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HERMITIAN CATEGORIES, EXTENSION OF SCALARS
AND SYSTEMS OF SESQUILINEAR FORMS

EVA BAYER-FLUCKIGER, URIYA A. FIRST AND DANIEL A. MOLDOVAN

We prove that the category of systems of sesquilinear forms over a given
hermitian category is equivalent to the category of unimodular 1-hermitian
forms over another hermitian category. The sesquilinear forms are not re-
quired to be unimodular or defined on a reflexive object (i.e., the standard
map from the object to its double dual is not assumed to be bijective), and
the forms in the system can be defined with respect to different hermitian
structures on the given category. This extends an earlier result of the first
and third authors.

We use the equivalence to define a Witt group of sesquilinear forms over
a hermitian category and to generalize results such as Witt’s cancellation
theorem, Springer’s theorem, the weak Hasse principle, and finiteness of
genus to systems of sesquilinear forms over hermitian categories.

Introduction

Quadratic and hermitian forms were studied extensively by various authors, who
have developed a rich array of tools to study them. It is well known that in many
cases (e.g., over fields), the theory of sesquilinear forms can be reduced to the theory
of hermitian forms (e.g., see [Riehm 1974; Riehm and Shrader-Frechette 1976] and
works based on them). In [Bayer-Fluckiger and Moldovan 2014], an explanation of
this reduction was provided in the form of an equivalence between the category of
sesquilinear forms over a ring and the category of unimodular 1-hermitian forms
over a special hermitian category.

In this paper, we extend the equivalence of [Bayer-Fluckiger and Moldovan 2014]
to hermitian categories, and, moreover, improve it in such a way that it applies to
systems of sesquilinear forms in hermitian categories that admit nonreflexive objects
(see Section 2). That is, we prove that the category of systems of sesquilinear forms
over a hermitian category % is equivalent to the category of unimodular 1-hermitian
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forms over anther hermitian category %¢’. The sesquilinear forms are not required to
be unimodular or defined on a reflexive object, and the forms in the system can be
defined with respect to different hermitian structures on the category .

Using the equivalence, we present a notion of a Witt group of sesquilinear forms,
which is analogous to the standard Witt group of hermitian forms over rings with
involution (e.g., see [Knus 1991; Scharlau 1985]). We also extend various results
(Witt’s cancellation theorem, Springer’s theorem, finiteness of genus, the Hasse
principle, etc.) to systems of sesquilinear forms over hermitian categories (and in
particular to systems of sesquilinear forms over rings with a family of involutions).

Sections 1 and 2 recall the basics of sesquilinear forms over rings and hermitian
categories, respectively. In Section 3, we prove the equivalence of the category of
sesquilinear forms over a given hermitian category to a category of unimodular
1-hermitian forms over another hermitian category, and in Section 4 we extend
this result to systems of sesquilinear forms. Section 5 presents applications of the
equivalence.

1. Sesquilinear and hermitian forms

Let A be a ring. An involution on A is an additive map o : A — A such that
o(ab) = o(b)o(a) for all a,b € A and 6% = ids. Let V be a right A-module.
A sesquilinear form over (A, o) is a biadditive map s : V x V — A satisfying
s(xa,yb) =o(a)s(x,y)b forall x,y € V and a,b € A. The pair (V, s) is also
called a sesquilinear form in this case.! The orthogonal sum of two sesquilinear
forms (V, s) and (V’, ') is defined to be (V @ V', s ®s’) where s ® s’ is given by

sdsHxdx,ydy)=sx,y)+s&,y)

for all x,y € V and x’, y' € V'. Two sesquilinear forms (V,s) and (V’, s") are
called isometric if there exists an isomorphism of A-modules f : V = V' such
that s'(f(x), f(y)) =s(x,y) forall x,y e V.

Let V* = Homyu(V, A). Then V* has a right A-module structure given by
(f-a)(x) =0c(a)f(x) forall f € V* ae A. We say that V is reflexive if the
homomorphism of right A-modules wy : V — V** defined by wy (x)(f) =a (f(x))
forall x € V, f € V* is bijective.

A sesquilinear space (V, s) over (A, o) induces two homomorphisms of right
A-modules s¢, s, : V — V*, called the left and right adjoint of s, respectively. They
are given by sy (x)(y) =s(x, y) and s, (x)(y) =0 (s(y, x)) forall x, y € V. Observe
that s, = sjwy and s; = sfwy. The form s is called unimodular if s, and s, are
isomorphisms. In this case, V must be reflexive.

1 Some texts use the term sesquilinear space.
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Let e = £1. A sesquilinear form (V, s) over (A, o) is called e-hermitian if
o(s(x,y)) =es(y,x) forall x, y € V, that is, if s, = €s¢. A 1-hermitian form is
also called a hermitian form.

There exists a classical notion of Witt group for unimodular e-hermitian forms
over (A, o) (e.g., see [Knus 1991]): denote by WG*(A, o) the Grothendieck group
of isometry classes of unimodular e-hermitian forms (V, s) over (A, o), with V
finitely generated projective, addition being the orthogonal sum. A unimodular
e-hermitian form over (A, o) is called hyperbolic if it is isometric to (V @ V*, HY,)
for some finitely generated projective right A-module V, where H, is defined by

Hy(x® f,y®g) = f(y)+eo(g(x)) forall x,yeV, f,geV*

We let Hy, = Hi,. The quotient of WG*(A, o) by the subgroup generated by the
unimodular e-hermitian hyperbolic forms is called the Witt group of unimodular
€-hermitian forms over (A, o) and is denoted by W€(A, o).

We denote by Sesq(A, o) and UH®(A, o) the categories of sesquilinear and
unimodular e-hermitian forms over (A, o), respectively. The morphisms of these
categories are (bijective) isometries. For simplicity, we let UH(A, o) := UH!(A, o).

2. Hermitian categories

This section recalls some basic notions about hermitian categories, as presented in
[Scharlau 1985] (see also [Knus 1991; Quebbemann et al. 1979]).

2A. Preliminaries. Recall that a hermitian category consists of a triple (6, *, w),
where € is an additive category, * : ‘€ — % is a contravariant functor and @ =
(wc)cee id — *xx is a natural transformation satisfying wwc+ =idc+ for all C € 6.
In this case, the pair (x, w) is called a hermitian structure on 6. It is customary to
assume that w is a natural isomorphism rather than a natural transformation. Such
hermitian categories will be called reflexive. In general, an object C € € for which
wc is an isomorphism is called reflexive, so the category 4 is reflexive precisely
when all its objects are reflexive. We will often drop * and w from the notation and
use these symbols to denote the functor and natural transformation associated with
any hermitian category under discussion.

A sesquilinear form over the category € is a pair (C, s) withC e € and s : C — C*.
A sesquilinear form (C, s) is called unimodular if s and s*w¢ are isomorphisms.
(If C is reflexive, then s is bijective if and only if s*w¢ is bijective.) Let e = £1. A
sesquilinear form (C, s) is called e-hermitian if s = €s*w¢. For brevity, 1-hermitian
forms are often called hermitian forms. Orthogonal sums of forms are defined in the
obvious way. Let (C, s) and (C’, s) be two sesquilinear forms over 6. An isometry
from (C, s) to (C’,s’) is an isomorphism f : C => C’ satisfying s = f*s'f. In
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this case, (C, s) and (C’, s") are said to be isometric. We let Sesq(%6) stand for the
category of sesquilinear forms over € with isometries as morphisms.

Denote by UH® (%) the category of unimodular e-hermitian forms over 6. The
morphisms are isometries. For brevity, let UH (%) := UH'(€). The hyperbolic
unimodular €-hermitian forms over € are the forms isometric to (Q & Q*, Hp),
where Q is any reflexive object in € and HY, is given by

a=[ " ldQ*} Q@0 > (0B Q) =0"® 0"
€W 0

Again, letH, = I]-I]IQ. The quotient of WG (¢), the Grothendieck group of isometry
classes of unimodular e-hermitian forms over ‘6 (with respect to the orthogonal
sum), by the subgroup generated by the hyperbolic forms is called the Witt group
of unimodular e-hermitian forms over ‘€ and is denoted by W€ (‘6). For brevity, set
W () =W! ().

Example 2.1. Let (A, o) be a ring with involution. If we take € to be Mod-A,
the category of right A-modules, and define * and w as in Section 1, then €
becomes a hermitian category. Furthermore, the sesquilinear forms (M, s) over
(A, o) correspond to the sesquilinear forms over € via (M, s) — (M, s,). This
correspondence gives rise to isomorphisms of categories Sesq(A, o) = Sesq(%€)
and UH®(A, o) = UH®(6). Now let 6 be a subcategory of Mod-A such that M € 6
implies M* € €. Then % is still a hermitian category, and is reflexive if and only
if € consists of reflexive A-modules (as defined in Section 1). For example, this
happens if € = P(A), the category of projective A-modules of finite type. In this
case, the Witt group W€ (€) = W¢(P(A)) is isomorphic to W (A, o).

2B. Duality-preserving functors. Let 6 and €’ be two hermitian categories. A
duality-preserving functor from % to €’ is an additive functor F : 6 — %’ together
with a natural isomorphism i = (ip/)pee : F* — *F. This means that for any
M € €, there exists an isomorphism iys : F(M*) = (FM)* such that for all N € €
and f € Home¢ (M, N), the following diagram commutes:

F *
FINY) — Y2 P

|- |
(F)*

(FN)* ———— (FM)"

Any duality-preserving functor induces a functor Sesq(6) — Sesq(%4’), which we
also denote by F'. It is given by

F(M,s)=(FM,iyF(s))
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for every (M, s) € Sesq(). If the functor F : 6 — €’ is faithful, faithful and full,
or induces an equivalence, then the functor F : Sesq(€¢) — Sesq(%’) shares the
same property.

Let A = 1. A duality-preserving functor F is called A-hermitian if

ivF(oy) = Myory

for all M € 6. Let ¢ = 1. We recall from [Knus 1991, pp. 80-81] that in this
case the functor F : Sesq(%) — Sesq(¢’) maps UH® () to UH¢*(4’) and sends
e-hermitian hyperbolic forms to eA-hermitian hyperbolic forms. Therefore, F
induces a homomorphism between the corresponding Witt groups:

WE(F) : WE(@) > W (@),

If F is an equivalence of categories, then F : UH®(¢) — UH®* (%) is also an
equivalence of categories and the induced group homomorphism W€(F) is an
isomorphism of groups.

2C. Transfer into the endomorphism ring. The aim of this subsection is to intro-
duce the method of transfer into the endomorphism ring, which allows us to pass
from the abstract setting of hermitian categories to that of a ring with involution,
which is more concrete. This method will be applied repeatedly in Section 5. Note
that it applies well only to reflexive hermitian categories.

Let 6 be a reflexive hermitian category, and let M be an object of ‘6, on which we
suppose that there exists a unimodular €p-hermitian form £ for a certain ¢y = %1.
Put £ = End¢(M). According to [Quebbemann et al. 1979, Lemma 1.2], the form
(M, hyp) induces on E an involution o, defined by o (f) = half*ho forall f e E.
Let (E) denote the category of projective right E-modules of finite type. Then,
using o, we can consider #(FE) as a reflexive hermitian category (see Example 2.1).

Recall that an idempotent e € Endq (M) splits if there exist an object M' € ¢ and
morphisms i : M' — M, j: M — M’ such that ji =idy and ij =e.

Denote by €|, the full subcategory of € each object of which is isomorphic to
a direct summand of a finite direct sum of copies of M. We consider the functor

T =Tws.hy) :=Hom(M, _) : €|y — P(E)
given by
N +— Hom(M, N) forall N € €|y,
f=T(f) forall f e Hom(N,N’), N, N' € €|y,

where for all g € Hom(M, N), T(f)(g) = fg. In [Quebbemann et al. 1979,
Proposition 2.4], it was proved that the functor T is fully faithful and duality-
preserving with respect to the natural isomorphism i = (iy)yew),, : T* — *T given
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by in(f) = T(hy ' f*wy) for every N € 6|y and f € Hom(M, N*). In addition,
if all the idempotents of 6|y, split, then T is an equivalence of categories. By
computation, we easily see that T is €p-hermitian.

Note that for any finite list of (reflexive) objects My, ..., M; € ‘€ and any €g = =1,
there exists a unimodular €y-hermitian form (M, hg) such that M, ..., M; € 6|y.
Indeed, let N = @?:1 M; and take (M, ho) = (N @ N*, HY). This means that
as long as we treat finitely many hermitian forms, we may pass to the context of
hermitian forms over rings with involution.

2D. Linear hermitian categories and ring extension. In this subsection we intro-
duce the notion of extension of rings in hermitian categories.

Let K be a commutative ring. Recall that a K-category is an additive category €
such that for every A, B € €, Homg (A, B) is endowed with a K-module structure
such that composition is K -bilinear. For example, any additive category is in fact a
Z-category. An additive covariant functor F : ¢ — €’ between two K -categories
is K-linear if the map F : Homg(A, B) — Home/ (FA, FB) is K-linear for all
A, B € . K-linear contravariant functors are defined in the same manner. A
K -linear hermitian category is a hermitian category (6, %, ) such that € is a
K-category and * is K -linear.

Fix a commutative ring K. Let € be an additive K-category and let R be a
K -algebra (with unity, not necessarily commutative). We define the extension of
the category € to the ring R, denoted € @ R, to be the category whose objects are
formal symbols C ®x R, with C € €, and whose Hom-sets are defined by

Homeg, r(A ®k R, B®k R) =Homg(A, B) ®k R.

The composition in € @k R is defined in the obvious way. It is straightforward to
check that 6 ® ¢ R is also a K -category. Moreover, when R is commutative, € @ g R
is an R-category. We define the scalar extension functor, Rg/k : ‘€ — € @k R by

%R/KM=M®KR for all M €€,
Rr/kf=f®k 1 forall feHom(M,N).

The functor R/ is additive and K -linear.
In case K is obvious from the context, we write €, Mg, fr instead of € X R,
M ®k R, f ®k 1, respectively. (Here, M € € and f is a morphism in €.)

Remark 2.2. The scalar extension we have just defined agrees with scalar extension
of modules under mild assumptions, but not in general: Let S and R be two K-
algebras, and write Sg = S ® R. There is an additive functor G : (Mod-S)gr —
Mod-(Sg) given by

GMr)=M®sSg and G(f®a)m®b)= fmQab
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forall M, N e Mod-S, f € Homg(M, N), and a, b € R, and the following diagram
commutes:

RRr/k

Mod-S — % (Mod-S)x
| Jo
S
Mod-S — =25 Mod-(Sg)

In general, G is neither full nor faithful. However, using standard tensor-Hom
relations, it is easy to verify that the map

() G : Homod-s); (Mg, M) — Hompod-(sz) (GMg, GMpy)

is bijective if either (a) M is finitely generated projective, or (b) R is a flat K-module
and M is finitely presented. In particular, if € is an additive subcategory of Mod-S§
consisting of finitely presented modules and R is flat as a K-module, then €% can
be understood as a full subcategory of Mod-(Sg) in the obvious way. An example
in which the map G of (1) is neither injective nor surjective can be obtained by
taking S=K =7Z, R=Qand M =M' =7[1/p]l/Z.

If (6, %, w) is a K-linear hermitian category and R/K is a commutative ring
extension, then €z also has a hermitian structure given by (Mg)* = (M*)g,
(f®a)*=f*®aand wy, = (wpm)r=wu@1forall M, N €€, f e Homg(M, N)
and a € R. In this case, the functor R gk is a 1-hermitian duality-preserving functor
(the natural transformation i : R, x* — *R g,k 1s just the identity). In particular,
we get a functor Rg g : Sesq(€) — Sesq(‘€r) given by Rg/x (M, s) := (Mg, sg),
and R,k sends e-hermitian (hyperbolic) forms to e-hermitian (hyperbolic) forms.

2E. Scalar extension commutes with transfer. Let R/K be a commutative ring
extension, let € be a reflexive K-linear hermitian category and let M be an object
of € admitting a unimodular e-hermitian form 4. Then (Mg, hg) is a unimodular
e-hermitian form over €. Let E = End¢(M) and Er = End¢,(Mr) = E @ R.
It is easy to verify that the following diagram (of functors) commutes:

T
Clyy —— "~ P(E)

L%R/K j@EER
Tmg.ng)

CrIMg —— P(ER)

(Note that by Remark 2.2, ?(Eg) and _ ® Eg can be understood as P(E)g
and Rg/k, respectively.) Since all the functors are €- or 1-hermitian, we get the
following commutative diagram, in which the horizontal arrows are full and faithful:
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Tm,n
UH" (€| 1) O . UH™(®(E))
l%l\’/l{ L@EER
Tmp hp)
UH*(€rlmy) M - UH(P(ER))

This diagram means that in order to study the behavior of R g,k on arbitrary K-
linear hermitian categories, it is enough to study its behavior on hermitian categories
obtained from K -algebras with K -involution (as in Example 2.1).

3. An equivalence of categories

Let € be a (not necessarily reflexive) hermitian category. In this section we prove
that there exists a reflexive hermitian category 6’ such that the category Sesq(6)
is equivalent to UH'(€). (We explain how to extend this result to systems of
sesquilinear forms in the next section.)

The category %’ resembles the category of double arrows presented in [Bayer-
Fluckiger and Moldovan 2014, §3], but is not identical to it. This difference makes
our construction work for nonreflexive hermitian categories and, as we shall explain
in the next section, for systems of sesquilinear forms, where the forms can be
defined with respect to different hermitian structures on €.

3A. The category of twisted double arrows. Let (€, *, w) be a hermitian category.
We construct the category of twisted double arrows in €, denoted At (%), as follows:
The objects of AT,(46) are quadruples (M, N, f, g) such that f, g € Homg (M, N*).
A morphism from (M, N, f, g) to (M', N', f’, g’) is a pair (¢, ¥°P) such that
¢ e Hom(M, M'), ¥ e Hom(N’, N), f'¢ =¢* f and g'¢p = *g. The composition
of two morphisms is given by (¢, ¥°P)(¢', ¥'°P) = (¢p¢’, (¥')°P).

The category Ar, () is easily seen to be an additive category. Moreover, it has
a hermitian structure: For every (M, N, f, g) € Ar»(%€), define (M, N, f, g)* =
(N, M, g*a)N, f*a)N) and W(M,N,f.g) Zid(M’N,f,g) = (idM, ld?\?) In addition, for ev-
ery morphism (¢, ¥P) : (M, N, f, g) = (M', N, f', &), let (¢, Y°P)* = (¢, ¢°P).
It is now routine to check that (At (6), *, w) is a reflexive hermitian category. Also
observe that *x is just the identity functor on At,(‘€). The following proposition
describes the hermitian forms over Ar,(6):

Proposition 3.1. Let Z := (M, N, f, g) € At»(6) and let a, B € Homg (M, N).
Then (Z, (a, B°P)) is a hermitian form over Aty(€) if and only if « = B and
o f = g*wya; equivalently, if and only ifa = B and a* g = f*ona.

Proof. By definition, Z* = (N, M, g*wy, f*oy), so (a, B°P) is a morphism from Z
to Z* if and only if 8* f = g*wyo and B*g = f*wyw. In addition, by computation,
we see (a, B°P) = (a, B°P)*owy precisely when o = 8. Therefore, (Z, («, B°P)) is a
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hermitian form if and only if o = 8, o™ f = g*wny and ¢* g = f*wya. Itis therefore
enough to show o* f = g*wya if and only if a*g = f*wya. Indeed, if ™ f =
g*wna, then a*w) g™ = f*a™. Therefore, a*g = a*wiwn:g = a* oy g vy =
ffa™wy = ffoya, as required (we used the naturality of w and the identity
wyoy+ = idy+ in the computation). The other direction follows by symmetry. []

Theorem 3.2. Let € be a hermitian category. Define a functor F : Sesq(6) —
UH (AT, (%)) by

F(M,s)=((M,M,s* oy, s), (idy, idy))) and  F) =, )P

for all (M, s) € Sesq(€) and any morphism  in Sesq(€). Then F induces an
equivalence of categories between Sesq(€) and UH (A1, (6)).

Proof. Let (M, s) € Sesq(€). That F(M, s) lies in UH(AT,(%)) follows from
Proposition 3.1. Let v : (M, s) — (M’, s’) be an isometry. Then

F(y)*(ida, idy) ) F(f) = (¥, (P *(idyyr, id ) (. (v~ 1)P)
= (¢~ YO (idpr, i) (W, (W 1P
= @ idy . (Y ida ¥)P)
= (idy, idy)).

Thus, F () is an isometry from F (M, s) to F(M’, s’). It is clear that F respects
composition, so we conclude that F is a functor.

To see that F induces an equivalence, we construct a functor G such that F' and
G are mutual inverses. Let G : UH(AT>(6)) — Sesq(%6) be defined by

G(M.,N, f,8), (a,a®))=(M,a"g) and G(¢,¥*")=¢

for all (M, N, f, g), (o, ®®?)) € UH(AT,(%)) and any morphism (¢, ¥°P) in
UH (A1 (6)).

Let (Z, (o, @®P)), (Z', (&, a@’°P)) € UH(AL»(6)) and let (¢, ¥°P) be a mor-
phism (Z, (o, ®°P)) — (Z', (&', &°P)). It is easy to see that G(Z, («, a°P)) lies
in Sesq(), so we now check that G (¢, ¥°P) is an isometry from G(Z, (o, «°P))
to G(Z', (&, a’°P)). Writing Z = (M, N, f,g) and Z' = (M', N', f', g’), this
amounts to showing a*g = ¢*a'*g’¢. Indeed, since (¢, ¥°P) is a morphism from
Z to Z', we have g'¢ = y*g, and since (¢, ¥°P) is an isometry, we also have
(¢, ¥P)Y* (o, &"P)(¢p, ¥°P) = (c, @°P), which in turn implies ¥ a'¢p = a. We now
have ¢*a*g'¢p = ¢p*a*Y*g = (Ya'P)*g = a*g, as required. That G preserves
composition is straightforward.

It is easy to see that G F is the identity functor on Sesq(6), so it is left to show
that there is a natural isomorphism from F'G to idynas,¢)). Keeping the notation
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of the previous paragraph, we have
FG((M, N, £, ), (a,0) = ((M, M, (@"8) @y, &*g), (idy, idyy)).

By Proposition 3.1 we have o* f = g*wya, hence (¢*g)*wy = g™ wy =
g*wya =a* f. Thus,

2 FG(M, N, f,8), (@, a®) = ((M, M, " f,a*g), (idy, idyy)).

Define a natural isomorphism 7 : idyn(as, ) = FG by #(z, (.« = (dy, aP).
Using (2), it is easy to see that f(z (a,qor)) is indeed an isometry from (Z, (o, °P))
to FG(Z, (a, «°P)). The map ¢ is natural, since for Z’, (¢, ¥°P) as above, we have
FG($, ¥°P) iz (@.amy) = (¢, (@~ 1)P)(idpy, a®P) = (¢, (@p™")P) = (¢, (Ya')P) =
(idpr, &P) (@, YOP) =tz (o' .ory) (¢, ¥OP) (We used the identity Yo' = o verified
above). O

Remark 3.3. Following [Bayer-Fluckiger and Moldovan 2014, §3], one can also
construct the category of (nontwisted) double arrows in 6, denoted Ar,(6). Its
objects are quadruples (M, N, f,g) with M, N € € and f, g € Hom(M, N).
A morphism from (M, N, f, g) to (M', N, f', g’) is a pair (¢, ¥) where ¢ €
Hom(M, M’) and v € Hom(N, N') satisfy ¥ f = f'¢ and ¥ g = g’¢. The category
Ar; () is obviously additive, and, moreover, it admits a hermitian structure given by
(M, N, f,8)*=(N*, M*, g*, f*), (¢, V)" =", ¢*) and o, N, .4) = (0m, ON).

There is a functor T : At»(6) — Ary(6) givenby T(M, N, f, g)=(M, N*, f, g)
and T (¢, ¥°P) = (¢, ¥™*). This functor induces an equivalence if 6 is reflexive,
but otherwise it need neither be faithful nor full. In addition, provided € is re-
flexive, one can define a functor F’ : Sesq(6) — UH(Ar,(%6)) by F'(M,s) =
(M, M*, s*wy, 5), (wp, idy+)) and F'(¥) = (¥, (¢ ~1)*). This functor induces
an equivalence of categories; the proof is analogous to [Bayer-Fluckiger and
Moldovan 2014, Theorem 4.1].

3B. Hyperbolic sesquilinear forms. Let € be a hermitian category. The equiva-
lence Sesq(6) ~ UH (AT, (%)) of Theorem 3.2 allows us to pull back notions defined
for unimodular hermitian forms over Ar, (‘) to sesquilinear form over 6. In this
subsection, we will do this for hyperbolicity, and thus obtain a notion of a Witt
group of sesquilinear forms.

Throughout, F denotes the functor Sesq(€¢) — UH(AT,(4€)) from Theorem 3.2.

Definition 3.4. A sesquilinear form (M, s) over € is called hyperbolic if F(M, s)
is hyperbolic as a unimodular hermitian form over A, (%€).

The following proposition gives a more concrete meaning to hyperbolicity of
sesquilinear forms over €.
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Proposition 3.5. Up to isometry, the hyperbolic sesquilinear forms over € are

Cand)

where M, N € €, f € Homq¢ (N, M*), g € Hom¢ (M, N*) and [g {;] is an element
of Homg(M @& N, M* & N*) given in matrix form. Furthermore, a unimodu-
lar e-hermitian form is hyperbolic as a sesquilinear form (i.e., in the sense of

given by

Definition 3.4) if and only if it is hyperbolic as a unimodular €-hermitian form (see
Section 2).

Proof. Let G be the functor UH(AT,(€)) — Sesq(%) defined in the proof of
Theorem 3.2. Since F and G are mutual inverses, the hyperbolic sesquilinear
forms over € are the forms isometric to G(Z & Z*, H,) for Z € Ar,(€¢). Write
Z=(M,N,h,g). Then

. ~ ho0 g O 0 idg-
(Z&Z",Hy) = <(M@N’ NoM, [0 g*a)N:| ’ [0 h*wN:|>’ |:“’Z 0 ])

Observe that
0 idz] 0 (idy,id3)] (T 0 idy 0 idy]™
wz 0 |7 | Gdy,idy) 0 ~\lidy O ['|idy O '

Thus,
. B 0 idy]'[g ©

and since

0 idy]' g 0 7 [0 idw][g 0 T _ [0 h*wn
idy 0| [0 *wn|” lidy- 0 |[0 h*oy] g O |’

we see that G(Z @ Z*, H,) matches the description in the proposition. Further-
more, by putting h = f*wy for f € Homg (N, M*), we get h*oy = o}, f* oy =
a)*,{,la)M*f = f. Thus, (M @ N, [g 5]) is hyperbolic for all M, N, f, g, as required.

To finish, note that we have clearly shown that (Q & Q*, Hf) is hyperbolic as a
sesquilinear form for every Q € €. To see the converse, assume (M @ N, [g {; ]) is
€-hermitian and unimodular. Then

0 f o 11" 0 ¢*[wm O 0 eg*oy
[g 0} ~° [g 0} omen =< [f* 0} [ 0 wN} - [ef*wM 0 ]
hence g =€f*wy and f =€g*wy. Since [2 6] is unimodular, f and g are bijective
and hence so are wy and wy,. In particular, M is reflexive. It is now routine to verify
that the map idy, @ f : M ® N — M & M* is an isometry from (MEB N, [g {)]) to
(M ® M*, Hj,), so the former is hyperbolic in the sense of Section 2. (]
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Let (A, o) be a ring with involution. When € is the category of right A-modules,
considered as a hermitian category as in Example 2.1, we obtain a notion of hyper-
bolic sesquilinear forms over (A, o). These hyperbolic forms can be characterized
as follows:

Proposition 3.6. A sesquilinear form (M, s) over (A, o) is hyperbolic if and only
if there are submodules My, My < M such that s(My, M) = s(M», M) = 0 and
M = M| & M,. Furthermore, if (M, s) is unimodular and €-hermitian, then (M, s)
is hyperbolic as a sesquilinear space if and only if it is hyperbolic as an €-hermitian
unimodular space.

Proof. Recall that for any two right A-modules M1, M,, we identify (M & M»)*
with M} @ MJ via f < (flm,, flm,)- Let (M, s) be a sesquilinear space, and
assume M = M| & M. By straightforward computation, we see that s, is of the form
[0 4] €Homy (M, M*) =Hom(M; & Ma, M} & M3) if and only if s(My, M) =
s(M,, M>) = 0. The proposition therefore follows from Proposition 3.5. ([

3C. Witt groups of sesquilinear forms. Let € be a hermitian category. Denote by
WG;(€) the Grothendieck group of isometry classes of sesquilinear forms over
€, with respect to orthogonal sum. It is easy to see that the hyperbolic isometry
classes span a subgroup of WGg (), which we denote by H(6). The Witt group of
sesquilinear forms over 6 is defined to the quotient

Ws(€) = WGs(€)/H(€).

By definition, we have Wg(€) = W (Ar,(6)). Taking € to be the category of
projective right A-modules (or, with a different result, reflexive right A-modules, or
again arbitrary ones) of finite type and their duals, we obtain a notion of a Witt group
for sesquilinear forms over (A, o). Also observe that there is a homomorphism of
groups W€(6) — Wg(6) given by sending the class of a unimodular e-hermitian
form to its corresponding class in Wg(€). Corollary 5.14 below presents sufficient
conditions for the injectivity of this homomorphism.

3D. Extension of scalars. Let R/K be a commutative ring extension and let ¢
be a K-linear hermitian category. Then the category Ar, (%) is also K-linear. For
later use, we now check that the scalar extension functor Rg/x of Section 2D
“commutes” with the functor F' of Theorem 3.2.

Proposition 3.7. There is a 1-hermitian duality-preserving functor J : At2(€)g —
AT, (6 g) making the following diagram commute:

Sesq(%) r UH (AR (6))

lgRR/K l%R/K

Sesq(6g) —— UH(AF,(€g)) <—— UH(AF,(6)g)
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It is given by
JUM, N, f,8)r) = (Mg, Nr, fr,&R):

J(@. ¥y*P)®a)=(p®a, (Y ®a)™)

forall (M, N, f, g) € At,(6) and any morphism (¢, ¥°P) in Aty (6). (The associ-
ated natural isomorphism i : Jx — xJ is the identity map.) Furthermore, when R
is flat as a K-module, J is faithful and full.

Proof. We only check that J is faithful and full when R is flat as a K-module. All
other assertions follow by computation. Let Z= (M, N, f, g), Z'=(M',N’, ', g)
be objects in AT, (6). Set

U ={(f, &®) | (f, g) € Home(M, M) x Home(N', N)},
V =Homg(M, N™*) x Homg (M, N™),
and define A : U — V by
Mo Y)Y =W f = o, ¥y'g—8'¢).
Unfolding the definitions, we see that Homas, ), (Zr, Z;e) = (kerA) ®k R and
Homag, ¢z (J ZR, J Z%) = ker(A ®k idg). Furthermore, the standard map from

(ker 1) ®k R to ker(A ®g idg) is just application of the functor J. When R is flat
as a K-module, this map is an isomorphism; hence we are done. ([

Corollary 3.8. Let (M, s), (M, s") be two sesquilinear forms over 6, and assume
R is flat as a K-module. Then Rg,x(M,s) is isometric to Rg/x (M', s") if and
only if Rr/x F(M, s) is isometric to Rgx F(M', s").

4. Systems of sesquilinear forms

In this section, we explain how to generalize the results of Section 3 to systems of
sesquilinear forms.

Let A be aring, and let {0;};<c; be a nonempty family of (not necessarily dis-
tinct) involutions of A. A system of sesquilinear forms over (A, {o;};<;) is a pair
(M, {s;}icr) such that (M, s;) is a sesquilinear space over (A, o;) for all i. An
isometry between two systems of sesquilinear forms (M, {s;}ic;), (M’, {slf Yier) 1s
an isomorphism f : M — M’ such that s/(fx, fy) = si(x,y) forall x,y € M,
iel.

Observe that each of the involutions o; gives rise to a hermitian structure (x;, ;)
on Mod-A, the category of right A-modules. In particular, a system of sesquilinear
forms (M, {s;}) gives rise to homomorphisms (s;), (s;)¢ : M — M* given by
(5:)r (x)(y) = 07 (si(y, x)) and (s;)¢(x)(y) = s;(x, y), where M*" = Homu (M, A),
considered as a right A-module via the action (f -a)m = o;(a) f (m). This leads to
the notion of systems of sesquilinear forms over hermitian categories.
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Let € be an additive category and let {x;, w; };c; be a nonempty family of hermit-
ian structures on ‘6. A system of sesquilinear forms over (€, {*;, w;}ics) is a pair
(M, {s;}icr) such that M € € and (M, s;) is a sesquilinear form over (6, *;, @;). An
isometry between two systems of sesquilinear forms (M, {s;}ic;) and (M’, {s/}icr)
is an isomorphism f : M => M’ such that f*is! f =s; foralli € I. We let Sesq; (6)
(or Sesq; (6, {*;, w;})) denote the category of systems of sesquilinear forms over
(€, {*;, w;}icy) With isometries as morphisms.

Keeping the notation of the previous paragraph, the results of Section 3 can
be extended to systems of sesquilinear forms as follows: Define the category of
twisted double I[-arrows over (6, {*;, w;}ic;), denoted Aty;(€), to be the cate-
gory whose objects are quadruples (M, N, {fi}icr, {gi}icr) with M, N € € and
fi» & € Homg(M, N*'). A morphism (M, N, {fi}, {gi}) — (M', N', {f/}. {g;})
is a formal pair (¢, ¥°P) such that ¢ € Hom(M, M’), + € Hom(N’, N) and
Vi fi = fl¢, v*igi = g/¢ for all i € I. The composition is defined by the formula
(@, YP) (@', ¥'P) = (99", (Y'¢)P).

The category AT,; () can be made into a reflexive hermitian category by let-
ting (M, N, {fi}. (&))"= (N, M, {g]' wi n}, {f wim)), (9, ¥°P)* = (¢, ¢°P) and
OMN,{fi} e = (dpm, id%’). It is now possible to prove the following theorem,
whose proof is completely analogous to the proof of Theorem 3.2:

Theorem 4.1. Define a functor F : Sesq;(6) — UH(Arp;(€)) by
F(M, {s;}) = (M, M, {s7 i} {s:)). (dpr, id3))) and F() =, ().
Then F induces an equivalence of categories.

Sketch of proof. It is easy to see that any hermitian form over UH (Ar,; (%)) has the
form ((M, N, {fi}, {gi}), (o, «°P)). Define a functor G : UH (At (€)) — Sesq; (€)
by

G((M, N, {fi}, {&}), (@, a™)) = (M, {o™g}) and G, ¥ =¢.
Arguing as in the proof of Theorem 3.2, we see that F and G are mutual inverses. [

As we did in Section 3, we can use Theorem 4.1 to define hyperbolic systems
of sesquilinear forms. Namely, a system of forms (M, {s;}) over € will be called
hyperbolic if F (M, {s;}) is hyperbolic over At,; (‘€¢). The following two propositions
are proved in the same manner as Propositions 3.5 and 3.6, respectively:

Proposition 4.2. A system of sesquilinear forms (M, {s;}) over € is hyperbolic if
and only if there are My, M, € 6, f; € Hom(M,, M;k"), gi € Hom(M, M;i) such
that M = M| & M3 and, for alli € I,

si = [;)A (f)‘} € Hom(M, M*') = Hom(M, & M>, M}’ & M").
1



HERMITIAN CATEGORIES 15

In this case, each of the sesquilinear forms (M, s;) (over (€, x;, w;)) is hyperbolic.

Proposition 4.3. Let A be a ring and let {o;};c; be a nonempty family of involutions
of A. A system of sesquilinear forms (M, {s;}) over (A, {o;}) is hyperbolic if
and only if there are submodules My, My < M such that M = M, & M, and
si(My, M) = s;(My, My) =0 foralli € 1. In this case, each of the sesquilinear
forms (M, s;) (over (A, 0;)) is hyperbolic.

The notion of hyperbolic systems of sesquilinear forms can be used to define
Witt groups. We leave the details to the reader.

Let R/K be a commutative ring extension. If € and all the hermitian structures
{*i, w;}ic; are K-linear, then the scalar extension functor Rg g : € — 6p is 1-
hermitian and duality-preserving with respect to (x;, ;) for all i € I. Therefore,
we have a functor Rg/k : Sesq;(€) — Sesq; (€r) given by Rg/x (M, {si}ier) =
(Mg, {(si)r}icr)- We thus have a notion of scalar extension for systems of bilinear
forms (and it agrees with the obvious scalar extension for systems of bilinear forms
over a ring with a family of involutions, provided the assumptions of Remark 2.2
hold). Using the ideas of Section 3D, one can show:

Corollary 4.4. Let (M, {s;}), (M, {s]}) be two systems of sesquilinear forms over
(6, {*;, w;}), and assume R is flat as a K -module. Then Rg/x (M, {s;}) is isometric
to Rg/x (M, {s]}) if and only if Rg/x F (M, {s;}) is isometric to Rg/x F(M’', {s!}).

5. Applications

This section uses the previous results to generalize various known results about
hermitian forms (over rings or reflexive hermitian categories) to systems of sesqui-
linear forms over (not necessarily reflexive) hermitian categories. Some of the
consequences to follow were obtained in [Bayer-Fluckiger and Moldovan 2014]
for hermitian forms over rings. Here we rephrase them for hermitian categories,
extend them to systems of sesquilinear forms and drop the assumption that the base
module (or object) is reflexive.

5A. Witt’s cancellation theorem. Quebbemann, Scharlau and Schulte [Quebbe-
mann et al. 1979, §3.4] proved Witt’s cancellation theorem for unimodular hermitian
forms over hermitian categories ¢ satisfying the following conditions:

(a) All idempotents in € split (see Section 2C).

(b) For all C € €, E := End¢(C) is a complete semilocal ring in which 2 is
invertible.

Recall that complete semilocal means that £/ Jac(E) is semisimple (i.e., E is
semilocal) and that the standard map E — l(ir_n{E /Jac(R)"},eN is an isomorphism
(i.e., E is complete in the Jac(E)-adic topology). In fact, condition (a) can be
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dropped since idempotents can be split artificially (see Section SE below), or,
alternatively, since by applying transfer (see Section 2C) one can move to a module
category in which idempotents split.

We shall now use the Quebbemann—Scharlau—Schulte cancellation theorem
together with Theorem 4.1 to give several conditions guaranteeing cancellation for
systems of sesquilinear forms.

Our first criterion is based on the following well-known lemma:

Lemma 5.1. Let K be a commutative noetherian complete semilocal ring (e.g., a
complete discrete valuation ring). Then any K -algebra A which is finitely generated
as a K -module is complete semilocal.

Proof. For brevity, write I = Jac(K) and J = Jac(A). By [Hinohara 1960,
Theorem 2] and the proof of [First 2013, Proposition 8.8(i)] (for instance), A =
Lill{A/A(I")}neN. That A = 1(i£1{A/J”}n€N follows if we verify that J™ C Al C J
for some m € N. The right inclusion holds since 1+ A/ consists of right-invertible
elements. Indeed, for all a € AI, we have aA + Al = A, so by Nakayama’s lemma
(applied to the K-module A), aA = A. The existence of m, as well as the fact that
A is semilocal, follows by arguing as in [Rowen 1988, Example 2.7.19'(ii)] (for
instance). U

Theorem 5.2. Let K be a commutative noetherian complete semilocal ring with 2 €
K>, let € be a K -category equipped with K -linear hermitian structures {*;, w;}icy,
and let (M, {s;}), (M', {s]}), (M",{s]'}) be systems of sesquilinear forms over
(€, {*;, w;}). Assume that Homq (M, N) is finitely generated as a K -module for all
M, N €%. Then

(M, {sihe M {sih) =M, {sH)®M" {5/ <= (M, {s;h=M", {sD.

Proof. In light of Theorem 4.1, it is enough to prove cancellation of unimodular 1-
hermitian forms over the category At,; (%) (note that the equivalence of Theorem 4.1
respects orthogonal sums). This would follow from the cancellation theorem of
[Quebbemann et al. 1979, §3.4] if we show that the endomorphism rings of objects
in Aty () are complete semilocal rings in which 2 is invertible. Indeed, let
Z:=(M,N,{f}, {g}) € Arp;(6). Then E := End(Z) is a subring of End¢ (M) x
End¢ (N)°P, which is a K-algebra by assumption. Since the hermitian structures
{x;, w;} are K-linear, E is in fact a K-subalgebra, which must be finitely generated
as a K-module (because this is true for End¢ (M) x Endg(N)P and K is noetherian).
Thus, we are done by Lemma 5.1 and the fact that 2 € K*. O

As corollary, we get the following result, which resembles [Bayer-Fluckiger and
Moldovan 2014, Theorem 8.1]:

Corollary 5.3. Let K be a commutative noetherian complete semilocal ring with
2 e K*,let A be a K-algebra which is finitely generated as a K-module, and let
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{oi}icr be a family of K -involutions on A. Then cancellation holds for systems
of sesquilinear forms over (A, {0;}) which are defined on finitely generated right
A-modules.

For the next theorem, recall that a ring R is said to be semiprimary if R is
semilocal and Jac(R) is nilpotent. For example, all artinian rings are semiprimary.
Note that all semiprimary rings are complete semilocal. It is well-known that
for a ring R and an idempotent e € R, R is semiprimary if and only if eRe and
(1 —e)R(1 —e) are semiprimary. As a result, if M, N are two objects in an additive
category, then End(M & N) is semiprimary if and only if End(M) and End(N) are
semiprimary.

Theorem 5.4. Let 6 be an additive category with hermitian structures {*;, w;},
and let (M, {s;}), (M', {s]}), (M", {s]'}) be systems of sesquilinear forms over
(€, {*;, w;}). Assume that End¢(M), Endg(M’), End¢(M") are semiprimary rings
in which 2 is invertible. Then

(M, (s )& (M, {s}) = (M, {si) @ (M", {s]}) = (M, {s}}) = (M", {s]}.

Proof. As in the proof of Theorem 5.2, it is enough to show that the objects in
AT, (“6) have a complete semilocal endomorphism ring. In fact, we may restrict
to those objects Z := (M, N, {f;}, {gi}) for which End¢(M) and Endg(N) are
semiprimary. (These do form a hermitian subcategory of At,;(€) by the comments
above.) Fix sucha Z and let H =&, ., Hom¢ (M, N*'). We view the morphism { f;}
and {g;} as elements of H in the obvious way. Let A = End(M) and B = End(N).
We endow H with a (B°P, A)-bimodule structure by setting b°°(€D,; hi)a =
D, (b* ohjoa)forallac A, be B, P, h; € H. This allows us to construct the
ring S := [?1 Bop
elements in A x B°P? = [

]. It is now straightforward to check that End(Z) consists of those
A B(,p] that commute with [2 0] and [; 0] foralli e 1.
Thus, End(Z) is a semicentralizer subring of A x B°P in the sense of [First 2013,
§1]. By [First 2013, Theorem 4.6], a semicentralizer subring of a semiprimary ring

is semiprimary, so End(Z) is semiprimary, and in particular complete semilocal. [

Corollary 5.5. Let A be a semiprimary ring with2 € A*, and let {0;};c1 be a family
of involutions on A. Then cancellation holds for systems of sesquilinear forms over
(A, {o;}) which are defined on finitely presented right A-modules.

Proof. By [Bjork 1971, Theorem 4.1] (or [First 2013, Theorem 7.3]), the en-
domorphism ring of a finitely presented A-module is semiprimary. Now apply
Theorem 5.4. O

Corollary 5.6. Let € be an abelian category equipped with hermitian structures
{;, w;}. Assume that € consists of objects of finite length. Then cancellation holds
for systems of sesquilinear forms over (6, {*;, w;}).
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Proof. By the Harada—Sai lemma [Rowen 1988, Proposition 2.9.29], the endomor-
phism ring of an object of finite length in an abelian category is semiprimary, so we
are done by Theorem 5.4. Alternatively, one can check directly that the category
AT, (%) is abelian and consists of objects of finite length, apply the Harada—Sai
lemma to ATp; (%), and then use the cancellation theorem of [Quebbemann et al.
1979, §3.4]. O

Remark 5.7. It is not hard to deduce from a theorem of Camps and Dicks [1993,
Corollary 2] that if the endomorphism rings of ‘6 are semilocal, then so are the
endomorphism rings of Atp;(6). (Simply check that End(M, N, {f;}, {gi}) is a
rationally closed subring of End¢ (M) x End¢(N)°P in the sense of [Camps and
Dicks 1993, p. 204].) By applying transfer (see Section 2C) to Af,;(‘6), one can
then move to the context of unimodular 1-hermitian forms over semilocal rings.
Cancellation theorems for such forms were obtained by various authors, including
Knebusch [1969], Reiter [1975] and Keller [1988]. However, none of these apply
to the general case, as in fact cancellation is no longer true; see [Keller 1988, §2].
Nevertheless, the cancellation results of [ibid.] can still be used to get some partial
results about systems of sesquilinear forms over €; we leave the details to the
reader.

5B. Finiteness results. In this subsection and the next, we generalize the finiteness
results of [Bayer-Fluckiger and Moldovan 2014, §10] to systems of sesquilinear
forms.

For aring A, we denote by 7' (A) the Z-torsion subgroup of A. Recall that if R is
a commutative ring, A is said to be R-finite if A = A ®z R is a finitely generated
R-module and 7' (A) is finite. Note that being R-finite passes to subrings.

The proofs of the results to follow are completely analogous to the proofs of the
corresponding statements in [Bayer-Fluckiger and Moldovan 2014, §10]; they are
based on applying the equivalence of Theorem 4.1 and then using the finiteness
results of [Bayer-Fluckiger et al. 1989], possibly after applying transfer.

Throughout, € is an additive category and {x;, w; };c; is a nonempty family of
hermitian structures on €. Fix a system of sesquilinear forms (V, {s;}ic;) over
(6, {i, o)) and let Z(V, {s;}) = (V, V, {s w; v}, {si,}) € Af2;(6). (Note that
F(V,{s;})) = (Z, (idy, id})) with F as in Theorem 4.1.)

Theorem 5.8. If there exists a nonzero integer m such that End¢(V) is Z[1/m]-
finite, then there are finitely many isometry classes of summands of (V, {s;}).

Theorem 5.9. Assume that there exists a nonzero integer m such that the ring
Endaz,, ) (Z(V, {s;})) is Z[1/m]-finite (e.g., if End¢(V) is Z[1/m]-finite). Then
there exist only finitely many isometry classes of systems of sesquilinear forms
(V' {sl}icr) over € such that Z(V', {s]}) = Z(V, {s;}) (as objects in At»;(€)).
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SC. Finiteness of the genus. Let € be a hermitian category admitting a nonempty
family of hermitian structures {*;, w;};c;. We say that two systems of sesquilinear
forms (M, {s;}), (M', {s!}) are of the same genus if they become isometric after
applying %Rz, ,z for every prime number p (where Z, are the p-adic integer). (See
Remark 2.2 for conditions under which this definition of genus agrees with the naive
definition of genus for module categories.) As in [Bayer-Fluckiger and Moldovan
2014, Theorem 10.3], we have:

Theorem 5.10. Let (M, {s;}) be a system of sesquilinear forms over (6, {x;, w;}),
and assume that End(M) is Q-finite. Then the genus of (M, {s;}) contains only a
finite number of isometry classes of systems of sesquilinear forms.

5D. Forms that are trivial in the Witt group. Let € be a hermitian category. By
definition, a unimodular e-hermitian (resp. sesquilinear) form (M, s) is trivial
in W€ (%) (resp. Ws(€)) if and only if there are unimodular e-hermitian (resp.
sesquilinear) hyperbolic forms (Hy, h1), (Hz, hy) such that (M, s) & (Hy, hy) =~
(H3, hy). In this section, we will show that under mild assumptions, this implies
that (M, s) is hyperbolic.

Lemma 5.11. Let M € €, and assume that M is a (finite) direct sum of objects with
local endomorphism ring. Then, up to isometry, there is at most one €-hermitian
hyperbolic form on M.

Proof. For X € €, let [ X] denote the isomorphism class of X. The Krull-Schmidt
theorem (e.g., see [Rowen 1988, p. 237 ff.]) implies that if M = 69;:1 M; with each

M; indecomposable, then the unordered list [M1], ..., [M,] is determined by M.
Let (M, s) be an e-hermitian hyperbolic form on M, say (M, s) >~ (N @ N*, HY}).
Write N = @;_, N; with each N; indecomposable. Then s ~ P;_; Hf, . It is
easy to check that the isometry class of l]-l]f\,i depends only on the set {[N;], [N]]}.
Furthermore, using the Krull-Schmidt theorem, one easily verifies that the unordered
list {[N1], [N{1}, ..., {[N;], [N}]} is uniquely determined by M. It follows that
(M, s) is isometric to a sesquilinear form which is determined by M up to isometry.
O

Proposition 5.12. Let € be a hermitian category satisfying conditions (a), (b) on
page 15. Then a unimodular €-hermitian form (M, s) is trivial in W€ () if and only
if it is hyperbolic.

Proof. Note first that conditions (a) and (b) imply that every object of € is a sum of
objects with local endomorphism rings, hence we may apply the Krull-Schmidt
theorem to €. (For example, this follows from [Rowen 1988, Theorem 2.8.40]
since the endomorphism rings of € are semiperfect.) Let (M, s) be a unimodular
e-hermitian form such that (M, s) =0 in W€(%6). There are unimodular €-hermitian
hyperbolic forms (Hy, h1), (Hz, hy) such that (M, s) ® (Hy, h1) =~ (H3, hy). Using
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the Krull-Schmidt theorem, it is easy to see that there is N € € such that M = N@N*.
Thus, we may consider HY; as a hermitian form on M. By Lemma 5.11, we have
HY ® hi > hy, implying HY, @ hy > s @ h,. Therefore, by the cancellation theorem
of [Quebbemann et al. 1979, §3.4], s >~ HY,, as required. O

Proposition 5.13. Let € be a hermitian category in which all idempotents split and
such that either

(1) € is K-linear, where K is a noetherian complete semilocal ring with2 € K>,
and all Hom-sets in € are finitely generated as K -modules, or

(2) forall M € 6, End¢(M) is semiprimary and 2 € End¢(M)*.
Then a sesquilinear form (M, s) is trivial in W (@) if and only if it is hyperbolic.

Proof. 1t is enough to verify that F(M, s) is hyperbolic in AT, (€) (Theorem 3.2).
The proofs of Theorems 5.2 and 5.4 imply that Ar,(6) satisfies condition (b) of
Section 5A, and condition (a) is routine (see also Lemma 5.17(ii) below). Therefore,
F(M, s) is hyperbolic by Proposition 5.12. (]

Corollary 5.14. Under the assumptions of Proposition 5.13, the map W (€) —
Wi (€) is injective.

Proof. This follows from Propositions 5.13 and 3.5. ([

5E. Odd degree extensions. Throughout this subsection, L/K is an odd degree
field extension and char K # 2. A well-known theorem of Springer asserts that
two unimodular hermitian forms over K become isometric over L if and only
if they are already isometric over K. Moreover, the restriction map (the scalar
extension map) rr /x : W(K) — W(L) is injective. Both statements were extended
to hermitian forms over finite-dimensional K -algebras with K-linear involution in
[Bayer-Fluckiger and Lenstra 1990, Proposition 1.2 and Theorem 2.1] (see also
[Fainsilber 1994] for a version in which L/K is replaced with an extension of
complete discrete valuation rings). In this section, we extend these results to
sesquilinear forms over hermitian categories.

Theorem 5.15. Let € be an additive K -category such that dimg Hom(M, M)
is finite for all M, M’ € 6. Let {*;, w;}ic; be a nonempty family of K-linear
hermitian structures on € and let (M, {s;}), (M, {si’ D) be two systems of sesquilinear
forms over (€, {x;, w;}). Then Ry ;x(M,{s;}) = Rp/x(M', {s]}) if and only if
(M, {s:}) = (M', {s;}).

Proof. By Corollary 4.4, it is enough to prove Ry jxk F(M, {s;}) =Rk F(M', {s!})
if and only if F(M, {s;}) >~ F(M’', {s;}) (with F as in Theorem 4.1). Write
(Z, (a,a?)) = F(M, {s;}) ® F(M', {s]}) and let E = End(Z). Then E is a K-
subalgebra of End(M & M') x End(M @& M’)°P, which is finite-dimensional. By
applying Tz (a.«o0)) (see Section 2C), we reduce to showing that two 1-hermitian
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forms over E are isometric over £ ®k L if and only if they are isometric over E,
which is just [Bayer-Fluckiger and Lenstra 1990, Theorem 2.1]. (Note that we used
the fact that transfer commutes with %,k in the sense of Section 2E.) U

Corollary 5.16. Let A be a finite-dimensional K-algebra and let {o;}ic; be a
nonempty family of K-involutions on A. Let (M, {s;}), (M’ {s!}) be two sys-
tems of sesquilinear forms over (A, {0;}). If M and M’ are of finite type, then
Rk (M, {si}) = Rpx (M', {s]}) if and only if (M, {s;}) = (M, {s]}).

To state the analogue of the injectivity of 7/ : W(K) — W(L) for hermitian
categories, we need to introduce additional notation.

An additive category € is called pseudoabelian if all idempotents in 6 split.
Any additive category 6 admits a pseudoabelian closure (e.g., see [Karoubi 1978,
Theorem 6.10]), namely, a pseudoabelian additive category €° equipped with an
additive functor A — A° : € — €°, such that the pair (€°, A — A°) is universal.
The category €° is unique up to equivalence and the functor A +— A° turns out
to be faithful and full. The category €° can be realized as the category of pairs
(M, e) with M € 6 and e € End¢ (M) an idempotent. The Hom-sets in 6° are given
by Homee (M, €), (M, ¢')) = ¢ Homg (M, M')e and the composition is the same
as in ‘6. Finally, set M° = (M, idy) and f° = f for any object M € € and any
morphism f in ‘6. For simplicity, we will use only this particular realization of
“€°. Nevertheless, the universality implies that the statements to follow hold for any
pseudoabelian closure.

Assume € admits a K-linear hermitian structure (%, ). Then €° is clearly a
K -category, and, moreover, has a K -linear hermitian structure given by (M, e)* =
(M*, e*) and wm,e) = €™ wye € Homegs (M, e), (M**, e**)). Also, the functor
M — M? is 1-hermitian and duality-preserving (the isomorphism (M*)° — (M°)*
being id,y), so we have a faithful and full functor (M, s) +— (M, 5)° = (M°, s) from
Sesq(6) to Sesq(6°). Henceforth, consider € and Sesq(€) as full subcategories of
%° and Sesq(6°), respectively; i.e., identify M° with M and (M, s)° with (M, s).

Lemma 5.17. Let 6, 6’ be two hermitian categories and let F : € — 6’ be an
€-hermitian duality-preserving functor. Then:

(1) F extends to an €-hermitian duality-preserving functor F° : €° — €°. If F is
faithful and full, then so is F°.

(ii) There is a 1-hermitian duality-preserving functor G : Aty (6)° — At (6°). The
functor G fixes At2(€) and induces an equivalence of categories.

Proof. (i) Define F°(M, e) = (FM, Fe) € €°. The rest is routine.

(ii) Let G send (M, M', f, g), (e, €"?)) € AT2(6)° to (M, €), (M, ), ™ fe, e ge)
and any morphism to itself. The details are left to the reader. (]
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Observe that the category €, may not be pseudoabelian even when € is. We
thus set 67 := (6,)°.

Theorem 5.18. Let (6, *, w) be a pseudoabelian K -linear hermitian category such
that dimx Hom(M, M) is finite for all M, M' € 6. Then the maps

WG(QRL/K) . We((@) e Wé((@;) and W(QRL/K) ZWS((G) e WS((@Z)

are injective.

Proof. We begin by showing that W€(R g ) : W (€) — W€ (€}) is injective. Let
(M, s) € UH®(%6) be such that (M, s;) = 0 in W€(%€7). Then there are objects
N, N’ € €9 such that s; @ H§, ~ H}. Let

U,h)=M,s)® (N &N'*,Hy) and E =Ende¢ (U),

and let o be the involution induced by 2 on E. Set E;, = EQg L = Ende: (UL) and
o =0®gidy . Section 2E implies that Ry, x (T ny(M, 5)) =Tw, n,) (ML, s1) =0
in W¢(EL, or), and by [Bayer-Fluckiger and Lenstra 1990, Proposition 1.2], this
means Ty p(M,s) =0 in WE(E, o) (here we need dimg E < 00). Since € is
pseudoabelian, the map Ty ) : €|y — P(E) is an equivalence of categories,
hence the induced map W (T(y p)) : W (€|ly) — W(P(E)) = W(E,0) is an
isomorphism of groups. Therefore, (M, s) = 0 in W€(%|y). In particular, the same
identity holds in W€ (€).

Now let (M, s) € Sesq(‘€¢) be such that (My,s;) = 0 in Wg(67). Then by
Proposition 5.13, (M, 51 ) is hyperbolic in 67 (but not, a priori, in 6). Let F be
the functor defined in Theorem 3.2 and let J be the functor A1, (€); — A1y (61)
of Proposition 3.7. By the lemma, there is a fully faithful 1-hermitian duality-
preserving functor J' := GJ° : A,(6); — Ar:(%€7). Since (M, sy) is hyper-
bolic in 67, there is Q0 € Ar(67) such that F(Mp,s.) ~ (Q @ 0, Hy). Let
Z(M, S) = (M, M, s*a)M, S) and Z(ML, SL) = (ML, My, sszL, SL). Recall
that F(Mp,s;) = FRp x(M,s) = JR gk F(M,s) (Proposition 3.7) and hence
O®Q*~Z(My,s1))=J(Z(M,s))=J(Z(M,s)r). As J' is fully faithful and
its image is pseudoabelian, we may assume Q = J'H for some H € Af,(6)].
We now have J'(H ® H*, Hy) = (Q @ O, Hp) >~ F(M,s.) = J Rk F(M,s),
hence (HOH™*, Hy) >R x F(M, s) in At (€)] . In particular, Ry x F (M, s) =0
in W (AT, (%)} ). By the previous paragraph, this means F(M, s) =0 in W (Ar2(6))
and hence; (M, s) =0 in Wg(6). [l

We also have the following weaker version of Springer’s theorem that works

without assuming € is pseudoabelian:

Theorem 5.19. Suppose that (6, *, ) is a K -linear hermitian category such that
dimg Hom(M, M) is finite for all M, M' € 6. Then W (R k) : W (€) - W (€p)
is injective.
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Proof. Let (M, s) € UH® (%) be such that (M, s;) =0 in W¢(%6.). Then there are
objects Nz, N; such that s @ Hf;, > HS = Since Hf, = (Hf). and [I-I]EL, = (Hy)r,
we have (s ® Hy)r >~ (Hy/)r. By Theorem 5.15, this means that s @ Hy ~ H},
hence (M, s) =0 in W€ (96). U

SF. Weak Hasse principle. In this final subsection, we prove a version of the weak
Hasse principle for systems of sesquilinear forms over hermitian categories. Recall
that the weak Hasse principle asserts that two quadratic forms over a global field k
are isometric if and only if they are isometric over all completions of k. This actually
fails for systems of quadratic forms, and we refer the reader to [Bayer-Fluckiger
1985; 1987] for necessary and sufficient conditions for the weak Hasse principle
to hold in this case. A weak Hasse principle for sesquilinear forms defined over a
skew field with a unitary involution was obtained in [Bayer-Fluckiger and Moldovan
2014].

Let K be a commutative ring admitting an involution o, and let k be the fixed
ring of o. Let € be an additive K -category. A hermitian structure (%, ) on € is
called (K, o)-linear if (fa)* = f*o(a) for all a € K and any morphism f in 6.
(This means that the functor * is k-linear.) In this case, End(M) is a K -algebra for
all M € 6, and for any unimodular e-hermitian form (M, s) over 6, the restriction
of the involution f > s~! f*s to K -idy is o.

Suppose now that K is a global field of characteristic not 2 admitting an involution
o of the second kind with fixed field &, and that ‘6 admits a nonempty family of
(K, o)-linear hermitian structures {x;, w;};c;. For every prime spot p of k, let
k, be the completion of k at p, and set K, = K Q k,, 0, = 0 ®y id, and
%, = 6 ® kp. Then each of the hermitian structures (x;, ;) gives rise to a
(K p, 0p)-linear hermitian structure on 6 ,,, which we also denote by (x;, ;).

Theorem 5.20. Let K be a global field of characteristic not 2 admitting an invo-
lution o of the second kind with fixed field k. Let € be a K -category such that
dimg Hom(M, N) is finite for all M, N € 6, and assume there is a nonempty family
{*i, wi}ier of (K, o)-linear hermitian structures on 6. Then the weak Hasse prin-
ciple (with respect to k) holds for systems of sesquilinear forms over (€, {x;, ;}).
That is, two systems of sesquilinear forms over (€, {x;, w;}) are isometric if and
only if they are isometric after applying R/« for all p.

We will need the following lemma. (The lemma seems to be known, but we
could not find an explicit reference, and hence included here an ad hoc proof.)

Lemma 5.21. Let L /K be any field extension, and let € be an additive K -category
such that dimg Home (M, N) is finite for all M, N € €. Then for all N, M € 6, we
have N = M if and only if Np = M.
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Sketch of proof. By applying Hom¢(M @& N, _), we may assume M and N are
finitely generated projective right modules over R := End(M & N), which is a
finite-dimensional K -algebra by assumption. Let J be the Jacobson radical of R.
By tensoring with R/J, we may assume R is semisimple. Let {V;}; be a complete
list of the simple right R-modules and write

V=@, w,",

the {W;;}; being pairwise nonisomorphic indecomposable R;-modules. The R, -
modules {W;;}; ; are pairwise nonisomorphic because W;; and W ;» are nonisomor-
phic as R-modules when i # i’ (W;; is isomorphic as an R-module to a direct sum
of copies of V;). Assume M; = N and write M = D, Vl.’"", N=@; Vim;. Then
b, W;;?"n"j EMLENLED, WZ’/?I/'""J' . By the Krull-Schmidt theorem, we have
min;j =m;n;; for all i, j, hence m; =m; and M = N. O

Proof of Theorem 5.20. By Corollary 4.4, it is enough to verify the Hasse principle
(with respect to k) for 1-hermitian forms in the category % := Atrp;(€). Our
assumptions imply that % is a (K, o)-linear category such that dimg Hom(Z, Z’)
is finite for all Z, Z’' € 4. We now use the ideas developed in [Bayer-Fluckiger and
Moldovan 2014, §9].

Let (Z,h), (Z',h’) be two unimodular 1-hermitian forms over % such that
R,k (Z, h) = Ry, /1 (Z', 1) for all p. By Lemma 5.21, this implies that Z = Z/,
so we may assume Z = Z'.

Fix a 1-hermitian form A on Z and let t be the involution induced by /g on
E = End(Z) (.e., t(x) = ha]x*ho). There is an equivalence relation on the
elements of E defined by x ~ y if and only if there exists an invertible z € E
such that x = zyt(z). Let H(t, E*) be the set of equivalence classes of invertible
elements x € E* for which x = 7(x). In the same manner as in [Bayer-Fluckiger and
Moldovan 2014, Theorem 5.1], we see that there is a one-to-one correspondence
between isometry classes of unimodular 1-hermitian forms on Z and elements
H(t, EX). Itis given by (Z, 1) = hy't.

Applying the same argument to Z, = Ry, /xZ € G, we see that the weak Hasse
principle is equivalent to the injectivity of the standard map

®: H(r, EX) > [ [H(zp. E)).
14

where E, = End(Z,) = E ® k, and 7, = T ® id,. Observe that since 4 is
(K, o)-linear, t is a unitary involution (and in fact, 7| = o). By [Bayer-Fluckiger
and Moldovan 2014, §9], this means that ® is injective, hence the weak Hasse
holds. O
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Corollary 5.22. Let K be a global field of characteristic not 2 admitting an involu-
tion o of the second kind with fixed field k. Let A be a finite-dimensional K -algebra
admitting a nonempty family of involutions {o;};c; such that o;|x = o. Then the
weak Hasse principle (with respect to k) holds for systems of sesquilinear forms
over (A, {o;:}).
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