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TWISTED ALEXANDER POLYNOMIALS OF 2-BRIDGE KNOTS
FOR PARABOLIC REPRESENTATIONS

TAKAYUKI MORIFUJI AND ANH T. TRAN

In this paper we show that the twisted Alexander polynomial associated to a
parabolic representation determines fiberedness and genus of a wide class of
2-bridge knots. As a corollary we give an affirmative answer to a conjecture
of Dunfield, Friedl and Jackson for infinitely many hyperbolic knots.

1. Introduction

The twisted Alexander polynomial was introduced by Lin [2001] for knots in the
3-sphere and by Wada [1994] for finitely presentable groups. It is a generalization
of the classical Alexander polynomial and gives a powerful tool in low-dimensional
topology. A theory of twisted Alexander polynomials has developed rapidly over the
past ten years. One of the most important aspects is the determination of fiberedness
[Friedl and Vidussi 2011b] and genus (the Thurston norm) [Friedl and Vidussi 2012]
of knots by the collection of the twisted Alexander polynomials corresponding to all
finite-dimensional representations. For literature on other applications and related
topics, we refer to the survey paper [Friedl and Vidussi 2011a].

Let K be a knot in §3 and Gy its knot group. Namely it is the fundamental
group of the complement of K in S, Gx = m;(S*\K). In this paper, we consider
the twisted Alexander polynomial Ak ,(t) € C[t*!] associated to a parabolic
representation p : Gx — SL,(C). A typical example is the holonomy representation
po : Gk — SL,(C) of a hyperbolic knot K, which is a lift of a discrete faithful
representation py : Gx — PSL,(C) = Isom™ (H?) such that H3/py(Gx) = S3\K
where H? denotes the upper half space model of hyperbolic 3-space (see [Thurston
1997]). Dunfield, Friedl and Jackson [Dunfield et al. 2012] numerically computed
the twisted Alexander polynomial Jx (1) = Ak p,(¢), which is called the hyperbolic
torsion polynomial, for all hyperbolic knots of 15 or fewer crossings. Based on
these huge computations, they conjectured that the hyperbolic torsion polynomial
determines the knot genus and, moreover, the knot is fibered if and only if Tk (¢) is
a monic polynomial. This conjecture is nice because it would imply the fiberedness
and genus of a knot is determined by the twisted Alexander polynomial associated
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to a single representation. However it is widely open except for the hyperbolic twist
knots [Morifuji 2012].

The purpose of this paper is to show that the above conjecture is true for a wide
class of 2-bridge knots. Since 2-bridge knots are alternating, their fiberedness and
genus can be determined by the Alexander polynomial [Crowell 1959; Murasugi
1958a; 1958b]. However there seems to be no a priori reason that the same must be
true for the hyperbolic torsion polynomial.

For a prime p and an integer a between 1 and p — 1, we say that a is a primitive
root modulo p if it is a generator of the cyclic group (Z/pZ)*. Let %, be the set
of all odd primes p such that 2 is a primitive root modulo p. Note that all primes
p =2qg+1suchthat g is a prime =1 (mod 4) are contained in P,; see, for example,
[LeVeque 1977, Theorem 5.6].

Theorem 1.1. Let K be the knot J (k, 2n) as in Figure I, where k > 0 andn € 7.
For all hyperbolic knots K, the hyperbolic torsion polynomial Tk (t) determines
the genus of K. Moreover for k = 2m + 1, k = 2 (twist knot), or k = 2m and
|[4mn — 1| € Py, the knot J (k, 2n) is fibered if and only if Tk (t) is monic.

As mentioned above, the holonomy representation pg is parabolic, so that
Theorem 1.1 is an immediate corollary of the following theorem.

Theorem 1.2. Let p : Gk — SL,(C) be a parabolic representation of K = J (k, 2n).
Then:

(1) Ak, p(t) determines the genus of J (k, 2n).

(2) Ak, p(t) determines the fiberedness of J(k,2n) if k =2m + 1, k = 2 (twist
knot), or k = 2m and |4mn — 1| € P».

Remark 1.3. (1) Suppose k =2m and n > 0. Then 4mn —1 € P, if dmn—1lisa
prime and 2mn — 1 is a prime = 1 (mod 4).

(2) It is known that the conjugacy classes of parabolic representations into SL,(C)
of the knot J (2m, 2n) can be described as the zero locus of an integral poly-
nomial in one variable. The condition [4mn — 1| € P, in Theorem 1.2 (hence
Theorem 1.1) assures the irreducibility over Z of this polynomial, see Section 5.
We do not know whether Theorem 1.2(2) holds true for every integer m and n.

This paper is organized as follows. In Section 2, we study nonabelian represen-
tations of the knot J (k, 2n) and give an explicit formula of the defining equation of
the representation space. In Section 3, we investigate parabolic representations of
J (k,2n). In Section 4, we quickly review the definition of the twisted Alexander
polynomial and some related work on fiberedness and genus of knots. In particular,
we calculate the coefficients of the highest- and lowest-degree terms of the twisted
Alexander polynomial associated to a nonabelian representation of J (k, 2rn) and
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Figure 1. The knot K = J(k,[). Here k > 0 and [ =2n (n € Z2)
denote the numbers of half twists in each box. Positive numbers
correspond to right-handed twists and negative numbers correspond
to left-handed twists.

give the proof of Theorem 1.2(1). In Section 5, we discuss the fibering problem
and prove Theorem 1.2(2).

2. Non-abelian representations

Let K = J(k,[) be the knot as in Figure 1. Note that J (k, /) is a knot if and only
if kI is even, and is the trivial knot if K/ = 0. Furthermore, J(k,l) = J(, k) and
J(—k, —I) is the mirror image of J(k,[). Hence, in the following, we consider
K = J(k,2n) for k > 0 and |n| > 0. When k =2, J(2, 2n) is the twist knot.

In this section we explicitly calculate the defining equation of the nonabelian
representation space of J(k, 2n).

By [Hoste and Shanahan 2004] the knot group of K = J (k, 2n) is presented by
Gx = {a,b | w"a = bw"), where

(ba=H" (b~ la)y"  fork =2m,
B {(ba‘l)mba(b_la)m for k =2m + 1.

Let {S;(2)}; be the sequence of Chebyshev polynomials, defined by Sp(z) =1,

S1(z2) =z, and S;41(z) = z8;(2) — Si—1(z) for all positive integers i.

The following lemmas are standard; see, for example, [Tran 2013a, Lemma 2.4]
and [Tran 2013b, Lemma 3.2].

Lemma 2.1. One has Siz(z) —28i1(@)Sis1() + Siz_l(z) =1

Lemma 2.2. Suppose the sequence {M;}; of 2 x 2 matrices satisfies the recurrence
relation M1 = zM; — M;_ for all integers i. Then

(2-1) M; = Si—1(2)M1 — Si—2(2) Mo,

(2-2) M; = Si(2)Mo — Si—1(2)M 1.
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A representation p : Gg — SL,(C) is called nonabelian if p(Gk) is a nonabelian
subgroup of SL;(C). Taking conjugation if necessary, we can assume that p has
the form

1 0
(2-3) p(a):A:[f) s_l] and p(b)sz[zfys_l],

where (s, y) € C* x C satisfies the matrix equation W" A—BW" =0. Here W = p(w).
It can be easily checked that y =tr AB~! holds. Let x =trA=trB=s+s"\.

Lemma 2.3. One has

0 ag(x, y)
A — =
WA - Bw [(y—zm(x, » o0 } ’
where
L= +2=x)Su 1) (Su—1(¥) = Su—2(y)) fork=2m,
Olk(x, )’) = 2
I+(r+2—x )Sm—l(y)(Sm(y)_Sm—l(y)) fork=2m+1.

Proof. Recall that by the Cayley—Hamilton theorem, M'*! = (tr M)M' — M~ for
all matrices M € SL,(C) and all integers i.
If £ = 2m then by applying (2-1) twice, we have

WA= (BA™H™(B7'A)"A

=52 (()BAT'BTIAA =S, 1()Su_2(0)(BAT'A+BTIAA) + 52 ,(»)A.
Similarly,
BW = B(BA~HY™(B~'A)"

=Sy (()BBAT'BT'A— S8, 1()Su-2(»)(BBA™'+ BB~'A)+ 5., _,(y)B.
Hence, by direct calculations using (2-3), we obtain
WA —BW =582 _(y)(BAT'B™'AA—~BBA™'B™'A) + 52 ,(y)(A—B)

= Sm_1)Sm_2()(BAT'A—BBA~'+ B"'AA — BB~ 'A)

_ [ 0 o (x, y)}
=2 (x,y) 0 ’

where

) 2 2 -2 2 2
(X, y)=(""+1+s =y 1) =" +5)Sm-10)Sm—2() + S, ().
Since S2 (7)) = YSm—1(3)Sm—2(»)+5% _,(y) =1 (by Lemma2.1) and x =s+s~ ",

ak(x, ) =1= 3 +2=x)Su 1) (Sm-10) = Su—2(»))-
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If Kk =2m + 1 then by applying (2-2) twice, we have

WA = (BA~Y)Y"BA(B~'A)" A
= S2(»)BAA — S, (3)Sm—1()(BA™)™'BAA+ BA(B™'A)"'A)
+82_,()W(BATHIBABTIA)!A
= 52 (y)BAA — S, (¥)Sm_1(y)(A® + B*A) + S2_(y)ABA.

Similarly,

BW = B(BA""Y"BA(B~'A)"
= S2(Y)BBA — S, (y)Su-1(0)(B(BA™")"'BA+ BBA(B~'A)™")
+S,_()WBMBATHY'BAB'A)!

m—

= S5, (N BBA = S, (1) Su-1(7)(BA> + B%) + S, (y) BAB.
Hence, by direct calculations using (2-3), we obtain

WA — BW = S2(y)(BAA — BBA) + 52 _,(y)(ABA — BAB)
— S Sm_1(y)(A* — BA> + B*A — B?)

_ [ 0 a(x, y)}
(y—ar(x,y) 0 ’

where
(X, 3) = S50 = (2 + 58 Su—1 () + (77 + 1+ = 0S5 ()
=14 +2 =) S 1) Sn(Y) = Su1(3).
This completes the proof of Lemma 2.3. (]
The proof of the following lemma is similar to that of Lemma 2.3.

Lemma 2.4. One has

24 (y =20y +2-x3)S;_ () fork=2m,

trW = {
2=y = (=2 +2=x)Sn () Sm_1(y) fork=2m+1.

We are now ready to calculate the expression W"A — BW" as follows. Let
A=trW.

Proposition 2.5. One has

W"'A — BW"
_ [ 0 Su_1 (M (x, y) — s“(x)}
=2 (Sp—1Mag(x, y) — S —2(1)) 0 :
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Proof. By applying (2-1) and Lemma 2.3, we have
W'A—BW"=S,_1(A\)(WA—BW)—S,_2(L1)(A—B)

_ 0 ar(x, y) | 0 1
Rl ey il EE T R

The proposition follows. (]

Proposition 2.5 implies that the assignment (2-3) gives a nonabelian representa-
tion p : Gk — SL,(C) if and only if (s, y) € C* x C satisfies the equation

Gron(x,y) == Sp—1(MNag(x, y) — Sp—2(2) =0,

where o4 (x, y) and A = tr W are given by the formulas in Lemmas 2.3 and 2.4
respectively.

The polynomial ¢y 2,(x, y) is also known as the Riley polynomial [Riley 1984;
Tkhang 1993] of J (k, 2n).

3. Parabolic representations

A representation p : Gx — SL,(C) is called parabolic if the meridian p of K is
sent to a parabolic element (i.e., tr p(u) = 2) of SL,(C) and p(Gk) is nonabelian.

Let K = J(k,2n). In this section we will show that if p : Gx — SL,(C) is a
parabolic representation of the form

1

1 1 0
P(a)=A=[O 1] and P(b)=B=[2_y 1],

where y is a real number satisfying the equation ¢y 2,(2, y) =0, then y > 2.

Lemma 3.1. Suppose x = 2. Then

(y—2)38} _,(» for k =2m,
=2 =S Su—1(y) + D? fork=2m+1.
PI”OOf. If kK = 2m then oy (x, »w=1l-G(+2- xz)Sm—l(y)(Sm—l(y) —Sn—2(y))

and A =2+ (y —2)(y +2 —x%)S?_,(y) by Lemmas 2.3 and 2.4. Hence, by direct
calculations using x = 2, we have

ai(x, y)—a(x, y)k+1:{

ap(x,y) —ap(x, YA+1
=(—1=Sp 1M+ ¥Ss_ 1) = YSuo1 M Sm—2(¥) + Sa_() v —2)>S5_ ().

Since Si_l )= ¥Sn-1)Sm—2(y)+ Srzn_z(y) =1 (by Lemma 2.1), we obtain

al(x,y) — o, YA+ 1=(y—2)°S}_ ().
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Ifk=2m+1then o (x,y) = 14+ (¥ +2—x2)Su_1(3) (Su(y) — Sm—1(y)) and
A=x2—y = =2 +2—=x28,(y)Sn_1(y) by Lemmas 2.3 and 2.4. Hence,
by direct calculations using x = 2, we have
o (x,y)— o (e, A+ = (v=2) (142 =) S2_ () +(y—2)Ss_, (»)

27 =2)Su—1 (NS M+ 2=y S5 1 () S ()
+(2=3y+2)S2_ 1 ()SA ().
By replacing yS° _ (3)Sn(y) = S2_,(0)(S2_,(y) + SZ(y) — 1) in this equality,
we obtain
af(x,y) —ak(x, A+ 1= —=2) (y =2 S () Sm-1(3) + 1D,
as claimed. O

Proposition 3.2. Suppose y is a real number satisfying the equation ¢y 2, (2, y) =0.
Theny > 2.

Proof. Suppose ¢y 2,(x, y) =0. Then S,—1 (Mg (x, ¥y) = S,—2(1). Hence
1=82_, (1) = ASu—1 (M) Su_2 (W) + 52_, (1)
= (@2 (x, y) — g, M2+ 1) S2_, ().

If we also suppose that x =2 and y is a real number, then the above equality implies
that oz,%(x, y) —ag(x, y)A+ 1> 0. By Lemma 3.1, we must have y > 2. O

4. Twisted Alexander polynomials

In this section we explicitly calculate the coefficients of the highest- and lowest-
degree terms of the twisted Alexander polynomial associated to a nonabelian
representation of J(k, 2n) and give the proof of Theorem 1.2(1).

Twisted Alexander polynomials. For a knot group Gx = m1(S>\K), we choose
and fix a Wirtinger presentation

Gk =(ay,....,ag|r,...,rg—1).

Then the abelianization homomorphism f : Gx — H{(S*\K;Z) = Z = (1) is
given by f(a1) =---= f(ay) =t. Here we specify a generator ¢ of H, (S3\K; Z)
and denote the sum in Z multiplicatively. Let us consider a linear representation
0 : Gx — SL,(0O).

The maps p and f naturally induce two ring homomorphisms g : Z[Gg] —
M(Q2,C) and f 1 Z[Gk ] — Z[t*1] respectively, where Z[Gg] is the group ring of
Gk and M(2, C) is the matrix algebra of degree 2 over C. Then p ® f defines
a ring homomorphism Z[Gx] — M (2, ClE']). Let F, denote the free group
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on generators ap, ...,a, and ® : Z[F,] — M(2, Cl*')) the composition of the
surjection Z[F,] — Z[Gk] induced by the presentation of Gx and the map p ® f :
Z[Ggl— M2, C[t*1]).

Consider the (¢ — 1) x ¢ matrix M whose (i, j)-component is the 2 x 2 matrix

cb(ﬂ) e M2, 7[1*)),

da j

where d/da denotes the free differential calculus. For 1 < j < ¢, let us denote by
M the (¢ — 1) x (¢ — 1) matrix obtained from M by removing the j-th column.
We regard M, as a 2(q — 1) x 2(g — 1) matrix with coefficients in C[¢%']. Then
Wada’s twisted Alexander polynomial of a knot K associated to a representation
0 : Gk — SL,(C) is defined to be a rational function

det M]

Ag () = —— T
K.p (1) det®(1—aj)

and moreover well-defined up to a factor 2" (n € 7). It is also known that if two
representations p, p’ are conjugate, then Ag ,(f) = Ak ,(t) holds. See [Wada
1994] and [Goda et al. 2005] for details.

Remark 4.1. Let p : Gk — SL,(C) be a nonabelian representation.

(1) The twisted Alexander polynomial A ,(#) associated to p is always a Laurent
polynomial for any knot K [Kitano and Morifuji 2005].

(2) The twisted Alexander polynomial is reciprocal; thatis, Ag ,(f) = A K.p ()
for some i € Z [Hillman et al. 2010; Friedl et al. 2012].

(3) If K is a fibered knot, then Ag , () is a monic polynomial for every nonabelian
representation p [Goda et al. 2005]. It is also known that the converse holds
for alternating knots [Kim and Morifuji 2012, Remark 4.2].

(4) If K is a knot of genus g, then deg(Ak ,(¢)) < 4g — 2 [Friedl and Kim 2006].
Moreover if K is fibered, then the equality holds [Kitano and Morifuji 2005].

We say the twisted Alexander polynomial Ag ,(f) determines the knot genus
g(K) if deg(Ag,,(t)) =4g(K) —2 holds. For a hyperbolic knot K, the hyperbolic
torsion polynomial J (¢) is defined to be Ak ,,(¢) for the holonomy representation
0o : Gk — SL,(C). We note that it is normalized so that Jx (f) = Jx (") holds.

Proof of part (1) of Theorem 1.2. 1t is known that the genus of J(k, 2n), where
k> 1and |n| > 0, is 1 if k is even, and is |n| if k is odd. Moreover, the genus of
J(1,2n) (the (2,2n — 1)-torus knot) isn — 1 if n > 0 and is —n if n < 0.

We first consider the case n > 0. Let r = w"aw "b~ !, where w is as defined in
Section 2. By direct calculations, we have

ar _ 4 -1 —na_w
(4-1) L= <1+(1—a)(w Fedw )aa)’
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where, for k = 2m,
dw _
da

and, for k =2m + 1,

—(ba™ 4+ ba™Y") + a™ Y (147 a4+ 07 )" b7,

dw _

da

Suppose p : Gk — SL,(C) is a nonabelian representation given by (2-3). Then
the twisted Alexander polynomial of K associated to p is

det Cb(;—;) B det @(g—;)

det®(1—b) 1 —tx+12’
The case J(2m, 2n), n > 0. From (4-1) we have

—(ba™ "+ A+ ba™Y") + (ba” )b (14+ab™ 4 -+ (@b ™).

AK,p(t)=

detd><g—2> =1+ —tAW "+ + W™V

where [ is the 2 x 2 identity matrix and

’

V=—(BA '+ -+ (BAYHY+BAHY'U+B A+ -+(B A" B!,

The next lemma follows easily.

Lemma 4.2. The highest- and lowest-degree terms of det ® <§—;> are respectively

|A(W_1 4+ WTYBA T+ (BA_I)m)| 2
and
(W e e WY (BAY I+ BT A4+ (B~ A" )BT 2,

Let {7;(z)}; be the sequence of Chebyshev polynomials defined by 7p(z) = 2,
T\(z) =z and Tj4(z) = zT;(z) — T;_1 (z) for all integers i. Recall that y =tr AB™!
and A=trW.

Proposition 4.3. The highest- and lowest-degree terms of det ® (g—;) are respec-
tively
Ti(A) =2 Tu(y) —2 2 and T,(A) =2 Tu(y) —2 2
A—=2 y—2 A—2 y—2

Proof. Let B be the roots of z2 —Az+1 and y. the roots of z> — yz+1. Lemma 4.2
implies that the highest- and lowest degree terms of det ® (dr/da) are respectively

(1+,3++"'+,331__1)(1+,37+...+ﬂﬁ—1)
X (14+yp+-+y" DA +yo 4+ 4+ He?
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and

A+Br+-+B7DA+B++8"
X (Ityp 4yl DUy 4y 2

Proposition 4.3 then follows from Lemma 4.4 below. ([
Lemmadd. (1+B4+ - +pTHA+p_+ - +p = % € Z[7l.
Proof. The left-hand side is equal to
BL-D@ — _pL+p -2 _ T,()-2
B+—DB--1) py+p-—-2 =2

The lemma follows. |

Proposition 4.3 implies that the highest- and lowest-degree terms of the twisted
Alexander polynomial

detCD(g—;)
Moo= T

are respectively Um,,,(y)t0 and Um,n(y)t_z, where

T,(A) =2 Tu(y) —2

A—2 y—2
Hence to prove Theorem 1.2(1) for J(2m, 2n), n > 0, we only need to show that
the coefficients of these terms are nonzero under the assumption that ¢k (2, y) =
Si—1(Mar (2, y) — Sp—2(A) = 0 (because the roots of this equation correspond to
the parabolic representations). To this end, we show that at x = 2 the polynomials
¢k (2, y) and U, ,(y) do not have any common zero y € C (in fact, if they have a

Um,n(y) =

common zero, the highest- and lowest-degree terms vanish at x = 2). It is equivalent
to show that at x = 2 these polynomials are relatively prime in C[y].
Recall that A =tr W = (y —2)(y +2 — x?)S2_,(y) +2 and

a(x, ) =1= 3 +2=x)Su_1)(Sm-1() — Su—2()).

The next two lemmas will complete the proof of Theorem 1.2(1) for J(2m, 2n),
n>0.
—Tnik_)z_z) —1in Cly].
Proof. 1t is equivalent to show that at x = 2, ¢x (x, y) and (T,,(A) —2)/(A —2) do
not have any common root y € C.

Suppose T,,(A) =2 and A # 2 then B} = B" =1and B, # 1. If B # —1 then
Su10)=(BL—B")/(By—B-)=0and S, »(\) = (B} ' =B ) /(Br—B)=—1;
hence ¢pg(x, y) =17#0.

Lemma 4.5. Suppose x = 2. Then gcd(qbK (x,y),
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If B+ = —1 (in this case n must be even) then A = —2. It implies that S,,_1(A) =
—n, and S,,_»(X) =n — 1. Hence ¢ (x, y) = —nag(x,y) — (n—1).
Suppose ¢k (x, y) =0. Then o (x, y) = 1/n — 1. We have

-2y +2-x})Sp_ () =r—2=—4,
1

042 =) (S0 1) = Su1 D Sm2(0) = 1 =, y) =2— .

—4 4 1
Thus (42328} (0)= 175, 0423801 (008200 == (2542, )

Since
St ) = Y8 1N Su—1 M Sn—2() + (Sm—1 () Su—2()* = Sp_ ()
(by Lemma 2.1), we must have
16 4 4 1 4 1\?> —4(y+2—x2
— Y _|_2__ + _+2__ =M,
(y—22 y—-2\y-2 n

that is, y = 2 + 4n%x2.
If x € R then y =2 +4n’x? € R and

—4=(y=2)(y+2—x)S;_(y) =4n’x* @4+ @n* — Dx*)S, () =0,
. T,(A)—2
a contradiction. Hence ¢k (x, y) # 0 when 3 = 0 and x € R. The lemma
follows. O

Lemma 4.6. Suppose x = 2. Then gcd<¢K (x,y), %) =1inCly].

Proof. Suppose T;,(y) =2 and y #2 then y' =y =1and yy # 1. If y; # —1
then S, —1(y) = (¥ —v™)/(y+ — v-) =0, hence A =2 and a,(x, y) = 1. This
implies that ¢g (x, y) = S,-1(2) — Sp—2(2) =1 #0.

If 4 = —1 (in this case m must be even) then y = —2. We have

A= =2 +2—x)S2_ () +2=4m>x*+2

and
(X, y) =1 = +2=x)Su-1((Sn-1(3) = Sn-2(y)) =mQ2m — x> + 1.
This implies that
Pk (x, ¥) = Spm1 M (x, y) — Spa(A) = (m2m — x>+ 1)S,u_1 (1) — Su—2 (V).
If x € Z then A =4m?x*+2 € Z is even. This means that ¢ (x, y) is odd, since
dr(x,y) = Sp—1(A) — Sp—2(2) (mod 2).

Thus ¢k (x, y) # 0 when %)2_2 =0 and x € Z. The lemma follows. O
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The case J(2m + 1,2n), n > 0. From (4-1) we have

det®(20) = |14 (1 =t )2 W ™ o W],

where
V=—(BA '+ -+ (BAY") +t(BA)Y"BU+AB™" +-- -+ (AB™H)").

We first consider the case m = 0 (in this case we must have n > 1 so that K is a
nontrivial knot). Then W = BA and

or
=T+ —tADCW 4 "W B

=W T PWIEB —t AT W TR+ T W B | £

This implies that the highest- and lowest-degree terms of det ®(dr/da) are
='W IB| 1% = ¢*=2 and |t!~2"W " B| t*" =12, respectively. Hence the highest-
and lowest degree terms of Ak ,(t) are t*~% and 12, respectively. Since the genus
of J(1,2n), where n > 1, is n — 1, we complete the proof of Theorem 1.2(1) for
J(,2n), n>1.

We now consider the case m > 0. In this case, we have the following.

Lemma 4.7. (1) The highest-degree term of det ® (g—;) is

|1 — AW~ (BA™)Y"BUI + AB~' +-- -+ (AB~1y")| 1*"
=|I+BA™"+-- -+ (BATHY" |

(2) The lowest-degree term of det d>(g—;) is

‘_W—H(BA—l 4. _,’_(BA—l)m)‘ tO — |I+BA—1 4. _+(BA—l)m—1| tO.
Lemmas 4.7 and 4.4 imply the following.

Proposition 4.8. The highest- and lowest-degree terms of det <I><g—2> are respec-
tively
Tm(y)_2t4n and Tm(y)_zt()‘
y—2 y—2
Proposition 4.8 implies that the highest- and lowest-degree terms of Ak ,(7) are
(Tn(y) —2)/(y — 2)t*" =2 and (T;,(y) —2) /(v — 2)1°, respectively. Hence to prove
Theorem 1.2(1) for J (2m+-1, 2n), where m, n > 0, we only need to show thatat x =2
(parabolic representation) the polynomials ¢g (x, y) = S,—1 (A)ax(x, ¥) — Sp—2(X)
and (T, (y) — 2)/(y — 2) are relatively prime in C[y].
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Recall that A =tr W =x%2 — y — (y = 2)(y + 2 — x2) S () Sin—1(y) and

ar(x, Y) =1+ +2=x)Su 1) (S () = Su_1(3).

The next lemma will complete the proof of Theorem 1.2(1) for J(2m + 1, 2n),
where m, n > 0.

Lemma 4.9. Suppose x = 2. Then gcd<¢K (x,y), %) =11in C[y].

Proof. Suppose T,,(y) =2 and y # 2, then y" =™ =1and yy # 1. If y; # —1
then S,,,—1(y) =0and S,,(y) =1; hence A = x%— y and o (x, y) = 1. This implies
that ¢k (x, y) = Sp—1(A) — Sp—2(2).

Since y!" =1, we have y =y, + y+_1 =2cos(2mj/m) for some 0 < j <m. If
P (x,y)=8,-1(0) = S,_2(A) =0 then A = 200s((2j/ —Dr/@2n— 1)) for some
1 <j'<n—1;see[Le and Tran 2012, Lemma 4.13], for example. Hence

27 2j — 1)7t>
S < 4.

x2=y—|—)»=2 cos +co
m 2n —1

If y; = —1 (in this case m must be even) then y = —2. We have

A== =2 +2=x)Su(NSm_1(y) + x> —y=Qm+ 1)’x* +2
and
(6, V) =14+ @ +2=x)Su1 (S (y) = Sn_1(») =m2m + Hx* + 1.

If x is an even integer then A = (2m + 1)2x2 42 is an even integer and o (x, y) =
m(2m 4 1)x? + 1 is an odd integer. Hence

Ok (x,y) =S 1Mag(x,y) — S2A) = S,-1(A) — §,—2(1) (mod 2)

is odd and so is nonzero.

In both cases, we obtain ¢k (x, y) = 0 when %)2_2 =0 and x is an even
integer at least 2. The lemma follows. ]

Next we consider the case n < 0. Weput/ = —n (I > 0). Forr = whaw b =
wlaw'b~!, we have

or _ dw ! 1 ow! - -1\ 0w
(42) =20 (H—a%) —w (1 (—a)(1+w+--+w )%).
The case J(2m, 2n), n < 0. From (4-2) we have
or -1
det @ (L) = [1 = (I —1AYU+W +---+ WHY],

where

V=—(BA '+ -+ BAYHY+BAHY'"U+B A+ -+ (B A" H~ B!,
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Lemma 4.10. (1) The highest-degree term of det CIJ(a—r) is

da
|—AT+ W+ +WHBA™ +.. .+ (BATHY™)| 2.
(2) The lowest-degree term of det CD(g—;) is

|-+ W+ + W HBAY"U+B A+ +(B'A" HB 172

We can apply a similar argument to that of the parallel case with n > 0 (page 441)
to conclude that Ag ,(¢), for p parabolic, determines the knot genus in this case.

The case J(2m + 1, 2n), n < 0. From (4-2) we have

det®(20) = 2 W (1= (1 =AY I +22W 4+ 2D W)

=1 - —tAT +W - +2OWhy | ¥,
where
V=_(BA71+_i_(BAfl)m)_*_t(BAfl)mB(I_}_AB*I++(AB*1)m)

Lemma 4.11. (1) The highest-degree term of det <I>(§—2 ) is

AW Y (BA™Y"B(I + AB™ "+ + (AB~)™)|1°
=|I4+AB '+ -+ (AB~HY"|{°.

(2) The lowest-degree term of det CD(a—r) is

da
[I+BA "+ +(BAH"| 7.

We can apply a similar argument to that of the parallel case with n > 0 (page 444)
to conclude again that Ak ,(¢), for p parabolic, determines the knot genus in this
case.

The case analysis starting on page 441 covers all possibilities. Theorem 1.2(1)
follows immediately. (]

5. The fibering problem

In this section we study some properties of the parabolic representation spaces of
2-bridge knots and give the proof of Theorem 1.2(2).

Parabolic representations of 2-bridge knots. Consider the 2-bridge knot K =
b(p, g), where p > g > 1 are relatively prime. The knot group Gk has a presentation
Gk = (a,b| wa = bw), where w = a®'b®? - - - a®»-2b*»~' and ¢; = (—1)lia/pl (see,
e.g., [Burde and Zieschang 2003]).
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Let ¢k (x, y) be the defining equation for the nonabelian representations into
SL;(C) of Gx, where x =trp(a) =tr p(b) and y =tr p(ab~"). Then ¢k (2, y) is the
defining equation for the parabolic representations. It is known that ¢ (2, y) € Z[y]
is a monic polynomial of degree d = (p — 1)/2; see [Riley 1984; Tkhang 1993].

We want to study the irreducibility of ¢x (2, y) € Z[y].

Lemma 5.1. One has ¢px (2, y) = Sq(¥) + Sa—1(y) in Z5[y].

Proof. The proof is similar to that of [Le and Tran 2012, Proposition A.2].
Suppose p is a parabolic representation. Let A = p(a), B = p(b) and W = p(w).
Taking conjugation if necessary, we can assume that

11 1 0
5-D A=|:0 1:| and B:[Z—y 1:|,

where y =tr AB™! € C satisfies the matrix equation WA — BW = 0.

By the Cayley—Hamilton theorem applying for matrices in SL,(C) we have
A+ A" =tr(A)I =21 =0 (mod 2), that is, A~! = A (mod 2). Similarly, B~! =
B (mod 2). This implies that W = A®' B® ... A®%-1B®%4 = (AB)? (mod2). By
applying (2-2), we have

WA+ BW = (AB)?A + B(AB)¢

= Si(M(A+B)+S;1(y)(B~'+47h
= (Sa(y) + Sa-1(y)) (A+ B) (mod 2),

where A + B = [g o] (mod 2). Hence ¢x (2, y) = Sa(y) + Su—1(y) in Zo[yl. O

Recall from the Introduction that % is the set of all odd primes p such that 2 is
a primitive root modulo p.

Lemma 5.2. Suppose p € P,. Then S;(y) + Sq—1(y) € Z»[y] is irreducible.
Proof Let y =u+u~'. Then

d+1 —(d+1) d_ ,—d 2d+1
u +u u®+u g 1+u
S +S,_ = = -
a(y) + Sa—1(y) e + P T u

Suppose p € P,. We will show that (1+u?)/(1+u) € Z,[u] is irreducible. This
will imply that S;(y) + Sy—1(y) € Z»[y] is irreducible.

We have (1+u”)/(14+u) =uP~' 4. -4 u+1is the p-th-cyclotomic polynomial
Cp(u) € Z5[u] (since p is an odd prime). It is well known that C,(u) € Z[u] is
irreducible if p € P,; see for example, [Roman 2006, Theorem 11.2.8]. The lemma
follows. O

Proposition 5.3. Suppose p € P,. Then ¢px (2, y) € Z[y] is irreducible.
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Proof. By Lemma 5.1, ¢x (2, y) = Sq(y) + Si—1(y) € Z,]y]. Since p € P,, the
polynomial S;(y) + Ss—1(y) € Z,[y] is irreducible by Lemma 5.2. This implies
that ¢ (2, y) is irreducible in Z;[y]. Since ¢k (2, ¥) € Z[y] is a monic polynomial
in y, it is irreducible in Z[y]. ([

Proof of part (2) of Theorem 1.2. It is known that J (k, 2n) is fibered only for the
trivial knot J(k, 0), the trefoil knot J (2, 2), the figure eight knot J (2, —2), the
knots J (1, 2n) for any n, and the knots J (3, 2n) for n > 0.

The case J(2m, 2n), m > 1. We will apply Proposition 5.3 to study the fibering
problem for K = J(2m, 2n).

Let p = |4mn — 1] then it is known that ¢x (2, y) has degree (p — 1)/2. By
Proposition 5.3, the polynomial ¢k (2, y) € Z[y] is irreducible if p € P,.

Proposition 5.4. Suppose m > 1 and p = |4mn — 1| € P,. Then Ak ,(t) is
nonmonic for every parabolic representation p.

Proof. We only need to consider the case n > 0. The case n < 0 is similar.

Suppose p is a parabolic representation, that is, x = 2. Since k = 2m, by
Proposition 4.3 the coefficient of the highest-degree term of Ag ,(t) is h(y) =
(T,(A) —=2)/ (A —=2) x (T,,(y) —2)/(y — 2), an integer polynomial in y of degree
m—1DC2m)+(m—-1)=2mn—m+1)<2mn—1=(p—1)/2.

Since p € P,, the polynomial ¢ (2, y) € Z[y] is irreducible. This implies that
¢k (2, y) does not divide 2(y) — 1 in Z[y]. Hence h(y) # 1 when ¢ (2, y) = 0.
The proposition follows. O

Twist knots J (2, 2n). For K = J(2,2n) we have A = y> — yx2 4+ 2x? — 2 and
ox(x,y)=—(Q+1-— xS 1(A) — Sp_2(X). Suppose p is a nonabelian represen-
tation. By Proposition 4.3 the coefficient of the highest-degree term of Ak ,(7) is
(T, (A)—2)/(A—2). We want to show that for || > 1, we have (T,,(A)—2)/(A—=2) #1
when ¢k (x, y) =0 and x = 2. This will imply that for any parabolic representation
P, Ak, ,(t) is monic if and only if |n| = 1.

Tn()‘)_2
A=2
Proof. We only need to consider the case n > 1. The case n < —1 is similar.
Suppose T,(A) = A and A # 2. Then B} + " = B, +pB_, ie, ,Bfl =1or
Tl = 1. It implies that . = —2, or A =2cos2jm/(n—1) forsome 1 < j <n-—2
and j A(n—1)/2,or A=2cos2jr/(n+1) forsome 1 < j <nand j # n+1)/2.

Lemma 5.5. If x = 2, then gcd<d>1<(2, v, — 1) — 1inCly] for|n| > 1.

Case 1: A = —2 (in this case n must be odd). By similar arguments as in the
proof of Lemma 4.5, we have ¢g (x, y) #0 if x € R.

Case 2: A =2cos2jm/(n—1) forsome 1 <j<n-—2and j# (n—1)/2. Then
S,—1(A) =1 and S, »(A) =0, hence ¢g (x, y) = —(y +1—x?).
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Suppose ¢x (x,y) =0. Then y=x>—land A = y> — yx? +2x2 -2 =x2— 1.
This cannot occur if x2 — 1 > 2, since A < 2. Hence ¢ (x, y) # 0 if x% > 3.

Case 3: A =2cos2jm/(n+ 1) forsome 1 < j <mand j # (n+1)/2. Then
S,—1(A) = —1and S,_»(A) = —A, hence ¢x (x,y) =y+1—x>+A.

Suppose ¢px(x,y) =0. Then y =x>— A —land A = y> — yx?> +2x> -2 =
A +r2—x3)+x2—1,thatis, A2 —A(x2—1)+x2—1=0. This equation does
not have any real solution A if 1 < x> < 5. Hence ¢k (x, y) #0if 1 <x? <5.

In all cases, ¢x (x, y) # 0 when (T,(A) —2)/(A —2) =1 and 3 < x> < 5. The
lemma follows. [l

Remark 5.6. Lemma 5.5 gives a proof of [Morifuji 2012, Theorem 1.2] that does
not use the irreducibility of ¢;2,2,)(2, y) € Z[y] proved in [Hoste and Shanahan
2001].

The case J(2m +1,2n). Let K = J(2m + 1, 2n). Suppose p is a nonabelian
representation. By Proposition 4.8 and Lemma 4.11, the coefficient of the highest-
degree term of Ag ,(7) is

Tm(y)_2 ifn>0 and Tm+1()’)_2
y=2 y=2
We want to show that for m > 1, we have (7,,,(y)—2)/(y—2) # 1 when ¢g (2, y) =0.
This will imply that for any parabolic representation p, Ak ,(¢) is monic if and
only if K =J(1,2n),or K =J(3,2n) and n > 0.
The key point of the proof of the following lemma is to apply Proposition 3.2.

if n <0.

Lemma 5.7. If x =2, then gcd (¢K(2, y), % - 1) =1inCly] form > 1.
Proof. Suppose T,,(y) =y and y #2. Then ' +y" =y, +y_,ie., yjf‘l =1
or yf“ = 1. This implies that y = —2, or y = 2cos2jnm/(m — 1) for some

I<j<m—2and j£Am—1)/2,ory=2cos2jr/(m+1)forsomel <j<m
and j # (m+1)/2. In all cases, y € R and y < 2. Proposition 3.2 then implies that

¢k (2, y) #0. The lemma follows. ([l

The case analysis on the last two pages cover all possibilities, showing part (2)

of Theorem 1.2. This completes the proof of the theorem. U
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