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THE ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE
SEQUENCES ON MANIFOLDS WITH BOUNDARY

SERGIO ALMARAZ

We describe the asymptotic behavior of Palais—Smale sequences associated
to certain Yamabe-type equations on manifolds with boundary. We prove
that each of those sequences converges to a solution of the limit equation
plus a finite number of “bubbles” which are obtained by rescaling funda-
mental solutions of the corresponding Euclidean equations.

1. Introduction

Let (M", g) be a compact Riemannian manifold with boundary dM and dimension
n > 3. Foru € H'(M), we consider the following family of equations, indexed by
veN:

Agu=20 in M,

1-1 _n_
(1-1) iu—hvu—f-u”*2=0 on M,
ong

and their associated functionals

(1-2) 1} (u) =5 [ldu|2dvg / hyu? dog — 2=

-2 2(n—1)
S |u| "2 doy.

Here, {h, }ven is a sequence of functions in C°°(dM ), A is the Laplace-Beltrami
operator, and 7 is the inward unit normal vector to M . Moreover, dvg and dog
are the volume forms of M and dM respectively and H (M) is the Sobolev space
H'(M)={ueL?>M) : due L*>(M)}.

Definition 1.1. We say that {u,},en C H(M) is a Palais—Smale sequence for
{g}if

1) {Ig‘,’ (uy)}ven is bounded, and

(ii) d1y(uy) — 0O strongly in H'(M)" as v — oc.
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In this paper we establish a result describing the asymptotic behavior of those
Palais—Smale sequences. This work is inspired by Struwe’s theorem [1984] for
equations Au 4+ Au + |u|*/®=2y = 0 on Euclidean domains. We refer the reader
to [Druet et al. 2004, Chapter 3] for a version of Struwe’s theorem on closed
Riemannian manifolds, and to [Cao et al. 2001; Chabrowski and Girdao 2002;
Pierotti and Terracini 1995] for similar equations with boundary conditions.

Roughly speaking, as v — oo and &, — hoo, We prove that each Palais—Smale
sequence {u, > O},en is H ' (M )-asymptotic to a nonnegative solution of the limit
equations

Agu=0 in M,
1-3 _n_
(1-3) iu—hoou—i—u"_2=0 on oM,
ang

plus a finite number of “bubbles” obtained by rescaling fundamental positive
solutions of the Euclidean equations

Au=0 in R,
(1-4) 9 -
Eu +u"? =0 ondR%,

where R} = {(y1,...,yn) €R" : y, > 0}.

Palais—Smale sequences frequently appear in the blow-up analysis of geometric
problems. In the particular case when /o is (n —2)/2 times the boundary mean
curvature, the equations (1-3) are satisfied by a positive smooth function u repre-
senting a conformal scalar-flat Riemannian metric ut/(n=2) g with positive constant
boundary mean curvature. The existence of those metrics is the Yamabe-type
problem for manifolds with boundary introduced in [Escobar 1992].

An application of our result is the blow-up analysis performed in [Almaraz
2012] for the proof of a convergence theorem for a Yamabe-type flow introduced
in [Brendle 2002].

We now begin to state our theorem more precisely.

Convention. We assume that there is some /o, € C°(dM) and C > 0 such that
hy — heo in L%(0M) as v — oo and |h,(x)| < C for all x € M, v € N. This
obviously implies that &, — heo in L? (M) as v — oo, for any p > 1.

Notation. If (M, g) is a Riemannian manifold with boundary oM, we will denote
by D, (x) the metric ball in dM with center at x € dM and radius r.
If zg € R", we set BN (zo) = {z € R", : |z —z¢| < r}. We define

a3t B (z0) = 0B;F (zo) "R, and 3'B, (z0) = B,  (z0) N IR

Thus, &' B/ (z0) = @ if zg = (zé, ..., zy) satisfies zg > r.
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We define the Sobolev space D! (R"}) as the completion of C5°(R’} ) with respect

to the norm
lullpr ey = \/ / [du(y) [ dy.
R

It follows from a Liouville-type theorem established in [Li and Zhu 1995] (see
also [Escobar 1990] and [Chipot et al. 1996]) that any nonnegative solution in
D! (R’}) to the equations (1-4) is of the form

n—2

€ 2 _
) . aeR" 1 e>0,

(nte/(n—=2))>+[y—al?
or is identically zero; see Remark 2.5. By [Escobar 1988] or [Beckner 1993] we
have the sharp Euclidean Sobolev inequality

2(n—1) % 2 2
(1-6) uy)| n=2"dy <Ky | ldu(y)]®dy,
R RY}

(1-5) Ue,a(y) = (

foru € Dl(IR’_’F), which has the family of functions (1-5) as extremal functions.

Here,
n—2\"12 -5ty
ko= (52) o
where 0,,— is the area of the unit (n — 1)-sphere in R”. Up to a multiplicative
constant, the functions defined by (1-5) are the only nontrivial extremal ones for
the inequality (1-6).

Definition 1.2. Fix x¢ € 0M and geodesic normal coordinates for dM centered at
xo. Let (x1,...,x,—1) be the coordinates of x € dM and ng (x) be the inward unit
vector normal to 0M at x. For small x,, > 0, the point exp, (X, ng (x)) € M is said
to have Fermi coordinates (x1, ..., Xy) (centered at xyp).

For small p > 0 the Fermi coordinates centered at xo € dM define a smooth map
Yxo : B (0) CRY — M.

We define the functional /7° by the same expression as I,, with 1, = h for
all v, and state our main theorem as follows:

Theorem 1.3. Let (M", g) be a compact Riemannian manifold with boundary oM
and dimension n > 3. Suppose {u, > O}yen is a Palais—Smale sequence for {1 }.
Then there exist m € {0, 1,2, ...}, a nonnegative solution u® € H' (M) of (1-3),
and m nontrivial nonnegative solutions U/ =U, a; € Dl(IR’_’i_) of (1-4), sequences
{R{, > 0}yen, and sequences {x,{ hven COM, 1 < j <m, the whole satisfying the
following conditions for 1 < j < m, possibly after taking subsequences:

(i) R} — oo asv — oo.

(i) xj converges as v — oo.
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m . .
uy —u® — 3" njul — 0 .as v — oo, where
=1 H'(M)

ul (x) = (RDDPU Ry () forx €y, (B, (0).

Here, ro > 0 is small, the

v, B (0) CRL > M

are Fermi coordinates centered at x,, € 8M and the r),, are smooth cutoff functions
such that n}, = 1 in V. (B (0)) and 0}, =0in M\Y (BZr0 (0)).
Moreover,

m —2(n—
I (uy) —15°(u 2(n—1)K"2(n D0 asv— oo,
and we can assume that for all i # j
R R} ;
(1-7) — 4+ — —i—R’R]d (xi,x])? =00 asv—oo.
RV U

Remark 1.4. Relations of the type (1-7) were previously obtained in [Bahri and
Coron 1988; Brezis and Coron 1985].

2. Proof of the main theorem

The rest of this paper is devoted to the proof of Theorem 1.3, which will be carried
out in several lemmas. Our presentation will follow the same steps as Chapter 3 of
[Druet et al. 2004], with the necessary modifications.

Lemma 2.1. Let {uy} be a Palais—Smale sequence for {1g}. Then there exists
C > 0 such that |[uy| g1 ary < C forall v.

Proof. It suffices to prove that || duy || 12 (pr) and [[uy || 2 (5r) are uniformly bounded.
The proof follows the same arguments as [Druet et al. 2004, p. 27]. O

Define I as the functional in (1-2) when A, = 0 for all v.

Lemma 2.2. Let {uy, > 0} be a Palais—Smale sequence for {1} such that u, —
u®>0in H'(M), and set 1, = u,, —u®. Then {i,} is a Palais—Smale sequence
for {1} and satisfies

(2-1) Tg(ly) = 1Y (uy) + 1) —> 0 asv — oo.

Moreover, u® is a (weak) solution of (1-3).
Proof. First, observe that u, — u® in H!(M) implies that u,, — u® in L7—2 (M)
and a.e. in M. Using the facts that d 1, (u,)¢ — O for any ¢ € C®(M) and

hy = heo in LP(dM) for any p > 1, it is not difficult to see that the last assertion
of Lemma 2.2 follows.



PALAIS-SMALE SEQUENCES ON MANIFOLDS WITH BOUNDARY 5

In order to prove (2-1), we first observe that

. (n—2)
1 (uy) = T () + 13° (%) — 20— D) Joar ®, dog +o0(1),
where ®, = |ii,, + u0|251n = _ |uv|251n = _ [u®| =2 and o(l) > 0as v — oo.

Then (2-1) follows from the fact that there exists C > 0 such that

[ cpvdoggc/ |ﬁ,,|nﬁz|u°|dog+c/ u®|7=2 |it, | dog  for all v,
oM oM oM

and, by basic integration theory, the right side of this last inequality goes to 0 as
vV — 00.

Now we prove that {i, } is a Palais—Smale sequence for /5. Let ¢ € C*°(M).
Observe that

oM oM

< luvllz2@ny 1w — R

by Holder’s inequality. Then, by the Sobolev embedding theorem,

/ hyind dog = [ oot dog +o(lb i1 car).
oM oM

from which follows that

@2 AL =dlgns— [ yubdog+oldlman).

. 2. A2 2
where ¥, = |0, + u®|72 (1, + u®) — |y |21, — |u®|7—2uP.

Next we observe that there exists C > 0 such that
A =210 01—2- |~
[Yvgldog <C |ty =2 [u”||p| dog + C [u”[m=2 [ity||p| dog
oM oM oM

for all v, and use Holder’s inequality and basic integration theory to obtain

| 1o
oM
(H|u |n 2y H 201-1)
—0(||¢|| 21=1) )

We can use this and the Sobolev embedding theorem in (2-2) to conclude that

dlg(uy)p =dIg () + ol g1 ar)
finishing the proof. O

+H|u0|n 2”“” 20-1)

||¢|| 20=1)

M) (BM)) (0M)

2 (dM)
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Lemma 2.3. Let {i, }yen be a Palais—Smale sequence for 1g such that it, — 0
in HY(M) and 14 (iy) — B as v — oo for some < Kn_z(”_l)/(Z(n —1)). Then
iy = 0in HY (M) as v — oo.

Proof. Since

R N 2(n—1) ~ ~ A
[ il avg [ a5 dog = d1g@)- = ol ey
M M
and {||%y | g1 (pr)} s uniformly bounded due to Lemma 2.1, we can see that

2(n—1)
=2~ dog +0(1)

1
(2-3) ,3 +o(l)= Ig(flv) = m /{;M |ﬁv|

1 ~ 12
1
20— 1) /M |dity|g dvg +0(1),

which already implies 8 > 0. At the same time, as proved in [Li and Zhu 1997],
there exists B = B(M, g) > 0 such that

n—2
L 20i—1) n—T . R
(/ |11y | =2 dog) SK,f/ |duv|§dvg+B/ |uv|2d0*g-
oM M oM

Since H (M) is compactly embedded in L2(dM ), we have ||il,, I 22¢anry —> 0. Then

Q-1 +o(1))i=t <2(n—1)K2B +o(1),

from which we conclude that either

Kn—2(n—1)
m <B+o(1)

or B = 0. Hence, our hypotheses imply 8 = 0. Using (2-3) finishes the proof. [

Define the functional

n—2 2(—1)
B =4 [ JaumPay- 5275 [ o a
R (n—1) Jogr
K—2(n—1)
foru € Dl([RR'jr) and observe that E(Ue 4) = —t——— forany a € R""1, € > 0.

2(n—1)
Lemma 2.4. Let {ii, },en be a Palais—Smale sequence for 14. Suppose i, — 0 in

HY (M), but not strongly. Then there exist a sequence {R, > 0},en with R, — 00,
a convergent sequence {xy}yen C OM , and a nontrivial solution u € D! (R) of

Au=0 inRY,
(2-4)

iu —[ulP@Dy =0 on IR,

dyn
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the whole such that, up to a subsequence, the following holds: If

Uy(x) =ty (x) — 771)(36)13714(1’? Y (X)),
then {0y }ven is a Palais—Smale sequence for 14 satisfying v, — 0in H (M) and
11m ( Ig(y)—1 (vv)) Eu).

Here, the Yy, BZro
nv(x) are smooth cutoff functions such that n, = 1 in Yy, (Br"(') (0)) andn, =0in
M\WX\) (BZI‘() (0))

Proof. By the density of C*®°(M) in H!(M) we can assume that i1, € C®°(M). We
can also assume that I, (#i,) — B as v — oo and, since d ¢ (i,) — 0in H' (M),
we obtain

(0) C R, — M are Fermi coordinates centered at x,, and the

lim [ a2 dog =2(n—1)p = K; 2D,

V—>00 oM

as in the proof of Lemma 2.3. Hence, given 79 > 0 small we can choose xg € IM

and Ag > O such that
/ iy |22 dog > A
Dto(xo)

up to a subsequence. Now we set

Uy (1) = max |uv|2(nn = dog
x€IM JD,(x)
for ¢t > 0, and, for any A € (0, A¢), choose sequences {¢,,} C (0, t9) and {x,,} C IM
such that

2(n—1)

(2-5) A:Mv(lv):/ |ty| n=2" doyg.
Dtp Xy

We can also assume that x,, converges. Now, we choose rg > 0 small such that
for any Xo € OM the Fermi coordinates ¥/, (z) centered at xq are defined for all
z € B2ro (0) C R’} and satisfy

2z =2l <dg(Yxo(2). ¥xo(z)) <2|z—Z'| forany z,z’ € B} (0).
For each v we consider Fermi coordinates

Yy ="VYx, : B 2ro 0) > M.

Forany R, > 1l and y € B; "o (0), we set

n—>2

() =Ry > I(u(Ry'y) and  &(y) = (Y5 @) (R, y).
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Let us consider z € R"}, and r > 0 such that |z| 4+ r < R, ro. Then we have

|diiy|% dvg, =/ |diiy|? dvg,
/Bi(z) Ve T8 W BE)

and, if in addition z € IR" ,

2(n—1)

2(n—1)
(2_6) / |ﬁ | n—=2 dGNV :/ |ﬁ | n—2 do
VB () S e R ¢

N 2(n—1)
|uv| n—2 dag,

<,
D, g1, (Wu(Ry ' 2))
where we have used the fact that
Yo (R, B (2)) = (8’BZ;1r(R;12)) C Dyp1,(Vu(R; ' 2)).

Given r € (0, rp) we fix to <2r. Then, given a A € (0, A¢) to be fixed later, we
set Ry, =2r1; 1 > 2r15! > 1. It follows from (2-5) and (2-6) that

2-7) / liiy| 2" dog, <A.
¥B;(2)
Moreover, since ¥/, (0’ B;'R_,r(O)) = Dy, (xy), we have
- 2n—=1) A 2(n—1)
(2-8) / liiy| 7=2" dog, = / ltiy| 72 dog = A.
o' B3, (0) Dy, (x)

Choosing r¢ smaller if necessary, we can suppose that

1
@9 g [ tawPay= [ lau L ave,e=2 [ jauPay
+ +

+

forany R>1andanyu e D! (R’ ) such that supp(u) C B;OR(O). Here, gx,,r(Y) =
(V5,8) (R~1y). We can also assume that

(2-10) Vo wavs [ wldog, <2 [ wia
2 Jomr, oR! 0 oR!

+ +

for all u € L' (9R”) such that supp(u) C ZYB;OR(O).
Let 7 be a smooth cutoff function on R” such that 0 <7 <1, 7j(z) = 1 for |z| < 1,
and 7(z) = 0 for |z| > %. We set 7, (y) = ﬁ(ro_lR;ly).

It is easy to check that
¥

is uniformly bounded. Then the inequality (2-9) implies that {7,,} is uniformly

A, dvg,,}

n
+



PALAIS-SMALE SEQUENCES ON MANIFOLDS WITH BOUNDARY

bounded in D! (R",) and we can assume that 7,1, — u in D! (R”) for some u.

Claim 1. Let us set ry =ro/24. There exists A1 = A1(n) such that forany 0 <r <r
and 0 < A <min{A1, Ao} we have

ity — uin H! (Ber(O)) as v — oo,
for any R > 1 satisfying R < R,, for all v large.
Proof. We consider r € (0,r1), A € (0, A9) and choose zg € IR
3(2R — 1)r;. By Fatou’s lemma,
2r ) )
lim inf d(nyu + vt doye d
/; mmin {/I)"‘B;r(zo)(l (i) |Tyiiy| ) p} P

<liminf | (Id(@vity)|* + [fviiy|?) dy < C.

vV—>00 Bzr (ZO)

" such that |zo| <

where do, is the volume form on BJFB;r (zo) induced by the Euclidean metric.
Thus there exists p € [r, 2r] such that, up to a subsequence,

/ (1d (fviin)|* + |fiviiy|?) do, < C - forall v.
9+ B (z0)

Hence, {|| Moty || 1 o+ Bj(zo))} is uniformly bounded, and, since the embedding
H' (0% B (z0)) € H'2(9 B} (20))
is compact, we can assume that
Nytly — u in H1/2(8+B;(zo)) as v — oo.
We set sd = B3 (z0) — B+(zo) and let {¢,,} C D!(R™) be such that

Nyiy —u, in Bp+€(Z())
0, in R” \B3r (20),

¢v =
with € > 0 small. Then

vty — u||H1/2(8+B+(zo)) ||¢V“H‘/2(3+B+(zo)) —0 asv—oo0,

and there exists {¢0} C D!(s4) such that

[ Pv +¢8||H1(&4) = C||¢v||H1/2(a+gi) = C”¢"”H1/2(8+Bj(zo))

for some C > 0 independent of v. Here, D! (s{) is the closure of C o () in H L(st),
and we have set sl = 954 N (R \OR", ) and 8'sd = dsd N IR,

The sequence of functions {,} = {¢, + ¢0} C D! (R7) satlsﬁes
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fvity —u  in B (zo),
Cv=1¢v+¢2 in B (z0)\B (20).
0 in R” \B . (20).

In particular, £, — 0 in H (). We set

£ = Ry7 G (RyUy (x) i x € Y (BE, (0)),
and Ev (x) =0 otherwise. Since we are assuming |zg| <3(2R—1)r; <3Q2R,—1)r;
for all v large, B (20) C B6r1 R, (0). Hence,
= | BT G RTS8 G,
v{X) = n—2
o7 Gy + D RuY; () if x € Y (Ry (B3 (20) L (20)\ B/ (20))).

and 2 »(x) = 0 otherwise, and
(2-11) dIg(fiy)- &y
=d1g(ﬁvﬁv)'§v
2
= d(yty), d dvv/ ity =2 (flviin)Cy dog,
/B;;(zo)< viy), d8y)g g y +(ZO)|7IV vl Mvtiy)Sy dog

where 7, (x) = 71(rg ' ¥, ().
Since there exists C > 0 such that ||§u Il =C ||§,,||D1(Rn )» the sequence
{é‘v} is uniformly bounded in H1(M). Hence,

(2-12) dlg(fiy)-Cy =0 as v— oo.

Noting that ¢, — 0 in H'(s{) and ¢, — 0 in D! (R}), we obtain

(2-13) (d(nviiy),dly)g, dvg, = / (d(v+u),diy)z, dvg, +o(1)
B (20) B (20)

:/ 46,12, dvg, +o(1).
Ry
Similarly,

- 2L 2(n—1)
(2-14) f ity | 722 (o) dog, = / 16,1755 dog, +o(1).
& B3 (20 IR

Using (2-11), (2-12), (2-13) and (2-14) we conclude that

2(n—1)
215) [ s dve, = [ 165 dog, o
R n

R}
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Using again the facts that &, — 0 in H!(s4) and ¢, — 0 in D! (R”.), we can apply
the inequality

Lo 2m=1)  _ _ 2m=D 2(—1)
Hfluuv—ul n=2" — |fytiy| 2 4 ful 2 }

n_ - _n_
< Cluln=2 |qytiy —u| + C|fytiy —u|m=2 |ul

to see that

2(n—1)

2(n—1) o 2(n—1)
|Sv| =2 dog, = [viiy| 7=2 dog, — lu| "=2"dog +o(1).
IR ¥ B, (z0) ¥ B (z0)

This implies

2(n—1) - . 2(n—1)
(2-16) / |Cv| n=2" dog, 5/ [nvtiy| »=2" dog, +o(1)
IR ¥ Bf (z0)

- 2n=1
= . liy| =2~ dog, +o0(1),
a/B,o (zo0)

where we have used the fact that 7,(z) = 1 for all z € B;r (zo).

If N = N(n) € N is such that ¢’ BZJr (0) is covered by N discs in IR’} of radius 1
with center in 3’ B (0), then we can choose points z; € 9B, (z0),i = 1,..., N,
satisfying

N
3'Bf (z0) C 9/ B3, (z0) € | ) 9B, (z0).

i=1

Hence, using (2-7), (2-15) and (2-16), we see that

(2-17) /
R

It follows from (2-9), (2-10) and the Sobolev inequality (1-6) that

2(

d¢uI2, dvg, +o(1) = /a 6l =2 dog, < NA+o(1).
Ry

n
+

n n—2
2(—1) n—T —2 2(—1) n—T
(f s )T <o [ )
OR, R

< 223?K,$/ d &y |2 dx
R

-2
< 21+Z'—1K5/ |d§‘,,|§U dvg, .
RY

Then using (2-15) and (2-17) we obtain
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2 2(n—1)
[dulz, dug, = 1v| »=2" dog, +o(1)
R oR"

+ +

n—1 n—1
n— n=2 n—2
- (21+n%1<,3) (/ 2, dvgv) +o(1)
Rn

2(n—1)

<2 KT WA+ o)™ [ 1482, dvg, +o(1),
R% Y

K—2(n—l)

Q;ITN and assume that A < A;. Then

Now we set A1 =

2(n—=1)

I (N2 K, <1,

and we conclude that
lim |d&y |3, dvg, =0.

V—=>00 R

Hence, ¢, — 0in D! (R}). Since r < p, we have
(2-18) fivity —u in H'(BF(z9)).

Now let us choose any zg = ((z9)!,...,(z0)") € R’ satisfying (z9)" > r/2
and |zo| < 3(2R — 1)ry. Using this choice of z¢ and r’ = r/6 replacing r, the
process above can be performed with some obvious modifications. In this case, we
have o’ B;rr,(zo) = ¢ and the boundary integrals vanish. Hence, the equality (2-15)
already implies that 7,1, — u in HI(B+(Z()))

If Ny = N1 (R,n) eNand Ny = Np(R, n) €N are such that the half-ball B z(0)
is covered by Np half-balls of radius 1 with centers in 9’ B;’ z(0), plus N2 balls
of radius 1/6 with centers in {z = (z!,...,z") ¢ B r(0) @ z" > 1/2}, then the
half-ball Bz“L & (0) is covered by Ny half—balls of radlus r with centers in 9’ 82Jr rr(0),
plus Ny balls of radius r /6 with center in {z = (z!,...,z") € Ber(O) 2z >r/2).

Hence, #j,ii, — u in H! (Ber(O)), finishing the proof of Claim 1. O

Using (2-8), (2-10) and Claim 1 with R = 1, we see that

2(n—1)
(2-19) A= liy| =2 dog,
& B} (0) ¢

2(n—1)
- + |7]vuv| "2 do—g\)
9’ B, (0)

52/ |u|2§1n—_21) dx +o(1).
¥ B (0)

It follows that u = 0, due to (1-6).




PALAIS-SMALE SEQUENCES ON MANIFOLDS WITH BOUNDARY 13
Claim 2. We have lim, o R, = 0o. In particular, Claim I can be stated for any
R>1.

Proof. Suppose for a contradiction that, up to a subsequence, R, — R’ as v — oo,
for some 1 < R’ < oco. Then, since %, — 0 in Hl(M), we have u, — 0 in
H! (th (0)). This contradicts the fact that

iyl >u #0 in H'(BS(0)),
which is obtained by applying Claim 1 with R = 1. This proves Claim 2. O

That u is a (weak) solution of (2-4) follows easily from the fact that {1, } is a
Palais—Smale sequence for /g and 7y, — u in D! R).
Now, we set

Vo () = n ()R u(Ryys! (1)

for x € wxu( 2r,(0)), and 0 otherwise. The proof of the following claim is totally
analogous to step 3 on p. 37 of [Druet et al. 2004] with some obvious modifications.

Claim 3. We have i, — V,, — 0, as v — oo, in HY(M). Moreover, as v — 00,
dlg(Vy) =0 and dlg(it,—V,)—0
strongly in HY (M), and
Ig(y) — 1oy — Vi) > E(u).

We finally observe that if rj > 0 is also sufficiently small then |(1, —7,,) V3| = 0
as v — oo, where 17, is a smooth cutoff function such that 7, = 1 in ¥y, (B +(O))
and 1, =0 in M\ Yy, (BJr (0)). Hence, the statement of Lemma 2.4 holds for any
ro > 0 sufficiently small, ﬁmshmg the proof. O
Proof of Theorem 1.3. According to Lemma 2.1, the Palais—Smale sequence {u,}
for /g is uniformly bounded in H L(M). Hence, we can assume that u,, — u° in
HY(M), and u,, — u® a.e. in M, for some 0 <u® € H'(M). By Lemma 2.2, u°
is a solution to the equations (1-3). Moreover, i, = u, — u® is Palais—Smale for
I and satisfies

g (1) = 1 () = 1) + o (1).

If 1, — 0 in H'(M), then the theorem is proved. If i1, — 0 in H (M) but not
strongly, then we apply Lemma 2.4 to obtain a new Palais—Smale sequence {ii}}
satisfying

I(0}) < I (i) — B* +o(1) = 1} () — 1 ) — B* + 0(1).
Kn—2(n—l)
2(n—1)

where §* = . The term S* appears in this inequality because E(u) > *
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for any nontrivial solution u € DI(R’:L) to the equations (1-1). This can be seen
using the Sobolev inequality (1-6).

Now we again have either ﬁll, — 0 in H'(M), in which case the theorem is
proved, or we apply Lemma 2.4 to obtain a new Palais—Smale sequence {#i2}. The
process follows by induction and stops, by virtue of Lemma 2.3, once we obtain a
Palais—Smale sequence {u]'} with I¢ (117") converging to some 8 < f*.

We are now left with the proof of (1-7) and the fact that the U/ obtained by
the process above are of the form (1-5). To that end, we can follow the proof of
Lemma 3.3 in [Druet et al. 2004], with some simple changes, to obtain the relation
(1-7) and to prove that the U/ are nonnegative. For the reader’s convenience this is
outlined below.

Claim. The functions u® and U’ obtained above are nonnegative. Moreover, the
identity (1-7) holds.

Proof. That u° is nonnegative is straightforward. To prove that the U/ are also
nonnegative, set i1, = u, —u® and u) = 1/R}.

Given integers N € [1,m] and s € [0, N — 1], we will prove that there exist an
integer p and sequences {i,]f}ueN C dM and {)L]‘f > 0}yen foreachk =1,..., p,
such that dg (xf,v, )E{f)/,ul],v is bounded and limy—; oo A{f/uf)v = 0, and such that

N
Uy — E ul —ulV
j=1

for any R, R’ > 0. Here, QN (R) = wx{)v(Bljw (0)), QE(R) = g (BY, 2 ()
and €(R') - 0 as R’ — oo.

We prove (2-20) by reverse induction on s. It follows from Claim 2 in the proof
of Lemma 2.4 that

N-1 2n
/QN(R) iy — Z ul —ulV dvg =0(1),
v j=1

so that (2-20) holds for s = N — 1.
Assuming (2-20) holds for some s € [1, N — 1], let us prove it does for s — 1.
We first consider the case when dg (x3, x2V) does not converge to zero as v — o0.
In this case, we can assume QII,\'(R) N ij(ﬁ) = ¢ for any R > 0. Then after
rescaling we have

2n

ma’vg =o(1) +€(R')

(2-20) / _
QY (R\UZ_, @5(R)

2n

2
s |72 dvg < C

(2-21) US|722 dy.

/QGV (R\UZ_, Q5 (R) /R’i\BI% ()

Since R > 0 is arbitrary and U* € Lis (R7}), the left side of (2-21) converges to
zero as v — o0o. Hence, (2-20) still holds replacing s by s — 1.
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Now consider the case when dg (x3, xV) — 0 as v — 0o. According to Claim 2
in the proof of Lemma 2.4, given R > 0, we have

/m;u’t’)

Using the induction hypothesis (2-20), we then conclude that

s 2n

n—2
dvg = o(1).
j=1

| el dug = o)+ e(R),
QY (R\UZ_, Q5 (RNNQS (R)

First assume that dg (x3, xVy/ /L{}V — 00. Rescaling by /L{}V and using coordinates
centered at xY, it’s not difficult to see that dg (x5, xY)/u$ — co. Hence we can
assume that QII,V(R) N Qf)(ﬁ) — @ for any R > 0, and we proceed as in the case
when dg (x3, x2V') does not converge to 0 to conclude that (2-20) holds for s — 1.
If dg (x5, xV)/ulY does not go to infinity, we can assume that it converges. One
can then check that 15 /uY — 0. We set 21! = x5 and 221 = 45, so that

kf,’“/uf}' — 0 as v — oco. Observing that

2 2n
g 7% dvg < [ 7% dvg < (R,

/sw (R\ULL] @5 M\Q3 (R

it follows that (2-20) holds when we replace p by p + 1 and s by s — 1.

This proves (2-20). The above also proves (1-7).

We fix an integer N € [1,m] and s = 0. Let )7]’,‘ € dR’. be such that )Eff =
w;VN (,uf,vfiff), for k = 1,..., p. For each k, the sequence {f,’f}veN is bounded,
so there exists j¥ € dR” such that limy— o )71’,‘ = y*, possibly after taking a
subsequence. We set X = U;{’:l )7" and

~ n=2 ,
1) () = ()7 4 W () ) -
It follows from (2-20) that

ay > uN inL%(BJF(O)\)?) as v — 00
v R .

loc

Therefore we can assume that &7, — U¥ a.e. in [Ri’_’F as v — oo.
If we set

a9 (y) = ()"l (Yow (ud v)).

it’s easy to prove that

2n

ﬁB’N —0 in Ll’(’)? (B;(O)) as v — o0.
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Hence, 10" — 0 ace. in R as v — oo. Setting

ol (y) = ) T ul Wy (1 3)).

we see that vﬁv — UV ae. in R% as v — oo. In particular, U N is nonnegative.
This proves the claim. O

Remark 2.5. For the regularity of the U’ we can use [Cherrier 1984, théoreme 1].
Although that theorem was established for compact manifolds, we can use the
conformal equivalence between R’ and B"\{point} and a removable singularities
theorem (see Lemma 2.7 on p. 1821 of [Almaraz 2011]) to apply it in B”.

Thus we are able to use the result in [Li and Zhu 1995] to conclude that the U’
are of the form (1-5), so we can write U/ = Ue;a;-

This finishes the proof of Theorem 1.3. (|
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