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We prove that the ring of polynomial invariants of Weyl group for an in-
decomposable and indefinite Kac-Moody Lie algebra is generated by the
invariant symmetric bilinear form or is trivial depending on whether A is
symmetrizable or not. The result was conjectured by Moody and assumed
by Kac. As an application, we discuss the rational homotopy types of Kac—
Moody groups and their flag manifolds.

1. Introduction

Let A = (a;;) be an n x n integer matrix satisfying:
(1) For each i, a;; =2.

(2) Fori # j,a;; <0.

(3) If a;; =0, then a;; =0.

Then A is called a Cartan matrix.

Let & be the real vector space with basis ITV = {a, )/, ..., &}, and denote
the dual basis of IT" in the dual space h* by {w1, ws, ..., w,}; that is, w; (onV) =3;j
for 1 <i,j <n. Let Il = {oy,...,,} C h* be given by (aiv,oej) = a;; for

all i, j; then o; = Z’}zl ajjw;. Note that if the Cartan matrix A is singular, then
{o; | 1 <i <n}isnota basis of 4*. ITand IT" are called the simple root system and
simple coroot system associated to the Cartan matrix A, and «;, ozl.v ,wi,1<i<n
are the simple roots, simple coroots and fundamental dominant weights respectively.
By [Kac 1968] and [Moody 1968], for each Cartan matrix A, there is a Lie
algebra g(A) associated to A, which is called the Kac—Moody Lie algebra.
The Kac—Moody Lie algebra g(A) is generated by o', ¢;, fi, 1 <i <n over C,
with the defining relations
(D) [o, af1=0,
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(2) lei, fijl=éije;,

3) [Ol,-v, €j] = ajjej, [Ol,-v’ fj] = _aijfj’
(4) ad(e;) ™t (e;) =0, 1 <i #j <n,
(5) ad(fi)~ 1 (f)) =0, 1<i#j<n.

Kac and Peterson [1983; 1985] (see also [Kac 1985a]) constructed the Kac—
Moody group G(A) with Lie algebra g(A). In this paper, for convenience we
consider the quotient Lie algebra of g(A) modulo its center c¢(g(A)) and the associ-
ated simply connected group G (A) modulo C(G(A)). We still use the same symbols
g(A) and G(A) and call them the Kac—Moody Lie algebra and the Kac—-Moody
group.

Cartan matrices and their associated Kac-Moody Lie algebras and Kac—Moody
groups are divided into three types:

(1) Finite type, if A is positive definite. In this case, G(A) is just the simply
connected complex semisimple Lie group with Cartan matrix A.

(2) Affine type, if A is positive semidefinite and has rank n — 1.
(3) Indefinite type otherwise.

A Cartan matrix A is called hyperbolic if all the proper principal submatrices
of A are of finite or affine type. A Cartan matrix A is called symmetrizable if
there exist an invertible diagonal matrix D and a symmetric matrix B such that
A = DB. Also, g(A) is called a symmetrizable Kac-Moody Lie algebra if A is
symmetrizable.

The Weyl group W (A) associated to a Cartan matrix A is the group generated
by the Weyl reflections o; : h* — h* with respect to o', for 1 < i < n, where
o) =a— oe(ozl.v )a;. W(A) has a Coxeter presentation

W(A) = (01,...,0n |02 =e, 1 <i <n; (0,0))" =e,1 <i<j<n),

where m;; =2,3,4,6 or co as a;ja;; =0, 1, 2, 3 or > 4, respectively. The action
of o; on fundamental dominant weights is given by o;(w;) = w; — ; (Otl-v Yo =
w; — d8;;a;. For details see [Kac 1983; Humphreys 1990].

The action of the Weyl group W(A) on A* induces an action of W(A) on the
polynomial ring Q[#*] = Qlw;, ..., w,]. If foreach 0 € W(A), o (f) = f, then
f € Q[h*] is called a W (A)-invariant polynomial. Since W (A) is generated by o;,
1 <i <n, fis a W(A)-invariant polynomial if and only if 0; (f) = f for 1 <i <n.
The W (A)-invariant polynomials form a ring, called the ring of W (A) polynomial
invariants, denoted by 7 (A).

The invariant theory of Weyl groups has been a significant topic since the 1950s.
It has important applications in the homology of Lie groups and their classifying
spaces. Motivated by that study, Chevalley showed that the ring of invariants of a
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finite Weyl group is a polynomial algebra. A comprehensive study of the polynomial
invariants was undertaken by Bourbaki, Solomon, Springer and Steinberg, etc.
Moody [1978] proved the following:

Theorem. Let A be an indecomposable and symmetrizable n x n Cartan matrix
whose associated invariant bilinear form  is nondegenerate and of signature
(n — 1, 1). Then the ring of W (A) polynomial invariants is Q[].

In the same paper, Moody further said: “We conjecture that it is in fact true for
all Weyl groups arising from nonsingular Cartan matrices of nonfinite type.”

Kac [1985b] also assumed that for an indecomposable and indefinite Cartan
matrix, the ring of W(A) polynomial invariants is Q[v] or trivial depending on
whether A is symmetrizable or not.

In this paper, we prove the following:

Theorem. Let A be an indecomposable and indefinite Cartan matrix A. If A is
symmetrizable, then 1(A) = Q[V]; if A is nonsymmetrizable, then 1 (A) = Q.

The content of this paper is as follows. In Section 2, we discuss the general
results about the polynomial invariants of Weyl group W (A). In Sections 3 and 4,
we consider the rank 2 and hyperbolic cases, respectively. The main theorem is
proved in Section 5. In Section 6, we consider the applications of the theorem
in determining the rational homotopy type of Kac—Moody groups and their flag
manifolds.

2. Rings of polynomial invariants of Weyl groups: general case

In this section, we discuss some general properties of the ring of invariants of Weyl
groups.

Lemma 2.1. Ifa Cartan matrix A is the direct sum of Cartan matrices Ay, Aa, then
1 (A) is isomorphic to the tensor product I (A1) @ I (Ay).

So we only consider indecomposable Cartan matrices.

Lemma 2.2. Write f € I(A) as [ = 25:0 fi € I(A), where f; is the degree i
homogeneous component of f. Then f; € 1 (A).

So I(A) is a graded ring: 1 (A) = @2, I' (A), where I/ (A) is the subspace of
homogeneous polynomials of degree i in /(A). To determine the ring 1 (A), we
only need to consider homogeneous invariant polynomials.

Lemma 2.3. For an indecomposable Cartan matrix A of affine or indefinite type, the
orbit {o (w) |0 € W(A)} of a nonzero element w in the Tits cone {Z?:l Ajwi | A > 0}
is an infinite set.
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Proof. If o # 0 is in the Tits cone, then we can assume w =Y _; Ad;w;, A; > 0. Let
S={1,2,...,n}, J={i e S|x; =0}, W;(A) be the subgroup of W(A) generated
by {o; |i € J} and G ;(A) be the parabolic subgroup of G(A) corresponding to
the Weyl group W;(A). Since {o(w) |0 € W(A)} = W(A)/W;(A) indexes the
Schubert varieties of the generalized flag manifold F;(A) = G(A)/G;(A), the
lemma follows from the fact that the number of Schubert varieties in F;(A) is
infinite for affine and indefinite type. For reference, see [Kumar 2002]. ([

Corollary 2.4. Let f € 1(A) be a homogeneous invariant polynomial and w # 0
be in the Tits cone. If w | f, then f =0.

Proof. If w | f, then for any 0 € W(A), o (w) |o(f) = f. Since {o(w) |c € W(A)}
is an infinite set, if f # 0, this contradicts the condition that the degree of f is
finite. U

Lemma 2.5. For a Cartan matrix A, I'(A) = {0}.

Proof. Suppose f =3 " Ajw; € I'(A); then for each j, oi(f)=f—Ajaj=f.
Since aj #0, A; =0. Hence f =0. U

Lemma 2.6. For a Cartan matrix A, we may write any homogeneous degree 2
polynomial f in the form er'l,jzl Aijwiw;, where L = Aj;. Then f € I?(A) if and
onlyif of /dw; = %(HZf/awi)ajforl <J=<nithatis,2\;j=a;;)\j; for 1 <i, j <n.

Proof. If f is an invariant polynomial, then for each j,

d 9*
o1()) = f@1.... .00 wn>—f<w)——fa +%a—foz]2~ ;

of

This is equivalent to b0, = %

n n
a—f oj. That is, 2 Z )u,'ja),‘ :)»jjOlj :)ij Zaija)i;
J

=1 =1
1.6., 2)»,'1' = aij)\jj- ! ! |

Lemma 2.6 can be generalized:

Lemma 2.7. Let A be a Cartan matrix. Then f is a degree [ invariant polynomial
ifand only iffor 1 < j <n,

of  19°f La'f .y _

1 1
W b0, 20070 e )l'al

Lemma 2.8. An n x n Cartan matrix A = {a;;} is symmetrizable if and only if there
exist nonzero dy, da, . .., d, such that a;;d; = aj;d; for alli, j.
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Proof. Suppose A is symmetrizable. Then there exist an invertible diagonal ma-
trix D = diag(dy, ..., d,) and a symmetric matrix B such that A = D B; that is,
dajj = d,'b,'j for all i, ] So a,-j/d,- = b,’j = bj,' = aji/dj. Equivalently, aijdj = aj,'d,'.

If there exist nonzero di, d, ..., d, such that a;;d; = aj;;d; for all i, j, let
D =diag(dy, ..., dy) and B = (b;j)nxn = (@j/d;i)nxn; then, A = DB. Therefore
A is symmetrizable. O

Corollary 2.9. If A is an indecomposable Cartan matrix, then dim I>(A) =1 or 0
depending on whether A is symmetrizable or not. And if A is symmetrizable, then
I*(A) is spanned by the invariant bilinear form v, which is unique up to a constant.

Proof. If dim I*(A) > 0, choose f(w) = Y7 ;_; hijwiw; € I*(A), f(w) #0. By
permuting the simple roots, we can assume that there exists an integer k£ > 0 such
that Aq1, ..., Ak Z0but Aggq kg1, .5 Apn =0. If i <k and j > k, by Lemma 2.6
2)»1']' = aijkjj, therefore )‘ij =0. By 0= 2)»1'1' = 2)\.]’[’ = aji)»i,', we get aji = 0 for all
i <k, j > k. Since A is indecomposable, kK must equal n. Let d; = A;; for 1 <i <n;
then a;;d; = aj;d; for all i, j. This means that A is symmetrizable.

If dim 72(A) = 0, then A is nonsymmetrizable (if A is symmetrizable, then the
Killing form gives an element in 72(A)).

Since A is indecomposable, for all i, j, the ratios A;; : A;; and A;; : A;; are
determined by A. Therefore, if dim 72(A) > 0, then dim I*(A) = 1. O

Below, for an indecomposable and symmetrizable Cartan matrix A, we always
fix a nonzero Y € I*(A).

3. Rings of polynomial invariants of Weyl groups, n = 2 case

A 2 x 2 Cartan matrix is of the form

2 —a
(2 70)

We say that A, is of finite, affine or indefinite type if ab <4, ab =4 or ab > 4,
respectively. The action of reflections o1, 02 € W(A) on h* is given by

o1(w) = —w1+bwy, o1(w) =wr, o2(w1)=wi, 0o2(w2)=—wr+aw;.

Lemma 3.1. The Weyl group W, ;, of a Cartan matrix A, j is the dihedral group Dy,
where m =2,3,4,6 or oo when ab =0, 1, 2, 3 or > 4, respectively. If A, is of
affine or indefinite type, then the ring of polynomial invariants of the Weyl group
Wap is T(Aqp) = Q1.

Proof. For a Cartan matrix A, ; of affine or indefinite type, ab # 0. Since A is

indecomposable and symmetrizable, dim I2(A) = 1 and I%(A) is spanned by v =

aa)f —abwiwr + ba)g. Suppose f(w) = Zé:o Aia)‘iwlz_i is a degree [ homogeneous
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invariant polynomial; then

!
o2 (f) =Y Mo (o +aw)'™

i=0

—ZZ( l)fk( . )a)lwz(aa)l)l i=J

I—=j
I
S (1 e
j=0i=
I

J .
— (Z(—l)l_j)\i(ll:;)aj ’)w{wlz i

j=0 Vi=0

So o> (f) = f is equivalent to
d 1—i
_ =iy [ j—i .
@) =2 T, 25)a " 0=ist

Letting j =0, we get Ao = (—1D!xg. So 1o =0 or [ is even.
(1) If xo =0, then w; | f. By Corollary 2.4, f =0.
(2) If I is even, suppose [ = 2m. There exists a constant A such that f — Ay™ is
an invariant polynomial and w; | (f — Ay™), hence f = Ay™.

This proves the lemma. O

4. Some results about hyperbolic Cartan matrices

Moody [1978] proved that for each indecomposable and symmetrizable hyperbolic
Cartan matrix A, the ring of polynomial invariants I (A) is Q[v], where 1 is the
invariant symmetric bilinear form. So in this section we only consider nonsym-
metrizable Cartan matrices.

Indecomposable n x n hyperbolic Cartan matrices exist only for n < 10, and
their number is finite for 3 < n < 10. There are lists of hyperbolic Cartan matrices
in [Wan 1991] and [Carbone et al. 2010].

Lemma4.1. Let A be an indecomposable and nonsymmetrizable hyperbolic Cartan
matrix with n > 4.

(C1) The Dynkin diagram of A forms a circle. That is, a;; # 0 if and only if
i—jl=0,10orn—1.

C) Ifli—jl=1orn—1,thena;jj=—1oraj;; =—1.
The lemma is proved by direct checking of the lists.



POLYNOMIAL INVARIANTS OF WEYL GROUPS FOR KAC-MOODY GROUPS 497

Remark 4.2. The lemma is not true for the case n = 3.

Lemma 4.3. Let A be an indecomposable and nonsymmetrizable hyperbolic Cartan
matrix with n = 3. Then A contains a 2 X 2 principal submatrix of affine type, or all
the 2 x 2 principal submatrices of A are of finite type. In the latter case, A satisfies
conditions (C1) and (C2).

Feingold and Nicolai [2004] proved the following theorem:

Theorem 4.4. Let g(A) be the Kac—Moody Lie algebra associated to a symmetriz-
able Cartan matrix A = (a;j)nxn which is generated by (xiv, e, fi,1 <i<n,and
let By, ..., Bn be a set of positive real roots of g(A) such that B; — B; is not a
root for 1 <i # j <m. Let E;, F; be root vectors in the one-dimensional root
spaces corresponding to the positive real roots B; and negative real roots —;,
respectively, and let H; = [E;, F;). Then the Lie subalgebra of g generated by
{E;, F;, Hi |1 <i <m} is a regular Kac-Moody subalgebra with Cartan matrix
B = (bij)nxn = (2(Bj, Bi)/(Bis Bi))nxn-

In the formulas below, subscripts not in the range from 1 to n are to be taken
modulo 7 in that range. By using the ideas in the theorem of Feingold and Nicolai,
we can prove the following lemma:

Lemma 4.5. Let A be an n x n Cartan matrix satisfying conditions (C1) and (C2)
in Lemma 4.1, with simple root system {1, ag, ..., q,}, then B; = ajy1 + 42,
1 <i < nis a set of positive real roots of g(A), and B; — B;j for i # j are not
roots. Let o, e;, fi, 1 < i < n be the generators of g(A), E; = [e;j 11, €i12],

1 b
Fi = ~Lfir1, fis2] and H; = [E;, F;1. Then H;, E;, Fy, 1 <i < n generate a full
rank regular Kac—Moody subalgebra with simple root system {1, B2, ..., Bn} and
Cartan matrix B = (b;;) = (B; (H;))nxn-

Proof. For B; = a1 + a2,
H; =[E;, Fi]

= —lleit1, €iv2], [fi+1, fit2ll

= —[llei+1. eival, fir1], fisa] = Ufivt, leit1s g2l firall

=[[[fi+1. €is1] g2l figa] +leirts [fir1s €ivalls figal
+ [fit+1, [Lfi+2, €it1], €i+2]]+[fi+h leit1, [fit+2s €i+2]]]

= —[let;’y 1, eital, firal = [fit1, [€iv1, 2 0]]

= —(Gi1,i420 0 F Aig2,i+1074 7).

Then [H;, E;] = —2(ai+1,i+2 + Git2,i+1 +ait1,i420i42,i+1) E;.
Since, foreach 1 <i <n,

=2(@it1,i+2F@i12,i+1+ai11,i120i2,i+1) =2(1 = (@iy1,i2+ D (@ig2,i+1+1) =2,



498 ZHAO XU-AN AND JIN CHUNHUA

a routine check shows that 8;(H;) < 0. Therefore the matrix B with b;; = B;(H;)
is a Cartan matrix. The Serre relations for H;, E;, F;, 1 <i <n from B are checked
as in [Feingold and Nicolai 2004], so H;, E;, F;, 1 <i <n generate a Kac—Moody
Lie algebra g(B) inside g(A). O

We can’t say Lemma 4.5 is a corollary of the previous theorem, since we don’t
know whether the theorem is true for nonsymmetrizable Cartan matrices A. So we
must prove Lemma 4.5 by direct computation.

Corollary 4.6. Let A be an n xn indecomposable and nonsymmetrizable hyperbolic
Cartan matrix. Then in g(A) there is a full rank indecomposable and nonhyperbolic
regular indefinite Kac—Moody subalgebra g(B).

This corollary is proved by using Lemma 4.5 and checking the list of inde-
composable, nonsymmetrizable hyperbolic Cartan matrices. We have written a
computer program to do the checking. The computation results show that except
for the hyperbolic Lie algebras labeled 131, 132, 133, 137, 139, 141 in the list
in [Carbone et al. 2010], all the subalgebras we constructed are nonsymmetriz-
able.

Below is a simple example:

Example 4.7. For the hyperbolic Cartan matrix

2 -1 -1
A=|-1 2 -1],
-2 -1 2

we obtain a regular subalgebra g(B) of g(A) with simple roots
Br=axta3z, Br=o3ta, Pz=at+oa,

and its Cartan matrix is

2 -2 =2
B=|-3 2 -1
-1 -1 2

It is nonsymmetrizable and indefinite, but nonhyperbolic.

5. Proof of the main theorem

Some preparatory lemmas. Let A be an n x n Cartan matrix and S ={1, 2, ..., n}.
For J C S, let A, be the principal submatrix (a;;); jes corresponding to J. Then
A" = Ag_yy) is the upper-left (n — 1) x (n — 1) principal submatrix of A. Let 4’ be
the subspace of & spanned by o', ..., @y, and h"* the subspace of 1* spanned
by wi,...,ws—1;then h =h' @ Re, and h* = h* ®Rw,. Leto; e h*, 1 <i <n
and o) € i’ *, 1 <i <n—1 be the simple roots of Cartan matrices A and A’
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respectively, and 07, 1 <i <n and ol.’ , 1 <i <n—1 be the Weyl reflections in £ *
and h'* respectively. For 1 <i # j <n—1, a; = a4+ a,;wy, 0i(w;) = 0] (w}), and
oi(w;) = w; —o; =0/ (w;) — Apjwy.

Lemma 5.1. Let v = (w1, ..., wy_1,w,) and o' = (w1, ...,w,_1). If f(w) is
a degree | invariant polynomial under the action of o1, ...,0,—1 and f(w) =
Zizo fi(@)&' i, with each f;(') a degree i homogeneous polynomial in S(h'),
then fi(«') is invariant under the action of o, ..., 0, _,.

Proof. For k # n,

l .
f@) =0 (f(®) = go or(fi(@)al™

1
= Z i (0k(@1), 0k (@2), -+, ok (@k), - . ., Op(@p—1))
)
= Z (0L (@1), 0L (@2), . .., 6L (W) — pgys - . . , Tp(@Wp—1))]
Setting w, = 0, we get fi(«') = fi(o)(0)) = o/ (fi(@)). O

!
Corollary 5.2. If f(w) = Y. fi(@)ol " € I(A), then fi(o') € I(A).
i=0

Lemma 5.3. If the degree | polynomial f(w) is invariant under the action of
O1,...,0n_1 and f(w) = Zi:o fi(@)TE, then fork #n and 0 <i <1,

RPN S
X = 5 R

j=0

Proof. Continuing the calculation of f(w) as in Lemma 5.1, for k # n, we get

! .
> fil@)ol !
i=0
= f (@) =3 fi(oi@)). 0i(@2). ... 0f(x) = anieon. ... O (- D,
d i 1 9/ fl / / / / i 1—i
=) > 1w (Gk(wl), o (@), ..., op(@p), - - ., Op(@n—1)) (—ankwy)’ ),
i=0j=0
l i " aj ; , , , ;
= Z Z (za k) J ‘(Uk(a)l), Uk(wZ), cee Uk(a)k), Uk(a)n 1))wl +i

]:O J' (dwy)/

G (—am)’ 3 fiy / ) i
5T Gu) V)

Il
o

I
™~
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By comparing the coefficients of @/~ in the two sides, we get

[—
n 8 l
ﬁ-(w’>=§:( “Jk) f+’<k< ).
=0

Acting by o; on both sides, we prove the lemma. ([
In the following, given an n x n Cartan matrix A, we denote its upper-left
(n — 1) x (n — 1) principal submatrix by A’.

Lemma 5.4. Let A be an indefinite n x n Cartan matrix. If both A and A’ are
indecomposable and symmetrizable, then the restriction of the invariant symmetric
bilinear form v to h' gives an invariant symmetric bilinear form V'.

The proof is obvious by checking ¥, # 0 and ' = | is invariant under the

: / /
actionof oy, ...,0,_,.

Lemma 5.5. Let f be a W(A)-invariant polynomial and f(w) = Zﬁzo fi(@ )a)ff".
Then for1 < j <l,

J . .
@ fi@) =30 @) (1) - e

i=0

/ —_— . .
where W, = ) aj,w;.

j#n
Proof. We have 0, (w,) = wy — 0y = —wp — Y aj0; = —w, — ), and

J#n

!
f=0u(f)=)_ fil)on(@) )
i=0
!
=Y fil@) (w0, =Y ajwp”
i=0 j#n

—Zfz(w)Z( = l( J') w1
= Z[Zj<—1)"’ﬁ(w’>(’ ;")w,;l—"—f]w,{
_Z[Z( b lﬁ(w)( ! )‘J'w;j_i]wffj,

By comparing the coefficients of a)n , we prove the lemma. (]
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Remark 5.6. In fact, equations (3) and (4) are just corollaries of (1) applied to
f@) =i fil@)wy™.

Lemma 5.7. Let f be a W (A)-invariant polynomial of degree | and let f(w) =
Zf:o fi(@)&' I If1 = 2m, then for each i < m — 1, there exist constants az. (OR
0<j <i,depending onl, such that f>;+| = lezo aj. (l)fz_(,-_j)w’,zljﬂ. Ifl =2m+1,
then fo =0, and for each i < m, there exist constants b’j (D), 1 < j <i, such that

fr = 23:1 b;(l)fz(i_j)Ha)/ij_l. And the coefficients a;(l) and b;(l) can be
computed.

Proof. Letting j =0 in (4), we get fo = (—1)! fy. So there are two cases:
Case 1: [ is even. Let j = 1in (4). Then f; = — fi + (i)foa),’r That is,

5 h= 20t

For j =2, we get > = fo — (l_ll)fla); + (é)foa)’i; equivalently, f; = %(i)fow;.
For j =3, we get

et () = (3 s ()
Substituting (5), we get
0 =417 i (L)

Continuing this procedure, we’ve proved the lemma when [ is even.
Case 2: [ is odd. Then fy =0, and the proof is similar to the previous case. [
Corollary 5.8. Let f be a W(A)-invariant polynomial and f (w) = Zﬁ:o fi(@)o
Then w,, | fi—1().

Computation motivates us to make the following conjecture:

Conjecture. If [ is even, then equation (4) for j = 2k can be derived from the set
of equations for j =0,1,2,...,2k — 1. If [ is odd, Equation (4) for j =2k — 1
can be derived from the set of equations for j =0,1,2,...,2k —2.

The conjecture is verified for £ < 3.

Lemma 5.9. Let A be an n x n Cartan matrix. If f(w), g(w) € S(h*) satisfy
ok (f (@) — f(w) =or(g(w)) — g(w) for each 1 <k <n, then f — g € I(A).

The proof is trivial.

Lemma 5.10. Let A be an indefinite n x n Cartan matrix and A’ its upper-left
(n — 1) x (n — 1) principal submatrix. If the ring of W (A’) polynomial invariants
I1(A") is equal to Q[y'] and | = 2m, then for each W (A)-invariant polynomial



502 ZHAO XU-AN AND JIN CHUNHUA

fw) = ZLO fi(@ !~ of degree I, there exists a constant k such that fi(w') =
k'™ and fi_1(@') = kmy"™ " o*, where v} = Zk;én Mk Ok W

Proof. By Corollary 5.2, f;(w) € I(A”). Since I(A") = Q[v'], there exists k such
that fj(@") = ky™. In (3), letting j =1 — 1, we get for 1 <k <n — 1 that

)
o (fi-1(@) = fi1(@) = _anka_({)lk-
Let g(o') = kmy"™ 1 w*; then it is easy to check
a
_ankai =0y (g(0) — g,
o)

s0 oy (fi—1(@) = fi-1(0") = 03 (g(0)) — g(@). Applying Lemma 5.9 to fi_1, g
for the Cartan matrix A, we get fi_; (') — g(o') € I'"1(A"). But I'"1(4") =
1>"~1(A") = {0}, hence fi_i (') = g(&). O

Proof of three propositions.

Proposition 5.11. Let A be an n x n indecomposable and indefinite Cartan matrix.
IfI(A") =Q, then I (A) = Q.

Proof. Let f be a W(A)-invariant polynomial and f(w) = Zﬁ:o fi(@)w!=t. Then
by Corollary 5.2, fi(w') € I(A"), so fi(w') =0.
Fori =1 —1, Equation (3) is

dfi

B

or(fim1(@") = fi1(@") — ant ().

Substituting f;(w’) = 0 in the above equation, we get o/ (fi—1(«)) = fi—1(«'), so
fi—1(@") = 0. Continuing this procedure, we show that f;(w") =0 for all i > 0 and
fo is a constant. Hence f(w) = foa)fl. By Corollary 2.4, f =0. U

Proposition 5.12. Let A be an n x n symmetrizable and indefinite Cartan matrix.
If [(A") = Q[Y'], then I (A) = Q[v/].

Proof. Let f be a W(A)-invariant polynomial and f(w) = Z§=O fi(@)wl=t. Then
by Corollary 5.2, fj(«') € I(A’), so fi(@") = 0 or there exists A # 0 such that
fi= ™ If f;=0, then w, | f,so f=0.If f;=Ay"™, then by Lemma 5.4 we can
assume ¥ |, = ¢’, so f —Ay™ is a W(A)-invariant polynomial and w, | (f —Ay™).
Hence f = Ay™. (]

Proposition 5.13. Let A be an n x n indecomposable and nonsymmetrizable Cartan
matrix. If A" is symmetrizable and I (A") = Q[¥'], then I1(A) = Q.
Proof. Let f be a W(A)-invariant polynomial and f(w) = Zé:o fi(@)o' . Sup-
pose ¥’ = Y11, Aijwiw; with A;; =i forall 1 <i,j <n—1.

If [ is even, suppose [ = 2m. We prove f; = O first. Suppose f; # 0; then



POLYNOMIAL INVARIANTS OF WEYL GROUPS FOR KAC-MOODY GROUPS 503

by Lemma 5.10, there exists k # 0 such that f; = ky/™ and fi_; = kmy"™ 1w
By Corollary 5.8, @/, | fi—1 = kmy"" 'w?. So o, | ¥ or @, | ®*. Since ¥ is
W (A)-invariant and —w), is in the Tits cone, by Corollary 2.4 ), | ¥ is impossible.
Therefore w), | w}. Because A is indecomposable, both w;, and »} are not 0.
Therefore there exists a constant d,, # 0 such that w} =d,w),. Butw, =) jtn Ajn@;j
and a)Z = Zj;én kjjanjwj, SO ajndn = anj)»jj. Letd; =X;;, 1 <i <n—1; since
A’ is symmetrizable, by Lemma 2.8 we know a;;d; = aj;d; for all i, j <n — 1.
Combining with a;,d, = ajA;;, we get a;;d; = aj;d; for all i, j < n. This shows
A is symmetrizable, contradicting our assumption, so f; = 0.

If [ is odd, then f; € I'(A’) also implies f; = 0.

If f; =0, then the remaining procedure of the proof is similar to the proof of
Proposition 5.12. 0

Proof of the main theorem. To prove the main theorem we need the following
lemma:

Lemma 5.14. Let A be a nonhyperbolic, indecomposable and indefinite Cartan ma-
trix. Then there exists an integer k, 1 <k <n such that As_, is an indecomposable
and indefinite Cartan matrix.

Proof. Since the Cartan matrix A is nonhyperbolic, there exists an integer k,
1 <k < n such that Ag_y, is indefinite. If Ag_() is indecomposable, the lemma
is proved. If Ag_) is decomposable, then the Dynkin diagram of Ag_ is split
into r connected subdiagrams I'y, ..., I',, with » > 1, and there is an sg, 1 <59 <7,
such that the principal submatrix corresponding to I'y, is indefinite. Since A is
indecomposable, the simple root ¢ is connected to all I'y, 1 <s <r.

We find a connected subdiagram Iy, s # sg. There must be a vertex oy of
[y such that the subdiagram I'y — {a/} is connected (note that we can choose a
vertex o from a connected finite graph I and the resulted subgraph I' — {«} is still
connected). It is obvious that Ag_y is indecomposable and indefinite. O

Now we can prove the main theorem:

Theorem. Let A be an n x n indecomposable and indefinite Cartan matrix A. If A
is symmetrizable, then 1 (A) = Q[V]; if A is nonsymmetrizable, then I (A) = Q.

Proof. We prove this theorem by induction on n. For n = 2, this is Lemma 3.1.

Suppose this theorem is true for all (n — 1) x (n — 1) indecomposable and
indefinite Cartan matrices.

For an n xn indecomposable and indefinite Cartan matrix A, if A is not hyperbolic,
then by Lemma 5.14 we can find an (n — 1) x (n — 1) principal submatrix A’ which
is both indecomposable and indefinite. Without loss of generality, we can assume
A’ is the upper-left (n — 1) x (n — 1) principal submatrix.

Then by considering the symmetrizability of A" and A, there are three cases:
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(1) Both A’ and A are nonsymmetrizable.
(2) Both A’ and A are symmetrizable.

(3) A’ is symmetrizable and A is nonsymmetrizable.

The proof for these three cases are dealt with by combining the induction as-
sumption and Proposition 5.11, Proposition 5.12, and Proposition 5.13 respectively.

So the theorem has been proven when A is nonhyperbolic. For the hyperbolic case,
if A is symmetrizable, the proof is given in [Moody 1978]; if A is nonsymmetrizable,
it is proved in the following:

Proposition 5.15. For an n x n indecomposable, nonsymmetrizable hyperbolic
Cartan matrix A, I (A) = Q.

Proof. For a Cartan matrix A with n > 4, by Corollary 4.6 we can find an n x n
indecomposable, nonhyperbolic and indefinite Cartan matrix B such that the root
system associated to B is a sub-root system of the root system associated to A, and
the Weyl group W (B) is a subgroup of W(A). Therefore 1 (A) C I (B).

If B is nonsymmetrizable, then by combining Lemma 5.14, Proposition 5.11
or Proposition 5.13 and the same induction procedure, we can prove /[ (B) = Q.
Hence I (A) = Q.

If B is symmetrizable, then by combining Lemma 5.14 and Proposition 5.12, we
prove I (B) = Q[¥g]. To prove I (A) = Q, it is sufficient to show the ¥, m > 1
are not W(A) invariants.

Suppose Y% is a W(A)-invariant polynomial. If m is odd, we get Y = (1//1’55’)1/’"
is W (A)-invariant. If m is even, similarly we get for each 0 € W(A) that o (y5) =
Yp or —Yrp. But o(y¥p) = —¢p is impossible (a symmetric bilinear form =
Zl'-szl Aijw;w; with all the A;;, 1 <i < n having the same sign can’t be linearly
transformed to —v). So we get o (Y p) = Y p. Therefore Vg is a W (A)-invariant
polynomial. Since A is nonsymmetrizable, this is impossible. Hence I (A) = Q.

For the n = 3 case, there are two possibilities. If A contains a 2 x 2 principal
submatrix A’ of affine type, then by combining Lemma 3.1 and Proposition 5.13,
we show I (A) = Q. If all the 2 x 2 principal submatrices of A are of finite type,
then A satisfies conditions (C1) and (C2). So we can find an indecomposable,
nonhyperbolic and indefinite Cartan matrix B such that g(B) is a regular subalgebra
of g(A). By a similar method as for n > 4, we can also prove I (A) = Q. This
proves the proposition and with it the theorem. (]

6. Applications to rational homotopy types of Kac-Moody groups
and their flag manifolds of indefinite type

For the Kac—-Moody Lie algebra g(A), there is the Cartan decomposition g(A) =
h@® ) ,ca 8« Where h is the Cartan subalgebra and A is the root system of g(A).
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Let b =h® ) ,.a+ 8« be the Borel subalgebra; then b corresponds to a Borel
subgroup B(A) in the Kac-Moody group G(A). The homogeneous space F(A) =
G(A)/B(A) is called the flag manifold of G(A). By [Kumar 2002], F(A) is an
ind-variety.

The cohomologies of Kac—Moody groups and their flag manifolds of finite and
affine types are extensively studied. For reference see [Pontryagin 1935; Hopf 1941;
Borel 1953a; 1953b; 1954; Bott and Samelson 1955; Bott 1956; Milnor and Moore
1965; Chevalley 1994]. But for the indefinite type, little is known.

The rational cohomology rings of Kac—Moody groups and their flag manifolds
are also considered in [Kac 1985b] and [Kumar 1985]. The essentially new part of
our work is that we study the properties of P4(g) and derive the explicit formula
for i;. For details see [Chunhua 2010; Chunhua and Xu-an 2012; Xu-an et al. 2013].

For a Kac—-Moody group G(A), H*(G(A)) is a locally finite free graded com-
mutative algebra over Q. Let the odd-dimensional free generators of H*(G(A))
be yi, ...,y and the even-dimensional free generators be z;,...,2,.... By
[Kac 1985b; Kitchloo 1998], [ < n. Denote the number of degree k generators of
H*(G(A)) by iy; then the Poincaré series of G(A) is

00 ;
(1 _q2k—1)12k,|
Pelg) = 1_[ Wik
iy (L—g™)

The Poincaré series Pg(g) determines the isometry type of the cohomology ring
H*(G(A)) and the rational homotopy type of G(A).

Let BB(A) be the classifying space of the Borel subgroup B(A) and j : F(A) —
BB(A) the classifying map of the principal B(A)-bundle 7 : G(A) — F(A). Denote
the cohomology generators of H*(BB(A)) by wy, ..., w,, degw; = 2. A routine
computation on the Leray—Serre spectral sequences of the fibration G(A) =

F(A) —L> BB(A) shows
H*(F(A) ZEy" ZQloy, ..., 00/ (fi11<j<D®Qlz1, ..., 2k, ... ],

where each f; corresponds to the differential of y; and the collection of such f;
generates the ring 7 (A) of W(A) polynomial invariants.
By [Xu-an et al. 2013], there is the following theorem:

Theorem 6.1. Let P4(q) be the Poincaré series of a flag manifold F (A). Then the
sequence iy —iy,i4 —1i3, ..., I —Iix—1, ... can be derived from Py (q). In fact we
can recover Ps(q) from the sequence iy —i,i4 — i3, ..., 00k — k1, ...

But to determine the rational homotopy type of G(A), we need to determine the
sequence i1, i2, ..., I, . ... S0 in addition to the Poincaré series P4(gq), we need
more ingredients. Note the number of generators of I (A) of degree k is just the
integer iox—1. So if we can determine the degrees of all the generators in 7/ (A), then
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we can determine the sequence iy, i3, ..., iok—1, - - . . And the main theorem of this
paper fills the gap. Now we have:

Theorem 6.2. For an indecomposable and indefinite Cartan matrix A, ix—1 =0
for all k > 0 except for k = 2. And for k = 2, if A is symmetrizable, iz = 1;if A is
nonsymmetrizable, i3 = 0.

Setting €(A) = 1 or 0 depending on whether A is symmetrizable or not as in
[Kac 1985b], we get:

Theorem 6.3. The sequence iy, ir,i3, ..., i, ... is determined by the Poincaré
series Py(q) and € (A).

Theorem 6.4. For an indecomposable and indefinite Cartan matrix A, the rational
homotopy types of G(A) are determined by the Poincaré series Ps(q) and €(A).

Kumar [1985] proved that for a Kac-Moody Lie algebra g(A), the Lie algebra
cohomology H*(g(A), C) is given by H*(G(A)) ® C. So we also computed the
cohomology of a Kac—-Moody Lie algebra g(A) with trivial coefficient.

For a Kac—-Moody group G(A), i1 =i =0. And we have:

Corollary 6.5. For an indecomposable and nonsymmetrizable indefinite Cartan
matrix A, G(A) is a 3-connected space.

Corollary 6.6. The dimension of the odd rational homotopy group mwyqq4(G(A))
of an indefinite Kac—Moody group G(A) is 1 or 0 depending on whether A is
symmetrizable or not.

Theorem 6.7. For an indecomposable and indefinite Cartan matrix A, if A is
symmetrizable, then

H*(G(A) = Ag(y3)®0Q[z1, ..., 2k, - .- ]
and

H*(F(A) = Qloy, ..., 0,1/ (¥) @ Qlz1, ..oy 2k - - - ]
If A is nonsymmetrizable, then

H*(G(A) =Qlz1, ..., 2, - -]
and
H*(F(A)=Qwy,...,0 ] QQ[z1, ..y 2k -+ - s

where deg z; > 4 is even for all k and can be determined from the Poincaré series
Pa(q) and €(A).

Note that the Poincaré series P4(g) can be computed easily by an inductive pro-
cedure. See [Chunhua 2010; Chunhua and Xu-an 2012] for details. So in principle

the computation of rational homotopy types is solved for all indecomposable and
indefinite Kac—Moody groups, whether they are symmetrizable or not.
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Since Kac—Moody groups and their flag manifolds are products of indecom-
posable Kac—Moody groups and indecomposable Kac—Moody flag manifolds, by
combining the known results for finite and affine types, we have determined the
rational homotopy types of all Kac—Moody groups and their flag manifolds. Since
G(A) and F (A) are rational formal (see [Sullivan 1977; Kumar 2002]), the rational
homotopy groups and rational minimal model of the corresponding Kac—Moody
group G (A) and its flag manifold F (A) can be directly computed from Theorem 6.7.

Theorem 6.8. For an n x n indecomposable and indefinite Cartan matrix A satisfy-
ing a;ja;; >4 forall 1 <i, j <n, the rational homotopy type of G(A) is determined
by e(A).

Since there are a large number of Cartan matrices satisfying the condition of
Theorem 6.8, this assertion may seem very surprising. But the proof is very simple.
It is derived from the equality

l+gq
l1—(n—1gq’
See [Chunhua 2010; Chunhua and Xu-an 2012] for explicit computations of P4 (g).
It deserves to be mentioned that for a 3 x 3 nonsymmetrizable Cartan matrix A
with a;;a;; > 4 for all i, j, the Kac-Moody group G(A) is a 5-connected space.
For an indecomposable and symmetrizable Cartan matrix A, let p, g, r be the
dimensions of the positive, negative and zero vector subspaces of the invariant
bilinear form 1, and set 7(A) = (p, ¢, ).

Pa(g) =

Theorem 6.9. For an indecomposable and indefinite Cartan matrix A, if A is
symmetrizable, then the cohomology ring H*(F (A), C) is determined by P4(q)
and T(A). If g(A) is nonsymmetrizable, then the cohomology ring H*(F (A), C) is
determined by PA(q).

This is obtained from the Theorem 6.7 and the classification of real quadratic
forms.
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