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TOTARO’S QUESTION FOR SIMPLY CONNECTED GROUPS
OF LOW RANK

JOoDI BLACK AND RAMAN PARIMALA

Let k be a field and let G be a connected linear algebraic group over k. In
a 2004 paper, Totaro asked whether a torsor X under G and over k which
admits a zero cycle of degree d also admits a closed étale point of degree
dividing d. We consider this question in the setting where G is a simply
connected, semisimple group of rank at most 2 and & is of characteristic
different from 2.

Introduction

Serre [1995, p. 233] raised the following question:

Serre’s question: Let k£ be a field and let G be a connected linear algebraic
group defined over k. Let X be a G-torsor over k. Suppose X admits a zero
cycle of degree 1. Does X have a k-rational point?

An affirmative answer to Serre’s question is known in a number of special cases.
See, for example, [Sansuc 1981; Bayer-Fluckiger and Lenstra 1990; Black 2011a;
2011b]. Burt Totaro [2004] posed the following generalization of Serre’s question:

Totaro’s question: Let k be a field and let G be a connected linear algebraic
group defined over k. Let X be a G-torsor over k. Suppose X admits a zero
cycle of degree d. Does X have a closed étale point of degree dividing d?

An affirmative answer to Totaro’s question when G = PGL,, is a classical result
in the theory of central simple algebras. Tits [1992] associated to any absolutely
simple, linear algebraic k-group G, an integer n(G). The values of n(G) are
shown in Table 1 below, where v denotes the 2-adic valuation. One can show that
for any G-torsor X, there is a separable field extension L/k such that X has a
rational point over L and [L : k] divides n(G)? [Serre 1995, Section 2.3]. Thus,
Tits’ construction gives an affirmative answer to Totaro’s question provided n(G)?
divides d. Garibaldi and Hoffmann [2006] give an affirmative answer to Totaro’s
question for semisimple groups which are of type G,, of reduced type F4 or simply
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Type of group n(G)

A, 2(n+1)
B, 2"
Cn 2v(n)+l

Dy (n#4) 2

Table 1. Values of n(G) for classical groups.

connected of type 1E2’6 or 1E§§2. Their work extended previous results of Totaro
[2004] which gave an affirmative answer for split, simply connected groups of type
G», Fy and Eg. Results in [Black 2011b] give an affirmative answer to Totaro’s
question in the case where G is a simply connected or adjoint, semisimple, classical
group and d is prime to n(G).

In this paper we show the following:
Theorem 0.1. The answer to Totaro’s question is yes if k is of characteristic differ-

ent from 2 and G is a semisimple, simply connected, classical group such that rank
G]; <2

1. Galois cohomology

Let k be a field, let k; be a separable closure of k and let 'y, = Gal(k,/k) be the
absolute Galois group of k. We write H'(k, G) for the first Galois cohomology set
H'(T'y, G(ky)). Given any finite field extension L/k there is a canonical restriction
map H'(k, G) - H'(L, G). If » € H'(k, G) is any element, we write A, for the
image of A under the restriction map H'(k, G) - H(L, G).

For our convenience, we will consider the formulation of Totaro’s question in
Galois cohomology:

Totaro’s question: Let k be a field and let G be a connected linear algebraic
group defined over k. Let {L;}1<i<» be a set of finite field extensions of k and
letd = gcd{[L; : kli<i<m}. If Ar, =1 for all i, is there a finite, separable field
extension F of k such that A =1 and [F : k] divides d?

2. Results

In this section, we consider Totaro’s question for various groups G.

The case G = SL;1(A).

Theorem 2.1. The answer to Totaro’s question is yes if G = SL(A) for A a central
simple algebra over k of prime index.

Proof. Let {L;}1<i<m be a set of finite field extensions of k and suppose A €
H'(k, SL;(A)) is an element such that Ap,=1foralli. Letd =gcd{[L; : kli<i<m}-
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We will find F/k separable such that Ar =1 and [F : k] divides d.
Since by [Knus et al. 1998, Theorem 29.2], H'(k, GL|(A)) = 1, the short exact
sequence
| —> SL{(A) — GL(A) % G, — 1
induces the long exact sequence

2.1.1) Ar N L Bk, SLy(A) —— 1

in Galois cohomology, where Nrd is the reduced norm. By (2.1.1) above,
H'(k,SL;(A)) = k*/Nrd(A*),

and we can identify A with the class of an element of k* which is in Nrd(Ap,)
for all i. For simplicity, we will also refer to this element as A. Let the index of
A be s and choose L contained in A a separable field extension of k of degree
s which splits A [Gille and Szamuely 2006, Propositions 4.5.3 and 4.5.4]. Then
Nrd(Ar) = L* and X is in Nrd(Ap). So if s divides d we may take F = L. Recall
that s is prime. So if s does not divide d then gcd(s, d) = 1. It is well known
that N7k (Nrd(Az)) € Nrd(A). In particular, A* = Ny /(2) is in Nrd(A). Since
Nrd(A) is a group and Ny, /x(A) € Nrd(A) for all i, we find that A4 is in Nrd(A).
In turn, A is in Nrd(A) and we can take F = k. O

The case G =SU(A, o).

Theorem 2.2. The answer to Totaro’s question is yes if k is of characteristic differ-
ent from 2 and G = SU(A, o) for a central simple algebra A of degree 3 over K,
k=K and [K : k] =2.

Proof. Let {L;}1<i<m be a set of finite field extensions of k£ and suppose A €
H'(k,SU(A, o)) is an element such that Ar, =1foralli. Letd = ged{[L; : k]}.
We will find F/k separable such that Ar =1 and [F : k] divides d.

The case where d is coprime to 2 and 3 was covered in [Black 2011b, Theo-
rem 3.4]. If 6 | d, we take L to be a separable extension of K of degree dividing 3
which splits A. Since K /k is Galois, L/k is separable of degree dividing 6. Since
H'(K,SU(A,0)) = H'(K,SL{(A)) and L splits A, H'(L,SU(A, ¢)) = {1} by
Hilbert’s Theorem 90. Therefore, for any A € H'(k, SU(A, ¢)), A, = 1 and we can
take F = L. Now suppose 2 | d and 31d. Fix an index i such that [L; : k] is prime to
3and Az, =1. Consider L; K, the compositum of L; and K. Since, by assumption, 3
is prime to [L; : k], and [K : k] =2, we know that 3 is prime to [L; K : k]. Therefore,
3is prime to [L; K : K]. Let L be a separable splitting field of A such that [L : K]
is equal to the index of A. Since degy (A) =3, either [L: K]=1or[L:K]=3.In
either case, L, L; K is a pair of field extensions of K such that Ay =1 =X, x and
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ged{[L : K], [L;K : K1} is 1. Since H'(K,SU(A, ¢)) = H' (K, SL(A)) we have
Ak =1Dby Theorem 2.1, and we can take F' = K. The final setting to consider is the
case where 3| d and 2 td. Since d is odd, we can fix an index i such that [L; : k]
isodd and A7, = 1. Let Rk, G,, be the Weil transfer of G,, and let R}qum be
defined as the kernel of the norm map Nk« : Rx/xGn — G,,. The short exact
sequence

1 - SU(A,0) > U(A,0) = R ;G — 1

induces the commutative diagram

K*' — % . H'(k, SU(A, o)) . H'(k,U(A, 0))

| | |

(K® L) —= H'(L;,SU(A, 0)) —= HY(L;, U(A, 0))

where K*! and (K ® L;)*' denote the norm-one elements in K* and (K ® L;)*
respectively. By a result of Bayer-Fluckiger and Lenstra [1990, Theorem 2.1],
j(A) = 1. In particular, we can choose o € K *I such that §(«) = . In the case
where A is split, H' (K, SU(A, 0)) = H' (K, SL(A)) = {1}. Then, since K and L;
are field extensions of coprime degree with Ax = Ay, = 1, the desired result holds
by [Black 2011b, Theorem 4.4]. Since deg(A) = 3, if A is not split, then A is a
division algebra and by [Albert 1963] (see also [Knus et al. 1998, Theorem 19.14]),
there is a k-subalgebra L of A such that L/k is étale of degree three. Since A is
division, L is a field. Consider the diagram

)

U(A, o) (k) K*! H'(k,SU(A, 0)) . HYk,U(A,0))

| | | |

U(A,0)(L) —= (K® L)' —= H'(L,SU(A,0)) —= HY(L,U(A, 0))

For x € (K ® L)*!, write x = y~'y for y € (K ® L)* where denotes the nontrivial
automorphism of K /k. Since AQ L is split, y is a reduced norm from A® L. In view
of [Merkurjev 1995, Proposition 6.1], the image of Nrd(U (A, o) — (K ® L)*!)
contains x. Thus Ay = 1 and we may take F = L. O

The case G = Spin(q). The following result will be useful:

Proposition 2.3. Let k be a field of characteristic different from 2 and let g be a
quadratic form over k of dimension < 5. Let .. € H'(k, Spin(q)) be any element.
Then there exists a (separable) field extension F of k such that [ F : k] divides 2 and
A =1
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Proof. Consider the short exact sequence
1 — pa —— Spin(g) —~ 0% (q) — 1,

which induces the exact sequence in Galois cohomology
(23.1) H' (k, p2) —— H'(k, Spin(q)) —— H'(k, 0*(q)).

The pointed set H (k, 07 (q)) classifies quadratic forms over k of the same di-
mension and discriminant as ¢. Let ¢' = 7w (1). Then ¢ L —q’ has even dimension,
trivial discriminant and trivial Clifford invariant since ¢’ is in the image of 7. Thus
gLl—q e ’k).

First consider the case where dim(g) < 4. Then, dim(¢ L —¢’) < 8 and by
the Arason—Pfister Hauptsatz [Lam 1980, Chapter X, Hauptsatz 5.1], ¢ L —¢q’ is
hyperbolic. Equivalently, ¢ = ¢’ and ¢’ = 1 in H'(k, O%(g)). Using the exactness
of (2.3.1), choose i in H'(k, u») such that i (n) = A. Since H'(k, o) = k*/k*? we
can choose F/k a field extension of degree at most 2 such that ny = 1€ H'(F, us).
By commutativity of (2.3.2) below, Ar = 1 in H'(F, Spin(g)).

H'(k, up) — H'(k, Spin(q))

T

H'(F, pa) — H'(F, Spin(q))

Suppose instead that dim(q) = 4. Let d = disc(g) and write ¢ = a(l, b, ¢, bcd).
By [Lam 1980, Chapter XII, Proposition 2.4], there is an element « € k* such
that ¢’ = ag and we may write ¢ L. —¢q¢' = (1, —a)q = a(l, —a)(1, b, ¢, bed). Let
ey be the map from [ 2(k) — H?*(k, uy) induced by the Clifford invariant. Since
gLl—q € IP(k), ex(gL—q") = (d) U («) =0 € H*(k, j12) [Elman et al. 2008,
16.2] and so (1, —«, —d, ad) is hyperbolic. Equivalently, (1, —a)d = (1, —«) and
gLl—q' =a(l,—a)(1,b,c,bc) =a(l, —a)(1,b)(1,c). Let F = k(/=b). Then
[F:k] <2, (qL—q")F is hyperbolic and g}, = 1 € H'(F, 0" (q)). Consider the
diagram

0t (q) (k) — H'(k, jt2) — H'(k, Spin(q)) — H'(k, 0*(¢))

wo || T

0*(q)(F) =2~ H'(F, uy) —— H'(F, Spin(q)) —== H'(F, 0*(q))

By commutativity of the right rectangle, w(Ar) = 1 and by the exactness of the
bottom row, Ay € im(i). But since ¢ = a(l, b, ¢, bcd), qr is isotropic. Thus, the
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spinor norm sn: Ot (¢)(F) — H'(F, 1) is onto [Baeza 1978, p. 78] and therefore,
since Ap € im(i), Ap = 1.

Now suppose dim(g) =35. Since ¢ L —g’ is a rank 10 form in I3 (k), it is isotropic
[Lam 1980, Chapter XII, Proposition 2.8]. Therefore ¢ and ¢’ have a common slot
and we can write ¢ = (a) L ¢ and ¢’ = (a) L ¢». Since q; L. —g, € I’k is rank 8,
we can proceed as in the rank 4 case and find a field extension F of k of degree at
most 2 such that (g1 L —g2)r is hyperbolic and (q;) r is isotropic. By the Arason—
Pfister Hauptsatz, (¢ L —¢")r is hyperbolic and thus gr = g} and 7(Af) = g =
1 € H'(F, 0% (g)). Thus A is in the image of i : H'(F, 1) — H'(F, Spin(q)).
However, (g1)r being isotropic, ¢ is isotropic and sn: Ot (¢q)(F) — H'(F, u»)
is onto. Therefore, i is the zero map and Ay = 1. (]

Theorem 2.4. The answer to Totaro’s question is yes if k is of characteristic differ-
ent from 2 and G = Spin(q) for q a quadratic form of dimension < 5.

Proof. Let {L;}1<i<m be a set of finite field extensions of k and suppose A €
H'(k, Spin(g)) is an element such that Ar, =1foralli. Letd = ged{[L; : k]}. We
want to find F/k separable such that Ar = 1 and [F : k] divides d. If d is odd
we are done by [Black 2011b, Theorem 3.7] and can take F = k. If d is even, by
Proposition 2.3, there is a separable extension F/k of degree at most 2 such that
Ap=1. O

Theorem 2.5. The answer to Totaro’s question is yes if k is of characteristic differ-
ent from2 and G = Sp(A, o) where A is a central simple algebra with symplectic
involution and deg(A) is 2 or 4.

Proof. Let g be a quadratic form of dimension 3 (resp. 5) with trivial discriminant.
Then the even Clifford algebra A = Cy(V, ¢) is a central simple algebra of degree
2 (resp. 4) and the canonical involution on the Clifford algebra is symplectic and
Spin(g) = Sp(A, o) [Knus et al. 1998, Section 15.C]. Moreover, every algebra A
of degree 2 or 4 with a symplectic involution arises in this way. Thus, a positive
answer to Totaro’s question for Sp(A, o) follows from Proposition 2.3. (]

The case G = Spin(A, o).

Theorem 2.6. The answer to Totaro’s question is yes if k is of characteristic differ-
ent from 2 and G = Spin(A, o), where A is a central simple algebra of degree 4
over k and o is an orthogonal involution on A.

Proof. Let {L;}1<i<m be a set of finite field extensions of k and suppose A €
H'(k, Spin(A, o)) is an element such that Ay, =1 for all i. Let d = gcd{[L; : k]}.
We will find F/k separable such that Ar =1 and [F : k] divides d.

By [Black 2011b, Theorem 3.7], when d is odd we may take F' = k. So
we may suppose that d is even. Suppose (A, o) has trivial discriminant. Then
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(A,0) = (01 ® 07, 71 ® Tp) [Knus et al. 1998, Corollary 15.12], where O and
0, are quaternion algebras with the symplectic involution given by conjugation. In
turn Spin(A, o) = SL1(Q1) x SL1(Q>) [Knus et al. 1998, Corollary 15.13]. There
exist A1, A» € k* such that A = (A1, A») with A; € k*/Nrd(Q;) = H'(k, SL{(Q;))
for i = 1,2. In the case 4|d, let F|, F, be extensions of k of degree at most 2
which split Q1 and Q5 respectively. Then Ar, r, =1 and [F; F; : k] divides 4. In the
case 2| d and 41d, we can fix an L;/k suchthat [L; :k]=2m, where m is odd and
Ar; = 1. Following arguments as in [Garibaldi and Hoffmann 2006, Lemma 1.5]
we suppose without loss of generality thatk € L C L; with [L:k]odd, [L;:L]=2
and Ar; = 1. Let Ng,, Ng, be the norm forms for the quaternion algebras Q1, Q2
respectively and let ¢ = (1, —A1) N, and ¢» = (1, —A2) No,. The fact that ;=1
implies that ¢y, ¢, are hyperbolic over L ;. Then by [Garibaldi and Hoffmann 2006,
Lemma 1.4] there exists 1 € k* such that ¢; = (1, u)é; and ¢ = (1, )¢o, where
1, ¢ are 2-fold Pfister forms. Let F = k(/—g). Then ¢1, ¢ are hyperbolic over
F and thus A1 € Nrd(Q,) and Ay € Nrd(Q», ). Thatis, Ar = 1. Also, F/k is
separable and degree at most 2 by construction.

Suppose instead that (A, o) has nontrivial discriminant. One can associate to
(A, o) its Clifford algebra Q, which is a quaternion algebra with center K = k(\/g),
where § = disc(A, o) [Knus et al. 1998, Theorem 15.7]. Then Spin(A, o) =
Rg/x SL1(Q) [Knus et al. 1998, Proposition 15.10] and H'(k, Spin(A, 0)) =
H'(K,SL{(Q)). If Q is split, A = 1 and we take F = k. So suppose Q is
not split. If 4| d we can take F a splitting field of Q such that F/K is a separable
extension of degree 2. Since

H'(F, Spin(A, 0)) = H' (K ® F, SL{(Q)) = H'(F x F, SL(Q)) = {1},

we obtain Ay = 1. Further [F : k] = 4, and since F/K and K /k are separable,
F/k is separable. We are left to consider the case where (A, o) has nontrivial
discriminant and 41 d and 2| d.

Consider the short exact sequence

1 — Rk SL1(Q) — Rk GL1(Q) — Rk /kGm — 1,

which induces

GL1(Q)(K) > K* —— H'(K,SL1(Q)) — .

Choose A € H'(K, SL;(Q)) such that Ar, = 1 forall i and let § € K™ satisty
8(B) = A. Following [Garibaldi and Hoffmann 2006, Lemma 1.5], we may suppose
that Ay, =1 where k C L C Ljand [L;:L]=2.
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GL1(Q)(K) Al K* H'(K,SLi(Q)) — 1

2.6.1) l

GL{(Q)(K & Lj) ~ (K@i Lj)* —= H' (K& L;,SL1(Q)) — 1

Write L; = L(y/a) fora € L*/L*2. Let f be the norm form on Q and let f° denote
the norm form restricted to the traceless elements of Q, which we denote by 0°.
Since A; = 0, choose x¢, yo € O ® L such that

(2.6.2) B = f(xo+yo/a).

If yo =0 we have 8 € Nrd(Q ® L), and, L/K being of odd degree, this implies
B € Nrd(Q). We take F = k. So suppose yg # 0. Since Q is a division algebra,
f(yo) #0and

(2.6.3) B = f(xo0) +af(yo).

If we let b denote the adjoint bilinear form, we have
(2.6.4) by(xo, y0) =0

and

(2.6.5) Bf (3 ) = flxoyy ) +a.

where the reduced trace trd(xoy, 1) vanishes by (2.6.4). Therefore,

(2.6.6) Bf (oD = fPxoyy ) +a.

Let f = f1 + /3 f> with f; and f> quadratic forms on Q with values in k. Further
let 0= flo +/8 fzo where flo , f20 are quadratic forms on Q° with values in .
Setting zo =y, Uand wy = X0y ! we have

(2.6.7) a = B1 f1(z0) + P28 f2(z0) — 7 (wo),

(2.6.8) 0= B1 f2(20) + B2 f1(z0) = £ (wo),

with zo € Q ® L and wy € Q° ® L. Define k-quadratic forms ¢; : Q @ Q° — k and
q2: 0@ Q% — k by

(2.6.9) 91z, w) = B1 f1(2) + Badfo(2) — fi (w),

(2.6.10) 02z, w) = B [2(2) + B2 f1(2) — f3(w),

for z € Q and w € Q. Since yg #0, z9 = yo_1 = 0 and (zg, wop) is a nontrivial zero
of g, over L. Then by Springer’s theorem [1952], ¢, has a nontrivial zero (z1, w)
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over k. By a general position argument, we may assume that z; # 0. Let

2.6.11) a = B1fiz1) + Babfa(z1) — £ (wy).

We have

(2.6.12) 0= B1/f2(20) + B2 f1(z0) — f3 (w1).

Adding these two equations, we find

(2.6.13) o= pf(z) — fO(w),

or, equivalently,

(2.6.14) Bf (z1) =a+ fO(wy).

Let F =k(/@). Then [F :k] <2, (\/a+w1)z; ' € QF and B =Nrd((v/a+w1)z; ).
Thus, Ar = 1. U

Theorem 2.7. The answer to Totaro’s question is yes if k is of characteristic dif-
ferent from 2 and G = SU(A, o) where A is a quaternion algebra with unitary
involution o.

Proof. The norm algebra Nk, (A, o) equals (B, t) for B a central simple algebra
of degree 4 and 7 an orthogonal involution on B. Since Spin(B, ) = SU(A, o),
that Totaro’s question has an affirmative answer in this case is a consequence of
Theorem 2.6. O

3. Conclusion

Theorem 3.1. The answer to Totaro’s question is yes for k a field of characteristic
different from 2 and G a simply connected, semisimple, classical group of rank < 2.

Proof. We suppose in all cases that G is simply connected and semisimple and that
the rank of G < 2. If G is of type A, or 'A, then G is of the form SL;(A) for A a
central simple algebra of degree 2 or 3 [Knus et al. 1998, Theorem 26.9]. A positive
answer to Totaro’s question for a group of this form was shown in Theorem 2.1.
If G is of type 2A; then G = SU(A, o) for A a central simple algebra of degree 2
with unitary involution o. The proof for this case was given in Theorem 2.7. If G
is of type 2A, then G is of the form SU(A, o), where A is a central simple algebra
of degree 3 with unitary involution o [Knus et al. 1998, Theorem 26.9]. Thus
an affirmative answer to Totaro’s question for a group of type %A, follows from
Theorem 2.2 above. If G is of type B; or B,, then G = Spin(g) for g a quadratic
form of dimension 3 or 5 [Knus et al. 1998, Theorem 26.12] and the desired result
was proven in Theorem 2.4. If G is of type C; or C;, then G = Sp(A, o), where
A is a central simple algebra of degree 2 or 4 and o is a symplectic involution



266 JODI BLACK AND RAMAN PARIMALA

on A. The proof of our result in this case was covered in Theorem 2.5. If G is of
type D, then either G = Spin(q) for g a quadratic form of dimension 2 or 4 or G
is of the form Spin(A, o) for A a central simple algebra over k of degree 4 and
o an orthogonal involution on A [Knus et al. 1998, Theorem 26.15]. In the first
case the desired results follows from Theorem 2.4 and in the latter it follows from
Theorem 2.6. O

Remark 3.2. Since Garibaldi and Hoffman [2006] have given a proof in the case
G is of type G,, Totaro’s question has a positive answer for any simply connected,
semisimple group of rank < 2.
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UNIFORM HYPERBOLICITY OF THE CURVE GRAPHS

BRIAN H. BOWDITCH

We show that there is a universal constant, k, such that the curve graph
associated to any compact orientable surface is k-hyperbolic. Independent
proofs of this have been given by Aougab, by Hensel, Przytycki and Webb,
and by Clay, Rafi and Schleimer.

1. Introduction

Let X be a closed orientable surface of genus g, together with a (possibly empty)
finite set [1 C X. Set p = |I1|. We assume that 3g + p > 5. Let 9 =%(g, p) be the
curve graph associated to (X, IT); that is, the 1-skeleton of the curve complex as
originally defined in [Harvey 1981]. Its vertex set, V (%), is the set of free homotopy
classes of nontrivial nonperipheral closed curves in X \ I1; and two such curves are
deemed to be adjacent in % if they can be realised disjointly in X \ I'l. These, and
related, complexes are now central tools in geometric group theory and hyperbolic
geometry.

In [Masur and Minsky 1999], it was shown that, for all g, p, %4(g, p) is hyperbolic
in the sense of [Gromov 1987]. In [Bowditch 2006], henceforth abbreviated [B], it
was shown that the hyperbolicity constant, &, is bounded above by a function that
is logarithmic in g + p. In fact, we show here that k& can be chosen independently
of g and p:

Theorem 1.1. There is a universal constant, k €N, such that 4(g, p) is k-hyperbolic
forall g, pwith3g+ p > 5.

We will give some estimates for k& (though certainly not optimal) in Section 4.

Independent proofs of this result have been found by Aougab [2013], by Hensel,
Przytycki and Webb [Hensel, Przytycki and Webb 2013], and by Clay, Rafi and
Schleimer [Clay, Rafi and Schleimer 2013]. The proofs in these last two papers
are combinatorial in nature, while Aougab’s proof is based on broadly similar
principles to those described here, though the specifics are different. Both this paper
and [Aougab 2013] make use of riemannian geometry. The argument of [Hensel,
Przytycki and Webb 2013] seems to give the best constants.

MSC2010: 20F65.
Keywords: uniform hyperbolicity, curve graph, surface.
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Given Theorem 1.1, one can also obtain uniform bounds for the bounded geodesic
image theorem of [Masur and Minsky 2000]. For this, one can combine the
description of quasigeodesic lines in [B] with an unpublished argument of Leininger.
In fact, a more direct approach, just using hyperbolicity, has recently been found
by Webb [2013].

We remark that Theorem 1.1 does not imply uniform hyperbolicity of the curve
complexes (with simplices realised as regular euclidean simplices) since their
1-skeleta are not uniformly quasi-isometrically embedded — there is an arbitrarily
large contraction of distances as the complexity increases.

The proof of Theorem 1.1 consists primarily of going through the arguments of
[B] with more careful bookkeeping of constants. This is accomplished in Section 2
here. In Sections 3 and 4 here, we show that much of this can be bypassed. In
fact, we only really need a few results from [B], notably Lemmas 1.3, 4.4 and 4.5,
together with the construction of singular euclidean structures described in Section 5
thereof.

We were motivated to look again at that paper after reading some estimates in
[Tang 2013] which relate distances to intersection number.

2. Proofs

In this section, we will prove Proposition 2.6, which, together with Proposition 3.1
of [B], implies Theorem 1.1.

We will use the following different measures of the “complexity” of X, II,
tailored to different parts of the argument: §y =2g+p—4, & =2g+p — 1,
& =2g+ p+6. For o, B € V(¥9), we write ((«, 8) for the intersection number,
and d(a, B) for the combinatorial distance in the curve graph.

Lemma 2.1. Ify, 5 € V(9), with ((y, §) < & + 1, then d(y, §) < 2.

Proof. We realise y, 6 in X \ I1 so that |y N§| = t(y, ) = n, say. Now, y UJ
is a graph with n vertices and 2n edges, and hence Euler characteristic —n. If
d(y, ) > 2, then y U fills X \ IT and so this Euler characteristic must be at most
that of X \ I'1, namely, 2 —2g — p. Thus n > 2g 4+ p — 2. Taking the contrapositive,
ifn<&+4+1=2g+ p—3,thend(y, ) <2. (]

Now, Lemma 1.3 of [B] shows that if &, 8 € V (%9) with 2i(«, ) <ab fora, beN,
then there is some y € V(%) with ((«, y) < a and ((B, y) < b. Applying this ¢
times, together with Lemma 2.1, we get:

Corollary 2.2. If g e N and a, B € V() with 2?1(a, B) < sg“, then d(a, B) <
2(q + ).

Definition. By a region in X, we mean a subsurface, H C ¥, with 0 H N1 = &.
A region is trivial if it is a topological disc containing at most one point of I1. An
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annulus in X is a region A € X \ [1 homeomorphic to S 1'% [0, 1] such that no
component of X \ A is trivial.

The core curve of an annulus therefore determines an element of V (9).

Suppose that p is a riemannian metric on . We allow for a finite number of
cone singularities (which need bear no relation to I[T). We define the width of an
annulus A C X to be the length of a shortest path in A connecting its two boundary
components.

The following lemma is a slight variation of Lemma 5.1 of [B]. We follow a
similar argument, but taking more care with constants.

The proof will make use of the following notion. Let o be an essential nonpe-
ripheral closed curve in X \ IT.

Definition. A bridge (across «) is an arc, § C X \ I1, with 9§ = § N« such that no
component of ¥ \ (o UJ) is a disc not meeting IT.

In other words, o U § is an embedded i -injective theta-curve in X \ I, i.e., it is
the union of three arcs which meet precisely in their endpoints and are pairwise
nonhomotopic relative to their endpoints.

Lemma 2.3. Let p be a (singular) riemannian metric on ¥ with area(¥) = 1.
Suppose that 3g + p > 5. Suppose that there is a constant h > 0 such that for
any trivial region A C ¥ we have area(A) < h(length(o A))2. Then X contains an
annulus of width at least n = %élézx/ﬁ

Proof. To avoid technical details obscuring the exposition, we will relax inequalities
so that they are assumed to hold up to an arbitrarily small additive constant € > 0.
Thus, for example, a “shortest” curve will be assumed to be shortest to within €. This
will allow us, for instance, to adjust paths so that they can be assumed to avoid IT.
Finally, we can allow € — 0. In what follows any “curve” in X \ IT will be assumed
to be essential and nonperipheral, i.e., it does not bound a trivial region in X.

Let 5o = 1 /4&,~/h. We claim that there are curves, o, 8 € X\ IT with p(«, ) > 1.
Given this, we let ¢ : ¥ — [0, n9] = [0, £17] be a 1-lipschitz map with « € ¢~1(0)
and B C qb_l("g‘m). Given any i € {1,...,& — 1}, we can find a multicurve,
y; C qﬁ_l (in), which separates X into exactly two components, S7, S}S , containing
o and B respectively. We can assume y; NI1= &, and that S;* C S, | for all i. These

multicurves cut ¥ into & regions M, = §;" ﬂSf_l (where M, = S} and M& = Sg_l).
At least one of these must have a component which is an annulus (otherwise each
M; \ TT would have negative Euler characteristic, giving the contradiction that the
Euler characteristic of X \ I1 is at most —&; <2 —2g — p). This annulus must have
width at least n as required.

To find « and B, we take « to be a shortest curve in X \ I1. We suppose, for

contradiction, that if 8 € ¥ \ I is any curve, then p(«, 8) < ng. Let A = 2ny.
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Figure 1. Example of a curve with bridges, (g, p) = (1, 4).

We first claim that there is a collection of disjoint bridges, 1, ..., §,, across «
with length(§;) < A for all i and with each component of X \ (¢ U§; U---U$,)
trivial. (An example is shown in Figure 1.)

To prove this claim, let N («, t) be the metric #-neighbourhood of « in X. Let
G (t) be the image of 1 (N (o, t) \IT) in r; (X \ IT). Note that G(0) is infinite cyclic,
and G (n9) = w1 (X \ IT). As ¢ increases from 0 to ng, G () gets bigger at certain
critical times, 71, ..., t,. At these times, we can suppose we have added another
generator, which we can represent as a bridge, §;, of length at most 2t; < 2ng = A.
Thus, inductively, G (t;) is supported on ¢ U U- - -Ug;. It follows that U U- - -U$,
must fill X \ IT (that is, carries all of 71 (X \ IT)), otherwise we could find a curve,
B, with p(a, B) > no. This gives us our collection of bridges as claimed.

Let / = length(r). We now claim that / < 6A. So, suppose, to the contrary, that
[ > 6.

Given any i, write o = «; U/, where o; and «; are respectively the shorter and
longer arcs with endpoints at d4;. Thus

length(e;) <1/2 and length(e; Ud;) <I/2+A <.

By minimality of «, ; U §; must be trivial or peripheral, i.e., it bounds a trivial
region in X. This region must be a disc containing exactly one point of IT. Since
this is true of all bridges &;, we already get a contradiction if g > 0 (and we can
deduce that / < 3A in this case). So we can assume that g =0, and so « cuts X into
two discs, Hy and H;. We have |I1N H;| > 2, and we can assume that |[ITN Hy| > 3.

Note also that, if o, U §; is nontrivial, then length(er; U §;) > length(cr) and so
length(e;) <length(§;) < A.

Now Hp must contain at least two bridges from our collection. We can assume
these are §; and 8,. Recall that §; N, = @. From the above, it follows that
length(e;) < A and length(oy) < A. Since §; and §, cannot cross, we must have
arNoy =J.
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o &

Figure 2. Picture of three bridges, (g, p) = (0, 5).

Now let §3 be a bridge in H;. As before, length(«3) <//2, and so fori =1, 2,
length(c; UasUS;US3) <3141/2. Now a1 Nz = @ (otherwise o Uz US1US3 would
contain a curve of length at most 3A +1/2 < [). Similarly, oy N3 = &. Now, given
i, j €{l,2,3},let o;; be the component of & \ (o Uy Ucar3) between «; and «; (see
Figure 2). Let 6;; be the curve in ¥ with image o;; Ua; Uar; Ug; U, which passes
through o;; exactly twice. Together, the curves 6,, 623 and 63 pass twice through
each edge of ¢ Ud; Ud,Ud3, and so their lengths sum to at most 2/ 4 6A. We arrive at
the contradiction that the length of at least one of the ¢;; is at most %(21 +6A) <.

This shows that [ < 6\ as claimed.

After removing some of the bridges if necessary, we can assume that at most two
of the complementary components are discs not meeting I1, and son <2g+ p. Let
oc=aU§ U---Ug,. Thus length(c) <6 +nri=n+6)A < 2g+ p+6)A=&A.

Since each component of X\ o is trivial, we must have area(X) < /(2 length 0)?
(the worst case being when X \ o is connected). But we have assumed that
area(¥) = 1 and so 1 < h(2&A)2. Now, A = 2n9 = 2(1/45Vh) = 1/26,3/h,
so we arrive at the contradiction that 1 < 1.

This shows that there must be a curve, g, in X \ IT with p(«, 8) > ng as claimed.

O

In fact, the argument also applies if (g, p) = (1, 1). If (g, p) = (0, 4), we will
only need to consider a special case, namely, the quotient of a euclidean torus by
an involution with four fixed points. In that case, we can set n = 1/2.

We will now set i = 1/27r. This gives n = 1/4&16,/1/21 = /27 /4£1&. As in
Section 5 of [B], we define R = +/2/7. In this case therefore, R = (4//7)&15.

Now suppose that «, 8 are weighted multicurves in the sense defined in [B]. (In
other words, each is a measured lamination whose support is a disjoint union of
curves.)

Definition. The weighted intersection number, t(a, B), of « and B is the sum
) jAirji(ai, Bj), where o; and B; vary over the components of the support
of a and B, where A; and A; are the respective weighting on them, and where
t(aj, B;) € Nis the usual geometric intersection number.
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We write d(a, B) = min; ;j{d(«;, B;)}, again where o; and B; vary over the
components of «, .

Given y € V(9) we setI(y) =lop(y) =max{i(a, y), t(B, y)} (interpreting y as
a one-component multicurve of unit weight). One can think of /(y) as describing a
“length” in a singular euclidean structure arising from « and 8 (see Section 5 of
[B]).
Lemma 2.4. Suppose that o, B are weighted multicurves with (a, ) = 1 and
d(a, B) > 2. Then there is some § € V(%9) with [(8) < R such that 1(y, 5) < RI(y)
forall y € V() (where R is defined as above).

Proof. This is just a restating of Lemma 4.1 of [B] for this particular definition of R.
The proof is the same. Suppose first that ¢ U g fills X \ I1. As in Section 5 of that
paper, we construct a singular euclidean surface, tiled by rectangles, dual to o U 8.
The cone angles are all multiples of 7, and all cone singularities of angle 7 lie in
[1. Thus, any trivial region, A C I, contains at most one cone point of angle less
than 2. Passing to a branched double cover over this cone point (if it exists) we
are reduced to considering the case where all cone angles are at least 27. But then
the worst case is a round circle in the euclidean plane [Weil 1926] which would
give area(A) = length(d A)2/471. We can therefore set h = 2(1/4n) = 1/2m. Now
apply Lemma 2.3, and set § to be a core curve of that annulus. The statement then
follows exactly as in [B] (at the end of Section 5 thereof). (In [B], & was given
inaccurately as 7 /2.)

If « U B does not fill ¥ \ I1, we get instead a singular euclidean structure on a
“smaller” surface, namely a region of ¥ with each boundary component collapsed
to a point. However, this process can only decrease £ and &, so we again get
an annulus of width at least 1. (This case is the reason we needed a version of
Lemma 2.3 when 3g 4+ p = 4. In the case where (g, p) = (0, 4), note that 1/2 is
certainly greater than the required /27 /120.) (]

Givenr >0, set L(«, B,r) ={y € V(¥9) | [(y) <r}. Note that the curve § given
by Lemma 2.4 lies in L(«, B, R).

Lemma 2.5. Suppose that 2g + p > 195. Suppose that o, B are weighted multic-
urves with 1(c, ) =1 and d(«, B) > 2. Then, the diameter of L(a, B8,2R) in 4 is
at most 20.

Proof. Let 6 be as given by Lemma 2.4. If y € L(«, 8,2R), then [(y) < 2R, so
t(y,8) <2R?. If we knew that 16 ((y, §) < 505, then Corollary 2.2 with ¢ =4 would
give d(y, 8) < 10 and the result would follow.

It is therefore sufficient that 16(2R?) < ég. Recall that R = (4/4/7)&1&2, so this
reduces to 32(4/ﬁ)2§f§22 < Sg, that is, 512512522 < 71505. In other words, we want

(%) 512Qg+p—1D*Qg+p+6) <mn2g+p—4)°,
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which holds whenever 2g + p > 195. (Il

We now assume that 2g + p > 195.

Recall that Lemma 4.3 of [B] states that L(«, 8, R) has diameter bounded by
some constant D (which there, depended on R). Since L(«, 8, R) C L(«, 8, 2R),
we have now verified Lemma 4.3 of [B] with D = 20. Recall that Lemma 4.2 of
[B], more generally, placed a bound on the diameter of L(«, 8, r) depending on
r and R (specifically, diam L(«, 8, r) < 2Rr + 2). This was used in the proof of
Lemma 4.12 [B]. We can now use Lemma 2.5 above, in place of Lemma 4.2 of [B],
to give a proof of Lemma 4.12 of [B] with the constant 4D now replaced by 40.
We can now proceed as in [B] to prove Lemma 4.13 and Proposition 4.11 of that
paper. In fact, the improvement on Lemma 4.12 allows us, respectively, to replace
the constants 14D by 10D and 18D by 14D, where D = 20. Thus, the original
diameter bound of 18D of Proposition 4.11 of [B] now becomes 280.

Recall that Proposition 3.1 of [B] gives a criterion for hyperbolicity depend-
ing on a constant, K, in the hypotheses. The three clauses (1), (2), and (3) of
those hypotheses were verified respectively by Lemma 4.10, Proposition 4.11 and
Lemma 4.9. These respectively gave K bounded by 4D, 18D, and 2D, which we
can now replace by 80, 280 and 40. In particular, we have shown:

Proposition 2.6. If2g + p > 195, then the curve graph 4(g, p) satisfies the hy-
potheses of Proposition 3.1 of [B] with K = 280.

For 2g + p > 195, one can now explicitly estimate k from the proof of Proposi-
tion 3.1 of [B]. In fact, one can do better.

3. A criterion for hyperbolicity

We give a self-contained account of a criterion for hyperbolicity which is related to,
but simpler than, that used in [B]. In particular, it does not require the condition
on moving centres (clause (2) of Proposition 3.1 of [B]) which complicated the
argument there. Essentially the same statement can be found in Section 3.13 of
[Masur and Schleimer 2013], though without a specific estimate for the hyperbolicity
constant arising (or the final clause about Hausdorff distance). Our proof uses an
idea to be found in [Gilman 2002], but bypasses use of the isoperimetric inequality.
Since this criterion has many applications, this may be of some independent interest.
For definiteness, we say that a space is k-hyperbolic if, in every geodesic triangle,
each side lies in a k-neighbourhood of the union of the other two.

Proposition 3.1. Given h > 0, there is some k > 0 with the following property.
Suppose that G is a connected graph, and that for each x,y € V(G), we have
associated a connected subgraph, £(x, y) C G, with x,y € L(x, y). Suppose that:
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(1) Forallx, v,z € V(G),
L(x,y) CSNEE(x,2)UL(z, y), h).

(2) Forany x,y € V(G) withd(x, y) <1, the diameter of £(x, y) in G is at most h.

Then G is k-hyperbolic. In fact, we can take any k > (3m — 10h) /2, where m is
any positive real number satisfying 2h(6 + log,(m + 2)) < m. Moreover, for all
x,y € V(G), the Hausdorff distance between ¥ (x, y) and any geodesic from x to y
is bounded above by m — 4h.

Here, d is the combinatorial metric on G, and N ( -, /) denotes h-neighbourhood.
Note that we can assume that £(x,y) = £(y, x) (on replacing £(x, y) with
L(x, y) U£(y, x)). Note that the condition on m is monotonic: if it holds for m, it
holds strictly for any m’ > m.

Proof. Given any x, y € V(G), let $(x, y) be the set of all geodesics from x to y.
Given any n € N, write

f(n) =max{d(w,a@) | @x,y e V(G))d(x,y) <n, a € $(x,y), we L(x, y)}.

In other words, f(n) is the minimal f > 0 such that £(x, y) € N(«, f) for any
geodesic, «, connecting any two vertices x, y at most n apart.

We first claim that f(n) < (24 [log, n])h (compare [Gilman 2002]). To see this,
write l =d(x,y) <n and p = [log, ]+ 2. Let z € V(G) be a “near midpoint” of
«a; that is, it cuts « into two subpaths, o~ and o™, whose lengths differ by at most 1.
By (1), £(x, y) € N(&(x, 2) U£L(z, ¥), h). We now choose near midpoints of each
of the paths o and &~ and then continue inductively. After at most p — 1 steps, we
see that £(x, y) C N(Uﬁ;(l) P(xi, xiv1), (p— 1)h) where x = xg, X1, ..., X =y is
the sequence of vertices along «. Applying (2) now gives £(x, y) € N(«, ph), and
so f(n) < ph as claimed.

In fact, we aim to show that f(n) is bounded purely in terms of 4. We proceed
as follows.

Lett = f(n) +2h + 1. Choose any w € ¥(x, y). Let [y = max{0, d(w, x) — t}
and /; = max{0, d(w, y) —t}. Since [ = d(x, y), we have [ < [y + [ + 2¢, and
so we can find vertices x’, y" in « cutting it into subpaths o = o U8 U ry, where
d(x,x") <lyp,d(x',y’) <2t,and d(y', y) <. If x = x" we leave out &y, and/or if
y =y’ we leave out ;. (We can always assume that x" # y'.)

Note that d(w, ag) > d(w, x) —d(x, x") > d(w, x) — ly. Therefore, if x # x/,
then Iy = d(w, x) — ¢, and so d(w, ag) > t. But d(x, x’) <d(x,y) < n and so
P(x,x") C N(ag, f(n)). It follows that d(w, L(x,x)) >t — f(n) =2h+1. In
other words, if x # x’, then d(w, £(x, x’)) > 2h + 1. Similarly, if y # y’, then
d(w,%(y',y)) >2h+1. But

weP(x,y) SN x, xYULE, yYUZLG, y), 2h)
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and so d(w, £(x’, y")) <2h. Now d(x’, y') <2t and so £(x’, y') C N(§, f(21)).
Thus, w € N(8, f(2t) +2h) C N(a, f(2t) +2h). Since w was an arbitrary point
of £(x, y), it follows that

f(n) < F2t)+2h = Q2 f(n)+4h+2)+2h.

Writing F(n) =2 f (n) +4h+2, we have shown that F'(n) < F (F(n))+4h for all n.
Now, from the earlier claim,

F(n) <2((2+1og, n)h) +4h +2 =2h(4+1log, n) + 2.

Suppose m 1is as in the statement of the theorem. Writing r = m + 2, we have
2h(6+1logr)+2 <r,and so F(n)+4h <2h(6+log,n) +2 <n forany n > r.
In summary, we have shown that

F(n) < F(F(n)) +4h

for all n, and that
Fn)+4h <n

for all n > r. It follows that F(n) < r for all n (otherwise, we have the con-
tradiction F(n) < F(F(n)) +4h < F(n)). It now follows that f(n) < s, where
s=(r/2)—2h—1=(m/2)—2h.

We have shown that for all x, y € V(G) and « € $(x, y), we have £(x, y) C
N (e, s). It now follows also that @ € N (£(x, y), 2s). Since if w € «, then w cuts
« into two subpaths, o~ and a™. Since £(x, y) is connected and contains x, y, we
can find some v € £(x, y) and v* € a® with d(v, vF) <s. Now d(w, {v", vT}) <s,
so d(v, w) <2s. We deduce that d(w, £(x, y)) < 2s as required.

Now suppose that x,y,z € V(G) and that ¢ € $(x,y), B € $(x, z), and
y € $(y,z). We have

a S N(&E(x,y),25) S N(E(x,2) UL(z, y), 25 +h) S N(BUy, k),

where
k=3s+h<3((r/2)—2h—1)+h=Bm—10h)/2.

Thus, G is k-hyperbolic. (I

4. Estimation of constants

Given Proposition 3.1 of this paper, we can extract information more efficiently from
[B], and bypass much of the proof of Theorem 1.1. Given «, 8 € V (%4(g, p)) with
d(a,f)>2andr € R, let Ayg(t) = L((e'/t)ex, (e7"/1)B, R), where t = t(a, B) > 0.

Now, ¢((¢' /)a, (e7" /1) B) = 1. Therefore if 2g + p > 195, then by Lemma 2.4,
A (t) #9. Let L£(a, B)(2) be the full subgraph of G with vertex set Aqg (7). Itis not
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hard to see that £(«, B)(t) is connected. (For example, the standard argument, going
back to work of Lickorish, for showing that 4 itself is connected effectively does this.
This involves interpolating between two curves by a series of surgery operations,
see Lemma 1.3 of [B] for example. These can only decrease the intersection number
with any fixed curve.) It follows easily that £(c, B) =|J,cg (o, B)(¢) is connected.
Note that the vertex set of £(«, B) is the “line” Ayp = |J,cg Aap(?) as defined
in [B]. Note also that «, B € Agg. If d(a, B) < 1, we set Ayg = {a, B}, so that
$(a, B) is a single vertex or edge.

We can now verify that the collection (£(«, B))«,gev (4 satisfies the hypotheses
of Proposition 3.1 here with &7 = 40. Condition (2) is immediate. For condition (1),
let o, B, y € V(G). If these three curves all pairwise intersect, then we set T =
%loge(t(a, Bi(a, y)/u(B, y)). As in Lemma 4.5 of [B], we see that if t < 7, the
diameter of ¥(«, B)(t) U L(«, y)(t) is at most 40 (since we can set D = 20).
Similarly, if t > t then £(a, B)(¢) U£(B, y)(¢) has diameter at most 40. Thus,
L(a, B) € N(&(a, y) UL(y, B), h) with h = 40. The cases where at least two of
the curves «, 8, y are disjoint follow from a slight modification of this argument,
as in [B]. This now gives m < 1320 and k < 1780. This shows that if 2g + p > 195,
then 4(p, q) is 1780-hyperbolic.

In fact, since we are now only using Lemma 4.3 of [B], we can replace 2R by
R in Lemma 2.5 here, so that the requirement 16(2R?) < 53 becomes 16R? < Sg ,
and so we can replace the resulting factor of 512 in (%) by 256. It is therefore
sufficient that 2g + p > 107. We have shown that if 2g + p > 107, then %(g, p) is
1780-hyperbolic.

We can deal with lower complexity surfaces using larger values of g from
Corollary 2.2. In general, we require that

228 +p =12 +p+6)? <m(2g+p— T
For example, with ¢ = 5, this is satisfied for 2g + p > 26. This gives
D=4(g+1)=24, h=2D=48, m <1584, k <2136.

In other words, if 2g + p > 26, then %(g, p) is 2064-hyperbolic. Similarly (with
q =06),if 2g 4+ p > 14, then 9(g, p) is 2492-hyperbolic, and so on.

For the cases where 2g + p < 6, we need to revert to previous arguments. The
estimates and methods in [Tang 2013] might give improvements for some of the
lower complexities.

There is scope for other improvements in various directions. For the bounds
on complexity for example, suppose p = 0. In the proof of Lemma 2.3 we don’t
have to worry about trivial regions, so we can easily obtain / < 2A, allowing us
to reset & = 2g + 2. We can also reset §; = 2g. For Corollary 2.2, we could
set h = 1/4m, further decreasing R by a factor of /2. In Lemma 1.3 of [B],
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we can eliminate the factor of 2 in the hypotheses, and thereby weaken those of
Corollary 2.2 here to saying that ((«, 8) < xg . The fact that we have replaced 2R
by R also gives us another factor of 2, so that our requirement, when ¢ = 4, now
becomes R? < Eg. Together these now give 8(2g)2(2g +2)2 < w(2g —4)°, that
is, 4g%(g + 1)? < (g — 2)°, which holds for g > 8. In other words, 4(g, 0) is
1780-hyperbolic for g > 8.

We remark that in [Hensel, Przytycki and Webb 2013], it is shown that every
curve graph is “17-hyperbolic” in the sense that, for every geodesic triangle, there
is a vertex at a distance of no more than 17 from each of its sides. From this, one
can easily derive a uniform hyperbolicity constant in the sense we have defined it.
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CONSTANT GAUSSIAN CURVATURE SURFACES
IN THE 3-SPHERE VIA LOOP GROUPS

DAVID BRANDER, JUN-ICHI INOGUCHI AND SHIMPEI KOBAYASHI

In this paper we study constant positive Gauss curvature K surfaces in the
3-sphere S3 with 0 < K < 1, as well as constant negative curvature surfaces.
We show that the so-called normal Gauss map for a surface in S3 with Gauss
curvature K < 1 is Lorentz harmonic with respect to the metric induced by
the second fundamental form if and only if K is constant. We give a uni-
form loop group formulation for all such surfaces with K # 0, and use the
generalized d’Alembert method to construct examples. This representation
gives a natural correspondence between such surfaces with K < 0 and those
with0 < K < 1.

Introduction

The study of isometric immersions from space forms into space forms is a classical
and important problem of differential geometry. This subject has its origin in
realizability of the hyperbolic plane geometry in Euclidean 3-space E3. As is well
known, Hilbert [1901] proved the nonexistence of isometric immersions of the
hyperbolic plane into E3. Analogous results hold for surfaces in the 3-sphere S3
and hyperbolic 3-space H? as follows:

Theorem [Spivak 1979]. There is no complete surface in S with constant curva-
ture K < 1, K # 0. Moreover, the only complete immersion of constant positive
curvature in' S is a totally umbilic round sphere. There is no complete surface in
H?3 with constant curvature K < —1.

Due to the complicated structure (nonlinearity) of the integrability condition
(Gauss—Codazzi—Ricci equations) of isometric immersions between space forms, in
the past decades many results on nonexistence, rather than explicit constructions of
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23740042.
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examples, have been obtained. For this direction we refer the reader to the survey
article [Borisenko 2001].

Another reason for the focus on nonexistence may be the presence of singularities.
Surfaces in S with constant Gauss curvature K < 1 always have singularities,
excepting the flat case K = 0 (in fact there exist infinitely many flat tori in S3
[Kitagawa 1988]). Recently, however, there has been some movement to broaden
the class of surfaces to include those with singularities, and a number of interesting
studies of the geometry of these; see, for example, [Saji et al. 2009].

On the other hand, one can see that under the asymptotic Chebyshev net parame-
trization, the Gauss—Codazzi equations of surfaces in S with constant curvature
K <1 (K # 0) are reduced to the sine-Gordon equation. The sine-Gordon equa-
tion also arises as the Gauss—Codazzi equation of pseudospherical surfaces in [E3
(surfaces of constant negative curvature) and is associated to harmonic maps from
a Lorentz surface into the 2-sphere.

By virtue of loop group techniques, an infinite-dimensional d’ Alembert-type
representation for solutions is available for surfaces associated to Lorentz harmonic
maps. This d’ Alembert-type representation is a special case of the generalized DPW
method (described in [Brander and Dorfmeister 2009]): for the case of Riemannian
harmonic maps the method reduces to an analogue of the Weierstrass representation;
for the case of Lorentz harmonic maps, one obtains an analogue of the d’ Alembert
solution for the wave equation. More precisely, all solutions are given in terms of
two functions, each of one variable only. This type of construction method can
be traced back to [Kricever 1980]. An example of an application of this method
is the solution in [Brander and Svensson 2013] of the geometric Cauchy problem
for pseudospherical surfaces in E3, as well as for timelike constant mean curvature
surfaces in Lorentz—Minkowski 3-space 3. The key ingredient is the generalized
d’ Alembert representation for Lorentz harmonic maps of Lorentz surfaces into semi-
Riemannian symmetric spaces. See also [Dorfmeister 2008] and the references
therein for more examples. One can expect that the approach can be adapted to
other classes of isometric immersion problems.

These observations motivate us to establish a loop group method (generalized
d’ Alembert formula) for surfaces in S of constant curvature K < 1. We shall in
fact give such a solution that covers all such surfaces with K # 0. The key point is
to discover which Gauss map (there are several definitions for surfaces in S3) is
the right one to make the connection with harmonic maps.

Outline of this article. This paper is organized as follows: After prerequisite knowl-
edge in Sections 1 and 2, we will give a loop group formulation for surfaces in 3
of constant curvature K < 1 (K # 0) in Section 3. In particular, we will show that
the Lorentz harmonicity (with respect to the conformal structure determined by the
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second fundamental form) of the normal Gauss map of a surface with curvature
K < 1 is equivalent to the constancy of K. The normal Gauss map is the left
translation, to the Lie algebra su(2), of the unit normal # to the immersion f into
S3 = SU(2) —in symbols, v = f~In.

The harmonicity of the normal Gauss map enables us to construct constant
curvature surfaces in terms of Lorentz harmonic maps. We establish a loop group
theoretic d’Alembert representation for surfaces in S with constant curvature
K <1 (K # 0). In Section 4 we give a relation between the surfaces in S* and
pseudospherical surfaces in E3, and show how the well-known Sym formula for the
latter surfaces arises naturally from our construction. Finally, we give a detailed
analysis of the limiting procedure K — 0.

The paper ends with some explicit examples constructed by our method. All
of the images shown here were produced using a numerical implementation of
the method in Matlab. The code, ksphere, can be found, at the time of writing, at
http://davidbrander.org/software.html.

Examples. Figure 1 shows the well-known pseudospherical surface of revolution,
together with a corresponding constant negative curvature surface in S3 obtained
by a different projection from the same loop group frame. The surface in S3 is
mapped diffeomorphically to R3 by the stereographic projection for rendering. See
Example 4.1 below.

Figure 2 shows Amsler’s pseudospherical surface in E3, which contains two in-
tersecting straight lines, together with a corresponding surface of constant curvature
K =16/25in S? also obtained from the same loop group frame. The two straight
lines correspond to two great circles. The great circles appear as straight lines in

w=1, K=-1, target 3 w=4, K:—;—g,target§3
Figure 1. Left: a pseudospherical surface of revolution in [E3.
Right: a constant negative curvature analogue in S3. See also
Figure 3.
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w=1, K =—1, target E3 uw=—4, K =16/25, target S3

Figure 2. Left: Amsler’s surface in E3. Right: a constant positive
curvature analogue in S3. See also Figure 4.

the image obtained by stereographic projection to R3. This example shows that
although the singular sets in the coordinate domain are the same for every surface
in the family, the type of singularity can change. The surface obtained at © = —4
apparently has a swallowtail singularity at a point where the surfaces obtained
at u = 1 and u = 4 (see Example 4.2 below) each have a cuspidal edge. This
suggests that the singularities of constant curvature surfaces in S are also worth
investigating.

Comparison with other methods. It should be noted that Ferus and Pedit [1996]
gave a very nice loop group representation for isometric immersions of space forms
M} — M Cf’ *+k with flat normal bundle for any ¢ # ¢ with ¢ # 0 # ¢. Finite-type
solutions can be generated using the modified AKS theory described in [ibid.], and
all solutions can, in principle, be constructed from curved flats using the generalized
DPW method described in [Brander and Dorfmeister 2009]. For the case of surfaces,
as in the present article, the construction of Ferus and Pedit is quite different from
the Lorentzian harmonic map approach used here. For surfaces, the Lorentzian
harmonic map representation is probably more useful, since one obtains, via the
generalized d’ Alembert method, all solutions from essentially arbitrary pairs of
functions of one variable only; this is the key, for example, to the solution of the
geometric Cauchy problem in [Brander and Svensson 2013]. If one were to use
the setup in [Ferus and Pedit 1996], and the generalized DPW method of [Brander
and Dorfmeister 2009], which is the analogue of generalized d’ Alembert method,
one instead obtains a curved flat in the Grassmannian SO(4)/(SO(2) x SO(2)) as
the basic data, which is not as simple. In contrast, our basic data are essentially
arbitrary functions of one variable.
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Another interesting difference between the two approaches is the following: we
will show below that the loop group frame corresponding to a surface of constant
curvature K < 0 in S3 also corresponds to a surface with 0 < K < 1in S3, giving
some kind of Lawson correspondence between two surfaces, one of which has
negative curvature and the other positive. This correspondence is obtained by
evaluating at a different value of the loop parameter A. On the other hand, in
[Brander 2007], the loop group maps of Ferus and Pedit are also found to produce
Lawson-type correspondences between various isometric immersions of space forms
by evaluating in different ranges of A. In this case, however, one does not obtain
such a correspondence between surfaces with positive and negative curvature.

Finally, we should observe that Xia [2007] has also studied isometric immersions
of constant curvature surfaces in space forms via loop group methods. In that
work, for surfaces in S3, the group SO(4) is used (as opposed to SU(2) x SU(2),
used here) and a loop group representation for the surfaces is given. However, the
generalized d’ Alembert method to construct solutions is not given, and neither is the
equivalence of this problem with Lorentz harmonic maps via the normal Gauss map.
It turns out to be difficult to find a suitable loop group decomposition in the SO(4)
setup used in [ibid.], which is really the setup for Lorentz harmonic maps into the
Grassmannian SO(4)/(SO(2) x SO(2)). The essential problem is that the surfaces
in question are not associated to arbitrary harmonic maps in the Grassmannian, but
very special ones. In contrast, our use of the group SU(2) x SU(2) leads naturally
to the normal Gauss map, the harmonicity of which is a basic characterization of
these surfaces; this leads to a straightforward solution in terms of the known method
for Lorentz harmonic maps.

1. Preliminaries

The symmetric space S3. Let E* be the Euclidean 4-space with standard inner
product

(x,y) =x0y0+ x1y1 + Xx2y2 + x3)3.

We denote by eg = (1,0,0,0), e; = (0,1,0,0), e2 = (0,0, 1,0), e3 =(0,0,0, 1)
the natural basis of E*.
The orthogonal group O(4) is defined by

0(4) ={4 €GL(4,R)| ATA=1}.

Here I is the identity matrix. We denote by SO(4) the identity component of O(4)
(called the rotation group).

Let us denote by S* the unit 3-sphere in E* centered at the origin. The unit
3-sphere is a simply connected Riemannian space form of constant curvature 1.
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The rotation group SO(4) acts isometrically and transitively on S3, and the
isotropy subgroup at eg is SO(3). Hence S® = SO(4)/ SO(3). This representation is
a Riemannian symmetric space representation of S3 with involution Adgiag(—1,1,1,1)-

The unit tangent sphere bundle. 1et us denote by US? the unit tangent sphere
bundle of S3. Namely, US? is the manifold of all unit tangent vectors of S3, and
is identified with the submanifold

{(x.v) [ (x,x) =(v,v) =1, (x,v) =0}
of E* x E*. The tangent space T(x,v)U§3 at a point (x, v) is expressed as
Tx US? ={(X,V) e E* xE* | (x, X) = (v, V) =0, (x,V) + (v, X) = 0}.
Define a 1-form w on US? by
oxnX.V)=(X,v) =—(x,V).
Then one can see that  is a contact form on US3; that is, (dw)? A @ # 0. The
distribution
Dix,v) = (X V) € Tx 0)US® |0x,0) (X, V) = 0}

is called the canonical contact structure of US3.

The rotation group SO(4) acts on US? via the action 4 - (x,v) = (Ax, Av).
It is easy to see that under this action the unit tangent sphere bundle US? is a
homogeneous space of SO(4). The isotropy subgroup at (eg, e 1) is

I, 0
(1 ) [peson].

Here I, is the identity matrix of rank 2. Hence, US® = SO(4)/ SO(2). The invariant
Riemannian metric induced on US? = SO(4)/ SO(2) is a normal homogeneous
metric (and hence naturally reductive), but not Riemannian symmetric. Note that
US? coincides with the Stiefel manifold of oriented 2-frames in E4.

The space of geodesics. Next, we consider Geo(S?), the space of all oriented
geodesics in S3. Take a geodesic y € Geo(S?3); then y is given by the intersection
of S3 with an oriented 2-dimensional linear subspace W in E*. By identifying y
with W, the space Geo(S?) is identified with the Grassmann manifold Gr(E*) of
oriented 2-planes in Euclidean 4-space. The natural projection 771 : US3 — Geo(S?)
is regarded as the map

71(x, v) = the geodesic y satisfying the conditions y(0) = x, ¥’ (0) = v.

The rotation group SO(4) acts isometrically and transitively on Geo(S3). The
isotropy subgroup at eg A e is SO(2) x SO(2).
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Therefore, the tangent space Teyne, Geo(83) is identified with the linear subspace

0 0 —X2 —X3
0 0 —x21 —x31
X2 X21 0 0
X3 X31 0 0

of 50(4). The standard invariant complex structure J on Geo(S?) = Grp(E*) is
given explicitly by

0 0 —X2 —X3 0 0 X21 X31
0 0 —X21 —X31 | _ 0 0 —X2 —X3
X2 X21 0 0 o —X21 X2 0 0
X3 X31 0 0 —X31 X3 0 0

One can see that Gr,(E*) is a Hermitian symmetric space with Ricci tensor 2(-, - ).
The Kihler form €2 is related to the contact form w by 71 Q2 = dw.

2. Surface theory in S3

The Lagrangian and Legendrian Gauss maps. Let f : M — S C E* be a con-
formal immersion of a Riemann surface with unit normal vector field n. Then we
define the (Lagrangian) Gauss map L of f by

L:= fAn:M — Gr(E*).

One can see that L is an immersion and, in addition, that it is Lagrangian with
respect to the canonical symplectic form Q of Gra (E*); that is, L*Q = 0. Under
the identification Gr, (E%) = Geo(S?), the Lagrangian Gauss map is referred as the
oriented normal geodesic of f (and called the spherical Gauss map).

On the other hand, we have a map &£ := (f,n) : M — US3. This map is
Legendrian with respect to the canonical contact structure of US?; that is, £*w = 0.
This map & is called the Legendrian Gauss map of f .

Parallel surfaces. An oriented geodesic congruence in S is an immersion of a
2-manifold M into the space Geo(S?) of geodesics. Now, let £ : M — S3 be a
surface with unit normal n. Then a normal geodesic congruence through f at a
distance r is the map f” : M — S> defined by

f":=cosr f +sinrn.

If f satisfies the condition cos(2r) — sin(2r)H + sin®(r)K # 0, then f” is an
immersion. Here, H and K are the mean and Gauss curvatures of f, respectively.
If f7 is an immersion, then it is called the parallel surface of f at the distance r.
The correspondence f +— f7 is called the parallel transformation.
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Legendrian lifts, frontals and fronts. The Gauss map L of an oriented surface
f: M — S3 with unit normal 7 is a Lagrangian immersion into Gr (E#). Conversely,
we have:

Proposition 2.1 [Palmer 1994]. Let L : M — Gro(E*) be a Lagrangian immersion.
Then locally L is a projection of a Legendrian immersion & : M — US3. The
Legendrian immersion is unique up to parallel transformations.

The Legendrian immersion & is called a Lie surface by Palmer. If f : M — S3
is an immersion with unit normal 7, then & := (f, n) is a Legendrian immersion
into US3. However, even if & is a Legendrian immersion, f := , o & need not be
an immersion, although it possesses a unit normal n. Here, 75 : US® — S3 is the
natural projection.

Remark 2.2. A smooth map f : M — S3 is called a frontal if for any point p € M
there exists a neighborhood U of p and a unit vector field n along f defined on
AU such that (df,n) = 0. A frontal is said to be coorientable if there exists a
unit vector field n along f such that (d £, n) = 0. Namely, a coorientable frontal
is a smooth map f : M — S that has a lift £ = (f.n) to US? satisfying the
Legendrian condition £*w = (d f,n) = 0. A coorientable frontal is called a front if
its Legendrian lift is an immersion.

Our main interest is surfaces of constant curvature K < 1 in S3. Except in the
case K = 0, any surface of constant Gauss curvature K < 1 has singularities. A
theory of the singularities of fronts can be found in [Arnold 1990]. Geometric
concepts such as curvature and completeness for surfaces with singularities have
been defined by Saji, Umehara and Yamada in [Saji et al. 2009].

Asymptotic coordinates. Hereafter, assume that the Gaussian curvature K is less
than 1. This implies that the second fundamental form II derived from # is a possibly
singular Lorentzian metric on M.

Represent K as K = 1 — p? for some positive function p, and take a local
asymptotic coordinate system (u, v) defined on a simply connected domain D C M.
Then the first and second fundamental forms I and II are given by (see, e.g., [Moore
1972])

(2-1)  I= A%du®+2ABcos ¢ dudv + B*dv?, 1I=2pAB sin¢ dudv.

Note that asymptotic coordinates (1, v) are conformal with respect to the second
fundamental form. We may regard M as a (singular) Lorentz surface [Weinstein
1996] with respect to the conformal structure determined by II (called the second
conformal structure [Klotz 1963; Milnor 1983]). Thus, one can see that

C = A% du? + B% dv?
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is well defined on M.
The Gauss equation is given by

B . A . i
buo— (525356 —(Gergaing ) (1= sing =0

Now, we introduce functions a and b by a = Ap and b = Bp. The Codazzi equations
are

(2-2) av—p—va+p—ubcos¢:(), bu—p—ub-l—p—vacosd):O.
2p 2p 2p 2p

The Codazzi equations imply that if K is constant, then we have a, = b, = 0. In
addition, the Gauss—Codazzi equations are invariant under the deformation

aAa, b A", A eR*:=R\{0}.

Thus, there exists a one-parameter deformation { f) } e+ of f preserving the
second fundamental form and the Gauss curvature. The resulting family is called
the associated family of f. The existence of the associated family motivates us to
study constant Gauss curvature surfaces in S3 by loop group methods.

3. The loop group formulation

The SU(2) x SU(2) frame. Let us now identify S3 with SU(2), via
(z,w)eSPCR*=C2 <« (_; ’j) e SU(2).

The standard metric g on S3 is then given by left translating V, W € T,:S3 to the
tangent space at the identity, 7, SU(2) = su(2); that is,

gV, W)= (x"1v,x"1w),

where the inner product on su(2) is given by (X, Y) = —Tr(XY')/2. The natural
basis {eg, 1, €2, e3} of E# is identified with

01 01 i 0
eo=e=15, e = 10) 2=\io) ==lo)

Note that {ey, 5, e3} is an orthonormal basis of su(2). We have the commutators
[e1, e2] =2e3, [e2, €3] =2eq and [e3, 1] = 2e», so the cross product on E3 is given
by Ax B = %[A, B]. Note that S? is represented by (SU(2) x SU(2))/SU(2) as a
Riemannian symmetric space. The natural projection is given by (G, F) > GF ™1,

Let M be a simply connected 2-manifold, and suppose given an immersion
f : M — S3, with global asymptotic coordinates (u,v) and first and second
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fundamental forms as above at (2-1). Set 8 = ¢/2 and

. 0 e i?
§1 =cosbfey—sinfep = (—eie 0 ),

. 0 ef
& =cosfe; +sinfep = (—e‘ie 0 ) .

Then (&1, &) = cos ¢, and so we can define amap F : M — SU(2) by the equations
3-1)  flfu=AAdr&, f'fy=BAdr&, f'n=AdFes,
where 7 is the unit normal given by n = (AB) "L f(f~! fu x £~ 1»).

Setting G = fF,the map ¥ = (F,G) : M — SU(2) x SU(2) is a lift of f, and
the projection to SU(2) is given by

f=GF™ L

We call ¥ the coordinate frame for f. We now want to get expressions for the

Maurer—Cartan forms of F and G. Differentiating G = fF and substituting in the

expressions at (3-1) for f~! f,, and f~! f,, we obtain
32) G 'G,—F'F, = A&,
G 'G,— F'F, = B&,.

Now, write F 1 F, = aje; +azes +aszes. Differentiating the expression f_lfu =
A AdfF &1, we obtain

_ 04 _ 0
f fuu = A Adp E7 + 5 Adr &1+ AAdR([F VF, 611+ AAdF %

0A
= AAdF (—Aeo + A_IE&

ou
= A(—2a; sin —2a, cos 0) Adr ez + Adr (doeg + d1e1 + daea),

d
+ [a1e1 + azes +azes,cos B ey —sin b ex] + i)

where we are only interested in the coefficient of Adf e, that is, of f~!n. Since
the second fundamental form is assumed to be Il = 2pA B sin ¢ dudv, we know
that ( f~n, f~! f,u) = 0. Hence the coefficient of n in the above equation is zero:
0= A(—2ay sin 8 —2a5 cos 0), or again

a, = —aq tan 0.

Next, differentiating £ ! f,, = B Adf &, with respect to u, we deduce

7! fuv = AB AdF (£162) + Adp (2—552 + B[F7'Fy, &)+ B%)



CONSTANT GAUSSIAN CURVATURE SURFACES IN S3 VIA LOOP GROUPS 291

and the coefficient of Adg e3 on the right-hand side is
AB sin26 + B(2ay sin 0 —2a5 cos 0).

Substituting in @, = —aj tan @, the equation ( f ~'n, f~! fuu) = pAB sin ¢ then
becomes
pABsin260 = ABsin20 4+ B4a sin6.

Hence, a; = A(p—1) cos(6)/2, and a, = —A(p—1) sin(0) /2. Writing Uy := azes,
we have

1
FYF, = Uy + 'OTA;%I.

From the equations (3-2) we also have

_ +1
GG, :Uo—i-’OTASl.

Similarly, one obtains the expressions

1 1
FF, = Vy— %BSZ and GGy =Vo— pTBgz,

where V) is a scalar times e3.
The Maurer—Cartan form o« = F~!dF of F thus has the expression

a=00+o +a_1,

(3-3) o1
oo = Updu + Vydv, O[lzT

and similarly, G™1 dG = B = Bo + B1 + B—1, with

1
Agl du, o—1 :—%Bézdv,

+1 -1
(B4)  Po=Updu + Vodv, Bi= pTAgl du, p_y= —pTB§2 dv.
One can check that Uy and Vy are of the form Uy = —60,e3/2 and Vg = Oye3/2.

Ruh-Vilms property. Now we investigate Lorentz harmonicity, with respect to the
second conformal structure, of the normal Gauss map v = f~'n of f. By definition,
v takes values in the unit 2-sphere S? = Adgy(2) €3 in the Lie algebra su(2). Since
f and v are given by f = GF~!, v = AdF e3, we have

vy = Adr[U,e3], vy =Adfp[V, es],

where U = F~1F, and V = F~! F,. From these we have
d U
v v

ivv = Adr ([a—v 63} + [U, [V, 63]])-
ou ou
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Next, we have

[a—U,a} — (A(p—1)sinBlver +{A(p— 1) cos O}pes,

av
[%—Z, e3i| =—{B(p+ 1)sinfO},e; +{B(p+1)cosb}y,ez,
[V,[U,es3]] =—A(p—1)0y(cos(0)e; —sin(0)ez) + %AB(,O2 — 1) cos(20)es,
[U.,[V. e3]] = B(p+ 1)6y(cos(9)er +sin(f)ez) + 2 AB(p* — 1) cos(26)es.

Here we recall that a smooth map v : M — S? C [E3 of a Lorentz surface M into
the 2-sphere is said to be a Lorentz harmonic map (or wave map) if its tension
field with respect to any Lorentzian metric in the conformal class vanishes. This is
equivalent to the existence of a function k such that

Vyy = kl)

for any conformal coordinates (u, v).
First, (vy,)y is parallel to v if and only if

Ay(p—1) + Apy = 0.
Inserting the Codazzi equation (2-2) into this, we get
(3-5) a(p+1)py —b(p—1)(cos ¢)py = 0.
Analogously, (vy),, is parallel to v if and only if
By(1+p)+ Bpy =0.
Inserting the Codazzi equation again, we get

(3-6) b(p—1)py —a(p+ 1)(cos¢)py = 0.

Thus v is Lorentz harmonic if and only if (3-5) and (3-6) hold. The system (3-5)—
(3-6) can be written in matrix form as

( bp—1)  —alp+ 1)cos¢) (p) _ (0)
—b(p—Tycosp  a(p+1) ) \p) T \o)-

The determinant of the coefficient matrix is ab(p? — 1) sin? ¢. Thus, under the
condition p # 1, i.e., K # 0, we have v is Lorentz harmonic if and only if K is
constant.

Incase p=1, wehave U =—0,e3/2 and so v,, = Adp [U, e3] =0. Hence vy, =0.

Thus g is Lorentz harmonic.
goodbreak
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Theorem 3.1. Let f : M — S3 be an isometric immersion of Gauss curvature
K < 1. Then the normal Gauss map v is Lorentz harmonic with respect to the
conformal structure determined by the second fundamental form if and only if K is
constant.

This characterization is referred as the Ruh—Vilms property for constant curvature
surfaces in S with K < 1.

Remark 3.2. Under the identification S® = (SU(2) x SU(2))/ SU(2), the space
Geo(S?) is identified with the Riemannian product

S? x S? = (SU(2) x SU(2))/(U(1) x U(1)).
The Lagrangian Gauss map L corresponds to the map
L <« (nf™", f7'n) = (Adg €3, AdF e3)

(see [Aiyama and Akutagawa 2000; Kitagawa 1995]). Thus the Ruh—Vilms property
can be rephrased as follows:

Corollary 3.3. Let f : M — S3 be an isometric immersion of Gauss curvature
K < 1. Then the Lagrangian Gauss map L is Lorentz harmonic with respect to the
conformal structure determined by the second fundamental form if and only if K is
constant.

The Legendrian Gauss map has the formula &£ = (f.n) = (GF ™1, Ges F ).

Remark 3.4. Consider an oriented minimal surface f : M — S3 with unit normal .
Then its Lagrangian Gauss map L = f A n is a harmonic map with respect to
the conformal structure determined by the first fundamental form. Hence L is a
minimal Lagrangian surface in the Grassmannian [Palmer 1994, Proposition 3.1];
see also [Castro and Urbano 2007].

The loop group formulation for constant curvature surfaces. Let o and 8 be as
defined above at (3-3) and (3-4). Let us now define the family of 1-forms

a* = o + Aag + )L_loc_l,

where A is a (nonzero) complex parameter. The integrability conditions for the
1-forms & and B are do +a A =0 and dB + B A B = 0. Using these two equations,
which must already be satisfied, it is straightforward to deduce that at is integrable
for all A if and only if p is constant; in other words, if and only if the immersion f
has constant curvature 1 — p2. In this case we have, of course, @ = a'!, but also

1
(3-7) B =ak WMWﬂ=£iT
p_

From now on, we assume that p is constant, so do* + ot Ao = 0 for all nonzero
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complex values of A. Let us choose coordinates for the ambient space such that
(3-8) F(ug,vo) = f(uo,vo) = G(uo,vo) =1

at some base point (ug, vo). We further assume that M is simply connected. Then
we can integrate the equations

ﬁ_ldﬁzal, ﬁ(uO,vo)Il,

to obtain a map F:M—> %= ASL(2,C)g;. Here the twisted loop group
ASL(2,C)q is the fixed point subgroup of the free loop group ASL(2,C) by
the involutions ¢ and 7, which are defined as

0x(A) = Adgag(t,—1y X (-A).  Tx() = x(@NT .

Elements of 4 take values in SU(2) for real values of A.

By definition, we have F = F |»=1, and, moreover, from (3-7) and the initial
condition (3-8) we also have G = F [x=s- Thus, F canbe thought of as a lift of the
coordinate frame % = (F, G), with the projections (F, G) = (I?|,1=1, ﬁ|k=u) and

(3-9) f= ﬁ‘x=uﬁ_l‘x=1'

Thus we may call the map F the extended coordinate frame for f.

Let us now consider a general map into the twisted loop group % that has a
similar Maurer—Cartan form to a?; first, let K be the diagonal subgroup of SU(2)
and su(2) = £+ p be the symmetric space decomposition induced by S? = G/K =
SU(2)/U(1) of the Lie algebra; that is,

t =gspan(e3) and p = span(ey,ep).

Definition 3.5. Let M be a simply connected subset of R? with coordinates (u, v).
An admissible frame is a smooth map F : M — 4, the Maurer—Cartan form of
which has the Fourier expansion

F'dF =ag+ABidu+A"'B_1dv,  apct® Q' (M), Bii(u,v)€p.
The admissible frame is regular at a point p if B1(p) and B_1(p) are linearly
independent, and F is called regular if it is regular at every point.

Note that the extended coordinate frame for a constant curvature 1—p? immersion,
defined above, is a regular admissible frame on M. Conversely:

Lemma 3.6. Let F : M — G be a regular admissible frame. Let |y be any real
number not equal to 1 or 0. Then the map f : M — S® = SU(2) defined by the
projection (3-9) is an immersion of constant curvature

) +1
K, = 1—p2,  wherep:= %
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The first and second fundamental form are given by
(3-10) 1= A%?du?+2A4Bcos$pdudv + B>dv?, 11 =2pABsin¢dudv,
where A = (u —1)|B1|, B = (u™' — 1)|B_1|, and ¢ is the angle between B,
and B_;.
Proof. Set

F:=F|,_,. G:= 13‘&:”,

sothat f = GF~!. Differentiating this formula and using the expressions F~1dF =
oo+ Bidu+ B_jdv and G1dG = g + uBydu + ,u_lB_l dv, we obtain

(3-11) f T fu=w—-DAdr B, fl'fo=@'=1)Adr B_;.

Thus, since By are linearly independent for a regular admissible frame, the map
f is an immersion and the first fundamental form is given by
2

(u—1)2|B;|? du2+2(,u—1)(ﬁ—l) cos ¢ |B1||B_1| dudv—l—(i—l) |B_q|? dv?,
where ¢ is the angle between B; and B_;. This gives formula (3-10); for the first
fundamental form.

It remains to show formula (3-10), for the second fundamental form, from which
it will follow that the intrinsic curvature is 1 — p2. Since B4 take values in p,

and es3 is perpendicular to p, it follows from equations (3-11) that a choice of unit
normal is given by

n= fAdf e;s.
Differentiating equations (3-11) then leads to
(™ fus f700) = (7 o, fTI0) =0,

(" fuv. £ ) = (1= )1 + =) | By | |B-1|sing
= p(u—1D (™" =1)|Bi1||B-1|sing,

which gives the formula at (3-11) for II. O
Note that
K, €(0,1] and K ;=1 for u <0,
K, <0 and l}ll‘l)ll K, =—oo foru>0.

The Legendrian Gauss map and Lagrangian Gauss map of f = F =1 F A_=11 are
given respectively by

= (Frop Bl Facpes Bl L=(Adp_ e Adp_ e3).
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The generalized d’Alembert representation. As we have shown, the problem of
finding a nonflat constant curvature immersion f : M — S3 with K < 1 is equivalent
to finding an admissible frame. As a matter of fact, Definition 3.5 of an admissible
frame is identical to the extended SU(2) frame for a pseudospherical surface in the
Euclidean space E3 (see, for example, [Brander and Svensson 2013; Dorfmeister
and Sterling 2002; Toda 2005]). The surfaces in E3 are obtained from the same
frame, not by the projection (3-9) but by the so-called Sym formula. We will explain
the connection between these problems in the next section, but the point we are
making here is that the problem of constructing these admissible frames by the
generalized d’ Alembert representation has already been solved in [Toda 2005].

A presentation of the method, using similar definitions to those found here, can
be found in [Brander and Svensson 2013]. The building blocks of any admissible
frame are these:

Definition 3.7 [Brander and Svensson 2013, Definition 5.1]. Let I,, and I, be two
real intervals, with coordinates u and v respectively. A potential pair (174,7—) is a
pair of smooth Asl(2, C)s-valued 1-forms on 7, and I, respectively with Fourier
expansions in A

1 00
ne= Y (A du, o= )" (n-);A0 dv.

J=—0 J==1
The potential pair is called regular if [(n+)1]12 7# 0 and [(n=)—1]12 # O.

The admissible frame F is then obtained by solving F:El dFy = n4 with
initial conditions F4 (0) = I, and thereafter performing at each (u, v) a Birkhoff
decomposition [Pressley and Segal 1986]

F'w)F-(v) = H-(u,v)Hy(u,v), with Hy(u,v) € A¥SL(2,0),

and then setting ﬁ(u, v) = Fy(u)H-(u,v).
Example solutions, using a numerical implementation of this method, are com-
puted below.

4. Limiting cases: pseudospherical surfaces in Euclidean space
and flat surfaces in the 3-sphere

In this section we discuss the interpretation of admissible frames at degenerate
values of the loop parameter p, namely, the case = 1, which was excluded from
the above construction, and the limit & — 0 or & — oo.

Relation to pseudospherical surfaces in Euclidean space E3. As alluded to above,
in addition to the constant Gauss curvature K = 1 — p? surfaces in S> of Lemma 3.6,
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one also obtains from a regular admissible frame F aconstant negative curvature —1
surface in E3 by the Sym formula

s OF 4,
(4-1) f=2F

Here we explain how this formula arises naturally from the construction of surfaces
in S3 = SU(2).
Obviously the projection formula

Ju= ﬁ}k=uﬁ_l}k=l

for the surface in S3 degenerates to a constant map for & = 1. On the other hand,
we can see that K, = 1—( + 1)?/ (11— 1)? approaches —oo when 4 approaches 1.
This suggests that we multiply our projection formula by some factor, allowing the
size of the sphere to vary, so that K approaches some finite limit instead, in order
to have an interpretation for the map at u = 1. Set

v 2
Su= m(fu —eo).

Note that eg = (1, 0, 0, 0) under our identification E* = su(2) + span(eg). Now, for
w # 1 the function f, is a constant curvature K, surface in S3, and f,L is obtained
by a constant dilation of E* by the factor 2(1 — x)~!, plus a constant translation
which has no geometric significance. It follows that fu is a surface in a (translated)
sphere of radius 2(1 — )™ !, and that fVM has constant curvature

(4-2) Ky = (1/4)(1— 1)Ky,

Now, consider the function g : M x (1 —&, 1 + &) — [E*, for some small positive
real number ¢, given by

glu,v, 1) = Z(ﬁ(u, v)|)k=/1 ﬁ(u, v)~! ’/1:1 — eo).
This function is differentiable in all arguments, and

281 =21im iz P im0 lim f,.
oA =1 n—1 1—pn nw—1

Hence the limit on the right-hand side exists and is a smooth function M — E*. On
the other hand, differentiating the definition of g, we obtain the right-hand side of
the Sym formula (4-1). Note that since F is SU(2)-valued, this expression takes
values in the Lie algebra su(2) = span(ey, e3, e2), which in our representation of
E* is the hyperplane xo = 0. In other words, limy 1 fVM takes values in E3 C E4.
Assuming that our surface in S3 is regular, then one can verify that the regularity
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assumption on the frame F implies that this map is an immersion, and it is clear
from expression (4-2) that this surface has constant curvature —1.

Example 4.1. In Figure 3, various projections of the same admissible frame are
plotted. These are computed using the generalized d’ Alembert method (see [Toda
2005]), using the potential pair

A4
Ny =Adu, n—=Adv, A=( 0 A +M).

A7 0

The first image, the surface in E3 obtained via the Sym formula (4-1), is part of a
hyperbolic surface of revolution (a plot of a larger region is shown in Figure 1). The
two cuspidal edges that can be seen in this image also appear in the other surfaces at
the same places in the coordinate domain, because the condition on the admissible
frame for the surface to be regular is independent of ;. The surfaces in S3 are
of course distorted by the stereographic projection, which is taken from the south

w=1, K=—1, target E3 n=4, K= —%G,target s3

uw=—4, K=%,target§3 w=-1, K=1,target§3

Figure 3. Surfaces obtained from one admissible frame evaluated
at different values of u. All images are of the same coordinate
patch. The first image is obtained via the Sym formula, and the
others are in S3, stereographically projected to R3 for plotting.
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u=1, K=—1, target 3 pu=4, K:—19—6, target S3 pu=—4, K:;—g, target S3
Figure 4. Amsler’s surface and generalizations in the 3-sphere.
The surfaces are obtained from one admissible frame evaluated at
different values of . All images are of the same coordinate patch.

pole (—1,0,0,0) € E4; the north pole (1,0,0,0) is at the center of the coordinate
domain plotted. The last image is in fact planar, the projection of a part of a totally
geodesic hypersphere S? C S3. In this case, each of the two singular curves in the
coordinate domain maps to a single point in the surface.

Example 4.2. Amsler’s surface in E> can be computed by the generalized d’ Alem-
bert method, using the potential pair

0 il 0 —a1
n+—(i/\ O)du, n__(k_l 0 )dv.

The image of a rectangle [0, a] x [0, ] in the positive quadrant of the uv-plane
is plotted in Figure 4, evaluated at 3 different values of w. The coordinate axes
correspond to straight lines for the surface in E3, and to great circles for the surfaces
in S3, which project to straight lines under the stereographic projection from the
south pole. The north pole (1,0, 0, 0) corresponds to (u, v) = (0, 0).

The singular set in the coordinate patch corresponds to a cuspidal edge in each
of the first two images, but contains a swallowtail singularity in the third. See also
Figure 2.

Relation to flat surfaces in the 3-sphere. We have considered above the surfaces
Ju, obtained by the projection

(4-3) Flazpu F 7521,

for all nonzero real values of 1. We now consider the limit as p approaches 0 or oo.
From the formula K, = 1 — (1t + 1)2/ (1 — 1)2, it is clear that the limiting surface,
if it exists, will be flat. We discuss the case u — 0 here.

Observe that the admissible frame F has a pole at A = 0, so we cannot evaluate
(4-3) at © = 0. However, in the Maurer—Cartan form of F, the factor A ™! appears
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only as a coefficient of dv. Hence a change of coordinates could remove the pole
in A. For u > 0, we set = u and ¥ = v/u, so that

Ju(u,v) = fru(, o) =: g, (i, ).

For simplicity, let us assume that M is a rectangle (a, b) x (¢, d) C R?, containing
the origin (0, 0) and with coordinates (1, v). We denote by M, the same rectangle
in the coordinates (i, ), that is, M, = (a,b) x (c¢/p, d /), and we define My :=
(a,b) x (—o0, 00).

We have already seen that for y > 0, the map g, : M, — S? is an immersion of
constant curvature K, = 1 — (u + 1)?/(u — 1)2, since this is just the same map as
Ju in different coordinates. For fixed wo € (0, 1), if 0 < i < po then My, O My,
and so we can restrict g,, to My, and talk about a family of maps g, : M, — S>
with a fixed domain.

Lemma 4.3. For any fixed o € (0, 1), the family of maps g, : My, — S3 extends
real analytically in | to . = 0. Moreover, the map go : My, — S3 extends to the
whole of My = (a, b) x (—00, 00), and is an immersion of zero Gaussian curvature.

Proof. Write (A}M(ﬁ, V) = ﬁ(ﬁ, uv) = ﬁ(u, v), SO éu : M, — 4. Then
gu(il, 0) = Hu (1, 0)K ;' (@,9), where Hy = Gpl,_ . Kui=Gpul;_.
Since F is an admissible frame, we can write

F7UAF = (Ug+ AU du+ (Vo + A7 1) do
= (Uo (i1, ud) + AU (i1, u0)) dii + (Vo (it, u0) + pA =" Vi (i, u9)) do,

and thus
H;'dH, = (Uo + pUy) dii + (uVo + V1) di,
SO
Hy'dHy = Uy (ii, 0) dii + Vi (i1, 0) d,
and
K ' dK,, = (Uo + Ur) dit + (uVo + pV) do,
SO

Ky'dKo = (Ug(ii, 0) + Uy (i1, 0)) dii.

Since Hy and K, are both obviously real analytic in x4 in a neighborhood of =0,
so also is gy. Finally, the 1-forms y = HO_1 dHp and § = KO_1 dKg are both
integrable on My, = (a,b) x (¢/po.d/1ro) for any fixed po. But, since the
coefficients of the 1-forms are constant in v, this means that they are in fact
integrable on the whole of (a, b) X (—o0, 00). This implies the claim. O
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Figure 5. The surface g, for u = 10~°, obtained from the same
admissible frame used in Figure 3.

Using the expressions y and § above, we obtain the formula
2o dgo = Adg, (—U. (i, 0) dit + V4 (ii, 0) dd),
from which we have the following expression for the first fundamental form of gg:
I(i1,7) = (|B1]* dii?> =2 cos ¢ | By || B—1| dit dd + |B_1|2d172)‘(ﬁ,0).

Letting ;# — 0 in expression (3-10), we conclude that the second fundamental form
of go is
I =2|B;(u,0)| |B-1(u,0)]|sin(¢(u,0)) dudv.

Example 4.4. In Figure 5 is shown the surface g, for u = 1072, obtained from the
same admissible frame F, . used in Example 4.1. A square region in the (i, v)-plane
is plotted, approximately equal to the region (a, b) X (¢/u,d /i) in the uv-plane,
where (a,b) x (c, d) is the region plotted in Example 4.1. The region plotted here
is actually slightly larger, in order to make the singular set visible. As p approaches
zero, the cuspidal edges, which, in the nonflat surface, were approximated by
v = Fu + constant, are now approaching curves of the form v = constant.
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ON EMBEDDINGS INTO COMPACTLY GENERATED GROUPS

PIERRE-EMMANUEL CAPRACE AND YVES CORNULIER

We prove that there is a second-countable locally compact group that does
not embed as a closed subgroup in any compactly generated locally compact
group, and discuss various related embedding and nonembedding results.

1. Introduction

The Higman—Neumann—Neumann (HNN) theorem [Higman et al. 1949] ensures
that every countable group embeds as a subgroup of a finitely generated group,
indeed 2-generated (relying on a fundamental construction referred to since then
as HNN-extension). This was a major breakthrough, providing some of the first
evidence that finitely generated groups are not structurally simpler than countable
groups and thus are far from tame or classifiable. B. H. and H. Neumann [Neumann
and Neumann 1959] gave an alternative construction, showing for instance that
every countable k-solvable group (that is, solvable of derived length at most k)
embeds as a subgroup of a finitely generated (k + 2)-solvable group. Further
refinements by P. Hall [1954] and P. Schupp [1976] in a slightly different direction
showed that every countable group embeds in a 2-generated simple group.

In the present paper, we address similar questions in the context of locally
compact topological groups, which will be abbreviated henceforth by the term
l.c. groups. Recall that locally compact groups are a natural generalization of
discrete groups, the counterpart of countability (resp. finite generation), being o -
compactness (resp. compact generation). A prototypical example of an embedding
of a noncompactly generated l.c. group into a compactly generated one is the
embedding of the p-adic additive group Q,, into the affine group Q,, x QI); (orits
discrete cousin, the embedding of the additive underlying group of the ring Z[1/ p]
into the Baumslag—Solitar group Z[1/ p] %, Z).

It is natural to ask whether analogues of the HNN theorem hold in the context
of L.c. groups. In that context, an embedding ¢ : H — G of an l.c. group H to an
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l.c. group G is defined as a continuous injective homomorphism (with potentially
nonclosed image). In the nondiscrete setting, several natural variants of the question
can be considered:

¢ Given a o-compact l.c. group H, is there any embedding ¢ : H — G into a
compactly generated l.c. group G?

e Is there one with closed image?
e Is there one with open image?

It turns out that whenever the topology on H is nondiscrete, the answers to these
questions are not always positive, and depend heavily on the algebraic structure
of H. The results of this note are intended to illustrate that matter of fact. We start
with a positive result in the case where the algebraic structure of H is the simplest
possible, namely, when H is abelian:

Theorem 1.1. Every o-compact abelian l.c. group A embeds as an open subgroup
of a compactly generated group G, which can be chosen to be 3-solvable. If
moreover A is totally disconnected, second countable, or both, then G can also be
chosen to enjoy the same additional property.

In particular, the additive group of adeles, defined as a restricted product of
all Q, (see Section 4 for the definition) is isomorphic to an open subgroup of a
compactly generated locally compact group. In contrast, the adeles are used to
prove the following result, which shows in particular that Theorem 1.1 cannot be
generalized to solvable groups:

Theorem 1.2. There exists a o-compact metabelian Lc. group M not isomorphic
to any closed subgroup of any compactly generated l.c. group.
Moreover M can be chosen to be second countable and totally disconnected.

The proof of Theorem 1.2 is based on the now classical observation, due to
H. Abels [1974, Beispiel 5.2], that every compactly generated l.c. group admits,
in a somewhat natural way, a continuous proper action on a connected graph of
bounded degree (see Proposition 2.1 below). Using similar ideas, we obtain the
following result, which shows that the HNN theorem fails in the nondiscrete setting,
even if one allows embeddings with potentially nonclosed images:

Theorem 1.3. There exists a second-countable (hence o-compact) topologically
simple totally disconnected l.c. group S such that every continuous (or even abstract)
homomorphism of S to any compactly generated l.c. group is trivial.

This stands in sharp contrast with the discrete case. We remark also that local
compactness is absolutely essential to this result, since it is known from [Pestov
1986] that every o-compact topological Hausdorff group is isomorphic to a closed
subgroup of some compactly generated topological Hausdorff group.
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We finally present a result illustrating the difference between embeddings with
closed and open images:

Theorem 1.4. There exists a second-countable (hence o-compact) l.c. group H
that is isomorphic to a closed subgroup of a compactly generated I.c. group, but not
to any open subgroup of any compactly generated l.c. group.

Moreover, H can be chosen to be of the form K x T, with T discrete abelian and
K compact abelian and either connected or profinite. It can also be chosen to be a
Lie group.

One part of the implication in Theorem 1.4 is the following general fact, which
is based on a wreath product construction:

Proposition 1.5. Any compact-by-{countable discrete} l.c. group embeds as a
closed subgroup in a compact-by-{finitely generated discrete} l.c. group.

Similarly to Theorem 1.1, this proposition illustrates that embedding theorems
can hold in the nondiscrete case when the algebraic or topological structure of the
group H is not too complicated.

We finish by mentioning some related natural questions which we have not been
able to answer.

Question 1.6. Is every second-countable (real) Lie group isomorphic to a closed
subgroup of a compactly generated locally compact group? Of a compactly gener-
ated Lie group? Same questions for p-adic Lie groups.

The answer to Question 1.6 with “closed subgroup” replaced by “open subgroup”
is negative for both real and p-adic Lie groups; see the examples in Section 6.

2. Locally compact groups, Lie groups, and locally finite graphs

We shall use the following general result about 1.c. groups; the first part follows
from the solution to Hilbert’s fifth problem, the second is an elementary but crucial
observation due to H. Abels:

Proposition 2.1. Let G be an l.c. group and V be any identity neighborhood.

(1) (Yamabe) If G is connected-by-compact (i.e., if G/ G° is compact), then V
contains a compact normal subgroup K of G such that G/ K is a connected
Lie group.

(ii) (Abels) If G is totally disconnected and compactly generated, then V contains a
compact normal subgroup W of G such that G/ W admits a faithful continuous
proper vertex-transitive action on some connected locally finite graph.
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Proof. For (i), see [Montgomery and Zippin 1955, Theorem IV.4.6]. For (ii),
originally observed in [Abels 1974, Beispiel 5.2], refer to [Monod 2001, §11.3]. O

We deduce the following useful criterion for the nonexistence of embeddings
into compactly generated l.c. groups:

Proposition 2.2. Let H be an l.c. group. The following are equivalent:

(1) Every continuous homomorphism of H to a compactly generated l.c. group is
trivial.

(2) The following two conditions are satisfied:

(a) Every continuous homomorphism of H to a compactly generated totally
disconnected l.c. group is trivial.
(b) For any n, every continuous linear representation H — GL, (C) is trivial.

Moreover, a sufficient condition for (a) is that H has no nontrivial continuous
action on any connected graph of bounded degree.

Proof. That (1) implies (2) is immediate. Conversely, assume that (2) holds. Let G
be a compactly generated l.c. group and f : H — G a continuous homomorphism.
Considering the composite map H — G — G/G° in view of (a), we see that
f(H) C G°. If f is not the trivial map, some identity neighborhood V in G
does not contain the image of f. By Proposition 2.1(i), there is a compact normal
subgroup K of G° contained in V such that L = G°/K is a (connected) Lie group.
So the composite map H — L is nontrivial. Using the adjoint representation
of L and (b), we see that it maps H into the center of L. On the other hand, it
follows from Pontryagin duality and (b) that H admits no nontrivial continuous
homomorphism to any abelian l.c. group. So we get a contradiction, and thus f is
the trivial homomorphism.

Let us now assume that H has no nontrivial continuous action on any connected
graph of bounded degree and let us check that (a) holds. Let f : H — G be a
continuous homomorphism, with G a compactly generated totally disconnected
l.c. group. If f is nontrivial, some identity neighborhood V in G does not contain
the image of f. By Proposition 2.1(ii), there is a compact normal subgroup K of G
contained in V' such that G/ K acts continuously, faithfully, and vertex-transitively
on a connected locally finite graph. The hypothesis made on H implies that the
restriction of this action to H is trivial. Thus f(H) is contained in K, hence in V,
which is a contradiction. O

Remark 2.3. We do not know if, conversely, (a) implies that H has no nontrivial
continuous action on any connected graph of bounded degree. In other words, does
the existence of a continuous nontrivial action on a connected graph of bounded
degree imply the existence of such an action on a vertex-transitive graph? The same
question, replacing “nontrivial” by “proper,” can also naturally be addressed.
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Finally, we record an elementary fact, allowing us in suitable situations to exclude
actions on some connected locally finite graphs:

Lemma 2.4. Let G be an l.c. group acting continuously by automorphisms on a
connected graph all of whose vertices have degree < d. Then every vertex stabilizer
O is open in G and, for any prime p > d, every closed pro-p subgroup of O acts
trivially on the graph. In particular, if G admits an open pro-p-group, then the
action has an open kernel.

Proof. Let O be a vertex stabilizer, which is open in G since the action on the graph
is assumed continuous. Given any closed subgroup H of O which acts nontrivially
on the graph, there is a vertex v fixed by H and adjacent to some vertex that is not
fixed by H. In particular, H admits some nontrivial continuous permutation action
on the set of neighbors of v, which is a set of at most d elements. It follows that
H cannot be pro-p forany p >d. O

3. Proof of Theorem 1.1

Recall that any totally disconnected l.c. group contains compact open subgroups.
Moreover, every abelian l.c. group A has a (noncanonical) decomposition as a
topological direct product R” x W, where W is compact-by-discrete, and the
discrete quotient is countable as soon as A is o-compact. Those facts could be used
to deduce (a part of) Theorem 1.1 from Proposition 1.5. This is however not what
we shall do here, and we present rather a simpler direct argument.

We begin with an easy classical result:

Lemma 3.1. There exists a finitely generated group I" whose center contains a free
abelian group Z of countable rank; I" can be chosen to be 3-solvable.

Proof. If t is an indeterminate, the reader can check that the three matrices

100 110 100
0r 0], 010], 011
001 001 001

generate a group containing the set of all matrices of the form

10 P()
01 0 |, P@)eZ[1/1],
00 1

as a central, infinitely generated subgroup. (This construction is due to Hall [1954,
Theorem 7].) O

Lemma 3.2. If G is a 6-compact l.c. group, then it has a cocompact closed separa-
ble subgroup.
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Proof. By the Kakutani—Kodaira theorem, there is a compact normal subgroup
K such that G/ K is second countable. So G/ K admits a dense countable subset.
Lift this subset to G, and let D be the abstract (countable) group it generates.
So G = KD = KD since K is compact. Thus D is cocompact; moreover, it is
separable by construction. O

Proof of Theorem 1.1. By Lemma 3.2, there is a cocompact closed separable
subgroup in A. In other words, there is a homomorphism f : Z — A whose image
has cocompact closure, where Z = Z(®) is the restricted product of countably many
copies of the infinite cyclic group. In view of Lemma 3.1, the group Z can be
embedded as a central subgroup of a finitely generated group I" (which can be
chosen to be 3-solvable). The graph F of f is a closed discrete central subgroup of
I' x A. Since f is injective, it follows that the mapping of A into G = (I'x A)/ F is
injective. Moreover A has open image (because the quotient map is open). So A lies
as an open (and central) subgroup of G. The latter group is compactly generated:
indeed, the closure of the subgroup generated by a finite generating subset of I is
cocompact. By construction, if A is second countable or totally disconnected, then
sois G. |

4. Proof of Theorem 1.2

Consider B, = Qp X Z, where the notation X, means that the Z-action is through
multiplication by powers of p. Let A be the group of adeles; that is, the set of
elements in ]_[p Q, (p ranging over all primes) whose projection in [ [ Q,/Z), is
finitely supported, endowed with the ring topology for which [[Z,, is a compact
open subring. In the product [], Bp = (]_[p Qp) x [1, Z, consider the subgroup
Z=66 , Z and endow it with the discrete topology. Finally, define M = A% Z C
]_[p By. The group M is metabelian and admits a unique Hausdorff group topology
for which ]_[p Z,, is a compact open subgroup. In particular, M is locally compact.
Theorem 1.2 is a consequence of the following:

Proposition 4.1. There is no embedding of M as a closed subgroup of any com-
pactly generated l.c. group.

More precisely, given any continuous homomorphism f : M — G to a compactly
generated l.c. group G, there exists po such that f(Tp) is a compact connected

group for all p > po.
We begin with two lemmas on homomorphisms from Q,, into locally compact

groups:

Lemma 4.2. For every continuous homomorphism f : Q, — G of Qp to a
connected-by-compact l.c. group G, the closure of the image f(Qp) is compact
and connected.
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Proof. Assume first that G is a virtually connected Lie group. Since Q) is divisible,
it has no nontrivial finite quotient. Thus f(Tp) is a closed abelian subgroup of a
connected Lie group, so is isomorphic to a product I' x RF x T for some finitely
generated abelian group I" and torus 7. Invoking again that Q, has no nontrivial
finite quotient, we find I' = {0}. Since R¥ x T has no small subgroup, the kernel
of f must be open in Q. In particular, f(Q,) is a torsion group, from which we
infer that k = 0. Therefore f(Tp) is a torus; in particular, it is compact.

Coming back to the general case, we now let W be the maximal compact normal
subgroup of G, which exists by Proposition 2.1(i). Proposition 4.1 ensures that
G/ W is a virtually connected Lie group. By the special case above, we deduce
that, denoting K = f(Q)), the group K W/ W is compact. Hence K is compact as
well. Since K/K°® is profinite and Q, has no nontrivial finite quotient, K = K°;
that is, K is connected. O

Remark 4.3. It follows from Pontryagin duality that Q, has a continuous homo-
morphism with dense image into the circle, and also has an injective continuous
homomorphism with dense image into the Pontryagin dual Q of Q, which is a
connected compact group.

Lemma 4.4. Every nontrivial continuous homomorphism [ :Qp, — G of Qp to a
totally disconnected L.c. group G is proper, and either has a compact open kernel
or is an isomorphism to its (closed) image.

Proof. We can suppose that f has dense image, so G is abelian. Let U be a compact
open subgroup in G. Then f~!(U) is an open subgroup of Q,. If it is all of Qp,
then U = G, and since U is profinite and Q,, has no nontrivial finite quotient, it
follows that U = {1}, contradicting that f is nontrivial. Otherwise, f~1(U) is a
compact open subgroup, so f is proper and, in particular, has closed image and is
the quotient map by some compact subgroup, giving the two possibilities. O

Lemma 4.5. Every continuous homomorphism f : B, — G of the group B, =
Qp %p Z to a totally disconnected l.c. group G satisfies one of two alternatives:
either f is a topological isomorphism to its closed image, or f(Qp) is trivial.

Proof. If f(Qp) is nontrivial, then f is proper in restriction to Q, by Lemma 4.4.
Since the only compact subgroup of Q, that is normal in B, is the trivial group, it
follows from Lemma 4.4 that the restriction of f to Q, is an isomorphism to its
closed image.

Let 2 be the normalizer of f(Qp) in G; this is a closed subgroup and there is a
unique continuous homomorphism p : £ — Z such that conjugation by g € 2 on
f(Qp) multiplies the Haar measure by pP®) I restriction to Z, we see that po f
is the identity. It follows that f(Qp) is open in f(Bp) and that f is proper. [
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Proof of Proposition4.1. Let f : M — G be an arbitrary continuous homomorphism
to a compactly generated l.c. group G. Note that G/ G° is a compactly generated
totally disconnected l.c. group. Therefore by Proposition 2.1(ii) it has a continuous
proper action on a connected graph of degree d, for some d. By Lemma 2.4, for
every p > d, the restriction to Q, of the G-action on this graph has an open kernel.
Hence, by Lemma 4.5, for all p > d the action of Q, on this graph is trivial.

Let W/G° be the (compact) kernel of the G-action on the graph. Thus W is
connected-by-compact and contains f(Q)) for all p > d. In view of Lemma 4.2,
this implies that for all p > d, the group f(Qp) is compact and connected. |

Remark 4.6. Proposition 4.1 shows that there is no injective continuous homomor-
phism from M to any totally disconnected compactly generated l.c. group. On the
other hand, M admits an injective continuous homomorphism (not proper!) to a
compactly generated l.c. group, which can be obtained as follows: start from the
dense embedding Q C Qp; it induces a dense embedding Q, C 6, where Q is the
Pontryagin dual of Q (this is a compact connected group). Multiplication by p is
an automorphism of Q and thus induces a topological automorphism of Q, also
given by multiplication by p. So we obtain a continuous injective homomorphism
M — ]_[p Q X Z, where Ihe p-th component of Z acts on the p-th component of
the compact group I1 » Q by multiplication by p. By Proposition 1.5, the latter
group [ | » QX Z embeds as a closed subgroup of a compactly generated 1.c. group.

5. Some groups of permutations

5A. A nonembedding criterion.

Proposition 5.1. Let H be a topologically simple totally disconnected locally
compact group. Assume that H has a compact open subgroup K such that for
every k, the group K possesses for some prime p > k a closed subgroup topolog-
ically isomorphic to a nontrivial pro-p-group (for example, K has some element
of order p). Then H admits no nontrivial continuous homomorphism into any
compactly generated locally compact group.

Proof. We use the criteria from Proposition 2.2 applied to H, in which we can
replace “nontrivial” by “faithful” since H is topologically simple. Thus, we only
have to show

(1) H has no faithful continuous action on any connected graph of bounded degree;
(2) H has no faithful continuous representation into GL,, (C) for any n.

Condition (2) is immediate as H has small nontrivial subgroups whereas GL,, (C)
has none.

Now consider a continuous action of H on a connected graph of bounded degree,
say < d. Fix a vertex xo. Then the stabilizer Ky, of x¢ in K is open, hence of
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finite index in K. Therefore, the hypothesis implies that Ky, and hence also the
full stabilizer Hy,, contains a nontrivial pro-p-subgroup L for some prime p > d.
But Lemma 2.4 implies that L acts trivially on the graph, so (1) holds. O

5B. Proof of Theorem 1.3. Here we prove the continuous case of Theorem 1.3.
The case of abstract homomorphisms is postponed to Section 5C.

There exist various sources of topologically simple groups satisfying the criterion
of Proposition 5.1 and hence the conclusions of Theorem 1.3. We shall content
ourselves with describing one of them, following a construction of Akin, Glasner and
Weiss [Akin et al. 2008, §4]; we point out that those examples were independently
obtained as part of a more general construction by Willis [2007, §3].

The construction goes as follows: Fix an infinite index set J (we can have J =N
in mind). Fix a family u = (ug)rcy of integers greater than 2. Define the graph
% = %(u) (nonoriented, without self-loops) as a disjoint union of complete graphs
9 on uy elements; we denote the vertex set by §(u) as well. Let us call the height
function h the function ¢ — J mapping any v € G to k. Note that & completely
characterizes the graph structure.

Given a self-map f : 9 — 4, we call a vertex v € G, singular if h( f(v)) # u.
We call the self-map f almost regular if only finitely many vertices are singular.
If f is a permutation, we say that f is an almost automorphism of the graph
with height function (4, ) if both f and f~! are almost regular. The group of
almost automorphisms of (%, i) is denoted by S (or S(u) if we need specify it).
Its subgroup of automorphisms of (%4, i) (consisting of those f that preserve the
height and the graph structure) is denoted by K (or K(u)).

Note that K is naturally isomorphic to the product [ [; < ; Sym(uy ), which makes
it a compact group. The group S is endowed with the unique left-invariant topology
making K a compact open subgroup; this topology is obviously locally compact
and is a group topology, as checked in [Akin et al. 2008, §4]. It is the union of an
increasing filtering family of compact subgroups (Kr), where F ranges over finite
subsets of J and KF is defined as those elements in S all of whose singularities and
pairs of singularities lie in |, r %;; note that Ko = K and that K is topologically

isomorphic to
Sym(z u,-) X l_[ Sym(uy).

ieF keJ\F
Define K ;f as its closed subgroup
Alt(z ui) < [T Altqug).
ieF keJ\F

The filtering family (K ;f ) is increasing; we define ST as an abstract group as the
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union | J, g K ij . Endow it with the left-invariant topology making K g a compact
open subgroup. For the same reason as for S, this is a group topology.

Finally, we define 4 < S and A < S as the subgroups consisting of the finitary
permutations, i.e., the permutations with finite support. Clearly A is the group of
all finitary permutations on the vertices of ¢4, while A" is the index-two subgroup
of A consisting of the alternating finitary permutations.

Remark 5.2. It is easily seen that A" and A are dense as subgroups of S+ and S,
respectively. Moreover, A™ is also dense in S: indeed, since A is dense, it is enough
to show that any transposition (x y) in S can be approximated by a sequence of
elements of A™. This is indeed the case, using a sequence of double transpositions
(x y)(xn yn) with x,, y, distinct elements of the same height k,, and n — kj,
injective.

This implies in particular that the embedding of S into S, which is continuous,
is not closed: indeed, its image is a proper subgroup which is dense since it
contains A™.

Remark 5.3. In [Akin et al. 2008], it is shown that S has a dense conjugacy class
under the assumption that the mapping k — uy has finite fibers (which implies that
J is countable). The precise statement of [ibid., Theorem 4.4] actually shows that
such a conjugacy class can then be found inside ST, and also shows that ST itself
admits a dense conjugacy class.

Let us show the following related but independent result. For the moment, the
family (uy) of integers greater than 2 is arbitrary:

Proposition 5.4. Every nontrivial normal subgroup of ST or S contains AT, and
is thus dense. In particular, ST and S are both topologically simple.

Note that ST and S are not abstractly simple, since A™ is a proper dense normal
subgroup in both.

Proof. Let s be a nontrivial element in S+ or S and r € AT. Let N be the normal
subgroup generated by s; we show that # € N. For some finite subset F' of J such
that ) jer Uj =5, the element s belongs to Kr and 7 has support in the finite
set X = |J;cF % (which has at least 5 elements). The commutator s’ of s and a
suitable element of Alt(X) is a nontrivial element of N N Alt(X). By simplicity of
Alt(X), it follows that t € N. |

We deduce the following corollary, which implies Theorem 1.3:

Corollary 5.5. If (uy)iey is unbounded, the groups S(u)™ and S(u) admit no
nontrivial continuous homomorphism into any compactly generated l.c. group.

Proof. We have to check that the hypotheses of Proposition 5.1 are fulfilled. The
topological simplicity is ensured by Proposition 5.4. The local condition also
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holds: since (1) is unbounded, every neighborhood of the identity contains finite
symmetric groups of all orders and thus contains elements of all possible finite
orders. O

5C. Abstract homomorphisms of S and S+. We start with the following converse
to Corollary 5.5:

Proposition 5.6. If J is countable and (uy ) ey is bounded, then S(u)™ and S(u)
are both embeddable as open subgroups in compactly generated l.c. groups, which
can be taken as topologically finitely generated.

Proof. The % form a countable partition of 4§ by subsets of bounded cardinality,
so there exists a permutation o of ¢ globally preserving this partition and having
finitely many orbits on . Then o normalizes S and ST as well as K and K.
Therefore the semidirect products S x (0') and ST x (o) are well defined. They are
totally disconnected locally compact groups containing S and ST respectively as
open subgroups. Moreover they act naturally by permutations of 4. The subgroup
generated by A1 and o is finitely generated (when o is transitive, this group was
introduced by B. H. Neumann [1937, p. 127]). Since AT is densein S and ST,
it follows that S x (o) and ST x (o) are topologically finitely generated, hence
compactly generated. O

Using two theorems of S. Thomas, it is possible to improve Corollary 5.5 in the
case where the sequence (uy) tends to infinity.

Theorem 5.7. Assume that k — uy has finite fibers. Then S(u)* admits no non-
trivial abstract homomorphism into any compactly generated l.c. group.

Proof. Since J is countable, we suppose for convenience J = N. We invoke the
criterion from Proposition 2.2, applied to the group ST = S(u)™ endowed with
the discrete topology. Thus, it is enough to show that

(1) ST has no nontrivial action on any connected graph of bounded degree;
(2) ST has no nontrivial representation into GL,, (C).

Both conditions can be checked with the help of the following result: Consider
the subgroup Ly = [];5x Alt(x;) of ST. Observe that S is generated by the
alternating finitary group A" and L; (because A" is dense), so it follows from
Proposition 5.4 that S is normally generated by L.

Next, we use a result of Thomas [1999, Theorem 1.10] that every (abstract)
subgroup of at most countable index in Ly is open. This immediately shows that
every action of S on a graph of at most countable valency is continuous, so (1)
follows from the proof of Corollary 5.5 (which, through the proof of Proposition 5.1,
shows that S admits no nontrivial continuous action on any connected graph of
bounded valency).
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Suppose ST has a nontrivial linear representation p into some GL;(C) over
a field. Let m; be the dimension of the smallest nontrivial representation of the
alternating group Alt(i ); then m; tends to infinity (it can be shown that m; =i —1 for
i > 7, but a nice argument based on commutation [Abért 2006] gives a completely
elementary lower bound ~ Vi). Fix k so that my , >d for all j > k. Since
Ly normally generates S, the representation p is nontrivial in restriction to Ly.
By another result of Thomas [1999, Theorem 2.1], any nontrivial subgroup of
GL;(C) admits a subgroup of at most countable index. Apply this to p(Lj) and
let H be its inverse image in L. By the choice of k, the kernel of p contains
the direct sum P >k Alt(u;), which is dense. So H is dense; on the other hand,
the first-mentioned result of Thomas implies that H is open. We thus reach a
contradiction. O

We have seen in Corollary 5.5 that unboundedness of the sequence (uy) was
sufficient to guarantee the absence of nontrivial homomorphisms of S(u) or S(u)™
to a compactly generated locally compact group. In contrast to this, the next result
shows that the hypothesis that (1) tends to infinity in Theorem 5.7 cannot be
weakened to the unboundedness of the sequence:

Proposition 5.8. The quotient of the group S (resp. S™) by its subgroup of finitary
permutations can be identified with

1_[ Sym(uj)/ @ Sym(u;) (resp. l_[ Alt(uj)/
jeJ

JjeJ jeJ

P Ali(u ,-)).

jeJ
In particular:

(1) S has an uncountable abstract abelianization and has proper subgroups of
finite index (such subgroups are necessarily dense).

(2) ST has proper subgroups of finite index if and only if k > uy, has an infinite
fiber. It has a nontrivial abelianization if and only if u='({3,4}) is infinite;
and in this case the abelianization is uncountable.

Proof. The first statement follows from the fact that S = AK,so S/A = AK/A =
K /(AN K); the argument for S is similar.
Denoting by C,, the cyclic group of order p, the signature map induces a canonical

surjection
J
[Tsyma) / @ symeuy) - ¢ /s,
jeJ jeJ
proving that S has an uncountable abelianization, and, by taking a suitable quotient,

admits subgroups of index 2, proving (1). (Observe that S has index 2 in the
kernel of the surjection S — C; / CZ(J).)
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Recall that uj > 3 for all k. Concerning S, if u has finite fibers, then, by
Theorem 5.7, ST has no nontrivial linear representation, and therefore has no proper
subgroup of finite index. Also observe that if F = u~1({3, 4}) is finite, then ST is
generated by the perfect groups AT and [] J¢F Alt(u;) and thus is perfect.

Conversely, assume u has a finite fiber u =1 ({m}). We obtain a surjective homo-
morphism

St - Alt(m)? / Alt(m)).

Taking the limit with respect to a nonprincipal ultrafilter yields a nontrivial fi-
nite quotient. Also, if m € {3,4}, then ST admits either Alt(3)’ / Alt(3))) or
Alt(4)” / Alt(4)) as a quotient, and thus admits either CZJ / CZ(J) or C3J / C3(J) as
an uncountable abelian quotient. O

6. Proof of Theorem 1.4

Our first example is the following: let Q be the Pontryagin dual of the discrete ad-
ditive group Q. So Q is a connected torsion-free compact group, and by Pontryagin
duality, its automorphism group can be identified with the group of automorphisms
of the group Q, namely, the multiplicative group Q. The first example is then

Hy=QxA,

where A is an arbitrary infinitely generated subgroup of Q* endowed with the
discrete topology (recall that Q is isomorphic to the product of its subgroup of
order 2 and a free abelian group of countable rank).

Our second example is very similar in construction. Fix a prime p. Recall that
the group Z; is uncountable (it is known to be isomorphic to the product of a finite
abelian group with Z,). Let A be a countable infinitely generated subgroup of Z;,
and endow A with the discrete topology. Our second example is

H2=Zp><]/\.

A third example is
H3; =R XA,

where A is a countable infinitely generated subgroup of R*; this is a Lie group.

Proposition 6.1. If an l.c. group G admits an isomorphic copy of H; (i =1,2,3)
as an open subgroup, then it admits a discrete quotient that is an infinitely generated
abelian group. In particular, G is not compactly generated.

Proof. Since the identity component H°® = Q is open in H, it is open in G and
thus H° = G° is open and normal in G. Thus the action by conjugation of G on
G° = Q defines a continuous homomorphism ¢ : G — Q* that is the identity on
A and trivial on G°. So Ker(¢) is open and the image of ¢ contains A and is thus
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an infinitely generated abelian group. This concludes the proof of the proposition
for Hy. The proof for Hs3 is similar.

Let us now deal with H>; since Z, is not connected, the previous argument does
not work. The subgroup Z, being compact and open in G, it is commensurated by
G; its abstract topological commensurator is the group QJ, so G naturally admits
a continuous homomorphism to Q;( whose kernel contains Z,. Let us check this
directly: observe that if g € G, then there exists n such that g(p"Z,)g~! CZ,, and
then there exists a unique A(g), not depending on 7, such that the conjugation by
g, in restriction to p"Z,, coincides with the multiplication by A(g). An immediate
verification shows that A is a homomorphism. In restriction to A, the map A is the
identity, and Ker(A) is open in G since it contains Z,. Thus G/ Ker(A) is a discrete
abelian group containing A and therefore fails to be finitely generated. O

In order to conclude the proof of Theorem 1.4, it remains to show that those
examples admit embeddings as closed subgroups into some compactly generated
l.c. groups.

For H;, such an embedding can be obtained as follows. First embed A into
a finitely generated group I' (this is possible by Lemma 3.1). Thus A can be
diagonally embedded as a discrete subgroup into Z; x I'. This embedding extends
to a continuous embedding of Z, x A into (Z, x Z;) x I'. This second embedding
is continuous and injective; moreover, it is proper, since it is a discrete embedding
in restriction to the cocompact subgroup A.

An obvious similar construction works for the third example R x A. However,
both embeddings rely on the fact that A is contained in a compactly generated
l.c. group of automorphisms of the normal subgroup (either Z, or R). For Hj,
we use the following topological version of a classical theorem of Krasner and
Kaloujnine [1951]:

Recall that given two groups K and Q, the unrestricted wreath product K ? Q
is the semidirect product K€ x Q, where Q acts on K< by shifting on the left,
namely, ¢- f(r) = f(¢g~'r). Assume now that K is a topological group and Q is a
discrete group. Then the product topology on K€ x Q makes K ? Q a topological

group.

Theorem 6.2. For every l.c. group H that is an extension of a compact normal
subgroup K by a discrete quotient Q, there is an embedding of H as a closed
subgroup of the unrestricted wreath product K? Q = K Q% 0.

Proof of Proposition 1.5. Let I" be a finitely generated group containing . By
Theorem 6.2, there is a closed embedding H < K ? Q. By the definition of the
unrestricted wreath product, the embedding Q < I' extends to a closed embedding
K?Q <K:T. O
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Proof of Theorem 6.2. We begin by a general construction, not relying on the group
topologies. Let m : H — Q be a surjective group homomorphism with kernel K.
We will define, in a canonical way, a set X = X () with commuting actions of
K 2 Q and H such that the (K ? Q)-action is simply transitive and the H -action
is free. Given a choice of x € X, this yields a unique injective homomorphism
Fx : H — K ? Q mapping h € H to the unique element s = Fyx(h) € K Q
such that ~x = s~ !x. The latter homomorphism depends on the choice of x but is
canonically defined up to postcomposition by inner automorphisms of K ? Q.

The set X is defined to be the set of functions f : Q — H suchthat w o f is a
left translation of Q by some element 6( ). Note that X # &; indeed, it contains
the set of set-theoretic sections Q — H of &, which are the elements f in X such
that () = 1.

Let K€ act on X as follows. If u € K2, define

u- f(q) = fl@u(g@)™".
If feX,thenu-f e XandO(u-f)=06(f),because

wo(u- f)(q)=x(f@u@)™") =r(f(9)=0(f)q.

This is clearly an action.
Further, let Q act on X as follows. If r € Q, define

r-f@)=f0"'q).

Note that 7(r - f(q)) = n(f(r~'q)) =0(f)r 'g,sor-f e X and O(r - f) =
o(f)r—1L.

We next claim that these actions define an action of the semidirect product K ¢ Q
on X. To verify the claim, we need to show that forall f € X, u € K€ andr € Q,
we have

vef =r T f),

where v € K€ is defined as v : ¢ — u(r~1¢). In other words, we have v = rur~
in the wreath product K ? Q. Given ¢ € Q, we have

v-f(@) = v~ = fl@utr™ g~
On the other hand, we have

reu-rTh @) =T ) )
= N uer )
= forr'qucg)~!
= flQur™g)™"

1
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sov- f(g)=r-(u-(r~- f))(g) forall ¢ € Q, as desired.
A straightforward verification shows that the action of K ? Q on X that has just

been defined is simply transitive.
Finally, the H -action on X is defined as follows: if g € H and f is a function
0 — H, define

g-flq)=¢gf ().
If feXandge H and g € O, we have

(ro(g- N =n((g- /) =7r(gf(@) =n(@n(f(q)=n()0(f)q,
sog-feXand0(g- f)=n()0(f)

We immediately see that the action of H, which is free, commutes with both the
action of K< and the action of Q, and thus commutes with the action of K ? Q. So,
we have for x € X an injective homomorphism Fy : H — K ? Q as defined above.

Assume now that K is a topological group, while Q is still assumed to be
discrete, so K 2 Q is a topological group. Endow H € with the product topology,
and endow X C H < with the topology induced by inclusion, namely, the pointwise
convergence topology. It is straightforward that the actions of K ? Q and H on X
are continuous and that orbital maps K ? Q — X are homeomorphisms. It follows
that the homomorphism Fy is continuous.

Let us now assume that K is compact, so K ¢ Q and X are both locally compact.
(As soon as Q is infinite, the converse holds; namely, K ? Q is locally compact if
and only if K is compact.) We claim that the homomorphism F} is then proper.
Checking this amounts to verifying that the H-action on X is proper: Let Uy, Us
be nonempty compact subsets of X and let us check that I ={ge H : gU; C Us}
has compact closure. By compactness, 6(U,) is finite, and therefore we deduce
that 7z (1) is finite. Since 7 is proper, it follows that / has compact closure. O
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VARIATIONAL REPRESENTATIONS FOR N-CYCLICALLY
MONOTONE VECTOR FIELDS

ALFRED GALICHON AND NASSIF GHOUSSOUB

Given a convex bounded domain € in R? and an integer N > 2, we associate
to any jointly N-monotone (N —1)-tuplet (uy, us, ..., uy_1) of vector fields
from @ into R¢ a Hamiltonian H on R? x R? x - - - x R? that is concave in
the first variable, jointly convex in the last N—1 variables, and such that

(u1(x), u2(x)’ cesuy_1(x)) = VZ,...,NH(x, XyeeayX)

for almost all x € . Moreover, H is N-antisymmetric in a sense made
precise later, and also N -sub-antisymmetric in the sense that for all X € @V
the sum Zf.\:ol H (o' (X)) < 0 is nonpositive, ¢ being the permutation that
shifts the coordinates of X leftward one slot and places the first coordinate
last. This result can be seen as an extension of a theorem of E. Krauss,
which associates to any monotone operator a concave-convex antisymmetric
saddle function. We also give various variational characterizations of vector
fields that are almost everywhere N-monotone, showing that they are dual
to the class of measure-preserving N-involutions on £2.

1. Introduction

Given a domain Q in R?, recall that a single-valued map u from Q to R¢ is said to

be N-cyclically monotone if for every cycle xy, ..., xy, xy+1 = x1 of points in €2,
one has

N
() D fu(x), xi = xiq1) = 0.

i=1

A classical theorem of Rockafellar [Phelps 1993] states that a map u from €2 to R?
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is N-cyclically monotone for every N > 2 if and only if
) u(x) € d¢p(x) forall x € 2,

where ¢ : R — R is a convex function. On the other hand, a result of E. Krauss
[1985] yields that u is a monotone map, i.e., a 2-cyclically monotone map, if and
only if

3) u(x)e orH(x,x) forall x € Q,

where H is a concave-convex antisymmetric Hamiltonian on R x R?, and 0L H is
the subdifferential of H as a convex function in the second variable.

In this paper, we extend the result of Krauss to the class of N-cyclically monotone
vector fields, where N > 3. We shall give a representation for a family of N—1
vector fields, which may or may not be individually N-cyclically monotone. Here
is the needed concept.

Definition 1. Letu, ..., uy_; be bounded vector fields from a domain Q C R¢ into
R9. We shall say that the (N —1)-tuple (uy, us, ..., un—_1) is jointly N-monotone if
for every cycle xp, ..., xoy—1 of points in €2 such that xy4; =x; for 1 <i <N —1,
one has

N-1
4 (ui(xi), xi —x44) = 0.

i=1 £=1

Examples of jointly N-monotone families of vector fields:

o It is clear that (u, 0,0, ..., 0) is jointly N-monotone if and only if u is N-
monotone.
o More generally, if each u, is N-monotone, then the family (u;, up, ..., un—1)

is jointly N-monotone. Actually, one only needs that for 1 < £ < N — 1, the
vector field u; be (N, £)-monotone in the following sense: for every cycle

X1, ..., XnN4¢ of points in €2 such that xy4; = x; for 1 <i < ¢, we have
N
) D ue(xi), xi — xeqi) = 0.

i=1

This notion is sometimes weaker than N-monotonicity since if £ divides N,
then it suffices for u to be N /¢ -monotone in order to be an (N, £)-monotone
vector field. For example, if #; and u3 are 4-monotone operators and u; is
2-monotone, then the triplet (u1, u, u3) is jointly 4-monotone.

o Another example is if (u1, uo, u3) are vector fields such that u; is 2-monotone
and
(u1(x) —usz(y),x —y)>0 forevery x,y e R4,
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In this case, the triplet (u1, u;, u3) is jointly 4-monotone. In particular, if u
and u, are both 2-monotone, then the triplet (u1, uo, u1) is jointly 4-monotone.

» More generally, it is easy to show that (u, u, ..., u) is jointly N-monotone if
and only if u is 2-cyclically monotone.

We shall always denote by o the cyclic permutation on R? x - - - x R? defined by

o(X1, X2, ..., XN—1,XN) = (X2, X3, ..., XN, X]).
We let
N—1 _
(6) %N(Q)z{HEC(QN):ZH(O’(xl,...,xN))ZO}
i=0

be the family of continuous Hamiltonians on Q¥ that are N-antisymmetric, i.e.,
satisfy the condition to the right of the colon in (6). We say that H is N-sub-
antisymmetric on 2 if

(7 ZH(ai(xl,...,xN))go on QV.

We shall also say that a function F of two variables is N-cyclically sub-anti-
symmetric on 2 if
F(x,x)=0 and
® & . ,
Z F(x;, x;+1) <0 for all cyclic families xp, ..., xy, Xy+1 = X1 in Q.
i=1
Note that if a function H (xy, ..., xy) N-sub-antisymmetric and if it only depends
on the first two variables, then the function F(xi, xp) := H(x1, X2, ..., xn) 1S
N-cyclically sub-antisymmetric.
We associate to any function H on Q" the functional given by on Q x (R?)N~!
N-1
O Ly, p1,....pNn-1) = SUP{Z(PI', yi)—H@, y1,...,yn-1) Vi € Q}
i=1
Note that if 2 is convex and if H is convex in the last N —1 variables, then Ly is
nothlng but the Legendre transform of H with respect to the last N—1 variables,
where H is the extension of H over (R%)", defined by H = H on " and H = 400
outside V. Since H(x, ..., x) =0 for any H € #y (), we have, for any such H,
N—-1
(10) Ly(x,pi,....py-1) = Y _{x, pi),
i=1

for x € Q and py,..., py—1 € RY. To formulate variational principles for such
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vector fields, we shall consider the class of o-invariant probability measures on
QN which are those 7 € P () such that for all h € L' (QV, dr), we have

(1D / h(xl,...,xN)drr:/ h(o(xy,...,xN))dm.

QN Qv
We set
(12) Pym(QY) = {m € P(QY) : 7 o-invariant probability on QV}.
For a given probability measure © on €2, we also consider the class
(13) PLLQY) = {7 € Pym(QY) : proj,m = ),

i.e., the setof all m € @Sym(QN ) with a given first marginal ©, meaning that

(14) / f(xl)drr(xl,...,xN)zff(xl)d,u(xl) foreveryfeLl(Q,u).
Qv Q

Now consider the set ¥(£2, ) of u-measure-preserving transformations on €2,
which can be identified with a closed subset of the sphere of L%(22, RY). We shall
also consider the subset of #(€2, i) consisting of N-involutions, that is,

PN, ) ={SePQ, SN =1 p-ael.

2. Monotone vector fields and N-antisymmetric Hamiltonians

In this section, we establish the following extension of a theorem of Krauss.

Theorem 2. Let N > 2 be an integer, and let uy, ..., un_1 be bounded vector
fields from a convex domain  C R? into R?.

1) If the (N—1)-tuple (uy, ..., un—1) is jointly N-monotone, then there exists
an N-sub-antisymmetric Hamiltonian H that is zero on the diagonal of QV,
concave in the first variable, convex in the other N —1 variables, and such that

(15) (ur(x), ..., un—1(x)) =V, NH(x,x,...,x) forae xeS.
Moreover, H is N -antisymmetric in the sense that

(16) H(xi,x2,...,xn)+ Ha  n(x1,Xx2,...,x5) =0,

N-1
where Hy_ n is the concavification of the function K (x) = > H(o'(x)) with
respect to the last N —1 variables. i=1
Furthermore, there exists a continuous N -antisymmetric Hamiltonian H

on QN such that

N—-1

(17) LgGe,ui(x),u(x),...,uy_1(x)) = Z(ui(x), x) forall x € Q.
i=1
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2) Conversely, if (U1, ...,un—1) satisfies (15) for some N -sub-antisymmetric
Hamiltonian H that is zero on the diagonal of QV, concave in the first variable,
and convex in the other variables, then the (N —1)-tuple (uy, ..., un—1) is
Jjointly N-monotone on €.

Remark 3. In the case N =2, K(x) = H(x,, x1) is concave with respect to x;,
hence H(x1, xp) = H(x3, x1), and (16) becomes

H (x1,x2) + H (x2, x1) =0;

thus H is antisymmetric, recovering well-known results [Krauss 1985; Ghoussoub
2009; Ghoussoub and Moameni 2013a; Millien 2011].

Lemma 4. Assume the (N —1)-tuple of bounded vector fields (uy, ..., un—1) on Q
is jointly N -monotone. Define
N-1

FOn, e xn) =) (), X1 —xi41)

=1
and let f be the convexification of f with respect to the first variable, given by
(18)  fri,x2, .0\ xw)
n

n n
:inf{Zkkf(xf,xz, ...,XN) R E N, Ar >0, Z)‘k =1, Zkkx{‘ I)Cl}.
k=1 k=1 k=1

1) Wehavefzfon QN.

2) f is convex in the first variable and concave with respect to the other variables.
3) f(x,x, ..., x)=0foreach x € Q.

4) f satisfies

N-1
(19) 3 fe' ... ) =0 onQV.
=0
Proof. Since the (N —1)-tuple (uy, ..., uy_1) is jointly N-monotone, it is easy to

see that the function
N-1
fG, oo xy) = Z(ul(xl), X1 — X[41)

=1

is linear in the last N—1 variables, that f(x, x, ..., x) =0, and that
N-1

(20) Y F@' ..., an) =0 onQV.
i=0

It is also clear that f > £, that f is convex with respect to the first variable x;,
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and that it is concave with respect to the other variables x», ..., xy, since f itself
is concave (actually linear) with respect to xa, ..., xy. We now show that f
satisfies (19).

For that, we fix x1, x2, ..., xy in 2 and consider (x'l‘)Z:1 in 2, and (M), in R
such that A > O such that ) ;_, Ax =1and ) ;_, Akx{‘ = x;. For each k, we have

f(xllc’xz’---,xN)+f(x2v--'staxllc)—i_”'+f(stx]1<ax2a"'afol)ZO-

Multiplying by Ax, summing over k, and using that f is linear in the last N—1
variables, we have

D hef (e xas L xw)F f Oy ) e f (s X1 X, LX) 20
k=1

By taking the infimum, we obtain

N-1

f(xl,xz,...,xN)+Z f(o*i(xl,xz,...,xN)) > 0.
i=1

n
Letnown e N, A >0, va € Q be such that Y A; =1 and Zxkxg = x,. For every
1 <k <n, we have k=1 k=1

z k k k
fOe,xy, x3, 00, xn)+ f (g, x3, 0, x) o+ (v, X1, x5, X3, ..., xv—1) = 0.

Multiplying by A, summing over k and using that f is convex in the first variable
and f is linear in the last N—1 variables, we obtain

n

r E k

f(-x]9-x29-x37 ...,XN)+ )"kf(XQ’x3’ ,X])+ '+f(.XN,x],x2,x3, "'a-xN—])
k=1

n n
> Z)\kf(xl,xlg,)g,...,xN)+Zkkf(x§,X3,...,xl)
k=1 k=1 n
+"'+Zkkf(xN,xl,x§,X3,...,xN_l)
k=1
> 0.

By taking the infimum over all possible such choices, we get

FO,x0, 03,0 xn)+ f (o, x3, oo, x) - f(av, X, X, X3, 0, xy—1) = 0.
By repeating this procedure with x3, ..., xy_1, we get
N-2

Zf(ﬁi(xl,xz,---,XN))+f(XN,X1,X2,X3,---,XN—l) > 0.
i=0
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Finally, since
N-2
fen, X1, %2, X3, ..., XN—1) = — Z flo'(x1, x2, ..., xN))
i=0
and since f is concave in the last N—1 variables, the function
N-2

XN —> — Zf(oi(xl,xz,...,x]v))
i=0

for fixed x1, x2, ..., xy—1 is a convex minorant of xy — f(xyx, X1, X2, ..., XN—1).
It follows that

fOn, x1, 22,3, ..., xn-1) = f(XN, X1, X2, X3, ..., XN—1)
N-2
> — flo'(x1, x2, ..., xN)),
N-1_ .

which yields Y f(o'(xy, x2, ..., xy)) > 0. This implies that f(x,x,...,x) >0
forx e Q. =0

On the other hand, since f(x,x, e X) < f(x,x,...,x) =0, we get that
f(x,x,...,x):Oforaller. O
Proof of Theorem 2. Assume the (N —1)-tuple of vector fields (uy,...,uny—_1) is

jointly N-monotone on €2, and consider the function

N-1

FOn, e xn) =) (), X1 —xi41)

=1

as well as its convexification with respect to the first variable f (X1, ..., xN).
By Lemma 4, the function ¥ (xy, ..., xy) := —f(x1, ..., xy) satisfies the fol-
lowing properties:
(i) x;y = ¥(x1,...,xyN) is concave.
@) (x2,x3,...,xy) = Y(xq,...,xy) IS convex.

N—-1

(i) Y, ..., xn) = —f(xi, .o xn) = Y (u(xn), x4 — x1).

(iv) ¥ is N-sub-antisymmetric. =
Now consider the family  of functions H : Q¥ — R such that
1) H(xp, %2, ..o xn) = S N (x1), X141 —x1) for every N-tuple (xi, ..., xy)
in QV,
2) H is concave in the first variable,

3) H is jointly convex in the last N—1 variables,
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4) H is N-sub-antisymmetric,
5) H is zero on the diagonal of QV.

Note that # # @ since v belongs to 3. Note that any H satisfying condi-
tions 1 and 4 automatically satisfies 5. Indeed, by N-sub-antisymmetry, for all
x=(x1,...,xy) € Q" we have

N—-1 N—-1
1) Hx)<—Y H('(x) <= ¥ ().

i=1 i=1

This also yields that

N-1 N N-1
22) > uelen). xep —x) S HE) <= Y (ue(x). xi — Xige),
=1 i=2 =1
where we denote x; 4y :=x; fori =1, ..., £. This yields that H(x,x,...,x) =0

for any x € Q.
It is also easy to see that every directed family (H;); in % has a supremum
H,, € ¥, meaning that ¥ is a Zorn family, and therefore has a maximal element H.
Now consider the function

N—-1
H(x) = ((N ~DHx)— Y _ H(o' (x)))
i=1

() His N -antisymmetric, since H(x) =

i [H(x) — H(o (x))], and each
summand is N-antisymmetric. i=1

1
N

N-1
(i) H > H on QV, since N[H(x) — H(x)] = — Y H(c'(x)) > 0 (because H

itself is N-sub-antisymmetric). i=0

The maximality of H would have implied that H = H is N-antisymmetric if only
H was jointly convex in the last N—1 variables, but since this is not necessarily
the case, we consider for x = (x1, x2, ..., xy) the function

K(x1. %, ..., x8) =K(x) ==Y _ H(o'(x)),

which is already concave in the first variable x;. Its convexification in the last N —1
variables, that is,

n . . n . .
=inf{z,\,~1<(x1,x§,...,x;v) >0, 3 A, L xh 1) = (o s 1)},
i=1 i=1
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is still concave in the first variable, but is now convex in the last N—1 variables.
Moreover,

(23) H<K*>N<K=-) Hoo'.

Indeed, K>" < K from the definition of K>V while H < K%V because
H < K and H is already convex in the last N—1 variables. It follows that

N—-1

N—1)H+K*>N (N—DH+K 1 . _
HS( VH + 5( H+K 1 (N—l)H—ZHoa’ —H.
N N N —

The function H' = (N — )H + K>N)/N belongs to the family % and therefore
H = H’ by the maximality of H.

This finally yields that H is N-sub-antisymmetric, that H (x, ..., x) =0 for all
x € Q and that

H(x)+ H, n(x)=0 forevery x € QV,
where Hy  ny = —K?>N, which for a fixed x; is nothing but the concavification
of (xa,...,xy) =~ Z,N:_ll H(o' (x1,x2,...,xn)).
Note now that since for any x1, ..., xy in Q2
N-1
(24) H(xy, 2o, xn) 2 ) {uexn), Xeet = x1),
=1
and
(25) H(xy,x1,...,x1) =0,
we have
N-1
(26)  H(xi,x3,...,x8) = H(xi, .., x1) = ) (ue(x1), Xeq1 — x1).

=1

Since H is convex in the last N —1 variables, this means that for all x € €2, we have

27 (u1(x), uz(x), ..., un—1(x)) €02, NH(x,x,...,X),

as claimed in (15). This also yields
N-1
Ly(x,ui(x),...,un-1(x)+H(x,x,...,x)= Z(ug(x), x) forall x € Q.
=1
N—1
In other words, Ly (x,uj(x),...,un—1(x)) = >_ (ue(x),x) for all x € Q. As
above, consider =1
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_ 1 Nl .
H(x) = N((N —DH(x) — Z H(o’(x))).

i=1

We have H € ¥ (2) and H > H, and therefore L 7 < Lp. On the other hand, for
all x € Q2 we have

Lgx,ui(x),...,un—1(x)) =Lgx,ui(x),..., uy_1(x)+H(x, x,...,x)

N—1
> Y (ue(x), x).

=1
To prove (17), we use the appendix in [Ghoussoub and Moameni 2013b] to deduce
that fori =2, ..., N, the gradients V; H (x, x, ..., x) actually exist for a.e. x in Q.
The converse is straightforward since if (27) holds, then (26) does, and since
we also have (25), then the property that (uy, ..., ux_1) is jointly N-monotone
follows from (24) and the sub-antisymmetry of H. U

In the case of a single N-monotone vector field, we can obviously apply the
above theorem to the (N —1)-tuple (u, 0O, ..., 0), which is then N-monotone, to
find an N-sub-antisymmetric Hamiltonian H, which is concave in the first variable
and convex in the last N —1 variables such that

(28) (—u(x),u(x),0,...,00)=VH(x,x,...,x) forae.xeQ.

However, in this case we can restrict ourselves to N-cyclically sub-antisymmetric
functions of two variables and establish the following extension of the theorem of
Krauss.

Theorem S. Ifu is N-cyclically monotone on 2, then there exists a concave-convex
function of two variables F that is N-cyclically sub-antisymmetric and zero on the
diagonal, such that

29) (—u(x),u(x)) € d0F(x,x) forallx e,

where 0 H is the subdifferential of H as a concave-convex function [Rockafellar
1970]. Moreover,

30) u(x)=VyF(x,x) forae. x €.

Proof. Let f(x,y) = (u(x),x —y) and let fl(x, y) be its convexification in x for
fixed y, that is,

Gh ey :inf{Zkkf(xk,y):kk >0, ) =1 Jux :x}.

k=1 k=1 k=1

N
Since f(x,x) =0, f is linear in y, and ) f(x;, x;11) > 0 for any cyclic family
i=1
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X1,..., XN, XN41 = X| in €, it is easy to show that f > f! on Q, f! is convex in
the first variable and concave with respect to the second, f!(x, x) = 0 for each
x € Q, and that f! is N-cyclically supersymmetric in the sense that for any cyclic
family x1, ..., xy, Xxy+1 = X1 in 2, we have ZlNzl fl(x,-, Xi+1) > 0.

Now consider F(x,y) = —fl(x, y) and note that x — F(x, y) is concave,
y— F(x,y)isconvex, F(x,y)>—f(x,y) =(u(x),y—x)and F is N-cyclically
sub-antisymmetric. By the antisymmetry, we have

(32) (u(x1), x2 —x1) < F(x1, x2) < (u(x2), x2 — x1),

which yields that (—u(x), u(x)) € dF (x, x) for all x € Q.

Since F' is antisymmetric and concave-convex, the possibly multivalued map
x — 9, F(x, x) is monotone on €2, and therefore single-valued and differentiable
almost everywhere [Phelps 1993]. This completes the proof. U

Remark 6. We cannot expect to have a function F such that Z,N:  F(xi, xi41) =0
for all cyclic families x1, ..., xy, xy+1 = X1 in . Actually, we believe that the
only function satisfying such an N-antisymmetry for N > 3 must be of the form
F(x,y)= f(x)— f(y). This is why one needs to consider functions of N variables
in order to get N-antisymmetry. In other words, the function defined by

N—-1

1
(33)  H(xi,x,....xy) = ﬁ((N — ) F(x1,x2) — 222 F(xi, x,-+1>)
1=
is N-antisymmetric in the sense of (6) and H (x1, x, ..., xy) > F(x1, x) for all

(x1, X2, ..., xy) in Q.

3. Variational characterization of monotone vector fields

In order to simplify the exposition, we shall always assume in the sequel that d is
Lebesgue measure dx normalized to be a probability on 2. We shall also assume
that €2 is convex and that its boundary has measure zero.

Theorem 7. Let uy, ..., un—_1: 2 — R? be bounded measurable vector fields. The
following properties are then equivalent:

1) The (N—1)-tuple (uy,...,uyn—1) is jointly N-monotone a.e., that is, there
exists a measure-zero set Qo such that (uy, ..., uy—1) is jointly N-monotone
on Q\ Q.

2) The infimum of the Monge—Kantorovich problem

N-1

(34) inf{/ (ue(x1), x1 —xp1)dmw (X1, x2,...,XN)) i T € QP’S‘ym(QN)}
Qv
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is equal to zero, and is therefore attained by the push-forward of u by the map

x— (x,x,...,x).
3) (uy,...,un—1) is in the polar of 5 (2, ) in the following sense:
N—-1
(35) inf{/ Z(ug(x),x—Sex)d,u:Se&”N(Q,,u)}:
€ =1
4) The following holds:
N-1 71
(36) inf{/ Z lug(x) — Sx)?dp: S € Fn(S, M)} / lue(x) —x|*dp.
2 =1 =1 7%

5) There exists an N -sub-antisymmetric Hamiltonian H which is concave in the
first variable, convex in the last N —1 variables, and vanishing on the diagonal
such that

(37) 1 (x),...,uny—1(x)=Vo NHX,x,...,x) forae x €.

.....

Moreover, H is N-symmetric in the sense of (16).

6) The following duality holds:
inf{/Q Lyx,ui(x),...,un_1(x))du: H € %N(Q)}
—sup{ ) Z (ue(x), Sx)dp: S € I (Q, m}
=1
and the latter is attained at the identity map.

We start with the following lemma, which identifies those probabilities in
@é‘},m(QN ) that are carried by graphs of functions from Q to Q.

Lemma 8. Let S: Q2 — Q be a u-measurable map. The following properties are
equivalent:

1) The image of u by the map x — (x, Sx, ..., S¥~1x) belongs to @sym(QN).
2) S is u-measure-preserving and SN(x) =x p-a.e.
3) For any bounded Borel measurable N-antisymmetric H on QV, we have

JoHx, Sx, ..., 8" x)ydu =0.

Proof. Clearly 1) implies 3), since fQN H(x)dm(x) =0 for any N-antisymmetric
Hamiltonian H and any 7 € @sym(QN ).

That 2) implies 1) is also straightforward since if 7 is the push-forward of i by
a map of the form x — (x, Sx, ..., S¥"!x), where S is a ;-measure-preserving S
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with S¥x = x p-a.e. on €, then for all h € L'(QV, dr), we have
/ h(xl,...,xN)dn:/ h(x,Sx,....,S" ') du(x)
QN Q
:/ h(Sx, S%x, ..., SN 1x, S¥x)du(x)
Q
=/ h(Sx, S%x, ..., SN 1x, x)du(x)
Q

:/ h(o(x1,...,xN))dm.
QN

We now prove that 2) and 3) are equivalent. Assuming first that S is pu-measure-
preserving such that S¥ = I -a.e., then for every Borel bounded N-antisymmetric
H, we have

/H(x,sx,szx,...,SN1x)d,,L=/ H(Sx, S?x, ..., 8" x, x)du
Q Q

:...:/ H(SN_lx,x,Sx,...,SN_Zx)d,u.
Q

Since H is N-antisymmetric, we can see that

H(x,Sx,....S" ')+ H(Sx, 8%x, ..., SV 1x, x)
+ o+ HSN %, x, Sx, ..., SV 20 =0.

It follows that N [, H(x, Sx, $?x, ..., S¥"lx)du =0.

For the reverse implication, assume fQ H(x, Sx, S2x,...,8N"1y) du =0 for
every N-antisymmetric Hamiltonian H. By testing this identity with the Hamil-
tonians

H(x1,x2,...,x5) = f(x1) — f(x),

where f is any continuous function on €2, one gets that S is yu-measure-preserving.
Now take the Hamiltonian

H(x1,x2, ..., xn) = [xp — Sxn| — [Sx1 — x2] — [x2 — Sx1| 4+ [Sxz — x3].
Note that H € #x(£2) since it is of the form
H(xy,...,xy) = f(x1, x2, xy) — f(x2, X3, X1).
Now test the above identity with such an H to obtain

0=/ H(x,Sx,Szx,...,SN_lx)duzf Ix =SSN 1x|dpu.
Q Q

It follows that SV = I p-a.e. on @, and we are done. [l
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Proof of Theorem 7. To show that 1) implies 2), it suffices to notice that if 7 is a
o -invariant probability measure on Q" such that proj; 7 = j, then

N—-1
fN Z(ug(xl), X1 —le) drr(xl, . ,XN)
Q% =1

N
1
=NZ/N (e (xi), xi — Xiqpg) dm(xy, ..., XN)
— Ja

N-1

N(Z <ue<x,-),xi—xi+e>>dn<x1,...,xm

i=1 £=1

Il
5

Z 9
since (uy,...,un—1) is jointly N-monotone. On the other hand, if 7 is the
o -invariant measure obtained by taking the image of u :=dx by x — (x, ..., x),
then

N-I
/N D o), xi = xeqn) d(xy, .. oxy) =0,
27 =1

To show that 2) implies 3), let S be a u-measure-preserving transformation on €2
such that SV = I p-a.e. on Q. Then the image g of by the map

x — (x, Sx, Szx, R SN_lx)
is o-invariant, hence
N—1 N-1
/ Z(ue(xl), X1 —Xeq1)dms(Xy, ..., XN) = Z(W(X), x—S'x)dp > 0.
Qv 2

By taking S = I, we get that the infimum is necessarily zero.
The equivalence of 3) and 4) follows immediately from developing the square.
We now show that 3) implies 1). Take N points x1, x2, ..., xy in €, and let
R > 0 be such that B (x;, R) C 2. Consider the transformation

x—x1+xy forxe B(xi, R),
x—xp+x3 forx e B(xy, R),
Sg(x) = :

x—xy+x1 forx e B(xy,R),

X otherwise.

It is easy to see that Sy is a measure-preserving transformation and that S& = Id.
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We then have

N-1

0< Z (ue(x), x — SRx du<2/ Z (ue(x), xj —Xx¢+i)dp.
Qi B(xi,R) y—
Letting R — 0, we get from Lebesgue’s density theorem that
1
1Boo B)| B(x,»,R)<uZ(X)’ Xi = Xpyi)d e —> (ug(Xi), Xi — Xe4i),
from which follows that (u, ..., uy_1) are jointly N-monotone a.e. on 2. The

fact that 1) is equivalent to 5) follows immediately from Theorem 2.
To prove that 5) implies 6), note that for all p; € RY, x € Q, y; € Q,1 =
,...,N—1,
N-1
Ly, pr.....pv—D) +HG v, oyv-1) = Y (pis vi)s
i=1

which yields that for any S € ¥y (2, ),

/ [Ly(x,ui(x), ..., un—1(x)duw+H(x, Sx, ..., 8" 'x)]du
Q

/Z (ug(x), Sx
Q

(=1

If He ¥#n(Q) and S € $n(Q, ), we then have [, H(x, Sx, ..., S¥ " x)du=0,
and therefore

/LH<x,u1<x>, Luy-1(x) dp > Z ue(x), S'x)
Q

2y

If now H is the N-sub-antisymmetric Hamiltonian obtained by 5), which is concave
in the first variable and convex in the last N —1 variables, then

N—
Ly(x,ui(x),...,un_1(x)+H(x,x,..., Z ug(x),x) forall x € 2\,

and therefore fQ Ly(x,ui(x),...,uy_1(x))du = Z fQ(ug(x), x)du
Now consider t=1

N-1

H(x) = ((N —DHx)— ) H(o' (x)))

i=1
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As before, we have H € %y (Q2) and H > H. Since Lg < Ly, we have

N-—1
[ et du= Y [ . du
Q =1 Q

and 6) is proved.
Finally, note that 6) readily implies 3), which means that (u(, ..., uy—_1) is then
jointly N-monotone. O

We now consider again the case of a single N-cyclically monotone vector field.

Corollary 9. Let u : @ — R? be a bounded measurable vector field. The following
properties are then equivalent:

1) The vector field u is N-cyclically monotone a.e., that is, there exists a measure-
zero set 2y such that u is N-cyclically monotone on Q \ Q.

2) The infimum of the Monge—Kantorovich problem

(38) inf{f (u(x1), x1 —x2)dm(x):m e @gym(szN)}
QN

is equal to zero, and is therefore attained by the push-forward of u by the map
x— (x,x,...,x).

3) The vector field u is in the polar of ¥ n (2, 1), that is,

39) inf{/(u(x),x—Sx)d/L:SEEJ’N(Q,,u)}:0.
Q

4) The projection of u on ¥y (2, 1) is the identity map, that is,

(40) inf{f |u(x)—Sx|2d,u:SGS’N(S2,,u)}:/ lu(x) —x|*dpu.
Q Q

5) There exists an N-cyclically sub-antisymmetric function H of two variables,
which is concave in the first variable, convex in the second variable, vanishing
on the diagonal and such that

41) u(x)=VyH(x,x) fora.e x €.
6) The following duality holds:

inf{/ Lyg(x,u(x),0,...,0)du:HEe€ %N(Q)}
Q

= sup{/ (u(x), Sx)du: S e Fn(L, ,u)}
Q

and the latter is attained at the identity map.
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Proof. This is an immediate application of Theorem 7 applied to the (N —1)-tuplet
vector fields (u, 0, . . ., 0), which is clearly jointly N-monotone on €2\ €2g, whenever
u is N-monotone on 2\ Q. O

Remark 10. The sets of p-measure-preserving N -involutions (¥ (€2, i)y do not
form a nested family, that is, ¥ (2, u) is not necessarily included in $3,(€2, ),
whenever N < M, unless of course M is a multiple of N. On the other hand, the
above theorem shows that their polar sets, i.e.,

Py, )’ = {u e L>(Q,RY): / (u(x),x —Sx)du > 0forall S € Py (S, u)},
Q

which coincide with the N-cyclically monotone maps, satisty

Pn1(Q, 1) C PN (2, 1)°,

for every N > 1. This can also be seen directly. Indeed, it is clear that a 2-involution
is a 4-involution but not necessarily a 3-involution. On the other hand, assume that
u is a 3-cyclically monotone operator. Then for any transformation S : Q2 — 2, we
have

/(u(x),x—Sx)du+/(u(Sx),Sx—Szx)d,tL—i-f(u(Szx),SZx—x)d,uZO.
Q Q Q

Now if S is measure-preserving, we have
f (u(x), x — Sx) dp +/ (u(x), x — Sx) dp +f (u(S%x), $%x —x)dp = 0,
Q Q Q

and if $* = I, then [, (u(x), x — Sx)dp > 0, which means that u € (€2, u)°.
Similarly, one can show that any (N+1)-cyclically monotone operator belongs to
P (2, 1)°. In other words, Py 41(2, )° C S (2, n)° for all N > 2. Note that
P12, w)° ={1)° = L?(Q, R?), while

$(Q, )’ =Ny In(Q, w)°
={u € L*(Q,RY), u = V¢ for some convex function ¢ in W2(R%)},
in view of classical results of Rockafellar [1970] and Brenier [1991].

Remark 11. In [Ghoussoub and Moameni 2013b], the preceding result is extended
to give a similar decomposition for any family of bounded measurable vector fields
Uy, Uz, ..., uny—1 on . It is shown there that there exists a measure-preserving
N-involution S on € and an N-antisymmetric Hamiltonian H on Q" such that for
i=1,...,N—1, we have

ui(x) = Vi H(x, Sx, 8%x, ..., 8V "1x) forae xeQ.
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RESTRICTED SUCCESSIVE MINIMA

MARTIN HENK AND CARSTEN THIEL

We give bounds on the successive minima of an o-symmetric convex body
under the restriction that the lattice points realizing the successive minima
are not contained in a collection of forbidden sublattices. Our investigations
extend former results to forbidden full-dimensional lattices, to all successive
minima and complement former results in the lower-dimensional case.

1. Introduction

Let J{” be the set of all o-symmetric convex bodies in R” with nonempty interior,
i.e., K € }7 is an n-dimensional compact convex set satisfying K = —K. The
volume, i.e., the n-dimensional Lebesgue measure, of a subset X C R" is denoted
by vol X. By a lattice A C R" we understand a free Z-module of rank rg A <n. The
set of all lattices is denoted by &”, and det A denotes the determinant of A € £",
that is the (rg A)-dimensional volume of a fundamental cell of A.

For K € 3} and A € £", Minkowski introduced the i-th successive minimum
Ai (K, A), 1 <i<rgA, as the smallest positive number A such that LK contains at
least i linearly independent lattice points of A, i.e.,

Ai(K, A)=min{A € R5p:dim(A KNA)>i}, 1=<i<rgA.

Minkowski’s first fundamental theorem (see, e.g., [Gruber 2007, Sections 22-23])
on successive minima establishes an upper bound on the first successive minimum
in terms of the volume of a convex body. More precisely, for K € 5’ and A € £"
with rg A = r, it may be formulated as

(1-1) A (K, A) vol,(KNlin A) <2" det A,

where vol, (-) denotes the r-dimensional volume, here with respect to the subspace
lin A, the linear hull of A. In the case r = n we just write vol(-). One of the
many successful applications of this inequality is related to “Siegel’s lemma”, a
catch-all term for results bounding the norm of a nontrivial lattice point lying in
a linear subspace given as ker A where A € 7" is an integral matrix of rank m.
For instance, with respect to the maximum norm | - |, it was shown in [Bombieri

MSC2010: primary 11HO06; secondary 52C07.
Keywords: successive minima, lattice, convex body, short lattice vectors, forbidden sublattices.
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and Vaaler 1983] (see also [Ball and Pajor 1990]) that there exists a z € ker A\{0}

such that
1
|Z]oo < V/det(AAT) n—m

In fact, this follows by (1-1), where K = [—1, 1]" is the cube of edge length 2,
A =ker ANZ" is an (n —m)-dimensional lattice of determinant at most +/det(AAT),
and Vaaler’s result [1979] on the minimal volume of a slice of a cube, which here
gives vol,_,, ([—1, 1]* Nlin A) > 2", For generalizations of Siegel’s lemma to
number fields we refer to [Bombieri and Vaaler 1983; Fukshansky 2006a; 2006b;
Gaudron 2009; Gaudron and Rémond 2012a; Vaaler 2003].

Motivated by questions in Diophantine approximation, Fukshansky [2006a]
studied an inverse problem to that addressed in Siegel’s lemma, namely to bound
the norm of lattice points which are not contained in the union of proper sublattices.
To describe his result we need a bit more notation.

S
For a collection of sublattices A; C A, 1 <i <s, with [ J A; # A we call
i=1

S A
Ai(K, A\ A,-) =min{k €Rp: dim(umA\ U A,-) > i}, l<i<rgA,
i=1 i=1
the i-th restricted successive minimum of K with respect to A\ [_J;_; A;. Observe
that by the compactness of K and the discreteness of A\ [_J;_; A; these minima
are well-defined. Furthermore, they behave nicely with respect to dilations, as for
u > 0 we have

1-2) A (,uK, A\iL;J1 A,-) 'y <K, i(A\iLiJI A,)) — ﬁki(l(, A\iL‘;J1 Ai).

Moreover, for a lattice A € £, r =rg A, and a basis (b1, ..., b,), bj € R", of A,
let v(A) € R() be the vector with entries det B;, where B; is an r x r submatrix
of (by,...,b,). Observe that up to the order of the coordinates the vector is
independent of the given basis, and on account of the Cauchy—Binet formula the
Euclidean norm of v(A) is the determinant of the lattice. With this notation,
Fukshansky [2006a, Theorem 1.1] proved

s -1 5 1
(1-3) A ([—1, 1", A\ U A,-) <@3) r’(z — +¢E> [V(A)]oo +1,
i=1 [v(Ai)lso

i=1

for proper sublattices A;, 1 <i <s, where proper means rg A; <rg A =r. This result
was generalized and improved in various ways in [Gaudron 2009] and [Gaudron and
Rémond 2012a]. In particular, (1-3) has been extended to all o-symmetric bodies as
well as to the adelic setting (see also [Gaudron and Rémond 2012b, Lemma 3.2] for
an application). For instance, the following is a simplified version of [Gaudron 2009,
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Theorem 6.1] when we assume that rg A; =rg A — 1 =r — 1 (see also [Gaudron
and Rémond 2012a, Theorem 2.2, Corollary 3.3]):

(1-4) Al(K, A\ U Ai>

i=1 r—2

v ~lyvol(K Nlin A;) v 7
<v max i1, , : )
1<i<s w; det A; MK, ANlin A;)

where v = 7r (sw, det A/ vol K)!/" and w, is the volume of the r-dimensional unit
ball.

In our first theorem we want to complement these results on forbidden lower-
dimensional lattices by a bound which takes care of the size or the structure of the
individual forbidden sublattices such that the bound becomes essentially (1-1) if
MK, A;j) = oo for 1 <i <s. In this case the bounds in (1-3) and (1-4) still have
a dependency on s of order /s and s'/”, respectively. Here we have the following
result.

Theorem 1.1. Let K € X!, A e ", rgA =n>2,andlet A; CA, 1 <i <s,
rg A; <n —1, be sublattices. Then

s det A > 1 det A
K, A\ U A ) <6 © Y )+ Y=
i1 A (K, A)"2vol K AM(K, A vol K

i=1

Note that, if s = 0 or all the A;(K, A;) are very large, we get essentially (1-1).
Our second main theorem deals with forbidden full-dimensional sublattices —
those for whichrg A; =rg A, 1 <i <ss.

Theorem 1.2. Let K € J{), A€ £", 1gA=n>2,and let A; CA, 1 <i <5,

1g A; = n, be sublattices such that | J;_; A; # A. Then

A (K A\OA) 2" det A (Z det A +1>+A(K )
’ ] < A -S 9 k)
1 20 ) T K. AT vol K \ & det A, ‘

i=1
_ N
where A = [ A;.
i=1
In the special case s = 1, since we may the assume A (K, A1) = A1 (K, A), we
get the following immediate consequence:

Corollary 1.3. Let K € !, A e £, rigA=n>2,and let \1 C A, rg A1 =n, be
a sublattice. Then

(K, A\A)) < 2" det A F (K, A)
B AR =K A Tvol kTR

The following example shows that the bound in Theorem 1.2 as well as the one
of the corollary above cannot be improved in general by a multiplicative factor.
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Example 1.4. Let K € 57{[2, be the rectangle K =[—1, 1] x [—«, o] of edge-lengths
2 and 2, o < 1, and of volume 4«. Let A = 72, and define the sublattices

A ={(z1,22)" € 7>:72,=0 mod2}, Ar={(z1,22)" € 7%z, =0 mod p},
where p > 2 is a prime. Then det A =1, det A| =2, det A, = p, and
A=A NAy= {(zl,Z2)T €7’ 2=0mod?2, z;,=0 modp}

with det A = 2p. For a < 2/p we therefore have A (K, A) = p. Regarding the set
A\(A1 U A»), we observe that the lattice points on the axes are forbidden, but not
(1, 1)T and so A1 (K, A\(A1 U Aj)) = 1/a. Putting everything together, the bound
in Theorem 1.2 evaluates for « <2/p to

G = MM UAD) < Tt D4 p =g o4 p.
Hence for o =2/ p? and p — oo the bound cannot be improved by a multiplicative
factor.

In the situation of Corollary 1.3, i.e., when we consider only the forbidden
lattice A, the upper bound in the corollary evaluates to 1/« + 1, whereas, as before,
MK, A\A)) =1/a.

Before beginning with the proofs of our results we would like to mention a closely
related problem, namely to cover K N A, K € J{, by a minimal number y (K) of
lattice hyperplanes. Obviously, having a v > 0 with y (vK) > s 4 1 implies that

N
kl(K,A\ U Al-) <v
i=1

in the case of lower-dimensional sublattices A;. For bounds on ¥ (K) in terms of
the successive minima and other functionals from the geometry of numbers we
refer to [Bérdny et al. 2001; Bezdek and Hausel 1994; Bezdek and Litvak 2009].

Finally, we remark that restricted successive minima have also been investigated
from an algorithmic point of view. Blomer and Naewe [2007] studied the complexity
of computing A (K, A\ |J;_; A;) for s =1 and when K is the unit ball of an /-
norm. They show, among other things, that some of the well-known lattice problems,
like the shortest or closest lattice vector problem, are polynomial reducible to
computing/approximating A1 (K, A\A). Moreover, as in the case of these lattice
problems an LLL-reduced basis (see [Grotschel et al. 1993, Chapter 5]) can be used
to find in polynomial time a lattice vector b which approximates A (B,, A\A1) up
to a factor of 2"~! [Blomer and Naewe 2007, Theorem 3.6]. Here B, is the unit
ball of the Euclidean norm. Hence, Theorem 1.1 implies (see [Grotschel et al. 1993,
Theorem 5.3.13a] for a similar result in the standard setting s = 0):
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Corollary 1.5. Let A €e ", 1gA =n > 2, and let A1 C A, 1gA; <n—1, be
a sublattice. There exists a polynomial time algorithm for computing a vector
b € A\A1 of Euclidean length

A 1 A
1ol < 2" (6" det 4 QA )
MK, A" 2vol K M (K, Ay) vol K

It seems to be a challenging problem to extend this result to more than one
forbidden sublattice as well as to full-dimensional forbidden lattices.

The paper is organized as follows. The proof of Theorem 1.1 will be given in
the next section and full-dimensional forbidden sublattices, i.e., Theorem 1.2, will
be treated in Section 3. In each of the sections we also present some extensions of
the results above to higher successive minima, i.e., to A; (K , A\ Ule Ai), i>1.

2. Avoiding lower-dimensional sublattices

In the course of the proof we have to estimate the number of lattice points in a
centrally symmetric convex body, i.e., to bound |K N A| from below and above.
Assuming K € J) and rg A = n, we will use as a lower bound a classical result of
van der Corput (see, e.g., [Gruber and Lekkerkerker 1987, p. 51]):

vol K vol K
2-1) [KNA|>2 > —— — 1.
27 det A 2n=ldet A
As upper bound we will use a bound in terms of the first successive minima by

Betke, Henk and Wills [Betke et al. 1993]:

2 n
(2-2) |KﬂA|§(m+l).

Proof of Theorem 1.1. By scaling K with 1{(K, A) we may assume without loss
of generality that A;(K, A) = 1, i.e., K contains no nontrivial lattice point in its
interior (cf. (1-2)). Let n; =rg A; <n. For y > 1, since A1 (K, A;) = A (K, A)=1
we get, from (2-2),

1

MK, A

(2-3) ly K\{O} N A;| < (Vm

n;
+1> _1<yn—l3n—1

Hence, for y > 1, we have

N 1
n—lan—1
3 _
=7 ; *i(K, A7)

2-4) ’yK\{O} n (Ol A,-)

Combining this bound with the upper bound (2-1) leads, for y > 1, to the estimate



346 MARTIN HENK AND CARSTEN THIEL

Koy n Ay U Al =K kv (U a
o YOIK .
y Ui >y s y ya,
S
n vol K n—1an—1 1
_YOIR g — )2
TV o Tgetn Y (; A(K, A)

vol K

_ 1
= m()’n —v" B—p),

where
)

det A 1 det A
:611—1 , =" )
P vol K <; (K, A,-)) P==Slk

Hence, given B and p, we have to determine a y > 1 such that y" — "1 —p > 0.
To this end let ¥ = 4 p'/". Then

2-5) P =P B =B = (BB
=p1/n(13+pl/n)n71 -~ pl/nlo(nfl)/n =p.

Finally, we observe that

det A \'/"
?>p”"=<2"e ) > MK, A) =1,

vol K

by (1-1) and our assumption. Hence, ¥ > 1 and in view of (2-5) we have
A (K , A\UiZ, A,-) < ¥, which by the definition of ¥ yields the desired bound of
the theorem with respect to our normalization A; (K, A) = 1. U

Compared to the bounds in (1-3) and (1-4), our formula uses only the successive
minima and not the determinants of the forbidden sublattices which reflect more the
structure of a lattice. However, instead of (2-2) one can use a Blichfeldt-type bound,
proved in [Henze 2013], for o-symmetric convex bodies K with dim(K N A) = n;
namely, if L, (x) is the n-th Laguerre polynomial,

n!vol K
|K N A| = _—Ln(_2)7
2" det A
This leads to a bound on A1 (K, A\ J;_, A;) where the sum over 1/A(K, A;) is
replaced by a sum over ratios of the type volgim g (K N H)/ det(A; N H) for certain
lower-dimensional planes H C lin A;. In general, however, we have no control over
the dimension of these hyperplanes H nor on the volume of the sections.

Theorem 1.1 can easily be extended inductively to higher restricted succes-
sive minima Aj+1(K, A\ Ule A,-), 1 < j <n—1, by avoiding, in addition, a
Jj-dimensional lattice containing j linearly independent lattice points corresponding
to the successive minima A; (K, A\ U;_; A;), 1 <i < j.
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Corollary 2.1. Under the assumptions of Theorem 1.1 we have, for j=1,...,n—1,

N

s det A 1
riol K. A A; 6"
’“( \gl ) =7 MK, A" 2volK (Z (K, Al-))

i=1

n 3/ .2n_1detA n anetA n i
MK, A vol K vol K
Proof. Let z; € 1; (K, A\Uj_; A;) KNA, 1 <i < j, be linearly independent, and
let A = ANlin{zy, ..., z;}. Then

(2-6) At (K, A\ U Ai> = A (K, A\(O A uK)),

i=1 i=1

and we now follow the proof of Theorem 1.1. In particular, we assume 1| (K, A) =1.
In addition to the upper bounds on |y K\{0} N A;|, 1 <i <s, in (2-3), we also use
for y > A (K, A) > A (K, A) = 1 the bound

_ Zy J . y J
(2-7) yK\O)NA < (—F 4+1) <3/ (—L ).
M(K, A) MK, A)
Combining this bound with (2-1) leads for y > 1;(K, A) to

‘yK\{O} N A\(CJ A; Uz_\)‘

i=1

n YK L kvorn (A = k0N A
> — — — . —
Y nTdetA 4 20T
1K g 1 , j
(L) ()
2n=1det A — MK, Ay) M(K, AN)
_ vol K " nel j
= 2”—1detA(y Yy B—vyia—p),
with
ﬂ=6”_1detA i 1 = 3j_ .2n—1detA’ p=2nd€tA‘
vol K P AM(K, A)) AM(K, A)/ vol K vol K
—jo 1
Now setting ¥ =+ (a + ,0%) n—J we see as in the proof of Theorem 1.1 that
(2-8) P =T BV a—p =7 (7" BV —a) = p
o i p=Din _ 5 0,
1/n

Since y > B+ p'/", which is, by the proof of Theorem 1.1, an upper bound on
MK, 1_\), we also have ¥ > A1 (K, 1_\) and so we know AHl(K, A\ Ule A,-) <Y,
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by (2-8). By the definition of ¥ we get the required upper bound with respect to
the normalization A (K, A) = 1. U

An upper bound on A (K A\ Ui, A,-) of a different kind involves the so-called
covering radius (K, A) of a convex body K € J{) and a lattice A € £", rg A =n.
This is the smallest positive number p such that any translate of ©K contains a
lattice point:

pw(K, A)=min{u >0:(t+upK)NA #o forallr € R"}.
(see [Gruber and Lekkerkerker 1987, Chapter 2, Section 13]).

Proposition 2.2. Under the assumptions of Theorem 1.1 we have

A1<K, A\ CJ Ai> <(s+Du(K, A),

i=1

N
and hence 1 (K, AU Ai> < (s+2u(K, ) for2 < j<n.
i=1

Proof. Observe that on account of (2-6) the bound for j > 2 follows from the one
for AI(K, AU, Ai). For the proof in the case j =1 let H; =lin A;, 1 <i <,
and for brevity we write it instead of (K, A). By Ball’s solution [1991] of the
affine plank problem for o-symmetric convex bodies, applied to K, we know that
there exists a r € R"” such that

1 _ _ . 1 _ .
JE— _— - <<
(t—l—s_HuK)CuK and 1nt(t—|—s+1,uK)ﬂH, g, 1<i<s,

where int( - ) denotes the interior. Thus, for any € > 0 the body (s+1-+¢€) it K contains
a translate 7. + 2 K having no points in common with H;, 1 <i <s. Hence, together
with the definition of the covering radius, we have (t. + 2 K)NA\ J;_, A; # & and
SO Mg (K, A\ Ule A,-) < (s+1+¢€) . By the arbitrariness of € and the compactness
of K the assertion follows. U

For a comparable uniform bound in the much more general adelic setting and,
of course, with a completely different method see [Gaudron and Rémond 2012a,
Proposition 3.2].

3. Avoiding full-dimensional sublattices

If the forbidden sublattices are full-dimensional we cannot argue as in the lower-
dimensional case, since now the number of forbidden lattice points in AK N J;_; A;
grows with the same order of magnitude with respect to A as the number of points
in A K NA.

The tool we use in this full-dimensional case is the torus group R" /A for a certain
lattice A. For a more detailed discussion we refer to [Gruber 2007, Section 26].
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We recall that this quotient of abelian groups is a compact topological group and
we may identify R” /A with a fundamental parallelepiped P of A:

R"/A~ P ={pibi+---+puby:0 < p; <1},

where by, ..., b, form a basis of A. Hence for X C R”, the set X modulo A, X/z_\,
can be described as

X/A={yeP:3becAsuchthat y+becX}=(A+X)NP,

and we can think of X € R"/A as its image under inclusion into R”. In the same
spirit we may identify addition @ in R" /A with the corresponding operation in R",
i.e., for X1, X» C R"/A we have

)?1@)22=(()?1+)?2)+1_\)HP.

As R"/A is a compact abelian group, there is a unique Haar measure vol7 (- ) on
it normalized to voly (R”"/ A) = det A, and for a “nice” measurable set X C R” or
X C R"/A we have

volz(X/A) =vol((A+X)NP) and voly(X)=vol((A+ X)NP).

Regarding the volume of the sum of two sets X, X, CR" / A we have the following
classical sum theorem of Kneser and Macbeath [Gruber 2007, Theorem 26.1]:

(3-1) volr (X1 @ X») > min{volr(X;) + volr (X,), detA}.

We also note that for an o-symmetric convex body K € J, and A > 0O the set
A + LK forms a lattice packing, i.e., for any two different lattice points @, b € A
the translates @ + AK and b+ AK do not overlap if and only if A < (K, A)/2.
Hence we know that, for 0 < A < A;(K, /_\)/2,

(3-2) voly (AK /A) =vol((AK + A)N P) = A" vol K.

Furthermore, we also need a “torus version” of van der Corput’s result (2-1):

Lemma 3.1. Let K € X", A € £", rg A = n and let A C A be a sublattice with

[

rg A =n, and let m € N with m det A < det A. If volr (3K /A) > m det A then
#HK/ANA)>m+1;

i.e., K contains at least m + 1 lattice points of A belonging to different cosets
modulo A.

Proof. By the compactness of K and the discreteness of lattices we may assume
VOlT(%K / 1_\) > mdet A. Let P be a fundamental parallelepiped of the lattice
A. Then by assumption we have for the measurable set X = (%K + 1_\) N P that
vol X > m det A. According to a result of van der Corput [Gruber and Lekkerkerker
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1987, Section 6.1, Theorem 1] we know that there exists pairwise different x; € X,
1 <i <m+1, such that x; — x; € A. By the o-symmetry and convexity of K we
have (X —X) = (K +A)N(P — P), and since (P — P)N A = {0} we conclude that

xi—x; € (K+A)NA\A, i#].

Hence the m points x; —x; € K + A, i=2,...,m+1, belong to different nontrivial
cosets of A modulo A and thus #(K / ANA)>m+ 1, where the additional 1 counts
the origin. O

We now state some simple facts on the intersection of full-dimensional sublattices.
_ R
Lemma3.2. Let A€ £", A; CA, 1 <i<s,rgA;=1gA=n,andlet A=A,
Then A € $" withrg A = n, and i=1
max det A; < det A < (det A)'"*(det Ay) -+ - (det Ay).

1<i<s

s _
Moreover, withm = ) det A/det A; —s + 1 we have:

s i=1

(i) The union | J A; is covered by at most m cosets of A modulo A.
i=1 s
(i) Ifdet A/det A > m+1then A # | J A;.
i=1

Proof. In order to show that A is a full-dimensional lattice it suffices to consider
s = 2. Obviously, A; N A, is a discrete subgroup of A and it also contains n
linearly independent points, e.g., (det Ay)ay, ..., (det Ay)a,, where ay, ..., a, is
a basis of A;. Hence A is a full-dimensional lattice; see [Gruber and Lekkerkerker
1987, Section 3.2, Theorem 2]. The lower bound on det A is clear by the inclusion
A CA;,1<i<s.Forthe upper bound we observe that two points g, i € A belong
to different cosets modulo A if and only if g and /4 belong to different cosets of A
modulo at least one A;. There are det A;/ det A many cosets for each i and so we
get the upper bound.

For (i) we note that since A; is the union of det A / det A; many cosets modulo A,
the union is certainly covered by > ;_, det A/det A; =m+s — 1 many cosets of A
modulo A. But here we have counted the trivial coset at least s times. Part (ii) is a
direct consequence of part (i). ([

Lemma 3.2(ii) implies, in particular, that the union of two strict sublattices can
never be the whole lattice. This is no longer true for three sublattices, as we see in
the next example, which also shows that Lemma 3.2(ii) is not an equivalence.

Example 3.3. Let A = 7%, and let Ay, ..., A4 C Z? be the sublattices
Al ={(z1,22)" €Z?:20=0mod 2}, Ay=1{(z1,22)" €Z*:7z, =0 mod 2},

A3 ={(z1,22)" €Z?:20=0mod 3}, A4=1{(z1,22)" € Z%: 7, = z5 mod 2}.
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Then A U A, UA4 = A but A; U Ay U A3 # A. Furthermore det A = 1,
det A =det Ap =det Ay =2, det A3 =3 and
A=AINANA3={(z1,22)" € Z%: 7, =0 mod 2, z, =0 mod 6}

det A
det A;

We now come to the proof of the full-dimensional case.

with det A = 12, while Z —1=15.

Proof of Theorem 1.2. Let Ay, ..., A be the full-dimensional forbidden sublattices
of the given lattice A and let A = (")/_; A;. Let

. ZS: det A " det A
m = 1 — S 5 .
= det A; det A

Claim 1. Let A > 0 with Volr((k%K)/l_\) >mdet A. Then

)q(K, A\ CJ Ai) <A.

i=1

To verify the claim, we first assume

Z det A det [_\
det A; S detA

By Lemma 3.1, AK contains m 4+ 1 lattice points of A belonging to different cosets
with respect to A. By Lemma 3.2 (i), (J;—, Ai is covered by at most m cosets of A
modulo A, and thus AK contains a lattice point of A\ Ui_| A

Next suppose that m = det A/ det A. Then

vol7 (A3 K)/A) = det A = volr (R"/A)

and, in particular, AK contains a representative of each coset of A modulo A. By
assumption there exists a coset containing a point a € A\ (J;_, A;, and hence all
points of this coset, that is @ + A, lie in A\ J_; A;.

This verifies the claim and it remains to compute a A with

(3-3) vol7 (A3K)/A) = mdet A.

To this end we set A; = A; (K, A) and we write an arbitrary A > 0 modulo X in
the form A = [A/A1 A1 + pAy, with 0 < p < 1. Hence, in view of the sum theorem
of Kneser and Macbeath (3-1) and the packing property (3-2) of A; with respect
to %K , We may write
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volr (3 K)/8) = volr (((| £ | 3+ 05 ) K ) /)
~wir((5 ) o (4x)as (k)

[A/A1]
> min{ (LAJ + ,0") <h>n vol K, detz_\}.
A 2

Thus, (3-3) is certainly satisfied for a A with

- K —
) . )»_1)” _( detA )
(3-4) (hlJ+p )(2 vol K = (37 qori —s 1) det .
i=1
Using that
. Ao A
(3-5) LMJM T
we find
s - 2"detA [~ detA )
MK A\ A ) <2< s 1) A 0
1( \,-L:J1 l) k'{‘l VolK( — det A; :

Remark 3.4. The bound in Theorem 1.2 can be slightly improved in lower dimen-
sions by noticing that in (3-5) we may replace (A —A1)/A; by A/A; — p+ p". Since
p — p" takes its maximum at p = (1/n)"/"~D we get in this way

M(K, A\ LSJ Ai)

i=l1
27 det A ’. detA n—
< _ s+ 1) 4 Ve nzly K, A

A (K, A)"lvolK(; det A; ) 1K, A).

There is a straightforward way to extend Theorem 1.2 to higher successive
minima which we will first present in the special case s = 1.

Corollary 3.5. Under the assumptions of Corollary 1.3 we have, for 1 <i <n,

M(K, A\A}) < 2" det A LK, A) + (K, A)
A A =K A Tvol K A

Proof. By Corollary 1.3 it suffices to show A; (K, A\A1) <A1 (K, A\A1)+A; (K, A)
fori =2,...,n. Tothisend leta € A1 (K, A\A)K NA\A; and let by, ..., b,
be linearly independent with b; € A;(K, A)K N A, j=1,...,n. Since not both
bj and a + b; can belong to the forbidden sublattice A we can select from each
palr bj,a+ b one contained in A\A, 1 < j <n. Let these points be denoted by
bj,j=1,...,n. Thena,b; € (A{(K, A\A) +1;(K, A))K, 1< j<n.

Now Choose k such that a ¢ lin({by, ..., by}\{br}). Then the lattice points
a,by,...bi_1,bis1, ..., b, are linearly independent and we are done. U
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For s > 1 the excluded substructure |_J;_, A; is, in general, not a lattice anymore
and so we cannot argue as above. Therefore, in this case, we choose the vectors b,
1 < j <n, from the lattice A = ()'_; A;. Then fora € A\ |J!_, A; we have

A
a,a+bi,a+by,...,a+b, € A\ | A,
i=1
and analogously to the proof of Corollary 3.5 we get:
Corollary 3.6. Under the assumptions of Theorem 1.2 we have, for 1 <i <n,

Ai (K, A\ O Ai)

i=1

L 2MdetA (Z det A +1)+x (K. R)+ 1 (K. R)
— —s , (K, N).
T MK, A" vol K det A; : !

i=1
Remark 3.7. It is also possible to extend lower-dimensional lattices to lattices of
full rank by adjoining “sufficiently large” vectors, i.e., for each A; of rank n; choose
linearly independent z; 41, . .., Zi,n» € A\A; and consider the lattice A; spanned
by A; and z; 4,41, ..., Zin. If 2; j are such that A ; (K, A;) is very large for j > n;,
one can apply the results from Section 3 to the collection A;, 1 <i <s. However,
the bounds obtained in this way are in general weaker, with one exception in the
case s = 1 for the bound on A (K, A\A). Here we get

(K, A\A)) < 2" det A FA(K,A)
B AR = K A Tvol kT

for A1 C A withrg A| < n, which improves on Theorem 1.1.
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RADIAL SOLUTIONS OF NON-ARCHIMEDEAN
PSEUDODIFFERENTIAL EQUATIONS

ANATOLY N. KOCHUBEI

We consider a class of equations with the fractional differentiation operator
D%, a > 0, for complex-valued functions x — f(]x|x) on a non-Archime-
dean local field K depending only on the absolute value |-|x. We introduce a
right inverse I* to D%, such that the change of an unknown function u = I*v
reduces the Cauchy problem for an equation with D* (for radial functions)
to an integral equation whose properties resemble those of classical Volterra
equations. This contrasts much more complicated behavior of D* on other
classes of functions.

1. Introduction

Pseudodifferential equations for complex-valued functions defined on a non-Archi-
medean local field are among the central objects of contemporary harmonic analysis
and mathematical physics; see the monographs [Vladimirov et al. 1994; Kochubei
2001; Albeverio et al. 2010], and the survey [Zuifiiga-Galindo 2011].

The simplest example is the fractional differentiation operator D%, o > 0, on
the field @, of p-adic numbers (here p is a prime number). It can be defined as a
pseudodifferential operator with the symbol |§|7 where | - |, is the p-adic absolute
value or, equivalently, as an appropriate convolution operator.

Already in this case, as it was first shown by Vladimirov (see [Vladimirov
et al. 1994]), properties of the p-adic pseudodifferential operator are much more
complicated than those of its classical counterpart. It suffices to say that, as an
operator on L»(Q),,), it has a point spectrum of infinite multiplicity. Considering a
simple “formal” evolution equation with the operator D in the p-adic time variable
t, Vladimirov [2003] noticed that such an equation does not possess a fundamental
solution.

At the same time, it was found in [Kochubei 2008] that some of the evolution
equations of the above kind behave reasonably, if one considers only solutions
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depending on [¢],. This observation has led to the concept of a non-Archimedean
wave equation possessing various properties resembling those of classical hyperbolic
equations, up to the Huygens principle.

In this paper we consider the Cauchy problem for a class of equations like

(1-1) Du+a(lx|u= f(x|,), xeQ,,

assuming that a solution is looked for in the class of radial functions, u = u(|x|,);
the precise definition of D and assumptions on a, f are given below. This Cauchy
problem is reduced to an integral equation resembling classical Volterra equations. It
turns out that (1-1) and its generalizations considered on radial functions constitute
p-adic counterparts of ordinary differential equations.

2. Preliminaries

2.1. Local fields. Let K be a non-Archimedean local field, that is, a nondiscrete
totally disconnected locally compact topological field. It is well known that K is
isomorphic either to a finite extension of the field Q, of p-adic numbers (if K has
characteristic 0), or to the field of formal Laurent series with coefficients from a
finite field, if K has a positive characteristic. For a summary of main notions and
results regarding local fields see, for example, [Kochubei 2001].

Any local field K is endowed with an absolute value | - |g, such that [x|g = 0 if
and only if x =0, |xy|x = |x|k - ||k, [x + y|x <max(lx|k, [y[k)- Set

O={xeK:|xlg<1}, P={xekK:|x|x <1}

Then O is a subring of K, and P is an ideal in O containing such an element g
that P = BO. The quotient ring O/P is actually a finite field; denote by g its
cardinality. We will always assume that the absolute value is normalized, that is
|Blx =¢q~"'. The normalized absolute value takes the values ¢"V, N € Z. Note that
for K = Q, we have 8 = p and g = p; the p-adic absolute value is normalized.

Denote by S C O a complete system of representatives of the residue classes
from O/P. Any nonzero element x € K admits the canonical representation in the
form of the convergent series

@2-1) x=B"(xo+x1B+x2B>+---)

where n € Z, |x|x = q", xj € S, xo ¢ P. For K = Q,, one may take S =
{0,1,...,p—1}.

The additive group of any local field is self-dual; that is, if x is a fixed nonconstant
complex-valued additive character of K, then any other additive character can be
written as x,(x) = x(ax), x € K, for some a € K. Below we assume that y is a
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rank zero character, that is y (x) = 1 for x € O, while there exists such an element
X0 € K that |xo|x = ¢ and x(xo) # 1.

This duality is used in the definition of the Fourier transform over K. Denoting
by dx the Haar measure on the additive group of K (normalized in such a way that
the measure of O equals 1) we write

f(§)=/Kx(XE)f(x)dx, Eek,

where f is a complex-valued function from L (K). As usual, the Fourier transform
% can be extended from L;(K) N L,(K) to a unitary operator on Lo(K). If
Ff = f € L1(K), we have the inversion formula

F) = /K X (—xE) F(£) dE.

2.2. Integration formulas. As in real analysis, there are many well known formu-
las for integrals of complex-valued functions defined on subsets of a local field.
There exist even tables of such integrals [Vladimirov 2003]. Note that formulas
for integrals on @, and its subsets, as a rule, carry over to the general case, if one
substitutes the normalized absolute value for | - [, and g for p.

Here we collect some formulas used in this work. Let n € Z, o > 0.

l—q_1
-1 _
(2-2) / X% dx = l_q_aqan,
x|k <q"
_ q—2+q ¢
(2-3) / x—aly tdx="—""—L—1al%, lalx =q".
K q(1—q=%)
x|k =q"
(2-4) log |x|x dx = <n — L)q” logg.
qg—1
[x|x <q"
1 log g
@) [ toglr—alxdx=[(1=1)toglals =% Jiali, lalx =q"
x|k =q"
(2-6) / dx =4q" / dx = <1 — é)q”.
¥k <q" lxlx=q"
(2-7) / dx=q¢""", 0#kyeS
Il =q"
xo=ko

(the restriction xg = ko is in the sense of the canonical representation (2-1)).
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(2-8) / dx = (1 — §>q".

x|k =¢"

Xo#ko
2.3. Test functions and distributions. A function f : K — C is said to be locally
constant, if there exists such an integer / that for any x € K

f(x+x")= f(x), whenever |x'| <gq~".
The smallest number [ with this property is called the exponent of local constancy
of the function f.

Let 9(K) be the set of all locally constant functions with compact supports; it is
a vector space over C with the topology of double inductive limit

K)= lim lim %}
R A
where QDIN is the finite dimensional space of functions supported in the ball By =
{x € K : |x] < ¢"} and having the exponents of local constancy < [. The strong
conjugate space %'(K) is called the space of Bruhat-Schwartz distributions.

The Fourier transform preserves the space @(K ). Therefore the Fourier transform
of a distribution defined by duality acts continuously on %'(K). As in the case
of R", there exists a well developed theory of distributions over local fields; it
includes such topics as convolution, direct product, homogeneous distributions etc
(see [Vladimirov et al. 1994; Kochubei 2001; Albeverio et al. 2010]). In connection
with homogeneous distributions, it is useful to introduce the subspaces of % (K):

V(K) ={y € 2(K) : ¥(0) =0},
D(K) = {(p € W(K) :/ o(x)dx :O}.
K

The Fourier transform % is a linear isomorphism from W (K) onto ®(K), thus
also from ®'(K) onto W' (K). The spaces ®(K) and ®'(K) are called the Lizorkin
spaces (of the second kind) of test functions and distributions respectively; see
[Albeverio et al. 2010]. Note that two distributions differing by a constant summand
coincide as elements of ®'(K).

3. Fractional differentiation and integration operators

3.1. Riesz kernels and operators generated by them. On a test function ¢ € 9(K),
the fractional differentiation operator D%, o > 0, is defined as

(3-1) (D*p)(x) = F'[IE1% (F(9)) (&)] ().



RADIAL SOLUTIONS OF NON-ARCHIMEDEAN PSEUDODIFFERENTIAL EQUATIONS 359

However D* does not act on the space %9(K), since the function & > |£[% is not

locally constant. On the other hand, D* : ®(K) — ®(K) and D* : ®'(K) — ®'(K);

see [Albeverio et al. 2010], and that was a motivation to introduce these spaces.
The operator D® can also be represented as a hypersingular integral operator:

1_ o
(3-2) (D) (x) = T—qa—lf I e(x — ) — ()] dy
- K

[Vladimirov et al. 1994; Kochubei 2001]. In contrast to (3-1), the expression in the
right of (3-2) makes sense for wider classes of functions. Below we study this in
detail for the case of radial functions.

The expression in (3-2) is in fact the convolution f_ * ¢, where the Riesz kernel

fs, for complex s ¢ 1 + kz)’gT;Z is defined first for Res > 0 as

! 1—¢""!
Fg(s)=—— —.
k() I—q™

and then extended meromorphically to the remaining nonzero values of s as a
distribution from %'(K):

fs(x) =

l—q_1 1—qg~*
(fs,<p)=ﬁ<p(0)+—[ /w(x) = /(w(X)—go(O)) }
I—q l—g |x x|

|x|x>1 lx|x <1

For s =0, we set fo(x) =8(x). Fors € 1+ li’g’;Z we define

fs(x) =

log x|k -
q

It is well known that f % f; = fy, in the sense of distributions from %’'(K), so
long as s, ¢, s+t ¢ 1+ ]2’” Z. If these kernels are considered as distributions from
®'(K), then f * f; = th for all s, t € C [Albeverio et al. 2010]. In view of this
identity, it is natural to define the operator D~¢ o > 0, setting

B3 (D0 = (urp)) = 1L = / =y o () dy,
0 eDK), a£l,
and
(3-4) (Do) (x) = —1 / log [x — ylx@(y) dy.
qlogq Jx

Then DD~ = [ on 9(K), if o # 1. This remains valid on ®(K) also for @ = 1.

The notions and results above are well known; see [Vladimirov et al. 1994,
Albeverio et al. 2010]. We now come to new phenomena, considering the case of
radial functions.
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3.2. Operators on radial functions. Let u be a radial function, thatis u = u(|x|g),
x € K. (In order to make the notation concise, we identify the function x — u(|x|g)
on K with the function |x|g — u(|x|g) on ¢Z. This abuse of notation will not lead
to confusion.)

Let us find an explicit expression for D“u, o > 0. Below we write d, =
(1 —¢g%/(1 —qg~*1. For x € K, we denote by xo the element from § C O
appearing in the representation (2-1).

Lemma 1. If a function u = u(|x|g) is such that

m

(3-5) > g lulgh] <o, D g ulgh] < oo,

k=—00 I=m

for some m € Z, then for each n € Z the expression in the right-hand side of (3-2)
with ¢(x) = u(|x|g) exists for |x|x = q", depends only on |x|g, and

n—1
1\ _ o195 +q—2
(-6 (D)@ =du(1=2)g™ " 37 gutgh+q~ " T TFu(g"
q l—g=
k=—00
1 o
—l—da(l——) Z g u(q").
97,2
=n—+1

Proof. We find, using the ultrametric properties of the absolute value, that

(D¥u)(x) = dy / Iy Tu(x = ylk) — u(x|x)1dy.

IyIx=lxlk

If |y|xk = |x|x and yg # xo, the integrand vanishes. Therefore, by (2-6),

n—1
e =de 3 [ ) gy
y—xlx=q

k=—00
00

+dy Y / a7 Plug") —ulg")ldy
I=n4+1 I¥lx =4

n—1
=dy(1-2)a™ " 3 gtlutg") ~u(g")

k=—00
+u(1- 1) 2 a7t —uta")

It is clear from this expression that (D%u)(x), |x|x = ¢g", depends only on |x|g.
After elementary transformations we get (3-6). U
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Definition. We say that the action D%u, a > 0, on a radial function u is defined in
the strong sense if the function u satisfies (3-5), so that D%u(|x|g), |x|x # 0, is
given by (3-6), and there exists the limit

D%u(0) ¥ lim D%u(|x|k).
x—0

It is evident from (3-2) that D* annihilates constant functions (recall that in
@’(K) they are equivalent to zero). Therefore D¢ is not the only possible choice
of the right inverse to D*. In particular, we will use

(3-7) (I*p)(x) = (D" %¢)(x) = (D" “¢)(0).

This is defined initially for ¢ € 9 (K). Itis seen from (3-3), (3-4), and the ultrametric
property of the absolute value that

1—g @
(3-8) (1"‘<p)()6)=1_—ql/| (e =yl = e dy, a#l,
y

9" Jiylk<ixlx
and
1 l1—gq
(39  (I'p)x)=— / (log |x — ylx —loglylx)e(y) dy.
q1084q Jiy|k <Ixk

In contrast to (3-3) and (3-4), in (3-8) and (3-9) the integrals are taken, for each
fixed x € K, over bounded sets.

Let us calculate /%u for a radial function u = u(|x|g). Obviously, (I*u)(0) =0
whenever /¢ is defined.

Lemma 2. Suppose that, for some m € Z,

> max(gh g™ |u(gh)] < oo ifa#1,
k=—o00

and
> Iklg* |ugh)] < oo ifo=1.
k=—00

Then [%u exists, it is a radial function, and for any x # 0, we have
(3-10)  (I*u)(|x|gx) =

_ l—g™ - -
g “|x|‘;;u<|x|K)+mf (I = 1y ulylx) dy
—q [ylk <lxlk

ifaa # 1, and
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(B-11)  (I'u)(x|x) =
1—
g xlgulx]x) + q/ (log|x|x —log|ylx)u(lylx)dy.

q10gq Jyyix <ixix
Proof. 1t is sufficient to compute the integrals over the set {y € K : |y|x = |x|kx},
and that is done using the integration formulas (2-3) and (2-5). (]

It follows from Lemma 2 that the function /“u is continuous if, for example,
u is bounded near the origin (see an estimate of the integral I, o in the proof of
Theorem 1 below). If [u(|x|g)| < Clx| ", as |x|x =1, then [(/*u)(Ix|x)| < Clx|% ",
as |x|x > 1. Here and below we denote by C various (possibly different) positive
constants.

It is easy to transform (3-10) and (3-11) further obtaining series involving u(g").

Obviously, D*I* = I on 9(K), if @ # 1, and on ®(K), if « = 1. Since by
Lemma 1 and Lemma 2, the operators are defined in a straightforward sense for
wider classes of functions, it is natural to look for conditions sufficient for this
identity.

Lemma 3. Suppose that for some m € Z,

Z max(qk,q"’k)iv(qk)| <00 and Z |v(ql)| <00 ifa#l,

k=—00 I=m

m o

> Iklg* |v(gh)] < o0 and lvgh] <o ifa=1.
k=—00 I=m

Then there exists (D*1%v)(|x|x) = v(|x|k) for any x # 0.

The proof consists of tedious but quite elementary calculations based on the
integration formulas (2-2)—(2-8). A relatively nontrivial tool is the sum formula
for the arithmetic-geometric progression (from [Gradshteyn and Ryzhik 1996,
Formula 0.113]).

Using Lemma 3, we can consider the simplest Cauchy problem

D%u(lx|x) = f(xlx), u(0)=0,

where f is a continuous function, such that

o0 o
@ <oo.ifa#l, or Y I|f(gh|<oo, ifa=1.
I=m I=m

The unique strong solution is u = I* f; the uniqueness follows from the fact that
the equality D%« = 0 (in the sense of %'(K)) implies the equality u = const; see
[Vladimirov et al. 1994] or [Kochubei 2001]. Therefore on radial functions, the
operators D% and /¢ behave like the Caputo—Dzhrbashyan fractional derivative
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and the Riemann—Liouville fractional integral of real analysis (see, for example,
[Kilbas et al. 2006]). However the next example illustrates a different behavior of
the “fractional integral” in the non-Archimedean case.

Example. Let f(|x|g) =1, x € K. Then (I*f)(Jx|x) =0.
Proof. Let |x|g = q". If a # 1, then by (3-10), (2-2), and (2-6),

_ l—qg™ - -
I f)xlxk) =q a|x|?<+1—/ (|x|?( ]_|Y|(}l< ])dy
lylx <g"~!

_qot—l
1—qg~ ¢ _ l—q_1
_ o n—1 a—1 __ a(n—1)
=q IJCIK+—1_q0,_1 [61 Ix Ik —l—q_"’q
B 1 _q—oz q—l _q—a
_ Ao o —
_q |X|K+1_qa_1|.x|[( 1_ —u —0

If @ = 1, then by (3-11), (2-4), and (2-6),

_ l—gq
(I'H)(xlx) =g "Ixlx + / (log |x|x —log|ylx) dy
qlogq Jiyjx<gn
_ -l —49 | n-1 1 n—1
=q |x|gx + q" log|x|k — n—l——1 q" " logg
qloggq q—
1_
:|X|K(q_l+—q (l—l-—1 )q‘llogq)zo. O
qlogq qg—1

Of course, these identities in the weaker sense of distributions from ®'(K) are
trivial, since the constant functions are identified with zero, /¢ with D~™%, and
D*D™%=1.

On the other hand, the example shows that the condition of decay at infinity in
Lemma 3 cannot be dropped.

4. Fractional differential equations

4.1. The Cauchy problem and an integral equation. In the class of radial func-
tions # = u(|x|g), we consider the Cauchy problem

(4-1) Du+a(lx|x)u = f(x|x), xeK,
(4-2) u(0) =0,

where a and f are continuous functions, that is, they have finite limits ¢(0) and
f(0), as x — 0.

Looking for a solution of the form # = I*v, where v is a radial function, we
obtain formally an integral equation

(4-3) v(lxlx) +allxlx) ) (Ixlk) = f(xlk), x€K.
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Let us study its solvability. Later we investigate, in what sense a solution of (4-3)
corresponds to a solution of the Cauchy problem (4-1)—(4-2).

It follows from (4-3) that v(0) = f(0). Suppose first that « = 1. By Lemma 2,
(4-3) can be written in the form

4-3) [L+q %a(lxlx)lx|% v(x|k)

+ coa(lx|k) (1" = I Dvdylx) dy = fxlk),  x #0,

Iyl <lxlk

where ¢ = (1 —¢~%) /(1 —g* ).
Since a is continuous, there exists such N € Z that

g “a(x|K)lx|§ <1 for |x|x <g".

On the ball By = {x eK :|x|g < qN}, the equation takes the form

4-4) v(|X|K)+f ko (x, VV(I¥lk)dy = F(|x|k)
Vlx<lxlk
where
ko (x,y) = [1 +q_aa(|x|l<)|x|(;(]7lcaa(lx|K)(|x|‘;<_1 — Iyl ifx #0,
o 0 if x =0,

and
F(xlx) = [1+ga(xlo)lxl%] " f (1x]x).
If we construct a solution of (4-4) on By, and if
(4-5) a(lx|g) #—q*™ foranyx e K, meZ,

we will be able to construct a solution of (4-4), thus a solution of (4-3), successively
forall x € K.
If « =1, we use (3-11) and obtain in a similar way the equation (4-4) with

l1—g -1 —1 '
1+ a(|x 1 -1 £ 0’

ki(x,y) = qlogq[ g a| |K)|X|1<] a(|x|K)(og|x|K 0g|y|1<) if x #
0 if x =0,

and
_ -1
F(lxlg) =[1+4 la(|x|K)|x|K] fxlk).
It is convenient to extend k, (including the case o = 1) by zero onto By X By.

Theorem 1. For each a > 0, the integral equation (4-4) has a unique continuous
solution on By.
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Proof. Let us consider the integral operator J{ appearing in (4-4) as an operator on
the Banach space C(By) of complex-valued continuous functions on By. By the
theory of integral operators developed in sufficient generality in [Edwards 1965]
(see Proposition 9.5.17), to prove that J{ is a compact operator, it suffices to check
that, for any xg € By,

(4-6) lim |k (x, y) — ko (x0, y)|dy = 0.
By

X—> X0

The relation (4-6) is obvious for xg # 0, and also for & > 1. For x¢o = 0, we have
ky(0,y)=0,and for 0 < @ < 1, |x|x = ¢", n > N, we get by (2-2) and (2-6) that

/ |ka (x, y)| dy = const / (1y1%" = g™ V) dy
By Iylk <q"~!
—1
= const iqa(nfl) _ qn(afl)qnfl — const |X|a
1—qg@ K>

which tends to 0 as |x|x — 0. For o = 1, we use (2-4) and (2-6) to obtain that

/IMLM@zwmf (logq" —log|ylk)dy
By lylk<q"~!
= const (nq”fl logg — (n —1- q%)q”fl log q)
1
= const Lq”_l log g = const 24 x|k,
q—1 q—1

and this again tends to 0 as |x|x — 0.
Thus, I is compact, and by the Fredholm alternative [Edwards 1965, 9.10.3],
our theorem will be proved if we show that J{ has no nonzero eigenvalues.
Suppose that Hw = Aw, A # 0, for some w € C(By). We have |w(y)| < C,

ko Cx, Y)| < M| 1x]%7" = [y1%7!,
if o # 1, and

lki(x, y)I = M(log |x|g —log|ylk),
ifa=1,|ylx <|x|k.
In subsequent iterations we will deal with the integrals

am=/ el 1yt |y dy, a1
ylx <lx|g

Il,m:/ (log x|k —log|y|k)Iylk dy.
Iylk <Ixlk
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If « > 1, we find denoting |x|x = ¢”" and using (2-2) that
Tam = 312! f VI dy — / D= gy g D
lylx <g"~! ly -

where, forallm =0, 1, 2, ...

—1 —1
d _ l—gq —am—1 _ l—gq —am—a
@m= 1 _ q—am—l | —g-am—«
a—1 -1
=(1-q7) ] < Ag™e"

(=g g —1) =

for some A > 0. A similar result,
(4’7) Iot,m = a,r11|x|(;((m+l), da,m =< Aq_am, m=0,1,2,...

is obtained for 0 < @ < 1, so that (4-7) holds for any « # 1. If o = 1, then the
integral I ,, is evaluated as follows. We have

n—1
L= Z/ (loglx|x —loglylx)lylg dy
ke—oo ¢ IV Ik=¢*

n—1
— <1 _ é) logg Z (n _k)qk(m-i-l)

k=—00

(o)
= <1 — é) logq Z Uq(n_v)(m+l) — d]’m|.x|(;{(m+l)
v=1

where
—m—1

o0
1 - 1) 1 q -
d; :(1——)10 § pg ot :(1——)10 ————— < Agq™"
,m q gq o q q gq (1 _q—m—1)2 q

(we have used [Gradshteyn and Ryzhik 1996, Identity 0.231.2]). Thus, we have
proved (4-7) also for o = 1.

Let us return to a function w satisfying the relation Xw = Aw, A # 0. Using
(4-7) (separately for @ # 1 and o = 1) and iterating we find by induction that

m
(48  |w@) = C<M|x|—1A>’"(Hq‘“f>|x|“'", m=0,1,2,....x€By.
j=0
Since [] g% = ¢~ 2"™*D_it follows from (4-8) that w(x) = 0. O
j=0
4.2. Strong solutions. Below we assume that the inequality (4-5) is satisfied. Then,
as we have mentioned, the solution v of (4-4) is automatically extended in a unique
way from By onto K. The extended function v satisfies (4-3). Therefore the
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function u = I%v satisfies (4-1) in the sense of distributions from ®’. The initial
condition (4-2) is satisfied automatically.

Let us find additional conditions on a and f, under which this construction gives
a strong solution of the Cauchy problem (4-1)—(4-2). Note that, by Lemma 3 and
Theorem 1, a strong solution is unique in the class of functions u = I“v where v is
a continuous radial function, such that Z;’im lv(g")| < oo for some m € Z.

Theorem 2. Suppose that
(4-9) la(lx|)] < ClxIg"°,  1fUxII < Clx[", &>0,C >0,
as |x|g > 1. Then u = I%v is a strong solution of the Cauchy problem (4-1)—(4-2).

Proof. Let v(|x|g) be the solution of (4-3’) constructed above for all x € K (for
x =0, the integral in the right-hand side is assumed equal to zero). For |x|g < gV
the existence of a solution v was obtained from the theory of compact operators;
for larger values of |x|x we use successively (4-3') itself. Denote
Vin=sup [v(g"™)].
x|k <q™

The sequence {V,,} is nondecreasing.

As we assumed in Theorem 1 only the continuity of the coefficient a, we took N
in such a way that the neighborhood By = {x : |x|x < g™} was sufficiently small.
Here we assume (4-5), so that we can take any fixed integer NV and obtain a solution

v on By.
Consider the case where o # 1. It follows from (4-5) and (4-9) that

(1 +q %a(lx|x) X% < H

where H > 0 does not depend on x € K. If m > N, then we find from (4-3') and
the above estimate for I, ¢ that

(4-10) [v(g™) = cadaoHalq™)q"" Vin—1 + H| f(g™)].
Let us choose m| > N so big that
cadooHa(g™g™™ <3, HI|f(gM)] < 3VN-1,

as m >m (that is possible due to (4-9)). Then it follows from (4-10) that V,,, <V,,,_1,
as m > my, hence that the function v is bounded on K.
Now we get from (4-3’) and the assumptions (4-9) that

(4-11) lo(x|)| < Clxle®,  Ixlk > 1,

C > 0. A similar reasoning works for o = 1.
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Taking into account the estimate (4-11) we find from Lemma 3 that
(DI*v)(|x|k) = v(x|g), x #0.

Therefore the function u = [“v satisfies (4-1) for all x £ 0. Since a, f, and u are
continuous, the equation is satisfied in the strong sense. ([

4.3. Generalizations. Instead of (4-2), one can consider an inhomogeneous initial
condition u(0) = ug, ug € C. Looking for a solution in the form u = ug + [“v,
v = v(|x|g), we obtain the integral equation

v(lxlx) +a(xlx)I*v)(Ix]k) = f(Ix|x) —a(lx|k)uo,

which can be studied under the same assumptions.

All the above results carry over to the case of a matrix-valued coefficient a(|x|x)
and vector-valued solutions. In this case, to obtain a strong solution, it is sufficient
to demand that the spectrum of each matrix a(|x|x), x € K, does not intersect the
set {—¢" : N € 7).
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A JANTZEN SUM FORMULA
FOR RESTRICTED VERMA MODULES
OVER AFFINE KAC-MOODY ALGEBRAS
AT THE CRITICAL LEVEL

JOHANNES KUBEL

For a restricted Verma module of an affine Kac-Moody algebra at the criti-
cal level we describe the Jantzen filtration and calculate its character. This
corresponds to the Jantzen sum formula of a baby Verma module over a
modular Lie algebra. This also implies a new proof of the linkage principle
which was already derived by Arakawa and Fiebig.

1. Introduction

To a simple complex Lie algebra g with Cartan subalgebra b, one associates an
affine Kac-Moody Lie algebra g with Cartan subalgebra 6 The root system R
of g can be embedded into the root system R of g. Arakawa and Fiebig [2012a]
introduced the category O, of restricted representations of § at the critical level.
Denote by O, the direct summand of the usual highest weight category O over
g which consists of modules with critical level. Then O is the subcategory of
O, on which those elements of the Feigin—Frenkel center act by zero which are
homogeneous of degree unequal to zero. We call O, the restricted category © and
its objects restricted modules.

Conjecturally, the restricted category O, should have the same structure as the
representation category over a small quantum group or a modular Lie algebra
described in [Andersen et al. 1994]. The standard modules in 0., which should
correspond to baby Verma modules in the representation categories of [Andersen
et al. 1994], are the so called restricted Verma modules. They are the maximal
restricted quotients of the ordinary Verma modules.

Towards the description of 0., Arakawa and Fiebig [2012b] confirmed the above
conjecture in the subgeneric case, and Frenkel [2005, Theorem 4.8] did so in the
generic case. Andersen, Jantzen, and Soergel [Andersen et al. 1994, Chapter 6]
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and Kumar and Letzter [1997] computed a Jantzen sum formula for a baby Verma
module Z(A) which describes the characters of the Jantzen filtration as an alternating
sum formula of certain characters of baby Verma modules of weight “lower” than A.

We deduce the analogous formula for restricted Verma modules at the critical
level. To be more precise, let A € 6* be a weight of critical level. We introduce the
Jantzen filtration

AV =AM’ D>DAN)'DAMN)?D
and deduce the formula

> chAQ) = ) (Z(Ch Al {? ') —ch A |* A))).

i>0 aeRAN)T i>0

Here R(A)T C R denotes the positive roots of the finite root system R which are
integral on A. The notation o |/ A for i > 0 is defined inductively by a |, (a [/ =1 1),
where o | A =sq-Aifsg-A<Aanda [ A=s5_445-Aif so-A>A. Here § € R denotes
the smallest positive imaginary root and sy, S—_q 1§ are the reflections correspondlng
to the real roots o, —a + § of the affine Weyl group W with its dot-action on f)

The strategy to prove the Jantzen sum formula is to deduce the subgeneric cases
first and then put these together to get the general result in a very similar manner
as in [Jantzen 1979, Chapters 5.6 and 5.7]. To deduce the subgeneric case we use
a result of [Arakawa and Fiebig 2012b] which states that for A € 6* critical and
subgeneric the maximal submodule of A(X) is isomorphic to the simple module
L(a | A) with highest weight « | A.

Arakawa and Fiebig [2012a] introduced projective objects in the restricted cat-
egory O, and a BGGH-reciprocity to deduce the linkage principle for restricted
Verma modules conjectured by Feigin and Frenkel. It states that if the simple
module with highest Welght e f)* appears as a subquotlent in a Jordan—-Holder
series of A(1), where A € h* is critical, then pu € °W()L) A. Here °W()L) denotes
the integral affine Weyl group of the root system R(A) corresponding to A with its
dot-action on 6*

The linkage principle immediately follows from the Jantzen sum formula and
thus gives an independent proof.

2. Preliminaries

In this chapter we shortly introduce the construction of an (untwisted) affine
Kac—Moody algebra starting with a simple Lie algebra. We collect some facts
about the root data, the Weyl group and the invariant bilinear form. The results and
definitions in this section can be found in [Kac 1990] and [Kac and Kazhdan 1979].
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Affine Kac—Moody algebras. Let g be a simple Lie algebra with a Borel subalgebra
b and a Cartan subalgebra ). We denote by R the root system with positive roots
R™ and by I1 the simple roots. Moreover, denote by W the finite Weyl group and
by « : g x g — C the Killing form.

We take a nonsplit central extension g of the loop algebra g ®c C[t,t7!]. Asa
vector space, g is the direct sum (g ®c C[t, 7 !]) @ Ce, where ¢ is a central element.

Adding a derivation operator d with the property [d,-] = ¢(d/dt), we get the
affine Kac-Moody algebra § associated to g. As a vector space, we have g =
(9 ®c C[t,t7!]) ® Cc ® Cd and the Lie bracket is given by

[c. ] = {0}
[d,x®t" =nx®1",
@™, y®@1t™] =[x, y] ™" + n8pm _nic(x, y)c,
where x,y € g and n € Z. The Borel subalgebra of g corresponding to b C g is
given by
b= (g®ctClt] +b®cClt]) ®Cc dCd,

while the corresponding Cartan subalgebra of g is given by
h=h®CcdCd.

Alffine roots, Weyl groups and bilinear forms. For a vector space V' we denote by
(+,+): V*xV — C the natural pairing with its dual space. Denote by < the usual
ordering on 6*; thatis, A < u for A, u € 6* if 4 — A can be expressed as a finite
sum of positive roots. The projection 6 =h @ Cc & Cd — b induces an embedding
h* C 6* By this embedding we can consider all finite roots as elements of 6* We
define two weights Ao, § € 6* by the relations

(8,h @ Cc) = {0}
(6.d) =
(Ao, h ®Cd) = {0}
(Ao, c) =
Then the roots of g with respect to 6 are given by R = R™ U R™ where
={a+n8|aERCﬁ,n€Z}

are the real roots, and
M.={né|neZ n+#0;}

are the imaginary roots. The positive roots R™, that is, the roots of b with respect
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to a, are then given
Rt =Rt Uf{a+n8|aeR,n>0U{ns|n> 0.
Denote by 6 the highest root of R. Then the set of simple affine roots is given by
O=NU{-6+8 cR™".

For a real root & € R™ we denote byaY € 6 its coroot which is uniquely defined
by the properties ¥ € [gy, §—¢] and (o, aV) = 2.

We denote by W C Gl(h*) the affine Weyl group of the root system R, which is
the subgroup generated by the reflections s : h* — h*, AL —> 1 — (A, aV) «, where
o € R™ is a real root. We can identify the finite Weyl group W with the subgroup
of W' generated by the reflections s, corresponding to finite roots & € R. Then W

stabilizes the subspace h* C 6*

Let p:= % > « be the half-sum of positive finite roots. We then set
acRt
p = [) + tho,

where /1Y is the dual Coxeter number of g. Then (p,a¥) # 0 for all @ € R™ and
(p,c) # 0 as well. We can now define the p-shifted dot-action of W on h* by
w-A:=w+p)—p,

where w € W and X € 6*

The Killing form « on the simple Lie algebra g extends to a bilinear form

(-]) : g x g — C which is given by the equations

(x @™ |y ®1™) =bn—mr(x.y),
(c1g®cClt.t™']® Ce) = {0},
(d |g®cClr, 1~ @ Cd) = {0},
(cld) =1,

for x,y € g and m,n € Z. It is nondegenerate, symmetric and invariant, i.e.,
([x,y]1z) = (x| [y, z]) forall x, y, z € g. Furthermore, it induces a nondegenerate
bilinear form on the affine Cartan subalgebra and thus an isomorphism v : h = h*
which coincides with the isomorphism h => h* induced by the Killing form, when

restricted to the finite Cartan subalgebra, and which sends ¢ to § and d to A.. So
the induced form on h* is given by

(a]B) =«(e. p),
(Ao | b* ®CAo) = {0},
(G]h* @ Cs) = {0},
(Ao ]6) =1,
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for a, B € h* and « the induced Killing form on h*. The induced form is invariant
under the linear action of the affine Weyl group, i.e.,

(w@) [wp) = A [w)
for/\,uea*, weW.

3. Verma modules

For a Lie algebra a we denote by U(a) its universal enveloping algebra. For A € 6*
let C, be the one-dimensional representation of U (E) on which 6 acts by the
character A and [E, E] by zero. Then the Verma module with highest weight A is
defined by

It has a unique simple quotient, which we denote by L (1), and both modules are
highest weight modules with highest weight A.

Deformed Verma modules. Denote by S:=8 (6) =U (6) the symmetric algebra
over the vector space 6 and by S = S(h) the symmetric algebra over the vector
space h. Then the projection h — b induces a homomorphism S — S and equips
S with an S- -algebra structure. We call a commutative, unital, noetherian S- -algebra
with structure morphism 7 : S—>Aa deformation algebra.

For a Lie algebra a we set aq := a ®c A. Then we can identify (hA)* =
Homy (f)A A) with []* ®c A and any weight A € []* induces a welght AR1 e []A,
which we simply denote by A agaln In this way, the composition f) 854
induces the canonical weight t € h A

For A € 6* let A, be the EA—module which is A as an A-module and on which 6
acts via the character A 4+ 7 and [E, E] by zero. We then define the deformed Verma
module with highest weight A by

Ag(A+17):=U(ga) Bub) Aj.
For an EA -module M and A € 6* we define the deformed weight space of A by
={meM|Hm=+1)(H)m forall H € hy}.

Then the deformed Verma module A4 (A + t) decomposes as EA-module into the
direct sum of its weight spaces A4(A+ 1), with u € h*, such that Ay A+71)#0
implies u < A.

If A — A’ is a homomorphism of deformation algebras with structure maps
t:S—>Aand7 : S — A— A, then

AgA+71)®4 A~ Agr(A+ ‘E/).
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Note that for 7 : S — C, the surjection on the quotient C = S /6§ we have
Ac(A+ 1) = A(R).

Characters. Let Z EB e’ be the group algebra of G* We define a certain

~

completion by Aeh*
z*] c ] ze*
Aeh*
to be the subgroup of elements (cj) with the property that there exists a finite
subset {{41, ..., Un} C bh* such that c¢j # 0 implies A < u; for at least one i. Let
M € g-mod be semisimple over ) with the properties that each weight space M), is
finite-dimensional and that there exists ji1, ..., ity € b* such that M, # 0 implies

A < u; for at least one i. We define the character of M as element in Z[h*] given
by the formal sum

chM := ) (dime My)e?.
Aeh*

We define the generalized Kostant partition function % : ZRT >N by

dime¢ A(0),  if v e NRT,
0 otherwise.

P) = {

The name partition function comes from the combinatorial description of the
formula

ChA()L)Z l_[ (1+e—(x +e—2(x+ﬂ_)dim’g\a
acR+

(compare [Kac 1990, Section 9.7]).

4. Restricted Verma modules

An equivalence relation. For a deformation algebra A with canonical weight 7 :
ha — A, we extend the bilinear form (- |- ) : h* xh* — C to an A-linear continuation
(- )A-hAXhA_)A-

Let A = K be a field. For v, A € 6* we write v < A if there exists n € N and
« € R™ such that 20+ p+71|a)k =n(x|a)k and v =A —no. We now denote by
=<K the partial ordering on 6* which is generated by such tuples v < A. Then <
is a refinement of the usual ordering < on 6* We denote by ~ the equivalence
relation on 6* which is generated by <.

Let Lk(A + ) be the unique simple quotient of Ax(A + t) and denote by
[Ak(A + 7) : L (e + t)] the number of subquotients of a composition series of
Ak(A 4 t) which are isomorphic to Lk(u + 7).
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Theorem 4.1 [Kac and Kazhdan 1979, Theorem 2]. We have
[Ak(A +7): Lc(k +7)] #0
if and only if u <k A.

Remark 4.2. From [Rocha-Caridi and Wallach 1982, Theorem 15] we know that
[Ak(A+71): Lk(u+17)] # 0if and only if there exists an embedding Ak (i + 1) —
Ak(A + 7). Thus Theorem 4.1 also contains information about embeddings of
Verma modules.

For A € 6* we define the integral roots (with respect to A and A) by
Ry(V):={a € R|2(A +p+1|a)q € Z(a| @)},
and the corresponding integral Weyl group by
Wad) := (5o | € Ra(A) N R™) W

We write R4(A)T = R* N R4(A) and R(A) = Rc(X) incase 7: S — S/hS =~ C
is the quotient map and similarly W(A) = W¢(A).

The critical level. For A € 6* we define the level of A to be the complex number
A(c) € C. If A ~ u, we have A(c) = u(c). Therefore, the equivalence class A of
A has a well-defined level, and we have v(c) = (v |§) for all v € h*.

Lemma 4.3 [Arakawa and Fiebig 2012b, Lemma 4.2]. For A € 6* / ~ the follow-
ing are equivalent.

(1) We have A(c) = —p(c) for some A € A.

(2) We have A(c) = —p(c) forall A € A.

(3) Wehave A + 6 € A forall A € A.

(4) We have né € ﬁK(A)for alln #0and A € A.

We call crit := —p(c) the critical level.
Denote by b, the hyperplane which consists of all A € h* with A(c) = crit.

Then for each A € 6* we have (A + p|6) =0.

crit

Restricted Verma modules. Let A € E* and 7 : § — A be a deformation algebra
which is an integral domain. Denote by Q(A) its field of fractions and assume that
both structure maps factor through the restriction map S — S. This implies that
7(c) = t(d) = 0. We define A, (A + 1) to be the submodule of A4(A + 7) which
is generated by the images of all homomorphisms Ag(A —né + 1) —> Ay(A + 1)
for n € N> ¢. Since t(c) = 7(d) = 0, we have (7 | §) = 0, and by Theorem 4.1 and
its remark there is an injective map Ag4)(A —nd+ 1) = Ag4)(A + 1) for every
n > 0 and A critical. But by our assumption on A4, this also induces an injective
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map Ag(A —nd+ 1) = Ag(A + 7). If A is noncritical, we get A (A + 7) = {0}.
We now define the restricted Verma module as the quotient

AgA+1)=Aa(A+ 1)/ AL (X +1).

As in the nonrestricted case, we omit the subscript of the restricted Verma modules
if the deformation algebra is C 2 S/Sh. For example, we write A(1) instead of
Ac(R).

Remark 4.4. There is an alternative definition of restricted Verma modules. Denote
by Vit(g) the universal affine vertex algebra at the critical level and denote by
3 its center. Then each smooth [g, g]-module M carries the structure of a graded
3-module. By a theorem of Feigin and Frenkel [1992], 3 yields an action on M by
the graded polynomial ring generated by infinitely many homogeneous elements

%:C[p?)“ :1’-"’11SEZ]=@%”.
nez

Now a theorem of Frenkel and Gaitsgory [2006] shows that for any critical weight
A €b* and n <0 there is a surjective map %, — Homg(A(A + nd), A(A)). Thus,
the restricted Verma module A (1) coincides with the quotient

AQ)™ = AQ)/ Y EnA).
n<0

However, we will not use this alternative description of restricted Verma modules
in the rest of this paper.

Let:: h* — b* be the map induced by h < b. For any subset A C b* we denote
by A C bh* its image under -.
Definition 4.5. Let A € 6:}“ / ~i be a critical equivalence class. We call A
(1) generic if A C h* contains exactly one element;
(2) subgeneric if AC h* contains exactly two elements.

We call any weight contained in a generic (subgeneric, resp.) equivalence class
a generic (subgeneric, resp.) weight. If A is subgeneric, there is a weight A € §*
and a finite root o € R such that A = {1, 54 - A}.

Let A € E:m be a critical weight. Similarly to the integral roots of A we now
define the finite integral root system (with respect to A and the deformation algebra
A) by

R4(M):= RAMNR={a € R|2A+p+7|a)s € Z(cx|a)a}.
and the finite integral Weyl group by
Wa(h) =Wa(A) NW.
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Again we write RA()L)"' = Rt N R4(A) and R(A) = Rc(A) if the deformation
algebrais C. For A € []Cm and o € R4(1), such that s-A # A, we have either so-A <A
or S_q4s-A<A. Wedefine o | A to be the element in the set {sq A, S_g45-A} Which
is smaller than A. Furthermore, we define inductively o " A :== o | (¢ "1 1). In
case Sq A=A wehavea [ A = A.

Now [2012b, Corollary 4.10] gives in our set up the following theorem:

Theorem 4.6. Let A € h pand T S > Kbea deformation algebra with I being
a field. Assume that the structure map t factors through S.
(1) If A is generic, A (A + T) is simple.

(2) If A is subgeneric with Rk(A) = {*a}, we have a short exact sequence
Lic(a} A) = A1) = Lic(A).

Note that the term subgeneric implies A # « | A.

5. The restricted Jantzen sum formula

Andersen et al. [1994, Chapter 6] established a Jantzen sum formula for baby
Verma modules. It relates the sum of the characters of the Jantzen filtration to an
alternating sum of characters of baby Verma modules with smaller highest weights.
We deduce a similar formula for the restricted Verma modules at the critical level.

Theorem 5.1. Let A € h There is a filtration

crit*
AV =AM’ D>AN)'DAMN)?D
with these properties:

(1) A(M)Y is the maximal submodule of A()).
@) Y chAW' = > (Z(ch Al ¥ ) —ch A(a | )L))).

>0 aeR(A)+ >0

Note that the sum is taken over all finite, positive, integral roots o € R(A) ™.

The Shapovalov determinant. Let o : g — g be a Chevalley-involution and define
4 =0, 0 and 1_: =P, 8o, Where g, is the root space of g corresponding
to the root & € R. There is a decomposition U(§) = U(h) ® A_U®G) + UG)A4),
and we denote by 8 : U(g) — S (6) the projection to the first summand of this
decomposition.

The Shapovalov form is now defined as the bilinear pairing F: U(§)xU(§) — S(h)
with F(x, y) = B(o(x)y). Itis symmetric and contravariant, i.e., for u, x, y € U(g)
we have F(o(u)x,y) = F(x,uy). Forne NR™ we denote by F,7 the restriction
of F' to the weight space U (n )—pn- Recall the isomorphism v : f) = h* induced
by the bilinear form (-|-) on h and define sy := v~! () for any root « € R.
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Theorem 5.2 [Kac and Kazhdan 1979, Theorem 1]. The determinant of
Fy:U®R_)—p x U@_)—y — S(b)

is, up to multiplication with a nonzero complex number, given by the formula

det ) = l_[ l_[(h + plhy) —n |a)

acR+ =1

’

)mult(a) P(n—na)

where P is Kostant’s partition function and mult() := dimg (gg,).

We equip the polynomial ring C[¢] in one variable with two different structures
of a deformation algebra. The first one is given by the map 77 : S —> C[t], where
71 is induced by the inclusion of the line Cp C 6* The second S-module structure
: 8 > C[t] is given by the inclusion Cp C 6* Recall that we consider elements
of h* as elements of h* by the embedding from above. Furthermore, p € h*
implies that 75 factors through the restriction map S —» S. For a more intuitive
notation, we follow [Jantzen 1979] and define Ag[(A +2p) := Agps(A + 71) and
Aciy(A +1p) := Acn(A + 2).

Note that for A € E:ﬂt critical, and since 12(c) = 12(d) = tp(c) = 0, we can
construct the restricted Verma module Zc[t] (A +1p). Let C(¢) be the quotient field
of Clt].

Lemma 5.3. Let & € b’ Then Ag(y(h+1p) = Acp(A +1p) ®cp C(t) is simple.

crit”
Proof. If we prove that R¢(;)(A) = &, the lemma follows from Theorem 4.6. But
since (pla) # 0 foralle € R, we get 2(A + p+1p | &) & Z(w |a)e(r) C C for
alla € RT. O

The Shapovalov form induces symmetric contravariant bilinear forms on

S()\ +¢€ ) and AS(/\ +€), where €’ € f)* denote the canonical weight induced
by f) <> Sand e € f) g denotes its composmon with § — S. Moreover, it in-
duces contravariant forms on all Verma modules Ac1(A + 2p), A@[,](A +tp),
Acr)(A +1p), A(A) and A(L), which we have to deal with in the rest of this paper.
The contravariance of the forms implies for A(1) and A(1) that the radicals of the
forms coincide with the maximal submodules of A(1) and A(1).

Restricted Jantzen filtration. Let (-, -) be the contravariant form on Z@[,] A+1p)
induced by the Shapovalov form. We first define a filtration on Z@[t](k +1p) by

AciiA+1p)" :={m € Acg(A +1p) | (m., Acpy(A +1p)) C 1/ C[e]}.
The Jantzen filtration on A(}) is then defined by

AQ) ==im(Acp)(A +1p)' — Acp(A +1p) = A(R)),
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where the second map is the specialization ¢ — 0. In the same way we get the
Jantzen filtration on A(A) as it is defined in [Kac and Kazhdan 1979] using the
deformed Verma module Acp(A +2p).

Notation 5.4. Let < A. We denote the determinants of the contravariant bilinear
forms on the p-weight spaces Acp(A +1p) ., Acpj(A +1p), and ZC[,](A +1P)u
by Djte5(1 +1p), Dagrp( +1tp) and D)1 5(pn +10).

For a polynomial P € C[t] denote by ord;(P) the natural number n € N with
t"| P but "t} P,

Lemma 5.5. For the Jantzen filtrations of the w-weight spaces of the nonrestricted
and restricted Verma modules we have the formulas

S dime ALY, = ordy (D 11p(1 + 1))

i>0
and

D dime AQ)j, = ords (D151 + 1))

i>0
Proof. By Lemma 5.3 the Shapovalov form of the restricted deformed Verma
module ZC[,]()L) is nondegenerate. Thus we can apply [Jantzen 1979, Lemma 5.1]
to get both formulas. O

We first want to describe the Jantzen filtration of a restricted Verma module with
a highest weight, which is critical and subgeneric.

Proposition 5.6 [Kiibel 2014, Lemma 11]. Let A € E* be subgeneric; that is,

crit

R(A) = {Fa} for a finite positive root o € RY and o | A # A. Then the Jantzen
filtration of A(M) is
AA) D L(e{A)DO,

and we have the alternating sum formula
Y chA) =chL(ed) =chA(a|A)—chA(@|*A) +ch A P1)—--- .
>0

Proof. The first part of the proposition is [Kiibel 2014, Lemma 11]. The second
part follows inductively from Theorem 4.6. O

Recall the canonical weight € : 65 — § induced by 6 C S — S, and for
v > 0 denote by D¢_,(e — p — v) the determinant of the contravariant form on
Ag(e— p)—p—v. Let ¢ : § — C[¢] be the algebra homomorphism given by

¢(H) = (A+p)(H) +1p(H),
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forall H € h. If p € S is a prime element and a € S, we denote by ord,(a) the
integer n € N such that p*|a but p"*1}a. By [Jantzen 1979, Chapter 5.6], we get
fora e S

(5-1) ord; (¢(a)) = ) ordy(a) ord; ($(p)),
p

where p runs over all classes of associated prime elements of S. As in Lemma 5.3
we see that, for the quotient field Q = Q(S) of S, the restricted Verma module
ZQ(e—p) ~ Ag(e—p)®s Q is simple. We conclude that D¢_,(e—p—v) # 0 and
also ¢(De—p(e —p—v)) # 0 forall v € NR. Combining (5-1) with Lemma 5.5,
we get

(5-2) Z chA(L)" = & Z ord; (¢ (p)) Z ordy(De—ple —p—v))e™".

n>0 p veNR+
We are now able to prove the general case. We follow [Jantzen 1979, Chapter 5.7].
Proof of Theorem 5.1. If A € h*. fulfills (A +p, ) ¢ Z\{0} for any finite positive

crit
root & € R, then A is a generic weight and A(A) is simple, by Theorem 4.6. The
evaluation of the polynomial Ee_p (e—p—v)eSati+pforve NR™ can be
viewed as the determinant of the contravariant form on the weight space A(1);_,
induced by the Shapovalov form. Since the weight spaces are orthogonal to each
other according to the contravariant form, D¢_,(e — p — v)(A + p) is unequal to
zero for all v € NR™. Otherwise we could construct a proper submodule of A(X),
which would be a contradiction. l_)é_p (e — p—v) decomposes into a product of
linear factors, and it follows that all prime divisors of D e—p(€e —p—v) are of the
form & —r, where « € R™ and r € Z\{0}. __
For € Rt and r € Z we define vy » € Z[*] by

Va,r = Z ordgv —r (ﬁe—p(E —p—mn))e .
neNR+

Because (p,a) # 0 for any a € R™, the restriction of a¥ — r to the curve
(A + p) + Cp C b* is unequal to zero, i.e., in formulas we have

p@¥ —r)= (A +p,a)—r+t(p,av) #0.

If r # (A + p,a), then ord;((A + p, V) —r +1(p,a")) = 0. However, for
r={(A+p,av) wehave ord;((A+p,a")—r+t{p,a¥))=1. Nowa¥ — (1 +p,a")
can only be a prime divisor of D¢_,(e —p—1n) if « € R(X)T. Applying formula
(5-2) we conclude that

(5-3) D chAQ) = D vapspavie’

i>0 a€R(M)T
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Let o € R(1)™. Perturbing the weight A in the hyperplane that contains A and is
parallel to the reflection hyperplane corresponding to o, we find a weight u € G:rit
such that (u+p,aV) =n=(A+p,av)and (u+p, BY) ¢ Z forall B € R(A)T\{a}.
Thus, we’ve found a subgeneric weight u with R(n) = {Za} and vy (14 p,av) =

Vg, (A+p,av)- But by Proposition 5.6, the Jantzen filtration of A() is given by

A(w) D L(e | p) D0.

We conclude using (5-3):

vanet =chL(a|p) =) (chA@l® ") —ch Al ).
i>0
Now the choice of p implies that e*™# ch A(a |” u) = ch A(w}™A). Thus, we
conclude
v(x,ne;L = Z(ch Al? 1A —ch A} 1)).
i>0
Since we can apply this to any root 8 € R(1)™ we can use (5-3) once more to get
the formula in Theorem 5.1. O

As a consequence of Theorem 5.1 we get the linkage principle for restricted
Verma modules at the critical level in the same way as in [Andersen et al. 1994,
Chapter 6] or [Kumar and Letzter 1997, Theorem 10.3]. The linkage principle was
already proved in [Arakawa and Fiebig 2012a] introducing restricted projective
objects in the restricted category O over the Lie algebra g. Our proof, however,
avoids the rather complicated construction of restricted projective objects.

Corollary 5.7 [Arakawa and Fiebig 2012a, Theorem 5.1]. Let A € E;it and p € h*.
Then [A(A) : L(w)] # 0 implies ju € oW()L)-/\ and < A.

Proof. The statement is obvious for A =y, and it is also clear that [A(A) : L(1)] # 0
implies /4 < A. We use induction on A —  and assume . < A. If [A(X) : L(1)] #0,
then also [A(A)! : L(u)] # 0 since A(A)' € A(L) is the maximal submodule.
But then the restricted Jantzen sum formula implies that L(x) has to appear as
a subquotient in some A(a |” 1), where @ € R(A)T and n > 0. Our induction
assumption then implies u € W ( P A)- (x| 1), but the definition of « | A implies
W ") (" 1) =WQ)- Q). O
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NOTES ON THE EXTENSION OF THE
MEAN CURVATURE FLOW

YAN LENG, ENTAO ZHAO AND HAORAN ZHAO

In this paper, we present several new curvature conditions that assure the
extension of the mean curvature flow on a finite time interval, which im-
prove some known extension theorems.

1. Introduction

Let Fy: M" — N"* be a smooth isometric immersion from an n-dimensional
closed (compact and without boundary) Riemannian manifold M to an (n + d)-
dimensional Riemannian manifold N. Consider a one-parameter family of smooth
isometric immersions F : M x [0, T) — N satisfying

W L Fen=He,n,

F(x,0) = Fo(x),
where H (x,t) is the mean curvature vector of F;(M) and F;(x) = F(x,t). Set
M; = F,(M). Wecall F: M x [0, T) — N the mean curvature flow with initial
value Fo: M — N.

The mean curvature flow is a (degenerate) quasilinear parabolic evolution equa-
tion, and one can obtain the short-time existence either by the Nash—-Moser implicit
function theorem or by the DeTurck trick to modify the mean curvature flow equation
to a strongly parabolic equation. Without any special assumption on My, the mean
curvature flow (1-1) will in general develop singularities in finite time, characterized
by blowing up of the second fundamental form A.

Theorem 1.1 [Huisken 1984; 1986; Wang 2001]. Suppose T < oo is the first
singular time for a closed mean curvature flow in a Riemannian manifold with
bounded geometry. Then we have

lim sup |A| = o0.
t—>T M,
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From Theorem 1.1, we see that if sup,, .o.7) |Al is bounded, then the mean
curvature flow can be extended past the time 7. Recently, Le and Seum [2011]
and Liu, Xu, Ye and Zhao [Liu et al. 2011; Xu et al. 2011a; 2011b] obtained some
integral conditions to extend the mean curvature flow. Define a (0, 2)-tensor B
on M in a local orthonormal frame field by B;; = (H, h;;). Cooper obtained the
following characterization of the singular time.

Theorem 1.2 [Cooper 2011]. Suppose T < o0 is the first singular time for a closed
mean curvature flow in a Riemannian manifold with bounded geometry. Then we
have

lim sup | B| = oo.
t—>T M,

Similarly, we see from Theorem 1.2 that if sup,y o7y | B| is bounded, then the
mean curvature flow can be extended past the time 7.

In the present paper, we make an improvement of Theorems 1.1 and 1.2 by
considering the integral of | B| on the time interval. More precisely, we prove the
following theorem.

Theorem 1.3. Let F, : M" — N"*? be the mean curvature flow solution of closed
submanifolds on a finite time interval [0, T') and assume N has bounded geometry.
If the function f(x) := fOT |B|(x, t) dt is continuous on M, then the mean curvature
flow can be extended past the time T.

By the dominated convergence theorem and Theorem 1.3, we obtain the following
result, which recovers Theorems 1.1 and 1.2.

Theorem 1.4. Suppose T < o0 is the first singular time for a closed mean curvature
flow in a Riemannian manifold with bounded geometry. Then we have

T
f sup |B|(t) dt = oo.
0 M,

Analogous extension theorems for the Ricci flow have been proved recently
[Wang 2012; He 2014]. Some general regularity results have been obtained by
Cheeger, Haslhofer and Naber [Cheeger et al. 2013] and Ecker [2013], among
others. To prove our theorems we combine the ideas in [Cooper 2011] and [He
2014]. First, by a suitable blow-up argument we get a minimal submanifold in
Euclidean space. Second, we prove that the volume of geodesic balls in this minimal
submanifold is less than the volume of geodesic balls with same radius. By the
expansion for the volume of geodesic balls, we see that this minimal submanifold
is in fact totally geodesic at the base point.
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2. Preliminaries

Let M" be an n-dimensional submanifold isometrically immersed in an (n + d)-
dimensional Riemannian manifold N"*¢. Let A and H be the second fundamental
form and the mean curvature vector of M in N, respectively. Define a (0, 2)-
tensor B from A and H by B = (A, H). Choose a local orthonormal frame field
{eA}”+d in N"*¢ such that each ¢;, i =1, ..., n, is tangent to M and let {wA}”+d
be the dual frame field of {e A}'j\ﬁ. Then A, H and B can be written as

n n+d n+d
A= Z Z h wt®w1®ea—zhua)z®w17 U_Z h j €as
i,j=1a=n+1 a=n+1

H= ZHO‘ea, H® = Zh”,
n+d

B= ZB,Jw,@)wj, =y HYL.

i,j=1 a=n+1

Let F: M x [0, T) — N be a mean curvature flow solution with initial immersion
Fo: M — N. Denote by g(¢) and d () the induced metric and the volume form on
M. Under the mean curvature flow, g(¢) and du(¢) satisfy the following evolution
equations.

d
(2-1) 580 ==2B(),
d
(2-2) A = —|H [*du(t).

3. Proof of Theorem 1.3

Now we give the proof of Theorem 1.3.

Proof. We argue by contradiction. Suppose that 7' is the maximal existence time.
Then by Theorem 1.1 we see that lim;—, 7 sup,, |A| = 0o. Choose a sequence of
points (O;, ;) e M x [0, T),i =1,2,...,such that lim; , #; =T and

A0, 1) = max  |AP*(x,1) > 00 as i — oo.
(x,1)eM x|0,1;]

Set Q; = |A|2(O,-, t;) and we suppose Q; > 1 and Q;; > 1. Denote by & the
Riemannian metric on N. We consider the rescaled flows for ¢ € [0, 1]
r—1
Fi(1) = F(? +ti) 1 (M, gi(t)) — (N, Qih),
1

where g;(t) = F;(t)*(Q;h) is the induced metric on M. Then for each i, F; is also
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a solution of the mean curvature flow on time interval [0, 1]. Denote by M; the
manifold M with metric g;(¢). It follows from [Chen and He 2010] that there is a
subsequence of {(M;, g;(t), O;) :i =1, 2, ...} which converges to a Riemannian
manifold (Mo, g00(t), Oxo), and the corresponding subsequence of immersions
F;(t) converges to an immersion Fio(t) : Moo — R"*+4 ¢t € [0, 1]. Note that Fs, is
also a solution of the mean curvature flow on time interval [0, 1].

We first show that for any 7 € [0, 1], M is a minimal submanifold in R+ Let
B (-, t) be the (0, 2)-tensor for F(¢). In fact, we prove the following:

Lemma 3.1. B (t) =0 for t €[0,1].

Proof. By the continuity assumption on

T
f(x) :=/0 |B|(x,1)dt

and the compactness of M, we can use elementary arguments to prove that

T
lim/ |B|(x,t)dt =0.
TJ

t—
First, we have

-1 *
gi(t) = Fi ()" (Qih) = F(t? +t,-> (Qih)

1

- Q~F(ﬂ +t-)*(h) ~ 0, (i +r-)
- 4 Ql L - lg Ql 4 .

Denote by A;(-,t), H;(-,t) and B;(-,t) the second fundamental form, the
mean curvature and the (0, 2)-tensor of F;(¢), respectively. It is easy to see from
the definition of second fundamental form that

1

t—1
A1) =A<"—Q. +t,»>.
Since the mean curvature is the trace of the second fundamental form, we have

Hi('st)ZQi_]H(',g-l‘fi)-
Q.

1

So for the (0, 2)-tensor we have

Bi('7t)= (Ai('vt)’Hi("t)>Qih

B T 0 ) ey i ey )
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From this we see that

1Bi(-. D% )= (Bi(-. 1), Bi(- . 1)) g, )@, )

=Qi B "_+ti aB ’7_+ti
Qi Qi 2 (1—1)/ Qi+1)®g(1—1)/ Qi +1)

=07|B( -, ——+1 :
Qi §(1=1)/Qi+1)
Forany y € M, there are y; e M,i =1, 2, ..., such that lim;_, . y;i = y.

1 1
/ |Blgoo (v, 1) dt = lim / |Bilg; ) (vis 1) dt
0 1—>00 0

1 r—1

= lim Q7' |B|g((t*1)/Qi+tf)()’i, — +t,~) dt
i—00 0 (OF
ti
= lim | Blg(s)(yirs)ds
i—00 Jy ’fl
=0.
Hence we have By, (t) =0 for each r € [0, 1]. O

Lemma 3.2. The induced metrics g(t) on M are uniformly equivalent and converge
pointwise as t — T to a continuous positive-definite metric g(T).

Proof. Under the assumption that f(x) = fOT |B|(x, t)dt is continuous, we see that
f(x) is bounded and forany 0 <t <6 < T

0
lim/ |B|(x,1)dt =0
=0 J;

uniformly. Since g(t) satisfies (2-1), we can carry out the same argument as in
[Hamilton 1982] to prove the lemma. (|

Let By (1)(Ox, r) be the geodesic ball of radius r centered at O € Moo
with respect to the metric g (1), and Vol,_ (1)(Byg. (1)(Ox, 1)) be the volume of
B, (1)(Oc, ). Denote by w, the volume of the unit ball in R".

Lemma 3.3. VOlgoo(l)(Bgoo(l)(Oom I”)) < wnr".

Proof. Let Bg,(1)(O;, r) be the geodesic ball with radius r centered at O; € M; with
respect to g; (r) and Volg, (1) (Bg;1)(O;, r)) the volume of By, 1)(O;, r). It is easy
to see that

—1/2
B..(1)(0i.r) = By (01, Q7 '/%r).
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Hence
Vol (1y(Bg,,(1) (O, 7)) lim Volg, (1)(Bg,;(1)(0;, 1))

r’ i—00 r’
— i YOlsi() By (03 O, )
_iaoo r’
2 ~1/2
. 0" Volg() (Bgi) (04, Q; 7))
— 1 1 i i 1
t—1>Igo rh
Volg() (Bga (05, Q7))
— 11 g(tt) g(tl)l 21’ .
=00 0; 2ry

From Lemma 3.2, we see that for any ¢ > 0, there is a positive constant § such
thatif t > typ > T — 6, then (1 —&)g(fy) < g(t) < (1 4+ ¢)g(tp). We may pick ¢;s
such that t; > 9 > T — §. From a lemma in [Cooper 2011; Glickenstein 2003] we
see that
-1/2

lim Volg(t,)(Bg(t,)(Oh 0%y
< lim Volg (1) (Bg (i) (Oi, (1 — &) Q)™ ?r))
T i—soo (Q;l/zr)n
<1 Volg(zo)(Bg(tO)(O,-, ((1—2¢) Qi)_l/zr))
e (0 ry
=(1- g)*n/Z lim VOlg(to)(Bg(to)(Ol, (1—e)0;)~ l/zr))
i—00 (1 =8)Q;)~1/2p)n

Since Q; — o0 as i — 00, we have
lim Volg i) (By (i) (Oi (1 —£) 01)~'/%r)) W
i—o00 (A —=e)Q)~12r)n "
Since ¢ is arbitrary, we see that

Volg (1) (Bg(1)(Ooo, 7))

rn

< w,. O

We continue the proof of Theorem 1.3. From the expansion formula for the
volume of small balls (see Theorem 3.98 of [Gallot et al. 1987]) we have
Vol B O, R(O
Olgo ) (Beo(1)(00, 1)) _ | R(Oc0) 2 +o(r?).
w1 6(n—+2)
Here R(Oy) is the scalar curvature at Oy € (Mo, g00(1)). From Lemma 3.3 we
see that

R(Ox) = 0.
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This combined with Lemma 3.1 implies that
|Aloo(Ooo, 1) = 0.
However, it is seen from the point selecting process that
|Aloo(Ooo, 1) = 1.

This is a contradiction, which completes the proof of Theorem 1.3. U

Theorem 3.4. Let F, : M"* — N"* be the mean curvature flow solution of closed
submanifolds on a finite time interval [0, T') and assume N has bounded geometry.
Suppose T < oo is the first singular time. If the function fOT |A|(x,t)dt < +o0is
continuous on M, then we have

lim sup |H| = oo.
t—>T M,

Proof. We suppose |H| < C uniformly for all the existence time. Then

0

52| =21B <21H]14] <2C|Al.

By the dominated convergence theorem, we know that fOT |A|(x, t) dt is continuous
in x. Then by a similar argument as in the proof of Theorem 1.3, we get the

conclusion. 0

Remark 3.5. Theorem 3.4 recovers [Cooper 2011, Theorem 5.1].
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HYPERSURFACES WITH PRESCRIBED ANGLE FUNCTION

HENRIQUE F. DE LIMA, ERALDO A. LIMA JR. AND ULISSES L. PARENTE

We deal with two-sided complete hypersurfaces immersed in a Riemannian
product space, whose base is assumed to have sectional curvature bounded
from below. In this setting, we obtain sufficient conditions which assure
that such a hypersurface is a slice of the ambient space, provided that its
angle function has some suitable behavior. Furthermore, we establish a
natural relation between our results and the classical problem of describing
the geometry of a hypersurface immersed in the Euclidean space through
the behavior of its Gauss map.

1. Introduction and statements of the main results

Let ¢ : ©" — M"*! be an immersion of an orientable Riemannian manifold X" in
a Riemannian space form M"*! and let N be the unit normal vector field along X".
When M+ is the Euclidean space R"*! and 1 is the complete graph of a smooth
function f : R" — R, the image N (X) of its Gauss map is contained in an open
hemisphere of the unit Euclidean sphere S”. The behavior of the Gauss map has
deeper consequences for the immersion. For instance, one of the most celebrated
theorems of the theory of minimal surfaces in R3 is Bernstein’s theorem [1910],
which establishes that the only complete minimal graphs in R are planes. This
result was extended under the weaker hypothesis that the image of the Gauss map of
%2 lies in an open hemisphere of S2, as we can see in [Barbosa and do Carmo 1974].

Meanwhile, Osserman [1959] answered a conjecture due to Nirenberg, showing
that if a complete minimal surface X2 in R’ is not a plane, then its normals must be
everywhere dense on the unit sphere S?. More generally, Fujimoto [1988] proved
that if the Gaussian image misses more than four points, then it is a plane. On the
other hand, Hoffman, Osserman and Schoen [Hoffman et al. 1982] showed that if a
complete oriented surface X% with constant mean curvature in R? is such that the
image of its Gauss map N(X) lies in some open hemisphere of S?, then X2 is a
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CAPES, Brazil.

MSC2010: primary 53C42; secondary 53C50, 53B30.
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plane. Moreover, if N(X) lies in a closed hemisphere, then X2 is a plane or a right
circular cylinder.

When the ambient space is a Riemannian product M"+! =R x M", the condition
that the image of the Gauss map is contained in a closed hemisphere becomes that
the angle function n = (N, d;) does not change sign, as was observed in [Espinar and
Rosenberg 2009]. Here, N denotes a unit normal vector field along a hypersurface
¥ : X" — M"*! and 9, stands for the unit vector field which determines on M"*!
a codimension-one foliation by totally geodesic slices {t} x M". In this setting, our
purpose in this work is to establish analogous results to those ones above described.
In other words, we aim to give new satisfactory answers to the following question:
under what reasonable geometric restrictions on the angle function must a complete
hypersurface immersed in a certain product space be a slice?

We can truly say that one of the first remarkable results in this direction was the
celebrated theorem of Bombieri, De Giorgi and Miranda [Bombieri et al. 1969],
who proved that an entire minimal positive graph over R" is a totally geodesic
slice. Many other authors have approached problems in this branch. For instance,
Rosenberg [2002] showed that when M? is a complete surface with nonnegative
Gaussian curvature, an entire minimal graph in R x M? is totally geodesic. Hence,
in this case, the graph is a horizontal slice or M? is a flat R? and the graph is a
tilted plane. Bérard and S4 Earp [2008] described all rotation hypersurfaces with
constant mean curvature in R x H", and used them as barriers to prove existence and
characterization of certain vertical graphs with constant mean curvature and to give
symmetry and uniqueness results for constant mean curvature compact hypersurfaces
whose boundary is one or two parallel submanifolds in slices. Espinar and Rosenberg
[2009] studied constant mean curvature surfaces in R x M?, and classified them
according to the infimum of the Gaussian curvature of their horizontal projection,
under the assumption that the angle function does not change sign.

In [Aquino and Lima 2011] and [Lima and Parente 2012], we applied the well-
known generalized maximum principle of Omori [1967] and Yau [1975], and
an extension of it due to Akutagawa [1987], in order to obtain rigidity theorems
concerning complete vertical graphs with constant mean curvature in R x M". In
[Lima 2014], the first author extended the technique developed in [Yau 1976] in
order to investigate the rigidity of entire vertical graphs in a Riemannian product
space R x M", whose base M" is assumed to have Ricci curvature with strict sign.
Under a suitable restriction on the norm of the gradient of the function u which
determines such a graph X" (u), he proved that X" (u) must be a slice {t} x M".

Now, motivated by the previous discussion, we will state our results. In what
follows, H, =2/(n(n — 1))S, stands for the mean value of the second elementary
symmetric function S, on the eigenvalues of the Weingarten operator A of the
hypersurface X£". Moreover, we recall that a hypersurface is said to be two-sided if
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its normal bundle is trivial, that is, if there is a globally defined unit normal vector
field on it.

Theorem 1. Let M"*' = R x M" be a Riemannian product space whose base
M" has sectional curvature Ky such that Ky > —« for some k > 0, and let
¥ X" — M be a two-sided complete hypersurface with constant mean curvature
H and H; bounded from below. Suppose that the angle function n of X" is bounded
away from zero and that its height function h satisfies one of the following conditions:

(1-1) VAP < ——|AP
(n— 1)k

for some constant 0 < o < 1; or

(1-2) \Vh]? < —" K2,
(n—1Dk

Then, X" is a slice of M+,

As a consequence of Example 10 given in Section 4, we cannot extend estimate
(1-1) to the limit case o« = 1. On the other hand, taking into account estimate (1-2),
when M" = R", we note that Theorem 1 reads as follows:

Corollary 2. Let X" be a two-sided complete hypersurface of R*™! with constant
mean curvature and scalar curvature bounded from below. If the closure of the
image of the Gauss map of X" is contained in an open hemisphere of S", then X"
is minimal.

Proceeding, we treat the case where the mean curvature H is not assumed to be
constant, but is just assumed to not change sign along the hypersurface:

Theorem 3. Let M"T! = R x M" be a Riemannian product space whose base M"
has sectional curvature bounded from below, and let  : " — M"T! be a two-sided
complete hypersurface that lies between two slices of M"T'. Suppose the angle
Sfunction n of X" is bounded away from 1 or from —1. If H, is bounded from below
and H is bounded and does not change sign on X", then infy H = 0. In particular,
if H is constant, then X" is minimal.

Thanks to the result of Osserman already cited, Theorem 3 yields:

Corollary 4. The only two-sided complete constant mean curvature surfaces of R3
with Gaussian curvature bounded from below, lying between two planes and such
that both poles of S? are not in the closure of the image of the Gauss map, that are
orthogonal to such planes, are planes of R>.

On the other hand, Example 10 will show that the assumption that X" lies
between two slices of R x M" is necessary in Theorem 3 in order to conclude that
the mean curvature of X" cannot be globally bounded away from zero. Moreover,
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we observe that the horizontal circular cylinder ¢ C R? satisfies almost all the
hypothesis of Corollary 4, except the one which requires that neither pole of S?
orthogonal to € is in the closure of the image of the Gauss map N of €. Actually,
% is unbounded in all directions where N is isolated.

Rosenberg, Schulze and Spruck [Rosenberg et al. 2013] showed that an entire
minimal graph with nonnegative height function in a product space R x M", whose
base M" is a complete Riemannian manifold having nonnegative Ricci curvature
and with sectional curvature bounded from below, must be a slice. Consequently,
Theorem 3 yields:

Corollary 5. Let M" be a complete Riemannian manifold with nonnegative Ricci
curvature and whose sectional curvature is bounded from below. Let X" (u) =
{(u(x), x):x € M"} CR x M" be the entire graph of a nonnegative smooth function
u:M" — R, with H constant and H) bounded from below. If u is bounded, then
u =ty for some ty € R.

Again from Theorem 3, this time combined with Theorem 1.2 of [Rosenberg
et al. 2013], we obtain:

Corollary 6. Let M" be a parabolic complete Riemannian manifold with bounded
sectional curvature. Let X" (u) = {(u(x),x) : x € M"} C R x M" be the entire
graph of a smooth function u : M" — R, with H constant and H, bounded from
below. If u is bounded, then u = ty for some ty € R.

In the situation of Theorem 3, we saw that a constant mean curvature hypersurface
satisfying the hypotheses of the theorem must be minimal. Theorem 1 suggests
an interesting, related question: If a constant mean curvature hypersurface trapped
between two planes is a graph, and the closure of the image of the Gauss map
does not contain either pole, must the hypersurface be trivial? Osserman’s theorem
asserts that the hypersurface is indeed a plane when the ambient space is R?. When
the ambient space is a product whose base has nonnegative Ricci curvature and
sectional curvature bounded from below, Corollary 5 also gives a positive answer
for this question, provided that the hypersurface is already a graph of a bounded
and nonnegative function, while Corollary 6 deals with the parabolic case using the
conformal invariance of parabolicity.

The proofs of Theorems 1 and 3 are given in Section 3.

2. Preliminaries

We consider an (n+ 1)-dimensional product space M"+! of the form R x M”, where
M" is an n-dimensional connected Riemannian manifold and M"*! is endowed
with the standard product metric

(,)y=mpd)+7(, ),
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where 7 and ), denote the canonical projections from R x M" onto each factor
and ( , )y is the Riemannian metric on M". For simplicity, we will just write
M = R x M" and (,)= dt2+( , ym. For a fixed #tp € R, we say that
My = {to} x M" is a slice of M"™*1 Tt is not difficult to prove that such a slice of
M"*1is a totally geodesic hypersurface (see, for instance, [O’Neill 1983]).
Throughout this paper, we will deal with two-sided complete hypersurfaces
V¥ " — R x M". Let V and V denote the Levi-Civita connections in R x M"
and X", respectively. The Gauss and Weingarten formulas for ¢ are respectively

(2-1) VxY =VyxY +(AX,Y)N
and
(2-2) AX =—VxN

where X, Y € X(X) are tangent vector fields, and A : X(¥) — X(X) is the Wein-
garten operator of X" with respect to its orientation (unit normal vector field) N.
We will consider two particular functions naturally attached to such a hypersur-
face X": the (vertical) height function 7 = (7r)|x and the angle function n = (N, 9;).
Since X" is assumed to be two-sided its angle function 7 is globally defined.
A simple computation shows that the gradient of 7 on R x M" is given by

(2-3) Vg = (Vg 8,)0; = 9;.
Consequently, from (2-3) we have that the gradient of 4 on X" is
(2-4) Vh=(Vnr)' =8 =8 —nN,

where ()T denotes the tangential component of a vector field in X(M"*!) along X"
Hence, from (2-4) we get the relation

(2-5) VR =1—1n?,

where | | denotes the norm of a vector field on X£”". From Proposition 7.35 of
[O’Neill 1983] we have

(2-6) Vxd, =0
for every X € X(X). Thus, from (2-4) and (2-6) we get
(2-7) Vx(Vh)=Vx(d,) =nAX

for every tangent vector field X € X(X). Therefore, the Laplacian on X" of the
height function is given by

(2-8) Ah=nHpn,
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where H = (1/n) tr(A) is the mean curvature of X" relative to N. Moreover, as a
particular case of Proposition 3.1 of [Caminha and Lima 2009], we obtain a useful
formula for the Laplacian on X" of the angle function 7:

Lemma 7. Let i : " — R x M" be a hypersurface with orientation N, and let
n = (N, d;) be its angle function. If X" has constant mean curvature H, then

An = —(Ricy (N*, N*) + AP,

where Ricyy denotes the Ricci curvature of the base M", N* is the projection of the
unit normal vector field N onto the base M" and |A| is the Hilbert—Schmidt norm
of the shape operator A.

On the other hand, as in [O’Neill 1983], the curvature tensor R of a hypersurface
¥ 2" — R x M" is given by
R(X,Y)Z =Vxy1Z—[Vx, VylZ,

where [ , ] denotes the Lie bracket and X, Y, Z € X(X). A well known fact is that,
using (2-1) and (2-2), we can describe the curvature tensor R of the hypersurface
%" in terms of the shape operator A and the curvature tensor R of R x M" by the
so-called Gauss equation given by

(2-9) RX,Y)Z=(R(X,Y)Z)" +(AX, Z)AY — (AY, Z)AX

for tangent vector fields X, Y, Z € X(X).

To close this section, we recall the generalized maximum principle of Omori
[1967] and Yau [1975], which will be the main analytical tool used in proving to
prove our Bernstein-type results:

Lemma 8. Let X" be an n-dimensional complete Riemannian manifold whose
Ricci curvature is bounded from below, and f : " — R a smooth function which is
bounded from below on X". Then there is a sequence of points (py) in X" such that

lim f(p) =inf f, lim [Vf(pe)|=0 and liminf Af(py) > O.
k— 00 P k— 00 k— 00

3. Proofs of Theorems 1 and 3

Proof of Theorem 1. Since we are assuming that 5 is bounded away from zero, we
can suppose that > 0 and, consequently, inf > 0. From Lemma 7, we have

(3-1) An = —(Ricy (N*, N*) + |A]P)n.

Since we are also assuming that the sectional curvature K, of the base M" is such
that Ky, > —« for some « > 0, with a straightforward computation we get

Ricy (N*, N*) = —(n — Dic|N*|> = —(n — D (1 =),
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where N* stands for the component of N tangent to M". Then, from (2-5) and
(3-1) we obtain

(3-2) An < —(A* = (n— Di|Vh*)n.

Thus, if we assume that the height function of X" satisfies the hypothesis (1-1),
from (1-1) and (3-2) we have

(3-3) An < —(1—a)|Al*.

On the other hand, we claim that the Ricci curvature of £” is bounded from
below. Therefore we can apply Lemma 8 to the function 5, obtaining a sequence of
points px € ¥" such that liminfy_, oo An(pr) >0 and limy_, oo n(pr) =infpex n(p).
Consequently, since we are assuming that the Weingarten operator A is bounded
on X", from (3-3), up to a subsequence, we get

0 < liminf An(p) < —(1 —a) lim |A[*(py) inf n(p) <0.
k— 00 k— 00 peX

Thus, we obtain that limg_, », |A|(px) = 0 and, from (1-1), limg_, o, |VA|(pr) = 0.
Hence, from (2-5) we conclude that inf,cx n(p) = 1 and, consequently, n = 1.
Therefore, X is a slice.

It just remains to prove our claim that the Ricci curvature of X" is bounded
from below. For this, let us consider X € X(X) and a local orthonormal frame
{E(,..., E,} of X(¥). Then, it follows from the Gauss equation (2-9) that

(3-4) Rics (X, X) = > (R(X, ENX. E;) + nH{AX, X) — (AX, AX).

i
Thus, taking into account once more the lower bound of the sectional curvature of
the base M", we have

(3-5) (R(X, ENX, E;) > —k ((X*, X*)ur\E}', Ef Yy — (X*, EF)ipn).

1

where X* = X — (X, 0;)0; and E} = E; — (E;, 9;)0; are the projections of the
tangent vector fields X and E; onto M", respectively. Then, adding up the relation
(3-5) we get

Y (R(X, ENX, Ei) = =k ((n — DIX]> = VAP |X > = (n — 2)(X, VI)?)

1

> —x(n—1|X%.

Therefore, from (3-4), and using the Cauchy—Schwarz inequality, we have that the
Ricci curvature of X" satisfies the lower estimate

(3-6) Rics (X, X) > —((n — Dk — |A||A —nHI|)|X|?
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for all X € X(X). Therefore, taking into account that
(3-7) |A> =n*H? —n(n — 1)H,,

our restrictions on H and H, guarantee that the Ricci curvature tensor of X" is
bounded from below and, hence, we conclude the first part of the proof of Theorem 1.

Now, let us suppose that the height function of X" satisfies the hypothesis (1-2).
In this case, from (3-2) and (3-7) we obtain

(3-8) An < —n(n—1)(H*— H)n.

Consequently, in a similar way as in the previous case, we can apply Lemma 8 in
order to obtain a sequence of points p; € X" such that

0 < liminf An(pr) < —n(n — 1) liminf(H? — H>)(py) inf n(p) <O.
k— 00 k— 00 PEX
Hence, up to a subsequence, limy_, oo (H 2 — Hy)(pr) = 0. Moreover, since H is
assumed to be constant, we get from (3-7) that
lim |A|>(px) =nH?>.
k— 00
Now we recall that |A|2 = Zi /cl.z, where the k; are the eigenvalues of A. Thus,

up to taking a subsequence, for all 1 <i < n we have that limy «; (px) = «; for
some k; € R. Motivated by this fact, we set

nn—1) -
TH2 = ZK,-*K;‘,
i<j

and we note that H = ,1—1 > K. Thus H?*=H, and k*=H forall 1 <i <n. So, let

{e;} be a local orthonormal frame of eigenvectors associated to the eigenvalues {;}

of A. We can write Vi = ), A;e;, where the A; are continuous functions on X”.
On the other hand, from (2-4) and (2-6) we have

X () =—(AX), 8) = —(X, A3 )) = —(X, A(Vh))
for all X € X(X). Thus,
(3-9) Vn=—A(Vh).
By applying Lemma 8 once more to the function n, from (3-9) we then get

0 = limg [ACVR)P(p) = D lime (222 (pi)

1

=Y ) lim 27 (pe) = H* > limy A7 (i),
i i
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up to taking a subsequence. If H = 0, from hypothesis (1-1) we have immediately
that " is a slice. If H2 > 0, then for all 1 <i < n we have limy A; (px) = 0. Thus,
limy |VA|(pr) = 0 and, from (2-5),

inf n(p) = limg—co n(pr) = 1.
peX

Therefore, n =1 on X", and hence X" is a slice. U

Proof of Theorem 3. Note that, as in the proof of Theorem 1, our restrictions on the
sectional curvature of the base M" and the hypothesis on the mean curvatures H
and H, guarantee that the Ricci curvature of X" is bounded from below.

Now, suppose for instance that H > 0 on X". Thus, since X" lies between two
slices of R x M", from (2-8) and Lemma 8 we obtain a sequence of points p; € X"
such that

0> limsup Ah(py) = nlimsup(Hn)(px).

k—o00 k— 00

From (2-5) we also have
0= lim [Vh|(p) =1~ lim n*(pp).
k— 00 k— 00
Thus, if we suppose, for instance, that —1 is not in the closure of the image of n,
we get klim n(pr) = 1. Consequently,
—00

0> limsup Ah(py) =nlimsup H(py) >0,

k—o00 k—00

and, hence, we conclude that

limsup H(px) =0.

k—00

If H <0, from (2-8) and (2-5) we can once more apply Lemma 8 in order to obtain
a sequence q; € X" such that 0 < liminfy_ o Ah(gr) = nliminfy_ o (Hn)(qr),
and, supposing once more that —1 is not in the closure of the image of 1, we get

0 <liminf Ah(py) = nliminf H (py) < 0.
k— 00 k— 00

Consequently, we have
liminf H(py) =0.
k—o00

Therefore, in this case we also conclude that infy, H = 0. O

4. Entire vertical graphs in R x M"

We recall that a vertical graph over a connected domain €2 of a complete Riemannian
manifold M" is determined by a smooth function u € C*°(£2), and is given by
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2'u) ={(ux),x):x e Q} CRx M".
From the product metric on the ambient space, X" («#) induces on €2 the metric
(4-1) (L) =du? + (e

A vertical graph X" (u) is said to be entire if Q2 = M". Now, when the base M" is
complete, any entire vertical graph X" (u) in the product space R x M" is complete,
because such a graph is properly immersed in R x M", which is obviously complete
if M" is. (Alternatively one can argue as follows: the Cauchy—Schwarz inequality
and (4-1) give

(X, X) = (X, X)pn + (Du, X)3 = (14 |Dul?)(X, X) ppn

for every tangent vector field X on X". Hence, (X, X) > (X, X) . This implies
that L > Ly, where L and L~ denote the length of a curve on X" (u) with respect
to the Riemannian metrics { , ) and { , )pm»; the completeness of X" (u) follows.)

Let £"(u) = {(u(x),x) : x € M"} C R x M" be an entire vertical graph. The
function g : R x M" — R given by g(¢, x) =t —u(x) is such that £"*(u) = g‘l(O).
Moreover, for all tangent vector fields X on R x M",

X(g) = (X, 9)9(g) + X*(g) = (3 — Du, X),
where X* = X — (X, 0,)9; is the projection of X onto the base M" and Du is the
gradient of # in M". Thus,
Vgu(x), x) = d|u)x) — Du(x) forall x e M".

Hence, the unit vector field

(4-2) N(x) = Ol @wen . — Dux)), xeM”

1
1+ |Du|?
gives an orientation for X" (u) such that n > 0 on it. Consequently, taking into
account (2-5), from (4-2) we get

|Dul®
4-3 Vh= ———.
-3 VAl 1+ |Dul?

Let us study the shape operator A of X" (u) with respect to the orientation given
by (4-2). For any X € X(X(u)), since X = (Du, X)yn0; + X*, we have
(4-4) AX =—VxN =—(Du, X)Vs N —VxN.
Consequently, from (4-2) and (4-4), and with the aid of Proposition 7.35 of [O’Neill
1983], we verify that
(Dx Du, Du)

1
—— DxDu+ Du,
1+ |Dul? (14 | Du|?)3/?

(4-5) AX =
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where D denotes the Levi-Civita connection in M" with respect to its metric { , )pn.
Consequently, the mean curvature of X" (u) is given by

Du

Y1+ [Dul?’

where Div stands for the divergence on the base M".

(4-6) nH = Div

Remark 9. Salavessa [1989] showed that when the base M" is complete noncom-
pact, an entire graph X" («#) in R x M" with constant mean curvature H is minimal
provided that the Cheeger constant b(M) of the base M" vanishes. We recall that

A®OD)
V(D)’

where D ranges over all open submanifolds of M" with compact closure in M"
and smooth boundary, and where V (D), A(dD) are the volume of D and the area
of 9D, respectively, relative to the metric of M".

Returning to the context of Theorem 1, we observe the condition that the angle
function n of the hypersurface £" is bounded away from zero assures that %"
is, in fact, an entire vertical graph X" (u) for some smooth function u : M" — R.
Consequently, considering the case that there exists a hypersurface with positive
constant mean curvature H, and supposing that (1-2) holds, from (4-3) and (4-6)
we see that Salavessa’s argument allows us to get

b(M) =infp

nHV(D)f/ nHdV = | Div

Vu
—dV
D D V1+|Vul?

Du n
—¢ (———— V\dA< |——HA®D),
£D<\/1+|Du|2 ”> =V AP

where v is the outward unit normal of dD. This yields the following lower estimate
for the Cheeger constant of the base M":

vnn—1x <b(M).

Furthermore, recalling the stability operator £ = —A —Ric(N, N)—|A|?, a constant
mean curvature hypersurface X" is said to be stable if

(4-7) /(&Bf)f >0 forall feCi(Z).
)

We also note that under the stated hypothesis of Theorem 1, the hypersurface is a
slice and therefore Ric(9,, 9;) = 0 and |A|2 = 0. Hence, in this case from (4-7) we
see that the minimal hypersurface is stable.

We close our paper by presenting a suitable example of a nontrivial complete
vertical graph X?(u) with constant mean curvature in the product space R x H?,
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which is directly related to the hypothesis of Theorems 1 and 3 (see the comments
in Section 1).

Example 10. We consider the upper half-plane model for the two-dimensional
hyperbolic space H?; that is, H> = {(x, y) € R?: y > 0}, endowed with the complete
metric ( , ) = (1/y?)(dx? +dy?).

In this setting, let us define the smooth function u : H> — R by u(x, y) =alny,
a € R, and consider the entire vertical graph

Y2w)={(alny,x,y):y>0} C RxH.
We have Du(x, y) = (0, ay) and hence |Du(x, y)|2 = a®. Moreover, the height
function & of X2(u) satisfies

|Du|? a®

Vh|? = = )
Vi 1+|Dul? 1+a2

Thus, from (2-5) we have that the angle function n of >2(u) with respect to the
orientation (4-2) is given by
1

n=——.
V1+lal?

Consequently, by using that Div=Divy —(2/y)dy, where Div( denotes the divergent
on R2, with a straightforward computation we verify that

(4-8) 2Hr? =r?y*Aou — y* (yQ(u) + uy| Douly),

where Ag, Do and | | stand for the Laplacian, the gradient and the norm in the
canonical Euclidean metric, r = /1 + |Du|? = +/1 + 42 and

2 2
Q) = Uylxx + 2uxuyuxy + Uylyy.

Thus, replacing u(x, y) =alny in (4-8), we obtain

a
H=—"—
24/1+a?
and, since 7 is a positive constant, from Lemma 7 we get
4-9) 0=An=—(A]> = Vi),
and, hence,
IVh|* = |A]%.

Furthermore, from (3-7) we easily see that H, = 0 on >2(u). But, H, = kK2,
where k1, kp denote the eigenvalues of A. Therefore, considering x; = 0 and using
that H = (k1 +k2)/2 = k1 /2, we obtain that k| = a/+/1 +a?.
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Finally, according to the stability criteria given in (4-7), from (4-9) we also
conclude that £2(u) constitutes a nontrivial example of a stable surface in R x H2.
Consequently, concerning the context of Theorem 1, we see that the stability of the
hypersurface cannot alone guarantee the uniqueness result.
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EXISTENCE OF NONPARAMETRIC SOLUTIONS FOR
A CAPILLARY PROBLEM IN WARPED PRODUCTS

JORGE H. LIRA AND GABRIELA A. WANDERLEY

We prove that there exist solutions for a nonparametric capillary problem
in a wide class of Riemannian manifolds endowed with a Killing vector field.
In other terms, we prove the existence of Killing graphs with prescribed
mean curvature and prescribed contact angle along its boundary. These
results may be useful for modeling stationary hypersurfaces under the in-
fluence of a nonhomogeneous gravitational field defined over an arbitrary
Riemannian manifold.

1. Introduction

Let M be an (n + 1)-dimensional Riemannian manifold endowed with a Killing
vector field Y. Suppose that the distribution orthogonal to Y is of constant rank and
integrable. Given an integral leaf P of that distribution, let & C P be a bounded
domain with regular boundary I' = d€2. We suppose for simplicity that Y is complete.
In this case, let ¥ : R x @ — M be the flow generated by Y with initial values in
M. In geometric terms, the ambient manifold is a warped product M = P x5 R,
where y = 1/]|Y 2.

The Killing graph of a differentiable function u : Q@ — R is the hypersurface
¥ C M parametrized by the map

X(x)=0ux),x), xeQ.
The Killing cylinder K over I" is in turn defined by
(1) K={0(s,x):s€eR, xeT}

The height function with respect to the leaf P is measured by the arc length parameter
¢ of the flow lines of Y; that is,

¢ =—=s5.

N

Fixing these notations, we are able to formulate a capillary problem in this geometric

MSC2010: 53C42, 53C21.
Keywords: capillary, mean curvature, Killing graphs.
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context which models stationary graphs under a gravity force whose intensity
depends on the point in the space. More precisely, given a gravitational potential
¥ e C19(Q x R) we define the functional

u/ﬁ
) &ﬁ[u]z/ (1+/ W(x,s(c)) dg) dx.
) 0

The volume element dX of X is given by

1
—/ v +IVu|?do,
N
where do is the volume element in P. In what follows we denote

W=y + IVul?.

The first variation formula of this functional may be deduced as follows. Given an
arbitrary function v € C2°(£2) we compute

d

dt

Alu + tv]

=0
1 (Vu, Vo)
dx
f(\/_ ,7)/+||VM|2 W(x, u(x))v>f

:L(div(%%v)—di <\/1_T;> +?‘ll(x u(x))v) Vo dx

1 \% 1 [Vy V 1
— / (— div<—u> — —<—y, _u> — —W(x, u(x)))v Jo dx,
e \J/¥ W/ o r\zy W[ v
where /o dx is the volume element do expressed in terms of local coordinates in
P. The differential operators div and V are respectively the divergence and gradient

in P with respect to the metric induced from M.
We conclude that stationary functions satisfy the capillary-type equation

) (Vu) <Vy Vu>
3) divl — | - (—, — ) =
w 2y W

Notice that a Neumann boundary condition arises naturally from this variational
setting: given a C>“ function ® : K — (—1, 1), we impose the prescribed angle
condition

@) (N.v) =

along 0%, where

(5) N= %(yY—ﬁ*Vu)
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is the unit normal vector field along X satisfying (N, Y) > 0 and v is the unit
normal vector field along K pointing into the Killing cylinder over €2.

Equation (3) is the prescribed mean curvature equation for Killing graphs. A
general existence result for solutions of the Dirichlet problem for this equation
may be found in [Dajczer et al. 2008] and [Dajczer and de Lira 2012]. There the
authors used local perturbations of the Killing cylinders as barriers for obtaining
height and gradient estimates. However this kind of barrier is not suitable to obtain
a priori estimates for solutions of Neumann problems. Indeed, these barriers depend
on Dirichlet boundary data and do not involve any a priori information about the
prescribed contact angle. It turns out that for Dirichlet boundary conditions the
slope of the graph along the boundary is controlled in terms of the height of the
graph.

For that reason we now consider local perturbations of the graph itself, adapted
from the original approach by N. Korevaar [1988] and its extension by M. Calle
and L. Shahriyari [2011].

Following these two sources we suppose that the data W and & satisfy

() W]+ [V¥] < Cy in Q xR,

(i) (V¥,Y)>p8>0in Q xR,

(iii) (V®,Y) <0,

(iv) (1—®%) =p,

V) |@|+ VO] + [ V?®|| < Co in K,

for some positive constants Cy, Co, B and B’, where V denotes the Riemannian
connection in M. Assumption (ii) is classically referred to as the positive gravity
condition. Even in the Euclidean space, it seems to be an essential assumption in
order to obtain a priori height estimates. A very geometric discussion about this
issue may be found in [Concus and Finn 1974]. Condition (iii) is the same as in
[Calle and Shahriyari 2011] and [Korevaar 1988] since in those references N is
chosen in such a way that (N, Y) > 0.
The main result in this paper is the following:

Theorem 1. Let Q be a bounded C>% domain in P. Suppose that ¥ € C'*(Q x R)
and ® € C*>%(K) with |®| < 1 satisfy conditions (1)—(v) above. Then there exists a
unique solution u € C>*(Q) of the capillary problem (3)—(4).

We observe that ¥ = n H, where H is the mean curvature of X calculated with
respect to N. Therefore Theorem 1 establishes the existence of Killing graphs
with prescribed mean curvature W and prescribed contact angle with K along the
boundary. Since the Riemannian product P x R corresponds to the particular case
where y = 1, our result extends the main existence theorem in [Calle and Shahriyari
2011]. Space forms constitute other important examples of the kind of warped
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products we are considering. In particular, we encompass the case of Killing graphs
over totally geodesic hypersurfaces in the hyperbolic space H"*!.

In Section 2, we prove a priori height estimates for solutions of (3)—(4) based on
the method presented in [Uraltseva 1973]. These height estimates are one of the
main steps for using the well-known continuity method in order to prove Theorem 1.
At this respect, we refer the reader to the classical references [Concus and Finn
1974], [Gerhardt 1976] and [Simon and Spruck 1976].

Section 3 contains the proof of interior and boundary gradient estimates. There
we follow closely a method due to Korevaar [1988] for graphs in the Euclidean
spaces and extended by Calle and Shahriyari [2011] for Riemannian products.
Finally the classical continuity method is applied to (3)—(4) in Section 4 for proving
the existence result.

2. Height estimates

In this section, we use a technique developed by N. Uraltseva [1973] (see also
[Ladyzhenskaya and Uraltseva 1964] and [Gilbarg and Trudinger 2001] for classical
references on the subject) in order to obtain a height estimate for solutions of the
capillary problem (3)—(4). This estimate requires the positive gravity assumption
(i1) stated in the introduction.

Proposition 2. Set

(6) B=inf (VW,Y) and =supW¥(x,O0).
QxR Q
Suppose that > 0. Then any solution u of (3)—(4) satisfies

supg 1Y | 1

N lu(x)| < mﬂ

forall x € Q.

Proof. Fix an arbitrary real number £ with

su Y
- pa |l ||ﬁ

8 .
© info 7] B

Suppose that the superlevel set
Q={xeQ:ulx) >k}
has nonzero Lebesgue measure. Define uy : 2 — R as

ur(x) = max{u(x) — k, 0}.
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From the variational formulation we have

1 (Vu Vuyg)
0= f( W(x, u(x)) )fd
s \VT y FIvalE |y Ve

2
:Lk(j?||v‘;|| +%\D(x u(x))(u—k)) Jo dx

2
:LK&$WWy+j%WLMﬂWh%9JEM
ZLk(%—%—F%\D(x,u(x))(u—k)) Jo dx.

However
u(x)
\Il(x,u(x))leJ(x,O)—i—/ 8—dsz—u+,8u(x).
0 N

Since /y/W =<1 we conclude that

2l — 1] /—(u—k)—i—ﬁ Qk7u(u_k)<o

where |€2| is the Lebesgue measure of €2;. Hence we have

8 Qk%”(”_k)wfszk_(”_k)

It follows that
ﬂkianIYII/ (u—k)SMSUPIIYII/ =),
Q oft Q oh

Since |2x| # 0 we have

_ Supg 1Yl 1
B lnfsz 1y g’
which contradicts the choice of k. We conclude that
Y
2l =0 forall k> P l¥li
infq Y] B
This implies that
Y
wo) < P2 IVl
infq ||V B
for all x € Q. A lower estimate may be deduced in a similar way. U

Remark 3. The construction of geometric barriers similar to those in [Concus and
Finn 1974] is also possible at least in the case where P is endowed with a rotationally
invariant metric and €2 is contained in a normal neighborhood of a pole of P.
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3. Gradient estimates

Let Q' be a subset of 2 and define
9) Y ={ux),x):xeQ}cx

to be the graph of u|q. Let O be an open subset in M containing ¥’. We consider
a vector field Z € I'(TM) with bounded C? norm and supported in 0. Hence
there exists € > 0 such that the local flow & : (—¢, ) x 0 — M generated by Z is
well-defined. We also suppose that

(10) (Z(y),v(y) =0

for any y € K N 0. This implies that the flow line of Z passing through a point
y € K N0 is entirely contained in K.

We define a variation of ¥ by a one-parameter family of hypersurfaces X,
T € (—&, &), parametrized by X, : Q — M, where

(11) X:(x) = E(t, 9 (u(x),x)), xe.

It follows from the implicit function theorem that there exist 2, C P and u; : Q,—>R
such that 3; is the graph of u,. Moreover, 2; C .

Hence given a point y € X, denote y, = E(t, y) € X;. It follows that there
exists x; € Q; such that y; = 9 (4 (x;), x;). Then we denote by y; = & (u(x;), x;)
the point in ¥ in the flow line of Y passing through y,. The vertical separation
between y, and y. is by definition the function s(y, 7) = u; (x;) — u(x;).

Lemma 4. For any t € (—¢, ¢), let A, and H; be, respectively, the Weingarten
map and the mean curvature of the hypersurface % calculated with respect to the
unit normal vector field N; along ¥; which satisfies (N;,Y) > 0. Denote H = Hj
and A = Ag. If { € C*°(0) and T € T'(T0) are defined by

(12) Z=¢(N+T
with (T, N;) =0 then
(i) 9s/9t|c=0 = (Z, N)W,
(ii) VzN|;= = —AT — V*¢,
(iii) H/9Tle=0 = Ax¢ + (JAI> +Ricy (N, N)¢ +(V¥, Z),

where W = (Y, N;)~! = (y + Vu||?)~Y2 The operators V¥ and Asx are,
respectively, the intrinsic gradient operator and the Laplace—Beltrami operator in
X with respect to the induced metric. Moreover, V and Ricy, denote, respectively,
the Riemannian covariant derivative and the Ricci tensor in M.
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Proof. (i) Let (x")?:1 be a set of local coordinates in  C P. Differentiating (11)
with respect to T we obtain

]
Xex— :Z|X, =¢(N.+T.
ot

On the other hand differentiating both sides of
X (x) =0 (ue(xe), xc)

with respect to T we have

J 8u,+8u18x£ 5y z)xgl9 3
"ot \ ot axi ot ) * ot " oxi
_au,ﬂHaxQ g0 Bur
T o9t t at \ “oxi  oxi )

Since the term between parenthesis after the second equality is a tangent vector
field in X, we conclude that

our 0
P) (Y,Nr>= Xes—, Ny )=¢,
T T

and it follows that

our — W
at
and
as 0 our
gza(u,—u): o =¢W.

(i1)) Now we have
(VZNr, Xi8i) = —(N¢, V2 Xu8i) = =(Np, Vx5, Z) = —(Ne, Vi, ((N4T))
= —(Ne. V.0, T)=(Ne, Vx5 6 Ne) = —(AcT. Xo0) — (V. X8),
for any 1 <i <n. It follows that
V;N =—AT —VZ*¢.
(iii) This is a well-known formula whose proof may be found in a number of
references, such as [Gerhardt 2006]. U

For further reference, we point out that the comparison principle [Gilbarg and
Trudinger 2001] when applied to (3)-(4) may be stated in geometric terms as
follows. Fix 7, and let x € ' be a point of maximal vertical separation s( -, 7). If
X is an interior point we have

Vu,(x,t)—Vu(x) =Vs(x, ) =0,
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which implies that the graphs of the functions u,; and u + s(x, T) are tangent at
their common point y; = ¢ (u(x), x). Since the graph of u + s(x, ) is obtained
from X only by a translation along the flow lines of ¥ we conclude that the mean
curvatures of these two graphs are the same at corresponding points. Since the
graph of u 4 s(x, 7) is locally above the graph of u, we conclude that

(13) H () = Hr (y7).
If x €92 C 02, we have
(Vue, v)|x — (Vu, v}y = (Vs,v) =<0,
since v points toward €2. This implies that
(14) (N, v)ly, = (N, v)3,.
3.1. Interior gradient estimate.

Proposition 5. Let Br(xg) C 2, where R < inj P. Then there exists a constant
C > 0 depending on B, Cy, 2 and K such that

2
(15) IVu)|l SCRZ——d%x)’
where d = dist(xg, x) in P.
Proof. Fix Q' = Bg(xp) C Q. We consider the vector field Z given by
(16) Z=¢(N,

where ¢ is a function to be defined later. Fix 7 € [0, ¢), and let x € Bgr(x() be a
point where the vertical separation s( -, T) attains a maximum value.
If y =9 (u(x), x) it follows that

dH;
(17) H:(y:) — Ho(y) = e | T +o(7).
T =0

However, the comparison principle implies that Hy(y;) > H;(y;). By Lemma 1(iii)
we conclude that

T+0(t) = (Axt + [Al*¢ + Ricy (N, N)E)T +0(T).
=0

R dH,
Ho(y:) — Ho(y) > r
T

Since y, = ¥ (—s(y, 7), yr), we have
dy ds 9 9yl 9 ds d ds

Y =D 2 Ve = Dy Y = Byiz).

dt |,_o dt “ds ot ~0x! dt dt |,_ dt

T

(18)
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Hence using Lemma 1(i) and (16) we have
dye
dt

(19) — —¢WY +CN.

=0

On the other hand, for each t € (—¢, ¢) there exists a smooth & : (—&,¢8) > TM
such that

j\)‘( = eXpy S(T)
Hence we have

dy,

dt

=£(0).

=0

With a slight abuse of notation we denote W (s, x) by W(y), where y = 9 (s, x). It
results that

Ho(3:) — Ho(y) = W (x¢, u(x)) — W(x, u(x)) = W(expy &) — W(y)
= (VU|y, £'(0)7 +o().
However,
_ _ v _
(20) (VW,£(0)) =¢(VW, N —WY) =—§WE;—S+C(VLIJ, N).

We conclude that

ow _
—EW T+ (VW N)T +0(n) 2 (Axg +AIPE +Riew (N, N)O)t +o(x).

Suppose that
C+|VVY|
p

for a constant C > 0O to be chosen later. Hence we have

(21 W(x) >

(Ax¢ +Ricy (N, N)) T+ Cit < o(1).
Following [Calle and Shahriyari 2011] and [Korevaar 1988] we choose

d2
(=%
where d = dist(xg, - ). It follows that
2d
T, _ b

and

2d 2 oo
Az€=—ﬁAzd—ﬁHV d|”.
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However, using the fact that P is totally geodesic and that [V, Vd] = 0, we have

Asd = Ayd — (VxVd,N)+nH(Vd, N)
\Y — _
— Apd — <VW/WVd, W”> —y2(Y, N)2(VyVd, Y) +nH (Vd, N).
Let 7 : M — P be the projection defined by 7 (¥ (s, x)) = x. Then

We denote
7N+t =7,.N — (m.N, Vd)Vd.

If sd; and ¥, denote, respectively, the Weingarten map and the mean curvature of
the geodesic ball B;(xg) in P we conclude that

Asd =n¥y — (Ag(meNY), T N*Y) +y (Y, N2k +nH(Vd, N),
where
K= —y(§y§d, Y)

is the principal curvature of the Killing cylinder over B;(xg) relative to the principal
direction Y. Therefore we have

|Asd| §C1(Cq,, sup (#yz+«), sup y)
Br(x0) B (x0)

in Br(xo). Hence setting

C> = sup Ricy,,
Br(x0)
we fix

(22) c :max{2(C1 +Cy), sup W\pn}.
RxQ

With this choice we conclude that

a contradiction. This implies that

C—|VY]|

23 w
(23) (x) < 5

However,

@)W () +o(r) =5(X(2), 1) =s(X(x), 1) =L (x)W(x) +o(7)
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for any z € Bg(xp). It follows that

W= B L@y e B CZIV ) 5 B

—_— T T —,
DE R _ew TN ER a0 B =N R 20
for very small ¢ > 0. O

Remark 6. If Q2 satisfies the interior sphere condition for a uniform radius R > 0,
we conclude that

(24) Wi(x) = et

for x € 2, where dr(x) = dist(x, I").

3.2. Boundary gradient estimates. Now we establish boundary gradient estimates
using another local perturbation of the graph, which this time has also tangential
components.

Proposition 7. Let xo € P and R > 0 such that 3R < inj P. Denote by Q' the
subdomain QN Byg(x0). Then there exists a positive constant C, depending only
onR,B,B, Cy,Co, 2, K, such that

(25) W) <C,

forall x e Q.

Proof. Now we consider the subdomain ' = QN Byg(xg). We define
(26) Z=nN+X,

where
n =oaov +ardr,

and o and o are positive constants to be chosen and dr is a smooth extension of
the distance function dist(-, I") to " with ||Vdr| <1 and

v=4R*>—d?,
where d = dist(xg, - ). Moreover,
X =og®(vv —drVv).
In this case we have
C=n+(X,N)=aov+o1dr +oo® (N, v) —dr (N, Vv)).

Fix 7 € [0, &), and let x € ' be a point where the maximal vertical separation
between X and X, is attained. We first suppose that x € int(92' N 92). In this
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case, setting y; = 9 (u,(x), x) € ; and y; = ?(u(x), x) € X, it follows from the
comparison principle that

27) (N, )y, = (N, v)l3, -

Note that y, € dX. Moreover, since Z|gn¢ is tangent to K there exists y € X
such that

y=E8(=1, y).

-

for some positive constant C= C(Co, K, 2,R).
Hence (4) implies that

We claim that

dy,

< a;(1—®?) + Ca,
dt

(28) ‘<§<Nr, v),

. = dy
(N, v}y, = (N, v}y =D() —P(y) = T<V@, y - >+0(f)-
T lt=0
Therefore
(N — Ny = 10, D Y o),
e r = dt lt=0
On the other hand we have
_ dyr
<N7 V)|)7,_<N,V>|y:1' V<N7 V), d +O(T)
T =0
We conclude that
— dyl' — dj}f
V(N >1(Vd, — .
T< ( ,V>, dt r=0>_r< ’ dt r=0>+0(‘[)
Hence we have
& . dVc
a1(1 =) 14+ Capt > 7{VD, +o(1).
dt 1t=0

It follows from (28) that

a1(1—®%) +Cag > —CW(VD, Y)+(VD, N)+o(1) /7.

Since
— oD
(Vo,Y)=— <0,
as
we conclude that

(29) W(x) <C(Co, B, K, 2, R).
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We now prove the claim. For that, observe that Lemma 1(ii) implies that

0
(N, V)lyz_<Na 1)>|y='58_ (Nz, V)lyr'i'o(f)
T =0
=T((N, V2v)ly — (AT + V¥, 0)]y) +0(7).
Since Z|, € T\ K, it follows that
(N, W)y, = (N, V)|y = —T({Ax Z, N) |y + (AT + VZ¢, v)|y) +o(7),

where Ak is the Weingarten map of K with respect to v. We conclude that

_ dv
(30) _T(<AKZ’ N>|y+<AT+vE§’ U>|y) ZT<V¢9 d);r O>+0(T)’
=
where
! =v—(N,V)N.
We have

(VEL+ AT, T = ao(Vu, vT) + a1 (VEdr, vT) + (VE(X, N), vT) + (AT, vT).
We compute

(VE(X, N),vT) = ap(v(N, v) —dpr (N, Vu))(V, vT)
+ap®((Vo, v ) (N, v) + v((V, N, v) + (N, V1))
—(Vdr, vI)(N, Vv) —dr({(V,r N, Vv) + (N, V,r Vv))).

Hence we have at y that

(VE(X, N),vT) = ap(v® — dr (N, Vo)) (Vd, vT)
+ap®((Vo, 1)@ +v(—(AvT , vT) + (N, V,v)
— (N, v)(N, Vyv)) — (v, v )(N, V)
—dr(—(Av", Vv) + (N, V,Vv) — (N, v)(N, VyV0))).
Therefore we have
(VE(X, N),vT) = ap(v® — dp (N, Vo)) (Vd, vT)
+ap®((Vv, v )@ —v((AvT, vT) + (N, V) (N, Vyv))
— (v, vI)(N, Vv)
+dr((Av", Vv) — (N, V, Vo) + (N, v)(N, Vy Vo).
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It follows that
(VEC+ AT v = (AT T + ag(Vo, vT) + o (v, vT)
+ag(v® —dr (N, Vo) (V, vT)
+ao®((Vo,v")® —v((AvT vT) + (N, v)(N, Vb))
— (v, vT)(N, Vv)
+dr ((Av", Vv) — (N, V, V) + (N, v)(N, V5 V))).
However,
(AT, vy = (AvT | X) = ap®Pv(AvT, vT) — ag®d (AT, V).
Hence we have
(VEL+ AT v = ap(Vo, v + o (v, vT) + ag(v® — dr (N, Vo)) (VD, vT)
+ap®((Vo, )& —v®(N, Vyv) — (v, v )(N, V)
—dr({N, V,Vv) — (N, v}(N, VyV1))).
Since dr(y) =0, we have
(VEC+ AT v = (Vo vT) + o (v, vT) + v (VD, vT)
+ag®((Vo, V") ® —v®(N, Vyv) — (v, v )(N, V).
Rearranging terms we obtain
(VEC+ AT V) = a1 (1 — (N, v)®) + ao(Vu, v]) (A + D) + agud(VD, vT)

—ag® (VO (N, Vyv) + (1 — (N, v)*)(N, Vv)).
Therefore there exists a constant C = C(®, K, 2, R) such that
(31) (VEC+ AT, v <a1(1 — &%) + Cap.
Since dr(y) = 0, it holds that

(A Z, N)| = Ak I Z] < [ Ak lp + [ X 1) < 4RPapl| Ak [I(1 + D),

-

for some constant 6(Cq>, K,Q,R)>0.
Now we suppose that x € 02’ N Q. In this case we have v(x) =0. Then n = o1 dp
and

from which we conclude that

dy,

< ay(1 — ®2) + Ca,
dt

(32) ‘<§<NT7 U)v

X = —Ol()CDdrVU
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at x. Thus
{=n+ (X, N)=o1dr +2090dddr{Vd, N).

Moreover, we have

W =a'®

(see Remark 6). It follows that

(33) (W < C(ar +200Pd(Vd, N)) < C(a1 +4Ray®).

We conclude that

(34) W(x) <C(Co, K, 2, R).

Now we consider the case when x € QN Q'. In this case we have

Ayl =apAxv+ o Axdr +ogAxs O (W(N, v) —dr (N, Vv))

+ap®(Axv(N,v) + VA5 (N, v) +2(VZv, V*(N, 1)) — Axdr(N, Vv)
—drAs(N, Vv) —2(VZdr, V*(N, Vv)) + 200(V>®, VZ0(N, v)

+vV*(N,v) — VZdr(N, Vv) —drV>(N, Vv)).

Notice that given an arbitrary vector field U along ¥, we have

(VE(N,U),V)=—(AUT, V) +(N,VyU)

for any V € I'(T'Z). Here, UT denotes the tangential component of U. Hence
using Codazzi’s equation we obtain

Ax(N,U) < (V(nH), U") +Ricy(UT, N) +C||Al|,
for a constant C depending on VU and V2U. Hence using (3) we conclude that
(35) Az(N.U) < (V¥,U") +CllAl,

where C is a positive constant depending on VU, V2U and Ricy,.
We also have
Asdr = Apdr +y(VyVd,Y)— (VyVdr, N)+nH(Vdr, N)
=GV +Cy,
where Cy and C; are positive constants depending on the second fundamental form
of the Killing cylinders over the equidistant sets dr = § for small values of §. Similar

estimates also hold for Axd and then for Aywv.
We conclude that

(36) Ast > —Co—Ci||A],
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where Cy and C; are positive constants depending only on €2, K, Ricy, and
||+ V[ + | V2@].

Now proceeding similarly as in the proof of Proposition 5, we observe that
Lemma 1(iii) and the comparison principle yield

. dH,
Ho(y:) — Ho(y) > v T+ o0(7)
T =0

=(Ag¢ + ||A||2§ + Ricy (N, N)¢)t + t(?lll, T)+o(7).
However,

Hy($:) — Ho(y) = (V¥|y, £'(0)) T + o(7).
Using (18) we have
_ , _ _ ov
(VUW,E°(0)) =(VV¥, Z—cWY)=(VV¥, Z) — ;Wg.
We conclude that

ov _
—{Wat +¢(VW, N)t +0(1) > (Ax + || A*¢ +Ricy (N, N)¢)T +o(T).

Suppose that

C+||VY
(37) W > %

for a constant C > 0 as in (22). Hence we have
(Ax¢ + AP +Ricy (N, N)§)T +CLt < o(2).

We conclude that

2 o(t)
—Co—CilAl+ G ||AlI"+C =< —

a contradiction. It follows from this contradiction that

C+I[IVY
< —.
B

Now, proceeding as in the end of the proof of Proposition 5, we use the estimate

(38) W (x)

for W(x) in each one of the three cases for obtaining a estimate for W in Q. [

4. Proof of Theorem 1

We use the classical continuity method for proving Theorem 1. For details, we refer
the reader to [Gerhardt 1976] and [Ladyzhenskaya and Uraltseva 1964]. For any
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7 € [0, 1], we consider the Neumann boundary problem N, of finding u € C>%(Q)
such that

(39) Flr,x,u, Vu, Vu] =0,
(40) <w >+ =0
—,V T =Y,
w
where % is the quasilinear elliptic operator defined by
2 . Vu VJ/ Vu
41 Flx,u, Vu,Vul=div| — | - {—, — ) — V.
w 2y W

Since the coefficients of the first and second order terms do not depend on u, it

follows that
0% ov

—=—T— < - 0.
ou Tau_ <

We define $ C [0, 1] as the subset of values of t € [0, 1] for which the Neumann
boundary problem N'; has a solution. Since u =0 is a solution for N, it follows that
$ # . Moreover, the implicit function theorem (see [Gilbarg and Trudinger 2001,
Chapter 17]) implies that $ is open in view of (42). Finally, the height and gradient
a priori estimates we obtained in Sections 2 and 3 are independent of T € [0, 1].
This implies that (3) is uniformly elliptic. Moreover, we may ensure the existence
of some g € (0, 1) for which there exists a constant C > 0 independent of T such
that

(42)

|Mt|1,a0,§ <C.

Redefine o = «g. Thus, this fact, Schauder elliptic estimates and the compactness
of C>%(Q) in C3(R2) imply that $ is closed. It follows that $ = [0, 1].

The uniqueness follows from the comparison principle for elliptic PDEs. We
point out that a more general uniqueness statement — comparing a nonparametric
solution with a general hypersurface with the same mean curvature and contact
angle at corresponding points —is also valid. It is a consequence of a flux formula
coming from the existence of a Killing vector field in M. We refer the reader to
[Dajczer et al. 2008] for further details.

This finishes the proof of the Theorem 1.
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A COUNTEREXAMPLE TO THE SIMPLE
LOOP CONJECTURE FOR PSL(2, R)

KATHRYN MANN

In this note, we give an explicit counterexample to the simple loop con-
jecture for representations of surface groups into PSL(2, R). Specifically,
we use a construction of DeBlois and Kent to show that for any orientable
surface with negative Euler characteristic and genus at least 1, there are
uncountably many nonconjugate, noninjective homomorphisms of its fun-
damental group into PSL(2, R) that kill no simple closed curve (nor any
power of a simple closed curve). This result is not new — work of Louder
and Calegari for representations of surface groups into SL(2, C) applies to
the PSL(2, R) case, but our approach here is explicit and elementary.

1. Introduction

The simple loop conjecture, proved by Gabai [1985], states that any noninjective
homomorphism from a closed surface group to another closed surface group has an
element represented by a simple closed curve in the kernel. It has been conjectured
that the result still holds if the target is replaced by the fundamental group of an
orientable 3-manifold (see the problem list in [Kirby 1997]). Although special
cases have been proved (e.g., [Hass 1987; Rubinstein and Wang 1998]), the general
hyperbolic case is still open.

Minsky [2000] asked whether the conjecture holds if the target group is instead
SL(2, C). This was answered in the negative with the following theorem.

Theorem 1.1 [Cooper and Manning 2011]. Let X be a closed orientable surface of
genus g > 4. Then there is a homomorphism p : w1(X) — SL(2, C) such that:

(1) p is not injective.
(2) If p(a) = £1, then « is not represented by a simple closed curve.
(3) If p(@) has finite order, then p(a) = 1.

The third condition implies in particular that no power of a simple closed curve lies
in the kernel.

MSC2010: primary 57MO5; secondary 57N16.
Keywords: simple loop conjecture, surface group, character variety, representation, representation
space, PSL(2,R) .
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Inspired by this, we ask whether a similar result holds for PSL(2, R), this being
an intermediate case between Gabai’s result for surface groups and Cooper and
Manning’s for SL(2, C). Techniques of Cooper and Manning’s proof do not seem
to carry over directly to the PSL(2, R) case — their work involves both a dimension
count on the SL(2, C) character variety and a proof showing that a specific subvariety
is irreducible and smooth on a dense subset, and complex varieties and their real
points generally behave quite differently. However, we will show here with different
methods that an analog to Theorem 1.1 does hold for PSL(2, R).

While this note was in progress, we learned of work of Louder and Calegari
(independently in [Louder 2011] and [Calegari 2013]) that can also be applied to
answer our question in the affirmative. Louder shows the simple loop conjecture is
false for representations into limit groups, and Calegari gives a practical way of
verifying no simple closed curves lie in the kernel of a noninjective representation
using stable commutator length and the Gromov norm.

The difference here is that our construction is entirely elementary. We use an
explicit representation found in [DeBlois and Kent 2006] (which uses work from
[Goldman 1988] and [Shalen 1979]), and we verify by elementary means that this
representation is noninjective and kills no simple closed curve. Our end result
parallels that of Cooper and Manning but also include surfaces with boundary and
all genera at least 1:

Theorem 1.2. Let ¥ be an orientable surface of negative Euler characteristic
and of genus g > 1, possibly with boundary. Then there is a homomorphism
p:m1(2) = SL(2, R) such that:

(1) pis not injective.
(2) If p(a) = £1, then « is not represented by a simple closed curve.

(3) In fact, if « is represented by a simple closed curve, then p(aX) # I for any
kel

Moreover, there are uncountably many nonconjugate representations satisfying (1)
through (3).

In the case of a nonorientable surface, the appropriate target group is PGL(2, R),
as the fundamental group of a nonorientable hyperbolic surface can be represented
as a lattice in PGL(2, R). This again gives an intermediate case between the simple
loop conjecture for representations into surface groups and into PSL(2, C). We have
the following direct generalization of Theorem 1.2, with essentially the same proof.

Theorem 1.3. Let X be a nonorientable surface of negative Euler characteristic
and of nonorientable genus g > 2 that is not the punctured Klein bottle nor the closed
nonorientable genus-3 surface. Then there are uncountably many representations
p:m1(X) = PGL(2, R) satisfying conditions (1) through (3) of Theorem 1.2.
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See Section 3 for a comment on the exceptional cases of the punctured Klein
bottle and the closed, nonorientable genus-3 surface.

2. Proof of Theorem 1.2

We describe a family of (noninjective) representations constructed in [DeBlois and
Kent 2006] based on a construction from [Goldman 1988]. We will then show that
this family contains infinitely many nonconjugate representations with no simple
closed curve in the kernel.

Let X be an orientable surface of genus g > 1 and negative Euler characteristic,
possibly with boundary. Assume for the moment that ¥ is not the once-punctured
torus — Theorem 1.2 for this case will follow easily later on.

Let ¢ C X be a simple closed curve separating ¥ into a genus-1 subsurface
with single boundary component ¢ and a genus-(g — 1) subsurface with one or
more boundary components. Let X4 denote the genus-(g — 1) subsurface and Xp
the genus-1 subsurface. Finally, we let A = 71(24) and B = 71(Zp), so that
71(X) = A*c B, where C is the infinite cyclic subgroup generated by the element
[c] represented by the curve ¢. We assume that the basepoint for 71 (%) lies on c.

Let x € B and y € B be generators such that B = (x, y), and that the curve ¢
represents the commutator [x, y]. See Figure 1.

Fix « and B in R\ {0, =1}, and following [DeBlois and Kent 2006] define
¢p: B — SL(2,R) by

wo= (5 1) ean=(5 5h)-

2
sard = (o 7).

We have then

so ¢ ([x, y]) is invariant under conjugation by the matrix A; := ((1) i) Projecting
these matrices to PSL(2, R) gives a representation B — PSL(2, R) that is upper

Z e

Figure 1. Decomposition of ¥ and curves representing generators
x and y for B.
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triangular, hence solvable, and therefore noninjective. Abusing notation, we let ¢p
denote this representation.

Now let ¢4 : A — PSL(2,R) be Fuchsian such and that the image of the
boundary curve ¢ under ¢4 agrees with ¢g([x, y]). That such a representation
exists is standard — X4 has negative Euler characteristic and therefore admits a
complete hyperbolic structure. The image of [¢] under the corresponding Fuchsian
representation is a parabolic element of PSL(2, R), so after conjugation we may
assume that it is equal to ¢g([x, y]), since B(a? — 1) # 0.

Finally, we combine ¢4 with conjugates of ¢p to get a one-parameter family of
representations ¢; : 71(X) — PSL(2, R) as follows. Fort e Rand g € 71(X) =
Axc B, let
_ [#a(g) ifgeA,

Arogp(g)o(h)™! ifgeB.

This representation is well-defined because ¢ ([x, ¥]) = ¢4 ([x, ¥]), and is invariant
under conjugation by A;.

Our next goal is to show that for appropriate choice of «, 8, and ¢, the represen-
tation ¢, satisfies the criteria in Theorem 1.2. The main difficulty will be checking
that no element representing a simple closed curve is of finite order. To do so, we
employ a stronger form of Lemma 2 from [DeBlois and Kent 2006]. This trick
originally comes from the proof of Proposition 1.3 in [Shalen 1979].

¢t (g)

Lemma 2.1. Suppose w € A x¢ B is a word of the form w = a1brazb, ---ajb;,
with a; € A and b; € B for 1 <i <|[. Assume that for each i, the matrix ¢o(a;)
has a nonzero (2, 1)-entry and ¢o(b;) is hyperbolic. If t is transcendental over the
entry field of po(A *xc B), then ¢;(w) is not of finite order.

By the entry field of a group I' of matrices, we mean the field generated over Q
by the collection of all entries of matrices in I'.

Remark 2.2. Lemma 2 of [DeBlois and Kent 2006] is a proof that ¢;(w) is not
the identity, under the assumptions of Lemma 2.1. We use some of their work in
our proof.

Proof of Lemma 2.1. DeBlois and Kent show by a straightforward induction (we
leave it as an exercise) that under the hypotheses of Lemma 2.1, the entries of
¢ (w) are polynomials in ¢ such that the degree of the (2, 2)-entry is /, the degree
of the (1, 2)-entry is at most /, and the other entries have degree at most / — 1.
Now, suppose that ¢;(w) is finite order. Then it is conjugate to a matrix of the
form (_“v Z), where u = cosf and v = sin 6 for 6 a rational multiple of 7. In
particular, it follows from the de Moivre formula for sine and cosine that ¥ and v
are algebraic.
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. . . u v 1
Now suppose that the matrix conjugating ¢;(w) to (_v u) has entries a;;. Then
we have

¢r(w) = (

u —(aizazz —ai1az;)v (a%,a?))v
—(a3,a3;)v U+ (a12a22 +ar1az)v

Looking at the (2, 2)-entry we see that ajpass + a11a21 must be a polynomial in ¢
of degree /. But this means that the (1, 1)-entry is also a polynomial in ¢ of degree /,
contradicting DeBlois and Kent’s calculation. This proves the lemma.

O

To complete our construction, choose any ¢ € R that is transcendental over
the entry field of ¢o(A *¢c B). We want to show that no power of an element
representing a simple closed curve lies in the kernel of ¢;. To this end, consider
any word w in A *¢ B that has a simple closed curve as a representative. There are
three cases to check.

Case i: w is a word in A alone. In this case ¢;(w) is not finite order, since ¢;(A)
is Fuchsian and therefore injective.

Case ii: w is a word in B alone. Theorem 5.1 of [Birman and Series 1984] states
that w can be represented by a simple closed curve only if it has one of the following
forms after cyclic reduction:

1. w=x*lorw = y*l

:I:l’ yil].

3. Up to replacing x with x~!, y with y~!, and interchanging x and y, there is
some n € Z* such that w = x"1 yx"2y ... x"sy, where n; € {n,n + 1}.

2. w=|[x
1

The heuristic for Case 3 of the Birman—Series theorem is shown in Figure 2 —if
w is represented by a simple closed curve and terminates with x"s y, this forces the

/ : - ! / 7

p

w=x"y w=x*yx’y w=x*yx3y

Figure 2. Simple closed curves on the once punctured torus. As-
sume the puncture is at the vertex, x is represented by a horizontal
loop oriented from left to right, and y is a vertical loop oriented
from bottom to top.
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rest of the curve representing w to wind around the punctured torus in a set pattern.
The figure shows the behavior for ny = 4.

By construction, no word of type 1, 2 or 3 above is finite order, provided that
o’ B¥ =£ 1 for any integers s and k other than zero— indeed, we only need to check
words of type 3, and these necessarily have trace equal to o® % + a5 87 for some
s,k # 0. Since cyclic reduction corresponds to conjugation, no word in B has finite
order image.

Note also that, in particular, under the condition that o % % 1 for s, k # 0, all
type 3 words are hyperbolic. We will use this fact again later on.

Case iii: general case. If w is a word including both A and B, we claim that it can be
written in a form where Lemma 2.1 applies. To write it this way, take a simple curve
y on X that represents w and has a minimal number of (geometric) intersections
with ¢. We can write y as a concatenation of simple arcs y = y161y262 ¥ 6n,
with y; C ¥4 and §; C Xp. Since we chose y to have a minimal number of
intersections with ¢, no arc y; (or §;) is homotopic in X4 (respectively in Xp)
to a segment of ¢ —if it were, we could apply an isotopy of £ supported in a
neighborhood of the disc bounded by the arc and the segment of ¢ to push the arc
across ¢ and reduce the total number of intersections.

Now choose a proper segment ¢’ of ¢ that contains the basepoint p and all
endpoints of all y; and §;, and close each of the arcs y; and §; into a simple loop
by attaching a segment of ¢’. If a; € A and b; € B are represented by the loops y;
and §;, then a1b1azby -+ apby, = w in 71(X).

Since no arc y; or §; was homotopic to a segment of ¢, no a; or b; is represented
by a power of [c] in 71 (X). We claim that in this case a1b1a2bs - - - an b, satisfies
the hypotheses of Lemma 2.1. Indeed, since ¢4 is Fuchsian, the only elements with
a nonzero (2, 1)-entry are powers of [c], and the Birman—Series classification of
simple closed curves on Xj implies that the only simple closed curves which are
not hyperbolic represent [c] or [c]™!.

It remains only to remark that the representation ¢; is noninjective and that, by
choosing appropriate parameters, we can produce uncountably many nonconjugate
representations. Noninjectivity follows immediately since ¢; (B) is solvable, so the
restriction of ¢; to B is noninjective. Now, for any fixed « and § (satisfying the
requirement that o 8% # 1 for all integers s, k), varying ¢ among transcendentals
over the entry field of ¢9(A *¢ B) produces uncountably many nonconjugate
representations that are all noninjective, but have no power of a simple closed curve
in the kernel. This concludes the proof of Theorem 1.2, assuming that the surface
was not the punctured torus.

The punctured torus case is now immediate: any representation of the form of
$p where o 8% £ 1 for any integers s and k is noninjective and our work above
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shows that no element represented by a simple closed curve has finite order. Fixing
o and varying 8 produces uncountably many nonconjugate representations.

3. Nonorientable surfaces

Recall that the genus of a nonorientable surface X is defined to be the number of
RP2-summands in a decomposition of the surface as ¥ = RP? # RP? #- - - # RP2.
A closed, nonorientable genus-g surface has Euler characteristic y =2 — g.

Let ¥ be a nonorientable surface of negative Euler characteristic and nonori-
entable genus g > 2 that is not the punctured Klein bottle nor the closed nonorientable
genus-3 surface. The same strategy as in the orientable case can then be used to
produce uncountably many noninjective representations 71 (%) — PGL(2, R) such
that no power of a simple closed curve lies in the kernel. In detail, our assumptions
on X imply that we may decompose X along a (2-sided) curve ¢ into a genus-1
orientable surface X p with one boundary component and a nonorientable surface
%4 of negative Euler characteristic.

We define ¢p exactly as in the orientable case, but now consider the matrices as
elements of PGL(2, R) rather than PSL(2, R). We let ¢4 : 71(X4) — PGL(2,R)
be a discrete, faithful representation such that ¢4 ([c]) = ¢ ([c]). As in the case of
the orientable surface, we may take this to be a representation corresponding to a
complete hyperbolic structure on X. Define ¢; : 71(X) — PGL(2, R) by “gluing
together” ¢4 with a conjugate of ¢p by A; exactly as in the orientable case. The
proof now carries through verbatim, for none of the topological arguments that
we used required orientability of 3 4. We also reassure the reader (who may be
unfamiliar with lattices in PGL(2, R)) that powers of ¢4 ([c]) are indeed the only
elements of the image of ¢4 with O as the (2, 1)-entry.

This strategy does not cover the case of the punctured Klein bottle, which cannot
be decomposed with a 72-summand, nor the closed nonorientable genus-3 surface,
which decomposes as T2 #[RP2. It would be interesting to try to cover this case
in a manner analogous to the punctured torus case of Theorem 1.2 by providing
a classification of simple closed curves on these surfaces. Indeed (as the referee
has pointed out) the punctured Klein bottle case is not too difficult. The closed,
nonorientable genus-3 surface case appears to be more challenging.
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TWISTED ALEXANDER POLYNOMIALS OF 2-BRIDGE KNOTS
FOR PARABOLIC REPRESENTATIONS

TAKAYUKI MORIFUJI AND ANH T. TRAN

In this paper we show that the twisted Alexander polynomial associated to a
parabolic representation determines fiberedness and genus of a wide class of
2-bridge knots. As a corollary we give an affirmative answer to a conjecture
of Dunfield, Friedl and Jackson for infinitely many hyperbolic knots.

1. Introduction

The twisted Alexander polynomial was introduced by Lin [2001] for knots in the
3-sphere and by Wada [1994] for finitely presentable groups. It is a generalization
of the classical Alexander polynomial and gives a powerful tool in low-dimensional
topology. A theory of twisted Alexander polynomials has developed rapidly over the
past ten years. One of the most important aspects is the determination of fiberedness
[Friedl and Vidussi 2011b] and genus (the Thurston norm) [Friedl and Vidussi 2012]
of knots by the collection of the twisted Alexander polynomials corresponding to all
finite-dimensional representations. For literature on other applications and related
topics, we refer to the survey paper [Friedl and Vidussi 2011a].

Let K be a knot in 3 and Gy its knot group. Namely it is the fundamental
group of the complement of K in S, Gx = 71(S*\K). In this paper, we consider
the twisted Alexander polynomial Ag ,(1) € C[t*!] associated to a parabolic
representation p : Gx — SL,(C). A typical example is the holonomy representation
0o : Gk — SL,(C) of a hyperbolic knot K, which is a lift of a discrete faithful
representation pg : Gk — PSL,(C) = Isom™ (H?) such that H3/py(Gx) = S3\K
where H? denotes the upper half space model of hyperbolic 3-space (see [Thurston
1997]). Dunfield, Friedl and Jackson [Dunfield et al. 2012] numerically computed
the twisted Alexander polynomial Tk (t) = Ak ,,(#), which is called the hyperbolic
torsion polynomial, for all hyperbolic knots of 15 or fewer crossings. Based on
these huge computations, they conjectured that the hyperbolic torsion polynomial
determines the knot genus and, moreover, the knot is fibered if and only if Tk (¢) is
a monic polynomial. This conjecture is nice because it would imply the fiberedness
and genus of a knot is determined by the twisted Alexander polynomial associated

MSC2010: 5TM27.
Keywords: 2-bridge knot, parabolic representation, twisted Alexander polynomial.
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to a single representation. However it is widely open except for the hyperbolic twist
knots [Morifuji 2012].

The purpose of this paper is to show that the above conjecture is true for a wide
class of 2-bridge knots. Since 2-bridge knots are alternating, their fiberedness and
genus can be determined by the Alexander polynomial [Crowell 1959; Murasugi
1958a; 1958b]. However there seems to be no a priori reason that the same must be
true for the hyperbolic torsion polynomial.

For a prime p and an integer a between 1 and p — 1, we say that a is a primitive
root modulo p if it is a generator of the cyclic group (Z/pZ)*. Let %, be the set
of all odd primes p such that 2 is a primitive root modulo p. Note that all primes
p=2q+1suchthatg is aprime =1 (mod 4) are contained in P,; see, for example,
[LeVeque 1977, Theorem 5.6].

Theorem 1.1. Let K be the knot J (k, 2n) as in Figure I, where k > 0 andn € 7.
For all hyperbolic knots K, the hyperbolic torsion polynomial Tk (t) determines
the genus of K. Moreover for k = 2m + 1, k = 2 (twist knot), or k = 2m and
|[4mn — 1| € Py, the knot J (k, 2n) is fibered if and only if Tk (t) is monic.

As mentioned above, the holonomy representation pg is parabolic, so that
Theorem 1.1 is an immediate corollary of the following theorem.

Theorem 1.2. Let p : Gk — SL;(C) be a parabolic representation of K = J (k, 2n).
Then:

(1) Ak, p(t) determines the genus of J (k, 2n).

(2) Ak, p(t) determines the fiberedness of J(k,2n) if k =2m + 1, k = 2 (twist
knot), or k =2m and |4mn — 1| € P».

Remark 1.3. (1) Suppose k =2m and n > 0. Then 4mn —1 € P, if dmn—1lisa
prime and 2mn — 1 is a prime = 1 (mod 4).

(2) It is known that the conjugacy classes of parabolic representations into SL,(C)
of the knot J (2m, 2n) can be described as the zero locus of an integral poly-
nomial in one variable. The condition [4mn — 1| € P, in Theorem 1.2 (hence
Theorem 1.1) assures the irreducibility over Z of this polynomial, see Section 5.
We do not know whether Theorem 1.2(2) holds true for every integer m and n.

This paper is organized as follows. In Section 2, we study nonabelian represen-
tations of the knot J (k, 2n) and give an explicit formula of the defining equation of
the representation space. In Section 3, we investigate parabolic representations of
J (k,2n). In Section 4, we quickly review the definition of the twisted Alexander
polynomial and some related work on fiberedness and genus of knots. In particular,
we calculate the coefficients of the highest- and lowest-degree terms of the twisted
Alexander polynomial associated to a nonabelian representation of J (k, 2n) and
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Figure 1. The knot K = J(k,l). Here k > 0and [ =2n (n € Z)
denote the numbers of half twists in each box. Positive numbers
correspond to right-handed twists and negative numbers correspond
to left-handed twists.

give the proof of Theorem 1.2(1). In Section 5, we discuss the fibering problem
and prove Theorem 1.2(2).

2. Non-abelian representations

Let K = J(k,[) be the knot as in Figure 1. Note that J (k, /) is a knot if and only
if kI is even, and is the trivial knot if K/ = 0. Furthermore, J(k,l) = J(, k) and
J(—k, —I) is the mirror image of J(k,[). Hence, in the following, we consider
K = J(k,2n) for k > 0 and |n| > 0. When k =2, J(2, 2n) is the twist knot.

In this section we explicitly calculate the defining equation of the nonabelian
representation space of J (k, 2n).

By [Hoste and Shanahan 2004] the knot group of K = J(k, 2n) is presented by
Gx = {a,b | w"a = bw"), where

(ba=YHy™ (b~ la)" for k = 2m,

B {(ba—‘)mba(b—la)m for k =2m + 1.

Let {S;(2)}; be the sequence of Chebyshev polynomials, defined by Sy(z) =1,
S1(z) =z, and S;41(z) = z8;(2) — Si—1(z) for all positive integers i.

The following lemmas are standard; see, for example, [Tran 2013a, Lemma 2.4]
and [Tran 2013b, Lemma 3.2].

Lemma 2.1. One has Siz(z) — 281 (@)Sic1() + Sl.z_l(z) =1

Lemma 2.2. Suppose the sequence {M;}; of 2 x 2 matrices satisfies the recurrence
relation M1 = zM; — M;_ for all integers i. Then

(2-1 M; =81 ()M — S; —2(z) My,
(2-2) M; =S;(2x)My— Si—1(z)M_;.
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A representation p : Gg — SL,(C) is called nonabelian if p(Gg) is a nonabelian
subgroup of SL;(C). Taking conjugation if necessary, we can assume that p has
the form

1 0
(2-3) p(a)zAz[g s_l] and p(b)sz[zfys_l],

where (s, y) € C* x C satisfies the matrix equation W" A—BW" =0. Here W = p(w).
It can be easily checked that y =tr AB~! holds. Let x =trA=trB =s+s" .

Lemma 2.3. One has

0 ar(x,y)
A— =
WA= BW [W—%w@») 0 ]’

where

1= 4+2 =281 (Sn-1(3) — Su—2(y)) fork=2m,
I+ (y +2- xz)Sm—l(y)(Sm(y) - Sm—l(y)) fOl‘k =2m+ L.
Proof. Recall that by the Cayley—Hamilton theorem, M'*! = (tr M)M' — M~ for

all matrices M € SL;,(C) and all integers i.
If £ = 2m then by applying (2-1) twice, we have

Olk(x, )’) - {

WA= (BA™H™(B7'A)"A

=Sy ((MWBAT'BTIAA =S, _1(y)Su—2())(BAT'A+ BT'AA) + S _,(»)A.
Similarly,
BW = B(BA~HY™(B~'A)"

=Sy (()BBAT'BT'A— S8, 1(3)Su-2(»)(BBA™'+ BB~'A)+ S, _,(y)B.
Hence, by direct calculations using (2-3), we obtain
WA —BW =582 _(y)(BAT'B™'AA—BBA™'B™'A) + 52 ,(y)(A—B)

= Sm_1()Sm_2()(BAT'A—BBA~'+ B~'AA — BB~ 'A)

_ [ 0 o (x, y)}
=2 (x,y) O ’

where
ak(x, ) =2+ 1457 =080 () = (45D Smu-1()Sm—2(3) + S5 ().
Since S2 | (3) = ¥Sm—1()Sm—2(y)+S%_,(y)=1(by Lemma2.1) and x =s+s5",

ak(x, ) =1= 3 +2=x)Su 1) (Sm-10) = Su—2(»)).
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If Kk =2m + 1 then by applying (2-2) twice, we have

WA = (BA~YHY"BA(B~'A)" A
= Sp(")BAA = S () Su—1(((BA™)'BAA+ BA(B™'A)™'A)
+82_,(M(BATHIBABT!A)!A

= S2(y)BAA — S, (y)Sm_1(y)(A® + B*A) + S2_ | (y)ABA.
Similarly,
BW = B(BA~"Y"BA(B~'A)"
=Sy (VBBA =S, (»)Su_1(0)(B(BA™) 'BA+BBAB~'A)™)
+52 (»BMBAHIBABA)!
= S2(y)BBA — S,,(y)Su—1(y)(BA> + B 4+ 52 _,(y) BAB.

Hence, by direct calculations using (2-3), we obtain

WA — BW = S%(y)(BAA — BBA) +S2_,(y)(ABA — BAB)
— S Sm_1(y)(A* — BA> + B*A — B?)

_ [ 0 o (x, y)}
(y—ar(x,y) 0 '

where
(X, 3) = S5 () = (7 + 58N Su_1 () + 77+ 1+ = 0S5 ()
=14 +2 =) S 1) Sn(Y) = Su1(3).
This completes the proof of Lemma 2.3. ]
The proof of the following lemma is similar to that of Lemma 2.3.

Lemma 2.4. One has

24+ (y =2y +2—xHS2_,(») fork =2m,

trW = {
2=y = (=2 +2=x)Sn () Sm_1(y) fork=2m+1.

We are now ready to calculate the expression W"A — BW" as follows. Let
A=trW.

Proposition 2.5. One has

W"A— BW”"
= |: 0 Sn—1(Mag(x, y) — Snz()»):|
=2 (Sn—1Mag(x, y) — Sp—2(1)) 0 :
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Proof. By applying (2-1) and Lemma 2.3, we have
W'A—BW"=S,_1(A\)(WA—BW)—S,_2(L1)(A—B)

_ 0 ar(x, y) | 0 1
= n—l()\) [(y _ 2)ak(x, y) 0 :| Sn—Z()") |:y ) 0] .

The proposition follows. (]

Proposition 2.5 implies that the assignment (2-3) gives a nonabelian representa-
tion p : Gx — SL,(C) if and only if (s, y) € C* x C satisfies the equation

Gron(x,y) = Sp—1(Mag(x, y) — Sp—2(2) =0,

where o (x, y) and A = tr W are given by the formulas in Lemmas 2.3 and 2.4
respectively.

The polynomial ¢ 2,(x, y) is also known as the Riley polynomial [Riley 1984;
Tkhang 1993] of J (k, 2n).

3. Parabolic representations

A representation p : Gx — SL,(C) is called parabolic if the meridian u of K is
sent to a parabolic element (i.e., tr p(u) = 2) of SLy(C) and p(Gk) is nonabelian.

Let K = J(k,2n). In this section we will show that if p : Gx — SL,(C) is a
parabolic representation of the form

11 1 0
P(a)=A=|:O 1] and ,O(b)=B=[2_y 1],

where y is a real number satisfying the equation ¢y 2,(2, y) =0, then y > 2.
Lemma 3.1. Suppose x = 2. Then

(y—2)38} for k =2m,
=2y =2)Su(WSu—1(y) + 1)* fork=2m+1.

Proof. If k =2m then o (x, y) =1 = (y +2 = xS 1) Su-1() = Smw—2(»))
and A =2+ (y —2)(y +2 —x2)S%_,(y) by Lemmas 2.3 and 2.4. Hence, by direct
calculations using x = 2, we have

alf(x» y)—a(x, y)A+1:{

af (x, y) —ap(x, YA +1
= (=1 =82, () +¥S2_ 1) = ¥Sm1 (M Sm—2(3) + S2 (1) (v = 2)282_, ().

Since 2 | (y) = ¥Sm—1(3)Sm—2(y) +S%_,(y) =1 (by Lemma 2.1), we obtain

al(x,y) — o, YA+ 1=(y =28 _, ().
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Ifk=2m+1then ap(x,y) =1+ (¥ +2—x2)Su_1() (S (y) — Sm—1(»)) and
A=x2—y = =2y +2—=x25,(y)Sm_1(y) by Lemmas 2.3 and 2.4. Hence,
by direct calculations using x = 2, we have
af(x.y)—e(x, )A+1 = (y=2) (14 2= S5, (N +(—2)Sp_1 ()

F2(=2) S 1S (M +C=2)¥S3_ (M) S (»)
+(O=3y+2)S0_ (DS ().

By replacing yS> | (3)Sn(y) = S2_,(»)(S2_,(») + S%(y) — 1) in this equality,
we obtain

ap(x, ) — o, A+ 1= —=2) (0 = 2)Sm () Sm_1 () + 1)?,
as claimed. O

Proposition 3.2. Suppose y is a real number satisfying the equation ¢y 2,(2, y) =0.
Then y > 2.

Proof. Suppose ¢ 2,(x, y) =0. Then S,—1 (M)ax(x, ¥y) = S,—2(1). Hence
1=82,(0) = ASu—1 (W) Sp—2(A) + 52, (1)
= (e} (x, y) —ax(x, A+ 1) S2_ ().

If we also suppose that x =2 and y is a real number, then the above equality implies
that oz,%(x, y) —og(x, y)A+ 1> 0. By Lemma 3.1, we must have y > 2. O

4. Twisted Alexander polynomials

In this section we explicitly calculate the coefficients of the highest- and lowest-
degree terms of the twisted Alexander polynomial associated to a nonabelian
representation of J(k, 2n) and give the proof of Theorem 1.2(1).

Twisted Alexander polynomials. For a knot group Gx = m1(S>\K), we choose
and fix a Wirtinger presentation

Gk =(ay,....,ag|ri,...,rg—1).

Then the abelianization homomorphism f : Gx — H{(S*\K;Z) = Z = (1) is
given by f(a)) =--- = f(ay) =t. Here we specify a generator ¢ of H1(S3\K; Z)
and denote the sum in Z multiplicatively. Let us consider a linear representation
o : Gx — SL,(0).

The maps p and f naturally induce two ring homomorphisms g : Z[Gg] —
M(Q2,C) and f 1 Z[Gk ] — Z[t*1] respectively, where Z[Gk] is the group ring of
Gk and M (2, C) is the matrix algebra of degree 2 over C. Then g ® f defines
a ring homomorphism Z[Gx] — M (2, Clrt']). Let F, denote the free group
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on generators ap, ...,a, and & : Z[F,] — M (2, Cl*')) the composition of the
surjection Z[F,] — Z[Gk] induced by the presentation of Gk and the map p ® f :
Z[Gx] — M2, C[t*']).

Consider the (¢ — 1) x ¢ matrix M whose (i, j)-component is the 2 x 2 matrix

cp(%) e M2, 7[*)),

da j

where d/da denotes the free differential calculus. For 1 < j < ¢, let us denote by
M the (¢ — 1) x (¢ — 1) matrix obtained from M by removing the j-th column.
We regard M; as a 2(q — 1) x 2(¢ — 1) matrix with coefficients in C[¢*']. Then
Wada’s twisted Alexander polynomial of a knot K associated to a representation
0 : Gk — SL,(C) is defined to be a rational function

det M]

Ag () = —— T
k.o (1) det®(1—aj)

and moreover well-defined up to a factor t>" (n € Z). It is also known that if two
representations p, p’ are conjugate, then Ag ,(f) = Ak ,(t) holds. See [Wada
1994] and [Goda et al. 2005] for details.

Remark 4.1. Let p : Gx — SL,(C) be a nonabelian representation.

(1) The twisted Alexander polynomial A ,(#) associated to p is always a Laurent
polynomial for any knot K [Kitano and Morifuji 2005].

(2) The twisted Alexander polynomial is reciprocal; thatis, Ag ,(f) = A K.p ()
for some i € Z [Hillman et al. 2010; Friedl et al. 2012].

(3) If K is a fibered knot, then Ag ,(7) is a monic polynomial for every nonabelian
representation p [Goda et al. 2005]. It is also known that the converse holds
for alternating knots [Kim and Morifuji 2012, Remark 4.2].

(4) If K is a knot of genus g, then deg(Ak ,(¢)) < 4g — 2 [Friedl and Kim 2006].
Moreover if K is fibered, then the equality holds [Kitano and Morifuji 2005].

We say the twisted Alexander polynomial Ag ,(f) determines the knot genus
g(K) if deg(Ag,,(t)) =4g(K) —2 holds. For a hyperbolic knot K, the hyperbolic
torsion polynomial J (¢) is defined to be Ak ,, (¢) for the holonomy representation
0o : Gk — SL,(C). We note that it is normalized so that Jx (f) = Jx (") holds.

Proof of part (1) of Theorem 1.2. 1t is known that the genus of J(k, 2n), where
k> 1and |n| > 0, is 1 if k is even, and is |n| if k is odd. Moreover, the genus of
J(1,2n) (the (2,2n — 1)-torus knot) isn — 1 if n > 0 and is —n if n < 0.

We first consider the case n > 0. Let r = w"aw "b~!, where w is as defined in
Section 2. By direct calculations, we have
ar

1) da

= w”(l + (1 —a)(w™! +---+w_")aa—l:),
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where, for k =2m,
dw _
da

and, for k =2m + 1,

—(ba™ 4+ ba™Y") + (ba Y (1407 a4+ 07 )" b7,

dw _

da

Suppose p : Gk — SL,(C) is a nonabelian representation given by (2-3). Then
the twisted Alexander polynomial of K associated to p is

det <I><g—;> B det 43(2—;)

det®(1—b) 1—tx+12’
The case J(2m, 2n), n > 0. From (4-1) we have

—(ba™ "+ A+ ba™Y") + (ba”)"b (14+ab™ 4 -+ (@b~ ™).

AK,,o(l‘) =

detfb(g—;) =1+ —tAW "+ + WV,

where [ is the 2 x 2 identity matrix and
V=—(BA '+ -+ (BAYHY+BAHY'U+B A+ +(B A" Hr B!,

The next lemma follows easily.

Lemma 4.2. The highest- and lowest-degree terms of det ® <g—;> are respectively

AW 4+ W (BAT 4 (BATY™)| 12
and
(W e WY (BATY I+ B A+ -+ (B4 B2,

Let {7;(z)}; be the sequence of Chebyshev polynomials defined by 7p(z) = 2,
T\(z) =z and Tj;(z) = zT;(z) — T;_1 (z) for all integers i. Recall that y =tr AB™!
and A=trW.

Proposition 4.3. The highest- and lowest-degree terms of det CI>(§—;) are respec-
tively
T(M) =2 Tu(y) -2 2 and T,(A) =2 Tu(y) =2 2
A—=2 y—2 A—2 y—2

Proof. Let B be the roots of z2 —Az+1 and y. the roots of z2 — yz+ 1. Lemma 4.2
implies that the highest- and lowest degree terms of det ® (dr/da) are respectively

(1+,3++'"+,31_1)(1+,37+...+13f—1)
X (14+yp+-+y" DA +yo 4y He?
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and

A+Br+-+BDA+B++8"H
X (e 4yl DUy 4y 2

Proposition 4.3 then follows from Lemma 4.4 below. U
Lemmadd. (1+p.+ -+ HA+p_+-- - +p1) = % € Z[7l.
Proof. The left-hand side is equal to
Br—DBL-1) _BL+p—2 _T,(0)—2
Be—DB-—1)  Brt+p—2 -2

The lemma follows. |

Proposition 4.3 implies that the highest- and lowest-degree terms of the twisted
Alexander polynomial

det¢<g—;)
Ao = T

are respectively Um,,,(y)t0 and Um’n(y)t_z, where

T(M) =2 Tu(y) -2
A—2 y—2

Um,n(y) =

Hence to prove Theorem 1.2(1) for J(2m, 2n), n > 0, we only need to show that
the coefficients of these terms are nonzero under the assumption that ¢k (2, y) =
Spi—1 (W ar (2, y) — Sp—2(A) = 0 (because the roots of this equation correspond to
the parabolic representations). To this end, we show that at x = 2 the polynomials
¢k (2, y) and U, ,(y) do not have any common zero y € C (in fact, if they have a
common zero, the highest- and lowest-degree terms vanish at x = 2). It is equivalent
to show that at x = 2 these polynomials are relatively prime in C[y].
Recall that A=tr W = (y —2)(y +2 —x?)S?_,(y) +2 and

ak(x, ) =1= (3 +2=5)Su_1)(Sm-1() — Su—2(»)).

The next two lemmas will complete the proof of Theorem 1.2(1) for J(2m, 2n),

n>0.
—T")Eka_z) — 1in Cly].
Proof. 1t is equivalent to show that at x =2, ¢x (x, y) and (T,,(A) —2)/(A —2) do
not have any common root y € C.

Suppose T,,(A) =2 and A # 2 then B} = B” =1and B, # 1. If B # —1 then
Su1 (W) =(BL—B1)/(B+—B-)=0and S, 2(1) = (BL ' =B~ 1) /(Br—B-) =—1;
hence ¢g(x, y) =1#0.

Lemma 4.5. Suppose x = 2. Then gcd(qbK (x,y),
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If B+ = —1 (in this case n must be even) then A = —2. It implies that S,,_1(A) =
—n, and S,_»(A) =n — 1. Hence ¢ (x, y) = —nog(x, y) — (n — 1).
Suppose ¢x (x, y) =0. Then o (x, y) = 1/n — 1. We have

G-y +2—x})Sp_ () =r—2=—4,

0203 (310D = Sp 1 (DSn2() = 1=, y) =2 = .
—4 4 1
Thus (y+2—x2)82 _,(y)= =2 (V+2=x) S 1 (N Sm—2(y) =— (E —1-2—;).

Since

S 1) = ¥Sm NSt () Sm—2(0)) + (Sme1 () Sm—2 () = Spy 1 (¥)

(by Lemma 2.1), we must have
16 4y [ 4 1 4 1\> -4 +2-x?)
R e =

that is, y = 2 + 4n’x2.
If x € R then y =2 +4n’x? € R and

—4=(y=2)(y+2-x)S;_(y) =4n’x* 4+ @n* — Dx*)S, () =0,
.. Tn ()‘)_2

a contradiction. Hence ¢k (x, y) # 0 when 3 = 0 and x € R. The lemma
follows. O

Lemma 4.6. Suppose x =2. Then gcd(qﬁK (x,y), m;+);2> =1inCly].

Proof. Suppose T;,(y) =2 and y #2 then y" =y =1and yy # 1. If y; # —1
then S,—1(y) = (! —¥™)/(y+ —y-) =0, hence A =2 and a,(x, y) = 1. This
implies that ¢g (x, y) = S,-1(2) — Sp—2(2) =1 #0.

If y. = —1 (in this case m must be even) then y = —2. We have

A= -2 +2—x)S2_ () +2=4m>x*+2

and
(X, y) =1 = +2=x) -1 (Sn-1(3) = Su-2(»)) =m2m — Hx* + 1.
This implies that
Pk (x, ¥) = Spm1 (Mo (x, y) — Spa(A) = (m2m — 1Dx* + 1)Su_1(0) — Sz (V).
If x € Z then A =4m?x*+2 € Z is even. This means that ¢ (x, y) is odd, since
dr(x,y) = Sp—1(A) — Sp—2(2) (mod 2).

Thus ¢k (x, y) # 0 when %)2_2 =0 and x € Z. The lemma follows. O
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The case J(2m + 1,2n), n > 0. From (4-1) we have

det®(20) = |14 (1 — 1A a2 W o 2wV,

where
V=—BA '+ .+ (BATY)+1t(BATY"BU+AB™ ...+ (AB™H)™).

We first consider the case m = 0 (in this case we must have n > 1 so that K is a
nontrivial knot). Then W = BA and

ar
=1+ —tA)E W+ W B[

=W TWTNEB — t AT W TR+ T W B £

This implies that the highest- and lowest-degree terms of det ®(dr/da) are
[t7IWIB| 1% = ¢*=2 and |t!=2"W " B| t*" =1, respectively. Hence the highest-
and lowest degree terms of Ak ,(t) are =% and 2, respectively. Since the genus
of J(1,2n), where n > 1, is n — 1, we complete the proof of Theorem 1.2(1) for
J(,2n), n>1.

We now consider the case m > 0. In this case, we have the following.

Lemma 4.7. (1) The highest-degree term of det ® (g—;) is

|1 — AW BA™Y"B(I + AB™ 4+ (AB™1y™) | 1
= |1+ BA™ - 4 (BATY" |,

(2) The lowest-degree term of det ® (g—;) is

|-WBA 4+ + (BATYN[ " =[I+BA T 4+ 4 (BATHY" 10
Lemmas 4.7 and 4.4 imply the following.

Proposition 4.8. The highest- and lowest-degree terms of det ® <g—;> are respec-
tively
T, -2 T, -2
m(y) A and m(y) 0
y—2 y—2
Proposition 4.8 implies that the highest- and lowest-degree terms of Ak ,(¢) are
(T(y)—2)/(y — 2)t*"=2 and (T}, Y -2)/(y— 019, respectively. Hence to prove
Theorem 1.2(1) for J (2m+-1, 2n), where m, n > 0, we only need to show thatat x =2
(parabolic representation) the polynomials ¢g (x, y) = Sy—1 (M) ok (x, y) — Sp—2(A)
and (T,,,(y) —2)/(y — 2) are relatively prime in C[y].
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Recall that A =tr W =x2 — y — (y = 2)(y + 2 — x2) Sin () Sn—1(y) and

ar(x, Y) =1+ +2=x)Su10)Su () = Su_1(3).

The next lemma will complete the proof of Theorem 1.2(1) for J(2m + 1, 2n),
where m, n > 0.

Lemma 4.9. Suppose x = 2. Then gcd(¢K (x,y), %) =1inC[y].

Proof. Suppose T, (y) =2 and y #2, then y' =y" =1land y; # 1. If y; # —1
then S,,—1(y) =0 and S,,(y) = 1; hence A = x%— y and o (x, y) = 1. This implies
that ¢k (x, y) = Sp—1(A) — Sp—2(2).

Since yy' =1, we have y =y, + yJ:l =2cos(2mj/m) for some 0 < j <m. If
P (x,y)=8,-1(A) = S,,_2(A) =0 then A = ZCos((Zj/ —Dr/@2n— 1)) for some
1 <j’ <n—1;see[Le and Tran 2012, Lemma 4.13], for example. Hence

2w j 2j —1
x2=y+)»=2 cosﬂ—i—cosu < 4.
m 2n—1
If y; = —1 (in this case m must be even) then y = —2. We have

A== =2 +2=x)Su(MNSm_1(y) + x> —y=Q2m+ 1)’x* +2
and

ar(x, ) =14+ +2=x)Su-1() (S (¥) = Su—1(») =m2m + Dx* + 1.

If x is an even integer then A = (2m + 1)2x2 42 is an even integer and o (x, y) =
m(2m + 1)x> 4 1 is an odd integer. Hence

Pk (x, y) = Sp—1 Mok (x, y) — Sp—2(1) = S—1(2) — Sp—2(2) (mod 2)

is odd and so is nonzero. T )

In both cases, we obtain ¢g (x, y) # 0 when TnN=2 _ 0 and x is an even
. -2
integer at least 2. The lemma follows. (I

Next we consider the case n < 0. We put!/ = —n (I > 0). Forr = whlaw b =

wlaw'b~!, we have

ar _ow~l dw!
@) go=g0 o (1rat

The case J(2m, 2n), n < 0. From (4-2) we have

):w’l(l—(l—a)(1+w+- : -+w’*1)2—’;’>.

det®(2L) = |1 — (1 =t )T+ W+ + W HV],

where

V=—(BA '+ -+ (BA Y+ BAHY'"U+B A+ +(B A" H~ B!,
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Lemma 4.10. (1) The highest-degree term of det ® (B_r) is

da
|—AT+ W+ +WHBA™ +.. +(BATHM)| 2.
(2) The lowest-degree term of det CD(g—;) is

|~ + W+ + W HBAY"U+B A+ +(B'A" HB 12

We can apply a similar argument to that of the parallel case with n > 0 (page 441)
to conclude that Ag ,(¢), for p parabolic, determines the knot genus in this case.

The case J(2m + 1, 2n), n < 0. From (4-2) we have

det®(20) = [ W (1= (1 =AY I +22W 4+ 2D W)

=1 - —tAT +W - +2OWhy | ¥,
where
V=—BA '+ .+ BAY"Y+t(BAY'BU+AB ' +.- -+ (AB~H™).

Lemma 4.11. (1) The highest-degree term of det ® (3—2 ) is

|AW!"Y(BA™Y"B(I + AB™ " +-- -+ (AB~)™)|1°
=|I+AB ' ...+ (AB~HY"| .

(2) The lowest-degree term of det @(g—;) is

[I+BA™ "+ +(BATH"| 7.

We can apply a similar argument to that of the parallel case with n > 0 (page 444)
to conclude again that Ag ,(¢), for p parabolic, determines the knot genus in this
case.

The case analysis starting on page 441 covers all possibilities. Theorem 1.2(1)
follows immediately. (]

5. The fibering problem

In this section we study some properties of the parabolic representation spaces of
2-bridge knots and give the proof of Theorem 1.2(2).

Parabolic representations of 2-bridge knots. Consider the 2-bridge knot K =
b(p, g), where p > g > 1 are relatively prime. The knot group Gk has a presentation
Gk = (a,b| wa = bw), where w =a®'b®? - - - a®»-2b*»~! and ¢; = (—Dla/pl (see,
e.g., [Burde and Zieschang 2003]).
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Let ¢k (x, y) be the defining equation for the nonabelian representations into
SL;(C) of Gg, where x =tr p(a) =tr p(b) and y =tr p(ab~1). Then ¢k (2, y) is the
defining equation for the parabolic representations. It is known that ¢ (2, y) € Z[y]
is a monic polynomial of degree d = (p — 1)/2; see [Riley 1984; Tkhang 1993].

We want to study the irreducibility of ¢k (2, y) € Z[y].

Lemma 5.1. One has ¢px (2, y) = Sq(¥) + Sa—1(y) in Z3[y].

Proof. The proof is similar to that of [Le and Tran 2012, Proposition A.2].
Suppose p is a parabolic representation. Let A = p(a), B = p(b) and W = p(w).
Taking conjugation if necessary, we can assume that

11 1 0
(5-1) A:|:0 1:| and B=|:2_y 1:|,

where y =tr AB™! € C satisfies the matrix equation WA — BW = 0.

By the Cayley—Hamilton theorem applying for matrices in SL,(C) we have
A+ A" =tr(A)I =21 =0 (mod 2), that is, A~! = A (mod 2). Similarly, B~! =
B (mod 2). This implies that W = A®' B® ... A®2-1B®%4 = (AB)? (mod 2). By
applying (2-2), we have

WA + BW = (AB)?A + B(AB)?

=Si(MA+B)+Ss—1 (B +47h
= (Sa(y) + Sa-1(y)) (A+ B) (mod 2),

where A + B = [2 o] (mod 2). Hence ¢x (2, y) = Sa(y) + Su—1(y) in Zo[yl. O

Recall from the Introduction that % is the set of all odd primes p such that 2 is
a primitive root modulo p.

Lemma 5.2. Suppose p € P,. Then S;(y) + Sq—1(y) € Z»[y] is irreducible.
Proof Let y=u+u~". Then

d+1 —(d+1) d_ ,—d 2d+1
u +u u®+u g 1+u
S +S,- = = -
a(y) + Sa—1(y) pp + P T u

Suppose p € P,. We will show that (1 +u?)/(1+u) € Z,[u] is irreducible. This
will imply that S;(y) 4+ Sy—1(y) € Z»[y] is irreducible.

We have (1+u”)/(14+u) =uP~'4-..4u-+1is the p-th-cyclotomic polynomial
Cp(u) € Z>[u] (since p is an odd prime). It is well known that C,(u) € Z>[u] is
irreducible if p € P,; see for example, [Roman 2006, Theorem 11.2.8]. The lemma
follows. [l

Proposition 5.3. Suppose p € P,. Then ¢ (2, y) € Z[y] is irreducible.
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Proof. By Lemma 5.1, ¢x (2, y) = Sq(y) + Si—1(y) € Z,]y]. Since p € P,, the
polynomial S;(y) + Ss—1(y) € Z,[y] is irreducible by Lemma 5.2. This implies
that ¢ (2, y) is irreducible in Z;[y]. Since ¢k (2, y) € Z[y] is a monic polynomial
in y, it is irreducible in Z[y]. ([

Proof of part (2) of Theorem 1.2. It is known that J (k, 2n) is fibered only for the
trivial knot J (k, 0), the trefoil knot J (2, 2), the figure eight knot J (2, —2), the
knots J (1, 2n) for any n, and the knots J (3, 2n) for n > 0.

The case J(2m, 2n), m > 1. We will apply Proposition 5.3 to study the fibering
problem for K = J(2m, 2n).

Let p = |4mn — 1] then it is known that ¢x (2, y) has degree (p — 1)/2. By
Proposition 5.3, the polynomial ¢k (2, y) € Z[y] is irreducible if p € P».

Proposition 5.4. Suppose m > 1 and p = |4mn — 1| € P,. Then Ak ,(t) is
nonmonic for every parabolic representation p.

Proof. We only need to consider the case n > 0. The case n < 0 is similar.

Suppose p is a parabolic representation, that is, x = 2. Since k = 2m, by
Proposition 4.3 the coefficient of the highest-degree term of Ag ,(t) is h(y) =
(T,(A) —2)/ (A =2) x (T,,(y) —2)/(y — 2), an integer polynomial in y of degree
m—DC2m)+(m—-1)=2mn—(m+1)<2mn—1=(p—1)/2.

Since p € P;, the polynomial ¢ (2, y) € Z[y] is irreducible. This implies that
¢k (2, y) does not divide ~(y) — 1 in Z[y]. Hence h(y) # 1 when ¢g (2, y) = 0.
The proposition follows. O

Twist knots J (2, 2n). For K = J(2,2n) we have A = y> — yx? 4+ 2x? — 2 and
ox(x,y)=—(Q+1-— xS 1(A) — Sp_a2(X). Suppose p is a nonabelian represen-
tation. By Proposition 4.3 the coefficient of the highest-degree term of Ax ,(7) is
(T, (A)—2)/(A—2). We want to show that for |n| > 1, we have (T,,(A)—2)/(A=2) #1
when ¢k (x, y) =0 and x = 2. This will imply that for any parabolic representation
p, Ak, ,(t) is monic if and only if |n| = 1.

Tn()‘)_z
A=2
Proof. We only need to consider the case n > 1. The case n < —1 is similar.
Suppose T,(1) = A and A # 2. Then B} + " = B, +B_, ie, ,Bfﬁ_l =1or
ffl = 1. It implies that . = —2, or A =2cos2jm/(n—1) forsome 1 < j <n-—2
and j Z(n—1)/2,or A=2cos2jn/(n+1) forsome 1 < j <nand j #(n+1)/2.

Lemma 5.5. If x = 2, then gcd<¢K(2, v, — 1) — 1inCly] for n| > 1.

Case 1: A = —2 (in this case n must be odd). By similar arguments as in the
proof of Lemma 4.5, we have ¢g (x, y) #0 if x € R.

Case 2: A =2cos2jm/(n—1) forsomel < j<n-—2and j# (n—1)/2. Then
S,—1(A) =1 and S, (1) =0, hence ¢x (x,y) = —(y +1—x?).
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Suppose ¢x (x,y) =0. Then y =x>—1land A = y> — yx? +2x2 -2 =x2— 1.
This cannot occur if x2 — 1 > 2, since A < 2. Hence ¢ (x, y) # 0 if x% > 3.

Case 3: A =2cos2jmn/(n+ 1) forsome 1 < j <mand j # (n+1)/2. Then
S,_1(A) = —1and S,_»(X) = —A, hence px(x, y) =y+1—x>+A

Suppose ¢px(x,y) =0. Then y =x>— A —land A = y> — yx?> +2x> -2 =
M +r2—x3)+x2—1,thatis, A2 —A(x2—1)+x2—1=0. This equation does
not have any real solution A if 1 < x> < 5. Hence ¢k (x, y) #0if 1 <x? <5.

In all cases, ¢k (x, y) # 0 when (T,(A) —2)/(A—2) =1 and 3 < x? < 5. The
lemma follows. [l

Remark 5.6. Lemma 5.5 gives a proof of [Morifuji 2012, Theorem 1.2] that does
not use the irreducibility of ¢;2,2,)(2, y) € Z[y] proved in [Hoste and Shanahan
2001].

The case J(2m +1,2n). Let K = J(2m + 1, 2n). Suppose p is a nonabelian
representation. By Proposition 4.8 and Lemma 4.11, the coefficient of the highest-
degree term of Ag ,(7) is

TnW=2 o g and  Imr1O)—2
y=2 y=2
We want to show that for m > 1, we have (7,,,(y)—2)/(y—2) # 1 when ¢g (2, y) =0.
This will imply that for any parabolic representation p, Ak ,(¢) is monic if and
only if K =J(1,2n),or K =J(3,2n) and n > 0.
The key point of the proof of the following lemma is to apply Proposition 3.2.

if n <0.

lmmmailUﬁ:ZJMngd@mQJLZ%¥%2—1>=Im@U]ﬁwn>L
Proof. Suppose T,,(y) =y and y # 2. Then y" + y" = y; +y_, ie., yf—l -1
or ny = 1. This implies that y = —2, or y = 2cos2jnm/(m — 1) for some

I<j<m—2and j£Am—1)/2,ory=2cos2jr/(m+1)forsomel <j<m
and j # (m+1)/2. In all cases, y € R and y < 2. Proposition 3.2 then implies that

¢k (2, y) #0. The lemma follows. [l

The case analysis on the last two pages cover all possibilities, showing part (2)

of Theorem 1.2. This completes the proof of the theorem. U
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SCHWARZIAN DIFFERENTIAL EQUATIONS ASSOCIATED TO
SHIMURA CURVES OF GENUS ZERO

FANG-TING TU

Let X (? (N), where (D, N) = 1, denote the Shimura curve associated to an
Eichler order of level N, in an indefinite quaternion algebra over Q of dis-
criminant D. Let Wp n be the group of all Atkin-Lehner involutions on
XP(N) and W), the subgroup consisting of Atkin-Lehner involutions w,,
with m | D. In this paper, we will determine Schwarzian differential equa-
tions associated to Shimura curves XOD (NV)/ Wp of genus zero in the cases
where there exists a squarefree integer M > 1 such that X, 5’ (M)/Wp is of
genus zero.

1. Introduction

Let B be an indefinite quaternion algebra of discriminant D over Q. For an Eichler
order O of level N, (D, N) =1, in B, we let Xé) (N) denote the Shimura curve
associated to O. For each divisor m of DN with (m, DN /m) =1, we let w,, denote
the Atkin—Lehner involution on X (1)) (N) and Wp y be the group of all Atkin—Lehner
involutions. We also let the subgroup of Wp x consisting of w,,, m | D, be denoted
by Wp. (We refer the reader to [Alsina and Bayer 2004; Elkies 1998] for general
definitions and properties of Shimura curves.)

The notion of Shimura curves generalizes that of classical modular curves, which
correspond to the case B =M (2, Q) with D = 1. Many properties and theories about
classical modular curves can be extended to the case of Shimura curves. However,
because of the lack of cusps in the case D # 1, there have been very few explicit
methods for general Shimura curves. One of the few methods uses differential
equations satisfied by automorphic forms and automorphic functions. (See [Bayer
and Travesa 2007; Elkies 1998; Yang 2013b; 2004].) The idea is that even though it
is difficult to explicitly construct automorphic functions that can be put into practical
use, the Schwarzian differential equations associated to automorphic functions in
the case of Shimura curves of genus zero can often be determined using analytic
information about the automorphic functions and coverings between Shimura curves.
(See Section 2 for the definition and properties of Schwarzian differential equations.)

MSC2010: primary 11F12; secondary 11G18.
Keywords: automorphic form, modular form, Shimura curves, Schwarzian differential equation.
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Then one can use the solutions of the Schwarzian differential equations in place
of automorphic forms to study properties of automorphic forms. For example,
Yang [2013b] devised a method to determine Hecke eigenforms in the spaces of
automorphic forms, expressed in terms of solutions of Schwarzian differential equa-
tions. In [Tu and Yang 2013], we obtained several new algebraic transformations
of » F|-hypergeometric functions by interpreting identities among hypergeometric
functions as identities among automorphic forms on different Shimura curves.

In view of the significance of Schwarzian differential equations, it is important
to determine the Schwarzian differential equation for each of the Shimura curves
Xé) (N)/G, G < Wp_y, of genus zero. Elkies [1998] worked out the Schwarzian
equations on X(I)O(l)/Wlo, X(1)4(1)/W14, and X(I)S(l)/W15. Bayer and Travesa
[2007] computed all the Schwarzian differential equations for the Shimura curves
Xg(l) /G with G < We. Yang [2013b] also gave Schwarzian differential equations
on Xg(l) / We and X(l)o(l) / Wio from the properties of the automorphic derivatives.
(See Section 2.)

In this paper, we will consider the cases X é) (N)/ Wp when there exists an integer
M > 1 such that Xé) (M)/Wp has genus zero. The reason for this restriction is
that we need additional information from coverings between Shimura curves of
genus zero in order to completely determine the differential equations. (Note that in
[Yang 2013b], a covering between Shimura curves of different levels is also needed
in order to compute Hecke operators.) In the process, we also need to work out
equations for some Shimura curves of genus one and hyperelliptic Shimura curves,
which are useful in determining the covering maps between Shimura curves. As a
byproduct of our computation of coverings Xé) (N)/Wp = X é) (1)/Wp, we can
also determine the values of Hauptmoduln at several CM-points.

A possible future work related to Schwarzian differential equations is Ramanujan-
type series for Shimura curves. A typical example of Ramanujan-type identities for
the classical modular curves is

o0

3 (6n+1)(1/2); <1)" _4

(n!)3 4 T

’

where (a), =a(a+1) --- (a+n—1) is the Pochhammer symbol. Yang [2013a] gave
several Ramanujan-type formulae for the Shimura curve X, 8(1) / Ws. He conjectured
that the general Ramanujan-type identities for Shimura curves are

00 o .
Z(R1”+R2) nly = R3§,
n=0 d

_ >
where R, Rp, Rz € Q, ) A,t" is the expansion of a meromorphic automorphic
form of weight 2 with respect to a Hauptmodul ¢ of a Shimura curve of genus zero



SCHWARZIAN EQUATIONS FOR SHIMURA CURVES OF GENUS ZERO 455

such that ¢ takes value 0 at a CM-point of discriminant d, and # is the value of ¢ at
some CM-point of discriminant d” # d. The number 2 is the period of an elliptic
curve E over @ with CM by an imaginary quadratic number field of discriminant d.
In the same article, he also gave some numerical results of p-adic analogues of
these Ramanujan-type identities. It is natural to expect that those p-adic identities
should be related to the p-adic periods of elliptic curves with CM. In this paper, in
support of his conjecture, we will numerically obtain Ramanujan-type identities for
X(1)4(1) / W14 using our Schwarzian differential equation. However, we are not able
to give a rigorous proof at present.

The rest of the paper is organized as follows. In Section 2, we will review the
definition of properties of Schwarzian differential equations. In Section 3, we
determine all Shimura curves X (? (N)/Wp of genus 0, N > 1. In Section 4, we will
find explicit coverings of Xé) (N)/Wp — X (1)) (1)/ Wp. The equations for Shimura
curves and the methods to obtain them given in [Gonzélez and Rotger 2004; 2006;
Molina 2012] are important here. The explicit coverings will be used later. In
Section 5, we will work out Schwarzian differential equations and examples for
Ramanujan-type identities from the Shimura curve X (1)4(1) / Wia.

From now on, for simplicity of statements, all Shimura curves mentioned below
are assumed not to be classical modular curves.

2. Schwarzian differential equations

Let #(r) be a nonconstant automorphic function on a Shimura curve X. It is
straightforward to verify that ¢'(t) is a meromorphic automorphic form of weight 2
on X and that the Schwarzian derivative

_ t///(_[) 3 l‘//(‘l,’) 2
=0 _§<t’<r>)

is a meromorphic automorphic form of weight 4 on X. Thus, the ratio of {z, t} and
' (1)?% is an automorphic function on X. In particular, if X has genus zero and #(7)
is a Hauptmodul, that is, if ¢ generates the field of automorphic functions on X,
then

1)
2t'(1)?

o) =

is a rational function of 7. In [Bayer and Travesa 2007], given a thrice-differentiable
function f of z, the function

{f.z}
2f'(2)?

is called the automorphic derivative associated to f.

D(f,Z) =
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Now the relation 2Q(¢)¢'(7)? + {t, T} = 0 can also be written as

—dtmzﬂ(r)‘/2 + o' ()'* =0.

172

In other words, if we consider #'(t)!/? as a function of ¢, then #'(7)!/? is a solution

of the differential equation

2

d
() e/ =0.

Definition 1. The differential equation (t) is called the Schwarzian differential
equation associated to (7).

The significance of Schwarzian differential equations can be seen from the
following result.

Proposition 2 [Yang 2013b]. Assume that a Shimura curve X has genus zero

with elliptic points ty, ..., T, of orders ey, ..., e, respectively. Let t(t) be a
Hauptmodul of X and set a; =t(t;),i =1, ..., r. For a positive even integer k > 4,
let

, "k 1
dk=d1mSk(X)=1—k+Zl b(l_e_j)J’
j:

Sk (X) being the space of automorphic forms of weight k on X. A basis for Sg(X) is

,
Y@@ T (1) —ay) TR =0 a1
j=1
aj#oo

In other words, if we can determine the Schwarzian differential equation associ-
ated to a Hauptmodul on a Shimura curve, then we can express automorphic forms
of any even weight k on this Shimura curve in terms of solutions of the differential
equation. This provides a concrete space that we can use to study properties of
automorphic forms. For example, Yang [2013b] demonstrated how to compute
Hecke operators on these spaces.

Now the upshot is that it is often possible to determine a Schwarzian differential
equation without constructing a Hauptmodul first. This is especially true when a
Shimura curve of genus zero has three elliptic points. This is due to the well-known
fact that a second-order Fuchsian differential equation with precisely three singu-
larities is uniquely determined its local exponents at the three points. For general
Shimura curves, the following properties of Schwarzian differential equations and
automorphic derivatives are very useful in determining the differential equations.
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Proposition 3. Assume that X (0) has genus zero with elliptic points 1y, ..., T, of
orderey, ..., ey, respectively. Let t () be a Hauptmodul of X (0) and set a; =t (1;),
i=1,...,r. Then the automorphic derivative Q(t) = D(t, T) is equal to

1-1/ . B
J
t_
01) 42 p—e ;,_ai
a/;éoo a{;éoo

for some constants B;. Moreover, if a;j # oo for all j, then the constants B; satisfy

r

ZB _Z (a;Bj+ 31 —1/eD) = (a2B; +L1a;(1 —1/eD) =
j=1

j=1
Also, if a, = o0, then the Bj satisfy
1 r—1

B; =0, (a;Bj+ 51 —1/e)) = 1(1—1/e}).
1 j=1

r

J
Proposition 4 [Yang 2013b]. Automorphic derivatives have the following proper-
ties.

(1) D((az+b)/(cz+d), z) =0 forall (“¢) € GL(2, C).
(2) D(go f,2) =D(g, f(2)+ D(f.2)/(dg/df)*

Proposition 5. Let t (1) be a Hauptmodul for a Shimura curve X of genus 0. Let
R(x) € C(x) be the rational function such that the automorphic derivative Q(t) =
D(t, ) is equal to R(z). Assume that y is an element of SL(2, R) normalizing
the order O associated to X and let o be the automorphism of X induced by y. If
ot (at+b)/(ct +d), then R(x) satisfies

Y
(ad — bc) R(ax—i—b) — RO,

(cx +d)* cx+d

Proof. We shall compute D(¢(y 1), 7) in two ways. By Proposition 4, we have

at(t) +b D(t(r),r) . (ct+d)*R({)
ct(v)+d’ (T))+(dt(yr)/dt(t))2_0+ (ad —bc)?

D(t(yt), 1) =D<

On the other hand, by the same proposition, we also have

D(t(y1),7) = D(t PUTD _ _ Rautyey = R4
Y1), T) = ((VT),)/T)-FW_ ye)= (ct—i—d)'

Comparing the two expressions, we get the formula. O
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3. Shimura curves of genus zero

In this section, we will determine all pairs of integers (D, N), D, N > 1, such
that X(I)) (N)/Wp has genus 0. As explained in the introduction, we will need
explicit coverings X OD (N)/Wp - X OD (1)/ Wp in order to determine Schwarzian
differential equations.

To describe the genus formula for Xé) (N)/Wp, we need to recall the definition
of CM-points first. Let B be a quaternion algebra of discriminant D over Q and O
an Eichler order of level N in B. Fix an embedding ¢ of B into M (2, R). Let K
be an imaginary quadratic field and R an order of discriminant dg = f?dg in K.
Following Eichler, we say an embedding ¢ : R — O is optimal if ¢ (K)NO = ¢(R).
Now the action of the set ¢ o ¢(R\{0}) C GL*(2, R) on the upper half-plane H
fixes precisely one point 7. Such a point is called a CM-point (point with complex
multiplication) of discriminant dg. We denote the set of CM-points of discriminant
dg, up to O7-equivalence, by CM(dR).

Lemma 6 [Ogg 1983]. Assume that m is a squarefree divisor of DN such that
(m, DN /m) = 1. Then the set of the fixed points of an Atkin—Lehner involution wy,,
m>1,on XOD(N) is

CM(—4) UCM(-8) ifm=2,
CM(—m) UCM(—4m) if m =3 mod 4,
CM(—4m) otherwise.

We remark that in the case m is not squarefree, the fixed points of w,, will still
be CM-points, but the description is complicated. (In general, they will be a proper
subset of | 12 4, CM(—4m/f?).)

From this lemma, it is easy to determine the number of elliptic points on
X(?(N )/ G for any subgroup G of Wp n such that m is squarefree for any w,,
in G.

Lemma 7. Let G be a nontrivial subgroup of the group Wp n of Atkin—Lehner
involutions on X(? (N) such that m is squarefree for any w,, € G. Then the only
possible orders of elliptic points on Xé) (N)/G are2,3,4, and 6.

(1) If wy € G, then the number of elliptic points of order 2 on X(? (N)/G is

Y. (#CM(—4m) +#CM(—m)) —#CM(=3) if w3 €G,

2 s
Gl S #CM(—4m) +#CM(—m)) if wy ¢ G.
wneG

m#1
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If wy & G, then the number is (#CM(—4) +2A)/|G|, where A is
> (#CM(—4m) +#CM(—m)) —#CM(-3) if w3 € G,

w, €G

m#1
> (#CM(—4m) +#CM(—m)) if wy ¢ G.

I,UmGG
m#1
(If —m is not a discriminant, we simply set #CM(—m) = 0.)
(2) If ws € G, then there are no elliptic points of order 3 on Xé) (N)/G. Ifws € G,
then the number of elliptic points of order 3 is #CM(—3)/|G]|.

(3) If wa & G, then there are no elliptic points of order 4 on X(l)) (N)/G. Ifwy € G,
then the number of elliptic points of order 4 is 2#CM(—4)/|G|.

4) If ws & G, then there are no elliptic points of order 6 on Xé) (N)/G. Ifws € G,
then the number of elliptic points of order 6 is 2#CM(—3)/|G|.

Proof. The fact that only 2, 3, 4, and 6 can be the orders of elliptic points on
XP(N)/G is well-known.

Let w,, € G. By Lemma 6, the fixed points of w,, consist of CM(—4), CM(—m),
or CM(—4m), depending on m. If m # 1, 3, then points in CM(—4m) or CM(—m)
are fixed only by w,, and every other Atkin—-Lehner involution other than w;
permutes them. Thus, there are totally |G|/2 points in CM(—4m) or CM(—m) that
are mapped to the same point in the covering X (N) — X (N)/G. For points in
CM(—4), which constitute elliptic points of order 2 on X é) (N), they are also fixed
by w;. Thus, if wy € G, then there are 2#CM(—4)/|G| elliptic points of order 4
on XOD(N)/G. If wy € G, points in CM(—4) contribute another #CM(—4)/|G|
elliptic points of order 2 on Xé) (N)/G. For points in CM(—3), which are elliptic
points of order 3 on Xé) (N), they are also fixed by ws. If w3 € G, then they become
elliptic points of order 6 on Xé) (N)/G and there are 2#CM(—3)/|G| such points.
If w3 € G, then they remain elliptic points of order 3. There are #CM(—3)/|G|
such points. Summarizing, we get the lemma. U

In view of these lemmas, a formula for the genus of X(l)) (N)/G, G < Wp y, will
involve the numbers of CM-points of certain discriminants. The general formula
for the number of CM-points of an arbitrary discriminant is complicated to state.
(See [Alsina and Bayer 2004; Ogg 1983].) For the goal of this section, we only
need to know the number of CM-points of discriminant —3, dk, or 4dk in the case
dg =1 mod 4, for K = Q(/—m) with m|D.

Lemma 8 [Ogg 1983]. For m|D or m =3, let dx denote the discriminant of the
field K = Q(/—m). We have

0 ifp2|Nfors0mep|dK,
#CM(dg) = h(dk) (- (%K)) 1+ (%K)) otherwise.
p|D PIN
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Also, for m| D with m = 3 mod 4, we have

0 if 2| D,

#CM(4dg) = Sh(4dk) I (1 _ (ﬂ)) I (1 + (ﬂ)) if 21D,
pID PN ?

where, when m =7 mod 8,

if 8|N,
if 4|N,
if 2|N,
if 2N,

— 0 A o

and when m = 3 mod 8,
0 if8|N,
§=12 if2|Nor4|N,
1 if 2¢N.

Here h(d) is the class number of the imaginary quadratic order of discriminant d.
Proof. These formulas are just special cases of Theorems 1 and 2 of [Ogg 1983]. U

Lemma 9. The complete list of integers (D, N) with D, N > 1 such that the
Shimura curve X(l)) (N)/Wp has genus zero, is

6,5), (6,7), (6,13), (10,3), (10,7), (14, 3), (14,5),
(15,2), (15,4), (21,2), (26,3), (35,2), (39,2).

Proof. Let I' be a congruence Fuchsian subgroup of SL(2, R). (See [Katok 1992]
for the definition of a congruence Fuchsian subgroup; the groups considered here
are all congruence Fuchsian subgroups.) A famous result of Selberg [1965] stated
that if I" is a congruence subgroup of SL(2, Z), then the first eigenvalue A; of the
Laplace operator on the space of square-integrable function on I'\H is not less
than 3/16. By combining this result with the Jacquet—Langlands correspondence,
Vignéras [1983] showed that the same inequality also holds for congruence Fuchsian
subgroups coming from indefinite quaternion algebras over Q of discriminant not
equal to 1.

On the other hand, Zograf [1991] showed that if the area A(I"\H) is at least
16(g(I’) + 1), then A} < 4(g(I")+1)/A(T"\H). Here g(I") denotes the genus of I"
and the area is normalized such that A(SL(2, Z)\H) = 1/6. Combining Selberg’s
inequality and Zograf’s result, one sees that if a congruence Fuchsian subgroup has
genus 0, then the area must be less than 64/3.

Now recall from [Shimizu 1965] that the area of X OD (N) is given by

T I0e-)I0)
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This immediately shows that if the number of prime factors of D is at least 6, then
the genus of Xé) (N)/Wp cannot be 0 for any N > 2. Also, if D = pgq is a product
of two primes such that (p — 1)(¢ — 1) > 512/3, then X(?(N)/WD must have a
positive genus for any N > 2. A similar bounds exists for the case D has 4 prime
factors. This leaves finitely many cases to check.

Now recall that the genus of a Shimura curve X is given by

where the sum runs through all elliptic points with e; being their respective orders.
For X = X (N)/Wp, by Lemma 7, we have

gX)=1+ # - i 2,1_1 (#CM(—4m) +#CM(—m))
13
[gphcMes i,
S #OM(—4) if2|D
o HOM(-) if 3D,
_ (42% #HCM(=12) + 12.;—1 #CM(_3)> if 3| D,

where r is the number of prime divisors of D. (Of course, if d is not a discriminant,
then we simply let CM(d) be the empty set.)

Using the Selberg—Zograf bound, the genus formula in the paragraph above and
Lemma 8, we check case by case that the pairs of integers given in the lemma are
the only cases where X(l)) (N)/Wp, N > 1, has genus zero. (]

We now tabulate all Shimura curves Xé) (M)/Wp of genus O for integers D that
appear in the lemma. We will also give a description of their elliptic points. We
wish to determine the Schwarzian differential equations for these curves. Here v;
denotes the number of elliptic points of order j on X OD (M)/Wp. Here we also let
CM(—m) denote the set of points on X, OD (N)/ Wp that are the image of CM-points
of discriminants —m under the covering X(l)) (N) —> Xé) (N)/ Wp. The number n
in CM(—m)*" means the number of elements in CM(—m) is n. If n = 1, we omit
this annotation.

4. Coverings of Shimura curves

The goal of this section is to obtain explicit coverings of X (I)) (N)/Wp—X é) 1)/ Wp
for pairs of D and N given in Lemma 9. That is, we wish to find a Hauptmodul #
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D, N v, v3, v4, v elliptic points

6,1 1,0,1,1 CM(-3), CM(—4), CM(—24)

6,5 2,0,2,0 CM(—4)*2, CM(—24)*?

6,7 2,0,0,2 CM(—=3)*2, CM(—24)*2

6,13 0,0,2,2 CM(—3)*2, CM(—4)*?

10,1 3,1,0,0 CM(—3), CM(—8), CM(—20), CM(—40)
10,3 4,1,0,0 CM(-3), CM(—8)*2, CM(—20)*?

10,7 4,2,0,0 CM(—3)*2, CM(—20)*%, CM(—40)*?
14,1 3,0,1,0 CM(—4), CM(—8), CM(—56)*?

14,3 6,0,0,0 CM(—8)*2, CM(—56)**

14,5 4,0,2,0 CM(—4)*2, CM(—56)**

15,1 3,0,0,1 CM(-3), CM(—12), CM(—15), CM(—60)
15,2 6,0,0,0 CM(—12)*2, CM(—15)*2, CM(—60)*2
15,4 8,0,0,0 CM(—12)*2, CM(—15)*%, CM(—60)**
21,1 5,0,0,0 CM(—4), CM(=T7), CM(—28), CM(—84)*?
21,2 7,0,0,0 CM(—4), CM(=7)*%, CM(—28)*2, CM(—84)*2
26,1 5,0,0,0 CM(—8), CM(—52), CM(—104)*3

26,3 8,0,0,0 CM(—8)*2, CM(—104)*6

35,1 6,0,0,0 CM(—7), CM(—28), CM(—35), CM(—140)*3
35,2 10,0,0,0 CM(=7)*2, CM(—28)*2, CM(—140)*®
39,1 6,0,0,0 CM(—=52)*2, CM(—39)*%, CM(—156)*2
39,2 10,0,0,0  CM(=52)*%, CM(—39)*4, CM(—156)**

Table 1. All Shimura curves X 5’ (M)/ Wp of genus O for integers
D appearing in Lemma9.

of X(l)) (1)/ Wp, a Hauptmodul #y of X OD (N)/ Wp, and the relation between them.
Of course, there are infinitely many choices for #; and #y. For X (I)) (N)/Wp, we
will choose t such that the Atkin—Lehner involution wy acts by wy : ty — —ty.
This will make the determination of Schwarzian differential equation simpler.

Case D = 6. In the case D = 6, all the coverings Xg(N)/W6 — X8(1)/W6,
N =5,7, 13, are already given in [Elkies 1998]. Here we just modify the ¢y in

[Elkies 1998] such that the new #y satisfies wy : ty — —ty.

Lemma 10 [Elkies 1998]. (1) There is a Hauptmodul t| for Xg(l)/ W that takes
values 0, 1, and oo at the CM-points of discriminants —24, —4, and -3,

respectively.
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(2) There is a Hauptmodul t = ts for Xg(S) / We that takes values +i/8 and
++/—6/3 at the CM-points of discriminants —4 and —24, respectively. The
relation between t| and t is

_ Q43)G4- 11T +1824%)2 271 +64%)(3—T0)°
B 125(1 + 61)° N 125(1 + 61)°
The Atkin—Lehner involution ws acts by ws : t — —t.

(3) There is a Hauptmodul t = t7 for X8(7)/ We that takes values ++/—3/9 and
++/—6/8 at the CM-points of discriminants —3 and —24, respectively. The
relation between t| and t is

5]

(3 +3212)(78 — 3967 + 196312 — 1231213)?
4(1 +272)(3 4 101)6 ’

Hh =

The Atkin—Lehner involution w7 acts by wy : t — —t.

(4) There is a Hauptmodul t = t3 for X8(13)/W6 that takes values £4/—3/9
and £3i /4 at the CM-points of discriminants —3 and —4, respectively. The
relation between t| and t is

| 27(9 + 1612) (144 — 98¢ + 2461> — 16113)*

16(16 4+ 27t2)(30 + 3t + 55¢2)°6

The Atkin—Lehner involution w3 acts by w3 : t — —t.

=

Proof. Elkies [1998] showed that explicit coverings of Xg(N )/ We — Xg(l) / W,
N =5,7, 13, are given by

42 — 555
1 = 1+ 135s* + 324s° + 540s°, : —_
1 + s+ s~ + N ws s+—>55+300s
(452 4+ 4s +25)(2s% — 352 + 125 — 2)? 116 —9s
Hh=- , W7isk> ——,
108(7s2 — 85 + 37) 9+ 20s
and
o (s7 — 505° + 6355 — 5040s* + 78353 — 16842652 — 68315 — 1864404)2
1= 4(752 4 25 + 247)(s2 + 39)6
with
S5s+72
w13 . S = ,
2s —5

respectively. Choosing ¢ such that
7t -3 —29t 46 —8t+9

S =———, s = ) s = )
30t +5 107 +3 2t +1

respectively, we get the lemma. O
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Case D = 10. The covering X}°(3)/Wio — X}°(1)/ Wi has also been given in
[Elkies 1998]. Here we mainly work on the case N = 7.

Lemma 11. (1) There is a Hauptmodul t, for Xéo(l)/Wlo that takes values 0,
00, 2, and 27 at the CM-points of discriminants —3, —8, —20, and —40,
respectively.

(2) There is a Hauptmodul t = t5 for Xéo(3)/ Wio that takes values 0, £=1/4+/—2,
+1/4/—5 at the CM-points of discriminants —3, —8, and —20, respectively.
The relation between t| and t is
_ 1081207 2(1+5)(1-201)°
(14321 +T70)? (143221 +71)2
The Atkin—Lehner involution wj acts by w3 : t +— —t.
(3) There is a Hauptmodul t = t; for X(l)o(7) / Wio that takes values +1/3+/ -3,

+1/2/—-5, and £/ —10/16 at the CM-points of discriminants —3, —20, and
—40, respectively. The relation between t| and t is

51

801+ 2712)(2 — 3t + 44¢%)3
T 441 + 5512 4+ 10213 4+ 736142

The Atkin—Lehner involution wy acts by w7 : t — —t.

I

Proof. In [Elkies 1998], it is shown that an explicit covering X°(3)/ Wiy —
Xéo(l)/Wlo is given by

_ 216(s — 1)*
T s+ 12952 = 10s + 17)

n

with w3 : s > 10/9 —s. Let  be the Hauptmodul of X°(1)/ W with
2 5

s =—+4+—
9% 9
Then the relation of #; and ¢ and the action of w3 are given as in the lemma.
We next consider the case N = 7. According to Theorem 3.4 of [Gonzélez and

Rotger 2006], an equation for Xéo(7) is given by

(1) y? = —27x* — 40x3 + 6x% + 40x — 27.

The actions of the Atkin—Lehner involutions on this model of X (1)0(7) are given by

1
w70:(-x7y)l_)(x7_y)’ w53(x»)’)f_> <_;9__>9

and

w1o:(x,y)+—>( ,
y—
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Since CM(—20) are fixed points under the action of ws, their coordinates on (1)
are (i, £2+/5(1 +2i)) and (—i, 2+/5(1 —2i)). Likewise, we find that CM(—40)
have coordinates (2 + +/5, £8v/—10(2 ++/5)) and (2 — v/5, £8/—10(2 — V/5)).
Furthermore, from the method of [Gonzdlez and Rotger 2006], we know that the
two points at infinity are CM-points of discriminant —3. Thus, the coordinates of
CM(-3) are 00, (0, 3+/=3), (2, £15+/=3), and (—1/2, £15/=3/4).

From (1), we can obtain an equation w? 42722 +40z+20 =0 for Xéo N/ {wig),
where the covering X(])0(7) — X(])0(7) /{wip) is given by

y x2+1>

x—2 x=2

(x,y)l—>(w,Z)=(

In this equation for X (()10) (7)/{w10), the actions of the Atkin—Lehner involutions are
given by

wip=w7:(w,2)—> (—w,z), wry=ws:(w,z)H <ZZU—:-1’ 2Zi 1).
The coordinates of CM(—3) are the two points at co and (£3v-3 /2, —1/2). Also,
the coordinates of CM(—20) are (£2+/—5, 0), and the coordinates of CM(—40)
are (£8/—2(2 ++/5), 442+/5) and (£8v/—2(2 — v/5), 4 — 2/5).

Now set t = (z + 1)/w. We can check that ¢ is invariant under w; and that
(w,z) >t = (z+ 1)/w is 2-to-1. Thus, ¢ is a Hauptmodul of X}°(7)/ Wy. The
coordinates of the CM-points of discriminants —3, —20, and —40 are +1/ 34/-3,
+1/ 2./—5, and iJ—_M/ 16, respectively. It follows that the relation between #;
and ¢ is

A +27t5(A +ait + axt?)?
T (14 byt + bot? + b3t3 + bat*)?

51
with
AL +272) (A + art + art®)® = 2(1 4+ byt + bot? + bat> + bat*)?
= B(1 +2062) (1 4 11 + eat* + c31%)>,
A1+ 27t + ayt + axt®)® = 27(1 + byt + bat® + bst> + bat*)?
=C(1+'22) (1 +dit + dot* + dst°)?

for some constants A, B, C, aj, bj, ¢;, and d;. Comparing the coefficients, we get

81427172 — 3t +441%)°
©T(1 44t + 5512 + 1023 + 73614)2

n

(or the same expression with ¢ replaced by —¢). This proves the lemma. O
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Case D =14. The case D = 14 is also worked out in [Elkies 1998]. Here we only
need to make a change of variable so that wy acts by wy : ty — —tn.

Lemma 12 [Elkies 1998]. (1) There is a Hauptmodul t| for Xé4(l)/W14 that
takes values 00, 0, and (—13 £=7+/—7)/32 at CM-points of discriminants —4,
—8, and —56, respectively.

(2) There is a Hauptmodul t = t3 for X(1)4(3)/W14 that takes values £1//—2
and (£9v/ =7 £ 4/ —14)/49 at CM-points of discriminants —8 and —56,

respectively. The relation between t| and t is

414291 —51)?

t
: 9(1 +1)*

The Atkin—Lehner involution ws acts by w3 : t — —t.

(3) There is a Hauptmodul t = ts for Xé4(5)/W14 that takes values *i /4 and
(£5 =7+ 4/ —14) /7 at CM-points of discriminants —4 and —56, respec-
tively. The relation between t| and t is

5(1 —1+ 1762 — 1313)?2
(14 16¢2)(1 +31)*

Hh =

The Atkin—Lehner involution ws acts by ws : t +— —t.

Proof. In [Elkies 1998], it is shown that explicit coverings X*(N)/ W4 —
X*(1)/ W14 can be given by

5-2
tlz%(s4+2s3+9s2), w3 s 2+SS
and
(25657 + 2245% + 2325 +217)* 24 —1s
Hh=— , W5:StH> ———,
50000(s2 + 1) T+ 24s
respectively. Choosing ¢ with
1 -5t 3—16¢
s= , §S=—,
1+¢ 4+ 12¢
respectively, we get the lemma. U

Case D =15. An explicit covering X (1)5 2)/Wis— X (1)5(1) / Wis is given in [Elkies
1998]. Here we only need make a change of variable so wy acts by wy : ty — —ty.

Lemma 13. (1) There is a Hauptmodul for X(I)S(l)/ Wis that takes values oo, 0,
81, and 1 at CM-points of discriminants —3, —12, —15, and —60, respectively.
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(2) There is a Hauptmodul t, for X 65 (2)/ Wis that takes values 1, £/ —15/3,
and £1/5 at CM-points of discriminant —12, —15, and —60, respectively. The
relation between t| and t) is

271 —1)(1 —31)? 1 (1 =51)(5—171)? _s1 27(1 +56)(5+3t3)
T 2(1+n)3 20+16)3 2(1+1)3
The Atkin—Lehner involution wy acts by wy : t) — —t».

(3) There is a Hauptmodul t4 for X(1)5(4)/W15 that takes values +1/+/—3,
+4/—15/5, and (£1 £ /—15)/8 at CM-points of discriminants —12, —15,
and —60, respectively. The relation between t4 and t is

n

. 5[}4—2[44-1

="t
T 0+ 3

Proof. In [Elkies 1998], an explicit covering Xés 2)/Wis — Xés(l) / Wis is given

by
36
= %s(s —3)2, wy s> —.

s

Choosing a Hauptmodul ¢ for X(l)5 (2)/ Wis with
661
1+t

we establish the claim about X(l)5 (2)/ Wis.

For the covering map X(l)5 @/ Wis—X 65 (2)/ W5, it is clear that one of the CM-
points of discriminant —12 on XéS (2)/ W15 becomes two CM-points of discriminant
—12 on X°(4)/ Wis, and the other is ramified. To determine the ramification data
of this covering completely, we need to consider the optimal embeddings of the
quadratic orders of the field Q(+/—15) into the Eichler order of level 2 and the
Eichler order of level 4 in the quaternion algebra B over Q with discriminant 15 at
the finite place p = 2.

Let Ry =Z + Za, p;(x) = x> + x + 4 be the irreducible polynomial of o over
Q, and Ry, =Z +ZB, pa(x) = x* + 15 be the irreducible polynomial of 8 over Q.
Up to conjugation, we may assume that in the localization M (2, ;) of B at the
finite place 2, the Eichler orders 05, 04 of level 2 and 4 are

@zzzzz @zzzzz
2= \ez, 7,)° "t~ \4z, 7,)°

respectively. Then the inequivalent optimal embeddings of R, into O, can be given

by sending o to
0 —1 -1 —1
A_i51= <4 _1) and A_j5,= ( 4 O) ;

S

E}
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the inequivalent optimal embeddings of R, into 0, can be given by sending 8 to

1 -1 1 -8
A_60,1 = (16 _ ) and A_gp2 = <2 _1)-

The inequivalent optimal embeddings of R; and R; into O4 are given by

0 —1 —1 -1
B_i5,1 = <4 _1> and B_j5p= ( 4 0) )

1 -1 -1 -1
B_60,1 = <16 _1) and B_e02 = ( 6 1) :

1 —4 1 —4
B_60,3 = <4 1 ) and B_¢p4 = ( 4 1) ,

respectively. Furthermore, we can check the embeddings sending B to B_g 3,
B_g0,4 give optimal embeddings of R; into Oy, and the matrices B_g0,1, B_¢0,2,
and A_ep,1 are conjugate to each other in 0.

and

According this information, we can conclude that each CM-point of discriminant
—150on X (1)5 (2)/ W5 becomes one CM-point of discriminant —15 and one CM-point
of discriminant —60 on Xés (4)/ Wis. One of the CM-points of discriminant —60
on X(l)5 (2)/ W15 becomes two CM-points of discriminant —60 on X (1)5 (4)/W;s, and
the other CM-points of discriminant —60 on X (2)/ Wis is ramified.

We now suppose that the covering X(l)5 @/ Wis—> X 55 (2)/ Wis is given by

. _wttait+a3
2T 2 bitby

where ¢t = t4 is a Hauptmodul for X (1)5 (4)/ Wis. Since the Atkin—Lehner involution
wy switches the two CM-points of discriminant —12 on X(l)5 (2)/ W15, we may
assume that the CM-point of discriminant —12 having coordinate 1 is a ramified
point. According to the ramification data and the fields of definition of these CM-
points, without loss the generality, we may assume that ¢ has repeated roots 1 when
t, = 1, and assume that the CM-points of discriminant —12 of X}>(4)/ W5 that lie
above the unramified CM-point of discriminant —12 of X (1)5 (2)/ W5 are £1//=3.
Therefore, we have

o _Qa=3r+Ba—Dit+1-2
2 2+ (1—3a)+a

for some constant a. From the information of the CM-points of discriminant —60,

. =0+t + )

2 T 2+ =30t +a)?’
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and the roots of t2 + ¢t + ¢, are in the field Q(+/—3, \/3), we can deduce that

5242t +1
h=————.
72 —2t+3

We get the lemma. U

Case D =21. We will need an equation for some Atkin-Lehner quotient of X3'(2)
in order to determine the coordinates of elliptic points on X%l (2).

Lemma 14. An equation for X%l (2)/{woy) is y2 = (x+12)(x2—7x+28). Moreover,
the action of the Atkin—Lehner involution ws = w7 on this curve is given by the map
(x,y) — (x, —y). Also, the two rational points oo and (—12, 0) are the CM-points
of discriminant —28, and the other two 2-torsion points (143+/—7)/2, 0) are the
CM-points of discriminant —7.

Proof. We follow the methods of [Gonzédlez and Rotger 2006]. The Shimura curve
X31(2)/(wo1) has genus 1. By Lemma 5.10 of that paper, the two CM-points of dis-
criminant —28 are Q-rational points on this curve. Thus, Xgl (2)/{wo1) is an elliptic
curve over (0. Now in the space S,(I"g (42))211eV the unique Hecke eigenform with
+-eigenvalue for wy; is coming from the newform space of S>(I"¢(42)). Therefore,
the elliptic curve X, %1 (2)/{w21) has conductor 42. Using the Cherednik—Drinfeld
theory of p-adic uniformization of Shimura curves, we find that the types of singular
fibers at primes of bad reduction of X(Z)1 (2)/{wy1) agree with those of the elliptic
curve 42A1, in Cremona’s notation. The global minimal model of the elliptic curve
42A1is y> +xy +y = x> + x? — 4x + 5. With a simple change of variables, we
write it as y? = (x + 12)(x% — 7x + 28).

Now the covering X3!(2)/(w21) — X3'(2)/ W»y is ramified at the two CM-points
of discriminant —7 and the two CM-points of discriminant —28. If we let one of
the CM-points of discriminant —28 be the point at infinity, then an equation for
X31(2)/(w21) is of the form y2 = f(x) for some polynomial f(x) = X34 of
degree 3 in ([x] with the Atkin—Lehner involution w3 acting by (x, y) — (x, —y).
Up to a transformation of the form x +— ax + b, this polynomial f(x) must be the
polynomial (x +12) (x? —7x +28). This proves the lemma. [l

Remark 15. According to Cremona’s table of elliptic curves [1997], the elliptic
curve 42A1 has 8 rational points. Thus, X%1(2) /{w71) also has 8 Q-rational points.
Two of them are the CM-points of discriminant —28 mentioned above. The rest of
Q-rational points consist of two CM-points of discriminant —4 and four CM-points
of discriminant —16.

Lemma 16. There is a Hauptmodul t, for X(z)l(l)/ng that takes values 49, 0,
00, and (47 + 84/ —=3)/7 at CM-points of discriminants —4, —7, —28, and —84,
respectively.
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Also, there is a Hauptmodul t =1, for X(Z)1 (2)/ W that takes values 0, +=1/3+/—17,
+1, and +1/3+/—3 at CM-points of discriminants —4, —7, —28, and —84, respec-
tively. The relation between t| and t is

49(1 4+ 1)(1 4+ 6312) 15687 (1 — 3t)?
| = =49 )
(1=1)(1—15¢)2 (1—=1)(1—15¢)2

The Atkin—Lehner involution wy acts by wy : t — —t.

Proof. According to [Gonzdlez and Rotger 2006], an equation for X3'(1) is given
by y? = —7x* 4+ 94x? — 343 with the actions of the Atkin-Lehner involutions given
by

w3:(x,y) > (=x,—y), w7:(x,y)=>(=x,y), w:(x,y) > (x,—y).

The Atkin—Lehner involution wy fixes the two points at oo and (0, +7./=7). Since
the equation has a symmetry (x, y) — (7/x, 7y/x?%), we might as well assume that
the two points (0, =74/—7) are the CM-points of discriminant —7 and the two
points at infinity are the CM-points of discriminant —28. Moreover, the four points
with y = 0 correspond to the four CM-points of discriminant —84.

Since w3 acts by (x, y) — (—x, —y), an equation for X%l(l)/<U)3) is y? =
—7x3 + 94x2 — 343x, where the covering X(z)l(l) — Xgl(l)/(w3) is given by
(x,y) — (x%,xy). Then t; = x generates the function field of Xgl/Wzl. The
values of #; at the CM-points of discriminants —7, —28, and —84 are 0, oo, and
(47 £ 8+/—3)/7, respectively. The value of 7, at the CM-point of discriminant —4
will be determined later.

By Lemma 14, an equation X3'(2)/(wz1) is y? = (x + 12)(x? — 7x + 28) with
the Atkin—-Lehner involution w3 = w7 acting by (x, y) — (x, —y). Thus, s = x
generates the function field of X 51 (2)/ W31. According to the lemma, the values of
s at the CM-points of discriminant —7 are (7 & 3+/—7)/2 and those at CM-points
of discriminant —28 are —12 and co. The Atkin—Lehner involution w, switches
the two CM-points of discriminant —28. It also switches the two CM-points of
discriminant —7. (Note that in general, w;, can send a CM-point of discriminant —d
on Xé) (N)/G to a CM-point of discriminant —4d and vice versa. Here because
wy is defined over Q, it must send a Q-rational point to another Q-rational point.)
This information suffices to determine w, in terms of s. We find

—12s +112

wy s>
s+ 12

Choosing a new Hauptmodul
4—s5

t = :
28 +s
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we have w, : t — —t. The new coordinates of CM-points of discriminants —7 and
—28 are +1/34/—7 and £1, respectively. Also, since w- fixes the unique CM-point
of discriminant —4, we find that the CM-point of discriminant —4 has coordinate 0.
We now determine the relation between #; and ¢.

Replacing ¢ by —1 if necessary, we may assume that the CM-point of discriminant
—28 of X3!(2)/ Wa that lies above the CM-point of discriminant —7 of X3! (1)/ Wy,
is —1. Then

o A(141)(14631?)
TS0 —ar)?

for some constants A and a. Since X2'(2)/ Wa; — X3'(1)/ Wa; is also ramified at
the CM-points of discriminant —84, the discriminant of the polynomial

A1+ +63t>) — B(1 —1)(1 —ar)?

in ¢ must be divisible by the polynomial 7B% — 94B + 343. This gives us two
conditions on A and a. Solving them for A and a, we find that the only legiti-
mate values for A and a are A =49 and a = 15. Because ¢ has value 0 at the
CM-point of discriminant —4 on X (2)1 (2)/ W51, the CM-point of —4 on X, 31 1)/ Wy
has coordinate 49. This proves the lemma. ]

Case D = 26. We first recall a lemma of Gonzalez and Rotger.

Lemma 17 [Gonzalez and Rotger 2004, Proposition 2.1]. Let C be a hyperelliptic
curve of genus 2 defined over a field k of characteristic not equal to 2 or 3 and let w
be its hyperelliptic involution. Assume that the group of automorphisms of C over k
contains a subgroup (uy, u = uy - w) isomorphic to (Z/22)* and denote by C; the
elliptic quotient C [(u;). If the two elliptic curves

El:y2:x3+A1x+Bl, E2:y2:x3+A2x+Bz

are isomorphic to C| and C, over k, respectively, then C admits a hyperelliptic
equation of the form y* = ax® 4+ bx* 4+ cx? 4+ d, where a € k*, b € k are solutions of

27a*By =2A3 +27B} +9A,Bib+2A3b* — B,b°,
9a’Ay = —3A% +9B1b + A b,

c=0BA1+b%/Ba),d = (1B +9A,b+b>)/(27a?), and the involution u, on C
is given by (x, y) — (—x, y).
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Lemma 18. The Shimura curves X1 : X30(3)/(wa, w3), X2 : X38(3)/ (w2, wao),
and X3 : X%é (3)/{we, wi3) are elliptic curves over Q with defining equations

X1 :y?=x> —3403x — 83834,
X5 y? =x>—43x + 166,
X3 :y? = x> 4+621x 49774

Moreover, on the equation for X, the point at oo is the C M-point of discrim-
inant —312, and the involution (x,y) + (x, —y) is the Atkin—Lehner involu-
tion w3z = wye = w39 = wyg. On the equation for X, the point at oo is the
CM-point of discriminant —24 and the involution (x, y) +— (x, —y) is the Atkin—
Lehner involution ws = wg = w13 = wae. On the equation for X3, the point at
00 is the CM-point of discriminant —8 and the involution (x, y) — (x, —y) is the
Atkin—Lehner involution wy, = w3 = wy¢ = w39. In all three cases, the 2-torsion
points are the CM-points of discriminant —104 on their respective curves.

Proof. The fact that the three curves in the lemma have genus one can be verified
either by using the genus formula, together with Lemmas 6, 7, and 8, or by counting
the dimensions of subspaces of S,(I'g(78))?6"" with appropriate eigenvalues for
the Atkin—Lehner involutions. We omit the details.

On X, there is a unique CM-point of discriminant —312, which must be a
(D-rational point. Thus, X is an elliptic curve over (). Likewise, X, and X3 have
unique CM-points of discriminants —24 and —8, respectively. They are also elliptic
curves over Q.

Observe that all cusp forms in S, (I'g (78))26-new having —1 eigenvalue for w, are
from the cusp form of level 26 corresponding to the isogeny class 26B of elliptic
curves in Cremona’s notation. Thus, X; and X, are isomorphic to either 26B1 or
26B2. Similarly, we find that the one-dimensional subspace of S, (I'(78))26-"e¥
that has eigenvalue +1 for both wg and w3 comes from the cusp form associated
to 26A. Using the Cerednik—Drinfeld theory to compute the types of singular fibers
at primes 2 and 13, we see that X is isomorphic to the elliptic curve 26B2, X,
is isomorphic to 26B1, and X3 is isomorphic to 26A3. If we put the CM-point of
discriminant —312 on X, that of discriminant —24 on X», and that of discriminant
—8 on X3 at oo, respectively, and require that the Atkin—Lehner involutions w3,
w3, and wy act by (x, y) — (x, —y) on the three curves, respectively, we get the
equations for the three curves. U

Lemma 19. (1) An equation for the curve X86(3)/(w2) is

y? =50 —362x* — 55x* — §
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with the actions of the Atkin—Lehner involutions given by

w3:(x’y)|_>(_x7y)7 w13:(x’y)'_)(xv_y)'
On this model, the two CM-points of discriminant —312 are the two points at
infinity, and the two CM-points of discriminant —24 are (0, £2+/—6/3).
(2) An equation for the curve X(2)6(3) /{we) is

221976 699 4 225 2 8l
=7 X g X g X 8

with the actions of the Atkin—Lehner involutions given by
wzi(xa}’)'_)(—x»)’)» w26:(xsy)'_>(xs_y)‘
On this model, the two CM-points of discriminant —312 are the two points at
infinity, and the two CM-points of discriminant —8 are (0, £94/—2/4).
(3) An equation for X%é (3)/{w39) is

yr = §x6 +9x* — 18x% +81
with the actions of the Atkin—Lehner involutions given by

wZ:(-xvy)'_)(_xvy)’ w63(x,)’)'—>(x,_y)-

On this model, the two CM-points of discriminant —24 are the two points at
infinity, and the two CM-points of discriminant —8 are (0, £9).

Moreover, on each of these three curves, there are six CM-points of discriminant
—104. Their coordinates are («j,0), j =1, ..., 6, where o are the zeros of their
respective polynomials of degree 6.

Proof. We apply Proposition 2.1 of [Gonzédlez and Rotger 2004], cited as Lemma 17
above, with C = X3°(3)/(w2), w13, u1 = w3, ur = w3g, A = —3403, B; = —83834,
Ay = —43, and B, = 166. We find an equation for X(2)6(3)/(w2) 18

y? = —zgﬁxts —362x* — 55x% — %
with the Atkin—Lehner involutions given by

w3:(x,y) = (=x,y), wi:x,y) = (x,—y).

Since the CM-points of discriminant —24 are fixed by the involution wg = wjs :
(x,y) — (—x,y), we see that their coordinates are (0, :|:2\/—_6/3). Likewise,
the CM-points of discriminant —312 are the fixed points of w7g = w39 : (x, y) >
(—x, —Yy), so they are the two points at infinity. Also, the CM-points of discriminant
—104 are the fixed points of wys = w3 : (x, y) — (x, —y). Their coordinates are
(@j,0), j=1,...,6, where o; are the zeros of —2197x%/3 —362x* — 55x% — 8/3.

The equations of the other two curves are obtained in the same way. ]
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Lemma 20. Let y> = —2197x%/3 — 362x* — 55x2 — 8/3 be the equation for
Xg6(3) /{wn) given in the previous lemma. Then the coordinates of the four CM-
points of discriminant —8 are (£1/2+/—2, £3/16/—2).

Proof. By Lemma 19, an equation for X36(3)/(w2) is y2 = —2197x%/3 — 362x* —
55x2% — 8/3 with ws : (x,y) — (—x,y) and w3 : (x,y) — (x, —y). Thus, if
we let t; = x2, then 71 is a Hauptmodul for X86(3) / W 3. Likewise, if we let fp
be the function x? in the equation y? = 2197x%/72 — 699x*/8 — 225x2/8 — 81/8
for XS6(3) /{wg), then ¢, is also a Hauptmodul for X%6(3) / Wae 3. It follows that
t) = (atp +b)/(ct +d) for some a, b, ¢, d.

Now observe that the values of #; and #, at the CM-point of discriminant —312
are both co. Thus, #{ = at, + b for some a and b. The values of #; and t, at the CM-
points of discriminant — 104 are the zeros of f}(z) = —2197z3/3—362z>—55z—8/3
and f>(z) = 2197z3/72 — 6997%/8 — 2257/8 — 81/8, respectively. Therefore, the
constants a and b must satisfy f(az+b) = Af,(z) for some constant A. Comparing
the coefficients, we find A = 1/576, a = —1/24 and b = —1/8. Since the value
of #, at the CM-point of discriminant —8 is 0, the value of #; at the same point is
—1/8, which implies that the four CM-points of discriminant —8 on X36(3)/ (wy)
have coordinates (£1/(2+/—2), +3/(164/—2)) on the equation y?> = —2197x%/3 —
362x* — 55x% — 8/3 for X3°(3)/(w). O

Lemma 21. There is a Hauptmodul t, for X 56(1) / Wag that takes values oo, 0, and
the three zeros of —2x> + 19x? —24x — 169 at the CM-point of discriminant —8,
the CM-point of discriminant —52, and three CM-points of discriminant —104,
respectively. Also, there is a Hauptmodul t = t3 for X 36 (3)/ Wag that takes values
+1/(2+/=2) and the six zeros of —2197x%/3 —362x* — 55x2 — 8/3 at the two CM-
points of discriminant —8 and the six CM-points of discriminant —104, respectively.
Moreover, the relation between t| and t and the action of ws on t are given by

3(1+1 4+ 10¢%)?
(14821 -1’

nh= w3 :t— —ft.

Proof. According to Theorem 3.1 of [Gonzailez and Rotger 2004], an equation
for X2°(1) is y* = —2x% + 19x* — 24x2 — 169. In fact, the method used in that
paper to deduce this equation also shows that the Atkin—Lehner involutions act
by w3 : (x,y) = (—x,y) and wys : (x,y) — (x, —y). Then the two points
(0, =134/—1) are the CM-points of discriminant —52, the two points at infinity
are the fixed points of w; : (x,y) — (—x, —y), that is, the two CM-points of
discriminant —8, and the six points («,0), j =1, ..., 6, are the six CM-points
of discriminant —104, where «; are the zeros of —2x0 4+ 19x* — 24x% — 169.
Thus, t; = x2 is a Hauptmodul of X36(1) / Wae with values oo, 0, the zeros of
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—2x3 +19x% — 24x — 169 at the CM-point of discriminant —8, the CM-point of
discriminant —52, and the three CM-points of discriminant —104 on Xg6(l) / Was.

On the other hand, Lemmas 19 and 20 show that if we let ¢ be the x in the
equation y*> = —2197x%/3 — 362x* — 55x2 — 8/3 for X3°(3)/(w,), then t is a
Hauptmodul for X (2)6 (3)/ Wyg that takes values 1/ (2+/=2) at the two CM-points
of discriminant —8 and B;, j = 1,...,6, at the six CM-points of discriminant
—104, where B; are the six zeros of —2197x%/3 —362x* — 55x2 — 8/3. It is clear
that w3 acts on ¢t by w3 : t — —t.

The relation between #; and ¢ is simple to determine. From the table at the end
of Section 3, we know that the covering X86(3) / Wae — X86(1) / Wae is ramified
precisely at the CM-points of discriminants —8, —52, and —104 of Xgﬁ(l) / Wae
with ramification types given by

CM(-8) CM(—104)*3 CM(-52)

It follows that
Al +ait +ar’)’

T (14+82)(1 + br)?

for some constants A, a;, az, and b such that

n

23+ 19f2g —24fg* — 169g>
= B(—2197t%/3 — 362t* — 551> —8/3) (1 + c1t + 2t + ¢31°)?
for some constants B, ci, ¢, and ¢3, where f = A(1 + 8t2)(1 +at)? and g =
(1 + byt + byt*)?. Comparing the coefficients, we find
3(1 41+ 10%)2 - 3(1 —t 4+ 10¢%)?
(1+82)(1 —1)2 T A+ (1 + 02

Both are valid, since the action of w3 sends one to the other. This gives us the
lemma. ]

Hh =

Case D = 35.
Lemma 22. An equation for XSS(I)/(w5) is
y2 = —(x 4+ 12)(7x +4) (x> 4+ 4x? + 144x + 80)

with the action wy; = ws3s given by wy : (x, y) — (x, —y). The coordinates of the
CM-points of discriminants —7, —28, —35, and —140 are (—12, 0), (—4/7, 0), oo,
and (a;, 0), respectively, where a; are the three roots of x3 4+ 4x2% + 144x + 80.
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An equation for X(3)5 (2)/{w7) is
—2y? = (x3 4+ 3x2 + 11x +25) (x> — 3x% + 11x — 25)

with the actions of wy = w4 and ws = wss given by wy : (x, y) — (—x, —y) and
ws : (x,y) — (x, —y). The coordinates of the CM-points of discriminants —7,
—8, —140, and —280 are (£+/—7, £8), two points at oo, (B;,0), j =1,...,6,
and (0, £25/+/=2), respectively, where B ; are the six roots of the polynomial
(3 +3x2 + 11x +25)(x® — 3x% + 11x — 25).

Proof. In Section 10.4 of [2012], Molina showed that an equation for X85( 1)/{ws)
is

y2 = —x(9x +4)(4x 4+ 1)(172x> 4+ 176x> + 60x + 7),

where w7 : (x,y) — (x, —y) and the points (0, 0), (—4/9,0), (—1/4,0), and
(yj,0), j=1,...,3, are the CM-points of discriminant —7, —28, —35, and —140,
respectively. Here y; are the zeros of 172x3 +176x% 4 60x + 7. Setting

x'+12 5y
o N=\—77 ; =3 )
4x" +28 16(x"+7)

we get the equation in our lemma. The reason for this change of variable is the
Shimura curve X(3)5( 1)/(w7) has genus 1 and the unique CM-point of discriminant
—35 is a Q-rational point. Thus, it is an elliptic curve over Q). Computing the
singular fibers at primes of bad reduction, we find that it is isomorphic to the
elliptic curve 35A1, which, after a change of variables, has an equation y? =
x3 + 4x? + 144x + 80. If we choose a Weierstrass equation for X(3)5(1) /{w7) by
requiring that the CM-point of discriminant —35 is the point at infinity and that ws
acts by (x, y) — (x, —y), then up to a transformation of the form x — ax + b, this
Weierstrass equation must be y? = x> 4+ 4x2 + 144x + 80 and the three 2-torsion
points (&, 0) must be the three CM-points of discriminant —140. In view of this
equation for X85 (1)/{w7), we make the above change of variables for XSS (1) /{ws).

We now consider the Shimura curve X7°(2)/(w7). It is bielliptic with elliptic
quotients C : X(3)5 (2)/{w7, wyp) and Cy : X85(2)/(w2, w7). Here C; is an elliptic
curve over (D because it has a unique CM-point of discriminant —8 and another
two Q-rational point coming from CM(—7). Likewise, C; is an elliptic curve
over () because C; has a unique CM-point of discriminant —280. By considering
the eigenvalues of the Atkin—Lehner involutions associated to the eigenforms in
S>(To(70))*¥, we find that both C; and C, fall in the isogeny class 35A, in
Cremona’s notation. Furthermore, by considering its singular fibers at primes of bad
reduction using the Cerednik—Drinfeld theory, we find that C; is isomorphic to the
elliptic curve 35A3 and C, is isomorphic to 35A2. We take y2 =x3—1728x+30672
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and y* = x> — 170208x — 28273968 to be (nonminimal) equations for 35A3 and
35A2, respectively.

Now if we choose a Weierstrass equation for C; by requiring that the CM-point
of discriminant —8 is the infinity point and that the Atkin—Lehner involution w; acts
by (x, y) — (x, —y), then by a suitable transformation x — ax + b, the equation
must be y? = x> —1728x +30672. Similarly, if we put the CM-point of discriminant
—280 at infinity and require that ws acts by (x, y) — (x, —y), then an equation for
C, is y? = x3 — 170208x — 28273968. Applying Lemma 17, we find an equation
for X3°(2)/(w7) is

y?=—3(x+13x*—29x>—625) = — 5 (x” +3x7 + 1 1x +25)(x* = 3x* + 1 1x —25).
Replacing y by 3y, we get the equation
) —2y? = (x} 4+ 3x2 + 11x +25) (x> = 3x% + 11x — 25)

as claimed in the lemma. According to Lemma 17, the Atkin—Lehner involutions
act by

wio: (x,y) = (=x,y), ws:(x,y)—=>(x,—y), wy:(x,y)> (=x,—y).

Since the CM-points of discriminant —8, —140, and —280 on XSS (2)/{w7) are
fixed points of w;, ws, and wg, respectively, we find that their coordinates are
the two points at infinity, (8;,0), j =1, ..., 6, and (0, £25/ \/—_2), respectively,
where B; are the zeros of the polynomial on the right-hand side of (2).

To determine the coordinates of the four CM-points of discriminant —7, we
observe that the curve Cy : X (3)5 (2)/{w7, wyo) has exactly three Q-rational points
since it is isomorphic to the elliptic curve 35A3, which has precisely three (-rational
points. Since we already know that C; has three (D-rational points consisting
of CM(—8) and CM(—7), any Q-rational point of C; that is the CM-point of
discriminant —8 will be a CM-point of discriminant —7. From the model —2y? =
x84+ 13x%—29x2 — 625 for X37(2)/(w7), we see that —2y? = x3+13x%2 —29x — 625
is also an equation for XSS /{w7, wig). On this model, the point at infinity is the
CM-point of discriminant —8. Thus, the 3-torsion points (—7, 8) are the CM-
points of discriminant —7 on X (3)5 (2)/{w7, wyp). This in turn implies that the four
CM-points of discriminant —7 on XSS (2)/(w7) have coordinates (£+/—7, £8).
This completes the proof of the lemma. U

Lemma 23. There is a Hauptmodul t| for ng(l)/ Was that takes values —12, —4/17,
00, and the three zeros of x> + 4x? + 144x + 80 at the CM-points of discriminants

=7, =28, —35, and —140, respectively. Also, there is also a Hauptmodul t for
X85 (2)/ W3s that takes values =/ —71, £5, the six zeros of

(3 43x2+11x +25) (x> —3x2 + 11x — 25),
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and 0 at the CM-points of discriminants —7, —8, —140, and —280, respectively.
Moreover, the relation between t| and t is
2(t — 1)(1% — 61 +25)

3+3t24+ 11t +25

and the Atkin—Lehner involution wy on t is given by wy : t > —ft.

H=-—

Proof. The existence of Hauptmoduln with the described values at CM-points
follows immediately from Lemma 22. The fact that w; acts on ¢ by wy : ¢ >
—t also follows from the same lemma. We now determine the relation between
Hauptmoduln.

The CM-point of discriminant —35 on X85(1) / W35 splits completely in the
covering X;°(2)/ Wss — X;°(1)/Wss and the three points lying above it are
CM-points of discriminant —140 on X 85 (2)/ Wss. Replacing t by —t if necessary,
we may assume that the coordinates of these three points are the three zeros of
x3 +3x2 4+ 11x + 25. Considering CM-points of discriminant —7, we have

A2+t —a)
B34+3t2 411t +25

for some constants A and a. The point t = a is a CM-point of discriminant —28.
Thus, the point ¢t = —a is the other CM-point of discriminant —28 and this point
lies above the CM-point of discriminant —28 on XSS (1)/ W3s. Therefore, we have

3) H+12=

B(t +a)(t — b)?
343124+ 11t +25
for some constants B and b. Comparing (3) and (4), we find A =10, B = —10/7,
a = —5, and b = 3. It follows that
2(t — 1) (> — 6t +25)
B3 +3t2 4+ 11t +25

4) h+35=

H=—

To check the correctness, we observe that the point ¢ with 3 — 3¢2 4+ 117 — 25
lies above CM-points of discriminant —140 on XSS(I) / Ws3s. Thus, if we write
t13 + 4t12 + 144¢, + 80 as a rational function of ¢, then > — 3t2 + 11¢ — 25 should
divide its numerator. Indeed, we find
200(¢3 — 12+ 11t —25)(t3 — 1> — 5t — 35)2

(3 +3t2 4+ 111 +25)3

as expected. This proves the lemma. U

1+ 411 + 1441, + 80 = —

Case D = 39.
Lemma 24. An equation for X89(1)/(w13) is

v =—(Ix*>+23x +19) (x> +x+ 1)
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with w3 = w39 : (x, y) — (x, —y). Moreover, the coordinates of the CM-points of
discriminants —52, —39, and —156 are (£2i, £+/13(342i)), (—1£+/—3)/2,0),
and ((—23 £+/—3)/14, 0), respectively.

Proof. By [Molina 2012], an equation for X (3)9(1) is
2 _ 4 3 2 4 3 2
vy =—=Tx"+79%° +311x"4+497x +277)(x" +9x” +29x“ +39x + 19)

with w39 : (x,y) — (x, —y). Moreover, the coordinates of the CM-points of
discriminants —39 and —156 are («;, 0) and (B8;,0), j =1, ..., 4, respectively,
where o are the zeros of x* + 9x3 +29x% + 39x + 19 and B; are the zeros of
7x* +79x3 4 311x2 4+ 497x +277. Substituting x by x — 2, we obtain an equation

(5) Y= (It 4233 4502 = x + D 3 —xP—x 4 1)

with smaller coefficients. This hyperelliptic curve has an obvious automorphism
x, )~ (—1/x,y /x4). We will show that this is the Atkin—Lehner involution wq3.

The Atkin-Lehner wis permutes the CM-points of discriminant —39. It also
permutes the CM-points of discriminant —156. Therefore, if w3 maps (x, y) to
((ax +b)/(cx +d), Cy/(cx +d)*), then the constants a, b, ¢, and d must satisfy

ax+b
cx+d

(cx + d)4fj( ) =C;fi)
for fi(x) =Tx*+23x3 +5x2—23x+7 and fo(x) =x*+x3 —x>2—x—1. We
find w3 maps (x, y) to either (—1/x, y/x*) or (—1/x, —y/x*). The latter has no
fixed points, so we conclude that w3 maps (x, y) to (—1/x, y/x*).

Now it is easy to show that ¥ = y/x% and X = x — 1/x generate the function
field of X89(1) /{w13). The relation between X and Y is also easy to find. It is

(6) Y2=—(IX*+23X +19)(X*>+ X + 1),

which gives us an equation for X (3)9(1) /{w13). The coordinates of the CM-points
of discriminants —39 and —156 on X89(1)/(w13) are ((—1 =+ \/—_3)/2, 0) and
(=23 £ 4/=3)/14, 0), respectively.

To find the coordinates of the CM-points of discriminant —52 on ng(l) /{wr3),
we first consider the CM-points of the same discriminant on X (3)9(1). Since these
points on X 89(1) are the fixed points of w3 and on (5), the Atkin—Lehner involution
w3 acts by (x, y) = (—1/x, y/x*), we find that the coordinates of the CM-points
of discriminant —52 on (5) are (i, ++/13(342i)). This implies that the CM-points
of discriminant —52 on X3°(1)/(13) are (£2i, £+/13(3 +2i)). The proof of the
lemma is complete. O
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Lemma 25. There is a Hauptmodul t| on ng(l) / Wag that takes values
—1+4/-3 —23+4/-3
2 ’ 14

at the CM-points of discriminants —52, —39, and —156, respectively. Also, there is
a Hauptmodul t on X (3)9 (2)/ Wag that takes values

+2/-3++/-39
+3i, 3 , E1x£24/-3

at the CM-points of discriminants —52, —39, and —156, respectively. Moreover,

+2i,

the relation between t; and t is

23+ 12+ 111 +3)
(2 +7)(r+3)

and the Atkin—Lehner involution w, on t is wy : t — —t.

=

Proof. The existence of #; with the described properties follows from the previous
lemma. Now let s; = (¢#; — 2i)/(¢; 4+ 2i) so that s; takes values 0 and oo at the two
CM-points of discriminant —52. Then the values of s; at the two CM-points of
discriminant —156 are the zeros of

(7) (9 + 46i) x> + 94x + (9 — 46i).

The covering X3°(2)/ Wag — X’ (1)/ W3g is ramified at CM(—52) UCM(—156)
of X 89(1) / W3g. There is a Hauptmodul s of X 89 (2)/ W39 such that

_ As(1—s)?

= (1 —as)?

for some complex numbers A and a. That is, s is determined by the property that it
takes values 0 and 1 at the two points lying above the point s; = 0 with the point
s = 1 having a ramification index 2 and value oo at the point lying above s; = oo
with ramification index 1.

Now the condition that the CM-points of discriminant —156 are ramified implies
that the discriminant of

As(1 —5)? = x(1 —as)?

as a polynomial in s must be divisible by the polynomial in (7). This gives two
relations between A and a. Solving them for A and a, we find that the only
legitimate choice is A =9 — 46i and a = 13. Then we have

_ 2i(si41)  4394is3 + (—15548 — 57460 )s% 4 (2392 + 3926i)s — 92+ 18i
I (135 — 34 2i)(—169s2 4 (416 + 624i)s + 5 — 12i) ‘

51
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Let ¢ be the Hauptmodul of X 89 (2)/ W39 with

3420 (54t 4+3—15i
o 13 5—it+3+15i°

Then we have
23 + 12+ 111 43)

Hh =

t+3)@2+7)
The values of ¢ at CM(—52), CM(—39), and CM(—156) can be read off from
8(12 +9) (12 + 2t +5)?
g SCENC 425
(t+3)2(t2+7)2
12 42t +13)(3t* 43412 +27
t12+t1+1=( )(2 R !
(t+3)>@~+7)

and
(t* =2t +13) (12 — 61 +21)?

(t+3)2(12+7)%

respectively. To determine the action of w; on ¢, we recall that w, switches the two
points in CM(—52). It also exchanges the two zeros of x2 +2x + 13, corresponding
to the two points in CM(—156) that lie above the CM-points of discriminant —39
on ng(l) / W39, with the two zeros of x% —2x + 13, corresponding to the other
two points in CM(—156) that lie above the CM-points of discriminant —156 on
X89(1) / W3g. From this information, we can deduce that w, : t —> —t. [l

77423t +19 =

El

5. Main results

5.1. Schwarzian differential equations.

Theorem. Let Hauptmoduln for X OD (N)/Wp be as in the lemmas. Then the auto-
morphic derivatives associated to them are as follows. For (D, N) = (6, 1),

108 — 1137 + 14072
o) = 5 5
57612(1 —1t)

For (D, N) = (6,5),

15(23 — 45612 + 1608t*)
22+ 3:2)2(1 + 64¢2)2

@) =

For (D, N)=(6,7),

3(267 + 64801% + 643521%)

Q) == 1527223 1 32122

For (D, N) = (6, 13),
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3(12492 + 4327212 + 3754114

Q) = =5 16m2(16 + 2712)°

For (D, N) = (10, 1),

3 — 11913 + 315712 — 72967 + 10368

oW = 16121 — 2)2(t — 27)2

For (D, N) = (10, 3),

o == 3037% — 12001* — 958401°
T 3662(1 + 3212)2(1 4 5¢2)2

For (D, N) = (10, 7),

655 + 6241012 4+ 22372311* + 35817920¢° + 216522240¢8
(1 427t2)2(1 +2012)2(5 + 12812)2 ’

o) =—

For (D, N) = (14, 1),

() = 192440+ 431% 4 10361° + 960
B 1612(8 + 131 4 162)?

For (D, N) = (14, 3),

3(497 — 198812 + 314941* 4+ 141436¢° + 139601¢3)

1) =—
o) 2(1 + 212)2(7 + 22612 + 34314)2

For (D, N) = (14,5),

623 + 1677212 + 55178t* — 8534681° + 975038

oW =- (1+ 16227 + 11412 + 7142

For (D, N) =(15,1),

177147 — 244944t + 244242¢% — 3680¢> + 35¢*

Q1) = 14412(1 —1)2(81 — 1)?

For (D, N) = (15,2),

3(385 + 5500¢% — 20421* 4+ 35196¢° — 2175¢3)

OO = A=+ 021 = 5021+ 502G+ 307

For (D, N) = (15,4),

9(14 + 27112 +20241* + 77461° + 19895¢ 10 + 1667418 + 10720¢12)

e = 4412 =t + 1212+t + D232 + 1)2(5¢2 + 3)?
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For (D, N) = (21, 1),

21(40353607 — 176473501 + 356136972 — 47765213 + 3183314 — 63015 + 7¢°)

e = 1612(49 — 1)2(343 — 947 1+ 712)?

For (D, N) = (21,2),

3(1 — 691> — 40861* + 23670¢° + 604365318 4 6781887¢1)
1622(1 —)2(1 4+ 1)2(1 +27¢2)2(1 + 6312)2

Q) =

For (D, N) = (26, 1),

85683 + 15210¢ + 1669412 — 948013 + 136314 — 17017 + 1245

1) =
e 16:2(169 + 241 — 1912 + 213)2

For (D, N) = (26, 3),

6(85+352812+605431*+552448°+2850579184+7990200¢ 1°+9677785¢ %)
(14-8¢2)2(8-+165:2+108614+21971)2 ’

o) =-
For (D, N) = (35, 1),
O@t) = Q1(t)/16(t + 12)*(Tt + 4)* (1> + 4% + 1441 + 80)°,
where

01 (1) = 6664273921 + 11328007* 4 181420032 — 7539841° + 245761° + 14718
+ 65909657612 + 855408641> + 38081 .

For (D, N) = (35, 2),
Q(t) = Q1(1)/4(t* + 1)* (1> — 25)* (1% 4+ 13¢* — 291> — 625)?,
where

01 (1) = 284280500072 + 91524600¢° — 208228618 — 217416¢'°
+ 5464412 + 37841 + 1971 — 992578125 + 1017474100¢*.

For (D, N)=(39,1),

=301(1)

Q) = 44+ 121 +1 + 15219+ 231 + 7122

where
01 (1) = 2596 + 71041 + 9692¢% + 1234813 + 13149+* + 952277

+4367t° +1086¢7 +97¢8.
For (D, N) = (39, 2),

o) = —90:(1)

409 +12)2(13 42t +12)2(13 — 2t +12)2(27 + 3412 + 342’
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where

01 (1) = 419253003 + 119984328¢% + 89200020¢* + 43676088:° + 1019478613
+1272824+10 + 87380112 + 3080¢ 4 + 43116,

For these results, we take the Schwarzian differential equations on X 64(1) / Wia,
Xé4(3)/ Wia4, and Xé4(5)/ W14 as examples for the proofs.

Proof. In Lemma 12, we see that there is a Hauptmodul #; on X(1)4(1) / W4 with
value oo at the elliptic point of order 4 and values 0 and (—13 +7/—7)/32 at the
elliptic points of order 2. According to Proposition 3, the automorphic derivative
Q(t) associate to ?; is

21 +16B n 3(512t% + 416t — 87) 4 421t + B(16t +13))
52t (1612 4131 + 8)? 13(1612 413t +8) °

; _3
Q(l)—E—

for some constant B. We now use the covering X(1)4(3)/W14 — X(1)4(1)/W14 to
determine the constant B. More precisely, according to Proposition 4, we have
the relation between Q(#;) and the automorphic derivative Q(¢) associative to a
Hauptmodul ¢ of X}*(3)/ Wia,

O(t) = D(t1, 1) + Q(t1)/(dt /d1)*.

Note that there is a Hauptmodul ¢ for X(1)4(3) / Wia that takes values +1/4/—2,
(£9+/—7 £ 44/ —14) /49 at the 6 elliptic points of order 6. Thus, the automorphic
derivative Q(¢) is

322 —1) | 3(18335:2 + 38759 + 117649:° —791)

) =
e 4212+ 1)2 4(7 + 22612 + 34314)2
343(686C,t3 + 109C3t% +109C4t 4+ 109Cs)  1372C4t + 981 +218C3
436(7 + 22612 + 3431t4) 436212+ 1)

for some constants C3, Cy4, and Cs. Also, the action of the Atkin—Lehner involution
ws is w3 : t — —t. Thus, by Proposition 5, we can get the value C4 = 0.
From the relations

4(1+21%)(1 — 51)? Q(n)
= d =D, 1)+ ——
! 91+ 1) and Q@) =Dt O+
we find that
373 91 1301
B:_SI_Z’ C3:—3, and CS:_W

For the case of X (1)4 (5)/ X 14, the chosen Hauptmodul ¢ takes values +i /4 at the
elliptic points of order 4, (£5+/—744+/—14)/7 at the elliptic points of order 2, and
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the action of Atkin—Lehner involution ws is t +— —t. Therefore, the automorphic
derivative associative to ¢ is

15(16¢% — 1)  3(49154-399t*4-63511> —399)  39+8B,; 7(Bit>+By)

t) = - ’
e 2(16£241)2 + 4(7t44+-11412+7)2 2(16t2+1)+4(7t4+114t2+7)

for some constants By and B,. From the relation

51—+ 17¢2 — 1313)?
(14+1622)(1+31)*

H=—

and Proposition 4, we can conclude that

9750318 — 8534681 4+ 55178+* + 16772t + 623

) =— . O
e (1612 + 1)2(7t* + 11412 +7)2

5.2. Ramanujan-type formulae. Recall that if E is an elliptic curve defined over
Q, which has CM by an imaginary quadratic field K of discriminant d, then up to
an algebraic factor, the period of E can be expressed by

e 1L o(5

O<a<|d|

’

)wd)(d(a)/4hd

where wy is the number of roots of unity in K, y, is the Kronecker character (4)
associated to K, and A is the class number of K. Yang [2013a] contributes many
Ramanujan-type series. For example,

— _74
3 (74480n + S0) (1/12)n(1/4),,(5/12),,( 7 ) R
n=0

(1/2),(3/4),n! 3375 f 2, ’

which is related to the period of an elliptic curve with CM by Q(+/—1). The power
series

i (/122 (1/4)0(5/12)n

mentioned above is the hypergeometric function

3P (4501 13 30 10 1) = 2F1 (55 2% i’t)z'

1
Note that the function ; F (2 1 254 i, t) is related to the Schwarzian differential
equation associated to the Hauptmodul ¢ of Xg(l) / Ws that takes values 0, 1, and
oo at the CM-points of discriminants —4, —24, and —3, respectively. Yang also
gave other similar identities related to €2_4, and also the Ramanujan-type series
related to Q2_3 for the curve X 8(1) / We.
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Yang [2013a] guesses that, in general, we can use the ¢-series expansion of a
meromorphic form to obtain Ramanujan-type identities, which are related to certain
periods of elliptic curves with CM. That is, we may have

SR+ R A — Ry
Z( 1n+ Ry)Auty = S
n=0 d

where Ry, Ry, R3 € Q, 280 A,t" is the expansion of a meromorphic automorphic
form of weight 2 with respect to a Hauptmodul ¢ of a Shimura curve of genus
zero such that ¢ takes value 0 at a CM-point of discriminant d, and #g is the value
of ¢ at some CM-point of discriminant d’ # d. To be more precise, let g; and g»
be two linearly independent solutions of a given Schwarzian differential equation
associated to a Shimura curve of genus 0. Write 812 =Y Aut" and g% =0 But";
then we expect that

> T

Z (Rin+ Ry) Auty = R3§,

n=0 d

oo QZ

> (Rin+ Ry+ R /a) Byty = R3?d,

n=0
for certain positive integer a. We remark that the series also converges p-adically
for primes p|M while to = M /N. The p-adic numbers to which they converge
should be related to the p-adic periods of certain elliptic curves with CM. Yang also
gave some numerical examples of the p-adic analogues for the Ramanujan-type
series obtained from Xg(l) / We. Here, let us see some numerical examples coming
from X} *(1)/ Wia.

From the Lemma 12, we know that there is a Hauptmodul ¢ for X 64(1) /Wiy
that takes values 0o, 0, and (—13 £ 74/—7)/32 at CM-points of discriminants —4,
—8, and —56, respectively. The ¢-series expansions of two linearly independent
solutions of the Schwarzian differential equation associated to ¢ (see Theorem),

192 + 4407 + 4312 + 103613 + 9607*
1612(8 + 13t + 16¢2)2

’

d2
ﬁf—i‘Q(l)f:O, o) =
are

14 23, , 1867,2 _ 955937 .3 , 157030847 ,4 , 3694251053 .5

gi=t""(1+ g1+ §1537" — 2eo1ai0" + s71088ed0! + 30306700607 T - --) and
_ 34 23, 3149 .2 434593 .3 , 264972083 .4 , 39014127761 .5

g2 =1 (14 155t + 545761 — 155564t + 12079905537 T 8504055246087 T+ -

The Hauptmodul ¢ takes value fo = —13/81 at the CM-points of discriminants —91
(this is given in [Elkies 1998]). We now let

o0
ZAn =1 12g2, Z B, =1"?g3,
n=0
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and
81 I'(5/8)r'(7/8) 81 _,
2548 T(1/8)['(3/8) ~ 2548
Then
(8) (Z Rin+ Rz)A 1y = 3713/3C,
n=0
9) (Z coRin + Ry +R2>B 1 = 7131427071,

n=0

If we choose a Hauptmodul ¢ that takes values 0, co, and (—39 +214/—7)/16
at CM-points of discriminant —4, —8, and —56, respectively, the Schwarzian
differential equation associated to ¢ is given by

d> 3(64t* 4 44013 4 12912 4 93241 + 25920)
— t =0, t) = ’
dt2fjL e e 16¢2(8t2 4 39t + 144)2

and its two linearly independent solutions are

.38 131 21631 ,2 49745249 16603576771

g1 =% (1 + g5t + 33300131 — osoeoowora’” + oTsisseoesroes! T o)
/578 131 8923 .2 257758957 646181570409 4

82 (1+ 35507 + Tose080! — 176664084480t + e0sirssssst teee) -

The Hauptmodul ¢ takes value #9 = 27/200 at the CM-points of discriminants —168.
Let

[e.¢] o0
N
n=0 n=0
We have
o0
81 0000
> (Rin+ Ry) Catf = 273/4200"4C,
n=0
i 810000
Z‘ (Rin+ Ry+ Ry /2) Dt} = 27142003/4C !
n=0

with Ry =2904, R, = 12, where

T (3/4)? (196)1/4 (196)1/4 Q2 /.

T I(1/4)2 3

Let I', (- ) stand for the p-adic Gamma function. The numerical results checked
for 70 p-adic digits yield that
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o0
24.118 9815 (1/4)\'/*
Z (Rin+ Ry) Cptf = — (273200&) ,

— 27T5(3/4)
i(R + Ry + Ry /2) Dt} 2t 27.2003 2136/ .

n n e — . -~ 7 ,
= 1 2 0 9 98T'5(1/4)

hold 3-adically with R; = 29040 and R, = 120.
For the numbers ) nA,t, > Ant}, > nB,t;, and ) B,t;, after numerical
computation, we find that the equalities

[13(5/8)T"13(7/8)
2T13(1/8)T13(3/8)

o0 2
(Z(llOlln +7290)A,,t6’> =33.7.137- 1571
n=0

)2 32,7114 T3(1/8)T13(3/8)

o0
(11011n +75897) Bt ,
(Z 0 8T13(5/8)T'13(7/8)

n=0
hold 13-adically.
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POLYNOMIAL INVARIANTS OF WEYL GROUPS
FOR KAC-MOODY GROUPS

ZHAO XU-AN AND JIN CHUNHUA

We prove that the ring of polynomial invariants of Weyl group for an in-
decomposable and indefinite Kac-Moody Lie algebra is generated by the
invariant symmetric bilinear form or is trivial depending on whether A is
symmetrizable or not. The result was conjectured by Moody and assumed
by Kac. As an application, we discuss the rational homotopy types of Kac—
Moody groups and their flag manifolds.

1. Introduction

Let A = (a;;) be an n X n integer matrix satisfying:
(1) For each i, a;; = 2.
(2) Fori # j,a;; <0.
(3) Ifa;j; =0, thena;; =0.

Then A is called a Cartan matrix.

Let & be the real vector space with basis ITV = {a, )/, ..., &}, and denote
the dual basis of IT" in the dual space h* by {w, wa, ..., w,}; that is, w; (o:jy) =J;j
for 1 <i,j <n. Let Il = {ay,...,a,} C h* be given by (", oj) = a;; for

all i, j; then o; = Z?Zl ajjwj. Note that if the Cartan matrix A is singular, then
{a; | 1 <i <n}isnota basis of h*. IT and IT" are called the simple root system and
simple coroot system associated to the Cartan matrix A, and «;, oel.v ,wi, 1 <i<n
are the simple roots, simple coroots and fundamental dominant weights respectively.

By [Kac 1968] and [Moody 1968], for each Cartan matrix A, there is a Lie
algebra g(A) associated to A, which is called the Kac—-Moody Lie algebra.

The Kac—Moody Lie algebra g(A) is generated by ozl.v ,ei, fi, 1 <i <noverC,
with the defining relations

(1) ley.a}1=0,
The authors are supported by National Science Foundation of China, 11171025.
MSC2010: primary 17C99; secondary 55N45.

Keywords: Cartan matrix, Weyl group, polynomial invariants of Weyl group, Kac—-Moody Group,
flag manifold, cohomology of Kac—Moody groups.

491


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.269-2
http://dx.doi.org/10.2140/pjm.2014.269.491

492 ZHAO XU-AN AND JIN CHUNHUA

() [ei, fi1=dijo),

3) ), ejl=aije;, o), fil=—aijfj,
(4) ad(e;)) “(e)) =0, 1<i#j<n,
(5) ad(f)~ ™t (f)) =0, 1 <i#j<n.

Kac and Peterson [1983; 1985] (see also [Kac 1985a]) constructed the Kac—
Moody group G(A) with Lie algebra g(A). In this paper, for convenience we
consider the quotient Lie algebra of g(A) modulo its center ¢(g(A)) and the associ-
ated simply connected group G (A) modulo C(G(A)). We still use the same symbols
g(A) and G(A) and call them the Kac—Moody Lie algebra and the Kac—-Moody
group.

Cartan matrices and their associated Kac—Moody Lie algebras and Kac—-Moody
groups are divided into three types:

(1) Finite type, if A is positive definite. In this case, G(A) is just the simply
connected complex semisimple Lie group with Cartan matrix A.

(2) Affine type, if A is positive semidefinite and has rank n — 1.
(3) Indefinite type otherwise.

A Cartan matrix A is called hyperbolic if all the proper principal submatrices
of A are of finite or affine type. A Cartan matrix A is called symmetrizable if
there exist an invertible diagonal matrix D and a symmetric matrix B such that
A = DB. Also, g(A) is called a symmetrizable Kac-Moody Lie algebra if A is
symmetrizable.

The Weyl group W (A) associated to a Cartan matrix A is the group generated
by the Weyl reflections o; : h* — h™ with respect to ozl.v , for 1 <i <n, where
oi(@) =a— a(ozl.v)al-. W (A) has a Coxeter presentation

W(A) =(o1,....0n|07 =e,1 <i <n; (010))" =e,1 <i < j<n),

where m;; =2,3,4,6 or 0o as a;ja;; =0, 1, 2, 3 or > 4, respectively. The action
of o; on fundamental dominant weights is given by 0;(0;) = w; — (e, ); =
wj — §j;a;. For details see [Kac 1983; Humphreys 1990].

The action of the Weyl group W(A) on i&* induces an action of W(A) on the
polynomial ring Q[4*] = Qlw;, ..., w,]. If foreach 0 € W(A), o (f) = f, then
f € Q[h*] is called a W (A)-invariant polynomial. Since W (A) is generated by o;,
1 <i<n, fisa W(A)-invariant polynomial if and only if o;(f) = f for 1 <i <n.
The W (A)-invariant polynomials form a ring, called the ring of W(A) polynomial
invariants, denoted by 7 (A).

The invariant theory of Weyl groups has been a significant topic since the 1950s.
It has important applications in the homology of Lie groups and their classifying
spaces. Motivated by that study, Chevalley showed that the ring of invariants of a
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finite Weyl group is a polynomial algebra. A comprehensive study of the polynomial
invariants was undertaken by Bourbaki, Solomon, Springer and Steinberg, etc.
Moody [1978] proved the following:

Theorem. Let A be an indecomposable and symmetrizable n x n Cartan matrix
whose associated invariant bilinear form r is nondegenerate and of signature
(n — 1, 1). Then the ring of W (A) polynomial invariants is Q[].

In the same paper, Moody further said: “We conjecture that it is in fact true for
all Weyl groups arising from nonsingular Cartan matrices of nonfinite type.”

Kac [1985b] also assumed that for an indecomposable and indefinite Cartan
matrix, the ring of W(A) polynomial invariants is @Q[v] or trivial depending on
whether A is symmetrizable or not.

In this paper, we prove the following:

Theorem. Let A be an indecomposable and indefinite Cartan matrix A. If A is
symmetrizable, then 1(A) = Q[y]; if A is nonsymmetrizable, then 1 (A) = Q.

The content of this paper is as follows. In Section 2, we discuss the general
results about the polynomial invariants of Weyl group W (A). In Sections 3 and 4,
we consider the rank 2 and hyperbolic cases, respectively. The main theorem is
proved in Section 5. In Section 6, we consider the applications of the theorem
in determining the rational homotopy type of Kac—-Moody groups and their flag
manifolds.

2. Rings of polynomial invariants of Weyl groups: general case

In this section, we discuss some general properties of the ring of invariants of Weyl
groups.

Lemma 2.1. [fa Cartan matrix A is the direct sum of Cartan matrices Ay, A, then
1 (A) is isomorphic to the tensor product I (A1) ® I(A3).

So we only consider indecomposable Cartan matrices.

Lemma 2.2. Write f € I(A) as f = Zi:o fi € I(A), where f; is the degree i
homogeneous component of f. Then f; € I (A).

So I(A) is a graded ring: 1(A) = @fio I'(A), where I'(A) is the subspace of
homogeneous polynomials of degree i in /(A). To determine the ring [ (A), we
only need to consider homogeneous invariant polynomials.

Lemma 2.3. For an indecomposable Cartan matrix A of affine or indefinite type, the
orbit {o (w) |0 € W(A)} of a nonzero element w in the Tits cone {Z?:l Aiw; | A > 0}
is an infinite set.
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Proof. If  # 0 is in the Tits cone, then we can assume w = Z;’:l Aiw;, A; > 0. Let
S={1,2,...,n}, J={i € S| 1 =0}, W;(A) be the subgroup of W(A) generated
by {o; |i € J} and G ;(A) be the parabolic subgroup of G(A) corresponding to
the Weyl group W;(A). Since {o(w) |0 € W(A)} = W(A)/W;(A) indexes the
Schubert varieties of the generalized flag manifold F;(A) = G(A)/G;(A), the
lemma follows from the fact that the number of Schubert varieties in F;(A) is
infinite for affine and indefinite type. For reference, see [Kumar 2002]. U

Corollary 2.4. Let f € 1(A) be a homogeneous invariant polynomial and w # 0
be in the Tits cone. If w | f, then f =0.

Proof. If w| f, then for any 0 € W(A), o (w) |o(f)= f. Since {o(w) |c € W(A)}
is an infinite set, if f # 0, this contradicts the condition that the degree of f is
finite. U

Lemma 2.5. For a Cartan matrix A, I1'(A) = {0}.

Proof. Suppose f =) "_| Ajw; € I'(A); then for each j, oi(f)=f—Arja;j=f.
Since aj #0, A; =0. Hence f =0. O

Lemma 2.6. For a Cartan matrix A, we may write any homogeneous degree 2
polynomial f in the form Z?,j:l Aijwiwj, where Xjj = Aj;. Then f € I*(A) if and
only if f /0w, = %(azf/aw%)ajfor 1 <j <n;thatis,2);j =a;jAjj for 1 <i, j <n.

Proof. If f is an invariant polynomial, then for each j,

f 182f o2

oj(f)=fwr,...,0j—aj,...,w,) = f(®) — +28 2 o= f.

2
This is equivalent to 886{:. ;g J;oz] That is, ZZA,]w, =Ajjoj=Ajj Za,]w,,
1.e., 2)»,']' :aijkjj. ! i=l1 i=l1 O

Lemma 2.6 can be generalized:

Lemma 2.7. Let A be a Cartan matrix. Then f is a degree | invariant polynomial
ifand only if for 1 < j <n,

(1) — _.8_a)§aj+'”+( 1)1

Lemma 2.8. An n x n Cartan matrix A = {a;;} is symmetrizable if and only if there
exist nonzero dy, dy, . . ., d, such that a;;d; = aj;d; forall i, j.
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Proof. Suppose A is symmetrizable. Then there exist an invertible diagonal ma-
trix D = diag(dy, ..., d,) and a symmetric matrix B such that A = D B; that is,
ajj = dl‘b,‘j for all I ] So Ll,‘j/d,‘ = b,‘j = bji = aji/a’j. Equivalently, aijdj = ajid,-.

If there exist nonzero di, d, ..., d, such that a;;d; = a;;d; for all i, j, let
D =diag(dy, ..., d,) and B = (b;j)nxn = (a;j/d;i)nxn; then, A = DB. Therefore
A is symmetrizable. |

Corollary 2.9. If A is an indecomposable Cartan matrix, then dim I>(A) =1 or 0
depending on whether A is symmetrizable or not. And if A is symmetrizable, then
I?(A) is spanned by the invariant bilinear form \, which is unique up to a constant.

Proof. If dim I?(A) > 0, choose f(w) = Z?J:l Ajjwiw; € I*(A), f(w) #0. By
permuting the simple roots, we can assume that there exists an integer £ > 0 such
that Aq1, ..., Agk ZO0but Aggq kg1s .05 Apn =0. If i <k and j > k, by Lemma 2.6
Z)Vij = aij)»jj, therefore )"ij =0.By0= 2)\.,’j = 2)\.]'1' = ajl')»,'i, we getaj; = 0 for all
i <k, j > k. Since A is indecomposable, k must equal n. Let d; = XA;; for 1 <i <n;
then a;jd; = aj;d; for all i, j. This means that A is symmetrizable.

If dim I%(A) = 0, then A is nonsymmetrizable (if A is symmetrizable, then the
Killing form gives an element in I%(A)).

Since A is indecomposable, for all 7, j, the ratios A;; : A;; and A;; : A;; are
determined by A. Therefore, if dim I2(A) > 0, then dim I?(A) = 1. O

Below, for an indecomposable and symmetrizable Cartan matrix A, we always
fix a nonzero Y € I*(A).

3. Rings of polynomial invariants of Weyl groups, n = 2 case

A 2 x 2 Cartan matrix is of the form

2 —a
(27

We say that A, j is of finite, affine or indefinite type if ab < 4, ab =4 or ab > 4,
respectively. The action of reflections oy, 0, € W(A) on h* is given by

o) =—w1+bwy, o1(w)=wr, o2(w)=w;, 02(w2)=—-wr+aw.

Lemma 3.1. The Weyl group W, ;, of a Cartan matrix A, p is the dihedral group D,,,
where m =2,3,4,6 or oo whenab =0, 1, 2, 3 or > 4, respectively. If A, is of
affine or indefinite type, then the ring of polynomial invariants of the Weyl group
Wap is 1(Aqp) = Q[Y].

Proof. For a Cartan matrix A, of affine or indefinite type, ab # 0. Since A is
indecomposable and symmetrizable, dim I2(A) = 1 and I*(A) is spanned by v =

aw? —abwiw, + bw3. Suppose f(w) = 2520 Al b1 is a degree I homogeneous
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invariant polynomial; then

!
ox(f)= Z Aol (—wy +awy) ™

i=0
11— I .
=2 > n (! )wtwl @)
i—0 j=0
L s o
=ZZ(—1)JM( ;l)alﬂ*/a)i_]wé
=0 i=0
Lo I o
= (Z(—l)l_])w-(l:;.)af_’>a)fa)l2_].
=0 Ni=0

So o> (f) = f is equivalent to

(2) Aj=§(—1)l_jli<ll:;)aj_i7 0<j=L
Letting j = 0, we get A9 = (—1)/A9. So A9 =0 or [ is even.
(1) If xo =0, then w; | f. By Corollary 2.4, f =0.
(2) If I is even, suppose [ = 2m. There exists a constant A such that f —Ay™ is

an invariant polynomial and w; | (f — AY™), hence f = Ay™.

This proves the lemma. O

4. Some results about hyperbolic Cartan matrices

Moody [1978] proved that for each indecomposable and symmetrizable hyperbolic
Cartan matrix A, the ring of polynomial invariants 7 (A) is Q[v], where 1 is the
invariant symmetric bilinear form. So in this section we only consider nonsym-
metrizable Cartan matrices.

Indecomposable n x n hyperbolic Cartan matrices exist only for n < 10, and
their number is finite for 3 < n < 10. There are lists of hyperbolic Cartan matrices
in [Wan 1991] and [Carbone et al. 2010].

Lemma4.1. Let A be an indecomposable and nonsymmetrizable hyperbolic Cartan
matrix with n > 4.

(C1) The Dynkin diagram of A forms a circle. That is, a;j # 0 if and only if
i—jl=0,1orn—1.

C) Ifli—jl=1lorn—1,thena;j=—1oraj =—1.

The lemma is proved by direct checking of the lists.
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Remark 4.2. The lemma is not true for the case n = 3.

Lemma 4.3. Let A be an indecomposable and nonsymmetrizable hyperbolic Cartan
matrix with n = 3. Then A contains a 2 X 2 principal submatrix of affine type, or all
the 2 x 2 principal submatrices of A are of finite type. In the latter case, A satisfies
conditions (C1) and (C2).

Feingold and Nicolai [2004] proved the following theorem:

Theorem 4.4. Let g(A) be the Kac—Moody Lie algebra associated to a symmetriz-
able Cartan matrix A = (a;j)nxn Which is generated by ozl.v, e, fi,1<i<n,and
let B1, ..., Bu be a set of positive real roots of g(A) such that B; — B; is not a
root for | <i # j <m. Let E;, F; be root vectors in the one-dimensional root
spaces corresponding to the positive real roots B; and negative real roots —p;,
respectively, and let H; = [E;, F;]. Then the Lie subalgebra of g generated by
{E;, F;, H; |1 <i <m} is a regular Kac—Moody subalgebra with Cartan matrix
B = (bij)nxn = (Z(ﬂjv ,31')/(,81', ﬁi))nxw

In the formulas below, subscripts not in the range from 1 to n are to be taken
modulo 7 in that range. By using the ideas in the theorem of Feingold and Nicolai,
we can prove the following lemma:

Lemma 4.5. Let A be an n x n Cartan matrix satisfying conditions (C1) and (C2)
in Lemma 4.1, with simple root system {1, a, ..., a,}, then Bi = a1 + ajy2,
1 <i < nis a set of positive real roots of g(A), and B; — B; for i # j are not

roots. Let oaiv, ei, fi, 1 <i < n be the generators of g(A), E; = lei+1, €i+2],

F; = —[fi+1, fixzl and H; = [E;, F;]. Then H;, E;, F;, 1 <i <n generate a full
rank regular Kac—Moody subalgebra with simple root system {By, B2, ..., By} and
Cartan matrix B = (b;j) = (B; (H;))nxn-

Proof. For B = ajy1 + @ito,
H; =[E;, Fi]
= —llei+1, €iv2], [fi+1, fit2ll
= —[[leit1. €iral, fir1], fiva] = Lfists Leists eiral, firall
=[[[fi+1, eir1], €is2l, firz] + [eirt, [fit1, €is2ll, fital
+ [fit1, (Lfiv2s 1], eialH] fit1s [eivrs [fis2, €is2]l]

\Y \2
= —[la;y 1, eitals fiva] = [fiv1s leit1, 5]l
\2 \4
= —(Ai41,i+20; 10 T Ait2,i+12; 7).

Then [H;, Ei] = =2(ai+1,i+2 + Giy2,i+1 +Ait1,i12ai42,i+1) Ei.
Since, foreach 1 <i <n,

—=2(ai1,i42+ai12,i+1+ai11,i420i12,i+1) =2(1 = (@i 41,2+ 1D (@i42,i11+1)) =2,
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a routine check shows that 8;(H;) < 0. Therefore the matrix B with b;; = 8;(H;)
is a Cartan matrix. The Serre relations for H;, E;, F;, 1 <i <n from B are checked
as in [Feingold and Nicolai 2004], so H;, E;, F;, 1 <i < n generate a Kac—-Moody
Lie algebra g(B) inside g(A). O

We can’t say Lemma 4.5 is a corollary of the previous theorem, since we don’t
know whether the theorem is true for nonsymmetrizable Cartan matrices A. So we
must prove Lemma 4.5 by direct computation.

Corollary 4.6. Let A be an n xn indecomposable and nonsymmetrizable hyperbolic
Cartan matrix. Then in g(A) there is a full rank indecomposable and nonhyperbolic
regular indefinite Kac—Moody subalgebra g(B).

This corollary is proved by using Lemma 4.5 and checking the list of inde-
composable, nonsymmetrizable hyperbolic Cartan matrices. We have written a
computer program to do the checking. The computation results show that except
for the hyperbolic Lie algebras labeled 131, 132, 133, 137, 139, 141 in the list
in [Carbone et al. 2010], all the subalgebras we constructed are nonsymmetriz-
able.

Below is a simple example:

Example 4.7. For the hyperbolic Cartan matrix

2 -1 -1
A=1|-1 2 -1],
-2 -1 2

we obtain a regular subalgebra g(B) of g(A) with simple roots
Br=aw+a3, Pr=oazta, Bz=artay,

and its Cartan matrix is

2 =2 =2
B=|-3 2 -1
-1 -1 2

It is nonsymmetrizable and indefinite, but nonhyperbolic.

5. Proof of the main theorem

Some preparatory lemmas. Let A be an n x n Cartan matrix and S ={1, 2, ..., n}.
For J C §, let A; be the principal submatrix (a;;); jes corresponding to J. Then
A" = Ag_yy) is the upper-left (n — 1) x (n — 1) principal submatrix of A. Let i’ be
the subspace of & spanned by o', ..., | and " the subspace of 1* spanned
by wi, ..., wy—1; then h =h' ® Rer,’ and h* = h"™* ® Rw,. Leto; € h*, 1 <i <n
and o/ € h’*, 1 <i < n —1 be the simple roots of Cartan matrices A and A’
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respectively, and 0;, 1 <i <nand o/, 1 <i <n —1 be the Weyl reflections in 7*
and h'* respectively. For 1 <i # j <n—1, o; = a/ + ay;wp, 0i(w;) = 0/ (»;), and
oi(w;) = w; —o; = 0{ (W) — Apiwy.

Lemma 5.1. Let v = (w1, ..., w,_1,w,) and o' = (w1, ...,w,_1). If f(w) is
a degree | invariant polynomial under the action of oy, ...,0,—1 and f(w) =
Zﬁ:o fi(@ !~ with each f;(w') a degree i homogeneous polynomial in S(h'*),
then fi(&') is invariant under the action of o{, ..., 0, _,.

Proof. For k # n,

l .
ﬂmzmqwnzgqmwwdﬂ

) .
=Y filor(@1), o (@2), - .., ok (@k), - . ., Ok (@p—1)) ]
i=0
[ .
=Y fi(ol(@1), ol (@2), . .., 6L (W) — Gpgp, - . . , Op(@Wp—1))]
i=0
Setting w, = 0, we get fi(o') = fi(o/ () = o/ (fi(@)). O

Corollary 5.2. If f(w) =

1

fi(@)l € I(A), then fi() € I(A') .

[
=0

Lemma 5.3. If the degree | polynomial f(w) is invariant under the action of
Ol,...,0n_1 and f(w)= Zé:o ﬁ-(a)’)wﬁl_", then fork #nand 0 <i <|I,

- — jaj ()
©) U/é(fi(w/))zz( C;Ia!k) (J;l:;gi,))

j=0

Proof. Continuing the calculation of f(w) as in Lemma 5.1, for k # n, we get

I .
Y fil@)al
i=0
[ .
= f(@) =Y fi(o(@1), 0{(®2), ..., (W) — pgp, - . . , Tp (1))}
i=0
d ! 1 ajfl / / / / Jjo0—i
= ZO y OFW(O—]((Q)I)’ Uk(wZ), DRI} Ok(a)k)’ DRI} Uk(wn—l))(_ankwn) w,
i=0;=0J"
Lo —Un j aji ’ ’ ’ / —i4j
- ( ‘J’,"‘) (awf)j(ok(wl),ok(wz),...,ok(wk),...,ok(w,,_l))w; +
i=0 j=0 '
L (—an) 3 fivy 0\ g
=z§o<j:o J! (3wk)§(0k(w)))wn '
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By comparing the coefficients of @'~ in the two sides, we get

I—i

—an)! 87 fip L,
S =3 CO Sk )

S0 @)

Acting by o; on both sides, we prove the lemma. U

In the following, given an n x n Cartan matrix A, we denote its upper-left
(n — 1) x (n — 1) principal submatrix by A’.

Lemma 5.4. Let A be an indefinite n x n Cartan matrix. If both A and A’ are
indecomposable and symmetrizable, then the restriction of the invariant symmetric
bilinear form  to h' gives an invariant symmetric bilinear form '

The proof is obvious by checking ¥, # 0 and ' = | is invariant under the

: / /
actionof oy, ...,0, .

Lemma 5.5. Let f be a W(A)-invariant polynomial and f(w) = Y"1_ fi(@)wl™.
Then for 1 < j <I,

d ~ I—i i
) fi@) =Y =07 e () e

i=0

/ — . .
where ), = Za]nwj.
J#n
Proof. We have 0, (w,) = wy —p = —wp — ) aj0; = —w, — ), and
Jj#n

)
f=on(f)=)_ fi(@)ou(@™)

i=0

1
=) fil@)(—on =) ajw)

i=0 j#n

/ 1—i ) o
= Zfl(w/) Z(_l)l—i<l;l)w£w’,1[_l_J

i=0 j=0

I pl—j ' . .
= Z[Z(—l)“ﬁ(w’)( ;l)w,;l—’—f]w;

j=0%i=0

I j ) o _
- Z[Z(—l)""ﬁ(w’)(’j‘) - jw;"l]wif’-
j=0ti=0

By comparing the coefficients of wﬁl_j , we prove the lemma. U
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Remark 5.6. In fact, equations (3) and (4) are just corollaries of (1) applied to
f@) =i i@,

Lemma 5.7. Let f be a W (A)-invariant polynomial of degree | and let f (a))
Z o file )a)l i, If] =2m, then for each i < m — 1, there exist constants a; L),
0<j <i,depending onl, such that f>; 1= Z] 04 (1) faii— j)a)’zjJrl If1 —2m+1
then fy =0, and for each i < m, there exist constants b’ (l) 1 <j <i, such that
fi = Y B frim ey And the coeﬁ‘iczents al(l) and b'(l) can be
computed.

Proof. Letting j =0 in (4), we get fo = (=1} fo- So there are two cases:
Case 1: liseven. Let j =1 1in (4). Then f; = —f1 + ( )foa) That is,

et

For j =2, we get fo = fo— ( _ll)fla);l + (é)foa)/,zl; equivalently, f; = %(i)foa);l.
For j = 3, we get

h=-f+ (l_lz)fzw;, - (lzl)fla)’iJr (é)foa/f,.

Substituting (5), we get

©) f=5("77) bt - 5(5) oo

Continuing this procedure, we’ve proved the lemma when / is even.
Case 2: [ is odd. Then fy = 0, and the proof is similar to the previous case. [l
Corollary 5.8. Let f be a W(A)-invariant polynomial and f (w) = Zﬁzo fi (o )a)f;" .
Then w), | fi—1().

Computation motivates us to make the following conjecture:

Conjecture. If [ is even, then equation (4) for j = 2k can be derived from the set
of equations for j =0,1,2,...,2k — 1. If [ is odd, Equation (4) for j =2k — 1
can be derived from the set of equations for j =0,1,2,...,2k —2.

The conjecture is verified for £ < 3.

Lemma 5.9. Let A be an n x n Cartan matrix. If f(w), g(w) € S(h*) satisfy
or(f (@) — f(w) = ok (g(w)) — g(w) for each 1 <k <n, then f —g € I1(A).

The proof is trivial.

Lemma 5.10. Let A be an indefinite n x n Cartan matrix and A’ its upper-left
(n — 1) x (n — 1) principal submatrix. If the ring of W(A") polynomial invariants
I(A") is equal to Q[y'] and | = 2m, then for each W (A)-invariant polynomial
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f(w) = Zfzo fi(@)&' 7" of degree 1, there exists a constant k such that f;(@') =
ky'™ and fi_1 (o) = kml[r’mfla);’;, where @ = Zk#n Ak Onk Wk

Proof. By Corollary 5.2, fj(w") € I(A’). Since I (A’) = Q[¢], there exists k such
that fj(@") =ky¥™. In (3), letting j =1 — 1, we get for | <k <n —1 that

/i
0 fi-1(@)) = fimr @) = ~ane 5 o
Let g(w') = kmy"™ ' w*; then it is easy to check
/i
—apr—— = 03 (g (@) — g(),
dwy

s0 07 (fi—1(@") — fi—1(0") = 0} (g(0)) — g(@'). Applying Lemma 5.9 to f;_1, g
for the Cartan matrix A, we get fi_; (') — g(o') € I'"1(A"). But I'"1(4") =
1*"~1(A’) = {0}, hence fi—i (o) = g(e). U

Proof of three propositions.

Proposition 5.11. Let A be an n x n indecomposable and indefinite Cartan matrix.
IfI1(A)=Q, then [(A) = Q.

Proof. Let f be a W(A)-invariant polynomial and f(w) = Zﬁzo ﬁ(w’)wfj". Then
by Corollary 5.2, f;(w') € I(A"), so fi(@') =0.
Fori =1 — 1, Equation (3) is

afi

dax

o1 (fi—1(@)) = fi—1(@') — e —— ().

Substituting f;(w’) = 0 in the above equation, we get o/ (fi—1(«")) = fi—1(«), s0
fi—1(@") = 0. Continuing this procedure, we show that f;(w’) =0 for all i > 0 and
fo is a constant. Hence f(w) = fowf,. By Corollary 2.4, f =0. U

Proposition 5.12. Let A be an n x n symmetrizable and indefinite Cartan matrix.
IfI(A") = QY] then 1(A) = Q[y].

Proof. Let f be a W(A)-invariant polynomial and f(w) = Zﬁzo fi(o )a),’[". Then
by Corollary 5.2, fi(«') € I(A’), so fi(w") = 0 or there exists A # 0 such that
fi= " I f1=0, thenw, | f,so f =0. If f; =Ay"™, then by Lemma 5.4 we can
assume | = ¥', so f —AyY™ is a W (A)-invariant polynomial and w,, | (f —Ay™).
Hence f = Ay™. ([
Proposition 5.13. Let A be an n X n indecomposable and nonsymmetrizable Cartan
matrix. If A" is symmetrizable and I(A") = Q[¥'], then I1(A) = Q.

Proof. Let f be a W(A)-invariant polynomial and f(w) = Zﬁzo f,-(w’)a),l[". Sup-
pose lﬂ/ = Z?;il kijwiwj with )‘ij = )\ji forall1 <i,j<n-—1.
If [ is even, suppose [ = 2m. We prove f; = O first. Suppose f; # O; then
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by Lemma 5.10, there exists k # O such that f; = kv and fi_; = kmy"™ ' w?.
By Corollary 5.8, @/, | fi—1 = kmy"" 'w?. So /, | ¥ or @, | ®*. Since ¥ is
W (A)-invariant and —wj, is in the Tits cone, by Corollary 2.4 w), | /' is impossible.
Therefore ), | w). Because A is indecomposable, both ), and ;' are not 0.
Therefore there exists a constant dy, 7 0 such that w; = d,w,. Butw, =3 ., ajnw;
and w: = Zj;én kjjanjwj, SO Cljndn = anj)»jj. Letd;, = A;;, 1 <i <n—1; since
A’ is symmetrizable, by Lemma 2.8 we know ajjdj = aj;d; foralli, j <n—1.
Combining with a,d, = a,jA;;, we get a;jd; = aj;d; for all i, j < n. This shows
A is symmetrizable, contradicting our assumption, so f; = 0.

If [ is odd, then f; € I'(A’) also implies f; = 0.

If f; =0, then the remaining procedure of the proof is similar to the proof of
Proposition 5.12. 0

Proof of the main theorem. To prove the main theorem we need the following
lemma:

Lemma 5.14. Let A be a nonhyperbolic, indecomposable and indefinite Cartan ma-
trix. Then there exists an integer k, 1 <k <n such that As_, is an indecomposable
and indefinite Cartan matrix.

Proof. Since the Cartan matrix A is nonhyperbolic, there exists an integer k,
1 <k < n such that Ag_y, is indefinite. If Ag_y; is indecomposable, the lemma
is proved. If As_() is decomposable, then the Dynkin diagram of Ag_y is split
into r connected subdiagrams I'y, ..., I',, with » > 1, and there is an 5o, 1 <s9 <7,
such that the principal submatrix corresponding to I'y, is indefinite. Since A is
indecomposable, the simple root ¢ is connected to all Iy, 1 <s <r.

We find a connected subdiagram Iy, s # sg. There must be a vertex oy of
[y such that the subdiagram I'y — {a/} is connected (note that we can choose a
vertex o from a connected finite graph I" and the resulted subgraph I — {«} is still
connected). It is obvious that Ag_y is indecomposable and indefinite. O

Now we can prove the main theorem:

Theorem. Let A be an n x n indecomposable and indefinite Cartan matrix A. If A
is symmetrizable, then 1 (A) = Q[ ]; if A is nonsymmetrizable, then 1 (A) = Q.

Proof. We prove this theorem by induction on n. For n = 2, this is Lemma 3.1.

Suppose this theorem is true for all (n — 1) x (n — 1) indecomposable and
indefinite Cartan matrices.

For an n xn indecomposable and indefinite Cartan matrix A, if A is not hyperbolic,
then by Lemma 5.14 we can find an (n — 1) x (n — 1) principal submatrix A" which
is both indecomposable and indefinite. Without loss of generality, we can assume
A’ is the upper-left (n — 1) x (n — 1) principal submatrix.

Then by considering the symmetrizability of A" and A, there are three cases:
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(1) Both A’ and A are nonsymmetrizable.
(2) Both A’ and A are symmetrizable.
(3) A’ is symmetrizable and A is nonsymmetrizable.

The proof for these three cases are dealt with by combining the induction as-
sumption and Proposition 5.11, Proposition 5.12, and Proposition 5.13 respectively.

So the theorem has been proven when A is nonhyperbolic. For the hyperbolic case,
if A is symmetrizable, the proof is given in [Moody 1978]; if A is nonsymmetrizable,
it is proved in the following:

Proposition 5.15. For an n x n indecomposable, nonsymmetrizable hyperbolic
Cartan matrix A, 1 (A) = Q.

Proof. For a Cartan matrix A with n > 4, by Corollary 4.6 we can find an n x n
indecomposable, nonhyperbolic and indefinite Cartan matrix B such that the root
system associated to B is a sub-root system of the root system associated to A, and
the Weyl group W (B) is a subgroup of W(A). Therefore 1(A) C I(B).

If B is nonsymmetrizable, then by combining Lemma 5.14, Proposition 5.11
or Proposition 5.13 and the same induction procedure, we can prove [/ (B) = Q.
Hence 1 (A) = Q.

If B is symmetrizable, then by combining Lemma 5.14 and Proposition 5.12, we
prove I (B) = Q[yg]. To prove I (A) = Q, it is sufficient to show the V5, m > 1
are not W(A) invariants.

Suppose ¥ is a W (A)-invariant polynomial. If m is odd, we get ¥p = (V%)
is W (A)-invariant. If m is even, similarly we get for each 0 € W(A) that o (¢¥'5) =
Yp or —yrp. But o(Y¥p) = —¥p is impossible (a symmetric bilinear form ¢ =
Z?,j:l Aijw;w; with all the A;;, 1 <i < n having the same sign can’t be linearly
transformed to —). So we get o (Y g) = . Therefore g is a W (A)-invariant
polynomial. Since A is nonsymmetrizable, this is impossible. Hence /(A) = Q.

For the n = 3 case, there are two possibilities. If A contains a 2 x 2 principal
submatrix A’ of affine type, then by combining Lemma 3.1 and Proposition 5.13,
we show I (A) = Q. If all the 2 x 2 principal submatrices of A are of finite type,
then A satisfies conditions (C1) and (C2). So we can find an indecomposable,
nonhyperbolic and indefinite Cartan matrix B such that g(B) is a regular subalgebra
of g(A). By a similar method as for n > 4, we can also prove I (A) = Q. This
proves the proposition and with it the theorem. U

1/m

6. Applications to rational homotopy types of Kac-Moody groups
and their flag manifolds of indefinite type

For the Kac—-Moody Lie algebra g(A), there is the Cartan decomposition g(A) =
h@®) ,ca 8> Where h is the Cartan subalgebra and A is the root system of g(A).
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Letb =h@® ) ,.a+ 8« be the Borel subalgebra; then b corresponds to a Borel
subgroup B(A) in the Kac—-Moody group G (A). The homogeneous space F(A) =
G(A)/B(A) is called the flag manifold of G(A). By [Kumar 2002], F(A) is an
ind-variety.

The cohomologies of Kac—-Moody groups and their flag manifolds of finite and
affine types are extensively studied. For reference see [Pontryagin 1935; Hopf 1941;
Borel 1953a; 1953b; 1954; Bott and Samelson 1955; Bott 1956; Milnor and Moore
1965; Chevalley 1994]. But for the indefinite type, little is known.

The rational cohomology rings of Kac—Moody groups and their flag manifolds
are also considered in [Kac 1985b] and [Kumar 1985]. The essentially new part of
our work is that we study the properties of P4(g) and derive the explicit formula
for iy. For details see [Chunhua 2010; Chunhua and Xu-an 2012; Xu-an et al. 2013].

For a Kac—-Moody group G(A), H*(G(A)) is a locally finite free graded com-
mutative algebra over Q). Let the odd-dimensional free generators of H*(G(A))
be yi, ...,y and the even-dimensional free generators be zy,..., 2k, .... By
[Kac 1985b; Kitchloo 1998], I < n. Denote the number of degree k generators of
H*(G(A)) by i; then the Poincaré series of G(A) is

o0

(1 _qZkfl)iZk,l
Po@) =[]0
e (I=g™)™

The Poincaré series Pg(q) determines the isometry type of the cohomology ring
H*(G(A)) and the rational homotopy type of G(A).

Let BB(A) be the classifying space of the Borel subgroup B(A) and j : F(A) —
BB(A) the classifying map of the principal B(A)-bundle 7 : G(A) — F(A). Denote
the cohomology generators of H*(BB(A)) by wy, ..., ®,, degw; = 2. A routine
computation on the Leray—Serre spectral sequences of the fibration G(A) =

F(A) -1 BB(A) shows
H*(F(A) Z EX* = Qloy, ..., 0.0/ (fil1<j<)®Qlzi, ..., 2, ...],

where each f; corresponds to the differential of y; and the collection of such f;
generates the ring / (A) of W(A) polynomial invariants.
By [Xu-an et al. 2013], there is the following theorem:

Theorem 6.1. Let P4(q) be the Poincaré series of a flag manifold F (A). Then the
sequence ip —iy,i4—1i3, ..., I —i2k—1, ... can be derived from Ps(q). In fact we
can recover P4(q) from the sequence in —iy,i4 — 13, ..., 00k — 2k—1, - - -

But to determine the rational homotopy type of G(A), we need to determine the
sequence i1, i2, ..., I, .... S0 in addition to the Poincaré series P4(g), we need
more ingredients. Note the number of generators of I (A) of degree k is just the
integer iox—1. So if we can determine the degrees of all the generators in 7/ (A), then
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we can determine the sequence iy, i3, ..., i2%t—1, - . . . And the main theorem of this
paper fills the gap. Now we have:

Theorem 6.2. For an indecomposable and indefinite Cartan matrix A, ix—1 =0
forall k > 0 except for k = 2. And for k =2, if A is symmetrizable, iz = 1; if A is
nonsymmetrizable, iz = 0.

Setting €(A) = 1 or 0 depending on whether A is symmetrizable or not as in
[Kac 1985b], we get:

Theorem 6.3. The sequence iy, 2,13, ...,I, ... is determined by the Poincaré
series Po(q) and €(A).

Theorem 6.4. For an indecomposable and indefinite Cartan matrix A, the rational
homotopy types of G(A) are determined by the Poincaré series Pa(q) and €(A).

Kumar [1985] proved that for a Kac-Moody Lie algebra g(A), the Lie algebra
cohomology H*(g(A), C) is given by H*(G(A)) ® C. So we also computed the
cohomology of a Kac—Moody Lie algebra g(A) with trivial coefficient.

For a Kac—-Moody group G(A), i1 =i, = 0. And we have:

Corollary 6.5. For an indecomposable and nonsymmetrizable indefinite Cartan
matrix A, G(A) is a 3-connected space.

Corollary 6.6. The dimension of the odd rational homotopy group mwoqa(G(A))
of an indefinite Kac—Moody group G(A) is 1 or O depending on whether A is
symmetrizable or not.

Theorem 6.7. For an indecomposable and indefinite Cartan matrix A, if A is
symmetrizable, then

H*(G(A) = Aa(»3)®0Qlz1, ..., 2k, - -]
and

H*(F(A) ZQlwi, ..., 00/ (¥) ®Qlz1, ..\ 2k, - - .
If A is nonsymmetrizable, then

H*(GA)=Q[z1, .-+ Zks .-+ ]
and
H*(F(A) =Z0Qlwi, ..., w1 00[z1, ..., 2k, ... ],

where deg zx > 4 is even for all k and can be determined from the Poincaré series
Pa(q) and € (A).

Note that the Poincaré series P4(q) can be computed easily by an inductive pro-
cedure. See [Chunhua 2010; Chunhua and Xu-an 2012] for details. So in principle
the computation of rational homotopy types is solved for all indecomposable and
indefinite Kac—Moody groups, whether they are symmetrizable or not.
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Since Kac—Moody groups and their flag manifolds are products of indecom-
posable Kac—Moody groups and indecomposable Kac—Moody flag manifolds, by
combining the known results for finite and affine types, we have determined the
rational homotopy types of all Kac-Moody groups and their flag manifolds. Since
G(A) and F (A) are rational formal (see [Sullivan 1977; Kumar 2002]), the rational
homotopy groups and rational minimal model of the corresponding Kac—Moody
group G(A) and its flag manifold F (A) can be directly computed from Theorem 6.7.

Theorem 6.8. For an n x n indecomposable and indefinite Cartan matrix A satisfy-
ing ajjaj; >4 forall 1 <i, j <n, the rational homotopy type of G(A) is determined
by €(A).

Since there are a large number of Cartan matrices satisfying the condition of
Theorem 6.8, this assertion may seem very surprising. But the proof is very simple.
It is derived from the equality

l+g¢
l—(n—1)yg’
See [Chunhua 2010; Chunhua and Xu-an 2012] for explicit computations of P4 (g).
It deserves to be mentioned that for a 3 x 3 nonsymmetrizable Cartan matrix A
with a;ja;; > 4 for all i, j, the Kac-Moody group G(A) is a 5-connected space.
For an indecomposable and symmetrizable Cartan matrix A, let p, g, r be the
dimensions of the positive, negative and zero vector subspaces of the invariant
bilinear form 1, and set 7(A) = (p, q, ).

Pa(q) =

Theorem 6.9. For an indecomposable and indefinite Cartan matrix A, if A is
symmetrizable, then the cohomology ring H*(F (A), C) is determined by P4(q)
and t(A). If g(A) is nonsymmetrizable, then the cohomology ring H*(F (A), C) is
determined by P4(q).

This is obtained from the Theorem 6.7 and the classification of real quadratic
forms.
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