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FAMILIES AND SPRINGER’S CORRESPONDENCE

GEORGE LUSZTIG

We establish a relationship between the known parametrization of a family
of irreducible representations of a Weyl group and Springer’s correspon-
dence.

Introduction

0.1. Let G be a connected reductive algebraic group over an algebraically closed
field k of characteristic p. Let W be the Weyl group of G; let IrW be a set of
representatives for the isomorphism classes of irreducible representations of W over
@y, an algebraic closure of the field of /-adic numbers (/ is a fixed prime number
other than p).

Now IrrW is partitioned into subsets called families as in [Lusztig 1979b, § 9;
1984a, 4.2]. Moreover to each family & in IrrW, a certain set Xg, a pairing
{,}: Xgx Xg — @l, and an imbedding % — Xg was canonically attached in
[Lusztig 1979b; 1984a, Chapter 4]. (The set X4 with the pairing { , }, which can
be viewed as a nonabelian analogue of a symplectic vector space, plays a key role
in the classification of unipotent representations of a finite Chevalley group [Lusztig
1984a] and in that of unipotent character sheaves on G.) In [Lusztig 1979b; 1984a]
it is shown that X = M (%s) where %z is a certain finite group associated to
% and, for any finite group I, M(I") is the set of all pairs (g, p) where g is an
element of I" defined up to conjugacy and p is an irreducible representation over
Q; (up to isomorphism) of the centralizer of g in I'; moreover { , } is given by the
“nonabelian Fourier transform matrix” of [Lusztig 1979b, § 4] for Y.

In the remainder of this paper we assume that p is not a bad prime for G. In this
case a uniform definition of the group s was proposed in [Lusztig 1984a, 13.1]
in terms of special unipotent classes in G and the Springer correspondence, but
the fact that this leads to a group isomorphic to g as defined in [Lusztig 1984a,
Chapter 4] was stated in [Lusztig 1984a, (13.1.3)] without proof. One of the aims
of this paper is to supply the missing proof.
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To state the results of this paper we need some definitions. For E € IrrW let
agp € N, bg € N be as in [Lusztig 1984a, 4.1]. As noted in [Lusztig 1979a], for
E € IrrW we have

(a) ap < bg;

we say that E is special if ap = bg.

For g € G let Z;(g) or Z(g) be the centralizer of g in G and let Ag(g) or A(g)
be the group of connected components of Z(g). Let C be a unipotent conjugacy
classin G and let u € C. Let B, be the variety of Borel subgroups of G that contain
u; this is a nonempty variety of dimension, say, ec. The conjugation action of Z (u)
on B, induces an action of A(u) on S, := H*c(%®,, Q;). Now W acts on S, by
Springer’s representation [Springer 1976]; however here we adopt the definition
of the W-action on S, given in [Lusztig 1984b] which differs from Springer’s
original definition by tensoring by sign. The W-action on S, commutes with the
A(u)-action. Hence we have canonically S, = @pcmmrwE ® Vg (as W x A(u)-
modules) where Vg are finite dimensional @Q;-vector spaces with A(u)-action. Let
Irrc W = {E € ItrtW; V' g # 0}; this set does not depend on the choice of u in C. By
[Springer 1976], the sets Irr¢ W (for C variable) form a partition of Irr W also, if
E € Irr¢ W then Vg is an irreducible A(u)-module and, if E # E’ in Irr¢ W, then
the A(u)-modules V' g, Vg are not isomorphic. By [Borho and MacPherson 1981]
we have

(b) ec <bg forany E €lrr¢W,

and the equality bg = ec holds for exactly one E € Irrc W which we denote by E¢
(for this E, Vg is the unit representation of A(u)).

Following [Lusztig 1984a, (13.1.1)] we say that C is special if E¢ is special.
(This concept was introduced in [Lusztig 1979a, § 9] although the word “special”
was not used there.) From (b) we see that C is special if and only if ag. = ec.

Now assume that C is special. We denote by & C IrrW the family that contains
Ec. (Note that C — ¥ is a bijection from the set of special unipotent classes in G
to the set of families in IrrW.) We set Irrg W = {E € Irrc W; E € %} and

H(u) ={a € A(u); a acts trivially on V' for any E € Irrg W}.

This is a normal subgroup of A(u). We set Aw) = A(u) /¥ (u), a quotient group
of A(u). Now, for any E € Irr. W, V' is naturally an (irreducible) A(u)-module.
Another definition of A(u) is given in [Lusztig 1984a, (13.1.1)]. In that definition
Irry. W is replaced by {E € Irrc W; ag = ec} and H(u), A(u) are defined as above
but in terms of this modified Irrj. W. However the two definitions are equivalent in
view of the following result.
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Proposition 0.2. Assume that C is special. Let E € IrrcW.

(a) We have ag < ec.
(b) We have ag = ec if and only if E € %.

This follows from [Lusztig 1992, 10.9]. Note that (a) was stated without proof in
[Lusztig 1984a, (13.1.2)] (the proof I had in mind at the time of [Lusztig 1984a]
was combinatorial).

0.3. The following result is equivalent to a result stated without proof in [Lusztig
1984a, (13.1.3)].

Theorem 0.4. Let C be a special unipotent class of G, let u € C and let & be the
family that contains Ec. Then we have canonically Xg = M (A(u)) so that the
pairing { , } on Xg coincides with the pairing { , } on M(A(u)). Hence %g can be
taken to be A(u).

This is equivalent to the corresponding statement in the case where G is adjoint,
which reduces immediately to the case where G is adjoint simple. It is then
enough to prove the theorem for one G in each isogeny class of semisimple, almost
simple algebraic groups; this will be done in Section 3 after some combinatorial
preliminaries in Sections 1 and 2. The proof uses the explicit description of the
Springer correspondence: for type A, G, in [Springer 1976]; for type B,, C,,, D,
in [Shoji 1979a; 1979b] (as an algorithm) and in [Lusztig 1984b] (by a closed
formula); for type F4 in [Shoji 1980]; for type E, in [Alvis and Lusztig 1982;
Spaltenstein 1982].

An immediate consequence of (the proof of) Theorem 0.4 is the following result
which answers a question of R. Bezrukavnikov and which plays a role in [Losev
and Ostrik 2012].

Corollary 0.5. In the setup of Theorem 0.4 let E € Irr W and let Vg be the
corresponding A(u)-module viewed as an (irreducible) A(u)-module. The image of
E under the canonical imbedding % — X = M (A(u)) is represented by the pair
(1,VEg) € M(Au)). Conversely, if E € ¥ and the image of E under ¥ — Xg =
M(A®)) is represented by the pair (1, p) € M (A(u)) where p is an irreducible
representation of A(u), then E € Irrg Woand p = V.

0.6. Corollary 0.5 has the following interpretation. Let Y be a (unipotent) character
sheaf on G whose restriction to the regular semisimple elements is % 0; assume
that in the usual parametrization of unipotent character sheaves by | |5 Xg, Y cor-
responds to (1, p) e M (A(u)) where C is the special unipotent class corresponding
to a family &, u € C and p is an irreducible representation of A(u). Then Y|cis
(up to shift) the irreducible local system on C defined by p.
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0.7. Notation. If A, B are subsets of N we denote by A U B the union of A and B
regarded as a multiset (each element of AN B appears twice). For any set &, we
denote by % () the set of subsets of & viewed as an F,-vector space with sum given
by the symmetric difference. If X # & we note that {&, &} is a line in P(X) and
we set P(X) = P(X) /{D, X}, Pey(%) = {L € P(X); |L| =0 mod 2}; let P, (¥) be
the image of P, (&) under the obvious map P (&) — P(%) (thus Pey (%) = P(X)
if |%| is odd and Pey(%) is a hyperplane in P(%) if |%| is even). Now if X # &, the
assignment L, L' +— |L N L'| mod 2 defines a symplectic form on P, (¥) which
induces a nondegenerate symplectic form ( , ) on @)ev(%) via the obvious linear
map Pey(X) = Pey(X).

For g € G let g, and g, be the semisimple and unipotent parts of g.

ForzelZweset|z]=zifzeZand |z]=z—1ifzeZ+ 1.

Errata to [Lusztig 1984a]. On page 86, on line —6 delete “b’ < b” and on line
—4 before “In the language...” insert “The array above is regarded as identical to
the array obtained by interchanging its two rows.”

On page 343, line —5, after “respect to M” insert “and where the group g
defined in terms of (u’, M) is isomorphic to the group %y defined in terms of
(u, G)”.

Erratum to [Lusztig 1984b]. In the definition of A,, By in [Lusztig 1984b, 11.5],
the condition / € « should be replaced by I € o’ and the condition / € &’ should
be replaced by I € .

1. Combinatorics

1.1. Let N be an even integer > 0. Let a := (ag, a1, az,...,ay) € NV be
suchthat ap <a; <ay <---<any,ap < ay < a4 < ---,a; <az <das < ---
Let $ ={i € [0, N]; a; appears exactly once in a}. We have ¢ = {ip, i1, ..., opm}

where M € N and iy < i| < --- < ipp satisfy iy = s mod 2 for s € [0, 2M]. Hence
for any s € [0,2M — 1] we have iy = is + 2ms + 1 for some m; € N. Let
€ be the set of b := (by, b1, ba, ..., by) € NN such that by < by < by < -+ -,
by < b3y < bs < --- and such that [b] = [a] (we denote by [b], [a] the multisets
{bo, b1, ...,bn}, {ag, ai, ...,an}). We have a € €. For b € € we set

B:(l;o,l;l,laz,...,l;N)
=(b0’b]+1,b2+1,b3+2,b4+27---vbN—l+N/2’bN+N/2)'

Let [l;] be the multiset {I;O, I;I, 52, R I;N}. Fors e {1,3,...,2M — 1} we define

abt = (a({)s}, ais}, aés}, e al{é}) € ¢ by

{s} {s} {s} {s} {s} {s}
(@7 @ 1 @ 4ns 3 Gy Sy 5 Gy oy 1)

= (i, 41, Aiys Qig43, Qi 42, - > Uiy 42m 415> Aiy+2m,)
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and a* = g; if i € [0, N]— [y, i541]. More generally, for X C {1,3,...,2M — 1}

we define a¥ = (aff, af, a5, ..., ax) € €bya) = ai{S} ifseX,ieligis], and

aiX = q; for all other i € [0, N]. Note that [aX] = [a]. Conversely, we have the

following result.

Lemma 1.2. Let b € € be such that [l;] =[a]. There exists X C {1,3,...,2M — 1}
such that b = a*.

The proof is given in 1.3-1.5.
1.3. We argue by induction on M. We have
a=(=y1<n=n<--<y=y <a,<...)
for some r. Since [b] = [a], we must have
(bo, b2, ba,y...) = (Y1, y20 s Yrs )y (b1, 3, Ds, ) = (V1 2, ooy Vrs ).
Thus,
(a) b, =a; for i <ip.

Wehavea = (--- <aj,, <y =y <y, =y, <---<y.,=y,) for some r'. Since
[] = [a], we must have

(b09b29b49):(7y;7yé7’y;/)7(b19b39b57):(7yi’y£’7y,/-’)
Thus,
(b) b,‘ = aqa; for i > izM.

If M =0 we see that b = a and there is nothing further to prove. In the rest of the
proof we assume that M > 1.

1.4. From 1.3 we see that

(o, ai, az, ..., G5py) = (oo yQiyy | <X =X <X2=X3 <+ <Xy =Xy <djy,)
(for some ¢g) has the same entries as (b, b1, b, ..., b;,,,) (in some order). Hence
the pair

(' L] biZM—5, bizM—3a biZM—l)7 ( st biZM—49 biZM—27 biZM)

must have one of the following four forms.

(oo @iy X1, X2, -0 Xg)s (Lo X1, X2, 00, Xy, Gigyy)s
(---axlaXZa '--a-xqvaizM)a (---vaiZM_laxlax29 ---axq)a
(---,xl,x2, ...,.X:q), (' "’ai2M717x17x27 -"7xCI7ai2M)’

9 I _ DY 1 DY DY .
( aZZM 19x19x29 7-xq7a12M)7( axlax25 ’xq)
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Hence (..., b;y,,—2, bi,;,—1, bi,,,) must have one of the following four forms.

(D ooy Qiggyys X1, X1, X2, X250 ooy Xgy Xg,y Qigyy)s
(D ooy X1, @iggyys X240 X1, X3, X2, + ooy Xgy Xg—15 Qinygs Xg)s
(D) C.ooy @iggyys T X1, X1, X2, X245 v oy Xy Xg s Qinyy)s
(AV) (.oosainy 22 x1, 27, X0, X1, X3, X2, oo, Xg, Xg—1, Qigyys Xgq),

where a;,,, , >z, ai,,, , >7">7 andallentriesin... are <a;,, ,. Correspondingly,
(oons l;iszZ’ l;iszl’ l;iZM) must have one of the following four forms.
D (...,aizM_,—I—h—q,x1—i—h—q,xﬁ-h—q—i—l,x2+h—q+1,x2+h—q+2,
oo Xgt+h—1,x,+h,a;, +h),
an ¢....xi1+h—gq,ai,, ,+h—q, x2+h—qg+1,x1+h—qg+1,x3+h—qg+2,
xo+h—qg+1,.. ., x4+h—=1,x41+h—1,a;,,+h,x;,+h),
dam (..., aiy, ,+h—qg—-1,z4+h—qg, x1+h—q, x1+h—qg+1,x20+h—q+1,
Xo+h—q+2,...,x4+h—1,x4+h,a;, +h),
aV) (....ap, +h—qg—1,7+h—q—1,x1+h—q, 7' +h—q, x2+h—q+1,
X1+h—qg+1,x3+h—q+2, xo0+h—q+1,...,x4+h—1,x, 1 +h—1,
iy +h, xg +h),
where h = iz)/2 and in cases (III) and (IV), a;,,, , +h — g is not an entry of
(o2 biyy—2. bisy—1. by
Since (..., i,y -2, Giyy—1, diyy,) 18 given by (I) we see that a;,,, , +h — g is an
entry of (..., diyy—2, Aiyy—1. Giyy,)- Using (b) in 1.3 we see that

{ o) Qiggy—25 Qigyy—15 Aigy } = (., binyy—2, bisy—1, biyy)

as multisets. We see that cases (III) and (IV) cannot arise. Hence we must be in
case (I) or (II). Thus we have either

(a) (biZM,| ) bl.sz]-‘rl’ sy biZM—Z’ bizM—la biz}w)

= (Qigyy_ 1> iggg 1415 + - = s Qingy—25 Ainpy—15 Qinyy)
or
() Bisy 1> bisgy 1415 -+ - s binyy—2, biyy—1, biyy,)
= (aiZM—l+1’ Qirpr_1s Aigpg—1+3> Qiggg 1425 -5 iy aiszl)-

1'5' Let al = (Cl(), ah a27 LRI aizM,]—l)’ b/ = (bO’ bla bZa L] biz}w,]—l)’
a =(ap, a1+ 1, a0+ 1, a3+2,a4+2,...,a4, 1+ Gom—1—1)/2),
b = (bo, b1+ 1,by+1,b342,b4+2, ..., biy, 1+ (iay—1 — 1)/2),

From [1;] = [a], (b) in 1.3 and (a)+(b) in 1.4 we see that the multiset formed by
the entries of @’ coincides with the multiset formed by the entries of »’. Using
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the induction hypothesis we see that there exists X’ C {1, 3,...,2M — 3} such
that b’ = a’*" where ' is defined in terms of ’, X’ in the same way as aX was
defined (see 1.1) in terms of a, X. We set X = X’ if we are in case (a) of 1.4 and
X = X'U{2M — 1} if we are in case (b). Then we have b = a* (see again (a) and

(b) in 1.4), as required. This completes the proof of 1.2.

1.6. We shall use the notation of 1.1. Let T be the set of all unordered pairs (2, 8)
where 2, B are subsets of {0, 1,2, ...} and AUB = (ag, a1, a2, . . ., ay) as multi-
sets. For example, setting 25 = (ag, a2, a4, ..., ay) and By = (a1, a3, ..., an—1),
we have (g, By) € T. For any subset a of $ we consider

g =((F—a)NRUAg) U (aNBg) U Ry NBy),
Ba=((F—a)NBy)U(@NAy) U Ry NBy).
Then (24, B4) € T and the map a — (2, B,) induces a bijection 973(}) <~ %
(Note that if a = @ then (2l,, B,) agrees with the earlier definition of (g, B5).)

Let ¥’ be the set of all (2, *8) € T such that || = [z| and |2B| = |By].
Let P($)o be the subspace of P, ($) spanned by the 2-element subsets

{ajo, ail}a {aiza ai3}a ceey {aizM,z, aiZMfl}

of §. Let P($); be the subspace of P, ($) spanned by the 2-element subsets

{ailv aiz}v {ai3a ai4}a ceey {aiZMfl ) aizM}

of $.
Let 97’(%)0 and 9_’(56)1 be the images of P($)o and P($); under the obvious map
P(P) = P($). Then:

(@) P($)o fmd P($)1 are opposed Lagrangian subspaces of the symplectic vector
space P(P), (, ) (see 0.7); hence ( , ) defines an identification

P(Fo=PP7,
where 9_’(})“1‘ is the vector space dual to 973@)1.

Let T and T be the subsets of T corresponding to ($) and P ($), respectively,
under the bijection ?($) <> T. Note that To C ¥, T, C T/, and |To| = |T;| =2M.
Forany X C {1,3,...,2M — 1} we set ax = J,cxlai,, ai,,,} € P($). Then
(Uay, Bq,) € Ty is related to a* in 1.1 as follows:
X X

Aay ={aé(,a2 ,a4,...,a§}, Bay ={af(,a§(,...,a1§_l}.
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1.7. We shall use the notation of 1.1. Let T be the set of all ordered pairs
(A, B) where A is a subset of {0,1,2,...}, B is a subset of {1,2,3,...}, A
contains no consecutive integers, B contains no consecutive integers, and A U B =
(do, ai, az, ..., ay) as multisets. For example, setting Ay = (@, az, da4, . .., ay)
and By = (a1, as,...,ay—1), we have (Ag, By) € T.

For any (A, B) € T we define (A~, B™) as follows: A~ consists of xg <x;—1 <
Xp—2<---<x,— pwhere xg <x; <---<x, are the elements of A; B~ consists
of yj—1<y—2<--- <y, —q where y; <y, <--- <y, are the elements of B.

We can enumerate the elements of 7 as in [Lusztig 1984b, 11.5]. Let J be the
set of all ¢ € N such that ¢ appears exactly once in the sequence

(Go, ay, a, ..., an)=(ag, ar+1, ar+1, a3+2,a4+2, ... ,ay_1+N/2,an+N/2).

A nonempty subset / of J is said to be an interval if it is of the form {i, i + 1,
i+2,...,j}withi—1¢J, j+1¢ J and with i # 0. Let $ be the set of intervals
of J. Forany s € {1,3,...,2M — 1}, the set I :={a;,, Qi +1, Qi 42, - - - » Qi ,+2m,+1)
is either a single interval or a union of intervals / 31 Ul 52 U...ul’ (z, > 2) where
a;, € Isl, Qi +2my+1 € I, |IS1|, |I| are odd, |Ish| are even for i € [2, t; — 1] and any
element in /{ is < than any element in Is‘f/ fore <e'. Let $, be the setof all I € §
such that I C I;. Let H be the set of all ¢ € J such that ¢ does not belong to any
interval. For any subset « C $ we consider

Ay = |J UNAx)UJUNBg)UHNAZ)U(AyN By),

Ie9—a lea
Ba: U (IﬂBg)U U(IﬂAg)U(HﬂB@)U(A@ﬂB@)
Ie9—a lIea

Then (Ay, By) € T and the map o +— (Ay, By) is a bijection #($) <> T. (Note
that if « = @ then (A, By) agrees with the earlier definition of (Ag, By).)

Let 7" ={(A, B) € T; |A| = |Ag|, |B| = Bs|}, 1 ={(A,B) e T'; A" UB™ =
Az UBL). Let ?($) and P($); be the subsets of (%) corresponding to T’ and
T} under the bijection P($) < T.

Now let X be a subset of {1,3,...,2M —1}. Let ax = (J,cx $5 € P($). From
the definitions we see that

(a) Ay, =%y, By, =By

(in the notation of 1.6). In particular we have (Ay,, By,) € Ti. Thus |Tj| > 2¥.
Using Lemma 1.2 we see that

(b) IT\|=2" and Ti={(Aay. Bay); X C{1,3,...,2M — 1}}.
Using (a) and (b) we deduce:

(©) The map Ty — ¥ given by (A, B) — (A~, B™) is a bijection.
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2. Combinatorics (continued)

2.1. Let N e N. Let

a:=(ap,ai,ap,...,ayn) e NVt!

besuchthatag <a; <ary <---<an,ap<ar<as <---,d]1 <az<as <--- and
such that the set $ := {i € [0, N]; a; appears exactly once in a} is nonempty. Now
9 consists of u+1 elements ig <iy <--- <i,, where u €N, =N mod 2. We have
i =s mod 2 for s € [0, u]. Hence for any s € [0, u — 1] we have iy =is+2m 41

for some m; € N. Let € be the set of b := (bg, by, by, ..., bxn) € NVT! such that
by <by <by <---, by <b3 <bs <--- and such that [b] = [a] (We denote by
[p], [a] the multisets {bg, by, ..., bn}, {ag, a1, ...,an}). Wehavea € €. Forb e é
we set

b= (bo, by, by, ..., bx)= (bo, b1, bo+1,b3+1,bs+2,bs+2,...) e NV

Let [l;] be the multiset {1;0, 1;1, 1;2, R 5N}. For any s € [0, u — 1] € 2N we define
abt = (a({)s}, ais}, aés}, e al{\;}) € ¢ by

{s} _{s} {s} {s} {s} {s}
(ai, R PR, T DR, P ais+2ms+l)

= (i, 41, iy Qi43, Qi 42, - o, Aig42m 41> Aig+2m,)

and ai{S} =aq; ifi € [0, N]—[is, is+1]. More generally, for a subset X of [0, £—1]N2N
we define a¥ = (af, af, a¥, ..., ax) € € by al =ai{5} if s € X, i €[ig,is41], and
aiX = g, for all other i € [0, N]. Note that [¢X] = [4]. Conversely:

Lemma 2.2. Let b € € be such that [l;] = [a]. Then there exists X C [0, u—1]N2N
such that b = a*.

The proof is given in 2.3-2.5.

2.3. We argue by induction on p. By the argument in 1.3 we have
(a) bi =a; for i <iy,

(b) bi=a; fori>i,.

If © =0 we see that b = a and there is nothing further to prove. In the rest of the
proof we assume that p > 1.

2.4. From 2.3 we see that (a;,, jj+1, ..., an) = (@j, < X1 =X] <Xp=x3 <+ <
Xp =X, <aj <...) (for some p) has the same entries as (b;,, bjy+1, ..., by) (in
some order). Hence the pair (b;,, biy+2, big+4, . . .), (Dig+1, big+3, Dig+5, ... ) must
have one of the following four forms.

(ai09x19x29"'9xp5"')5(-xlv-xz"--axp’ai]’“')’
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(-xlaxZ?--'sxpaai]a-")’(aiosxlsx25~~-axpa“‘)9
(ai()vxlvxz’"'»xpaai]»"')5(xlaXZa"'axpv"')9
(X1, X2, ooy Xpy o), (Qigy X1, X2, oy Xpu Gy o v )

Hence (bi,, biy+1, biy+2, - - . » by) must have one of the following four forms.

(I) (ai07x17x17x27x27"'7xp9xpaai19"')a
(II) (x19 ai07 -x27 xl’ x3’ xz’ R xpv xp—l’ a[]axpy e )7
(III) (ai07 x17 xl’ x2, x2, R ] xp7 -xpa Z7 ail’ e )a
(IV) (x17 ai07 x2’ xl’ x3’ XZ, AR} xp7 xpfla Z/’ xp, Z//v ai17 e )’

where a;, < z, a;, < 7' < 7" and all entries in ... are > g;,. Correspondingly,
(biy, big+1, big+2, . . ., by) must have one of the following four forms.

D @y, +h,xi+hxi+h+1L,x0+h+1L,x24+h+2,...,x,+h+p—1,
Xp+h+p,a,+h+p,...),

D) (x14+h, ajy+h, xo+h+1, x1+h+1, x3+h+2, xo0+h+2, ..., x,+h+p—1,
Xp_1+h+p—1,a,+h+p,xp,+h+p,...),

(D) (aj,+h, x1+h, x1+h+1, xo+h+1, xo0+h+2, ..., xp+h+p—1,x,+h+p,
z+p.a;, +h+p+1,...),

(V) (x1+h, ajy+h, xo+h+1, x1+h+1, x3+h+2, xo0+h+2, ..., x,+h+p—1,
Xp1+h+p—12+h+p,x,+h+p, " +h+p+1,a;,+h+p+1,...),

where & =iy/2 and in cases (III) and (IV) a;, + h 4+ p is not an entry of (l;,-o, I;i0+1,
biy42+ .- .).
Since (i, dig+1. dig+2, - - - ) s given by (I) we see that a;, +h + p is an entry of

(Giy, Gig+1, Gig+2, - - - )- Using 2.3 we see that
{ai(); Ajg+15 Ajy425 - - - } = {bios bio-i—la bi0+27 o }

as multisets. We see that cases (III) and (IV) cannot arise. Hence we must be in
case (I) or (II). Thus we have either

(a) (bigs big+15 bigr2s - - -, biy) = (aiy, Gig11, Gig12, - - -, Qi)
or
(b) (biov bio—i—lv bio—i—Za cee bi]) = (ai()—i-l > iy Ajg+35 Ajg425 - - -5 Ajy ai|—1)-

From 2.3 and (a)+(b) we see that if . = 1 then Lemma 2.2 holds. Thus in the rest
of the proof we can assume that u > 2.
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25. Leta' = (ai1+la Ajj 425 -« oy aN)a b= (bi1+17 bil-‘rZa SRR bN)a

a' = (ai 11, ai 42, @i 43+ 1, aipa+ 1, ai 45 +2, a5, 46 +2, ...,

bO/ = (bi]-i-]v bi|+2’ bi1+3 + 1’ bi1+4 + 15 bi1+5 + 25 bi1+6 + 25 ] )
From [lo)] =[a], (a) in 2.3 and (a)+(b) in 2.4 we see that the multiset formed by
the entries of @’ coincides with the multiset formed by the entries of &’. Using the
induction hypothesis we see that there exists X’ C [2, s — 1JN2N such that ' = a'X’
where '’ is defined in terms of a’, X’ in the same way as a* (see 2.1) was defined
in terms of a, X. We set X = X’ if we are in case (a) of 2.4 and X = {0} U X’ if we

are in case (b). Then we have b = aX (see again (a) and (b) of 2.4), as required.
This completes the proof of Lemma 2.2.

2.6. We shall use the notation of 2.1. Let ¥ be the set of all unordered pairs
(2, B) where 2, B are subsets of {0, 1,2, ...} and AUDB = (ag, a1, az, . .., ay)
as multisets. For example, setting

Ay ={a;;i € [0, N]JN2N} and By ={a;;i [0, N]IN2N+ 1)},
we have (g, By) € T. For any subset a of $ we consider
Ag=((F—a)NUAH)U(@NDBy) URyNDBy),
Bo=(($—a)NBy)U(aNAy) U Ry NBy).

Then (g, Ba) = (Ag_q, Ag_q) € T and the map a +— (g, B,) induces a bijection
P($) <> T. (Note that if a = & then (g, Bo) agrees with the earlier definition of
Rz, Bg).)

Let T’ be the set of all (2, 2B) € T such that |2| = |24| and |B]| = |By|. Let
P($)1 be the subspace of P($) spanned by the following 2-element subsets of $:

{ai,, ai,}, {aiy, ai,}, - .., {ai#_z, aiﬂ_l} if N is odd,
{aiy, ain} aiy, aiy}, - @i,y ai,} if N is even.

Let P ($)o be the subspace of P ($) spanned by the following 2-element subsets of $:
{aiy, a;, )}, {aiy, ain), - .. {a,-lkl, aiﬂ} if N is odd,

{a,-o, aj, }, {a,-z, a,-3}, ey {aikz, Cliuil} if N is even.

Let @(})Q and 973(5,5)1 be the images of P($)g and P($); under the obvious map
P(P) = P($). Then:

(a) P($)o and P($); are opposed Lagrangian subspaces of the symplectic vector
space Pey(P), (, ) (see 0.7); hence ( , ) defines an identification P($); =
P($);» where P($) is the vector space dual to P($)o.
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Let ¥y and ¥ be the subsets of ¥ corresponding to 9?’(})0 and 9_’(59)1 under the
bijection ?(§) <> T. Note that Ty C T, T, C T, |To| = |T;| = 21/2,

For any X C [0, » — 1] N 2N we set ay = U‘Yex{a,},aim} € P($). Then
(Uqy, Ba,) is related to a* in 2.1 as follows:

Ay ={a¥;i €[0, NIN2N}, By, = {a;i € [0, NIN 2N+ 1)},

2.7. We shall use the notation of 2.1. Let T be the set of all unordered pairs
(A, B) where A is a subset of {0,1,2,...}, B is a subset of {1,2,3,...}, A
contains no consecutive integers, B contains no consecutive integers, and AU B =
(ao, ai, az, ..., ay) as multisets. For example, setting

Ag={a;;i €[0, N]N2N} and By =(d;;i [0, N]N(2N+ 1)},

we have (Ag, By) e T.

For any (A, B) € T we define (A~, B™) as follows: A~ consistsof x; <x;—1 <
x3—2<---<x,—p+1where x| < xp <---<x, are the elements of A; B~
consistsof yj < yo—1<--- <y, —qg+1 where y; <y, <--- <y, are the elements
of B.

We can enumerate the elements of 7 as in [Lusztig 1984b, 11.5]. Let J be the
set of all ¢ € N such that ¢ appears exactly once in the sequence

(o, ar, az, ...,ay) = (ap, a1, ax+1,a3+ 1, a4 +2,a5+2,...).

A nonempty subset / of J is said to be an interval if it is of the form {i, i + 1,
i+2,...,j}withi—1¢J,j+1¢J. Let $ be the set of intervals of J. For
any s € [0, u — 11N 2N, the set s := {a;,, di 11, i.42, - - - di,+2m,+1} 1S either a
single interval or a union of intervals IS1 U IS2 U...UuI¥ (z; > 2) where a;, € Isl,
Aj42m,+1 € Ik, |Ix1 [, |I§S| are odd, |Ish| are even for h € [2, t; — 1] and any element
in I¢ is < than any element in I¢ for ¢ < ¢'. Let , be the set of all I € § such
that / C I;. For any subset @ C $ we consider

Av= U (INAx)UUJUNBy)U(Az N By),

Ie$—a lIea
Bot= U (IDB@)U U(IﬂA@)U(A@ﬂB@)
le$—a lea

Then (Ay, By) € T and the map « — (Ay, By) is a bijection P(F) < T. (Note
that if « = @ then (A, By) agrees with the earlier definition of (Ag, By).)
Let
T'={(A, B) €T; |A| =|Agl, |B| = |Bl},
T\ ={(A,B)eT'; A"UB™ = A_UB_}.

Let 9}(9)/ and 9}(55)1 be the subsets of Qj’(ﬁ) corresponding to 7’ and 7} under the
bijection ?($) < T.
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Now let X be a subset of [0, u — 1]N2N. Let ax = |J $5 € P(¥). From the
definitions we see that seX

(a) A(;X = Aays Ba_x =By

(in the notation of 2.6). In particular we have (A, , Byy) € T1. Thus |T1| > 2Lu/2l,
Using Lemma 2.2 we see that

(b) ITy| =22 and Ty ={(Aay. Bay); X C[0, u — 11N 2N}
Using (a) and (b) we deduce:

() The map Ty — %1 given by (A, B) — (A~, B™) is a bijection.

3. Proof of Theorem 0.4 and of Corollary 0.5

3.1. If G is simple adjoint of type A,, n > 1, then Theorem 0.4 and Corollary 0.5
are obvious: we have A(u) = {1}, A(u) = {1}.

3.2. Assume that G = Spy,(K) where n > 2. Let N be a sufficiently large even
integer. Now u : k?* — k?" has i, Jordan blocks of size e (¢ = 1,2, 3, ...). Here
i1,13,1s,... are even. Let A = {e € {2,4,6,...};i, > 1}. Then A(u) can be
identified in the standard way with %(A). Hence the group of characters A(u) of
A(u) (which may be canonically identified with the F,-vector space dual to P(A))
may be also canonically identified with % (A) itself (so that the basis given by the
one-clement subsets of A is self-dual).

To the partition 1i;+2ir+3i3+- - - of 2n we associate a pair (A, B) as in [Lusztig
1984b, 11.6] (with N, 2m replaced by 2n, N). We have A = (ag, dz, a4, . .., ay),
B=(ai,as,...,an_1), where dg <a; <ap <--- <ay is obtained from a sequence
ap<a;<ay<---<ay asin 1.1. (Here we use that C is special.) Now the definitions
and results in Section 1 are applicable. As in [Lusztig 1984a, 4.5] the family & is
in canonical bijection with ¥’ in 1.6.

We arrange the intervals in . in increasing order /(1), I(2), ..., I(r) (any element
in Iy is smaller than any element in /(y), etc.). We arrange the elements of A
in increasing order e; < ey < --- < eyr; then f = f’ and we have a bijection
$ < A, Iy < ep; moreover we have || = i, for h € [1, f]; see [Lusztig
1984b, 11.6]. Using this bijection we see that A(x) and A(u) are identified with
the F,-vector space P($) with basis given by the one-element subsets of $. Let
T P(P) — P(I)] (the dual of P($); in 1.7) be the (surjective) F,-linear map
which to X C ¢ associates the linear form L +— |X N L| mod 2 on P ($);. We will
show that

(a) kerm =X (u), with H(u) asinO.1.
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We identify Irrc W with T’ (see 1.7) via the restriction of the bijection in [Lusztig
1984b, (12.2.4)] (we also use the description of the Springer correspondence in
[Lusztig 1984b, 12.3]). Under this identification the subset Irryz. W of Irrc W be-
comes the subset Ty (see 1.7) of T'. Via the identification ?($)’ <> T’ in 1.7 and
A(u) < P(9) (see above), the map E +> Vg from T’ to A(u) becomes the obvious
imbedding P (%)’ — P($) (we use again [Lusztig 1984b, 12.3]). By definition, K (1)
is the set of all X € P($) such that for any L € P($); we have [ X N L| =0 mod 2.
Thus, (a) holds.

Using (a) we have canonically A(u) =P($)] via m. We define an F,-linear map
P($); — P(P); (see 1.6) by Iy — {a;,, a;,,} fors € {1,3,...,2M — 1} (I, as
in 1.7). This is an isomorphism; it corresponds to the bijection 1.7(c) under the
identification 77 <> P (%) in 1.7 and the identification T <> @)(})1 in 1.6. Hence
we can identify P ($)7 with @)(})T and with P ($)( (see 1.6(a)). We obtain an
identification A(u) = 97’(})0.

By [Lusztig 1984a, 4.5] we have Xg = 97’(}). Using 1.6(a) we see that 97’(}) =
M(P ($)o) = M(A(n)) canonically so that Theorem 0.4 holds in our case. From
the arguments above we see that in our case Corollary 0.5 follows from 1.7(c).

3.3. Assume that G =SO,, (k) where n > 7. Let N be a sufficiently large integer such
that N =n mod 2. Now u : k" — k" has i, Jordan blocks of size e (e =1,2,3,...).
Here iy, i4,1¢,... are even. Let A ={e € {1,3,5,...};i, > 1}. If A = & then
A(u) = {1}, A(u) = {1} and Y5 = {1} so that the result is trivial.

In the remainder of this subsection we assume that A = @. Then A(u) can be
identified in the standard way with the F;-subspace P, (A) of P(A) and the group
of characters A(u) of A(u) (which may be canonically identified with the F,-vector
space dual to A(u)) becomes @(A); the obvious pairing A(u) x A(u) — F>is
induced by the inner product L, L'+ |[L N L'| mod 2 on P(A).

To the partition 1i; +2iy+3i3+- - - of n we associate a pair (A, B) as in [Lusztig
1984b, 11.7] (with N, M replaced by n, N). We have A = {d;; i € [0, N] N 2N},
B=1(a;;i €[0, NIN 2N+ 1)} where ap <a; <ap <--- < ay is obtained from a
sequence ag <a; <ap <---<ay asin 2.1. (Here we use that C is special.) Now
the definitions and results in §2 are applicable. As in [Lusztig 1984a, 4.5] (if N is
even) or [Lusztig 1984a, 4.6] (if N is odd) the family & is in canonical bijection
with ¥’ in 2.6.

We arrange the intervals in $ in increasing order /(y), 112, ..., I(y) (any element
in (1) is smaller than any element in /), etc.). We arrange the elements of A
in increasing order e; < ey < --- < eyr; then f = f’ and we have a bijection
$ < A, Iy <> ep; moreover we have |1, | =i, for h € [1, f]; see [Lusztig 1984b,
11.7]. Using this bijection we see that A(u) is identified with %, ($) and A(u) is
identified with 97’(9). For any X € P¢, (%), the assignment L — |X N L| mod 2 can
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be viewed as an element of 9?’(&)*{ (the dual space of @(§)1 in 2.7 which by 2.7(b)
is an F;-vector space of dimension 2L#/2]y This induces a (surjective) F»-linear
map 7 : Pey($) — P(F)]. We will show that

(a) kerm =H(u), with H(u) asinO.1.

We identify Irrc W with T’ (see 2.7) via the restriction of the bijection in [Lusztig
1984b, (13.2.5)] if N is odd or [ibid., (13.2.6)] if N is even (we also use the
description of the Springer correspondence in [Lusztig 1984b, 13.3]). Under this
identification the subset Irri W of Irrc W becomes the subset 7| (see 2.7) of 7.
Via the identification (%)’ <> T’ in 2.7 and A(u) < P($) (see above), the map
E+ Vg from T’ to A(u) becomes the obvious imbedding P($)o— P(F) (we use
again [ibid., 13.3]). By definition, J(u) is the set of all X € P, (¥) such that for any
L € P(9) representing a vector in P (), we have | XNL| =0 mod 2. Thus, (a) holds.

Using (a) we have canonically Alu) = 97)(55)’{ via . We have an F,-linear map
P($)1 — P(F)o (see 2.6) induced by I > {a;,, a;,,,} for s € [0, u — 11N 2N (I
as in 2.7). This is an isomorphism; it corresponds to the bijection 2.7(c) under
the identification 7} <> P($); in 2.7 and the identification T; <> P($)o in 2.6.
Hence we can identify @)(ﬁ)j‘ with @’(})3 and with 2?($); (see 2.6(a)). We obtain
an identification A(u) = P($);.

By [Lusztig 1984a, 4.6] we have Xg = Q}ev(j). Using 2.6(a) we see that
97’(}) = M(@’(})l) = M(A)) canonically so that Theorem 0.4 holds in our case.
From the arguments above we see that in our case Corollary 0.5 follows from 2.7(c).

3.4. In 3.5-3.9 we consider the case where G is simple adjoint of exceptional type.
In each case we list the elements of the set Irr¢ W for each special unipotent class
C of G; an element e of Irrc W — Irr. W is listed as [e]. (The notation for the
various C is as in [Spaltenstein 1985]; the notation for the objects of IrrW is as
in [Spaltenstein 1985] (for type E,) and as in [Lusztig 1984a, 4.10] for type Fs.)
In each case the structure of A(u), A(u) (for u € C) is indicated; here S, denotes
the symmetric group in n letters. The order in which we list the objects in Irrc W
corresponds to the following order of the irreducible representations of A(u) = S,:

l,e (mn=2),
1,r,e (n=3,G # Gy),
I,r(n=3,G =Gy),
LAl A% o (n=4),
Lv, AL v a2 a3 n=5),
in the notation of [Lusztig 1984a, 4.3]. Now Theorem 0.4 and Corollary 0.5 follow

in our case from the tables in 3.5-3.9 and the definitions in [Lusztig 1984a, 4.8—4.13].
(In those tables S, is the symmetric group in n letters.)
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3.5. Assume that G is of type Ejs.
Irrg W = {1o}; A(w) = {1}, A(u) = {1}.
It gy W = {81); A(w) = (1}, Aw) = {1}.
It gy W = {3528 AGw) = (1}, Aw) = {1}.
Irrp, o, W = {1123, 28g}; A(u) = Sa2, A(u) = Ss.
Irtp, W = {2104, 1607}; A(u) = S5, Aw) = Ss.
It e, (a4, W = {5605, [508]}; A(u) = S», A(u) = {1}.
Irr, ) W = {5676): A(u) = {1}, A(u) ={1}.
It pg(a) W = {7006, 3003}; A(u) = S2, A(u) = Ss.
T g, (ay)a, W = {14007, 1008, 56190}; A(u) = S5, A(u) = S;.
Irr g, W = {14003, 157519, 35014}; A(u) = S3, A(u) = S;.
Irrp, ) W = {32409, [105010]}; A(u) = S», A(u) ={1}.
II‘I‘Ds(a3)W = {224010, [17512], 84013}; A(M) = S3, A(u) = Sz.
II‘I‘DGA] W= {226810, 129613}; A(u) = Sz, A(u) = SQ.
It g (a4, W = {40961, 409612); A(u) = Sa, A(u) = S,.
Irrg W = (52512} AQ) = {1}, A@w) = {1}.
II’I‘D7(a2)W = {420012, 336013}; A(u) = Sz, A(u) = Sz.
IrrE()(al)W = {280013, 210016}; A(u) = Sz, A(u) = Sz.
Irrp, 4, W = {45363, [84014]}; A(u) = S, A(w) = {1}.
It pgaa, W = {607514, [700161}; A(u) = Sz, A(u) = {1}.
Irgga, W= (283514} A() = {1}, Aw) = {1}.
Irra W = {420015}; A(u) = {1}, A(u) = {1}.
II‘I‘Dé(al)W = {560015, 240017}; A(u) = 52, A(u) = Sz.
II‘I‘2A4W = {448016,453618, 567018, 140020, 168022,7032}; A(Lt) = S5, A(u) = S5.
Irrps W = {210020}; A(u) = {1}, A(u) = {1}.
II‘I‘(ASA])HW = {56002] , 240023}; A(u) = Sz, A(I/l) = SQ.
Irrp,a, W = {42005, [16824]}; A(u) = Sa, A() = {1}.
Irra, a0, W = {28352); A(u) = {1}, A(u) = {1}.
Irrg a, W = (453623} A) = {1}, A@w) = {1}.
IITD5(a1)W = {280025, 210028}; A(u) = Sz, A(M) = Sz.
II‘I‘A42A1 W = {420024, 336025}; A(M) = Sz, A(u) = Sz.
Irrp, W = {52536} Au) = {1}, A(w) = {1}.
Irrp 4, W = {409626, 409627}; A(u) = Sz, A(u) = Ss.
Trra, W = {226830, 129633}; A(u) = S5, A(u) = Ss.
Ier4(a1)A2 = {224023, 84031}; A(u) = Sz, A(u) = Sg.
Irrp 4, W = {324031, [97232]}; A(u) = S2, A() = {1}_.
Irtp,aya, W = {140032, 157534, 35038}; A(u) = S3, A(u) = S3.
Ier4(al)W = {140037, 100839, 5649}; A(u) = Sg, A(u) = S3.
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II‘I‘ZAZW = {70042, 30044}; A(u) = Sz, A(u) = Sz.
Irra, W = {56746} A(u) = {1}, A(w) = {1}.
Irp,00, W = {56047); A() = {1}, A(w) = (1},
II‘I‘AZAl W= {21052, 16055}; A(u) = Sz, A(Lt) = Sz.
Trra, W = {11263, 28¢s}; A(u) = Sp, A(u) = S>.
Irroq, W = {3574} A(u) = {1}, A(w) = {1}.
Irra, W = {801}; A(w) = {1}, A(u) = {1}.

Irrg W = {1120} A(u) = {1}, A@w) = {1}.

3.6. Assume that G is adjoint of type E7.
Irrg, W = {1o}; A(u) = {1}, A@w) = {1},
I,y W = {71} Aw) = {1}, A(w) = {1}.
I, ) W = (272} A(u) = {1}, Au) = {1}.
Irrpoa, W = {563, 216); A(u) = Sp, A(u) = Ss.
Irrg W = (213} A(u) = (1}, A@w) = {1).
I g W = {1204, 1055}; A(u) = Sy, A(u) = S,.
It pg(apya, W = {1895, [157]}:; A(u) = Sy, A(u) = {1}.
It pg(any W = (2106); A() = {1}, Au) = {1}.
Trra, W = {1056}; A(u) = {1}, A(u) = {1}.
Irrp,a, W = {1686}; A() = {1}, Au) = {1}.
Trrp, W = {1897); A(w) = {1}, A(u) = {1}.
II‘I‘D(J(@)A1 W= {3157, 2809, 3513}; A(u) = S3, A(u) = S3.
Irr(A5A1)/ = {4053, 18910}; A(u) = Sz, A(u) = S2.
It pg(apa, W = (3780); Au) = {1}, A() = {1},
Irp 4, W = (21010} AGw) = {1}, A(w) = {1}.
It py oy W = {42010, 33611}; A(w) = Sy, A(u) = S,.
Ity W = {10512}; A(u) = {1}, Aw) = {1}.
Trra,a, W = {51211, 51212}; A(u) = Sa, A(u) = S,.
Irrp, W = {105;5}; A(u) = {1}, Au) = {1}.
Trra, W = {42013, 33614); A(u) = Sp, A(u) = Sp.
Irra;a,a, W = {21013}; A(u) = {1}, A(w) = {1}
Irra, 4, W = {37814, [84151}; A(u) = S, A(u) = {1}
Ier4(a|)A1 W= {40515, 18917}; A(u) = Sz, A(u) = Sz.
II‘I‘D4(a|)W = {31516, 28018, 3522}; A(Lt) = S3, A(u) = S3.
Irra, a0 W = (18920}; A(u) = {1}, Aw) = {1}
Irryp, W = {16821 }; Au) = {1}, A(w) = {1}.
Irra,3a, W= {10521}; A(u) = {1}, A(w) = {1}.
Irrg, W = {21021}; A(u) = {1}, A(w) = {1}.
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Iran, W = (18922} A) = {1}, Aw) = {1}.
Irra, 4, W = {12025, 10526}; A(u) = S2, A(u) = Ss.
Irrs 10 W = {2136}; A(w) = {1}, A(w) = {1}.
Trra, W = {5630, 2133}; A(u) = S2, A(u) = S,.
Irroa, W = {2737} A(u) = {1}, A(w) = {1}.

Trra, W = {Ta6}; A(u) = {1}, A(u) = {1}.

Irrp W = {le3}h; A(u) = {1}, AQw) = {1}.

3.7. Assume that G is adjoint of type Eg.
Irrg, W = {1o}; A(w) = {1}, Aw) = {1}.
Irtggany W = {61}; A(w) = {1}, A(u) = {1}.
Irrp, W = {20,}; A(u) = {1}, A(w) = {1}.
Irrasa, W = {303, 155}; A(u) = S2, A(u) = S».
It pya) W = {644}; A(u) = {1}, A(w) = {1}.
Trra,a, W = {60s}; A(u) = {1}, A(w) = {1}.
Irra, W = {816}; A(w) = {1}, A(u) = {1}.
Irrp, W = {246}; Au) = {1}, A(w) = {1}.
Ier4(a,)W = {807, 908, 2010}; A(u) = S3, A(u) = S3.
Irrpp, W = {2412} A(w) = {1}, A(u) = {1}.
Irra, W = {8110}; A(u) = {1}, A(w) = {1}.
Irra0u, W= {6011}; A(w) = {1}, Aw) = {1}.
Irra,a,w = {6413} Aw) = {1}, Aw) = {1}.
II’I‘A2W = {3015, 1517}; A(u) = Sz, A(M) = Sz.
Irroa, W = {2020}; A(u) = {1}, A(u) = {1}.
Irra, W = {605}; A(u) = {1}, A(u) = {1}.
Irrp W = {136} A(u) = {1}, A(w) = {1}.

3.8. Assume that G is of type Fj.
Irrp, W= {11}; A(w) = {1}, Aw) = {1}.
Irrp, o)W = {42, 23}; A(u) = S2, A(u) = Ss.
Irtpyap W = {91} Aw) = {1}, Aw) = {1}
Irrg, W = {81}; A(w) = {1}, Aw) = {1}.
Irre, W = {83}; A(w) = {1}, A(u) = {1}.
It py W = {121, 93, 62, 13}; A(u) = Sy, A(u) = Sy.
ey W= {82} Aw) = {1}, Aw) = {1}.
Irra, W = {84, [12]}; A(u) = S, A(u) = {1}
Irr, 7 W ={9%} Aw) = {1}, A(w) = {1}.
Irry W= {45, 22}; A(u) = $2, A(u) = S.
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Irrg W = {14}; A(u) = {1}, A(u) = {1}.

3.9. Assume that G is of type G».

Irrg, W is the unit representation; A(u) = {1}, A(u) = {1}.

Irrg, )W consists of the reflection representation and the one dimensional
representation on which the reflection with respect to a long (resp. short) simple
coroot acts nontrivially (resp. trivially); A(u) = S3, A(u) = S;.

I W = {sgn}; A(u) = {1}, A@w) = {1}.

3.10. This completes the proof of Theorem 0.4 and that of Corollary 0.5.

We note that the definition of g given in [Lusztig 1984a] (for type C,, B;) is
93(})1 (in the setup of 3.2) and 9_’(})0 (in the setup of 3.3) which is noncanonically
isomorphic to A(u), unlike the definition adopted here that is, @’(})0 (in the setup
of 3.2) and 9_’(;5)1 (in the setup of 3.3) which makes %5 canonically isomorphic to
Au).

References

[Alvis and Lusztig 1982] D. Alvis and G. Lusztig, “On Springer’s correspondence for simple groups
of type E;, (n =6,7,8)”, Math. Proc. Cambridge Philos. Soc. 92:1 (1982), 65-72. MR 83k:20040
Zbl 0492.20028

[Borho and MacPherson 1981] W. Borho and R. MacPherson, “Représentations des groupes de Weyl
et homologie d’intersection pour les variétés nilpotentes”, C. R. Acad. Sci. Paris Sér. I Math. 292:15
(1981), 707-710. MR 82f:14002 Zbl 0467.20036

[Losev and Ostrik 2012] I. Losev and V. Ostrik, “Classification of finite dimensional irreducible
modules over W-algebras”, preprint, 2012. arXiv 1202.6097

[Lusztig 1979a] G. Lusztig, “A class of irreducible representations of a Weyl group”, Indag. Math.
(Proc.) 82:1 (1979), 323-335. MR 81a:20052 Zbl 0435.20021

[Lusztig 1979b] G. Lusztig, “Unipotent representations of a finite Chevalley group of type Eg”,
Quart. J. Math. Oxford Ser. (2) 30:119 (1979), 315-338. MR 80j:20041 Zbl 0418.20038

[Lusztig 1984a] G. Lusztig, Characters of reductive groups over a finite field, Annals of Mathematics
Studies 107, Princeton University Press, Princeton, NJ, 1984. MR 86j:20038 Zbl 0556.20033

[Lusztig 1984b] G. Lusztig, “Intersection cohomology complexes on a reductive group”, Invent.
Math. 75:2 (1984), 205-272. MR 86d:20050 Zbl 0547.20032

[Lusztig 1992] G. Lusztig, “A unipotent support for irreducible representations”, Adv. Math. 94:2
(1992), 139-179. MR 94a:20073 Zbl 0789.20042

[Shoji 1979a] T. Shoji, “On the Springer representations of the Weyl groups of classical algebraic
groups”, Comm. Algebra 7:16 (1979), 1713-1745. MR 81h:20007a Zbl 0423.20042

[Shoji 1979b] T. Shoji, “Correction to ‘On the Springer representations of the Weyl groups of classical
algebraic groups™, Comm. Algebra 7:18 (1979), 2027-2033. MR 81h:20007b Zbl 0426.20028

[Shoji 1980] T. Shoji, “On the Springer representations of Chevalley groups of type Fy”, Comm.
Algebra 8:5 (1980), 409-440. MR 81b:20013 Zbl 0434.20026

[Spaltenstein 1982] N. Spaltenstein, “Appendix”, Math. Proc. Cambridge Philos. Soc. 92:1 (1982),
73-78. MR 83k:20040 Zbl 0492.20028


http://dx.doi.org/10.1017/S0305004100059703
http://dx.doi.org/10.1017/S0305004100059703
http://msp.org/idx/mr/83k:20040
http://msp.org/idx/zbl/0492.20028
http://msp.org/idx/mr/82f:14002
http://msp.org/idx/zbl/0467.20036
http://msp.org/idx/arx/1202.6097
http://dx.doi.org/10.1016/S1385-7258(79)80026-8
http://msp.org/idx/mr/81a:20052
http://msp.org/idx/zbl/0435.20021
http://dx.doi.org/10.1093/qmath/30.3.315
http://msp.org/idx/mr/80j:20041
http://msp.org/idx/zbl/0418.20038
http://msp.org/idx/mr/86j:20038
http://msp.org/idx/zbl/0556.20033
http://dx.doi.org/10.1007/BF01388564
http://msp.org/idx/mr/86d:20050
http://msp.org/idx/zbl/0547.20032
http://dx.doi.org/10.1016/0001-8708(92)90035-J
http://msp.org/idx/mr/94a:20073
http://msp.org/idx/zbl/0789.20042
http://dx.doi.org/10.1080/00927877908822425
http://dx.doi.org/10.1080/00927877908822425
http://msp.org/idx/mr/81h:20007a
http://msp.org/idx/zbl/0423.20042
http://dx.doi.org/10.1080/00927877908822442
http://dx.doi.org/10.1080/00927877908822442
http://msp.org/idx/mr/81h:20007b
http://msp.org/idx/zbl/0426.20028
http://dx.doi.org/10.1080/00927878008822466
http://msp.org/idx/mr/81b:20013
http://msp.org/idx/zbl/0434.20026
http://dx.doi.org/10.1017/S0305004100059715
http://msp.org/idx/mr/83k:20040
http://msp.org/idx/zbl/0492.20028

450 GEORGE LUSZTIG

[Spaltenstein 1985] N. Spaltenstein, “On the generalized Springer correspondence for exceptional
groups”, pp. 317-338 in Algebraic groups and related topics (Kyoto/Nagoya, 1983), edited by R.
Hotta, Adv. Stud. Pure Math. 6, North-Holland, Amsterdam, 1985. MR 87g:20072b Zbl 0574.20029

[Springer 1976] T. A. Springer, “Trigonometric sums, Green functions of finite groups and represen-
tations of Weyl groups”, Invent. Math. 36 (1976), 173-207. MR 56 #491 Zbl 0374.20054

Received March 5, 2012. Revised May 11, 2012.

GEORGE LUSZTIG

DEPARTMENT OF MATHEMATICS
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
RooMm 2-276

CAMBRIDGE, MA 02139-4307

UNITED STATES

gyuri@math.mit.edu


http://msp.org/idx/mr/87g:20072b
http://msp.org/idx/zbl/0574.20029
http://dx.doi.org/10.1007/BF01390009
http://dx.doi.org/10.1007/BF01390009
http://msp.org/idx/mr/56:491
http://msp.org/idx/zbl/0374.20054
mailto:gyuri@math.mit.edu

PACIFIC JOURNAL OF MATHEMATICS

msp.org/pjm

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Daryl Cooper
Department of Mathematics
University of California
Santa Barbara, CA 93106-3080
cooper @math.ucsb.edu

Jiang-Hua Lu
Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

EDITORS

V. S. Varadarajan (Managing Editor)

Department of Mathematics
University of California
Los Angeles, CA 90095-1555
pacific@math.ucla.edu

Don Blasius
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius @math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari @math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

Paul Yang
Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

PRODUCTION
Silvio Levy, Scientific Editor, production@msp.org

SUPPORTING INSTITUTIONS

ACADEMIA SINICA, TAIPEI STANFORD UNIVERSITY UNIV. OF CALIF., SANTA CRUZ
CALIFORNIA INST. OF TECHNOLOGY UNIV. OF BRITISH COLUMBIA UNIV. OF MONTANA

INST. DE MATEMATICA PURA E APLICADA UNIV. OF CALIFORNIA, BERKELEY UNIV. OF OREGON

KEIO UNIVERSITY UNIV. OF CALIFORNIA, DAVIS UNIV. OF SOUTHERN CALIFORNIA
MATH. SCIENCES RESEARCH INSTITUTE UNIV. OF CALIFORNIA, LOS ANGELES UNIV. OF UTAH

NEW MEXICO STATE UNIV. UNIV. OF CALIFORNIA, RIVERSIDE UNIV. OF WASHINGTON

OREGON STATE UNIV. UNIV. OF CALIFORNIA, SAN DIEGO WASHINGTON STATE UNIVERSITY

UNIV. OF CALIF., SANTA BARBARA

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no
responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2014 is US $410/year for the electronic version, and $535/year for print and electronic.

Subscriptions, requests for back issues and changes of subscribers address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY
:l mathematical sciences publishers
nonprofit scientific publishing
http://msp.org/
© 2014 Mathematical Sciences Publishers


http://msp.org/pjm/
mailto:balmer@math.ucla.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:pacific@math.ucla.edu
mailto:blasius@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:yang@math.princeton.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

ERIC CHESEBRO and JASON DEBLOIS

Taut foliations and the action of the fundamental group on leaf spaces and 399
universal circles
YOSUKE KANO

A new monotone quantity along the inverse mean curvature flow in R” 417
KWwOK-KUN KWONG and PENGZI MIAO
Nonfibered L-space knots 423

TYE LIDMAN and LIAM WATSON

Families and Springer’s correspondence 431
GEORGE LUSZTIG

Reflexive operator algebras on Banach spaces 451
FLORENCE MERLEVEDE, COSTEL PELIGRAD and MAGDA PELIGRAD

Harer stability and orbifold cohomology 465
NICOLA PAGANI

Spectra of product graphs and permanents of matrices over finite rings 479
LE ANH VINH

The concavity of the Gaussian curvature of the convex level sets of minimal 489

surfaces with respect to the height
PEI-HE WANG



	Introduction
	0.1. 
	0.3. 
	0.6. 
	0.7. Notation

	1. Combinatorics
	1.1. 
	1.3. 
	1.4. 
	1.5. 
	1.6. 
	1.7. 

	2. Combinatorics (continued)
	2.1. 
	2.3. 
	2.4. 
	2.5. 
	2.6. 
	2.7. 

	3. Proof of 0=theorem.91=Theorem 0.4 and of 0=theorem.101=Corollary 0.5
	3.1. 
	3.2. 
	3.3. 
	3.4. 
	3.5. 
	3.6. 
	3.7. 
	3.8. 
	3.9. 
	3.10. 

	References
	
	

