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A CLASS OF NEUMANN PROBLEMS ARISING
IN CONFORMAL GEOMETRY

WEIMIN SHENG AND LI-XIA YUAN

In this paper, we solve a class of Neumann problems on a manifold with
totally geodesic smooth boundary. As a consequence, we also solve the
prescribing k-curvature problem of the modified Schouten tensor on such
manifolds; that is, if the initial k-curvature of the modified Schouten tensor
is positive for T > n — 1 or negative for r < 1, then there exists a conformal
metric such that its k-curvature defined by the modified Schouten tensor
equals some prescribed function and the boundary remains totally geodesic.

1. Introduction

Let (M", g), n > 3, be a compact, smooth Riemannian manifold. The modified

Schouten tensor
. 1 . TR,
Al = Ric, ——— g
& np=2 2(n—1)

was introduced by Gursky and Viaclovsky [2003] and A. Li and Y.-Y. Li [2003]
independently, where T € R and Ric,, R, are the Ricci tensor and the scalar curvature
of g, respectively. Clearly, Ag is the Ricci tensor, A’Z,_l is the Einstein tensor and

A}g is just the Schouten tensor.

Denote by A(g™! A;) the eigenvalues of Ag,. The k-curvature (or oy curvature) of
A; is defined as o} (A (g ™! A;,)), where oy is the k-th elementary symmetric function
defined by

o (V) = Z Ai--- A, forall AeR",

1<iy<-<ip<n

for any 1 <k <n. We will use oy (Az,) =0y (A(g_lAz,)) for convenience.
The prescribing k-curvature problem of the modified Schouten tensor Aj in
conformal geometry is to find a metric g in the conformal class [g] of g satisfying
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the equation

(1-1) oM (AD) = (),

where ¢ is a given smooth function on M. If t = 1 =k and ¢ is constant, (1-1) is
just the Yamabe problem, which has been solved by Yamabe, Trudinger, Aubin and
Schoen (see [Lee and Parker 1987]). When t =1, kK > 2 and ¢ is constant, then (1-1)
is called k-Yamabe problem, which has attracted enormous interest [Chang et al.
2002; Ge and Wang 2006; Guan and Wang 2003a; 2003b; Gursky and Viaclovsky
2007; Li and Li 2003; 2005; Sheng et al. 2007; Trudinger and Wang 2009; 2010;
Viaclovsky 2000], etc. There are many interesting works on the Yamabe problem
and k-Yamabe problem on a manifold with boundary [Chen 2007; 2009; Escobar
1992b; 1992a; Han and Li 1999; 2000; He and Sheng 2011a; 2011b; 2013; Jin et al.
2007; Jin 2007], etc.

Note that (1-1) is a fully nonlinear partial differential equation for £ > 2. In order
to study this problem, we need the following conceptions. Let

TF={A=Q0GnA ..., ) R |0;(M) > 0,1 <j <k}

Therefore, we have F,’f C F:_l Cc---C FT. For a 2-symmetric form B defined
on (M", g), B € I';” means that the eigenvalues of B, say A(g™'B), lie in I'}". Set
r,=-r;.

According to [Caffarelli et al. 1985], (1-1) is an elliptic equation for Ag € F,:r
or Ag eI’ When 7 < 1, Ag € I'” and ¢ < 0, Gursky and Viaclovsky [2003]
proved that there exists a unique conformal metric g € [g] satisfying (1-1) on a
closed manifold. Li and Sheng [2005] studied the same problem by a parabolic
argument. Using a similar argument, Sheng and Zhang [2007] studied the case of
T>n—1, A} € F,j and ¢ > 0. For the manifold with boundary, Li and Sheng
[2011] considered a Dirichlet problem of (1-1) for T > n — 1 and Az, € F,j; He and
Sheng [2013] discussed more general equations and obtained many useful local
estimates for both 7 < 1 and T > n — 1. In [Sheng and Yuan 2013], we investigated
a Neumann problem of (1-1) by a conformal flow and proved:

Theorem 1.1 [Sheng and Yuan 2013]. Let (1\71 ", g),n >3, be acompact manifold
with smooth totally geodesic boundary IM. If A; € F,j andt>n—1,0r Ag €'y’
and t < 1, then there exists a smooth metric g € |g] satisfying (1-1) for ¢ constant
and such that 0 M is still totally geodesic.

In this paper, we are interested in solving a class of Neumann problems on the
manifold with totally geodesic boundary.

Let (M, g) be a compact manifold with smooth boundary d M. Denote the second
fundamental form and the mean curvature of 9 M by L and . Under the conformal
change of metric § = g, the second fundamental form L with respect to its unit
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inward normal v satisfies
- ou
Le " =——g+ L.
av
The boundary is called umbilic if L = g, and then totally geodesic if u = 0. Note

that the umbilicity is conformally invariant. Then the mean curvature changes as

(1-2) n= (—a—u+u)e_”.
av

Under the same conformal change, the modified Schouten tensor changes according
to the formula

T—1 T—2
2Aug—Vzu+du ®du+T|Vu|2g+Af,

T _
(1-3) Az =—
where the covariant derivatives and norms are taken with respect to the background
metric g. Let the boundary d M be totally geodesic with respect to the metric g. In
order to preserve the boundary being totally geodesic under the conformal change,
i = 0. Hence, the two partial differential equations corresponding to Theorem 1.1
are

1kft—1 2 T—2 )
o (mAug—V u—i—du@du—l—TIVul g—l—A;)
(1-4) 4 = e¢*const. in M,
au

EZO 0n8M,

fort >n—1, and

2
(1-5) 4 — ¢ const. in M,

8—u=0 on M,
v

a,j/k(vzu + 5Aug —du®du+ 25T |Vulg — Aé)

for T < 1, respectively.

Now, we consider more general equations than (1-4) and (1-5). Let ' C R”
be an open convex cone with vertex at the origin satisfying I', C I' C I'y, and
F : R" — R be a general smooth, symmetric, homogeneous function of degree one
in [ normalized by F(e) = F(1,...,1) = 1. Moreover, F = 0 on dI" and satisfies
the following structure conditions in I':

(C1) F is positive.
(C2) F is concave (i.e., 8*F /(0A;0A ;) is negative semidefinite).
(C3) F is monotone (i.e., d F/dA; is positive).
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According to [Lin and Trudinger 1994; Trudinger 1990], for any 0 </ < k <n,
the elementary symmetric functions and their quotients (oy /o;)"/*~D with oy = 1
satisfy all the properties and structure conditions above on F,;L.

For some positive function ® (x, z) € C*°(M) x R, we study the equation

; Fg™'Vu) = @(x,u) inM,

1-

(1-6) du =0 ondM,
av

where for constant 6 := (1 — H/(n—-—2)>1,a,b € COO(]VI), and the smooth

symmetric 2-tensor S € I', the matrix (V[u]) is defined by

(1-7) V[u]=9_Aug—Vzu+a(x)du®du+b(x)|Vu|2g—|—S.

We call a function v € C*(M) admissible if A(g~'V[v]) € T.
Assume § is the symmetric 2-tensor on M satisfying one of the following
conditions:
(S1) S(v, X) =0, forany X € T(0M).
(82) $=A;.
Theorem 1.2 (main result). Let (M", g), n >3, be a compact manifold with smooth

totally geodesic boundary dM. Suppose 6 > 1 and the positive function ®(x, z) €
C®(M) x R satisfies

(1-8) 0, > 0, lim ®(x,z) =+o0, lim ®(x,z)=0.
z—>+00 7—>—00

Then for any functions a, b € C*(M) and S € T satisfying (S1) or (S2), there exists
a function u € C® (M) solving the equation (1-6).

For the other elliptic branch (1-5), we consider the equation

F(g7'Wlul) = ®(x,u) in M,

1-9
(1-9) 8_u=0 on oM,
v

where for constant 6 := (1 —7)/(n —2) > 0, a, b € C®°(M), and the smooth
symmetric 2-tensor 7 € I', the matrix (W[u]) is defined by

(1-10) Wiul = Vu+60Aug +a(x)du @ du +b(x)|Vul>g+T.

Theorem 1.3. Let (M", g), n > 3, be a compact manifold with smooth totally geo-
desic boundary M. Suppose 6 > 0 and the positive function ®(x, z) € C*°(M) x R
satisfies (1-8). Then for any functions a,b € C*(M) and T € T with (S1) or
T = —A;, there exists a function u € C®° (M) solving the equation (1-9).

Applying Theorems 1.2 and 1.3 to the quotient of the elementary symmetric
functions, i.e., F = (0% /01)1/ *=D on F,:L, we have the following corollaries.
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Corollary 1.4. Let (1\7[ ".8), n >3, be a compact manifold with smooth totally
geodesic boundary OM. If Tt > n— 1 and A € F,j, then for any smooth function
¢ > 0, there exists a smooth metric g € [g] preserving dM totally geodesic and
satisfying

1
Ok

(1-11) (—)“(A§)=(p(x) inM.
]

Corollary 1.5. Let (M", g), n > 3, be a compact manifold with smooth totally
geodesic boundary oM. If t < 1 and A;, € I'y, then for any smooth function ¢ < 0,
there exists a smooth metric g € [g] preserving 0 M totally geodesic and satisfying

(1-11).

Remark 1.6. By choosing / = 0 and ¢ constant in Corollaries 1.4 and 1.5, we can
get Theorem 1.1 directly. Different from the results in [Li and Sheng 2011; Sheng
et al. 2007], we need not subjoin any restriction on a(x) and b(x) in Theorems 1.2
and 1.3. Contrary to this fact, [Sheng et al. 2007] gives a counterexample to show
that there is no regularity if a(x) =0 and b(x) > 0 when 7 = 1 and A; el’,.

This paper is organized as follows. We introduce some lemmas in Section 2.
By use of these lemmas, we can get the a priori global C° estimate for (1-6) in
Section 3. Then we obtain the a priori global gradient and Hessian derivatives
estimates in Section 4 and Section 5 respectively. By the a priori estimates and the
standard continuity method, we show Theorem 1.2 in Section 6. In the last section,
we consider (1-9) by the similar arguments in Sections 3-6, and prove Theorem 1.3.

2. Preliminaries

In this section, we first recall some facts of the function F' satisfying the structure
conditions (C1)—(C3) in I".

Lemma 2.1 (see [Chen 2005; 2009]). Let I" be an open convex cone with vertex at
the origin satisfying T,y C T, and let e = (1, ..., 1) be the identity. Suppose that F
is a homogeneous symmetric function of degree one normalized with F(e) = 1, and
that F is concave in I'. Then:

(@) Y, 4idF(1)/0x; = F(), for A €T.
(b) > ;0F(A)/dr; = F(e) =1, for x eT.
To get the boundary estimates, we need some facts. For any point xo € dM,

we consider Fermi coordinates {x;};<;<, around x¢, where d/0dx, is the unit inner
normal with respect to the background metric g. A half-ball centered at xg of



216 WEIMIN SHENG AND LI-XIA YUAN

radius 7 is defined by

n
Bf = {xn >0, <lez> < rz}.
i=1

Denote the boundary of B;Y on M by X, = {xn =0,); xi2 < rz}.

Throughout this paper, the Greek letters «, 8, y,...=1,...,n — 1 stand for
the tangential direction indices, while the Latin letters i, j, k,... =1, ..., n stand
for the full indices. In Fermi coordinates {x;}i1<;<,, the metric is expressed as
g =8apdxqdxpg+ (dx,)*. Then the Christoffel symbols on the boundary satisfy
2-1) Thg=Lag, Th,=—Layg"”, T},=0, Th,=0, T}) =0, Tl,=T}y

an

on the boundary, where we denote the tensors and covariant differentiation with
respect to the induced metric g,p on the boundary by a tilde (e.g., Fgﬂ, Kap)- When
the boundary is totally geodesic, we have

(2-2) rh,=0, Th =0 T =0.

Lemma 2.2 [Chen 2007; He and Sheng 2013]. Suppose d M is totally geodesic and
u, =0on oM. Then we have on the boundary that

(2-3) Upe =0 and ugup, =0.

Lemma 2.3 [He and Sheng 2013]. Let (M, g) be a compact Riemannian manifold
with boundary and dimension n > 3. Assume the boundary 0 M is totally geodesic.
Then at any boundary point P € M, there exists a conformal metric § = e*' g such
that (i) u, =0 on 0 M and the boundary 0 M is still totally geodesic, (ii) R,-j (P)=0
for 1 <i, j <n, (iii) Ryya(P) =0, Ranpg(P) =0,1 <a, B <n—1, and
(iv) Rypn(P)=0,1 <o, B <n—1.

3. Ellipticity and the global C° estimates

We first sketch the ellipticity properties of operator F'; see [Li and Sheng 2011] for
details.
For any function 4 on M, we define

Plh] := F(VIh]) — D(x, h).

Then any solution u of (1-6) satisfies P[u] = 0. Denote u; = u + sv, s € R. The
linearized operator of (1-6) is

d
(3-1) Pv = a@[us]hzo

= Pijvij + 2aFijviuj +2bviu; T — 9, P (x, u)v,
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where FJ := (3F/0V;;)(V[u]), T = tr(FY) = F'g;; and
P :=6Jg¢" —F > (6 —-1)Tg".

Since u is admissible, (F/) is positive definite [Caffarelli et al. 1985]. Denote
g9 :=60 — 1 > 0. Hence, (P) is positive definite, too.

Note that the coefficient of the zero order term in (3-1) is negative when 9, ® is
positive on M x R.

Lemma 3.1. Equation (1-6) is elliptic at any admissible solution. If d,® is positive
on M x R, then the linearized operator & C2*(M) - C*(M)O0 < a < 1) is
invertible.

Now, we use the compactness of the manifold to get the global C estimates of
(1-6).

Proposition 3.2. Suppose S € T and the positive function ®(x, z) € C°(M) x R
satisfies (1-8). Then for any admissible solution u € C*(M) of (1-6), we have

sup |u| < Co,
M

where the constant Cy depends only on S and ®.

Proof. Suppose x( be the maximum point of # on M. Denote umay = u(xo).

If xo € 9 M, at this point we have u,, (xg) < 0, which contradicts with the boundary
condition u, |3y = 0. Hence, x¢o must be an interior point of M. Then at this point
we have

(3-2) Vu=0 and VZu>0.
Substituting (3-2) into (1-6), we have

D (x0, Umax) < F(S)(xo) <max F(S) <C.
xeM

Now, by the condition 9,® > 0 and lim,_, o, ®(x, z) = 400, we know that

maxu = Umax < C.
xeM

By a similar argument, we can get the lower bound of u by considering its
minimum point on M and using the other condition of ®. (]

4. Gradient estimates

In this section we first consider the boundary gradient estimates of (1-6), then derive
the global estimates.
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For any point yo € M, let B} and E:;z be any two half-balls centered at yg in
the Fermi coordinates {x;}1<;<,. Choosing a cutoff function 1 depending only on r
suchthat 0 <n <1,n=11in B:r/z, n = 0 outside B;". Moreover,

1/2 b
(4-1) Vil <bo’— and V3| <3
r r2
for a universal constant by, where the covariant derivatives and the norms | - | are

taken with respect to g. Since n only depends on r, we have

an
(4-2) — =0 ondM.
on

We also need the function ¥ : R — R defined in [Gursky and Viaclovsky 2003]
by
(4-3) Y(s) =il +s5)", =8 <5 <é,

where the positive constants §; and 8, are given, and the constants «1, @y and p
will be fixed as follows. We have

p—1
oy + s

V' = pai(aa+5)P"" and ¥ =p(p— Daj(ar+s5)P 2 = "

Let oy and p be positive constants satisfying oy > &1 and p > 3. Take

1
o =— ;
p? max{(az + )"}
then
1 v’ v'p
4-4 <—, ¥'>0 and ¢ —y*=—"——(p—1-— L
(4-4) w_pz v V=Y a2+s(p pW)_Z(az—l—s)

Proposition 4.1. Suppose u is a C solution of (1-6) on Eﬁr. Then there is a positive
constant C depending only onn, k, 0, 8,7, |S|c1 g+ [Pl gy« —co.cop 14l (B5)»
|b|cl(E:r) and Cy such that

sup |[Vulg < C.

B+
Br/2

Proof. Consider the auxiliary function
G:=1neP|VuP,  Bi=x,+v ),

where the function v defined by (4-3). Let x( be the maximum point of G on B}
Without loss of generality, we may assume r = 1 and |Vu| (xgp) > 1.
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Suppose xp € X,. Then G, (xo) < 0. However, by (4-2), the boundary condition
u, =0 and Lemma 2.2, we have

G, (xp) = 26 <(1 + 1ﬁ Mn)|VM| + 2upttyy +2 Z ua”an) (x0)

a=1

= 1e¥|Vul?(xp) > 0.

It is a contradiction. Hence xo must be an interior point of B;". Then at xo, for
1 <i <n, we have
0=(logG);, 0= (ogG);j,

that is,
2ugug ni
(4-5) Vil =—<;+,3i ,
and
mij NNy 2ugiug +2ugug;  Augugiugug;
46) 0> (T _ - .
*+0 —< )+’8” VuP? Vult

Substituting (4-5) into (4-6), we have

2usjus,- + 2u5us,-j
|Vul?

47 0> (”7’ = ";}”’) +(Bij— BiB)) +

By (4-7), we have

1
_;(niﬁj'i‘njlgi)'

(4-8) 0> Pl (”7] - ”;]”’) + PU(B; — i)

2 2 2P”
Usilgj + ——FUs Usij — — 77:/3],

+
|Vul? |Vul?

where P/ =0J g/ — FU is positive definite. It follows from (4-1) and (4-8) that

(4-9) 0=

. 3 5 c
|Vu|2u&PUu”'j +PY(Bij — Bib)) — ;P”mﬁj - ;9,

where the constant C depends only on n and by.
Differentiating (1-6), we have

(4-10) Vi@ = PYu;js + FU(aguiuj 4+ 2auisuj + Sijs ) + (bs|Vu|* + 2bujsu)) 7.

Then by (4-10) and Ricci identities uy;; = u;js + R;sjpu p, we obtain

2 ..
Vi® — ——uFY (asujuj + 2auisu ;)

Py ~~>Lu
Ve T vu?

u
|Vul2™*

bs|V 2b gJ—C(1 ——-0
" Vu |2us( |Vu|* 4 2buysus) ( +|V |)
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where the constant C depends only on n, g and |V S]|.

Since Vi@ = @, + &, uy, by (4-5) and the inequality above, we have
2a5uy

o
IVul2™ 7 |Vul?

s 1
_2bsucg+2b<n—+ﬁg)uygj—C(l+ )9
n |Vu|

4-11) usPYug;>20,+

% o (M
Uy s Uyl 2 .
Vul? Fruis+ar ”’(n +ﬁ’)

.. C
>C*+2aF"u;ipi +2buyf;T — ﬁ(l + |Vu)T,

where the constant C* depends only on |®,|, |®,|, Cy, and C depends on n, by,
lale1, |bler and |VS].
Then by (4-9) and (4-11), we obtain

(4-12) 0> C*+2aF"u;p; +2bu,f;T
PRy — i) — P - C—(Vul + 1.
J J n J \/ﬁ
Since B := x, + ¥ (), we have
Bi =8in+V'ui,  Bij =v"ujuj+ v u;;
and
Bij — BiBj = ¥'uij + (W — P uiu; — W Sinttj + 8 juthi) — 8in -

Therefore, we have the inequalities

(4-13) 2aF"u;pi =2aF u;(8in+v'u;) > 2ay' Fluju; — C|VulT,
(4-14) 2bus BT = 2bus(5n + V'us)T > 269 |Vul*T — C|VulT,
2771' .. 2 .. C
(4-15) ——PYBj=—=PYni(8jn+V'uj) = ——=(Vul+ )T,
I SN

@-16)  PY(Bij — Bifj) = V' Puij+ (" — ") PUujuj — C(IVul + DT
Plugging (4-13)—(4-16) into (4-12), we have
4-17) 0> C*+y'PVu;j + " — ) Puju; +2ay' Fluju;
c
+ 20y |Vu|*’T — —(|Vu| + 1T
V1
By Lemma 2.1, we know that F"/V;; = F(V) = ®. Then

(4-18) W' Puj; = FiVi; — ' F (auiuj +b|Vul*gij + Sij)
> '@ —ay' Fluju; — by'|Vul*T — CT.
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Substituting (4-18) into (4-17), we get
(4-19) 0> C*+¢/'d+ " — P uju;+ay' Fluju;
C
+ by |Vu|>’T — —(|Vu|+ DT
vn
— C* +w/q)+ (v/// _ wlz _aw/)PljulMJ
- C
+ (ab + b)Y |Vul*T — —(|Vu| + 1)J.
NZI
Claim 4.2. If —§, < u < 8;, then there exist positive constants o1, ay and p
depending only on 0,81, 5, |a|L°°(M) and |b|L°°(1W)’ such that ' > 0, and
(4-20) (" — ¥ —lalL=y")eo — BlalL~ + bl )Y = &1 > 0,
for some constant &\ depending only on 6, 81 and 8.

Note that ® > 0. Then by Claim 4.2, we have

C
0>C*+¢|Vul?T——(|Vu|+ 1)T.
N

Multiplying 52 both sides of the inequality above, we have
(4-21) e1n*|Vul*?T < 2C|Vu|T + C*.
By Lemma 2.1, 9 > 1. Then (4-21) implies the gradient estimates.
Proof of Claim 4.2. Since —8; < u < 6;. By (4-4), for
81+ 8

<ap <8, p>max{3,38alL=d},

we have o) = 1/(p%(28,)7), ¥’ > 0, and

v'p
86,

v =y —ay =y (2l )
> 45, >
Furthermore, we can choose
16 -
p > maxy 3, 8la|r=d, 8—(9|61|Loo +1blL=)d2 ¢,
0

such that

" =% — ||y )eo — (Olalp= + |b| )y’

/ _ p—l
- V' peo - £0(82 — 1)

Péo =
> w’(— — (Blalp~ + |b|Loo>> =65, = 2035,

> 0. O
882 = &1 >
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Remark 4.3. If B and E:r/z are replaced by two local geodesic open balls in the
interior of M and B8 = ¥ () in the auxiliary function G, we can get the interior
gradient estimates for (1-6) by the proof of Proposition 4.1.

Since M is a compact manifold, by Proposition 4.1 and Remark 4.3, we can
derive the global gradient estimate of (1-6).

Proposition 4.4. Let u be a C3 solution of (1-6) on M. Then there is a positive
constant C| depending only on n, k, 0, g,a,b, ®, S and Cy such that

(4-22) sup |Vulg < Cj.
M

5. Estimates for the second derivatives

Lemma 5.1. Let u be a C* solution of (1-6). Then there is a positive constant C'
depending only onn, k, 0, g, S|c1(gr), lalci gy 1Plcr gy [Pl B x[—co.co) 414
C\1, such that

(5-1) Upnn > —C' on OM.

Proof. We consider this lemma for S satisfying condition (S1) or (S2), respectively.

(i) Suppose S satisfy (S1). Then Sy, = S(9/9x4, 3/0x,) = 0 on the boundary oM.
By the boundary condition u,, = 0 and the Lemma 2.2, we have V[u]y, = Sqn =0.
Applying an argument of Lemma 13 in [Chen 2009], we know that

(5-2) F¥(V[u]) =0.
Also by Lemma 2.2, we calculate that

(5-3)  VIulapn = Otnnn8ap + Otlyyngup — Uapn + 2aUgnlp + antigip
+2blgnttc §ap + 2bttnntingap + bal Vit gup + Sup.n
= Otlpnn8up + antigitg + by Vul*gup + Sup.n
< é”nnng(xﬁ +C,

where the constant C depends only on |Va|, |Vb|, Cy, g and |V S]|.
Similarly, we have

(5-4) Viulumn = éuyyn + éunnn — Uppn + an”ﬁ +2aupitp, + 2bugpitg
+ 2bununn + bnlvul2 + Snn,n

< Ouppn — Upnn + C.
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By differentiating (1-6) along the normal direction the on boundary, using (5-2)—
(5-4), we have

Va® = F"V[ulunn + FPV [ulapn
= an(éumm — Unnn) +9_unnnFaﬂgaﬂ +CT
= _anunnn + éunnng +CJ,

where we have used g, =0 and g,, = 1. Since J > 1, we have
(5-5) 0< _anunnn + (éunnn + )T,
where C also depends on |[V®|.

If Ouppy + C > 0, we get un,, > —C /0, which implies (5-1). If Gy, + C < 0,
by F" < J we have

0< _F’munrm + (éunnn + C)an = ((0_ — Duppn + C)an
Since F™ > 0, we have

Note that 6 — 1 = gy > 0; then (5-6) implies (5-1).

(ii) Suppose S = Aj. For any xo € dM, using the metric g in Lemma 2.3, we
consider a metric ¢ = e g such that u = u + v is a solution of (1-6). Now,

(5-7) V[u],-j = Q_AL_tg[j +9_Avg,-j —l/_t,'j — Vjj +a(ﬁ,-ﬁj +ﬁ,-vj +U,'l/_tj +vivj)
+b(IVid]> +2(Vit, Vo) + Vo)) gij + (ADj.

By (1-3), we have

n—2)0—1

(5-8) (AD)ij = OAig;; —ityj + ;i j + >

Vii|*gi; + (AD)).
Substituting (5-8) into (5-7), we obtain

Viulij = 0Avgi; — vij +a(i;vj +viiij +v;v;) + (@ — Didjii
n—2)0—1

+b<2<w,w>+|w|2)gi‘,~+(b—( > >|W|2g,-,+(A§>,-j.
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Since g = e¢%*'g, we have
(5-9) VIulyj =0Avg; — Viv+0g" ([T () — Th()wgi
— (T(®) = T () ve +a(@;v; +viitj + viv))
+ (a — Ditgit; +b2(Vit, Vo) + [Vv[})g,,

(n—2)6—1 .
+(b—f Vii|23i + (AD)).

Denote ‘_/[v]ij := V[u];;. Then (1-6) becomes

[F(V[u]) =®d(x,u+v) inM,
(5-10)

ov =0 on oM.

on
By the boundary condition u,, =0, i1, = 0 and Lemma 2.2, we have

(5-11) Upg =0, Uapn = 0, uue=0, ’/_tozﬁn =0.

Therefore v, =0, v, =0 and vy, =0 on IM. Since gon = emgom =0, we have

VIvlan = —V,v— (T2, (8) — T, (8)vs + (AL)an-

It follows from (2-2) and the boundary condition u,, = 0 that

(5-12) Ton(@ =Tg,(8) =0, Tgy=T=0, T}, =TI, =0.
Then
(5'13) 6(2)[}11) = VUgn = 0 al’ld ﬁnﬁgﬂv = Uaﬂn = 0

By Lemma 2.3, we get

AT - (& R ) =0
( g)om(xO) = _m( an — mgan) =U.
Hence, V[v]gn(xo) = 0. Then

Fe"(V[v]) =0.

Now differentiating (5-10) along the normal direction and taking its value at xo,
we have

(5-14) Vo @(x, it +v) = F"™V pn + FP V.
Since gij., = &4 = 0, by (5-11)=(5-13), we have

‘_/[v]cxﬁn
= 0VunnBap — (Top(8) — Tag(8))nvs + 08" (T(8) — T3(8)).nVs8up + (ADap.n-
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Since d M is totally geodesic, using Fermi coordinates, we have on 0 M
Tos(8)n=Top(8) =0
(see [He and Sheng 2013]). By Lemma 2.3 again,
Rn (x0) = gaﬁ Eaﬂ,n(XO) + gan Ean,n(XO) + gnn Enn,n (x0) =0

Therefore

. 1 — TR,
(Ag)aﬂ,n(x()) = _E(Raﬂ,n - W&xﬂ)( O) =

Hence, we obtain
(5-15) Vvlapn(X0) = OVnnn8ap-
Similarly, we have
(5-16) V[V]nnn (X0) = 0 Vnn&nn (X0) — Vpnn (X0).
Denote T = F/(V[v v])gi; > 1. Plugging (5-15) and (5-16) into (5-14), we obtain
(5-17) 0= C + 80 (x0)T — F" 0y (x0) =< (C +O0nn (x0))T — F"" Uy (x0).

If C 4 0vyna (x0) > 0, then we have vy, (x0) > —C /6, which implies that
_ C )
Unnn (X0) = Uppn (X0) — 5 > —C'.

If C 4+ 6v,,n(x0) < 0, then by (5-17) we have
0<(C+ (9— - I)Unnn(xO))an'

Since F™ > 0 and 6 > 1, we have v, (xg) > —C/(9_ — 1), which also implies the
lower bound of u,,,,, (xg). O

Proposition 5.2. Let u be a C* solution of (1-6) on E;“. Then there is a positive
constant C; depending only onn, k, 0,1, 8,1S|c25+)> |Plc25+yx[—cy.cop 14l c2(BF)»
|b|cz(1§;r), and Cq, such that

(5-18) supr ulg < Cs.
1/2
Proof. We control the bound of Au at first. Since V[u] € I' C I';, we have
0<tr(V[ul) = (n6 — DAu+ (a —I—nb)|Vu|2 +trS,

which implies that Au has a lower bound by Proposition 4.4. We may assume
Au > 0.
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Consider the auxiliary function
G :=ne* (Au+m|Vul?),

where 7 satisfies (4-1) and (4-2), and m is a larger constant to be fixed. We may
assume r = 1, and

K = Au—i—m|Vu|2 > 1.

Step 1. We may assume G attains its maximum at an interior point xo € B;". If
X0 € X, by Lemmas 2.2 and 5.1 we have

Gn(x0) = K + typn + Uyyn + 2mugnity + 2muyuu, > K — C'.

If K —C’ <0, we then get the bound of Au. If K — C’ > 0, it contradicts with the
maximum of G at the boundary point xo.

Step 2. We must get an upper bound for Au. By step 1, the maximum point x( of
G is an interior point in B;". Then at xo we have

G; =0 and G,‘j <0,

that is,
(5-19) uyi +2muguy; = K; = —<E +5in)K,
n
and
0> Gij = ne%{(@ — —nizj)K—F (ﬂ+8m)K, +K,','}.
n n n ’ '

Substituting (5-19) into the inequality above, by the definition of n in (4-1), we
have
0> G;j =ne™(K;j + Aj;K),

where
Nij nin; 1 C
Ajj = # - # - ;(m&in +njdin) = 8indjn = —;5;/,

and C depends only on bg. Then we have

(5-20) 0>e " PYG;; >nPYK;; —CKJ.
Note that
(5-21) K,‘j = uyij + 2mu1,~ulj + 2mulu1,~j.

By Ricci identities, we have

2
luiji —uijl < C and  ujjy —uyij| < C(IVoul +1).
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Then we have

(5-22)  PYKij = PYuijy+2m P ujug; 4 2mu PYu;j — C(1V2u| + 1)7.

By (4-10), we have

(5-23)  2mu PV u;
= 2mu;V;® — F (@uiuj +2auju;~+ Sij,1) — (bl|Vu|2 + 2bujsug)T
> —C(|V?ul+ 1T,

since V& =@, 42D, u;+D.uy > —C+d, Au>—C(|V?u|+1). Differentiating
the equation (1-6) twice, using the concavity of F, we have

(5-24)  PYujji > Vy® — FY(ayuiu; + daguiuj + 2augu; +2auiuj + Sijr)
— (by|Vu|? 4 4bjuigus 4 2bugug 4+ 2b|V2u|*)T
> —2aFijui11uj — 2aFijui1ujl —2bug T
—2b|V?ul*T — C(IV?u| +1)T.
By Ricci identities again, and (5-19) and (5-24), we get

(5-25) Plujjy > —2aF uu; — 2b|Viul*T — 1/2(|V2u| +1)T.
' n

Now, plugging (5-23) and (5-25) into (5-22), and choosing

4 _
m > maxiZ|a|Loo, 8—(9|a|Loo + |b|Loo)},
0

we obtain
(5-26) PYK;
> —2aF"ujuj —2b|V*ul*T +2m PV ujuy; — 1/2(|V2u|+1)J
=2(m +a) P ujug; —2(af +b)|Vul*T — 1/2(|V2u|+1)J
n
> 2((m — la|z=)e0 — (Blal L~ + |b|1~)) [ V?ul*T — 1/2(|V2u|+1)J
n
me —
zz(—o—<9|a|Loo+|b|Loc>)|v2u|2ﬂ 12<|v2u|+1>J
2 nl/
meo w2, 29 2
== |Voul*T n1/2(|v ul+ Y.

It follows from (5-20) and (5-26) that

2 E0 S IVuPT < C(Vul + 1)9.
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which implies that |V?u| < C.

Step 3. We get the Hessian bound of u. As in [Chen 2009], we consider the
maximum of
G = nx)e™ (Viu +mdu @ du)

over the set (x, &) € (E;*, S"). Let G attain its maximum at some point x( and the
direction £ € T,,M N'S". Denote Ks = us¢ —I—mué We may assume K¢ > C' > 0,
where C’ is the one in Lemma 5.1.

Now, we can also show that xp does not belong to the boundary. Suppose xp € Z,..
If £ is a tangential vector, without loss of generality we may assume & = 9/0x.
By Lemma 2.2, we have on the boundary that

(1€ (11 +mui))u = ne™ (@ +mui) +u, +2muyuty)
> uqg —i—mu%:Kl >0
Therefore, we get a contradiction. If £ is in the normal direction, by Lemma 2.2
and Lemma 5.1, we also have
(776’x" (tnn + mui))n = nexn((unn + muyzl) + Unnn + 2mu, )
>ty —C' =K, —C'>0.
Thus xo must be an interior point. By similar calculations as before, we can get the
Hessian bounds. We omit the details here. (]

Remark 5.3. Let B, and B,/; be two local geodesic balls in the interior of M, and
G = n(Au + m|Vu|?). The same calculations in steps 2 and 3 yield the interior
Hessian estimates for (1-6).

Therefore we have the following global estimates.
Proposition 5.4. Let u be a C* solution of (1-6) on M. Then there is a positive
constant Co depending only on n, k, 0, g,a,b, ®, S and Cy, such that

sup |VZuly < Cy.
M

6. Proof of Theorem 1.2

We use the continuity method to prove the existence of (1-6). Since the argument is
standard (see [Li and Sheng 2011]), we only sketch it here.
For ¢t € [0, 1], consider the equation

6-1) F(g '(0Lug —Viu+ax)du ®du+b(x)|Vul’g +S,)) = ®,(x, u),

where

1—1
S;=tS+——g and ®,(x,u)=(1—0)e* +1D(x, u).
F(e)
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Clearly, S; and @, satisfy the following conditions:

e S; eI and |S;] cAin) = C, where the constant C is independent of 7.
1

o S, satisfies (S1) or S, = tAz, when t # 0 and Sy = mg as long as § satisfies
(S1) or (S2).
e &,(x,u)>0,0,P >0, lim &,(x,z) > +0o0,and lim PD,(x,z) — 0.
z—>+00 z—>—00
o [Pilc2ix(—c.cp < €, where C is independent of 7.

It follows from Sections 3, 4 and 5 that for each ¢, the admissible solution of
(6-1;) has uniform a priori C? estimates (independent of ). Then we obtain the
uniform C%¢ estimates by Evans—Krylov theory [Krylov 1985]. Define

I ={t €[0,1]]| (6-1;) has admissible solution}.

Clearly, u = 0 is the unique admissible solution of (6.1p). Hence, I # &. By
Lemma 3.1, I C [0, 1] is open. By the uniform a priori C>* estimates and the
standard degree theory, we conclude that / is also closed. Then for t =1, (1-6) is
solvable. ]

7. Proof of Theorem 1.3

Before proving Theorem 1.3, we first calculate a priori estimates for (1-9).

Proposition 7.1. Suppose T € I and the positive function ®(x, z) € C°(M) x R
satisfy (1-8). Then there exists a constant Cy only depending on T and ®, such that
any solution u € C*(M) of (1-9) satisfies

sup |u| < Cop.
M

The proof is similar to that of Proposition 3.2. We omit it here.

Proposition 7.2. Suppose u is a C solution of (1-9) on E;“. Then there is a positive
constant C depending onlyonn, k,0, g, r, |T|C1(E,+)’ |¢|C1(E,+)><[—C0,CO]’ |a|C1(E'+),
|b|cl(1§,+) and Cy, such that

sup |Vulg < C.

B+
Br/2

Proof. Consider the auxiliary functions

G :=inef|Vul®, Bi=x,+vy ).
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Then G can not attain its maximum at a boundary point xo € X, by the same
arguments in the proof of Proposition 4.1. Since the maximum point x¢ is an
interior point, we can also get (4-5)—(4-7). Now, the difference from the proof of
Proposition 4.1 is that we replace the operator P/ in (4-8) by the operator

(7-1) Q7 :=F +0Jg".
Then by similar calculations as in (4-9)-(4-16), we obtain
(72) 0=C*+9'QYui; + (" — ¥ QY uu; +2ay’ QY u;u;
C
+2bY|Vul*T — —(|Vu| + 1T
NI
Since
(7-3) W' QY ui; = ' FUW,;; — ' F (auiuj +b|Vul*gi; + T;j)
> ' ® —ay' Fluu; — by'|Vul* — CT.
Substituting (7-3) into (7-2), we get
(T4 0=C* +y' O+ " =¥ 0Yuju;+ay' Fluju;
C
+ by |Vul*’T — —(|Vu|+ DT
N4
— C* +w/q>+ (1!’// _ 1///2+a1!f/)FUuluJ

+OW =)+ by VulPT — < (V] + ).
NG

By the similar argument as in Claim 4.2, we know that there exist positive constants
a1, ap and p depending only on 6, Cy, |a|L°°(M) and |b|L°°(A7)’ such that

' >0, ¢ —y?—lal=y' >0, 0@ -y — by > >0,

where the constant &, only depends on «;, @y and p. Then we have

C
(7-5) 0> C*+&|Vul?T — —(|Vu|+ 1T
NI

Then multiplying by > both sides of the inequality above and J >1, we have
en’|Vul*T < C|Vu|T + C*,
which implies the gradient estimates. (]

To get the boundary Hessian estimates, we first prove the following:
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Lemma 7.3. Let u be a C* solution of (1-9). Then there is a positive constant C’
depending only onn, k, 6, g, |T|c1 g+ alci gy [Plei gy [Pt By x[-co.co) 414
Cy such that on M, we have

Upnn = —C'.

Proof. (1) Let T satisfy the condition (S1). Then 7, = 0 on the boundary. Hence
Wlulen = Tan = 0. Therefore F*'(W[u]) = 0. By the similar calculations in
Lemma 5.1, we have

(7-6) W[u]aﬁ,n = Qunnng(xﬂ +C
and
(7-7) Wlulnnn < ppn +O0ttppn + C,

where the constants C depend on n, k, g, |T |15+, lalci(gr), 1Plc1 gty and Ci.
Now, differentiating (1-9) along the normal direction and taking the value on the
boundary, we have

(7-8) Va® = F""W[ulnn + FP W ulupn
< F" (pnn + Oltgnn) + Ottyun F*P gop + CT
= F"unpp + OtnpnT + CT,
that is,
(7-9) 0< F"Uppn 4+ O0ttpunT +CT = F" iy + Otinn + C)T,

where the constant C also depends on |d>|c1( B)x[—Co.Col.
If Quppy + C > 0, then we get uyy,, > —C/0. If Oupp, +C <0, by F' < J and
(7-9), we have

0 < F"uppn + Ouppn + C)F"™ = (0 + Dutpp, + C)F™.
Since F'' > 0, we get
(0 + Duppn +C = 0.

Note 6 > 0. Then we obtain u,,, > —C’ again.
(ii) Suppose 7' = —A%. Using the metric g in Lemma 2.3, we consider a new metric
& = e”g such that u = it + w is a solution of (1-9). Then similar to the calculation
in the proof of Lemma 5.1, we have
Wluli; = 0Awgi; + Viw+0g" (T4 () — Th (@) wegiy + T5 (@) — Tk (9)wi

+ (a — Ditjitj + a(iyw; + wiit; + wiw;) + b(2(Vii, Vw)g + [Vw|3)gi;

1+ =20\ = .
+ (b ~ f) Vul2gi; — (AL
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Denote V_V[w],-j := Wlu];;. Now, (1-9) becomes

F(W[w]) = ®(x,u+w) inM,
(7-10) %—': =0 on OM.

By Lemma 2.3, we find (A;})an (x9) = 0. Then we have V_V[w]om(xo) =0 by
Lemma 2.2 and (5-11)—(5-13), which implies F**(W[w]) = 0. By Lemma 2.2
again, we obtain

W wlapn (x0) = O Wanngap (X0),
and
W W] (X0) = O Wnnnan (X0) + Wann (X0).-
Then by differentiating (7-10) along the normal direction and taking its value at x,
we have

0< F""Won+ F*PW,p, +C
< F" Wynn (x0) + (Owpnn (x0) + C)T.

If Owunn(x0) + C > 0, we have uyy,,(xg) > —C’ immediately. Now consider
OWpnn (x0) + C < 0. Since T > F™ > 0, we have

0 < F"wypn (x0) + (Bwpnn (xo) + C)an < (0 + Dwppn(xo) + C)an-

Hence, we must have w,,;,,, (xg) > —C/(0 + 1). Therefore, u,;,, (xg) > —C’. (|
Proposition 7.4. Let u be a C* solution of (1-9) on E:r. Then there is a positive con-
stant Cy depending only on n, k,0, g, r, |T|C2(gr+), |¢|C2(E¢)X[—C0,Co]’ |6l|c2(1§,+),
Iblcz(g;r) and Cy such that

sup |VZuly < Cy.

E+

r/2
Proof. We first estimate the bound of Au. By Wlu] F,:r c I'y, we have
0 <t(Wlu]) = 6 + 1) Au+ (a+nb)|Vul> +tr T,

which implies that Au has lower bound. Hence, we may assume Au > 0.
Consider the same auxiliary function in Proposition 5.2

G = ne?™ (Au~+m|Vul?),
where 7 satisfies (4-1) and (4-2), m is a larger constant to be fixed. We may assume
r=1and K := Au+m|Vu|?> > 1.

Step 1. We show the maximum of G must be attained at an interior point of B;. If
the maximum point xo of G belong to %,, then by Lemma 2.2, Lemma 7.3 and the
same calculations in Proposition 5.2, we know that G, (xo) > 0. It is a contradiction.
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Step 2. We must get an upper bound for Au. Since the maximum point of G is an
interior point of B by step 1. Then at the maximum point xo, we can get similar
inequalities as in (5-19)—(5-24) by replacing P/ by Q"/. Corresponding to (5-26),
for m > max{|al w7y, (1Dl 37 +€3)/0}, €3 > 0, we obtain

(7-11) QY K;;
C

2
n1/2(|V ul+ DI

> —2aFijui1ujl — 2b|V2u|297+2m Qijuliulj —

Cc

2
W(W ul+1)J

= 2(m — a) FYujuy; +2(m0 — b)|Vu|*T —

Cc

2
Vil + DT

> 2(m — |a| ) F ujiugj +2(m6 — |b| )| V2u|*T —

C

2
nl/z(w ul+ 7.

> 23| V2ul?T —
It follows from (5-20) for Q¥ and (7-11) that 2n%e3|V?u|*T < C(|V?u| + DT,
which implies that |V?u| < C. O

Step 3. By Lemma 7.3 and the same argument in the step 3 of the proof of
Proposition 5.2, we can get the Hessian estimates of u.

Remark 7.5. We can also get the interior gradient and Hessian estimates for the
solutions of (1-9) by the same arguments in Remarks 4.3 and 5.3.

Proof of Theorem 1.3. Since the operator Q'/ in (7-1) is positive, by the argument
in Section 3, we know that (1-9) is elliptic at any admissible solutions and its
linearized operator is invertible as d,® > 0. Combining Propositions 7.1, 7.2, 7.4
and Remark 7.5, we can obtain

(7-12) |M|C2(ll7) <C,

where the constant C depends only on n, k, 6, g, S, &, a and b. By the global
a priori C? estimates (7-12), we can prove Theorem 1.3 by a same argument in
Section 6. U
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