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RESPECT TO THE HEIGHT
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For the minimal graph with strictly convex level sets, we find an auxiliary
function to study the Gaussian curvature of the level sets. We prove that
this curvature function is a concave function with respect to the height of
the minimal surface while this auxiliary function is almost sharp when the
minimal surface is the catenoid.

1. Introduction

Consider a function whose graph is minimal and whose level sets are strictly convex.
Extending work of Longinetti [1987], we explore the relation between the Gaussian
curvature of the level sets and the height.

The nature of the level sets of the solutions of elliptic partial differential equations
is a subject with a long history, going back to results of Shiffman in the 1950s for
minimal surfaces. The curvature of such level sets has also been studied for several
decades. Some key contributions to these problems are listed in the introduction
of [Chen and Shi 2011]. Here we just mention some recent developments directly
relevant to our problem.

Jost, Ma, and Ou [Jost et al. 2012] and Ma, Ye, and Ye [Ma et al. 2011] proved
that the Gaussian and principal curvatures of convex level sets of three-dimensional
harmonic functions attain their minima on the boundary. Ma, Ou, and Zhang [2010]
gave estimates of the Gaussian curvature of convex level sets of higher-dimensional
harmonic functions based on the Gaussian curvature of the boundary and the norm
of the gradient on the boundary. Wang and Zhang [2012] have given estimates for
the Gaussian curvature of convex level sets of minimal surfaces, Poisson equations,
and a class of semilinear elliptic partial differential equations studied by Caffarelli
and Spruck [1982].
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In this paper we use the support function of strictly convex level sets and the
maximum principle to obtain the concavity of the Gaussian curvature of convex
level sets of minimal graphs with respect to the height:

Theorem 1.1. Let Q be a bounded smooth domain in R", n > 2, and let
ueCHQNC*Q). fh<ux)<n

be a minimal graph in 2, that is, one such that
(1-1) diy — " 0 inQ
- v— = in Q.
V14 |Vul?

Assume |Vu| # 0 in Q. Let
I={xeQ:ulx)=t} fortg<t<t

be the level sets of u and let K be their Gaussian curvature function. For

I Ve N YT
f(l)—mll’l m K (X).XEFZ ,

if the level sets of u are strictly convex with respect to the normal Vu, we have the
differential inequality

D*f(1) <0 in (19, 11).

Under the same assumption as in Theorem 1.1, Wang and Zhang [2012] proved
the following statement: for n > 2, the function (|Vu|?/(1 +|Vu|*))’ K attains its
minimum on the boundary, where 6 = —% orf > %(n — 3). From this fact they got
the lower bound estimates for the Gaussian curvature of the level sets.

Corollary 1.2. Let u satisfy

Vu _
div —————==0 in Q= Qp\Q,
(12) V1+|Vul?
) u=~0 on 092,
=1 on 0921,

where Qo and 21 are bounded smooth convex domains in R",n > 2, Q; C Qo.
Assume |Vu| # 0 in Q and the level sets of u are strictly convex with respect to
normal Vu. Let K be the Gaussian curvature of the level sets. For any point
x e€Il4,0 <t <1, we have the following estimates.

o Forn =3, we have

(1-3) K(x)'? = (1= 1)(minyg, K)'/? 41 (minyg, K)'/>.
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o Forn # 3, we have

o V|2 %K =
o () o)
1 n—3 1

-3

. ' |Vu|? "TK n—1 , |Vul|? TK 1
> — 1) mn P EEE—— f min — 5 .
z ( ) 9 | \ 1 +|Vul? + 0 [\ 1+ |Vu|?

Remark 1.3. The following example shows that our estimates are almost sharp in
a sense. Let u(r, 0), r > 2, be the n-dimensional catenoid:

-2 1
(1—5) M(i", 9):‘/;” \/ﬁdé‘
Then
1
(1-6) |Vu| =

[72=1) _ 1’

and the Gaussian curvature of the level set at x is K (x) = r'~". Hence,

17 _[( v %Kﬁ—%"
o ro={(wa) &7 =

For n =2, f(t) becomes a constant function, which shows that our estimate of
its concavity is sharp. Now we turn to the case n > 2.
Set

) 1
R = — ds.
/_oo N

Then we have

-r 1 -r 1 1
I =L = [1_ m]d

e ﬂ,ﬂ—n +@(I’4_3n),
2—n
This means that
(1'9) f(t)=(—1)n(2—n)(R_t)+©(r4—3n)’

which shows the “almost sharpness” of our estimate in higher dimensions.

To prove these theorems, let K be the Gaussian curvature of the convex level
sets, and let ¢ =log K (x) + p(IVu|?). For suitable choices of p and B, we shall
show the elliptic differential inequality

(1-10) L(?%) <0 mod Vy¢ in €,
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where L is the elliptic operator associated with the equation we discussed and here
we have suppressed the terms involving V@ (see the notations below) with locally
bounded coefficients. Then we apply the strong minimum principle to obtain the
main results.

In Section 2, we first give brief definitions on the support function of the level
sets, and then we obtain the equation of the minimal graph in terms of the support
function. We prove Theorem 1.1 in Section 3 by formal calculations. The main
technique in the proof consists of rearranging the second and third derivative
terms using the equation and the first derivative condition for ¢. The key idea is
Pogorelov’s method in a priori estimates for fully nonlinear elliptic equations.

2. Notations and preliminaries

Let 29 and 2 be bounded smooth open convex subsets of R" such that Q1 C Qo,
and let © = Q0\ Q. Let u : @ — R be a smooth function with |Du| > 0 in € and
let its level sets be strictly convex with respect to the normal direction Du.

For simplicity, we will assume that

u=0 ondQ,
u=1 onod,

and we extend u to 2 with the value 1. For 0 <t <1, we set
Q={xeQo:u=>1t}

Then every x € 2 belongs to the boundary of Q).
Next we define the support function of u, denoted by

H:R"x[0,1]1- R

as follows: for each t € [0, 1], H(-, t) is the support function of the convex body
Q,, that is,
H(X,t)=Hg (X) forall X € R", t €0, 1].

For details, see [Colesanti and Salani 2003; Longinetti and Salani 2007].

The rest of this section is devoted to deriving the minimal graph by means of the
support function. For this we need a reformulation of the first and second derivatives
of u in terms of the support function /g,, which is the restriction of H( -, t) to the
unit sphere $"~!; see [Chiti and Longinetti 1992; Longinetti and Salani 2007]. For
the convenience of the reader, we report the main steps here.

Recall that 4 is the restriction of H to S"~! x [0, 1], so h(0,t) = H(Y (), t) =
hﬁt(Y (0)) where r € [0, 1] and Y () € S" is a unit vector with coordinate 6. Since
the level sets of u are strictly convex and %(0, t) is well defined, the map

x(X, 1) = xg, (X),
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which assigns to every (X, r) € R"\{0} x (0, 1) the unique point x € 2 on the level
surface {u = t}, where the gradient of u is parallel to X (and orientation reversed).
Let

oY
Ti=—
00;
so that {7y, ..., T,—} is a tangent frame field on S ! and let

x(0,1) = xg,(Y(0));
we denote its inverse map by
vixy,...,xp)—> O1,...,6,_1,1).

Notice that all these maps (4, x, and v) depend on the considered function u (like
H), even if we do not adopt any explicit notation to stress this fact.

For h(6,t) = (x(0,1), Y(0)), since Y is orthogonal to 9%, at x(0, 1), deriving
the previous equation, we obtain

hi = (x, T;).

In order to simplify some computations, we can also assume that 6, ...,6,_1, Y is
an orthonormal frame positively oriented. Hence, from the previous two equalities,
we have

x=hY+ > hT,

1
and

oT;
— = —; j Y atx,

00;

where the summation index runs from 1 to n — 1 if no extra explanation is given,
and §;; is the standard Kronecker symbol. Following [Chiti and Longinetti 1992],

we obtain, at the point x under consideration,

ox

Ezle—FXi:hﬁTi’
ax .
F@Zth_i_ZhijTi’ j=1,...,n—1.

i

The inverse of the above Jacobian matrix is

ot _

a:htl[y]“’ a=1,...,n,
@b 96 ij 1

pr :;b’J[Tj —h; ' Y1e, a=1,...,n,
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where [ - ]; denotes the i-coordinate of the vector in the bracket and
dx d9Y
ij =

22 —
@2) 36, 06,

>=h5,-,-+hl-j

denotes the inverse tensor of the second fundamental form of the level surface 3, at
x(6, t). The eigenvalues of the tensor b/ are the principal curvatures k1, ..., Ky—1
of 99, at x(0, t); see [Schneider 1993].

The first equation of (2-1) can be rewritten as

Y
=

where the left hand side is computed at x (6, ¢), while the right hand side is computed
at (0, t). It follows that

Du

|Du| = ——.

By the chain rule and (2-1), the second derivatives of u in terms of /4 can be
computed as

2-3)  uap =Y [=h;2huY +h; " Tub [Ty —h by Y1g — b hy [Y1alY 1
i,j
fora, 8=1,...,n.

. . . . Vu
In these new coordinates, the minimal graph equation, div

V14 |Vul?

=0, reads

(2-4) hee =Y [(L+h])8ij + hiihyj1bY,
i,j

and the associated linear elliptic operator is

e S
—_— 2 j a2
(2-5) L= Z [(A+77)8pg + hiphig1b b’ 36; 96, -2 Zh”bu a6; ot * a2’

i,j,p.q i,j

Now we recall the well-known commutation formulas for the covariant derivatives
of a smooth function u € C*(S").
(2-6) Ujjk — Wik = —Urdij +u;dik,
2-7) Wijki — Wijik = Wik j1 — 18 ji + ugjdy — ur;dik.
They will be used during the calculations in the next section. By the definition of

b;; and the above commutation formulas, we easily get the following Codazzi-type
formula:

(2-8) bijx = bk ;.
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3. Gauss curvature of the level sets of minimal graph

In this section we prove Theorem 1.1. We state a technical lemma.

Lemma 3.1 [Maetal. 2010]. LetA >0, u € R, by > 0,and c;y e Rfor2 <k <n—1.
Define the quadratic polynomial

2
OXy, ... Xy )=— ) bkx,z—x( > Xk) +au > aXe

2<k<n-—1 2<k<n—1 2<k<n—1

Then we have
Q(XZa LR ] X}’l—l) S 4M2F7

C]% 1\ ! Ck 2
r= Z b——x(1+/\ Z b—) (Zkzl—).

b
2<k<n—1 "k 2<k<n—1 "k k

where

For a continuous function f(¢) on [0, 1], we define its generalized second-order
derivative at any point ¢ in (0, 1) as
t+h t—h)—=2f(
D2 7@) = limeup LS 220
h—0 h
Let B be the quotient set B = R"/27n 7" and let Q = B x (0, 1). Let G(0,t) be

a regular function in Q such that (G, t)) > 0 for (0, ) € Q, where & is an
elliptic operator of the form

9= T Y G gt T
= a _— Cc —
i 06; 89]‘ ; d06; ot ot? - 06;

1

with regular coefficients a'/, b', ¢'.

Lemma 3.2 [Longinetti 1987]. The function ¢ (t) = max{G(0, t) : 0 € B} satisfies
the differential inequality
D*¢ (1) = 0.

Moreover, ¢ (t) is a convex function with respect to t.

The lemma is proved only in dimension n = 2 in [Longinetti 1987], but it is easy
to see that it is valid for the general case n > 2.

Since the level sets of u are strictly convex with respect to the normal Du, the
matrix of second fundamental form (b;;) is positive definite in €2. Set

¢ = p(h?) —log K (x),

where K = det(b'/) is the Gaussian curvature of the level sets and p(¢) is a smooth
function defined on (0, +00). For suitable choices of p and 8, we will derive the
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differential inequality
(3-1) L) <0 mod Vyp inQ,

where the elliptic operator L is given in (2-5) and we have modified the terms
involving Vy¢ with locally bounded coefficients. Then, by applying a maximum
principle argument in Lemma 3.2, we can obtain the desired result.

In order to prove (3-1) at an arbitrary point xo € €2, we may assume the matrix
(bij(x0)) is diagonal by rotating the coordinate system suitably. From now on, all
the calculations will be done at the fixed point xg.

Proof of Theorem 1.1. We shall prove the theorem in three steps.
Step 1: computation L(p). Taking the first derivative of ¢, we get

d
(3-2) 3; _2phhtj+2bk by j,
k.l
o
(3-3) 5y = 20 i+ b b
k.l

Taking the derivative of (3-2) and (3-3) once more, we have

8%¢
o ag. = 2P AP HD Rl + 20 i = D Y by i bu Zb bia, i
! 7 k,l,r,s
82
o = 20 44 WDy + 20 by = Y D bbb + Z by i,
! k,l,r,s
82
S5 = Q0+ 40 WD, + 2 b = 3 B bbb+ Y Db
k,lr,s k.l
So we can wrtie
(3-4) Li@)=L+ L+ 1+ 1,

with

= (2p'+4p"h}) [Z[(l 1185+ hiihi b b hyihyy —2 Z b hy +hn],

L]
L=2p'h, [Z[(l +hD)8i; +heihi Db hyji =2 " heib ey +h,,,],
iJ i
Iy=—Y b [Z[(l +hD)8ij +heihif b b b ibi i, —2 Y b bu b
k,l i,j i
+bl%l,ti|
Iy =" B*Lbw).
k
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In the rest of this section, we will deal with the four terms above respectively.
For the term I}, by recalling our equation, that is,

(3-5) hee = [(L+h])8ij + hiihyj1bY
ij
we have, by recalling that (b'/) is diagonal at xo,
(3-6>
= (2p'+4p"}) [Z[(l +h])8ij + hyihij 16" b7 hyihyy —2 Z 3D hy + h,%}

i,]
2
:(2p/+4p”h§)[(1+hf) Z(h,ibii)z—i- (thb” ) }

= (20" +4p" K (1 + )Z(ht,b”)%r(zp +4p"hH (1 + 1?26k,

i

where o1 = )_; b’ is the mean curvature.
Now we treat the term [,. Differentiating (3-5) with respect to ¢, we have

37 hye =2hihyo1 +2 thtihtjbij - Z[(l +h;2)5ij +htihtj]biibjjbij,t-
i,j i,j

By inserting (3-7) into I, we can get

=2p'h [Z[(l +h])8ij + heihif b b hyji — 2 " hyibhy + h]
iJ i
=2p'h [Z[(l +h1)8ij + haihif1b"' bV (hyji — bij ) + zh,h,,m]
ij
Recalling the definition of the second fundamental form, that is, (2-2), together
with (3-5), we obtain

(3-8) L=2p'h [Z[(l +h7)8ij + heihif1b" bV (=hi8ij) + 2hth,m}
ivj
=200 (1+ 1)) Y (") =2p'h} Y “(hiib")* +4p'h; (1 + h})of
i i +4p'hioy Y hpbi.
Combining (3-6) and (3-8), i
(3-9) hL+Dh
=4p'h’oy Z B2 4+ [4p' B> (1+h?)+ 20" +4p"h2) (1 +h?)? ot

+12p' +4p”h?>(1+h$>—zp'h3] > (b =2p'hF(1+h7) Y (b
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In order to deal with the last two terms, we shall compute L (by;) in advance. In
this process, the index k is not summed. By differentiating (3-5) twice with respect
to 6, we have

(3-10) hite = J1 + Jo + I3+ Ja,
with -
Ji=Y [ +hD8ij + hiihj b,
i,j
T =2 [+ h])8ij + hiihij e (—b"Pbpg b)),
ij.p.q
Js= Y [ +hD8i + hiihi12b" beg kb bpg kb)),
ij,p,q.r,s
Jo=> (1 +hD)8ij + hiihi ) (=b"Pbpg ™).
ij.p.q

For the term J;, we have
Ji=) " Qhyhydij + huichey + heihyjiO b’
i,J
= 2h}01 4 2hhukor +2Y  heigichyib™ +2 kb
i i
Noticing that
htik = hkit = bki,t - htakh

hiikk = hikke = bik kr — MreSik = bik,ir — itk

we obtain

(3-11)  Jy = 2hj01 + 2h;bgye 01 — 20700 +2) by isheib”

4

—2hp b +2) by B — dhbi D+ 207D
l

For the term J,, we have

(3-12)  Hr =2 Qhihudij + huixhej + hiihij) (— b bij by

i,j
= —dhihu Y (0" bk =4 haikhib' bV bij
i i,j
= —4hhy Y (B biik =4 hiib B by b
i il

+4h, Y hy BB by ;.
J
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Note that we have changed the lower index during the above calculations and this
will happen frequently in the following procedure.
Also we have

(3-13) J3 =23 [ +hD8ij + hiih Wb Db by iy ;.

ijl
Applying the commutation rule bij,kl — b,‘j,yC = bjkgil — bj18,'k + bik5j1 — b,‘lajk, for
the term J4, we have

(3-14) Jo= =Y [(L+h})8;j + hiihyj 16" b b} s

i

== > (A +D8i + hiihy 16" b7 (b ij + bij — biiy)-

i
On the other hand,
(B-15) Rk = hiker = bikse — hee = bigsr — Y [+ hD8i; + hyihyj1b7.

i

By putting (3-11)—(3-15) into (3-10), recalling the definition of the operator L, we
obtain

L(bw) = Y [ +h})8ij + hiihyj)b" +2hg01 + 2hbi 01 — 2h} oy
i,Jj
—2hp b+ 2 by b — A D by + 207D — Ay Y (07 bk
) i
— 4> hiib Db b +2Y [+ h)8i; + heihii 16 b B by by,
il i,jl

+ 4h, Zh,ibkkbiibkk,,‘ — Z [(1 +ht2)8,~j —i—h”‘h,j]biibjj (b,‘j — bkk(gij)-

i,J
Therefore,
(3-16)
I =2 " [(L+h)8ij + hiihy 16" b7 B* b by by j — 4> hyib Db by b s
i,j.k.l ikl

+ 20,00 Y Db — 4 Y (B b, — 2070l +2) " bbb,
k k k,l
L= DA+ +2k71Y (0 4201 Y hyb
i i

+(—=3)) (hib")*.
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By substituting (3-9) and (3-16) in (3-4), we obtain

(3-17)
L(p)= Y [(1+hD8i; + hiihif b b D¥D by by j — 2~ hyib DD b by
i, J.k,l ikl
+ > V*BbY  + 2k Y B b — 4R Y (0 b
k,l k k

l

+Q+4p'hHo Y BAD T (= D) (1+hD)+2h2=2p W2 (A+hD] D (b
i
+[4p' RA(1+h2) + 20" +4p B (1 + h})? — 2ho?

+1@p" +4p B+ 1) = 20"k} + (n—3)] Y _(hiib™).

1

Step 2: calculation of L(eP?) and estimation of the third-order derivatives involving
bik.r. Notice that

ipjq 9P 09

L(eP?) = BeP*(L() + Boi) + B2e? D [(1+h})sy thuphig IoTB
i,j.p-q Y

j 09 09
—2RB2P¢ h b

ﬁ ¢ 121: Y 00; ot

To reach (3-1), we only need to prove that, for some constant 8 < 0,
L(p)+B¢; =0 mod Vgo.

We now compute ,8(,0,2.
By (3-3), we have

2
(-18) @ =4(p)Vhihi,+4p hihy Y b, + (Z bkkbkk,f)
k k
= 40"’ hi (1 +h})’of +8(0")hi(1+ h})oy Y hyb
) i
+4(p’)2h,2(2 h,zib”) +4p'h (1 + D)oy Y b b,
i k
2
+4p'h, (Z h,zib”) <Z bkkbkk,,> + (Z b""bkk,t) :
i k k

Joining (3-17) with (3-18), we regroup the terms in L(¢) + ﬂgotz as follows:

L(g) + B} = Pi+ P+ P3,



CONCAVITY OF GAUSSIAN CURVATURE OF LEVEL SETS 501

where

b= Z(Z hiiheb" b0 b by, — 2 Z hib" ' BB by by s
[STANY: i
n bkkbllblzl’z>’

Py = Z(bkkbkk,t)2 +B (Z bkkbkk,t>2
k k
+2 Z[[l +2B0' (1 +h)hor + 20 hy (Z hfibii>
k B Z h,,-b“b"’l‘bkk,i _ thbkk] (Db 1),
Py=(1+h})> DD b+ h;ht DD D by b by

ik, ijk
+[2+40'h2 + 880221+ h))or Y h2b'

1

+ [ — D1 +R2) +202 =20 R (1 +hH] Y (b7)?

+[4p'R2(1+h2) + (20" +4p"h2) (1 +hH)* =2k +4B(p")*h2 (1 + h?)?lo}

+1@2p" +4p B+ 1) = 20'h7 + (n = 3)] Y _(hiib'")?
: .
+ 4,3(,0/)2ht2(2 hib”) :

In the rest of this step, we will deal with the term P,. Let X; = bkkbkk’t(k =
1,2,...,n—1). Then P, can be rewritten as

2
Py(X1, X, oo, Xpm1) = ZX,%—I—,B(ZX/() +2) Xy
k k k

1

where
e =[14+28p (1 +hD)ho1 4+ 280"k, ( Z‘ hfl.b”> - Z hyib" D by i — 20,

Denote by %, the matrix

B o1+p - B

BB o 145
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In a word, we want to bound P>(X;, X5, ..., X,,_1) from below. Thus the
nonnegativity of %, is necessary, and this requires

1

n—1"

B=>—

For convenience, Let us choose the degenerate case, thatis, 8 = —1/(n —1). By
setting Tt = (1, 1, ..., 1), the null eigenvector of the matrix ?,, we then have, by
(3_2)7

) Py, 1,.. 1)_2ch_ n—3—2p'(14+h>)1h;01 — ZZh,,b”ae

which suggests that the simplest selection should be p(#) = ((n — 3)/2) log(1 +¢).
From now on, let us fix p(t) = ((n —3)/2)log(14+t) and 8 = —1/(n — 1). But,
for simplicity, we do not always substitute for the values of p and B.
By straightforward computation and (x), we have

2
Z(Xk + 5B ZXi +Ck) =P (X1, X2, ..., X1) +ZC/%+ P,(Vgo),
k i k
where

Py(Vop) =28 (Z Xi) ijck =28 (Z xj) thib”a—ei.
1 J 1
Putting p and 8 into some terms in ¢y, we derive that
2 2 y
htol - —,0 "h, (Z hz b”) - Zhn’b”bkkbkk’,’ — 2htbkk.
i

Therefore, together with (3-2), we get

Ck =

P (X1, X2, ..., Xn1)
> =Y ci— Py(Vop)
K

== hihib DB by i by j — 4y Y b () by
i,j.k ik

—4h22(bkk) +-—hio} ——,0 hZJIthb”

4 . ~
+—hi (0’ (Z h,%-b”) + P2(Vog),
i

where

Py(Vog) = — Py (Vo) —

/ 2
e T | T s
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Observing that P; > 0,

(3-19) L(g) + Bo?

> (1 + ]’l?) Z(bii)zbkkbllblzl’i _ 4ht Zhn’bii (bkk)Qbkk,i
ik, i,k

+ [2 +40'h} +8B(p')’hi(1+h}) — n—flp’hf]ol > hib"

+[(n = 1)(1 4+ h2) =207 —2p'h*(1 + hP)] Z(bii)z

2n— 6 2]
n—1 h
+1@0 +4p (1 +hD) = 2p'h} + (n = 3] Y (hib™)? + Po(Vg9).

i

n [4p’hf(1 Fh2) (20 +40"h2) +4B(0)2h21(1 +h2)? —

In the next step we will concentrate on the following two terms:

R=(1+m) Y 0D D" b3 ; — 4, Y hyib" (6" b
ikl ik

Step 3: conclusion of the proof of (3-1). Recalling our first-order condition (3-2),
we have

g
(3200  b''byy ;=

%, = 0%buj—20'hihy for j=1,2,....n—1.

k>2

For the term R, we have

R:(1+l’l2) ZZ(btl Zbkkbllbk[l+2(b[l) (bkkbkk ) i|

- i k£l 3
— 4> " hihb" (5) b
~ ik
:(1+ht2) ZZ(b”)zbk"b”bi],1+2 Z(bii)zbkkbllblzl,i
- k=2 i,k>2
+Z Z(bll Zbkkbllbkll+2(bll> (bllblll)
i k=2 i
s +> ) @ (b"kbkk,»z}
i k>2
—4Zh hiib" (")2byy i =4 Y hihiib (B b
i k=2

= Ri + Ry + R;3,
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where

R] —(1+h2)|: Z(bll)zbkkbllbkll—i_Z(b”) (bllb]] ) :|
k>2
=4 hehiib (0" 4,

i

Ry=2) (1+m)®" )b b by, 4+ Y (1 +hH )b b by, .

i,k>2 i k=2
k£l
Ry =" (L+h)B 0¥ beei)* =4 ) hihyib () by .
i k=2 i k=2

By (3-20), one has

R = (1+hf)[2b” > bR by ibi i +80'hib" > hyib B by
i,k,0>2 i,k>2
+ 8()0,)2//1[2b11 Z htzl'bii _|_ Z Z (bii)zbkkbllbkk’ibll’i
i>2 i k=2

+4p'h Y > (B by +4(p )thZ(h”b” }
i k>2

4k Y 0 hb D B b i +8p'h b D LB+ R(Veg),
i k>2 i
where

g\ d
R(Vygp) = (1+h,2)[2b” Zbkk(a_ei) —4p Y b""b”bl,,k%;

k>2 k.1>2

_8,0/’1 b“Zbkkhk +Z( lt) (89)

k>2

_ZZZ(bH Zbkkbkkl_ _4)O/ht Z(bll Zh“ 80 i|

i k>2

9
— 4h,b" Zb“h” a;’

On the other hand,

Ry=(1+h? [2;;“ D By +2 ) )b b

k>2 ik>2
i#k
ik>2 i k1>2

i#k k#l, k;ét 1#i
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Recall that 2o’ (1 +h?) = n — 3, which will be denoted by « for simplicity in the
following calculations. Now we are at a stage where we can rewrite the terms in R
in a natural way: we denote by 7} the terms involving by 1 (k > 2), by T» the terms
involving by ; (k, i > 2), and by T3 all of the rest of the terms. More precisely,

2
=Y (14261 bM%) - (A + 220 D by 1) + (Z(l +h$)1/2b“b’<kbkk,1)
k>2 k>2

+4h b (1 + B2 T2 Z(l + % — b“bkk) (L + )20 D ¥ by 1)

k>2
and
2
T, = (1+h?) Z{(l +2b;;b'y - (Z biibkkbkk,i) + Z 2biib™ - (B B by i)?
i>2 k>2 k>2
ki
+ D B Db ) + Ak b (14 R
k>2

o ..
x D _[=biih™ + =+ (1 +a)biib!!] - (b”b""bkk,»};
k>2

the rest of the terms are
(3-21) T3 =h>(1+h?)" 1[20(219“thlb”+a22(h,,b”)2+4ab“thb”}
i>2

+(1+l’l2 |: Z(bll Zbkkbllbkll_i_z Z bll Zbkkbllbklli|

i,k>2 i k,[>2
i;ék k#L, k;éz 1#i

+ R(Vgo).
We shall minimize the terms 7; and 7> via Lemma 3.1 for different choices of
parameters.
At first, let us examine the term 77. set X; = (1 + htz)l/zb“bk"bkk,l, A=1,
w= hab'h(1 +ht2)_1/2, by = 14 2b11b**, and ¢, = by b** — (1 + «/2), where
k > 2. By Lemma 3.1, we have

Ty > —4h?(1+h2) " (hy b1y,

xi ezl (5

where
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we have
1 1 3
bllbkk=——%, Cph = — — +Ol.
2B 2By 2
Hence
3+« 3+ 2
=Tz - 5) (1 Za) [Tl 1)
k>2 k>2 k>2
(n+1+a)2 B +a)?
42——<1+Z,3k> +
k>2 k>2
Since

1<14) Be<n—1,
k>2
it follows that

1 1 (n+1+0t)2+(3+a)2
k>2 Br 4(n—1) 4

n—
T4 —1)

F1<

(2+Ot) + 5 (20‘11711 —-2).
Therefore,
(n—2) 2 2\~ 1 11\2
(3-22) T > — p— (2+Ol) +201b11 =2 |h;(1+h;)" (hpb )"
Now we will deal with T>. For every i > 2 fixed, set X; = b bkkbkk,,-, A=
1 +2b,,b” w=—hibh,(1+h>7", by =142b;b*(k #i),b; = 1, and ¢, =
b;ib*k — —a (1 +)b;;bM. By Lemma 3.1, we have

Ty > —4(1+h) Y (hib™)’T;,

i>2
where
2
Ck
;= 1 — ).
dry g (Lo ) (e X )
k>2 k>2 k>2
k#i k#i k#i
For k # i, denoting
1
ﬂk — Es
we have
kk 1 1 1
biib" = ~——3, =5 —34,
2Bk 2Bk
where

1
5:%+(1+ Yb;ib'.
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Noticing that

1) 1
CiZ%—B, - = —I—a’
2
we obtain
| - 2
2
I =c; +Z,3k(——5) (X+1+Z,8k) [c,+25k(——a>]
k>2 k>2 k>2
kZi kZi kZi
1 1 1 trn 8\* o9 &2
=-3N"__ (241 — 4 24—
- (rre) (5+3) 543
k>2 k>2
ki ki
1 1 "m+14a)? 9 1+«
_Zzﬂ_ ( +1+Zﬁk> it
k>2 k>2
k#i k#i
Obviously,
1
lfx+1+2ﬂk<n_l,
k>2
hence ki
1 I (+1+a)? 9 1+«
;<= —_——— 4= é
l_4k2>2:,8k dn-1) 4T 2
ki
n-2 , 1 n—3 1 1.2 11 11
:4(n—l)a —n_1a+2(n_1)+501bii+§a biib" +ab;ib .
Therefore, we have
n—2 4 2n—6
3-23 T>— 2
23 Tz hzz(n—l n—1a+n—1

+201b;; + 2%b;; b + 4Olbiib“> (hyib')>

Now, combining (3-21) , (3-22), and (3-23), we obtain

h? 1 4  2m-6 y

3-24) R> ! 2 _ —201b:: V(h.: b 2, R(V .

G2 —1+h%2i:(n—1°‘+n—1°‘ n—1 ”>( b7 )T R(Vow)
For choices of p and g, by (3-19) and (3-24), we have, for n > 2,

201
14 h?

Lip — gl > S+ 0= DT 0 Dot

2(n —

+
I+h

Z(hnb”)z + P2 (Vo) + R(Vop)

>0 mod Vye.
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The proof of (3-1) is completed. (|
Now we give a remark on Theorem 1.1.

Remark 3.3. In the proof of Theorem 1.1, if we restrict to the case n = 2 and just
set p = 0, then (3-2) shows that

b11,1 =0 mod Vyge.
Applying this to the expression of L(g) in (3-17) will give
L(g) = (0" b11,0° = 2k (0')?b11e + (0" *h]y + L+ R (')
=[b"b11, — hb" P+ B RE + 0')? >0 mod Ve,
and this means that, for any point x e I';, 0 <t < 1,

log K (x) > (1 — ) minlog K + ¢ minlog K,
og K(x) > ( )rgg? og K + min log

which has already been proved by Longinetti [1987]. Also, by Remark 1.3 we know
that this estimate is not sharp in the two-dimensional case.
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