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MULTI-BUMP BOUND STATE SOLUTIONS
FOR THE QUASILINEAR SCHRODINGER EQUATION
WITH CRITICAL FREQUENCY

YUXIA GUO AND ZHONGWEI TANG

We study the existence of single- and multi-bump solutions of quasilinear
Schrodinger equations

—Au+ AV (©)u = S AluPu = |u]?u,

the function V being a critical frequency in the sense that inf, .pv V(x) = 0.
We show that if the zero set of V has several isolated connected components
Q1, ..., 2 such that the interior of £2; is not empty and 9€2; is smooth,
then for A > 0 large, there exists, for any nonempty subset J c {1, 2, ..., k},
a standing wave solution trapped in a neighborhood of |J ;.
jeJ
1. Introduction and main results

Consider the following quasilinear Schrédinger equation:
(1-1) —Au+AV(x)u— 2 AuPu =ulP?u in RY,

where N > 3, A > 0 is a parameter, 4 < p < 2-2%, and 2* is the critical Sobolev
exponent.

We are interested in the ground state solutions for (1-1), i.e., the positive solutions
with least energy. Solutions of this type are related to the existence of standing
wave solutions for the following quasilinear Schrodinger equation:

(1-2) idw=—hAw+Vxw— f(w>w—kAh(w»h' (w?w in RY,

where V is a given potential, /i is the Planck constant, & is a real constant, and f, / are
real functions. Such quasilinear equations appear naturally in mathematical physics,
and have been derived as models of several physical phenomena corresponding to
various types of & (see, for example, [Brizhik et al. 2003; Brihaye and Hartmann
2006; Briill and Lange 1986; Hartmann and Zakrzewski 2003; Kurihura 1981], and
the references therein).
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Due to its significant application in mathematical physics, the equation (1-2)
with k = 0 (the semilinear case) has attracted much attention in recent years. Many
authors have obtained existence results for one-bump or multi-bump bound state
solutions under different assumptions on the potential function V. We refer the
readers to [Ambrosetti et al. 1997; Ambrosetti et al. 2001; Bartsch and Wang 2000;
Cingolani and Lazzo 2000; Cingolani and Nolasco 1998; del Pino and Felmer 1998;
del Pino and Felmer 1997], and the references therein.

In the quasilinear case (that is, the equation (1-2) with k # 0) we observe that, due
to the presence of the quasilinear term, there is a different critical exponent than in the
semilinear case, as observed in [Liu et al. 2003]; the number g =2-2* =4N /(N —2)
behaves as a critical exponent for the quasilinear equation. There has been much
recent work concerned with the quasilinear Schrodinger equations (1-1) and (1-2).
For instance, in [Colin 2003], a change of variables was used to prove the existence
of soliton wave solutions; see also the paper by Liu, Wang and Wang [2003], where
a change of variables was also used. In [Colin and Jeanjean 2004], various existence
results for standing wave solutions to (1-1) for special f and & are obtained. For the
stability and instability results for a special case of (1-2), we also refer the reader
to [Colin et al. 2010].

For more recent related work on the quasilinear Schrodinger equation with critical
exponents, we refer the reader to, for instance, [Liu et al. 2013; 2012; do O et al.
2010a; 2010b, Lins and Silva 2009], and to the references therein.

The current paper is concerned with the existence of one-bump or multi-bump
bound states for the following quasilinear equation with frequency V':

—Au+AV@)u —2(AuPu=ul’*u in R
Our hypotheses on V are:
(V1) V e C(RV, R) satisfies V (x) > 0 and liminf),| o V(x) > 0;
(Vo) Q:=int V=1(0) is nonempty, bounded, has smooth boundary, and Q=Vv-Y0);
(V3) 2 consists of kK components:
Q=QUQQU--- U,
and Qiﬂﬁj =g foralli #j.

For the proof of the main theorem, we follow the idea of Y. Ding and K. Tanaka
[2003] to modify the nonlinearity and use the decay flow. We point out that,
although this idea has been used before to deal with other problems, it is not at all
trivial to adapt the procedure for our problem. The appearance of the quasilinear
term A(|u|*)u forces us to consider our problem in an Orlicz space, and more
delicate estimates are also needed.
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To state the main results, we first introduce some necessary notation. We denote
AV (x) by Vi (x). Formally, we define the functional J, by

(1-3) J,\(u):%/ (1+u2)|Vu|2dx+%/ Vk(x)uzdx—l/ |u|” dx,
RY RV D Jrwy

where u € X :={u € H'(RV)| fn Vs.(x)u? < oc}. Note that, under our assumptions,
the functional J, is not well defined on X. We make the following change of
variables, which was first used by Liu, Wang, and Wang [2003].

Let v = h(u) = suv/T+u?+ 3 In(u + v/1+u?), so dv = +/1+ u?du. More-

over, h(u) satisfies

u if |u] <« 1,
(1-4) h(u) ~ {1, .

sulul if fu] > 1.

Since 1’ (1) > 0, h(u) is strictly monotone and hence has an inverse function
denoted by u = f(v). Obviously,

v if |u] <1, , 1
1-5 ~ -
(= s {J—z/ww itpi>1, 7T T e
Let G(v) = f%(v). Then
2 .
PR if |v] « 1,
(1-6) G(v) = f(v) {Zlvl o> 1.

and G (v) is convex, so there exists Cy > 0 such that G(2v) < CyG (v),
2 2

&’ G"(v) = ———>0.

V14 £2(v) (1+ /()

Now we introduce the Orlicz space (see [Rao and Ren 1991])

Eé; = {v ‘ / ViG(v) < +oo}
RN

equipped with the norm

(1-7) G'(v) =

lu|% ;= inf & <1 +f ViG(E ) dx).
£>0 RN

Then E, is a Banach space (see [Liu et al. 2003]).
Let

Hé = {v € Eé;} / |Vv|2dx < oo},
RN

equipped with the norm
il = Voll2 + [vg.
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Using the change of variable, we define the functional &, on Hg by

1 1
(1-8)  ®@)=; / (Vo + Vi f2 () dx — — / |f @)I” dx.
RN P Jrv
Then @, is Gateaux differentiable, and the Géteaux derivative @', (v) has the form

(1-:9) (@, (v), w) =
/Vvadx—i—/ Vx(x)f(v)f’(v)wdx—/ | F)IP2F (v) f (v)w dx.
RN RN RN

Obviously, v € Hé is a critical point of @, if and only if v is a solution of the
following equation:

(1-10) —Av+Vif) ) =1fOIP2f @) f'(v), xeRN.

Moreover, one can easily check that v is solution of (1-10) if and only if u = f(v)
is a solution of (1-1).

We define the Nehari manifold Ny by N, = {v € H} \ {0} | (®} (v), v) =0},
and let

= inf ® .
¢ = inf 5 (V)
We say that u = f(v) is a least energy solution of (1-1) if v € N,, is such that c;,
is achieved.
Note that under our assumptions, for A large enough, the following Dirichlet
problem is a kind of /imit problem:

—Au— (AP = ul”u, u>0 in Q,

(1-11) { u=0 1in 09,
where Q = int{V~'(0)}.

In fact, by a minor change of the arguments in Guo and Tang [2012], one can
easily see that under the conditions (V}), (V»), and 4 < p <2-2*, for A large, c; is
achieved by a critical point v, of ®; such that u, = f(v,) is a solution of (1-1).
Furthermore, for any sequence 1, — 400, {v;,,} has a subsequence converging to v
such that u = f(v) is a least energy solution of (1-11). Thus by assumption (V3),
there is €2;, (1 <ip < k) such that u = f(v) is indeed a least energy solution defined
on ;, and u = f(v) = 0 elsewhere. Thus it is natural to ask whether, for a given
je{l,2,...,k}, (1-1) has a family of solutions {u;} which converges to a least
energy solution in £2; and to 0 elsewhere. In this paper, we answer this question in
the affirmative. Moreover, we can also construct multi-bump type solutions.

Our main results are:
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Theorem 1.1. Suppose (V1)—(V3) hold. Then for any ¢ > 0 and any nonempty
subset J of {1,2, ..., k}, there exists A = A(e) > 0 such that, for . > A, (1-1) has
a solution u,_such that v, = h(u,) satisfies

(1-12) @500 = Y@ <.
jeJ
(1-13) / (IVur? + Vi f2 () dx <,
RN\Q,
where Q5 = jes 8j. Moreover, for any sequence L, — 00, we can extract a

subsequence {An;} such that v,, converges strongly in Hé to a function v that
satisfies v(x) =0 for x € Q;, and u = f(v)|q; is a least energy solution of

—Au— (AP = |ul”u, u>0 in Q;,

1-14
( ) { u=0 1in 99,

for j € J. Here c(R2;) in (1-12) is the least energy of (1-14).

Corollary 1.2. Under the same assumptions as in Theorem 1.1, there exists A > 0
such that for ». > A, (1-1) has at least 2% — 1 bound states.

The paper is organized as follows. In Section 2, we give some estimates in Orlicz
space. In Section 3, we modify the functional by penalizing the nonlinearity. In
Section 4, we consider compactness for the modified functional. In Section 5, we
give some asymptotic properties for some sequences and prove that, for A large, the
critical points of the modified functional are indeed critical points of the original
one. Section 6 is devoted to the properties of the limit problem. In Section 7, we
give a minimax argument. In Section 8, we prove the existence of critical points by
a flow argument; the proofs of the main results are also delivered in this section.

In the following, without specific notification, all the integral variables are x,
and for simplicity we omit dx in every integral.

2. Some estimates in the Orlicz space

We begin with a precise estimate between the Orlicz norm and some integrals in
Orlicz space H(;, namely:

Lemma 2.1 [Guo and Tang 2012]. There exist constants C1, C, > 0 such that, for
any v e H:,

2-1) Crmin{|lv];, [v]}} < f |Vv|2+[N Vo f2(v) < Cymax{||v], [lv]|?}.
R R

Let Q/j (1 < j < k) be bounded open subsets with smooth boundary such that
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5; and 5’] are disjoint if i # j and that S_Zj C Q’] for all j. Let K be one of the
following sets:

22 RY, @ (=12..hk, oo RN\[JQ (2. .. k.
jeJ

Lemma 2.2. There exist 9 > 0, vg > 0 such that, for . > 1,

23 5 f (IVoP 4V, 2 () < f (IV0P + V() — o / ).
K K K

Proof. We follow similar arguments as in the proof of Proposition 3.1 in [Tang
2008], but with necessary modifications. We omit it. ([

3. Penalization of the functional
To proceed, we introduce the cut-off function /(¢) : R — R defined by

1) = :min{t(P_z)/z, vy} fort >0,

0 fort <O,
where 1 is as in Lemma 2.2. For a fixed nonempty subset J C {1, 2, ..., k}, set
1 forxeQ
Q = Q iy Q/ = Q/.’ ' (X)) = J?
/ U ! / U X, (¥) {0 for x & Q/;,
jeJ jedJ
and

w(x, £%) = xo, (OEP 2 4+ (1 — xq, CI(E?),
W(x, £%) =f:2 w(x, 1) dt.
We define W;, : H: — R by
ww =4 [ (V4= [ we o,

Then one can check that W; € C2(H?, R) and that its critical points are solu-
tions of

—Av+ Vi f () f'(v) =wlx, fP@)f@)f' () in RY.

Note that [(r) = t?=2/% for t € [O, vé/(p_z)], hence a critical point v of W, is a
solution of (1-10) if and only if | £ (v)[* < vy’ in RN\ Q).
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4. Compactness of the modified functional

Proposition 4.1. For A > 1, U, satisfies the (PS). condition for all ¢ € R. That is,
any sequence {v,} C Hé satisfying

(4-1) Wi (vn) = ¢,

(4-2) W) (v,) — O strongly in (HE)*,

has a strongly convergent subsequence in Hé, where (Hé)* is the dual space of Hé‘;
To prove Proposition 4.1, we require the following lemma:

Lemma 4.2. Suppose that {v,} C Hé is a (PS). sequence. Then there exist two
positive constants, m(c) and M (c), which are independent of A > 1, such that

m(c) < 11m1nf||v,,||,\ < lim sup ||vn||A <M(c).
n—oo

Proof. Let w, = f(v,)/f'(v,). It follows from (4-1) and (4-2) that

W (vy) — p\IJ sw, =c+o(1) +eplwyln,

where ¢, — 0 as n — o0o. Thus

/R@ -, %))wmz +(3-5) fR Vi ()

= / W e f20) + L / w(x, F20) F2(0n)
RN P Jry

=cH+o(l)+eullunll.
Let L(¢) = f(; [(t) dt; we have

L weren -1 [ we e
RN P Jry

= e _ Ly 2
_/RN\Q/j(zL(f ) = 1 @) 2 (w).

Note that for ¢ € [Ug/ (pfz) )
L 2 —1< L= 2>) 1,
2L(f ) — l(f )t =3 Uot v p[

1_ pP/ =2 (l_ l) 5

(2 p) vor* — g )= (5 S Jvor’

and for ¢t < vg/(p_z),

ey - Ly =o
2 p
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We obtain that

1 2 2 (1 1)/ 2 (1 1)/ 2

AN Vn AN V; n) —\/7 n

(2 p)fRN|v|+2 P RN )Lf(v) 2 pl)o RNf(U)
<c+o(l)+enllvnll.

Since 4 < p <4N/(N —2), we have

4\ -1
[ovenl s [ virwy-w [ £es(P22) e oot
RV RV RV p

By Lemma 2.2, we get

2 2 p—A!
S | (1Vuildx+Vif ) = (£-) e+ o(h +enlvall.
RY 2p

It follows from Lemma 2.1 that

: 2 _i(p—H\!
Cmin{lunls, 1) <85 (55 7) e+ o) +ollul).

Thus ||v,]|, is bounded as n — oo, and

limsup [[vy [l = M(c) := maX{(l - l)_180_1c, (l - l>_180_1c}.
n—00 2 p 2 p

On the other hand, since

%L(tz) _ %l(zz)z2 >0 forall f R,

we have -
c+o(D) +enlwnls = (5= ) Comaxtlvali, lunl}).
Therefore
L. ) . . 1 | AL 1 1!
liminf v, 12 > m(c) := mln{<§ - ;) c;le, \/(5 - ;) C; c}.
This completes the proof of Lemma 4.2. ]

Proof of Proposition 4.1. By Lemma 4.2, we know that {v,} is bounded in Hé and
thus is bounded in D"2(R") and L?(R"), so there exists a subsequence of {v,}
(still denoted by {v,}) such that:

Vv, = Vv  weakly in LZ(RN),
v, > v ae.in RV,
f,) = f(v) weaklyin LY(RY) for2 < g <2-2%,
f(v,) — f(v) strongly in L? ([RN).

loc
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Moreover, by Proposition 2.8 of [Guo and Tang 2012], v is a critical point of W,
that is, for any ¥ € H},

| ovv e vir@rew) = [ e £ensor o,

Next we show that v, — v strongly in Hé;. Indeed, it follows from (4-1) and
(4-2) that

o(1) = (W; (va) — ‘lli(v))<

fon) f(v))

Fow @
= W) T = W ) L — ) w0 L
_ / <1+M>|wn|2+ / Vi f2(0n) — / wix, £2on) f2 ()
RN 1+f2(vn) RN
) ) f(vn)
— 1+ —— Vv, Vv — 1
/IR{N< + 1+f2(v) Un VU /—1+f2(vn ——f )\/W
2 / f( ) fz(vn)
+,/RN u)(x,f (vn))f(vn)f (Un)f/( )_‘/RN(I‘f’m)anvv
F)
n 1 n
Wf( W1+ (o)

+ /R e OO ) Jf((’;))

+/ (1+ f2) )|W|2+f kaz(v)—f wix, 7)) f2()
RN 1+ f2(v) RN RN

B f*(wn) o
= /RN(HHfZ(vn))(W” o)

N et DA 0
+ /R ) vx<f2<vn>— \/% FoV1+ 2@, > a
+fRN Vx<f2(v) —~ \/%f( )W) (1
+/N w(x, fz(vn))(f(vn)f/(vn JJ:((U)) 2 vn)) (IV)
+ e s (v))(f(v)f( o - fz(m) W

::f (HM)(VW_Vv)2+1+11+III+IV+V.
RN 1+f2(vn)
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In the following we shall estimate the above terms one by one. First of all, note
that since Vv, — Vv weakly in LZ(R") and

P )
L+ 20 1+ f2()

is bounded, we have I = o(1) as n — oc. Moreover,

II—|—III:f VA(fZ(vn)— A f(n)x/1+f2(vn)
RN

V1+ ()
f(Un)
+/RNVA(f Oy Tt wm)
— V; n n) — V; n l——F—
/RN 3 ) (f (W) — ) + Vi f (v )f(v)( Ve
Y1+ f2(v) )
% — fw)+V, N\ 1 - ——=
+/R~ W F O (F) = f () + u‘(v)f(v)( NiES=Ton
_ /R V) = f@)?
f @) f () ) )
+ - n
N eV Eareen P ey ey R
@) f ()

(f2 () — f2(v))

\/1+fz(vn)(\/l+f2(vn)+x/1+f2(v))
:f Vi(f (v) — f)2+0(1) as n— oo.
RN

In the last equality, we use the facts that f2(v,) — f2(v) weakly and that the

two terms
F) f(v)
VI+ 2O+ f2) + 1+ f2(v)
and
) f(v)

V14 20 (V14 f2 ) + 1+ 2(v)

are bounded. For the last two terms, we have

J ()

IV+V = /RN w(x, fz(vn))f(vn)( f)— f(vn))

F1v)
+ / wix, fz(v))f(v)( /W) f(vn)—f(v)>
£ (o)

p—2 f( n) _ )
f |f P2 f (v n)(f,( RASREALD
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f ()
f'(w)

+ f If(v)lp‘2f(v)< S ) f(vn)—f(v)>
2,

+ / z<f2<vn>>f<vn)( F@) = f n)>
RN\,

S ()

+f l(fz(v))f(v)< A )f( n)—f(v)>
RN\Q/J f( n)

- fQ fn) = FOUPT @) = 7 )

p—2 f/(vl’l) . 1) I
+ /Q 1w f(vn>( 1) 1)
+ / If(v)l”zf(v)< 7 @) —1>f(vn) )

+ / z<f2<vn>>f(vn)(f LG )—f(vn)> @)
RN\, f()

+f l(fz(v))f(v)< f, ® S () — f(v)> (I4)
RN\, J'(vn)

= [ = £ ) = £ )+ L

where
_ 2 f/(vn) _
11—/9/J|f(vn>|f’ f(vn)(f,(v) 1)f<v)
_ p2 o (VI L20) =1+ 2 ()
/Q Wl o B R )
FOF@ + Fun)

59

= fg Nf@IPF ) (0) = f (0n))

(r—2/p) 1/p 1/p
§C</ f”<vn>> (f f”(v)) (/ (f(v)—f(w))”)

=o(l)asn — oo (since f(v,) = f(v) strongly in L ([RN)).

loc

Similarly, we have I, = o(1) as n — oo.
As for Iz + 14, we have

13+I4=f 1 n>>f<vn>(f( )fv)—f(vn))
RN\, M)

V14 £20) (V14 £2(0) + 1+ 2 ()
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+f l(f2(v))f(v)< S 0 n)—f<v>)
RN\, S ()

_ / 1) f o) (f () — £ (o)
RN\,

+ / 1P f ) (f (o) — F )
RN\,

+/ l(fz(vn))f(vn)<f( o) _ 1>f(v)
RN\Q’J f(
)

ool f e
+/RN\Q/] (f*()) f(v) Fom) f(vn)

For the same reasons that we used in the above estimates for I;, we can see that the

last two terms in the above equalities go to zero as n goes to infinity.
Thus

41 = f 1(f2 () f () (f () — f(vn))
RN\Q,
+ / I(F2 () £ ) (f (vg) — £ () +o(1)
RN\,
= /R e A2 W) =LA F ) (f (W) = £ (0a))
— / (2 ) (f ) = f))* +o(D).
RN\Q,

On the other hand, since f(v,) — f(v) strongly in LIOC RM), f(v,) — f(v) weakly
in LY(RV) for 2 < ¢ <2-2* and [(t) < vy for all ¢ > 0, we have

fg )= FOFT @ = 7 ) = o()
and ’

fR e A2 ) = L2 @) FO)(f(0) = £ (va)) = o(1).

At last, we obtain the following estimate:

_ fz(vn) _ 2
A -

+ /R AR f))* - / L(F2 () (f () — f ()2

RM\Q,

On the other hand, we can write
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/R V) - FeP

1
a /R 1+ 2 (o)

Vv _ Vv,
VI+ 2 1+ f2)
‘an —Vv+ <1 — M)Vv
V1+ f2(v)

2

:/ M+2 ! (1— Y 1+f2(vn)>Vv(Vv—Vv )
RY 1+ f2(v)  JrY T+ F2(vy) JT+ £2(v) "
. 1 (1 Vi fz(vn)>2|W|2.
RV /14 f2(vy) V14 f2(v)

We claim that both of the last two terms in the above last equality are o(1) as

n — oo. In fact, the first term goes to zero because Vv, — Vv, while the second
term goes to zero by the dominated convergence theorem.
Thus we have

f IV(f(v)—f(vn))IZS/ Vo — Vo, 2
RN IRN

by Lemma 2.2 and the definition of /(#), so we get

80 fR N(IV(f(v) — FODP+Vi(f ) = fwn)?)

fz(vn) . 2 / _ 2
< /R (T s )1 = Vol [ V@)= fwn)
—vp /R (f() = f())? = o(1).

N\Q/]

Obviously, f[RN Vi (f(vn) — f(v))2 — 0 as n — o0. Hence
| e =ron= [ (r= s+ o)

1/2
< c( /R V() —f(v))z)

for some constant C. By Proposition 2.1(3) of [Liu et al. 2003], we have v, — v
strongly in Hé. This completes the proof of Proposition 4.1. ([

5. Some asymptotic behavior

We denote by HCO;’1 (€2;) the closure of C;°(£2) under the norm of Hcl;(Q).
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Proposition 5.1. Assume that the sequences {v,} C Hcl; and {A,} C [0, c0) satisfy

(5-1) Ay — 00,
(5-2) v, (vp) = ¢,
(5-3) 1w, )}, = 0.

Then there exists a subsequence of {v,} (still denoted by {v,}) such that
v, — v weaklyin H.
for some v € Hcl;. Moreover, we have:
() v=0in RN\ Qy, and v is a solution of
—Av=fIPFOf' @), in Qj,
(5-4) o1 _
ve H; (2;) for jel.

(i1) v, converges to v in a stronger sense, namely
v, => v strongly in Hé as A, — 00.

(ii1) The functions {v,} satisfy:

/ Vi, [2(Wn) = 0,
RN
W () = Y Io, (v),

jelJ

vnll, rMe;, = 0,

||Un||An,Q} _>/ |Vv|?> for j e, asn — oo.
Q;

Proof. By arguments similar to those used in the proof of Lemma 4.2, we have

m(c) <liminf v, |2 <limsup ||v, |3 < M(c).
n—00 " n— 00 "

Thus {v,} is bounded in Hé. Hence there is a subsequence of {v,} (still denoted
by {v,}) such that:

Vv, — Vv weakly in LZ(RN),
v, — v weakly in LY(RY) for2 < g <2.2%,
v, — v ae. in RV,
fy) — f(v)strongly in LY (RY) for2 <q <2-2%,

loc

f ) — f(v) weakly in LY(RY) for2 < ¢ <2-2%.
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(i) Let C,, := {x € RV | V(x) > 1/m}. Then for n large, we have
m m
frn) < — / MV (o) < — / (Vo £ (n) + Vo, [*)
Cn An JRN An JRY

m
2
< T C max{[lvglls,, lvally } — 0 as A, — oo.
n

Thus
05/ fA) < hmf f2(vy) =0.
Ch n—oo Ch

Hence f(v) =0on (Jo_; Cp = RV \ Q. Note that \Di,, (vy) = 0 as A, = 00, SO
we have
f ()

o(l)= \yxn(vn) : m

_ f2) ) /
= /Q,-(l + 1+f2(v))anVv _/Q,- wx, f7(vy) f () f (V)

f)
f')

_ (D) 2 . |
_/Qj(“rm)'w —/ij(x,f ) f(v) +o(D);

here we use the fact that f(v,) — f(v) strongly in L{’OC([R{N).
On the other hand, by Lemma 2.2, we have

Sollvls, < /Q (VP = o /2())

f2) ) o
S/Qj<1+m)|vv| —/;j w(x, f2() f*(v) =0

Note that ||v||;, indeed does not dependent on A,. We have that v = 0 in ; for
je{l,2,...,k}\ J, and this completes the proof of part (i).

(i1) Indeed, by a similar argument as in the proof of Proposition 4.1, for n large,
we have

o(1) = /R 190Vl + fR VL (F @) F@) o /R (@) = f )

M\Qy
Z5o< / Vo, — Vol + f Vxn(f(vn)—f(v))2>
RN RN

: 2
> 80 C min{||vg — vl you . [lva = V113, }-
G

Hence ||v, — v|| HL ™ 0 as n — oo. This completes the proof of part (ii).
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(iii) This is a direct consequence of parts (i) and (ii). In fact, from (ii) and (i), one
can see that

3 / Vi, 2 (vn) =3 / Vi, f2(vn)
RN RN\Q;

_ / Vi 200 (f ) — F@)* = 0 as n — oo,
IRN .

\&2;

Thus we have

im b [ o=t [ e =0

=00 " JRN\Q; RV\Q;

Obviously, we get

v, @) =3 /R Vol + Vi, £2(0n) — % /R W, £ ) — 3 g, ),

jes
where Iq, (v) = %fQJ Vo —(1/p) fQj | f(v)|?. Furthermore,
im £ )l g @y = O
lim | V|| :/g,. |Vu|? for j e J.
This completes the proof of Proposition 5.1. ]

Proposition 5.2. There exist constants M > 0, Ay > O such that if v, is a critical
point of W;_for A > Ay, then | f (v)]> < vg/(p_z) and W, (v) < M. In particular, v,
solves the problem (1-10).

Proof. Let B, (x) ={y e R" | |x —y| < r}. Since v is a critical point of W, we have

—Av, + Vi f () f(v3)
= X Q@NIL I W) + (1= x (@I, F2W)) f W) f(Wa).

That is,
—Au+ (V=X @)1 @I = (= x @), fz(vx)))—f(vkl{/(vk) v, =0.
Let

Vo= (Vs = x@)IF @I = (0 = x@ e, £ i) HL.

Then our assumptions on V imply that V belongs to K}\‘,’C, the local Kato class,
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and thus |v; (x)|z~ is bounded (see Theorem C1.2 of [Simon 1982]). It follows
from Theorem 8.17 of [Gilbarg and Trudinger 1983] that

[va(x)] < C/ lua()IP dy.
B(x,r)

By Proposition 5.1, we see that for any sequence A, — 0o, we can extract a
subsequence of {A,} (still denoted by {A,}) such that v,, — v e HO1 (£2;) strongly in
L>(RV\ Q ;7). Since the sequence {A,} can be chosen arbitrarily, we conclude that

Uy —> VE H(} (2;) strongly as A — oo.

Now choose r € (0, dist(2;, RV \ Q'))); we have, uniformly in x € RN\ €', that

v ()| < C(r) [va(x)]P
By (x)

p/2*
va(X)|2*>

5 p/2
[V (x)] )
(x,r)

1/2
scvw(/' |VWﬁ) -+Wf%m0
RN\,

< C max{||vy |, llva [/}

sCUMm%&@wqm(/
B(x,r)

ECUMM%&@qu(/
B

— 0 uniformly in x € RV \ Q/,,

which implies that f(|v;|) — O uniformly in x € RV \ Q',. This completes the
proof of Proposition 5.2. ]

Remark 5.3. The critical points of W, are not necessarily positive. In fact, if we
replace the function v by its positive part v™ in the nonlinearity term W (x, f2(v))
of Wy, and the new functional is denoted by W;", then by arguments similar to those
above, one can see that the new functional \Iff still satisfies properties analogous to
all those proved for W, in previous sections. As a consequence, the critical points
of W are positive. In the following, for convenience we only consider W, instead
of Wt

Remark 5.4. Proposition 4.1 shows that W, satisfies the Palais—Smale condition.
We can easily check that W, has mountain pass geometry. Hence, a mountain pass
argument shows that, for each A > 0, W, admits a nontrivial critical point «;. In
fact, ¥, (u#;) <max,-q Ig; (tw;) (see Section 6 for the definition of Ig; and w;) and
thus W, (u;) < M, where M is independent of L. As a result, by Proposition 5.2,
we deduce the existence of a positive solution to (1-10) and thus a positive solution
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to the original problem (1-1) for A > A. However, it is not clear whether such
solutions concentrate on the set €2;. The aim of the following parts of the paper is
to focus on the solutions with such properties.

6. Limit problem

For j € J we define the following two functionals:

1 1
Io,(v) = 5/ |Vv|2—;f |f()|P for ve HY'(Q)),
Q; Q;

and
6-1) ‘ljx,sz/.(”)=l/ (IVv|2+fo2(v))—l/ FIP for ve HL(S).
J 2 @, pJe, /

By Lemma 2.2 of [Guo and Tang 2012] and the following inequality

Lf @l < IF @IS @) 55 for 0<6 <1,

following a standard argument (see [Tang 2008]), one can see that both Ig; and "IJQ;
satisfy the mountain pass geometry conditions. That is:

(@) Ig,(0) = ¥, o (0) = 0.

(i) There exist pp > 0 and p; > 0, independent of A > 0, such that
”v”H(l;'o(Qj) =< po= IQj (l)) = 0»
”UHH(I;,O(QJ_) = po = IQj (v) = P1s

(6-2)

and

6 ||U||Hé(g2’j) = po = ‘I")\,Q} (v) =0,

(6-3)
”v”H(l;(Q;_) = po = lI”)»,Q’j (v) > p1.

Here we use the notation

0,1
||v||H(1;,o(Qj):/Q.|Vv|2 for ve Hg (Q)).

J

(iii) There exists ¥; € C5°(£2;) such that
150 g0 = 19500 ) = 014
Vi (V) = Iq;(¥)) <0.
We define

6-4 ;= inf Io (v (t
(6-4) ¢ = inf max Io,(y ().

¢, i= inf max ¥, o 1)),
nj = b max re, (v (1)
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where

Ij=1{y € C(0, 1], Hg' () | y(0) =0, Ig; (y(1)) <0},
[yj={y € C(0, 1], Hg(2))) | ¥ (0) =0, W, o/ (y(1)) <O}
By Proposition 2.3 and Lemma 2.2 of [Guo and Tang 2012], it is standard to verify
that ® %% and Ilg; satisfy the Palais—Smale condition and that c;, c;, ; are achieved

by critical points. We denote the corresponding critical points by w; and w, _;
respectively.

Lemma6.1. (i) 0 < p; <c;, ; <cjforall’>0.
(1) c; and ¢, ; are least energy levels for Ig; and Q) respectively, i.e.,
cj=inf{lg,(v) |v e Hg’l(Qj) \ {0} is a critical point of Ig,},

Crj = inf{lIJLQ/j(v) |ve H(l;(Q/j) \ {0} is a critical point Of\Ij)L,Q’j}.

(iii) Cj = max;-( IQ/. (ra)j), C)»,j = max;-( CD;MQ; (ra);hj).
(iv) ¢, j —> cjas L — oo.

Proof. By (6-3), it is easy to see that ¢, ; > pj. On the other hand, for any
ve Hy' (), we may extend v to § € HS(<2)) by

v(x) ifx e,

v(x) = ) -
0 if x € 2\ Q;,

so we may regard Hg’l(Qj) C Hcl;(Q/j). Thus we have I'; C ' ; and

¢; ;= Inf max ¥, o t
A, j vty relon A,Qj(y( )

< inf W, o (y (@
(6-5) = ol max re, (v (1)

= ylélrfj tIeI%(z)l,)i] Iq;(y (1)) =c;.
This proves (i).
Note that, since f(v) is monotone with respect to v, and so is | f(v)|” with
respect to | f (v)], the proofs of (ii) and (iii) are standard; see [Tang 2008].
Now we prove (iv). Using Proposition 5.1, we may extract a subsequence
An — 00 such that

wy,,j — Vo strongly in H(l;(Q/j),
where v € H(O;’I(Q ;) is a solution of (5-4) and

Vi@, (@3,.j) = Ig; (o).
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By the definition of c;, we have

limsupc;, ; = limsup \IIA"Q’I_ (wy,j) > Ilg; (o) = cj.
A— 00 A—00

Comparing with (6-5), we get (iv). This completes the proof of Lemma 6.1. [

7. Minimax arguments

Now we give a minimax argument for ®; (see (1-8)).
We choose R > 2 such that

(7-1) IQ_/.(Ra)j) < 0.

Without loss of generality, we assume that J = {1,2,...,1} (I <k). Set

[
(7-2)  yolsi,s2, ... = Y sjRw; for (si,s2,...,5) €0, 1],
j=1

sz{yGC([O, 1]’,Hé)‘

vy (s1, 82, ...,581) = yo(51, 82, ...,581)
for (s, 52, ..., s;) € ([0, 1)

We define

by.j = inf max D, (y(s1, 52, ...,50)).
yely (Sl,Sz,A..,S])Ea([O,IJl)

Note that the projection ¢ — ¢ Rw; belongs to I'; and satisfies

max Io (tRw;) =c;
tel0,1]

for any j € J. Hence yp € I'y, I'y # @, and b, _; is well defined. We denote
cy= le=1 cj. Then we have:

Lemma 7.1. (i) le:l e j <byy<cyforall>0.

(i) W (y(s1,82,-..,80)) <cg—piforall >0,y €Ty and (s1,52,...,5) €
a([0, 11, where py is given in (6-2), (6-3).

Proof. For any given y € I'y, let

Ti(st,...,8)
fgg OGN )| Lty A 72 CTTNR 19) D2 (S I 1)
B fQ’j VY (si, oo usDPP+Vaf (st oo s/ (s1y oo s)) Y (st, ooy s1)

forj=1,2,...,1
We define a map 7 : [0, 1] — R! by

T =), ... Ti(-)).
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Thus for (sq, 52, ..., s;) € ([0, 1]"), we have

T($1,...,8) =
fg/l | f(s1Rw1)|P~! f'(s1 Rw1)s| Rwy fg; | f(siRw) P~ f'(s1Rwy)s; Reoy
fg/l|V(S1Rw1)|2+VAf(SlRw1)S1Rw1’m’fQ;IV(Slsz)|2+fo(Ssz1)Sszl .

To proceed, we consider the function p defined by

Jo, If@)IP fllavar ()
o2 fo V0P + o Vaf(@v) f/@vav — fo IVVP +pa(@)’

pla) =

where

p1(e) = f@v)| fav)|P~ v po(er) = v, f(av)v
Qa1+ f2(av) ’ Q; a\/1+f2(ozv).

By the proof of Lemma 3.2 of [Guo and Tang 2012], we see that p; is monotone
increasing and p; is monotone decreasing; as a result, we see that p is monotone
with respect to «. On the other hand, we note that IQJ. (Rwj) <0,j=1,2,...,1,
for the same reason as in the proof of Lemma 4.2 of [Tang 2008], so we obtain

deg(7,[0,11,(1,1,..., 1)) =1.
Hence there exists (s, 52, ..., s7) € [0, 1] such that
(7-3) Ti(s1,82,....,8)=1 for j=1,2,... 1.

Now we prove (i).
Since yg € I'j, we have
b..; < max Wi (yo(s1, 82, ..., 81))
(S],Sz ..... S])G[O,l]l
I

[
= max Zlgj(Sijj)ZZCj:C].
(S],Sz ..... S])E[O,l]l /,_1 j—l

On the other hand, by (7-3), for any y € I';, there exists s,, € [0, 11 such that
fg/j Lf s DIPH (v (sy))y (sy)
Jor Wy )P+ Vif (rs)y(sy)

1 for j=1,2,...,L

This implies that \IJ; o (V(sy))-y(sy)=0for j=1,2,...,1 Thus, if we define
52

u(x) =y (sy)(x), we have

/
Wi (u) = W; pv\q, () + Z ‘I’A,Q’j (),
=1
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where

Vol + Vi f2) - 4 f W2 w)).

RN\,

W, pig, () = 3 /

RN\,

Since W (f2(v)) < vo f*(v), we have

NAOES / (Vo + Vo f2w) = 3 /R WRLACQ)

RN\Q/J
1 2 1 2
= i”M”Hé([RN\Q’,) - j”l’l”LZ(RN\Q;)
8
> 2
2

2
>
|u||Hé‘;(RN\Q;.) - 0

Thus

1 1
W) =W, gv\g, (1) + Z Wi q () = Z Wi q (1)
j=1 ' j=1 '
l l
> inf{W; o () | v e H5(Q)), W o ) v=0}= > e
j=1 j=1

Since y € I'y is arbitrary, we have b, ; > ¢, ;.
For (ii), by the definition of yy, for (sq, s, ..., s;) € 9([0, 11") we have

!
W, (Yo(s1, 82, ...,8)) = Z Io,(sjRw)),
=1

and IQJ. (sjRwj) <cjfor j=1,2,...,1. On the other hand, for some jy € J, either
sj, =1 orsj, =0, and thus I, (sj,Rwj,) < 0. Therefore

W (0(s1. 82, ... s0) < Y g (sjRwj) < cj — pi.
J#Jo

This completes the proof of Lemma 7.1. ]

Corollary 7.2. We have by j — cj as A — 00. Moreover, b,_j is a critical value
of W, for large ).

Proof. From Lemma 6.1, we know that ¢; ; — ¢; as A — oo. It follows from
Lemma 7.1 that b, ; — cj as A — oo. Thus, we may choose A large enough such
that for all A > A, we have b, j > c¢; — p1. Since W, satisfies the Palais—Smale
condition, by the standard deformation argument we can see that b, _; is a critical
value of ¥; for A > A. U
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8. Flow arguments and the proofs of the main results

Let
W ={ve HE | W (v) <cy).
We choose
8—1 O l 1 .
(8-1) <p <3 rjnelgl Cj
and define

D} = {ve Hg | vl m@ma,) < s W0, (v) —c;| < pforall j € J).
Note that w; is the least energy solution of (5-4), and

‘PA,Q;(G)J’)=%/Q |ij|2_£2 |f(p)I? =c;.
j J

J

Thus D} N, contains all the functions of the following form:

wj(x) ifx e Qj,

“’(x):{o ifx eRV\ Q.

Lemma 8.1. There exists o9 > 0 and Ay > 0, independent of A, such that

(8-2) W |5 =00 forall > Ay and forall u € (Di” \DHynw.

Proof. We prove it by contradiction. Suppose that there exist A, — oo and

71

vy € (D} \ DY) N W;’ such that | W, (w)lf, — 0. Since v, € D;", thus v,

is bounded in Hcl;, and it turns out that ¥, (v,) stays bounded as n — co. We may

assume that (up to a subsequence)

W, (vp) > c=<cy.

Applying Proposition 5.1, we can extract a subsequence of {v,} (still denoted

by {v,}) such that v, — v in H/; and such that the following hold:

[
(8-3) lim W, () =) Ia, (v) <c,
j=1
. 2 _ 2 .
(8-4) nlirrolo ”v"”Hé"(Q’j) = /Q, [Vu|© forall jeJ,
(8-5) lim / P = / P,
(8-6) lim IV |+ Vi, f2(va)) = 0.

n—o00 IRN\Q’J
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. 1

Since ¢; = )i,

possibilities:

(1) Iq;(vlg;) =c; forall j € J.

2) Ig, (vlg,) = 0, that is, ulg;, = 0 for some jj € J.

cj and c; is the least energy level for Ig, (1), we have two

In case (1), we have
%/ |V|? — %f |f )P =cjforall jeJ
Q2 Q2
and it follows from (8-3), (8-4), and (8-6) that v, € Dfn for large n, which contradicts

the fact that to v, € Di’f \ Dfn.
In case (2), it follows from (8-3) and (8-4) that

|\I’Hén(g;)(vn) —Cjol = ¢y = 3u.

This also contradicts the fact that v, € Di’f \ Dfn. This completes the proof. [

Proposition 8.2. Let u satisfy (7-3) and let A be the constant given in Lemma 8. 1.
Then for & > Ay, there exists a solution v, of (1-1) such that v, € Df{ N \lf)‘;’.

Proof. Assume, to the contrary, that W, has no critical points in Dib NW;”. Since ¥,
satisfies the Palais—Smale condition, there exists a constant ; > 0 such that

W, (I} >d, forall ve D) N,
where || - ||} is the norm of the dual space of Hé. By Lemma 8.1 we have
W, ()IF >0 forall ve (Dy*\DYyNwe,
Letg: H(A; — R be a Lipschitz continuous function such that

1 forve Di“/z,

(@) = {0 for v ¢ DZ”,

and 0 < p(v) <1 forany v e Hé.
Since W, € C!'(H}, R), we denote by G: H:* — H]; the pseudogradient field
of W, which satisfies

(8-7) 161 s <200 @I, (W), G@) = (W' @157

Now for v € W;”, we define W) : ;! — H} by
W) = —pw)—

V) = —(V) —————.

v, (i}

We consider the deformation 7 : [0, 00) x W,/ — W;” defined by
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d’? 17 c
E:W(n(tvv))a 7’(0, v):velIJAj.

Then n(t, v) satisfies
(W, (1, v), G, ) _

d
(8-8) — W (n(t, v)) = —p(n(t, v))

dt L@@ onlly  —
d
(89) ‘—" <2 forall f,v,
dr |,
(8-10) n(t,v)=v forall 7 >0andve W\ DN

Let yo(s1, 82, ..., 57) € I'y be the path defined in (7-2). We consider

n(, yo(si, s2,...,51))

for large ¢. Since for all (s, s2, ..., s) € 3([0, 11h, (81, 82, ...,8) & Dz“, we
have by (8-10) that

n(t, vo(si, 82, ...,51)) = vo(si, 82, ...,s1) forall (sq,s2,...,8) € ([0, 1]1),

and n(t, yo(si, s2,...,5)) € 'y forall t > 0.

Since supp yo(s1, 52, - .., 8)(x) C Qy for all (s, 52, ..., s) € ([0, 11", it fol-
lows that W, (yo(s1, 52, ..., 8;)(x)) and ||yp(sy, S2, - . ., sl)(x)||H~a(ij) do not depend
on A > 0. On the other hand,

U, (Yo (s, 82, ..., s)(x)) <cy forall (si,s0,...,s)€[0, 1],
and W, (yo(s1, 82, ..., 8)(x)) =cy if and only if s; = 1/R; that is,
Yo(s1, 82, .., s (X)|@; = w;
for all j € J. Thus we have that
(8-11) m := max{¥; (v) | v € ([0, 1)\ D})

is independent of A, and mg < c;.
By (8-9), one can see that for any ¢ > 0,

(0, yo(st, .., s0) = n(t, volst, .o sl g2, < 21

Since ‘II)L’Q//_ € Cz(Hé) forall j =1,...,/, by the same arguments as in Propo-
sition 4.5 of [Tang 2008], we have that for a large number T, there exists a positive
number pg, which is independent of A, such that forall j=1,2,...,land ¢t €[0, T],

||‘V£7Q;(77(f, Yo(sts .-, Sz)))||}:,é < 1o

We claim that for large T,
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(8-12) max W5 (0(T, yo(st, 82, - ... s)(x))) <max{mo, c; — 3Top},

(;&‘1,3‘2,...,3‘1)6[0,1]1

where 19 = max{oy, 09/to}, and my is given in (8-11) .
In fact, if yo(s1, 52, ..., 5)(x) & DL, then by (8-11) we have

W (n(T, yo(s1, 82, - .., s1)(x))) < mo,
and thus (8-12) holds.

Now we consider the case when yy (s, 52, ..., 85)(x) € Df. Set
~ . oo ~
dy :==min{d,, 00}, T = 5 and  7(t) :==n(, yo(s1, 52, -, 851)).
2

We have two cases:
(1) 7i(t) € D}** for all £ € [0, T).
(2) 7i(to) € 3D;""* for some f € [0, T1.

If (1) holds, then ¢(77(¢)) = 1 and ||W; ()|} > d, forall 7 € [0, T]. It follows
from (8-8) that
T dq
BT = Vi1 sm. o) + [ S WG0)
0

T
ECJ—Z/ d)\dS:C]—Zd)LTSCJ—%TOM.
0

If (2) holds, there exists 0 <7 < t, < T such that

(8-13) fi(t) € dDV,
(8-14) (1) € aDM?,
(8-15) (1) € D"*\ D! forall 1 €11, 1.

By (8-14), either

- 3u
I7(22) ”H(}“;(IRN\Q’].) =5

or

9 3u .
Wie, (1(02)) = ¢jyl = > for some jo € J.

We only address the latter case; the former can be proved in a similar way. By
(8-14), we have

|‘IJA,Q;.0(77(11)) —Cjyl <,
and hence

W0, (7(020) = Wi g G(0)] = 19,01, (7)) = il = W gy, (1(11)) =] = S
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On the other hand, by the mean value theorem, there exists ¢’ € (¢, t) such that

~ oy dn
Wi (1(2)) = Wy o (1(11))] = ‘\I!;’%(n(t ) - d_;’ (r—n).

Thus we have

W'(Gi())), 6 ($)))
I @GONIE

T
‘I’A(ﬁ(T))I‘VA(Vo(Sl,Sz,...,Sl)(x))—/o w(ﬁ(S)))<

</ - / oGOV G} ds

n
=cy—oo(lr—1t1) <cj— %to,u.
Thus (8-12) is proved. Recall that 7(T) = n(T, yo(s1, s2, ..., s1)) € [';. Hence

(8-16) b,y < WGI(T)) < max{mo, c; — 201}

However, by Corollary 7.2, we have b, ; — cj as A — oo. This contradicts (8-16),
and hence W, has a critical point v, € Di‘ for large X, so by Proposition 5.2, v, is
a solution of the problem (1-10). U

Proof of Theorem 1.1. Let v, be a solution to the problem (1-1) obtained in
Proposition 8.2. For any given sequence {A,} such that A, — oo, we can extract a
subsequence (still denoted by {A,}). Arguing as in the proof of Proposition 5.1, we
can extract a subsequence of {v,,} (still denoted {v,,,}) such that vy, — v in Hé and

(8-17) lim ¥, (v,) =c¢; forall jeJ,
n—>oo

(8-18) lim IV, 1>+ Vi, | f (vi,)1?) = 0.

Since the limits in (8-17) and (8-18) do not depend on the choice of sequence {1, }
(Ay — 00), then both (1-12) and (1-13) hold, and the limit function v(x) satisfies:

(1) v(x) =0forx e RV \ Q.
(2) vlg; is a least energy solution of
{ —Av@) = fIPT ), x e,
v(x) € HY'(Q))
for jelJ.

This completes the proof of Theorem 1.1. (]
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