COMPOSITION OPERATORS
ON STRICTLY PSEUDOCONVEX DOMAINS
WITH SMOOTH SYMBOL

HYUNGWOON KOO AND SONG-YING LI

Volume 268 No. 1 March 2014



PACIFIC JOURNAL OF MATHEMATICS
Vol. 268, No. 1, 2014

dx.doi.org/10.2140/pjm.2014.268.135

COMPOSITION OPERATORS
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HYUNGWOON KOO AND SONG-YING LI

It is well known that the composition operator C, is unbounded on Hardy
and Bergman spaces on the unit ball B, in C" when n > 1 for a linear holo-
morphic self-map ¢ of B,,. We find a sufficient and necessary condition for
a composition operator with smooth symbol to be bounded on Hardy or
Bergman spaces over a bounded strictly pseudoconvex domain in C". More-
over, we show that this condition is equivalent to the compactness of the
composition operator from a Hardy or Bergman space into the Bergman
space whose weight is % bigger. We also prove that a certain jump phenom-
enon occurs when the composition operator is not bounded. Our results
generalize known results on the unit ball to strictly pseudoconvex domains.

1. Introduction

Let D be a bounded strictly pseudoconvex domain in C" with a smooth boundary and
let d(z) be the distance from z € D to dD. Let H(D) be the set of all holomorphic
functions on D. For 0 < p < oo and @ > —1, the weighted Bergman space A% (D)
is the space of all f € H(D) for which

171, = [ 17 @1 ava(@) < oo,

where dV,(z) = d(z)*dV (z) and dV is the Lebesgue measure on D. Also, for
0 < p < oo, the Hardy space H? (D) is the space of all f € H(D) for which

115, = lim/ | £ (O doe(§) < o0,
e—>0 BDG
where o, is the surface measure on 0D, = {z € D : d(z) = €}. It is well known
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(see [Krantz 2001]) that the admissible limit f*(¢) exists for almost every ¢ € 9D
when f € H? (D) and

£ 15z 2/ |f*(§)]P doe(¢) < o0,
aD

where o is the surface area measure on d D. For notational convenience we may
view H” (D) as A” (D).

Let ¢ = (¢, ..., ¢,): D— D be aholomorphic self-map on D. Then ¢ induces
the composition operator, Cy, defined on H (D) by
Co(f)=[fo09.

When D is the unit disk, A, in C, every composition operator is bounded on
the weighted Bergman spaces and the Hardy spaces by Littlewood’s subordination
principle. On the other hand, when D is the unit ball, B,, in C* with n > 2, it is
known that not every composition is bounded on the weighted Bergman spaces or
the Hardy spaces. Among the early examples of unbounded composition operators
on H?(B;), the example ¢(z1, z2) = (22122, 0) is due to J.H. Shapiro and the
examples ¢ (z1, 22) = (¥ (21, 22), 0) for ¥ inner were given by MacCluer [1984]
and Cima, Stanton, and Wogen [Cima et al. 1984]. Other than the Carleson measure
characterization there is no satisfactory criteria known for general symbols up to
present time. Since a holomorphic linear map ¢ can not guarantee Cy is bounded
on Hardy and Bergman spaces when n > 1, one may concentrate on finding a good
criteria for smooth holomorphic ¢ € C>®(B,) so that Cy is bounded on Hardy
spaces, H?(B,), and Bergman spaces, A%(B,).

When ¢ is smooth up to the boundary, Warren Wogen [1988] found a necessary
and sufficient condition for Cy to be bounded on H”(B,). This was generalized to
AL (B,) in [Koo and Smith 2007], where the authors also showed what is called the
jump phenomenon: if ¢ is smooth up to the boundary and Cy is not bounded on
AL(By), then Cy : AL(B,) /> AL_.(B,) forall 0 < € < 1. It was also proved [Koo
and Park 2010] that the boundedness of Cy : AL (B,) — AL (B,) is equivalent to the
compactness of Cg : AG(B,) — AL, /4(By) when ¢ is smooth up to the boundary.
Wogen’s original proof [1988] is quite long and involves various local analyses of
the inducing map. Koo and Wang [2010] gave a much simpler proof of Wogen’s
result using certain compactness argument.

In this paper, we generalize the boundedness criteria and the jump phenomenon
of composition operators with smooth symbols to bounded strictly pseudoconvex
domains in C". We adapt the compactness argument of [Koo and Wang 2010] in
our proof. Our main theorem is the following, with Q4(¢) defined as in (3-1).

Theorem 1.1. Let 0 < p <ocoanda > —1. Let ¢ : D — D be a holomorphic map
with ¢ € C*(D). Then the following are equivalent.
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(1) Cp: AS(D) — AL(D) is bounded.
(2) Cy: AL(D) — Ap+1/4(D) is compact.
(3) Qp(¢) <1on¢~' (D).
Moreover, if Cy : AY(D) /> AR (D), then Cy: AL (D) /> Al (D) forall0 <e < }.

Remark. For ¢(z) =(z1+25/2,0): By — By, weknow Cy: AL (B,) — A”+1/4(32)
is bounded [Koo and Smith 2007] but not compact [Koo and Park 2010].

In Section 2, we review well-known facts on strictly pseudoconvex domains D
and Wogen’s result on the unit ball. In Section 3, we study local behavior of maps
on D which are smooth on D, especially holomorphic self-maps of D. We prove
our main theorem in Section 4.

Throughout the paper we use the same letter C to denote various positive constants
which may vary at each occurrence but do not depend on the essential parameters.
Variables indicating the dependency of constants C will be often specified in
parentheses. For nonnegative quantities X and Y the notation X <Y or Y 2> X
means X < CY for some inessential constant C. Similarly, we write X ~ Y if both
X <Yand Y < X hold.

2. Background

Strictly pseudoconvex domain. A C?-domain D C C" is strictly pseudoconvex if
there is a defining function r € C%(C") such that

={zeC":r(z) >0}
and there exists C > 0 such that

29t (g)
(2-1) Clw|* <— >~ w; W
;aziag !

for all ¢ € D and for all w € C". For € > 0, let
D.={ze€eD:r(z) > €}

For z, w € D, define a quasimetric d(z, w) by

0D dew=r@+r)+ | T | b
j=r

For z, w € D, let

no
X, w)—r<w>+Z ) w4 4 Z T ()

wj
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Note that, by Taylor expansion of r near w, we get

3°r (w)
dw; D

r(z)=—-r(w)+2Re X(z, w) + Z

l]_

(zi —wi)(EZ; — ;) + O(lz — w]).

Thus, when D is strictly pseudoconvex and z € D is near € D,
(2-3) Re X(z,n7) >0

by (2-1). Moreover, it is well known from work of C. Fefferman [1974] that there
exists p > 0 such that

(2-4) | X (z, w)| ~d(z, w)
for all (z, w) € Rs,,, where
Rs={(z,w)e D xD:r(x)+r(w)+|z—w| <8}

Carleson measures. For any ¢ € 9D, we can define a Carleson region centered at
¢ with radius § by
€(,8)={zeD:d(z,¢) <48}

A positive Borel measure w on D is said to be a Carleson measure if there is a
constant M > 0 such that, for all ¢ € 9D and § > 0,

n(6(,8)) < Mo(6(z,8)NaD),
and such a measure u is said to be a vanishing Carleson measure if

I n(6(¢, 5))
im sup
=0 ¢cap o (€(Z, ) 5)03D)

Also, for « > —1, a positive Borel measure p on D is said to be an «-Carleson
measure if there is a constant M > 0 such that, for all ¢ € dD and § > 0,

p(€(g,8)) < MVy(€(¢,9)),
and such a measure u is said to be a vanishing o-Carleson measure if

. n(€(,8))
im sup ———
5=0¢eyp Va(€(L, 5)

By [Krantz and Li 1994] the Vy-volume of €(¢, §) and the surface area of the
intersection (¢, §) N9 D are

(2-5) Vo (€(2,8)) ~ 8" and o (@(¢,8)NaD) ~ 8",

respectively.
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The next theorem follows from Hormander’s work [1967] on Carleson measures,
the work on Bergman and Szeg6 kernels by Fefferman [1974] and Phong and Stein
[1977], together with Krantz and Li’s [1994; 1995a; 1995b] work on Hardy spaces
and Bergman spaces.

Theorem 2.1. Let D be a smooth bounded strictly pseudoconvex domain in C",
0< p<ooanda > —1. Let u be a positive Borel measure on D and v a positive
Borel measure on D.

(1) The inclusion H? (D) — L?(w) is continuous if and only if u is a Carleson
measure, and compact if and only if | is a vanishing Carleson measure.

(2) The inclusion AL (D) < LP(v) is continuous if and only if v is an a-Carleson
measure, and compact if and only if u is a vanishing a-Carleson measure.

Let ¢ : D — D be a holomorphic mapping and, for a holomorphic function f
on D, let
Co(f)(@) = fog(2).

Since D is bounded, ¢ has admissible limit ¢*(¢) almost everywhere in 9 D. So,
when £ € 3D, we define ¢ (£) =: ¢*(£). Let 0 0 ¢! and V,, 0 ¢! be the measures
on D and D defined by

oo¢_1(E)=/ do (¢)
¢*~(E)

forall E C D and

Voo (E) = / dVy(2)
¢~ 1(E)

for all E C D, respectively. Then, by a change of variables, we have

/ |C¢f(§)|”do(§)=/If(z)l”doo¢l(z)
oD D
and

fD|C¢f<z)|f’dva<z>=/D|f(z)|PdVao¢1<z>.

Therefore, as a corollary of Theorem 2.1 we have the following characterization.

Corollary 2.2. Let 0 < p <00, o, 8 > —1,and ¢ : D — D be a holomorphic
mapping.
(1) Cy: HP (D) — HP(D) is bounded if and only if o o¢p~ ! is a Carleson measure,
and compact if and only if o o ¢~ is a vanishing Carleson measure.
(2) Cy:HP(D)— AL (D) is bounded if and only if Voo~ is a Carleson measure,
and compact if and only if Vy o ™' is a vanishing Carleson measure.
(3) Cy: AR(D) — Ag(D) bounded if and only if Vg o ¢~ is an a-Carleson mea-

sure, and compact if and only if Vg o ¢~ is a vanishing a-Carleson measure.
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Wogen’s theorem. Let ¢ : B, — B, be holomorphic and ¢ € C 4(B,). Then Wogen
proved [1988] the following characterization for Cy to be bounded in H 2(B,),
which was generalized by Koo and Smith to AR (B,) [2007], and by Koo and Park
to holomorphic Sobolev spaces [2010]. For z, ¢ € C" and a smooth function g, let

n n
g - 0g
(2-6) Deg(@) =) ¢jm (@) and Dgg(d) =) &= ().
=1 <j =1 3Zj
For z, w € €", let (z, w) be the Hermitian inner product defined by
n
(z,w) = ZZle)j.
j=1

Theorem 2.3. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,). Let0 < p < o0,
a > —1. Forn € 0By, let H,(z) = (¢(2),n). Then Cy : AL (B,) — AL(B,) is
bounded if and only if

|@n’Hn(§)| < @{Hn(g)

forall ¢, n, t € 3B, such that

te¢ @By, n=¢), (L 1)=0.

Koo and Smith [2007] proved that the following jump phenomenon occurs when
Cy is not bounded.
Theorem 2.4. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,). Let0 < p < o0,
a > —1. If Cy is not bounded on AL(B,), then Cy: AL(B,) A A§+€(Bn)f0r all
0<e< }L.
The following was proved for the critical index € = 3—1 [Koo and Park 2010].

Theorem 2.5. Let ¢ : B, — B, be holomorphic and ¢ € C*(B,). Let 0 < p < o0
and o > —1. Then Cy : AL (B,) — AL(B,) is bounded if and only ifCy: AP (B,) —
Ag+1/4(Bn) is compact.

3. Local estimates of smooth holomorphic maps on D

Throughout this section we assume that ¢ : D — D is a holomorphic mapping with
¢ € C*(D) where D is a bounded strictly pseudoconvex domain with a smooth
boundary. For z € C", we use the following notation:

2=(21,22, .., z2) = (21,2) = (21,22, 2"), zj=xj+iy; (1 <j<n).

For w near 9D, let
v(w) = [3r(w)| " ar(w),
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_ or(z) or(z)
8r(z)—( oz om )

where

For n € aD, let
¢y(2) = X(¢(2), m)
and let

_ BLpy(0)  D2r@)]  [9r(Q)]
Q"’@’")_S‘?pH@v@%(c) 1 | 192

|t ,v(é“))=0}-
Ifn=¢(), welet
(3-D 04(8) = Q4(Z, #(2)).

For D = B,,, itis easy to check that ¢, =2 H, —2 and the condition on Theorem 2.3
is equivalent to Q4(¢) < 1forall ¢ € ¢~ 1(dD).

Proposition 3.1. Let ¢ € 0D and n = ¢ (&) € dD. Then
(D @v(g)‘pr}({) > 0,

(2) D¢y (&) =0 forall T with (v(¢), T) =

(3) Q¢(0) =L

Proof. Let ¢, n € 0D, and (v(¢), t) = 0. Without loss of generality, we may choose
local coordinates near (¢, ) € 3D x 8D C C>" such that

t=1n=@0,...,0, v@©)=v(n)=(1,0,...,0), =(0,1,0,...,0).

Forl <i,j<nm,let

ar(¢) 3*r () %)
ri = v hj=oo o0 tii T g as
az,- 8Zi8Zj : 82,‘82]'
and let
ar(n) 9*r(n)
i = , aij =
0z 0z;0z;

Also, for 1 <i, j, £ <n, let

3% (0)

dz;0z;

0
b = ¢z(§)’ bl =
0z; J

From the definition of X, we have

¢y(2) =: X(p(2), m)

3 02
—Z r(")(as](z) m>+22 r(n)@’@ @i =

i,j=1
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and thus

(3-2) DD = a1 +3 a9 (5 ).

i,j=1

Since the harmonic function Re ¢; takes a minimum at ¢ and v(¢) is the inward
normal vector at ¢ € d D, by Hopf’s lemma, we have

9¢91(f) _ 9dReg,

(3-3) bl = TR ) > 0.

Since v(¢) = (1,0, ...,0), for z near ¢
r@=2nxi+0(zl>) (1 >0).
Therefore, there are €, § > 0 such that
z=(1,2)eD if0<x; <8 and |Z|>=¢€|x|.

Then, for all (x1, z’) with 0 < x; <8 and |Z'|*> = €|z;|, we have
n
0 =Regu a1 ) =Re(bhxs + 30z, ) + 0P
j=2
From this, we can easily deduce that

I1(0) _
0¢;

(3-4) bj =

Then, from (3-2), (3-3), and (3-4), we have

¢n(Z)=al< 1ZI+ Z b ZlZJ)

n

=3 (Z aijb;;bf)zkzw 0(lz]*)

1 ,j=1 k =1 %i,j=1
=a1b |:Zl +— 1 Z |:a1blj + Z akgb§b§:|ZiZj:| + 0(|Z|3).
k=1
From this we easily conclude (1) and (2).
For (3), let
(3-5) Cij = 2, |: lbl + Z akﬁbkb£i| i'i.

k=1
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Then we get

albl 1 - 1 _
G6) 9y ="zt g D ryziei+3 O ]
ij=1 i,j=1

albl - 1
+—1 [ Z Cij2itj — 5 r; ‘ZiZj:I+0(|Z|3).
Note that, for z near ¢,
1 ¢ 1 v
= 3
r(z) = 2Re(r121 + 3 .Z] rijziZj + 3 .Z] /"ijZiZj> +O0(z]").
i,j= i,j=

Now consider a point (s, te'?, 0”) near ¢, with s, t > 0. (Here and below, 0 stands
for the origin in 6" ~2; see start of Section 3.) We have

r(s,te'%,0") = 2r1s + (Re(rne®®) + ry5)t? + O (s> + st +1%),
and thus

. 1 j
(3-7) r(s,te?, 0" ~ % ifs =1/ - 2—(Re(r2262’9) +r2§)t2.
r

Then, with z := (s, te'?, 0”), by (2-3) and (3-6), we have

1 1
_ aib aib; 220 1, 2 3
0<Redy(2) = 5—r(@)+— Re(cpt’e srat’) 4+ 0(1)
1 1
ab! .
= ; 1 Re((,’22€210 - %I‘zi)tz + 0(1‘5/2)
1

for all 6. Thus
Re(cpne®® —1ry3) >0, 6 €[0,27].

This implies

Since v(¢) = (1,0,...,0) and T = (0, 1,0, ..., 0), by (3-6) we have

19%,(0) (8%({))_1 9@l ( 92.6(C) @%Tr@))

R I T T TS 272 \Bupe @ 19r@)]
Therefore, we have
2 2 2
|ar<;)|' Batn©)  TEr©) | 1O age
2 gbv({)‘bn(g) |or (&)l 2 022022
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The following lemma is the key local estimate for the proof of (3) = (1) of
Theorem 1.1. First we introduce some notation. For § > 0, let

Vs ={§ €dD:|X(&,¢)| <6 for some ¢ € ¢~ (OD)},
Ws={nedD:|X(n,¢())| <8 forsome ¢ € ' (D)},
K={(.¢()€dDxdD:; ¢ (3D)},
Ks={(z.meDxdD:|X(z O+IX(@Q).nl <8.,€p” (ID)}.

Lemma 3.2. Suppose Q4(&) < 1o0n ¢~ Y(0D). Then there are § > 0 and C > 1
such that, forall (z,n) € K,

1
(3-8) E(IX(¢(§),77)|+|X(Z,§)|)§|X(¢(Z),n)liC(IX(fb({),77)|+|X(Z,§)I),
where the point ¢ € 0D is defined by the relation

min{| X (¢ (w), )| : w € 0.} =X (@), n)
and O, is the connected component of ¢~ (€ (n, 8)) containing z.
Proof. Since ¢ € C?(D), there are €, 8 > 0 such that Q¢(z,n) <1 —¢€ forall
(z, 1) € K5. Fix (z, 1) € K5 and let ¢ be any point such that

min{| X (¢ (w), M| : w €} = |X(¢(£), n)l.

Note that ¢ € 9D, since ¢, (w) = X(¢(w), n) is an open map as a holomorphic
function on D. Without loss of generality, we may choose local coordinates near
(¢,m) € 3D x 3D C C** as in the proof of Proposition 3.1 so that

t=1n=0,...,0), vE)=v(n =(1,0,...,0).

Then, by Taylor expansion of ¢, at £, we have

n n
1
0@ =)+ ajzj+5 Y aij iz + Ol +lalld|+12P).
j=1 i,j=2

By Proposition 3.1(1), we have %9,,)¢,(¢) > 0 when n = ¢(¢). Therefore, by
shrinking § if necessary, we may assume that 9,)¢,(¢) # 0 for all (¢, n) € K,
and thus

_ %

Y

Since ¢ is the local minimum point of |¢, |, by Taylor expansion of ¢, (z) at ¢
with z = (s, t¢'?,0”) as in (3-7), we see that

g,
0z

ai

(f) = @v(i)(ﬁn(é‘) 7’é 0.

aj @©)=0 ifj>2.
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Thus we have

1y :
(39 ¢ =dy©) +aizi+5 Y aij zzi+ Ol + [zl +12P).
i,j=2

Note that by assumption we have Q4 (¢, n) <1 —¢, since (¢, ) € K;. Define F
and G on C"~! by

al]_ 12} . . Ry
F(Z)—2”2:2< r>ZlZJ’ GiE@h=-( 6)”2:2 ZzZ]

Then the condition Q4(¢, n) < 1 — € implies |Dyr F| < Dp#G for all T/ € C' L.
But straightforward calculations show that

Dy F(Z)=2F(), DreGE)=G().

Therefore, we have

Since D is strictly pseudoconvex, from this inequality together with (2-1), we have
“ (aij rij
1] ij

— — ZiZ — — —ziz;

> |3 (-2

i,j=2
Therefore, by (3-9) we have

> eClZ|%.

IRe(¢ () — ¢y (O))]

>|a1|Re(z]+2Z —zizj+ 22 z,z,)

i,j=2 i,j=2

n n
I~ Tijos ] dij  Tij
_|a1|(52%z,~z,~+§ Z(f—%)z,zl >+0(|21| +lzill21+121)
ij=2 "1 ij=2 %1 !
| | CIZI2
r(2) + lai| + 0z P+ 22| +12P).

Since [y (2) = (O] S 1y (2) — Pn (O] + [Re(@y (2) — ¢y (£))], by (3-9) we then

have

¢ (2) — (O] 2 +1Z P+ 0z ? + 21l +121).

n
1
aiz1 + 5 Z aijziZj
i,j=2
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Since |a + b| +c¢ > |a|/M + (Mc — |b|)/M for any M > 1, we see that there is
C > 0 such that

(3-10) 19y (2) — ¢y (O > C(lz1| + 121D + Oz1 * + 121l 1271 + 12 P).
Note that by (2-4) we have
|1X(z,8)|~d(z,¢)
=r(2) +rilzl+1Z')?
~ |zl + 121+ 0(z > + 1zl +121%).

Therefore, from (3-10), there exist C > 1 (by shrinking § > O if necessary) such
that 1
X (@ (2),n) —X(P(£). n)| = EIX(Z, Ol lzl <.

Note that if | X (¢(¢), n)| < % | X (z, )|, the triangular inequality yields

1X (@), mIZ X @), mI+1X(@z Ol lz] <.

This inequality also holds when

1
X (@), m| = iIX(Z, Ol

since | X (¢ (z), n)| has a minimum at ¢. The constants involved depend continuously
on 1 throughout the calculations, and thus, by shrinking § > 0 again if necessary,
there are C > 0 and § > O such that

(3-11) 1X(¢(2), m| = ClIX(P(0), M+ [X(z, O]

for all (z, n) € K;.

Since 72 2 / 73
Xz, Ol =zl + 121"+ 0zl + |zillz [+ |z']),

the converse inequality follows from (3-9). (]

We use the same notation as in the proof of Proposition 3.1, and let

) )
m0n=—">3" 3= _3.-"-
813 222 8z§8z2

We use the following lemma to prove the jump phenomenon when Cy is not bounded
on Ay (D).

Lemma 3.3. Let ¢ = (0,...,0) € D with

v()=(1,0,...,0),
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and let R be a holomorphic polynomial

(-12) Rz, 22) = mz1 4+ (ra + 1i3)21 22 + (sz‘;rﬁ)zg (ra22 ‘23@22)@.
LetaeC,belR, and
2(2) = (1 +az)R(z1, 22) +ibz3 + O(z1 > + zal* + 12" ).
Then, for o > —1, there is C > 0 such that, for all § > 0,
Vas1a(lz € D1 |g(2)] < 8)) > Cs"Hetl,

Proof. 1t suffices to prove for § > 0 small, and hence we assume § > 0 is sufficiently
small. For the rest of proof we assume

(3-13) 7 =(22,7") € Asi={(z2,2) € C" i x3 +y3 + 177 < 8).

From the fact that v(¢) = (1, 0, ..., 0), there are constants p; € Rfor1 <j <35
such that

(3-14)  r(z1,22,2") = rix1 + p1xixa + payix2 + p3x3 + paxs + psxaya
+OGT 4y 437 +x3 + 1P

Also, there are g; € R for 1 < j <5 such that

(3-15) Im[R(z1+iy1, 22)+ibz3]=r1y1+q1y1X2+q1X1X2+q3%22+qax3 +qs5x3
+0(x+yi+y5 +x3),

since |z1]|y2| + [X3y2] = O (x3 + y? + ¥3 + x3).
Taking § > 0O sufficiently small if necessary, we may assume | + p1x, > r1/2 and
r1+qixa >r1/2. Let (u, v) = (u(z2), v(z2)) € R?2 be the solution of the equations

0= (r1 + p1x2)u + prx2v + p3xs + pax; + psxaya,
0 = (r1 +q1x2)v + qaxau + q3x2y2 + qaxs + gsx3.

Since 7’ € As, the solution (u, v) always exists and satisfies
lu| + v] < 82
Hence, by (3-14) and (3-15), we have
(3-16) r(u+iv,z2,7") = 0@), Im[R(u+iv,z) +ibz§] = 0(9).
By (2-1) we have r,; € R, and thus

Re[ry;22(22 — 22)] = —2ry5y3.
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Therefore,

2Re[R(z1, 22)]

=r(z1, 22, 0") + 2Re[r3z1(z2 — Z2)]1 + Re[ry322(z2 — Z2)]
+Re[ryy325(z2 — 22)1 + O(z1* + |22/

=r(z1,22,0") — 4y Im[rp521] = 2r;53 — 292 Relryy523] + O (121 I + |z
=r(z1, 22,00+ 021> + lz1y2l + 3 + y2l |22 + |z2l)
=r(z1,22,0") + OGF + 7 + 33 +x3).
Therefore, from (3-16) we have
2Re[R(u+iv, z2)] = O(6),
and thus, from the second equation of (3-16), we have
|R(u+iv, z2)| = [Re[R(u +iv, z2)]| + Im[R(u +iv, 22)]| = O(9).
From these estimates we then have
18 +iv,2)] S IRe[R(u + v, 2)]| + |2a] [R( + v, 22)]
+Im[R(u +iv, 22) +ib23][ + O (Ju + v + 23 + y3 +12")
= 0(5).
Since dg(¢)/dz1 = r1, by taking ¢ sufficiently small if necessary, we have
(3-17) 21 =u(z2) +iv(z2) + 0©) = |g(2)| S 6.
Let
Bf (z2) :={z1 1 u(z2) + C8 < x1 <u(z2) +2C8, v(z2) < y1 < v(22) + 6}

and
AS ={z:7 € As, 21 € Bf (22)).

Then, by (3-14), there is C > 0 such that, for all z € A€, we have
r(z) &4,
and from (3-17), for all z € AS, we have
g(z1, 22, 2 S 6.
Therefore, there are constants ¢, C > 0 such that

Var14({z € D1 |g(2)] <8)) = Var1/2(AG) = 8474V (AS).
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Since Bsc (z2) is a rectangle with area C 82 for a fixed z, from the definition of Aj
in (3-13) we have
1/4 ~ 1
Varia(fz € D2 1g@)] < 8)) 2 8* VAV (AG) ~ 84,

The proof is complete, since the constants suppressed in the inequalities throughout
our calculations are independent of §. U

4. Proof of Theorem 1.1

First, we prove the last statement, the jump phenomenon, assuming the equivalence
of (1), (2), and (3).
LetO<e < }L and suppose
Cy: AL(D) — AL (D)
is bounded. Then
Cy: AL(D) — A§+1/4(D)

is compact, since the inclusion the map 1/ : Ag 1e(D) — Ag 41 /4(D) is compact.
Thus, from the equivalence of (1) and (2) we conclude the boundedness of

Cy: A(D) — AL(D).

To prove the equivalence of (1), (2), and (3), note that (1) = (2) is trivial since
the inclusion map 1 : AP (D) — Ag 41 /4(D) is compact. Thus, it suffices to show
that (2) = (3) and (3) = (1). First (3) = (1) follows from the following theorem.

Theorem 4.1. Let 0 < p < oo and o > —1. Let ¢ : D — D be a holomorphic map
with ¢ € C*(D). If Q(¢) < 1 on ¢~ (dD), then Cy is bounded on A% (D).

Proof. Let u =0 o0¢~" and g = V09~ ! for @ > —1. By Corollary 2.2, it suffices
to show that there exist §9 > 0 and M > 0 such that, for all n € 3D and 0 < § < &,

(4-1) w(C(n, 8)) < Ms"
and
(4-2) 1o (C(n, 8)) < Ms™H1+e,

We may assume § > 0 is sufficiently small, since, otherwise, (4-1) and (4-2)
hold trivially. Note that ¢ (D) N9 D = & since ¢ is a holomorphic self-map of D.
Thus ¢ (D) N[dD \ V] = @ for any neighborhood V C D of D N¢(dD). By
(2-4), with Ws as defined right before Lemma 3.2, it suffices to show that there
are constants §; > 0 and 8, > 0 such that (4-1) and (4-2) hold for all § < §; and
n € W;s,. Choose §; and &, small so that Lemma 3.2 holds with § = &g := (81 + 82),
and let C > 1 be the corresponding constant in Lemma 3.2.
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For n € Ws,, let O; be any component of ¢~ (€(n, 8)) which also intersects
with ¢~ 1(6(n, 8/2C)). Let {; € O, be a point such that
min{| X (¢ (w), n)| : w € O;} =X ($(&;), M-
Since [ X (¢(¢;), n)| < 80/2C, by (3-8) we have

¢ (6(5;,80/2C)) C€(n, do)-

Therefore, €(¢;, 80/2C) C Oj, since O; is a component which contains ¢;. This
implies that the number of components O; has an upper bound M < oo independent
of n, since

M
M a3 Vo (6(25. 80/20)) < V(™ (6. 80)) S 1.
j=1

Now fix such a component O; as above. Then, by Lemma 3.2,
0;N¢~"(6(n, ) C6(;, Co)

for all § < .
Then, (4-1) and (4-2) follows immediately since the number of components has
a uniform upper bound M. U

Next, (2) = (3) follows from the following theorem together with the Carleson
measure criteria, Corollary 2.2.

Theorem 4.2. Let ¢ : D — D be a holomorphic map with ¢ € C*(D). Suppose
;,n=¢()e€dD and Qy(¢) = 1. Then there is C > 0 such that, for all § > 0,

Var1/a(@ ™ (61, 8))) = C Vo (€(n, 8))

and
V_ss0¢ ' (€(n, 8)) > Co(€(n,5)NaD).

Proof. For z € C", let z = (21, ...,2n) = (21,2) = (21,22, Z"). Near (¢,n) €
oD x dD, we choose the same coordinates as in the proof of Proposition 3.1 so

that
c=n=@,...,0, vi)=v(np)=(1,0,...,0).

By change of coordinates in z’ variables if necessary, we may assume Qg4(¢) =1
fort=(0,1,0,...,0), thatis,

DLp(§)  D5r@|  [8r©)|
Duy@n (&) 1Or O | ([D2r(©)]
Since this relation is invariant under rotation in the z, variable, we may assume
DueyPn(&) 11 n

(rt=1(0,1,0,...,0)).
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By (1) and (2) of Proposition 3.1, we have

43) s =ani+ Y ajnzi+ang +0(uf + |l + 12"
j=2

with a; > 0. Therefore, the condition Q4(¢) = 1 is equivalent to

(4-4) Zan 2 13

ai r rl'

Let R(z1, z2) be as in (3-12). Then, by (4-3) and (4-4), we get

a
by (2) = r—l(l + A2)R(z1, 22) + B2
1

n n
+> mjzz; + 0(|zl|2 +lzal* +lallzsl>+ ) |z,-|2),

=3 =4
where
A2 (roo + 1”25)6112’ B=as— (ran+3rpp)ar A (rn +ry3)ar ‘
ai 2r 6r; 2r;

Then, by Lemma 3.3, to complete the proof it suffices to show that
ReB=0, a;=0 (j=3,...,n).
Since v(¢) = (1,0, ...,0), for (s, t) € R*> we have
r(s,t,t€%,0,...,0)=2ris + O(s* +12).

Thus, for each 0,1 € R, there is s € R with |s] < t? such that Re[R(s, )] =
r(s,t,te!?,0,...,0)=0.
Since Re ¢, (s, £, t€'?, 0, ..., 0) > 0 by (2-3), we get

0 <Red,(s,t,te',0,...,0)

— Re[a—l(l + AfNR(s, 1) + B> + a23lzei0i| + 0@+
r

= Re[“—]A;R(s, 1)+ B> + a23r2e"9] + 0> +1Y
ry
= Re[B1> + ant?e1+ O (s> + 14
for all 6. This implies ap3 = 0, and, with the same argument, we get
lej:O (j:3,...,n).
Also, note that (s, ¢, 0”) = 2rys + O(s?> + t*) which implies that for each +¢
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there is s = s(=¢) such that r(s, ¢, 0”) = 0 with |s(Zz)| < #2. Then, by (2-3),
with s = s(%£t) we have

0 <Reg,(s, +1,0") = 9 Re[R(s, +1)] £ 1°Re B+ Ot Im[R (s, £0)]| + %)
r

=+r’Re B+ 0(tY).

Therefore, we get Re B = 0 and the proof is complete. ([
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