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GRADIENT ESTIMATES AND ENTROPY FORMULAE OF
POROUS MEDIUM AND FAST DIFFUSION EQUATIONS FOR
THE WITTEN LAPLACIAN

GUANGYUE HUANG AND HAIZHONG L1

We study gradient estimates for the positive solutions of the porous medium
equations and the fast diffusion equations

ur=Ag?)

associated with the Witten Laplacian on Riemannian manifolds. Under
the assumption that the m-dimensional Bakry—Emery Ricci curvature is
bounded from below, we obtain some gradient estimates which generalize
some previous results of Lu et. al. and Huang et. al. As applications, sev-
eral parabolic Harnack inequalities are obtained. Moreover, inspired by
X.-D. Li’s work, we also extend the entropy formulae introduced by Lu
et. al. to the porous medium equations and the fast diffusion equations as-
sociated with the Witten Laplacian. We prove some monotonicity theorems
for such entropy on compact Riemannian manifolds with nonnegative m-
dimensional Bakry—-Emery Ricci curvature.

1. Introduction

Let (M", g) be an n-dimensional complete Riemannian manifold. P. Li and Yau
[1986] considered positive solutions of the heat equation

(1-1) uy = Au
and proved the following gradient estimates.

Theorem A [Li and Yau 1986]. Let (M", g) be a complete Riemannian manifold
with Ric(B,(2R)) > —K, where Ric(B,(2R)) denotes the Ricci curvature on the
geodesic ball B,(2R) with radius 2R and K is a nonnegative constant. Let u be a
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positive solution of (1-1) on B,(2R) x [0, T']. Then, on B,(R), we have

[Vul|? u, Cn)a? na’kK noz2
1-2 —a— —  + VKR —
(1-2) 2 YU T TR J“/_ 2(a TR

where a > 1 is a constant and C (n) is a constant depending only on n. Moreover,
taking R — o0, (1-2) yields the following estimate on (M", g):

[Vu|? U _ no’K no?

1-3 o
(1-3) u? U= 2(a—1)+ 2t

J. F. Li and X. J. Xu [2011] obtained new Li—Yau-type gradient estimates for
positive solutions of the heat equation (1-1) on complete Riemannian manifolds.
For related research and some improvements on Li—Yau-type gradient estimates of
(1-1), see [Yau 1994; 1995; Bakry and Qian 1999; Hamilton 1993; Li 2005; Davies
1989]. The equation

(1-4) up = Au’)

with p > 1 is called the porous medium equation, which is a nonlinear extension
of the classical heat equation. For various values of p > 1, it has appeared in
different applications to model diffusive phenomena (see [Vazquez 2007; Aronson
and Bénilan 1979; Lu et al. 2009] and the references therein). Equation (1-4) with
p € (0, 1) is called the fast diffusion equation, which appears in plasma physics
and in geometric flows. However, there are remarkable differences between the
porous medium equations and the fast diffusion equation; see [Vazquez 2006;
Daskalopoulos and Kenig 2007]. For the study of gradient estimates of (1-4), see
[Huang et al. 2013; Aronson and Bénilan 1979; Vazquez 2007; Xu 2012].

Lu, Ni, Véazquez, and Villani studied gradient estimates of (1-4) and proved the
following results.

Theorem B [Lu et al. 2009, Theorem 3.3]. Let (M", g) be a complete Riemannian

manifold with Ric(B,(2R)) > — K, where Ric(B,(2R)) denotes the Ricci curvature

on the geodesic ball B,(2R) with radius 2R and K is a nonnegative constant.

Let u be a positive solution to (1-4) with p > 1. Let v = (p/(p—1)u?~" and
=(p-1 maxg,(2R)x[0,T] V- Then, for any a > 1, on B,(R), we have

|VU|2 Ut
_a_
v

C M 2 2 2 2
< CMaa” [ @ +(1+fR) +aMK + 2
R? a—1p -1 t

1-5)
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where a = n(p—1)/(n(p—1) + 2). Moreover, taking R — oo, (1-5) yields the
following estimate on (M", g):

V|2 vy o? ao’®
—o— < —aMK + —.

1-6
(1-6) v v a—1 t

Now we rewrite the inequality (1-6) as

2 aozzv

(1-7) Vo> —av, < ——aMKv+ 22,
a—1 t

Since (p—1)v = puP~!, we have (p—1)v — 1l as p — 1. As p — 1, we have

M — 1,
|Vul|?

2 U n
V| — v, —> —, av— —.
u 2

u? ’

Consequently, (1-7) becomes Li and Yau’s inequality (1-3). Therefore, for a com-
plete noncompact Riemannian manifold (M", g), estimate (1-6) in the result of Lu,
Ni, Véazquez and Villani reduces to estimate (1-3) when p — 1.

Let ¢ € C>(M™). The Witten Laplacian associated with ¢ is defined by

Ag=A—-V¢-V,

which is symmetric with respect to the L2(M") inner product under the weighted

measure
du = e ? dv,
that is,

/uAd)vd,u:—/ VqudM=/ vAgudp forall u,v e Cy°(M™").

Following [Bakry and Emery 1985; Bakry 1994; Li 2005; Wei and Wylie 2009],
we introduce the m-dimensional Bakry—Emery Ricci curvature associated with the
Witten Laplacian by

1
Ric) =Ric+V’¢p — ——dp ®d¢,
m—n
where m > n is a constant and m = n if and only if ¢ is a constant. Define
Ricy = Ric +V?¢.

Then Ricy can be seen as the co-dimensional Bakry—Emery Ricci curvature. In this
paper, we study the following equation associated with the Witten Laplacian:

(1-8) Uy = Ag(u?)

with p > 0and p # 1. For p > 1 and p € (0, 1), we derive an analogue of the
estimates of Lu, Ni, Vazquez, and Villani and a Davies-type estimate. Moreover,
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for p > 1, we obtain a Hamilton-type estimate and an analogue of the estimates of
Li and Xu. In particular, our results generalize the ones in [Huang et al. 2013].

First we consider gradient estimates of (1-8) under the assumption that the m-
dimensional Bakry—Emery Ricci curvature is bounded from below, and obtain the
following results. We set once and for all

m(p—1)
m(p—1)+2

Theorem 1.1. Let (M", g) be a complete Riemannian manifold with

(1-9) a=

Ric} (B,(2R)) = K,

where Ric;’:(B »(2R)) denotes the m-dimensional Bakry—Emery Ricci curvature
on the geodesic ball B,(2R) with radius 2R, and K is a nonnegative constant.
Let u be a positive solution to the porous medium equation (1-8) with p > 1. Let
v=(p/(p—1))uP~V and M = (p—1) maxg,2Rr)x[0,7] V- Then, for any o > 1, on
B,(R), we have

\VJ 2 C 2 ~ 2
IVVIE Y el (m)<°‘ apr +1+J1?Rcoth(Jl?R)>

v v T R? \a—1 p—1
L k4
a o
(x—1) t
Taking R — 00, we thus obtain the following estimate on (M", g):
\V/ 2 2 ~ 2
(1-10) IVOIT o o Gk 4+ 9%
v v oa—1 t

Corollary 1.2. Let (M", g) be a complete Riemannian manifold with Ricg' >—K,
where K is a nonnegative constant. Let u be a positive solution to (1-8) with p > 1.

Set

vziup_l, M=(p-1) sup v, M= inf v.

p—l M x[0,T] _M”X[O,T]

Then, forany x;,x2o e M", 0 <ty <thp < T, o > 1, we have

where dist(x;, x1) is the distance between x| and x;.
Theorem 1.3. Let (M", g) and K be as in Theorem 1.1. Let u be a positive solution
to the fast diffusion equation (1-8) with p € (1 —2/m, 1). Set

v=——uP"", M=(0-p) max (—v).
p—1 B,(2R)x[0,T]
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Then, for any 0 < a < 1, we have on B,(R)

Vol | v
a_

v

N2 _\w2 2
. ) MC(m)( (Z@ap +14+vKR coth(JI?R))

(1-11) —

T A(e1,82) R? \28(1-a)(1—a)(1—p)
(—a)a*MK (—a)a?
Vei(l—a)(I—a—a)A(er, e2) Aler, et

where €1, &> € (0, 1) are positive constants satisfying

- (1+£)*(1-0)*(1-a)
Aer, &) =[1—-a(l—a)] — 1= e)(l—a—d) > 0.

Taking R — oo and o« — 1, we thus obtain the following estimate on (M", g) with
Ricg’ >0:

Vo2 v
AL R

(1-12)

a
v v t

Corollary 1.4. Let (M", g) be a complete Riemannian manifold with Ricg’ >0. Let
u be a positive solution to (1-8) with p € (1 —2/m, 1). Set

v="Lurl M=(=p) sup (—v), M= inf (—v).
p—1 M x[0,T] M"x[0,T]

Then, for any x1,x; € M" and 0 <t <t < T, we have

15) )_d diStz(XQ, Xx1)
1

(1-13) ~vee,p) = —ula, ) (z P -1’
—H

where dist(x,, x1) is the distance between x| and x,.

Remark 1.5. Clearly, our estimate (1-10) reduces to (1-6) (see [Lu et al. 2009])
by letting m = n. Moreover, for p € (0, 1), [Lu et al. 2009, Theorem 4.1] can be
obtained from our Theorem 1.3 by taking m = n.

Theorem 1.6. Let (M", g) and K be as in Theorem 1.1. Let u be a positive solution
to the fast diffusion equation (1-8) with p € (1 —2/m, 1). Set

v=——uP"!', M=(1-p) max (—v).
p—1 B,(2R)x[0,T]

Then, for any 0 < a < 1, we have on B,(R)
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Vul? C
_Ivol +aﬂs{0<c7,a) N
v

v J1-p

012 .
+ [(m —|—2(1—a))MK +

l—a—a

L)
+ (l—p)(l—a—&)MCI(g) (1+ VKR coth(«/I?R)):| ’ } .

Taking R — 00, we thus obtain the following estimate on (M", g):

Vu|? 2 l—a—a
A N A R S YO U7 .
v — \2(1=a)

(1-14)

Corollary 1.7. Let (M", g) be a complete Riemannian manifold with Ricy > —K,
where K is a nonnegative constant. Let u be a positive solution to (1-8) with
pe(l—2/m,1). Let

v="Lurl M=(=p) sup (-v), M= inf (—v).
p—1 M x[0,T] M"x[0,T]

Then, forany x;,xo0 e M", 0 <ty <thp < T, O <a <1, we have

B (1—a—a)/a
—v(x2, ) < —v(xy, tl)(t—>
1

y (adistz(xz,xl)_i_( g +2(1_&))MK(I —l))
T\l en-n 20w o

where dist(x;, x1) is the distance between x| and x;.

Remark 1.8. For complete Riemannian manifolds with p € (0, 1), Corollary 4.2
of [Lu et al. 2009] shows that, if Ric > 0, then

[Vvl|? vo__a

(1-15)

v v t

while if Ric > —K and 0 < « < 1, then, for any ¢ > 0 satisfying

Claae)im 1+ (—a)(i—a) = —IZVAZa”
a,a, )= a o () —a—(1—a) >0,
we have
2 N2
(1-16) _|Vv| —i-Oé&S (—a)a (l «/C(a,oz,s)MK)
v Ca,a,e) \ 't (1—a)e

Obviously, our estimate (1-14) reduces to (1-15) when m =n and @ — 1. Moreover,
(1-14) is independent of .
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Denote by R the scalar curvature of the metric g. Perelman [2002] introduced
the W-entropy functional as

-f
(1-17) W(g,f,n:/ (cR+IVFP) + f —n)—°

v,
. (4mT)n/2 v

where 7 is a positive scale parameter and f € C*°(M") satisfies

e_f
—dv=1.
/Mn @y’

By [Perelman 2002], we know that the W'-entropy is monotone increasing under
the Ricci flow, and its critical points are given by gradient shrinking solitons. Ni
[2004a; 2004b] considered the “W-entropy for the linear heat equation

(1-18) U = Au

on complete Riemannian manifolds. More precisely, Ni [2004a] introduced the
W-entropy associated with (1-18) by

-f
_ 24 €
(1-19) Wig, f,0) = /Mn[fIVfI =l .
-f
where u = (‘teﬁ is a positive solution to (1-18) and || yn wdv =1, and proved
T
that

2
1200 L f.o)= —2f r(‘vzf—i‘ FRic(VY, Vf))udv.
dt 2T

Thus, if the Ricci curvature is nonnegative, the W -entropy defined by (1-19) is non-
increasing on complete Riemannian manifolds. For research on the monotonicity of
W-entropy for other geometric heat flows on Riemannian manifolds, see [Kotschwar
and Ni 2009; Ecker 2007; Ni 2004a; 2004b; Lu et al. 2009]. X.-D. Li [2011; 2012;
2013] studied the “W;,-entropy associated with the Witten Laplacian to the linear
heat equation

(1-21) ur = Agu

on complete Riemannian manifolds satisfying the u-bounded geometry condition.
More precisely, [Li 2012] introduced the W,,-entropy associated with (1-21) by

_f
— 24 ¢ €
(1-22) Wole, f, r)—/Mn[rIVfl =l du
-f
where u = _ is a positive solution to (1-21), and proved that if there exist

(4mT)m/2
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two constants m > n and K > 0 such that Ricg1 > —K, then
d g 2

(123 LW, f.0) =2 [ o [V = £\ R (VA 9P Judu
dt 2T

T
Mﬂ
2 m—n\?
/r VOVf +——)udn.
m—n n 2T

Thus, if Ricg’ >0, then W, (g, f, T) is nonincreasing along the heat equation (1-21).
For the study of the Witten Laplacian associated with the m-dimensional Bakry—
Emery Ricci curvature on complete Riemannian manifolds, see [Wei and Wylie
2009; Wang 2004; 1997; Qian 1998; 1997; Ni 2002; Li 2005; Fang et al. 2009;
Bakry and Qian 2005; Bakry 1994; Bakry and Emery 1985]. Let u be a positive
solution to (1-4), and let v = (p/(p—1))u”~!. Lu et. al. [2009] introduced

n

Np(g,u, t)= —t“/ uv dv

and

d Voul? 1

(1-24) W,,(g,u,t):—[rN,,(g,u,z)]:r““f (p' v _at )uvdv,
dt n v t

n(p—1)

whereq = ———.
n(p—1)+2

They proved that if M" is compact,

d
(1-25) EWp(g, u,t)

— _2(p_1)ta+1 f (

2
8

[n(p—1)+ 2]z

2
—2z“+‘/ ((p—l)Aer?) uvdv.

In particular, if the Ricci curvature is nonnegative, the entropy defined in (1-24) is
nonincreasing on compact Riemannian manifolds when p > 1. For p < 1, using
the Cauchy—Schwarz inequality, they proved from (1-25) that

V2v+

+ Ric(Vv,Vv))uv dv

d
(1-26) Ewp(g, u,t)

a1 [ [np=D+1 a\’ .

<=2t ——— | (p—DAv+—) +(p—1)Ric(Vv,Vv) (uv dv.
o n(p—1) t

Clearly, if the Ricci curvature is nonnegative and p € (1 — 1/n, 1), then (1-26)

shows that (d/dt)W,(g, u, t) <0 and the entropy defined in (1-24) is nonincreasing

on compact Riemannian manifolds.



GRADIENT ESTIMATES AND ENTROPY FORMULAE 55

Inspired by [Li 2012], in this paper we also study the W), ,,-entropy for (1-8)
associated with the Witten Laplacian on compact Riemannian manifolds with p > 0
and p # 1. First we define

(1-27) Spngue) = =" [ v,

n

where the W, ,,-entropy is defined by

d
(1-28) Wom (g, 1) = - [tNpm (8, u, 1)),

When the m-dimensional Bakry—Emery Ricci curvature is bounded from below, we
prove the following.

Theorem 1.9. Let (M", g) be a compact Riemannian manifold. If u is a positive
solution to the porous medium equation (1-8) with p > 1, then

p ) }
(1-29) ENp,m(g,u,t)z—ta/ ((p—l)Ad,v-l—c?l)uvdu,

where v = (p/(p—1)uP~'. In particular, if Ricg > 0, then Ny (g, u,t) is
nonincreasing in t. Moreover,

- Vo2 a+1
(1-30) Wp,m(g,u,t):t”]/ <p| vl _aj )uvdu

v

and

d
(1-31) Ewp,m(g,u,t)

(0 1\sat] 2 8
=—2p=br /(‘V U Im(p—D 121

VéVv—

2
+Ric;f‘(Vv,Vv)

2
)uvdu

m—n
[m(p—1)+2]t

_l’_

m—n
2
uvdu.

a
(p—l)A¢U+;

_Zt(}-l-l /

In particular, if Ric’(},1 > 0, then W, ,(g, u, t) is nonincreasing in t.

Theorem 1.10. Let (M", g) be a compact Riemannian manifold. If u is a positive
solution to the fast diffusion equation (1-8) with p € (0, 1), then

J N ~
(1-32) ENp’m(g, u,t) =—t° f ((p—l)A¢v + %)uv du,

where v =

plup_l. In particular, ifRicg’ >0and pe (1—-2/m,1), then
p_
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Np.m(g, u, t) is nonincreasing in t. Moreover, we have

; Vo2 a+1
(1-33) Wy (g, u, 1) =14+ f (pl " ; )uvdu,
n v
and, for any positive constant ¢ > m —n and 1 — 1 p<1-— m=n
- n+e me

d
(1-34) —Wpm(g,u, 1)

dt
a o l-n(l-p) ¢ al’
<2t +1/n((1—p)RlC¢ (VU,VU)+<M1—_I?)—;)‘(]7—1)A¢U+?
m(l—-p) 1 m—n 2
+(n(m—m_%)‘v‘wv_[m<p—1>+2]t )””d’“"

In particular, if Ricg’ >0, then W), (g, u, t) is nonincreasing in t.

Remark 1.11. If m = n, we see that ¢ is a constant. Then (1-31) becomes [Lu
et al. 2009, (5.6)]. By letting m =n and ¢ — 0, (1-34) becomes (1-26), which is
[Lu et al. 2009, Corollary 5.10].

Remark 1.12. After we submitted our paper, the referee pointed out to us [Li
and Li 2013; Wang and Chen 2013; Wang et al. 2013], in which some related
problems are studied. Specifically, S. Li and X.-D. Li [2013] derived the W-entropy
formula for the Witten Laplacian on manifolds with time dependent metrics and
potentials. Wang and Chen [2013] obtained Aronson—Bénilan-type estimates for
the porous medium equations associated with the Witten Laplacian. Wang, Yang,
and Chen [Wang et al. 2013] studied the weighted p-Laplacian heat equation and
proved an optimal gradient estimate and the W-entropy monotonicity formula,
which generalized the results of [Kotschwar and Ni 2009]. We note that the first
version of this paper was posted on arXiv (1203.5482) on March 25 of 2012.

2. Proofs of Theorems 1.1 and 1.3

Let v = (p/(p—1))u”~'. By virtue of (1-8), we have v; = (p—DvAgv+ |Vv|?,
which is equivalent to

v Vol?
(2-1) ;’:(p—l)A¢v+| v' .

As in [Lu et al. 2009], we introduce the differential operator

(2-2) P =0, — (p—1)vAy.
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2
Lemma 2.1. Let F = @ — oz% — @, where a = a(t) and ¢ = ¢(t) are functions

of t. Set

Lo(F) =

1 2 . m A /
——[(p—D)AgvP>—2(p—1) Ric) (Vv,Vv)+2vaVF+(1—a)(—) 2y,
a v v

(1) If p > 1, then $(F) < Lo(F).
) If p € (0, 1), then L(F) > Lo(F).

Proof. We only give the proof for the case where p > 1; the other case is similar.
By a direct calculation, we have

(2-3) 52(5) - ése(f) - éiﬁ(g)+2(p—l)v vgv logg forall f,geC®(M).

Using (2-1), we obtain
(2-4) L) =(p—Dv; Agv+2Vo V.

It is well known that, for the m-dimensional Bakry—Emery Ricci curvature, we have
the following Bochner formula (for the elementary proof, see [Ledoux 2000; Li
2005]):
(2-5) 1A (IVw[®) = [V2w[* + Vw VA»w + Ricg (Vw, Vw)

> %lAwlz + Vw VAgw + Ricy (Vw, Vw)

> —|Agw|* + Vw VAgw + Ric) (Vw, Vw).

1
m

It follows from p > 1 that

P(VVP) <2V Vi, — 2(p—1)v<%|A¢v|2 +VuVAs +Ricgg(w,w))
=2VuV[(p—DvAsv+|Vvl?]
_ 2(p—1)v<%|A¢v|2 + VUV A +Ric” (Vv,Vv))

=2(p—1)|Vu[*Ayv +2VvV(|VU|?)
_ 2(p—D

v(Agv)* —2(p—1)vRic) (Vv,Vv).
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Applying this and (2-4) to (2-3) yields

2 Vol|?
(2-6) ££(£>:(p—l)ﬂA¢v+—VvVv,—ﬂ| ud
v v v v

+2(p—1) vV Viogu
v

and

[Vv|? [Vv|? 2 )
7 <2(p—1) Apv+ = VoV(IVv]?)
v v v
Vot |Vol?

7+ 2(p—HvV
v v

_ 2(p=D)

Vlogv,

(Agv)* = 2(p—1) Ric} (Vv,Vv) —
and hence

2
2-7) %(F) =35<|V;’| ) —agg<ﬁ) L

Vol?
v

=2(p—-1)

2 2 2
Apv+ -V V(Vu|7) — (Agv)
v

|Vol* |Vo|?
5s— +2(p—DvV
v v
Uy |Vv|2

vy 2
—a(p—1)—Ayv —a—VoVuv, +a—
v v v

2(p—1)
m

—2(p—1)Ric$(Vv,Vv)— Vlogv

2a(p—1wV i Viogv—a' 2 — .
1) v

Noticing that

v 2
21w VY log v — 2a(p— 1)V % Vlog v = 2(p—1) Vo VF
v v
and
2 5 2 2 |Voul|?
—VuoV(Vv|?) —a—=VuVuv, = =V V[(F + @)v] =2(F + ¢) +2Vu VF,
v v v v
we obtain
|Vvl|? v 2 ) 2
2-8) 2(p—DHv(V —aV— |Vlogv+ —-VuV(|Vv|?) —a— VvV,
v v v
Vo2
=2pVuVF +2(F 4+ ¢)
v
Vul? Vu|?
:2vaVF+2(| L ﬁ)' ol
1) v v

On the other hand, using (2-1) again, we have
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|Vu|2 |Vv|4 v [Vol|?
(2-9) 2(p—1) v— —a(p— 1)—A¢v—|— .
IVvl2 v IVvI2 Vol* v (v VP v [Vo]?
=2 —— ———a—|—-— +a—
v v v 1) v v v v v
2 4 2
v
P A 4_0,(2)
v v v v

Combining (2-8) with (2-9) gives
Vo2

2
(2-10) 2(p—1vV Vlogv —2a(p—1)v vﬂwog v+ =V V(Vo?)

|Vv|2 |Vu|4 v, | Vo2
—a(p— 1)—A¢v+a—

vy |Vv|2 Ur\?
—2pvevF— (% — +(1—a)<—)
v v v

= 2pVuVF —[(p—D)Agv]* + (1—0[)(%)2.

2
—a— VUVU, +2(p—1)

Putting (2-10) into (2-7) yields

2(p—1
P(F) < - 2P )(A¢v)2—2(p—1)Ric$(W,W)+2vaVF
" 2 U \? s Ut /
—[(p=DAgP +(1—a) (2 ) —a'Z =g
1
= —=[(p—1)Apv]* —2(p—1) Ric}} (Vv,Vv) +2p Vv VF
a Vg 2 %
+-a) () —o L =g,
v v
which completes the proof of (1) in Lemma 2.1. U

Proof of Theorem 1.1. Let & be a cut-off function such that £(r) = 1 for r < 1,
Ery=0forr>2,0<é&(r)<1,and

0>&'(r)>—c1&2(r), &'(r)>—ca,

for positive constants ¢; and cp. With p(x) the distance between x and p in M", let

w<x>=s(p§:)).

Making use of an argument of Calabi [1958] (see also [Cheng and Yau 1975]), we
can assume without loss of generality that the function v is smooth in B,(2R).
Then we have

|V1//|2

2-11
(2-11) v

C
R
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By the comparison theorem with respect to the Witten Laplacian (see [Li 2005,
p. 1324])
Agpp >V (m—1K Coth( %p),
we have
E'Dpp  E"IVpl C(m)

+ > (14 VK R coth(vVK R)).

(2-12) Mg =" = 2

Define F = |Vv|?/v — av;/v, where « > 1 is a constant. Under the assumption
that Ricg’ > —K, Lemma 2.1(1) shows that

(2-13) P(F) < —%[(p—l)AagU]z +2(p—DK|Vv|>+2pVuVF

[Vul?

1 -
——[(p—1)Agv]* +2MK +2pVuVFE.
a

Set G =1 F. Next we will apply the maximum principle to G on B »(2R) x [0, T].
Assume G achieves its maximum at the point (xo, s) € B,(2R) x [0, T'] and assume
G (xg, s) > 0 (otherwise the proof is trivial), which implies s > 0. Then, at the point
(xg, 5), we have

$(G)=0, VF= —gw,
and, by use of (2-13), we have
(2-14) 0<L(G)
=sYL(F) —s(p—1)vFAgy —2s(p—DvVEVY + Y F

2
:sx/féE(l'E)—(p—l)quﬂ/fG—i—2(p—1)v|v1;p2| G—l—g
1 5 |Vo|? -
§s¢(—5[(p—1)A¢v] +2MK ) VUVF)
Ay |V 1//|2
—(p—1 G+2(p—1
(p—Dv v (p—Dv 7
SV 2 Vol . Vo] VY|
< ——[(p=D AP + 25y MK \/_«/_G\/_ m
ApY IVy|?
~(p—Dyv ; G+2(p=Dv—3 G+—

Applying

1 o 2(a—1) ~|Vv|? 1\ Vo
[(p—Dagf = — F2 4 2@ D el (e Ty VY
o? o? v o v2
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to (2-14), we obtain

2 2 2 4
(2-15) 05_;G2 2@—Dy [Vv[" _ s¥ (a—l) |Vl
o

asa? ao? v a V2
IVvl2 P IVUI VY|
+ 25y’ MK ‘/
v Nolv
2
G
—(p—l)v(Adﬂﬁ)G—i-Z(p—l)vl ;f/fl G+1//T
B2
— < —
Since —Ax? + Bx R we have
_sx/jz a—1\?|Vol* HWZMKWUP 5 ac’sy*M?K?
a o v2 v (x—1)2
and

de-by V0P 2 Vol VY| ae?pM Yy P
iz O YR T S ey v ©

We now set

(2-16) P(K,R) =1+ VKR coth(VKR).
From (2-15) we obtain

1 ao’sy>M?*K? ac’p’M  |Vy|?

2
0=—7a2¢ T (a—1)2 2p—Da—1) ¥

\V/ 2

— (p=1)(LY)G +2(p—1)p] 1‘;' G+¢S—G

)
_ ’ ac p M £ C(m) v
= aso? (2(p—1)(oz—1) R2+M R? PCK,R) + )G

aa’syM?K?

(a=1)?

Solving this quadratic inequality for G yields

G<asa2 aa’p*M C+MC( )P(KR)—l—w
) {2(p—1)(a—1)ﬁ R2 5

an’p*M C(m) v\? 4yiM2K2T2
+[<—2(p_1)(a_l)R2+M ) piry+ L )+—(a_1)2 ] }

mz{ ac’p’M C C(m) w wMK}

+

<a -
o 2(p—D(ax—1) R? R? 1
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Hence we have
G(x,T) < G(xo,s)

, C(m) o?
R? ((P—l)(a—l)

This implies that, for all x € B,(R),

2
o . ~ 2
aTMK +ao”.

a—1

<aTua

ap’+ P(K, R))M+

. o, C(m) o’ ap? o ao?
2-17) Fx,T)<ao"M + P(K,R) |+ —aMK + —.
R \a—1p-1 a—1 T
Since T is arbitrary, we complete the proof of Theorem 1.1. ([

Proof of Corollary 1.2. Along the lines of Li and Yau, we will establish a Harnack
inequality from a general estimate

[Vul?

Uy
(2-18) —Ot(t);—w(t)io-

Rewrite (2-18) as

Let f =logv. Then we have

—fi=—2 < i( () - 'V”'z) < (o)~ MIVFP)
e v oa(t) ¢ v _Ot(t)w .

Let y be a shortest geodesic joining x; and x,, and set y : [f1, 1] > M", y (1) = x1,
y(tp) = xp. Define a curve ¢ in M" x (0, 00), ¢ : [t1, 1] = M" x (0, 00) by
¢() = (y (@), ). Then £ (1) = (x1, 1) and ¢ (2) = (x2, 12). Set p =d(xy, x2). Then
ly|=p/(t2 —11) and

d

151
(2-19) f(xl,zl)—f(xz,m:f z

15}

5]
_ f (.Y )+ (—f) di

FE@)di = / 7.V )+ f)di

2 1 -
< f <|y'| VS 1+ (ol - M|Vf|2>) dt

(M, ()
_le (—mWﬂ +|)/||Vf|)alt+/tl mdt

2 153 %) t
<P 2/ a(t)dt+/ o 4
AM(tr — 1)~ Jy, noa(r)

2
where in the last inequality we used —Ax%2 4+ Bx < f—A and |y| = p/(t, — t1).
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Let o > 1 be a constant and set ¢ =

2 ~ 2
((xa—l)&MK + %. We have from (2-19)

5] 2
ap o
(2-20) f(X1,t1)—f(xz,t2)§/tl <4M(t2_t1)2+a 1aMK+ )dt

2

0 Y AMEK(h— 1) +dalog 2
= = a — ao 10g —.
A4M(t) — 1) a—1 2 : gl‘l

Therefore, we arrive at

V(X ,l V(X ,l — €X + aMK t t . D
1 1 25 12 | IM( 1) 1 2 1

Proof of Theorem 1.3. When p € (0, 1), we have v < 0, and from Lemma 2.1(2)
~ 1 ~ 2
P(—F) < =[(p—1) AgvP+2(p—1) Ric} (Vv,Vv)+2p Vv V(—F)—(1—a)(ﬁ),
a v

which implies

2
(221) L—F) < S{(p=1) AguP + 2K !
a —v

+2pwv<—ﬁ)—(1—a)(%>2.

Define G = v (— F). We’ll apply the maximum principle to G on B,(2R) x [0, T].
Assume G achieves its maximum at the point (xo, s) € B,(2R) x [0, T'] and assume
G (xg, s) > 0 (otherwise the proof is trivial), which implies s > 0. Then, at the point
(xg, 5), we have

$(G)=>0, V(-F)= —_7F vy

and, by use of (2-21), we have

A vyi? G
V6 2p-1 g 4

vz s

(222) 0= L(G)=syL(—F)—(p—v

1 5 |Vvl?
<sy g[(p—l)A(;,v] +2MK —

+2pvw(—ﬁ))

2
8oV G aipey VY

14 y?

v vl2

—(p—Dv

G+——(1 a)sw( )2

<_¢[(p I)A¢v] + 25 MK

Vol [V ApY
v G —(p—1
«/ J=v Y (p=Dv s

IVy|? G Ur\?
+2p=1= G—i—;—(l—a)sw(;).
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Applying the equalities

2|Vl
2

DA o — 1ﬁ,2 2(o¢—1)ﬁ|v1)|2 a—1
[(p—1)Ayv] =2 + 3 + a

o v

v

and

v 1 - Ve 1 B2y |Vv|2 1 |Vo*
(&) == (-F+—) =P —( Py +

v o? ol 02
to (2-22), we obtain

IVvl2

(2-23) 0< L((l—a(l @))G* —2(1-a)(1-a)sy G
asa

N v|4)
+s1// (1—-a)(1—a—a)

v Vol |V
+2wMK| Ul to— P g YLIVY

VI=p NETENG
2
— (p=u(Ag )G + 21w G YO

Next we employ a method similar to that in [Lu et al. 2009, Theorem 4.1]. Since
p€(1—2/m,1), we have a < 0. Thus we have, for any positive constants &1, &3,

2 522 4 N D N2 202 g2
2sw2MKﬂs—sl w S(1—a)(1—a— >'V‘;' _ Lasai(p= D7y M K™
v v g1 (I—a)(l—a—a)
and
p Vol [Vy|
2 My G IAS4)
=M S
B 0e S ) A AR i S \ A A
T ase? v 2e(-a)(I-a)(l-p) ¥

Hence we get from (2-23) that

v v|2

05—~12< (1-a(1-w)G* +2(1 + &) (1-a)(1—a)sY G

asa

4
— (1 =—eps*yP*(1—a)(I—a— a)l I)

_l asa* Y M?K? B ao’p*M V|2
g1 (1—)(1—a—a) 2e(1-a)(l-a)(1-p) ¢
\V/ 2
—(p—1)v(A¢w)G+2(p—1)v| jl G+wS—G

which can be rewritten as
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20121
(224) 0= 2(1—&(1—@- (4 e2)"(1=a)"(1- “))Gz
aso (1—e)(1—a—a)
_ 1 ase?y?MPK? ao’p’M VY
g1 l—a)(l—a—a) 2e(1—-a)(l—a)(1—p) ¥
Vr|?
—(P—l)U(A¢W)G+2(p—1)v| jl G+WS—G.

Taking &1, &, such that
(1+&)*(1-a)*(1—a)
(1—e)(l—a—a)
we obtain from (2-24), with P(K, R) as in (2-16),

(2-25) 1—a(l—a)

=: A(e1, &2) > 0,

0< A(ey, 2)G?

= (—a)sa?

(Cae?pM_ C . Com v
<282(1—ﬁ)(1—a)(1_p) R2 + MTP(K, R) + ?>G

(—a)sa> Yy M?K?
ei1(l—a)(1—a—a)’

Solving this quadratic inequality for G yields

(_&)QZPZM C C(m)
2er(1—a)(1—a)(1—p) R2 +M—7=P(K.R)

+ w WMK \/A(é‘],é‘z)).

Z 4+
s Vei(l—a)(1—a—a)

~ 2
226) G < T <
A(er, &2)

Hence we have

2-27) G(x,T) <G(xp,5)

AT 2 a2 02
- (—a)Ta MC(m)( (~a)oz p +P(K,R))
Aer,82)  R? \2e(1-a)(1—a)(1—p)
(—a)Ta?MK (—a)a?

Vei(l—a)(1—a—a)A(e, &2)  Aler, €2)°
and, for x € B,(R),
—F(x,1) < Sl C(m)( ey’
A(er,e2)  R* \2e2(1-a)(1-a)(1—p)
(—a)a>’MK (—a)a?
Vei(l—a)(l—a—a)A(er,e0) Aler.ent
This completes the proof of Theorem 1.3. (]

+ P(K,R))
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Proof of Corollary 1.4. Choosing f =log(—v) and ¢(t) = —C?l, we get from (2-19)

193 2 ~ 2
0 a 0 - 15)
, ) — ,h) < —— — — Jdt = —=————alog=. O
f(xz 2) f(XI 1) /;] <4~M(lz—l‘1)2 l‘) AM(t) — 1) “ gl‘l

3. Proof of Theorem 1.6

_ 2
Proof. Define F = @ — a%, where « € (0, 1) is constant. Lemma 2.1(2) shows

that
= 1 2 |Vol?
(3-1) §£(—F)§5[(p—1)A¢v] +2MK —

2
+2vaV(—F)—(1—a)<%)

1 _ Vo2 \? V2 _
—— (-F-(-a) +2MK +2pVuV(—F)
—V —V

ao?
l—«a ( _ |Vv|2)2
——|(—-F- .
o —v
Let G =ty (—F). We apply the maximum principle to G on B,(2R) x[0,T]

and assume that G achieves its maximum at the point (x¢, s) € B,(2R) x [0, T']
with G (xg, s) > O (otherwise the proof is trivial). At the point (xg, s5), we have

#(G)=0, V(-F)= —_TF vV,

and, by use of (3-1), we get

2
0§§B(G):m/f&E(—F)—(p—l)vA:ZwG—i-ﬂp—l) |w‘ﬁ2| G+—
2 2
5%’2(— — (-« )| vl ) +2s<pMK|V_1;|
Vol VY| 11—« NI
+2 e ito B - o (P - )
A 2
—(p—1)v WG+2(p—1) 'w‘/" G+—
Let IVUI ,u(—F) at the point (xg, s). Then we have > 0 and
(3-2) 05 _ 21 1//[1_(1—af)u,]2G2 f/‘/_g%\/ﬁcwwwﬂ
s -p
_ 2
! O‘l(l M)ZGZ—(p—l)vAWGJrZ(p—l) A4 G+—

sy 14 V2
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Multiplying both sides of (3-2) by s/ G yields

(3-3) 05#[1—(1—am]zG+2uMsz+2\/m P \/I\_/le/f'

VI=p  JYG
-« 2 Vy|?
——5 (1 =w)°G—(p—DsvAy¥ +2(p—Dsv
(07
Introducing
A= — - (=l +—(1 -,
—ao o
~ )4 V|
B= M ,
mx/l—p N
G o |Vy|?
=2uMKs + (1—-p)s(—v)| —Agp¥ +2 v + 1,
we write (3-3) as
(3-4) 0<—AG+2BG'?+C.
It is easy to see that
1 (—a)o?
A [-(-a)uP+(—a)(1-a)(1—p)?
(—a)a? 3
= —~ — —~ <l—-a—a
1+ (—a)(1—a) =2(1—a)(1—a)p+ (1—a)(1—a—a) u?
and
3-5) 21 _ 2(—a)a’u
A 1+ (l—a)—2(1—-a)(1—-a)pu+(1—a)(1—a—a)u?
(—a)a?

<
T V[l+ (o (-a)](1—a)(1—a—a)— (1—a)(1—a)
= V[1/(0—a)+(—=a))(1—a—a)+(1-a)

2

2(1—a)

=

+2(1—-a),

where the last inequality used that ./xy < %(x + ¥). Hence there exists a con

67

+ .

stant

C(a, a) such that . /u/ A <C(@a,a). Now, regarding (3-4) as a quadratic inequality

in v/G gives
VG <2B/A+./C/A,
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and therefore
o2
|:< +2(1—&))MKs+1—a—&
1

12 p C
(3-6) G/ <C(a,a)Vs \/_R"f— 20—

~ . C(m) 2
+(A-p)(1—a—a)Ms %2 P(K,R)]

Hence, for x € B,(R), we have

2
a7 Y
v
2 - l—a—a
g{C(a ) «/_— [(2(1_a)+2(1—a)>MK+

Com) }5}2
+(I=p)(I—a—)M == P(K.R) | ¢ .
0

This completes the proof of Theorem 1.6.
On the other hand, under the assumption that Ricg’ >—Kand p>1,Lemma2.1(1)

shows that
£(F)
1 2 2 I
< ——[(p—1)Agv]> +2(p— K|V +2vaVF+(1—oz)(;) —d Sy
, Ut
o=

2
|Vl

1 2
< —~[(p—1)Ayv] +2MK +2quVF+(1—a)(ﬁ) —
a v

Following the methods in [Huang et al. 2013], we can prove the following results
Theorem 3.1. Let (M", g) be a complete Riemannian manifold with
Ricy (B,(2R)) = —K,

where Ric$ (B, (2R)) denotes the m-dimensional Bakry—Emery Ricci curvature on
the geodesic ball B,(2R) with radius 2R, and K is a nonnegative constant. Let u
be a positive solution to the porous medium equation (1-8) with p > 1. Set

Lupfl, M= (p—1) max wv.
p—1 B,(2R)x[0,T]

Then, for any a > 1 and with a as in (1-9), we have on B,(R)

V=

Nof—

|Vol? vy
_a_
v v
( MK C(m) >
+M P(K,R)

{ VaoapyM com
Jp—TIvJa—1 R 2(a—1) R2

:

<ao
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Taking R — 00, we thus obtain the following estimate on (M", g):

\V/ 2 2 ~ 2
(3-8) VoI o @ aMK+%.

a— =

v v~ 2(x—1)
Corollary 3.2. Let (M", g) be a complete noncompact Riemannian manifold with
Ric’(;)1 > —K, where K is a nonnegative constant. Let u be a positive solution to
(1-8) with p > 1. Set

v=-2 ubP=!, M=(p-1) sup v, M= inf .

p—1 M7 x[0,T] M"x[0,T]
Then, forany x1,xo e M", 0 <ty <thp < T, o > 1, we have
o distz(xz, X1)
AM(t, — 1)  2(a—1)

where dist(x;, x1) is the distance between x1 and x;.

t aa
v(xy, 1) < v(xy, fz)(f) exp 51MK(¢2—¢1)>,
|

Theorem 3.3. Let (M", g) and K be as in Theorem 3.1. Let u be a positive solution
to the porous medium equation (1-8) with p > 1. Set

v:Lup_l, M=(p—1) max v.
p—1 B,(2R)x[0,T]

Then, for any a > 1, we have on B,(R)

|VU|2 Ut

aa’(t)

<aa*(HOM +3+x/I?Rcoth(«/I?R)>+ P

C(m) pzdaZ(t)
R? (2(17—1)(0!(1) -1

where a(t) = e*MK! Taking R — 00, we thus obtain the following estimate on
(M", 8):
Vol? v, aa’(t
(3-9) Mt <20,
v

Corollary 3.4. Let (M", g) be a complete noncompact Riemannian manifold with
Ric$ > —K, where K is a nonnegative constant. Let u be a positive solution to
(1-8) with p > 1. Set

P_yr=t, M=(p—-1) sup v, M= inf v
p—1 M"x[0,T] M"x[0,T]

V=

Then, forany x;,xo e M", 0 <ty <thp < T, o > 1, we have
MK _ 2MKN / dis2(xy, x1) G
MK AM(n—n)? )]

where dist(xy, x1) is the distance between x| and x;.

v(xy, 1) < v(x, 1) CXP{
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Remark 3.5. Theorems 3.1 and 3.3 reduce to Theorems 1.1 and 1.2 from [Huang
et al. 2013], respectively, by letting m = n. In particular, the estimate (3-8) improves
(1-10) on complete Riemannian manifolds.

Theorem 3.6. Let (M", g) and K be as in Theorem 3.1. Let u be a positive solution
to the porous medium equation (1-8) with p > 1. Let v = (p/(p—1)u?~" and
=(p-1 maxg,(2R)x[0,T] V- Then, on B,(R), we have

|vv|2 Uy ( ) &pz
() () <a M—(”*/_Rcmh(*/_m*(p_1)tanh(MKz)>’

where a(t), ¢(t) are given by
@(t) = aMK (coth(MK1) + 1),

(3-10) =1+ cosh(MKt) sinh(MKt) — MKt
[0 =
sinh?(MK 1)

Taking R — o0, we thus obtain the following estimate on (M", g):

[Vol?

%3
(3-11) —Ol(t);—w(l)SO.

Corollary 3.7. Let (M", g) be a complete noncompact Riemannian manifold with
Ric’(;)1 > —K, where K is a nonnegative constant. Let u be a positive solution
to (1-8) with p > 1. Let v = (p/(p—1)uP~! and M = (p—1) supypn 0.7
M =infymyp0.11v. Then, forany x1,xo0e M", 0 <tj <t <T, a > 1, we have

dist?(x2, x1)

v(x, f1) < v(xg, 1)A1(t1, 1) exp (41\70 -
2— 1

(I+ Ax(1y, lz))>,

where dist(x;, x1) is the distance between x| and x, and

A1) exp(2MK 1)) — 2MKt, — 1\%/?
2= exp@MK ) — 2MK 1 — 1
1, coth(MKt)) — t; coth(MK 1)
h—1 '

Ar(t, ) =

Theorem 3.8. Let (M", g) and K be as in Theorem 3.1. Let u be a positive solution
to the porous medium equation (1-8) with p > 1. Let v = (p/(p—1)u?~" and
=(p-—-1) maxg,(2R)x[0,T] V- Then, on B,(R), we have

Vol

Ut
—a(t)— — (1)
v

Com) ap*a®(t)
FE (1 + VKR coth(vVKR) + (p—1) tanh(MKf))
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where

(3-12) ¢ay=§+aMK+%@watzmd<u0:1+%MKp

Taking R — 00, we thus obtain the following estimate on (M", g):

[Vu|?

(3-13) —a(r)% — (1) <0,

Corollary 3.9. Let (M", g) be a complete noncompact Riemannian manifold with
Ric’(;)1 > —K, where K is a nonnegative constant. Let u be a positive solution to
(1-8) with p > 1. Set

v = —DuP™", M=(p-1) sup v, M= inf v.
p/(p=1) (p )ngj] i

Then, forany x1,x € M", 0 <ty <th < T, a > 1, we have
(1, 11) < 0 )(’Z)é(l + %MKfz)“”“
v(xg, 1) S vlx, )| — D E—
n/) \1+3MKt
distz()@, X1)
X exp| —=—————
AM (12 — 11)
where dist(x,, x1) is the distance between x| and x;.

Remark 3.10. Our Theorems 3.6 and 3.8 reduce to Theorems 1.3 and 1.4 from
[Huang et al. 2013], respectively, by taking m = n. Moreover, when ¢ is small
enough, «(¢) and ¢(¢) defined by (3-10) and (3-12) both satisfy «o(¢) — 1 and
¢(t) <2aMK +a/t. Hence (3-11) and (3-13) show

[Vu]?

a
(1+ %MK(Iz +1)) + EMK(tz - t1)>,

(3-14)

Uy - a
—a(t)— <2aMK + ;
v

Clearly, for ¢ small enough, (3-14) is better than (1-10). In this sense, (3-11) and
(3-13) improve (1-10) on complete Riemannian manifolds.

4. Proofs of Theorems 1.9 and 1.10

Lemma 4.1. If M" is a compact Riemannian manifold and u is a positive solution
to (1-8) with p # 0, then

d
4-1) — uvdu = (p—1) (A¢v)uvd,u=—p/ IVv|?u du.
dt Mn Mn M

Proof. From (2-1), we have (uv), = vu; +uv, = vA¢(u")+(p—1)uvA¢v+u|Vv|2.
It follows from V(u?) = u Vv that

/ [vAsW?) +u|Vo*ldu =/ [~V V@) +u|Vv|*]dp =0.
n Mrl
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Hence

d
— uvdu = (uv), d,u:/ [vA¢(u”)—l—(p—l)uvAd)v—l—ulelz]du
dt Mn Mn M

= (=1 | Apuvdu=p | (Agv)u’dp
M}'I M}l

=—p/ VvV(up)d,uz—p/ IVv|?u du. O
n Mn

Lemma 4.2. If M" is a compact Riemannian manifold and u is a positive solution
to (1-8) with p # 0, then

d
—/ (A¢v)uvdM:2/ [(p—l)(A¢v)2+|V2v|2+RiC¢(VU,VU)]uvd/L.
dt Mn Mn

Proof. Noticing that

d
(4-2) 7 | (Bevuv du= [ [(Apv)uv+ (Agv)(uv)ldu,
t M}l Mn

a direct calculation gives

(Apv);
= Agl(p—1D)vAgv+|Vv|*]
= (p—DI(Ag)> +2Vu VA +VvAZV] + Ay Vo
= (p—1(Agv)> +2p VoV Ayv + (p—1)vAZv +2[[V*0[* + Ricy (Vv, Vv)].

We derive from (p—1)V(uv?) = (2p—1)uv Vv that
Mn[ZvaVA¢v+(p—1)vA§,v]uvd,u
:/n2vaV(A¢v)uvd,u,—/Mn(p—l)V(uvz)VA¢vd;L
:fﬂ VuV(Agv)uvdu.
Hence

4-3) (Agv)uvdu
Mﬂ

- / {(p—1)(Ap)* + VUV A»v + 2[|VZ0]|? 4 Ricy(Vv, Vo) [Juv du.
Mn
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On the other hand,
(4-4) Agv(uv), dp
Mll
= / Apv[vAyu?) + (p—DuvAyv + u|Vol*1du
Mll
= | [=VA)V@P)+ (p—Duv(Ayv)* +ul Vo> Agv]du
M}'l
= | [=VA)uVv+ (p—Duv(Ayv)* +ul Vo> Ayvldu
Mﬂ
= [ [=VuVAz+ (p—1)(Agv)*uvdp.
M}’l
Inserting (4-3) and (4-4) into (4-2) concludes the proof of Lemma 4.2 U
Proof of Theorems 1.9 and 1.10. By Lemma 4.1, we have
d

—Npm(g u,t)= —Ezté_I/ uvdu — (p—l)t&/ (Agv)uvdp
n Mn

dt
~ a

We obtain (1-29) and (1-32). On the other hand, from the definition of W), ,,, (g, u, 1)
in (1-28), we have

d
O'/Vp,m(ga u,t) = E[LN‘p,m(gv u,t)]

d
= p,m(g, u, t)+tEth,m(gs u,t)

- Vo> a4+l
:ta+l/ <p| vl _d—;— >uvdpb,
n v

where Lemma 4.1 was used in the last equality. Hence we derive (1-30) and (1-33).
Notice that the estimate (1-10) also holds for compact Riemannian manifolds.
Taking K = 0 and then letting « — 1 in (1-10) yields

a v |Vv* a
(p—DAp+—=—— +->0,
t v v t

which allows us to concludes that if Ric$ > 0, then N}, ,, (g, u, 1) is nonincreasing
inz. When p € (1 —2/m, 1) and Ricj > 0, we also get from (1-12) that

a v |Vv* a
(p=DAgu+— = +2 <o,

v t

which shows that N, ,,(g, u, 7) is also nonincreasing in 7.
Now we are in a position to prove (1-31). From (1-29), we have
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d d
- t_Nm ) )
dt(dt pam(8:u 0)

d N N
:—(—z‘a'H (p—l)(A¢v)uvd,u—th“/ uvdu)
dt Mn n
_4 —1H ) (p=D(AgvIuvdu +aN, (g, u, 1)
= ar o p ¢ 1va p.m\&, U,
—2zf’+1/ ((p—D*(Apv)* + (p=D|VZ0|* + (p— 1) Ricy(Vv, Vo) )uvdu
Mn
—(&+1)l&/ (p—l)(A¢v)uvdpL—&t&/ ((p—l)A(ﬁv—i—?)uvdu,
M" M"
where the last equality used Lemma 4.2. Hence

d
(4_5) Ewp,m(gJ/t’t)

d ([ d
dt( N (o100 + N (8.1 r))
2 [ (0= 12860 + (0= DIV + (9= 1) Ricy (V0. 50) v

—(&+1)t&f (p—l)(A¢v)uvdu—(Ez+l)t&/ ((p—l)Ad)v—l—%)uvdu
Mm" M

_zﬁ“/ n<(p—1>2(A¢v>2+<p—1>|v2v|2+(p—l)Ri%(Vv,Vv)

a+1 a’+a
+ (p—l)TA¢v+ 22 )uvdu.

Notice that

1
(P=1)2(Ag0)2 + (p— 1>LA¢v+a;§a
m(p—1) |? 2(p—1) (p—Dm
= —DA
‘(p )¢v+[m(p_1)+2]t [m(p—1)+2]tA¢U (m(p—1) + 2]’

and hence

~2 ~

<p—1>2<A¢v>2+<p—1>“jlA¢v+“ T4 1)V o <V¢Vv>

242
(4-6)
='( -DA U+L_l) 2+( -1 V%.,.# ’
P =21 | T [m(p—1)+2)¢
+p— VoV m—n 2
m—n ¢ [m(p—1)+2]t
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We complete the proof of (1-31) by putting (4-6) into (4-5).
When p € (0, 1), by the Cauchy—Schwarz inequality, we have

2

—(p—DIv2pr — &
v )‘ U (- 121
p—1’ 2
> — Av+
n [m(p—1)+2]¢
__ 1 ‘( ~DA +é2_p__1v v _&2
= Ta=n| PR T YO T —D 2y
Y N (v vy "7
Z(p oY ?> PV [m(p—1>+2]r)'
Hence
(4-7 1|v2 g _pol Vpvy—— " i
DDVt T2 T Y T (o= 421
~ 12
—'(p—l)Ad,er%
1—n(1—p) al? m(1—p) m—n 2
= Tal—p) ‘(p_l)A"’er? tm—n) T =1 +21t
2(p-Da +&> Vovy—— "
Z(p JAevty ( PV [m(p—1)+2]z>
1-n(1—p) ¢ al?
= (s evae

2
m-—n

VoVy———
[m(p—1)+2]¢

’

m(l—p) 1
+ <n(m—n) _E>

where ¢ > m — n is a positive constant and satisfies

1-1/(n+¢e)<p<1—(m—n)/(me).
Inserting (4-7) into (1-31) gives
d
_Wp,m(g’ u, t)

dt
a+l . m 1—-n(l-p) ¢ a
<2t / (l—p)Rlc¢(Vv,Vv)+ n(l——p)_; (p—l)A¢v+?
m—n

m—p) 1 2
+ (n(m —n) B %) h [m(p—1) + 2]t )uvd,u-

This completes the proof of (1-34). (]

2

Vo Vv
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