1. One defines other monomials as follows: for j € Z and a
Young tableau of shape () T = (1 <i; <ipy <---<ig <n+1) we set

J V4
Q) mr;j = Hn—e—2p+2j+2x 1_[ e+1—2p+2j for0=j=£0-1,
p=1 p=j+1

and mr;j1¢ = tyy1,—¢5(m7;;). Note that Mj = mr,; with T = (1,2,...,7).
By Theorem 3.4, M(Mj) and B () are isomorphic as P-crystals. Furthermore:

Proposition 3.11 [Hernandez and Nakajima 2006]. (i) Jty,(Mj) consists of mr;;
for various sequences T .

(i) We have the equality of 1y-crystals

£—1
4) MET Yy Yo d,) = |_|(fn+1,—e<s)"(|_| J“Io(Mf))-
kez Jj=0
(ii1) The map
(o J‘/L((fw-Z YE,O YO_J;Z) g M(ewe YZ,OYO_,L}g)

defined by o (mr.j) = mr;j+1 is a Pq-crystal automorphism and equals Ze_l.

(iv) The Kashiwara operators é;, f, are described in terms of tableaux: fori # 0
we have &;-mr.; =my.j or 0. Here T' is obtained from T by replacing i + 1
by i. If it is not possible (that is, when we have both i + 1 and i in T or when
i + 1 does not occur in T), then it is zero. Similarly f, mr;j = mrgv;; or 0,
where T" is given by replacing i by i + 1. For the action of &, fo, we have

éO'mT'j:{O ifiir#lorig=n+1,
’ Miy,...ign+1);j—1  fi1=1landig#n+1,
~ /0 ifiy=1orig #n+1,
Jo-mrsj = {m(1,i1,...,i5_1);j+1 ifiy#1landig=n+1.
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Proposition 3.12. There is a bijection given by E° between My, (Mp) and M(V),
where V. = Vy(E®(My)) is the fundamental representation of WUg(sly+1)" associ-
ated to Yy o. In particular the monomial crystal My,(My) is Iy-closed.

Proof. By the previous description, .7, (My) consists of the monomials m 7o for
various sequences 7. By applying the map E, they are sent to the monomials

)2
mr =[] [ip]er1-2
pr=1
with T = (1 <iy <---<iy <n+ 1) and where we set

[1,=Y1, and Yn_p+n+1

for all p € Z. They are exactly the monomials occurring in the tableaux sum
expressions of g-characters of fundamental modules of U, (§1n+1)/ (see [Nakajima
2003]). So the image of Jl7o(My) by E? is equal to M(Vo(Yg,0))- Further this set
is Iy-g-closed by definition, and Jily,(My) is also Iy-closed O

Now let us consider the monomial crystal J(e™®*¢ Ye OYO_;'e) with 1 <€ <n. We
determine in the next proposition when z, has the particular form of a shift.

Proposition 3.13. The automorphism z; of M(e®*¢ YZ 0Y0 dy ) has the special form
of a shift tpo (p € Z,a0 € Z8) if and only if £ = 1,n or £ =r + 1. Moreover, we
have zy = zy = T_p_1,8 and zy 1 = T_3 .

Proof. Assume that £ <r+1. We have seen that z; =0 ~!. So it suffices to determine
when o is a shift. We have the equality ot = Tn+1,—¢s- Henceif £=1,0 =1, s
is a shift. Assume that £ =r + 1. In this case, M; = 15 _s(My) = 0 (Mp). As the
crystal JAL(Mp) is connected and o and 1, _g5 are automorphisms of crystals, we
have o = 1, _s. For the other cases, o is explicitly known and is not a shift. As
and shift automorphisms commute, the result follows for £ > r + 1. O
3C. Affinized promotion operators and monomial crystals M (e®* Ye o¥o. de)
In this section, we introduce promotion operators for the level 0 extremal fun-
damental weight crystals. We describe them in the monomial realizations of % (@)
(1<¢<n)).

Let us begin by some definitions and properties about the promotion operators
(see [Bandlow et al. 2010; Fourier et al. 2009; Schilling 2008; Shimozono 2002] and
references therein for more details). In type A, the highest weight crystal %B(A)
of highest weight A € P(;" can be realized by the semistandard Young tableaux of
shape (1). The weight function wt is defined by the content of tableaux, that is,
wt(T) :=(w(T), ..., wy+1(T)), where w; (T) is the number of letters i occurring
in the tableau 7'. It can be viewed as an element of Py in the following way: set
€i=AN—Aj_1for2<i<n,e; =A;and¢,4; = —€; —+--—¢€,. In particular,
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oj=¢—€iy1,Ni=€1+--+¢ (1<i<n),andwehave P=Ze+- -+ Z€y+1.
Then wt(7") corresponds to the element

wi(T)er + -+ wpt1(T)€n+1 € Po
for all Young tableau 7.

Definition 3.14. Let By = B (A) be a highest weight U, (sl,, 41 )-crystal of highest
weight A € P(;" . A promotion operator pr on %B is an operator pr : Bg — Bo such
that

(i) pr shifts the content: if wt(7') = (wy, ..., Wwy41) is the content of 7' € By,
then wt(pr(7T)) = (Wy+1, Wi, ..., Wn);

(i) the promotion operator has order n 4 1 : pr"*! = id;
(iii) proé; = &;4qoprand pro f; = firjoprfori € {1,2,....n—1}.

Given a promotion operator pr on a highest weight Uy (sl,,41)-crystal Bo(A)
re P(;r ), one defines an associated affine P-crystal by setting

ey = pr_l oéyopr and fo = pr_l © fl opr.

We denote the P-crystal hence obtained by Bo(A). .

It was shown in [Shimozono 2002] that the Uy (sl,+1)-crystal Bo (L) (A € Po)
has a unique promotion operator pr when A is rectangular (that is, of the form
kAg with £ € Iy and k € N*), given by the Schiitzenberger jeu-de-taquin process.
Furthermore the affine Py-crystal Bo(kAg),, obtained by using the promotion
operator pr is isomorphic to the crystal basis of a Kirillov—Reshetikhin module
associated to £ € Iy, k € N* (for a special choice of the spectral parameter a € C*
see [Kang et al. 1992]).

From the affine Pj-crystal Bo (kA )’ g, let us consider its affinization Bo (KA ) afr
(see also [Kashiwara 2002b]): this is the P-crystal with vertices in {z°T |s € Z, T €
Bo(kAyg),e such that for all s € Z and T € Bo (kA )y

wi(zT) = wi(T) + 58, & -2°T =25%%0;.T),  f;-2°T = 57%i0(f;-T).

Assume in the following that £ < r 4 1 (the case £ > r + 1 is studied at the end
of this section). We introduce the affinized promotion operator on Bg(kAy)ast.

Definition 3.15. Let us consider the crystal of finite type Bo(kA¢) (with k£ € N and
£ <r+1), prits associated promotion operator and B (kA ¢)a its affinization. The
affinized promotion operator on By (kA y)as is the operator prg @ Bo(kAyg)asr —
Bo (kA g)ate such that for all T € Bo(kAy).y and s € Z,

pry(z°T) = zs_w”+1(T)pr(T).

One checks easily the following statements.
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Lemma 3.16. The affinized promotion operator pryg of Bo (kA g)asr shifts the con-
tent. It satisfies

Praf©€i = €i+1 0Pl and Prygo fi = fit10Prygy

fori €{0,1,...,n} (where é,41, ﬁ,+1 are understood to be éy, ]’B respectively).
It has infinite order, the weight of prgf}"l being —k{4.

Recall that one has defined an automorphism 6 of the Dynkin diagram of type
A,(,l) corresponding to a rotation such that 6(i) =i + 1 (i € I). Then by the
above Lemma, pr, is a O-twisted automorphism of B (kAy)asr. Furthermore as
the P-crystals B(w@y) and B (Ay)as are isomorphic (see [Kashiwara 2002b]), the
affinized promotion operator prug : Bo(Ayg)arr = Bo(Ag)arr induces a O-twisted
automorphism of the level O fundamental extremal weight crystal B(wy) (£ <r+1).
We call it the promotion operator of %B(wy), also denoted by pr .

We want to describe the promotion operators of the crystals B(wy) in the
monomial realizations when £ < r + 1. To do that, let ¢ : M(e™* Ye,oYo_,el) —
M(e®tY, . Y7,) be the map such that

—1
£,070,¢
Ui Uil
¢( Y ): Y it
the terms e” being safely omitted in the definition by Remark 2.23. Denote by
@ 1 B(wy) ~ Bo(Agar — MY, o Vo)
the isomorphism of P-crystals between Bo(Ag)afr and M(e™¢Y, oYo_el)' It is
explicitly given by
¢ :2°T € Bo(Ag)ait > mr,—s € MY,  Yoi) (s€Z.T €Bo(Ay)).

The following result relates the map ¢ : M(e®*Y, oYo_el) — MY,
the promotion operator pr,g of B(wy) introduced above.

—1
,OYO,E) to

Proposition 3.17. Assume that £ <r + 1. The following diagram commutes:

B(w) T MY Yo
praffJ Lq‘)
B () e MY, Yo ).

Proof. For 1 <k <n+1and p € Z, we have

-1 —1
¢(p) = ¢(Yk—1,p+kYk,p+k—1) =Y prkr1 Vv, prk

B {p if k <n,

p+n+1 ifk=n+1.
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Fix j € Z and a Young tableau
T=(1<ii<ip<---<ig<n—+1)

of shape (Ay). If iy # n + 1, we have

p(mr;j) =¢ (H.n t—2p+2j+2 % 1_[ .e+1 2p+2])

= ]+1
= l_[mn —2p+2j+2 % 1_[ 1P+ (+1-2p+2j
p=j+1

= Mp(r);j = @(Pro(z~ T)).
Assume that iy = n + 1. Then

¢(mT ])
= Hmn (—2p+2j+2 Xl_[ ip 1] g 2p+2]xln —0+2j+2
p=j+1
Jj+1
= HMn (=2p+2(j+1)+2 XH [t 122 g2
=j+2
i .
= mMy(r);j+1 = ¢ pr(T)) = @(proee(z ™/ T)). O

Remark 3.18. It follows in particular that ¢ is a f-twisted automorphism of
M(e®t Z N 0 Z) since B(wy) and M(e®*Y, OYO_ZI) are connected and pr, is
a O-twisted automorphlsm.

The case £ > r + 1 is similar to the previous one. The affinized promotion
operator of Bo(kAy)ar (k € N*) is the operator

Pragr : Bo(KAg)art —> Bo(KAg)afr
such that for all T € Bo(kAy)ar and s € Z,
Prye(2°T) = 27wt (Dpy(T),

Note that the definition of the affinized promotion operator is different to the one
when £ < r + 1. This provides to the automorphism ¢, of .
Let us consider the map

Yooy Ll(e™ Yy (Yo ) = MET Y Yo ).
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. _1 . . _1
It is a 6~ " -twisted automorphism of M (e®*¢ Ye,o YO,n +1_¢) such that

Ui,

-1 uir\ _
vosoy ([T77) =17 1
It can be related to the promotion operator pr,e of B (kAy)as: one can check that

Yopoy ! =pryl.

3D. Application of promotion operators to the study of M(e®*Yy,0Yg, ‘} ) In
this section, we use promotion operators to obtain a new description of the monomial
crystal M (e™®* YZ,OYO_,;'@)’ improving results given in [Hernandez and Nakajima
2006]. Moreover, we determine the £ for which the crystals M (e™* Yé, 0 YO_,J,Z) are
closed.

Assume first that £ <r + 1 (where n = 2r + 1 is still supposed to be odd). Let us
begin with the following remarks. The monomials ¢/ (YZ,OYO_,ZI =Y, Y ijel n
will have a particular importance in the construction of extremal fundamental loop
weight modules. One can give them in terms of Young tableaux, thanks to the

f-twisted automorphism ¢ of J:
e If jissuchthat{+j <n-+1, Y€+j,ijT£1+j € My, (My) and is equal to mro
withT =G +1,7+2,...,)+40).
. _1 . .
e If 1 <j<{—1,then Yj,n—€+j+1Yn—e+j+1,n+j+1 € My, (M;) and is equal
tomp,; withT =(1,2,...,j,n—L+j+2,...,n+1).

We will have to consider the finite sub-/;-crystals of M(e™¢Y, 0Y0_€1 ,

—1
Mr; Yoy iy Vit j k)

for j € I and k € Z: this is the sub-I;-crystal of Jl(e™* Ye,oYo_,el) generated by
the monomial Y,

-1
: +j,j+k(n+1)Yj,Z+j+_k(n_+1)' Note that one of these crystals can
be obtained from another one by application of powers of ¢.

Proposition 3.19. Ler £ <r + 1. We have the equality of sets

n
MYy Yo ) = | (@n1,-e)" ( Ut (Y ijzlﬂ))'
kez Jj=0

—1 —1
Proof. As Y€+j,ij,£+j € M(e®* Y£,0Y0,£

is connected,

) forall 0 < j <nand M(e™*Y, Ys

n
U My Yy Y700 ) C© MY, 0 Y ))
j=0
as sets.
Let us fix m € M(e™®¢ YZ,OYO_,ZI)' The monomial m is of the form mr,; with
T=(0<ij<iy<---<ipg<n+1)and j € Z. By application of the shift
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automorphism, one can assume that 0 < j <£—1. So we have to show that m7,; €
UJ oMy (Y, [y Jlf+j) Ifj=0, wehavemTOEA/LIO( .0 018) Assume that
I<j<{—landsets=ij;;—1.ThenT = (i <---<ij <s+1<ijyy<---<iy)
and by application of the Kashiwara operators €1, ...,€5_1,€542,...,é, On M, ],
we show that

mr.; € My (mprj) withT'=(1<---<j<s+l<--<s+L—j).
By applying €1,...,€j_1,€854¢—j4+1,...,€n and &y on my,;, it is sent on

mro withT"=(s+1<---<s+4) ifs+L<n+1,

and on

mrry wWithu =s+0—n—1,T"=(1<---<u<s+1<---<n+1) otherwise.

Furthermore m7»., = ¢* (Y, 0.0 0 e =Y, s, sYs ¢4 DY the above remark and mr
is also contained in Jip, (Y£+s SYS_KH) O

Remark 3.20. One of the questions treated in [Hernandez and Nakajima 2006, Sec-
tion 4] is to give an explicit description of monomials occurring in JtL(e®¢ YZ oYo 7

(€ < r+1). Actually by the shift automorphism and the description given in
that reference, all the monomlals in M(e®¢ Y(i 0Y0 ‘ 1) can be obtained from the
monomials occurring in |_| = OJI/LIO (Mj) (see (4)) So this description requires

knowing
()]

monomials to obtain all the other ones. The preceding proposition improves this
result. In fact to determine all the vertices of A (e™* Ye 0Y0 ¢ 1), it suffices to know
the monomials occurring in the Iy 13- Crystal Mry,. 1}(Ye oYo Z) and to apply ¢.
Further a monomial my;o € My, , (Y oYy, /) is such that 7" has the form T’ =

(1 <iy <---<ig). So by Proposition 3.19, only (¢",) monomials are sufficient to
determine all the vertices of J(e™ YZ 0Y0 7

The following lemma will be useful.
Lemma 3.21. Assume that £ = 1 or{ =r + 1 and set p =n+1o0r p =2
respectively. We have the equality of 1j-crystals (0 < j <n)
) M(e™¢ YZ,OYO_,KI) = |_| (Tp,—ﬁ)k (‘MIJ Sy ijélﬂ))‘
kez

Proof. By Proposition 3.13, the automorphism z; has the special form of a shift
in the considered cases. Further we know that (7_ p,(g)e = T_p—1,8- Using (4), we
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obtain
™Y, Yo h) = || (ps)* (|_| (tpros) (i, (Mo)))
kez
As 1, _s and ¢ commute, (5) follows. O

Similar equalities of crystals can be given for £ > r + 1, by using the automor-
phism . Now we are able to determine the £ € I for which the monomial crystal
M(e?tY, oYo_alIg) is closed.

Theorem 3.22. The monomial crystal M(e®* Ye oYo dy ) is closed if and only if
L=1,r+1orn.

Proof. Let us begin by the case £ <r + 1. Assume that the crystal M (e™*¢ Y, oYo /
is g-closed for 2 < £ <r. Consider the monomial

_ —1

Mj =Y 5 Yo nvi142: Y4 Yyt € MET Yy o Yo )
with j # 0. We have 8;(M;) = YJ_ZJ”YJ ne 14 By Definition 3.6, there exists
a subset

Fa; CMETEY, (Yo )N (Mj 1147 ,)
lez
containing M; such that its image E;(¥p;) by Ej is the set of {-weights of a
representation of W, j. By the theory of g-characters of a j-modules, we should have

Y iYimeee1e; Ei(4jerj—1) € Ej(Fary).

Furthermore, the map E; is injective when it is restricted on the set of monomials
M; - ([Tjez A7,): indeed, we have for all monomial M; - ([T;ez 4; AY; s

E-(M, HA”’ ’) =g;M)-T] (A7) = E;(M;)- ]_[f{J}(AJ, ),
lez lez lez
where 7(;y is the map defined in Definition 3.2 of [Frenkel and Mukhin 2001]
(the second equality is a consequence of Lemma 3.5 of the same reference). The
injectivity is a consequence of the injectivity of 7(; (see [Frenkel and Mukhin
2001, Lemma 3.3]).
So the monomial

m=Mj-Aje+j-1

—1 —1
= YZ,Zj 0 Y Y._

-1
n—t+1+2; Y evj—2Yi S evi—1 Y1041,

jan—+14j

should occur in M(e™*¢ Ye 0Y0 K) But this is not the case, m being not of the
form (3). Hence l(e®*Y, Yo e) is not g-closed when 2 < ¢ <r.
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Now assume that £ = 1 or £ = r + 1. In this case, z; = 7_,, 5 with p =n+1 or
p = 2 respectively and by the above lemma

™Yy o Yo ) = || (w8 (M, (Vey s ; Vi )
kez

as [j-crystals (0 < j <n). By Proposition 3.12, the finite crystal g, (My) is
Io-closed. As the Ij-crystals My, (Y, Y j ¢ +]) can be obtained from Jt;, (M)
by application of powers of ¢, they are also /j-closed for all 0 < j < n. Then by
the above equalities Jl(e®¢ Y, 0Y0 ¢ ) 1s closed.

Finally, the result follows forall the £ € I o by using the (-twisted automorphism
(which preserves the notion of g-closed monomial set). O

4. Extremal fundamental loop weight modules for U, (sltor 1)
when iL(e ™Y, OYO"}Q) is closed
Assume that n =2r + 1 (r = 1) is odd and Alg = AM(e™*Y, 0Y0 4,) 1s closed (it
holds if and only if £ = 1,7 + 1 or n). In this section, we relate the monomial
WUy (sln_H) crystals Jl; with integrable representations of U, (slt 1)

In Section 4A, we construct a new infinite family of representations Ve of
Mg (sl“’r 1) (Theorem 4.1). We call these representations the extremal fundamental
loop weight modules. Let us give the outline of this construction: consider the vector
space Vg freely generated by the monomials occurring in Jlg. For all 0 < j <,

we define an action of Ou” J (slt ', 1) on it, denoted by V(] ). such that

) _ )
v =B

kez

where V(J ) is a subvector space endowed with a structure of a simple £-highest
weight OLL v (sl ;)-module. We show that it defines a U, (sl | )-module struc-
ture in th1s way on Vy, the compatibility between the action of various vertical
subalgebras being a consequence of the existence of promotion operators on Jil,.
Furthermore the g-character of V; is the sum of monomials occurring in Jl; with
multiplicity one.

In Section 4B, we study these representations: we show that V; is irreducible and
it is an extremal loop weight module, generated by an extremal vector of £-weight
e™@t Ye oYo 6} Furthermore explicit formulas are given for the action of U, (51:10-11)
on V. Itis rernarkable that these formulas are expressed only from the associated
monomial crystal and are “universal” in the following sense: the action on all the
extremal fundamental loop weight modules V; is completely determined by these
formulas and by the data of the corresponding monomial crystals Jl;. This sheds
new light on the link between monomial crystals and the theory of g-characters

already expected in [Hernandez and Nakajima 2006]. All these sentences hold
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for the fundamental £-highest weight modules Vj (Y} o) of Uy (§ln+1)/ with the
corresponding monomial crystals Jo(Yy o).
In Section 4C, we specialize ¢ at a root of unity €. We obtain new irreducible

finite-dimensional representations of the quantum toroidal algebra Al (sl;"_ri_ D

4A. Construction of the extremal fundamental loop weight modules. Let us be-
gin with the main result of this section.

Theorem 4.1. Assume that n = 2r + 1 is odd and £ = 1,r + 1 or n. There

exists a thin representation of %q(sl;;’_ri_l) whose q-character is the sum of all

monomials occurring in M(e®tY, OYO_‘}Z) with multiplicity one. It is denoted by

Vi = V'(ew‘f YZ,OYO_,aI’@) 1arwl called the extremal fundamental loop weight module
of L-weight e™¢ YE,0 YO_,d[

To construct these representations, let us start with results about the fundamental
modules Vo (Yy x) of %q(§1n+1)’ (meN* 1<{<n,keZ). Asitis said above, it
is isomorphic to the fundamental highest weight AU (sl,41)-module Vo(Ay). So
we begin by recalling some well-known facts about V(A ), which will be useful.

Lemma 4.2. All the weight spaces of the fundamental highest weight Ug (sl,41)-
module Vy(Ay) (1 <L < n) are of dimension one. Furthermore the Weyl group of
finite type Wy acts transitively on wt(Vy(Ay)).

Proposition 4.3. Let Vo (Yy i) be a fundamental module of Ug (§1n+1)’ (Lely ke
Z). Then Vo(Yy i) is a thin Ug (§1n+1)/-m0dule which admits a basis (vy,) indexed
by the vertices of the monomial crystal Mo (Y ), such that for all m € Mo(Yy )
and i € Iy, vy, is of L-weight m and

[ ~ - . [ ~
Xl.’o-vm _ vgi-mv xl’o vm —_ Ufl. )
where vy = 0 by convention.

Proof. It is known that Res(V (Y x)) is the fundamental highest weight Ug (s, 1)-
module Vy(Ay). By the preceding Lemma, its weight spaces are all of dimension
one. In particular its £-weight spaces are also of dimension one and Vo(Yy x) is a
thin Uy (sly41)’-module.

Furthermore Res(Vo (Y )) is the extremal weight module of extremal weight Ay,
generated by an extremal vector v of weight A,. Hence, there exists {vy jwew,
such that vig = v and

xl-jfo Uy =0 and (xfo)(iw(Af)(h")) Uy = Vs ) if Ew(Ag)(h;) = 0.

By the above lemma for all v € wt(Res(Vo (Y x))), there exists w such that v =
w(Ay). Then the corresponding vector vy, is nonzero of weight v. As all the weight
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spaces of Vo (Y} ) are of dimension one, {vy }yemw, generates Vo(Yy i) as a vector
space. Furthermore for all w, w’ € W,

w(Ap) =w'(Ay) &= vy = vy.
In fact, we have (see [Bourbaki 1968, Chapter V.3.3, Proposition 2])
w(Ag) =w'(Ay) &= w W' (A =Ay <= wlw' e (s;,i € lp—{L})
= w ew-(s;,i € Iy—{L}).

Fix an £-weight m € M(Vo(Yy k) = Mo(Yy 1 ). By what we have said above, one
can define vy, as the unique vector vy, (w € Wy) such that w(A,) = wt(m). Then
{vm | m € Mo(Yg x)} is a basis of V(Y x). Furthermore as the weight subspaces
and the £-weight subspaces of V(Y x) coincide and are of dimension one, vy, is
also an £-weight vector of £-weight m for all m € Mo(Yy k).

We determine the action of %g (§ln+1) on this basis. Fix m € Ay, (Yy ). For all
i € Iy, we have wt(m)(h;) = 0, £1. Assume that wt(m)(%;) = 0. Then on the one
hand xl.jfo *Um = 0 by definition of the family {Vw}wew,. And on the other hand

m =0 and f; -m = 0 by the description of the crystal /o(Yy x) recalled above.
Now assume that wt(m)(h;) = 1. The vector S;(vy,) = xlTO - Uy 18 of the form

Uy With m” € Mo (Yy i) such that
wt(m') = s;(wt(m)) = wt(m) F o;.

But the description of .o (Y¢ x) shows that the unique monomial of weight wt(m) F
@; is fi-m (resp. &; -m). Hence m’ is equal to f; -m (resp. €; -m). Finally we have
shown that for all i € Iy and m € Mo(Yy k),

x;,ro-vm:vgi.m and xi_,o-vm:vf:_.m. O

In particular, the action of AU, (§ln+1)/ on the fundamental modules Vo (Yy x) is
determined by the combinatorics of monomial crystals Jilo (Y} x); in fact, the action
of operators xiﬂ; (1 <i <n,r € Z) deduces from the action of the xfo (given by
Mo(Ye x)) and the action of /;,, (given by the £-weights m € JMo(Yy x)) from (1).

Let us begin the construction of extremal fundamental loop weight modules.
Assume that 7 = 2r + 1 is odd and £ <r + 1 (the case £ > r + 1 is discussed below
at Remark 4.5). Consider the monomial U, (§1n+1)—crystal M(e®* YL’ oYo / 1), sup-
posed to be closed. This is the case if and only if { =1 or £ =r + 1 (Theorem 3.22).
Set p =n+1 or p = 2 respectively.

Denote by € (resp. €; x for 0 < j < n and k € Z) the set of monomials oc-
curring in the crystal M(e®tY, Y E) (resp. in (7, _s)k (JI/LI (Y, 4], JY ! ))

2,070, J A+
My, (Y, )). By (5), one has € =| |, ,¢€;  forall 0 < j <n.

+7j, J+kaJ L+j+kp
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Let
(6) V(e™tY, Y5 ) = EP Cun

me¢
be the vector space freely generated by elements of €. For all 0 < j < n and
k € 7 set Vk(]) = ®me%j,k Cup, the subspace of V(e™¢ YZ oYo E) of dimension
dim(Vy(Ay)). In particular, we have

Vie™ Ye,oYO_,el) = @ Vk(j)'
kez
This decomposition can be compared to the equalities of crystals (5).
We endow the vector space V(e®¢ Y(Z 0Y0 e) with a structure of ou” J (51:;)11)
module as follows (0 < j <n): forall k € 7, let (vm) be the basis of the OlLv J (slt )"

module Vo(Yy j 1k P)(f ) defined in Proposition 4.3, indexed by the set of mon0m1a1s
BT (Mt Yoy jkp Yot jakep)) = (BT (m) [m € My, (Vo j ey Vil s jakp)-
Let us define an isomorphism of vector spaces between Vk(j ) and Vo(Ye,j+k p)(j ) by

Vk(J) —> Vo(Ye,jJrkp)(j)
Um = Uc:lj(m).

We endow the vector space V(J ) with a structure of MUg v.J (slt ', 1)-module by pulhng

back the action of ouv JJ (sltor 1) on Vy(Yy ]+kp)(]) By direct sum, V(e™¢ Ye 0Yo ,
is adl,’ J (s1°C_)-module, denoted by V(e@¢ Y, oY 1)(])‘

n+1
Proposition 4.4. There exists a structure of Ug (sltor 1) -module on V(e™¢ Y0 Yo 7
such that the induced Ou” J (slt ' 1)-module is isomorphic to V(e®* Y 0Yo. 1)(J ) for

all j € 1. Furthermore the q-character of V(e™* YZ oYo e) is

Xq(V(e @Ye 0 Z m,
meé

. . L y
where € is the set of the monomials occurring in M(e™ Ye 0Y0 /

Proof. To define an actionA of Ay (slg’j_l) on V(e®¢ YIZ OYO / '), we determine the

action of the subalgebras U; for all 7 € I. For that, let j €1 be such that j #1i.
The action of U; on V(e®*Y, (Y7, 1) is the restriction of the action of ou” J (slt 1)

2,070,
on V(e®¢ Y 0Yo. 1)(1) Furthermore we set for all /1 h and m € M(e™ Ye 0Y0 ¢
K- vm = gDy,

The definition of the action of O?AL,- (i € I) is independent of the choice of j € 1,

j # i: for m € €, the action of Ou”’f (slg’j_l) on the vector vy, is determined by

the sub-7Ij-crystal Ay, (m) of Jl/t(ew‘f YZ oYo E) and by the £-weight B/ (m). So
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the action of OiLi on vy, is determined by the action of ¢; and f, on m and by the
£-weight E;(m), which are independent of the choice of ;.

We show that this action endows V (e®*¢ YZ,OYO_,KI) with a structure of U (sltor 1)
module. We fix two indices i1, i, € I and we check the relations satisfied by OIL,I
and GfL,Z The indices i; and i, are in the same connected subset /; of the set
of vertices of the Dynkin diagram (j € I). By construction, the action of a, .
and 0u,2 are restrictions of the action of OILU J (1 ) on V(e®¢ YZ oYo Z) As

n+1
V(e®tY, Yy, ) () is a Ay o (slg’il) -module, the relations between %1 and U;,
are satlsﬁed and V(e™t YK oYo ‘ V) is a AUy, (sl“’r )-module.
By construction the induced ou” J (slt '+ 1)-module obtained from V' (e®* YZ o Yo /

by restriction is isomorphic to V(ewz Y, oYo. 1)(1 ) forall j €. Furthermore the
L-weight of vy, is E;(m) for the action of GILZ (i € I). So m is the £-weight of vy,
and the g-character of V(e™¢ e Yo, 15) is the sum of monomials occurring in

M(e® YZ oYo Z) with multlphclty one. O

Remark 4.5. Let us consider the case £ > r + 1. AM(e®¢ YZ’OYO_J} 41—¢) 1s @ mono-
mial crystal closed for £ = n. We show in the same way as above that there
exists also a Uy (slg’jrl)—module V(e®n Yn 0Yo.1 1) whose g-character is the sum of
monomials occurring in A(e®"Y, oYo i ) ‘with multiplicity one.

Actually this AU, (sltor - module is related to the previous one for £ =1 as follows.
We have defined an automorphism ¢ of the Dynkin diagram of type A( ) It induces
an algebra automorphism of U, (slﬁf_rH) we still denote ¢, which sends xi, i, kp
to xl(l) -, m: kiym (G € I,r € Z,m € Z—{0},h € h). Let us denote by
V(e™Y, 0Yo 1)t the AUg (sI | )-module obtained from V(ew" Y, Yo 1) by tw1st—
ing the action by t. Then we show easily that V(e®"Y, Y, ;)" and V(e"'rl Y, Y,

n,070, 1 1,070, 1
are isomorphic.

4B. Study of the extremal fundamental loop weight modules. In this section, we
study the U, (slmr 1)-modules V(e®*Y, Yo_,alle)’ where n = 2r + 1 is supposed to
beoddand { =1,norf =r+1. Wesetpzn—i— 1 or p = 2 respectively.
Proposition 4.6. The Ouq(sltor )-module V(e®tY, . oYo dy ) is integrable. More-
over, it satisfies properties (iii) and (iv) of Remark 2.5 wzth weight subspaces of
dimension one.

Proof. Assume first that £ = 1,7 + 1. The g-character of V(ew‘Z Ye Y0 / 1) is known:
this is the sum of monomials occurring in Jl(e™¢ Y 0Yo. 0.0 1) with mult1phc1ty one.
Furthermore one has the equality of /y-crystals

M(e™* Yz,oYo_,el) = |_| (fp,—é)k (ittry (e™* YZ,OYO_,KI ))-
kez



QUANTUM EXTREMAL LOOP WEIGHT MODULES AND MONOMIAL CRYSTALS 219

For all m € My, (e®*Y, oYo_el) and k € Z, wt((rp,_(;)k(m)) = wt(m) —ké. So to
prove that the weight spaces of V(e”¢Y, 0Yo_el) are of dimension one, we have to
show that the weights of monomials occurring in Jy,(e®*Y, OYO_ZI) are different

to each other. More precisely, it is sufficient to show that the sum

> e(wi(E%(m))) € P Ze(v)

medlry (€LY, 0 Y5 ;) vePo

is without multiplicity. This follows from the above results: it is the character of
the Uy (sl,41)-module Vo (Ay).
For all j € I, the representation V(e®tY,

i £,0
Ug” (sIi | )-module and we have

(7 V(e Y, o Yo DY =P Vo¥e,j4iep)?.
DEZ

Yo_,el) is completely reducible as a

As the representations V(Y jyp) are all integrable, it holds for V(e™¢ YZ,OYO_,el .
Furthermore V(e®*¢ Ye,oYo_,el) satisfies the stronger property (iv) of Remark 2.5: in
fact the representations Vo (Y, ;4 p) are all isomorphic as AUg (sl 1)-modules and
satisfy property (iv). Hence we have V(e™¢Y, (Y )v+Neg; = {0} forall v € P,
iel, N>O.

Finally, the case £ = n is deduced from the case £ = 1 by the (-twisted automor-

phism . O

Theorem 4.7. The U, (slg’i 1)-module V(e®* YZ, 0 YO_,al'g) is an extremal loop weight

_ H wy -1
module generated by the vector v, Yz.oYo_,t}e of L-weight e®tY, Y,

,0

£,070,dg”

Proof. We treat the case £ = 1, r + 1 (the case £ = n can be deduced from £ = 1 by
using ¥). The formulas in (7) imply immediately the third point of Definition 2.26.
The first two points are consequences of the following lemmas. O

Lemma 4.8. Let M’ be a sub-%, (§ln+1)-crystal of M. Assume V is a Uqy (§ln+1)-
module with basis (Vm)me satisfying

@) wt(om) = wt(m), (x;H® v, =1 and  (x7) ) vy = v 5

~J f‘l m

e;m
forallm e M',i € I and k € N, where vy = 0 by convention. If the monomial m
is extremal of weight M, then the vector vy, is an extremal vector of weight A.
Furthermore if the crystal M is connected, then the WUy (sl,+1)-module V is cyclic

generated by any vy, withm € M'.

Proof. Assume that m is extremal of weight A: there exists {1y, }yew such that
myg = m and

Giomy =0 and (f)PPD) iy, =mgy ifw)(hi) >0,

9) .
fimp =0 and (&) YA g =mg ) if wh) (ki) <O0.
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For all w € W, set vy = vp,,. By (8) and (9), {vy }wew satisfies vig = vy, and

xEovy =0 if £wA)(h) =0 and (x;)EYDED =y
Hence the vector vy, is extremal of weight A.

Assume that the crystal Jl’ is connected and fix m € M’. For m’ € A, there
exists a product s of Kashiwara operators such that s(m) = m’. Consider the
corresponding operator S € AUy, (§ln+1) at the level of V/, that is, S has the same
expression as s, where the operators é (resp. f k) are replaced by (x+)(k) (resp.
(x; )(k)) in the product (k € N,i € I) By (8), S(vm) = Vg(m) = vmr and the
U (sl,,+1) module V is cyclic generated by vy,. O

Lemma 4.9. Assume that{ =1, r + 1. For the action of Ouh (sltor 1) the L-weight
vector v 7Y, Yo € V(e™t E) is an extremal vector of weight wy. Fur-
thermore

EO 0
V(e™tY, Y5 ) = Uh(sIS ) - Vewey, ¥

Proof. Let us begin to show that the basis (vy,) of V(e®¢ YZ 0Y0 ;) introduced

in (6) satisfies the properties in (8). For all m € M(e™*¢ Ye oYo ¢ ) Uy 18 an £-weight
vector of £-weight m and wt(vy,) = wt(m). Fix i € [ and let j € I be such that
J#i. Asafly v.J (slt )-module, V(e®¢ Ye 0Y0 ¢ 1) is completely reducible (see (7))
and there exists k € Z such that vy, € VO(Yg J+k p)(f ). As the properties in (8) are
satisfied in Vo (Y, ; +kp)(f ) (Proposition 4.3), it holds on v, fori € I.
From there the result is a direct consequence of the above lemma and the fact that
e@e Ye,oYo_,ﬁl is extremal in the connected crystal JM(e®*Y, . 0Y0 ¢ 1) (Theorem 3.4).

O

Proposition 4.10. The U, (slifil) -module V(e®tY, . OYO dy ) is irreducible and is a

simple Ouh (Sltor 1)-module. Also, Res(V(e®'Y, Y0 dy )) is isomorphic to V(wy).

Proof. Let V be a nontrivial sub- ouh (slt '+ 1)-module of V(e®*Y, Y0 d ). As
the weight spaces of V(e®tY, Yo dy ) are all of dimension one, there exists m €
M(e™¢ Y(i oYo d, ) such that vy, ev. By Lemma 4.8, vm generates V(e™®*¢ Ye oYo. de)
and V = V(eere Y0 Yo dy ). Hence V(e®*¢ Y0 Yo dy ) is simple as a Ouh(sl“’r -
module and as a qu (sl;oil) -module. Furthermore Res(V(ewf Yl oYo dy )) is an
integrable AU, (sln+1) module generated by the extremal vector

v _
e7tY, o You dy

of weight @wy. Then by Theorem 2.13, Res(V(e™¢ YZ,OYO_,al'g)) is isomorphic
to V(wy). O

Some readers may expect that the Uy (sl“)r )-module V(e®tY, Yo_al’e) can be
obtained from the extremal weight module V(@) by an evaluatron morphism, but
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this is not the case for the following reasons (which generalize arguments given
in [Hernandez 2009]): Res(V(e®¢ Y(i 0Y0 d )) is isomorphic to the qu(sl,,“)
module V(). In particular,

Tp,—5: V(we) = V(@) vm > Vg, _s(my Torallm e M(e®t YZ’OYO_’JK)

is a %q(§1n+1)’—aut0morphism of V(wy) (with p=n+1lorp=2ifl=1n
or { = r + 1 respectively). If V(e®* YZ,OYO_,alIg) is obtained from an evaluation
morphism qu(slifj_l) — qt (sl;fil) 7,,—s should induce an automorphism of
V(e®tY, Yo dy ). But it does not commute with the action of the x . hj, for
iel and reZ— {0}. In the same way, V' (e®* Ye oYo d, ) can not be obtamed from an
evaluation morphism U (1) )~ Uy’ J (sL 1) (j €I). In fact, V(e™tY, o_c} )
is completely reducible as a Ou“ J (slt '+ 1)-module and is a direct sum of fundamental

modules (see (7)). Butitisa snnple qu (slﬁfj_l) -module.

Remark 4.11. Let us denote U, (slt 1)’ the quantum toroidal algebra Wlthout
derivation element, that is, this is the subalgebra of AU, (sl“’r 1) generated by x
(Gel,reZ),himicl meZ—{0}) andky (he)_ Qh;). An automorphism \IJ
of Uy (sltor ;)" which exchanges vertical and horizontal quantum affine subalgebras
is defined in [Miki 1999]. Denote by V(ewﬁY Yo dy )Y the AUy (slt 1)/ -module
obtained from V(e®*Y, Yo ) by twisting the action by W. It would be interesting
to determine if V(e®*Y, Yo d )Y is already known, for example if it is of £-highest
weight. Actually this 1s not the case: for the vertical quantum affine subalge-
bra Uy (slt"r 1), it is an integrable and cyclic module which is reducible. Further
as a Ouh (sltor 1)/-module, it is a completely reducible, direct sum of irreducible
finite- dlmensmnal representations. So V(e™¢Y, 0.0 Yo, dz) cannot be an £-highest
weight module or an £-lowest weight module.

From now on, let Jl;, be a subcrystal of .y over Ug(sl,41) (resp. M’ subcrystal
of M over Uy (§ln+ 1)). Let us consider the vector space V' with basis (vy,) indexed by
the vertices of Ly, (resp. .Il"). We define an action of Uy (sl 1) (resp. Uy (sl“’r »))
on V by the formulas

+ ;(m)—1
X7 om = q"pitm )Ue~,--m’

- qr(q,-(m)+1)

a s Vi
Bites vm = £(q—q ") (@i(m)g =W TD —g; (m)g =P M=)y,
koo = B,

withr € Z,s>0,i € Iy (resp.i € I) and & € by (resp. i € h), and where vy =0
by convention. Note that p;(m) is well defined only if &; () > 0 or equivalently if
é;-m # 0 and ¢; (m) is well defined only if ¢; (m) > 0 or equivalently if j~”, -m # 0.
Then, these expressions make sense.
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Theorem 4.12. (i) Setn e N*, 1 <{ <n. Assume that My = Mo(Yy x). Then the

Sformulas in (10) endow V with a structure of Ug (sln_H) -module isomorphic
to the fundamental module Vo (Yy i ).

(ii) Assume thatn =2r +1isoddand £ =1,r + 1,n. Set M' = M(e™* YZ 0Y0 dy ).
Then the formulas in (10) endow V with a structure of Uq (sl}fj_l) module
isomorphic to the extremal fundamental loop weight module V(e®*Y, 0Yo_ée).

Proof. The action of the horizontal quantum affine subalgebra and the action
of the Cartan subalgebra are known on the basis (Vm)me for the Uy (sl,41)'-

module Vo (Y x) and for the Uy (sI | )- module V(e®tY, Y1) From (1) it is

n+1 £,070,d,
straightforward to deduce the action of the x . on these modules (r € 7). We obtain
the formulas in (10) given only from the Correspondlng monomial crystal. O

Remark 4.13. In [Hernandez 2011], the algebra WU, (§loo) is introduced as the
quantum affinization of Uy (sleo). It is defined by the same generators and relations
as in Definition 2.15 with the infinite Cartan matrix C = (C;,;);, jez such that

Cii=2 Ciiy1=-1, GCGyi=-1, C;=0

if i —j ¢{—1,0, 1}. The representation theory of U, (sAloo) is similar to the one
of AUg (sl“)r 1): the simple £-highest weight modules are parametrized by Drinfeld
polynomials. In particular, the fundamental modules can be defined and they are
the inductive limit of the fundamental modules for the quantum affine algebra
AUy (§ln+1)/ when n — oo (see Theorem 3.8 and Proposition 3.11 in [Hernandez
2011]). So, the previous results about the fundamental modules of U, (§1n+1)’
extend directly to the case of the fundamental modules of U, (§loo).

Remark 4.14. As we have said, relations between monomial crystals and the
set of monomials occurring in the g-character of representations are known and
have combinatorial origin (see [Hernandez 2011; Hernandez and Nakajima 2006;
Nakajima 2003]). The above results, in particular Theorem 4.12, give one way to
better understand the representation theoretical meaning of this narrow link expected
in [Hernandez and Nakajima 2006]. In fact, the formulas in (10) hold for all the
fundamental U, (§ln+1)/ modules V(Y x) and for all the extremal fundamental
loop weight U, (sltor )-modules V(e®tY, YO_’;K). Hence the knowledge of these
representations is reduced to the one of the corresponding crystals Jilo(Yy x) and
M(e™e Y, OYO_’C}Z) respectively, which is totally combinatorial.

Example 4.15. Assume that # = 3 and £ = 1. We study the extremal fundamental
loop weight module V(ew1 Y, Y1) for ¢ (sly"). Let us consider the monomial

1,010,1
crystal M(e™! Y oY, ) It is closed and p = 4 in this case. Using the notation
introduced above, ‘é = |_| €0,k and we have
kez

_ -1 —1 -1 -1
0,0 = {e Y 0%, Y2,1Y1,2vY3,2Y2,3’Y0,3Y3,4}-
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€0,k can be obtained from € o by applying 74 _s. In the same way, we obtain
€,k by applying ¢’ +ak o €0,0- Then the g-character of the extremal fundamental
loop weight module V(e®'Y, oYo_ll) is

—1 —k$ -1 -1
XaV(E™Y oY1) =Y (€7, Yo lar + Yo isar Y s vk

kez -1 —1
+ Y3,2+4kY2,3+4k + Y0,3+4k 3,4+4k)'

Furthermore the action is explicitly given by the crystal Al(e®'Y, Y, 0_11) and by
the formulas in (10). This module was already constructed in [Hernandez 2009].

Remark 4.16. After this paper appeared on the arXiv, the constructions in [Feigin
et al. 2013] were brought to our attention by H. Nakajima: some representations
over the d-deformation U, 4 (sl;f_rH) of the quantum toroidal algebra are obtained
as the quantum version of a module over a Lie algebra of difference operators. They
are called vector representations in [Feigin et al. 2013]. Our works give another

way to define these representations. Actually, let
@ Ug (s ) — Uy (s )

be the map sending x - him,kp to X himkp(iel,reZ meZ—{0},heb).

ir’ ir’
This @ extends to an isomorphism of algebras. For u € C*, let

[V(e™! YLOYO_,II lu

be the WU, (slif_ri_l)—module obtained from V(e®! Y1,0Yo_,11) by twisting the action by
lyg—1 © @. Then [V(e®! Y1,0Y0_,11)]u is isomorphic to a vector representation where
we specialized the parameter d at 1 (this representation is denoted by V@ () in
[Feigin et al. 2013]).

Example 4.17. Assume that # =3 and £ = 2. Let us study the extremal fundamental
loop weight module V(e®2Y, 0Yo_zl) of AUg (sly"). Consider the closed monomial

crystal M(e™2Y, ,Y,,)- In this case, p = 2 and we have

w5 —1 —1 —1 —1
% {" Yy 0Y0,2: Y11 Y20 Y31 Y05, Y11 Y33 }
0,0 = .
: —1 y—1 —1 —1
Y3,Y 5. Y13Y5,Y33Y0,5 V2 4%,

To describe all the monomials occurring in M(e®?Y, 0Yo_zl), it is sufficient to
consider only the sub-/yq 13-crystal

2 3
—1 —1 —1 —1
YZ,OYO,Z Yl,1Y2,2 Y3,1YO,2 Y1,1Y3,3
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and to apply the 8-twisted automorphism ¢ (Remark 3.20). The g-character of
V(ewZY2 0Yo.. 2) is

xg(V(e™? Yz 0 Yo_z1 )

— wr— k5 -1
Ze Yz 2kYo 22k T Y1142k Y2 042k

kez 1 — _
+ Y3 140k Y0242k T 11 3+2kY3 1426 T 13, 1+2kY1 342k

+ Yl 3+2kY2 242k + 3, 3+2kY0 242k + 2, 4+2kY0 2+2k)

and the action of U, (sl“’r) on V(e®?Y, , Y. ) is explicitly given by the crystal
M(e®?Y, 0Y0 2) and the formulas in (10)

4C. Finite-dimensional representations at roots of unity. The existence of shift
automorphisms for A (e™*¢ Ye’0 YO_’;Z) is related to finite-dimensional representations
of quantum toroidal algebras at roots of unity. We explain that in this section.

So assume that n =2r+1lisodd (r >1)and £ = l,n or £ = r + 1. In this
case Jl(e™¢ Ye 0Y0 d, ) is closed and its automorphism z, has the special form of a
shift 7_, 5 with p =n+1or p =2 respectively.

Set L > 1 and € a primitive (pL)-root of unity (we assume also that p # 2 or
L > 1 in the following). Let U¢(sly", )’ be the algebra defined as Uy (sly, ;) with
€ instead of ¢ (without divided powers and derivation element).

For N € N*, let

Iy : Z[Y, l]lGI IGZQZ[Y ]lejjez/Nz

be the map defined by sending the variables YjEl to YﬂEl (iel,leZ).Set¥c the
image of a monomial set f by I'¢,1).

Consider the monomial set €. By the existence of the shift automorphism z_, 5,
we have

te= || (@-9" 00

0<k=<L-1

with j € I. One checks easily that € is closed.
Specializing the representations V(e®¢ Ye,oYo_,ée) at a root of unity €, we obtain:

Theorem 4.18. Assume that € is a primitive (pL)-root of unity. There is an irre-
ducible VU (sltor ) -module V(e®tY, Y0 dy )e of dimension L("+1) such that

Xe(V(e™ Yy o Yo u)e) = Y m.

meée

Furthermore there exists a basis (vm) of V(e®*Y, OYO_;Z)G indexed by €¢ such that
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the action on it is given by

+ . — 1(pi(m)—1)
Xip - Um =€ ’ Véim’
. vm —_ Er(ql(m)+1)v];m’

¢iﬂ,tis U = £(e—e (g (m)eEs@i M+ _ o (7) e (pi (m)—l))v

kiE vy = eF@im—eim),

xi,r

m’

5. Extremal loop weight modules for A, (sl:l"_:_l)
when the considered monomial crystal is not closed

In this section, we still assume that » = 27 + 1 is odd and we discuss the case where
the considered monomial crystal Al is not closed. It is not possible here to construct
an integrable module whose g-character is a sum of monomials occurring in J’.
In fact some monomials miss and we have to consider a larger closed monomial
crystal AU’ containing it. It is obtained from Jl’ by adding other monomial crystals.
But its structure is more complicated than J" and it is difficult for us to construct
systematically a possible representation of AU, (slg’_ri_l) associated to L.

So we propose to treat an example of such a construction. Assume n = 3
and consider the crystal J((e2™! Y Yl,—lYo_,zl Yo_,(;)’ which is not closed. We
determine a closed monomial crystal Jl(e2®! Y1,1Y1,—1Y0_,21 Yo_,(}) containing it
and we construct a representation V(e2®! Y1,1 Y1,—1 Yo_,zl Yo_,ol) of Uy (slffr) such
that its g-character is the sum of monomials occurring with multiplicity one in
M(e?™1 Y1,1Y1,—1Y0_,21 Yo_,(}) (Theorem 5.6). We will see that the definition of
extremal loop weight module is satisfied by V(e2®! Y1,1 Yl’_1 Yo_,zl Yo_,ol .

Section SA, we study the crystal Jl(e2®! Y, Y, _, Yo_,zl YO_’I) and determine a
closed monomial crystal .il(e2™! Y Y YooY, ), containing it.

The construction of the U, (slfr)—module V(e?™ Y1,1 Yl,—l Yo_,zl Yo_,(}) is done
in Section 5B. The process is the same as in the preceding section: we consider
the vector space freely generated by the vertices m of Al(e2>®! Yl,l Yl’_1 Yo_,zl Y, 0_,3
and we define an action of AUy (slfr) by pasting together some finite-dimensional
representations of the vertical quantum affine subalgebras OILZ’J (sl‘fr) (jel).

In Section 5C, we study the representation V(e2®! Y Y YO_,zl Yo_,ol : it is
an integrable representation of AU, (slffr) which is thin and irreducible. Further-
n;ore V(e?*™1 Y1,1_ 11’1’__11Y0’21 Yo,(}) is an extremal loop weight module of £-weight
=Y Y Yo, Y0,

In Section 5D, we specialize ¢ at roots of unity €. We get finite-dimensional

representations of the quantum toroidal algebra AU (slffr)’ .

Remark 5.1. It could be interesting to construct other extremal fundamental loop
weight modules of £-weight ¢®*Y, oYo_el with 2 < £ <r in the same way. The first
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crystal M(e®*Y, oYo_el) which is not closed is obtained for n = 5 and £ = 2. We

are led to consider the closed crystal

M(e™? Yz,OYo_,zl) = M(e™? Yz,oYo_,zl) ® @ M(ezAl s Y 1Y _iyes Yo_,z1 Yo_,sls)’
seN*

which contains JM(e®2Y, 0Yo_zl). The maps ¢ and 74,5 are automorphisms of it

and the P -crystals

M(eszz,oYo_,zl)/(T@—Z&) and M(ezAl_S5Y1,1Yl,—1+6sYo_,21Yo_,sls)/(fa—Zé)

have 30 vertices and 36 vertices respectively.

The example we propose to treat in this section is simpler than the case of the

extremal fundamental loop weight modules and we focus only on this situation for
the sake of clarity and simplicity.
SA. Study of the monomial U, (§l4)-crystal M(e?®1 Y1,1 Yl,—IY()_, ; Y(; 3). We
refer to the Appendix for explicit descriptions of all the crystals considered in
this section. Let us study the monomial crystal J((e2™! Y1,1 Yl’_1 Yo_,zl Yo_,(;): the
maps ¢ and 74 _,s are automorphisms of M(e?™1 Y Yl,—lYO_,zl Yo_,(;)' Further
straightforward computations lead to the following result.

Proposition 5.2. (i) We have the equality of sets
M(e*™ Y Y Yo_,z1 Yo_,ol)

3
k -1 -1
= J @) (U My Yig it i Y145 Y 24 Y55 ))-
kez j=0
. . . _1 _1 .
(ii) Forall j € I, the monomial crystal My; (Y1+j,1+j Y1+j,—1+ij,2+ij,j) is
Ij-q-closed. More precisely, we have the bijection of monomial sets
B/ g (Y

Y, YY) — M(Vo(Y1,145 Y1 —14) ),

i1+ 1), =1+ j 24T,

where Vo(Y1,14jY1,—1+)) is the simple {-highest weight representation of
WUg(sls) of L-highest weight Yy 14 Y1 —14 ;.

. . -1 y-1y;

(iii) Forall j € I, the I]-crystal My; (Y1+j,1+jY1+j,—1+ij,2+ij,j) is not q-
closed: the monomial ¢’ (Y, _, Y3_51 Yo_(; Y, ,) occurs in this crystal, but it is

not the case of ¢’ (Yl,_1 Y3_’51 Yo_,(} Yo4- Ag—1) = Y (Y1,5 Y, Yo_,61 Yo_,ol i

: 2w +6 —1y—1 :
Hence, we are led to consider the crystal (e?>@1 T Y1,1 Yl’_ 5 Y072 Yo, 4)» which

is also not closed. More generally we have to deal with all the monomial crystals
MEFTHSY Y] Yo Yo las) withs € N. We set
(e Yi Y Yo_,z1 Yo_,ol) = @ (eI Hs8 Vi Y14 Yo_,z1 Yo_,l4s)-

seN
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For all (k,s) € ZxNand j € I, denote by
. M},k,s the sub-/;-crystal of M(e2™1+s8 Y1,1 Y13_1_4SY0_’21 Yo_,l4s) generated

ol 4J 4k (2w +s8 —ly-1
by the monomial ¢ (GRS FIFD FETN ('S (X
2
Mk,

, the sub-Ij;-crystal of M(e2™1+s8 Yl’1 Y13_1_4S Yo_,zl Yo_,l4s) generated
: j+4k -1 —1
by the monomial ¢/ (Yl’1 Yl,_3_4s Yz,—4—4s Yo,z .
Proposition 5.3. (i) Forall s € Nand j € I, one has the equality of I;-crystals

2 8 —ly=1 ; ;
M(e?P1Ts YY) oasYo Yo, as) = ®(Mj,k,s O M g s)-
kez

(ii) Forall j €1,k € Z and s> 1, the monomial crystal M; j s = M},k,s@sz',k,s—1

is Ij-q-closed. More precisely, we have the bijection of monomial sets

B/ Mg — M(Vo(Yl,l+j+4kY1,—1+j+4k—4s)(j)),
where Vo(Y1 14 j 44k Y1,—14j+4k—as) is the L-highest weight representation
of Uy (sla) of L-highest weight Y1 14 j 4k Y1,—14 j+4k—ss-
The proof of these statements is straightforward. As a consequence of these
results, we have:

Corollary 5.4. The monomial crystal M(e>™! Y Y, YO_Z1 YO_(%) is closed.

Proposition 5.5. J((e*®! Y, Y, _, Yo_zl Yo_ol is a monomial realization of the P-
crystal B(2wy). Further, the monomials My = ¢*>™1+58 Y Y s Yo_zl Y0_14s
are extremal of weight 2wy + s6 (s € N).

Proof. The monomial crystal M(e>™! Y121 Y0_22) is isomorphic to the connected com-
ponent of B(2w|) generated by v,4;, [Hernandez and Nakajima 2006, Proposition

3.1]. One checks that the map
M(e>™ 50 Yy 1Y) J1_as Yo_,z1 Yo_,l4s) — M Y12,1 Yo_,z2

which sends the monomial M, to the extremal element 2?1 Y12’1 Y()_’z2 is an iso-
morphism of P-crystals for all s € N. Then the result is a direct consequence of
the description of the crystal %(2w) given in [Beck and Nakajima 2004]: all the
connected components of $B(2w1) are isomorphic to each other modulo shift of
weight by §. O

5B. Construction of the U, (slf;’r)-module V(e?™1 Y1,1 Y1,—1 Y(; ; Y()_, 5). Let us

give the main result of this section.

Theorem 5.6. There exists a thin representation of Ug (slffr) whose q-character is

the sum of monomials oczcurring in ./l/L(ez’Ilfl Y, L Yl’_1 Yo_,zl Yo_,(}) with multiplicity
. - ly—

one. It is denoted by V(e Y Y 1Yo, Yo ).
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The construction of V(ezwlY Y, Y_ _0) is analogous to the one of
V(e™tY, Y0 e) in Theorem 4.1: we paste together the finite-dimensional repre-

Sentatlons Vo¥1i4 44k Vi —14j+40)Y and Vo(Yi 1414k Y1—14)+4k—a5)
of Uy’ ](sltor) with j € I, k € Z and 5 € N*.

Let us begin by recalling some well-known facts about the Kirillov—Reshetikhin
module Vo(E°(M)) over AUy (sly)’ with M = ™'Y, | ¥, Yo Y. Itis irre-
ducible as a U (sl4)-module, isomorphic to Vo (2A1). In partlcular VO(HO(M )) is
an extremal weight module of extremal weight 2A; and there exist vectors vy (ar)
(j =0,...,3) such that vy is an £-highest weight vector of V,(E°(M)) and

(Xi_,o)(z)'v¢i—l(M)=U¢i(M) fori=1,...,3,

(xl-—i_o)(z)'v(pi(M):Uq&ifl(M) fori=1,...,3,
x;fo Vi) =0 in the other cases.
Set
Vim =X10°UM, Vi FM =X ,0X1,0° UM ViR M =X3.0%5,0X1,0° UM
Vi) T X2,0 V0MD: V7 fogary P Y3,0%2,0 Ve (M)
Uj;3_¢2(M) = X3_,0 . U¢2(M).

These vectors form a basis (vy,) of Vo(E°(M)), indexed by the monomials occur-
ring in JMy,(M ). Furthermore for all m € Ay, (M), v, is an £-weight vector of
¢-weight 2°(m).

The other finite-dimensional representations of U, (sl4)” we have to consider
are Vo(E0(My)) with My = 2™ H50y, Y, |, Yil¥s!, and s € N*. The
following two points are well known:

(i) Vo(BO(My)) is an irreducible AUy (§l4)’ -module isomorphic to
Vo(Y1,1) @ Vo(Y1,—1-15)-

(ii) Res(Vo(E®(My))) is a completely reducible AUy (sl4)-module isomorphic to
Vo(2A1) @ Vo(A2).

Furthermore there exist vectors Vpi(my) (J=0,...,3) such that vy, is an £-highest
weight vector of V(E°(My)) and
(xi_,O)(Z)'U(ﬁi_l(Ms) = U¢i(Ms) fori = 1,...,3,
(x?—o)(z)'vqb"(My) :U¢i71(MS) fori = 1,...,3,

xi:f:o Vi (ay) =0 in the other cases.

To complete this family of vectors to a basis of Vo (E°(M)), the following example
is used.
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Example 5.7. Let a,b € Z be such that ¢ #% b and a # b £ 2. Consider the
Ug (slz)’-module Vo (Y7 ,Y; p). This module was already studied in [Hernandez
2010]. We have

_ -1 -1 -1 -1
Xa(No (Y1 oY1 p) =Y, oY)y + Y, oY + Y oYy + Y a0 Y p4s
In particular, it was shown that there exists a basis

v , Uy —1 , U -1, Uy—1 —1 ,
{Yl,aYLb Yl. +2Y1,b Yl,aYl,b+2 Yl, +2Y1,b+2}

where the action of the Drinfeld generators on it is given by

+
X' =0,
RS 9% 9
X, -V =
rOTY Y
b—1 a+1 b+1 a—1
9" " —q g @Dy, T g +Dy .
qb — qa Yl.a+2Yl.b qb — qa Yl,aYl,b-l-Z,
+ _ r(a+1)
X Uy — = v ,
r Yl.al-i—ZYl,b 4 La¥ip
— _ r(b+1)
X, *Vy— = Vy—1 -1
r Y Y q Lat+2Y 1 h42
+ _ ,r(b+1)
X -V -1 = v ,
Y WY pgo q Lat1.p
— _ r(a+1)
X, -V -1 = Vy—1 v—-1 ,
r Yl,aYI,bl-i-Z q Yl,a+2Y1.bl+2
+
X vy— -1 =
r Y a2 Yipgo
b—1 a+1 b+1 a—1
q —q qr(b+1)v . + q —4q qr(a+1)v .
qb — qa Yl.a+2Y1.h qb — qa Yl.qu,h-i-Z ’
X, *Vy—1 - =0,
r Y a2 Yipgo
and with v, of £-weight m for m = Y1 aYI b Y1_¢11+2Y1_b1+2' Note that the
basis used in [Hernandez 2010] is renormalized here and we have
—(2) — +1(2) —
X v = Uy— -1, (x cVy— -1 = .
( 0 ) Yl,aYl,b Yl, 1+2Y1,b1—i-2 ( 0 ) Yl,al+2Yl,bl+2 Yl,aYI,b

As a # b =2, itis well known that the Uy, (§12)/ -module Vo (Y7 4Y] ) is isomorphic
to Vo(Y1,4) ® Vo (Y1 ). Furthermore the U, (sl )-module Res(Vo (Y7 4Y7 p)) is not

irreducible, but it is cyclic generated by one of the vectors vy, , orvy-1 y

Y hto La+2¥1p
1 _ y—1 —1 2 _ —1 —1

Set My = Y3V, 1 _4Y,,Yg 4o and Mg =Y, Y|, Y, ,Y;,. Let

Upg1 and v M2 € Vo(E®(M)) of L-weight M} and M2, respectively, be such that

—2—4 4 —4 2
X g = ' —q q " —q
1,0' s T 11— ; —1—

q 1 4s_q3 K; q 1 4s_q
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Set
VE My : 5CZ,O'UMs'v” V7 f-MY : 563,05C2,0'UM5
2 My 32 M

with u = 1, 2. In the same way, one can define

Vo) Vigary A4 Vg2(ar
for u = 1,2. We check that these vectors form a basis (v,;) of Vo(E®(My)),
indexed by the monomials occurring in g o,s. Moreover v, is an £-weight vector
of £-weight E°(m) for all m.
By twisting the action of AU, (§14)/ on Vo(Y1,1Y1,—1) and Vo(Y1,1Y1,—1—45) by
6) and 1, for some b € C*, we obtain for all j € I,k € Z and s € N*

e the %Z’j (sly")-modules VO(YI,1+j+4kY1’_1+j+4k)(j), called modules of
type KR below;

e the %Z’j (slfr)-modules VoY1, 14j+4kY1,—14) +4k—4s)(j)’ called modules of
type s-TP below. The modules of type s-TP for various s € N* are called
modules of type TP.

From the construction done above, we get bases (v;;) of these modules indexed
by the monomial crystals Jy; (¢j+4k(Y1,1Y1,—1Y0_,21 Yo_,(})) (resp. JM; k,s) with
analogous properties as the previous ones. In particular, the action on a vector vy,
is completely determined by the action of the horizontal quantum affine subalgebra
on it and by its £-weight m.

We begin the construction of the U (s1y")-module V(e*®! Y, Y Yo_,zl Yo_,ol )

Denote by € the set of monomials occurring in M(e*™'Y, | Y, _, Y, ¥;7) and for
all jel,keZandseN* €; o (resp. €; i s) the set of monomials corresponding

to Mjl',k,o (resp. JM; k,s). We have forall 0 < j <3,

e=||erou || @s

kez keZ,seN*
Let

V(EX™ Y, Y, Y5, Y00) = @ Cum
me¢
be the vector space freely generated by €. For 0 < j <3, k € Z and 5 € N*, set
Vk(j) = Dmes; o Com (resp. Vk(,Js) = @mes; ., Cvm)- Then forall 0 < j <3,

Ve, Y, Yy =@vPe @ v
kez keZ,seN*

We endow V(e2@1Y 1Y Y0_21 Yo_(;) with a structure of ﬂLZ’j (slyr)-module

for all j € I as follows: for k € Z and s € N*, Vk(j) (resp. Vk(]s)) is isomorphic to
Vo(Y1,14j+4k Y1,—14j+4K) Y (resp. Vo(Y1 14 j+4k Y1,—14)+4k—a5))) by iden-
tifying the corresponding bases. So Vk(j (resp. Vk]s ) is endowed with a structure
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of %Z’j (sly")-module, and V(ezw1 Y, Y 1Y 1) also by direct sum. We
denote it by V(e?@1 Y Y 0_2 0. 0 Jl)

Proposition 5.8. There exists a Uy (sltor) module structure on the vector space
V(eX™1Y, Y, _ Yy A Y5 by such that forall j €I the induced Uy (s )-module
is isomorphic t0 V(ezw Y Y Y, 21Y0 (})(1). Furthermore the ¢- character of
V(™Y Y, Yy ;YO(;) is

Xq(V(e*™ Y4 Yl,—lYO_,21 Yo_,(i)) = Z m,
meé

Y- ly—h.

2w
where € is the set of monomials occurring in M(e Y Y 1Y, Y00

Proof. The process is the same as in Theorem 4.1: to define an action of U (slmr)
we determine the action of the subalgebras %, for all i € I. For that, let j € 1
be such that j # i. Then the action of 9l; on V(e2®! Y, Y Y 21Y0 o) is the
restriction of the action of Uy’ J (sly") on V(e?™1 Y Y Y 1Y 1)(f ). We check
that this is independent of the choice of j #1i.

Let us show that this action endows V (e>®! Yl’1 Y, Y, 1y ~1) with a structure

—170,270,0
of AUg (slffr)—module. For that, we have to distinguish two types of monomials:

-1

o the m such that there is no s, 5" € N with s # 5" and m € €; x s N €/ s o for
some 0 < j, j’ <3 and k, k" € Z. For such a monomial, the defined action
on vy, comes from the same type of modules, that is, only of modules of type
KR or only on modules of type s-TP for one s € N*;

o the m such that there is s, 5" € N with s # 5" and m € €; s N €/ g ¢ for
some 0 < j, j' <3 and k, k’ € Z. For such a monomial, the defined action on
v, comes from two different types of modules, that is, of modules of type KR
and of type TP or of modules of type s-TP and of type s'-TP with s # s’.

For the first ones, the same process as in Theorem 4.1 (using promotion operator) im-
plies that the defining relations of Ug (s1y") hold on it. For the other ones, this is more
complicated. Such a monomial is of the formm = ¢/ T4k (v, |, Y; 4 Yy, 4Y0_ as)
with 0 < j <3,k € Z, s € N*. The promotion operator 1mphes some relations
on vy, but not all and we check directly that they are satisfied. We do not detail the

calculations here. O

5C. Study of the U, (sI")-module V(e*™ Y, 1Y 1Y ;Yo o)

Proposition 5.9. The U, (sly")-module V(e?™1 Y Y 1Yo, 1Y 1) is integrable.
Moreover, it satisfies property (iv) of Remark 2.5.
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Proof. For all j € 1, V(e?™1 Y, Y, —1Y0_21 YO_(}) is completely reducible as a
Uy (sIiY% )-module and we have

(A1) V(™Y Y, Y Yo )P = B VoY1 14 j+arYi—14j+4k—as) .

seN
kez

The representations occurring in the direct sum on the right-hand side are integrable.

Hence V(e?™! Y, Y, _1Y0_21 YO_(;) is an integrable U, (sl;f_ri_l)—module. Further-

more the modules of type KR are all isomorphic as U, (sl4)-modules and satisfy
property (iv) of Remark 2.5; the same is true of the modlules of type TP. Therefore,
we have

V(E™Y, Y, Yo, Yoo)viNa =10} forallve Piel,N>0. O

Remark 5.10. The weight spaces of V(e?@1Y, | Y, _,Y;} Y1) have infinite di-

mension and property (iii) of Remark 2.5 does not hold. However its £-weight
spaces are all of dimension one.

The main result of this section is the following:

Theorem 5.11. Set M = ™! Y, Y, Y0_21 Yo_(}' The representation V(M) is

an extremal loop weight module generated by the vector vps of £-weight M.

Proof. The third point of Definition 2.26 is a consequence of (11). For the first two
points, we use the following results. O

Lemma 5.12. Let V be a g (§ln+1)-m0dule with basis (Vi) meay indexed by a
subcrystal M of M. Assume that M € M is extremal of weight wt(M ) and for all
ielandmeW - -M,

wt(vy) = wt(m), xidE ‘U =0

and
(xl?F)(iwt(m)(hi)) U =8, my I £ wt(m)(h;) = 0.
Then vpg is an extremal vector of weight wt(M).

Proof. The proof is analogous to the one of Lemma 4.8. O

Corollary 5.13. Set
My = > +S6Y1,1Y1,—1—4sY0_,21 Yolss (€N

Then vy, is an extremal vector of V(e?™1 Y Y;i’_l YO_,zl Yo_,(;) of weight 2wy + 56
. t
for the horizontal quantum affine subalgebra Wy (sl,").
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Proof. By construction of the basis (v,;) of V(e?™! Y1,1Y1,—1Y0_,21 Yo_,ol)’ we

have wt(v,,) = wt(m) for all m. Furthermore a monomial in W - M; is of
the form ¢/ 4K (My) with j € Iy and k € Z and we have wt(¢/ T4k (M;)) =
2Aj 41 —2A; —2k6,

(x;fo)(z) “Vgpitak(My) = Vgi—1+4k(My) = VS; (¢) T4k (M;))»

)(2)

(Xj41,0)7 - Vgpitak (M) = Vgi+1+4k(M,) = US; 4 (91 +4K (M)

xii Vgitak (M) = 0 in the other cases.

Hence the hypotheses of the above lemma are satisfied and vpy, is extremal of
weight 2@y + 8 for the horizontal quantum affine subalgebra %3 (s1y"). O

Proposition 5.14. The representation V(e?>™! Y, Y, Y0_21 YO_(}) is cyclic as a

oug (slﬁfr)-module generated by the vector v =V 2w, Y Y, Yolvgd

Proof. Consider the sub—cll,g (slﬁfr)—module V' generated by v. By construction of
the basis (vy,) of
V(™ Y Y Yo_,z1 Yo_,(; )

2w —1y-—1 :
U € V for all m € M(e Y1,1 Yl,_1 Yo,z Yo,o ). By a recursive argument, assume

for one s € N we have vy, € V for all m € M(e2™1 %Y, Y, Yyt )

—1—4:70,2 " 0,—4¢
with 0 <¢ <'s. In particular vy, Yol Yok, is in V and by Example 5.7,
B 48

,—1—4s

Y—lY—l € V

Xg o'V
0,0 Y. —1—4570,6 7 0,—4s

—1 -1 =V, 2w— 1)8
l—1-4sY3.5 Y0.4Y e?™1— (D Y, sY,

0.—4s

In the same way

v 1 —1 and Vi 2w —(s+1)8 —1y—1
oK (Y) _1_a5Y35 Y040 1ay) PF ™16ty oY) 4 Yo i Yoty

are in V for any k € Z. All v, with m € M(e*>™ =6+ Dy oy, ¥ ly, L, )
can be obtained from these vectors by action of Oug (sIy"): this is straightforward

from Example 5.7 and the construction of the basis (vy,). d
Proposition 5.15. The Uy (s15")-module V(e*™1Y, | Y, _ Y52 Yy a) isirreducible.

Proof. Let V be a nontrivial sub-QU, (slaor)—module of V(e2@1 Y, Y, _, Yo_zl YO_O1 .
As the £-weight spaces are of dimension one, there exists s € N and a monomial
m € M2y Y, |, Yo Yot,,) such that vy, € V.

If s = 0, we have already shown that V(e*™'Y, Y, _ Y5 Ys7,) is cyclic

0,270,
generated by vy, and V = V(e2@! Y, Y, _

Yo, YO_(}). Assume that s € N*. By
Example 5.7 and the construction of (vy,), there exists x € Ong (s1y") such that

XV =V, 2w +s568 —1ly—1 .

m eIV 1Y) 1 _as Y02 Yo —as
Furthermore

Wy - V,20 +s8 —1y—1

17 Ye2mits Y Y s Y02 Yo —as
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is the simple £-highest weight 0&1 -module of £-highest weight Y 1Y _j_45 and
there exists y € AUg(sly") such that
YoUm =y Yl Y, 4 Yos
- —1 2wy +(s—1)8 ly—
with ¥, Yl 1—4sV2—45 Y0, € M(e” 6= YooY s 1)Y02Y —4(s— 1)
Repeatmg this argument, one shows that the vector v 2w1Y Y YA Yl isin V.

By the above proposition we get -

2 —1y—1
V =V(e™! Yl,lYl,—lYo,z YO,O)' O
Proposition 5.16. The %q(§l4)-module Res(V(e?™1 Y Y Y 21Y0 (})) has a
crystal basis isomorphic to B(2w).

Proof. Set K = C(q) with ¢ an indeterminate and let A be the subring of K
consisting of rational functions in K without pole at ¢ = 0. We normalize the
basis (vy,) of the C(g)-vector space V(e2®! Y, | Y, Y, 1y =1 as follows. For all

{ -170,270,0
m e M(e>™1 Y Y Y, 21Y0 (}) let wy, be the vector defined by wy, = (1/q) vy, if
there exists k € Z s € N* such that m = ¢k (e2™1+58 VRS AR O 21YO 1,,)and

Wm = Uy otherwise. Set B = (W )m and £ = P,, Awp,. "We check dlrectly that
(&, M) is a crystal basis of the Uy (sl4)-module Res(V (2@ Y Y Y 1Y 1))
isomorphic to B (2w ;). We do not detail the calculations.

Remark 5.17. All these results suggest that Res(V (e2®! Y Y Y, 21Y0 01)) is

isomorphic to the extremal weight AU, (sl4) module V(2w ). One expects to prove
such a result for all the extremal loop weight modules constructed by the conjectural
process given above.

5D. Finite-dimensional representations at roots of unity. Set L. > 1 and let € be
a primitive (4 L)-root of unity.
Denote by € the set of monomials occurring in
M(e2w1+s8Y1’1Y1’_1_4sY Yo_ 45)
for all s € N. Consider ¢’ the subset of ¢ defined by
v= || s
0<s<L-1

Let €. and €, be the images of the sets € and €’ respectively by the map I'(4.):
€. is a finite monomial set of cardinality 16L2.

Theorem 5.18. Assume that € is a primitive 4L-root of unity. There exists an
irreducible Ue (s1y") -module Ve of dimension 16 L2 such that

Xe(Ve) = Z m.

/7
meée
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Proof. The main difficulty is to specialize ¢ at € in the %Z’j (slﬁfr)—modules of
type TP. In fact, these modules can be undefined or reducible after specialization.
To better understand these phenomena, let us study the specialized U, (§12)/ -module
Vo(Y1,4Y1,5)e With a, b € Z. This representation is well defined if a ¢ b +4LZ.
Assume that in the following and study Vo(Y7,4Y1 5)e. If a b £2+4L7Z, this
representation is irreducible. If ¢ € b +2 4+ 4L 7, it is not irreducible: in fact
Ue(sl2)" VY Y, T Cle,a Y ® Cle_,;+2Y1,b ® Cle_.al-s-zyl_.zi-i-z

is an irreducible submodule of V(Y1 4Y] p)e.

By our study of the AU (§12)/ -module V(Y1,4Y] p)e, one can specialize ¢ at € in
the defining relations of the action on the basis (v,,) of V(e2®1 Y .Y —1 Y, 0_,21 Yo_,(; .
Moreover one checks that

WUe (s19) - v aYel, T @ tv
e( 4 ) Y1,1Y1,71—4LY0,21Y0,14L "
meé—¢’

is a sub-Ue (s1y")’-module of V(e?™1 Y Y Yo_,zl YO_’(})E. By taking the quotient,
we obtain a U (sl,")’-module

Ve - @ Cvm
mee€’
which is irreducible: this is straightforward with the formulas of the action. O

6. Further possible developments and applications

In this last section, we give other promising directions to study the extremal loop
weight modules for quantum toroidal algebras of general types. Moreover we give
some possible applications of the results obtained in this article. This will be done
in further papers.

In our construction of level 0 extremal loop weight modules in type A, monomial
realizations of crystals and promotion operators on the finite crystals have a crucial
role. Let us give some results which suggest that a similar construction is possible
in other types. In [Hernandez and Nakajima 2006], an explicit description of
monomial realizations of level 0 extremal fundamental weight crystals of quantum
affine algebras is given for all the nonexceptional types. The automorphisms z; are
determined in these cases. Furthermore in other types, there exists also symmetry
properties for crystals arising from automorphisms of the associated Dynkin diagram
(analogue of promotion operators in type 4). Using that, a combinatorial process
allows to obtain Kirillov—Reshetikhin crystals from crystals of finite type (see
[Fourier et al. 2009; Kang et al. 1992; Okado and Schilling 2008]). These symmetry
properties will be useful for a similar construction of extremal loop weight modules
in other types.
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As we have seen, the extremal fundamental loop weight modules
V(e Y, o Yoa,)

(mn=2r+1and £ = 1,r + 1 or n) are completely reducible as %Z’O(slfil)-
modules: they are direct sums of fundamental modules of Uy (sl,41). Similar
vector spaces are considered in [Chari and Greenstein 2003] for the quantum affine
algebra AU, (g) associated to a simple Lie algebra g over C. In fact for a finite-
dimensional representation V of U (§)’, the vector space V ®¢C[z, z~ 1] is endowed
with a structure of U, (§)-module by using the grading of this algebra. So the action
is very different to the one defined in this article and we do not have a way to extend
this action for the quantum toroidal algebra U, (g*"). But it would be interesting
to study an analogous construction for the quantum toroidal algebra AU, (g'°"). We
can expect to construct other examples of extremal loop weight modules by this
process.

Let us explain another approach to construct extremal loop weight modules
which could be fruitful. Let g be a Kac—-Moody algebra. For an integral weight A,
one defines

A= D Ah)A;
A(hi)=0
and A— = A4 — A. To study the extremal weight module V' (1), Kashiwara [1994]
considers the tensor product V/(A) = V(A4+) ® V(A—-) of the simple highest weight
module V(A4+) and the simple lowest weight module V(A_). By analogy, it would
be interesting to define an action of the quantum affinization U, (g) on the tensor
product of simple £-highest weight modules and simple £-lowest weight modules,
in the spirit of [Hernandez 2005; 2007; Feigin et al. 2011a; 2011b; 2012; 2013].
This will be studied in a further paper.

Another possible direction is to study the finite-dimensional representations of
double affine Hecke algebras (or Cherednik algebras) at roots of unity obtained
from the new finite-dimensional representations of U, (slifj_l) defined above, via
Schur—Weyl duality [Varagnolo and Vasserot 1996].

In this article, we have defined promotion operators for the level 0 extremal
fundamental weight crystals B () in type A, (n > 2 odd, 1 < £ < n). It will be
interesting to discuss the existence of promotion operators for other level 0 extremal
weight crystals and the uniqueness of them in the spirit of [Shimozono 2002].

Appendix
We describe here the monomial crystal

(o2 —ly—1y _ 2 +56 —1y—1
AM(e wlY1,1Y1,—1Y0,2Y0,0)—@M(e TIOY Y1 C1—as Y02 Yo —as)-

seN
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£
2 —1y—1
"Y1 Y 1 Yo, Yo o -
i )~
\ g
—1 —1
Y1,3 Yl,—1Y2,2Y0,0 0 ~
/ \2 - -
A
—1y—1 —1 —1
Y13Y11Y22Y20 Yl,—1Y24Y33Y00
—1y—1 —1 —1
Yl,l Y2,4 Y2,0Y3,3 Yl,—] Y3 5 YO 4Y0 0
—1y—1 -1 —1
Y24Y22Y3 3Y31 Yl,] Y2,0Y35Y04
—1y—1 -1 —1
Y2 2Y35Y3,1Y0,4 Yl 5Y1 IYZ 0Y06
—1y—1 —1 —1
Y3 5 Y3 3 YO 4Y0,2 Y1,5Y2,2 Y3 IYO 6
T T
—1y—1 —1 —1
Y1,5Y3,3 YO,G YO,Z Y1,7 YZ 6Y2 2 Y3 1
0o - 1 3
-7 \ /
—1y—1 —1 —1
Yl SYI 3Y0 6 YO 4 Yl,7 Y2 6Y3,3 YO,Z
o - \2
s —1 —1
Y2,8 Y3,7Y3,3 Y0,2
0o_~-

£

Figure 1. The AUy (sly)-crystal M(e>™Y, Y, _ Y V5 ).

More precisely, we show in Figures 1 and 2 the two connected components
2 —1y—1 2w +8 —1y—1
MY 1Yy Yo, Yo0) and  M(e" Y 1Yy _sYo, Yo )

of M(e2™1Y, Y, _,Y;} Y5 ). Recall that all the connected components of the
latter are isomorphic modulo shift of weight by §. Furthermore the map 74,5 is an
automorphism of these crystals and we only give a part of them. The full crystals

are obtained by applying the automorphism 74 _»5. The sub-7o-crystals

1 —1y—1
Mo,o,o = g, (Y1,1 Yl,—l Yo,z Yo,o)
and
Mo,0,1 = ‘/M’IO(YI,I Yl,—SYO_,21 Yo_,i4) ® Mlo (Yl_,ll Yl,syz,oyo_,e1

are explicitly given.
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A
2w 48 —1y—1
e Y Y, Yo, Y5 2y o -
-~
-~
£
-1 —
Yi3Y, Y, ,Y5 o~
1 2 -
\ k/
—1y—1 -1 -
Y3 Y3, ,Y, Y, Y, Y, 5Y,
2

/
\
/-

-1 —1
1,-3%2,4%2,—at33 Y1,—5Y3,5 Y0,4Y0,—4

X
/
X

—1v—1 —1 —1
Y2,4 Y2,—2 Y3,3 Y3,—3 Yl,—3 Y2,—4 Y3,5 Y0,4
~ = ~
-1 y—1 — —1
Y2,—2 Y3,5 Y3,—3Y0,4 YI,SYI,—3Y2,—4YO,6
: ~
—1v—1 — -1
Y3 5Y3,—1Y0 4Y0.—2 Y1,5Y2,—2Y3,—3Y0,6
~ e
-1 y—1 -1 —1
Y1,5Y3,—1Y,6 YO,—Z Y1,7 Y2,6Y2,—2Y3,—3
0 _ - 1 3
- S e
—1y—1 -1 -
YI,SYI,—I Y0,6 Y ,0 Y1,7 Y2,6Y3,—1 YO,—Z
o_ -~
" -1 -1
Y, ,8 Y3,7Y3,—1Y0,—2
0o_ -
£
Figure 2. The g (sly)-crystal M(e2™1 8y, ¥, Y5 ¥5L,).

Note that the §-twisted automorphism ¢ of M(e*™1Y, Y, _
viewed as a descent of one diagonal in these crystals.

—1y—1
1Y0,2 Yo,o) can be
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