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THE ASYMPTOTIC BEHAVIOR OF PALAIS-SMALE
SEQUENCES ON MANIFOLDS WITH BOUNDARY

SERGIO ALMARAZ

We describe the asymptotic behavior of Palais—Smale sequences associated
to certain Yamabe-type equations on manifolds with boundary. We prove
that each of those sequences converges to a solution of the limit equation
plus a finite number of “bubbles” which are obtained by rescaling funda-
mental solutions of the corresponding Euclidean equations.

1. Introduction

Let (M", g) be a compact Riemannian manifold with boundary dM and dimension
n > 3. Foru € H'(M), we consider the following family of equations, indexed by
veN:

Agu=20 in M,

1-1 _n_
(1-1) iu—hvu—f-u”*2=0 on M,
ong

and their associated functionals

(1-2) 1} (u) =5 [ldu|2dvg / hyu? dog — 2=

-2 2(n—1)
S |u| "2 doy.

Here, {h, }ven is a sequence of functions in C°°(dM ), A is the Laplace-Beltrami
operator, and 7 is the inward unit normal vector to M . Moreover, dvg and dog
are the volume forms of M and dM respectively and H (M) is the Sobolev space
H'(M)={ueL?>M) : due L*>(M)}.

Definition 1.1. We say that {u,},en C H(M) is a Palais—Smale sequence for
{g}if

1) {Ig‘,’ (uy)}ven is bounded, and

(ii) d1y(uy) — 0O strongly in H'(M)" as v — oc.
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2 SERGIO ALMARAZ

In this paper we establish a result describing the asymptotic behavior of those
Palais—Smale sequences. This work is inspired by Struwe’s theorem [1984] for
equations Au 4+ Au + |u|*/®=2y = 0 on Euclidean domains. We refer the reader
to [Druet et al. 2004, Chapter 3] for a version of Struwe’s theorem on closed
Riemannian manifolds, and to [Cao et al. 2001; Chabrowski and Girdao 2002;
Pierotti and Terracini 1995] for similar equations with boundary conditions.

Roughly speaking, as v — oo and &, — hoo, We prove that each Palais—Smale
sequence {u, > O},en is H ' (M )-asymptotic to a nonnegative solution of the limit
equations

Agu=0 in M,
1-3 _n_
(1-3) iu—hoou—i—u"_2=0 on oM,
ang

plus a finite number of “bubbles” obtained by rescaling fundamental positive
solutions of the Euclidean equations

Au=0 in R,
(1-4) 9 -
Eu +u"? =0 ondR%,

where R} = {(y1,...,yn) €R" : y, > 0}.

Palais—Smale sequences frequently appear in the blow-up analysis of geometric
problems. In the particular case when /o is (n —2)/2 times the boundary mean
curvature, the equations (1-3) are satisfied by a positive smooth function u repre-
senting a conformal scalar-flat Riemannian metric ut/(n=2) g with positive constant
boundary mean curvature. The existence of those metrics is the Yamabe-type
problem for manifolds with boundary introduced in [Escobar 1992].

An application of our result is the blow-up analysis performed in [Almaraz
2012] for the proof of a convergence theorem for a Yamabe-type flow introduced
in [Brendle 2002].

We now begin to state our theorem more precisely.

Convention. We assume that there is some /o, € C°(dM) and C > 0 such that
hy — heo in L%(0M) as v — oo and |h,(x)| < C for all x € M, v € N. This
obviously implies that &, — heo in L? (M) as v — oo, for any p > 1.

Notation. If (M, g) is a Riemannian manifold with boundary oM, we will denote
by D, (x) the metric ball in dM with center at x € dM and radius r.
If zg € R", we set BN (zo) = {z € R", : |z —z¢| < r}. We define

a3t B (z0) = 0B;F (zo) "R, and 3'B, (z0) = B,  (z0) N IR

Thus, &' B/ (z0) = @ if zg = (zé, ..., zy) satisfies zg > r.
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We define the Sobolev space D! (R"}) as the completion of C5°(R’} ) with respect

to the norm
lullpr ey = \/ / [du(y) [ dy.
R

It follows from a Liouville-type theorem established in [Li and Zhu 1995] (see
also [Escobar 1990] and [Chipot et al. 1996]) that any nonnegative solution in
D! (R’}) to the equations (1-4) is of the form

n—2

€ 2 _
) . aeR" 1 e>0,

(nte/(n—=2))>+[y—al?
or is identically zero; see Remark 2.5. By [Escobar 1988] or [Beckner 1993] we
have the sharp Euclidean Sobolev inequality

2(n—1) % 2 2
(1-6) uy)| n=2"dy <Ky | ldu(y)]®dy,
R RY}

(1-5) Ue,a(y) = (

foru € Dl(IR’_’F), which has the family of functions (1-5) as extremal functions.

Here,
n—2\"12 -5ty
ko= (52) o
where 0,,— is the area of the unit (n — 1)-sphere in R”. Up to a multiplicative
constant, the functions defined by (1-5) are the only nontrivial extremal ones for
the inequality (1-6).

Definition 1.2. Fix x¢ € 0M and geodesic normal coordinates for dM centered at
xo. Let (x1,...,x,—1) be the coordinates of x € dM and ng (x) be the inward unit
vector normal to 0M at x. For small x,, > 0, the point exp, (X, ng (x)) € M is said
to have Fermi coordinates (x1, ..., Xy) (centered at xyp).

For small p > 0 the Fermi coordinates centered at xo € dM define a smooth map
Yxo : B (0) CRY — M.

We define the functional /7° by the same expression as I,, with 1, = h for
all v, and state our main theorem as follows:

Theorem 1.3. Let (M", g) be a compact Riemannian manifold with boundary oM
and dimension n > 3. Suppose {u, > O}yen is a Palais—Smale sequence for {1 }.
Then there exist m € {0, 1,2, ...}, a nonnegative solution u® € H' (M) of (1-3),
and m nontrivial nonnegative solutions U/ =U, a; € Dl(IR’_’i_) of (1-4), sequences
{R{, > 0}yen, and sequences {x,{ hven COM, 1 < j <m, the whole satisfying the
following conditions for 1 < j < m, possibly after taking subsequences:

(i) R} — oo asv — oo.

(i) xj converges as v — oo.
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m . .
uy —u® — 3" njul — 0 .as v — oo, where
=1 H'(M)

ul (x) = (RDDPU Ry () forx €y, (B, (0).

Here, ro > 0 is small, the

v, B (0) CRL > M

are Fermi coordinates centered at x,, € 8M and the r),, are smooth cutoff functions
such that n}, = 1 in V. (B (0)) and 0}, =0in M\Y (BZr0 (0)).
Moreover,

m —2(n—
I (uy) —15°(u 2(n—1)K"2(n D0 asv— oo,
and we can assume that for all i # j
R R} ;
(1-7) — 4+ — —i—R’R]d (xi,x])? =00 asv—oo.
RV U

Remark 1.4. Relations of the type (1-7) were previously obtained in [Bahri and
Coron 1988; Brezis and Coron 1985].

2. Proof of the main theorem

The rest of this paper is devoted to the proof of Theorem 1.3, which will be carried
out in several lemmas. Our presentation will follow the same steps as Chapter 3 of
[Druet et al. 2004], with the necessary modifications.

Lemma 2.1. Let {uy} be a Palais—Smale sequence for {1g}. Then there exists
C > 0 such that |[uy| g1 ary < C forall v.

Proof. It suffices to prove that || duy || 12 (pr) and [[uy || 2 (5r) are uniformly bounded.
The proof follows the same arguments as [Druet et al. 2004, p. 27]. O

Define I as the functional in (1-2) when A, = 0 for all v.

Lemma 2.2. Let {uy, > 0} be a Palais—Smale sequence for {1} such that u, —
u®>0in H'(M), and set 1, = u,, —u®. Then {i,} is a Palais—Smale sequence
for {1} and satisfies

(2-1) Tg(ly) = 1Y (uy) + 1) —> 0 asv — oo.

Moreover, u® is a (weak) solution of (1-3).
Proof. First, observe that u, — u® in H!(M) implies that u,, — u® in L7—2 (M)
and a.e. in M. Using the facts that d 1, (u,)¢ — O for any ¢ € C®(M) and

hy = heo in LP(dM) for any p > 1, it is not difficult to see that the last assertion
of Lemma 2.2 follows.
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In order to prove (2-1), we first observe that

. (n—2)
1 (uy) = T () + 13° (%) — 20— D) Joar ®, dog +o0(1),
where ®, = |ii,, + u0|251n = _ |uv|251n = _ [u®| =2 and o(l) > 0as v — oo.

Then (2-1) follows from the fact that there exists C > 0 such that

[ cpvdoggc/ |ﬁ,,|nﬁz|u°|dog+c/ u®|7=2 |it, | dog  for all v,
oM oM oM

and, by basic integration theory, the right side of this last inequality goes to 0 as
vV — 00.

Now we prove that {i, } is a Palais—Smale sequence for /5. Let ¢ € C*°(M).
Observe that

oM oM

< luvllz2@ny 1w — R

by Holder’s inequality. Then, by the Sobolev embedding theorem,

/ hyind dog = [ oot dog +o(lb i1 car).
oM oM

from which follows that

@2 AL =dlgns— [ yubdog+oldlman).

. 2. A2 2
where ¥, = |0, + u®|72 (1, + u®) — |y |21, — |u®|7—2uP.

Next we observe that there exists C > 0 such that
A =210 01—2- |~
[Yvgldog <C |ty =2 [u”||p| dog + C [u”[m=2 [ity||p| dog
oM oM oM

for all v, and use Holder’s inequality and basic integration theory to obtain

| 1o
oM
(H|u |n 2y H 201-1)
—0(||¢|| 21=1) )

We can use this and the Sobolev embedding theorem in (2-2) to conclude that

dlg(uy)p =dIg () + ol g1 ar)
finishing the proof. O

+H|u0|n 2”“” 20-1)

||¢|| 20=1)

M) (BM)) (0M)

2 (dM)
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Lemma 2.3. Let {i, }yen be a Palais—Smale sequence for 1g such that it, — 0
in HY(M) and 14 (iy) — B as v — oo for some < Kn_z(”_l)/(Z(n —1)). Then
iy = 0in HY (M) as v — oo.

Proof. Since

R N 2(n—1) ~ ~ A
[ il avg [ a5 dog = d1g@)- = ol ey
M M
and {||%y | g1 (pr)} s uniformly bounded due to Lemma 2.1, we can see that

2(n—1)
=2~ dog +0(1)

1
(2-3) ,3 +o(l)= Ig(flv) = m /{;M |ﬁv|

1 ~ 12
1
20— 1) /M |dity|g dvg +0(1),

which already implies 8 > 0. At the same time, as proved in [Li and Zhu 1997],
there exists B = B(M, g) > 0 such that

n—2
L 20i—1) n—T . R
(/ |11y | =2 dog) SK,f/ |duv|§dvg+B/ |uv|2d0*g-
oM M oM

Since H (M) is compactly embedded in L2(dM ), we have ||il,, I 22¢anry —> 0. Then

Q-1 +o(1))i=t <2(n—1)K2B +o(1),

from which we conclude that either

Kn—2(n—1)
m <B+o(1)

or B = 0. Hence, our hypotheses imply 8 = 0. Using (2-3) finishes the proof. [

Define the functional

n—2 2(—1)
B =4 [ JaumPay- 5275 [ o a
R (n—1) Jogr
K—2(n—1)
foru € Dl([RR'jr) and observe that E(Ue 4) = —t——— forany a € R""1, € > 0.

2(n—1)
Lemma 2.4. Let {ii, },en be a Palais—Smale sequence for 14. Suppose i, — 0 in

HY (M), but not strongly. Then there exist a sequence {R, > 0},en with R, — 00,
a convergent sequence {xy}yen C OM , and a nontrivial solution u € D! (R) of

Au=0 inRY,
(2-4)

iu —[ulP@Dy =0 on IR,

dyn



PALAIS-SMALE SEQUENCES ON MANIFOLDS WITH BOUNDARY 7

the whole such that, up to a subsequence, the following holds: If

Uy(x) =ty (x) — 771)(36)13714(1’? Y (X)),
then {0y }ven is a Palais—Smale sequence for 14 satisfying v, — 0in H (M) and
11m ( Ig(y)—1 (vv)) Eu).

Here, the Yy, BZro
nv(x) are smooth cutoff functions such that n, = 1 in Yy, (Br"(') (0)) andn, =0in
M\WX\) (BZI‘() (0))

Proof. By the density of C*®°(M) in H!(M) we can assume that i1, € C®°(M). We
can also assume that I, (#i,) — B as v — oo and, since d ¢ (i,) — 0in H' (M),
we obtain

(0) C R, — M are Fermi coordinates centered at x,, and the

lim [ a2 dog =2(n—1)p = K; 2D,

V—>00 oM

as in the proof of Lemma 2.3. Hence, given 79 > 0 small we can choose xg € IM

and Ag > O such that
/ iy |22 dog > A
Dto(xo)

up to a subsequence. Now we set

Uy (1) = max |uv|2(nn = dog
x€IM JD,(x)
for ¢t > 0, and, for any A € (0, A¢), choose sequences {¢,,} C (0, t9) and {x,,} C IM
such that

2(n—1)

(2-5) A:Mv(lv):/ |ty| n=2" doyg.
Dtp Xy

We can also assume that x,, converges. Now, we choose rg > 0 small such that
for any Xo € OM the Fermi coordinates ¥/, (z) centered at xq are defined for all
z € B2ro (0) C R’} and satisfy

2z =2l <dg(Yxo(2). ¥xo(z)) <2|z—Z'| forany z,z’ € B} (0).
For each v we consider Fermi coordinates

Yy ="VYx, : B 2ro 0) > M.

Forany R, > 1l and y € B; "o (0), we set

n—>2

() =Ry > I(u(Ry'y) and  &(y) = (Y5 @) (R, y).
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Let us consider z € R"}, and r > 0 such that |z| 4+ r < R, ro. Then we have

|diiy|% dvg, =/ |diiy|? dvg,
/Bi(z) Ve T8 W BE)

and, if in addition z € IR" ,

2(n—1)

2(n—1)
(2_6) / |ﬁ | n—=2 dGNV :/ |ﬁ | n—2 do
VB () S e R ¢

N 2(n—1)
|uv| n—2 dag,

<,
D, g1, (Wu(Ry ' 2))
where we have used the fact that
Yo (R, B (2)) = (8’BZ;1r(R;12)) C Dyp1,(Vu(R; ' 2)).

Given r € (0, rp) we fix to <2r. Then, given a A € (0, A¢) to be fixed later, we
set Ry, =2r1; 1 > 2r15! > 1. It follows from (2-5) and (2-6) that

2-7) / liiy| 2" dog, <A.
¥B;(2)
Moreover, since ¥/, (0’ B;'R_,r(O)) = Dy, (xy), we have
- 2n—=1) A 2(n—1)
(2-8) / liiy| 7=2" dog, = / ltiy| 72 dog = A.
o' B3, (0) Dy, (x)

Choosing r¢ smaller if necessary, we can suppose that

1
@9 g [ tawPay= [ lau L ave,e=2 [ jauPay
+ +

+

forany R>1andanyu e D! (R’ ) such that supp(u) C B;OR(O). Here, gx,,r(Y) =
(V5,8) (R~1y). We can also assume that

(2-10) Vo wavs [ wldog, <2 [ wia
2 Jomr, oR! 0 oR!

+ +

for all u € L' (9R”) such that supp(u) C ZYB;OR(O).
Let 7 be a smooth cutoff function on R” such that 0 <7 <1, 7j(z) = 1 for |z| < 1,
and 7(z) = 0 for |z| > %. We set 7, (y) = ﬁ(ro_lR;ly).

It is easy to check that
¥

is uniformly bounded. Then the inequality (2-9) implies that {7,,} is uniformly

A, dvg,,}

n
+
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bounded in D! (R",) and we can assume that 7,1, — u in D! (R”) for some u.

Claim 1. Let us set ry =ro/24. There exists A1 = A1(n) such that forany 0 <r <r
and 0 < A <min{A1, Ao} we have

ity — uin H! (Ber(O)) as v — oo,
for any R > 1 satisfying R < R,, for all v large.
Proof. We consider r € (0,r1), A € (0, A9) and choose zg € IR
3(2R — 1)r;. By Fatou’s lemma,
2r ) )
lim inf d(nyu + vt doye d
/; mmin {/I)"‘B;r(zo)(l (i) |Tyiiy| ) p} P

<liminf | (Id(@vity)|* + [fviiy|?) dy < C.

vV—>00 Bzr (ZO)

" such that |zo| <

where do, is the volume form on BJFB;r (zo) induced by the Euclidean metric.
Thus there exists p € [r, 2r] such that, up to a subsequence,

/ (1d (fviin)|* + |fiviiy|?) do, < C - forall v.
9+ B (z0)

Hence, {|| Moty || 1 o+ Bj(zo))} is uniformly bounded, and, since the embedding
H' (0% B (z0)) € H'2(9 B} (20))
is compact, we can assume that
Nytly — u in H1/2(8+B;(zo)) as v — oo.
We set sd = B3 (z0) — B+(zo) and let {¢,,} C D!(R™) be such that

Nyiy —u, in Bp+€(Z())
0, in R” \B3r (20),

¢v =
with € > 0 small. Then

vty — u||H1/2(8+B+(zo)) ||¢V“H‘/2(3+B+(zo)) —0 asv—oo0,

and there exists {¢0} C D!(s4) such that

[ Pv +¢8||H1(&4) = C||¢v||H1/2(a+gi) = C”¢"”H1/2(8+Bj(zo))

for some C > 0 independent of v. Here, D! (s{) is the closure of C o () in H L(st),
and we have set sl = 954 N (R \OR", ) and 8'sd = dsd N IR,

The sequence of functions {,} = {¢, + ¢0} C D! (R7) satlsﬁes



10 SERGIO ALMARAZ

fvity —u  in B (zo),
Cv=1¢v+¢2 in B (z0)\B (20).
0 in R” \B . (20).

In particular, £, — 0 in H (). We set

£ = Ry7 G (RyUy (x) i x € Y (BE, (0)),
and Ev (x) =0 otherwise. Since we are assuming |zg| <3(2R—1)r; <3Q2R,—1)r;
for all v large, B (20) C B6r1 R, (0). Hence,
= | BT G RTS8 G,
v{X) = n—2
o7 Gy + D RuY; () if x € Y (Ry (B3 (20) L (20)\ B/ (20))).

and 2 »(x) = 0 otherwise, and
(2-11) dIg(fiy)- &y
=d1g(ﬁvﬁv)'§v
2
= d(yty), d dvv/ ity =2 (flviin)Cy dog,
/B;;(zo)< viy), d8y)g g y +(ZO)|7IV vl Mvtiy)Sy dog

where 7, (x) = 71(rg ' ¥, ().
Since there exists C > 0 such that ||§u Il =C ||§,,||D1(Rn )» the sequence
{é‘v} is uniformly bounded in H1(M). Hence,

(2-12) dlg(fiy)-Cy =0 as v— oo.

Noting that ¢, — 0 in H'(s{) and ¢, — 0 in D! (R}), we obtain

(2-13) (d(nviiy),dly)g, dvg, = / (d(v+u),diy)z, dvg, +o(1)
B (20) B (20)

:/ 46,12, dvg, +o(1).
Ry
Similarly,

- 2L 2(n—1)
(2-14) f ity | 722 (o) dog, = / 16,1755 dog, +o(1).
& B3 (20 IR

Using (2-11), (2-12), (2-13) and (2-14) we conclude that

2(n—1)
215) [ s dve, = [ 165 dog, o
R n

R}
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Using again the facts that &, — 0 in H!(s4) and ¢, — 0 in D! (R”.), we can apply
the inequality

Lo 2m=1)  _ _ 2m=D 2(—1)
Hfluuv—ul n=2" — |fytiy| 2 4 ful 2 }

n_ - _n_
< Cluln=2 |qytiy —u| + C|fytiy —u|m=2 |ul

to see that

2(n—1)

2(n—1) o 2(n—1)
|Sv| =2 dog, = [viiy| 7=2 dog, — lu| "=2"dog +o(1).
IR ¥ B, (z0) ¥ B (z0)

This implies

2(n—1) - . 2(n—1)
(2-16) / |Cv| n=2" dog, 5/ [nvtiy| »=2" dog, +o(1)
IR ¥ Bf (z0)

- 2n=1
= . liy| =2~ dog, +o0(1),
a/B,o (zo0)

where we have used the fact that 7,(z) = 1 for all z € B;r (zo).

If N = N(n) € N is such that ¢’ BZJr (0) is covered by N discs in IR’} of radius 1
with center in 3’ B (0), then we can choose points z; € 9B, (z0),i = 1,..., N,
satisfying

N
3'Bf (z0) C 9/ B3, (z0) € | ) 9B, (z0).

i=1

Hence, using (2-7), (2-15) and (2-16), we see that

(2-17) /
R

It follows from (2-9), (2-10) and the Sobolev inequality (1-6) that

2(

d¢uI2, dvg, +o(1) = /a 6l =2 dog, < NA+o(1).
Ry

n
+

n n—2
2(—1) n—T —2 2(—1) n—T
(f s )T <o [ )
OR, R

< 223?K,$/ d &y |2 dx
R

-2
< 21+Z'—1K5/ |d§‘,,|§U dvg, .
RY

Then using (2-15) and (2-17) we obtain
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2 2(n—1)
[dulz, dug, = 1v| »=2" dog, +o(1)
R oR"

+ +

n—1 n—1
n— n=2 n—2
- (21+n%1<,3) (/ 2, dvgv) +o(1)
Rn

2(n—1)

<2 KT WA+ o)™ [ 1482, dvg, +o(1),
R% Y

K—2(n—l)

Q;ITN and assume that A < A;. Then

Now we set A1 =

2(n—=1)

I (N2 K, <1,

and we conclude that
lim |d&y |3, dvg, =0.

V—=>00 R

Hence, ¢, — 0in D! (R}). Since r < p, we have
(2-18) fivity —u in H'(BF(z9)).

Now let us choose any zg = ((z9)!,...,(z0)") € R’ satisfying (z9)" > r/2
and |zo| < 3(2R — 1)ry. Using this choice of z¢ and r’ = r/6 replacing r, the
process above can be performed with some obvious modifications. In this case, we
have o’ B;rr,(zo) = ¢ and the boundary integrals vanish. Hence, the equality (2-15)
already implies that 7,1, — u in HI(B+(Z()))

If Ny = N1 (R,n) eNand Ny = Np(R, n) €N are such that the half-ball B z(0)
is covered by Np half-balls of radius 1 with centers in 9’ B;’ z(0), plus N2 balls
of radius 1/6 with centers in {z = (z!,...,z") ¢ B r(0) @ z" > 1/2}, then the
half-ball Bz“L & (0) is covered by Ny half—balls of radlus r with centers in 9’ 82Jr rr(0),
plus Ny balls of radius r /6 with center in {z = (z!,...,z") € Ber(O) 2z >r/2).

Hence, #j,ii, — u in H! (Ber(O)), finishing the proof of Claim 1. O

Using (2-8), (2-10) and Claim 1 with R = 1, we see that

2(n—1)
(2-19) A= liy| =2 dog,
& B} (0) ¢

2(n—1)
- + |7]vuv| "2 do—g\)
9’ B, (0)

52/ |u|2§1n—_21) dx +o(1).
¥ B (0)

It follows that u = 0, due to (1-6).
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Claim 2. We have lim, o R, = 0o. In particular, Claim I can be stated for any
R>1.

Proof. Suppose for a contradiction that, up to a subsequence, R, — R’ as v — oo,
for some 1 < R’ < oco. Then, since %, — 0 in Hl(M), we have u, — 0 in
H! (th (0)). This contradicts the fact that

iyl >u #0 in H'(BS(0)),
which is obtained by applying Claim 1 with R = 1. This proves Claim 2. O

That u is a (weak) solution of (2-4) follows easily from the fact that {1, } is a
Palais—Smale sequence for /g and 7y, — u in D! R).
Now, we set

Vo () = n ()R u(Ryys! (1)

for x € wxu( 2r,(0)), and 0 otherwise. The proof of the following claim is totally
analogous to step 3 on p. 37 of [Druet et al. 2004] with some obvious modifications.

Claim 3. We have i, — V,, — 0, as v — oo, in HY(M). Moreover, as v — 00,
dlg(Vy) =0 and dlg(it,—V,)—0
strongly in HY (M), and
Ig(y) — 1oy — Vi) > E(u).

We finally observe that if rj > 0 is also sufficiently small then |(1, —7,,) V3| = 0
as v — oo, where 17, is a smooth cutoff function such that 7, = 1 in ¥y, (B +(O))
and 1, =0 in M\ Yy, (BJr (0)). Hence, the statement of Lemma 2.4 holds for any
ro > 0 sufficiently small, ﬁmshmg the proof. O
Proof of Theorem 1.3. According to Lemma 2.1, the Palais—Smale sequence {u,}
for /g is uniformly bounded in H L(M). Hence, we can assume that u,, — u° in
HY(M), and u,, — u® a.e. in M, for some 0 <u® € H'(M). By Lemma 2.2, u°
is a solution to the equations (1-3). Moreover, i, = u, — u® is Palais—Smale for
I and satisfies

g (1) = 1 () = 1) + o (1).

If 1, — 0 in H'(M), then the theorem is proved. If i1, — 0 in H (M) but not
strongly, then we apply Lemma 2.4 to obtain a new Palais—Smale sequence {ii}}
satisfying

I(0}) < I (i) — B* +o(1) = 1} () — 1 ) — B* + 0(1).
Kn—2(n—l)
2(n—1)

where §* = . The term S* appears in this inequality because E(u) > *
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for any nontrivial solution u € DI(R’:L) to the equations (1-1). This can be seen
using the Sobolev inequality (1-6).

Now we again have either ﬁll, — 0 in H'(M), in which case the theorem is
proved, or we apply Lemma 2.4 to obtain a new Palais—Smale sequence {#i2}. The
process follows by induction and stops, by virtue of Lemma 2.3, once we obtain a
Palais—Smale sequence {u]'} with I¢ (117") converging to some 8 < f*.

We are now left with the proof of (1-7) and the fact that the U/ obtained by
the process above are of the form (1-5). To that end, we can follow the proof of
Lemma 3.3 in [Druet et al. 2004], with some simple changes, to obtain the relation
(1-7) and to prove that the U/ are nonnegative. For the reader’s convenience this is
outlined below.

Claim. The functions u® and U’ obtained above are nonnegative. Moreover, the
identity (1-7) holds.

Proof. That u° is nonnegative is straightforward. To prove that the U/ are also
nonnegative, set i1, = u, —u® and u) = 1/R}.

Given integers N € [1,m] and s € [0, N — 1], we will prove that there exist an
integer p and sequences {i,]f}ueN C dM and {)L]‘f > 0}yen foreachk =1,..., p,
such that dg (xf,v, )E{f)/,ul],v is bounded and limy—; oo A{f/uf)v = 0, and such that

N
Uy — E ul —ulV
j=1

for any R, R’ > 0. Here, QN (R) = wx{)v(Bljw (0)), QE(R) = g (BY, 2 ()
and €(R') - 0 as R’ — oo.

We prove (2-20) by reverse induction on s. It follows from Claim 2 in the proof
of Lemma 2.4 that

N-1 2n
/QN(R) iy — Z ul —ulV dvg =0(1),
v j=1

so that (2-20) holds for s = N — 1.
Assuming (2-20) holds for some s € [1, N — 1], let us prove it does for s — 1.
We first consider the case when dg (x3, x2V) does not converge to zero as v — o0.
In this case, we can assume QII,\'(R) N ij(ﬁ) = ¢ for any R > 0. Then after
rescaling we have

2n

ma’vg =o(1) +€(R')

(2-20) / _
QY (R\UZ_, @5(R)

2n

2
s |72 dvg < C

(2-21) US|722 dy.

/QGV (R\UZ_, Q5 (R) /R’i\BI% ()

Since R > 0 is arbitrary and U* € Lis (R7}), the left side of (2-21) converges to
zero as v — o0o. Hence, (2-20) still holds replacing s by s — 1.
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Now consider the case when dg (x3, xV) — 0 as v — 0o. According to Claim 2
in the proof of Lemma 2.4, given R > 0, we have

/m;u’t’)

Using the induction hypothesis (2-20), we then conclude that

s 2n

n—2
dvg = o(1).
j=1

| el dug = o)+ e(R),
QY (R\UZ_, Q5 (RNNQS (R)

First assume that dg (x3, xVy/ /L{}V — 00. Rescaling by /L{}V and using coordinates
centered at xY, it’s not difficult to see that dg (x5, xY)/u$ — co. Hence we can
assume that QII,V(R) N Qf)(ﬁ) — @ for any R > 0, and we proceed as in the case
when dg (x3, x2V') does not converge to 0 to conclude that (2-20) holds for s — 1.
If dg (x5, xV)/ulY does not go to infinity, we can assume that it converges. One
can then check that 15 /uY — 0. We set 21! = x5 and 221 = 45, so that

kf,’“/uf}' — 0 as v — oco. Observing that

2 2n
g 7% dvg < [ 7% dvg < (R,

/sw (R\ULL] @5 M\Q3 (R

it follows that (2-20) holds when we replace p by p + 1 and s by s — 1.

This proves (2-20). The above also proves (1-7).

We fix an integer N € [1,m] and s = 0. Let )7]’,‘ € dR’. be such that )Eff =
w;VN (,uf,vfiff), for k = 1,..., p. For each k, the sequence {f,’f}veN is bounded,
so there exists j¥ € dR” such that limy— o )71’,‘ = y*, possibly after taking a
subsequence. We set X = U;{’:l )7" and

~ n=2 ,
1) () = ()7 4 W () ) -
It follows from (2-20) that

ay > uN inL%(BJF(O)\)?) as v — 00
v R .

loc

Therefore we can assume that &7, — U¥ a.e. in [Ri’_’F as v — oo.
If we set

a9 (y) = ()"l (Yow (ud v)).

it’s easy to prove that

2n

ﬁB’N —0 in Ll’(’)? (B;(O)) as v — o0.
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Hence, 10" — 0 ace. in R as v — oo. Setting

ol (y) = ) T ul Wy (1 3)).

we see that vﬁv — UV ae. in R% as v — oo. In particular, U N is nonnegative.
This proves the claim. O

Remark 2.5. For the regularity of the U’ we can use [Cherrier 1984, théoreme 1].
Although that theorem was established for compact manifolds, we can use the
conformal equivalence between R’ and B"\{point} and a removable singularities
theorem (see Lemma 2.7 on p. 1821 of [Almaraz 2011]) to apply it in B”.

Thus we are able to use the result in [Li and Zhu 1995] to conclude that the U’
are of the form (1-5), so we can write U/ = Ue;a;-

This finishes the proof of Theorem 1.3. (|
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THE CUP SUBALGEBRA OF A II; FACTOR GIVEN BY A
SUBFACTOR PLANAR ALGEBRA IS MAXIMAL AMENABLE

ARNAUD BROTHIER

To every subfactor planar algebra was associated a II; factor with a canon-
ical abelian subalgebra generated by the cup tangle. Using Popa’s approxi-
mative orthogonality property, we show that this cup subalgebra is maximal
amenable.

Introduction

The study of maximal abelian subalgebras (MASAs) was initiated by Dixmier
[1954], who introduced an invariant coming from the normalizer. Other invariants
were provided later, such as the Takesaki equivalence relation [1963], the Tauer
length [1965], the Pukdnszky invariant [1960] or the §-invariant [Popa 1983b].

Popa [1983a] exhibited an example of a MASA A C M in a II; factor that is
maximal amenable.

This example answers negatively a question of Kadison asking if every abelian
subalgebra of a II; factor (with separable predual) is included in a copy of the
hyperfinite II; factor. We recall that a von Neumann algebra is hyperfinite if and
only if it is amenable by the famous theorem of Connes [1976]. Popa introduced the
notion of approximative orthogonality property (AOP) and showed that any singular
MASA with the AOP is maximal amenable. Then he proved that the generator
MASA in a free group factor is singular and has the AOP.

Using the same scheme of proof, Cameron et al. [2010] showed that the radial
MASA in the free group factor is maximal amenable. Shen [2006], Jolissaint [2010]
and Houdayer [2012] provided other examples of maximal amenable MASAs.

In this paper, we provide maximal amenable MASAs in II; factors using subfactor
planar algebras. The theory of subfactors has been initiated by Jones [1983]. He
introduced the standard invariant that has been formalized as a Popa system by
Popa [1995] and as a subfactor planar algebra by Jones [1999; 2011]. Popa [1993;
1995; 2002] proved that any standard invariant comes from a subfactor. Popa
and Shlyakhtenko [2003] proved that the subfactor can be realized in the infinite
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free group factor L(F.). Using planar algebras, random matrix models and free
probability, Guionnet et al. [2010; 2011] (see also [Jones et al. 2010]) showed that
any finite depth standard invariant can be realized as a subfactor of an interpolated
free group factor. Using the same construction, Hartglass [2013] proved that any
infinite depth subfactor is realized in L(F).

The construction in [Jones et al. 2010] associated a II; factor M to a subfactor
planar algebra %. This II; factor contains a generic MASA A C M that we call the
cup subalgebra (see page 22). We now state our main theorem:

Theorem 0.1. For any nontrivial subfactor planar algebra P, the cup subalgebra
is maximal amenable.

The construction of Jones et al. has been extended for unshaded planar algebras
in [Brothier 2012; Brothier et al. 2012]. In those constructions, we have proven that
the cup subalgebra is still a MASA. It seems very plausible that it is also maximal
amenable. Note that the cup subalgebra is analogous to the radial MASA in a free
group factor. We don’t know if for a certain subfactor planar algebra those two
subalgebras are isomorphic or not.

1. Approximative orthogonality property and maximal amenability

We briefly recall Popa’s approximative orthogonality property for an abelian subal-
gebra A C M and how it implies the maximal amenability of A, whenever A C M
is a singular MASA.

Definition 1.1 [Popa 1983a, Lemma 2.1]. Consider a tracial von Neumann algebra
(M, tr) and a subalgebra A C M. Let w be a free ultrafilter on N. Then A C M
has the approximative orthogonality property if for any x € M* & A“ N A’ and any
be Mo A we have xb L bx in L>(M®), that is, lim,_, tr(x,bx; b*) = 0, where
(x,), 1s a representative of x.

Remark 1.2. By polarization, the definition of AOP is equivalent to asking that
for any x1,x; € MY © AN A’ and any by, b, € M © A we have x1b; L byx;.

We recall the fundamental theorem of Popa that is contained in the proof of
[Popa 1983a, Theorem 3.2]. A more detailed explanation of it has been given in
[Cameron et al. 2010, Lemma 2.2 and Corollary 2.3].

Theorem 1.3 [Popa 1983a]. Let A C M be a singular MASA with the AOP in a 11,
factor M. Then A C M is maximal amenable.

2. Construction of the cup subalgebra

Construction of a 11; factor from a subfactor planar algebra. Consider a subfac-
tor planar algebra # = (%,),,>0 with modulus § > 1. Let us recall the construction
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given in [Jones et al. 2010]. We assume that the reader is familiar with planar
algebras. For more details on planar algebras, see [Jones 1999; 2011] or the
introduction of [Peters 2010]. Let Gr(%) be the graded vector space equal to the
algebraic direct sum P, -, %,. We decorate strands in a planar tangle with natural
numbers to represent cabling of that strand. For example:

k

An element a € P, will be represented as a box:

‘2n

a = a

We assume that the distinguished first interval is at the top left of the box. We
consider the inner product (-, - ) on each P,:

2n

{(a,b) = a b* forall a, b € P,.

We extend this inner product on Gr(%) in such a way that the spaces %,, are pairwise
orthogonal. We still write %, when it is considered as the n-graded part of Gr(%).
Let ¥ be the Hilbert space equal to the completion of Gr(%) for its pre-Hilbert
structure. Note that ¥ is the Hilbert space equal to the orthogonal direct sum of the
spaces %,. We define a multiplication on Gr(%) given by the tangle

. J .
min(2n,2m)| 2n—j 2m — j
a b

foralla € ?,,b € P,.

j=0

For a fixed a € Gr(%), the map b € Gr(P) > ab € Gr(P) is bounded for the
inner product (-, -). This gives us a representation of the x-algebra Gr(%) on .
We denote by M the von Neumann algebra equal to the bicommutant of this
representation. It is a II; factor by [Jones et al. 2010]. We identify the graded
algebra Gr(%) and its image in the von Neumann algebra M. The unique faithful
normal trace tr of M is the one coming from the planar algebra structure of . It is
equal to the formula tr(a) = (a, 1), where 1 is the unity of Gr(%). Let L2(M) be
the Hilbert space coming from the Gelfand—Naimark—Segal construction over the
trace tr. Note that the standard representation of the von Neumann algebra M on
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the Hilbert space L?(M) is conjugate to the action of M on the Hilbert space ¥.
We will identify those two representations. Also, we identify M with its image in
L*(M). The left and right actions of M on the Hilbert space L*(M) are denoted
by 7 and p, so w(x)p(y)z = xzy, for x, y, z € M. The norm of M is denoted by
| - || and that of L>(M) by || - ||l2, or by || - || if the context is clear. We define a
multiplication on Gr(?) by requiring that if a € , and b € ?,,,, thenaeb € P, 1,
is given by

aeb= a b

We remark that ||a « D], = ||lall2]|b]|2, for all a € P, and b € P,,. By the triangle
inequality, the bilinear function

Gr(?) x Gr(P) —» Gr(P), (a,b)r—>aeb,

is continuous for the norm || - ||,. We extend this operation to L*>(M) x L*(M) and
still denote it by e.

The cup subalgebra. The cup subalgebra A C M is the abelian von Neumann
algebra generated by the self-adjoint element cup:

NI

We denote cup by the symbol U. Also we use the following notation:

k cups

oo [T

We use the convention that 0 = U* for k < 0 and 1 = U®. Let n > 1 and V,, be the
subspace of P, of elements which vanish when a cap is placed at the top right and
vanish when a cap is placed at the top left, i.e.,

NI

Vl’l: ae@n, a — a :0

We denote by V the orthogonal direct sum of the V,;:

o0
V=@ V.
n=1
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Let ¢2(N) be the separable Hilbert space with orthonormal basis {e,, n > 0} and
S € B(¢2(N)) the unilateral shift operator.

Proposition 2.1 [Jones et al. 2010, Theorem 4.9]. The map
©: LX(M) = C(N)& (*(N) @ V @ *(N))
defined by
§TH2U* 1> e, 0, U220 epeU 15> 0D e @V ey,

defines a unitary transformation, where k,l,r > 0, v € V and § is the modulus of
the planar algebra. We have

U—1 S+S8*—¢q 0
or(=—— |o*= @
”( 5172 ) ( 0 (S+S*)®1V®1£2(N))

U—1 S+S*—q 0
® 0 = “ :
,0( 812 ) ( 0 IZZ(N)®1V®(S+S*))

where q., is the rank-one projection on Ceq and 1y, 1,2, are the identity operators
of the Hilbert spaces V and £*(N).

and

Corollary 2.2. The cup subalgebra is a singular MASA.

Proof. The A-bimodule L?(M) © L*(A) is isomorphic to an infinite direct sum of
the coarse bimodule L*(A) ® L?(A). This implies that A C M is maximal abelian.
See [Jones et al. 2010] for more details. Suppose that there exists a unitary u in the
normalizer of A inside M which is orthogonal to A. It generates a A-subbimodule

1) % Cc P LA e L A).
j=0

We have the inclusion (1) if and only if the automorphism a € A +— uau™ is trivial.
This implies that u € A’ M. Hence u € A, a contradiction. Therefore, A C M is
singular. U

Basic facts on the unilateral shift operator. Consider the semicircular measure

Va4 —1?
2w

dv(t) = dt

defined on the interval [—2; 2]. Let P; € R[X] be the family of polynomials such
that

@) PX) =1, PX)=X, PX)=XP_1(X)—PFP_(X) foriz=>2.
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By [Voiculescu et al. 1992, Example 3.4.2], the map
(3) V() = L2([=2:2Lv), ek P

defines a unitary transformation. Further, for any continuous function f € ‘€([—2; 2])
we have (W* f(S+S*)W)(¢) = tf(¢) for almost every t € [—2; 2].

I
Lemma 2.3. For [ >0, let R : [—2;2] — R be given by R;(t) = )_P; (t)2. The
sequence (Ry) >0 converges uniformly to +ooc. i=0

Proof. Let us prove the simple convergence to +-00. Suppose there exists fy € [—2; 2]
such that the sequence (R;(fg)); does not converge to +o00. The polynomials P;
have real coefficient. Hence, for any t € [—2; 2], P;(¢) is real; thus, (R; (%)) is an
increasing sequence in R. If this sequence does not diverge, then it is bounded. Then,
the sequence (P;(#p)); is square summable. In particular we have lim;_, o P; (f9) =0.
We put ¢; = P;(t9). We have that ¢; | =tpe; —¢;—1 and lim; _, », &; =0. There is only
one sequence that satisfies those axioms and it is the sequence equal to zero. Since
0 #£ 1 = Py(ty) = &9, we arrive at a contradiction and thus, lim;_, o, S;(t) = +00
for any t € [-2; 2]. To conclude we use the following well known result due to
Dini: Let (f7); be a sequence of continuous functions from a compact topological
space K to R such that f; < fr41. If forany ¢ € K, lim;_,  f;(t) = 400, then the
sequence ( f7); converges uniformly to +o00. (I

Proof of Theorem 0.1. According to Theorem 1.3 and Corollary 2.2, it is sufficient
to show that the cup subalgebra has the AOP. Fix x e M?© A“NA"andbe M S A.
Let us show that xb | bx. By the Kaplansky density theorem we can assume that
there exists J > 1 such that b € EBJJ':o P ;. Suppose that ||x|| < 1 and fix a sequence
Xn € M which is a representative of x such that x, € M © A and ||x,|| < 1 for all
n=0.

Consider the closed subspaces of L2(M) given by

Y, =span{U* eve U, [,r <L, veV},

Z; =span{U” eveU”, lorr<L,veV},

for all L > 0. Note that b isin Y,_;.
We claim that for any z € M which is orthogonal to A and Z;_; we have

“4) zb 1 bz.

The element z is a weak limit of finite linear combinations of U e v e U®*/ | where
i,j>J and v e V. The element b is a finite linear combination of U* e § ¢ U*",
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where k,r < J —1and v € V. We have

(U epe U ) (U eielU™)
:(U.iovoU.j+koﬁoU.r)+(U.iovoU.j+k_1oﬂoU.r)+...

+ 85U eve U e G eU™) + 85 (U v e U F e 5o U™,
forany i, j > J and k, r < J — 1. It is easy to see that veU®*" ¢ ¥ is an element of
V for any n. Hence, the product (U% e v e U*/)(U** e 7« U*") is in the vector space

span{U eweUT 1> J,weV,r<J—1}
and so is zb. A similar computation shows that bz is in the closed vector space
span{U eveUT 1< J -1, we V,r>J}.

Therefore, we have zb 1 bz. This proves (4). Hence, if we show that x is in
the orthogonal of Z9_, then we would have proven that xb is orthogonal to bx.
Consider Q; : L>(M) — Z;_;, the orthogonal projection of range Z;_;. We
remark that

J-1

00,0" =P ((qe,; ® 1v ® Lpgn) B (L @ 1y ®4e)).
j=0

where © is the unitary transformation defined in Proposition 2.1 and ly, 1,2 are
the identity operators of V and ¢%(N). By symmetry, it is sufficient to show that

(5) 1112;1;10 ”(qe/ ® 1V ® IZZ(N))%'n” = 0 for any _] > O’

where &, := ©(x,). We know that x € M® N A’. Hence by conjugation by ©® we
obtain the equation

(6) nll_)mw [(S+S) @1y ® Ly — Lpw ® 1y ® (S+5)& [l =0.

We will show that (6) implies (5).

All the operators involved in our context act trivially on the factor V. For
simplicity of the notations we stop writing the extra “®1y®” in the formula and
denote the identity operator 1,2y, by 1. Therefore, we assume that &, is a vector of
22(N) ® £%(N). Equations (5) and (6) become

(7 lim ||(ge, ® 1)&,]| =0 foranyi >0
and

8) Jim J((S+S) @1 —1®(S+57)& ] =0.
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Consider the partial isometry v; € B(¢>(N)) such that VU = qe; and v; V] = g,.
We claim that for all i > 0 we have

©)) lim [[((v; ® 1) — (ge, ® Pi(S+S5))éull =0,

n—-w
where {P;}; is the family of polynomials defined in (2). For all £k > 2 we have
(S+5)@1-1®(S+S5%)* -

=(($+SH®1-1®(5+5"))o (Z(S—{-S*)j ® (5+5*)k—1—j>.
j=0

Therefore, (8) implies that
r}l_r)I{L [(P(S+SH®1—-1Q P(S+S")&,| =0 for all polynomials P.
In particular,
nlgrclv [(Pi(S+S)®1—-1Q® P;(S+S5*)&,|=0 foralli>O0.

Note that P;(S+S*)(eg) = ¢; for all i > 0. Furthermore, P; has real coefficients.
Therefore, the operator P;(S+ S*) is self-adjoint. We have

(qey 0 Pi(S+S%)ey, e,) = (P (S+S)er, qeger) = 8r,0(Pi(S+S5%)ey, ep)
=8.0(er, Pi(S+S5%)eo) = 8,001,

where i, [, r > 0 and §, 5, is the Kronecker symbol. Hence g,, o P;(S+S5*) = v;,
for all i > 0. We have

nll_r)ré) 1(ge, ® 1) 0 (Pi(S+S)®1—1® Pi(S+5)&, || =0.
Therefore, we have
Tim (0 ® 1= gy ® Pi(S+5")&, | = 0.
This proves the claim. We have
lim [[(ge; ® 1 —v;'qey ® P (S + S))E, | =0.
n—w
This means that
1im (g, ® D& — (o] @ Pi(S+5") 0 (qey ® Déall =0,
Hence, we have
lim [|(ge; ® Dé&x |l < lim [|(v] ® Pi(S+S5%)) 0 (gey ® D, |l
n—w n—w
< Jvf @ Pi(S+S)]| 1im [[(gey ® D&l
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Therefore, to prove (7) it is sufficient to show that
lim |[(ge, ® D&l = 0.
n—-w

Let us fix ¢ > 0; we have to find an element of the ultrafilter £ € w such that
I(ge, ® 1), || < € for any n € E. By the triangle inequality, we have

1(gey ® Pi(S+S™ )&l < 1(gey ® Pi(S+S))En — (vi @ DE || + [I(v; @ D&l
for all i > 0. We have ||(v; ® &, || < |I&:]] < 1; thus,
(10) Wi ®DE I > 11(Gey®@ Pi (S + S 1* 11 Gy ® P (S +S)n — (i ® Dl
—2[(gey ® Pi(S+5%))& — (v; @ D&yl
By Lemma 2.3, there exists an integer / € N such that . [1£1§ . Si() > % We have

1 1
A1) Y " 1(qee ® Pi(S+SNEN* =D 11 ® Pi(S+5%)) 0 (ge, ® DI
i=0 i=0

1
= Z/ 1P (1) ((gey ® W)EN()|> dv (1)
i=0 [—2;2]

1
= f 1((qe®WEN D> Y P(0)* dv (@)
[-2;2] iz

2 2
> Z11Gey ® V)&l = Z11(Gey ® DEnlI”,

where W is the unitary transformation defined in (3).
By (9), there exists an element of the ultrafilter £ € w such that for any n € E
andi €{0,..., I} we have

(12) 1((gey ® P;(S+S5%) — (v; ® )&l < 5.
By Pythagoras’ theorem and the inequalities (10), (11) and (12) we have

1

1
121807 =D 1@ @ DEIP 2D 1(ge ® DEIT =) 10 ® D&
i=0 i=0 i=0

1

> > 1(gey ® Pi(S+SNEN? — (I + 1)<4i2 2. i)
i=0
> 2D g, @ g - 1+ 1),

This implies
1(ge, ® )&, <& foralln e E.
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We have proved that
nhf}u 1(geo ® D&xll2 =0.

Therefore, lim, ., [| Qs (x,) || = 0 which implies that x is orthogonal to Z9_,. The
equality (4) implies that xb L bx. Thus, the cup subalgebra A C M has the AOP.
By Corollary 2.2, A C M is a singular MASA. Hence, by Theorem 1.3, the cup
subalgebra is maximal amenable.
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REPRESENTATION THEORY OF TYPE B AND C
STANDARD LEVI W-ALGEBRAS

JONATHAN BROWN AND SIMON M. GOODWIN

We classify the finite-dimensional irreducible representations with integral
central character of finite W-algebras U (g, e) associated to standard Levi
nilpotent orbits in classical Lie algebras of types B and C. This classification
is given explicitly in terms of the highest weight theory for finite W-algebras.

1. Introduction

Let e be a nilpotent element in the Lie algebra g of a reductive algebraic group G
over C. The finite W-algebra U (g, ¢) associated to the pair (g, €) is an associative
algebra obtained from U (g) by a certain quantum Hamiltonian reduction. There
has been a great deal of recent interest in finite W-algebras and their representation
theory; for an overview, see the survey article [Losev 2011b].

In [Brown and Goodwin 2013a; 2013b], we gave a combinatorial classification
of the finite-dimensional irreducible U (g, ¢)-modules, where g is a classical Lie
algebra and e is an even-multiplicity nilpotent element; we recall that e is said to be
even multiplicity if all parts of the Jordan type of e occur with even multiplicity. This
classification is given in terms of the highest weight theory for finite W-algebras
from [Brundan et al. 2008].

Now recall that a nilpotent element e of g is said to be of standard Levi type if e is
in the regular nilpotent orbit of a Levi subalgebra of g. It is easy to check that if g is
of classical type and e is even multiplicity, then e is standard Levi. In this paper, we
extend the results of [Brown and Goodwin 2013a] to classify the finite-dimensional
irreducible U (g, e)-modules with integral central character, where g is of type B
or C and e is any standard Levi nilpotent element; see Theorem 1.2. We plan to
deal with the case of any (not necessarily integral) central characters in future work,
where different methods will be required. We recall (see, for example, the footnote
to [Premet 2007, Question 5.1]) that the centre of U (g, e) is canonically identified
with the centre of U (g), which allows one to define integral central characters.

The situation for g of type D and e standard Levi, but not even-multiplicity, is
more awkward. In this case the combinatorics become more complicated and the
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statement of the classification of finite-dimensional irreducible U (g, e)-modules
cannot be given simply in terms of a row-equivalent to column-strict condition as
in Theorem 1.2.

We remark here that finite W-algebras corresponding to nilpotent elements of
standard Levi type are a natural class to consider. This is because such finite W-
algebras are particularly amenable to the highest weight theory from [Brundan et al.
2008], as explained in Section 2C.

Losev and Ostrik [2013] have achieved a classification of the finite-dimensional
U (g, e)-modules of integral central character for any reductive Lie algebra g in
the following manner: Losev [2010] gave a surjection from the primitive ideals
of finite codimension of U (g, e) to the primitive ideals of U (g) having associated
variety equal to the closure G - e of the G-orbit of e. There is a natural action of
the component group C of the centralizer of e in G on the set of primitive ideals
of U (g, e), as explained, for example, in the introduction to [Losev 2011a]. This
last paper extends the results of [Losev 2010] to show that the fibres of the above
surjection are precisely C-orbits. The classification in [Losev and Ostrik 2013] is
accomplished by describing the fibres of this map, i.e., determining the stabiliser
of the C-orbit for each fibre. The primitive ideals with associated variety equal to
G - e can be described thanks to the methods of a variety of mathematicians in the
1970s and 1980s; see for example [Jantzen 1983] and the references therein for
details.

We go on to explain the results of this paper in more detail, so we take g to be
of type B or C; that is, g = s02,41 Or g = sp,, for some n € Z-,. We recall that
nilpotent orbits in g are parametrized by their Jordan type. Thus they are given by
partitions of 2n + 1 (respectively 2n) where all even (respectively odd) parts occur
with even multiplicity when g = s02,41 (respectively g = sp,,,). In this paper we
consider only nilpotent orbits which are standard Levi but not even-multiplicity, as
the latter are dealt with in [Brown and Goodwin 2013a; 2013c]. This means that
the Jordan type of e is given by a partition of the form

p=p" < p3® << pitt < Rt < piit <L < plany;
that is, all parts of p occur with even multiplicity except for one part p;, which
occurs with odd multiplicity. This description of partitions corresponding to standard
Levi nilpotent orbits follows, for example, from the explicit description of Levi
subgroups regular nilpotent elements given in [Jantzen 2004, §4.5, §6.3]. It will be
more convenient for us to reindex this partition and write it as

p=(pl<pi<---<pi,<po<pi<---<p).

In this paper, we only consider finite-dimensional irreducible representations
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for U(g, e) with integral central character. As we explain in Section 2C, such
representations occur only when e is a special nilpotent element in the sense of
[Lusztig 1979]. In terms of the partition p, this means that the dual partition of p
is the Jordan type of a nilpotent orbit in g. Explicitly, this means that p; must be
odd for all i > d when g = s0,,,11 or p; must be even for all i <d when g = sp,,.
This can be deduced from the description of special symbols in [Lusztig 1979] and
[Barbasch and Vogan 1982, Theorem 18]; see also [Collingwood and McGovern
1993, Proposition 6.3.7]. For the remainder of the paper we assume that p is a
partition satisfying these conditions.

We use symmetric pyramids to describe much of the combinatorics underlying
U (g, e)-modules. The symmetric pyramid for p, denoted by P, is a finite connected
collection of boxes in the plane such that

« the boxes are arranged in connected rows;
« the boxes are symmetric with respect to both the y-axis and the x-axis;

 each box is 2 units by 2 units;

the lengths of the rows from top to bottom are given by

pl---,Pr,pOapr,---,Pl-

An s-table with underlying symmetric pyramid P is a skew-symmetric (with
respect to the origin) filling of P with complex numbers. We define sTab(P) to be a
certain set of s-tables depending on whether g = 509,41 or sp,,,. For g =sp,, we let
sTab(P) denote the set of s-tables with underlying symmetric pyramid P such that
all entries are integers, whereas for g = 505,11 we define sTab(P) to be the s-tables
such that either all entries are in Z or all entries are in %—l—Z. Let sTab=(P) denote the
elements of sTab(P) that have nondecreasing rows. As explained in Section 3C, the
elements of sTab=(P) parametrize the irreducible highest weight U (g, e)-modules;
given A € sTab(P), we write L(A) for the corresponding irreducible highest weight
U (g, e)-module.

An example of an s-table in sTab=(P), when g = sp,,,, p = (2%2,4,5%) and P is
the symmetric pyramid for p, is this:

(1.1) 3|-1]11]3
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The left justification of an s-table is the diagram created by left-justifying all of
the s-table’s rows. We say an s-table is justified row-equivalent to column-strict if
the row equivalence class of its left justification contains a table in which every
column is strictly decreasing; we note that there can be a gap in the middle of
some columns, and we require entries to be strictly decreasing across this gap. We
write sTab’(P) for the set of all A € sTab(P) that are justified row-equivalent to
column-strict. It is easy to see that the example of the s-table above is an element
of sTab®(P).

Recall that C denotes the component group of the centralizer of e in G. In
Section 7A, we define an action of C on the subset of sTab=(P) corresponding to
finite-dimensional U (g, ¢)-modules.

Now we can state the main theorem of this paper:

Theorem 1.2. Let g = 509,41 or 5Py, let p be a partition corresponding to a
standard Levi special nilpotent orbit in g, let e be an element of this orbit and let P
be the symmetric pyramid for p. Then

{L(A) | A € sTab=(P), A is C-conjugate to some B € sTab’(P)}

is a complete set of isomorphism classes of finite-dimensional irreducible U (g, e)-
modules with integral central character. Moreover, the C-action on s-tables agrees
with the C-action on finite-dimensional irreducible U (g, e)-modules.

Analogous results to [Brown and Goodwin 2013a, Corollaries 5.17 and 5.18]
hold in the present situation. So when all parts of p have the same parity, if L(A)
is finite-dimensional, then, in fact, A is row-equivalent to column-strict as an s-
table. Thus in this case L(A) can be obtained as a subquotient of the restriction
of a finite-dimensional U (g(0))-module via the Miura map. We refer the reader
to the discussion before Corollary 5.18 in that reference for more details, and to
Section 2A below for the definition of g(0).

Theorem 1.2 and the correspondence of finite-dimensional irreducible U (g, e)-
modules and primitive ideals of U (g) with associated variety G - e discussed above
allow us to deduce the following corollary. It gives an explicit description of
the primitive ideals of U (g) having associated variety equal to G - ¢ and integral
central character. A method to classify these primitive ideals was originally given in
[Barbasch and Vogan 1982]. In the corollary, L(A,4) denotes the irreducible highest
weight U (g)-module defined from an s-table A as explained in Section 3C below.

Corollary 1.3. The set of primitive ideals with integral central character and
associated variety G - e is equal to

{Anngy g L(A4) | A € sTab“(P) N sTab=(P)}.

Below we give an outline of the proof of Theorem 1.2.
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The key step is to deal with the case where p has three parts. We deal with this
case using the relationship between finite-dimensional irreducible representations of
U(g, e) and primitive ideals of U (g) with associated variety equal to G - e. Using
this and results of Barbasch and Vogan and Garfinkle on primitive ideals, we are
able to classify finite-dimensional irreducible modules for U (g, ¢) and explicitly
describe the component group action. These results are stated in Theorems 5.4
and 6.17.

In Section 7, we use inductive methods to deduce Theorem 1.2. The important
ingredients here are “Levi subalgebras” of U (g, e) as defined in [Brown and Good-
win 2013a, §3] and changing highest weight theories. The latter is dealt with in
[Brown and Goodwin 2013c] for the case of an even-multiplicity nilpotent orbit,
and we observe here that there is an analogous theory in the present situation; see
Proposition 4.6.

We note that if we were able to deal with the case where p has three parts by
other means, for example from an explicit presentation of the finite W-algebras,
then we would be able to remove the dependence on the results of Losev, Barbasch
and Vogan, and Garfinkle. It would, therefore, be interesting and useful to have a
presentation of such finite W-algebras.

2. Overview of finite W-algebras

2A. Definition of the finite W-algebra U (g, e). Let G be a reductive algebraic
group over C with Lie algebra g. The finite W-algebra U (g, e) is defined in terms
of a nilpotent element e € g. By the Jacobson—-Morozov Theorem, e embeds into
an sl,-triple (e, i, f). The ad h eigenspace decomposition gives a grading on g:

@.1) s=P ol
jez

where g(j) ={x € g| [h, x] = jx}. Define the character x : g — C by x (x) = (x, e),
where (-, -) is a nondegenerate symmetric invariant bilinear form on g. Then we
can define a nondegenerate symplectic form (-, -) on g(—1) by (x, ¥) = x([y, x]).
Choose a Lagrangian subspace [ C g(—1) with respect to (-, -), and let m =
[ @jgfz g(j). Let m, = {m — x(m) | m € m}. The adjoint action of m on U (g)
leaves the left ideal U (g)m, invariant, so there is an induced adjoint action of m
on Q, =U(g)/U(g)m,. The space of fixed points Q;‘ inherits a well-defined
multiplication from U (g), making it an associative algebra, and we define the finite
W-algebra to be

U(g,e) = Q‘; ={u+U(gm, € O, | [x,u] € U(g)m, for all x € m}.

We also recall here that the centre Z(g) of U (g) maps into U (g, e) via the inclu-
sion Z(g) € U(g). Moreover, it is known that this defines an isomorphism between
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Z(g) and the centre of U(g, ¢); see the footnote to [Premet 2007, Question 5.1].
We use this isomorphism to identify the centre of U(g, e) with Z(g), which in
particular allows us to define integral central characters for U (g, ¢)-modules.

Remark 2.2. There are different equivalent definitions of the finite W-algebra in
the literature. Above we have given the Whittaker model definition, as it is the
shortest and most convenient for our purposes here.

2B. Skryabin’s equivalence and Losev’s map of primitive ideals. The left U (g)-
module Q, is also a right U (g, e)-module, so there is a functor

F:U(g,e)-mod — U(g)-mod, M+ O, Qu,e) M,

where M is a U(g, e)-module. Skryabin [2002] showed that & is an equivalence of
categories between U (g, e)-mod and the category of Whittaker modules for e, the
category of U (g)-modules on which m, acts locally nilpotently.

For an algebra A, let Prim A denote the set of primitive ideals of A. Losev
[2011a] showed that there exists a map

g :PrimU(g,e) > PrimU(g), [+ I’
with the following properties:

(1) It preserves central characters: INZ(g) = I'n Z(g) for any I € Prim(U (g, e)),
under the identification of the centre of U (g, ) with Z(g).

(2) It behaves well with respect to Skryabin’s equivalence in the sense that
Al’an(g) g)(M) = (Al’an(g7e) M)%

for every irreducible U (g, e)-module M.

(3) Its restriction to Primg U (g, e), the set of primitive ideals of U (g, e) of finite
codimension, is a surjection onto Prim, U (g), the set of primitive ideals of
U (g) with associated variety equal to G - e.

(4) Its fibres restricted to Primg U (g, ¢) are C-orbits, where C is the component
group of the centralizer of e. See, for example, the introduction to [Losev
2011a] for an explanation of the action of C on Primg U (g, e).

2C. Highest weight theory and Losev’s map. By using the highest weight theory
for finite W-algebras developed by Brundan, Kleshchev and Goodwin in [Brundan
et al. 2008] (abbreviated [BGK] in this section), the map T from the previous
subsection can be explicitly calculated in terms of highest weight modules for
U(g, e) and U(g).

The key part of this highest weight theory is the use of a minimal Levi subalgebra
go that contains e. In [BGK, Theorem 4.3] it is proved that there is a certain
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subquotient of U (g, e) that is isomorphic to U(go, ¢). Then, in [BGK, §4.2], it is
explained how a choice of a parabolic subalgebra q with Levi factor go leads to a
highest weight theory for U(g, e) in which U (go, €) plays the role of the Cartan
subalgebra in the usual highest weight theory for reductive Lie algebras. This leads
to a definition of Verma modules for U (g, e) by “parabolically inducing” U (go, €)-
modules up to U (g, e)-modules. Then [BGK, Theorem 4.5] says that these Verma
modules have irreducible heads, and that any finite-dimensional irreducible U (g, e)-
module is isomorphic to one of these irreducible heads. This gives a method to
explicitly parametrize finite-dimensional irreducible U (g, e)-modules, though a
classification of U (go, e)-modules in general is unknown at present.

When e is of standard Levi type, the classification of U (go, €)-modules is known.
By a theorem of Kostant [1978] and the Harish-Chandra isomorphism, we have that
U(go, e) = Z(go) = S(H)"o, where t is a maximal toral subalgebra of g and W, is
the Weyl group of gg. Hence the finite-dimensional irreducible U (go, ¢)-modules
are all one-dimensional, and they are parametrized by the Wy-orbits on t*. We
choose t as specified in [BGK, §5.1], and let A € t*/ W be a Wy-orbit. In [BGK] an
explicit isomorphism U (go, ¢) — S(t)"° is given. Using this isomorphism and our
choice of q, we let M (A, q) denote the Verma module for U (g, e) induced from A,
and we write L(A, q) for the irreducible head of M (A, q). We note that there are
“shifts” involved in the isomorphisms above and thus in the definition of M (A, q)
in [BGK, Sections 4 and 5].

Let u be the nilradical of q and let by be a Borel subalgebra of gy containing ¢,
so that b = by @ u is a Borel subalgebra of g. For A € t*, let L(A, b) denote the
highest weight irreducible g-module defined in terms of b, with highest weight
A — p (where p is the half-sum of the positive roots for b).

The theorem below allows us to explicitly calculate Losev’s map - on primitive
ideals in terms of highest weight modules. In [BGK, §5.1] it was shown that this
theorem follows from [Mili¢i¢ and Soergel 1997, Theorem 5.1] and [BGK, Conjec-
ture 5.3]. Also this last conjecture was verified in [Losev 2012, Theorem 5.1.1],
except for a technical point which was resolved in [Brown and Goodwin 2013a,
Proposition 3.10].

Theorem 2.3. Let A € t*/ Wy and let A € A be antidominant for by. Then
(Anng g L(A, 9)" = Anng ) L(, b).

One consequence of this theorem is that if e is not a special nilpotent element,
then U (g, e) has no finite-dimensional irreducible representations of integral central
character. This is due to results of Barbasch and Vogan [1982; 1983], which imply
that the associated variety of Anny (g L(A, b) is a special nilpotent orbit if and only
if A is integral.
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The following theorem is Conjecture 5.2 of [BGK], which follows from Conjec-
ture 5.3 of the same paper, as is explained in there.

Theorem 2.4. Let A € t*/ Wy and let . € A be antidominant for bg. Then L(A, q)
is finite-dimensional if and only if the associated variety of Anny ) L(A, b) is equal
to G -e.

3. Combinatorics of s-tables and finite W -algebras

3A. Realizations of s02,4+1 and sp,,. In the case g = s09,41, we realize g in the
following way: Let V = C?"*! have basis {ey, ..., en, €0, €—n, ..., e_1}. Then
we take gl,.; = End(V) as having basis {e¢; ; | i, j = 0, %1, ..., £n}, where
e; j € End(V) is defined via ¢; ;(ex) = §; xe;. We define the bilinear form (-, -) on
V by declaring that (e¢;, e;) = §; _ ;. Then we set

g=5011={xeglh,, | (xv,w)=—(,xw) forallv,w e V}.

Note that g has basis {f; ; | i,j = 0,%x1,...,£n, i + j > 0}, where f; ; =
ejj—e_j_i. Wechoose t={f;;|i=1,...,n} as a maximal toral subalgebra, so
that t* has basis {¢; | i =1, ..., n}, where ¢; € t* is defined via €;(f; ;) = §; ; for
i, j > 0. We write ® for the root system of g with respectto t. Letb=(f; ; | i < j)
be the Borel subalgebra of upper-triangular matrices in g. Then the corresponding
system of positive roots is given by

dt ={e;te;|1<i<j<n}Uleli=1,...,n}k

For g = sp,,, we let V = C?" have basis {e1,...,en,e_p,...,e_1}. Then we
realize gl,, = End(V) as having basis {e; ; | i, j = £1,...,£n}, where ¢; ; €
End(V) is defined via ¢; j(ex) = §; re;. We define the bilinear form (-, -) on V by
declaring that (e;, e;) = sign(i)d; —;, and set

g==sp,, ={x egl, | (xv, w) =—(v,xw) for all v, w € V}.

Then g has basis {f;; | i,j = *£1,...,£n, i+ j > 0}, where f;; = ¢;; —
sign(i) sign(j)e_; _;. We choose t = {f;; | i = 1,...,n} as a maximal toral
subalgebra, so that t* has basis {¢; | i =1, ..., n}, where ¢; € t* is defined via
€ (fj,j) =6;; fori, j > 0. We write ® for the root system of g with respect to t.
We choose the Borel subalgebra b = (f; ; | i < j) of upper-triangular matrices in g.
Then the corresponding system of positive roots is given by

<I>+={e,~:|:ej|1§i<j§n}U{2€[|i=l,...,n}.

3B. Standard Levi nilpotent elements and symmetric pyramids. Recall from the
introduction that we are considering nilpotent orbits in g that are special and standard
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Levi, but not even-multiplicity. The Jordan type for such a nilpotent orbit is of the
form

3.1) P=(Pi<-<piy<po<pi<--=<p)

Moreover, p; must be odd for all i > d when g = s05,+1 or p; must be even for all
i <d when g = sp,,. As explained in the introduction, the condition that p has
only one part of odd multiplicity is due to the standard Levi assumption, and the
parity conditions are due to the assumption that the corresponding orbit is special.

Also recall from the introduction the definition of the symmetric pyramid P for p.
We form a diagram K called the coordinate pyramid for p by filling the boxes of P
withl,...,n,—n,...,—lifg=sp,, orwith 1,...,n,0,—n, ..., —1if g=s07,,
across rows from top to bottom. For example, for g = sps and p = (22, 4, 5%), we
have

112
31415617
K= 819 1-9|-8
T7|-6|-5|-4|-3
-2 ]-1

We let col(i) denote the x-coordinate of the centre of the box of K that contains i.
However, we use row(i) to denote the row of K that contains i when we label the

rowsof K by 1,...,r,0,—r,...,—1 from top to bottom, so that p; is the length
of row i.
We define e € g by
(3.2) e=>"fij
i,J

where the sum is over all adjacent pairs in K, so that e is in the nilpotent
G-orbit with Jordan type p.

We also use K to conveniently define many of the objects required for the
definition of U (g, ¢) and the highest weight theory.

Let h = Z?:l —col(i) f;;; then (e, h, f) is an sl,-triple for some f € g. Fur-
thermore, the grading from (2.1) on g is given by g(k) = (fi ; | col(j) —col(i) = k).
For our Lagrangian subspace of g(—1), we let

[=(fijlcol(i) —col(j) =1, row(i) <row(j)).

Then we have that m = [® (f; ; | col(i) —col(j) > 1), and we use these choices of
e and m to form the finite W-algebra U (g, €) as in Section 2A.
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We take go = (f;,j | row(i) = row(j)). So go is a minimal Levi subalgebra
which contains e, and e is a regular nilpotent element of gg. In the case g = 502,41,
we have

-
g0 =50p, @g[[?i
i=1

and in the case g = sp,, we have

,
g0 = sp,, &P ol
i=1

We choose q = ( f;,; | the row containing i is above or equal to the row containing j).
Then q is a parabolic subalgebra of g with Levi factor gg. Let bo = b go, so that bg
is a Borel subalgebra of g that satisfies b = by & u, where u is the nilradical of q.

3C. Tables and s-tables. We use the definitions and notation regarding frames,
tables, s-frames and s-tables from [Brown and Goodwin 2013a, §4]. Below we
explain how these are used to label highest weight modules for U (g, e).

For this purpose, we let W, be the Weyl group of type B,, which acts on
{0, £1, ..., £r} in the natural way. We denote the standard generators of W, by
§5;=(@,i+1)(—i,—i—1),fori =1,...,r — 1. Let S, be the subgroup of W,
generated by 5; fori =1,...,r —1.

Given o € W,, we define o - P to be the diagram obtained from P by permuting
rows according to o, so that o - P is an s-frame (recall that an s-frame is a collection
of connected rows of boxes in the plane arranged symmetrically around the origin).
We recall that by an s-table with frame o - P, we mean a skew-symmetric (with
respect to the origin) filling of o - P with complex numbers. Then we define
sTab(o - P) to be the set of s-tables with frame o - P such that all entries are integers
if g = sp,,, and either all entries are in Z or all entries are in % + 7 if g =502,41.

We let o - K be the s-table obtained from K by permuting rows according to o.
Now given A € sTab(o - P), we define A4 = 27:1 a;€;, where q; is the entry of A
in the same box as i in o - K. In this way we get an identification of sTab(o - P)
with the set of integral weights in t*; we write t, for the set of integral weights of t.

The row equivalence class of an s-table is the set of s-tables that can be created by
permuting entries within rows. We let sRow (o - P) denote the set of row equivalence
classes of sTab(o - P). Then sRow(o - P) is identified naturally with t,/ Wy, where
Wy is the Weyl group of gg. Let sTab=(o - P) denote the elements of sTab(o - P)
that have nondecreasing rows. Then every element of that sSRow(o - P) contains a
unique element of sTab=(o - P).

We label the rows of 0 - K with 1,...,7r,0,—r,..., —1 from top to bottom.
Now, we define q, to be generated by the by f;; for which the row of o - K in
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which i appears is above or equal to the row containing j. Then ¢, is a parabolic
subalgebra of g with Levi factor gg, so we can use it to define the irreducible highest
weight modules L(A, q,), for A € t*/ Wy as defined in Section 2C.

Given A € t},/ W), there is a unique A € sTab=(o - P) whose row equivalence
class A € sRow(P) is identified with A as above. We let L, (A) denote L(A, do)-

Let u, be the nilradical of q,, and define b, = by & u,, which is a Borel
subalgebra of g. We write L, (1 4) for the irreducible highest weight U (g)-module
with respect to b, with highest weight A4 — p;, where p, is the half-sum of positive
roots for b, .

Now Theorem 2.3 can be restated in our present notation as follows:

Theorem 3.3. Let 0 € W, and A € sTab=(o - P). Then (Anng (g,e) L,(A)" =
AnnU(g) LU ()\A)-

We are mainly interested in the case where o = 1. Here we have q, = ¢, and we
write L(A) instead of L1(A) and L(X,) instead of L(A4) for A € sTab(P).

Thanks to Theorem 3.3, our goal of classifying the finite-dimensional irreducible
U (g, e)-modules and understanding the component group action on these modules
can be broken down to answering the following questions:

(1) For which A € sTab=(P) is the associated variety of Anng ) L(14) equal to

G-e?

(2) Given A € sTab=(P) such that L(A) is finite-dimensional, which B € sTab=(P)
satisfy AnnU(g) L(ly) = AnnU(g) L(Ap)?

In the case that p has three parts, we answer these two questions in Sections 5 and 6.
The key ingredients in answering the first question are the Robinson—Schensted
and Barbasch—Vogan algorithms explained in Section 4A and Section 4C. For the
second question, we use Vogan’s t-equivalence on integral weights of g, which is
explained in Section 4D.

In moving from the three row case to the general case, a key role is played by the
different choices of highest weight theories determined by the different parabolic
subalgebras q, for o € W,. This dependence follows easily from the results for the
case of even-multiplicity nilpotent elements established in [Brown and Goodwin
2013c], which hold in the present situation; the key result for us is Proposition 4.6.
We also require the explicit description of the action of the component group on the
set of finite-dimensional irreducible U (g, e)-modules in terms of s-tables, which
is given in Proposition 7.1. The proof of Theorem 1.2 for the general case is then
dealt with in Section 7B.

3D. The component group. Recall that C denotes the component group of the
centralizer of e in G. Here we take G to be the adjoint group of g, so G is either
SO%u+41 or PSp,,.
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A specific realization of C is given as follows: Let 0 < p;; < --- < p; be the
maximal distinct parts of p such that p;; # po and p;; is odd (respectively even)
when g = 502,11 (respectively sp,,); by maximal, we mean that if py = p;;, then
k <i;. Define the matrices c, ..., ¢; corresponding to p;, ..., p;, for p; # po
by setting

= Z sign(col(i))(e; ;j +e;;) + Z €ii-

—n<i,j<n —n<i<n
col(i)=col(j) row (i) #=iy
row (i )=iy
row(j)=—ik

Then one can calculate that ¢ centralizes e. Furthermore, the argument used in
[Brown 2011, Section 6] can be adapted to show that the images of ¢y, ..., ¢cs in C
generate C = 7.

As mentioned in Section 2B, there is an action of C on Prim U (g, ¢), and thus
on isomorphism classes of irreducible modules, and, as explained in [Brown and
Goodwin 2013a, §2.3], this can be seen as “twisting” modules by elements of C
(up to isomorphism). Given an irreducible U (g, e)-module L and b € C, we write
b - L for the twisted module; we note that this is a minor abuse of notation as b - L
is only defined up to isomorphism.

4. Some combinatorics for s-tables

4A. The Robinson—Schensted algorithm. We use the formulation of the Rob-
inson—Schensted algorithm from [Brown and Goodwin 2013a, §4]. We denote the
Robinson—Schensted algorithm by RS and recall that it takes as input a word of
integers (or more generally complex numbers) or a table and outputs a tableau.
There are two lemmas about the Robinson—Schensted algorithm that we use
repeatedly in the sequel. We state them below for convenience; they can be found
in [Fulton 1997, §3]. For a word w, we define £(w, k) to be the maximum possible
sum of the lengths of k disjoint weakly increasing subsequences of w, and ¢(w, k)
to be the maximum possible sum of the lengths of k disjoint strictly decreasing
subsequences of w. We write part(7") to denote the partition underlying a tableau 7.

Lemma 4.1. Let w be a word of integers and let ¢ = (q1 > - - - > g,) = part(RS(w)).
Then forallk > 1, L(w, k) =q1 + - -+ qx.

Lemma 4.2. Let w be a word of integers and let g7 = (g7 = ---=gq;) be the dual
partition to ¢ = part(RS(w)). Then for allk > 1, ¢(w, k) =q{ +-- - + g’

An elementary fact about the Robinson—Schensted algorithm, required later, is
stated in Lemma 4.3 below; it is easily deduced from Lemma 4.1. Suppose u, w are
words of integers and a, b are integers such that a > b; then we say the transposition
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of the word uabw to ubaw is a larger-smaller transposition. Also, we refer the
reader to [Fulton 1997, §2] for the definition of Knuth equivalences.

Lemma 4.3. If u and w are words of integers and w can be obtained from u
by a sequence of Knuth equivalences and larger-smaller transpositions, then
part(RS(u)) < part(RS(w)).

The following theorem extends Theorem 4.6 of [Brown and Goodwin 2013a]
and is important for us later. In the statement, P is the symmetric pyramid for
the partition p, as in the previous section. Also, recall we defined the notion of a
justified row-equivalent to column-strict s-table in the introduction.

Theorem 4.4. Let A, B € sTab=(P). Then:
(1) A is justified row-equivalent to column-strict if and only if part(RS(A)) = p.
(ii) If part(RS(A)) = p, then RS(A) = RS(B) if and only if A = B.

Proof. Part (i) can be proved in the same way as [Brown and Goodwin 2013a,
Theorem 4.6]. We just need to check the proof still holds if A has an odd number
of rows and the middle row of A is not A’s longest row. The only thing to check is
that there is a sequence of row swaps that transforms A into a tableau such that the
convexity conditions required by Lemma 4.9 of the same reference are satisfied,
which is clear.

To prove (ii), we simply note that each row swap from the sequence of row swaps
from (i) which turns A into a tableau is invertible. O

Lastly in this section we give the following theorem, which is important later on:

Theorem4.5. Let A, B € sTab®(P). Suppose that Anny gy L(A4) =Anny gy L(Ap).
Then A = B.

Proof. First, we need to briefly explain some of the results of Garfinkle [1990;
1993]. Section 2 of [Garfinkle 1990] defines the map L : W,, — Dom,,, where
Dom,, denotes the set of domino tableaux for W, (see the appendix to this paper
for more information on domino tableaux). Section 5 of the same work defines the
map S : Dom,, — sDom,, where sDom,, denotes the set of domino tableaux for W,
of special shape (a domino tableau has special shape if its underlying partition is
the Jordan type of a special nilpotent element of g). Furthermore, S restricted to
sDom is the identity map.

For A € t*, let Prim; U (g) denote the primitive ideals of U (g) of central char-
acter A. Suppose A € t* is antidominant and integral. Now, Theorem 3.5.11
of [Garfinkle 1993] states that the map cl : Primy U(g) — sDom(n) given by
cl(Ann L(wl)) = S(L(w)) is a bijection.

Next we need to know that Garfinkle’s map L gives the same result as the
Robinson—Schensted algorithm. This is provided in the appendix by Proposition A.4,
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which is simply a rephrasing of [van Leeuwen 1996, Proposition 4.2.3]. More specif-
ically, the Robinson—Schensted algorithm outputs a tableau. There is a canonical
way to associate a tableau that has been outputted by the Robinson—Schensted
algorithm with a domino tableau (namely the algorithm DT from the appendix).
Now, Proposition A.4 says that if we identify the output of the Robinson—Schensted
algorithm with a domino tableau, then the result is the same as we would get from
Garfinkle’s L algorithm.

Now, to prove the theorem, note that since A and B are justified row-equivalent
to column-strict, by Theorem 4.4, part(RS(A)) = part(RS(B)) = p. Since

AnnU(g) L()\A) = AnnU(g) L()\.B),

the above discussion allows us to deduce that RS(A) = RS(B). Now, the theorem
follows from Theorem 4.4. O

4B. Row swapping. In the proof of Theorem 4.4 above, we have mentioned the
row swapping operations s;x on tables, as defined in [Brown and Goodwin 2013a,
§4;2013c, §4]. An important ingredient for the definition of these row swapping
operations is the notion of best fitting as defined in [Brown and Goodwin 2013a,
§4], which we use repeatedly in the following.

We also require the operations s;* for s-tables, and we use the notation from
[Brown and Goodwin 2013c, §5]. Recall that for 0 € W, and an s-table A €
sTab=(o - P), either 5; » A is undefined or it is an element of sTab=(5;o - P).
These operations can be extended to operations by elements of S,; the proof of
Proposition 5.5(i) of the same reference goes through in our situation to show that
this is well defined.

The following proposition is a version of [Brown and Goodwin 2013c, Proposi-
tion 5.3(ii)] in the present setting, and its proof adapts immediately:

Proposition 4.6. Let o € W,, T € S, and A € sTab=(o - P). Suppose that T x A is
defined. Then L, (A) = L., (T % A).

Also, we state the following lemma, as it is key in the proof of Theorem 1.2. It is
[Brown and Goodwin 2013a, Lemma 5.11], adapted to our situation, and the same
proof holds. In the statement, A! denotes the table formed by rows 1 to r of A.

Lemma 4.7. For A € sTab=(P), suppose that L(A) is finite-dimensional, and let
T € S,. Then Al is justified row-equivalent to column-strict and T x A is defined.

4C. The Barbasch—Vogan algorithm. The Barbasch—Vogan algorithm [1982] takes
as input A, an integral weight for a classical Lie algebra of type B or C, and outputs
BV (), the Jordan type of the associated variety of Anny ) L(A). Below we recall
the description of it given in [Brown and Goodwin 2013a, §5.2]. We note that there
is a version of it for type D, but we do not require that here.
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We need to define the content of a partition. Letq = (g1 <gq» <---<¢q,,) be a
partition. By inserting O at the beginning if necessary, we may assume that m is
odd. Let (sq, ..., sx), (t1, ..., t;) be such that

g, 2+ 1,g3+2,...,q,+r—1}={2s1,..., 28,261 +1,...,2, + 1}
(as unordered lists). Now, we define the content of ¢ to be the unordered list
content(q) = {s1, ..., Sk, t1,..., 1}
Algorithm:

n
Input: . = )_ a;€; an integral weight in t*.
i=1

Step 1: Calculate ¢ = part(RS(ay, ..., a,, —ay, ..., —ay)).

Step 2: Calculate content(q).

Let (u; <--- <ug1) be the sorted list with the same entries as content(q).
Fori=1,...,k+1,lets; =uyy_q.

Fori=1,...,k, lett; =uy;.

Step 3: Form the list 2s; + 1, ..., 2541+ 1, 281, .. ., 2t).
In either case, let (v; < --- < vg) be this list after sorting.

0utput: BV(L) = q/ =, m—1,..., V2k41 — 2/{).

We note that the output partition ¢’ (potentially with an extraneous zero at the
beginning) is the Jordan type of a special nilpotent orbit of g; this was proved in
[Barbasch and Vogan 1982].

For our purposes in this paper, we also need a modified version of the algo-
rithm to use in the case g = 505,,1. This modified version is denoted by BV’. It
works in exactly the same way as BV, except that in Step 1 instead of calculating
RS(ay,...,a,, —ay, ..., —ap) we calculate RS(ay, ..., a,,0, —a,, ..., —ay).

In Corollary A.7, in the appendix to this paper, it is proved that

BV(L) =BV'(L)

for A € t* in the case g = s05,11. This proof of this is entirely combinatorial and
may be of independent interest so it is has been placed in an appendix. In light
of this, we redefine BV (1), so that it is the old BV(}) in the case g = sp,,, and is
BV’(L) in the case g = 502,41 1.

For convenience of reference later in this paper we state the following theorem
from [Barbasch and Vogan 1982]:

Theorem 4.8. Let A € t}. Then the associated variety to Anny g L(}) is equal to
the nilpotent G-orbit with Jordan type given by BV (}).



46 JONATHAN BROWN AND SIMON M. GOODWIN

4D. The t-equivalence. The Barbasch—Vogan algorithm is used to find the associ-
ated variety of Anny (g)(L(1)); however, in order to determine the action of the com-
ponent group we need to be able to determine when Anny gy L(1) = Anny g L(2).
This can be done using the t-equivalence. This is an equivalence relation on the
set of integral weights of t.

Recall our realization of g and its Borel subalgebra b defined in Section 3A, and
recall that ®7 is the system of positive roots for g defined from b and t. Let A
be the base of ® corresponding to ®*. Also, for a € @, let s, € W denote the
corresponding reflection in the Weyl group W of g with respect to t. For w e W, let

S(w) ={a e ® | wa g D).
Now let
T(w) =S(w)NA.

Suppose that A € t* is an integral antidominant weight. Let « € A and w € W.
Suppose that « € (w ) satisfies 7(w1sy) Z r(w™1). Then

AnnU(g) L(Sa wk) = Al’lIlU(g) L(wk)

by [Joseph 1977, Theorem 5.1]; see also [Barbasch and Vogan 1982, Proposition 15].
With this in mind, we define the t-equivalence on integral weights to be the
equivalence relation generated by declaring that

)\.1 ~T )\.2

if there exist an antidominant integral weight A/, and elements w € W and @ € A
such that A; = wA’, A» = sqwA’ and T(w™'sy) € T(w™ ). In fact, the next theorem
states that the t-equivalence is a complete invariant on primitive ideals:

Theorem 4.9 [Garfinkle 1993, Theorem 3.5.9]. Let A, u € t* be integral weights.
Then A ~" w if and only if Anny ) L(A) = Anny gy L(u).

We identify the weight Z:’z | ai€; € t* with the list (ay, ..., a,). Then one can
check that the T-equivalence is generated by the following three relations:
R1) (a1,...,a0) ~" (b1, ..., by) if (@1, ..., a,) ~% (by, ..., by);
R2) (a1, ....an) ~" (a1, ..., an—1, —ay) if lay—1| < layl;
(R3) (a1, ...,ay) ~" (a1, ..., ay—2, an,ay—1) if a,_1a, <O0.
In (R1), ~X denotes Knuth equivalence, as defined in [Fulton 1997, §2].
The references for the results in this section often only deal with the case of

regular weights. However, [Jantzen 1983, Lemma 5.6] implies that they are valid
for nonregular weights too.
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5. The three row case for g = sp,,

Let g = sp,, and suppose that p has three parts. Then we write p = (1%, m), where
[ must be even if [ < m. In this section we classify the finite-dimensional U (g, e)-
modules, and we use the t-equivalence to describe the component group action on
these modules.

Let C be the component group of e, so

C— (c) =7, iflisevenand! # m,
! otherwise.

The lemma below deals with the (easy) cases where [ is even and [ < m, or [ is
odd (in which case [ > m):

Lemma 5.1. Suppose that A € sTab=(P) and [ is even and | <m, or [ is odd. Then
L(A) is finite-dimensional if and only if A is justified row-equivalent to column-
strict. Furthermore, in the case thatl is even and | <m, if L(A) is finite-dimensional,
then c- L(A) = L(A).

Proof. First, we consider the case where [ is even and [ < m. So content(l, [, m) =
(1/2,1/2, m/2 + 1). It is easy to see that the only partition with this content is
(I,1, m). Therefore by Theorem 2.4 and Theorem 4.4 we have L(A) is finite-
dimensional if and only part(RS(A)) = (/, [, m) if and only if A is justified row-
equivalent to column-strict. Now the statement about the action of C follows
from 4.5.

The case where [ is odd is similar. O

So we are left to consider the case where / > m and [ is even. Below we explain
the action of ¢ on the s-tables corresponding to finite-dimensional U (g, e)-modules.
We need to use the definition of the f-special element of a list of integers, which is
given in [Brown 2011, §6].

Let B € sTab=(P’) be an s-table for some s-frame P’ with an even number of
rows. If the f-element of the upper-middle row of B is defined, then we let ¢’B
denote the s-table B’ € sTab=(P’) where all the rows of B’ are the same as B,
except that in the upper-middle row the f-element is replaced by its negative, and
the corresponding change to the lower-middle row is also made; otherwise we say
the ¢’ B is undefined.

Letay, ..., a; be the entries in the top row, and let by, ..., b, 2 be the entries in
the first half of the middle row of A. Let A’ be the s-table with 4 rows of lengths
[,m/2,m/2, 1, where the top row has entries ay, ..., a; and the row below the top
row has entries by, ..., by .

The rows of A’ are labelled by 1, 2, —2, —1 from top to bottom. We have the
row swapping operators §; from Section 4B acting on A’; for convenience in this
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section we do not include the * in the notation. Let B = 5,¢'51A’, provided that it
1s defined; otherwise, ¢ - A is undefined.

Letdy, ..., d; be the entries in the top row of B and let ey, . .., e, be the entries
in the row below the top row of B. If ey, ..., e, are not all negative, then we say
that c- A is undefined. Otherwise we declare that c- A is the s-table with row lengths
(I, m, l) where the top row has entries di, ..., d; and the middle row has entries
€ly ey Cm, =€y ..., —€].

For example, if

2131415
2131415
-1
A= -1|1 then A’ = "
S|14]|-3|=2
S|14]-3|=2
So,
2 2
-1/ 34/|5 S|-113]| 4
.S_‘IA/: and C/.S_‘IA/:
S|4(3|1 413|115
-2 -2
Hence
S| 23| 4
S512 13| 4
-1
sic's1A" = : o c-A= -111
4|1-3]-21|5
413|215

The next lemma follows from [Brown and Goodwin 2013a, Remark 5.8]:

Lemma 5.2. Let A € sTab=(P) and suppose c - A is defined. Then word(A) ~°
word(c - A).

Our next goal is to prove that ¢ - A is defined when A corresponds to a finite-
dimensional U (g, e)-module:

Lemma 5.3. Let A € sTab=(P). If L(A) is finite-dimensional, then c - A is defined.

Proof. Let ay, ..., q; be the top row of A and let by, ..., b,,/2 be the first half
of the middle row of A. Since L(A) is finite-dimensional, we must have that
content(part(RS(A))) = content(l, [, m) = (m/2,1/2, 1 +2/2). This gives that
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part(RS(A)) mustbe (I, [, m), (I4+1,1—1,m),or (I,[—1, m+1). The last of these
we can rule out by Lemma 4.1. Thus, part(RS(A)) = ({,I,m)or ((+ 1,1 —1,m).
In either case, we note that 5§74’ is defined; otherwise we would have for some
i > 0thata;p_; < by 2—i, in which case we have the increasing subword

ay, .. i —isbmp—iy o bmp, —bpp, s =bppi, —ayp—i, ..., —a

of length / 4 2, which contradicts Lemma 4.1.
Now, suppose that part(RS(A)) = (I, [, m). Then by Theorem 4.4, A is row-
equivalent to column-strict, so we have a;+a,,—i+1 >0 foralli. Let ai <..--<a, be

the elements from the top row that best fit over by, ..., b2, —bmy2, ..., —b1. Let
af,...,a/,, be the remaining elements of the top row. Then, fori =1,...,m/2
we have that —a;n_l. 4 < b; < alf . Since A is row-equivalent to column-strict,
we also have that @' +a;" .|, > 0 for all i. This shows that the fi-element of
afl,....a/ b1, ..., by, al/n/2+1, ..., a,, isdefined and is greater than or equal to
0. It also implies that the elements of (a{, ..., a," . b1, ..., bw)2, a;n/Z—H’ coyal)?
that best fit under ai, R a,;1 J are all negative. Thus ¢ - A is defined.

Now, suppose that part(RS(A)) = ( + 1,/ — 1, m). By [Brown and Goodwin
2013a, Lemma 5.6] the #-element of row 2 of §; A’ is defined; otherwise, we could
find an increasing subword of length [ + 2. Also, the f-element must be negative;
otherwise, we could not find an increasing subword of length [ 4 1 in word(5;A”"),
since the middle two rows of 5§71 A’ would then be column-strict.

Next, we need to prove that the action of 57 is defined on ¢’s; A’. If it was not,
then we could find two disjoint increasing strings of length / + 1 in word(c¢’s;A”"),
which is a contradiction since word(c’51A”) is t-equivalent to word(A); compare
Theorem 4.9.

Finally, we need to argue why the elements of row 2 of ¢’51 A’ that best fit under
row 1 are all negative. If one the best-fitting elements, say b, was positive, then we
could form the decreasing chain a, b, —b, —a, where a is any element of row 1 of
A’ that is larger than b. This contradicts the fact that part(RS(51¢'s1A")) = (I, I, m)
or(I+1,1—1,m). O

We are now ready for the main theorem of this section:

Theorem 5.4. Suppose that | is even and | > m, and let A € sTab=(P). Then L(A)
is finite-dimensional if and only if A is C-conjugate to an s-table that is justified

row-equivalent to column-strict. Furthermore, if L(A) is finite-dimensional, then
c-L(A) = L(c-A).

Proof. From the proof of the previous lemma we know that if L(A) is finite-
dimensional, then part(RS(B)) is (I, [, m) or ({ + 1,1 — 1, m). In the former case,
A is row-equivalent to column-strict by Theorem 4.4. In the latter case we can see
that ¢ - A is row-equivalent to column-strict immediately from Lemma 5.3 and the
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following observation: Suppose B € sTab=(P) is such that part(RS(B)) = (I, [, m)
or (I+1,1—1, m) and the middle two rows of B’ are row-equivalent to column-strict.
Then part(RS(B)) = (I, [, m). Indeed, if we left-justify the top two rows of B’ and
right-justify the bottom two rows then the resulting diagram is column-strict, so it
is impossible to find an increasing chain of length [ 4 1.

Now we prove the statement about the action of ¢. Suppose that L(A) is finite-
dimensional and assume that part(RS(A)) = (I, [, m). We have that c- L(A) = L(B)
for some B. If part(RS(B)) = (I, 1, m), then A = B by Theorem 4.4, and in this
case it follows that we have c- A = B. If part(RS(B)) = (I + 1,1 — 1, m), then
part(RS(c- B)) = (I,1,m). So by Lemma 5.2, L(c- B) and L(A) are associated
to the same primitive ideal of U(g). Now from this and the fact that ¢ - B and A
are both row-equivalent to column-strict, we can deduce, using Section 2B and
Theorem 4.5, that A =c - B. U

Last in this section we give the following lemma, which we need in the proof of
Theorem 1.2:

Lemma 5.5. If A € sTab=(P) is row-equivalent to column-strict, then word(c - A)
can be obtained from word(A) through a series of Knuth equivalences and larger-
smaller transpositions. In particular, part(RS(A)) < part(RS(c - A)).

Proof. This is proven in [Brown and Goodwin 2013a, Remark 5.8]. ([

6. The three row case for g = 502,11

Let g = 505, and suppose that p has three parts. Then we write p = (I2, m), where
[ must be odd if [ > m. In this section, we classify the finite-dimensional U (g, e)-
modules, and we use the 7-equivalence to describe the component group action on
these modules.

Let C be the component group of e, so

Co {(c) =7, iflisoddand! # m,
IR otherwise.

The lemma below deals with the (easy) cases where [ > m (in which case / must
be odd) or / < m and is even. The proof is very similar to that of Lemma 5.1, so it
is omitted.

Lemma 6.1. Suppose that [ is even, or | is odd and | > m. Let A € sTab=(P). Then
L(A) is finite-dimensional if and only if A is justified row-equivalent to column-
strict. Furthermore, in the case that l is odd and | > m, if L(A) is finite-dimensional,
thenc-L(A) = L(A).

So we are left to consider the case where [ is odd and m > [; in this case, we let
[ =2p+1and m =2q + 1, where g > p. In the next few paragraphs we set up the
combinatorics to describe the action of ¢ on elements of sTab=(P) corresponding
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to finite-dimensional representations.

Let A € sTab=(P). Letay, ..., azp+1 be the top row of A and let by, ..., by, 0,
—by, ..., —b; be the middle row. From A, we define two tables, AL" and AL in
the following manner: AL s the left-justified three row table with row 1 equal to
ai,...,dpy1, Tow 2 equal to by, ..., by, and row 3 equal to —azpy1, ..., —adp42.
AL is the left-justified three row table with row 1 equal to ay, ..., a p» Tow 2 equal
to by, ..., by, and row 3 equal to —azp41, ..., —dpy1.

We define the C-action on A in the following manner depending on the cases
below. Here we use the row swapping operations for tables mentioned in Section 4B,
and we omit the x in the notation for convenience.

Case 1: If AL is row-equivalent to column-strict, then we define ¢ - A = B, where
B is the unique s-table in sTab=(P) such that BL" = sys152 AL

Case 2: If AL is not row-equivalent to column-strict but AL s row-equivalent to
column-strict, then we define ¢ - A = B, where B is the unique s-table in sTab=(P)
such that BL™ = s2s1s2AL+, provided that such an s-table exists; note that B exists
precisely when s1s2AL" contains only negative numbers in row 2, and this will not
happen if AL is row-equivalent to column-strict. If such a B does not exist, then
we say that ¢ - A is not defined.

Case 3: If neither AL nor AL is row-equivalent to column-strict, then we say
that ¢ - A is undefined.
For example, suppose that

21516
A=|-3|-110]1]3
—6|-5]2
Then
215 -2
AT = |31 and Al = |-3|-1
-6 -6 |-5

so515: AL = | -6 | -3
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SO
20-1]5
c-A=|-6/310]3]6
5012

We need to prove that word(A) is t-equivalent to word(c - A). To do this, we
need the following lemmas:

Lemma 6.2. Leta, by, ..., b, besuchthata >0, b, <---<b,, <0and —a < by,.
Then

(a,bl, ...,bm) ~t (bl, s ...,bm, —a).
Proof. By applying the Robinson—Schensted algorithm we see that (a, by, ..., by)
is Knuth-equivalent to (b1, ..., by—1, a, by,). By applying the relations (R3) then
(R2) from the definition of the t-equivalence, we get that this is T-equivalent to
b1, ..., by, —a). O

For positive integers k, m, we define an operation LTy ,, on certain lists. Suppose
that (ay,...,a;,b1,...,by)isalistsuchthatl >2k—1, m >k, b,, <0, a;_; > 0,
and the table

| —2k+2 | A1 —2k+1 | - - - aj—k
(6.3) B=| b by |...| b b |...|bw]
—aj —aj—1 |... | —A]—k2 | —Al—k+1

is row-equivalent to column-strict with increasing rows. We define
LTk,m(al7 ceey al’ b17 ceey bm)

to be the list (ay, ..., @j—2x+1) concatenated with word(B). For example, if A €
sTab=(P) is justified row-equivalent to column-strict, P has row lengths (2p +
1,2g+1,2p+1), and

word(A)=(ay,...,ap41, b1, ..., b2g41,0, =b2gy1, ..., —b1, —azp41, ..., —ay),

then LTp+1,2q+1(a1, sy Apt ], by, ..., b2q+1) = WOI‘d(AL_).

We would also like to explicitly describe LT,:Jln. This will be defined on lists
of the form (ay,...,a;,b1,..., by, c1,...,c), wherem >k, I >k—1, ¢, <0,
—c > ay, b, <0, and the following table is row-equivalent to column-strict with
increasing rows:

aj—f+2 | AU—k+1|--- | Al
(6.4) B=| by | by [...[bxc1|bi]... |bu]
C1 (&) oo | Ck—1|Ck
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Now
-1
LTk’m(ala <54y, Cp, ...,Ck,b], "'sbm):(ah ceesapy =Clyonny _Clvbh ---»bm)-

We say that LT,:ln(al, ce,a, by, ..., by, c1, ..., c) is undefined if any of the
above conditions is not met.

Lemma 6.5. Let (ay, ..., a1, by, ..., by) be alist on which LTy, is defined. Then
(a17 "'valvblv "'7bm) ~t LTk,m(al’ "'7alv blv ’bm)

Proof. We may assume that [ = 2k — 1. We proceed by induction on k. The case
k =1 is given by Lemma 6.2. Now, since

ai ay v | Ak—1
(6.6) by by |...| by | b | |bw]
—a2k—1 | —Aa2k—2 | .. | —Qk4+1 | —qk

is row-equivalent to column-strict, we also have that

as ag e Ay
by by |...| bk | bict [ [bu]
—A2k—1 | —A2%k—2 |- | —Ak42 | —Ak+1
is row-equivalent to column-strict. So by induction (ay, ..., a;, by, ..., by) is T-
equivalent to LTk—l,m(al, ooa)=(@ay,...,ax, b1, ..., by, —aA2—1, ..., —Qk11).

Now let b;,, ..., b;,_, be the elements of by, ..., by, that best fit over —ag—1, ...,
—aj41. Thus

(6'7) (al’ e 7ak’b1’ .. ’bmv _a2k71, MR _ak+1)

K / /
~%(ay,...,ak, by, ... by L ay, . ay,),

where ~X denotes Knuth equivalence and (af, ..., aj,) is the sorted list consisting

of —ax_1,...,—aky1 and {b; [l #ij for j =1,...,k—1}. Now, from (6.6) we
can see that b; , ..., b;_, best fits under ay, ..., ax—1, so
(ai,...,ar, bi,,...,by_,,ay,...,a,)
k 1 m
K / /
~%(at,...,ak-1, by, ..., by, ar,ay, ..., a,).

We also get from (6.6) that a,, = —b,,, so by Lemma 6.2 we have that

/ /
(al’"'aakfl’bl.la'--’bl.k,laakaa]’---aam)

T / /
~ (Cll, ""ak—l’bil,-'~’bik,17ala---’am’ _ak)'

Finally we can use the Knuth equivalence in (6.7) to get that this is Knuth-equivalent
to
(ar,...,ak-1,b1, ..., by, —az—1, ..., —ai). U
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Lemma 6.8. Suppose that we are given a skew-symmetric word
w=(a,by,...,by,c,0,—c,—by,...,—by, —a)

such that part(RS(a, by, ..., by, c))=m,1,1), by <by <--- <b, <0, c <0,
and —c > a. Then

w~%(a, by, ... by, —c,0,¢,=by, ..., —b1, —a).
Proof. Calculate
RS(a, by, ...,by,c,0,—c,—b,,) and RS(a,by,...,b,,—c,0,c,—by,),
then observe that they are equal. O
Lemma 6.9. Suppose that we are given a skew-symmetric word
w=(ay,...,a;,by,....by,c1,...,c,0,—cp,...,—c1,—by,...,—b1,—a,...,—ay)

suchthatk<l<m,a1<ar<---<a;, byj<by<---<b,<0,c1<cr<---<cp <0,

—c > ay, and part(RS(ay, ...,a;, b1, ..., by, c1, ..., ck)) =(m,l, k). Then
w~K(al,...,al,bl,...,bm,—ck,...,—c1,0,cl,...,ck,—bm,...,—bl,—al,...,—al)
and

(al,...,al,bl,...,bm,cl,...,ck) ~T (al,...,al,bl,...,bm,—ck,...,—cl).

Proof. We prove this by induction on k. The case k =1 is given by Lemma 6.8 and
condition (R2) in the definition of the t-equivalence.

To prove the general case, first we best-fit ¢1, ..., ck—; under by, ..., by, which
gives that
(6.10) b1y bmsCly ey Cimt) ~S By b€y ).
Now we can best fit b;,, ..., b;,_, under ay, ..., a; to get that
K
(6.11) @i, ....ar, by, ... by ) ~" ai, . an sy b))

Putting this all together, we get that w is Knuth-equivalent to

/ / / /
(al-i,...,a,-;{_l, I -/ o T o A | 8
/ / / /
—Ck, —Cppy ..y —Cp,—by, ..., —=b ,—a,-;il,...,—a,-i).
Since part(RS(ay, ...,a;, b1,...,by,c1,...,cr)) = (m,l, k), we can deduce

that b, = a; and c;, = b,,. We can also use this to deduce that the element of
(b1, ..., by) that best fits over ¢, is an element of (¢}, ..., c,,). Now, we apply
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Lemma 6.8 to the part of this word between b; and —b; to get that this is Knuth-
equivalent to

/ / / /
(al-{,...,a,-;{_l, - b ey e, =, 0,

/ / / /
Cks —Chys ooy —C1, —bp, ..o, —=b ,—a,-;il,...,—a,-i).

We can apply the Knuth equivalences in (6.10) and (6.11) to get that this is Knuth-
equivalent to

(a17"'7al9b19"‘7bm’cl7""ck_17_ck707
Cky —Ck—1y-+.5 —C1, _bm, "'a_blv —daj, "'a_al)'
Now, we can best fit b, _¢42, ..., b, overcy, ..., cxk—1, —Ci to get

(bm—k+2’ ceey bma Clyenns Ck—lv _Ck) NK (bm—k+2’ ceey bma _Cka Clyevns ck—l)'
Next, we can best fit ay, ..., a; over by, ..., b,, —ci to get that
K
(6.12) @i, ...,ai, by, ..., by, —c) ~" @y, ....a,, —ck.bj,...,bj).
So we have that

(al, "'aalsblv "'sbm7cla ey Ch—1, _Ck$07
Cky —Ck—15 ..., —Cl, _bn’h L) _bl’ —aj, ..., _al)v

and therefore w, is Knuth-equivalent to

’ /
(al,...,am,—ck,bj,,...,bj,,cl,...,ck_l,O,
/ /
—Ck—1,...,—C1,—=bj, ..., =bj, ck,—a,, ..., —ay).

By induction this is Knuth-equivalent to

/ /
(ay,...,a,, —cx, bj,....bj,—ck—1,...,—c1,0,
/ /
Cly.ovsCh—1, —bj, ..., =bj,ck,—a,, ..., —a)).

Finally, by applying the Knuth equivalence (6.12), we get that this is Knuth-
equivalent to

(Cl[,...,Cll,,bl,...,bm,—Ck,...,—Cl,O,Cl,...,Ck,—bm,...,—bl,—al,...,—al)-
([l

Theorem 6.13. Let A € sTab=(P) be justified row-equivalent to column-strict. Let
@1, g1 D1 by =g, - —g42) = Word(sz5152AL ).

Then

(ala -"aaq-i-l,bl’ "-’bp7 _02q+1, DI _aq+2’0a
aq+27 "'7a2q+17 _bpa -~'a_b17 _aq+17 DRI —Cl])
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is Knuth-equivalent to word(c - A). In particular, this implies that word(A) is
T-equivalent to word(c - A).

Proof. By Lemma 6.9 we have that

(Cll’ "',aq+17blv ""bp’ _a2q+17 A _aq+2’ 0’
aq+2’ -~-302q+1, _bps L] _b17 _aq—‘rlv L) _al)

is Knuth-equivalent to

(alv "'7aq+17b11 "'7b[)9 aq+2: "'9a2q+1707
—a2q+1, ey —aq+2, —bp, ey —bl, —aq+1, ey —611).
Now, if b;,, ..., b,-q+l best fits under ay, ..., az41, then we get that this is Knuth-
equivalent to
/ /
(al,...,ap,aq+2,...,a2q+1,b,-1,...,b,-q+],0,
/! /
—biqﬂ, ey =bi, —aggy1, ..., —ag42, —ap, ..o, —aj).
Note that a;) =dag41 OF a;, =b; <0 for some j, so in either case we can best fit
/ /
b,‘l, ""biq+l’0’ —b,'q“, ey —bi3 under ap, ...,ap,aq+2, cee g4
to get that
/ /
(al,...,ap,aq”,...,a2q+1,b,-1,...,b,-qH,O,
/ /
_biq+l’ ey —b,‘l, —A2g415 -+, —Ag42, —ap, ey —al)
is Knuth-equivalent to
!/ /
(ala"'7a2q+]7b1$"'7bmv()’ _biq+17"-a_bi1$_a2q+1""7_aq+25_apa"'7_al)'
Now we can best fit
/ /
bn—g42,-..,bm,0, —b,-q+,, ooy =biy over —aysqi1, ..., —ag42, —ay,, ..., —a
to get that
/ /
(a19"'7a2q+17b17-'-7bma07 _biq+|’-'-9_bi17_a2q+la""_aq+27 _apv"'a_al)
is Knuth-equivalent to
(alv ---,02q+17b17 "'7bm,05 _bm5 ---a_b19 _an—I—la ---s_a1)~ ‘:’

Our goal is to prove that L(A) is finite-dimensional if and only if A is C-conjugate
to a row-equivalent to column-strict diagram. The following lemmas build up to
this:

Lemma 6.14. Let A € sTab=(P). If AL is row-equivalent to column-strict, then
so is A.
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Proof. Recall that A has row lengths given by 2p+1, 2¢g+1, 2p+1). By permuting
entries within rows, we can find p strictly decreasing columns of A%~ Furthermore,
the entry in the bottom row of AL that is not in one of these columns must be
negative. By putting this entry below 0 in A and its negation above 0, we can find
a row equivalence class of A where every column left of O contains one of the
decreasing columns from A", and every column right of zero is the reverse of the
negation of one of the columns left of 0. Thus, every column in this element of the
row equivalence class of A is strictly decreasing. ([l

Lemma 6.15. Let A € sTab=(P), and let ¢ = part(RS(A)). If content(q) =
content(p), thenq = 2q+1,2p+1,2p+1)orq=2q+1,2p+2,2p).

Proof. Note that content(2q + 1,2p+ 1,2p+1) = (p,p+ 1,9 + 1), and the

only other partition with this content is (2¢,2p +2,2p 4+ 1). Now, by Lemma 4.1,

part(RS(A)) > 2g+1,2p+1, 2p+1), thus part(RS(A)) # 29, 2p+2,2p+1). O
By Theorem 4.4 we have that if part(RS(A)) = (29 +1,2p+1,2p + 1), then

A is row-equivalent to column-strict. So we need only consider the case that

part(RS(A)) = 2q +1,2p+2,2p).

Lemma 6.16. Let A € sTab=(P) with part(RS(A)) = 2q +1,2p + 2, 2p). Then:

(1) ALT s row-equivalent to column-strict.

(2) The middle row of sas152AL" contains only negative numbers.

(3) The negation of the element in the bottom-right position of s2s152AL " is larger
than the element in the upper-right position of s525152AL" . Thus ¢ A is defined.

(4) c- A is row-equivalent to column-strict.

Proof. Leta_,,...,a_y,ap, ay, ..., ap be the increasing entries in the first row of
A, and let —by, ..., —b1,0, by, ..., b, be the middle row of A.

First we prove thata_, ..., ap must best fit over —b, ..., —b;. If it does not,
then there must exists 7 € {0, ..., p} such thata_(,_;) < —b,_;. Thus we can form

the following increasing string in word(A):
a_p, ey a_(p_,-), —bq_[, ey —bl, O, b], ey bq_,’, —a_(p_l-), ey —Cl_p.

This string has length 2¢ + 3, which contradicts part(RS(A)) = 29 +1,2p+2, 2p).
Next we prove that ay, ..., a, best fits over by, ..., by. If it does not, then there
exists i € {1, ..., p} such that a¢; < b;. Thus we can form the following increasing
string in word(A):
a_p,...,ao,...,ai,bi,...,bq.

This string has length p + g + 2, and we can use it to find the following increasing
string of length 2p 4 2q 44 in word(A):

A_py...,Q0,...,0;,bi, ..., by, —by,...,—bi,—ay,...,—ag,...,—a_p.
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This contradicts part(RS(A)) = 29 +1,2p + 2, 2p).

Now, we assume for a contradiction that A" is not row-equivalent to column-
strict. Let jo, ..., j, be positive integers such that —b ps e —bj, best fit under
a_p,...,a9. Let i be the smallest nonnegative integer such that —b;, < —a; ;.
Such an i must exist, since otherwise AL" will be row-equivalent to column-strict.
Define by = 0. Now let k be the smallest integer such that

(1) 0<k<i;
2) jici=ji—Lif0 <l <k;
() Ji—k—1 # Ji-k — L.

This implies that a_;_x) < —bj,_,—1. So we can form the following two disjoint
increasing substrings in word(A):

a,p, e —(i—k)> _b]'i—kfl’ . ,b,1,0, bl, e ,bq

and

—by,...,=bj, —ajy1,...,—ay, —ap, —a_i, ..., —a_p.

The first string has length p—i+k+ 14 j; x—1+14+qg=p+qg—i+k+jix+1.
The second string has length g — j; +1+i+14+p+1=qg+p—ji+i+3.
Thus, using the fact that j;_; = j; — k, the combined length of these two strings is
2g 4+ 2p + 4, which contradicts part(RS(A)) = (2¢ +1,2p + 2, 2p). Thus AL s
row-equivalent to column-strict.

Finally we need to prove that the middle row of sps 152AL" contains only negative
numbers. Let ji, ..., j, be such that —bjp, ..., —bj bestfit over —a,, ..., —aj.
Now it is clear that all the numbers in the last row of s;AL" are negative. Now let
a’ be the entry in the first row of AL that does not best fit over —b Jpr s by
If a’ > 0, then since all the —b; are negative we must have that @’ = ag. In this
case, fori =1,..., p, (a_;, —bj;, —a;) is a decreasing string in word(AU) and
in word(A). Furthermore, reversing and negating these strings yields a further p
disjoint deceasing strings of length 3 in word(A). These and the string (ag, 0, —agp)
show that part(RS(A))T is larger than a partition of the form (32P*1 %), This
contradicts part(RS(A)) = 2g + 1,2p +2,2p). So we have that a’ < 0, and
furthermore the middle row of s;s»AL" contains only negative numbers. Now since
the last row of s lszAL+ also contains all negative numbers, we have that the middle
row of sps 1S2AL+ contains only negative numbers.

Now, let x be the element in the upper-right position of sos152AL" and let y be
the element in the lower-right position. We need to show that x < —y. If ap < 0 then
this is clear, since in this case every element of AL s negative. When ag > 0, we
need to consider the bottom row of s»sq szA“. This row will contain —a,,, ..., —a
and also —b;, where —b; is not one of the elements of —b,,, ..., —b; that best fits
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over —ay, ..., —aj. Let —by,, ..., —by, be as above, i.e., the elements which best
fit over —ay, ..., —a;. Note that —by, , ..., —by, are the elements in the middle
row of s,AL". Now, let a’ be the element in the first row of AL" that is one of
the elements which best fit over —by , ..., —bx,, so the middle row of slsSAL+
contains —a’, —by, , ..., —by,. We have already proved that since ap > 0, a’ < 0.

So a’ < —by,, since otherwise ap would be the element that did not best fit over
—bi,, ..., —bg,. So —b; < a’ < —by,. This implies that —b; < —ay, since otherwise
—by, would not be the element that best fits over —a;. Thus —ay is the element
in the bottom-right position of sas152AL", and ag is the element in the upper-right
position of szslszAL+, and we already have that ag < a;.

To see that ¢ - A is row-equivalent to column-strict, simply note that (c - A)f =
sos1s AL s row-equivalent to column-strict and apply Lemma 6.14. ([

Now we can state the main theorem of this section, which is analogous to
Theorem 5.4. The proof is very similar, where Lemma 6.16 plays the role of
Lemma 5.3, and so is omitted.

Theorem 6.17. Suppose that | is odd and | > m, and let A € sSTab=(P). Then L(A)
is finite-dimensional if and only if A is C-conjugate to an s-table that is justified

row-equivalent to column-strict. Furthermore, if L(A) is finite-dimensional, then
c-L(A)=L(c-A).

Last in this section, we give the following technical lemma, which is needed in
the proof of Theorem 1.2:

Lemma 6.18. If A € sTab=(P) is row-equivalent to column-strict, then word(c - A)
can be obtained from word(A) through a series of Knuth equivalences and larger-
smaller transpositions. In particular, part(RS(A)) < part(RS(c - A)).

Proof. Let
(@i, ...,aq41.b1,...,0p,0,=bp, ..., —by, —azg11, ..., —a;) = word(A).
Due to Theorem 6.13, since
word(AX ) = (a1, ..., dg, b1, ..., bp, —G2g 41, -+ -, —Agi1),
it suffices to show that

(ala"'aaq$b19"'abpa _a2q+1a"'7_aq+1507
aq+1,...,a2q+1,—bp,...,—bl,—aq,...,—al)

can be obtained from word(A) by a sequence of larger-smaller transpositions and
Knuth equivalences. First, we can swap a1 with its right neighbour and —as, 41
with its left neighbour repeatedly until we get a word with ay, 11, 0, —as,1 in the
middle; then, we can swap az,41 with 0, then swap az, 1 with —az, 1, then swap
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0 with —ay, 41 so that we have —azg 41, 0, azg41 in the middle of our word. Now
we can repeat this process with a, and ay,, then ap, 1 and —az,—1, and so on.
Eventually, since a, 1 > 0, we will get

(ala"'vaq9b1$"'abpa _a2q+17"'7_aq+1507
aq+1,...,a2q+1, —bp,...,—bl,—aq,...,—al). O

7. The general case

Now we return to the case of general p as in (3.1). As usual, P is the symmetric
pyramid of p, with rows labelled 1, ...,7,0, —r, ..., —1 from top to bottom.

7A. The component group action. In this section, we describe the action of the
component group C on the subset of sTab=(P) corresponding to finite-dimensional
U (g, e)-modules. The discussion here is completely analogous to the situation for
even multiplicity nilpotent elements as described in [Brown and Goodwin 2013c,
§5.5], so we are quite brief. We use the notation for the component group C from
Section 3D.

The operation of ¢ has been defined on three row s-tables in Section 5 and
Section 6, and this can be extended to any s-table by just acting on the middle three
rows. To define the action of the c;, we proceed in exact analogy with [Brown
and Goodwin 2013c, §5.5]. That is, we use row swapping operations §;* to move
row i to row r, then we apply ¢, and then we apply the reverse row swaps. So for
A € sTab=(P) and T = §;,5;,41...5,—1 € S, we have

ck-Azr_l*(c-(r*A)).

Of course, this will not be defined for all A € sTab=(P), but the following proposition
can be proved in the same way as Proposition 5.5 of the same reference, and we
require Proposition 4.6 for the proof:

Proposition 7.1. Let A € sTab=(P), and suppose that L(A) is finite-dimensional.
Then cy - A is defined and L(cy - A) = ¢ - L(A).

7B. Proof of main theorem. Now we are in a position to prove Theorem 1.2:

Proof of Theorem 1.2. The statement in the theorem about the component group
action is given by Proposition 7.1.

Suppose that A is justified row-equivalent to column-strict. Then L(A) is finite-
dimensional by Theorems 4.4, 4.8 and 2.4, and thus b - L(A) is finite-dimensional
for any b € C by Proposition 7.1.

We are left to prove that if L(A) is finite-dimensional, then A € sTab’(P). We
prove this by induction on r. The case r = 0 is trivial, and the case r =1 is given
by Lemmas 5.1 and 6.1 and Theorems 5.4 and 6.17.
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Now, assume that L(A) is finite-dimensional and r > 2. Using an inductive
argument based on “Levi subalgebras” of U (g, e), just as in the proof of [Brown
and Goodwin 2013a, Theorem 5.13], we may assume that Az_2 is justified row-
equivalent to column-strict, where AEZ denotes the s-table obtained from A by
removing rows 1 and —1. Also by Lemma 4.7 we have that A! is justified row-
equivalent to column-strict, where A! is the table formed by rows 1 to r of A.

Therefore, we can permute entries in the left justification of AQ_2 so that all the
columns are strictly decreasing. Furthermore, we can place each of the entries in
row 1 of A over a column so each entry is larger than the entry immediately below
it. Then we can place each of the entries of row —1 of A under a column in the
left justification of A%Z so that each entry is smaller than the entry above it, and
we can do this skew-symmetrically in the sense that if a is an entry in row 1 of A
and a is placed over a column whose top entry is b, then we can place —a under a
column whose bottom entry is —b. Let A; denote the resulting diagram.

Let ¢ = part(RS(A)). As explained below, the conditions above along with
Theorem 4.8 give restrictions on the possibilities for ¢. The proof is completed
with combinatorial arguments that show that either ¢ = p or i; = 1, and that
part(RS(c; - A)) = p. So by Theorem 4.4, either A or ¢ - A is row-equivalent to
column-strict.

In the diagram A;, let x be the number of columns that go through all the rows,
let y be the number of columns that go through all the rows except the top row (so
y is also the number of columns that go through all the rows except the bottom
row), and let z be the number of columns that go through all the rows except the
top and bottom row. Further, let # be the number of columns that go through all the
rows except the middle row, let v be the number of columns that go through all the
rows except the top row and the middle row (so v is also the number of columns
that go through all the rows except the middle row and the bottom row), and let w
be the number of columns that go through all the rows except the top, middle and
bottom rows. Note that x + y+u+v=p;yand x +2y+z4+u+2v+w = p;. So
we have x strictly decreasing columns of length 2r + 1, 2y 4 u strictly decreasing
columns of length 2r, z 4 2v strictly decreasing columns of length 2r — 1, and w
strictly decreasing columns of length 2r — 2.

By counting the lengths of the other columns in A; similarly, and using Lemma 4.2,
we can conclude that

g’ = (Q2r+ D, Qr)PT Qr — ¥, (2r —2)%, 2r — )PP 2P0y
if po < p,_1, and

q" > (Q@r+ D%, @r)», @r— D%, Qr—=3)P"7, . (2r =2k + 5172,
(2,- — 2k + 3)170—17k—1’ (2,,- — 2k + 2)17k—170’ (2}’ _ 2k)17k+1—[)k’ el 2Pr—l—l7r)
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if po > p,_1, where k is the number such that p; > p¢ if and only if i > k (note
that in this case we have u = v = w = 0).
Thus we get that

g<p> P> . ....p5 pr—w, x+2y+u,x) if po<p,_

and

q S (pr29 p;%_],---ap]%_la pOsp]%7~~~’p%7 pl_zvx) lfp() >p}"71'

Since we also have p as a lower bound of ¢, this implies that

q=p3p? ., ....p3.a,bc) if po<pr_
and
q = (przv pg_l’ L] p]%y va p]%_lv '-'9p§7a? b) ipr > pr—l,

for positive integers a, b, c. Since content(q) = content(p), we get a very limited
number of possibilities for a, b, ¢, as explained below.

From now we restrict to the case g = sp,,, in this proof, as the case g = §05,,41 is
entirely similar; in some places we would require references from Section 6 rather
than Section 5.

We know that py must be even. If pg < p; and p; is even, then we must
have (a, b, ¢) = (p1, p1, po) or (a,b,c) = (p1 + 1, p1 — 1, po). If po < py and
p1 is odd, then (a, b, ¢) = (p1, p1, po)- If p1 < po < p2, then p; is even and
(a, b, c) = (po, p1, p1). Finally, if pg > p,, then p; is even and (b, ¢) = (p1, p1).

By Theorem 4.4, if ¢ = p, then A is justified row-equivalent to column-strict,
and we are done. So for the rest of this proof we will assume that ¢ # p; so, we
are assuming that py < p,, p, is even, and

(7.2) q=p;.....p3. pi+ 1. pi— 1 po).
It is be useful to record that

(7.3) qT = ((2r + 1Po, (2,,)[11—170—1, Q2r — 1)2’
Q@r—2)P7 Pl Qr =4y 2P,

Leto =s,_1...5,5; and A’ = 0 x A; then RS(A") = RS(A) by Proposition 4.6.
Then the lengths of the middle three rows of A’ are given by p1, po, p1. Let B be
the middle three rows of A’.

We claim that part(RS(B)) = (p1 + 1, p1 — 1, po). To see this, first we suppose
that part(RS(B)) = (pr, pr, po)- Then B is justified row-equivalent to column-
strict. Now, since (A”)! is justified row-equivalent to column-strict, this allows
us to find pg disjoint decreasing words of length 2r + 1 that are disjoint from
a further p; — po disjoint decreasing words of length 2r. Thus, by Lemma 4.2,
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g" > ((2r + 1), (2r)P1=Po %), which contradicts (7.3). Now we also cannot have
that any part of part(RS(B)) is larger than p, 4 1, since then we could use the fact
that all the rows of A" are increasing to conclude that part(q) would be strictly
larger than a partition of the form

(p%» p%a R} p,2‘717 pr + 15 *)7

which contradicts (7.2).

Now, we have by Theorem 5.4 that part(RS(c- B)) = (po, p1, p1). We also have
by Lemma 5.5 that part(RS(c; - A)) < part(RS(A)).

We need to argue that we can find enough descending chains of maximal or near
maximal length in ¢- A" to force RS(c; - A) to have shape p. We have by Lemma 4.7
that (c - A")! is justified row-equivalent to column-strict. Further, by Theorem 4.4
we have that ¢ - B is justified row-equivalent to column-strict.

We can find pg descending strings of length 3 and p; — pg strings of length 2,
and all these strings start in row r and end in row —r. Since (¢ - A’ )} is justified
row-equivalent to column-strict, it has p; strings of length » ending in row r, and
(c- A" has py strings of length r starting in row —1. So we can glue these strings
together along their entries in rows 1 and —1 to obtain p disjoint decreasing strings
of length 2r + 1 that are disjoint from p; — pg disjoint decreasing strings of length
2r. So if ¢’ =part(RS(c- A)), we can conclude that q’T > (Q2r+1)Po, 2r)Pr=ro %),
which implies that ¢’ = p, so ¢ - A is justified row-equivalent to column-strict, as
required. U

Finally, this theorem along with Theorems 2.3 and 4.5 immediately imply the
following classification of the primitive ideals with associated variety equal to G - e:

Corollary 7.4. The set of primitive ideals with associated variety G - e is equal to

{Annyg) L(Xa) | A € sTab’(P)}.

Appendix: An alternative version of the Barbasch—Vogan algorithm

In this appendix, we consider the alternative version of the Barbasch—Vogan algo-
rithm for s0,,+1, mentioned in Section 4C above. Our main result is Corollary A.7,
which shows that this adapted version gives the same output as the original version.
Below, we recall the algorithm, then, in the subsequent subsections construct the
machinery required to prove Corollary A.7.

Some terminology and notation used in this section are as follows. By a Young
diagram we mean a finite collection of boxes, or cells, arranged in left-justified
rows, with the row lengths weakly decreasing. We often identify a Young diagram
with its underlying partition. A tableau is a filling of a Young diagram by integers
with weakly increasing rows and strictly decreasing columns. We write part(7") for
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the partition underlying a tableau 7. The Robinson—Schensted algorithm is denoted
by RS.

The algorithms. Let q = (q; < g <--- <q;) be a partition. By inserting O at the
beginning if necessary, we may assume that m is odd. Let (s1, ..., s¢), (t1, ..., %)
be such that

g, 2+ 1,q3+2,...,q-+r—1} ={2s1, ..., 25,200+ 1,..., 2+ 1}
(as unordered lists). Now we define the content of ¢ to be the unordered list
content(q) = {s1, ..., Sk, t1, ..., 1;}.

We now state the Barbasch—Vogan algorithm [1982] for the case g = 507,41 in
purely combinatorial terms:

Algorithm:
Input: a = (ay, ..., a,, —ay,, ..., —ay) a skew-symmetric string of integers.
Step 1: Calculate ¢ = part(RS(ay, ..., a,, —ay, ..., —ap)).

Step 2: Calculate content(q).

Let (u; <--- <uy41) be the sorted list with the same entries as content(q).
Fori=1,...,k+1lets; =uy_;.

Fori=1,...,klett; =uy;.

Step 3: Form the list 2s; + 1, ..., 2541+ 1, 281, .. ., 2t).
In either case, let (v; < --- < vg) be this list after sorting.

Output: BV(a) =q' = (vi,va — 1, ..., vypy1 — 2k).

The modified version is denoted by BV’ and works in exactly the same way as
BV, except that in Step 1 it calculates RS(ay, ..., a,, 0, —a,, ..., —aj) instead of
RS(ay, ..., a,, —a,, ..., —ay).

Domino tableaux. We require some facts about domino tableaux, which we collate
below.

There are two types of domino tableaux: those with an even number of boxes
and those with an odd number of boxes. A domino tableau with an even number of
boxes is a Young diagram that has been tiled with 2 x 1 and 1 x 2 dominoes, where
each domino is labelled with a positive integer, such that the rows are increasing
and the columns are decreasing. A domino tableau with an odd number of boxes is
the same as a domino tableau with an even number of boxes, except it also has a
1 x 1 box labelled with 0, which must necessarily occur in the lower-left position.
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For example,

4 and

are domino tableaux.

Given a domino tableau R, we let part(R) denote the partition underlying R, i.e.,
the partition given by the row lengths of R. We say that a partition has domino
shape if it is the underlying partition of a domino tableau.

The following lemma is straightforward to prove by induction:

Lemma A.l. Let p=(p) < pr <--- < pm) be a partition, where p| may be 0 and
m is odd. Choosery,...,ri;andsy,...,s; sothat

{pi,p2+1,....pm+m—1}=2r,...,2r, 251 +1,...,25) + 1}

(as unordered lists). If p has domino shape and has an even number of boxes, then
k =14 1. If p has domino shape and has an odd number of boxes, then k + 1 = 1.

Let T be a tableau whose boxes are labelled by the integers —n, ..., —1,1,...,n
or the integers —n, ..., —1,0, 1, ..., n. We recall an algorithm DT, which takes
as input such a tableau and outputs a domino tableau; it was defined in [Barbasch
and Vogan 1982]. To define DT(T'), first note that —n must occur in the lower-left
corner of 7. Swap —n with the smaller of its neighbours that lie above or to the
right of —n. Continue swapping —n with its smaller neighbour that is either above
or right of it. If the last number that —n is swapped with is not n then we say that
DT(T) is undefined. Otherwise, replace the squares with —n and n with a domino
containing n. Now repeat this procedure for 1 —n,2 —n, ..., —1, treating any
squares that have been replaced with dominoes as if they were not present. If for
any i the last number that —i is replaced with is not i then DT(T') is undefined.
Otherwise, we eventually get a domino tableau.

For example, suppose

T =RS(-2,-3,1,0,—1,3,2)=|-2| 0 | 3
3|-1]2

Now, when we apply the above algorithm we first swap —3 with —2, then with 0,
then with 3. Now, replace the boxes containing 3 and —3 with a domino containing 3.
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This results in the following diagram:

1
0 3
21-1]2

Now, —2 first swaps with —1, then 2, which results in the following diagram:

1
0 3
-1 2

Finally, —1 swaps with 0, then 1, and the resulting domino tableau is

(A2) DT(T) = 3
0 2

Let W, denote the Weyl group of type B, acting on {£1, ..., £n} in the natural

way. Then the image of (—n, ..., —1,1, ..., n) under the action of some o € W,
is called a signed permutation of (—n, ..., —1,1,...,n). A signed permutation of
(=n,...,—1,0,1,...,n) is defined similarly.

The next lemma follows from Proposition 2.3.3 and Theorem 4.1.1 in [van
Leeuwen 1996]:

Lemma A.3. Let a = (ay,...,a,, —ay, ..., —a1) be a signed permutation of
(=n,...,—1,1,...,n) and b = (b1, ..., b,,0,—b,, ..., —b1) a signed permu-
tation of (—n, ..., —1,0,1,...,n). Then DT(RS(a)) and DT(RS(b)) are defined.

We may identify W, with the signed permutations of (—n,...,—1,1,...,n) or
the signed permutations of (—n, ..., —1,0, 1, ..., n). Under this identification, we
consider the algorithms defined in [Garfinkle 1990, §2] to map a signed permutation
of (—n,...,—1,1,...,n)or (—n,...,—1,0,1,...,n) to a domino tableau. We

denote these versions of Garfinkle’s algorithm by Gy and G; respectively.

Proposition A.4 [van Leeuwen 1996, Proposition 4.2.3].

(1) If w is a signed permutation of (—n, ..., —1,1,...,n), then DT(RS(w)) =
Go(w).
(11) If w is a signed permutation of (—n, ..., —1,0,1, ..., n), then DT(RS(w)) =

Gi(w).
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Our aim is to show that part(RS(ay, ..., a,, —a,, ..., —ap)) has the same con-
tent as part(RS(ay, ..., a,, 0, —a,, ..., —ay)). We do this by exploiting the results
in [Pietraho 2010], which explain how to relate Gy(ay, ..., a,, —a,, ..., —ay) and
Gi(ai,...,ay,0,—a,, ..., —ay). To explain these results, we need to define the
cycles of a standard domino tableau. This requires a few other definitions as well.

We define coordinates on a Young diagram by labelling its rows and columns.
We declare that the bottom row is row 1, the row above the bottom is row 2, and
so on. We declare that the left most column is column 1, the column to its right is
column 2, and so on. Now we say the box in position (i, j) is fixed if i + j is odd
and the diagram has an even number of boxes or if i 4+ j is even and the diagram
has an odd number of boxes.

Let R be a domino tableau, and let D(k) be a domino with label k£ in R. If
the fixed coordinate of D (k) occurs in the lower box or right box of D(k), let E
denote the square below and to the right of the fixed coordinate of D(k). If the
fixed coordinate of D (k) occurs in the upper box or left box of D(k), let E denote
the square above and to the left of the fixed coordinate of D (k). We label E with
the integer m determined via

[ if E is a square in R and / is the label of E’s square in R,
m = 1 —1 if either coordinate of E is 0,
oo if E lies above or to the right of R.

Now, we define D’(k) to be a domino containing two squares, one in the fixed
position of D (k) and the other adjacent to E and such that the subdiagram containing
D'(k) and E has decreasing columns and increasing rows.

For example, if

then D’(1) is a domino occupying positions (2, 1) and (3, 1), D’(2) is a domino
occupying positions (1, 2) and (1, 3), and D’(3) is a domino occupying positions
(1,4) and (1, 5).

Suppose a domino tableau is labelled with {1, ..., n}. We use this to generate
an equivalence relation on {1, ..., n} viai ~ j if D(j) and D’(i) share a box. The
cycles of a domino tableau are the equivalence classes of this equivalence relation.
For example, if R is as above, then the cycles of R are {1} and {2, 3}.

If R is a domino tableau with an even number of boxes and c is a cycle of R,
then we can define a new domino tableau R’ = MT(R, ¢) by replacing D (k) with
D' (k) for every k € c. This will remove one box and add one box to the underlying
Young diagram of R. If the box removed is in position (1, 1), then we put a box
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with 0 in position (1, 1) of R’, so that we do in fact get another domino tableau.
For example, if R is as above, then

MT(R, {1}) =

and

MT(R, {2,3}) = | 1

Observe that the operator MT removes a box and adds a box to the Young
diagram underlying R, and that the removed box is either in position (1, 1), or is a
removable box of R; that is, if it is removed, you still have a valid Young diagram.

A key feature of MT is that is does not change the content of the underlying
partition:

Theorem A.5. Let R be a domino tableau with an even number of boxes, let ¢ be
a cycle of R, and let p = part(R) and q = part(MT(R, ¢)). Then content(p) =
content(q).

Proof. First we rule out the case that p has an odd number (say, 2m + 1) of parts
and ¢ has one more part than p. Suppose for a contradiction that g has 2m 42 parts,
so the top row of MT(R, ¢) has one box. Let D’(k) be the domino in MT(S, ¢)
that covers this box. So the box in the fixed position of D’(k) must be the box in
position (2m + 1, 1), which is a contradiction since 2m + 1 + 1 is even.

Next we rule out the case that p has an even number (say, 2m) of parts and ¢
has one less part than p. Suppose this is the case, so the top row p has length one,
so there must be a domino D (k) which occupies positions (2m — 1, 1) and 2m, 1)
of p. Now, (2m, 1) is the fixed position of this domino, so D’(k) will also have a
box in position (2m, 1); hence, g has at least 2m parts, which is a contradiction.
Thus we have established that the number of integers in content(q) is the same as
the number of integers in content(p).

Let p=(p1 <--- < pam+1), where p; may be 0. Now we consider the case that
MT(R, c¢) has the same number of boxes as R. Let g = (q1 < --- < gom+1), Where
g1 may be 0. So we must have that g; = p; except for i = j and i = k for some
integers j, k where j #k,and g; = p; +1 and gy = prx — 1. By Lemma A.1, we
have that one of p; + j — 1, px +k — 1 must be even and one must be odd, because
otherwise (q1,q2 + 1, ..., gam+1 + 2m) would not have one more even element
than odd elements. The box at position (j, pj) of MT(R, c) is the box that gets
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added to the Young diagram of R. Thus, this box is a box that is in D’ (k) but not
in D(k). This implies that this box is not the box in fixed position in D’(k); thus,
pj+jiseven, so p; + j — 1 must be odd, and p; +k — 1 is even. This implies
that p and ¢ have the same content.

Now we consider the case that MT(R, ¢) has one more box than R. Let ¢ =
(g1 <+ < gom+1), Where g; may be 0. So we must have that g; = p; except for
i = j for some integer j, where g; = p; + 1. Note that p; + j — 1 must be even
since (q1,q2 + 1, ..., gam+1 + 2m) must have one more odd number than even
number. This implies that p and q have the same content. ([l

For a list of cycles cy, ..., ¢, of a domino tableau R with an even number of
boxes, let R; = MT(R;_1, ¢;), where Ry = R. Now let MT(R, ¢y, ...,cn) = Ry.
The following theorem is a less specific version of [Pietraho 2010, Theorem 3.1]:

Theorem A.6. Let

RZGO(ala ceesQp, —Ap, ..oy _al)
and
R/ = Gl(al’ ey an, 09 _aru ey _a1)7
where (ay, ..., ay, —ay, ..., —ay) is a signed permutation of (—n, ..., —1,1,...,n).

Then there exist cycles c1, . .., ¢y of R such that R = MT(R, c1, ..., cp).
Now we get the following corollary:

Corollary A.7. Leta = (ay, ..., a,, —ay, ..., —ay) be a skew-symmetric string of
integers. Then BV (a) =BV/'(a).

Proof. This follows from Proposition A.4 and Theorems A.5 and A.6 when a is a

signed permutation of (—n, ..., —1,1, ..., n). The general case follows because

q =RS(ay,...,a,, —ay,...,—ay) and ¢’ =RS(ay, ..., a,,0, —ay, ..., —ay) de-

pend only on the relative order of the a;, so we may replace a by a signed permutation

without altering ¢ or ¢q’. O
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NEW INVARIANTS FOR COMPLEX MANIFOLDS
AND RATIONAL SINGULARITIES

RONG DU AND YUN GAO

Dedicated to Professor Stephen S.-T. Yau on the occasion of his sixtieth birthday.

Two new invariants £ 1D and g(1-) were introduced by Du and Yau for
solving the complex Plateau problem. These invariants measure in some
sense how far away the complex manifolds are from having global complex
coordinates. In this paper, we study these two invariants further for ratio-
nal surface singularities. We prove that these two invariants never vanish
for rational surface singularities, which confirms Yau’s conjecture for strict
positivity of these two invariants. As an application, we solve regularity
problem of the Harvey—Lawson solution to the complex Plateau problem
for a strongly pseudoconvex compact rational CR manifold of dimension 3.
We also construct resolution manifolds for rational triple points by means
of local coordinates and show that f 1D = gD = { for rational triple
points.

1. Introduction

Let M be a complex manifold of dimension #. It is a natural question to ask how far
away this complex manifold is from having global complex coordinates. Together
with Hing Sun Luk and Stephen Yau, the first author introduced in [Du et al. 2011]
new biholomorphic invariants that give some measurements for this purpose.

It is well-known that if M is a complex submanifold in CV, then, given any
global holomorphic p-form & on M, there exists a holomorphic p-form & on CV
such that the restriction of & to M is «. Obviously, & is a p-th wedge product
of holomorphic 1-forms. However, for non-Stein complex manifolds, such as the
resolution manifolds of singularities, the situation is totally different. In particular,
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for surface singularities, we considered in [Du et al. 2011; Du and Yau 2012]
two invariants f (1.1 and g1 and showed that these two invariants are strictly
positive for some special singularities. So the resolution manifolds of these special
singularities do not have the above properties.

A direct application of the positivity of g(1:1) is for solving one of the most
fundamental questions in complex geometry: the complex Plateau problem [Du and
Yau 2012]. Given a strongly pseudoconvex CR manifold X in C¥, the problem asks
when X is the boundary of a complex manifold VV in CV. By the beautiful work of
Harvey and Lawson [1975], as well as [Yau 1981b; Luk and Yau 1998a], X is a
boundary of a complex variety V' with only isolated singularities if X is contained
in the boundary of a strictly pseudoconvex domain in CV . Thus from the complex
Plateau problem point of view, it is very desirable to introduce a numerical invariant
for isolated singularities which never vanishes. However many numerical invariants
such as the geometric genus pg, the arithmetic genus p, and the irregularity g
vanish on rational singularities. In [Du et al. 2011; Du and Yau 2012] this idea was
used to introduce two invariants £ -1 and g™V for isolated surface singularities.
The invariant g("") was used in the latter article to solve the regularity problem of
the Harvey—Lawson solution to the complex Plateau problem.

Those two articles provided a detailed study of f (LD and gD Yau has the
following conjecture:

Conjecture. For all normal surface singularities, the invariants f1) and g(-!)
are strictly positive.

Du and Yau showed that these two numerical invariants are strictly positive when
the surface singularities have a C*-action. They also gave explicit calculations
for f@1 and gV for rational double points and cyclic quotient singularities
and proved that they are exactly 1. In this paper, we shall prove that for rational
surface singularities, f (1.1) and g(l’l) also never vanish. So, our results in this
paper confirm the conjecture.

Theorem 2.8. For rational surface singularities, f(1:1) = gD > 1,

As an application, we solve the regularity problem of the Harvey—Lawson solution
to the complex Plateau problem for a strongly pseudoconvex compact rational CR
manifold of dimension 3.

Theorem 3.9. Let X be a strongly pseudoconvex compact rational CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudocon-
vex bounded domain D in CN. Then X is a boundary of the complex submanifold
V C D — X with boundary regularity if and only if gV (X) = 0.

We also construct resolution manifolds for rational triple points by local coordi-
nates. By using these local coordinates, we give explicit calculations of f 1) and
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gD for rational triple points and prove that they are also 1.

Theorem 4.4. For 2-dimensional rational triple points, f11 = g(LD =1,

2. Invariants of singularities

Let V be a n-dimensional complex analytic subvariety in CV with only isolated
singularities. Yau [1982] considered four kinds of sheaves of germs of holomorphic
p-forms:

(1) QF :=mQ%,, where 7 : M — V is a resolution of singularities of V.

() S=2€ = G*QII;\VSmg where 0 : V\Ving — V is the inclusion map and Vg is
the singular set of V.

(3) Qb :=QP, /#P, where HP = { fa+dgnp : e QL. pe QP! fges}
and 9 is the ideal sheaf of V in CV.

@) QF = = QP /%P, where H? = {w € QL : w|y\v,,, = 0}.

QII; is the Grauert—Grothendieck sheaf of germs of holomorphic p-form on V.
In case V is a normal variety, the dualizing sheaf wy of Grothendieck is actually
the sheaf Q" Clearly Qb QI’} are coherent. Q{; is a coherent sheaf because 7 is
a proper map. Q is also a coherent sheaf by Theorem A of [Siu 1970].

In [Du et al. 201 1] and [Du and Yau 2012], another two sheaves Q%,’l and Q%,’l
were considered:

Definition 2.1. Let (V,0) be a 2-dimensional Stein analytic space with an isolated
singularity at 0. Let 7 : (M, A) — (V, 0) be a resolution of the singularity with 4
as its exceptional set. Define a sheaf of germs Q%}l as the sheaf associated to the
presheaf

U (T (U), Q) AT (1 U), ),

where U is an open set of V and (['(z~1(U), Q} )/\ Iz~ Y(U), 2} )) represents
the module generated by elements in I'(z~1(U), Q1 A Iz~ 1(U), Q} ) over the
ring T'(x =Y (U), Opp).

Definition 2.2. Let (V,0) be a Stein germ of a 2- dlmensmnal analytic space with
an isolated singularity at 0. Define a sheaf of germs 2 by the sheaf associated
to the presheaf _ _

U (T(U.Qy) AT(U. Q).

where U is an open set of V.

Du and Yau showed that these two. new sheaves are coherent and found the
relation between Q%, (respectively, ) and 822 (respectively, Q%,) by short
exact sequence as follows:
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Lemma 2.3 [Du and Yau 2012]. Let (V,0) be a 2-dimensional Stein space with an
isolated singularity at 0. Let = : (M, A) — (V,0) be a resolution of the singularity
with A as its exceptional set. Then S_Z%,’l is coherent and there is a short exact
sequence

(2-1) 0—Qp' —QF — g o,
where F1V s a sheaf supported on the singular point of V. Let
(2-2) FUD(M) = T(M.Q3,)/(T' (M. 24) AT (M. Q)

then, dim F"D = dim F1-D (M),

Lemma 2.4 [Du and Yau 2012]. Let V be a 2-dimensional Stein space with 0 as its
only singular point. Let w : (M, A) — (V,0) be a resolution of the singularity with
A as its exceptional set. Then S_Z%,’l is coherent and there is a short exact sequence

(2-3) 0—Qp' — Q2 —¢b 9
where 401 s q sheaf supported on the singular point of V. Let
@4 GUD(M\A) = T(M\A Q3))/(T(M\A, py) AT(M\A Q}y)):

then, dim G\ = dim G(:D (M\ A).
They defined local invariants of singularities which are independent of resolution:

Definition 2.5. Let V' be a 2-dimensional Stein space with 0 as its only singular
point. Let 7w : (M, A) — (V,0) be a resolution of the singularity with 4 as its
exceptional set. Let

(2-5) FED0) := dimF Y = dim FOD (M),
(2-6) gD (0) := dim 4" = dim GV (M\ 4).
We will omit 0 in f 1.1 (0) and g(1-D(0) if the context is clear.
The first author and Yau conjectured that for all normal surface singularities, the

invariants f (LD and gD are strictly positive. This conjecture was confirmed
when the singularities are with C*-action.

Theorem 2.6 [Du and Yau 2012]. Let V be a 2-dimensional Stein space with 0 as
its only normal singular point with C*-action. Then f(l’l) > 1.

Theorem 2.7 [Du et al. 2011]. Let V be a 2-dimensional Stein space with O as its
only normal singular point with C*-action. Then gtV > 1.

Theorem 2.7 is the crucial part for the solution of the classical complex Plateau
problem.
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We will show that these two invariants are strictly positive for rational surface
singularities. So these two invariants tell the difference between smoothness and
singularity more precisely than the geometry genus does in some sense.

Theorem 2.8. For rational surface singularities, f(1:1) = gD > 1,

Proof. Let (V, 0) be a 2-dimensional Stein space with O as its only rational singularity.
So, the geometry genus pg and the irregularity g are both 0. Let 7w : (M, A) — (V, 0)
be a resolution of the singularity with A as its exceptional set. Then
[(M\A, Q2 ) (M, Q2 )
(F(M\ASZ )/\F(M\AQ ) (F(MQ )/\F(MQ )’

and
r'm, Q2 )

MM QL) AT(M. QL)

From [Yau 1981a], the canonical bundle K is generated by its global sections
in a neighborhood of the exceptional set for rational surface singularities. So, there
existsw € (M, Q2 1) such that w does not vanish along some irreducible component
Ay of A. Asthe s1ngu1ar1ty is rational, Ay is a smooth rational curve. Take a tubular
neighborhood U of Aj such that U C M. By the proof of Proposition 3.9 in [Du
et al. 2011], we know that the elements in (I'(U, Q} AL, Ql 7)) vanish along Ap.
Since I'(M, Q} ) C I, Ql u)- the elements in (F(M Ql )/\ F(M Ql )) also
vanish along Ay . Therefore w € T'(M, Q2 ) \(C(M, Ql )AF(M Ql )i

(M, Q2 o)

g(l’l) = dim > 1. O
(F(MQ )AF(MQ ))

3. The complex Plateau problem for 3-dimensional rational CR manifolds

Yau [1981b] solved the classical complex Plateau problem for the case n > 3.

Theorem 3.1 [ibid.]. Let X be a compact connected strongly pseudoconvex CR
manifold of real dimension 2n — 1 for n > 3 in the boundary of a bounded strongly
pseudoconvex domain D in C* 1. Then X is the boundary of the complex submani-
fold V C D — X if and only if the Kohn—Rossi cohomology groups HII;};] (X) are
zerofor1 <g <n-—2.

Luk and Yau [2012] introduced the so-called s-invariant in order to solve the
complex Plateau problem as n = 2. But they could not give even a sufficient
condition on the boundary such that it decides the smoothness in the interior.

Theorem 3.2 [Luk and Yau 2007]. Let X be a strongly pseudoconvex compact
Calabi-Yau CR manifold of dimension 3. Suppose that X is contained in the
boundary of a strongly pseudoconvex bounded domain D in CV . If the holomorphic
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de Rham cohomology H }%(X ) is 0, then X is a boundary of a complex variety V in
D with boundary regularity, and V has only isolated singularities in the interior
and the normalizations of these singularities are Gorenstein surface singularities
with vanishing s-invariant.

Corollary 3.3 [ibid.]. Let X be a strongly pseudoconvex compact CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudocon-
vex bounded domain D in C3. If the holomorphic De Rham cohomology H ;%(X )is 0,
then X is a boundary of a complex variety V in D with boundary regularity, and V
has only isolated quasihomogeneous singularities such that the dual graphs of the
exceptional sets in the resolution are star-shaped and all the curves are rational.

Du and Yau [2012] used a new invariant g(l’l) for singularities to generate a
new CR invariant g(l’l)(X ).

Definition 3.4. Suppose X is a compact connected strongly pseudoconvex CR
manifold of real dimension 3. Put

(3-1) GUD(X) = F2(X)/(F1(X) AF (X)),

where 7 denotes the holomorphic sections of AP (YA“(X )*) and YA‘(X )* is the
holomorphic cotangent bundle of X. Then we set

(3-2) gD (X) := dim GV (X).

Lemma 3.5 [Du and Yau 2012]. Let X be a compact connected strongly pseu-
doconvex CR manifold of real dimension 3, which bounds a bounded strongly
pseudoconvex variety V with only isolated singularities {01, . ..,0} in CV. Then

gVX) =3 gD (0)).

Note that this invariant g(1:1)(X) can be calculated on X directly. In [ibid.], we
use this CR invariant to give the sufficient and necessary condition for the variety
bounded by X to be smooth if H ,f (X)=0:

Theorem 3.6 [ibid.]. Let X be a strongly pseudoconvex compact Calabi—Yau CR
manifold of dimension 3. Suppose that X is contained in the boundary of a strongly
pseudoconvex bounded domain D in CN with H }%(X ) =0. Then X is the boundary
of the complex submanifold up to normalization V- C D—X with boundary regularity
if and only if gD (X) = 0.

Theorem 3.7 [ibid.]. Let X be a strongly pseudoconvex compact CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudo-
convex bounded domain D in C3 with H }%(X ) = 0. Then X is the boundary of the
complex submanifold V. C D — X if and only if gV (X) = 0.
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In this paper, we solve the complex Plateau problem for a strongly pseudoconvex
compact rational CR manifold of dimension 3, as a corollary of Theorem 2.8.

Recall the definition of a 3-dimensional rational CR manifold [Luk and Yau
1998b]:

Definition 3.8. Let X be a connected compact strongly pseudoconvex CR manifold
of real dimension 3. Let V' be the normal variety such that the boundary of V' is X
and V has isolated singularities at {01,...,0,,}. Let w : M — V be a resolution of
the singularities of V. Let U; be a strongly pseudoconvex neighborhood of 0;, for
1 <i < m, such that the U; are pairwise disjoint. Then

pe(X) = " dim (Ui —{0;}, Q%)/L?*(U; —{0;}. Q).

i=1
If pg(X) =0, we call the CR manifold rational.

From the similar proof of Lemma 3.9 in [Du and Yau 2012], we know that
the invariant pg (X) is also decided by the holomorphic sections of holomorphic
cotangent bundle of X. So it is also a CR invariant.

Theorem 3.9. Let X be a strongly pseudoconvex compact rational CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strongly pseudocon-
vex bounded domain D in CN. Then X is a boundary of the complex submanifold
V C D —X ifand only if gV (X) = 0.

Proof. 1t is clear that rational CR manifolds can bound varieties with only rational
singularities. Then from Theorem 2.8 and Lemma 3.5, we obtain our conclusion. [J

4. Explicit calculation of new invariants for special rational triple points

Du et al. [2011] calculated £V and g(1-1) for rational double points and quotient
singularities. In this section we will calculate these two invariants for rational triple
points. We suppose that V' is a 2-dimensional Stein space with 0 as its only normal
singularity and that V' is contractible to 0.

Artin [1966] classified the dual graphs of rational triple points of dimension 2
into nine classes, and proved that each rational triple point can be embedded into C*.
Tyurina [1968a] gave explicitly three defining equations for each singularity. Tyurina
[1968b] also proved that a rational triple point is determined uniquely by its dual
graph ([Laufer 1973] totally gave all the dual graphs of singularities with such
property). So, isomorphically, there are nine rational triple points, for which we
use the notations defined in [Chen et al. 2007]:
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n
Gn,Oi RN o—o—o—o—l—o—o

where o is a (—2)-curve and e is a (—3)-curve.

In the following computation, we shall use explicit resolutions 7w : M — V of
Amnik> Bmns Cmgns Dns, Eso, E7,0, Eo,7, Fn,6 and Gy o to compute our new
invariants. Note that for these rational singularities of dimension 2, the irregularity
qis 0, so f&1 = gD 1Ip order to calculate our new invariants for these
rational singularities, we must know all the holomorphic 1-forms and holomorphic
2-forms on M. In general, the difficulty for calculating these two invariants is
that the holomorphic 1-forms on the resolution manifolds are hard to express. But
for rational singularities, we can use the following proposition to simplify the
calculation. Campana and Flenner [2002] gave a proof of the following proposition
by using mixed Hodge structure theory, which is of independent interest. We give a
short proof here:

Proposition 4.1. If (V,0) is a rational isolated singularity of dimension 2 and M
is a resolution of the singularity, then H}} (M) = H; (M) =0.

Proof. We recall the similar proof in [Du and Yau 2010]. Let 7 : M — V be a good
resolution of the singularity. Let 771(0) = A = (J A;, 1 <i <n, be the irreducible
decomposition of the exceptional set A.

We have the spectral sequence

(4-1) EPY = HY(M, Q¥ )= HPTI(M, Q) =~ H?T4(M,C).
The spectral sequence induces an exact sequence of small-order terms

(4-2) 0= Hj (M) — H'(M.C) > Ey"' — Hj} (M) - H*(M.C) > E;" —0,

where

(4-3) EX! =ker(HY (M, 0p) — H (M, Q),)),
(4-4) Ey' = coker(H (M, Op) — H' (M, 2}))).
So

@5 hE(M)—hY(M)+dim E)' —h2(M) +h2(M) —dim E)*' = 0.
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Since

(4-6) dim Ey't —dim Ey*' = h' (M, 0p) — Y (M, Q),),

we have

@4-7)  h}(M)—h"(M)—h3 (M) +h*(M) +h'(M,0p) — ' (M, Q2},) = 0.

From [Wahl 1985], we know that

(4-8) WM, Q})=y+q+n=pg—g—b—a—P+n

and

h'(M)=dim H'(4,C) =2g +b, h*(M)=n, h'(M.Op)= pq.

So

(4-9) ha(M)—h,(M)=a+ B —g.

From [van Straten and Steenbrink 1985], we know that
Pg=q+g+b+a+pB+y.

Aspg=0,g=g=b=a=p=y.Soh!(M)=2¢g+b=0. From (4-2) and
(4-9), we get that hi(M) = h}l;(M) =0. N

Remark 4.2. In fact, from the above proof, we can get h%(M )= h,ll(M )=0if
EJ' =ker(HY(M,0p) — H' (M, Q},)) = 0.

So, rational singularity is a special case.

Now we can use holomorphic functions and holomorphic 2-forms to express
holomorphic 1-forms on the resolution manifold from the following lemma:

Lemma 4.3. If (V, 0) is rational isolated singularity of dimension2 and w : M —V
is a resolution, then for any § € I'(M, Q]lw) and ¢ € d=1(d§), there exists an
f el'(M,Opp) such that £ =+ d(f), where d is the exterior differential operator.

Proof. From Proposition 4.1 above, we have the exact sequence
d d
0— I'(M,0p) — T(M,Q},) — T'(M,Q3,) — 0.

For £ € I'(M, Q}u) and any ¢ € d~1(d§), d(§ —¢) = 0. So there exists
f el(M,0Op) suchthat £ = ¢ +d(f). O

From the lemma above, we see that in order to get holomorphic 1-forms on M,
we only need to calculate holomorphic functions and holomorphic 2-forms on M.
Laufer [1971] constructed local coordinates for the resolution manifolds of
cyclic quotient singularities such that one can calculate everything explicitly on
the manifolds. Now we are going to construct local coordinates for the resolution
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manifolds of rational triple points to calculate our new invariants because of the
tautness of rational triple points (“tautness” means that the singularity is determined
by its dual graph).

An explicit resolution w : M — V can be given in terms of coordinates and
transition functions on M for each type as follows:

Type Es.,0:

Coordinate charts:
Wi ={(us, ve)}, t=0,1,....,4,
W ={(us,ve) : ujve # -1}, =56,
W7 ={(u7,v7)} : u7v7 # —1}.

Transition functions:
Urr1=1/vy, us=1/(uqvsa),
{ r+1 /t2 0<i<3. { 5 /(24 4)
Vg1 = UsV7, U5 =uqvy (1l —uy),
{M6= 1/(va(l —ug)), {u7= 1/ve,
Vg — u4v2(1—u4), V7= u6v2.

Exceptional set: A =7~1(0) = C; U---U C7, where
Ctz{ut_1=0}U{vt=0}, 15[54,
Cs ={v3=1}U{ug = 1} U {vs =0},
Ce = {ua =0} U{ve = 0},
C7 ={ug =0} U {v7; =0}.
A holomorphic function on M can be generated by the following forms:
udv? (1 —uy) = ul3’1)3 at2b—cy _1)°
u;a+2b—cv2—2a+3b—20(u2v% _ l)c
M1_2a+3b_261)1_3a+4b_3c(u%1}:1; —1)°

_ . —3a+4b—3c, —4a+5b—4c, 3 4 ¢
=1u, v (upvy — 1)

_ —b+20 C(1+M51)5) —a+b—c
— %a —b a(1+u U6) —a+b—c

5a—3b,2a—b —a+b—
=u3" v (1+u7v7) aTb=c
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such that

a,b,c>0,

5b > 4(a + ),
4-10 -
( ) 2¢ > b,

5a > 3b.

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and

(p():du()/\dvozdul/\dvl :---=du4/\dv4
dus/\dvs _ due/\dvg _ u7du7/\dv7
 L4udvs 14udvg 14ude?
such that
a,b,c>0,
5b >4
(@-11) =z 4atc).
2¢ > b,
5a + 1> 3b.
Type E7,0:
Coordinate charts:
Wi = {(us, ve)}, t=0,1,...,5,

Wy ={(us,v¢) s ujve #-1}, =67,
Ws = {(us., vs)} : ugvg # —1}.

Transition functions:

u =1/vy, ueg= 1/(usvs),

{ t+1 /t2 0<i<4 { 6 /(25 5)
Vrb1=UV7, ve = usvs (1l —us),
{u7: 1/(vs(1 —us)), {u8: 1/v7,
v7=u5v§(1—u5), v8=u7v.3,.

Exceptional set: A = 7~1(0) = C; U---U Cg, where

Ce={ur-1=0U{v; =0}, 1=<17<5,
Co ={va =1} U{us =1} U{ve = 0},
Cy7 ={us =0} U {v; =0},

Cg ={uy7 =0} U {vg = 0}.
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A holomorphic function on M can be generated by the following forms:

usvs (1 . us)c _ (l+2b—c (U4 _ 1)0

_ ..—a+2b—c, —2a+3b—2c 2 c
= Uy V3 (uzvz—1)

_ ..—2a+3b—2c, —3a+4b—3c/,,2..3 c
) Uy (u3 Uz—l)

_ ., —3a+4b—3c —4a+5b 4c¢ c
=u V) (u -1

_ .. —4a+5b—4c, —5a+6b—5¢c c
=u, Vo (u vp > —1)

b+20 C(1+uev6) —a+b—c

_u%a —b a(1+u v7) —a+b—c

5a— 3b a b(1+u5 )—a+b—c
8 )

=uj
such that

a,b,c>0,

6b > 5(a+c),
4-12 -
( ) 2¢ > b,

5a > 3b.

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and

(p0=duo/\dvo=du1/\dv1 =---=du5/\dv5
. du6/\dv6 . du7/\dv7 . ugdug/\dvg
N 1—|—u§v6 N 1+u%v7 N 1+u§v§
such that
a,b,c >0,
6b > 5(a +c¢),
4-13 -
( ) 2¢ > b,
5a + 1> 3b.
Type Eo,7:
Coordinate charts:
Wi = {(us, vs)}, t=0,1,...,5,

W = {(uz, vr) - Mgvt#—l}, t=6,7,
Ws = {(us, vs)} : ugvg # —1}.
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Transition functions:
ui1=1/vo, Urr1= 1/vy,
{ / 0 { t+1=1/ t2 l<i<4
Ulz Mov()a vt-‘rl: utvt’
{u6: 1/(usvs), {u7= 1/(vs(1 —us)), ug=1/v7,
v6=u5v§(1—u5), v7=u5v§(1—u5), vg=u7v$.

Exceptional set: A = 7~1(0) = C; U---U Cg, where
C={ur-1=0U{v; =0}, 1=<17<5,
Co ={va =1} U{us = 1} U{ve = 0},
C7 ={us =0} U{vy =0},
Cg ={u7 =0} U{vg = 0}.
A holomorphic function on M can be generated by the following forms:
uév2(1—us)¢ = uﬁvZaJer_c (vg —1)°€
_ u§a+2b—cv;2a+3b—2c (u302 — 1)°
_ u;2a+3b—20v2—3a+4b—3c w203 — 1)
_ u1—3a+4b—3cv1—4a+5b—4c vt — 1)

_ .. —4a+5b—4c, —9a+11b—9c, 4.9 c
=Uy Yo (ugvg — 1)
_ ..—b+2c..c 2 —a+b—c
= ug Vg (1 +ugve)

2a—b . .a 2 —a+b—c

_ ,3a—2b 2a—b 3.2\ —a+b—
=ug? Pvg? 7 (1 +ugvg) T77C,

such that

a,b,c>0,

116 > 9(a + ¢),
4-14
( ) 2¢ > b,

3a > 2b.

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and
w0 = vodug Advg =duy Advy =---=dus Advs
du6/\dv6 _ du7/\dv7 _ dug/\dvg
1+u%v6 B 1—|—u%v7 B 1+u§v§ '
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such that
a,b,c>0,
116+1>9
4-15) +1>9(a+c),
2¢ > b,
3a > 2b.
Type Gp.0:
Coordinate charts:
W = {(uz, v}, t=0,1,...,n+1,
Wr ={(us,vs) : u v,;«é—l}, t=n+2,n+4,

Wit3 = {(Un+3. Vns3)} 1 Un 3Upt3 # —1}

Transition functions:
%ut—i-l:l/vt’ O<i<n {Mn+2= 1/(un+1Vn+1),
Vil =uvi, Unt2 = v (1 —Upny1),
;Mn+3= 1/(n1(1 —un+1)), {”n+4: 1/vn+3,
Un3=tUnt105 (1 —tng1), Un44=Unt3V5 3.

Exceptional set: A =7"1(0) = C; U---U Cp44, Where

C;={u;—1=0U{v, =0}, 1<t<m+1,
Cnt2 ={vn = 1} U{up41 = 1} U{vpq2 =0},
Cn+3 = {unt+1 =0} U{vp43 =0},

Cnta = {up+3 =0} U{vy44 =0},

A holomorphic function on M can be generated by the following forms:

u2+1v’l17+1(1 _Mn—i—l)c _ (n—t+1)b—(n—t)(a+c)vgn—t—i-z)b—(n—t—i-l)(a—f-c)
(un t o t+1 1)(:
t

—b+3c,.c

— —a+b—c
= 1,53 U ya (L5 oUng2)”

2a—b,a —a+b—c
= up43 v (1 +uj 3V 13)

_ —2b.2a—b —a+b— c
=1, 0 (404 g) ™



NEW INVARIANTS FOR COMPLEX MANIFOLDS AND RATIONAL SINGULARITIES 87

where 0 <t < n, such that

a,b,c>0,
nm+2)b>m+1)a+c),
3c>b,

3a > 2b.

(4-16)

A holomorphic 2-form can be written as f'¢g, where f is a holomorphic function
on M and

Yo = duo /\dvo = du1 /\dv1 == dun+1 /\dvn+1
_un+2dun+2 Advy42 B dup43 Advy43 . dupta ANdvyiga
L4154 5Un42 Ltuniavnts  LHupvni,
such that
a,b,c>0,
2)b > 1 ’
4-17) (n+2)b>n+1)(a+c)
3c+1>b,
3a > 2b.
Type D, s:
Coordinate charts:
W = {(us, v}, t=0,1,...,n43,
Wy = {(us.ve) 2 uiv #—13, t=n+dn+5n+7,
Wate = {(Un+6.Vn+6)} : uf’,+6v§+6 # —1}.
Transition functions:
u =1/vy,
{ + /; O0<t<n—landt=n+1,n+2,n+5n+6,
V41 = U ¥y,
{un-i-l: 1/vn, %un+4= 1/(un+3vn+3),
Unt1= UnVy, Unta=Un43V53(1 —ny3),

Un+5=1/(Vn+3(1 —un+3)),
{ Unts5=Un+30p 4 3(1 —1p13).
Exceptional set: A =7"1(0) = C; U---U Cp47, Where
C:={u—1=0U{v;, =0}, 1<t<n+3andt=n+6n+7,
Cnta ={vn+2 =1} U{up3 = 1} U {vp4a = 0},
Cn+s = {un+3 =0} U{vp4s =0}
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A holomorphic function on M can be generated by the following forms:

b
“Z+3vn+3(1 —Up+3)°

b —a+2b—c c
= Un42Vn42 (Unt2—1)
.. —a+2b—c, —2a+3b—2c 2 c
=Upp Un+1 (Un+1v,41—1)

u (4n—4t+3)b—(Bn—3t+2)(a+c) v (4n—4t+7)b—Bn—3t+5)(a+c)
t t

M3n—3t+2v3n—3t+5 _ l)c

=, Vv g (120 g g v ga) 407
= n+5bvz+5(1+un+5vn+5)_a+b_c
=15 0t (L gviye) T
=y o (U g v ) 0P

where 0 <t < n, such that

a,b,c >0,

(4n+7)b > (Bn+5)(a+c),
2¢ > b,

4a > 3b.

(4-18)

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and

Yo = ugvgﬂduo ANdvg = u'f—lv"dul Advy
= =Uy_ 1v 1dup—1 Advp—1 = updup Advy, = dupy41 Advpgq
dupt+4 Ndvpts
= dun+2 Advn+2 = dun+3 Advn+3 e H—
L+uy, 4Vnta
. dun+5 /\dvn+5 . dun+6 /\dvn+6 . dun+7/\dvn+7

Ltupysvnes L gae  THun 00,
such that
a,b,c >0,
4-19) @n+7b+n+1>3n+5)(a+c),
2¢ > b,
4a > 3b.

Type Fy 6t
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Coordinate charts:
Wr = {(uz, ve)}, t=0,1,...,n+4,
We = {(us, vy) : ulvg # —13, t=n+5n+6,
Wat7 = {(n+7, Vns7)} © Upy7Vm 47 # —1},

Wits = {(Un+8, Vnts)} : UpygVpig 7 — 1}

Transition functions:
ur1=1/vy,
) O0<t<n—landt=n+1,n+2,n+3,n+6,n+7,
Vr4+1= U VF,s

Unt1=1/vp, {Mn+5= 1/(Unt+4Vnta),

— . 3 _ 2
Un+1= UnVy,, Un+5=Un+4V;,  4(1 —Upnt4a),

{Mn+6: 1/(vn44(1 —un+4)),

Unt6=UntaVi 4(1 —Unia).
Exceptional set: A= mn"1(0) = CyU---U Cyyg, where

Ci={ur—1=0U{v; =0} 1<tr<n+4andt=n+7n+3§,
Cnts = {Un+3 = 1} U{upnya = 1} U{vpgs = 0},
Cn+6 = {un+4 = O}U {vn+6 = 0}.

A holomorphic function on M can be generated by the following forms:

b
Uy 4V a(l —Unya)°

b —a+2b—c c
=Up43Vy43 (vn+3 - 1)
_ ..—a+2b—c, —2a+3b—2c 2 c
=Uyyo ) (Un+2V542— 1)
—2a+3b—2¢, —3a+4b—3c 3 c
=U,1 Uyt Uy 1Vp41— D

_ u(5n—5t+4)b—(4n—4t+3)(a+c)v(5n—5t+9)b—(4n—4t+7)(a+c)
t t

(uin— A3yt T e

= unigzc Vns(1 45 50n4s)” athe
= unt-ll-6bvn+6(1 + Uy gUnte)” mathe

= ”n+72bvii7b(1 +up i 70m 1) athe
= w34 o (L gy svi )40
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where 0 <t < n, such that

a,b,c >0,

5n+9)b > (4n+7)(a+c),
2¢ > b,

4a > 3b.

(4-20)

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and

Yo = uﬁv(’)‘"’lduo Advg = u'l’_lv{’dul Advg

=...= un_lv%_ldun_l ANdvy—1 = upduy Advy

= dun+1 /\dvn+1 == dun+4 /\dvn+4
_ _dupys Ndvpys _ dupy6 Ndvpte
1+ u2+5vn+5 1+ uﬁ+6vn+6
_dupt7ANdvpyy  dupyg Adogss
- 3 - 4 3
L+up g0, I4u, gV s
such that
a,b,c>0,
Gn+9b+n+1>@An+7)(a+c),
4-21) 2e > b
4a > 3b.
Type Cp 5t
Coordinate charts:
Wi = {(us,ve)}, t=0,1,....m+n+2,

Wi = {(us,ve) s uve # =1}, t=m+n+3,m+n+4.
Transition functions:

{ut+1= 1/ve,

) O0<t<n—landn+1=<t<m+n+1,
Ur41= Ut Vy,

Upnt1=1/vn, {Mm+n+3= 1/ (Um+n+2Vm+n+2)-

Un41=UnVj, Umtn+3=Umtn+2Vpnio(l —Umint2),

%um+n+4: 1/ (Vm+n+2(1 —Um4n+2)),

_ 2
Um+n+4= Um+n+2Vp 1 pio(l —Umtn+2).
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Exceptional set: A=mn"1(0)=CyU---U Cpinias, Where
Ci={ur—1=0U{v; =0}, 1<t<m+n+2,
Cnint3 ={Vmin+1 = 1} U{umint2 = 1} U{vmins3 = 0,
Cntn+a = WUmtn+2 = 0y U{Umtnta = 0}.

A holomorphic function on M can be generated by the following forms:

a b c
Umsnt2Vmant2(l —Umini2)
On+n+2 t)b—(m+n+1—t)(a+c) On+n+3 t)b—(m+n+2—t)(a+c)

(um+n+1 ”ﬂn+n+2 t Dc

_ [ +3)(1=9)+m+2)lb=[(n+3) (1—s)+m+ D] (a+0)
N
plm=+3) (n—s)+m+2)]b—[(m+3)(n—s)+m+1)](a+c)
N
. (u(m+3)(n—s)+m+2)v(m+3)(n—s)+2m+3) _1ye
s
—b+2 2
= um‘f‘—;‘::; rcn+n+3(1 + Ui ni3Vm+n+3

a—b 2 —a+b—c
= U+ 4Umtn 4 (L Uiy 4Umtn+4) ,

)—a+b—c

wheren+1<t<m+n+1, 0<s <n, such that

a,b,c >0,
(mn+3m+2n+5b>mn+2m+2n+3)a+c),
2¢ > b,

2a > b.

(4-22)

A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and

Yo = u0v3+1du0 Advg = u'l’_l Tduy Advy

= =Uy_ 1v _1dup—1 ANdvp—1 =upduy Advy = dup1 Advogg

dum+n+3 N dVm+n+3

= =dumtn+2 NdVmint2 = — >
1+ um+n+3vm+n+3

_ duminta ANdVminta

9’

2
14‘um+n+4vm+n+4

such that

a,b,c>0,
(4-23) mn+3m+2n+5b+n+1>mn+2m+2n+3)(a+c),
i 2¢ > b,

2a > b.
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Type By n:
Coordinate charts:
Wi = {(us, ve)}, t=0,1,....m+2,

Wm+3 = {(um+3, Um+3) : M%H-SUWH'?’ 75 —1}’
We=A{@uev) sy " 20 £ -1 mdst<mtnt4.

Transition functions:

{MH—IZ 1/vg,

, O0=t=m-Lt=m+l,andm+4<t<m+n+3,
V1= Ut Uy,

{Mm+1= 1/vm, Um+3= 1/(Um+2Vm+2),
Umnt1= UmV,, Um+3= Umt2V2% 1o (1 —Umy2),

{um+4= 1/ (vm+2(1 —um+2)),
Um+4=Um+2V5 1, (1 —Umq2).

Exceptional set: A = 771(0) = C; U---U Cpytn+4, Where

Cir={u;—1=0U{v; =0}, 1<t<m+4+2andm+5<t<m-+n-+4,
Cm+3 ={vm+1 = 1} U{um+2 = 1} U{vp43 =0},
Cm+4 = {um+2 =0}U{l)m+4 =0}.

A holomorphic function on M can be generated by the following forms:

b
U2 Umt2 (1= Um42)°

_..b —a+2b—c c
= Um+1Vm+1 (Vm+11)

u (Bm—3t+2)b—(2m—2t+1)(a+c) v (Bm—3t+5)b—(2m—2t+3)(a+c)
t t

X (M%m—2t+1vt2m—2t+3 _ l)c

_ ..—b+2c..c 2 —a+b—c
= Upts Umgs(l+ Uy 3Um3)

— ugl—m—Z)a—(t—m—3)bvgt—m—3)a—(t—m—4)b(ug—m—zvé—m—3 _ l)c’

where 0 <t <m, m+4<s <m+n—+ 4, such that

a,b,c>0,
Bm+5b=>(2m+3)(a+c),
2¢ > b,

(n+2)a>(n+1)b.

(4-24)
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A holomorphic 2-form can be written as f¢g, where f is a holomorphic function
on M and

g0 = ug vl dug A dvg = u W duy A duy

=...= um_lv;_ldum_l ANdVm—1 = Umdum N doy,
=dum+1 ANdvmi1 = dumio ANdvpmio
_dum3 ANdomys

2
1+ Uy +3Vm+3
dut /\dU[

—_m—") f—e—m -1
1+M€m2v§m3

where m +4 <t <m +n + 4, such that

a,b,c >0,

(4-25) BGm+5b+m+1=>2m+3)(a+c),
2¢ > b,
(n+2)a>(n+1)b.

Type Am,n,k:

Coordinate charts:

Wi = {(uz, ve)}, t=0,1,...,.m+1,
Wy = {(ug,vp) o ul ™ol £ 1, ma2<t<m4n+l,
Wr = {(us,v) : ul T L omdnd2<t<m4n+k+1.

Transition functions:

{”t“:l/”t’ O<t<m—1,m+2<t<m+n, or
Ver1=uv2, m4n+2<t<m+n+k,

Um+1= umvma

Umt2=Umt1V2 1 (1 —Umy1),

Umtn+2= 1/(Um+1Vm+1).

{Mm+2— 1/ (Um+1(1 —um+1)),

Umant2=Um+1Vp41(1 —Um1).
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Exceptional set: A =n"1(0) = CyU-+-UCyy4nik+1, Where
Cr={ur—1=0}U{v, =0}, t#m+n+2,
Cmtn+2 = {vm = 1} U{um+1 = 1} U{vm4n+2 = 0}.

A holomorphic function on M can be generated by the following forms:

b
”?n+1vm+1(1 —Um+1)°

u£2m—2t+l)b—(m—t)(a-l-c)v§2m—2t+3)b—(m—t+1)(a+c) (u;n—t v;n—t+1 _ 1)0

— ugs—m)a—(s—m—l)bvgs—m—l)a—(s—m—Z)b (ui—mvg—m—l _ l)c’

_ u(r—m—n)c—(r—m—n—l)bv(r—m—n—l)c—(r—m—n—Z)b
=u, p

. (u:—m—nv:—m—n—l _ l)c’

where0<t<m,m+2<s<m+n+1l,m+n+2<r<m-+n+k-+1,such
that

a,b,c >0,

2m+3)b>(m+1)(a+c),

(n+ Da >nb,

(k+ 1)c > kb.

(4-26)

A holomorphic 2-form can be written as f g, where f is a holomorphic function
on M and
o = uf)”v(')"ﬂduo ANdvg = u’ln_lv’lndul Advy
=...= um_lv,zn_ldum_l ANdvm—1 = Umdium ANdVy = dup+1 N dvy 41
du, /\dv,
t—m, t—m—1
I +uy""v;
dug A dvg

o s—m—ny,s—m—n—1"
I+ us vs

wherem +2<t<m+n+1,m+n+2<s<m+n+k+1, such that

a,b,c>0,
Cm+3)b+m+1>(m+1)(a—+c),
(n+1a >nb,

(k+ 1)c > kb.

(4-27)

Theorem 4.4. For 2-dimensional rational triple points, f(l’l) = g(l’l) =1

Proof. We consider only type Es o as an example; the other singularities are similar.
From the above calculation, we know that the holomorphic functions on M are
generated by a base {uﬁvf{ (1 —u4)¢} satistying (4-10), and holomorphic 2-forms
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are generated by a base {ujv b(l —u4)°dug A dvg} satisfying (4-11). For every
holomorphic 2-form w = u§vy (1 —u4)¢dug A dvg on M, we consider

u vf“(l—u )¢
b+1

So, & defines a holomorphic 1-form on Wy and d§ = w. In fact, we need to check
that under all changes of coordinate charts, £ transforms to define a holomorphic
1-form in each coordinate chart:

uil‘vg-i-l (1 _ M4)Cdu4 - _ ug-i—l —a+2b—c (U3 . l)cdv3

—a+2b— —2 3b—2c+1 2
— _u2a+ c v, a+ c+ (u v3 —l)cduz

é’: dM4.

2u2a+2b c+1 2a+3b Zc(u U l)cdvz

_ 2u1—2a+3b—20 —3a+4b—3c+1(u2 3 l)cdu
—3u 1—2a+3b 2c+1 1—3a+4b 3C(u 1)cdv1
_ 3u—3a+4b 3¢ a4a+5b 4c+1(u3 4 l)cdu()

— 4y 0—3a+4b 3c+1 a4a+5b 40(1/!01)0 l)cdvo
— _2M5b+20 +1(1+u§v5)—a+b—c—1du5
—u b+26+1vc(1+u§v5)_“+b_c_1dv5
_2M2a —b a+1(1+u ve)~ —a+b—c— ldu
+u2a —-b+1 a(1+u6U6) —a+b—c— 1dv
Suga 3b+1 2a b+1(1+u 2\—a+b—c— ldu

+2u7a 3b+2v$a b(l+ugv7)_a+b_c_ldv7.

By Lemma 4.3, we can get general expressions for elements in I' (M, Q1 )
Therefore

r(M.9Q2,) -
(C(M.QL)AT(M.QL,)) (w4 A va).
and
FOD = dim (M, 2) =1. O

(T(M, Q3,) AT (M, Q1))

References

[Artin 1966] M. Artin, “On isolated rational singularities of surfaces”, Amer. J. Math. 88 (1966),
129-136. MR 33 #7340 Zbl 0142.18602

[Campana and Flenner 2002] F. Campana and H. Flenner, “Contact singularities”, Manuscripta Math.
108:4 (2002), 529-541. MR 2003k:32041 Zbl 1026.32057


http://dx.doi.org/10.2307/2373050
http://msp.org/idx/mr/33:7340
http://msp.org/idx/zbl/0142.18602
http://dx.doi.org/10.1007/s002290200285
http://msp.org/idx/mr/2003k:32041
http://msp.org/idx/zbl/1026.32057

96 RONG DU AND YUN GAO

[Chen et al. 2007] Z. Chen, R. Du, S.-L. Tan, and F. Yu, “Cubic equations of rational triple points of
dimension two”, pp. 6376 in Proceedings of the International Conference on Complex Geometry
and Related Fields (Shanghai, 2004), edited by Z. Chen et al., AMS/IP Stud. Adv. Math. 39, Amer.
Math. Soc., Providence, RI, 2007. MR 2008g:14056 Zbl 1127.14003

[Du and Yau 2010] R. Du and S. Yau, “Local holomorphic de Rham cohomology”, Comm. Anal.
Geom. 18:2 (2010), 365-374. MR 2011g:32039 Zbl 1216.32018

[Du and Yau 2012] R. Du and S. Yau, “Kohn—Rossi cohomology and its application to the complex
Plateau problem, III”, J. Differential Geom. 90:2 (2012), 251-266. MR 2899875 Zbl 1254.32051

[Duetal. 2011] R. Du, H. S. Luk, and S. Yau, “New invariants for complex manifolds and isolated
singularities”, Comm. Anal. Geom. 19:5 (2011), 991-1021. MR 2886715 Zbl 1243.32018

[Harvey and Lawson 1975] F. R. Harvey and H. B. Lawson, Jr., “On boundaries of complex analytic
varieties, I”, Ann. of Math. (2) 102:2 (1975), 223-290. MR 54 #13130 Zbl 0317.32017

[Laufer 1971] H. B. Laufer, Normal two-dimensional singularities, Annals of Mathematics Studies
71, Princeton University Press, 1971. MR 47 #8904 Zbl 0245.32005

[Laufer 1973] H. B. Laufer, “Taut two-dimensional singularities”, Math. Ann. 205 (1973), 131-164.
MR 48 #11563 Zbl 0281.32010

[Luk and Yau 1998a] H. S. Luk and S. S.-T. Yau, “Counterexample to boundary regularity of a
strongly pseudoconvex CR submanifold: An addendum to the paper of Harvey—Lawson”, Ann. of
Math. (2) 148:3 (1998), 1153-1154. MR 99j:32006 Zbl 0940.32014

[Luk and Yau 1998b] H. S. Luk and S. S. T. Yau, “Explicit construction of graph invariant for strongly
pseudoconvex compact 3-dimensional rational CR manifolds”, Compositio Math. 114:1 (1998),
77-111. MR 2000d:32054 Zbl 0917.32008

[Luk and Yau 2007] H. S. Luk and S. S.-T. Yau, “Kohn—Rossi cohomology and its application to
the complex Plateau problem, II”, J. Differential Geom. 77:1 (2007), 135-148. MR 2008k:32091
Zbl 1123.32020

[Siu 1970] Y.-t. Siu, “Analytic sheaves of local cohomology”, Trans. Amer. Math. Soc. 148 (1970),
347-366. MR 41 #2054 Zbl 0195.36802

[van Straten and Steenbrink 1985] D. van Straten and J. Steenbrink, “Extendability of holomorphic
differential forms near isolated hypersurface singularities”, Abh. Math. Sem. Univ. Hamburg 55
(1985), 97-110. MR 87j:32025 Zbl 0584.32018

[Tjurina 1968a] G. N. Tjurina, “Absolute isolatedness of rational singularities, and triple rational
points”, Funkcional. Anal. i PriloZen. 2:4 (1968), 70-81. In Russian; translated in Func. Anal. Appl.
2:4 (1968), 324-333. MR 39 #7136 Zbl 0176.50804

[Tjurina 1968b] G. N. Tjurina, “The rigidity of rationally contractible curves on a surface”, Izv. Akad.
Nauk SSSR Ser. Mat. 32 (1968), 943-970. In Russian. MR 40 #149 Zbl 0186.26301

[Wahl 1985] J. M. Wahl, “A characterization of quasihomogeneous Gorenstein surface singularities”,
Compositio Math. 55:3 (1985), 269-288. MR 87e:32013 Zbl 0587.14024

[Yau 1981a] S.S. T. Yau, “Existence of LZ-integrable holomorphic forms and lower estimates of
TI} Duke Math. J. 48:3 (1981), 537-547. MR 83b:32009 Zbl 0474.14020

[Yau 1981b] S. S. T. Yau, “Kohn—Rossi cohomology and its application to the complex Plateau
problem, I”, Ann. of Math. (2) 113:1 (1981), 67-110. MR 82k:32038 Zbl 0464.32012

[Yau 1982] S. S. T. Yau, “Various numerical invariants for isolated singularities”, Amer. J. Math.
104:5 (1982), 1063-1100. MR 84b:32012 Zbl 0523.14002

Received October 7, 2011.


http://msp.org/idx/mr/2008g:14056
http://msp.org/idx/zbl/1127.14003
http://dx.doi.org/10.4310/CAG.2010.v18.n2.a4
http://msp.org/idx/mr/2011g:32039
http://msp.org/idx/zbl/1216.32018
http://projecteuclid.org/euclid.jdg/1335230846
http://projecteuclid.org/euclid.jdg/1335230846
http://msp.org/idx/mr/2899875
http://msp.org/idx/zbl/1254.32051
http://dx.doi.org/10.4310/CAG.2011.v19.n5.a7
http://dx.doi.org/10.4310/CAG.2011.v19.n5.a7
http://msp.org/idx/mr/2886715
http://msp.org/idx/zbl/1243.32018
http://dx.doi.org/10.2307/1971032
http://dx.doi.org/10.2307/1971032
http://msp.org/idx/mr/54:13130
http://msp.org/idx/zbl/0317.32017
http://msp.org/idx/mr/47:8904
http://msp.org/idx/zbl/0245.32005
http://dx.doi.org/10.1007/BF01350842
http://msp.org/idx/mr/48:11563
http://msp.org/idx/zbl/0281.32010
http://dx.doi.org/10.2307/121038
http://dx.doi.org/10.2307/121038
http://msp.org/idx/mr/99j:32006
http://msp.org/idx/zbl/0940.32014
http://dx.doi.org/10.1023/A:1000476825608
http://dx.doi.org/10.1023/A:1000476825608
http://msp.org/idx/mr/2000d:32054
http://msp.org/idx/zbl/0917.32008
http://projecteuclid.org/euclid.jdg/1185550817
http://projecteuclid.org/euclid.jdg/1185550817
http://msp.org/idx/mr/2008k:32091
http://msp.org/idx/zbl/1123.32020
http://dx.doi.org/10.2307/1995376
http://msp.org/idx/mr/41:2054
http://msp.org/idx/zbl/0195.36802
http://dx.doi.org/10.1007/BF02941491
http://dx.doi.org/10.1007/BF02941491
http://msp.org/idx/mr/87j:32025
http://msp.org/idx/zbl/0584.32018
http://dx.doi.org/10.1007/BF01075685
http://dx.doi.org/10.1007/BF01075685
http://msp.org/idx/mr/39:7136
http://msp.org/idx/zbl/0176.50804
http://msp.org/idx/mr/40:149
http://msp.org/idx/zbl/0186.26301
http://www.numdam.org/item?id=CM_1985__55_3_269_0
http://msp.org/idx/mr/87e:32013
http://msp.org/idx/zbl/0587.14024
http://dx.doi.org/10.1215/S0012-7094-81-04830-4
http://dx.doi.org/10.1215/S0012-7094-81-04830-4
http://msp.org/idx/mr/83b:32009
http://msp.org/idx/zbl/0474.14020
http://dx.doi.org/10.2307/1971134
http://dx.doi.org/10.2307/1971134
http://msp.org/idx/mr/82k:32038
http://msp.org/idx/zbl/0464.32012
http://dx.doi.org/10.2307/2374084
http://msp.org/idx/mr/84b:32012
http://msp.org/idx/zbl/0523.14002

NEW INVARIANTS FOR COMPLEX MANIFOLDS AND RATIONAL SINGULARITIES

RONG DU

DEPARTMENT OF MATHEMATICS
EAST CHINA NORMAL UNIVERSITY
DONGCHUAN ROAD 500
SHANGHAI 200241

CHINA

rdu@math.ecnu.edu.cn

YUN GAO

DEPARTMENT OF MATHEMATICS
SHANGHATI JIAO TONG UNIVERSITY
DONGCHUAN ROAD 800

SHANGHAI 200240

CHINA

gaoyunmath @sjtu.edu.cn

97


mailto:rdu@math.ecnu.edu.cn
mailto:gaoyunmath@sjtu.edu.cn




PACIFIC JOURNAL OF MATHEMATICS
Vol. 269, No. 1, 2014

dx.doi.org/10.2140/pjm.2014.269.99

HOMOGENEITY GROUPS OF ENDS OF OPEN 3-MANIFOLDS

DENNIS J. GARITY AND DUSAN REPOVS

For every finitely generated abelian group G, we construct an irreducible
open 3-manifold M; whose end set is homeomorphic to a Cantor set and
whose homogeneity group is isomorphic to G. The end homogeneity group
is the group of self-homeomorphisms of the end set that extend to homeo-
morphisms of the 3-manifold. The techniques involve computing the embed-
ding homogeneity groups of carefully constructed Antoine-type Cantor sets
made up of rigid pieces. In addition, a generalization of an Antoine Cantor
set using infinite chains is needed to construct an example with integer ho-
mogeneity group. Results about the local genus of points in Cantor sets and
about the geometric index are also used.

1. Introduction

Each Cantor set C in S° has for complement an open 3-manifold M3 with end
set C. Properties of the embedding of the Cantor set give rise to properties of
the corresponding complementary 3-manifold M>. See [Souto and Stover 2013],
[Garity and Repovs 2013], and [Garity et al. 2014] for examples of this.

We investigate possible group actions on the end set C of the open 3-manifold
M? in the following sense: the homogeneity group of the end set is the group of
homeomorphisms of the end set C that extend to homeomorphisms of the open
3-manifold M?3. Referring specifically to the embedding of the Cantor set, this
group can also be called the embedding homogeneity group of the Cantor set. See
[Dijkstra 2010] and [van Mill 2011] for some other types of homogeneity.

The standardly embedded Cantor set is at one extreme here. The embedding
homogeneity group is the full group of self-homeomorphisms of the Cantor set,
an extremely rich group (there is such a homeomorphism taking any countable
dense set to any other). Cantor sets with this full embedding homogeneity group are
called strongly homogeneously embedded. See [Daverman 1979] for an example of
a nonstandard Cantor set with this property.

At the other extreme are rigidly embedded Cantor sets, those Cantor sets for

MSC2010: primary 54E45, 57TM30, 57TN12; secondary S7N10, 54F65.
Keywords: open 3-manifold, rigidity, manifold end, geometric index, Cantor set, homogeneity group,
abelian group, defining sequence.
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which only the identity homeomorphism extends. Shilepsky [1974] constructed
Antoine-type [1920] rigid Cantor sets. Their rigidity is a consequence of Sher’s
result [1968] that if two Antoine Cantor sets are equivalently embedded, the stages
of their defining sequences must match up exactly. In the last decade, new examples
[Garity et al. 2006; 2011] of nonstandard Cantor sets were constructed that were
both rigidly embedded and had simply connected complement. See [Wright 1986]
for additional examples of rigidity.

These examples naturally lead to the question of which types of groups can
arise as end homogeneity groups between the two extremes mentioned above. In
this paper we show that for each finitely generated abelian group G, there is an
irreducible open 3-manifold with end set homeomorphic to a Cantor set and end
homogeneity group isomorphic to G. (See Corollary 6.3.)

The Cantor sets produced are unsplittable, in the sense that for each such C, no
2-sphere in the complement of C separates points of C. We produce these examples
by constructing, for each natural number m greater than one, 3-manifolds with
end homogeneity groups Z,,, and by separately constructing 3-manifolds with end
homogeneity group Z. We then link the Cantor sets needed for a given abelian
group in an unsplittable manner.

In Section 2, we give definitions and the basic results needed for the rest of
the paper. In Section 3, we review the needed results about Antoine Cantor sets.
In Section 4 we produce Cantor sets with embedding homogeneity group Z,,. In
Section 5 we produce Cantor sets with embedding homogeneity group Z. Section 6
ties together the previous results and lists and proves the main theorems. Section 7
lists some remaining questions.

2. Preliminaries

Background. Refer to [Garity et al. 2005; 2006; 2014] for a discussion of Cantor
sets in general and of rigid Cantor sets, and to [Zeljko 2005] for results about
the local genus of points in Cantor sets and defining sequences for Cantor sets.
The bibliographies in these papers contain additional references to results about
Cantor sets. Two Cantor sets X and Y in §3 are said to be equivalent if there is
a self-homeomorphism of S taking X to Y; otherwise they are inequivalent, or
inequivalently embedded. A Cantor set C is rigidly embedded in S if the only
self-homeomorphism of C that extends to a homeomorphism of S is the identity.

Geometric index. We list the results we need on geometric index. See [Schubert
1953] and [Garity et al. 2011] for more details.

If K is a link in the interior of a solid torus T, the geometric index of K in T,
denoted by N(K, T), is defined as the minimum of |K N D| over all meridional
disks D of T intersecting K transversely. If T is a solid torus and M is a finite
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union of disjoint solid tori such that M C Int(7"), then the geometric index N(M, T')
of Min T is N(K, T), where K is a core of M.

Theorem 2.1 [Schubert 1953; Garity et al. 2011, Theorem 3.1]. Let Ty and T} be
unknotted solid tori in S3 with Ty C Int(T}) and N(Ty, Ty) = 1. Then 3Ty and 9T,
are parallel; i.e., the manifold T) — Int(1y) is homeomorphic to Ty x I, where I is
the closed unit interval [0, 1].

Theorem 2.2 [Schubert 1953; Garity et al. 2011, Theorem 3.2]. Let Ty be a finite
union of disjoint solid tori. Let T\ and T, be solid tori such that Ty C Int(T}) and
T1 C Int(T3). Then N(Ty, T) = N(Ty, T1) - N(T1, Tp).

There is one additional result we will need:

Theorem 2.3 [Schubert 1953; Garity et al. 2011, Theorem 3.3]. Let T be a solid
torus in S® and let Ty, . . ., T, be unknotted pairwise disjoint solid tori in T, each of
geometric index 0 in T. Then the geometric index of | J;_, T; in T is even.

Defining sequences and local genus. We review the definition and some basic
facts from [Zeljko 2005] about the local genus of points in a Cantor set. See that
work for a discussion of defining sequences.

Let 9(X) be the set of all defining sequences for a Cantor set X C S°. Let
(M;) € 9(X) be a specific defining sequence for an X. For A C X, denote by Ml.A
the union of those components of M; which intersect A. The genus g(Ml.A) of MiA
is the maximum genus of a component of MI.A. Define

ga(X; (M) =sup{g(M) 1 i =0}, ga(X)=inf{ga(X; (M))) : (M;) € B(X)}.

The number g4 (X) is called the genus of the Cantor set X with respect to the subset
A. For A = {x} we call the number g(,)(X) the local genus of the Cantor set X at
the point x and denote it by g, (X).

Let x be an arbitrary point of a Cantor set X and : S° — §* a homeomorphism.
Then the local genus g, (X) is the same as the local genus gp(x)(h(X)). Also note
that if x € C C C’, then the local genus of x in C is less than or equal to the local
genus of x in C’. See [Zeljko 2005, Theorem 2.4].

The following result is needed to show that certain points in our examples have
local genus 2.

Theorem 2.4 [Zeljko 2005]. Let X, Y C S° be Cantor sets and p € X NY. Suppose
there exists a 3-ball B and a 2-disk D C B such that

(1) pent(B), 3D = DNJB, DN(XUY) = {p): and

2) XNB C BxU{p}and YN B C ByU{p}, where Bx and By are the components
of B— D.

Then g,(X UY) = g,(X) + g,(Y).
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Discussion and examples of ends and homogeneity groups. For background on
Freudenthal compactifications and theory of ends, see [Dickman 1968; Freudenthal
1942; Siebenmann 1965]. For an alternate proof using defining sequences of the
result that every homeomorphism of the open 3-manifold extends to a homeomor-
phism of its Freudenthal compactification, see [Garity and Repovs 2013].

At the end of the next section, we will discuss elements of the homogeneity group
of a standard self-similar Antoine Cantor set. Note that removing »n points from
S3 yields a reducible open 3-manifold with end homogeneity group the symmetric
group on n elements. It is not immediately obvious how to produce examples that
are irreducible, have a rich end structure (for example a Cantor set), and at the same
time have specified abelian end homogeneity groups.

3. Properties of the Antoine Cantor set

An Antoine Cantor set is described by a defining sequence (M;) as follows: Let My
be an unknotted solid torus in 3. Let M, be a chain of at least four linked, pairwise
disjoint, unknotted solid tori in My, as in Figure 1. Inductively, M; consists of
pairwise disjoint solid tori in S® and M; | is obtained from M; by placing a chain
of at least four linked, pairwise disjoint, unknotted solid tori in each component
of M;. If the diameter of the components goes to 0, the Antoine Cantor set is
C =2y Mi.

Figure 1. Antoine chain with Zg group action.



HOMOGENEITY GROUPS OF ENDS OF OPEN 3-MANIFOLDS 103

We refer to [Sher 1968] for basic results and description of Antoine Cantor sets.
The key result we shall need is the following:

Theorem 3.1 [Sher 1968, Theorems 1 and 2]. Two Antoine Cantor sets in S>, with
defining sequences (M;) and (N;), respectively, are equivalently embedded if and
only if there is a self-homeomorphism h of S with h(M;) = N; for each i.

In particular, the number and adjacency of links in the chains must match up
at each stage. Because we need a modification of this result for infinite chains in
Section 5, we outline an alternative proof of the forward implication.

Proof of forward implication of Theorem 3.1. It suffices to show that if C has two
Antoine defining sequences (M;) and (N;), then there is a homeomorphism % as in
the theorem.

Step 1: There is a general position homeomorphism /4, fixed on C, such that
h1(0(My) U d(M>)) is in general position with d(N;) U d(N;). The curves of
intersection of h1(d (M) U d(M>)) N (3(N1) U d(N,)) can be eliminated by a
homeomorphism /£, also fixed on C, by a standard argument and the facts that any
nontrivial curve on d(M;) does not bound a disk in the complement of C and that
no 2-sphere separates the points of C. For details on the type of argument in this
step, see [Sher 1968] or [Garity et al. 2011].

Step 2: Let T be a component of 4, 0 h1 (M) and assume 7 intersects a component
S of Nj. Either T C Int(S) or S C Int(T'). First assume T C Int(S). If the geometric
index of T in S is 0, then since the other components of /5 o (M) are linked to
T by a finite chain, all components of /4, o i (M) are in the interior of S. This is a
contradiction since there are points of C not in S. So the geometric index of 7" in §
is greater than or equal to 1.

Note that 7' cannot be contained in any component of N, that is in S since these
have geometric index 0 in S. So T contains all the components of N, that are
in S. Each of these components has geometric index O in 7', so the union of these
components has an even geometric index in 7" by Theorem 2.3. This geometric
index must then be 2 and the geometric index of T in S must be 1. Now there is a
homeomorphism /3, fixed on C and the complement of S, that takes 7" to S.

If instead S C Int(7'), a similar argument shows there is a homeomorphism /3,
fixed on C and the complement of 7, taking S to 7. The net result is that it is
possible to construct a homeomorphism hg taking the components of 4, o hy(M7)
to the components of S. One now proceeds inductively, matching up further stages
in the constructions, obtaining the desired homeomorphism /4 as a limit. ([

Remark 3.2. A standard argument shows that an Antoine Cantor set cannot be
separated by a 2-sphere. This is also true if the construction starts with a finite open
chain of linked tori as in Figure 3.
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Remark 3.3. Also note that the homeomorphism of Theorem 3.1 can be realized
as the final stage of an isotopy since each of the homeomorphisms in the argument
can be realized by an isotopy.

Homogeneity groups of Antoine Cantor sets. Let C be obtained by a standard
Antoine construction where the same number of tori are used in tori of previous
stages in each stage of the construction. For example, the Antoine pattern in Figure 1
with 24 smaller tori, each geometrically similar to the outer torus, can be repeated
in each component at each stage of the construction.

We now consider some elements of the embedding homogeneity group of C.
There is an obvious Z,4 group action on the resulting Cantor set obtained by rotating
and twisting the large torus. There is also a Zp4 @ Z;4 action on C obtained by
considering the first two stages, where we require each torus in the second stage to
rotate the same amount. If we allow the tori in the second stage to rotate different
amounts, we get an even larger group action by a wreath product of Z,4 with itself.
Considering more stages results in even more complicated group actions.

In addition to these group actions arising from rotating and twisting, there are
also orientation-reversing Z, actions that arise from reflecting through a horizontal
plane (containing the core of the large torus) or through a vertical plane (containing
meridians of the large torus).

From this we see that even for a simple self-similar Antoine Cantor set, the
embedding homogeneity group is more complex than just the group of obvious
rotations from the linking structure. In the next section we shall carefully combine
certain Antoine constructions to produce a more rigid example with nontrivial
end homogeneity group, in such a way that these kinds of orientation-reversing
homeomorphisms are not possible, and that also restricts the possible rotations.

4. A Cantor set with embedding homogeneity group Z,,

Fix an integer m > 1. We describe how to construct a Cantor set in S with
embedding homogeneity group Z,,.

Construction 4.1. As in the previous section, let Sy be an unknotted solid torus
in S3. Let {Sa,i : 1 <i <4m} be an Antoine chain of 4m pairwise disjoint linked
solid tori in the interior of Sy and let

4m
si=JSa.p.

i=1

See Figure 1 for the case when m = 6. Let C;, 1 < j <4, be a rigid Antoine
Cantor set with first stage S, j). Choose these four rigid Antoine Cantor sets so
that they are inequivalently embedded in S°. Let 4 be a homeomorphism of S3,
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fixed on the complement of the interior of Sy, that takes S, j) to S(1, j+4 mod 4m) for
1 < j <4m. Require that 2™ is the identity on each S ;).

For 4k < i <4k +4, let C; be the rigid Cantor set in S(; ;) given by W5 (Ci_a).
Note that this produces m copies of each of the rigid Cantor sets C;, C, C3, and Cj.
Again, see Figure 1, where the coloring indicates the four classes of rigid Cantor
sets. The Cantor set we are looking for is

Theorem 4.2. The Cantor set C from the previous construction has embedding
homogeneity group Z,, and is unsplittable.

Proof. Let £: S® — S be a homeomorphism taking C to C. We show that £|c =h¥|¢
for some k, 1 <k <m. By [Sher 1968], we may assume that £ takes each S(; ;) to
some Sy, j), and so £(C;) = C;. Because of the distinct rigid Cantor sets involved,
this is only possible if j —i =0 mod 4.

So assume that £(S(1,1)) = Sq1,4k+1)- Then £(S(1,2)) must be one of the two tori
linked with S(1’4k+1), namely S(1,4k) or S(1,4k+2). Since (4k—2) %0 mod 4, E(S(Lz))
must be S(1 4k+2). Continuing inductively, one sees that £(S(1,i)) = S(1,4k+i mod 4m)-
Thus £(C;) = Cag+i mod 4m- But h*(C;) is also Cak+i mod 4m- Since these are rigid
Cantor sets, £|c, = h*|c, for each i.

So the embedding homogeneity group of C is {h* : 1 <k < p} ~ Z,,. By
Remark 3.2, C is unsplittable. The assertion follows. U

5. A Cantor set with embedding homogeneity group Z

We now construct a Cantor set in §° with embedding homogeneity group Z. This
requires careful analysis of an infinite chain analogue of the Antoine construction.

Construction 5.1. Let Sy be a pinched solid torus in S3, i.e., the quotient of a
solid torus with a meridional disk collapsed to a single point w. Let 7;,i € Z,
be a countable collection of unknotted pairwise disjoint solid tori in Sy such that
each 7; is of simple linking type with both 7;_; and 7;, and is not linked with
T;, j#i—1ori+1.Place the tori T; so that the 7;,7 > 0, and the T;,i < 0, have
w as a limit point as in Figure 2.

For 1 < j <3, let C; be arigid Antoine Cantor set with first stage 7;. Choose
these three rigid Antoine Cantor sets so that they are inequivalently embedded in S3.
Let o be a homeomorphism of S3, fixed on the complement of the interior of Sp,
that takes 7; to T3 for j € Z.

For 3k < i <3k + 3, let C; be the rigid Cantor set in 7; given by o (Ci_3p).
Note that this produces a countable number of copies of each of the rigid Cantor
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S() w

Figure 2. Infinite Antoine chain.

sets Cp, Co, and C3. Again, see Figure 2. The Cantor set we are looking for is

c={Ja=Jcum.

ieZ ieZ
Note that C is a Cantor set since it is perfect, compact, and totally disconnected.

Theorem 5.2. The Cantor set C from the previous construction has embedding
homogeneity group 7 and is unsplittable.

Proof. 1t is clear from the construction that each point of C — {w} has local genus 1.
Theorem 2.4, applied to w and the Cantor sets Cy = J;_,C; and C_ =J,_, Ci,
shows that w has local genus 2 in C. Thus, any homeomorphism of S3 that takes
C to C must fix w.

Let & be such a homeomorphism of S* taking C to C. Let T/ be the union of the

linked tori in the Antoine chain at the second stage of the construction of C;. Let

N N N
Av=J 1 ry=JC ad Ay=[] T
i=—N i=—N i=—N

Fix an integer n € Z. Since h(T,) does not contain w, there is a positive integer
Ni > |n]| such that h(C,) C I'y,. Similarly, there is a positive integer Ny > N such
that h=1(T'y,) C T,.

As in Step 1 in the proof of Theorem 3.1, there is a homeomorphism k of S3 to
itself, fixed on C, such that

k(h(3(ANy+1) U (A, 1)) N (3(AN+1) U (A4 ))) = 2.

Fix a point p of C,, and let k(h(p)) =h(p) =q € C,,. We will show that k(h(C,)) =
h(C,) =C,,. Let £ =k oh. Since £(T,) N T,, # @, and since the boundaries do
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not intersect, either £(7,) C Int(7,,) or Int(¢(T,)) D T,,. We consider these cases
separately.

Case I: £(T,) C Int(T,,). If £(T,) has geometric index O in 7, then €(7,) is
contained in a cell in 7,, and so it contracts in 7,,. Since a contraction of £(7},)
meets the boundary of the linked ¢(7},+1), and since the boundary of £(7},4) is
disjoint from the boundary of 7, £(7;,+1) C Int(7,,). Continuing inductively, one
finds that one of the following two situations occur when £(7},) has geometric
index 0 in T,,:

Case Ia: Each £(T;), for n < j < Ny, is contained in 7, and has geometric index 0
there. It follows that £(Ty,+1) C Int(T,,). But then C,, C I'y, and h=1(C,y) N
Cn,+1 # 9, contradicting the choice of N;.

Case Ib: There exists j with n < j < N, and such that £(7}) is contained in Int(7,,)
and geometric index k in T, where k > 1. Then, by Theorem 2.2, £(T;) cannot be
contained in any component of the next stage of the construction contained in 7},
since these have geometric index O in 7,. So some component of the next stage in
T,, is contained in £(7;) and has geometric index O there by Theorem 2.2. Since
the components of the next stage are linked, all components of the next stage in
T,, are contained in £(7;). The geometric index of the union of the next stages of
in T, in £(T,) is even by Theorem 2.3 and cannot be equal to 0. Otherwise, by
Theorem 2.2 the union of the next stages of 7;, would have index 0 in 7}, which is
a contradiction. So the geometric index of the union of the next stages of in 7}, in
£(T,) is at least 2. Then by Theorem 2.2, the geometric index of the union of the
next stages of in 7, in T}, is at least 4, contradicting the fact that this geometric
index is 2.

It follows that £(7;) has geometric index 1 in 7,, and contains the union of
the next stages contained in 7,,. Since ¢ is a homeomorphism that takes C to
C, it follows from the construction of C that £(C;) = C,. Since £(p) € Cp,
£(T,) NL(C;) # I, contradicting the fact that £ is a homeomorphism.

Thus, neither Case Ia nor Case Ib can occur. So the geometric index of £(7},) in
T,, must be at least 1. Repeating the argument from Case Ib above with 7'; replaced
by T,, we see that £(7,) has geometric index 1 in 7, and contains the union of
the next stages contained in 7,. Since ¢ is a homeomorphism that takes C to C, it
follows from the construction of C that £(C,,) = C,, as desired.

Case II: Int(¢(7},)) D T,,. Then £~'(T;,) C Int(7,). The argument from Case I can
now be repeated, replacing £ by £~! and interchanging 7, and T,,. It follows that
¢~1(C,,) = C, and so £(C,) = C,, as desired.

Since £(C,,) = h(C,) = C,,, it must be the case that (m —n) = 0 mod 3. Con-
tinuing as in the proof of the Z,, result (Theorem 4.2), we have that for each i,
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h(C;) = Ci4+@n—n). Recall that for the homeomorphism « from the construction of
C, it is also the case that «™~™/3(C;) = C;(u_n). By the rigidity of these Cantor
sets, it follows that «~™/3|¢. = h|c,. Thus the embedding homogeneity group of
Cis{o* 1 kezZ} 7.

We now show that C is unsplittable. Assume that ¥ is a 2-sphere in S3 that
separates C. Choose € > 0 so that the distance from X to C is greater than .
Choose N so that each T;, |i| > N, has diameter less than €/6 and is within €/6
of w. Since X separates C, wU UI i|>n Ti must be in one component of $3— X and
there must be points of C in the other component of $° — X. So Uli\s ~ T; contains
points in both components of S* — X.

Form an Antoine Cantor set C’ related to C as follows. Use U\il <y Ti as a part
of the first stage of the construction. Complete the first stage of the construction
by adding an unknotted solid torus 7', linked to Ty and 7_y, that is within the
€/3-neighborhood of w. For successive stages of the Antoine Cantor set C’ in
T;, li] < N, use the successive stages in forming the Cantor set C; C C. For
successive stages of the Antoine Cantor set C’ in T, use any Antoine construction.

By construction and the properties of 3, the 2-sphere ¥ separates the Antoine
Cantor set C’, contradicting Remark 3.2. (]

6. Main results

Given a finitely generated abelian group G, we use the results from the previous
two sections to construct an unsplittable Cantor set Cg in S° with embedding
homogeneity group G.

Construction 6.1. Let G ~ 7" ® Z,,, ®Zy, ® - - - ® Zy, be any finitely generated
abelian group. Form a simple chain of n 4 k pairwise disjoint unknotted solid
tori. Figure 3 illustrates the case n + k = 6. Label the tori as 71, T3, . . ., T4+% SO
that 7} is only linked with T3, T, is only linked with T,,.4_;, and each T;, for
2<i<n+k-—1,islinked with 7;_; and T;4;.

For 1 <i < n, perform Construction 5.1 in 7;, treating a pinched version of 7;
in the interior of 7; as the torus Sy in Construction 5.1. Let w; be the limit point
corresponding to w in Construction 5.1. This yields a Cantor set C; in T; with
embedding homogeneity group Z. See Figure 4.

Figure 3. An Antoine chain containing Cg.
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Figure 4. Pinched torus in 7;.

For n +1 <i < n+k, perform Construction 4.1 for the group Z,,, , in T;. This
yields a Cantor set C; in T; with embedding homogeneity group Z,,, ,. Choose all
the rigid Cantor sets from Constructions 5.1 and 4.1 to be inequivalent.

Let

Theorem 6.2. The Cantor set Cg constructed above has embedding homogeneity
group G and is unsplittable.

Proof. For 1 <i <n+4k, let h; be a self-homeomorphism of S3, fixed on the
complement of 7;, such that h;|c, generates the embedding homeomorphism group
of C; (Zforl <i<mnandZ,, ,forn+1<i <n-+k). Then

{(h{lohézo...ohi"jli)}%}:ng"@zml@zmz@...@zmk.

Let i be a homeomorphism of S* to itself taking C; to Cs. We will show that

hlcy = (h] ohY o--- oh,’fj,ﬁ)|cc for some choice of j;.

Step 1: The homeomorphism % must take each C; to itself. As in the proof of
Theorem 5.2, there are exactly n points of genus 2 in Cg, one in each C;, 1 <i <n.
These are the points {wy, ws, ..., w,}. The homeomorphism must take this set of
genus 2 points to itself.

Let T be one of the solid torus components of the first stage of the Antoine
construction for some C;, 1 <i <n + k. As in the proofs of Theorems 4.2 and
5.2, after a general position adjustment, either #(7") must lie in the interior of some
solid torus component 7" of the first stage of the Antoine construction for some C,
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or T’ must lie in the interior of 4(T). A similar argument to that in Theorem 5.2
shows that N(h(T), T") =1 or N(T', h(T)) =1, and that h(C;NT)=C,; NT’.

This same argument can be applied to all first stage tori in C;, resulting in the
fact that 2(C;) = C;. Because of the inequivalence of the rigid Cantor sets used in
the construction, i = j and i (C;) = C;.

Step 2: Foreach i, h|c, = hf(i) |c, for some k(i). By Step 1, we have that 2 (C;) = C;.
It follows from the construction that i|c, = hf.‘(i) for some k(i). From this, it follows
that i|c; = (h]' ohf oo h)'}¥)|c, for some choice of j;.

Thus, the embedding homeomorphism group of C¢ is isomorphic to G.

Step 3: Cg is unsplittable. Let X be a 2-sphere in S° separating C. As in the proof
of Theorem 5.2, an Antoine Cantor set with first stage Uf:lk T; can be formed so that

Y separates this Antoine Cantor set. This is a contradiction. (See Remark 3.2.) [

Corollary 6.3. Let G =~ 7" ® Zyy, ® L, ® - - - ® Ly, be any finitely generated
abelian group. There is a irreducible open 3-manifold Mg with the following
properties:

(a) The Freudenthal compactification of Mg is S°.
(b) The end set of Mg is homeomorphic to a Cantor set.
(c) The end homogeneity group of Mg is isomorphic to G.

(d) The genus of Mg at infinity is 2 at the n points corresponding to 7" and is 1
otherwise.

Proof. Let Mg be §3 — Cg, where Cg is as in Construction 6.1. The end set of
Mg is C¢ and the end homogeneity group of M is isomorphic to the embedding
homogeneity group of Cg. Mg is irreducible because C¢ is unsplittable. Claims
(b) and (c) now follow from Theorem 6.2, while (d) follows from the proof of that
theorem. O

Remark 6.4. For each finitely generated abelian group G as above, there are
uncountably many nonhomeomorphic 3-manifolds as in the corollary. This follows
from varying the rigid Cantor sets used in the construction.

7. Questions

Question 7.1. If a finitely generated abelian group is infinite, is there an open
3-manifold with end homogeneity group G that is genus 1 at infinity?

Question 7.2. Given a finitely generated abelian group G, are there simply con-
nected open 3-manifolds with end homogeneity group G?

Question 7.3. Is the mapping class group of the open 3-manifold Mg isomorphic
to G?



HOMOGENEITY GROUPS OF ENDS OF OPEN 3-MANIFOLDS 111

Question 7.4. If G is a finitely generated nonabelian group, is there an open 3-
manifold with end homogeneity group G?

Question 7.5. If G is a nonfinitely generated group, is there an open 3-manifold
with end homogeneity group G?
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ON THE CONCIRCULAR CURVATURE
OF A (k, u, v)-MANIFOLD

FLORENCE GOULI-ANDREOU AND EVAGGELIA MOUTAFI

We study (k, p, v)-contact metric 3-manifolds (a notion introduced by Koufo-
giorgos, Markellos and Papantoniou) that are Ricci flat, or are Einstein but
not Sasakian, or satisfy VZ =0, where Z is the concircular curvature tensor,
or satisfy Z (&, X) - Z =0, where £ is the Reeb field, or satisfy Z(¢, X)-S =0,
where S is the Ricci tensor, or finally satisfy R(&, X) - Z = 0, where R is the
Riemannian curvature tensor.

1. Introduction
A contact metric manifold (M, &) is Sasakian if and only if
(1-1) R(X,Y)§ =n(¥)X —n(X)Y = Ro(X, Y)§,
where
(1-2) Ry X, Y U=gY, U)X —g(X,U)Y, X,Y, UeX(M).

There exist contact metric manifolds that satisfy the condition R(X, Y)& = 0; for
example, the tangent sphere bundle of a flat Riemannian manifold admits a contact
metric satisfying this condition. D. E. Blair, Th. Koufogiorgos and B. Papantoniou
[Blair et al. 1995] generalized both this condition and the Sasakian case introducing
the («, p)-nullity distribution on a contact metric manifold

N, w):p—> Npk,u) ={U €e T,M | R(X,Y)U = (kI + ph)Ro(X,Y)U}

for all X,Y € X(M), and (k, u) € R%. A contact metric manifold M>**! with
& € N(x, ) is called a (k, u)-contact metric manifold. In particular we have

(1-3) RX,V)E=(kI+puh)Ro(X,Y)E, X,YeX(M),

with ¥ < 1 and if k = 1 the structure is Sasakian. The full classification of
these manifolds was given by E. Boeckx [2000]. If «© = 0 we have the «-nullity
distribution and if £ € N (k) we have a N (k)-contact metric manifold. Koufogiorgos

MSC2010: primary 53C15, 53C25, 53D10; secondary 53C35.
Keywords: contact metric manifold, (k, i, v)-contact metric manifolds, n-Einstein, Ricci flat,
Sasakian manifold, concircular curvature tensor, pseudosymmetric manifold.
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and Ch. Tsichlias [2000] introduced the generalized (k, w)-contact metric mani-
folds, where « and p are real functions, and they gave several examples. Finally,
the (k, i, v)-contact metric manifolds have been introduced by Koufogiorgos,
M. Markellos and V. Papantoniou [Koufogiorgos et al. 2008] where «, wu, v are
smooth functions and the curvature tensor satisfies, for every X, Y € X'(M), the
condition

(1-4) RX,Y)E=k(n)X —nX)Y)+u(n¥)hX —n(X)hY)
+v(n(Y)phX —n(X)$hY).

D. Perrone defined a H -contact metric manifold as a (2n+ 1)-dimensional contact
metric manifold M whose characteristic vector field (or the Reeb vector field) £ is
a harmonic vector field. In [Perrone 2004], it was proved that M (n, &, ¢, g) is an
H-contact metric manifold if and only if £ is an eigenvector of the Ricci operator
Q. The class of H-contact metric manifolds includes several classes of contact
metric manifolds such as Sasakian, n-Einstein, or even generalized (k, p)-contact
metric manifolds. Perrone [2003] also showed that a contact metric 3-manifold
M is a generalized (k, pu)-contact metric manifold on an everywhere dense open
subset of M if and only if its Reeb vector field £ determines a harmonic map. In
turn, Koufogiorgos, Markellos and Papantoniou proved that the (k, u, v)-condition
on a 3-dimensional contact metric manifold is equivalent to the Reeb vector field
& being a harmonic vector field, at least on an open dense subset of the manifold
[Koufogiorgos et al. 2008]. They proved also that these manifolds exist only in the
dimension 3, whereas such a manifold does not exist in dimension greater than 3;
hence, we restrict ourselves to dimension 3.

On the other hand, many geometers have studied the contact manifolds of constant
curvature and their generalizations like the locally symmetric spaces (VR = 0),
Einstein spaces, the semisymmetric spaces (R(&, X) - R = 0), Ricci semisymmetric
spaces (R(X,Y) - S = 0), Weyl semisymmetric spaces (R(X, Y) - C = 0), where
R(X,Y) acts as a derivation respectively on R, S, C etc. For example, a contact
metric manifold of constant curvature is necessarily a Sasakian manifold of constant
curvature +1 or is 3-dimensional and flat [Blair 2002, pages 98-99; Olszak 1979].
S. Tanno [1969] showed that a semisymmetric K -contact manifold M?"*! is locally
isometric to the unit sphere §27+1(1), and that for a K -contact manifold M>"*!
the following conditions are equivalent: (i) M is an Einstein manifold; (ii) M is
Ricci-symmetric, that is, its Ricci tensor is parallel; (iii) M is Ricci semisymmetric,
i.e., it satisfies the condition R(X,Y)-S = 0; (iv) M is £-Ricci semisymmetric,
that is, R(,Y)-S=0.

Perrone [1992] showed that if & belongs to the «-nullity distribution and if
R(&,Y)-S =0, then the contact metric manifold is locally isometric to £ n+l 5 $7(4)
or is Sasaki—Finstein. M. M. Tripathi [2006] proved that a contact metric manifold
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M?"*1 such that & belongs to the («, ©)-nullity distribution and R(§, Y)- S vanishes
is either flat and 3-dimensional, or is locally isometric to E"™1 x S"(4), oris a
Sasaki—Einstein manifold. Finally, we studied in [Gouli-Andreou et al. 2012],
together with Ph. J. Xenos, the (k, u, v)-contact 3-manifolds in which certain
curvature conditions are satisfied; for instance the Ricci tensor § is cyclic parallel,
or n-parallel or R(§,Y)-S =0.

After the curvature tensor R and the Weyl conformal curvature tensor C, the
concircular curvature tensor Z is the next most important (1,3)-type curvature
tensor. It is defined on a Riemannian manifold (M", g) by Yano [1940a] (see also
[Yano and Bochner 1953]) as

r

0
where R is the curvature tensor, Ry is given by (1-2) and r the scalar curvature.
We remark that Riemannian manifolds with vanishing Z are of constant curvature;
thus the concircular curvature tensor is a measure of the failure of a Riemannian
manifold to be of constant curvature. Z is an invariant of concircular transformations,
which have important geometric and algebraic applications; see [Yano 1940a;
1940b; 1940c; 1940d; 1942; Vanhecke 1977]. Hence, Blair, J. S. Kim and Tripathi
[Blair et al. 2005] started a study of the concircular curvature tensor on M 2n+1
contact metric manifolds. They classified N (x)-contact metric manifolds satisfying
Z(&,X)-Z2=0, Z(5,X)-R=0o0r R, X)-Z =0. Similarly, Tripathi and Kim
[2004] classified M?**! (k, u)-contact manifolds with Z(&, X)- S = 0.

This article is motivated by these studies, and is organized in the following way.
In Section 2 we give some preliminaries on contact manifolds and the concircular
curvature tensor. In Section 3 we present a brief account of («, i, v)-contact 3-
manifolds while Section 4 contains some basic results. Finally, in Section 5 we
study (x, i, v)-contact metric 3-manifolds M satisfying any of these conditions:

(i) M is Ricci flat.

(i) M is Einstein but not Sasakian.
(iii)) VZ =0, where Z is the concircular curvature tensor.
(v) Z(&, X)-Z =0, where Z (&, X) acts as a derivation on Z.
v) Z(&,X)-S=0, where Z(&, X) acts as a derivation on S.
(vi) R, X)-Z =0, where R(&, X) acts as a derivation on Z.

2. Preliminaries

By a contact manifold we mean a smooth manifold M?"*!, endowed with a global
1-form 7 such that n A (dn)" # 0 everywhere. Then there is an underlying contact
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metric structure (n, &, ¢, g) where g is a Riemannian metric (the associated metric),
¢ a global tensor of type (1,1) and £ a unique global vector field (the characteristic
or Reeb vector field). These structure tensors satisfy the equations

2-1 ¢’ =—I+n®& n(X)=g(X,£), nE =1,
(2-2) dn(X.Y) =g(X,9Y) = —g(@X.Y), g(dX,¢Y)=g(X.Y)—n(X)n(¥)

forall X, Y € X(M). The associated metrics can be constructed by the polarization
of dn on the contact subbundle defined by n = 0. Denoting Lie differentiation by
L, we define for all X € X(M) the (1,1)-tensor field

hX = 3(Leh)X.
We give some basic equations for these tensor fields:
(2-3) ¢s =hE =0, nop=noh=0, Vep=0,
Trh =Tr(h¢) =0, h¢=—¢h.

If X is an eigenvector of & corresponding to the eigenvalue A, then ¢ X is also an
eigenvector of & corresponding to the eigenvalue —A since /& anticommutes with ¢:

(2-4) hX =AX = h¢X =—rdX,
(2-5) Vx§=—¢X —phkX,
(2-6) (Vxm(Y) = —g(@X +¢hX,Y),

where V is the Levi-Civita connection of g. We also denote by R the corresponding
Riemann curvature tensor field given by R(X,Y) =[Vx, Vy] — V[x v}, by § the
Ricci tensor field of type (0, 2), by Q the Ricci operator, which is the corresponding
endomorphism field, by r the scalar curvature and by H the ¢-sectional curvature.

A contact metric manifold for which £ is a Killing field is called a K-contact
manifold. A contact metric manifold is K-contact if and only if # = 0. A contact
structure on M?"*! implies an almost complex structure on the product manifold
M?*+! 5 R. If this structure is integrable, then the contact metric manifold is said
to be Sasakian. A K-contact structure is Sasakian only in dimension 3, and this
fails in higher dimensions. More details on contact manifolds can be found in [Blair
2002].

We restrict ourselves to the 3-dimensional case. Let (M, ¢, &,n, g) be a 3-
dimensional contact metric manifold and U the open subset of points p € M where
h #0 in a neighborhood of p and Uy the open subset of points p € M such that A =0
in a neighborhood of p. For any point p € U U U there exists a local orthonormal
basis {e, ¢e, £} of smooth eigenvectors of 4 in a neighborhood of p. On U we put
he = Le, where X is a nonvanishing smooth function which is supposed positive.
From (2-4) we have h¢pe = —Age.



ON THE CONCIRCULAR CURVATURE OF A (k, i, v)-MANIFOLD 117

Lemma 2.1 [Gouli-Andreou and Xenos 1998]. On U we have

Vee =age, V.e = boe, Vgee = —cpe + (A — 1)§,
Vepe = —ae, Vepe=—be+ (1+1)§, Ve =ce,
VSS = 07 Ves = _(1 +)\-)¢€, que"i: = (1 - )")87

where a is a smooth function and

b=Ll(pe-2)+A] with A=SE.e),
2-7) 2
c=ﬁ[(e-k)+B] with B = S(&, ¢e).

Lemma 2.1 and the formula [X, Y] = VxY — Vy X yield

le, pe]l =V .pe—Vy.e =—be+ cpe + 2§,
(2-8) [e,§] =V, —Vee =—(a+Ar+1)pe,
[pe, E]1=Vy.5 —Vepe=(a— A+ 1)e.

Definition 2.2. Let M3 be a 3-dimensional contact metric manifold and let 4 =
AT — Lh~ be the spectral decomposition of # on U. If

Vi-xh™ X =[&,h" X]

for all vector fields X on M3 and all points of an open subset W of U, and if & =0
on the points of M3 which do not belong to W, then the manifold is said to be a
semi-K contact manifold.

From Lemma 2.1 and the relations (2-8), the condition above leads to [£,e] =0
when X = e and to Vy.¢pe =0 when X = ¢pe. Hence on a semi-K contact manifold
we have a+ X+ 1 =c =0. If we apply the deformation e — ¢e, pe — e,& — —&,
A — —A,b — ¢ and ¢ — b then the contact metric structure remains the same.
Hence the condition for a 3-dimensional contact metric manifold to be semi-K
contact is equivalenttoa —A+1=56=0.

Definition 2.3 [Blair 2002, page 105; Okumura 1962]. A contact metric manifold
M is said to be n-Einstein if the Ricci tensor S satisfies the condition S =ag+8n®mn,
where o and 8 are smooth functions on M. In particular, if 8 =0, then M becomes
an Einstein manifold.

Definition 2.4. A Riemannian manifold (M", g) is called Ricci flat if its Ricci
tensor vanishes identically.

Since the Ricci operator Q in dimension 3 determines completely the curvature
of the contact manifold, the vanishing of Q implies the vanishing of the Riemannian
curvature tensor. Hence, the class of Ricci flat manifolds is a hyperclass of the flat
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manifolds, or equivalently a flat manifold is certainly Ricci flat, while a Ricci flat
manifold is an Einstein manifold.

Definition 2.5. A Riemannian manifold (M"™, g), m > 3, is called pseudosymmetric
in the sense of R. Deszcz [1992] if at every point of M the curvature tensor R satisfies
the equation R(X, Y)-R=L{(XAY)-R} where (X AY)Z=g(Y, Z)X—g(Z, X)Y
for all vectors fields X, Y, Z on M, the dot means that R(X, Y) and X A Y act as
derivations on R, and L is a smooth function.

If L is constant, then M is a pseudosymmetric manifold of constant type while
if L =0 then M is a semisymmetric manifold.

Definition 2.6. A Riemannian manifold (M", g) is called concircularly symmetric
if the concircular tensor Z satisfies the condition VZ = 0.

All manifolds are assumed connected and all manifolds and maps are assumed
smooth (class C*) unless otherwise stated. Finally, differentiation will be denoted

by “( )”‘

3. (k, p, v)-contact metric manifolds

A (x, i, v)-contact metric manifold is defined in [Koufogiorgos et al. 2008] by (1-4)
where «, i, v are smooth functions on M. If v =0 we have a generalized («x, ®)-
contact metric manifold [Koufogiorgos and Tsichlias 2000] and if additionally
Kk, u are constants then the manifold is a contact metric (k, u)-space [Blair et al.
1995; Boeckx 2000]. Moreover in [Koufogiorgos et al. 2008] and [Koufogiorgos
and Tsichlias 2000] it is proved respectively that for a («, i, v) or a generalized
(k, ju)-contact metric manifold M?*+! of dimension greater than 3, the functions
Kk, p are constants and v is the zero function. We recall some lemmas and equations:

Lemma 3.1 [Koufogiorgos et al. 2008]. For every point p of a (k, u, v)-contact
metric manifold M*' ! with k (p) < 1, there exists an open neighborhood U of p
and orthonormal local vector fields X;, $X;,E,i =1, ..., n, defined on U such
that

hX; =AX;, h¢X; = —rdpX;, héE=0

fori=1,...,n,where A =+/1—«k.

From now on, we will call the vector fields of Lemma 3.1 a local h-basis.
On any (x, i, v)-contact metric manifold we have

(3-1) =@ —1)¢* «<I,
(3-2) (E-k)=2vkK—-1).
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For the 3-dimensional case we have for the Ricci operator Q

(3-3) Q= (5r —k)I+ (—4r +3c)n®& + uh + vh,
(3-4) Q¢ —¢Q =2vh —2ugh,
(3-5) r=4x +2H,

where r is the scalar curvature and H is the ¢-sectional curvature. From now on, we
suppose k < 1 everywhere on M3 and we use X, Y, U to denote arbitrary elements
of X(M). We have

1 llgrad A||*
(3-6) ”=XA)»—(§'V)—T+2(K—M),

where A is the Laplace operator and for the gradient of a function f we have

(-7 g(grad f, X) = X (f) = df (X)),
(3-8) ¢-r=2¢&-x), ¢ -H)=-@"x).

For a 3-dimensional (k, it)-contact metric manifold, that is, for constant «, u we
have (see [Blair et al. 1995] and [Markellos 2009])

(3-9) r="2(k—un,
(3-10)
R(X,Y)U = ulg(Y, U)hX — g(X, U)hY + g(hY, U)X — g(hX, U)Y]
+v[g(Y, U)phX — g(X, U)phY + g(phY, U)X — g(¢phX, U)Y]
+ (e — H)[g(Y, Un(X) — g(X, U)n(¥)l§
+ (& — H)[n(Y)nWU)X —n(X)nU)Y]
+H[g(Y, U)X —g(X,U)Y],

(3-11)  (Vxh)Y =— Z(II_K)g(hX, Y) gradk — z(ll_K)g(hX, ¢Y)p(grad k)
+I(1—w)g(X, pY) +g(hX, ¢pY) —vg(hX,Y)]§

+ (M)l — D@X +h¢ X1+ n(X)[uhgY +vhY],

(3-12) (Vx9)Y =g(X+hX,Y)§E—n(¥)(X+hX),
while (Vxoh)Y = (Vxod)hY + ¢ (Vxh)Y is calculated from (3-11) and (3-12):

(3-13)  (Vxoh)Y =[g(X +hX,hY)+vg(hX, ¢Y)IE
— 315 8(hX, V)¢ (grad ) + 5758 (hX, ¢Y) grad k
+n(V)[(k — D> X +h X1+ n(X)[nhY +vohY].
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From (3-3) and (3-5) we calculate the Ricci tensor S(X, Y) = g(0X,Y):

(B-14) SX,Y)=k&+H)gX,Y)+k—-H)nX)n¥)+ughX,Y)
+vg(phX,Y);
hence,

(3-15) SX,Y)=«+H)g(hX,Y)—pnk—D[gX,Y)—nX)n¥)]
+ve —1Dg(X, ¢Y),

(3-16) S(@hX,Y)=(k + H)g(@hX,Y) —v(k — D[g(X,Y) —n(X)n(¥)]
+ule —1)g@X, Y).

4. Some auxiliary results
Equation (1-5) gives for the 3-dimensional case and for all X, Y, U € X (M)
4-1) Z(X,Y)U =R(X,Y)U — ;rRy(X, U,
where Ry is given by (1-2) and hence
(4-2) Ro(§, X)Y =g(X,Y)§ —n(Y)X,
while (1-4) for a (k, u, v)-contact metric manifold is written in the form
(4-3) R(X,Y)§ = (kI + pnh+vph)Ro(X, Y)§,
which is equivalent to
(4-4) R, X)=Ro(&, (kI +puh+veh)X).
From (4-3) we get
(4-5) R, X)§ =k (n(X)§ — X) — uhX —vphX.

Proposition 4.1. In a («k, 4, v)-contact metric manifold M 3 the concircular curva-
ture tensor Z satisfies

46)  ZX. V)& = ((c— i) + ph +vh ) Ro(X, Y)E,

(4-7) Z(E, X) = (k—¢r)Ro(6. X) + uRo(§, hX) + vRo (&, phX).
Consequently, we have

4-8)  Z( X)E = (k—¢r)(n(X)E — X) — phX —vohX,

4-9) n(Z(X,Y)§) =0,

(4-10) n(Z(E X)Y) = (c—r) (e(X.Y)=n(X)n(¥))+1g(hX,Y)+vg($hX,Y).
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Proof. Equations (4-1), (4-3), (4-4) lead us to conclude equations (4-6) and (4-7).
Equation (4-7) implies (4-8) while (4-6) and (4-7) imply (4-9) and (4-10) respectively
by virtue of (2-3). ([l

Proposition 4.2. In a (k, i, v)-contact metric manifold M> we have
@-11)  S(Z(E, X)Y, &) =2 (k—¢r)(g(X, Y) —n(X)n(¥)) + 2k g (hX, Y)
+2kvg(phX,Y),

4-12)  S(Z(E, X)E,Y) =2k (k—r)n(X)n(Y) — (k — +7)S(X, Y)
—uSthX,Y)—vS(phX,Y).

Proof. For a (k, u, v)-contact metric manifold M 3 we obtain from (3-14)

(4-13) S(X, &) =2kn(X).

From (4-7), (4-10), (4-13) we get (4-11), while (4-8) and (4-13) yield (4-12). O

Proposition 4.3. Let M 3 be a non-Sasakian (k, i, v)-contact metric manifold.
() If M3 satisfies

(4-14) vik —H) =0,
(4-15) uk —H) =0,
(4-16) e — H)* 4 (c = D +1%) =0,

then the manifold is either flat or locally isometric to SU(2) or SL(2, R), where
these two Lie groups are equipped with a left invariant metric.

(i) If M? satisfies

4-17) vH =0,
(4-138) wH =0,
(4-19) Kk(kc — H)+ (k — D (? +v2) =0,

then the manifold is a generalized (k, j1)-contact metric manifold with (€ - u) = 0.

Proof. (1) Let M be a 3-dimensional (k, i, v)-contact metric manifold with x < 1
everywhere. We suppose that there is a point p € M where v # 0. The continuity
of this function implies that there is a neighborhood F), € M of p, where v # 0
everywhere in F), or by virtue of (4-14), k — H = 0. Differentiating this equation
with respect to £ and using (3-8) and (3-2) we conclude that x = 1 everywhere in
F,, which is a contradiction since F, € M. Hence, v = 0 everywhere in M and M
is a generalized (k, u)-contact metric manifold.

Similarly we suppose that there is a point p € M where k — H # 0. There is a
neighborhood F), € M of p, where k — H # 0 everywhere in F), or by virtue of



122 FLORENCE GOULI-ANDREOU AND EVAGGELIA MOUTAFI

(4-15), n = 0. Setting & =v =0 in (4-16) we are led to %(K — H)> =0 whichisa
contradiction in F,. Hence x — H = 0 everywhere in M and from (4-16), u = 0.
Since in a generalized (k, ©t)-contact metric manifold the constancy of one of the
k or u implies the constancy of the other [Koufogiorgos and Tsichlias 2000], we
can conclude that k is constant in this N (k)-contact metric manifold. From (3-4)
and because u = v =0 we get Q¢ = ¢ Q; by [Blair et al. 1990, Theorem 3.3] and
the main theorem of [Blair and Chen 1992] such a manifold is either Sasakian, flat,
locally isometric to a left invariant metric on the Lie group SU(2) with ¥ > 0, or
SL(2, R) with ¥ < 0. Finally, we can remark that the equations k — H = 0 and
(3-5) give r = 6k, k < 1, and hence r is constant.

(ii) We suppose that there is a point p € M where v # 0. Then there is a
neighborhood F, € M of p, where v # 0 everywhere in F), or by virtue of (4-17),
H = 0. Differentiating this equation with respect to £ and using (3-8) and (3-2)
we conclude that x = 1 everywhere in F,, which is a contradiction since F, € M.
Hence, v = 0 everywhere in M and M is a generalized (k, ;)-contact metric
manifold.

For (4-18), we suppose that there is a point p € M where H # 0. There is a
neighborhood F,, € M of p, where H # 0 everywhere in F), or by virtue of (4-18),
i = 0. Since u is constant, « is also constant and hence from (3-5) and (3-9),
H = —« — p or more explicitly H = —«. From (4-19) and because u =v =0
we get k = 0 and obviously H = 0, which is a contradiction in F,. Hence H =0
everywhere in M and from (4-19), k%> + (k — 1) = 0. Differentiating this equation
with respect to £ and by virtue of (3-2) and v = 0 we conclude (£ - u) = 0, while
(3-5) implies r = 4k with x < 1. [l

Remark 4.4. The generalized («, ©)-contact metric manifolds in dimension 3 with
k < 1 (equivalently A # 0) and (£ - u) = 0 have been studied by T. Koufogiorgos
and C. Tsichlias [2008]. They proved in [2008, Theorem 4.1] that at any point of
P € M, precisely one of the following relations is valid: u = 2(1 4+ +/1 —«), or
uw=2(1—+/1—k), while there exists a chart (U,(x,y,z)) with P € U C M such
that the functions «, u depend only on z and the tensors fields 7, &, ¢, g take a
suitable form. We can also add that such a manifold according to Definition 2.2 is
a semi-K contact manifold.

Theorem 4.5 [Blair 2002, page 101]. Let M*'*! be a contact metric manifold satis-
fying the condition R(X, Y)& =0. Then M*"*1 is locally isometric to E"+! x §"(4)
forn > 1 and flat forn = 1.

5. Main results

Theorem 5.1. A non-Sasakian Ricci flat 3-dimensional (x, |4, v)-contact metric
manifold is flat.
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Proof. Since the manifold M is Ricci flat, from (4-13) we have
0=2S(,&) =2,

or k = 0. Then, (3-2) yields v =0, so M is a generalized (x, ;)-contact metric
manifold with « = 0. In a generalized (x, ©)-contact metric manifold the constancy
of one of x or u implies the constancy of the other [Koufogiorgos and Tsichlias
2000], so u is also constant. We set k = v = 0 in (3-14) and by virtue of (3-5) and
(3-9) we have

(5-1) S(X,Y) =nlghX,Y)—g(X,Y)+n(X)n(¥)]

forall X, Y € X(M). For any point p € M we consider a local orthonormal h-basis
as in Lemma 3.1. In the last equation we set (i) X =Y =e and (ii) X =Y = ¢e
and since we have a Ricci flat manifold we get respectively

0=S(e,e)=nl -1,
0= S(pe, pe) = u(=A—1).

By adding these equations we see that © = 0, and Theorem 4.5 completes the
proof. (]

Remark 5.2. For a Sasakian 3-manifold, from Equation (3-14) with « = 1 and
h =0, setting X =Y =& yields S(§, £) =2 and hence a Sasakian manifold cannot
be Ricci flat.

Theorem 5.3. A non-Sasakian Einstein 3-dimensional (k, |4, v)-contact metric
manifold is flat.

Proof. Since the manifold is Einstein, Equation (3-3) gives
(5-2) (37 — k)X + (= 37 4+ 36)n(X)& + uhX + vphX = aX.

For any point p € U as in Lemma 3.1 we consider a local orthonormal A-basis and
we setin (5-2) X =&, X = e and X = ¢pe. We obtain respectively

2k =a, v=0,

%r—K+Au=a, %r—l{—kuza.

We have a generalized (k, @)-contact metric manifold with « < 1 or equivalently
A # 0. From the two last equations we get . = 0 and hence « is constant [Koufo-
giorgos and Tsichlias 2000]. In a 3-dimensional («, )-contact metric manifold
r =2(k — ). By substituting r in the last equation we obtain a = 0 or equivalently
k =0, and Theorem 4.5 completes the proof. (]
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Remark 5.4. According to [Yano and Kon 1984, Proposition 3.3, page 38], a
3-dimensional Einstein manifold M is a space of constant curvature. Hence, a
Sasaki—FEinstein 3-manifold, since it has constant curvature, must have curvature 1.

Theorem 5.5. If M is a 3-dimensional concircularly symmetric (k, 4, v)-contact
metric manifold, then M is either flat or locally isometric to the sphere S3(1).

Proof. We consider the open subsets of M:

U, ={p € M : x =1in aneighborhood of p},
U, ={p € M : « # 1 in a neighborhood of p},

where U; U U, is an open and dense subset of M.

In the case where M = U, the manifold is a Sasakian concircularly symmetric
manifold.

Next, we assume that U; is not empty. Differentiating (4-1) and using (1-2),
(2-1), (2-2), (2-5), (2-6), (3-7), (3-10), (3-11), (3-13), with ¥ < 1 everywhere, it
follows that

(VwZ) (X, Y)U =[(W-H)— ¢(W-n][g¥, U)X — g(X, U)Y]
+IW k) —(W-H)]lg(Y, Uyn(X) —g(X, Un(¥)l§
+I(W k) = (W - H)IIn(Y)nU)X —n(X)nU)Y]
+(W-wlg(Y, U)hX — g(X, U)hY +g(hY, U)X —g(hX, U)Y]
+W-v)gY, U)phX —g(X, U)phY +g(¢hY, U)X —g(¢phX, U)Y]
+(c — H){[g(Y, U)g(W +hW,¢X) — g(X, U)g(W +hW,$Y)]§
+ X —n(X)Y1g(W +hW, ¢pU)
+[g(W+hW, o)X —g(W+hW,¢X)YInU)
—[g(Y, U)n(X) — g(X, U)n(Y)I(@W + ph W)}
+ M[{ﬁg(hW, X) gradk + ﬁg(hW, ¢ X)¢p(grad k)
+[(1—x)g(W, X))+ g(hW, ¢ X) —vg(hW, X)]§
+1(X)[(c = DPW +hp W]+ n(W)(nh¢ X +vhX)}g (Y, U)
{Z(K 8 (hW, Y) grad/c—|-2( 8 (AW, Y)¢ (grad «)
+[(1—x)g(W, ¢Y) +g(hW, ¢Y) —vg(hW,Y)]§
+n(V)[(k — DGW +h¢ W]+ n(W)(uhpY +vhY)}g(X, U)
+ {55 (MW, V(U - 1) — 5558 (W, $Y)(@U - 1)
+[(1—x)g(W, 9Y) +g(hW, ¢Y) —vg(hW, Y)In(U)
+n(V)g((k =)W +hgpW, U) +n(W)g(uhdY +vhY, U)} X
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— {5 g W, X)(U - k0) — 55158 (AW, 9 X)($U - k)
+I(A = )g(W, 6X) + g(hW, $X) —vg(hW, X)In(U)
+n(X)g(k =)W +hdW, U)+n(W)g(uhd X +vh X, U)}Y]

+v[{ﬁg(hW, X)¢(grad ) — yirs g (hW, X) grad
+[g(W +hW,hX) +vg(hW, pX)]E
+1(X0[(k — DG*W +hW1+ n(W)[phX +vohX1}g(¥, U)
— {5 g (W, V)¢ (grad i) — 558 (AW, $Y) grad
+[g(W +hW,hY) +vg(hW, pY)IE
+ (V) — DG*W +hW]+n(W)[phY +véhY1}g(X, U)
{52 g WW, V)(@U - k) — 3558 (AW, dY)(U - 1)
+[g(W+hW,hY)+vg(hW,¢Y)In(U)
+n(Y)g((k — D@*W +hW,U) +n(W)g(nhY +vehY, U)} X
— {52 g (W, X)(QU - k) — 5558 (hW, ¢ X) (U - k)
+[g(W+hW,hX)+vghW, pX)In(U)
+0(X)g((k—1)*W+hAW, U)+n(W)g(uhX +vohX, U)}Y].

In this equation, we set W = & and by virtue of (2-1), (2-3), (3-8) we obtain

(5-3) (VeZ)(X, 1)U =2(§ -)[g(Y, Un(X) — g(X, U)n(¥)]§
—3E-©O[g(Y, )X — g(X, U)Y]
+(E - wlg(Y, U)hX — g(X, U)hY + g(hY, U)X — g(hX, U)Y]
+(E-V)[g(Y, U)phX —g(X, U)phY +g(phY, U)X —g(¢phX, U)Y]
+u{g (¥, U)(nhp X +vhX) — g(X, U)(1uh@Y + vhY)
+g(uheY +vhY, U)X — g(uh¢X +vhX, U)Y}
+v{g(Y, U)(uhX +vphX) — g(X, U)(uhY + vphY)
+g(uhY +vohY, U)X — g(uhX +vphX, U)Y}.

For any point p € U, we consider a local orthonormal s-basis as in Lemma 3.1.
We setin (5-3): X =U =e, Y = ¢pe which yields

(VeZ)(e, pe)e = 3 (£ - k)ge.

Since the manifold is concircularly symmetric we conclude that

(& -x)=0,
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or equivalently, by virtue of (3-2), v =0. We setin (5-3): X =e, Y =U =& and
v =0, and get

(VeZ)(e, £)E = A& - e — p’ope).

The manifold is concircularly symmetric and hence @ = 0. The constancy of u
implies the constancy of « [Koufogiorgos and Tsichlias 2000] and finally [Blair
et al. 2005, Theorem 5.2] completes the proof. U

Theorem 5.6. Let M a 3-dimensional (k, |4, v)-contact metric manifold. If the
concircular curvature tensor Z satisfies the condition Z(§, X) - Z = 0, then M
is either Sasakian (x = 1), flat or locally isometric to either SU(2) or SL(2, R),
where these two Lie groups are equipped with a left invariant metric and they have
constant scalar curvature r = 6k (k < 1).

Proof. We consider the open subsets of M:

U, ={p e M :«x =1in aneighborhood of p},
U, ={p € M : k # 1 in a neighborhood of p},
where U; U U, is open and dense subset of M.
In the case where M = U the manifold is Sasakian and then according to [Blair
et al. 2005, Theorem 4.1], it has constant curvature 1.

Next, we assume that U, is not empty. Note that the condition Z(§, X)-Z =0
implies (Z(&,U) - Z)(X, Y)& = 0 or more explicitly

Z(EUV)Z(X, V)§-Z(Z(, U)X, Y)§—-Z(X, Z(§, U)Y)§—-Z(X,Y)Z(§, U)§ =0
which by virtue of (1-1), (1-4), (2-3), (4-1), (4-6), (4-7), (4-8), (4-9), (4-10) yields

(5-4) 0=p(k—¢r)In(¥)ghU, X)—n(X)g(hU,Y)]&
+ 1P (Y)g(hU,hX) —n(X)g(hU, hY)IE
+v(k—2r)[n(Y)g(phU, X) —n(X)g(¢phU, Y)]E
+ (V) g(@hU, phX) —n(X)g(dhU, phY )&
+ (=1 eU, X)Y + (= L) g (U, X)Y +v(c—Lr)g(phU, X)Y
+u(k—1r)gU, X)hY +u>g(hU, X)hY + pvg(@hU, X)hY
+v(k—3r)g(U, X)phY + pvg(hU, X)phY +v>g(phU, X)phY
—(K—éi’) gU. V)X —u(k—1ir)g(hU,Y)X —v(k—1ir)g(phU,Y)X
—u(k—1r)g(U,Y)hX — n>g(hU,Y)hX — puvg(phU, Y)h X
—v(k—3r)g(U, Y)phX — uvg(hU,Y)phX —v>g(phU, Y)phX
+(k—3r)Z(X, Y)U +nZ(X,Y)hU +vZ(X,Y)phU.
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For any point p € U, we consider a local orthonormal 4-basis as in Lemma 3.1. In
5-4)weset X =U =e, Y = ¢e, and by virtue of (2-3), (2-4) we obtain
5-5) [(k—1r)? =222 +v))]¢e + (c — tr) Z(e, pe)e + nZ (e, pe)he
+vZ(e, pe)phe = 0.
Equation (4-1) by virtue of (1-2), (2-4) and (3-10) yields
Z(e, pe)e = (—H+¢r)de,
(5-6) Z(e, pe)he = A(—H + ¢r) e,
Z(e, pe)phe = )\(H — ér)e.
Substituting (5-6) in (5-5) we obtain

UA(H— ér)e + [(K — %r)(l{ —H)— )\2(“2 + vz) — )»/L(H— ér)]q}e =0,

and hence
(5-7) vA(H—4r) =0,
(5-8) (K—%r)(/c—H)—k2(;L2+v2)—AM(H—ér):0,

In (5-4) we set X =e, Y = U = ¢e, and by virtue of (2-3), (2-4) we obtain
(5-9) [~(k—ir)? + 222 +v)]e+ (k= 1r)Z(e, pe)ge
+uZ(e, pe)hpe +vZ(e, pe)phope = 0.
Equation (4-1) by virtue of (1-2), (2-4) and (3-10) yields
Z(e, pe)pe = (H — %r)e,

(5-10) Z(e, pe)hpe = A(—H + ¢r)e,

Z(e, pe)phdpe = 1(—H + ir)e.
Substituting the equations (5-10) in (5-9) we obtain

[~ (k= Lr)(c — H) + 221> +vD) — ap(H = tr)]e = va(H = ir)ge = 0,

and hence, in addition to (5-7), we get
(5-11) —(k—Lr) e — H)+ 22 (> +v?) —au(H—1tr) =0.

Since we work in U, where k # 1 (more precisely k < 1) or equivalently A # O,
the equations (5-7), (5-8) and (5-11) by virtue of (3-5) yield the equations (4-14),
(4-15) and (4-16). Finally Proposition 4.3 completes the proof. U
Corollary 5.7. Let M be a 3-dimensional (x, i, v)-contact metric manifold. If the

concircular curvature tensor Z satisfies the condition Z(§, X)-Z =0, then M is a
pseudosymmetric manifold, in the sense of Deszcz, of constant type.



128 FLORENCE GOULI-ANDREOU AND EVAGGELIA MOUTAFI

Proof. From [Blair et al. 1990, Proposition 3.2] this manifold is an n-Einstein and
then [Cho and Inoguchi 2005, Proposition 1.2] completes the proof. U

Theorem 5.8. Let M be a 3-dimensional (k, i, v)-contact metric manifold. If the
concircular curvature tensor Z satisfies the condition Z(§,X) - S = 0, then M
is either Sasakian (x = 1), flat or locally isometric to either SU(2) or SL(2, R),
where these two Lie groups are equipped with a left invariant metric and they have
constant scalar curvature r = 6k (k < 1).

Proof. We consider the open subsets of M:

U, ={p € M : k =1in aneighborhood of p},
U, ={p € M : k # 1in a neighborhood of p},

where Uy U U is an open and dense subset of M.

In the case where M = Uy, the manifold is Sasakian and according to [Tripathi
and Kim 2004, Theorem 1.4], it has constant curvature 1.

Next, we assume that U; is not empty; we work in U, where k < 1 everywhere.
The condition Z(£€, X) - S = 0 or equivalently

0=(Z(E, X)- )Y, W)=2(¢,X)-SX, W)—=S(Z(E, X)Y, W)—S(, Z(§, X)W)

implies

(5-12) S(ZE, X)Y, W)+ S(Y, Z(E, X)W) =0

which in view of (4-11) and (4-12) yields

(5-13)  (k—2r)[S(X,Y) —2kg(X, V)] + u[S(hX,Y) — 2kg(hX, )]
+V[S(@hX,Y) —2kg(phX,Y)] =0.

For any point p € U, we consider an A-basis. In (5-13) setting i) X =Y =e, (ii)
X =Y =¢e and (iii)) X =e and Y = ¢e, and by virtue of (3-14), (3-15) and (3-16),
we obtain respectively

(5-14)  (k—1r)(H —x+r0) +pOH — Ak — ik + ) — v (k — 1) =0,
(5-15) (K— ér)(H —k —A) + (=AH + Ak — uk + 1) — vk — 1) =0,
and (4-14). By virtue of (3-5) and by subtracting (5-15) from (5-14) we obtain

(4-15), while by adding equations (5-14) and (5-15) we get (4-16). Proposition 4.3
completes the proof. ([

Corollary 5.9. Let M be a 3-dimensional (x, i, v)-contact metric manifold. If the
concircular curvature tensor Z satisfies the condition Z(§, X)-S =0, then M is a
pseudosymmetric manifold, in the sense of Deszcz, of constant type.
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Proof. From [Blair et al. 1990, Proposition 3.2] this manifold is an n-Einstein and
then [Cho and Inoguchi 2005, Proposition 1.2] completes the proof. U

Theorem 5.10. Let M>(n, £, ¢, g) be a 3-dimensional (x, |, v)-contact metric
manifold satisfying the condition R(§, X) - Z = 0. Then, there are at most two open
subsets of M for which their union is an open and dense subset of M, and each
of them as an open submanifold of M? is either (a) a Sasakian manifold or (b) a
semi-K generalized (k, w)-contact metric manifold with (& - u) =0 and r = 4k.

Proof. We consider the open subsets of M:

U ={p e M :k =11in aneighborhood of p},
U, ={p € M : ¢ # 1in a neighborhood of p},

where U; U U, is open and dense in M.
In the case where M = Uy, the manifold is Sasakian and according to [Blair et al.
2005, Theorem 4.3], it has constant curvature 1.
Next, we assume that U, is not empty. Firstly, we remark that the condition
R(&, X)-Z =0 implies (R(§,U) - Z)(X, Y)& = 0 or more explicitly
R(E U)Z(X,Y)E-Z(R(E, U)X, Y)§—Z(X, RE, U)Y)§—-Z(X, Y)R(§, U)§=0
which by virtue of (1-1), (1-4), (2-3), (3-10), (4-1), (4-9) yields
(5-16) 0= uk[n(¥)g(U, hX)—n(X)g(U, hY)]§
+ve[n(Y)g(U, phX) —n(X)g(U, phY)]§
+ P In(¥)g(hU, hX) —n(X)g(hU, hY)]E
+02[1(Y)g($hU, $hX) — 1(X)g(hU, phY)1§
+k(k—3r)g(U, X)Y +kpg(U, X)hY +kvg(U, X)phY
r)g(U, V)X —kug(U, Y)hX —kvg(U, Y)phX
w(k—ir)ghU, X)Y + pu?g(hU, X)hY + pvg(hU, X)phY
n( r)g(hU,Y)X — u*g(hU, Y)hX — pvg(hU, Y)phX
v(k —1r)g(@hU, X)Y + puvg(¢hU, X)hY +v*g(¢phU, X)phY
—v(k—3r)g(@hU, Y)X — pvg(¢phU, Y)hX —v’g(¢phU, Y)phX
+xZ(X, Y)Y U+nZ(X,Y)hU +vZ(X,Y)phU.

K(K

K

A= = A=

+
— K
+

=

For any point p € U, we consider a local orthonormal h-basis as in Lemma 3.1. In
(5-16) we set X =U =e, Y = ¢pe and by virtue of (2-3), (2-4) we obtain

%rvke + [K2 — %r/c — Az(uz + vz) — %rk,u]qﬁe +KkZ(e, pe)e
+uZ(e, pe)he +vZ(e, pe)phe =0,
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which by (5-6) gives

vAHe+ [k (k — H) — A2 (1> +v?) — AuH]pe =0,

and hence
(5-17) vAH =0,
(5-18) Kk —H) = 22w +v?) —AnH =0.

In (5-16) we set X = e, Y = U = ¢e, and by virtue of (2-3), (2-4) we obtain

[—/c2 + %r/c + A2(M2 + vz) — %r)»,u]e — %rkvq&e +KkZ(e, pe)pe
+uZe, pe)hpe +vZ(e, pe)phpe =0

which by virtue of (5-10) yields

[—xk(k — H) +)»2(M2 + vz) —AuHle —vAHpe =0,
and hence, in addition from (5-17), we get
(5-19) —k(k — H) + 2> (1 +v*) — auH = 0.

Since we work in U, where k < 1 or equivalently A 7 0, the equations (5-17), (5-18)
and (5-19) yield the equations (4-17), (4-18) and (4-19) and hence Proposition 4.3
completes the proof. Our open submanifold U; is a generalized (k, p)-contact
metric 3-manifold with (£ - ) = 0 and according to Remark 4.4 this submanifold
is a semi-K contact manifold.

We have proved:

(a) If M = U, then M is Sasakian with x = 1.

(b) If M = U, then M is a semi-K generalized (k, n)-contact metric manifold
withk <1, (E-u)=0and r =4«.

(c) If Uy # @ and U, # &, the union U; U U, is open and dense in M; also, k = 1

in Uy and ¢ < 1 in U,. The function « is continuous in U; and in Us. O

Remark 5.11. According to Proposition 4.3 and [Blair 2002, Theorem 7.5, p. 101].
U, becomes flat when o = 0 since Equation (4-19) yields « = 0.
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GENUSES OF CLUSTER QUIVERS
OF FINITE MUTATION TYPE

FANG L1, JICHUN L1U AND YICHAO YANG

In this paper, we study the distribution of the genuses of cluster quivers
of finite mutation type. First, we prove that in the 11 exceptional cases,
the distribution of genuses is 0 or 1. Next, we consider the relationship
between the genus of an oriented surface and that of cluster quivers from
this surface. It is verified that the genus of an oriented surface is an upper
bound for the genuses of cluster quivers from this surface. Furthermore,
for any nonnegative integer n and a closed oriented surface of genus n, we
show that there always exist a set of punctures and a triangulation of this
surface such that the corresponding cluster quiver from this triangulation
is exactly of genus n.

1. Introduction

Cluster quivers are a valuable notion in the theory of cluster algebras, first introduced
in the famous paper [Fomin and Zelevinsky 2002]. Since then this subject has been
studied extensively by many mathematicians. The original motivation was to give a
combinatorial characterization of dual canonical bases in the theory of quantum
groups, and for the study of total positivity for algebraic groups. Now cluster
algebras are connected to various fields of mathematics such as representation
theory, Poisson geometry, algebraic geometry, Lie theory, combinatorics and so
on. One knows that cluster algebras are commutative algebras equipped with a
distinguished set of generators, i.e., cluster variables.

Two types of cluster algebras are of special interest: those of finite type, and those
of finite mutation type. The former is a special case of the latter. Cluster algebras
of finite type were completely classified in [Fomin and Zelevinsky 2003], and skew-
symmetric cluster algebras of finite mutation type were completely classified in
[Felikson et al. 2012]. The classification of cluster algebras of finite type is identical
to the Cartan—Killing classification of semisimple Lie algebras and finite root
systems. For a cluster algebra of finite type, there is a one-to-one correspondence
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between the set of cluster variables and the set of almost positive roots (consisting
of positive roots and negative simple roots). Additionally, the classification of
skew-symmetric cluster algebras (equivalently, the classification of cluster quivers)
of finite mutation type tells us that almost all skew-symmetric cluster algebras
(equivalently, cluster quivers) of this type come from triangulations of surfaces,
except for 11 exceptional cases.

Given an oriented 2-dimensional Riemann surface S with boundary 9§, let M C S
be a finite set of marked points such that each connected boundary component
contains at least one such point. Marked points in the interior of § are called
punctures. The pair (S, M) is simply called a surface. An arc [Fomin et al. 2008]
is the homotopy class of a curve y in S whose endpoints come from M, such that:

« y does not intersect itself, except that its endpoints may coincide;
« except for the endpoints, y is disjoint from M and 9S;

» y does not cut out an unpunctured monogon or an unpunctured digon.

An ideal triangulation T is a maximal set of noncrossing (i.e., there are no
intersections in the interior of S) arcs. For the details of the construction of cluster
quivers from triangulations of surfaces, see Section 2B.

In this paper, all surfaces we consider are oriented surfaces; all subgraphs and
subquivers are full.

In topological graph theory, the genus of a graph is the minimal genus of the
surfaces where the graph can be drawn without crossings. The genus of a quiver is
defined to be that of its underlying graph. When discussing the genus of a quiver,
one only needs to consider its simple underlying graph (without multiple edges and
orientation). A graph (respectively, quiver) is planar if it is of genus 0. It is well
known that genus is a topological invariant for surfaces, as well as for topological
graphs. A natural question is to find out the relation between the genus of a surface
and that of a cluster quiver from this surface. As an answer, we have the main
conclusion in this paper:

Theorem 1.1. (i) For a triangulation T of a surface S with genus g, let g’ be the
genus of the cluster quiver Q associated with T. Then g’ < g.

(ii) Furthermore, for any nonnegative integer n and a closed oriented surface S, of
genus n, there exists a set of marked points M on S,, and an ideal triangulation
P, of S, such that the corresponding cluster quiver T, of P, has genus n.

From this result, we know that the genus of a surface is in fact an upper bound
for the genuses of cluster quivers from the triangulations of this surface; moreover,
any nonnegative integer n can be reached as the genus of some cluster quiver
from surface.
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The paper is organized as follows. The requisite background on cluster quiv-
ers, their mutation, and triangulations of surfaces are presented in Section 2. In
Section 2A, we give the basic definitions of matrix mutation and quiver mutation.
We mention the fact that skew-symmetric matrices are in bijection with cluster
quivers, and also that matrix mutation and quiver mutation are compatible. In
Section 2B, we recall some basic definitions and properties of triangulations of
surfaces from [Fomin et al. 2008]. We recapitulate how to obtain a cluster quiver
from a surface triangulation and the compatibility between quiver mutations and
flips of triangulations. A cluster quiver comes from a surface if and only if it is
block-decomposable. At the end of this subsection, we restate the classification of
skew-symmetric cluster algebras of finite mutation type.

Section 3 mainly deals with the genuses of cluster quivers of finite mutation type.
In Section 3A, we give the table of genus distribution of the 11 exceptional quivers
by utilizing Keller’s quiver mutation in Java [Keller 2006]. In Section 3B, we first
prove Theorem 1.1(i) which states that the genus of a surface is an upper bound for
the genuses of cluster quivers obtained by triangulations of this surface. From this
result, one can easily see that genus is a mutation invariant for cluster quivers from
the surface of genus 0. As another application of this result, we give a sufficient
condition for two quivers not to be mutation equivalent. Part (ii) of Theorem 1.1 is
proved by constructing a graph R,, using topological graph theory for genus n and
the classification theorem of compact surfaces in algebraic topology.

2. Preliminaries

2A. Cluster quiver and its mutation. The notion of skew-symmetric matrix or
equivalently of cluster quiver is crucial in the theory of cluster algebras. In the
definition of cluster algebras, the most important ingredient is the so-called seed
mutation. For our purpose in this paper, we only introduce matrix mutation (an
important part of seed mutation) so as to understand the motivation of cluster
quivers. For the details of the definitions of seed mutation and cluster algebras, we
refer to [Fomin and Zelevinsky 2003].

Suppose B = (b;;) is an n x n integer matrix. For 1 <k <n, a matrix mutation [ux
at direction k transforms B into a new matrix B’ = (b} ) where b; ; is defined by

—bij ifiIkOI‘jZk,

bik|bk; + bix|bx;

bij+| lkl kj lk| kj|

2

Here, all matrices we consider are skew-symmetric. It is easy to see that matrix
mutation transforms a skew-symmetric matrix into another one.

Given an n x n skew-symmetric matrix B = (b;;), we can construct a quiver Q

without loops and 2-cycles as follows: the vertex set is {1, 2, ..., n} (the set of

/ —
blj - .
otherwise.
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row and column indices of the matrix B), and the number of arrows from i to j is
defined to be b;; if b;; > 0.

Definition 2.1. A quiver without loops and 2-cycles is said to be a cluster quiver.

There is a one-to-one correspondence between the set of skew-symmetric matrices
and the set of cluster quivers. In fact, given a cluster quiver Q with n vertices, one can
construct a skew-symmetric matrix B = (b;;) defined by b;; =#{i — j} —#{j — i},
where #{i — j} denotes the number of arrows from i to j. According to this
one-to-one correspondence, quiver mutation can be deduced from matrix mutation.

Definition 2.2. Suppose Q is a cluster quiver with vertex set Qg = {1, 2, ..., n}.
For k € Qy, a quiver mutation i at vertex k transforms Q into Q’, where Q' is
obtained by the following three steps:

(1) For every pathi — k — j, add a new arrow i — j.
(2) Reverse all arrows incident with k.

(3) Delete all 2-cycles.

One can easily see that the resulting quiver Q' is also a cluster quiver. Matrix
mutation and quiver mutation are compatible in the following sense: given any
ke{l,2,....n}, m(Qp) = Qup) and ug(Bg) = By, (0)-

It is easy to verify that both matrix mutation and quiver mutation are involu-
tions, i.e., [L% =1.If Q' = pi, i, - - - i, (Q) for some ky, ko, ..., k1 €{1,2, ..., n},
we will say that Q and Q are mutation equivalent. Obviously, this is an equivalence
relation on the set of isomorphism classes of cluster quivers with n vertices. A
cluster quiver (respectively, skew-symmetric cluster algebra constructed from this
quiver) is said to be of finite mutation type if the number of quivers in its mutation-
equivalence class is finite. Cluster quivers of this type were completely classified
in [Felikson et al. 2012]. We will restate this classification theorem in Section 2B.

2B. Cluster quivers from surfaces. Given a surface (S, M), the number of arcs in
any triangulation of (S, M) is a constant. The following lemma gives the formula
to calculate the number of arcs in a triangulation.

Lemma 2.3 [Fomin et al. 2008]. For a triangulation of a surface, the following
formula holds:

(D n=6g+3b+3p+c—6,

where n is the number of arcs, g is the genus of the surface, b is the number of
connected boundary components, p is the number of punctures, and c is the number
of marked points on the boundary.
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The arcs of an ideal triangulation cut the surface S into ideal triangles. The
three sides of an ideal triangle do not have to be distinct, i.e., we allow self-folded
triangles, like this:

Given an ideal triangulation 7', there is an associated signed adjacency ma-
trix B(T') (see [Fomin et al. 2008, §4]). Suppose the arcs in T are labeled by the
numbers 1,2, ..., n, and let the rows and columns of B(T) be numbered from 1
to n. For an arc i, let w7 (i) denote the arc defined as follows: if there is a self-folded
ideal triangle in T folded along i (see figure above), then 77 (i) is its remaining
side; otherwise, we set w7 (i) =1i.

For each non-self-folded triangle A, define the n x n integer matrix B = (bﬁ )
by setting

1 if side w7 (j) immediately follows 77 (i) in A going clockwise;

bﬁ =1 —1 if side 77 (i) immediately follows 77 (j) in A going clockwise;

0 otherwise.

The matrix B = B(T') = (b;;) is defined by
(2) B=Y_B"
A

where the sum is taken over all non-self-folded triangles A. It is easy to verify
that B(T) is skew-symmetric, and that all its entries are equal to 0, 1, —1, 2
or —2. Therefore, given a triangulation 7', we can first associate a skew-symmetric
matrix B(T) to T and then obtain a cluster quiver Q corresponding to B(T'), just as
in Section 2A. The corresponding cluster quiver Qg of B = B(T) is said to come
Jrom a surface. Correspondingly, the cluster algebra defined by Qp is also said to
come from a surface.

A flip is a transformation of an ideal triangulation 7 into a new triangulation 7’
obtained by replacing an arc y with a unique different arc 3’ and leaving other arcs
unchanged. Flips of triangulation and matrix mutation are compatible in the sense
of the following proposition.

Proposition 2.4 [Fomin et al. 2008, Proposition 4.8]. Suppose that the triangula-
tion T is obtained from T by a flip replacing an arc k. Then B(T) = i (B(T)).

According to [Fomin et al. 2008, Remark 4.2], all triangulations that we are
interested in can be obtained by gluing together a number of puzzle pieces, except
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for one case: the triangulation of the 4-punctured sphere obtained by gluing three
self-folded triangles to respective sides of an ordinary triangle:

There are three types of puzzle pieces:

1 2
AN QY2
3
Figure 1. The three types of puzzle pieces.

These three types of puzzle pieces correspond to blocks of type I-V below,
depending on whether the outer sides are lying on the boundary (for the details, see
the proof of Theorem 13.3 in [Fomin et al. 2008])

HAAA$

111, 111, \%

The vertices marked by open circles in this figure are called outlets.

Definition 2.5 [Fomin et al. 2008]. A quiver is said to be block-decomposable if it
can be obtained from a collection of disjoint blocks by the following procedure:

(1) Take a partial matching of the combined set of outlets (matching an outlet to
itself or to another outlet from the same block is not allowed).

(2) Glue the outlets in each pair of the matching.
(3) Remove all 2-cycles.

According to [Fomin et al. 2008, Theorem 13.3], a cluster quiver comes from a
surface if and only if it is block-decomposable.

The following theorem gives a complete classification of skew-symmetric cluster
algebras of finite mutation type.

Lemma 2.6 [Felikson et al. 2012]. A skew-symmetric cluster algebra A of rank n
is of finite mutation type if and only if A comes from a surface (n > 3), orn < 2,
or A is one of the 11 exceptional types shown in Figure 2 (that is, & has a cluster
quiver at one of these types).
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1,1

(11

Eg

Figure 2. The eleven exceptional types.

3. Genus distribution of cluster quivers of finite mutation type

Genuses of exceptional cluster quivers. Table 1 in this section gives the genus

distribution of the 11 exceptional cluster quivers in the classification of cluster
quivers of finite mutation type. Our main tool is Keller’s quiver mutation in Java
[Keller 2006]. To obtain the table, we note the following facts:

ey

(@)

3)

“)

Eg, E7, Eg, Eél), Eél) and Eél) are trees. According to Lemma 1.1 of [Vatne
2010], any orientations on the same tree are mutation equivalent.

E¢, E7, Eg and E( ) are full subgraphs of the underlying graph of E(1 D, E(l)
is a full subgraph of the underlylng graph of E (1), ; E5 M is a full subgraph of
the underlying graph of E ‘D Since any quiver mutation-equivalent to a full
subquiver of Q must be a full subquiver of some Q' that is mutation-equivalent
to Q, we first test the mutation classes of Eél’l), E;l’l) and Eél’l) in order to
see their genus distribution.

To see the genus of a quiver, we only need to see its underlying graph. Hence
when doing the quiver mutation in Java due to Keller [2006], we can choose
the mutation class under graph isomorphism. This can greatly cut down the
number of quivers in the mutation class that we have to consider.

We check the quivers in the mutation classes of Eél’l), Eél’l) and Eél’l) and
find they are all planar. So are the other exceptional cluster quivers of type E.
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Type Total number Number of genus 0 Number of genus 1

Es 21 21 0
E; 112 112 0
Eg 391 391 0
E 52 52 0
E" 338 338 0
EY 1935 1935 0
EMY 27 27 0
E{D 217 217 0
E{ 1886 1886 0
X 4 1 3
X; 2 1 1

Table 1. Statistics on exceptional cluster quivers of different types.

In Table 1, the total number means the number of quivers in the mutation class
up to quiver isomorphism, and the number of genus 0 (respectively, 1) means the
number of quivers (up to quiver isomorphism) in the mutation class whose genus
is O (respectively, 1).

From the table, one can easily see that the genus of the quiver of type E is
invariant under quiver mutation, but the genus of the quiver of type X will vary
under quiver mutation.

Proposition 3.1. There are exactly four nonplanar cluster quivers of exceptional
finite mutation types that have genus 1:

I

(1)
Quivers (1), (2), and (3) are in the mutation-equivalence class of X¢, and quiver (4)
is in the mutation-equivalence class of X7.
Proof.

e Quiver (1) is obtained from X¢ by mutation on the vertices x4 and xg, the
vertex labeling being as shown on the top of the next page.

e Quiver (2) is obtained from X¢ by mutation on the vertex x4.

e Quiver (3) is obtained from X¢ by mutation on the vertices x4 and x3.
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)Cl xz yl y2
| N\ N\
X XS y3 yS
%6 3 ) Y
X X7
e Quiver (4) is obtained from X7 by mutation on the vertex yj. U

3B. Proof of the main conclusion. We will begin by proving the first part of the
theorem, i.e., that the genuses of cluster quivers obtained from the triangulations of
a surface are not greater than that of the surface.

Proof of Theorem 1.1(i). By the correspondence of puzzle pieces and blocks, each
puzzle piece corresponds to a block of type I-V. For each puzzle piece, we put
its corresponding block into the face bounded by it. If two puzzle pieces have a
common edge, then we glue the two vertices corresponding to the common edge
between these two blocks. Hence we obtain the quiver Q of T in this way, and
moreover the underlying graph of Q can be drawn without self-crossings on the
surface S. We then have g’ < g by definition of the genus of a quiver.

To complete the proof of the theorem, we should consider the only exceptional
case the triangulation of which cannot be obtained by gluing the puzzle pieces.
Let T be the triangulation of the 4-punctured sphere obtained by gluing three
self-folded triangles to respective sides of an ordinary triangle. The corresponding
cluster quiver of 7' can be obtained by gluing four blocks of type II, as follows:

3Y

£TIN
N

1’

In this figure, for i = 1, 2 and 3, i and i’ denote the corresponding vertices of two
arcs in the same self-folded triangles. Obviously it is a planar quiver, and hence in
this case g’ = g = 0. This completes the proof. (]

To prove Theorem 1.1(ii), we need some preliminaries. First, we borrow from
[Gross and Tucker 1987, Example 3.4.2] a class of graphs with arbitrary large genus.
For each positive integer n, the graph R,, is constructed by taking n + 1 concentric
cycles consisting of 4n edges each, together with 4n? inner edges connecting the
n + 1 cycles to each other and 2n outer edges adjoining antipodal vertices on the
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outermost cycle. Here is the graph R»:

to5

It was shown in [Gross and Tucker 1987] that R, is of genus n.

Secondly, recall that the classification theorem for compact (or closed) surfaces
(see, for example, [Massey 1977, Chapter 1, Theorem 5.1]) asserts that any compact
surface is homeomorphic to a sphere, a connected sum of tori, or a connected sum
of projective planes. Any compact surface can be considered as the quotient space
of a polygon with directed edges identified in pairs. There is a convenient way to
indicate which paired edges are to be identified in such a polygon. We give a letter
(for example, a, b, c, .. .) to each pair of edges, different pairs receiving different
letters. Starting at a definite vertex, we traverse the boundary of the polygon either
clockwise or counterclockwise. If the arrow on an edge points in the same traversing
direction, we put no exponent (or the exponent +1) on the letter for that edge;
otherwise, we write the letter for that edge with the exponent — 1. For example, the
string ajayaza, 1a3a3_ ! indicates the same identifications as this figure:

The various surfaces can then be described by the following strings (see [Massey
1977, §5]):

(1) The sphere: aa~ !

(2) The connected sum of n tori: alblaflbl_lcmbzaglbz L .anbnan_lb,jl.

(3) The connected sum of n projective planes: ajajaza; . ..aya,.

Given a polygon, if the letter designating a certain pair of edges occurs with
both exponents +1 and —1 in the symbol, then this pair of edges is said to be of
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the first kind; otherwise the pair is said to be of the second kind. From the proof of
Theorem 5.1 in [Massey 1977], we know that if all the pairs of edges are of the
first kind, then the resulting surface is oriented; if there exists a pair of edges of the
second kind, then the resulting surface is nonoriented. Moreover, since the pair of
adjacent edges of the first kind can be eliminated, the resulting surface of a 4n-gon
with pairs all of the first kind is an oriented surface with genus at most n.

To prepare for the proof of Theorem 1.1(ii), we first prove a lemma.

Lemma 3.2. For an arbitrary nonnegative integer n, there always exists a block-
decomposable cluster quiver T, such that the genus g(T,) of T, satisfies g(T,,) > n.

Proof. Given a graph R, as above, label the n+1 cycles from innermost to outermost
by 1ton+1. Foreachi € {1, 2, ..., n}, there are 4n rectangles between the i-th
cycle and the (i+1)-st cycle. For the outermost cycle, there exist 2n rectangles
between the (n+1)-st cycle and itself. Two rectangles are said to be neighbors
if they share a common edge; otherwise, they are said to be distant. It is easy to
observe that there are 4n? + 2n rectangles in R,. Given any rectangle A in R,, we
first choose four rectangles distant from A but having a common vertex with A.
We repeat this process for each of these four rectangles; continuing this process,
we will obtain a maximal set of mutually distant rectangles. This is denoted by &.
This set contains 2n” + n rectangles. The other 21> + n rectangles form another
maximal set of mutually distant rectangles. This is denoted by J.
Trivially, the two sets ¥ and J are independent of the choice of the [
original rectangle A. Consider the set &: each rectangle in & can
be obtained by gluing four blocks of type II as shown on the right.

For the innermost cycle, there are 2n edges which do not lie in any rectangles
of . We can then substitute one block of type IV for each such edge. For all these
2n edges, we need 2n blocks of type IV.

In summary, we obtain a quiver 7, by gluing 81> 4 4n blocks of type II and 2n
blocks of type IV. According to the construction of 7;,, obviously, R, is a subgraph
of the underlying graph of 7,. Therefore, the genus g(7},) is at least g(R,) = n.
Figure 3 on the next page illustrates the case n = 2. ([

Proof of Theorem 1.1(i1). We will use the fact that the quiver 7,, given in the proof
of Lemma 3.2 can be obtained from a closed surface of genus n. By Lemma 3.2,
g(T,) = n. Itis easy to check that 7, is a uniquely block-decomposable quiver
and hence 7, can be uniquely encoded by its corresponding triangulation, that is,
blocks of type II are encoded by puzzle pieces of the first type (see the left graph in
Figure 1) and blocks of type IV are encoded by puzzle pieces of the second type
(see the middle graph in Figure 1). In order to draw 7, we first draw a planar quiver
T, which has 4n unglued outlets. After gluing these 4n outlets in pairs, one obtains
T,,, where each pair consists of one outlet and its opposite one. See Figure 3 for an
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————

K
L, K2
; Q .

b T

Figure 3. Quiver corresponding to the graph 7,. Vertices labeled
by the same numbers should be glued together.

illustration of the case n = 2. Now we will construct a closed surface S, of genus
n and a triangulation P, of S, such that the corresponding cluster quiver is 7,.

We will chase 7, from innermost to outermost. Blocks of type II and type IV
are encoded by puzzle pieces of the first and second types, respectively. For the
outermost 4n oriented triangles in 7,,, we let each of them correspond to a puzzle
piece of the first type. Thus we obtain a 4n-
gon with a triangulation. Denote this 4n-gon
with triangulation by S, . Then we can obtain
a closed oriented surface S, by identifying the
edges of S, in pairs and gluing all outermost
vertices into one, and then obtain a triangula-
tion P, of S, such that its corresponding quiver
is exactly 7;,. For the case 77, its corresponding
S/ is given on the right.

To obtain S, and P,, one only needs to glue
the edges labeled by the same number in pairs
and to glue all 8 outermost vertices into one.

By the proof of the classification theorem of compact surfaces in [Massey 1977],
the genus of S, is at most 7.

Since 7, is obtained from a triangulation of S,,, by Theorem 1.1(1), g(7,,) < n.
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On the other hand, by Lemma 3.2, g(7;,) > n. Hence, g(7,,) = n.

For the genus g(S,) of S,, since n = g(7;,) < g(S,) <n, we also have g(§,) =n.

Then Theorem 1.1(ii) easily follows from the fact that all closed oriented surfaces
with the same genus are homeomorphic. U

3C. Applications and further problems. As an application of Theorem 1.1(i), we
give two corollaries.

Corollary 3.3. Let S be a surface of genus 0 and M a set of marked points of S.
Given any triangulation T of (S, M), suppose Q is the associated cluster quiver.
Then all quivers in the mutation-equivalence class of Q are of genus 0.

Besides the cluster quivers of type E in Section 3A, this corollary gives another
class of cluster quivers of finite mutation type whose genuses are invariant under
mutation.

Corollary 3.4. Let S be a surface of genus g, with M its set of marked points.
For any triangulation T of (S, M), let Q be its corresponding quiver and let Q'
be another cluster quiver of genus g’ such that g’ > g. Then Q and Q' are not
mutation equivalent.

Proof. According to Proposition 12.3 in [Fomin et al. 2008], all quivers in the
mutation-equivalence class of Q are the corresponding quivers of some triangula-
tions of (S, M). Hence, by Theorem 1.1(i), the genuses of these quivers are not
greater than g. Hence Q’ is not in the mutation-equivalence class of Q, that is, Q
and Q’ are not mutation equivalent. U

This corollary gives us a necessary condition for two quivers with the same
number of vertices, one coming from a triangulation of a surface and the other
nonplanar, to be mutation equivalent.

Remark 3.5. An easy calculation shows that the number of marked points on the
closed surface S, in the proof of Theorem 1.1(ii) is 4n% 4+ 2n + 2. For example, in
the case n = 2, one can easily see that there are 22 marked points on $>; here the
outermost 8 marked points in S, (see figure at the bottom of page 144) are glued
into one.

Theorem 1.1(ii) tells us that, given a closed surface S of genus n, the upper bound
of genuses of quivers from triangulations of S given in part (i) of Theorem 1.1 can
be reached.

On the other hand, the lower bound 0 of genuses can also be reached; that is, given
any closed oriented surface S with genus n, there always exists a triangulation T’
of S such that the corresponding cluster quiver Q of T is planar.

In fact, if the closed surface is a sphere, this obviously holds by Corollary 3.3;
whereas if the closed surface S is of genus n > 1, it is homeomorphic to the
connected sum of 7 tori. In this case, the symbol of the corresponding polygon is
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aibia; 'by laxbray 'y . aybya; byl A triangulation -1
T of S with two punctures is shown on the right. For
this triangulation, the outer 4n vertices in fact come from
the same puncture and the only inner vertex is the other b,
puncture. One can easily check that the corresponding
cluster quiver Q of T is planar.

Restricting the discussion to the torus, we reach the following conclusion:

Proposition 3.6. For a given cluster quiver Q from the torus S with p punctures,
there exists at least one planar quiver in the mutation-equivalence class of Q.

Proof. According to Proposition 12.3 in [Fomin et al. 2008], the corresponding
quivers from all triangulations of S are mutually mutation equivalent. Hence, we
only need to find a triangulation 7" of § such that its corresponding quiver is planar.

For the convenience of describing the desired triangulation, we first restate how a
torus is constructed. Given two circles C and C’, assume the radius of C is greater
than that of C’. Let the center of C’ run along C for one round; then a torus is built.
The circle C is called a basic circle for this torus.

For the torus S with p punctures, we construct a triangulation 7" as follows:

For each puncture, construct a closed arc on S perpendicular to the basic circle
such that its two endpoints coincide at the puncture; we have p such arcs. These
p arcs cut down the torus into p pieces of cylinders. For each
cylinder, drawing an arc between two punctures, we obtain a
rectangle. Moreover, we draw a diagonal in this rectangle.
The corresponding quiver from such a rectangle with its
diagonal is shown on the right.

All p such rectangles with diagonal are arranged continuously together to form
a graph. The quiver Q of T is obtained by gluing p pieces of such quivers along
the outlets. Obviously, it is a planar quiver. U

For example, in the case p = 3, the triangulation and the corresponding cluster

quiver are as follows, where the numbers 1, ..., 9 label the arcs:
2 4 9
- - 3/ 5 7
1 6 3 1
2 4 9

Since both the upper and lower bounds for genuses of cluster quivers from closed
surfaces can be attained, based on Theorem 1.1 and Proposition 3.6 we propose
these further interesting problems:



GENUSES OF CLUSTER QUIVERS OF FINITE MUTATION TYPE 147

Problem 3.7. For any closed surface S with genus n and 0 < i < n, does there
exist a certain number of punctures and an ideal triangulation T of S such that
the corresponding cluster quiver Q; from T is of genus i?

Problem 3.8. Given a closed surface S of genus #n, find the minimal number of
punctures on S with the property that there exists an ideal triangulation T of S such
that the corresponding cluster quiver Q, of T is of genus exactly n.

For the case of the torus, we know at least one planar quiver in each mutation-
equivalence class according to Proposition 3.6. Hence, for a given number of
punctures we can check the corresponding mutation-equivalence class of this planar
quiver by Keller’s quiver mutation in Java [Keller 2006]. Since the genus of a
quiver has nothing to do with the orientations of the arrows, we can choose the
mutation-equivalence class under graph isomorphism when doing quiver mutation
in Java.

For the cases p = 1 and p = 2, all quivers in their two mutation-equivalence
classes are planar. When p = 3, there exists exactly one quiver of genus 1 in the
mutation class:

Therefore, the answer to Problem 3.8 for the case of the torus is p = 3, which
is much smaller than the number 4 x 12 4+ 2 x 1 +2 = 8 of punctures given in
Remark 3.5 when constructing 77 from the torus.
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TAUT FOLIATIONS IN KNOT COMPLEMENTS

TAO L1 AND RACHEL ROBERTS

We show that for any nontrivial knot in S3, there is an open interval con-
taining zero such that a Dehn surgery on any slope in this interval yields a
3-manifold with taut foliations. This generalizes a theorem of Gabai on zero
frame surgery.

1. Introduction

A transversely orientable codimension-one foliation % of a 3-manifold M is called
taut [Gabai 1991] if every leaf of & intersects some closed transverse curve. The
existence of a taut foliation in a 3-manifold M provides much interesting topological
information about both M and objects embedded in M. If a closed 3-manifold M
contains a taut foliation, either M is finitely covered by S? x S! or M is irreducible
[Novikov 1965; Reeb 1952; Rosenberg 1968]. If a closed 3-manifold M contains
a taut foliation, then its fundamental group is infinite [Haefliger 1962; Novikov
1965; Gabai and Oertel 1989] and acts nontrivially on interesting 1-dimensional
objects (see, for example, [Thurston 1998; Calegari and Dunfield 2003; Palmeira
1978; Roberts et al. 2003]), and its universal cover is R? [Palmeira 1978]. Taut
foliations can be perturbed to interesting contact structures [Eliashberg and Thurston
1998; Kazez and Roberts 2014] and hence can be used to obtain Heegaard—Floer
information [Ozsvéth and Szab6é 2004b]. In this paper we seek to add to the
understanding of the existence of taut foliations by describing a new construction
of taut foliations.

Let k be a nontrivial knot in S>. In his proof of the Property R conjecture, Gabai
[1987b] showed that the knot exterior M = S3\int N (k) has a taut foliation whose
restriction to the torus d M is a collection of circles of slope 0. Thus a zero frame
Dehn surgery on k yields a closed 3-manifold that admits a taut foliation obtained
by adding disks along the boundary circles of the taut foliation of M. In this paper,
we extend Gabai’s theorem from zero frame surgery to any slope in an interval that
contains 0. Although we restrict attention to knots in S>, the approach described in
this paper applies more generally to manifolds (M, d M) with boundary a nonempty
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union of tori and for which there exists a well-groomed sutured manifold hierarchy
which meets each component of d M only in essential simple closed curves.

Theorem 1.1. Let k be a nontrivial knot in S°. Then there is an interval (—a,b),
where a > 0 and b > 0, such that for any slope s € (—a, b), the knot exterior
M = S3\int(N(k)) has a taut foliation whose restriction to the torus M is a
collection of circles of slope s. Moreover, by attaching disks along the boundary
circles, the foliation can be extended to a taut foliation in M (s), where M (s) is the
manifold obtained by performing Dehn surgery to k with surgery slope s.

A group G is called left-orderable if there is a total order on G which is invariant
under left multiplication. We thank Liam Watson for calling our attention to the
following results.

Corollary 1.2. Let k be a hyperbolic knot in S and let M (1/n) denote the manifold
obtained by 1/n Dehn filling along k. Then there is some number N = N (k) such
that w1 (M (1/n)) is left-orderable whenever |n| > N.

Proof. The surgered manifold M(1/n) is a homology S3 and, by Thurston’s
hyperbolic Dehn surgery theorem [Thurston 1982], atoroidal when |n| is sufficiently
large (or, equivalently, when 1/n is sufficiently small). Moreover, by Theorem 1.1,
M (1/n) contains a transversely oriented taut foliation whenever 1/# is sufficiently
close to 0. It therefore follows from [Calegari and Dunfield 2003, Corollary 7.6]
that 7ty (M (1/n)) is left-orderable. [l

Ozsvéth and Szabé [2004¢; 2004d] defined the Heegaard—Floer homology group
HF (Y) of a 3-manifold Y. In [Ozsvath and Szab6 2005], they define L-spaces as
follows.

Definition 1.3 [Ozsvath and Szab6 2005, Definition 1.1]. A closed three-manifold
is called an L-space if Hi(Y; Q) =0 and HF (Y) is a free abelian group of rank
|H1(Y; Z)].

L-spaces are therefore the closed 3-manifolds with the simplest possible Hee-
gaard—Floer homology groups and the following is an important open question:

Question 1.4 [Ozsvith and Szab6 2004a, Question 11]. Is there a topological
characterization of L-spaces (i.e., one that makes no reference to Floer homology)?

Ozsvith and Szabé proposed the following partial answer to this question:

Conjecture 1.5 [Hedden and Levine 2012, Conjecture 1]. If Y is an irreducible
homology sphere that is an L-space, then Y is homeomorphic to either S3 or the
Poincaré homology sphere.

Approaches to understanding L-spaces have included investigations into the
following two questions. Are L-spaces exactly those irreducible rational homology
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3-spheres which contain no transversely oriented taut foliation? Are L-spaces
exactly those irreducible rational homology 3-spheres which have non-left-orderable
fundamental groups? (See [Boyer et al. 2012] for a nice survey.)

Conjecture 1.6 [Boyer et al. 2012, Conjecture 1]. An irreducible rational homology
3-sphere is an L-space if and only if its fundamental group is not left-orderable.

With Conjecture 1.6 in mind, we compare Corollary 1.2 with the following
result, which appears in various contexts [Ozsvath and Szabé 2004b, Corollary 1.3;
Ghiggini 2008, Corollary 1.5], but is stated most conveniently as [Hedden and
Watson 2010, Proposition 5].

Proposition 1.7 [Ozsvath and Szab6 2004b; Hedden and Watson 2010]. Suppose k
is a nontrivial knot in S° and let M (1/n) denote the manifold obtained by 1/n Dehn
filling along k. If M (1/n) is an L-space, then either n = 1 and k is the right-handed
trefoil or n = —1 and k is the left-handed trefoil.

It follows that Conjecture 1.5 holds for 3-manifolds obtained by surgery on knots
in S3. And it follows from Corollary 1.2 and Proposition 1.7 that Conjecture 1.6
holds for 3-manifolds obtained by 1/n surgery on the complement of hyperbolic
knots when |n| is sufficiently large.

In Theorem 1.1, the interval (—a, b) depends both on the knot k£ and on the
sutured manifold decomposition in [Gabai 1987b]. In [Roberts 2001a; 2001b],
it is shown that if k is a fibered hyperbolic knot (not necessarily in S%), then
this interval can always be chosen to contain (—1, 00), (—o0, 1), or (—oo, 00).
Related results appear in [Dasbach and Li 2004; Delman and Roberts 1999; Roberts
1995]. Moreover, the values of a and b in a maximal such interval (—a, b) reveal
information about the pseudo-Anosov monodromy and hence the geometry of M.

Question 1.8. Let k be a nontrivial knot in S, and let ¢ > 0 and b > 0. What is
the maximal interval (—a, b) such that for any slope s € (—a, b), the knot exterior
M = S$3\int(N(k)) has a taut foliation whose restriction to the torus dM is a
collection of circles of slope s, and the foliation can be extended to a taut foliation
in M (s) by attaching disks along the boundary circles, where M (s) is the manifold
obtained by performing Dehn surgery to k with surgery slope s?

Conjecture 1.9. Such a maximal interval will always contain (—1, 1).

The proof of the main theorem uses theorems in [Li 2002; 2003] on branched
surfaces to generalize the approach of [Roberts 2001a] to nonfibered knots. We
first use Gabai’s [1983; 1987a; 1987b] sutured manifold decomposition to construct
a branched surface B. Then, after first splitting B as necessary, we add in some
product disks to get a new branched surface that carries more laminations which
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extend to taut foliations. The key point in the construction is to add branch sectors
so that the new branched surface does not contain any sink disk. By [Li 2002;
2003], this means that the branched surface carries a lamination.

2. Laminar branched surfaces

Definition 2.1. A branched surface B in M is a union of finitely many compact
smooth surfaces, glued together to form a compact subspace (of M) locally modeled
on Figure 1, left (ignore the arrows in the picture for now).

Given a branched surface B embedded in a 3-manifold M, we denote by N (B)
a regular neighborhood of B, as shown in Figure 1, right. One can regard N (B)
as an interval bundle over B. We denote by 7 : N(B) — B the projection that
collapses every interval fiber to a point. As shown in Figure 1, right, the boundary
of N (B) consists of two parts: the horizontal boundary d, N (B) which is transverse
to the /-fibers of N(B), and the vertical boundary 9, N (B) which is the union of
subarcs of the [-fibers. The branch locus of B is L = {b € B : b does not have
a neighborhood in B homeomorphic to R?}. We call the closure (under the path
metric) of each component of B\L a branch sector of B. L is a collection of smooth
immersed curves in B. Let Z be the union of double points of L. We associate
with every component of L\Z a normal vector (in B) pointing in the direction of
the cusp, as shown in Figure 1, left. We call it the branch direction of this arc. Let
D be a disk branch sector of B. We call D a sink disk if the branch direction of
every smooth arc in its boundary points into the disk and DN oM = &. We call D
a half sink disk if 0D N dM # & and the branch direction of each arc in d D\oM
points into D. Note that 9 D N d M might not be connected.

Laminar branched surfaces were introduced in [Li 2002] as a branched surface
with the usual properties in [Gabai and Oertel 1989] plus a condition that there
is no sink disk. The notion of laminar branched surface was slightly extended to

avN(B) ahN(B)

Figure 1. Left: a branched surface B. Right: a regular neighbor-
hood N (B).
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branched surfaces with boundary, by adding a requirement that there is no half
sink disk [Li 2003]. Note that if a branched surface has no half sink disk, then
one can arbitrarily split the branched surface near its boundary train track without
creating any sink disk. This plus Theorem 1 of [Li 2002] implies the following
theorem from [Li 2003]. Note that the condition that there is no sink disk basically
guarantees that the branched surface carries a lamination and the other conditions
in [Gabai and Oertel 1989] imply that the lamination is an essential lamination.

Theorem 2.2 [Li 2003, Theorem 2.2]. Let M be an irreducible and orientable
3-manifold whose boundary is an incompressible torus. Suppose B is a laminar
branched surface and 0 M\0 B is a union of bigons. Then, for any rational slope
s € QUoo that can be realized by the train track 0 B, if B does not carry a torus that
bounds a solid torus in M (s), then B fully carries a lamination &£ whose boundary
consists of loops of slope s and & can be extended to an essential lamination
in M(s).

3. Sutured manifold decompositions

Gabai [1983] introduced the notions of sutured manifold and sutured manifold
decomposition. We will state basic definitions and theorems as needed for this
paper but we refer the reader to [Gabai 1983; 1987a; 1987b] for a more detailed
description. The papers [Altman 2012; Cantwell and Conlon 2012; Juhasz 2008]
and book [Candel and Conlon 2003] also provide nice descriptions of some of
Gabai’s sutured manifold theory. In this paper, we will use branched surfaces to
describe sutured manifolds and sutured manifold decompositions.

Definition 3.1 [Gabai 1983, Definition 2.6]. A sutured manifold (M, y) is a com-
pact oriented 3-manifold M together with a set y C d M of pairwise disjoint annuli
A(y) and tori T (y). Furthermore, the interior of each component of A(y) contains
a suture, that is, a homologically nontrivial oriented simple closed curve. We denote
the set of sutures by s(y).

Finally, every component of R(y) = d M\ int(y) is oriented. Define R, (y) (or
R_(y)) to be those components of d M\ int(y) whose normal vectors point out of
(into) M. The orientations on R(y) must be coherent with respect to s(y); that is,
if § is a component of d R(y) and is given the boundary orientation, then § must
represent the same homology class in Hj(y) as some suture.

Roughly speaking, a sutured manifold is a 3-manifold together with extra infor-
mation about dM. Given a sufficiently nice surface S properly embedded in a
sutured manifold (M, y), it is important to be able to cut M open along S while
keeping track of corresponding boundary information. This is captured in the
following definition.



154 TAO LI AND RACHEL ROBERTS

Definition 3.2 [Gabai 1983, Definition 3.1]. Let (M, y) be a sutured manifold and
S a properly embedded surface in M such that every component A of SNy satisfies
one of these three conditions:

(1) A is a properly embedded nonseparating arc in y.

(2) A is a simple closed curve in an annular component A of y in the same
homology class as A Ns(y).

(3) A is a homotopically nontrivial curve in a toral component T of y, and if § is
another component of 7' N S, then A and § represent the same homology class
in H 1 (T)

The surface S defines a sutured manifold decomposition
(M, y)~= (M, y"),
where M’ = M\ int(N(S)) and
Y =@ NMYUNGS.NR-(y)UNSLNRL(¥)),

R, (y") = ((Re(y)NMHU S )\int(y"),

R_(y) = ((R-(y)NM')US")\int(y'),
where S’ and S’ are those components of d N (S) N M’ whose normal vectors point
out of and into M’, respectively.

Definition 3.3 [Gabai 1987a, Definition 0.2]. A sutured manifold decomposition
S
(M, y)~> M,y

is called well-groomed if for each component V of R(y), S NV is a union of
parallel, coherently oriented, nonseparating closed curves and arcs.

Definition 3.4 [Gabai 1987b, Definition 3.2]. Let
S S S,
(M, dM) ~> (M1, y1) ~5 -+ ~5 (My, ¥a)

be a sequence of sutured manifold decompositions where d M is a nonempty union
of tori. Define Eg = dM. Define E; to be the union of those components of
E;_1\int(N (S;)) which are annuli and tori (i.e., if M; is viewed as a submanifold
of M, then E; consists of those components of ; which are contained in 0 M). The
components of E; are called the boundary sutures of y;.

Definition 3.5. Let (M, v) and (N, t) be sutured manifolds. We will call (M, y)
a sutured submanifold of (N, t), and write (M, y) C (N, ), if M is a union of
components of N and y =t N M.

If (M, y)C (N, 1), then we write (N, t)\(M, y) to denote the sutured manifold

(N\M, 7\y).
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Theorem 3.6 [Gabai 1987b, Lemmas 3.6 and 5.1]. Let k be a knot in S>. There is
a well-groomed sutured manifold sequence

M, y) 25 My, ) S 2 (M, ) = (S x 1,88 x )

of
(M, y) = (S*\int(N (k)), IN (k))

such that 0S; NON (k) is a (possibly empty) union of circles for each i, 1 <i <n, §;
is a minimal genus Seifert surface, and S is a compact (not necessarily connected)
oriented surface.

Sutured manifold decompositions determine branched surfaces. As described by
Gabai in [1987b, Construction 4.6] (and detailed further in [Cantwell and Conlon
2012]), a sutured manifold decomposition sequence corresponds to building a (finite
depth) branched surface, starting with S} and successively adding the S;’s. To see
this, inductively construct a sequence of transversely oriented branched surfaces.
Let B = 1. So we may view M| as M\ int(N (B)), where N (B1) is a fibered
neighborhood of Bj. As a sutured manifold (My, y)), its suture y; is the annulus
dM\N (B)) and the two components of d, N (B}) are the plus and minus boundaries
R (y1) and R_(y;) of the sutured manifold. We may view R, (y;) and R_(y1)
as lying on the plus and minus sides of S; respectively and we assign a normal
direction for By = S; pointing from the plus side to the minus side.

Suppose we have constructed a branched surface By using the surfaces S, ..., Sk
in the sutured manifold decomposition, such that M\ int(N (By)) = My and the
suture yx of (Mg, yx) consists of d, N (By) and a collection of annuli in the boundary
torus d M. Now we consider the sutured manifold decomposition

NY
(Mi, vi) ™5 (Mis 1, Vi)

The surface Si4+; has a normal vector. Then we can deform B U Siy; into a
branched surface By as follows:

(1) For each component of 0S4 that is not totally inside d, N (By), we can deform
By U Sk41 near 05,4 as in Figure 2, left, so that the normal directions of By
and Sy are compatible in the newly constructed branched surface.

(2) For each component ¢ of 9S4 lying inside a suture 9, N (By), we first slightly
isotope Sx41 by pushing ¢ into Ry (yx) C 9, N (By), then as shown in Figure 2,
right, we can deform Bj U S;4; near ¢ into a branched surface. By the re-
quirement of the normal directions in the sutured manifold decomposition,
the normal directions of By and Sk are compatible in the newly constructed
branched surface.
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\/

\B/
/

Figure 2. B; U Sy, is deformed near dS;y ;. Left: the normal
directions of By and Sk are compatible. Right: the neighborhoods
of each suture are branched surfaces.

It follows from the definition of sutured manifold decomposition [Gabai 1983]
that M\ int(N (Bi+1)) = M1 and the suture ygy; of (Mg41, Yk+1) consists of
dy N (Br+1) and a collection of annuli in the boundary torus d M. We will sometimes
use the notation

Biv1 = By i1s) = Bsi:80:.:8041) -

In summary, there is a map from the set of sutured manifold decomposition
sequences to the set of properly embedded branched surfaces given by

(81,82, ..., S) = Bisy;s5..:8)

.....

and a (forgetful) map from the set of properly embedded branched surfaces to the
set of sutured 3-manifolds given by

B (Mg, yp) = (M\int(N(B)), 3, N(B) UE'),

where E’ C OM satisfies E’ = E, the set of boundary sutures, if B intersects d M
only in longitudes. For future reference, it is useful to highlight that under this
correspondence, d; N (B) corresponds naturally to Ry (yg) U R_(yvp).

4. The construction

Modifying the sutured manifold hierarchy. Given a well-groomed sutured mani-
fold hierarchy satisfying the conclusions of Theorem 3.6, we can inductively con-
struct the sequence of branched surfaces By, ..., B, corresponding to the sutured
manifold decomposition. The branched surface B, in the end has the properties
that (1) M\ int(N(B,)) is a product and (2) 9B, is a collection of circles in 0 M
of slope 0. In particular, any taut foliation carried by B, will also necessarily meet
dM only in simple closed curves of slope 0.

To obtain a branched surface carrying taut foliations realizing an open interval of
boundary slopes about 0, it is necessary to modify the sutured manifold hierarchy,
or, equivalently, the sequence of branched surfaces By. In this section, we describe
one way of doing this. We break the process into two steps.
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As a first step, we slightly modify the sutured manifold hierarchy by adding
some parallel copies of the surfaces Sx. Equivalently, we modify the sequence
of branched surfaces By by adding some parallel copies of the surfaces Si. This
operation is equivalent to a splitting of the branched surface. As a second (and
final) step, we further modify the sutured manifold hierarchy by adding carefully
chosen product disks.

Before giving a precise description of these steps, we introduce some terminology.
Let B be a transversely oriented branched surface and let F' be a component of
dp N (B). The boundary of F has two parts: dF NdM and 9 F N3, N (B). We call
dF N o, N (B) the internal boundary of F. Let L be the branch locus of B. Let
L be the closure of 7~ (L) Nint(F), where 7 : N(B) — B is the map collapsing
each interval fiber to a point. So L is a trivalent graph properly embedded in F.
We call L the projection of the branch locus to F'. Each arc in L has a normal
direction induced from the branch direction of L.

Definition 4.1. Let F be a component of d,N(B) with dF NdM # & and let
n be an arc properly embedded in F. If F has nonempty internal boundary, we
require that n connects d F' N dM to the internal boundary of F. Choose 1 so that it
intersects L transversely and only at points in the interior of edges of Ly (namely,
it misses all triple points). Since 7 is transverse to L r, the induced branch direction
of L gives a direction along 7 for each point in n N L. We say 1 is good if these
induced directions are coherent along n and all point away from an endpoint of 7,
that lies in M.
We say F is good if F satisfies the following properties:

(1) The closure of each component D of F\Lr has a boundary arc with induced
branch direction (from L ) pointing out of D.

(2) If F has internal boundary, then there is a set of disjoint good arcs, denoted by
I, connecting each component of  F N dM to the internal boundary of F.

(3) If F has no internal boundary (in which case, F must be a Seifert surface of
the knot exterior), then there is a properly embedded nonseparating good arc
in F, which we also denote by I}.

Lemma 4.2. Let B be a branched surface. If each component of o, N (B) is good,
then B does not contain any sink disk or half sink disk.

Proof. Let F be a component of 9, N(B) and let Lg be as above. Let P be the
closure (under path metric) of a component of F\Lr. So P can be viewed as a
copy of a branch sector of B. It follows from part (1) of Definition 4.1 that B has
no sink disk or half sink disk. (]
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Definition 4.3. We say the branched surface B is good if
(1) every component of 9, N (B) is good, and
(2) the arc systems I as described in (2) and (3) in Definition 4.1 can be chosen
so that the projections 7 (I'z), as F ranges over all components of 9, N (B), are
disjoint in B.
Note that these good arcs I, will be the arcs along which we will attach product
disks.

Step 1: Splitting B,. Next we will describe the first modification of a sutured
manifold decomposition sequence satisfying the conclusions of Theorem 3.6.

Lemma 4.4. Let k be a nontrivial knot in S° and M = S3\int(N (k)) the knot
exterior. Let

(M, aM) 25 (My, 1) %325 (M, y) = (S x 1,38 x I)

be a well-groomed sutured manifold hierarchy that satisfies the conclusions of
Theorem 3.6. Then there exists a well-groomed sutured manifold hierarchy

S R| S R S Sn
(M, y) ~5 (M}, y]) ~* (M{, y") ~5 (M, y3) ~5 (M3, ) ~ - 55 (M, 7,)
which also satisfies the conclusions of Theorem 3.6. Moreover, the branched
surfaces Bl’ = B( M.}y 1 <[ < n, satisfy the conditions:
(1) 9B/ NAM is a collection of simple closed curves of slope 0 in dM for each I.

(2) (My, ) is a sutured submanifold of (M, y/) and (M|, y))\(M;, y1) is a prod-
uct sutured manifold for each .

(3) Every branched surface B is good.
(4) No Bj carries a torus.
(5) (M, y,) is a product sutured manifold (S’ x 1,98’ x I).
Proof. First note that, in the sutured manifold hierarchy above, each R is a parallel
copy of some components of R (y/) U R_(y/).
We proceed by induction on /. Since k is nontrivial and hence S| has genus at

least one, the branched surface B| = S is easily seen to satisfy conditions (1)—(4).
So suppose we have constructed

s R| S R’ S N
(M, y) %5 (M, y]) ~ (M, p]) ~3 (M, y3) ~> (MY, y3) =5 -+ 25 (M), y))

satisfying the conclusions of Theorem 3.6 and such that the corresponding branched
surfaces B = By satisfy the conditions (1)—(4) forall i, 1 <i </.

By condition (2), (M}, y;) is a sutured submanifold of (], y/). Let R’ (y;) and
R’ (y;) be parallel copies of R, (y;) and R_(y;), chosen to be properly embedded in
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(My, y1) C (M], y/) and with boundary lying in E; U A(y;) (see Definition 3.1 and
Definition 3.4). Set R} = Bﬁr(yl) U R’ (y;). We first consider the sutured manifold
decomposition (M/, y/) & (M, y/"). By the definition of R}, this decomposition
only adds some product complementary regions. Set B’ = B, M/ .y The change
from Bj to B/’ is basically the addition of branch sectors corresponding to R/, and
this operation creates some product complementary regions. See Figure 3, left, for
a schematic picture. We may view (M;, ;) as a subset of (M]’, y,), and consider
the sutured manifold decompositions

R S,
(M, )~ (M ) =5 (M V) s
where we now view Sy as lying in (M;, y;) C (M]', y"). Certainly B; , satisfies
conditions (1) and (2).
Consider condition (3). We begin by considering a component F of 8, N (B}).
The surface F can be classified as one of the following 3 types (see Figure 3, right):

(1) F can be viewed as a component G of 9, N (By), as illustrated in Figure 3,
right. Since the new branch sectors are attached to B; along cusp circles, L
is obtained from L by adding curves parallel to curves in L with coherent
induced branch direction, where L is the projection of the branch locus of

My, vi)

type (1)
type (2)
add branch y/\

sectors
product N(B)) \
\/ region type (3)

B/ \
My, v1) f type (2)
type (1) type (1)
\ product

region

Figure 3. Left: adding branch sectors. Right: three different
classifications of a component of 9, N (B/").
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Bj to G. Since the branch directions are coherent, adding such parallel curves
to L does not affect the good arcs in G. Thus in this case F is good with
respect to B, with the same set of good arcs as G.

(2) F is a horizontal boundary component for a newly created product comple-
mentary region and 77 (F) contains part of the branch sectors added to Bj, as
illustrated in Figure 3, right. In this case, each component of L consists of a
circle C parallel to the internal boundary and with induced branch direction
pointing to the internal boundary and possibly a collection of essential arcs in
the annulus between C and the internal boundary.

(3) F is in the boundary of the sutured submanifold (M, y;) C (M, y/"). In this
case, L = .

Next consider how 9, N (B;,) is related to 9, N(B/'). Let H be a component
of 9, N (B, ). Then either H can be viewed as a component of 3, N (B;") or H
contains a subset of one side of S;4;. Our goal is to find a set of good arcs for each
component H of 9, N (B +1)» so that the projections of the good arcs in B] 4 are
disjoint.

Case (a). H is not a component of 9, N (B}’

In this case, H is contained in the union of one side of S;y; and F\dS;41, where
F is a component of 9, N (B}’) of type (3). By our construction, L r = &. Moreover,
on the other side of F, there is a corresponding component F’ of 9, N(B]) of
type (2) such that 7 (F) N (F') # @ in the branched surface B;’. Adding Sy, to
B’ does not affect F, so we may also view F as a component of 9, N (B ). Next
we choose good arcs for both H and F".

First note that since the original sutured manifold decomposition is well-groomed,
dS;+1 is homologically nontrivial in H{(F, 0 F). There is a simple closed curve
n in F transverse to S;41, as shown in Figure 4 (note that the arrows in Figure 4
on d5;41 denote the branch direction at 9.5;41), such that the algebraic intersection

e )

n

/

“~internal boundary

Figure 4. Left: arcs connecting each component of d F N M to a
component of d.5;4. Right: arcs connecting each component of
dF’' N M to the internal boundary of F".
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number of 1 and 95,4 is equal to | N d.S;4+1| (this is equivalent to saying that the
normal direction of 981 at n M 3.8, induced from the branch direction of Bl/ i1
are coherent along 7).

Recall that H can be viewed as the union of one side of S;;; and F\dS;+;. We
first consider the components 61, ..., 0, of 9 H N oM that are not in F' (i.e., each
6; can be viewed as a component of 35,41 NdM). We can find an arc y; connecting
6; to the internal boundary of H such that y; either is totally in (one side of) S;1
or consists an arc in S;;; and an arc in F parallel to a subarc of n. Moreover, we
can choose these arcs y; to be disjoint in H.

Now we consider the components of d F N dM (which are viewed as components
of 9H NIM). It is easy to see from our construction that there is a collection of
disjoint good arcs ay, ..., a4 in F (see the arcs y and a; in Figure 4, left), such
that (1) these arcs «; connect each component of F N dM to a component of
0S8;+1, and (2) these arcs «; are disjoint from the curve n describe above.

It follows from our construction that these arcs y; and «; form a set of good arcs
[ for H.

Next we consider the component F’ of 9, N (B}’) on the other side of F. F'is a
type (2) component of 3, N (B;’), and we may view F’ as a component of 3, N (B/, ).
Moreover, we view F’ as a parallel copy of F and view the curves 35,1, n and
described above as curves in F’. We have two slightly different situations. The first
is that F’ (and hence F) has nonempty internal boundary, and the second is that F’
has no internal boundary.

If F’ has nonempty internal boundary, then there are arcs 1, ..., 8, in F’ (see
the arcs 81 and B, in Figure 4, left), such that (1) the arcs 8; connect each component
of 3F' N AM to the internal boundary of F’, and (2) the arcs B are disjoint from 7,
0S;+1 and the arcs «;. The arcs i form a set of good arcs I for F'. Moreover,
since each B is disjoint from 7 and the arcs «, the projections 7 (I'y) and 7 (I'z)
of the good arcs Ty, and Iy for H and F’ respectively are disjoint in Bj_ .

If F’ does not have internal boundary (in which case F’ must be a Seifert surface
of the knot exterior), then as shown in Figure 4, right, there is an arc 8 properly
embedded in F’ such that (1) g is disjoint from 7 and the arcs «; and (2) the
intersection of 8 with 95,4 is minimal up to isotopy. Since the original sutured
manifold is well-groomed, the requirement (2) implies that the algebraic intersection
number of 8 and 3S;; is equal to |8 N 3S;41|. Thus B is a good arc for F’. Since
B is chosen to be disjoint from 5 and each «, the projections of 7 (B) and 7 (I'y)
on Bj, are disjoint.

Case (b). H is a component of 9, N (B/")

In this case, either Ly is unchanged by the decomposition by S;| or H is
the surface F’ of type (2) considered in Case (a). In Case (a), we have already
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constructed a set of good arcs for the type (2) surface F’, so we may assume that
Ly is unchanged by the decomposition by S;+;. Since H (viewed as a component
of 9, N(B})) is good in B/, H is good in Bj . Furthermore, the projections of the
good arcs in Case (a) and the good arcs (from the induction) of H in this case are
disjoint in By .
So By, is good. It remains to show that B; ; does not carry any torus. Since B,
does not carry any torus and B}’ can be obtained by splitting B;, B’ does not carry
any torus. Suppose B; 4 carries a torus T'. Then T can be expressed as the union of
some copies of S;41 and a surface in N (Bl” ) transverse to the /-fibers. Moreover,
the transverse orientation of the branched surface induces a compatible normal
orientation for 7. Since the original sutured manifold decomposition sequence is
well-groomed, 95741 N R.(y;) is a collection of homologically nontrivial curves in
Hi(R+(y1), 9R+(y1)). Thus there is a component F of 8, N (B}'), such that T N F
(with the induced orientation) is homologically nontrivial in . However, since T
is a torus in 3, T is homologically trivial and this is impossible.

Therefore, B, 41 satisfies properties (1)—(4) of the lemma and we can inductively
construct the sutured manifold hierarchy and corresponding sequence of branched
surfaces as claimed. (]

Step 2: Adding product disks. Let B, be the good branched surface constructed
in the proof of Lemma 4.4. It follows from the conditions on the sutured manifold
hierarchy and our construction above that 9 B), consists of circles of slope 0 in the
torus M. In this section, we will add some product disks and modify B,, to get a
laminar branched surface carrying more laminations.

As M\ int(N (B;)) is a product, we may suppose M \int(N (B, )) =S x I, where
S is a compact and possibly disconnected surface. Let S; =5 x {0} and S_ =S x {1}.
So 9, N(B;) =S4+ US_. Tt is possible to decompose S x I as the disjoint union

SxI=(FxIU(GxI),

where F is the union of the components of S without internal boundary. Thus
0 F C 0M and each component of G has nonempty internal boundary. Moreover,
each component of F must be a Seifert surface in the knot exterior. Note that, since
we take parallel copies of surfaces in the horizontal boundary in each step of the
sutured manifold decompositions (see Lemma 4.4), F # &. Furthermore, G = &
only if k is fibered.

Let m = [0S+ N d M| be the number of components of the noninternal boundary
S+ NaM. Since B, is good, there is a collection of pairwise disjoint good arcs
in S, denoted by 5y, ..., n,, and a collection of pairwise disjoint good arcs in
S_, denoted by &y, ..., 8, such that n(Uin,-) N 7T(U,-5i) = @ (in B)) and each
component of S+ N dM has exactly one incident good arc n; and one incident
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good arc §; attached to it. After relabeling as necessary, we may assume that for
1 <i<r,n and §; liein F x {0, 1}, while for r +1 <i < m, n; and §; lie in
G x {0, 1}. It follows that each n; and each §;, 1 <i <r, has both endpoints lying
on d M while each n; and §;, r + 1 <i < m, has exactly one endpoint lying on 0 M.

Consider first F x [0, 1]. Recall that each component of F is a Seifert surface
of the knot exterior. Let F| be any component of F' and relabel as necessary so
that n; C F; x {0} and §; C F; x {1}. By [Roberts 2001a, Lemma 4.4], there is a
sequence of simple arcs

oy =N1, 01, ...,0 =0

such that o; N ;41 = & and a regular neighborhood of o; Uw; 1 UJF) in Fj is a
twice-punctured torus for each i, 1 <i </. For 1 <i </, let F} induce a consistent
orientation on each F; x {l-:-_l} and orient the disks o; x [1+;1’ ;i—{] arbitrarily. Add
branch sectors to B, as prescribed by the following sequence of sutured manifold

decompositions:
A B
(My/l’ V,;) ~ (M;H-]’ y;/:+]) ~ (MF17 VFl) ’

where

~

A= Fcfrkc i) and B=U(erx 155

Repeat for each remaining component of F' and let (MF, yr) denote the resulting
sutured manifold. Set Br = By, ,,). Notice that the conditions satisfied by the
arcs «; guarantee that Bf is laminar.

Now consider G x I. Let G| be a component of G and let p =[0G N IM|.
Let {Cy, ..., Cp} be a listing of the components of G| N9 M. After relabeling as
necessary, we may assume 1,41, ..., r4p liein Gy x {0} and 8,11, ..., 8,4, lie
in Gy x {1}, with {n,4+;(0), 6,+;(0)} C C; foreach 1 <i < p.

Lemma 4.5. Let {ay,...,a,} and {B1, ..., By} each be a set of pairwise dis-
Jjoint arcs properly embedded in Gy with {«;(0), 8;(0)} C C; and {«; (1), B; (1)} C
0G\(C1, ..., Cp}, the internal boundary of G1. Let s = |U,-01,- NU;Bi ‘ Then either
s =0 orthereis a set {yy, ..., yp} of pairwise disjoint arcs properly embedded in
G with y;(0) € C;, vi(1) € 3G \{Cy, ..., Cp}, such that

max{|U;ei NUvil|, [UiBi N Ui} < s.

Proof. Suppose s # 0. Relabeling as necessary, we may assume that «; and |J; §;
intersect. Choose z to be the point in oy N |J;B; that is furthest along «;. So
there are j, fg, 1 such that z =« (t9) = B;(t1) and a1 (1o, 11N U; 8i = 9. Let y;
be the concatenation of the two arcs §;[0, #1] and o[, 1], perturbed slightly so
that it intersects o transversely and minimally. For i # j, set y; = B;. Then

|Uiai NUivi| < |Uiei Ui Bi| and U v N Ui Bi| = 0. O

’
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The next corollary follows immediately.
Corollary 4.6. There are sets of arcs d; = {oz’i, - ozj,}, 1 <i <gq, such that

(1) foreach i, the arcs in HA; are pairwise disjoint and properly embedded in G,
ai(0) € Cj, and &,(1) € IGI\(C1, ..., Cpl, j=1,..., p,

Q) do={nr41, .- nrgpyand Ay11 = {841, ..., 8,4p), and

3) Ujon NUjea} o't = & for each i.

For1l < z < g, let G| induce a consistent orientation on each G| X { s } Orient
the disks a X [q g ;fl ] so that the orientation induced on their boundarles agrees

with the orlentatlon of o, (which is the orientation from its starting point in dM to
its ending point in the internal boundary). Add branch sectors to Br as given by
the following sequence of sutured manifold decompositions:

A B
(Mp, yp) ~ (Mg, vp) ~ (Mg, vG,),
where

A=G x| —4-1 and B=U(a;x[# ).

R 2
Repeat for each remaining component of G and let (Mg, yg) denote the resulting
sutured manifold. Set B = B(uy,,y)- Notice that the conditions satisfied by the
arcs ozj. guarantee that B¢ is laminar.

By Lemma 4.4, B;, does not carry any torus. Therefore, any branched surface
obtained by splitting B), also cannot carry a torus. And finally, any (closed) torus
carried by Bg but not by this splitting of B, would necessarily pass through one
of the added disk branches and hence would necessarily have nonempty boundary.
Thus B¢ does not carry a torus.

Noting that for each product disk in the above construction, its two normal
directions give two ways of deforming it into a branched surface, let B; denote
the branched surface obtained from Bg by reversing the orientations of the disks
a; X [#, ;JFTll] Notice that By; is also laminar, has only product complementary
regions, and does not carry a torus.

Hence we have laminar branched surfaces B and B, with only product com-
plementary regions and which do not carry a torus. We may therefore apply
Theorem 2.2 to conclude the existence of taut foliations realizing any boundary
slope carried by Bg NdM or B; N dM. It remains to compute these boundary

slopes.

The boundary train tracks. Let T denote the train track B N9 M and let " denote
the train track B; N M.

Lemma 4.7. Together, T and t’ realize all slopes in (—a, b) for some a, b > 0.
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() (d) (©

Figure 5. Train tracks that realize all slopes in (—a, b) for a, b > 0.

Proof. Consider an annular component Ag of 0G| X [q’ﬁ, ;JFTll] The train tracks
and 7’ restricted to A have the form indicated in parts (a) and (b), respectively, of
Figure 5. Similarly, consider an annular component Ay of d F x [H—Ll’ }j[—}] Recall
that each F; x {’—} is a Seifert surface and the good arc for F; has both endpoints

on the circle aFl]J.rlThus both t and t’ restricted to A r have the form indicated in
Figure 5(c). Call all such nonlongitudinal branches of = or 7’ vertical.

Since all vertical branches of t (or 7/, respectively) are of one of the three types
shown in Figure 5, it follows that 7 (or 7’) is a train track obtained by concatenating
pieces of the types of Figure 5(a) or (c¢) (or (b) or (c), respectively). Examples are
shown in Figure 6. Notice that T and 7’ are orientable and measurable; namely,
they admit a transverse measure [Hatcher 1988, page 66; Penner and Harer 1992,
page 86]. Assign weights x, y, and x + y to the vertical branches of 7 and 7’ as
indicated in Figure 6; namely, vertical branches in G x I regions are weighted x,
the compatibly oriented branches in F x I regions are weighted x + y, and the
remaining branches in F' x [ regions are weighted y. Then assign weights from
{1,14+x,1+y,1+4+x+ y} to the remaining branches of t and 7’ to obtain a
measure 1 on T and a measure i’ on t’.

YN

14+x x

I+x+y x+ y

I+x+y\ x+

Figure 6. Examples of train tracks.
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Recall that if y is a simple closed curve in a torus, then the slope of y is given
in standard coordinates by

M slope(y) = 2V
{y, m)
where (, ) denotes algebraic intersection number and A is the longitude and m is
the meridian of the knot & in S°.

Applying (1) to the measured train tracks (z, u) and (z’, u’) while letting x, y
range over all values 0 < y < x, we see that (z, ) and (t/, u’) together carry all
boundary slopes in some open interval (—a, b) about 0. ]

By Theorem 2.2, if 7 (or t’) fully carries a curve of slope s, then B (or B,
respectively) fully carries an essential lamination whose boundary consists of loops
of slope s in d M. Moreover, this lamination extends to an essential lamination in
M(s). Since M\ int(N (Bg)) and M\ int(N (B;)) consist of product regions, such
essential laminations can be extended to taut foliations. This proves Theorem 1.1.
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ON THE SET OF MAXIMAL NILPOTENT SUPPORTS
OF SUPERCUSPIDAL REPRESENTATIONS

QIN YUJUN

Let G be a quasisplit reductive group over a p-adic field £, T a maximal
unramified anisotropic torus of G(k), and y a character of T (k) satisfying
certain conditions. Assume the residue characteristic p of & is large enough.
It was shown by DeBacker and Reeder that the irreducible supercuspidal
representation 7, of G(k) associated to (7' (k), x) is generic if and only if
B(T, k) is a special vertex of B(G, k). We compute the set of maximal
nilpotent support Nyh max (7, ) when 3B(T, k) is not a special point in B(G, k).

1. Introduction

Let k be a p-adic field and ¥ a nontrivial character of k. Let G be a split orthogonal
or symplectic group over k, g the Lie algebra of G, G = G (k), and g = g(k).
Let gni1 be the set of nilpotent elements in g upon which G acts by the adjoint
action. Let O be an orbit in gn;/G, z € O, and let ¢ : sl — g be a Lie algebra

homomorphism with
00
() =+

Identify a scalar 7 € k with the diagonal matrix diag(¢,7™!) € sl5(k). For j € Z, let
gj ={Y €g|Adog(r)(Y)=itY forall t € k}.

Then g has a decomposition g = QB]- c79j,Z € g—2.

Let N>; (resp. N>1) be the unipotent subgroup of G with Lie algebra n>, =
@D, 9/ (resp. n>1 = P, 9j) and Yz (n) = ¥ (tr(zlogn)) be a character of
N>»>. Let §; be the irreducible representation of Nx; whose restriction to N>, is
a multiple of ¥,. Let & be an irreducible representation of G; following [Mceglin
and Waldspurger 1987], let Nyh(;r) be the subset of nilpotent orbits such that
O € Nyp(m) if and only if Homy_, (7, S;) # O for any z € O. Let Nyh,max(7) be
the subset of maximal elements in Ny (r) with respect to the inclusion relation of
closure of orbits.

MSC2010: 22ES0.
Keywords: supercuspidal representations, Bruhat-Tits building, nilpotent orbits.
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On the other hand, let T be a maximal K-split anisotropic torus of G; here, K is
the maximal unramified extension of k. Then T = T'(k) is a maximal unramified
anisotropic torus of G. Let y be a character of T satisfying certain conditions
described in [Adler 1998] or [Reeder 2008]. There is a supercuspidal irreducible
representation 7, of G associated to (7, y). Identify SB(T, k) as a point in B(G , k).
In [DeBacker and Reeder 2010], it was shown that m, is generic (that is, Nyh(77y)
contains a regular nilpotent orbit) if and only if 9B(T, k) is a special point in B(G, k).
In [Barbasch and Moy 1997], it was shown that if y is of depth zero, the character
of m, can be expanded as linear combination of orbital integrals over elements in
Nyn (7[ X) .

For those (T, y) with B(T, k) nonspecial (that is, when rank(G) is large enough
for B(G) to contain nonspecial vertices), we show in Theorem 3.2 that if y is of
positive depth, there is one element in Ny max(77y) Which is related to B(T, k).
Note that in this case the supercuspidal representation y is of positive integral
depth. We also apply this theorem to irreducible representations in I1/ , the L-packet
of ¢, where ¢ is the Langlands parameter of .

This article is organized as follows: in Section 2, preliminary notation are recalled,
including vertices in Bruhat-Tits building, L-packet of positive-depth supercuspidal
representations [Reeder 2008], classification of maximal unramified anisotropic tori
[DeBacker 2006], and classification of rational nilpotent orbits [Waldspurger 2001].
We also show by example in the Appendix how to choose a particular element from
a rational nilpotent orbit. The main theorems are stated and proved in Section 3.

2. Preliminary

2A. Notation. Let k be a nonarchimedean local field of characteristic 0 with
residue field f, and let p be the characteristic of §. Let O be the ring of integers of
k and ‘B the maximal ideal of O. Let K be the maximal unramified field extension
of k and § the residue field of K. Let v be the normalized valuation of k and vg
the extension of v to K. Let 1 be an additive character of k with conductor 3, and
denote the character of f = O/ derived from ¥ by v also.

Throughout this paper, assume p is large enough that p is a good prime in the
sense in [Carter 1972].

Let W be a finite-dimensional vector space over &, ( -, - } a nondegenerate bilinear
form on W, and d = dimy (W). Assume that

(v,w) =ew(w,v) forallv,welW,

with eyy = £1. Let G be the reductive group defined over k£ with

SO(W) ifew =1,

G=\spw) ifew =—1.
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Throughout this paper, assume that W has a k-basis {e1, ..., eq} satisfying

0 ifj+k#d+1,

€)=\ ik —d 1) <k

Then G is a connected split reductive group over k with finite center. Where no
confusion will result, denote G by SO(d), Sp(d) for ey = 1, —1, respectively.
Let Jw = (a;,;) be the matrix of degree d such that ‘Jy = ey Jy and

aj ik = 8j,d+1—k for j <k.

Let k be the algebraic closure of k and R C k a commutative k-algebra. Then
G (R), the set of R-rational points of G, is identified with the set of R-valued
matrices g of degree d satisfying

‘eIwg=Jw. det(g) =1

Let g be the Lie algebra of G; then g(R) is identified with the set of R-valued
matrices g of degree d satisfying

thW + Jwg =0.

2B. Vertices of Bruhat-Tits building of G. Let G = G (k) and g = g(k). Let
B(G) = B(G, k) be the Bruhat-Tits building of G. For x € B(G), let G be the
parahoric subgroup attached to x and G 4+ the prounipotent radical of G. Let Gy
be the connected reductive group defined over f such that G /Gy 4+ is the group
of f-rational points of Gx. If F is a G-facet of B(G) and x € F, let GF = Gy,
GF,0+ = Fx,0+,and Gp = Gy.

Let S be the maximal k-split torus of G containing all diagonal matrices in G, B
the Borel subgroup of G containing all upper triangular matrices in G, S = S (k),
and B = B (k). Let ® be the set of roots of G with respect to S, ®T the set of
positive roots of G with respect to B, and A C ®* the subset of simple roots of
®*. Let s be the Lie algebra of S'; then s = §(k) consists of all diagonal matrices
in g. By taking differentials, roots in ® are identified with linear functions on s.

Identify s with k” by the following isomorphism:

s =diag(cy,...,cq) €5 (c1,...,cn) €K™,

here,n =[d/2]. Fori =1,...,n, the i-th coordinate function e; on k" is identified
with a linear function on s, still denoted by e;. Let y,«; (i = 1,...,n) be positive
roots as follows:

o =e —ei+1, i=1,...,n;

Un = €n, y=e1+e, ifG=S02n+1);
or ap=-ep_1+e,, y=ej+e, if G =S02n);
or on =2ey, y =2ey, if G = Sp(2n).
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Then A = {u,...,a,} and y is the highest root in & with respect A.
Let @, be the set of affine roots of G with respect to S. As a subset of affine
functions on s,

by={a+m|acdmeZ}.

Letag =1—y € Oy and ¥ = A U {ap}. Then every affine root is an integral
combination of elements in X.
Let X *(S) be the character group of S, X«(S) the dual group of X*(S), and

Let A = A(S) be the underlying affine space of a. Then A is an apartment in B(G).
By fixing a hyperspecial point o € A, one can identify 4 with a and elements in
&, with affine functions on a.

Let C be the fundamental chamber of A defined by

C={z€A|0<a(z)<lforalla € X}.

For o € @y, let Hy = {z € A|a(z) = 0}. Then the Hy (« € ) are walls of C.
For0<i <n,lety; C, such that it= N Hy; . Then the y; (i=0,...,n)
are vertices of C. Let a2

{2,...,n} if G =SO(2n + 1),
(1) Lsp = 1{2,...,n =2} if G =S0(2n),
{I,....,n—1} if G =Sp(2n).

Then y; is not a special vertex (see [Tits 1979]) for all i € I,5p, and

SO(2i,f) x SOQ2n —2i +1,f) if G =SO2n + 1),
Gy, () ~ 4 SO(2i,f) x SO(2n —2i. ) if G = S0(2n),
Sp(2i, ) x Sp(2n —2i.) if G = Sp(2n).

2C. On the stable conjugacy classes of maximal tori. If T is a maximal K-split
k-torus of G defined over k, then T = T(k) is a maximal unramified torus of G
[DeBacker 2006]. In this case, let B(T) = B(T, k). By [Adler 1998], choose a
Gal(K / k)-equivariant embedding of B(T, K) into B(G, K); then B(T) is identi-
fied with a subset of B(G):

B(T) =B(T, K)' c B(G, K)T =B(G).

DeBacker [2006] defines a set /" and an equivalence relation “~” on 1™, so
that there is a one-to-one and onto correspondence between /" / ~ and the set
of G-conjugacy classes of unramified maximal tori in G. Elements in /™ are of
the form (F, T), where F is an arbitrary G-facet in B(G) and T is a maximal
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minisotropic f-torus in Gg. Let C(F,T) be the G-conjugacy class of maximal
unramified tori in G corresponding to the equivalence class in /™ containing (F, T).

Let 0 € B(G) be one of the special points chosen in Section 2B, to which we
associate a conjugacy class of a maximal anisotropic f-torus in G, and a conjugacy
class in W (G,) (see [DeBacker 2006; Carter 1985]). Here W (G,) is the Weyl group
of G,. Let T, (resp. w,) be a representative of the conjugacy class of a maximal
anisotropic f torus (resp. the W (G,)-conjugacy class). Then ({0}, T,) € I™. Take
T =T(k) e C({o},Ty); then T is a maximal unramified anisotropic k-torus in G
(see [DeBacker 2006]).

Let ¥(T,) be the subset of /™ consisting of elements (F, T) such that if W (GF)
is identified with a subgroup of W (G,), then W(GF)y FN W(G”)wo # &, where wp
is a representative of the W (G r)-conjugacy class corresponding to T. Then ¥(T,)
depends only on the conjugacy class of w, in W (G,). In fact, $(T,) is the set of
G-conjugacy classes of maximal unramified anisotropic tori in the stable conjugacy
class of 7' in G, which is the stable conjugacy class of maximal unramified tori in
G corresponding to w, [ibid., Corollary 4.3.2]. Let “~” be the equivalence relation
on ¥(T,) inherited from /™.

We briefly recall the classification of conjugacy classes in W (G,). Since G, is
split special orthogonal group or symplectic group over f,

Sy x(Z2/22)" if G, =SO(2n + 1) or Sp(2n),

S, x(Z2/27)*~' if G, =SO0(2n),n > 2.

Here S, is the n-th symmetric group. Conjugacy classes in W (G,) are parametrized
by the set of pairs of partitions (A, u) with S(1) 4+ S(u) = n; moreover, if G, =
SO(2n), c(w) is even [Carter 1972, Propositions 24, 25]. Here, terminology in
[Waldspurger 2001] is used: for a partition A = (A1,...,4,,...),

W (Gy) ~

SA) =3 A ) =1l = 1|4 £0}].

i=1
In particular, conjugacy classes of anisotropic maximal tori in G, () are parametrized
by the subset consisting of (&, u), with S(p) = n; if G, = SO(2n), c(p) is even.
Assume (&, u) corresponds to the conjugacy class of w, in W(G,), and write
IL=(/~'L1$--'$MS)’ MIZ"'EMSZL

so that S(p) = n, and s is even if G = SO(2n). Let
P)={m" =Wjs- - 1j,_s,) | for some 1 < j1 < jo<++ < js—om,0<2m <s},
if G =S0O(2n 4+ 1) or SO(2n);
) ={p = (Wjy- s js_,,) |forsome 1 < j1 < jo <-++ < js—m,0 <m <5},
if G = Sp(2n);
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For u’ € (), define
=iy =i(p)):=S(p)—Sk).

Then W o)y, N W (Gy,) # @. Here W(Go)y, is the conjugacy class of w, and
W (Gy,) is the Weyl group of Gy, identified as a subgroup of W (G,). By [DeBacker
2006, Corollary 4.3.2], there is a maximal anisotropic torus T’ in Gy, (f) that is
Go (f)-conjugate to To. Hence ({y;(uy}. Tu') € F(To).

Take Ty € C({yi(u')}> Tu’); then Ty is a maximal unramified anisotropic torus
in G stably conjugate to 7" and B(Ty’) = {yi, }. In particular, p € ¥(p). Take
Ty = T. Conversely, all G-conjugacy classes in the stable conjugacy class of T
have a representative of this form.

Lemma 2.1. The set {({yiu, W) n'e EP(;L)} is a complete set of representatives
of F(To)/~.

Proof. It remains to show that the pairs ({yi,, }, Tu’) are not equivalent to one
another, for u’ € ¥(p). If iy, =i, for distinct ', u” € (), then by the choice
of Ty’ and Ty, T, is not conjugate to Ty~ in Gyl.u/; therefore ({yi,, }, Tp) is
not equivalent to ({yi,, }, Tu”)-

Ifiy #igr for p',n"” € F(p), we will show y; , is not associated to y;,,. As
a consequence, ({yi,, }, Tu’) is not equivalent to ({yi,, }, Tu~).

The case for G = Sp(2n) is trivial, since the vertices yg, y1,..., yn of C are
not associated to each other.

If G = SO(2n + 1), among all vertices yg, 1. .., yn of C, yo is associated to
y1,and yo, y2, ..., yn are not associated to each other. For ' € $(p), if i,y # 0,
then iy’ > 2. As aresult, ({yi,, }, Tu’) is not equivalent to ({yi,, }, Tu").

If G = SO(2n), among all vertices yg, y1,..., Yn, Yo is associated to y1, y,—1

is associated to y,, and yg, y2,..., Y¥n—2, Vn are not associated to each other. For
p'eP(pn),ifiy #0, theniy #1,i, #n—1. Then ({yi, }» Tu’) is not equivalent
to ({yiu//}’TIL”)~ O

2D. L-packet. Keep the notation of the previous subsection. Let t; (resp. t, (K))
be the Lie algebra of T, (resp. Ty (K)). For s € Z, let t; s (resp. Ty s) be the s-th
filtration of t, (resp. T),) [Adler 1998]. Let r be a positive integer, X, a good
elementin t, _, (i.e., X, €t_;), and for every root & of T, (K) in G (K), assume
da(Xy) # 0. Let xy be a character of T), satisfying yul7, . =1,

xunEexp,(Y)) = ¢ (tr(X,Y)) forall Y €ty ,.

Here exp,, is the mock exponential map defined in [Adler 1998].
Let 7y, ;u be the supercuspidal representation constructed by using y, and X,
¢: Wi — LG bethe L-parameter of 7y, . (see [Adler 1998; Reeder 2008]), where



MAXIMAL NILPOTENT SUPPORTS OF SUPERCUSPIDAL REPRESENTATIONS 175

W is the Weil group of k. For u’ € ¥(n), let g € G (K), be an element such that
Ty (k) =8Ty(k); then X, = 8X, is a good element in t,’ . Define a depth r
character y - of Ty by xu/ :=€yy; then,

)(,L/(expyi(u,)(Y)) =y(trX,Y) forallY €ty ,.

Let 7y, ;u’ be the supercuspidal representation of G constructed by using y, and
Xy . Then:

Theorem 2.2 [Reeder 2008]. The set I (@) = {7y, ;u’ | B’ € F(p)} is the L-packet
associated to .

The main result of this paper concerns nilpotent orbits supporting representations
in IT'(¢). Prior to the statement of the main theorems, we recall the classification
of k-rational nilpotent orbits in g [Waldspurger 2001, §1.6] and define a partition
Al for every i € Iygp.

2E. Nilpotent orbits. Let A = (1;);en be a sequence of nonnegative integers such
that A; = 0 for j sufficiently large. Define

SA)=) A, cQ)=[{j=1[A;#0}, ¢(A)=[{j|A;=i}|forallieN.
Jj=1

If Ay > Ay >---, A is called a partition. Let P be the set of all partitions and P (n)
the subset of all A € % such that S(A) =n. For A, u € %, let A U u be the unique
partition such that ¢;(A U ) =c;(A) +c; () forall i € N.

Let W be the vector space defined in Section 2A and d = dimy W. If ey =1,
let (W) be the set of partitions A € P(d) such that ¢; is even for all even i. If
ew = —1, let (W) be the set of partitions A € P(d) so that ¢; is even for all odd i.
Let Nil; (W) be the set of (A, (¢;)) with A € P(W), and let ¢;, i € N, be quadratic
forms satisfying these conditions:

e If ey = 1, g; is a nondegenerate quadratic form on k¢ for i odd, g; = O for i
even, moreover the quadratic form €0, ¢; has the same anisotropic kernel
as qw; here, qw is the quadratic form on W defined by gw (v) = (v, v).

e If ey = —1, ¢; is a nondegenerate quadratic form on k¢ for i even, g; =0
for i odd.

Definition 2.3. (4, (¢;)) € Nil; (W) is called exceptional if ey =1, 4 | d, and A;
is even for all i € N. In this case, g; = 0 forall i € N.

Definition 2.4. o« If eyy = —1, let Nil(W) = Nil; (W);
e Ifew = 1,44 d, let Nil(W) = Nil; (W);

e If ey =1,4]|d,let Nil(W) be the set consisting all nonexceptional (4, (¢;)) €
Nily (W) and (4, (g;), &) with (4, (g;)) exceptional, ¢ = +1.
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By [Waldspurger 2001], there is a bijective correspondence between Nil(W) and
gnil/ G, the set of k-rational nilpotent orbits. Define a partial order on % (n): for
A, pu€P(n), A > p if and only if for all j > 1, Z{zl Ai > Z{zl Wi

Definition 2.5. Define a partial order on the set of nilpotent orbits in g: O1 > O if
and only if O; D O,. Here the closure is taken with respect to the usual topology
in g.

Lemma 2.6. Let Oy, O be nilpotent orbits in g corresponding to (A, (q;)) or
(A, D,¢) and (., (q})) or (., D, €) respectively. If Oy > O, then A > p.

Proof. The proof is similar to that of Theorem 6.2.5 of [Collingwood and McGovern
1993]. Take arbitrary X € Oy, Y € O,, with Oy, O, corresponding to (A, (¢;)) or
(A, 2,¢) and (. (¢q})) or (., @, &’) respectively. If O1 > O, then O1 2 O3,

rank(Xk) > rank(Yk) forallk > 1,

since the condition that rank of a matrix be strictly less than a fixed number is a
closed condition for the usual topology. Now A > u by of [ibid., Lemma 6.2.2], O

Example 2.7. Regular nilpotent orbits in gy are those corresponding to:

e (2n+1],92n+1),ifew =1,d =2n + 1. Here g2, +1 is the nondegenerate
quadratic form on k defined by g2,,41(x) = x2.

e ([2n—1,1],(q2n-1,91)),ifew =1,d =2n. Here g2,—1, ¢1 are nondegenerate
quadratic forms on k such that g2,—1 @ ¢1 >~ ¢, where ¢’ is the quadratic
form on k? defined by ¢’(x, y) = 2xy for all x, y € k.

e ([2n],q2n), if ew = —1, d = 2n. Here g2, is a nondegenerate quadratic form
on k.

Let Iyp be the set defined in (1). For i € Iy, let Al =p Up” with
W =0Ri—-1,1], u’"=[2n-2i+1], ifew =1,d =2n+1;
W =Ri—1,1, p'=2n-2i—-1,1], ifew =1,d =2n;
w = 2i], w = [2n—2i], if e =—1,d =2n.

For i & Ingp, let

[d] ifew=1,d=2n+1,
A ={[d=1,1] ifew=1,d=2n,
[d] ifew =—1, d =2n.

Lemma 2.8. Leti € Iy, Let 0’, 0! be nilpotent orbits in g corresponding to
(A, (q;)) or (A, 2, ¢) and (A, (q;)). Assume O' > O'. Then:
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e If G =SO(2n + 1), then A" = [2n + 1] or [m,2n — m, 1] for some odd
m >max(2i —1,2n—2i + 1).

e If G = SO(2n) and i # n/2, then A’ = [m,2n — m] for some odd m >
max(2i — 1,2n —2i — 1), or A = [m,2n —m — 2,1?] for some odd m >
max(2i —1,2n —2i —1).

o IfG =SOQ2n) andi =n/2, then A' = [n?], or

A =[m,2n—m]or[m,2n—m—2,1?]

for some odd m > max(2i —1,2n —2i —1).
e If G = Sp(2n), then A" = [m, 2n — m] for some even m > max(2i,2n — 2i).

Proof. Assume A" = [A],A},...] € P(W), with A] > A} > --.. By Lemma 2.6, if
O’ > O, then A’ > A%,

Assume G = SO(2n + 1), A' = [2i —1,1] U [2n — 2i + 1]. First, assume
2i —1>2n—=2i+1, A" =[2i —1,2n—2i +1,1].

By definition, A’ > A’ if and only if A’ # A’ and

AMp=2i—1, M +A,>2n, A +A+A=2n+1.

Then Ay =0o0rA; = 1. If A, =0,1, =0,then A’ = 2n + 1] > A’. If 1}, =0,
Ay #0, then A" = [A],2n + 1 —A)] & P(W), which contradicts the assumption
A epP(W).

IfA,=1,1"=[m,2n—m, 1] for some m >2i —1. If m =2i — 1, then A’ = A',
which contradicts the assumption A’ # A’. Hence m > 2i — 1. If m is even, then
cm(A') is even and 2n —m = m; hence m = n, and A’ = [n2,1]. On the other
hand, A’ > A%, 2i —1 =2n —2i + 1 = n = m, which contradicts m > 2i — 1. In
conclusion, A’ = [m, 2n — m, 1] for some odd m > 2i — 1.

Similarly, if 2n —2i —1>2i — 1, A" > Al = [2n —2i —1,2i — 1, 1], then

= [m,2n —m, 1] for some odd m > 2n — 2i + 1. This concludes the proof for
G =S0(2n +1).

Assume G =SO(2n), A' =[2i —1,1]U[2n —2i — 1, 1]. First, assume 2i — 1 >
2n—2i—1,A =[2i —1,2n—2i —1,1?].

By definition, A’ > A’ if and only if A’ # A’ and

M =2i—1, Aj+A,>2n-2, M +A,+A5>2n—1, A|+A5+A5+4, =2n.

Then Ay =0 or A, = 1. Assume A), = 0; then, Ay =0 or A5 = 1. If A} =1,
Ay = 0, then A and A/, have different parity, so A’ ¢ P(W). If A5 = 1), =0, then
A =[m,2n— m] with m >2i —1. If m is even, then ¢;, (') is even, m =2n—m =n.
Hence m = n > 2i —1 > 2n — 2i — 1, which has no solution since the second
inequality requires 2i —1 > n — 1. In conclusion, if ), = 0, then A" = [m, 2n —m]
for some odd m > 2i — 1.
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If Ay =1,then Ay =1, A =[m,2n —m —2, 12] for some m > 2i — 1. If
m = 2i — 1, then A’ = A’ which contradicts the assumption A’ # A’. Hence
m > 2i — 1. If m is even, then ¢, (A’) is even, m = 2n —m —2 = n — 1. Hence
m=n—1>2i—1>2n—2i—1, which has no solution since the second inequality
requires 2i —1 > n — 1. In conclusion, if A, = 1, then A" = [m, 2n —m —2, 1?] for
some odd m > 2i — 1.

Similarly, if 2n —2i — 1 > 2i — 1, then A’ = [m,2n — m] for some odd
m > max(2i —1,2n —2i — 1), or A’ = [m,2n —m — 2, 1?] for some odd m >
max(2i —1,2n—2i —1).

Assume now 2i —1 =2n—2i—1. Thenniseven,i =n/2,and A’ =[(n—1)2, 12].
Assume A’ > A%, A € P(W). Then

M=n—1, A +A>2n-2, Aj+A,4+A5>2n—1, A|+A5+A5+A, =2n.

IfA] =n—1,then Ay =n—1, A" =[(n—1)%,12] = A!, contradicting the assumption
A’ # A%, Hence A} > n. If A is even, then ¢y iseven, Ay =1, =n,and A = [n 2].
If m = A >nisodd, thenm >max(2i —1,2n—2i—1)=n—1and A’ =[m, 2n—m]
or [m, 2n —m — 2, 12]. This concludes the proof for G = SO(2n).

Assume G = Sp(2n). Without loss of generality, assume 2i > 2n — 2i; i.e.,
i >n/2. Then A’ =[2i,2n—2i]. By definition, A’ > A’ if and only if A’ # A’ and

Ao=2i A+ AL =2n.

Hence A = [A},2n—A]]. If A} =2i, then A, =2n—2i, A’ = A?, which contradicts
the assumption A’ # A’. Hence Ay >2i = n. If A is odd, then C;L/IA’ is even,
A = A, = n, which contradicts A] > n. As a result, A’ = [m,2n — m] with
m = A’ > 2i even. This concludes the proof for G = Sp(2n). O

2F. Nilpotent support. Let O’ be a rational nilpotent orbit in g/G and fix an
element z € O’. Let {z, h, z'} be an s, triple in g; i.e., let there be a Lie algebra
homomorphism ¢ : sl — g such that

o((00) o0 #el(00)

ForieZ letg, ={Z e g|Ad(h)(Z)=iZ}. Thenz € g and g = P; 7 9i-
Define nilpotent subalgebras nl, |, n'>> of g and unipotent subgroups N, N,
of G as follows:

n/zl = @gla Nél = exp(nlzl)v
i>1
(2) / / /
Nso = @gi, N3, =exp(n'>2).

i>2
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Let v, be the character of Néz defined by

3) V:(Z) =Y otr(z-logZ) (Z € NL,).

Then Ker(y;) is a subgroup of N.,. If nl; =n'>3,s0 N,| = N.,, let S; be the
character ¥, of N, . If n | #n' >2, then g # 0 and N;17 Ker(V,) is isomorphic
to a Heisenberg group over f with center N.,/ Ker(v/,). In this case, let S, be the
irreducible representation of N, whose restriction to N. L, is a multiple of V.

Definition 2.9. Keep the notation above. Following [Moeglin and Waldspurger
1987], denote by Ny () the set of all nilpotent orbits O’ in g/G such that, for
some smooth irreducible representation 7w of G, we have Hom N., (m,S;) #0.
Let Nwh,max (77) be the subset of maximal elements in Ny, () with respect to the
inclusion relation of closure of orbits.

3. Main theorems

The main results of this paper are the following theorems, whose proofs are given
starting on page 185 and page 192, respectively.

Theorem 3.1. Let w € T1'(¢). Assume 1w = 7y, ;u for some p’ € F(p), i =iy
Let O', O be nilpotent orbits in g corresponding to (A’, (qj/-)) or (A, ¢,¢€) and
(A%, (g))) respectively, with O’ > O'. Take arbitrary z € O'. Then

Homy/ (m,S;)=0.

Theorem 3.2. Let w € I1'(p). Assume 1w = 1y, ;u for some p' € $(p),i =

iy. Then there is a nilpotent orbit O' corresponding to (A, (q;)) such that
O'e Nwh,max(”)'

Ifi ¢ Isp, then y; is special. In this case, Theorem 3.1 is void and Theorem 3.2
is proved in [DeBacker and Reeder 2010].

The subset T, of ®*. Assume now i € Isp; that is, rank(G) is large enough for
Insp to be nonempty. Let O’, O be nilpotent orbits in g corresponding to (1, (4}))
or (A, ¢, €) and (X', (g;)) respectively, with O’ > O'. In this subsection, we will
choose a particular element z € O such that

“4) N.,CB, Ni,CB.

Here B is the Borel subgroup consisting of upper triangular matrices in G and N. j
is the object defined in Section 2F for any sl, triple {z, &, z’} attached to z in g.
Let ', C @ be the subset of positive roots such that & € I', if and only if the root
space ug C n’,, and let

(5) I, :=oM\T..
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The following notation is used frequently: let v = (vq, ..., vs) be a sequence
of positive integers such that d = Zj‘=1 v;. Then every matrix a € gl(d, k) can
be written in blocks @ = (a; ¢); ¢<s, With a;; € gl(v;, k). Let A; be an arbitrary
vj+1 X v; matrix for 1 < j <s—1,andlet z(v; Ay, ..., As—1) = (z;¢), 4<s be the
nilpotent element in gl(d, k) such that

Ay J ={+1,
Ovj)(vl j #E"‘ 1.
Assume G = SO(2n + 1). By Lemma 2.8, A’ = [2n + 1] or [m, 2n —m, 1] with

m odd and m > max(2i —1,2n —2i + 1).
First, assume A" = [2n + 1], g5, .1 = g2n+1 as in Example 2.7. Let

Zjt =

(6) z=zWw:1,...,1,—1,...,—1),

with v = (12"t1) a regular nilpotent element in g. Let {z, i, z’} be an s, triple
attached to z in g and g;, > It N; i the objects defined in Section 2F. Then, we
naturally have

>2 - {n - (njﬁ)jﬁ<2n+1 € glnjﬁ —Ov,sz lfJ >£} C B,
NLy={n=j4)je<on+1 €0Injg =0y xy, if j =L -1} CB.
Let I, be the subset of ®T defined in (5); then,
@) I; ={a;|j=1,...,n}.

Second, assume m = 2n — 1. Then A’ = [2n — 1, 1?], q5,_, is a nondegenerate
quadratic form on k, identified with a nonzero element in k>, and ¢/ is a nonde-
generate quadratic form on k2, such that g5, _, @ ¢ is isometric to the quadratic
form on k3

(u,v,w) > 2uw +v%  (u,v, wek).

Let
(8) z=zw;1,1,...,1,A4% A, —1,...,—1),
with v = (1771,3,1771),

A* = (am.bm.cm)'. A= —(cm,bm,am),

such that AA* = —¢g5,_,. Then z € O’, as shown in the Appendix
Let {z,h,z'} be an s, triple attached to z in g and g;,n >j , N/ the objects
defined in Section 2F. Let s = s(v) = 2n — 1 = m. It is shown in the / Appendlx that
NL,={n=j0)je<s €9|nje=0yxp, if j > £},

>4—{n—(nj€)j€<s€9|njﬁ—Ovjxve if j >€—1};
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that is, (4) is satisfied. Let ', be the subset of ®* defined in (5); then,
©)] I;={aj|j=1,....n =2} U{ep—1 T en} U{en—1,€n}.

Here the ; (j =0, 1,...n) are simple roots defined in Section 2B.

Third, assume m < 2n — 1. Then A’ = [m,2n —m, 1], and q,,.¢5,_,,. 4} are
nondegenerate quadratic forms on k such that ¢;, ® ¢5,_,, ® ¢ is isometric to
quadratic form (u, v, w) > 2uw + v? (u, v, w € k). Let

(10) z=z(v;1...,1,a*,15,...,15, A%, A, —15,...,—12,a,—1,...,—1),
with v = (lm—n’zn—(m—i-l)/Z’ 3, 2n—(m+1)/2’ 1m—n)’ a* = (1’ O)t, a= _(0’ 1)’

Am A2pn—m s by as
m n—m | > m b A )

Cm C2n—m

such that

T ]
9m O

Working as in the Appendix, given z € O’, let {z, h, z’} be an s, triple attached to
z in g and let g;, n’ N;j be the objects defined in Section 2F. Let s = s(v) = m;

>j’
then, (4) is satisfied:
Néz ={n= (nj,lf)j,lffs €gl nje= Ov_;XVg if j >4} C B,
Let I'; C ®* be the subset of positive roots defined in (5); then,

U{O{m_n+2j_1 lj=1,....,.n—(m+1)/2}

_m+3
n——

U U {em—nt2j—1—€m—n+t2j+1,€m—nt2j—1—€m—nt2j+2}
j=1
n_mT-H

U U {em—n+2j —€m—n+2j+1,€m—n+2j —€m—n+2j+2}
Jj=1

Ufen— tentU{en—1 e} Ulen—a,en—1,6€n}.

Assume G = SO(2n). By Lemma 2.8, A’ is one of [n?], [m,2n — m], or
[m,2n —m —2, 1?] for some odd m > max(2i —1,2n —2i —1).

First, assume m = 2n —3 and A’ = [m,2n —m —2,1?] = [2n — 3, 13]. Then
45,3 and ¢} are nondegenerate quadratic forms on k and k3, respectively, such
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that g5, @ ¢ is isometric to the quadratic form on k* defined by (u,v,w,x) =
2ux +2vw (U, v, w,x €k). Letv = (1"72,4,1"2), s =s(v) =2n—3 = m, and
z=z(w;1,...,1,A* A,—1,...,—1), with

* t
A" =(azn—3,bon—3.c2n-3,don-3)", A=—(dan—3,c2n—3,b2n—-3,a2n-3)

satisfying AA* = —g/, 5. Similar to that in the Appendix, z € O’. Let {z, h, z'} be
an sl triple attached to z in g and g;, n N ! the objects defined in Section 2F.
Then

Néz ={n=njg)je<s €0lnjg=0yxy,if j =L} C B,
Né4 = {n = (nj,e)j,efs €g|nj’g :OVjXVg if j >{— 1} C B.

Let I'; C ®* be the subset of positive roots defined in (5); then,
(12) T, ={a;|j=1,....n=3}U{en—2Ees_1}U{en—2tent U{en—1 ey}

Second, assume A’ = [m,2n —m — 2, 1?] for some odd m < 2n — 3, m >
max(2i —1,2n—2i —1). Since m >2n—m—2> 1, q,,.q5,_,._, are quadratic
forms on k and g} is a quadratic form on k? such that g, & g5, _,,_, ® ¢} is
isometric to the quadratic form on k* defined by

(u,v,w,x) =2ux+2vw (u,v,w,x €k).
Letv = (1" "+l 2"_M .4, 2"_mT+3, 1m=n+1y s = s(v) = m, and
z=z(Ww;1,...,1,a% 15,..., 15, A% A, ~15,...,—13,a,—1,...,—1),
with a* = (1,0)!,a = —(0, 1),

am A2n—m—2

A* bm ban-m—2 A =— don—m—2 C2n-m-2 ban—-m—2 A2n—m—2
cm Con—m—2 |’ dm Cm bm am '
dm Con—m—2
such that

AA* = — (0 q2nm2)
dm O

Working as in the Appendix given z € O, let {z, h, z’} be an s, triple attached to
zingandletg;,n N be the objects defined in Section 2F. Then

>2—{n—(njé)j€<s€9|njﬁ—ovjxve if j >4} C B,
>4—{n—(nj€)j€<s€g|”j£—0v,><ve if j=£—1} CB.

Let I, C @1 be the subset of positive roots defined in (5); then,
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(13) Iy ={a;|j=1,....m—n+1}U{em_nt1—€m—n+3}
Ulm—n+1+2j-117 =1,....,n—(m+3)/2}
n—"%s

U U tem—n+142j—1—€m—n+1+2/+1: em—n-+14+2—1—€m—n+1+2j+2}
j=1

n—’”T“‘S

U U {em—nt142j—€m—nt142j+1:€m—n+142j—Cm—n+1+2j+2}
j=1

Ulen—3Een—1.en—3FenjUlen—2te,—1,en—2Fe,}

U{en—1Een}.

Third, assume A" = [m, 2n —m] for some odd m > n. If m > n, then q,,,q5,,_,.
are quadratic forms on k such that ¢,, ®¢5,_,, is isometric to the quadratic form on
k? defined by (4, w) > 2uw. If m =n is odd, then A’ = [n?], and ¢/, is the quadratic
form on k2 isometric to the quadratic form on k2 defined by (u, w) — 2uw.

Let v = (1" 22n—m [m=n) ¢ —s(v) = m, and

Z(v;12,...,12,A*,A,—12,...,—12), m=n,
7=
zw:;1,...,1,a%1,,...,15, A% A, —15,...,—13,a,—1,...,—1), m>n,

with a* = (1,0)!,a = —(0, 1),

- bon—m Gan—
A* = Am A2n—m A =— 2n—m A2n—m
(bm b2n—m ' bm am ’

((,) qé”—m) if m>n,
dm 0

(%0 ifm=n
02 )

Working as in the Appendix, given z € O’, let {z, h, z'} be an s, triple attached to
zingandletg;,nl ., N, ; be the objects defined in Section 2F. Then

=j’

satisfying

AA* = —

Néz = {n = (nj,e)j,efs €g|nj,g =OvaVg if j ZE} C B,

é4 == {n == (nj’e)j’eSs €g|nj’£ =OVjXV( lf] 26_ 1} C B

Let I, C @1 be the subset of positive roots defined in (5); then,
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(14) T, ={aj|j=1,....m—=n}U{em—n—emni2}
Ulam—n+2j—11j=1,....n—(m+1)/2}

U U em—n+2j—1—€m—n+2j+1:Cm—n+2j—1—€m—n+2j+2}
j=1

+3

n—mt3

U U {em—n+2j —€m—n+2j+1+Cm—n+142j —€m—n+2j+2}
j=1

Ulen—1 £entUlen—2 ten}.
Fourth, assume 7 is even and A’ = [n?]. Let v = (27),
(15) z=z(w;ly,...,12,A4,—15,...,—13),

with A = diag(1, —1). Working as in the Appendix, take z, € O/, where O] is the
nilpotent orbit corresponding to (A, &, €) for some ¢ = 1 or —1. Let {z¢, h¢, z¢} be
an sl triple attached to z, in g, and g;, nl ;, N ; the objects defined in Section 2F.
Then
Ny ={u=(ujg)je<n €9lujg=0yxy, if j > £} C B,
LetI';, C ®* be the subset of positive roots defined in (5) for z; then,
(16) Tz ={azj—1|j=1,...,n/2—1}U{es—1£en}
14
U U {ezj—1—ezj41.€2j—1—€2j+2.€2j —€2j+1,€2j —€2j+2}.
j=1
Let wo = (ag,¢)2nx2n be the element in O(2n) satisfying
Anp+1 =dp1n =4a;,; =1 ifl1<j<2n,j#n,j#n+1,
agy =0 otherwise.
Let z_o = wozew, . thenz_, € O ¢» Where o’ ¢ 18 the nilpotent orbit correspond-
ing to (A', ¢, —¢). Let {z—¢, h—¢, z—¢} be an sl, triple attached to z— in g and g/,
n’é IL Né’ j the objects defined in Section 2F. Then
LetI',_, C ®T be the subset of positive roots defined in (5) for z_, then

(17) Fz_s ={en—3+en,en—2+enU 1—128\ {en—3 —en,en—2—en}.
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Assume G = Sp(2n). By Lemma 2.8, A’ = [m, 2n — m] for some even m >
max(2i,2n —2i). Then m >2n —m, and q,,, g5, _,, are nondegenerate quadratic
forms on k. Let v = (177" 227=™m 1M=1) ¢ — s(v) = m, and

z=z(w;1,...,1,a% 15,...,15, A, —15,...,—13,a,—1,...,—1),

with a* = (1,0)!,a = —(0,1), A = (Z ‘C’), such that g}, @ g5, _,, is isometric to
the quadratic form given by the symmetric matrix 4.

Working as in the Appendix, given z € O’, let {z, h, z'} be an s, triple attached
to z in g and let g;, nl, e N ; be the objects defined in Section 2F. Then

éz ={u= (”j,e)j,efs €g| Ujp = Ov_,-xvg if j >4} C B,
N£4 ={u=(uj)je<s €9lUj=0y;xy if j >€—1}CB.

Let ', € &7 be the subset of positive roots defined in (5) for z; then,

Ufom—nt2j—1]j=1,....n—(m)/2}

n—"2-1
U U {em—n+2j—1 —C€m—n+2j+1,m—n+2;—1 — €m—n+2j+2}
j=1
n—"2-1
U U {em—n+2j —€m—n+2j+1,€m—n+142j —€m—n+2j+2}
j=1
U{en—1 +en,2en—1,2en}.

Proof of Theorem 3.1. We keep the notation used so far in this section and in
Section 2B. For i € Iy, let

Si={ojlj=1....nj#i}U{-yp}

which is a set of simple roots of a root subsystem of ®. Let O’, O’ be nilpotent
orbits in g corresponding to (A, (qj’.)) or (A',¢,€) and (A%, (q;)) respectively,
with O’ > O'. Let z € O’,T, C ®1 be as defined (6), (8), (10), (15), and set
[, = ®1\TI;.

Lemma 3.3. Let w be a Weyl element of G such that w™'(2;) C ®T. Then
w(Z)NT. # 2.

Proof. First assume G =SO(2n+1). Then —y = —e1 —ez, aj =ej—e; 11 for j =
1,...,n—1, and o, = e,. Let w be a Weyl element of G such that w_l(E,') c ot
then, there is a permutation o of {1, 2,...,n} satisfying o(1) > o (2) > --- > 0 (i),
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o(i+1)<o(i+2)<---<ao(n),such that

*esqy ifj=1,
(19) wl(e)) = —ep(y if2<j <i,
eq(jy ifi+1=j=<n.

Assume on the contrary that w™!(Z;) N T, = @; then
(20) w (T C Ty.

Ifi =n, then A’ =[2n—1, 1%, , = {a; | 1 < j <n}U{—y}. Thenby Lemma 2.8,
A'=[2n+1]and g5, = g2n+1.and by (1), T; ={a; |j =1.....n}. Ifw
satisfies (19) and (20), theno(j)=n+1—7,

w(e) = tep, w_l(ej) =—ept1—; (I<j=<n).

Asaresult, w1 (Z,) = {oj |1 <j <n}U{ep—1+en} ¢ I'z, which contradicts (20).
Hence w™1(Z,)NT. # 2.

If i <n, by Lemma 2.8, A’ = [2n + 1] or [m,2n — m, 1] for some odd m >
max(2i —1,2n—2i + 1). Let w be a Weyl element satisfying (19) and (20). Since
te1—ep, e, € X;, we have

(21) w_l(:tel —e2) = e5(2) T eg(1) € 'z, w_l(en) =eon) €1z

If A'=[2n+ 1], then T'; ={a; |1 < j < n} and es2) + e5(1) & I'z, which
contradicts (21).

If A'=[m,2n—m, 1], m =2n—1, then I'; is the setin (9). By (21),0(2) =n—1,
o (1) =n, while o(n) = n or n — 1, which is impossible since ¢ is a permutation.

If A’ =[m,2n—m, 1], m <2n—1, then I', is the setin (11). By (21), o (1) = n,
{0(2),0(n)}={n—2,n—1}. If e —e3,e,—1 —en € X;, then by (20),

u)_l(ez — €3) =e€5(3) —€u(2) (S Fz, w_l(en_l — en) =€s(n—1) —€o(n) S Fz-

Then {cd(3),0(n—1)} ={n—4,n—3}. Since m > max(2i —1,2n —2i + 1), we
have

1
n—m+ <min(n —i,i —1),
so the procedure can be repeated n — m;—l times. Then, for{ =2,...,n— mT—l’
{o),c(n+2—-0)}={n-20—1),n—-204—1)+1}.
m—1 m+3

In particular, for £y =n — andn+2—4g=——,

2

(6(Lo), o (n +2—Lo)} = {0(60),0<m;3)} —m—n+1lm—n+2).
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Since m > 2i — 1, we have m > 2n —2i + 1,

m—1 m-+3
<i, i+1<

lo=n— =n+2—4lo, eg,—€ry+1,€mt1—€ms3 €.
2 2

By (20), 1
W (egy —€ry+1) = €a(to+1) — €o(lo) € L'z,

-1
w (e —e =e —e el,.
( m;—l m;—3) o(mz—l) U(mil-?a) z

Then o(bo + 1) = 0(%(m + 1)) = m — n, which contradicts the assumption that o
is a permutation, for £y +1<i,(m+1)/2>i+ 1,890+ 1 # (m + 1)/2. Hence
w™1(Z;) N T, # @, concluding the proof for G = SO(2n + 1).

Assume now G = SO(2n); then we have —y = —ej —e3, @ = ej —¢€j 11
for j =1,...,n—1, and o, = e,—1 + €4. Let w be a Weyl element of G
such that w_l(Ei) C ®T; then, there is a permutation o of {1,2,...,n} and
£1,82 €{*£1} satisfyingo (1) >0 (2)>--->0(i),0(@(+1)<o(@+2)<---<a(n),
(—l)i_lslez =1, such that
8160(1) ifj = 1,

—eq() f2=<j =i,

eg(jy i+l1=j=<n-—1,

&85y if j =n.

(22) wl(ey) =

Assume on the contrary that w1 (%) NI, = @; then
(23) w(Z) CTy.

By Lemma 2.8, A’ is of the form [m,2n —m —2,1%] or [m,2n —ml].

Assume first m =2n—3 > max(2i —1,2n—2i — 1), A’ =[2n -3, 13]; then I',
is the set in (12). Since i € Iygp, Iysp is nonempty and n > 4. Hence 1,2,n—1,n
are four distinct numbers. On the other hand, e —e3, 4,1 £ €, € X;, so by (23),

w! (fe1—ez)= es2)te€1es(1) €1z, w! (en—1Een) =egm-1yLe2esm) €Iz

Hence the cardinality of {o(1),0(2),0(n —1),0(n)} is 3, which contradicts the
assumption that ¢ is a permutation.

Second, assume A’ = [m, 2n —m —2, 1?] for some odd m with m <2n—3, m >
max(2i —1,2n—2i —1). Then I'; is the setin (13). Since e —en,ey—1 L€, € X,
we have, by (23),

w! (er1—ez) = 60(2):|:€1€a(1) el’;, w™! (en—1Een) = ea(n—l):l:GZea(n) el;.

Then {o(1),0(n)} ={n—1,n} and {6(2),0(n—1) ={n—2,n—3}. If ex —e3,
eén—n —en—1 € Xj, then by (23),

w_l(eZ_e?’) =é€5(3)—"¢€s(2) € Iz, w™! (en—2—en—1) = €s(n—2) —€s(n—1) € r,.
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Then {6 (3),0(n —2)} ={n—5,n—4}. Sincem > 2i — 1, m > 2n —2i — 1,

3
S minG—ln—i—1),
the procedure can be repeated n — m;—3 times. Then for £ =1,2,...,n— mT-i-l’
{oc@),ocn+1—-0)}={n-20—-1),n—2L—1)—1}.
In particular, for £y =n — mT—H’ wehaven +1—4{o = mT+3

{0(Lo). 0(n + 1)} = {o(t), "3

Since m > 2i — 1, wehave m > 2n —2i — 1,

}={m—n+3,m—n+2}.

m+1 . m+3
<i, Ii+1<

=n+1-Ly, ep,—€gy+1,€m+1—€m+3 €X;.
2 2

-1
w (660 —e£0+1) = Co(lo+1) —Co(ly) € Iz,

—1
w (e —e =e —e el;.
( 1 m;—3) o (L) T €q(mi3) 2

Then c({g + 1) = U(%(m + 1)) = m —n + 1, which contradicts the assumption

that ¢ is a permutation, for £o + 1 <1i, %(m +D)=i+ 1,4+ 1+# %(m +1).
Third, assume A" = [m, 2n — m] for some odd m > max(2i —1,2n —2i + 1).

Then I'; is the set in (14). Since +e; —e2,e,—1 £ e, € X;, we have, by (23),

wl (tej—ep) = es2)Lereq) €1z, W (eq_1ten) = es(n—1)E€2e5m) €T2.

Then o (1) = o(n) = n, which contradicts the assumption that ¢ is a permutation.
Fourth, assume 7 is even and A’ = [n2]. Then I'; is either the set in (16) or the
setin (17). Since +e; —e3, ep—1 £ e, belong to X;, by (23),

wl (tej—ep) = es2)Lereq) €1z, wl (en_1ten) = es(n—1)E€2e5m) €T2.

Then o (1) = 6(n) = n, which contradicts the assumption that ¢ is a permutation.
Hence w™!(Z;) N T, # @. This concludes the proof for G = SO(2n).

Assume now G = Sp(2n); then we have —y = —2e1, oj = ej —ej41 for
j=1,....,n—1,and ay = 2e,. Since w™!(Z;) C ®T, there is a permutation o of
{1,2,...,n}, satisfyingo (1) >0(2) >--->0(i),0(@+1)<a(i+2) <---<a(n),
such that

e
(24) wle) =] "t0wr =T =0
; eg(jy i+l1=j=<n.

By Lemma 2.8, A’ = [m, 2n — m] for some even m > max(2i,2n —2i). Then I',
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is the set in (18). Assume on the contrary that w™!(Z;) N I', = @; then
wl(Z) C I
Since —2e¢1,2e, € X;, we have
wl(=2e1) =2e,1) €Tz, w1 (2en) = 2€5(n) € T
Then {o(1),0(n)} ={n—1,n}. If e; —ea,en—1 — ey € Xj,
wl(e1—e2) = €52y —€o(1) €T W (en—1—€n) = €g(n—1) — o(n) € Tor.
Then {o(2),0(n —1)} = {n —3,n —2}. Since m > 2i and m > 2n —2i, we have

m . .
n—; <max(i,n—1),

the above procedure can be repeated n — % times. Then for £ =1,2,...,n— %
{o@),on+1-0)}={n-20—-1),n—2£—-1)—1}.

In particular, for £y =n — % andn+1—4{y = % + 1, we have

(0(Lo),o(n+1—1Lg)} = {0(6@,0(% + 1)} —{m—n+1,m—n+2)
Since m > 2i,m >2n —2i,

Eozn—%<i, i+1<%+1:n+1—€0, ego—egoﬂ,e%—e%HeEi.

By assumption,
-1
W (egy —ego+1) = €olo+1) ~€o(lo) € Lo’
-1
w (e% —e%_,_l) =€o(Z) —Co(Z+1) elo.

Then o(bo+ 1) =0(m/2) =m—n. Buti > £y + 1 # m/2 > i, which contradicts
the assumption that o is a permutation. Hence w~!(%;) c ®*. This conclude the
proof for G = Sp(2n). O

Let A = A(S) be the apartment of %B(G) defined by the maximal split torus S
of G; see Section 2B. Let r be a positive integer. F' C A is called an r-facet if F is
connected and there is a finite subset ® g of ®,¢ such that

Y(x)=r forallxeF, y € OF.

Here ®,f is the set of affine roots associated to S. For more details on r-facets, see
[DeBacker 2002]. Since r is integer, the r-facet is in fact the usual facet.
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Lemma 3.4. For i € Iy, let w be a Weyl element satisfying w(Z;) C o
Let O', O be nilpotent orbits in g corresponding to (A’, (q]/)) or (A, ¢,¢€) and
(AL, (q))) respectively, with O’ > O'. Let z € O’ be the nilpotent element in (6),
(8), (10), (15), and let r > 0 a positive integer. Then there is an r-facet F such that
y;i € OF and

(WNL4w™' N Gy, r)Gy,r+ D GF s

Here y; is the vertex of the fundamental chamber C defined in Section 2B and N j
is the object defined in Section 2F for any sl triple {z, h, z'} attached to z in g.

Proof. Let T'; C @ be the set defined in (7), (9), (11), (13), and set I', = ®T\TI;.
By Lemma 3.3, w™1(¥;) NI, # @. Take B € ¥; such that w™!(B) € '} and, let
xg be an arbitrary point in the apartment s¢ such that 0 < B(xg) < % and a(xg) =0
for all « € ¥; distinct from B. Let F be the smallest r-facet containing xg. Then
yi € OF and F satisfies the requirement of the lemma.

In fact, let ®; be the root subsystem generated by %; and <I>l.Jr the subset of
positive roots of ®; generated by 3;. Then by definition

9F,r+ = Oxg,r+ = ( 1_[ u5,r) + 8y r+ C Byir-
8€d>l-
§(xp)>8(yi)

Note that the following sets are the same:

{8 |8(xp) >8(yi)} ={8 € d |5 cd}f}
={§c®l|5ep+ o]}
= {w() € & e e w™(B) +w™ (")}

By Lemma 3.3, w™!(B) € I'; that is, the root space i1 () C n%4- On the other

hand, since w~1(%;) C &7, w_l(CI>l.+) C ®*. For all § € ®*, ug € nl, (see

Appendix), so uq Cnl, foralla € N w (B +w™(Z))). -
Hence g+ C u)n/_>4u)_1 N @y, r + Gy, .r+. and thus

(WNLyw™ ' NGy, )Gy rt DGR prg. O

Proposition 3.5. Let m = 1y,.u’ € T1'(¢) be an irreducible representation defined
in Section 2D such that i = i(p') € Iyp. Let O', 0" be nilpotent orbits in g
corresponding to (A, (q})) or (A',¢.€) and (A", (q;)) respectively, with O' > O'.
Let z € O’ be the nilpotent element in (6), (8), (10), (15), and let Néj be the object
defined in Section 2F for any s, triple {z, h, z'} attached to z in g.

Let N' = N., and \; the character of N' defined in (3). Let v be a representative

of a double coset in Gy,\G/N' and y? the character of vN'v=' N Gy, defined as
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follows: for all x € vN'v™1 N Gy,

(25) Yl (x) 1= Y (v xv).

Let r > 0 be a positive integer. Then there is an r-facet F such that y; € oF and
NV NGy, )Gyt Gyirt DGRt/ Gyprts VElGr,q = 1.

Proof. Let S, B be the split torus and the Borel subgroup of G defined in Section 2B
and U the unipotent subgroup of B. Let v be a representative of G,,\G/N’; then,

v=w-a-u

for some Weyl element w of G such that w=1(Z;) C ®T,a e S,andu € U/N’,
where X; is the set defined in Lemma 3.3 (see [Reeder 1997]).

Note that a, u normalize N’, and let ' = 2%, the character of N’ defined in
(25) with v replaced by au. By Lemma 3.4, there is an r-facet F' with y; € 0F
such that

(WN'v' NGy, )Gy, r e D (WNLw ' NGy, )Gy, rs D Gy
Forall x € GF 4,
v lxv e (au)_lw_l[wNé“w_l]wau C (au)_1N£4au = N>4.
By the definition of ¥z, Y2 (x) = ¥ (v 1xv) = 1. d

We can now conclude the proof of Theorem 3.1. By the discreteness criterion in
[DeBacker and Reeder 2010, Lemma 2.4],

A7) = {x € B(G) | Vi ™"F £0} = Gy,

Gyt . . . .
and the Gy, /Gy, r+-module V; " * is cuspidal; i.e., for any r-facet F with
Yi € oF,

Gy, s
(26) (V2" =0,

Here LF =G F,r+/Gy,; r+ and Vg is the representation space of 7.

Assume on the contrary Homy- (7, ¥;) 7 0. By the construction of 7 in [Adler
1998], m =c— Indgyi (2) for some irreducible representation & of Gy,. Let Vg
be the space of E. Then

Homy/(m,yz) =[]  Homyyn-ing, (E.¥1),
veGy;\G/N’

and there is some v € Gy, \G/N’ such that Hom, y,-1ng,. (E,¥7) # 0. Then

HomvN’v—'ﬂGyi_,(E’ W;)) # 0.
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Applying Proposition 3.5, there is an r-facet F such that y; € dF and VEG Frt £,

Then V,TG £r+ £ 0, which contradicts the discreteness criterion (26). O

Proof of Theorem 3.2. Let f be the algebraic closure of f. Assume the characteristic
p of f is large enough that p is a good prime in the sense of [Carter 1972].

Keep the notation of Proposition 3.5. Then i =i(p') € Iysp and Gy, /Gy, r+ =
g1(f) x g.(), with g1 = s0(2i, f) or sp(2i, f) (see Section 2B). Let E,- € g;(§)
(j = 1,2) be regular nilpotent elements and {gj,i_z i E;} an sl triple in g; (f)
attached to § j. Let

=162, h=(h1.h), & =(1.62).
Then (£, h, &) is an sl triple in g1 (f) X g2(f).

Recall that if " € F(p), i =iy € Ingp, then T := Ty =Ty x T is a maximal

anisotropic torus in Gy,. Let 7' := T}/ be the maximal anisotropic unramified torus

in G associated to (y;, Ty’) in Section 2C. Let X = X - € t = Lie(T') be the good
element of depth —r defining 7y, ;u’, Whose image under the natural projection

Gyi—r = Byi,—r/ Gy —r+ = 91 X g2.
is denoted by X = (X1, X»). Since X is a good element in t with Cg(X) =T,
X ;j is a regular semisimple element in Lie(T;)(f) for j =1,2.
Let Oyj be the orbit of X ; in g (})/G; (f). By [Slodowy 1980, §7.4, Corollary 2],
the Slodowy slice

(27) Vji=§& +Cy &)
intersects Oyj at a unique f-rational point X ; €g;(f).

Since X is good, CG,- () (X ;) is connected [Carter 1985, Theorem 3.5.3]. Then
there is a g; € G; (f) such that Ad(g;)(X;) = X} [Digne and Michel 1991, §3.25].
Moreover T} =Cg,; (X ;) = Ad(g,)(T;) is a maximal anisotropic torus of G; (f),
with G; (f)-conjugate to T;. Let g = (g1. g2) € G(f); then, Ad(g)(T1 xT2) =T :=
T xT,.

Let g € Gy, 0 — gy;,0+ such that g projects to g, 7’ := Ad(g)(T), and X' :=
Ad(g)(X) et'. Then T’ is the maximal unramified torus in G, associated to (y;, T’),

X' is a good element in gy, —\@y;,—r4, Whose image under the natural projection
in Gy, is X' = (X, X}). Note that X" € V1 (f) x V2(§), where

Vi(f) =&1 4 Cy)ED. Vo) =2+ Cyy(5) (E5)

are sets of f-rational points of V1,V respectively. Without loss of generality,
assume X = X’. Then the natural image X of X in gy, —»/gy, —r+ belongs to

Vi(H) x Va(§).
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By [DeBacker 2002, Corollary 4.3.2], let (§, h, &’) € gy, ,—r X @y;,0 X gy,,r be an
sl, triple in g such that {&, &, &'} lifts {€, h, €'} respectively and O’ = Ad(G)(§)
the nilpotent orbit of & in g. By the choice of {£, 1, £}, O’ = O' is a nilpotent orbit
corresponding to (A7, (¢;)). Let Né ; be the object defined in Section 2F for the
triple {&, h, £’} attached to & in g.

We can now conclude the proof of Theorem 3.2. Let N' = N, and let S¢ be
the character ¢ of N':

Sg(expY) =y otr(§Y), Y €Lie(N).

On the other hand, by the construction in [Adler 1998], 7y, ;u’ = ¢ — Indggc)(E),

Gy
while E = IndT;’ (0y). Here

_ ~ ~ 1
J - expyi (\j)’ ‘J - tyisr +ty,‘,%’

It =expy, 31), I =ty 4L,

with t+ the orthogonal complement of t in g with respect to the killing form. Here
TJ and TJ T are subgroups of G, since T normalizes J and J*, and oy is the
irreducible representation of 7'J such that oy |7+ is a multiple of y, where x is
the character of TJ * extending Xw on T, such that

x(exp,,Y) =y (tr(X -Y)) forall Y € J*.

Note that T is anisotropic and N'NTJ =N'NJ D N'NJ*, while N'NJ/N'NJ+
is an isotropic subspace over { with respect to the nondegenerate symplectic form
defined on J/J T by (n,n’) — Ve([logn,logn’]). On the other hand, since X e

Vi) x Vo). xls+an’ = Vel s+an-- By the definition of oy,
Homp'n7y(0y, Ye) = Hompyrny(oy, ¥g) # 0.

Apply Lemma 3.6 below with G; replaced by G,,, G, by N’ N G,,, and H; by
TJ ; then,

(28) Homy'ng,, (B, ¥¢) # 0.

Since Homp (7ry 507, S¢) = [veq,. \6/n Homynv-1ng,, (B, ¥¢). by (28),
Hompy/(7y,;u/, Ve) # 0.

Hence O’ € Nyn(7y,, ;). Combining with Theorem 3.1, O’ € Nyhmax (Ty, ;p7)- O

Lemma 3.6. Let G| be a compact subgroup, and Hy, G, open compact subgroups
of G1. Let (0, Vy) (resp. (£, Vg)) be a smooth representation of Hy (resp. G2). If
Hompg, ng, (0, &) # 0, then Homg, (Indg‘1 0,€) #0.
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Proof. The proof is similar to that of Proposition 2.1 in [Arthur 2008]. Consider a
nonzero A € Homg, ng, (0, §), and define J4 € Homg, (Indg,l1 o, &) as follows: for

arbitrary ¢ € Indgi o,

Jap= > E@)TA(p(g)) e V.

HiNG2\G>

For all g € G»,

Ja(ndo)()p= Y &g " A(Indo(g)$)(g)

HiNG2\G>

= ) £

H| NG2\G>

=£(8)Jad.
Take some v € V,; such that Av # 0. Define ¢, (g) = o(h)v if g =h € Hy and
¢v(g) =0if g & H;. Then ¢, € Indgia, and J4¢, = Av # 0, so J4 is a nonzero
element in Homg, (Indg'1 0,§). O

Appendix: Rational nilpotent orbits

In this section, we show by example how to choose a particular element from a
rational nilpotent orbit parametrized by (4, (¢;)).

Let W be a (2n + 1)-dimensional symmetric k-space as defined in Section 2A,
with bilinear form gy . Let z be a nonzero nilpotent element in g = so(W) C gl(W),
and set G = SO(k, W). Let ¢ : sl — g be a Lie algebra homomorphism with

(7)==

Identify a scalar ¢ € k with the diagonal matrix diag(z, ™) € sl (k). As in [Mceglin
1996], for i € Z, let

g(i)={Y €g|Ado¢(t)(Y)=itY forallt € k},
Wi)={veW|¢(t)(v)=itvforallt € k}.

Then g = Dz 9(1), W =Dz WO).
Assume the orbit O = Ad(G)(z) of z is parametrized by (A, (¢;)) with A =
[m,2n —m, 1], where m > n is an odd number. Fori =1,...,2n + 1, let

@) Wi = Ker(z')/(Ker(z'™") + z Ker(z"+1)).
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Then by [Waldspurger 2001, §1.6], dim W; = ¢;(A) and ¢; is the nondegenerate
quadratic form on W; defined by

(30) qi(@.7) = (DT g @ v.v)  @.7 e W),

where v (resp. v’) is an inverse image of ¥ (resp. v’) in Ker(z').

Assume m = 2n — 1; in this case A = [2n —1,1?], c1(A) =2, can—1(A) = 1.
Then dim W; = 2 and dim W}, = 1. By (29), let vy, v’1 € Ker z, v, € Ker z™ such
that

Kerz = z Kerz2 & kv; @ kvj,

Kerz™ = (Ker z™ ! + z Ker 2" 1) @ k.

Let v1, v be the natural images of vy, v} in Wi and v, that of vy, in W;,. Without
loss of generality, assume vy, V) are orthogonal to each other under ¢i; then

q1 = (g1 (01, V1), q1(v}.0))),

31) Im = (Gm @m, Bm)) = (=) qw (2" v, V).

In the following, identify g, with ¢ (Un, V).

Through ¢ : sl — so(W) C gl(W), W is a representation space of sl,. In
fact, since Ox corresponds to (A,(q;)), W =~ V; & V1 @ V1, where V; is the
irreducible representation of sl of dimension j. By the representation theory of
sly, v1,v] € W(0) and v, € W(m — 1). Modifying by elements in z Kerz2, we
can assume further that the subspace generated by vy, v} is V1 @ V1.

Then ¢z (vm) € W(m —1—2¢) forall=1,...,m—1, and

W(m —1) = kv,
W(m—13) =kzvy,,

W) =kz" v,
W) = kz" v, ® kvy ® kv,
W(=2) =kz"vp,

W(—(m—1)) = kz" Luy,.
For j =1,....m,let Fj = @y<_(m—_1)+2(;—1) W(£) be a subspace of W. Then

O=FhCFCFhC---CF,=W,



196 QIN YUJUN

and zF; = Fj_q for j =1,...,m. Take a basis of W such that

—1m1

€1 = Um, e_1=(— 1) 2 dm Um,
€2 = ZUp, en = (=1)"2 g 2" 2y,
) 1_n+1,
en—1=2"""vm, €_(n—1) = (- l)qm 2t Um

By (30), gw(ei,e;) =0 unless i + j =0, and gw (e;, e—;) = 1. Note that W(0)
has orthogonal decomposition
W(0) =kz" v, @ kv ® kv
under gww). By (30), qw (" vm. 2" 'vm) = qm(Um. Um), gw (v1,v1) =
q1(v1.v1), and gw (v}, v}) = q1(¥}. ). By 31),
awlwoy = (aw ("7 vm, 2T o), qw (1, v1), gw (V] V)

= (qm(Om,Vm),q1(V1. 1), 611(1_1/1, 1_)/1))

=qm D q1.
Because g1 @ g, has the same anisotropic kernel as W, let ey, eg, e—,, be a basis
of W(0) such that

qw(en.e—n) =1, qw(eo.e0) =1, qw(en,e0) =qw(e—n.e0) =0

Then ey, e5,...,e,,€0,6—5,...,e—1 is a basis of W, under which the matrix of
qw 1s Jw (defined in Section 2A), and the matrix of z is the lower triangular block
matrix

0
10
1 0
A* 03 ’
A 0
-1 0
with
am
A*=\bm|. A=—(cm bm am).
Cm

where (@, bm, cm) are the coordinates of z” vy, in the basis {e,, eg, e_,}. Note
that in this case, AA* = —qy,.
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THE NATURAL FILTRATIONS OF FINITE-DIMENSIONAL
MODULAR LIE SUPERALGEBRAS OF WITT AND
HAMILTONIAN TYPE

KELI ZHENG, YONGZHENG ZHANG AND WEI SONG

We study the natural filtrations of the finite-dimensional modular Lie super-
algebras W (n, m) and H (n, m). In particular, the natural filtrations which
are invariant relative to the automorphisms of the Lie superalgebras are
employed in order to characterize the Lie superalgebras themselves.

1. Introduction

In mathematics, a Lie superalgebra is a generalization of a Lie algebra including
a Z,-grading. Lie superalgebras are also important in theoretical physics where
they are used to describe the mathematics of supersymmetry [Varadarajan 2004].
Although many structural features of Lie superalgebras over fields of characteristic
zero (see [Kac 1977; Scheunert 1979]) are well understood, there seem to be very
few general results on modular Lie superalgebras. In particular, the classification
problem is still open for the finite-dimensional simple Lie superalgebras over
fields of positive characteristic (see [Bouarroudj and Leites 2006; Zhang 1997]
for example). The treatment of modular Lie superalgebras necessitates different
techniques which are set forth in [Kochetkov and Leites 1992; Petrogradski 1992].
Elduque [2007] obtained two new simple modular Lie superalgebras. These Lie
superalgebras share the property that their even parts are orthogonal Lie algebras
and the odd parts are their spin modules. In [Zhao 2010] modular representations
of basic classical Lie superalgebras were studied. The Lie superalgebras of Cartan
type play an extremely important role in the study of modular Lie superalgebras.
Recent works on them can be found in [Chen and Liu 2011; Yuan et al. 2011; Zhang
and Fu 2002].

It is well known that filtration techniques are of great importance in the struc-
ture and the classification theories of Lie (super)algebras (see [Block and Wilson
1988; Strade 1993; Kac 1977; Scheunert 1979]). We know that the simple Lie
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(super)algebras of Cartan type possess various natural filtration structures. For
the filtration structures, the invariance may be used to make an insight for the
intrinsic properties and the automorphism groups of those Lie (super)algebras. The
natural filtrations of finite-dimensional modular Lie algebras of Cartan type were
proved to be invariant in [Kac 1974; Kostrikin and Shafarevich 1969]. The finite-
dimensional simple modular Lie superalgebras W, S, and H of Cartan type were
defined in [Zhang 1997] and their natural filtrations were investigated in [Zhang and
Fu 2002; Zhang and Nan 1998]. Recently, the natural filtrations of odd Hamiltonian
superalgebras and special odd Hamiltonian superalgebras of formal vector fields
were investigated in [Ren et al. 2012].

The finite-dimensional modular Lie superalgebras W (n, m) and H (n, m) were
first introduced in [Awuti and Zhang 2008] and [Ren et al. 2011], respectively. In
these papers, their derivation superalgebras were also determined. The starting
point of our studies is the investigation of the ad-nilpotent elements of W (n, m).
Then the natural filtration of W (n, m) is proved to be invariant by the determined
ad-nilpotent elements. In the case of H (n, m), the invariance of the natural filtration
is studied by the methods of minimal dimension of image spaces and the derivation
superalgebras. In view of the above invariance of the natural filtrations we describe
the intrinsic properties of these modular Lie superalgebras.

This paper is arranged as follows. A brief summary of the relevant concepts and
notations in finite-dimensional modular Lie superalgebras W (n, m) and H (n, m) is
presented in Section 2. In Section 3, by using the ad-nilpotent elements of the Lie
superalgebras W (n, m), we show that the natural filtration of W (n, m) is invariant
under their automorphisms. In Section 4, the intrinsic properties with respect to
the natural filtration of finite-dimensional modular Lie superalgebras H (n, m) are
investigated. Besides, the isomorphic relation between H (n, m) and H(n', m’) is
also proved by the method of the natural filtration.

2. Preliminaries

Throughout this paper, | denotes an algebraic closed field of characteristic p > 2,
n is an integer greater than 1. Let Z, N and Ny denote the sets of integers, positive
integers and nonnegative integers. Let Z, = {0, 1} be the residue class ring of
integers modulo 2.

Let A(n) be the Grassmann algebra over F in n variables xy, xo, ..., x,. Set
By = {(i1,i2,...,0k) |1 i1 <ip<--- <ip <n}and B(n) = UZ:OBIO where
By = @. For u = (i1, iz, ...,1) € B(k), set |u| =k, {u} = {iy,i2,..., i}, and

x" =x;xiy -+ xi, (|19 =0,x2 =1). Then {x“|u € B(n)} is an F-basis of A(n).
Let IT denote the prime field of F, that is, IT = {0, 1, ..., p — 1}. Suppose
that {z1, 22, ..., zm} 1S a Il-linearly independent finite subset of F. Let G =



NATURAL FILTRATIONS OF MODULAR LIE SUPERALGEBRAS 201

{Z;"zl AizZi | M € 1'[}. Then G is an additive subgroup of F. Let F[y1, ¥, ..., ¥, ] be
the truncated polynomial algebra satisfying yi’7 =1foralli=1,2,...,m. Forevery
element A =Y " | A;z; € G, define y* = yf‘y%z <+ ypm. Then y*y" = y**7 for all
A, n€G. Let T(m) denote Fy1, y2, ..., ym]- Then T(m) ={}", . ary" | ar € F}.
We denote the tensor product by U = A(n) ® T(m). Then AU is an associative
superalgebra with Z,-gradation induced by the trivial Z,-gradation of T () and the
natural Z,-gradation of A(n), that is, U = Uy S WU;, where Uy = A(n)y ® T(m)
and U; = A(n); ® T(m).

For f € A(n) and a € T(m), we abbreviate f @« as fa. Then the elements x* y*
with u € B(n) and A € G form an F-basis of U. It is easy to see that W= EP;_, U, is a
Z-graded superalgebra, where U; = spang{x“y* | u € B(n), |u| =i, » € G}. In par-
ticular, Uy = T (m) and U, = span[F{x”y)‘ | e G}, where r :=(1,2,...,n)eB®).

In this paper, if A = Aj® Aj is a superalgebra (or Z,-graded linear space), let
hg(A) = AgU Aj; that is, hg(A) is the set of all Z>-homogeneous elements of A.
If deg x occurs in some expression, we regard x as a Z;-homogeneous element and
deg x as the Z,-degree of x. Let A = B'__, A; be a Z-graded superalgebra. If
x € A;, we call x a Z-homogeneous element, i the Z-degree of x and set zd(x) = 1.
If y € A, let u(y) denote the nonzero Z-homogeneous part of y with the least
Z-degree.

Let pl(A) = plg(A) @ pl;(A) denote the general linear Lie superalgebra of the
Z5-graded space A. For ¢ € pl,(A) with 6 € Z, if

P(xy) = 9(x)y + (=1)?* xp(y)

for all x € hg(A) and y € A, then ¢ is called a derivation of A with Z,-degree 6.
Let Derg A denote the set of all derivations of A with Z,-degree 6. Then Der A =
Dery A @ Dery A is a subalgebra of pl(A) (see [Scheunert 1979]), which is called
the derivation superalgebra of A.

SetY={1,2,...,n}. Giveni € Y, let 3/0x; be the partial derivative on A (n)
with respect to x;. For i € Y, let D; be the linear transformation on U such that
D;(x"y*) = (3x"/dx;)y* for all u € B(n) and A € G. Then D; € Der; U for all
i €Y since 9/dx; € Derj(A(n)).

Suppose that u € By S B(n) andi € Y. When i € {u#}, we denote the uniquely
determined element of B;_; satisfying {u — (i)} = {u} \ {i} by u — (i), and denote
the number of integers less than i in {u} by t(u, ). Wheni & {u}, we set t(u,i) =0
and x“~ = 0. Therefore, D; (x*) = (—1)7@Dx4=%) for any i € Y and u € B(n).

We define (fD)(g) = fD(g) for f, g € hg(U) and D € hg(Dera). Since the
multiplication of AU is supercommutative, it follows that f D is a derivation of U.
Let

W(n, m) = spang{x“y"D; |u e B(n), A € G,i € Y}.
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Then W (n, m) is a finite-dimensional Lie superalgebra contained in Der U. A direct
computation shows that

(2-1) [fDi,gD;l= fDi(g)D; — (—1)%e/PideesDiap.(f)D;,

where f, g €ehg(W) and i, j €Y.

Let Dy : U — W(n, m) be the linear mapping such that for every f € hg(W),
Dy(f) = Z?:l fiD;, where f; = (—l)dengi(f). It is easy to see that Dy is
an even linear mapping and D;(f;) = —D;(f;) forall i, j € Y. Let H(n,m) =
{Du(f)| feUyand H(n,m) = {Du(f) | f € @} Wii}. Then H(n,m) is a
finite-dimensional Hamiltonian Lie superalgebra, with a Z-gradation H (n, m) =
@:’;ﬁl H;(n, m), where H;(n, m) = {Dy (x"y") |u € B(n), lu|=i+2, 1€ G}. It
was shown in [Ren et al. 2011] that H (n, m) is a subalgebra of W (n, m) and that

n

(2-2) [Du(f), Du(g)] = Dp (Z(—l)de‘o’f D;(f)D; (g)),

i=1
(2-3) [Dj, Du(f)1=Du(D;(f)),

where f, g €ehg(U) and j €Y.

Let ® :=T(m)" =T (m) x---x T(m). Forevery 0 = (h1(y), ..., hn(y)) €O,
we define §: G — T (m) by 109) = i i) for A= Y7L Az € G It
is easy to check that (A +n) = 6(L) + 60(n) for A,n € G. For every 6 € O,
let Dg: H(n,m) — H(n,m) be the linear mapping given by DgDpy (x"y*) =
6(A) Dy (x*y*) for x"y* €. A direct verification shows that Dy € Derg H for all
0€®. Put Q:={Dy |0 € O}.

3. The natural filtration of W (n, m)

In this section, W always denotes Lie superalgebras W (n, m). Then W = @Z;L 1 Wi
is Z-graded, where W = spang{x"“y*D; | lu|=k+1, j € Y}.

Adopting the notion of [Jin 1992], the element x of Lie superalgebra L is called
ad-nilpotent if ad x is a nilpotent linear transformation. The set of all ad-nilpotent
elements of L is denoted by nil(L). Let L(j = @kzj Ly;then {L;)|j>—1}isthe
natural filtration of L. If L is Z-graded and finite-dimensional, then L_; C nil(L)
and Ly S nil(L).

Let M,,(F) denote the set of all n x n matrices over [F. Notice that dim T (m) = p™.

Without loss of generality, we may suppose that {y, ..., y,n} is a standard [F-basis
of T(m). If
n pm
= Z Zaijqxiquj S W(),
i,j=1q=1

where a;j, € T, let
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Ay
p(z) = < )
Apm np™xnp™

where Aq = (aijq)nxn e M, (F).

Lemma 3.1. Suppose that z = Z?’j:l 2511 ajjqXiygDj € Wo. If z is ad-nilpotent,
then p(z) is a nilpotent matrix.

Proof. Let I" be the representation of Wy with values in W_;. Then I'(z) = ad z
and the matrix of I'(z) over the basis {y1 Dy, ..., y1Dy, ..., ypm Dy, ..., yym Dy}

of W_; is
—(AD)'
A:( )
~A) /s

where Ay = (aijg)nxn € M,(F). Since z is ad-nilpotent, the representation I"(z)
is a nilpotent linear transformation. This implies that A is nilpotent. Therefore,
p(z) = —A' is a nilpotent matrix. O

Lemma 3.2. Let 7z = Zf;kl zi, where z; € Wy and k <n — 1. If z € nil(W) and
k >0, then z; € nil(W).

Proof. Suppose that 7 = z; + 7/, where z; € Wy and 7' € EB?:_,(IH Wi € Witny.

Since z € nil(W), we may assume that (adz)’ = 0. Let x is a Z-homogeneous
element of W with Z-degree i. Then (ad z)'(x) = 0. On the other hand,

(ad 2)" (x) = (ad(zx +2))" (x) = (ad z1)" (x) + &,

which implies (ad zx)' (x) +h = 0. It is easy to see that (ad zx)' (x) € W+ and
h € Wirtivny = ®jzkz+i+l W;. Thus (adzx)'(x) = 0. Since x is an arbitrary
Z-homogeneous element of W, we have (ad z;)"(W) = 0. Then (ad zx)" = 0, that
is, zx € nil(W). [l

Suppose that E;; denotes the n x n matrix whose (7, j) element is 1 and otherwise
are zero. Obviously,

(3-1 EiiEq =08jkEi,

where §j; is the Kronecker delta.

mn

Ifz= Z?,j:l Zg:l QijqXiYq Dj € Wy, where Qjjg € [, then

n 2n np™
(32 pl)= Z aiji Eij + Z aipEij+---+ Z aijpm Eij.
i j=1 i j=n+1 i, j=n(p"—1+1

Let A = {z € nil(W) | ad z(W) C nil(W)}.
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Lemma 3.3. Suppose that 7z = Z;’;il zi,where z; e W;. If z€ A, then z_; =79 =0.

Proof. Suppose that 0 #z_; =), Zf;:l aiqgyqDi, where a;, € F. Letaj, #0
and j,/ € Y such that j, [ are distinct. We may assume that d = [z_1, x;x; D;]. A
direct calculation shows that

n p" p"
= [ZzaiquDiv xlijli| = Z(aququDl —ajgx1yqeDp).

i=1 g=1 qg=1

By (3-1) and (3-2), we have

(0(@)' = (=1 (a;1) En+ (=1)'"an(a;j)' " Ejy
+ (=D (aj+m2) Eqmyaan) + (=D agina@iam1) " EGsnyan
4.
+ (=D ag+pm—mypm) E4pm—n)@-+pm—n)y
+ (=D T aqs pr-mypr @ pr-mpm) ™ E -y a4 pr—n)-
Since (aj1)" # 0, we have (p(d))" # 0. So p(d) is not a nilpotent matrix. By

Lemma 3.1, it shows that d ¢ nil(W). By Lemma 3.2, we have [z, x;x; D;] ¢ nil(W).
Then z ¢ A. This contradicts z € A, and proves our assertion that z_; = 0.

m

Assume that zo #0. Let zo =) ; =1 Zq 1 @ijqXiYeDj, aijq € F and

(3-3) I =min{i| a;j, #0. i, j € Y},
(3-4) t:min{jlaijk7é0, i,jeY}

(1) Suppose that [ <t. Let
(3-5) k =max{j|a;j; #0, j €Y}
Then a;iy, #0. Itis easy to see that r < k. Since [ <t, we have [ < k. Therefore,

Zo—zzauqxlqu + Z Zzal/qxtYQ

j=t g=1 i=l+1 j=t q=1

Assume that [ = k. It follows from ¢ < k that # <[. Then ¢ = [, which implies
that

20 = Zalqulqul + Z Z Zaz/qxtyq

i=l+1 j=t g=1
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Therefore,
n n
po) =amEn+ Y Y aijiEi
i=l+1 j=t
2n 2n
Faqny@+n2 E4nyt+n) + Z Z aijpEij
i=l+14n j=t+n

Fa@tn(pr—1)n(pm 1) pm E4n)(4n)
l’lpm }’lpm
+ > Y ik
i=l+14n(pm—1) j=t+n(p™—1)

Ay
By Cy

A pn

Bym Cpm np™ xnp™

where Ar = a4+ x—1)n)(+k-Dn)g E+k—1)n)@+®—1n) 18 an (I + (k — 1)n)-by-
(I + (k — 1)n) matrix and g € {1, ..., p™}. Since q;;; # 0, we have A is
not a nilpotent matrix. Then p(zp) is not a nilpotent matrix and zo ¢ nil(W).
Lemma 3.2 shows that z & nil(W). This is in contradiction with z € A; thus
[ <k.

Suppose that h € Y and h # 1, k. Let d = [z0, x¢ D;]. From (2-1), we obtain

p" n k
d= Z(alkqxlyq Dy + Z AikgXiyq D1 — Zazjqu)’q Dj)-
q=1 i=l+1 j=t
Since [ < k, p(d) also has the form
Ay
B C

A pm

Bpm Cpm np™ xnp™

It follows from ay, # O that Ay is not a nilpotent matrix. Then p(d) is not
nilpotent. So z ¢ nil(W) and [z, x; D;] & nil(W). This is in contradiction with
z€A.

(ii) Suppose that ¢ < [. Let k = max{i | a;;;, # 0} and d’ = [z, x; Dy]. Imitating (i),
we may prove that p(d’) is also not nilpotent. The desired result follows. [

Lemma 34. (i) Ifz € WoNnil(W) and h € W), then z + h € nil(W).
(1) Ifi, j are distinct elements of Y, then x,-y)‘D‘,' enil(W) forall A € G.
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(iii) If'i, j, k are distinct elements of Y, then ax y* Dy + bx;y" Dy, € nil(W) and
x,-xjy)‘Dk € A, where a, b € F and A, n are arbitrary elements of G.

Proof. (i) A direct verification shows that {ad z} U {ad W(y)} is a weakly closed
subset of nilpotent elements of pl(W). It was shown in [Jacobson 1962, Theorem 1
of Chapter II] that each element of spang({ad z} U {ad W(y)}) is a nilpotent linear
transformation of W. Then ad z 4 ad % is nilpotent. So z + & is ad-nilpotent.

(ii) To prove (ad x;y*D ;)? = 0, we may assume without loss of generality that
i < j. Setn is an arbitrary element of G. If k £ i, then
(adx;y* D)*(x"y"Dy) = [xiy" Dj, [xiy* Dj, x*y" Dyl
= (=)™ PLxiy* Dy, xix =y Dy ]
=0.
In the case of k =i, we have
(adx;y"D)* (x“y"Dy) = [x;y* D, [xiy* Dj, [xiy* D, x" y"Di]ll
=[xy D iy Dy, (=)D =)y Dy —x"y* 1D, ]
= (=)™ iy Dy, —xix" =y D — "=y D]
=0.
For p > 2 we get (adxiy’\Dj)”(x“y”Dk) = 0. Therefore (adxiy’\Dj)”(W) =0.
This yields (adx; y*D;)? = 0. Thus x;y*D; € nil(W).

(iii) According to (ii) and [x;y* Dg, x;y" D] = 0, {adx;y* Dy, ad x;y" Dy} is a
weakly closed subset of nilpotent elements of pl(W). So ax ij Dy +bx;y"Dy, €
nil(W), where a, b € .

Suppose that / € Y\{i, j, k}. Then x,-xjyka e Wy Cnil(W). Letz = 27:_11 Zi,
where z; € W;. Without loss, we may assume that [xixijDk, zl = fo+ f1, where
fo=I[xix;y* Dy, z-1]1 € Wo and fi € Wqy. Let 21 = Y_/_; >_, . apy" Dy Then

n

fo=[xix;y" Dy, Z Zazny"l)z] =- Z(ainxij"Dk +ajyxiy* T Dy).
=1 neG neG

It follows that fy € Wy Nnil(W). Statement (i) shows that fy + f1 € nil(W). We
finally obtain x,-xijDk e Aforall A € G. U

Let Q ={zenil(W) |adz(A) C A}
Lemma 3.5. 0 =Wq.

Proof. By the definition of A, we have W) € A. Lemma 3.3 show that A C W(y.
Then [Way, Al S [Way, Wiyl € Wy € AL Thus Way € 0.
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Next we will prove Q € W(yy. Letz € Q and z = Z?;il z;, where z; € W;.
Assume that z_1 = Y 1| > s cc anyDi # 0, a;, € F. Without loss of generality,
we may suppose that a; # 0. Let d = x;x;y" Dy, where i, j, k are distinct elements
of Y and n is an arbitrary element of G. By Lemma 3.4 (iii), we have d € A.
Let [z,d] = ho + h1, where hg = [z—1,d] € Wy and h; € W(;). Since a; # 0,
we have ho = Y, . (aix; T Dy — aj3x;y* " Dy) # 0. Lemma 3.3 implies that
ho+hy € A. Itis a contradiction to z € Q. Hence z_; = 0.

Assume that 0 # z9 = Z?,j:l 2521 aijpxiygDj, aijq € F and suppose that [ and
t are as the definitions in (3-3) and (3-4). We may suppose that / < ¢ (the proof
is similar to the case ¢t < [) and let k be as definition in (3-5). Similar to the first
part of the proof in Lemma 3.3, we have / < k. Suppose that h € Y\ {/, k, ¢} and
dy = xpxp D;. Lemma 3.4 (iii) shows that d; € A. Let [z,d;] = g1 + g2, where
81 = [Zo, dl] (S W1 and g2 € W(z). Using (2-1), we have

p n k
g1= Z(aquxlxhqul - Z AingXiXkyq D1 — Zaquxkxhyql)j)-
g=1 i=i+1 j=t

If h < t, then a;p, = 0 in the above equality, where i € Y\ {1, ...,/ — 1}. Thus

m

p n
[Dy, g1]1=— Z(alkqxl)’ql)l + Z AingXiYq D1 + appgxiyq Dy —azjquYqu)-
q=1 i=[+1

By (3-2), the matrix p([ Dy, g1]) has the form
Ay
B, C;

CApn

Bpm Cpm np™m xnpn

as in Lemma 3.3. Since a4 # 0, A; is not a nilpotent matrix. This implies that
o([Dp, g1]) is not nilpotent. Hence [Djy, g1] € nil(W). Lemma 3.2 shows that
[Dy, g1+ g2] € nil(W), that is, [ Dy, g1+ g2] € A. It is contradict with z € Q. Thus
zo = 0. Therefore, z € Wy and Q C Wau. O

It is easy to verify that A and Q are invariant subspaces under the automorphisms
of W. According to Lemma 3.5, W(y) is also invariant under the automorphisms
of W. Since

(3-6) Wy ={xeW|[x, W]l € W},
(3-7) Wi ={xeWi_i|lx, WIS Wi_yp}, i>1,
we easily obtain the following theorem.

Theorem 3.6. The natural filtration of W is invariant under automorphisms of W.
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Let20; = W/ W1 for —1 <i <n—1. Then 20; is a Z-graded space. Suppose
that 27 := @;-:11 20;; then 20 is also a Z-graded space. Let x + W) € 20; and
v+ W1y € ;. Define

[x + Wi, y + Wirn]l =[x, Y1+ Wig s

It follows from [20;, 20;] € ;4 ; that the operator [, ] on 2U is well-defined.
There exists a linear expansion such that 207 has a operator [ , ]. A direct verification
shows that 27 is a Lie superalgebra with respect to the operator [ , ]. The Lie
superalgebras 20 is called a Lie superalgebra induced by the natural filtration of W.

Lemma 3.7. W=W.

Proof. Let ¢: W — 20 is a linear map such that ¢(x) = x + W), where
x € Wiy \ Wiit1). A direct verification shows that ¢ is a homomorphism of Lie
superalgebras. Suppose that y € ker ¢p. If y 7~ 0, then there exists i > —1 such that
y € W(l') \ W(i-i—l)' Since ¢ (y) =0, we have y + W(,‘.;.]) =0. Hence y € W(i-i—l)' That
shows that y = 0. Thus, ker ¢ = 0. Therefore, ¢ is a monomorphism. It follows
from W is finite-dimensional that ¢ is an isomorphism. (]

The definition of ¢ shows that, for i > —1

(3-8) W) ={x+ Wit | x € Wit ={x+ Wiin) [ x € W)}
=W/ Wity =2;.
Suppose that m, n, m’, n’ are elements of N greater than 1. Similar to W, the Lie

superalgebra W (n’, m’) will be simply denoted by W’. According to the definitions
of A, Q, and 20 in W, we define A’, Q’, and 2’ in W’ using the same method.

Proposition 3.8. Suppose that W = W' and o is an isomorphism from W to W'.
Then o (W) = W(/l.)for alli > —1.

Proof. 1t is clear that o(W_y)) = W(’_l) and o (nil(W)) = nil(W’). A direct
verification shows that o (A) = A’. Hence o (Q) = Q’. By virtue of Lemma 3.5,
we have Q = W(jy and Q' = W(/l)' Thus o (W) = W(/l). By (3-6) and (3-7), the
desired result o (W(;)) = W(/l.) for all i > —1 is obtained. Ul
Lemma 3.9. Suppose that W = W' and o is an isomorphism from W to W'. Then
o induces an isomorphism & from 20 to 00" such that 6 (20;) = 20, for all i > —1.

Proof. Define a linear map 6 : 20 — 20’ such that
6 (x + Witny) =0 () + Wiy,

where x + W11y € 20;. Because of Proposition 3.8, the definition of & is reasonable
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and

& ([x + Wiitn), y + WD = o ([x, yD) + Wiy 4y
=[o(x) + Wiy, 0 () + W]
=[G+ W), 6 (v + W)l

Thus & is a homomorphism from 20 to 20’. Clearly, ¢ (20;) =20, for all i > —1.
It shows that & is an epimorphism.

Suppose that y € kera; then y € 20. So we may suppose that y = Z;:i 1 Vi
and Vi € QIL-. Since QI],- = W(i)/W(i+1), let Vi = Zi + W(i+1)9 where 7 € W(l').
Hence 6 (y;) = o(z;) + W(/H—l)' It follows from & (y) = O that Z;’:—il o(y;) =0.
Thus 6 (y;) = 0, that is, o(z;) + W(’i+1) = 0. This shows o (z;) € W(/i-',-l)' By
Proposition 3.8, we have z; € O‘_I(W(/H_l)) = W(i-i—l)' Then y; =z; + W(i—H) =0 for
—1 <i <n—1. Therefore, y =0 and ker & = 0. Consequently, & is an isomorphism
induced by o such that 6 (20;) = 20; for all i > —1. O

Theorem 3.10. W = W’ ifand only if m =m’ andn =n'.
Proof. Since the sufficiency is obvious, it suffices to prove the necessity. Suppose
that ¢: W — 2 is the isomorphism given in the proof of Lemma 3.7. Similarly,
there also exists the ¢': W' — 20’. According to (3-8) and Lemma 3.9, we have
¢(Wi) =2, ¢'(W) =20, &(2W;) =2
for —1 <i<n—1.Let = (¢')"'6¢. Then
V(W) = (@) 'ee(Wy) = (@)1 = @) (QW) = Wi.
In particular, ¥ (W_1) = W’ and ¢(Wp) = W. Since dim W_; =dim W’ ,, we
getnp™ =n' P By virtue of the definition of W;, we have
Wo = spang{x;y"D;j € W |i, j €Y, 1 € G}.

Thus dim Wy = n? p™. By the same method used in Wy, we may obtain dim W(’) =
n2p™ . According to dim Wy = dim W, and np™ = n'p™, we have n = n’ and
m = m’. In conclusion, the proof is completed. U

4. The natural filtration of H (n, m)

In this section we will investigate the question of the natural filtration of the Lie
superalgebras H (n, m). For convenience, H (n, m), H(n,m) and H;(n, m) will be
simply denoted by H, H and H;.

Let H(j) = @ H;. Then

i>j

H=H_y2>2Hy2Hp2---2Hu—3 2 Hu—2=0



210 KELI ZHENG, YONGZHENG ZHANG AND WEI SONG

is a descending filtration of H, which is called the natural filtration of H. We also
call {H) | k € Z} a filtration of H for short, where Hyy = H if k < —1 and Hy) =0
itk>n-—2.

Lemma 4.1. Let f; = g; + h;, where f;, gi,hi € Wandi =1,...,k. If the set
{g:1i=1,...,k}is linearly independent and

spanp{g; |i =1,...,k}Nspanp{h; |i=1,...,k} =0,
then {f; |i =1, ..., k}is linearly independent.

k k k
Proof. If Y " a; f; =0, a; € F, then >_a;g; = — Y_ a;h;. This shows that
i=1 i=1 i=1

k
> aigi espang{g; |i=1,....k}Nspang{h; i =1,....k}=0.
i=1

Since {g; |i =1, ..., k} is linearly independent, we obtaina; =0,i =1, ..., k. U

Lemmad.2. Ifhy, hy, ..., hy € H\{0}. If{h; |i =1, ..., k}is linearly dependent,
then sois {u(h;)) |i=1,...,k}.

Proof. Since {h; |i =1, ..., k} is linearly dependent, there exist ay, . . ., ar € F such
that Zle aih; =0 and some q; is not zero. We may suppose that a;, ..., a; #0
and agy; =---=a; =0, where 1 <s <k. Let

e =min{zd(u(h) |i=1,...,s).

Without loss of generality, we may suppose that zd(u(h;)) = e fori=1,...,¢
and zd(u(h;)) > e fori =t +1,...,s. It follows from Zleaih,- = 0 that
¥ aiu(h)) = 0. Since ay, ..., a; # 0, we obtain that {u(h;) |i =1,...,1}
is linearly dependent. Hence so is {u(h;) |i =1, ..., k}. U

Lemma4.3. Let g1, 82,...,8 €W Ifzd(u(g)))>1,i=1,...,k, then{g; |i =
1,...,k} is linearly dependent if and only if {Dg(gi) |i =1, ..., k} is.
Proof. If {g; | i =1, ..., k} is linearly dependent, there exist ay, ..., a; € F, not
all zero, such that Zle a;gi =0. Clearly, Dy (Zle aigi) = Zle a;Dy(g) =0.
Hence {Dy(g;) |i =1, ..., k} is linearly dependent.

Conversely, we consider the sufficiency. Without loss of generality, we may
suppose that g = x*y* for u € B(n) and A € G such that Dy (g) = 0. Then

n
Dy (x“y*) = (=D D;(x")y*D;.
i=1
Hence D;(x*) = 0, which shows that |u| = 0. Thus ker(Dgy) = T(m). Since
the set {Dy(g;) | i =1,...,k} is linearly dependent, there exist aj, ..., ar € F,
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not all zero, such that Zle aiDy(gi) = 0. Then Dy (Zle aigl-) = 0. Hence
S ¥ aigi € T(m). Notice that zd(u(g;)) > 1,i =1, ..., k; thus Y5_ a;¢; =0,
showing that {g; |i =1, ..., k} is linearly dependent. ([

For a superderivation D of a Lie superalgebra L. Set I (D) = dim (Im(D)). If
T is a subset of superderivations of L, we define I (T) =min{/ (D) |0# D € T}.

Theorem 4.4. Suppose that T = ad(hg(ﬁ))lH, then I1(T) > np™. Besides,
I(ad Dy (g)) = np™ if and only if 0 # Dy (g) € spang{Dy (x"y*) | A € G}, where
Dy (g) € hg(H).

Proof. For any h € hg(H) we write ad h|y simply as ad 4. A direct calculation
shows that

n
[Dr(x™y*), Dy (x"y")] = Dy (Z(—l)"Di (" y") D; (x“y">)
i=1
forveB() and A, n € G.
In the case of |v| > 2 we have

D;(x"y") = (=1)T@0x =0y D (7 ) = ()T Oy

Clearly, {v — (i)} € {w — (i)}. Then [Dy (x™ y*), Dy (x'y")] = 0 in this case.
In the case of |v| =1 we may suppose that x"y” = x;y" for some i € Y. Then

[Dr(x™y*), Dy (xiy)] = Dy (Z(—l)"Dﬂx”th;(xw’?))
j=1
=Dy((— 1)n+f(ﬂ,i)xﬂ*(i)y}»+77)‘

Since {x™ ="y |i € Y, A, n € G} is a linearly independent set, Lemma 4.3 shows
that {[Dy(x™y*), Dy(x;y")] | i € Y, A, n € G} is linearly independent. Thus
I(ad Dy (g)) =np™. B

Next we will consider the converse inclusion. Assume that Dy (go) € hg(H) and
Dy (go) ¢ span[F{DH(x”yk) | A € G}. We want to prove that I (ad Dy (go)) > np™.
Suppose that w(Dg(go)) = Dy(g). By Lemma 4.2, it suffices to prove that
I(ad Dy (g)) > np™.

Let g = x“y*, where u € B(n) and A € G. Then 1 < |u| < n. There exist v € B(n)
and 1 € G such that Dy (x"y") € H. Then

n
[Dy (x“y*), Dy (x"y")] = Dy (Z(—l)“'Di (" y")D; (x”y”)>-
i=1
(1) Suppose that |u| =1 and x“y* = x;y* for some i € Y, then

[Dy(xiy"), Dy (x"yN)] = —(=1)" D Dy (x>~ 0yt |
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Considering xV~ (), the following statements hold:

Dy (xV~lily H'7)—0 if [vJ=0or 1,
dim{x*~} =C a1 df v =2,
{ dim{x®~ }_ if [v| =3,

n—1

dim{xV~} = cg:} if |v] = n.
Therefore,
dim{x"" Dy = (C)_ 4+ C2_ 4+ P = = D p™ > np™,

(2) If 1 < |u| < n, then we suppose that |u| =1.
For |v| = 2 we may suppose that x"y”7 = x;x;y", where j, k are distinct
elements of Y and 7 is an arbitrary element of G. A direct calculation shows
that [Dy (x"y*), Dy (x;xxy™)] equals

Dy ((=DM((= 17Dyt~ — (=T xu= Ry yrtn)

Consider Y = (—1)T@Dxt=liy, — (—1)T @0 yu= k>x Then the following
statements hold:

T=0 if jyjkeuorj ké&u,

Y = (=1)*w D \UDUKEif j ey and k ¢ u,

Y = (= 1)T@R xRV if k ey and j & u.

Thus dim Y =1(n —1).
For |v] = 1 we may suppose that x”y" = x; y" for some i € Y. Then

[Da(xiy™), D (xiy] = (=D Dy =0y i ey,
Hence dim(x*~) = |u| =I. It is clear to see that [(n —I) +1 > n. Therefore,
I(ad Dy (g)) = (l(n—1)+1)p™ > np™. g

Theorem 4.5. I (hg(Der H)) = np™. Moreover, for D € hg(Der(H)), we have
1(D) = np™ if and only if D is nonzero and lies in spang{adDy (x"y*) | » € G}.

Proof. By virtue of Theorem 4.4, we have I (ad Dy (x™ y*)) = np™. By [Ren et al.
2011, Proposition 3.7], we obtain

Der H = ad(H +Fy*h) & €,

where h = Z?:l x;D; and A € G. Hence I (hg(Der H)) <np™. Let D € hg(Der H)
and 1 (D) <np™. Without loss of generality, we may suppose that

D =adDH(g)+a ady’VH—Zbng,
(AS(C)
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where a, by € F and Dy (g) € hg(H). Then

DDy (x"y")

=[Du(8), Du(x"y")]+a [Z xiy* D, DH(X”y”)] + ) by Do(Dp (x"y"))
i=1 0e®

for allu e B(n) and n € G.
Next we will prove that a and by are all zero for all 8 € ©.
First of all we consider the coefficient a. A direct calculation shows that

n n
“[Z xiy" Dj, DH(X”y”)] = D (=D"alxiy*Di, D;(x")y"D;]
i=1 i j=1
n

= Z (—D)alx;y* D;, (—=1)* @D xe=ynp ]

i,j=1
n
- Z(_1)|u|+r<u,j)axu—<j>yx+nDj ifi=j,
= j=1
n
(n=1) Y (=)D =Dy p it i o j.

j=1
Using the similar discussion in Theorem 4.4, we obtain

dim (span[F{x“*myH"Dj}) > np™

for given j € u. Since n > 1, we have a = 0.
Secondly, the other coefficient by will be considered. For any u € B(n) and
n € G, we have

by Do(Dp (x"y")) = (1) Dy (bgx"y™)

= > (=1)"bg D; (x") D;0 () y"

i=1

n
=bg Y (=DM =0 DGy,
i=1

By the equality above and the similar discussion in Theorem 4.4, we have
dim(spang {x"~“7j(w)y"D;}) > np".

Hence by =0 for all § € ®. Therefore, D =ad Dy (g). It follows from Theorem 4.4
that / (hg(Der H)) = np™. In particular, /(D) = np™ if and only if

0% D e spang{ad Dy (x" y*) | A € G}. O
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We adopt the notations n’, m’ in Section 3 and let H' = H(n', m’) and G’ =
> i hizilheli=1,...,m'}.

Proposition 4.6. Let
R =spang{Dy (x"y") € H | u € B(n), |u| > 2, » € G},
R’ =spang{Dy (x"y") € H' |u e B(n'), |u| > 2,1 € G'}.
If o is an isomorphism from H to H', then 6 (R) = R’.

Proof. Tt is easy to see that the map £: D — o Do ! is a bijection. Then &
is an isomorphism from Der H to Der H'. Thus I (hg(Der H)) = I (hg(Der H')).
According to Theorem 4.5, we have

o (spang{ad Dy (x™ y*))o ~" = spang{ad Dy (x™ y*)},
where 7' ={1,...,n'} e B(n'), A € G, and )’ € G'. Note that
n
[Du(x"y*), D (x“y")] = Dy (Z(—l)“Di (" y") D; (x“y">>.

i=1
for u € B(n) and A, n € G. If |u| > 2, then D;(x"y") = (—1)T®Dxu={)yn apd
D;(x™y*) = (—=1)T@D 7= y*  Since {u — (i)} € {w — (i)}, we have

[Dy (x"y*), Dy (x"yM)] =0.

Hence
R ={h € H| (spang{ad Dy (x" y")})(h) = 0}.
Similarly, R" = {h € H' | (spang{ad Dy (x™ y*))(h) = 0}. Then
(spang{ad D (x™ y*)}) (0 (R)) = o (spang{ad Dy (x™ y*) D)o~ (o (R))
= o (spang{ad Dy (x" y")H(R)
= o (spang{ad Dy (x™ y")})(R)
=0(0)
=0.
Thus o (R) € R’. By the same method above, we have ¢ ~'(R’) € R. Hence
R’ C o(R). In conclusion, o (R) = R'. O
Lemma 4.7. Let H = H_)2Hp2 -2 Hu3 2 Hy) = 0 be the natural
filtration of H. Then

Ho =R, Hg={heHi-|lh, HIS Hi-n} fori=1.
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Similarly, for the natural filtration of H',

Proof. Suppose that M = {h € H;_1y | [h, H] € H;_1y}. Note that H;) € Hj_1)
and [Hy, H] = [H), H-1)] € H¢—1). Then the inclusion relations show that
HyCSM.

Conversely, if h € M, then h € H;_1y. So we may suppose that 7 = Z'};;ﬁl hj,
where hj € H;. Lethi_y =), apD(x*y*), where a; € F, ux € B(n), |ux| =
i—14+2=i+1>2,and 1, € G.

If hi—1 =0, then h € H(;y. Therefore, the desired result follows in this case.

If hj—1 # O, then it follows from h € M that [h, H_1] € H;_1). Hence
[hi_1, H_{] =0, that is,

[Z ag D(x" y™), DH<xl~y">] =0
k

foralli e Y and n € G. As |uy| > 2, there exists i € Y such that
Dy (=DM Dy (x" y™)) # 0.

Hence a; = 0 which is in contradiction with A; _; #£ 0.
The considerations above show that M C H(;. Therefore,
Hiyy={heHi_y|lh, HIC H;j—1} fori>1.
Similarly, H(/l.) ={he H(/l.fl) | [h, H] C H(/l.fl)} fori > 1. O
Proposition 4.8. Suppose that H = H' and o is an isomorphism from H to H',
then o (Hg)) = H;, forall i > —1.

Proof. 1f i =0, then Hq) = R and H{ = R’. Proposition 4.6 shows that
O’(H(Q)) = H(/O)‘

If i = —1, then H_y = H and H(/_l) = H'. Hence o (H(—1)) = H(’_l).

Next we use induction on i. Assume that o (H(;)) = H(’i) fori > 1. By Lemma 4.7,
for h € H(it1), we have h € H;y as well as [h, H] € H(;y. Since h € H(;), the
induction hypothesis yields o (1) € H;,. Then

o(th, H)) = [0/ (h), o (H)] € [H};, H'1 € H{;).

By Lemma 4.7, we have o (h) € H(/i+1)' This implies that o (H(;+1y) € H(/i+1).
For any h' € H|; ), we want to prove that #’ € o (H(;+1)). The fact i’ € H ;) =
o (H;)) ensures that there exists & € H;) such that o (h) = h’. It is easy to see
that [4/, H'] C H(/l.) =0 (H(). Since [h', H'] = [o (h), o (H)]=o[h, H], we have
[h, H] € H). Then h € H11), thatis, i’ € 0 (H+1)). Consequently, o (Hy) = H(’i)
foralli > —1. O
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Theorem 4.9. The natural filtration of H is invariant under the automorphisms

of H.

Proof. 1t is a direct conclusion of Proposition 4.8. ([
Imitating the definition of 2U; in W, we let §; = H(;y/H(i+1) for =1 <i <n—3.

Suppose that § := EB;’:_EI $;, then §) is a Z-graded space. Let x + H(;11) € $; and
y+Hgy) € $j. We define

[x + Hity, y + Hij+nl = v, y1+ Hivjt.-

It is easy to see that the operator [ , ] on §) is well-defined. There exists a linear
expansion such that $ has a operator [ , ]. A direct verification shows that §) is
a Lie superalgebra with respect to the operator [ , ]. The Lie superalgebras $) is
called a Lie superalgebra induced by the natural filtration of H.

By the similar methods used to prove Propositions 3.7 and 3.9, the following
lemmas are easy to obtain.

Lemma 4.10. H = H.

Lemma 4.11. Suppose that H = H' and o is an isomorphism from H to H', then
o induces an isomorphism & from $) to $)' such that 6 (9;) = 5’); foralli > —1.

Theorem 4.12. H = H' ifand only if m =m’ andn =n'.

Proof. Since the sufficiency is obvious, it suffices to prove the necessity. Using the
similar methods in the proof of Theorem 3.10, we have dim H_; = dim H" , and
dim Hy = dim H;). It follows from W_; = H_; that np" = n'p™ . By virtue of the
definition of H;, we have

Ho = spang{Dy (x;x;y") € H |i, j € Y, A € G}.

Thus dim Hy = C2 p" = In(n—1)p™. Similarly, dim Hj = n'(n'—1)p™". Accord-

-2
ing to dim Hy =dim Hj and np™ = n'p™', wehave n =n’ and m =m’. Consequently,
the desired result follows. ]
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FREE BROWNIAN MOTION AND FREE CONVOLUTION
SEMIGROUPS: MULTIPLICATIVE CASE

PING ZHONG

We consider a pair of probability measures i, v on the unit circle such that
22 (v (z)) = z/n,(z). We prove that the same type of equation holds for
any ¢ > 0 when we replace v by v X A, and u by M, (), where A; is the
free multiplicative analogue of the normal distribution on the unit circle of
C and M is the map defined by Arizmendi and Hasebe. These equations
are a multiplicative analogue of equations studied by Belinschi and Nica.
In order to achieve this result, we study infinite divisibility of the measures
associated with subordination functions in multiplicative free Brownian mo-
tion and multiplicative free convolution semigroups. We use the modified
Y-transform introduced by Raj Rao and Speicher to deal with the case that
v has mean zero. The same type of the result holds for convolutions on the
positive real line. In the end, we give a new proof for some Biane’s results on
the densities of the free multiplicative analogue of the normal distributions.

1. Introduction

Let Jlg be the set of probability measures on R. For every ¢ > 0, Belinschi and
Nica [2008b] defined a family of maps B, : Mg — AR by setting

B, () = (uECEDYIEED e g,

These maps have several remarkable properties. For any ¢ > 0, B, is an endomor-
phism of (Mp+, X)), where Mg+ is the set of probability measures on [0, +00) and
X is free multiplicative convolution. {B;};>0 is a semigroup and B is the Boolean
to free Bercovici—Pata bijective map.

The maps B, have strong connections with H-infinite divisibility. They are also
connected to free Brownian motion and additive free convolution semigroups. For
w € Mg, we denote by G, the Cauchy transform of u and by F), the reciprocal
Cauchy transform of . Given a pair of probability measures u, v € AMp such that

Gy(z) =z—Fu(z), zeC™,

MSC2010: 46L54.
Keywords: multiplicative free convolution, free Brownian motion, free convolution semigroups.
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we have
(I-1) Gumy, (2) =2 —Fp,(z), t>0,zeCT,

where y; is the semicircular distribution with variance ¢. This result was generalized
to the multi-variable case in [Belinschi and Nica 2008a; 2009; Nica 2009]. An
equivalent form of (1-1) was used to prove the superconvergence theorem in [Wang
2010]. Anshelevich [2010; 2011a; 2011b; 2012] generalized the above correspon-
dence of i <> v and B, () <> v H y, to the context of two-state probability spaces.
Motivated by these generalizations and applications, we study in this article the
analogue of these equations for multiplicative free convolution.

Throughout this article, we denote by T the unit circle of C, by Jt the set of
probability measures on T, and by Jl, the set of probability measures on C with
nonzero mean. We also set

ME = {u € Mr Oy, 2 0, (2) # 0 for all z € D\{0}}.

It was shown in [Belinschi and Bercovici 2005] that one can define multiplicative
free convolution power u™ for p € MY and £ > 1.

In [Arizmendi and Hasebe 2013], a family of maps M, which is the analogue of
the semigroup B;, was defined for the probability measures in Jt}. The definition
of M, there was more general; we only need a simpler form defined as follows.
Given p € L} having positive mean, then for ¢ > 0, the map M; is defined by

My (1) = (D) EHEED,

where the convolution power 1*¢*1 and the measure M, (1) are chosen in a way
such that they have positive means.
We then state one of our main theorems.

Theorem 1.1. Given a pair of probability measures j € M7 and v € My such that

(1-2) (@) = ——, zeD,
nu(Z)

we have

(1-3) S5 (s, () = ————,  zeD,
M, () (2)

where A, is the analogue of the normal distribution on T with ¥, (z) =exp((t/2)(1+
2)/(1 —z2)) and A = A1.

In order to prove Theorem 1.1, we consider two semigroups v X A, and p2¢+D
for all + > 0. It is well-known that n,x;, and 1B+ are subordinated to n, and
ny respectively. We prove that the subordination functions are n-transforms of
some X-infinitely divisible probability measures on T. It turns out that the equation
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¥ (nv(2)) = z/n,(2) means that the subordination function of n,x;, with respect
to 1y and the subordination function of 7,x¢+1) with respect to n,, are the same.
The proof of Theorem 1.1 will be given in Subsection 3.5.

Given p € A, we prove that if 4 can be defined and 7 = 18 subordinated to
ny forall ¢ > 1, then u € JMY; in addition, we prove that for nontrivial measures
u € Mt and v € $9(K, T), the density functions of the measures p X v, and ;th
converge to 1/2m uniformly as ¢t — oo.

To deal with the case that v € A7\Jl,, we use the modified ¥-transform [Ariz-
mendi 2012; Rao and Speicher 2007] to study subordination functions. In this
case, the subordination function of 7,x;, with respect to n, is generally not unique.
However, we can prove that there exists a unique subordination function satisfying
certain properties (see Theorem 3.11). Let p, be the measure associated with this
subordination function of n,x;, with respect to n,,, we have that ¥, (z) = X3, (n,(2)).

Similar results to Theorem 1.1 for multiplicative convolution on Jlg+ are also
valid. The proof for this case is much simpler because of the uniqueness of multi-
plicative convolution powers and the uniqueness of subordination functions.

Finally, we give a new proof for some results concerning the density functions of
the free multiplicative analogue of the normal distributions studied by Biane [1997¢],
and we obtain some new results. For example, for A; (# > 0) the free multiplicative
analogue of the normal distributions on T, we prove that A, is unimodal.

This article is organized as follows. After this introductory section, we describe
some backgrounds in the additive case in Section 2. In Section 3, we consider mul-
tiplicative free and multiplicative Boolean convolution on Jilt, and prove our main
theorems. Section 4 is devoted to studying multiplicative free and multiplicative
Boolean convolution on Mg+. The regularity properties of the free multiplicative
analogue of the normal distributions are discussed in Section 5.

2. Background: additive case

Additive free convolution and additive Boolean convolution. For a measure i €
Mg, we define the Cauchy transform G, : Ct — C~ by

+0o0o 1
Gu(z)=/ :d,u(t), zeCH.

o0
We set

1
F/L(Z)=—$ Z€C+a
gn(z)
so that F,, : C* — C™ is analytic.
The following result characterizes those functions which are reciprocal Cauchy
transforms of probability measures.
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Proposition 2.1 [Bercovici and Voiculescu 1993). Let F: Ct — C* be an analytic
function. The following assertions are equivalent:

(1) There exists a probability measure i on R such that F(z) = F,,(z) in C".

(2) There exists a € R, and a finite positive measure p on R such that

+o00 1+IZ

dp(t) forallz € Ct.

F(z)=a+z+/

—o0
(3) limy_, 1o F(iy)/iy = 1.

It was proved in [Bercovici and Voiculescu 1993] that F, is invertible in some
domain. More precisely, for two positive numbers M and N, we set

Tyny=1{zeC":|x| <My, y> N}.

Then for any M > 0, there exists N > 0 such that the left inverse F;l of F), is
defined in I"js v, and then we can define the Voiculescu transform of u by

ou(@)=F;' () -z
for z € I'yy, . For any two measures p, v € Mg, we have
(2-1) Puiv (2) = ¢u(2) +¢u(2)

in any truncated cone I'y; y where ¢, ¢, and ¢, m, are defined. This remarkable
result was proved in [Voiculescu 1986] for compactly supported measures and then
extended to general cases in [Bercovici and Voiculescu 1993; Maassen 1992].

Given v € Jlg, we say that v is H-infinitely divisible if for every positive integer
n, there exists a probability measure v/, € Jlg such that

v:vl/nEElvl/nEEI--~EE|v1/n.

n times

It is known [Bercovici and Voiculescu 1993; Maassen 1992; Voiculescu 1986] that
a probability measure v on R is H-infinitely divisible if and only if its Voiculescu
transform ¢, has an analytic extension defined on C* with values in C~ UR. We
denote by $% (H, R) the set of all EH-infinitely divisible probability measures on the
real line. If v € $9(H, R), then for every ¢ > 0, there exists a probability measure
v; such that ¢, (z) = t¢,(z) for z in the common domain of ¢, and @,,.

Proposition 2.2. Let v is B-infinitely divisible, and let H(z) = 7 + ¢, (z). Then
(2-2) H(F,(2) =z

forz € CT. The set U :={z € Ct : JH(z) > 0} is a simply connected domain with
boundary which is a simple curve and H maps C* conformally onto U. Moreover,
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the boundary 0U is the graph of a function and the function H is continuous up to
the real axis.

Proof. The first part of the assertion appears in [Bercovici and Voiculescu 1993;
Voiculescu 1986], and the second part of the assertion follows from the fact that H
satisfies the conditions of [Belinschi and Bercovici 2005, Proposition 4.7]. The last
part of the assertion is due to [Chistyakov and Gotze 2013, Lemma 3.3; Belinschi
and Bercovici 2005, Proposition 4.7]. U

Additive Boolean convolution was introduced in [Speicher and Woroudi 1997].
For u € Mg, we set E, (z) = z — F,(z). For u,v € g, the additive Boolean
convolution u W v is characterized by the identity

E,(z2) =E,(z) +E,(z) forzeC™'.

We can also consider the infinite divisibility with respect to additive Boolean
convolution. It turns out that every u € JMg is W-infinitely divisible; see [Speicher
and Woroudi 1997]. We denote by $% (W, R) the set of all W-infinitely divisible
probability measures on the real line.

Infinite divisibility and subordination functions. Given u, v € Jg, it is known
that F,,m, is subordinated to F, and F,, and by Proposition 2.1, we can also regard
these subordination functions as the reciprocal Cauchy transforms of probability
measures on R.

Definition 2.3. For u, v € Jlg, the subordination distribution [Anshelevich 2012;
Lenczewski 2007; Nica 2009] w[Hv is defined to be the unique probability measure
in Mg such that F,m,(z) = F), (Fum0(2)).

Many subordination distributions in semigroups related to free convolution are
infinitely divisible; see [Anshelevich 2012; Nica 2009].

Proposition 2.4. Let p, v € M.

(1) oumv(2) = (gu o Fy)(2).
) If ue 9% (H, R), then uBv € $9D(H, R). In particular, y,[Bv € $9(H, R) and
©y,mv(2) =1Gy(2), where y, is the semicircular distribution with variance t.
(3) If v= BV forv' € Mg, then nBv € $D(, R). In particular, w8 u €
D, R), and ¢uz,(2) =z — F,(2).
Proof. Part (1) is Lemma 1 of [Anshelevich 2012]. Note that ¢,,(z) = 7/z and

(o F,)(2) = z— Fu(z); parts (2) and (3) follow from part 1 and Lemma 2 of
[Anshelevich 2012]. See also [Chistyakov and Gétze 2011, Corollary 2.3]. ([

The following result was inspired by a question of Michael Anshelevich [2012],
to whom I am grateful for sending me an updated version of his paper.
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Lemma 2.5. Given t, p € Mg, if t[B p € $%9(8, R), then p Bt is defined for all
t > 0 in the sense that ¢, + t . is the Voiculescu transform of a positive measure.
Moreover, Fpaa(faat) =F, (F(,[Ep)aat (2)).

Proof. Let 0 = t[H p and o, = ™. By Proposition 2.1, there exists a unique
probability measure (i, € Mg such that

F;L, =F,0(Fa,(z))-
We claim that ¢, (z) = ¢,(2) + 1@ (z). Indeed, by Proposition 2.4, we have

Fl@) —z2=1t95(2) =1 9: (Fp(2)),
and we thus obtain
Ou, (Fp(2) =F;;'(Fp(2)) —=Fp(2) =F, ' (2) = Fp(2) = F, ' (:) =2+ 2 — F,(2)
=1-0:(Fy(2) +F, (Fy(2)) — F(2).

By analytic continuation, we conclude that

o@D =190:Q+F,' (D) —2=0,(0) +1-¢:(2),
which completes the proof. ([l

Remark. There are examples p, T € g such that t[H p € $9(H, R) but T does
not lie in $%(H, R) and is not a summand of p; see [Anshelevich 2012].

Combining Proposition 2.4 and Lemma 2.5, we can reconstruct Nica—Speicher
free convolution semigroups [Belinschi and Bercovici 2004; Nica and Speicher
1996] as follows.

Theorem 2.6. Given € Mg, the measure u™ € My is defined by @um(2) =19, (2)
forall t > 1. Moreover, there exists an analytic map w; : Ct — C* such that for
z € C* the following conditions are satisfied:

o Fum(2) = Fu(w(2)).
e Wy = F(MEEM)EE(FI)(Z)'
* PumpwBe-n = —1D(z —Fu(2)) forallt > 1.

Let H;(z) = z+ (t — 1)(z — F,(z)). By Proposition 2.2 and Theorem 2.6, we
know that H, is the left inverse of w; such that H,(w;(z)) = z for z € C*. Therefore,
for t > 1, we can write

(2-3) w () =z+ (1 - %)(FMEBI (x)—z), zeCt.
We deduce from (2-3) and the definition of w, in Theorem 2.6 that, for r > 0,

1
2= Flugp @ = (1= 7)) @ = Fueon @),
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which implies that
(2-4) (L ) F (z) = (ETD)E/aHD),

Two formulas related to free Brownian motion. Given u € g, we construct
subordination functions w; as in Theorem 2.6. Let o, = (B w)* € Mp; then
wiy1 = Fg,(z) for t > 0. Given v € Mg, let p; = y; [Hv and let F; = F, (z) for
all + > 0. From Proposition 2.4 and Theorem 2.6, we know that p; and o; are
B-infinitely divisible and their Voiculescu transforms are given by ¢, (z) =tG, and
¢o,(z) =1(z — F,(2)). By comparing Voiculescu transform of p, with Voiculescu
transform of o;, we deduce that F;, = w,; for some ¢ > 0 if and only if G, (z) =
72—F,(2).

For ¢ > 0, Belinschi and Nica [2008b] constructed a transformation B; : Mg — My
such that

B, () = (uBAFNI+D for e Mg

They also showed that B; is a semigroup and B, = B, where
B: 9%y, R) - $9(H, R)

is the bijective map from the W-infinitely divisible distributions to the H-infinitely
divisible distributions, discovered in the seminal [Bercovici and Pata 1999].

Theorem 2.7 [Belinschi and Nica 2008b]. Let u and v be a pair of probability
measures on the real line such that

(2-5) G,(z)=z—F,(z), zeC .

Then we have
Gumy, () =z —Fp,n(), t>0,zeC".

Remark. Maassen [1992] has shown that, given u, v € Mk satisfying (2-5), u has
mean zero and variance one. Conversely, if © € Mk has mean zero and variance
one, then there exists a unique v € Jlk satisfying (2-5).

Given t € $9(H, R) and u, v € Mg, we compare free Lévy process v H 7o
and free convolution semigroup ME(’“). If o (F,(z)) =z —Fu(z), then t[Hv =
w8 1, which implies that subordination function of F, g = to F, is the same as
the subordination function of F, &+ to F,. The following theorem generalizes
Theorem 2.7. The argument is similar to the proof of Theorem 1.6 in [Belinschi
and Nica 2008b] (see also the proof of Lemma 3 in [Anshelevich 2012]); therefore
we omit the proof.

Theorem 2.8. Given t € $%(H, R), and let u and v be a pair of probability
measures on the real line such that

¢ (Fy(2)) =z —Fu(z), zeC',
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Then we have
@T(Fuﬂﬂ(rmf)(z)) =37 FB[(/L)(Z)v r> 07 Z € C+

Remark. Let 7 =y, ; be the semicircular distribution with mean a and variance
b, and let , v be a pair of probability measures on the real line such that

Y (Fy(2)) =z —FM(Z)-

We first compute
(2-6) Fiu(z) =z—¢:(Fy(2)) =2 — (a + lz)) oF,(2) =z—a—bG,(2).
Then, by Theorem 2.8,
2-7) Fg,()(2) =2 — ¢ (F g, 2(2))
=z— ((a + g) OFvaayEE’)(Z) =z—a-— bGuaayaE?,; (2).

a,b

By (2-7) and the definition of Boolean convolution, we obtain
(2-8) F(Br(ﬂ))u” (Z) =z—ta— tbGVEE)/aBHb[ (Z)

Equations (2-6), (2-7) and (2-8) were studied in [Anshelevich 2012]. As shown there
(Proposition 1 and Example 1), we have (B, (1))*" € $%(H, R), and (B, (u))*' =
(rBv)® = (uE )™ . In fact, for all 4 € M, we can deduce from (2-4) and the
identity (B, (1)) = (uPA+0)91 /(4D that (B, (1)) is the measure associated with
the subordination function of u®1+") with respect to p: (B, (n))* = (@B w)®.

3. Multiplicative free convolution and
multiplicative Boolean convolution on Jlt

Given any two probability measures w, v on T, the unit circle of C, we can define
their multiplicative free convolution. We first recall the calculation of the multiplica-
tive free convolution of two measures on T with nonzero means. Given u € JlT,
we define

= [ L au
o) = [ T

and set 1, (z) = ¥, (z)/(1 + ¥,(z)). The following proposition characterizes the
n-transforms of probability measures on T.

Proposition 3.1 [Belinschi and Bercovici 2005]. Ifn:D — C is an analytic function,
the following assertions are equivalent.

(1) There exists a probability measure p € Mt such that n = n,,.
2) n(0) =0, and |n(z)| < 1 holds for all z € D.
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If u e MMMy, then 77; 0) = fT t du(t) #0. Therefore, the inverse n;l is defined
in a neighborhood of zero. We set £,,(z) = n;l (z)/z. Given w, v € Mt N My, their
multiplicative free convolution, which is denoted by p X v, is the unique probability
measure in Jlp N Al such that

(3-D Yurv(2) = B () 5, (2)

for z in a neighborhood of zero.
It is known (see [Biane 1998; Belinschi and Bercovici 2007]) that there exist
two analytic functions w;, w; : D — D such that

() @1(0) =w2(0) =0,
(2) nuxy (2) = Nu(w1(2)) = N (@2(2)).

A probability measure p € Jlt is said to be X-infinitely divisible if for any
positive integer n, there exists u, € Jlt such that u = ()™ =y X X .
It is shown in [Bercovici and Voiculescu 1992] that if u € M1\ M, is K-infinitely
divisible, then u is the Haar measure on T; and p € Mt NJl, is XM-infinitely divisible
if and only if there exists a function

(3-2) u(z)zai—i—/ i“z do (1),
T

— 1z

such that ¥, (z) = exp(u(z)), where a € R and o 1is a finite positive measure on T.
Equation (3-2) is the analogue of the Lévy—Khintchine formula for multiplicative
free convolution on T. The analogue of the normal distribution in this context is
given by X, (z) =exp((t/2)(1 +z)/(1 — z)). Denote by $% (X, T) the set of all
X-infinitely divisible measures on T.

Lemma 3.2. Let i € Mt N M, be R-infinitely divisible.

(1) The function H(z) = zX,,(2) is the left inverse of n,(z), that is H(n,(2)) =z
forall z € D.

(2) The function n,, extends to be a continuous function on D, and Ny is one-to-one
on D.

(3) The set {z € D : |zX,(2)| < 1} is a simply connected domain which coincides
with {n,(2) : z € D}, and its boundary is n,,(T) which is a simple closed curve.

Proof. Observing that H (n,(z)) = z is valid in a neighborhood of zero, we obtain
assertion (1) by analytic continuation.

Note that H : D — C satisfies the conditions in [Belinschi and Bercovici 2005,
Proposition 4.5] and thus assertions (2) and (3) hold. O
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Multiplicative free Brownian motion. For pu € Mt and ¢ > 0, we study the mul-
tiplicative free convolution p X X,. We first concentrate on the case when p has
nonzero mean. The case when p has mean zero will be studied in Subsection 3.2.

We start with the following result which is the multiplicative version of [Biane
1997b, Lemma 1].

Lemma 3.3. Given u, v € Mt N My, we have
Nu(2) = Numy (- Xy (14 (2)))
for z in a neighborhood of zero.

Proof. From (3-1), we find that

M@ 1" @ 0y (2)
Z B < <

(3-3)

for z in a neighborhood of zero, which we denote by Dy. We choose a subdomain
D1 C Dy such that n,,(D1) C Dy. Replacing z by 1,,(z) in (3-3), we obtain

My (10(2) 1" (,(2) 0 @)z o0y (1u(2)

(3-4) = =
W(Z) nu(z) ﬂM(Z) um (2) 77;1,(2)

for z € Dy. Note that 0, (z) = z2,(z) for z € Dy, and we then rewrite (3-4) as
(3-5) My (11 (2)) = 220 (0 (2)).
Applying n,x, on both sides of (3-5) yields
Nu(2) = Nusav (22 (1,(2)))
for z in a neighborhood of zero D;. (]

For any ¢ > 0, we denote by n, : D — D the subordination function of p X A,
with respect to . Since 1, : D — D is analytic and 1,(0) = 0, Proposition 3.1
implies the existence of a probability measure p; such that 5, (z) = 1,(2).

Lemma 3.4. The measure p, is K-infinitely divisible and its X -transform is

2 (2) = 2y, (,(2)).

Proof. Define analytic function ®; : D — C by ®;(2) :=z%,,(n,(z)) for all > 0.
By Lemma 3.3, we have

Nu(2) = Nprr, (23, (M4 (2))) = Nun, (P (2)
which implies that

Nur, (2) = 0, (0:(2) = Npwi, (P (4 (2))).
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Since n,xy, s invertible in a neighborhood of zero, we have ®;(1;(z)) =z ina
neighborhood of zero.

We thus obtain n;{l (z) =n, ! (z) = ®D4(z) holds for z in a neighborhood of zero,
which yields that

n, (2)

(3-6) Y (2) = = 25, (u(2)).

By the definition of the ¥ - and n-transforms, we have

+&z
(3-7) Xy, (Mu(2) = eXp< / yes M(S))-
The real part of the integrand in (3-7) is positive for all z € D; thus the assertion
follows from (3-6) and [Bercovici and Voiculescu 1992, Theorem 6.7]. Ul

By (3-6), the right hand side of (3-7) is the Lévy—Khintchine representation of
p:. We can also write 7, in terms of A, and u X A;. Replacing z by 7,x3, (z) in the
equation

N, (@D 0@ 0@
z oz z

we obtain
z  m2)

Nusi, (7)) Nusa, (2)

- 2, (M, (2)),

which shows that
z

3-8 9 F . S—
( ) " (Z) Ek,(nu&k, (Z))

Modified S-transform and subordination functions. Given yu € M1\, and v €
Mt N My, it is known from [Biane 1998] that n,x, is subordinated to n, and n,.
The subordination function for this case is generally not unique (see Example 3.5
below). However, we show that there is a nice subordination function, which we
call the principal subordination function, uniquely determined by certain conditions.
Using the principal subordination function, results related to subordination function
in the case u, v € Mt N JM, can be extended to the case where u € M\, and
Ve MT N M.

Let us first give an example which illustrates the non-uniqueness of subordination
functions.

Example 3.5. For k € N, and let A% = 1/kZ 48, where z, = e2/k We
have ¥, w (z) =zk/(1 —zk) and nyw (z) = ZF. Givenv e MrN M, if w:D— Disa
subordination function of 1, , With respect to 1, ®, then w™ (z) := >k (z) is
also a subordination function of 1, v, With respect to 0, for all integer 0 <n < k.
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We now introduce the modified ¥-transform. Given two free random variables
x and y in a W*-probability space (A, ¢), such that ¢ (x) =0 and ¢(y) # 0, we
can not directly apply Voiculescu’s ¥-transform (X-transform) to calculate the
distribution of xy. N. Raj Rao and R. Speicher [2007] introduce a new transform,
which we call the modified ¥-transform, to deal with this case. They apply the
modified &-transform to study the distribution of xy where x, y are free self-adjoint
random variables such that ¢ (x) =0, ¢ (y) # 0. For nonzero self-adjoint operator
x, we have ¢(x?) # 0. Assume that ¢(x) = --- = ¢p(x*~1) = 0 and ¢ (x*) # 0.
Arizmendi [2012] observe that we can calculate the distribution of xy using the
idea in [Rao and Speicher 2007]. We present the details of their work for reader’s
convenience.

We first recall some definitions. For p € At N My, we have v, (0) = 0 and
Ip;//« (0) # 0. It follows that there exists a function x,(z), which is analytic in a
neighborhood of zero, such that

Yu(xu(2) = x, (Y (2)) =z
for sufficiently small z. The usual #-transform is defined by

+1
Fu(2) = ZTmz).

2, (2) =5PM<1L_Z), 77/:1(2) =X<IL_Z>-

M’;:{Mem:/z"du(z)=0for1 <n <k, and /rkdu(;);so}.
T T

We then have

We set

Then, for i € ME, we have

Y (0)=-= v Doy =0= 0= = %),

¥2(0) #£0 and 5t #£0.

For p € MX, v € My N My, from the definition of free independence, we deduce
that u X v € Jl/t'%.

We recall the following classical result in complex analysis; see, for example,
[Hille 1959].

(3-9) {

Theorem 3.6. If f(z) is holomorphic in |z| < R, and suppose that
fO)=fO=---=fPoy=0, Y0
Then for small values of w # O the equation

f@=w
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has k roots z1(w), ..., zx(w), which tend to zero when w tends to zero. Moreover,
there exists a function g(w), holomorphic for w sufficiently small with g(0) =0 and
g'(0) # 0, such that for any fixed small values w # 0,

j ; 2w
zjw) =g w'"), o=k Ogarga)‘/"<7,

if we put those roots in a certain order.
Remark. The converse of Theorem 3.6 is also true. More precisely, given a function

g(w) that is holomorphic for small enough w and satisfies g(0) =0 and g’(0) # 0,
if we set

. . 21

zj(w) = g@w'*y, o=k 0<argo'/* < -

for j=1,...,k, then z;(w), ..., zx(w) are the roots of the equation
Ffz)=w,

where F is a holomorphic function defined in a neighborhood of the zero such that
F(g(w)) =w.

For j=1,...,k,denote D;, = {w/z:0< arg(z) < 2mw/k, |z| <r}. We record
the following result for convenience.

Proposition 3.7. Under the assumption of Theorem 3.6, we have z;(f(z)) = z for
z € g(Dj ;) for r sufficiently small.

Given pu € JMX, and by Theorem 3.6, we know that there exist k functions
represented by the power series in z!/* such that

(3-10) V(@) =z,

for z sufficiently small. Moreover, there exists a function g, (w) holomorphic in a
neighborhood of the zero, such that for j =1, ...k,

X/(tj)(z) — gu(wjzl/k)’

where w = 271/k 0 < arg z!/* < 27 /k.

Definition 3.8. Given i € l/l/tl%. Let X,(Lj ) be the inverse function of Y, in (3-10),
the modified &-transform of w is k& functions 8’,(})(2), R Ef’,(f) (2), such that for
j=1,...k,

; ; 1+z
(D)= )

Given u € ./W% and v € Mt N My, we set

V) =9V () F(2)
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and compute
3-11 )] g — gJ(J) <, -
(3-11) x (@) =F(2)- 1 (2) - Fu(2) - 112
= 1@ 9@ = 8@/ - 9,(2) = g (@21,

where g(z) = g, (2) - S, (zF) is a function such that g2(0) =0, g'(0) #0. From the
remark after Theorem 3.6, we deduce that for different j, there exists the same left
inverse ¥ such that ¥ (x ) (z)) = z. Therefore, we have the following proposition.

Proposition 3.9. Given i € JI/L’% andv € Mt NMy, for 1 < j <k, let
PV =FP @) F@). (V@) =9()- T

Then there exists a unique holomorphic function W defined in a neighborhood of the
zero such that

Y((xN @) =z

Theorem 3.10 [Rao and Speicher 2007; Arizmendi 2012]. Given u € JI/U} and
v € Mt N My, we have

)
(3-12) SPMfm

@=9P@ %@, j=1.....k

where the modified ¥-transforms are listed in a certain order.

Because of Proposition 3.9 and Theorem 3.10, for fixed u € JI/L’% and v € M N,
we denote

(3-13) Y@= Y@ and x9() = xD,@),

and we also denote g(z) = g,(2) P,z asin (3-11).
Given u € A/L’%, v € MMt N My, We set L(J)(Z) = x(])(z/(l —2)) and ¢,(z) =
xv(z/(1 —z)). Theorem 3.10 implies that

1
(3-14) 12 = 1@ 0@

We also have x”(2) = gu(@/z/%) and 3D, (2) = g,u(@/2/%) - 9, (2) = g (@i V/5).
Substituting z by ¥,x,(z) in (3-14), and applylng Proposition 3.7, we find that

‘//uﬂv (2)

’

¢ = X W @) = X9 Wiy @) - o P 2) -~
where z € g(D; ;) for r sufficiently small. Thus

(3-15) INuRy = Lg)(nu&v) : lv(nu&v)

holds in the same domain.
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We can now utilize the argument in [Belinschi and Bercovici 2007] to prove the
existence of subordination function of 7,x, with respect to 1, for u € M, v e
Mt N M. Note that part of the following result is known in [Biane 1998].

Theorem 3.11. Given u € JW%, v € Mt N My, there exists two unique analytic
functions w1, wy : D — D such that

() @1(0) = w2(0) =0;

(2) numv(z) = nu(w1(2)) = n(w2(2)),

(3) w1(@)w2(z) = znumv(2) for all z € D.

Proof. Since 1,,(0) =0, 1,(0) =0, we can write 1,,(z) = zf1(z), 1, (2) = zf2(z) for
two analytic functions fi, f: D — D. Fix 1 < j <k, setw(z) = L,(f)(nﬂxv(z)),

@2(z) = ty(nu=y(z)) defined in g(D; ) for r sufficiently small.
By (3-15), we have

MR (2) = 01(2)@2(2)
for z € g(D;,,). We thus obtain

MRy _ 0y (w2(2))
w(z2) ®(2)

w(z) = = zf2(02(2)).

Similarly, we have w;(z) = zf1(w1(z)) for z € g(D; ). Regarding w;(z), w2(z)
as Denjoy—Wollff points, the same argument as in [Belinschi and Bercovici 2007]
implies w1, wy can be extended analytically to D. By the uniqueness of Denjoy—
Wolff points, w;, w, does not depend on the choice of j.

By the definitions of L,(Z), ty, we have 1, (01(z)) = ny(w2(2)) = nuxy for z in
g(Dj ). Thus (2) and (3) hold by analytic continuation. Since 7,(0) # 0, 7, is
locally invertible near the origin and therefore w, is unique. Finally (3) implies the
uniqueness of ;. |

Since u € ./W% and u X v € MK, we have w/l(O) # 0, where w; is given in
Theorem 3.11.

Definition 3.12. For u € A/L’}, v € Jlt N My, the subordination w; satisfying the
relations (1), (2) and (3) in Theorem 3.11 is called the principal subordination
function of 7,x, with respect to 7,,. The measure p € At N, satisfying 1,(z) =
w1(z) is called the principal subordination distribution of n,x, with respect to n,,.

Note that for p, v € Mt N My, the principal subordination function of 1,,x, with
respect to 1, is the usual subordination function.

The following result might be obtained by approximation. We provide a direct
proof.
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Corollary 3.13. Given pu € JI/LI%, v € Mt NAMy, let p be the principal subordination
distribution of n,x, with respect to n,,, we have

2, (2) = By(mu ().
In particular, if v e $D (K, T), we have p € $D(K, T).

Proof. By choosing a sequence p,, € JAlt N, such that 1, converges to p weakly,
Lemma 3.3 implies

um (z) = N Xy (z Ev(’?u (2)))

for z in a neighborhood of zero.
Set ®(z) =zX,(n,(2)) =z-F,(¥,(2)), and we thus have

(3-16) Nury (2) = Nu(@1(2)) = Ny (P (@1(2)) = 0w (P (1, (2)))-

Fix 1 < j < k, we claim that if z € g(D; ,), then ®(w(z)) = z. Indeed, for
0< arg(wl/k) <2n/k and z = g(w/ w'/*) = x D (w), using the construction of w;
in Theorem 3.11, we have

(3-17) 01(2) =17 umu (@) = X Wz (2)).
From (3-11) and (3-13), we have
(3-18) xPw) =g w*) and Y (xV(w)) = w.

Equations (3-17) and (3-18) imply that w; (g(w’/w'/%))) = x (w).
Note that v/, (w1 (g(@/ w'/%))) = ¥z, (g(w/ w!/*)) = w. Thus we obtain

D (w1(2)) = P(w1(g(@ w'*))) = %P )Py (w) = x(w) =z.
The above claim, (3-16) and Proposition 3.7 imply

=P (w1(2)) = P(1,(2)

for z € g(D;,). We conclude that ¥,(z) = ®(z)/z = X,(1,(z)) for z in a small
neighborhood of zero by applying the above argument for all 1 < j <k.

If v e $9(K, T), then by [Bercovici and Voiculescu 1993, Theorem 6.7], there
exists an analytic function u(z) defined in D such that ¥,(z) = exp(u(z)) and
Ru(z) > 0 for all z € D. Thus ¥,(n,(z)) = exp(u(n,(z))) and R(u(n,(z))) >0
for all z € D, and then the second assertion follows from [Bercovici and Voiculescu
1993, Theorem 6.7]. (]

Remark. If kK =1, noticing that ./W% = Mt N M, the modified F-transform is the
usual S-transform. We see that Corollary 3.14 holds when u, v € M N M.

The following result is the multiplicative analogue of Lemma 2.6.
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Proposition 3.14. Given p, T € M1 N My, let 0 be a measure in Mt N My such that
Noe (2) =16 (2)). If o € $D(X, T), then p X ™™ can be defined for all t > 0 in
the sense that ¥ w1 (2) = 2,(2)(Z:(2))".

Proof. For t > 0, there exists u; € At N, such that

N, (2) = 1p(Mywe).

Using a similar argument as in the proof of Lemma 2.6 and applying Corollary 3.13,
we can find that ¥, (z) = Z,(2)(Z;(2))". O

Semigroups related to multiplicative free convolution. Recall that
MF = {p € My Ny 21, (z) # 0 for all z € D\{0}}.

Let i € Al and ¢ > 1 be given, and let  be an analytic function such that z /(1,,(z)) =
e"@ for z in a neighborhood of zero. Set H,(z) = zet=hu@@) — z[z/(u @)~ LIt
is shown in [Belinschi and Bercovici 2005] that H; has a right inverse w; : D — D
such that H,(w(z)) = z, and there exists a probability measure u® e JT such that

(1) n=(2) = nu(w(2)) and Tz (2) = (E.(2)',

(2) wi(z) =, (D)Mz/n, = (2)]"" for z € D, where the power is chosen so that
the equation holds.

Observe that for each 7 > 0, by Proposition 3.1, there exists a probability measure
o; € Mt such that s, (z) = w;41(z). It turns out that o, is X-infinitely divisible
and its X-transform is £, (z) = [z/n,,(z)]’, which can be obtained by applying the
same argument as in the proof of Lemma 3.4.

The following result is a partial converse of [Belinschi and Bercovici 2005,
Theorem 3.5].

Theorem 3.15. Given u € Mt N My, assume that for any t > 1, there exists a
probability measure ju; € Mt such that

(3-19) T, @) = (Zu@@)"

Assume in addition that p, is subordinated with respect to w for all t > 1. Then
n.(2) # 0 for all z € D\{0}, that is . € M.

Proof. For each t > 1, we denote by w; the subordination function of u; to .
Observing that p; € Jl, and w;(0) # 0, for each 7 > 1, there exists a probability
measure oy € JAlt NJly such that n,,_,(z) = w;(z). We rewrite (3-19) as

—1 —1 t
(3-20) N, (2) _ [nﬂ (Z)}

Z Z

for z in a neighborhood of zero.
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Note that o; ' (z) = 77,;1 (n,.(z)) for z in a neighborhood of zero. Replacing z by
n.(2) in (3-20), we obtain

w,l(z)_n;}(nﬂ(z))_[ngl(nﬂ(z»]f_[ z T
@ @ L @ ] @]’

(l)t_l(Z)_|: z :|t—1
z @]

Given ¢t > 0, we thus have ¥, (z) = [z/n,(z)]" for z in a neighborhood of zero.
Therefore o, is X-infinitely divisible.

By [Bercovici and Voiculescu 1992, Theorem 6.7], there exists an analytic
function u(z) in D such that Ru(z) > 0if z € D and Xy, (z) = exp(u(z)). We thus
obtain z/n,(z) = exp(u(z)), which implies that n,,(z) # 0 for all z € D. O

which implies

It was pointed out in [Belinschi and Bercovici 2005] that 1 is only determined
up to a rotation by a multiple of 27¢. Note that @, and o; are determined by the
choice of p®.

Multiplicative Boolean convolution and the Bercovici—Pata bijection. Multiplica-
tive Boolean convolution on T was studied by Franz [2008]. Let u € AT, and we set
k. (z) = z/n,(z). Given two probability measures w, v € Jlt, their multiplicative
Boolean convolution iy v is a probability measure on T such that

kuLva(Z) = ku (2)kyv(2)

for all z € D.

A probability u € Jlt is said to be -infinitely divisible, if for any positive
integer n, there exists i, € Aty such that i = (u,)¥". Let Py be the Haar measure.
It is shown in [Franz 2008] that p € Mt\{Po} is ¥-infinitely divisible if and only if
nlt (0) #0 and 5, # 0 for all z € D\ {0}, that is u € JL}, which is equivalent to

(3-21) ki (2) =exp<bi +/ LrE, TM(S)),

Tl—-§z
where b € R and 7, is a finite measure on T. Equation (3-21) is the analogue of the
Lévy—Khintchine formula in this context.

The multiplicative Bercovici—Pata bijection from & to X was studied in [Wang
2008]. Denote the set of all W-infinitely divisible measures on T by $%(, T),
and the multiplicative Bercovici—Pata bijection from & to X by M. Then we have
ku(Z) = EM(M) (Z)

Given p € $%9(w, T)\ Pp = A}, let w, be the subordination function of um with
respect to u, and let o be the probability measure on T such that 1, (z) = w2(2).
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Then o is XM-infinitely divisible and its X-transform is X, (z) = z/1,(2) =k, (2).
Therefore, o is the same as M(u). Since PylXI Py = Py and np, =z, the subordination
function of Py X Py with respect to Py is the identity map z, and the measure
associated with the identity map z is Py. To summarize:

Corollary 3.16. Given i € $%(, T), let w, be the subordination function of 1%
with respect to |4, and let o be the probability measure on T such that ns (7)) = w2(2).

Then o = M(u), where M is the multiplicative Bercovici—Pata bijection from
to X.

Proposition 3.17. If u € M, the following are equivalent.

1) ne99(T, X).

(2) dpp € $9(T, ) for any B € T.
Proof. 1t is enough to prove that (1) implies (2) for u € JMt N JM,. Observing that
Nsslgu(2) = B - nyu(2), we thus have

T @ _ ! (B2)

Zaﬁwu(z) = = ,3 E,u(,gz).

The result follows from the Lévy—Khintchine formula for the multiplicative free
convolution on T. O

An analogue of equations studied by Belinschi and Nica. In this subsection, we
prove our Theorem 1.1. Recall that A, is the free multiplicative analogue of the
normal distribution on T, the unit circle of C, with X, (z) =exp((¢/2)(1+2)/(1—2))
and we set A = A1. For pu € JAlt, we denote m (i) = [ Edu(£).

Proposition 3.18. Given u € AL} and a finite measure T on T, define an analytic
map u by

(3-22) u(z) = bi +/ L+6z dr(), ze€D,

Tl-4§z2

where b € [0, 21). If k,,(z) = z/nu(z) = expu(z), then b =arg 1 /m(p) € [0, 27)
and ©(T) =1In |1/m(w)|. In particular, there exists a probability measure v € Mt
such that k,,(z) = £ (n,(2)) if and only if my(n) = e=1/2,

Proof. By definition, we have

Z 1 1
3-23 k,(0)=1 = = .
629 WO = @ L ©  m

Since u(0) = bi 4+ 7 (T), we obtain
1
my(w)|

(3-24) b= arg( ) and t(T)=1In

my ()
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The first assertion follows.
By (3-7), we have

1
500 (2) = exp(% /T 1 J_FZ dv<s>>.

Noticing that k, has the Herglotz representation as (3-21), we conclude that &, (z)

can be written in the form of X, (#,(z)) for a probability measure v on T if and
only if In(1/m(u)) = 1/2. This implies the second half of the assertion. U

For € $9(w, T)\ Pp = M} with m(u) > 0, let u(z) be the analytic function
satisfying k, (z) = exp(u(z)) and u(0) > 0. Given ¢ > 1, let H;(z) = zexp((t —
Du(z)), and denote its right inverse by w; : D — D with w,(0) = 0. We define (see
[Belinschi and Bercovici 2005]) u* by the relation

(3-25) 1= (2) = N (@ (2)).
Then we see that H,(0) > 0, w;(0) > 0 and that
mi(u) =1, (0) > 0.
For ¢t > 0, we also define 1%’ by the relation
(3-26) ki (z) = exp(tu(z)).
For this choice of the Boolean convolution power, we have
my (¥ > 0.

Definition 3.19. Given p € J} such that m(u) > 0, we define a family of maps
{M;};0 by
M (1) = (=)D,
where we choose 12D and M; (1) in a way such that they have positive means.
The next result is a special case of [Arizmendi and Hasebe 2013, Theorem 4.4].
Lemma 3.20. Given p € M} with mi(un) > 0, the following assertions are true.
(1) Myps () = My (M () for all t, s = 0.
(2) My (n) =M(w).
Proof of Theorem 1.1. We set
(3-27) u(z) = %fT ii——gz dv(§).
By (3-7) and the assumption (1-2), we have

Z

3-28
( ) um (2)

= %, (0 (2)) = exp(u(2)).
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By Proposition 3.18, we see that m () > 0. We therefore can choose the multi-
plicative convolution power £®¢*D such that m; (u2¢+D) > 0.

Let n, be the principal subordination function of v X A, with respect to v and
w41 be the subordination function of u®*1 with respect to u. Let p;, o, € Mt
such that n,, = n; and n,, = w41.

By Corollary 3.13, (1-2) implies that X, (z) = X;,(n,.(z)) = exp(tu(z)). From
the choice of u®¢*+D | the function H,;(z) := zexp(tu(z)) is the left inverse of
w41 such that H; 11 (w;+1(z)) = z for all z € D, which implies that

(3-29) X, (2) = exp(tu(z)).

We thus obtain that p, = oy and n; = @;41.
Replacing z by 7, in (1-2), we obtain

n:(2)
N (1:(2))
010 o) _< z )”’“

T @1(@)  nEen @) \ e (2)

(3-30) (v, (2)) = (i (:(2)))) =

On the other hand, by the definition of M,, we have

Z - Z - ( Z >1/t+1
M) (2)  NRanyasen (2) 1,8+ (2) ’

completing the proof of Theorem 1.1. ([

Some examples and applications. We start with the multiplicative analogues of ex-
amples studied in [Anshelevich 2010; 2012; Arizmendi and Hasebe 2013; Belinschi
and Nica 2008b]. We define the set

(A) = {p € M :my(n) =e"'/?).

By (3-22), the set Jlt is in one-to-one correspondence with the set (A) via the
bijection v <> u, such that ¥, (,(z)) = z/1,.(2).

Definition 3.21. The bijective map A : Mt — (A) is defined by

2(mv(2) = for all v e ..

N (2)

Using the A notation, Theorem 1.1 implies that

AlvRIXA ] =M,[A(v)] forall v e dr.
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Example 3.22. Let §; be the Dirac measure at 1, and let © = A[§;], we have
2/Mu(z) = Zx(ns, (2)) = exp(%(l +2)/(1—=2)). Fort >0, Theorem 1.1 implies that

S, (2)) = B (1, (2)).
M, (w) (2)

In particular, when ¢ = 1,

Z
ﬂMl(u)(Z) = m = 77/\1(2),

where we used the equality ((zX;) o 3)(z) = z and A = A;. Therefore, M () is
the free multiplicative analogue of the normal distribution on T.

Example 3.23. More generally, we consider Ap; = 8, ¥ X; and wp = Aldp,].
Then

5., (2)) = fort #0.
n//«b,t Z)
On the other hand, Theorem 1.1 implies that
z
Mgy 1y (D) = B Oy 20, (2)) = —————— for 1,1 >0,
MM, (1) (2)

which yields that pp 44, = My, (p,,) for ¢y, 12 > 0.

We would like to provide another example which covers part of [Arizmendi and
Hasebe 2013, Example 4.10].

Example 3.24. Let Py be the Haar measure on T. Then by the free independence,
PyX A, = Py. We set u = A[Py], and we have
Z

2. (pyxi, (2)) = Xi(npy (2)) = ,
W(Z)

which implies that M, (i) = p for all + > 0. To calculate the distribution of x, we
note that np, = 0, which shows that n,, = e~ !z, and thus VY. (z) =z/e —z. Using

the identity
1 1 1 2w eit +z )
- I i d —it ,
n(‘/’u(z)"‘ 2) o /0 il — 7 wuie )

and Stieltjes’s inversion formula, we obtain

(dt) ! L-e? dt, 0<t<2
= — , <1< 4m.
" 2n 14+ e 2 —2e 1 cos(t)

We then give some applications of results concerning infinity divisibility of
the measures associated with subordination functions. For p € Jlt, we say u is
nontrivial if it is not a Dirac measure at a point on T.
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Lemma 3.25. Given o € $9(X, T) which is non-trivial, and 0 < € < 1, there exists
a positive number n(€) such that

No,(D) CDe={z=re? :0<r <e,0<6 <2}

for any t > n(e), where o; = o™,

Proof. If o = Py, the Haar measure on T, the result is trivial. If o % Py is nontrivial,
then by [Bercovici and Voiculescu 1992, Theorem 6.7], there exists a finite positive
measure v on T with v(T) > 0, o € R, and an analytic function u defined by

u(z):ioz—l-/ 1+62 dv() forzeD,
Tl—-§z

such that X, (z) = exp(u(z)). We choose o; € At satisfying 3, (z) = exp(tu(z)).
Noticing that other choices of the multiplicative free convolution power of ¢ can
be obtained from o; by a rotation of a multiple of 27¢, it is enough to prove the
assertion for o;.

We set &, = z3,,(z); then, by Lemma 3.2, we have

@, (D) = 16, (D).

For z = re'? € D, we calculate

33D |2, <z>|=rexp(t/1_—r2dv<s>)
' T 1 —&z?
>rexp(t/ L-r dv($)> =rexp<t-v(T)1;r).
- 1 |1+7]? 1+r

1 —
lim rexp(t -v(T) r ) =00,
t—00

Since

(1+7r)

we deduce that for any 0 < € < 1, there exists a positive number n(€) such that, for
all t > n(e), we have

|®5,(2)| > 1 for |z] =e.

By Lemma 3.2, ®,, (D) is a simply connected domain which contains zero, which
implies that
N, (D) = @, (D) C D, fort > n(e).
The assertion follows because 7,, extends to a continuous function on D. O
For o € Jlt, we have

1 1 1 2 ,if )
J— LM(Z) :_/ €. +Zd,u(e_’9), zeD.
27 \ 1 —n,(2) 2w Jo e —z
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The real part of this function is the Poisson integral of the measure di(e™ ), we
can recover u by Stieltjes’s inversion formula. The functions

1m(1+nﬂ(rei9)>_ 1 1—n,(re?)?

3-32 — . =
( ) 2 1 —nu(re'?) 27 |1 —n,(rei?)|?

converge to the density of u(e~") a.e. relative to Lebesgue measure, and they
converge to infinity a.e. relative to the singular part of this measure.

Proposition 3.26. Given u € Mt and o € $%(X, T) which is nontrivial, let u, be
the unique probability measure on T such that

N, (2) = N (N, (2))-

Then we have .
du(e?) 1

=0,
do 21

lim sup
1= 9e[0,277]

where du; (¢!9)/d0 is the density function of |, at €'® with respect to Lebesgue
measure.

Proof. Given 0 < € < 1, by Lemma 3.25, there exists n(e) > 0 such that n,, (€% <e
for t > n(e), which yields that n,,(z) extends continuously to D. Thus

11, (€] = 10,16, (€N < 105,(€")] <€,

which implies that

_ 2 _ i0y[2
(3-33) 1 € _ 1—¢ < 1 |n,lt(e. )| - 1 .
I+e [L+el> 7 [1—nu )~ [1—¢?
Since € is arbitrary, combining (3-32) with (3-33), we prove our assertion. O

Corollary 3.27. Given u € MMt and a nontrivial measure v € $%(X, T), the density
Sfunctions of the measures X v, converge to 1/2m uniformly as t — o0; if u € M
is nontrivial, the density functions of the measures u*' converge to 1/2m uniformly
ast — oo.

Proof. Noticing Corollary 3.13, Propositions 3.14, 3.26 and Subsection 3.3, we
only need to prove the case of u™ for 11 ¢ JL}. We point out that the measures are
nontrivial imply that the subordination distributions involved are nontrivial.

For u € M1\ M., we have u®" = Py, where Py is the Haar measure on T. Thus
the assertion is true for this case. For u € /Mt N ULy, but u ¢ A%, it is shown in
[Belinschi and Bercovici 2005] that pu X o € Al%; thus this case reduces to the case
when € AL}. This finishes the proof. (]
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4. Multiplicative convolution on i+

Multiplicative free convolution on Myp+. We are interested in the probability mea-
sures on the positive real line R™, which are different from the Dirac measure at
zero, we thus set

-/‘/%Jr = Mg+\{d0}.

Given u € M., we define

+00 tz
Yu(z) = /0 dp(t),

1—1z
and n,,(z) =¥, (z)/(1+¥,(z)). The transform ,, is characterized by the following

proposition; see [Belinschi and Bercovici 2005].

Proposition 4.1. Let n : C\R" — C be an analytic function such that n(Z) = n(z)
for all 7z € C\R™. Then the following two conditions are equivalent.

(1) n=ny for some u € My, .
(2) n(0—) =0 and arg(n(z)) € [argz, ) forall z € CT.

It can be shown that 7, is invertible in some neighborhood of (—o0, 0), and we
set X, (z) = n;l (2)/z where n;l is defined in some neighborhood of (¢, 0). Given

two measures u, v € My, , the multiplicative free convolution of w and v is the
probability measure p X v in Jg, such that

2w (2) = 2 (2) X, (2)

in some neighborhood of («, 0), where these functions are defined.
It is known from [Belinschi and Bercovici 2007; Biane 1998] that there exist
two analytic functions wy, w; : C\R* — C\R™ such that
() ;j(0=)=0for j=1,2,
(2) for any » € C*, we have w;(A) = w; (%) for j = 1,2,
(3) Mumv (2) = N (@1(2)) = Ny (w2(2)) for z € C\RT,

For simplicity, we say that w; (resp. wy) is the subordination function of u X v with
respect to wu (resp. v), and u X v is subordinated to u and v.

The analogy of the Lévy—Khintchine in this setting was proved in [Bercovici
and Voiculescu 1992; 1993]. A measure u € Mp+ is X-infinitely divisible if and
only if X, (z) = exp(u(z)), with

T 41z
z—t

u(z)za—bz—l—f do (1),
0

where b € R and o is a finite positive measure on R™. The analogue of the normal
distribution in this context is given by X, (z) = exp((¢/2)(z+1)/(z — 1)).
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Lemma 4.2. If u, v € My, , we have

Nu(2) = Ny (X (Mu(2)))
in some neighborhood of interval (a, 0).

The proof of Lemma 4.2 is identical to the proof of Lemma 3.3, therefore we omit
the details.

For any ¢t > 0, assume that n, : D — D is the subordination function of u X X,
with respect to @, by Lemma 4.2 and the characterization of n-transform, there
exists a probability measure p; in g, such that n,,(z) = 7,(z). The argument in
the proof of Lemma 3.4 implies the following result.

Proposition 4.3. The measure p; is K-infinitely divisible and its X-transform is
X5 (2) = Xy, (n,(2)), and
t [T 14+E&7
by = — d .
o (2(2)) exp(2 /O - u@))

We now discuss free convolution semigroups. Given ¢ > 1, it is proved in

[Belinschi and Bercovici 2005] that one can define ™ e ‘/I/L%, such that X S (2) =
X :
is

(X4 (z))" for z < 0 sufficiently close to zero. Similar to the case of My,
subordinated with respect to n and we denote the subordination function by w;.
By [Belinschi and Bercovici 2005, Theorem 2.6] and the characterization of n-
transform, there exists a probability o, € t/l/tE‘qur such that 14, (z) = w4 forallr > 0.
Moreover, o; is K-infinitely divisible and its X-transform is X, (z) = [z/1,(2)]".

Multiplicative Boolean convolution on Mg+ and the semigroup M;. Bercovici
[2006] proved that the multiplicative Boolean convolution does not preserve Mg+ .
But we can still define u%’ for u € Mp+ and 0 <t < 1 as follows. Let ku(z) =
z/1,.(2), the Boolean convolution power u' is defined by

Ky (2) = (ku(2))".

Definition 4.4 [ Arizmendi and Hasebe 2013]. A family of maps from Mg+ to itself

is defined by

It is also shown in [Arizmendi and Hasebe 2013] that M, ; = M, o M for ¢, s > 0.

Analogous equations. Given a pair of probability measures v, u € Mg+, we also
consider, as in the case Jlt, the semigroups v X A, and ,ug(t +D the subordination
functions 7, and w; 41, and their associated probability measures p,, oy for all ¢ > 0.
Since X, (z) = Xy, (ny(2)) and 4, (z) = [z/1,(2)]", we deduce that n, = w4 if
and only if

Z
> (ny(2) = )
»(m(2)) -
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Applying the same argument as in the proof of the Theorem 1.1, we obtain the
following result.

Theorem 4.5. Given a pair of probability measures (., v € Mg+ such that

(4-1) S (1 (2) = ——,
um (2)

zeCt,

z
we have ¥, (nyxy, (2)) = ———, z € CT.
M (0) (2)

5. A description of the analogue of the normal distribution

Biane [1997a; 1997c] studied free Brownian motion and proved many important
results. In this section, we give a new proof for the density functions of the free
multiplicative analogue of the normal distributions, which was first obtained in
[Biane 1997c] (See also [Demni and Hmidi 2012] for a different approach). Some
results are new. For example, we show that A; is unimodal for the circle case; and
we show that CI>;1 (C™) contains infinitely many connected components where A is
the free multiplicative analogue of the normal distribution on the positive half line
with X, (z) = exp((z+1)/(z — 1)). We also give a description of the boundaries
Q;, Q (defined below), we observe that €2, can be parametrized by 6 and 92 can
be parametrized by r.

The circle case. Let \; € Alt be the analogue of the normal distribution such that
2, (@) =exp((t/2)(14+2)/(1—2)). We set ®,(z) =zX%;,(z), and let 2, ={z € D:
|®;(z)| < 1}. By Lemma 3.2, n,, extends continuously to the unit circle T, €; is
simply connected and bounded by a simple closed curve, and we have 0€2; = n;, (T).

Observe that for t # 4, ®; has zeros of order one at 71 (1) = (2 —t +/t2 —41)/2
and z5(t) = (2—t —+/t2 — 4t) /2. ®4 has a zero of order two at —1; and for all ¢, ®,
has an essential singularity at 1, and no other zeros and singularities. For 0 < ¢ < 4,
21(1), 22(t) € T and z5(t) = z;(¢), we let 6,(t) € (0, ) and 6,(¢) € (, 27) such
that z1(t) = €@ and z,(¢) = €!®"). We have z1(4) = z2(4) = —1 and for ¢ > 4,
z1(t) € (—1,0) and z,(¢) € (—o0, —1).

We define
t 1—r?
21—2rcosf +r2

gt(r,9)=rexp( >=|<Dz(1)|

for z = re'®. The unit circle is parametrized by T = {¢/? : 0 <6 < 2x}.
LemmaS5.1. ForO<t <4,0Q,={z=¢"9:6,(t) <0 <06,(t)} U UL, where
&1+ is an analytic curve, and £y 4 is in DN CT except one of its endpoints, and Lo
is the reflection of &£ ; about x-axis. &£, ; can be parametrized by y;(u) (0 <u <1)
such that y,(0) € R, y;(1) = z,(t) and y;(u) CDNCT for 0 < u < 1. Moreover,
|v: (u)| is an increasing function of u on the interval [0, 1].
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Proof. Observing that ®,(Z) = ®,(z), we see that 9, is symmetric with respect
to x-axis. Since €2; is simply connected and 92, is a simple closed curve, 92,
intersects x-axis at two points.

Restricting @, to real numbers, we find that ®,(R) C R, and that ®, is an
increasing function on (—1, 1) since ®)(z) is positive for z € (—1,1). From
®,(—1) =—1 and lim,_, ;- ®;(z) = 400, we deduce that

(5-1) @, (=1, 1) = (=1, x(1)),

where x(¢) is the unique solution of the equation ®,(z) =1 for z € (—1, 1). The
fact that ®}(z) # 0 for z # z:(t), zo(¢) implies that &, is locally invertible for
z # z1(t), zo(t). Combining the fact that ®,(T\{1}) C T, we obtain that

{9 :0,(t) <0 <0,(1)} C I

and 0€2; has corners of opening /2 at z;(¢) and z»(%).

Since ®, is a conformal mapping from €, to D, by the symmetry ®;(Z) = ®,(z)
and (5-1), noticing that ®/(0) = 1, we thus deduce that ®,(Q, NCt) c DNCT.
Since 0€2; is a simple closed curve, z;(¢) and x(¢) are connected by 9€2;. It is clear
that 39;\{€i6 :01(t) <6 < 6,(t)} does not intersect with T, we thus assume the
curve ¥y = {y;(u) : 0 < u < 1} is the part of €2; which connects z(¢) and x(¢) such
that y,(0) = x(t), y,(1) = z1(¢) and y;(u) e D for 0 < u < 1.

We claim that |y;(«)| is an increasing function of u on the interval [0, 1]. For
given 0 < r < 1, we define the function of 6 by

8. (0) = g (r, 0) = | D, (re'?)|.

Then g; , is a strictly decreasing function of 6 on the interval [0, 7r]. From the fact
that €2, is simply connected, we deduce that, for zg € Q,NDNCH, the arc

(5-2) (re' :|r| = |zo|,argzo <0 <7} C Q.

Given 0 < u; < up < 1, we need to prove that |y, (u1)| < |y, (u2)]. Since [0, x ()] C
Q,, we obtain from (5-2) that

(5-3) (ré:0<r<x®),0<6<w}CQ,

which shows that |y;(u1)| > x(¢). Suppose that |y, (u1)| > |y:(u2)|. There exists
0 < u} < uy such that |y, ()| = |yi(up)l. If arg(y,(u})) > arg(y;(u2)), then
by (5-2), y:(u2) € Q; and thus y,(u2) ¢ 9; if arg(y: (u})) < arg(y:(u2)), then
yt(u’l) € 2, and thus y, (u’l) ¢ 0€2;. For both cases, we obtain a contradiction. Thus
|v:(u1)| < |y¢(u2)| and our claim is proved. ([l
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For t > 0, we let x;(¢) € (0, 1) be the unique solution of the equation ®;(z) =1
forz€(0,1). ForO <t <4 weletx(t) =—1;fort >4, we let xo(t) € (—1,0) be
the unique solution of the equation ®,(z) = —1 for z € (—1, 0).

Lemma5.2. Fort>4,092, =%,,U%,,, where £, , is an analytic curve, and £ ;
is in DNCY except its endpoints, and £, ; is the reflection of £, ; about x-axis. £
can be parametrized by y;(u) (0 < u < 1) such that y;(0) = x1(t), y,(1) = x2(¢)
and y;(u) CDNCT for 0 < u < 1. Moreover, |y;(u)| is an increasing function of u
on the interval [0, 1].

Proof. Recall that &4 has a zero of order two at —1. For all t > 4, z5(t) < —1
and z; € (—1, 0). The assertion follows from the similar arguments in the proof
Lemma 5.1. (]

From the proof of Lemmas 5.1 and 5.2, for r > 0, we have q),_l((—l, 1)) =
(x2(2), x1(t)). Moreover, x| (t) =min{|z|:z € 92} and —x,(¢) =max{|z|:z € 9€2}.

Remark. In fact, for any ¢ > 0, from the equation
g, 0)=0, O<r<l1,0<6<m,

we can prove that dr/df > 0 for 0 < 0 < 7, which implies that if z € 9€2;, the entire
radius {rz:0 <r < 1} is contained in €2,. Therefore, d€2, can be parametrized by 6.

Lemma 5.3. Using the same notations in Lemmas 5.1 and 5.2, for t > 0, the
function |1 — y,(u)| is an increasing function of u on [0, 1].

Proof. We only prove the case when 0 < ¢ < 4, the proof for other cases are similar.
Noticing that |1 — re!?|> =1 — 2 cos 6 +r2, since |y, (u)| is an increasing function
of u, to prove the assertion, we only need to prove that for the implicit function
rexp((t/2)(1 — r?) /h) =1 of r and h, the value of & increases when r increases
on (0, 1). From this equation, we have h = h(r) = —(t/2)(1 — rz)/(ln r). One can
check that 4’'(r) > 0 for 0 < r < 1, therefore A is an increasing function of r. [

Theorem 5.4. Denote by A, the support of A;.

(1) Fort > 0, the measure \; has no singular part, and its density function is an
analytic function. A, C A, ifti <thp <4 A, CTforO<t<4d4and A, =T
fort > 4.

(2) The measure A, is unimodal for all t > 0 and its density is maximal at z = 1
and is minimal at 7 = —1.

(3) The density fucntion dX,/dO converges uniformly to 1/(2w) as t — o0.

Proof. Since z = 1 is not in the closure of ; = n;, (D), the singular part of
A; vanishes. From the analyticity of ®; or a general theorem in [Belinschi and
Bercovici 2005], the density function is analytic.
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For0 <t <4,setai(t) = P;(z1(t)), ax(t) = P, (z2(¢)). Note that 1y, (P;(z)) =z
for z € ©,. From (3-32) we see that A; is the closed arc on T with endpoints
ay(t), ax(¢) which contains 1. Thus, to prove that A,, C A,,, it is enough to prove
that arg(a;(¢)) is an increasing function of 7. A direct computation shows that
|21(t) — 11> =1 and arg(Z;, (21 (1)) = Jz1 (1) = /1 (4 —1)/2. We thus have

arg(ai (1)) = 3z1(t) +arg(z1 (1)) = sin(01 (1)) + 61 (1).

From z;(t) = (2 —t + /1% — 4t) /2 we see that 0, (¢) is an increasing function of ¢.
The function 8 — sin(0) + 6 is an increasing function on (0, 7). Thus arg(a;(¢))
is an increasing function of ¢ and (1) is proved.

To prove (2), recall that a probability measure is unimodal if its density with
respect to Lebesgue measure has a unique local maximum. 1,, extends continuously
to T, we thus have

di(e™) 1 1=, )P

5-4 =— ——.
>-4) do 27 |1— 3, (€9) 2

We first prove the case when 0 < t < 4. From n;,(®,(z)) =z for z € Q; and
n., (1) = x(¢), to prove A; is unimodal, by the boundary correspondence, it is
enough to show that the function f; of u defined by

L=y
IESAMIEE

is a decreasing function on [0, 1] and is maximal at 0. Since y;(u) € 9$2;, we have
|®P;(y:(u))| = 1. In other words, we have

fi(u) ==

11— m(u)ﬁ)
2|11 =y
As we shown in Lemma 5.1 that the function |y, («)| is an increasing function of u,
from (5-5), we deduce that f; is a decreasing function of # and max{f;} = f;(0).
By the symmetric property of the function ®; in Lemma 5.1, the density function
is symmetric with respect to x-axis as well. Thus the density of A; has only one
local maximum at ®,(y;(0)) = ®,(x;(z)) = 1.

The proof for the case ¢ > 4 is similar. In this case A, =T and max{ f;} = f;(0)
and min{ f;} = f;(1). Part (3) is a consequence of Corollary 3.27. U

55 lpwl exr>(%ﬁ(u)> =y w)| exp(

Remark. From the proof of Theorem 5.4, we see that, for t < 4,

arg(a (1)) = 6,(t) +sin(0;(¢r)) = % td4—10)+ arccos(l — %),

which implies a known result in [Biane 1997c¢], namely

A, = {eiez_%m—arccos(l—%) 595% t(4—t)+arccos(1—%)}.
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The positive half line case. Let A € Mr+ be the analogue of the normal distribution
such that 3, (z) = exp((z+1)/(z — 1)).

We restate [Bercovici and Voiculescu 1993, Proposition 6.14] in terms of 1 and
Y transforms as follows.

Lemma 5.5. Ler v be a R-infinitely divisible measure on R, and set ®,,(z) :=
22,(2).

(1) We have @, (n,.(z)) = z for every z € C*.

(2) The set {n,(z) : z € CT} = Q, where Q is the component of the set {z € CT :
S(P . (2)) > 0} whose boundary contains the left half line (—o0, 0). Moreover,
Nu(Pu(2)) =z for z € Q.

We set @, (z) = zexp((z+1)/(z — 1)). The following lemma is elementary.

Lemma 5.6. ®, has zero of order one at 2 — V3 and 2 + \/5, and ®, has an
essential singularity at 1. These are the only zeros and singularities of @;.

Theorem 5.7. The measure A has no singular part. The support of this measure is
the closure of its interior, and this interior has only one connected component.

Proof. By [Bercovici and Voiculescu 1992, Theorem 7.5], the measure A has
compact support on R™.

Let 2 be the component of {z € C* : 3(®;(z)) > 0} whose boundary contains
(—00,0). By Lemma 5.5, 1, : C* — Q is a conformal map and ®;_is its inverse
map; thus €2 is simply connected. By Lemma 5.6, 0€2 is locally analytic. A general
theorem in complex analysis tells us that 1; extends continuously to CT UR and it
establishes a homeomorphism between the real axis and 0€2. We continue to denote
by 1, and @, their extensions.

We claim that

92 = (—00,2—V3]U[2+ 3, +00) U Z,

where & is an analytic and open curve in C* with endpoints 2 — +/3 and 2 + /3.
We denote y (t) = n,(t), t € R be a parametrization of 2. Sett; = ®, (2— V3)>0
and 1, = ®;(2++/3) > 0. Then n(1;) = 2 — +/3 and 7, (2) = 2 + +/3, and
&L ={y(t)}:<i<n,- Note that

(1) (=00,0) C 952,

(2) @ (x) >0 forall x € (—00,2 —+/3).
From this we deduce that (—oo, 2 — +/3) C 9. Lemma 5.6 tells us ®; has a zero
of order one at 2 — /3, therefore <2 has a corner of opening /2 at 2 — +/3. Note

that ® (x) > 0 for all x € 2+ V3, +00), thus (24 +/3, +00) C 9L, and <2 has
a corner of opening /2 at 2 ++/3.
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It remains to prove that ¥ NR = &. First we show 1 ¢ £. Suppose that is the
case, and suppose y (f9) = 1 where #| < ty < t», by continuity, we have

1
y(r)exp(y(” - ) — B, (y (1)) = B, (,.(1)) = 1

y@—1
for all ¢+ € R. Therefore in a small neighborhood of 7y, we have
yo+1 1 t

vy -1 "y

The left side of the above equation blows up, while the right hand side is bounded.
This contradiction tells us that 1 ¢ £. Now suppose & touches the real axis at
x0 € (2—=+/3, DU (1, 2+ +/3). Since Q is connected, it is not hard to see that x
must be a critical point of ®;. This is not possible by Lemma 5.6. We therefore
proved that £ C C* and the claim.

From the definitions of the Cauchy transform and n-transform, one can easily

check that
(2)-r
Gl-)]=—.
z 1 —n(2)

From the above equation we know that G, extends to be a continuous function on
CUR, and {x e R: J3(G,(x)) > 0} = (1/12, 1/11). By the Stieltjes inverse formula,
we deduce that the support of A is (1/12, 1/¢1). From the analyticity of the curve
% c C*, we conclude that A has positive and analytic density in the interior of its
support. U

We are interested in the level curves of the function

2rsinf

_ 0) =0 —
(5-6) £ 0 1 —2rcosf+r?

= arg(P,.(2)),

where 7 =r? e CT. Fort <0, set y, = {z=re!’ eCt: f(r,0) =1t}.
Proposition 5.8. (A) yy is a simple open curve with endpoints 2 — /3,2 + /3
and yy =<.

(B) vy is a simple open curve which starts at 7 = 1 and ends at z =1 as well for all
t <O.
Denote by Q2 the open domain bounded yo U [2 — V3,2 + \/g]. Forallt <0,
denote by 2; the open domain bounded y; U {1}.

(C) Fort; <tp <0, we have 2;, C Q,; and for all ty <0, Q4 = Uy, 2.

Proof. Given 0 € (0, ), we define a function of r by fy(r)= f(r, 6) forr € (0, +00).
We first note that f(r, 0) < 6 < m and observe that

lim fo(r) = 6.

r——+00
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Thus {z=re?: f(r,0)>0,0<6 <x} C d1(CH).
Given 6 € (0, ) and ¢ <0, the equation f(r, 8) =t is equivalent to the quadratic
equation

(5-7) ho(r) ;= (0 —1)r*> — (20 — 1) cos0 +2sin0)r+0 —t =0
with discriminant d(0, 1) = [2(0 — ) cos @ +2sin0]* — 4(6 — t)2. We then rewrite
d(,t) as follows.

sin 6 sin 6
5-8 d@®,1) =41 —cos’(0))| ——— +0 —t |.| ——— —0 +1|,
(>-8) ©.1) (1 = cos™( ))|:1+cos0+ ] [1—Cos9 + :|

The first two factors in (5-8) are never zero for 6 € (0, ); thus only the last factor
in (5-8) matters to determine the sign of d (0, t). We consider the function k by
k(@) =sin6/(1 —cos@) — 0 for O € (0, ), and calculate

(5-9) k') = ; —1<0,

cosf — 1
which implies that k is a decreasing function of 8. For ¢ < 0, we now set d,(0) :=
d (0, t). We then deduce that d;(6) = 0 has exactly one solution, which we denote by
0;, and d;(#) > 0 if and only if 0 < 8 < 6;. Therefore, the half line r = 6 intersects
with y; at two points if and only if 0 < 6 < 6; and the half line r = 6; is tangent to
vr. Moreover, 6, <6, if t; <1, <0.

For the solutions of the equation f (r, 8) =0, one can check as 6 — 0, r satisfying
the equation 7> — 4r 4 1. Given ¢ < 0, for the solutions of the equation f(r,0) =1,
we can easily see that r tend to 1 as 6 — 0. Now (A) and (B) follow from this
observation.

Given 6 € (0, ), from (5-6), we see that the function fy(r) defined by fy(r) =
f(r, 0) has exactly one local minimum at » = 1. fy(r) is a decreasing function of
r on (0, 1) and an increasing function of r on (1, co). Therefore, if the half line
r = 6 intersects y; at two points, one of them is inside the unit circle of C and the
other one is outside the unit circle. We conclude that (C) is valid. [l

It is interesting to compare the next result with Proposition 2.2 and Lemma 3.2.

Corollary 5.9. We have ®;'(C*) = QU | (Qqi—1)7\R@k—2)z). Moreover, 2
and Qok—1)z \Qk-2x (k =1,2,...) are all connected components of ®,. In
particular, CDZI (C™) has infinitely many connected components.

We would like to point out that for z = re'? € £ = yy, the curve & can be

parametrized by r. Noticing (5-7) and (5-8), we first observe the following equiva-
lences:

(5-10) d@,00=0 <= 6Hcosf+sinf=0 < r=1.



252 PING ZHONG

By (5-9), we see that (5-10) has exactly one solution 6y for 8 € (0, 7). By differen-
tiating the equation f(r, 8) = 0, we obtain

do B 20 cos @ +2sinf — 20r
dr  r2420sin® —4cosf +1°

Thus, d6/dr =0 if and only if r = (6 cos 6 +sin ) /6. Fix 6, the equation fy(r) =0
is equivalent to the quadratic equation 872 — (26 cos 6 + 2sin0)r + 6 = 0, from
which we deduce that r = (6 cos6 + sin#)/60 if and only if d(r,0) = 0. From
(5-11) and continuity of d6/dr, we see that d6/dr > 0 for 0 <0 < 6y, r < 1 and
do/dr < 0 for 0 < 8 < 6y, r > 1. Therefore, for the solutions of the equation
f(r,0) =0, 0 is a function of r and the curve & can be parametrized by r.

Denote by g the density function of A. From the equation G, (1/x) =x/(1—n;,(x)),
we obtain the following formula for the density function of A.

(5-11)

Proposition 5.10. Given z =re'? € yy =%, we have

r2—1
1 :QCD = 9 k)
g(1/x) Moy =T exP(l—Zrcos@—l—rZ)

where x = ®;.(2).

. +———1—10.28458

0.56915

0.85373
TT—————————0.85373 —

N

| 0.28458

————— 0.85373 —
0.85373
0.56915

1 71— () 2845”8
1.2 1.4 1.6 1.8 2

Figure 1. Level curves of g»(r, ) = |, (re'?)|. The vertical axis
indicates 0, and the horizontal axis indicates r.
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1 1.2 1.4 1.6 1.8 2

Figure 2. Level curves of gs(r, 0) = |®s (re'?)|. The vertical axis
indicates 0, and the horizontal axis indicates r.
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Figure 3. Level curves of f(r,0) = arg(®, (re'?)). The vertical
axis indicates 6, and the horizontal axis indicates r.
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