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SUMS OF SQUARES
IN ALGEBRAIC FUNCTION FIELDS
OVER A COMPLETE DISCRETELY VALUED FIELD

KARIM JOHANNES BECHER, DAVID GRIMM AND JAN VAN GEEL

A recently found local-global principle for quadratic forms over function
fields of curves over a complete discretely valued field is applied to the study
of quadratic forms, sums of squares, and related field invariants.

1. Introduction

Let K be a field of characteristic different from 2 and F/K an algebraic function
field (i.e., a finitely generated extension of transcendence degree one). The study of
quadratic forms over F is generally difficult, even in such cases where the quadratic
form theory over all finite extensions of K is well understood. It can be considered
complete in the cases where K is algebraically closed, real closed, or finite, but it
is wide open for example when K is a number field.

A breakthrough was obtained recently in the situation where the base field K is
a nondyadic local field. Parimala and Suresh [2010] proved that in this case any
quadratic form of dimension greater than eight over F is isotropic. Harbater, Hart-
mann, and Krashen [Harbater et al. 2009] obtained the same result as a consequence
of a new local-global principle for isotropy of quadratic forms over F. The local
conditions are in geometric terms, relative to an arithmetic model for F. A less
geometric version of the local-global principle, in terms of the discrete rank one
valuations of F, was obtained by Colliot-Théleéne, Parimala, and Suresh [Colliot-
Thélene et al. 2012]; see Theorem 6.1 below. Both versions of the local-global
principle hold more generally when K is complete with respect to a nondyadic
discrete valuation.

In this article we apply the local—global principle to study sums of squares in F
and to obtain further results on quadratic forms over F. This is of particular interest
in the case where K is the field of Laurent series k((¢)) over a (formally) real field k.

We outline the structure of this article and the main results. Section 2 provides
some necessary basic results on valuations. In Section 3 we discuss discrete

MSC2010: primary 11E04, 11E10, 11E25, 12J10, 14HOS; secondary 12D15, 12F20.
Keywords: isotropy, local-global principle, real field, sums of squares, u-invariant, Pythagoras
number, valuation, algebraic function fields.
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valuations on an algebraic function field over a complete discretely valued field and
characterize their residue fields. In Section 4 we move on to the study of sums of
squares in fields and corresponding field invariants, in the context of valuations. In
Section 5 we do an analogous discussion of the u-invariant in the context of valua-
tions. According to [Elman and Lam 1973], the u-invariant of a field is the supremum
on the dimension of anisotropic torsion forms over that field. In Section 6 we finally
apply the local-global principle to obtain new results for algebraic function fields
and in particular the rational function field. Let us describe some of these results.

In Theorem 6.4 we show that the upper bound on the dimension of anisotropic
torsion forms over algebraic function fields over K is the double of the corresponding
upper bound for algebraic function fields over k, the residue field of the discrete
valuation on K. We thus obtain an upper bound on the u-invariant of an algebraic
function field over K. We obtain in Theorem 6.6 a refinement for the case of
the rational function field, saying that the u-invariant of K(X) is equal to the
supremum of the u-invariant of all £(X) where £/ is a finite algebraic extension.
In Corollary 6.9 we prove that the Pythagoras number of the rational function
field K (X) is equal to the supremum of the Pythagoras numbers of £(X) for all
finite field extensions £/k. We conjecture in Conjecture 4.16 that this is equal
to the Pythagoras number of k(X). This is motivated by the observation — made
previously in [Scheiderer 2001] — that both Pythagoras numbers are bounded by
the same power of two. In the case where k is real closed we show in Theorem 6.12
that any sum of squares in F' can be expressed as a sum of three squares and further
prove the finiteness of }_ F2/Dr(2), the quotient of the group of nonzero sums of
squares modulo the subgroup of sums of two squares in F.

Our methods are based on valuation theory and quadratic form theory, for which
[Engler and Prestel 2005] and [Lam 2005] are our standard references. We also use
some algebraic geometry, namely desingularization of arithmetic surfaces and the
properties of blowing-ups in regular points. Our reference on this topic is [Liu 2002].

This article grew out of results obtained in the Ph.D. thesis of D. Grimm under
the supervision of K. J. Becher at Universitdt Konstanz.

2. Valuations

For a ring R we denote by R* its group of invertible elements.

Let K be a field. Given a valuation on K, we denote by 0, the valuation ring
of v, by m, its maximal ideal, by «, the residue field, by K" the completion of K
with respect to v, and we further call v dyadic if «, has characteristic 2, nondyadic
otherwise. Given a local ring R contained in K, we say that a valuation v of K
dominates R if m;, N R is the maximal ideal of R. Given a field extension L/K, we
say that a valuation v of L is unramified over K if v(L™) = v(K*).
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A valuation with value group Z is called a Z-valuation. Any discrete valuation
of rank one can be identified (via a unique isomorphism of the value groups) with
a Z-valuation. A commutative ring is the valuation ring of a Z-valuation if and
only if it is a regular local ring of dimension one (see [Matsumura 1986, Theorem
11.2]); such rings are called discrete valuation rings.

Lemma 2.1. Let w; and wy be two valuations on K such that m,,, < 0y,. Then
Ow, € Oy, or Oy, COy,.

Proof. If my,, € my,, then 0,,, 2 0,,,, otherwise for any choice of t € m,, \ my,
we have t~! € 0,, and 0,,, =t~1(t0,,) C t~'m,, CO,,. O

The property for a valuation to be henselian is characterized by a list of equivalent
conditions, including the statement of Hensel’s Lemma, hence satisfied in particular
by complete Z-valuations; see [Engler and Prestel 2005, Section 4.1].

Proposition 2.2. Let v be a henselian Z-valuation on K. Then v is the unique
Z-valuation on K.

Proof. By [Engler and Prestel 2005, Corollary 2.3.2] for distinct Z-valuations w;
and w; on K one has 0, € 0, and O, £ 0,,. Consider now a Z-valuation
w on K. Since v is henselian we have 1 +m, € K*" for all n € N prime to
the characteristic of «,,. As w(K*) = Z, this implies that 1 +m, € O, and thus
m, € 0,. Now Lemma 2.1 yields that 0, = 0,,. (|

Let X always denote a variable over a given ring or field.

Proposition 2.3. Let R be a local domain with maximal ideal m and residue field k.
Let p € R[X] be monic and such that p € k[ X], the reduction of p modulo m, is
irreducible. Then R[X]/(p) is a local domain with maximal ideal (m[X]4+(p))/(p)
and residue field k[X]1/(p). The ring R[X]1/(p) has the same dimension as R.
Moreover, if R is regular, then R[X]/(p) is regular.

Proof. Note that m[X] 4+ (p) is a maximal ideal of R[X]. Consider a maximal
ideal M of R[X] containing p and set p = M N R. Since R[X]/(p) is an integral
extension of R, it follows using [Matsumura 1986, Theorems 9.3 and 9.4] that both
rings have the same dimension. Moreover, the field R[X]/M is an integral extension
of R/p, whereby R/p is a field. It follows that p = m and thus M = m[X ]+ (p).
This shows that m[X] + (p) is the unique maximal ideal of R[X] containing p.
Hence, R[X]/(p) is a local domain with maximal ideal (m[X] + (p))/(p) and
residue field k[ X]/(p). Any set of generators of m in R yields a set of generators of
m[X]+ (p))/(p) in R[X]/(p). In particular, if R is regular, so is R[X]/(p). U

Corollary 2.4. Let T be a discrete valuation ring of K with residue field k. Let
p € T[X] be monic with p € k[ X] irreducible. Then T|X]/(p) is a discrete valuation
ring with field of fractions K[X]/(p) and residue field k-isomorphic to k[ X]/(p).
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Proof. Since a discrete valuation ring is the same as a regular local ring of dimension
one, the statement follows from Proposition 2.3. U

We want to mention the following partial generalization of Corollary 2.4.

Proposition 2.5. Let T be a valuation ring of K with residue field k and let £/ k be
a finite field extension. There exists a finite field extension L /K with [L : K]1=[£: k]
and a valuation v on L dominating T and unramified over K whose residue field is
k-isomorphic to L.

Proof. 1t suffices to consider the case where £ = k[x] for some x € £. Let m denote
the maximal ideal of T. Let p € T[X] be a monic polynomial whose residue p
in k[ X] is the minimal polynomial of x over k. Then p is irreducible in K[X],
so L = K[X]/(p) is a field. We obtain from Proposition 2.3 that R = T[X]/(p)
is a local domain with maximal ideal M = (m[X] + (p))/(p) and residue field
k[X]/(p). Let v be a valuation on L dominating 7. Then T € R € 0,, and as
M is generated by m, it follows that v dominates R. Hence, k[X]/(p) embeds
naturally into «,. In particular [k, : k] > deg(p) = deg(p) = [L : K]. Using the
Fundamental Inequality [Engler and Prestel 2005, Theorem 3.3.4] we conclude that
v is unramified over K and [k, : k] =deg(p) =[L : K], whereby «, is k-isomorphic
to k[ X]/(p) and therefore to £. O

3. Valuations on algebraic function fields

In this section we want to relate algebraic function fields over a valued field to
algebraic function fields over the corresponding residue field. In particular we
show in Proposition 3.4 that an algebraic function field over the residue field of a
valuation on K can be realized as the residue field of an unramified extension to
some algebraic function field over K, and we refine this statement in Theorem 3.5
for rational function fields.

In the sequel let T denote a valuation ring, K its field of fractions, and k the
residue field of 7'. (That is, we have T = O, for a valuation v on K and k = «,.) We
consider the residue fields of valuations dominating 7. (The reader may observe
that we avoid to speak of extensions of valuations, as this can lead to confusion
about the corresponding value groups.) For a field extension F/K and a valuation
v on F dominating T, the field k is naturally embedded in the residue field «,. We
often identify residue fields of valuations dominating 7" up to k-isomorphism, in
order to simplify the language.

A finitely generated field extension F/K of transcendence degree one is called
an algebraic function field. We say that F /K is an algebrorational function field
if F = L(x) for a finite extension L/K with L C F and some element x € F that
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is transcendental over L; if this holds already with L = K, then F/K is called a
rational function field.

Proposition 3.1. Let F/K be an algebraic function field and v a valuation on F
dominating T. The extension i,/ k is either algebraic or an algebraic function field.

Proof. This is a special case of the Dimension Inequality [Engler and Prestel 2005,
Theorem 3.4.3]. O

The following is a refinement of Proposition 3.1 for rational function fields.

Theorem 3.2 (Ohm and Nagata). Let F/K be a rational function field and v be a
valuation on F dominating T. Then k,/ k is either algebraic or algebrorational.

Proof. This is shown in [Ohm 1983, Theorem], as a generalization of [Nagata 1967,
Theorem 1]. O

We recall a construction to extend a valuation to a rational function field; in
[Engler and Prestel 2005, Section 2.2] this is called the Gauss extension.

Proposition 3.3. Let F/K be a rational function field. Let x € F be such that
F = K(x). Let T' be the localization of T[x] with respect to the prime ideal
m[x] where m is the maximal ideal of T. Then T’ is a valuation ring with field of
fractions F. The residue field of T' is k(X) where X is the class of x modulo m[x],
which is transcendental over k. The corresponding valuation v on F with O, = T’,
uniquely determined up to equivalence, is unramified over K.

Proof. This follows from [Engler and Prestel 2005, Corollary 2.2.2]. O

Proposition 3.4. Let E/k be an algebraic function field. There exists an algebraic
function field F /K and a valuation v on F dominating T and unramified over K
whose residue field is E.

Proof. Let F'/K be a rational function field. Let x € F’ be such that F/ = K (x) and
let T’ denote the valuation ring described in Proposition 3.3. We identify x with
some element of E transcendental over k. Then E/k(x) is a finite extension. By
Proposition 2.5 there exists a finite field extension F/F’ with [F : F'] = [E : k(X)]
and a valuation v on F dominating 7’ and unramified over F’ with residue field E.
Using Proposition 3.3 it follows that v is also unramified over K. (Il

Theorem 3.5. Assume that T # K and let F /K be a rational function field. Let
£/ k be a finite separable field extension. There exists a valuation v on F dominating
T and unramified over K for which k,/k is an algebrorational function field with
field of constants .

Proof. Let y € F and « € € be such that F = K(y) and £ =k(«). Let g € T[Y] be
monic and such that the residue g in k[Y] is the minimal polynomial of ««. Let m
be the maximal ideal of 7. We choose m € m\ {0} and set x = m_lq(y) € F. Note
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that x is transcendental over K, and thus /K (x) is a finite extension. Let 7"’ be the
localization of T'[x] with respect to m[x], the ideal consisting of the polynomials
in x with coefficients in m. Let m’ be the maximal ideal of 7’. By Proposition 3.3
T’ is a valuation ring with field of fractions K (x) and residue field k(x), and x is
transcendental over k. Note that g remains irreducible in k(x)[Y].

Consider p =g —q(y) € T'[Y]. As g(y) = mx, taking residues modulo m'[Y]
we have p = g in k(x)[Y]. It follows by Proposition 2.3 that R = T'[Y]/(p) is a
local ring with maximal ideal lying over m’, with field of fractions K (x)[Y]/(p),
and residue field k(x)[Y]/(p). Note that K (x)[Y]/(p) is K (x)-isomorphic to F.
Using Chevalley’s theorem [Engler and Prestel 2005, Theorem 3.1.1], we obtain a
valuation v on F that dominates 7’. Then v also dominates 7. As p(y) =0, we
have that y is integral over T’. Since p = g is irreducible in k(X)[Y], we have that
p(0) # 0, whereby p(0) € T'*. As v dominates T’ and p(y) = 0, we obtain that
v(y) = 0. Hence, x, y € ky, and y is algebraic over k, because g(y) = p(y) = 0.
As g is irreducible in k(x)[Y] we obtain that

[y 1 k(X)] = [k(X)[¥] : k(X)] = deg(p) = deg(p) =[F : K (x)].

By the Fundamental Inequality [Engler and Prestel 2005, Theorem 3.3.4], it follows
that v is unramified over K (x) and «, = k(x)[y] = k[y](x). Using Proposition 3.3
we obtain that v is unramified over K. Since g(y) = 0= g () and since we consider
residue fields up to k-isomorphism, we can identify ¢ = k[«] with k[y]. U

Remark 3.6. In Theorem 3.5, the hypothesis on the finite extension £/ k to be sep-
arable is not necessary. Given a finite extension £/k we can obtain a regular model
(see below for the definition) for F/T whose special fiber contains a component
isomorphic to [F"é in the following way: We choose « € € and ¢’ = k(«). Blowing up
[P’]T in a point on the special fiber [P’}( with residue field £/, we obtain a new regular
model whose special fiber has a component given by the exceptional fiber of this
blowing-up and thus isomorphic to P,. Tterating this process we eventually obtain
a regular model for F/T whose special fiber has a component isomorphic to P},
and its generic point corresponds to a Z-valuation whose residue field is a rational
function field over £.

Assume that the valuation ring 7 is discrete and consider an algebraic function
field F/K. By a regular model for F /T we mean a 2-dimensional integral regular
projective flat T-scheme ¥ whose function field is K-isomorphic to F. Given a
regular model ¥ for F/K we denote by & its special fiber; by [Liu 2002, Chapter
8, Lemma 3.3] &, is a curve.

Given an integral scheme &, a point P € &, and a valuation v on the function
field of &, we say that v is centered at P if v dominates Oy_p, the local ring at P.
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Proposition 3.7. Assume that T is a discrete valuation ring. Let F/K be an
algebraic function field. Let X be a regular model for F/T. Let v be a Z-valuation
on F dominating T. Then v is centered at a point P of ¥ lying in &y. Moreover, if
the extension K,/ k is neither algebraic nor algebrorational, then O, = Oy p where
P is the generic point of an irreducible component of %y.

Proof. By [Liu 2002, Chapter 8, Definition 3.17] v is centered at a point P of the
special fiber &y. Since &}, is a curve, P is either a closed point or the generic point
of an irreducible component &j. In either case Oy p is a regular local ring.

If P is a closed point of &, then by [Abhyankar 1956, Proposition 3] the
extension k,/k is either algebraic or algebrorational. Assume now that P is a
generic point of &;. Then P has codimension one in &, so Oy p is a regular local
ring of dimension one and thus a discrete valuation ring. As Oy, p is dominated by
0, and both are discrete valuation rings with the same field of fractions, it follows
by [Engler and Prestel 2005, Corollary 2.3.2] that 0, = Oy _p. ([

Proposition 3.8. Assume that T is a complete discrete valuation ring. Let F /K be
an algebraic function field. Then there exists a regular model for F/T.

Proof. There exists a regular projective curve C over K whose function field is
K-isomorphic to F. If the curve C is smooth, then by [Liu 2002, Chapter 10,
Proposition 1.8)] there exists a regular model for F'/T. Note that this applies in
particular when char(K) = 0. Without assuming that C is smooth, we can follow the
first steps in the proof of the proposition cited to obtain a 2-dimensional projective
T-scheme & with function field F. Since the structure morphism ¥ — Spec(T')
is surjective, it is flat (see [Liu 2002, Chapter 8, Definition 3.1]). Then T is an
excellent ring (see [ibid., Corollary 2.40]), and &, being locally of finite type over T,
is excellent (see [ibid., Theorem 2.39]).

Let & — & be the normalization of &. Since ¥ is excellent and projective over
T, the normalization ¥ — ¥ is a finite projective birational morphism (see [ibid.,
Theorem 8.2.39 and Lemma 3.47]). The singular locus of ¥’ is closed in &’ (see
[ibid., Corollary 2.38]). We consider the blowing-up ¥’ — ¥’ along the singular
locus of &'; this is a birational projective morphism (see [ibid., Propositions 1.12
and 1.22]).

We may alternate normalization and blowing-up until we reach a scheme that is
regular. At each step we obtain a flat projective 2-dimensional 7-scheme whose
function field is F. By Lipman’s desingularization theorem (see [ibid., Theorem
3.44]), after finitely many steps we come to a situation where the 7T-scheme is
regular. ]

Corollary 3.9. Assume that T is a complete discrete valuation ring. Let F /K be
an algebraic function field. Then there exist only finitely many Z-valuations v on F
dominating T for which the extension K,/ k is neither algebraic nor algebrorational.
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Proof. By Proposition 3.8 there exists a regular model for F/T. The statement
follows by applying Proposition 3.7 to any such model. U

The result Corollary 3.9 can be extended to the situation where 7 is an arbitrary
discrete valuation ring. Moreover, one may ask to characterize the Z-valuations
on an algebraic function field that dominate a given discrete valuation ring of
the base field and for which the residue field extension is neither algebraic nor
algebrorational. We intend to develop these topics in a forthcoming article.

4. Sums of squares and valuations

From now on let K be a field of characteristic different from 2. We denote by
Y K? the subgroup of nonzero sums of squares in K and, for n € N, by Dk (n) the
set of nonzero elements that can be written as sums of n squares in K. One calls

s(K) = inf{neN|—1e Dg(n)} eN U {co}

the level of K. Recall that K is real if s(K) = oo and nonreal otherwise, and in the
latter case s(K) is a power of two (see [Lam 2005, Chapter XI, Section 2]).
The Pythagoras number of K is defined as

p(K) = inf{n e N | Dg(n) =) K*} € NU{oo}.
We further define

"(K) = p(K) if K is real,
- s(K)+1 if K is nonreal.

This field invariant has no independent interest, but it allows us to avoid case
distinctions in statements about valuations and Pythagoras numbers, by formulating
them for p’(K) rather than for p(K). As for nonreal field K we always have
s(K) < p(K) <s(K)+ 1= p'(K). Hence, p'(K) is always equal to p(K) or to
p(K)+1.

We now consider valuations in the context of sums of squares. We say that a
valuation v on K is real or nonreal, respectively, if the residue field «, has the
corresponding property.

Lemma 4.1. Let v be a valuation on K and n € N. Then s(k,) > n if and only if
v(ai+---+a2) =2min{v(ay), ..., v(ay)} holds for all ay, ... ., a, € K.

Proof. Both conditions are easily seen to be equivalent to having that any sum of n
squares of elements in O} lies in O;'. g

Let Q2 (K) denote the set of nondyadic Z-valuations on K.

Proposition 4.2. Let v € Q(K). If v is real, then v( > KZ) =27. If v is nonreal,
then for s = s(ky) we have v(Dg (s)) =27 and v(Dg (s + 1)) = U(Z K2) =/Z.
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Proof. If v is real, then it follows from Lemma 4.1 that U( > K 2) =27. Assume
now that v is nonreal and let s = s(«,). Then it follows from Lemma 4.1 that
v(Dg (s)) = 2Z and that there exist xg, ..., x; € K such that v(xg 4+ —i—xsz) %=
2 min{v(xp), ..., v(xs)}. Dividing by one of the elements xo, ..., x; with minimal
value, we can assume that min{v(xg), ..., v(xy)} = 0. Hence v(x§ 4. +x32) > 1.
If v(xg + - +xS2) > 1, then we choose t € K with v(¢) = 1, and we conclude
that v((xo +1)2 +x12 e +xsz) =1, as v is nondyadic. We may therefore assume
that v(xg 4+ ~|—xs2) = 1. Since K*2- Dk (s + 1) = Dk (s + 1), we conclude that
v(Dk (s + 1)) = Z, and thus in particular that v()_ K?) = Z. O

Proposition 4.3. Ler v € Q(K). Then p'(K) > p(K) > p/'(ky). Moreover, if v is
henselian, then p'(K) = p(K) = p'(ky).

Proof. Note that p(K) > p(k,). If v is real, then «k, and K are real, and we obtain
that p/(K) = p(K) > p(k,) = p'(ky). If v is nonreal, then for s = s (k,,) we conclude
that Dk (s) C Dk (s 4+ 1) by Proposition 4.2, and therefore p'(K) > p(K) >s+1=

p/(Kv)-
Assume finally that v is henselian. Then s(K) = s(k), and further p(K) = p(«y)
in case v is real. This yields that p'(K) = p'(k). O

Recall that the completion of K with respect to a valuation v is denoted by K.
Corollary 4.4. For v € Q(K) we have p(K) > p(K") = p'(ky).

Proof. Since v extends to a Z-valuation on KV with the same residue field «,, we
obtain using both statements in Proposition 4.3 that p(K) > p'(x,) = p(K?). O
Corollary 4.5. We have p'(K (1)) = p(K (1)) > p"(K (1)) = p(K (@) = p'(K).

Proof. We have p(K (t)) > p(K (¢))) by Corollary 4.4 and p' (K (¢))) = p(K (t))) =
p'(K) by Proposition 4.3. If K is real, then K (¢) is real, thus p’(K (¢)) = p(K (t)) by
the definition. If K is nonreal, then p(K (1)) =s(K)+1=s(K(#))+1= p (K (¢)).

O

Corollary 4.6. Let F/K be an algebrorational function field. Then p'(F) = p(F).

Proof. Replacing K by its relative algebraic closure in F, we have F = K (¢) for
some t € F transcendental over K. We conclude using Corollary 4.5. O

This does not generalize to arbitrary algebraic function fields:

Example 4.7. Consider the function field F of the curve Y2=—(X* 4+ 1) (X3+1+41)
over R((z)). By [Becher and Van Geel 2009, Example 5.13] we have p(F) =s(F) =
2, and therefore p'(F) =3 > p(F). In particular —1 ¢ F %2 whereas —1 is a square
in FY for any v € Q(F) by Corollary 4.4.

We apply Proposition 4.3 to give a short argument for a well-known fact:
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Corollary 4.8. Assume that K is a finitely generated nonalgebraic extension of a
subfield. Then p(K) > 2.

Proof. It follows from the hypotheses that there exists v € Q2(K) such that «, is
nonreal. From Proposition 4.3 we obtain that p(K) > p'(k,) =s(k,) +1>2. O

Remark 4.9. If K = k(¢) for a subfield k and ¢ € K transcendental over k, then
1412 ¢ K*? and thus p(K) > 2. An alternative proof of Corollary 4.8 is therefore
obtained by reduction to the case of a rational function field via the Diller—Dress
Theorem [Lam 2005, Chapter VIII, Theorem 5.7], which says that if p(K) > 2
then p(L) > 2 for every finite field extension L/K.

For § € Q(K) we define a homomorphism
O KX > 7% x> (0(x))yes.

If S € Q(K) is a finite subset, then it follows from the Approximation Theorem
(see [Engler and Prestel 2005, Theorem 2.4.1] or [Liu 2002, Chapter 9, Lemma
1.9]) that &g is surjective.

The following statement extends Proposition 4.2 from a single Z-valuation to
finitely many Z-valuations on K.

Proposition 4.10. Let S be a finite subset of Q(K) and n € N. Then
®5(Dg (1)) = {(ey)pes € Z5 | ey € 2Z for v € S with s(ky) > n}.

Proof. For v € Q(K) with s(k,) > n we have v(Dg (n)) € 27 by Lemma 4.1. This
shows that

®5(Dg (1)) C {(en)ves € Z5 | ey €27 for v € S with s(kc,) > n).

It remains to show the other inclusion. Consider a tuple (e,)yes € 7% such that
ey € 27 for all v € § with s(k,) > n. The aim is to find an element x € Dg (n)
with ®g(x) = (ey)ves. We explain how to obtain such an element, using the
Approximation Theorem (see above) several times.

For v € § with e, ¢ 27, as s(k,) < n we may choose x, 2, ..., X, , € 0y such
that v(1 +x5’2+- . -—i—xg’n) > 0. Forve Swithe,e2Z wesetx,s="---=x,,=0.
Fori =2,...,n we choose x; € K* such that v(x; —x, ;) > 0 forall v e §. We
sety=x%—|—---+x,%. For v e § we have v(1+y)=0ife, €2Zand v(1+y) >0
otherwise. We choose ¢t € K* such that, for all v € S, we have v(t) = 1 if
v(l+y)>1, and v(¢) > 1 otherwise. Note that (1+t)2+y € Dk (n). Foranyv e S
the value v((14¢)?+ y) is either O or 1 and such that v((1+1)>+ y) = e, mod 2Z.
Now choose z € K* such that 2v(z) = e, — v((1 +1)?> + y) for all v € S and set
x=z2((1+1)>+y). Then x € Dg(n) and ®g(x) = (V(x))yes = (ev)ves. U
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Corollary 4.11. Let n € N and S a finite subset of Q2(K) such that s(k,) = 2" for
allv € S. Then Oy induces a surjective homomorphism

D21/ Dk (2") — (2/22)°.

In particular, |Dg (2" /Dy (27| > 2151,
Proof. By the hypotheses on S and by Proposition 4.10, we have ®g(Dg (2"+!)) =
75 and ®5(Dg (2")) = (2Z)5. From this the statement follows. O
Theorem 4.12. Let K be a real field. For n € N the following are equivalent:

@) p(K(X)) =2"

(i) p(L) < 2" for all finite real extensions L /K.
(iii) s(L) <2"! for all finite nonreal extensions L/K.
(iv) p/(L) < 2" for all finite extensions LK with —1 ¢ L*2.
Proof. See [Becher and Van Geel 2009, Theorem 3.3] for the equivalence of (i)—(iii);
the equivalence of these conditions with (iv) is obvious. O

Corollary 4.13. Let n € N be such that p(K (X)) <2". Then p(L(X)) < 2" for
any finite field extension L /K.

Proof. If K is nonreal, then p(L(X))=s(L)+1<s(K)+1=p(K(X))<2".If K
is real and L is nonreal, then s(L) < 2"~} by Theorem 4.12 and thus p(L(X)) <2".
If L is real, then since any finite real extension of L is a finite real extension

of K, the equivalence of (i) and (ii) in Theorem 4.12 allows us to conclude that
p(L(X)) =2". U

Theorem 4.14. Let K be endowed with a Z-valuation with residue field k. Then
p(K (X)) = p(k(X)). Moreover, if the valuation is henselian and n € N is such
that p(k(X)) <?2", then p(K (X)) <2".

Proof. Using Proposition 3.3 the given Z-valuation on K extends to a Z-valuation
on K(X) with residue field k(X). Hence, p(K (X)) > p'(k(X)) = pk(X)) by
Proposition 4.3 and Corollary 4.5.

Assume now that the Z-valuation on K is henselian. If K is nonreal, then
p(K(X))=s(K)+1=sk)+ 1= p(k(X)). Assume that K is real. Then k and
k(X) are real. Let n € N be such that p(k(X)) <2". By Theorem 4.12, to prove that
p(K (X)) < 2" it suffices to show that p’(L) < 2" for all finite extensions L/K with
—1 ¢ L*?. Consider such an extension L/K. Then L is endowed with a henselian
Z-valuation whose residue field £ is a finite extension of k. Then —1 ¢ £*2 and
thus p’(L) = p’(£) < 2" by Proposition 4.3 and Theorem 4.12. O

The last two statements motivate us to formulate the following two conjectures.

Conjecture 4.15. For any finite field extension L/ K , one has p(L(X)) < p(K (X)).
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Conjecture 4.16. If K is complete with respect to a nondyadic Z-valuation with
residue field k, then p(K (X)) = p(k(X)).

Note that both conjectures hold trivially if K is a nonreal field. In the case where
K is real, Conjecture 4.16 was raised originally by C. Scheiderer [2001, Remark
5.18.2] as a question. We shall prove in Corollary 6.9 that the two conjectures are
equivalent.

5. The u-invariant for algebraic function fields

We refer to [Lam 2005] for basic facts and terminology from the theory of quadratic
forms over fields of characteristic different from two. The u-invariant of K was
defined in [Elman and Lam 1973] as

u(K) = sup {dim ¢ | ¢ anisotropic torsion form over K} € NU {oo},

where a torsion form is a regular quadratic form that corresponds to a torsion
element in the Witt ring.

Proposition 5.1. Let v € Q(K). Let  be a torsion form over k. There exist n € N,
ai,...,a, €0}, andt € K* with v(t) = 1 such that (1, —t) @ (a1, ..., a,) isa
torsion form over K and such that  is Witt equivalent to (ay, . .., a,).

Proof. Assume first that v is nonreal. Then by Proposition 4.2 there exists t € 3 K2
with v(t) = 1. For n =dimv and ay, ..., a, € O such that ¥ is isometric to
{(ay, ..., a,), we obtain that (1, —t) ® (ay, ..., a,) is a torsion form over K.
Assume now that v is real. Then v is Witt equivalent to a sum of binary torsion
forms over «, (see [Pfister 1966, Satz 22]). Every binary torsion form over «,
is of the shape (a;, @) with a;, a, € 0 such that —ajaz € ) K2. Hence, there

exist 7 € N and ay, ..., ax € 0 such that ¥ is Witt equivalent to (ay, ..., az)
and —ap;_jaz €Y. K?fori=1,...,r. Then {ai, ..., ap) is torsion form over
K. We choose any t € K* with v(¢) = 1. Then also (1, —f) ® (a1, ..., az) is a
torsion form over K. U

The following statement was independently obtained in [Scheiderer 2009, Propo-
sition 5] using different arguments, based on the theory of spaces of orderings.

Proposition 5.2. Forv € Q(K) we have u(K) > u(K?’) = 2u(ky).

Proof. Let v € Q(K). Let ¥ be an anisotropic torsion form over «,. Using
Proposition 5.1 we choose n € N, ay,...,a, € 0}, and t € K* with v(t) =1
such that ¢ is Witt equivalent to (ay, ..., a,) and such that (1, —t) ® (ay, ..., a,)
is a torsion form over K. Let ¢ denote its anisotropic part. Then ¢ is a tor-
sion form and isometric to (by, ..., bs) L —t{cy, ..., c,) for certain r, s € N and
Cl,...,¢r, b1, ..., by € OF. Applying residue homomorphisms (see [Lam 2005,
Chapter VI, §1]), it follows that the forms (51, e, l;s) and (cq, ..., C,) over k, are
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Witt equivalent to ¥. As i is anisotropic we conclude that dim g =r+s > 2 dim .
This shows that u(K) > 2u(k,). Using Springer’s Theorem for complete dis-
cretely valued fields (see [Lam 2005, Chapter VI, §1]), we further obtain that
u(Kv) =2u(ky). O

A generalization of Proposition 5.2 for arbitrary nondyadic valuations is given
in [Becher and Leep 2013, Theorem 5.2].

Corollary 5.3. Let k be the residue field of a nondyadic Z-valuation on K. For
every algebraic function field F /K there exists an algebraic function field E | k such
that u(F) > 2u(E).

Proof. Let T denote the discrete valuation ring with field of fractions K and residue
field k. Let /K be an algebraic function field. Choose x € F transcendental over
K . Consider the valuation ring 7’ in K (x) described in Proposition 3.3. Note that
T’ is a discrete valuation ring. Since F/K (x) is a finite extension, there exists a
Z-valuation v on F dominating 7’. The residue field E of v is a finite extension of
k(x), hence an algebraic function field over k. By Proposition 5.2 we obtain that
u(F)>2u(E). O

We define
ukK) = % sup{u(F) | F/K algebraic function field}.

For nonreal fields & coincides with the strong u-invariant defined in [Harbater et al.
2009, Definition 1.2], by the following result.

Corollary 5.4. For any algebraic extension L /K we have
u(L) < 5u(K (X)) < i(K).

Proof. If L is a field of odd characteristic p, then the Frobenius homomorphism
given by x —— x? shows that any quadratic form over L is obtained by scalar
extension from a quadratic form defined over L?. Therefore every torsion form
defined over an algebraic extension of K comes from a torsion form defined over a
finite separable extension of K. Since any finite separable extension of K is the
residue field of a Z-valuation v on K (X), the first inequality now follows from
Proposition 5.2. The second inequality is obvious. (I

6. Function fields over complete discretely valued fields

In this section we assume that K is the field of fractions of a complete discrete
valuation ring T with residue field k of characteristic different from 2. We want to
apply the following reformulation of the local-global principle in [Colliot-Thélene
et al. 2012, Theorem 3.1] to the study of the u-invariant and the Pythagoras number
of algebraic function fields over K.
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Theorem 6.1 (Colliot-Thélene, Parimala, Suresh). Let F be an algebraic function
field over K. A regular quadratic form over F of dimension at least 3 is isotropic if
and only if it is isotropic over F" for every v € Q(F).

Proof. This slightly more general version of the result cited follows from [Harbater
et al. 2013, Proposition 9.10]. O

We will apply Theorem 6.1 to obtain upper bounds for the two mentioned field
invariants. We have to distinguish two types of Z-valuations on algebraic function
fields over K.

Proposition 6.2. Let F/K be an algebraic function field and v € Q(F). Then
either v is trivial on K or it dominates T.

Proof. This follows from Proposition 2.2. U
The lower bounds that we will obtain are based on more elementary arguments:

Lemma 6.3. Let F/K be an algebraic function field and v a Z-valuation on F that
is trivial on K. Then p(F') = p'(k,) < p(k(X)) and u(F°) = 2u(k,) < u(k(X)).

Proof. By Corollary 4.4 and Proposition 5.2 we have p(F?) = p’(k,) and u(F') =
2u(ky). As Ky is a finite extension of K and T is a complete discrete valuation
ring of K, there is a unique Z-valuation w on «, with 0, N K = T. Then ky,
is a finite extension of k, and «, is complete with respect to w, in particular
henselian. By Corollary 5.4 and Proposition 4.3 we obtain that p’(k,) = p’(ky)
and u (k) = 2u(ky). We choose o € ky, such that k,,/k(«) is purely inseparable.
Since k is of characteristic different from 2, it follows that every element of «,, is a
product of a square and an element from k(c). This yields that p'(ky,) < p'(k(x))
and u(xy) < u(k(e)). Since k(o) is the residue field of a Z-valuation on k(X),
we obtain from Proposition 4.3 and Corollary 5.4 that p’(k(«)) < p(k(X)) and
2u k() < u(k(X)). U

We can now extend Theorem 4.10 of [Harbater et al. 2009] to the current setting,
thus covering real function fields. C. Scheiderer [2009, Theorem 3] independently
gave a more geometric proof.

Theorem 6.4. We have u(K) = 2u (k).

Proof. For any algebraic function field E/k, by Proposition 3.4 there exists an
algebraic function field F/K and a Z-valuation on F with residue field F, and
using Proposition 5.2 we obtain that u(E) < %M(F ) < u(K). This yields that
2u(k) < u(K).

To prove the converse inequality, we need to show for an arbitrary algebraic
function field F/K that u(F) < 4u(k) holds. Fix F/K. By Theorem 6.1, any
anisotropic form over F' remains anisotropic over F'¥ for some v € Q(F). It thus
suffices to show that u(FV) < 4ii(k) for every v € Q(F). Fix v € Q(F). As
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u(FY) = 2u(ky,), it suffices to show that u(k,) < 2u(k). If v is trivial on K, we
obtain by Lemma 6.3 that 2u(k,) < u(k(X)) < 2i(k). Assume that v is nontrivial
on K. Then O, N K = T by Proposition 6.2. If «,/k is an algebraic function
field then u(k,) < 2i(k) by the definition of (k). Otherwise k,/k is an algebraic
extension and then u(k,) < i(k) by Corollary 5.4. O

Corollary 6.5. Let m € N. If u(E) = m for every algebraic function field E [k,
then u(F) = 2m for every algebraic function field F /K.

Proof. Let F/K be an algebraic function field over K. Using Theorem 6.4 we
obtain that u(F) < 2i(K) = 4i(k). By Corollary 5.3 there exists an algebraic
function field E/k with u(F) > 2u(E). If we assume that u(E) = m holds for
every algebraic function field E/k, we obtain that 2ii(k) = m and conclude that
u(F)=2m. O

Theorem 6.6. We have that
u(K (X)) =2-sup{u(€(X)) | £/ k finite separable field extension}.
Proof. Let F = K(X). As u(F) > 2, it follows from Theorem 6.1 that
u(F) <sup{u(F") |veQ(F)}.

Consider v € Q(F). If v is trivial on K then u(F") < 2u(k(X)) by Lemma 6.3. If
v is nontrivial on K, then by Proposition 2.2 and Theorem 3.2 «,/k is either an
algebraic extension or algebrorational. In any case we obtain that u (k) < u(£(X))
and thus u(FY) = 2u(k,) < 2u(£(X)) for a finite extension £/k. Let £/ k be the
separable subextension of £/ k such that £ /¢’ is purely inseparable. Then £(X) /€' (X)
is purely inseparable and of odd degree, so every element of £(X) is a product of
a square in £(X) with an element of ¢'(X), whereby u(¢(X)) < u(¢/(X)). This
together shows that

u(F) <2-sup{u(£(X)) | £/k finite separable field extension}.

On the other hand, given a finite separable field extension £/ k, it follows from
Theorem 3.5 that there exists a Z-valuation on F with residue field ¢(X), which by
Proposition 5.2 implies that u(F) > 2u(£(X)). This shows the claimed equality. [J

We turn to the study of sums of squares and the Pythagoras number.

Theorem 6.7. Let F/K be an algebraic function field. For any m > 2 we have that
Dr(m) =F*nN (ﬂUEQ(F) Dpgv(m)). Moreover, p(F) = sup{p’(ky) | v e Q(F)}.

Proof. Applying Theorem 6.1 to the quadratic forms m x (1) L (—a) fora € F*
shows for any m > 2 the claimed equality of sets. Note that Q2 (F) contains a
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nonreal valuation v, and we have that p(F") = s(k,) + 1 > 2. Since p(F) > 2 by
Corollary 4.8, we obtain that

p(F)=inf{m > 2| Dp(m) = Dp(m + 1)}
<inf{m >2| Dpv(m) = Dpv(m + 1) for all v € Q(F)}
= sup{p(F") | v e Q(F)}.

Moreover, by Proposition 4.3 we have p(F") = p'(k,) for every v € Q(F). O

Theorem 6.8. Let F/K be an algebraic function field. There exists an algebraic
function field E | k such that p'(E) > p'(F). Moreover, if F/K is algebrorational,
then one may choose E |k to be algebrorational.

Proof. If p(F) = o0, then as F is a finite extension of a rational function field, we
conclude with [Pfister 1995, Chapter 7, Proposition 1.13] that p(K (X)) = oo and
then with Theorem 4.14 we obtain that p(k(X)) = oo, so that for E = k(X) we
have p/'(E) = oo = p'(F).

We now suppose that p(F) < co. By Theorem 6.7 there exists v € Q2 (F) such
that p(F) = p'(ky).

Assume first that p’(F) # p(F). Then F is nonreal with p(F) = s(F), and by
Corollary 4.6 F is not algebrorational. It follows that «, is nonreal with s(k,) =
p'(ky) —1=p(F)—1=s(F)—1, and as s(k,) and s(F) are both powers of two,
we conclude that s(F) = 2. Then s(k) > 2 and for E = k(X)(v—(1 + X?)) we
have that s(E) = 2 and thus p'(E) =3 = p/(F).

Suppose now that p'(F) = p(F) = p’(k,). If v|g is trivial, then we have
p(k(X))> p'(k,) = p(F) by Lemma 6.3 and further s (k(X)) =s(k) =s(K) > s(F),
so we may choose E = k(X) to have p’(E) > p’(F). Suppose that v|g is nontrivial.
By Proposition 6.2 then v dominates 7', and the residue extension k,/k is either
algebraic or it is an algebraic function field. If «,/k is an algebraic function field,
we may choose E = k,, and have that p’(E) > p’(F). Moreover, by Theorem 3.2,
if F/K is algebrorational, then so is E/k. If k,/k is algebraic, then as p’(k,) =
p'(F) < oo there exists a finite extension £/ k contained in «, / k with p’(£) > p’(k,),
and we may thus choose E = £(X) to have p'(E) > p'(£) > p'(ky) = p/(F). O

Corollary 6.9. We have p(K (X)) = sup{p(£(X)) | £/k finite field extension}.

Proof. The statement is trivial if k is nonreal. Assume that & is real. Given an
arbitrary finite extension £/ k, by Theorem 3.5 there is a Z-valuation on K (X) with
residue field £(X), whereby Proposition 4.3 yields that p’(£(X)) < p’ (K(X)). On
the other hand, by Theorem 6.8, there exists a finite extension £/ k with p’ (K (X)) <
p'(£(X)). Since p'(K (X)) = p(K(X)) and p’(k(X)) = p(k(X)) the statement
follows. ([

Note that Corollary 6.9 shows the equivalence of Conjectures 4.15 and 4.16.
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Theorem 6.10. Let n € N. Assume that p(k(X)) < 2" and that ) EZ/DE 2") is fi-
nite for every algebraic function field E / k. Then p(K (X)) <2" and Y_ F?/Dp(2")
is finite for every algebraic function field F /K.

Proof. By Theorem 4.14 we have p(K (X)) < 2". Consider an algebraic function
field F/K. By Theorem 6.7 the natural homomorphism

Y F2/Dr2) — [ X F"/Dr@2")

veQ(F)

is injective. To prove that }_ F2/Dp(2") is finite, it thus suffices to show that the
set

S={veQF)|p(F’)>2"}

is finite and that ) (F”)Z/Dpu (2") is finite for each v € S. Consider v € Q(F).
If v is trivial on K, then p(F’) < p(k(X)) < 2" by Lemma 6.3. Otherwise
0, N K = T by Proposition 6.2 and «, is an extension of k. If the extension
ky/k is algebraic, then p(FY) = p'(k,) < p(k(X)) < 2". If k,,/ k is an algebraic
function field which is algebrorational, then using Corollary 6.9 we obtain that
p(FY) = p'(k,) < p(K(X)) < 2". This proves that, for any v € S, we have
0,NK =T and «,/k is an algebraic function field that is not algebrorational.
The finiteness of § thus follows from Corollary 3.9, and for any v € S we have
I3 (FY)?/Dpo(2")| <2 |X (k0)?/ Dy, (2")], which is finite by the hypothesis. [

Theorem 6.11. Assume that n € N is such that p(E) <2" for any algebraic function
field E/k. Let F/K be an algebraic function field. Then p(F) < 2" + 1 and the
set S = {v € QF) | s(k,) = 2"} is finite with |} F?/Dp(2")| = 25I. Moreover,
&g : F* — 7% induces an isomorphism Y F?/Dp(2") — (Z/27)5.

Proof. Consider v € Q(F). If v|g is trivial, then p'(k,) < p(k(X)) < 2" by
Lemma 6.3 and the hypothesis. Suppose now that v|g is nontrivial. By Proposition
6.2 then O, N K = T and the residue field extension «,/k is either algebraic or it
is an algebraic function field. If «, /k is algebraic, then p’(k,) < 2". Suppose that
Kky/k is an algebraic function field. Then p(k,) < 2" by the hypothesis. Moreover,
if K,/ k is algebrorational, then Corollary 4.6 yields that p’(k,) = p(k,) <2".

Hence, in any case we have that p(k,) < 2", and thus p(F") = p'(k,) <2"+1
by Corollary 4.4. Furthermore, we conclude that p(F") = 2" 4 1 if and only if
v € S, and in this case the residue field extension «, / k is an algebraic function field
but not algebrorational.

By Theorem 6.7 we conclude that p(F) < p'(F) < 2"+ 1 and furthermore

Y F2 = (ﬂ DFU(2"+1)> N ( N DFU(Z”)) nF*,

ves vese
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where S¢ = Q(F) \ S. Moreover, using Corollary 3.9 we obtain that S is fi-
nite. By Corollary 4.11 then ®g : F* — 75 induces a surjective homomorphism
> F?/Dp(2") — (Z/27)S. 1t remains to show that this homomorphism is also
injective. In view of Theorem 6.7 and the above equality for Y F?, it suffices
to verify that <I>§1((ZZ)S) C ﬂves Dpv(2"). Consider x € ) F? and v € S with
v(x)€2Z. Then x =t>y witht € F* and y € 0N (Z Fz), whereby y+m, €Y k%
Since FV is complete and p(k,) < 2", it follows that x = t?y € Dpv(2"). This
shows the claim. U

Recall that the field K is said to be hereditarily quadratically closed if L* = L*?
for every finite field extension L/K. The following result applies in particular to
the situation where R is a real closed field.

Theorem 6.12. Letn € Nand K = R((t1)) ... (t,)) for a field R such that R(«~/—1)
is hereditarily quadratically closed. Let F /K be an algebraic function field. Then
u(F)=2"t',2 < p(F) <3, and the group 3" F?/DF(2) is finite.

Proof. We prove this by induction on n. For n = 0 we obtain from [Elman
and Wadsworth 1987, Theorem] that u(F) = 2, and we conclude by [Lam 2005,
Chapter XI, Corollary 6.26] and Corollary 4.8 that p(F) = 2, whereby > F? =
Dr(2) and 2 < p(F) < p/(F) < 3. Assume that n > 0. Applying the induction
hypothesis to all algebraic function fields over k = R((#1)) . .. (#,—1)), we obtain by
Corollary 6.5 that u(F) =2"*!, by Corollary 4.8 and Theorem 6.8 that 2 < p(F) <
p'(F) < 3, and by Theorem 6.10 that }_ F2?/Dr(2) is finite. O

For certain real function fields over R((¢)), it was asked in [Becher and Van Geel
2009, Question 5.15] whether their Pythagoras number is three or four. We can
now answer this question:

Corollary 6.13. Let h € R[X] be a nonconstant square-free polynomial with no
roots in R. Let F be the function field of the curve Y2 = (X — Dh over R(t)). Then
p(F)=3.

Proof. We have p(F) > 3 by [Becher and Van Geel 2009, Theorem 5.3 and Corollary
4.2] and p(F) <3 by Theorem 6.12. O
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ON THE EQUIVALENCE PROBLEM FOR TORIC
CONTACT STRUCTURES ON S3-BUNDLES OVER S$?

CHARLES P. BOYER AND JUSTIN PATI

We study the contact equivalence problem for toric contact structures on S3-
bundles over S2. That is, given two toric contact structures, one can ask the
question: when are they equivalent as contact structures while inequivalent
as toric contact structures? In general this appears to be a difficult problem.
To show that two toric contact structures with the same first Chern class are
contact inequivalent, we use Morse-Bott contact homology. To find inequiv-
alent toric contact structures that are contact equivalent, we show that the
corresponding 3-tori belong to distinct conjugacy classes in the contacto-
morphism group. We treat a subclass of contact structures which includes
the Sasaki-Einstein contact structures Y7-? studied by physicists with the
anti-de Sitter/conformal field theory conjecture. In this case we give a com-
plete solution to the contact equivalence problem by showing that Y77 and
Y74 are inequivalent as contact structures if and only if p # p’.
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invariant is the first Chern class of the contact bundle D. Indeed, the mod 2 reduction
of D is a topological invariant, namely the second Stiefel-Whitney class. A much
more subtle and powerful invariant is contact homology, a small part of the more
general symplectic field theory (SFT) of Eliashberg, Givental, and Hofer [Eliashberg
et al. 2000] — which can be used to distinguish contact structures belonging to the
same isomorphism class of oriented 2n-plane bundle.

On the other hand, given two contact structures with the same invariants, when
can one show that they are equivalent? In full generality this appears to be a very
difficult problem. However, if we restrict ourselves to toric contact structures in
dimension five, we can begin to get a handle on things. The problem is of particular
interest when applied to toric contact manifolds since they have been classified
[Lerman 2003a]. Thus, one is interested in when two inequivalent toric contact
structures are equivalent as contact structures. Specializing further we consider all
toric contact structures on S>-bundles over S2. It is well known that such manifolds
are classified by ;1 (SO(4)) = Z,, so there are exactly two such bundles, the trivial
bundle S% x S? and one nontrivial bundle X+, (in the notation of [Barden 1965]).
They are distinguished by their second Stiefel-Whitney class w, € H>(M, Z5). The
problem of determining when two such toric contact structures belong to equivalent
contact structures is now somewhat tractable owing to the work of Karshon [2003]
and Lerman [2003b].

The general toric contact structures on S2 x S> or X depend on four integers
(p1, P2, 3, ps) that satisfy ged(p;, pj) = 1fori =1,2 and j = 3,4. We write
the contact structures as D, using vector notation p for the quadruple. However,
this general situation appears somewhat intractable, so we consider the special
case when p; = p; or p3 = p4, which is more tractable because then a certain
quotient is a Hirzebruch surface with branch divisors. We may as well assume
that p3 = p4. It is often convenient to further divide this case into two subcases,
as follows. We set p = (j,2k—j,1,1) for $*> x §3 and p = (j, 2k—j+1,1,1)
for Xoo with 1 < j < k. We denote either one of these contact structures by
Dy patts Djok—ji1s Djok—j+1,1, or simply as D; i ;, depending on which notation
is more convenient. The first Chern class ¢ (D) of the contact bundle is a classical
algebraic invariant of the contact structure. For the contact structure D, we will
give an explicit formula for ¢; (D) which for D; 2r_;;; and Dj 211, equals
2(k — 1) and 2(k —I) + 1, respectively. Using contact homology we show that
even if D;;; and D;: ;v are not distinguished by the first Chern class, they are
inequivalent if k # k'.

Our main result about inequivalence is this:

Theorem 1. The two toric contact structures D p, p, 1,1 and Dy 1 1 1 on 5% x §3
or X are inequivalent contact structures if p| + p5 # (p1 + p2).
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For our main result about equivalence, we need to specialize a bit further. In this
case we require that gcd(p, — p1,[) be constant. We have

Theorem 2. The two contact structures D, p, 11and Dy 1 11 satisfying pi+py =
P1+ p2 are equivalent if ged(l, p» — p1) = ged(l, p — p)).

Recently there has been a great deal of focus on certain toric contact structures
Y P-4 with vanishing first Chern class on S% x §3 discovered by Gauntlett, Martelli,
Sparks, and Waldram [2004a], and used in their study of the anti-de Sitter/conformal
field theory conjecture [Gauntlett et al. 2004b; 2005] (see Chapter 11 of [Boyer
and Galicki 2008] and [Sparks 2011] and references therein). In our notation the
contact structures Y74 correspond to D ,_, 14, p,p- Remarkably our results give a
complete answer to the contact equivalence problem for these structures.

Theorem 3. Let ¢ denote the Euler ¢-function. The toric contact structures Y P-4
and YP1' on §2 x S belong to equivalent contact structures if and only if p' = p,
and for each fixed integer p > 1 there are exactly ¢ (p) toric contact structures Y P-4
on 8% x 83 that are equivalent as contact structures, denoted by D ,. Moreover, the
contactomorphism group of D, has at least ¢ (p) conjugacy classes of maximal
tori of dimension three.

A partial result, namely that Y?"! and Y?! are inequivalent contact structures if
p’ # p, was recently given by Abreu and Macarini [2012], and an outline of the
proof of Theorem 3 was recently given by one of us [Boyer 2011a].

As a bonus we also obtain the following results concerning extremal Sasakian
structures:

Corollary 4. For each such contact structure D, there are ¢ (p) compatible Sasaki—
Einstein metrics that are inequivalent as Riemannian metrics.

Corollary 5. For both S* x 3 and X the moduli space of extremal Sasakian
structures has a countably infinite number of components. Moreover, each com-
ponent has extremal Sasakian metrics of positive Ricci curvature whose isometry
group contains T?.

This corollary follows already from the results of [Pati 2009; 2010; Boyer 2011b],
but Theorem 1 actually gives a much larger class in the sense that there are countably
many new components. As shown in [Boyer 2011b], many of these components
are themselves non-Hausdorff.

Corollary 6. The moduli space of Sasaki—Einstein metrics on S* x S has a count-
ably infinite number of components. Moreover, each such component has Sasaki—
Einstein metrics whose isometry group contains T>.

This corollary also follows from [Abreu and Macarini 2012].
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1. Contact structures and cones

It is well known that contact geometry is equivalent to the geometry of certain
symplectic cones. However, for certain contact structures there are several cones
that become important, and as we shall see they are all related.

A warning about notation. In contact topology the contact bundle is usually denoted
by &, whereas in Sasakian geometry & is almost always a Reeb vector field. To
avoid confusion we eschew the use of & completely, and use D for the contact
bundle and R for a Reeb vector field.

Contact structures. Recall that a contact structure' on a connected oriented mani-
fold M is an equivalence class of 1-forms 7 satisfying n A (dn)" # 0 everywhere on
M where two 1-forms 7 and n’ are equivalent if there exists a nowhere-vanishing
function f such that n” = fr. We shall also assume that our contact structure
has an orientation, or equivalently, the function f is everywhere positive. More
conveniently the contact structure can be thought of as the oriented 2n-plane bundle
defined by D = kern, and we denote by €1 (D) the set of all contact 1-forms
representing the oriented bundle D.

Recall that an almost-complex structure J on D is compatible with the contact
structure if these two conditions hold for any smooth sections X and Y of D:

dn(JX,JY)=dn(X,Y), dn(JX,Y)>0.

It is easy to see that these conditions are independent of the choice of 1-form 7
representing D. The space of almost-complex structures that are compatible with
D is contractible which implies that the Chern classes are invariants of the contact
bundle D. In particular, the first Chern class ¢; (D) will play an important role for us.
Notice also that the pair (D, J) defines a strictly pseudoconvex almost-CR structure
on M, and a choice of contact form 5 gives a choice of Levi form — essentially d7.
Also for every choice of contact 1-form 7 there exists a unique vector field R,
called the Reeb vector field, that satisfies n(R) =1 and R_dn =0. Such vector fields
and the orbits of their flows will play a crucial role for us. We can now extend J to
an endomorphism ® of TM by defining ®|p = J and PR =0. The triple (R, 1, D)
canonically defines a Riemannian metric on M by setting g =dno (P 1) +n®n,
and the quadruple (R, 1, ®, g) is known as a contact metric structure on M.
Notice that R defines a one-dimensional foliation ¥z on M, often called the
characteristic foliation. We say that the foliation Fg is quasiregular if there is a
positive integer k such that each point has a foliated coordinate chart (U, x) such
that each leaf of Fr passes through U at most k times. If kK = 1 then the foliation is

IThis is not the most general definition of a contact structure, but it suffices in most situations
(compare [Boyer and Galicki 2008, Chapter 6]), and certainly for us here.
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called regular. We also say that the corresponding contact 1-form 7 is quasiregular
(regular), and more generally that a contact structure D is quasiregular (regular) if
it has a quasiregular (regular) contact 1-form. A contact 1-form (or characteristic
foliation) that is not quasiregular is called irregular. On a compact manifold any
quasiregular contact form is necessarily K-contact, and then the foliation Fy is
equivalent to a locally free circle action (compare [Boyer and Galicki 2008, §7.1])
preserving the quadruple (R, n, @, g). This is the case that we are interested in. The
quotient space Z = M /Jg is a compact orbifold with a naturally defined symplectic
structure @ and compatible almost-complex structure J satisfying m*w =dn and J
is the horizontal lift of J , that is, (w, J ) defines an almost-Kihler structure on the
orbifold Z. Moreover, 1 can be interpreted as a connection 1-form in the principal
S! orbibundle 7 : M — Z with curvature 2-form 7 *w.

In this paper we are interested in the case when both J and J are integrable.
Then the quadruple (R, n, ®, g) is a Sasakian structure on M, and (o, J ) defines
a is projective algebraic orbifold structure on Z with an orbifold Kéhler metric.
This construction has a converse, that is, beginning with a compact almost-Kéhler
orbifold one can construct a K-contact structure on the total space of a certain
S orbibundle over Z. This is often referred to as the orbifold Boothby—Wang
construction.” Tt lies at the heart of the proof of Theorem 2. Indeed, we shall show
the equivalence of certain contact structures by exhibiting a symplectomorphism
between their corresponding quotient orbifolds.

Orbifolds. As just described, orbifolds will play an important role for us in this
paper. We refer to [Boyer and Galicki 2008, Chapter 4] for the basic definitions and
results. Here we want to emphasize several aspects. First, many cohomology classes
that are integral classes on manifolds are only rational classes on the underlying
topological space of an orbifold, in particular, the orbifold first Chern class of a com-
plex line orbibundle or circle orbibundle is generally a rational class. However, not
all rational classes occur as such. To determine which rational classes can be used to
classify line orbibundles, it is convenient to pass to Haefliger’s classifying space BX
(see [Haefliger 1984] and/or [Boyer and Galicki 2008, Chapter 4]) of an orbifold X
where, as with smooth manifolds, all complex line orbibundles correspond to integral
cohomology classes. Let X be a complex orbifold with underlying topological space
X. Then Haefliger’s orbifold cohomology H}, (X, Z) equals H*(BX, Z), which is
generally different than H*(X, Z), but satisfies H}, (X, Z) @ Q = H*(X, Z2) ® Q.
So, for example, we obtain an integral cohomology class p*c?rb(f)C) € ngb(DC, Z) for
complex line orbibundles from the rational class c‘frb(DC) € H*(X, Q). This amounts
to clearing the order of the orbifold in the denominator. Here p : BX — X is the

’In [Eliashberg et al. 2000] a contact manifold constructed in this way is called a prequantization
space.
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natural projection. We warn the reader that the orbifold cohomology H, (X, Z) is
not the Chen—Ruan cohomology.

The orbifolds that occur in this paper are of a special type. They are all complex
orbifolds whose underlying space is a smooth projective algebraic variety with an
added orbifold structure. In such cases it is convenient to view an orbifold X as
a pair (X, A) where X is a smooth algebraic variety and A is a certain (D-divisor,
called a branch divisor [Boyer et al. 2005; Ghigi and Kolldr 2007; Boyer and
Galicki 2008, Chapter 4]. We write (X, @) to denote the algebraic variety X with
the trivial orbifold structure, that is, the charts are just the standard manifold charts.
In this situation, as emphasized in [Ghigi and Kollar 2007], we consider the map
Iy : (X, A) — (X, @), which is the identity as a set map, and a Galois cover with
trivial Galois group.

Symplectic cones. Given a contact structure D on M we recall the symplectic
cone C(M) = M x R* with its natural symplectic structure (the symplectization of
(M, D)) Q = d(r*n), where r is a coordinate on RT. Recall the Liouville vector
field ¥ =rd/or on the cone C(M).

Now for each choice of contact form n € € (D) there is a natural extension of
the almost-complex structure J on D to an almost-complex structure / on the cone
C (M) defined uniquely by

(1) [=d+VQ®n IV=-R,

where @ is the extension of J to TM defined by ®R = 0. We can also check
that there is a one-to-one correspondence between the compatible almost-complex
structures I on C(M) and elements of € (D), and that (1) hold, so we recover
the full-contact metric structure for each n € €*(D). Given an almost-complex
manifold, W, with complex structure j, a C* map, u, from W into the almost-
complex manifold (N, J) is called J-holomorphic if du + J(u)d(u o j) =0. We
are specifically interested in pseudoholomorphic maps into the cone, that is, maps
which are pseudoholomorphic with respect to the almost-complex structure given
by (1). Such maps from a Riemann surface into C (M) are of particular interest and
are known as pseudoholomorphic curves.
Summarizing, we have these correspondences:

(1) symplectic cone (C(M), 2) <> contact structure (M, D),
(2) almost-Kahler cone (C(M), 2, I) <> contact metric structure (M, R, n, ®, g),

(3) almost-Kéahler cone (C (M), 2, I) with W—iR pseudoholomorphic <> K-contact
structure (M, R, n, ®, g), and

(4) Kdhler cone (C(M), 2, I') with ¥ — i R holomorphic <> Sasakian structure
(M,R,n, ®,2).
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Remark 1.1. In the sequel when we study pseudoholomorphic curves, it is cus-
tomary to parametrize the cone by R so that the singularity, which appears at 0
in the parametrization above, appears at —oo instead. This amounts to choosing
Q =d(e"n) for the symplectic form on C(M).

Sasakian structures. The contact structures considered in this paper are all of
Sasaki type, that is, there is a contact form 1 and compatible metric g such that
8 = (R, n, ®, g) is a Sasakian structure on M. In this case not only is the cone
C (M) discussed above Kihler, but the geometry transverse to the characteristic
foliation F% is also Kihler. This gives rise to a basic cohomology ring Hy(Fg)
(see [Boyer and Galicki 2008, §7.2]), and a transverse Hodge theory. This gives
basic Chern classes c; (Fg) which, if (R, n, ®, g) is quasiregular, are the pullbacks
of the orbifold Chern classes c,‘zrb (Z) on the base orbifold Z. In particular we are
interested in the basic first Chern class ¢ (Fg) € H 113’1 (Fr). A Sasakian structure
8 = (R, n, d, g) is said to be positive (negative) if its basic first Chern class
c1(FR) can be represented by a positive (negative)-definite (1, 1)-form. It is null if
c1(Fr) =0, and indefinite otherwise. It follows from [Boyer 2011b, Lemma 5.1]
that all Sasakian structures occurring in toric contact structures of Reeb type are
either positive or indefinite. We mention that these types occur in rays, that is,
performing a transverse homothety (see [Boyer and Galicki 2008, p. 228]), preserves
the type.

The Sasaki cone. Let CR(D, J) denote the group of almost-CR transformations
of (D, J) on M. If M is compact, it is a Lie group which is compact except when
(D, J) is the standard CR structure on the sphere S>**! by, in various stages, a
theorem of Frances, Lee, and Schoen (see [Boyer 2013]). We let ct(D, J) denote
the Lie algebra of €R(D, J). Recall [Boyer et al. 2008] that the subset

at (D, J)={X ecx(D, )| n(X) >0}

is independent of the choice of € €+ (D) and is an open convex cone (without the
cone point) in ct(D, J). Now the adjoint action of the group €QR(D, J) on its Lie
algebra leaves ctt (D, J) invariant, and the quotient space

k(D, J) =t (D, J)/CR(D, J)

is known as the (reduced) Sasaki cone of (D, J). One should think of « (D, J) as
the moduli space of K-contact structures associated to the strictly pseudoconvex
almost-CR structure (D, J). In the case that the almost-CR structure is integrable,
k (D, J) is the moduli space of Sasakian structures associated to (D, J). It is often
convenient to work with the unreduced Sasaki cone given by choosing a maximal
torus T of €R(D, J). Then the unreduced Sasaki cone is tT(D, J) =tNer™ (D, J)
where t is the Lie algebra of T'.
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Of course, many contact structures do not have a Sasaki cone. In fact, a contact
structure has a nonempty Sasaki cone if and only if it is of K-contact type. It
is important to realize that the Sasaki cone depends on the choice of transverse
almost-complex structure J. Indeed by changing J in a given K-contact structure,
we can have more than one Sasaki cone. These occur in bouquets related to the
conjugacy classes of maximal tori in the contactomorphism Con(M, D) of (M, D)
[Boyer 2011b; 2013].

The moment cone. Now let T be a torus subgroup of Con(M, D), and let t be its
Lie algebra. Consider the annihilator D° of D which is a trivial real line bundle
over M. The orientation on D allows us to write D?\ {0} = D9 UD?, and we can
identify D} ~ M x R* = C(M). Then the contact moment map Y : D% — t* is
defined by

(2) (T(X’p)’f>:<p’ TX)»

where 7 € t and 7, denotes the fundamental vector field associated to T at the point
x. The moment cone C(Y) is defined [Lerman 2003a] as the union of the image
set with the cone point, that is,

3) C(1) =71(D3) U{0}.

By averaging over 7" we can choose a T-invariant contact form » which gives an
equivariant moment map u, : M — t* satisfying

@) wy="Ton.

Again by averaging we can choose an almost-complex structure J that is 7-invariant,
so t is an Abelian subalgebra of ct(D, J). Furthermore, the contact form 7 is
K-contact (with respect to J) if and only if its Reeb vector field R, lies in the Lie
algebra t. In this case we also say that the torus action is of Reeb type [Boyer and
Galicki 2000a]. It is easy to see that this is equivalent to the existence of an element
7 € t such that n(7) is strictly positive on M. When the contact structure D is of
Reeb type C(Y) is a convex rational polyhedral cone, and we have the following
result of Lerman [2003a].

Lemma 1.2. A T-invariant contact form n is K-contact if and only if the image
Wy (M) lies in the intersection of a hyperplane H, with the moment cone C(Y).
Moreover, in the K-contact case the intersection P, = H, NC () is a simple convex
polytope which is rational if and only if n is quasiregular.

The hyperplane H, is called the characteristic hyperplane.
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2. Toric contact structures of Reeb type

Toric contact structures on manifolds of dimension greater than three come in two
types, those where the action of the torus is free, and those where it is not [Banyaga
and Molino 1993; Lerman 2003a]. The latter contain an important special subclass
known as toric contact structures of Reeb type [Boyer and Galicki 2000a]. These are
precisely the toric contact where the torus action is not free and the moment cone
contains no nonzero linear subspace. When the moment cone contains a nontrivial
linear subspace, the toric contact manifold will have infinite fundamental group.
Thus, any toric contact structure on an S3-bundle over S? must be of Reeb type, and
these correspond precisely to convex polyhedral cones in the dual of the Lie algebra
of the torus that are cones over a polytope [Boyer and Galicki 2000a; Lerman 2003a].

Definition 2.1. A roric contact manifold (M, D, A) is a contact manifold of di-
mension 2n + 1 together with an effective action of a torus 7' of dimension n + 1
that leaves the contact structure invariant, that is, if A : T x M — M denotes the
action map then A, D =D.

By averaging over T we can always find a contact 1-form 7 representing D such
that A*n = 7. In this case we also have A, R = R for the Reeb vector field. A toric
contact manifold is said to be of Reeb type if there is a contact form n € €T (D)
whose Reeb vector field lies in the Lie algebra t of 7.

Two toric contact manifolds (M, D, A) and (M’, D', A’) are said to be equivari-
antly equivalent (or equivalent toric contact manifolds) if there exists a contacto-
morphism between them that conjugates the torus actions A and .A’. Toric contact
manifolds were classified in [Lerman 2003a]. In this paper we are interested in
inequivalent toric contact manifolds that are equivalent as contact manifolds. In
this case the tori generated by the actions A and A’ belong to distinct conjugacy
classes in the contactomorphism group Con(M, D). Furthermore, to each such
conjugacy class there is an associated toric CR structure (D, J) which by [Boyer
2013, Theorem 7.6] is unique up to biholomorphism.

Contact reduction. It is well known (see [Boyer and Galicki 2000a; Lerman
2003a]) that every contact toric structure of Reeb type can be obtained by symmetry
reduction of the standard sphere by a compact Abelian group A, and that this
is equivalent to the symplectic reduction of the standard symplectic structure on
CN \ {0} by a compact Abelian group which commutes with the action of dilations
of the cone. For this one must choose the zero level set of the toral moment map.
This equivalence can be described by the commutative diagram

Sy =——C"\ (0}

(5) [ |

M2n—1 C(MZn—l)’
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with dim A = N — n. See [Boyer and Galicki 2008, p. 293].

Lemma 2.2. Let M be an S>-bundle over S*. Every toric contact structure on M
can be obtained by contact circle reduction of the standard contact structure on S’ .

Proof. As stated above, every compact toric contact manifold of Reeb type can be
obtained by symmetry reduction of the standard sphere SV ~! by a compact Abelian
group A [Boyer and Galicki 2000a; Lerman 2003a]. Now by the homotopy exact
sequence M is simply connected and (M) = Z. By a result of Lerman [2004]
71 (M) = m9(A) and (M) = 71(A) = Z9™T . Thus, A is a torus of dimension
one, that is, a circle. Since n =3, N =n +dim A =4, so M is obtained by contact
reduction from S7. U

Remark 2.3. It is well known that there are exactly two S3-bundles over S2, dis-
tinguished by their second Stiefel-Whitney class, the trivial bundle S x S? and the
nontrivial bundle denoted by X, in the Barden—Smale classification [Barden 1965]
of simply connected 5-manifolds. We will show their relation with the reduction
parameters in Theorem 2.6.

We now describe this reduction. First, the standard 7# action on C* is z > e'liz s
and its moment map Yy : C*\ {0} — & = R* is given by

6) Ya(@) = (21 |22, 231, |zal).
Now we consider the circle group T (p) acting on C*\ {0} by

—ip3t —ipsf

(7) (21, 22, 23, 24) > (€P1071, P07y, e7 P30 73, 7P 7y),

where p denotes the quadruple (p1, p2, p3, p4) with p; € Z* and we assume
gcd(pi1, p2, p3, p4) = 1. We have an exact sequence of commutative Lie algebras

) 0— t;(p) > R* 2 t3(p) — 0,

where t;(p) is the Lie algebra of T'(p) generated by the vector field L, = p1 H; +
p2H> — p3H3 — paHy.
Dualizing (8) gives

) 0— t(p) S (RY* > t(p) — 0.
The moment map Y : C*\ {0} — ¢f = R for this action is given by
(10) Y1(z) = pilzi* + palzal® = palzsl® — palzal.

Now consider the 1-form

(1) mo=—3 > (zdzj — Zdz))
j=0
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on C*\ {0} together with the vector field
(12) Rp=) piH;
J

where H; = —i(z; 3/dz; — z; 3/3Z,). Imposing the constraint no(R,) = 1 gives S’
represented as ) i pjlz j|2 = 1. Then o pulls back to a contact form on S, also
denoted by no, with Reeb vector field R, = p1H| + p2H> + p3H3 + psHy. By
a change of coordinates one easily sees that this represents the standard contact
structure on S7.

So the zero level set Y| 1(0) is diffeomorphic to a cone over S? x S3, or equiva-
lently restricting to S, the zero level set of u, is §3 x 83, represented by

(13) pilzilP+ palzal* =5, palzsl* + palzal® = 1.

The action of T'(p) is free on this zero set if and only if ged(p;, pj) = 1 for
i =1,2 and j = 3,4. So assuming these gcd conditions our reduced contact
manifold is the M), = (S3 x $3) /T (p) whose contact form is the unique 1-form
np satisfying (*no = p*1,, where ¢ : u; 1(0) — S7 and p : u, 1 (0) — M, are the
natural inclusion and projection, respectively. In order to identify M, we consider
the Tz(p) action on '“n_ol 0) ~ §3 x §3 generated by the § I action (7) together
with the ! action generated by the Reeb vector field R p- To guarantee a smooth
quotient we have:

Definition 2.4. We say that the quadruple p = (p1, p2, p3, ps) of positive integers
is admissible if gcd(p;, pj) =1 fori = 1,2 and j = 3,4. We denote the set of
admissible quadruples by A.

Let us describe some obvious equivalences. We can interchange the coordinates
71 <> 22, likewise z3 <> z4. Thus, without loss of generality we can assume that
p1 < p2 and p3 < ps. We can also interchange the pairs (z1, z2) and (z3, z4). It is
also convenient to set k = gcd(p1, p2) and [ = gcd(ps3, ps4) and define (p1, p2) =
k(p1, p2) and (p3, pa) =1(p3, pa) with ged(p1, p2) = ged(ps, ps) = 1. Note that
p € A implies ged(k, ) = 1. We will need the “standard” Kahler forms on the
weighted projective spaces for which we take the Bochner-flat Kihler forms of
area 2 described in [Bryant 2001; David and Gauduchon 2006; Gauduchon 2009].
We denote the corresponding Kihler forms by wj, 5, and wp, 5,. We note that these
Kéhler forms are just those obtained by quotienting from the weighted Sasakian
3-sphere.

Lemma 2.5. Let p be admissible. Then quotient space of un_()l (0) =~ S3 x S3 by the
T?(p) action is the orbifold CP(p1, p2) x CP(p3, psa). Moreover, the cohomology
class in Hozrb(([:[P’(ﬁl, Dp2) X CP(p3, pa), Z) of this orbibundle is the class of the
Kiihler form wp = lwp, 5, +kwp, j,.
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Proof. The T?(p) action on S x S splits as a weighted S! action on each factor.
Setting k = gcd(py1, p2) and [ = gcd(p3, pa), we see after reparametrizing that the
quotient of the first factor is CP(p;, p»), and similarly for the second factor.

We have an exact sequence of groups

0— T(p) = T*(p) > S'(Rp) — 0,

where S!(R p) 1s the circle generated by the Reeb vector field Rj,. Thus, we have
the commutative diagram
53 x 83
P
(14) T X7 M.

g

CP(p1, p2) x CP(p3, p4)

We want to determine the integral orbifold first Chern class (Euler class) of the S !
orbibundle given by 7. That is, we look for the class ax + b8 € ngb (CP(p1, p2) X
CP(ps3, p4), Z) which transcends to the zero class on M, where « and § are
primitive classes in each factor. (See [Boyer and Galicki 2008, Chapter 4] for a
discussion of these orbifold classes.) For this we take o = [wj, 5,1, and B =[wj, 5,1
Now according to the action (7) the circle wraps around & times on the first factor
and / times with the reverse orientation on the second. So if we take the Kéhler
form to be

(15) wp = lwj) p +kwps py
its class pulls back to zero under 7, since 7*[wj, 5,1 =ky and n*[wp, 5,1 = —ly,
where y is a generator of Hy(Mp, 7) ~ Z. ([

The first Chern class and diffeomorphism types. In this subsection we relate the
diffeomorphism type of our manifolds M to the reduction parameters p. We do this
by giving a formula for the first Chern class of the contact bundle in terms of p.

Theorem 2.6. M, is diffeomorphic to S% x 83 if p1 4 p2 — p3 — p4 is even, and
diffeomorphic to X o, the nontrivial S3-bundle over S, if p1 + p» — p3 — p4 is odd.

Proof. We know from the reduction procedure and Lemma 2.2 that M, is simply
connected and (M) = Z. So by the Barden—Smale classification of simply
connected 5-manifolds M), is determined by its second Stiefel-Whitney class
w2 (M). Moreover, since TM, splits as D), plus a trivial line bundle, wy (M) is
the mod 2 reduction of ¢ (D). So the theorem will follow immediately from the
following lemma. U
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Lemma 2.7. The first Chern class of the contact bundle D, = kern, on M is
given by
ci(Dp) = (p1+p2—p3— pa)y,
where y is the positive generator of Hz(Mp, 7))~ 1.
Proof. We begin by computing the orbifold first Chern class of

CP(p1, p2) x CP(p3, pa).

From [Boyer and Galicki 2008, Chapter 4] we see that p*c‘l’rb is given by

(16) (p1+ p)lwp, 1+ (P3+ pa)lwpy ] € Ho(CP(p1, p2) X CP(p3, pa), 7).

which pulls back to the basic first Chern class ¢;(F R,) in the basic cohomology
group Hl% (Fr,) under the natural projection 7w : M — CP(p1, p2) x CP(p3, p4)
by the circle action of R,. Now we have an exact sequence

0

|

H*(Mp, 7)

|

1) Ly
0 — HJ(Fg,) — Hz(Fr,) —= H*Mp,R) — -

(see [Boyer and Galicki 2008, p. 245]), with t,c; (?Rp) =c1(Dp)rand da=aldn,]p.
So c1(Dp)w is c1(Fr,) mod [dnp]p, where 1, is the contact form on M. Now
since m*w, = dn,, we know from the proof of Lemma 2.5 that n*[wp, 5,1 = ky
and 7*[wp, 5,] = —ly holds over Z. Thus, since m1(Mp) = {1} we have over Z

c1(Dp) = (p1 + p)*[wp, 1 + (P3 + pa) 7 [wps, 5, ]
=k(p1+p)y —l(p3+pa)y =(p1+p2—p3—pa)y. U

It is easy to see that the argument in [Lerman 2003b] for $% x S can be generalized
to the nontrivial bundle X, to give the following.

Proposition 2.8. As a complex vector bundle, D is determined uniquely by
P1+Pp2—Pp3—pa

3. Contact homology

Here we apply pseudoholomorphic curve theory as briefly described on page 282 to
the Morse—Bott formulation of contact homology. The study of pseudoholomorphic
curves in symplectic manifolds was initiated in the seminal paper by Gromov [1985].
Since then, these objects have become a basic tool in understanding symplectic
geometry and topology, perhaps most notably in the work of Floer, which is the main
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motivation behind symplectic field theory (SFT) and contact homology. The latter
is a small part of the larger SFT of Eliashberg, Givental, and Hofer [Eliashberg et al.
2000]. The original idea, inspired by Floer homology, was to create a homology
theory from the chain complex generated by closed orbits of the Reeb vector
field.

Given a contact manifold (M, D), we choose a contact form 7 for D, and an
almost-complex structure J on the symplectization of M which extends the almost-
complex structure on D such that the Reeb vector field is the purely imaginary
direction. For the moment, assume that periodic orbits of the Reeb vector field
are isolated. This is a generic property of contact forms, and one can always find
such a Reeb field for any contact structure. We consider the set of all closed Reeb
orbits. We consider two orbits as different if they have different periods, even if they
geometrically trace out the same set. Orbits with period one are often called simple
orbits. We will consider the chain complex whose generators are periodic orbits of
the Reeb vector field. The grading is given by the Robbin—Salamon index, which
in the case of isolated orbits is the same as the well-known Conley—Zehnder index
[Robbin and Salamon 1993]. The differential is given by an algebraic count of rigid
J-holomorphic curves from a twice-punctured two-sphere into the symplectization
which are asymptotically cylindrical over closed Reeb orbits, that is, they are curves
for which there exist polar coordinates about each puncture, such that for sufficiently
small radius the curve behaves like a cylinder over a closed Reeb orbit. If we look at
such a curve in standard coordinates in the symplectization, we call punctures which
correspond to limits as the real coordinate approaches positive infinity positive
punctures; the others are called negative punctures [Hofer et al. 1996; Eliashberg
et al. 2000].

Both the Robbin—Salamon indices arise from the Maslov index for a path of
symplectic matrices. We compute the index of a closed Reeb orbit as follows: first,
let us assume that Hy(M, Z) = 0 and consider a closed Reeb orbit y together with
an embedded Riemann surface ¥ C M such that ¥ = y. To find the relevant
path of symplectic matrices with which to compute the Maslov index, one then
pulls back the contact bundle D to 3, which then admits a trivialization, since it
is a symplectic vector bundle over a Riemann surface with boundary. Then one
considers the linearized Reeb flow about a Reeb orbit. This linearized flow gives the
desired path of symplectic matrices. It is important to understand that in a contact
manifold, these indices depend on the choice of capping disk used to trivialize D. In
particular, if the closed Reeb orbit y is contractible (which is always the case in this
article), one trivializes D by choosing a capping disk X of y. If we consider another
capping surface of the form X’ = X#S, where S, represents a two-dimensional
homology class A in M, then the Conley—Zehnder (and Robbin—Salamon) index of
the orbit computed with £’ will differ from that computed using ¥ by twice the
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first Chern class of D evaluated on A, namely

17) pez(y; Zy#Sa) = nez(v; Zy) +2(c1(D), A).

Thus, the grading depends on the choice of capping surface.

In order to address this dependence one considers the coefficients for contact
homology to be elements in a Novikov ring as follows. Give Hy(M, Z) a grading
| -| by setting |A| = —2(c1(D), A) for any A € Hy(M, Z). Let R be a submodule
of Hy(M, Z) with zero grading. Then the Novikov ring is the graded group ring
Q[H>(M, Z)/R] whose elements are formal power series of the form ), gie®,
where g; € Q and A; € H,(M, Z)/R. Here as usual the notation e is used to
encode the multiplicative structure of a commutative ring with unit (see [McDuff
and Salamon 2004, Chapter 11]).

There are some Reeb orbits for which the moduli space of holomorphic curves
in C(M) cannot be given a coherent orientation [Bourgeois and Mohnke 2004] —
these “bad” Reeb orbits must be discarded. Let y be a Reeb orbit with minimal
period T', and y,, be a Reeb orbit that covers y with multiplicity m, so the period
of v, is mT. The bad orbits are those for which the parity of the even multiples
|v2m| disagrees with the parity for the odd multiples |y2,—1]. A Reeb orbit that is
not bad is said to be good.

Now that we have a grading, under favorable circumstances we can define a
graded chain complex C, generated by certain closed Reeb orbits with coefficients
in the ring Q[Hy(M, Z)/R].

Definition 3.1. We define C, to be the graded chain complex freely generated by
all good closed Reeb orbits with coefficients in the Novikov ring Q[ H>(M, Z)/R].
By convention, we shift all degrees by n — 2, where 2n + 1 is the dimension of the
contact manifold. The contact homology, denoted H C (D), is the homology of the
differential graded algebra C, with differential given by (18).

The differential 0 of this chain complex is given by an algebraic count of
pseudoholomorphic curves in the symplectization C (M) of M which come in
one-dimensional families. Explicitly, for ¢ a good closed orbit of the Reeb vector
field, M simply connected, and A a two-dimensional homology class, the differential
is given by the formula

(18) y= Y Z;—yny,yf,AeAyc

AeH (MZ) '

where A denotes the image in H>(M, Z)/R of the homology class A, Ky is the
multiplicity of the Reeb orbit y, and n,, ,, is the algebraic count of elements in the
moduli space M“(y, ¥’) of J-holomorphic curves into the symplectization of M
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which are asymptotically cylindrical over the closed Reeb orbits y, 3’ representing
the homology class A.

Note that n, , 4 is nonzero only if the dimension of this moduli space is 1.
This indeed gives a reasonable homology. The proofs that 3> = 0 and that the
homology does not depend on choices of a contact form or an almost-complex
structure come from analysis of the boundary of moduli spaces of rigid curves
and are discussed in [Eliashberg et al. 2000]. These results, in general, depend
on abstract transversality results for the d; operator. We will make the standing
assumption that such transversality can be achieved, either by abstract perturbations
or by the amenable geometry of the situation at hand. The signs which appear in the
algebraic count depend on coherent orientations of the moduli space are explained
in [Bourgeois and Mohnke 2004].

Remark 3.2. Due to the lack of compactness of moduli spaces of pseudoholomor-
phic cylinders, 3% is not always zero. If it is, then the homology is often called
cylindrical contact homology. Indeed, the boundary of the compactification of this
space can, in general, contain curves with more than two punctures. However, we
can instead consider the supercommutative algebra generated by periodic orbits.
This means that instead of counting only cylinders, we now count curves with an
arbitrary number of negative punctures. In this paper, it suffices to count cylinders.

Morse—Bott contact homology. In the above constructions we needed to make
an assumption that the closed Reeb orbits are isolated in order to get a good
index, that is, we have to assume that the Poincaré return map constructed about
any periodic Reeb orbit has no eigenvalue equal to 1. This condition is generic;
however, many natural contact forms, especially those which arise from circle
orbibundles, are as far from generic as possible. In order to calculate contact
homology for such manifolds one must make some sort of perturbation. It is only
in very nice situations that this is not extremely difficult. The Morse—Bott version
[Eliashberg et al. 2000; Bourgeois 2002; 2003] allows us to use the symmetries
of nice contact structures and symmetric almost-complex structures, by exploiting
rather than excluding nonisolated orbits. This is accomplished by considering Morse
theory on the quotient space, and relating critical points and gradient trajectories
of a Morse function to pseudoholomorphic curves in the symplectization of the
contact manifold. Since toric contact manifolds of Reeb type are always total spaces
of circle orbibundles admitting Hamiltonian actions of tori and they admit nice
Morse functions, the Morse—Bott formalism works quite well for us. We follow
a combination of [Eliashberg et al. 2000] and [Bourgeois 2002] in what follows,
applying the Morse—Bott setup to our special case.

Let (M, D) be a contact manifold with contact form 7, and consider the action
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functional 2 : C*(S'; M) — R, defined by
(19) A= [ n
¥

The critical points of 2 are the closed orbits of the Reeb vector field of 1. The
action spectrum is defined to be

om={reR|r=2A()}
for y a periodic orbit of the Reeb vector field. Given T € o (), define
Nr={peM|¢)=p}, Sr=Nr/S'

where S! acts on M via the Reeb flow. Then Sy is called the orbit space for
period T'.

When M is the total space of an S'-orbibundle the orbit spaces are precisely the
orbifold strata. This is a special case of a contact form being of Morse—Bott type:

Definition 3.3. A contact form, 5 is said to be of Morse—Bott type if

(1) The action spectrum o (1) is discrete.

(i1) The sets N7 are closed submanifolds of M, such that the rank of dn|y, is
locally constant and

T,(Nr) = ker(der — I).

Remark 3.4. These conditions are the Morse—Bott analogues for the functional on
the loop space of M.

Rather than set up Morse—Bott contact homology in full generality, let us do
this for the special case of an S'-orbibundle. In this case the contact form is of
Morse—Bott type [Bourgeois 2002]. Let 71, ..., T;, be all possible simple periods
for closed Reeb orbits. Let ¢’ denote the flow of the Reeb vector field. Let

T.
Nr,={xeM|¢' =x}, Sr, =NT,~/SI'

For each j, we choose a Morse function f; on S7; and, using appropriate bump
functions, build a Morse function f on all of M which descends under the quotient
by the Reeb action to each orbit space. Now, we perturb 1 by

(20) ny=1+ef)n.

For almost all €, the closed Reeb orbits of 1 are isolated, and, for bounded action,
they correspond to critical points of f. Note that the Reeb orbits of 1 within each
stratum all have the same Robbin—Salamon index. The following formula [Cieliebak
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et al. 1996; Bourgeois 2002] computes the Conley—Zehnder index of 1 ¢ in terms
of the Robbin—Salamon index of any Reeb orbit in a particular orbit space:

1) ly| = nez(y) = urs(yr) — 3 dim(Sz,) +ind, (f)).

We now have a contact form with isolated closed Reeb orbits. Since these orbits
correspond to critical points of a Morse function, we may think of the generators of
contact homology either as isolated orbits, or as critical points of a Morse function
on each orbit space. This gives the generators and their gradings for the chain
complex (or differential graded algebra) of Morse—Bott contact homology when
we add, by convention, the degree shift n — 2, which is O in the five-dimensional
case. We now describe the differential 9; however, we shall be very brief, as the
differential vanishes identically in our case, as proven in Theorem 3.9.

Consider orbit spaces St, and St,, for 71, T € o(n). Now define the moduli
space M, (S7,, St,) to be the space of pseudoholomorphic curves (with respect to
J) into C (M) with one positive and one negative puncture which are asymptotically
cylindrical over a closed Reeb orbit in S, near the positive puncture, and to S,
near the negative puncture. We require, moreover, that these curves have finite,
nonzero area.

In the case at hand the differential splits into two pieces:

(22) 0p = omswp +dcusS,

where dyisw is the differential on the Morse—Smale—Witten complex determined
by our choice of Morse function on the orbit space S containing p, and roughly
speaking dcy S gives a count of rigid pseudoholomorphic curves in M (S, S’). Here
S’ is some orbit space with action less than that of S. The count is over all S” such
that the dimension of M, (S, §’) is equal to 1. We refer to [Bourgeois 2002; Pati
2009] for more details. The following proposition shows the vanishing of dcy for
orbibundles.

Proposition 3.5. When M is the total space of an orbibundle of a symplectic
orbifold, then there are no rigid holomorphic curves into the symplectization of M.

Proof. There is an effective R-action, as well as that of a circle on the moduli spaces;
hence, these spaces have dimension at least two. So they can never be rigid. [

Remark 3.6 (on transversality). Though in some special cases we can use the nice
properties of toric manifolds to determine regularity of the moduli spaces of curves
defined above, the proof of invariance of contact homology as well as the proof
that the Morse-Bott complex actually computes the homology of the perturbed
complex requires the use of abstract perturbations of the d; operator. We believe
that the results of Hofer, Wysocki, and Zehnder’s polyfold theory will provide a
good framework for this problem; however, we make it a standing assumption that
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there exists an abstract perturbation of the d; operator which makes its linearization
surjective. Proposition 3.5 requires no transversality result for the 3 operator since
we can get at least these two dimensions without any appeal to abstract Fredholm
theory. This does not make the transversality problem go away, however, since it is
still needed in proofs of invariance, and independence of choices. Moreover, when
one wishes to analyze higher-dimensional moduli spaces by adding marked points,
one needs the relevant dimension formulae to hold, although this can be handled
in many cases using the fact that J can be chosen to be integrable in these toric
situations. We should also mention that, even without the transversality assumption
mentioned here, we can obtain a weaker version of invariance, as we shall see later.

Contact homology for toric contact 5-manifolds. Let us consider the differential
graded algebra discussed above. We start with the set of critical points of a Morse
function as picked earlier. Since we are working with toric manifolds of Reeb type
in dimension 5 we actually know that the fixed points of the T'3-action are isolated,
hence the norm squared of the symplectic moment map on Z is a perfect Morse
function.

We are interested in the orbit structure of the 73(p) action on M -

Lemma 3.7. Consider the toric contact structure D, on My, an S 3_bundle over
S2. There are exactly four one-dimensional simple closed orbits under the action of
T3(p). Moreover, these four orbits are Reeb orbits for all Reeb fields in the Sasaki
cone t; (p), as well as for a Reeb vector field in con(Mp, np) that is arbitrarily
close to one in the Sasaki cone. Moreover, for a generic such Reeb vector field these
are the only closed orbits.

Proof. We have an exact sequence of groups,
(0} = T(p) > T* - T°(p) — {0},

and we consider the action of T3(p) on the level set given by (13) thought of as
T*/T(p). If z; # 0, then we can choose 6 = 0; of the standard 7* angles. The
remaining T3 orbit will be one-dimensional only if z = 0 and one of z3 or z4 is
zero. This gives two closed S'-orbits. On the other hand if z; = 0, then we must
have z, # 0, so we choose 6 = 6, and as above this gives exactly the two close
orbits with either z3 or z4 vanishing. Clearly, any Reeb vector field in t;r leaves
these Reeb orbits invariant, and since every Reeb vector field in the Sasaki cone is
arbitrarily close to a quasiregular one, the last statement follows from a result of
Bourgeois [2002]. ]

Let t,(p) denote the Lie algebra of T2(p). It is generated by the two vector
fields L, and R,. We have an exact sequence of Lie algebras

(23) {0} = t(p) = ta 5 ga(p) — {0},
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where go(p) is generated by the vector fields H,=p(H)) and H3 = p(H3). We
have a toric symplectic orbifold

(24) (CP(p1, p2) x CP(p3, pa), wp),

where the symplectic form is given by (15), and the torus &, (p) is generated by
the Lie algebra g, (p). The moment map

wa : CP(p1, p2) x CP(p3, ps) = g2(p)*

is given by 12(z) = (|z11%, 1z31%).

Proposition 3.8. The function f = |u2|? is a perfect Morse function on the quotient
M‘,,/S1 ~ CP(p1, p2) x CP(p3, pa) whose critical points are precisely the four
Reeb orbits of Lemma 3.7.

Proof. Since the critical points are isolated f is a Morse function, and Morse—Bott
functions that are the norm squared of a moment map are perfect [Lerman and
Tolman 1997]. It is easy to check directly (see also [Kirwan 1984, Lemma 3.1]),
using the relations

Hy=aH, mod gx(p), H;=bH; mod g(p),
for some a, b € R, that f has precisely the four critical points
[1,0] x [1,0], [1,0]x[O, 1], [O,1]x[1,0], [O,1]x [O,1],
and these correspond to the four Reeb orbits of Lemma 3.7. U

Theorem 3.9. In the case of circle reductions in dimension five, which have four
Reeb orbits fixed by the T3-action, the differential in Morse—Bott contact homology
vanishes. Moreover, the elements of contact homology HC (D) are given by the
good Reeb orbits including multiplicity. More precisely, it is given by the homology
groups of each stratum of its orbit space. The degree of each generator is given
by (21).

Proof. By Proposition 3.5 there are no rigid holomorphic curves. So dcy vanishes.
But also by Proposition 3.8 |u|§ is a perfect S!-invariant Morse function, and the
Morse—Smale—Witten differential dyisw vanishes as well. Thus, the full differential
(22) vanishes. It then follows that the elements of HC (D) are simply the chains
of the complex Cj, that is, good closed Reeb orbits including multiplicity. For
each period of the Reeb flow we get a different Reeb orbit, corresponding to some
critical point of f. Since f is perfect, these critical points correspond not just to
chains but to actual homology classes. The statement about the grading follows
from (21). U
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The next proposition, though not a general proof of invariance of contact homol-
ogy, does tell us that we do get an invariant in the world of S!-orbibundles, whose
bases admit a perfect Morse function.

Proposition 3.10. Let M be a quasiregular contact manifold, such that its quotient
by the Reeb vector field is a symplectic orbifold which admits a perfect Morse
function. Then if M’ is contactomorphic to M, is quasiregular, and the quotient
by its Reeb vector field is also a symplectic orbifold which admits a perfect Morse
function, then the two contact homology algebras are isomorphic.

Proof. The conditions on M, M’, and their bases ensure that all parts of the
differential vanish. Therefore we may construct a map between these two algebras
as in [Eliashberg et al. 2000] counting rigid curves in a symplectic cobordism
between M and M’. The main difficulty is in seeing that this map is a chain map.
However, since the differentials vanish on both ends, the map is trivially a chain
map, hence the two contact homology algebras are isomorphic. O

The next proposition gives an nonequivalence statement about toric contact
manifolds of type (p1, p2, [, ).

Proposition 3.11. Let (py, p2,1,1) and (p}, p5.1',1") be two admissible 4-tuples.
If p1+ p2 # p| + P}, then the corresponding contact manifolds cannot be contacto-
morphic.

The proof of Proposition 3.11 is essentially an index calculation in light of
Theorem 3.9. Let us first collect some information about the contact structures in
question in convenient coordinates. To compute the grading on contact homology
it is useful to consider a special case of the join construction [Boyer et al. 2007].
Since we can view our toric sphere bundles as quotients of S x S* we have a
convenient way to compute indices. This is of particular interest for strata of positive
codimension, since the orbits in the codimension-zero stratum behave exactly as
in the regular case. To define the join construction we start with two quasiregular
contact manifolds, M| and M», with contact forms 1 and 5, and bases Z; and Z,
with symplectic forms w; and w,. Then the product M; x M is a T2-bundle over
Z1 x Zp. We take the quotient of M| x M, by the action of the circle obtained by
gluing together Reeb orbits on each piece, that is,

(25) (z, w) k> (€107, e 0 yy),

The admissibility conditions of Definition 2.4 are precisely the conditions that
guarantee that the quotient by this action is smooth in which case it yields a new
quasiregular contact manifold with base Z; x Z,, contact form #n; + 71,, contact
distribution given by D @ D,, and Reeb vector field R,, + R,,. This contact
structure is exactly the one coming from the principal circle bundle obtained by
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requiring that its curvature form is the pullback of the sum of the two symplectic
forms on each base space. We obtain new Reeb orbits as equivalence classes of
pairs of Reeb orbits, one from each of M and M,. When k; and k; are different
from 1, we have a similar contact manifold, except the curvature is given by pulling
back k; and k, multiples of the symplectic forms, namely do = 7* (kow; +kjw>). In
this case Reeb orbits in the new total space will correspond to pairs, one wrapping
k1 and the other wrapping k, times (in addition to the multiplicity of the orbit
as a Reeb orbit in one of the three-spheres). In the following, M; and M, are
both standard three-spheres. Index calculations on three-dimensional spheres are
standard; however, we present the details in Lemma 3.12 for completeness and also
to illustrate the inherent role of the orbifold structure.

Let us consider the contact structure on the quotient of the product of two
standard weighted three-spheres with weights p;, p», p3, and p4. As before we take
ki = ged(pi, p2), ko = ged(ps, pa), and p; = p;/ky fori = 1,2, and p; = p;/k>
for j = 3,4. We view this as a product of hypersurfaces in C* with coordinates
(z1, 22, 23, 24), 2j = Xj + iy;, subject to the action (25). This manifold is the total
space of an orbibundle over an orbifold S? x §? with orbifold singularities at the
products of the north and south poles, and for the products of the north and south
poles with copies of S2. These singularities correspond to setting one or two of the
z; to 0. The Reeb vector field is given by

P1Y10x; — X1 P10y, + P2Yy20x, — P2X20y, + P3y30x; — X3 P30y, + Pay4dy, — PaXa0y,

and the contact distribution is given by the span of the vectors

(26) —%xz&q ¥ %yzayl + éxlam _ é 1y,

@7) — Loy — Loy, + Lyiay, + a1y,
P1 P1 P2 D2

(28) — Lo+ S yady, + xsdy, — 3y
D3 i 24 P4 D4

(29) — Loy — Loy, + Lyso, + sy,
p3 D3 i P4 P4

In the following we restrict ourselves to the case where p3 = ps = k. To get our
hands on an orbit in the quotient, we must, for each time around the fiber, pick
an appropriate circle out of the fiber of the torus bundle. It is easy to see that the
equivalence relation gives us a circle obtained by wrapping around the first circle
k, times and around the second circle k; times. Let us now parametrize the fiber.
We may choose a coordinate for a Reeb orbit by

y (1) = (0, cos(ky pat) 4+ i sin(ky pat), 0, cos(pat) +1i sin(pat)).
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Now when t = 1/ p, we have wrapped around the first orbit k,-times and the second
k1 times. Here the action is 1/ p;. This is the smallest action since we have assumed
that p» > p;. What about when the first orbit wraps around more than once in S3?
Let us see how to look at such an orbit. This corresponds to taking

GB0)  y(1)= (coykzﬁln-+isnmkzpln,o,o,cos(fﬂ¢)-+isn1(£lt>>,
m m

where m is the multiplicity. Now when ¢t = m/p;, we wrap around the first orbit
mk; times and the second k; times. As long as m < min{k,, p;} we do not enter a
higher-dimensional orbit space. Similar considerations remain true for z; = 0. Let
us compute the Robbin—Salamon index of the orbits (30).

Lemma 3.12. The Robbin—Salamon indices of the orbits in (30) of multiplicity m
are given by

31 2kim+2|mpa/pi| =1, 2kim+2|mp/p2] —1.

Proof. To do this we must choose a disk D with boundary y. Such a disk can be
written explicitly. We begin by producing a disk in 3 x §3:

(32) (cos(6), sin(0)e* 272!, cos(0), sin(@)e*™ /™),

The above disk clearly has boundary y (the boundary occurs when 8 = 7 /2) and
we have 6 € [0, 7 /2]. To pull back the contact distribution we plug the coordinates
into (26)—(29):

(33) _1 sin(0) cos(2mwiky pat) 0y, —I—i sin(0) sin(2miko pat)dy, —I—i cos(0)0y,,
P1 pP1 p2
(34) _pi sin(0) sin(2mwiky pat) oy, _pL sin(0) cos(2miky pat)0y, —|—pi cos(6)dy,,
1 1

(35) —LS1n(9)cos(2mp )3x3+1 sin(0) Sln(27”p )ay3+1 €08(6) 0y,
P3 p m p

(36) —é sin(0) sm(Zm )8)@—% sin(0) cos (Zm )8),3—% cos(0)0,,.

When 6 = /2, these four vectors become

pl(— cos(2miky pat) 0y, + sin(2mwiky pat)ody, ),
1

pi(— sin(2mika pat) 0y, — cos(2miky pat)ody, ),
1

t
L(— cos<27np2 )E)x3—i-s1n<2mp2 >8y3>,
p3 m m
1 t t
—(— sin(2nip—2>8m — cos(2m’p—2)8y3>.
p3 m ’ m
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Disks for the other orbits mapping into branch divisors have a similar expression.
The key point is that we only see vectors corresponding to the coordinates which
have been set to zero. Now we can easily compute the Robbin—Salamon index of
these orbits. Recall that given a path of symplectic matrices, ® (), a number ¢ is
called a crossing if ®(¢) has an eigenvalue equal to 1. To compute the Robbin—
Salamon index of a path of symplectic matrices on [0, 7] one computes

%signature(F(O)) + Z signature(I" (1)) + %signature(F(T)).

crossings ¢
t#0,T

Here the crossing form is
g(P (v, v)

restricted to the subspace on which ® has eigenvalues equal to 1. In this case
at each crossing the crossing form is just ¢(v, Jov), so this gives signature 2 on
each two-dimensional subspace consisting of eigenvectors with eigenvalue 1. At
crossings the vectors above spanning D above become —(1/p1)dx;, —(1/p1)dy1,
—(1/1D)9x3, and —(1/1)dys.

Recall that the linearized Reeb flow is of the form

emimt 0 0
0 et 0
0 0 er‘rikzt 0 ’
0 0 0 elnikzt

and each complex block of the matrix looks like
cos(2mpjt) —sin(2mp;t)
sin(2wpjt) cosQmpit) |
The time derivative of each block looks like
—2mp;sin(2rpjt) —2mwp;cos(2mp;t)
2mpjcos(2mpjt) —2mp;sin(2ap;t) '

At crossings these blocks become

0 2mp;
277.'pj 0 '

The crossings which have the first two vectors as 1-eigenvectors occur at integers
multiples of 1/(k; p1), and those for the second two occur at integer multiples of
kym/ky. As we saw above the flow splits into two parts, that corresponding to the
first two coordinates and that corresponding to the second two. This means the
second part, for multiplicity m, is 2mk;. Now we add the normal part. For orbits
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of multiplicity m we get contribution 1+ 2|m/p;]. Therefore for multiplicity m
these orbits have Robbin—Salamon index

2kim +2|mpa/p1| — 1,
and similarly, setting p, to zero, we obtain
2kym +2|mpy/p2| — 1. O

We shall label these orbits y,, ;. With this information we can now prove
Proposition 3.11.

Proof of Proposition 3.11. The goal here is to distinguish contact structures. We
will show that given two 4-tuples as in Proposition 3.11 that the contact homology
algebras cannot be isomorphic. We know that (p, —1)/p2 > (p1 — 1)/ p1; hence
the index of y is 2(p; — 1). This tells us that we have p; — 1 + py — 1 orbits of
index less than 2(p, — 1).

Theorem 3.9 gives us a complete picture of the contact homology of the manifolds
given by admissible 4-tuples up to knowing the Robbin—Salamon indices. Let us
spell this out in the case (p1, p2, k2, k7). In this case there are essentially two
different kinds of orbit spaces. We have two-dimensional orbit spaces which
project to two-spheres in the base, and we have copies of the whole manifold. The
two-dimensional orbits spaces consist of orbits having action kym/p; for p; { m.
The four-dimensional orbit spaces consist of orbits of integer action. For each
two-dimensional orbit space, Si,u/p;,» we obtain exactly two orbits contributing to
contact homology with grading difference two. We denote these orbits y,, ;, and
Ym,; corresponding to the maximum and minimum of the Morse function on Sy, /p, -
For such orbits with action less than 1 we have grading

[Vm,il = RS (Vm,i) + 1
(37) s
[Vim,il = urs (Vm,i) — 1.

For each four-dimensional orbit space we have four generators for contact homology,
again corresponding to critical points. We label these

A v s1 .8
Yms> Vms Vm » Vm

for the maximum, minimum, and two saddle points, respectively. With a choice of
disk D projecting to the spherical homology class ¥ € H,(Z, Q) we have

[V | = RS Vi, D), [Vp2| = urs Vi, D).

In (38) urs(ym, D) = 2k2m(c‘1)rb(2,), (X)). Moreover, for two-dimensional orbit
spaces with action greater than 1, by the catenation property of the Robbin—Salamon
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index, we may decompose the orbit into a part with biggest possible integer action
and a part with action smaller than 1. We then add the indices of these two orbits to
get the Robbin—Salamon index. Note that for these two-dimensional orbit spaces,
the tangential part of the flow is a loop, but the normal does not complete a loop;
this explains the appearance of the summand 1 in the above formulae. Note that,
here, the Robbin—Salamon index is nondecreasing with respect to action. Thus we
may count the number of orbits with index less than 1. This will give a count of
generators of contact homology of index less than 2(p;+ p2+2)—2. From the above
discussion there are p; — 1 + p» — 1 such orbits coming from lower-dimensional
orbit spaces, and then one coming from g;. This gives exactly p; + p, — 1 orbits in
degree less than 2(p; + py + 1). This proves Proposition 3.11. ([

Proposition 3.11 applies directly to the Y ”>¢ manifolds. In this case the invariant
is 2p — 1; note that it does not depend on q.

As an application let us use the preceding discussion to distinguish contact
structures on the toric contact 5S-manifolds corresponding to the 4-tuple (1, 2k — 1,
[, 1) for positive integers k and / such that the tuple (1, 2k — 1, [, [) is admissible.
Then we see that ¢ (D) = 2k — 2/. Let us fix the first Chern class of the contact
distribution and see what happens. We see then that we must have

(D) +2
-

Now using Proposition 3.11 we see that there are 2k — 1 generators in contact
homology of degree less than 4k + 2.

k

A remark on the regular case. In the regular case the situation is somewhat simpler,
but, on the other hand, there is less information available at first glance. In this
case there is geometrically only one orbit space, Z itself. To get a handle on the
contact homology let us look at the case (k, k, k — c, k — ¢). This gives a regular
contact manifold with ¢ (D) = 2¢ times a generator. We choose a basis Ly, Ly of
H,(Z,7Z) so that Ly = xS; + 8>, and L, lifts to a class which evaluates to O under
m*@. Both x and y are chosen so that they give action 1 for a disk that projects to
L. We define x and y as follows. Let m be the smallest number so that mk = —1
mod c. Then we define x = (km 4+ 1)/c and y = x —m. It is easy to see that x and
y satisfy the above properties. With these choices the grading for contact homology
for orbits of action N is given by

PI=NQx+2y)+2, [7I=NQx+2y)=2, |yyl=N@2x+2y).

In this picture, for N = 1, y gives the smallest possible grading. By varying &,
we obtain infinitely many distinct contact structures whose contact distribution has
the same Chern class.
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Another way to distinguish contact structures. As described in [Eliashberg et al.
2000, §2.9.2], there is another situation where symplectic field theory can be used
to distinguish toric contact structures. The following theorem is a generalization to
smooth orbifolds of [Eliashberg et al. 2000, Proposition 2.9.4]:

Theorem 3.13. Suppose we have two simply connected quasiregular toric contact
manifolds of Reeb type in dimension five, such that each orbifold stratum is nonsin-
gular in the sense that its underlying space is a smooth submanifold. Suppose that
under the quotient of the Reeb action one of the base manifolds has an exceptional
sphere while the other does not, then these two manifolds are not contactomorphic.

Proof. We show that there is an odd element in the contact homology algebra of
one manifold specialized at a class which is not in the other for any specialization.
We assume here that all of the weights of the torus action are greater than 1 for
the manifold containing no exceptional spheres. As in [Eliashberg et al. 2000] the
potential specialized to the Poincaré dual of an exceptional divisor will give the
potential for a standard S3; but then for a chain which lifts to the volume form for
this 3-form there is always a holomorphic curve to kill it as a generator for homology
specialized at this three-class. Hence this homology contains no odd elements. Let
us consider first the case where the base is a manifold. We look at the manifold
containing no exceptional sphere. We must compute the Gromov—Witten potential
(see the Appendix for a brief description). Unfortunately it does not vanish, but for
any 2-classes the potential always vanishes. This is because the Gromov—Witten
invariant, GW%’ «(a, ..., ), is not equal to O for a two-dimensional class « only if

2k =4+2c1(A)+2k—6, ie., ci(A)=1.

But the weights make this impossible. Thus all coefficients for such curves vanish,
and the potential vanishes on Z, hence on M. So for a three-class in the contact man-
ifold obtained from integration over the fiber of a two-class, there is no holomorphic
curve to kill it. Hence specialized at such a three-class we have an odd generator
which does not exist in the presence of exceptional spheres. The orbifold case is
similar. The computation for the Gromov—Witten potential on the manifold with
the exceptional sphere follows from the divisor axiom. To see that the coefficients
for the Gromov—Witten potential vanish in the case where there is no exceptional
sphere we note the Gromov—Witten invariant is nonzero only if the first Chern class
evaluated on A is equal to one minus the degree shifting number of x, which in the
absence of exceptional spheres in the stratum in question is impossible. ]

Remark 3.14. Since the base is four dimensional the results of [Hofer et al. 1997]
tell us that we can indeed use the dimension formula above for computation of the
Gromov—Witten invariants for the manifold case. To adjust for orbifold structure we
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use extra point conditions since all strata in this case are actually smooth manifolds
additionally endowed with orbifold structure.

4. The contact equivalence problem

It is the purpose of this section to prove the contact equivalence of certain toric
contact structures that are inequivalent as toric contact structures. To clarify this we
say that two toric contact structures D, and D, are equivalent as contact structures,
but inequivalent as toric contact structures, if there is a contactomorphism ¢ :
M, — M, such that ¢, D, =D, but there is no T3-equivariant contactomorphism.
Then their 3-tori correspond to distinct conjugacy classes of maximal tori in the
contactomorphism group [Lerman 2003b; Boyer 2013]. We remark that Theorems 1
and 2 are direct consequences of Theorem 4.11.

A complete answer to the equivalence problem appears to be quite difficult so
we restrict ourselves to certain special cases of contact structures that are Seifert
S'-bundles (orbibundles) over Hirzebruch surfaces which generally have a nontrivial
orbifold structure. In this case we show that certain 7> equivariantly inequivalent
contact structures are actually 72 equivariantly equivalent for some subgroup
T2 C T3

Orbifold Hirzebruch surfaces. In this section we study a special class of toric
contact structures on S3 bundles over S? that can be realized as circle orbibundles
over orbifold Hirzebruch surfaces. Since the reduction method gives all examples
of such toric contact structures, it is important to make contact (no pun intended)
with examples that are known in the literature. Here we shall always assume that
the quadruple p is admissible.

When working with Hirzebruch surfaces, we often follow [Griffiths and Harris
1978] (but with slightly different notation) and represent S, as the projectivized
bundle S, = P(O(n) + ©) — CP! with fibers L = CP! and sections E and F
with self-intersection numbers n and —n, respectively. The sections, which satisfy
E-E=n,E-L=1,and L -L =0, define divisors in S, and determine a basis
for the Picard group Pic(S,) ~ H 2(S,, Z) ~ 72. However, when working with
symplectic forms it is convenient to use a basis which appears for all admissible
complex structures. Thus, it is convenient to treat the even and odd Hirzebruch
surfaces separately. The even Hirzebruch surfaces S, are diffeomorphic to % x §2,
so we define Eg = E —nL. Then we have

Ey-Ey=(E—nL)-(E—nL)=E-E—2nE-L+L-L=2n—2n=0.

In this case the Poincaré duals «; and af, are the standard area forms for the
two copies of 2. Similarly, the odd Hirzebruch surfaces Sy, are diffeomorphic
to CP? blown up at a point which we denote by CP2. In this case we define
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E_1=FE—(n+1)L which gives E_;- E_; =—1. So E_; is an exceptional divisor.
Again the Poincaré duals oy and ag_, represent the standard area forms on a fiber
and exceptional divisor, respectively.

As mentioned previously the orbifolds that we encounter are of the form (X, A),
where X is a smooth algebraic variety and A is a branch divisor. Specifically we
are interested in the orbifolds (S,, A), where A =) .(1 — 1/m;)D; and D; are
Weil divisors on S,,. We refer to the pair (S,, A) as an orbifold Hirzebruch surface.
We now wish to compute the orbifold canonical divisor in this situation. Since we
are working with Q-divisors, we can express the result in terms of Eq even though
it is an honest divisor only on even Hirzebruch surfaces.

Lemma 4.1. Let (S,, A) be an orbifold Hirzebruch surface such that E and F are
branch divisors, both with ramification index m. Then the orbifold canonical divisor

of (Sn, Am) is

b 2 2m—n 2
K(Osrn,A ——%E— L:—%EO—ZL.

m)
Hence (S, Ap) is a log del Pezzo surface (Fano) if and only if 2m > n.

Proof. We know [Griffiths and Harris 1978, p. 519] that the canonical divisor K,
of S, is given by K5, = —2E + (n —2)L = —2E( — 2L, and the orbifold canonical
divisor KES);E)Am satisfies (see [Boyer and Galicki 2008, p. 127])

K§ty, =Ko, + (1= 1) (E+F).

Now the divisor E has self-intersection n, and the divisor F' has self-intersection
—n, and since they both have intersection 1 with the fiber L, we have (E+ F) =2E).
Putting this together gives the formula.

The orbifold (S, A;;) is log del Pezzo if and only if the orbifold anticanonical
divisor —K E’;}: a, is ample, and this happens if and only if 2m > n by Nakai’s
criterion since E and L are effective. O

Toric contact structures on S* x $3. The toric contact structures we describe here
are not the most general, but are obtained by setting p = (j, 2k— j, [, [). That is, we
consider contact structures of the form D; >i_;;; where the pair (k, ) is fixed with
k>l,and j=1, ..., k. Now since p € A we also have gcd(j, /) =gcd(k—j,[)=1.
We denote the setof j =1, ..., ksuchthat p=(j, 2k—j, [, ) is admissible by J 4 =
Ja(k, ). The first Chern class of this contact structure is ¢1(D; 2—; 1) =2(k—1)y
where y is a generator of HZ(MI,, Z) ~ Z. So in this case M), is §? x S3. The
infinitesimal generator of the circle actionis L, = jHy + (2k — j)Hy — [ H3 — [ Hy.
Note that this case includes the Y77 as a special case, namely, p = k = [ and
g=k—j.SoY?”9is D, 4 ptq.p,p With p > g and ged(p, g) = 1.
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We want to find a suitable Reeb vector field in the Sasaki cone, so we try
R; k1= (2k— j)H\+ j Hy+1 H3+1 Hy which clearly satisfies the positivity condition
no(R) > 0. The T? action generated by Lpand R; ;. is

7 (ei<(2k_j)$+j9)zl, ei(j¢+(2k_j)9)Z2, PACAS) il(¢—9)z4).

3, €
Making the substitutions ¥ = ¢ — 6 and x = jir 4 2k6 gives the action
(39) 2> ( QDI oix Gl Gl 2

We define g; = ged(l, 2(k — j)) and write 2(k — j) =n;g; and [ = m;g;. Then
ged(mj, nj) = 1.

Theorem 4.2. Consider the contact manifold (S%x S3, Djok—j11) where1 < j <k
satisfies gcd(j, 1) = gcd(2k — j, 1) = 1. Then we have

(1) The quotient space by the circle action generated by the Reeb vector field
R = 2k — jYH| + jH, 4+l H3 + [ Hy is the Kdhler orbifold (Sn;s A; 0k 1,5)
where S,,j is a Hirzebruch surface, A is the branch divisor,

(40) A=(1—mij)(E+F),

and wy;,j is an orbifold symplectic form satisfying w*wy 1, j = dni, j, where
Nk,1,j 1s the contact 1-form representing D 5, whose Reeb vector field
is R.

(2) The orbifold structure is trivial (A = @) if and only if | divides 2(k — j).

Proof. For (1) the idea, in the spirit of GIT quotient equals symplectic quotient
[Kirwan 1984; Ness 1984], is to identify the symplectic quotient 1~ (0)/T? with
a Hirzebruch surface as an analytic subspace of CP! x CP2.

After shifting by a constant vector @ = (a;, ap) the moment map of the T? action
(39) is

@) @ =Qek— Nzl +lzal* +zal* —ar, 1211 + |z22)* — a2).

We need to choose the constant vector a so that 0 is a regular value of u for all
integers j and / such that 0 < j <k and 0 <[ < k. Alternatively, it suffices to show
that the 72 action on =" (0) defined by (39) is locally free. This will be true if we
choose aj, a, > 0 and a; > 2(k — j)a,. Following [Audin 1994] it is convenient to
work with the corresponding C* x C* action on C? \ {0} x C?\ {0} given by

(42) 2> (t"¢zy, Czo, T 23, T 24),

where 7, ¢ € C*. From this we see that the action is free if z;z2 7 0 and locally
free with isotropy group Z,,; on the two divisors obtained by setting z; = 0 and
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7o = 0, respectively. It is not difficult to see [Lafontaine 1981] that (z; =0) = E
and (zp =0) = F.
We have a commutative diagram

C*\ {0} x C*\ {0} =— p~'(0)

\P*
"

(43) 7 My,

Zk.1,j

and we want to identify the quotient space Zy; ;. We know from the general
theory (see [Boyer and Galicki 2008, Chapter 7]) that Z; ; ; is a projective alge-
braic orbifold with an orbifold Kihler structure. Viewing Zy; ; as the C* x C*
quotient by the map 7 of diagram (43), we can identify 2y ; ; with a subvariety
of CP! x CP? as in [Hirzebruch 1951; Lafontaine 1981] as follows. If we de-
fine homogeneous coordinates in CP! x CPp? by setting (wy, wy) = (z3, z4) and
(1, Y2, 3) = (Z'an Z;lj , z?” ZZj , sz ), we see that Zy ; ; is represented by the equation

(44) Wiy, = wyyy.

As an algebraic variety this identifies Zy; ; with the hypersurface in CP! x CP?
defined by (44) which is the original definition of the Hirzebruch surface ;.
However, the two divisors in S, defined by E = (y3 = zrln" =0)and F = (2 =
0(y1 = y2 = 0)) are both m;-fold branch covers with isotropy group Z,,;. Thus, we
have an orbifold structure on S, given by (40) which is trivial if and only if m; = 1
which happens if and only if / divides 2(k — j).

Furthermore, it follows from the orbifold Boothby—Wang theorem [Boyer and
Galicki 2000b] that Zy ; ; has an orbifold Kihler form wy ; ; that satisfies 7 *wy ;, j =
dny.1, j- This proves (1). For (2) we note that the orbifold structure is trivial if and
only if m; =1 which happens if and only if g; =/ divides 2(k — j). O

Notice that on subsets of 4 (k, !) where g; is independent of j, the ramification
index m; is also independent of j, so the underlying orbifolds are the same. Thus,
it is convenient to view g; asamap g : Ja(k,l) — {1, ..., [}, and we are interested
in the level sets of this map. So we decompose J 4 (k, [) into the level sets of g and
then further decompose the level sets according to whether n; is odd or even, that
is, we define

8 '(even ={j €a(k,1) | gj =i, nj is even},

g ' (Doaa =1{j €dak, 1) | gj =i, nj is odd}.



308 CHARLES P. BOYER AND JUSTIN PATI

We can then decompose the admissible set as a disjoint union

!
(45) Jate, D) =| |8 even g™ (D)oda-

i=1
We wish to compute the symplectic form on the base orbifold.

Lemmad4.3. Let j € g7 (i)even C Ja(k, ) for afixedi € {1,..., 1} with ' (i)even
# &. Then the symplectic form wy 1 on the quotient (Sy;, A;) is independent of j
and satisfies

[wk1i]l=iag, +kor.

Proof. We know that c‘l’rb(Sn_l.) = (2/m;)ag, + 2a;, and this must pull back to
2(k —l)y. So n*ag, = miky and n*a; = —ly. Now the class [wy ;] must
transcend to 0 on S2 x S3. So writing [w] = aag, + bay, and using im; =1, we see
that

O=an*ag +br*a; = (am;k — bl)y = m;(ak — bi)y.
So taking a =i and b = k gives the result. U

Lemma4.4. Let j € g7 (i)oga C da(k, 1) forafixedi € {1,...,1} with g7 (i)odq
# . Then i is even and the symplectic form wy ;; on the quotient (Sy;, A;) is
independent of j and satisfies

[a)k,l,,-] = iO{E_1 + (k + lz)OlL.

Proof. First i must be even since i = g; = ged(l,2(k — j)) and n; =2(k — j)/i
is odd. The remainder of the proof is the same as that of Lemma 4.3, except for
odd Hirzebruch surfaces we express the symplectic class in term of the exceptional
divisor E_1 = Eoy — %L. O

Whenever possible we would like to determine the cardinalities #21(i )even and
#2771 (i)oaq. First, as seen above, g~ ! (i)oqq is empty when i is odd. Moreover, if
g~ (1) is not empty, then A; = @, so the orbifold structure is trivial.

The following lemma is taken from [Karshon 2003].

Lemmads5. (1) #g ' (DDewen = ('ﬂ @) #8~ (I)oaa = {%w

Example 4.6. One obtains the Y7 of [Gauntlett et al. 2004a] as a special case of
Theorem 4.2 by putting k = = p and defining ¢ = k — j. The contact structures
are then D, ,14,p,p» and the admissibility conditions boil down to ged(q, p) = 1.
Clearly, we have ¢1(D,_g, p+q.p.p) =0. When p is odd we have g; =1, m; = p,
and Sn; = S2gs whereas if p is even we have g; =2, m; = p/2 and Sn; =S4 with g
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odd. So here we have only two nonempty level sets of the map g, namely,

-1 . .
(l)evem if p is odd,

(46) dap. p=1° np

g ' (2oda  if pis even.

Since the only admissibility condition is gcd(g, p) =1 and p > g, we see that the
cardinality #J4(p, p) = ¢(p), where ¢ is the well-known Euler phi function. For
the orbifold canonical divisor Lemma 4.1 gives

2 2(p—q) 2
(47) KX =—2fF_ L ] = _ZF,-2L,
(SZq:A) p p p 0
2 —
(48) K("SrbA)z—iE—ML:—iE_l—ZP——HL,
- p p p

so these are all log del Pezzo surfaces. The cohomology class of the corresponding
symplectic forms is

[a)p,p,l] =uEg, + pap

on the even orbifold Hirzebruch surface (S>,, A) with ramification index m; = p
when p is odd. For even p we have

[wp,p,Z] = 20lE_| + (P + Doy,

on the odd orbifold Hirzebruch surface (S,, A) with ramification index m, = p/2.
Note that in both cases there are precisely ¢ (p) values taken on by g. Note also that
p =2 implies g = 1 only, and that m; = 1, so we have a trivial orbifold structure on
(S1, @) = CP2. A relation between the Y ?+4 toric contact structures and Hirzebruch
surfaces was noted by Abreu [2010].

Except for the Y79 case of Example 4.6, we do not have a general formula for
the cardinalities #g~!(i) for i # . Specific cases, of course, are easy to work out.

Example 4.7. Consider the case (k, [) = (9, 8). We compute J4(9, 8). The possible
values of j are all odd with j <9, and these all satisfy gcd(8, 18 — j) = 1. Next,
we determine g; = gcd(8,2(9—j)) andnj =2(9— j)/g. So we have g_1(8)even =
{j =1, 9} with a trivial orbifold (mg = 1) on the Hirzebruch surfaces S, and S,
respectively. We also have 2 1(8)oda = {j = 5} with a trivial orbifold on S, and
g_1(4)0dd = {j = 3,7} with myq = 2 on the odd Hirzebruch surfaces S; and S,
respectively. Notice that the cardinalities of 2 1 (8)even and g1 (8)odd agree with
Lemma 4.5. In total we have #J4(9, 8) = 5.

Toric contact structures on X .. For X, we consider p = (j, 2k—j+1,1,1) with
0 < j <k. Here we have c1(Dj ox—j+1,1,1) = (Z(k D+ l)y. We consider the Reeb
vector field Rff}(, ;= (2k—j+1)H+ j Hy+[ H3+1Hy, which is clearly positive. The
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T2 action generated by this vector field and L p=JjH +Qk—j+1)Hy—IH3—1Hyis

2 (&1 (Ch=HDB+0) 1 i (Go+Ch=]+10) . il =0) 1 ,il6=0) )

Making the substitutions ¥ = ¢ — 6 and x = ji{ + (2k 4 1)0 gives the action
(49) 2> (VAT 7y o7y, eV 23, €1V 24).

Similarly to the previous section, we define g; = gcd(/, 2k —2j + 1) and write
2k—2j+1= n;gj and [ = m;g;. Then gcd(mj, l’lj) =1.

Theorem 4.8. Consider the contact manifold (X oo, Dj ox—j41,1,1) where 1 < j <k
satisfies gcd(j, ) = ged(2k — j +1,1) = 1. Then we have

(1) The quotient space by the circle action generated by the Reeb vector field
R=Q2k—j+1)H| + jH,+1Hs+1Hy is the Kdihler orbifold (Snj, A wp ;)
where Sn/. is an odd Hirzebruch surface, A is the branch divisor, with

(50) A:(l—mij)m=o>+(1—mij)(zz=0),

and wy 1, ; is an orbifold symplectic form satisfying w*wy;, j = dny, j, where
Nk.1,j is the contact 1-form representing D »x_ j 11,1, whose Reeb vector field
is R. Here the integers 1, g;, n;, and m; are all odd.

(2) The orbifold structure is trivial (A = 9) if and only if | divides 2k — j + 1.

Proof. The proof is essentially the same as that of Theorem 4.2. The details are left
to the reader. ]

We denote the setof j =1, ..., k such that p=(j, 2k—j+1,1,1) is admissible
by d§ = 3% (k, I). Since the integers g; and n; are both odd for all j € Ja(k, 1),
the map g maps the set J 4 (k, [) to the set of positive odd integers less than or equal
to /. Thus, we have

l
(51) Zkn= ] 'O

odd i=1
Similarly to Lemmas 4.3, 4.4, and 4.5 we find the following.
Lemma 4.9. Let j € g7'(i) C d% (k,1). Then the symplectic form wy ,; on the

quotient Sy, is independent of j and satisfies

. i1
[wkril=iag , + (k + %)(XL-

Furthermore, #g~ (1) = [(2k — [ + 1)/21].
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Example 4.10. We consider the analogue on X, of Example 4.6, so (k,[) =
(p, p) with p odd and j = p — g. The contact structure is D ,_, p44+1,p,p With
c1(Dp—g, p+q+1,p,p) = 1. The admissibility conditions are gcd(q, p) =1 =gcd(q +
1, p). The function g satisfies g; = gcd(2g + 1, p). If p is prime then the set of
admissible g is {1, ..., p—2}, and g = 1 except when g = (p — 1)/2 in which case
g = p. The latter is smooth and corresponds to the trivial orbifold (Sp, @). This
has symplectic class

3p+1

2

[a)p,p] =pag_, + ar,

whereas the p — 3 elements in g~'(1) have symplectic class
[a)p,p] =ap_, +(p+Doar.

For a case when p is not prime consider p = 9. Then J5°(9,9) = {2, 5, 8}
which corresponds to ¢ = 7, 4, 1. We see that g~!(9) = {5} giving the smooth first
Hirzebruch surface (S, &) with symplectic class [w9,99] = 9ag |, + 14a;, while
g '3) =1{2,8} giving the orbifold Hirzebruch surfaces (Ss, A) with m, = 3, and
(81, A) with mg = 3, respectively, with symplectic class [wg,93] =30 , + 1loy.

Equivalent contact structures. Here we show that certain inequivalent toric contact
structures are equivalent as contact structures. The proof uses the fact that the
identity map (S,, A,) — (S, @) is a Galois cover, and combines this with the
work of Karshon [1999; 2003] for the smooth case.

Theorem 4.11. Consider the toric contact structures (S* x S>, Djok—j1,1) and
(Xoos Djok—j+1.1,1) of Theorems 4.2 and 4.8, respectively.

(1) For each fixed 1 <i <1, the contact structures D; »_ i ;; are T*-equivariantl
J\2k—j.1, q Y
isomorphic for all j € 7" (i)even, and the contactomorphism group

Con(D; ak—j.1.1)
has at least #g ' (i )even conjugacy classes of maximal tori of dimension three.
(2) For each fixed 1 <i <1, the contact structures Dj »_;;; are Tz—equivariantly
isomorphic for all j € g7 (i)oad, and the contactomorphism group

Con(Dj 2k—j.1.1)

has at least #g~ ' (i )oaq conjugacy classes of maximal tori of dimension three.

(3) For each fixed 1<i <I, the contact structures Dj oy _ j 41,1, are Tz-equivariantly
isomorphic for all j € g7 (i) C d% (k, 1), and the contactomorphism group
Con(Dj 2k—j41,1,1) has at least #¢7 (i) conjugacy classes of maximal tori of
dimension three.
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(4) The T?-equivariantly isomorphic contact structures given in (1)~(3) are not
T3-equivariantly isomorphic.

Proof. The proofs of (1)—(3) are quite analogous, so we give the details for (1) only.
By Theorem 4.2 the contact structure is the orbifold Boothby—Wang construction
over the symplectic orbifold (S,,, @k, ;) and by Lemma 4.3 the form wy ; only
depends on g; =i. Then for each j € g‘l(i )even We consider the Galois cover
Ilnj : (S,,j, Ap,) — (S,,j, @) with n; even, and both spaces having the same Kéhler
form, namely wy ; ; of Lemma 4.3. Now Karshon [2003] shows that (Snj, @) and
(Sn,,, D) are § I_equivariantly symplectomorphic with the same symplectic form
wy.1,; (but not the same Kihler structure) as long as 0 < j' = j — 2r for some
nonnegative integer r. We denote such a symplectomorphism by K. Now we have
a commutative diagram,

K;
(S}’lj’ Am,) I (Snj/’ A}’l’l,)
(52) l Iy L T

J

K
(Snj’ @) - (Snj/a Q)a

which defines the upper horizontal arrow K; and shows that it too is an S!-equivariant
symplectomorphism. We claim that K; is also an orbifold diffeomorphism. This
follows from Lemma 4.12. But then, as shown in [Lerman 2003b; Boyer 2013],
this symplectomorphism lifts to a T2-equivariant contactomorphism.

Here, and hereafter, by g_1 (i) we mean any of the three sets g‘1 ()even, g‘1 (1) odd>
org (i) C d% (k, ). Since our contact structures are independent of j € gil(i )
up to isomorphism, we now denote the contact structures of items (1), (2), and (3)
by Dk .1.i.es Di.1.i.o» and Dy 1.i 00, respectively. To prove (4) we first notice that as
in [Karshon 2003] the orbifold symplectomorphism K; is only S'-equivariant, not
T?-equivariant. So the corresponding 2-tori belong to different conjugacy classes
in the group $Ham((B, A,,;,), wk,,;) of Hamiltonian symplectomorphisms, where B
is the symplectic orbifold ((S? x §2, A )i 1,i) of ((Xoo, Ap;)wi i) as the case
may be. But then by [Boyer 2013, Theorem 6.4] these lift to nonconjugate 3-tori in
Con(Dy1,i.). Hence, the contact structures D; o¢_;;,; for different j € g (i) are
inequivalent as toric contact structures. The same holds for D; 25— ;41,7 (]

Lemma 4.12. The Karshon symplectomorphism K of diagram (52) leaves the
divisors (z1 = 0) and (zo = 0) invariant.

Proof. The T? action on any orbifold Hirzebruch surface (S,, A,,) can be taken as
(53) ([wr, wal x [y1, y2, y3]) = ([zwy, wal x [t"y1, y2, py3]),

where, as in the proof of Theorem 4.2, the coordinates are (w;, wy) = (23, 24)
and (y1, y2, ¥3) = (2525, 25'24, ') By Proposition 4.1 of [Karshon 1999] K is
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an S'-equivariant symplectomorphism, where the S' is that generated by p, and
the fixed point set of this action is the disjoint union (z; = 0) Ll (z = 0). By
Proposition 4.3 of the same work, K also intertwines the two S' moment maps.
But in both cases these are represented by rs(z) = |z1|%. So the divisors (z; = 0)
and (zo = 0) are left invariant separately by K. (Il

Remark 4.13. Using the Delzant theorem for symplectic orbifolds in [Lerman and
Tolman 1997], it is straightforward to construct the labeled polytope corresponding
to the symplectic orbifold ((S,, A,), wk ;). It is the labeled Hirzebruch trapezoid
shown here (with label m on the two vertical axes):

(0, k + 3ni)
slope —n
m
(i, k — ini)
m
0,0) (0

The Galois cover 1Lg, : (Sp, Ay) — (Sp, &) induces a map on this Hirzebruch
trapezoid that simply removes the labels on the vertical edges. This implies that
the corresponding Karshon graphs [1999] are the same. Hence, Theorem 4.1 of
[Karshon 1999] easily generalizes to the types of orbifolds considered here, and
the symplectomorphism K; in diagram (52) can be constructed directly from this.

Inequivalence of contact structures. As discussed previously the inequivalence
of contact structures is detected first by the first Chern class ¢ (D) and then by
contact homology. The contact structures D; ox—;;; and D ox_ 41, are clearly
inequivalent since they live on different manifolds, so adopting Proposition 3.11 to
our current notation we have

Theorem 4.14. The contact structures D; o _j 11 and Djr ypr—jr i, and D o111
and Dy s jry1,p.1r are inequivalent if k' # k.

Remark 4.15. Unfortunately, combining Theorems 4.11 and 4.14 does not answer
our equivalence problem completely even in our restrictive cases. For example,
it would be nice to know that the D; 5, ;;; are all contact equivalent as j runs
through all admissible values from 1 to k. However, our equivalence statement in
Theorem 4.11 only assures equivalence on the level sets of the map g, that is, if we
fixi e{l,...,1}, then D; »_;,; are equivalent for all j € g~ (). Nevertheless,
this is enough to give a complete answer to the equivalence problem for the Y 7+ of
[Gauntlett et al. 2004a] which in our notation is D,_, ,44. p,p- See Corollary 5.5.
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The general case with vanishing first Chern class ¢ (D) was studied in [Cveti¢
et al. 2005; Martelli and Sparks 2005] where it was shown that all the toric contact
structures admit a compatible Sasaki—Einstein metric. These depend on three param-
eters a, b, and ¢ with values in Z* which in our notation is given by D, p. ¢ a+b—c-
Except for the subclass Y79 these fall outside of the scope of our analysis.

Another statement of contact inequivalence is obtained as an immediate conse-
quence of Theorem 3.13, namely:

Corollary 4.16. The contact structures on S* x S° described by items (1) and (2)
of Theorem 4.11 are inequivalent.

S. Applications to Sasakian geometry

In this final section we give some pertinent applications of our results to Sasakian
geometry. Recall the contact Delzant-type result [Boyer and Galicki 2000a] that
every toric contact structure of Reeb type admits a compatible Sasakian structure.

Sasaki cones and the Sasaki bouquet. Since we are dealing with toric geometry,
the Sasaki cones in this paper all have dimension three. So it follows from [Boyer
and Galicki 2008, Theorem 8.1.14] that all our Sasakian structures must be either
positive or indefinite. Our first result says that all our Sasaki cones have a positive
Sasakian structure.

Corollary 5.1. Every toric contact structure on an S>-bundle over S* can be real-
ized as an orbifold fibration over CP(p1, p2) x CP(p3, pa) for some quadruple of
positive integers (p1, p2, p3, p4) satisfying gcd(p;, pj)=1fori=1,2and j=3,4
and (p1, p2, p3, pa) = (kp1, kpa, L p3, [ pa). Thus, every toric contact structure on
an S3-bundle over S* admits a ray of positive Sasakian structures in its Sasaki cone.
Moreover, the subspace of positive Sasakian structures is open in the Sasaki cone.

Proof. The first statement follows from Lemmas 2.2 and 2.5, while the second
statement follows from the fact that the base orbifold CP(p1, p2) x CP(p3, ps)
is log del Pezzo. The last statement follows from the fact that having a positive
representative of the basic first Chern class c¢; (Fg) is an open condition. O

Proposition 5.2. Consider the toric contact structure Dj >x_j;; on S 2 x S and the
toric contact structure Dj 11,11 on Xo. Choose the Reeb vector field R =
(2k— jYH; + jHy+1Hy+1Hyon (S*x S°, Dj ok—j1,1,1) and R= 2k — j+1)H; +
JHy+IH3+1Hy on (Xoo, Dj2k—j41,1,1)- Then the corresponding Sasakian structure
is positive if and only if | > k — j in the former case, and 2l > 2(k — j) + 1 in the
latter case. In particular, if | <k — j (or 2l > 2(k — j) + 1), then the toric contact
structure D;j ok j 11 (or Djox—j+1,1,1) has both a positive and indefinite Sasakian
structure in its Sasaki cone.
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Proof. First we note as mentioned above that any Sasakian structure in a Sasaki
cone of dimension greater than one is either positive or indefinite. By Corollary 5.1
any toric contact structure on an S3-bundle over S? has a positive Sasakian structure,
and we see that Lemma 4.1 states that (S,;, Ay;) is log del Pezzo if and only if
2m > n. For Dj ox—;;; this becomes 2/ =2m;g; > n;g; = 2(k — j), whereas for
Djok—jt1,0,0itis 2l =2m;g; > ngj =2k —2j 4 1. The last result then follows from
the fact that a quasiregular Sasakian structure is positive if and only if its orbifold
quotient is log Fano [Boyer and Galicki 2008, Chapter 7]. ]

Concerning Sasaki bouquets we note that actually more is true than is proven
in Theorem 4.11. Since the base orbifolds (S, An,) have the same symplectic
form wy;; for all j € g‘l(i), this lifts to a contactomorphism ¢ : D; 211 —
Dijr 2k—jr,1,1 such that ¢*njr 2k—j 1.1 = nj 26— j,1,1- Since the reduction process carries
a preferred complex structure J along with it, the different indices j represent
different transverse complex structures J. So by using the contactomorphisms ¢
for each admissible j, we have the following.

Corollary 5.3. The contact structures Dy ;. and Dy 1.i, on S* x S and Dy i 00
on Xeo each admit a Sasaki bouquet By of toric Sasakian structures with N =
#¢71(i). Furthermore, the intersection ﬂj k (D, Jj) of all the Sasaki cones is an
open subset of the Lie algebra t; of a two-dimensional torus.

Example 5.4. Consider the contact structure D3 g2, on S? x §3. The admissible
j'sare j=1,3,5,7and g; =2 forall j. So Theorem 4.11(ii) gives a T?-equivariant
contact equivalence of the T3-equivariantly inequivalent toric contact structures

Di2388~D32188~ D5 1988~ D71783-

This implies that the number of conjugacy classes n(Di282.,,3) of 3-tori in
Con(Di2.8.2.,0) is at least 4. Furthermore, by Theorem 4.2(3) the induced Sasakian
metrics are positive for Ds 19 g g and D7 17,3 g, Whereas they are indefinite for the
remaining two.

Another contact structure with the same first Chern class as D3 g2 ,, namely
c1 =8y, 1is Di4.10.2,0. This consists of the two T3—equivariantly inequivalent toric
contact structures D1 27,1010 and D7 21,10,10, but only for the latter is the induced
Sasakian structure positive. In this case we have n(D4,10.2,0, 3) > 2. Moreover, it
follows from Theorem 4.14 that the contact structures D2 82, and D4, 10.2,, are
inequivalent.

As mentioned previously there is one subclass of contact structures on S? x §°
where a complete solution to the equivalence problem can be obtained, and they
are all known to admit extremal (actually Sasaki—FEinstein) metrics.
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Corollary 5.5. The contact structures Y74 and Y?1 on §2 x S are inequivalent
if and only if p' # p. Furthermore, the isotopy class of the contact structures
defined by YP°' admits a ¢ (p)-bouquet By (p)(YP-?) such that each of the ¢ (p)
Sasaki cones admits a unique Sasaki—Einstein metric. Moreover, these Einstein
metrics are nonisometric as Riemannian metrics.

Proof. Applying Theorem 4.11 to Example 4.6 shows that Y74 is contactomorphic
to Y 7! for all admissible ¢. But Abreu and Macarini [2012] show that the underlying
contact structures of Y?-! and Y?"! are inequivalent if p’ # p. (This also follows
from Proposition 3.11.) By Corollary 5.3 there are precisely ¢ (p) Sasaki cones in
the bouquet. The fact that there is a Sasaki—FEinstein metric in the Sasaki cone for
each Y74 was first shown in [Gauntlett et al. 2004a] while its uniqueness in the
Sasaki cone is proved in [Cho et al. 2008].

To prove the last statement, suppose to the contrary that the Sasaki—Einstein
metrics g, and g,/ are isometric, that is, there is a diffeomorphism v of 52 x 83
such that ¥*g, = g,. Then by a theorem of Tanno [1970] (see also [Boyer and
Galicki 2008, Lemma 8.1.17]) the transformed Sasakian structure S8Y is either 8y
itself or its conjugate Sasakian structure S; = (—=Ry, =14, =Dy, g4). In either case
Y is a contactomorphism from Y79 to Y77 satisfying

Y lody oy =+,

But this implies that the corresponding 3-tori are conjugate, which contradicts
Theorem 4.11(4). O

Example 5.6. The analogues of the Y79’s on the nontrivial bundle X, are de-
scribed in Example 4.10. For simplicity we consider only the case when p is
an odd prime, in which case there are p — 3 admissible values for ¢, namely
L....,(p—1/2—1,(p—1)/2+1,..., p—2. These inequivalent toric structures
are T2-equivariantly equivalent contact structures by Theorem 4.11(3) and their
induced Sasakian structures are all positive by Theorem 4.8(3). Moreover, the
contactomorphism group of this contact structure has at least p — 3 maximal tori of
dimension three.

Some remarks concerning extremal Sasakian structures. As with Kdhler geome-
try it is of interest to determine the most preferred Sasakian metrics, and as in Kéhler
geometry it seems reasonable to study the critical points of the (now transverse)
Calabi functional [Boyer et al. 2008; 2009]. In [Boyer 2011b] the first author
described bouquets of extremal Sasakian structures on S3-bundles over S2, and the
existence of extremal Sasakian metrics on X, was proven. It is not our intention
here to delve much further into the existence of such extremal Sasakian structures,
but rather to discuss briefly their relation to our current work.

Corollary 5.3 gives a partial generalization of Theorems 4.1 and 4.2 of [Boyer
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2011b]. In this reference it was shown that when the quotient by the Reeb vector
field is a smooth manifold, each Sasaki cone in a bouquet admits an extremal
Sasakian metric. This follows from well-known work of Calabi. It would be
interesting to generalize this to the orbifold case by generalizing the method of
[Ghigi and Kolldr 2007] to extremal metrics.

As with toric symplectic structures, all toric contact structures of Reeb type
admit a compatible Sasakian metric [Boyer and Galicki 2000a]. Furthermore, in
our present situation we have:

Corollary 5.7. Every toric contact structure on an S> bundle over S* admits ex-
tremal Sasakian metrics with positive Ricci curvature.

Proof. By Corollary 5.1 every toric contact structure on an S° bundle over S? can
be realized as an orbifold fibration over a product of weighted projective spaces
CP(p1, p2) x CP(ps, ps) and have positive Sasakian structures. By a result of
Bryant [2001] all weighted projective spaces admit Bochner-flat metrics and these
are extremal [David and Gauduchon 2006], and the product of extremal Kihler
metrics is extremal. So these extremal Kéhler orbifold metrics lift to extremal
Sasakian metrics [Boyer et al. 2008] which, since CP(p;, p2) x CP(p3, ps) is
log del Pezzo, will have a deformation to a Sasakian metric with positive Ricci
curvature by [Boyer and Galicki 2008, Theorem 7.5.31]. Moreover, it follows from
a theorem of Calabi [1985] that the toric symmetry is retained by these metrics. [J

Corollary 5.7 implies that each Sasaki cone in every Sasaki bouquet ‘B y of toric
contact structures on an S° bundle over S? admits extremal Sasakian metrics of
positive Ricci curvature. Since the moment cone of any S* bundle over S has
exactly four facets, recent results of Legendre [2011a; 2011b] show that every toric
contact structure on an S° bundle over S? admits at least one and at most seven
distinct rays in the Sasaki cone consisting of Sasakian structures whose metrics
have constant scalar curvature. Moreover, she shows that for the Wang—Ziller
manifolds M 1:’,11 with k > 5 there exist two distinct rays in the Sasaki cone whose
Sasakian metrics have constant scalar curvature. This corresponds to the case
(p1, p2) =1 = (p3, ps) of Lemma 2.5.

An interesting question which appears to be unanswered at this time is whether
any Sasaki cones on these toric contact structures are exhausted by extremal Sasaki
metrics. There are only a few known cases where this occurs, namely, the standard
CR structure on the spheres S?"*! [Boyer et al. 2008], the Heisenberg group
[Boyer 2009], and T2-invariant contact structures of Reeb type on S°-bundles
over Riemann surfaces [Boyer and Tgnnesen-Friedman 2014; 2013] with genus
1 < g <4. However, when g =0 we suspect that by using the admissible construction
method of [Boyer and Tgnnesen-Friedman 2014] the subclass of Sasaki structures
considered here will each have an extremal representative.
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Appendix: Orbifold Gromov-Witten invariants

In this appendix, for the convenience of the reader, we lay out some framework and
definitions for Gromov—Witten invariants and the so-called Gromov—Witten potential
for compact symplectic manifolds and orbifolds. In this paper we only consider the
genus-0 invariants. The Gromov—Witten invariants that we are interested in occur
in the base orbifold Z of an orbibundle 7 : M — Z with dim(M) = 5. Hence we
are in the semipositive case and we can define the Gromov—Witten invariants as in
[McDuff and Salamon 2004]. Our version of Gromov—Witten theory for symplectic
orbifolds comes from [Chen and Ruan 2002]. The main difference here is that
our marked points, and hence our cohomology classes taken as arguments for the
invariant, have constraints determining in which orbifold stratum the curves in
question lie. This is an issue since generally some homology classes may live in
several strata.

Roughly speaking a Gromov—Witten invariant is a count of rigid J-holomorphic
curves representing a homology class A € Hy(M, Z)/(torsion) in general position
with marked points in a symplectic manifold M for which the marked points are
mapped into the Poincaré duals of certain cohomology classes. For example we
may ask how many spheres (or lines) intersect two generic points in CP”. In this
case we have two marked points, a top cohomology class, and for A the class of a
line, [L].

To make this precise let (M, w) be a compact symplectic manifold, and let J be
an w-compatible almost-complex structure. Consider the moduli space

MG (M, J)

of genus-0 stable J-holomorphic curves into M representing the class A and assume
here that we have regularity of the relevant linearized Cauchy—Riemann operator for
the class A, either via some circumstances or by some sort of abstract perturbation
argument. Note also that when we discuss Gromov—Witten theory for compact
symplectic manifolds we will consider only somewhere injective curves. We define
maps

ev; i Mg (M, J)—> M and ev: Mg (M, J)—> M**

by evaluation at the marked points.
By semipositivity the evaluation map represents a submanifold of M** of di-
mension

2n+ (2c1(M), A) +2k +6.
Now we define the Gromov—Witten invariant as a homomorphism

GWY , : H*(M)®* @ H.(M{ (M) — Q@
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encoded formally as the integral

GW%k(al, o) = / eviag U- - Uevjoy Un*[Mék(M.J)].
Mg (M.J)

This is the definition for manifolds. This definition can be used without the
semipositivity condition as long as there is a construction of an appropriate object
on which to integrate. Since we will be working in dimension four this will not be
an issue.

To extend this definition to orbifolds, there are issues with the definitions of
J-holomorphic curves, since the idea of a map between orbifolds can be a rather
sticky issue. We content ourselves here with knowing that we have a notion of
a good map, and we will defer to [Chen and Ruan 2002; 2004] for the analytic
setup. With that said, we still must extend the definition above so that it makes
sense in a stratified space. We should also note that the orbifold cohomology of
Chen and Ruan is not the same as the orbifold cohomology mentioned earlier.
This cohomology is simply a way to organize how various classes interact with
the stratification of the orbifold. As in the manifold case we start with a compact
symplectic orbifold, Z, and pick a compatible almost-complex structure, J. We then
consider moduli spaces of (genus-0) J-holomorphic orbicurves into M representing
a homology class A € Hy(Z, Q). But we now need to consider a new piece of data
which organizes the intersection data so that it is compatible with the stratification.
The extra data will be defined by a k-tuple x, of orbifold strata, (Z, ..., Zx). The
length k of x should coincide with the number of marked points. We will write
such a moduli space as

Mo (2, J, x),

and require that the evaluation takes the j-th marked point into Z;. The compactifi-
cation is similar to the manifold case, and consists of stable maps with the obvious
adjustments, the caveat being that we must choose our lift to an orbicurve. After
an appropriate construction of cycles as in the manifold case, Chen and Ruan use
a virtual cycle construction, so we can define this invariant as in the smooth case
above, but we integrate over (the compactification of) M({ (%, J, x). We will write
these invariants
Gwi,k,x(al’ e, Q).

Another key difference is that this moduli space differs from the predicted
dimension in the smooth case by a factor of —2¢(x), the so-called degree shifting
number. (Again, for the definition see [Chen and Ruan 2002].) The Gromov—Witten
invariants satisfy a list of axioms developed by Kontsevich and Manin [1994; 1997].
We will not list all of the axioms, but will mention only some which are used in the
text. We use the orbifold notation; for a manifold we would just delete x from the
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notation, setting t(x) = 0.
(i) Effective: GW5 ; (1, ..., o) =0 as long as w(A) < 0.
(ii) Grading: GW5 ; (a1, ..., &) # 0 only if

> deg(ey) = dim(2) + 21 (A) + 2k — 6 — 2u(x).
J

(iii) Divisor: Let x/ = x with the j-th component removed. Suppose that for each
component x; of x, if x; is mapped into the orbifold singular locus, that stratum
is nonsingular as a variety. If deg(a,) = 2 then

Gwi,k,x(al’ cees O[n) = (/Aan) Gwi,k—l,x" (0[1, ey an—l)-

Now we are in a position to define the Gromov—Witten potential. This is a
generating function which gives a formal power series whose coefficients give
Gromov—Witten invariants. It is a way to organize all the information from these
invariants into one big package. We give the definition here for the manifold case.
Pick a basis of H2(M), ay, . .., a,, for a vector ¢ and a cohomology class a, and
write a :==a; = ), t;a;.

Definition A.8. Let (M, w) and J be as above. Define the genus-0 Gromov—Witten
Potential as

1 (&
fan=3"> :FGW%k(a,,...,a,)z 14,
A kT

The corresponding formula for orbifolds is obtained by accounting for the vector x.
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AN ALMOST-SCHUR TYPE LEMMA FOR SYMMETRIC
(2,0) TENSORS AND APPLICATIONS

XU CHENG

In a previous paper, we generalized the almost-Schur lemma of De Lellis
and Topping for closed manifolds with nonnegative Ricci curvature to any
closed manifolds. In this paper, we generalize the above results to symmetric
(2, 0)-tensors and give the applications for r-th mean curvatures of closed
hypersurfaces in space forms and k scalar curvatures for closed locally con-
formally flat manifolds.

1. Introduction

Recall that an n-dimensional Riemannian manifold (M, g) is said to be Einstein if
its traceless Ricci tensor Ric = Ric — (R /n)g is identically zero. Here Ric and R
denote Ricci curvature and scalar curvature respectively. Schur’s lemma states that
the scalar curvature of an Einstein manifold of dimension #» > 3 must be constant.
De Lellis and Topping [2012] discussed the quantitative version, or the stability
of Schur’s lemma for closed manifolds, and proved the following almost-Schur
lemma, as they called it.

Theorem 1.1 [De Lellis and Topping 2012]. If (M, g) is a closed Riemannian
manifold of dimension n with nonnegative Ricci curvature n > 3,

=2 _4n(n—1) . R
(1-1) /M(R—R) S—(n—2)2 A‘Rlc—;g

2 2
n
= -2? fM

where R = (1/ Vol M)fMR dv is the average of R over M. Equality holds in (1-1)
or (1-2) if and only if M is Einstein.

2

and, equivalently,

2

Ric _R
n

’

(1-2) / ‘Rie—ﬁg
M n
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B. Andrews also obtained the above inequalities in an unpublished paper under
the assumption that the Ricci curvature is positive. De Lellis and Topping also
proved their estimates are sharp. First, the constants are optimal in (1-1) and (1-2)
[De Lellis and Topping 2012, Section 2]. Second, the curvature condition Ric > 0
cannot simply be dropped (see the examples in the proof of Propositions 2.1 and 2.2
in their paper). Without the condition of nonnegativity of the Ricci curvature, the
same type of inequalities as (1-1) and (1-2) cannot hold if the constants in these
inequalities only depend on the lower bound of the Ricci curvature.

In the case of closed manifolds without the hypothesis of nonnegativity of Ricci
curvature, we have:

Theorem 1.2 [Cheng 2013]. If (M, g) is a closed Riemannian manifold of dimen-
sionn > 3, then

2
= 4n(n—1) nkK . R
1-3 R—R? <20 (1422 Ric =2 o] -
(13) fM< )—<n—2)2(+m>/M e~ Ryl
equivalently,

= 2 2

. R n? 4(n—1DK . R

1-4 Ric —— 1 Ric ——
( ) A/[ 1C ng‘ E(,,l_2)2|: + n)"l ]/]V[ 1c I’lg ’

where A1 denotes the first nonzero eigenvalue of the Laplace operator on (M, g)
and K is a nonnegative constant such that the Ricci curvature of (M, g) satisfies
Ric > —(n— K.

Equality holds in (1-3) or (1-4) if and only if M is an Einstein manifold.

Observe that Theorem 1.1 is a particular case of Theorem 1.2 (K = 0). After
the work of De Lellis and Topping, in the case of dimension n = 3, 4, Y. Ge and
G. Wang [2012; 2011] proved that Theorem 1.1 holds under the weaker condition
of nonnegative scalar curvature. However, as pointed out in [De Lellis and Topping
2012], this is surely not possible for n > 5; this can be shown using constructions
similar to the one in [De Lellis and Topping 2012, Section 3]. Also, Ge, Wang, and
Xia [Ge et al. 2013] proved the case of equalities in (1-1) and (1-2) by a different
method and generalized De Lellis and Topping’s inequalities for k-Einstein tensors
and Lovelock curvature.

On the other hand, there is a similar phenomenon in submanifold theory. In
differential geometry, a classical theorem states that a closed totally umbilical
surface in the Euclidean space R® must be a round sphere S? and thus its second
fundamental form A is a constant multiple of its metric. This theorem is also true
for hypersurfaces in R"*!. It is interesting to discuss the stability of this theorem.
De Lellis and Miiller [2005] obtained some L? inequalities for closed surfaces in
R3 with universal constants. For convex hypersurfaces in R"*! we have:
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Theorem 1.3 [Perez 2011]. Let X be a smooth, closed and connected hypersurface
in R"M > 2 with induced Riemannian metric g and nonnegative Ricci curvature.

Then

— 2 2

H n H
(1-5) [la-tel < [ A=ty
and, equivalently,

— H 2
(1-6) f(H—H)ZsL A-—g|,

5 n—1Js n

where A and H = tr A denote the second fundamental form and the mean curvature
of X, respectively, and H = (1/ Vol, X) f): H. In particular, the above estimate

holds for smooth, closed hypersurfaces which are the boundary of a convex set in
Rn-ﬁ-l .

As pointed out in [De Lellis and Topping 2012], Perez’s theorem holds even
for closed hypersufaces with nonnegative Ricci curvature when the ambient space
is Einstein. Indeed, a slight modification of the proof of Theorem 1.3 gives the
following.

Theorem 1.4. Inequalities (1-5) and (1-6) hold under the same assumptions as in
Theorem 1.3 except that the ambient space (N1, ), n > 2, is supposed to be an
Einstein manifold.

Regarding the conditions for equality in (1-5) and (1-6), we have:
Theorem 1.5 [Cheng and Zhou 2012]. Under the assumptions of Theorem 1.3,

equality holds in (1-5) or (1-6) if and only if X is a totally umbilical hypersurface,
that is, X is a distance sphere S" in Rt

We also studied the general case for hypersurfaces without a convexity hypothesis
(that is, A > 0, which is equivalent to Ric > 0 when X is a closed hypersurface in
R"+1). We mention the following result (more details in the reference given):

Theorem 1.6 [Cheng and Zhou 2012]. Let (N"*', g) be an Einstein manifold,
n > 2. Let ¥ be a smooth, connected, oriented and closed hypersurface immersed
in N with induced metric g. Then

— |2 2
H n K H
(1-7) /ZA—gg fn_1<1+rl)f2“‘7g
and, equivalently,
2
(1-8) Lor—r =t (1455 [a- 2],
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where A1 is the first nonzero eigenvalue of the Laplacian operator on ¥, K > 0is a
nonnegative constant so that the Ricci curvature of X satisfies Ric > — K.

When Nt is the Euclidean space R"*!, the hyperbolic space H' 1 (—1), or the
closed hemisphere S’fl (1), equality holds in (1-7) and (1-8) if and only if ¥ is a
totally umbilical hypersurface, that is, ¥ is a distance sphere S" in N"*1.

From [De Lellis and Topping 2012; Ge and Wang 2012; 2011; Ge et al. 2013;
Cheng 2013; Perez 2011; Cheng and Zhou 2012], we observe that the inequalities
mentioned above may be generalized to symmetric (2, 0) tensor fields. Applying
such unified inequalities for symmetric (2, 0) tensors, we may obtain inequalities
besides those in the papers mentioned above. For this purpose, we prove the
following.

Theorem 1.7. Let (M, g) be a closed Riemannian manifold of dimension n > 2.
Let T be a symmetric (2, 0)-tensor field on M. If the divergence div T and the trace
B =tr T satisfy divT = cV B, where c is a constant, then

(1-9) (nc—1)2/ (B—E)zgn(n—1)<1+ﬂ>/ ‘T—Eg
M )\-1 M n

and, equivalently,
2 5 nkK B
<|(mc=D)"+n-D[1+— T—=¢g
)\.] M n

where B = (1/ Vol M)fM B dv denotes the average of B over M and A, and the
constant K > 0 are as in Theorem 1.2.
Assume the Ricci curvature Ric of M is positive. If ¢ # 1/n, statements (i), (ii)

2

2

’

(1-10) (nc—1)2/ 'T—Eg
M n

and (iii) below are equivalent. If c = 1/n, then (i) and (ii) are equivalent.
(i) Equality holds in (1-9) and in (1-10).

(i) T =(B/n)g on M.

(iii) T = (B/n)g on M.

Take K =0 in Theorem 1.7. We obtain corresponding inequalities with universal
constants.

Theorem 1.8. Let (M, g) be a closed Riemannian manifold of dimension n > 2
with nonnegative Ricci curvature. With the same notation as in Theorem 1.7, we
have

2

(1-11) (nc—1)2/ (B—E)zfn(n—l)/ ‘T—Eg
M M n
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and, equivalently,
2 2
B
<[mc=D*+11 [ |T-2g|.
M n

(1-12) (nc—l)Z/ 'T—Eg
M n

Assume the Ricci curvature Ric of M is positive. If ¢ # 1/n, statements (i), (ii) and
(iii) below are equivalent. If c = 1/n, then (i) and (ii) are equivalent.

(1) Equality holds in (1-11) and (1-12).
(i) T=(B/n)gon M.
(ili) T = (B/n)g on M.

It is a known fact that, for (M", g),n > 2, if T = (B/n)g and divT = cVB
with constant ¢ # 1/n, then B is constant on M and thus 7 is a constant multiple
of its metric g (see Proposition 2.1). Theorems 1.7 and 1.8 discuss the stability
and rigidity of this fact for closed manifolds. Especially, take 7" = Ric, A, etc. in
Theorems 1.7 and 1.8. We obtain the corresponding inequalities mentioned before
1.7. In this paper, we obtain two other applications as follows.

First we deal with r-th mean curvatures of closed hypersurfaces in space forms.
Assume (X, g) is a connected oriented closed hypersurface immersed in a space
form with induced metric g. Associated with the second fundamental form A
of X, we have r-th mean curvatures H, of ¥ and the Newton transformations
P.,0 < r < n, (see their definition and related notation in Section 4). Since
Reilly [1973] introduced them, there has been much work in studying high-order
r-mean curvatures (see, for instance, [Rosenberg 1993; Barbosa and Colares 1997;
Cheng and Rosenberg 2005; Alias et al. 2006]). It can be verified that if the
Newton transformations P, satisfy P, = (tr P,/n)g on X, ¥ has constant -th mean
curvature and thus P, is a constant multiple of its metric g (see Proposition 2.1 and
Section 4). In this paper, we discuss the stability of this fact.

In addition, although it is true that a closed immersed totally umbilical hypersur-
face X (that is, ¥ satisfies P, = (tr P;/n)g) in R"T! must be a round sphere S",
it is unknown, to the best of our knowledge, if it is true that a closed immersed
hypersurface ¥ satisfying P, = (tr P,/n)g in R"*! must be a round sphere S" for
r > 2. When X is embedded, Ros [1988; 1987] showed that the round spheres
are the only closed embedded hypersurfaces with constant r-th mean curvature
in R**1, 2 < r <n (recall that the Alexandrov theorem says [Aleksandrov 1958]
that the round spheres are the only closed embedded hypersurfaces in R"*! with
constant mean curvature). Hence the round spheres are the only closed embedded
hypersurfaces in R with P, = (tr P./n)g,2<r <n.

In Section 4, we prove the following.
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Theorem 1.9. Let (N, a’”'l, g) be a space form with constant sectional curvature a,
n > 2. Assume that X is a smooth connected oriented closed hypersurface immersed
in N with induced metric g. Then, for2 <r <n,

(1-13) (n—r)2f(sr—5r>25n(n—1>(1+—)/
v Al

and, equivalently,

2
(1-14) / o U ’")S’g‘ §n[l+(n ”K}f
5 n Al b

where s, =tr P, = (?)H,, s, = (1/ Vol Z])fZ sy dv, and A1 and the constant K > 0
are as in Theorem 1.6. Moreover:

2
p _ (n=r)s,

2
. (n nr)sr g

(1) Ifthe Ricci curvature Ric of X is positive, these three statements are equivalent:
(1) Equality holds in (1-13) and (1-14).
(i) P, = ((n—r)s,/n)g holds on X.
(iii) P, = ((n —r)s,/n)g holds on X.
(2) If X is embedded in the Euclidean space R"T! and the Ricci curvature Ric of
Y. is positive, equality holds in (1-13) and (1-14) if and only if ¥ is a round
sphere S" in R+,

Taking K = 0 in Theorem 1.9, we obtain the following inequalities.

Theorem 1.10. Besides the same assumptions as in Theorem 1.9, assume that ¥
has nonnegative Ricci curvature. Then, for2 <r <n,

2
115 (1—r) / (5 —5)% <n(n—1) / ‘ ”S’g‘

and, equivalently,
2
<
by

(1-16) /
)

Second, we consider the k-scalar curvatures of locally conformally flat closed
manifolds (see their definition in Section 5). Since they were first introduced in
[Viaclovsky 2000], k-scalar curvatures have been much studied; see, for instance,
[Guan 2002; Viaclovsky 2006]. When M is locally conformally flat, we obtain an
almost-Schur type lemma for k-scalar curvatures, k > 2, as follows.

(n—r)E,
n

(n_r)sr
n

j - P —

Theorem 1.11. Let (M", g) be an n-dimensional closed locally conformally flat
manifold, n > 3. Then, for 2 < k < n, the k-scalar curvature o (Sg) and the Newton
transformation Ty associated with the Schouten tensor Sy satisfy
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1-17)  (n— k) f (0(Se) — Fe(S)?
M
—k S
stq(Hg§)@h_@_§ﬁgg

2

and, equivalently,
—k)or (S 2 _ —k 2
(Lm)/ n_@__kﬂig‘EnP+@_ﬁﬁ}/‘n_@__2494,
M M M n

n
where 7 (Sg) = (1/ Vol M)fM 0k (Sg) dv and X and the constant K > 0 are as in
Theorem 1.2.
If the Ricci curvature Ric of M is positive, these three statements are equivalent:

(1) Equality holds in (1-17) and (1-18).
(i) Tx = ((n —k)ox(Sg)/n)g on M.
(i) Ty = ((n —k)o((Sg)/n)g on M.

As for Theorem 1.10, taking K = 0 in Theorem 1.11, one obtains the correspond-
ing inequalities with the universal constants.

The rest of this paper is organized as follows. In Section 2, we prove Theorems
1.7 and 1.8. In Section 3, we recall the definitions of the Newton transformation
and the r-th symmetric function associated with a symmetric endomorphism of
an n-dimensional vector space. In Section 4, we prove Theorem 1.9 by applying
Theorem 1.7. In Section 5, we prove Theorem 1.11 by applying Theorem 1.7.

2. Proof of theorems on symmetric (2, 0)-tensors

First we give some notation. Assume (M, g) is an n-dimensional closed, that is,
compact and without boundary, Riemannian manifold. Let V denote the Levi-Civita
connection on (M, g) and also the induced connections on tensor bundles on M.
Let T denote a symmetric (2, 0)-tensor field on M. Let tr denote the trace of
atensor. B=trT = Tii = g'T; ; denotes the trace of T. Hereafter we use the
Einstein summation convention. Denote by B = (1/ Vol M) f v B the average of B
over M and set T =T — (B/n)g. Denote by div the divergence of a tensor field.
For T, divT =tr VT is a (1, 0)-tensor. Under the local coordinates {x;} on M,
divT = g/ (V;Tjy) dx*, where V; Tj = (Vy,T)(9;, 0k).

The following fact, already mentioned in the introduction, can be proved directly
by noting that T = (B/n)g implies divT = VB/n.

Proposition 2.1. Assume (M", g), n > 2, is a connected Riemannian manifold of
dimension n. If T = (B/n)g and divT = cV B, where c # 1/n is a constant, then
B =conston M and T is a constant multiple of its metric g.
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The argument of Theorem 1.7 is similar to that of Theorem 1.2 (that is, [Cheng
2013, Theorem 1.2]) and, in the case of K = 0, that of Theorem 1.1 (that is,
[De Lellis and Topping 2012, Theorem 0.1]).

Proof of Theorem 1.7. Obviously, it suffices to prove the case ¢ # 1/n. By the
assumption divT = cVB,

-1 divf‘:divT—div( ) dlvr—¥= ”Cn—l

VB.

Let f be the unique solution of the following Poisson equation on M:
(2-2) Af=B-B, ff:O.

M
By (2-1), (2-2), and Stokes’ formula,

(2-3) /(B—E>2=/ (B—E>Af=—/ (VB,Vf)
M M M

n
=— /(leT V)

nc—1

f T,V2f)
nc—l

2 1
/ (T, V2 f ——(Af)g)
ne—1 n

1/2 172
|nc_1< ) U Isz——(Af)gl]

1/2 1/2
|nc—1|< |T|) [ V2 fP - /(Af)] .

Recall the Bochner formula

IAIV PP = V2P +Ric(V £, V) + (Vf, V(AS)),
and integrate it. By Stokes’ formula, we have
(2-4) f V2 FP = / (Af) — / Ric(Vf, V).
M M M

By (2-3) and (2-4),

12F 1/2
2-5) f (B—B)? < —" ( / mZ) [u f (Af)— / RiC(Vf,Vf)} .
lnc—1|\Ju n Ju M

By (2-2), f =0 if and only if B — B =0 on M. In this case, (1-9) and (1-10)
obviously hold. In the following we only consider that f is not identically zero.
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Since the Ricci curvature has Ric > —(n — 1)K on M,
2:6) [ Riewrvnz—a-n [ vy

M M

By (2-6), (2-5) turns into

12 Y
o [@-prep o ([ie) [ [@arsa-vk [wre]
M M M

Since the first nonzero eigenvalue A of the Laplace operator on M satisfies

P A wlz o _
A1 = inf f € C*°(M) is not identically zero and =0
M M
and
[ wse==[ rar=[ r&-b
1/2 1/2
() o]
M M
2\1/2 1/2
() [fe-m]
1 M
we have

2 _ 1 72
(2-8) IVfI"<— | (B—B)".
M rMJu
Substitute (2-8) into (2-7) and note that K > 0. We have

(2-9) f (B — B)*
M

1/2 1/2
ilncn II(/ |T|2) |: /(B B)2 (( l)K)/(B B):|
- M
/20, _ 1\1/2 1/2 172 172
et ] o]
lnc — 1] Al M M

which implies that

(2-10) / (B— B)? < ”(” 1)2 f 72

Thus we have inequality (1-9):

(nc—1)2/(B—E)zfn(n—1)<1+—)/ ‘T——g
M
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From the identity

IT — (B/n)g|* =T — (B/n)g|*+ (1/n)(B — B)?,
we obtain (1-10):

= 2
(nc—l)Z/M‘T—gg 5[(nc—1)2+(n—1)(1+%):|/M‘T—§g

Now, assuming positivity of the Ricci curvature Ric of M, we may prove the case
of equalities in (1-9) and (1-10). Obviously, if T = (B/n)g on M, the equalities
in (1-9) and (1-10) hold. On the other hand, suppose the equality in (1-9) (or,
equivalently, (1-10)) holds. If ¢ = 1/n, it is obvious that T = (B/n)g on M. If
¢ # 1/n, we may take K = 0. By the proof of (1-9), the equality in (1-9) holds if
and only if

2

(1) Ric(Vf,Vf)=0o0n M and

(2) T — B/ng and V2 f —1/n(Af)g are linearly dependent.
Note that Ric > 0 and (1) holds. Vf =0 on M must hold. Then f = 0. Thus
B=BonM. By (1-9), we obtain that T = (B/n)g on M. Hence conclusions (i)

and (ii) are equivalent. Obviously (iii) implies (ii). When ¢ % 1/n, if (ii) holds, by
the above argument, (ii) implies B = B on M. Thus (iii) also holds. O

Corollary 2.2. Besides the assumptions and notation of Theorem 1.7, suppose the
constant c satisfies ¢ # 1/n. Then

2

2-11) f(B—E)ch(Kdz)/ 'T—Eg
M M n
and
= 12 2
(2-12) /‘T—gg SE(Kdz)/ ‘T—gg ,
M M

where d denotes the diameter of M and C k.2 and C (Kq2) are constants only
depending on K d>.

Proof. When Ric > —(n — 1)K, where the constant K > 0, Li and Yau [1980]

proved that the first nonzero eigenvalue A; has the lower bound

1
(n— Dd?exp[l +/1+4(n — 1)2Kd?]

M=o =

where d denotes the diameter of M. So
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K K
=== DKd?exp[l++/1+4(n—1)2Kd?].
1 o

By Theorem 1.7, we obtain inequality (2-11) with the constant

1
Ckary = %(1 +n(n—1)Kd?exp[l +1+4(n— 1)2Kd2]).

Inequality (2-11) implies (2-12). [l

Remark 2.3. There are other lower estimates « of A; using the diameter d and
negative lower bound —(n — 1)K of the Ricci curvature (see, for example, [Kalka
et al. 1997]). Hence we may have other values of constants C g2y and C (Kd?)-

3. Newton transformations and the r-th elementary symmetric function

Let o, : R” — R denote the elementary symmetric function in R” given by
or(X1, ...y Xp) = Z Xip o X, 1=<r=<n.
i1 <<y

Let V be an n-dimensional vector space and A : V — V be a symmetric linear trans-
formation. If 5y, ..., n, are the eigenvalues of A corresponding to the orthonormal
eigenvectors {¢;},i =1, ..., n, respectively, define the r-th symmetric functions
o,(A) associated with A by

oo(A) =1,

GV(A):Gr(nlv""nn)vlSrSn-

(3-1)

For convenience of notation, we simply denote o, (A) by o, if there is no confusion.
The Newton transformations P, : V — V associated with A, 0 <r <n are defined by

Py=1,

Pr=Y (-Vo,_jAl =0, ] =0, j A+ +(=1)A", r=1,....n.
j=0
By definition, P, = 0,1 — AP,_1, P, = 0. It was proved in [Reilly 1973] that P,
has the following basic properties:

. do,
(i) Pr(e;) = —
an;

(i) tr(P,) = (n — r)o,.
(iii) tr(AP,) = (r + 1)oy41.

e;.

Clearly, each P, corresponds to a symmetric (2, 0)-tensor on V, still denoted by P,.
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4. High-order mean curvatures of hypersurfaces in space forms

Assume (N, g) is an (n 4+ 1)-dimensional Riemannian manifold, n > 2. Suppose
(X, g) is a smooth connected oriented closed hypersurface immersed in (N, g) with
induced metric g. Let v denote the outward unit normal to X, and A = (h;;), the
second fundamental form A : T, X ®, T, X — R, defined by A(X, Y) = —(%XY, V),
where X, Y € T, X, p € X, and V denotes the Levi-Civita connection of (N,g). A
determines an equivalent (1, 1)-tensor, called the shape operator A of

X:T,2—>T,%,

given by AX = Vyv. T is called totally umbilical if A is a multiple of its metric
g at every point of ¥, thatis, A = (tr A/n)g on X. Now we recall the definition
of r-th mean curvatures of a hypersurface, which was introduced in [Reilly 1973];
compare [Rosenberg 1993].

Let n;,i =1, ..., n denote the principle curvatures of ¥ at p, which are the
eigenvalues of A at p corresponding to the orthonormal eigenvectors {e;},i =
1...., n, respectively. By Section 3, we have the r-th symmetric functions o, (A)
associated with A, denoted by s, = 0,(A), and the Newton transformations P,
associated with A at p, 0 <r <n.

Definition 4.1. The r-th mean curvature H, of X at p is defined by s, = () H,,
0<r<n.

For instance, H; = s;/n = H/n (in this paper, we also call H = tr A the mean
curvature of X, consistent with earlier papers [Perez 2011; Cheng and Zhou 2012],
among others). H, is the Gauss—Kronecker curvature. When the ambient space N
is a space form N”*! with constant sectional curvature a,

Ric=(n—1)al + HA — A2,
R=tRic=n(n—Dc+H?>—|A?>=n(n — Da+2s,.
Hence H, is, modulo a constant, the scalar curvature of X.

Lemma 4.2 ([Reilly 1973]; cf. [Rosenberg 1993; Alias et al. 2006]). When the
ambient space is a space form N ;‘H, we have div P, =0, for 0 <r <n.

Proof of Theorem 1.9. By Section 3, tr P, = (n —r)s,. Denote 5, = (1/ Vol E)fz Sp.
By Lemma 4.2, div P, =0. Take T = P, and B = (n —r)s, in Theorem 1.7. Then

(n—r)Zf(s,—E,)z5n(n—1)<1+ﬁ)/
) Al )

equivalently,

J

r)s,
n

p,— (=)

r)s,

2 2
(n— (n HK (n—r)s,
i g‘ Sn( M )/z bremms

n
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which are (1-13) and (1-14), respectively.

Now we prove conclusions (1) and (2) in Theorem 1.9. If the Ricci curvature
of X is positive, by Theorem 1.7, conclusion (1) holds and s, = 5, is constant
on X. If ¥ is also embedded in R"*!, by a theorem of Ros [1987] stating that a
closed embedded hypersurface in R"*! with constant r-th mean curvature must be
a distance sphere st 2 < r < n, we obtain conclusion (2). O

Remark 4.3. If r =1, Py =511 — A= HI — A. P is equivalent to the symmetric

(2, 0)-tensor Py = Hg — A. So (1-13) turns into
2
(4-1) f(H—§)2 " <1+ﬁ> Hg—A—n=DH,
5 n—1 A n

2
n nk H
=" (141K / a2
n—1< /\1> S
In particular, if K =0,
— H 2
(42) / H-dr < [ |a-Hyg
s n—»1Js n

Equations (4-1) and (4-2) are (1-8) and (1-6), respectively, which were proved in
[Cheng and Zhou 2012] and [Perez 2011], respectively, if X is a closed hypersurface
immersed in an Einstein manifold. This is because div P; = 0 even if the ambient
space is Einstein.

When r =2, we have 2so = R —n(n — 1)a,

R—-(n—-2)(n—1
Pr=sol — 1A 45pa2 = 2= 2)(" 1 _ Ric,
and, by direct computation,
-2 R
P 1%, Ry pie
n n
As a symmetric (2, 0)-tensor, P, = (R/n)g — Ric. Hence (1-13) turns into
2
n(n ) nk (n—=2)s
LA VY I IR p, — 22002
f(Sz 2)2(4—)\1)/2 > 8|
which is
2
4dn(n—1) . R
4- R—R)* < 1 Ric — =
(4-3) f( )° = o 2)2<+)~1>/E 1c—-"¢8

Equation (4-3) was proved in [Cheng 2013], and, in the case of K =0, in [De Lellis
and Topping 2012].
If r = n, (1-13) is trivial.
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5. k-scalar curvature of locally conformal flat manifolds

We first recall the definition of the k-scalar curvatures of a Riemannian manifold,
introduced in [Viaclovsky 2000]. If (M", g) is an n-dimensional Riemannian
manifold, n > 3, the Schouten tensor of M is

1 . 1
Se = n—Z(RlC_—Z(n—l)Rg)'

By definition, Sg : TM — T M is a symmetric (1, 1)-tensor field. By Section 3, we
have the symmetric k-th function oy (S,) and the Newton transformations 7j (Sg) =
T} associated with Sg, 1 <k < n. We call 0 (S,) the k-scalar curvatures of M

Lemma 5.1 [Viaclovsky 2000]. If (M, g) is locally conformally flat, then, for
1 <k=<n,divIi(S,) =0

Because of Lemma 5.1, we can applying Theorem 1.7 to T;(S,) to obtain
Theorem 1.11.

Remark 5.2. Whenk =1, 01(S,) =trSg =R/(2(n—1)) and T} = 01(Sg)I — S,
As a symmetric (2, 0)-tensor, 71 = —(1/(n —2))(Ric —Rg/2). Hence (1-17) turns

into (1-3),
2
dn(n—1) . R
< oA _4
/(R R)? n 2)2 <1+M)/ Ric -8
and, in particular, if K =0, (1-17) turns into (1-1),
2
dn(n—1) . R
< _1
/ (R — R)? n _2)2 RIC p

Equations (1-3) and (1-1) were proved in [Cheng 2013] and [De Lellis and Topping
2012], respectively, without the hypothesis that M is locally conformally flat. The
reason is that div 7} = O (the contracted second Bianchi identity) holds on any
Riemannian manifold.

Acknowledgements

The author would like to thank the referee for some suggestions.

References

[Aleksandrov 1958] A. D. Aleksandrov, “Uniqueness theorems for surfaces in the large. V7, Am.
Math. Soc. 21 (1958), 412-416. Zbl 0119.16603

[Alias et al. 2006] L. J. Alias, J. H. S. de Lira, and J. M. Malacarne, “Constant higher-order
mean curvature hypersurfaces in Riemannian spaces”, J. Inst. Math. Jussieu 5:4 (2006), 527-562.
MR 2007i:53062 Zbl 1118.53038


http://msp.org/idx/zbl/0119.16603
http://dx.doi.org/10.1017/S1474748006000077
http://dx.doi.org/10.1017/S1474748006000077
http://msp.org/idx/mr/2007i:53062
http://msp.org/idx/zbl/1118.53038

AN ALMOST-SCHUR TYPE LEMMA FOR SYMMETRIC (2,0) TENSORS 339

[Barbosa and Colares 1997] J. L. M. Barbosa and A. G. Colares, “Stability of hypersurfaces with
constant r-mean curvature”, Ann. Global Anal. Geom. 15:3 (1997), 277-297. MR 98h:53091
Zbl 0891.53044

[Cheng 2013] X. Cheng, “A generalization of almost-Schur lemma for closed Riemannian manifolds”,
Ann. Global Anal. Geom. 43:2 (2013), 153-160. MR 3019161 Zbl 06147899

[Cheng and Rosenberg 2005] X. Cheng and H. Rosenberg, “Embedded positive constant 7-mean cur-
vature hypersurfaces in M™ x R”, An. Acad. Brasil. Ciénc. 77:2 (2005), 183-199. MR 2006e:53105
Zbl 1074.53049

[Cheng and Zhou 2012] X. Cheng and D. Zhou, “Rigidity for nearly umbilical hypersurfaces in space
forms”, J. Geom. Anal (2012).

[De Lellis and Miiller 2005] C. De Lellis and S. Miiller, “Optimal rigidity estimates for nearly
umbilical surfaces”, J. Differential Geom. 69:1 (2005), 75-110. MR 2006e:53078 Zbl 1087.53004

[De Lellis and Topping 2012] C. De Lellis and P. M. Topping, “Almost-Schur lemma”, Calc. Var.
Partial Differential Equations 43:3-4 (2012), 347-354. MR 2012k:53062 Zbl 1236.53036

[Ge and Wang 2011] Y. Ge and G. Wang, “A new conformal invariant on 3-dimensional manifolds”,
preprint, 2011.

[Ge and Wang 2012] Y. Ge and G. Wang, “An almost Schur theorem on 4-dimensional manifolds”,
Proc. Amer. Math. Soc. 140:3 (2012), 1041-1044. MR 2869088 Zbl 1238.53026

[Ge et al. 2013] Y. Ge, G. Wang, and X. Chao, “On problems related to an inequality of Andrews, De
Lellis, and Topping”, 2013.

[Guan 2002] P. Guan, “Topics in geometric fully nonlinear equations”, lecture notes, 2002, Available
at www.math.mcgill.ca/guan/zheda0508.pdf.

[Kalka et al. 1997] M. Kalka, E. Mann, D. Yang, and A. Zinger, “The exponential decay rate of the
lower bound for the first eigenvalue of compact manifolds”, Internat. J. Math. 8:3 (1997), 345-355.
MR 98e:58172 Zbl 0884.58096

[Liand Yau 1980] P.Liand S. T. Yau, “Estimates of eigenvalues of a compact Riemannian manifold”,
pp. 205-239 in Geometry of the Laplace operator (Honolulu, 1979), edited by R. Osserman and A.
Weinstein, Proc. Sympos. Pure Math. 36, Amer. Math. Soc., Providence, R.I., 1980. MR 81i:58050
7Zbl 0441.58014

[Perez 2011] D. Perez, On nearly umbilical hypersurfaces, Dr.sc.nat. thesis, Uniersitét Ziirich, 2011.

[Reilly 1973] R. C. Reilly, “Variational properties of functions of the mean curvatures for hypersur-
faces in space forms”, J. Differential Geometry 8 (1973), 465-477. MR 49 #6102 Zbl 0277.53030

[Ros 1987] A. Ros, “Compact hypersurfaces with constant higher order mean curvatures”, Rev. Mat.
Iberoamericana 3:3-4 (1987), 447-453. MR 90c:53160 Zbl 0673.53003

[Ros 1988] A. Ros, “Compact hypersurfaces with constant scalar curvature and a congruence theo-
rem”, J. Differential Geom. 27:2 (1988), 215-223. MR 89b:53096 Zbl 0638.53051

[Rosenberg 1993] H. Rosenberg, “Hypersurfaces of constant curvature in space forms”, Bull. Sci.
Math. 117:2 (1993), 211-239. MR 94b:53097 Zbl 0787.53046

[Viaclovsky 2000] J. A. Viaclovsky, “Conformal geometry, contact geometry, and the calculus of
variations”, Duke Math. J. 101:2 (2000), 283-316. MR 2001b:53038 Zbl 0990.53035

[Viaclovsky 2006] J. Viaclovsky, “Conformal geometry and fully nonlinear equations”, pp. 435-460
in Inspired by S. S. Chern, edited by P. A. Griffiths, Nankai Tracts Math. 11, World Sci. Publ.,
Hackensack, NJ, 2006. MR 2008c:53030 Zbl 1142.53030

Received September 21, 2012. Revised February 19, 2013.


http://dx.doi.org/10.1023/A:1006514303828
http://dx.doi.org/10.1023/A:1006514303828
http://msp.org/idx/mr/98h:53091
http://msp.org/idx/zbl/0891.53044
http://dx.doi.org/10.1007/s10455-012-9339-8
http://msp.org/idx/mr/3019161
http://msp.org/idx/zbl/06147899
http://dx.doi.org/10.1590/S0001-37652005000200001
http://dx.doi.org/10.1590/S0001-37652005000200001
http://msp.org/idx/mr/2006e:53105
http://msp.org/idx/zbl/1074.53049
http://dx.doi.org/10.1007/s12220-012-9375-4
http://dx.doi.org/10.1007/s12220-012-9375-4
http://msp.org/idx/mr/2006e:53078
http://msp.org/idx/zbl/1087.53004
http://dx.doi.org/10.1007/s00526-011-0413-z
http://msp.org/idx/mr/2012k:53062
http://msp.org/idx/zbl/1236.53036
http://dx.doi.org/10.1090/S0002-9939-2011-11065-7
http://msp.org/idx/mr/2869088
http://msp.org/idx/zbl/1238.53026
http://dx.doi.org/10.1093/imrn/rns196
http://dx.doi.org/10.1093/imrn/rns196
http://dx.doi.org/10.1142/S0129167X97000160
http://dx.doi.org/10.1142/S0129167X97000160
http://msp.org/idx/mr/98e:58172
http://msp.org/idx/zbl/0884.58096
http://msp.org/idx/mr/81i:58050
http://msp.org/idx/zbl/0441.58014
http://projecteuclid.org/getRecord?id=euclid.jdg/1214431802
http://projecteuclid.org/getRecord?id=euclid.jdg/1214431802
http://msp.org/idx/mr/49:6102
http://msp.org/idx/zbl/0277.53030
http://dx.doi.org/10.4171/RMI/58
http://msp.org/idx/mr/90c:53160
http://msp.org/idx/zbl/0673.53003
http://projecteuclid.org/getRecord?id=euclid.jdg/1214441779
http://projecteuclid.org/getRecord?id=euclid.jdg/1214441779
http://msp.org/idx/mr/89b:53096
http://msp.org/idx/zbl/0638.53051
http://msp.org/idx/mr/94b:53097
http://msp.org/idx/zbl/0787.53046
http://dx.doi.org/10.1215/S0012-7094-00-10127-5
http://dx.doi.org/10.1215/S0012-7094-00-10127-5
http://msp.org/idx/mr/2001b:53038
http://msp.org/idx/zbl/0990.53035
http://dx.doi.org/10.1142/9789812772688_0018
http://msp.org/idx/mr/2008c:53030
http://msp.org/idx/zbl/1142.53030

340 XU CHENG

XU CHENG

INSTITUTO DE MATEMATICA
UNIVERSIDADE FEDERAL FLUMINENSE
24020-140 NITEROI, RJ

BRAZIL

xcheng @impa.br


mailto:xcheng@impa.br

PACIFIC JOURNAL OF MATHEMATICS
Vol. 267, No. 2, 2014

dx.doi.org/10.2140/pjm.2014.267.341

ALGEBRAIC INVARIANTS, MUTATION, AND
COMMENSURABILITY OF LINK COMPLEMENTS

ERrIC CHESEBRO AND JASON DEBLOIS

We construct a family of hyperbolic link complements by gluing tangles
along totally geodesic four-punctured spheres, then investigate the commen-
surability relation among its members. Those with different volume are
incommensurable, distinguished by their scissors congruence classes. Mu-
tation produces arbitrarily large finite subfamilies of nonisometric mani-
folds with the same volume and scissors congruence class. Depending on
the choice of mutation, these manifolds may be commensurable or incom-
mensurable, distinguished in the latter case by cusp parameters. All have
trace field Q(i, +/2); some have integral traces while others do not.

1. Introduction

Manifolds are commensurable if they have a common cover, of finite degree over
each. W. P. Thurston first studied the commensurability relation among hyperbolic
knot and link complements in S, describing commensurable and incommensurable
examples in his notes [Thurston 1979, Chapter 6]. The families of chain link
complements [Neumann and Reid 1992], two-bridge knot complements [Reid and
Walsh 2008], and certain pretzel knot complements [Macasieb and Mattman 2008]
have since been further explored. Here we construct another infinite family of
hyperbolic link complements and explore the commensurability relation among its
members.

We compute the following invariants on members of our family. For I' < PSL,(C)
the trace field of M = H3/ T is the smallest field containing the traces of elements
of I'. If each such trace is an algebraic integer we say M has integral traces. The
cusp parameters of M, used in [Thurston 1979; Neumann and Reid 1992], are
algebraic invariants of the Euclidean structures on horospherical cross sections of
the cusps of M. The Bloch invariant [Neumann and Yang 1999] is determined by a
polyhedral decomposition.
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Theorem 1. For each n € N, there is a link L,, C S° such that M,, = S> — L, is
hyperbolic with trace field Q(i, ~/2) and integral traces. If m # n then M,, and M,
are incommensurable, distinguished by their Bloch invariants and cusp parameters.

Having integral traces is commensurability-invariant [Maclachlan and Reid 2003,
§5.2], and the trace field is a commensurability invariant of link complements
[Maclachlan and Reid 2003, Corollary 4.2.2]. Commensurable manifolds have
(D-dependent Bloch invariants and PGL,(Q)-dependent cusp parameters, but the
M,, have neither (see Proposition 4.7 and Lemma 4.18).

Figure 1 depicts L,. The gray lines there indicate the presence of 2-spheres
that each meet L, in four points, separating it left-to-right into a tangle § in the
three-ball B3, two copies of a tangle T C S? x I, and the mirror image S of S. For
arbitrary n € N, the link L, is constructed analogously, using S, S, and n copies of
T. We number the corresponding 2-spheres for L, as ) for 0 <i <n, so that §©
bounds S, S bounds S, and S® bounds a copy of T with SU=D for0<i <n.

We also describe the commensurability relation among the complements of
links related to the L, by mutation along the S®): cutting along S and regluing
by an order-two mapping class that preserves S®) N L, and acts on it as an even
permutation. With L, projected as in Figure 1, for each i we mark the points
of S9NL, by 2, 3, 4, and 1, reading top to bottom, and refer to a mutation
homeomorphism of S by its permutation representation.

Below, forn e Nand I € {0, 1, 2}”+1 let L; be the link obtained from L,, by the
mutation (13)(24) (respectively, (12)(34)) along S @ for each i such that the i-th
entry of I is 1 (respectively, 2). Write M; = §3 — L; for each such I.

Theorem 2. Forn € Nand I = (ao, . . ., a,) € {0, 1Y*t1, M; is commensurable to
M,. For J = (by, ..., b,) €{0, 1}t M; is isometric to M; if and only if either
b; = a; foreachi € {1,...,n—1}or b; = a,_; for each such i.

We will show in a future paper that Theorem 2 reflects the fact that M, has a
hidden symmetry (see, for example, [Neumann and Reid 1992]) arising from a
hidden extension of the mutation (13)(24), an extension of a lift of (13)(24) over a
finite cover of (S? x I)—T

1

\@

(=0=C=

C SRR

T1

Figure 1. The link L,.
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Here we prove Theorem 2 more directly, identifying an orbifold O, jointly
covered by M,, and the M;; see Proposition 6.4. The key advantage of this approach
is that we can also prove the isometry classification above (see Proposition 6.6) using
the fact that O,, is minimal in the commensurability class of M,, (Corollary 6.5).

Corollary 6.5 is proved following an idea of Goodman, Heard, and Hodgson
[Goodman et al. 2008]. The key step, for each n, is to construct a tiling 7, of H?
by convex polyhedra that is canonical in the sense of [Goodman et al. 2008, §2].
See Theorem 4. This is of independent interest, as there are few infinite families
for which canonical tilings have been identified.

The mutation (12)(34) has a very different effect than (13)(24).

Theorem 3. Forn e N, let £, ={L; | I € {0,2}"*'}. Then:

(1) ForeachlI €{0, 2}”+1 —{(, ..., 0)}, M; has the same volume, Bloch invariant,
and trace field as M,,, but has a nonintegral trace.

(2) There is a subfamily of &, with at least n/2 mutually incommensurable mem-
bers, distinguished by their cusp parameters.

(3) There is a subfamily of £,, with n members which all share cusp parameters.

Remarks. 1. Mutation along 4-punctured spheres preserves hyperbolic volume
[Ruberman 1987], the trace field [Neumann and Reid 1991], and the Bloch in-
variant [Neumann 2011, Theorem 2.13]. While unaware of the Bloch invariant
reference we proved our case directly; see Proposition 7.2.

0y, which accounts for the gap in statement (1) of the theorem.

3. Corollaries 7.4 and 7.5 describe the subfamilies from (2) and (3) above. We
do not know the commensurability relation among members of the latter
subfamily.

Theorems 2 and 3 comprise the first study (to our knowledge) of commensurabil-
ity among an infinite family of link complements related by mutation. Mutants have
a longstanding reputation for being difficult to distinguish, although the algorithm
of [Goodman et al. 2008] can now be used to check particular examples. (For
instance, the complement of the Kinoshita—Terasaka knot, 11n42 in the knot tables,
is incommensurable with that of its mutant, the Conway knot, 11n34.)

Theorem 2 further gives some evidence counter to the following conjecture of
Reid and Walsh [2008]: the commensurability class of a hyperbolic knot comple-
ment in 3 contains at most two others. This implies in particular that any hyperbolic
knot complement is incommensurable with all but two of its (nonisometric) mutants.

We now outline the remainder of the paper. We name the tangle complements
Mg = B3> — S and My = S?> x I — T, and note that My is the double of Mz, =
Mz N (8% x [0, 1/2]) across a single boundary component. Section 2 describes
hyperbolic structures with totally geodesic boundary on M5 and M7, as identification
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spaces of the regular ideal octahedron and the right-angled ideal cuboctahedron,
respectively.

The totally geodesic boundary d My is isometric to the component of My,
contained in My, and the reflective symmetry of My ensures that its totally
geodesic boundary components are orientation-reversing isometric. In forming M,
we glue dB? — S to % x {0} — T by a map isotopic to an isometry, so that the
separating four-punctured spheres F) = §@ — T are totally geodesic in M,, for
0 <i < n. Section 3 describes this assembly.

Because the F) are totally geodesic, each copy of M and My in M, inherits its
structure with totally geodesic boundary from the ambient hyperbolic structure. This
in turn makes it possible to compute the commensurability invariants of Theorem 1
on the M,,. We carry this out in Section 4. Few other link complements are known to
contain a surface that is totally geodesic without some topological constraint forcing
it so; see, for example, [Maclachlan and Reid 1991; Aitchison and Rubinstein
1997]. For related results see [Menasco and Reid 1992; Adams and Schoenfeld
2005; Leininger 2006; Adams et al. 2008].

Our method of construction owes a debt to one that Adams [1985] and Neumann
and Reid used to produce families of hyperbolic 3-manifolds, gluing together
manifolds with 3-punctured sphere boundary. (However unlike the 4-punctured
sphere, a 3-punctured sphere is totally geodesic in any hyperbolic 3-manifold that
contains it [Adams 1985, Theorem 3.1].) The work of Neumann and Reid (see
[Maclachlan and Reid 2003, §5.6]) can be can be combined with an argument like
the one in Proposition 4.2 to show that for each imaginary biquadratic extension k
of @, there are infinitely many commensurability classes of hyperbolic 3-manifolds
with trace field k.

In every hyperbolic 4-punctured sphere, each mutation determines a homeo-
morphism properly isotopic to an isometry [Ruberman 1987]. In Section 5 we
describe the isometries determined by (13)(24) and (12)(34) and the hyperbolic
structures on mutants of the M,,. We prove Theorem 2 in Section 6 and Theorem 3
in Section 7.

2. A pair of tangles

This section is devoted to describing hyperbolic structures with totally geodesic
boundary on the complements of the tangles S, in B3, and Ty, in S x I, depicted
in Figure 2. For a manifold M with boundary, we refer by a fangle in M to a pair
(M, T), where T is the image of a disjoint union of circles and closed intervals,
embedded in M by a map taking each circle into the interior of M and restricting
on each interval to a proper embedding.
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Figure 2. Tangles S and Ty, labeled with Wirtinger generators.

We will prove there is a homeomorphism taking B® — S to a hyperbolic manifold
with totally geodesic boundary which is an identification space of an ideal octahedron
by pairing certain faces. This was previously known, and it follows from results in
[Paoluzzi and Zimmermann 1996] upon taking a geometric limit, but we do not
know a reference for a direct proof. We also prove there is a homeomorphism taking
$2 x I — Ty to a certain identification space of the right-angled ideal cuboctahedron.
As far as we are aware, this description was not previously known.

We prove existence of homeomorphisms using faithful representations, from the
fundamental groups of tangle complements onto Kleinian groups generated by face
pairings. Our main tools drawing connections between the geometric, algebraic, and
topological objects involved are Lemma 2.1, which relates a hyperbolic 3-manifold
with totally geodesic boundary produced by pairing some faces of a right-angled
polyhedron to the Kleinian group generated by the face-pairing isometries, and
Lemma 2.6, which describes a homeomorphism from a pared manifold M and the
convex core of H3/ ", where I' is a Kleinian group isomorphic to 7y (M).

In the remainder of the paper, we will let H® = {(z,t) | z € C,t € (0, 00)},
the upper half-space model of hyperbolic space, equipped with the complete Rie-
mannian metric of constant sectional curvature —1. In this model, the group of
orientation-preserving isometries, PSL,(C), acts by extending its action by Mobius
transformations on the ideal boundary or sphere at infinity C U {o0}.

The horosphere of height t centered at oo is C x {t} C H>. This inherits the
Euclidean metric, scaled by 1/¢, from the ambient hyperbolic metric. For v € Cx {0},
a horosphere centered at v is a Euclidean sphere in C x R centered at a point in
H?3 and tangent to C x {0} at (v, 0). It is a standard fact that isometries of H> take
horospheres to horospheres.

A hyperplane of H? is a totally geodesic subspace of the form £ x R* for a line
£ C C, or the intersection with H? of a Euclidean sphere centered at a point in C x {0}.
A half-space is the closure of a component of the complement in H? of a hyperplane,
and a polyhedron is the nonempty intersection of a collection of half-spaces with
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the property that the corresponding collection of defining hyperplanes is locally
finite. A face of a polyhedron is its intersection with one of its defining hyperplanes.
A polyhedron is right angled if its defining hyperplanes meet at right angles (if at
all) and ideal if any point at which more than two of its defining hyperplanes meet
is on the sphere at infinity. Such points are ideal vertices.

We say a polyhedron @ C H? is checkered if its set of faces is partitioned into
sets ¥; and &, of internal and external faces, respectively, so that each f € &;
intersects only faces in &, and vice versa. For a face f of a checkered, right-angled
ideal polyhedron P, let ¥ s be the geodesic hyperplane in H?3 containing f and let
U be the half-space bounded by ¥ ; that contains . Let the expansion of % be

E®) = ﬂ Uy.
fei
The expansion E (%) is a polyhedron of infinite volume that contains %, and the
components of the frontier of P in E(P) are the external faces of %.

An internal face pairing for a checkered polyhedron % C 9 is a collection
{¢pf | f € ¥} of isometries, such that for each f € ¥; there exists ' € ¥; with
dr(H)=f0;P)NP=f,and ¢y = qb;l. It is proper if ' # f for all f € ¥;.
A proper internal face pairing determines a proper Isom(H?)-side-pairing of the
expansion E (%), in the sense of [Ratcliffe 1994, §10.1]. (In [Ratcliffe 1994], faces
are called sides.)

Given a proper internal face pairing {¢ r} of a checkered polyhedron %, [Ratcliffe
1994, Theorem 10.1.2] implies the identification space E(%)/{¢ s}, determined by
setting x ~ ¢ (x) forall f € ¥; and x € f, is a hyperbolic manifold. The inclusion
P — E(P) induces an inclusion from My =P /{¢} to E(P)/{¢}. For each edge
e of each g € ¥,, there is a unique f € ¥; such thate C fNg. Since f' = ¢ /(f)
intersects a unique g’ € ¥; along ¢ r(e), the internal face pairing for % determines
an edge pairing for the disjoint union of external faces of %. Thus My =P /{¢p} is
an isometrically embedded submanifold of E(%)/{¢r}, where d My is the quotient
of the disjoint union of the external faces by the edge pairing induced by {¢/}.

Given an edge pair {e, ¢’} for d My, the total angle around this edge in My is the
sum of the dihedral angles for ¢ and ¢’ in P. Therefore, if P is right angled, d Mg
is totally geodesic.

If T is a Kleinian group, we refer to the convex core of H3/T" as C(T"). This
is the convex submanifold of H?3 /', minimal with respect to inclusion, with the
property that the inclusion-induced homomorphism 7 C(T") — H?/ T is surjective.
(See [Morgan 1984] for background on Kleinian groups. The beginning of §6
therein covers convex cores.)

Lemma 2.1. Let ® C H? be a finite-sided, checkered right-angled ideal polyhedron,
with a proper internal face pairing {¢y | f € Fi}. Then I = (¢ | f € F;) is a free
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Kleinian group, and the inclusion ® < H? induces an isometry p: Mg — C(I).
If % is the hyperplane containing g € . then # — HW> induces an isometric
embedding of ¥/ Stabr () to the component of dC (') containing p(g).

Proof. We will continue to use some terminology and results from [Ratcliffe 1994].
With these hypotheses the inclusion ? — E (%) induces an isometric embedding
My — E(P)/{¢r}, and dMy is totally geodesic. If E(P)/{¢} is complete as a
hyperbolic 3-manifold, then by Poincaré’s polyhedron theorem (see, for example,
[Ratcliffe 1994, Theorem 11.2.2]), I' = (¢ | f € ¥;) is discrete and E(P) is a
fundamental domain for I'.

By [Ratcliffe 1994, Theorem 11.1.6], to show completeness it suffices to check
that the link of any cusp is a complete Euclidean surface. Let |v|={vg, v1, ..., vy—1}
be an equivalence class of ideal vertices of % under the relation generated by
x ~ ¢r(x), f €, enumerated so that for each j there exists f; € ¥; with
¢¢,(vj) = vj41 (taken modulo n). In particular, v; is an ideal vertex of f; and also
of fi=¢;1(fj-D.

For each j, let %; be a horosphere centered at v;, chosen small enough that
RB;NRBjy =@ for j # j'. Since P is right angled, B ;NP is a Euclidean rectangle for
each j. We may assume, by renumbering if necessary, that 3o N fo has the shortest
length of all the arcs %B; N f;. Then since ¢o(Bo) N fl’ is parallel to ¢o(Bp) N f1 in
®0(Bo) N P, they have the same length: that of By N fy. Since this is less than the
length of &1 N fi, we have ¢o(Bo) C B;.

We may replace B by ¢o(Bo), then replace B, with ¢;(B), and so on, yielding
a new collection of horospheres which are pairwise disjoint and have the additional
property that they are interchanged by the face pairings of ?. Equivalence classes
of ideal vertices of E (%) are the same as those of P; thus this collection satisfies
the hypotheses of [Ratcliffe 1994, Theorem 11.1.4], and the link of [v] is complete.
It follows that E(%)/{¢} is a complete hyperbolic 3-manifold.

Now by the polyhedron theorem, I' is discrete and E (%) is a fundamental domain
for I'. It follows from a ping-pong argument that I" is free, since the fact that % is
right angled implies that the hyperplanes containing its internal faces are mutually
disjoint. The inclusion E(%) — H? induces an isometry E(%)/{¢/} — H?/ T, so
the inclusion % — H? induces an isometric embedding p: Mg — H3/T.

That p(Mg) € C(I") will follow from the fact that % is contained in the convex
hull of the limit set Hull(I") of I', since this is well known to be the universal cover
of C(I"). Fixed points of parabolic elements of I" lie in Hull(I"), so since % is the
convex hull of its ideal vertices we show that it is in Hull(I") by observing that
each such vertex is a parabolic fixed point of I'. Indeed, if {vg, v1, ..., v,—1} s an
equivalence class of ideal vertices enumerated as we described above, then vy is

fixed by ¢f,_,0---0¢p 00y €l
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Since p(Mg) has totally geodesic boundary it is convex (see [Canary et al. 2006,
Corollary I.1.3.7]). Thus if p(Mg) carries 71 (H3/ T") then C(I") € p(Mg). To show
this we use the nearest-point retraction r: E (%) — P to produce a homeomorphism
Mg Uy, (0Mg x [0, 00)) — [H]3/ " that restricts to p on Mg. The closure of
each component of E(®) — % intersects % in a unique g € ¥,, and the map
x — (r(x),d(x, r(x))) determines a homeomorphism to g x [0, co). The inverses
of these homeomorphisms, taken over the disjoint union of all g € ¥,, combine to
induce the map in question.

The two paragraphs above combine to prove that C(I") = p(Mg). In particular,
C(T") has totally geodesic boundary, so its preimage in H> under the universal
cover is a disjoint union of geodesic planes. Since p takes g € &, to dC(I"), the
hyperplane 3 containing g is a component of the preimage of dC(I"). The final
claim of the lemma follows. ([

Corollary 2.2. Let P be the regular ideal octahedron in H?, embedded as indicated
in Figure 3, and checkered by declaring the face A to be external. The collection
{sT1, t*} is an internal face pairing for 1, where

(O g (%2
“\-11 “\i 1-i)

Let Mg =% /{st!, t*}, and let T's = (s, t). Then the inclusion P, — H3 induces
an isometry ps: Mg — C(I'y).

Proof. With the indicated embedding, P is a tile of the PSL, (0 )-invariant tessella-
tion J| constructed in [Hatcher 1983]. Here O; = Z[i] is the ring of integers of the

7

¢ X; 1+ ¢

X5 Xa

0

Figure 3. The regular ideal octahedron %, and its expansion E ().
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Figure 4. The right-angled ideal cuboctahedron %;, and E (%»).

field Q(7). In particular, the face A shown on the left in Figure 3 has ideal vertices
0, 1, and oo, and all other ideal vertices of % have positive imaginary part.

Since A is external, the faces X, X5, X3, and X4 of % indicated on the left in
Figure 3 are internal. Direct computation reveals that s takes X to X5, fixing the
ideal vertex they share, and t takes X3 to X4 so that the vertex they share goes to
the vertex shared by X4 and X,. Hence {s*!, t*1} is an internal face pairing for P;.
The corollary now follows from Lemma 2.1. O

The external faces of % triangulate d M, and their images under pg determine
a triangulation of dC(I"y), which we will denote by Ag.

Corollary 2.3. Let % be the right-angled ideal cuboctahedron in H?, embedded
as indicated in Figure 4, and checkered by declaring triangular faces external. The

f:l:l

collection {f!', g*', h*1} is an internal face pairing for P, where

=) () (30 )

Let M7, = 9’2/{fi1, gil, hil}, and let 'y = (f, g, h). The inclusion %, — H3
induces an isometry pr,: Mg, — C(I'g).

Proof. With the indicated embedding, % is a tile of the PSL;(0;)-invariant tes-
sellation I, of H? defined in [Hatcher 1983], where 0, = Z[i ﬁ] is the ring of
integers of Q(i~/2). In particular, the face C labeled in the figure has ideal vertices
0, 1, and oo.

Label the internal faces Y; as indicated on the left in Figure 4, and label the
square face opposite ¥; as Y/. Direct computation reveals that f takes Y, to Y1,
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fixing the ideal vertex they share, g takes Y3 to Y|, fixing the ideal vertex they
share, and h takes Y, to Y7, taking the vertex they share to the opposite vertex on Y.
Hence {f*!, g*!, h*!} is an internal face pairing for %,. The corollary now follows
from Lemma 2.1. (]

The external faces of %, triangulate d M7,. This has two components that we
will call 0, M7, and 0_ M7y, with the latter triangulated by the letter-labeled faces
of Figure 4. Let 0+ C(I't,) = pr,(0+M7,) and let AfTEO refer to the triangulation for
0+C(I'r,) determined by the images under py, of the external faces of %».

In the remainder of the paper, if g and h are elements of a group and G is a
subgroup, we let g" denote the conjugate of g by h, hgh™!, and G" =hGh~!. We
describe parabolic isometries py, p2, and p3 which lie in I's N I'z,:

10
B —
p1=s =f —(1 1),

-1 5
p2=stst_2 =fg_lf_1h_1g=( 0 _1>,

_pe—INtst _ o —1\g ' h —14 25
p3=(")"=( ) —(_9 6]

Since these are in PSL;(R), they stabilize the hyperplane 7 with boundary RU {oo}.

Lemma 2.4. The polygon ¥ of Figure 5 is a fundamental domain for the action of
A = (p1, p2, p3) < PSLo(R) on %, and F© =%/ A is a 4-punctured sphere. Also:

(1) A = Stabpy (%) = Stabr, (%),

(2) the inclusion % — H? induces an isometry L@: FO — 3C(Ts) and an
isometry Lf): FO 0_C(T'r), and

() the triangulation of F pictured in Figure 5 projects to a triangulation Ap of
FO taken by ' and tf), respectively, to Ag and Ar,.

Proof. With ;| and %, embedded as prescribed in Figures 3 and 4, respectively,
their faces A and C coincide and lie in # as described in Figure 5. As noted in
the proofs of Corollaries 2.2 and 2.3, I's-translates of ?; lie in the tessellation
J1 described in [Hatcher 1983], and I'y-translates of %; lie in J,. The Farey
tessellation is | N = T, N ¥, so this contains any I"g-translate of any face of
%1 and any I'7,-translate of any face of %,.

Let A’ be the external face of %; which shares the ideal vertex 0 with A, and let
B’ be the external face which shares the vertex oo with A and 1+ with B. Since t
takes X3 to X4, with the edge X3 N B’ taken to X4 N A, it follows that t(B’) lies in
¥, abutting A along the geodesic between 1 and oco. Since t(B’) is a Farey triangle
it has its other ideal vertex at 2. It follows similarly that g~!(E) = t(B’) (where E
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Figure S. A triangulated fundamental domain % for the action of
A on %, and side pairings.

is as labeled in Figure 4), that ts(B) = (fg) "' (D), as indicated in Figure 5, and that
tst(A") = g~'f~'h(F) has vertices at 3/2, 2, and 5/3.

Combinatorial considerations or direct calculation establish that s = f, tst =2 =
g ' Th~Ig, and (s71)t = (g~1)¢ T 'h, and that each stabilizes 9 and pairs edges
of & as indicated in Figure 5. By inspection the quotient is a 4-punctured sphere
F©_ By the polyhedron theorem % is a fundamental domain for the group that
they generate, which acts on % with quotient F©. Since py, p», and ps are easily
obtained from the edge pairings above and vice versa, it follows that

A= (s tst2 (s = (f, g "FTh g, (g7 HE TN,

Therefore % is a fundamental domain for A, and #/A = F©.

It is easy to see from its combinatorics that 0 M is a four-punctured sphere,
as is the component of d M, containing C. Thus by Corollaries 2.2 and 2.3 the
same holds true for dC (I's) and the component of dC (I'7,) containing the image
of C. Lemma 2.1 implies that 0C(I's) is the image of 3¢/ Stabr(3¢) under the
inclusion-induced map. Since it is clear from the above that A < Stabr, (%), and
since €/ A is itself a four-punctured sphere, the conclusions of assertions (1) and (2)
above follow for I'g. A similar argument implies the same for I'z;. The conclusions
of (3) follow from the description above of the triangulation of %. O

Remarks. 1. The parabolic elements of A fixing the ideal points 0, oo, and 5/3
of ¥ are py, pa, and p3. The final conjugacy class of parabolic elements in A
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is represented by

29 —45)

_ _ -1
ps =pipap; = (stst )™ = (20 3

Evidently p; and p3 are conjugate in I's, as are pp and p4. The combinatorial
considerations of Lemma 4.13 will show that C(I"s) has exactly two cusps,
each of rank one, so every parabolic element of I'g is conjugate to one of p;
or po.

2. There exists k € PSL,(C), with order 2, which normalizes I'z,:

i i—+2
1 k= .
0 ()
The action of k on the generators f, g, and h is given by
fh=g® ' gh=f"' and hk=(h"H).

If T is a Kleinian group and u € Isom(H?), we write ¢,: C(I') — C(I'V) for
the restriction to C(I') of the isometry H3/ " — H?3/ 'V induced by u. Since k
normalizes I'y, ¢: C(I'r,) = C(I'y,) is an orientation-preserving involution. The
elements pl‘f, i €{l1, 2,3}, all preserve the geodesic hyperplane k(#(), which lies
over the line R — i+/2 and contains an external face of %, projecting to a4+ C(I'z,).
The lemma below follows and, together with Lemma 2.4, completely describes
0C(I'y,).

Lemma2.5. Ak= Stabr, (k(J€)), and the inclusion k(3€) — H3 induces an isometry
from F' = k(%) /A to 3, C(T'g,).

It is easy to see that p'l‘ is conjugate in I'y, to p3 and that p‘ﬁ =p, ', The
combinatorial considerations of Lemma 4.14 will imply that M7, has four cusps.
Hence, by Lemma 2.5, each of the cusps of C(I'z,) joins 0_C(I'g,) to 9 C(I'g,),
and each parabolic in Iy, is conjugate to exactly one p;, i € {1, 2, 3, 4}.

Our second main tool in this section is Lemma 2.6. We refer to [Morgan 1984,
Definition 4.8] for the definition of a pared manifold.

Lemma 2.6. Let (M, P) be a pared manifold, and suppose that p : miM — T" <
PSL,(C) is a faithful representation onto a non-Fuchsian geometrically finite
Kleinian group ', where C(I') has totally geodesic boundary. If p determines
a one-to-one correspondence between conjugacy classes of subgroups of (M)
corresponding to components of P and conjugacy classes of maximal parabolic
subgroups of T, then p is induced by a homeomorphism of M — P to C(I").

This is well known to experts in Kleinian groups, but we do not know of a
reference for a written proof. It seems worth writing down as it may fail if C(I")
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does not have totally geodesic boundary (see [Canary and McCullough 2004] for a
thorough exploration of this phenomenon). The proof follows easily from results
in [Canary and McCullough 2004], for example, but requires introduction of the
characteristic submanifold machinery. Since this falls outside the scope of the rest
of the paper, we defer the proof to the Appendix.

Let (B3, S) be the tangle pictured on the left in Figure 2. Take a base point for
m1(B? — S) on 3(B? — S) high above the projection plane, and let its Wirtinger
generators correspond in the usual way to labeled arcs of the diagram.

Proposition 2.7. There is a homeomorphism fs: B> —S — C(T's), such that
fsi: (B> =8) — T

is given by fs.(a@) =p;y', fs«(e) = pa, and fs.(v) = p; .

Proof. Reducing a standard Wirtinger presentation for 77 (B> — §), we obtain
(a,w, e | ewe la = awaw_l) ={a,w,e] w(e_law) = (e_law)a).

Thus, taking b = e~'aw, one finds that 1 (B> — S) is freely generated by a and b.

By Lemma 2.1 and Corollary 2.2, I's is free on the generators s and t. Hence,
the map fs,: m (B> — §) — TI'g given by a — s and b > t is an isomorphism.
Notice that the subgroup of 7y (B* — S) corresponding to the 4-punctured sphere
dB> — S is freely generated by a, v, and e. It is easily checked that

16 =25 -1 5
fS*(U)z( 9 _14> :p??1 and  fs.(e) =( 0 _1) = p2.

The map fs, takes 71 (d B> — §) isomorphically to A. Since a, v, and e generate
m1(dB3—S) and their images in I'g generate A, Since any meridian of S is conjugate
in 771 (B3 —$) to either a or e, and these are taken to p; and pa, respectively, meridians
are taken to parabolic elements of ['g.

Now let N (S) be a small open tubular neighborhood of S in B3. Then B> — N (S)
is a compact manifold with genus-2 boundary, and the pair (B3 = N(S),dIN(S))
is a pared manifold. The proposition follows from Lemma 2.6, after noting that
(B> — N(S)) — dN(S) is homeomorphic to B3 — S. O

Let (82 x I, Tp) be the tangle pictured on the right side of Figure 2, where [ is
oriented so that _T, = To N S? x {0} contains the endpoints labeled a, u, and v.
Take a base point for 71 (S% x I — Tp) on S? x {0} high above the projection plane
and let Wirtinger generators correspond to the labeled arcs of Figure 2.

The next proposition is the analog of Proposition 2.7 for Tj.

Proposition 2.8. There is a homeomorphism fr,: S* x I — Ty —> C(I'z,) such
that
frye: m(S*x I —Ty) — Ty
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is given by fr(@) = py ", fr(e) = pa. and fr(v) =p3 .

Proof. (82 x I — N(Tp)) may be isotoped in $3 to a standard embedding of
a genus-3 handlebody. Thus 71(S%? x I — Typ) is free on three generators. We
claim that the group is generated by a, e, and ¢. This follows after noticing that
v=y lxy, where y = (ta) 'a(ta) and x = (azq) 't (azq) = (ate)"'t(ate). (The
relation zg = te used in the last equality comes from the relationship between four
peripheral elements in a 4-punctured sphere group.) So far, we have established
that v, y € (a, e, t). Now using the other punctured sphere relation, we have
u=a'eve (a, e, t). Finally, z = yuy~' and ¢ =z 'te. Therefore a, e, and ¢
generate the group as claimed.

By Lemma 2.1 and Corollary 2.3, I'y; is freely generated by f, g, and h. For
our purposes, a more convenient free generating set for I'z is {f, fgf_], p2}. Note
that all of these generators are parabolic and peripheral, and conjugation by k
interchanges the first two and takes the third to its inverse. The representation of
m1(S? x [0, 1/2] — Tp) given by

am—f, t+—>fgf_1, e p2

is clearly faithful, and it is easily checked that v maps to p; ' Because u =a~'ev

is mapped to pip2p; ' — p4, we conclude that meridians are mapped to parabolic
elements and that 71 (S? x {0} — 8_Tp) is taken to A. The result now follows from
Lemma 2.6 as previously. O

There is a visible involution of S? x I — T, which is a rotation by 7 around a
circle in §2 x {1/2}. This involution exchanges the two boundary components. With
a proper choice of path between our basepoint and its image under this involution,
the corresponding action on 71 (S? x I — Tp) is given by

a<t, e<e L.

This commutes with the action of the element k defined in (1) on I',,, under the
representation fr,.. Hence this involution is isotopic to the pullback of ¢ by f7,.

Recall from Lemma 2.4 that A = Stabr,, (%), and from Lemma 2.5 that A* =
StabrTO(k(%)). By its definition in Proposition 2.8, it is clear that fr,, maps
71 (8% % {0} — 3_Tp) isomorphically to A. Since J¢ projects to d_C (I'z,), using the
involution equivariance of f7, we obtain the corollary below.

Corollary 2.9. Let 3, Ty = To N S x {1}. Then fr,(S? x {0} —d_Ty) =d_C(Tp,),
and f1,(S* x {1} = 8, Tp) = 3, C('y,).

3. Combination

In this section, we will describe how to join copies of the tangles S and 7y to
construct links in §3 whose complements are uniformized by combinations of
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I's and I'7,. The main tool in this section is a corollary of Maskit’s combination
theorem for free products with amalgamation [Maskit 1971]. Denote the convex
hull of the limit set for a Kleinian group I' by Hull(I").

Definition 3.1. Kleinian groups I'g and I'y meet cute along a hyperplane % C H?3
if 3 = Hull(I'g) N Hull(I";) and Stabr, (J) = Stabr, (¥).

The fact below follows easily from this definition, and accounts for its utility.

Fact. If I'g and I'1 meet cute along H then Stabr,(¥) = I'o N Iy = Stabr, (J).
Furthermore, % divides H? into By and B, such that for i € {0, 1}, if g; € T
satisfies gi(B1_;) NB1_; =, theng; € ToNTy.

In general, if ® is a subgroup of I, the limit set of ® is contained in that of I',
and so the covering map H*/® — H?/T" maps C(©) into C(I") — we will call this
restriction the natural map C(®) — C(I"). When 'y and I'; meet cute along K then
the natural map C(I'o N I";) — C(I';) restricts to an embedding of the 2-orbifold
H/(ToNTy).

The lemma below is a geometric combination theorem for Kleinian groups which
meet cute along a hyperplane. It follows from Maskit’s combination theorem and
observations on the geometry of Kleinian groups that go back at least to J. Morgan’s
[1984] account of geometrization for Haken manifolds.

Lemma 3.2. Suppose 'y and ') meet cute along a plane K. Let E = ¥/0,
where ® =T'gcN Ty, and fori =0, 1 let 1;: E — C(I';) be the natural embedding.
Then (g, I'y) is a Kleinian group, and the inclusions T'; — (I'g, I'1) determine an
isomorphism U'g %@ I'1 = (Lo, '1) as abstract groups. The natural maps C(I';) —
C((To, I'1)) determine an isometry C (I'g) Umal C({T) — C({Ty, T'y)).

In using Lemma 3.2, we often write C(I'g) Ug C(I"1) when the maps ¢; are clear.

Proof. We will use Theorem 8.2 of [Morgan 1984], a version of Maskit’s combina-
tion theorem. Its hypotheses are satisfied by any I'g and I'; that meet cute along a
hyperplane ¥, as a consequence of the Fact above; the group-theoretic conclusions
follow. That the desired isometry exists follows from the remarks given below
Theorem 8.2 of [Morgan 1984], which have since been considerably fleshed out in
[Anderson and Canary 2001].

The function f : H?® — [0, 1] described in [Morgan 1984] is the harmonic
extension of the characteristic function of %B: f (y) is the visual measure of the set
of vectors pointing from y toward %B¢. See [Anderson and Canary 2001, §2] for a
precise analytic definition. It is not hard to see that here 3 = f! ( %) (see [Anderson
and Canary 2001, Proposition 2.2]), whence our E is Morgan’s X = f~! (%)

Our ¢; is Morgan’s p;, mapping to N; = |H]3/ I'; for i € {0, 1}. For each i, (;(E)
is a convex core boundary component of N;, so po(N_) N C(Ny) = po(E) and
p1(N1)NC(Ny) = p1(E), and the result follows from the equation at the bottom
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of [Morgan 1984, p. 76]. See [Anderson and Canary 2001, Proposition 5.2 and
remarks after 5.3] for related results. O

We first apply Lemma 3.2 to join C(I'7,) to a copy of itself across 0.C(I'r,).
Recall from the discussion above Lemma 2.4 that we have defined %€ to be the
geodesic hyperplane of H* with ideal boundary R U {oc}. Let r € Isom(H?) be
the reflection through . This acts on C U {oo} by complex conjugation; thus if
q eI’ <PSL,(C), then q" = q, where q € PSL,(C) is the element whose entries are
the conjugates of the entries of q. Hence, we let I" denote T'".

(0

ThenT'p = (FTO, FC; ) is a Kleinian group, and there is an mclusion—induced isomor-
phism I, % zx F — I'r and an isometry C(FTO)UFrC(F ) — C(I'7) determined
by the natural maps Furthermore, c2r normalizes T'r, ana’ G2 C'7)—C(I'7)
is an orientation-reversing involution fixing F' and exchanging its complementary
components.

Lemma 3.3. Define

Proof. Recall from Lemmas 2.4 and 2.5 that A and A* are the stabilizers in I'y,
of the geodesic planes # and k(¥), respectively, and that these planes project to
the components of dC(I'z,). It follows that ¥ and k(%) are components of the
boundary of Hull(I'7,), so Hull(I'7,) is contained in the region between them.

With c as defined in the statement of the lemma, note that c(%) = (R+i+/2) x [RiJr
and that ck(#() = . Since Hull(FC ) has boundary components c(#() and ck(#) =
and Ak = Stabre () 1s 1nvar1ant under conjugation by r, I'; , and FC meet cute
along #. Applylngiy Lemma 3.2, we obtain an isomorphism I'7, * Ack F % —> (T, FCO)
and an isometry

C(TS,) Uy C(T5,) — C(TS,, T5,))

induced by the natural maps. It is clear that r normalizes (F%O, l“_%o), excharging
amalgamands, hence ¢, acts as an orientation-reversing involution of C ((FCTO, FCTO)),
fixing F’ and exchanging C(T'7,) with C(Fc ).

Observe that ¢ = c~!. It follows that FCT = FCT , and hence 'y = (F%O, ITCTO)C_].
Conjugating the groups of the paragraph above by ¢, we obtain an inclusion-
induced isomorphism 'z, * 5« FCT: — I'r, and an isometry

C(Ty) Up €T — C(Ty)

induced by the natural maps. Furthermore, ¢~ !rc = c~?r normalizes ' and induces

an orientation-reversing involution ¢_-2,, fixing F’ and exchanging its sides.  [J
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If M is an oriented manifold with a boundary component F, the double of M
across F' is M Ur M, where M is a copy of M with orientation reversed, and the
gluing map F — F C M is the identity map.

Corollary 3.4. There is an isometry py: My — C(I'y), where My is the double
of Mt, across F', that is the natural map following pr, from Corollary 2.3 on Mr,.

The advantage that I'r has over I'y, for our purposes is that the components
of dC(I'r) are naturally orientation-reversing isometric, since they are exchanged
by ¢.—2,. Recall from Lemma 2.4 that A = Stabr, (¥); thus by Lemma 3.3,

= Stabr, (%). We will again refer by i 1 ) (o the natural map FO — C('p).
Then the lemma below follows from Lemma 3.3.

Lemma 3.5. Let F(V = C_Z%/AC and let ¢ FO — FO and WD FO
C (') be the natural maps. Then 0C(I'7) =0_C(I'r)uoL C(I'r), where 0_C(I'7)
= QDFOyand 3,.c(Tr) =V (FD), and (P> = g2,

C(I'7) is a geometric model for the double of (S2x I, Tp) across (S% x {1}, 0+ Tp).

Note that the double of S x I across S x {1} is again homeomorphic to S x I,
by a map taking (p, 1) € S x I to (p,t/2) and (p, 1) € §2 x I to (p, 1 —t/2).

Definition 3.6. Let (S? x I, T) be the double of (S?x I, Tp) across (S% x {1}, 8, Tp).
We will identify (S% x I, Ty) C (S% x I, T) with its image under the map discussed
above, so that 7o = T N S2 x [0, 1 /2]. In particular, we have 0_T = 0_Tp =
TNS?x{0}and 3, Ty =T NS? x {1/2}, and we will take 3,7 =T N S? x {1}.

The tangle (S x I, T) is pictured in Figure 6, with Ty C T visible to the left
of the gray vertical line representing S x {1/2}. There is a mirror symmetry of
(S? x 1, T), visible in the figure as reflection through the gray vertical line:

rr: (SEPx I, T)— (S x1,T)

given by rr(p, x) = (p, 1 — x), hence fixing (S% x {1/2}, 3+ Tp).

|- \
u ( z \
—ab-) ! L
~———
Figure 6. The tangle 7 C S? x I with labeled Wirtinger generators
for Ty.
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Proposition 3.7. There is a homeomorphism fr: 8> x I — T — C(I'r), which
restricts on S* x [0, 1/2] — Ty to fr, followed by the natural map, such that the
following diagram commutes:

S%I—TLC(FT)

T l/ l/ ¢c’2r

Sle—TLC(FT).

Furthermore, fr takes S* x {0} —3_T to d_C(I't) and S? x {1} — 0, T to 3,C(I'7).

Proof. We define fr using the properties described in the statement of the proposi-
tion. Namely, we first require f7 to restrict on 2 %[0, 1 /2] — Tp to the homeomor-
phism f7, defined in Proposition 2.8, followed by the natural map C(I'g,) — C(I'r).
For x € §%2x[1 /2, 1]1-T,wedefine fr(x)=¢.—2, frrr(x). The resulting map is well
defined, since r7 fixes S% x {1/2} — 8, Ty and ¢, fixes F’. It is a homeomorphism,
since rr, f1,, and ¢.—, are. By Corollary 2.9, f7, takes 2% {0}—0_Totod_C(I'19);
it therefore follows from the definitions and Lemma 3.5 that fr ($2x{0}—9_T) =
d_C(I'r). The conclusion thus follows from the reflection equivariance of fr. U

Definitions 3.8. (1) Let j: (B3, 3S) — (5% x {0}, d_T) be the homeomorphism
such that (B3, S) Uj (S2x 1, T) is the tangle pictured in Figure 7.

(2) Define h: S> xR — S? xR by h(p,x) =(p,x+1),and with T C S* x I C
2 xR, let TV = hi=(T) (so TV = T in particular). For n € N, define

n . f— -
(8% L) = (B, $)U; (82 x 10,11, U TV ) U, (B, 5).
i=1
Fori €{0,1,...,n},let S® be the image in (S>, L,,) of % x {i} C §? x [0, n].
Above, (B3, S) = rg(B3, S), where rg is the reflective involution of §3 fixing
the boundary of an embedding of B> and exchanging its sides, and j, =
rsj lrrh™" (S, 0, T™) — (3B, 98).

(3) Using Figure 6 and taking 7 C S% x I C S? x R, label the points of SO NL, =
§2 x {0}NT by 2, 3, 4, and 1 top-to-bottom, so that, for example, 2 is the
terminal point of the tangle string labeled e and 1 is the initial point of the
string labeled a. Label each point of §%) N L, by its image under 2.

Remark. With Wirtinger generators for 7 (B3> —58) and 1 (8% x I — T) as labeled
in Figures 2 and 6, we have j.(a) =a, j.(#) = u, and j,(v) = v.
We now construct a geometric model of §3 — L.
Definitions 3.9. (1) Fori >0, let AW = A" and FO = c=2(9¢)/AD.
(2) Fori > 1,1et T\ =15 ™", and define ¢; = p—2i-n: C(Cr) = C(I'Y).

i
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Figure 7. SUT.

The definitions above of F@ and F! above agree with our previous definitions.
Also, F(Tl) = I'7, and since Fy) = ¢ 20-Dp,c20-D Lemma 3.5 implies that

AUD =Stab o (2P (3)) and AP = Stab.w (7 (30)),
T T

and the resulting natural maps Lﬁ‘”: FU=-b C(F(Ti)) and L@: F® - C(F(Ti))
map to the components of its totally geodesic boundary.

Proposition 3.10. Forn €N, define M, = C(I's)UC(T'Y))U---UC(T ) UC(T),
using gluing maps defined as follows:

D) s —» e,
D) ey - ety for1<i<n,
¢ Vo (7 b o) — AC(Ts).

There is a homeomorphism f;, S3 — L, — M, which restricts on B> — S to fs,on
S?x[i—1,i1—TY to ¢; frh~ ! for 1 <i <n,and on B> — § to ¢, fsrs.

Proof. We will use the description of f,, above as its definition. Then, by Proposi-
tion 2.7 and the definitions, f, restricts on B> — S and B> — S to homeomorphisms
to C(I's) and C(T'), respectively. By Proposition 3.7 and definitions, for each
i between 1 and n it restricts on S x [i — 1,i]—T® to a homeomorphism to
C (F(Ti)). Thus in order to show that f, is a homeomorphism, we must only show
that it is well defined on the spheres § @ _ {1, 2, 3, 4} that separate these tangle
complements.

We first check the case i = 1, showing that f,, is well defined on §©@ —{1, 2, 3, 4}.
Since T = T and F(Tl) =TI'z, and h° and ¢; are each the identity map, in this
case we must only show that on B> — 3, froj = tf)(tg)))_l o fs.

By their definitions above, fs and fr o j induce the same isomorphism from
71 (dB3 —3S) to A =g NT'7. Recall from Lemma 2.4 and the remarks above
Lemma 3.5 that the LEE ) are induced by the inclusions of A into I'g and I'7. Therefore
at the level of fundamental group, (L(+O) (L(,O))_1 o fs)x = (fr o j)«. Since any
two homeomorphisms between 4-punctured spheres that induce the same map on
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fundamental groups are properly isotopic, we may isotope j so that fs and frj
agree on S©. The conclusion thus follows in this case.

For 1 <i < n, we may use the fact that F(Ti) and F(TiH) are conjugates of I'y to
obtain the following model descriptions for LSP and (©):

j 0) ,—1 i D, —1
) O =giPonl, =gV

Here LSS): FO - 3_C(I'r) and R AN d4C(I'r) are the natural maps of
Lemma 3.5. Using the reflection-invariance property described there, we thus obtain

. 0 L o
3) LN = Qo) o = o b 07
Then, by the reflection-equivariance property of fr from Proposition 3.7, we have
L oy frh T = giip s frh T = @i frreh T
It follows directly from the definitions that r7A~"*! = h=' on §), whence f, is
well defined on S —{1,2,3,4) for 1 <i <n.
To show f, is well defined on S requires another definition chase, this time to

check
¢rfSrS O jn= ¢rl§))¢n__i1(1(_n))_l O¢nfTh_n+l.

By Definitions 3.8(2), j, = rsj~'rph™"*!; therefore, simplifying the left-hand side
above yields ¢, fsj~'rrh~"*!. On the other hand, using the model description
of L(_") from (2), the right-hand side above simplifies to ¢,L@¢2_ l(t(_l))_1 frh "t
The reflection-invariance property of Lemma 3.5 and an appeal to the case i =0
establish the desired equation. U

Corollary 3.11. For 0 <i < n, refer again by F® to the image of tgi)(F(i)) C
C(Fg)) under its inclusion into M,, and refer by F™ to the image of L(_”)(F(”)).
For each i, F is totally geodesic in M,, and f,(S© —{1,2,3,4}) = F©.

This follows immediately from Proposition 3.10, since the maps Li) are isometric
embeddings. The following proposition describes an algebraic model for M,,.

Proposition 3.12. Forn € N, define ', = (', F(Tl), e F(T"), l:csfzn). There is an
isometry M,, — |]-|]3/ I',, which restricts on C(I's) and each C(F(Ti)) to the natural
map, and on C(T's) to ¢,41 followed by the natural map.

Proof. We first recall from Lemma 2.4 that the plane # with ideal boundary RU{oo}
projects to dC(I"s) under the quotient map H> — H?/ 'y, so it is a component of
o0 Hull(T'g). Because the octahedron % is contained in Hull(I"g) and all its ideal
vertices have nonnegative imaginary part, it follows that

Hull(T's) C{z € C| Iz > 0} U {o0}.
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Similarly, from Lemma 3.5 and the positioning of %, we find that
Hull(T7) C{z€C|0> Iz > —24/2} U{oo}.

Then, inspecting the action of c on CU {oo}, we find that for each i € N, any point

of Hull(F(Ti)) has imaginary part between —2(i — 1)«/5 and —2i~/2 fori e N.
The following claim builds an inductive picture of a family of isometrically

embedded, codimension-0 submanifolds of M, with totally geodesic boundary.

Claim. For 1 <i < n, define F(_i) = (s, F(Tl), A F(Ti)). There is an isometry
C{Ts)u C(F(Tl)) u..-u C(F(Ti)) — C(Fg)), where the gluing maps for the domain
are as in Proposition 3.10, which restricts on C(I's) and each Cc([rWv), j<i,to
the natural map. Furthermore:

(1) AD = Stabp® (c™2"(%)), and the resulting natural map 'F(") — ac(T)
factors as O followed by the natural map C(Fg)) — C(Fg)).

) Hull(TY) c {z e C | 3z > —i+/2} U {oo).

Proof of claim. We will prove the claim by induction. If it holds for some i < #,
then (1) and (2) above, together with the observations above the claim, imply that
' and F(Ti 1 meet cute along c~% (¥). Then, by Lemma 3.2, the natural maps
determine an isometry C (FY)) ucC (F(Ti+1)) - C (FSH)), where by the inductive
hypothesis and the observation above Proposition 3.10, the gluing map for the
domain is Lﬁ)(tﬁ’)*l following the inverse of the natural map.

Furthermore, since C(Fg)) has a unique totally geodesic boundary component,
which is isometrically identified with 0_C (F(TiH)) in the isometry to C (FgH))
described above, the unique totally geodesic boundary component of C (I 0Dy is the
isometric image of 04 C (F(Ti+1) ). Therefore the observations above Proposition 3.10
imply that this boundary component is the image of A (FU+D) under the natural
map. Assertion (1) of the claim thus follows for FgH). It follows that Hull(FgH))
is entirely on one side or the other of the boundary at infinity of ¢~2¢*1D (). Since
F(TiJ“l) < Fgﬂ), assertion (2) now follows.

By our definition of “natural map” above Lemma 3.2, the composition of the
natural map C(F(Tj)) — C(Fg)) with the natural map C(Fg)) — C(FEH)) is itself
natural, for j <i. Hence if the claim holds for Fg), i < n, it holds for FQH). The
claim will therefore hold by induction if it is true in the base case i = 1. But this
follows from the fact that 'y and F(Tl ) meet cute along . This follows in turn from
Lemmas 2.4 and 3.5, which establish that A® = Stabr () = Stabr, (%), and the
first paragraph of the proof. ]

Using the claim, it now follows that '™ and Ff;zn meet cute along (),
hence a final application of Lemma 3.2 implies that the natural maps determine an
isometry C(F(_")) U C(Ff{zn) — C(I",). Since each of C(F(_")) and C(F‘g_z") has
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a unique boundary component, C(I',,) is boundaryless and hence equal to H3/T,,.
The conclusion of the proposition follows. U

The result below follows from Proposition 3.12, or, really, its proof.

Corollary 3.13. For fixed n and 0 <i < n, define
r=(rs, 0", TW), 0= (it T T,

Then Fﬁ) and T meet cute along <% () and the natural maps determine an
isometry C(Fg)) U C(FS:)) — H?/T,.. The isometry of Proposition 3.12 factors
through this map, so that the component of M, — F© containing C(Ts) is taken
isometrically to its image in C(Fg)).

In the remainder of the paper, we will frequently take the isometry above for
granted and refer to the components obtained by splitting M,, along F@ by C(I'{).

4. Invariants

4.1. Traces. If ' CPSL,(C) is a discrete group, its trace field Q(tr I') is obtained by
adjoining to @ the traces of elements of I'. If the hyperbolic 3-manifold M = H3/T
has finite volume, Mostow rigidity implies that this is a topological invariant of
M. 1t follows from the local rigidity theorems of Garland and Prasad that in this
case the trace field is a number field; that is, a finite extension of Q. The trace field
is not generally an invariant of the commensurability class of M, however, and to
obtain one we pass to the invariant trace field kI". This is obtained by adjoining
to Q the traces of squares of elements of I'. When M is the complement of a
link in a Z,-homology sphere, its trace field and invariant trace field coincide (see
[Maclachlan and Reid 2003]).

Proposition 4.1. We have k(I's) =Q(i), k(I'r) = Q(iv2), and k(M) =Q(, iv/2)
forall n € N. In particular, M,, is not arithmetic for any n € N.

Proof. Its definition in Corollary 2.2 immediately implies I's < PSL,(Q(7)). The
description in Corollary 2.3, of 'z, and Lemma 3.3 imply that I'r <PSL, (Q(i V2)).
Thus kT's € Q(i), and kT’ € Q(i+/2). That equality holds is clear upon noting
that Tr(h) = +i+/2 and Tr(t) = (1 +i). Since I's and 'y are in ', we have
Qq@, iv2 ) C k(T",). For the other containment we note that ¢ from Lemma 3.3 lies
in PSL,(Q(i~/2)), and T, is contained in the group generated by I's, I'z, and c.
It is well known that any noncompact arithmetic manifold M has k(M) C Q(i Jd)
for some d € N (see, for example, [Maclachlan and Reid 2003, Theorem 8.2.3]), so
M,, is not arithmetic. O

We say M = H?/T has integral traces if for each y € I, try is an algebraic
integer. Otherwise we say M, has a nonintegral trace. M has integral traces if and
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only if all manifolds commensurable to M do as well (see [Maclachlan and Reid
2003]).

Proposition 4.2. For each n, M,, has integral traces.

Proof. As in the proposition above, this follows from the fact that each I';, is
contained in the group generated by 'y, I'r, and c. It is easy to see that the entries
of the generators for I's and I'y;, are algebraic integers. Since c has integral entries
as well, all elements of '), have integral entries, and hence integral traces. O

Remark. Bass [1984] showed that if M = H? /' where I" has an element with a
nonintegral trace, there are closed essential surfaces in M associated to this trace.
We say that such surfaces are detected by the trace ring. For fixed n and 1 <i <n,
closed essential surfaces in M,, can be obtained by “tubing” S@ through B3 — L.
More precisely, let N; be a regular neighborhood of LY in (B3, Lg)) C(S3, Ly,
let A; =N; N B3 —N;, and let

Si =8O —(SONN;)UA;.

Then S'i is a closed surface of genus 2 which is incompressible in M,,. We will show
below that certain mutants have nonintegral traces, and one easily finds surfaces
analogous to 3‘,- in the mutants. It is interesting to note that although these surfaces
are present in all of these link complements, the trace ring does not detect any
closed surfaces in the M,,.

4.2. Scissors congruence and the Bloch invariant. In Proposition 4.7 we will
prove that the Bloch invariant distinguishes the commensurability class of M,
from that of M, for m # n. This is an invariant of a polyhedral decomposition
which by construction is invariant under scissors congruence: cutting the constituent
polyhedra apart and reassembling them in new ways. Its deep connection to algebraic
k-theory is what makes the Bloch invariant useful, though. For background and an
account of the connection to scissors congruence we refer the reader to [Dupont
2001] and [Neumann 1998], our main source for the expository material here.

Definition 4.3. For a field k C C, define the pre-Bloch group % (k) to be the quotient
of the free Z-module on k£ — {0, 1} by all instances of the following relations:

L

) [z]= [1—1] = [ﬁ] =—[1] :_[ZZTJ — [1—z], zek—{0,1).

< Z

@) [x1—-[y]+ [f] . [

There is a map §: P(k) — k™ A k* given by [z] — 2(z A (1 — 2)). (Here k* is
considered a Z-module with multiplication as the group operation and Z-action
given by a.x = x%, a € Z.) The Bloch group is B(k) = ker $.
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Remark. If k is algebraically closed, relation (4) above, called the five term relation,
implies (5). For instance, taking ,/z and +/z~! as x and y, respectively, in (4), then
interchanging their roles and summing the results yields [z] +[1/z] = 0.

For any ideal tetrahedron 7' in H?, there is an orientation-preserving isometry of
H3 taking its ideal vertices to 0, 1, oo, and a complex number z with nonnegative
imaginary part. Let the cross ratio parameter of T be [z] € P(C). This is well
defined because any other isometry answering the description above fixes z or
replaces it by one of 1 —1/z or 1/(1 — z).

For k’ C k, inclusion induces a map P (k") — P (k). Although this is not injective
in general, a theorem of Borel that we record below implies that if k" is a number
field then % (k") does inject, modulo torsion. We offer this observation to excuse
occasional imprecision about the precise location of our invariants.

Definition 4.4. Let M = T, U --- U T, be a triangulated complete, orientable
hyperbolic 3-manifold of finite volume (with or without boundary); that is, with
each T; isometric to an ideal hyperbolic tetrahedron and 7; N T either empty, an
edge of each, or a face of each for i # j. Define the Bloch invariant of M as

B(M) = [z1]+ [z22]+ - - - + [za] € P(C),

where [z;] is the cross ratio parameter of 7; for each i in {1, ..., n}.

Remark. If oM = @ then (M) € B(C) by a geometric interpretation of the
Bloch invariant, and by work of Neumann and Yang [1999] it does not vary with
triangulation.

We will obtain a triangulation of M,, by subdividing the decomposition below.

Lemma 4.5. The members of $={P1, P, clop,, ... T tlp, 2, } project
under H> — H3/ T',, to the cells of an ideal polyhedral decomposition of M,,.

Proof. By Corollary 2.2, ; projects under H*> — H?3/ I's to an ideal polyhedral
decomposition of C(I's): it maps onto C(I"s) with internal faces identified in pairs.
Corollary 2.3 implies the same for %, — C(I'y,) under H3 — H3 /I't,, and hence
also for ¢ >r®, — C (FCT:) (see the paragraph above Lemma 3.3).

It is easy to see that rP, = cP», for instance, by comparing sets of ideal vertices,
s0 ¢"2rP, = ¢~ !®,. Therefore Lemma 3.3 implies that %, U c~'%; projects to an
ideal polyhedral decomposition of C(I'7) under H®> — H3/ I'z. In particular, this
projection identifies the external faces of %, that map to F’ with external faces of
c~'%, pairwise, since their images are fixed by the doubling involution ¢ 2,.

It follows from the above that c=2¢=D%, Uc=%*1%, projects to a decomposition
of C (F(Ti )) for any i € N (recall Definitions 3.9), and from the first paragraph that the
same holds for ¢c=2"r®P; — C(Fg_zn). By Proposition 3.12, it remains only to show
that the gluings producing M, preserve induced triangulations of boundaries. These
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are defined in Proposition 3.10. Lemma 2.4(3) implies that LS?) (L@)_1 preserves
triangulations, and (3) does the same for LE:_)(L(_I))_I for 1 <i <n. They combine to

imply that the final map does as well. ]

Lemma 4.6. M, has Bloch invariant 81 — Bi + nBs € B(Q(, i~/2)) for any n,
where B = 4[(1 +i)/2] € P(Q()), B = 4[(1 —i)/2], and By € P(Q>I~/2)).

Proof. We will produce a triangulation of M, by subdividing the polyhedral
decomposition from Lemma 4.5. % divides into a collection of 4 tetrahedra by the
addition of a single edge y joining the ideal vertices (1 4+i)/2 and oo, and four
ideal triangular faces that share y. One has ideal vertices 0, 1, oo, and (14i)/2 and
thus a parameter of [(1 +i)/2]. Since the others are its image under rotation about
y they have identical cross ratio parameters. Their union projects to a triangulation
of C(I'g) with Bloch invariant 8y =4[(1 +i)/2].

Any ideal tetrahedron with its vertex set contained in that of %, has cross ratio
parameter in P(Q(i+/2)), since P, has ideal vertices in Q(i~/2) U {oo}. We leave
it to the reader to divide %, into ideal tetrahedra in such a way that the resulting
division of square faces, each into two ideal triangles, is preserved by the face-
pairings that produce Mr,. Such a triangulation projects to one of C(I'y), and its
image under c~2r projects to one of C(T'z).

Above it is important to use ¢ 2r and not ¢!, since the face pairings of c~'%,
project it to C (l:CT;z). Recall that r is a reflection, extending to C as complex
conjugation. One checks using (5) that if a tetrahedron has cross ratio parameter [z]
then its mirror image has parameter —[Z]. Since Q(i+/2) is preserved by complex
conjugation, using the triangulations from the paragraph above gives C(I'7) a Bloch
invariant B> € P(Q(i/2)).

Foreachi withl <i <n,C (F(T[)) inherits a triangulation with Bloch invariant
B> from c20=Dgp, U 2+, = ¢=20=D(®p, Uc~'P,), and C(Ts) inherits one
with invariant 8; from r(%;). Lemma 4.5 implies that these combine to triangulate
M, so its Bloch invariant is as described above. [l

Below we record a standard formula for the Bloch—Wigner dilogarithm function
D;: C—{0, 1} — R in terms of the dilogarithm, ¥ (z) =Y ;2| (z"/n?) (for |z| < 1):

Dy (2) =3 (z) +log|z| arg(1 — z).

For z in the upper half plane, the ideal tetrahedron with ideal vertices 0, 1, co, and
Z has volume D»(z); note also that D,(z) = —D»(z). D, determines a well-defined
functional on %(C), and this in turn produces the Borel regulator, By.

Theorem [Borel 1977]. For a number field k fix embeddings o1, ..., o, to C, one
representing each complex-conjugate pair. The map By : P(k) — R™? extending
[z] = (D2(01(2)), ..., D2(0r,(2))) takes B(k) onto a lattice in R"?, with kernel
consisting entirely of torsion elements.
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We use the Borel regulator B to show that Bloch invariants distinguish the
commensurability class of M,, from that of M,, for m # n.

Proposition 4.7. For m # n, M,, is not commensurable with M,,.

Remark. We thank the referee on an earlier version of this paper for describing
the argument below. (Our original proof used cusp parameters; see Lemma 4.18.)

Proof. 1t is clear that k = Q(i, i+/2) has two pairs of complex conjugate embeddings,
each determined by its action on i and i/2. We will take o1 =idy, and 05(i) =i,
oz(iﬁ ) = —i+/2, in defining the Borel regulator B; on k. Since each o; restricts
on Q(i) to the identity, B, takes each of 8, and —,31 to (v1, v;) € R2, where v; is
the volume of . On the other hand, B;(82) = 2(v2, —v7), where vy = vol(%)).

For any n, a covering space M — M, of degree k has ,3(1\7) = kB(M,). This
is because the preimage in M of each tetrahedron T from the triangulation of M,
described in Lemma 4.6 is a nonoverlappmg union of k isometric copies of 7. Thus
it M — M,, with degree p and M — M, with degree g it would follow that

plB1 — B +mpBal = qlB1 — Bi +npal.

Applying By to each side of the equation above, we find that since (vy, v;) and
(v2, —v3) are linearly independent in R?> we must have p = ¢ and m = n. U

4.3. Cusp parameters. Following Neumann and Reid [1992, §2.3], for a cusp of a
complete hyperbolic 3-manifold M we will call the cusp parameter the complex
modulus (or the conformal parameter) of a horospherical cusp cross section, a
Euclidean torus. Thurston [1979, Chapter 6] also used this invariant to distinguish
hyperbolic manifolds.

Definition 4.8. Let 7 = C/A be a Euclidean torus, where A C C is a lattice. Define
the complex modulus of T as m(T) = a/B, where A = («, B).

Remark. The complex modulus is not really an invariant of a Euclidean torus;
rather, it is an invariant of a particular basis for ;. However, we have:

Lemma 4.9. The PGL;(Z)-orbit of the complex modulus is a similarity invariant
of Euclidean tori. The PGL,(Q)-orbit is a commensurability invariant.

Here we say T and T’ are commensurable if T has a finite cover which is similar
to a cover of 7",

Proof. The complex modulus is clearly scale-invariant.
Let T = C/A be a Euclidean torus, where A = («, B). For a different generating
pair y = pa +qf, § = ra + sB the change-of-basis matrix

m= (p r) € PSL,(2)
q S
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has an inverse there as well, since « and 8 are linear combinations of y and 8.
Computing the modulus with y and § yields

patap _p/B+q _
ra+sB  r(a/B)+s
If y and X generate a finite-index sublattice then, since they are linearly indepen-

dent, m has a nonzero determinant. This implies the commensurability-invariance
assertion. O

m! (m(T)).

It will prove useful here to understand the complex modulus of a torus by
decomposing it into annuli using a family of parallel geodesics.

Definition 4.10. For a Euclidean annulus A with core of length £ and distance d
between geodesic boundary components, let the real modulus of A be m(A) =d/XL.

T =C/A, and A = (o, 8), then o and B determine isotopy classes of simple
closed geodesics on T with representatives which intersect once. These are the
projections to 7" of the line segments in C joining 0 to & and B, respectively. Below
let Ag denote the Euclidean annulus with geodesic boundary obtained as the path
completion of the metric on 7 — § inherited from 7.

Lemma 4.11. Let T = C/ A be a Euclidean torus, and suppose o, B is a generating
pair for A. Decompose m(T) into real and imaginary parts:

m(T) :‘L’ﬁ—l-i S 1B,

where 15 = R(a/B) and g = I(a/B) € R. Then 15 = (|la|l/lIBI|) cos O, where 6
is the angle between the geodesics o and B on T, and |ug| = m(Ap).

Proof. Write a = ||a||e” and B = || B]|e!?>. Then 6 = 0, — 6, is the angle between
the geodesics corresponding to « and B, and «/B = (||e||/||B])e’?. Writing ¢'? =
cos 6 4 i sin @ yields the first assertion immediately.

To establish the second, consider the strip A p in C bounded by the line containing
0 and B and its translate by «, containing « and & + . The quotient of A g induced
by the action of 8 is the universal covering Aﬁ — Ag. The distance between
boundary components of A g 18 [le|||sin 8], and the length of the core of Ag is the
translation length of 8, which is || 8] ([l

Lemma 4.11 provides a convenient means for understanding the modulus of a
Euclidean torus in terms of “Fenchel-Nielsen” coordinates (g, Tg) associated to a
simple closed geodesic B. We regard 114 as a length parameter for the annulus Ag,
and 74 as a twist parameter.

Lemma 4.12. Suppose T is a Euclidean torus decomposed into annuli Ay, ..., A,
by simple closed geodesics parallel to 5. Then

lugl =m(Ay) +m(A2) +---+m(A,).
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Proof. By isotoping B if necessary, we may assume that it is one of the geodesics
determining the A;; hence Ag=A|UA>U- - -UA,. Thenif « is an arc perpendicular
to d Ag, joining one component to the other, for each i, «pNA; is an arc perpendicular
to 0A; joining one component to the other. This is because dA; is parallel to 8.
Since £(og) = Zl- £(ap N A;) and the core of each A; has length £(8), the result
follows. O

The annuli we are concerned with arise as horospherical cross sections of the
cusps of Mg and Mr. Recall from Lemma 2.4 that Stabr (¥) is a group A generated
by parabolic isometries p;, pz, and p3. Furthermore, as pointed out in Remark 1 on
page 351, p; and p3 are conjugate in ['g, as are p, and pg = p; pngl. We asserted
there that C(I"g) has two cusps, one corresponding to p; and one to py. This follows
from the lemma below.

In what follows, we let 'y = {o0, 0, 1, i, 1 +1i, (1+1)/2}, the set of ideal vertices
of the ideal octahedron %;. Let {h, | v € 7"|} be a collection of horospheres invariant
under the action of the symmetry group of %, such that 4, is centered at v for
each v € 7’| and h is at height 2.

Lemma 4.13. The projection to Mg of | J(hy, N P) is a disjoint union of Euclidean
annuli A1 and A, with geodesic boundary, such that ps(A1) is a horospherical
cross section of the cusp of C(I's) corresponding to p1, ps(Az) is a cross section of
the cusp corresponding to py, and m(A) =1, m(A) = 1/5.

Proof. Since h is at height 2 and our embedding of % is as in Figure 3, hoo NP is
a square with sides of length 1/2. Since the symmetry group of % acts transitively
on vertices, this holds for all 2, NP1, v € V1. We will call a side of h, NP internal
if it is contained in an internal face of % and external otherwise. The face-pairing
s has the property that if v and v" are ideal vertices of % and s(v) = v/, then
s(hy) = hy, and s(h, N P) abuts h, N P along an internal side. The analogous
property holds for t.

Each of s and t identifies a pair of internal faces of %, yielding M. The isometry
ps of Corollary 2.2 is induced by the inclusion #; — H?3. Since p; =s~! fixes the
ideal vertex of % at O, it identifies the opposite internal sides of hg N P;. This
square thus projects to a cusp cross section A; of Mg, mapped by ps to one of the
cusp of C(I's) corresponding to p;. This is depicted on the left side of Figure 8.

The other cusp cross section of Mg, the annulus A,, is the identification space
of the collection

{hy NP1 v eV —{0}},

shown on the right side of Figure 8. In this figure, each square is the projection to
Ms of h, NPy for the ideal vertex v, by which it is labeled. The combinatorics can
be verified by considering the action of s and t on V.



COMMENSURABILITY OF LINK COMPLEMENTS 369
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Figure 8. Cross sections of the cusps of M.

By assumption each square in Figure 8 has side length 1/2, and so the cores
of A| and A, have lengths 1/2 and 5/2, respectively. For any square in Figure 8,
a vertical side projects to an arc joining the distinct boundary components of the
corresponding A;, hence the distance between them is 1/2. Thus it follows directly
from the definition that m(A;) = 1 and m(A;) = 1/5. O

The following lemma describes the moduli of the cusps of C(I';). We asserted
below Lemma 2.5 that C(I'7,) has four cusps, one corresponding to each p;, i €
{1, 2, 3, 4}, and each joining 0_C(I'y,) to 94+ C(I'r,). This follows from Lemma 4.14.
Let V", be the set of ideal vertices of %,, and consider a collection of horospheres
{hy | v €V}, invariant under the symmetry group of %,, such that 4, is centered
at v for each v € V" and & is at height 2.

Lemma 4.14. The projection of | J(h, N P2) to My, is a collection of disjoint
Euclidean annuli B with geodesic boundary, j € {1, 2, 3,4}, such that pr,(B;)
is a cross section of the cusp of C(I'ry) corresponding to p; € A, and m(B) =
m(B3) = /2 and m(By) = m(Bs) = v/2/5.

Proof. For v € V5, we again call a side of h, N %, external if it is contained in an
external face of %, and internal otherwise. Each cusp cross section of M7y, is the
projection of a subcollection of the &, N %,, identified along their internal faces.
From Figure 4, we find that i, N P, is a Euclidean rectangle with two opposite
internal sides and two external. Since the symmetry group of P, is transitive on its
set of ideal vertices, this holds for the other /4, as well. It follows that each cusp
cross section of My, is a Euclidean annulus with geodesic boundary.

In Figure 9, the lower rectangles of each annulus DB; are labeled by vertices v
such that 4, N &P, projects to a subrectangle of the cross section of the cusp of Mz,
whose image under prz, corresponds p;. Then B; is the lower half of DB;. The
reasons for this picture will become clear after the current proof.

The isometries f, g, and h defined in Corollary 2.3 identify the internal sides
of P, in pairs, yielding the manifold M7, with totally geodesic boundary. The
parabolic p; = f~! fixes 0, identifying the internal sides of %, sharing this ideal
vertex. Thus in M7,, B consists of ho N P, with its internal sides identified. The
description of the p; in terms of f, g, and h above Lemma 2.4 shows that p3 is a
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DB, DB,
0 60 1=iv2 —iv2 | 2 1
DB;3 DB,

1-2iv/2 1—iv2 2—23iﬁ

Figure 9. Cross sections of the cusps of Mr.

conjugate of g~'. Since g~! fixes 1 —i~/2/2, identifying the internal edges of %,
which abut it, /2, _; 22 projects to Bz in My,. This justifies the depictions of B
and Bs in Figure 9.

Since p fixes 00, hoo N P, projects to a subrectangle of B,. Since g takes the
internal side Y3 to Y| and 0o to (1 —i+/2)/2, in B, the projection of o, N %, meets
the projection of i, _; /5 2N %, along a side contained in the projection of Y3
to Mr,. Since the internal face of %, meeting Y7 at (1 — i/2)/2 is Y/, and this
is taken to Y, by h~!, the rectangle meeting the projection of & (1-iv3))2 in B, on
the internal side opposite its intersection with h is i_; 5. Carrying this line of
argument to completion yields the depictions of B, and By in the figure.

From Figure 4, we find that the internal sides of &, N P, have length NG) /2 and
the external sides length 1/2. Since the symmetry group of P, is transitive on its
ideal vertices, the same holds for each rectangle i, N %;. Thus the cores of B; and
B3 have length 1/2, and the cores of B> and B4 have length 5/2. For any square
hy NPy, an internal side projects to a perpendicular arc joining opposite sides of the
cusp cross section in My, containing s, N %,. The moduli are thus as described. [

By Corollary 3.4, pg,: Mg, — C(I't,) determines a reflection-invariant map
from the double Mt of My, across a1 My, to C(I'7). Furthermore, as we remarked
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below Lemma 2.5, each cusp of C(I',) joins one component of dC(I'y,) to the
other. Therefore taking DB; C M7, j € {1, 2, 3,4}, to be the double of B; across
its component of intersection with 01 Mz, we have:

Lemma 4.15. For each j € {1, 2,3, 4}, the image in C(I't) of DB; is a cross
section of the cusp corresponding to p;, and m(DBy) = m(DB3) = 2v2 and
m(DBy) = m(DBy) = 2/2/5.

It is a well-known consequence of the Margulis lemma that each cusp C of a
hyperbolic manifold M = H?/ T of finite volume is foliated by similar Euclidean
tori, the projections to M of horospheres in H* centered at the fixed point of a
parabolic subgroup of I' corresponding to C.

Definition 4.16. The parameter of a cusp C of a finite-volume complete hyperbolic
manifold is the complex modulus of a horospherical cross section of C.

By Lemma 4.9 the PSL,(Z) orbit of the cusp parameter is an invariant of the
cusp shape, the Euclidean similarity class of a cross section.

Proposition 4.17. For j =1, 2, let T; be a cusp cross section of M, containing the
annular cusp cross section A of Ms (see Lemma 4.13). Then m(Ty) = i(2+4nﬁ),
and m(T,) is PGLy(Q)-equivalent to m(Th).

Remarks. 1. It is not hard to show that m(75) =i (2 + 4n2 )/5, but this is not
necessary for our purposes and requires more work.

2. The cusps T; and T, are labeled in Figure 1.

Proof. By Proposition 3.10 M, = C(T's) UC(T")U--.uC(TY)U C(Ts), with
gluing maps that factor through the inclusion-induced isometries L; defined on
F for 0 <i <n— 1, and final gluing p V¢! (") ~": 8,.C(T) — C(Ty).

For j €{1,2,3,4} andi € N, define DB(’) =¢;opr(DBj) C C(I' l)) with ¢;
as in Definitions 3.9. We also refer by D B( o to its image in C (I",,) under the natural
map, or in M,, under inclusion. Let BiDB(’) DB(’) N ot C(F(’))

By Lemma 4.13, ps(A}) is a cross sectlon of the cusp of C(I's) corresponding to
p1, and by Lemma 4.15, DB( ) is a cross section of the cusp of C(I'7) corresponding
to p;. Lemma 2.4 thus 1mphes that L(O) (L(O)) ! takes one component of pg(dA1) to
a_ DBI(O). In Remark 1 on page 351, we note that p; and p3 are conjugate in I's.
It follows that the other component of ps(dA;) is a cross section of the cusp of
dC(I's) corresponding to p3, SO ¢ +)(L(O)) ! takes this component to 90— DB(I)

The doubling involution of M7 preserves DB; by construction, exchangmg
its boundary components. Therefore by Corollary 3.4, ¢, preserves pr(DB;)
and exchanges boundary components. It follows that ¢\’ (:))~! takes 3, D B(‘) to
0_ DB(ZH) for each i between 1 and n — 1, upon recalling the identity (3):

D) =i 1P )T = i1 peand !
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One finds that qbrt(,o)qbn_ —}1—1 (")~ takes 8, DBI(") Lay DB3(") to the components of
¢, o ps(dA1), arguing as above and applying (2). Therefore 7} is decomposed by
its intersection in M, with the separating spheres F ) into the following collection
of Euclidean annuli with geodesic boundary:

ps(ADUDB" U---UDB"™ Ug, 0 ps(A))UDB” U-.-UDB".

Similarly, we find that 75 decomposes into the union of ps(A3), ¢r o ps(As), and
DB;.i) for 1 <i <mand j =2,4. We may take f; to be the geodesic 8_DB1(])
on T1 and By, = 0_ DBél) C T». Then we obtain the following from Lemma 4.12,
applying Lemmas 4.13 and 4.15:

2 +4n2
-

We will show m (T7) and m(T,) have real part equal to 0 by describing geodesics
aj, j = 1,2, which meet the B; once, perpendicularly. Let a; be the arc in A;
which is the projection of the internal edges of sy N % (the vertical arcs on the
left-hand square in Figure 8). Recall that the internal edges of oM ;. In particular,
ps(day) is the intersection of pg(A) with the one-skeleton of the triangulation Ag
defined below Corollary 2.2.

Let by C By and b3 C Bj3 similarly be projections of internal edges of g N P>
andhy_; s> 2N %2, respectively (see Figure 9), and let db, and dbs3 be the geodesic
arcs of DB, an_d DB; containing them. Let db;’) = ¢; o pr(db;), and let Bidbﬁ.’) =
db;‘) N BiDBJ(.’), j=1,3and i e N. Let A} be the image of the triangulation A7,
defined below Corollary 2.3 under the inclusion M7, — M7, and let A; be its
imagg under the doubling involution of My. Then Bidbj.i) is the intersection of
8DB§.I) with the one-skeleton of ¢; (AF).

By Lemma 2.4, LS(_))(L@))_I preserves triangulations, and the discussion above
implies that the other gluing maps do as well. From Figure 5 it is apparent that the
cusps of F(© corresponding to p; and p3 each contain only one end of an edge
of the triangulation that F inherits from the pictured fundamental domain %.
Therefore (y(da;) = a,dbgl) U B,dbgl). It then follows as before that

Im(T))) = £Q2+4nv2), Im(Ty)) =+

@) = ps(a)) Udb\" U--.Udb” U, o ps(ar) Udb U---Udb"

is a closed geodesic on 7} which meets ; once, at right angles. Therefore by
Lemma 4.11 R(m(Ty)) =0, so m(T}) = i(2+4n\/§).

A similar argument will give m(T,). Let sd, be the collection of arcs in A, which
are the projections of internal edges of the squares &,, v € ¥'; — {0}. From Figure 8,
A, consists of five arcs evenly spaced around A,, each joining one component of
d A, to the other and perpendicular to d A, at each endpoint. For j =2, 4, we define
a collection of arcs D% ; C DB; analogously, and take D%E.i) =¢;opr(D%RB;). Let
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0t D%(l) %(’) N+ DB; ® " and note that the pomts of 9 D%(l) are the points of
1ntersect10n of BDB( ) w1th the one-skeleton of ¢; (A ).

For the same reasons as above, z(o)(z (0)) !takes ps(dsd) to d_ D%(I)UE) D%ftl),
and the other gluing maps take the 8+D973;l) to 0_ D%yH) for the appropriate i
and j. Then the collection

ps(A) UDBP U- - UDB Ug, 0 ps(shy) UDBY U-- .U DB

consists of a disjoint union of up to five closed geodesics, each meeting 8, perpen-
dicularly in at most five points.

Fix a component o, of the collection above, let k be the intersection number of o
with 8,, and let Tz be the k-fold cover of T, dual to «;. Then B, lifts to fg, and any
lift intersects the preimage &, of o once, perpendicularly. Computing the modulus
of T using this pair, we obtain %k - i (2 4+ 4n+/2)/5. This is PGL,(Q)-equivalent
to m(T}), so the result follows from Lemma 4.9. ]

Lemma 4.18. Suppose z =i (m+n~/2) is PGLy(Q)-equivalent to 7 =i (m~+n'~/2),
where m,n,n’ € Q and m # 0. Then n’ = *£n.

Remark. Since commensurable hyperbolic manifolds have commensurable cusps,
the collection of PGL, (Q)-orbits of cusp parameters is a commensurability invariant
(see Lemma 4.9). Thus Proposition 4.17 and Lemma 4.18 imply Proposition 4.7.

Proof. Suppose (%) € PGL,(Q) takes z to 7. After clearing denominators (which
does not change the action by Mobius transformations), we may assume that
a,b,c,d € 7. We have

ai(m+nv2)+b W2
cz(m+n«/—)+d_l( m 2)-

Multiplying by the denominator on the left, and collecting the real and imaginary
parts, we find

m(a—d)+ (an—dn )2 =0, b+cm?+2nn")+cmn’ +n)v2=0.

Since 1 and /2 are linearly independent over @, the left-hand equation above
implies that m(a —d) =0 and an —dn’ = 0. Since m # 0, the first equation implies
a = d. Then the second equation implies n = n’ unless @ = d = 0. But in this case,
¢ # 0 since (‘c’ Z) € PGL,(Q). Hence, using the coefficient of /2 in the right-hand
equation above, we find n’ = —n. U

5. Mutants

In the remaining sections, we will consider links obtained from L, by mutation
along the separating spheres S, 0 < i < n, from Definitions 3.8(3).
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Definition 5.1. For marked points 1,2, 3, 4 € 2, a mutation of (52, {1, 2,3, 4}) is
a mapping class of order 2 which acts on {1, 2, 3, 4} by an even permutation.

Above a mapping class is the isotopy class, rel {1, 2, 3, 4}, of an orientation-
preserving self-homeomorphism of the pair (52, {1, 2, 3, 4}). The set Modg 4 of
such classes inherits the structure of a group from its bijection with the quotient of the
group of orientation-preserving homeomorphisms by its identity component. See,
for example, [Farb and Margalit 2012] for an introduction to the study of mapping
class groups; here we need only the following fact on recognizing mutations using
the symmetric group Sj:

Proposition 5.2. The homomorphism 6 : Mody 4 — Sa that records the action on
{1, 2, 3, 4} takes the set of mutations bijectively to {(12)(34), (13)(24), (14)(23)}.

Proof. Here we will embed S? as the unit sphere in R? and take

- 50 (3 )

The definitions imply that 6 takes any mutation into the subset of Sy listed above,
and the 180-degree rotations m,, m,, and m; in the three coordinate axes of R3
determine mutations of (S2, {1, 2, 3, 4}) taken by 6 to each of its distinct elements.

The kernel of 6 is the pure mapping class group PMody 4. This group is free on
two generators: Dehn twists in essential simple closed curves o, 8 C S>—{1, 2, 3, 4}
that intersect exactly twice. See the beginning of [Farb and Margalit 2012, §4.2.4]
for a proof of this fact, and for the definition of a Dehn twist see [Farb and Margalit
2012, §3.1.1]. With S? as above we can take « to be its intersection with the
xz-plane and B the intersection with the yz-plane; then it is clear that each of m,,
my, and m; takes each of o and f to itself. It follows that m,, m,, and m, centralize
PMody 4 (see [Farb and Margalit 2012, Fact 3.8]).

For an arbitrary mutation m € Modg 4 we have 6(m) = 0(m,), 0(m) = 60(m,),
or 8(m) = 0(m;). Assuming (without loss of generality) that the first case holds, it
follows that m = myh for some h € PMody 4. Since m has order 2 we have:

id=m? = (m,h)* =m>h* = h*.
Thus since PMody 4 is a free group, i = id and m = m,. O

It is easy to see that every mutation of (52, {1,2,3,4)) is isotopic to the identity
as a self-homeomorphism of $2, so cutting S* along a smoothly embedded copy
and regluing by a mutation recovers S3. This motivates:

Definition 5.3. For a link L C S° and a smoothly embedded two-sphere S C §3
intersecting L in four points, let B* be the closures of the components of S* — S and
T* = LN B*. For a mutation m of (S, SN L), we define (S°, L") =(B~, T7) U
(BY, T") and say L’ is obtained from L by mutation along S.
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The lemma below describes the change in projection from L to a link L’ obtained
from it by mutation. Below we refer to mutations by their images under 6.

Lemma 5.4. For a link L projected to R?, if a two-sphere S C S intersects R in a
vertical line and L in four points, label them 2, 3, 4, and 1, reading top-to-bottom.
The link obtained by the mutation (13)(24) (respectively, (12)(34)) along S has
projection obtained by cutting L along S and inserting the braid on the left (resp.
right) of Figure 10.

Proof. We may assume L is arranged so that there is an axis in R? intersecting
S perpendicularly, midway between points 3 and 4 and so that points 2 and 1 are
also equidistant from it. The 180-degree rotation in this axis restricts on S to an
involution acting on the marked points by the permutation (12)(34).

There is a homeomorphism R: § x I — § x I, which preserves slices S x {¢}
and restricts on each to rotation by —180 - ¢ degrees in the horizontal axis. This
interpolates between the identity, on S x {0}, and the inverse of (12)(34) on S x {1},
although it does not preserve marked points for 0 < ¢ < 1.

Let (B*, T%) be as in Definition 5.3, and let C be a collar of S in B~ that is
small enough that it intersects 7~ in the collection of horizontal arcs {{j} x I | j €
{1,2, 3, 4}}. There is a homeomorphism /: B~ Uj2)34 BT — S° defined as the
identity on B™ and the complement of C in B~, and as R on C. By the definition of
R, the image of T~ N C under R is as pictured on the right-hand side of Figure 10,
thus the image of L’ in S under £ is as stated in the lemma.

Note that the braid on the left-hand side of Figure 10 is the conjugate of the braid
on the right by a left-handed half-twist exchanging the points 2 and 3. This reflects
the fact that the conjugate of (12)(34), by any homeomorphism of (S, {1, 2, 3, 4})
which exchanges 2 and 3 and fixes 1 and 4, is a mapping class of order 2 acting on
the marked points as (13)(24); hence such a conjugate is (13)(24). The conjugating
braid in Figure 10 tracks the marked points under an isotopy S x I — § taking the
simplest such conjugator to the identity. The conclusion for (13)(24) thus follows
as it did above for (12)(34). O

N\
NG

AW N

(13)(24) (12)(34)

Figure 10. The mutations as braids.
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The numbering of marked points from Lemma 5.4 and Figure 10 agrees with
the numbering of the §) N L,, from Definitions 3.8(3). This, in turn, was chosen to
agree with the numbering of parabolics of A from Lemma 2.4. To be more precise:

Let S be the sphere obtained by compactifying each cusp of F© = 9¢/A with a
single point. Label each new point with a number between 1 and 4, according to the
parabolic p; corresponding to the cusp it compactifies. With the points of S© N L,
numbered as in Definitions 3.8(3), it follows from Proposition 2.8 that the restriction
of fr (as in Proposition 3.7) to S — T extends to a map S — S that preserves
numbering. Corollary 3.11 and the definition of F® (see Definitions 3.9) now
imply that for each i between 0 and n, ¢i o; s fn extends to a homeomorphism
S@ — S that takes marked points to marked points preserving numbering.

By [Ruberman 1987, Theorem 2.2], each mutation of (S, {1, 2, 3, 4}) is realized
by an isometry of F@; that is, there exists an isometry of F® whose extension
to (S, {1, 2, 3, 4}) represents the mutation mapping class. The following lemma
identifies lifts to PSL,(R) of the isometries realizing (13)(24) and (12)(34).

Lemma 5.5. Define

m=(33) m=(L9s %)

Each of my and my normalizes A (from Lemma 2.4), and the induced isometries
bm, and ¢m, of F© realize (13)(24) and (12)(34), respectively.

Proof. Since each of m; and m; has trace equal to zero, it has order 2 in PSL;(C).
Their actions by conjugation on the generators pi, pz, and p3 for A defined above
Lemma 2.4 are given by
—1
P =py", Py =p,, PP=pa piP=0py

as may be verified by direct computation. Here ps = p1p2p; ! is as described in
Remark 1 on page 351. Therefore m; and m; normalize A and induce isometries
¢m, and ¢n,,, respectively, of FO = C(A).

Each of ¢, and ¢, has order 2, since m; and m, have order 2, and their
extensions to S act on the set of marked points as described in the statement of the
lemma. Its conclusion therefore follows from Proposition 5.2. (]

Corollary 5.6. For j =1,2andi € Z, letm = c"%m;c¥. Each of m{” and m’
normalizes AY (from Definitions 3.9), and the induced isometries of F\") realize
(13)(24) and (12)(34), respectively.

Lemma 5.4 gives a prescription for describing links obtained from L, by the
mutations (13)(24) and (12)(34). The result below describes hyperbolic manifolds
to which their complements are homeomorphic, analogous to Proposition 3.10.
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f3

Figure 11. The tangle S admits an order-2 rotational symmetry
which restricts to the mutation (13)(24) on its boundary.

Proposition 5.7. For I = (ag, ay, ..., a,) €{0, 1, 2}t et Ly be the link obtained
from L, by the following prescription: for 0 <i < n, if a; = 0, do not mutate
along SV if a; = 1, mutate by (13)(24); and if a; = 2, mutate by (12)(34). Let
M;=CTs)UCTP)YU---uCT¥)UC(Ts), where for each i such that a; =0
the gluing is as in Proposition 3.10, and otherwise is given by

t$)¢m<;~> (ﬁ’)‘l for 0 <i<n, wherea;, = j € {1,2}, and
J
0 - . .
@A%@g#m@)l ifa, = je{l1,2}.
Then there is a homeomorphism f: S3 — L; — M, whose restriction to each
complementary component of the collection {S®} agrees with that of f,.

Proposition 5.7 follows immediately from Proposition 3.10 and Corollary 5.6.
Below we note a couple of “obvious” isometry relations on the {M/}.

Lemma 5.8. For fixed (a;,...,a,) € {0,1,2}" let Iy = (0,ay,...,a,) and I, =
(1, a1, ...,a,). My, is isometric to My,.

Proof. It is evident from Figure 11 that the mutation (13)(24) extends to a homeo-
morphism on B3 —S. Thus (S3, L I,) 1s homeomorphic to (S3, L 1,), and the result

follows from Mostow rigidity. U
Lemma 5.9. For [ = (ag, ai, ..., a,) € {0, 1,2)"*! let I = (ap, an_1, ..., ao).
There is an orientation-reversing isometry M; — M7 that, for eachi € {1, ..., n},

takes the image ofC(l"(Ti)) in M to the image ofC(F(Tnfi)) in Mj.

Proof. 1t is straightforward to check that the braids in Figure 10 are isotopic
(in 82 x I) to their mirror images. Therefore, there is an orientation-reversing
homeomorphism L; — Lj. By composing this homeomorphism with f 1_1 and fj
we get a homeomorphism M; — M. The result follows by Mostow rigidity. [J
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Below we describe the change effected at the level of Kleinian groups by cutting
a hyperbolic manifold along an embedded, separating totally geodesic surface and
regluing by an isometry.

Lemma 5.10. Suppose I'g and I'| meet cute along a plane ¥, and take ® =TyNTy,
E =3%/0, and 1y and 1| as in Lemma 3.2. If n normalizes ® and preserves
components of H® — I, then (T, ') is a Kleinian group, and there is an isometry

CTo) U, y1,-1 C(T1) = C(To, I'T))

-1
tdn ¢

which restricts on C(I'g) to the natural map, and on C(I'y) to ¢: C(I'1) — C(I'Y)
followed by the natural map.

Proof. Since n normalizes O, it preserves K; hence our hypotheses ensure that Iy and
" meet cute along J{, and Lemma 3.2 applies. Thus (I'g, I'}') is a Kleinian group,
and in particular, the natural maps C (I'g) — C((I'o, I'T)) and C(I'}1) — C((T'o, I'T))
determine an isometry

C(Co) Uy o1 C(I'!) — C({To, TTY).

neyt

Here we are using nty : E — C(I'7) to refer to the natural map. It is now an exercise
in definition-chasing to show that n¢| o ¢, = ¢, o ¢, whence the map

CTy) U -1C(IT') — CTy) U

L1¢n_lto nyt,

-1 C(T]),
0

defined as the identity on C(I'g) and ¢, on C(I'}), is well defined. The lemma
follows. [l

Since m; and my have order 2, ¢, = ¢>r;i1 fori = 1,2. Lemma 5.10 thus
yields the result below, which describes how the algebraic model for M,, from
Proposition 3.12 changes under mutation.

Proposition 5.11. For I = (ag, a1, ..., a) € {0, 1,2} let qiyy = m - - m{)
Jor 0 <i <n, with m(()j) :=1id, and mgj) and méj) as in Corollary 5.6 for every j.
Define

= (M (RP) () (7)),

There is an isometry M; — C(I'y) that restricts on C(I's) to the natural map, and
on C(Fg)) to ¢q; o ¢; followed by the natural map, for 1 <i <n.

The proof of Proposition 5.11 follows the inductive approach of that of Proposition
3.12, but at each stage appeals to Lemma 5.10 for instructions on how to change
the construction. We will not write the details, as it is very similar.
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6. Commensurable mutants

Here we show that M, is commensurable to each of its mutants by (13)(24) and
with this fact classify the M; up to isometry for I € {0, 1}"*!, proving Theorem 2.
In the process, we show that our polyhedral decomposition of M, is “canonical”
in the sense of [Goodman et al. 2008, §2]; that is, produced by a construction
of Epstein and Penner [1988]. This allows us to identify the commensurator for
', and the minimal orbifold quotient of M,,. In practice, it is a challenge to find
Epstein—Penner decompositions, commensurators, and commensurator quotients.
Infinite families where these are known are rare.

Below, let B be the open half-ball in H? bounded by the Euclidean hemisphere
of unit radius centered at 0 € C, and let B; = ¢/ (By), where c is as defined in
Lemma 3.3. Recall that we have defined % as the geodesic hyperplane of H* with
ideal boundary R U {oc}. If w and z are complex numbers, we will take w4 z to
be the hyperplane with ideal boundary (wR + z) U {oo}.

Definitions 6.1. (1) Let fy be obtained by first reflecting in i # and then in i #+1/2.
(2) Let by be obtained by first reflecting in # + i /2 and then in 0%Ry.
(3) For j >0, let a; be obtained by reflecting in i€ + 1/2 and then in 9% .

Since i ¥ and i3 4 1/2 are parallel and share the ideal point oo, fj is a parabolic
isometry fixing co. %€ 4 i/2 meets d%B( at an angle of /3, so by is an elliptic
isometry of order 3 rotating around the geodesic of intersection. For the same
reason, a; is elliptic of order 3, rotating around the geodesic i# + 1/2 M d%;, for
eachi > 0.

Lemma 6.2. Let G,, be the group generated by reflections in the face of P,, where

P.={z ¢ H? |0 <%(z) <1/2, —nv/2 < 3(z) < 1/2} -~ CJ Bre.
k=0

Then G, contains a; for 0 <i < 2n, as well as fy and by, and O,, = I]-[|3/Gn isa
one-cusped hyperbolic orbifold.

Proof. By its definition, P, is cut out by % +i /2, i%, i% +1/2, % —n -i~/2, and
the 0%y, 0 < k < n. It is not hard to show directly that the dihedral angle between
any two of these planes that intersect is an integer submultiple of v, whence by the
Poincaré polyhedron theorem G, is discrete and H?/ G, is an orbifold isometric to
P, with mirrored sides (see [Ratcliffe 1994, Theorem 13.5.1]). In particular, since
P, has a single ideal point H*/ G, has one cusp.

One finds that G, contains fy, bg, and the a;, for 0 <i < n, by direct appeal to
Definitions 6.1. It remains to establish that G,, contains a; for n < i < 2n. Note
that # —n - i/2 is the image of ¥ under c™", so reflection in # — n - i~/2 is given
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by c™"rc”*, where r is the reflection through 7. By the property of r observed above

Lemma 3.3, conjugating an element x € PSL;(C) by reflection in % —n -i~/2 gives
(6) c"rcxc rc = ¢k,

We further observe that c conjugates a; to a;_; fori > 1, since c(i#+1/2) =i#+1/2
and c(B;) = B;_1, and we note that ag = ag. Thus:

@) cdaci=3g=ay=cac’ = c¥3%=a,.

For 0 <i < n, it follows that the conjugate of a; by reflection in # —n - i~/2 is

—2n=_2n — C—Z(n—t)

c a;c 2,2 = a,, i €G,.

Therefore G, contains a; for n <i < 2n as well, and the lemma is proved. O

Since ¥ meets both 0%y and i€ + 1/2 at right angles, it does the same for
the fixed geodesic of ag and is therefore preserved by ag. In fact, the following
description of ag € PSL,(C) is easily obtained from its definition:

01
0=\_,)

In particular, ag acts on the ideal points of % N %, by 0+ 1+ oo+ 0. Similarly,
it is easy to see that fy(z,t) = (z+ 1, 1).

Then the face pairings f (defined in Corollary 2.3) and s (defined in Corollary 2.2),
which are equal, are obtained from fy by conjugating by ag:

(8) s=f =aofpay .
One may use similar analyses to establish the following:
() t=foapbp, g= (aalal)fo_l(aa]al)_l, h= alaofo_lal.
The main group-theoretic fact of this section extends these observations.

Proposition 6.3. For eachn € N, G, contains I';, and mgi) for0<i<n.

Proof. We recall from Proposition 3.12 that I',, = (I, F(Tl ), R F(T"), fgzn), where
by Definitions 3.9(2), r¥ = F‘}_M_l) for each i between 1 and n. Furthermore, by
Lemma 3.3, 't = (I'p,, T5,).

It is a direct consequence of the descriptions (8) and (9) that 'y < G,, and
I'r, < G,. Furthermore, since fo commutes with ¢ and fo = fo, (7) implies, for
instance, that

c 2 = cfz(éofoéal)cz = azfoaz_1 el,,

since a9 = ag and c2agc? = ay. Using the same strategy, we find

c_zgc2 = (az_lal)fo_l(az_lal)_] e G, and c?he? = alazfo_lal e G,.
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Thus G,, contains I'y = F(Tl). Since conjugation by ¢! takes a; to aj+1,and a; € Ty,
for each i between 0 and 2n, it follows from the descriptions above and in (8) and
(9) that F(Ti) < Gy, for 1 <i < n. Finally the relation (6) immediately implies that
ngn < Gy, and we have established that T', < G,.

To show that G,, contains the elements m(lj ) for each j between O and n, we
observe that the element obtained by reflecting first in 0% and then in i ¥ is the
rotation of order 2 described by ((1) _(1) ) This is well known to generate PSL,(Z),
along with ag. Since m; € PSL;(Z), it follows that m; € G.

We note that ¢~ 2/ preserves i and takes %Bg to %5, and that %B,; intersects Py,
for j <n/2, and intersects its image under reflection in # —n -i V2forn/2<j<n.
Thus for each j between 0 and n, the rotation obtained by reflecting first in %, ;
and then in i ¥ is contained in G,. If m| is expressed as a word in the two elements
described in the paragraph above, then c=2/m;c?/ is expressed as the same word in
ay; and the rotation obtained from 0%, ; as above. The lemma follows. O

It is now easy to prove the first part of Theorem 2, that the complement of each
link obtained from L, using only the mutation (13)(24) is commensurable to M,,.

Proposition 6.4. M, branched covers O,, as does M for any I € {0, 1})"T!. Hence
these are commensurable.

Proof. Since G, is a discrete reflection group, it is enough to show that I'; C G,,.
This is immediate from Propositions 5.11 and 6.3. (I

To finish the proof of Theorem 2 we need an isometry classification of the link
complements that fall under the purview of Proposition 6.4. Our first step is to
show that G,, is the commensurator of I',,.

The commensurator of a Kleinian group I is the group

Comm(T") = {g € Isom(H?) | [T : gl'g~'] < 00}.

It follows easily from the definition that since I', is a finite-index subgroup of G,
G, is contained in Comm(I",). Since I';, is nonarithmetic (by Proposition 4.1), by
a famous theorem of Margulis [1991, (1) Theorem] Comm(I",) is discrete.

Let O/ be the hyperbolic orbifold H?/ Comm(T,). Since G, < Comm(T',), O},
is finitely covered by O,. Recall from Lemma 6.2 that O,, and therefore also O;,,
has exactly one cusp. It is our goal to show that G, = Comm(I",); hence O, = O,

We use the strategy of [Goodman et al. 2008]. Recall the hyperboloid model for
H3. The Lorentz inner product on R* is the indefinite bilinear form

(v, w) = Viw| + V2wy + V3W3 — V4W4.

We let H> = {v | (v,v) = —1, vs > 0} and equip T,H? with the Riemannian
metric determined by the Lorentz inner product. The positive light cone is the set
LT ={v]|(v,v) =0, vgy > 0}. The ideal point of H> represented by v € L™ is the
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set [v] of scalar multiples of v in L* — {0}. Isom(IH?) is the group of matrices in
GL4(R) which act on R* preserving the Lorentz inner product and the sign of the
last coordinate, hence acting on H? by isometries. Those in Isom™ (H?) c Isom(H?)
preserve orientation on H>.

For v e LT —{0} the set H, = {w € H? | (v, w) = —1} is a horosphere centered at
the ideal point [v]. If « € R then H,, is a horosphere centered at [@v] = [v], and
if « <1 then H, is contained in the horoball {w | (¢v, w) > —1} determined by o v.
This determines a bijective correspondence between vectors in L™ and horospheres
in H3, so we call the vectors in Lt horospherical vectors.

We use the hyperboloid model to construct certain canonical tilings of H? as-
sociated to M, as in [Epstein and Penner 1988]. First, choose a horospherical
vector v € L™ fixed by a peripheral element of I',, so that under the covering
map H* — O;, the horosphere H, projects to a cross section of the cusp. Then
V, = Comm(I",) - v is Comm(TI",,)-invariant and determines a Comm(I,,)-invariant
set of horospheres. The convex hull of V,, in R* is called the Epstein—Penner convex
hull; we denote it as C,. Epstein and Penner show that dC,, consists of a countable
set of 3-dimensional faces F;, where each F; is a finite-sided Euclidean polyhedron
in R*. Furthermore, this decomposition of dC,, projects along straight lines through
the origin to a Comm(T",)-invariant tiling 7, of H? by ideal polyhedra [Epstein and
Penner 1988, Proposition 3.5 and Theorem 3.6]. We refer to the tiling so obtained
as a canonical tiling. (It is easy to see that a different choice for the vector v yields a
convex hull which differs from C, by multiplication by a positive scalar. Therefore
it projects to the same canonical tiling as C,.)

Consider the group of symmetries Sym(7,) < Isom(H?). Given that 7, is
Comm(I",)-invariant we have that Comm(9,) < Sym(J,). On the other hand,
Sym(J,) is discrete [Goodman et al. 2008, Lemma 2.1] and since I',, is nonar-
ithmetic Comm(I’,) is the maximal discrete group containing I',. Therefore
Sym(J,) = Comm(I",,). Below we will first identify the tiling 9, and then show
that G, = Sym(J,,).

Theorem 4. With ¥ as in Lemma 4.5, T, =Ty, - | J{P € ¥} is the canonical tiling
for Comm(T",).

Proof. We choose matrices

2101 0-1-2-1 1 -1-11 v20 0-v2 0 O
M_0121—2—10—1—1 1 1-1 10 v20 02 0
0v20-v2 0 v20-v2—v2—v2v2v2|° |0 0 v2 0 0-v2
22222222 2 222 V2 V2 V2 V2 V2 V2

For X = M, N, let x; be the i-th column of X. Each x; below lies in L™ and so
represents an ideal point of H3. We will call ?x the convex hull in H? of the [x;].
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Our M and N are such that %, is a right-angled ideal cuboctahedron and %y a
regular ideal octahedron, and, furthermore:

« For X = M, N, each member of Isom(Py) fixes (0, 0,0, )T € H? and the set
of columns of X is Isom(% x)-invariant.

« There exists h € Isom™* (H?) with h(n) = m1, h(ns) = mo, and h(n3) = ma,
so that h(y) N Py, is the face (my, mg, my) with ideal vertices at [m], [mo],
and [my4].

Let 1 =h(®y) and Py = P,. There is an isometry p from the upper half-space
to the hyperboloid model taking %; (as in Corollaries 2.2 and 2.3) to %; as above
for i =1, 2, and oo to the center [m] of the horosphere H,,,. We again refer by
& to the image under p of the set ¥ from Lemma 4.5. Also, p conjugates each of
the isometries we’ve used thus far in our constructions to elements of GL4(R), to
which we’ll refer by the same names.

From the explicit description in Lemma 6.2 it is clear that [m1] is a parabolic fixed
point of G,. Since G, is discrete, each element fixing [m] actually fixes m, so
the orbit V,, = G,.m is a G,-invariant collection of horospherical vectors bijective
to the set of parabolic fixed points of G,,. Since O, = H?3 /Gy, has one cusp and the
same holds for O, = H?3/ Comm(T,,), it follows that V}, is also Comm(T",,)-invariant.

Lemma 4.5 implies that T',,. | J{® € &} is a I'-invariant tiling of H*. We claim
that it is identical to the canonical tiling 7 ,, the projection to H? of the boundary of
the convex hull of V,, in R*. Note that 7, is also I',-invariant, since it is G,,-invariant
by construction and I';, < G,,.

We will use [Goodman et al. 2008, Proposition 6.1] to prove the claim. The
proposition requires for each element of & that the horospherical vectors representing
its vertices be coplanar in R*, and that the angle between this plane and the plane
determined by each neighboring tile be convex. Equivalently, if vy, ..., v € V,
represent the ideal vertices of an element of ¥ and w € V,, — {vy, ..., v} represents
a vertex of a neighboring tile, then there exists a vector n € R* such that

(1) (coplanarity) n-v; =1 foreveryi =1,...,k, and
(2) (convex angles) n-w > 1.

(See the proof of [Goodman et al. 2008, Proposition 6.1].) Observe that these
conditions are invariant under Isom(H?), for if n-v = & and A € Isom(H?) then
nA™Y-Av=aq.

For each member & of &, we note that the subset of V, representing the set
of ideal points of P contains m; and is Isom(%)-invariant. This is because the
members of & all share the ideal vertex [m ], and the stabilizer in G, of any ? € &
acts transitively on its set of ideal vertices. (The latter assertion can be proved
by directly examining P, N %, for P, as in Lemma 6.2.) In particular, the ideal
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vertices of % are represented in V,, by {h(ni)}?:] and those of %, by {mi}}il, by
the properties bulleted above.

Take n = (0,0, O, 1/2)T. Thenn-m; =1fori =1,...,12, so the m; are
coplanar. The n; (and hence also the h(n;)) are also coplanar, since V2n n; =1
fori =1,...,6 and the same n. Coplanarity follows for the other elements of
¥, since, for example, {c_l(m,-)}}il is an Isom(c™!(%;))-invariant collection of
horospherical vectors containing 71 = ¢! (m) and representing the ideal vertices
of c=1(,).

Consider all pairs (2, Px) where X € {M, N} and 2 is a regular ideal octahedron
or cuboctahedron which meets Py in a face. Choose horospherical vectors for 2 to
agree with those chosen for ?x and to be Isom(2)-invariant. Since the convexity
condition (2) is invariant under isometries, to finish the proof it suffices to check
this condition for each possible pair (2, Px).

If 9 is a cuboctahedron adjacent to P, sharing the triangular face (m, mg, my)
then w = (7, 1, —5\/5, 10)7 is a horospherical vector for 2 which is not shared
by Py. We have n-w =35 > 1. If 2 is a cuboctahedron adjacent to %, sharing
the square face (m, my, m3, myg) then w = (3, 5, —«/5, 6) is a horospherical
vector for & which is not shared by ;. We have n-w =3 > 1. If 2 is an
octahedron adjacent to Py sharing the face (n1, no, n3) then w = \/5(1, 2,2,3)7is
a horospherical vector for 2 which is not shared by % . We have v/2n-w =3 > 1.
By construction, %1 = h(?y) is an octahedron intersecting P, in (my, mg, my).
For w =h(n;) = (2+2\/§, 0, —2—2«/5,4+4«/§)T we haven-w=2++2> 1.

With coplanarity and convex angles thus established, [Goodman et al. 2008,
Proposition 6.1] implies that I',,. | J{® € ¥} implies the claim; hence the result. [J

By construction G, is a subgroup of the symmetry group for J,,. We complete
the proof that G, = Comm(I’,) below, showing that it is the full symmetry group.

Corollary 6.5. G, is the commensurator of T, and O, is the minimal orbifold
quotient of M,,. If I € {0, 1"+ then Comm(T';) = G, and O, is the minimal
quotient of M.

Proof. Proposition 6.4 implies Comm(I';) = Comm(I",;). Take x € Comm(I,,).
We want to show that x € G,,. Recall that c"*rc" € G, exchanges ?; and c .
Therefore the octahedral tiles of 7, lie in a single G, -orbit, and we may assume
that x fixes ;.

Recall, for instance from Corollary 2.2, that %; is checkered and its face A
spanned by the vertices 0, 1, and oo is external, with A = % N %,. We have that
ag, bp € Isom(? ) N G,,. The internal faces of % are paired by elements of ['s, so
every internal face of % meets an octahedron in J,. Since %, is a cuboctahedron,
x(A) must be an external face of .



COMMENSURABILITY OF LINK COMPLEMENTS 385

It follows immediately from the definitions of ag and by that (ag, bg) acts tran-
sitively on the external faces of %;. Hence after multiplying by an element of
(ag, bg) < G,, we may assume that x(A) = A. By construction it is clear that G,
contains the stabilizer of A in Isom(%), so we have x € G,, as desired. O

The second half of Theorem 2 follows from the isometry classification below.

Proposition 6.6. Suppose [ = (0,a;...,a,-1,0)and J =(0,by,...,b,—_1,0)are
elements of {0, 1}"*1. M; is isometric to My if and only if J =1 or J = 1.

Remark. We have assumed that the first and last entries of / and J are all zero to
make the proposition easier to state. By Lemma 5.8, changing the first or last entry
of either [ or J to “1” yields another isometric manifold.

Proof. Any two distinct tiles of I, which meet the interior of the fundamental
domain P, from Lemma 6.2 have distinct G ,-orbits. On the other hand, any tile
that does not is contained in the orbit of one that does. It follows that G, has a
unique orbit of octahedral tiles (that of %) and exactly n of cuboctahedral tiles,

those of P, c~1(P,), ..., c"T1(%,), since P, has an open subset in each of these
and is contained in their union.
The planes i (7€) meet the interior of P, fori € {0, 1, ..., n — 1}, so their G,,-

orbits are also distinct. We note that the G,,-orbit of ¥ is distinct from that of i
since ¥ contains points of the interior of P, but i ¥ contains a face. Since i# N P,
is contained in an internal face of P and # N P, in an external face, it follows that
the G, -orbit of an internal face of %; is distinct from that of an external face.
For I as in the hypothesis, it follows, as in Lemma 4.5, that the members of

P =1{P1, Pa, ' Py, qpc 2P, ..o, quC PPy, g P )

project to a polyhedral decomposition of M;, where the q; are as defined in
Proposition 5.11. (In particular, q; =1 and q,,4-1 =qj,, since I has first and last entries
equal to 0.) This is because g; (c™20=Dgp, yc2itlgp,) projects to a decomposition
of C ((F(Ti))q") for each i (see the proof of Lemma 4.5), and ¢, preserves the
triangulation Ag of Lemma 2.4. Therefore ¥; is in bijective correspondence with
the set of I';-orbits of the top-dimensional tiles of J,.

Clearly q; (c720=D%,) is G,-equivalent to c—2¢~D%, for each i between 1 and
n, and q; (c 2 t1%P,) to c=2+1%,. The reflection u through % —n -i~/2, also in G,
exchanges ®; with ¢~ 2"r®; and ¢~/ P, with ¢ 1%, for each i between 0 and
2n — 1. It follows that each G,-orbit of top-dimensional tiles of J, is the union of
exactly two I'j-orbits.

Now suppose for some J as in the hypothesis that there is an isometry M; — M;.
This lifts to x € Isom(H?) with the property that I’ =Ty. Since I'; and I'y
are each finite-index subgroups of G, they are commensurable, by definition x €
Comm(I";) = G,. By the above, x% is I';-equivalent to one of % or qnc_z" rPy.



386 ERIC CHESEBRO AND JASON DEBLOIS

The reflection isometry of Lemma 5.9 determines p € Isom(H?) that conjugates
I'; to I'; and takes qnc*Z’Z r?1 into the I'j-orbit of %1, so replacing x by px (and
by I) if necessary, we may ensure that there exists y € I'; with yx®; = ®,. By
the above yx takes internal faces of %, to internal faces. Because it conjugates
[y to I'; and P, is contained in a fundamental domain for each, yx preserves the
internal face-pairings induced by the projections to M; and to M.

It follows from Proposition 5.11 that each of these is the pairing described in
Corollary 2.2. The combinatorial description there implies that yx preserves the
pairs {X1, X»} and {X3, X4} (see Figure 3), so it is either the identity or 180-degree
rotation in the axis joining the ideal vertex O (the “intersection” X; N X, on the
sphere at infinity) to 1 +i = X3 N X4. However the latter map does not preserve
equivalence classes of the ideal vertices of X3 and X4 under face pairing, so yx = 1.
It follows that x e I'j, so 'y =T7y.

We claim, however, that if J #~ I then I'j # I';. The key fact here is that FrT':) ' £
I'7,: for instance, the face (fg) ™' (Y3) of (fg) ! (%,) is taken by (fg) ~'hfg € 'y to
(fg) 1 (Y3) (see the proof of Corollary 2.3), but (fg) "' (¥;) = mig~! (¥]) is taken
by mlg_lml_1 € F?Ol to mlg_l(Y3). (This description follows from the fact that m;
preserves the polygon ¥ from Lemma 2.4, acting on it as a rotation exchanging
g~ (E) with (fg)~!(D).) In fact, this further implies that no group I' containing
I'7, also contains 1"7”%1, as long as the natural map C(I'y,;) — C(I") is embedding.

If J # I then for the minimal i such that b; # a; we have F‘}VO < I'y and
(F%‘)W < Ty, where w = q;c~2¢~D (see Proposition 5.11). The claim, and hence
also the result, thus follows from Proposition 5.11 and Lemma 3.3. (]

7. Incommensurable mutants

Lemma 5.5 might lead one to suspect that the mutations (13)(24) and (12)(34) of
F© act very differently at the level of Kleinian groups. Indeed, it follows from
Proposition 7.1 below, together with Proposition 4.2, that §3 — L, is incommensu-
rable with the complement of any link obtained from it by the mutation (12)(34)
along a subcollection of the ). In fact, we consider it likely that no two such
mutants are commensurable unless they are isometric.

We lack the tools to fully prove this assertion — mutants are notoriously difficult
to distinguish — but in this section we will describe large families of mutants whose
members have different cusp parameters and are mutually incommensurable. We
begin with traces, however. By [Neumann and Reid 1991] the M; all have trace
field Q(, v/2).

Proposition 7.1. For fixed n and any I = (ay, ...,a,) € {0, 1, 20" such that
a; =2 for some i, I'; has a nonintegral trace.

Proof. Suppose I = (ayp, ...,a,) € {0, 1, 217+ satisfies the hypothesis, and fix i
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with a;, =2. By Proposition 5.11, if iy = 1 then I'; contains the following matrix:

— L2+ 12V2431i +4iV/2) —2+2+421i +2i2
2 - .
2 L 47V24+16i +2iv2)  —1+V2+11i +iV2

(Recall from Corollary 5.6 that méo) =m,.) The trace of tmagm,’ is not an algebraic
integer, since the ring of integers of Q(7, V2 )is Z[i, «/E]. If i) = n then I'; contains
a conjugate of émzfmz_l = (M)~ (tmagms Hm, 3.

In all other cases, Proposition 5.11 implies that I'; contains an element with the
same trace as the following matrix:

ﬁ(mzhm_1)=< ~2iv2 ‘3+"ﬁ>< ~3iV2 15—5iﬁ>
Po\3-iv2 3iv2 J\3G+iVD) 2iV2

3 ~71/5  —20-30iv/2
T\ B(—2+3iv2) 55 '
The trace of this matrix is evidently not an algebraic integer. (Il

For fixed n and any I € {0, 1, 2}"*!, since M,, and M; decompose along totally
geodesic surfaces into isometric pieces, they have the same volume. (In fact,
[Ruberman 1987, Theorem 1.3] asserts that hyperbolic volume is always invariant
under mutation.) It would follow from the classical “Dehn invariant sufficiency”
conjecture that any two hyperbolic manifolds with the same volume are scissors
congruent (again see [Neumann 1998], for instance). In our situation we will verify
this explicitly.

Proposition 7.2. For fixed n and any I € {0, 1, 2}”“, M,, and M| have the same
Bloch invariant.

Proof. Recall from Lemma 2.4 that F© inherits a triangulation Ay from the
fundamental domain % for the action of A on ¥ pictured in Figure 5. From the
figure, one finds that A ¢ has six edges, each a geodesic arc joining cusps of F. For
example, the geodesic joining 0 and oo projects to an edge which joins cusp 1 to
cusp 2. Of the other five edges, one joins 3 to 4, two join 2 to 4, and for each of 2
and 4 there is an edge joining it to itself.

Since m; € PSL,(Z) it preserves the Farey tessellation of #, which restricts on
& to the triangulation pictured in Figure 5. Therefore ¢y, preserves Ar. On the
other hand, since ¢, exchanges 1 with 2 and 3 with 4 it does not preserve A . For
instance, if e is the edge joining 2 to itself then ¢, (e) joins 1 to itself.

Fix I = (ao, ...,a,) € {0,1,2}"*! and suppose a; = 2 for some 0 < i <
n. The gluing map C(F(Ti)) — C(F(Ti+l)) factors through ¢ @ : FO — FO by
Proposition 5.7. This is conjugate to ¢, by the inverse of ¢; 11 from Definitions 3.9,
so the gluing does not preserve the triangulations of F®) induced by its intersections
with external faces of the cuboctahedra on either side (see Lemma 2.4(3)). The cases
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Figure 12. Interpolating between Af, on the left, and ¢, (AF).

i =0 and i = n are analogous, and show that if @; = 2 for any i then the division of
M| into octahedra and cuboctahedra is not a true ideal polyhedral decomposition.

It is possible to rectify this by gluing “flat” tetrahedra between copies of C(I's)
and/or C(I'7) joined by the mutation ¢y,,. If J is a flat tetrahedron glued to, say,
C(I's) along two adjacent triangles in dC (I's), then C(I's) U I is homeomorphic
to C(I's), but in the induced triangulation of the boundary, the edge separating
the triangles along which J is glued has been replaced by an edge joining their
two opposite vertices. See [Neumann and Yang 1999, §4] for a more thorough
exposition.

Figure 12 illustrates a process by which A may be changed to its image under
®m, by a sequence of moves on edges. The edges of A are pictured on the left in
bold. Moving left to right, at each stage two edges are replaced by edges transverse
to them and disjoint from the remaining edges. After three such moves, the original
triangulation has been changed to its image under ¢n,,.

Now suppose I = (ay, ..., a,) € {0, 1, 2}”“. For each i < n such that a; =2,
replace C (F(Ti+1)) by its union with 6 flat tetrahedra, glued successively along
8_C(F(Ti H)), to realize the change of triangulations illustrated in Figure 12. The
result is homeomorphic to C (F(THI)), since adding a flat tetrahedron does not
change the homeomorphism type, but the gluing induced by @it now preserves
the triangulation. The case i = n is similar, but C(I"g) is changed instead.

It follows from the above that the Bloch invariant 8(M;) may be calculated
using the resulting polyhedral decomposition. This differs from the original by the
addition of the cross ratio parameters of the flat tetrahedra. Each of these is equal
to 2, since the triangulation of F is a projection of the Farey tessellation of H. But
in the Bloch group, 2 - [2] = 0 is a consequence of the relation [z] = [z/(z — 1)].
Since the number of flat tetrahedra is a multiple of 6, the sum of their cross ratio
parameters contributes nothing to the Bloch invariant. ([

The following proposition tracks the change of cusp parameters under mutation.
To simplify our task, we restrict our attention to complements of links obtained by
mutating only with (12)(34) along a subcollection of the S @) and note in passing
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that since those obtained by mutating only with (13)(24) are commensurable with
M, their cusp parameters are PGL; (Q2)-equivalent to those of M,,.

Proposition 7.3. For [ = (ty, 11, ..., t,) € {0, 2}’”rl and j € {0, 1,...,n}, define
J f
cj=Y = (mod?2).

2
k=0

Let Ty be a cross section of the cusp of My such that T) N C(I's) = ps(A1) (as

defined in Lemma 4.13), and let T, be a cross section of the cusp of M; with
T,NC(I's) = ps(Az). Up to the action of PGL,(Q), their complex moduli are:

1
m(Tl)_z[l +2Z < 5]

1
m(T2)=l[ +2Z 5(1 o 1) 5(1—cn>]

Proof. To simplify notation, we will identify Ay with ps(Ag) and view Ay C C(T'y)
for k =1, 2. Recall the decomposition of M, along the surfaces F () into a union
of isometric copies of C(I's) and C(I'r) as described in Proposition 5.7:

crsoucrMu...ucarPyucTs) — M;.

We will denote by /; the gluing map supplied by Proposition 5.7, taking 8+C(F(J ))
to a_Cc(ry*h) when 1 < j < n. The map I takes 0C(I's) to _C(I'\"), and
n: 0:C (W) — aC(Ty).

Forl1 <j<mandke{l,2,3,4} we take DB(J) = ¢; o pr(DBy) as in the proof
of Proposition 4.17. DBy, is defined above Lemma 4.15, which 1mphes that DB, )
is an annular cross section of the cusp of C (F(] )) corresponding to p; . Each of
T, and T, meets each of the C (F(j )) in a collection of cusp cross sections parallel
to a subcollection of the DB(j ke {1,2,3,4}. Similarly, each of T/ N C (Ts) and
T,NC(Ty) is parallel to one of the cross sections A or A,.

By the proof of Proposition 4.17, for 1 < j <n,if t; =0then/; =1
takes 3+DB(]) to 0_ DB(JH) foreach k € {1, 2, 3, 4}. However if t; =2 then /; acts
on the indices k by the permutation (12)(34), since it uses ¢>(J ) Likewise if tho=0
then [o(0A;) = 0_ DB(D Uo_ DB(I) for k =1, 2, by the proof of Proposition 4.17;
hence if 1y = 2, then 10(8 Ap) = 8 DB(I)k Lo_ DBs(l)k A similar dichotomy holds
for [,.

(J)(t(])) 1

Remark. The definitions of the annular cusp cross sections in Lemmas 4.13
and 4.14 depended on a particular collection of horospheres centered at the ideal
vertices of P and P,. These give rise to a particular collection of horospherical
cross sections of the cusps of F@, which is not preserved by ¢py,.
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It is more accurate to say, for example, that when 7; =2 and 1 < j < n,
l;(04 Dij ))isa cusp cross section of 8_C(F(TJ H)) parallel (and therefore similar)
to _DB{/ V. Since the modulus is unaffected by similarities, we have largely
ignored this distinction above and will continue to do so below.

Claim. Foreach j€{l,..., n},

() 0
Gr. | PB"UDBY" ifc; 1 =0,
nncy) = () 0

DB,” UDB,” ifc;_1=1.

Furthermore, Ty N C(Ts) = A; ifc, =0and As ifch, = 1.

Proof of claim. This is proved by induction on j. In the base case j = 1, since
co=1ty/2and T N C(I's) = Ay, the conclusion in this case follows directly from
the dichotomy in the behavior of /o recorded above the claim.

Suppose now that the claim holds for some j < n, and note that therefore
T N M;j) has components DB,ﬁj) and DB,EJ), where k, k' € {1, 2, 3, 4} have the
same parity, which is opposite that of ¢;_;. By definition, c¢; has the opposite
parity from c¢;_; if and only if #; =2. Writing /;(3+ DB{’")=3_DB{ ™", the above
implies that k” has parity opposite that of k if and only if ; =2. A similar assertion
holds for k', and the claim follows for j + 1.

By induction, the claim holds for each j < n. The final statement in the claim
follows by an argument that mimics the one used in the inductive step. U

The moduli of A;, As, A}, and A, are described in Lemma 4.13, and those of the
DBJ(.i) are described in Lemma 4.15. Using these descriptions and Lemma 4.12, the
claim above shows that the imaginary part of m(7}) is as described in the statement
of the proposition. The description of the imaginary part of m(73) follows similarly.

Now recall the definitions of the arcs aj and db,(cj ) for 1 <j<nandk=1,3,
and the collections of arcs #{, and D%,((] ) for 1 < j <nand k = 2,4, from the
proof of Proposition 4.17. For our purposes here, we additionally define s4; to be a
collection of five arcs evenly spaced around Aj, each perpendicular to dA; at each
of its endpoints, such that a; € s{;. We analogously define D%,ﬁ" ) as a collection
of evenly spaced arcs in DB,Ej ) containing db,((j ) for 1 < j<nandk=1,3.

Claim. If 7o = O then ly(dsly) = _DBY’ Ud_DBY, for k = 1,2, and if tg = 2
then lo(dsty) = 3_ DB, Ud_DB . Similarly, for 1 < j <n—1,
Uy _ G+D _ fr —
1;(4 DBy = 0_DBY T for k =1,2,3,4, ift; =0,
DBV fork=1,2,

1;(3.DBY)) = )
! ¢ 0_DRYTY  fork =3, 4,

l'flj=2.
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Also, if ty = 0 then I (9s4) = 8- DB U3, DB, for k = 1,2, and if t, =2
then 1.1 (950) = 84 DB, U o D%g" .

In the discussion above the first claim, we recorded the analogous dichotomy
to that of the claim above for the action of the gluing maps /; on boundaries of
annular cusp cross sections. The substance of this claim is thus that the gluing maps
preserve arc endpoints.

Proof of claim. Suppose first that ; = 0, so by its definition /; = t(] )(L(] )) . The
proof of Proposition 4.17 directly addresses the cases of o, 5&2, and D%,(CJ ), where
k =2 or 4. In the remaining case of s, the definition implies that dsd; consists
of ten points, five evenly spaced around each component of d A, with each such
collection containing a point of da;. Also by definition, d_ DQB(I) is a collection
of five points spaced evenly around d_ DB,E ), one of which is 9_ dbk1> fork=1,3.
By the proof of Proposition 4.17, L(O) (L(O)) ! takes da; to 9_ db(l) Ua_ db(l) hence
the entire collection dsd; is taken to d_ D%(l) Ua_ D%(l) since l+)(t(0)) l'is an
isometry. The remaining cases when¢; =0, j > 1, follow similarly.

To illustrate the case #; = 2 we focus on the subcase 1 < j <n. When 1) =2,
[ takes 04 DB(] ) to - DB(] b , for example. The crucial observation here is that
10(8+db(])) isin 0_ D%(1+1) ThlS holds because by definition, 8+db(]) is a point
in the edge of the triangulation Ay which exits the ideal vertex 1. (This is the
top edge in Figure 12.) Although ¢n,, does not preserve Ar, it preserves this
edge, exchanging its endpoints at 1 and 2. Since d_ D%(J 1 has a point in each
edge which exits 2, it contains ¢m2(3+db(J )) Since the points of 8+D%(J ) are
evenly spaced around 9 D B(] and the same is true for 9_ D%(] +) , it follows that
lo(3+D9]5(])) —9. D%(Hl)

Since ¢, takes the edge of A7 to itself and exchanges its endpoints, we have
lo(a+db(J)) € 0_ D%iﬁl) in this case. Then it follows from “even-spacedness”
that lp(d4+ D By )) =0_ D%(J 1 The same argument implies that 9_ db(] D Jies
in [p(0+ D%(H;'l)) and therefore that l0(8+D%(’)) =0_ D%UH) and s1m1larly that
lo(d4 DRBY )) =0_ D%(j D The same sequence of observatlons applied to d.sdy
and dsdy, k=1, 2, completes the claim. (I

The second claim implies that the set

sty Ust, U DBY U sy U sty
J.k

consists of a disjoint union of closed geodesics, some in 77 and some in 73, each
meeting any of the geodesics F) N T; or FY) N T, perpendicularly in up to five
points. That m(T) and m(T>) have real part equal to O (up to the action of PGL,(Q))
now follows as in the proof of Proposition 4.17. ]
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Proposition 7.3 allows us to describe arbitrarily large subfamilies of the M; which
have PGL; (Q)-inequivalent cusp parameters and hence are not commensurable.

Corollary 7.4. For O <k <n, let Iy, = (ty, t1, ..., ty) be defined by t; =0 fori £k,
and ty = 2. The cusp parameters of M, are not PGL,(Q)-equivalent to those of
M, for k # k', when both are less than (n +1) /2.

Proof. By Proposition 7.3, the cusps of M;, have moduli described as
m(T) =[S+ 2 +40v2], m(T) =i[¢+ E(5n —4k)V2].

Since m(T}) and m(T3) are both of the form described in Lemma 4.18 for any &,
if the cusp parameters of M, are equivalent to those of M 1> then one of the two
following cases holds:

n+4k =n+4k’, and 5n —4k =5n —4k,
n+4k=5n—4k', and 5Sn—4k=n+4k,

In the first case, k = k’, and in the second, k" = n — k. Thus as long as k and
k" < (n+ 1)/2 are unequal, their cusp parameters are as well. U

There are also arbitrarily large subfamilies which share cusp parameters, even
among complements of links obtained by mutating only with (12)(34). We do not
know if these are commensurable, although we suspect they are not.

Corollary 7.5. ForO<k <n,let Iy =(to, ..., t,) be defined by t; =0 fori #k, k+1,
and ty = ty41 = 2. For each k, the cusp parameters of My, are

m(T) =i[2+4(n— V2], mT) =i[2+in+HV2],
up to the action of PGL,(Q).

Corollaries 7.4 and 7.5 prove parts (2) and (3), respectively, of Theorem 3.

Appendix: Proof of Lemma 2.6

Following Morgan [1984], we define a pared manifold to be a pair (M, P), where
M is a compact, orientable, irreducible 3-manifold with nonempty boundary which
is not a 3-ball, and P € 9 M is the union of a collection of disjoint incompressible
annuli and tori satisfying the following properties:

» Every noncyclic abelian subgroup of 71 M is conjugate into the fundamental
group of a component of P.

e Every map ¢: (S' x I, S! x 3I) — (M, P) which induces an injection on
fundamental groups is homotopic as a map of pairs to a map ¥ such that
v(S' xI)cC P.
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This definition describes the topology of the compact manifold obtained by trun-
cating the cusps of the convex core of a geometrically finite hyperbolic 3-manifold by
open horoball neighborhoods. Indeed, Corollary 6.10 of [Morgan 1984] asserts that
if (M, P) is obtained in this way, where P consists of the collection of boundaries
of the truncating horoball neighborhoods, then (M, P) is a pared manifold.

Lemma 2.6 asserts that if (M, P) has the pared homotopy type of a geometrically
finite hyperbolic manifold H®/T" where T is not Fuchsian and dC(T") is totally
geodesic, then M — P is homeomorphic to C(I"). The key point of the proof is that
the geometric conditions on I" ensure that (M, P) is an acylindrical pared manifold.
Then Johannson’s theorem [Johannson 1979], that pared homotopy equivalences
between acylindrical pared manifolds are homotopic to pared homeomorphisms,
applies. We expand on this below.

It is worth noting that Lemma 2.6 fails in more general circumstances. The
memoir [Canary and McCullough 2004] gives examples of this; Example 1.4.5,
for instance, describes homotopy-equivalent non-Fuchsian geometrically finite
manifolds with incompressible convex core boundary which are not homeomorphic.
That work is devoted to understanding the ways in which homotopy equivalences
of hyperbolic 3-manifolds can fail to be homotopic to homeomorphisms, and
Lemma 2.6 follows quickly from results therein.

The treatment of Canary and McCullough itself uses the theory of characteristic
submanifolds of manifolds with boundary pattern developed in [Johannson 1979].
The characteristic submanifold of a manifold with boundary pattern is a maximal
collection of disjoint codimension-zero submanifolds, each an interval bundle or
Seifert-fibered space embedded reasonably with respect to the boundary pattern.
Rather than attempting to establish all of the notation necessary to define this
formally, we refer the interested reader to the two works just cited. Here we simply
transcribe the relevant theorem of [Canary and McCullough 2004], which strongly
restricts the topology of the characteristic submanifold of a pared manifold with
boundary pattern determined by the pared locus.

For the purposes of Lemma 2.6 we exclude from consideration certain pared
manifolds which never arise from convex cores of geometrically finite hyperbolic
3-manifolds. We say (M, P) is elementary if it is homeomorphic to one of (72 x I,
T2 x {0}), (A2 x I, A>x{0}), or (A% x I, @), where T2 and A? denote the torus and
annulus, respectively; otherwise (M, P) is nonelementary. Define dgM := M — P.
We say an annulus properly embedded in M — P is essential in (M, P) if it is
incompressible and boundary-incompressible in M — P. For a codimension-0
submanifold V embedded in M, we denote by Fr(V) the frontier of V (that is, its
topological boundary in M), and note that Fr(V) =9V — (V N dM). With notation
thus established, the following theorem combines the definition of the characteristic
submanifold with [Canary and McCullough 2004, Theorem 5.3.4].
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Theorem. Let (M, P) be a nonelementary pared manifold with dgM incompress-
ible. Select the fibering of the characteristic submanifold so that no component is
an I-bundle over an annulus or Mobius band.

(1) Suppose V is a component of the characteristic submanifold which is an
I-bundle over a surface B. Then each component of the associated 91 -bundle
is contained in dgM , each component of the associated I-bundle over dB is
either a component of P or a properly embedded essential annulus, and B has
negative Euler characteristic.

(2) A Seifert-fibered component V of the characteristic submanifold is homeomor-
phic either to T? x I or to a solid torus. If V is T? x I then one component of
T? x 31 lies in P and the other components of V N M are annuli in oM. If
V is a solid torus, then V N oM has at least one component, each an annulus
either containing a component of P or contained in dgM. In either case, each
component of the frontier Fr(V) of V in M is a properly embedded essential
annulus.

The characteristic submanifold contains regular neighborhoods of all compo-
nents of P.

The key claim in the proof of Lemma 2.6 is a further restriction on the character-
istic submanifold of (M, P), in the case that M is obtained from the convex core
of a non-Fuchsian geometrically finite manifold with totally geodesic convex core
boundary by removing horoball neighborhoods of the cusps. P is the union of the
boundaries of these neighborhoods.

Claim. (M, P) as above is nonelementary, and oM is incompressible. The
characteristic submanifold of (M, P) consists only of (Seifert-fibered) regular
neighborhoods of the components of P, each of whose boundary has a unique
component of intersection with 0 M.

We prove the claim below, but assuming it for now, the proof of Lemma 3
proceeds as follows. A representation as given in the statement of the lemma
induces a pared homotopy equivalence between (M, P) and the pared manifold
(N, Q) obtained by truncating C (I") with open horoball neighborhoods. Since C(I")
has totally geodesic convex core boundary, (N, Q) is as described by the claim;
hence (M, P) is as well (see [Canary and McCullough 2004, Theorem 2.11.1],
for example). Johansson’s classification theorem (see [Canary and McCullough
2004, Theorem 2.9.10]) implies that the original pared homotopy equivalence is
homotopic to one which maps the complement of the characteristic submanifold
of (M, P) homeomorphically to the complement of the characteristic submanifold
of (N, Q). It follows from the claim that these are homeomorphic to M — P and
N — Q, respectively, and the lemma follows.
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Proof of claim. As was mentioned above, the elementary pared manifolds do not
arise from geometrically finite hyperbolic manifolds. Since (M, P) is obtained
from the convex core of a geometrically finite manifold with totally geodesic convex
core boundary, the following are known not to occur:

(1) A compressing disk for dgM. (By definition dgM lifts to a geodesic hyperplane
in H3, hence the induced map w10 My — w1 M is injective.)

(2) An accidental parabolic: an essential annulus properly embedded in M with
one boundary component in P and one in dypM, which is not parallel to P.
(Every essential curve on dyM that is not boundary-parallel is homotopic to a
geodesic, but an element of 1 (M) corresponding to an accidental parabolic
has translation length 0.)

(3) A cylinder; that is, a properly embedded essential annulus in M — P. (The
double DM of M across dpM is a hyperbolic manifold, but the double of a
cylinder in M would be an essential torus in DM.)

We show that if the characteristic manifold has any components other than those
listed in the claim then at least one of the above facts cannot hold.

For a component V of the characteristic submanifold which is an /-bundle over
a surface B, at least one component of the associated /-bundle over d B must be
properly embedded, since otherwise we would have M = V and it is well known
that an /-bundle over a surface does not admit a hyperbolic structure with totally
geodesic convex core boundary unless the convex core is a Fuchsian surface. But
this annulus violates (2) or (3). Thus there are no /-bundle components of the
characteristic submanifold.

If V is a Seifert-fibered component of the characteristic submanifold homeo-
morphic to 72 x I, then one component of 3V is a torus P; C P, and all other
components of dV N dM are annuli in dyM. If this second class is nonempty then
each component of Fr(V) is an essential annulus properly embedded in M — P,
contradicting fact (3). Thus 0V NdM = P; and V is a regular neighborhood of P;.

If V is a solid torus and V N 9M contains a component of P, then a similar
argument shows that this is the unique component of 0V NdM, so in this case V
is a regular neighborhood of an annular component of P. If, on the other hand,
V NAM does not contain any components of P, then it has at least two components,
for otherwise a meridional disk of V determines a boundary compression of the
annulus Fr(V) in M — P. But then any component of Fr(V) violates fact (3). U

Acknowledgements

The authors thank Ian Agol, Richard Kent, Chris Leininger, Peter Shalen, and
Christian Zickert for helpful conversations, Joe Masters for suggesting the cusp



396 ERIC CHESEBRO AND JASON DEBLOIS

parameter, and Dick Canary for helping us with Lemma 2.6. A referee on an earlier
version of this paper pointed us to the Bloch invariant and motivated several major
changes in this paper. We also appreciate the thoughtful editorial comments from
a second referee. We want to especially thank Alan Reid for suggesting these
questions to us and for many helpful conversations and suggestions. The second
author is grateful to the Clay Mathematics Institute for support during part of this
project. The authors also thank the University of Montana’s Faculty Development
Committee for their support.

References

[Adams 1985] C. C. Adams, “Thrice-punctured spheres in hyperbolic 3-manifolds”, Trans. Amer.
Math. Soc. 287:2 (1985), 645-656. MR 86k:57008 Zbl 0527.57002

[Adams and Schoenfeld 2005] C. C. Adams and E. Schoenfeld, “Totally geodesic Seifert surfaces in
hyperbolic knot and link complements, I, Geom. Dedicata 116 (2005), 237-247. MR 2006j:57008
Zbl 1092.57003

[Adams et al. 2008] C. C. Adams, H. Bennett, C. Davis, M. Jennings, J. Kloke, N. Perry, and E.
Schoenfeld, “Totally geodesic Seifert surfaces in hyperbolic knot and link complements, II”, J.
Differential Geom. 79:1 (2008), 1-23. MR 2009b:57032 Zbl 1158.57004

[Aitchison and Rubinstein 1997] 1. R. Aitchison and J. H. Rubinstein, “Geodesic surfaces in knot
complements”, Experiment. Math. 6:2 (1997), 137-150. MR 98h:57011 Zbl 0891.57017

[Anderson and Canary 2001] J. W. Anderson and R. D. Canary, “The visual core of a hyperbolic
3-manifold”, Math. Ann. 321:4 (2001), 989-1000. MR 2002i:57014 Zbl 0992.30028

[Bass 1984] H. Bass, “Finitely generated subgroups of GL;”, Chapter VI, pp. 127-136 in The Smith
conjecture (New York, 1979), edited by J. W. Morgan and H. Bass, Pure Appl. Math. 112, Academic
Press, Orlando, FL, 1984. MR 758465 Zbl 0599.57003

[Borel 1977] A. Borel, “Cohomologie de SL,, et valeurs de fonctions zeta aux points entiers”, Ann.
Scuola Norm. Sup. Pisa Cl. Sci. (4) 4:4 (1977), 613-636. MR 58 #22016 Zbl 0382.57027

[Canary and McCullough 2004] R. D. Canary and D. McCullough, “Homotopy equivalences of
3-manifolds and deformation theory of Kleinian groups”, Mem. Amer. Math. Soc. 172:812 (2004).
MR 2005j:57027 Zbl 1062.57027

[Canary et al. 2006] R. D. Canary, D. B. A. Epstein, and P. L. Green, “Notes on notes of Thurston”,
pp- 1-115 in Fundamentals of hyperbolic geometry: selected expositions, edited by R. D. Canary
et al., London Math. Soc. Lecture Note Ser. 328, Cambridge Univ. Press, 2006. MR 2235710
Zbl 0612.57009

[Dupont 2001] J. L. Dupont, Scissors congruences, group homology and characteristic classes,
Nankai Tracts in Mathematics 1, World Scientific, River Edge, NJ, 2001. MR 2002g:52013
Zbl 0977.52020

[Epstein and Penner 1988] D. B. A. Epstein and R. C. Penner, “Euclidean decompositions of
noncompact hyperbolic manifolds”, J. Differential Geom. 27:1 (1988), 67-80. MR 89a:57020
Zb1 0611.53036

[Farb and Margalit 2012] B. Farb and D. Margalit, A primer on mapping class groups, Princeton
Mathematical Series 49, Princeton Univ. Press, 2012. MR 2012h:57032 Zbl 1245.57002


http://dx.doi.org/10.2307/1999666
http://msp.org/idx/mr/86k:57008
http://msp.org/idx/zbl/0527.57002
http://dx.doi.org/10.1007/s10711-005-9018-z
http://dx.doi.org/10.1007/s10711-005-9018-z
http://msp.org/idx/mr/2006j:57008
http://msp.org/idx/zbl/1092.57003
http://projecteuclid.org/euclid.jdg/1207834655
http://msp.org/idx/mr/2009b:57032
http://msp.org/idx/zbl/1158.57004
http://dx.doi.org/10.1080/10586458.1997.10504602
http://dx.doi.org/10.1080/10586458.1997.10504602
http://msp.org/idx/mr/98h:57011
http://msp.org/idx/zbl/0891.57017
http://dx.doi.org/10.1007/s002080100269
http://dx.doi.org/10.1007/s002080100269
http://msp.org/idx/mr/2002i:57014
http://msp.org/idx/zbl/0992.30028
http://dx.doi.org/10.1016/S0079-8169(08)61638-4
http://msp.org/idx/mr/758465
http://msp.org/idx/zbl/0599.57003
http://www.numdam.org/item?id=ASNSP_1977_4_4_4_613_0
http://msp.org/idx/mr/58:22016
http://msp.org/idx/zbl/0382.57027
http://dx.doi.org/10.1090/memo/0812
http://dx.doi.org/10.1090/memo/0812
http://msp.org/idx/mr/2005j:57027
http://msp.org/idx/zbl/1062.57027
http://dx.doi.org/10.1017/CBO9781139106986
http://msp.org/idx/mr/2235710
http://msp.org/idx/zbl/0612.57009
http://dx.doi.org/10.1142/9789812810335
http://msp.org/idx/mr/2002g:52013
http://msp.org/idx/zbl/0977.52020
http://projecteuclid.org/euclid.jdg/1214441650
http://projecteuclid.org/euclid.jdg/1214441650
http://msp.org/idx/mr/89a:57020
http://msp.org/idx/zbl/0611.53036
http://books.google.com?id=TmMrru65-XsC
http://msp.org/idx/mr/2012h:57032
http://msp.org/idx/zbl/1245.57002

COMMENSURABILITY OF LINK COMPLEMENTS 397

[Goodman et al. 2008] O. Goodman, D. Heard, and C. Hodgson, “Commensurators of cusped
hyperbolic manifolds”, Experiment. Math. 17:3 (2008), 283-306. MR 2009h:57029 Zbl 05500548
arXiv 0801.4815

[Hatcher 1983] A. Hatcher, “Hyperbolic structures of arithmetic type on some link complements”, J.
London Math. Soc. (2) 27:2 (1983), 345-355. MR 84m:57005 Zbl 0516.57001

[Johannson 1979] K. Johannson, Homotopy equivalences of 3-manifolds with boundaries, Lecture
Notes in Mathematics 761, Springer, Berlin, 1979. MR 82¢:57005 Zbl 0412.57007

[Leininger 2006] C. J. Leininger, “Small curvature surfaces in hyperbolic 3-manifolds”, J. Knot
Theory Ramifications 15:3 (2006), 379-411. MR 2007a:57025 Zbl 1090.57012

[Macasieb and Mattman 2008] M. L. Macasieb and T. W. Mattman, “Commensurability classes of
(—2, 3, n) pretzel knot complements”, Algebr. Geom. Topol. 8:3 (2008), 1833—-1853. MR 2009g:
57011 Zbl 1162.57005

[Maclachlan and Reid 1991] C. Maclachlan and A. W. Reid, “Parametrizing Fuchsian subgroups of
the Bianchi groups”, Canad. J. Math. 43:1 (1991), 158-181. MR 92d:11040 Zbl 0739.20020

[Maclachlan and Reid 2003] C. Maclachlan and A. W. Reid, The arithmetic of hyperbolic 3-manifolds,
Graduate Texts in Mathematics 219, Springer, New York, 2003. MR 2004i:57021 Zbl 1025.57001

[Margulis 1991] G. A. Margulis, Discrete subgroups of semisimple Lie groups, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3) 17, Springer, Berlin, 1991. MR 92h:22021 Zbl 0732.22008

[Maskit 1971] B. Maskit, “On Klein’s combination theorem, III”, pp. 297-316 in Advances in the
theory of Riemann surfaces (Stony Brook, NY, 1969), edited by L. V. Ahlfors et al., Ann. of Math.
Studies 66, Princeton Univ. Press, 1971. MR 44 #6955 Zbl 0222.30029

[Menasco and Reid 1992] W. Menasco and A. W. Reid, “Totally geodesic surfaces in hyperbolic link
complements”, pp. 215-226 in Topology 90 (Columbus, OH, 1990), edited by B. Apanasov et al.,
Ohio State Univ. Math. Res. Inst. Publ. 1, de Gruyter, Berlin, 1992. MR 94g:57016 Zbl 0769.57014

[Morgan 1984] J. W. Morgan, “On Thurston’s uniformization theorem for three-dimensional mani-
folds”, pp. 37-125 in The Smith conjecture (New York, 1979), edited by J. W. Morgan and H. Bass,
Pure Appl. Math. 112, Academic Press, Orlando, FL, 1984. MR 758464 Zbl 0599.57002

[Neumann 1998] W. D. Neumann, “Hilbert’s 3rd problem and invariants of 3-manifolds”, pp. 383-411
in The Epstein birthday schrift, edited by I. Rivin et al., Geom. Topol. Monogr. 1, Geom. Topol.
Publ., Coventry, 1998. MR 2000h:57023 Zbl 0902.57013

[Neumann 2011] W. D. Neumann, “Realizing arithmetic invariants of hyperbolic 3-manifolds”, pp.
233-246 in Interactions between hyperbolic geometry, quantum topology and number theory (New
York, 2009), edited by A. Champagnerkar et al., Contemp. Math. 541, Amer. Math. Soc., Providence,
RI, 2011. MR 2012e:57030 Zbl 1237.57013

[Neumann and Reid 1991] W. D. Neumann and A. W. Reid, “Amalgamation and the invariant
trace field of a Kleinian group”, Math. Proc. Cambridge Philos. Soc. 109:3 (1991), 509-515.
MR 92b:30053 Zbl 0728.57009

[Neumann and Reid 1992] W. D. Neumann and A. W. Reid, “Arithmetic of hyperbolic manifolds”,
pp- 273-310 in Topology *90 (Columbus, OH, 1990), edited by B. Apanasov et al., Ohio State Univ.
Math. Res. Inst. Publ. 1, de Gruyter, Berlin, 1992. MR 94c¢:57024 Zbl 0777.57007

[Neumann and Yang 1999] W. D. Neumann and J. Yang, “Bloch invariants of hyperbolic 3-manifolds”,
Duke Math. J. 96:1 (1999), 29-59. MR 2000h:57022 Zbl 0943.57008

[Paoluzzi and Zimmermann 1996] L. Paoluzzi and B. Zimmermann, “On a class of hyperbolic
3-manifolds and groups with one defining relation”, Geom. Dedicata 60:2 (1996), 113-123. MR 97e:
57014 Zbl 0857.57009


http://dx.doi.org/10.1080/10586458.2008.10129044
http://dx.doi.org/10.1080/10586458.2008.10129044
http://msp.org/idx/mr/2009h:57029
http://msp.org/idx/zbl/05500548
http://msp.org/idx/arx/0801.4815
http://dx.doi.org/10.1112/jlms/s2-27.2.345
http://msp.org/idx/mr/84m:57005
http://msp.org/idx/zbl/0516.57001
http://dx.doi.org/10.1007/BFb0085406
http://msp.org/idx/mr/82c:57005
http://msp.org/idx/zbl/0412.57007
http://dx.doi.org/10.1142/S0218216506004531
http://msp.org/idx/mr/2007a:57025
http://msp.org/idx/zbl/1090.57012
http://dx.doi.org/10.2140/agt.2008.8.1833
http://dx.doi.org/10.2140/agt.2008.8.1833
http://msp.org/idx/mr/2009g:57011
http://msp.org/idx/mr/2009g:57011
http://msp.org/idx/zbl/1162.57005
http://dx.doi.org/10.4153/CJM-1991-009-1
http://dx.doi.org/10.4153/CJM-1991-009-1
http://msp.org/idx/mr/92d:11040
http://msp.org/idx/zbl/0739.20020
http://dx.doi.org/10.1007/978-1-4757-6720-9
http://msp.org/idx/mr/2004i:57021
http://msp.org/idx/zbl/1025.57001
http://msp.org/idx/mr/92h:22021
http://msp.org/idx/zbl/0732.22008
http://msp.org/idx/mr/44:6955
http://msp.org/idx/zbl/0222.30029
http://books.google.com/books?id=WrKfdUgvtWIC&pg=PA215
http://books.google.com/books?id=WrKfdUgvtWIC&pg=PA215
http://msp.org/idx/mr/94g:57016
http://msp.org/idx/zbl/0769.57014
http://dx.doi.org/10.1016/S0079-8169(08)61637-2
http://dx.doi.org/10.1016/S0079-8169(08)61637-2
http://msp.org/idx/mr/758464
http://msp.org/idx/zbl/0599.57002
http://dx.doi.org/10.2140/gtm.1998.1.383
http://msp.org/idx/mr/2000h:57023
http://msp.org/idx/zbl/0902.57013
http://dx.doi.org/10.1090/conm/541/10687
http://msp.org/idx/mr/2012e:57030
http://msp.org/idx/zbl/1237.57013
http://dx.doi.org/10.1017/S0305004100069942
http://dx.doi.org/10.1017/S0305004100069942
http://msp.org/idx/mr/92b:30053
http://msp.org/idx/zbl/0728.57009
http://books.google.com/books?id=WrKfdUgvtWIC&pg=PA273
http://msp.org/idx/mr/94c:57024
http://msp.org/idx/zbl/0777.57007
http://dx.doi.org/10.1215/S0012-7094-99-09602-3
http://msp.org/idx/mr/2000h:57022
http://msp.org/idx/zbl/0943.57008
http://dx.doi.org/10.1007/BF00160617
http://dx.doi.org/10.1007/BF00160617
http://msp.org/idx/mr/97e:57014
http://msp.org/idx/mr/97e:57014
http://msp.org/idx/zbl/0857.57009

398 ERIC CHESEBRO AND JASON DEBLOIS

[Ratcliffe 1994] J. G. Ratcliffe, Foundations of hyperbolic manifolds, Graduate Texts in Mathematics
149, Springer, New York, 1994. MR 95j:57011 Zbl 0809.51001

[Reid and Walsh 2008] A. W. Reid and G. S. Walsh, “Commensurability classes of 2-bridge knot
complements”, Algebr. Geom. Topol. 8:2 (2008), 1031-1057. MR 2009i:57020 Zbl 1154.57001

[Ruberman 1987] D. Ruberman, “Mutation and volumes of knots in s3 ”, Invent. Math. 90:1 (1987),
189-215. MR 89d:57018 Zbl 0634.57005

[Thurston 1979] W. P. Thurston, “The geometry and topology of 3-manifolds”, 1979, Available at
http://library.msri.org/books/gt3m. Mimeographed lecture notes.

Received March 18, 2012. Revised August 13, 2013.

ERIC CHESEBRO

DEPARTMENT OF MATHEMATICAL SCIENCES
UNIVERSITY OF MONTANA

MATHEMATICS BUILDING 102

MiIssoOULA, MT 59812-0864

UNITED STATES

Eric.Chesebro@mso.umt.edu

JASON DEBLOIS

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF PITTSBURGH
301 THACKERAY HALL
PITTSBURGH, PA 15260
UNITED STATES

jdeblois @pitt.edu


http://dx.doi.org/10.1007/978-0-387-47322-2
http://msp.org/idx/mr/95j:57011
http://msp.org/idx/zbl/0809.51001
http://dx.doi.org/10.2140/agt.2008.8.1031
http://dx.doi.org/10.2140/agt.2008.8.1031
http://msp.org/idx/mr/2009i:57020
http://msp.org/idx/zbl/1154.57001
http://dx.doi.org/10.1007/BF01389038
http://msp.org/idx/mr/89d:57018
http://msp.org/idx/zbl/0634.57005
http://library.msri.org/books/gt3m
mailto:Eric.Chesebro@mso.umt.edu
mailto:jdeblois@pitt.edu

PACIFIC JOURNAL OF MATHEMATICS
Vol. 267, No. 2, 2014

dx.doi.org/10.2140/pjm.2014.267.399

TAUT FOLIATIONS
AND THE ACTION OF THE FUNDAMENTAL GROUP
ON LEAF SPACES AND UNIVERSAL CIRCLES

YOSUKE KANO

Let & be a leafwise hyperbolic taut foliation of a closed 3-manifold M and let
L be the leaf space of the pullback of & to the universal cover of M. We show
that if ¥ has branching, then the natural action of w1 (M) on L is faithful.
We also show that if & has a finite branch locus B whose stabilizer acts on
B nontrivially, then the stabilizer is an infinite cyclic group generated by an
indivisible element of w1 (M).

1. Introduction

Unless otherwise specified, we assume throughout this article that M is a closed
oriented 3-manifold and ¥ a codimension-one transversely oriented, leafwise hy-
perbolic, taut foliation of M. Here we say that % is leafwise hyperbolic if there is
a transversely continuous leafwise Riemannian metric on M where the leaves are
locally isometric to the hyperbolic plane, and that F is faut if there is a loop in M
which intersects every leaf of & transversely. Note that by [Candel 1993], if M is
irreducible and atoroidal, then every taut foliation of M is leafwise hyperbolic.
Leafwise hyperbolic taut foliations have been extensively investigated by many
people in connection with the theory of 3-manifolds (see, for example, Calegari’s
book [2007]). One of the most powerful methods of analyzing the structure of
such foliations is to consider canonical actions of 771 (M) on 1-manifolds naturally
associated with &. Two kinds of such 1-manifolds are known. The first one, denoted
L, is the leaf space of F, where 7 is the pullback of & to the universal cover M of
M. The action of 7 (M) on M induces an action of m1(M) on L. In the sequel we
refer to it as the natural action. The second one is a universal circle. By unifying
circles at infinity of all the leaves of a given @, Thurston [1998] (see also [Calegari
and Dunfield 2003]) constructs a universal circle with a canonical 71 (M) action.

This work is partially supported by the AGSST support program for young researchers, 2011, Chiba
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We say that & has branching if L is non-Hausdorff. The first result of this article
is the following:

Theorem 3.2. If & has branching, then the natural action on L is faithful.

This result is obtained from an investigation of both actions of 7{ (M) on the
leaf space and on the universal circle (see Section 3). Notice that the hypothesis
that & has branching is indispensable. In fact, just consider a surface bundle over
S! foliated by fibers. Notice also that, by Theorem 7.10 of [Calegari and Dunfield
2003], any taut foliation can be modified by suitable Denjoy-like insertions so that
the natural action associated with the resulting foliation becomes faithful. In the
case where the foliation is leafwise hyperbolic and has branching, our result is
stronger in that we assure faithfulness without performing any modifications.

Next we consider the stabilizer of a branch locus of . We call a subset B of L
a branch locus if B contains at least two points and can be expressed in the form
B =1lim,_,( v, for some interval {v; € L |0 <t < ¢} embedded in L. Furthermore, if
the parameter ¢ of the interval is incompatible (resp. compatible) with the orientation
of L, we call B a positive (resp. negative) branch locus. (Note that L has a natural
orientation induced from the transverse orientation of 97;_) Branch loci have been
studied, for example, in [Fenley 1998; Shields 2002]. For a branch locus B we
define the stabilizer of B by Stab(B) = {« € 71 (M) | «(B) = B}.

In the case where a branch locus B is finite, we obtain the following results about
the action of Stab(B) on B (see Section 5 for details).

Theorem 5.2. Let B be a finite branch locus of L. If an element of Stab(B) fixes
some point of B then it fixes all the points of B.

We remark that for Anosov foliations, Theorem D of [Fenley 1998] contains
results related to this theorem.

Let 7 : M — M be the covering projection. For a leaf A of %, we denote by A
the projected leaf 7 (1) of %.

Theorem 5.3. Let B be a branch locus of L. Then,

(1) if Stab(B) is trivial, A is diffeomorphic to a plane, and

(2) if B is finite and Stab(B) is nontrivial, A is diffeomorphic to a cylinder
forany A € B.

Theorem 5.6. Let B be a finite branch locus of L with a nontrivial stabilizer. Then
the stabilizer Stab(B) is isomorphic to Z.

We say that « € (M) is divisible if there is some § € 7;(M) and an integer
k > 2 such that « = 8. Otherwise we say « is indivisible.

Theorem 5.7. Let B be a finite branch locus of L such that Stab(B) acts on B
nontrivially. Then a generator of Stab(B) (= Z) is indivisible.
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For an oriented loop y in M, we say that y is tangentiable if y is freely homotopic
to a leaf loop (a loop contained in a single leaf) of %, and that y is positively
(resp. negatively) transversable if y is freely homotopic to a loop positively (resp.
negatively) transverse to F. As a final topic of this article, we study relations
between the infiniteness of branch loci and the existence of a nontransversable leaf
loop in M (see Section 6). One of the results we obtain is the following:

Theorem 6.5. Suppose F has branching. If there is a noncontractible leaf loop in
M which is not freely homotopic to a loop transverse to F, then & has an infinite
branch locus.

This article is organized as follows. In Section 2, we briefly review the Calegari—
Dunfield construction of a universal circle. Using their construction, we prove the
faithfulness of the natural action of 7{(M) on L in Section 3. In Section 4, we
introduce a notion of comparable sets and give several basic properties of such sets,
which are applied in Section 5 to the investigation of the structure of finite branch
loci and their stabilizers. In Section 6, we study how the nontransversability of leaf
loops in M is related to the infiniteness of branch loci in L.

2. Universal circles

The theory of universal circles was originally developed in [Thurston 1998], and
was written up carefully in [Calegari and Dunfield 2003]. In this section we briefly
recall the definition of a universal circle after the latter reference.

Let M, & and L be as in the introduction. Here the topology of L is the quotient
topology from M that is, there is a canonical projection map q : M—L sending a
point to the leaf containing it. The topology of L is the quotient topology from the
map q.

For A, u € L we write A < u if there is an oriented path in M from X to « which
is positively transverse to F. We say that A and p are comparable if either A <
or A > u. For a leaf A of @, the endpoint map e : T,A — {0} — Séo()‘) from the
tangent space of A at p to the ideal boundary of A takes a vector v to the endpoint
at infinity of the geodesic ray y with ¥ (0) = p and y’(0) = v. The circle bundle at
infinity is the disjoint union Eo =, ., Scl>o (1) with the finest topology such that
the endpoint map e : T@%\ (zero section) — E, is continuous. A continuous map
¢ : X — Y between oriented 1-manifolds homeomorphic to S! is monotone if it is
of mapping degree one and if the preimage of any point of Y is contractible. A gap
of ¢ is the interior in X of such a preimage. The core of ¢ is the complement of
the union of gaps.

Definition 2.1. A universal circle S&mv for ¥ is a circle together with a homomor—

phism pypiy : rrl (M) — Homeo™ (S1 ,) and a family of monotone maps ¢ : S, mv —
Soo ! (L), A € F, satisfying the followmg conditions:
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1. For every o € (M), the following diagram commutes:

S 1 Puniv (Ot) S 1

univ univ

¢Al %(Ml
sty —<= SLa®).

2. If A and p are incomparable, then the core of ¢, is contained in the closure of
a single gap of ¢, and vice versa.

Calegari and Dunfield’s construction for a universal circle is as follows. Let
I =0, 1] be the unit interval. A marker for % is a continuous map m : I x Rt — M
with the following properties:

o For each s € I, the image m(s x R™) is a geodesic ray in a leaf of F. We call
these the horizontal rays of m.

o For each t € R™, the image m(I x t) is transverse to F and of length smaller
than some constant depending only on .

We use the interval notation [, p] to represent the oriented image of an injective
continuous map ¢ : I — L such that ¢(0) = A and c¢(1) = . We call this the interval
from A to u. Here, notice that the orientation of such an interval is induced from
that of I (not from that of L).

Let J = [A, u] be an interval in L and let m be a marker which intersects only
leaves of @l J- Then the endpoints of the horizontal rays of m form an interval in
E|; which is transverse to the circle fibers. By abuse of notation we refer to such
an interval as a marker.

For each v € J, the intersection of Séo (v) with the union of all markers is dense
in S;O(v). If two markers m 1, m; in E|; are not disjoint, their union m| Um; is
also an interval transverse to the circle fibers. It follows that a maximal such union
of markers is still an interval. Again by abuse of notation we call such an interval a
marker.

A continuous section 7 : J — E|s is admissible if the image of T does not
cross (but might run into) any marker. The leftmost section t(p, J) : J — Exl;
starting at p € S._ (1) is an admissible section which is clockwisemost among all
such sections if the order of J is compatible with that of L, and anticlockwisemost
otherwise. Here, the meaning of “(anti-)clockwisemost” is the following: Consider
the universal cover E;rj =R x J of E|s and take a lift p € R x J of p. Then,
we say that 7 is clockwisemost (resp. anticlockwisemost) if for any admissible
section 7’ the lifts 7, 7" of 7, 7/ to R x J based at p satisfy 7(v) < T/(v) (resp.
7/(v) < T(v)) for any v € J. For any p the leftmost section starting at p exists.

Let B = lim;_,¢ v, be a branch locus and let w1, > € B. For each ¢t > 0, let
o, =[u1, v;] and B; = [v;, u2]. Then, we can define a map r, : S (i1) — SL (2)
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by r,(p) =t (t(p, as)(vy), Br)(2). As t tends to 0, r, converges to a constant map.
We denote the image of the constant map by r (w1, u2) € Séo (u2).

Definition 2.2. We call (i1, uo) the turning point from p to wu,.

Given a pair A, u € L, we define a geodesic spine from A to p to be a disjoint
union of finitely many intervals [D; 1, V;], 1 <i < n, in L (some of them may
degenerate to singletons), with the following properties:

(1) do=Axand v, = pu,
(2) v; and D; belong to a common branch locus foreach 1 <i <n —1, and
(3) n is minimal under the conditions (1) and (2).

Note that a geodesic spine connecting any two points in L exists and is unique.
Geodesic spines have been extensively used in [Barbot 1996; 1998; Fenley 2003;
Roberts et al. 2003].

For a point p in SL, (), the special section o, : L — En at p is defined as follows.
First, set 0,(A) = p. Next, pick any point u € L. We define o, (u) as follows:
When p is comparable with A, then o, is defined on [A, ;1] to be the leftmost section
starting at p. When p is incomparable with A, let [ [}_,[D;—1, V;] (n > 1) be the
geodesic spine from A to j. We then put r = r(V,_1, D,—1) € S, (D,_1) and define
o), on the interval [Dn—1, Vu] by 0, = 0. This completes the definition of o,.

Let & be the union of the special sections o, as p varies over all points in all
circles S (1) of points A in L. By [Calegari and Dunfield 2003, Lemma 6.25],
the set G admits a natural circular order. The universal circle S&niv will be derived
from G as a quotient of the order completion of & with respect to the circular order.
Remark that limits of special sections are also sections, hence that any element of
Sl

univ 18 represented by a section L — E.

3. Faithfulness of the action

We now show that if & has branching, the natural action of 7 (M) on the leaf space
L is faithful.

As explained in Section 2, every element o of Sleiv can be described as a section
0:L— Ex=J;c; S, () and that the maps ¢ : S! . — SL (%) are defined by
¢, (0) = o (A). For a point x in Séo (1), we define a (possibly degenerate) closed
interval I, in S&niv by I, ={o € S&niv | o(A) = x}. Then, for any x the interval I,
is nonempty because the special section o, at x belongs to /,. From the definition
of a turning point, we have the following fact: If w{, p, are in a branch locus and
if z is in S;O(,uz), then ¢, (0;) =r (2, p1); thatis, o, € Iy, u)-

Let L € L and o € w{ (M) be such that « (1) = A. Then «, as the restriction of a
covering transformation of M to A, induces an isometry of the hyperbolic plane A,

(hence also a projective transformation of Séo (1)). We notice that this isometry is a
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hyperbolic element (meaning that its trace is greater than 2). In fact, since it has no
fixed points in A, it is not elliptic. If it were parabolic, then it would yield in M a
noncontractible loop whose length can be made arbitrarily small, contradicting the
compactness of M.

The following is a key lemma.

Lemma 3.1. Let B = lim;_.q v; be a branch locus of L. If a € m1(M) fixes two
distinct points |11 and |1y in B and also fixes the interval {v, | 0 < t < €} pointwise,
then « is trivial in 7 (M).

Proof. Suppose « is nontrivial. Let py, g1 € S;o(,ul) and py, g2 € Sgo(uz) be the
fixed points of «, and let r| € Sgo (w1) be the turning point from po to . Without
loss of generality, we assume that p; # r;. Note that by construction of the universal
circle, the special sections o, and oy, in S&mv are fixed by puniv(o) fori =1, 2;
therefore the images ¢,, (0,,) and ¢,, (o,,) are fixed by « for any 7 € (0, €).

We claim that if # is sufficiently close to 0, then ¢, (0,,,) and ¢,, (I,,,) are disjoint
in Séo(vt). Take two distinct points x and y in Séo(m) — {p1, r1} so that the 4-
tuple (py, x, r1, y) lies in circular order. Because of the density of markers, for
sufficiently small # > O the 4-tuple (0, (v), 0x(v;), 07, (V1), 0y (17)) lies in Séo(v,)
also in circular order. Let K, be the closed interval in S._(v,) with boundary points
ox(v;) and oy (v;) and containing o, (v). Since I,, contains o, but not o, , o, and
oy, and since special sections cannot cross, ¢,, (1) is contained in K;. In particular,
¢y, (0p,) and ¢, (1)) are disjoint. This shows the claim.

For ¢ sufficiently close to 0, the two points o, (v;) and o, (v;) are distinct. Since
both o, and oy, pass through the turning point | from p to w1, it follows that
Gu, (0p,) = @y, (04,) =ry; that is, 0, and oy, are contained in I,. Therefore the 3
points o, (v;), 0, (v;) and oy, (v;) are also mutually distinct. Thus, we find at least
3 fixed points of & in S._(v,), contradicting the fact that « is a nontrivial orientation
preserving isometry of the hyperbolic plane v,. U

Now, the first main result of this article is the following:

Theorem 3.2. Let M be a closed oriented 3-manifold, and & a transversely oriented
leafwise hyperbolic taut foliation of M. If ¥ has branching, then the natural action
of w1 (M) on the leaf space of F is faithful.

Proof. This is a direct consequence of Lemma 3.1. U

4. Comparable sets

In this section we do not assume leafwise hyperbolicity of &. For a € 71(M), we
define the comparable set C, for o to be the subset of L consisting of points A
such that A and «()\) are comparable. Below we collect some basic properties of
comparable sets.



TAUT FOLIATIONS, LEAF SPACES AND UNIVERSAL CIRCLES 405

Obviously, ¢(Cy) = Cy, Cy = C,—1 and C,, C Cyi for every k > 0.

We say that & has one-sided branching in the positive (resp. negative) direction
if L has positive (resp. negative) branch loci but has no negative (resp. positive)
ones. If L has both positive loci and negative loci, then we say F has two-sided
branching.

Lemma 4.1. Let & have one-sided branching in the positive direction, and let
o € m(M). Suppose A and | are points in L such that A is a common lower bound
of uw and o(), meaning that A < p and A < a (). Then A € Cy,.

Proof. Since the natural action preserves the order of L, the inequality A < u implies
a(A) < a(w). Thus, by the hypothesis, o(u) is a common upper bound of A and
a(X). Since F has no branching in the negative direction, it follows that A and o ())
are comparable. (Il

From this lemma we see the following fact: Let & and « be as above. Then,
thereis A € L suchthat {u e L | n <A} C C,.

Lemma 4.2. Let o« € mi (M) and let )., u € Cy. Then the geodesic spine y from A
to |1 is entirely contained in Cq. Furthermore, if y is written as y = | ['_,[Di—1, ;]
(Do = A, v, = w) by using a union of intervals, then V;, v; are fixed by « for each
I1<i<n-—1.

Proof. Without loss of generality we may assume that A < D;. We may also assume
that (1) < A, because if &' (1) < A we may just consider ! instead of «.

We first treat the case when n =1 (that is, the case when A and p are comparable).
Suppose v ¢ C, for some v € [A, u]. Then we have v € [a(A), u] and a(v) €
[@(A), (pn)]. Since v and «(v) are incomparable, it follows that u and «(w) are
also incomparable, which is a contradiction. Therefore, we have [A, u] C Cy,.

Next, we assume 7 > 2. We claim that «(V;) = vy and «(p;) = 7. Note that

[a(), AUy = [@(t), 11U (]_[[ﬁi_l, m)

i=2
is the geodesic spine from «(X) to w, and that

n
a(y) =[a@), a()]U (]_[[Ol(f)i—l), 05(171‘)])
i=2
is the geodesic spine from () to a(u). Then the reader can work through the
several possibilities (¢ (V1) < V1, @(V) > Dy, or «(Vy) and v are incomparable) to
deduce that any point v € | [/_,[D;—1, V;] is incomparable with «(v), contrary
to the hypothesis that u € C,. Similarly, if a(D;) # 7;, we also obtain that
1175 [Pi—1, v 1NCy = @, and therefore u ¢ C,, which is a contradiction. The claim
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is proven. Since A, V1 € Cy, by arguing just as in the case of n = 1 we have that
[A, V1] C Cq. Now, since Dy € Cy, the induction on n proves the lemma. O

Lemma 4.3. Let o € w1 (M) and let B be an a-invariant branch locus. If {v;}o<s<¢
is an embedded interval such that B = lim;_,q v;, then there exists 0 < €' < € such
that v, is in Cy for any t € (0, €').

Proof. Let {v;}p<;<c be an embedded interval as described above. Then we have
a(B)=lim;_, ¢ a(v;). Since B =«/(B), the two intervals {v;}g<;<c and {a(vV;)}o<t <
are both asymptotic to B from the same direction as ¢ tends to 0. This with the fact
that L is a 1-manifold implies that the two intervals coincide near B. Thus, the
conclusion of the lemma follows. U

Proposition 4.4. For any @ € (M), C, is connected and open.

Proof. First, we will show connectedness. Let A and u be any points in C,, and
y =11'_[Di—1, Vi] (Vo = A, U, = w) the geodesic spine from A to . By Lemma 4.2,
we have that y C C,, and that v; and 7; are fixed by « foreach 1 <i <n — 1. Now
let B; (1 <i <n— 1) denote the branch locus which contains both v; and »;. Then
B; is a-invariant. Therefore, by Lemma 4.3, there is an interval {V;i}0<t<e C Cy
such that B; = lim,ov!. It follows that V; and D; can be joined by a path in
{v,"}o<;<€ C Cy, hence that A and p can be joined by some path.

Next, we will prove openness. Let A be any point in C,. If a(A) # A then
the open interval bounded by o~ (1) and a(}) is contained in C,, and contains A.
Thus, A is an interior point of C,. If a(A) = A, take any point u € L with A < p.
Then the interval [A, ] is mapped by « orientation preservingly onto the interval
[A, @(u)]. Since L is an oriented 1-manifold, there must exist v € (A, i] such that
[A, v) is contained in [A, u] N [A, @()]. This implies that [, v) is contained in
C,. Similarly, we can find < A such that (, A] is contained in C,. Consequently,
we have A € (n, v) C Cy, which means A is an interior point of C,. This proves the
proposition. (]

Here we give some definitions. For a geodesic spine y = ]_[?:1 [Di—1, v;], we call
n the length of y and denote it by /(y). Let A, u € L. As in [Barbot 1998], we
set d(A, u) =1(y) — 1, where y is the geodesic spine from X to . Moreover, we
define the fundamental axis A, of @« by A, ={A € L | d(X, a(}))) is even}. Notice
that C, ={A € L | d(\, (1)) = 0}, and therefore, C, C A,.

Proposition 4.5. Let @ € m(M). Suppose there is A € L such that d(A, a())) is
nonzero and even. Then Cyx = & for any k > 0.

Proof. Let y be the geodesic spine joining A to «(X). Since d(A, a (1)) is even
and since o preserves the orientation on L, there are no nontrivial overlappings
in composing k geodesic spines y, a(y), ..., "1 (y) successively, and the result
yUa(y)U---Uak~I(y) is the geodesic spine from A to o®(1). Then we have
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d(n, of(A)) = kd(h, @ (1)), and therefore d(A, & (1)) is nonzero and even. By
Corollary 2.20 of [Barbot 1998], o fixes no points, and stabilizes no branch loci.

By Proposition 2.10 of the same reference, we have that A = | ;. &' (y) is
the fundamental axis of o*. Then A can be expressed as a union of intervals
A= ]_[l- <z, vi] where v; and p;41 belong to a common branch locus. By [Barbot
1998, Corollary 2.11], there is an integer m # 0 such that ok (i, vi]) = [ivms Viem].
Since d(w, a* () = m # 0 for any i € A, it follows that u ¢ C,«. Therefore, we
have Cx = @, because Cyx C A. O

Lemma 4.6. Let o« € m(M) and A € L be such that A ¢ C, and that ) € Cyx for
some k > 1. Let y = [ [}_;[Vi—1, Vil (Do = A, V, = (X)) be the geodesic spine
from X to a(X). Then a(Vy,) = Dy, and o (V,,) = ¥y, where m =1(y)/2 (which is an
integer by the above proposition).

Proof. Let y; be the geodesic spine from A to a/ (1), and let 8y and §; be the
geodesic spines from A to vy, and from b, to « (L), respectively. By reversing the
transverse orientation of % if necessary, we can assume that v,, and b,, belong to a
common positive branch locus.

First, we show that v,, ¢ C,. Suppose on the contrary that v,, € C,. Note that
the length of the geodesic spine «(8p) joining a (1) to a(Vy,) is I(y)/2. So if vy,
and «(V,,) are comparable, the intersection y Na(8p) must coincide with §; as a
set. In particular, a(8p) cannot contain v,,. Therefore v,, > a(V,,). See Figure 1.
Then v,, > o*~1(¥,,), and we have

Vi =80 U [V, & 101U (8)).

Since y; passes through o*~1(¥,,) and o*~1(9,,), it follows that A and ¥ (1) are
incomparable, which contradicts the choice of A.

A Ol(ijm) a()\)

Figure 1. a(8g) is shown as a broken line in the case V,, € C,, and
as a dotted line in the case & (V) € (Vny, Vit1]-
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Next, we show that a(V,;) € (U, Vms1]. Suppose not. Then a(Vy,) is in the
interval (D, Vy,p1]; that is, the branch locus obtained from the embedded interval
(D, (D)) contains a(Dy,). It follows that b, and «(,,) are comparable. See
Figure 1. Since we are assuming that v,, and b,, belong to a common positive
branch locus, we have 7, < &(D,,). Then v,, < «*~1(D,,), and therefore

Vi = 80 U [, D) TUF1(8)).

Since yx passes through v, and ,,, it follows that A and ok (1) are incomparable,
which is a contradiction.
Finally, we consider other cases. If «(V,,) # Uy, we have

/T () —a/(y) > 1(y)/2 forall0<j <k.
Therefore, we have

L<i(y) <l(yp) <---<ly) =1

This contradiction shows that «(V,,) = ,,,. In particular, «(V,,) is nonseparated from
U,, on the negative side. So af (V) is also nonseparated from 7,, on the negative
side. We also have that af (¥,,) = V,. Otherwise, y, = 8o UaX (8¢), and therefore y;
passes through v, and a*(¥,,,), which belong the common branch locus. It follows
that A ¢ C,«, which is a contradiction. U

5. Branch loci and their stabilizers

In this section we focus on a branch locus of the leaf space L. We consider the case
where a branch locus is a finite set and clarify the structure of the stabilizer of such
a locus.

Lemma 5.1. Let B be a finite branch locus and let a € Stab(B). If puniv(e) has a
fixed point in S& then « fixes B pointwise.

niv?
Proof. Let a € Stab(B) be a nontrivial element satisfying the hypothesis of the
lemma, and let A be any point of B. Then, since B is finite, there exists some k € N
such that o (1) = 1. Notice here that «* is nontrivial in 771 (M), because by tautness
of & and by Novikov’s theorem [1965] our manifold M is aspherical and hence
has no torsion in 711 (M) (see [Hempel 1976, Corollary 9.9]).

Now, let us suppose by contradiction that a(A) # A. Let r € SL (1) be the
turning point from a(%) to A and let p € S! (1) be one of the two fixed points
of o* which is different from r. Then the special section op In S&niv is fixed by
Puniv(e®). This with the hypothesis that pyny (o) has a fixed point implies that
o, must be fixed by puniv(@) itself. So we have pyniv(a)(0),) € I,,. On the other
hand, since a(p) € S;O (x (1)), it follows from the definition of turning point that
Puniv(@)(0)) = 04 (p) € 1. This is a contradiction because I, and I, are disjoint. []
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Theorem 5.2. Let M be a closed oriented 3-manifold, and & a transversely oriented
leafwise hyperbolic taut foliation of M. Suppose & has a finite branch locus B. If
an element of Stab(B) fixes some point of B then it fixes all the points of B.

Proof. Let A be the «-fixed point in B, and let p, g € S;o (1) be the fixed points of «.
Theno,, 0, € S&niv are fixed by puniv(«). The result follows from Lemma 5.1. [
The next result gives information on topological types of leaves in a finite branch

locus.

Theorem 5.3. Let M be a closed oriented 3-manifold, and & a transversely oriented
leafwise hyperbolic taut foliation of M. Let B be a branch locus of L. Then,

(1) if Stab(B) is trivial, A is diffeomorphic to a plane, and
(2) if B is finite and if Stab(B) is nontrivial, A is diffeomorphic to a cylinder,
forany A € B.

Proof. Let A € B. Since & is taut, by Novikov’s theorem the inclusion map of each
leaf of & into M is mi-injective. So, if A is not a plane, there exists a nontrivial
element o € 71 (M) such that «(A) = A. This « must belong to Stab(B), showing
the first statement of the theorem.

To prove the second statement, suppose that B is finite and that Stab(B) is
nontrivial. Then, we can first observe that A is not a plane. In fact, let y be any
nontrivial element of Stab(B). Since B is finite, y" (1) = A for some n € N. By the
same argument as in the proof of Lemma 5.1 we see that y” nontrivial in 71 (M).
This shows the observation.

Now, by way of contradiction, let us assume A is not a cylinder, either. Then,
again by m-injectivity of the inclusion A — M, we can find elements «, 8 € 7 (M)
generating a free subgroup of rank 2 such that «(A) = B(X) = A. These two
elements are hyperbolic as isometries of A and having no common fixed point on
S;O (A). Let u be another leaf in B, and let r € S;O (1) be the turning point from
u to A. By exchanging « and B if necessary, we may assume «(r) # r. Then,
ok (r) # ol (r) for any k #1 € Z. Pick a point s € Séo(li) and consider the special
section oy at s. Then, puniv (@) (0y) = Ogk(s) 18 the special section at o*(s). Since
0ok (s) (M) = @3 0 puniv (@) (05) = ok 0 ¢y (0y) = ok (r), it follows that o* (r) is the
turning point from o« (1) to A. In particular, o* (i) # o (n) for k # I; hence, B
contains infinitely many elements o« (11), k € Z, contradicting the finiteness of B. [J

Remark 5.4. The author does not know whether or not there exists a branch locus
which has a trivial stabilizer.

Proposition 5.5. Let B = {\y, ..., A,} be a finite branch locus which has a non-

trivial stabilizer and let rl-j € Séo (Ai) be the turning point from A j to A;. Then there
exists 1 <k < n such that the set of turning points {r,f | j #£ k} is a single point in
S (w).
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Proof. By Theorem 5.3, each A; is a cylindrical leaf. Let y be a generator of
Stab(A1) = {o € 1 (M) | @ (A1) = A1}. By Theorem 5.2, y fixes all points in B. Let
pi,qi € S;o(ki) be the fixed points of y acting on S;O(Ai). Note that rij € {pi, qi}
for any i, j. Otherwise, B cannot be finite by the same argument as in the proof of
Theorem 5.3.

We suppose that {r1 | j # 1} = {p1, q1}. After renumbermg the indices if
necessary, we can assume that r1 = pi for 2<j<n;and r1 =gq forn; <j<n,
where 3 <n{ <n. Then, we claim that rnI _rn1 for1 <j<ni. Infact,let2 <j <n,
and take 4 points x, y, z, w as follows: x, y are in S;o()q) —{p1, q1} such that the
4-tuple (p1, x, q1, y) is circularly ordered, z € Séo(kj) and w € Scl,o()»nl) — {r,%l}.
Then, o, € I, 0y, € 1, and the 4-tuple (I, o, 1,,, 0y) is circularly ordered in
S&mv Furthermore, oy, 0y € Irrll and oy, ¢ 1’31' It follows that o, € I, 1 ; that is, rn1
is the turning point from A ; to A,,. This proves the claim.

Now, if {r,{1 | j #£ni} = {r1 } we can put k = ny. Otherwise, by renumbering
the 1ndlces again, we can assume that r;, = r! = p,, for 1 < j <ny (j # ny),

and rn1 =qp, forny < j <n, where n; <ny <n. Slmllarly, we have r/,2 = rl for

1 < j < ny. Since B is finite, we can find a desired & after repeating this process
finitely many times. (]

Theorem 5.6. Let M be a closed oriented 3-manifold, and & a transversely oriented
leafwise hyperbolic taut foliation of M. Let B be a finite branch locus of L with a
nontrivial stabilizer. Then the stabilizer Stab(B) is isomorphic to Z.

Proof. Let B={Ay, ..., A}, and let rij € Séo(ki) be the turning point from A to
A; fori # j. By Proposition 5.5, without loss of generality we can assume that
{r | j # 1} is a single point. Let y be a generator of Stab(X).

Now, if Stab(B) acts on B trivially, then each o € Stab(B) fixes A;. It follows
that there exists an integer k such that @ = y*; that is, y is a generator of Stab(B).

So we assume that Stab(B) acts on B nontrivially. By Theorem 5.2, y fixes
every point A; in B. Let p;, ¢; € SL (1;) be the fixed points of y acting on S! (1;).
Put Stab(B)(%1) = {a(A1) | @ € Stab(B)} = {1, ..., Ay} where 1 <m < n. Since
the natural action preserves the set of turning points, {rl:’ |1 <j<n,j#i}isalso
a single point for any i < m. Let us denote this single point by p;. It follows that
the subset {0}, | 1 <i <m} of SLlnlv is kept invariant by homeomorphisms pypiy (o)
for o € Stab(B). After renumbering indices if necessary, we can assume that the
m-tuple (0p,, ..., 0p,) is circularly ordered in SuIllV Let B € Stab(B) be such that
Puniv(B)(0p,) = 0p,; thatis, B(A1) = Ay. Since puniv(B) preserves the circular order
on S&mv, we have B();) = A;+1 where the indices i are taken modulo m.

Now, since ByB~' (1) = Aj, it follows that ByB~! = y* for some k # 0.
Moreover, there is / # 0 such that 8” = y!. It follows that g*" =X = gy! =1 = g™,
that is, B~V is trivial. If k # 1, 8 is a torsion element in 7r; (M), which is a
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contradiction. Therefore k = 1 and we have that y and § commute. Since (M)
is torsion-free, the subgroup (y, B | ¥'#~"") must be isomorphic to Z. It follows
that there is § € (M) such that y =8’ and B =8/ where i # 0 and j #0. Let «
be any element in Stab(B). Then «(X;) = A; for some 1 <i < m. By the choice of
y and B, we have that « can be represented as a word in y and §, and hence in 4.
It follows that Stab(B) is isomorphic to Z. O

We say that o € w1 (M) is infinitely divisible if for any integer ¢, there are k > £
and B € 1 (M) such that o = BF.

Theorem 5.7. Let M be a closed oriented 3-manifold, and F a transversely oriented
leafwise hyperbolic taut foliation of M. Let B be a finite branch locus of L such that
Stab(B) acts on B nontrivially. Then a generator of Stab(B) (£ Z) is indivisible.

Proof. Let B={A1, ..., A,}. By Theorem 5.6, Stab(B) is generated by some single
element . We assume by contradiction that « is divisible. Since M is aspherical (as
was noted in the proof of Lemma 5.1), 71 (M) has no infinitely divisible elements
(see [Friedl 2011, Theorem 4.1]). Hence, there exists an indivisible element S in
(M) such that o = ,3" for some k > 1.

Note that since 8 ¢ Stab(B), the points A; € B and 8(};) € B(B) are distinct for
any i. Moreover, we see that they are incomparable for any i. In fact, if A; and
B(X;) were comparable, say, A; < 8(A;), then A; < BE() = a(r), contradicting
the assumption that o € Stab(B).

Let {v;}p<r<c be an embedded interval such that B = lim;_,¢ v;. Since B is
o-invariant, it follows from Lemma 4.3 that there is some v € {v;}g<;<¢ such that
v € Cy = Cgr. We can (and do) take such v so that v also satisfies that v ¢ Cg. Let
]_[521 [Vi_1, ;] (I > 1) be the geodesic spine joining v to S(v). By the choice of v
and by Lemma 4.6, we have BX(V,,) = ¥, where m = [/2. It follows that pyniy (8%)
has a fixed point in S&mv- By Lemma 5.1, BX = « fixes all points in B, which is
a contradiction to the hypothesis, as o generates Stab(B) and Stab(B) acts on B
nontrivially. O

Remark 5.8. The author does not know whether or not there is a finite branch locus
B such that Stab(B) acts on B trivially and is generated by a divisible element.

We will give an example of a tautly foliated compact 3-manifold admitting a
finite branch locus whose stabilizer acts on the locus nontrivially. We remark that a
recipe how to construct such a locus has already been provided in [Calegari and
Dunfield 2003, Example 3.7], and our construction follows it.

Example 5.9. Let P = D?\ (E| U E») be the unit disk in C with two open disks
removed, where E{, E, are disks centered in —%, % with radius le respectively. Put
So=0D? S, =09E; and S, = 9E,. On P we consider a standard singular foliation
9 (see Figure 2) satisfying the following properties:
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\ /)
5

Figure 2. A singular foliation % of P.

(1) % has the origin as its unique singular point, which is of saddle type.
(2) %is transverse to 0 P.

(3) All leaves of § (except the 4 separatrices) are compact.

(4) 4 is symmetric with respect to both the x-axis and y-axis.

(5) The holonomy maps A1 : St \ {—‘l‘} — So and hy : S5\ {%} — Sy of 4 are
given by
hl(%ezme — %) — "0+ if0<f < 1,
hz(iezme—i-%):e”m if—%<9<%.

Let (P’,9") be a copy of (P, %9), and let ¢ : P — P’ be the map induced by the
identity. We construct a double ¥ = P U P’ using diffeomorphisms g; : S; — ¢(S;)
(fori =0, 1, 2) to glue S; to ¢(S;), where ¢! o g¢ is given by

C—l og0(62m'9) — eZni(9+a)
for some « €e R— @, and ¢ og; is the antipodal map of S; fori =1, 2. Since Ay, h>
preserve rational (with respect to 6) points in Sy, S> and Sp, it follows that ¢ and ¢’
induce a singular foliation 4" of ¥ with two saddle singularities and without any
saddle connection. By construction, the homeomorphism p of ¥ which is defined
to be the rotation by 7 in both P and P’ preserves %4”.

Fix a hyperbolic structure on . Then each leaf of §” except the singular points
and the separatrices is isotopic to a unique embedded geodesic, and the closure of
the union of these geodesics constitutes a geodesic lamination, say, A, on X. Note
that the two complementary regions Q1 and Q> to A are ideal open squares. There
exists a A-preserving homeomorphism i of X isotopic to p. Let M be the mapping
torus of ¥, thatis, M = X x [0, 1]/(s, 1) ~ (¥ (s), 0). Then A induces a surface
lamination A of M whose complementary regions R; are Q;-bundles over S! for
i =1,2. Denote by p; : R; — S' the bundle projection.
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Now we extend A to a foliation & of M by filling R; (for i = 1, 2) with leaves
diffeomorphic to Q; as follows. Denote the boundary components of R; by C;; and
C;», which are open cylinders. Let y; be an oriented loop in R; such that p;|y; is a
diffeomorphism onto S!. Then the composition yl-z = y; * y; is freely homotopic to
a leaf loop y;; of C;; which is a generator of 71(C;;). We foliate R; as a product
by leaves isotopic to the fibers Q; so that the holonomy along y;; is contracting
and the holonomy along y;; is expanding. Then the resulting foliation % is taut and
has two-sided branching, and each end of a lift of y; to M gives a branch locus
consisting of two points. Let «; be an element in 7 (M) whose conjugacy class
corresponds with the free homotopy class of ;. Then «; belongs to the stabilizer
of some branch locus and acts on the locus nontrivially, as desired.

6. Loops and actions

Given a loop in a tautly foliated manifold (M, %), it is natural to ask whether it is
transversable, or tangentiable, to %. In this section, we observe that these properties
of loops are expressed completely in the language of the natural action. Furthermore,
we consider relations between such properties and the branching phenomenon of F.

We do not need to assume leafwise hyperbolicity in the first two propositions
below.

Proposition 6.1. Let y be a loop in M, and « an element in 7\ (M, p) whose con-
jugacy class corresponds with the free homotopy class of y. Then, y is tangentiable
if and only if the action of a on L has a fixed point. Similarly, y is positively (resp.
negatively) transversable if and only if there is a point A in L such that a (L) > A
(resp. a (L) < A).

Proof. Let A be a leaf of F and suppose that the deck transformation o leaves A
invariant. Take any point x in A and join x to «(x) by a path in A. Then it projects
down to a leaf loop in M freely homotopic to «. Conversely, suppose y is a leaf
loop in M. Join the base point p to a point of y by a path ¢. Then, the loop
c*y xc~! represents an element of 77; (M, p) conjugate to . Obviously it has a
fixed point, hence so does «. The claim on transversability is also shown easily. [

We remark here that 71 (M) can have an element which is neither tangentiable
nor transversable. Such an element exists if and only if & has two-sided branching.
This fact is due to Barbot, and also follows from Lemma 4.1 and Proposition 4.5.
(Notice that if & has two-sided branching, there are A, u € L such that d(A, ) is
nonzero and even. Then by the tautness of %, we can find v € L which satisfies
d(n,v)=0,d(A,v)=d(\, u), and (L) = v for some a € m(M).)

Proposition 6.2. Let o« € m(M). Suppose there are points A, u € L such that
oa(A) > A and a(u) < . Then there exists a point v € L such that a(v) = v.
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Moreover, if . and . are incomparable, then such v can be found in some branch
locus.

Proof. If A and u are comparable, then the conclusion follows immediately from
the intermediate value theorem. If A and w are incomparable, then the conclusion
follows from Lemma 4.2. (]

This proposition means that if a loop in M is both positively and negatively
transversable to %, then it is tangentiable to %.

In the following we assume leafwise hyperbolicity and observe that tangentiability
and/or transversability of loops in M and the infiniteness of branch loci are closely
related.

Theorem 6.3. Let M be a closed oriented 3-manifold, and F a transversely oriented
leafwise hyperbolic taut foliation of M with one-sided branching. Suppose that
there is a noncontractible leaf loop y in M which is not transversable. Then every
branch locus of L is an infinite set.

Proof. Suppose that there exists a finite (say, positive) branch locus B={A1, ..., A, }.
Let « be an element in 771 (M) whose conjugacy class corresponds with the free
homotopy class of y. By Proposition 6.1, « has a fixed point in L, and for each
€ L if p is not fixed by o then o ¢ C,. Let v be a fixed point of . By Lemma 4.1,
for every n with n < v, we have n € Cy, and therefore o(n) = n. By replacing
B with B(B) for some 8 € m (M) if necessary, we can assume that A; < v and
therefore o(A1) = A;. This implies in particular that B is a-invariant. Since B
is finite, by Theorem 5.2 we have a(X;) = X; for any 1 <i <n. By Lemma 3.1,
o must be trivial, which is a contradiction. U

Corollary 6.4. Let M be a closed oriented 3-manifold, and F a transversely ori-
ented leafwise hyperbolic taut foliation of M with every leaf dense. Suppose that
there is noncontractible leaf loop y in M which is not transversable. Then every
branch locus of L is an infinite set.

Proof. Suppose there is a finite branch locus B. Let o € 1 (M) be as in the proof
of the preceding theorem. By Proposition 4.4, there is an embedded open interval
I C L such that I is contained in C,. Since every leaf of & is dense, there is
B € w1 (M) such that B(B) NI # &. Then the same argument as in Theorem 6.3
shows the conclusion. O

Theorem 6.5. Let M be a closed oriented 3-manifold, and & a transversely oriented
leafwise hyperbolic taut foliation of M with branching. Suppose that there is a
noncontractible leaf loop y in M which is not transversable. Then L has an infinite
branch locus.
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Proof. Let a be as in Theorem 6.3. Then « has a fixed point v € L, and for each
u € L if u is not fixed by « then u ¢ C,. Without loss of generality, we assume
that & has a positive branch locus.

We claim that there exist some v’ > v such that v’ and «(v’) are incomparable.
Put L' = {u | u > v}. Notice that «(L’) = L’. Then we can observe that L’ is a
submanifold of L with one-sided branching in the positive direction and contains
at least one branch locus. For, by the tautness of & we can find a positive branch
locus B" in L and B € 71 (M) such that B(v) is a common lower bound of all points
in B’; thatis, B~'(B’) C L'. If « fixes all leaves in L’, then by applying Lemma 3.1
to a branch locus in L’ we obtain that « is trivial in 77 (M), which contradicts the
hypothesis that « is represented by a noncontractible loop. Therefore, there exists
some V' € L which is not fixed by «. Since such v’ does not belong to C,, the claim
is shown.

Since v < V" and o (v) = v, it follows that v is a common lower bound for v’ and
a(vV'). Thus, the fact that v" and (v’) are incomparable implies that there is a unique
A € (v, V'] such that i € [v, V'] is fixed by « if and only if u € [v, A). Evidently,
A belongs to some a-invariant branch locus, say, B. Also note that py,iv () has a
fixed point because « fixes a point in L. We now show B is infinite. Suppose not.
Then, by Lemma 5.1, all leaves in B are «-fixed, contradicting (1) # A. (I
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A NEW MONOTONE QUANTITY
ALONG THE INVERSE MEAN CURVATURE FLOW IN R”

KwOK-KUN KWONG AND PENGZI MIAO

We find a new monotone increasing quantity along smooth solutions to the
inverse mean curvature flow in R”. As an application, we derive a sharp geo-
metric inequality for mean convex, star-shaped hypersurfaces which relates
the volume enclosed by a hypersurface to a weighted total mean curvature
of the hypersurface.

1. Statement of the result

Monotone quantities along hypersurfaces evolving under the inverse mean flow
have many applications in geometry and relativity. Huisken and Ilmanen [2001]
applied the monotone increasing property of Hawking mass to give a proof of the
Riemannian Penrose inequality. Brendle, Hung and Wang [Brendle et al. 2012]
discovered a monotone decreasing quantity along the inverse mean curvature flow
in anti-de Sitter—Schwarzschild manifolds and used it to establish a Minkowski-type
inequality for star-shaped hypersurfaces.

In this note, we provide a new monotone increasing quantity along smooth
solutions to the inverse mean curvature flow in R”:

Theorem 1. Let X be a smooth, closed, embedded hypersurface with positive mean
curvature in R". Let I be an open interval and X : ¥ x I — R" be a smooth map

satisfying

aX 1

—_— = —V,

ot H

where H is the mean curvature of the surface X; = X(X,t) and v is the outward

unit normal vector to ¥;. Let 2y be the bounded region enclosed by ¥; and
r = r(x) be the distance from x to a fixed point O. Then the function

(1-1)

(1-2) O(t) = e i=t! (n Vol(R2,) — nLl / r2H du)
—1/s,
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is monotone increasing and Q(t) is a constant function if and only if ¥ is a round
sphere for each t. Here Vol(S2) denotes the volume of a bounded region Q and du
denotes the volume form on a hypersurface.

As an application, we derive a sharp inequality for star-shaped hypersurfaces in
R” which relates the volume enclosed by a hypersurface to an r2-weighted total

mean curvature of the hypersurface.

Theorem 2. Let ¥ be a smooth, star-shaped hypersurface with positive mean
curvature in R". Then

(1-3) n Vol(Q) <

1
/I‘sz/,L
n—1 >

where Vol(R2) is the volume of the region Q enclosed by X, r is the distance to a
fixed point O and H is the mean curvature of X. Furthermore, equality in (1-3)
holds if and only if X is a sphere centered at O.

We give some remarks about Theorem 1 and Theorem 2. The discovery of the
monotonicity of Q(#) in Theorem 1 is motivated by [Brendle et al. 2012, Section 5].
To prove Theorem 1, we also need a result of Ros, proved using Reilly’s formula.
Once we know that Q(¢) is monotone increasing, to prove Theorem 2, it may be
tempting to ask whether lim;_, o, Q(¢) = 0? We do not know if this is true because
both Vol(£2;) and fEt r2H dyu grow like exp(n"T1 t) when {X;} are spheres, while
there is only a factor of exp(—% t) in (1-2). Instead, we take an alternate approach
by first proving Theorem 2 for a convex hypersurface X. The proof in that case
again makes use of Reilly’s formula. When X is merely assumed to be mean
convex and star-shaped, we prove Theorem 2 by reducing it to the convex case
using solutions to the inverse mean curvature flow provided by [Gerhardt 1990]

and [Urbas 1990].

2. Proof of the theorems

Given a compact Riemannian manifold (€2, g) with boundary X, Reilly’s formula
[1977] asserts that

(2-1) / IV2u|? + (V(Au), Vu) 4+ Ric(Vu, Vu) dV
Q

ou ou ou\?
= Au——IIVZu,VEu —2(Avu)——H| — ) du.
[t~ )28z~ (G0 ) di
Here u is a smooth function on €: V2, A and V denote the Hessian, the Laplacian
and the gradient on Q; Ay, and V= denote the Laplacian and the gradient on X;
v is the unit outward normal vector to X; II and H are the second fundamental
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form and the mean curvature of ¥ with respect to v; and Ric is the Ricci curvature
of g.

To prove Theorem 1, we need a result of [Ros 1987], which was proved by
choosing Au =1 on 2 and u = 0 at ¥ in the above Reilly’s formula.

Theorem 3 [Ros 1987]. Let (2, g) be an n-dimensional compact Riemannian
manifold with nonnegative Ricci curvature with boundary . Suppose ¥ has
positive mean curvature H ; then

(2-2) nVol(R2) < (n— 1)/ i du
s H

and equality holds if and only if (2, g) is isometric to a round ball in R".

Proof of Theorem 1. We use’ to denote differentiation with respect to 7. Some basic
formulas along the inverse mean curvature flow (1-1) in R” are

1

ik f 1
2-3 H=-As | = |-, du=du, VoI(Q) =| —dpu.
(2-3) g,(H) g G =du, Vol(Q) o H Iz

Let u = r2. Then u satisfies
(2-4) V2u=2g and Au=2n,

where g is the Euclidean metric. Now

(2-5) (/ uH du) :/ (w'H+uH' +uH)dpu.
E[ El‘

Let (-,-) be the Euclidean inner product. By (2-3), (2-4) and the divergence
theorem, we have

1
(2-6) [ uw' H dp :/ <Vu, —v>H dp = / AudV =2nVol(Q;).
P P H Q

By (2-4), we also have

ou ou
As u=Au—H— —V? =2n—1)— H—
X u u v u(v, V) (n ) B ,

which together with (2-3) and (2-4) implies

Ay u y|l?
2-7) qu’duzf (—L— )du
=, >, H H
2(n—1)  ou ull?
= - - d
/E,( H ‘o m )"

2(n—1) ulll?
=— 2n Vol(R;) — :
/zt 7 dm A+ 2nVol(€2) /thd“
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Substituting (2-6) and (2-7) into (2-5) yields

/ _ 2
(2-8) (/ uH du) =4nVol(Q,)+f (—2(” D _ ] +uH) du
pop )2

H H

2(n—1 H
S4nV01(Qt)+/ (— =) _ +uH) du
P H n—1
2(n—1 -2
=4nVo1(s2,)+f (— (=) n uH)d,,L
)P H n—1

)
< 4n Vol(Q,) — 2n Vol(2,) + "—1 wH dyu
n— >,

2
:2nVol(Q,)+"—/ uH dy,
n—1 >,

where we have used |17]% > ﬁH 2 in the second line and Theorem 3 in the fourth.
On the other hand, by Theorem 3 again, we have

1
(2-9) Vol(2;) = / —du > - Nol(Q)).
», H —1
It follows from (2-8) and (2-9) that
" n-=2
(n(n -1 Vol(Q;)— | uH du) > ! (n(n -1 Vol(2;)— | uH d,u)
B n—1 5

or equivalently

0 1 '
(2-10) |:e_n—%t(n Vol(Qt)——/ r’H d,u)] > 0.
n—1 poP!

We conclude that Q(¢) is monotone increasing, moreover Q () is a constant function
if and only if equalities in (2-8) and (2-9) hold. By Theorem 3, we know these
equalities hold if and only if X; is a round sphere for all . This completes the
proof of Theorem 1. O

Next, we prove Theorem 2 in the case that ¥ is a convex hypersurface.

Proposition 1. Ler X be a smooth, closed, convex hypersurface in R"*. Then
1
(2-11) n Vol() < —/ r2H dpu,
n—1 b))

where Vol(R2) is the volume of the region Q enclosed by %, r is the distance to a
fixed point O and H is the mean curvature of .. Moreover, equality in (2-11) holds
if and only if 3 is a sphere centered at O.

Remark. Proposition 1 generalizes the first inequality in Theorem 3.2(1) of [Kwong
2012].
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Proof. Apply Reilly’s formula (2-1) to the Euclidean region € and choose u = r?;

we have

2
4n(n—1) Vol(R2) = /II(VEM, Vzu) + 2(A2u)a—u + H 8_u du
5 Jdv av
Ay g2 —om—1)— g
where Avzu = Au—H o Vauw,vy=2m—-1)—-H R Therefore,

2
(2-12) /H(a—”) d,u:/ H(VZu, VZu) dp + 4n(n — 1) Vol (Q).
s \dv )

Since X is convex, II( -, -) is positive definite. Hence, (2-12) implies

(2-13) n(n—l)Vol(Q)f%/ H(V(rz),v)2 d,uf/ Hr?dpu.
z z

When n(n — 1) Vol(Q) = [+ Hr? dj, we must have II(VZu, Vzu) = 0, hence
VZu = 0. This implies that u = r2 is a constant on X, which shows that ¥ is a
sphere centered at O. O

To deform a star-shaped hypersurface to a convex hypersurface through the
inverse mean curvature flow, we make use of a special case of a general result of
Gerhardt and Urbas:

Theorem 4 [Gerhardt 1990; Urbas 1990]. Let X be a smooth, closed hypersurface
in R™ with positive mean curvature, given by a smooth embedding Xo : S"~1 — R".
Suppose X is star-shaped with respect to a point P. Then the initial value problem

X 1

_:_v’
(2-14) a H

X(+,0) = Xo(-),

has a unique smooth solution X : S"1 x [0,00) — R", where v is the unit
outer normal vector to ¥; = X(S"1,t) and H is the mean curvature of ¥;.
Moreover, X is star-shaped with respect to P and the rescaled hypersurface s,
parametrized by X (-, 1) = e=/®=D X (. 1), converges to a sphere centered at P
in the €°° topology as t — oc.

Proof of Theorem 2. By Theorem 4, there exists a smooth solution {3} to the

inverse mean curvature flow with initial condition ¥. Moreover, the rescaled

hypersurface S = {e~t/n=Dx | x € £} converges exponentially fast in the C *®

topology to a sphere. In particular, ¥, and hence T, must be convex for large t.
Let T be a time when X7 becomes convex. By Proposition 1, we have

1
nVol(27) < —/ r2H du;
n—1 ST



422 KWOK-KUN KWONG AND PENGZI MIAO

thus Q(T) < 0. By Theorem 1, we know that Q(¢) is monotone increasing. Hence
0(0) < Q(T) <0, which proves (1-3).

If the equality in (1-3) holds, then Q(0) = 0. It follows from the monotonicity
of Q(¢) and the fact Q(¢) < 0 for large ¢ that Q(¢) = 0 for all . By Theorem 1,
this implies that X is a sphere for each . By Theorem 1, X; is a sphere centered
at O for large ¢. Therefore, we conclude that the initial hypersurface ¥ is a sphere
centered at O. O

Remark. It can be shown that Theorem 2 is still true if the mean curvature is
only assumed to be nonnegative. Please refer to the arXiv version of this paper
(1212.1906) for details.
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NONFIBERED L-SPACE KNOTS

TYE LIDMAN AND LIAM WATSON

We construct an infinite family of knots in rational homology spheres with
irreducible, nonfibered complements, for which every nonlongitudinal fill-
ing is an L-space.

The Heegaard Floer homology of a rational homology three-sphere Y is an
abelian group HF (Y) satisfying tk HF (Y) > | H; (Y ; Z)| [Ozsvéth and Szab6 2004].
When equality is realized in this bound Y is called an L-space and any knot in Y
admitting a nontrivial L-space surgery is called an L-space knot [Ozsvath and Szabd
2005]. A result of Ghiggini [2008] and Ni [2007] shows that L-space knots in
the three-sphere must be fibered. Since manifolds with finite fundamental group
provide examples of L-spaces,! this result implies that a knot K in S* admitting
a finite filling must be fibered. This observation should be compared with other
restrictions related to finite fillings such as the Cyclic Surgery Theorem [Culler
et al. 1987] and its extensions [Boyer and Zhang 2001].

The restriction to knots in S> is not necessary. It is shown in [Boileau et al.
2012] that a primitive knot? in an irreducible L-space admitting a nontrivial L-space
surgery must be fibered. Irreducibility of the complement is required: removing
an unknot from an embedded three-ball in any L-space produces a nonfibered
manifold with nontrivial L-space fillings. Even in the general setting of knots in
rational homology spheres with irreducible complements fibered is not a necessary
condition:

Theorem 1. There exist infinitely many irreducible, nonfibered knot complements
such that all nonlongitudinal Dehn fillings are L-spaces. Moreover, these examples
arise as knots in manifolds with finite fundamental group.

Lidman was supported by a UCLA Dissertation Year Fellowship. Watson was partially supported by
an NSERC Postdoctoral Fellowship.
MSC2010: 57TM27.
Keywords: Heegaard Floer homology, L-space, fibration.

10zsvéth and Szab6 [2005] have shown that manifolds admitting elliptic geometry are L-spaces;
Perelman’s Geometrization Theorem (see [Kleiner and Lott 2008], for example) implies that three-
manifolds with finite fundamental group admit elliptic geometry.

2Recall that a knot K is primitive in Y if [K] € H{(Y; Z) is a generator.
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In particular, our examples are nonprimitive knots in L-spaces.

Before turning to the construction, we fix some terminology. Fibrations will
always be locally trivial surface bundles over a circle and we say the total space
fibers. To avoid confusion, we will refer to Seifert fibrations as Seifert structures;
these are foliations of a manifold by circles. The base orbifold is the leaf space of
such a foliation, where the (possibly empty) collection of cone points records the
multiplicities of the exceptional fibers in the Seifert structure. A circle bundle is a
Seifert structure for which there are no exceptional fibers.

Given a three-manifold M with torus boundary, a slope « is a primitive class in
H{(0M; 7)/{£1}. We use M («) to denote Dehn filling along «. If oM =T, U T,
for tori 7;, then we denote a-filling on T (respectively 7>) by M («, —) (respectively
M (—, @)). When M admits a Seifert structure, the slope given by a regular fiber
in the boundary is called the fiber slope. For background on Seifert structures
and Dehn filling we refer the reader to [Boyer 2002]. A key fact is that Dehn
filling a Seifert manifold with torus boundary along any slope « other than the fiber
slope results in a Seifert manifold with a possible additional singular fiber. The
multiplicity of this new fiber is A(e, ¢), the distance between the slopes o and ¢
[Heil 1974].

Finally, for knots in rational homology three-spheres recall that there is a preferred
slope given by the rational longitude. This slope is characterized by the property
that some number of like-oriented parallel copies in the boundary of the knot
complement bounds a properly embedded surface. We will refer to this slope as
the longitude. Note that an oriented three-manifold M with torus boundary for
which H{(M; Q) = Q always arises (nonuniquely) as the complement of a knot in
a rational homology three-sphere.

1. The twisted -bundle over the Klein bottle

Let N denote the twisted /-bundle over the Klein bottle. As this orientable three-
manifold with torus boundary plays a central role in our construction we will study
its construction in depth.

First consider the group G generated by f, g: R? — R3, where

fx,y,0=kx+1,y,2),
g(x9 yvz):(—X,)"Fl,—Z),

and consider the noncompact, orientable three-manifold N° = R?/G. Note that
the z-component of R3 gives N° the structure of a line bundle, the zero-section of
which is a Klein bottle; this is the unique line bundle over the Klein bottle with
orientable total space. By restricting the action of G to ]V~: R? x [—% %] CR3
we obtain the twisted /-bundle over the Klein bottle N = N/G.
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From this description two Seifert structures on N become apparent: the x- and
y-components of N both determine foliations of N by circles. (This is essentially
the observation that the Klein bottle is foliated by circles in two ways.) The leaf
space of the foliation described by the x-components is a Mobius strip without cone
points. Denote a regular fiber in this Seifert structure by ¢o. The base orbifold of
the foliation determined by y-components is D?(2, 2), with regular fiber denoted
¢1; this follows readily from a natural Heegaard decomposition which we now
describe.

From the preceding construction, a fundamental domain for N is obtained by
taking [—1, %)zx [-1,1]C R3. Then given a disk D? of radius less than § (and
centered at the origin of the xy-plane), the result of removing D? x [—1, 1] is
a genus-two handlebody. This gives rise to a Heegaard decomposition for N; a
Heegaard diagram corresponding to this decomposition is described in Figure 1,
from which the fundamental group 71 (N) = (a, b | a*>b*) may be calculated. Note
that since fgfg~' is trivial in the group G, the homomorphism determined by a >
fgf~'and b fg~!is well-defined and gives an isomorphism G = (a, b | a’b?).
Further, by considering a separating disk decomposing the handlebody into solid

Figure 1. Two views of the Heegaard diagram for the twisted
I-bundle over the Klein bottle N. With a and b generating the
fundamental group of the genus-two handlebody, N is obtained by
attaching a handle along a curve in the boundary representing a>b”
so that ¢g >~ ab and ¢; >~ b>. On the left, an annulus in the boundary
with core representing the element ¢y >~ ab may be used to find
the fundamental group of M, the complement of a regular fiber
in the interior of N, via HNN extension. On the right, the axis of
rotational symmetry shows that the hyperelliptic involution on the
handlebody induces a strong inversion on the pair (N, Kj) where
Ky is a knot in N isotopic to a regular fiber ¢g in the interior of N.
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tori, it is immediate that N is the union of two solid tori along essential annuli in the
boundary. By fixing Seifert structures on each of these solid tori with base orbifolds
D?(2), these annuli are foliated by regular fibers. The identification along these
essential annuli therefore extends to a Seifert structure on N with base orbifold
D?(2,2) as claimed.

Both Seifert structures induce foliations on the torus d N. Let ¢pg and ¢ be regular
fibers in 0 V, and notice that A(¢g, ¢1) = 1. (These conventions are consistent with
[Boyer et al. 2013, Section 3].) The longitude of N is homotopic to the element ab
(this element has order two in the abelianization of 71 (/NV)). That is, ¢¢ represents
the longitude of N. Any filling N («) for which o # ¢, ¢ admits a pair of Seifert
structures with base orbifolds RPZ(A (e, ¢)) and S2(2, 2, A(w, ¢1)). We point out
that these manifolds always admit elliptic geometry [Scott 1983].

Now consider a knot K in N that is isotopic to a regular fiber ¢ in the interior
of N. Define M by removing a neighborhood of Ky from N; by construction M
inherits a Seifert structure (the base orbifold is a punctured Mobius band). Now
oM = Ty UT, where T, denotes the boundary of a regular neighborhood of Kj.

The fundamental group of M is presented by

71(M) = (a, b, t|a*b*, [t,ab]).

To see this, consult Figure 1 and notice that M may be constructed by identifying
(disjoint neighborhoods of) each boundary component of the annulus with core
ab in dN. This gives rise to the HNN extension presented above. Notice that
M (—, n) = N for any slope on T satisfying A(u, ¢o) = 1. A preferred choice for
W is given by a representative of the homotopy class of ¢ in the above presentation.

A final observation pertains to a natural strong inversion on (N, Kg) that descends
to an involution on M with one-dimensional fixed point set. Recall that a strong
inversion on (N, Kj) is an orientation preserving involution on N that reverses
orientation on Kjy; such a symmetry is illustrated in Figure 1. The involution on
N is induced by the hyperelliptic involution on the genus-two handlebody since
the attaching curve is fixed (as a set) by this involution. A fundamental domain for
this involution is a three-ball, with one dimensional fixed point set. That is, N is

o=

Figure 2. The branch set for the manifold M = M(—, —) with
branch sets for the fillings M (¢, —) = N and M (¢, —). Notice
that M (¢, —) is reducible, containing an 52 x S! summand.
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the twofold branched cover of a two-tangle; this is the leftmost tangle in Figure 2.
We leave the following step to the reader: the genus-two handlebody is the twofold
branched cover of a three-tangle, and attaching the handle closes one of the arcs
(the arc meeting the attaching curve) to an unknotted curve in the branch set. The
same construction may be applied to the complement of Ky in N, to see that M is
the twofold branched cover of a tangle in S? x I. This tangle is shown in Figure 2.
Towards a proof of Theorem 1, our interest is in the family of manifolds

{M(—, ) | for any slope « with A(«, ¢g) > 1}.

Notice that each manifold in this set admits a Seifert structure with base orbifold a
Mobius band with a single cone point of order A(«, ¢g). Since M (¢, @) admits
a Seifert structure with base orbifold S2(2, 2, n) it follows that M (—, &) is the
complement of a knot in an elliptic manifold for all «.

2. The proof of Theorem 1
Let M be the complement of Ky in the twisted /-bundle over the Klein bottle N.
We assume all of the notation introduced in the previous section.
Lemma 2. Fix a slope o on T, with A(«, ¢o) = p. Then
S?x ST #82xS" ifp=0,
M(go, ) = { S*xS' #L(p.q) ifp>1,
§2x S! ifp=1.
Proof. Since (M) = (a, b, t | a*b?, [t, ab]) and ¢y =~ ab, we have that
1 (M (¢o, =) = (a, b, 1 | a°b?, [t, abl)/{(ab)) = (a, b, 1 | ab).
In other words, w1 (M (¢, —)) =Z+Z. If « = puu + q¢o, then
1 (M (o, @) = {a, b, t | ab)/{(t"(ab)?)) =Z*Z/p.

By Whitehead’s proof of Kneser’s conjecture [Whitehead 1958], M (¢g, ) is a
connect-sum of closed manifolds Y; and Y, with 7 (Y;) = Z and 71 (Y,) = Z/p.
Geometrization now establishes the lemma. [l

Remark 3. Alternatively, Lemma 2 follows from considering M (¢, —) as the
double branched cover of a tangle as in Figure 2. The unknotted component gives
rise to the S% x S' summand. Dehn filling corresponds to attaching a rational tangle,
which (ignoring the unknotted component) produces a two-bridge link and exhibits
the lens space connect-summand.

Proposition 4. For any @ on T, with A(a, ¢g) > 1, the manifold M (—, «) does not
fiber over the circle.
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Proof. Suppose that M (—, o) fibers. Since ¢y is the longitude, this is the only
filling that extends the fibration on M (—, «) as any other filling of M (—, «) results
in a rational homology sphere. By Lemma 2, M (¢, o) = S?x S # L(p, q) for
p = A(gg, o) > 2. Since M (¢, ) is fibered and mr (M (¢, @)) # O, the fiber
surface F must also have 7, (F) # 0 by the long exact sequence for a fibration.
Hence F must be S? or RP2. However, 1 (M (¢, «)) is not the fundamental group
of such a fibration, since it does not admit a surjective homomorphism onto Z with
finite kernel. U

Proof of Theorem 1. Fix a with A(«, ¢g) > 2. As the fiber slope of the Seifert
structure on M (—, «) is the longitude, all nonlongitudinal fillings will extend the
Seifert structure, yielding a base orbifold RP? with two cone points. By [Boyer
et al. 2013, Proposition 5], such manifolds are always L-spaces. Proposition 4
shows that M (—, «) is not fibered. Furthermore, M (—, «) is irreducible, since the
only orientable, reducible Seifert manifolds are S? x S! and RP? # RP? (and in
particular, are closed). Finally, M (—, «) is the complement of a knot in an elliptic
manifold as observed in Section 1. U

Remark S. Further examples may be constructed in an analogous way by removing
a regular fiber from any manifold which has a Seifert structure with base orbifold
RP? with any positive number of singular fibers. It is also possible to construct
examples, in a similar manner, admitting Sol geometry. The main observation is
that every Sol rational homology sphere is an L-space [Boyer et al. 2013, Theorem
2]. Since every such L-space arises by identifying two twisted /-bundles along
the boundary tori, one may consider the complement of the knot K in one of the
twisted /-bundles. In this setting, our construction goes through almost verbatim,
having noticed that the obvious essential torus must be horizontal to the purported
fibration of the exterior of K.

Question 6. All of our examples relied on the presence of an essential annulus,
and have nonhyperbolic exterior. Do there exist examples of hyperbolic, nonfibered
knots for which every nonlongitudinal surgery is an L-space?
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FAMILIES AND SPRINGER’S CORRESPONDENCE

GEORGE LUSZTIG

We establish a relationship between the known parametrization of a family
of irreducible representations of a Weyl group and Springer’s correspon-
dence.

Introduction

0.1. Let G be a connected reductive algebraic group over an algebraically closed
field k of characteristic p. Let W be the Weyl group of G; let IrrW be a set of
representatives for the isomorphism classes of irreducible representations of W over
Q;, an algebraic closure of the field of /-adic numbers (/ is a fixed prime number
other than p).

Now IrrW is partitioned into subsets called families as in [Lusztig 1979b, § 9;
1984a, 4.2]. Moreover to each family % in IrrW, a certain set X4, a pairing
{,}: Xgx X5 — @1, and an imbedding % — Xg was canonically attached in
[Lusztig 1979b; 1984a, Chapter 4]. (The set Xg with the pairing { , }, which can
be viewed as a nonabelian analogue of a symplectic vector space, plays a key role
in the classification of unipotent representations of a finite Chevalley group [Lusztig
1984a] and in that of unipotent character sheaves on G.) In [Lusztig 1979b; 1984a]
it is shown that X4 = M (%g) where 9z is a certain finite group associated to
% and, for any finite group I, M(I") is the set of all pairs (g, p) where g is an
element of I" defined up to conjugacy and p is an irreducible representation over
Q; (up to isomorphism) of the centralizer of g in I'; moreover { , } is given by the
“nonabelian Fourier transform matrix” of [Lusztig 1979b, § 4] for Ygz.

In the remainder of this paper we assume that p is not a bad prime for G. In this
case a uniform definition of the group ¥g was proposed in [Lusztig 1984a, 13.1]
in terms of special unipotent classes in G and the Springer correspondence, but
the fact that this leads to a group isomorphic to g as defined in [Lusztig 1984a,
Chapter 4] was stated in [Lusztig 1984a, (13.1.3)] without proof. One of the aims
of this paper is to supply the missing proof.
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MSC2010: 20G99.

Keywords: Weyl group, unipotent class, Springer correspondence.

431


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.267-2
http://dx.doi.org/10.2140/pjm.2014.267.431

432 GEORGE LUSZTIG

To state the results of this paper we need some definitions. For E € IrrW let
ag € N, bg € N be as in [Lusztig 1984a, 4.1]. As noted in [Lusztig 1979a], for
E € IrrW we have

(a) ag < bg;

we say that E is special if ag = bg.

For g € G let Z;(g) or Z(g) be the centralizer of g in G and let Ag(g) or A(g)
be the group of connected components of Z(g). Let C be a unipotent conjugacy
class in G and let u € C. Let %, be the variety of Borel subgroups of G that contain
u; this is a nonempty variety of dimension, say, ec. The conjugation action of Z (u)
on B, induces an action of A(u) on S, := H?**¢(R,, @1). Now W acts on S, by
Springer’s representation [Springer 1976]; however here we adopt the definition
of the W-action on S, given in [Lusztig 1984b] which differs from Springer’s
original definition by tensoring by sign. The W-action on S, commutes with the
A(u)-action. Hence we have canonically S, = ®pcirw E @ Vg (as W x A(u)-
modules) where Vg are finite dimensional Q;-vector spaces with A (u)-action. Let
Irrc W = {E € It W; V' g # 0}; this set does not depend on the choice of u in C. By
[Springer 1976], the sets Irr¢ W (for C variable) form a partition of IrrW; also, if
E € Irr¢ W then Vg is an irreducible A(u)-module and, if E # E’ in Irrc W, then
the A(u)-modules V'g, Vg are not isomorphic. By [Borho and MacPherson 1981]
we have

(b) ec <bg forany E €lircW,

and the equality bg = ec holds for exactly one E € Irrc W which we denote by E¢
(for this E, Vg is the unit representation of A(u)).

Following [Lusztig 1984a, (13.1.1)] we say that C is special if Ec is special.
(This concept was introduced in [Lusztig 1979a, § 9] although the word “special”
was not used there.) From (b) we see that C is special if and only if ag,. = ec.

Now assume that C is special. We denote by & C IrrW the family that contains
Ec¢. (Note that C — ¥ is a bijection from the set of special unipotent classes in G
to the set of families in IrrW.) We set Irrg. W = {E € Irrc W; E € %} and

H(u) ={a € A(u); a acts trivially on Vg for any E € Irrg W}.

This is a normal subgroup of A(u). We set Aw) = A(u) /¥ (u), a quotient group
of A(u). Now, for any E € Irrg W, V' is naturally an (irreducible) A(u)-module.
Another definition of A(u) is given in [Lusztig 1984a, (13.1.1)]. In that definition
Irr;. W is replaced by {E € Irrc W; ag = ec} and H(u), A(u) are defined as above
but in terms of this modified Irry, W. However the two definitions are equivalent in
view of the following result.
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Proposition 0.2. Assume that C is special. Let E € Irr¢W.

(a) We have ag < ec.
(b) We have ap = ec if and only if E € %F.

This follows from [Lusztig 1992, 10.9]. Note that (a) was stated without proof in
[Lusztig 1984a, (13.1.2)] (the proof I had in mind at the time of [Lusztig 1984a]
was combinatorial).

0.3. The following result is equivalent to a result stated without proof in [Lusztig
1984a, (13.1.3)].

Theorem 0.4. Let C be a special unipotent class of G, let u € C and let F be the
family that contains Ec. Then we have canonically Xg = M(A(w)) so that the
pairing { , } on Xg coincides with the pairing { , } on M (A(u)). Hence % can be
taken to be A(u).

This is equivalent to the corresponding statement in the case where G is adjoint,
which reduces immediately to the case where G is adjoint simple. It is then
enough to prove the theorem for one G in each isogeny class of semisimple, almost
simple algebraic groups; this will be done in Section 3 after some combinatorial
preliminaries in Sections 1 and 2. The proof uses the explicit description of the
Springer correspondence: for type A,, G, in [Springer 1976]; for type B, C,, D,
in [Shoji 1979a; 1979b] (as an algorithm) and in [Lusztig 1984b] (by a closed
formula); for type Fy in [Shoji 1980]; for type E, in [Alvis and Lusztig 1982;
Spaltenstein 1982].

An immediate consequence of (the proof of) Theorem 0.4 is the following result
which answers a question of R. Bezrukavnikov and which plays a role in [Losev
and Ostrik 2012].

Corollary 0.5. In the setup of Theorem 0.4 let E € Irr¢ W and let Vg be the
corresponding A(u)-module viewed as an (irreducible) A(u)-module. The image of
E under the canonical imbedding % — X5 = M(A(u)) is represented by the pair
(1,VEg) € M(A®u)). Conversely, if E € ¥ and the image of E under % — X4 =
M(A®w)) is represented by the pair (1, p) € M (A(u)) where p is an irreducible
representation of A(u), then E € Irr. Woand p = V.

0.6. Corollary 0.5 has the following interpretation. Let ¥ be a (unipotent) character
sheaf on G whose restriction to the regular semisimple elements is # 0; assume
that in the usual parametrization of unipotent character sheaves by | |5 Xg, ¥ cor-
responds to (1, p) € M(A(u)) where C is the special unipotent class corresponding
to a family &, u € C and p is an irreducible representation of A(u). Then Y|¢ is
(up to shift) the irreducible local system on C defined by p.
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0.7. Notation. If A, B are subsets of N we denote by AU B the union of A and B
regarded as a multiset (each element of AN B appears twice). For any set &, we
denote by P (%) the set of subsets of & viewed as an F,-vector space with sum given
by the symmetric difference. If ¥ # @ we note that {&, &} is a line in P(¥) and
we set P(X) = P(X)/{D, X}, Pey(X) = {L € P(X); |L| =0 mod 2}; let P, (¥) be
the image of P, (¥) under the obvious map P(X) — 9?(96) (thus P ey (X) = P(X)
if || is odd and @ev(%) is a hyperplane in 9’(%) if |%| is even). Now if ¥ # &, the
assignment L, L' — |L N L’| mod 2 defines a symplectic form on P, (¥) which
induces a nondegenerate symplectic form ( , ) on Py (%) via the obvious linear
map Pey(X) = Py ().

For g € G let g and g, be the semisimple and unipotent parts of g.

Forze Z weset |z] =zifz€Zand |z =z—5ifz€Z+ 7.

Errata to [Lusztig 1984a]. On page 86, on line —6 delete “b»’ < b” and on line
—4 before “In the language...” insert “The array above is regarded as identical to
the array obtained by interchanging its two rows.”

On page 343, line —5, after “respect to M’ insert “and where the group %g
defined in terms of (u’, M) is isomorphic to the group %s defined in terms of
(u, G)”.

Erratum to [Lusztig 1984b]. In the definition of A,, B, in [Lusztig 1984b, 11.5],
the condition I € « should be replaced by I € o and the condition I € & should
be replaced by I € «.

1. Combinatorics

1.1. Let N be an even integer > 0. Let a := (ap, a1, as,...,ay) € NN+ pe
suchthat ay < a1 <ay <---<ay,ap<a < a4 < ---,a1 <az <das < ---.
Let $ = {i € [0, N]; a; appears exactly once in a}. We have ¢ = {ig, i1, ..., om}

where M € N and iy < iy < --- < ipp satisfy iy = s mod 2 for s € [0, 2M]. Hence

for any s € [0,2M — 1] we have i;4; = iy + 2ms + 1 for some m; € N. Let

€ be the set of b := (bg, b1, ba, ..., by) € NN+ such that by < by < by < -+ -,

by < b3 < bs < --- and such that [b] = [a] (we denote by [b], [a] the multisets

{bo, by, ...,bn}, {ao, a1, ...,an}). We have a € €. For b € € we set
52(309519527"'73N)

Let [l;] be the multiset {1;0, 131, 132, el ISN}. Fors e {1,3,...,2M — 1} we define

alt = (a0 ,aié},ag},...,a}\‘;})e%by
{s {s {s} {s} {s} {s}
(@58 1158 105G hss oo @ Loy G (o 1)

= @iy 11, Aigs i 43, Qi 42, + 5 Qi1 2my 415> Aig+2m,)
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and al.{S} =aq; if i € [0, N]—[is, is+1]. More generally, for X C {1,3,...,2M — 1}

we define a¥X = (aé(,af(,af,...,aﬁ) €é byﬁx =ai{S} ifseX,ieli,is+1], and

aiX = q; for all other i € [0, N]. Note that [aX] = [a]. Conversely, we have the

following result.

Lemma 1.2. Let b € € be such that [5] =[a]. There exists X C {1,3,...,2M — 1}
such that b = a*X.

The proof is given in 1.3-1.5.
1.3. We argue by induction on M. We have
a=(1=y1<n=y2<-- <y =y <bj;<...)
for some r. Since [b] = [a], we must have
(b0, b2, bay .. ) = (Y1, y20 s Yro )y (b1, B3, D5, ) = (V1 Y2, ooy Yy ).
Thus,
(a) b; =a; for i <ip.

We have a = (- <ap,, <y, =y; <yy=y,<---<y/, =y, for some r’. Since
[b] = [a], we must have

(b05b25b45"')=(""yi’yé""7yy/~/)9 (bl»b3»b5»)=(-’yi7}7£"y;/)
Thus,
(b) b,‘ =daj; for i > i2M-

If M =0 we see that b = a and there is nothing further to prove. In the rest of the
proof we assume that M > 1.

1.4. From 1.3 we see that

(ap, ar, az, ..., Qjyy) = (o y iy <X =X] <X2=X3 <+ <Xg =Xg < Qjpy,)
(for some ¢g) has the same entries as (b, b1, b2, ..., b;,,,) (in some order). Hence
the pair

(.o oy bigyy—5, bisy—3, bisy, ), (oo biyyy—a, biyy—2, biyy,)

must have one of the following four forms.

ooy @iggg 1 X1, X250y Xg), (bv oy X1, X2, 0oy Xy Gigyy)s
(coa X1, X2, oy Xgs Gigy )y (oo iy g3 X1, X2, 000, Xg),s
("'7-x1a-x27"'7-xq)a ("'7ai2M_17x17x27"'$xq’ai2M)’
ooy @igg s X015 X25 ooy Xgs i)y (oo X1, X250y X))o



436 GEORGE LUSZTIG

Hence (..., bj,,,—2, bi,),—1, bi,,,) must have one of the following four forms.
(I) ("'7ai2M_|9x]’xl7x27-x27""xqaxqvaizM)7
(II) (""xlvai2M717x27x17x3ax27---’x(Ia xqfla aiZM,Xq),
(D) (oo @iy s 75 X15 X1, X2, X2, + ooy Xgs Xgs Gigyy)s
(IV) ("'7ai2M_|’Z/v-xlaZ//$x27x17x37x27"'9xq’xq—17ai2Maxq)a
where a;,,, , >z, ai,, , >z >z andallentriesin ... are <a;,,, ,. Correspondingly,
(G Eim_z, EiZM—l’ 15,-2M) must have one of the following four forms.
@ C..,ai, +h—q.x1+h—qg, x1+h—q+1,x20+h—qg+1,x2+h—qg+2,
o Xgth—1,x4+h, ap, +h),
a (...,xi+h—gq,ai,, ,+h—q,x2+h—q+1, xi+h—qg+1,x3+h—qg+2,
Xo+h—q+1,...,x4+h—1,x,_1+h—1,a;,,+h, x,+h),
dam (..., ai, +h—qg—-1,z+h—q, x1+h—q, x1+h—qg+1,x2+h—qg+1,
Xo+h—q+2,...,x+h—1,x,+h,a;, +h),
(IV) (-~'$ai2M71+h_q_1yzl+h_q_1’xl+h_QaZ//+h_q7x2+h_q+1s
xXi+h—qg+1,x3+h—q+2, xo0+h—q+1,...,x;+h—1,x,1+h—1,
aizM +h7 xq +h)7

where h = ipp/2 and in cases (III) and (IV), a;,,,_, +h — g is not an entry of
(' L] biZM—2’ biZM—ls biZM)'
Since (..., @iy, —2, Giyy—1, Ainy,) 18 given by (I) we see that a;,,, , +h —¢q is an

entry of (..., di,y,—2, Giyy—1, diny,)- Using (b) in 1.3 we see that
{' D) aiZM—Zv aizM—ly aizM} = ( L) bizM—Za biyw—]» biZM)

as multisets. We see that cases (III) and (IV) cannot arise. Hence we must be in
case (I) or (II). Thus we have either

(a) (biZM—l ) bi2M71+17 ceey bi2M727 biZMfl, bizM)

= (aiZM,] ) aiz}\/[,l-‘r] [ECIEICIE aiZM—Zv aizM—l ) aizM)
or
(b) (bizM,la biszl-‘rl? ceey biZM—Zv biz}w-lv bizM)
= (aiZM—l"l‘l’ Airpg_1> Ainpyg_143> Qigg_ 1425 « - -5 Aiggys aizM—l)'
!/ /
1.5. Leta’ = (ag, a1, ay, ..., al’ZM—lfl)’ b' = (by, b1, by, ..., biZM—lfl)’

a =, a1+, ax+1l,a3+2,a4+2,...,00,, -1+ Gom—1—1)/2),
];/ =(by,b1+1,by+1,b5+2,bs4+2,..., bizM_l—l + (oy—1—1)/2),

From [l;] = [a], (b) in 1.3 and (a)+(b) in 1.4 we see that the multiset formed by
the entries of a’ coincides with the multiset formed by the entries of b". Using
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the induction hypothesis we see that there exists X’ C {1,3,...,2M — 3} such
that b’ = a’X" where a’X’ is defined in terms of ¢/, X' in the same way as aX was
defined (see 1.1) in terms of a, X. We set X = X’ if we are in case (a) of 1.4 and
X = X'U{2M — 1} if we are in case (b). Then we have b = a* (see again (a) and

(b) in 1.4), as required. This completes the proof of 1.2.

1.6. We shall use the notation of 1.1. Let T be the set of all unordered pairs (2, B)
where 2, B are subsets of {0, 1,2, ...} and AUDB = (ag, ay, as, . ..,ay) as multi-
sets. For example, setting A5 = (ap, az, a4, ..., ay) and By = (ai, a3, ..., an—1),
we have (g, By) € T. For any subset a of $ we consider

g =((F—a)NA) U (aNBgy) U RlyNBy),
Bo=(F—a)NBz)U(anUz) U Ry NBy).
Then (24, B,) € T and the map a — (2, B,) induces a bijection 97’(}) <~ T
(Note that if a = & then (24, B,) agrees with the earlier definition of (2, By).)

Let T be the set of all (U, B) € T such that || = |A| and |B| = [Bgy|.
Let % ($)o be the subspace of %, (¥) spanned by the 2-element subsets

{aiov a;, }v {aizv ai3}v e {aizM_zv aizM_l}

of $. Let P($); be the subspace of P.,($) spanned by the 2-element subsets

{ail ) aiz}’ {ai3’ ai4}’ ey {aizM_l y aizM}

of $.
Let 97’({9)0 and @(})1 be the images of (%) and P($); under the obvious map
P(P) = P($). Then:

(@) P($)o and P($); are opposed Lagrangian subspaces of the symplectic vector
space P($), (, ) (see 0.7); hence ( , ) defines an identification

P(Po =P,
where 97)(})*1‘ is the vector space dual to 9}(})1.

Let ¥ and ¥ be the subsets of T corresponding to @’(})0 and 97’(}) 1, respectively,
under the bijection ?($) <> T. Note that o C T/, T, C T, and |Ty| = |T;| = 2M.

Forany X C {1,3,...,2M — 1} we set ax = ,.x{ai,, ai,,,} € P($). Then
(Aay, Bay) € Ty is related to a* in 1.1 as follows:

X X X X X X X
Aoy ={ag.ay,ay,...,ay},  DBaoy={aj,az,...,ay_,}
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1.7. We shall use the notation of 1.1. Let T be the set of all ordered pairs
(A, B) where A is a subset of {0,1,2,...}, B is a subset of {1,2,3,...}, A
contains no consecutive integers, B contains no consecutive integers, and A UB =
(do, ai, az, ..., ay) as multisets. For example, setting Ay = (ag, az, a4, . .., ay)
and By = (a;, az, ..., an—1), we have (Ag, By) € T.

For any (A, B) € T we define (A™, B™) as follows: A~ consists of xg <x;1—1 <
Xp—2<---<xp,—pwhere xg < x| <---<x, are the elements of A; B~ consists
of yj—1<y—2<--- <y, —q where y; <y, <--- <y, are the elements of B.

We can enumerate the elements of 7 as in [Lusztig 1984b, 11.5]. Let J be the
set of all ¢ € N such that ¢ appears exactly once in the sequence

(G0, ay, az, ..., an)="(ao, ai+1, ar+1, a34+2,a4+2, ... ,ay_1+N/2,ay+N/2).

A nonempty subset / of J is said to be an interval if it is of the form {i, i + 1,
i+2,...,j}withi—1¢J,j+1¢ J and with i # 0. Let $ be the set of intervals
of J. Forany s € {1,3,...,2M — 1}, the set I, :={a;, @i +1, Gi, 42, - - -, Ais+2m,+1}
is either a single interval or a union of intervals 1] L I2U. ..U I (t; > 2) where
a;, € ISI, Qi +2m,+1 € Ik, |IS1 |, |15 are odd, |I""| are even for h € [2, t; — 1] and any
element in /{ is < than any element in If/ fore < ¢'. Let $; be the setof all € $
such that / C I;. Let H be the set of all ¢ € J such that ¢ does not belong to any
interval. For any subset o C $ we consider
A= U UNAx)UJUNBz)UHNAg)U(Az N By),

Ie$—a lea
By= U UNBx)UJUNAz)U(HNBz)U(AzN By).
Ied—a =
Then (Ay, By) € T and the map « — (Ay, By) is a bijection P($) <> T. (Note
that if « = @ then (A, By) agrees with the earlier definition of (Ag, By).)

Let T'={(A, B) € T; |A|=|Ag|, |B| = |Bg|}, T1 ={(A,B) e T'; A"UB™ =
AL UB,}. Let (%) and P($) be the subsets of P(¢) corresponding to 7’ and
T} under the bijection P ($) <> T.

Now let X be a subset of {1,3,...,2M —1}. Letay = UseX $s € P($). From
the definitions we see that

(a) A;X = Q[ax’ Bo?x = %ﬂx

(in the notation of 1.6). In particular we have (Ay,, Byy,) € Ti. Thus |Tj| > 2M.
Using Lemma 1.2 we see that

(b) IT1| =2 and Ty ={(Aay. Bay); X C{1,3,...,2M —1}}.
Using (a) and (b) we deduce:

(©) The map Ty — % given by (A, B) — (A~—, B™) is a bijection.
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2. Combinatorics (continued)

2.1. Let N e N. Let

. N+1
a = (ag,a,ar,...,ay) €N

besuchthatayg <a; <ar <---<any,ap<ar<as<---,a1<az <as <--- and
such that the set ¢ := {i € [0, N]; a; appears exactly once in a} is nonempty. Now
$ consists of +1 elements ig < i <--- <iy,, where u €N, £ =N mod 2. We have
i =s mod 2 for s € [0, u]. Hence for any s € [0, u— 1] we have i;4 | =is+2m+1
for some m; € N. Let € be the set of b := (bg, by, by, ..., by) € NN+ such that
by <by <bs <---,by <b3 <bs <--- and such that [b] = [a] (we denote by
[b], [a] the multisets {bg, by, ..., bn}, {ag, a1, ...,an}). Wehavea € €. Forb e €
we set

b= (bo,b1,ba, ..., by)=(bo,b1,ba+1,b3+1,bs+2,b5s+2,...) e NN+,
Let [Z;] be the multiset {l;o, l;l, l;z, R l;N}. For any s € [0, u — 1] € 2N we define
att = (a({)“'}, ai‘v}, aé‘v}, e a]{(;}) € € by

(a{s} {s} {s} {s} {s} {s} )

R R PR P R T, PR, S|

= (i, 41, Aiys Qig+3, Qi 42, -« > Aiy42m, 41> Aiy+2m,)

and ai{S} =aq; ifi € [0, N]—[is, is4+1]. More generally, for a subset X of [0, —1]N2N
we define a¥ = (af, a¥,af, ..., al) e€bya} =a if s € X, i €[is, is41], and
aiX = q; for all other i € [0, N]. Note that [4X] = [&]. Conversely:

Lemma 2.2. Let b € € be such that [l;] = [a]. Then there exists X C [0, u—11N2N
such that b = a*.

The proof is given in 2.3-2.5.

2.3. We argue by induction on . By the argument in 1.3 we have
(a) b; =a; for i < i,

(b) b,' =da; for i > ilL‘

If © =0 we see that b = @ and there is nothing further to prove. In the rest of the
proof we assume that p > 1.

2.4. From 2.3 we see that (a;,, djj+1, ..., an) = (@j, <X] =X] <X =x3 <--- <
Xp =X, <aj <...) (for some p) has the same entries as (b;,, bjy+1, ..., by) (in
some order). Hence the pair (;,, biy+2, big+4, - . .), (big+1, big+3, Dig+5, - . . ) must
have one of the following four forms.

(ai09x19x29"'1xp’"')7(x17x27”’7xp’ai17”’)9
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(x19x29 "'7xp7ai19 "')7 (ai07x11x29 "'7x17, "')7
(ai07x17x27 "'9xp7ai1’ )? (-xlaxZ? --'s-xp5 "')’
(X1, X2, .oy Xpy ot )y @ig, X1, X2, ooy Xy @iy v )

Hence (b, biy+1, biy+2, - . ., by) must have one of the following four forms.

(D @iy, X1, X1, X2, X2, oo, Xp, Xp, Qs v -2 ),
(D (x1, @igy X2, X1, X3, X2, « oo, Xp, Xp_1, Aiys Xpy o0 ),
(D) (@ig, X1, X1, X2, X25 e ooy Xpy Xpy 2y Gy - -2 ),
(IV) (x1, dig, X2, X1, X3, X2, ..., Xp, Xp—1, 2, Xp, 2" iy, ..,

where a;, < z, a;, <z < Z” and all entries in ... are > a;,. Correspondingly,
(biy, big+1, big+2, - . ., by) must have one of the following four forms.

M @iy +h,xi1+h,xi+h+1,x2o+h+1,x+h+2,...,x,+h+p—1,
Xp+h+p,a,+h+p,...),

D (x1+h, ajy+h, xo+h+1, x1+h+1, x3+h+2, xo0+h+2, ..., x,+h+p—1,
Xp1+h+p—1,a;,+h+p,xp,+h+p,...),

D (ajy+h, x1+h, x;+h+1, xo0+h+1, x2+h+2, ..., x,+h+p—1,x,+h+p,
z+p.ai,+h+p+1,...),

AV) (x1+h, ajy+h, xo+h+1, x1+h+1, x3+h+2, xo0+h+2, ..., x,+h+p—1,
Xp_1+h+p—1,Z+h+p,x,+h+p,2"+h+p+1,a;,+h+p+1,...),

where h =1i(/2 and in cases (III) and (IV) a;, + h + p is not an entry of (l;,-o, I;io+1a
Bigyas - ).
Since (diy, Qig+1, Gig+2, - - - ) is given by (I) we see that a;, +h + p is an entry of

(@igs ig4+15 Aig42s - - - ). Using 2.3 we see that

{Giy» Qig+15 Gig+2s - - -} = {Dig, Dig+1, big+2, ...}

as multisets. We see that cases (III) and (IV) cannot arise. Hence we must be in
case (I) or (I). Thus we have either

(a) (bioa bl'()-i-l’ bi0+25 D) bi]) = (ai()v ai0+1 ) ai0+2’ e ai|)
or
(b) (bioa bio-i—l’ b[0+29 R bil) = (ai()-i-la iy, Aig+3, Aig+25 - - -5 Ajy ail—l)'

From 2.3 and (a)+(b) we see that if & = 1 then Lemma 2.2 holds. Thus in the rest
of the proof we can assume that u > 2.
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2.5. Letd' = (ai,+1, @i, 42, - - -, an), b’ = (bi, 41, bi, 2, . .., bN),

&/ - (ai|+19 ai[—}—Za ai1+3 + 17 ai1+4 + 17 ai1+5 + 2’ ai1+6 + 2a .. )v

I;/ = (bi]"l‘l? bi1+25 bi1+3 + 1’ bi1+4 + 1; bi1+5 + 25 bi1+6 + 25 .. )
From [l;] = [a], (a) in 2.3 and (a)+(b) in 2.4 we see that the multiset formed by
the entries of @’ coincides with the multiset formed by the entries of b Using the
induction hypothesis we see that there exists X' C [2, u — 1]N2N such that b’ =a’ X
where a’X’ is defined in terms of @/, X’ in the same way as a” (see 2.1) was defined
in terms of a, X. We set X = X’ if we are in case (a) of 2.4 and X = {0} U X" if we

are in case (b). Then we have b = a*X (see again (a) and (b) of 2.4), as required.
This completes the proof of Lemma 2.2.

2.6. We shall use the notation of 2.1. Let ¥ be the set of all unordered pairs
(2, B) where 2, B are subsets of {0, 1,2, ...} and AUDB = (ag, ai, as, ..., ay)
as multisets. For example, setting

Ay ={a;;i €[0, N]JN2N} and By ={a;;i [0, NIN(2N+ 1)},
we have (g, By) € T. For any subset a of $ we consider
As =((F—a)NAZ) U(aNBg) U Az NBy),
Ba=((F—a)NBg)U(aNz) U Ry NDBg).

Then (g, Ba) = (Ag_q, Ag_q) € T and the map a — (g, B,) induces a bijection
P($) < T. (Note that if a = @ then (2, B,) agrees with the earlier definition of

gz, Byz).)
Let T be the set of all (2, B) € T such that |2(]| = || and |B| = |By|. Let
P($)1 be the subspace of P($) spanned by the following 2-element subsets of $:

{aiy, ai,}, {aiy, aiy}s - .- {ai, 5 a5, ) 1f N is odd,
lai,, ai}, aiy, ai}, ..., {aiﬂ_1 , a,-ﬂ} if N is even.

Let % ($)o be the subspace of % ($) spanned by the following 2-element subsets of $:
{aiy, ai\} aiy, ais}, .. {ai, @i, b if N is odd,

{a,-o, a;, }, {a,-z, a,-z}, ey {ailkz, ai/H} if N is even.

Let @)(})0 and 93(})1 be the images of P($)p and P($); under the obvious map
P(P) = P($). Then:

(@) P(F)o and P(§), are opposed Lagrangian subspaces of the symplectic vector
space Pey($), (, ) (see 0.7); hence ( , ) defines an identification P($); =
P (). where P($)g is the vector space dual to P($)o.
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Let ¥y and ¥ be the subsets of ¥ corresponding to @)(})0 and 97)(}) 1 under the
bijection ?(§) <> T. Note that Tn C T, T| C T, |To| = |T1| = 2+/2,

For any X C [0, u — 11N 2N we set ax = U cx{ai,,ai,,} € P(F). Then
Ay, , Bqy) is related to a* in 2.1 as follows:

Aoy = (@ ;i € [0, NIN2NY, By, = {aX;i € [0, NIN 2N+ 1)}

2.7. We shall use the notation of 2.1. Let T be the set of all unordered pairs
(A, B) where A is a subset of {0,1,2,...}, B is a subset of {1,2,3,...}, A
contains no consecutive integers, B contains no consecutive integers, and AU B =
(o, a1, Gz, ..., ay) as multisets. For example, setting

Ay ={a:;i [0, NJN2N} and By = (&:i € [0, N]N N+ D)},

we have (Ag, By) € T.

For any (A, B) € T we define (A™, B™) as follows: A~ consistsof x; <xp—1 <
x3—2<---<xp—p+1where x; < x; <--- <x, are the elements of A; B~
consists of yj < y,—1<--- <y, —q+1 where yj <y, <--- <y, are the elements
of B.

We can enumerate the elements of 7 as in [Lusztig 1984b, 11.5]. Let J be the
set of all ¢ € N such that ¢ appears exactly once in the sequence

(ao, ar, az, ...,an) = (ag, a1, a2+ 1,a3+1,a4+2,as+2,...).

A nonempty subset / of J is said to be an interval if it is of the form {i, i + 1,
i+2,...,j}withi—1¢J,j+1¢J. Let $ be the set of intervals of J. For
any s € [0, u — 11N 2N, the set I, :={a;,, i +1, Qi,+2, - - -, Ai,+2m,+1} 1S either a
single interval or a union of intervals Is1 U IS2 U...ulk (t; > 2) where g;, € ISI,
Qi +2m,+1 € Ik, |Isll, |I§S| are odd, |IS”| are even for h € [2, t; — 1] and any element
in I¢ is < than any element in Ilf/ for e < €. Let §; be the set of all € $ such
that / C I;. For any subset « C $ we consider

Ae= U (UNAx)UUJUNBg)U(Ag N By),

Ie9—a lea
Ba= U (IﬂB@)U U(IﬂAg)U(AgﬂBg)
Ie9—a lea

Then (A, By) € T and the map « — (A, By) is a bijection P($) < T. (Note
that if « = @ then (A, By) agrees with the earlier definition of (Ag, Bg).)
Let
T'={(A,B) €T; |A| =|Agl, |B| = |Bsl},
Ty ={(A,B)eT'; A"UB = A_UBS}.

Let 97)(9)/ and 97)(9)1 be the subsets of 9?’(@) corresponding to 7’ and 7} under the
bijection ?($) < T.
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Now let X be a subset of [0, © — 1]N2N. Let ax = |J 95 € P($). From the
definitions we see that seX

(a) A;X = Qlax’ B(;X = sBax

(in the notation of 2.6). In particular we have (Ay,, By,) € T7. Thus |T1| > 2Lu/2]
Using Lemma 2.2 we see that

(b) IT1| =22 and Ty ={(Aay. Bay); X C [0, n — 11N 2N}
Using (a) and (b) we deduce:

(c) The map Ty — ¥ given by (A, B) — (A~, B7) is a bijection.

3. Proof of Theorem 0.4 and of Corollary 0.5

3.1. If G is simple adjoint of type A,, n > 1, then Theorem 0.4 and Corollary 0.5
are obvious: we have A(u) = {1}, A(u) = {1}.

3.2. Assume that G = Spy, (K) where n > 2. Let N be a sufficiently large even
integer. Now u : k" — k?" has i, Jordan blocks of size e (e = 1,2, 3, ...). Here
i1,I3,15,... are even. Let A = {e € {2,4,6,...};i. > 1}. Then A(u) can be
identified in the standard way with %(A). Hence the group of characters A(u) of
A(u) (which may be canonically identified with the F,-vector space dual to ?(A))
may be also canonically identified with %P (A) itself (so that the basis given by the
one-element subsets of A is self-dual).

To the partition 1i;+2ir+3i3+- - - of 2n we associate a pair (A, B) as in [Lusztig
1984b, 11.6] (with N, 2m replaced by 2n, N). We have A = (ap, az, da, . .., dy),
B=(ai,as,...,an_1), where dg <aj; <ap <--- <ay is obtained from a sequence
ap<a;<ay<---<ay asin1.1. (Here we use that C is special.) Now the definitions
and results in Section 1 are applicable. As in [Lusztig 1984a, 4.5] the family & is
in canonical bijection with ¥’ in 1.6.

We arrange the intervals in $ in increasing order /(y), 112, ..., I(r) (any element
in (1) is smaller than any element in /), etc.). We arrange the elements of A
in increasing order e; < ey < --- < eyr; then f = f’ and we have a bijection
$ < A, Iy < ey; moreover we have |I,)| = i,, for h € [1, f]; see [Lusztig
1984b, 11.6]. Using this bijection we see that A(u) and A(u) are identified with
the F,-vector space 2 ($) with basis given by the one-element subsets of $. Let
7 P(F) — P(I)] (the dual of P($); in 1.7) be the (surjective) F>-linear map
which to X C % associates the linear form L — |X N L| mod 2 on P($);. We will
show that

(a) kerm =H(u), with H(u) asinO.1.
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We identify Irrc W with T’ (see 1.7) via the restriction of the bijection in [Lusztig
1984b, (12.2.4)] (we also use the description of the Springer correspondence in
[Lusztig 1984b, 12.3]). Under this identification the subset Irrz. W of Irrc W be-
comes the subset 7} (see 1.7) of T’. Via the identification P (%)’ <> T’ in 1.7 and
A(u) < P (%) (see above), the map E +> Vg from T’ to A(u) becomes the obvious
imbedding P ($)" — P(¥) (we use again [Lusztig 1984b, 12.3]). By definition, J{(u)
is the set of all X € P(¥) such that for any L € P($); we have | X N L| =0 mod 2.
Thus, (a) holds.

Using (a) we have canonically A(u) = P(9$)7 via . We define an F>-linear map
P(I) — PP (see 1.6) by I = {a;,, a;,,,} for s € {1,3,...,2M — 1} (I, as
in 1.7). This is an isomorphism; it corresponds to the bijection 1.7(c) under the
identification T; <> P($)1 in 1.7 and the identification T <> 9_)(})1 in 1.6. Hence
we can identify P($)] with 97’(;5)1* and with P ($)( (see 1.6(a)). We obtain an
identification A(u) = P($).

By [Lusztig 1984a, 4.5] we have Xg = P (). Using 1.6(a) we see that P(§) =
M (97’(})0) = M(A®)) canonically so that Theorem 0.4 holds in our case. From
the arguments above we see that in our case Corollary 0.5 follows from 1.7(c).

3.3. Assume that G =SO,, (k) where n > 7. Let N be a sufficiently large integer such
that N =n mod 2. Now u : k" — K" has i, Jordan blocks of sizee (e=1,2, 3, ...).
Here i5, i4,i¢,... are even. Let A ={e € {1,3,5,...};i., > 1}. If A = & then
Aw) = {1}, A@w) = {1} and Y5 = {1} so that the result is trivial.

In the remainder of this subsection we assume that A # &. Then A(u) can be
identified in the standard way with the F,-subspace P, (A) of P(A) and the group
of characters A(u) of A(u) (which may be canonically identified with the F,-vector
space dual to A(u)) becomes P(A); the obvious pairing A(u) x A(u) — F, is
induced by the inner product L, L'+ |[L N L'| mod 2 on P(A).

To the partition 1iy+2iy+3i3+- - - of n we associate a pair (A, B) as in [Lusztig
1984b, 11.7] (with N, M replaced by n, N). We have A = {d;;i € [0, N]N 2N},
B=1(a;;i €[0, N]IN(2N+ 1)} where dg <d; <a <--- < ay is obtained from a
sequence ag <aj <ay <---<ay asin 2.1. (Here we use that C is special.) Now
the definitions and results in §2 are applicable. As in [Lusztig 1984a, 4.5] (if N is
even) or [Lusztig 1984a, 4.6] (if N is odd) the family & is in canonical bijection
with ¥’ in 2.6.

We arrange the intervals in $ in increasing order /1), I(2), ..., I(r) (any element
in /(1) is smaller than any element in /), etc.). We arrange the elements of A
in increasing order e; < ey < --- < ey; then f = f’ and we have a bijection
$ < A, I <> ep; moreover we have || =i, for h € [1, f]; see [Lusztig 1984b,
11.7]. Using this bijection we see that A(u) is identified with P.,($) and A(u) is
identified with ?($). For any X € Py (9), the assignment L — |X N L| mod 2 can
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be viewed as an element of @)(ﬁ)T (the dual space of P($); in 2.7 which by 2.7(b)
is an F,-vector space of dimension 2#/2)). This induces a (surjective) F>-linear
map 7 : Pey(F) — P($)]. We will show that

(a) kerm =H(u), with H(u) asin0.1.

We identify Irrc W with T’ (see 2.7) via the restriction of the bijection in [Lusztig
1984b, (13.2.5)] if N is odd or [ibid., (13.2.6)] if N is even (we also use the
description of the Springer correspondence in [Lusztig 1984b, 13.3]). Under this
identification the subset Irri, W of Irrc W becomes the subset T (see 2.7) of 7.
Via the identification 9?(9)’ < T’ in 2.7 and A(u) < P($) (see above), the map
E+— Vg from T’ to A(u) becomes the obvious imbedding P(F)y— P(F) (we use
again [ibid., 13.3]). By definition, ¥ (u) is the set of all X € P, ($) such that for any
L € ?(9) representing a vector in @3(9)1 we have | XNL| =0 mod 2. Thus, (a) holds.

Using (a) we have canonically A() = ?/_3(9)’{‘ via . We have an F,-linear map
P($)1 — P($)o (see 2.6) induced by I > {a;,, a;,,,} for s € [0, w — 11N 2N (I,
as in 2.7). This is an isomorphism; it corresponds to the bijection 2.7(c) under
the identification 7} <> P($); in 2.7 and the identification ¥; <> 97’(})0 in 2.6.
Hence we can identify 97’(55)’1‘ with @_’(})E‘; and with ?($), (see 2.6(a)). We obtain
an identification A(u) = P($);.

By [Lusztig 1984a, 4.6] we have Xg = @’ev(}). Using 2.6(a) we see that
97’(9) = M(@’(})l) = M(A(u)) canonically so that Theorem 0.4 holds in our case.
From the arguments above we see that in our case Corollary 0.5 follows from 2.7(c).

3.4. In 3.5-3.9 we consider the case where G is simple adjoint of exceptional type.
In each case we list the elements of the set Irrc W for each special unipotent class
C of G; an element e of Irrc W — Irrz W is listed as [e]. (The notation for the
various C is as in [Spaltenstein 1985]; the notation for the objects of IrrW is as
in [Spaltenstein 1985] (for type E,) and as in [Lusztig 1984a, 4.10] for type Fj.)
In each case the structure of A(u), A(u) (for u € C) is indicated; here S, denotes
the symmetric group in n letters. The order in which we list the objects in Irrc W
corresponds to the following order of the irreducible representations of A(u) = S,

l,e (n=2),
l,r,e (n=3,G # Gy),
1,r (n=3,G = Gy),
LAl A% o (n=4),
Lv, AL v, 2203 (n=5),
in the notation of [Lusztig 1984a, 4.3]. Now Theorem 0.4 and Corollary 0.5 follow

in our case from the tables in 3.5-3.9 and the definitions in [Lusztig 1984a, 4.8—4.13].
(In those tables S, is the symmetric group in n letters.)
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3.5. Assume that G is of type Es.
Irrg, W = {1o}: A(w) = {1}, A(u) = {1}.
It gy W = {81} A@) = {1}, A@w) = {1}.
Iy a) W = {352)5 A(w) = {1}, A(uw) = {1}.
Trrp, 4, W = {1123, 28s}; A(u) = Sp, A(u) = Ss.
Irrp, W = {2104, 1607}; A(u) = Sp, A(u) = S>.
Irr g, a4, W = {5605, [5081}; A(u) = Sa, A(u) = {1}.
g, @y W = {5676); Aw) = (1}, Aw) = {1}
IerS(al)W = {7006, 3003}; A(u) = S2, A(u) = Sz.
II‘I‘E7((,,2)A1 W = {14007, 10089, 5619}; A(Lt) = S3, A(u) = S3.
Trra, W = {1400, 157519, 35014}; A(u) = Sz, A(u) = S;.
Irrp, W = {32409, [105010]}; A(u) = S, A(u) = {1}.
Ierg(Ll3)W = {224010, [17512], 84013}; A(uz = S3, A(M) = Sz.
II‘I‘DGA1 W = {226810, 129613}; A(u) = Sz, A(u) = Sz.
II'I‘EC)((“)A1 W = {409611, 409612}; A(u) = Sz, A(u) = Sz.
Trrg, W = {52512); A(u) = {1}, A(u) = {1}. ]
II‘I‘D7(a2)W = {420012, 336013}; A(u) = Sz, A(u) = SQ.
Trr g ap W = {280013, 210016}; A(u) = S, A(u) = S».
Irrp 4, W = {453613, [840141}; A(u) = So, A(u) = {1}.
It pg(apya, W = (607514, [700161}; A(u) = S, A(u) = {1}.
Trraga, W = {283514); A(u) = {1}, A(u) = {1}.
Irrg W = {42005} Aw) = (1}, A@w) = {1},
II‘l‘Dﬁ(al)W = {560015, 240017}; A(u) = Sz, A(u) = Sz.
Trrya, W = {448016,453615, 567015, 140040, 168022, 7032}; A(u) =S5, A(u) = Ss.
Trrp, W = {210020}; A(u) = {1}, A(u) = {1}.
II‘I‘(ASAI)//W = {560021, 240023}; A(u) = Sz, A(u) = Sz.
Irrp, 4, W = {42005, [16824]}; A(u) = Sp, A(u) = {1}.
Irra, a0, W = (283520} A(u) = {1}, A(u) = {1}.
Irrp 4, W = {453623}; A(u) = {1}, A(u) = {1}.
Iers(al)W = {280025, 210028}; A(M) = Sz, A(u) = Sz.
Trra,on, W = {4200,4, 336025}; A1) = S5, A(u) = S5.
Irrp, W = {52536}; Aw) = {1}, Au) = {1}.
Irtp 4, W = {409626, 409627}; A(u) = Sz, A(u) = Ss.
Trra, W = {226830, 129633}; A(u) = S5, A(u) = S,.
Irrp, 4 A, = {22408, 84031}; A(w) = Sz, A(u) = S,.
Irra,a, W = {32403, 972321} A(u) = Sz, A(u) = {1}.
II‘I‘D4(a|)A] W = {140032, 157534, 35038}; A(M) = S_g,, A(u) = S3.
Irtp, o) W = {140037, 100839, 5649}; A(u) = S3, A(u) = S3.
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Trrpq, W = {70042, 30044}; A(u) = Ss, A(u) = Ss.
Trra, W = {56746); A(w) = {1}, A(u) = {1}.
Irrp0a, W = {56047}; A(u) = {1}, Aw) = {1}.
IITAZAI W= {21052, 16055}; A(u) = Sz, A(u) = Sz.
Trra, W = {11263, 2863}; A(u) = Sp, A(u) = Ss.
Irrpa, W = {3574} Aw) = {1}, Aw) = {1}.
Irra, W = {801}; A(u) = {1}, A(u) = {1}.

Irro W = {1120} Aw) = {1}, Aw) = {1}.

3.6. Assume that G is adjoint of type E7.
Irre, W = {1o}; A(w) = {1}, A@w) = {1}.
Irre, oy W = {71} Aw) = {1}, A(u) = {1}.
Ity ) W = (272} AGw) = {1}, A(w) = {1}.
Irtpoa, W = {563, 216}; A(u) = S2, A(u) = Ss.
Irrg, W = {213}; A(u) = {1}, A(u) = {ll.
Irtg o) W = {1204, 1055}; A(u) = S2, A(u) = Ss.
It py(ana, W = {1895, [1571}; A(u) = S, A(u) = {1}
It pya) W = {2106} A() = {1}, Aw) = {1}.
Irrp W = {1056}; A(u) = {1}, A(u) = {1}.
Irrpa, W = {1686}; A(u) = {1}, Aw) = {1}.
Irrp, W = {1897}; A(u) = {1}, A(u) = {1}.
Itt g (apa, W = (3157, 2800, 3513}; A(u) = S3, A(u) = Ss.
Irraa,y = {405g, 18910}; A(u) = Sa, A(u) = Ss.
It pyana, W = {3780}; A(u) = {1}, A(u) = {1}.
Irra, 4, W = {21010}; A() = {1}, A(u) = {1}.
Iers(cu)W = {42010, 33611}; A(u) = Sz, A(u) = Sz.
Irr gy W = {10512); A(u) = {1}, Au) = {1}.
II‘I'A4A1 W = {51211, 51212}; A(u) = Sz, A(u) = Sz.
Irrp, W = {105;5}; A(u) = {1}, A(u) = {1}.
II‘I‘A4W = {42013, 33614}; A(bt) = Sz, A(u) = Sz.
Ity p,4, W = {21013); A(u) = {1}, A(w) = {1).
Irra, 4, W = {37814, [84151}; A(u) = So, A(u) = {1}.
Ier4(a1)A1W = {40515, 18917}; A(u) = SQ, A(u)_: SQ.
Ier4(al)W = {31516, 28013, 3522}; A(u) = S3, A(u) = Sg.
Irrcas 4,0 W = {18920} A(w) = {1}, Aw) = {1}.
Iy a, W = {16821}; A(u) = {1}, A(w) = {1}.
Tirgy3a, W ={10521}; A(w) = {1}, A(w) = {1}.
Irrg, W = {21021}; A(w) = {1}, A(w) = {1}.
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Irrpu, W = {1895} A(u) = {1}, A(w) = {1}.
IrrA2A| W = {12025, 10526}; A(u) = Sz, A(u) = Sz.
Irs 40 W = {2136}; A(u) = {1}, A(w) = {1}.
Trra, W = {5630, 2133}; A(u) = S», A(u) = S».
Irroa, W = {2737} A(w) = {1}, A(w) = {1}.

Irra, W = {T46}; A) = {1}, A(u) = {1}.

Irrp W = {le3}; A(u) = {1}, A(w) = {1}.

3.7. Assume that G is adjoint of type E.
Irrg, W = {10} Au) = {1}, A@w) = {1}.
Irtggan W = {61}; Aw) = {1}, A(w) = {1}.
Irrp, W = {202}; A(u) = {1}, A(u) = {1}.
Irtpsa, W = {303, 155}; A(u) = 52, A(u) =5.
Irtpy ) W = {644}; A(w) = {1}, A(u) = {1}.
Irra 4, W = {60s}; A(u) = {1}, AQw) = {1}.
Irra, W = {816}; A(w) = {1}, A(u) = {1}.
Irrp, W = {24¢}; A(u) = {1}, A(u) = {1}.
II‘I‘D4(al)W = {807, 908» 201()}; A(u) = S3, A_(u) = S3.
Irroa, W = {2410} A(w) = {1}, A(w) = {1}.
Irra, W = {8110}; A(w) = {1}, A(u) = {1}.
Irrp,ou, W= {6011 }; A(u) = {1}, A(w) = {1}.
Irrp,a,w = {6413} A(w) = {1}, A@w) = {1}.
II‘I‘A2W = {30]5, 1517}; A(M) = Sz, A(u) = SQ.
Irrpa, W = {2020}; A(u) = {1}, A(u) = {1}.
Irra, W = {605}; A(w) = {1}, A(u) = {1}.
Irrs W = {136}; A(u) = {1}, A(w) = {1}.

3.8. Assume that G is of type Fj.
Irrp, W = {11}; A(u) = {1}, A(u) = {1}.
Irrp, )W = (42, 23} A(u) = Sp, A(u) = Ss.
Irtpy ) W = {91} A(w) = {1}, Aw) = {1}.
Irrg, W = {81} A(u) = {1}, A(w) = {1}.
Irre, W = {83}; A(u) = {1}, A(u) = {1}.
II‘I‘F4(a3)W = {121, 93, 62, 13}; A(u) = S4, A(M) = S4.
Irr; W={8}; A(w) = {1}, A(w) = {1}.
Irra, W = {84, [121}; A(u) = $2, A(u) = {1}
Irr, 4 W ={9}; Aw) = {1}, A(w) = {1}.
Irr; W= {45, 22}; A(u) = S5, A(u) = S.
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Irrg W = {14}; A(u) = {1}, A(u) = {1}.

3.9. Assume that G is of type Ga.

Irrg, W is the unit representation; A(u) = {1}, A®w) = {1).

Irrg,q, )W consists of the reflection representation and the one dimensional
representation on which the reflection with respect to a long (resp. short) simple
coroot acts nontrivially (resp. trivially); A(u) = S3, A(u) = S;.

Irrp W = {sgn}; A(u) = {1}, A(w) = {1}.

3.10. This completes the proof of Theorem 0.4 and that of Corollary 0.5.

We note that the definition of G given in [Lusztig 1984a] (for type C,, B,) is
975(})1 (in the setup of 3.2) and @_’(})0 (in the setup of 3.3) which is noncanonically
isomorphic to A(u), unlike the definition adopted here that is, @)(})0 (in the setup
of 3.2) and 9_)(0@)1 (in the setup of 3.3) which makes ¥g canonically isomorphic to
A(u).
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REFLEXIVE OPERATOR ALGEBRAS ON BANACH SPACES

FLORENCE MERLEVEDE, COSTEL PELIGRAD AND MAGDA PELIGRAD

In this paper we study the reflexivity of a unital strongly closed algebra of
operators with complemented invariant subspace lattice on a Banach space.
We prove that if such an algebra contains a complete Boolean algebra of
projections of finite uniform multiplicity and with the direct sum property,
then it is reflexive, i.e., it contains every operator that leaves invariant every
closed subspace in the invariant subspace lattice of the algebra. In particu-
lar, such algebras coincide with their bicommutant.

1. Introduction

Let A C B(X) denote a strongly closed algebra of operators on the Banach space X.
Suppose that A has the property that each of its invariant subspaces has an invariant
complement. If A contains a complete Boolean algebra of projections of finite
uniform multiplicity and with the direct sum property as defined below, we prove
that A is reflexive in the sense that it contains all the operators which leave its
closed invariant subspaces invariant (Theorem 15). In particular such an algebra is
equal to its bicommutant A” (Corollary 22). The problem of whether a strongly
closed algebra of operators with complemented invariant subspace lattice is reflexive
started to be studied in the sixties. This problem is a generalization of the invariant
subspace problem in operator theory. Arveson [1967] introduced a technique for
studying the particular case of transitive algebras on Hilbert spaces, namely the
strongly closed algebras of operators on Hilbert spaces that have no nontrivial
closed invariant subspaces. He proved that every transitive algebra that contains a
maximal abelian von Neumann algebra coincides with the full algebra B(X) if X is
a complex Hilbert space. Douglas and Pearcy [1972] extended the result of Arveson
to the case of transitive operator algebras containing an abelian von Neumann
algebra of finite multiplicity. Hoover [1973] extended the result of Douglas and
Pearcy to the case of reductive operator algebras on Hilbert spaces that contain
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abelian von Neumann algebras of finite multiplicity. Hoover proved that every
reductive operator algebra (that is a strongly closed subalgebra for which every
closed invariant subspace is reducing) which contains an abelian von Neumann
algebra of finite multiplicity is self-adjoint. The transitive algebra result of Douglas
and Pearcy was generalized in [Onder and Orhon 1989] to the case of transitive
algebras on Banach spaces that contain a n-fold direct sum of a cyclic complete
Boolean algebra of projections. The case of operator algebras on Banach spaces
with complemented invariant subspace lattice was considered by Rosenthal and
Sourour [1977]. They proved that every strongly closed algebra of operators with
complemented invariant subspace lattice containing a complete Boolean algebra of
projections of uniform multiplicity one is reflexive.

In this paper we build upon the techniques introduced by Arveson and developed
in [Douglas and Pearcy 1972; Radjavi and Rosenthal 1973] for invariant subspaces
of operator algebras as well as Bade’s multiplicity theory of Boolean algebras
of projections [Bade 1955; 1959]. We also use the results of [Foguel 1959] and
[Tzafriri 1967] about the commutant of Boolean algebras of projections of finite
multiplicity.

2. Notation and preliminary results

2.1. Invariant subspaces of operator algebras. Let X be a complex Banach space
and B(X) the algebra of all bounded linear operators on X. We will denote by X
the direct sum of n copies of X and, if § C B(X), we set

SW={adad - - @®aecBX™)|acSs}

If S € B(Y), where Y is a Banach space, we denote by Lat S the collection of all
closed linear subspaces of Y that are invariant under every element of S. If L is a
collection of closed linear subspaces of Y, we denote by alg L the (strongly closed)
algebra of operators on Y that leave every element of L invariant. An algebra
A C B(X) is called reflexive if alglLat A = A.

In what follows all the subalgebras A C B(X) will be assumed to be strongly
closed and containing the identity operator I € B(X).

Remark 1. Let A C B(X) be a strongly closed algebra with I € A and b € B(X).
If Lat A™ C Latb™ for every n € N, then b € A.

Proof. Indeed, then for every finite set of elements {x1, x», ..., x,} C X we have
that K = {ax| P ax, ®---®ax, |a € A} € Lat A™ and therefore K € Lat b,
This means that b € A, since A is strongly closed. O

Proposition 2. Let A C B(X) be a strongly closed algebra with complemented
invariant subspace lattice and with I € A. Let g € B(X) be a projection.
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() If q € A, the algebra qAq C B(qX) has complemented invariant subspace
lattice and alglat(qAq) = g(alglLat A)q.

(ii) If g € A’, where A’ denotes the commutant of A, the strong operator closure
qAq*°® C B(gX) is an algebra with complemented invariant subspace lattice.

Proof. We prove first (i). Clearly, gAq is a strongly closed subalgebra of B(gX)
whose unit is . Let L C ¢X, L € Lat(gAq). We define L = AgL, the closure
being taken in X. Then, obviously, L € Lat A and, therefore L has a complement
L¢inLat A. Since g € A, we have gL C L, also gL¢ C L€ and gL¢ € Lat(qAq).
Moreover, it is immediate that qi, and qic are closed linear subspaces of g X such
that

gL® gL =gX.
On the other hand we have L C qi =gAqL C qAqL C L = L. Hence
qli =L.

It follows that L is complemented in Lat(qAq) and so gAg has complemented
invariant subspace lattice. Let now b € algllat A and L € Lat(qu) By the above
argument, there exists L € Lat A such that L = gL. Hence bL C L. Therefore,
since qL L C L it follows that gbgqL C L, so gbg € alglat(qAq). Conversely,
let ¢ € alglat(¢Aq) and let ¢ € B(X) be the extension of ¢ to X that equals 0 on
(I —¢g)X. Then, it is straightforward to show that ¢ € alglLat A and ¢ = ¢¢q and so
the proof is completed.

To establish (ii), let K € Lat(gAq). Since g € A’, it follows that K € Lat A and
therefore K has a complement K¢ € Lat A. Then, clearly K NgX € Lat(qAq) and
K+K‘NgX=qgX. ([l

We will also need the following:

Lemma 3. Let A C B(X) be an algebra with complemented invariant subspace
lattice and let K € Lat A. If p € A’ is the projectionon K and ty, ta, . .., t, € (pAp),
for some n € N, then the subspace

Uittt p) = {x DtxDPhHrxd---Dt,x } X € pX} € Lat A¢tD
is complemented in Lat A+D),

Proof. Since A has complemented invariant subspace lattice and pX = K € Lat A,
it follows that the subspace (1 — p)X = (pX)¢ = K€ belongs to Lat A. It is then
clear that (pX)“ @ XM isa complement of I'y, 1, .. 1,:p) 1IN Lat A+, ]

Remark 4. Let / € A C B(X) be a strongly closed subalgebra with complemented
invariant subspace lattice. If A is reflexive, then A” = A where A” denotes the
bicommutant of A.
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Proof. If a € A”, then, in particular, « commutes with every projection on an
invariant subspace of A. Therefore a € algl.at A = A. (]

The following concept is defined in [Radjavi and Rosenthal 1973, §8.2], for
instance.

Definition 5. Let A C B(X) be a subalgebra. A linear operator T defined on a not
necessarily closed linear subspace P C X is called a graph transformation for A if
there exist finitely many linear operators 71, 7>, ..., Tj, all defined on P, such that

x@Tx®Tix®Tox® - - ®Tix |x € P} eLat A2,
Remark 6. Let K € Lat A™, n € N. Define
Ko={xeX" V]|ooxek}eLatA" ",

Then, if K is complemented in Lat A”~! with complement K it follows that there
exist graph transformations for A: Ty, T, ..., T,—1, defined on a linear subspace,
P C X, such that

(XOK)NK={x®Tix®Tox® - ®Ty_1x | x € P}.
Proof. Straightforward. U

2.2. Boolean algebras of projections in Banach spaces and spectral operators.
Let & be a complete Boolean algebra of projections in a (complex) Banach space X
(as defined for instance in [Bade 1955] or in [Dunford and Schwartz 1988, Chap-
ter XVII]). It is known [Stone 1949] that there exists an extremally disconnected
compact Hausdorff topological space €2 (that is a compact Hausdorff space in which
the closure of every open set in it is open), such that & is equivalent as a Boolean
algebra with the Boolean algebra of open and closed subsets of 2. We will denote
by X the collection of Borel sets of 2. Such a compact Hausdorff space is called a
Stonean space.

The following remark collects some results about the complete Boolean algebras
of projections in Banach spaces that will be used in this paper.

Remark 7. (i) If B is a complete Boolean algebra of projections, then there is a
regular countably additive spectral measure E in X defined on the family of
Borel sets in €2 such that the mapping

S(f) = /Q F(w) E(dw)

is a continuous isomorphism of the algebra C(£2) of continuous functions on
2 onto the uniformly closed algebra of operators, B, generated by %.

(i1) The algebra B coincides with the strongly closed algebra generated by % and
consists of spectral operators of scalar type.
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(iii) The range of E is precisely the Boolean algebra %.

(iv) 9 is norm bounded.

Proof. (i) and (iii) follow from [Dunford and Schwartz 1988, Lemma XVIIL.3.9].
Point (ii) is Corollary XVII.3.17 of the same reference, and (iv) follows from [Bade
1955, Theorem 2.2]. O

Let % C B(X) be a complete Boolean algebra of projections that contains the
identity projection I € B(X). We say that / € % has multiplicity k, k € N, if there
are xj, Xa, ..., xx € X such that lin {ex; | e € B, 1 <i <k} = X and no subset of X
of cardinality less than k has this property [Bade 1959, Definition 3.2]. The Boolean
algebra 9 is said to be of uniform multiplicity k if every projection e € R, e # 0
has multiplicity k. For each i, 1 <i < k, define M (x;) = lin{ex; | e € B}. Here,
lin{ex; | e € B} denotes the closed linear subspace of X spanned by {ex; | e € B).

The next remark collects some known results from [Bade 1959] (see also [Dunford
and Schwartz 1988]).

Remark 8. Let % be a complete Boolean algebra of finite uniform multiplicity n,
neN, and let {x, ..., x,} be a set of vectors such that

linfex; |ee B, 1 <i<n}=X.

(i) There are x € X*,i =1,2,...,n, where X* is the dual Banach space of X,
such that each of the measures 1;(8) = xE(8)x;, i € {1,2,...,n},6 € X
vanishes on sets of first category of 2 and w; (o) #0 if o has nonempty interior.
The measures u; are equivalent and x;(9(x;)) = {0} for i # j.

(i) There exists a continuous injective linear map V of X onto a dense linear
subspace L C Y7, LY(Q, ¥, w;) such thatif V(x) = f = Y_ f;, then:

(a) X,'*E(S)X=/8fi(w) wi(dw),

for § € ¥. In particular, V(x;) =0®-- - ® xo®---®O0, where x, =11s
in the i-th place in the direct sum.

m

(b) X :mli_)rnoo é:l S(fixs )Xi,
where x; is the characteristic function of
Sm={o|lfil@|<m, i=12,...,n}
(ii1)) The linear space L is a Banach space when endowed with the norm
1 fllo = max [l fill 1V (),

and V is a Banach space isomorphism between X and (L, || - ||g)-
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Proof. Points (i) and (ii) follow from [Bade 1959, Lemma 5.1 and Theorem 5.2]
(see also [Dunford and Schwartz 1988, Theorem XVIIL.3.19]). The proof of (iii) is
immediate. U

A function f is called E-essentially bounded if

inf sup|f ()|
E()=1 wes
is finite [Dunford and Schwartz 1988, Definition 7].
Denote by EB(£2, X) the set of all E-essentially bounded X-measurable func-
tions.

Lemma 9. With the notations in Remark 8, if ¢ € EB(S2, X), then the opera-
tor My,(f) = @ f is a well defined, bounded operator on (L, || -|ly) and M, =
VS(p)V~ . Here p f = pf1 ®fo® - - - ® ¢fn. Thus

VBV~ ={M, | ¢ € EB(Q, D)}.

Proof. Let f € L and x = S(¢)V~(f). Then, according to point (a) in Remark 8 (ii),
if g =V (x), we have x/S(x;)x = fs gi(w) ui(dw) for every Borel set § € . On
the other hand,

xFS(xs)x = xS SV ) =xFS(xs) V() = fa p(w) fi(w) i (dw).

Hence g; = ¢f; ni-a.e., so g = ¢ f a.e. and the proof is completed. O

In [Dieudonné 1956] is presented an example of a Boolean algebra of projections,
%, such that every nonzero projection e € & has multiplicity 2. However, for no
choice of x1, xp € X ore € B, e # 0 is e X the algebraic sum of 9(ex;) and N(exy).
In the rest of this paper we will consider only Boolean algebras of finite uniform
multiplicity with the direct sum property:

Definition 10. We say that the complete Boolean algebra % of uniform multiplicity
k has the direct sum property if X is the algebraic (and therefore, Banach) direct
sum of M(x;), 1 <i <k.

A particular case of a Boolean algebra of uniform multiplicity & with the direct
sum property is the k-fold direct sum of k copies of a cyclic Boolean algebra of
projections. Other examples are presented in [Foguel 1959].

Lemma 11. Suppose that B is a complete Boolean algebra of projections of uniform
multiplicity k with the direct sum property. Then, for every € > 0 there exist e € B,
e=E(p),and p € X with u;(p°) <€ for every 1 <l <k (where p° is the complement
of p) such that for every {¢;; | 1 <1i, j <k} C EB(R2, X), the matrix lijx,]isa
bounded linear operator on (L, || - ||o) and [¢;j x ol belongs to the commutant B’
of RB.
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Proof. Since the measures u;, 1 <[ < k are equivalent, let h,; = du,/du,,
1 < m,l < k be the corresponding Radon Nikodym derivative. Let € > 0 be
arbitrary. Fix 1 <m,[ < k. Then, since | J o, {1/n < hyy <n} = Q, there is a
n € N such that w;({1/n < h,; <n}) < e/kz. Therefore there is a n € N such that
w{l/n<hy, <n))<eforeveryl <m,l<k.Letp={1/n<h, <n}eX. It
is easy to see that for every Borel subset o C p we have p;(0)/n < (o) <nu;(o)
for all 1 <i, j <k. Hence all the spaces MXle(/L,-) = Xle(/Li), 1<i<k,are
equal as sets and mutually isomorphic as Banach spaces. Then, clearly,

XoL =X, L' (1) ® x, L' (n2) @ - & x, L' ().
Since B has the direct sum property, we also have
E(p)X = E(p)M(x1) @ - ® E(p)M(xr)
and the lemma follows. (Il

For the definition and basic facts about spectral operators on Banach spaces
we refer to [Dunford and Schwartz 1988]. We will need the following result,
which follows from [Tzafriri 1967, Theorem 2] and [Foguel 1959, Lemma 2.1 and
Theorem 2.3].

Remark 12. Let T € B(X) and let % be a complete Boolean algebra of projections
in X, of uniform multiplicity k, k € N. If T commutes with the strongly closed
algebra B generated by 9, then there exists an increasing sequence of projections
{em = E(X;,) | m € N} C B such that {em} converges strongly to the identity
I € B(X) and T, is a spectral operator of finite type for every m. Moreover, if
T € B’ is a spectral operator then T is the sum of a spectral operator R of scalar
type in B’ and a nilpotent operator Q of order k, Q € B’'.

Next we will study the dense linear subspaces of X that are invariant under
every element of B, where B is the strongly closed algebra generated by %, the
complete Boolean algebra of projections of uniform multiplicity k£ with the direct
sum property. The following lemma is an extension to the case of Banach spaces
and an improvement on [Douglas and Pearcy 1972, Lemma 3.3]. Using Remark 8
and Lemma 9, we will identify X with L and B with (VS(@) V™| S(p) € B).

Lemma 13. Let k € N and B the strongly closed algebra generated by the Boolean
algebra of projections of uniform multiplicity k, B C B(X) and with the direct sum
property. With the above notations, suppose that % CX is a dense linear subspace
which is invariant under all operators in B. Then, for every € > 0, there exists an
open and closed set e C 2 such that

() ni(XY) <e€,i=1,2,...,k, where X is the complement of A¢ in 2, and
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(i1) X;. €j €D forall j€{l,2,...,k},wherefe;|j=1,2,...,k} is the standard
basis of C®.

Proof If z = (z', 2%, ..., Z5) € C®, consider the norm
Izl = max{|z”| | 1 < p <k}.

It is easy to see that there exists « > 0 such that if the set {h1, hy, ..., hi} C c®
satisfies ||h; —e;]| < o, i = 1,2,...,k, then the set {hy, ho, ..., hi} is linearly
independent. Let now € > 0 be arbitrary. We can choose a < €2/2. Let p € %,
wi(p) <€/2,1<l<k,beasin Lemma 11. Since 2 is extremally disconnected, we
can assume that p is an open and closed set. For every j, 1 < j <k let g;(w) =e;,
if we pand g;(w)=0if w € p°. Since by point (a) of Remark 8 (ii) we have that
g€ XpL for every j, 1 < j <k and XPQZJ is dense in XpL, it follows that there
exists a set of elements {l; | 1 <i <k} C x,9,1; = li1 EBli2 ®--- @lf‘ such that

i = gillo = max {1 =gl llo =11y = gl + 177 (] ="l <t < €

k
Let 8 = (N {w e p | I (w) — g’ (w)| = € and 1 < p <k}. Then we have
i=1

€/2>a>max{[ll’ — gl |1 <i, p <k} >eun(:) forl<m<k.

Hence u,(6¢) < €/2 form = 1,2, ..., k. Assuming that € < 2, it follows that
wm(85) # 0 and since €2 is a Stonean space, and 1, a normal measure, [, (5;) =
wm ((85)°) where (8¢)° is the interior of 6¢. The same argument as the preceding one
shows that there exists an open and closed subset o C (8¢)° with w,, () < €/2.
Let A = pNo.. Then, wu,,(A) < € for all 1 < m < k. It follows that all the
components of the vectors [§ = X, € L are in EB(L2, ). Let M be the matrix
whose i-th column is ;. Then, using Lemma 11, it follows that M is a bounded
linear operator that commutes with every element in B, so M € B'. The choice
of o implies that M (w) is nonsingular for every w € A.. Consider the matrix N
defined as follows:
M)~ ifw e A,

N((w) =
) 0 if wea.

By restricting N to an open and closed subset of A, if necessary, we can apply
Lemma 11 again and get N € B’. It follows that the columns of the product M N
are linear combinations of vectors in % with coefficients in B. Since % is invariant
under B we have that these columns belong to 9. Since M (w)N (w) = I for w € A,
the proof is completed. U

We will use next the following results about spectral operators and their resolu-
tions of the identity from [Dunford and Schwartz 1988].
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Remark 14. If the operator M commutes with the spectral operator T, then M
commutes with every resolution of the identity of 7.

Proof. This is [Dunford and Schwartz 1988, Corollary XV.3.7]. ([

3. Algebras with complemented invariant subspace lattices

In this section we will prove our main result:

Theorem 15. Let B be the strongly closed subalgebra of B(X) generated by a
complete Boolean algebra of projections B C B(X) of finite uniform multiplicity,
k, with the direct sum property. If A C B(X) is a strongly closed algebra with
complemented invariant subspace lattice that contains B, then A is reflexive.

The proof of this theorem will be given after a series of auxiliary results. In the
rest of this section B and B will be as in Theorem 15. We will identify X with
(L, |l llp) as in Remark 8.

Proposition 16. Let B as in Theorem 15 and let T be a densely defined closed
operator on X which commutes with B. There exists an increasing sequence of
projections {q p};":l C B that converges strongly to I such that Tq, is a spectral
operator of finite type for every p € N.

Proof. Let % C X be the (dense) domain of 7. Since T commutes with B it follows
that % is invariant under B. By Lemma 13 it follows that for every p € N there
is an open and closed subset o, C £ such that x, @ x, ® - ® x,, € D and
Ui (al‘,') < 1/2p for every 1 <1 < k. Define r, = S(Xa,,) € %B. Obviously, we can
take r,, <,y (in the sense that r, X C r,11X) for every p € N. Therefore Tr),
(p € N) is a bounded operator and r,, /* I. On the other hand, by Remark 12, since
Tr,e B/, for every p € N, there exists a Borel set §,, € X such that, forall 1 </ < p,
we have ,;(87,) < 1/2p. Furthermore, if g, = S(Xspmap)’ then T'q, is a spectral
operator of finite type. Clearly {g,} is an increasing sequence of projections in %
that converges strongly to / and the proof is completed. (Il

Proposition 17. Assume that B is as in the statement of Theorem 15. Let T be a
densely defined graph transformation for B C B(X). Then there exists an increasing
sequence of projections {c[p}ff’:1 C B that converges strongly to I such that Tq,
is a spectral operator of finite type for every p € N. In particular every such
transformation is closable and its closure commutes with B.

Proof. Let T be a densely defined graph transformation for B with domain %. Since
T is a graph transformation for B, there exists [ € N and operators 71, 15, ..., Tj_»
such that the subspace

Z:{x@Tx@TleBsz@”-@Ysz|xe§DT}
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belongs to Lat BY. Define Aj_j ={x®x®--- @ |x € X} € XD, Then it can
be easily seen that the subspace

-1

x; € X with Zx,- :0}

i=1

A= {xl@xz@"'@xl—l

is a Banach subspace complement of A;_; which is invariant under every element
of BU=D_ The operator T defined by

f(x@x@---@x):TxGBT]x@-~-€BT1_2x if x e Dr

and
T @@ - 0x-)=0 ifx;@xnd - ®x_1 €Al

is a closed, densely defined operator which commutes with B~ An application
of Proposition 16 with k replaced by k(I — 1) completes the proof. U

Remark 18. Let A C B(X) be a strongly closed algebra with complemented
invariant subspace lattice and I € A. Then, if Q € A’ is such that Q? =0 it follows
that Q € (alglLat A)'.

Proof. The proof of [Feintuch and Rosenthal 1973, Lemma 3] for the particular case
of Hilbert spaces can be extended to the case of Banach spaces. Indeed, let Q € A’
be such that Q> = 0. Then, if ¥ = ker Q is the null space of Q, Y is in Lat A and
since A has a complemented invariant subspace lattice, ¥ has a complement, Y in
Lat A. Therefore Q can be written as a matrix

0c
and every a € A can be written as the matrix

[a; O
| 0 ar |

Moreover, every b € alglat A, can be written as a matrix

b 0]

b=1"0 b,

Since a Q = Qa it follows that ca; = a;c. Hence the subspace {cx ®x | x € Y}
belongs to Lat A and is therefore invariant for alglat A. It follows that cb, = b;c,
so Qb =bQ. O

Part (i) of the next result is a generalization of Remark 18.

Proposition 19. Let A C B(X) be an algebra with complemented invariant sub-
space lattice.



REFLEXIVE OPERATOR ALGEBRAS ON BANACH SPACES 461

(i) If Q € A’ is a nilpotent operator, then Q € (algLat A)'.

(1) If T = R+ Q is a spectral operator of finite type (where R is spectral of scalar
type and Q is nilpotent) and T € A’, then R € (algLat A) and N € (algLat A)'.

Proof. We will prove point (i) of this proposition by induction. By Remark 18, if
Q € A’ and Q? =0, then Q € (algLat A)'. Suppose that for every operator Q € A’
with Q" =0 it follows that Q € (algLat A)" and let Q € A’ with Q"+ = 0. Let py
denote a projection on ker Q such that py € A’. Since Qpo = 0 it follows that

(1= po)Q = (1—po)Q(1 — po)

and therefore

(1—po) 0 = (1= po)Q(1 — po))*, keN.

Since Q™! =0 we have Q" (X) C ker Q and therefore

0= (1= po) Q" =((1—=po) Q1 — po))".

By hypothesis, (1 — pg) Q@ = (1 — pg) Q(1 — pp) € (algLat A)’. On the other hand,
since Q € A’ and py € A’ we have pyQ € A’. Since obviously (poQ)? = 0, by
Remark 18, it follows that poQ € (alglLat A)". Therefore

0 =poQ+(1—po)Q € (algLat A)’

and the proof of (i) is completed.

We turn now to prove point (ii). By Remark 14, every resolution of the iden-
tity of T, E(5), where § is a Borel subset of the spectrum of 7', § C sp(T), is
in A’. Therefore, since A has complemented invariant subspace lattice, it follows
that E(8) € (algLat A)’ for every Borel set § C sp(T). Hence R = fk E(d)) €
(algLat A)". Since T € A’ and R € A’ it follows that Q € A’. By part (i) it follows
that Q € (algLat A)’. O

Lemma 20. Let A be a strongly closed algebra with complemented invariant
subspace lattice that contains a complete Boolean algebra of projections of finite
uniform multiplicity k with the direct sum property. Then, if K € Lat A™ for some
n € N, then, there exists an increasing sequence of projections {pm} C B, pm /1
such that p,(,'f)K is complemented in Lat(p,, Ap,)™ for every m e N.

Proof. We will prove the lemma by induction on n. For n = 1 the statement is
obvious with p,, = I for every m. Let K € Lat A®. Define

Ko={xeX" V| 0opxecK).

Obviously, Ko € Lat A"~D, so there exists an increasing sequence of projections
{Fm} C B, r /' I such that 7" Ky is complemented in Lat(ry Ary) ™D, Let
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(n—=1)

G o

Ko)€ be the complement of r,,, " Kp in Lat(r,, Ar,,)~ V. Then,

(rmX ® U VKo))NK e Lat A®

m

and
WK =0&rl VKo)+ (rnX ® rI VKo ) Nri’K.

Since (rmX o) (r,(,f'fl)Ko)c) NriK is the complement of 0 ® rVgoin rVK,

there exist graph transformations 7y, 73, ..., T,,—1 such that
(rmX a5 (rlgqnfl)Ko)C) ﬂr,ff)K = {x STxDHx®---®T,—1x | X € P},

where P is a linear subspace of r,, X invariant under every element of r,, Ar,,. The
closure of P inr, X, P, belongs to Lat(r,, Ar,;;) and hence has a complement Pc
in Lat(r,, Ary,). For 1 <i <n —1, consider the following densely defined, graph
transformation on r,, X :

o
=

| Tix if x € P,
10 ifxePe

Then T; commutes with A. By Proposition 17, there exists an increasing sequence
of projections {g,} C B, q,, /" I such that T;q, are bounded spectral operators of
finite type. From Lemma 3 it follows that the subspace

{qpxeaflqpxﬁafqu)c@'"@Tn—lq;ax |x equGqul_)c}

is complemented in Lat(g,Aq p)("). By the definition of the transformations T, it
follows immediately that the subspace

{qprBT]qpxeBTquxG}---@Tn_lqpx | X € P}

is complemented in Lat(g,Aq,)™. If we set p,, = rmgm € B we have that p,, /' I,
pI K is complemented in Lat(pm Apy)™:

pr(:)x = (O@P;S?_I)KO) + {me EBTlpmx@' . -@Tn_1pmx |)C S P}
+((pnP)" ® p "V KG).

Hence
Py X = (P K) + ((pnP) @ ply =V K§),
and the proof of the lemma is completed. ([

The following statement follows from the proof of Lemma 20.

Remark 21. If A is as in the statement of Lemma 20 and K € Lat A® for some
n € N, then there exists an increasing sequence of projections {p,,} C B, p,, 1
such that p5y’ K = (0® pyv™ " Ko) H{pnx ®Ti pmx ®- - S Tyr—1 pmx | x € P}, where

Ko={xe X" D |0@xeK)}and Tipm,1 <i<n-—1,meN, are bounded spectral
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operators of finite type on the closed A-invariant subspace p,, P that commute with
PmApPm.

Proof of Theorem 15. Let b € alglLatA and K € Lat A™. We will prove by
induction on n that there exists an increasing sequence of projections {p,,} C %8
such that p,, /' I and p,(,:’ 'K € Lat(p,bpm)™ for every m € N and therefore
K e Latb™; then apply Remark 1 to conclude that b € A. By Remark 21, there
exists an increasing sequence of projections {p,,} C B, p,, ' I such that p,(qf 'K =
O® o "Ko) + (pmx ® Ty pux @ Tappux @ - - ® T, pux | x € P} where Ko =
{x € X =D |0bx e K}and T;p,, 1 <i <n—1,m €N, are bounded spectral
operators of finite type on the closed A-invariant subspace p,, P that commute with
PmApm. The induction hypothesis and Proposition 2 (i) imply that 0 & p,(,? 71)1(0 €
Lat(p,.bp,,)"™. By Proposition 19 (ii) it follows that the bounded spectral operators
of finite type T; pm, 1 <i <n —1, m € N commute with p,,bp,,. Hence p,(,?)K €
Lat(p,,bpm)™. Since p,, /' I and, by Remark 7 (iv), % is norm bounded, it follows
that K e Lat 5™ and the result follows. U

Corollary 22. Let A C B(X) be a strongly closed algebra that contains a complete
Boolean algebra of projections B of finite uniform multiplicity with the direct sum
property. If A has complemented invariant subspace lattice, then A = A” where A”
is the bicommutant of A.

Proof. Follows from Theorem 15 and Remark 4. O
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HARER STABILITY AND ORBIFOLD COHOMOLOGY

NICOLA PAGANI

In this paper we review the combinatorics of the twisted sectors of .il, ,, and
we exhibit a formula for the age of each of them in terms of the combina-
torial data. Then we show that orbifold cohomology of Jl, , when g — oo
reduces to its ordinary cohomology. We do this by showing that the twisted
sector of minimum age is always the hyperelliptic twisted sector with all
markings in the Weierstrass points; the age of the latter moduli space is just
half its codimension in Jilg ,.

1. Introduction

In recent years there have been lots of new results on geometrical and topological
properties of the moduli space Jl, , parametrizing smooth curves of genus g with
n distinct marked points on it. When 2¢g — 2 4+ n > 0, this moduli space is a
smooth Deligne—-Mumford stack, or an orbifold, and its coarse moduli space is a
quasiprojective variety of dimension 3g —3 +n. When n > 2g 4- 2, every marked
curve is rigid, therefore the moduli space is actually a smooth quasiprojective
variety.
A celebrated result states that there are isomorphisms

(1) H* (Mg, @) = H*(Mgi1,,, @) when 3k +2 < 2g.

These isomorphisms were introduced in [Harer 1985], but the ranges of their
validity have been gradually improved over time by the efforts of different authors.
This allows the definition of the stable cohomology, denoted H* (Moo, Q). The
tautological classes x and i are preserved by the above isomorphisms when g is
sufficiently large.

A recent result, whose proof was completed in [Madsen and Weiss 2007], asserts
that the resulting maps

2 Qlkr, k2, .. 1@ QY1 .o, Yl = H (Moo,n).

are also isomorphisms. (More precisely, the paper cited shows the result in the case
n = 0; the extension to n > 0 follows from [Looijenga 1996, Proposition 2.1].)

MSC2010: primary 14H10, 32G15, 55N32; secondary 14N35, 14D23, 14H37, 55P50.
Keywords: Harer stability, orbifold cohomology, moduli of curves, Chen—Ruan cohomology,
automorphisms, age, twisted sector, inertia stack.
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We refer the reader to [Kirwan 2002; Wahl 2012] for a survey of these topological
results.

In the latest years, building on earlier results in topology [Kawasaki 1979] and
theoretical physics [Dixon et al. 1985; 1986], it has become clearer that when
studying the geometry and topology of orbifolds, one should include in the study
the twisted sectors of the orbifold itself. We refer to [Adem et al. 2007] for an
introduction to this emerging new subject. In particular, the cohomology theory of
an orbifold is enriched by the so-called orbifold cohomology, introduced by Chen
and Ruan in [2004]. As a graded vector space, the orbifold cohomology is the
direct sum of the cohomology of the original orbifold and of the cohomology of
the twisted sectors; the degree of the cohomology classes of each twisted sector
is shifted in orbifold cohomology by (twice) a rational number called age. This
number is not of topological nature, in fact it depends on the complex structure.
Its geometric significance appears in [Jarvis et al. 2007] as the virtual rank of an
element in the rational K-theory of the twisted sector also known as “half of the
normal bundle”, this element plays a key role in orbifold intersection theory.

In this note, we introduce the twisted sectors of Jlg , in the combinatorial
description of [Pagani 2012; Pagani and Tommasi 2013], we write a closed formula
for the age of the twisted sectors of ., ,. (The two papers just cited contain the
special cases of this formula for ., , and Jlg, respectively.) Our main result is
Theorem 1, which states that for fixed (g, n), the twisted sector of minimum age is
the hyperelliptic twisted sector with marked Weierstrass points. It is a well-known
and classical fact, which we review in Proposition 1, that the twisted sectors of M, ,
have codimension higher than g — 2 4 n, with equality only for the hyperelliptic
locus. Our novel contribution here is that the virtual rank of “half of the normal
bundle” (see above) is strictly greater than %(g — 2+ n), with equality only for
the hyperelliptic twisted sector. This inequality might have further geometric
consequences, besides the implications in orbifold cohomology investigated in this
note. (The study of the age of the twisted sectors of various types of moduli spaces
of curves, has also recently played a significant role in the investigation of the
singularities of the coarse moduli space.)

Combining Theorem 1 with Harer stability, we obtain that the orbifold coho-
mology of .l , stabilizes. Combining further our main result with the theorem of
Madsen—Weiss, we can explicitly compute the orbifold cohomology of Al , in low
degrees. Indeed, from Theorem 1, we deduce

3) HY (Mg, @) = H*(My ., @) ifk<g—2+norn>2g+2.

(There are no twisted sectors of ., , if and only if n > 2g + 2).
The stabilization of orbifold cohomology was conjectured by Fantechi in the
discussion following her talk [Fantechi 2009] at MSRI. We acknowledge her for
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the insight in this topic. We also thank Stefano Maggiolo for having significantly
improved the computer program that plays a role at the end of the proof of our
main result. The author was supported by DFG project Hu 337/6-2.

2. The twisted sectors of .Ilg , and their age

In this section we review the combinatorics of the twisted sectors of .lg ,. This
description of the twisted sectors of Jilg , was obtained in [Pagani 2012] for n > 1
or g =2, and in [Pagani and Tommasi 2013] for the remaining cases ., 0, g > 3.

Let us fix (g, n) with 2g —2+n > 0. A (g, n)-admissible datum consists of

non-negative integers (g’, N; di,...,dn_1,4a1,...,ay_1) such that N > 2 and
N-1
) 20 -2=N@2¢'—2)+ ) (N —ged(i, N))d,
N-—1 =1
) > idi =0 (mod N),
N-—1 =l
(6) Y ai=n, a<d;, a;=0if gedi,N)#1,
i=1

@) n=g =0 = the g.c.d. of N and of the i’s such that d; # 0 is 1.

Each (g, n)-admissible datum corresponds to (a] v ) twisted sectors of .l ,

that are related each to the other by an (ay, ..., ay—_;)-permutation of the n» marked
points. Since we will only investigate properties of the twisted sectors of Jl, , that
do not depend on this permutation, from now on we shall slightly abuse the notation
and identify each twisted sector Y of ., , with its (g, n)-admissible datum

YN(g/a N;dl,...,dN_l,al,...,ClN_l).

These facts follow from [Pagani 2012, Proposition 2.13] for n > 1 and from [Pagani
and Tommasi 2013, Corollary 2.16, Theorem 2.19] in the case n = 0.

We observe that, from condition (4), there are no (g, n)-admissible data when
n > 2g + 2; in particular, this is the case when g equals 0.

For completeness, we briefly recall our description of the twisted sectors of
Mg ,, from which the above correspondence follows. For more details, we refer to
[Pagani 2012, Section 2.b] for the case n > 1 and to [Pagani and Tommasi 2013,
Section 2.b] for the case n = 0.

Construction 1. A twisted sector of Jl, , parametrizes connected cyclic covers
of order N of curves of genus g’ with total space a curve of genus g, where the
n marked points are chosen among the points of total ramification. The branch
divisor of the cyclic cover splits into N — 1 divisors, some of which are possibly
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empty. Indeed to any point p in the branch divisor D, let ¢ be any point in the
fiber of p under the cyclic cover map; we define H), as the stabilizer of the action
of Z/NZ at g, and ¥, as the character of the action of H), on the cotangent space
in g. Then, for 0 <i < N, we define D; as the subset of D of those p such that
H), equals the subgroup generated by i in Z/NZ, and such that v, (i) equals wy, a
fixed generator for py: the group of N-th roots of 1. In addition to (g, g’, N), the
admissible datum consists of d; := | D;| and of a;, the number of chosen marked
points in the preimage of D; under the cyclic cover map.

Given a (g, n)-admissible datum, we can construct a moduli space of cyclic
covers as in the paragraph above. Condition (4) is the Riemann—Hurwitz formula,
condition (5) is a compatibility condition that guarantees the existence of a (not
necessarily connected) cyclic cover with the data d; and N, condition (6) corresponds
to the fact that the marked points must be points of total ramification for the cover.
Now if n > 1, it is easy to see that the total space of the cover is forced to be
connected and that the moduli space parametrizing such covers is also connected.
If instead n = 0, it is shown in [Pagani and Tommasi 2013, Theorem 2.19] that
there is always one connected component of the moduli space that parametrizes
connected cyclic covers. This component may possibly be empty only when g’ =0,
condition (7) rules out precisely these cases.

Let us fix a twisted sector (g’, N; dy,...,dy_1,4a1,...,ay_1). Since Y admits
a finite map to My s, its dimension is 3g" —3+ 3 d;, its codimension in Mg, is

N-1
(8) codim(Y) :=3g =3¢ = > " d; +n,
i=1
and its twin is (g', N;dy_1,...,d1,an_1,...,a1). If (g, n) is fixed and n is at

most 2g + 2, the hyperelliptic twisted sector with n marked Weierstrass points is
(g =0,N =2;dy =2g+2,a; =n). In short, we will also call it simply the
hyperelliptic twisted sector; from (8) it has codimension g — 2 + n.

The next result is classical, but we review it for completeness.

Proposition 1. The codimension of any twisted sector Y of M , satisfies
codim(Y) > g —2+n,

with equality if and only if Y is the hyperelliptic twisted sector with n marked
Weierstrass points.

Proof. Using (8), our statement is reduced to proving the inequality

©) > di<2g-3g +2.
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Using (4), we have

N .
(10) 7 2 di =) di(N —ged(i, N)) =2g =2 = N(2g' - 2);
therefore, it is enough to show that
2 / /
N(Zg—Z—N(Zg —2)) <2g—-3g +2.
Or, rearranging the terms, that
(11) (2N —4)(g— 1)+ Ng' > 0.

This is clearly always true. Equality holds if and only if g’ =0and N = 2. |

Every twisted sector Y is assigned a rational number, first defined by Chen and
Ruan in [2004], which is called the degree shifting number, age, or fermionic shift.
Orbifold cohomology is then the direct sum of the ordinary cohomology and of
the cohomology of all the twisted sectors, where the latter is shifted in degree by
twice the age. For completeness, we briefly review the Chen—Ruan definition of
the degree shifting number, building on Construction 1.

Construction 2. Let f: Y — .l , be the natural map from the twisted sector to
the moduli stack of curves. The group uy of N-th roots of 1 acts on f*(Ty,,),
the action can be diagonalized, and each eigenvalue at a point of ¥ has the form
A = e2Ti% where the oy € [0, 1) N @ are the “logarithms” of the eigenvalues. It is
not difficult to see that the function ), ay is well-defined and constant on Y, thus

the age of Y is defined as

(12) a(Y):=) e
k

Moreover, by the very definition of twisted sector, the action of uy on Ty is trivial,
thus in the definition (12) it is equivalent to sum the “logarithms” of the eigenvalues
of the normal bundle Ny.lg ,, where the latter is defined by the exact sequence of
vector bundles

0— Ty — f*(TMg_n) — Nylg , — 0.

The age of a twisted sector can be interpreted as the virtual rank of an element
in the rational K-theory of Y that plays an important role in orbifold intersection
theory, see [Jarvis et al. 2007, Definition 1.3, Sections 1.3 and 4].

The age of a twisted sector of Jlg , can explicitly be determined in terms of its
admissible datum. From [Pagani and Tommasi 2013, Proposition 5.6] and [Pagani
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2012, Lemma 4.6], we have the following formula for the age:

; B N-1
13 a= V=D LS S ok

2 ,
ged(i,N)=1 k=1

where {x} := x — |x] denotes the fractional part of x € @*, and

0 ifki+ged(i, N)=0 (mod N),

ok, )= {1 if ki +ged(i, N) # 0 (mod N).

Using only (13), it is an easy exercise to check that, if ¥ and Y’ are twins, then
(14) a(Y)+a(Y’') =codim(Y) = codim(Y").
For example, when a twisted sector Y is twin to itself (this happens always, for

example, when N = 2), its age is half its codimension.

3. The twisted sectors of minimum age

Using only the combinatorial description of the previous section, and in analogy
with Proposition 1, we can prove the main result of this note. From now on, we
assume 2g —2+n > 0.

Theorem 1. The age of any twisted sector Y satisfies 2a(Y) > g — 2 + n, with
equality if and only if Y is the hyperelliptic twisted sector with n marked Weierstrass
points.

The marked hyperelliptic twisted sector is, using the terminology established in
the previous section, twin to itself. Therefore its age is half its codimension:
1g—2+n).

This implies the following corollary, relevant for orbifold cohomology:

(15)  H"(Mg,, Q) = HY, (M, ,, Q) ifk<g—2+norn>2g+2.

There are no twisted sectors of .l , if and only if n > 2g +2; otherwise our bound
on the cohomological degree k is sharp.
Using the stability results for ordinary cohomology, we deduce:

Corollary 1. The isomorphisms (1) are, in fact, isomorphisms
Hé{rb(‘/‘/l’gsn’ @) = Hé{rb(‘/‘/l'g-‘rl,na @)

when k <min(g —3+n,2g/3—2/3).
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In particular, we can interpret this by saying that orbifold cohomology of Jlg ,
“trivially stabilizes” when g — oo, and the stable orbifold cohomology of ., ,
coincides with its ordinary stable cohomology. The only pairs (g, n) for which
2g/3—2/3 > g—3+n occur are

(1, 1), (2,0), (3,0), 4,0).

In these special cases, the ranges for k in Corollary 1 are optimal, whereas in all
other cases our ranges coincide with the ranges of stability for ordinary cohomology:
k <2g/3 —2/3. The latter ranges are known to be optimal when g =2 (mod 3).
More details on the sharpness of the ranges for cohomological stability can be
found in [Wahl 2012, p. 2].

Combining (15) with the isomorphisms (2), we see how the orbifold cohomology
of g , is explicitly computable in low degrees.

We now move to the proof of Theorem 1. Thanks to Proposition 1 and to (14),
what we have to prove is in fact

(16) la(Y) —a(Y')| < codim(Y) — (g —2+n)
=2g+2-3¢' -3 d,,

with equality only when Y is the hyperelliptic twisted sector with n marked Weier-
strass points.
We introduce some notation. Let

Y :={d e N | d divides N, d # N}

be the set of proper divisors of N, and let
-1

1 .
(17) aWmark = Y, @ Yy kokD),
gcd(i,N)=1 k=1
1 &= (ki ,
(18) a(Y)e = N d; k m +o(k,i)]).
gcd(i,N)=0 k=1
We can rewrite formula (13) for the age of a twisted sector Y as:
Bg' =3V -1
a(y)= 5 +a(V)man+ Y _ a¥)s.

oex

The term a(Y )mark 1s the contribution to the age of ¥ coming from the marked
points, and as such it is zero when n = 0. Of course now we have the estimate

(19) la(Y) —a(Y")] < |a(¥)mark — a(Y Ymark | + Z a(Y)y —a(¥)o|.

oex

We can give estimates for each term in the right hand side of (19).
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Lemma 1. The following inequalities hold:

N-2
(20) la(Y)mark — a(Y/)mark| = Z a;,
ged(@i,N)=1
@) @)y —a(v),| < L2 5y,

6N ,
ged(i,N)=o

Proof. Let us begin with the contribution coming from the marked points. The left
hand side of (20) is equal to

’

1
22) ) ICICOEXER))

where A(s) is the multiplicative inverse of s modulo N. The maximum of the
absolute value of

AG)—A(N —i)=2X()—N

is obtained when i is either 1 or N — 1.
As for the second inequality, we separate the two summands in the right hand
side of (18). For the first term, consider the function of i

(EREC

Its maximum among the values of i such that gcd(i, N) = o is obtained fori = o
or for i = N — 0. From this, we obtain

Nzlk{ik} {(N—i)k}
= N N

The second term is treated similarly to the contribution coming from the marked
points. The maximum of the absolute value of

Z(o(k, iy—o(k,N—i)=2i—N

k

gy () ==

(23)

1 (/N
<gio)=¢ (;— 1) (N —20).

is obtained when i is either o or N — 0. Combining this fact with (23), we get the
desired inequality. ([

Proof of Theorem 1. As we have already observed, it suffices to prove (16). By
using the Riemann—-Hurwitz formula (4) to eliminate the variable g, the right hand
side of (16) can be rearranged to

QN =3)g'=2(N-2)+ Y (N—o—1) Y  d.

oEX ged(i,N)=o0
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Now let us define for convenience the function
(N-20)(%+5) (6—21)N?—(60+9)N + 100
6N B 6N
for any integer N > 2 and any o a real number between 1 and N /2. By using (20)
and (21), in order to prove (16) it is enough to prove

fn(@)=(N—-0o-1)

(24) —NT_z Yo a+)Y fxlo) Y. di=Q2-2)N-2)-¢,

ged(i,N)=1 oex ged(i,N)=c
with equality only in the case of the hyperelliptic twisted sector. Note that a; < d;
from inequality (6).
The left hand side of (24) is always nonnegative for any integer N > 2, because
N-=-2 _ (N—-2)(5N —11) 0.
N 6N -

fv(D) = fn (1) —

Therefore when g’ > 0, the strict inequality (24) holds evidently, as the right hand
side is strictly smaller than 0. Thus all we have to prove is (24) when g’ =0, a case
in which we always have that )~ d; > 3 (this follows from condition (4) with g’ =0
and g > 0).

We start with the case ¢’ =0 and ) _d; > 4. The function fy is concave (just
look at its second derivative with respect to o), thus it has its minimum either in
1 orin N/2, and we have fy(N/2) = (N —2)/2. The following two inequalities
hold in this case:

(25) )Y di 2N -2),
(26) INN/2)Y di <2(N —2),

and they suffice to prove (24). If (24) is an equality, then either (25) or (26) must be
an equality. If N =2, we are precisely in the case of the hyperelliptic twisted sector.
If N > 2, the inequality (25) is strict, so (26) must be an equality and therefore
Y d; =4. Soif (24) is an equality, with g'=0, N > 2 and ) d; =4, then dy;» =4,
but this implies g = 1 by (4), hence n > 1, and this case does not exist because
of (6).

So we are left with the case ¢’ =0 and ) _d; = 3. A large number of twisted
sectors still falls into this last category, but not the hyperelliptic twisted sector. We
set the three nonzero d;’s to 1, and denote them by d,, = dy, = do, = 1. Then it
suffices to prove the strict inequality

3 3 3
27) (6—2 i)NZ— (3+6Zoi>N+ 1020,- > 6n(N —2).
i=1 !

i=1 i=1
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If N is fixed, there are only finitely many possibilities for the variables involved in
(27). The constraints are

o1+o024+03 <N,

28) ao| +boy+co3 =N for some a, b, c e NT,
n§|{i|0i=1}|§3,

o; divides N, 0; # N,

where all the quantities involved are integers. The first is a consequence of Riemann—
Hurwitz (4) (assuming g > 1), the second follows from (5) and the third from (6).
From now on, we aim at proving (27) for N greater than a certain explicit constant.
We will repeatedly use that the left hand side of (27), for fixed n, N, is a concave
function in the domain of definition (28). We can also assume for convenience that
01 = 02 = 03.

e If n =3, then from (28) we deduce oy = 0, = 03 = 1. The inequality (27) is
satisfied when N > 11.

e If n =2, from (28), we have that oy = 0, = 1. It is enough to check (27) for the
extreme values o3 = 1 and o3 = N /2. The first follows from the case n = 3, by
checking the case of o3 = N /2 we see that (27) is valid when N > 22.

elfn=1,from(28)o;=1,sowehave | <op, <o3 <N/2andoy+o03 <N — 1.
It is enough to check the extremal values. The case when o, = 1 follows from
the case n = 2. From the second point in (28), if 03 = N /2, then o7 is either 1
or 2; in the latter case (27) is valid when N > 14. Finally, when o, = 03 = N /3,
(27) is always valid.

o If n =0, we can assume o; > 2, since the other cases fall in the above paragraph.
Moreover, there are six extremal cases that fulfill the first and the last of (28):

N N N N N N N N N N N N
@22.(223)-(23.5) (532 (537 (55 5)
We check that (27) for the extremal cases is satisfied when N > 36 (the inequality

is sharp in the case of the fourth triple).

To conclude the proof, we have to check that (16) holds in the cases when g’ =0,
> di =3 and N < 37, which imply g < 17. These cases are only finitely many,
and can be handled with the help of a computer program.! (]

Let us conclude with some remarks.

I'The source code of a C++ program that lists all twisted sectors of Jilg, each one with its age, is
available at http://pcwww.liv.ac.uk/~pagani/twisted.cpp.
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Remark 1. We list the number of twisted sectors of ., for 1 < g <17, to give an
idea of its rapid growth:

(7,17,47,72,76,203, 196, 225,415, 537,427, 1040, 811, 779, 1750, 1860, 1371).
Then the number of twisted sectors of .U, with g" = 0:
(7,16, 43, 65, 64, 193, 163, 207, 372, 485, 359, 983, 657, 866, 1592, 1636, 1115).
And, finally, the number of twisted sectors of Jl, with g =0and ) d; =3:

(6, 12,32, 38, 42, 108, 76, 100, 184, 190, 150, 352, 162, 286, 544, 382, 196).

These final 2860 twisted sectors are those for which we performed the computer
assisted calculation mentioned in the last paragraph of the proof of Theorem 1.

Remark 2. One can also ask what are the twisted sectors of small age in .l ,, after
the marked hyperelliptic one. Here we list, for fixed (g, n), the first twisted sectors
in order of increasing age: marked hyperelliptic, marked bielliptic, ..., (marked)
double covers of curves of genus [g/2]. We remark that the ranges of existence of
those twisted sectors, in terms of g and n, are, respectively,

n<2g+4+2, n<2g-2 n<2g—6, ..., n <14+ (18

their ages are, respectively,
g—2+n g—1l+n g+n 3lg/2] —1—=(=D8+n
2 ' 2 o2 Y 2 ’

After all these, there is one marked trigonal cyclic twisted sector (when n < g+-2).

Then the picture becomes more complicated, and we do not know the answer. For
example, we have empirically observed that the minimum age among twisted sectors
of codimension k can be bigger than the minimum age among twisted sectors of
codimension k£ + 1.

The validity of the statements that we made in this remark require a long combi-
natorial proof along the lines of the proof of Theorem 1, which we do not include
in this note as it is not really relevant to our scope.

Remark 3. Condition (7) has not been used in any of the steps of the proof of
Theorem 1, which could then have been stated slightly more generally for the
twisted sectors of the moduli spaces of not necessarily connected smooth curves of
genus g.

Remark 4. There is no such thing as a stable cohomology in low degrees for J(7Lg, ns
it is a classical fact for example that even the second Betti number (which equals
the dimension of the Picard group in this case) grows exponentially in g. It still
makes sense to ask for the twisted sector of minimum age of ‘/l7tg,n, but the answer
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is much easier. To fix the ideas, we give the answer when g +n > 3 and g > 0:
the cases in which the generalized hyperelliptic locus has codimension > 1. Then
the unique twisted sector of minimum age is the codimension-1 locus, consisting
generically of a smooth elliptic curve glued at the origin to a smooth curve of genus
g — 1 carrying all the marked points, and with the automorphism induced by the pair
(elliptic involution on the elliptic curve, identity). Its age is %: half its codimension.
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SPECTRA OF PRODUCT GRAPHS AND
PERMANENTS OF MATRICES OVER FINITE RINGS

LE ANH VINH

We study the spectra of product graphs over the finite cyclic ring Z,,. Using
this spectra, we show that if € is a sufficiently large subset of an then the set
of permanents of k x k matrices with rows in ¢ contains all nonunits of Z,,.

1. Introduction

Let [, be a finite field of g elements where ¢ is an odd prime power. The prime
base field [, of [, may then be naturally identified with Z,. Let M be an k x k
matrix. Two basic parameters of M are its determinant

k
Det(M) = Z sgn(o) l_[aia(i)a

o €Sk i=1

and its permanent

k
Per(M) := Z Haia(,-).
eSSy i=1
The distribution of the determinants of matrices with entries in a finite field [,
has been studied by various researchers. Suppose that the ground field F, is fixed
and M = M is a random k x k matrix with entries chosen independently from [,.
If the entries are chosen uniformly from [, then it is well known that

(1-1) Pr(Mj is nonsingular) — H(l — q*") as k — oo.
i>1
It is interesting that (1-1) is quite robust. Specifically, J. Kahn and J. Komlés [2001]

proved a strong necessary and sufficient condition for (1-1).

Theorem 1.1 [Kahn and Komlés 2001]. Let My be a random k x k matrix with
entries chosen according to some fixed nondegenerate probability distribution u on

This research is supported by Vietnam National University, Hanoi, under project QG.12.43, “Some
problems on matrices over finite fields”.
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Fy. Then (1-1) holds if and only if the support of | is not contained in any proper
affine subfield of T,.

An extension of the uniform limit to random matrices with u depending on k
was considered by Kovalenko, Levitskaya, and Savchuk [1986]. They proved the
standard limit (1-1) under the condition that the entries m;; of M are independent
and Pr(m;; = a) > (logk +a(1))/n for all @ € F,. The behavior of the nullity of
My, for 1 — p(0) close to logk/k and p(a) = (1 — n(0))/(g — 1) for o # 0 was
also studied by Blomer, Karp, and Welzl [1997].

Another direction is to fix the dimension k of matrices and view the size of
the finite field as an asymptotic parameter. Note that the implied constants in
the symbols O, o, <, and <« may depend on the integer parameter k. We recall
that the notations U = O(V) and U < V are equivalent to the assertion that the
inequality |U| < c|V| holds for some constant ¢ > 0. The notations U = o(V)
and U < V are equivalent to the assertion that for any € > 0, the inequality
|U| < €|V| holds when the variables of U and V are sufficiently large. For an
integer k and a subset € C I]:’;, let M; (€) denote the set of k x k matrices with rows
in €. For any 1 € [, let Dy (%€; ) be the number of k x k matrices in M (€) having
determinant . Ahmadi and Shparlinski [2007] studied some natural classes of
matrices over finite fields [, of p elements with components in a given subinterval
[—H,H]C[—(p—1)/2,(p —1)/2]. They showed that

2H + ¥
(1-2) De—H, HI: 1) = (1 +o<1>>%,

ifr €, and H > p3/4+¢ for any constant & > 0. In the case k = 2, the lower bound
of the size of the interval can be improved to H > p'/2.

Using the geometry incidence machinery developed in [Covert et al. 2010],
and some properties of nonsingular matrices, the author [Vinh 2009] obtained the
following result for higher-dimensional cases (k > 4):

‘ st
Dy (™ 1) = (1+0(1)) P

if t € F} and 4 C F, of cardinality |s¢| 3> ¢*/**=D. Covert et al. [2010] studied
this problem in a more general setting. A subset € C [F’; is called a product-like set
if |9 N€| < |€|"/* for any I-dimensional subspace 9; C F}. Covert et al. showed

that
1€
D;(€;1) = (1+0(1))—q ,

if t € F) and € C ”:?1 is a product-like set of cardinality |€| > ¢'¥/%. In the
singular case, the author [Vinh 2012b] showed that for any subset € [F’(; with
|€| > ¢*~1*+2/* then the number of singular matrices whose rows are in € is close to
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the expected number (14 0(1))|€ K /q. In the general case, the author [Vinh 2013a]
showed that if € is a subset of the k-dimensional vector space over a finite field [,
(k > 3) of cardinality |€| > (k — l)qkfl, then the set of volumes of k-dimensional
parallelepipeds determined by € covers [,. This bound is sharp up to a factor of
(k — 1) as taking € to be a (k — 1)-hyperplane through the origin shows.

On the other hand, little is known about the permanent. The only known uniform
limit similar to (1-1) for the permanent is due to Lyapkov and Sevast'yanov [Lyapkov
and Sevast’yanov 1996]. They proved that the permanent of a random & x / matrix
M, with elements from [, and independent rows has the limit distribution of the
form

klingo Pr(Per(My)) =) = pido+ (1 —p))/p, L eF,,

where 8, is Kronecker’s symbol. In [Vinh 2012a], the author studied the distribution
of the permanent when the dimension of matrices is fixed. We are interested in
the set of all permanents, P (€) = {Per(M) : M € M (€)}. Using Fourier analytic
methods, the author [Vinh 2012a] proved the following result.

Theorem 1.2 [Vinh 2012a]. Suppose that q is an odd prime power and gcd(q, k) =1.
If €N(F)* # 2, and €] Z g* 12, then i C P ().

Note that if |€| > ng"~! then €N ([F;‘)k # . Hence we have an immediate
corollary of Theorem 1.2.

Corollary 1.3 [Vinh 2012a]. Suppose that q is an odd prime power and gcd(q, n)=1.
(a) If € C [FZ of cardinality |'€| > ng" ™", then [F:; C P,(%).
(b) If A C F, of cardinality || 3> q'/>TV/ 2" then i C Pa(sd”).

The bound in the first part of Corollary 1.3 is tight up to a factor of n. For
example, |{x € [FZ cx1 =0} =¢" " and P,({x [FZ : x; = 0}) = 0. However,
we conjecture that the bound in the second part of Corollary 1.3 can be further
improved to || > ¢'/?*¢ (for any € > 0) when 7 is sufficiently large.

Let m be a large nonprime integer and Z,, be the ring of residues modulo m. Let
y (m) be the smallest prime divisor of m, w(m) the number of prime divisors of
m, and t(m) the number of divisors of m. We identify Z,, with {0, 1, ..., m — 1}.
Define the set of units and the set of nonunits in Z,, by Z, and ng respectively. The
finite Euclidean space ka consists of column vectors x, with j-th entries x; € Z,,.
The main purpose of this paper is to extend Theorem 1.2 to the setting of finite
cyclic rings Z,,. One reason for considering this situation is that if one is interested
in answering similar questions in the setting of rational points, one can ask questions
for such sets and see how they compare to the answers in R¥. By scale invariance of
these questions, the problem for a subset € of @ would be the same as for subsets
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of ZX,. More precisely, we have the following analog of Theorem 1.2 over the finite
cyclic rings.
Theorem 1.4. Suppose that m is a large integer and ged(m, k) = 1. If €N (ZX)* #
@, and
k
g > —mm_
Y (m) (k—=1)/2

then 7, < Py (€).

Notice that if |€| > k(m — ¢ (m))m*~! then € N (Z)* # @. Hence, we have an
immediate corollary of Theorem 1.4.

Corollary 1.5. Suppose that m is a large integer and gcd(m, k) = 1.

(a) Suppose that
(m — ¢ m))y (m)* "2 > v (m)ym
and
€] > (m — ¢ (m))m* !,

then 7., < Py (€).
(b) Suppose that A C Z,, of cardinality

T(m)m
>_ 7
] 2 Y (my 1720

then 7% C Py(A5).

Note that the bound in Corollary 1.5 is sharp. For example, if ¢ = 79 x 7t~!
then P, (€) C Z?,,. Theorem 1.4 and Corollary 1.5 are most effective when m has
only a few prime divisors. For example, if m = p”, we have the following result.

Theorem 1.6. Suppose that p" is a large prime power and gcd(p,k) = 1. If
€N@Zy)t # 2, and
181> (r + 1) prk=t=1/2),

then Z;r C P (8).

In particular, suppose that k > 3, p > r, and |€| = p*" =1, then Z;r C P(%).
The lower bound of |€| in this case is sharp, as taking € to be the set Zg, X Z];],_]
shows.

Note that, the bounds in Corollary 1.5 and Theorem 1.6 are sharp in general
cases. When € = #" is a product set, we conjecture that these bounds can be further
improved when 7 is sufficiently large.

For any r € [, and € C [F';, let P, (€; t) be the number of k x k matrices with
rows in € having permanent ¢. In [Vinh 2012a], the author studied the distribution
of P,(%;t) when € = #* for a large subset o4 C [F,. It would be of interest to
extend these results to the setting of finite rings.
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2. Product graphs over rings

For a graph G, let .} > A, > --- > A, be the eigenvalues of its adjacency matrix.
The quantity A(G) = max{A;, —A,} is called the second eigenvalue of G. A graph
G = (V, E) is called an (n, d, ))-graph if it is d-regular, has n vertices, and the
second eigenvalue of G is at most A. It is well known (see [Ahmadi and Shparlinski
2007, Chapter 9] for more details) that if A is much smaller than the degree d, then
G has certain random-like properties. For two (not necessarily) disjoint subsets of
vertices U, W C V, let e(U, W) be the number of ordered pairs (u, w) such that
uelU,weW,and (u, w) is an edge of G. For a vertex v of G, let N(v) denote
the set of vertices of G adjacent to v and let d(v) denote its degree. Similarly, for a
subset U of the vertex set, let Ny (v) = N(v) NU and dy (v) = | Ny (v)|. We first
recall the following well-known fact.

Theorem 2.1 [Ahmadi and Shparlinski 2007, Corollary 9.2.5]. Let G = (V, E) be
an (n,d, A)-graph. For any two sets B, C C V, we have

e(B,C) — < AV/IBJ|C].

d|BJ|C|

n

For any A € Z,,, the product graph By, (k, 1) is defined as follows. The vertex set
of the product graph B, (k, 1) is the set V (B, (k, 1)) = Z’,‘n\(lg)k. Two vertices a
and b € V(B,,(k, A)) are connected by an edge, (a, b) € E(B,,(k, 1)), if and only
if a-b = A. When A =0, the graph is a variant of the Erd6s—Rényi graph, which
has several interesting applications. We will study this case in a separate paper. We
now study the product graph when A € Z,;.

Theorem 2.2 [Vinh 2013b]. For any k > 2 and A € Z,;,, the product graph B, (k, 1)
isan
7(m)m*—1

Proof. This proof follows from the proof of [Vinh 2013b, Theorem 3.1]. We include
its proof here for completeness. It follows from the definition of the product graph
B, (k, )) that B,,(k, A) is a graph of order m* — (m — ¢ (m))*. The valency of the
graph is also easy to compute. Given a vertex x € V (B, (k, 1)), there exists an
index x; € Z,;. We can assume that x; € Z,;. We can choose y>, ...,y € Z,
arbitrarily, then y; is determined uniquely such that x - y = A. Hence, B,, (k, A)

<mk —(m— ¢(m))k, mk! )-graph.

is a regular graph of valency m“~!. It remains to estimate the eigenvalues of this
multigraph (that is, graph with loops). For any a # b € Z* \(Z°)*, we count the
number of solutions of the following system:

(2-1) a-x=b-x=xmodm, erfjl\(Zﬁ)n)k.
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There exist uniquely n|m and b; € (Zm/n)k\(Zgn/n)k such that b = a + nb,. The
system (2-1) becomes

(2-2) a-x=X\modm, nb;-x=0modm, xe(Zm/,,)k\(Z0 )k.

m/n

Let ay, € (Zy/n)\(Z° , ) =amodm/n, x, € Zy/n)*\(Z°,)* =x mod m/n,

m/n m/n
and A, = A mod m/n. To solve (2-2), we first solve the following system:

(2-3) ay-x, =iy modm/n, by-x,=0modm/n, x, € Znm)\Z),,)".

The system (2-3) has no solution when a, = tb; mod p for some prime p|(m/n)
and t € 7, and (m/ n)*=2 solutions otherwise. For each solution x, of (2-3),

putting back into the system

2-4) a-x=X\Amodm, x=x,modm/n,

gives us n*~! solutions of the system (2-2). Hence, the system (2-2) has m*—2n

solutions when a,, # tb; mod p and no solution otherwise. Let A be the adjacency
matrix of B,,(k, A). It follows that

(2_5) A2:mk—2j+(mk—l_mk—Q)I_mk—Q Z En+ Z (mk—Zn_mk—Z)Fn’

nlm nim
1<n<m l<n<m

where J is the all-ones matrix; / is the identity matrix; E, is the adjacency matrix

of the graph B ,, where for any two vertices a, b € V (B, (k, 1)), (a, b) is an edge

of Bg , if and only if b =a +nby, b; € (Zm/n)k\(Zgﬁn)k and a, = tb; mod p for

some prime p|(m/n); and F), is the adjacency matrix of the graph Br ,, where

for any two vertices a, b € V(B,,(k, 1)), (a, b) is an edge of Br, if and only if

b=a+nbi, b (Zm/n)k\(Zgl/n)k, and a,, # tby mod p for any prime p|(m/n).
Therefore, B, is a regular graph of valency at most

> o= D(L) <omm/mym!

pl(m/n), pe®

Hence all eigenvalues of E,, are at most w(m)(m/ n)*y (m)'=*. Besides, it is clear
that all eigenvalues of F, are at most (m/n)*. Since B,,(k, A) is a m*~!-regular
graph, m*~! is an eigenvalue of A with the all-one eigenvector 1. The graph
B, (k, 1) is connected, therefore the eigenvalue m*~! has multiplicity one. Since
the graph B, (k, A) contains (many) triangles, it is not bipartite. Hence, for any
other eigenvalue 6, |8| < m*~!. Let vy denote the corresponding eigenvector of 6.
Note that vy € 1%, so Jvg = 0. It follows from (2-5) that

(92 —m! +mk_2)vg = (mk_2 Z E, — Z (mk_zn — mk_z)F,,)vg.
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Hence, vy is also an eigenvalue of

mk2 Z E,— Z (mk_zn—mk_z)Fn.

nim nlm
1<n<m l<n<m

Since the absolute values of the eigenvalues of a sum of matrices are bounded by
the sums of the largest absolute values of eigenvalues of the summands, we have

02 <m = m* 24 m 2N w(m) (m /)y (m)' T+ 2 —m* ) m /)

nlm nlm
1<n<m l<n<m
<m* Nt w(m)(z(m) — Hm* 2y m) 4 Y m* 2
nim
l<n<m
< (@(@m)+ D(xm)—Dm* 2y m)' =" < 1(m)*m* 2y (m)'*.
The lemma follows. O

The following lemma is an immediate corollary of Theorems 2.1 and 2.2.

Lemma 2.3. Forany €, F C ZX\(Z°)* and A € 7%, let

(G, F)=|{(x,y)eé€xF:x-y=2A}.
Then

fors k—1
e (6. F) = (1+o(1))[€]|F| n 0( T(m)T_1 %H%)-

See also [Covert et al. 2012, Theorem 1.3.2] for another proof using character
sums over finite rings of Lemma 2.3 in the case of m = p’.

3. Proof of Theorem 1.4

Fixana=(ay, .. .,an)e%ﬂ(Z;;)k. Forany x =(x1, ..., x¢),and y=(y1, ..., Yx)
€ ¢, let M(a; x, y) denote the matrix whose rows are x, y, and (k —2) a’s. Let
1:=0,..., 1), x/a:=(x1/ay, ..., xx/ar), and y/a := (yi/ay, ..., y/ax); we
have

k k k
Per(M(a;x,y)):l_[ai Per(M(1; x/a, y/a)) = ( a,-) 322—1
i=1 i=1 i=1 b i
Set
(3-1) €= {(n/a)_y (k1,0 €€,
(2 = {(Twfa)_on.owet]
2. i /A | . 1y --+5 Yk .

J#i i=
It is clear that [€]| = |€,| = |€| (as gcd(k, m) = 1). For any A € Z,;, it follows
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from Lemma 2.3 that
(I+o(1)[€1]é] T(m)ym !
er(€1,%2) = +o 2 i)
m y (m) =07

(1+o(1)[€)? T (m)m*~!
- oot}

(3-3)

Since .
T(m)m

g 5

y (m)&=D72

(3-3) implies that
Z,; C{Per(M(a;x,y)):x,y €€} C P (),

completing the proof of Theorem 1.4.
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THE CONCAVITY OF THE GAUSSIAN CURVATURE OF THE
CONVEX LEVEL SETS OF MINIMAL SURFACES WITH
RESPECT TO THE HEIGHT

PEI-HE WANG

For the minimal graph with strictly convex level sets, we find an auxiliary
function to study the Gaussian curvature of the level sets. We prove that
this curvature function is a concave function with respect to the height of
the minimal surface while this auxiliary function is almost sharp when the
minimal surface is the catenoid.

1. Introduction

Consider a function whose graph is minimal and whose level sets are strictly convex.
Extending work of Longinetti [1987], we explore the relation between the Gaussian
curvature of the level sets and the height.

The nature of the level sets of the solutions of elliptic partial differential equations
is a subject with a long history, going back to results of Shiffman in the 1950s for
minimal surfaces. The curvature of such level sets has also been studied for several
decades. Some key contributions to these problems are listed in the introduction
of [Chen and Shi 2011]. Here we just mention some recent developments directly
relevant to our problem.

Jost, Ma, and Ou [Jost et al. 2012] and Ma, Ye, and Ye [Ma et al. 2011] proved
that the Gaussian and principal curvatures of convex level sets of three-dimensional
harmonic functions attain their minima on the boundary. Ma, Ou, and Zhang [2010]
gave estimates of the Gaussian curvature of convex level sets of higher-dimensional
harmonic functions based on the Gaussian curvature of the boundary and the norm
of the gradient on the boundary. Wang and Zhang [2012] have given estimates for
the Gaussian curvature of convex level sets of minimal surfaces, Poisson equations,
and a class of semilinear elliptic partial differential equations studied by Caffarelli
and Spruck [1982].
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the Postdoctoral fund (number 201203030) of Shandong Province and the Postdoctoral Fund (number
2012M521302) of China.
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In this paper we use the support function of strictly convex level sets and the
maximum principle to obtain the concavity of the Gaussian curvature of convex
level sets of minimal graphs with respect to the height:

Theorem 1.1. Let Q2 be a bounded smooth domain in R", n > 2, and let
ueCHQNCHQ), fh<u@) <n

be a minimal graph in 2, that is, one such that
Vu

(1-1) div——— =0 inQ.
V14 |Vul?

Assume |Vu| # 0 in Q. Let

={xeQ:ulx)=t} fortg<t<n

be the level sets of u and let K be their Gaussian curvature function. For

NIV e =
f(t)—mln m K (X)..XGF[ ,

if the level sets of u are strictly convex with respect to the normal Vu, we have the
differential inequality

D*f(t) <0 in (to, t1).

Under the same assumption as in Theorem 1.1, Wang and Zhang [2012] proved
the following statement: for n > 2, the function (|Vu|?/(1 +|Vu|*)? K attains its
minimum on the boundary, where 6 = —% orf > %(n — 3). From this fact they got
the lower bound estimates for the Gaussian curvature of the level sets.

Corollary 1.2. Let u satisfy

Vu _
div ————==0 in Q= Qp\Q,
(1-2) V14 |Vul?
u=>0 on 0€2,
u=1 on 0821,

where Qo and Q| are bounded smooth convex domains in R*,n > 2, Q; C Qo.
Assume |Vu| # 0 in Q and the level sets of u are strictly convex with respect to
normal Vu. Let K be the Gaussian curvature of the level sets. For any point
x eIly,0 <t <1, we have the following estimates.

o Forn =3, we have

(1-3) K(x)'? = (1 =) (minyg, K)'/? + 1 (minyg, K)'/.
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o Forn # 3, we have

1-4 [Vul %Kﬁ
@ () #[ 7

a2 \'T T u2 \'T T
> —-t)min| | ——— K +tmin| | ——— K .
- 9 | \ 1 +|Vu|? 9 | \ 1+ |Vu|?

Remark 1.3. The following example shows that our estimates are almost sharp in
a sense. Let u(r, 0), r > 2, be the n-dimensional catenoid:

-2 1

(1-5) M(l", 9) = . \/ﬁds
Then
(1-6) IVu| = :
‘= [r2—1) _ 1’
and the Gaussian curvature of the level set at x is K (x) = r!~". Hence,
a2 \'T Tt
u n—
1-7 H=|l—— K =r2n,
47 o [(1+|w|2> ] '

For n =2, f(¢) becomes a constant function, which shows that our estimate of
its concavity is sharp. Now we turn to the case n > 2.
Set

-2
1
R:/ —— ds.
—00 VSZ("_l) —1

Then we have

-r o |
( ) u-+ /;oo snfl S \/;oo Snl[ m} A
—1)"
— ( ) r2—n+©(r4—3ﬂ)'
2—n
This means that
(1‘9) f(t):(—1)”(2—;1)(R_t)+@(r4—3n)’

which shows the “almost sharpness” of our estimate in higher dimensions.

To prove these theorems, let K be the Gaussian curvature of the convex level
sets, and let ¢ = log K (x) + p(IVu|?). For suitable choices of p and B, we shall
show the elliptic differential inequality

(1-10) L) <0 mod Vy¢ in €,
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where L is the elliptic operator associated with the equation we discussed and here
we have suppressed the terms involving Vg (see the notations below) with locally
bounded coefficients. Then we apply the strong minimum principle to obtain the
main results.

In Section 2, we first give brief definitions on the support function of the level
sets, and then we obtain the equation of the minimal graph in terms of the support
function. We prove Theorem 1.1 in Section 3 by formal calculations. The main
technique in the proof consists of rearranging the second and third derivative
terms using the equation and the first derivative condition for ¢. The key idea is
Pogorelov’s method in a priori estimates for fully nonlinear elliptic equations.

2. Notations and preliminaries

Let Qg and 2 be bounded smooth open convex subsets of R” such that Q1 C Qo,
and let Q = Q0\Q;. Let u : @ — R be a smooth function with |Du| > 0 in Q and
let its level sets be strictly convex with respect to the normal direction Du.

For simplicity, we will assume that

u=0 ondQ,
u=1 ond,

and we extend u to ©2; with the value 1. For 0 <t <1, we set
Q={xeQ:u=>t);

Then every x € 2 belongs to the boundary of Q).
Next we define the support function of u, denoted by

H:R'x[0,1]—> R

as follows: for each t € [0, 1], H(-, t) is the support function of the convex body
Q,, that is,
H(X,t)=Hg (X) forall X eR", t€]l0,1].

For details, see [Colesanti and Salani 2003; Longinetti and Salani 2007].

The rest of this section is devoted to deriving the minimal graph by means of the
support function. For this we need a reformulation of the first and second derivatives
of u in terms of the support function /g,, which is the restriction of H( -, t) to the
unit sphere S"~!; see [Chiti and Longinetti 1992; Longinetti and Salani 2007]. For
the convenience of the reader, we report the main steps here.

Recall that / is the restriction of H to S"~! x [0, 1], so h(0,1) = H(Y (0), 1) =
hﬁ, (Y(0)) where t € [0, 1] and Y (0) € S” is a unit vector with coordinate 6. Since
the level sets of u are strictly convex and /(9, t) is well defined, the map

x(X, 1) = xg, (X),
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which assigns to every (X, 1) € R"\{0} x (0, 1) the unique point x € Q2 on the level
surface {u = t}, where the gradient of u is parallel to X (and orientation reversed).

Let
oY

_3_91-’

L=
so that {7y, ..., T,—1} is a tangent frame field on S"1 and let
x(0, 1) = xg, (Y (0));
we denote its inverse map by
vilxt, ..., x5)— O1,...,60,_1,1).

Notice that all these maps (4, x, and v) depend on the considered function u (like
H), even if we do not adopt any explicit notation to stress this fact.

For h(6,t) = (x(0, 1), Y(0)), since Y is orthogonal to 0%, at x(0, 1), deriving
the previous equation, we obtain

hi =(x, T).

In order to simplify some computations, we can also assume that 6, ...,6,_1, Y is
an orthonormal frame positively oriented. Hence, from the previous two equalities,
we have

x=hY+ Y T
and !

aT;

— = —5,'1' Y atx,

26,

where the summation index runs from 1 to n — 1 if no extra explanation is given,
and §;; is the standard Kronecker symbol. Following [Chiti and Longinetti 1992],
we obtain, at the point x under consideration,

ot

ox .

ox
—=htY+Zhn'Ti,
i

i
The inverse of the above Jacobian matrix is
ot

™ =h ' [V],, a=1,...,n,
(2-1) 36, ) 1
Ez;bunj_ht hijYle, a=1,...,n,
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where [ - |; denotes the i-coordinate of the vector in the bracket and

ox oY
(2-2) bij = T@,a = hdij + hij

denotes the inverse tensor of the second fundamental form of the level surface 9, at
x(6, t). The eigenvalues of the tensor b'/ are the principal curvatures k1, . .., k,_
of 3K at x(0, 1); see [Schneider 1993].

The first equation of (2-1) can be rewritten as

where the left hand side is computed at x (6, ¢), while the right hand side is computed
at (6, t). It follows that

By the chain rule and (2-1), the second derivatives of u in terms of 4 can be
computed as

23)  tap =Y [=h;2hi¥ + b Tlab [T — b heY1g — by el Y 1alY 1
iJ
fora, B=1,...,n. Vi

In these new coordinates, the minimal graph equation, div ———= =0, reads
V14 |Vul?

(2-4) hee = [(L+h])8ij + hyihyj1bY
iJ
and the associated linear elliptic operator is

. . 82 B 82 82
2-5) L= 14+h>)8,, + hyph;, 1b'P b1 -2 bl —.
(2-5) iijjq[( g+ hepheg 07T o ZJ b 5ot o

Now we recall the well-known commutation formulas for the covariant derivatives
of a smooth function u € C*(S").
(2-6) Uijk — Wikj = —ukSij +u ik,
2-7 Wijki — Wijik = Wik j1 — wir8jx + urjSi — uy;Sik.-
They will be used during the calculations in the next section. By the definition of

b;; and the above commutation formulas, we easily get the following Codazzi-type
formula:

(2-8) bijx =bix,j-
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3. Gauss curvature of the level sets of minimal graph

In this section we prove Theorem 1.1. We state a technical lemma.

Lemma 3.1 [Maetal. 2010]. Let A >0, u € R, by > 0,and c; e Rfor2 <k <n—1.
Define the quadratic polynomial

2
0Xp, ..., X1)=— Z kaI%—)\.( Z Xk) +4u Z cr Xp.

2<k<n—1 2<k<n—1 2<k<n—1

Then we have
Q(X27 ey Xl’l—l) E 4l’L2F?

c? 1\ Ck 2
= X a2 5) (2 5)

2<k<n-—1 k 2<k<n-—1
For a continuous function f(¢) on [0, 1], we define its generalized second-order
derivative at any point ¢ in (0, 1) as
t+h t—h)—2f(t
D27ty = timeup LED S E =) =27 @)
h—0 h
Let B be the quotient set B =R"/277" and let Q = B x (0, 1). Let G(0, t) be

a regular function in Q such that £(G(0,t)) > 0 for (6,¢) € Q, where & is an
elliptic operator of the form

RS RS M
= a —_— c —
i a0; 80j - a0; ot 012 ; a0;

where

with regular coefficients al bt et

Lemma 3.2 [Longinetti 1987]. The function ¢ (t) = max{G (0, t) : 0 € B} satisfies
the differential inequality
D*¢ (1) = 0.

Moreover, ¢ (t) is a convex function with respect to t.

The lemma is proved only in dimension n» = 2 in [Longinetti 1987], but it is easy
to see that it is valid for the general case n > 2.

Since the level sets of u are strictly convex with respect to the normal Du, the
matrix of second fundamental form (b;;) is positive definite in 2. Set

¢ = p(h?) —log K (x),

where K = det(b/) is the Gaussian curvature of the level sets and p(z) is a smooth
function defined on (0, +00). For suitable choices of p and 8, we will derive the
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differential inequality
(3-1) L) <0 mod Vyp inQ,

where the elliptic operator L is given in (2-5) and we have modified the terms
involving Vy¢ with locally bounded coefficients. Then, by applying a maximum
principle argument in Lemma 3.2, we can obtain the desired result.

In order to prove (3-1) at an arbitrary point xo € €2, we may assume the matrix
(bij(x0)) is diagonal by rotating the coordinate system suitably. From now on, all
the calculations will be done at the fixed point x.

Proof of Theorem 1.1. We shall prove the theorem in three steps.
Step 1: computation L(¢). Taking the first derivative of ¢, we get

e

(3-2) og- = 20"hihyj ) 0 b,
J ki
dp / ki
(3-3) = =20'hihi + > bMbi.
k,l

Taking the derivative of (3-2) and (3-3) once more, we have

82
m g) o= Qp 40 B it + 20 hihyji = 3 B by b b+ 6 b i,
e k.d,rs k.l
82(;)
so a7 = @0 A0 WD i+ 20 Rk — D B b i b+ ) b b i,
! kl.rs k.l
82<p
5z = Q0"+ A WG 20 i — 3 0 by b b+ Y B b
k,l,r,s k,l
So we can wrtie
(3-4) Lp)=hLh+ L+ 15+ 14,

with
L= Qp' +4p"h}) [Z[(l +hD8ij +heihi b bbby =2 R +h,2t],
i,j i
L =2p"h [Z[(l 18+ hiihi b b hyji =2 hib ey +hm],
i,j i
L=-Y b [Z[(l +hD)8ij +heihij b b b ibi ;o —2 Y heib" by b
k,l i,j i
+blzl,z:|

Iy =Y b*L(bw).
k
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In the rest of this section, we will deal with the four terms above respectively.
For the term I;, by recalling our equation, that is,

(3-5) hie = [(L+h})8;j + hyihy1bY
i’j

we have, by recalling that (b'/) is diagonal at x,

(3-6)

= (20" +4p"h}) [Z[(l +h)8i; + hyihy 1" b hyihy —2 Z h2b  hy + hf,}
L]

2
=(Q2p'+4p"h}) [(1 +h) Z(h,,-b“dz + (Z hib'" — hn) }

= 0+ 4+ Y b+ 2+ 4 1+ R,

i

where o1 = Y, b’ is the mean curvature.
Now we treat the term [,. Differentiating (3-5) with respect to ¢, we have

G-D) iy =2hihyor +2)  hihyib” = [+ 018 + hiihj 16" b/ bij .
i,j i,j

By inserting (3-7) into I, we can get

L =2p"h [Z[(l +h1)8ij + hiihyj 16" bV i — 2 Z Biib" i + hmj|
ij i
=2p'h [Z[(l +h)8ij + heihij1b" b7 (hji = bij ) + 2h,hnm]
i,j
Recalling the definition of the second fundamental form, that is, (2-2), together
with (3-5), we obtain

(3-8) L= 2p’ht[2[<1 +h1)8ij + heihif b b (=h8ij) + 2hth,m}
iJj
~20'h{ (1 +h}) Z(b”)2 20'h7 Y (hiib")? +40'h} (1 +hi)o}
’ +ap'h2oy 3 h2bi.
Combining (3-6) and (3-8), i
(3-9) h+h
= 4p'h2o thb” +[40' > (1 +12) + 20 +4p" W) 1+ 1o}

+(2p' +4p”ht><1+h,>—2p’h?] D (hb =20’ R} (1+h7) Y (b)?
i i
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In order to deal with the last two terms, we shall compute L(by;) in advance. In
this process, the index k is not summed. By differentiating (3-5) twice with respect
to 6, we have

(3-10) hik = J1 + o + 3+ Ja,
with
Ji =Y T+ h])8ij + hiihylb"
ij
T =2 [+ h])8ij + hiihijle(=b"Pbpg 15V,
ij,p.q
— AS I .. ir sp qj
J3 - Z [(1 +hz)8lj +httht]](2b brs,kb bpq,kb )’
ij,p,q.r.s
Jo= Y 1A +hD8ij + hiihi)(—b"P by b®).
ij,p.q

For the term J;, we have
J1= Z(2hthtk3ij + hyikhej + heihyje)kb”
i,j
= 2501 + 20 hikor +2 ) hyigchib™ +2) bl b
i i

Noticing that

hiik = hiir = bii s — S,

hiikk = hikke = bik ke — hiedix = brk,ir — hiiSik,
we obtain

G-11)  J1 =2hj01 + 2hibe 01 — 21701 +2 ) bgisheib”
i

—2hp b+ 2 by b — kb b 4 207D
l

For the term J,, we have

(3-12)  Hr =2 Qhihudi + huikhij + hiihije) (— b bij b

iJj
= —4hihu Y (b")biig =4 heixhyib b bij
i i,j
= —4hihg Yy (b")biig =4 bbby iy
i il

+4h, Y hy Db by ;.
J
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Note that we have changed the lower index during the above calculations and this
will happen frequently in the following procedure.
Also we have

(3-13) T3 =2 [(L+h})8ij + hiihy1b" b7 b by by ;.

il
Applying the commutation rule b;; x; — b;j ik = bji6i1 — bjiSik + bixdj1 — bi1 i, for
the term J4, we have

(3-14) Jo==Y [(L+h})8;j + hiihyj1b" b b i
ij
= — > [+ 18 + hiihij1b" b7 (b ij + bij — budiy)-
)
On the other hand,

G-15)  Rukk = hiker = biksr — hee = bigr — Y LA +5)8ij + hihif1b7.

i,J
By putting (3-11)—(3-15) into (3-10), recalling the definition of the operator L, we
obtain
L(bii) = Z[(l + 28 + hyih 167+ 2h% 01 4 2h by 01 — 2k 0
i,j

—2hp b +2) by b — An b b + 207D — Ahhy Y (07 bk
1 i

— 4> hiib B b b +2 Y [+ hD)8i; + heihi 167 b b by b,

il ij.l
4y Y hb b b — Y L+ B8 + hiihy 167 B (bij — i)
i ij
Therefore,
(3-16)
Iy =2 [(L+h})8ij + hiihyj 16" b7 b by by j — 4> " hyib Db by b s
i,J.k.1 ikl
+ 20,01 Y Dby — 4 Y (O by — 2k} 0T +2)  bBIBY
k k k.l

= DA+ +2r71Y (0 +201 Y hyb"

+(n—3) ) (hib")?.
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By substituting (3-9) and (3-16) in (3-4), we obtain

(3-17)
L(p) =Y [(+h])8i+ hiihy b b7 b0 by by j =2 " huib DD by iy 4
i,j.k.l ikl
+ > B*DbY  +2h0y Y M b — 4R Y () by
k,l k k

+Q2+4p'h])or Y hp b (=D (A+h])+2h7 =2p'hF (1411 Y (b")?

1
+ 40 R (L +h) + 2p' +4p" W) (1 + h?)? — 2k o}

Q2o +4p R (L +hD) = 2p'h + (n = 3)] Y (hyib')?.

Step 2: calculation of L(eP?) and estimation of the third-order derivatives involving
bik,;. Notice that

ap 0@

L") = el {L(p) + Byi) + B2 Y 1 1(1+ 18 pg + huphsg 071 =5
2 J

i,j,p:q

j 0p d¢
— 2ﬂ2€ﬁ(p Z htjblj @E
ij !

To reach (3-1), we only need to prove that, for some constant 8 < 0,
L(p) + B¢2 =0 mod V.

We now compute ,Bgotz.
By (3-3), we have

2
(3-18) @f =40V hihj, +4p hihy Y Db, + (Z bk"bkk,t)
k k

=4(0)h; (1 +h)?of +8(0)V2h; (1 +h)oy Y hpb'

1

2
+4<p’>2h?(2 h%,-b"") +a4p'h (L +h])oy Yy b b
i k

2
+4p'h, <Z hfib“> (Z bkkbkk,z> + (Z bkkbkk,t) :

k k

Joining (3-17) with (3-18), we regroup the terms in L(g) + Bg? as follows:

L(p) + By} = P+ P, + P3,
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where
P = Z(Z hiihyi b BB B by b ;=2 " b BB by i
k£l N i,j ;
+ b""b”b,%,J),
2
Py=Y " (0"*bu)* + B (Z bkkbkk,t)
k k

+2 Z[[l +280' (1 +h)1hor +28p'hy (Z h?,-b“)
k i

= hiib Dby — 2htbk’<] (D),
Py=(1+h) Y OV D"b3 ; + > hiihy b b D by b b
ikl i,j.k
+12+40'h; +8B(p")hF(1+hD)loy Y hyb'

+ 00— DA +h2) +2h7 = 2p'h2(1+hD] Y (b")?

1

F[40'R2(1+ D) + 20" + 40" hH) (1 + 1) — 202 +4B(p")*h* (1 + h?)? o}
Q20" +4p B+ 1) = 20"k} + (n = 3)] Y _(hyib'")?
) :
+4B(p) Iy <Z hfib“> :
i

1
In the rest of this step, we will deal with the term P,. Let X; = bkkbkk,,(k =
1,2,...,n—1). Then P, can be rewritten as

2
Py(Xy, Xy, ..., Xy 1) = ZXI%‘HC}(ZX") +2ZCka,
k k k

where
e =[1428p (1 +hH)ho1 +280'hy ( > hfibii> = > hiib b by i — 20, b,
i i

Denote by %, the matrix

I+ B - B
B o1+B - P

BB e 14p
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In a word, we want to bound P>(X1, X5, ..., X,,_1) from below. Thus the
nonnegativity of %, is necessary, and this requires

1
n—1"

g>—

For convenience, Let us choose the degenerate case, thatis, § = —1/(n —1). By
setting Tt = (1, 1, ..., 1), the null eigenvector of the matrix ?,, we then have, by
(3_2)5
ap

® Pl 1. 1)=2) c=2[n—3-2p'(14+h})]h01 - 22;;,,1;”89

k

which suggests that the simplest selection should be p(¢#) = ((n — 3)/2) log(1 +1).
From now on, let us fix p(t) = (n —3)/2) log(1+1¢) and g = —1/(n — 1). But,
for simplicity, we do not always substitute for the values of p and 8.
By straightforward computation and (x), we have

2
Z(XH;SZ& +ck> = Py(X1, X2, ..., Xu-D) + Y} + Pa(Voo),
k i k

where

.. 8(,0
Py(Vog) =28 <Z Xi> Y a=28 (Z X<,~) D i
i k j i
Putting p and 8 into some terms in ¢k, we derive that

2 2 i i
e = ———hyo1 - mdk,(; h2b )—Xi:hﬁb b by i — 20, bk

n—

Therefore, together with (3-2), we get
Py (X1, Xa, ..o Xn—1)
> =Y "t — Pa(Vop)

k
==Y hihiib DD by ;D b j — 40y Y b (0 b
i,j.k ik

4 ..
_4h2 Z(bkk) + hZO_l _ p/hzo_l th bii

4 g ~
e 1h$<p/>2(2 h?l-b“) + P2(Voo),

where

Py(Vop) = — P2 (Vo) —

.. i 8(/)
h,|:01 — 0 thzjbﬂ} > hiib’ 5
. . 1

] 1
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Observing that P; > 0,

(3-19) L(p) + By?

> (1+h]) Y "6 b — 4hy D hyib (M) by
ik,l ik

8 ii
|2+ 40nE + 8BGO HEA + D) = g |1 Y b

+[( = D+ k) = 2h7 =20 h; 1+ D)1 Y (b
2n_6h12:|‘712

n—1

40 B2+ BD +1@p" +40"HD) +4B (0PI + 1) —

1o +40 W)L+ 1)) = 2p'h} + (= 3)] Y _(hiib™)* + Py (Vpe).

1

In the next step we will concentrate on the following two terms:

R=1+1) Y 0D D" by, — 4k, Y heib™ (6" b
i,k,l ik

Step 3: conclusion of the proof of (3-1). Recalling our first-order condition (3-2),
we have

d
(320)  bllby =2 > b j—20'hihy for j=1,2,....n—1.

20; =
For the term R, we have

R=(1+htz) ZZ(bii)Zbkkbllblzl’i_"_Z(bii)Z(bkkbkk’i)Z}
- i kA ik -
— 4 hehiib" ()b

ik
=1+hrD[2> G2 bE  +2 > 0D b b}
- k>2 i,k>2
+Z Z(bii)zbkkbllblzl’i_{_Z(bii)Z(bllbll’i)Z
i k=2 i

7 +ZZ(b”)2<b"’<bkk,,->2]

i k=2
— 4> bbb (B")b1i—4) > bt (0 b

i i k>2

= R+ R, + R;3,
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where

Ri=(1 +h?>[2 > @'y et by + Z(bii)z(b“bn,i)z]
k>2 i
—4> hihb" (") by,
i
Ry=2 " (1+h)®" b " b7y, + > Y (L4 kBB b by,
i,k>2 i kI>2

k£l
Ry=Y_ S (1+h)G 2 O buei)® =43 hihiib 05 by .
i k=2 i k=2

By (3-20), one has

R = (1+ht2)|:2b” D b by ibi i + 80" D b D by

i,k,[>2 i.k>2
4+ 8(p/)2hl2b11 Z htzjbii + Z Z (bii)zbkkbllbkk,ibll,i
i>2 i kiI>2
+4p'he Y Y i (026 by + 40 )2h22<h,,b” }
i k>2
+4h Y hyb D B by i + 8p"h 7" thb” + R(Vy9),
i k>2
where
K
R(Vep) = (1+h%)| 26"y " bk —4p"! bty
(Vo) = (1+ )[ Z 90 Z 11k89
k>2 k,0>2
2
—8phb“2b""htk—+2( ") ( )
k>2
e
kk 2
—2) 2 6 b 1—9—4ph[2<b” h”ae}
i k>2
— 4h,b" b"ih -
t lz 1 89
On the other hand,

Ry=(1+h? [Zb” D BB +2 ) b b

k>2 i,k>2
i#k
42 Z bii(bkk):ﬁ’b]%k’i +Z Z (bii)Zbkkbllbil’i].
i,k>2 i k,0>2

i £k kAl ki 12
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Recall that 2p’(1 +h?) = n — 3, which will be denoted by « for simplicity in the
following calculations. Now we are at a stage where we can rewrite the terms in R
in a natural way: we denote by 7; the terms involving by, 1 (k > 2), by T, the terms
involving by ; (k, i > 2), and by T3 all of the rest of the terms. More precisely,

2
= (1 +2616") - (A + 0D D by 1) + (Z(l +h?>1/2b“bkkbkk,1)
k>2 k>2

+4hhy b (14 1212 Z(l +2- bllb"k> (L +hH"2p" D ¥ by 1)

2
k>2
and
2
T = (1 +h?) Z{ (14 2b;;b'y - (Z b”bk"bkk,,-) + > 2bi b (B by )
i>2 k>2 k>2
k#i
+ > B Db ) + Ak b (14 R
k>2

x Y [—bib™* + % + (1 +a)biib'']- (b”bk"bkk,i)};
k>2

the rest of the terms are

(3-21) T3=h>(1+h%)"! [2a2b112h2b”+a22(h b2 +4ab“2h2b”:|

i>2
ik>2 i ki>2
i#k k#l, k;él 1#i
+ R(Vg(p).
We shall minimize the terms 77 and 7> via Lemma 3.1 for different choices of

parameters.

At first, let us examine the term Ty. set X; = (1 + h2)V2p 1 pkkpy 1, 4 =1,
w=nhab" h,(1+h2)~Y2 by =1+ 2by b, and ¢, = b1 D* — (1 + @/2), where
k > 2. By Lemma 3.1, we have

Ty > —4h2(1 +h?) " (h; b)Yy,

-y (D) (T

k>2 k>2

where

Next we shall simplify I'y. By denoting
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we have ;
1 1 +a
by b* = — -1, =_— —
WUTs Ty KT T 2
Hence
1 3+4+a\’ 1 3+«
=Ty 1) (0 Za) [Sat 3]
k>2 k>2 k>2
-1 2 2
1 1 n+1+4+a)” G+a)
=-> —— (1 .
4~ By (+Zﬁk) 4 T
k>2 k>2
Since

1<1+) p<n-—1,
k>2
it follows that

1 1 (m+14+a)? @B+a)?
4 ,Bk 4(n—1) 4

2
4(n_1)<2+a> +1Qo1b11 —2).

Therefore,

(3-22) T > — [(: )(2+o¢)2+201b11— ]hf(1+htz)1(h,1b“)2.

Now we will deal with T>. For every i > 2 fixed, set X; = b''b by ;, A =
1+2b;b", = —hib"hy(1 +h2) 7Y, by = 1+ 2b;; 0" (k #£i),b; = 1, and ¢ =
biib* — Ja — (1 + a)b;;b'". By Lemma 3.1, we have

Ty > =41+ 1) Y (hyb™)Ty,

i>2
where
C
ry=c +Z ( 1+ - ) (cl+2 ")
k>2 k>2 k>2
k#i k#i k#i
For k # i, denoting
1
ﬁk - b_k,
we have
kk _ 1 1 1
biib =5, T 72 cx=——26,
2Bk 2Bk
where
14+«

§= —+ (1 +a)b;;b'.
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Noticing that

) 1+«
3
Clzj_aa T = 2 )
we obtain
1 - 2
_ 2
T, = c+2ﬁk<——a> (X+1+Zﬁk> [c,+2ﬁk(——6>]
k>2 k>2 k>2
k#i kZi ki
1 rn 8\* o9 &2
X)) (5+3) +3+%
k>2 k>2
ki kZi
1 1 (1 >_1(n—|—1—|—a)2 9 l+a
=) —— |-+ B ————+ 7+ 5.
4k32ﬁk A k=2 4 4 2
ki ki
Obviously,
1
1< +14+) Be<n—1,
k>2
hence k#i

2
pely L il o 1k
e ) 2
ki
n—-2 , 1 n
= o — o+
4(n—1) n—1 2n—1)

Therefore, we have

4 2n—6
-2 T, > —
0-2) Lz- h22<n—1 n—1a+n—1

8

+ 3o1bii + 3°biib" + abib'.

+201bii + 20 bib ! +4ab,~l~b“> (hiib™)?.

Now, combining (3-21) , (3-22), and (3-23), we obtain

h? 1 4 2n—6
3-24) R> —1 2 — —201b;; ) (i b2+ R (Vo).
-2 _1+h,22i:<n—la+n—la n—1 “1”>(“ VR (Vop)

For choices of p and 8, by (3-19) and (3-24), we have, for n > 2,

20‘1

1 .. .
L@)=—¢/ > thb” +( =1 (') +@n—-3)0}

_2(n—3) l iN2 | D
1 htz IZ(hn’b )+ Pry(Vgp) + R(Vop)

>0 mod Vye.
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The proof of (3-1) is completed. (]
Now we give a remark on Theorem 1.1.

Remark 3.3. In the proof of Theorem 1.1, if we restrict to the case n = 2 and just
set p = 0, then (3-2) shows that

b111 =0 mod Vye.
Applying this to the expression of L(g) in (3-17) will give
L(g) = (0" b11,0° = 2k (0')?b11 e + (0"’ h]y + (L + R (B
=[6" b1, — hb" P+ B"Y2RE + ')? >0 mod Ve,
and this means that, for any point x € I';, 0 <t < 1,

log K > (1 —¢t)minlog K + ¢t minlog K,
og K(x) > ( )rgg? og K + min log

which has already been proved by Longinetti [1987]. Also, by Remark 1.3 we know
that this estimate is not sharp in the two-dimensional case.
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