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DEFORMATION OF THREE-DIMENSIONAL HYPERBOLIC
CONE STRUCTURES: THE NONCOLLAPSING CASE

ALEXANDRE PAIVA BARRETO

Dedicated to my wife Cynthia

This work is devoted to the study of deformations of hyperbolic cone struc-
tures under the assumption that the length of the singularity remains uni-
formly bounded over the deformation. Let (M;, p;) be a sequence of pointed
hyperbolic cone manifolds with cone angles of at most 2 and topological
type (M, X), where M is a closed, orientable and irreducible 3-manifold
and X an embedded link in M. Assuming that the length of the singularity
remains uniformly bounded, we prove that either the sequence M; collapses
and M is Seifert fibered or a Sol manifold, or the sequence M; does not
collapse and, in this case, a subsequence of (M;, p;) converges to a complete
three dimensional Alexandrov space endowed with a hyperbolic metric of
finite volume on the complement of a finite union of quasigeodesics. We ap-
ply this result to a question proposed by Thurston and to provide universal
constants for hyperbolic cone structures when X is a small link in M.

1. Introduction

This text focuses on deformations of hyperbolic cone structures on a closed, ori-
entable and irreducible 3-manifold M which are singular along a fixed embedded
link ¥ = ¥, U---u ;. Unlike complete hyperbolic structures, which are rigid by
Mostow’s theorem, the hyperbolic cone structures can be deformed (see [Hodgson
and Kerckhoff 1998]). The difficulty in understanding these deformations lies in the
possibility that the structure degenerates. In other words, the Hausdorff~Gromov
limit (see Section 2 for the definition) of the deformation is only an Alexandrov
space which may have dimension strictly smaller than 3, although its curvature
remains bounded from below by —1 (see [Kojima 1998]).

From [Kojima 1998; Hodgson and Kerckhoff 2005; Fujii 2000] it is known
that the degeneration of the hyperbolic cone structures occurs if and only if the

This work is part of Barreto’s doctoral thesis, made at Université Paul Sabatier—Toulouse under the
supervision of Professor Michel Boileau and supported by CAPES and FAPESP (2009/16234-5).
MSC2010: primary 57M50; secondary 57N16, 53C23.
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singular link of these structures intersects itself during the deformation. When
the cone angles vary between 0 and r, the Dirichlet polyhedron of the hyperbolic
cone structures is convex and we can use this fact to avoid self intersections of the
singular link over deformations (see [Kojima 1998]). In this article we will not use
this restrictive assumption and allow the cone angles vary until 2.

We are interested in studying the following question that was proposed by
W. Thurston in the 1980s:

Question 1. Let M be a closed and orientable hyperbolic 3-manifold and suppose
there exists a simple closed geodesic ¥ in M. Can the hyperbolic structure of M
be deformed to the complete hyperbolic structure on M — X through a path M, of
hyperbolic cone structures with topological type (M, ¥) and parametrized by the
cone angles a € [0, 27]?

If the deformation proposed by Thurston exists, it is a consequence of his
hyperbolic Dehn surgery theorem that the length of the singular link must converge
to zero. In particular, we have that its length remains uniformly bounded over the
deformation. This conclusion give us a necessary condition for the existence of
Thurston’s desired deformation. For this reason, we will focus only on deformations
of hyperbolic cone structures with this additional hypothesis on the singularity’s
length. We remark that this assumption is automatically verified when the holonomy
representations of the hyperbolic cone structures are convergent.

We started studying this question in [Barreto 2012]. In that paper we obtained
the following result (see Section 3 for the definition of collapse):

Theorem 2. Let M be a closed, orientable and irreducible 3-manifold and let
Y =X U---UX; be an embedded link in M. Suppose there exists a sequence M;
of hyperbolic cone manifolds with topological type (M, ¥) and having cone angles
a;j € (0,27 ] along X; fori € N. Denote by £y, (%) the length of the connected
component X; of ¥ in the hyperbolic cone manifold M;. If

(1-1) sup{%u,(E)) |i eNand je{l,...,1}} <oo

and the sequence M; collapses, then M is Seifert fibered or a Sol manifold.

As a consequence of this theorem, we obtained the following result yielding
some information on Thurston’s question:

Corollary 3. Let M be a closed and orientable hyperbolic 3-manifold and suppose
there exists a finite union of disjoint simple closed geodesics ¥ in M. Let M
be a (angle decreasing) deformation of this structure along a continuous path of
hyperbolic cone structures with topological type (M, ) and having cone angles
o € (L,2r] C [0, 27] (the same for all components of X). If

(1-2) sup{SiMa(Zj) | ae(L,2nland j€{1,..., l}} < 00,
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then every convergent sequence M, , with o; converging to L, does not collapse.

In this article, we will focus on noncollapsing deformations of hyperbolic cone
structures. The principal result of this paper is the following one:

Theorem 4. Let M be a closed, orientable and irreducible 3-manifold and let
Y =X U---UX; be an embedded link in M. Suppose there exists a sequence M;
of hyperbolic cone manifolds with topological type (M, ¥) and having cone angles
a;; € (0,2 ] along ; fori € N. Denote by £y, (%) the length of the connected
component ¥; of ¥ in the hyperbolic cone manifold M;. If

sup{Lu,(Z) |i €eNand je{l,...,1}} < oo,
then one of the following statements holds:

(1) The sequence M; collapses and M is Seifert fibered or a Sol manifold.

(i) The sequence M; does not collapse and there exists a sequence of points
Di, € M —X such that the sequence (M, p;,) converges to a three-dimensional
pointed Alexandrov space (Z, zp). The Alexandrov space Z is endowed with
a (noncomplete) hyperbolic metric of finite volume on the complement of a
finite union Xz of quasigeodesics. Moreover, Z is homeomorphic to M (in
particular, Z is compact) if there exists ¢ € (0, 2mw) such that the cone angles
a;;j belong to (¢, 2w ). Further, the following statements are equivalent:

(a) Z is compact.
(b) inf{cone angle,;, () |keNand £; Cc =} > 0.
(©) inf{iBM,.k (%) | k € N} > 0 for each component ¥ of Z.

Remark 5. A byproduct of this theorem is that the length of a connected component
X of X shrinks down to zero if and only if the same arises for its cone angles «;;
(when i goes to infinity). If the cone angles are supposed to be the same on all
connected components of X, it follows from this (see Corollary 23) that the sequence
of cone angles converges to zero if and only if the following statements hold:
(i) sup{<Ly,(2) |i e N} < oc0.
(i) lim diam(M;) = oo.
1—> 00

(iii)) The sequence M; does not collapse.

In general, the limiting singular locus X7z need not be a disjoint union of quasi-
geodesics since the singular link could intersect itself as cone angles are changed.
It seems possible that the components of X are continuous geodesics and that the
limit is a hyperbolic cone manifold in a more general sense allowing singularities
along a graph instead of a link. The main problem in understanding the limiting
singular locus lies in the possibility that the singularity intersects itself infinitely
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many times at the limit. More precisely, Xz may be a graph with infinite degree
vertices. A better comprehension of the limiting singular locus is an interesting
problem for further investigation.

As an application of Theorem 4, we obtain the following result related to
Question 1.

Corollary 6. Let M be a closed and orientable hyperbolic 3-manifold and suppose
there exists a finite union of disjoint simple closed geodesics ¥ in M. Let My, be a
deformation of this structure along a continuous path of hyperbolic cone structures
with topological type (M, X) and having cone angles o € (6,2n] C [0, 2] (the
same for all components of ). The following statements are equivalent:

(i) 6 = 0 and the path M, extends continuously to [0, 2], where My denotes
M — X with the complete hyperbolic metric.
I

(i) lim £y (X) = lim ) Ly (X;) =0.
a—0 a—0 ;]
(iii) There exists a sequence a; € (0, 2] converging to 0 satisfying
sup{Ly(Z)) | € @, 2n)and j €(l,...,1}} <o

and such that the sequence diam(M,,) goes to infinity with i.

Remark 7. Corollary 6 provides a necessary and sufficient condition for the exis-
tence of the deformation proposed by Thurston. Using the notation in Question 1,

6 =0 if and only if lime Fu,(2)=0.
a—

Supposing in addition that M is not Seifert fibered and that X is a small link
in M, we have also the following theorem (see Corollaries 25 and 26) providing
universal constants for hyperbolic cone structures with topological type (M, X).

Theorem 8. Let M be a closed, orientable, irreducible and non-Seifert fibered 3-
manifold and let ¥ be a small link in M. There exists a constant V=V (M, ¥) >0
and a constant K = K(M, ¢) > 0, for each ¢ € (0, 2m), such that

(i) Vol(M) > V for every hyperbolic cone manifold M with topological type
(M, %), and

(i) diam(M) < K for every hyperbolic cone manifold M with topological type
(M, X¥) and having cone angles in the interval (g, 2 ].

2. Metric geometry

In this section, we recall some definitions about Alexandrov spaces and Hausdorff—
Gromov convergence. We refer to [Burago et al. 2001; Burago et al. 1992; Gromov
1981; Perelman and Petrunin 1994] for details.
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Given a metric space Z, the metric on Z will always be denoted by dz(-, -).
The open ball of radius > 0 about a subset A of Z will be denoted by

Bz(A,r)=|J{zeZ|dz(z.a) <r}.

acA

A metric space Z is called a length space (and its metric is called intrinsic) when
the distance between every pair of points in Z is given by the infimum of the lengths
of all rectificable curves connecting them. When a minimizing geodesic between
every pair of points exists, we say that Z is complete.

For all k € R, denote by M,% the complete and simply connected two-dimensional
Riemannian manifold of constant sectional curvature equal to k.

Let A(x, y, z) C Z be a geodesic triangle in Z with vertices x, y, z € Z. The angle
of A(x, y, z) at vertex x, for example, will be denoted by £ (x). A comparison
triangle for A(x,y,z) C Zin M% is a geodesic triangle Ax(x, y,2) C M,% satisfying

de('f’ .)_]):dZ(x’y)’ dM%()_]’Z)=dZ(y9Z)v and dM%(Z,-i)=dZ(Z’x)'

Definition 9. A length space Z is called an Alexandrov space of curvature not
smaller than k € R if every point of Z has a neighborhood U such that, the angles
of every triangle A(x, y, z) C U are well defined and satisfy the inequalities

Lo 2 45, (D), £a() 245, (5), and £a(2) = £z, ()

for every comparison triangle Ay (X, ¥, ) C M% of A.

Suppose from now on that Z is an n-dimensional Alexandrov space of curvature
not smaller than k € R and fix a point O € M%. We next recall the definition of
quasigeodesics on an Alexandrov space (see [Perelman and Petrunin 1994]). Let
y :la, b] — Z be a 1-Lipschitz curve and let z € Z be a point satisfying

b4

N/

for all 7 € [a, b]. We say that a curve ¥ : [a, b] — M% is a development of y with
respect to z € Z when

(2-1) 0<dz(z,y(®) <

dz(z,y (1)) = dyp(0, ¥ (1))
for all ¢ € [a, b].

Definition 10. A 1-Lipschitz curve y : [a, b] — Z is a quasigeodesic of Z if it is
parametrized by arc length and, for every point z € Z satisfying (2-1) and every
development ¥ : [a, b] — Mi of y with respect to z € Z, the curvilinear triangle
bounded by the segments Oy (¢t £ §) and the arc ¥|;—s ,+s], Where ¢ € (a, b) and
8 > 0 sufficiently small, is convex.
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Given three points x, y, z € Z, let Ay (X, y, ) be a triangle in M,% satisfying
dyp(X,y) =dz(x,y), dyp(y,2) =dz(y,2), and dyp(Z,X) =dz(z, x).

We denote by £ (x; v, z) the angle of Ax (X, y, Z) at x. Note that this definition
does not depend on the choice of the triangle Ay (%, ¥, 7).

Consider z € Z and A € (0, w). The point z is said to be A-strained if there
exists a set {(a;,b;) e Zx Z |i € {1,...,n}}, called a A-strainer at z, such that
£i(z; ai, bj) >m — A and

maX”Kk(Z; ai,aj)—%

,)4k<z;bi,b,-)—%

Li(z;ai,bj) — %H <A

’

foralli # j € {1, ..., n}. The set R, (Z) of A-strained points of Z is called the set
of A-regular points of Z. It is a remarkable fact that R, (Z) is an open and dense
subset of Z.

We now recall the notion of (pointed) Hausdorff~Gromov convergence:

Definition 11 [Burago et al. 2001]. Let (Z;, z;) be a sequence of (pointed) metric
spaces. We say that the sequence (Z;, z;) converges in the (pointed) Hausdorff—
Gromov sense to a (pointed) metric space (Z, zg), if the following holds: For every
r > & > 0, there exist ip € N and a sequence of (maybe noncontinuous) maps
fi :Bz,(zi,r) = Z (i > ip) such that

() fi(zi) = 20,

(i) sup{dz (fi(z1), fi(z2)) —dz(z1.22) | 21,22 € Z} <&,
(iii) Bz(zo.r — &) C Bz(fi(Bz (zi. 1)), €),
(iv) fi(Bz(zi,r)) C Bz(z0, 1 +&).

For the rest of the paper, the term “converges” will stand for “converges in the
(pointed) Hausdorff-Gromov sense”.

Let (Z;, z;) be a convergent sequence of Alexandrov spaces with the same lower
curvature bound k£ € R and the same dimension n € N. The limit Alexandrov space
must have the same lower curvature bound &, but can have dimension less than or
equal to n (see [Burago et al. 2001, Corollary 10.8.25]). When the limit Alexandrov
space has dimension n, Perelman’s stability theorem (see [Kapovitch 2007]) assures
that it is homeomorphic to Z;, for sufficiently large indexes.

It is a fundamental fact that the class of Alexandrov spaces of curvature not
smaller than k € R is precompact with respect to the Hausdorff-Gromov convergence
(see [Gromov 1981, Proposition 5.2] and [Burago et al. 2001, Corollary 10.8.25]).
More precisely, every sequence of pointed Alexandrov spaces of curvature not
smaller than £ € R admits a convergent subsequence to an Alexandrov space with
the same lower bound for the curvature.
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Another important fact concerning Alexandrov spaces is that the Hausdorff—
Gromov limit of quasigeodesics is a quasigeodesic (see [Perelman and Petrunin
1994]). More precisely, if y; : [a, b] — Z; is a convergent sequence of quasigeodesics,
then the limit curve is a quasigeodesic on the limit space.

3. Sequences of hyperbolic cone manifolds

Let M be a closed, orientable and irreducible differential manifold of dimension 3
and let ¥ = X U-- -1 %; be an embedded link in M. A hyperbolic cone structure
with topological type (M, ¥) is a complete intrinsic metric on M such that every
nonsingular point (i.e., every point in M — X)) has a neighborhood isometric to an
open set of H3, the hyperbolic space of dimension 3, and that every singular point
(i.e., every point in X) has a neighborhood isometric to an open neighborhood of a
singular point of H3(«), the space obtained by identifying the sides of a wedge of
angle « € (0, 2] in H? by a rotation about the axis of the wedge. The angles « are
called cone angles and they may vary from one connected component of X to the
other. We emphasize that we only allow cone angles of at most 27 in this paper. By
convention, the complete hyperbolic structure My on M — X (see [Kojima 1996])
is considered as a hyperbolic cone structure with topological type (M, X) and cone
angles equal to zero.

We point out that every hyperbolic cone manifold is an Alexandrov space of
curvature not smaller than —1. Furthermore, every geodesic on it is a quasigeodesic.

A natural way to study degenerating deformations of hyperbolic cone structures
on (M, %) is to consider sequences of hyperbolic cone structures converging (in the
pointed Hausdorff—Gromov sense) to the limit Alexandrov space. To study these
kind of sequences, we need the important notion of collapse which illustrates the
intuitive fact that the volume of the sequence may or may not go to zero.

Definition 12. We say that a sequence M; of hyperbolic cone manifolds with
topological type (M, X) collapses if, for every sequence of points p; € M — X,
the sequence ri%" - (pi) consisting of their Riemannian injectivity radii in M; — X
converges to zero. Otherwise, we say that the sequence M; does not collapse.

When a convergent sequence of hyperbolic cone manifolds collapses, most of
the geometric information can be lost. This happens because the dimension of
the limit Alexandrov space is strictly smaller than 3 (see [Barreto 2012]). On the
noncollapsing case, however, the limit Alexandrov space must have dimension 3
and, in this case, many kinds of geometric information are preserved and can be
used to study the deformation.

Given a sequence M; of hyperbolic cone manifolds with topological type (M, X),
fix indices i e N and j € {1, ..., [}. For sufficiently small radius R > 0, the metric
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neighborhood
By, (2, R)={x € M; | dy,(x, =) < R}

of X is a solid torus embedded in M;. The supremum of the radius R > 0 satisfying
the above property will be called normal injectivity radius of ¥; in M; and it is
going to be denoted by R;(X;). Analogously we can define R;(X), the normal
injectivity radius of X. It is a remarkable fact (see [Fujii 2000; Hodgson and
Kerckhoff 2005]) that the existence of a uniform lower bound for R;(X) ensures
the existence of a sequence of points p; € M such that the sequence (M;,, p;,)
converges to a pointed hyperbolic cone manifold (M, pso) With topological type
(M, ). Moreover, M., must be compact provided that the cone angles of M;, are
uniformly bounded from below.

Let us also emphasize that the sequence Vol(M;) consisting of the Riemannian
volumes of the hyperbolic manifolds M; — X is always uniformly bounded. More
precisely (see [Dunfield 1999; Francaviglia 2004]), we have

(3-1) Vol(M;) < Vol(Mo),

where M denotes the complete hyperbolic manifold that is homeomorphic to M —X.
The purpose of this section is to prove Theorem 4. It is divided into two parts.
The first part contains some preliminary results whereas the remaining part deals
with the proof of Theorem 4.
Let us point out that, throughout the rest of the paper, the term “component” is
going to stand for “connected component”.

3.1. Preliminary results. Let us recall some definitions and elementary results
which will be important for the proof of Theorem 4. We will begin with the
classification of two-dimensional embedded tori in M — X (see [Barreto 2012]).

Lemma 13. Suppose that M — X is hyperbolic and let T be a two-dimensional
torus embedded in M — X. Then T separates M. Moreover, one and only one of
the following statements holds:

(1) T is parallel to a component of ¥ (hence it bounds a solid torus in M).
(ii) T is not parallel to a component of ¥ and it bounds a solid torus in M — X.

(ii1) T is not parallel to a component of X and it is contained in a ball B of M — X.
Furthermore, T bounds a region in B which is homeomorphic to the exterior
of a knot in S°.

We turn to the geometric classification of the thin part of a hyperbolic manifold.
Definition 14. Fix § >0 and let M be a hyperbolic manifold of dimension 3 (without
boundary and perhaps noncomplete). Define the §-thin part M, (§) of M by

Muin(8) = {g € M | riyi(q) < 8 and exp,, is defined on By, 4(0, 35)}.

inj



DEFORMATION OF HYPERBOLIC CONE STRUCTURES: NONCOLLAPSING CASE 9

The following result concerning the thin part of hyperbolic manifolds will be
needed later.

Proposition 15. Let M be a hyperbolic manifold of dimension 3 (without boundary
and perhaps noncomplete) of finite volume. If § > 0 is small enough, then each
component of Muin(8) contains a maximal region which is isometric to either

(i) the quotient of a metric neighborhood of a geodesic y in H? by a loxodromic
element of PSL,(C) leaving y invariant and whose translation length is not
bigger than §, or

(i1) a parabolic cusp of rank 2.
In addition, when Vol(M) < oo, it follows that M has finitely many ends.

This proposition is a consequence of the existence of a Margulis foliation for the
thin part of a hyperbolic manifold. A proof for this proposition is given in [Boileau
et al. 2005, Theorem 5.3 and Corollary 5.5] where the authors study the thin part of
hyperbolic cone manifolds with topological type (M, ¥) and whose cone angles are
not bigger than 7r. Note that the condition imposed on the cone angles is used only
in the description of the singular components of the thin part. We summarize below
their proof for the first part of the proposition which, indeed, makes unnecessary
the angle condition.

Consider a hyperbolic manifold M and denote by 7 : M — M the universal
cover of M. Let 6 > 0 be the constant given by the Margulis lemma (see [Kazdan
and Margulis 1968; Ballmann et al. 1985; Boileau et al. 2005]). Then for every
component P of Min(8), the stabilizer of a component of (P c M is an
elementary subgroup of PSL,(C) generated by a loxodromic element or by at most
two parabolic elements. Associated to this group we have a canonical foliation
of H3. The pull-back of this foliation by a developing map gives a foliation on
71 (%) which is equivariant by the action of 77y M. The quotient of this foliation is
the Margulis foliation on %.

To finish the proof, it is sufficient to show that the leaves of this foliation are
two-dimensional tori.

First, we remark that the leaves are complete. This is a consequence of the fact
that injectivity radius is constant on them (see [Barreto 2009]). When the stabilizer
of a component of 77! (%) is generated by a loxodromic element, the conclusion
follows immediately. In the second case, we need to use the fact that the leaves are
flat (they were obtained from horospheres) and the Gauss—Bonnet theorem. The
hypothesis that the volume of the manifold is finite excludes undesirable euclidean
surfaces other than torus.

3.2. Proof of Theorem 4. The purpose of this section is to study a noncollapsing
sequence M;. Without loss of generality, this hypothesis implies the existence of a



10 ALEXANDRE PAIVA BARRETO

sequence p; € M — X satisfying
o :inf{ri]z"(p,') | i€ N} >0,

and such that the sequence (M;, p;) converges to a pointed Alexandrov space
(Z, z0). By definition of the pointed Hausdorff-Gromov convergence, the ball
By (z0, ro) is isometric to a ball of radius ry in H? and this implies that Z has
dimension equal to 3.

We are interested in the case where the length of the singularity remains uniformly
bounded, i.e., where

sup{%y,(Z) |i €Nand j €{l,...,1}} < oo.
Fix j € {1, ...,1}. We can suppose (passing to a subsequence if necessary) that
sup{dy, (pi, £j) | i €N} <00 or  lim dy,(p;, Tj) = 0.
1—>00

In the first case, we can use again the precompactness to suppose that the component
X C M;, viewed as a sequence of Alexandrov spaces of dimension 1, converges to
a closed curve X ]z in Z. Since Z has dimension 3 and it is the limit of a sequence of
Alexandrov spaces with same dimension 3 and same lower curvature bound —1, we
can conclude that X ]Z is a quasigeodesic in Z (see [Perelman and Petrunin 1994]).

Summarizing, each component ¥; of X satisfies one, and only one, of the
following statements:

Q) sup{dMi (pi, Xj) ! i€ N} < oo and X; converges to a quasigeodesic EJ-Z cZ.
(2) lim dp,(pi, Xj) = oo.
1—> 00
This dichotomy allows us to write X = XLl X, Where X contains the components
3 ; of ¥ which satisfy item (1) and X, those that satisfy item (2).
The following lemma shows that the hypothesis of noncollapsing imposes re-

strictions on the length and on the cone angles of the singular components of X
contained in .

Lemma 16. Suppose that the sequence M; does not collapse and let p; e M — X2
be a sequence of points such that ro = inf{r%" (pi) ‘ ieN}>0.If
L=sup{Ly,(Z;)|ieNandje(l,... 1}} <oo,
the following inequalities hold:
(i) inf{&y,(Z;) |i €Nand =; C Zo} > 0.
(i) inf{e; | i € Nand =; C o} > 0.
(i) sup{Ri(Z;) |i e Nand £; C £y} < oc.
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Proof. Consider R > sup{dy, (p;, ;) |i € Nand X; C Xo} +ro. By construction,
R < oo and By, (pi, ro) C By, (X7, R), for all i € N and all components X; of Xo.

Fix i € N and fix a component X; of X¢. Let s be a region of |]-|]3(ozl~j) which is
bounded by two planes orthogonal to the singular geodesic o of H3(; ;) and having
distance £y, (X;) between them. Using a developing map for M; — X and the
minimizing geodesics leaving ¥ ; orthogonally, the manifold M; can be developed
in a compact domain K C # such that Vol(K) = Vol(M;).

Since By, (pi, ro) C By, (X, R), the development of By, (p;, ro) in K is con-
tained in BH3(a,-,-) (o, R)NA. If Vy represents the volume of a ball of radius rg in H3,
we have

ojj .
Vo = Vol(Bu, (pi, 0)) < Vol(By g, (0, R) Nsd) = %ggM, () sinh?(R)

and therefore

Vi 2V,
Y 0 and = —2 o
7 sinh“(R) L sinh“(%R)

Finally, item (iii) follows from the fact that the sequence Vol(M;) is uniformly
bounded from above (see (3-1)). O

L (E)) =

With the preceding notations, set
_ z
vz= | ¥fcz
XjCXo
We present now the main result for the noncollapsing:

Theorem 17 (noncollapsing). Suppose that there exists a sequence p; € M — %
satisfying

ro=inf{ry" (p;) |i €N} >0
and such that the sequence (M;, p;) converges to a pointed Alexandrov space
(Z, zo) of dimension 3. If

sup{£y, (2)) |i eNand j e{l, ... 1}} < oo.
Then:

(1) Z — Xz is a hyperbolic 3-manifold of finite volume whose convex and un-
bounded ends are finite in number and are parabolic cusps of rank 2.

(i) Z is compact (and therefore homeomorphic to M) if and only if oo = @.

(iii) If Z is not compact, there is a bijection between the connected components
of Lo and the complete ends of Z — Xz. In fact, each unbounded end C; of
Z — Xz is the Hausdorff-Gromov limit of metric neighborhoods (homeomor-
phic to solid tori) By, (X}, r;) of a component ¥; of L, where r; > 0 is an
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increasing sequence going off to infinity. In addition, the cone angles o;; and
the lengths of these components converge to Q.

Proof of (i). According to [Fujii 2000, Lemma 2], every point of Z — X is the limit
of a sequence of points of M; — X whose injectivity radius is uniformly bounded
from below. This implies that Z — X  is a (without boundary and noncomplete)
hyperbolic manifold. Note that the unbounded ends of Z are those of Z — X7. In
view of Proposition 15, to prove item (i) it is sufficient to show the following:

Claim. Vol(Z — X7) < oc.

Proof of claim. Suppose for contradiction the statement is false. Let K, be a
compact set of Z — ¥z whose Riemannian volume is strictly greater than Vol(Mj),
where My is M — X with its complete hyperbolic metric. Since the convergence
is bilipschitz on compact subsets (see [Cooper et al. 2000, Theorem 6.20]), there
exists an index iy € N and a compact subset K;, of M;, — X (near K,) such that

Vol(Mo) < Vol (Ki,) < Vol(M;,).

This is however impossible since Vol(M;,) < Vol(My) (see (3-1)). This proves the
claim, and thus completes the proof of item (i) of Theorem 17. U

Proof of (i1) and (ii1). If Z is compact then X, = &. Suppose now that Z is not
compact. By Lemma 16 we can choose R > 0 such that

By, (;, Ri(Z))) C By, (pi. R/2)

for all connected components X; of ¥ and all i € N. Let K be a compact subset
of Z which contains the ball Bz (zg, R) (and hence X ) in its interior and satisfies

¥=Z—int(K)=CiU---uCy,

where each Cy = T2 x [0, 00) is a cuspidal end of Z.

Consider a sequence Cy; = T2 x [0, ;] of compact subsets of Cy, where #; > 0
is an unbounded and strictly increasing sequence.

Let &; > 0 be a sequence converging to zero. Without loss of generality, there
exists (according to [Cooper et al. 2000, Theorem 6.20]) a sequence of (1 4+ ¢;)-
bilipschitz embeddings fi; : C;; — M; — X onto their images. Therefore, the
sequence Bj; = f1;(C11) converges in the bilipschitz sense to the compact set Cy;.

Consider now a sequence of holonomy representations ¢j; : Z x Z — PSL,(C)
for the hyperbolic structures on the interior sets Bj;. According to [Cooper et al.
2000, Theorem 6.22], we can assume that

(3-2) ¢iio (f1i)« — @1,



DEFORMATION OF HYPERBOLIC CONE STRUCTURES: NONCOLLAPSING CASE 13

where ¢; : Zx Z — PSL,(C) is a holonomy representation of the hyperbolic
structure in the interior of C; and where ( f1;)4:Z X Z —m (M — X)) is the canonical
homomorphism induced by the map fi;.

Consider the torus T7; = fl,-(T2 x {0}) embedded in M — X. Since K contains
the ball Bz(zo, R), the torus Tj; cannot be parallel to a component X; of Xg. For
i sufficiently large, the torus 7}; cannot be contained in a ball of M — X. To see
this, consider a homotopically nontrivial loop y; on T? x {0} C Cy;. Since C; is a
parabolic cusp, ¢1(y1) is a nontrivial parabolic element of PSL,(C) and therefore
the convergence (3-2) implies that {y; o (f1;)+«(y1) is not trivial for i very large. The
same then holds for the sequence ( f1;)+«(y1)-

According to Lemma 13, we can suppose that the torus 77; bounds a solid torus
W1; in M (with perhaps a singular soul). Note that

(3-3) lim diam,, (W;) = oo,
1—> 00

because f1;(Cy;) C Wy;, forall i e N.

We can repeat the same construction for each cusp Cy of % in order to obtain
sequences of embedded tori 7; C M — X (k€ {1,...,m} and i € N), each of then
bounds solid torus Wy; in M — X. Furthermore whose diameters become infinite
with i. This yields a sequence of 3-manifolds with torus boundary

m
M; = M; — UWki
k=1

such that M can be obtained by Dehn filling on their boundary components. By
construction, the sequence J; converges to the compact K and then (by Perelman’s
stability theorem [Kapovitch 2007]), we can assume that the manifolds J(; are all
homeomorphic to K.

Foralli e Nandall k € {1, ..., m}, fix a homotopically nontrivial loop u; in
T? x {0} C Cy satisfying:

o the loop fi; o g bounds a disc in Wy,

o if, for some index j € N, a loop ; belongs to the same homotopy class of
the loop ;. then wy; = ;.

The rest of the proof is going to be divided in two cases depending on whether
or not X is empty.

First case: 3o = &. Since the link ¥ was supposed to be nonempty, it follows that
Yoo # . Since the distance between p; and X, becomes infinite, we can assume
that X, is contained in the complement of J(;. More precisely, we can also assume
(see Lemma 13) that each solid torus of M; — /M; contains at most one component
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of X and, in the latter case, this component corresponds to the soul of the solid
torus in question.

The singular set X, has a finite number of components. Passing to a subsequence
if necessary, we obtain an one-to-one map which associates each component X
of ¥ to a component Cy; of &, that is, the component %; is contained in the
component Wy; of M; — M;, for alli € N.

Recall that lim; , o dy, (pi, X ;) = oo for every connected component X; of Y.
Since the tori 7j,; remain at a finite distance to the points p; and they are parallel
to the components X ;, we must have lim; , o, R;(X;) = o0.

Since ¥y = @ and thanks to [Fujii 2000, Theorem 1], the cone angles of X con-
verge to zero and Z has a complete hyperbolic structure whose ends are associated
with components of X,. In other words, the injection defined above between the
components of Y., and the components of ¥ is, indeed, a bijection.

Second case: ¥y # <. Denote by A the subset of {1, ..., m} containing the indices
that are not associated with components of X.,. Denote also by €2 the subset of
{1, ..., m} containing the indices that are associated with components of ¥, whose
sequence of cone angles does not converge to zero.

Lemma 18. There exist ig € N satisfying: for each k € AU, the homotopy classes
of loops y; (i > ig) are pairwise distinct.

Proof. Suppose for a contradiction that the statement of the lemma does not hold.
Without loss of generality, there exists kg € A U €2 such that all loops pu,; (i € N)
belongs to the same homotopy class. By construction, this implies that the loops
Mioi (i € N) are the same loop, say u.

Suppose first that kp € A. By construction,

(3-4) ki © (fioi )5 () = Cioi (fioi © ) = 1psi,(0)»

for all i € N. Because ¢y, ([11]) is a nontrivial parabolic element of PSL,(C), we
have a contradiction.

Suppose now that ko € 2. Then ko = k;, for some component X; of ¥, whose
sequence of cone angles converges to oo ; # 0. Since the maps fi,; are (1 + ¢&;)-
bilipschitz embeddings (with ¢; shrinks down to zero), the loops f,; o « must have
bounded lengths.

As noted in the preceding case, the sequence R;(X;) of the normal injectivity
radii of the component ¥; goes off to infinity. Since an; # 0, the sequence
L, (fryi o ) formed by the lengths of the loops fx,; o 4 cannot be bounded. This
is a contradiction with the above paragraph. ([

As a consequence of the above lemma, we will show that the set A U €2 is empty.
To do this, the following lemma will be needed:



DEFORMATION OF HYPERBOLIC CONE STRUCTURES: NONCOLLAPSING CASE 15

Lemma 19. Given k € A, there exists io = ig(k) € N such that the solid tori Wy;
contains a simple closed geodesic oy;, for every i > iy.

Proof. Fix k € A and let

5= binlrfs ¥ @) 2 ) =0

Since the map fxi|c,, : Ckx1 = Bii becomes closer and closer to isometries, there
exists i1 € N such that
M;
Fini (q) =6,

for all i > i| and for all g € By; (in particular, for all g € T;).

Claim. There is iy € N such that, for all i > iy, we can find a loop yx; in Wy; which
is homotopically nontrivial in the interior M — X and has length smaller than §.

Proof of claim. Consider the loops consisting of two geodesic segments with same
ends and equal lengths which, furthermore, are smaller than §/2. These loops are
always homotopically nontrivial; otherwise we would obtain, after development,
two distinct geodesic arcs with the same ends and equal lengths in H3, which is not
possible.

The fact that Wy; does not admit this type of loop in its interior is equivalent to say-
ing that all points of Wy; have injectivity radius not smaller than §/2. This is a contra-
diction because the sequence Vol(M;) is uniformly bounded from above (see (3-1))
and the diameter of components Wy; becomes infinite. This proves the claim.

Consider i, = max{iy, i} and fix i > iy. Let yx; C Wy; be a loop as above.
By [Kojima 1998, Lemma 1.2.4], the loop y4; is freely homotopic (in M — ¥X) to a
closed geodesic o; C M — 3. Moreover, the length of oy; is smaller than § because
the length of loops is strictly decreasing along this homotopy. Because the points
of the torus Ty; have injectivity radius bigger than §, all the loops involved in this
homotopy must lie entirely in the interior of Wy;. In particular, oy; C Wy;.

If ox; is not simple, then it gives rise to a loop y}; consisting of two geodesic
segments with same ends and equal lengths which are smaller than §/4. This
implies that the injectivity radius of the ends of y;; is smaller than §/4. We can
apply the same construction for the loop y;; in order to obtain a new closed geodesic
oxi C Wy; whose length is smaller than §/4. Since the injectivity radius of points
of Wy; bounded from below by compactness, this process must end after a finite
number of steps and therefore we can suppose that oy; is simple. This completes
the proof of Lemma 19. (Il

The following lemma shows that X, is not empty and the cone angles of its
components goes to zero. Moreover the map between the components of X, and
the components of % must be a bijection.

Lemma 20. The set AU is empty.
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Proof. According to the above lemma, we can suppose there exists a simple closed
geodesic oy; in the solid torus Wy, for every i € N and every k € A. If the manifolds
M, are regarded as hyperbolic cone manifolds with topological type (M, X’), where

Y =3U Uak,-
keA

and the cone angles on the geodesics oy; are equal to 27, it follows from Lemma 13
that the tori Tj; are parallel to the geodesics oy;. In addition, M — ¥’ admits a
complete hyperbolic structure (see [Kojima 1996]) that will be denoted by ..
For all i € N and all k£ € A, denote the homotopy class of the loop w;x by
(pri> qri) € Z x Z = 7 Cy. Without loss of generality, the Thurston’s hyperbolic
Dehn surgery [Cooper et al. 2000, Theorem 1.13] gives a sequence of complete

hyperbolic manifolds M(p;1, gi1, - - - » Pim» gim) diffeomorphic to M — ¥ and such
that
(3-5) Vi := Vol(M(p1i, G1is - - - » Pmis Gmi)) < Vol(Mo),

where (pyi, qri) =00, foralli e Nand all k e {1, ..., m} — A.

Since, for each k € A, the pairs (pg;, gri)ien are pairwise distinct (the homotopy
classes of u;; are pairwise distinct), a subsequence M(pii,, q1i,s - - - » Pmiy> Gmi,)
such that

im || (pri,» i)l = lim (pri,)* + (qui,)* =00 for every k € A
§—> 00 §—> 00
always exists. Thurston’s hyperbolic Dehn surgery then gives
(3-6) lim V; = Vol(JMp).
§—>00

Recall that the Riemannian volume of a complete hyperbolic manifold with
finite volume is a topological invariant (Mostow’s theorem). Since the manifolds
M(pi1, qgits - - -5 Pim» qim) are diffeomorphic, the sequence V; must be constant.
This contradicts the statements (3-5) and (3-6). Hence M; — Jl; cannot have
nonsingular components. Therefore, X, # & and the map between the components
of ¥ and the components of % is a bijection. This proves Lemma 20, and thus
completes the proof of items (ii) and (iii) of Theorem 17. O

Corollary 21. Suppose that the sequence M; does not collapse and verifies
sup{Lwy,(Z;) |i €eNand jefl,...,1}} <oo.

If there is € € (0, 2m) such that the cone angles «;; belong to (¢, 2m], then there
exists a sequence of points p;, € M — X such that the sequence (M;,, p;,) converges
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to a compact and 3-dimensional pointed Alexandrov space (Z, zp) (in fact home-
omorphic to M). Moreover, there exists a finite union of quasigeodesics Xz such
that Z — Xz is a noncomplete hyperbolic manifold of finite volume.

Remark 22. Suppose that X is not connected. If (M;, p;) is a sequence as in the
statement of Theorem 17, then the inequality

sup{diamM,.(E) | i € N} < 00

is a necessary and sufficient condition to ensure that the sequence diam(M;) remains
bounded.

We have also the following less immediate corollary:

Corollary 23. Let M be a closed, orientable and irreducible 3-manifold and let X
be an embedded link in M. Assume that there exists a sequence M; of hyperbolic
cone manifolds with topological type (M, X)) and having the same cone angles
a; € (0, 2] for all components of ¥. Then there is a pointed subsequence M;,
converging to My (M — X with its complete hyperbolic metric) if and only if the
following conditions hold:

(i) sup{Lm,(2) |i e N} < o0.
(i) sup{diam(M;) |i € N} = oo.
(iii) The sequence M; does not collapse.

Proof. By Kojima’s result [1998], the existence of a subsequence M;, converging
to My is equivalent to the convergence of the cone angles «;, to zero.

Suppose that the sequence «; converges to zero. Without loss of generality, we
can assume that «; € (0, ], for every i € N. According to [Kojima 1998], there
exists a continuous path (parametrized by cone angles) of hyperbolic cone structures
with topological type (M, ¥) which connects the hyperbolic cone structure of My
to the complete hyperbolic structure on M — X. Moreover, by uniqueness of the
hyperbolic cone structures with cone angles not bigger than 7 (see [Kojima 1998]),
this path contains the hyperbolic cone structures of M;, for every i € N. Then for
every point p € M, the sequence (M;, p) converges to (M — X, p) with the complete
hyperbolic structure. This implies items (ii) and (iii). Item (i) is a consequence
of Thurston’s hyperbolic Dehn surgery theorem which implies that the sequence
¥y, () converges to zero.

Conversely, suppose now that items (i), (ii) and (iii) are true. Then there exists a
sequence of points p;, € M — X satisfying

inf{ryl (pi,) | k €N} >0
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and such that the sequence (M;,, p;,) converges to a noncompact and 3-dimensional
pointed Alexandrov space (Z, zg). Corollary 21 then shows that the sequence «;
must converge to zero. O

4. Applications

4.1. Small links. An embedded link X in a 3-manifold M is called small (in M)
if it has an open tubular neighborhood U such that M — U does not contain an
embedded essential surface whose boundary is empty or an union of meridians
of X. An important fact due to W. Thurston and A. Hatcher [1985, Lemma 3] is
that every 3-manifold containing a small link does not admit an embedded essential
surface.

Given a 3-manifold M, let ¥ be an embedded link in M. Suppose there exists
a sequence M; of hyperbolic cone manifolds with topological type (M, ¥) and
consider the sequence &), (X) formed by the lengths of the singular set ¥ in M;.
As a consequence of the Culler—Shalen theory [1983], the holonomy representations
of M; are convergent. Therefore, we have the following proposition:

Proposition 24. Let M; be a sequence of hyperbolic cone manifolds with topologi-
cal type (M, X). If X is a small link in M, then

sup{SiMi(Ej) | i € Nand X; component ofE} < 00.
When X is a small link in M, Theorem 4 yields the following corollaries:

Corollary 25. Suppose that M is a closed, orientable, irreducible and non-Seifert
fibered 3-manifold and let & be an embedded small link in M. Then there exists
a constant V.=V (M, X) > 0 such that Vol(M) > V, for every hyperbolic cone
manifold M with topological type (M, X) and having cone angles of at most 2.

Proof. First note that M is not a Sol manifold. In fact every Sol manifold is foliated
by essential two-dimensional tori and this is not possible since X is small (see
[Hatcher and Thurston 1985, Lemma 3]).

Suppose that the lower bound V does not exist. Since X is small in M, the
nonexistence of V implies the existence of a sequence of hyperbolic cone manifolds
M; with topological type (M, X) satisfying

. sup{éBMi(Zj) ! i € N and X; component of 2} < 00,

« the sequence Vol(J/l; — X) formed by the Riemannian volumes of the hyper-
bolic manifolds /M; — ¥ shrinks down to zero (and therefore the sequence JM;
collapses).

According to Theorem 4, M must be Seifert fibered, contradicting our hypothesis.
O
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Corollary 26. Suppose that M is a closed, orientable, irreducible and non-Seifert
fibered 3-manifold and let > be an embedded small link in M. Given ¢ € (0, 2m),
there is a constant K = K (M, ) > 0 such that diam(M) < K, for every hyperbolic
cone manifold M with topological type (M, ¥) and having cone angles belonging
to (g, 2m].

Proof. As seen in the previous corollary, M is not a Sol manifold. Fix ¢ € (0, 2m)
and suppose that the upper bound K does not exist. Since X is small in M, the
nonexistence of K implies the existence of a sequence of hyperbolic cone manifolds
JM; with topological type (M, X), having cone angles «; € (¢, 2] and satisfying
these conditions:

@) sup{&BMi(Ej) | i € N and X; component of E} < 00.

(i) The sequence diam(Jl;) formed by the diameters of the hyperbolic cone mani-
folds M; go to infinity.

Since M is neither Seifert fibered nor a Sol manifold, it follows from item (i) and
Theorem 4 that the sequence Jil; does not collapse. Moreover, since the cone angles
aj; belong to (¢, 2], it follows that the sequence diam(.J;) is bounded and this
yields a contradiction with item (ii). U

4.2. Proof of Corollary 6. First, we would like to recall that the existence of a
deformation M,, as in Corollary 6 is a consequence of the local deformation theorem
due to [Hodgson and Kerckhoff 1998].

Proof. The implication (i) = (ii) is immediate (see [Kojima 1998]). Suppose now
that the sequence £, (X) converges to 0 when o converges to 6. Then

sup{&BMa[ (%)) ’ i € N and X; component of E} < 00,

for every sequence «o; € (6, 2r] converging to 6. Consider such a sequence ;.
Since M is hyperbolic (and therefore is neither Seifert fibered nor a Sol manifold),
it follows from Theorem 4 that the sequence M,, does not collapse. Moreover,
since the sequence & My, (X) converges to zero, we must have lim diam(M,,) = oo.
This concludes the proof of the implication (ii) = (iii). e

To prove (iii) = (i) take a sequence o; satisfying item (iii). Again by Theorem 4,
it follows that the sequence M,, does not collapse. Moreover, since the sequence
diam(My, ) is not bounded, we must have 6 = 0 because all the components of X
have the same cone angle. Then, by [Kojima 1998], it follows that M; converges
to M. O
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A TRANSPORT INEQUALITY ON THE SPHERE
OBTAINED BY MASS TRANSPORT

DARIO CORDERO-ERAUSQUIN

Using McCann'’s transportation map, we establish a transport inequality on
compact manifolds with positive Ricci curvature. This inequality contains
the sharp spectral comparison estimates.

1. Introduction

Extending the mass transportation approach to sharp Sobolev-type inequalities from
Euclidean space to curved geometries remains a challenging problem. In the present
note, we propose a new twist in the classical transportation technique that allows
for a transport inequality which contains sharp Poincaré inequalities.

The method applies to a (compact) Riemannian manifold of dimension n > 2
having a lower bound on the Ricci curvature of the form Ric > (n — 1)k?g with
k > 0 and g the Riemannian metric. By scaling the distances, we can always assume
that k = 1.

So, in the rest of the paper M = (M, g) will stand for an n-dimensional Rie-
mannian manifold satisfying

(1) Ric > (n — 1)g.

The main example is the usual sphere S” C R"*!. The interest, perhaps, in stating
a result under the condition (1), even if one aims at the sphere only, is that it
makes it clear that we will not use any of the algebraic properties of the sphere.
Our computations are modeled on the sphere case; the extension to the situation
given by (1) relies on Bishop comparison’s estimates only. We will denote by
do =dvol / vol(M) the Riemannian volume measure normalized to be a probability
measure. The distance will be denoted d; recall as well that M has diameter smaller
than 7.

A simple but important result is that, on such manifold M, the spectral gap for the
Laplacian satisfies A; > n. Equivalently, one has the following Wirtinger—Poincaré

MSC2010: primary 49Q20, 53C21; secondary 60E15.
Keywords: transport inequality, Ricci curvature, optimal mass transport.
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inequality: for every Lipschitz function g on M,

2
@) Var, (g) :=/ (g—/gdo) do < %/IVglsz-

The L? proof of this inequality as done by Lichnerovicz using Bochner’s formula
is rather short and elementary. In the particular case of the sphere, one can also use
the expansion of g in the spherical harmonics basis; moreover, in this case, equality
holds for linear functions, which are eigenfunctions for the spherical Laplacian.

It is well known that Poincaré inequalities are not well suited to mass transport
techniques. However, in the Euclidean case and under appropriate curvature as-
sumptions, one can prove very easily using mass transport (Brenier map) stronger
inequalities such as transport inequalities or logarithmic Sobolev inequalities (see
[Cordero-Erausquin 2002]). So it is quite annoying that no mass transport proof
of the sharp log-Sobolev inequality (see [Ledoux 2000]), say, is available on M.
Indeed, the straightforward adaptation of the techniques from Euclidean space leads
to a log-Sobolev inequality with a constant (n — 1) in place of the expected constant
n. Similarly, the transport inequality (definitions are recalled below) that one gets
by standard techniques is as follows: for every f >0 on M with [ f do =1,

3) Wo(f do, o) < / flog f do

for the cost c(d) := %(n — 1)d?. Linearization of this inequality gives only a weak
form of (2) with 1/(n — 1) in place of the correct 1/n. Let us note that by an abstract
result of Otto and Villani [2000], the log-Sobolev inequality mentioned above with
the sharp constant n implies that the transport inequality (3) holds with the cost
c(d) = %ndz. As for the log-Sobolev inequality, it is not known how to reach this
inequality using mass transport.

The difficulty is to properly quantify the interplay between dimension and nonzero
curvature in the mass transportation techniques.

This was partly overcome in [Lott and Villani 2007] (see also [Villani 2009,
Chapter 20 and 21]). There, the authors manage to prove some Sobolev-like
inequalities under the so called “curvature-dimension condition CD(K, n)” that
imply, after linearization, sharp spectral bounds. To be precise, their assumption
is that the metric measure space (M, d, o) satisfies a curvature-dimension lower
bound which is defined in terms of uniform convexity along optimal transport of a
class of entropy functionals. From this assumption, they deduce a (not very natural)
Sobolev-like inequality. This inequality has no reason to be sharp when the curvature
is nonzero, but after linearization it gives the correct Poincaré inequality (2) (so
in a sense it is sharp at first order). Of course, it is known, by the properties of
optimal transport on manifolds (McCann’s map), that a Riemannian manifold with
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condition (1) satisfies the curvature-dimension criterion. So putting all together,
we see that Lott and Villani’s work is already an answer to the question on how to
use mass transport to derive some sharp dimensional inequalities. But of course, it
is rather indirect, and no standard inequality that one could prove using optimal
transport on a manifold is easy to extract from it. Actually, this is somehow the
content of Open Problem 21.11 in [Villani 2009].

Our original motivation was to provide, in the particular case of a manifold, a
different, more direct, approach based on the geometric properties of McCann’s
transport map. The aim was to find an inequality that contained the sharp bound (2).
Eventually, we managed to establish a new, suitable, transport inequality, that is an
inequality between an entropy functional and a transportation cost functional (we
recommend the survey [Gozlan and Léonard 2010] for background on transport
inequalities). The question of obtaining the sharp log-Sobolev inequality using
mass transport remains.

Let us introduce the following classical dimensional entropy: given a probability
density f on M, meaning a Borel nonnegative function on M with [ fdo =1, we
put

Hua(Pi=n [ (7= 1) do =n—n [ 1" do.

Note that H, , is a nonnegative convex functional of f.

We will consider transportation costs given by functions of the distance d on M.
Given a function ¢ : R — R (or rather ¢ : [0, 7] — R™ in our case), the associated
Kantorovich transportation cost between two Borel probability measures u and v
on M is defined by

W, v) = inf/f cd(x,y)dr(x,y)

where the infimum is taken over all probability measures 7 on M x M projecting
on u and v, respectively.

In the proof of the Theorem below, will use McCann’s map, which arises from an
optimizer in the functional W, when c is the quadratic cost, c(d) = d?/2; we shall
recall McCann'’s result in detail later. However, let us emphasize that, although we
will use this quadratic-optimal map, the cost in our transport inequality will be a
different function of the distance.

Our cost function is defined for d € [0, ) by

s n—1
sin"~ ' d (n—l)sn(d)

d)=n— 4
cn(d)i=n— o= T tand

and at the limit by ¢, (;r) = +o00, where S, is the familiar function defined for
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d 1/n
Su(d) = (n f sin" ! sds> .
0

We have, as expected, ¢, (0) = 0 (since S,(¢) ~ ¢t at 0) and ¢,,(d) > O for d > 0.
We now state the transport inequality satisfied by the uniform measure o on M.

d € [0, ] by

Theorem. Let M be an n-dimensional Riemannian manifold with positive Ricci
curvature satisfying (1) and let o be its normalized Riemannian volume. Then, for
every probability density f on M we have

Wc,,(f do,o) < Hn,a(f)-

We will see that the cost ¢, (d(x, ¥)) behaves like (n — 1)d(x, y)2 /2 for small
distances, so it may seem that we are back to the bad situation (3) where we
were stuck with the constant (n — 1). However, the entropy H, , is better, i.e.,
smaller, than the usual entropy ff log f do (note that H, ,(f) / ff log(f)do as
n — +00) , and as a matter of fact we will reproduce the sharp Poincaré inequality.
So there is an interesting trade-off between the cost and the entropy. Incidentally,
both sides of our inequality are zero when n = 1 (which is a good sign), meaning
that we don’t derive any result on the torus S!, although it might be possible, by
looking at first orders when n — 1 and analyzing the proof below, to guess what
one should get in this case.

The next section contains the proof of the Theorem. In the last section we give
some properties of the cost ¢, and we explain how to derive the sharp spectral gap
inequality (2) from the Theorem.

2. Proof of the theorem

We start by recalling the result of [McCann 2001]. Given two (compactly supported)
probability densities f and g on a manifold M with respect to d vol, the Riemannian
volume, there exists a Lipschitz function 6 : M — R such that —6 is c-concave and
the map

T(x) = exp, (VO(x))

pushes forward f dvol to g dvol. The latter means that for every (bounded or
nonnegative) Borel function # on M,

f u(Mg(y) dvol(y) = f u(T () f () dvol (x).

The c-concavity of —6 is defined by the property that there exists a Lipschitz
function ¢ such that —6(x) = inf,{y(y) + d(x, y)2/2}. This implies (and is
formally equivalent to) that at every point x where 0 is differentiable, and thus
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y := T(x) is uniquely defined, the function v — 6(v) + %d(v, y)? — %d(x, y)?
achieves its minimum at v = x.

Following a classical approach, the map T is constructed by establishing that
7w =(Id xT) f dvol is the optimizer for W.( f dvol, g dvol) when c is the quadratic
cost. We will not use this property, though.

As explained in [Cordero-Erausquin et al. 2001, 2006], it is possible to do, in a
weak sense, the change of variable y = 7'(x) and to establish a pointwise Jacobian
change of variable equation. To be precise, let us set, whenever it makes sense,

dT, := Y(H + Hess, 0)

where, for fixed x € M, the linear operators Y : Ty M — Tr(yM and H : T.M — T M
are defined by

Y :=d(exp,)ve) and H :=Hess, d%(x)/2,
with the notation d, (-) =d(y, -) for fixed y € M. Then, one has
f(x)=g(T(x))detdT, (fdvol)-a.e.

The set of points where this equation holds is contained in the set of x € M where
0 is differentiable at x with y(¢) := exp, (V0 (x)) being the unique minimizing
geodesic between x = y(0) and T (x) = y (1) ¢ cut(x), and such that Hess, 6 exists,
in the sense of Aleksandrov for the Lipschitz (and locally semiconvex) function 6;
later we shall use that tr Hess 6 =: A8 < Ag 0, where Ag 6 is the distributional
Laplacian of the Lipschitz function 8. The c-concavity of —6 then implies the
following, crucial monotonicity property of T, which holds (f dvol)-a.e.:

“4) H +Hess 0 > 0.

In Euclidean space, H = Id and we recover that T (x) = x 4+ V0 is the gradient of
the convex function |x|?/2 + 6 (x) — the Brenier map.

We refer the interested (or worried) reader to [Cordero-Erausquin et al. 2001,
2006] where these facts are carefully stated and proved.

So, under the assumptions of the theorem, let 7' (x) = exp, (V&) be the McCann
map pushing o forward to f do. Denote the displacement distance by

a(x) :=d(x, T(x)) =[VO(x)| € [0, 7].
The Jacobian equation satisfied almost everywhere is then
(5) f(T(x))"" =det(Y (H + Hess, 0))

with ¥ :=d(exp,)ve() and H := Hess;, d%(x)/Z.
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For x € M a point where Equation (5) holds, let E| := V8/|V0| be the direction
of transport, completed by E», ..., E, in order to have an orthonormal frame. In
this basis, the symmetric operator H takes the form

10

0 K
and the classical Bishop comparison estimates (see [Petersen 1998], for example)
ensure that under (1) we have

sin o

detYf(
o

n—1
) =:v,(a)" and trKf(n—l)L =:w,(a).
tan o

Of course, these inequalities are equalities when M = S”, a case where Y and K
can be computed explicitly (see [Cordero-Erausquin 1999]).
If we write Hess, 6 = ({ ﬁ;) where M is a symmetric (n — 1) x (n — 1) matrix

and a := Hess, 0(E) - E; (all the quantities depend on x, of course), then we have

F(T(x)™! =det [Y <1+a b )] < v, ()" det (H—a bt )

b K+M b K+M
n I+a O
< v, (a) det( 0 K—l—M)
n (I+a)u(a)==D 0
— v, (cr)" det :
vn(@)" de ( 0 (@)K +p(e)M

where p is a numerical C! positive function defined on [0, 7] that will be fixed
later. Note that 1 +a > 0 and K + M > 0 by (4). Using the arithmetic-geometric
inequality, namely det'/” < tr /n on nonnegative matrices, we then get that

nf ()" < vu(e@)((1+a)w(e@)™ "D + pl@)wy (@) + n(@) (A —a)).

We integrate this inequality with respect to o. Integration by parts gives

fv,,(oz),u(a)A@ do < —/(vn,u)/(a)Va-VQ do.

When 6 is smooth, the previous equation is an equality, but as we explained above,
the Laplacian we used is smaller than the distributional Laplacian in general.

By construction, Vo - VO = o Hess 8 (E) - E1 = aa (that this property should
be used to improve mass transportation techniques on manifolds was suggested to
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us by Michael Schmuckenschldger: personal communication, 2001). So we find
n f 7 do < / (vn (@@ ™"V = p(@)va(@) = - (a)'(@))a do

+ [ (1@ 4 e, @)@ do.
We now want to choose the numerical function u such that for all ¢ € [0, 7),
(6) O (O@) ™Y = w0 v (1) — 1 (W) (1) = 0.
Setting h(t) :=tu(t)v,(t), the previous equation rewrites as
1 (1) = va () (A1) /10, 0)) """ = v (0" () =Y,
or equivalently
%(h”)/(t) =sin"" 'z,

which suggests the choice 2 = S,,. So the function defined by w(t) := S, (t)/tv,(t)
satisfies (6), and consequently we have the desired inequality:

1—1/n sin ! ar(x) 3 S,,(oz(x)))
/f da</(s - 1—|—(n 1)—tana(x) do (x). U

3. Further remarks
We start with some properties of the function

sin" & ( )

S()l’l]

First, observe that for « € [0, 7],

o o o
f sin" ! s coss ds 5/ sin" s ds 5/ s"ds
0 0 0

sina < S, (x) <a.

cn(a) = a € [0, ).

so that

This implies that ¢, > 0. It also gives that 0 < (« — S, (a))/a? < (a — sina) /o
and consequently, for o — 0,

Sp(@) =a +o(a?).
In turn, this gives the behavior of ¢, («) when o — 0:
(7 cnle) ~ (n—1)e’/2,

To perform this series expansion of ¢,,, write S, (o) = a—+aa’+o(a?); the coefficient
a indeed disappears in the second order. We believe (from numerical examples) that
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the function ¢, is convex on [0, 7 ]. But since we don’t need this property (which
seems a bit more technical), we leave this question for another time.

It is well known that the property (7) of the cost is sufficient to derive by
linearization, from the corresponding transport inequality, a Poincaré-type inequality.
The standard procedure is to first state an infimal convolution inequality (for the
Hamilton—Jacobi semigroup), obtained by dualizing the transportation cost and
the entropy, and then to linearize (see [Gozlan and Léonard 2010]). Actually, it is
enough to dualize only the transportation cost (we don’t want to dualize the entropy,
since eventually we will linearize it).

Recall the classical Kantorovich duality: for two probability measures @ and v
on M and for a cost c,

We(p, v) = sup { / Oc(p)dp — / gadv}
2
where the supremum is taken over all (Lipschitz) functions ¢ : M — R and

0. (@) (x) := inf {@(y)+cd(x,y))} forall x € M.

inf
yeM
Note that Q.(¢) < ¢ (provided ¢ > 0 and ¢(0) = 0) and that the bigger the cost is
in terms of d(x, y), the closer Q.(¢) is to ¢.

Let g be a smooth function on M with [ g do =0, and & > 0 small. Applying
our transport inequality to the probability density f = 1 4+ eig where A > 0 is
a constant to be fixed later, and using the above-mentioned duality with the test
function ¢ = eg we get

®) / Qc,(eg)(1+erg)do —/(8g) do < Hy o (1 +¢€Ag).

On one hand we have, for the entropy term, uniformly on M,

n

—1
(rg)* +o(e?).
n

n((l +erg)—( —|—ekg)1_1/”) —erg +€? 7

On the other hand, because of (7) we have

0., (¢8) =8(g—8 IVg|2+o(8))-

2(n—1)

Putting these two expansions in (8), we see that the orders O and 1 vanish (they
have to, since the constant function 1 is an equality case in the transport inequality),
and the inequality between the second orders reads as

(x— A ) do < —— | |V do.
2n 2(n—1)

Picking A = # we get the sharp Poincaré inequality [g*do < % [1Vgl*do.
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A COHOMOLOGICAL INJECTIVITY RESULT FOR THE
RESIDUAL AUTOMORPHIC SPECTRUM OF GL,

HARALD GROBNER

Let IT be a cohomological residual automorphic representation of GL,/F,
for F an arbitrary number field. Let ¢, be the lowest degree in which IT
has nonvanishing cohomology. We prove that the cohomology of Il always
injects into the cohomology of the corresponding locally symmetric space
in degree ¢min. This extends the well-known result of Borel for cuspidal
automorphic representations to all square-integrable automorphic repre-
sentations in this certain degree. Moreover, we thereby improve a result
of Rohlfs and Speh and confirm an idea of Harder.

Introduction

Let F be any number field and let G = GL, /F. As it is well-known, the space of
square-integrable automorphic forms of G(A) decomposes into the space Acusp(G)
of cuspidal automorphic forms, and a natural complement, the space Hes(G) of
residual automorphic forms. The latter are given by square-integrable residues of
Eisenstein series and described in terms of representation theory by [Mceglin and
Waldspurger 1989]. Let IT be a residual automorphic representation of G(A). We
say that IT is cohomological, if the ring of relative Lie algebra cohomology of
IT is nonvanishing with respect to some irreducible, finite-dimensional algebraic
representation Al of G. See also Section 1C. Assume now that IT is cohomological
and let g, be the lowest degree in which IT has nonvanishing cohomology.

In this paper we prove that, in degree gmin, the cohomology of I1 always injects
into the cohomology of the locally symmetric space attached to G. This extends the
well-known result of Borel [1981] for cuspidal automorphic representations to all
square-integrable automorphic representations in this certain degree. The precise
result reads as follows (see Theorem 4.1, also for unexplained notation):

Theorem. Let G = GL,/F and let M be an irreducible, finite-dimensional, al-
gebraic representation of G on a complex vector space. Let { P} be an associate
class of proper parabolic F-subgroups of G and let ¢ p be an associate class of

Grobner is supported by the Austrian Science Fund, project number P 25974-N25.

MSC2010: primary 11F70, 11F75, 22E47; secondary 11F67.
Keywords: automorphic cohomology, residual representation, general linear group.

33


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.268-1
http://dx.doi.org/10.2140/pjm.2014.268.33

34 HARALD GROBNER

cuspidal automorphic representations of Lp (A). Let I1 — e, 9(G) be a residual
automorphic representation of G(A) with cuspidal support & € ¢ p, spanned by
iterated residues of Eisenstein series at a point v € Bg,c for which v + yz is
annihilated by $. The map in cohomology

H Imin (mG’ K, 11 ®J|/L) —> H9min (mG7 K, &Qﬁs{P},‘/’p(G) ®J‘/L)7

induced from the natural inclusion TT — sdg,{P},(pP(G), is injective. In other words,
the (mg, K)-cohomology of a residual automorphic representation of GLy(A)
always embeds into H® (G(F NGA)/ A"é K, JI/L) in its lowest, nonvanishing degree.

This improves a result of Rohlfs and Speh [2011] (see also our Remark 4.2) and
confirms an idea of Harder. Moreover, it may be viewed as a refinement of one of
our own results in [Grobner 2013]. Although we believe that it is interesting in its
own right, we hope that it will also be of use in a forthcoming work of Harder and
Raghuram on special values of Ranking—Selberg L-functions.

1. Notation

1A. Number fields and adeles. 1et F denote an arbitrary number field with set
of places S. We write Soo = Sr U S¢ for the subset of archimedean places, where
Sr denotes the set of real archimedean places and S¢ denotes the set of complex
archimedean places of F'. We use F, for the topological completion of F' atv € S.
As usual, A stands for its ring of adeles.

1B. Algebraic groups. Inthis paper, G :=GL, /F denotes the general linear group
over F'. We fix the usual Borel subgroup B of upper triangular matrices with Levi
decomposition B = T'U. This choice defines the standard parabolic F'-subgroups
P with Levi decomposition P = Lp Np, where Lp D T and Np C U. Clearly,
Lp =GLy, x---xGLg,, with Zf=1 ki =n. Welet Ap = Z,,, be the maximal F-
split torus of L p, satisfying Ap € T and denote by ap (resp., ap c) its Lie algebra
(resp., its complexification ap ¢ = ap ® C). The respective duals are denotes ap
and dp c. The inclusion Ap C T (resp., the restriction to P) defines ap — t (resp.,
dp — ), which leads to direct sum decompositions t = ap @ af and { = ap @ af.
We let aIQ) :=ap Na? and &g :=dp N a2 for parabolic F-subgroups Q and P.
We write Hp : Lp(A) — ap ¢ for the standard Harish-Chandra height function
[Franke 1998, p. 185]. The group Lp (A)1 := ker Hp, admits a direct complement
A% = [Riim W= Rﬁ in Lp(A) whose Lie algebra is isomorphic to ap =~ R¢. With
respect to a maximal compact subgroup Ka € G(A) in good position (see [Mceglin
and Waldspurger 1995, 1.1.4]), we obtain an extension Hp : G(A) — ap ¢ to all of
G(A).
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1C. Lie groups and Lie algebras. The Lie algebra of a real Lie group is denoted
by the same letter in gothic lowercase; thus geo = gl (R)!S®| @ gl,,(C)!5¢! is the
real Lie algebra of G := RFp/g(G)(R), and so on. We set mg := goo/0G =
Lie(G(A)! N Goo) and denote by 3(goo) the center of the universal enveloping
algebra U(goo) Of goo,c := Poo ®x C. We will also use the notation G, for G(Fy),
U € S0, and similar for other local groups (such as Lp , etc.).

Let Koo C Goo be a maximal compact subgroup (the archimedean factor of
the maximal compact subgroup Ka of G(A) in good position) and set once and
for all K := K, the connected component of the identity element. We refer the
reader to [Borel and Wallach 1980, Chapter I] for the basic facts and notations
concerning (mg, K)-cohomology. If H is any subgroup of G, we denote by Kz
the intersection K N H.

1D. Algebraic representations. In this paper, /It will always be a finite-dimensional
irreducible algebraic representation of G on a complex vector space. For simplicity,
we will assume that A[Ré (and so ag) acts trivially on Jl. There is hence no difference
between the (goo, K)-module and the (mg, K)-module defined by J.

2. Automorphic representations

2A. Automorphic forms. Our notion of an automorphic form f : G(A) — C and
of an automorphic representation of G(A) is the one from [Borel and Jacquet 1979,
4.2 and 4.6]. Let 4 (G) be the space of all automorphic forms f : G(A) — C that
are constant on the real Lie subgroup A[Ré. By its very definition, every automorphic
form is annihilated by some power of an ideal § <1 3(goo) of finite codimension. We
fix such an ideal $ once and for all; as we will only be interested in cohomological
automorphic forms, we take $ to be the ideal which annihilates the contragredient
representation JLY of L (see Section 1C) and denote by

s1g(G) C sA(G)

the space consisting of those automorphic forms that are annihilated by some power
of $. Clearly, sd4(G) carries commuting (goo, K)- and G(Ar)-actions and hence
defines an (mg, K, G(Ar))-module. As such a module, any irreducible subquotient
(that is, any automorphic representation) IT decomposes as IT = oo ® Il

2B. LZ2-automorphic forms. The (mg, K, G(Ar))-submodule of all square-inte-
grable automorphic forms in s4(G) is denoted HAgis, (G ). An irreducible subrepre-
sentation of dgis,5(G) will be called an Lz-automorphic representation (see [Borel
2007, 9.6]). If w : Zg(F)\Zg(A) — C* is a continuous character of the center
Zg of G, we let Agis,5(G, w) be the space of square-integrable automorphic forms
with central character w.
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We further recall that sdg;s,¢(G, @) decomposes as a direct sum of automorphic
representations 1

Adis, (G, w) = @ IT,

which can be described as follows: According to [Mceglin and Waldspurger 1989],
every summand IT in the above decomposition is of the form I1 =~ J(P, w,v),
where the latter stands for the (smooth, K-finite vectors in the) unique irreducible
quotient of the (normalized) induced representation / g ((Q)) [r ® v], with inducing
data 7, a cuspidal automorphic representation of Lp (A), and v € ap c. In fact, as
is well-known, by [Mceglin and Waldspurger 1989, Théoréme, p. 606], more can
be said:

Theorem 2.1. Any L2-automorphic representation of G(A) is given by a triple
(Lp,o,v), where

(1) Lp =GLg x---x GLy, with Lk = n;
2) n=0®---®0, with ¢ a cuspidal automorphic representation of GL (A);

BG)v=((L-1)/2,...,(1 =£)/2) in the coordinates given by the absolute value
of the determinant of GLy (A);

and no other triples determine an L?-automorphic representation. The datum
(Lp,o,v) is unique.

As a matter of fact, the space of L2-automorphic forms decomposes as a direct
sum

Sgdis,} (G) = ﬂcusp,j’ (G) @ Sgres,} (G),

where Hcusp,¢(G) is the space of cuspidal automorphic forms in «dg(G) and
Ares,¢(G) denotes the space of residual automorphic forms in #¢(G). More
precisely, adding a central character @ to this datum, according to the theorem
above, yes,¢(G, ) is the direct sum of all L?-automorphic representations given
by a triple (Lp, 0, v), with P proper.

2C. Parabolic supports. Let { P} be the associate class of the parabolic F-subgroup
P. It consists by definition of all parabolic F-subgroups Q = Lo Ng of G for
which Lo and L p are conjugate by an element in G(F). We denote by s (py(G)
the space of all f € {4(G) that are negligible along every parabolic F-subgroup
0O ¢ {P}. (For the sake of completeness, we recall that the latter condition means
that for all g € G(A), the function Lo (A) — C given by [ — fo(/g) is orthogonal
to the space of cuspidal functions on L p (F )A%\L p(A).) There is the following
decomposition of sdg(G) as an (mg, K, G(Ar))-module (see [Borel et al. 1996,
Theorem 2.4] or [Borel 2007, 10.3]), first established by Langlands:

sdg(G) = EP stg,p1(G).
{P}
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2D. Cuspidal supports. The various summands A4 (p1(G) can be decomposed
even further. To this end, recall from [Franke and Schwermer 1998, 1.2] the
notion of an associate class ¢ p of cuspidal automorphic representations of the Levi
subgroups of the elements in the class { P}. Therefore, let { P} be represented by
P = LN. Then the associate classes ¢ , may be parametrized by pairs of the form
(A, ), where

(1) 7 is a unitary cuspidal automorphic representation of L(A), whose central
character vanishes on the group A% ;

2) A: A”}; — C* is a Lie group character; and

(3) the infinitesimal character x5z of 7 and the derivative dA € ap ¢ of A are
compatible with the action of ¢ (see [loc. cit.]).

Each associate class ¢ may thus be represented by a cuspidal automorphic
representation
7= 7 Qe N HP()
of L(A). Given ¢ p, represented by a cuspidal representation 7 of the above form,
an (mg, K, G(Ar))-submodule

ﬂg)a{P}a(pP(G)

of dg(py(G) was defined in Section 1.3 of [Franke and Schwermer 1998] as
the span of all possible holomorphic values or residues of all Eisenstein series
attached to 7, evaluated at the point A = dA, together with all their derivatives.
This definition is independent of the choice of the representatives P and r, thanks
to the functional equations satisfied by the Eisenstein series considered. For details,
we refer the reader to Sections 1.2—1.4 of the same paper.
The following refined decomposition as (mg, K, G(Ar))-modules of the spaces
A g py(G) of automorphic forms was obtained in [Franke and Schwermer 1998,
Theorem 1.4]:
sly,(py(G) = D sy (P, (G).
Yp

2E. Quadruples in the refined version of Franke’s filtration. A definition of the
integer-valued function 7" on the set of automorphic exponents is given in [Franke
1998, p. 233]. Because the technicalities are of little consequence to this paper,
we won’t repeat this definition here, but refer the reader to the original paper.
The important fact is that we may assume a fixed choice of 7" making the length
m = m({P}) of the corresponding filtration of s (p1(G) minimal, as in our paper
[Grobner 2013, 3.1 on p. 1072].

Given a cuspidal support ¢, we will need the following collection of data,
as was already introduced in [Grobner 2013, 3.2]. Let My ¢ Plop be the set of
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quadruples (R, I1, v, A), with
(1) R a standard parabolic F-subgroup of G containing a representative of { P};

(2) IT a unitary discrete series automorphic representation of L g (A) with cuspidal
support determined by ¢ p, spanned by iterated residues of Eisenstein series at
the point v € &5 > and

(3) A € agr,c such that Re(A) € a VG+ , the closed positive Weyl chamber in ag,

and such that A + v + y is anmhllated by $.

We point out that with this definition, although not entirely obvious, one can show
that 7" is well-defined on He(A)4; [Franke 1998, p. 233]. Therefore, taking this
for granted, it makes sense to define

M;J{)p} o, =R ILY. ) [TOe(R)4) = j}.

These sets of quadruples M ;] {) Plo originate from [Franke 1998, pp. 218, 233-234].

There, however, only the parabohc support { P } and not the cuspidal support ¢
was taken into account.

3. Automorphic cohomology
3A. Cohomology of locally symmetric spaces. We let
S = G(F)A \G(A)/K

be the projective limit of the “locally symmetric spaces” attached to G. Starting
from the algebraic representation Jl, one obtains a sheaf MonS by letting M be the
sheaf with espace étalé G(A)/ AR Kxg (F) J with the discrete topology on M. We
write H4(S, J(/L) for the correspondmg space of sheaf cohomology (in degree ¢).

3B. Automorphic cohomology. We recall that the G(Ay)-module
HY(mg, K, slg(G) @ )

is called the automorphic cohomology of G in degree ¢g. From Sections 2C and 2D
we know that it inherits a direct sum decomposition

H(mg. K, slg(G) ® M) = P H(mg. K. sy (p(G) ® M)
(P}

= PP H (. K, g (py,(G) D).
{P} ¢p

The summand HY(mg, K, dg (G3(G) ® M) attached to {G } consists precisely of
all cuspidal automorphic forms in s4¢4(G).
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Conjectured by Harder and Borel and proved by Franke [1998, Theorem 18], the
following result which links automorphic cohomology with the sheaf cohomology
of S:

Theorem 3.1. There is an isomorphism of G(Ay)-modules
HI(S, M) = HY(mg., K, sig(G) @ ).

The latter results brings us back to the more geometric point of view of coho-
mology, presented in Section 3A.

3C. Certain bounds in cohomology. Let R = LrNpg be a standard parabolic
subgroup of G and v an archimedean place of F'. We write

(RpyNMG = [3371) ® (agr,y Nmg) and ESLSR =Ly, N [5)3,1;-

Now, given an irreducible, admissible L g ,-representation r,, let (LR, 7y) be
the smallest degree in which 7, has nontrivial ([}33 - EZSR’U)—cohomology, twisted
by an irreducible, finite-dimensional, algebraic representation of Lg ,. If there
is no such coefficient module, then we let (LR, 7y) = 0. (This number was
denoted “m(L Ry, my)” in [Grobner 2013].) Similarly, we write ¢(L R 00, Too) 1=
Zvesoo q(LR,v, Tv).

Let { P} be an associate class of proper parabolic F-subgroups of G, and ¢, an
associate class of cuspidal automorphic representations of L p (A). We define

deimymin (min (2 [hdime Ne(F)] oL ) )

0=j<m (R’H’V’A)GM,?.{P}MP VESo

Of course, although not reflected in the notation, ¢..s depends on the support
{P} and ¢ . This rather complicatedly defined number (see [Grobner 2013, 6.1]
for the original source) serves as a certain bound of degrees of cohomology, as we
proved in the same paper. Indeed, boiled down to the case of G = GL, here, in
Corollary 17 of that paper, we showed the following result:

Theorem 3.2. Let G = GL,/F and let M be an irreducible, finite-dimensional,
algebraic representation of G on a complex vector space. Let { P} be an associate
class of proper parabolic F-subgroups of G and let ¢ p be an associate class of
cuspidal automorphic representations of Lp (A). Let T1 — e, 5(G) be a residual
automorphic representation of G(A) with cuspidal support & € ¢ p, spanned by
iterated residues of Eisenstein series at a point v € ELIG,’C, for which v + 3 is
annihilated by $. Then, the map in cohomology

Hi(mg, K, I® M) — HY(mg, K, &g},{P},(pP(G) ® M),

induced from the natural inclusion I1 — g ¢ p}’(pP(G), is injective in all degrees
0= qd < dres = Qres({P}a (/)P)
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The latter theorem will be the key result for the proof of our main result of this
article in the next section.

4. The main result

4A. Let IT < s, ¢(G) be a residual automorphic representation of G(A). Recall
from Section 3C our notation ¢(G o, 1) for the minimal degree in which I14, has
nontrivial (mg, K)-cohomology with respect to an irreducible, finite-dimensional,
algebraic representation of G. For sake of simplicity, since the group G and the
representation IT are clear from the context, we will write gmin 1= ¢(Goo, [1oo) for
this minimal degree.

Theorem 4.1. Let G = GL,,/ F and let M be an irreducible, finite-dimensional,
algebraic representation of G on a complex vector space. Let { P} be an associate
class of proper parabolic F-subgroups of G and let ¢ p be an associate class of
cuspidal automorphic representations of Lp (A). Let I1 — e, g(G) be a residual
automorphic representation of G(A) with cuspidal support & € ¢ p, spanned by
iterated residues of Eisenstein series at a point v € EtIG)’C, for which v + 3 is
annihilated by $. The map in cohomology

H%n(mg, K, [1 ® M) — HI"(mg, K, Ay 1P, (G) ® M),

induced from the natural inclusion T1 — A g ¢ p}’(pP(G), is injective. In other words,
the (mg, K)-cohomology of a residual automorphic representation of GL, (A)
always embeds into H®(S, M) in its lowest, nonvanishing degree.

Remark 4.2. The reader should not confuse this theorem with [Rohlfs and Speh
2011, Theorem IV.4] and with [Grobner 2013, Theorem 22], where seemingly
similar results were shown. In fact, Theorem 4.1 above is a improvement as
well as a refinement of both of these theorems: First of all, here we show that the
cohomology of a residual automorphic representation of GL,, (A) always injects into
HI(S, JI7L) in its lowest nonvanishing degree and hence give a precise description
of its nontrivial contribution. (Moreover, in contrast to [Rohlfs and Speh 2011], we
allow any number field F' and any coefficient module .l.) Secondly, we also obtain
an improvement of the bound of degrees of cohomology given in [Grobner 2013,
Theorem 22].

The proof of this theorem consists of two steps. First, we determine the minimal
degree gmin explicitly for all cohomological residual automorphic representations of
G(A). Secondly, we make the effort and calculate our bound Gres = gres({ P}, @ p)
for given support { P}, ¢ , and show that it is always strictly greater than gmi,. The
theorem is then a consequence from Theorem 3.2. As the reader will see, we will
have to distinguish the case of a real archimedean place and a complex archimedean
place.
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5. Proof of main theorem: determination of ¢,

SA. Let IT < s, 5(G) be a residual automorphic representation of G(A). By
Theorem 2.1 it is given by a triple (L p, 7, v), where Lp = GLy x---xGLg, £k =n,
and 7 = 0 ® --- ® o is a cuspidal automorphic representation of Lp (A). If I
is cohomological with respect to L, then m, is cohomological, too. As the only
cohomological generic representations of G, are essentially tempered, we see that
o 18 essentially tempered. Hence, by its very construction, Il is the Langlands
quotient given by the triple (Lp oo, oo, V). Of course this also holds locally at
VE Soo.

Let now be v € Sg. Then IT, comes under the purview of the Vogan—Zuckerman
classification of cohomological representations in terms of A4(A)-modules. We
assume that the reader is familiar with this theory and refer to [ Vogan and Zuckerman
1984] and [Knapp and Vogan 1995]. We write q = [ & u for the Levi decomposition
of the complex parabolic subalgebra q of g, c. By [Knapp and Vogan 1995, Chapter
IV, Proposition 4.76], u is the direct sum of certain root-eigenspaces, all of them
one-dimensional. Hence, dime ut is the number of roots appearing in u. Moreover,
from IT, being the Langlands quotient given by the triple (L p (R), 7y, V), we derive
that

~

glg(C)k/2 for k even,
gl (©)*=D/2 g g1,(R) for k odd;

see [Vogan and Zuckerman 1984, Theorem 6.16]. It is now an easy combinatorial
exercise, using [Knapp and Vogan 1995, 1V, Proposition 4.76] to show that the
number of roots appearing in u (and hence dimg 1) equals

%n(n —04+1) for k even,

dimCu: {1
7(n(n—L+1)—4£) for k odd.

Because in the case of g = gl,(R) all roots showing up in u are noncompact,
Theorem 5.5 of [Vogan and Zuckerman 1984] implies that the minimal degree in
which IT, = A4(A) has nontrivial cohomology is precisely dimc u.

Now let v € Sc. Then, by [Enright 1979], I1, is fully induced and so the minimal
degree in which IT, has nontrivial cohomology is readily computed using [Borel
and Wallach 1980, Chapter III, Theorem 3.3]. Summarizing, we have shown:

Proposition 5.1. Let I1 < sy, 6(G) be a residual automorphic representation of
G(A) that is (mg, K)-cohomological with respect to M. Assume that T1 is given by
the triple (Lp, 7w, v), where Lp = GLy x---x GLy, £k = n. Then

|SR|‘%”(”—E+1)+|SC|'%H(H—E) for k even,

dmin = |SR|‘%(7’Z(”_E+1)_£)+|SC|'%n(n_E) for k odd.
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6. Proof of main theorem: determination of ¢,es

6A. Reduction to maximal parabolics. This step is much more technical in nature.
We will have to make many case-by-case distinctions to actually calculate ges. As
a first result towards the determination of ¢es, we shall need the following result:

Lemma 6.1. For every proper support{ P}, Lp = GLi, @p andevery j,0<j <m,
the minimum

min ( Z |_% dimR NR(Fv)—| + q(LR,v’ Hv))

)
(RILv My, \yese,

is obtained at a maximal parabolic subgroup R.

Proof. We will prove this by checking that the number
6.2) n(Ry) 1= [ dimg NR(Fy)| + ¢ (LR, Ty)

decreases for all v € Soo as we increase the parabolic subgroup R, that is, as we
form the union of two diagonal blocks a -k and b - k to a block of size (a + b) - k.
We will write R(a, b) for the first parabolic subgroup, that is, the one having two
diagonal blocks of size a - k and b - k, and R(a + b) for the second parabolic
subgroup, that is, the one having a diagonal block of size (a + b) - k, containing the
two diagonal blocks of size a -k and b - k, instead.

Now, let v € Sg. We have to distinguish several cases. The first three, where
both a and b are assumed to be greater than or equal to one, are checked using
Proposition 5.1: As cohomology satisfies the Kiinneth rule, we computed the degree
q(L Ry, I1y) for a given quadruple (R, IT,v,A) € M;{{)P},(p,, in this proposition.
The dimension of the unipotent radical is easily computed for each parabolic
subgroups R(a, b) and R(a + b). Putting this together, we obtain:

Case 1: k even, a,b > 2.
n(R(a,b)y) —n(R(a +b)y) = zak(ak —a+ 1) + 3bk(bk —b + 1) + [ abk?|
—1@a+b)k((@a+b)k—(@+b)+1)

= %abk.

Case 2: k odd, a,b > 2, a or b even.
n(R(a.b)y) —n(R(a +b)y) = 2abk.
Case 3: k odd, a,b > 2, a and b odd.
n(R(a,b)y) —n(R(a+b)y) = %(abk +1).

The remaining cases, namely when b = 1, have a cuspidal automorphic compo-
nent at the single k-block of L . This cuspidal automorphic representation has to
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be cohomological, whence its archimedean component at v is tempered. The degree
q(LR,y, I1y) is now computed by Proposition 5.1 (for the residual representation
of the block of size a - k) and using [Borel and Wallach 1980, III, Proposition 5.3]
(for the cuspidal representation of the block of size k), where the lowest degree of
cohomology of tempered representations is determined. Finally, we obtain:

Cased: keven,a>2,b=1.

n(R(a,b)y)—n(R(a+b)y) = tak(ak—a+ 1)+ 1(Akk+ 1)~k + | 1k))
+[2ak?| =L@+ Dk((@+ Dk —(a+1)+1)

1
Eak.

Case 5: k odd, a > 2 even, b = 1.
n(R(a,b)y) —n(R(a+b)y) = %ak.
Case 6: k odd, a >2o0dd, b = 1.
n(R(a,b)y) —n(R(a+b)y) = %(ak +1).
Case7: k even,a =b = 1.

n(R(a,b)y)—n(Ra+b)y) = (3kk + 1) —k+| 3k | +[2ak?]) - 12k (2k 1)
1
2

Case8: k odd,a =b =1.
n(R(a,b)y) —n(R(a+b)y) = %(k +1).
Summarizing all eight cases, we see that
n(R(a,b)y) —n(R(a+b)y) > 0;

that is, n(R,) decreases, if R increases.

Now, let v € Sc. This is the simple case, since I1, is fully induced and the
cohomology of such representations is determined in [Borel and Wallach 1980,
III, Theorem 3.3]. This is what we used in the proof of Proposition 5.1, where
we also computed g(Lg,y, I1,) for a given quadruple (R, I1,v, 1) € M}(,J:{)P},wp'
Again, the dimension of the unipotent radical of the parabolic subgroups R(a, b)
and R(a + b) is easily calculated. We obtain

n(R(a,b)y) —n(R(a +b)y) = 3ak(ak —a) + $bk(bk —b) + abk?

- %(a +b)k((a +b)k — (a + b))
= abk,
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now really for all cases of a and b. Therefore, n(R(a, b)) —n(R(a + b)y) > 0,
that is, n(Ry) decreases, if R increases also for v € S¢. This proves the lemma. O

Proposition 6.3. For every proper support {P}, Lp = GLi, @p and every j,
0 < j < m, the minimum

min ( Z [ dimg NR(FU)—|+(](LR,U’HU))

5
(RILv.A)EMy7ipy 4, N vESe

occurs at the standard parabolic subgroup R = LR Ng with L g = GLy_1)x X GLg.

Proof. By Lemma 6.1, we only need to check that for R = R(({ — 1)k, k), the
number 7 (Ry) is minimal among all maximal parabolic subgroups R(({ —a)k, ak)
for all places v € Soo. Precisely as in the proof of Lemma 6.1, this is again a lengthy
exercise using Proposition 5.1 and [Borel and Wallach 1980, III, Proposition 5.3].
Their use is justified step-by-step, as in the proof of Lemma 6.1.

Let v € Sg. First of all, we check that

1(n? 4+ (3—0)n —2k) for k even,
n(R((L—1k.k)) = %(n2 +B—0On—-2k—1) for k odd, £ odd,
%(n2 +@B—-0On—2k—L£+2) fork odd, £ even.

Moreover, if a > 2, then n(R((K —a)k, ak)) is given by
1(a®k? —a”k + ak + (L —a)*k? — (L —a)*k + (L —a)k + 2a(L —a)k?)
for k even, by
1(a®k? —a®k + ak + (€ — a)*k* — (L —a)*k + (L —a)k — L+ 2a(L —a)k?)
for k odd and a or £ —a even, and by
1(a®k? —a*k + ak + (€ —a)*k? — (L —a)*k + (L —a)k — L +2a(l — a)k* +2)

for k, a and £ —a odd.

The expression n (R((E —a)k, ak)) is a quadratic polynomial in a, with strictly
negative leading coefficient. Hence, for a > 2, n(R((E —a)k, ak)) is minimal at
a =2 (and a = £ —2). We obtain

%(n2 +(5—0n—8k) for k even,
1(n?+(5—0On—8k—1) fork odd.

Comparing n(R(({ —2)k, 2k)) to n(R((£ — 1)k, k)), in the cases when either k is
even or k is odd and £ is odd, we see that n(R((E—Z)k, 2k)) > n(R((K — 1Dk, k)) if
and only if £ > 3. But this is fine without loss of generality, since for £ = 2 the result
holds trivially. If k is odd and £ is even, n(R(({ —2)k,2k)) = n(R(({— 1)k, k)) if

n(R(( —2)k,2k)) =
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and only if £ > 4. This is satisfied by the same reason, since £ > 3 is assumed to be
even, hence without loss of generality already £ > 4.
Now, let v € Sc. Then

n?—Qa—40n—2a%k
2 9
for all @ > 1. Clearly, this is minimal at a = 1 (and a = £ —1). O

n (R((E —a)k, ak)) =

Proposition 6.4. Let I1 — sl 5(G) be a residual automorphic representation of
G(A), which is (mg, K)-cohomological with respect to M. Assume that I1 is given
by the triple (Lp,m,v), where Lp =~ GLy X --- X GLg, £k = n. Then q,cs is given
by

|Sr| - %(n2 + B —0On—2k)+ |Sc|- %(n2 —(2—0n—2k)

for k even, by
|Sal-3(n* + (3—0On—2k — ) +|Sc|- 3(n* — (2 — O)n — 2k)
for k odd and £ odd, and by
|Sg| - 3(n* + (3—On —2k —L +2) +|Sc| - 3(n* — (2 — O)n — 2k)
for k odd and £ even.
Proof. This holds by the definition of g,.s and Proposition 6.3. O

6B. End of the proof of the Theorem 4.1. A direct comparison of gm;, and Gyes
shows that if IT < o, ¢(G) is a residual automorphic representation of G(A) that
is (mg, K)-cohomological with respect to Jil, then ¢min < ¢res. Hence, Theorem 4.1
follows from our Theorem 3.2. O
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GRADIENT ESTIMATES AND ENTROPY FORMULAE OF
POROUS MEDIUM AND FAST DIFFUSION EQUATIONS FOR
THE WITTEN LAPLACIAN

GUANGYUE HUANG AND HAIZHONG L1

We study gradient estimates for the positive solutions of the porous medium
equations and the fast diffusion equations

ur=Agu?)

associated with the Witten Laplacian on Riemannian manifolds. Under
the assumption that the m-dimensional Bakry—Emery Ricci curvature is
bounded from below, we obtain some gradient estimates which generalize
some previous results of Lu et. al. and Huang et. al. As applications, sev-
eral parabolic Harnack inequalities are obtained. Moreover, inspired by
X.-D. Li’s work, we also extend the entropy formulae introduced by Lu
et. al. to the porous medium equations and the fast diffusion equations as-
sociated with the Witten Laplacian. We prove some monotonicity theorems
for such entropy on compact Riemannian manifolds with nonnegative m-
dimensional Bakry—Emery Ricci curvature.

1. Introduction

Let (M", g) be an n-dimensional complete Riemannian manifold. P. Li and Yau
[1986] considered positive solutions of the heat equation

(1-1) U, = Au
and proved the following gradient estimates.

Theorem A [Li and Yau 1986]. Let (M", g) be a complete Riemannian manifold
with Ric(B,(2R)) = —K, where Ric(B,(2R)) denotes the Ricci curvature on the
geodesic ball B,(2R) with radius 2R and K is a nonnegative constant. Let u be a

Huang was supported by the NSFC (grant numbers 11001076, 11171091, 11371018). Li was
supported by the NSFC (grant number 11271214).
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positive solution of (1-1) on B,,(2R) x [0, T']. Then, on B,(R), we have

|Vu|2 u, Cma?[ o? na’kK no?
1-2 —a— < —— ++VKR —,
(1-2) 2w TR oot e T

where a > 1 is a constant and C (n) is a constant depending only on n. Moreover,
taking R — 00, (1-2) yields the following estimate on (M", g):

[Vul|? Ur _ na’K na?
_—

(1-3)

2aD) 2

u2

J. F. Li and X. J. Xu [2011] obtained new Li—Yau-type gradient estimates for
positive solutions of the heat equation (1-1) on complete Riemannian manifolds.
For related research and some improvements on Li—Yau-type gradient estimates of
(1-1), see [Yau 1994; 1995; Bakry and Qian 1999; Hamilton 1993; Li 2005; Davies
1989]. The equation

(1-4) uy = Au”)

with p > 1 is called the porous medium equation, which is a nonlinear extension
of the classical heat equation. For various values of p > 1, it has appeared in
different applications to model diffusive phenomena (see [Vazquez 2007; Aronson
and Bénilan 1979; Lu et al. 2009] and the references therein). Equation (1-4) with
p € (0, 1) is called the fast diffusion equation, which appears in plasma physics
and in geometric flows. However, there are remarkable differences between the
porous medium equations and the fast diffusion equation; see [Vazquez 2006;
Daskalopoulos and Kenig 2007]. For the study of gradient estimates of (1-4), see
[Huang et al. 2013; Aronson and Bénilan 1979; Vazquez 2007; Xu 2012].

Lu, Ni, V4zquez, and Villani studied gradient estimates of (1-4) and proved the
following results.

Theorem B [Lu et al. 2009, Theorem 3.3]. Let (M", g) be a complete Riemannian
manifold with Ric(B,(2R)) > — K, where Ric(B,,(2R)) denotes the Ricci curvature
on the geodesic ball B,(2R) with radius 2R and K is a nonnegative constant.
Let u be a positive solution to (1-4) with p > 1. Let v = (p/(p—1)u?~" and
M = (p—1) maxg,r)x[0,11 V- Then, for any « > 1, on B,(R), we have

Vo2
_a—
v
2
- Cn)Max

(1-5)

2 2 2 2
& A L1 +VER) )+ Z—amk + 4L
a—1p—1 oa—1 t
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where a = n(p—1)/(n(p—1) 4+ 2). Moreover, taking R — oo, (1-5) yields the
following estimate on (M", g):

(1-6)

Now we rewrite the inequality (1-6) as

2 610(21)

(1-7) Vol —av, < ——aMKv+ 222
a—1 t

Since (p—1)v = puP~!, we have (p—1)v — 1 as p — 1. As p — 1, we have
M—1,

|Vul®
u? ’ u 2

Consequently, (1-7) becomes Li and Yau’s inequality (1-3). Therefore, for a com-
plete noncompact Riemannian manifold (M", g), estimate (1-6) in the result of Lu,
Ni, Vé4zquez and Villani reduces to estimate (1-3) when p — 1.

Let ¢ € C?(M"). The Witten Laplacian associated with ¢ is defined by

|Vv|2—>

Ag=A-V¢-V,

which is symmetric with respect to the LZ(M") inner product under the weighted
measure

du = e ? dv,
that is,

/MA¢vd,u=—/ VMVUCZ/LZ/ vAgudp forallu,ve Cy°(M").

Following [Bakry and Emery 1985; Bakry 1994; Li 2005; Wei and Wylie 2009],
we introduce the m-dimensional Bakry—Emery Ricci curvature associated with the
Witten Laplacian by

1
Ric) =Ric+V?¢p — ——dp ®d¢,
m-—n
where m > n is a constant and m = n if and only if ¢ is a constant. Define
Ricy = Ric +V?¢.

Then Ricy can be seen as the oco-dimensional Bakry—Emery Ricci curvature. In this
paper, we study the following equation associated with the Witten Laplacian:

(1-8) u; = Ay (ul)

with p > 0 and p # 1. For p > 1 and p € (0, 1), we derive an analogue of the
estimates of Lu, Ni, V4azquez, and Villani and a Davies-type estimate. Moreover,
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for p > 1, we obtain a Hamilton-type estimate and an analogue of the estimates of
Li and Xu. In particular, our results generalize the ones in [Huang et al. 2013].

First we consider gradient estimates of (1-8) under the assumption that the m-
dimensional Bakry—Emery Ricci curvature is bounded from below, and obtain the
following results. We set once and for all

m(p—1)

Theorem 1.1. Let (M", g) be a complete Riemannian manifold with
Ricy (B,(2R)) > —K,

where Ric$ (Bp(2R)) denotes the m-dimensional Bakry—Emery Ricci curvature
on the geodesic ball B,(2R) with radius 2R, and K is a nonnegative constant.
Let u be a positive solution to the porous medium equation (1-8) with p > 1. Let
v=(p/(p—1))uP~'and M = (p—1) maxg,2Rr)x[0,7] V- Then, forany a > 1, on
B,(R), we have

\V/ 2 C 2 =2
IVOIT % a2 EU (27 9P Ly R R coth(VER)
v v R? \a—1 p—1
+ amK + 2
a —
(x—1) t
Taking R — o0, we thus obtain the following estimate on (M", g):
|Vol|? vy 2 ao’®
(1-10) —a— < ——aMK + —
v v oa—

Corollary 1.2. Let (M", g) be a complete Riemannian manifold with Ricy > —K,
where K is a nonnegative constant. Let u be a positive solution to (1-8) with p > 1.
Set

Lu”_l, M=(p—1) sup v, M= inf .
p—1 M7 x[0.T] M"x[0,T]

V=

Then, forany x1,x € M", 0 <ty <th < T, o > 1, we have

1\ dist?(xs,
v(xl,n)sv(xz,m)([—z) exp(“ S, ) @ aMK(rz—m),
1

AM(ty—1t))  a—1
where dist(x;, x1) is the distance between x1 and x;.
Theorem 1.3. Let (M", g) and K be as in Theorem 1.1. Let u be a positive solution
to the fast diffusion equation (1-8) with p € (1 —2/m, 1). Set

, M=(1-p) max (—v).
p—1 B,(2R)x[0,T]
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Then, forany 0 < a < 1, we have on B,(R)

|VU|2 Ut
(1-11) - +

(=@M C(m) (—d)ep?
= A(Sl, 82) R2 <282(1_d)(1—0()(1—p) + 1+\/I?R COth(x/[?R))

(—a)a’ MK N (—a)a?
Vei(l—a)(I—a—a)A(er, e2)  Aler, et

where €1, &3 € (0, 1) are positive constants satisfying

o - (1+e)*(1-a)*(1-a)
A(er,&e)=[l—-a(l—a)]— 1= e (—a—a) > 0.

Taking R — 0o and oo — 1, we thus obtain the following estimate on (M", g) with
Ricg’ >0:

|Vol|? n v _ a
t

(1-12) -
v v

Corollary 1.4. Let (M", g) be a complete Riemannian manifold with Ric’(})1 >0. Let
u be a positive solution to (1-8) with p € (1 —2/m, 1). Set

Py ~ .
V= u , M=(1-— su —v), M= inf (—v).
1 (1-p) Mnx[lgj]( ) MHX[O’T]( )

Then, forany x1,x; € M" and0 < t; <t, < T, we have

dist?(x2, x1)

15 —a
1-13 —v(x2, 1) < —v(xy, )| = i ,
( ) v(x2, 1) < —v(xq 1)<t1) ex 26— 1)

where dist(xy, x1) is the distance between x| and x;.

Remark 1.5. Clearly, our estimate (1-10) reduces to (1-6) (see [Lu et al. 2009])
by letting m = n. Moreover, for p € (0, 1), [Lu et al. 2009, Theorem 4.1] can be
obtained from our Theorem 1.3 by taking m = n.

Theorem 1.6. Let (M", g) and K be as in Theorem 1.1. Let u be a positive solution
to the fast diffusion equation (1-8) with p € (1 —2/m, 1). Set

Pyt M=(-p) max (—v).
p—1 B,(2R)x[0,T]

V=

Then, forany 0 <a < 1, we have on B,(R)
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Vol|? C
_ vyl +a35{0(&,a) LA/ yid

v v S "R
2 ~
o l—a—a
2(1—a) |MK
[ (s +20-0 Jaax +
C(m) 32
+(1=p)(1—a—)M =7 (1+x/I?Rcoth(«/I?R))} }
Taking R — 00, we thus obtain the following estimate on (M", g):
Vol? 2 l—a—a
(1-14) IV Y (Y o—ay \mk 4+ 122
v v 2(1—a)

Corollary 1.7. Let (M", g) be a complete Riemannian manifold with Ricg’ > —K,
where K is a nonnegative constant. Let u be a positive solution to (1-8) with
pe(l—2/m,1). Let

P pi ~ .
V= ——1u , M= (1—- su —v), M= inf (—v).
o1 (I-p) M"X[gn( ) MHX[O’T]( )

Then, forany x;,x, e M", 0<t; <tp < T, O <a <1, we have

t (l—a—a)/a
—v(x2, 1) < —v(xy, tl)(t_)

1

(adistz(xZ,xl)_i_( o +2(1_5‘)>MK(t —1)
X exp 4]\7([2-&) 2(1—a) o 2 1 )

where dist(x;, x1) is the distance between x1 and x;.

Remark 1.8. For complete Riemannian manifolds with p € (0, 1), Corollary 4.2
of [Lu et al. 2009] shows that, if Ric > 0, then

[Vv|? vo__a

(1-15) -

— ’

v v t

while if Ric > —K and 0 < & < 1, then, for any ¢ > 0 satisfying

o (e —a)?
Cla,a,e) =1+ (—a)(l—a) (1—0) —a — (I—a)&2 > 0,
we have
2 N2
(1-16) I A <1+ vCia,a, S)MK>.
v v~ Cla,a,e) \ 't (1-a)e

Obviously, our estimate (1-14) reduces to (1-15) when m = n and @ — 1. Moreover,
(1-14) is independent of ¢.
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Denote by R the scalar curvature of the metric g. Perelman [2002] introduced
the W-entropy functional as
Y 2 !,
1-17 , 1) = T(R+ |V + f—n)———=dv
(1-17) (g f, ) /Mn(( IV + f )(47”),,/2

where 7 is a positive scale parameter and f € C*°(M") satisfies

¢ gt
/Mn Groy? 40T

By [Perelman 2002], we know that the “W'-entropy is monotone increasing under
the Ricci flow, and its critical points are given by gradient shrinking solitons. Ni
[2004a; 2004b] considered the “W-entropy for the linear heat equation

(1-18) ur = Au

on complete Riemannian manifolds. More precisely, Ni [2004a] introduced the
W-entropy associated with (1-18) by

-f
(1-19) W(g, f.7) = f [€1Vf P+ f =l )md
e_f
where u = W is a positive solution to (1-18) and |’ yn wdv =1, and proved

that

2
(1-20) ioW(g, f,1)= —2/ r(‘sz — i‘ + Ric(Vf, Vf))u dv.
dt n 2T

Thus, if the Ricci curvature is nonnegative, the W-entropy defined by (1-19) is non-
increasing on complete Riemannian manifolds. For research on the monotonicity of
W-entropy for other geometric heat flows on Riemannian manifolds, see [Kotschwar
and Ni 2009; Ecker 2007; Ni 2004a; 2004b; Lu et al. 2009]. X.-D. Li [2011; 2012;
2013] studied the “W;,-entropy associated with the Witten Laplacian to the linear
heat equation

(1-21) Ur = Agpu

on complete Riemannian manifolds satisfying the u-bounded geometry condition.
More precisely, [Li 2012] introduced the W;,-entropy associated with (1-21) by

e/
(1-22) W, f7) = / (211 P f =) e
eff
where u = ——— is a positive solution to (1-21), and proved that if there exist

(4w T)m/?



54 GUANGYUE HUANG AND HAIZHONG LI

two constants m > n and K > 0 such that Ricg’ > —K, then

2
(1-23) i°W,,,(g,f, r):—2/ r<‘V2f—% +Ricl! (Vf, Vf))udu

dr n
2 m—n\?
— /‘L’ VoVf+ — |udu.
m—n n 2T

Thus, if Ricfg >0, then W, (g, f, T) is nonincreasing along the heat equation (1-21).
For the study of the Witten Laplacian associated with the m-dimensional Bakry—
Emery Ricci curvature on complete Riemannian manifolds, see [Wei and Wylie
2009; Wang 2004; 1997; Qian 1998; 1997; Ni 2002; Li 2005; Fang et al. 2009;
Bakry and Qian 2005; Bakry 1994; Bakry and Emery 1985]. Let u be a positive
solution to (1-4), and let v = (p/(p—l))uf’_l. Lu et. al. [2009] introduced

Np(g,u,t)=—t* / uv dv

n

and

d Vol? 1

(1-24)  W,(g,u,t)=—[tN,(g,u,1)]= at! / (pﬂ _at )uv dv,
dt n v I3

n(p—1)

whereq = ———.
n(p—1)+2

They proved that if M" is compact,

d
(1-25) ;Eﬁﬂb(g,u,t)

= —2(p—1)z“+1/ (v

2
2 8

Y-t an

2
—2t“+1f ((p—l)Av#—%) uv dv.

In particular, if the Ricci curvature is nonnegative, the entropy defined in (1-24) is
nonincreasing on compact Riemannian manifolds when p > 1. For p < 1, using
the Cauchy—Schwarz inequality, they proved from (1-25) that

+ Ric(Vv,Vv))uv dv

d
(1-26) —-Wp(g, u. 1)

2
5—2["“/ [w((p—l)Av—i—g) —i—(p—l)Ric(Vv,Vv)]uvdv.
n I’l(p_l) t

Clearly, if the Ricci curvature is nonnegative and p € (1 — 1/n, 1), then (1-26)
shows that (d/dt)W,(g, u, t) <0 and the entropy defined in (1-24) is nonincreasing
on compact Riemannian manifolds.
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Inspired by [Li 2012], in this paper we also study the W), ,,-entropy for (1-8)
associated with the Witten Laplacian on compact Riemannian manifolds with p > 0
and p # 1. First we define

(1-27) Npm(g,u,t) = —té/ uvdu,

where the W, ,,-entropy is defined by

d
(1_28) OWp,m(g’M’t)=E[I‘N‘p,m(g9uat)]v

When the m-dimensional Bakry—Emery Ricci curvature is bounded from below, we
prove the following.

Theorem 1.9. Let (M", g) be a compact Riemannian manifold. If u is a positive
solution to the porous medium equation (1-8) with p > 1, then

d }
(1-29) o p’m(g,u,t):—t“/ ((p—l)Aqw—{-%l)uvdu,

where v = (p/(p—1))uP~'. In particular, if Ricg’ > 0, then Ny (g, u,t) is
nonincreasing in t. Moreover,

. Vo2 a+1
(1-30) mgmxg,u,n::za+1/" (pL—EL——aj_ )uvdu
n v

and

d
(1_31) EOWp,m(g’u’t)

=—2(p—1 5“/ (‘VZ &
=D | A Y Y =121

2
+Ric$(Vv,Vv)

2
>uvdu

m-—n

* T Im(p—D 121

Ve Vv

m—n
2
uvdu.

a
(p—l)A¢v+;

_2tﬁ+1 /

In particular, if Ricg’ >0, then W, ,,(g, u, t) is nonincreasing in t.

Theorem 1.10. Let (M", g) be a compact Riemannian manifold. If u is a positive
solution to the fast diffusion equation (1-8) with p € (0, 1), then

d ;
(1-32) Ewhm@Jhn=ﬁ4</ Qp—DA¢v+§>uvmu

n

where v = plu”_l. In particular, ifRiCZ; >0and p e (1—-2/m,1), then

p_
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Np.m(g, u, t) is nonincreasing in t. Moreover, we have

. Vo2 a+1
(1-33) Wp,m(g,u,r)=t““/ (p' | —aj )uvdu,
n v
.. 1 m—n
d t tant € > m — dl———<p<l1-—
and, for any positive constant € > m —n an nte <p=< et

d
(1-34) Ewp,m(g, u,t)

2

a . m I1—n(1—-p) ¢ a
<2t +1/ n<(1_p)R1C¢ (VU,VU)-{-(’/l(l—_p)—Z)‘(p—l)Ad)U‘F;
m(l—p) 1 m—n 2
+(n(m—n)_E> VN =D 12 )”vd“'

In particular, if Ric’gf >0, then W, , (g, u, t) is nonincreasing in t.

Remark 1.11. If m = n, we see that ¢ is a constant. Then (1-31) becomes [Lu
et al. 2009, (5.6)]. By letting m = n and ¢ — 0, (1-34) becomes (1-26), which is
[Lu et al. 2009, Corollary 5.10].

Remark 1.12. After we submitted our paper, the referee pointed out to us [Li
and Li 2013; Wang and Chen 2013; Wang et al. 2013], in which some related
problems are studied. Specifically, S. Li and X.-D. Li [2013] derived the W -entropy
formula for the Witten Laplacian on manifolds with time dependent metrics and
potentials. Wang and Chen [2013] obtained Aronson—Bénilan-type estimates for
the porous medium equations associated with the Witten Laplacian. Wang, Yang,
and Chen [Wang et al. 2013] studied the weighted p-Laplacian heat equation and
proved an optimal gradient estimate and the W-entropy monotonicity formula,
which generalized the results of [Kotschwar and Ni 2009]. We note that the first
version of this paper was posted on arXiv (1203.5482) on March 25 of 2012.

2. Proofs of Theorems 1.1 and 1.3

Let v = (p/(p—1))u?~!. By virtue of (1-8), we have v; = (p—1)vAgv + |Vv|?,
which is equivalent to

[Vol?

v .

(2-1) U (p—DAgu+
v
As in [Lu et al. 2009], we introduce the differential operator

(2-2) P =03, — (p—1)vAy.
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2
Lemma 2.1. Let F = @ — a% — @, where a = a(t) and ¢ = ¢(t) are functions
of t. Set
Lo(F) =
1 2 m v\, ,
—~[(p—DAgP—2(p—D Ric] (Vv,Vv)+2vaVF+(1—ot)(—) oty
a v v

() If p > 1, then L(F) < Lo(F).
) If p € (0, 1), then £(F) > Lo(F).

Proof. We only give the proof for the case where p > 1; the other case is similar.
By a direct calculation, we have

f

(2-3) 33(5) :ééﬁ(f)—gif(g)+2(p—1)vV§V10gg for all f, g€ C*(M).

Using (2-1), we obtain
(2-4) F(v) = (p—DvAgv+2Vu V.

It is well known that, for the m-dimensional Bakry—Emery Ricci curvature, we have
the following Bochner formula (for the elementary proof, see [Ledoux 2000; Li
2005]):
(2-5) 1A (IVw|?) = [V2w|* + Vw VAyw + Ricg (Vw, Vw)

> %|Aw|2 + Vw VAgw + Ricy (Vw, Vw)

> —|Apw]* + Vw VAgw + Ric) (Vw, Vw).

1
m

It follows from p > 1 that

L(Vv|?) <2Vu Vi, — 2(p—1)v(%|A¢u|2 +VUVAH +Ricg’(w,w))
=2VuV[(p—DvAgsv+|Vv|*]
_ 2(p—1)v(nl1|A¢v|2 +VuVA4 +Ricg’(Vv,Vv))

=2(p—1)|Vu[*Ayv +2VvV(|Vu|?)
_2(p—D

v(Agv)? —2(p—1)vRic) (Vv, Vo).
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Applying this and (2-4) to (2-3) yields

2 Vo2
(2-6) $(ﬂ>=(p—1)ﬂA¢v+—va,—ﬂ| vl
v v v v

+2(p—1)vV&Vlogv
v v

and

Vu|? Vu|? 2
55(' ol )52(1)—1)' U A v+ 2V V(v
v v 1))
|Vt |Vu?
L 2(p—1V
1) v

_2p-1)

(Agv)* —2(p—1) Ric} (Vv, V) — Vlog v,

and hence

2
2-7)  L(F) :i('v;" ) —agg<ﬁ) _o/% _y

v

2 2 2(p—1
| |A¢U+EVUV(|VU|2)—%(A¢U)2

|Vt |Vu?
—+2(p—hvV

v v

v, |[Vol?

Uy 2
—a(p—1)—Ayv —a—VoVuv, +a—
v v v o

=2(p=H—

—2(p—1)Ric’£(Vv,Vv)— Vlogv

Uy /vt ’
—2a(p—1)vV—Vliogv—ao'— —¢".
v v
Noticing that

[Vol?

2(p—1H)vV Vlogv—2a(p—1)vV&Vlogv=2(p—1)VvVF
v

v

and
2
[Vl

2 2 2
ZVuV(Vv]?) —a=VuVy, = ZVuV[(F + @)v] = 2(F 4 ¢) +2VuVF,
v v v

v

we obtain

2
[Vl

Vv
(2-8) 2(p—Dw <V

Uy 2 2 2
—aV— |Vlogv+-VuV(Vv|*) —a— Vv Vy,
v v v

Vol

=2pVuVF +2(F +¢)
v

Vo> v\ Vol
—a=
v v

=2vaVF—|—2(
v

On the other hand, using (2-1) again, we have
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Vol |Vt vy v [Vol?
(2:9) 2(p—D)Agy— ot —a(p—D - Agv+a—
v v v voowv
|VU|2 (Ut |VU|2) |Vv|4 Ut (Ut |VU|2) Ut |Vv|2
—2 U - P ral
v v v V2 v\v v vowv
Vo2 Vol4 2
:(2a+2)2—| vl —3—| Z' —a(ﬂ> .
v owv v v

Combining (2-8) with (2-9) gives

Voul? v 2
(2-10) 2(p—1)vV| | Viogv —2a(p—1)vV—=LViogv+ = VuV(Vv|?)
v v v
2 |Vl|? [Vvl* v v, |Vo|?
—a—VoVuy,+2(p—1) Apv— 5 —a(p—1)—Apv+a—
v v v v v v

Vo2 2
zzpvwF—(ﬂ—' ol ) +(1—a)<ﬁ)
v v v

2
=2pVuVF —[(p—1)Agv]* + (1—a)(3) .
Putting (2-10) into (2-7) yields v

2p—1
gy < - 2P )(A¢v)2—2(p—1)Ric$(w,W)+2quVF
2 Ut 2 , Ut /
—[(p=DAgP +(1-a) (=) —a'~ —g
|
= ——[(p—1)Agv]> = 2(p—1) Ric} (Vv,Vv) +2p Vo VF
a4 Ut 2 ) Ut /
+-a)(2) —a 2 -,
v v
which completes the proof of (1) in Lemma 2.1. (Il

Proof of Theorem 1.1. Let & be a cut-off function such that £(r) =1 for r <1,
Ery=0forr>2,0<é&(r)<1,and

0>&'(r) > —c1&?(r), &'(r)>—ca,

for positive constants ¢; and cp. With p(x) the distance between x and p in M", let

w<x>=s<%).

Making use of an argument of Calabi [1958] (see also [Cheng and Yau 1975]), we
can assume without loss of generality that the function v is smooth in B,(2R).
Then we have

2
VyP _C
v T R?

(2-11)
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By the comparison theorem with respect to the Witten Laplacian (see [Li 2005,
p- 1324])
A¢,O >v(m—1)K COth( %p),
we have
§'App *tf”IVpl2 C(m)

2 (14 VK R coth(VK R)).

(2-12) Ay =

Define F = |Vv|?/v — av, /v, where o > 1 is a constant. Under the assumption
that Ricg’ > —K, Lemma 2.1(1) shows that

(2-13) P(F) < —i[(p—l)A(pv]2 +2(p—DK|Vv|*+2pVuvVF
a

|Vo|?

1 5 Vv ~
< —<[l(p—DApv]" +2MK +2pVuVF.
a

Set G =t F. Next we will apply the maximum principle to G on B,(2R) x [0, T].
Assume G achieves its maximum at the point (xo, s) € B,(2R) x [0, T'] and assume
G (xg, s) > 0 (otherwise the proof is trivial), which implies s > 0. Then, at the point
(x0, ), we have

$(G)>0, VF= _ng,
and, by use of (2-13), we have
(2-14) 0<ZL(G)
=sYL(F) —s(p—1)vF Ay —25(p—DoVEVY + ¢ F

2
=sw$<ﬁ)—<p—1>vA;Z"’G+z(p_1) |wa| G+9
1 2 Vo2 y
<5 (= =D AsP +2MK =0 4+ 2p VoV F)
2
_(P—l)qubwG—f—Z(p—l)v%G_Fg
v s
2
e Y DA 4 25w MK Y fG'V”' VY|
= [((p—DAgv] Sy N
2
—(p—Dv ¢¢G+2(p—1)v%c+g.
) s
Applying
~ — - 2 . 2 v 4
o o v o v
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to (2-14), we obtain

LG Vo2 sy (01—1)2 |Vol*

1
2-15) 0<———G?—
( ) 0= aso? aa? v a o v2

Voul? Vol |V
tosytmk Y Lo P g VHIVY
v

N AN AN
2
_(p—l)v(A¢1//)G+2(p—1)v|v$| G—i-ws—G.

2
Since —Ax%+ Bx < f_A’ we have

_s1€2 a—1 2|Vv|4+zsw2MK|Vv|2 aa’sy M2 K>
a a v2 v (a—1)2

and

2a-Dy Vo 2p Vol VY| aa’pPM [Ty
a2 Oy T oYMV ST S a—he—h v

We now set

(2-16) P(K,R) =1+ KR coth(VKR).
From (2-15) we obtain

1, aa’sy’M*K? aa’p’M  |Vy)?

0<-—
= asa? (a—1)2 20p—D(a=1) v
V|2 G
—(p—l)v(L¢)G+2(p—1)v| j' G+WT
1, ao’p’M C C(m) v
<- 4 M—ZPK,R+—)|G
- asa? (2(p—1)(a—1) R2+ R? (K, R)+ s
aa’sy’M?K?
(a—1)2
Solving this quadratic inequality for G yields
aso? an’p*M C C(m) W
G < — +M—="P(K,R)+—
- 2 {2(p—1)(a—1)R2+ g DR+
1
aoe’p*M C C(m) v\ 4y2M2K272
— A M—ZPKR+—) +———
+[<z<p_1>(a_1)1ez g )+s)+ @—17 } }
aa’p’M  C C(m) v YMK
<asa?] P = .y P(K,R)+— .
=ase {Z(p—l)(a—l) ge M PR+
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Hence we have

G(x,T)<G(xg,s)
<ara?C™ < +P(K.R) M + ©C ATMK + o
<aTa a , —a ac”.
Rz \(p—D@@-0"" a—1

This implies that, for all x € B,(R),

. 2., C(m) o? Ezp2 o? ao?
2-17) Fx,T)<aa"M + P(K,R) +—aMK+—
R? \a—1p-1 —1 T
Since T is arbitrary, we complete the proof of Theorem 1.1. (]

Proof of Corollary 1.2. Along the lines of Li and Yau, we will establish a Harnack
inequality from a general estimate

[Vol?

(2-18) —a(r)% — (1) <0.

_&<_< ) — IVU|2)
v oalt) ’

Let f =logv. Then we have

Rewrite (2-18) as

X 1 IVv|2 1
—ft=——§—<§0(f)— )<—(¢(I)—M|Vf| ).
o v (®)

Let y be a shortest geodesic joining x; and x,, and set y : [#1, ] — M", y (1) = x1,
y(t2) = x3. Define a curve ¢ in M" x (0, 00), ¢ : [t1, ] = M" x (0, 00) by
()= (y(),t). Then ¢(t;) = (x1, t1) and () = (x2, 12). Set p =d(x1, x2). Then
l¥|=p/(t2 —11) and

51 d n
(2-19) fGri 1) — Fxns 1) = / C Fdi= / (V) + fi)di
5]

15}

=f2(—<)7,Vf>+(—ﬁ))dt
1

/ (IVIIVfIJrT(cp(t)—MIVfI ))
151

nl e
= —— |V \Y% d —d
f( IV R f|> t+/t1 e ar

2 t t
P : 2 o(1)
< —4]‘702 )z /n at(t)dtJF/t1 7 )d

2
where in the last inequality we used —Ax? 4+ Bx < f 1 and |y|=p/(t2 — t1).
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2

o
(a=1)

~ 2
Let o > 1 be a constant and set ¢ = aMK + %. We have from (2-19)

(220)  fx1.t) — F(aty) < tz( W vk )dt
20 fxz’z—/t, M —1) a1

2

00" Y AMK(ty— 1) +dalog 2
= — a — ao 10g —.
At —1y) a1 2 h &

Therefore, we arrive at

Proof of Theorem 1.3. When p € (0, 1), we have v < 0, and from Lemma 2.1(2)

L - 2
55(—F)§5[(P—1)A¢v]2+2(p—1)Ric’q’f(Vv,Vv)—i—ZvaV(—F)—(l—a)(%),

which implies

Vol? - A2
Vol +2vaV(—F)—(1—a)<v—>.
—V 1)

(2-21) $(—F) < é[(p—l)A¢v]2+2MK

Define G = v (—F). We’ll apply the maximum principle to G on B,(2R) x[0,T].
Assume G achieves its maximum at the point (xo, s) € B,(2R) x [0, T'] and assume
G (xg, s) > 0 (otherwise the proof is trivial), which implies s > 0. Then, at the point
(x0, 5), we have

%(G) =0, V(—F)=—_7Fw
and, by use of (2-21), we have
2
(2-22) 05££<G)=sw$<—i>—<p—1>vA“"”G+2<p—1>v'Vw‘“ G+
(1 ) |Vu|? N)
<sy g[(p—l)A¢v] +2MK — +2pVuV(—F)
A 2 2
— (=127 G 4 2p—1yp VY G+——(1 a)s w( )
V2
2
< %[(p—l)A(ﬁv]z—i—ngoMK |V_v|
eIVl Aev
H2 VMG = = (-
|V |? G Vr\2
+2p=D G+?—(1—oz)s1p(;).
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Applying the equalities

1 -
—DApP = —F +
[(p=DAWF = — > - =

2(e—1) |Vv|2 ( 1)2|Vv|4
o

and

w0~ VR 1, 2 Vo2 1|Vt
(%) == (-F+ = S (F) 4+ (Pt —
v o o v

v o’ a? 2
to (2-22), we obtain

[Vo|?

(2-23) 0<L<(1—a(1 —a))G* = 2(1-a)(1—- @)sYG—
asa

|Vvﬁ)
+sw(1 a)(l—a—a)
Vo2 p Vol [V
+ 25> MK +2 My G —
IR N N
Vi |? G
—«p—nwA¢wxa+up—nv'$' id

G+-—.
N

Next we employ a method similar to that in [Lu et al. 2009, Theorem 4.1]. Since
pe(1—2/m,1), we have a < 0. Thus we have, for any positive constants &1, &3,

A% vI2 ZW IVol* 1 asa?(p—1)*y>M*K?
25y MK 5—81 5 (I—a)(1—a—a) N v B
and
p Vol [V
2 VMY G _
Vi-p v \/—vﬁ
|V mz aop*M IVy|?
= —erz—(1-D(1-)sYG

2e(-d)(1-a)(1-p) ¥
Hence we get from (2-23) that

0< ! 7 2 ~ |Vol?
< ——(-(1-d(1-0)G* +2(1 + &) (1-a)(1-a)sy G—

aso

IVvI4>
— (I —e)s’Y*(1—a)(1—a—a)

1 asa’y>M?*K? B an’p*M IV |?
&1 (I—a)(l—a—a) 2e(1-a)(l-a)(1-p) ¢
V|2 VG

— (p=Dv(Ag¥)G +2(p—Dv v G+ ¥

which can be rewritten as
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20120
(2-24) 05;(1—&(1—01)—(14_82) (1-a)"d O‘)>G2

aso? (1—e)(l—a—a)
1 as’Y*MPK> ac’p*M |V |?
&1 (I—a)(I—a—a) 2e(1-a)(1-a)(1-p) ¢
\V/ 2
—(p—l)v(Aqﬂl’)G—i-Z(p—l)vl ;}//| G—i-‘//s—G.
Taking ¢1, &5 such that
B (1+e)*(1-a)(1—a)
(2-25) l—a(l—a) — I_en(-a-a A(er, &) >0,
we obtain from (2-24), with P(K, R) as in (2-16),
0=~ a2t £2)G>
(—a)ap*M C C(m) 14
<2ez<1—a)<1—a><1—p>F+M R? P(K’R”?)G

(—a)sa* Y2 M?K?
ei(l—a)(1—a—a)’

Solving this quadratic inequality for G yields

(2-26) G <

< M——P(K,R)
A(ey, &2)

282(1—a)(1—a)(1—p)ﬁ+ R2

MK
LY 14 JAG, 82))-

BT
s Ve (l—a)(1—a—a)

(—a)sa? < (—a)a’p*M C C(m)

Hence we have

2-27) G(x,T)<G(xop,s)

a2 a2 2
- (—a)Ta MC(m)( (~a)o¢ p —i—P(K,R))
A(e1,e2)  R? \2e(1-a)(1—a)(1—p)
(—a)Ta’MK (—a)a?

Vei(l—a)(I—a—a)A(er, &) Aler, €2)’
and, for x € B,(R),
P < (—a)a’M C(m) ( (j&)a2 p?
A(er,62) R? \2e2(1—a)(1—a)(1—p)
(—a)a’MK (—a)a?
Vei(l—a)(1—a—a)A(er,e0)  Aler,et
This completes the proof of Theorem 1.3. ]

+ P(K,R))
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Proof of Corollary 1.4. Choosing f =log(—v) and ¢(t) = —%, we get from (2-19)

153 2 ~ 2
0 a o ~ 15)
X2, ) — f(x1,8) < — — —|dt=—————alog =. I
S ) = e 1) /,1<4M<z2—n)2 r) M- %

3. Proof of Theorem 1.6

|Vul|? v
v

Proof. Define F = a-%, where a € (0, 1) is constant. Lemma 2.1(2) shows

that

2
(B-1) £(-F) < i[(P—l)A(ﬁv]z —|—2MK| |
a —

2
+2vaV(—F)—(1—oz)(%>

1 _ Vo2 \? |Vu?
= (-F-(-o)— ) +2MK —

ao
1 —a( _ |Vu|2>2
— —F — .
a? —v
Let G =ty (—F). We apply the maximum principle to G on B,(2R) x [0, T]

and assume that G achieves its maximum at the point (xo, s) € B,(2R) x [0, T]
with G (xg, s) > O (otherwise the proof is trivial). At the point (xg, 5), we have

+2pVuV(—F)

#(G)=0, V(-F)= —_71: Vi,

and, by use of (3-1), we get

Ap¥ Vy?
G+ =
72 —|—

0<%(G)=sYyL(—F)— (p—Hv—2E ” G +2(p—Dv
2 2

5f—w2<— — (-0 |>+2 m Y
ao —v

Vol VY| -« a Vo2 \?
J_ Vv oﬂ“”(“—v)

Ay VyI* ., G
—(p—Dv m G+2(p—Dv e G—i—;.
|Voul|? - .
Let_—:u(—F) at the point (xg, s). Then we have > 0 and
1 2w p 321V
(2 0= [1—(—a)u)?G* +2uMK G + X2 «/_G/—
25y Vsy /11— 14

— (= 2G* — (p—1y G +2(p—1v

l-al As¥r v WG+_
o2 sy v Y2
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Multiplying both sides of (3-2) by s/ G yields

1 ) p VY|
(3-3) 0= =—[1—(I-au] G+2MMsz+2mmJM

VUG
1— V|2
— 1= %G~ (p-Dsvagy + 2D 4y,
Introducing
~ 1 , 11—« )
A=— 2[1—(1—o¢>u] + (1= w?,
— o
= VY|
B= VM
VIS VM
ces IV
=2uMK sy + (1—p)s(—v)| —Ag +2 m +,
we write (3-3) as
(3-4) 0<—-AG+2BG'*+C.
It is easy to see that
1 (—a)o?
A N=(—)ulP+(—a)(1—a)(1—p)>
(—a)a? .
<l—a—a

T 1+ (o) (1—a) —2(1—a0)(I—a)p + (I—a) (1—a—a)u?

and
3.5) 2 _ 2(—a)o’u
A 1+(—a)(Q—-a)—2(1—a)(1—a)pu+(1—a)(1—a—a)u?
B (@)’

" V(o) (1—a)l(1—a)(1—a—a) — (1—a) (1-a)
= VI1/(—a)+(=a)(1—a—a)+(1—a)

2

<
“2(1—-w)

+2(1-a),

where the last inequality used that ./xy < %(x + y). Hence there exists a constant
C(a, o) such that ,/i/ A < C(a, a). Now, regarding (3-4) as a quadratic inequality
in «/5 gives

VG <2B/A+,/C/A,
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and therefore

) 12 <@ ol € o? _; _
(3-6) G'“<C(a,a) SMMR+|:<2(1—05)+2(1 a))MKs—H o—a
1

+(1—p)(1—a—5l)MsCI(£1)P(K,R):|2

Hence, for x € B,(R), we have

\V4 2
@y v
v
. p C o? . l—a—a
<1C@, @)——vM— 2(1-a) | MK
_{ (@, ) = R+[(2(1—a)+( a)) +
1
_ o Clm) 2)?
+(-p)d—a—a)M %2 P(K,R) .
This completes the proof of Theorem 1.6. U

On the other hand, under the assumption that Ric’g >—Kand p>1,Lemma2.1(1)
shows that

P(F)
1 2 2 Vs 2 sVt /
< —=[(p=DAwP +2(p=DK Vol +2vaVF+(1—oc)(;) —o/ S~
1 ) |Vv|2 U \2 Uy ,
< —~[(p—1)Apv]? +2MK +2vaVF+(1—a)(—) a2y
a v v v

Following the methods in [Huang et al. 2013], we can prove the following results.

Theorem 3.1. Let (M", g) be a complete Riemannian manifold with
Ricg’(Bp(ZR)) > —K,

where Ricgl (B, (2R)) denotes the m-dimensional Bakry—Emery Ricci curvature on
the geodesic ball B, (2R) with radius 2R, and K is a nonnegative constant. Let u
be a positive solution to the porous medium equation (1-8) with p > 1. Set

v:Lul’_l, M=(p—1) max .
p—1 B,(2R)x[0,T]

Then, for any a > 1 and with a as in (1-9), we have on B,(R)

|VU|2 Ut
L
YU Vaapdi cm) (1 MK C(m) 1)2
- 9 aap m 1 m
<aa {«/ﬁ ~— R +<t 2(0[_1)—i-M e P(K,R)> }
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Taking R — oo, we thus obtain the following estimate on (M", g):

[Vv|? vy o ao’
— < aMK + —.
v v~ 2(a—1) t
Corollary 3.2. Let (M", g) be a complete noncompact Riemannian manifold with
Ricy > —K, where K is a nonnegative constant. Let u be a positive solution to

(1-8) with p > 1. Set

(3-8)

v:Lu”_l, M=(p—-1) sup v, M= inf v.
p—1 M7 x[0.T] M"x[0,T]

Then, forany x1,x; € M", 0 <ty <thp < T, a > 1, we have

i 1) < (s, 12) 1\ . a dist?(x2, x1) L AMK (ty — 11)
v(X, < v(Xp, — X = a - )
h 2R P\t =) T 2(a—1) 2—h

where dist(x,, x1) is the distance between x| and x».

Theorem 3.3. Let (M", g) and K be as in Theorem 3.1. Let u be a positive solution
to the porous medium equation (1-8) with p > 1. Set

P_ur=' M=(p=1) max o
p—1 B,(2R)x[0,T]

V=

Then, for any a > 1, we have on B,(R)

aa?(t)

<ad?(OM +3+J1?Rcoth(¢1?R)>+ —

C(m) < prac®(t)
R? \2(p—D(a(t)—1)

where a(t) = e?MK! Taking R — oo, we thus obtain the following estimate on
(M", 8):
Vo|? v ao’(t
(3-9) VO i < ““t( !
v

Corollary 3.4. Let (M", g) be a complete noncompact Riemannian manifold with
Ric’gf > —K, where K is a nonnegative constant. Let u be a positive solution to
(1-8) with p > 1. Set

p —1

v=——uP', M=(p—1) sup v, M= inf .
p—] (p )M”X[Ig,T] M"x[0,T]

Then, forany x;,x, e M", 0 <ty <tp < T, o > 1, we have

MK _ o 2MKN ( dist? (xy, x1)  d
2MK M@ —n)? 1

v(x1, 1) < v(xz, 1) eXP{

where dist(xy, x1) is the distance between x| and x;.
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Remark 3.5. Theorems 3.1 and 3.3 reduce to Theorems 1.1 and 1.2 from [Huang
et al. 2013], respectively, by letting m = n. In particular, the estimate (3-8) improves
(1-10) on complete Riemannian manifolds.

Theorem 3.6. Let (M", g) and K be as in Theorem 3.1. Let u be a positive solution
to the porous medium equation (1-8) with p > 1. Let v = (p/(p—1)u?~" and
M = (p—1) maxg,2Rr)x[0,1] V- Then, on B,(R), we have

Vol (m) ap?
_a(t)__ (t)<aM—<1+\/_Rcoth(\/_R)+(p_l)tanh(MKt)>’

where a(t), ¢(t) are given by

¢(t) = aMK (coth(MK1) + 1),
(3-10) cosh(MKt) sinh(MKt) — MKt
at)=1+ 3
sinh“(MKt)

Taking R — 00, we thus obtain the following estimate on (M", g):

[Vo|?
(3-11)

Uy
—a()— —¢@) <0.
v

Corollary 3.7. Let (M", g) be a complete noncompact Riemannian manifold with
Ricy > —K, where K is a nonnegative constant. Let u be a positive solution
to (1-8) with p > 1. Let v = (p/(p—1)u?~! and M = (p—1) SUP yrn 0,77 Vs
M =infypn 0,17 v. Then, forany x;,x2€e M", 0 <t) <t <T, a > 1, we have

dist? (x2, x1)

26— 1) (14 Ax(ny, 12))>,

v(xy, t1) < vlxp, H)A(t, 1) exp <

where dist(x;, x1) is the distance between x| and x, and

Aty — exp2MK 1) —2MK1t, — 1\*/?
W= exp@MK ) — 2MKt —1)
t, coth(MKt)) — t; coth(MK t)

Ar(ty, ) = P
2 — 1

Theorem 3.8. Let (M", g) and K be as in Theorem 3.1. Let u be a positive solution
to the porous medium equation (1-8) with p > 1. Let v = (p/(p—1)u?~" and
M = (p—l) mapr(zR)X[o,T] V. Then, on BP(R), we have

- 5 C(m) ap*a’(t)
<aa 23 (1+«/1?Rcoth(«/1?R)+(p_l)tanh(MKt) ,
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where

(3-12) o(1) = 2

+aMK + %(MK)Zt and (1) =1+ 3 MK1.

~ | Qe

Taking R — oo, we thus obtain the following estimate on (M", g):

[Vol?

(%3
(3-13) —Oé(t)?—w(l)SO.

Corollary 3.9. Let (M", g) be a complete noncompact Riemannian manifold with
Ricy > —K, where K is a nonnegative constant. Let u be a positive solution to
(1-8) with p > 1. Set

v=p/(p—Du?™', M=(p—1) sup v, M= inf .
p/ p p M”X[g,T] M"x[0,T]

Then, forany x1,x; € M", 0 <ty <th < T, a > 1, we have

(1. 11) < u( t>(t2)é(1+%MKfz)‘“
v(x1, 1) < v(xy, =) | ——=
b SAN? 14+ 2MK1

(distz(xz, x1)
Xp —_—

a
i 14+ i MKt +1))+=MK(tn —11) ),
4M(t2—t1)( IMK (12 +11)) > (2 1))

where dist(x;, x1) is the distance between x| and x;.

Remark 3.10. Our Theorems 3.6 and 3.8 reduce to Theorems 1.3 and 1.4 from
[Huang et al. 2013], respectively, by taking m = n. Moreover, when ¢ is small
enough, a(¢) and ¢(¢) defined by (3-10) and (3-12) both satisfy «(¢) — 1 and
¢(t) <2aMK +a/t. Hence (3-11) and (3-13) show

[Vol?
(3-14)

Vs 5 a
—a(t)— <2aMK + —.
v t
Clearly, for r small enough, (3-14) is better than (1-10). In this sense, (3-11) and

(3-13) improve (1-10) on complete Riemannian manifolds.

4. Proofs of Theorems 1.9 and 1.10

Lemma 4.1. If M" is a compact Riemannian manifold and u is a positive solution
to (1-8) with p # 0, then

d
4-1) — uvdu = (p—1) (Agv)uvdu = —p/ |Vv|2ud,u.
dt M}l Mﬂ n

Proof. From (2-1), we have (uv), = vu, +uv, = vA¢(u1’)+(p—1)uvA¢v+u|Vv|2.
It follows from V(u?) = u Vv that

/[UA¢(MP)+M|VU|2]dpL=/ [—VoV(u?) +u|Vv|*ldu = 0.

n
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— uvd,u:/ (uv),dpa:/ [vA¢(up)+(p—1)uvA¢v+u|Vv|2]du
=(p—1)f (Aqw)uvdu:p/ (Apv)ul du

M M
=— / VvV(u”)d,u:—p/ IVv|?u du. O

Lemma 4.2. If M" is a compact Riemannian manifold and u is a positive solution
to (1-8) with p #£ 0, then

d

— (A¢v)uvdu=2/

dr [(P—l)(A¢v)2+ |V2v|2+Ric¢(Vv,Vv)]uv du.
Mll

n

Proof. Noticing that

d
@ o e = / [(Agv)utv + (Agv) )] du,
Mn n

a direct calculation gives

(A¢U)I
= Apl(p—1)vAgv +|Vv|?]
= (p—DI(Agv)> + 2V VA +vAZV] + Ay | Vo[
= (p—1)(Apv)* +2p VoV Ayv + (p—1)vAjv + 2[|V?0]* + Ricy (Vv, Vo).

We derive from (p—1)V(uv?) = (2p—1)uv Vv that

[2pVvVAsv + (p—l)vAiv]uv du

M
=/ 2pVuV(Agv)uvdp — ; (p—1)V@v*)VAgvdu
=f VuV(Agv)uvdp.

Hence

(4-3) (Apv)uvdp

Mn

= | {((p—=1D(Asv)> + VoV A4 +2[|V*0]* + Ricy (Vv, Vo) Juv du.
Mn
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On the other hand,
(4-4) Apv(uv); du
M}’l
:/ Apv[vAsUP) + (p—DuvAyv +u|Vo|*ldu
M}'l
=/ [~V (0A)V(@P) + (p—Duv(Ayv)? +u|Vo|* Agv] du
M}’l
= | [=VA)uVv+ (p—Duv(Ayv)* +ul Vo> Ayl du
Ml’l
= [—VUVA¢U+(p—l)(A¢v)2]uvdu.
Mll
Inserting (4-3) and (4-4) into (4-2) concludes the proof of Lemma 4.2 Ol

Proof of Theorems 1.9 and 1.10. By Lemma 4.1, we have

- ,,,m(g,u,r)z—&ﬁ’”/ uvdu—(p—l)t&/ (Apv)uv dp
t n Mn

:—té/ ((p—l)Ad)vﬁ-?)uvd/x.

We obtain (1-29) and (1-32). On the other hand, from the definition of W), ,,, (g, u, 1)
in (1-28), we have

d
OWp,m(gv u, t) = E[Z‘N‘p,m(ga u, t)]

d
= p,m(gvuvt)—i_tE‘N‘p,m(gauvt)

- Vo2 a+1
:ta-‘rl/ <p| | _ ‘;‘ )MUd,LL,
n v

where Lemma 4.1 was used in the last equality. Hence we derive (1-30) and (1-33).
Notice that the estimate (1-10) also holds for compact Riemannian manifolds.
Taking K = 0 and then letting @ — 1 in (1-10) yields

a v |Vv* a
(p—DAgv+—=—— +-=0,
rw v t

which allows us to concludes that if Ricg’ > 0, then N}, ,, (g, u, t) is nonincreasing
int. When p € (1 —2/m, 1) and Ricgl > 0, we also get from (1-12) that
v, |Vv)? a

a
DAy +—=—— + - <0,
(p=1) ¢ t v v r

which shows that N, ,, (g, u, t) is also nonincreasing in ¢.
Now we are in a position to prove (1-31). From (1-29), we have
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d( d
E tE‘N‘p,m(g9uvt)

d - N
= —(—t"+1 (p—l)(A¢v)uvd/L—51t“/ uvdu)
dt Mrl n
d a+1 ~
=—|—t (p—D(Agv)uvdu +aN, (g, u,t)
dt M
:-2;5“/ ((p—1*(Agv)* + (p—DIV*v]* + (p— D Ricy (Vv, Vo) )Juvdu
Mn

— @+t | (p=D(Agv)uvdu — aﬁ/
Mll

((p—l)A¢v + Lt—l)uvdu,

n

where the last equality used Lemma 4.2. Hence

d
(4_5) Eowp,m(gvu’ t)

d( d
=E(tE*N‘p,m(g9uvt)+Np,m(g9uvt)>
_ _nsa+l _1\2 2 _ 212 _ .
= -2t (P—D7(Apv)” + (p—DIV7|" + (p—1D)Ricy (Vv,Vv) luvdp

—@+he® (p—l)(A¢v)uvdM—(é+l)taf <(p—1)A¢v+§>uvdu
Mn

n

:—2;5“/ ((p—l)z(A¢v)2+(p—1)|V2v|2+(p—l)RiC¢(VU,VU)

a+1 a’+a
+(p—1) " Agv + 7 )uvd,u.

Notice that

a+1 a*+a
(P=D*(Ag0)* + (p=D—— Ay + —
m(p—1) [ 2(p—1) (p—D)m
= DA A
’(p )¢v+[m(p—1)+2]t m(p—D+21 " " Im(p—1) + 2122
and hence
a+1 a’+a —1
(=280 + (- DT Ao+ T (oo 1) V204 2= (Vg V)
4-6) t 2t m—n
= ‘(p—l)A¢v+M 2+(p—1) Vip & 2
[m(p—1)+2]t [m(p—1)+2]t
Il Y e B
m—n PV [m(p—1)+2]t
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We complete the proof of (1-31) by putting (4-6) into (4-5).
When p € (0, 1), by the Cauchy—Schwarz inequality, we have

2

—(p—1)|V? &
v )‘ " intp—n+ 21
p—l‘ n 2
> — Av+
n [m(p—1)+2]¢
- ! ‘ HA ér p—_l‘v voo—m=n [
= T a—n PRt e Y 2
_%(( DA +é><v \V/ _&)
R\ DA VeV = 2 )
Hence
47) —(p—1)|Viut g " pl __men P
- PNV oD | T men T m(p—D+21
~ 2
—‘(p—l)A¢v+c?l
1—n(l1—p) al? m(l—p) m—n 2
= Tal=p) ‘(p_l)A"’”Jr? tm—n) Y m(p—1) 21
_z(( DA +é>(v \V/ _L>
L | A sy sy
1-n(1—p) e al?
= (it s

2
m-—n

 [m(p—1)+2]r

(29D 1) 5y,
n(m—n) ne

where € > m — n is a positive constant and satisfies
1=1/(n+e) < p<1—(m—n)/(me).

Inserting (4-7) into (1-31) gives

d
Ewp,m(gv u, t)

1—n(l-p) 2

< 2[”*1/ ((l—p)Ricm(Vv Vv)—l—( - E)'(P—l)A U+é

= n AN n(l=p) n T
m(-p) 1 m-n__[

+ (n(m —n) E)‘V(ﬁVU  m(p—1) 42t )uvdu.

This completes the proof of (1-34). U
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CONTROLLED CONNECTIVITY FOR SEMIDIRECT
PRODUCTS ACTING ON LOCALLY FINITE TREES

KEITH JONES

In 2003 Bieri and Geoghegan generalized the Bieri-Neumann-Strebel in-
variant X! by defining X!(p), p an isometric action by a finitely generated
group G on a proper CAT(0) space M. In this paper, we show how the
natural and well-known connection between Bass—Serre theory and cover-
ing space theory provides a framework for the calculation of X'(p) when
p is a cocompact action by G = B x A, A a finitely generated group, on a
locally finite Bass—Serre tree T for A. This framework leads to a theorem
providing conditions for including an endpoint in, or excluding an endpoint
from, X1(0). When A is a finitely generated free group acting on its Cayley
graph, we can restate this theorem from a more algebraic perspective, which
leads to some general results on X! for such actions.

1. Introduction

In [Bieri and Geoghegan 2003b], the authors begin with the following:

Given a group G and a contractible metric space M, consider the set
Hom(G, Isom(M)) of all actions by G on M by isometries. Are there
invariants of such actions which distinguish one from another? Are there
topological properties which one such action might possess while another
might not?

The tool they apply to draw distinctions between such actions is controlled
n-connectivity, which is developed in [Bieri and Geoghegan 2003a], and which we
briefly describe here. Suppose p is an isometric action by a group G having type
F,, on a proper CAT(0) metric space M. Fixing a basepoint b € M, the CAT(0)
boundary, dM, can be thought of as the set of geodesic rays T emanating from b.!
For an end point e € d M represented by a ray 7, there is a nested family of subsets

MSC2010: primary 20E08, 20F65, 57M07; secondary 05C05, 05C25.
Keywords: controlled connectivity, BNS, sigma invariants, tree actions, semidirect products.

IFor background on the topological finiteness property “type Fy,”, see [Geoghegan 2008, §7.2],
and for background on CAT(0) metric spaces and their boundaries see [Bridson and Haefliger 1999,
II.1 and I1.8]. A metric space is proper if each closed metric ball is compact.
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HB, (1), k € R, called “horoballs” which serve as metric balls (in M) “at e.”2
This provides a sense of direction in M, which can be “lifted to G” by p via a
G-equivariant map from the n-skeleton of the universal cover of a K (G, 1). For a
point e € 0 M, if the lifts of the horoballs about e are (roughly) (n — 1)-connected,
then we say p is controlled (n — 1)-connected over e. Bieri and Geoghegan show
that this is independent of choice of K (G, 1) or equivariant map. The invariant
%" (p) is the subset of d M consisting of points over which p is controlled (n — 1)-
connected. This definition generalizes the Bieri-Neumann—Strebel-Renz (BNSR)
invariants X" (G), which are open subsets of the CAT(0) boundary of the vector
space G, ® R. A key difference between >!(p) and the BNSR invariant ©!(G)
is that X !(p) is in general not an open subset of 9 M.

Apart from enabling one to draw geometric distinctions between isometric actions
by a group on a proper CAT(0) space, the invariant can also provide group theoretical
information: if the orbits under an action p are discrete, then the point stabilizers
are finitely generated if and only if X!(p) = dM [Bieri and Geoghegan 2003a,
Theorem A and Boundary Criterion].

When M =T is alocally finite (simplicial) tree, the CAT(0) boundary is a metric
Cantor set. Initial results in [Bieri and Geoghegan 2003a] led the authors to ask
whether in this case X!(p) might always be one of @, a singleton, or the entire
boundary 07. Work in [Jones 2012] establishes a class of actions for which this is
the case. However, work by Ralf Lehnert in his diploma thesis demonstrates that
other subsets of 37 can be realized as X !(p) for certain actions [Lehnert 2009].
This hints at a potentially rich world of = invariants, which we further explore here.

1.1. Statement of results. We restrict our attention to X', and study only the
following scenario:

Definition 1 (actions of interest). Let A be a finitely generated group with finite
generating set R, and let 7 be a locally finite®> simplicial tree on which A acts
cocompactly and with finitely generated stabilizers. For a group B, suppose we
have a homomorphism ¢ : A — Aut(B), and let G = B %, A be the resulting
semidirect product. Elements of G are of the form (b, a), wherea € A, b € B, and
multiplication in G operates under the rule

(b1, a1)(ba, az) = (hrarhaay ', ajaz) = (b1ga, (b2), a1az).

ZFor background on horoballs, see [Bieri and Geoghegan 2003a, §10.1]. The convention followed
there and in this paper is that as k increases, we approach e, the reverse of the convention in [Bridson
and Haefliger 1999].

3A simplicial tree is a proper metric space if and only if it is locally finite.



CONTROLLED CONNECTIVITY FOR SEMIDIRECT PRODUCTS 81

Suppose G is finitely generated. Then it follows that B is finitely generated
as an A-group. By this, we mean there is a finite subset S C B such that the set
{0a(S) | a € A} generates B, and so G is generated by S UR.

The natural projection G — A induces an action p by G on T which contains
the normal subgroup B in its kernel. We investigate X! (p).

Remark 2. As mentioned, if the point stabilizers under p are finitely generated,
then X! (p) =9 T [Bieri and Geoghegan 2003a, Theorem A and Boundary Criterion].
Moreover, since T is locally finite, all point stabilizes are commensurable, so if any
one is finitely generated, then all are. Thus with the assumption that the stabilizers
under the A action on T are finitely generated, in order to obtain “interesting”
invariants (those with X !(p) # 8T, one must assume that B is not finitely generated,
since the stabilizers under p are simply semidirect products of B with the stabilizers
in A.

Main result. With the action p : G — Isom(7") as defined above, we apply the
relationship between Bass—Serre theory and covering space theory to construct a
commutative diagram of G-equivariant cellular maps between CW-complexes:

F

=~

q mod G

waTNz
~N=<=——"X
=

X—>V=T\G

where X isa K (G, 1), X isa K(B, 1), X is a contractible universal cover, pand g
are covering projections, and r, 7, and 7 are retracts.* For a geodesic ray t in T
and k € Z, consider the horoball HBx(7).> For W C X a finite subcomplex, set

Xekw) =7 (HB(x) Ng~' (W) C X.
Theorem 3. Let e € 0T be represented by a geodesic ray .

() If there exists a finite subcomplex W C X such that for every k € Z, X .k W)
is connected and the map on w1 induced by the inclusion X i,wy — X is
surjective, then e € L' (p).

(ii) If for every k € Z and every finite subcomplex W C X such that X(t,k,W) is
connected, the induced map on 1| is not surjective, then e € ' (p).

4This is the topological construction of the Bass—Serre tree [Geoghegan 2008, §6.2; Scott and
Wall 1979], discussed further in Section 2.2.
SA precise description of HBy () is given in Equation (1-1).
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Consequences and examples. Theorem 3 has a number of consequences in the case
where A is a free group and T is its Cayley graph. In this case, the vertices of T
are the elements of A. Let e be an endpoint of 7" and suppose the geodesic ray t
represents e. For an integer k, let A;(7) be the elements of A that form the vertex
set of the horoball HB (7). To avoid confusion with the group B, we will use the
notation Ball, (X, p) to refer to the metric ball of radius r in the space X about the
point p. Just as the horoball HB(7) can be written as the nested union of closed
metric balls in 7":

(1-1) HBi()= |J Ball(T.7().
[>max{0,k}

the set A;(t) can be written as a nested union of closed metric balls in the word
metric on A:
(1-2) Ar(r) = U Ball; (A, 7(1)).

[>max{0,k}

We will say B is finitely generated over a subset A’ C A if there is a finite subset
S C B such that {asa™! | s € S, a € A’} generates B.

In Section 4, we show that in this context Theorem 3 can be restated as follows:

Theorem 4. Let A be a finitely generated free group, and let T be its Cayley graph
with respect to a free basis. For the action p as in Theorem 3, and for e € 0T
represented by geodesic ray T:

(1) If there is a finite set S C B such that for each k € 7>, S generates B over
Ar(1), then e € = (p).

(ii) If for each k € Z <o, B is not finitely generated over Ay (t), then e ¢ =1 (p).

This is reminiscent of the invariant X g(A) of [Bieri et al. 1987] and [Bieri and
Strebel 1980], but whereas X (A) is determined by the algebraic structure of G,
our sets Ax(t) are given by the geometry of T'; in particular, they are not monoids.

Since B is finitely generated over A, we have:

Corollary 5. If for each k € Z>¢, p(Ax(T)) = ¢(A), thene € > (p).

Let {ay, ..., a,} freely generate A. For a generator a;, let the function expsum,,
map a reduced word w in {ay, ..., a,}* to the corresponding exponent sum of a;
in w, and define the function expsum, -1 to be — expsum,, .

Corollary 6. Lett € {ay, ..., a,}*. Suppose there does not exist m € Z such that B
is finitely generated over A — expsum,_1 (Im, 00)), i.e any subset A’ C A must have
reduced words with arbitrarily large exponent sum of t in order for B to be finitely
generated over A'. Then any endpoint represented by a word eventually consisting
of only t~! does not lie in ' (p).
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Example 7. This is a generalization of an example calculated by Ralf Lehnert,
although the methods used here are different from his. Consider the semidirect
product G = B x A, where B =Z[1/(p1p2 ... ps)], where the p; are prime with
pi #pjfor1 <i, j <n,and A is free on {ay, ..., a,}. The action is given by q;
acting by multiplication by 1/p;. For A’ C A, B is finitely generated over A’ if
and only if A" contains reduced words with arbitrarily large exponent sum of each
a;. One can show that for any k € Z, this will always be the case for A’ = A (1)
unless T eventually consists of only a, ! (see Lemma 24). Thus, by Corollary 6,
any endpoint corresponding to an infinite word eventually consisting of a;” ! for
some i is not in £!'. By Theorem 4, any other endpoint is in X'

Example 8. Let G=7:7=®,cz(b;)* (t). The action is by shifting: 'b; =b; 1. Let
T be the Cayley graph of (¢), a simplicial line. The action () ~ T induces an action
G ~ T. It is known from previous work that X!(p) is empty, as follows. Because
the endpoints of the action are fixed, we can relate 7 to homomorphisms G — Z,
and an end point lies in X!(p) if and only if the corresponding homomorphism
represents a point of the BNSR invariant X!(G) [Bieri and Geoghegan 2003a,
§10.6]. These homomorphisms do not represent points of >1(G) because they
are not homomorphisms associated to HNN extension decompositions of G over
finitely generated base groups [Brown 1987, Proposition 3.1]. Here it follows from
Theorem 4, because B is not finitely generated over any proper subset of (z).

Corollary 5 can be applied to determine a nice criterion for finding endpoints of
T lying in X! (p).

Theorem 9. With notation as in Theorem 4, viewing endpoints of T as infinite
words in the generators of A, ' (p) contains any endpoint represented by an
infinite word containing infinitely many mutually distinct subwords lying in ker ¢.

Corollary 10. If ¢(A) < Aut(B) is abelian and A has rank n > 2, then ' (p) is
nonempty.

For example, any endpoint represented by an infinite word containing infinitely
many commutators will be contained in X!(p).

Example 11. Let m and n be positive integers with m > n. Let C = (ay, ..., a,)
and D =(ay+1, ..., an) be free groups, and set A = C * D. For a finitely generated
group K, let G be the restricted wreath product K wre A, where the A-action on the
indexing set C is defined by the composition of the natural projection 7 : A — C
and left multiplication. In other words, G = B x, A, where B = @,cc K, with
each K, a copy of K. The elements of B are sequences (x,), x, € K,, w € C,
with only finitely many x,, nontrivial, and C acts on B by permuting the indices
(by left multiplication on itself) while D < ker ¢. The projection G — A followed
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by the natural action by A on its Cayley graph T =T"(A, {a, aa, ..., a,}) induces
an action p on T.

By Theorem 9, any endpoint containing infinitely many letters al.i, n<i<m
will lie in X! (), while Corollary 6 ensures that any endpoint eventually consisting
of a single letter a]j.c, 1 < j < n, will not lie in Zl(,o). In fact, any end point
represented by a geodesic ray that eventually consists of only letters from C lies
outside £1(p), as is argued in Section 4.2. So an endpoint lies in X Y(p) if and only
if a representative geodesic ray contains infinitely many letters from D.

Example 12. One can also perform calculations in the case where A is not free.
For example, let H be any finitely generated group and consider the group

(1-3)  G=Bx,A, where B=[]Hand A= (a|a*)(b|b",
ieZ

where ¢ : A — Aut(B) consists first of the projection onto D, collapsing a? and
b? to the identity, followed by permutation of the indices i € Z given by the natural
action by Do, on Z. Let p be the action by G on the regular 4-valent Bass—Serre
tree T, corresponding to the free product structure of A. Notice, since this is the
Bass—Serre tree corresponding to a free product, any point e € 974 corresponds to a
word in the normal form for the free product. One can apply Theorem 3 to calculate
% !(p) directly to determine that a given e € 37y if and only if it corresponds to
an infinite normal form word containing infinitely many subwords of the form a?
or b2

There is a stark similarity between this result and Theorem 9, and indeed a
statement similar to Theorem 9 can be made in the case where A is a free product.
However, only when A is a free product of finite groups will its corresponding Bass—
Serre tree be locally finite (and hence proper); in this case the Kurosh subgroup
theorem implies that A has a free subgroup A’ of finite index. If G = B % A,
then G’ = B x A’ is a finite index subgroup of G, and the action p by G on the
Bass—Serre tree corresponding to the free product decomposition of A restricts
to an action by G’ on the same tree. It follows from Theorem 12.1 of [Bieri and
Geoghegan 2003a] that the invariant is the same for both actions. Hence, it is not
clear that such an endeavor will add anything new to the discussion.

1.2. Defining X'. In general, there is a family of invariants ", n > 0, correspond-
ing to the notion of controlled (n—1)-connectivity. The discussion below refers
only to ! and controlled connectivity, but a similar discussion can be had in full
generality.

We start with Bieri and Geoghegan’s original definition of controlled connectivity.

Definition 13 [Bieri and Geoghegan 2003a]. Let p be an action by a finitely gen-
erated group G on a proper CAT(0) metric space (M, d). Choose a K(G, 1)
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complex X whose universal cover X has a cocompact 1-skeleton (X)), and a
continuous G-map % : (X)) — M. Given a geodesic ray t in M, t(c0) denotes the
point of M represented by 7. For t € R, let X (z,r) denote the largest subcomplex
contained in 2~ (HB; (7)). Then A is controlled connected over T (00) if there exists
A 1R — [0, 0o) such that for all ¢ € R, any two points of X (z,) can be connected
by a path in X(r,t—k(t))’ and t — A(t) > oo as t — o0.

The same authors also gave an “extended” definition, which we will show
coincides with Definition 13 when G is finitely generated.

Definition 14 [Bieri and Geoghegan 2003b, p. 143]. Let p be an action by a (not
necessarily finitely generated!) group G on a proper CAT(0) metric space (M, d).
Choose a nonempty free contractible G-CW-complex X and a continuous G-map
h:X — M. Fix a geodesic ray t in M. For t € R, define X (z.r) to be the largest
subcomplex of A~ L(HB,(1)). Then k is controlled connected over t(oc0) if for
every cocompact G-subspace W C X, there exists a cocompact G-subspace W’
containing W such that for all 7 € R, there exists A(7) > 0 satisfying:

(*) Any two points of X (7. W can be connected by a path through X (; ;51N W
(*x) Any two points of )N((,,IH(,))OW can be connected by a path through 5((,,;) nw'

Both Definitions 13 and 14 are independent of choice of G-space X or G-map
h:X — M, as is proved in [Bieri and Geoghegan 2003a; 2003b], respectively, in
what the authors commonly refer to as the invariance theorem. For Definition 14,
this is proved for the related concept of controlled connectivity over a € M [Bieri and
Geoghegan 2003b, Theorem 2.3]; the proof carries over to controlled connectivity
over an end point [ibid., p. 143].

The parameter A(¢) is called a lag. In nice cases, A may be constant, or even 0.
A lag is necessary for invariance, but an arbitrarily generous lag would defeat
the point. In Definition 14, condition (xx) effectively replaces the condition that
t — A(t) — oo found in Definition 13.

Suppose now that G is finitely generated and h : X — M satisfies Definition 14,
but X has noncocompact 1-skeleton. There is /' : X' — M, where X’ has cocompact
1-skeleton, which by the invariance theorem also satisfies Definition 14. We now
show that Definition 13 is satisfied by A’ I( 0

Proposition 15. Let G be a finitely generated group, X a contractible free G-
complex with cocompact 1-skeleton (X)), and geodesic ray t in a proper CAT(0)
space M. A G-map h : X—>M satisfies Definition 14 if and only if the restriction
h|: (X)M — M satisfies Definition 13.

Proof. If h| satisfies Definition 13 over t(00), then there is a lag A(¢) satisfying
t—A(t) = o0 as t — oo such that for each ¢, any two points in (X )Er)t) may be

joined in (X)(T —ay)- Let W be any cocompact G-subset of X. Let Y be the
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smallest subcomplex of X containing W. Then Y is still a cocompact G-set. Take
W'=Y U(X)™D. Then any two points of X, ;)\ W may be joined in X (7., "W’
by first moving into the 1-skeleton of X (r,n N'Y. We now replace A(¢) with a lag
function A'(¢) satisfying both (%) and (x*). For any ¢, there exists r > ¢ such that
forall s > r, s —A(s) > t. (So points of (X)ﬁ?s) can be connected through a path
in (X){7),)) Let /() = max{i.(t), r — t}.

Now suppose & satisfies Definition 14 over t(0c0). For W=W = (f()(]), there
is A : R — [0, c0) such that by (%), any two points of f((f,,) N Xx)M may be
joined through a path in )N((f,t,,\(,)) N (X)), since a path may be chosen which
does not leave (X)". We now find a lag A/(r) satisfying r — /() — oo. Since
HB;(t) € HB,(t) when s > r, (*%) says that for all r € R, forall t > r + A(r), a
lag of (r — r) suffices for HB, (7). Hence, we may choose a real-valued sequence
§1 <sp < --- satisfying s, — 0o and for 1 € [s;,, s,+1) a lag of ¢t —n suffices. Define
A (1) by:

A1) if t <s1,
t—n ifs, <t<spy, n=12,...

NOES {

Thent —A'(t) =n whens, <t <s,41,80¢t—A/'(t) — oco as t — o0. O

This means that one may test for controlled connectivity of a finitely generated
group in the traditional sense by applying the more general definition with a space
X, even when (X)) is not cocompact.

Definition 16 (X'). the invariance theorem ensures controlled connectivity is a
property of the action p, so we define

»!(p) ={e € M | p is controlled connected over e}.

The action p induces an action on M, and under this action '(p) is a G-
invariant set.

2. Covering spaces and Bass—Serre theory

2.1. Some facts about covering spaces. The following proposition counts the num-
ber of components over a connected subset in a covering projection.

Proposition 17 [Geoghegan 2008, Theorem 3.4.10]. Let (X, Z) be a pair of path
connected CW complexes, both containing a point z. Leti : (Z,7) — (X, z) be the
inclusion map, and let p : (X, 7) — (X, z) be a covering projection. Let H; =im py
and H, = imig. Then the number of path components of p~'(Z) equals the order
of the set of double cosets

{HigH> | g e m(X, 2)}.
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In particular, if X = X is the universal cover of X, then the number of components
of p~Y(Z) is the index of Hy in 1 (X, 7).

For us the interesting case for us will be when Z has connected preimage in X.
With this in mind, we will say Z is | -surjective when the inclusion (Z, z) — (X, z)
induces a surjection on 7.

A second fact we will need is a consequence of path lifting:

Proposition 18. Let (X, Z) be a pair of path connected CW complexes. Let p :
X — X be a covering projection. Then each component of p~'(Z) surjects onto Z.

2.2. Bass—Serre theory via covering spaces. We are concerned with cocompact
actions by finitely generated groups on locally finite simplicial trees, particularly
those without global fixed points. Thus all actions we consider can be understood
though Bass—Serre theory [Bass 1993; Serre 1980]. There is a beautiful connection
between Bass—Serre theory and covering space theory [Geoghegan 2008, §6.2; Scott
and Wall 1979], which we take advantage of in order to calculate ©! for actions as
described by Definition 1. Here we briefly recount this topological construction of
the Bass—Serre tree in the context of such actions, and in the process introduce an
intermediary covering space which will be important for calculations.

Given an action p as in Definition 1, set V = G\T, a finite graph since p is
cocompact. Fix a base vertex vg of V. Choose a connected fundamental domain F
for p, and let V' be the system of stabilizers for F. (Here a fundamental domain is
not a subgraph if V has loops.) Let vy be the vertex of F over vy. Let V= (V, ¥, vp)
be the corresponding graph of groups associated with p.

For a cell (vertex or edge) ¢ of V, the stabilizer G, € V" is of the form B x A,
(where A, < A is the stabilizer of ¢ under the action by A). Following Remark 2,
we assume G, is not finitely generated. Let R, be a finite generating set for A,
and let S, be an infinite generating set of B which contains a finite set S such that
S generates B over A, as described in Definition 1. Let X, be a K (G, 1)-complex
having a single O-cell and 1-cells in correspondence with R. U S, [Geoghegan 2008,
Chapter 7]; this is called a “vertex (or edge) space,” depending on whether c is a
vertex or edge. There is covering space X, — X, whichisa K (B, 1), since B < G..

As in [Geoghegan 2008, Theorem 7.1.9], we assemble a K (G, 1)-complex
(X, xo) as a total space for the graph of groups (V, ', vg). This is formed as
a disjoint union of the vertex spaces X,, to which we attach X, x I for each
edge e. The attaching maps are such that the induced maps on 7 induce inclusions
G, — G, when v is an endpoint of e. There is a retraction r : (X, xo) = (V, vo)
collapsing X, (or X, x I if c is an edge) to ¢ for each cell ¢ of V. There is a covering
space q : ()_( , X0) — (X, xp) corresponding to B. This, too, can be described as
a total space of a graph of groups where the graph is the tree T itself, and each
stabilizer is isomorphic to B, since 7 = B\T.
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We then have the universal cover p : (f( , %) — (X, ¥). Above the map r are
maps 7 : (X, Xo) — (T, Uo) and 7 : (X, o) — (T, o).

All maps are G-equivariant and continuous. We arrive at the commutative
diagram given before the statement of Theorem 3.

3. Analysis of X! via subcomplexes of X

We continue using the notation of the previous section.

Remark 19. Let the end point e be represented by the geodesic ray t. Because t
emanates from a vertex, the horoball HB,(7) is a subtree of T if and only if ¢ € Z.
We are interested in X (@.n C X, which is by definition the largest subcomplex of
(7 o p)~'(HB, (1)); by choice of 7, X, 7, and p, X (1., = (¥ o p) ' (HB, (1)) exactly
when ¢ € Z. (There are no 0-cells of X mapped by 7 to the interior of an edge of 7'.)
Hence, it is enough to look at horoballs of the form HB(7), k € Z. Similarly, the
lag A can always be taken to be in Z, so that all horoballs under consideration are
subtrees of T'.

Definition 20. A finite subcomplex W will be called suitable if for each subtree U
of T, the set 7~ (U) N ¢~ (W) C X is connected. By Remark 19, it follows that if
W is suitable, then the set )_((,’kﬂw) =7~ 1(HB« (7)) N q_l (W) is connected for any
horoball HB (7).

Lemma 21. Suppose W is a connected subcomplex of X such that for each vertex v
of F, W contains the 1-cells of X, C X corresponding to R,. Moreover, for each
edge e of F, let x, € X, be the basepoint, and suppose W contains the 1-cell
{x.} x[0,1] € X. Then W is suitable.

Proof. Let U be a subtree of T. We show that q_l(W) N7~1(U) is connected. For
a given vertex v of F, W contains loops generating A,, and the image of the map
X, < X, is B. By Proposition 17 (with H; > A, and H, = B), ¢~ '(W)N X, is
connected. Hence the lemma holds if U is any vertex of 7. If U contains edges,
then since W contains all edges of X corresponding to base points of X,, e € F,
there must be a path in ¢! (W) N7~ (U) from the 7-preimage of any one vertex
of U to any other. Furthermore, the fact that there is no cell of X lying completely
over the interior of an edge of T ensures that there can be no components of
q_l (W) N7~ YU) over the interior of an edge. U

Because each stabilizer A, is finitely generated and V is finite, the following
observation follows from Lemma 21.

Observation 22. If W C X is compact, then there exists a suitable subcomplex
W’ C X such that W € W',

For convenience, we restate Theorem 3 before proving it. Recall that X (kW)
denotes 7~ (HBx (7)) Ng~ ' (W) C X.
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Theorem. Let e € 0T be represented by a geodesic ray .

(1) If there exists a finite subcomplex W C X such that for every ke, X(, kW)
is connected and the map on 11 induced by the inclusion X (Tl W) < X is
surjective, then e € ' (p).

(i) If for every k € Z and every finite subcomplex W C X such that X (., W) 1S
connected, the induced map on 1| is not surjective, then e € ' (p).

Proof. (i) We show that Definition 14 is satisfied with lag A = 0; in this case,
conditions (*) and (xx*) are the same. Let LCXbea cocompact G-subcomplex
and set L =g( p(L)) LetkeZ. By Observation 22, there is a suitable subcomplex
W C X with LUW C W’. Since X(t k,w) 18 71-surjective onto X, it follows that
X (r.k,w) 1s as well. Because W' is suitable, Proposition 17 applies to X @k w) C X
to ensure that p_1 (q_1 wHn X (z.k) 1s connected. Moreover this contains LNX (k)
so condition () is satisfied.

(i) Let L be a cocompact G- subcomplex of X, and let L’ be any cocompact G-
subcomplex of X containing L. We show that for any lag k > 0 € Z, there exist
points of L N X (z,0) lying in distinct components of L'nX (t.—k)-

Let L = p(q (L)) and L' = p(q (L )). By Observation 22 there exists a suitable
complex W C X with L’ € W. Then X (r.—k,w) 1s connected, and by assumption it
is not mry-surjective. Set W= q_l(p_l(W)). Then W N )?(,,_k) is disconnected by
Proposition 17. Furthermore, Proposition 18 ensures that each of its components
contains components of L' N X ;. _4), which in turn contain points of LN X, _t). O

4. A afree group

Let the action p by G on T be as defined in Definition 1, with the additional
restriction that A is a free group on the set {aj, ..., a,} and T is its Cayley graph
with respect to this set. Then the vertices of T are the elements of A. Let X,
qg: (X, %) = (X,%), p: (X, %) > (X,%), r:X—V,and7: X — T be
as defined in Section 2.2. The graph V = A\T has a unique vertex vg, so the
K (G, 1)-complex X can be chosen to have a unique O-cell xg, which we naturally
choose as basepoint for X. In this case, for any cell ¢ of V, X, and X are both
K (B, 1)-complexes. In fact, we can take X, =X, = Xy, for all ¢, since passing
from X to X simply “unwraps” loops in A € G = 7;(X, x9). Choose the base
point Xo of X to be the unique O-cell of X mappedto 1 € A = vertT.

We uniquely represent 97 by geodesic rays 7, with 7(0) =1 € A and 7(n) a
freely reduced word on n letters. Thus each geodesic ray T corresponds to a unique

infinite freely reduced word [];.7_ ¢

4.1. From suitable complexes to subgroups. From here on, we identify B with
m1(X, x9). Let W be a suitable subcomplex of X. Since W is finite, the subgroup
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B(W) = inclusiong(¢ ' (W) N7~ (1), %) < B

is finitely generated. Let S(W) be a finite generating set for B(W). Let T’ be a
subtree of 7. Fix v € vert T/ C A. Then 7~ (v) = X, has a single O-cell; call it x’.
Let B(W, T’, v) be the image of 7'[1(6]_1 W)Ynr= (17, x/) in 1 (X, x'). Let

U, m (X, x') = m(X, %) =B

be the change-of-basepoint isomorphism. Then for g € 1 (X, x'), ¥, (g) = vgv ™.

Lemma 23. The subgroup of B generated by {usu™' | s € S(W),u € T'} is
\IJU(B(Wv T/a U))

Proof. Any element h € B(W, T', v) can represented by a loop oy, in the 1-skeleton
of q_l(W) N7~ (T’ based at x’. Because X has no 0-cells over the interiors of
edges of T, and because each vertex space is a copy of X,, and each edge space a
copy of X, x [0, 1], the loop o, may be decomposed as concatenation of subpaths
o}?, a,:, ...,0,"', m €N, where each a;;, 0 <i <m, is either a 1-cell joining one
vertex space to another (a “base edge” for an edge space) or a loop contained
entirely in a vertex space and corresponding to some s € S(W). Between each
pair of subpaths, we may introduce a path which returns straight back to x” (i.e.,
via 1-cells over lying over edges of T’ exclusively). This process rewrites & as a

product of conjugates of the form v~'usu='v, s € S(W), u e T'. (]

Combining Theorem 3 with Lemma 23, we obtain a purely algebraic condition for
determining whether an endpoint lies in X' (p). For a geodesic ray t corresponding
to the infinite word [ [; ¢; and k € Z, define Ay (t) = vert(HBy (7)) and wy = t(k) =
c1€2...Ck. Then

m1(g~" (W) N7~ (HB(x)), wi) = B(W, HB (), wy).

Theorem. Let A be a finitely generated free group, and let T be its Cayley graph
with respect to a free basis. For the action p as in Theorem 3, and for e € T
represented by a geodesic ray t,

(1) If there is a finite set S C B such that for each k € 7>, S generates B over
Ar(1), then e € = (p).

(1) If for each k € Z<o, B is not finitely generated over Ay (t), then e & =(p).

Proof. (1) If there is such a finite set S, then we can choose a suitable subcomplex W
containing loops corresponding to S. For any k € Z, let x’ be the unique vertex
of 7~ (wy), and we have

B(W,HB (1), wp) = ¥, (B) = m (X, x).

Thus by Theorem 3(i) we obtain e € =1 (p).
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(ii) Given a suitable subcomplex W of X and k € Z~(, by assumption the subgroup
W(B(W, HBy (1), wy)) is a proper subgroup of B. Hence, B(W, HBy (1), wy) is a
proper subgroup of 71 (X, x"). Thus, by part (ii) of Theorem 3, e & X !(p). (I

Recall that for ¢ € {ay, ..., a,}*, the function expsum, maps a reduced word w
in{ai,..., an}i to the corresponding exponent sum of # in w. Also, recall we use
the notation Ball, (A, v) to refer to the r-ball around v in A (in the word metric), to
avoid confusion with the subgroup B.

Lemma 24. For an endpoint e represented by the geodesic ray t, let
Qik(t) = {expsum, (v) | v € Ax(D)} € Z.

Then Q; (1) is bounded above if and only if T eventually consists of only t~\.
Moreover, Q; ,(T) contains every integer within its bounds.

Proof. Let t be represented by the infinite word cjc; ..., and fix k € Z. Recall that
Ak(f) = Ulzmax{O,k} Balll_k(A, ci1cy ... Cl).

Suppose for N € Z, ¢; =t~ forall i > N. For j =0, 1,2, ..., the words
gj=cica...cn4;tN 7% all represent the same element of A, and g; has maximal
expsum, among elements of Bally 1 ;_x(A, cic2...cn4 ). Since Ai(7) is the union
of these subsets, it follows that Q; ;(7) is bounded above.

On the other hand, suppose that there are infinitely many i € Z such that ¢; #¢~!.
For j € Z, j > max{0, k}, let m(j) be the number of letters ¢; in cicz . ..c; with
c; #t~. By assumption m(j) — oo as j — oo. Let gj=ci.. .cjtj_k. Then

gj€Ballj_x(A,cicr...cj) C Ar(T).
Since expsum, (ci¢z...cj) = —(j —m(j)),
expsum, (g;) = expsum,(cicz...c;)+j—k>m(j)—k.

Letting j — oo, we have that Q; () is not bounded above.
The fact that Q; x(7) contains every integer within its bounds follows from the
observation that for v, w € Ay (1), if

expsum, (v) < m < expsum,(w),
the path connecting v to w contains a vertex u with expsum, (1) = m. O

Proof of Corollary 6. Let t € {ay, ..., a,}*. Suppose e € 9T is represented by an
infinite word eventually consisting of only #~!, and suppose there exists no m € Z
such that B is finitely generated over A — expsum, Y(lm, 00)). By Lemma 24,
{expsum, (a) | a € Ax(7)} is bounded above. Hence, B cannot be finitely generated
over Ax(t), and so by Theorem 4, part (ii), e & > (p). U
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Proof of Theorem 9. Let e = t(00), with T corresponding to the infinite word [ [; ¢;.
By Corollary 35, it is enough to show that ¢ (A (7)) = ¢(A) foreach k >0 € Z.

Let w € s4* be a freely reduced word, and let / be the reduced length of w. We
will find w’ € Ay () with ¢(w’) = ¢(w). Choose m € Z- large enough to ensure
that the word ¢ . .. ¢, has k +1 distinct subwords in ker ¢. Call these subwords ¢;,
1 <i <k +1, and let the remaining letters form subwords x;, 1 <i <k 4/, so that
we have the decomposition

€1 Cm= X181X282 - - - Xk+1Ck+1>

where each ¢(¢;) is trivial, and each y; is possibly empty.
Now

plcicz...cm) = @(X1X2 -+ Xk+1)s
and the reduced length of x> ... xxky:s 1S no greater than m — [ — k. Thus the

word £ =cjcp. .. Cka_Jrll ... X2_1X1_] is in both ker ¢ and Ball,,,_;_x (A, ¢1 ... cn);
moreover

EweBall,_r(A,c1...cn) CTA(r) and ¢(w) =¢Ew). O

4.2. Argument for Example 11. In Example 11, G = B x, A, where A=C x D
for free groups C = (ay,...,a,), D = {ayt1,...,anm), and B = @,ec K, for
some finitely generated group K. The claim is made that any endpoint of 7 =
'(A,{ay, as, ..., an}) represented by a ray T whose letters are eventually selected
only from C does not lie in X!. Since X! is G-invariant, we can assume t consists
of letters entirely in C. Then w : A — C fixes each vertex of . Moreover, it makes
sense to discuss the subset Cy(t) € C.

Let k € Z be given, and let S be any finite subset of B. We will show that the
set 8" ={p,(s) | s €S, a € Ax(r)} does not generate B. Part (ii) of Theorem 4
thereby ensures that 7(0c0) & > (p).

To show that S” does not generate B, we will find an index v € C such that every
s € 8’ is trivial at index .

Observation 25. If a € A is in A (t), then 7 (a) is in Ci(7).

Proof. Since a € Ay (t) and k <0, there exists [ > 0 such that a € Ball; (A, (/) by
(1-2), so m(a) € Ball;_(C, t(/)). But this is contained in Cy(7), again by (1-2). U

Define the set
9(S) ={w € C | Is € S such that s is nontrivial at index w}.

Note that $(S) is a finite set, since S is finite and each s € S is nontrivial at only
finitely many indices. Define

R(S) = max{reduced length of w | w € $(9)}.
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Since $(S) is finite, R(S) is a nonnegative integer representing the maximum
distance (in C) from any index of any nontrivial component of any element of S to
the identity index 1 € C.

Since left multiplication by ¢ € C is an isometry on C, it follows that the maximal
distance in C from any nontrivial index of any element of ¢.(S) to c is also R(S).
Observation 25 therefore ensures that the set of nontrivial indices of elements of S’ is
a subset of the closed R (S)-neighborhood of C(7) in C. In fact, this neighborhood
is the set Cy—g(s)(t). This is a proper subset of C (simply choose any geodesic ray
other than 7 and follow it far enough). For any ¢ € C with ¢ & Cy_gy(s)(7), all
s € §’ will be trivial at index 1. So S’ can not generate B.
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AN INDISPENSABLE CLASSIFICATION OF MONOMIAL
CURVES IN A%(k)

ANARGYROS KATSABEKIS AND IGNACIO OJEDA

We give a new classification of monomial curves in A4(K). It relies on the
detection of those binomials and monomials that have to appear in every
system of binomial generators of the defining ideal of the monomial curve;
these special binomials and monomials are called indispensable in the lit-
erature. This way to proceed has the advantage of producing a natural
necessary and sufficient condition for the defining ideal of a monomial curve
in A%(k) to have a unique minimal system of binomial generators. Further-
more, some other interesting results on more general classes of binomial
ideals with unique minimal system of binomial generators are obtained.

Introduction

Let K[x] := K[x1, ..., x,] be the polynomial ring in n variables over a field K.
As usual, we will denote by x* the monomial xl'“ cooxyt oof Klx], with u =
(uy, ..., u,) € N*, where N stands for the set of non-negative integers. Recall that
a pure difference binomial ideal is an ideal of k[x] generated by differences of
monic monomials. Examples of pure difference binomial ideals are the toric ideals.
Indeed, let ¢ = {ay, ..., a,} C Z% and consider the semigroup homomorphism
7 Kx] — K] := P, K% x; — t%. The kernel of 7 is denoted by Iy and
called the toric ideal of #{. Notice that the toric ideal Iy is generated by all the
binomials x* — x? such that 7 (x*) = 7 (x"), see, for example, [Sturmfels 1996,
Lemma 4.1].

Defining ideals of monomial curves in the affine n-dimensional space A" (k)
serve as interesting examples of toric ideals. Of particular interest is to compute
and describe a minimal generating set for such an ideal. Herzog [1970] provides
a minimal system of generators for the defining ideal of a monomial space curve.

Ojeda is partially supported by the project MTM2012-36917-C03-01, National Plan I+D+i and by

Junta de Extremadura (FEDER funds).

MSC2010: primary 13F20; secondary 16W50, 13F55.
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The case n = 4 was treated in [Bresinsky 1988], where Grobner bases techniques
were used to obtain a minimal generating set of the ideal.

A recent topic arising in algebraic statistics is to study the problem when a toric
ideal has a unique minimal system of binomial generators, see [Charalambous et al.
2007; Ojeda and Vigneron-Tenorio 2010a]. To deal with this problem, Ohsugi and
Hibi [2005] introduced the notion of indispensable binomials, while Aoki, Takemura
and Yoshida [Aoki et al. 2008] introduced the notion of indispensable monomials.
The problem was considered for the case of defining ideals of monomial curves
in [Garcia and Ojeda 2010]. Although this work offers useful information, the
classification of the ideals having a unique minimal system of binomial generators
remains an unsolved problem for n > 4. For monomial space curves Herzog’s
result provides an explicit classification of those defining ideals satisfying the above
property. The aim of this work is to classify all defining ideals of monomial curves
in A*(k) having a unique minimal system of generators. Our approach is inspired
by the classification made by Pilar Pis6n in her unpublished thesis.

The paper is organized as follows. In Section 1 we study indispensable monomials
and binomials of a pure difference binomial ideal. We provide a criterion for
checking whether a monomial is indispensable (Theorem 1.9) and a sufficient
condition for a binomial to be indispensable (Theorem 1.10). As an application
we prove that the binomial edge ideal of an undirected simple graph has a unique
minimal system of binomial generators. Section 2 is devoted to special classes of
binomial ideals contained in the defining ideal of a monomial curve. Corollary 2.5
underlines the significance of the critical ideal in the investigation of our problem.
Theorem 2.12 and Proposition 2.13 provide necessary and sufficient conditions for a
circuit to be indispensable in the toric ideal, while Corollary 2.16 will be particularly
useful in the next section. In Section 3 we study defining ideals of monomial curves
in A*(k). Theorem 3.6 carries out a thorough analysis of a minimal generating set
of the critical ideal. This analysis is used to derive a minimal generating set for the
defining ideal of the monomial curve (Theorem 3.10). As a consequence we obtain
the desired classification (Theorem 3.11). Finally we prove that the defining ideal
of a Gorenstein monomial curve in A*(K) has a unique minimal system of binomial
generators, under the hypothesis that the ideal is not a complete intersection.

1. Generalities on indispensable monomials and binomials

Let K[x] be the polynomial ring over a field k. The following result is folklore, but
for a lack of reference we sketch a proof.

Theorem 1.1. Let J C K[x] be a pure difference binomial ideal. There exist a
positive integer d and a vector configuration A = {ay, . .., a,} C Z¢ such that the
toric ideal 1y is a minimal prime of J.
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Proof. By [Eisenbud and Sturmfels 1996, Corollary 2.5], (J : (x; -+ x,)™) is a
lattice ideal. More precisely, if £ = span,{u — v | x* —x® € J}, then

(J:@rx)®)=@x"—x"u—ved) = Iy

Now, by [Eisenbud and Sturmfels 1996, Corollary 2.2], the only minimal prime of
I that is a pure difference binomial ideal is Isa () 1= (x* —x” | u — v € Sat(¥)),
where Sat(¥) :={u € 7" | zu € & for some z € Z}. Since 7" /Sat(¥) = 7%, for
d = n —rank(¥), then e; + Sat(¥) = a; € 7, for everyi =1, ..., n, and hence the

toric ideal of A = {ay, . .., a,} is equal to Is,(x); see [Sturmfels 1996, Lemma 12.2].
Finally, in order to see that /4 is a minimal prime of J, it suffices to note that
J C P implies (J s(xg - -xn)oo) C P, for every prime ideal P of k[x]. O

Remark 1.2. If J = (x" —x% | j=1,...,s), then ¥ = spany{u; —v; | j =
I,...,s}. So, it is easy to see that, in general, J # I¢. For example, if J =
<x_yaz_t’y2_yt>’thenlﬁg=<-x_tay_t’z_t>'

Given a vector configuration & = {ay, ..., a,} C 74, we grade K[x] by setting
deg (x;) =a;, i =1,...,n. We define the s{-degree of a monomial x” to be

deg (x") =ua; +---+una,.

A polynomial f € K[x] is sd-homogeneous if the d-degrees of all the monomials
that occur in f are the same. Anideal J C K[x] is s§-homogeneous if it is generated
by si-homogeneous polynomials. The toric ideal Iy is sd-homogeneous; indeed,
by [Sturmfels 1996, Lemma 4.1], a binomial x* — x” € Iy if and only if it is
sA-homogeneous.

The proof of the following result is straightforward.

Corollary 1.3. Let J C K[x] be a pure difference binomial ideal and let 5§ =
{a, ..., a,} CZ%. Then J is sd-homogeneous if and only if J C I.

Notice that the finest {-grading on K[x] such that a pure difference binomial
ideal J C K[x] is s{-homogeneous occurs when I is a minimal prime of J. Such
an #{-grading does always exist by Theorem 1.1. Ideals with finest s¢-grading are
studied in much greater generality in [Katsabekis and Thoma 2010]. An #{-grading
on K[x] such that a pure difference binomial ideal J C K[x] is s{-homogeneous is
said to be positive if the quotient ring K[x]//y does not contain invertible elements
or, equivalently, if the monoid N« is free of units.

Recall (from [Sturmfels 1996, Chapter 12], for instance) that the number of poly-
nomials of A-degree b € Nsd in any minimal system of sd-homogeneous generators
is dimg Torfe (k, k[s4])p. Thus, we say that Iy has minimal generators in degree b
when dimy Torf(k, k[sA])p # 0. In this case, if f € Iy has degree b we say that f
is a minimal generator of 1.
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From now on, let s = {ay, ..., a,} C Z% be such that the quotient ring K[x]/Iy
does not contain invertible elements and let J C K[x] be an #{-homogeneous pure
difference binomial ideal.

Definition 1.4. A binomial f = x* —x" € J is called indispensable in J (or an
indispensable binomial of J) if every system of binomial generators of J contains
f or —f. A monomial x* is called indispensable in J if every system of binomial
generators of J contains a binomial f such that x* is a monomial of f.

We will write M for the monomial ideal generated by all x* for which there
exists a nonzero x* —x" € J.

The next proposition is the natural generalization of [Charalambous et al. 2007,
Proposition 3.1], but for completeness, we give a proof.

Proposition 1.5. The indispensable monomials of J are precisely the minimal
generators of M ;.

Proof. Let {f1,..., fs;} be a system of binomial generators of J. Clearly, the
monomials of the f;, i =1,...,s, generate M;. Let x* be a minimal generator
of M;. Then x* — x” € J, for some nonzero v € N". Now, the minimality of x*
assures that x” is a monomial of f; for some j. Therefore every minimal generator
of M is an indispensable monomial of J. Conversely, let x* be an indispensable
monomial of J. If x* is not a minimal generator of M, then there is a minimal
generator x¥ of M such that x* = x¥x* with u’ # 0. By the previous argument
x% is an indispensable monomial of J, hence without loss of generality we may
suppose that f; = x"* — x* for some k and z € N". Thus, if f; =x" —x?, then

]‘j’zx”/xz—x”zﬁ—x”/fkeJ

and therefore we can replace f; by fj/ in {f1, ..., fs}. Repeating this argument
as many times as necessary, we will find a system of binomial generators of J
such that no element has x* as monomial, a contradiction to the fact that x* is
indispensable. U

Corollary 1.6. If x* € M is an indispensable monomial of 1y, then it is also an
indispensable monomial of J.

Proof. It suffices to note that M; € My, by Corollary 1.3. (]

Now, we will give a combinatorial necessary and sufficient condition for a
monomial x* € K[x] to be indispensable in J.

Definition 1.7. Let b € Ns{. The graph G (J) has as its vertices the monomials of
M of s{-degree b; two vertices x* and x? are joined by an edge if gcd(x*, x”) # 1
and there exists a monomial 1 # x¥ dividing gcd(x*, x) such that the binomial
x"7% — x?"¥ belongs to J.
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Notice that Gp(J) = @ exactly when M; has no element of f-degree b; in
particular, Gp(J) = @ if b =0, because 1 ¢ M (otherwise, K[x]/I4 would contain
invertible elements). Moreover, since J C I 4, we have that G3(J) is a subgraph of
Gp(ly), for all b. Finally, we observe that the existence of x* as stated is trivially
fulfilled for J = Iy because (1&4 c(xp e x,,)oo) = Iy, in this case, if Gp(J) # &, the
graph Gp(J) is nothing but the 1-skeleton of the simplicial complex V} appearing
in [Ojeda and Vigneron-Tenorio 2010a]. Thus, we have the following result.

Theorem 1.8. Let x" —x" € Iy be a binomial of d-degree b. Then, f is a minimal
generator of 1y if and only if x* and x? lie in two different connected components
of Gp(ly), in particular, the graph is disconnected.

Proof. See, for example, [Ojeda and Vigneron-Tenorio 2010b, Section 2]. (I

The next theorem provides a necessary and sufficient condition for a monomial
to be indispensable in J.

Theorem 1.9. A monomial x" is indispensable in J if and only if {x"} is connected
component of Gp(J), where b = deg(x").

Proof. Suppose that x* is an indispensable monomial of J and {x*} is not a
connected component of Gp(J). Then, there exists x” € M; with s{-degree equal
to b such that gcd(x*, x%) £ 1 and x*™% —x"™% € J, where 1 # x¥ divides
ged(x, x%). So x*~" € M; and properly divides x*, a contradiction to the fact
that x* is a minimal generator of M; (see Proposition 1.5). Conversely, we assume
that {x"} is connected component of G(J) with b = deg(x*) and that x“ is not
an indispensable monomial of J. Then, by Proposition 1.5, there exists a binomial
f =x"—x% e J, such that x* properly divides x*. Let x* = x®x*, then 1  x*
divides ged(x”, x* x%) and hence (x* —x”/xz)/(x"') = f € J. Thus, {x*, x¥ x?)
is an edge of G(J), a contradiction to the fact that {x"} is a connected component
of Gp(J). O

Now, we are able to give a sufficient condition for a binomial to be indispens-
able in J by using our graphs G(J) (compare with [Garcia and Ojeda 2010,
Corollary 5]).

Theorem 1.10. Given x*—x" € J and let b=deg,,(x*) (=deg, (x")). If Gp(J) =
{ {x*}, {x?} }, then x* — x? is an indispensable binomial of J.

Proof. Assume that Gy(J) = {{x"}, {x”}}. Then, by Theorem 1.9, both x* and
x" are indispensable monomials of J. Let { fi, ..., f;} be a system of binomial
generators of J. Since x* is an indispensable monomial, f; =x* —x" #0, for some
i. Thus deg (x") =deg (x") and therefore x* is a vertex of Gp(J). Consequently,
w = v and we conclude that x* — x? is an indispensable binomial of J. U
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The converse of this theorem is not true in general: consider for instance the
ideal J = (x —y,y> —yt,z—t)=(x —t,y—t,z—t) N (x,y,z —1), then J
is d-homogeneous for o = {1, 1, 1, 1}. Both x — y and z — ¢ are indispensable
binomials of J, while G1(J) = {{x}, {»}, {2}, {t}}.

Corollary 1.11. If f = x" —x" € J is an indispensable binomial of 1y, then f is
an indispensable binomial of J.

Proof. Let b = deg,y(x*) (= deg,(x")). By [Ojeda and Vigneron-Tenorio 2010a,
Corollary 7], if x* — x" is an indispensable binomial of Iy, then Gy(ly) =
{{x"}, {x”}}. Since x* and x? are vertices of G(J) and Gp(J) is a subgraph
of Gp(ly4), then Gp(J) = Gp(Ily) and therefore, by Theorem 1.10, we conclude
that x* — x? is an indispensable binomial of J. (]

Again we have that the converse is not true; for instance, x — y and z — ¢
are indispensable binomials of J = (x — y, y2> — yt, z — t) and none of them is
indispensable in the toric ideal /.

We close this section by applying our results to show that the binomial edge
ideals introduced in [Herzog et al. 2010] have unique minimal system of binomial

generators.
Let G be an undirected connected simple graph on the vertex set {1, ..., n} and
let k[x, y] be the polynomial ring in 2n variables, xi, ..., Xu, Y1, ..., Yu, Over K.

Definition 1.12. The binomial edge ideal J; C K[x, y] associated to G is the ideal
generated by the binomials f;; =x;y; —x;y;, withi < j, such that {7, j} is an edge
of G.

Let Jg C K[x, y] be the binomial edge ideal associated to G. By definition, Jg
is contained in the determinantal ideal generated by the 2 x 2-minors of

(x1 cee X )
Y --- Yn .
This ideal is nothing but the toric ideal associated to the Lawrence lifting, A (), of
A={1,...,1} (see [Sturmfels 1996, Chapter 7], for instance). Thus, Jg C Ix«)
and the equality holds if and only if G is the complete graph on n vertices. By the
way, since G is connected, the smallest toric ideal containing J; has codimension

n — 1. So, the smallest toric ideal containing Ji is /4 («), that is to say, A(s) is the
finest grading on K[x, y] such that Ji is A (sd)-homogeneous.

Corollary 1.13. The binomial edge ideal J has unique minimal system of binomial
generators.

Proof. By [Ojeda and Vigneron-Tenorio 2010a, Corollary 16], the toric ideal /4 («)
is generated by its indispensable binomials, thus every f;; € Jg, is an indispensable
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binomial of /A (y). Now, by Corollary 1.11, we conclude that Jg is generated by its
indispensable binomials. ]

The above result can be viewed as a particular case of the following general result
whose proof is also straightforward consequence of [Ojeda and Vigneron-Tenorio
2010a, Corollary 16] and Corollary 1.11.

Corollary 1.14. Let A ={ay, ..., a,} C 74 be such that the monoid N is free of
units. If J C K[x, y] is a binomial ideal generated by a subset of the minimal system
of binomial generators of Ip(y), then J has unique minimal system of binomial
generators.

2. Critical binomials, circuits and primitive binomials

This section deals with binomial ideals contained in the defining ideal of a monomial
curve. Special attention should be paid to the critical ideal; this is due to the fact
that the ideal of a monomial space curve is equal to the critical ideal, see [Herzog
1970] (see also the definition of neat numerical semigroup in [Komeda 1982]).
Throughout this section o = {ay, ..., a,} is a set of relatively prime positive
integers and Iy C K[x] =K[x, ..., x,] is the defining ideal of the monomial curve
x1=1t", ..., x, =t* in the n-dimensional affine space over K.

Critical binomials.

Definition 2.1. A binomial x;" — [] ki x?” € Iy is called critical with respect to
x; if ¢; is the least positive integer such that c;a; € ) i Na;. The critical ideal of
s, denoted by Cyg, is the ideal of k[x] generated by all the critical binomials of 7.

Observe that the critical ideal of s is s{-homogeneous.

Notation 2.2. From now on and for the rest of the paper, we will write ¢; for the
least positive integer such that c;a; € Zj#i Naj, foreachi=1,...,n.

Proposition 2.3. The monomials x;' are indispensable in Iy, for every i. Equiva-
lently, {xl.ci} is a connected component of Gp(1ly), where b = c;a;, for every i.

Proof. The proof follows immediately from the minimality of ¢;, Theorem 1.8 and
Theorem 1.9. U

We now characterize the indispensable critical binomials of the toric ideal 7.
Theorem 2.4. Let f = x;' — ]_[j#i xl;ij be a critical binomial of Iy, then f is
indispensable in 1y if , and only if, f is indispensable in Cy.

Proof. By Corollary 1.11, we have that if f is indispensable in I4, then it is
indispensable in Cy. Conversely, assume that f is indispensable in Cy. Let

{f1,..., fs} be a system of binomial generators of /4 not containing f. Then, by
Proposition 2.3, f; = xl.c —T1] i x;" for some /. So, f; is a critical binomial, that
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is to say, f; € Cy. Therefore, we may replace f by f; and f — f; € Cy in a system
of binomial generators of Cy, a contradiction to the fact that f is indispensable
in C&q. U

Corollary 2.5. If Iy has a unique minimal system of binomial generators, then Cy
also does.

Proof. The monomials x;" are indispensable in I, for each i (see Proposition 2.3).
Thus, for every i, there exists a unique binomial in 7 of the form x;" — [T, x;”""
and we conclude that Cy has unique minimal system of binomial generators. [

Example 2.6. Let s = {4, 6, 2a + 1, 2a + 3} where a is a natural number. For
a =0, it is easy to see that /4 does not have a unique minimal system of binomial
generators. If a > 1, then xf —x{x2 and xf — xlxg € Cy4. Thus Cq is not generated
by its indispensable binomials and therefore /4 does not have a unique minimal
system of binomial generators.

Circuits.

Recall that the support of a monomial x¥ is the set supp(x*) ={i € {1,...,n} |
u; # 0}. The support of a binomial f = x* — x? € Iy, denoted by supp(f), is
defined as the union supp(x*) U supp(x”). We say that f has full support when
supp(f) ={1,...,n}.

Definition 2.7. An irreducible binomial x* —x" € Iy is called a circuit if its support
is minimal with respect the inclusion.

Recall that a polynomial in K[x] is said to be irreducible if it cannot be factored
into the product of two (or more) non-trivial polynomials in K[x].
a;

Lemma 2.8. Let u;(i) = m’

fori # j. The set of circuits in 1y is equal to

(G i@, . .
=2 £ ).

Proof. See [Sturmfels 1996, Chapter 4] O

The next theorem provides a class of toric ideals generated by critical binomials
that, moreover, are circuits.

Theorem 2.9. If Cy = (x|' —x532, ..., x."| —x3"), then Cy = Iy.

Proof. From the hypothesis the binomial x;" — x; %' belongs to I, for each i €
{1,...,n—1}. So, every circuit of Iy is of the form x;* —x,", since ged(ck, ¢;) = 1.
Now, from Proposition 2.2 in [Alcdntar and Villarreal 1994], the lattice L =
kerz(d)={uecZ"|\ua+...+u,a, =0} is generated by {cl-e,- —cjej|1<i<j En},
where e; is the vector with 1 in the i-th position and zeros elsewhere. The rank of L
equals n — 1 and a lattice basis is {v,' =cie;—Cit1€i+1 |1 <i<n-— 1}. Thus Cy is
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a lattice basis ideal. Let M be the matrix with rows vy, ..., v,_;, then M is a mixed
dominating matrix and therefore, from [Fischer and Shapiro 1996, Theorem 2.9],
the equality Cy = I4 holds. O
Remarks 2.10.

(1) For n = 4, a different proof of the above result can be found in [Bresinsky
1975].

(2) The converse of Theorem 2.9 is not true in general (see [Alcantar and Villarreal
1994], for instance).

(3) Ifevery critical binomial of /4 is a circuit and the critical ideal has codimension
n — 1, then c;a; = cjaj, for every i # j. In particular, all minimal generators
of I4 have the same s{-degree. This situation is explored in some detail in
[Garcia Sanchez et al. 2013] from a semigroup viewpoint.

The rest of this subsection is devoted to the investigation of necessary and
sufficient conditions for a circuit to be indispensable in /4.

Lemma 2.11. Let [ = xf"(j) — x;j(i) € Iy be a circuit and let b = u;(j)a;. Then
there is no monomial x° in the fiber deg&_q1 (b) such that supp(x®) = {i, j}.

Proof. Suppose to the contrary that there exists such a v. Observe that x;* W) —x j.‘f' @
is also a circuit of I{a,./d,a/./d.}, and ve deg{;}/dﬂj/d}(b/d), with d = gcd(a;, a;). But
deg{_aj Jd.a;/a)(B/d) = [, Xy 1 see, for instance, [Rosales and Garcfa 2009,
Example 8.22]. U

Theorem 2.12. Let f :xl.b”(j) —xl;j(l) € Iy be a circuit and let b=u; (j)a;. Then, f
is indispensable in 1y if , and only if, b —ay & NdA, for every k # i, j. In particular,
u;i(j) =c; and uj(i) = c;.

Proof. First of all, we observe that deg;i1 b) > {xl.”f(j ), X (i)} and equality holds if
and only if f is indispensable. So, the sufficiency condition follows. Conversely,
sinceb &), i, Nag, the supports of the monomials in deg;q1 (b) are included in
{i, j} and then, by Lemma 2.11, we are done. (I

From this result it follows that if a circuit is indispensable, then it is a critical
binomial.

Let <;; be an s{-graded reverse lexicographical monomial order on K[x] such
that x; <;; x; and x; <;; x; for every k #1, j.
Proposition 2.13. A circuit f = x;" Eap—
only if it belongs to the reduced Gribner basis of Iy with respect to <; -

€ Iy is indispensable in 1y if and

Proof. If f is indispensable, then, by Theorem 13 of [Ojeda and Vigneron-Tenorio
2010a], it belongs to every Grobner basis of . Now, suppose that f belongs to the
reduced Grobner basis of Iy with respect to <;; and it is not indispensable. Since
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f is not indispensable, there exists a monomial x* in the fiber of u;(j)a; different
from x/“*) and x%). By Lemma 2.11, we have that supp(x“) ¢ {i, j}, so there
is k € supp(x") and k ¢ {i, j}. Hence, both f; = x/t/) —x" and f; = x%/© — x*
belong to Iy. Since the leading terms of f; and f; with respect to <;; equal to
xi”"(j ) and x}ﬁ("), respectively, we conclude that f = xl.”i(j ) —x}?f @) e I4 is not in the
reduced Grobner basis of Iy with respect to <;;, a contradiction. O

Primitive binomials.

Definition 2.14. A binomial x* — x" € Iy is called primitive if there exists no
other binomial x* — x¥" such that x* divides x* and x*" divides x”. The set of all
primitive binomials is called the Graver basis of & and it is denoted by Gr(«).

Theorem 2.15. Let f = xlf”x;tj —x.*x)" € Gr(sd) be such that u; < c;, uj < cj,
up < cxand u; < c; with i, j, k and l pairwise different. Then f is indispensable in

J = I4 NKIx;, x;j, xp, x1].

Proof. By [Sturmfels 1996, Proposition 4.13(a)], J = Iy NK[x;, x;, x¢, x;] is the
toric ideal associated to A’ = {a;, a j» ak, ai}. Thus, without loss of generality we
may assume n = 4, then J = Iy. We prove that G, (Iy) = {x/ x%, x;*x;"'}, where
b=u;a; +u;a;. Let x* € degy;' (b) be different from x;x and xpf gt I i < vg,
then x' (x}ﬁ — xl?’f_“ix}?fx,'g"xlv’) € Iy, thus x;‘f' — xi”f_“ix}?«fxgkxlvl € Iy which is
impossible by the minimality of ¢; (see Proposition 2.3). Analogously, we can
prove that u; > v;, uy > v and u; > v;. Therefore xl?’ix}?f (x;”*”"x;.‘f*”f —xpkxt) €Iy
and so x;" ™" x;‘f*"f — xpkx" € Iy, a contradiction with the fact that f is primitive.
This shows that G,(J) = {{x}”x’;f}, {x,’j"xl’”}} and, by Theorem 1.10, we are done.

O

Corollary 2.16. Let f = x;"'x]’ﬁ — x*xft € Iy be such that u; < c;, uj < cj,
uy > 0and u; > 0with i, j, k and | pairwise different. If x;/*x;" is indispensable in
J = Iy NKIx;, x;j, xx, x;1, then f is indispensable in J.

Proof. Since, by Theorem 1.9, {x;/*x;"} is a connected component of G (1), where
b = uray + u;a;, the monomial x? € deg&_ﬁ1 (b) in the above proof has its support in
{i, j}. Thus, repeating the arguments of the proof of Theorem 2.15, we deduce that
u; > v; and u; > v;. But xi”"x;.‘-/ —xl.”"x;.’f' € Iy, souja; +ujaj = v;a; +v;a; which
implies that #; = v; and u; = v;. By Theorem 1.10 we have that f is indispensable
in J. U

Combining Theorem 2.15 with Corollary 1.11 we get:
Corollary 2.17. Giveni, j,kandl {1, ..., n} pairwise different, let J be the ideal
of Klx;, xj, xi, x;] generated by all Graver binomials of Iy of the form xl.”"x;’f —
xkxt with u; < cj,uj < cj,uy < cx and u; < c¢;. Then J has unique minimal
system of binomial generators.
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Finally we provide another class of primitive binomials that are indispensable in
a toric ideal.

Corollary 2.18. Let f = xZ”xj — x;*x;" € Gr(sd) such that 0 < u; < ¢; and
0 <up <ck, fori, j, k andl pairwise different. If u;a; +uja; is minimal among all

Graver sd-degrees, then f is indispensable in 14 NK[x;, x;, x;, xi].

Proof. Since c;jaj is a Graver s{-degree, we have u;a; +uja; < cjaj, so it follows
uj < cj. Similarly, we can prove u; < ¢;. Therefore, by Theorem 2.15, we conclude
that f is indispensable in Iy NK[x;, x;, x7, x¢]. O

It is worth to noting here that [Garcia Sdnchez et al. 2013, Theorem 6] offers a
characterization of the family of affine semigroups for which Cy = Gr(s).

3. Classification of monomial curves in A% (k)

Let A = {ay, az, a3, a4} be a set of relatively prime positive integers. First we will
provide a minimal system of binomial generators for the critical ideal Cy. This

will be done by comparing the si-degrees of the monomials x;’, fori =1,..., 4.
Lemma 3.1. Let f; = xici — ]_[Hél u”, i=1,...,4, be a set of critical binomials
of Iy and let g; € 14 be a critical bmomial with respect to xy, for some l € {1, ..., 4}.

If fi # —fi for every i, then g € (f1. f2, f3, f4).

Proof. For simplicity we assume [ = 1. Let g; = x{' — x,2x3*x;* € Iy be a
critical binomial. If g; = fi, there is nothing to prove. If g; # f;, without loss
of generality we may assume that u1p > vy, u13 < vs and u4 < v4, 80 g1 — f1 =
m1g2, with my = x32x513x,1* and g = x5127"2 — x337 "B x4 7" € [ (in particular
U2 — V2 > ¢). But x§1 — 2t ylation ¢ 1 and also fi # — fo, thus
from the minimality of c; it follows that u;; = 0, that is to say, f> € K[x2, x3, x4].
For the sake of simplicity, write g, = xé’ x3x4 with b,c,d € N and b > c;.
Hence g, — xé’_"z = xé’_"?xgmxzz“ x3x4 Ifb—cy>co, we repeat the process.
After a finite number of steps, g» — hy fo = xb*e2xkunchua — xCxd with 0 <
b —kcy < ¢y and hy € K[xz, x3, x4]. Then (b — kcp)ap + kuxzaz + ku24a4 =
caz + da4 Since 0 < b — kcy < ¢ then xk“23xk”24 does not divide x3x4 The
case x3x4 divides x§“23xk”24 leads to b = kcp, ¢ = kupy and d = kup4. In this
setting, g» = ho f>, g1 = f1 +m1hy f» and we are done. The remaining cases are
kuys > c and d > kuya, or kuys < c and d > kuoq. Without loss of generality (by
swapping variables if necessary), we may assume that kuy3 < c and d < kuy4. Hence
(b — kcp)ap + (kupyg — d)ag = (¢ — kupz)as, and consequently ¢ — kuoz > c3. We

b—key kusy—d _ c—k kux .d
also deduce that g — h;y fo = x3“”x4 () TF2xy "4 — XT3 Set my = X3P xy

h k(,kaL124 —d c—kuys
4

and g3 = — X3 . Since v3 — uy3 — kuys = ¢ — kurz > c3, we
have that vz > c3. Thus x{' — x| x2St e [ and f) # —f3, from
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the minimality of ¢; it follows that u3; = 0, that is to say, f3 € K[xz, x3, x4].
Analogously, by using a similar argument as before (and by swapping variables
xo and xy4, if necessary), we obtain i3 € K[x2, x3, x4] such that either g3 = h3 f3 or
g3 —h3 f3 = m3ga, with my = —x32x?
If g3 =hj f3, then gy = fi+mhy fr+mmyhs f3 and we are done. Otherwise, since
x{! — x{““x§’§+“2+”42x§§+”13+”43x}(5+“‘4_"4 € Iy and f; # —f4, the minimality of ¢
implies that u4; =0, that is to say, f4 € K[x2, x3, x4]. Therefore, we have f5, f3, f4 €
K[x2, x3, x4]. Taking into account that I NK[x;, x3, x4] is generated by f>, f3 and
Jfa (see [Sturmfels 1996, Proposition 4.13(a)] and [Ojeda and Pisén Casares 2004,
Theorem 2.2], for instance), we conclude that g» = g21 f> + g23 f3 + g24 f4 and hence

g1 = fi+miga fa+mig23 f3+miga4 fa, with g2; € K[x2, x3,x4], j=1,3,4. 0

" / " " i "
4, gg=xjp vtV xS and v) < cs.

Uijj

Proposition 3.2. Let f; = xl.ci — ]_[j#i X7, i=1,...,4, be a set of critical bino-

mials. If f; # — fj for every i # j, then Cy = (f1, f2, f3, f4)-
Proof. The proof follows directly from Lemma 3.1. (]

Observe that f; = —f; if and only if f; =x;" —x;"" and f; =x;j —x;'; in particular,
fi and f; are circuits. The following proposition provides an upper bound for the
minimal number of generators of the critical ideal.

Proposition 3.3. The minimal number of generators (1(Cy) of Cy is less than or
equal to four.

Proof. Let F ={fi,..., fa} C I4 be such that f; is critical with respect to x;. If
fi #—f;, forevery i # j, then we are done by Proposition 3.2. Otherwise, without
loss of generality we may assume f; = —f», that is to say, f; = x|' —x5°. Suppose

that & is not a generating set of Cy. We distinguish the following cases:

(1) fi is indispensable in Iy4. Then there exists a critical binomial g € Iy with
respect to at least one of the variables x3 and x4, say x4, such that g # % f;, for
every i. By substitution of f; with g in & we have, from Lemma 3.1, that every
critical binomial with respect to x3 or x4 is in the ideal generated by the binomials
of &. Consequently the new set & generates [y.

(2) f1 is not indispensable in I4. Then there exists a critical binomial g € Iy
with respect to al least one of the variables x; and x,, for instance x;, such that
g # L f;, for every i. We substitute f, with g in &. If f3 # —f4, then we have,
from Proposition 3.2, that the new set & generates [4. Otherwise, we substitute
J3 with a critical binomial & with respect to x3 in & such that & # =+ f;, for every
i, when f3 is not indispensable. So, in this case, Cy is generated by a set of four
critical binomials. 0
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Lemma 3.4. Ifc;a; # cray and c;a; # cja;, where k # 1, then either the only critical
binomial of Iy with respect to x; is f = x;" — x;'f or there exists a critical binomial
f € Iy with respect to x; such that supp(f) has cardinality greater than or equal to
three, where {i, j, k,1} ={1, 2,3, 4}.

Proof. Suppose the contrary and let f; = x;" — x;‘i € I4 where uj > c;. We define
f=xf —xi”"xj “Cixgxt = fi +x”1 ‘/fj € Iy with f; = x J—xlixgkxt e Iy.
Now, from the minimality of ¢; it follows that v; = 0, thus at least one of v or vy is
different from zero since f; € Iy, otherwise f — f; = x}?f — x}ﬁ ~¢% € Iy, and this
is impossible. Therefore we conclude that supp( f) has cardinality greater than or
equal to 3, a contradiction. The cases f; = x{" —x* € Iy and f; = x{" —x/"! € Iy
are analogous, by using that c;a; # cyax and c;a; # cja;, respectively. O

Lemma 3.5. There is no minimal generating set of Cy of the form ¥ = {x{" —

;j, JC —x%, xk —xl ,xl —x"}, where {i, j, k,l} = {1, 2,3, 4}. In particular, if
cia; = cja;j and cyay = cjay, then u(Cy) < 4.

X

Proof. Setuj = (ujy, ..., uj4) and u; = (u;1, . .., u;4). The minimality of ¢;, i €
{1,2,3,4},forcesu;; =0=u;;,0<ujr <cr,0<uj;<c,0<u; <c;,0<uj <cj,
Ujp = 0= uj.

Set d, = gcd(A\ {a,}), n€{l,2,3,4}. By [Herzog 1970, Theorem 3.10], the
numerical semigroup generated by {a;/d;, a;/d;, ar/d;} is symmetric and, from
the proof of [Theorem 10.6,23], it is derived that a; /d; = cjck, aj/d; = cick, cx =
gcd(a;/dy, aj/d;) and cray /dy =uyia; /di+ujja;/d;. Hence a; =cjcrd), aj =cicid;
and a; = (uj;cj + ujjc;)d;. Arguing analogously with {a;/dy, a;/dy, a;/d}}, we
get a; = cjcdy, aj = cicidy and a; = (uj;cj +uyjc;)dy. Thus, since ged(c;, ¢j) =
gcd(ck, ¢;) = 1, we conclude that d; = ¢ and d; = ¢;. By considering now the
symmetric semigroups {a; /d;, ar/d;,a;/d;} and {a;/d;, ar/d;, a;/d;}, we get a; =
(ujkcl + ujlck)cj, aj = (ujkcl + ujlck)ci, ay = cicjcy and q; = CiCjCk-

Putting all this together, we obtain that u jic; + u j;c; = ;¢ which forces either
ujr =0oruj > cy, and this is a contradiction in both cases. O

Theorem 3.6. After permuting variables, if necessary, there exists a minimal system
of binomial generators & of Cy of the following form:

Case 1: If cia; #cjaj, for every i # j,then ¥ = {xici —x%, i=1,...,4}.
Case 2: If cia) = coap and c3az = caay, then either cray # c3az and

(@ &¥={x}' —x2 ,x3 —xy, x;t —x"} when [,L(C&q) =3,

(b) & ={x]" —x3*, x3° —x;*} when u(Cy) =

or crap = czasz and

(©) & ={x]' —x37, x5 —x5°, x5’ —x*}.

N C.
Case 3: If cia; = crar = c3a3 # cqaq, then & = {x1 —x2 ,x2 —x3 X, —xt)
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Case 4: If cia) = cpap and cia; # cja;j forall {i, j} # {1, 2}, then
(@) $={x]'—x37, x; —x" | i =2,3,4} when u(Cy) =4,
() ={x]" —x%, x" —x" | i =3,4} when u(Cq) =3

where, in each case, x" denotes an appropriate monomial whose support has
cardinality greater than or equal to two.

Proof. First, we observe that our assumption on the cardinality of x* follows from
Lemma 3.4. We also notice that Cy has no minimal generating set of the form
F={x]" —x%, x7 —x"2, x5 —x*, x;* —x"4}, by Lemma 3.5.

Let J be the ideal generated by &. For the cases 1, 2(a-c), 3 and 4(a), it easily
follows that J = Cy by Proposition 3.2. Indeed, in order to satisfy the hypothesis
of Proposition 3.2, we may take fi = x;* —x{' € J and f3 =x3° —x{' € J in
the cases 2(c) and 3, respectively. The cases 2(a) and 4(b) happen when the only
critical binomials of I with respect to x; and x; are fj =x|'—x;> and fo =—f,
respectively, then our claim follows from Lemma 3.1. Furthermore, the case 2(b)
occurs when the only critical binomials of Iy are £(x]' —x3%) and (x5’ —x,*), so
J = Cy by definition. On the other hand, since x;* is an indispensable monomial
of Iy, for every i, by Corollary 1.6, we have that x;" is an indispensable monomial
of the ideal J, for every i. Then, we conclude that ¥ is minimal in the sense that
no proper subset of & generates J . ]

Example 3.7. This example illustrates all possible cases of Theorem 3.6.

Case 1: A=1{17,19, 21, 25}.
Case 2(a): o ={30,34,42,51}.
Case 2(b): o =1{39,91, 100, 350}.
Case 2(c): o ={60, 132, 165, 220}.
Case 3: A ={12, 19, 20, 30}.
Case 4(a): A ={12,13,17,20}.
Case 4(b): A ={4,6,11, 13}.

The reader may perform the computations in detail by using the GAP package
NumericalSgps ([Delgado et al. 2013]).

Since Cy C Iy, any minimal system of generators of /4 can not contain more
than 4 critical binomials. This provides an affirmative answer to the question after
Corollary 2 in [Bresinsky 1988]. Notice that the only cases in which Cy can have
a unique minimal system of generators are 1, 2(b) and 4(b); in these cases Cy has
a unique minimal system of binomial generators if and only if the monomials x*
are indispensable.

Now we focus our attention on finding a minimal set of binomial generators of
14, that will help us to solve the classification problem. The following lemma will
be useful in the proof of Proposition 3.9 and Theorem 3.10.
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Lemma 3.8. (i) If f = x}'" — x" is a minimal generator of Iy that is not critical,
then there exists j # i such that supp(x”) N {i, j} = @ and c;a; = cjaj. Moreover,
if xV is not indispensable, then cya, = cja;, with {i, j, k, 1} ={1,2, 3, 4}.

) If f = xl-”fx;.‘f —x" is a minimal generator of Iy with u; # 0 and u; > c;, then
supp(x®) N{i, j} = & and c;a; = c;a;. In addition, if x° is not indispensable, then
crax = cag, with {i, j, k, 1} ={1,2,3,4}.

Proof. (i) Let b = c;a;. Since f is not a critical binomial, we have that u; > c;.
If cja; # cja;, for every j # i, then, from Lemma 3.4, there exists a critical
binomial f = x{" —x" € Iy such that supp(x®) has cardinality greater than
or equal to two. If supp(x”) N supp(x"™) # &, then x} < x/""“x¥ < x¥ is
a path in G,(ly4), a contradiction to the fact that f is a minimal generator by
Theorem 1.8. Hence supp(x”) N supp(x¥) = &. We have that supp(x”*%) C
{j, k, 1}, supp(x?) Nsupp(x™) = @ and the cardinality of supp(x") is at least two.
This implies that x” is a power of a variable, say x* = x;'. Observe that v; > ¢;
and as f is not a critical binomial, v; # ¢;, whence x% = x/' ~“x"i x}k e deg ' (b)
is a monomial such that supp(x?) has cardinality greater than or equal to 2 and
I € supp(x®). Then x}" <> x/''"“x¥ <> x* <> x" is a path in G, (Iy4), a contradiction.
Thus c;a; = cja;, for an j #i. We have that supp(x’) N {i, j} = &; otherwise
X< x;"'*cix;ff < x? is a path in G, (I4), a contradiction again.

Finally, if x? is not indispensable, then, by Theorem 1.9, there exists a monomial
x% e deg;il(b) \ {x"} such that supp(x®) Nsupp(x?) # @. If j € supp(x"?), then
X < xf""""x;f-/‘ < x¥ < x? is a path in G, (Iy), a contradiction to the fact that
f is a minimal generator. Moreover i ¢ supp(x™), by the minimality of ¢;. Thus
supp(x¥) C {k, I} and also x*x;" — x;"*x"! € I4. Suppose that cxa; # c;a; Then
vrag + via; = wray + wyaq;. Assume without loss of generality that w; > v;. We
have that (vy — wr)ax = (w; — v)a; # 0. Hence vy — wy > ¢x. If wy # 0, then
vg > cp. If we =0, vrar = (w; — vy)a; and v; # 0, since supp(x™) Nsupp(x?) £ <.
Thus w; —v; > ¢; and w; > ¢;. By using similar arguments as in the first part of the
proof we arrive at a contradiction. Consequently cray = c;a;.

(i) The proof is an easy adaptation of the arguments used in (i). (Il

For the rest of this section we keep the same notation as in Theorem 3.6.
The following result was first proved by Bresinsky [1988, Theorem 3], but our
argument seems to be shorter and more appropriate in our context.

Proposition 3.9. There exists a minimal system of binomial generators of 1y con-
sisting of the union of & and a set of binomials in Iy with full support.

Proof. By Lemma 3.8(i), if for instance f =x/'/ —x" is in a minimal generating set of
I and it is not a critical binomial with respect to any variable, then c;a; = c;a;, for
J #i. Wereplace f by g= f—x;" " (x{! —x;f-/) =i xj‘.'f —x? € I4 in the minimal
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generating set of /4. Moreover, either supp(x®) = {k, [} and {k, [} N {i, j} = &, so
g has full support, or x? is a power of a variable, say x” = x/*, with vy > ¢;. In this
case, by using again Lemma 3.8(i), we replace g with h = g + x* 7% (x;* — x;') =
xi”"*c"xjf' —x % xt € Iy with {k, [} N {i, j} = @. Hence, there exists a system of
generators of [y consisting of the union of a system of binomials generators of Cy
and a set ¥’ of binomials in I with full support. Furthermore, by Theorem 3.6, we
may assume that & is a system of binomials generators of Cgy.

Now, let f = x{' —x" € ¥ and suppose that f = >, g, f, where every
fo € (P\{f}H UY". From the minimality of ¢; we have that f, = £(x{" —x”) and
|gn| =1, for some n. Then, according to the cases in Theorem 3.6, either x* or x? is
equal to xf/’, for some j #i. Now in the above expression of f the term xJC.f' should be
canceled, so, from the minimality of ¢;, we have f,, = j:(xjf —x%)and |g,| =1, for
an m # n. Therefore, we conclude that either {x{7 — xjf', +(x/ —x"), :I:(x;:’f —x¥)}
or {xj’ —x", &(x{" — Cf') :|:(ij —x%)} is a subset of . So, the only possible case
is F = {x{' — x5, x32 —x33, x5? —x44} Since, in this case, Iy = Cy by Theorem 2.9,
and ¥ = &, we are done. O

From the above proposition it follows that Iy is generic (see [Ojeda 2008], for
instance) only in Case 1. The next theorem provides a minimal generating set for

Iy.
Theorem 3.10. A minimal system of generators of 14 (up to permutation of indices)
is provided by the union of ¥, the set $ of all bmomlals x”l xu'2 xu' xul4 €ly

with 0 < ui, <cj, j=1,2,u;;,>0,u; >0 andx x mdzspensable and the
U3 _ Uy

set R of all bmomzals x)'x5? —x3°x," € Iy \ $ with full support and satisfying the
following conditions:
o uy <cyand x3 x4 is indispensable, in Cases 2(a) and 4(b).

e uy < cy and/or uz < c3 and there is no x,' x> — x3°x,* € Iy with full support

Ujtocy Uury—ocy V3 _ V4 ..
suciz that x|'x3* properly divides x| X, or x3°x," properly divides
x3° x4 for some a €N, in Case 2(b).

Proof. By Proposition 3.9, there exists a minimal system of binomial generators
FUT of I4 such that & is a minimal system of generators of Cy and supp(f) =
{1, 2, 3,4}, for every f € &'. Moreover, since all the binomials in the set $ are
indispensable by Corollary 2.16, we have ¥’ = $ UR, where R is a set of binomials
of Iy of the form xzi‘xiu;z — xgi*’x;:i“ with u;; # 0, for every j, and u;; > ¢; for
some j.

Observe that if 9% = @, then the set defined in the statement of the theorem
coincides with YUY’ and therefore it is a minimal set of generators. So, we assume
that R # &, that is to say, there exists a minimal generator x| x5’ x? Xt EeR

with u; > ¢, (by permuting variables if necessary). By Lemma 3.8(ii) we have
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cia; = cpay, so in Case 1 we have ;R = & and therefore we are done. Moreover,
if crap = cia;, for an i € {3, 4}, then x{"x)? < x{"'x3?”x{" <> x3°x,* is a path in
Gp(ly), where b = ujay + usap, a contradiction with Theorem 1.8. Therefore, we
conclude that the theorem is also true in Case 2(c) and Case 3. Notice that, in Case
4(a), we can proceed similarly to reach a contradiction; indeed, since xgz —x'e¥,
where supp(x?) = {3, 4}, then x{" —x” € I; and therefore x| x5 <> x}' 7' x}> 7
xy' x5 ?x? < x3°x;* is a path in G (Iy), a contradiction with Theorem 1.8. Thus
R = @ in Case 4(a), too.

Suppose now that x;"x;" — x;’zxjj € ®. By Lemma 3.8(ii) again, we obtain that
at least one of the equalities c¢ja; = c;a; and c;a; = c¢jaj holds. But, as we proved
above, these equalities are incompatible with the condition x|' x> — x3°x;* € R
with us > ¢;. Hence, all the binomials in % are of the form x7x37 — x3x; and x;
arises, with exponent greater than or equal to 2, in at least one of the variables.

We distinguish the following cases:

Case 2(a) or 4(b). If there exists x;"x5> —x3°x,* € R such that for instance v4 > c4,

then cza3; = csas by Lemma 3.8(i1). This is clearly incompatible with Cases
2(a) and 4(b), since x;’x,* < x3°x,* " “x" < x{'x;? is a path in G4(Iy), d =

ajv) + ap vy, a contradiction with Theorem 1.8. Thus the binomials in 9 are of the

form x''xy? — x3°x,* with u; < ¢;, i =3,4. If x3°x;* is not indispensable, then

there exists x” — x3°x,* € Iy such that 0 < v; < u;, for i =3, 4, with at least one
inequality strict and supp(x”) € {1,2}. So, x3 x;* < x3° Pxy T x? © x{'x)?

is a path in G,(ly) where b = azus + aqu4, a contradiction with Theorem 1.8.

Moreover, since xf‘ — xgz € I4, we may change, if it is necessary, R by replacing

every binomial x| x,? — x3°x;*, where u; > ¢y, with x?'_aclxgﬁacz —x3xtely

such that 0 < u; —acy < c; and uy + acy > ¢;. Now the new set ¥ U UR has the
desired form. We have that

Uy _up uz _u4 __ o Up—acy uptocy U3 Ug up—acy U 0cp Qe
XX = x37x,t = (x| X, X37x,") +x, x5°(x) x5 %),

so FU P UR is a generating set of 4. To see that this is actually minimal,

by indispensability reasons, it suffices to show that if x|'x;? — x3°x)* € R and

V] U2 uz U4 up ux _ V1 U2 . ui Mz_ V] U2
X)Xyt —x37x, "t € FUSUR, then x| 'x,” = x'x,”. Otherwise x| ' x,” —x,'x,° € Iy,

but 0 < uy <cy and vy <c¢y. Thus |u; — vi| <cy, so u; = ¢y, vi = 0 and therefore
vy = ¢y, since every binomial in ¥ U $ UR with cardinality less than four is critical.
We have that cja; + aruy = cras and also cja; = ¢pas, so us = 0 a contradiction.

Case 2(b). Now, by modifying & as in the previous case if necessary, we have
that the binomials in % are of the following form: x|"x5* — x3°x,* with 0 < u; <
c1, uz #0and/or 0 < u3 < c3, usg #0. If there exists o € N and x"x3* —x3°x,* € Iy

. ujtoacy ur—acy V] V2 uztacsy us—ocsy V3 V4
with full support such that x; Xy =mx; x,” (Or x; X, =mx; x,",

respectively) withm # 1, then x| x3? <> mx3 x;* <> x3°x;* (or x{'x3? <> x{" xy2m <>
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x3°x,*, respectively) is a path in G, (1), where b = uja; + uas, a contradiction
with Theorem 1.8. So, we conclude that all the binomials in % are of the desired form.
Moreover, given f = x'x5”> —x3°x,* € R and a monomial x* with deg(x") =
uia; —I—u2a2, then either v{ = v, =0 or vy = v3 = v4 =0 and v, > ¢;. Indeed, since
xy'xy? —x)"x37x3° x,* € Iy, we have the following possibilities:

(1) g = x{"""x27" — x3Pxy* € Iy, when vy < uy and v < up. If g has full

support, then v; = vy = 0, otherwise f & QR. If for instance u; — v; = 0, then
1y — vz > co, because of the minimality of ¢,. Thus, g’ = )cl’“*”‘“‘xngvzfc2 —
xPxgte Iy If g’ has full support, then v; = v, = 0; otherwise the monomial
xjrvten == properly divides x| t1x527<, that is to say, f ¢ R. If g
does not have full support, say vz =0, then v4 > c4 (due to the minimality of
c4). So, we may define g” = x| "V S22 T2 — x B x4 € Iy and conclude
that v{ = v, =0, as before.

(i) g=x{""" —x327"2x3Px " € Iy, when vi <uj and vy > us. Since 0 <uj <cy,
we have that v = 0 and also u; = ¢y. Thus vy —uy = ¢y and v3 = v4 = 0,

since x{' — x5? is the only critical binomial with respect to x;.

(i) g = x5 — x"""xPxyt € Iy, when vy > uy and vy < uz. Now, by the
minimality of ¢, we have that u; — v2 > ¢ and therefore 7 = x{'x527 %272 —
xPTMxPxt € Iy, So, either x§! TV xJ2Tv2m2 — x B € I&g, when ¢; >
V| — Uy, Or X527 2T — x 1T xS x4 € Iy, when ¢ < vy —uy. In the first
case we proceed as in (i), while in the other we repeat the same argument and
so on. This process can not continue indefinitely, since there exists & € N such
that «c; < v1 — u;, and thus we are done.

From Theorem 1.8 we have that there exists a minimal generator of s{-degree
deg(f) for each f € R. Furthermore, by direct checking one can show that all the
binomials in $ U have a different s{-degree, and all these sd-degrees are different
from both cja; and cpa;. Thus, we conclude that ¥ U $ UR is a minimal system of
generators of /. ([

Combining Theorem 3.10 with Corollaries 2.5 and 2.16 yields the following
theorem.

Theorem 3.11. With the same notation as in Theorem 3.10, the ideal 14 has a
unique minimal system of generators if and only if Cy has a unique minimal system
of generators and R = @.

In [Ojeda 2008], it is shown that there exist semigroup ideals of K[x1, ..., x4]
with unique minimal system of binomial generators of cardinality m, for every
m>"1.

Example 3.12. Let s{ = {6, 8, 17, 19}. The critical binomial x;‘ — xg of Iy is

indispensable, while the critical binomial x‘% — xlxgt is not indispensable. Thus
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we are in Case 4(b). The binomial x — x3x4 belongs to R and therefore, from
Theorem 3.11, the toric ideal Iy does not have a unique minimal system of binomial
generators.

Example 3.13. Let o = {25, 30, 57, 76}, then the minimal number of generators
of 14 equals 8. The only critical binomials of Iy are :l:(x1 — xz) and :i:()c3 — x4)
so we are in Case 2(b). The binomial x?x% — x3x2 belongs to R and therefore,
from Theorem 3.11, the toric ideal Iy does not have a unique minimal system of
binomial generators.

Observe that Iy is a complete intersection only in cases 2(a-c), 3 and 4(b).
Moreover, except from 2(b), in all the other cases I; = Cy4. In the case 2(b) a
minimal system of binomial generators is x|' — x3?, x3° — x3* and x| x)? — x5’ x,*
where aju| +aruy = azuz+asus =lem(ged(ay, az), ged(as, as)); [Delorme 1976].

It is well known that the ring K[x]/Iy4 is Gorenstein if and only if the semigroup
Nt is symmetric, see [Kunz 1970]. We will prove that if N is symmetric and /4
is not a complete intersection, then /4 has a unique minimal system of binomial
generators.

Theorem 3.14. If fi =x|' —x3"x;", fr=x?—x{"' x>, fa=x3 —x*'x3” and

fa=x;" — x)*x3® are critical blnomlals of 1y such that supp(f,) has cardinality

equal to 3, for everyi € {1, ..., 4}, then Iy has a unique minimal system of binomial
generators.
Proof. Every exponent u;; of x; is strictly less than ¢;, foreach j =1,...,4. If

for instance 113 > c3, then x{! —x{31xy2x3B7 314 = f1 +x5B373x)1 f3 € Iy and
therefore x{!1™"3! —x)2x5137 4 x4 € Iy, a contradiction to the minimality of ¢;. By
Proposition 2.3 we have that c;a; # c;a;, for every i # j. We will prove that every
fi is indispensable in Cy. Suppose for example that f] is not indispensable in Cg,
then there is a binomial g = x{' — x32x33x}* € Iy. So x§Pxj" — x2x33x)* € Iy,
and thus v3 < w3 and v4 < w14, since u13 < c¢3 and u4 < c4. We have that
x32—x§1B V1470 € [ and also x{! —x {2 x)2 T 2x Bt = g4 x 2B fr €
I5. Therefore x{17"2! — x§2_62x§3x5{24+”4 € Iy, a contradiction to the minimality of
c1. Analogously we can prove that f,, f3 and f4 are indispensable in Cy. Thus
Cy is generated by its indispensable binomials and therefore, from Theorem 3.11,
the toric ideal /4 has a unique minimal system of binomial generators. |

Corollary 3.15. Let N be a symmetric semigroup. If Iy is not a complete inter-
section, then it has a unique minimal system of binomial generators.

Proof. From [Bresinsky 1975, Theorem 3] the toric ideal /4 has a minimal gener-
ating set consisting of five binomials, namely four critical binomials of the form
defined in the above theorem and a non critical binomial. By Theorem 3.14 the
toric ideal Iy is generated by its indispensable binomials. U
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According to [Bresinsky 1975, Theorem 4] the integers a; are polynomials in
the exponents of the binomial in a minimal generating system of /4. We can
see these expressions as a system of four polynomial equations, which in light of
Corollary 3.15, has a unique solution over the positive integers.

Remark 3.16. Theorem 6.4 of [Komeda 1982] shows that if N« is pseudosym-
metric (see [Rosales and Garcia 2009] for a definition), then f; = x{! — x3x§4_1,
fo=x2 —x{¥x4, f3=x5— xf‘*'“l*lxz, fa=xg* — x1x§2*1x§3*1 and g =
xi‘ﬂ“x?*l —xzxi“*l withc¢; > 1fori=1,...,4,and up; — 1 < ¢y, is a minimal
system of generators of /. Now, an easy check shows that c;a; # cja; for every
i # j. The interested reader may prove that Cy has a unique minimal system
of generators if and only if uy; = ¢; — 2. Thus, since R = &, by Theorem 3.11,
we conclude that /4 is generated by its indispensable binomials if and only if

cony # (cp —2)ny + ng.

If the cardinality of & is greater than 4, the analogous of Corollary 3.15 is not
true in general. In [Rosales 2001] it is shown that the semigroup generated by
A ={15, 16, 81, 82, 83, 84} is symmetric. Since the monomials xl”,xgxs and x4x5
have the same sd-degree, we conclude, by Theorem 1.8, that the ideal /4 does not
have a unique minimal system of binomial generators.
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CONTRACTING AN AXIALLY SYMMETRIC TORUS
BY ITS HARMONIC MEAN CURVATURE

CHRISTOPHER KIM

We consider the harmonic mean curvature flow of an axially symmetric
torus whose axis is a closed geodesic, where the ambient space is a hyper-
bolic three-manifold. Assuming the initial surface is strictly convex and its
harmonic mean curvature is less than %, we show that the evolving surface
satisfies a curvature condition comparable to that of a perfectly symmetric
torus evolving under harmonic mean curvature flow. In other words, we
prove that Ay & e~!, A, ¢’ and A1, ~ 1, where A, and 1, are the principal
curvatures of the evolving torus.

1. Introduction

We consider the contraction of a convex torus embedded in a hyperbolic 3-manifold
to a closed geodesic using the harmonic mean of the principal curvatures. Each
point on the torus whose axis is a closed geodesic moves in the normal direction
pointing to its axis with a speed equal to the harmonic mean curvature. Let ©? =
S x S! be a two-dimensional torus, N> a hyperbolic 3-manifold containing a closed
geodesic and @ : ©2 — N? a smooth initial immersion of X2 into N> centered at
a closed geodesic. The evolution process is described by a one-parameter family of
immersions ® : ¥ x [0, T) — N satisfying

d0(p.1) '
(HMCF) T— F(p’t) N(Pat),

Here, F = A1X2/(X1 + Ap) is the harmonic mean curvature of 3, := ® (X, t) where
A1, A are the principal curvatures and N is the outward unit normal vector of %;.

Andrews studied harmonic mean curvature flow (HMCF) of strictly convex
compact hypersurfaces without boundary in Euclidean [Andrews 1994a] and Rie-
mannian manifolds [1994b], showing that the evolving hypersurface converges
to a round point in finite time. Other authors studied HMCEF of hypersurfaces in
Euclidean space under various curvature conditions [Caputo and Daskalopoulos

MSC2010: primary 53C44; secondary 35K55.
Keywords: harmonic mean curvature flow, hyperbolic manifold, closed geodesic.
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2009; Daskalopoulos and Hamilton 2006; Daskalopoulos and Sesum 2010; Dieter
2005] and showed that the evolving hypersurface converges, when it does, to a round
point. In this paper, we are interested in surfaces converging to a closed geodesic,
not a point, in hyperbolic 3-manifolds by HMCF. Examples of hypersurfaces in
hyperbolic manifolds converging to a totally geodesic submanifold by HMCF were
constructed in [Gulliver and Xu 2009]. However, only hypersurfaces at a constant
distance from totally geodesic submanifolds were considered there, so the curvature
flow problem reduced to analyzing simple ODEs. This paper generalizes parts of
the results of Gulliver and Xu to axially symmetric surfaces. Recently in [Andrews
et al. 2013], weakly convex hypersurfaces in Euclidean space containing cylindrical
regions were shown to shrink to a line segment when the hypersurface is deformed
by certain curvature function. However, curvatures of the evolving surface were
not analyzed in that paper.

In this paper, we will obtain curvature estimates of an axially symmetric torus
contracting to a closed geodesic in hyperbolic 3-manifold by HMCF. Analyzing
the principal curvatures of a torus presents a novel problem since as the torus
approaches the axis we expect the small principal curvature to converge zero and
the large principal curvature to approach infinity. And the product of the principal
curvatures is expected to be more or less constant since it equals 1 (see (1-1)) on a
perfect torus whose axis is a closed geodesic. This kind of curvature estimate is
different from the estimates obtained for spherical hypersurfaces in Theorem 4.1
of [Andrews 1994b] and Theorem 5.1 of [Huisken 1984], stating that the ratio of
principal curvatures are uniformly bounded. We need to estimate each principal
curvature separately to show that they exhibit contrasting dynamics but the product
should remain bounded throughout the evolution process.

We will consider a torus X2 embedded into a hyperbolic 3-manifold N3 such that
it is axially symmetric about a closed geodesic y : §' — N3. Let 7 : §' — [0, R] be
a generating function defined on y. An axially symmetric torus can be constructed
by revolving the graph of the generating function about the closed geodesic.

Theorem 1.1 (main theorem). Let Xy be an axially symmetric torus around a
closed geodesic y in a hyperbolic 3-manifold N, generated by revolving a graph
of r : S — R about y. Assume % is strictly convex and max,ex, F(x) < %
where F(x) is the harmonic mean curvature at x € Xg. Then, the solution of the
HMCEF with initial surface X exists for all t € [0, 00) and remains strictly convex.
The evolving surface converges to the closed geodesic exponentially fast and the
principal curvatures satisfy My ~ e~', ky ~ €' and iy ~ 1.

Notation. Uniform constants are denoted by C;. The same symbol C might imply
different constants from line to line. The approximation symbol f & g denotes that
there exist C, C, > 0 such that C;g < f < Csg.
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Remarks. (1) The reason we impose the curvature condition maxy, F < % is that
for a perfectly symmetric torus we have 0 < F(r) < % for all r € (0, 00); thus
perfectly symmetric tori of any radius satisfy the condition. This can be easily seen
as follows: Since the principal curvatures of a perfect torus are A; = tanhr and
Ay = cothr (by the Riccati equation, A} 4 A? = 1), the harmonic mean curvature is

1 1
F = = .
(cothr)~! 4 (tanhr)~!  cothr +tanhr
Thus,
dF 1
=0 5— >0 forall r.
dr  sinh®r + cosh” r
But
limcothr =00, limtanhr =0, 1lim cothr = lim tanhr =1.
r—0 r—0 r—00 r—00
Therefore

limF=0, lim F=1 0<F(@r) <3i.

r—0 r—00
(2) The HMCEF of a perfectly symmetric torus whose axis is a closed geodesic in a
hyperbolic manifold was considered in Theorem 3 of [Gulliver and Xu 2009]. The
authors showed that the radius r(¢) of the evolving torus satisfies

r(t) = % sinh™! (™" sinh 2rp) ~ e,
where ry is the radius of the initial torus. Since the principal curvatures of perfect
torus are A; = tanhr and A, = cothr, we obtain the asymptotic estimates of both
principal curvatures:

(1-1) A %eft, )»2%61, MAMAr = 1.

The main theorem of this paper shows that the principal curvatures of an axially
symmetric torus contracting to a closed geodesic under HMCEF retain the curvature
estimates (1-1) of an evolving perfectly symmetric torus.

The paper is organized as follows. In Section 2, we derive essential geometric
quantities available on axially symmetric spaces. In Section 3, we prove the
short and long time existence of HMCF of axially symmetric torus and discuss
the preservation of convexity of the surface. We derive the evolution equations of
important geometric quantities in Section 4. In Section 5, we prove that the evolving
surface remains a graph throughout the deformation process and also prove that
A2 ~ e'. Along the way, we obtain the optimal estimate A; ~ ¢~' and conclude that
AMiy & 1.
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2. Axially symmetric spaces

In this section, we will use the orthonormal frames to derive geometric quantities
defined on axially symmetric surfaces. A similar computation was carried out in
[Cabezas-Rivas and Miquel 2009] for general rotationally symmetric spaces. In
the neighborhood of the closed geodesic, the hyperbolic metric can be expressed
in Fermi coordinates as ds* = dr? + h(r)2d0? + b(r)*dz* where r is the distance
from the axis, 6 is the angular unit of the circle perpendicular to the axis, z is the
position along the axis and b(r) = coshr, h(r) = sinhr. We have the following
orthonormal frames in (7 + 1)-dimensional rotationally symmetric space.

) d ) 1 9 1 .
Eo.=E,=8—r, E| = Z:%Z)_z’ i—me, fori=2,...,n
where ¢; is an orthonormal frame of $"~! with the standard metric. Its dual

orthonormal coframe is given by

0" =dr, 0°=b(r)dz, 0 =h@r)e; fori=2,...,n

n
In these frames, the Cartan connection form w? defined by d0” = — > w? A 6% is
given by a=0
v s ; ; ;
wf:ﬂez, a)’rzi) ", w,=0, o' =3,
b(r) h(r)

where 5 a)’] represents the Cartan connection form on §”~!. The covariant deriva-
tives of the orthonormal frames can be computed from the equation VyE, =
Y=o w?(X)E}, and their results are given below. We denote the covariant deriv-
ative defined on the ambient manifold by V and the covariant derivative on the
hypersurface by V. The symbol " denotes the derivative with respect to r and

subscripts of r mean the derivative with respect to z. Fori =2, ..., n,
- - G R (r)
Vg E, =0, Vg E, = , VgE.=——E;
E. Cr E,Er b( ) z E; Ly h(l”) i
_ _ b _
(2-1) Vg E. =0, VE,EZ:—ﬂEr, Ve, E, =0,
) b(r)
- - 1 (r)
VE =0, VEin =0, VE,-Ej = h( )8,]E + ~(El')Ek.

For a hypersurface constructed by revolving the graph of a generating function
r: §' — RT, the tangent vector o of the generating curve and the unit normal
vector N of the hypersurface are given by

1 1
22 o=-——(,E +bE,), N=-——(®bE, —r,E,).
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The principal curvatures of the hypersurface in the direction of o and E; are

_ 1 —rb+r2b
(2-3) r=(V,o,N)= ( 4,
— b W
(2-4) A =(Vg Ei, N)= =u— fori=2,...,n,

S Vit h o h
respectively. Note the hypersurfaces of revolution is generated by a graph if
b

is greater than 0; equivalently, v := u~! is finite. Note that u < 1 by its definition.

(2-5) u:=(E,, N)=

3. Short and long time existence and preserving convexity

In this section, we first prove the short time existence of HMCEF of axially symmetric
torus and review the long time existence and preservation of convexity proved in
[Gulliver and Xu 2009]. Let Wl.j =hj gkj be the Weingarten map of X;, where h;; is
the second fundamental form and g;; is the induced metric on ;. We can view the
harmonic mean curvature function as F (Wl.j )=f (A(Wij )), where A(Wij )=(A1, A2)
is the set of eigenvalues of Wl.j and f (A1, A2) =A1A2/ (A1 +A2). Let us first discuss
the short time existence of HMCF when the flow equation is cast in terms of the
graph function. If we express (HMCF) in terms of the graph function using

(20 n)=r.

ot’
we obtain
or r.z—2tanh(r)r? —sinhr cosh r
(3'1) - = P N 2 2 V(Z,0)=FQ(Z)
ot tanh(r)r.. — (2 tanh” r +1)r2 —sinh” r —cosh” r

for all (z,¢) € S! x [0, T). Since the initial surface is assumed to be strictly convex,
from (2-3) and (2-4) we find that at r =0

(3-2) A1 = —r + 2 tanh(r)rZ + sinhr coshr > 0.
We consider positive solutions
(3-3) r>0.

We define C*(S') to be the set of standard Hélder continuous functions on S' and
C?t(S") to be a space of functions g on S! such that g, g., g.. € C*(S'). We set
Q. = S' x [0, t] for some 7 > 0 and define C*>T%(Q;) to be a space of functions
g on Q; such that g, g, g-, g.. € C*(S).
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Lemma 3.1. Let ry € C>T(SY). There exists some ty > 0 such that a unique

solution r € C***(S! x [0, 19]) solves (3-1).

Proof. Let M : C***(Q,) — C*(Q,) be a fully nonlinear operator defined by
M(r):rt_F(Z’t’rvrzerZ)’

where
r,; —2tanhr rz2 —sinhr coshr

tanhr r,; — (2tanh? r + 1)r2 — sinh® r — cosh? r~

F(z,t,r,r;,ry) = —

Consider the linearization of M around a function r € C*t%(Q,) such that
|lr —rol|l < & for some § > 0. If we choose § small enough, any such r will satisfy
conditions (3-2) and (3-3) since the initial condition ry € C>t¥(S!) satisfies those
conditions. Then, the linearized equation around the function r, namely

or - - - .
(3-4) 5:DF(’")(’”):(X(’"= Voo Fe)loz + B 1o 1)+ y (1, 12T,

where

2_
z

o= = ,
(tanhri) +r2+ cosh? r)2
_ (4tanh®r —4tanh® r —2)r.i; +4 tanh r r; (r2 +cosh® r)
(tanhri, +r? +cosh? r)2
2tanhr ,

y = |:( sz2 - 1 —3sinhrcoshr+sinh2rtanhr>)~»]
cosh“r  cosh“r

—r2—cosh®r

’

2 2 ~
+ ( ;Zz + cosh? r 4 sinh? r) (r2+cosh? r)} /(tanh ray+r2+cosh? r)?
cosn~r

satisfy
iélfa(r, ryyrzz) > >0 forsome pand o, B,y € C*(Qy).

By standard theory for linear parabolic PDEs, the linearized equation (3-4) with
the initial condition 7o € C>**(S') has a unique solution 7 € C>*%(Q,). Applying
the inverse function theorem for Banach spaces (see [Daskalopoulos and Hamilton
1999, Theorem 8.5]), we conclude that there exists #y > O such that (3-1) has a
unique solution r € C?**(Q,). a

Remark. The fully nonlinear equation (3-1) is, in fact, uniformly parabolic due to
C'" and C? estimates of r (Corollary 5.7).

In [Gulliver and Xu 2009, Theorem 6], it is proved that the solution of (HMCF)
exists for infinite time and the evolving surface remains strictly convex. We will
restate the theorem dividing it into two parts: the first stating the lower bound of
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the harmonic mean curvature (HMC) and the second stating its upper bound. We
will give the entire proof of the second part since some estimates used in the proof
will be improved in Section 4 in order to obtain the asymptotically optimal upper
bound for HMC.

Theorem 3.2 [Gulliver and Xu 2009, Theorem 6]. Let N> be a hyperbolic manifold.
If the initial surface is strictly convex, then F (x, t) > (miny, F)e " as long as the
solution of HMCF exists. In other words, the surface remains strictly convex.

Theorem 3.3. Let N3 be a hyperbolic manifold. Assume that the initial hypersur-
face is strictly convex and maxy, F < % Then, the solution of HMCF exists for
infinite time and maxy, F < Ce™'/? for some constant C and for all t € [0, 00).

Remark. Note that f <A <2f if A; > 0. Therefore, the theorem implies that
maxy, A < C e /2 where A; is the smallest principal curvature. Together with
Theorem 3.2, we obtain Cje™" < F < Cre™ /2.

Proof. We find the upper bound for F by analyzing the evolution equation of F.
We set
oF ;
$=—V;V/,
dh!

which is an elliptic operator as long as the hypersurface is strictly convex.
oF . .
— =L +F(F, W2+ F (F7 Rigjo)

af

=%(F)+ Z FJ(X? + RiOiO)

3 af
§§£(F)+ZF _ZFB_M

=L(F)+2F = F3 Y 372 < $(F)+2F° — }F.
i
By the maximum principle, we can solve the following ODE and obtain an upper
bound for F(x, t):

2 _—ofp3_1
dt 2
The solution of the ODE is F(r)~2 = (F(0)~2—4)e' +4, so we have F(x, 1) < F(r)
for all x € M as long as the solution of HMCF exists. For the proof of infinite time
existence, see [Gulliver and Xu 2009, Theorem 6]. O

F, F(0)=max F(x,0).
xeM

Since disjoint surfaces remain disjoint under HMCF by the maximum principle,
given a torus whose axis is a closed geodesic, two perfect tori enclosing it from
inside and outside, which are called barriers, will remain disjoint throughout the
flow; thus, the radius of the evolving torus is comparable to the radii of the barriers.
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Lemma 3.4. Let r be the generating function of an axially symmetric torus evolving
by HMCF. Then there exist C\ and C; such that Cre™" <r(x,t) < Cre" for all
x € X, as long as the solution of HMCF exists.

4. Evolution equations

To show that the surface of revolution remains a graph over the closed geodesic, it
is sufficient to prove that v remains uniformly bounded for all time. To this end,
we first derive the evolution equations of r (Lemma 4.1) and v (Lemma 4.3). From
now on we will only consider the case n = 2.

Lemma 4.1. The generating function satisfies following evolution equation.
d a af v af n
——Z|r= kl—f —f u——f —uz——f —(1—u.
oA dA b dAr h

Proof. Let us compute g—’; and $r.

ar d 90X
— ={—, — )= —flzt
ot ar ot

We choose a geodesic coordinate 91 = o, d, = E at a fixed point such that g;; = §;;
and h;; = A;6;; for i, j =1,2. Since V,0 =0 and E,(r) =0,

Fr = Fleler = ;—)CVUVUI’ + ;—)];VEZVEJ = ;—}J\Zoa(r) — ;—)];(VEZEQ)r.
Let us first compute the term oo (r). By (2-1)—(2-5),
o(r) = <o—, 3> = =—(N,EJ)
or| = i

and

@4-1)  o0(r)=-0(N,E;)=—(V,N,E;)—(N,V,E,)

4 b,
=—(Ao0, E;) — <N7 _WEF> =—Au+ Zu .
On the other hand,
_ h
(4-2) ~ (Vi Eo)r = (Vi Ba, o) (1) = (1 = ).

Combining (4-1) and (4-2), we obtain
of b, of n 2
Fr=—\—-2x — — — (1 —u”),
' BM( 1u+bu>+8hh( u)
and this finishes the proof of the lemma. U

It is straightforward to derive the evolution equation of ¢ (r) for a smooth function
¢:R—R.
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Lemma 4.2. The following evolution equation is satisfied by ¢por : £ x [0, 0c0) = R:

af af b’ 5 of I 2 uf
(g—i)m) ¢[(A187—f> “np" _aTJ“_” )} <1 u?).

Proof. We compute

4 f 1 f // f

¢ F*VrVir = ¢ w e ()* =¢" - E, N) = (1—u> O

Lemma 4.3. The gradient funcnon v=u"" satlsﬁes the evolution equation

3 af (b ~ af [ _ b 2
(E—Sﬁ)v_——fklvkvvlv—ﬁ<z> (v—v l)—8—)\lv<v IZ_M)
af b’ af (KN df (B
+(@ bi 3)»2(h> +a—m<3> )v
of of (WY of O
_B_Mkzz—i_(a)»z(h) 3)»1(5) )v .

Proof. Let us first compute F¥'V,V'u by choosing the geodesic coordinate at a
fixed point as before:

: ) 3
FNN Viu = %ao(u) — —f(szEz)u.

From (2-1) and (2-2), we getV E, _ulz

4-3) o) =0(E;, N)=(VeE;, N)+(E;, Vo N) = (M% —M)(Ez, N).

E .. Substituting, we obtain

As preparation for calculating oo (1), we first observe that, by (2-2) and (4-3),

(5)=[(5-2)5 ()]
olu—)=|\u——Xx1)——ul—) [(E;, N).
b b b b

From (2-1) and (2-2), we see V, E, = —u(b'/b)E,, and get
b b
o (E., N) =<—MEEr, N>+ (E., o) = —u(uz —,\1).

Then,

_ ’i’kb_/ b—lll 2 A)(E., N b—/kz
oo(u)= up =) —ul (I—u”)—o)(E;, N)—u up =)

where we used that (E,, N)2 =1 —u?. By (2-1) and (4-3), it is straightforward to
compute

(VEzEg)u = (ﬁEzEz, a)a(u) = %(u% — k1>(1 — uZ).

We finally obtain
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4-4) FlekVIM— 88){1 <|:< %—M)%—u(%>/:|(l —uz)

— o) (E., N) — u(u% — x1>2>

_ﬁh_’( b ) _
930 h 1 — )0 w?).
In order to compute du/9dt, we will use the identities
8N—VF 9L, _ FVNE,=—F(E N)b/E
ar 0 ar N o M e
Then,
du _ 9 _ R —h?
(4-5) 57 = (N.E)=0(F)o. Ey) = F(1—u")7
0 b
= Lot N = 2o OB M)~ FU -
= oot =] 1) () ]o-
= o o(A)(E;, N) — s | U Al y U (1—u?)
/
—F(l—u )b—
where we used (o, E,) = —(E,, N) in the third equation and in the last equation

we substituted
h/ b/ h/ h/ /
70 =0 (uy) = [(“z =) () ]“5@ ).
From (4-4) and (4-5), we derive

9 _ ok _of (WY b
<az kavl)u (- u)<h> F(—uh]

aafl[(”z_”%_”(b/)/}(l O+ (=)

By the definition of v =u~", we have FkZVka = —LFlekVIU—I— 2 FlekvVIU
and du /9t = —(1/v2)av/at Hence

I\’
(4-6) ( 9 FlekVZ)v - —szlevVlv _ ﬂ(’i) w—v1

a1 o \ D
ol e
o o\ M) g ) mv)

af b [ b )
f (2 ~ Dt g b(v E—M)(v —1).

Combining v? terms in the second line of (4-6) and applying Euler’s identity
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88 ){ A+ 88 { Ay = f and (2-4), the v? term can be reduced to a linear term:
1

b_/_ﬁb_’ 2_ b_’_b_/< _of, )= bVof, p_bafrn,
(f o b ) (f 03272 ) T B o T bk
We then obtain the evolution equation of v as stated in the lemma. ]

5. Preserving the property of being a graph and curvature estimates

In this section, we study HMCEF solutions of an axially symmetric torus centered at
a closed geodesic satisfying the hypothesis of Theorem 1.1: the initial surface is
strictly convex and maxy, F' < 5. Since we will prove many technical estimates,
we take this opportunity to outhne the overall argument. The main goal of this
section is to prove that the evolving surface stays as a graph as it converges to
the closed geodesic. As discussed in Section 3, this is equivalent to showing that
v=u"lis uniformly bounded for all time (Theorem 5.5). However, we cannot
prove the uniform boundedness of v directly using its evolution equation, so the
first step is to obtain a weak estimate: vh < C where h(r) = sinhr (Theorem 5.2).
This estimate is weaker than v < C since the graph function r, thus sinh r, decays
to 0 by the barrier argument in Lemma 3.4. We can then deduce by (2-4) that
A2 = h'/vh = coshr/(v sinh r) is uniformly bounded from below. Then, together
with Theorem 3.3 we can estimate the ratio of two principal curvatures: Ay/A; — 00
as t — oo (Corollary 5.3). Equipped with this new estimate for A, /1, we revisit
the proof of Theorem 3.3 and obtain the optimal asymptotic upper bound of the
HMC (Theorem 5.4): A =~ e¢~'. Finally, we can prove that the gradient function
v is uniformly bounded (Theorem 5.5) and deduce that A, ~ ¢’ thanks to the
formula (2-4) for A, available on axially symmetric surfaces. We then conclude in
Corollary 5.6 that the principal curvatures of axially symmetric torus behave like
those of perfect torus evolving under HMCF as stated in (1-1).

We first consider evolution equations of ¢ (#)v where ¢ : R — R is a test function
to be chosen later.

Lemma 5.1. The evolution equation for ¢ (r)v is given by

3 B af (b 1\ f (1V 2 9f
(5‘5’3)"5”—4’(‘%(3) (v=3) -5 (53‘“) ‘a—wz

af (N of F (W of Wb af (b
+[8Az<h) axl(b)] ) f¢+[ akz(ﬁ>+a_xz b +3_A1(3) ]d)”

(o) T
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Proof. Apply Lemmas 4.2 and 4.3 to
ad d 0 .
——ZF)pv=9¢(——-2 — =) —2F"VpViv. O
(3 - )ov=0(5;~2)oo(5: - 2)o - 2w
Theorem 5.2. We have hv < C on M x [0, 00), where h(r) = sinhr.
Proof. All the terms in the big parentheses straddling the first and second lines
of the equation in Lemma 5.1 are nonpositive, as is the subsequent term —f¢’.

Substitute ¢ = & in that equation. Ignoring all the terms just mentioned since they
are nonpositive, we obtain

(3o [ 22 o B2

3f h 1 " af 1 2 ~kl
axzh(”_ﬂ)h —h aM( u)_EF Vi(ho)Viv

B [ ;{z(h/)/+ ;){2 hhzl + 3){1 <b>2_%”88_{1_ <};l )2;){2]

of v of | ndf\1
hh' —— hh" — +h""—— | —
+( 3k1 b + 8)»1 + 3)»2 hv

2
+h’af by ——Fk’vk(hv)v,v
hv  df cosh’r of af 2
= hr—»A; — —F Vi(hv)V
coshzr 8A1 —+ o Bkz —— +cos ra . r(hv)Vv.
There exist positive constants Cyp, C1, and C; such that
1 d a 0
3 —f < —Cy, costh—f <(Cq, coshr—fkl < (C,,
 cosh?r oA — OA X
by Theorem 3.3, Lemma 3.4 and the fact that, if 11, A, > 0, then
B )
(5-1) l§—f<1 and 0§—f§1.
27 0 oA

The evolution equation becomes

3 2.
<E —if)vh < —Covh+ Ci(vh) ™" + C, — ZF¥ vV, (hv) Vv
v

and we can apply the maximum principle to obtain a uniform upper bound for Av:

1
maxhvfmax{—(C2+VC%+4C0C1),maxhv}. O
2C0 )

%
Corollary 5.3. We have A, > Cy and o /)1 > Cre'’? on 3, forallt € [0, 00).

Proof. The large principal curvature A, has a uniform lower bound, as can be seen
by applying Theorem 5.2 to (2-4). It follows that the ratio A, /A tends to infinity at
the rate ¢'/? since A; < Ce~"/2 from Theorem 3.3. O
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We will use the growth estimate of the ratio A,/A; to improve the proof of
Theorem 3.3 and squeeze out the optimal upper bound of the harmonic mean
curvature F'. As we shall see below, the ODE associated to the evolution equation
of F now has a time dependent coefficient due to the use of growth estimate
A /A1 > Ce' /2. Therefore, we need to analyze the solution of a nonautonomous
ODE in order to establish the optimal upper bound of F.

Theorem 5.4. There exist T > 0 and Cy, Cy > 0 such that, forallt > T,
C]B_t <F< Cze_t.

Proof. Since Theorem 3.2 provides the lower bound, it is enough to prove the upper
bound. We analyze the evolution equation of the harmonic mean curvature F from
Theorem 3.3 again:

a . . ..
<5_$)F:F(F, W2+ F (F', Riojo)

= Z F—(x2 + Rioi0)
of

RO

=2F — F(F2 > 172)

<2F3—$§(1)F,
where
(1) =max {1, 1—Ce™"/?}

was obtained by observing that F23"7_ 472 = (A2 +2,2)/(A]" +A2_1)2 > Lif
A; > 0 and that

2 —1
Iy
F?Y :x;231—2<k—2) >1—Ce'/?
. 1
i=1

due to Corollary 5.3. Then, by the maximum principle, F(x,t) < i (¢) for all
(x, 1) € ¥ x [0, o0) where ¥ (¢) is the solution of following nonautonomous ODE:

(5-2) C;—‘f = 29 (5(1)/2—¥?), ()= max F.

Since we are interested in the asymptotic decay rate of the harmonic mean curvature,
we will find decay rate of ¥ (¢) for t € [T, co) for large T by comparing the solution
of (5-2) with the solutions of (5-3) and (5-4) below. Note that due to the initial
condition maxy, F' < % it is not hard to see that () — 0 as t — o0; thus we can
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choose large T such that ¥ (T') = € for any given € > 0. Consider the ODEs
dy

(5-3) = —29(8/2—€?),
dyr ~ _
(5-4) L= 2552~ ),
t
on the time interval [T, o) with conditions J(T) = 1}\ (T)=¢€.
Claim L W <y <V forallt € [T, 0o).

Proof. Since ¥ (T) = € and ¥ is nonincreasing for all ¢ € [T, c0), from (5-2) and
(5-3)

d - 2 2
E(logi/f—logll/) =2(y"—€7) <0.
Hence, ¢ < 1} on [T, c0).
Using this result, we see from (5-2) and (5-4) that
d —~ _
J-(logy —log ) =2(y* —9) < 0.
Hence ¢ < {/f\ on [T, 00). Finally, from (5-3) and (5-4), we have
d > - 722
7, (log ¥ —log¥) =2(¥" —€’) <0
since ¥ (T) = € and 1 is nonincreasing. Hence, fﬁ\ <y on [T, 00). O
Claim IL U(t) < Cse forallt > T.
Proof. Let us find the exact solutions of (5-3) and (5-4). Noting that §(r) =1—Ce™’ /2
for t € [T, oo) when T is large, the solution of (5-3) is
(5-5) Y (1) =Y(T)exp[(—1+2e*)t —2Ce "> + C],

where C; = (1 —2€2)T +2Ce~T/2.
Next, substituting (5-5) into (5-4) and integrating in time, we obtain

o~

t
log Aw :/ (—1+Ce "2 42y dt
gy T ,
=—z—2ce’/2+T+2ceT/2+2/ V2 dr.
T
But
t _ _ t
/ 1//2dt:z//(T)2/ exp [2(—1 + 2}t —4Ce™ "2 +2C ] dt < Co.
T T
Hence,

¥ (1) < Cie". O
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Using Claims I and II and the maximum principle, we conclude that
max F <y (1) < V() <Ce™" forall t>T. O
XE 2y

We are now in a position to prove that v is uniformly bounded.

Theorem 5.5. There exists a constant C > 0 such that v(x,t) < C forall (x,t) €
Y x [0, c0).

Proof. Define a test function ¢ (rr) = " Ha, where w is a positive number to be
chosen and « € (0, 1) can be any number. Note that the asymptotic behavior ¢ — 1,
¢’ — 0, and ¢” — o0 as r — 0 becomes important when it comes to obtaining
the desired estimates for the reaction terms in the evolution equation of ¢ (r)v. In
particular,

(5-6)  ¢"(r) = p(l+war "¢+ (u(l +e)r*)’p = u(l +@)o max s~

is useful since by choosing u large, ¢” can be made greater than any large number,
but it never becomes infinite in finite time. From Lemma 5.1,

0 of (n'Y . Of Wb Of [b'\2
57) (L—g)pv < | —L (LY 2L o (Y
50 (g )ov = [~ 2L (BY 420 2L (2 oo
af —lb/ / /" 8f
_9 by EPVACE
ax1<” b 1>¢ TS
19 1 1d 1 df sinh®>r 19

(L2t L

@” Ay sinh“r @” dky  @” OAjcosh*r ¢ O

¢'¢ 0f sinhr  af 7 ¢ af
J{_ & oh coshr+¢3kl](¢v) PTETe 1)

2 .y
——F"Vi(pv)V,v.
v

(v—v_l)—%Flek(qbv)V,v

Let us first examine the coefficient of ¢uv, in the third line of (5-7). Since F ~ ¢!
by Theorem 5.4, sinhr ~ ¢~' by Lemma 3.4, and A, > C by Corollary 5.3, the first
term 1is

of 1 57

5-8 — =
-8 dX2 sinh®>r  sinh?r

<C.

By Lemma 3.4, (5-1), (5-6), and (5-8), we see that the first three terms can be made
arbitrarily small if we choose a large p. On the other hand, the last term in the
third line of (5-7) is strictly negative since we can find a constant Cp > 0 such that
¢~ ' 3f/dx, > Cy; thus there is a constant C; > 0 such that

1 9F 1 +18F+18F sinhr\> 1 af
¢// akz Sinth ¢// a)hz ¢// 8)\1

coshr
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Using similar argument, we see that the rest of the terms in the fourth line of (5-7)
can be uniformly bounded above, so the evolution equation becomes

0 2.
<5 - 35>¢v <¢"(=Cr-pv+Ca(pv) ' +C3) — ;F"’vk(qbvwlv,

and we can apply the maximum principle to conclude that on ¥ x [0, c0),

C3 +VC§ +4C,C,

2C }

Due to the formula (2-4) for A, available on axially symmetric surfaces, the
uniform boundedness of v implies that A, ~ 1/sinhr ~ ¢’. Together with the

asymptotic estimate for A1 from Theorem 5.4, we have shown that the principal cur-
vatures of an axially symmetric torus evolving by HMCF have the same asymptotic
curvature estimates as the perfect torus shrinking under HMCF as stated in (1-1).

v§¢v§max{max¢v, O
%o

Corollary 5.6. A ~e ', My ~e',and iy~ 10n T x [0, 00).

Note that uniform boundedness of v implies that |r,| is uniformly bounded. In
fact, more can be said about |r,| and |r,.| if we apply the results of Theorems 5.4
and 5.5 to the formula (2-3) for A;. Moreover, we can deduce a better estimate
for A,.

Corollary 5.7. We have max cq |r.;| < Cie™!, max,cgi |r;| < Cre™’

,and

A2
max |[v—1] — 0, —1 ast— oo.

zeS! cothr

Proof. Solving for r,, in (2-3) , we obtain
1
re=g[—h r2+ 5532 + 2r2 +bH)D'].

Using that |r,| is uniformly bounded and both A; and b’ = sinh r decrease at the

rate e/,

r2+ 172)3/2A 2r? + b?

b : b
Since r is a function defined on S!, the derivative r, cannot have a sign; that is, at
each time ¢, there is zo(¢) such that r,(zo(¢), ) = 0. Then,

b <Ce™.

Irzz] <

Z
max |r,(z, t)| = max |rz(z, t) —r.(zo(2), t)| < max/ 7. (s, t)|ds < Ce™".
zes! s! st Jzm

Now, by the definition of v we see that v — 1 uniformly in space and time, and
from the formula (2-4) for A, we obtain uniform convergence A, — cothr. U
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COMPOSITION OPERATORS
ON STRICTLY PSEUDOCONVEX DOMAINS
WITH SMOOTH SYMBOL

HYUNGWOON KOO AND SONG-YING LI

It is well known that the composition operator C, is unbounded on Hardy
and Bergman spaces on the unit ball B, in C" when n > 1 for a linear holo-
morphic self-map ¢ of B,. We find a sufficient and necessary condition for
a composition operator with smooth symbol to be bounded on Hardy or
Bergman spaces over a bounded strictly pseudoconvex domain in C". More-
over, we show that this condition is equivalent to the compactness of the
composition operator from a Hardy or Bergman space into the Bergman
space whose weight is % bigger. We also prove that a certain jump phenom-
enon occurs when the composition operator is not bounded. Our results
generalize known results on the unit ball to strictly pseudoconvex domains.

1. Introduction

Let D be a bounded strictly pseudoconvex domain in C" with a smooth boundary and
let d(z) be the distance from z € D to d D. Let H(D) be the set of all holomorphic
functions on D. For 0 < p < oo and @ > —1, the weighted Bergman space A% (D)
is the space of all f € H(D) for which

1715 = [ 1£@1 v < oo,

where dV,(z) = d(2)*dV (z) and dV is the Lebesgue measure on D. Also, for
0 < p < oo, the Hardy space H? (D) is the space of all f € H(D) for which

112, = 1im/ @)1 doe(s) < oo,
e—0 aD,

where o, is the surface measure on 0D, = {z € D : d(z) = €}. It is well known

H. Koo was supported by NRF of Korea (2012R1A1A2000705). Li was partially supported by the
Minjing Scholar Fund from Fujian Normal University, Fujian, China.

MSC2010: primary 47B33; secondary 32T15, 32A36.
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(see [Krantz 2001]) that the admissible limit f*(¢) exists for almost every ¢ € 9D
when f € H?(D) and

11, =/ £ do () < 00,
oD

where o is the surface area measure on d D. For notational convenience we may
view H? (D) as A’_’l(D).

Let¢p = (¢1, ..., ¢n): D— D be aholomorphic self-map on D. Then ¢ induces
the composition operator, Cy, defined on H (D) by

Co(f)=fod.

When D is the unit disk, A, in C, every composition operator is bounded on
the weighted Bergman spaces and the Hardy spaces by Littlewood’s subordination
principle. On the other hand, when D is the unit ball, B,, in C" with n > 2, it is
known that not every composition is bounded on the weighted Bergman spaces or
the Hardy spaces. Among the early examples of unbounded composition operators
on H?(B;), the example ¢(z1, z2) = (22122, 0) is due to J.H. Shapiro and the
examples ¢ (z1, z2) = (¥ (z1, 22), 0) for ¢ inner were given by MacCluer [1984]
and Cima, Stanton, and Wogen [Cima et al. 1984]. Other than the Carleson measure
characterization there is no satisfactory criteria known for general symbols up to
present time. Since a holomorphic linear map ¢ can not guarantee Cy is bounded
on Hardy and Bergman spaces when n > 1, one may concentrate on finding a good
criteria for smooth holomorphic ¢ € C ®(B,) so that Cy is bounded on Hardy
spaces, H?*(B,), and Bergman spaces, A%(B,).

When ¢ is smooth up to the boundary, Warren Wogen [1988] found a necessary
and sufficient condition for Cy to be bounded on H”(B,,). This was generalized to
A% (B,) in [Koo and Smith 2007], where the authors also showed what is called the
jump phenomenon: if ¢ is smooth up to the boundary and Cy is not bounded on
AP (B,), then Cy: AR(B,) > Ag_e(Bn) forall0 <e < le' It was also proved [Koo
and Park 2010] that the boundedness of Cy : A% (B,) — AL(B,) is equivalent to the
compactness of Cy : AR (B,) — Ag +1) +(Br) when ¢ is smooth up to the boundary.
Wogen’s original proof [1988] is quite long and involves various local analyses of
the inducing map. Koo and Wang [2010] gave a much simpler proof of Wogen’s
result using certain compactness argument.

In this paper, we generalize the boundedness criteria and the jump phenomenon
of composition operators with smooth symbols to bounded strictly pseudoconvex
domains in C". We adapt the compactness argument of [Koo and Wang 2010] in
our proof. Our main theorem is the following, with Q4(¢) defined as in (3-1).

Theorem 1.1. Let 0 < p <ocoand o > —1. Let ¢ : D — D be a holomorphic map
with ¢ € C*(D). Then the following are equivalent.
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(1) Cy : AR(D) — AL(D) is bounded.

(2) Cy: AR(D) — Ap+1/4(D) is compact.

(3) 0p(¢) <1ong¢~'(3D).
Moreover, if Cy : AL(D) A AL (D), then Cy: AL(D) A A(HE(D)forallO <e< ZI;-
Remark. For ¢(2) =(z1+25/2,0): B, — B;, weknow Cy : Ay (By) > AL | 14(B2)
is bounded [Koo and Smith 2007] but not compact [Koo and Park 2010].

In Section 2, we review well-known facts on strictly pseudoconvex domains D
and Wogen’s result on the unit ball. In Section 3, we study local behavior of maps
on D which are smooth on D, especially holomorphic self-maps of D. We prove
our main theorem in Section 4.

Throughout the paper we use the same letter C to denote various positive constants
which may vary at each occurrence but do not depend on the essential parameters.
Variables indicating the dependency of constants C will be often specified in
parentheses. For nonnegative quantities X and Y the notation X <Y orY > X

means X < CY for some inessential constant C. Similarly, we write X ~ Y if both
X <Y and Y < X hold.

2. Background

Strictly pseudoconvex domain. A C*-domain D C C" is strictly pseudoconvex if
there is a defining function r € C 2(C™) such that

={zeC":r(z) >0}

and there exists C > 0 such that

n 2
(2-1) C|w|2§—za ’"(g_)_wiwj

for all ¢ € D and for all w € C". For € > 0, let
D.={ze D:r(z) > ¢€}.

For z, w € D, define a quasimetric d(z, w) by

(2-2) d(z, w)—r(z)+r(w)+‘z orw) . —w))|+ ]z —wl*
For z, w € D, let
X (z, w)_r(w)—l—zar(w)(z] )+ = Z ” r(w) (z] w;)(zk — Wi).

Jw
] 1
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Note that, by Taylor expansion of r near w, we get

8%r(w)
dw; 9

r@) =-r(w)+2Re Xz, w)+ »
lj—

(zi —w) (@ — ;) + Oz —w]).

Thus, when D is strictly pseudoconvex and z € D is near 5 € 3D,
(2-3) Re X(z,7) >0

by (2-1). Moreover, it is well known from work of C. Fefferman [1974] that there
exists 6p > 0 such that

(2-4) | X (z, w)| = d(z, w)
for all (z, w) € Rs,, where
Rs={(z,w)e D xD:r(z)+r(w)+|z—w| <8}

Carleson measures. For any ¢ € d D, we can define a Carleson region centered at
¢ with radius § by

€(,0)={ze D:d(z,¢) <6}.

A positive Borel measure y on D is said to be a Carleson measure if there is a
constant M > 0 such that, for all ¢ € 9D and § > 0,

(€, 8) < Mo (€(,8)NaD),
and such a measure w is said to be a vanishing Carleson measure if

; n@C,5)
im sup
8—0sehp G(CG(C S)HBD)

Also, for o > —1, a positive Borel measure ; on D is said to be an a-Carleson
measure if there is a constant M > 0 such that, for all £ € 9D and § > 0,

n(€(g,8) < MVy(6(8,98)),
and such a measure p is said to be a vanishing a-Carleson measure if

n(6.8) _

lim sup ——
5=0,cop Val(€(£,8)

By [Krantz and Li 1994] the V,-volume of €(¢, §) and the surface area of the
intersection (¢, §) Na D are

(2-5) Vo (€2, 8)) ~ 8% and o (@(z,8)NID)~ 8",

respectively.
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The next theorem follows from Hormander’s work [1967] on Carleson measures,
the work on Bergman and Szeg6 kernels by Fefferman [1974] and Phong and Stein
[1977], together with Krantz and Li’s [1994; 1995a; 1995b] work on Hardy spaces
and Bergman spaces.

Theorem 2.1. Let D be a smooth bounded strictly pseudoconvex domain in C",
0< p <ooandoa > —1. Let u be a positive Borel measure on D and v a positive
Borel measure on D.

(1) The inclusion H? (D) < LP?(w) is continuous if and only if i is a Carleson
measure, and compact if and only if |1 is a vanishing Carleson measure.
(2) The inclusion AL (D) < LP(v) is continuous if and only if v is an a-Carleson

measure, and compact if and only if u is a vanishing a-Carleson measure.

Let ¢ : D — D be a holomorphic mapping and, for a holomorphic function f

on D, let
Co(f)(2) = fod(2).

Since D is bounded, ¢ has admissible limit ¢*(¢) almost everywhere in d D. So,
when £ € 3D, we define ¢ (£) =: ¢*(£). Let 0 0 ¢! and V,, 0 ¢! be the measures
on D and D defined by

o—o¢—1(5)=f do (¢)
B ¢* 1 (E)
for all E C D and

Voo™ (E) = f dVa(2)
¢~ I(E)

for all E C D, respectively. Then, by a change of variables, we have

f |C¢f<<;)|f’do<c)=f|f(z)|f’doo¢—1<z>
oD D
and

/D|C¢f<z>|f’dva<z>=fD|f<z)|f’dVao¢—1<z>.

Therefore, as a corollary of Theorem 2.1 we have the following characterization.

Corollary 2.2. Let 0 < p < o0, a, 8 > —1, and ¢ : D — D be a holomorphic
mapping.
(1) Cy: HP (D) — HP(D) is bounded if and only if o o¢~!is a Carleson measure,
and compact if and only if o o ¢~ is a vanishing Carleson measure.
(2) Cy:HP(D)— AL (D) is bounded if and only if V, oqb_1 is a Carleson measure,
and compact if and only if V, o ¢~ is a vanishing Carleson measure.
(3) Cy: AP (D) — Ag(D) bounded if and only if Vg o ¢~ is an a-Carleson mea-
sure, and compact if and only if Vg o ¢~V is a vanishing o-Carleson measure.
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Wogen’s theorem. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,,). Then Wogen
proved [1988] the following characterization for Cy to be bounded in H 2(By),
which was generalized by Koo and Smith to A% (B,) [2007], and by Koo and Park
to holomorphic Sobolev spaces [2010]. For z, { € C" and a smooth function g, let

) " _ 9
@6 Gg@ =) (@) and D) =) 5= ().
=1 0% =1 0%

For z, w € €", let (z, w) be the Hermitian inner product defined by

n
(z, w) ZZZﬂT)j.
j=1

Theorem 2.3. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,). Let 0 < p < 00,
a > —1. Forn € 0By, let H,(z) = (¢(z),n). Then Cy : AR (B,) — AL(B,) is
bounded if and only if

D Hy($)| < D¢ Hy(8)

forall ¢, n, t € OB, such that
¢€d™ @By, n=0(), (& 1)=0.

Koo and Smith [2007] proved that the following jump phenomenon occurs when
Cy is not bounded.

Theorem 2.4. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,). Let 0 < p < 00,

o > —1. If Cy is not bounded on Ak (B,), then Cy : AL (B,) /> AL, (By) for all

1
O§€<Z'

The following was proved for the critical index € = % [Koo and Park 2010].

Theorem 2.5. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,,). Let 0 < p < 00
and o > —1. Then Cy : AL(B,) — AL(B,) is bounded if and only ifCy: AL(B,) —
A5+1/4(Bn) is compact.

3. Local estimates of smooth holomorphic maps on D

Throughout this section we assume that ¢ : D — D is a holomorphic mapping with
¢ € C*(D) where D is a bounded strictly pseudoconvex domain with a smooth
boundary. For z € C", we use the following notation:

2=, 22, .. z0) = (21,2) = (21,22, 2"), zj=xj+iy; (1<j<n).

For w near 0D, let
v(w) = [3r(w)| " or (w),
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where

(0@ or(z)
8r(z)_< on oz )
For n € aD, let
n(2) = X(9(2), n)

and let

Qy (¢, m) = sup

T

2 2
”@nm(;) _9kr@)] _r@) :<r,v<¢>>=0}.
Do) 11| (@2 (@)

Ifn=¢(), we let
(3-1) 04(8) = 0p(8, ¢(2)).

For D = B,,, itis easy to check that ¢, =2 H, —2 and the condition on Theorem 2.3
is equivalent to Qy(¢) < 1 forall ¢ € ¢~ (3 D).

Proposition 3.1. Let € 0D and n = ¢(¢) € 0D. Then
(1) Dyi)¢n(¢) >0,

(2) D9y, (¢) =0 for all T with (v(¢), T) =0,

(3) Qs(0) =L

Proof. Let ¢, n € 0D, and (v(¢), t) = 0. Without loss of generality, we may choose
local coordinates near (¢, ) € 3D x 3D C C*" such that

(=1n=@,...,0, vE)=v(n) =(1,0,...,0), 7=(0,1,0,...,0).

For1 <i, j <n,let

ar(Z) 9% () 0% (@)
ri = o rij= - o rij= e
aZl 8Z18ZJ aZlaZj
and let
ar(n) 3*r(m)
a; = , Cl,‘j = —
0z 0z;0z;

Also, for 1 <i, j, £ <n, let

o 08©) %@
Y9 Y dzidg

From the definition of X, we have

¢n(2) =: X(¢(2), m)

n

o) N S A0 D
=35 @Oy 3 G GO -G )

j=1
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and thus

(3-2) D@ =adi () +3 Y aidi (9 ).

ij=1

Since the harmonic function Re ¢ takes a minimum at ¢ and v(¢) is the inward
normal vector at { € d D, by Hopf’s lemma, we have

i _ 3910) _ 9Reg,
-

G o0 o

(¢)>0.
Since v(¢) = (1,0, ...,0), for z near ¢

r@=2rxi+0(z») (11 >0).
Therefore, there are €, § > 0 such that

z=(,2)eD if0<x; <8 and |Z/>=¢€|x|.

Then, for all (x1, z’) with 0 < x; <8 and |Z’|> = €|z1]|, we have

0<Re¢i(x1,7) = Re(b%xl + Zb;Z]’) +0(z%).

j=2
From this, we can easily deduce that
ad
(3-4) =228 g <)z,
8{]'

Then, from (3-2), (3-3), and (3-4), we have

n

¢y (2) —al(blzl + = > Z b zlzj) % Z (Z aijb2b£>zkze +0(z»

ij=1 k=1 Ni,j=1
1
= aibj [m +— bl Z [alb,, + Z aieb] b,}z,z,} +0(zP).
k=1
From this we easily conclude (1) and (2).
For (3), let
1 kpe | i
(3-5) Cij = o bl [alb + Z akgb b i|

k=1
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Then we get
aib| . 1 - i}
(36) $y(@) =" [z + 3 2z ty 2 il ]
i,j=1 i,j=1
alb} - 1 “ . 3
+ - [.Zlcljz,'z]‘_i, , lriTZiZj:l+0(|Z| ).
i,j= i,j=

Note that, for z near ¢,
1 © 1 <
r(z) = 2Re(r121 + 5 Z rijzizj + 3 Z Vl-jZiZj> +0(z]).
i,j=1 ij=1

Now consider a point (s, re'?, 0”) near ¢, with s, t > 0. (Here and below, 0" stands
for the origin in 6" ~2; see start of Section 3.) We have

r(s,te'%,0") = 2r1s + (Re(rpne®®) + ryz)t? + O (s> + st +17),
and thus

. 1 .
BT r(s, e 0~ if s =77 = (Re(rane™) 1)1,
r1

Then, with z := (s, te'?, 0”), by (2-3) and (3-6), we have

aib! ab! .
! Lr)+ = Re(022t262’9 — %rﬁtz) +0(%)

0<R =
o e¢n(Z) 21"1 r

for all 6. Thus

This implies

Since v(¢) =(1,0,...,0)and T = (0, 1,0, ..., 0), by (3-6) we have
199,(0) <a¢n<c>)‘1 @)l ( D2,y (0) @%,r(g))
2 0005 \ 8¢ 2 2 \ Do) 19r I )

Therefore, we have

0r (O 92,6,@) D2 @)
- =|cnl < —53 — =
2 | Duiy@n(C)  10r(Q)] 20920022

Cy)=r

82
1 r(g)——%gbifr(;). 0
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The following lemma is the key local estimate for the proof of (3) = (1) of
Theorem 1.1. First we introduce some notation. For § > 0, let

={£€dD:|X (&, ¢)| <& forsome ¢ € p ' (dD)},
={n€dD:|X(n, $())| < for some ¢ € ¢~ ' (3D)},
K={(.¢()€IDxID:; ¢ (aD)},
Ks={(z.;m) eDxdD:|X(z, )| +IX(@ Q). m| <8, €p”'(ID)}.

Lemma 3.2. Suppose Qy(&) < 1 on ¢~ 1(dD). Then there are § > 0 and C > 1
such that, forall (z,n) € Ks,

1
(3-8) E(IX(¢(§),77)|+|X(Z,C)I)SIX(qﬁ(Z),n)ISC(IX(¢(C),n)I+IX(Z,§)|),
where the point £ € 0D is defined by the relation
min{| X (¢ (w), n)| : w € 0.} = [X($ (), n)]

and O is the connected component of ' (€(n, 8)) containing z.

Proof. Since ¢ € C?(D), there are €,8 > 0 such that Qy(z, ) < 1 — € for all
(z,n) € Ks. Fix (z,n) € K5 and let ¢ be any point such that

min{| X (¢ (w), n)| : w €} = |X($(Z), n)l.

Note that ¢ € 9D, since ¢, (w) = X (¢(w), n) is an open map as a holomorphic
function on D. Without loss of generality, we may choose local coordinates near
(¢,1m) € 3D x 3D C C*" as in the proof of Proposition 3.1 so that

t=n=0(0,...,0), v()=v() =(,0,...,0).

Then, by Taylor expansion of ¢, at {, we have

n n
¢ () =dy(O)+ Y a;z; +% > aij zizj+ 03z + 1l 121+ 121).
j=1 i,j=2
By Proposition 3.1(1), we have 9,)¢,(¢) > 0 when n = ¢ (¢). Therefore, by
shrinking 6 if necessary, we may assume that 9, )¢, (¢) # 0 for all (¢, n) € Ks,
and thus
¢>n

(C) =Dy)Pn(£) # 0.

Since ¢ is the local minimum point of |¢, |, by Taylor expansion of ¢, (z) at ¢
with z = (s, te'?, 0”) as in (3-7), we see that

8(15,7

52, (=0 1ifj=2

aj=
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Thus we have

n
1 /
(-9 $@) =) Fazi+y Y ai uz+ 0P+l 2]+ ).
i,j=2

Note that by assumption we have Q4 (¢, 7) < 1 —¢, since (£, 1) € Ks. Define F
and G on C"~! by

F(z)-zz(“‘f—”‘)zlz,, G(z)-—(l—e)Z z,zj
i,j=2 i,j= 2

Then the condition Qy(¢, n) <1 — € implies D, F| <Dp#G forall ' € cr1.
But straightforward calculations show that

Do F(Z)=2F(t"), Dp2G(E)=G(T).
Therefore, we have

" (ai; ri

E : tj 1]
- ZIZJ

aj ri

i,j=2

<—(l-¢) Z z,z,

i 1—2

Since D is strictly pseudoconvex, from this inequality together with (2-1), we have

n
T - ai ri
-y Day-| X (2 -2 ey
ai r

112

>eC|Z)>

Therefore, by (3-9) we have

IRe(¢(z) — (D))

n n
Inmry LT
Z|611|R€(Z1+§ E #ZiZj'Fz E #ZiZj)
— — T

n n
BT S P dij i, 2 SRR
'“"(2_2 rlz,z,+2__2(a1 )iz )+ OUa P+ a1+ 1T
i,j=2 i,j=2
lail |Z |2 2 / 713
> S L@+ <=+ Oz P+ [z 121 +12),

2r;
Since ¢y (2) — ¢y < 1dy(2) — dy(0)] + [Re(gy (2) — ¢y (£))], by (3-9) we then

have

+1ZP+ 00zl + 1zl +121).

n
1
aiz; + ) Z aijziZ;
0Lj=2

|¢U(Z) - ¢n(§)| 2
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Since |a +b| +c¢ > |a|/M + (Mc — |b|)/M for any M > 1, we see that there is
C > 0 such that

(3-10) 0 (2) — 9y (O] = CUz1l + ')+ Oz P + 2l 12+ 12'P).
Note that by (2-4) we have
1X(z. )| ~d(z.¢)
=r(@) +rilzl+ 12
~ |zl + 1P+ 0z P+l 121+ 121).

Therefore, from (3-10), there exist C > 1 (by shrinking § > 0 if necessary) such
that 1
X (¢(2), m) — X(@(), M= ElX(Z’ Ol lzl <.

Note that if | X (¢ (¢), n)| < % | X (z, )|, the triangular inequality yields

1X(@@), MIZIX(@EQ). MI+IXE DIl Izl <é.

This inequality also holds when

1
1 X(@(0). Ml = 751X I,

since | X (¢ (z), n)| has a minimum at ¢. The constants involved depend continuously

on 1 throughout the calculations, and thus, by shrinking § > 0 again if necessary,
there are C > 0 and § > O such that

(3-11) X (¢(2), M| = ClIX(P(0), M+ 1X(z, O]

for all (z, ) € Kj.

Since ) ) 5
Xz, Ol = |zl + 1217+ O(z1]” + |z1] 2|+ 121),

the converse inequality follows from (3-9). (]

We use the same notation as in the proof of Proposition 3.1, and let

r(z) % ()
1) = N —.
22 73 222 92302

We use the following lemma to prove the jump phenomenon when Cy is not bounded
on AY(D).

Lemma 3.3. Let £ = (0,...,0) € 9D with

v(¢)=(1,0,...,0),
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and let R be a holomorphic polynomial

(r2+7ry3) 5 (r222+3ry3) 2

(3-12) R(z1,22) =riz1+(ro+rz) a2+ R c 5

LetacC,beR,and
() = (1 +az2)R(z1, 22) +ibz3 + O(|z1* +|zal* + [271).
Then, for o > —1, there is C > 0 such that, for all § > 0,
Vas14(lz € D |g(2)] <8}) = C§" et

Proof. It suffices to prove for § > 0 small, and hence we assume § > 0 is sufficiently
small. For the rest of proof we assume

(3-13) 7 =(22.7") € As:={(z2,2") € C" Vi x3 + 3 +12)° < 68).

From the fact that v(¢) = (1,0, ..., 0), there are constants p; € Rfor1 < j <5
such that

(3-14)  r(z1, 22, 2") = r1x1 + p1x1xa + payixa + p3xs + paxs + psxays
+O + )7 + 3 +x55 + 1",

Also, there are g; € R for 1 < j <5 such that

(3-15)  Im[R(z1+iy1, 22) +ibz3] = riy1+q1y1X2+q1 X132+ q3%2y2 +qax3 +q5%5
+O(xI+yi 4 y5+x3),

since |z1]y2] + [X3y2] = O(x + y? + y3 +x3).
Taking 6 > O sufficiently small if necessary, we may assume ri+ p1xo >r1/2 and
ri4qixa > r1/2. Let (u, v) = (u(z2), v(z2)) € R? be the solution of the equations

0= (r1 + p1x2)u + paxav + p3x; + pax; + psxaya,
0= (r1 + q1x2)v + qaxou + 3322 + qax3 + gsx3.
Since 7z’ € As, the solution (u, v) always exists and satisfies
Jul +v] < 8"/,
Hence, by (3-14) and (3-15), we have
(3-16) ru+iv,z2,2") = 0@), Im[Ru+iv, ) +ibz3] = 0(8).
By (2-1) we have r,5 € R, and thus

Re[ry522(22 — 22)] = —2ry35y3.
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Therefore,

2Re[R(z1, 22)]

=r(z1, 22, 0") +2Re[r521(z2 — 22)] + Re[ry322(22 — 22)]
+Re[ry325(z2 — 22)1 + O (21> + 122

=r(z1, 22, 0") — 4y2 Im[r 5211 — 2r,53 — 2y2 Re[rp5231 + O (|21 1> + |22l
=r(z1, 22,0+ O(z1 > + lziy2l + 3 + y2l |22 + |z2l)
=r(z1,22,0") + O + y} 4+ 33 +x3).
Therefore, from (3-16) we have
2Re[R(u+iv, z2)] = 0(),
and thus, from the second equation of (3-16), we have
|IR(u+iv, z22)| ® |Re[R(u +iv, 22)]| + [Im[R(u + iv, z2)]| = O(5).
From these estimates we then have
lg(u+iv,2)| S IRe[R(u +iv,22)1| + |z2| [R(u +iv, 22)|
+Im[R(u +iv,22) +ibz3]| + O(lu +iv|* +x3 + y3 +12"%)
= 0(6).

Since 0g(¢)/0z1 = r1, by taking 6 sufficiently small if necessary, we have
(3-17) z1=u(z2) +iv(z2) + 0©) = [g(@)| <.
Let

B (22) 1= {21 1 u(22) + C8 < x1 < u(22) +2C8, v(z2) < y1 < v(22) + )

and
AS ={z:7 € As, 71 € Bf (22)).

Then, by (3-14), there is C > 0 such that, for all z € A€, we have
r(z) =34,
and from (3-17), for all z € A¢, we have
1g(z1, 22,2 S 6.
Therefore, there are constants ¢, C > 0 such that

Var14({z € D 1g(2)] <8)) = Var1a(ASG) = 84V (AS).
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Since BSC (z2) is a rectangle with area €82 for a fixed zo, from the definition of Aj
in (3-13) we have

Var1a({z € D1 |g(2)] < 8)) = 8“4y (ASG) ~ 5ot

The proof is complete, since the constants suppressed in the inequalities throughout
our calculations are independent of §. (I

4. Proof of Theorem 1.1

First, we prove the last statement, the jump phenomenon, assuming the equivalence
of (1), (2), and (3).
LetO<e < }L and suppose

Cy: AL(D) — AL, (D)

is bounded. Then

Cy: AB(D) — A}, ,4(D)

is compact, since the inclusion the map 1 : Ag 1e(D) = Ag 41 /4(D) is compact.
Thus, from the equivalence of (1) and (2) we conclude the boundedness of

Cy: AP(D) — AP(D).

To prove the equivalence of (1), (2), and (3), note that (1) = (2) is trivial since
the inclusion map I : AL (D) — Ag 41 /4(D) is compact. Thus, it suffices to show
that (2) = (3) and (3) = (1). First (3) = (1) follows from the following theorem.
Theorem 4.1. Let 0 < p <ocoand o > —1. Let ¢ : D — D be a holomorphic map

with ¢ € C*(D). If Q(¢) < 1 on ¢~ (dD), then Cy is bounded on A% (D).

Proof Let u =0 o¢p~ ! and juq = V09~ ! for @ > —1. By Corollary 2.2, it suffices
to show that there exist 59 > 0 and M > 0 such that, for all n € 3D and 0 < § < &,

(4-1) w(C(n, 8)) < Ms"
and
(4-2) e (C(n, 8)) < Ms" 1+,

We may assume § > 0 is sufficiently small, since, otherwise, (4-1) and (4-2)
hold trivially. Note that ¢ (D) N9 D = & since ¢ is a holomorphic self-map of D.
Thus ¢(5) N[0D\ V] = @ for any neighborhood V C dD of 0D N¢(dD). By
(2-4), with W; as defined right before Lemma 3.2, it suffices to show that there
are constants §; > 0 and §, > 0 such that (4-1) and (4-2) hold for all § < §; and
n € W;s,. Choose §; and §; small so that Lemma 3.2 holds with § = &g := (61 4 82),
and let C > 1 be the corresponding constant in Lemma 3.2.
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For n € Ws,, let O; be any component of ¢~ 1(@(n, 8)) which also intersects
with ¢~ (€(n, 80/2C)). Let {j € 0_] be a point such that
min{| X (¢ (w), M) : w € 0;} =X (¢(&)), M,
Since | X (¢(Z;), n)| < d0/2C, by (3-8) we have

¢ (€(Zj,80/2C)) C6(n, do)-

Therefore, €(¢;, 80/2C) C O}, since O; is a component which contains ¢;. This
implies that the number of components O; has an upper bound M < oo independent
of n, since

M 3 "V (6(85, 80/20)) < Va(d ™ (€(1.80)) S 1.

M
j=1
Now fix such a component O; as above. Then, by Lemma 3.2,
0, N~ (€(1.8)) C6(¢;, CO)

for all § < é&.
Then, (4-1) and (4-2) follows immediately since the number of components has
a uniform upper bound M. ([

Next, (2) = (3) follows from the following theorem together with the Carleson

measure criteria, Corollary 2.2.

Theorem 4.2. Let ¢ : D — D be a holomorphic map with ¢ € C*(D). Suppose
;,n=¢)€dD and Qy(¢) = 1. Then there is C > 0 such that, for all § > 0,

Var1/4(@ ' (€(1, 8))) > CVy(6(n, 8))

and
V34007 (€(n, 8)) = Ca(@(n,5)NaD).

Proof. For z € C", let z = (21, ...,2n) = (21,2) = (21, 22, 2"). Near (¢, n) €
dD x dD, we choose the same coordinates as in the proof of Proposition 3.1 so
that

(=n=0,...,0), vE)=v(n=(@1,0,...,0).
By change of coordinates in z’ variables if necessary, we may assume Qg (¢) = 1
fort=(0,1,0,...,0), thatis,

Deen(@) _DLr@)] 1@l _
Doy ba(©) 19O 1220 ()]

Since this relation is invariant under rotation in the z variable, we may assume

D2, (C) _ T3

DoeyPn (@) 11 T

(t =(0,1,0,...,0)).
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By (1) and (2) of Proposition 3.1, we have
n
43) s =an+ Y ajnzi+and + 0z +nlt + 12"
j=2
with a; > 0. Therefore, the condition Q4(¢) = 1 is equivalent to

(4-4) Zan

aj r rl‘

Let R(z1, z2) be as in (3-12). Then, by (4-3) and (4-4), we get

a
b, (2) = 71(1 + AZ2)R(z1, 220) + B2
1

n n
+ arjzazi+ 0(|zl P+l +lzllzsl + ) |zj|2>,

Jj=3 j=4
where
A2 (r2 —|—r2§)a12, B—ay— (ram+3ry3)a1 A (rn +ry)ai .
a 2ry 671 2r

Then, by Lemma 3.3, to complete the proof it suffices to show that
ReB=0, a;j=0 (j=3,...,n).
Since v(¢) = (1,0, ..., 0), for (s, t) € R?> we have
r(s,t,te?,0,...,0) =2rs + O(s* +12).

Thus, for each 0,1 € R, there is s € R with |s]| < t? such that Re[R(s, )] =
r(s,t,te?,0,...,0)=0.
Since Re ¢, (s, 1, 2¢?, 0, ..., 0) > 0 by (2-3), we get

0 <Red,(s,t,2e',0,...,0)

= Re|:a—1(1 + ADR(s,t) + Bt> +a23t2ei9:| + 0@+
r

- Re|:a—lAtR(s, 1)+ B3+ a23t2e"9] L OG%+1%
r
=Re[Br® +apt?e®14+ 0(s* +1%)
for all 6. This implies a3 = 0, and, with the same argument, we get
aj=0 (=3,...,n).

Also, note that r(s, ¢, 0”) = 2rys + O(s?> + t*) which implies that for each +¢
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there is s = s(=¢) such that r(s, ¢, 0”) = 0 with |s(Zz7)| < £2. Then, by (2-3),
with s = s(47) we have

Ongm@yinU@:gquR@yiﬂLtﬁReB+(KﬂhMR@,iﬂﬂ+ﬁ)
ry

=+Re B+ O(t%).

Therefore, we get Re B = 0 and the proof is complete. (]
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THE ALEXANDROV PROBLEM
IN A QUOTIENT SPACE OF H? x R

ANA MENEZES

We prove an Alexandrov-type theorem for a quotient space of H? x R. More
precisely, we classify the compact embedded surfaces with constant mean
curvature in the quotient of H2 x R by a subgroup of isometries generated
by a horizontal translation along horocycles of H? and a vertical translation.
We also construct some examples of periodic minimal surfaces in H? x R
and we prove a multivalued Rado theorem for small perturbations of the
helicoid in H? x R.

1. Introduction

Alexandrov [1962] proved that the only compact embedded constant mean curvature
hypersurface in R", H" and S'} is the round sphere. Since then, many people have
proved Alexandrov-type theorems in other spaces.

For instance, W. T. Hsiang and W. Y. Hsiang [1989] showed that a compact
embedded constant mean curvature surface in H? x R or in Sﬁ_ x R is a rotational
sphere. They used the Alexandrov reflection method with vertical planes in order
to prove that for any horizontal direction, there is a vertical plane of symmetry of
the surface orthogonal to that direction.

To apply the Alexandrov reflection method we need to start with a vertical plane
orthogonal to a given direction that does not intersect the surface, and in S? x R
this fact is guaranteed by the hypothesis that the surface is contained in the product
of a hemisphere with the real line. We remark that in S? x R, we know that there
are embedded rotational constant mean curvature tori, but the Alexandrov problem
is not completely solved in S? x R. In other simply connected homogeneous spaces
with 4-dimensional isometry groups (Nils, f’gf,z([R{), some Berger spheres), we do
not know if the solutions to the Alexandrov problem are spheres.

In Sol3, Rosenberg proved that an embedded compact constant mean curvature
surface is a sphere [Daniel and Mira 2013].

Recently, Mazet, Rodriguez and Rosenberg [Mazet et al. 2011b] considered
the quotient of H? x R by a discrete group of isometries of H? x R generated by

MSC2010: 53A10, 53C42.
Keywords: constant mean curvature surface, periodic surface, Alexandrov reflection.
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a horizontal translation along a geodesic of H? and a vertical translation. They
classified the compact embedded constant mean curvature surfaces in the quotient
space. Moreover, they constructed examples of periodic minimal surfaces in H? x R,
where by periodic we mean a surface which is invariant by a nontrivial discrete
group of isometries of H? x R.

In this paper we also consider periodic surfaces in H? x R. The discrete groups
of isometries of H? x R we consider are generated by a horizontal translation
along horocycles ¢(s) of H? and/or a vertical translation T'(h) for some & > 0.
In the case the group is the Z? subgroup generated by ¥ and T'(h), the quotient
space . = H? x R/[y, T(h)] is diffeomorphic to T2 x R, where T? is the 2-torus.
Moreover, .l is foliated by the family of tori T(s) = c(s) x R/[v, T'(h)] which are
intrinsically flat and have constant mean curvature % We prove an Alexandrov-type
theorem in this quotient space JL.

Moreover, in the last part of this paper, we consider a multivalued Rado theorem
for small perturbations of the helicoid. Rado’s theorem (see [Rad6 1930]) is one of
the fundamental results of minimal surface theory. It is connected to the famous
Plateau problem, and states that if & C R? is a convex subset and I' C R? is a
simple closed curve which is graphical over d€2, then any compact minimal surface
¥ C R3 with X = I" must be a disk which is graphical over €, and then unique,
by the maximum principle. Dean and Tinaglia [2005] proved a generalization of
Rado’s theorem. They showed that for a minimal surface of any genus whose
boundary is almost graphical in some sense, the minimal surface must be graphical
once we move sufficiently far from the boundary. In our work, we consider this
problem for minimal surfaces in H? x R whose boundary is a small perturbation of
the boundary of a helicoid, and we prove that the solution to the Plateau problem is
the only compact minimal disk with that boundary (see Theorem 2).

This paper is organized as follows. In Section 2, we introduce some notation.
In Section 3, we classify the compact embedded constant mean curvature surfaces
in the space Jl, that is, we prove an Alexandrov-type theorem for doubly periodic
H -surfaces (see Theorem 1). In Section 4, we construct some examples of periodic
minimal surfaces in H? x R. In Section 5, we prove a multivalued Rado theorem
for small perturbations of the helicoid (see Theorem 2).

2. Preliminaries

Throughout this paper, the Poincaré disk model is used for the hyperbolic plane;
that is,

I]-ﬂzz{(x,y)e[R{2|x2+y2<1}

with the hyperbolic metric
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where g is the Euclidean metric in R?. In this model, the asymptotic boundary
dooH? of H? is identified with the unit circle. Consequently, any point in the closed
unit disk is viewed as either a point in H? or a point in dooH?. We denote by 0 the
origin of H2.

In H? we consider yy, y; the geodesic lines {x = 0}, {y = 0}, respectively. For
J =0, 1, we denote by Y; the Killing vector field whose flow (¢;);e(—1,1) is given
by hyperbolic translation along y; with ¢;(0) = (I sin(zj), [ cos(xj)), and with
(sin(7j), cos(j)) as attractive point at infinity. We call (¢;);¢(—1,1) the flow of
Y; even though the family (¢;);e(—1,1) is not parameterized at the right speed.

We denote by 7 : H? x R — H? the vertical projection and we write ¢ for the
height coordinate in H? x R. In what follows, we will often identify the hyperbolic
plane H? with the horizontal slice {r = 0} of H? x R. The vector fields ¥;, j =0, 1,
and their flows naturally extend to horizontal vector fields and their flows in H? x R.

Consider any geodesic y tending to the point at infinity pg € dooH?, parametrized
by arc length. Let ¢(s) denote the horocycle in H? tangent to dooH? at pg that
intersects y at y(s). Given two points p, g € c(s), we denote by ¥ : HZ xR — H? xR
the parabolic translation along c¢(s) such that ¥ (p) = q.

We write pg to denote the geodesic arc between the two points p, g of H? x R.

3. The Alexandrov problem for doubly periodic
constant mean curvature surfaces

Take two points p, g in a horocycle c(s), and let ¥ be the parabolic translation
along c(s) such that ¥ (p) = q. We have ¥ (c(s)) = c(s) for all s. Consider the Z?2
subgroup G of isometries of H? x R generated by ¥ and a vertical translation 7'(h),
for some positive 4. We denote by .l the quotient of H? x R by G. The manifold
M is diffeomorphic but not isometric to T2 x R and is foliated by the family of tori
T(s) = (c(s) xR)/G, s € R, which are intrinsically flat and have constant mean
curvature % Thus the tori T(s) are examples of compact embedded constant mean
curvature surfaces in JL.
We have the following answer to the Alexandrov problem in L.

Theorem 1. Let ¥ C JM be a compact immersed surface with constant mean
curvature H. Then H > % Moreover:

() IfH = %, then X is a torus T(s), for some s.

) IfH > % and X is embedded, then X is either the quotient of a rotational
sphere, or the quotient of a vertical unduloid (in particular, a vertical cylinder
over a circle).
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Figure 1. ¥ C M.

Proof. Let X be a compact immersed surface in Jl with constant mean curvature
H. As ¥ is compact, there exist sg < 51 € R such that X is between T(so) and
T(s1), and it is tangent to T(sg), T(s1) at points g, p, respectively, as illustrated in
Figure 1.

For s < 59, the torus T(s) does not intersect 3, and X stays in the mean convex
region bounded by T (s).

By comparison at g, we conclude that H > % It H= %, then by the maximum
principle, X is the torus T(sg), and we have proved the first part of the theorem.

To prove the last part, suppose X is embedded and consider the quotient space
M = H2 x R/[T(h)], which is diffeomorphic to H2 x S!. Take a connected com-
ponent S of the lift of ¥ to Jl, and denote by ¢(s) the surface c(s) x S!. Observe
that &(s) is the lift of T(s) to .il. Moreover, let us consider two points j,§ € &
whose projections in Jl are the points p, g, respectively.

It is easy to prove that ) separates L. In fact, suppose by contradiction this is
not true, then we can consider a geodesic arc « : (—¢, €) — A such that a(0) € s,
o'(0) € TS+ and we can join the points «(—¢), «(€) by a curve that does not
intersect f], hence we obtain a Jordan curve, which we still call o, whose intersection
number with & is 1 mod 2. Notice that the distance between ¥ and & (so) is bounded.
Since we can homotope « so it is arbitrarily far from ¢(sg), we conclude that a
translate of & does not intersect 3, contradlctmg the fact that the intersection number
of @ and £ is 1 mod 2. Thus ¥ does separate A

Let us call A the mean convex component of J(/L\ S with boundary S and B the
other component. Hence JI7L\ S =AUB.

Let y be a geodesic in H? that limits to pg = y(+00) € deoH? (the point where
the horocycles c¢(s) are centered) and let us assume that y intersects S in at least
two points.

Consider the family (/;);er of geodesics in H? orthogonal to y and denote by
P(t) the totally geodesic vertical annulus /; x S! of M=H2xS! (see Figure 2).
Since £ is a lift of the compact surface 3, it stays in the region between ¢(s¢)
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Figure 2. The family of totally geodesic annuli P(¢).

and &(s1), and the distance from any point of & to &(so) and to &(sy) is uniformly
bounded.

By our choice of y, the ends of each P(¢) are outside the region bounded by
&(s), hence P(t) N £ is compact for all 7. Moreover, for 7 close to —oo, P(7) is
contained in B and P(¢) N S is empty. Then start with ¢ close to —oco and let ¢
increase until a first contact point between ¥ and some vertical annulus, say P(t9).
In particular, we know that the mean curvature vector of $ does not point into
Ur<so P (0.

Continuing to increase ¢ and starting the Alexandrov reflection procedure for

S and the family of vertical totally geodes1c annuli P(¢), we get a first contact
point between the reflected part of ¥ and £, for some 71 € R. Observe that this first
contact point occurs because we are assuming that the geodesic y intersects ¥ in at
least two points.
_ Then X is symmetric with respect to P(t1). As XN ( U,()S,S,] P(t)) is compact,
¥ is compact. Hence, given any horizontal geodesic o we can apply the Alexandrov
procedure with the family of totally geodesic vertical annuli Q(¢) = I; x S', where
(i t)ter 18 the family of horizontal geodesics orthogonal to ¢, and we obtain a
symmetry plane for 5.

Hence we have shown that if some geodesic that limits to pg intersects T in two
or more points, then S lifts to a rotational cylindrically bounded surface X in H? x R.
If ¥ is not compact then X is a vertical unduloid, and if X is compact we know by
the theorem of Hsiang and Hsiang [1989] X is a rotational sphere. Therefore, we
have proved that in this case X C Jl is either the quotient of a rotational sphere or
the quotient of a vertical unduloid.

Now to finish the proof let us assume that every geodesic that limits to pg
intersects & in at most one point. In particular, the geodesic f that limits to po and
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passes through p € ¢(s1) intersects s only at p. Write 8~ to denote the arc of
between B(—oo) and p (see Figure 3).

As BNE ={p}, wehave B~ N = & and then B~ C B, since & separates J.

Hence at the point j € & N &(s1), the mean curvature vectors of % and &(s1)
point to the mean convex side of ¢(s;) and S lies on the mean concave side of
¢(s1), then by comparison we get H < % But we already know that H > % Hence
H = % and & = é(sy), by the maximum principle. Therefore, in this case we
conclude ¥ = T(sy). |

Remark. Note that a vertical unduloid, contained in a cylinder D x R and invariant
by a vertical translation 7'(/) in H? xR, passes to the quotient M = H? xR /[y, T'(h)]
as an embedded surface if the quotient of D is embedded and the number / is a
multiple of s. Analogously, a rotational sphere of height / contained in a cylinder
D x R in H? x R passes to the quotient as an embedded surface if / < & and the
quotient of D is embedded in Jd.

4. Periodic minimal surfaces

In this section we are interested in constructing some new examples of periodic
minimal surfaces in H? x R invariant by a subgroup of isometries, which is either
isomorphic to Z2, or generated by a vertical translation, or generated by a screw
motion. In fact, we only consider subgroups generated by a parabolic translation
along a horocycle and/or a vertical translation T'(h), for some /& > 0.

Periodic minimal surfaces in R> have received great attention since Riemann,
Schwarz, Scherk (and many others) studied them. They also appear in the natural
sciences. Meeks and Rosenberg [1993] proved that a periodic properly embedded
minimal surface of finite topology (in R?/ G, where G is a nontrivial discrete group
of isometries acting properly discontinuously on R3) has finite total curvature and
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the ends are asymptotic to standard ends (planar, catenoidal, or helicoidal). In
[Hauswirth and Menezes 2013], we consider the same study for periodic minimal
surfaces in H? x R. The first step is to understand what are the possible models for
the ends in the quotient. This is one reason to construct examples.

4.1. Doubly periodic minimal surface. In H? consider two geodesics «, B that
limit to the same point at infinity, say a(—o00) = pg = f(—00). Denote B = a(400)
and D = f(+o00). Take a geodesic y contained in the region bounded by « and
B that limits to the same point pg at infinity. Parametrize these geodesics so that
a(t) = B, B(t) = D and y(t) = po when t — 4o00.

Fix h > m and consider the following Jordan curve:

Iy = (@(1),0) (y(1). 0) U (a(). 0) ((z). k) U (B(2). 0) (y(2).0)
U (B().0) (B(2). h) U (a(2).h) (y(2). h) U (B(). h) (y(2). h),

as illustrated in Figure 4.

Consider a least area embedded minimal disk 3; with boundary I';. Let ¥ be
the Killing field whose flow (¢;);<g is given by translation along the geodesic y.
Notice that I'; is transversal to the Killing field Y. Hence given any geodesic y
orthogonal to Y, we can use the Alexandrov reflection technique with the foliation
of H? x R by the vertical planes (¢;(7));er to show that X, is a Y-Killing graph.
In particular, X, is stable and unique (see [Nelli and Rosenberg 2006, Lemma 2.1]).
This gives uniform curvature estimates for X, for points far from the boundary
(see [Rosenberg et al. 2010, Main Theorem]). Rotating ¥; by angle 7 around
the geodesic arc (x(z),0) (y(¢),0) gives a minimal surface that extends X;, has
int (@ (¢),0) (y(¢),0) in its interior, and is still a Y-Killing graph. Thus we get
uniform curvature estimates for X; in a neighborhood of («(¢), 0) (y(¢), 0). This is
also true for the three other horizontal geodesic arcs in I';.

(B(1),h)
&(v(t),h)

(ou(),h)
r, (B(®),0)
(v(®,0)
(a(1),0)

Figure 4. Curve I';.
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Observe that for any ¢, X, stays in the halfspace determined by BD x R that
contains I';, by the maximum principle.

As h > 7, we can use as a barrier the minimal surface S, C H? x (0, 1) which is
a vertical bigraph with respect to the horizontal slice {t = &/2}. The surface S}, is
invariant by translations along the horizontal geodesic yp = {x = 0} and its asymp-
totic boundary is (7 x {0}) U (0,1,0) (0,1, k) U(z x {h}) U (0,—1,0) (0,—1, k),
where T = d5oH? N {x > 0}. For more details about the surface Sj,, see [Mazet
et al. 2011a; 2011b; S& Earp 2008].

For [ sufficiently large, the translated surface ¢; (Sy) does not intersect X;; hence
the surface X, is contained between ¢;(S;) and BD x R.

Notice that when ¢t — +o00, I'y converges to I', where

[ = (ax{0}) U (Bx{0}) U (ax{h}) U (Bx{h)) U (D,0)(D.h) U (B,0) (B, h).

Therefore, as we have uniform curvature estimates and barriers at infinity, there
exists a subsequence of X; that converges to a minimal surface X, where X lies in
the region of H? x [0, 4] bounded by & x R, B x R, BD x R and ¢;(S}), and with
boundary 0% =T .

Hence the surface obtained by reflection in all horizontal boundary geodesics of X
is invariant by ¥2 and T'(2h), where 1 is the horizontal translation along horocycles
that sends « to 8. Moreover, this surface in the quotient space H? x R/[y2, T(2h)]
is topologically a sphere minus four points. Two ends are asymptotic to vertical
planes and two are asymptotic to horizontal planes (cusps), all of them with finite
total curvature.

Proposition 1. There exists a doubly periodic minimal surface (invariant by hori-
zontal translations along a horocycle and by a vertical translation) such that, in the
quotient space, this surface is topologically a sphere minus four points, with two
ends asymptotic to vertical planes and two asymptotic to horizontal planes, all of
them with finite total curvature.

4.2. Vertically periodic minimal surfaces. Take a any geodesic in H? x {0}. For
h > 7, consider the vertical segment o (—o0) x [0, 2h], and a point p € dooH?,
p # a(—o0),a(+00). For some small € > 0, consider the asymptotic vertical
segment joining (p,€) and (p,h + €). Now, connect (p,€) to (x(—o0),0) and
(p, h+€) to (a(—00), 2h) by curves in dooH? x R, whose tangent vectors are never
horizontal or vertical, and so that the resulting curve I' is differentiable. Also,
consider the horizontal geodesic 8 connecting p to a(+00).

Parametrize o by arc length, and consider y a geodesic orthogonal to o passing
through «(0). Let us denote by d(¢) the equidistant curve to y at a distance |z|
that intersects « at «(¢). For each ¢ consider a curve ['; contained in the plane
d(t) x R with endpoints («(¢),0) and («(¢),2h) such that I'; is contained in the
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Figure 5. Curves I, and I'.

region R bounded by a x R, B x R, H? x {0} and H? x {2k} with the properties that
its tangent vectors do not point in the horizontal direction and I'; converges to I
when ¢t — —oo. In particular, I'; is transversal to the Killing field Y whose flow
(¢1)1eRr 1s given by translation along the geodesic .

Write oy to denote the vertical segment «(z) x [0, 2A] (see Figure 5).

For each n, let X, be the solution to the Plateau problem with boundary

I U (a([=n.n]) x{0}) U (a([-n.,n]) x{2h}) U ay.

By our choice of the curves I';, the boundary 9%, is transverse to the Killing field
Y. Using the foliation of H? x R by the vertical planes ¢; (), [ € R, the Alexandrov
reflection technique shows that %, is a Y-Killing graph. In particular, it is unique
and stable [Nelli and Rosenberg 2006], and we have uniform curvature estimates
far from the boundary [Rosenberg et al. 2010]. When we apply the rotation by
angle 7 around o x {0} to the minimal surface X,, we get another minimal surface
which extends X, is still a Y-Killing graph and has int(«([—n, n]) x {0}) in its
interior. Hence we obtain uniform curvature estimates for X, in a neighborhood of
a([—n,n]) x {0}. This is also true for a([—n, n]) x {2k} and o,.

Observe that X, is contained in the region R, for all .

By our choice of I', for each ¢ € I', we can consider two translations of the
minimal surfaces S}, (considered in the last section) that pass through g so that one
of them has asymptotic boundary under I", the other one has asymptotic boundary
above I" and their intersection with I' is just the point g considered or is the whole
vertical segment (p, €) (p, h + €). Hence, the envelope of the union of all these
translated surfaces Sy forms a barrier to X, for all n.

Then, as we have uniform curvature estimates and barriers at infinity, we conclude
that there exists a subsequence of X, that converges to a minimal surface ¥ with

(@(+00) X [0,2A]) UT = 000 X,
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and then
00X =T U (@ x{0}) U (a x {2h}) U (a(+0o0) x [0, 2A]).

Therefore, the surface obtained by reflection in all horizontal boundary geodesics
of ¥ is a vertically periodic minimal surface invariant by 7'(44). In the quotient
space this minimal surface has two ends; one is asymptotic to a vertical plane and
has finite total curvature, while the other one is topologically an annular end and
has infinite total curvature.

Proposition 2. There exists a singly periodic minimal surface (invariant by a
vertical translation) such that, in the quotient space, this surface has two ends; one
end is asymptotic to a vertical plane and has finite total curvature, while the other
one is topologically an annular end and has infinite total curvature.

4.3. Periodic minimal surfaces invariant by screw motion. Now we construct
some examples of periodic minimal surfaces invariant by a screw motion, that is,
invariant by a subgroup of isometries generated by the composition of a horizontal
translation with a vertical translation.

Consider two geodesics o, 8 in H? that limit to the same point at infinity, say
a(+00) = pg = B(400). For h > 7, consider a smooth curve I' contained in the
asymptotic boundary of H? x R, connecting (&(—0o0), 2k) to (8(—oc), 0) and such
that its tangent vectors are never horizontal or vertical. Also, take a point p € 0o H?
in the halfspace determined by B x R that does not contain «.

For some small € > 0, consider the asymptotic vertical segment joining (p, €)
and (p, h + €). Now, connect (p, €) to (po,0) and (p, h + €) to (po, 2h) by curves
in dooH? x R whose tangent vectors are never horizontal or vertical, and such that
the resulting curve [ is differentiable.

Parametrize o by arc length, and consider y a geodesic orthogonal to o passing
through «(0). Let us denote by d(¢) the equidistant curve to y at a distance |¢| that
intersects « at «(¢). For each ¢, s consider two curves f‘, and Iy contained in the
plane d(¢) x R and d(s) x R, respectively, with the properties that their tangent
vectors are never horlzontal Iy joins («(t),2h) to (B(¢),0), I's joins (x(s), 2h) to
(B(s),0), Iy converges to I when t — +o00, Ty converges to I" when s — —o0, and
both curves are contained in the region R bounded by o x R, 6 x R, H? x {0} and
H? x {2h}, where 0 is the geodesic with endpoints p and B(—oc) (see Figure 6).

For each n, let X, be the solution to the Plateau problem with boundary

I, U (a([—n,n]) x {2h}) U T, U (B([—n, n]) x {O}).

The surface X, is contained in the region R. As in the previous section, we can show
that X, is a Killing graph, then it is stable, unique and we have uniform curvature
estimates far from the boundary. Rotating 3, by angle 7 around the geodesic
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a x {2h} we get a minimal surface which extends X, is still a Killing graph, and
has int(c([—n, n]) x {2h}) in its interior. Hence we get uniform curvature estimates
for X, in a neighborhood of «([—n, n]) x {2h}. This is also true for 8([—n, n]) x{0}.
Thus when n — +o00, there exists a subsequence of %, that converges to a minimal
surface ¥ with TUT C 900 = Using the same argument as before with suitable
translations of the surface Sy, as barriers, we conclude that in fact dpo X =T" U f‘,
and then

S =T U(ax{2h})U(Bx{0})UT.

The surface obtained by reflection in all horizontal boundary geodesics of X is
a minimal surface invariant by 2 o T'(4h), where 1 is the horizontal translation
along horocycles that sends « to 8. There are two annular embedded ends in the
quotient, each of infinite total curvature.

Proposition 3. There exists a minimal surface invariant by a screw motion such
that, in the quotient space, this minimal surface has two annular embedded ends,
each one of infinite total curvature.

Now we will construct another interesting example of a periodic minimal surface
invariant by a screw motion.

Denote by yp, y1 the geodesic lines {x = 0}, {y = 0} in H?, respectively. Let
¢ be a horocycle orthogonal to y1, and consider p, g € ¢ equidistant points to y;.
Take «, B geodesics which limit to po = (1,0) = y1(400) and pass through p, g,
respectively. Fix € > 0 and & > . Define the points

A= Ol(—t()),
C =a(t),
B = B(—10),

D = B(t0),
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Figure 7. Curve I',.

and let us consider the following Jordan curve (see Figure 7):

[z = (a([~t0, t0]) x {=€}) U (C, =€) (D, 0)
U (B([=t0. 20]) x{0}) U (a([—t0. t0]) x {h}) U (C.h) (D, h +¢€)
U (B([—to. to]) X {h + €}) U (A, —€) (A. h) U (B,0) (B.h +¢).

We consider a least area embedded minimal disk X, with boundary I',.

Denote by Y7 the Killing vector field whose flow (¢7);¢(—1,1) gives the hyperbolic
translation along y1 with ¢;(0) = (/, 0) and py as attractive point at infinity. As I'y,
is transversal to the Killing field Y7, we can prove, using the Alexandrov reflection
procedure, that X, is a Y1-Killing graph with convex boundary, in particular, 2,
is stable and unique [Nelli and Rosenberg 2006]. This yields uniform curvature
estimates far from the boundary [Rosenberg et al. 2010]. Rotating ¥, by angle =
around the geodesic arc a([—fg, ?o]) X {—€} gives a minimal surface that extends
X1, has int(c([—t9, fo]) X {—€}) in its interior, and is still a ¥7-Killing graph. Thus
we get uniform curvature estimates for 3, in a neighborhood of a([—tg, #o]) x {—€}.
This is also true for the three other horizontal geodesic arcs in I'y,.

Write F' = a(—o0), G = B(—00). Observe that, by the maximum principle, for
any fo, Xy, stays in the halfspace determined by FG x R that contains Iy

Since & > 7, we can consider the minimal surface Sy, (considered in Section 4.1)
as a barrier. For / close to 1, the translated surface ¢;(S}) does not intersect X, .

The surface X, is contained between ¢;(S;) and FG x R. When tg — +00,
I's, converges to I', where

['= (& xi—€}) U (po, =€) (po,0) U (B x{0}) U (& x {h})
U (po.h) (po.h+€) U (Bx{h+e}) U(F,—€) (F.h)U(G.0)(G.h+e).
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Using the maximum principle, we can prove that X is contained between ¢; (Sy,)
and FG x R, for all ¢ > ty. Therefore, there exists a subsequence of the surfaces
¥; that converges to a minimal surface ¥, where ¥ lies in the region between
H? x {—¢} and H? x {h + €} bounded by o x R, B xR, FG x R and ¢;(S},), and
has boundary 0% =T.

Hence the surface obtained by reflection in all horizontal boundary geodesics
of ¥ is invariant by ¥2 o T(2(h + €)), where ¥ is the horizontal translation along
horocycles that sends « to 8. Moreover, this surface in the quotient space has two
vertical ends and two helicoidal ends, each one of finite total curvature.

Proposition 4. There exists a minimal surface invariant by a screw motion such
that, in the quotient space, this minimal surface has four ends: two vertical ends
and two helicoidal ends, all of them with finite total curvature.

5. A multivalued Rado theorem

The aim of this section is to prove a multivalued Rado theorem for small perturba-
tions of the helicoid. Recall that Rado’s theorem says that minimal surfaces over
a convex domain with graphical boundaries must be disks which are themselves
graphical. We will prove that for certain small perturbations of the boundary of a
(compact) helicoid there exists only one compact minimal disk with that boundary.
By a compact helicoid we mean the intersection of a helicoid with certain compact
regions in H? x R. The idea here originated in [Hardt and Rosenberg 1990]. We will
apply this multivalued Rado theorem to construct an embedded minimal surface
in H? x R whose boundary is a small perturbation of the boundary of a complete
helicoid.

Consider Y the Killing field whose flow (¢9)ge[0,2x) is given by rotations around
the z-axis. For some 0 < ¢ < 1, let

D ={(x,y) e H*; x>+ y? <¢}.

Take a helix & of constant pitch contained in a solid cylinder D x [0, d], so that the
vertical projection of / over H? x {0} is 3D, and the endpoints of / are in the same
vertical line. Let us denote by I' the Jordan curve which is the union of %, the two
horizontal geodesic arcs joining the endpoints of 4 to the z-axis, and the part of the
z-axis. Call ¥ the compact part of the helicoid that has I" as its boundary. We know
that 7€ is a minimal surface transversal to the Killing field Y at the interior points.
Take 6 < 7 /4, and consider #; = ¢_g(H) and #H, = ¢g(¥). Hence #;, ¥, are
two compact helicoids with boundary 0% = ¢_g(I"), 9% = ¢ ().

Consider ho a small smooth perturbation of the helix /4 with fixed endpoints
such that /g is transversal to Y and h¢ is contained in the region between ¢_g (/)
and ¢g(h) in dD x [0, d]. Call Ty the Jordan curve which is the union of %, the
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two horizontal geodesic arcs and a part of the z-axis, hence T'o = (I" \ &) U kg (see
Figure 8).

Denote by R the convex region bounded by #; and #, in the solid cylinder
D x[0,d]. The Jordan curve I'g is contained in the simply connected region R
which has mean convex boundary. Then we can consider the solution to the Plateau
problem in this region R, and we get a compact minimal disk H contained in R
with boundary dH = I'y.

Proposition 5. Under the assumptions above, H is transversal to the Killing field
Y at the interior points. Moreover, the family (¢g(H ))ge[o,2x) foliates D x [0, d]\
{z-axis}.

Proof. As H is a disk, we already know that each integral curve of Y intersects H
in at least one point.

Observe that ¢, /(R) N R\ {z-axis} = & and, in particular, ¢, ,>(H) N H \
{z-axis} = &. Moreover, notice that the tangent plane of ¢/, (H ) never coincides
with the tangent plane of H along the z-axis; at each point of the z-axis the surfaces
are in disjoint sectors. So as one decreases ¢ from /2 to 0, the surfaces ¢;(H)
and H have only the z-axis in common and they are never tangent along the z-axis.
More precisely, as ¢ decreases and ¢ > 0, there can not be a first interior point of
contact between the two surfaces by the maximum principle. Also there can not be
a point on the z-axis which is a first point of tangency of the two surfaces for r > 0,
by the boundary maximum principle. Thus the surfaces ¢;(H) and H have only
the z-axis in common for 0 < ¢ < /2. The same argument works for —m/2 <t < 0.
Thus each integral curve of Y intersects H in exactly one point.

Denote by R, the region in R bounded by H and #,, and denote by N the
unit normal vector field of H pointing toward R,. As each integral curve of Y
intersects H in exactly one point, we have (N,Y)>0on H. As (N, Y) is a Jacobi
function on the minimal surface H, we conclude that necessarily (N, Y) > 0 in
int H. Therefore, H is transversal to the Killing field Y at the interior points, and
the surfaces ¢; (H) foliate D x [0, d] \ {z-axis} for ¢ € [0, 27). O
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//% 7 N

or

TyM +# Ty Ho, TyM =T, Ho,
(a) (b)
Figure 9. g cint M.

Theorem 2 (multivalued Rado theorem). Under the assumptions above, H is the
unique compact minimal disk with boundary Ty.

Proof. Set I'g = ¢g(I'p) and Hy = ¢p9(H), so Hy is a minimal disk with 0Hy =
[y. By Proposition 5, the family (Hg)ge[o,2x) gives a foliation of the region
D x [0, d]\ {z-axis}.

Let M # H be another compact minimal disk with boundary I'y. We will
analyze the intersection between M and each Hy.

First, observe that M C D x [0, d] by the maximum principle, and M N Hy # @
for all 6.

Fix 6. Given g € Hg, N M, then either g € int M or g € T'g = oM.

Suppose g € int M.

If the intersection is transversal at g, then in a neighborhood of ¢ we have that
Hg, N M is a simple curve passing through g. If we let 0y vary a little, we see in
M a foliation as in part (a) of Figure 9.

On the other hand, if M is tangent to Hy, at g, as the intersection of any two
minimal surfaces is locally given by an n-prong singularity, that is, 2n embedded
arcs that meet at equal angles (see [Hoffman and Meeks 1989, Claim 1 of Lemma 4]),
then in a neighborhood of ¢ we have that Hg, N M consists of 2n curves passing
through ¢ and making equal angles at g. If we let 6y vary a little, we see in M a
foliation as in part (b) of Figure 9.

Now suppose g € I'p.

If g € I'g N {z-axis}, to understand the trace of Hg, on M in a neighborhood of
g we proceed as follows. Rotation by angle 7 of H? x R about the z-axis extends
M smoothly to a minimal surface M that has S ¢ as an interior point. Each Hy also
extends by this rotation (glvmg a helicoid Hg) Soin a nelghborhood of g, we
understand the intersection of M and H@O The surfaces .l and H@O are either
transverse or tangent at g as in Figure 9. Then when we restrict to M N Hg, and
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M M

Figure 10. g € Iy N {z-axis}.

> \5\\///

q q

Figure 11. g € I'y \ {z-axis}.

let Op vary slightly, we see that the trace of Hg, on M near g is as in Figure 10,
since the segment on the z-axis through ¢ is in M N Hy,.

On the other hand, if g € [’y \ {z-axis} then 6y = 0, since T'g N Ty \ {z-axis} = &
for any 6 # 0. Note that we cannot have M N H homeomorphic to a semicircle in
a neighborhood of ¢, since this would imply that M is on one side of H at ¢ and
this contradicts the boundary maximum principle. Thus when we let 8p = 0 vary a
little, we have two possible foliations for M in a neighborhood of ¢ as indicated in
Figure 11.

Now consider two copies of M and glue them together along the boundary.

Since M is a disk, when we glue these two copies of M we obtain a sphere with
a foliation whose singularities have negative index by the analysis above. But this
is impossible. Therefore, there is no minimal disk with boundary I'g besides H. [

Remark. This proof clearly works to prove Theorem 2 for slightly perturbed
helicoids in R3.

Now let us construct an example of a complete embedded minimal surface
in H? x R whose asymptotic boundary is a small perturbation of the asymptotic
boundary of a complete helicoid.

Consider the (compact) helix 8(u) = (cosu, sinu, 2u) for u € [0, 4r]. Notice
that 8 is a multigraph over dooH?. Take 6 < 7/4 and consider a small perturbation
a(u) of B(u) in decH? x R contained between ¢_g(B) and ¢(B) such that « is
transversal to 9, and H? x {r} for any t € [0, 87], «(0) = B(0), a(47) = B(4x)
and so that the vertical distance between «(s) and «(s + 27) is bigger than & for
any s € (0, 2m).
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Now for ¢ € [0, 1], consider the curves oy (1) = (1—1)(0, 0, u)+ra(u), u € [0, 47].
Call I'; (respectively I'1) the Jordan curve which is the union of «; (respectively
o), the two horizontal geodesics joining the endpoints of o, (respectively o) to the
z-axis, and the part of the z-axis between z = 0 and z = 8x. Note that when ¢
goes to 1, the curves I'; converge to the curve I';. Denote by H; the minimal disk
with boundary I';. By Theorem 2, H; is stable and unique. In particular, we have
uniform curvature estimates for points far from the boundary. As before, using
rotation by angle & around horizontal geodesics, we can prove that there is uniform
curvature estimates for H; in a neighborhood of the two horizontal geodesic arcs
of I';.

As in the previous section, the envelope of the union of the translated surfaces
Sy, h > m, forms a barrier to the sequence H;, hence we conclude that there
exists a subsequence of H; that converges to a minimal surface H; with boundary
0H; = I'1. Rotation by angle 7 of H? x R around the z-axis extends H; smoothly
to a minimal surface which has two horizontal (straight) geodesics in its boundary.
Thus the surface obtained by reflection in all horizontal boundary geodesics of
H1 is a minimal surface whose asymptotic boundary is a small perturbation of the
asymptotic boundary of the complete helicoid in H? x R which has 8 contained in
its asymptotic boundary.
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TWISTED QUANTUM DRINFELD HECKE ALGEBRAS

DEEPAK NAIDU

We generalize quantum Drinfeld Hecke algebras by incorporating a 2-co-
cycle on the associated finite group. We identify these algebras as specializa-
tions of deformations of twisted skew group algebras, giving an explicit con-
nection to Hochschild cohomology. We classify these algebras for diagonal
actions, as well as for the symmetric groups with their natural representa-
tions. Our results show that the parameter spaces for the symmetric groups
in the twisted setting is smaller than in the untwisted setting.

1. Introduction

Drinfeld Hecke algebras were defined by V. Drinfeld [1986]. They arise as symplec-
tic reflection algebras in the work of P. Etingof and V. Ginzburg [2002], as braided
Cherednik algebras in the work of Y. Bazlov and A. Berenstein [2009], and as graded
versions of affine Hecke algebras in the work of G. Lusztig [1989]. They arise in
diverse areas, such as representation theory, combinatorics, and orbifold theory,
and they were used by I. Gordon [2003] to prove a version of the n! conjecture for
Weyl groups.

In this paper, we consider quantum and twisted analogs of Drinfeld Hecke alge-
bras by incorporating quantum parameters as well as a 2-cocycle on the associated
finite group. We simultaneously generalize twisted Drinfeld Hecke algebras and
quantum Drinfeld Hecke algebras. The former was studied by S. Witherspoon
[2007], and the latter was studied in [Levandovskyy and Shepler 2011] and [Naidu
and Witherspoon 2011]. T. Chmutova [2005] generalized symplectic reflection
algebras by incorporating a 2-cocycle on the associated finite group, and showed that
such a 2-cocycle arises naturally for nonfaithful representations. Such a 2-cocycle
also arises in orbifold theory, where they are known as discrete torsion [Adem and
Ruan 2003; Céldararu et al. 2004; Vafa and Witten 1995].

Let V be a complex vector space with basis vy, va, ..., v,, and g :=(gi;)1<i, j<n>
a tuple of nonzero scalars for which ¢;; =1 and g;; = ¢q;; Uforall i, j. Let Sq(V)

MSC2010: 16E40, 16S35.
Keywords: Hochschild cohomology, deformations, skew group algebras, graded Hecke algebras,
symplectic reflection algebras.
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denote the quantum symmetric algebra
Sq(V):=C(vi, ..., v, [vjvj =g;jvjv; forall 1 <i, j <n).

Let G be a finite group acting linearly on V, and @ : G x G — C*, a normalized
2-cocycle on G. Letk : V x V — C“G be a bilinear map for which « (v;, v;) =
—qijk(vj,v;) forall 1 <i, j <n. Let T(V) be the tensor algebra on V, and define

Hyo =TV)H#,G/(viv; —qijvjvi —Kk(v;,v) |1 <1, j <n),

the quotient of the twisted skew group algebra 7'(V)#,G by the ideal generated by
all elements of the form specified. Suppose that the action of G on V induces an
action of G on S, (V) by automorphisms, so we may form the twisted skew group
algebra S, (V)#,G. Assigning each v; degree one and each group element degree
zero makes ¥, . a filtered algebra, and makes S, (V)#,G a graded algebra. We call
Hgq .« a twisted quantum Drinfeld Hecke algebra (over C) if it satisfies the Poincaré—-
Birkhoff—Witt condition: the associated graded algebra gr ¥, .  is isomorphic,
as a graded algebra, to S, (V)#,G. The space of all maps k : V x V — C*G for
which %, . is a twisted quantum Drinfeld Hecke algebra will be referred to as
the parameter space.

Main results and organization. In Section 2, we use G. Bergman’s Diamond
Lemma [1978] to give necessary and sufficient conditions for the algebra #, , o to
be a twisted quantum Drinfeld Hecke algebra.

In Section 3, we identify the twisted quantum Drinfeld Hecke algebras ¥, , o
as specializations of particular types of deformations of the twisted skew group
algebras S, (V)#,G.

Section 4 develops the homological algebra needed for the sections that follow.
Specifically, this section is concerned with the computation of the degree two
Hochschild cohomology of S, (V)#,G.

In Section 5, we establish a one-to-one correspondence between the subspace
of constant Hochschild 2-cocycles (see Section 3 for definition) contained in
HH2(Sq (V)#,G) and twisted quantum Drinfeld Hecke algebras associated to the
quadruple (G, V, ¢, o). As a consequence, we show that every constant Hochschild
2-cocycle on S, (V)#,G lifts to a deformation of S, (V)#,G.

In Section 6, we consider diagonal actions of G on a chosen basis for V, and,
using results from [Naidu et al. 2011], we classify the corresponding twisted
quantum Drinfeld Hecke algebras.

In Section 7, we consider the symmetric groups S,, n > 5, with their natural
representations, with the unique nontrivial quantum parameters g;; = —1, i # j, and
with a cohomologically nontrivial 2-cocycle on S, which is unique up to coboundary.
We classify the corresponding twisted quantum Drinfeld Hecke algebras. Our results
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show that the parameter space in the twisted setting is smaller than in the untwisted
setting.

Throughout the paper, let G denote a finite group acting linearly on a complex
vector space V with basis vy, v, ..., v,. Let ¢ := (gi;)1<i, j<n denote a tuple of
nonzero scalars for which ¢g;; = 1 and g;; = ql.;l for all i, j. We work over the
complex numbers C, and all tensor products are taken over C unless otherwise
indicated.

2. Necessary and sufficient conditions

In this section, we use Bergman’s Diamond Lemma [1978] to give necessary and
sufficient conditions for the algebra 9, . o (defined in the introduction and recalled
below) to be a twisted quantum Drinfeld Hecke algebra. First, we recall the notion
of a twisted skew group algebra. Let G be a finite group, and let @ : G x G — C*
be a normalized 2-cocycle on G, that is,

a(gr, g2)a(g182, 83) = (g2, g3)a(g1, g2¢3) and a(g, D) =1=a(l,g)

for all g, g1, g2, g3 € G. Let A be an algebra on which G acts by automorphisms.
The twisted skew group algebra A#,G is defined as follows. As a vector space,
A#,G is A ® CG. Multiplication on A#,G is determined by

@®g)bh) :=a(g,ha®b) @ gh

forall a, b € A and all g, h € G, where a left superscript denotes the action of the
group element. The 2-cocycle condition on « ensures that A#,G is an associative
algebra. Note that A is a subalgebra of A#,G via the isomorphism A S AR,
and the twisted group algebra C*G is a subalgebra of A#,G via the isomorphism
C*G > 1®C*G. The image of a group element g in the twisted group algebra
C“G is denoted by #,. To shorten notation, we write the element a ® g of A#,G
by at,. Since « is assumed to be normalized, 7, is the multiplicative identity for
A#,G. For all g € G, we have

() =o' (g, g DNt =7 (g7 @)t

Suppose G acts linearly on a complex vector space V with basis vy, va, ..., Uy,
and let g := (gij)1<i, j<n denote a tuple of nonzero scalars for which g;; =1 and
qji = ql.;l for all i, j. For each group element g € G, let g,i denote the scalar
determined by the equation .

Sy, = Z 84k
k=1

and define the quantum (i, j, k, [)-minor determinant of g as

detijr(g) =8/ 8k — 4,8} 81
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The following lemma is used in the proof of Theorem 2.2.

Lemma 2.1. Suppose that the action of G on V extends to an action on S4(V) by
automorphisms, and let g € G. We have:

(1) quk detjri(g) = —detiji (g) forall i, j, k, 1.
(ii) Foreachi, j,ifqij # 1, then g,ig,{ =0 forall k.

Proof. For a proof of (i), see [Levandovskyy and Shepler 2011, Lemma 3.2].
Part (ii) follows from the assumption that G acts on S4(V) by automorphisms
and that g;; # 1: we have $v;%v; = g;;%;%v;, and so ()__; giv) (X J_; g/ vi) =
qij Qiey g,ﬂ v Qg gf V). Equating coefficients of v,% yields g,ig,ﬁ = qijg,’;g,i,
and since g;; # 1, we get g,"{glg =0. [l

Letk : V x V — C*G be a bilinear map for which « (v;, v;) = —g;;« (v}, v;) for
all 1 <i, j <n. Foreach g € G, letk, : V x V — C be the function determined by
the condition

kv, w) = Zlcg(v, w)t, forallv,we V.
geG
The condition « (v;, vj) = —g;j«k (v, v;) implies that kg (v;, vj) = —qijkg (v}, Vi)
forall g € G.
Recall that the algebra

Heeo =TV H#,G/(vivj —qijvjvi —Kk(vi,vj) | 1 <1, j <n)

is called a twisted quantum Drinfeld Hecke algebra if it satisfies the Poincaré—
Birkhoff-Witt condition: gr, o = S4(V)#,G, as graded algebras. This is
equivalent to the condition that the set {v}"' vy - v,"t, | m; > 0,8 € G} is a
C-basis for g i o

In the proof of the next theorem, we assume familiarity with, and will freely use,

terminology from [Bergman 1978] (for example, “reduction system”).

Theorem 2.2. The algebra ¥y o is a twisted quantum Drinfeld Hecke algebra if
and only if the following conditions hold.

(1) Forallg,he Gand1 <i < j <n,

ah, g)

m"g(vb Vi) = Zdetijkl (W& pgn-1 (v, vg).

k<l

2) Forallge Gand1 <i < j<k<n,

Kg(Vk, ;) (Vi —q i qrivi) kg (Ui, ) (qrjvj—q i v ) K (v, Vi) (qkjqri Sve—vk) =0.
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Proof. We begin by expressing the algebra ¥, . , as a quotient of a free associative
C-algebra. Let X = {vi,v2,...,v,} U{tg | g € G}, and let C(X) be the free
associative C-algebra generated by X. Consider the reduction system

S={(tgvi,%vity), (tgtn, (g, Mitgn), (v;vi,qjivivi+k (v, v;)) | g, h€G,1<i < j<n}

for C(X). Let I be the ideal of C(X) generated by the elements

taV;i —8vitg, totn—a(g,M)ten, Vjvi—qjivivi—k(Vj,v;), g heG,1<i<j<n.

In what follows, we use the Diamond Lemma [Bergman 1978] to show that the set
("5 vty | m; >0, g € G)

is a C-basis for C(X)/I if and only if the two conditions in the statement of the
theorem hold.

Define a partial order < on the free semigroup (X) as follow: First, we declare
that vy < vy <--- <v, < g forall g € G, and then we set A < B if

(i) A is of smaller length than B, or

(i) A and B have the same length but A is less than B relative to the lexicographical
order.

Then < is a semigroup partial order on (X}, compatible with the reduction system
S, and having the descending chain condition. Thus the hypothesis of the Diamond
Lemma holds.

Observe that the set (X);, of irreducible elements of (X) is precisely the alleged
C-basis for C(X)/I. That is,

(X)ir = {lev;nz o 'Uzhtg |m; >0, g€ G}

In what follows, we show that all ambiguities of S are resolvable if and only if
the two conditions in the statement of the theorem hold. The theorem will then
follow by the Diamond Lemma. There are no inclusion ambiguities, but there exist
overlap ambiguities, and these correspond to the monomials

tetply, tetpvi, Vv, vvjv;, wherel <i<j<k=<n, g, hegG.

Associativity of the multiplication in the twisted group algebra C*G implies that
the ambiguities corresponding to the monomials 7,7, are resolvable. The equality
ghy, = &(hy;) implies that the ambiguities corresponding to the monomials 7,1, v;
are resolvable. Next, we show that the ambiguities corresponding to the monomials
tpvjv; are resolvable if and only if condition (1) in the statement of the theorem
holds. Applying a reduction to the factor v;v; in #,v;v;, we get

qjithvivj + thi (v, v;).
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Applying a reduction to the factor 7,v; and then to the resulting factor #,v; gives

/
q;i"vi™ ity + thie (v, V)
n n .
=dji (Z h; l)[) (Z h/jcvk>th + thK(Uj, v;)
=1 k=1
n
. . )
=q;i Zh;hivlvkl‘h +q;i Z h}h,’cvlvkth +qji Zhihivklh + th/c(vj, v;).
I<k k<l k=1

Applying a reduction to the factor v;v; in the second summation above yields

qji Y hihvvts +qji Y hihiquevevity
<k k<l

n
+qji D hihe o vt + qji Y hihivit, + tik (v), v;).
k<l k=1

Combining the first two summations, expanding « (v, v) and « (v}, v;), and then
applying reductions to each term in « (v;, vi)#; and to each term in #,k (v}, v;) gives

n
qji Z(hzhf + quchjh] ) vkvith + qji Z hihivity
k<l k=1

+4qji Z(a(g, h) Y hihike (v, vk))tgh + ) alh, @)Ky (v, vi)tng

geG k<l geG

n
=qji Z(h%hl] + q;khfhi)vkvlth +qji Z h;;h,j(v,%th
k<l k=1

+ Z (a(hgh_l, h)qi Z h;hi’(hgh*‘ (v, i) +a(h, gkg(vj, Ui))thg-

geG k<l

Next, we apply to #,v;v; a reduction different from the one in the computation
above: Applying a reduction to the factor 7,v; in #;v;v;, and then to the resulting
factor #,v;, we get

n n
hvjhvith = (Z hl] vl) (Z h;‘(vk)th
=1 k=1 .
= Z hljhivlvkth + Z hljh;{vlvkth + Z h,{hiv,%th.

<k k<l k=1

Applying a reduction to the factor v;vx in the second summation above yields

n
E h{h}cvlvklh—i— E qu(hl]h}(vkvlth—i- E h{h}ck(vl,vk)th+ E h,]C W Vith-
<k k<l k<l k=1



TWISTED QUANTUM DRINFELD HECKE ALGEBRAS 179

Combining the first two summations, expanding « (v;, vr), and then applying a
reduction to each term in « (v;, v )ty gives

n
> "l hi+ queh] B vty + Y hihivie +
k=1

Z(a(g, DA ACE vk>)tgh

k<l geG " k<l
= (hih}+ quh] hvevitn + Y | hihivin,
k<l k=1
+) <a(hgh—1, )Y " h by (vr, vk))zhg.
geG k<l

By equating coefficients, we see that the final expressions in the previous two
computations are equal if and only if

(@) qjihih] +qjiqwhih] = h]hi + qih] hi for all k <1,
(b) gjihih] = hih] for all k, and
(c) for all g € G, we have

a(hgh™  )qji Y hiiKpgn-1 (vr, vi) + a(, @)y (v, v7)

k=l :a(hgh_], h) Zhljh};/chghq(vl, Uk).
k<l
Conditions (a) and (b) follow from Lemma 2.1(i) and (ii), respectively. The
equation in (c) is equivalent to condition (1) in the statement of the theorem.
Lastly, we show that the ambiguities corresponding to the monomials viv;v;
are resolvable if and only if condition (2) in the statement of the theorem holds.
Applying a reduction to the factor vxv; in vrv;v;, we get
qrjvjvrv; + Kk (Vg, v;) ;.

Applying a reduction to the factor vy v; gives

qkjqriVjViVk + qijvjk (Vk, v;) + Kk (Vg, V) ;.
Applying a reduction to the factor v;v; yields
qkjqriqjiVivjVk + qrjqrik (Vj, Vi)V + qrjvjk (U, v;) + K (Vk, v;)v;.
Expanding « (v}, v;), k (v, v;), and « (vg, v;), applying reductions to each term in

k(vj, v;)vr and to each term in « (v, v;)v;, and then rearranging gives

Qi qkiqivivivi + Y (kg (Ve V)0; + qujicg (Vs V)V + Quj ik (V) V)Vt
geG
Next, we apply to viv;v; a reduction different from the one in the computation
above: Applying a reduction to the factor v;v; in viv;v;, we get

qjivkvivj + vk (v, v;).
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Applying a reduction to the factor viv; gives
qiqkiVivkvj + q ik (U, vi)vj + vek (v, ;).
Applying a reduction to the factor vy v; yields
qjiqkiqgkjViVjVk + qjiqki Vik (Vk, V;) + qjik (v, v;)vj + vek (v}, v;).

Expanding « (vk, v;), k (v, v;), and « (v}, v;), and then applying reductions to each
term in « (v, v;)v; gives

q;iqriqrjvivjvx + Z(CljiCIkiKg(vk, Vi)V +qjikg(Vk, V)8V + kg (Vj, Vi) Vk)1g.
geG
The final expressions in the two computations above are equal if and only if
condition (2) in the statement of the theorem holds. This finishes the proof. U

3. Deformations

The primary goal of this section is to show that the twisted quantum Drinfeld Hecke
algebras ¥, , . are isomorphic to specializations of particular types of deformations
of the twisted skew group algebras S, (V)#,G.

Let # denote an indeterminate. Recall that, for a C-algebra A, a deformation
of A over C[h] is an associative C[/]-algebra whose underlying vector space is
Alh] = C[h] ® A, and which reduces modulo 7 to the original algebra A. Thus the
multiplication u on A[#] is determined by

p(a, b) = pola, b) + w1 (a, b)hi + pua(a, bya* + - --

for all a, b € A, where ug(a, b) is the product in A, the u; : A x A — A are
C-bilinear maps extended to be bilinear over C[#], and for each pair (a, b) the
sum above is finite. A consequence of associativity of w is that w, is a Hochschild
2-cocycle, that is,

(3.1 apy(b, ¢) + pi(a, be) = py(ab, ¢) + pi(a, b)e

foralla, b, c € A.
In order to see that the twisted quantum Drinfeld Hecke algebras 7, . , may be
realized as specializations of deformations of S, (V)#,G, we define the algebra

Hy.can = (T(V)#,G)[R]/(viv; —qijvjvi —k(vi, v |1 <i, j <n).

Assigning / degree zero, each v; degree one, and each 7, (g € G) degree zero, we
see that €y . o5 is a filtered algebra, and that (S, (V)#,G)[#] is a graded algebra.
We call the algebra 3, , o n a twisted quantum Drinfeld Hecke algebra over C[h] if
gr ¥y c.an = (Sq(V)#,G)[A], as graded algebras. Specializing a twisted quantum
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Drinfeld Hecke algebra over C[#] to i = 1 yields the twisted quantum Drinfeld
Hecke algebra over C, as defined earlier.

In the following theorem, by the degree of 1; we mean its degree as a function
between graded algebras.

Theorem 3.2. Every twisted quantum Drinfeld Hecke algebra 3y o n over C[h]
is isomorphic to some deformation u = o+ wih + u2h2 + - of Sq(V)#,G over
Cla] with deg u; = —2i forall i > 1.

Proof. Suppose that ¥, .5 is a twisted quantum Drinfeld Hecke algebra over C[#].
Consider the natural projection T (V)#,G — S4(V)#,G, and let s : Sy (V)#, G —
T (V)#,G be the C-linear section determined by the ordering vy, vy, ..., v, of the
basis of V. For example, s(vzvlztg) = qzz1 vlzvztg.

Extend s to a C[/i]-linear map s : (S, (V)#,G)[h] — (T (V)#,G)[#], and let p
denote the natural projection from (7' (V)#,G)[i] to 3y i o,n- Since ¥y i o 1S @
twisted quantum Drinfeld Hecke algebra over C[/i], the composition f := po§ is
an isomorphism of C[/]-modules.

Next, define a C[#]-bilinear multiplication u on (S (V)#,G)[A] by

w:= flomulto(f x f),

where mult is the multiplication map in ¥y . 4.5 Since u is C[/4]-bilinear, it must
necessarily be a power series

w=po+urth+ush+---,

where the p; are C-bilinear maps from (S, (V)#,G) X (S4(V)#,G) to Sq(V)#,G.

Note that, by definition of f, the map ug is precisely the multiplication map in

Sq(V)#,G, and so u is a deformation S, (V)#, G over C[/]. By definition, the map

f is an isomorphism between the C[/i]-algebras (S, (V)#,G[h], n) and #y i a.h,

proving that J; , o » is isomorphic to a deformation of S, (V)#,G over C[#].
Finally we prove the degree condition on the u;. Given elements

a=vP v, and b=l 0,
in S4(V)#,G, to find p(a, b), ua(a, b), ..., we must put the product f(a) f(b) €
#4.1c,a,n 1n the normal form by repeatedly applying the relations defining ¥y i . 5.
Induction on the degree Y ;_, B + v« of ab implies that deg u; = —2i for all i > 1,
as claimed. ]

Lemma 3.3. The algebra ¥4 i « is a twisted quantum Drinfeld Hecke algebra over
C if and only if ¥y i .1 is a twisted quantum Drinfeld Hecke algebra over C[h].

Proof. The proof given for ¥, , o in Theorem 2.2 generalizes for #, , o.n by
extending scalars to C[#]. That is, 3, . o 5 is a twisted quantum Drinfeld Hecke
algebra over C[#] if and only if the two conditions in Theorem 2.2 hold. O
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Corollary 3.4. Every twisted quantum Drinfeld Hecke algebra 3y , o is isomorphic
10 a specialization of a deformation = o+ p1h+ pah>+- - - of Sq(V)#,G over
ClA] with deg u; = —2i foralli > 1.

A Hochschild 2-cocycle on S, (V)#,G is said to be constant if it is of degree
—2 as a function between graded algebras. In the next section, it is shown that
such 2-cocycles correspond to certain constant polynomials, justifying the choice
of terminology.

Proposition 3.5. Let ¥, . o be a twisted quantum Drinfeld Hecke algebra. The
map k 'V x V. — C*G is equal to the quantum skew-symmetrization of some
constant Hochschild 2-cocycle 1 on Sq(V)#,G, that is,

Kk (i, vj) = u1(vi, vj) —qije1 (v, v;)
foralli, j.

Proof. By Lemma 3.3, %, o5 s a twisted quantum Drinfeld Hecke algebra over
C[#a]. By Theorem 3.2, associated to 9y . o5 is a deformation u = po + p1hi +
Mzhz + -+ of §¢(V)#,G over C[h] with deg u; = —2i for all i > 1. Note that 1
is a constant Hochschild 2-cocycle on S, (V)#,G. We claim that « is equal to the
quantum skew-symmetrization of ;.

Let f be the map defined in the proof of Theorem 3.2. For any two monomials
a,b € S§4(V)#,G, the value of ui(a, b) is determined by writing the product
f(a) f(b) € Hy i« n in the normal form by repeatedly applying the relations defining
Hgq c.an- If i < j, the product f(v;) f(v;) = v;v; is already in the desired form, so
wi(vi, vj)=0.Ifi > j, we write v;v; —> q;jv;v; +k (v;, vj)hi, and so K (v;, v;) =
wi(vi,vj). If i < j, we have k(v;, vj) = —¢g;jk(vj, v;) = —q;jpu1(vj, v;). Thus
Kk (v, vj) = p1(vi, vj) —gijur (v, v;) for all 7, j. U

The proof of the following theorem is a generalization of [Naidu and Witherspoon
2011, Theorem 2.2]; see also [Witherspoon 2007, Theorem 3.2].

Theorem 3.6. Every deformation i = o+ p1hi + pohi> +- - - of Sq(V)#,G over
ClA] with deg u; = —2i for all i > 1 is isomorphic to some twisted quantum Drinfeld
Hecke algebra over C[h).

Proof. Suppose that j = po+ 15+ puah>+- - - is a deformation of Sq(V)#,G over
Cl[A] with deg u; = —2i for all i > 1. In what follows, we identity 7 (V)#,G with
the free associative C-algebra generated by the set {vi, v, ..., v,}U{t, | g € G}
subject to the relations 7,v; = 8v;f, and t,1, = (g, h)tg, forall i € {1,2,...,n}
and all g, h € G. Define amap ¢ : (T (V)#,G)[1] — (Sq(V)#,G)[7] as follows.
First, set ¢ (v;) =v; and ¢(tg) =1, foralli € {1,2,...,n} and all g € G. Since
deg ux = —2k for all k > 1, we have

m(C*G, C“G) = m(C*G, V) = i (V, C“G) =0
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for all k > 1. This implies that the relations #,v; = %v;t, and .1, = (g, h)t,;, hold in
the algebra ((S4(V)#,G)[], 1), and so we obtain a C-algebra homomorphism on
T (V)#,G, which extends to a C[#]-algebra homomorphism ¢ from (T (V)#,G)[#]
to (S4(V)#,G)[h], where the algebra structure on the latter is given by wu.

Next, we show that ¢ is surjective. It is enough to show that each monomial
vj, - - - Vj, 1, 1s in the image of ¢. The proof is by induction on the degree of the
monomial. Suppose that all monomials of degree less than m are in the image of ¢.
In particular, ¢ (X) = v;, - - - v;,, g for some X € (T (V)#,G)[A]. Then

¢ (vi, X) = p(viy, (X))
= /’L(vil’ Vip =+ vimtg)
=y, - Vi By A 1 Wiy Viy -+ Vi, L) A o (i) vy -+ 0, BB -

Since deg(uy) = —2k, by the induction hypothesis, each (v, vi, - - - v;,2) is in

the image of ¢. Therefore, v;, - - - v;, 7, is in the image of ¢, and it follows that ¢ is
surjective.
Finally, we determine the kernel of ¢. Since deg(u;) = —2, we can define a

bilinear map « : V x V — C*G by setting « (v;, v;) := w1 (v;, vj) —qijpu1(v;, v;)
for all 7, j. Let I denote the ideal in (T (V)#,G)[h] generated by the elements

ViVj —(gijV;V; —K(v,‘, vj)h.
Since i (v;, vj) =0 for all k > 2, we have

¢ (iv;) =u(v;, v;) =vivj + ui(v;, v))h,
d(vjv) =pu(vj, v;) = vjv; + 1 (vj, vih,

and so [ is contained in the kernel of ¢». The form of the relations and surjectivity
of ¢ imply that the kernel of ¢ is precisely /, and it follows that the deformation
((Sq(V)#,G)[R], 1) is isomorphic to the twisted quantum Drinfeld Hecke algebra
g «c.a,n over C[A]. U

4. Computing HH?(S, (V)#,G)

Let A be an algebra on which the finite group G acts by automorphisms, and let
o be a 2-cocycle on G. This section is concerned with the computation of the
Hochschild cohomology HH' (A#,G) of the twisted skew group algebra A#,G.
We are particularly interested in degree two cohomology in the case when A is
the quantum symmetric algebra S, (V). The results of this section are used in the
sections that follow.

Recall that the Hochschild cohomology of an algebra R is

HH'(R) := Ext}. (R, R),
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where the enveloping algebra R® := R® R°P acts on R by left and right multiplication.
When R is a twisted skew group algebra A#,G in a characteristic not dividing
the order of the finite group G, by [Stefan 1995, Corollary 3.4], there is an action
of G on HH' (A, A#,G) = Ext). (A, A#,G) for which HH'(A#,G) is isomorphic
to HH (A, A#,G)C, the space of elements of HH (A, A#,G) that are invariant
under the action of G. Thus, one can compute HH' (A#,G) by first computing
HH' (A, A#,G) and then determining the space of G-invariant elements. When
A is the quantum symmetric algebra S, (V), we compute HH" (54 (V), S;(V)#,G)
using the quantum Koszul resolution, recalled below.
The quantum exterior algebra /\;(V') associated to the tuple g = (g;;) is

Ng(V) :=C(vy, ..., v, | vjv; = —g;jvjv; forall 1 <i, j <n).

Since we are working in characteristic 0, the defining relations imply in particular
that vl.2 =0 for each v; in /\q(V). This algebra has a basis given by all v;, - - - v;,
O<m<n,1<i) < <iy <n); we write such a basis element as v;;, A---Av;,
by analogy with the ordinary exterior algebra.

By [Wambst 1993, Proposition 4.1(c)], the following is a free S, (V')°-resolution
of §4(V):

mult

@.1) - = SV @NL(V) B S, (V) @A (V) D 5, (V) 28 5, (V) -0,

that is, for I <m < n, the degree m termis S, (V)¢ ® /\'Z(V); the differential d,,, is
defined by

dn(1®2®@vj, A---Avj,)

m i m
= Z(_l)l+1|:<l_[ qj.hji)vji ®1 - (l_[ qjiaj.v) ®Ujii| ®Ujl AN /\ﬁ]t AN /\Ujm
i=1 s=1

s=i

whenever 1 < j; < --- < j,, <n, and mult denotes the multiplication map. The
complex (4.1) is a quantum version of the usual Koszul resolution for a polynomial
ring.

Suppose that the action of G on V induces an action on /\4(V). Thus, there is
an action of G on the quantum Koszul complex (4.1), that is, an action of G on
each S, (V)*® /\;( V) that commutes with the differentials.

Assume that HH (S, (V)#,G) has been computed using the quantum Koszul
resolution. So, elements of HH' (S, (V)#,G) are given as G-invariant elements of
HH(S4(V), S4(V)#,G). For our purposes, we need to find representatives for ele-
ments in HHQ(Sq(V)#aG) that are given as maps from (S, (V)#,G) ® (S (V)#,G)
to S4(V)#,G satisfying the 2-cocycle condition (3.1). To this end, we consider
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chain maps between the quantum Koszul resolution (4.1) and the bar resolution of A:

e Sq(V)®4 o Sq(V)®3 o Sy (V) mult Syg(V) —=0

o oo

d d
e SV @ NSV T S (V)F @ NV - 5, (V) S, (V) — 0.

Here the differentials §; in the bar resolution are defined as

i
Si(ap® - ®a;11) :Z(—l)jao®"'®ajaj+l ® - Qait1
j=0

for all ag, ..., a;+1 € A. We will only need to know the values of W, on elements
of the form 1 ® v; ® v; ® 1, and these can be chosen to be

1®1Quv; Av; ifi < j,
4.2) 1Ry v ®1) = enty Tt
0 ifi > j.

Chain maps ®; are defined in [Naidu et al. 2011], and more generally in [Wambst
1993], that embed the quantum Koszul resolution as a subcomplex of the bar
resolution. We will only need ®,, and this is defined by
4.3) P,(1R®1QRV;AAY))=1QV;QV;®1—¢;;®V;Qv;®1

forall 1 <i, j <n.

We define the Reynold’s operator, or averaging map, which ensures G-invariance
of the image, compensating for the possibility that ¥, may not preserve the action
of G:

Ry : Home (S4(V)®2, Sy (V)#,G) — Home (S, (V)®2, S, (V)#,G)C,
1
Ro(y) = @ Zgy-
geG

The following map tells how to extend a function defined on S, (V)®? to a function
defined on (S, (V)#,G)®? [Cilddraru et al. 2004]:

@% : Homg (S, (V)®2, S, (V)#,G)° — Home ((Sg(V)#,G)®2, Sy (V)#,G),
OF (k) (aity, @ arty,) = (g1, &2k (a1 ® *'ar)ty, .

The theorem below is from [Caldéraru et al. 2004]; see also [Shepler and Wither-
spoon 2012].

Theorem 4.4. Suppose that the action of G on V extends to an action on [\q(V)
by automorphisms. The map

@32 W3 : Home (AL (V), Sq(V)#eG) — Home (Sq(V)®2, Sy (V)#a G)
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induces an isomorphism
HH?(S,(V), Sy (V)#,G)¢ = HH*(S;(V)#,G).
Moreover, @3R3 maps HH?(Sg(V), Sq(V)#,G) onto HH*(Sy(V)#,G).

Next, we will introduce some notation and give some formulas that are useful in
the sections that follow. For each g € G, the space S, (V)t, € S, (V)#,G is a (left)
Sq(V)¢-module via the action

(a®Db) - (cty) == actyb = ac(®b)t,

foralla, b, c € §4(V) and all g € G. Note that HHz(Sq(V), Sq(V)#,G) is isomor-
phic to the direct sum @@, HH* (S, (V), Sq(V)1,).

We wish to express the formula for the differentials d,, in the quantum Koszul
resolution (4.1) in a more convenient form. To this end, let N denote the set of
all n-tuples of elements from N. The length of y = (yi, ..., y») € N, denoted
ly|, is the sum Y ", y;. For each y € N, define v := vi/' v%’z -v}". For each
i €{l,...,n}, define [i] e N" by [i]; =4, j, forall j € {1,...,n}. Foreach 8 =
(B, ..., Bn) €{0, 1}, let v denote the vector Vjy A AV, € /\'Z(V) determined
by the conditions m = |8, Bj, =1 forallk € {1,...,m}, and j; <... < j,. For
each 8 € {0, 1}" with || = m, we have

d (1®2®v“")—25ﬁ H(=DE lﬂs[(l_[qﬂ‘)vl@vl—(l_[qﬂf)@v]@v“ﬁ .

Removing the term S, (V') from the quantum Koszul resolution (4.1), applying
the functor Homg, (v)e (-, Sq(V)i,), and then identifying

Homg, (v)e (Sg (V) @ N, (V), S4(V)itg) = Home (N, (V), Sg(V)1g)
with S, (V)t, ® /\'q_ 1 (V*), we obtain the complex

4.5) 0— S,(V)1, & Sq(V)tg ® Ny (V¥) ey Sq(Vtg @ N1 (V) — -+

For all a € §4(V) and all B € {0, 1}" with |B| = m — 1, the differential d;; sends
the element at, ® (W) to

49 3 amo 7t ([T o (T o .
i=1 s=1

For later use, we record the following formula. Let € (S4(V)#,G) ® /\31_1 (V).
Then

1 —1 —1
4.7) [®§%Q‘P§(n)](vi®vj)=ﬁgg(n(‘l’z(léég v ®% v;®1))).
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The elements of ((Sq WV#,G6)Q /\fl,l (V*))G that correspond to constant Hochs-
child 2-cocycles, i.e., those of degree —2 as maps from (Sq (V#,G) @ (Sq(V)#,G)
to Sq (V)#,G, are precisely those in (C"‘G ® /\ 1 (V* )) due to the form of the
chain map W,. Note that the intersection of the i 1mage of &5 with C*G ® /\ 1(VH)
is 0. Applying our earlier formula, letting 8 = [j]+ [k],

4.8) di(t, ® v Av))

_ Z (— I)Z 15:[((ﬁ C]fj)l}i _ <ﬁ in)gvi)fg] ® (v*)NBHID
s=1 s=i

ig{j.k}

5. Constant Hochschild 2-cocycles
In this section, we establish the following bijection:

constant Hochschild twisted quantum Drinfeld
2-cocycles on S, (V)#,G Hecke algebras ¥ o '

We also show that every constant Hochschild 2-cocycles on S, (V)#,G lifts to a
deformation of S, (V)#,G.
We use the following two lemmas shortly.

Lemma 5.1. The action of G on 'V extends to an action on \¢(V) by automor-
phisms if, and only if,, forall g € G,i # j,and k <,

(1- ‘IijCIlk)glicglj +(qij — QIk)gfng =0.
Proof. See [Naidu and Witherspoon 2011, Lemma 4.2]. O

Lemma 5.2. Suppose that the action of G on V extends to an action, by automor-
phlsms on Sq(V) and on [\g(V). Then ,forall g € G and alll Jk,L(i<j, k<l),

if gig] #0, then qi. = qij, and if gl.g] # 0, then qi. = q,, .
Proof. See [Naidu and Witherspoon 2011, Lemma 4.3]. U

Proposition 3.5 showed that every twisted quantum Drinfeld Hecke algebra arises
from the quantum skew-symmetrization of a constant Hochschild 2-cocycle. The
following theorem shows that the converse is also true. The proof of the following
theorem involves the maps ®3, R>, W7, and d3 defined in Section 4.

Theorem 5.3. Suppose that the action of G on V extends to an action, by automor-
phisms, on Sq(V) and on /\q(V). Let o be a normalized 2-cocycle on G, let 1 be
a constant Hochschild 2-cocycle on S4(V)#,G, and let k : V x V — C*G be the
quantum skew-symmetrization of j1\. Then ¥y . o is a twisted quantum Drinfeld
Hecke algebra.
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Proof. We show that the map « satisfies the conditions of Theorem 2.2. Let n be a
G-invariant element of

Home (A (V), Sg(V)#,G) = (Sg(V)#aG) @ Ny 1 (V)

such that [@3R, W3 ](n) = ,u 1- Since u is a constant Hochschild 2-cocycle, the
image of 1 as a map from /\ (V) to S4(V)#,G is contained in C* G, or, equivalently,
n belongs to (C*G) ® /\q (V ).

For all 1 <k, [ <n, we have [W3(n)](vk ® v; — griv; @ vk) = n(vg A vy). This
equality and the G-invariance of n imply that k (v;, v;) =n(v;Av;) forall 1 <i, j <n.
Indeed, we have

k(vi,vj) = [®§9732‘I’§k(77)](vi ®V; —qijv; ®v;)

= |— D O3 MN (v ® v; —qijv; D v;)

geG
1
G S(WEM)E (v ®v; — qijv; @ V7))
~ 1G] |gEG
1 . .
= ﬁ g((‘l’;(ﬂ)) (Z(g_l)i(g_l)lj (% @ v — qiju ® Uk)))
k,l
= — Z <Z(g—1)k(g_1)l ("IJZ M) (v vy — qiju ® Uk))
geG
=~ Z <Z(g_l)k(g_l)1 n(vr A vl))
gEG k,l
S (v Av))))
~ 1G] oo J
= Z( (Wi A
geG
= 7’](1),' A vj).

Next, write

=Y Y it ®uiAvEeCIG RN, (V) C (Sg(V)#G) @ Aot (V).
geG 1<r<s<n
The calculation above implies that k¢ (v;, v;) = nfj foralli < j and all g € G. Since

n is a Hochschild 2-cocycle, we have d3 () = 0. Using (4.8), we see that, for all
1 <i < j <k <n, we must have

8 8 8 8 8 8
E (M Vite=134qi ik Vit =M1 qi V1 H13.q ji 5 107 Gik G jk Vit g—1; Fvktg) =O0.
geG
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Equivalently,
_ 8( iqikdvi — v;) — g( Vi —qidvi) — g(gv —qgiqixvr) =0
Yljk qijqik°Vi i Nir\qijVj — 4 jk°V; 77,']' k —4ikqjkVk) =

foralll<i<j<k<nandall g eG.
Multiplying both sides by g;;qkiqk; yields

—ijnfk(gvi —qiqrivi) — qrini (qrjvj — qji%v;) — jSn,-gj(Cijqkigvk —v) =0

Now substituting k¢ (vk, v;), kg (vg, v;), and kg (v}, v;) for —qjknfk, —Qkiﬂigk, and
—qin;;, respectively, we obtain

Kg(Vk, ;) (Cvi—q i qiivi) Fhg (U, ) (qijvj—qi®v) ke (v}, v;) (qrjgri Sk —vr) =0,

which is condition (2) of Theorem 2.2.
Next, we show that « also satisfies condition (1) of Theorem 2.2. Since 7 is
G-invariant, we have n("v; /\hvj) =" (v A v;)) foralli, j and all 2 € G. We have

("vi A"y =" hich] (o Avp)

= > " hihin(i Av) =Y quhihin(e Av)

k<l k<l
> (hih] = quhiDni e,
k<l, geG

and for all i < j, we have

"n(vi Av))) = ”(Z n;f’}tg)

geCG
—1
=Y nfitut (th)
geG

:Za(h’ g)O[(hg, 1) g

ah Ty itheh™!

geG
_Z a(h, g) a8 e L
< a(hgh~", h) " Fhgh-

Equating the coefficients of #,,,-1, we find that, for all i < j and all 4, g € G, we
have

a(h, g) hgh™!
1 L/ Z(hk qlkh h )77
athgh="', h) P
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-1
Substituting « (v;, v;) and «;,g4-1 (v, v) for 7j; and mis", respectively, and then
multiplying both sides by —¢;; yields

——ko(vj, V) = iquchihl —qiihih! 21 (vg, vp).
Ol(hgh_l,h)Kg( j ;) ;(Cbt%k Ny —4qjing I)thh 1 (v, vp)
Substituting —gxikgn-1 (vi, Vi) for Kpep-1(vk, v1), and then using Lemma 5.2, we

obtain . 0)
aCh, g
mlfg(vj, Vi) = ; det;jk1 (h)kcpgn-1(vr, Vi),
which is condition (1) of Theorem 2.2. O

The proof of the following theorem involves the map @3 defined in Section 4.

Theorem 5.4. Let o be a normalized 2-cocycle on G. Suppose that the action of
G on V extends to an action, by automorphisms, on Sq(V) and on /\q(V). The

assignment
n1 = %q,K,a

where k is the quantum skew-symmetrization of (11 is a bijection from the space of
equivalence classes of constant Hochschild 2-cocycles on S4(V )#,G to the space of
twisted quantum Drinfeld Hecke algebras associated to the quadruple (G, V, q, a).

Proof. Proposition 3.5 showed that the assignment specified in the statement of the
theorem is surjective. To see that the assignment is also injective, let 1 and
be constant Hochschild 2-cocycles on S, (V)#,G such that their quantum skew-
symmetrizations are equal. We have

[@5(uD]A® 1 Qv ®v)) = i (vi, v)) — qiju1 (v}, v;)
= wi(vi, vj) — gij iy (vj, v;)
=[PIuDIAI®1®v; ®v)),
so @3 (1) = ®5(u}), and it follows that 1 and | are cohomologous. O

Theorem 5.5. Let o be a normalized 2-cocycle on G. Suppose that the action of
G on V extends to an action, by automorphisms, on Sq(V) and on /\q(V). Each
constant Hochschild 2-cocycle on Sq(V)#,G lifts to a deformation of Sy (V)#,G
over C[Hh].

Proof. Let ) be a constant Hochschild 2-cocycle on S, (V)#,G. By Theorem 5.3,
'y gives rise to a twisted quantum Drinfeld Hecke algebra ¥, , o, Where « is the
quantum skew-symmetrization of 4}. By Lemma 3.3, #, . o is a twisted quantum
Drinfeld Hecke algebra over C[#]. By Theorem 3.2, associated to 9y o, 15 @
deformation u = po+u1h +M2h2 +- -+ of §4(V)#,G. The proof of Proposition 3.5
shows that « is the quantum skew-symmetrization of p;, and it follows from
Theorem 5.4 that ) is cohomologous to 1. U
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6. Diagonal actions

As before, let G be a finite group acting linearly on a vector space V with ba-
sis v1, ..., v,. Assume that vy, ..., v, are common eigenvectors for G. In this
case, the Hochschild cohomology HH' (S, (V), S4(V)#G) was computed in [Naidu
et al. 2011]. Let o be a normalized 2-cocycle on G. In this section, we use
results from [Naidu et al. 2011] to give an explicit description of the subspace of
HHZ(Sq(V)#a G) consisting of constant Hochschild 2-cocycles. As a consequence,
we obtain a classification of twisted quantum Drinfeld Hecke algebras associated
to the quadruple (G, V, ¢q, o).

Let A, ; € C be the scalars for which $v; =1, ;v; forallge G and alli {1, ..., n}.
For each g € G, define

6.1) Cq :={ye(NU{—1})”| for eachi €{1,...,n}, Hq}f:)\g,i or y,-=—1}.

s=1

Theorem 6.2 [Naidu et al. 2011]. If G acts diagonally on V, then
HH' (S, (V), S (V)#G)

is isomorphic to the graded vector subspace of (Sq(V)#5) ® /\qq (V*) given by
HH"(S,(V), S,(V#G) =P @ @ spanci(viry) ® %)),

geG Bel0,1}" 1eN"!
|Bl=m T—BECq

forallm e N.

Corollary 6.3. The constant Hochschild 2-cocycles representing elements in the
cohomology HHZ(Sq (V), S¢(V)#G) form a vector space having as a basis the set
of all

ty @U; AV,

where r < s and g € G satisfy qyrqsr = hg r forall v’ & {r, s}.

Note that the S, (V)-bimodule structure of S, (V)#,G does not depend on the
2-cocycle «, and so HH2(Sq(V), Sq(V#,G) = HHZ(Sq(V), Sq(V)#G).

Let & denote a complete set of representatives of conjugacy classes in G, let
C¢ (a) denote the centralizer of a in G, and let [G/C¢ (a)] denote a complete set of
representatives of left cosets of C;(a) in G. In the following theorem, the notation
d;,j 1s the Kronecker delta.

Theorem 6.4. The constant Hochschild 2-cocycles representing elements in the
cohomology HHZ(Sq (V)#4G) form a vector space having as a basis the set of all

a(g,a) o
Y aleaeT gy el ® VA,
g€[G/Cg(a)] s
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where r < s and a € R satisfy qry'qsr = ha for all v’ & {r, s}, and hp iy =
a(h,a)/a(a, h) forall h € Cg(a).

Proof. We show that the space of G-invariant elements of the vector space given in
Corollary 6.3 is precisely the vector space stated in the theorem. The stated result
then follows from Theorem 4.4.

First, we show that the scalar (x(g, a) /a(gag‘l, g)))»;i)»; is independent of
choice of representative g of a coset of C¢(a) under the assumption that Ay . Ap ¢ =
a(h,a)/a(a, h) for all h € Cg(a). Suppose that gag~! = g’ag’~!. Then g’ = gh
for some i € Cg(a), and we have

a(g’,a) _/1 _,1 _ a(gh,a) k_lrk_lskglkgl.
a(gag T, g) ¢ E s T a(gag T, ghy # e s
Substituting Aj, A s = a(h,a)/a(a, h) yields

a(gh,a)ala,h) __, _,;
a(gag=!, gha(h,a) & &

Applying the 2-cocycle condition of « to the triple (g, &, a) gives

a(gh,a)/a(h,a) =a(g, ha)/a(g, h).
Making this substitution in the expression above yields
a(g, ha)a(a, h) a1
a(gag™, ghya(g, h) & &"

Applying the 2-cocycle condition of « to the triple (g, a, h) gives «(g, ha)a(a, h) =
a(ga, h)a(g, a). Making this substitution in the expression above yields

a(ga, h)a(g, a) 141
a(gag™!, ghya(g, h) &7 &

Finally, applying the 2-cocycle condition of « to the triple (gag™

a(ga, h) . 1
a(gag™', gh)a(g, h) a(gag

],g, h) gives

Lo

Making this substitution in the expression above yields
a(g,a) 3 =1y -1
a(gag=t, g) &Y

proving that the scalar above is independent of choice of representative g of a coset
of Cg(a) under the assumption that A, A, ¢ = a(h, a)/a(a, h) for all h € Cg(a).
Thus, each of the alleged basis element is well defined, and is evidently G-invariant.
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Conversely,let n =3, > n'ta®vi Av}, where n’; are scalars and the second
sum runs over all r < s that satisfy g,,'qs = Ay, for all ¥’ & {r, s}. We have

= nitela(ty) " @FWHALWH =Y

aeG aeG

alg,a) ;.4
— A A I e ®UEAVE,
a(gag™!, g) & BTN T

Assume that 7 is G-invariant. Then

gag™! —M —1y-1_a
Nys _Ol(gag_l,g) 8r°"g,s’lrs?

for all g € G. Letting g = h € Cg(a) yields

ah,a)
)‘h,r)\'h,s =
ala, h)
showing that 5 is in the span of the alleged basis elements. The stated result now
follows from Theorem 4.4. ]

The proof of the following theorem involves the maps ®7, R, and W] defined
in Section 4.

Theorem 6.5. The maps k : V x V — C*G for which ¥y o is a twisted quantum
Drinfeld Hecke algebra form a vector space with basis consisting of maps

frsa:VxV—C*G,
Wi, 0)) > Birbjs — Gsrbisdin) D L T
’ o o a(gag™!, g) &7 &S 8T
8€lG/Cg(a)]
where r < s and a € R satisfy qrrqsy = Aa, forall v’ & {r, s} and hp iy s =
a(h,a)/a(a, h) forall h € Cg(a).

Proof. Let n = de[G/CG(a)](a(g, a)/a(gag™!, g)))»;)»;itgag-l ® v} Avy, where
r < s and a € R satisty the conditions specified in Theorem 6.4. In the proof of
Theorem 5.3 we saw that [@3R, W5 ()] (v; ®v; —¢qijv; ®v;) =n(v; Av;), and the
latter is equal to

a(g,a) 141
(3i,r8js —qsr8isSj,r) Z m)»g,r)»g,x Loag!-
g€lG/Cq(a)] ’
The stated result now follows from Theorems 4.4 and 5.4. O

7. Symmetric groups: natural representations

In this section, we classify twisted quantum Drinfeld Hecke algebras for the sym-
metric groups S,, n > 4, acting naturally on a vector space of dimension 7.
Consider the natural action of S, on a vector space V with ordered basis
Vi, ...,V,. Let g := (gij)1<i j<n denote a tuple of nonzero scalars for which
gii =1 and gj; = ql.;l for all i, j. The action of S, extends to an action on the
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quantum symmetric algebra S, (V') by automorphisms if and only if either g;; = 1
for all i, j or g;; = —1 for all i # j. The tuple corresponding to the former will
be denoted by 1, and the tuple corresponding to the latter by —1. The action of S,
on V extends to an action on the quantum exterior algebra /\_; by automorphisms.
Note that the algebra /\_; is commutative.

The Schur multiplier H>(S,,, C*) of the symmetric group S, is isomorphic to
Z/27 for all n > 4 [Schur 2001]. Let « be a 2-cocycle on §,,, and let [«] denote
the image of « in H2(S,,, C*). A classification of twisted quantum Drinfeld Hecke
algebras for S, acting naturally on a vector space of dimension 7, is given in [Ram
and Shepler 2003] for [¢] =1 and ¢ =1, in [Wambst 1993] for [a] # 1 and ¢ =1,
and in [Naidu and Witherspoon 2011] for [¢] = 1 and ¢ = —1. The goal of this
section is to address the remaining case: [«¢] # 1 and g = —1.

Next, we recall a Schur covering group of S,, which we use to obtain a co-
homologically nontrivial 2-cocycle on S,. Let 7, be the group with generators
f,...,t,_1, z and relations

?=1,
=1 forl <r<n-1,
Loty = tsty 2 forlr—s|>1land1<r,s<n-—1,

ttppity =tr ity tryr forl <r<n-—2,

zty =14, 2 forl<r<n-—1.
The group 7, is a central extension of S, by (z):
1> ()= T, 58, —1,

where the surjection p sends z to 1 and sends ¢, to the transposition (rr + 1). The
group T, is a Schur covering group of S, [Schur 2001].

We define certain distinguished elements of 7,,: Foreveryr,s €{1,...,n}, r #s,
denote by [rs] the element of 7, defined recursively as follows:

[rr+1]:=1t,,
[rs]:=t[r+1slt,z ifr<s—1,
[rs]:=[s7]z ifr>s.
Note that p([rs]) = (rs).
Next, we define a section u : S,, — T, of the surjection p: T, — S, by u(o) = u,.
If o € S, is the k-cycle (ai, ..., ar), where ay, ...,a; € {1,...,n} and a; is the
smallest element of the set {ay, ..., a;}, define

ug = lararllarag—11- - - laraz].
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If o € S, is the product (ay, ..., ar)(by, ..., by)--- of disjoint cycles, where a; is
the smallest element of the set {a;, ..., ax}, by is the smallest element of the set
{b1, ..., b}, and so on, and a; < by < - - -, define

Uo ‘= Uay,...a)U(by,..by) """ -

It is evident that u : S, — T, is a section, that is, pu =idg,.

Consider any irreducible representation of the group 7,,. Since the element
z is central and has order two, it must necessarily act on this representation as
multiplication by either 1 or —1. Assume the latter. In this case, we obtain a
cohomologically nontrivial (normalized) 2-cocyle « : S, x S, — C* defined by

: -1
1 ifucucu,, =1,

: -1
-1 ifusuu,; =z,

(7.1) a(o, 1) = {
forallo, v € §,.

Our goal is to classify twisted quantum Drinfeld Hecke algebras associated to
the quadruple (S,, V, —1, «), where V is the natural representation of S, and —1
is the tuple defined earlier in this section. To this end, in what follows, we establish
several lemmas that aid in accomplishing our goal.

Since the subgroup (z) of T, is central, there is an action of S,, on 7, induced by
conjugation. If o belongs to S, and v belongs to 7,,, we denote by o > v the result
of o acting upon v. We have o >v = 6v(6)~!, where & is any element in the set
p~ (o).

For each o € §,, let (o) denote the signature of o':

0 if o is an even permutation,

€(o) = {

1 if o is an odd permutation.

The following result from [Vendramin 2012] will be put to use shortly.
Lemma 7.2. For all distinctr,s € {1, ... ,n}andall 6 € S,,, we have
o>[rs]=[o(r)o(s)]z"".
For later use, we record two lemmas.
Lemma 7.3. For all distinctr,r',s,s' €{l,...,n}, we have
[rsilsr'lz = [rr'llrs] = [r's]lrr']z.

Proof. We have [rs]~![rr'][rs] = (rs)~'>[rr'] = (rs)>[rr'], and, by Lemma 7.2,
the last expression equals [sr']z, proving the first equality. The second equality is
proved similarly. O

Lemma 7.4. For all distinctr,v',s,s €{l,...,n}, we have

[rs1lr's'1 = [r's'1[rs]z.
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Proof. We have [rs][r's'][rs]~! = (rs)>[r's], and, by Lemma 7.2, the last expres-

sion equals [r's"]z. O
For all distinct r, s, 7', s’ € {1,...,n}, let d(r, s, r’, s") denote the number of
inequalities

min{r, s} > min{r’,s'}, r>s, r'>s
that hold. For all distinct r, s, 7', s € {1,...,n} and all o € S, define
dy(r,s,r',s") :=d(o(r),o(s), o), o(s)).
For later use, we record the following obvious result.
Lemma 7.5. For all distinctr,s,r’,s’ €{l,...,n}, we have
ld(r,s,r',s"y—=d@r,s,s', ¥ =1=|d@r, s, v',s)y—d(s,r, 1, ).

We need the following lemma, which is a generalization of [Vendramin 2012,
Lemma 3.7].

Lemma 7.6. Let o be any element of S,,.
(a) Forallr,s € {1,...,n} withr <s, we have

ua(rs)aflze(o) l'fO’(l") <o(s),
OB Urs) = e(0)+1
Us(rs)o—12 ifo(r)>o(s).
(b) Forall distinctr,s,r',s' €{l,...,n}ywithr <s,r' <s',andr <r', we have

dy(r,s,r',s
O > UFrs)(r's'y = Ug (rs)(r's")o—1% ( )'

(¢) Foralldistinctr,s, v’ €{l,...,n} withr <s andr <r’, we have
OB Ursr)y = Ug(rsriyc—!+

Proof. (a) By Lemma 7.2, o > ugy) =0 [rs]=|[o (o )]z If o (r) <o (s),

then

(o) (o)

[0("o ()15 = U (10()2"” =ty rse-12°7.

If o(r) > o(s), then
[0 (Mo ()] = [0/(5)0 (N1 = U0 ()02 T =g 5127,
(b) Again, by Lemma 7.2,
o> UGy sy =0 & [rs]r's' = (o > [rs)(o > [r's'])
=[0(No ()] [o (o ()]
=[o (o ($)][o (o (sH].

If min{o (r), o (s)} > min{o (r’), o (s')}, then, using Lemma 7.4, we rewrite the
product above as [0 (r')o (s')][o (r)o (s)]z. If o (r) > o (s), we replace [o (r)o (s)] by
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[0 (s)o (r)]z. Similarly, if o (r") > o (s”), we replace [0 (r')o (s")] by [0 (s)o (r')]z.
Since the element z has order two, the stated result follows. For example, suppose
that d, (r, s, r’,s') =3. Then o (r) > o (s), o (r") > o(s’), and 6 (s) > o (s'), and in
this case we write

[ (r)a ()1lo (ro (s)] = [0 (o ()]l (o (s)]z = [0 (s)o (r)]zlo (s)o (r)]zz
= [o(sho(r)]lo(s)o(r)]z
= U(o (o () (o (s)a (1)L
= Us(rs)(r'syo 1L
(c) Again, by Lemma 7.2,
o> Uy =0 [rr'l[rs]= (o> [rr') (o >[rs])
=[0(ro ()" lo (1o ()]
=[o (1o (rHlo (o (s)].

Case (c1). o(r) <o (') and o(r) < o (s). In this case,

[o (r)a(r/)][a (ro(s)] = U (r)o(s)o () = Ug(rsryo—!+

Case (¢c3). Either o(s) <o (r) <o (') or o(s) < o (') < o(r). Using the first
equality of Lemma 7.3,

[0 (r)o (r)]lo (o ()] = [o(r)o (s)]lo ()o (r)]z =[o (s)a (r)]z[o (s)o (r)]z
= U(o()o ("o (r))
=Ug(rsryo—!-

Case (c3). Eithero(r') <o(r) <o(s) oro(r') <o(s) < o(r). Using the second
equality of Lemma 7.3,
[0 (r)o (r)]lo (r)o ()] = [o (o ()]o(r)o (r)]z
=[o (o ()][o(r)o(r)]zz
= U (r)o(r)o(s))
=Ug(rsriyo—!- 0

We now turn our attention to the Hochschild cohomology of S_1(V)#,S,.

Theorem 7.7 [Naidu and Witherspoon 2011, Theorem 6.8]. Assume that n > 4. The
constant Hochschild 2-cocycles representing elements in HHZ(S,I(V), S_1(V)#S,)
form a vector subspace of (S_1(V)#G) @ N\_1(V*) having as a basis the set of all
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m=tQu:Av; (r <s),
M =tes & vf A v;‘ (r<s),
N3 = tes) ® (VS AV 4 V) AVY) (r <s),

Na = tos)irsy @ (VEAVS +0EAVE 0 AvE+ i AV (r<s, i <s' r<r),
N5 = sy @ (VS AV + 05 AvS 0 AVY) (r<s,r<r).
Note that the S_;(V)-bimodule structure of S_;(V)#,G does not depend on the
2-cocycle «, and so HHZ(S_1(V), S_1(V)#,G) = HH*(S_1(V), S_1(V)#G).
The lemma below involves the maps ®3, %5, and W5 defined in Section 4. Recall

that the image of an element o € S, in the twisted group algebra C*S,, is denoted
by #,. Also, recall the definition of the 2-cocycle « given in (7.1).

Lemma 7.8. Foralli # j,

[(©3R2%3) (1) 1(v; ® V)

1 .
=1
ni—1" ffa=1,
0 ifa=2,
— ] 0 ifa=3andn >3,
0 ifa=4,
1 .
mkgj(zl‘(uk)‘f‘f(zkj)) ifa=35,

Proof. Using (4.7),

1
[(©3T W) (D)1 @ vj) =— > "1 (¥2(1 @ Vy1) ® Vy1(jy ® 1))

n!

o€eS,
1
= ; Z 0(771(1® 1®vo——|(i)®va—l(j)))
) ogEeSs,
o D<o ())
1 o
=— )
oEeS,
o(r)=i,o(s)=j
1
= —0"I.
nn—1)
Similarly,
1
[(®§9712l11§)(172)](v, ® ’Uj) = ; Z G(t(rs))-
’ oges,
o(r)=i,o(s)=j

Applying the conjugation action in C*G, we get
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1 Z a(o, (rs)) ; (1 Z alo, (rs)) ;
n! = a(o(rs)o~1,0) A = a((ij), o) )
o(r)=i,o(s)=j o(r)=i,o(s)=j

The scalar a(o, (rs))/a((ij), o) in the summation above is determined by the
following element of 7},:
~1 -1, -1 _ -1, -1
uau(”)ua(rs)u(ij)f’ua u(ij) =UoU(rs)lUy uo(rs)a‘l :
By Lemma 7.6(a),
1 -1 _ 7€) ifi <j,
UsU(rs)Us Ma(”)afl - €@+l gfi S j.
Since we assume 7 is greater than or equal to 4, the set {o € S, |0 (r) =i, o(s) = j}
contains an equal number of odd and even permutations, and so
Z a(o, (rs)) —0
= alijo)
o(r)=i,o(s)=j

proving that [(®3RoW})(m2)](v; ®v;) =0.
Next, we consider the a = 3 case. In addition to the stated assumption r < s, as-
sume further that » <" and s <r’. The other cases can be handled similarly. We have

* * 1 o 1 o
[(O3R2W5) (m3)](vi ® vj) = ] E (ters)) + 0 E (t(rs))-
€S, oeS,

o(r=i,a(r)=j o(s)=i,o(r')=j
Applying the conjugation action in C* G, we get

1 a(o, (rs)) 1 a(o, (rs))
a Z —a((ia(s)), a)l(ia(s)) + ; Z mt(g(r)i)

o€eS, o€eSs

(=i, ()=} o(8)=i, 6 (r')=j
1 a(o, (rs)) a(o, (rs))
o Z( 2 ot X o)
Tk, j oES, ’ og€EeS, ’
o(r)=i,o(r')=j,o(s)=k o(s)=i,o(r')=j,o(r)=k

The scalar « (o, (rs))/a((ik), o) in the first of the two inner summations above is
determined by the element ugu(m)u;lu;(lrs)a, , of T,. Again, by Lemma 7.6(a),

. [z @ifi <k,
Ma(rs)o_1 - Ze(a)-‘rl ifi > k.

Since n is assumed to be greater than or equal to 5, the set {o € S, | o (r) =1,
o (r'y=j, o(s) =k} contains an equal number of odd and even permutations, and so

Z (o, (rs)) _0
ol a((ik), o)
o(r)=i,o(r)=j,o(s)=k

-1
UsU(rs U,
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Similarly, alo, (rs))

2 o=
o€eS, Ol((l )’ 0)
o(s)=i,o(r')=j, o (r)=k

and it follows that [(@5R, W) (13)](v; ®v;) = 0.

For the a = 4 case, in addition to the stated assumptions r < s, r’ <s’,r <7/,
assume further that r < s’, s < r/, and s < s’. The other cases can be handled
similarly. We have

[(®3R2W7) (na)](v; @ vj)

! 1
- n! Z U(t(”)(rlsl)) * ! Z U(t(rs)(r’s/))

o€es, o€ES,
a(r)=i,a()=j o(r=i,o(s"=j
1 1
+ D sy + - > ltesirsy):
€S, oES,
o(s)=i,o(r)=j o(s)=i,o(s)=j

Applying the conjugation action in C* G, we get
1 a(o, (rs)(r's")
—_— t . . ’
n!( XS: a((io(®)(jo(s), o) 7V
s (=i, 0 ()=] a(o, (rs)(r's’
n Z (0, (rs)(r's"))
o€,

1 o
a((io(s))(a(r)j), o) (io () (o (r)))
o(r)=i,o(s)=j
a(o, (rs)(r's’))
i D (j Lo i) (jo(s))
OZGS:n a((o(r)l)(]o'(s/)), O,) a(r)i)(jo(s
o(s)=i,o(r')=j

Z a(o, (rs)(r's")

" oMo ()i
oes a(@ ()@ () )),a) €D m)
o(s)=i,o(s")=j

1 a(o, (rs)(r's")) a(o, (rs)(r's"))
a2 (T SCwmat 2 a@mn.o)

k,l%{i,]} oes,
o(r)=i,o(r")=j o(r)=i,o(s")=j
o(s)=k,o(s")=l o(s)=k,o ()=l

a(o, (rs)(r's")) a(o, (rs)(r's"))
+ — — = )tan -
2 @b o) XS: (0 (D), o) )t( o

o(s)=i,o(r')=j o(s)=i,o(s)=j
o(r)=k,o(s")=l o(r)=k,o ()=l

The scalar a (o, (rs)(r's’)) /a((ik)(jl), o) in the first of the four inner summa-
tions above is determined by the element ugu(rs)(rxs/)ugl o of T,,. By
Lemma 7.6(b),

un (rs)(r's
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dy (r,s,1's d(ik,j,0)

-1, -1 '
UsU(rs)(r's)Ua U 6y (r1shye—1 = )=z

Thus,
Z a(o, (rs)(r's")) _

— I (=1)dCkID,
«(GD, o) — WD

€S,

a(n)=i,o(r')=j

o (s)=k,o(s")=l

Similarly, the second, third, and fourth summations are equal to (n — 1)! times

(—D2GRLD - (—1)d®i 0D and (—1)4&50D | respectively. From Lemma 7.5 it

follows that the sum of the four summations above is equal to zero, and so
[(©3%R2W3) (na)](v; ® vj) = 0.

Finally, for the @ = 5 case, in addition to the stated assumptions r < s, r </,

assume further that s < r’. Again, the other case can be handled similarly. We have

[(©3%2%3) (1)1 (v ® v;)

1 1 1
= ; Z U(t(rsr’)) + E Z U(t(rsr’)) + ; Z U(t(rsr’))
o€S, o€S, o€S,
o(r)=i,o(s)=j o(s)=i,o(r)=j o(r)=i,o(r')=j
1 alo, (rsr’)) 1 al(o, (rsr’))
| Z NS (ijo(r)) ) Z I (e(Mij)
nt = al(ijo(), o) nt o alle®ij),o)
o(r)=i,o(s)=j o(9)=i,o(r")=j
1 al(o, (rsr'))
+ — — 1 ;
n! Z a((io(s)j), o) o))
o€eS,
o(r)=i,o(r=j
1 [( a(o, (rsr')) (o, (rsr’)))
D ) - ) - o
A Z o) & ko)
o(r)=i,o(s)=j,0(r")=k o(s)=i,o(r')=j,o(r)=k
a(o, (rsr'))
+ Z — Lk |-
o allk)), o)

o(r)=i,o(r')=j,o(s)=k

The scalar a(o, (rsr’))/a((ijk), o) in the first of the three inner summations above

is determined by the element ugu(rsr/)uglu;(lrsr,)a,l of 7,. By Lemma 7.6(c),

ugu(”r,)uz;lug(rsr’)afl = 1. Thus,
al(o, (rsr’
Z % =(m-3)!.
oS, a((ijk), o)

o(r)=i,o(s)=jo(r'")=k
Similarly, the second and third summations are also equal to (n —3)!. It follows that

[(@3% ;) (n5)](v; ® vj) = m > Qi + tak))- O
k

#i,J
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Combining Theorems 7.7, 4.4, 5.4, and Lemma 7.8 establishes the following.

Theorem 7.9. Assume thatn > 5. The maps k : V. x V. — C*S,, for which #_1
is a twisted quantum Drinfeld Hecke algebra form a two-dimensional vector space
with basis consisting of bilinear maps k,: V xV — C*S, and xy: V xV — C*S,
determined by

ki1(vi,vj)) =t and Kk2(v;i,v;) = Z (tijxy + Likj))s
k#i, j

foralli # j.
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L? HARMONIC 1-FORMS AND FIRST EIGENVALUE OF A
STABLE MINIMAL HYPERSURFACE

KEOMKYO SEO

We estimate the bottom of the spectrum of the Laplace operator on a stable
minimal hypersurface in a negatively curved manifold. We also derive vari-
ous vanishing theorems for L? harmonic 1-forms on minimal hypersurfaces
in terms of the bottom of the spectrum of the Laplace operator. As conse-
quences, the corresponding Liouville type theorems for harmonic functions
with finite L? energy on minimal hypersurfaces in a Riemannian manifold
are obtained.

1. Introduction

Hodge theory plays an important role in the topology of compact Riemannian
manifolds. Unfortunately, the Hodge theory does not work anymore in noncompact
manifolds. However, the L?-Hodge theory works well in noncompact cases [Ander-
son 1988; Dodziuk 1982]. In this direction, there are various results for L2 harmonic
1-forms on stable minimal hypersurfaces. Recall that a minimal hypersurface in
a Riemannian manifold is called stable if the second variation of its volume is
always nonnegative for any normal variation with compact support. More precisely,
an n-dimensional minimal hypersurface M in a Riemannian manifold N is called
stable if it holds that, for any compactly supported Lipschitz function f on M,

/|Vf|2—(|A|2+ﬁ<v,v))fzdvzo,
M

where v is the unit normal vector of M, Ric(v, v) denotes the Ricci curvature of N
in the v direction, |A|2 is the square length of the second fundamental form A, and
dv is the volume form for the induced metric on M.

Using the nonexistence of L2 harmonic 1-forms, Palmer [1991] proved that if
there exists a codimension-one cycle on a complete minimal hypersurface M in
Euclidean space, which does not separate M, M is unstable. Using Bochner’s

This research was supported by the Sookmyung Women’s University Research Grants (1-1303-0116).

MSC2010: primary 53C42; secondary 58C40.

Keywords: minimal hypersurface, stability, first eigenvalue, L? harmonic 1-form, Liouville type
theorem.
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vanishing technique, Miyaoka [1993] showed that a complete noncompact stable
minimal hypersurface in a nonnegatively curved manifold has no nontrivial L>
harmonic 1-forms. Pigola, Rigoli, and Setti [Pigola et al. 2005] gave general Liou-
ville type results and the corresponding vanishing theorems on the L? cohomology
of stable minimal hypersurfaces. Refer to [Carron 2002; Pigola et al. 2008] for
a survey in this area. While the L? theory is quite well understood, in the case
p # 2, the L? theory is less developed. See [Scott 1995] for general L? theory of
differential forms on a manifold.

The purpose of this paper is twofold. Firstly, we estimate the smallest spectral
value of the Laplace operator on a complete noncompact stable minimal hypersur-
face in a Riemannian manifold under the assumption on L? norm of the second
fundamental form. Secondly, we obtain various vanishing theorems for L? harmonic
1-forms on minimal hypersurfaces.

Let M be a complete noncompact Riemannian manifold and let €2 be a compact
domain in M. Let 1{(£2) > O denote the first eigenvalue of the Dirichlet boundary

value problem )
{Af—i—)»f:O in Q,

f=0 on 9€2,

where A denotes the Laplace operator on M. Then the first eigenvalue A (M) is

defined by
rM(M) = igf)nl(Q),

where the infimum is taken over all compact domains in M. Cheung and Leung
[2001] gave the first eigenvalue estimate for an n-dimensional complete noncompact
submanifold M with the norm of its mean curvature vector bounded in the hyperbolic
space. In particular, they proved that if M is minimal, the first eigenvalue A (M)

satisfies X )
7(n—1D7 <A (M).

Note that this inequality is sharp because equality holds if M is totally geodesic
[McKean 1970]. This result was extended to an n-dimensional complete noncompact
submanifold with the norm of its mean curvature vector bounded in a complete
simply connected Riemannian manifold with sectional curvature bounded above by
a negative constant. More precisely, we have the following theorem.

Theorem [Bessa and Montenegro 2003; Seo 2012]. Let N be an n-dimensional
complete simply connected Riemannian manifold with sectional curvature Ky
satisfying K y < —a” <0 for a positive constant a > 0. Let M be a an m-dimensional
complete noncompact submanifold with bounded mean curvature vector H in N
satisfying |H| < b < (m — 1)a. Then

(1) [ — Da —b)* <1 (M).
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On the other hand, Candel [2007] obtained an upper bound for the bottom
of the spectrum of a complete simply connected stable minimal surface in 3-
dimensional hyperbolic space. With finite L? norm of the second fundamental
form, one may estimate an upper bound for the bottom of the spectrum of a stable
minimal hypersurface in a Riemannian manifold with pinched negative sectional
curvature [Dung and Seo 2012; Seo 2011]. In Section 2, we estimate the bottom of
the spectrum of the Laplace operator on stable minimal hypersurfaces under the
assumption on the L? norm of the second fundamental form. Indeed, we prove the
following.

Theorem. Let N be an (n+1)-dimensional complete simply connected Riemannian
manifold with sectional curvature satisfying K1 < Ky < K,, where K, K, are
constants and K| < Ky < 0. Let M be a complete stable non-totally geodesic
minimal hypersurface in N. Assume that, for 1 — \/2/7 <p<l+ \/2/7,

R—o00

lim sz |A]?P =0,
B(R)

where B(R) is a geodesic ball of radius R on M. If [VK|* = Zi,j,k,l,m K;‘}kl;m <
K32|A|2f0r some constant K3 > 0, we have
(n—1) np*(2K3 —n(K1 + K2))

—KzTSM(M)S Py —

The author [2010] proved that if M is an n-dimensional complete stable minimal
hypersurface in hyperbolic space with A (M) > (2n—1)(n—1), there is no nontrivial
L? harmonic 1-form on M. This result was generalized [Dung and Seo 2012] to
a complete stable minimal hypersurface in a Riemannian manifold with sectional
curvature bounded below by a nonpositive constant. In Section 3, we prove an
extended result for L? harmonic 1-forms on a complete noncompact stable minimal
hypersurface as follows.

Theorem. Let N be an (n + 1)-dimensional complete Riemannian manifold with
sectional curvature satisfying that K < Ky where K < 0 is a constant. Let M
be a complete noncompact stable minimal hypersurface in N. Assume that, for

O<p<n/(n—1)+\/ﬂ,

—2n(n — 1)2p2K

M S T —hp—nP

Then there is no nontrivial L*P harmonic 1-form on M.

Yau [1976] proved that there are no nonconstant L” harmonic functions on a
complete Riemannian manifold for 1 < p < co. Li and Schoen [1984] proved
that Yau’s result is still true for L?” harmonic functions on a complete manifold of
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nonnegative Ricci curvature when 0 < p < oo. In the case of harmonic forms, Greene
and Wu [1974; 1981] announced nonexistence of nontrivial L? harmonic forms
(1 < p < o0) on complete Riemannian and K#hlerian manifolds of nonnegative
curvature. See also [Colding and Minicozzi 1996; 1997; 1998; Li and Tam 1987;
1992] for Liouville type theorems for harmonic functions on a complete Riemannian
manifold. The Liouville property holds also for harmonic functions on minimal
hypersurfaces in a Riemannian manifold. For instance, Schoen and Yau proved the
Liouville type theorem on minimal hypersurfaces as follows.

Theorem [Schoen and Yau 1976]. Let M be a complete noncompact stable minimal
hypersurface in a Riemannian manifold with nonnegative sectional curvature. If f
is a harmonic function on M with finite L* energy, f is constant.

Recall that a function f on a Riemannian manifold M has finite L? energy if
|Vf| € LP(M). As an application of our theorem, we immediately obtain the
following, which is a generalization of Schoen and Yau’s result (see Corollary 3.10).

Theorem. Let M be a complete noncompact stable minimal hypersurface in a
Riemannian manifold with nonnegative sectional curvature with Ay(M) > 0. Then
there is no nontrivial harmonic function on M with finite L? energy for 0 < p <

n/(n—1)+~/2n.

For n > 3, it is well known [Cao et al. 1997] that an n-dimensional complete
stable minimal hypersurface M in Euclidean space cannot have more than one end.
This topological result was generalized to minimal hypersurfaces with finite index
in Euclidean space and stable minimal hypersurfaces in a nonnegatively curved
manifold by Li and Wang [2002; 2004]. If we assume that M has sufficiently small
total scalar curvature instead of assuming that M is stable, we can also have the
same conclusion [Ni 2001; Seo 2008]. See also [Pigola and Veronelli 2012] for
more general results related with L” norm of the second fundamental form. In the
same spirit, Yun [2002] proved that if M C R"*! is a complete minimal hypersurface
with sufficiently small total scalar curvature, there is no nontrivial L? harmonic
1-form on M. Yun’s result was generalized [Dung and Seo 2012] to a complete
noncompact stable minimal hypersurface in a complete Riemannian manifold with
sectional curvature bounded below by a nonpositive constant. The corresponding
vanishing theorems for L” harmonic 1-forms are obtained in Section 4.

One crucial step in the proofs of our theorems is to obtain an inequality of
Simons’ type for |¢|? rather than |¢|, where ¢ is a geometric quantity which we
want to analyze. This kind of inequalities has been used in [Deng 2008; Fu 2012;
Shen and Zhu 2005]. Equipped with this Simons’ type inequality, we extend the
original Bochner technique to our cases.
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2. An estimate for the bottom of the spectrum of the Laplace operator

Let M be an n-dimensional manifold immersed in an (n + 1)-dimensional Riemann-
ian manifold N. We choose a local vector field of orthonormal frames e, ..., ;11
in N such that the vectors ey, .. ., e, are tangent to M and the vector e, is normal
to M. With respect to this frame field of N, let K;ji; be a curvature tensor of N.
We denote by Kjj,,m the covariant derivative of K;jy;. In this section, we follow
the notation of [Schoen et al. 1975].

Theorem 2.1. Let N be an (n + 1)-dimensional complete simply connected Rie-
mannian manifold with sectional curvature satisfying K1 < Ky < K,, where K, K»
are constants and K| < K, < 0. Let M be a complete stable non-totally geodesic
minimal hypersurface in N. Assume that, for 1 — \/2/7 <p<l+ \/2/7,

1m1R2/ |A]?P =0,
B(R)

R—o00

K2

where B(R) is a geodesic ball of radius R on M. If |[VK|* = > ktm =

K 32|A|2 for some constant K3 > 0, we have

i,j.k,l,m

(n—1)? <M (M) < np?(2K3 —n(K + K»))
2—n(p—1)7?

Proof. As mentioned in the introduction, one sees that the lower bound of A;(M)

is given as —K,(n — 1)?/4 from inequality (1) [Bessa and Montenegro 2003; Seo

2012]. Namely, the first eigenvalue of an n-dimensional minimal hypersurface in a

complete simply connected Riemannian manifold with sectional curvature bounded

above by a negative constant K is bounded below by —K5(n — 1)?/4. Therefore,

in the rest of the proof, we shall find the upper bound of the first eigenvalue A (M).
By [Schoen et al. 1975, (1.22), (1.27)], we have

-K,

2
|A|A|A] +2K3|A]* —n (2K, — KDIAP +A[* = Y Y, — |VIA]|

at all points where |A| # 0. Because K, — K| > 0, this inequality implies
2
|A|A|A]+2K3| AP —nKo AP +A[* = Y Y, — [VIA|
2
=|VA]* - |VI|A]]".
Applying the Kato-type inequality

2
9

2
VA = |VIA||" > - [V]A
due to Y. L. Xin [2005], we get

2 2
2) |A|AJA|+ (2K3 —nKy) | AP+ |A* > - IVIA]|".
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For a positive number p > 0, we have

|AIP A|A|P = |A|Pdiv(V|A|P)
= |A|Pdiv(p |A|P7'V|A])
_ 2 _
= p(p — DIAPP2|VIA||" + plAPPPT AlA|

p—1 2 _
= T|V'A'p| + plAIPP 2 A|A|A]L

It follows from inequality (2) that

|A|PA|A|P
p—1 2 2p _ 2
ZT|V|A|p| +7|A|2” 2|VIA||" = pIAPPPY? — p(2K3 — nK2)|A|?P
p—1 2 2 2
= —|VIAIP|" + =|VIAIP|" = plA|***? — p(2K3 —nK2)|A|*".
p np
Thus
-2
AI”AJAI” + pQK3 —nK)|APP + p| AP > (1 - ”n—p)WmW-

Choose a Lipschitz function f with compact support in a geodesic ball B(R) of
radius R centered at a point x € M. Multiplying both sides by f? and integrating
over B(R), we obtain

FAAIPAIAIP + p(2K;3 — nKy) FAAP +p fHAPPT?
B(R) B(R) B(R)

-2
- (1 - ) £[viarf.
np B(R)

The divergence theorem yields

FAlAIPAlALP
B(R)

=f div(f2|A|”V|A|”)—/ f2|V|A|p|2—2/ FIAIP(VS, VIAIP)
B(R) B(R) B(R)

2
=—/ FEVIAP| —2/ FIAIP(V £, V|A|P).
B(R) B(R)
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Therefore

3) <1—”_2)/ £2|viarf
np B(R)

SP(2K3—HK2)/ Parr+p [ fapee
B(R) B(R)

2
[ pIviarf-z [ piaresviar,
B(R) B(R)

The stability of M implies that

4) /M IVFI> = (IA]* +Ric(ent1)) f2 > 0

for any compactly supported Lipschitz function f on M. From our assumption on
the sectional curvature of N, we see that

nKj <Ric(ey+1) = Rut1, 10411+ -+ Ruginnt1,0 <nko.

Hence the stability inequality (4) gives

5) / VI = (AR 4+ nK) 2 2 0
M

for any compactly supported Lipschitz function f on M. Choose a Lipschitz
function f with compact support in a geodesic ball B(R) C M, as before. Replacing
f by |A|? f in inequality (5), we have

2
f VAP F)F = (APPF 2 4 nKy AP £2) = 0.
M
Thus

<6>/ |V|A|”|2f2+/ IVf|2|A|2P+2/ FIAIP(VF, VIAIP)
B(R) B(R) B(R)

z/ |A|2p+2f2+nK1/ |AI?P 2.
B(R)

B(R)

Combining the inequalities (3) and (6), we get

(7) (1—”_2>f F2IvIAlP)
np B(R)

< pQK3 —nK, —nk») f2|A|2P+(p—1>/ 2| VIAIP
B(R) B(R)

| 2

+p/ IVFIFIAPP +2(p— 1) FIAIP(VF, VIAP).
B(R) B(R)
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On the other hand, from the definition of A;(M) and the domain monotonicity of
eigenvalues, it follows that

fB(R) |Vf|2
./B(R) f2

for any compactly supported nonconstant Lipschitz function f on M. Substituting
|A|? f for f in inequality (8), we see that

®) (M) =2 (B(R)) <

Q) A (M) |A|?P 2
B(R)

5/ V(A7 P
B(R)

= fz}VlAl”!2+/ |APPIV fI> +2 FIAIP(Vf, V|AIP).
B(R) B(R) B(R)

Plugging inequality (9) into (7), we have

(=" ) rmare
np B(R)

P (2K3 —nk; —nKz)(/ F2VIAP
B(R)

=00
+IVFPIAP +2 fIAI”(Vf,VIAI”))
B(R)

| 2

2
+<p—1)f 2VIAP| +pf |Vf|2|A|2p+2<p—1)f FIAIP(V £, V|AIP).
B(R) B(R) B(R)
Thus

w (1-2) [, e
np B(R)

p 2 2
2K3 —nK; —nkK —1 VI|A|P
S(M(M)( 3—nK;—nKs)+p )/B(R)f| |AI7|

P 21 412
+ <2K3—n1<1—n1<2>+p>/ VIPIAR?
<>»1(M) B(R)

p
2 2K3—nK; —nK -1 A|P(VFf, V|AIP).
+ (AI(M)( 3—nKi—nkKy) +p > B(R)fl I"{V, VALY

Note that Young’s inequality yields

1
(1) 2 FIAIP(VF, VIAIP) 58/ IVFIHAPP + - FAVIAIPP?
B(R) B(R) &€ JB(R)
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for any ¢ > 0. From inequalities (10) and (11), it follows that

n—2 2
1— 2|V|AP
( np )/B(R)f| 141 |

p _ _ _ 2 )4
s(M(M)(zlq nKi—nkz)+p 1)/B<R)f |VIA|

| 2

p 21412
+ (2K3—HK1—71K2)+17)/ IVFIZIA|7P
(Mwﬂ B(R)

f2|V|A|p|2>,

1
+( P <2K3—n1<1—n1<2>+p—1)(sf IVFI2AI?P 4~
B(R) €

A1(M) B(R)

which yields that

n—2 1 p >:|/ 2 2
1— —| 14+ - 2Kz —nK; —nkK —1 VIA|P
[ p” (+8>(M(M)( 3—nKi—nKy)+p B<R>f| |A|P|

5[(1+8)< P (2K3—n1<1—n1<2>+p)—e]/ IVFI2APP.
B(R)

A(M)
For a contradiction, we suppose that

pQRK3;—nKi—nK;)  np*(2K3—n(K| + K>))
I—(—2)/np—(p—1D 2—n(p—1y?
Note the assumption that 1 —/2/n < p < 14+/2/n is equivalent to

M(M) >

2—n(p—172>0.

Choose a sufficiently large ¢ > 0O satisfying

=2 <1 ! P oKy —nK,—nk,) 1 0
[_ o +5)<A1(M)( amnbi TRt e s )]> '

Since |Vf| < 1/R by our choice of f, one can conclude that, by letting R — oo,

/ IVIAIP|* =0,
M

where we used the growth condition on f B(R) |A|*P. Thus we see that | A| is constant.
Since the volume of M is infinite [Wei 2003], we get |A| = 0. This implies that M
is totally geodesic, which is impossible by our assumption. Therefore we obtain
the upper bound of A;(M):

np?(2K3 —n(K; + K»))
2—n(p—1)?

MM) =
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Dung and the author [2012] gave an estimate of the bottom of the spectrum for
the Laplace operator on a complete noncompact stable minimal hypersurface M in
a complete simply connected Riemannian manifold with pinched negative sectional
curvature under the assumption on L?-norm of the second fundamental form A of
M. In Theorem 2.1, if we take p = 1, we get the following.

Corollary 2.2 [Dung and Seo 2012]. Let N be an (n + 1)-dimensional complete
simply connected Riemannian manifold with sectional curvature satisfying K| <
Ky < K, where K1, K are constants and K| < K, < 0. Let M be a complete
stable non-totally geodesic minimal hypersurface in N. Assume that

lim R_Z/ A =0,
R— o0 B(R)

where B(R) is a geodesic ball of radius R on M. If [VK|> =)
K32|A|2f0r some constant K3 > 0, we have

2
i,j,k,l,m Kijkl;m =

(n—1)? (2K3 —n(K1 + K3))n

-K> <M M) =< 5

In particular, if N is the (n + 1)-dimensional hyperbolic space H"*!, one sees
that K1 = K, = —1, and hence |VK|2 =0, that is, K3 = 0. Moreover, it follows
from McKean'’s result [1970] that the first eigenvalue A; (M) of any complete totally
geodesic hypersurface M C H™**1 satisfies A; (M) = (n — 1)? /4. Therefore we have
the following consequence which is an extension of the result in [Seo 2011].

Corollary 2.3. Let M be a complete stable minimal hypersurface in H'*! with
fM |A1>P dv < oo for 1 —\/2/n < p < 1++/2/n. Then we have

_12 2 2.2
D7 oy = 2
2—n(p—-1)7?

As another application of Theorem 2.1, we have the following when n < 8.

—K,

Corollary 2.4. Let N be an (n + 1)-dimensional complete simply connected Rie-
mannian manifold with sectional curvature satisfying K1 < Ky < K;, where K, K;
are constants and K| < K, < 0 forn < 8. Let M be a complete stable non-totally
geodesic minimal hypersurface in N. For p =1,2,3, if f M |A|? < 00, we have

(n—1)? np*(2K3 —n(Ki + K»))

—K <M M(M) <
2 =MmM) = 2 n(p— 1)

Proof. Since /2/n > 1/2 when n < 8, the conclusion can be derived from
Theorem 2.1. (]
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3. Vanishing theorems on minimal hypersurfaces with A; (M) bounded below

Before we prove the vanishing theorems for L? harmonic 1-forms on complete
minimal hypersurface, we begin with some useful facts.

Lemma 3.1 [Leung 1992]. Let M be an n-dimensional complete immersed minimal
hypersurface in a Riemannian manifold N. If all the sectional curvatures of N are
bounded below by a constant K ,

n—

. 1o
Ric> (n — DK — 1A%

n

Lemma 3.2 [Wang 2001]. Let w be a harmonic 1-form on an n-dimensional Rie-
mannian manifold M. Then

2 1 2
(12) Vol = [Viol|" = —|Viol "
We also need the following well-known Sobolev inequality on a Riemannian

manifold.

Lemma 3.3 [Hoffman and Spruck 1974]. Let M" be a complete immersed minimal
submanifold in a nonpositively curved manifold N"*P, n > 3. Then, for any
¢ e Wom(M), we have

(n—2)/n
(13) (f |¢|2"/<"2>dv) scsf |V|* dv,
M M

where Cy is the Sobolev constant which depends only on n > 3.

A complete Riemannian manifold M is called nonparabolic if it admits a non-
constant positive superharmonic function. Otherwise, M is said to be parabolic.
The following sufficient condition for parabolicity is well known.

Theorem [Grigoryan 1983; 1985; Karp 1982; Varopoulos 1983]. Let M be a
complete Riemannian manifold. If, for any point p € M and a geodesic ball B, (r),

[ v dr=o
L Vol(B, (1)

M is parabolic.

It immediately follows from this result that if M is nonparabolic,

/OO _ dr < 00,
1 Vol(B,(r))

and hence M has infinite volume. Moreover, if A;(M) > 0, M is nonparabolic
[Grigoryan 1999]. Therefore one can conclude the following.
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Proposition 3.4. Let M be an n-dimensional complete noncompact Riemannian
manifold with »,(M) > 0. Then Vol(M) = oo.

Note that, in the case of submanifolds, Cheung and Leung [1998] proved that the
volume Vol(B,(r)) of every complete noncompact submanifold M in the Euclidean
or hyperbolic space grows at least as a linear function of r under the assumption
that the mean curvature vector H of M is bounded in absolute value.

We are now ready to state and prove vanishing theorems for L# harmonic 1-forms
on a complete noncompact stable minimal hypersurface.

Theorem 3.5. Let N be an (n + 1)-dimensional complete Riemannian manifold
with sectional curvature satisfying K < Ky where K < 0 is a constant. Let M
be a complete noncompact stable minimal hypersurface in N. Assume that, for

0<p<n/(n—1)+~/2n,

—2n(n—1)?p*K

M = = p—nP

Then there is no nontrivial L*P harmonic 1-form on M.

Proof. We consider two cases: K <0 and K =0.

Case 1: K <0. Let w be an L?? harmonic 1-form on M, that is,
Aw=0 and f lw|*? dv < .
M

In an abuse of notation, we refer to both a harmonic 1-form and its dual harmonic
vector field by . Bochner’s formula yields

Alw)? = 2(|Vw|? + Ric(w, »)).

Moreover,
2
Alo)* = 2(lw|Alw| + |V]w| ).

Applying Lemma 3.1 and the Kato-type inequality (12), we see that
n—1 1 2
(14) @lAlo] + —— AP0l = (1= DK|o|* = —|Vio||"

For any positive number p, we have
lw]” Alo|? = |o|"div(V]w|")
= |o|”div(p |o|"~'V|w])
= p(p = DI 2|Viol [+ ploP’ ' Alw

p—1 2 _
_ T|V|w|l’| + plo*’2w|Alw.
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Plugging inequality (14) into the above equality, we have
P P AI? 2p 1 r|?
lwl"Alw|” + p(n—D| — = K 0| = 1——+ \Vlwl "
n p  pn—

Choose a Lipschitz function f with compact support in a geodesic ball B(R) of
radius R centered at p € M. Multiplying both side by f? and integrating over
B(R), we obtain

1 1 2
l— 4 — 2V |wl|?
( p P(n—1)>/B(R)f [Vier]

pn—1)
< | fHolPAlwl?+ —/ FAAP 0P —pn— DK | fHol*.
B(R) n B(R) B(R)

The divergence theorem gives

2
f2|w|PA|w|P=—f 2| Viwl?| —2/ flo|P(Vf, V|w|P).
B(R) B(R)

B(R)
Thus
1 1
(15) (1——+—)/ f2|V|a)|p|2
p pn—1)) Jpw
p(n D
FHAPol*? — p(n — DK frwl*?
n B(R) B(R)
2
| e —2/ FlolP (V. Viwl?).
B(R) B(R)

Since M is stable,
/ VFP = (AP +Ric(ensn) £ = 0
M

for any compactly supported Lipschitz function f on M. From the assumption on
the sectional curvature of N, it follows that

/ V> = (AP +nK)f*>0
M

for any compactly supported Lipschitz function f on M. Replacing f by |w|? f,
we have

(16)f f2|V|a>I”|2+f |Vf|2|w|2”+2f FlwlP(Vf, V|w|P)
B(R) B(R) B(R)

20 4121412 2012
> fIIA  |o|*P +nK frlol™P.
B(R) B(R)
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Combining the inequalities (15) and (16) gives

1 1 2
l— 4 — 2|V |wl|?
( p P(”—1)>/B(R)f [Viel|

< M[[ f2|v|w|l7|2+/ |Vf|2|a)|2p
B(R) B(R)

n

+2 flwlP(Vf, V|w|P) —nK lewlz”}
B(R) B(R)

—p(n—l)K/ f2|w|2”—f f2|V|w|”|2—2/ Flol?(Vf, Viw|?).
B(R) B(R) B(R)

Hence

(17) (1—l+;)f f2|V|a)|”|2
p pn—1)) Jpw

< (M_l)/ f2|v|w|p|2+wf IVF 12|
n B(R) n B(R)

—2p(n—1K FPol* +2(M - 1) flolP(Vf, V]o|?).
B(R) n B(R)

Moreover, using the definition of the bottom of the spectrum, we see that

(18) A1(M) |o|*P f2
B(R)

5/ V(lwl” )]
B(R)

= fz}Vlwl”}2+f P |V fI* +2 flolP(Vf, V]o|P).
B(R) B(R) B(R)

From inequalities (17) and (18), it follows that

1 1 2
LA / 2|V ||
< p P(”—1)> B(R)f ’ l ’

S<p(n—1>_1_2p<n—1>1<>/ PV
B(R)

n A (M)
pn—1) 2p(n—DK / TPl
+< n J (M) ) w1
pn—1) 2p(n—1)K)
2l——1— —— P(VF, V|w|P).
+ ( " ) B(R)flwl (Vf, Viw|”)
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Applying Young’s inequality, we have

o[ FlolP(VE. Viel) < sf
B

B(R)

1
|Vl +—f IV PloP?
(R) € JB(R)

for any & > 0. Thus

|:2_l+ 1 +2p(n—l)K_p(n—1)_8(p(n—1)_1_2p(n—1)K>i|
p pn—1) A (M) n n A (M)

Xf £Vl
B(R)

3 [p(n -1 2p(n— 1)K+l<p(n —1) _1_2P(n — 1)K>] / VFPRlol”.
n A (M) e n A(M) B(R)

Since

—2p(n—DK _ —2n(n—1)*p*K
2—1/p+1/(pn=1) —p(r—1)/n  2n—[(n—1)p—n]
by the hypothesis, one can choose a sufficiently small ¢ > 0 satisfying that

|: 1 1 2p(n—1DK phr-—1) <p(n—1) 2p(n—1)K>j|
+ — —& —-1-

2——+
p pn—1) A (M) n n A(M)
> 0.

A (M) >

Note that f M |w|?P < 00, since w is an L*P harmonic 1-form on M. Letting R tend

to infinity, we obtain
| vialf o
M

which implies that |V|a)| | = 0. Hence |w| = constant. From Proposition 3.4, it
follows that |w| = 0.

Case 2: K =0. Using the inequality (17) and Young’s inequality, we obtain

[2_1+ 1 _p(n—l)_g(w_l)}/ £IViel
p pn—1) n n B(R)

S[10(11—1)+1<1D(n—1)_1>]/ VRl
n I n B(R)

Since 0 < p <n/(n—1)++/2n, one may choose a sufficiently small ¢ > 0 satisfying

L _p(n—l)_8<p(n—1)_1>>0_
p pn—1) n n

Letting R tend to infinity gives

/ Viwl"[* =0,
B(R)
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which implies that |w| = constant. From the assumption that A;(M) > 0 and
Proposition 3.4, it follows that |w| = 0. O

As a consequence of Theorem 3.5, given a complete noncompact stable minimal
hypersurface in a nonnegatively curved Riemannian manifold, one has the following
result.

Corollary 3.6. Let N be an (n + 1)-dimensional complete nonnegatively curved
Riemannian manifold. Let M be a complete noncompact stable minimal hypersur-
face in N with .y(M) > 0. If n < 11, there is no nontrivial L? harmonic 1-form on
M forany 0 < p <n.

Proof. For n < 11, the inequality 2(n/(n — 1) + v/2nr) > n holds. O

Corollary 3.7. Let N be an (n + 1)-dimensional complete nonnegatively curved
Riemannian manifold. Let M be a complete noncompact stable minimal hypersur-
face in N with »(M) > 0. If n < 11, there is no nontrivial L*> harmonic 1-form
on M.

In the case of L? harmonic 1-forms, Theorem 3.5 gives a generalization of [Dung
and Seo 2012] as follows.

Corollary 3.8. Let N be an (n + 1)-dimensional complete Riemannian manifold
with sectional curvature satisfying K < Ky where K < 0 is a constant. Let M be a
complete noncompact stable minimal hypersurface in N. Assume that

—2n(n—1)*K

MM
1(M) > T

Then there are no nontrivial L harmonic 1-forms on M.

In particular, if N is (n 4+ 1)-dimensional hyperbolic space H"*!, Corollary 3.8
improves the previous result of [Seo 2010]. Related to this result, Cavalcante,
Mirandola, and Vitério [Cavalcante et al. 2012] obtained the vanishing theorem for
L? harmonic 1-forms on complete noncompact submanifolds in a Cartan-Hadamard
manifold.

Palmer [1991] showed that if there exists a codimension-one cycle in a complete
minimal hypersurface M in R"*! which does not separate M, M is unstable. We
obtain a generalization of Palmer’s result as follows.

Corollary 3.9. Let N be an (n + 1)-dimensional complete Riemannian manifold
with sectional curvature satisfying K < Ky where K <0 is a constant. Let M be a
complete noncompact minimal hypersurface in N. Assume that

—2n(n—1)%K

rM(M
(M) > 1
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Suppose that there exists a codimension-one cycle in M which does not separate M.
Then M cannot be stable.

Proof. Suppose that M is stable in N. From [Dodziuk 1982], there exists a nontrivial
L? harmonic 1-form on M, which is a contradiction to Corollary 3.8. (I

Let M be a complete Riemannian manifold and let f be a harmonic function on
M with finite L? energy. Then the total differential df is obviously an L?” harmonic
1-form on M. As another application of Theorem 3.5, we prove the following
Liouville type theorem for harmonic functions with finite L? energy on a complete
noncompact stable minimal hypersurface, which is a generalization of Schoen and
Yau’s result [1976], as mentioned in the introduction.

Corollary 3.10. Let N be an (n + 1)-dimensional complete Riemannian manifold
with sectional curvature satisfying K < Ky where K < 0 is a constant. Let M
be a complete noncompact stable minimal hypersurface in N. Assume that, for
0<p<n/(n—1)+\/ﬂ,

—2n(n—1)*p’K

T Ty

Then there is no nontrivial harmonic function on M with finite L? energy.

So far, we have assumed that A;(M) > 0 for a complete noncompact stable
minimal hypersurface M in a nonnegatively curved Riemannian manifold. However,
we do not know whether the assumption that A;(M) > 0 is necessary or not. It
would be interesting to remove the condition in these results.

4. Vanishing theorems on minimal hypersurfaces with small L” or L* norm
of the second fundamental form

In the following, we prove a vanishing theorem for L? harmonic 1-forms on a
complete stable minimal hypersurface M, assuming that M has sufficiently small
total scalar curvature instead of assuming that M is stable.

Theorem 4.1. Let N be an (n + 1)-dimensional complete simply connected Rie-
mannian manifold with sectional curvature K y satisfying that K1 < Ky < K, <0,
where K1, Ky are constants and n > 3. Let M be a complete minimal hypersurface
in N. Assume that K := K, /K satisfies

4(n—2)
> —F.
(n—1)?
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For

— —_1)2K2
(n l)K_%\/(n 1)*K -k

4 4

—(n—-2)K,

(n— DK 1\/(n—1)2K2
<p<—+§ _—

4 4

assume that

(f An)”” n2p(n—1) —n+2—4p*K)
! Pn—172C, |

where Cs is the Sobolev constant in [Hoffman and Spruck 1974]. Then there are no
nontrivial L*? harmonic 1-forms on M.

Proof. A similar argument as in the proof of Theorem 3.5 shows

2
1 1
|w|”A|w|p+p(n—1)<—' | —K1>|w|2p>(1— + )|V|a>|”|2
n p pn—

for any Lipschitz function f with compact support in a geodesic ball B(R) of radius
R centered at a point p € M. Multiplying both sides by f2, integrating over B(R),
and applying the divergence theorem, we see that

1 1 2
19) (1= 4oy 2|V |w]?
(19 ( P(n—l))fB(R)f [Viel”

p(n 1)
FHAP0* — p(n — 1)K Aol
n B(R) B(R)

—f f2|VIw|”|2—2/ Flol?(Vf, Viw|?).
B(R) B(R)

On the other hand, the Sobolev inequality (13) implies that

2/n (n—2)/n
FHAP P < ( |A|") (f <|w|l’f><2">/"2>
B(R)

2/n
s( IAI ) |V(|a)|1’f)|

2/n
2
cy( |A|) ( 2| Viel?| +f IVf 12 w]*
M B(R) B(R)

+2 flwl”(Vf,VlwI”))-

B(R)

I/\



LP? HARMONIC 1-FORMS AND FIRST EIGENVALUE OF A HYPERSURFACE 223

Plugging this inequality into (19) gives

(20) (1—l+;)/ 2VielP?
p pn—1)) Jpr
- 2/n
EM(/ |A|") f V7 Plof??
n M B(R)
o 2/n
(S ([ aar) ) [ ey
n M B(R)

. 2/n
+2(M(/ |A|”) —1) flo|”(Vf, V]o|”)
n M B(R)

—pn—DK, ol
B(R)

An estimate (1) for the bottom of the spectrum yields

o | VU@l? P
Jpry (o7 )2

_1)\2
_M S)MI(M) <

which gives

1) (lw|? f)?
B(R) 4

2 2, 2
<——* ([ PV +f uIVf Plof?
Ky(n—1)? </B(R) | | B(R)

+2 flol?(Vf, VIO)I”))-

B(R)

Thus, from inequalities (20) and (21), it follows that

1 1 2
| 2|V |w]?
( p ph-— 1)) B(R)f Vil

sB/ IVf|2|w|2”+(B—1)/ VI[P +2(B=1) | flol?(Vf, Vo),
B(R) B(R) B(R)

where

_rn—=DGC; N, 4 1
B= n (/MM'> +(n—1)K'

Applying Young’s inequality

2 FlolP(Vf Vo)) 58/

1
FAVIwl?] +—f IV f Pl
B(R) B(R) &€ JB(R)
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for any ¢ > 0, we see that

(2—l+;—B—s(B—l))/ Viw”]?
p pn—=1) B(R)

< <B+l(3_ 1))/ V1 Plof?.
& B(R)

From the assumption on the total curvature of M, one can make
1 1
2——+————-B—-¢B-1)|>0
p pr—-1

by choosing a sufficiently small & > 0. Letting R — oo and using that e is an L??
harmonic 1-form, we conclude that

f V]wl”|* =0.
M

The same argument as before shows that |w| = 0. [l
Corollary 4.2. Let M be a complete minimal hypersurface in U+ satisfying

N\ n(=4p 42p(n—1)—n+2)
</M'A') = p2(n— 172G,

for 1/2 < p <n/2 — 1. Then there are no nontrivial L*” harmonic 1-forms on M.

Corollary 4.3. Under the same conditions as in Theorem 4.1, there is no nontrivial
harmonic function on M with finite L? energy.

When the L*° norm of the second fundamental form of a complete minimal
hypersurface is bounded, the following vanishing theorem holds.

Theorem 4.4. Let N be an (n + 1)-dimensional complete simply connected Rie-
mannian manifold with sectional curvature Ky satisfying K < Ky < K, <0,
where K1, K, are constants and n > 3. Let M be a complete noncompact minimal
hypersurface in N. Assume that K = K>/ K > 4(n — 2)/(n — 1)* and the second
fundamental form A satisfies

4p’K1 — 2p(n— 1) —n+2)K;

2
A" =C < 17
for
m—DK 1 [(n—1)2K2
4 _E\/ g -2k

—(n—-2)XK.

— —1)2K2
<p<(n 1)K+l\/(n 1)*K

4 2 4
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Then there are no nontrivial L*P harmonic 1-forms on M.

Proof. A similar argument as before shows

1 1 2
P / 2|7 ||
( p p(n—l)) B(R)f | it |

pn—1)
<= FAAP 0l — p(n— DK, Aol
n B(R) B(R)
2
| PP —2f Flol?(Vf, V]ol?).
B(R) B(R)
Since |A|2 <C,
1 1 2
2——+—)/ 3 Viw?
< p pn—1)) Jpwr | |
n—1C
< (p——p(n—l)K1> f2|w|2p—2/ flwlP(Vf, V]o|").
n B(R) B(R)

Using an estimate for the bottom of the spectrum and Young’s inequality again, we
have

(2—l+;—D—£(D—1))/ 2 ViwP?
p pn—-1 B(R)

< <D+1<D—1))/ IVF 12 w]??,
& B(R)

D— —4 (p(n - 1C
(n—1)2K, n

where

—pn— 1)K1)-

Since

4p’Ki — 2p(n— 1) —n+2)K;
<

C ,
4p2

by our assumption, we may choose a sufficiently small € > 0 satisfying
1 1
2——+———-D—e(D—-1))>0.
p pr=1)

Thus we get

| vt =0
B(R)

by letting R tend to infinity. Hence w = 0. U
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Corollary 4.5. Let M be a complete minimal hypersurface in H"+! with the second
fundamental form A satisfying

—4p> 4+ 2p(n—1)—n+2
4p?

A2 <C <

for1/2 < p <n/2— 1. Then there are no nontrivial L*? harmonic 1-forms on M.

Corollary 4.6. Under the same conditions as in Theorem 4.4, there is no nontrivial
harmonic function on M with finite L? energy.

We remark that there are lots of examples of minimal hypersurfaces with finite
L" or L® norm of the second fundamental form in H"*! [do Carmo and Dajczer
1983; Mori 1981; Ripoll 1989; Seo 2011].
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RECONSTRUCTION FROM KOSZUL HOMOLOGY AND
APPLICATIONS TO MODULE AND DERIVED CATEGORIES

RYO TAKAHASHI

Let R be a commutative noetherian ring and M a finitely generated R-module.
In this paper, we reconstruct M from its Koszul homology with respect to a
suitable sequence of elements of R by taking direct summands, syzygies and
extensions, and count the number of those operations. Using this result, we
consider generation and classification of certain subcategories of the category
of finitely generated R-modules, its bounded derived category and the singu-
larity category of R.

1. Introduction

For the past five decades, a lot of classification theorems of subcategories of abelian
categories and triangulated categories have been given in ring theory, representation
theory, algebraic geometry and algebraic topology; see, for instance, [Balmer 2002;
2005; Benson et al. 2011; Dao and Takahashi 2014; Friedlander and Pevtsova 2007;
Gabriel 1962; Hopkins and Smith 1998; Hovey 2001; Krause 2008; Krause and
Stevenson 2013; Neeman 1992; Stevenson 2014; Takahashi 2010; 2013; Thomason
1997]. Reconstruction of an object from its support in the spectrum of a suitable
commutative ring plays a crucial role in the proofs of those theorems.

The notion of dimension for triangulated categories was introduced by Bondal
and Van den Bergh [2003] and by Rouquier [2008]; analogues for abelian categories
were introduced by Dao and Takahashi [2011; 2012a]. They essentially indicate
the number of extensions necessary to build all objects out of a single object. There
are many related studies; for example, see [Aihara and Takahashi 2011; Avramov
et al. 2010a; Ballard et al. 2012; Bergh et al. 2010; Burke et al. 2012; Christensen
1998; Krause and Kussin 2006; Dao and Takahashi 2012b; Oppermann 2009; Orlov
2009b; Rouquier 2006; Schoutens 2003; Takahashi 2009].
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In this paper, we study reconstructing a given module from its Koszul homology
and counting the number of necessary operations. Our main result is the following
theorem.

Theorem 1.1. Let R be a commutative noetherian ring, and let M be a finitely
generated R-module. Let x = x1, ..., X, be a sequence of elements of R such that
M is locally free on D(x). Then there exists a positive integer k such that the Koszul
complex K(x*, M) is equivalent to a complex of finitely generated R-modules

O—>N-—->P,_|—>---— Py—0),

where Py, ..., P,_1 are projective and M is a direct summand of N. In particular,
M can be built out of the Koszul homologies Ho(x*, M), ..., Hy(x*, M) by taking
n syzygies, n extensions and 1 direct summand.

Note that since the free locus of a finitely generated R-module is an open subset
of Spec R in the Zariski topology, there exist many such sequences x that satisfy the
assumption of the theorem. We shall prove a more general result in Theorem 3.1.

Theorem 1.1 has a lot of applications. To state some of them, we fix notation.
Let mod R be the category of finitely generated R-modules and Dy (R) the bounded
derived category of mod R. We denote by Dy, (R) the singularity category of R.
This category has been introduced and studied by Buchweitz [1986] in connection
with Cohen—Macaulay modules over Gorenstein rings. In recent years, it has
been investigated by Orlov [2004; 2006; 2009a; 2011; 2012] in relation to the
homological mirror symmetry conjecture.

Let S(R) be the set of prime ideals p of R such that R, is not a field, and denote by
Sing R the singular locus of R. Applying Theorem 1.1, we can prove the following
result on classification of subcategories.

Corollary 1.2. Let R be a commutative noetherian ring.

(1) There is a one-to-one correspondence between:

(a) the specialization-closed subsets of S(R),

(b) the resolving subcategories of mod R generated by a Serre subcategory of
mod R.

(2) There are one-to-one correspondences among:

(a) the specialization-closed subsets of Sing R,

(b) the thick subcategories of Dy(R) generated by R and a Serre subcategory of
mod R,

(c) the thick subcategories of Dsg(R) generated by a Serre subcategory of mod R.
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When R is local, let mod®(R) (respectively, Dy (R), D;’g(R)) be the full subcate-
gories of mod R (respectively, Dy (R), Dys(R)) consisting of modules (respectively,
complexes) that are locally free (respectively, perfect, zero) on the punctured
spectrum of R. Applying Theorem 1.1, we can prove the following result on
generation of subcategories.

Corollary 1.3. Let R be a commutative noetherian local ring of Krull dimension d
with residue field k.

(1) Every object in mod®(R) is built out of a module of finite length by taking d
extensions in mod R, up to finite direct sums, direct summands and syzygies.
(2) Every object in D3 (R) is built out of a module of finite length by taking d
extensions in Dsg(R), up to finite direct sums, direct summands and shifts.

In particular, one has that mod®(R) is generated by k as a resolving subcategory
of mod R, that D{(R) is generated by R and k as a thick subcategory of Dy(R), and

that D¢, (R) is generated by k as a thick subcategory of D (R).

Corollary 1.3 yields variants of results shown by Schoutens [2003] and Takahashi
[2009; 2010]. It also recovers a result on isolated singularities given by Keller—
Murfet—Van den Bergh [2011]. Furthermore, utilizing it, one can show the following
result.

Corollary 1.4. Let R be a commutative noetherian ring. The following are equiva-
lent for a resolving subcategory X of mod R:

(1) & is generated by a Serre subcategory of mod R.
(2) X is closed under tensor products and transposes.

Hence there is a one-to-one correspondence between the specialization-closed
subsets of S(R) and the resolving subcategories of mod R closed under tensor
products and transposes.

The last assertion of this corollary greatly improves the main result of [Takahashi
2013]. Indeed, it removes the superfluous assumptions that R is local and that R is
Cohen—Macaulay.

The organization of this paper is as follows. In the next Section 2 we prepare
some fundamental notions. In Section 3 we state and prove the most general result
in this paper, which includes Theorem 1.1. In the final Section 4 we apply the results
shown in the preceding section to find out the structure of certain subcategories,
and give several results including Corollaries 1.2, 1.3 and 1.4.

2. Basic definitions

This section is devoted to stating the definitions and basic properties of notions
which we will freely use in the later sections. We begin with our convention.



234 RYO TAKAHASHI

Convention 2.1. Throughout the present paper, let R be a commutative noetherian
ring with identity. We assume that all R-modules are finitely generated, that all
R-complexes are homologically bounded, and that all subcategories of categories
are full.

In what follows, I and & denote a triangulated category and an abelian category
with enough projective objects, respectively.

Definition 2.2. (1) For a subcategory & of an additive category €, the additive
closure addq & of & is defined to be the smallest subcategory of € containing &
and closed under finite direct sums and direct summands.

(2) A Serre subcategory of A is defined to be a subcategory of « closed under
subobjects, quotients and extensions.

(3) A thick subcategory of J is by definition a triangulated subcategory of I closed
under direct summands. The thick closure of a subcategory & of I is defined as the
smallest thick subcategory of J containing &%, and denoted by thickg & or simply
by thick®. When ¥ consists of a single object M, we denote it by thickg M or
thick M.

(4) We denote by proj o the subcategory of s consisting of projective objects.

5) LetP=¢(--- ﬁ) P, g Py ﬂ> Py — 0) be a projective resolution of M € «A.
Then for each n > 0 we define the n-th syzygy 2" M of M (with respect to P) as
the image of d,,. This is uniquely determined up to projective summands.

(6) We define a resolving subcategory of o as a subcategory of s« containing proj s
and closed under direct summands, extensions and syzygies. The resolving closure
of a subcategory ¥ of s is by definition the smallest resolving subcategory of s{
containing ¥, and denoted by resy X or simply by res®. When & consists of a
single object M, we denote it by resy M or res M.

(7) Let X, Y be complexes of objects of .

(a) A homomorphism f : X — Y of complexes is called a quasiisomorphism if the
induced map H; (f) : H; (X) — H; (Y) on the i-th homologies is an isomorphism
for all integers i.

(b) We say that X is equivalent to Y if there exists a sequence X°, X', ..., X"

of complexes such that X® = X, X" = Y, and there is a quasiisomorphism
between X' and X*! for all 0 <i <n — 1. Then we write X ~ Y.

Remark 2.3. (1) A Serre subcategory is defined for an arbitrary abelian category.

(2) A resolving subcategory is usually defined as a subcategory containing the
projective objects and closed under direct summands, extensions and kernels of
epimorphisms. This definition and ours are equivalent.
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(3) Let & be a resolving subcategory of s{. Let M be an object of ¥ and n > 0 an
integer. The n-th syzygy of M with respect to some projective resolution of M is
in & if and only if the n-th syzygy of M with respect to every projective resolution
of M isin .

We recall the notions of balls in J and & introduced in [Bondal and Van den
Bergh 2003; Dao and Takahashi 2011; Rouquier 2008].

Definition 2.4. (1a) For a subcategory & of J we denote by (¥) the smallest sub-
category of I containing ¥ that is closed under finite direct sums, direct summands
and shifts; in symbols, (¥) = addg{X[i] |i € Z, X € ¥}. When ¥ consists of a
single object M, we simply denote it by (M).

(1b) For subcategories &, Y of I we denote by %% the subcategory of J consisting
of objects M which fits into an exact triangle X - M — ¥ ~» in J with X € ¥
and Y €Y. We set X oY = ((X) * (Y)).

(1c) Let € be a subcategory of 7. We define the ball of radius r centered at € as

@, | @ (r=1),
(€)r—10€=((€)r—1%(€)) (r=2).

If € consists of a single object M, then we simply denote it by (M),. We write (6)7

when we should specify that 7 is the ground category where the ball is defined.

(2a) For a subcategory & of s we denote by [¥] the smallest subcategory of
containing proj & and & that is closed under finite direct sums, direct summands
and syzygies, that is, [¥] = addy (proj AU{ Q' X |i >0, X e % }). When ¥ consists
of a single object M, we simply denote it by [M].

(2b) For subcategories &, % of o{ we denote by ¥ o% the subcategory of & consisting
of objects M which fits into an exact sequence 0 - X — M — Y — 0 in & with
XeXandY e Y. Weset X e Y = [[&] o [Y]].

(2c) Let € be a subcategory of s{. We define the ball of radius r centered at € as
[€] (r=1),

[(6]}’ =
[€],—1 € =[[€]l,—10[€]] (r=2).

If 6 consists of a single object M, then we simply denote it by [M],. We write [%]f“
when we should specify that o is the ground category where the ball is defined.

Remark 2.5 [Bondal and Van den Bergh 2003; Dao and Takahashi 2011; Rouquier
2008]. (1) Let &, %Y, ¥, 6 be subcategories of 7.

(a) An object M € J belongs to ¥ ¢ % if and only if there is an exact triangle
X —>Z—>Y~with X € (¥),Y € (¥), and M a direct summand of Z.

(b) One has (XoN)oE =X o (M o%) and (€), ¢ (€)p = (€)s4p foralla, b > 0.
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(2) Let &, %, #, € be subcategories of .

(a) An object M € o belongs to & «% if and only if there is an exact sequence
0> X—>Z—>Y—>0with X € [¥] and Y € [¥] such that M is a direct
summand of Z.

(b) One has (X oY) ek =% o (Yo%) and [€], « [€], = [€],vp forall a, b > 0.

Definition 2.6. An R-complex is called perfect if it is a bounded complex of
projective R-modules. The singularity category Do (R) of R is defined as the Verdier
quotient of D, (R) by the perfect complexes. For the definition of a Verdier quotient,
we refer to [Neeman 2001, Remark 2.1.9]. Whenever we discuss the singularity
category D (R), we identify each object or subcategory of mod R with its image in
D, (R) by the composition of the canonical functors mod R — Dy (R) — Dyg(R).

Remark 2.7 [Dao and Takahashi 2012b, Lemma 2.4]. (1) For all X € Dy (R) there
exists an exact triangle P — X — M|[n] ~» in Dy(R) such that P is a perfect
complex, M is a module and 7 is an integer. In particular, X = M[n] in Ds(R).

(2) For every M € mod R and every n > 0 there is an isomorphism M = Q"M |[n]
in Dg (R). Hence, for a subcategory ‘¢ of mod R and an integer k > 0, each module

in [<6],r("°d R belongs to (%)?Sg(m.

We introduce subcategories which will be investigated in Section 4.

Definition 2.8. Let ® be a subset of Spec R. Set ®¢ = Spec R \ ®. We denote by
e®(R) (respectively, mod®(R)) the subcategory of mod R consisting of R-modules
M such that M, = 0 (respectively, My is Ry-free) for all p € ®°. Also, DF(R)
(respectively, Dgfb,(R)) denotes the subcategory of Dy (R) (respectively, Dy, (R))
consisting of R-complexes X such that X, isomorphic to a perfect Rp-complex in
Dy, (Ry) (respectively, X, = 0 in Dy(R,)) for all p € ®¢. We have that e®(R) is a
Serre subcategory of mod R, that mod®(R) is a resolving subcategory of mod R,

and that Dg’ (R), D?é(R) are thick subcategories of Dy (R), Dsg(R) respectively.

Definition 2.9. (1) For an R-module M we denote by NF(M) the nonfree locus of
M, that is, the set of prime ideals p of R such that the Ry-module M, is nonfree.
As is well-known, NF(M) is a closed subset of Spec R in the Zariski topology.

(2) For an R-complex M we denote by IPD(M) the infinite projective dimension
locus of M, that is, the set of prime ideals p of R such that the Ry-complex M), has
infinite projective dimension.

(3) For a subcategory ¥ of mod R we set Supp¥ = | Supp M and NF(¥) =

Upreae NF(M). Mex
(4) For a subcategory ¥ of Dy(R) we set IPD(X) = |J IPD(M).
Me%x

(5) For a subcategory & of Dsg(R) we set Suppg, (X) = J IPD(M).
MexX
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Definition 2.10. (1) Let M be an R-module.

(a) Let x be a sequence of elements of R. Then K(x, M) denotes the Koszul
complex of M with respect to x. We call H; (x, M) := H;(K(x, M)) the i-th
Koszul homology (i € Z) and H(x, M) := H;(x, M) the Koszul homology
of M with respect to x. iez

(b) Let Py 4 Py — M — 0 be a projective presentation of M. Then the cokernel
of the R-dual map of d is called the transpose of M and denoted by Tr M.
This is uniquely determined up to projective summands.

(2) A subset @ of Spec R is called specialization-closed if V(p) C ® for all p € P.
This is nothing but a union of closed subsets of Spec R in the Zariski topology.

(3) We denote by Sing R the singular locus of R, namely, the set of prime ideals p
of R such that Ry, is not a regular local ring.

(4) A local ring R with maximal ideal m is called an isolated singularity if
Sing R C {m}.

3. Reconstruction from Koszul homology

In this section, we consider reconstructing a given module from its Koszul homology
by taking direct summands, extensions and syzygies. We start by stating and proving
the most general result in this paper; actually, almost all of the other results given
in this paper are deduced from this.

Theorem 3.1. Let M be an R-module. Let x =x1, . . ., X, be a sequence of elements
of R such that x, Ext;]?(M, QLM)=0foralll <p<nandl1<q,r < p. Let P be
a projective resolution of M. Then K(x, M) is equivalent to a complex

X:(O—)Xn—>Xn_1—>-~-—>X1—>X()—>O)
such that X; = EB;:O Pj@(fﬁf) foreach0<i<n—1land X, = @?:O(QjM)QB(?).

Proof. We prove the theorem by induction on n. Let us first consider the case where
n = 1. Multiplication by x; makes a pullback diagram:

o: 0 QM Py M 0
| [
xio: 0 QM N M 0.

Since x Ext}e (M, 2M) = 0, we see that the exact sequence x;o splits and get an
isomorphism N = QM & M. Thus we obtain a short exact sequence of complexes

0—->W-—=>X—K(x,M)— 0,



238 RYO TAKAHASHI

where W =(0— QM > QM - 0)and X = (0 > QM &M — Py— 0). As W
is acyclic, K(x1, M) is equivalent to X.

Next we assume 7 > 2. The induction hypothesis implies that K(xy, ..., x,—1, M)
is equivalent to a complex

=0— Y,1_11>Yn_2—>-~—>Y1—>Y0—>0)

n—1 . n—1
with ¥ = @'y ;%) for0 <i <n—2and ¥, = @252 m)®(). In
general, taklng a tensor product with a perfect complex preserves equivalence of
complexes (cf. [Christensen 2000, A.4.1]). Hence we have
K(x, M)

=K1, ..., X4—1, M) Qr K(xp, R) = Y Qg K(x, R)

dy
=0—->Y, 1—>Yn 1DY, 2—>Yn 2®Y,— 3—2>---2>Y1€BY0£>Y0—>0)
=7,

"). Note that there is an exact sequence 0 — QY,_; — Q >

where g = (
' n—1
Y,—1 > O0with O = @f};(}) Pj@( 7). Consider the pullback diagram

(71)nflx
f

100 — > Q¥ — Q@Y 9 — s Yy BV — 0

| I 4

gct): 0 — QY, 1 —— L — ) — 0,

where h = ( ) and g* = ExtR (g, QY,_1). As Y,,_» is projective, the map g* can
be identified with the multiplication map

_1\yn—1
Exth(Yo—1, Q¥n_1) o Exth (Y1, Q¥,1).

There are isomorphisms
EthR(Yn—h QYn_]) = @j k=0 EXtR(Q]M Q(QkM)) ((l;l)+(n;1))
= @ Extl ™ u, @t (D),

and hence x, annihilates Ext R(Yn_l, QY,—1). Therefore g*(z) is a split exact
sequence, and we obtain a commutative diagram

0 — QY1 —— 0&Y,» AN Y, 1®Y, 2 —— 0

| 1 d

0 ——> Q¥ — QY 1®Y, ) —> Y, — 0,
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with exact rows. We observe that the complex Z is equivalent to the complex

l dy—1h dy—
X=0—->QY, 10Y,1— Q@Yn—Z —1> Yo 2®Y, 3 —2>

There are equalities
n . n
QY1 @Y, 1 = P@m°0),
j=0

n—1 .
Q OYy2= @ PjEB((n—l)fj)’

j=0
YVioYio1= EIB PjeD(‘l-")
j=0
for1 <i <n—2and Yy = Py. Thus we are done. O
Using Theorem 3.1, we obtain the following corollary.
Corollary 3.2. Let M and x be as in Theorem 3.1.

(1) If x is a regular sequence on M, then Q"(M/xM) = @ZZO(QkM)@(D in
mod R.

(2) For each 1 <i < n there exists an exact sequence of R-modules
O0—Hx, M)—> E; — QE;_; —0

with Eqg =Ho(x, M) such that M is a direct summand of E,. Hence M is built out of

Ho(x, M), ..., H,(x, M) by taking n syzygies, n extensions and 1 direct summand.
In particular, M belongs to the ball [H(x, M)],’L‘_"li R

(3) There is an exact triangle
F — Kx, M) — @} _o(*M)2WD[n] ~

in Dy(R), where F = (0 > F,_; — --- — Fy— 0) is a perfect complex.

(4) The module M belongs to the ball (R ® K(x, M ))nDi(]R).

(5) One has K(x, M) = @ _y M®(W[k] in Dy (R). In particular, M is a direct
summand of K(x, M) in Dss(R).

Proof. We use the notation of Theorem 3.1 and its assertion.

(1) Since x is regular on M, we have an equivalence K(x, M) >~ M /x M. There is
an exact sequence

0> X, > Xp1—> > Xo—>M/xM—0

of R-modules. As X, = @'}zo(ﬂj M)®(}l) and X; is projective forall 0 <i <n—1,
the module X, is the n-th syzygy of M /xM as an R-module.
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(2) For each 0 <i < n take a truncation X' = (0 — X, - --- = X;1 1 — X; = 0)
of X with (X); = X;4; for 0 < j <n. Then there is a short exact sequence

0> X, = X1 X [1]->0

of complexes for each 1 <i < n. The long exact sequence in homology gives an
exact sequence 0 — Hi (X"~ = Ho(X") = X;_; = Ho(X*~1) — 0 of modules.
As X;_ is projective, we have an exact sequence

0— Hi(X™") = Ho(X") = QHo(X'™") -0

forall 1 <i <n. Notice H;(X'~") =H; (x, M), Hyo(X®) = Ho(x, M) and Hy(X") =
X,. Setting E; = Ho(X ) for 0 < i < n, we obtain desired exact sequences.

(3) Truncating the complex X provides such an exact triangle.

(4) Decomposing F' into short exact sequences of complexes, we observe that F' is
in (R)?b(R). As M is a direct summand of @ZZO(Q"M )®(Z), the assertion follows
from (3).

(5) By (3) we have an isomorphism K(x, M) = @_,(QM)®@[n] in Dy (R).
Since M = Q*M[k] in Dy(R), we are done. O

Remark 3.3. (1) Corollary 3.2(1) is a refinement of [Takahashi 2010, Proposi-
tion 2.2], which shows the same conclusion under the additional assumption that x
is a regular sequence on R annihilating more Ext modules.

(2) Corollary 3.2(5) can also be shown by using the proof of [Dao and Takahashi
2012b, Proposition 2.3]. It also implies that M belongs to (R & K(x, M))g"(R)
for some integer m > 0. However, it cannot determine how big/small m is, while
Corollary 3.2(4) can.

We are interested in existence of a sequence x as in Theorem 3.1. The lemma
below guarantees that such a sequence always exists. Moreover, one can make such
a sequence as a power of an arbitrary sequence whose defining closed subset covers
the nonfree locus.

Lemma 3.4. Let M be an R-module. Let x = x1, ..., x, be a sequence of elements
of R with NF(M) C V(x). Then there exists an integer k > 0 such that the sequence
xk = x{‘, ..., xX annihilates Ext"R(M, N) foralli > 0 and all N € mod R.

n

Proof. Let I be an ideal of R with NF(M) = V(I). Then by [Dao and Takahashi
2012a, Remark 5.2(1)] there exists an integer p > 0 such that 17 Ext’k (M,N)=0
for alli > 0 and all N € mod R. By assumption, we have (x?) C I for some g > 0.
Setting k = pg completes the proof. (]

Combining Theorem 3.1, Corollary 3.2(2) and Lemma 3.4, we immediately
obtain the following result, which includes Theorem 1.1.
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Corollary 3.5. Let M be an R-module. Let x = x1,...,x, be a sequence of
elements of R with NF(M) C V(x). Then there exists an integer k > 0 such that
K(x*, M) is equivalent to a complex

O—->N-—>P,_1—--—> Pp—0),

where each P; is projective and M is a direct summand of N. Hence, M is built

out of Ho(x*, M), ..., H,(x*, M) by taking n syzygies, n extensions and 1 direct
summand. In particular, M is in [H(x*, M )];1“_‘1:‘1j R,

4. Generation of subcategories

In this section, we apply our results obtained in the previous section to investigate
generation of subcategories. To be precise, for a subset ® of Spec R we analyze
the structure of the subcategories mod®(R), Dg’ (R) and D;‘;(R). We also consider
classification of these subcategories.

First of all, we want to make a generator of mod®(R) as a resolving subcategory
of mod R and generators of Df)p (R), Df;(R) as thick subcategories of Dy (R), Dy (R).
In fact, e®(R) gives generators of these three subcategories:

Theorem 4.1. Let ® be a subset of Spec R. Then one has equalities

(1) mod® (R) = resmod r(e” (R)),
(2) DY (R) = thickp,r) ({R}Ue®(R)),
3) D, (R) = thickp,,(z) (e®(R)).

Proof. (1) It is obvious that e®(R) is contained in mod®(R), and hence so is its
resolving closure. To show the opposite inclusion, let M be an object of mod®(R).
Then by definition NF(M) is contained in ®. It is seen from Corollary 3.5 that
there is a sequence x = x, ..., x, of elements of R with NF(M) = V(x) such that
M belongs to resmoq g H(x, M). Since H(x, M) is annihilated by x, we have

SuppH(x, M) CV(x) = NF(M) C ®,

which shows H(x, M) € e®(R). Consequently, M is in resmod r(€®(R)).

(2) Clearly, DZ(R) contains R and e®(R), and the thick closure of {R} Ue®(R).
Let X be an object of D;D (R). Then there is an exact triangle

P— X — M[n]~

in Dy, (R) such that P is a perfect R-complex, M is an R-module and 7 is an integer.
We use the large restricted flat dimension of M, namely

Rfdg M = sup {depth R, — depthp M}
peSpec R
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By [Avramov et al. 2010b, Theorem 1.1] this is finite. Put » = Rfdg M. Let p
be a prime ideal in ®°. Localizing the above exact triangle at p, we see that the
Ryp-module M, has finite projective dimension. Hence

dep M, = depth R, — deptth M, <r.

Setting N = Q" M, we note that N belongs to mod®(R), hence to resmod g (€2 (R))
by (1). Therefore N is in thicka(R)({R}Ueq’(R)), and sois M. As Pethickp,(r) R,
the object X belongs to thickp, r)({R} Ue®(R)) by the above exact triangle.

(3) This equality is obtained by using (2). U

One can describe the structure of e®(R) in more detail, which makes more visible
representations of mod®(R), fo(R) and D;Eg(R).

Corollary 4.2. Let ® be a subset of Spec R. Then e®(R) is the smallest subcategory
of mod R containing R/ for all p € @ and closed under extensions. Here ®°P
denotes the largest specialization-closed subset of Spec R contained in ®. Hence

mod®(R) = resmod r{ R/p | p € D},
D (R) = thickp,(z){ R, R/p | p € P},
D, (R) = thickpr){ R/p | p € ®¥}.

Proof. The last assertion follows from Theorem 4.1.

We claim that P = Supp(e®(R)) holds. Indeed, it is evident that Supp(e®(R))
is a specialization-closed subset of Spec R contained in ®. Let W be a specialization-
closed subset of Spec R contained in ®. Then we have e¥ (R) C e®(R), and hence
W = Supp(e? (R)) € Supp(e®(R)). Thus the claim holds.

Let & be the smallest subcategory of mod R containing R /p for all p € &P and
closed under extensions. First, let p be a prime ideal in ®°P. As ®P is specialization-
closed, we have Supp(R/p) = V(p) € &P C ®, whence R/p belongs to e®(R).
Since e®(R) is closed under extensions, e® (R) contains . Next, let M be a module
in e®(R). Take a filtration

M=Mo2 M2 2 M, =0

of submodules of M such that M;_;/M; = R/p; with p; € Spec R foreach 1 <i <n.
Then p; is in Supp M, and so in Supp(e®(R)). By the claim, we have p; € ®°° for
all 1 <i < n. Decomposing the above filtration into short exact sequences, we see
that M is in %. Therefore % contains e®(R), and the proof is completed. U

The next result, which includes part of Corollary 1.3, follows immediately from
Corollary 4.2. Note that the objects of mod™ (R) are the R-modules that are locally
free on the punctured spectrum of R.
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Corollary 4.3. (1) D,(R) = thick{ R, R/p | p € Sing R }.
(2) Dge(R) =thick{ R/p | p € Sing R }.

() If R is a local ring with maximal ideal m and residue field k, then Then
mod(™ (R) = res(k), D™ (R) = thick(R @ k) and Dig’ (R) = thick(k).

Remark 4.4. The equalities in (1) and (2) can also be shown using Theorem VI.8
of [Schoutens 2003], while similar results to (3) have been obtained in Theorem 2.4
of [Takahashi 2010] as well as by H. Abe and O. Iyama (work in progress).

As a common consequence of the two assertions of Corollary 4.3, one can recover
[Keller et al. 2011, Proposition A.2]:

Corollary 4.5. Let R be an isolated singularity with residue field k. Then Dy (R) =
thick(R @ k) and Dsg(R) = thick(k).

Next, we make a closer investigation on the inner structure of subcategories. In
fact, we can refine the assertions as to mod™ (R) and Di'g“}(R) in Corollary 4.3(3)
in terms of balls in the abelian category mod R and the triangulated category Dys (R).
Denote by fl(R) the subcategory of mod R consisting of modules of finite length.
The following theorem holds, which is the main part of Corollary 1.3.

Theorem 4.6. Let R be a d-dimensional local ring with maximal ideal m. Then
there are equalities

mod™ (R) = [A(R)IFX® and DI (R) = (A(R)), "
Proof. (1) Let us show the first equality. It clearly holds when d = 0, so we assume
d > 0. Let M be an R-module in mod{™ (R). Take any system of parameters
X =x1,...,xg of R. As M is in mod™(R), we have NF(M) C {m} = V(x).
Corollary 3.5 implies that M belongs to [H(xk, M )]a+1 for some k > 0. Since the
R-module H(x*, M) is annihilated by the m-primary ideal (x*), it has finite length.
Thus we obtain M € [fl(R)]4+1, and the first equality follows.

(2) We prove the second equality. Let X be an R-complex in Digl}(R). Note that
X = Q9M[n]in Dy, (R) for some R-module M and some integer n. By the Aus-
lander—Buchsbaum formula, we see that 29 M belongs to mod{™(R) = [fI(R)]a+1-
Now the second equality follows from the first one. (I

Here is an immediate consequence of Theorem 4.6.
Corollary 4.7. If R is a d-dimensional isolated singularity, Dss(R) = (fl(R)) 441

Remark 4.8. (1) Rewording the second equality in Theorem 4.6 by the terminology
introduced in [Aihara et al. 2014], one has the following inequality:

fi(R) -tri.dim D7} (R) < dim R.
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(2) Theorem A in [Takahashi 2009] constructs some object in mod™ (R) from
every object in mod R and counts the number of necessary operations (containing
syzygies). In contrast to this, Theorem 4.6 constructs every object in mod™ (R)
from some object in fI(R) and counts the number of necessary operations.

(3) Similar equalities to the first equality in Theorem 4.6 are given for mod R in
[Schoutens 2003, Theorem VI1.8] and [Burke et al. 2012, Theorem 2], but these are
different from ours in respect of how to count operations. The biggest difference is
that neither of those two results counts the number of necessary extensions.

(4) In the case where R is Cohen—Macaulay, Corollary 4.7 also follows from
[Aihara et al. 2014, 4.5.1], because every maximal Cohen—Macaulay R-module is a
direct summand of the d-th syzygy of some module of finite length by [Takahashi
2010, Proposition 2.2].

Finally, we are interested in classifying resolving and thick subcategories by
using mod®(R), DF(R) and D%(R). For this purpose, we prepare a lemma:

Lemma 4.9. (1) The assignments ¥ +— Supp ¥ and ® — e®(R) make a one-to-one
correspondence between the Serre subcategories of mod R and the specialization-
closed subsets of Spec R.

(2) Let ® be a specialization-closed subset of Spec R. Then NF(mod®(R)) =
® NS(R) and IPD(Dg’(R)) = Suppsg(Dg;(R)) = ® N Sing R.

Proof. (1) This is Gabriel’s classification theorem [1962] for Serre subcategories.

(2) Let p € ®. Then IPD(R/p) € NF(R/p) S V(p) C ®. Hence R/p belongs to
mod®(R), DZ(R) and D;’é(R). If p € S(R) (respectively, Sing R), then p € NF(R/p)
(respectively, IPD(R/p)). The assertion now follows. O

We can obtain the following theorem, which includes Corollary 1.2.

Theorem 4.10. (1) The assignment ® — mod®(R) is a bijection from the set of
specialization-closed subsets of Spec R contained in S(R) to the set of resolving
closures resmod r &, where & runs through the Serre subcategories of mod R.

(2) The assignment @ — Df)b (R) is a bijection from the set of specialization-closed
subsets of Spec R contained in Sing R to the set of thick closures thickp, (g) ({R}UX),
where & runs through the Serre subcategories of mod R.

(3) The assignment @ +— D;‘;(R) is a bijection from the set of specialization-closed
subsets of Spec R contained in Sing R to the set of thick closures thickp,r) &, where
& runs through the Serre subcategories of mod R.

Proof. In view of Theorem 4.1, the three assignments make well-defined maps, and
they are injective by Lemma 4.9(2). Thus it only remains to show that they are
surjective.
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(1) Let & be a Serre subcategory of mod R. According to Lemma 4.9(1), we
have ¥ = e (R) for some specialization-closed subset Z of Spec R. Putting ® =
Z NS(R), we easily see that ® is a specialization-closed subset of Spec R which
is contained in S(R) and satisfies mod?(R) = mod®(R). Theorem 4.1 implies
resmod 8 £ = mod®(R).

(2), (3) We use the proof of (1). Set ¥ = Z N Sing R. Then W is a specialization-
closed subset of Spec R contained in Sing R such that the equalities Df (R) =
Dg’ (R) and DSZg(R) = D;I;(R) hold. Hence the surjectivity of the map follows from
Theorem 4.1. O

The next statement subsumes Corollary 1.4 and also some earlier results: namely,
(1) and the equivalence of (b)—(d) in (2) are proved in [Takahashi 2013, Theorem 1.1
and Proposition 4.6] under the assumption that R is a Cohen—Macaulay local ring.
Our results show that this assumption is superfluous.

Corollary 4.11. (1) The assignments ® — mod®(R) and ¥ — NF(¥X) gives mutu-
ally inverse bijections between

(a) the specialization-closed subsets of Spec R contained in S(R), and

(b) the resolving subcategories of mod R closed under tensor products and trans-
poses.

(2) Let & be a resolving subcategory of mod R. Then the following are equivalent:
(a) & is the resolving closure of a Serre subcategory of mod R.
(b) ¥ is closed under tensor products and transposes.
(c) R/p belongs to X for all p € NF(X).

(d) For all p € NF(X) there exists M € X such that k (p) is a direct summand of
M,.

Proof. Recall that we have proved in Corollary 4.3(3) that if R is a local ring with
maximal ideal m and residue field &, then the equality mod{m}(R) = r€Smod R (k)
holds. Hence, in view of [Dao and Takahashi 2014, Lemma 3.2], we see that all the
ten assertions in [Takahashi 2013, Lemma 2.5] hold without the assumption that
R is Cohen—Macaulay. Therefore, it is observed from [Dao and Takahashi 2014,
Proposition 3.3] and the proof of [Takahashi 2013, Proposition 3.1] that one can
remove from [Takahashi 2013, Proposition 3.1] the two assumptions that R is local
and that R is Cohen—Macaulay. Thus, the proof of [Takahashi 2013, Theorem 3.3]
actually proves that the statement [Takahashi 2013, Theorem 3.3] holds without
the assumption that R is a Cohen—Macaulay local ring. Since [Takahashi 2013,
Lemma 4.5] (respectively, [Takahashi 2013, Lemma 4.4]) is still valid for an arbitrary
commutative noetherian ring (respectively, local ring) R, so are [Takahashi 2013,
Proposition 4.6 and Theorem 4.7]. Now our Theorem 4.10 completes the proof. [
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A VIRTUAL KAWASAKI-RIEMANN-ROCH FORMULA

VALENTIN TONITA

Kawasaki’s formula is a tool to compute holomorphic Euler characteristics
of vector bundles on a compact orbifold %. Let % be an orbispace with
perfect obstruction theory which admits an embedding in a smooth orb-
ifold. One can then construct the virtual structure sheaf and the virtual
fundamental class of %. In this paper we prove that Kawasaki’s formula
“behaves well” with working ““virtually” on ¥ in the following sense: if we
replace the structure sheaves, tangent and normal bundles in the formula by
their virtual counterparts then Kawasaki’s formula stays true. Our motiva-
tion comes from studying the quantum K -theory of a complex manifold X
(Givental and Tonita, 2014), with the formula applied to Kontsevich moduli
spaces of genus-0 stable maps to X.

1. Introduction

Given a manifold ¥ and a vector bundle V on &, then the Hirzebruch—Riemann—
Roch formula states that

X, V) :/ch(V)T d(Ty).
24

Kawasaki [1979] generalized this formula to the case when & is an orbifold. He
reduces the computation of Euler characteristics on & to the computation of certain
cohomological integrals on the inertia orbifold 1%:

oI "

We explain below the ingredients in the formula:

1% is defined as follows: around any point p € ¥ there is a local chart U 2 Gp)
such that locally & is represented as the quotient of U, by G,. Consider the set of
conjugacy classes (1) = (h})), (hf,), e (hZ”) in G . Define

1% :={(p, (W) i =1,2,....np}.

MSC2010: 19L10.
Keywords: Gromov—Witten theory, Riemann—Roch type formulae.
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Pick an element hi, in each conjugacy class. Then a local chart on /¥ is given by

i)
110,726,

i=1

where Zg , (hfu) is the centralizer of hfo in G . Denote by ¥,, the connected com-
ponents of the inertia orbifold (we’ll often refer to them as Kawasaki strata). The
multiplicity m,, associated to each &, is given by

= |ker(Zg, (g) — Aut(U%))].

For a vector bundle V we will denote by V* the dual bundle to V. The restriction
of V to ¥, decomposes in characters of the g action. Let E,(l) be the subbundle
of the restriction of E to %, on which g acts with eigenvalue ¢**///". Then the
trace Tr(V) is defined to be the orbibundle whose fiber over the point (p, (g)) of
X, is

. 2mil (l)
Tr(V) = e Lk
I

Finally, A°*N}; is the K-theoretic Euler class of the normal bundle N, of &,
in &. Tr(A®Ny) is invertible because the symmetry g acts with eigenvalues dif-
ferent from 1 on the normal bundle to the fixed point locus. We call the terms
corresponding to the identity component in the formula fake Euler characteris-
tics:

x! (&, V)= f ch(V)T d(Ty).
X

In the case where & is a global quotient, formula (1) is the Lefschetz fixed point
formula.

Now let & be a compact, complex orbispace (Deligne-Mumford stack) with a
perfect obstruction theory E~! — E°. This is used to define the intrinsic normal
cone, which is embedded in E; — the dual bundle to E~! (see [Li and Tian 1998;
Behrend and Fantechi 1997]). The virtual structure sheaf @;eir was defined in [Lee
2004] as the K-theoretic pullback by the zero section of the structure sheaf of this
cone. Let /% =[[, %, be the inertia orbifold of ¥. We denote by i, the inclusion
of a stratum &, in &. For a bundle V on ¥, we write i}V = Vf ® V)" for its
decomposition as the direct sum of the fixed part and the moving part under the
action of the symmetry associated to &,. To avoid ugly notation we will often simply
write V', V/. The virtual normal bundle to &, in & is defined as [Ej'] — [E}'].
We will in addition assume that & admits an embedding j in a smooth compact
orbifold %Y. This is always true for the moduli spaces of genus-0 stable maps X , 4
because an embedding X < P" induces an embedding X ,.a = (PY).1.4-
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Theorem 1.1. Denote by N l‘fr the virtual normal bundle of X,, in ¥. Then

f( Tr(V, ®@;g£) )

: 1
(2 X (&, j* (V) ®©;,X?Ir) = Z m_X Ly Tr(A®(NYir)*)
m

Mo

Remark 1.2. A perfect obstruction theory E~! — E° on % induces canonically a
perfect obstruction theory on &, by taking the fixed part of the complex E,, RUSR Eg’f .
The proof is the same as that of Proposition 1 in [Graber and Pandharipande 1999].
This is then used to define the sheaf @;gi.

Remark 1.3. It is proved in [Fantechi and Gottsche 2010] that if & is a scheme,
the Grothendieck—Riemann—Roch theorem is compatible with virtual fundamental
classes and virtual fundamental sheaves, that is,

x (@, veoyn = / ch(V @0y - T d(T*7),
[%]

where [%] is the virtual fundamental class of % and 7V is its virtual tangent bundle.

Their arguments carry over to the case when & is a stack.

Remark 1.4. The bundles V to which we apply Theorem 1.1 in [Givental and
Tonita 2014] are (sums and products of) cotangent line bundles L; and evaluation
classes ev;(a;) (where a; are K-theoretic classes on the target). They are pullbacks
of the corresponding bundles on (P¥ )on.d-

2. Proof of Theorem 1.1

Before proving Theorem 1.1 we recall a couple of background facts and lemmata
on K-theory which we will use.

Let Ko(X) be the Grothendieck group of coherent sheaves on X. Given a map
f X — Y, the K-theoretic pullback f*(%) : Ko(Y) — Ko(X) is defined as the
alternating sum of derived functors Tor%y (%, Ox), provided that the sum is finite.
This is always true for instance if f is flat or if it is a regular embedding.

For any fiber square
V —— V

Lo

B —— B
with i a regular embedding one can define K-theoretic refined Gysin homomor-
phisms it Ko(V) = Ko(V') (see [Lee 2004]). One way to define the map itis
the following: The class i,(Op') € K 9(B) has a finite resolution of vector bundles,
which is exact off B’. We pull it back to V and then cap (i.e., tensor product) with
classes in Ko(V), to get a class on Ky(V) with homology supported on V', which
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we can regard as an element of Ko(V’), because there is a canonical isomorphism
between complexes on V with homology supported on V' and Ko (V).

In the following two lemmata, X, Y, Y’ are assumed DM stacks. We will use the
following result:

Lemma 2.1. Consider the diagram:

L*CX/Y e CX/Y

l l

L

X s X
| il
y — 5 vy

with i a regular embedding and j an embedding, Cx y is the normal cone of X
in Y and both squares are fiber diagrams. Then

3) i![@cx/y] =[0cy,, 1 € Ko(W"Cxyy).

This is stated and proved in [Lee 2004, Lemma 2]. The proof is based on a more
general statement (Lemma 1 of [Lee 2004]), which has been worked out in [Kresch
1999] on the level of Chow rings. Since K-theoretic statements are stronger, we
give below the key ingredient which allows one to carry over Kresch’s proof to
K-theory:

Lemma 2.2. Let f : X — Y be a closed embedding and let g : Y — P! be a
surjection such that g o f is flat. Denote by Xy and Yy the fibers over O of go f
and g, respectively. Moreover, assume that the restriction of f to X \ Xo is an
isomorphism. Then ifi is the inclusion of {0} in P!, we have i'(Oy) = Oy, € Ko(Yy).

Proof. The skyscraper sheaves at all points of P! represent the same element in
Ko(P), hence if we pull back a resolution of any point P € P! by g we get the
same elements of K¢(Y). On the other hand since f is an isomorphism above
P!\ {0}, pulling back by g of the structure sheaf of a point P # 0 is the same as
pulling back by g o f followed by f.. By what we said above we can replace P
with 0. Now from the flatness of g o f above 0 the pullback of the structure sheaf
of 0 by g o f is the structure sheaf of the fiber X(. The result then follows from the
definition of i'. (]

Remark 2.3. Lemma 2.2 allows one to show Lemma 2.1: intermediately one
shows, following [Kresch 1999] (notation is as in Lemma 2.1), that [O¢,] = [Oc, ]
in Ko(CX/Y Xy CXy), where C1 = Ci*cxy(CXY) and C2 = Cj*cy,y(CY/Y).
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We now go on to prove Theorem 1.1. We have
X VO = x (W, V ® ju0y).
Kawasaki’s formula applied to the sheaf V ® h@ggr on Y gives

U gy TV ®ii05)
O Te(ACNY) )

“ XM, V0=

X
w M

From the fiber diagram

in
Y, — Y
and Theorem 6.2 in [Fulton 1998] (where this is proved for Chow rings) we have
i;j*@;gr = j;i;@%r. Plugging this in (4) gives

f( Tr<vu®iz:j*@5£r>>_ f( Tr(Vu®J‘;iL@¥ér>>
X o =X He

&) T
r(A*N) Tr(A*N})

Let G, be the cyclic group generated by one element of the conjugacy class
associated to &,. Then we will show that

l-! @vir @vir
(6) Tr| 2 =T
A.(N:z) A.(N/\,ilr)*

in the G ,-equivariant K-ring of &,,. This is essentially the computation of Section 3
in [Graber and Pandharipande 1999] carried out in C*-equivariant K-theory. Rela-
tion (6) then follows by embedding the group G, in the torus and specializing the
value of the variable ¢ in the ground ring of C*-equivariant K-theory to a |G, |-root
of unity.

If we define a cone D := Cy /oy Xy E, then this is a Toy cone (see [Behrend and
Fantechi 1997]). The virtual normal cone D" is defined as D / Toy and @ggr is the
pullback by the zero section of the structure sheaf of DY’ Alternatively there is a
fiber diagram

Ty —— D

L

E
* —— E

where the bottom map is the zero section of E;. Then one can define @ggr as
07, 021 [0p]. We’ll prove formula (6) following closely the calculation in [Graber
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and Pandharipande 1999]. First, by definition of @ggr and by commutativity of Gysin
maps, we have

(7 i, 03" =i,0% 0 [0p] =0}, 0% i, [0p].
We pull back relation (3) to (i//L)*D = (i;)"(Cayy x Ep) to get
(8) i,[0p]=[0p, x (Ej)*]

In the equality above we have used the fact that D, = Cy,, ju, X E({ and we identified
the sheaf of sections of the bundle Ej' with the dual bundle (Ej')*. Plugging (8)
in (7) we get

9) @V“ 0%,0%,[0p, x (Ef)*].

Notice that the action of Ty, leaves D, x (E')* invariant (it acts trivially on (Ej)*).
Now we can write 0*}@ = O’}nJ x 07~ and since D)" =D, /Ty, we rewrite (9) as

m

(10) i, 03" = 07, 0, [0 pyr x (EGH*].

Tcy m

The proof of Lemma 1 in [Graber and Pandharipande 1999] works in our set-up
as well: it uses excess intersection formula which holds in K-theory. It shows that
the following relation holds in the C*-equivariant K-ring of &,

A (Tyn)*

(1) 07y O, [0 e x (EGN™1 = g(ogl[@Dxirx(Egi)*]).m.
0

The class O%l [0 pyir X E('] lives in the C*-equivariant K-ring of E('. The class
doesn’t depend on the bundle map Ej' — E}" so we can assume this map to be 0.
Then by excess intersection formula and the definition of @5& we get

(12) zm (O!E] [@Dvir X (E(’)")*]) = @;r CAC(EM*.

Formula (12) holds because DVlr x (Eg') C Ef x Eg' and OE acts as OEf X OEm
on factors. 0' Ef [0 Dvnr] @V“ by definition of @V‘r By excess intersection formula
applied to the ﬁber square

%—)Em

we have 0% mOEm [(EG)*] mn*A’(Em)* = A*(EY")*. Plugging formula (12)
in (11) (note that N, = Toym and N vir — = [Ey'] — [E7']) and taking traces proves (6).
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We now plug (6) in (5) and then pull back to &, to get
Te(V, ® jiui 204 Tr(0Y")
Xf Y, (Vy Jxly Yo :Xf @M,Tr(VM)@)j;—%”-
Tr(A*N}) Tr(A®(N;")

=xf<95 Tr(Vu(X)@;gi;))
> o (N Viryx) J°
Tr(A®(N})*)
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