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HERMITIAN CATEGORIES, EXTENSION OF SCALARS
AND SYSTEMS OF SESQUILINEAR FORMS

EVA BAYER-FLUCKIGER, URIYA A. FIRST AND DANIEL A. MOLDOVAN

We prove that the category of systems of sesquilinear forms over a given
hermitian category is equivalent to the category of unimodular 1-hermitian
forms over another hermitian category. The sesquilinear forms are not re-
quired to be unimodular or defined on a reflexive object (i.e., the standard
map from the object to its double dual is not assumed to be bijective), and
the forms in the system can be defined with respect to different hermitian
structures on the given category. This extends an earlier result of the first
and third authors.

We use the equivalence to define a Witt group of sesquilinear forms over
a hermitian category and to generalize results such as Witt’s cancellation
theorem, Springer’s theorem, the weak Hasse principle, and finiteness of
genus to systems of sesquilinear forms over hermitian categories.

Introduction

Quadratic and hermitian forms were studied extensively by various authors, who
have developed a rich array of tools to study them. It is well known that in many
cases (e.g., over fields), the theory of sesquilinear forms can be reduced to the theory
of hermitian forms (e.g., see [Riehm 1974; Riehm and Shrader-Frechette 1976] and
works based on them). In [Bayer-Fluckiger and Moldovan 2014], an explanation of
this reduction was provided in the form of an equivalence between the category of
sesquilinear forms over a ring and the category of unimodular 1-hermitian forms
over a special hermitian category.

In this paper, we extend the equivalence of [Bayer-Fluckiger and Moldovan 2014]
to hermitian categories, and, moreover, improve it in such a way that it applies to
systems of sesquilinear forms in hermitian categories that admit nonreflexive objects
(see Section 2). That is, we prove that the category of systems of sesquilinear forms
over a hermitian category % is equivalent to the category of unimodular 1-hermitian
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forms over anther hermitian category %¢’. The sesquilinear forms are not required to
be unimodular or defined on a reflexive object, and the forms in the system can be
defined with respect to different hermitian structures on the category .

Using the equivalence, we present a notion of a Witt group of sesquilinear forms,
which is analogous to the standard Witt group of hermitian forms over rings with
involution (e.g., see [Knus 1991; Scharlau 1985]). We also extend various results
(Witt’s cancellation theorem, Springer’s theorem, finiteness of genus, the Hasse
principle, etc.) to systems of sesquilinear forms over hermitian categories (and in
particular to systems of sesquilinear forms over rings with a family of involutions).

Sections 1 and 2 recall the basics of sesquilinear forms over rings and hermitian
categories, respectively. In Section 3, we prove the equivalence of the category of
sesquilinear forms over a given hermitian category to a category of unimodular
1-hermitian forms over another hermitian category, and in Section 4 we extend
this result to systems of sesquilinear forms. Section 5 presents applications of the
equivalence.

1. Sesquilinear and hermitian forms

Let A be a ring. An involution on A is an additive map o : A — A such that
o(ab) = o(b)o(a) for all a,b € A and 6% = ids. Let V be a right A-module.
A sesquilinear form over (A, o) is a biadditive map s : V x V — A satisfying
s(xa,yb) =o(a)s(x,y)b forall x,y € V and a,b € A. The pair (V, s) is also
called a sesquilinear form in this case.! The orthogonal sum of two sesquilinear
forms (V, s) and (V’, ') is defined to be (V @ V', s ®s’) where s ® s’ is given by

sdsHxdx,ydy)=sx,y)+s&,y)

for all x,y € V and x’, y' € V'. Two sesquilinear forms (V,s) and (V’, s") are
called isometric if there exists an isomorphism of A-modules f : V = V' such
that s'(f(x), f(y)) =s(x,y) forall x,y e V.

Let V* = Homyu(V, A). Then V* has a right A-module structure given by
(f-a)(x) =0c(a)f(x) forall f € V* ae A. We say that V is reflexive if the
homomorphism of right A-modules wy : V — V** defined by wy (x)(f) =a (f(x))
forall x € V, f € V* is bijective.

A sesquilinear space (V, s) over (A, o) induces two homomorphisms of right
A-modules s¢, s, : V — V*, called the left and right adjoint of s, respectively. They
are given by sy (x)(y) =s(x, y) and s, (x)(y) =0 (s(y, x)) forall x, y € V. Observe
that s, = sjwy and s; = sfwy. The form s is called unimodular if s, and s, are
isomorphisms. In this case, V must be reflexive.

1 Some texts use the term sesquilinear space.
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Let e = £1. A sesquilinear form (V, s) over (A, o) is called e-hermitian if
o(s(x,y)) =es(y,x) forall x, y € V, that is, if s, = €s¢. A 1-hermitian form is
also called a hermitian form.

There exists a classical notion of Witt group for unimodular e-hermitian forms
over (A, o) (e.g., see [Knus 1991]): denote by WG*(A, o) the Grothendieck group
of isometry classes of unimodular e-hermitian forms (V, s) over (A, o), with V
finitely generated projective, addition being the orthogonal sum. A unimodular
e-hermitian form over (A, o) is called hyperbolic if it is isometric to (V @ V*, HY,)
for some finitely generated projective right A-module V, where H, is defined by

Hy(x® f,y®g) = f(y)+eo(g(x)) forall x,yeV, f,geV*

We let Hy, = Hi,. The quotient of WG*(A, o) by the subgroup generated by the
unimodular e-hermitian hyperbolic forms is called the Witt group of unimodular
€-hermitian forms over (A, o) and is denoted by W€(A, o).

We denote by Sesq(A, o) and UH®(A, o) the categories of sesquilinear and
unimodular e-hermitian forms over (A, o), respectively. The morphisms of these
categories are (bijective) isometries. For simplicity, we let UH(A, o) := UH!(A, o).

2. Hermitian categories

This section recalls some basic notions about hermitian categories, as presented in
[Scharlau 1985] (see also [Knus 1991; Quebbemann et al. 1979]).

2A. Preliminaries. Recall that a hermitian category consists of a triple (6, *, w),
where € is an additive category, * : ‘€ — % is a contravariant functor and @ =
(wc)cee id — *xx is a natural transformation satisfying wwc+ =idc+ for all C € 6.
In this case, the pair (x, w) is called a hermitian structure on 6. It is customary to
assume that w is a natural isomorphism rather than a natural transformation. Such
hermitian categories will be called reflexive. In general, an object C € € for which
wc is an isomorphism is called reflexive, so the category 4 is reflexive precisely
when all its objects are reflexive. We will often drop * and w from the notation and
use these symbols to denote the functor and natural transformation associated with
any hermitian category under discussion.

A sesquilinear form over the category € is a pair (C, s) withC e € and s : C — C*.
A sesquilinear form (C, s) is called unimodular if s and s*w¢ are isomorphisms.
(If C is reflexive, then s is bijective if and only if s*w¢ is bijective.) Let e = £1. A
sesquilinear form (C, s) is called e-hermitian if s = €s*w¢. For brevity, 1-hermitian
forms are often called hermitian forms. Orthogonal sums of forms are defined in the
obvious way. Let (C, s) and (C’, s) be two sesquilinear forms over 6. An isometry
from (C, s) to (C’,s’) is an isomorphism f : C => C’ satisfying s = f*s'f. In
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this case, (C, s) and (C’, s") are said to be isometric. We let Sesq(%6) stand for the
category of sesquilinear forms over € with isometries as morphisms.

Denote by UH® (%) the category of unimodular e-hermitian forms over 6. The
morphisms are isometries. For brevity, let UH (%) := UH'(€). The hyperbolic
unimodular €-hermitian forms over € are the forms isometric to (Q & Q*, Hp),
where Q is any reflexive object in € and HY, is given by

a=[ " ldQ*} Q@0 > (0B Q) =0"® 0"
€W 0

Again, letH, = I]-I]IQ. The quotient of WG (¢), the Grothendieck group of isometry
classes of unimodular e-hermitian forms over ‘6 (with respect to the orthogonal
sum), by the subgroup generated by the hyperbolic forms is called the Witt group
of unimodular e-hermitian forms over ‘€ and is denoted by W€ (‘6). For brevity, set
W () =W! ().

Example 2.1. Let (A, o) be a ring with involution. If we take € to be Mod-A,
the category of right A-modules, and define * and w as in Section 1, then €
becomes a hermitian category. Furthermore, the sesquilinear forms (M, s) over
(A, o) correspond to the sesquilinear forms over € via (M, s) — (M, s,). This
correspondence gives rise to isomorphisms of categories Sesq(A, o) = Sesq(%€)
and UH®(A, o) = UH®(6). Now let 6 be a subcategory of Mod-A such that M € 6
implies M* € €. Then % is still a hermitian category, and is reflexive if and only
if € consists of reflexive A-modules (as defined in Section 1). For example, this
happens if € = P(A), the category of projective A-modules of finite type. In this
case, the Witt group W€ (€) = W¢(P(A)) is isomorphic to W (A, o).

2B. Duality-preserving functors. Let 6 and €’ be two hermitian categories. A
duality-preserving functor from % to €’ is an additive functor F : 6 — %’ together
with a natural isomorphism i = (ip/)pee : F* — *F. This means that for any
M € €, there exists an isomorphism iys : F(M*) = (FM)* such that for all N € €
and f € Home¢ (M, N), the following diagram commutes:

F *
FINY) — Y2 P

|- |
(F)*

(FN)* ———— (FM)"

Any duality-preserving functor induces a functor Sesq(6) — Sesq(%4’), which we
also denote by F'. It is given by

F(M,s)=(FM,iyF(s))
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for every (M, s) € Sesq(). If the functor F : 6 — €’ is faithful, faithful and full,
or induces an equivalence, then the functor F : Sesq(€¢) — Sesq(%’) shares the
same property.

Let A = 1. A duality-preserving functor F is called A-hermitian if

ivF(oy) = Myory

for all M € 6. Let ¢ = 1. We recall from [Knus 1991, pp. 80-81] that in this
case the functor F : Sesq(%) — Sesq(¢’) maps UH® () to UH¢*(4’) and sends
e-hermitian hyperbolic forms to eA-hermitian hyperbolic forms. Therefore, F
induces a homomorphism between the corresponding Witt groups:

WE(F) : WE(@) > W (@),

If F is an equivalence of categories, then F : UH®(¢) — UH®* (%) is also an
equivalence of categories and the induced group homomorphism W€(F) is an
isomorphism of groups.

2C. Transfer into the endomorphism ring. The aim of this subsection is to intro-
duce the method of transfer into the endomorphism ring, which allows us to pass
from the abstract setting of hermitian categories to that of a ring with involution,
which is more concrete. This method will be applied repeatedly in Section 5. Note
that it applies well only to reflexive hermitian categories.

Let 6 be a reflexive hermitian category, and let M be an object of ‘6, on which we
suppose that there exists a unimodular €p-hermitian form £ for a certain ¢y = %1.
Put £ = End¢(M). According to [Quebbemann et al. 1979, Lemma 1.2], the form
(M, hyp) induces on E an involution o, defined by o (f) = half*ho forall f e E.
Let (E) denote the category of projective right E-modules of finite type. Then,
using o, we can consider #(FE) as a reflexive hermitian category (see Example 2.1).

Recall that an idempotent e € Endq (M) splits if there exist an object M' € ¢ and
morphisms i : M' — M, j: M — M’ such that ji =idy and ij =e.

Denote by €|, the full subcategory of € each object of which is isomorphic to
a direct summand of a finite direct sum of copies of M. We consider the functor

T =Tws.hy) :=Hom(M, _) : €|y — P(E)
given by
N +— Hom(M, N) forall N € €|y,
f=T(f) forall f e Hom(N,N’), N, N' € €|y,

where for all g € Hom(M, N), T(f)(g) = fg. In [Quebbemann et al. 1979,
Proposition 2.4], it was proved that the functor T is fully faithful and duality-
preserving with respect to the natural isomorphism i = (iy)yew),, : T* — *T given
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by in(f) = T(hy ' f*wy) for every N € 6|y and f € Hom(M, N*). In addition,
if all the idempotents of 6|y, split, then T is an equivalence of categories. By
computation, we easily see that T is €p-hermitian.

Note that for any finite list of (reflexive) objects My, ..., M; € ‘€ and any €g = =1,
there exists a unimodular €y-hermitian form (M, hg) such that M, ..., M; € 6|y.
Indeed, let N = @?:1 M; and take (M, ho) = (N @ N*, HY). This means that
as long as we treat finitely many hermitian forms, we may pass to the context of
hermitian forms over rings with involution.

2D. Linear hermitian categories and ring extension. In this subsection we intro-
duce the notion of extension of rings in hermitian categories.

Let K be a commutative ring. Recall that a K-category is an additive category €
such that for every A, B € €, Homg (A, B) is endowed with a K-module structure
such that composition is K -bilinear. For example, any additive category is in fact a
Z-category. An additive covariant functor F : ¢ — €’ between two K -categories
is K-linear if the map F : Homg(A, B) — Home/ (FA, FB) is K-linear for all
A, B € . K-linear contravariant functors are defined in the same manner. A
K -linear hermitian category is a hermitian category (6, %, ) such that € is a
K-category and * is K -linear.

Fix a commutative ring K. Let € be an additive K-category and let R be a
K -algebra (with unity, not necessarily commutative). We define the extension of
the category € to the ring R, denoted € @ R, to be the category whose objects are
formal symbols C ®x R, with C € €, and whose Hom-sets are defined by

Homeg, r(A ®k R, B®k R) =Homg(A, B) ®k R.

The composition in € @k R is defined in the obvious way. It is straightforward to
check that 6 ® ¢ R is also a K -category. Moreover, when R is commutative, € @ g R
is an R-category. We define the scalar extension functor, Rg/k : ‘€ — € @k R by

%R/KM=M®KR for all M €€,
Rr/kf=f®k 1 forall feHom(M,N).

The functor R/ is additive and K -linear.
In case K is obvious from the context, we write €, Mg, fr instead of € X R,
M ®k R, f ®k 1, respectively. (Here, M € € and f is a morphism in €.)

Remark 2.2. The scalar extension we have just defined agrees with scalar extension
of modules under mild assumptions, but not in general: Let S and R be two K-
algebras, and write Sg = S ® R. There is an additive functor G : (Mod-S)gr —
Mod-(Sg) given by

GMr)=M®sSg and G(f®a)m®b)= fmQab
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forall M, N e Mod-S, f € Homg(M, N), and a, b € R, and the following diagram
commutes:

RRr/k

Mod-S — % (Mod-S)x
| Jo
S
Mod-S — =25 Mod-(Sg)

In general, G is neither full nor faithful. However, using standard tensor-Hom
relations, it is easy to verify that the map

() G : Homod-s); (Mg, M) — Hompod-(sz) (GMg, GMpy)

is bijective if either (a) M is finitely generated projective, or (b) R is a flat K-module
and M is finitely presented. In particular, if € is an additive subcategory of Mod-S§
consisting of finitely presented modules and R is flat as a K-module, then €% can
be understood as a full subcategory of Mod-(Sg) in the obvious way. An example
in which the map G of (1) is neither injective nor surjective can be obtained by
taking S=K =7Z, R=Qand M =M' =7[1/p]l/Z.

If (6, %, w) is a K-linear hermitian category and R/K is a commutative ring
extension, then €z also has a hermitian structure given by (Mg)* = (M*)g,
(f®a)*=f*®aand wy, = (wpm)r=wu@1forall M, N €€, f e Homg(M, N)
and a € R. In this case, the functor R gk is a 1-hermitian duality-preserving functor
(the natural transformation i : R, x* — *R g,k 1s just the identity). In particular,
we get a functor Rg g : Sesq(€) — Sesq(‘€r) given by Rg/x (M, s) := (Mg, sg),
and R,k sends e-hermitian (hyperbolic) forms to e-hermitian (hyperbolic) forms.

2E. Scalar extension commutes with transfer. Let R/K be a commutative ring
extension, let € be a reflexive K-linear hermitian category and let M be an object
of € admitting a unimodular e-hermitian form 4. Then (Mg, hg) is a unimodular
e-hermitian form over €. Let E = End¢(M) and Er = End¢,(Mr) = E @ R.
It is easy to verify that the following diagram (of functors) commutes:

T
Clyy —— "~ P(E)

L%R/K j@EER
Tmg.ng)

CrIMg —— P(ER)

(Note that by Remark 2.2, ?(Eg) and _ ® Eg can be understood as P(E)g
and Rg/k, respectively.) Since all the functors are €- or 1-hermitian, we get the
following commutative diagram, in which the horizontal arrows are full and faithful:
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Tm,n
UH" (€| 1) O . UH™(®(E))
l%l\’/l{ L@EER
Tmp hp)
UH*(€rlmy) M - UH(P(ER))

This diagram means that in order to study the behavior of R g,k on arbitrary K-
linear hermitian categories, it is enough to study its behavior on hermitian categories
obtained from K -algebras with K -involution (as in Example 2.1).

3. An equivalence of categories

Let € be a (not necessarily reflexive) hermitian category. In this section we prove
that there exists a reflexive hermitian category 6’ such that the category Sesq(6)
is equivalent to UH'(€). (We explain how to extend this result to systems of
sesquilinear forms in the next section.)

The category %’ resembles the category of double arrows presented in [Bayer-
Fluckiger and Moldovan 2014, §3], but is not identical to it. This difference makes
our construction work for nonreflexive hermitian categories and, as we shall explain
in the next section, for systems of sesquilinear forms, where the forms can be
defined with respect to different hermitian structures on €.

3A. The category of twisted double arrows. Let (€, *, w) be a hermitian category.
We construct the category of twisted double arrows in €, denoted At (%), as follows:
The objects of AT,(46) are quadruples (M, N, f, g) such that f, g € Homg (M, N*).
A morphism from (M, N, f, g) to (M', N', f’, g’) is a pair (¢, ¥°P) such that
¢ e Hom(M, M'), ¥ e Hom(N’, N), f'¢ =¢* f and g'¢p = *g. The composition
of two morphisms is given by (¢, ¥°P)(¢', ¥'°P) = (¢p¢’, (¥')°P).

The category Ar, () is easily seen to be an additive category. Moreover, it has
a hermitian structure: For every (M, N, f, g) € Ar»(%€), define (M, N, f, g)* =
(N, M, g*a)N, f*a)N) and W(M,N,f.g) Zid(M’N,f,g) = (idM, ld?\?) In addition, for ev-
ery morphism (¢, ¥P) : (M, N, f, g) = (M', N, f', &), let (¢, Y°P)* = (¢, ¢°P).
It is now routine to check that (At (6), *, w) is a reflexive hermitian category. Also
observe that *x is just the identity functor on At,(‘€). The following proposition
describes the hermitian forms over Ar,(6):

Proposition 3.1. Let Z := (M, N, f, g) € At»(6) and let a, B € Homg (M, N).
Then (Z, (a, B°P)) is a hermitian form over Aty(€) if and only if « = B and
o f = g*wya; equivalently, if and only ifa = B and a* g = f*ona.

Proof. By definition, Z* = (N, M, g*wy, f*oy), so (a, B°P) is a morphism from Z
to Z* if and only if 8* f = g*wyo and B*g = f*wyw. In addition, by computation,
we see (a, B°P) = (a, B°P)*owy precisely when o = 8. Therefore, (Z, («, B°P)) is a
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hermitian form if and only if o = 8, o™ f = g*wny and ¢* g = f*wya. Itis therefore
enough to show o* f = g*wya if and only if a*g = f*wya. Indeed, if ™ f =
g*wna, then a*w) g™ = f*a™. Therefore, a*g = a*wiwn:g = a* oy g vy =
ffa™wy = ffoya, as required (we used the naturality of w and the identity
wyoy+ = idy+ in the computation). The other direction follows by symmetry. []

Theorem 3.2. Let € be a hermitian category. Define a functor F : Sesq(6) —
UH (AT, (%)) by

F(M,s)=((M,M,s* oy, s), (idy, idy))) and  F) =, )P

for all (M, s) € Sesq(€) and any morphism  in Sesq(€). Then F induces an
equivalence of categories between Sesq(€) and UH (A1, (6)).

Proof. Let (M, s) € Sesq(€). That F(M, s) lies in UH(AT,(%)) follows from
Proposition 3.1. Let v : (M, s) — (M’, s’) be an isometry. Then

F(y)*(ida, idy) ) F(f) = (¥, (P *(idyyr, id ) (. (v~ 1)P)
= (¢~ YO (idpr, i) (W, (W 1P
= @ idy . (Y ida ¥)P)
= (idy, idy)).

Thus, F () is an isometry from F (M, s) to F(M’, s’). It is clear that F respects
composition, so we conclude that F is a functor.

To see that F induces an equivalence, we construct a functor G such that F' and
G are mutual inverses. Let G : UH(AT>(6)) — Sesq(%6) be defined by

G(M.,N, f,8), (a,a®))=(M,a"g) and G(¢,¥*")=¢

for all (M, N, f, g), (o, ®®?)) € UH(AT,(%)) and any morphism (¢, ¥°P) in
UH (A1 (6)).

Let (Z, (o, @®P)), (Z', (&, a@’°P)) € UH(AL»(6)) and let (¢, ¥°P) be a mor-
phism (Z, (o, ®°P)) — (Z', (&', &°P)). It is easy to see that G(Z, («, a°P)) lies
in Sesq(), so we now check that G (¢, ¥°P) is an isometry from G(Z, (o, «°P))
to G(Z', (&, a’°P)). Writing Z = (M, N, f,g) and Z' = (M', N', f', g’), this
amounts to showing a*g = ¢*a'*g’¢. Indeed, since (¢, ¥°P) is a morphism from
Z to Z', we have g'¢ = y*g, and since (¢, ¥°P) is an isometry, we also have
(¢, ¥P)Y* (o, &"P)(¢p, ¥°P) = (c, @°P), which in turn implies ¥ a'¢p = a. We now
have ¢*a*g'¢p = ¢p*a*Y*g = (Ya'P)*g = a*g, as required. That G preserves
composition is straightforward.

It is easy to see that G F is the identity functor on Sesq(6), so it is left to show
that there is a natural isomorphism from F'G to idynas,¢)). Keeping the notation
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of the previous paragraph, we have
FG((M, N, £, ), (a,0) = ((M, M, (@"8) @y, &*g), (idy, idyy)).

By Proposition 3.1 we have o* f = g*wya, hence (¢*g)*wy = g™ wy =
g*wya =a* f. Thus,

2 FG(M, N, f,8), (@, a®) = ((M, M, " f,a*g), (idy, idyy)).

Define a natural isomorphism 7 : idyn(as, ) = FG by #(z, (.« = (dy, aP).
Using (2), it is easy to see that f(z (a,qor)) is indeed an isometry from (Z, (o, °P))
to FG(Z, (a, «°P)). The map ¢ is natural, since for Z’, (¢, ¥°P) as above, we have
FG($, ¥°P) iz (@.amy) = (¢, (@~ 1)P)(idpy, a®P) = (¢, (@p™")P) = (¢, (Ya')P) =
(idpr, &P) (@, YOP) =tz (o' .ory) (¢, ¥OP) (We used the identity Yo' = o verified
above). O

Remark 3.3. Following [Bayer-Fluckiger and Moldovan 2014, §3], one can also
construct the category of (nontwisted) double arrows in 6, denoted Ar,(6). Its
objects are quadruples (M, N, f,g) with M, N € € and f, g € Hom(M, N).
A morphism from (M, N, f, g) to (M', N, f', g’) is a pair (¢, ¥) where ¢ €
Hom(M, M’) and v € Hom(N, N') satisfy ¥ f = f'¢ and ¥ g = g’¢. The category
Ar; () is obviously additive, and, moreover, it admits a hermitian structure given by
(M, N, f,8)*=(N*, M*, g*, f*), (¢, V)" =", ¢*) and o, N, .4) = (0m, ON).

There is a functor T : At»(6) — Ary(6) givenby T(M, N, f, g)=(M, N*, f, g)
and T (¢, ¥°P) = (¢, ¥™*). This functor induces an equivalence if 6 is reflexive,
but otherwise it need neither be faithful nor full. In addition, provided € is re-
flexive, one can define a functor F’ : Sesq(6) — UH(Ar,(%6)) by F'(M,s) =
(M, M*, s*wy, 5), (wp, idy+)) and F'(¥) = (¥, (¢ ~1)*). This functor induces
an equivalence of categories; the proof is analogous to [Bayer-Fluckiger and
Moldovan 2014, Theorem 4.1].

3B. Hyperbolic sesquilinear forms. Let € be a hermitian category. The equiva-
lence Sesq(6) ~ UH (AT, (%)) of Theorem 3.2 allows us to pull back notions defined
for unimodular hermitian forms over Ar, (‘) to sesquilinear form over 6. In this
subsection, we will do this for hyperbolicity, and thus obtain a notion of a Witt
group of sesquilinear forms.

Throughout, F denotes the functor Sesq(€¢) — UH(AT,(4€)) from Theorem 3.2.

Definition 3.4. A sesquilinear form (M, s) over € is called hyperbolic if F(M, s)
is hyperbolic as a unimodular hermitian form over A, (%€).

The following proposition gives a more concrete meaning to hyperbolicity of
sesquilinear forms over €.
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Proposition 3.5. Up to isometry, the hyperbolic sesquilinear forms over € are

Cand)

where M, N € €, f € Homq¢ (N, M*), g € Hom¢ (M, N*) and [g {;] is an element
of Homg(M @& N, M* & N*) given in matrix form. Furthermore, a unimodu-
lar e-hermitian form is hyperbolic as a sesquilinear form (i.e., in the sense of

given by

Definition 3.4) if and only if it is hyperbolic as a unimodular €-hermitian form (see
Section 2).

Proof. Let G be the functor UH(AT,(€)) — Sesq(%) defined in the proof of
Theorem 3.2. Since F and G are mutual inverses, the hyperbolic sesquilinear
forms over € are the forms isometric to G(Z & Z*, H,) for Z € Ar,(€¢). Write
Z=(M,N,h,g). Then

. ~ ho0 g O 0 idg-
(Z&Z",Hy) = <(M@N’ NoM, [0 g*a)N:| ’ [0 h*wN:|>’ |:“’Z 0 ])

Observe that
0 idz] 0 (idy,id3)] (T 0 idy 0 idy]™
wz 0 |7 | Gdy,idy) 0 ~\lidy O ['|idy O '

Thus,
. B 0 idy]'[g ©

and since

0 idy]' g 0 7 [0 idw][g 0 T _ [0 h*wn
idy 0| [0 *wn|” lidy- 0 |[0 h*oy] g O |’

we see that G(Z @ Z*, H,) matches the description in the proposition. Further-
more, by putting h = f*wy for f € Homg (N, M*), we get h*oy = o}, f* oy =
a)*,{,la)M*f = f. Thus, (M @ N, [g 5]) is hyperbolic for all M, N, f, g, as required.

To finish, note that we have clearly shown that (Q & Q*, Hf) is hyperbolic as a
sesquilinear form for every Q € €. To see the converse, assume (M @ N, [g {; ]) is
€-hermitian and unimodular. Then

0 f o 11" 0 ¢*[wm O 0 eg*oy
[g 0} ~° [g 0} omen =< [f* 0} [ 0 wN} - [ef*wM 0 ]
hence g =€f*wy and f =€g*wy. Since [2 6] is unimodular, f and g are bijective
and hence so are wy and wy,. In particular, M is reflexive. It is now routine to verify
that the map idy, @ f : M ® N — M & M* is an isometry from (MEB N, [g {)]) to
(M ® M*, Hj,), so the former is hyperbolic in the sense of Section 2. (]
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Let (A, o) be a ring with involution. When € is the category of right A-modules,
considered as a hermitian category as in Example 2.1, we obtain a notion of hyper-
bolic sesquilinear forms over (A, o). These hyperbolic forms can be characterized
as follows:

Proposition 3.6. A sesquilinear form (M, s) over (A, o) is hyperbolic if and only
if there are submodules My, My < M such that s(My, M) = s(M», M) = 0 and
M = M| & M,. Furthermore, if (M, s) is unimodular and €-hermitian, then (M, s)
is hyperbolic as a sesquilinear space if and only if it is hyperbolic as an €-hermitian
unimodular space.

Proof. Recall that for any two right A-modules M1, M,, we identify (M & M»)*
with M} @ MJ via f < (flm,, flm,)- Let (M, s) be a sesquilinear space, and
assume M = M| & M. By straightforward computation, we see that s, is of the form
[0 4] €Homy (M, M*) =Hom(M; & Ma, M} & M3) if and only if s(My, M) =
s(M,, M>) = 0. The proposition therefore follows from Proposition 3.5. ([

3C. Witt groups of sesquilinear forms. Let € be a hermitian category. Denote by
WG;(€) the Grothendieck group of isometry classes of sesquilinear forms over
€, with respect to orthogonal sum. It is easy to see that the hyperbolic isometry
classes span a subgroup of WGg (), which we denote by H(6). The Witt group of
sesquilinear forms over 6 is defined to the quotient

Ws(€) = WGs(€)/H(€).

By definition, we have Wg(€) = W (Ar,(6)). Taking € to be the category of
projective right A-modules (or, with a different result, reflexive right A-modules, or
again arbitrary ones) of finite type and their duals, we obtain a notion of a Witt group
for sesquilinear forms over (A, o). Also observe that there is a homomorphism of
groups W€(6) — Wg(6) given by sending the class of a unimodular e-hermitian
form to its corresponding class in Wg(€). Corollary 5.14 below presents sufficient
conditions for the injectivity of this homomorphism.

3D. Extension of scalars. Let R/K be a commutative ring extension and let ¢
be a K-linear hermitian category. Then the category Ar, (%) is also K-linear. For
later use, we now check that the scalar extension functor Rg/x of Section 2D
“commutes” with the functor F' of Theorem 3.2.

Proposition 3.7. There is a 1-hermitian duality-preserving functor J : At2(€)g —
AT, (6 g) making the following diagram commute:

Sesq(%) r UH (AR (6))

lgRR/K l%R/K

Sesq(6g) —— UH(AF,(€g)) <—— UH(AF,(6)g)
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It is given by
JUM, N, f,8)r) = (Mg, Nr, fr,&R):

J(@. ¥y*P)®a)=(p®a, (Y ®a)™)

forall (M, N, f, g) € At,(6) and any morphism (¢, ¥°P) in Aty (6). (The associ-
ated natural isomorphism i : Jx — xJ is the identity map.) Furthermore, when R
is flat as a K-module, J is faithful and full.

Proof. We only check that J is faithful and full when R is flat as a K-module. All
other assertions follow by computation. Let Z= (M, N, f, g), Z'=(M',N’, ', g)
be objects in AT, (6). Set

U ={(f, &®) | (f, g) € Home(M, M) x Home(N', N)},
V =Homg(M, N™*) x Homg (M, N™),
and define A : U — V by
Mo Y)Y =W f = o, ¥y'g—8'¢).
Unfolding the definitions, we see that Homas, ), (Zr, Z;e) = (kerA) ®k R and
Homag, ¢z (J ZR, J Z%) = ker(A ®k idg). Furthermore, the standard map from

(ker 1) ®k R to ker(A ®g idg) is just application of the functor J. When R is flat
as a K-module, this map is an isomorphism; hence we are done. ([

Corollary 3.8. Let (M, s), (M, s") be two sesquilinear forms over 6, and assume
R is flat as a K-module. Then Rg,x(M,s) is isometric to Rg/x (M', s") if and
only if Rr/x F(M, s) is isometric to Rgx F(M', s").

4. Systems of sesquilinear forms

In this section, we explain how to generalize the results of Section 3 to systems of
sesquilinear forms.

Let A be aring, and let {0;};<c; be a nonempty family of (not necessarily dis-
tinct) involutions of A. A system of sesquilinear forms over (A, {o;};<;) is a pair
(M, {s;}icr) such that (M, s;) is a sesquilinear space over (A, o;) for all i. An
isometry between two systems of sesquilinear forms (M, {s;}ic;), (M’, {slf Yier) 1s
an isomorphism f : M — M’ such that s/(fx, fy) = si(x,y) forall x,y € M,
iel.

Observe that each of the involutions o; gives rise to a hermitian structure (x;, ;)
on Mod-A, the category of right A-modules. In particular, a system of sesquilinear
forms (M, {s;}) gives rise to homomorphisms (s;), (s;)¢ : M — M* given by
(5:)r (x)(y) = 07 (si(y, x)) and (s;)¢(x)(y) = s;(x, y), where M*" = Homu (M, A),
considered as a right A-module via the action (f -a)m = o;(a) f (m). This leads to
the notion of systems of sesquilinear forms over hermitian categories.
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Let € be an additive category and let {x;, w; };c; be a nonempty family of hermit-
ian structures on ‘6. A system of sesquilinear forms over (€, {*;, w;}ics) is a pair
(M, {s;}icr) such that M € € and (M, s;) is a sesquilinear form over (6, *;, @;). An
isometry between two systems of sesquilinear forms (M, {s;}ic;) and (M’, {s/}icr)
is an isomorphism f : M => M’ such that f*is! f =s; foralli € I. We let Sesq; (6)
(or Sesq; (6, {*;, w;})) denote the category of systems of sesquilinear forms over
(€, {*;, w;}icy) With isometries as morphisms.

Keeping the notation of the previous paragraph, the results of Section 3 can
be extended to systems of sesquilinear forms as follows: Define the category of
twisted double I[-arrows over (6, {*;, w;}ic;), denoted Aty;(€), to be the cate-
gory whose objects are quadruples (M, N, {fi}icr, {gi}icr) with M, N € € and
fi» & € Homg(M, N*'). A morphism (M, N, {fi}, {gi}) — (M', N', {f/}. {g;})
is a formal pair (¢, ¥°P) such that ¢ € Hom(M, M’), + € Hom(N’, N) and
Vi fi = fl¢, v*igi = g/¢ for all i € I. The composition is defined by the formula
(@, YP) (@', ¥'P) = (99", (Y'¢)P).

The category AT,; () can be made into a reflexive hermitian category by let-
ting (M, N, {fi}. (&))"= (N, M, {g]' wi n}, {f wim)), (9, ¥°P)* = (¢, ¢°P) and
OMN,{fi} e = (dpm, id%’). It is now possible to prove the following theorem,
whose proof is completely analogous to the proof of Theorem 3.2:

Theorem 4.1. Define a functor F : Sesq;(6) — UH(Arp;(€)) by
F(M, {s;}) = (M, M, {s7 i} {s:)). (dpr, id3))) and F() =, ().
Then F induces an equivalence of categories.

Sketch of proof. It is easy to see that any hermitian form over UH (Ar,; (%)) has the
form ((M, N, {fi}, {gi}), (o, «°P)). Define a functor G : UH (At (€)) — Sesq; (€)
by

G((M, N, {fi}, {&}), (@, a™)) = (M, {o™g}) and G, ¥ =¢.
Arguing as in the proof of Theorem 3.2, we see that F and G are mutual inverses. [

As we did in Section 3, we can use Theorem 4.1 to define hyperbolic systems
of sesquilinear forms. Namely, a system of forms (M, {s;}) over € will be called
hyperbolic if F (M, {s;}) is hyperbolic over At,; (‘€¢). The following two propositions
are proved in the same manner as Propositions 3.5 and 3.6, respectively:

Proposition 4.2. A system of sesquilinear forms (M, {s;}) over € is hyperbolic if
and only if there are My, M, € 6, f; € Hom(M,, M;k"), gi € Hom(M, M;i) such
that M = M| & M3 and, for alli € I,

si = [;)A (f)‘} € Hom(M, M*') = Hom(M, & M>, M}’ & M").
1
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In this case, each of the sesquilinear forms (M, s;) (over (€, x;, w;)) is hyperbolic.

Proposition 4.3. Let A be a ring and let {o;};c; be a nonempty family of involutions
of A. A system of sesquilinear forms (M, {s;}) over (A, {o;}) is hyperbolic if
and only if there are submodules My, My < M such that M = M, & M, and
si(My, M) = s;(My, My) =0 foralli € 1. In this case, each of the sesquilinear
forms (M, s;) (over (A, 0;)) is hyperbolic.

The notion of hyperbolic systems of sesquilinear forms can be used to define
Witt groups. We leave the details to the reader.

Let R/K be a commutative ring extension. If € and all the hermitian structures
{*i, w;}ic; are K-linear, then the scalar extension functor Rg g : € — 6p is 1-
hermitian and duality-preserving with respect to (x;, ;) for all i € I. Therefore,
we have a functor Rg/k : Sesq;(€) — Sesq; (€r) given by Rg/x (M, {si}ier) =
(Mg, {(si)r}icr)- We thus have a notion of scalar extension for systems of bilinear
forms (and it agrees with the obvious scalar extension for systems of bilinear forms
over a ring with a family of involutions, provided the assumptions of Remark 2.2
hold). Using the ideas of Section 3D, one can show:

Corollary 4.4. Let (M, {s;}), (M, {s]}) be two systems of sesquilinear forms over
(6, {*;, w;}), and assume R is flat as a K -module. Then Rg/x (M, {s;}) is isometric
to Rg/x (M, {s]}) if and only if Rg/x F (M, {s;}) is isometric to Rg/x F(M’', {s!}).

5. Applications

This section uses the previous results to generalize various known results about
hermitian forms (over rings or reflexive hermitian categories) to systems of sesqui-
linear forms over (not necessarily reflexive) hermitian categories. Some of the
consequences to follow were obtained in [Bayer-Fluckiger and Moldovan 2014]
for hermitian forms over rings. Here we rephrase them for hermitian categories,
extend them to systems of sesquilinear forms and drop the assumption that the base
module (or object) is reflexive.

5A. Witt’s cancellation theorem. Quebbemann, Scharlau and Schulte [Quebbe-
mann et al. 1979, §3.4] proved Witt’s cancellation theorem for unimodular hermitian
forms over hermitian categories ¢ satisfying the following conditions:

(a) All idempotents in € split (see Section 2C).

(b) For all C € €, E := End¢(C) is a complete semilocal ring in which 2 is
invertible.

Recall that complete semilocal means that £/ Jac(E) is semisimple (i.e., E is
semilocal) and that the standard map E — l(ir_n{E /Jac(R)"},eN is an isomorphism
(i.e., E is complete in the Jac(E)-adic topology). In fact, condition (a) can be
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dropped since idempotents can be split artificially (see Section SE below), or,
alternatively, since by applying transfer (see Section 2C) one can move to a module
category in which idempotents split.

We shall now use the Quebbemann—Scharlau—Schulte cancellation theorem
together with Theorem 4.1 to give several conditions guaranteeing cancellation for
systems of sesquilinear forms.

Our first criterion is based on the following well-known lemma:

Lemma 5.1. Let K be a commutative noetherian complete semilocal ring (e.g., a
complete discrete valuation ring). Then any K -algebra A which is finitely generated
as a K -module is complete semilocal.

Proof. For brevity, write I = Jac(K) and J = Jac(A). By [Hinohara 1960,
Theorem 2] and the proof of [First 2013, Proposition 8.8(i)] (for instance), A =
Lill{A/A(I")}neN. That A = 1(i£1{A/J”}n€N follows if we verify that J™ C Al C J
for some m € N. The right inclusion holds since 1+ A/ consists of right-invertible
elements. Indeed, for all a € AI, we have aA + Al = A, so by Nakayama’s lemma
(applied to the K-module A), aA = A. The existence of m, as well as the fact that
A is semilocal, follows by arguing as in [Rowen 1988, Example 2.7.19'(ii)] (for
instance). U

Theorem 5.2. Let K be a commutative noetherian complete semilocal ring with 2 €
K>, let € be a K -category equipped with K -linear hermitian structures {*;, w;}icy,
and let (M, {s;}), (M', {s]}), (M",{s]'}) be systems of sesquilinear forms over
(€, {*;, w;}). Assume that Homq (M, N) is finitely generated as a K -module for all
M, N €%. Then

(M, {sihe M {sih) =M, {sH)®M" {5/ <= (M, {s;h=M", {sD.

Proof. In light of Theorem 4.1, it is enough to prove cancellation of unimodular 1-
hermitian forms over the category At,; (%) (note that the equivalence of Theorem 4.1
respects orthogonal sums). This would follow from the cancellation theorem of
[Quebbemann et al. 1979, §3.4] if we show that the endomorphism rings of objects
in Aty () are complete semilocal rings in which 2 is invertible. Indeed, let
Z:=(M,N,{f}, {g}) € Arp;(6). Then E := End(Z) is a subring of End¢ (M) x
End¢ (N)°P, which is a K-algebra by assumption. Since the hermitian structures
{x;, w;} are K-linear, E is in fact a K-subalgebra, which must be finitely generated
as a K-module (because this is true for End¢ (M) x Endg(N)P and K is noetherian).
Thus, we are done by Lemma 5.1 and the fact that 2 € K*. O

As corollary, we get the following result, which resembles [Bayer-Fluckiger and
Moldovan 2014, Theorem 8.1]:

Corollary 5.3. Let K be a commutative noetherian complete semilocal ring with
2 e K*,let A be a K-algebra which is finitely generated as a K-module, and let
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{oi}icr be a family of K -involutions on A. Then cancellation holds for systems
of sesquilinear forms over (A, {0;}) which are defined on finitely generated right
A-modules.

For the next theorem, recall that a ring R is said to be semiprimary if R is
semilocal and Jac(R) is nilpotent. For example, all artinian rings are semiprimary.
Note that all semiprimary rings are complete semilocal. It is well-known that
for a ring R and an idempotent e € R, R is semiprimary if and only if eRe and
(1 —e)R(1 —e) are semiprimary. As a result, if M, N are two objects in an additive
category, then End(M & N) is semiprimary if and only if End(M) and End(N) are
semiprimary.

Theorem 5.4. Let 6 be an additive category with hermitian structures {*;, w;},
and let (M, {s;}), (M', {s]}), (M", {s]'}) be systems of sesquilinear forms over
(€, {*;, w;}). Assume that End¢(M), Endg(M’), End¢(M") are semiprimary rings
in which 2 is invertible. Then

(M, (s )& (M, {s}) = (M, {si) @ (M", {s]}) = (M, {s}}) = (M", {s]}.

Proof. As in the proof of Theorem 5.2, it is enough to show that the objects in
AT, (“6) have a complete semilocal endomorphism ring. In fact, we may restrict
to those objects Z := (M, N, {f;}, {gi}) for which End¢(M) and Endg(N) are
semiprimary. (These do form a hermitian subcategory of At,;(€) by the comments
above.) Fix sucha Z and let H =&, ., Hom¢ (M, N*'). We view the morphism { f;}
and {g;} as elements of H in the obvious way. Let A = End(M) and B = End(N).
We endow H with a (B°P, A)-bimodule structure by setting b°°(€D,; hi)a =
D, (b* ohjoa)forallac A, be B, P, h; € H. This allows us to construct the
ring S := [?1 Bop
elements in A x B°P? = [

]. It is now straightforward to check that End(Z) consists of those
A B(,p] that commute with [2 0] and [; 0] foralli e 1.
Thus, End(Z) is a semicentralizer subring of A x B°P in the sense of [First 2013,
§1]. By [First 2013, Theorem 4.6], a semicentralizer subring of a semiprimary ring

is semiprimary, so End(Z) is semiprimary, and in particular complete semilocal. [

Corollary 5.5. Let A be a semiprimary ring with2 € A*, and let {0;};c1 be a family
of involutions on A. Then cancellation holds for systems of sesquilinear forms over
(A, {o;}) which are defined on finitely presented right A-modules.

Proof. By [Bjork 1971, Theorem 4.1] (or [First 2013, Theorem 7.3]), the en-
domorphism ring of a finitely presented A-module is semiprimary. Now apply
Theorem 5.4. O

Corollary 5.6. Let € be an abelian category equipped with hermitian structures
{;, w;}. Assume that € consists of objects of finite length. Then cancellation holds
for systems of sesquilinear forms over (6, {*;, w;}).
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Proof. By the Harada—Sai lemma [Rowen 1988, Proposition 2.9.29], the endomor-
phism ring of an object of finite length in an abelian category is semiprimary, so we
are done by Theorem 5.4. Alternatively, one can check directly that the category
AT, (%) is abelian and consists of objects of finite length, apply the Harada—Sai
lemma to ATp; (%), and then use the cancellation theorem of [Quebbemann et al.
1979, §3.4]. O

Remark 5.7. It is not hard to deduce from a theorem of Camps and Dicks [1993,
Corollary 2] that if the endomorphism rings of ‘6 are semilocal, then so are the
endomorphism rings of Atp;(6). (Simply check that End(M, N, {f;}, {gi}) is a
rationally closed subring of End¢ (M) x End¢(N)°P in the sense of [Camps and
Dicks 1993, p. 204].) By applying transfer (see Section 2C) to Af,;(‘6), one can
then move to the context of unimodular 1-hermitian forms over semilocal rings.
Cancellation theorems for such forms were obtained by various authors, including
Knebusch [1969], Reiter [1975] and Keller [1988]. However, none of these apply
to the general case, as in fact cancellation is no longer true; see [Keller 1988, §2].
Nevertheless, the cancellation results of [ibid.] can still be used to get some partial
results about systems of sesquilinear forms over €; we leave the details to the
reader.

5B. Finiteness results. In this subsection and the next, we generalize the finiteness
results of [Bayer-Fluckiger and Moldovan 2014, §10] to systems of sesquilinear
forms.

For aring A, we denote by 7' (A) the Z-torsion subgroup of A. Recall that if R is
a commutative ring, A is said to be R-finite if A = A ®z R is a finitely generated
R-module and 7' (A) is finite. Note that being R-finite passes to subrings.

The proofs of the results to follow are completely analogous to the proofs of the
corresponding statements in [Bayer-Fluckiger and Moldovan 2014, §10]; they are
based on applying the equivalence of Theorem 4.1 and then using the finiteness
results of [Bayer-Fluckiger et al. 1989], possibly after applying transfer.

Throughout, € is an additive category and {x;, w; };c; is a nonempty family of
hermitian structures on €. Fix a system of sesquilinear forms (V, {s;}ic;) over
(6, {i, o)) and let Z(V, {s;}) = (V, V, {s w; v}, {si,}) € Af2;(6). (Note that
F(V,{s;})) = (Z, (idy, id})) with F as in Theorem 4.1.)

Theorem 5.8. If there exists a nonzero integer m such that End¢(V) is Z[1/m]-
finite, then there are finitely many isometry classes of summands of (V, {s;}).

Theorem 5.9. Assume that there exists a nonzero integer m such that the ring
Endaz,, ) (Z(V, {s;})) is Z[1/m]-finite (e.g., if End¢(V) is Z[1/m]-finite). Then
there exist only finitely many isometry classes of systems of sesquilinear forms
(V' {sl}icr) over € such that Z(V', {s]}) = Z(V, {s;}) (as objects in At»;(€)).
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SC. Finiteness of the genus. Let € be a hermitian category admitting a nonempty
family of hermitian structures {*;, w;};c;. We say that two systems of sesquilinear
forms (M, {s;}), (M', {s!}) are of the same genus if they become isometric after
applying %Rz, ,z for every prime number p (where Z, are the p-adic integer). (See
Remark 2.2 for conditions under which this definition of genus agrees with the naive
definition of genus for module categories.) As in [Bayer-Fluckiger and Moldovan
2014, Theorem 10.3], we have:

Theorem 5.10. Let (M, {s;}) be a system of sesquilinear forms over (6, {x;, w;}),
and assume that End(M) is Q-finite. Then the genus of (M, {s;}) contains only a
finite number of isometry classes of systems of sesquilinear forms.

5D. Forms that are trivial in the Witt group. Let € be a hermitian category. By
definition, a unimodular e-hermitian (resp. sesquilinear) form (M, s) is trivial
in W€ (%) (resp. Ws(€)) if and only if there are unimodular e-hermitian (resp.
sesquilinear) hyperbolic forms (Hy, h1), (Hz, hy) such that (M, s) & (Hy, hy) =~
(H3, hy). In this section, we will show that under mild assumptions, this implies
that (M, s) is hyperbolic.

Lemma 5.11. Let M € €, and assume that M is a (finite) direct sum of objects with
local endomorphism ring. Then, up to isometry, there is at most one €-hermitian
hyperbolic form on M.

Proof. For X € €, let [ X] denote the isomorphism class of X. The Krull-Schmidt
theorem (e.g., see [Rowen 1988, p. 237 ff.]) implies that if M = 69;:1 M; with each

M; indecomposable, then the unordered list [M1], ..., [M,] is determined by M.
Let (M, s) be an e-hermitian hyperbolic form on M, say (M, s) >~ (N @ N*, HY}).
Write N = @;_, N; with each N; indecomposable. Then s ~ P;_; Hf, . It is
easy to check that the isometry class of l]-l]f\,i depends only on the set {[N;], [N]]}.
Furthermore, using the Krull-Schmidt theorem, one easily verifies that the unordered
list {[N1], [N{1}, ..., {[N;], [N}]} is uniquely determined by M. It follows that
(M, s) is isometric to a sesquilinear form which is determined by M up to isometry.
O

Proposition 5.12. Let € be a hermitian category satisfying conditions (a), (b) on
page 15. Then a unimodular €-hermitian form (M, s) is trivial in W€ () if and only
if it is hyperbolic.

Proof. Note first that conditions (a) and (b) imply that every object of € is a sum of
objects with local endomorphism rings, hence we may apply the Krull-Schmidt
theorem to €. (For example, this follows from [Rowen 1988, Theorem 2.8.40]
since the endomorphism rings of € are semiperfect.) Let (M, s) be a unimodular
e-hermitian form such that (M, s) =0 in W€(%6). There are unimodular €-hermitian
hyperbolic forms (Hy, h1), (Hz, hy) such that (M, s) ® (Hy, h1) =~ (H3, hy). Using
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the Krull-Schmidt theorem, it is easy to see that there is N € € such that M = N@N*.
Thus, we may consider HY; as a hermitian form on M. By Lemma 5.11, we have
HY ® hi > hy, implying HY, @ hy > s @ h,. Therefore, by the cancellation theorem
of [Quebbemann et al. 1979, §3.4], s >~ HY,, as required. O

Proposition 5.13. Let € be a hermitian category in which all idempotents split and
such that either

(1) € is K-linear, where K is a noetherian complete semilocal ring with2 € K>,
and all Hom-sets in € are finitely generated as K -modules, or

(2) forall M € 6, End¢(M) is semiprimary and 2 € End¢(M)*.
Then a sesquilinear form (M, s) is trivial in W (@) if and only if it is hyperbolic.

Proof. 1t is enough to verify that F(M, s) is hyperbolic in AT, (€) (Theorem 3.2).
The proofs of Theorems 5.2 and 5.4 imply that Ar,(6) satisfies condition (b) of
Section 5A, and condition (a) is routine (see also Lemma 5.17(ii) below). Therefore,
F(M, s) is hyperbolic by Proposition 5.12. (]

Corollary 5.14. Under the assumptions of Proposition 5.13, the map W (€) —
Wi (€) is injective.

Proof. This follows from Propositions 5.13 and 3.5. ([

5E. Odd degree extensions. Throughout this subsection, L/K is an odd degree
field extension and char K # 2. A well-known theorem of Springer asserts that
two unimodular hermitian forms over K become isometric over L if and only
if they are already isometric over K. Moreover, the restriction map (the scalar
extension map) rr /x : W(K) — W(L) is injective. Both statements were extended
to hermitian forms over finite-dimensional K -algebras with K-linear involution in
[Bayer-Fluckiger and Lenstra 1990, Proposition 1.2 and Theorem 2.1] (see also
[Fainsilber 1994] for a version in which L/K is replaced with an extension of
complete discrete valuation rings). In this section, we extend these results to
sesquilinear forms over hermitian categories.

Theorem 5.15. Let € be an additive K -category such that dimg Hom(M, M)
is finite for all M, M’ € 6. Let {*;, w;}ic; be a nonempty family of K-linear
hermitian structures on € and let (M, {s;}), (M, {si’ D) be two systems of sesquilinear
forms over (€, {x;, w;}). Then Ry ;x(M,{s;}) = Rp/x(M', {s]}) if and only if
(M, {s:}) = (M', {s;}).

Proof. By Corollary 4.4, it is enough to prove Ry jxk F(M, {s;}) =Rk F(M', {s!})
if and only if F(M, {s;}) >~ F(M’', {s;}) (with F as in Theorem 4.1). Write
(Z, (a,a?)) = F(M, {s;}) ® F(M', {s]}) and let E = End(Z). Then E is a K-
subalgebra of End(M & M') x End(M @& M’)°P, which is finite-dimensional. By
applying Tz (a.«o0)) (see Section 2C), we reduce to showing that two 1-hermitian
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forms over E are isometric over £ ®k L if and only if they are isometric over E,
which is just [Bayer-Fluckiger and Lenstra 1990, Theorem 2.1]. (Note that we used
the fact that transfer commutes with %,k in the sense of Section 2E.) U

Corollary 5.16. Let A be a finite-dimensional K-algebra and let {o;}ic; be a
nonempty family of K-involutions on A. Let (M, {s;}), (M’ {s!}) be two sys-
tems of sesquilinear forms over (A, {0;}). If M and M’ are of finite type, then
Rk (M, {si}) = Rpx (M', {s]}) if and only if (M, {s;}) = (M, {s]}).

To state the analogue of the injectivity of 7/ : W(K) — W(L) for hermitian
categories, we need to introduce additional notation.

An additive category € is called pseudoabelian if all idempotents in 6 split.
Any additive category 6 admits a pseudoabelian closure (e.g., see [Karoubi 1978,
Theorem 6.10]), namely, a pseudoabelian additive category €° equipped with an
additive functor A — A° : € — €°, such that the pair (€°, A — A°) is universal.
The category €° is unique up to equivalence and the functor A +— A° turns out
to be faithful and full. The category €° can be realized as the category of pairs
(M, e) with M € 6 and e € End¢ (M) an idempotent. The Hom-sets in 6° are given
by Homee (M, €), (M, ¢')) = ¢ Homg (M, M')e and the composition is the same
as in ‘6. Finally, set M° = (M, idy) and f° = f for any object M € € and any
morphism f in ‘6. For simplicity, we will use only this particular realization of
“€°. Nevertheless, the universality implies that the statements to follow hold for any
pseudoabelian closure.

Assume € admits a K-linear hermitian structure (%, ). Then €° is clearly a
K -category, and, moreover, has a K -linear hermitian structure given by (M, e)* =
(M*, e*) and wm,e) = €™ wye € Homegs (M, e), (M**, e**)). Also, the functor
M — M? is 1-hermitian and duality-preserving (the isomorphism (M*)° — (M°)*
being id,y), so we have a faithful and full functor (M, s) +— (M, 5)° = (M°, s) from
Sesq(6) to Sesq(6°). Henceforth, consider € and Sesq(€) as full subcategories of
%° and Sesq(6°), respectively; i.e., identify M° with M and (M, s)° with (M, s).

Lemma 5.17. Let 6, 6’ be two hermitian categories and let F : € — 6’ be an
€-hermitian duality-preserving functor. Then:

(1) F extends to an €-hermitian duality-preserving functor F° : €° — €°. If F is
faithful and full, then so is F°.

(ii) There is a 1-hermitian duality-preserving functor G : Aty (6)° — At (6°). The
functor G fixes At2(€) and induces an equivalence of categories.

Proof. (i) Define F°(M, e) = (FM, Fe) € €°. The rest is routine.

(ii) Let G send (M, M', f, g), (e, €"?)) € AT2(6)° to (M, €), (M, ), ™ fe, e ge)
and any morphism to itself. The details are left to the reader. (]
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Observe that the category €, may not be pseudoabelian even when € is. We
thus set 67 := (6,)°.

Theorem 5.18. Let (6, *, w) be a pseudoabelian K -linear hermitian category such
that dimx Hom(M, M) is finite for all M, M' € 6. Then the maps

WG(QRL/K) . We((@) e Wé((@;) and W(QRL/K) ZWS((G) e WS((@Z)

are injective.

Proof. We begin by showing that W€(R g ) : W (€) — W€ (€}) is injective. Let
(M, s) € UH®(%6) be such that (M, s;) = 0 in W€(%€7). Then there are objects
N, N’ € €9 such that s; @ H§, ~ H}. Let

U,h)=M,s)® (N &N'*,Hy) and E =Ende¢ (U),

and let o be the involution induced by 2 on E. Set E;, = EQg L = Ende: (UL) and
o =0®gidy . Section 2E implies that Ry, x (T ny(M, 5)) =Tw, n,) (ML, s1) =0
in W¢(EL, or), and by [Bayer-Fluckiger and Lenstra 1990, Proposition 1.2], this
means Ty p(M,s) =0 in WE(E, o) (here we need dimg E < 00). Since € is
pseudoabelian, the map Ty ) : €|y — P(E) is an equivalence of categories,
hence the induced map W (T(y p)) : W (€|ly) — W(P(E)) = W(E,0) is an
isomorphism of groups. Therefore, (M, s) = 0 in W€(%|y). In particular, the same
identity holds in W€ (€).

Now let (M, s) € Sesq(‘€¢) be such that (My,s;) = 0 in Wg(67). Then by
Proposition 5.13, (M, 51 ) is hyperbolic in 67 (but not, a priori, in 6). Let F be
the functor defined in Theorem 3.2 and let J be the functor A1, (€); — A1y (61)
of Proposition 3.7. By the lemma, there is a fully faithful 1-hermitian duality-
preserving functor J' := GJ° : A,(6); — Ar:(%€7). Since (M, sy) is hyper-
bolic in 67, there is Q0 € Ar(67) such that F(Mp,s.) ~ (Q @ 0, Hy). Let
Z(M, S) = (M, M, s*a)M, S) and Z(ML, SL) = (ML, My, sszL, SL). Recall
that F(Mp,s;) = FRp x(M,s) = JR gk F(M,s) (Proposition 3.7) and hence
O®Q*~Z(My,s1))=J(Z(M,s))=J(Z(M,s)r). As J' is fully faithful and
its image is pseudoabelian, we may assume Q = J'H for some H € Af,(6)].
We now have J'(H ® H*, Hy) = (Q @ O, Hp) >~ F(M,s.) = J Rk F(M,s),
hence (HOH™*, Hy) >R x F(M, s) in At (€)] . In particular, Ry x F (M, s) =0
in W (AT, (%)} ). By the previous paragraph, this means F(M, s) =0 in W (Ar2(6))
and hence; (M, s) =0 in Wg(6). [l

We also have the following weaker version of Springer’s theorem that works

without assuming € is pseudoabelian:

Theorem 5.19. Suppose that (6, *, ) is a K -linear hermitian category such that
dimg Hom(M, M) is finite for all M, M' € 6. Then W (R k) : W (€) - W (€p)
is injective.
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Proof. Let (M, s) € UH® (%) be such that (M, s;) =0 in W¢(%6.). Then there are
objects Nz, N; such that s @ Hf;, > HS = Since Hf, = (Hf). and [I-I]EL, = (Hy)r,
we have (s ® Hy)r >~ (Hy/)r. By Theorem 5.15, this means that s @ Hy ~ H},
hence (M, s) =0 in W€ (96). U

SF. Weak Hasse principle. In this final subsection, we prove a version of the weak
Hasse principle for systems of sesquilinear forms over hermitian categories. Recall
that the weak Hasse principle asserts that two quadratic forms over a global field k
are isometric if and only if they are isometric over all completions of k. This actually
fails for systems of quadratic forms, and we refer the reader to [Bayer-Fluckiger
1985; 1987] for necessary and sufficient conditions for the weak Hasse principle
to hold in this case. A weak Hasse principle for sesquilinear forms defined over a
skew field with a unitary involution was obtained in [Bayer-Fluckiger and Moldovan
2014].

Let K be a commutative ring admitting an involution o, and let k be the fixed
ring of o. Let € be an additive K -category. A hermitian structure (%, ) on € is
called (K, o)-linear if (fa)* = f*o(a) for all a € K and any morphism f in 6.
(This means that the functor * is k-linear.) In this case, End(M) is a K -algebra for
all M € 6, and for any unimodular e-hermitian form (M, s) over 6, the restriction
of the involution f > s~! f*s to K -idy is o.

Suppose now that K is a global field of characteristic not 2 admitting an involution
o of the second kind with fixed field &, and that ‘6 admits a nonempty family of
(K, o)-linear hermitian structures {x;, w;};c;. For every prime spot p of k, let
k, be the completion of k at p, and set K, = K Q k,, 0, = 0 ®y id, and
%, = 6 ® kp. Then each of the hermitian structures (x;, ;) gives rise to a
(K p, 0p)-linear hermitian structure on 6 ,,, which we also denote by (x;, ;).

Theorem 5.20. Let K be a global field of characteristic not 2 admitting an invo-
lution o of the second kind with fixed field k. Let € be a K -category such that
dimg Hom(M, N) is finite for all M, N € 6, and assume there is a nonempty family
{*i, wi}ier of (K, o)-linear hermitian structures on 6. Then the weak Hasse prin-
ciple (with respect to k) holds for systems of sesquilinear forms over (€, {x;, ;}).
That is, two systems of sesquilinear forms over (€, {x;, w;}) are isometric if and
only if they are isometric after applying R/« for all p.

We will need the following lemma. (The lemma seems to be known, but we
could not find an explicit reference, and hence included here an ad hoc proof.)

Lemma 5.21. Let L /K be any field extension, and let € be an additive K -category
such that dimg Home (M, N) is finite for all M, N € €. Then for all N, M € 6, we
have N = M if and only if Np = M.
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Sketch of proof. By applying Hom¢(M @& N, _), we may assume M and N are
finitely generated projective right modules over R := End(M & N), which is a
finite-dimensional K -algebra by assumption. Let J be the Jacobson radical of R.
By tensoring with R/J, we may assume R is semisimple. Let {V;}; be a complete
list of the simple right R-modules and write

V=@, w,",

the {W;;}; being pairwise nonisomorphic indecomposable R;-modules. The R, -
modules {W;;}; ; are pairwise nonisomorphic because W;; and W ;» are nonisomor-
phic as R-modules when i # i’ (W;; is isomorphic as an R-module to a direct sum
of copies of V;). Assume M; = N and write M = D, Vl.’"", N=@; Vim;. Then
b, W;;?"n"j EMLENLED, WZ’/?I/'""J' . By the Krull-Schmidt theorem, we have
min;j =m;n;; for all i, j, hence m; =m; and M = N. O

Proof of Theorem 5.20. By Corollary 4.4, it is enough to verify the Hasse principle
(with respect to k) for 1-hermitian forms in the category % := Atrp;(€). Our
assumptions imply that % is a (K, o)-linear category such that dimg Hom(Z, Z’)
is finite for all Z, Z’' € 4. We now use the ideas developed in [Bayer-Fluckiger and
Moldovan 2014, §9].

Let (Z,h), (Z',h’) be two unimodular 1-hermitian forms over % such that
R,k (Z, h) = Ry, /1 (Z', 1) for all p. By Lemma 5.21, this implies that Z = Z/,
so we may assume Z = Z'.

Fix a 1-hermitian form A on Z and let t be the involution induced by /g on
E = End(Z) (.e., t(x) = ha]x*ho). There is an equivalence relation on the
elements of E defined by x ~ y if and only if there exists an invertible z € E
such that x = zyt(z). Let H(t, E*) be the set of equivalence classes of invertible
elements x € E* for which x = 7(x). In the same manner as in [Bayer-Fluckiger and
Moldovan 2014, Theorem 5.1], we see that there is a one-to-one correspondence
between isometry classes of unimodular 1-hermitian forms on Z and elements
H(t, EX). Itis given by (Z, 1) = hy't.

Applying the same argument to Z, = Ry, /xZ € G, we see that the weak Hasse
principle is equivalent to the injectivity of the standard map

®: H(r, EX) > [ [H(zp. E)).
14

where E, = End(Z,) = E ® k, and 7, = T ® id,. Observe that since 4 is
(K, o)-linear, t is a unitary involution (and in fact, 7| = o). By [Bayer-Fluckiger
and Moldovan 2014, §9], this means that ® is injective, hence the weak Hasse
holds. O
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Corollary 5.22. Let K be a global field of characteristic not 2 admitting an involu-
tion o of the second kind with fixed field k. Let A be a finite-dimensional K -algebra
admitting a nonempty family of involutions {o;};c; such that o;|x = o. Then the
weak Hasse principle (with respect to k) holds for systems of sesquilinear forms
over (A, {o;:}).
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REALIZATIONS OF THE THREE-POINT LIE ALGEBRA
sl(2, R) @ (R /dR)

BEN COX AND ELIZABETH JURISICH

This paper is dedicated to Robert Wilson.

We describe the universal central extension of the three-point current alge-
bra s1(2, ®), where & =C[¢, t~1, u | u* = t*4+4¢], and construct realizations
of it in terms of sums of partial differential operators.

1. Introduction

It is well known from the work of Kassel and Loday (see [Kassel and Loday 1982;
1984]) that if R is a commutative algebra and g is a simple Lie algebra, both defined
over the complex numbers, then the universal central extension § of g ® R is the
vector space (g @ R) @ Q}e /dR, where Q2 }e /dR is the space of Kihler differentials
modulo exact forms (see [Kassel 1984]). The vector space g is made into a Lie
algebra by defining

x®fy®gl:=[xy]IQ fg+(x,y) fdg, [x®f w]=0

forx,yeg, f,geR, we Q}e/dR, where (—, —) denotes the Killing form on g.
Here a denotes the image of a € Q}Q in the quotient Q}Q /dR. A somewhat vague
but natural question is whether there exist free field or Wakimoto-type realizations
of these algebras. It is well known from the work of Wakimoto and of Feigin
and Frenkel what the answer is when R is the ring of Laurent polynomials in one
variable (see [Wakimoto 1986] and [Feigin and Frenkel 1990]). We find such a
realization in the setting where g = s((2, C), R = C[t, ' u|u?=1>+4¢], and g
is the three-point algebra.

In Kazhdan and Lusztig’s explicit study [1991; 1993] of the tensor structure of
modules for affine Lie algebras the ring of functions regular everywhere except at
a finite number of points appears naturally. This algebra Bremner gave the name
n-point algebra. In particular, in [Frenkel and Ben-Zvi 2001, Chapter 12], algebras
of the form €B}_; g((t — x;)) ® Cc appear in the description of the conformal blocks.

MSC2010: primary 17B67; secondary 81R10.

Keywords: three point algebras, Krichever—Novikov algebras, free field realizations, Wakimoto
modules, affine Lie algebras, Fock spaces.
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These contain the n-point algebras g ® C[( — x)~ L L, (t—xn) '@ Ce modulo
part of the center Qg/dR. Bremner [1994a] explicitly described the universal
central extension of such an algebra.

Consider now the Riemann sphere C U {oo} with coordinate function s, and
fix three distinct points ay, az, a3 on this Riemann sphere. Let R denote the ring
of rational functions with poles only in the set {a;, a2, az}. It is known that the
automorphism group PGL,(C) of C(s) is simply 3-transitive, and R is a subring of
C(s) that is isomorphic to the ring of rational functions with poles at {00, 0, 1, a}.
Motivated by this isomorphism, one sets a = a4 and here the four-point ring is R =
R,=C[s,s™ ", (s—1)7!, (s—a)~'], where a € C\{0, 1}. Let S := S, =C[z, t ™", ul,
where u? = t> — 2bt + 1 with b a complex number not equal to &=1. Then Bremner
has shown us that R, = Sj. As the latter, being Z,-graded, is a cousin to super Lie
algebras, it is thus more immediately amendable to the theatrics of conformal field
theory. Moreover, Bremner has given an explicit description of the universal central
extension of g ® R in terms of ultraspherical (Gegenbauer) polynomials where R is
the four-point algebra (see [Bremner 1995]). In [Cox 2008] a realization was given
for the four-point algebra where the center acts nontrivially.

In his study of the elliptic affine Lie algebras s[(2, R) ® (2g/dR) where R =
Clx, x~ ', y| y*> =4x> — gox — g3], Bremner [1994b] has also explicitly described
the universal central extension of this algebra in terms of Pollaczek polynomials.
Essentially the same algebras appear in [Fialowski and Schlichenmaier 2007; 2005].
Together with Bueno and Futorny, the first author described free-field-type realiza-
tions of the elliptic Lie algebra where R = C[t, 1!, u | u?> =13 —2bt*> —t], b # +1
(see [Bueno et al. 2009]).

Below, we study the three-point algebra case where R denotes the ring of rational
functions with poles only in the set {aj, a2, az}. This algebra is isomorphic to
Cls, s~ ', (s — 1)~!]. Schlichenmaier [2003a] has a slightly different description of
the three-point algebra as C[(z> — a)*, z(z> —a®)* | k € Z], where a # 0. We show
that R = C[t, ¢, u| u? = 12 + 4¢], thus resembling S; above. Our main result,
Theorem 5.1, provides a natural free field realization in terms of a 8-y -system and
the oscillator algebra of the three-point affine Lie algebra when g = s[(2, C). Just as
in the case of intermediate Wakimoto modules defined in [Cox and Futorny 2006],
there are two different realizations depending on two different normal orderings.
Besides Bremner’s article mentioned above, other work on the universal central
extension of three-point algebras can be found in [Benkart and Terwilliger 2007].
Previous related work on highest-weight modules of s[(2, R) can be found in
[Jakobsen and Kac 1985].

The three-point algebra is perhaps the simplest nontrivial example of a Krichever—
Novikov algebra beyond an affine Kac—Moody algebra (see [Krichever and Novikov
1987a; 1987b; 1989]). A fair amount of interesting and fundamental work has
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been done by Krichever, Novikov, Schlichenmaier, and Sheinman on the represen-
tation theory of Krichever—Novikov algebras. In particular, Wess—Zumino—Witten—
Novikov theory and analogues of the Knizhnik—Zamolodchikov (KZ) equations are
developed for these algebras (see the survey article [Sheinman 2005], and, for exam-
ple, [Schlichenmaier and Sheinman 1996; 1999; Sheinman 2003; Schlichenmaier
2003a; 2003b]).

The initial motivation for the use of Wakimoto’s realization was to prove a conjec-
ture of Kac and Kazhdan on the characters of certain irreducible representations of
affine Kac—-Moody algebras at the critical level (see [Wakimoto 1986] and [Frenkel
2005]). Another motivation for constructing free field realizations is that they are
used to provide integral solutions to the KZ equations (see for example [Schechtman
and Varchenko 1990] and [Etingof et al. 1998] and their references). A third is that
they are used in determining the center of a certain completion of the enveloping
algebra of an affine Lie algebra at the critical level, which is an important ingredient
in the geometric Langland’s correspondence [Frenkel 2007]. Yet a fourth is that
free field realizations of an affine Lie algebra appear naturally in the context of the
generalized AKNS hierarchies [Feigin and Frenkel 1999].

2. The three-point ring

The three-point algebra has at least four incarnations.

Three-point algebras. Fix a nonzero a € C. Let

$:=Cls, s, s =D,

R:=Clt,t ", ulu?®=1>+41],

o=, =ClE* —aM)', 22 —a®) |k, j € 7.
Note that Bremner introduced the ring & and Schlichenmaier [2003a] introduced
A. Variants of &R were introduced by Bremner for elliptic and three-point algebras.

Proposition 2.1. (1) The rings % and & are isomorphic by t — s~ (s — 1)? and

Ml—)S—Sil.

(2) The rings R and A are isomorphic.
Proof. (1) Let f : Clt, u] — & be the ring homomorphism defined by f_ () =
sTis—1)2=5s—2+s"", fw)y=s—s""
We first check that

fa? =@+ =(—s")—(-2+s) —4s-2+5") =0

and f_ (t) = s~ (s — 1)? is invertible in &. Hence the map f descends to a well-
defined ring homomorphism f : ® — <. To show that it is onto, we essentially
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solve for s and s~! in terms of # and u. The inverse ring homomorphism of f is
¢ : S — R, given by
t+2+4+u

) =—>—, P =

t+2—u
7 .

In particular, ¢((s — D™ = ¢ 'u —1)/2.

For part (2), observe sl = C[z, (z —a)~", (z+a)~!], so, mapping z to 2as — a,
we get A = Cls, s~ (s = D~!]. Thus an isomorphism between & and R is
implemented by the assignment
t+2—u ~u—1

z—a) ' —. O

-1
t s s
z—>at+u), ((z+a) +— 1 1

The universal central extension of the current algebra g ® . Let R be a com-
mutative algebra defined over C. Consider the left R-module F = R ® R with left
action given by f(g®h) = fg®h for f, g, h € R, and let K be the submodule
generated by the elements | ® fg— f®g—g® f. Then Q}e = F/K is the module
of Kdhler differentials. The element f ® g+ K is traditionally denoted by fdg.
The canonical map d : R — Q}e isgiven by df =1® f + K. The exact differentials
are the elements of the subspace dR. The coset of fdg modulo dR is denoted by
fdg. As Kassel has shown, the universal central extension of the current algebra
g ® R, where g is a simple finite-dimensional Lie algebra defined over C, is the
vector space § = (g ® R) ® Q% /dR, with Lie bracket given by

x®fY®gl=[xyl® fg+(x,y)fdg, [x®f w]=0, [0 o]=0,

where x,y € g, w, 0 € Q}e/dR, and (x, y) denotes the Killing form on g.

There are at least four incarnations of the three-point algebras, three of which are
defined as g® R® Qg /dR where R =%, R, s given above. The fourth incarnation
appears in [Benkart and Terwilliger 2007] and is given in terms of the tetrahedron
algebra. We will only work with R = R.

Proposition 2.2 ([Bremner 1994a]; see also [Bremner 1995]). Let R be as above.
The set
{wo:=t"1dt, w; =t ludt}

is a basis of 525t JdR.

Proof. The proof follows almost exactly along the lines of [Bremner 1995] and
[Bremner 1994a]. We know by the Riemann—Roch theorem that the space Qg /dR
of Kihler differentials modulo exact forms on the sphere with three punctures has
dimension 2 (see [Bremner 1994a]). We have the following formulae:
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d(*) = ki* ' dz,
(2-1) d(t*u) = t* du + kt*'u dt,

_ k43
4k+6

(2-3) *ldr = %d(r") =0 mod d% for k # 0.

(2-2) t*udr = *udr  mod d®R,

By Equations (2-1), (2-2), and (2-3), we conclude that Qg /d?R is spanned by
{t=Vdt, t udt}. O

Corollary 2.3. In Q}e /dR, one has

(2-4) thdt! = —k5[’_k wq,
(2-5) thud(t'u) = (L + Dk, -2 + (4 +2)8k11,—1) o,
(2-6) *d(tlu) = k& _ 1.

Proof. Using (2-1) above, we obtain

*d(t'u) =1 wde 41 du)
=1y de + 1 du
=1 de — (+ k) de
= —kt'"* 1y dr
= —k84x.0t 'udt mod dR

in Qg /%.
Next we observe u du = $d(u?) = 1d(t*> + 4t) = (t +2) dt, so in Qg,

(2-7) *udu = ¢ 4+ 26%) dr.
By (2-7) and (2-3),
Fud(d'w) =tud\udt +t du)  in Qg

= (lt“’k_lu2 dt +t"+*y du)
— (ltl+k—1(t2 +4t) dt+(tl+k+1 +2tl+k) dt)
:l(tk+l+l +4tk+l) dt + (tl-i-k-i-l +2[l+k) d[)
=+ D" dr + @1+ 2)f5 dr
= (4 D8kss—2+ (AL +2)847 1)t~ dt  mod R.

This completes the proof of the corollary. (]
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Theorem 2.4. The universal central extension of the algebra s1(2, C) Q R is iso-
morphic to the Lie algebra with generators e,, e,lq, s n], hy, h,ll, nez,wy wi,
and relations given by

(2-8)  [xm, xnl:=[xm, x,ll] = [x,L, x,]l] =0 forx=e,f,

2-9)  [hm, hn] == —2mby —pwo = (n — M)y, —y wo,

(2-10) [hy. iyl :=2((1 + D8, —2 + (41 +2)8p 0,10
= (n—m)(mtn,—2 +48min,—1)w0,

Q-11) [y, b} = —2m8, 01,

(2-12) [wi, xp] :=lwi, w;j]=0 forx=e, f,handi, j € {0, 1}

(2-13) lem, ful :=hmen —mbp —nwo,

2-14) [em, f1:=hpy iy — M o1 =t [e},, fu],

(2-15) [ep. £11:= hurns2 + Shminsr + (0 + Dmgn,—2 + (A1 +2)8 10,1 )0
= Ringns2 + Yhmsnsr + 50— m) Spin,—2 + 48m4n,—1) w0,

(2-16) [hp, en] :=2em+n,

Q-17) [h, €] :=2e,, ., =: [hy,, em],

(2-18) [hy, €] = 2€m4n12 + 8emint1,

(2-19) [hm, ful = =2 fntn.

(2-20) [, f1:==2fprp =t [Apy. fnl.

2-21) [hy,, fi1:= =2 fmins2 = 8 fmint1,

forallm,neZ.

Proof. Let  denote the free Lie algebra with generators e,,, e,ll, ) nl, hy, h,ll, ne’z,
wyp, @1, and relations given above in (2-8) through (2-21). The map

¢:f— 5I2,C)RR) B (QLar/dR)
given by

pen) =e®@1t",  Ple,) =eQ@ut",

p(f0)=f&1", ¢(f)=f®ut",

P(hy):=h®t", $(hy)=h@ut",

P(wo)i=17Vdt,  ¢(w) =t"ludr,

for n € Z, is a surjective Lie algebra homomorphism.
Consider the subalgebras Sy = (e,, e\ |n € Z), Sy = (hn, h., wy, w1 |n € Z), and
S_={fu, fn1 |neZ),and set S =S_+ 5o+ S4+. By (2-8) through (2-12), we have
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Sy=) Cen+) Cep. S_=Y Cf,+Y Cf,.
neZ nez nez neZ
So=Y Chy+Y_ Ch,+Cawo+Co.

neZ nez

By (2-13) through (2-18), we see that

len, Sil=1[e), S,1=0, [h,, S;1SS,, [h),S,1CS,,
[fnr S+1C S0, [f), S:1S S0,

and similarly [x,, S_]1 =[x}, S_1C S, [x4, Sol = [x,}, So] C S for x = e, f, h. To
sum up, we observe that [x,, ST C S and [x,%, S]CSforneZ,x=h,e, f. Thus
[S, S]C S. Now, S contains the generators of f and is a subalgebra. Hence S = f.
Now it is clear that ¢ is a Lie algebra isomorphism. ([

3. A triangular decomposition of the three-point loop algebras g ® R

From now on we identify R, with & and set R = &, which has a basis t', t'u
fori € Z. Let p: R — R be the automorphism given by p(¢) =t and p(u) = —u.
Then one can decompose R = RO°®R', where RO =C[t*'] = {reR|p(r)=r}and
R'=C[tT lu={reR| p(r) = —r} are the eigenspaces of p. From now on, g will
denote a simple Lie algebra over C with triangular decomposition g=n_@®HPn,
and then the three-point loop algebra L(g) := g ® R has a corresponding Z/27-
grading: L(g)' :=g® R’ for i =0, 1. However, the degree of ¢ does not render
L(g) a Z-graded Lie algebra. This leads us to the following notion:

Suppose [ is an additive subgroup of the rational numbers Q and o is a C-algebra
such that d = €p,_; sd;, and that there exists a fixed / € N with

ﬂi-ﬁj C @ A
lk=(+ =l

iel

for all i, j € Z. Then « is said to be an [-quasigraded algebra. For nonzero x € i;,
one says that x is homogeneous of degree i and one writes degx = .
For example, R has the structure of a 1-quasigraded algebra, where I = %Z and
degt’ =i, degtiu=i+3.
A weak triangular decomposition of a Lie algebra [is a triple (9, [, o) satisfying
(1) b and [, are subalgebras of I,
(2) his abelian and [, [L] C 4,
(3) o is an antiautomorphism of [ of order 2 which is the identity on b, and
@ I=Lebeo(ly).
We will let o ([;) be denoted by [_.
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Theorem 3.1 [Bremner 1995, Theorem 2.1]. The three-point loop algebra L(g) is
a 1-quasigraded Lie algebra where deg(x ® f) = deg f for f homogeneous. Set
R, =C0 +u)®Cl[t,ult and R_ = p(Ry). Then L(g) has a weak triangular
decomposition given by

L@+=9®R:, #H:=HeC.

Formal distributions. We need some more notation that will simplify some of
the arguments later. This notation follows roughly [Kac 1998] and [Matsuo and
Nagatomo 1999]: The formal delta function §(z/w) is the formal distribution

S(Z/IU) :Z_l Zz—nwn — w—l Zznw—n‘
neZ neZ

For any sequence of elements {a,, };<z in the ring End(V), V a vector space, the

formal distribution
a(z) == Zamz_m_l
meZ
is called a field if for any v € V, a,,v =0 for m > 0. If a(z) is a field, then we set
(3-1) a@-=Y anz """ and a@y=) anz "
m=>0 m<0

The normal ordered product of two distributions a(z) and b(w) (and their coeffi-
cients) is defined by

(3-2) Z Z cambn 27" T = ta()b(w): =a(z)+b(w) +b(w)a(z)_.

meZ neZ

Now we should point out that while qal(zy) -+ a™(zy): is always defined as a
formal series, we will only define :a(z)b(z): := lim :a(z)b(w): for certain pairs
w—z
(a(z), b(w)).

Then one defines recursively

:al @)tz = a' @) (@ @) G d T @D @) )
while the normal ordered product
:a'(2) - d"(2): =ZI’Z2’1_i_r_gM:al(zn(:azm)(: id N gepd @) )
will only be defined for certain k-tuples (a', ..., ak).
Let
(3-3) lab] = a(z)b(w) — :a(2)b(w): = [a(z)-, b(w)],

(half of [a(z), b(w)]) denote the contraction of any two formal distributions a(z)
and b(w). Note that the variables z, w are usually suppressed in this notation when
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no confusion will arise.
1 1 _ i—-+ 1 ._
Form_z—i,zEZ+§andxeg,deﬁnexm+%_x®t 2u=ux, and x, :=xQt".

Motivated by conformal field theory, we set
D DNE L NIEE) P
meZ meZ

Then the relations in Theorem 2.4 can be rewritten as

G4 [x(), yw)] =[x, yIw)8(z/w) — (x, Y)wodwd(z/w),
(3-5) [x'(@), y' )] = P([x, yl(w)d(z/w) — (x, y)wodwd (z/w))

— 5(x, )@ P)wod (z/w),
(3-6)  [x(2). y' (W)l =[x, yI' W)d(z/w) — (x, Y)w19,8 (z/w) = [x' (2), yw)],

where x, y € {e, f, h}.

4. Oscillator algebras

The B-y system. In the physics literature, the following construction is often called
the 8-y system, which corresponds to our a and a* below Let a be the infinite-
dimensional oscillator algebra with generators a,,, a* al,al* nez together with 1,

n’ n’ I’l ’
satisfying the relations
[an, am] = [am, a)] = [am, al*] = [a, a;;;] =[a’, a)1=1[a} a'*1=0,
lal,al1=1al* a*1=0= [a, 1],
[an, am] = 8mqn0l = [an7 m 1.

For ¢ = a, a', and respectively X = x, x!, with r =0 or r = 1, we define C[x] :=
(an,x |n € Z]and p, : a — gl(C[x]) by

9/0X,, if m>0andr =0,
4-1 i=
-1 Pr{em) {X m otherwise,

X_ ifm <0, and r =0,
4-2) pr(cy) = " .

—d/0X_,, otherwise,

and p, (1) = 1. These two representations can be constructed using induction: For
r = 0, the representation py is the a-module generated by 1 =: |0), where

anl0) =al|0)=0form >0 and a|0) =a,}1*|0) =0form > 0.
For r = 1, the representation p; is the a-module generated by 1 =: |0), where

a*)0) =a'*|0y =0 form € Z.
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If we define

(4-3) a(z) = Zan["*l, a*(2) = Za:z*”
neZ neZ

and

(4-4) al(z) = Za,ll["*l, a*(z) = Za}l*z’",
nez nez

then

[2(2), a(w)] = [ (2), &* ()] = [a' (2), &' (w)] = [0 (2), &« (w)] = 0,
[2(2), o*(w)] = [ (2), & (w)] = 18 (z/w).
Note that p;((z)) and p;(a!(z)) are not fields, whereas p, (¢*(z)) and p, (a'*(z2))
are always fields. Corresponding to these two representations there are two possible

normal orderings: For r = 0 we use the usual normal ordering given by (3-1) and
for r = 1 we define the natural normal ordering to be

a(z)y =a(z), a(z)- =0,
'@y =a'(2), a'(z)-=0,
a*(z)+ =0, o (z)- =a*(2),

a(2); =0, a*(2)_ = a(2).

This means in particular that for r = 0 we get

(4-5) lea*] = (@), &* ()] =Y Sminoz " w "

m>0

=5 (z/w) = Lz’w<z+)7

w

(4-6) LO[*OlJ = - Z 8m+n,05_mw_n_l = —8+(w/z) = LZ»w(w1_Z>’

m>1

(where (; ,, denotes Taylor series expansion in the “region” |z| > |w|), and, for
r=1,

(4-7) lae™| =[a(2)-, " (w)] =0,
(4-8) lofa] =[a* (@), a)] == > Sninoz "w ™" =—8(w/2),

m,neZ

while similar results hold for ' (z). Notice that in both cases we have

lo(2), " (w)] = le(@)e™ (W) | — [ (w)a(2) | =8(z/w).

Recall that the singular part of the operator product expansion
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N—-1

1 .
lab] = Z Lz,w(m)cj (w)

j=0
completely determines the bracket of mutually local formal distributions a(z) and
b(w). (See Theorem A.3 of the appendix). One writes

N-1

a(z)b(w) ~ Z

j=0

¢/ (w)
(z —w)/tl’

The three-point Heisenberg algebra. The Cartan subalgebra b tensored with R
generates a subalgebra of § which is an extension of an oscillator algebra. This
extension motivates the following definition: The Lie algebra with generators
bm,bl,m e 7,1y, 1, and relations

4-9) (b, byl = (n —m) 840,010 = —2m 800 Lo,
(4-10) (b, by] = (0 — M) Spsn,—2 + 48m4n.—1) 1o

= 2((n+ D)8pin,—2+ (41 +2)8min 1) 1o,
“4-11) [b}n,bn] =m—m)by,—nl1 = —2mé, _,11,
(4-12) (b, 101 = [b),, 1] = [, 1] = [b,,, 1;] = 0.

We will give it the appellation the three-point (affine) Heisenberg algebra, and
denote it by 3.
If we introduce the formal distributions

@13)  B@i=) bz B@=) b =) bz
nez neZ nez

(where b, 1= b,ll), then, using calculations done earlier for the three-point Lie
algebra, we can see that the relations above can be rewritten in the form

[B(2), B(w)] =2103,8(z/w) = —28,,6(z/w)1y,
[8'(2), B' (w)] = —2((w? + 4w) 3,8 (z/w) + (2 + w)8(z/w) )10,
[8' (@), B(w)] =29,8(z/w)1; = —23,,8(z/w)1;.

Set
by =) (Cb,+Cbh)), HY:=Cly®Cl, & Chy& Ch.

nz0

We introduce a Borel-type subalgebra
b3 = 6; 52 6(3)

From the defining relations above, one can see that b3 is a subalgebra.
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Lemma 4.1. Let V' = Cvg & Cv; be a two-dimensional representation of 6; with
63+v,- =0fori=0,1. Suppose \, u, v, x, x1, ko € C are such that

bovy = Ay, bovy = Avy,
b(l,vo = uvg + vvy, b(l)vl = XV + uvq,

111),‘:)(11),‘, loviIKov,‘ fOl’iIO,l.

Then the above equations define a representation of 63 onV.

Proof. Since b,, acts by scalar multiplication for m, n > 0, the first defining relation
(4-9) is satisfied for m, n > 0. The second relation (4-10) is also satisfied as the
right-hand side is zero if m,n > 0. If n = 0, then since by acts by a scalar, the
relation (4-11) leads to no condition on A, 1, v, %, X1, ko € bg. If m>0andn >0,
the third relation doesn’t give us a condition on x| as

0=">b! b,v; —b,blv; =[], b,Jv; = =28, _.mx1v; =0.
If m = n =0, the third relation however becomes
0 = Abyv; — byAv; = bibov; — bobjv; = [b, bolv; = =2 - 0x1v; =0,

so there is no condition on ;. O

Let Bé denote the linear transformation on V" that agrees with the action of
b(l). If we define the notion of a 63-submodule as is done in [Sheinman 1995,
Definition 1.2], then V" above is an irreducible 63—m0dule when »xv # 0, that is,
when det B} # °. If one induces from ', the resulting representation for the three-
point affine algebra cannot be irreducible if " is not irreducible as a quasigraded
module itself.

Let C[y] := Cly_,, y.,, |m, n € N*]. The following is a straightforward com-
putation:

Lemma 4.2. The linear map p : 63 — End(Cly] ® V') defined by

4-14) p(bn) = yu forn <0,
(4-15) p(by) =y, +8n-19,1 X0 = 8n,—33y1 X0 forn <0,
(4-16) p(b,) = —n(20,_,x0 +28ylnX1) forn >0,
4-17) ,o(b,i) =—2ndy_, x1+ 2(n+2)8y1_n_4)(0 — 4c(n+l)8y1_n_2)(0 + 2n8yln X0
forn >0,

(4-18) p(bo) = 1.
(4-19) p(by) =431 x0 —2cd,1 X0+ By,

is a representation of bs.



REALIZATIONS OF THE THREE-POINT LIE ALGEBRA s((2, R) ® (Qq,/dR) 39

5. Two realizations of the affine three-point algebra g

Assume that xo € C, and define ¥ as in Lemma 4.1. The «(z), ! (z), @*(z), and
a'*(z) are generating series of oscillator algebra elements as in (4-3) and (4-4).
Our main result is the following:

Theorem 5.1. Fix r € {0, 1}, which then fixes the corresponding normal ordering
convention defined in the previous section. Set § = (s(2, C) @ R) & Cwy ® Cwy.
Then, using (4-1), (4-2) and Lemma 4.2, the following defines a representation of
the three-point algebra § on C[x] Q C[y] ® V-

T(w1) =0, T(wo) = X0 = ko + 43,0,
7(f(2)) = —a(2), t(f' () =—a'(2),
T(h(2)) =2Ca(@)e*(@): + @' @a*(2):) + B,
t(h'(2)) =2Cal @)a*(2): + (2 +42):a(@a'*(2):) + BL(z),
T(e(2)) =:a(2)(@*(2))*: + (2> +42):a(2) (@ (2)*: +2:a' ()" (D) (2):
+B@e* (@) + B (@) (2) + xo0de* (2),
(' (2)) = o' (@a*(D)a*(2) + I +42) (' () (@ (2)* +2:a(R)a* (D) (2)1)
+B1 (2 +(2+42) B(D)a* (2)+x0 (22 +42) 0.0 () + (2 +2)a ¥ (2)).

Before we go through the proof, it will be fruitful to review Kac’s A-notation
(see [Kac 1998, Section 2.2] and [Wakimoto 2001] for some of its properties), used
in operator product expansions. If a(z) and b(w) are formal distributions, then

o0

[a(2), bw)] =)

j=0

(agjb)(w)
(Z _ w)j-H

is transformed under the formal Fourier transform
sz’wa(z, w) = Res, " a(z, w)
into the sum
o .
A
[ab] = A
j=0
Set
P(w) = w? +4w.

So for example we have the following:
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Lemma 5.2. Given the definitions in the previous section, we have

(D [BL 8= —QW? +4w)r + Quw +4))ko = —(2PA + 3 P)xo,
2) [raa™:) aa™:]= =604,
(3) La(a®)?:; ta(a*)?:] = —48,0:a*da*: — 48,01 (a*)?: M.

Note that similar expressions hold for o' (z) and &'*(z) (the A-notation suppresses
the variables z and w, which are understood).

Proof. We’ll prove (2) and (3). By Wick’s theorem,

(D)o () a(w)a®(w):
= (" (Qa(w)a™(w): + [a(z), a™(w) ] :a(w)a™(2):
+ o (2), a(w) | ra()a™(w): + [a(z), a*(w) | la*(2), a(w) ]

= (e (W) @e W) + o (w)a* () :Lz,w(z%u)

1 1 \2
+ ra (D)o (w) ity (—) —80lz.w <—)
w—z 7—w

and
[a()a* ()%, a(w)a* (w)?:]
=2:a(2)a* (D)ot (w)?:8(z/w) — 2:a(w)a*(2) a* (w) :8(z/w)
— 48,00 () (w) 0,8 (z/w)
= —48,0:0"(2) 0y (@ (w):8(z/w)) +48,0:0" (2) D™ (w) :8(z/w)
= —48,.0: 0y (@ (w)a™(w):8(z/w)) + 48, 0:a™ (W)™ (w):8(z/w)
= —48,.0: 00" (W)™ (w):8(z/w) — 48, 0: 0 (W)™ (w): 9,8 (z/w). O

Proof of Theorem 5.1. We need to check the following table is preserved under t:

(-1 ] fw) flw) hw) A'(w) e(w) e'(w)
f @ 0 0 * * * *
() 0 * * *
h(z) * * *
h'(2) * * *
e(2) 0 0
e'(z) 0

Here, * indicates nonzero formal distributions that are obtained from the defining
relations (3-4), (3-5), and (3-6). The proof is carried out using Wick’s theorem,
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Taylor’s theorem, and Lemma 5.2, as one can see below:

[L(r(HI=0, [t(Mr(fHI=0, [c(fe(fHI=0,
[T(Hat ()] = [, 2aa* +a'a'™) + B)] = =20 = 27(f),
[t(/arh)] = —[e,Q'a* + Paa'™) + 1] = —2a' =27(f),
[T(fat(e)] = —[osGala®)?: + Pra(a'™)?:
+2:alata: 4 ot + Bla* + xoda®)]
=2(aa’: +:a'a'™:) = B — xor = —1(h) — x0h,
[t(frtle)] = —[an(e' (@) + Pa' (@) +2:aa*a'*:)
+Bla* + PBa' + xo(Pda™ + J0 Pa'™))]
= 20¢ale*: + Paa) = Bl = —z(hY),
[t(fr)] = —lo;Caa*: +:a'a™:) + B)] = 2o =22(f1),
[t(fDrh)] = —[o) QCa'a*: 4+ Praa'™:) + )] = —2Pa’ =2P7(f),
[z(fHat(e)] = —[a) Ga(@®)?: 4+ P:a(a!™)*:
+2:at ool + Bat + Bla'* + x00a™)]
=—QP:aa™: +2:a'a*: + g = -1,
[r(fDat(e)] = —[o)(@' (@) + P(a' (@) +2:aa*a'™:)
+Bla* + PBa' + xo(Pda"™ + L(@P)a'™))]
=—(PQCa'a"™: + :aa®:) + B+ xoh) + 300 P)
= —(Pt(h)+ Pxoh+ x030P).
Note that :a(z)b(z): and :b(z)a(z): are usually not equal, but sl (e (w): =
ca(w)a' (w): and o(w)a*(w): = :o*(w)a(w):. Thus, we calculate
[t(h),t ()] =[QRGaa™: + :a'a™:) + ), 2Caa™: + :a'a'™:) + B)]
=4(—:aa*: + afa: —ala 4 e ol ) — 88,04+ [B1B]
= —2(48,.0 + ko)A,
which can be put into the form of (3-4):
[t (h(2)), T(h(w))] = —2(43,0 + Kk0)wd (z/w)
= —2x00w8(z/w) = T(—2wpdy,d(z/w)).

Next, we calculate

[t(h),t(hH] = 4((:0[*0(1: ol )+ P(—aa: + :al*(x:)) +[B:.8'1.
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Since [a, ay] = [a,, a1 = 0, we have [z(h(2)), T(h' (w))] = [B(2), B! (w)] =0
As t(w1) =0, relation (3-6) is satisfied.
We continue with

[t(hY)t (WD = [QGa'a*: + Piaa™ ) + B, 2Ca a*: + Praa™:) + )]
= —88, 0P — 48,09 P — 2k0(PA+ 33 P),
yielding the relation

[2(h' (2)), T(h' (W))] = =2(48,0 + K0) (W* +4w)8,, 3 (z/w) + (w +2))8 (z/w))
= 17(=(h, h)wo P, (z/w) — %(h, h)d Pwod(z/w)).
Next we calculate the 4 paired with the e:
[t(it@] = [QCaa™: +:a'a':) + ),
Cale™?: + Pa@™)?: +2:a'a*a: + Ba* + Bla'™ + x09a™)]
— dia(a)?: — 2:a(a*)?: — 48, 00" A
—2P:a(a™)?: +4:aala: 4 20 ,3+2Xoa*)»+2)(08a
+4P a(a'™)?: — 48, 0o 1+ 28 — 20a*k
=21(e)
and
[t(h")t(@)] =2:a' (@) +2P:a' (@) +4P:aa*a™
+28(z/w)a*B +2PBa* + 2P xoda* +dPa'* xo
=27(e")
Similarly, [z (h),t(e')] =2t(e!) and [t (h!),T(e!)] =21 (e").
We prove the Serre relation for just one of the relations, [t (e), T (e")]; the proof
of the others, [t (e);7(e)] and [t (e!); (e")], is similar, as the reader can verify.
After expanding the definitions and collecting terms, we have
[7(e)rz(eh)]
=[a(e®)?:Cal (@) +2P:ac*a': + Bla™)]
+Pra@)?nCal @) + PG (@) + 21 a™:) + Bla")]
+[2:el o e (@ (@) + PGal (@) +2:aat e’ ) + PRa ™
+ xo((w? +4w)da™ + (w +2)a')) ]
+[Ba* QP aa*a: + Bla* + PBa'™)]
F[Bla", ol (@) + Pal@™)? + Bla* + PBat)]
+ [x0da*, 2P :aa*a'*:)]
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=2:a'a* (@) + 2P (@) e — 4P a(a*) e — 48, 0Pt A
—48,0P: 0" 4+ Bl(a*)? —2P:a(a®) e +2Pa a* ('*)?
— 48, 0P:a a* h — 48,00 P o a*: — 48, 0P o ot
—2P%: (@™’ + 2P a(a'): 4+ PB (@')?

—2:ala* (@) + 4P« e (@) = 2P0t a* (@)

— 48, 0P a*a A — 48, 0P: 3 ()

+4P (@)’ — 4P o a* (a')?:

— 48, 0P a*a:h — 45,0P'a*8o{1*:+2P,3'a*a1*
+2x0(P:da*a'™: + Pia*da'™: + Pra*a™ A+ S(3P):aa'™:)
—2PBa*a'* — 2kgPa*a A — 2k PO * '

— Bl @®)? = PB (@) — ko@QPa* oA+ 2Pa*da" + d Pa*a')
+2x0Pofa* A

= —48, 0P :a*a A — 45,0 P3N + 1 (2:a%da*: 4 (@) :0)
— 48, 0P a a* h — 48,00 P ot — 45, 0P da ot
— 48, 0P oA — 45,0 P: 8(a Nal*: — 48, 0P :afa* A — 48, 0P :a*dal*:
+2x0(P:da*a™: 4+ Pia*da™: + Pra*a™: A+ S(OP):a*a'™:)
—koPa*a A — kP
—koQPa*a A +2Pa*da" + dPa*a'®)
—2x0Pa*a'*a

=0. ]

6. Further comments

We plan to use the above construction to help elucidate the structure of these
representations of a three-point algebra, describe the space of their intertwining
operators, and eventually describe the center of a certain completion of the universal
enveloping algebra for the three-point algebra.

Appendix

For the convenience of the reader we include the following results, which are useful
for performing the computations necessary for proving our results:

Theorem A.1 (Wick’s theorem [Bogoliubov and Shirkov 1980; Huang 1998; Kac
1998)). Let a'(z) and b’ (z) be formal distributions with coefficients in the associa-
tive algebra End(C[x] ® Cly])), satisfying:

(1) [la' (@b (w)], () £]=[la’b’ |, F(x)+]1=0foralli, j, k and c*(x) =a*(z)
or c*(x) = bF(w).
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() [@'(2)+, b/ (w)+]1 =0foralli and j.
(3) The products

la" b/ ] - @b’ | ra'(2) - --a ()b (w) - BN (W) 1y i)

have coefficients in End(C[x]Q C[y]) for all subsets {iy, ...,i;} C{1,..., M},
{ji,..., js} € {l,---N}. Here, the subscript (i1, ...,i; ji,.-.., js) means
that those factors a'(z), b’ (w) with indices i € {i1, ..., is}, j € {j1, ..., js}
are to be omitted from the product :a' - --aMb' - .- bN :, and when s = 0 we
do not omit any factors.

Then

ca'(R)---a" (@) b (w) - BV (w) :
min(M,N)
= Z Z @b/ ] - labbP | al(z) - - - a™ ()b (w) - - - BN (w) i yeomsds: 1o ) -

s=0 ij<--<iy

I

Theorem A.2 (Taylor’s theorem [Kac 1998, Theorem 2.4.3]). Let a(z) be a formal
distribution. Then, in the region |z — w| < |w|,

o
(A-1) a(z)=y_ P aw)(z—w).

j=0
Theorem A.3 [Kac 1998, Theorem 2.3.2]. Set C[x]=C|x,, x |neZ]and Cly] =
Clym, L |m € N*1. Let a(z) and b(z) be formal distributions with coefficients in

the associative algebra End(C[x] ® Cly]), where we are using the usual normal
ordering. The following are equivalent:
N-1
(i) laz). bw)] =Y 858(z — w)c/ (w),
j=0
where ¢/ (w) € End(C[x] ® @[ Dlw, w=].

(i) lab] = ZLZ w( YRR >cf(w).
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MULTI-BUMP BOUND STATE SOLUTIONS
FOR THE QUASILINEAR SCHRODINGER EQUATION
WITH CRITICAL FREQUENCY

YUXIA GUO AND ZHONGWEI TANG

We study the existence of single- and multi-bump solutions of quasilinear
Schrodinger equations

—Au+AV@u—L(AluPu = u|Pu,

the function V being a critical frequency in the sense that inf, _zv V (x) = 0.
We show that if the zero set of V has several isolated connected components
21, ..., 2, such that the interior of 2; is not empty and 9€2; is smooth,
then for A > 0 large, there exists, for any nonempty subset J c {1, 2, ..., k},

a standing wave solution trapped in a neighborhood of |J ;.
jelJ

1. Introduction and main results
Consider the following quasilinear Schrodinger equation:
(1-1) —Au+AV(@x)u— 2 AluPu = ul’?u in RY,

where N > 3, A > 0 is a parameter, 4 < p < 2-2*, and 2* is the critical Sobolev
exponent.

We are interested in the ground state solutions for (1-1), i.e., the positive solutions
with least energy. Solutions of this type are related to the existence of standing
wave solutions for the following quasilinear Schrodinger equation:

(1-2) idw=—hAw+Vxw— f(w>w—kAr(w»Hh' (w?w in RV,

where V is a given potential, / is the Planck constant, & is areal constant, and f, h are
real functions. Such quasilinear equations appear naturally in mathematical physics,
and have been derived as models of several physical phenomena corresponding to
various types of & (see, for example, [Brizhik et al. 2003; Brihaye and Hartmann
2006; Briill and Lange 1986; Hartmann and Zakrzewski 2003; Kurihura 1981], and
the references therein).

Guo was supported by NSFC(11171171, 11331010). Tang was supported by NSFC(11171028).
MSC2010: primary 35Q55; secondary 35J65.
Keywords: multi-bump bound states, quasilinear Schrodinger equation, Orlicz space.
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Due to its significant application in mathematical physics, the equation (1-2)
with k£ = 0 (the semilinear case) has attracted much attention in recent years. Many
authors have obtained existence results for one-bump or multi-bump bound state
solutions under different assumptions on the potential function V. We refer the
readers to [Ambrosetti et al. 1997; Ambrosetti et al. 2001; Bartsch and Wang 2000;
Cingolani and Lazzo 2000; Cingolani and Nolasco 1998; del Pino and Felmer 1998;
del Pino and Felmer 1997], and the references therein.

In the quasilinear case (that is, the equation (1-2) with k #~ 0) we observe that, due
to the presence of the quasilinear term, there is a different critical exponent than in the
semilinear case, as observed in [Liu et al. 2003]; the number g =2-2* =4N /(N —2)
behaves as a critical exponent for the quasilinear equation. There has been much
recent work concerned with the quasilinear Schrédinger equations (1-1) and (1-2).
For instance, in [Colin 2003], a change of variables was used to prove the existence
of soliton wave solutions; see also the paper by Liu, Wang and Wang [2003], where
a change of variables was also used. In [Colin and Jeanjean 2004], various existence
results for standing wave solutions to (1-1) for special f and & are obtained. For the
stability and instability results for a special case of (1-2), we also refer the reader
to [Colin et al. 2010].

For more recent related work on the quasilinear Schrddinger equation with critical
exponents, we refer the reader to, for instance, [Liu et al. 2013; 2012; do O et al.
2010a; 2010b, Lins and Silva 2009], and to the references therein.

The current paper is concerned with the existence of one-bump or multi-bump
bound states for the following quasilinear equation with frequency V:

—Au+AV@u — L AuPu=[ul’"*u in R".
Our hypotheses on V are:
(V) V e C(RV, R) satisfies V (x) > 0 and liminfj,| o V(x) > 0;
(V) Q:=int V~(0) is nonempty, bounded, has smooth boundary, and Q@ = V~1(0);

(V3) 2 consists of k components:
QL=Q1UQU--- U,
and Q; ﬂS_Z.,- =g foralli #j.

For the proof of the main theorem, we follow the idea of Y. Ding and K. Tanaka
[2003] to modify the nonlinearity and use the decay flow. We point out that,
although this idea has been used before to deal with other problems, it is not at all
trivial to adapt the procedure for our problem. The appearance of the quasilinear
term A(|u|?)u forces us to consider our problem in an Orlicz space, and more
delicate estimates are also needed.
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To state the main results, we first introduce some necessary notation. We denote
AV (x) by Vi (x). Formally, we define the functional J, by

(1-3) L =13 / (1 +u?)|Vu|® dx + %/ Vi ()u? dx — 1 / lu|? dx,
R RY P Jry
whereue X :={ue H'(RV) | fRN V;.(x)u? < 0o}. Note that, under our assumptions,
the functional J, is not well defined on X. We make the following change of
variables, which was first used by Liu, Wang, and Wang [2003].
Let v = h(u) = %u«/l +u?+ %ln(u +/1+u?), sodv=+1+u?du. More-

over, h(u) satisfies

u if lul <« 1,
(1-4) h(u) ~ {1 .

§u|u| if |u| > 1.

Since A'(u) > 0, h(u) is strictly monotone and hence has an inverse function
denoted by u = f(v). Obviously,

v if lu] <« 1, £y = 1
VIOl i > 1, 1+ 2

Let G(v) = f%(v). Then

1-5) fw)~ {

v if | < 1,

— £2(0) ~
(1-6) G =, {2|v| if [v| > 1,

and G (v) is convex, so there exists Cy > 0 such that G(2v) < CyG (v),
2 2
S () . G'(v) = X 5 > 0.
V1+ f2(v) (14 f=())

Now we introduce the Orlicz space (see [Rao and Ren 1991])

Eé = :v‘ /RN ViG() < +oo}

equipped with the norm

(1-7) G'(v) =

lo|% = infg<1 +/ ViG(E ) dx).
£>0 RN

Then Eé is a Banach space (see [Liu et al. 2003]).
Let

Hé = {v € Eé‘ f |Vu|? dx < oo},
RN

equipped with the norm
vl = Vo2 + vl
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Using the change of variable, we define the functional &, on Hé by

1 1
a8 eo=5 [ (wrevnLeda-1 [ irwra
R¥ P Jry
Then @, is Gateaux differentiable, and the Géateaux derivative @', (v) has the form
(1-9) (@) (v), w)=
/ VoVw dx+/ Vi) f) ff(v)w dx—/ I F P2 f(v) f' (v)w dx.
R RN RY

Obviously, v € Hé is a critical point of @, if and only if v is a solution of the
following equation:

(1-10) —Av+ Vi f ) f' ) = [f PP f ) f'(v), xeRY.

Moreover, one can easily check that v is solution of (1-10) if and only if u = f(v)
is a solution of (1-1).

We define the Nehari manifold N, by N, = {v € Hé \ {0} | (@} (v), v) =0},
and let

¢, = inf &, (v).
VEN,,

We say that u = f(v) is a least energy solution of (1-1) if v € N,, is such that c;,
is achieved.

Note that under our assumptions, for A large enough, the following Dirichlet
problem is a kind of limit problem:

—Au— (AP =u”u, u>0 in Q,
(1-11)

u=0 1in 0%,

where Q = int{V~1(0)}.

In fact, by a minor change of the arguments in Guo and Tang [2012], one can
easily see that under the conditions (V}), (V»), and 4 < p < 2-2*, for A large, c; is
achieved by a critical point v, of ®; such that u, = f(v,) is a solution of (1-1).
Furthermore, for any sequence A, — 400, {v;,,} has a subsequence converging to v
such that u = f(v) is a least energy solution of (1-11). Thus by assumption (V3),
there is €2;, (1 <ip <k) such that u = f(v) is indeed a least energy solution defined
on Q;, and u = f(v) = 0 elsewhere. Thus it is natural to ask whether, for a given
je{l,2,...,k}, (1-1) has a family of solutions {u;} which converges to a least
energy solution in £2; and to 0 elsewhere. In this paper, we answer this question in
the affirmative. Moreover, we can also construct multi-bump type solutions.

Our main results are:
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Theorem 1.1. Suppose (V1)—(V3) hold. Then for any ¢ > 0 and any nonempty
subset J of {1,2, ..., k}, there exists A = A(e) > 0 such that, for . > A, (1-1) has
a solution u, such that v, = h(u;,) satisfies

(1-12) @500 = (@) <e.
jelJ
(1-13) / (IVor* + Vi f?(v2)) dx <e,
RY\Qy
where Qj = Uje] Q. Moreover, for any sequence i, — 00, we can extract a

subsequence {An,} such that Uy, converges strongly in Hcl; to a function v that
satisfies v(x) =0 for x ¢ Q;, and u = f(v)|q; is a least energy solution of

—Au—YAuPu=ul”?u, u>0 in Qj,
(1-14)

2
u=0 1in 09,
for j € J. Here c(2;) in (1-12) is the least energy of (1-14).

Corollary 1.2. Under the same assumptions as in Theorem 1.1, there exists A > 0
such that for A > A, (1-1) has at least 2% — 1 bound states.

The paper is organized as follows. In Section 2, we give some estimates in Orlicz
space. In Section 3, we modify the functional by penalizing the nonlinearity. In
Section 4, we consider compactness for the modified functional. In Section 5, we
give some asymptotic properties for some sequences and prove that, for A large, the
critical points of the modified functional are indeed critical points of the original
one. Section 6 is devoted to the properties of the limit problem. In Section 7, we
give a minimax argument. In Section 8, we prove the existence of critical points by
a flow argument; the proofs of the main results are also delivered in this section.

In the following, without specific notification, all the integral variables are x,
and for simplicity we omit dx in every integral.

2. Some estimates in the Orlicz space

We begin with a precise estimate between the Orlicz norm and some integrals in
Orlicz space H}:, namely:

Lemma 2.1 [Guo and Tang 2012]. There exist constants C1, C, > 0 such that, for
anyv e H ~,

@ cominlol i) < [ 90+ [ Vi) < Comax(ivl o).
R R

Let Q’J (1 < j < k) be bounded open subsets with smooth boundary such that
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5; and ST/J are disjoint if i # j and that 5_2]- C SZ/J for all j. Let K be one of the
following sets:

22 RY, Q(=12....k, or RN\UQ;.(Jc{l,z,...,k}).
jeJ

Lemma 2.2. There exist 5o > 0, vg > 0 such that, for > > 1,

(2-3) SO/K(|VU|2+VAf2(U))SfK(|V0|2+fo2(v))—VO/KfZ(U)-

Proof. We follow similar arguments as in the proof of Proposition 3.1 in [Tang
2008], but with necessary modifications. We omit it. U

3. Penalization of the functional

To proceed, we introduce the cut-off function /() : R — R defined by

min{r?=2/2 y3} fort >0,

(1) =
® {0 fort <0,

where vy is as in Lemma 2.2. For a fixed nonempty subset J C {1, 2, ..., k}, set

1 forxe

_ _ r_ ’ ) _ J»

Qj—l~ J2;, QJ_L J ), XQ,(X)—{O for v ¢ €2,
jeJ jeJ

and

w(x, §%) = xo, (D" + (1 — xq, )I(E?),

2

W(x, £%) :f w(x, 1) dt.
0

We define Wy, : H}; — R by

W, (v) =%/RN(|W|2+ Vi f2(v)) —%/RNW(x, f2)).

Then one can check that W, € C2(H%, R) and that its critical points are solu-
tions of

—Av+ Vi f @) f' () =w(x, ) f () f'(v) in R,

Note that [(t) = tP=2/2 for t € [0, vé/(p_z)], hence a critical point v of W, is a
solution of (1-10) if and only if | f(v)[2 < v2/?™? in RM\Q/,.
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4. Compactness of the modified functional

Proposition 4.1. For A > 1, U, satisfies the (PS). condition for all c € R. That is,
any sequence {v,} C Hé; satisfying

(4-1) Wy (vy) — ¢,
(4-2) W (v,) — 0 strongly in (HE)*,

has a strongly convergent subsequence in Hé, where (Hé)* is the dual space of Hé
To prove Proposition 4.1, we require the following lemma:

Lemma 4.2. Suppose that {v,} C Hé is a (PS). sequence. Then there exist two
positive constants, m(c) and M (c), which are independent of > > 1, such that

m(c) <liminf ||v, |2 <limsup ||v, |3 < M(c).
n—00 n—00
Proof. Let w, = f(v,)/f'(v,). It follows from (4-1) and (4-2) that
1
W (vy) — ;qj;\(vn)wn =c+o(l)+e&llwylly,

where ¢, — 0 as n — co. Thus

/R@ - %(1 + %))IWMZ + (% - %) /R Vi f2(vn)

= f W, £2(on) + - / wix, £2on) f2(wn)
RN P JrV
=C+0(1)+8n”un”k-

Let L(¢) = fot I(t) dt; we have
L weron -1 [ we rense)
RY P JrN

= Lre _ Ly 2
_/RN\Q/](zL(f (wn) = 1) f ().

Note that for ¢ € [Ug/(p—z)’ oo),
-2 _
lL(t2) — ll(tz)t2 = 1(1;0:2 _pPz= I 2)) _1p
2 p 2 P p
_(1_1 2 p/(p-2) 1 1 2
= (3= )0 =) = (3=

and for ¢t < vg/(p_z),

Trary = Ly =o.
2 p
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We obtain that

1_2 2 (l_l) 2 _(l_l> 2

(3 p>/R~'V”"'+ 5 fRvif(vn) 2=y | e
=c+o()+enllvall.

Since 4 < p <4N /(N —2), we have

— 41
[ovel s [ virte—w [ Fers(P20) e o ot
RN RY RY p

By Lemma 2.2, we get

— 4\ -1
o [ (9P ax+vrte) = (220) ek o+ el
RN 2p

It follows from Lemma 2.1 that

- 2 _i(p—H\!
Cminlunl, lon ) <357 (%5,7) ¢+ o) +olunl).

Thus ||v,]|, is bounded as n — o0, and

. 1 1\t 1 1\ 1.
lim sup ||v < M(c) := max (———) Sy C, (———) Sy Ct.
msupunl; < M(e) { 375) % \/2 )

On the other hand, since

%L(rz) — %l(ﬁ)ﬂ >0 forall r €R,

we have -
ctol) +enllwnll = (5 = ) Comaxtlvall, vl
Therefore
liminf ||v,||? > m(c) := min (l - l>_1C_1c (l — l>_1C_lc .
> 00 nily = 2 p 2 2 p 2
This completes the proof of Lemma 4.2. U

Proof of Proposition 4.1. By Lemma 4.2, we know that {v,} is bounded in Hé and
thus is bounded in D'2(R") and L?(R"), so there exists a subsequence of {v,}
(still denoted by {v,}) such that:

Vv, = Vv  weakly in Lz(RN),
v, —> v a..in RV,
fy) — f(v) weakly in LY(R") for2 < g <2-2*,
f(,) — f(v) strongly in LI’:)C([RRN).
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Moreover, by Proposition 2.8 of [Guo and Tang 2012], v is a critical point of W,
that is, for any i € Hg,

/R (VoYY + V@) f ) = fR wx PO F @),

Next we show that v, — v strongly in Hé. Indeed, it follows from (4-1) and

(4-2) that
=i -si(f35-73)

fo 0, fo) ., f@
— — — U
P Oy W e S T W

_ / (1+M)|wﬂ|2+/ m%m—/ wir, 7o) £ (o)
RN 14 f2(vy) RV

f2() ) f (vn)
[ (1 Vo, Vo — V1
/;QN(—’_I%—fZ(v) v, Vv ﬁ+f2vn ——————fV1+ f*(v)

2 / f( ) _/ f2 Un) )
+/RN w(x, [ (n)) f(vn) f (Un)f,( 3 e <1+—1+f2(vn) Vv, Vu

\/lf—)zvf( vV 1+ f2(vy)
f(vp)

¥ /R 0 P SWf 0F

+/ (1+ f2) >|Vv|2+/ vm(v)—/ wix, 200 f2w)
RV 1+ f2(v) RN RV

_ fz(vn) _ 2
- /RN(HHF(W))(W” )

=W, (va)

F2n) £2)
+/R~<1 P 1+f2<v>)v”(v”” -V g
) f)
Rat ()= S 1O SNEYET) )
(o) )

Vil F2(v) — 1 111
[ w(ro T A= OV P am
+ / w(x,f2<vn>>(f<vn>f’<v f,() vn>) (IV)

RN f(U)
+ f w(x,fz(v))(f(v)f’(v) f,(””)—f2<v>) V)
IRN f(vn)

=:/ (1 +M)(vvn_vv)2+I+II+III+IV+V.
RN 1+f2(vn)
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In the following we shall estimate the above terms one by one. First of all, note
that since Vv, — Vv weakly in L*(RN) and

P )
L+ 20 1+ 2 ()

is bounded, we have I = o(1) as n — oco. Moreover,

II+III=/ Vx(fz(vn)— S f( NW)
RN

NEYED
+/RN vk(fz(w J%ﬂ )m)
_ /R V@) ) = F@)+ V) f “”(1 B %)
+ fR Vi F@)(F ) — F o) + vmwﬂvn)(1 B %)

= fR Valf (o) - f)?

S ) f(v)

\/1 + 2 (V1+ 20 + 1+ f2(v))
f ) f(vn)

\/1 + 2 (VT4 f2u) + 1T+ f2(v)

_ / Vil () — F@)2+o(l) as n— oo.
RN

(f2() = f*(va)

(f2 ()= f2(v))

In the last equality, we use the facts that f Z(vy) = f2(v) weakly and that the

two terms
F) f(vy)
VI+ 2T+ f2) + 1+ f2(v)
and
F) f(v)

VI+ 2 (V1 + 2 ) + 1+ f2()
are bounded. For the last two terms, we have

f(n)

IV+V= fRN w(x, fz(Un))f(Un)< f) - f(Un))

£'@)
+ / w(x,fz(v))f(v)( AL f(vn)—f(v)>
RN f(vn)

_ / |f<vn>|f’—2f<vn)(f w ")f( )= f( n>>
@, J'(w
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f')

+ / If(v)l”‘zf(v)( S ) - f(v))

+/ 1(f( n))f<vn)(f( )fv)—f(vn))
RM\Q,

+ / l(fz(v))f(v)< S )f(vn)—f(v))
RV\, f(vy)

= [ o= N = )

+/ |f<vn)|”‘2f(vn>(f(")—1>f(v> 1)
o f'(w)
+ /Q /jlf(v)l”‘zf(v)( ff ((n)) )f(vn) )

+/ l(fz(vn))f(vn)(f( )f( )—f(vn)) (I3)
RM\Q, S ()

+ / l(f2(v))f(v)<f ® re n)—f(v)) (1)
RV\, f(vy)

= [ = @) = 7 )+ A

where
_ -2 f/(vn) .
I _/% F@I? f(vn>( o 1)f<v>
_ p=2 o Y IH ) =T+ f2(0n)
fQ ; | £ @)IP72 f (va) NEYE f@)
F)(f )+ f(va))

59

= [ 1@ @ - rw)

(p—=2/p) 1/p 1/p
§C< ff’(vn>> (/ f”(v)> (/ (f(v)—f(vn))”)

=o(l)asn — oo (since f(v,) = f(v) strongly in LIOC(RN)).

Similarly, we have I = o(1) as n — oo.
As for Iz + 14, we have

Iy 1 = / z(f2<vn>>f<vn><f ®a) £, f(vn>)
RN\, J'()

VIH 2 (VT+£2(0) + 1+ ()
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4 / l(fz(v))f(v)( L) e - f(v))
RN\, J'(on)

= f 1(f2 () f () (f () — f(vn))
RN\,

+ / P2 F ) (f () — £ ()
P\,

+ f l<f2<vn>>f(vn>(f n) _ l)f(v)
RN\, 1)
)

1(f? (f —1> Vn
# OO 1) s

For the same reasons that we used in the above estimates for I;, we can see that the
last two terms in the above equalities go to zero as n goes to infinity.
Thus

I+ 1y = / 1P 0n) £ () (£ (0) — f (o)
RN\,
4 / P20 F@)(f (o) — £)) + (1)
RN\,
- /R e A2 @) =L@ F O ) = f ()
- / P2 (f@) = F ) +o().
RN\,

On the other hand, since f(v,) — f(v) strongly in LIOC(RN), f(vy) = f(v) weakly
in LY(RN) for 2 < g <2-2*% and I(t) < vg for all £ > 0, we have

/Q, (f @) = FODP @) = 77 (i) = o(1)
and '

/RN\Q, (P2 = 1N @ ©) = f @) =o(D).

At last, we obtain the following estimate:

B £ @) ) o
0(1)_/RN(1+—1+f2(vn) |V, — V|

+ / Vi(f @) = fun)? f P20 (@) = f ).
RV RM\Q2,

On the other hand, we can write
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fRN IV(f () = fa))]?
= /RLN

1
= P —v4 n
/RN ¢1+f2<vn>‘ ’

Vv _ Vv,
VI+ 2) V14 ()
Vot (1 _ —V“rfz(”n))v,,
V14 f2(v)

2

:/ Vo —Vul® ! (1— v 1+f2(””)>v1)(vp—w,)
RY V14 2 Jrv T+ P2\ VT4 2() ’
N ! ( B \/1+f2(vn))2|vl)|2.
RY 1+ £2(vn) V1+ f2(v)

We claim that both of the last two terms in the above last equality are o(1) as
n — oo. In fact, the first term goes to zero because Vv, — Vv, while the second

term goes to zero by the dominated convergence theorem.
Thus we have

/ IV(f(v)—f(vn))IZS/ Vo — Vo, 2
RN RN

by Lemma 2.2 and the definition of /(¢), so we get

80 /R N(IV(f(v) — fFW)P+Vi(f ) = fwa)?)

fz(vn) _ 2 / _ 2
< /R (1 T Vo= Vol + [ var@ = fon)

v / () = Fn)? =o(1).
RM\Q2,
Obviously, fen Va(f (va) — f(v))2 — 0 as n — oo. Hence
/R Vo - ) = /R @)~ FO W)+ f W)

1/2
< C( /R V() —f(v))z)

for some constant C. By Proposition 2.1(3) of [Liu et al. 2003], we have v, — v
strongly in Hé. This completes the proof of Proposition 4.1. U

5. Some asymptotic behavior

We denote by Hg’] (€2;) the closure of C;°(£2) under the norm of H(l; (2).



62 YUXIA GUO AND ZHONGWEI TANG

Proposition 5.1. Assume that the sequences {v,} C H(l; and {A,} C [0, c0) satisfy

(5-1) Ap — 00,
(5-2) Wy, (v) = €,
(5-3) 1w}, ()}, = 0.

Then there exists a subsequence of {v,} (still denoted by {v,}) such that
vy —v  weaklyin H;
for some v € HCI;. Moreover, we have:
() v=0in RN\ Qy, and v is a solution of
—Av=|fOPfO)f' ), in Q)
-4 0.1 .
ve H; () for jelJ.

(i1) v, converges to v in a stronger sense, namely
v, = v strongly in H(l; as A, — Q.

(iii) The functions {v,} satisfy:
| w0
RN
W (v) = Y Ig, (v),

jeJ

vnll, RN, = 0,

Itnlis,a; — [ IV for jeJ. asn— oo,
£

Proof. By arguments similar to those used in the proof of Lemma 4.2, we have

m(c) §liminf||vn||i < lim sup ||vn||i < M(c).
n—00 " n— 00 "

Thus {v,} is bounded in Hé. Hence there is a subsequence of {v,} (still denoted
by {v,}) such that:
Vv, — Vv weakly in LZ(RN),
v, — v weakly in LY(RY) for2 < g <2.2%,
v, = v a.e. in RV,
f(v,) — f(v) strongly in L?OC(IRN) for2<gqg <2-2%,

f ) — f(v) weakly in LI(RY) for2 < ¢ <2-2*.
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(i) Let C, := {x € RV | V(x) > 1/m}. Then for n large, we have

f P <2 / D VF2(0p) < / (Vi, 2 (n) + [V, %)
Cn An RN An RN

m
2
= —Cmax{floll,. llvall, } >0 as A, — oo.
n

Thus
o< | fiw< lim/ f2(v,) =0.
n—oo Cm

Cm

Hence f(v) =0 on U;’le C,=RN \ Q. Note that \Il/{" (v,) > 0as A, —> o0, so
we have

— f(v)

0(1)_\pkn(vn)'f/(v)
_ f2(w) ) )
_/Qj(l-l—m)anVv—/s;j wx, W) f)f (vn)f’(v)
_ ) - . |
—/Qj(l‘f‘m)wm /ij(xaf (W) f7(v) +o(l);

here we use the fact that f(v,) — f(v) strongly in LfOC(RN).
On the other hand, by Lemma 2.2, we have

Sollvll, < /Q (IVu]2 — v f2(v))

ﬂ 2_/ 5 .
< /Q_,(l-i- 1+f2(v))|vv| o wx, f2) f2(v) =0

Note that ||v||;, indeed does not dependent on A,. We have that v =0 in €2; for
je{l,2,...,k}\ J, and this completes the proof of part (i).

(i1) Indeed, by a similar argument as in the proof of Proposition 4.1, for n large,
we have

o(l) = /R Vv, — V“'2+/RN Vi, (f () — f(0)? — vofR (f) = fwn)?

N\Qy
> 50( / |Vv, — Vo|* + f Vi, (f () — f(v))2>
RN RN

; 2
> 8o C min{[|vy = vll o [lva = VI35, }-
G

Hence ||v, — v|| HL = 0 as n — oo. This completes the proof of part (ii).
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(ii1) This is a direct consequence of parts (i) and (ii). In fact, from (ii) and (i), one
can see that

1 f Vi (o) = 1 / Vi, £2(un)
RN RV\Q;

= f Vi, f2) (f () — f(0)? =0 as n — oo.
RM\Q;
Thus we have

lim § Vi, f2(n) = 3 f Vi, f7(0) =0.
RN\Q;

n—00 RV\Q;

Obviously, we get

1 1
wo=5 [ Velev -1 [ we e - Yo,
RN P Jry e
where o, (v) = %fQ/ V| — (1/p) fQ_, | £ (v)|?. Furthermore,
. 2 .
nllpgo ”f (Un) “Hé” (RN\Q&) = Oa

lim ||Vu,| = / |Vu|? for j € J.
n—-oo Q]

This completes the proof of Proposition 5.1. U
Proposition 5.2. There exist constants M > 0, Ag > 0 such that if v, is a critical

point of V,, for A > A, then |f(vk)|2 < vé/(p_Z) and V, (v) < M. In particular, v,
solves the problem (1-10).

Proof. Let B, (x) ={y € RV | |x —y| < r}. Since v;_is a critical point of W, , we have

—Av, + Vi f () f'(vn)
= xQ@PIF I W) + (1= x ()1, F2)) f W) f/(W).

That is,
— A+ (Vo — (@] F @I = (1= (@), f%m)))ﬂ%{(”)m —o0.
Let

Vo= (Va = x(@)If @I’ = (1 = x (@) (x, fz(vx)))—f(”lf’(““.

Then our assumptions on V imply that V; belongs to K 11\‘,’“, the local Kato class,



BOUND STATE SOLUTIONS FOR THE QUASILINEAR SCHRODINGER EQUATION 65

and thus |v) (x)|z is bounded (see Theorem C1.2 of [Simon 1982]). It follows
from Theorem 8.17 of [Gilbarg and Trudinger 1983] that

()] < C/ )P dy.

B(x,r)

By Proposition 5.1, we see that for any sequence 1, — 0o, we can extract a
subsequence of {A,} (still denoted by {1, }) such that v,, — v e HO1 (£2;) strongly in
L*>(RV\ @ ;7). Since the sequence {A,} can be chosen arbitrarily, we conclude that

Uy —> VE HO1 (2j) strongly as A — oo.

Now choose r € (0, dist(2;, RV \ Q'))); we have, uniformly in x € RN\ /,, that

v ()] = C () lua(x)]”
B, (x)

p/2*
|UA(X)|2*>

) p/2
Vv, (x)] )
(x.r)

1/2
SC(r)«/R |VU/\|2> +fo2(vx))
N\Q’]

< Cmax{|lvi |, [Jva]l"/*}

< C(r)(meas B, (x))' /% ( /
B(x,r)

< C(r)(meas B, (x))' /% ( /
B

— 0 uniformly in x € RV \ Q/,

which implies that f(|v;|) — O uniformly in x € RV \ Q',. This completes the
proof of Proposition 5.2. ]

Remark 5.3. The critical points of W; are not necessarily positive. In fact, if we
replace the function v by its positive part v™ in the nonlinearity term W (x, f2(v))
of Wy, and the new functional is denoted by W;", then by arguments similar to those
above, one can see that the new functional \I!;r still satisfies properties analogous to
all those proved for W, in previous sections. As a consequence, the critical points
of W are positive. In the following, for convenience we only consider W, instead
of \Iff .

Remark 5.4. Proposition 4.1 shows that W, satisfies the Palais—Smale condition.
We can easily check that W, has mountain pass geometry. Hence, a mountain pass
argument shows that, for each A > 0, W, admits a nontrivial critical point u;. In
fact, W (1) < max;~o Ig, (fw;) (see Section 6 for the definition of Ig; and w;) and
thus W, (u;) < M, where M is independent of L. As a result, by Proposition 5.2,
we deduce the existence of a positive solution to (1-10) and thus a positive solution
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to the original problem (1-1) for A > A. However, it is not clear whether such
solutions concentrate on the set €2;. The aim of the following parts of the paper is
to focus on the solutions with such properties.

6. Limit problem

For j € J we define the following two functionals:

1 1
Io,(v) = E/ |Vv|2—;/ If ()P for ve HY(Q)),
Q) Q;

and
6-1) %,Qa(m:l/ (|VU|2+VAf2(U))—l/ IF 17 for ve HL(Q).
/ 2 o p Q /

By Lemma 2.2 of [Guo and Tang 2012] and the following inequality

Lf@llr < IF@ISIF@),55  for 0<6 <1,

following a standard argument (see [Tang 2008]), one can see that both Ig; and \IJQ}
satisfy the mountain pass geometry conditions. That is:

@) Ig;(0) =W, o (0) =0
(i1) There exist pg > 0 and p; > 0, independent of A > 0, such that

vl 1oq y < Po = Ig;(v) =0,
(6-2) Ha™(@))

”v”H(l;'o(Qj) = po = IQ_/(U) = P15
and

Il = Po = Wi 0 () 2 0,

6-3) = Y >
||U||Hé(gz;.) = po = 2, (v) = p1.

Here we use the notation
2 0,1
“U”H(l;,()(gj) :/S; |VU| for v e HG (Q])
j

(iii) There exists ¥; € C3°(£2;) such that
||1//j(x)||H('\;(Qj) = ||1/fj(x)||Hé.0(Qj) = P1,
Wi (W) = I, () <0.
We define

(6-4) cj= ylgrf max. Ig;(y (1)),

¢, ;= Inf max ¥, o t
A= vty efon AQ(V())
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where

Ij={y €C(0, 11, Hg' (@) | y(0) =0, Ig,(y(1)) <0},
Iy ={y € C([0, 1], H;(Q)) | y(0) =0, Wi, (v (1) <0}
By Proposition 2.3 and Lemma 2.2 of [Guo and Tang 2012], it is standard to verify
that @, @, and Ig; satisfy the Palais—Smale condition and that ¢;, ¢, ; are achieved

by cr1t1ca1 points. We denote the corresponding critical points by w; and w, ;
respectively.

Lemma6.1. (i) 0 <p; <c; ; <cjforall’>0.
(i) ¢; and c, j are least energy levels for Iq; and dD)L’Q/j , respectively, i.e.,
¢; = inf{Ig,(v) | v € Hy'(R2)) \ {0} is a critical point of Ig},
Cr,j = inf{\IJA,Q}(v) |ve Hé(Q’j) \ {0} is a critical point Of\IJ)L,Q.’i}.

(i) ¢j =max,~o Ig;(r®j), ¢, j = max,»o O; o/ (rwx ;).
(iv) ¢, j —> c¢j as L — oo.

Proof. By (6-3), it is easy to see that ¢, ; > p;. On the other hand, for any
vE Hg’l (£2j), we may extend v to v € H(l;(Q’j) by

- v(x) if x € Qj,
v(x) = . -
0 1fx€Qj\Qj,

so we may regard Hg’l (R2;) C Hcl;(Q’j). Thus we have I'; C ' ; and

¢, ;= Inf max ¥, o t
A J yels i) ASZ(V( )

f v, o
(6-5) = jinf max Wrg(y(®)

= ylglf max, Ig;(y (1)) =c;.
This proves (i).

Note that, since f(v) is monotone with respect to v, and so is | f(v)|” with
respect to | f (v)|, the proofs of (ii) and (iii) are standard; see [Tang 2008].

Now we prove (iv). Using Proposition 5.1, we may extract a subsequence
A, — 00 such that

wy,,j — Vo strongly in Hcl;(Q/j),
where vg € Hg’l (£2;) is a solution of (5-4) and

V. (@, ) = Ig; (o).
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By the definition of ¢;, we have

limsup ¢;, ; = lim sup \IJA,Q} (@3.) = Iq; (uo) = ¢;.
A—00 A—00

Comparing with (6-5), we get (iv). This completes the proof of Lemma 6.1. [

7. Minimax arguments

Now we give a minimax argument for @, (see (1-8)).
We choose R > 2 such that

(7-1) Io,(Rw;) < 0.

Without loss of generality, we assume that J ={1,2,...,1} (I <k). Set

l

(7-2) Yo(s1,82,...,58) = ZSijj for (s1,s2,...,8) € [0, 17,
Jj=1

S1,82, ..., 8) =o(51, 82, ...,
sziyec([O,l]l’H(l;)‘V(l 2 1D =yo(s1, 52 1)}

for (s, 52, ..., s;) € ([0, 1)

We define

b, .j = inf max D, (y(s1, 52, ..., 51)).
V€L (s1,52,...,8)€d([0,11")

Note that the projection ¢ + tRw; belongs to I'; and satisfies

max Ig.(tRw;) =c;
1€[0.1] 2, ([Rw)) =¢;

for any j € J. Hence yp € I'y, I'y # @, and b, j is well defined. We denote
cj= le:l cj. Then we have:
Lemma7.1. (i) Y\  caj<bis <cyforall1>0.

(i) W (y(s1,82,...,8)) <cj—pi1forallr>0,y € 'y and (s1,52,...,5]) €
a([0, 11", where p1 is given in (6-2), (6-3).

Proof. For any given y € I', let
Tj(S], . ,S[)
fQ; RO ) Ly i 62 CT RN D) D TP ))
197Gt P+ Vi (s ) 1)y G )

forj=1,2,...,1
We define a map 7 : [0, 1] — R! by

T =), ... Ti(-)).
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Thus for (sq, 52, ..., s;) € ([0, 11), we have

T(S1,...,8)=
fQi | f(s1Rw1)|P~! f'(s1 Rw1)s1 Roy fQ; | f(s1Rw) 1P~ f/(siRwoy)s; Raoy
fsz’l IV(siRw1)[>+Vy f(siRw1)s1Rwy” fsz;|V(S1Rw1)|2+fo(SlRa)1)Sszl '

To proceed, we consider the function p defined by

Jo, \f@)IP f@var pi@)
o2 [o IVUP+ fo, Vif @) f@v)av — [o [Vo2+p(@)’

pla) =

where

f )| f(av)[P~ v f(xv)v
p2(cx)

) = V)L - —_—
Qa1+ f2(av) Qa1+ f2av)
By the proof of Lemma 3.2 of [Guo and Tang 2012], we see that p; is monotone
increasing and p; is monotone decreasing; as a result, we see that p is monotone
with respect to «. On the other hand, we note that Ig;(Rwj) <0, j=1,2,..., I,
for the same reason as in the proof of Lemma 4.2 of [Tang 2008], so we obtain

pr(a) =

deg(9, [0, 1]1, (1,1,..., 1) =1.
Hence there exists (s, 52, ..., s7) € [0, l]l such that
(7-3) Ti(s1,82,...,sp)=1 for j=1,2,...,1

Now we prove (i).
Since yp € I'y, we have

by,j =< max Wy (vo(s1, 82, ..., 81))
(51,52,-..,51)€[0, 1]

[

= max Z[Q (SJR(L)])—ZCj:CJ.

(51,82,...,51)€[0, 1]1
j=1

On the other hand, by (7-3), for any y € I';, there exists s, € [0, 11" such that

Jor 1F sy DIP= (v (sy))y (sy)
Jo 1YY ()2 + Vi f (rsy)y (sy)

=1 for j=1,2,...,L

This implies that \IlA o (y(sy))-y(sy)=0for j=1,2,...,1 Thus, if we define
u(x) =y(s,)(x), we have
l

W () = Wy pigy, () + ) Wi.q; (W),
j=1
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where
W, gy () = 4 / (V0P + V3 f2)) - | / W),
R\, RM\Q),
Since W(fz(v)) < vofz(v), we have

(Vo + Vi f2) — 4 / W)

RM\Q,

Vs rn\e, () = %/

RM\Q,

1 2 1 2

= i”uHHé(RN\Q/j) - E”uHLZ(RN\Q;)
S, 2

= E”u”H};(RN\Q}) > 0.

Thus

! !
W5 () = Wy v, (0 + ) Wy 00 () = ) Wy o (1)
j=1 j=1

l
> Zinf{qu}(v) |ve HE(Q)), w;’gg(v) w=0}=> e,
j=1 j=1

Since y € I'y is arbitrary, we have b, j > ¢, ;.
For (ii), by the definition of yy, for (sq, s2, ..., s;) € 9([0, 11) we have

I
W (no(s1, 52, -, 50) = ) I, (s Rw)),
j=1

and Ig;(sjRwj) <c; for j =1,2,...,[. On the other hand, for some jy € J, either
sj, =1 ors; =0, and thus IQ_,.O (sjoRwj,) < 0. Therefore

Wi (Yo(si, 82, ..., 81) < Z Ig;(sjRwj) < cj — p1.
J#Jo
This completes the proof of Lemma 7.1. U

Corollary 7.2. We have b, ;j — cj as . — 0o. Moreover, b, j is a critical value
of W, for large ).

Proof. From Lemma 6.1, we know that c¢; ; — ¢; as A — oo. It follows from
Lemma 7.1 that b, j — ¢y as A — oo. Thus, we may choose A large enough such
that for all A > A, we have b, ; > ¢; — p1. Since W, satisfies the Palais—Smale
condition, by the standard deformation argument we can see that b, _; is a critical
value of ¥, for A > A. O
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8. Flow arguments and the proofs of the main results

Let
W/ ={veH; | W) <cy).
We choose
8-1 0 L minc;,
( ) <p <3 rjnel?cj
and define

DY ={v e H | ol vay) < 1 Wi (0) — ;| < pforall j € J).
Note that w; is the least energy solution of (5-4), and

%,sz;.<wj>=%f |ij|2—f [f@pI? =ec;.

J

Thus Di‘ N \IJ;’ contains all the functions of the following form:

w;j(x) ifxeQ;,

w(x):{o ifx e RN\ Q.

Lemma 8.1. There exists oy > 0 and Ay > 0, independent of A, such that

(8-2) ||\Il,’x(u)||j{ >o09 forall A > Ayand forallu e (Di“ \ Df) N lllif.

Proof. We prove it by contradiction. Suppose that there exist A, — oo and

71

vy € (D7 \ DY) N W5’ such that | W (w)|lf, — 0. Since v, € D}*, thus v,

is bounded in H(l;, and it turns out that W, (v,) stays bounded as n — co. We may

assume that (up to a subsequence)

W, () = c<cy.

Applying Proposition 5.1, we can extract a subsequence of {v,} (still denoted

by {v,}) such that v, — v in H(]; and such that the following hold:

[

(8-3) lim W, () =) Ia, (v) <c,
j=1
. 2 . 2 .
(8-4) nll)n;o ”U””Hg"(szf/.) = /;Zj [Vu|© forall jeJ,
(8-5) lim / ] = f @I,
n—oo Q’] Q_j
(8-6) lim (IVup|? 4+ Vi, f2(vn)) = 0.

n—oo RN\Q/]
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Since ¢; = le=1 c;j and c; is the least energy level for Ig; (u), we have two
possibilities:

(1) Igj(vlgj) =cj forall j € J.

2) IQJ.O (v|Qj0) =0, that is, M|Qj0 = 0 for some jy € J.

In case (1), we have

%/Q |Vv|2—%/ |f ()| =cjforall j eJ

J Q;
and it follows from (8-3), (8-4), and (8-6) that v,, € Di" l for large n, which contradicts

the fact that to v, € D} \ D .
In case (2), it follows from (8-3) and (8-4) that

|‘~I!H(A}n(99)(vn) —Cjy| = ¢j, = 3.

This also contradicts the fact that v, € Di’f \ Df\‘n. This completes the proof. [J

Proposition 8.2. Let u satisfy (7-3) and let A be the constant given in Lemma 8.1.
Then for .. > Ay, there exists a solution v;, of (1-1) such that v, € Df N \I-’)f’.

Proof. Assume, to the contrary, that W, has no critical points in D’; NW;’. Since ¥,
satisfies the Palais—Smale condition, there exists a constant d; > O such that

W, (5 >d, forall ve D) N,
where || - |7 is the norm of the dual space of Hg. By Lemma 8.1 we have
W, ()[IF =09 forall ve (Di*\DIyNwe,
Letg: Hé — R be a Lipschitz continuous function such that

1 forve D,

o) = {0 for v ¢ Di”,

and 0 < p(v) <1 forany v e Hé.
Since ¥, € C!'(H}, R), we denote by 4 : Hé* — Hé the pseudogradient field
of ¥, which satisfies

(8-7) 160 || g < 219" @OIIE, (W' (@), G@w)) = (' @)
Now for v € W;”, we define VT/(v) S — Hé by

4(u)
NACTE

We consider the deformation 7 : [0, 00) x W;’ — W;” defined by

W (v) = —p(v)



BOUND STATE SOLUTIONS FOR THE QUASILINEAR SCHRODINGER EQUATION 73

M _ 0,v)=vew’
5_ (U(I»U)), 7’]( ,U)—Ue A

Then n(z, v) satisfies

(W3, v)), G(n (@, v)) _ 0
I, @y, oplly —

d
(8-8) 2 (1 v)) = —¢(n(, v))

d
(8-9) H—" <2 forall t,v,
dt |,
(8-10) n(t,v)=v forall >0andve W\ D"

Let yo(s1, 2, ..., 51) € I'y be the path defined in (7-2). We consider

n(t, vo(s1, s2,...,51))

for large ¢. Since for all (s, 52, ..., s) € 3([0, 119, yo(s1, 82, ...,5) & Di“, we
have by (8-10) that

n(t, vo(s1, 2, .-, 81)) = yo(s1, 82, ..., s) forall (s1,s2,...,s)€d(0,1]),

and n(t, yo(s1, $2,...,s81)) € I'y forall > 0.

Since supp yo(s1, 52, . .., s1)(x) C Q for all (s, 52, ..., ) € ([0, 119, it fol-
lows that W, (yo(s1, 52, - .., 87)(x)) and ||yo(sy, 2, - . ., sl)(x)||Hé(Q//_) do not depend
on A > 0. On the other hand,

Wy (vo(st, 52, ..., 8)(x)) <cy forall (sg,s2,...,s) €0, 17,
and W, (yo(s1, 52, ..., 81)(x)) = ¢y if and only if s; = 1/R; that is,
Yo(st, 82, ..., s)(X)]e, = w;
for all j € J. Thus we have that
(8-11) myo := max{W, (v) | v € ([0, 11') \ D}

is independent of A, and mg < c;.
By (8-9), one can see that for any ¢ > 0,

€0, yols1, ..o s0) =0, yolst, ..o sy, = 2t

Since \IJX,Q;_ € Cz(Hé) forall j =1,...,1[, by the same arguments as in Propo-
sition 4.5 of [Tang 2008], we have that for a large number 7', there exists a positive
number g, which is independent of A, such that forall j=1,2,...,land ¢t €[0, T],

II‘I’,’\’QZ_(U(t, Yo(Sts ., sl)))||*l}é < 1o.

We claim that for large T,
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(8-12) max W (0(T, yo(s1, 52, - ., s)(x))) < max{mo, c; — sTou},

(s1,52,....51)€[0,1]

where 19 = max{og, 0o/o}, and mg is given in (8-11) .
In fact, if yo(s1, 52, ..., 5)(x) & DY, then by (8-11) we have

W (T, yo(st, 2, - -5 51)(x))) < mo,
and thus (8-12) holds.

Now we consider the case when yy(sy, 52, ..., s)(x) € Df. Set
~ . oo ~
d) :==min{d,, 00}, T = R and  n(7) :=n(, yo(s1, 2, ..., 51)).
)

We have two cases:
(1) i(t) € D" for all t € [0, T].
(2) 7i(t9) € dD;""* for some 19 € [0, T].

If (1) holds, then ¢(7(¢)) = 1 and ||W; ()|} > d; forall t € [0, T]. It follows
from (8-8) that

T q
W, ((T)) = Wr (vo(s1, 52, -+ 1)) + /0 WG 0)

T
SC]—zf d)LdSZC]—Zd)LTSC]—%T(),UJ.
0

If (2) holds, there exists 0 < #; < tp < T such that

(8-13) (t1) € DY,
(8-14) i(t) € 9D,
(8-15) 7i(t) € D**\ D forall 1 €1, 1.

By (8-14), either
3p

||f](t2)||Hé(|RN\Q’j) = 7
or
. 3u :
Ve, (1(12)) = cjyl = > for some jo € J.
We only address the latter case; the former can be proved in a similar way. By
(8-14), we have

|‘I’A,Qf,.0(ﬁ(f1)) —Cjl = 1,
and hence

(95,01, () =W 07 ()] = 195,01, (1) =i = 1% 07, (1)) =i = S
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On the other hand, by the mean value theorem, there exists ¢’ € (t1, t) such that

(2 — ).

- - ey 4
|90, (7(02)) = Wi g Gi(01)] = ‘wk,g,m(n(t DR

Thus we have

V(17 (5))), 4(7(s)))) ;

T
i N (
W, (7i(T)) = W (52, - ;
x(’?( )) )»()/()(S] 52 S[)(X)) /0 <.0(77(S))) ||‘Ili(77(5)))||§

<ey— / PG W, G ds

n

=cy—oo(ta—11) < cj— 3T0/t.
Thus (8-12) is proved. Recall that 77(T) = n(T, yo(s1, 52, ..., 51)) € I';. Hence
(8-16) by, < W, (7(T)) < max{mo, c; — 5To}.

However, by Corollary 7.2, we have b, ; — ¢ as A — oo. This contradicts (8-16),
and hence W; has a critical point v, € Dj for large A, so by Proposition 5.2, v, is
a solution of the problem (1-10). O

Proof of Theorem 1.1. Let v, be a solution to the problem (1-1) obtained in
Proposition 8.2. For any given sequence {A,} such that A,, — 0o, we can extract a
subsequence (still denoted by {A,}). Arguing as in the proof of Proposition 5.1, we
can extract a subsequence of {v,,} (still denoted {v,,}) such that vy, — v in H, (1; and

(8-17) lim W, (v,) =c; forall jeJ,
— 00

n

(8-18) lim IV, 12+ Vi, | f (v3,)1P) = 0.

n—oo RN\QTI

Since the limits in (8-17) and (8-18) do not depend on the choice of sequence {1, }
(A, = 00), then both (1-12) and (1-13) hold, and the limit function v(x) satisfies:

(1) v(x) =0forx e RV \ Q.
(2) vlgq; is a least energy solution of
{ —Av) =fIP f), xeQ,
v(x) € Ho'(R2))
for j e J.

This completes the proof of Theorem 1.1. (]
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ON STABLE SOLUTIONS OF THE BIHARMONIC PROBLEM
WITH POLYNOMIAL GROWTH

HATEM HAJLAOUI, ABDELLAZIZ HARRABI AND DONG YE

We prove the nonexistence of smooth stable solutions to the biharmonic
problem A’y =u”,u > 0in R" for 1 < p < oo and N < 2(1 + x,), where x,
is the largest root of the equation

s_Rp(p+D 5 Rp(p+D(p+3)  64p(p+1)®

(p-1? (p-1° (p-D?
In particular, as xo > 5 when p > 1, we obtain the nonexistence of smooth
stable solutions for any N < 12 and p > 1. Moreover, we consider also
the corresponding problem in the half-space [R{f , and the elliptic problem
A’u = A(u + 1)” on a bounded smooth domain € with the Navier bound-
ary conditions. We prove the regularity of the extremal solution in lower
dimensions.

1. Introduction

Consider the biharmonic equation
(1-1) ANu=u’, u>0 inRY

where N > 5 and p > 1. Let
(1-2) INC) :=/ |A¢|2dx—p/ uP~'¢>dx forall ¢ € H*(RVY).
RN RN

A solution u is said to be stable if A(¢) > 0 for any test function ¢ € H 2(RM).
In this note, we prove the following classification result.

Theorem 1.1. Let N > 5 and p > 1. Equation (1-1) has no classical stable solution

if N <2+ 2xqg, where xq is the largest root of the polynomial

s R2p(p+1) 5 Rp(p+D(P+3)  64p(p+1)°
(p—1? (p—13 (p—D*

Moreover, we have xy > 5 for any p > 1. Consequently, if N < 12, (1-1) has no

classical stable solution for all p > 1.

(1-3) Hx)=x

MSC2010: primary 35J91; secondary 35J30, 35J40.
Keywords: stable solutions, biharmonic equations, polynomial growths.
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For the corresponding second-order problem,
(1-4) Au+ul”lu=0 inRY, p>1,

Farina has obtained the optimal Liouville type result for all finite Morse index
solutions. He proved in [Farina 2007] that a smooth finite Morse index solution to
(1-4) exists if and only if p > p,, and N > 11, or p = N+2 and N > 3. Here p,;
is the so-called Joseph—Lundgren exponent; see (1.11) i 1n [Gu1 et al. 1992].

The nonexistence of positive solutions to (1-1) is shown if p < %—fi, and all
entire solutions are classified if p = %—j; see [Lin 1998; Wei and Xu 1999]. On

the other hand, the radially symmetric solutions to (1-1) are studied in [Ferrero
et al. 2009; Gazzola and Grunau 2006; Guo and Wei 2010; Karageorgis 2009].
In particular, Karageorgis [2009] proved that the radial entire solution to (1-1) is
stable if and only if p > p;; and N > 13. Here p,, stands for the corresponding
Joseph-Lundgren exponent to A2,

The general fourth-order case (1-1) is more delicate, since the integration by
parts argument used by Farina cannot be adapted easily. The first nonexistence
result for general stable solutions was proved by Wei and Ye [2013], who proposed
we consider (1-1) as a system

(1-5) —Au=v, —Av=u”’ inRV,

and introduced the idea to use different test functions with u but also v. Using
estimates in [Souplet 2009] they showed that for N < 8, (1-1) has no smooth stable
solutions. For N > 9, using a blow-up argument, they proved that the classification
holds still for p < N/(N —8) 4+ ex with ey > 0, but without any explicit value of
€y. This result was improved by Wei, Xu and Yang in [Wei et al. 2013] for N > 20
with a more explicit bound.

Using the stability of system (1-5) and an interesting iteration argument, Cowan
[2013, Theorem 2] proved that there is no smooth stable solution to (1-1) if N <
2+ A%to, where

2p_ 2p
1-6 o = for all p > 1.
(1-6) 0=yt p+1 1 P
In particular, if N < 10, (1-1) has no stable solution for any p > 1.
However, the study for radial solutions in [Karageorgis 2009] suggests the
following conjecture.

Conjecture. A smooth stable solution to (1-1) exists if and only if p > p,, and
N >13.

Consequently, the Liouville type result for stable solutions of (1-1) should hold
true for N < 12 with any p > 1; that’s what we prove here. More precisely, by



STABLE SOLUTIONS OF BIHARMONIC PROBLEM WITH POLYNOMIAL GROWTH 81

[Karageorgis 2009, Theorem 1], the radial entire solutions to (1-1) are unstable if
and only if
N2(N —4)?

(1-7) e <pQ4(—ﬁ),

where Q4(m) =m(@m —2)(m+ N —2)(m + N —4). The left-hand side comes from
the best constant of the Hardy—Rellich inequality (see [Rellich 1969]): Let N > 5,

N%(N —4)? 2
/ 1Ag|? dx > ¥/ Y dx forall g € HARY).
RN 16 R

N |xl*
The right-hand side of (1-7) comes from the weak radial solution w(x) = |x|~#/ (=D,
When p > %—j, we can check that w € HZ_ (RY) and
Kw= 04~ ) T ®Y).
p—1
Since w?~1(x) = |x|~% and in view of the Hardy—Rellich inequality, the condition
(1-7) means just that w is not a stable solution in R, that is, there exists ¢ € H>(R")
such that
Ay(@) = / |Ap|*dx — p/ Q4(—i)w1’_lg02 dx < 0.

RN RN pP— 1
If we set N =2+2x, a direct calculation shows that (1-7) is equivalent to Hyr, (x) <
0, where

_ 324D 5 2p(p+D(P+3)  64p(p+1)?
(p—1? (p—17° (p—D*
By [Gazzola and Grunau 2006], (1-7) is equivalent to N < 2 + 2x; if x; denotes
the largest root of H,, . Note that closeness between the fourth-order polynomials
H,, and H (in Theorem 1.1); they differ only by H (x) — Hy, (x) =2x2—1.

Furthermore, Theorem 1.1 improves the bound given in [Cowan 2013] for all
p > 1. Indeed, Lemmas 2.2 and 2.4 below imply that xo > 2(p—j11)t0.

Recall that to handle the equation (1-1), we prove in general that v =—Au > 0 in
RY by studying function averages on the sphere; see [Wei and Xu 1999]. Applying
the blow-up argument as in [Souplet 2009; Wei and Ye 2013], we can assume that
u and v are uniformly bounded in R". Therefore the following Souplet’s estimate
[2009] holds true in RY, which was established for any bounded solution u of (1-1):

[ 2
1- > (p+1)/2‘
(1-8) v » lu

Here we propose a new approach. Without assuming the boundedness of u or

Hyp (x) = (x*—1)°

showing immediately the positivity of v, we prove first some integral estimates for
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stable solutions of (1-1), which will enable us the estimate (1-8). This idea permits
us to handle more general biharmonic equations: let N > 5 and p > 1, and consider

(1-9) ANu=u, u>0inTCcRY, u=Au=0 ondX.
Let E = H*(Z)N Hy (%) and

(1-10) Ao(9) ::/ |A¢|2dx—p/ uP~'¢9>dx forall ¢ € E.
D) X

A solution u of (1-9) is said to be stable if Ag(¢) > 0 for any ¢ € E.

Proposition 1.2. Let u be a classical stable solution of (1-9) where X is one of
RY, the half-space ¥ = RY, or the exterior domain = = RN \ Q or [R?ﬁ \ Q, where
Q is a bounded smooth domain of RY. Then the inequality (1-8) holds in ¥, and
consequently v > 0 in .

Using this, we obtain a Liouville type result for (1-9) in the half-space situation,
which improves the result in [Wei and Ye 2013] for a wider range of N, and without
assuming the boundedness of u or v = —Au.

Theorem 1.3. Let xq be defined as in Theorem 1.1. If N < 2 + 2xq, there exists no
classical stable solution of (1-9) if ¥ = Rﬁ .

Our proof combines also many ideas from [Wei and Ye 2013; Cowan and
Ghoussoub 2014; Cowan 2013]. Briefly, for (1-1), we apply different test functions
to both equations of the system (1-5) and make use of the following inequality in
[Cowan and Ghoussoub 2014] (see also [Cowan 2013; Dupaigne et al. 2013a]): if
u is a stable solution of (1-1), then

(1-11) / ﬁu<P1>/2¢2dx§/ |Vo|?dx for all ¢ € CJ(RM).
RN RN

This will enable us to make two estimates. From these estimates, we prove that for
any stable solution u of (1-1), ¢ € CZ(RY) and s > 1,

(1-12) L(s) <0 :>/ upvs_lqﬁzdxfC/ v (IA@D)] +|Ve|*) dx.
RN

RN
Here L is a polynomial of degree 4, see (2-9) below, and the constant C depends
only on p and s. Applying then the iteration argument of Cowan [2013], we show
that u =0 if N < 24 2xp, which is a contradiction, since u is positive.
Using similar ideas, we consider the elliptic equation on bounded domains:

A’u=A(u+1)? in a bounded smooth domain @ c RV, N > 1
u=Au=20 on 0%2.

It is well known (see [Berchio and Gazzola 2005; Gazzola et al. 2010]) that there
exists a critical value A* > 0 depending on p > 1 and 2 such that:

(P) {
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o If A € (0, A*), (P;) has a minimal and classical solution u; which is stable.

o If A = A*, then u* =A1ir§1*uk is a weak solution to (Py+); u™ is called the
extremal solution. -

¢ No solution of (Py) exists whenever A > A*.

In [Cowan et al. 2010; Wei and Ye 2013], it was proved thatif 1 < p < (N —
8) /N)jrl, or equivalently N < 8p/(p — 1), the extremal solution u* is smooth.
Recently, Cowan and Ghoussoub improved the above result by showing that u*
is smooth if N <2+4(p+1)/(p — 1)ty with fy in (1-6), so u™ is smooth for any
p > 1 when N < 10. Our result is this:

Theorem 1.4. The extremal solution u™ is smooth if N < 2 + 2xy with xq given by
Theorem 1.1. In particular, u* is smooth for any p > 1 if N < 12.

We remark that our proof does not use the a priori estimate of v = —Au as in
[Cowan et al. 2010; Cowan and Ghoussoub 2014].

The paper is organized as follows. We prove some preliminary results and
Proposition 1.2 in Section 2. The proofs of Theorems 1.1, 1.3 and 1.4 are given in
Sections 3 and 4.

2. Preliminaries

We show first how to obtain the estimate (1-8) for stable solutions of (1-9). Our
idea is to use the stability condition (1-10) to get some decay estimates for stable
solutions of (1-9). In the following, we denote by B, the ball of center 0 and radius
r>0.

Lemma 2.1. Let u be a stable solution to (1-9) and set v = —Au. Then
(2-1) / W +uPTydx < CRV=48P=D " forall R > 0.
NBg

Proof. We proceed similarly as in Step 1 of the proof for [Wei and Ye 2013,
Theorem 1.1], but we do not assume here that v > 0 or « is bounded in X. For any
£ € CH(X) satisfying § = A£ =0 on 9% and n € C°(R"), we have

2-2) /E (N8)E dx = /E [AEnT dx + /»; [—4(VE - Vi) + 26 A8 |V ] dix

+f £2[2V(An) - Vi + (An)?*] dx.
)

The proof is direct as in [Wei and Ye 2013, Lemma 2.3], noticing just that in the
integrations by parts, all boundary integration terms on 0% vanish under the Navier
conditions for &.
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Let u be a solution of (1-9). Taking & = u in (2-2), we have

/[A(un)]zdx—/ uPtn? dx
b> b

:4[(Van)2dx+2/ uv|Vn|2dx—f uz[ZV(An)-Vn—i-(An)z]dx
b b by

where v = —Au. Using ¢ = un in (1-10), we obtain easily
(2-3) / [(A@n)* +uP'n*] dx
by

§C1/[|Vu|2|Vn|2+u2|V(An)-Vn|+u2(An)2]dx+C2/ uv|Vn|*dx.
) )

Here and below, C and C; denote generic positive constants independent of u,
which can change from one line to another. Since A(un) =2Vu-Vn+ulAn—vn
we get from (2-3)

(2-4) / 2t ulty?]dx
2 2,.2 2 2 2
§C1/[|Vu| IVn|“+u”|V(AR)-Vn|+u“(An) ]dx—i—Cz/ uv|Vnl-dx.
= =

On the other hand, since u =0 on 90X,
2/ |Vu|2|V77|2dx=/ A(u2)|vn|2dx+2/ uv|Vn|? dx
b b b
=/ uzA(|Vn|2)dx+2/ uv|Vn|? dx.
b b
By inputting this into (2-4), we arrive at
(2-5) / vin? +uPtn?] dx
§C1/ u2[|V(An)-an+(An)2+|A(|Vn|2)|]dx+C2/ uv|Vn|? dx.
b b
If we let n = ¢™ with m > 2 and ¢ € CP(RV), ¢ > 0, it follows that
/uleandx:mZ/ uvp? " V|Ve? dx
b b

< 2C/(v<pm)2dx+Cf ul@* M= \ve|*dx.

Now choose a cutoff function ¢y in C§°(B>) satisfying 0 < ¢p < 1 and ¢y = 1 for
|x| < 1. Inputting the above inequality into (2-5) with ¢ = ¢o(R~'x) for R > 0 and
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n=¢" withm=_2p+2)/(p—1) > 2, we arrive at

(2-6) / W +uP ™ dx < % u?Q®™ 4 dx
b b

c 2/(p+1)
< F(/ w1 (P +D=2) dx) RV(-D/(p+D)
p

c 2/(p+1)
_ _4(/ WPt g dx) RN(=D/(pD)
R*\Js
Hence
/ WP M gy < C RN/ (=),
z

Combining with (2-6) we get (2-1), since ¢*" =1 for x € B :={x e RV : |x| < R}.
O

Proof of Proposition 1.2. Let

— guPh/2 _ here B = |2
¢ =PBu v, where S P

Then a direct computation shows that A¢ > 8~1u(P=D/2¢ in ©. Consider ¢, :=
max(¢, 0). For any R > 0, we have

0
(2-7) / IVey P dx = —f L+ AL dx +/ §+—§ do
SNBx NBg a(sNBg) OV

[
< {4+ —do.
$NaBg OV

Here we used ¢, A > 0in X and { =0 on 3. Now let S¥~! denote the unit
sphere in R" and

e(r)= / ;3_(;’0) do forr > 0.
SN-IN@E-1E)

We remark that there exists an Ry > 0 satisfying

8§ rN_l /
(2-8) Ly—do = e'(r) forall r > Ry.
naB, OV 2

Moreover, for R > R\, we deduce from (2-1) that
R
/ rN_]e(r)drff {idxfC/ (v2+up+l)dx
Ry BrNX BrNX
< CRN=48/(=1 = 5(RM).

This means that the function e cannot be nondecreasing at infinity, so there exists
a sequence R; — oo satisfying ¢’(R;) < 0. Combining (2-7) and (2-8) with



86 HATEM HAJLAOUI, ABDELLAZIZ HARRABI AND DONG YE

/ IVey > dx =0.
D)

Using ¢ =0 on 3%, we have ¢, =0 in X, or equivalently (1-8) holds true in X.
Clearly v > 0 in X by (1-8). (]

R = R; — 00, we obtain

In the following, we show some properties of the polynomials L and H, useful
for our proofs. Let

3
(2-9) Lis)=s*—32-P 24 3pPPHI oy P seR.
p

+1 (p+1)2 (p+1)7?%’

Lemma 2.2. L(2ty) < 0 and L has a unique root sy in the interval (2ty, 00).

Proof. Obviously

p(p+3)t p

2
R+64 Ly —ea— 2
O 2T T (pr1)2

P
L(2ty) = 16t% —128——
( 0) 0 p+1

2p
Since 12 o/ Qto—=1)=+/2p/(p+1) (see [Cowan 2013]), wehavet():—(2to 1)2.
A dlrect computation yields P
+1)2L(24,
w =(p+DQty—1)>—4(p+ l)tg +2(p+3)tp—2

= (p — D1 —21).

Since 79 > 1 for any p > 1, we have L(2¢#y) < 0. Furthermore, for all p > 1, s > 21y,
we have

(p+DL"(s) =12(p+ 1)s> —64p > 48(p + 1)1 — 64p

2
248(p+1)—p —64p=32p>0
p+1

in [2ty, o0), where we used tg >2p/(p+ 1), which holds by (1-6). Therefore L
is convex in [2fy, 00). Since limg_, o, L(s) = 00 and L(2ty) < 0, it’s clear that L
admits a unique root in (2fy, 00). U
p+1

-1

1
H(x>=<"’+ )L()
p

hence H(x) < 0 if and only if L(s) < 0. Using the lemma above, we see that
_ p+1 2(p+1) 2AptD
p—1

Remark 2.3. After the change of variable x =

s, a direct calculation gives

xo = =750 s the largest root of H, and xo is the only root of H for x >

Lemma 2.4. If xg = ii_ } 5o s the largest root of H, then xo > 5 for any p > 1.
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Proof. Since xg is the largest root of H, to have xg > 5 it suffices to show H(5) < 0.
Let J(p) = (p— D*H(5); then J(p) = —15p* — 1284 p3 +4262p> — 3844 p +625.
Therefore,

J'(p) = —60p> —3852p% +8524p — 3844, J"(p) = —180p* — 7704 p + 8524,

We see that J” < 0 in [2, o0). Consequently J'(p) < 0 and J(p) < O for p > 2.
Hence xo > 5 if p > 2. For p € (1, 2), we have x¢ > %to > 61, which exceeds
5 since ty > 1. O

3. Proof of Theorems 1.1 and 1.3

We will prove only Theorem 1.1, since the proof of Theorem 1.3 is completely
similar, just changing B, to B, N Rf.

The following result generalizes [Cowan 2013, Lemma 4], which is a crucial
argument for our proof. As above, the constant C always denotes a positive number
which may change term by term, but does not depend on the solution u. For k € N,
let Ry :=2*R with R > 0.

Lemma 3.1. Assume that u is a classical stable solution of (1-1). Then for all
2 <s§ < 80, there is C < o0 such that

(3-1) / uPv*~ldx < % v dx forall R > 0.
BRk

BRryyy

Proof. Let u be a classical stable solution of (1-1). Let ¢ € C(Z)([RN ) and ¢ =
u@tD/2¢ with ¢ > 1. With this ¢, the stability inequality (1-11) gives

32 Jp / DRty
R
< / ut Ve + f Va2 P2 4 (g + 1) f upVuve.
RN RN RN

Integrating by parts, we get

1 2
(3-3) / |qu2+l|2¢2dxzwf W= \Vu 292 dx
RN 4 RN

2
_ M/ 2V (u) Vi dx
4q RN

1)? 1
— Mf uqv¢2dx—£ V@itV (e?) dx
4(,] RN 4q RN

1)? 1
= g+ / uqv¢2dx+ﬂ/ uIt A (¢?) dx
4q RN 4q RN
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and
(3-4) (q—i—l)/ uqqﬁVqu)dx:%/ VitV (¢?) dx
RN RN
=_l/ Wt A(¢?) dx.
2 RN

Combining (3-2)—(3-4), we conclude that
(3-5)

alf u(p_l)/zuq+lqb2dx§/ u"vqbzdx—i-C/ uq+1(|A(¢2)|+|V¢|2)dx
RN RN RN

where a1 = (4q./p)/(q + 1)2. Now choose ¢ (x) = h(R,:lx), where h € Ci°(B2)
is such that 4~ =1 in B;. Then

(3_6) / M(P—l)/2u4+1¢2dx < L/ MqU¢2 dx-f—% uq+1 dx.
RN ap Jgy R Bry,,

Now, apply the stability inequality (1-11) with ¢ = v"+D/2¢, r > 1, to obtain

\/ﬁ/N M(p—l)/2vr+l¢2
R
S/ vr+l|v¢|2+/ ‘Vv(r+1)/2‘2¢2+(r+1)/ vr¢vvv¢.
RN RN RN

By a very similar computation (recalling that —Av = u”), we have

(3-7) / u<P“/2v’+1¢2dx§i/ upv’¢2dx+%f v dx
RN ay Jgn R Br,.,,

where ay = (4r./p)/(r + 1)%.
Using (3-6) and (3-7), we get

(3-8) Li+ah:= /

u(p—l)/2uq+1¢2dx+a£+1/ uP=D2yr+ 92 g
RY RY

< L ulvg? dx —i—a;/ uPv’ ¢* dx
ar Jry RN
C g+1 | o+l
+ ﬁ (u +v )dx.

BRriy

Now fix

(39 2gq=(@+Dr+p—1, orequivalently q+1=%(p+l)(r+l).
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By Young’s inequality, we get
1 ulvg? dx

aq RN
_1 / W P02 D2 42
a

:L/ W P02 DR D) 2
RN

r (P=D/2,0+1 42
<
T I+ 1
P FS LT

(p—1)/2,;r+1 42
—_— u vV o dx
’+1(r +1) f

and similarly
r+ l

1 a,
P urvtdx < ——1
aZ/RN””‘p R L

12.

Combining the above two inequalities and (3-8), we deduce that

r+l
a"'r
a£+112<( 2 "y 11 >12+% Wit 4 v+ dx;
r+1 " ater+1) Br,.,

hence

(uqul + Ur+l)d.x.

Rict1

r+l r+1
(alaz) 112 < Cal f
r +l - R2 B

Thus, if aja; > 1, by the choice of ¢,

/ uP=D2yr+lgy <, < % it 4oy dx.
Bg, R

BReyy

From (1-8) and (3-9), we get u¢t! < Cv"*!. Setting s = r + 1, we can conclude
that if ajar > 1,

' . C
(3-10) f uPvs~ldx < C / uP=D72y8 dx < —;f Wit 4o+ dx
B By R B

Ri41
C3

< R2 vidx.

BRy

On the other hand, a simple verification shows that aja; > 1 is equivalent to
L(s) < 0. By Lemma 2.2, for s € [2¢ty, sg), this last inequality holds. So the
inequality (3-10), which is (3-1), holds for any 2¢p < s < s9. On the other hand,
the estimate (3-1) is valid for 2 < 5 < 2ty [Cowan 2013, Lemma 4], hence for
2<s <. O
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We can then follow the iteration process in [Cowan 2013] (see Proposition 1 or
Corollary 2 there) to obtain this consequence:

Corollary 3.2. Suppose u is a classical stable solution of (1-1). Forall2 < 8 <
so, there are £ € N and C < oo such that

1/p L 12
</ vﬂdx) <CR2 @/F )</ vzdx) forall R > 0.
Br By,

Now we are in position to complete the proof of Theorem 1.1. Let u be a smooth
stable solution to (1-1). Corollary 3.2 and (2-1) imply that for any 2 < 8 < %so,
there exists C > 0 such that

/8 lN2 1 N-2—-4
(/ vf‘dx) < cr2V¥P I =D forall R > 0.
Br

Note that

N
N-2

1 1 4 20p+1)
Considering the allowable range of 8 given in Corollary 3.2, if N <2+ 2(” H) 50,

after sending R — 0o we get ||v|| s ®y) = 0, which is impossible since v is posmve.
To conclude, the equation (1-1) has no classical stable solution if N < 2 4 2xg
where xg = §+1s0

Moreover, by Lemma 2.4, xo > 5 for any p > 1, which means that if N < 12,

(1-1) has no classical stable solution for all p > 1. O

4. Proof of Theorem 1.4

In this section, we consider the elliptic problem (P,). Let u; be the minimal solution
of (P,). It is well known that u, is stable. To simplify the presentation, we erase
the index 1. By [Cowan and Ghoussoub 2014; Dupaigne et al. 2013a],

(4-1) ,/,\p/(uﬂ)@”/%ﬁdx 5f |Vo|*dx forall p € H) ().
Q Q

Using ¢ = u'@t1/2 a5 a test function in (3-2), by similar computation as for (3-5)
in Section 3, we obtain

4
(4-2) alﬁ/(u—l—l)("_lwu‘”ldx 5/ ulvdx, where a; =q—Jﬁ2.
Q Q (g+1)

Here we do not need a cutoff function ¢, because all boundary terms appearing in
the integrations by parts vanish under the Navier boundary conditions, hence the
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calculations are even easier. We can use Young’s inequality as for Theorem 1.1,
but we show here a proof inspired by [Dupaigne et al. 2013b].

Similarly as for (3-7), using ¢ = v +D/2 in (4-1), we have
(4-3)

4
azﬁ/ (u~+ 1)P=D2y+1 gy 5/ Au+1)Pv"dx, where a, = r—\/ﬁz.
Q Q (r+1)

Fix 2g = (p+ )r + p — 1. Applying Holder’s inequality,
(4-4)

e+l r/Gr+1)
/ ulvdx < (/ u(P=D/2yr+1 dx) (/ u(P=D/2Hg+1 dx)
Q Q Q
and

1/(r+1) r/(r+1)
< (f (u+ 1P/t dx) </ uP= D2+t dx)
Ve Q
(4-5)

r/(r+1) 1/(r+1)
/(u+1)ﬂv’ dx < (/(u+1)<l’—“/2v’+1 a’x) (/(u+1)<”—1)/2+q+1 dx) .
Q Q Q

Multiplying (4-2) with (4-3), using (4-4) and (4-5), we get immediately

1/(r+1) 1/(r+1)
(4-6) (/ (u—l—l)(pfl)/zu“l dx) < L(/ (u+1)(P*1)/2+LI+1 dx) .
Q Q

T aiar
On the other hand, for any &€ > 0 there exists C; > 0 such that
(u+DP=O2HH < p ey 4+ DHPD 24 L ¢, in Ry
If ajap > 1, there exists g9 > 0 satisfying 1 + &9 < (a1a2)"T'. We deduce from
(4-6) that
1——1+80 /(u+1)(p_1)/2uq+ldx§C.
(aa) 1) Jg

Therefore, when L(s) < 0, or equivalently when aa, > 1, there is C > 0 such that
/ WP+ g o / (4 DP=D28+ gy < .
Q Q

Since ™ = lim, _, )= u,, we conclude, using Lemma 2.2,

20q+1
(4-7) u* e LP=D2Ha+L Q) for all ¢ satisfying (‘ITJFI) =r+1=s <.
p

Furthermore, by [Gazzola et al. 2010], we know that u* € H 2(R). Since u* >0
satisfies A%u* = A*(u* 4+ 1)? < C(w*)?~'u* 4+ C with u* = Au* = 0 on 3R, by
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standard elliptic estimate, we know that u* is smooth if

—1 1
O e P S (£ 9)

4 2 2 p—1

Therefore, u™* is smooth if N <2+ 2xg. By Lemma 2.4, u* is smooth for any p > 1

if N <12. O
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VALUATIVE MULTIPLIER IDEALS

ZHENGYU HU

The main goal of this paper is to construct an algebraic analogue of quasi-
plurisubharmonic function (qpsh for short) from complex analysis and ge-
ometry. We define a notion of qpsh function on a valuation space associated
to a quite general scheme. We then define the multiplier ideals of these
functions and prove some basic results about them, such as subadditivity
property, the approximation theorem. We also treat some applications in
complex algebraic geometry.

1. Introduction

Given a line bundle L on a smooth projective complex variety, a classical theorem
of Kodaira asserts that if L carries on a smooth metric with positive curvature, then
L is ample; equivalently, the global sections of a multiple of L give an embedding
to a projective space and hence induce such a metric on L. More generally, global
sections of a multiple of L induce a semipositive singular metric. Conversely,
given a semipositive singular metric /4, the local weight function ¢, which is
plurisubharmonic (psh for short), should be related to sections of multiples of L, or
perhaps of a small perturbation of L. See [Lehmann 2011] for more details.

On the other hand, if we work locally near the origin of C", then Section 5 of
[Boucksom et al. 2008] shows that we can transform a psh germ ¢ to a formal
psh function ¢ on quasimonomial valuations centred at the origin. This valuative
transform usually loses much information on the original psh function, however, it
preserves the information on the singularity of ¢. In particular, they give the same
multiplier ideals which essentially means that they characterize the same singularity
because of the Demailly’s approximation. The idea of studying psh functions using
valuations was systematically developed in the work just cited and its predecessors
[Favre and Jonsson 2004; 2005a; 2005b]. The main purpose of this paper is to
define a similar notion of qpsh functions on a separated, regular, connected and
excellent schemes over QQ, and we then study these functions.

Although we don’t discuss Berkovich spaces in this paper, our work should
be related to the qpsh functions (or metrics on line bundles) on the Berkovich

MSC2010: primary 14F18; secondary 12J20.
Keywords: multiplier ideals, valuations.
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space associated to a smooth projective variety over a trivially valued field. See
[Boucksom et al. 2012b; 2012c].

Let us briefly introduce some terminology. Roughly speaking, we consider a
function ¢ on divisorial valuations on a scheme X such that ¢ (¢ ordg) = t@(ordg)
and supy |¢(ordg)|/A(ordg) < +o0o, where E runs over all prime divisors over X.
We prove that such functions form a Banach space BH(X) if we equip it with
the norm ||¢|| = supy |¢(ordg)|/A(ordg) (see Proposition 3.2). By convention we
set log |a|(ordg) = — ordg (a) for a nonzero coherent ideal sheaf a, and one can
easily check that log |a] is a valuative function in BH(X). We define the set of qpsh
functions QPSH(X) to be the closed convex cone generated by functions of the
form log |a|. We then define the multiplier ideal $(¢) of a gqpsh function ¢ to be the
largest ideal a such that supg (— ordg(a) — ¢(ordg))/A(ordg) < 1. This definition
is reasonable because of Proposition 4.3 and Corollary 4.14.

Our first main result is that a qpsh function is a decreasing limit of a sequence
of gpsh functions of the form ¢ log |b;|. In complex analysis and geometry, such
a regularization is crucial. See [Demailly 1992; 1993]. Moreover, we prove that
we can actually choose by = $(k¢) satisfying the subadditivity property. See
Proposition 4.22(1). Readers can compare this result with [Demailly et al. 2000].

Theorem 1.1 (cf. Theorem 4.24). Let ¢ be a bounded homogeneous function. Then
@ is gpsh if and only if ¢ is the limit function, in norm, of a decreasing sequence of
gpsh functions of the form cy log |by|. Furthermore, we can choose cy = 1/k and
by = $(ke) which form a subadditive sequence of ideals.

Given an ideal a on a scheme X, the log canonical threshold Ict(a) is a fundamen-
tal invariant both in singularity theory and birational geometry (see [Lazarsfeld 2004;
Kollar and Mori 1998], etc.). The log canonical threshold admits the following
description in terms of valuations:

. . Aordg)
let(a) = inf CE)
e =1t @

where E runs over all prime divisors over X and A(ordg) = ordg(Ky,x) + 1. In
fact in the above formulae one can take the infimum over all real valuations centred
on X. It is well-known that if Y is a log resolution of a, then there exists some
prime divisor E on Y such that ordg computes the log canonical threshold, that
is, Ict(a) = A(ordg)/ordg(a). Given a gpsh function ¢, we can define the log
canonical threshold Ict(p) as the limit of 1/cg Ict(ag), where ¢ log |ax| converges
to ¢ strongly in norm. We show that

. A(ordg)
Ict =inf ———.
¢ ((,0) Ht}? —(p(Ol‘dE)
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Unfortunately, there might be no divisorial valuation that computes the log canonical
threshold in general. However, we can prove that there exists a real valuation that
computes the log canonical threshold. This has been heavily studied in [Jonsson
and Mustatd 2012; 2014] and other references. Conjecture B of [Jonsson and
Mustatd 2012] suggests that a valuation that computes the norm is quasimonomial
(see Conjecture 5.9). Equivalently we consider the reciprocal of the log canonical
threshold, which is exactly the norm of ¢ by definition. More generally, for a
nonzero ideal q we consider |||l := supg(—¢(ordg)/(A(ordg) + ordg(q)), and
we prove that there exists a real valuation that computes this norm. The proof in
this paper mainly follows the strategy of [Jonsson and Mustata 2012]. A similar
result appears in [Jonsson and Mustatd 2014].

Theorem 1.2 (Theorem 5.2). Let ¢ € QPSH(X) be a gpsh function and let q be
a nonzero ideal on X. Then there exists a nontrivial tempered valuation v that
computes ||¢|g.

If X is a complex projective variety, then we can provide QPSH(X) with more
structures. Namely, given a Q-line bundle L on X, we say that the function A log |a]
is L-psh if A is a nonnegative rational number and L ® a* is semi-ample. We can
then define PSH(L) € QPSH(X) as the closure of the set of such functions. We
also define the set of pseudo L-psh functions as PSH, (L) := (.., PSH(L + €A),
where A is an ample line bundle. See the section on D-psh functions (page 118)
for more details.

In this setting, we show that there exists the maximal L-psh function ¢ that
can be written explicitly as ¢(v) = —v(]|L]|), and that there exists the maximal
pseudo L-psh function ¢ that can be written explicitly as ¢ (v) = —o, (|| L]|) (see
Propositions 6.10 and 6.11). As an immediate corollary we generalize Theorem 6.14
of [Lehmann 2011] as follows (see that paper for the definitions of the perturbed
ideal and the diminished ideal).

Theorem 1.3 (Theorem 6.16). Let D be a pseudo-effective divisor. Assume that
Pmax IS the maximal pseudo D-psh function. Then the perturbed ideal and the
diminished ideal are $5 _ (D) = $_(¢pmax) and $o(D) = $(Pmax), respectively. In
particular, we can write $, (D) explicitly as

T, $o (L)) ={f €T (U, 0x) | v(f) + Aw) —ou (L) > O for all v € V7, }.

Further, a nonzero ideal ¢ C $, (|| L)) if and only if v(q) + A(v) — oy (||IL]]) > O for
all v e Vy.

In the last subsection of this paper, we prove the finite generation of a divisorial
module as another application. The proposition below can also be obtained using
minimal model theory (see Remark 6.21). Note that our proof here avoids using
“the length of extremal rays” (see [Birkar and Hu 2012]).
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Proposition 1.4 (Proposition 6.18). Let (X, B) be a log canonical pair. Assume that
Kx + B is Q-Cartier and abundant, and that R(K x + B) is finitely generated. Then,
if & is any reflexive sheaf M;(KX + B) is a finitely generated R(K x + B)-module.

This proposition can be slightly generalized (see Proposition 6.24).

2. Valuation spaces

Throughout this paper, all schemes are assumed to be separated, regular, connected
and excellent schemes over Q. All rings are assumed to be integral, regular and
excellent rings containing (). An ideal on a scheme means a coherent ideal sheaf on
a scheme. A birational model of a scheme is a model birational to and proper over
this scheme, and a divisor over a scheme is a divisor on a birational model of the
scheme. For definitions and properties of valuations, multiplier ideals, singularities
in birational geometry, etc., see [Kolldr and Mori 1998; Lazarsfeld 2004; Jonsson
and Mustatd 2012]. From now on we abbreviate this last reference as [JM12].

Real valuations. Let X be a scheme, and let K(X) be its function field. A real
valuation v is a function v : K(X)* — R such that v(fg) = v(f) + v(g) and
v(f +g) = min{v(f), v(g)}. By convention we set v(0) := +o00. Let

Oy:={flv(f) =0}

be its valuation ring. If there exists a point & € X such that the morphism Oy ¢ < O,
is a local homomorphism, then § is called the centre of v on X and denoted by
cx(v). Note that £ is unique since X is separated, and also note that the centre
always exists provided that X is complete. A real valuation with centred on X is
called a real valuation on X or simply a valuation on X, and we denote by Valyx the
set of valuations on X. The set of valuations Valy is independent of the choice of a
birational model of X. More precisely, if ¥ — X is a proper birational morphism
of schemes, then Valy = Valy. A valuation v on X is said to be the frivial valuation
if its centre cx (v) is the generic point of X. We denote by Valy C Valy the set of
nontrivial valuations on X.

The set Valy can be equipped with an induced topology defined by the maps
v — v(f) for all rational functions f € K (X)*. For every nonzero ideal a, we have
that v(a) is well defined and v(a) = v(a), where a denotes the integral closure of a.
Note that the topology on Valy defined by pointwise convergence on ideals on X is
equivalent to that on functions in K (X). Readers can consult [JM12, Section 1] for
more details.

In this topology, the map cy : Valy — X is anti-continuous. That is, the inverse
image of an open subset is closed. More precisely, if U € X is an open subset and
m is the defining ideal of X \ U, then Valy = {v € Valy | v(m) = 0} and Valy is
closed in Valy.
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For two valuations v, w on X, we say that v < w if v(a) < w(a) for every
nonzero ideal a. This is equivalent to that the centre  := cx(w) € cx(v) and that
v(f) < w(f) for every nonzero local function f € Oy .

Quasimonomial valuations. Let X be a scheme, let £ € X be a point, and let
x = (x1,...,x,) be a regular system of parameters at £&. If f € @Xg is a local
regular functlon then f can be expressed as f = ) _ 8 c,gxﬁ in Oy ¢ & with each
coefficient cg either zero or a unit. For each a = (a1, ..., a,) € Rl ), we define a
real valuation by valg o () = min{{(c, B) | cg # 0}, where (a, B) = _Zl- a; B, which
is called a monomial valuation on X.

A pair (Y, D) is called log smooth if Y is a scheme and D is a reduced divisor
whose components are regular subschemes intersecting each other transversally. A
pair (Y, D) is called a log resolution of X if there is a birational projective morphism
m:Y — X and (Y, D+ Ky/,x) is log smooth. Let (Y, D’) be another log resolution
of X, we say (Y, D’) = (Y, D) if Y’ is projective over Y and the support of D’
contains the support of the pullback of D. Note that log resolutions of X form an
inverse system.

Let (Y, D) be alog resolution of X, and let n be the generic point of an irreducible
component of the intersection of some prime components of D. We denote by
QM,, (Y, D) the set of real valuations which can be defined as a monomial valuation
at 7. Note that 5 € cx(v) and QM,, (Y, D) = RZ,, as topological spaces. We also
define

QM(Y, D) = U, QM, (¥, D).

where 1 runs over every generic point of some component of the intersection of
some prime components of D. A real valuation v is said to be quasimonomial if
there exists a log resolution (Y, D) such that v € QM(Y, D).

Remark 2.1. Let[', = v(K (X)*) C R be the value group of v. Denote by ratrk(v) =
dimg (", ®7 Q) the rational rank of v, and let k,, k(&) be the residue fields of O,
Ox ¢ respectively, where § = cx (v). If we let trdegy (v) = trdeg(k,/k(§)) be the
transcendental degree of v over X, we have Abhyankar’s inequality ratrk(v) +
trdegy (v) < dim(Ox ¢). Quasimonomial valuations are exactly the ones that give
equality in the Abhyankar’s inequality; see [JM12, Proposition 3.7].

Let v € Valy be a quasimonomial valuation. A log smooth pair (Y, D) is said
to be adapted to v if v € QM(Y, D). We say (Y, D) is a good pair adapted to v if
{v(D;) | v(D;) > 0} are rationally independent.

Lemma 2.2 [JM12, Lemma 3.6]. Let v € Valy be a quasimonomial valuation.
There exists a good pair (Y, D) adapted to v. If (Y, D) = (Y, D) and (Y, D) is a
good pair adapted to v, then (Y', D) is also a good pair adapted fo v.
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An important class of valuations are divisorial valuations. A valuation is called
divisorial if it is positively proportional to ordg for some prime divisor E over X,
where ordg is the vanishing order along E. One easily verifies that the trivial
valuation is quasimonomial of rational rank zero, and a divisorial valuation is
quasimonomial of rational rank one. Let (¥, D) be a log smooth pair adapted to v.
It can be verified that v is divisorial if and only if R>o[v] € QM, (Y, D) =R, isa
rational ray, that is, R>o[v] contains some rational point in RZ .

For every log resolution (Y, D) we can define the retraction map

ry,.D :ValX — QM(Y, D)

by taking v to a quasimonomial valuation in QM(Y, D) with ry p(v)(D;) = v(D;).
Note that ry p is continuous and that v > ry p(v) with equality if and only if
v € QM(Y, D). Furthermore, if (Y, D') > (Y, D) is another resolution, then the
retraction map ry,p : QM(Y’, D') — QM(Y, D) (by abuse of notation if without
confusion) is a surjective mapping that is integral linear on every QM,, (Y", D) and
we have that ry p ory, pr = ry, p. Therefore we can naturally regard QM(Y, D) as
a subset of QM(Y’, D’), and hence of the set of quasimonomial valuations on X.
Also note that v(a) > ry p(v)(a) for an ideal a on X, with equality if (¥, D) is a
log resolution of a; see [Lazarsfeld 2004] and [JM12, Corollary 4.8].

Tempered valuations. We first introduce the log discrepancy on an arbitrary scheme.
Let 7 : Y — X be a birational proper morphism. The 0-th Fitting ideal Fitty(2y,x)
is a locally principal ideal with its corresponding effective divisor denoted by Ky, x;
see [JM12, Section 1.3]. For a quasimonomial valuation v € QM(Y, D), we define
the log discrepancy

Ax() =) _v(Dy)- Ax(ordp) =Y v(D;) - (1 +ordp, (Ky/x)).

We simply denote this by A when the scheme X is obvious. Note that A is
strictly positive linear on every QM, (¥, D), and in particular continuous on every
QM,, (Y, D) (or is weakly continuous according to Definition 3.4). Also note that if
(Y, D) = (Y, D) and v € QM(Y’, D’), then A(v) > A(ry p(v)) and equality holds
only when v € QM(Y, D). For an arbitrary valuation v € Valy, we define

A(v) = sup A(ry p(v)) € [0, 4o00].
(Y,D)

Note that A is lower-semicontinuous (Isc) as a valuative function.

Definition 2.3. A valuation v is said to be rempered if A(v) < co. The valuation
space Vx of X is defined to be the space of tempered valuations as a subspace of
Valx.
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We similarly denote by V% the subset of nontrivial tempered valuations. If
f : X" — X is a proper birational morphism, then Ax(v) = Ax'(v) + v(Kx//x)
(see [JM12, Proposition 5.1(3)]) and hence Vx» = Vx. Since Vy is a topological
subspace of Valy, it is naturally a subspace of the Berkovich space X*". See [IM12,
Section 6.3] for a comparison.

With the aid of the log discrepancy, we can normalize V7 by letting A(v) =1,
that is, we define Ax := {v € V} | A(v) = 1}. In particular, we normalize every
cone complex QM(Y, D) by setting A(Y, D) :={v e QM(Y, D) | A(v) = 1}. It is
clear that A(Y, D) naturally possesses the structure of a simplicial complex, and
by convention we say that A(Y, D) is a dual complex. Readers can compare the
constructions here with [Boucksom et al. 2008; 2012b; 2012c].

The following lemma allows us to compare v and ordg, where § = cx(v), which
is quite useful (see [Lazarsfeld 2004] or [JM12, Section 5.3] for the definition of
ordg). See [JM12, Proposition 5.10] for a proof. Recently S. Boucksom, C. Favre
and M. Jonsson [Boucksom et al. 2012a] gave a refinement of the following lemma.

Lemma 2.4 (Izumi-type inequality). Let & = cx(v) and wmg be the defining ideal of
{€}. Then we have v(mg) ordg < v < A(v) ordg.

Passing to the completion. A morphism f : X' — X is regular if it is flat and its
fibres are geometrically regular (see [JM12, Section 1.1]). The following lemma on
log discrepancy is essential for finding a valuation that computes the log canonical
threshold or norms in Section 5.

Lemma 2.5 [JM12, Proposition 5.13]. Let f : X' — X be a regular morphism, and
let f, : Valy: — Valy be the induced map. If v' € Valyx' is a valuation on X', then
AW > A(f (V). If we assume further that X' = Spec@}} and V' is centred at
the closed point of X', then A(v') = A(f(V')).

Definition 2.6. If £ € X is a point, then we define Vy ¢ := cgl(é) as a subspace
of Vx. We can normalize Vx ¢ by letting v(m) = 1, where m is the defining ideal
of {£}. More precisely we define Vy s :={v € Vx ¢ |v(m)=1}. Let M > Obe a
positive real number. We also define Vx ¢ p :={v € Vx ¢ | A(v) < M}. According
to [JM12, Proposition 5.9] the space Vy ¢y is compact. If X = Spec A and m is
the defining ideal of {5_}, we often use the notation V4 , instead of Vy .

Let (R, m) be a local ring. Given a tempered valuation v € Vg 1y, we define
V' (f) =limy_ o v(ay) for every f € R, where a;-R = f +mk. This is well-defined
since v(ax) < A(v)ordg(ax) < A(v)ordg/(f) < oo by Lemma 2.4. The above
definition leads to a correspondence between the valuation spaces of Spec R and
Spec R as follows. Throughout this paper we will use the notations v and v’ to
indicate that v = f,v’ for simplicity if without confusion.
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Proposition 2.7. Let (R, m) be a local ring, and let (I/i’\ ,m) be its m-adic com-
pletion. If we denote by f : Spec R— Spec R the canonical morphism, then the
induced map fy : Vg 5 — Vg m is bijective. If K " is a compact subspace of Vz @
then f, is a homeomorphism from K' to its image. In particular, Vg & 1y = VR m M
for any positive number M.

Proof. The bijectivity of f, follows from [JM12, Corollary 5.11], and we will prove
the latter statement. Let K = f,(K'). It suffices to show that K’ is homeomorphic
to K. Let h € R be a nonzero function. We have that maxycg' V' (h) =a < 00
since K’ is compact. If g € R is a nonzero function such that g —h € m" in R
for some n > . Then v'(g — h) > nv'(M) > v'(h) for all v’ € K'. It follows that
v(g) =v/'(g) = v'(h) for all v € K’ and hence they induce the same topology. [J

3. Functions on valuation spaces

In this section we will discuss various classes of functions on valuation space with
an emphasis on the quasi-plurisubharmonic (qpsh for short) functions.

Bounded homogeneous functions. Let X be a scheme and Vy be its valuation

space. A valuative function ¢ is homogeneous if ¢(tv) = tep(v) for all v € Vx and

t € R4. A valuative function ¢ is bounded if SUPyevy, lp(v)|/A(v) < 0o. The set

of bounded homogeneous functions (denoted by BH(X)) forms an R-linear space,

which can be equipped with the norm ||¢|| = SUPyevy, lp(v)|/A(v). If q is a nonzero

ideal on X, then we define the g-norm as [|¢|q = SUP, ey, lp()|/(A() +v(q)).
We also define

ol = sup — 20
h A(0) + o(@)
and
ol = sup — 2
vevy A) +v(q)
Clearly, gl = I—¢ll; and |- g = max{]l- I, II- I7}-

Lemma 3.1. Given two nonzero ideals p, q on X, the p-norm and the q-norm are
equivalent.

Proof. We first assume that p = Oy. Then we have the inequalities

v(q)
I §||-||§<1+ sup —)||~|| .
! vevy, Ay )1

Note that SUPyevy, v(q)/A(v) = maxp, (ordp, (q)/A(ordp,)) < oo, where D; runs
over all irreducible components of D on a birational model Y such that (¥, D) is a
log resolution of q. This implies that 1 4 SUP, v v(q)/A(v) < oo and leads to the
conclusion. O
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Proposition 3.2. Given a scheme X, BH(X) is a Banach space. If f : X' — X
is a regular morphism and f, : Vx» — Vx is the induced map, then the induced
map f*:BH(X) — BH(X') by taking ¢ to ¢ o fy is a bounded linear operator of
Banach spaces. More precisely, || f*(¢)llq.0, < ll@llq for any nonzero ideal q on X.

Proof. Note that a bounded homogeneous function ¢ is also a function on Ay,
defined by {v € V§ | A(v) = 1}, with the norm sup,c,, l¢(v)| < co. If {g,} is
a Cauchy sequence in BH(X), then ¢, converges pointwise to a homogeneous
function ¢. Since sup, e, [@(V)| < sup,ep, [9(V) =@ (V)| +sUp,ep , l@m (V)| < 00,
¢ is a bounded homogeneous function. This proves that BH(X) is a Banach space.
For the second statement, simply note that

lp(v)] lp (V)]
If*(@) g0, = sup <sup ——— = |l@llg-
T ey, AW '@ 0x) T ey, A) +o(a) |
by Lemma 2.5. U
Remark 3.3. Let ¢ be a bounded homogeneous function such that ¢(v) = —v(a)

for some nonzero ideal a on X. It is easy to see that the norm ||¢||4 is exactly the
Arnold multiplicity Arn%a, and its reciprocal is the log canonical threshold Ict%a.
We will discuss this type of functions in detail later.

Definition 3.4. A bounded homogeneous function ¢ is said to be weakly continuous
if ¢ is continuous on every dual complex A(Y, D).

Example 3.5. (1) As we already mentioned, the log discrepancy A is a weakly
bounded homogeneous function.

(2) If {¢r} is a sequence of continuous, bounded homogeneous functions that
converges to a function ¢ strongly in norm, then ¢ is weakly continuous.

Ideal functions and gpsh functions. Given a nonzero ideal a, we define |a|(v) =
—e”® by convention. It is obvious that log |a| is a continuous, bounded homoge-
neous function.

Definition 3.6. A bounded homogeneous function ¢ is said to be an ideal function

if there exists a finite number of nonzero ideals a; and positive real numbers c;
!

such that ¢ = ijl cjloglajl.

Lemma 3.7. Let o = le:l cjlogla;| be anideal function on X and q be a nonzero
ideal. Then,

l
Zj:l cjordg a; }

el = mgx{ A(ordg) +ordg q

for some prime divisor E over X.
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Proof. Let (Y, D) be a log resolution of ¢ - ]_[[J: 1 a;j, and let D;’s be the irreducible
components of D. By an easy computation, we see that

> ¢jordp, a
A(ordp,) +ordp, q )’

= max
llly = ma

where D; runs over all irreducible components of D. O

Lemma 3.8. Let ¢ be a bounded homogeneous function which is determined on
some dual complex A(Y, D) in the sense of ¢ = ¢ ory p. Assume that ¢ is affine on
each face of the dual complex A(Y, D) and that (Y', D') = (Y, D). Then ¢ =gory, py
which is also affine on each face of the dual complex A(Y', D).

Proof. The assumption that ¢ is affine on each face of the dual complex A(Y, D) is
equivalent to that ¢ is linear on each simplicial cone of QM(Y, D). The conclusion
follows from the fact that ry p is linear on each simplicial cone of QM(Y’, D). O

Definition 3.9. A bounded homogeneous function ¢ is a quasi-plurisubharmonic
(gpsh for short) function if there exists a sequence of ideal functions that converges
to ¢ strongly in norm. The set of qpsh functions, which is a closed convex cone in
BH(X), is denoted by QPSH(X).

Definition 3.10. The support of a gpsh function is the set of elements of the form
¢y (v), for some nontrivial tempered valuation v such that ¢(v) < 0.

If p = le:l ci log |a;| is an ideal function, then the support of ¢ is the union of
the vanishing loci V' (a;) and hence proper closed. We will see that the support of a
gpsh function is a countable union of proper closed subsets. See Corollary 4.26.

Proposition 3.11. Let ¢ € QPSH(X) be a gpsh function. Then, ¢ is convex on each
face of every dual complex A(Y, D). Moreover, ¢ ory p form a decreasing net
of continuous functions that converges to ¢ strongly in norm. In particular, ¢ is
weakly continuous and upper-semicontinuous (usc for short).

Proof. To show that ¢ is convex on each face of every dual complex A(Y, D), it
suffices to prove this when ¢ is an ideal function. We can assume that ¢ = clog |a].
Let 1 be a generic point of the intersection of Dy, ..., D;. We will prove that
¢ is convex on QM, (¥, D), which essentially implies the convexity on A(Y, D).
To this end, assume that v = Zl;zl)\jvj such that v, v; € QM,](Y, D), »; > 0 for
every j and Zl;zlk j = L. Assume further that a - Oy is principal near n generated
by f. If we consider the local coordinates y = {yy, ..., y;} with the origin 5, then
v and v; can be represented by o = @',...,a') and aj = (a}, R aé) with the
values v(f) =minf{(a, B) | f =) cpy?} and v;(f) =min{(e;, B) | f =D cpyf}.
Obviously, v(f) > Z];: 1Ajv;(f) and we obtain the required convexity. If a- Oy is
not principal, then ¢ is the maximum of a finite number of convex functions and
hence convex.
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Given an arbitrary gpsh function ¢, the functions ¢ ory p form a decreasing net
because v <ry p(v), and ¢ is continuous on A(Y, D) because it is the uniform limit
function of continuous functions. It suffices to show that ¢ o ry p converges to ¢
strongly in norm. To this end, consider a sequence of ideal functions ¢; =c; log |a;|
that converges to ¢ strongly in norm. We then obtain that

le —@orypl =llg =il +llg;—@oryvpl =2l —g¢,ll
if (¥, D) is a log resolution of a;, which completes the proof. (]

Remark 3.12. The proposition above implies that a qpsh function is uniquely
determined by its values on divisorial valuations. In fact, if ¢ and ¢ have the same
values on divisorial valuations, then ¢ = ¢ on every dual complex A(Y, D) by
continuity and hence ¢ = ¢ on Vy.

The following example shows that the pointwise limit of a decreasing sequence
of ideal functions is not qpsh in general.

Example 3.13. Let X = Speck[x] be an affine line, and let ¢ = 21;21 log | fjl,
where f; = x — j. We see that ¢ is a decreasing sequence of ideal functions and
the pointwise limit function ¢ exists. But ¢ is not gpsh because ||¢ — ¢| > 1 for
any ideal function ¢.

If f: X" — X is aregular morphism and ¢ is a gpsh function on X, then f*¢
is a gpsh function on Vx/ by Proposition 3.2. In particular if f : U — X (resp.
f :SpecOx ¢ — X) is an open inclusion, we say that f*¢ is the restriction (resp.
germ) of ¢, denoted by ¢|y (resp. ¢g). Also, restrictions to the neighbourhoods of
a point & induce a map QPSH(X) — 1i_n>1U9%_ QPSH(U), and the image of ¢ is also
said to be the germ of ¢, denoted by ¢|:.

If £ is not contained in the support of a qpsh function ¢, then ¢ = O by
Proposition 3.11. However, the following example shows that it could happen
that the germ of ¢ is nonzero in the set 1i_r>nU3 : QPSH(U).

Example 3.14. Let X = Spec k[x] be an affine line, and let ¢, = Zf;:l 27" log | fiml,
where f,, =x — 1/m. It is easy to see that ¢, converges to a function ¢ strongly in
norm. Note that the origin is not contained in the support of ¢, but the germ of ¢
in li—n>lU30 QPSH(U) is nonzero.

From this example we see that if we define ||¢|¢|| :=infys¢ ||@|y]l, then || - || is
only a seminorm.

Proposition 3.15. There is a surjective map of convex cones

r: h_m) QPSH(U) — QPSH(Spec Oy ¢)
Usé&

which preserves the seminorm, and also preserves || - || " and || - ||~.
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Proof. If ¢ =clog |a| and ¢’ = ¢ log |al, then we claim that [|¢|s —¢'|¢ || = ||<p5—<pé||.
To this end, let i : (Y, D) — X be a log resolution of a-a’, and let a-Oy = Oy (—F)
and a’ - Oy = Oy (—F"). One can easily check that

|ordp, F —ordp, F'|

— o = max K
llele = ¢'lell = max A(ordp,)

where & consists of irreducible components D; of D such that p(D;) contains & in
its support. This implies the claim.

Given a gpsh function gz € QPSH(Spec Oy ¢), there exists a sequence of ideal
functions ¢ ; = ¢; log |ag ;| that converges to ¢ strongly in norm. Let a; be ideals
on X such that a; - Ox ¢ = ag ;. We have that ¢; = ¢; log |a;| converges to a qpsh
function in li_r)nU9 ¢ QPSH(U) strongly in norm due to the previous claim. Therefore
we obtain the surjectivity of r.

Finally, for two gpsh functions ¢ and ¢’ on an open neighbourhood of &, the
equality [|¢le — ¢'|¢ll = lle — (pé | follows from the claim in the first paragraph.
Apply a similar argument to || - | " and || - ||, we obtain the conclusion. ]

From the discussion above, we see that ¢|¢ provides more information while it is
not a valuative function. We sometimes identify ¢|: and ¢ as the germ of ¢ at §.

4. Multiplier ideals

We will now discuss the multiplier ideals of gpsh functions. Recall that a graded
sequence of ideals a, is a sequence of ideals that satisfies a,, - a, C a,,4+,. By
convention we put ag = Oy, and we say a, is nontrivial if a,, # 0 for some positive
integer m. Note that in this case there are infinitely many m such that a,, # 0. A
subadditive sequence of ideals b, is a one-parameter family b, satisfying b,-b; D by,
for every s, t € R;. Similarly, we put bp = Ox and we say that b, is nontrivial if
b, # 0 for all r € R,.. Throughout this paper, every sequence of ideals is assumed
to be nontrivial. We define v(a,) = inf,,;> v(a,,)/m and v(b,) = sup,_ o v(b;)/¢ as
in [Ein et al. 2006]. We similarly define |a,|(v) = e"®) and |b,|(v) = e~ for
a graded sequence and a subadditive sequence of ideals respectively.

Multiplier ideals.

Definition 4.1. For a bounded homogeneous function ¢ € BH(X), the multiplier
ideal $(p) of ¢ is the largest ideal in the set of nonzero ideals {a | ||log |a|—¢|T < 1}.
If this set is empty, then we define $(¢p) = (0).

Remark 4.2. We will see that the set above is always nonempty when ¢ is qpsh
and $(¢) is therefore nonzero (see Remark 4.21). Moreover, we have the inequality
¢ <log|$(¢)| (see Remark 4.21), and hence ||log |$(¢)| — ¢| < 1 holds.
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The following proposition shows that our definition of multiplier ideals coincides
with the classical definition of multiplier ideals.

Proposition 4.3. If ¢ is an ideal function and we write ¢ = 2521 ci log|a;|, then
(@) = Iy a).
Proof. Let w : (Y, D) — X be a log resolution of ]_[f:1 ai, and a; - Oy = Oy (—F;)
with F; being supported in D. Since }(]—[ﬁzl a;%) = 7,0y (Ky/x — e F;),
it is easy to check that |[log| (T},
that $(¢) 2 $(ITi, a:).
Conversely, if f € ['(U, $(¢)) is a regular function on an affine open subset U,
then |[log | f|—¢|yll™ < 1. It follows that v( f)+ A(v) +¢(f) > 0 for all nontrivial
tempered valuations v on U. In particular, ordg f +ordg Ky, x +1 > —¢(ordg)
for any prime divisor E on 7 ~'U. Thus f € (U, $([T/, &) and it follows

that $(¢) C 9(1—[?:1 a;F). .

The lemmas below will be frequently used in this paper.

af")| —¢ ||+ < 1, which immediately implies

Lemma 4.4. Given a nonzero ideal q and a gpsh function ¢ € QPSH(X), q C $(Ap)
ifand only if =" > |lglq. Thus |l@ll;" = min{r | g & $(1¢)).
Proof. If q C $(Ag), then ||log |q] — A¢||" < 1 by definition. That is,

—v(q) —2p(v)
sup ——— < 1.

veVy A(U)

This implies that —v(q) — A@(v) < (1 —&)A(v) for every v € V. Thus

—rp)  _ (1—e)AW) +v(@)
A)+v(@ — A +v(q)

by Lemma 3.7. We obtain Al > llllq by definition.
Conversely we assume that [l¢||q = SUPyevy, (—rp())/(A(v) +v(q)) < 1. Then
—Ap(v) < (1 —¢e)(A(w) +v(q)). Therefore

<(I—¢)+elloglqllly <1

— — A
v(q) w@)il_g_gvM)Sl_S
A(v) A(v)
for a sufficiently small & which leads to the conclusion q C $(A¢). U

Lemma 4.5. Let & be a point of a scheme X, and ¢ be a gpsh function. Assume
that the multiplier ideal $(¢) is nonzero. (In fact, this assumption automatically
holds by Lemma 4.20 and Remark 4.21.) Then:

(D) $(elv) = F(p) - Op.
(2) $(pe) = $(p) - Ox ¢
(3) Set 271 i=lpllq. If § € V($(p) = q), then || @llq = 1@z llq.0x.-
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Proof. (1) Since [[log|$(¢) - Oy| — ¢lull™ < Illog|F(@)| — ¢l™ < 1, we have
$(p) -0y < $(¢|y). On the other hand, if we denote by m the defining ideal of
X\ U, then there exists a sufficiently large integer k such that v($(p)) < v(m*) for
all valuations v centred in X \ U. Now we extend $(¢|y) to X and still denote it by
$(¢lv). Therefore ||log | F(¢|y)-m*|—¢|I* < 1, which implies $(¢|v) € $(@)-Oy.

(2) First note that ||log [$(¢) -Ox ¢]| — e 1T < |llog |$(p)| — |t < 1, and it follows
that $(¢) - Ox ¢ € $(@e). For the inverse inclusion, we see that if f € $(¢¢), then
there exists an open neighbourhood U of & such that ||log|f| — ¢|y || < 1 by
Proposition 3.15. Thus f € $(¢|y) -Ox e = $(¢) - Oxg.

(3) It is obvious that [|¢[lq > |l¢s g0y by Proposition 3.2. If § € V($(1¢) : q),

then ($(h@e) 1 q-Ox¢) = ($(A@) : q) - Ox ¢ # Ox . Therefore q-Ox ¢ € $(Aple)
and A7 < Jlggllq.0,, by Lemma 4.4. O

Algebraic qpsh functions.

Definition 4.6. A gpsh function ¢ € QPSH(X) is algebraic if it is the limit function
of an increasing sequence of ideal functions ¢ = lim,,_, ~ ¢, (in norm). Note that
¢ being algebraic implies that r¢ is algebraic for any ¢ € R., and that ¢ +
is algebraic provided that i is another algebraic qpsh function. Thus the set of
algebraic gpsh functions is a convex subcone of QPSH(X), denoted by QPSH* (X).

An algebraic function is lower-semicontinuous (Isc for short) on Vx by its
definition, and usc by Proposition 3.11, so it is continuous. We will see that in
Definition 4.6 the phrase “in norm” is not necessary; that is, the pointwise limit of
an increasing sequence of ideal functions is algebraic qpsh (see Lemma 4.15). One
can compare this fact with Remark 4.25. The following example shows that a qpsh
function is not necessarily algebraic.

Example 4.7. Let X = Spec k[x1, x3] be the affine plane. If we set

k
1 !
Or = Z Elog|f;|, where f; = x| +x22 ,
=1
then ¢, converges to a gpsh function ¢ strongly in norm. However, the qpsh function
¢ is not algebraic since there is no ideal function ¢ < ¢.

The following lemma shows that a graded system of ideals naturally induces an
algebraic gpsh function.

Lemma 4.8. Let a, be a graded sequence of ideals. If we let log |a.|(v) = v(a,),
then log |a,| is an algebraic gpsh function.

Proof. It suffices to find a subsequence of {a,,} such that {¢; := (1/my) log |a,, |} is
an increasing sequence of ideal functions that converges to a gpsh function strongly
in norm. Let b, be a sequence of ideals such that b, = $(al) (see [Lazarsfeld
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2004]). Note that b, is subadditive of controlled growth (see [JM12, Section 2,
Section 6, Appendix]). Now we fix an integer m such that a,, # 0. Since b,, 2
$(ay) 2 a,,, we have v(b,,) < v(ay). Since v(b,,) + AWw) — (1/k)v(a,;) > 0 for
all nontrivial tempered valuations v, where k is a sufficiently divisible integer, we
have v(au)/(mk) < v(b,)/m+ A(v)/m. From the inequalities

v(by) - v (k) - v(by) n A(v)
m ~  mk m m

we have H # log k| — # log |kl H < % for every positive integer /. As we

multiply m, we obtain the desired sequence of ideal functions. U
Definition 4.9. Let ¢ € BH(X) be a bounded homogeneous function. Its envelope
ideal a(gp) is the largest ideal in the set {a|log |a| < ¢} if this set is nonempty. If it
is empty, we set a(¢) = 0.

Proposition 4.10. If ¢ is gpsh and a(p) is nonzero, then the envelope ideal can be
written explicitly as T'(U, a(@)) :={f € Ox (U) | v(f) +¢(v) > 0 for every v € V},}
on every open subset U.

Proof. Since the question is local, we can assume that X = Spec A is affine. It
suffices to prove that the ideal a, defined by

a(U) :={f € 0xU) | v(f)+¢(v) >0 for every v € V;}

on every open subset U, is coherent. To this end, we write / := a(X), and we will
prove that a(U,) = I, for any nonzero regular function g € A, where U, denotes
the affine open subset defined by g. Since a(U,) 2 I, by definition, we only need
to prove the converse inclusion. Note that there exists a large integer k such that
kv(g) = v(a(g)) for every nontrivial tempered valuation v centred in the locus
V(g), and hence klog|g|(v) < ¢(v). If f is a regular function on U, such that
v(f)+ () =0 forevery v e V*g, then v(fg*) 4+ ¢(v) > 0 for every v € V. This
implies that f € I,. ]

If we set a(p),, = a(me), then {a(p).} is a (possibly trivial) graded sequence

of ideals. The following lemma shows that every algebraic qpsh function is of the
form log |a,]|.

Lemma 4.11. If ¢ € QPSH?(X) is an algebraic gpsh function, then ¢ =1og |a(¢),|.

Proof. Given an arbitrarily small positive number &, there exist an ideal a on
X and an integer m such that %log la| < ¢ and ||%log la| — go“ < &. We have
%log ()| > %log |a| by definition and the conclusion follows. (]

By combining Proposition 4.3, Lemmas 4.8 and 4.11, we see that a bounded
homogeneous function is algebraic qpsh if and only if it is derived from a graded
sequence of ideals. Readers can compare the following theorem with Theorem 4.24.
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Theorem 4.12. If ¢ is a bounded homogeneous function, the following statements
are equivalent.

(1) ¢ € QPSH(X) is algebraic gpsh.
(2) There exists a graded sequence of ideals a, such that ¢ =10g |a,|.
(3) The graded system of ideals a(¢p), is nontrivial and ¢ =1og |a(@).|.

Proof. If we assume (1), then (3) holds by Lemma 4.11. Note that (3) implies (2) if
we simply put a, = a(g),. Finally, (1) follows from (2) by Lemma 4.8. O

We will use the following easy lemma. For the convenience of readers we present
a proof here.

Lemma 4.13. Let ¢ € QPSH®(X) be an algebraic gpsh function.

(1) Assume that {¢,,} is an increasing sequence of gpsh functions that converges
to ¢ strongly in norm. Then $(¢) = $(p,) for sufficiently large m.

(2) Assume that f : X' — X is a regular morphism of schemes. Then f*@ is
algebraic gpsh.

Proof. (1) We see that ||log |$(¢)| — ¢||T = 1 — & for some positive number &.

If [l — @mll <&, then |log|$(@)| — ¢mll™ < 1 and $(¢) S $(¢m). The inverse
inclusion $(¢) 2 $(¢,,) is obvious because ¢ > ¢,,.

(2) Assume ¢, is an increasing sequence of ideal functions that converges to ¢
strongly in norm. Then f*¢,, is also an increasing sequence of ideal functions that
converges to f* strongly in norm by Proposition 3.2. This implies that f*¢ is
algebraic gpsh. ([

By combining Lemmas 4.8 and 4.13(1), we see that the definition of valuative
multiplier ideals of algebraic functions coincides with the classical definition of
asymptotic multiplier ideals.

Corollary 4.14. Let a, be a graded sequence of ideals. If we write ¢ = log|a,|,
then $(¢) = $(a,).

General gpsh functions.

Lemma 4.15. If {¢,} is a family of (algebraic) qpsh functions, then sup, @, is an
(algebraic) gpsh function. Therefore, the convex cone QPSH(X) (resp. QPSH* (X))
is closed under taking the supremum.

Proof. We firstly assume that {¢, } is a family of algebraic qpsh functions, and we
write ¥ = sup, ¢,. Since Y > ¢, for every A, a(y),, 2 a(@;),. It follows that
log |a(¥)e| > log |a(ps)e| = ¢5. Therefore ¥ = log |a(yr),] is algebraic gpsh.
Now we treat the case when {¢,} is a family of general qpsh functions. For
each A, we assume that {¢, ,,} is a sequence of ideal functions that converges to ¢,
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strongly in norm such that [|@) — @y |l < % If we set v, = sup, @;.m, which is
an algebraic gpsh by the previous argument, then || — ¥, || < % and it follows
that {v,,} is a sequence that converges to i strongly in norm. (]

Since the convex cones QPSH(X) and QPSH“(X) are closed under taking the
supremum by Lemma 4.15, we can introduce the following definition.

Definition 4.16. Let ¢ be a bounded homogeneous function. Assume that the set
{¥r € QPSH(X) | ¥ < ¢} is nonempty. Then we say the maximal function in this
set the gpsh envelope function. We similarly define the algebraic qpsh envelope
function of ¢ if it exists.

In general, we cannot ensure the sets defined as above are nonempty. For instance,
the function in Example 3.13 is bounded homogeneous but its gpsh envelope function
does not exist. Also note that the function ¢ in Example 4.7 is qpsh itself but its
algebraic gpsh envelope function does not exist.

Lemma 4.17. Let ¢ be a bounded homogeneous function that is determined on
some dual complex A(Y, D) in the sense of ¢ = @ ory p. Then, its gpsh envelope
function  exists. Further, \r is algebraic gpsh.

Proof. Let Z C X be the image of the reduced divisor D on X, and m be the
defining ideal of Z. Since log |m| is strictly negative on A(Y, D) and ¢ is bounded
on A(Y, D), there exists an integer k such that k log |m| < ¢ on A(Y, D). Because
¢ is determined on the dual complex A(Y, D) in the sense of ¢ =@ ory p, we have
that klog |[m| < ¢ on V. It follows that its algebraic qpsh envelope function ¢
exists. In particular, its gpsh envelope function ¥ exists.
Now we will show that i = ¢. Set
u1= max Jv(m)] and wup;= min |v(m)|.
veA(Y,D) veA(Y,D)

For any small number ¢ > 0, we choose § < 1 such that (1 4+ u/12)8 < € and an
ideal function ¢’ such that ||¢’ — || < 8. Note that for every valuation v € A(Y, D)
we have

v (v) > ¢'(v) — iv(m) > @' (v) — LT W (v) — <1 + &)3.
K2 M2 2

We can assume that ¢’ < v and |y (v) — ¢’ (v)| < & on A(Y, D) after replacing ¢’
by ¢' + (8/12) log |m|. Because ¢ = ¢ ory,p, we obtain that ¢’ < ¢. It follows
that ¢’ < ¢ < ¥ by the definition of the qpsh envelope function. Since ¢ can be
chosen arbitrarily small, this forces ¢ = ¢ on A(Y, D). If we pick any higher log
resolution (Y, D’), we can show that ¢ =¥ on A(Y’, D’) by the same argument.
The conclusion therefore follows from Proposition 3.11. (]

The above lemma leads to the following definition.
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Definition 4.18. Let ¢ € QPSH(X) be a gpsh function. We denote by ¢y p the
gpsh envelop function of g o ry p.

Lemma 4.19. Let ¢ be a gpsh function. Then there exists a decreasing sequence of
algebraic functions that converges to ¢ strongly in norm.

Proof. Let {¢,} be a sequence of ideal functions that converges to ¢ strongly
in norm. We can assume that ¢,, = ¢, log|a,,| and || — @n | < % Let (Y, D)
be a log resolution a;. It is easy to see that ||¢ ory p — ¢1]| < 1, and therefore
lley.p — @11l < 1. We deduce that ||y, p — ¢l < 2. Now we replace ¢; by ¢y p
and continue this process. Note that if (Y, D) > (Y, D), then ¢y, p < ¢y.p by
Proposition 3.11. We easily obtain the required decreasing sequence of algebraic

functions. O

Lemma 4.20. Let {¢,,} be a sequence of gpsh functions that converges to a qpsh
function ¢ strongly in norm. Then $(¢) = $((1 + &)@,) for a sufficiently small
positive real number ¢ > 0 and a sufficiently large integer m.

Proof. First we prove that $(¢) € $((1 + &)¢,,) for a sufficiently small number
& > 0 and a sufficiently large integer m. To this end, we pick a sufficiently small
number ¢ > 0 such that $(¢) = $((1 4+ ¢&)¢). Since $((1+ &)p) € F((1 + &)pm)
provided that m is sufficiently large, we have $(¢) € $((1 + ¢)@,;). Conversely,
we pick a sufficiently large integer m such that || — ¢, || < 1 — ﬁ Applying
Lemma 4.4 again, we see that if f € $((1+&)g,) then @, f < ﬁ and hence
l@lls < lgmll s + ¢ = @ull; < 1, which implies that f € $(). O

Remark 4.21. Note that we always have ¢ < log|$(¢)| for an algebraic qpsh
function ¢ by [JM12, Propositions 6.2 and 6.5]. It follows by Lemmas 4.19
and 4.20 that $(¢) is nonzero and (1 + &) < (1 + &)@, <log|$(¢)|, where {¢;,}

is a decreasing sequence of algebraic functions that converges to a gpsh function ¢
strongly in norm. Since ¢ can be chosen arbitrarily small, we immediately obtain

that ¢ <log|$(@)|.

Now we discuss the multiplier ideals of general qpsh functions.
Proposition 4.22. Let ¢ € QPSH(X) be a gpsh function on X.

(1) Assume that  is another gpsh function on X. Then,
Fo+v) S J(p) - $W).
(2) Assume that f : X' — X is a regular morphism of schemes. Then,
$(@)-Ox = F(f*p).

Proof. (1) By Lemma 4.19 we can assume that there are decreasing sequences
of algebraic functions {¢,,} and {y,,} converging to ¢ and ¥ strongly in norm
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respectively. Then for some sufficiently large integer m, by Lemma 4.20 we have

Flo+9) =F(A+&)(@n+¥m) € I+ )pn) - F(L+e)¥m) = F (@) - F(W)

since @, + V¥, converges to ¢ + ¥ strongly in norm. The inclusion appearing in
this expression follows from [JM12, Theorem A.2].

(2) Since f is regular, for any ideal function ¢ =), ¢; log a;, we have

ywy@w=}01@)@x=yﬂiwwhw)=$q%>
i i

by the argument of [JM12, Proposition 1.9]. If {¢,,} is a sequence of ideal functions
that converges to ¢ strongly in norm, then f*¢,, is a decreasing sequence of ideal
functions that converges to f*¢ strongly in norm by Proposition 3.2. Therefore we

have $(¢) - Ox' = $((1 +&)¢m) - Ox = F((1 + &) fFom) = F(f 7). U
Recall from [JM12] that if b, is subadditive, then the limit

1
v(b,) := lim —w(by,) € [0, +00]
m—o00 m

is well-defined. For the purpose of constructing a “good” valuative function, we
introduce the notion of a subadditive sequence of ideals of controlled growth as
follows.

Definition 4.23 [JM12, Definition 2.9]. A subadditive sequence of ideals b, is of

controlled growth if

vw0>““J_AY)

for every nontrivial tempered valuation v and every ¢ > 0.

We see that v(b,) := lim,,_, o %v(bm) < +oo for every nontrivial tempered
valuation v. Furthermore, if we define log|b,|(v) = —v(b,), then log |b,]| is ap-
proximated by % log |b,,| strongly in norm and hence qpsh. Given a qpsh function,
if we define $(¢), := $(t¢), then $(p), is a subadditive sequence of controlled
growth by Proposition 4.22, Definition 4.1 and Remark 4.2. This allows us to give a
characterization of qpsh functions as follows. Readers could compare the following
theorem with Theorem 4.12.

Theorem 4.24. If ¢ is a bounded homogeneous function, the following statements
are equivalent.
(1) ¢ is gpsh.
(2) There is a subadditive sequence of ideals b, of controlled growth such that
@ =log b,|.
(3) The ideal $(ty) is nonzero for every t > 0 and ¢ =10g | $(¢).|.
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Proof. If we assume (1), then (3) follows from the previous argument together
with Definition 4.1 and Remark 4.2. Note that (3) implies (2) if we simply put
be = $(¢),. Finally, (1) follows from (2) by the previous argument. U

Remark 4.25. From the theorem we see that every gpsh function ¢ can be ap-
proximated by a decreasing sequence of ideal functions ¢, in norm. Indeed, we
can take ¢ = zik log |$(2%¢)|. However, if ¢ is only the pointwise limit of a
decreasing sequence of ideal functions on Vy, then ¢ is not necessarily gpsh (see
Example 3.13).

An immediate application of the preceding discussion is the following result on
the support of a qpsh function.

Corollary 4.26. Let ¢ be a gpsh function. Then its support supp ¢ is a countable
union of proper Zariski closed subsets of X.

Remark 4.27. Readers can compare the constructions here with [Boucksom et al.
2008]. If we work on X = Spec R, where R is the localization of C[xy, ..., x,]
at the origin, then our definition of gpsh functions coincides the notion of formal
psh functions. A brief argument is as follows. Given a formal psh function g, we
have a subadditive sequence of ideals {iz(tg)},>0 in ﬁ, that satisfies v(¥2 (tg)) +
A(v) + (1 4+¢€)g(v) = 0 for every quasimonomial valuation v centred at the origin
and an arbitrarily small €; see [Boucksom et al. 2008, Theorems 3.10 and 3.9].
It follows that {£?(tg)},~o form a subadditive sequence of ideals of controlled
growth that induces to a qpsh function ¢ on X. Therefore ¢(v) = g(v) for every
divisorial valuation v centred at the origin. Conversely, a qpsh function can be
naturally viewed as a formal psh function by definition. Therefore we construct an
one-to-one correspondence. The details are left to the readers.

Remark 4.28. Recall from complex geometry that a function ¢ : X — [—00, +00)
from a complex manifold is gpsh if it is locally equal to the sum of a smooth
function and a psh function. If X is a smooth complex variety, we should be able to
define the valuative transform of ¢, which is expected to be a qpsh function on the
valuation space Vy as defined in this paper. This was done locally in [Boucksom
et al. 2008] and its predecessors [Favre and Jonsson 2004; 2005a; 2005b]. However,
the global situation is not fully understood by us at this point.

5. Computing norms

Generalities.

Definition 5.1. Let ¢ be a bounded homogeneous function and ¢ be a nonzero
ideal on X. We say a nontrivial tempered valuation v € V} computes ||¢||, if the

equality [|¢[lq = l@(v)[/(A(v) +v(q)) holds.
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The main result of this section is the following theorem.

Theorem 5.2. Let ¢ € QPSH(X) be a gpsh function and let q be a nonzero ideal
on X. Then there exists a nontrivial tempered valuation v that computes ||¢||q.

Before we prove this theorem, we need some preparations.

Proposition 5.3. Let ¢ be a bounded homogeneous function that is determined on
some dual complex A(Y, D) in the sense of ¢ = ¢ ory p. Assume that ¢ is weakly
continuous (see Definition 3.4). Then there exists a quasimonomial valuation v that
computes |||lq. If we assume further that ¢ is affine on each face of A(Y, D), then
there exists a divisorial valuation v that computes | ¢4

Proof. For every nontrivial tempered valuation v € V;, we have

le@I lpory p(v)]
A()+v(q) — A(ry,p(v)) +ry,p(v)(q)
with equality if and only if v € QM(Y, D). Thus

lp()| lp()|
lellq= sup ————= sup — —.
veM(y,0) AW) +v(q)  yeay.py 1 +v(9)

Since ¢ is weakly continuous, the function v — |@(v)|/(A(v) 4+ v(q)) is continuous
on QM(Y, D). Therefore the function v — |¢(v)|/(1 4+ v(q)) is continuous on the
dual complex A(Y, D) and hence achieves its maximum in A(Y, D).

Assume that ¢ is affine on A(Y, D), and denote by {D;} the irreducible com-
ponents of D. After replacing (Y, D) by some higher log resolution, we can
assume that (Y, D) is a log resolution of q by Lemma 3.8. Then we have ||¢|q =
maxp, (|¢(ordp,)|/(A(ordp,) +ordp, (¢))), where D; runs over all irreducible com-
ponents of D since the functions ¢, A and log |q| are all affine on A(Y, D). (]

Computing norms of qpsh functions. This subsection is devoted to the proof of
Theorem 5.2. The proof here follows the strategy of [JM12]. We first consider the
local case.

Lemma 5.4. Let (R, m) be a local ring, let ¢ € QPSH(Spec R) be a gpsh function,
and let q be a nonzero ideal on Spec R. We set A= lellq and assume that
V(F (@) : q) = m. If we define another gpsh function ¥ = max{¢p, p log |m|} for a
sufficiently large integer p, then ||¢|lq = ||V ||q. Moreover, if a nontrivial tempered
valuation v computes ||V ||q, then v also computes ||¢||4.

Proof. Since /($(A¢) : q) = m, we have m”" - q € $(Lg) for some integer n. Set
AVl= ¢l w.q. it follows that A" > A by Lemma 4.4. Pick an integer p >n/(A'—1),

and fix a sufficiently small number ¢ <« 1 such that p > n/((1 —&)A’ — A). Observe
that

= sup TB=O@). pr(m) S min{—g (). py(m)
q vevs A(v) +v(q) " veve A() + v(q)
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where V7 is the set of v € V} satisfying —¢(v)/(A(v) +v(q)) > (1 —€)/A.
By the definition of A" we have nv(m)/(—¢@(v)) > 1 — (A(v) + v(q))/(—¢(v))
for every nontrivial tempered valuation v. This implies that

—p(v) _ p(,, AW +vq)
¥l Z:S&m‘m“{l’ Z(* ‘Wﬂ

> sup L(v)min{l B(A’— * )}: sup v = ollq-
~ vev, A(v) +v(q) "n 1—¢ vev. A(V) +v(q) |

Moreover, if a nontrivial tempered valuation v computes [|v/||q, we see from these
inequalities that v also computes [|¢||g. U

Lemma 5.5. Let (R, m) be a local ring, let ¢ be an ideal function on Spec R such
that ¢ > plog |m| for some integer p, and let q be a nonzero ideal on Spec R. Then
there exists a nontrivial tempered valuation v € Vg iy (see Definition 2.6) that
computes ||V ||q provided that M > p - ||(p||q_1.

Proof. If we write ¢ = p/M, then 0 < ¢ < |[{|lq. For every v € Vg 1y such
that —p(v)/(A(v) +v(q)) > c, we have A(v) < A(v) +v(q) < p/c = M. Thus
lollq=supv € Vg m m—¢v)/(A(v)+v(q)). Note that Vg n s is compact. Since
the function v — —¢@(v)/(A(v) 4+ v(q)) is usc as the valuative function A is lsc, the
maximum can be achieved in Vg m p. O

Lemma 5.6. Let ¢ € QPSH(X) be a gpsh function on X and {¢,,} be a decreasing
sequence of algebraic functions converging to ¢ strongly in norm. Set .~! = lellq
and )%1 = l@mllq- Then, $(Ap) S F(Anen) for every sufficiently large integer m.

Proof. If f € $(Ag), then |l¢| < (1 —¢&)/A for a sufficiently small number & > 0.
We have |lpnllr <llelly <(1—-¢)/A < k,jll since A, < A/(1 — ¢) for sufficiently
large m. It follows that f € $(A,,¢,) by Lemma 4.4. ([

Lemma 5.7. Let (R, m) be a local ring, let ¢ be a gpsh function on Spec R such
that ¢ > plog|m|, and let q be a nonzero ideal on Spec R. Then there exists a
nontrivial tempered valuation v € Vg o y Which computes |l¢l|lq provided that

M > p-lelly"

Proof. Assume that {¢,,} is a decreasing sequence of ideal functions which converges
to ¢ strongly in norm. Then m” - q C $(L¢) € $ (A ¢m) for every sufficiently large
integer m by Lemma 5.6. We set A’ = ||¢|lqwn.q and A, ! = [|@m |lmr.q. Note that
M > p -\, for every sufficiently large integer m. Therefore for every sufficiently
large integer m, there exists v, € Vg n » that computes ||y, |lq by Lemma 5.5. By
passing {¢,,} to a subsequence, we can assume {v,,} is a sequence of points that
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converges to some point v € Vg 1 ». Note that
—re) A —Aem(ua)
A)+v(g) — AW) +v(@) — A(vp) + va(q)
> 1= [A@m — An@ullq — 0
> 1—=Alem —@ullg =8 — A = Mll@llg,

where the second inequality holds because the function v — —A¢,, (v) /(A(v)+v(q))
is usc. Since ||, — Yullq,  and A, — A can be chosen arbitrarily small, we have
—AY(v)/(A(v) +v(q)) > 1 and the conclusion follows. |

Now we turn to treat the global case.

Proof of Theorem 5.2. Pick a generic point £ of V($(Ag) : q). Note that by
Lemma 4.5(3) [l¢llq = ll@ellq.0x- After replacing X and ¢ by Spec Ox ¢ and ¢,
respectively, we reduce the global case to the local case. After replacing ¢ by
max{e, plog|m|} for a sufficiently large integer p by Lemma 5.4, we can assume
that ¢ > plog |m|. Finally by Lemma 5.7, there exists a valuation v € Vy ¢ 5 that
computes [|¢]|q. U

An immediate consequence of Theorem 5.2 is the following corollary.

Corollary 5.8. Let ¢ be a gpsh function on X. Then, on every open subset U, we
can explicitly write

LU, $(p)) ={f (U, 0x) | v(f)+ A() +¢(v) > 0 for every v € V], }.

Let q be a nonzero ideal on X. Then, q C $(¢) if and only if v(q) + A(v) +¢(v) >0
for every v € V.

The following conjecture was raised as [JM12, Conjecture B] (cf. [JM12, The-
orem 7.8]). It is already known for several special cases (see [JM12, Sections 8
and 9]).

Conjecture 5.9. Let ¢ be a gpsh function on X and ¢ be a nonzero ideal on X.
Then there exists a nontrivial quasimonomial valuation v which computes ||¢||,.
Conversely, if a nontrivial tempered valuation v computes the norm of some qpsh
function, then v is quasimonomial.

6. Applications

If X is a smooth complex projective variety, we are interested in associating a
gpsh function to a line bundle that plays the role of a semipositive singular metric.
The starting point is the following easy observation. Given a pseudo-effective line
bundle L, an ideal a together with a nonnegative rational number A such that L ® a*
is semi-ample corresponds to a semipositive singular metric 4 in the sense that
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they give the same multiplier ideals $(a*™) = $(h®™) for every integer m > 0.
However in general, this correspondence becomes quite mysterious since many
analogue notions cannot be constructed. This has been studied in many relevant
references [Boucksom 2004; Ein et al. 2006; 2009; Ein and Popa 2008; Lehmann
2011; Nakayama 2004]. We will discuss the gpsh function associated to a line
bundle in detail within this section. Besides, it might be possible to generalize the
results in this section to varieties with mild singularities such as kit singularities
(see [Boucksom et al. 2012d; Boucksom et al. 2013b]).

Throughout this section X will be a projective smooth variety over C for sim-
plicity. The term “divisor” will always refer to a (D-Cartier (D-divisor. Given a
section s € H%(X, L) of a line bundle, the notation log |s| denotes the gpsh function
defined locally by a regular function corresponding to s.

D-psh functions.

Definition 6.1. Let D be a divisor. We define the set

1
Lp:= { Oi' al ’ kmD®a™ is globally generated for every sufficiently divisible m }

We then define set of D-psh functions to be the closure PSH(D) = £ in norm.

Lemma 6.2. (1) PSH(D) is compact and convex in QPSH(X).

(2) PSH(tD) = tPSH(D) for any t € Q.

(3) PSH(D) + PSH(D') CPSH(D + D).

(4) If A is a semiample divisor, then PSH(D) € PSH(D + A).
Proof. We firstly prove (1). To prove that PSH(D) is convex, it suffices to show that
¥p is convex. Given gpsh functions ¢, ¢’ € £p and a rational number 0 < A < 1,

we will show that Ap + (1 — A)¢" € £p. If we write ¢ = %log lal, ¢’ = %log la'|
and A = ¢/ p, then

1 1
rp+(1=2)¢ = —1logla?| + — log|a’?79|
kp k'p

log |aqk’. k=2 .

~ kk'p

It is easy to check that kk’ pmL ® a™4 K. qmk(p=4) jg globally generated for every
sufficiently divisible integer m and the conclusion follows. Note that (2), (3) and
(4) can be proved in a similar way. U

Question 6.3. Let ¢ be a general qpsh function. Does there exist a divisor D such
that ¢ € PSH(D)?
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Definition 6.4. For an ample divisor A, the set of pseudo D-psh functions is defined
to be PSH, (D) := (), PSH(D +¢A).

Note that this definition is independent of the choice of the ample divisor A, and
that the set PSH, (D) also satisfies the properties listed in Lemma 6.2.

Theorem 6.5 (Nadel vanishing). Let L be a line bundle on a smooth projective
variety X and L = A + D, where A is a nef and big Q-divisor. Assume that
¢ € PSH, (D). Then

H' (X, (Kx+L)®$(p) =0
foralli > 0.

Proof. By Kodaira’s lemma, A — §E is ample for some effective divisor E and
every sufficiently small number § > 0. If we write ¢ = log |Ox(—E)|, then by
semicontinuity of multiplier ideals we have $(¢) = $(¢+38¢E) for every sufficiently
small number § > 0. After replacing A and ¢ with A—§FE and ¢+ 8¢, respectively,
we can assume that A is ample.

By definition we can assume that there exists a sequence of ideal functions {¢y}
that converges to ¢ strongly in norm, such that ¢ € £p 4 and ¢ — 0%. Choose
& <« 1 such that A — ¢D is ample. We see that $(p) = $((1 + &)¢y) for every
sufficiently large integer k by Lemma 4.20. Note that (1 4 &)@x € L(146)(D+eA)-
For a sufficiently large integer k, A —eD — (1 4+ €)€ A is ample. After replacing
Aand ¢ by A—eD — (1 4 ¢)exA and (1 + )¢y, respectively, we reduce to the
classical Nadel vanishing (see [Lazarsfeld 2004]). O

As an application of this theorem, one can easily deduce the following theorem
by letting G = Kx 4+ (n + 1) H, where H is a hypersurface of X and n = dim X,
with the aid of the Castelnuovo—Mumford regularity.

Theorem 6.6 (global generation). Let D be a divisor on X. A gpsh function ¢ lies
in PSH, (D) if and only if there exists a line bundle G such that (imD +G) Q@ $(me)
is globally generated for all m € 7 with m D integral.

Given a gpsh function ¢, a positive real number A is said to be the (higher)
jumping number of ¢ if $((A —€)¢p) 2 $(Ae) for every positive real number €.

Definition 6.7. Let ¢ be a gpsh function. We define the ideal $_(¢) to be the
largest ideal in the set {a | ||log |a] — ]| < 1}. One can see that $_(¢) can be written
explicitly as

FU, $-(p) ={f € 0xU) | v(f) +A@) +¢(v) = 0 for every v € V}}

for every open subset U.
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Lemma 6.8. If ¢ is D-psh for some divisor D, then the descending chain of ideals
$((1 — €)@) stabilizes as € — 0. Further, $((1 —€)p) = $_(¢) fore K 1. It
follows that the set of its (higher) jumping numbers is discrete.

Proof. By adding an ample divisor to D, we can assume that D is Cartier. By
Theorem 6.5 and the Castelnuovo—Mumford regularity there exists an ample line
bundle G such that Ox (D + G) ® $((1 — €)¢) is globally generated for € < 1.
Since the descending chain of vector spaces H(X, Ox(D+G) ® $((1 — €)¢))
will stabilize as € — 0T, the descending chain of ideals $((1 — €)¢) will stabilize.
The reader can find more details in [Lehmann 2011, Theorem 4.2].

Fix a sufficiently small number €’. Since |log |$((1 —€")p)| — (1 —e)p]| < 1
for every sufficiently small number €, we see that ||log |$((1 —€")@)| — | < 1. It
follows that $((1 — €)¢) € $_(¢). To prove the converse inclusion, simply notice
that

LW, $-(¢) ={f € 0x(U)|v(f)+ A(v) +¢(v) > 0 for every v € V;}
and hence $((1 —€)p) 2 $_(¢) for € <« 1 by Corollary 5.8. [l

To investigate the structure of the sets PSH(D) and PSH, (D), we need the
following construction. Given an integer k, a divisor D and a qpsh function ¢, we
define the linear system V,,, (D, ¢, t) :={L € |LmD | | %log Isp| <1 log |$_(tp)l},
where s; is the section associated to the divisor L and € < 1. If we choose
a(D, ¢, ), := b(V, (D, ¢, 1)), the base ideal of the linear system V,,(D, ¢, t),
then a(D, ¢, ), is a graded sequence of ideals. Moreover, for every positive
rational number 7, we define <ptD :=log|a(D, ¢, 1)l

Lemma 6.9. Let D be a divisor on X and ¢ be a gpsh function. Then, ¢ € PSH(D)
if and only if = lim,_, o pP pointwise.

Proof. First assume that ¢ € PSH(D). Let {¢,,} be a sequence of ideal functions
that converges to ¢ such that each ¢,, € £p. If ¢ is not a (higher) jumping number
of ¢, then, by Lemma 4.20 we have

F_(t)=3((t —€)p) =F((t —€ +€)p) 2 F_(t0m)
and

F-(to) =F1p) =F((1 +)ppn) € F-(tom)

for every sufficiently large integer m. It follows that $_(t¢) = $_(t¢,) and
P = @n?’t. Note that 92, > ¢,,, and hence %log |$_(t@)] > 9P > . If tis a
(higher) jumping number, then (ptD > got[i ¢ = ¢. Therefore, we have ||g0tD — | < %
and hence ¢ = lim,_, oo .

Conversely, we assume that ¢ =lim,_, <ptD . Since gotD is algebraic from a(D, ¢, t),
for each ¢, (ptD is D-psh for every ¢ > 0. Since %log |$_(tp)| = <ptD and <ptD has a



VALUATIVE MULTIPLIER IDEALS 121

decreasing subsequence, ¢ converges to ¢ strongly in norm, which implies the
conclusion immediately. U

For every nontrivial tempered valuation v, we define v(||D||) = v(a,), where
an = b(Jlum D).

Proposition 6.10. The set PSH(D) is closed under taking the supremum. The
maximal D-psh function pmax can be written explicitly as ¢max(v) = —v(||D|)) for
all v € V¥%.

Proof. Let ¢, be a family of D-psh functions. By Lemma 6.9 ¢; = lim;_, <p£t.
Note that ¢, =log|a(D, @3, 1).|, where a(D, @y, 1) = b(Vin(D, @3, 1)).

If we write ¢ = sup, ¢, then $_(tg)) € $_(tp) for every A and every ¢. It
follows that b(V,,,(D, ¢,, 1)) € b(V,,(D, ¢, t)) for every m, A and t. We deduce
that sup, <p£ = <ptD and hence

@(v) = sup lim ¢P,(v)< lim sup ¢ (v) < lim ¢P (v)
A 00 ’ =00 4 ’ —>00

for every v € V. Note that the pointwise limits appearing in these inequalities
exist because we can take decreasing subsequences which are bounded from below.
Since % log |$_(tp)| > <p,D , we obtain the equality ¢ = lim;_, o gotD and ¢ is D-psh
by Lemma 6.9.

Now we prove that gnax (v) =—v(|| D]|) for all v € V. Let ¢ be a gqpsh function such
that ¢ (v) = —v (|| D||). Because ¢ is algebraic from a,, where a,, = b(jLm D_|), ¢ is
D-psh. It suffices to show that ¢« < ¢. For each ¢, (pﬁax’t =log|a(D, ¢max;> t)el>
where a(D, ¢max, 1)m = 0(Vi (D, ¢max, t)). It follows that a(D, ¢max, H)m < an

and (pn[l’ax . < ¢. Therefore, @max = lim;_, (plgax,t < @, which forces @m.x = ¢. [

For every nontrivial tempered valuation v, we define

ou(ID) := lim (|| D+ eA[)

for some ample divisor A. Note that [Nakayama 2004] verifies that this definition
is independent of the choice of the ample divisor A.

Proposition 6.11. The set PSH, (D) is closed under taking the supremum. The
maximal pseudo D-psh function ¢max can be expressed as ¢max(v) = —oy, (|| D))
explicitly for all v € V.

Proof. Let ¢, be a family of pseudo D-psh functions, and let ¢ = sup, ¢,. By

Theorem 6.6 there exists an ample divisor G such that ¢, , € PSH(D + %G),

where @) ; = %log |$(ke,)|. We have sup, ¢, x € PSH(D + %G) for every k by

Proposition 6.10. Since Y $(kg,) € F(kg), we have ¢ > sup, ¢, > ¢. Hence
)

Y= klirgo (sup, @s.k) € PSH, (D).
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Now we prove that ¢yax(v) = —oy (|| D]]) for all v € V. Let ¢ (v) = —o, (|| D),
and let ¢, be the maximal (D + € A)-psh function for every € <« 1. We see that
¢ = lim_, o+ ¢S, pointwise. Because ¢f,,, is decreasing as € — 0, $(mef )
form a descending chain of ideals as ¢ — O for every integer m > 0. If we fix
an integer m and a sequence €] > €; > --- such that limy_ o, € = 0, then the
descending chain stabilizes when k >> 0 because there exists an ample divisor G
such that mD 4 G is Cartier and Ox (mD + G) ® $(meyax) is globally generated
for every k > 0. It follows that |@gax — @riaxll < % for all sufficiently large k
and k’. Equivalently, g%« form a Cauchy sequence with respect to the norm.
Therefore @nax converges to ¢ strongly in norm, and hence ¢ € PSH, (D). Note

that @max < ¢5,.«» and hence Pmax < ¢, which implies the conclusion. |

Question 6.12 [Lehmann 2011, Question 6.15]. Is the maximal pseudo D-psh
function algebraic?

Abundant divisors, introduced in [Nakayama 2004; Boucksom et al. 2013a],
form a class of pseudo-effective divisors with nice asymptotic behaviour. We denote
by k- (D) the numerical Kodaira dimension. A pseudo-effective divisor D is said
to be abundant if k(D) = ks (D). We present the following easy corollary for the
reader’s convenience.

Corollary 6.13. (1) The set PSH(D) is nonempty if and only if D is Q-effective.
(2) 0 € PSH(D) if and only if D is nef and abundant.
(3) The set PSH (D) is nonempty if and only if D is pseudo-effective.
(4) 0 € PSH, (D) if and only if D is nef.

(5) Let ¢max be the maximal D-psh function, and @max be the maximal pseudo
D-psh function. Then, D is abundant if and only if ¢max =®max-

Proof. The first statement is trivial. The second is a consequence of the main result
of [Russo 2009], and (4) follows from (2) immediately. If D is not pseudo-effective,
then PSH,, (D) is empty from (1). We prove (3) as follows. If D pseudo-effective,
then PSH, (D) is nonempty by Proposition 6.11. To prove (5), simply notice that
D is abundant if and only if v(|| D||) = o, (|| D||) for every divisorial valuation v by
[Lehmann 2011, Proposition 6.18] and the last statement follows by Propositions
6.10 and 6.11. O

Question 6.14. Assume that the divisor D is abundant. Is the set PSH(D) equal to
the set PSH, (D)?

We introduce the following definition of the perturbed ideal and the diminished
ideal as [Lehmann 2011, Definitions 4.3 and 6.2]. We use the notation $, (D)
instead of $_(D) to avoid that readers may confuse it with the notation $_(¢).
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Definition 6.15. Let D be a pseudo-effective divisor. In the finite descending chain
o0

{}(HL + %AH)}mzl, we define the perturbed ideal $, _(D) to be the smallest
ideal, and we define the diminished ideal $, (D) to be the largest ideal in the set

{$o— (A +€)D)}es0.
Finally, we obtain a generalization of [Lehmann 2011, Theorem 6.14].

Theorem 6.16. Let D be a pseudo-effective divisor. Assume that Ppax is the maxi-
mal pseudo D-psh function. Then, the perturbed ideal $5 _ (D) = $_(¢pmax), and
the diminished ideal $,(D) = $(Ppmax). In particular, we can write $, (D) explicitly
as T'(U, $5(L)) ={f e T'(U, Ox) | v(f) + A(v) — ou(IIL]}) > O for all v € V7;}.
Further, a nonzero ideal q C $, (|| L||) if and only if v(q) + A(v) — o, (|| L]]) > O for
all v € V¥.

Proof. That $, _(D) = $_(Pmax) follows from [Lehmann 2011, Proposition 4.7].
To prove the second equality, note that by definition $, (D) = $((1 +6)g0§mx), where
@S . denotes the maximal (D3 A)-psh function for an ample divisor A, sufficiently
small € and sufficiently small § = §(¢). From the proof of Proposition 6.11,
@S .. converges t0 @max strongly in norm. Therefore, Lemma 4.20 asserts that
P(Pmax) = F((1 + e)(pfnax) = $,(D) as § — 0. The last statement is obvious by
Corollary 5.8. ([l

Remark 6.17. It should not be too difficult to generalize most results in this
subsection from Q-divisors to R-divisors, that is, one can define D-psh functions
for an R-divisor D and obtain similar results.

Finite generation. The goal of this subsection is to prove the finite generation
proposition below as an application of gpsh functions. For definitions and properties
of different types of Zariski decompositions, divisorial algebras and modules, we
refer to [Nakayama 2004].

Proposition 6.18. Ler (X, B) be a log canonical pair. Assume that Kx + B is
Q-Cartier and abundant, and that R(K x + B) is finitely generated. Then, for any
reflexive sheaf F, M;(KX + B) is a finitely generated R(Kx + B)-module.

Before we prove the proposition, we need a lemma.

Lemma 6.19 (global division). Let X be a smooth projective variety of dimension n.
Consider line bundles L and D, a linear system V C |L| spanned by the sections
{s1,...,s1}, and a D-psh function ¢. If we denote by ¢y the L-psh function
max<;< log|s;|, then for every integer m > n + 2, any section o in

HO(X, 0x(Kx +mL + D) ® $(mdy +¢))
can be written as a linear combination ) j8j8j of sections gj in

H°(X,0x(Kx + (m — 1)L + D)).
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Proof. Let {¢x € £p} be a sequence of ideal functions that converges to ¢ strongly
in norm. Since $(moy + ¢r) 2 $(mpy + @), the section o vanishes along the ideal
F(mey + ¢r). If we denote by a the base ideal b(V), then ¢y = log|al. Apply
[Ein and Popa 2008, Theorem 4.1], and we deduce the conclusion. O

Remark 6.20. In the statement of the theorem just cited, one can verify that the
assumption that D ® b” is nef and abundant implies that A log |b| is D-psh. Note
that Lemma 6.19 is not a generalization of the theorem because we did not obtain
that every g; is in

HY(X, 0x(Kx + (m = 1)L+ D) ® $((m — Dy +9)).
Nonetheless, it should be possible to generalize in the sense that
gj € H'(X, 0x(Kx + (m — 1)L+ D) ® $((m — Dy +9)),

if one can develop a theory on the restriction of gpsh functions to subvarieties (see
the proof of [Ein and Popa 2008, Theorem 3.2]).

Proof of Proposition 6.18. We can assume that (X, B) is log smooth of dimension #;
Kx + B is a Q-Cartier Q-divisor; and & = Ox (A) is a very ample line bundle by
[Birkar 2010, Theorem 1.1]. Since R = R(Kx + B) is finitely generated, after a
possible truncation we can assume that R is generated by Ry = H(my(Kx + B))
for some integer m( such that mo(Kx + B) is Cartier (see [ibid., Remarks 2.2
and 2.3]). If we set a = b(Jmo(Kx + B)|) and L :=my(Kx + B), then ¢ :=log |a|
is the maximal L-psh function. The rest of the proof is an analogue of [Demailly
et al. 2013, Section 3]. Let m be a sufficiently large integer (to be specified later),
and let o be a global section of m(Kx + B) + A. We have

m(Kx+B)+A=Kx+n+2)L+ D,

where

+m0(n—|-2)+1
m

1
D:=B+(m—(n—|—2)mo—1)<KX—|—B+—A) A.
m

Set
¢ =Ym+ m—(n+2)mo— Dgp,
where v, is (B + %(mo(n 4+ 2) + 1)A)-psh such that ||{,,|| < 1, and ¢, is the
maximal (Ky + B + ”%A)—psh function. Notice that
lloglo|—(n+2)¢ — @™ < [(mo(n+2) + Dgm — (n +2)p — Yl ™.
We will show that (mg(n +2) + 1)@, < (n+ 2)¢ for sufficiently large m, which

implies that |[log|o| — (n + 2)¢ — ¢||" < 1 and that by definition o vanishes
along $((n +2)¢ + ¢). Since ¢ is determined on some dual complex A(Y, D), it
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suffices to prove that (mg(n +2) 4+ 1)@, < (n +2)¢ on A(Y, D). Further, we can
assume that ¢ is affine on A(Y, D). It suffices to check the inequality at vertices
because ¢, is convex on the dual complex. From the argument of Proposition 6.11,
we see that mgp, converges to ¢ strongly in norm since Kx + B is abundant.
Therefore for sufficiently large m the inequality (mo(n +2) + 1)/(n +2)¢m < ¢
holds at vertices of A(Y, D), and hence for every nontrivial tempered valuation.
Finally, o can be written as a linear combination ;$j8j» Where g; are sections in
HO(X, 0x((m—mg)(Kx+ B)+ A) by Lemma 6.19, which completes the proof. [J

Remark 6.21. The above finite generation proposition can be proved in another
way as follows. Since the conclusion that Mg(K x + B) is a finitely generated
R(Kx + B)-module is equivalent to that (X, B) has a good minimal model by
[Birkar 2010, Theorem 1.3], it suffices to prove that (X, B) has a good minimal
model. By [Birkar and Hu 2012, Theorem 5.3] we conclude that (X, B) has a log
minimal model (X, B'). Since the positive part of the CKM-Zariski decomposition
is semi-ample, the log minimal model (X, B) is good. We here give a different
proof without using the minimal model theory, in particular the length of extremal
rays.

Proposition 6.18 can be slightly generalized as follows.

Definition 6.22. [Birkar et al. 2010, Definitions 3.6.4 and 3.6.6] Let D be a divisor
on X. A normal projective variety Z is said to be the ample model of D if there is a
rational map g : X --+ Z and an ample R-divisor H on Z such thatif p: W — X
and g : W — Z resolve g then ¢ is a contraction and we can write p*D =¢g*H + N,
where N > 0 is an R-divisor and for every B ~g p*D then B > N. Let (X, B) be
a pair. A normal variety Z is said to be the log canonical model of (X, B) if it is
the ample model of Kx + B.

Lemma 6.23. Let D be an abundant divisor on a normal projective variety X.
Assume that D has the ample model. Then, R(D) is finitely generated.

Proof. After replacing X by a log resolution, we can assume that g: X --» Z is a
morphismand D =P+ N =g*H+ N, where H is an ample R-divisor on the ample
model Z and N > 0 is an R-divisor such that for every B ~g D we have B > N.
Note that D = P 4+ N is a CKM-Zariski decomposition. Since D is abundant, we
have that Fix||D|| = N, (D) < N < Fix||D|| by [Lehmann 2011, Proposition 6.18]
and hence P = P, (D). Furthermore, we can assume that there exist a smooth
projective variety 7 and a big Q-divisor G on T such that i : X — T is a contraction
and P,(D) = P,(u*G) by [Lehmann 2014, Theorems 5.7 and 6.1]. It follows
that Z is also the ample model of G. Notice that the rational map h : T --+ Z
is birational. Therefore H = p, G is an R-Cartier Q-divisor and hence Q-Cartier,
which completes the proof. (]
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Finally, we obtain the proposition below by combining Proposition 6.18 and
Lemma 6.23.

Proposition 6.24. Let (X, B) be a log canonical pair. Assume that Kx + B is
Q-Cartier and abundant, and that (X, B) has the log canonical model. Then,
R(Kx + B) is finitely generated. Further, for any reflexive sheaf %, Mg(Kx + B)
is a finitely generated R(Kx + B)-module.
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QUASICONFORMAL CONJUGACY CLASSES
OF PARABOLIC ISOMETRIES
OF COMPLEX HYPERBOLIC SPACE

YOUNGJU KiM

We investigate the quasiconformal conjugacy classes of parabolic isometries
acting on complex hyperbolic space. Our main result is that a screw para-
bolic isometry cannot be quasiconformally conjugate to a translation. This
implies that a cyclic group generated by a screw parabolic isometry is not
quasiconformally stable in its deformation space.

We are interested in the quasiconformal deformation theory of a complex hyper-
bolic quasi-Fuchsian group. We mainly focus on the case that the group is a cyclic
group generated by a parabolic isometry.

We recall the definition of quasiconformal stability from Kleinian group theory
(see, for instance, [Bers 1970; Kapovich 2008; Marden 1974; Maskit 1988]). Let
" be a finitely generated discrete subgroup of the orientation-preserving isometry
group Isom(H"*!) acting on real hyperbolic (n+1)-space H"*!. Such a group I'
is called a Kleinian group. A representation p : I' — Isom(H"*!) is said to
be a deformation if it is a discrete, faithful and type-preserving representation.
The Kleinian group I' is said to be quasiconformally stable if any deformation
p : T — Isom(H"*!) sufficiently near the identity deformation is obtained by a
quasiconformal conjugation. That is, there is a quasiconformal mapping of the
boundary at infinity, ¢ : dH"+! — dH"*+!, such that p(g) =¢ogop ' forany geT.

In H? and H?3, a geometrically finite Kleinian group is quasiconformally stable
[Bers 1970; Marden 1974]. This is one of the fundamental results in the deformation
theory of Kleinian groups. However, there is a nonelementary geometrically finite
Kleinian group of hyperbolic 4-space which is not quasiconformally stable [Kim
2011]. This is mainly due to the presence of screw parabolic isometries in hyperbolic
4-space.
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Hyperbolic (n+41)-space H"*! has the natural boundary at infinity R, Every
isometry of H"*! extends continuously to a Mbius transformation of R" which is a
finite composition of reflections in codimension-1 spheres or hyperplanes, and vice
versa. On the boundary at infinity R, a parabolic isometry is Mobius conjugate to
x> Ax+e; with A € SO(n), A(e;) =ej, wheree; =(1,0,...,00eR". IfA=1,
then it is called a strictly parabolic isometry or a translation; otherwise it is a screw
parabolic isometry. There are no screw parabolic isometries if n < 3. This means
that there is only one conformal, and hence quasiconformal, conjugacy class of
parabolic isometries in lower dimensions. In H*, screw parabolic isometries are not
quasiconformally conjugate to translations. Furthermore, there are infinitely many
distinct quasiconformal conjugacy classes of screw parabolic isometries. Let I" be a
cyclic group generated by a translation. Then we can deform I' into a cyclic group
I/ generated by a screw parabolic isometry such that I' is arbitrary close to I''.
Hence, the cyclic group I' is not quasiconformally stable in its deformation space.
We can generalize this to a nonelementary Kleinian group of H* (see [Kim 2011] for
details). On the other hand, it is known that a convex cocompact (i.e., geometrically
finite without parabolic isometries) Kleinian group is quasiconformally stable in
any dimension [Izeki 2000].

Now, we consider the case of complex hyperbolic space I]-I]QZ:. A complex hyper-
bolic quasi-Fuchsian group is a discrete, faithful, type-preserving and geometrically
finite representation of the fundamental group of a surface in the group PU(2, 1)
of holomorphic isometries acting on complex hyperbolic space [H]% [Goldman
1999; Parker and Platis 2010; Schwartz 2007]. It is the complex counterpart of a
Kleinian group of real hyperbolic space. The deformation space is the set of all
such groups factored by the conjugation action of the holomorphic isometry group
PU(2, 1). Naturally, we can ask if a complex hyperbolic quasi-Fuchsian group is
quasiconformally stable in its deformation space (see [Parker and Platis 2010] for
more related questions). To that end, we consider a cyclic group generated by a
parabolic isometry of HZ.

The boundary at infinity of complex hyperbolic space can be identified with
the one-point compactification of the Heisenberg group #: dHZ = % U {c0}. A
holomorphic isometry of I]-I]% extends continuously to an extended Heisenberg
group automorphism of dHZ, and vice versa. On au—u%, a parabolic isometry of
[H]% is conjugate to either a Heisenberg translation or the composition of a vertical
translation and a rotation by an element of PU(2, 1). We call the latter a screw
parabolic isometry.

A Heisenberg translation can be conjugate to either a horizontal translation or
a vertical translation by an element of PU(2, 1). We can conjugate a horizontal
translation (or a vertical translation) further by an element of PU(2, 1) so that the
translation length is 1 with respect to the Cygan norm of the Heisenberg group.
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Therefore, we have the following classification of conformal classes of parabolic
isometries up to the conjugation action of PU(2, 1):

» a horizontal translation 7{j ),
(1) e avertical translation T\g 1),

e a l-parameter family of screw parabolic isometries {Ag : 6 € (0, 27)},

where
1 —v2¢ =g +iv
() Tey=10 1 V2¢ esSuUR, 1)
0 0 1
forc e C,v eR, and
1 0 i
(3) Ag=10¢7 0] eSUQ, D)
001

for 6 € (0, 2) (see Section 1B for details).

Miner [1994] showed that a horizontal translation and a vertical translation are not
quasiconformally conjugate. That is, no quasiconformal mapping of the Heisenberg
group conjugates a horizontal translation to a vertical one. We prove here that a
screw parabolic isometry is not quasiconformally conjugate to a translation, as
follows:

Theorem 3.3. Let T(o1)(z,t) = (z,t + 1) be a vertical translation and A(z,t) =
(eiez, t+ 1), for 6 € (0,2m), be a screw parabolic automorphism of the Heisenberg
group . Then A is not quasiconformally conjugate to T 1).

Theorem 3.7. Let T(1,0)(z, t) = (z+ 1, t +21ImZ) be a horizontal translation and
Ag(z, 1) = (eiez, t+ 1), for 8 € (0, 2m), be a screw parabolic automorphism of the
Heisenberg group ¥. Then Ay is not quasiconformally conjugate to T(1 o).

A screw parabolic isometry is called rational if some iteration of it becomes a
translation; otherwise, it is called irrational. For a rational screw parabolic isometry
A, the order of A is the smallest positive integer n such that A" becomes a translation.
For the 1-parameter family of screw parabolic isometries from (1), we prove that
a rational screw parabolic isometry cannot be quasiconformally conjugate to an
irrational screw parabolic isometry in Corollary 3.4, that two distinct rational screw
parabolic isometries are quasiconformally conjugate only if they have the same
order in Corollary 3.5, and that two distinct irrational screw parabolic isometries
are not quasiconformally conjugate to each other in Proposition 3.6. In summary,
together with the result of [ibid.], we have the following distinct quasiconformal
conjugacy classes of parabolic isometries of I]-I]% (compare with the list (1)):



132 YOUNGIJU KIM

« a horizontal translation 7(j o);

« a vertical translation T{g 1);

« asubfamily of irrational screw parabolic isometries { Ay : ¥ € (0, 27) irrational};
e a subfamily of rational screw parabolic isometries {As;/, :n =2,3,...}.

Let I' < PU(2, 1) be a cyclic group generated by a vertical translation. Then we
can deform T into a cyclic group I'” generated by a screw parabolic isometry such
that I is arbitrary close to I'” with respect to the /> norm of PU(2, 1). Applying
Theorem 3.3, this shows that I" is not quasiconformally stable in its deformation
space. Thus, we have:

Theorem. Let I' < PU(2, 1) be a cyclic group generated by a vertical translation.
Then it is not quasiconformally stable in its deformation space.

This paper is organized as follows. In Section 1, we recall some basic facts
related to complex hyperbolic geometry, the Heisenberg group and the theory
of quasiconformal mappings. In Section 2, we construct a family of horizontal
curves in a cylindrical region and compute the modulus of the curve family. This
curve family will be used to prove Theorem 3.3 in Section 3. We will also prove
Theorem 3.7 in Section 3.

1. Preliminaries

Throughout this section, we use [Goldman 1999] as references for the basic defini-
tions of complex hyperbolic geometry and [Kordnyi and Reimann 1985; 1995] for
the theory of quasiconformal mappings.

1A. Complex hyperbolic space. Let C>! be the complex vector space C3 with the
Hermitian form of signature (2, 1) given by

4) (z,w)=w"Jz =z1W3 + 2007 + 23W1,

where the Hermitian matrix is

J=

- o O

01
10
00

Consider the following subspaces of C>!:
V_o={zeC> :(z,z) <0},

5
® Vo=1{zeC*' —{0}: (z,z) = 0}.

Let P : C>! — {0} - CP? be the canonical projection onto complex projective
space. Then complex hyperbolic space I]-I]% is defined to be PV_ and the boundary at
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infinity 8|]-|]% to be PVy. We define the Siegel domain model of complex hyperbolic
space by considering the section defined by z3 = 1. For any z = (z1, 22) € C?,
we lift the point z to z = (21,22, 1) € C%!, called the standard lift of z. Then
(z,2) = z1 + z2Z2 + Z1- Hence the Siegel domain model of complex hyperbolic
space is defined by

(6) HZ = {(z1, 22) € C*: 2Re(z1) + 22> < 0}.

The boundary is the one-point compactification of the paraboloid defined by
{(z1, z2) € C?: 2Re(z1) + |z2/> = 0}. The standard lift of oo is (1, 0, 0) € C>!.
The Bergman metric p on IHJ% is defined by

7 coshz(p(z’ w)) = (z, ww, 2)

2 (z, z)(w, w)

where z and w are the standard lifts of z and w € [I-I]%. Let SU(2, 1) be the group of
unitary matrices which preserve the given Hermitian form with determinant 1. Then
the group of holomorphic isometries of H2 is PU(2, 1) = SU(2, /{1, wl, 01},
where w = (—1 +i+/3)/2 is a cube root of unity.

Letz=1(z1,22) € 8I]-I]% be a finite point with standard lift z = (z1, z2, 1) satisfying

(8) 2Re(z1) + |22 =0.
We write ¢ = Zz/\/z € C. Then (8) implies that 2Re(z;) = —2|¢ |2. We can also

write z; = —|¢|?> 4+ iv for v € R. Thus,
—[Z* +iv
©) 7= V2¢
1

for { € C and v € R. Thus, we identify the boundary 8|]-|]% with the one-point
compactification of C x R. Furthermore, an element 7, € SU(2, 1) of (2) is the
unique unipotent upper triangular matrix which sends (0, 0) € C x R to the finite
point (¢, v) € C x R. The group structure of the unipotent upper triangular matrices
induces a group multiplication on C x R, which is the Heisenberg group structure.

1B. Heisenberg group. The Heisenberg group # can be described as the set of
pairs (z, t) € C x R with the group multiplication

(10) (z1,11) - (z2, ) = (z1 + 22, 1 + 12 +2Im 21 22).

The Cygan norm on ¥ is defined by |(z, t)| = (|z|* + ¢?)!/4, and the Cygan metric
d is given by

(11) d((z1, 1), (22, 1) = [(z1, 1) (22, ).
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The Heisenberg group 7€ acts on itself by left translation: Tz, 4,)(z, t) = (20, t0)-(z, 1)
for (zo, tp) € 9. A Heisenberg translation of the form T ) for r € R is called a
vertical translation. The unitary group U (1) acts by rotations: (z,t) — (rz,t) for
aunit A € C — {1}. Real dilation is defined by (z, 1) — (rz, r’t) for r € R, —{1}.
A parabolic Heisenberg group automorphism is either a Heisenberg translation
or the composition of a vertical translation and a rotation. We call the latter
type screw parabolic. A screw parabolic automorphism A(z, t) = (¢®z, t + ), for
0 €(0,2m), s €R, is said to be rational if some iteration of it becomes a Heisenberg
translation. Otherwise, it is said to be irrational. The Heisenberg similarity group
is generated by Heisenberg translations, rotations, and real dilations.

It is known to many people that there are two conformal conjugacy classes of
Heisenberg translations. More precisely, we can conjugate a Heisenberg translation
by a holomorphic isometry of [H]%: to obtain a horizontal translation or a vertical
translation in the following way. Let T be a nonvertical translation. We may
conjugate T by a Heisenberg automorphism m(z, 1) = (re'?z, A%t) for 1 € Ry,
0 € [0, 2m), such that

(12) moTomilzT(r,s)’

where T, (2, t) = (z+r, t +5+2r Im z) for some real numbers r and s with r # 0.
For a computation, we note that for w € C, (w, t)(r, s)(—w, —t) = (r, s +4r Im w)
and hence s +4r Im w = 0 if Im w = —s/4r. We conjugate both sides of (12) by a
Heisenberg translation Ty, ;) with Im w = —s/4r as follows:

(13) T(w,t)me_lT(;Tt) = T(w,t)T(r,s)T(;ft) = T(,’()).

Conjugating both sides of (13) by a dilation L(z, t) = (Lz, L?t) for some L € R4,
we have
(14) LT(w,[)meflT(l_U}t)Lfl = LT(,ﬂ))Li1 = Tq,0),
where T(1,0)(z, 1) = (z+ 1, +2Imz). Thus, any nonvertical translation T is
conjugate to 7(1 0y by a Heisenberg automorphism.

A screw parabolic isometry can be conjugated to Ag(z, 1) = (¢/?z, t + 1), with
6 € (0, 2), by an element of SU(2, 1). In addition, two distinct normalized screw
parabolic isometries are not SU(2, 1)-conjugate to each other. Therefore, we have
the following classification of conformal classes of parabolic isometries up to the
conjugation action of the holomorphic isometries of I]-[Ié:

» a horizontal translation 71 ,0)(z, 1) = (z+ 1, +2Imz);

» a vertical translation T{o 1)(z, t) = (z, t + 1);
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e a l-parameter family of screw parabolic isometries
{Ap(z,1) = (2,1 +1): 0 € (0,27)}.
1C. Quasiconformal mappings. Let ¢ : # — ¥ be a homeomorphism. We define

(15) M(p,r)= sup d(¢p,¢q) and m(p,r)= inf d(ép,Pq)
{g:d(p.q)=r} {g:d(p,q)=r}
forpe¥H and r > 0.

Definition 1.1. A homeomorphism ¢ : ¥ — € is called K-quasiconformal if
the function

(16) H(p) = lim sup 222"
r—0 m(p,r)

for p € ¥ is uniformly bounded by K.

We also need to use the Carnot—Carathéodory metric d.. for our proof with
quasiconformal mappings. A smooth curve y : [0, 1] — ¥ is horizontal if, for all
t €[0, 1], its tangent vector y () lies in the subspace of the tangent space spanned by
the vector fields X =9/dx+2y d/dt and Y =9d/dy —2x 9/0¢ for (x, y,t) e Cx R.
We define a quadratic form g on the planes generated by vector fields X and Y
such that X and Y are orthonormal. Then the Carnot—Carathéodory length of y is
given by

1
(17) 1) = /0 G (1), 7o) di

and the Carnot—Carathéodory distance d.. between two points p, g € J€ is the
infimum of the Carnot—Carathéodory lengths of all horizontal curves connecting p
to q.

Let I be a family of piecewise-C ! horizontal curves. Denote by r the collection
of nonnegative Borel measurable functions o : # — R such that [, o > 1 for all
y € I'. These are the so-called admissible functions. Then we define the modulus
of T by
(18) M() = inf / ot dvol.

9

o€EX r
We now relate the modulus of a curve family to a quasiconformal mapping.

Theorem 1.2 [Koranyi and Reimann 1995]. If a homeomorphism ¢ : # — ¥ is
K -quasiconformal, then

(19) %M(F) <M(¢T') < K*M(I)

for any curve family T
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The Cygan metric d and the Carnot—Carathéodory metric d.. give us the same
classes of quasiconformal mappings since they are bi-Lipschitz related:

Theorem 1.3 [Basmajian and Miner 1998]. For any p, q € ¥,
d(p,q) < dec(p, q) < V7d(p, q).

Finally, we need the following property of quasiconformal mappings.

Proposition 1.4 [Kordnyi and Reimann 1995]. There exists a constant C such that
for any K -quasiconformal mapping ¢ : € — ¥,

M(p,r) Se[{c
m(p,r)
forany pe #H andr > 0.

2. The modulus of a cylinder

We construct here a family of piecewise smooth horizontal curves in a cylindrical
region and compute its modulus. Let «g : [0, 1] — % be a piecewise smooth
horizontal curve defined by a(¢) = al () xa?(t)xa3 (1) xa* (1) (see Figure 1), where

al(t) = (211, 0), 0<r=<1i,

00 ) =2t —s+4i2t—4), L=<
Aoy=E+CG-2u)i,2-1), L<i<3
o) =02-=21,1), 2<r<L.
t
on (51
(3. 3)
y
(5.0)
0,0) X

Figure 1. A piecewise smooth horizontal curve o (7).
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Note that o (0) = (0, 0), ag(1) = (0, 1), and |&' (¢)| = 2. The Carnot—Carathéodory
length of «y is

4 el
e =Z/O &' (1) dt =2.
i=1

Translating «g by T{; ), for (z, 0) € ¥, produces a piecewise smooth horizontal
curve o, given by

1) a (1) =Toa(), 0=r=<1,

from o;(0) = (z,0) to a;(1) = (z,1). Let al(t) = T’ (¢). Then o (1) =
al(t) x a2 (t) x o (1) xal (1), where

(22)  al(t) = (x,y+2t, —4x), 0<r<%,
(23) ) =(x+2t—L, y+1. 203 —x+4ty—y), 1<t=<i,
24) =+ y+3-20,20—L-3x+dix+y), L=<r=<i
(25) o) =(x+2-2t,y, 1422 —20)y), F<i<l

Since Heisenberg translations are isometries with respect to the Carnot—Carathéo-
dory metric, all curves «, have Carnot—Carathéodory length 2. Define a family of
curves ', g for 0 <r < R by

(20) Frr={a::r <|z| = R}
This family of curves defines a mapping « from the cylindrical region
D:{(x,y)eC:r2<x2+y2<R2}x[O, 1]
to ¥, given by
(27) (X, Y, 1) = Qypyi ().

Let D; = {(x,y):r> <x?>+y2 < R?} x[(i — 1)/4,i/4],i = 1,2, 3,4, so that
D= U?: 1 D;i. Then the Jacobian determinant of « is given by

4)x| on Dy,
414+ y| on Dy,
28 Ja(x, y, )| =
(28) o (x, y, 1)l 414+x| onDs,
4|y| on Dy.

Lemma 2.1. For 1 <r < R, we have the following lower bound for the modulus of
the curve family:

M(Fr,R) =

ﬁ(R2 — r2) (l — 2 arctan
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Proof. Let o be an arbitrary admissible function in Xp iR By Holder’s inequality,

1 1/2 1 1/2
(29) 15/ o< (f 02(Otz(t))dt) (/ Idz(f)lzdt) :
o 0 0

Since [, |é,(1)|* dt =

(30) % / o2 (. (1)) dt = Z/ (el (1)) dr.

Applying Holder’s inequality to each term of the right-hand side, we have

31) 40 (o (1) | 2 —— L
f Tl 172

T ;

i 12/, 04 1 1/2
< (/ ool (t))|Ja|dt) (/ t) .
i1 |

P

From (30), using the Jacobian determinant (28) and (31), we have

ol—

4o VAT TN
(32) % Z</4 o (al (1)) |Joz|dt> (/umdt>
4 ‘ ! 4 i !
= (X[ oreoman) ) (S( [ ) )
51(24:< 4(ai(t))|Ja|dt)£)( Lt r )
4\ & % ‘ VI VT VT VI
Thus,
33 2( 1 1 1 N 1 )‘1
J_ VIx+1] «/Iy_l VIy+1]

i 12 4 | U
SZ(/ ot @l (1)) IJotIdt) 54(2/1 o4 (@ (1)) IJaIdt) .
. i—1Y7T

i=1 4

Equations (31), (32) and (33) only hold if |Ja| # 0. However, when we estimate a
lower bound of the modulus in (35), we will restrict the domain of the integration
so that we may assume |Jo| # 0.

Using the trivial inequality

4
(34) 4 / o dvol > / o dvol
a(D) ; a(D;)
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and defining U = {x, y : r2 5)62—i—y2 <R? x>1, y > 1}, we have

4
i=

1 4
(35) / o dvol > / el ) f o
’ ) 421 a(D;)
- ;
400
EE/L/MG (Olz(t)) |J05|dl‘dxdy

Py

1/ 1 1 1 1 )2
> = + + + dx dy
/fz/4<v|x| JIx+11 Vvl Ay +1

1 .
> 556 Area(U);

the third inequality follows from (33) and the fact that dvol =4 dx dy dt; for the
last inequality we argue as follows:

1 1 1 1 -2
<m+\/*|x+1|+\/|y_|+\/—|y+1|)

. ( VEGFDYG+D )2
~ VG +FDyO F DIy G+ DIH+VIRG+F DO+ DH+VIx@ + Dy
. ( VEGFDYOF D] )2
~\4VIGFDyOFDIF Iy O+ DIFRG+ DO+ DIF R+ Dyl
1 (G + Dy + D)

T 16 [+ Dy DI+ Loy + DI+ G+ DO+ DI+ e (e+ 1Dy

1 1 1 1
. xx+bhyG+D 1 fx>1y>1.
16 4x(x+Dy(y+1) 64

Since o was arbitrary, we obtain (see Figure 2)

1
> L (R2_,2 (E _ )
M) R) = 556(R” —r7) > 2 arctan N U
3. Parabolic quasiconformal conjugacy classes

Throughout this section, let A(z, 1) = Ag(z, 1) = (¢!, t 4+ 1) be a screw parabolic
automorphism of the Heisenberg group 7 for 8 € (0, 27), and

Tizo10)(2, 1) = (2 + 20, T + 10 +2Im 202)

be a Heisenberg translation for (zg, fp) € 9. An injective map ¢ : % — 7€ is called
quasisymmetric if there is a homeomorphism 7 : [0, co) — [0, co) such that

(36) d(x,y) =td(x,z) = d(px, ¢y) <nt)d(¢x, ¢z)

for x,y,ze€e ¥, t € [0, 00).
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r

—

Figure 2. 6 = L _2arctan

1
2 /721

(see previous page).

Theorem 3.1 [Heinonen and Holopainen 1997, Theorem 6.21]. If ¢ : # — # is
quasiconformal, then it is quasisymmetric.

Lemma 3.2. Let ¢ : # — ¥ be a quasiconformal map that fixes all integer points
(0, n) on the vertical axis. Then there exist a nondecreasing function c : [0, 0c0) —
[0, 00) and a constant ro > 0 satisfying:

o lim, _, ooc(r) = 00,

e for any re'? e C with r > ro,

(37) Ip(@(re, 0)] = c(r),
where p : 3 — C is the vertical projection.

Proof. Throughout the proof, [x] denotes the greatest integer less than or equal to x
for any x € R and B(p, r) the ball of radius » > 0O centered at p € ¥.

We use the property that the quasiconformal map ¢ is quasisymmetric for a
homeomorphism 7 : [0, 00) — [0, 0o) (Theorem 3.1). For any re!® € C, r > 0,

d((0,0), (0, [r1) r] _ |
d((0,0), (rei?,0) r —

implies that

d($(0,0), 90, [r]1») _ [r]
d(¢(0,0), ¢(re’?,0))  d((0,0), p(re'®, 0))

=n().



CONJUGACY CLASSES OF PARABOLIC ISOMETRIES OF HYPERBOLIC SPACE 141

Thus we have

[r] i0
(33) —— =d((0,0), ¢(re', 0)),
n(1)

and hence ¢ (re'?, 0) lies in the complement of the ball B((0, 0), [r]/n(1)).
Similarly, for any re’® € C and any integer 7,

d(0,n),0,0) VIl

(39) d((0, n), (rei?,0))  (r*+n2)l/4 =1
implies
d($(0,n), (0,0
40) (@ (0, n), o( s ) _ Vin| . < (D).
d(¢(0,n),p(re'?,0))  d((0,n), p(re?,0))
Thus,
41) Vil <d((0,n), ¢(re'?, 0)),
n(1)

and hence ¢ (re'?, 0) lies in the complement of the ball B((0, n), /[n]/n(1)). Since
the integer n was arbitrary, the image ¢ (re'?, 0) also lies in the complement of

the set
U B((O, n), —V|”|>
n(1)

neZ
Therefore, together with (38), the image ¢ (re'?, 0) should lie in the complement of

(] r|n|)
D, =B( 0,0, — )ul B[ ©.n), X=).
(( ) n(l))u (( M)

Note that the 7-intersects of the sphere of radius [r]/n(1) centered at (0, 0) are
£(0, [r*/n*(1)). We put
0]
n, = NUYZTY e N
n-(1)

Take a positive real number r( large enough that n,, > n(1).
To finish the proof, we will show that for r > rg, D, contains an infinite cylinder

neZ

Cr={(z,t) €#:|z] <c(r),t € R},

where c(r) is a positive function such that lim, _, o ¢(r) = c0. Since D, is symmetric
with respect to the z-plane of ¥, it suffices to show that the upper half of D,, denoted
by %Dr, contains a half cylinder %Cr ={(z,t) e#:|z| <c(r),t >0}

Since
B((o, n), V”’) c B((o, n), ﬁ)
n(1) n(1)
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t-axis

- z-plane

Figure 3. A set ;D).

for n > n, > 0, the set %Dr contains a proper subset %D; (see Figure 3):

/ [r] nr)
Ip' = B((0,0), — B( (0, n), X .
2% <( )n<1))UU (( QA

n=n,

Take

c(r)=min{ 4 Ll }

() 4 (D)
Then we see that %D; contains the half cylinder %Cr ={(z,t) eH:|z| <c(r),t =0}.
Therefore, we have the lemma. ([l

Theorem 3.3. Let T(o,1)(z, t) = (2, t + 1) be a vertical translation and A(z,t) =
(€92, t+ 1), for 6 € (0, 2), be a screw parabolic automorphism of the Heisenberg
group . Then A is not quasiconformally conjugate to T 1).

Proof. Suppose, to the contrary, that a K-quasiconformal map ¢ : # — € exists
such that

42) (,ZSOAO(]b_l = T((),l).
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Let I'y and I'; be the cyclic groups generated by A and T, 1), respectively. Then ¢
projects to a K -quasiconformal mapping, called ¢ again, between the quotients.
That is,

(43) ¢:9%/ T — %/ Ts.

If ¢ does not fix (0, 0), we compose (42) with a Heisenberg translation m that
sends ¢ (0, 0) to (0, 0), so that we have

(44) mo¢oA=moT(0,1)o¢.
Because the vertical translation 7o 1) commutes with all Heisenberg translations,
(45) mo¢oA=T(0,1)omo¢,

and since m is conformal, m o ¢ is also K -quasiconformal and fixes (0, 0). Hence,
without loss of generality we may assume that the quasiconformal mapping ¢ of
(42) fixes (0, 0).

Evaluating (42) at (0, 0) shows that ¢ (0, 1) = (0, 1). By induction, ¢ fixes all
integer points {(0, n)} on the vertical axes. The global estimate of Proposition 1.4
implies that there exists a constant ¢y such that for any given integer r, there is
some r’ for which

(46) BI'/ g ¢(B\/;) g BCQ}'/7

where B; is a ball of radius ¢ centered at the origin. Since the integer point (0, r) is
fixed by ¢, the point (0, r) also lies in ¢ (S ﬁ), where S; is the sphere of radius ¢
centered at the origin. Hence, (46) implies that

47) < r <cor'.

We consider the curve family I’ NN from (26), where r and R are square
integers satisfying ro < /7 < ~/R and r is the constant from Lemma 3.2. We
put ' =T/, % during this proof. All curves «; in " have length /7 and are
homotopic to the generator of 7y (#/I'1).

We now compute the modulus of the family ¢I" consisting of the images of
curves in I" under ¢. For any r > 0, let /, denote the Carnot—Carathéodory distance
from (r, 0) to A(r, 0) = (¢'?r, 1). Since the Carnot—Carathéodory distance is larger
than or equal to the Cygan distance (Theorem 1.3), we have

. 4
(48) = d((,0), (re, 1)) = (2 sin % + 1)1/ .

Since the Carnot—Carathéodory distance and the Cygan distance are invariant
under Heisenberg translations, the length of any horizontal curve from (z, ¢) to
Az, 1) = (e!%z, t+1) is at least l);. Note that ¢I" is the family of curves connecting
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#(p) to Ag(p), where p belongs to the annulus {(z,0) € % : /7 < |z| < +/R}.
Using Lemma 3.2, we see that every curve y € ¢I' has length at least /., where
c:[0, 00) — [0, 00) is the function from the lemma.

We denote by D the support of the curve family ¢I':

D=¢oa({z€@:\/7<lzl <«/E}X[0, 1]),

where « is the mapping of (27). Since each curve of I" is contained in a fundamental
domain for the action of the cyclic group (A), and the quasiconformal homeomor-
phism ¢ conjugates A to T (see (42)), D is also contained in a fundamental domain
for the action of the cyclic group (T'). Note that T is the vertical translation by 1.
Thus, the intersection of a vertical line with D might have several components, but
the total length is bounded by 1.

Now, let o = 1/1.( /7 be a constant function whose support is D. Then for any
y €l

49) /a= Ly =1,
y Loy

and hence o is an admissible function of ¢I'". Therefore,

(50) M(¢F)§/ U4dv01:/ o4dvolfo4/ ldxdy,
E4 D (D)

where p : # — C is the vertical projection.
Since the curves in I' belong to the ball B jz77, D € ¢(B jzr7). Again,
Proposition 1.4 implies that

(51) Bg € ¢(B /z51) € Bk

for some R > 0. Because the integer point (0, R + 1) is fixed by ¢, (0 R +1) lies
in the i image of the sphere ¢ (S /z77) and hence R<JVR+1<cyR.In particular,
we have cOR < co~/ R + 1. Therefore, we have p(D) C p(Bcom) From (50),

1
(52) 04/ ldxdy < ;— 1dxdy
p(D) sm !By )

_ el (R+1) - el (R+1)
zj( 2D sin§ +1

Now we finish the proof by deriving a contradiction. Since ¢ is K-quasiconformal,

(53) M) < K*M(¢T).
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Combining Lemma 2.1, (52), and (53), we have

1 7c2K2(R+1)
54 L(R—7r <£—2arctan )< 0 .
%) 256 3 V=17 7 244 (Jrysin § + 1

Because the square integers r < R are arbitrary, we take R =4r. Lemma 3.2 implies
that c(y/r) — 00 as r — o0, and hence we have a contradiction. O

For a positive real number n € Ry — {1}, we will denote simply by 7 the real
dilation (z, ) — (nz, n*t) We will use the following normalization repeatedly:

(55)  (Vm)T'ALn)(z, 1) = (V)T AL(Vnz, nt)
= (V)7 (" Vnz. nt +n)
= ("2, t+1) = Au(z, 1),
(56) n T on(z, 1) =n" Ty (nz, n’t)

= n_l(nz +rn’t+s+2rnIm?)

r s 2r -
= (Z + Py t+ 2 + Py ImZ> =T n,s/n?) (2, 1),

where n € Z, Ap(z,1) = (¢!%z,t + 1) for 6 € [0, 27), and
Tos)(z, 1) = (z+r,t+5+2rIm7)

forr,s e R.

Corollary 3.4. A rational screw parabolic automorphism is not quasiconformally
conjugate to an irrational screw parabolic automorphism.

Proof. Let Ay be a rational screw parabolic automorphism and Ay be an irra-
tional screw parabolic automorphism of #. Suppose, to the contrary, that a K-
quasiconformal map ¢ : % — ¥ exists such that ¢ o Ay 0 ¢p~! = Ay. Then for any
integer n,

(57) poAop~!=Al
Because Ay is a rational screw parabolic automorphism, Ay’ = T\ ,,) for some

integer ng. We conjugate both sides of (57) by a real dilation ,/ng and use (55) and
(56) as follows:

(Vno) oA e /o = (V10) " T0.n0) /0
(V110) "' @ (V1o Anes (Vo) "o~ o = To.1).
This implies that a screw parabolic A, (z,t) = ("7, t 4+ 1) is conjugate to a

vertical translation T{o,1) by a quasiconformal mapping (/1) ~'¢./ng, which is a
contradiction to Theorem 3.3. ]

(58)
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Applying the same idea as above, we also have:

Corollary 3.5. If two rational screw parabolic automorphisms are quasiconfor-
mally conjugate, then they have the same order.

Proposition 3.6. Let Ay and Ay be two distinct irrational screw parabolic auto-
morphisms for 6,9 € (0, 2). Then Ag and Ay are not quasiconformally conjugate
to each other.

Proof. Using the normalization of (55), the proof follows the same idea of Proposi-
tion 4.15 of [Kim 2011]. U

We need the following theorem to prove that a screw parabolic automorphism is
not quasiconformally conjugate to a horizontal translation.

Theorem F [Kordnyi and Reimann 1995]. If {¢, : G — §€}, for a proper subset
G C X, is a sequence of K -quasiconformal mappings such that every mapping ¢,
omits two points a, and b, (depending on ¢,) with a distance at least | (I a fixed
positive number independent of ¢,,), then there exists a locally uniformly convergent
subsequence converging to a K -quasiconformal mapping or to a constant.

Theorem 3.7. Let T1,0)(z,t) = (z+1,t +21ImZ) be a horizontal translation and
Ag(z, 1) = (€97, t + 1), for 6 € (0, 21), be a screw parabolic automorphism of the
Heisenberg group 3. Then Ag is not quasiconformally conjugate to T(1 ).

Proof. Suppose, to the contrary, that a K -quasiconformal map ¢ : # — ¥ exists
such that

(59) $poAgod™! =T
Then for any integer n, we also have
(60) $poAjod™ =T ) = Two-

First consider the case that Ay is a rational parabolic automorphism. Then there
is a positive integer ng such that Ap° = T g ,,). We conjugate both sides of (60) by
a real dilation n as follows:

(61) nNpALg Hn =n""T.om = Ta.0).

In particular, when n = ny,

(62) ny ' ¢Ti0.n0® 10 = T(1,0)-

Using that Tg.n) = /70 T(0.1)(y/70) ~!, we rewrite the left-hand side of (62) as
(63) (ng ' $3/n0) To.n (Vo) ' ¢ ™" n0) = Ta1,0)-

Because (19) " '¢/ng is also a K -quasiconformal mapping, (63) implies that the
vertical translation (g 1y is conjugate to the horizontal translation 7 ) by the
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quasiconformal mapping n, l¢m. This is a contradiction to Theorem 5.1 of
[Miner 1994].

The second case is that Ay is an irrational screw parabolic automorphism.
Here we use the property that, under a mild condition, an infinite sequence of
K -quasiconformal mappings is a normal family; see Theorem F.

It is possible that the quasiconformal mapping ¢ of (59) does not fix the origin
(0, 0). Hence, we conjugate both sides of (59) by a Heisenberg translation m which
sends ¢ (0, 0) to (0, 0) (m might be the identity map) so that we have

(64) mpAgd ' m™ =mo Ty g om™"

If m o T10)om™! is a vertical translation, then we have proved the theorem.

Otherwise, mT(Lo)m_l is a nonvertical translation. Now we conjugate (64) by a
rotation A : (z, 1) = (Az, 1) for a unit A € C so that Aim Ty gym ™A = T}, for some
real numbers r # 0 and s:

(65) )umd)Ag(l)_lm_l)\_l = )umT(l’O)m_l)u_l =T¢.5).
Let ¢ = Am¢. Then ¢ is a K-quasiconformal mapping, fixes the origin (0, 0) and
(66) poAgo (p_l =T

(We note that if ¢ fixes (0, 0), then m and A are the identity map, (s, = 1(1,0),
and ¢ = ¢.)
Let n be any integer; then from (66), we have

(67) §0AZ</’_1 = ’;135) = T(nr,ns)
because r and s are real numbers. Evaluating (67) at (0, 0) shows that
(68) ¢(0, n) = (nr, ns).

We conjugate both sides of (67) by a real dilation n and use equations (55) and (56)
as follows:

nilgoAzgpiln == nilT(nr,ns)n’
_ —1 _
n T o(VnAn (V) e n =Ty /m.

Because Ay is an irrational screw parabolic, there is a subsequence {A,,4 : k € N}
which converges to the vertical translation T{g 1). For each k e N, let v = nk_lgo. /N
Then each v is again K-quasiconformal, fixes (0, 0), and

(70) Vi Ano Wy = Tosmo)-

To apply Theorem F, let G = % —{(0, 0)} and restrict each ¥4 on G. Thus, we have
an infinite sequence of K -quasiconformal mappings, F = {y; : G — ¥ | k € N}. Note

(69)
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that each Y| omits (0, 0) and oo in %. Hence, the sequence % has a convergent
subsequence whose limit, say ¥, is a K-quasiconformal homeomorphism for the
following reason: for any integer m,

52 0m) =1 O m) = (mr, )

converges to (mr,0) as k — oo. Thus, ¥ (0, m) = (mr,0) for any integer m,
and hence ¥ is not a constant function. We now extend i to # by defining
¥ (0, 0) = (0, 0). From (70), we have yroT{p, 1)01/f_1 = T{,0) which is a contradiction
by Theorem 5.1 of [Miner 1994]. U

Corollary 3.8. Let T(1,0)(z,t) = (z+ 1, t +21ImZ2) be a horizontal translation and
Az, 1) = (%2, t + 1), for 0 € (0, 27), be a screw parabolic automorphism in the
Heisenberg group ¥. Let I'1 and 'y be the cyclic groups generated by T(1 o) and A,
respectively. Then there exists no quasiconformal mapping between ¥/ ' and
3/ 'y. In particular, Iy is not quasiconformally conjugate to T';.
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ON THE DISTRIBUTIONAL HESSIAN
OF THE DISTANCE FUNCTION

CARLO MANTEGAZZA, GIOVANNI MASCELLANI AND GENNADY URALTSEV

We describe the precise structure of the distributional Hessian of the dis-
tance function from a point of a Riemannian manifold. At the same time we
discuss some geometrical properties of the cut locus of a point, and compare
some different weak notions of the Hessian and Laplacian.

1. Introduction

Let (M, g) be an n-dimensional, smooth, complete Riemannian manifold; for any
point p € M, we define d, : M — R to be the distance function from p.

Such distance functions and their relatives, the Busemann functions, come into
several arguments in differential geometry. With few exceptions they are not smooth
in M \ {p} (and are obviously singular at p), but it is easy to see that they are
1-Lipschitz and so (by Rademacher’s theorem) differentiable almost everywhere,
with unit gradient.

In this note we are concerned with the precise description of the distributional
Hessian of d),, having in mind the following Laplacian and Hessian comparison
theorems (see [Petersen 1998], for instance):

Theorem 1.1. If (M, g) satisfies Ric > (n — 1)K then, considering polar coordi-
nates around the points p € M and P in the simply connected, n-dimensional space
SK of constant curvature K € R, we have

Ad,y(r) < A%dE (r).
If the sectional curvature of (M, g) is greater than or equal to K, then
Hessd,(r) < Hess® df (r).

Here AXd f.f (r) and Hess® d IID{ (r) denote respectively the Laplacian and the Hessian
of the distance function dg( ) =d¥(P,-) in SK, at distance r from P.

It is often stated that these inequalities actually hold on the whole manifold (M, g)
in some weak sense, say in the sense of distributions, or viscosity, or barriers. Such
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Keywords: distance function, cut locus.
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results can simplify, and sometimes are necessary for, global arguments involving
this comparison theorem. More generally, one often would like to use the (weak
or strong) maximum principle for the Laplacian in situations where the functions
involved are not smooth, for instance in Eschenburg and Heintze’s proof [1984] of
the splitting theorem (first proved in [Cheeger and Gromoll 1971]), or proofs of the
Toponogov theorem and the soul theorem [Cheeger and Gromoll 1972; Gromoll
and Meyer 1969].
To be precise, we give definitions of these notions:

Definition 1.2. Let A be a smooth, symmetric (0, 2)-tensor field on a Riemannian
manifold (M, g).

* We say that a function f : M — R satisfies Hess f < A in the distribu-
tional sense if for every smooth vector field V with compact support we have
Sy FV5(ViVi)dVol < [, A;; VIV dVol.

 For a continuous function f : M — R, we say that Hess f < A at the point
p € M in the barrier sense if for every € > 0 there exists a neighborhood U,
of the point p and a C2-function &, : U, — R such that h.(p) = f(p), he > f
in U, and Hess 1. (p) < A(p) +¢eg(p) as (0, 2)-tensor fields. (Such a function
h, is called an upper barrier.)

« For a continuous function f: M — R, we say that Hess f < A at the point pe M
in the viscosity sense if for every C>-function / from a neighborhood U of the
point p such that 2(p) = f(p) and h < f in U, we have Hess h(p) < A(p).

The weak notions of the inequality Af < « for some smooth function « : M — R
are defined analogously:

o We say that a function f : M — R satisfies Af < « in the distributional sense
if for every smooth, nonnegative function ¢ : M — R with compact support
we have [,, fA@dVol < [, apdVol.

o For a continuous function f : M — R, we say that Af <« at the point p € M
in the barrier sense if for every € > 0 there exists a neighborhood U, of the
point p and a C2-function A, : U, — R such that A, (p)=fp),he> finU,
and Ah.(p) <a(p)+e.

o For a continuous function f : M — R, we say that Af <« at the point p € M
in the viscosity sense if for every C>-function A from a neighborhood U of the
point p such that 2(p) = f(p) and h < f in U, we have Ah(p) < a(p).

In this definition and the rest of this paper we have used the Einstein summation
convention on repeated indices. In particular, by Vl.zj (VIVI) we mean Vizj Ve® V)ij ,
the function obtained by contracting twice the second covariant derivative of the
tensor product V@ V.
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The notion of inequalities in the barrier sense was defined by Calabi [1958] for
the Laplacian (he used the terminology “weak sense” rather than “barrier sense”).
He also proved the relative global “weak” Laplacian comparison theorem (see
[Petersen 1998, Section 9.3]).

The notion of a viscosity solution (which is connected to the definition of in-
equality “in the viscosity sense”; see the Appendix) was introduced by Crandall and
Lions [1983, Definition 3.2] for partial differential equations; the above definition
for the Hessian is a generalization to a very special system of PDEs.

The distributional notion is useful when integrations (by parts) are involved, the
other two concepts when the arguments are based on the maximum principle.

From the definitions it is easy to see that the barrier sense implies the viscosity
sense; moreover, by [Ishii 1995], if f : M — R satisfies Af < « in the viscosity
sense it also satisfies Af < o as distributions, and vice versa. In the Appendix we
will discuss in detail the relations between these definitions.

In the next section we will describe the distributional structure of the Hessian
(and hence of the Laplacian) of d,,, which will imply the mentioned validity of the
above inequalities on the whole manifold.

It is a standard fact that the function d, is smooth in the set M \ ({p} U Cut,),
where Cut,, is the cut locus of the point p, which we are now going to define and
state some general properties of (we keep [Gallot et al. 1990; Sakai 1996] as general
references). It is anyway well known that Cut), is a closed set of zero (canonical)
measure. Hence, in the open set M \ ({p} U Cut,) the Hessian and Laplacian of
d, are the usual ones (even seen as distributions or using other weak definitions),
and all the analysis is concerned with what happens on Cut), (the situation at the
point p is straightforward, as d, is easily seen to behave as the function ||x|| at the
origin of R").

WeletU, ={veT,M|g,(v,v) =1} be the set of unit tangent vectors to M at
p. Given v € U, we consider the geodesic y, (t) = exp,, (tv), and we let o, € RT
(or possibly equal to +00) be the maximal time such that y, ([0, o,]) is minimal
between any pair of its points. This defines a map o : U, — R* U {+00}, and the
point y, (0y,) (When o, < +00) is called the cut point of the geodesic y,,.

Definition 1.3. The set of all cut points y, (0,) for v € U, with o, < +00 is called
the cut locus of the point p € M.

There are two reasons why a geodesic can cease to be minimal:

Proposition 1.4. If for a geodesic y,(t) from the point p € M we have o, < 400,
at least one of the following two conditions is satisfied.:

(1) Another minimal geodesic from p arrives at the cut point g = y,(o,v).

(2) The differential dexp » is not invertible at the point o,v € T, M.
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Conversely, if at least one of these conditions is satisfied, the geodesic y,(t) cannot
be minimal on any interval larger that [0, o, ].

It is well known that the subset of points g € Cut,, where more than one minimal
geodesic from p arrive coincides with Sing, the singular set of the distance func-
tion d, in M \ {p}. We also define Conj, the set of points g = y,(0,) € Cut, with
dexp, not invertible at o,v € T), M; we call Conj the locus of optimal conjugate
points. See [Gallot et al. 1990; Sakai 1996].

2. The structure of the distributional Hessian of the distance function

The following properties of the function d,, and the cut locus of p € M are proved
in [Mantegazza and Mennucci 2003, Section 3] (see also the wonderful [Li and
Nirenberg 2005] for other fine properties, notably the local Lipschitz continuity of
the function o : U, — R* U {400} in Theorem 1.1 there).

Given an open set 2 C R”, we say that a continuous function u : 2 — R is
locally semiconcave if for any open convex set K C 2 with compact closure in €2,
the function u| is the sum of a C? function and a concave function.

A continuous function u : M — R is called locally semiconcave if for any local
chart Y : R* — U C M, the function u o v is locally semiconcave in R" according
to the above definition.

Proposition 2.1 [Mantegazza and Mennucci 2003, Proposition 3.4]. The function
d is locally semiconcave in M \ {p}.

This fact, which follows from recognizing d, as a viscosity solution of the eikonal
equation |Vu| =1 (see [Mantegazza and Mennucci 2003]), has some significant
consequences; we need some definitions for the precise statements.

Given a continuous function u : 2 — R and a point g € M, the superdifferential
of u at g is the subset of 7.*M defined by

0 u(g) = {de(q) ¢ € C'(M), p(g) —u(g) = min(p — u)}.

For any locally Lipschitz function u, the set 37 u(q) is a compact convex set, almost
everywhere coinciding with the differential of the function u, by Rademacher’s
theorem.

Proposition 2.2 [Alberti et al. 1992, Proposition 2.1]. Let the function u: M — R be
semiconcave. Then the superdifferential 3" u is not empty at each point; moreover,
otvis upper semicontinuous, that is,

G —>q, w—>v, wedulg) = wvedtu(g).

In particular, if the differential du exists at every point of M, then u € C'(M).
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Proposition 2.3 [Alberti et al. 1992, Remark 3.6]. The set Ext(d1d,(q)) of extremal
points of the (convex) superdifferential set of d,, at q is in one-to-one correspondence
with the family 9(q) of minimal geodesics from p to q. In symbols,

%(q) = {t > exp, (—v1) |v € Ext(37d,(¢))},
where t € [0, 1].

We now deal with the structure of the cut locus of p € M. Let #"~! denote
the (n — 1)-dimensional Hausdorff measure on (M, g) (see [Federer 1969; Simon
1983]).

Definition 2.4. We say that a subset S C M is C”-rectifiable, for r > 1, if it can be
covered by a countable family of embedded C”-submanifolds of dimension n—1,
with the exception of a set of #"~!-measure zero. (See the references just cited for
a complete discussion of the notion of rectifiability.)

Proposition 2.5 [Mantegazza and Mennucci 2003, Theorem 4.10]. The cut locus
of p € M is C*®-rectifiable. Hence, its Hausdorff dimension is at most n — 1.
Moreover, for any compact subset K of M, the measure 3"~ (Cut, N K) is finite
[Li and Nirenberg 2005, Corollary 1.3].

To explain the following consequence of such rectifiability, we need to briefly
introduce the theory of functions with bounded variation; see [Ambrosio et al.
2000; Braides 1998; Federer 1969; Simon 1983] for details. We say that a function
u:R* — R™ is a function with locally bounded variation, denoted u € BV, if its
distributional derivative Du is a Radon measure. This notion can be easily extended
to maps between manifolds using smooth local charts.

A standard result says that the derivative of a locally semiconcave function stays
in BVq; in view of Proposition 2.1, this implies that the vector field Vd,, belongs
to BV in the open set M \ {p}.

Then we define the subspace of BV, of functions (or vector fields, as before)
with locally special bounded variation, called SBV o (see [Ambrosio 1989a; 1989b;
1990; Ambrosio et al. 2000; Braides 1998]).

The Radon measure representing the distributional derivative Du of a function
u : R" — R™ with locally bounded variation can be always uniquely separated into
three mutually singular measures

Du=5;t+Ju+Cu,

where the first term is the part absolutely continuous with respect to the Lebesgue
measure &", Ju is a measure concentrated on an (n—1)-rectifiable set and Cu, called
the Cantor part, vanishes on subsets of Hausdorff dimension n—1.
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The space SBV|, is defined as the class of functions u € BV such that Cu =0;
that is, the Cantor part of the distributional derivative of u is zero. Again, by means
of local charts, this notion is easily generalized to Riemannian manifolds.

Proposition 2.6 [Mantegazza and Mennucci 2003, Corollary 4.13]. The (%€"~!-
almost everywhere defined) measurable unit vector field Vd,, belongs to the space
SBVioc (M \ {p}) of vector fields with locally special bounded variation.

An immediate consequence of this proposition is that the (0, 2)-tensor field valued
distribution Hess d), is actually a Radon measure with an absolutely continuous
part, with respect to the canonical volume measure Vol of (M, g), concentrated
in M\ ({p} UCut,), where d, is a smooth function. Hence in this set Hess d,,
coincides with the standard Hessian Hess d p times the volume measure Vol. When
the dimension of M is at least two, the singular part of the measure Hess d;, does
not “see” the singular point p; hence, it is concentrated on Cut, and absolutely
continuous with respect to the Hausdorff measure #"~! restricted to Cut,.

By the properties of rectifiable sets, at %" ~!-almost every point ¢ € Cut,, there
exists an (n — 1)-dimensional approximate tangent space apT,Cut, C T, M (in the
sense of geometric measure theory; see [Federer 1969; Simon 1983] for details).
To give an example, we say that a hyperplane 7" C R” is the approximate tangent
space to an (n — 1)-dimensional rectifiable set K € R" at the point xq if ¥l T
is the limit as p — 400, in the sense of Radon measures, of the blow-up measures
%" L p(K — x¢) around the point xo. With some technicalities, this notion can
be extended also to Riemannian manifolds.

Moreover (see [Ambrosio et al. 2000]), at %"~ !-almost every point ¢ € Cut p» the
field Vd,, has two distinct approximate (in the sense of the Lebesgue differentiation
theorem) limits “on the two sides” of apT,Cut, C T, M, given by Vd} and Vd,, .

We want to see now that exactly two distinct geodesics and no more arrive
at %"~ !-almost every point of Cut,. We underline that a stronger form of this
theorem was already obtained in [Ardoy and Guijarro 2011] and [Figalli et al.
2011], concluding that the set Cut, \ U (where U is as in the following statement)
has Hausdorff dimension not greater that n — 2.

Theorem 2.7. There is an open set U C M such that %"~} (Cut, \U) =0 and
satisfying these conditions:

(1) The subset Cut, U does not contain conjugate points; hence the set of optimal
conjugate points has %"~ -measure zero.

(i1) Exactly two minimal geodesics from p € M arrive at every point of Cut, N U.

(iii) Locally around every point of Cut, N U the set Cut, is a smooth (n—1)-
dimensional hypersurface; hence apT,Cut, is actually the classical tangent
space to a hypersurface.
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Proof. First we show that the set of optimal conjugate points Conj is a closed subset
of %"~ !-measure zero, then we will see that the points of Sing \ Conj where more
than two geodesics arrive also form a closed subset of %"~ !-measure zero. Claim
(iii) then follows by the analysis in the proof of Proposition 4.7 in [Mantegazza and
Mennucci 2003].

Recalling that U, = {v € T,M | g,,(v, v) = 1} is the set of unit tangent vectors
to M at p, we define the function ¢ : U, — RT U {+o0} such that the point
vy (cy) is the first conjugate point (if it exists) along the geodesic y,; that is, the
differential dexp, is not invertible at the point ¢,v € T, M. By Lemma 4.11 and the
proof of Proposition 4.9 in [Mantegazza and Mennucci 2003], in the open subset
V C U, where the rank of the differential of the map F : U, — M defined by
F(v) =exp,(cyv) isn—1,themapc:U, — RT U {400} is smooth; hence F(V)
is locally a smooth hypersurface. Since, by Sard’s theorem, the image of U, \ V
is a closed set of %"~ !-measure zero, we only have to deal with the images F(v)
of unit vectors v € V such that ¢, = o, (see end of the introduction), that is, with
F(V)NCut,, which is a closed set.

We then consider the set

D C (F(V)NCat,)

of points g where apT, Cut,, exists and the density of the rectifiable set F(V)NCut),
in the cut locus of the point p with respect to the Hausdorff measure #"~! is 1 (see
[Federer 1969; Simon 1983]). It is well known that D and F (V) N Cut), only differ
by a set of #"~!-measure zero. If F(v) = ¢ € D, then ¢, = o, and, by the above
density property, the hypersurface (V) is “tangent” to Cut,, at the point g; that is,
T,F(V) =apT,Cut,.

We now claim that the minimal geodesic y, is tangent to the hypersurface
F(V), hence to the cut locus, at the point ¢g. Indeed, since dexp » 18 not invertible
at c,v € T, M, by the Gauss lemma there exists a vector w € T,U,, such that
dexpp[cv v](w) = 0, hence

dFy(w) = (dc[v](w))yv(cy) +dexp,[cyv](cyw) = (de[v](w)) vy (cy);

thus, y,(c,) belongs to the tangent space d F(T,U)) to the hypersurface F (V) at
the point ¢, which coincides with apT,Cut,,, as we claimed.

By the properties of SBV functions described before, at %"~ !-almost every point
g € D, the blow-up of the function d,, is a “roof”, meaning that exactly two minimal
geodesics arrive at g, both intersecting the cut locus transversally (the vectors le;Ir
and Vd,, do not belong to apT, M); hence the above minimal geodesic y, cannot
coincide with any of these two.

We then conclude that %"~ (D) = 0, and the same for the set Conj.
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Now suppose that g € Cut, \ Conj C Sing; by the analysis in the proof of
Proposition 4.7 in [Mantegazza and Mennucci 2003] (and Lemma 4.8), a finite
number m > 2 of distinct minimal geodesics arrive at the point ¢, and when m > 2
the cut locus of p is given by the union of at least m smooth hypersurfaces with
Lipschitz boundary going through the point ¢. In particular, the above blow-up at g
cannot be a single hyperplane apT,Cut,. By the preceding discussion, the set of
such points with m > 2 is then of %"~ !-measure zero; moreover, by Propositions 2.2
and 2.3, the set of points in Cut, \ Conj with only two minimal geodesics is open,
and we are done. (|

Remark 2.8. In the special two-dimensional and analytic case, more can be said:
the number of optimal conjugate points is locally finite and the cut locus is a locally
finite graph with smooth edges; see [Myers 1935; 1936]. We conjecture that in
general the set of optimal conjugate points is an (n — 2)-dimensional rectifiable set.

By Theorem 2.7(iii), in the open set U the two side limits Vd[‘,Ir and Vd,; of
the gradient field Vd, are actually smooth and classical limits; moreover, there
is a locally defined smoothly varying unit normal vector v, € T, M orthogonal to
T,Cut,, with the convention that g, (v,, v) is positive for every vector v € T, M
belonging to the half-space corresponding to the side associated to Vd;. Hence,
since %" ! (Cut, \ U) =0, we have a precise description of the singular jump part
as follows:

IVd, = —((Vd} —Vd,)®@v) %"~ L Cut,,

and, noticing that the jump in the gradient of d;, in U must be orthogonal to the
tangent space T,Cut,, and thus parallel to the unit normal vector v, € T, M, we
conclude

IVd, =~ ®v)|Vdy - Vd,| 3"~ L Cut,.

Notice that the singular part of the distributional Hessian of d, is a rank-1 symmetric
(0, 2)-tensor field.

Remark 2.9. This description of the jump part of the singular measure follows
directly from the structure theorem for BV functions (see [Ambrosio et al. 2000]),
even if we didn’t know from Theorem 2.7 that the cut locus is %"~ !-almost every-
where smooth.

Theorem 2.10. If n > 2, the distributional Hessian of the distance from a point
p € M is given by the Radon measure

Hess d, = Hessd, Vol —(v ®v) |Vd;f — Vd, | %" L Cut,,

where Hess d, is the standard Hessian of d,,, where it exists (" -almost every-
where on M), and Vd;, Vd;, v are defined above.
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Corollary 2.11. If n > 2, the distributional Laplacian of d, is the Radon measure
Ady, = Ad, Vol —|Vd} = Vd, | 3"~ L Cuty,

where Ad p IS the standard Laplacian of d,,, where it exists.

Corollary 2.12. We have
Ad, < Ad, Vol
and
Hessd, < Hess d, Vol,

as (0, 2)-tensor fields. Hence the Hessian and Laplacian inequalities in Theorem 1.1
hold in the sense of distributions. Moreover,

Ad, > Ad, Vol —2%"~'_ Cut,,

and
Hess d,, > Hess d,, Vol —2(v ® v) %"~ L Cut, > Hess d,, Vol —2¢g %"~ L_ Cut,,,
as (0, 2)-tensor fields.

Remark 2.13. From their definition, it is easy to see that the same inequalities hold
also for the Busemann functions; see for instance [Petersen 1998, Subsection 9.3.4]
(in Section 9.3 of the same book, it is shown that the above Laplacian comparison
holds on all of M in the barrier sense, while an analogous result for the Hessian
can be found in Section 11.2). We stress here that Propositions 2.1, 2.2 and 2.3
about the semiconcavity and the structure of the superdifferential of the distance
function d), can also be used to show that the above inequalities hold in the barrier
and viscosity senses.

Remark 2.14. Several of the conclusions of this paper also hold for the distance
function from a closed subset of M with boundary of class at least C3; see [Man-
tegazza and Mennucci 2003] for details.

Appendix: Weak definitions of sub/supersolutions of PDEs

Let (M, g) be a smooth, complete, Riemannian manifold and let A be a smooth
(0, 2)-tensor field.

If f: M — Rsatisfies Hess f < A at the point p € M in the barrier sense, for every
e > 0 there exists a neighborhood U, of the point p and a C2-function h, : U, — R
such that h.(p) = f(p), he > f in U, and Hess h.(p) < A(p)+eg(p); hence, every
C?-function h from a neighborhood U of the point p such that 4(p) = f(p) and
h < f in U satisfies h(p) = h.(p) and h < h, in U N U,. It is then easy to see that
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Hess h(p) <Hess h.(p) < A(p)+¢eg(p) for every ¢ > 0, hence Hess h(p) < A(p).
This shows that Hess f < A at the point p € M also in the viscosity sense.

The converse is not true; indeed, it is straightforward to check that the function
f :R — R given by f(x) = x?sin(1/x) when x # 0 and f(0) = O satisfies
f”(0) <0 in the viscosity sense but not in the barrier sense.

The same argument clearly also applies to the two definitions of Af < « for a
smooth function o : M — R.

Nonetheless, the notions of viscosity sense and distributional sense coincide:

Proposition A.1. If f : M — R satisfies Hess f < A in the viscosity sense, it also
satisfies Hess f < A in the distributional sense, and vice versa. The same holds for
Af <a.

In order to show the proposition, we recall the definitions of viscosity (sub/super)
solutions to a second order PDE. Take a continuous map F : Q x Rx R" x §" — R,
where €2 is an open subset of R” and S” denotes the space of real n x n symmetric
matrices; also suppose that F satisfies the monotonicity condition

X>Y = F@,rnp,X)<F(x,rp,Y)

for every (x,r, p) € Q x R x R", where X > Y means that the difference matrix
X — Y is nonnegative definite. We consider then the second order PDE given by
F(x, f,Vf, V>f)=0.

A continuous function f : 2 — R is said to be a viscosity subsolution of the above
PDE if for every point x € Q and ¢ € C*(Q) such that f(x) —p(x) = supo (f — @),
we have F(x, ¢, Vo, V?¢) <0 (see [Crandall et al. 1992; Ishii 1995]). Analogously,
f € CYU(R) is a viscosity supersolution if for every point x € Q and ¢ € C*(R) such
that f(x) — ¢(x) = info(f — @), we have F(x, ¢, Vo, V2p) > 0. If f € C°(Q)
is both a viscosity subsolution and supersolution, it is then a viscosity solution of
F(x, f,Vf,V2f)=0in Q.

It is easy to see that the functions f € C°(Q) such that Af < « in the viscosity
sense at any point of €2, as in Definition 1.2, coincide with the viscosity supersolu-
tions of the equation —A f + o = 0 at the same point (here the function F is given
by F(x,r, p, X) = —trace X + a(x)).

In the case of a Riemannian manifold (M, g), one works in local charts, and the
operators we are interested in become

3% f (x)

Ox1ox/

af

axk

Hess}] f(x) = — T x)

and
AM f(x) = g" (x) Hess}! f(x),

where Ffj are the Christoffel symbols.
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Analogously to the case of R", taking
F(x,r, p, X)=—g"(x)X;; +&" ()T} (x) p + (x)

(which is a smooth function independent of the variable ), we see that, according
to Definition 1.2, f satisfies AM f < « in the viscosity sense at any point of M if
and only if it is a viscosity supersolution of the equation F(x, f, Vf, V2 f) =0 at
the same point.

Getting back to R”, given a linear, degenerate elliptic operator L with smooth
coefficients, that is, defined by

Lf(x) = —a" () V] f () + B () Vi f (x) + c(x) f (%),

and a smooth function « : @ — R, we say that f € C%(Q) is a distributional
supersolution of the equation Lf +«a =0 if

/(fL*<0+a<p)dx >0
Q

for every nonnegative, smooth function ¢ € C2°(£2). Here L* is the formal adjoint
operator of L:

L*p(x) = —V3,(a" 9)(x) — Vi (b*9) (x) + c(x)p(x).

Under the hypothesis that the matrix of coefficients (a;;) (which is nonnegative
definite) has a “square root” matrix belonging to C'(Q2, §"), Ishii [1995] showed
the equivalence of the class of continuous viscosity subsolutions and the class of
continuous distributional subsolutions of the equation Lf + « = 0. More precisely,
he proved the following two theorems (see also [Lions 1983]):

Theorem A.2 [Ishii 1995, Theorem 1]. If f € C%(Q) is a viscosity subsolution of
the equation Lf + o = 0, then it is a distribution subsolution of the same equation.

Theorem A.3 [Ishii 1995, Theorem 2]. Assume that the “square root” of the matrix
of coefficients (a;;) belongs to C Q). IffecC 0(Q) is a distributional subsolution
of the equation Lf 4+ o =0, then it is a viscosity subsolution of the same equation.

As the PDE is linear, a function f € C%(Q) is a viscosity (distributional)
supersolution of the equation Lf + o = 0 if and only if the function — f is a
viscosity (distributional) subsolution of L(— f) — a = 0; in the above theorems
every occurrence of the term “subsolution” can replaced with “supersolution” (and
also with “solution”).

For simplicity, we will work in a single coordinate chart of M mapping onto
Q C R”, while the general situation can be dealt with by standard partition of unity
arguments.
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Consider f € C°(M) which is a viscosity supersolution of —AM f + a = 0.
It is a straightforward computation to check that this happens if and only if f is
a viscosity supersolution of —@AMf +a,/g =0, where /g = ,/detg;; is the
density of Riemannian volume of (M, g), and vice versa. Moreover, notice that
setting L = —\/EAM , we have that L* = L; that is, L is a self-adjoint operator. L
also satisfies the hypotheses of Ishii’s theorems, since the matrices g;; and g'/ are
smooth and positive definite in Q2. See [Horn and Johnson 1994, Chapter 6], in
particular Example 6.2.14, for instance.

Then, in local coordinates, Ishii’s theorems guarantee that f is a distributional
supersolution of the same equation. That is, for each ¢ € C2°(R2), f satisfies

/fL*fpde—fa«/EMx;
Q Q

hence,
/ —fAM(pdVolz/ —f@Adexz—/a\/ggodx:—/ agdVol.
M Q Q M

This shows that then f satisfies AM f < « in the distributional sense, as in
Definition 1.2.

Following these steps in reverse order, one gets the converse. Hence, the notions
of AM < o in the viscosity and distributional senses coincide.

Now we turn our attention to the Hessian inequality; it is not covered directly
by Ishii’s theorems, which are peculiar to PDEs and do not deal with systems (like
the general theory of viscosity solutions). For simplicity, we discuss the case of
an open set 2 C R” (with its canonical flat metric), since all the arguments can be
extended to any Riemannian manifold (M, g) by localization and introduction of
the first-order correction given by Christoffel symbols, as above.

The idea is to transform the matrix inequality Hess f < A into a family of
scalar inequalities; indeed, if everything is smooth, such an inequality is satisfied
if and only if for every compactly supported, smooth vector field W we have
Wi!W/ Hess;; f < A;;W!W/. The only price to pay is that we lose the constant co-
efficients of the Hessian, hence making the linear operator LY, acting on f € C*(R)
as LY f = —W/ W/ Hess; ; f, only degenerate elliptic. Notice that Ishii’s condition
in Theorem A.3 is satisfied for every smooth vector field W such that || W|| € C, g (2),
but not by any arbitrary smooth vector field. This has the collateral effect of making
the proof of the Hessian case in Proposition A.1 slightly asymmetric.

Lemma A4. Let f € CO(Q). If for every compactly supported, smooth vector field
W with |W| eC Cl (2), we have that f is a viscosity supersolution of the equation
—Wiw/i Hess;; f + Ajj WiWJ =0, then the function f satisfies Hess f < A in the
viscosity sense in all of S2.
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Vice versa, if f € CY(Q) satisfies Hess f < A in the viscosity sense in 2, then
f is a viscosity supersolution of the equation —V'V/ Hess;; f + Ajj Vivi=0 for
every compactly supported, smooth vector field V.

Proof. Let us take a point x € Q and a C2-function 4 in a neighborhood U of the
point x such that 2(x) = f(x) and h < f. Choosing a unit vector W, and a smooth,
nonnegative function ¢ which is 1 at x and zero outside a small ball inside U, we
consider the smooth vector field W (y) = W,¢?(y) for every y € 2, which clearly
satisfies |[W| =¢ € C! . (€2). By the hypothesis of the first statement, the function f
is then a viscosity supersolution of the equation — W' W/ Hess; P fHAGWIWI =0,
which implies that —W! W/ Hess;; h(x) + A;j(x) Wi W{ > 0. Since this holds for
every point x €  and unit vector W,, we conclude that Hess h(x) < A(x) as
(0, 2)-tensor fields, and hence Hess f < A in the viscosity sense in 2.

The argument to show the second statement is analogous: given a compactly
supported, smooth vector field V, a point x € Q and a function /& as above, the
hypothesis implies that — V! 'v/ Hess; T h(xX)+A;j(x)V] V! >0, hence the thesis. [J

Suppose now that f € C°(Q) satisfies Hess f < A in the viscosity sense on the
whole €2; hence, by this lemma, for every compactly supported, smooth vector field
V, the function f is a viscosity supersolution of the equation —V?V/ Hess; i f+
Ajj ViVJ =0. By Theorem A.2 and the subsequent discussion, it is then a distribu-
tional supersolution of the same equation; that is,

f[ IVR(VIVIig)+ AjVIVIipldx = 0

for every nonnegative, smooth function ¢ € C2°(2).
Considering a nonnegative, smooth function ¢ € C2°(£2) such that it is 1 on the
support of the vector field V, we conclude

/sz (V! Vf)dx</ A;jVIVIdx,
Q

which means that Hess f < A in the distributional sense.

Conversely, if f € C%(R2) satisfies Hess f < A in the distributional sense, then
for every compactly supported, smooth vector field W with | W] € C!(Q) and
every smooth, nonnegative function ¢ € C2°(£2), we define the smooth, nonnegative
functions ¢, = ¢+ /n, where v is a smooth, nonnegative and compactly supported
function such that ¢ = 1 on the support of W. It follows that the vector field V =
W /@ is smooth; hence, applying the definition of Hess f < A in the distributional
sense, we get

/[ fV2 w! Wj¢n)+AijWin<ﬂn]dx > 0.
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As ¢, — ¢ in C°(2) and f is continuous, we can pass to the limit as n — oo and
conclude that
/ [—fV5(W W)+ AW W/ p]dx >0
Q

for every nonnegative, smooth function ¢ € C2°(2) and every compactly supported,
smooth vector field W with |W| € C Cl (R2). That is, for any vector field W as above,
we have that f is a distributional supersolution of the equation —W! W/ Hess; i f+
A Wiwi =0.

By Theorem A.3 and the subsequent discussion, it is then a viscosity supersolution
of the same equation and, by Lemma A.4, we conclude that the function f satisfies
Hess f < A in the viscosity sense.

Summarizing, we have the following sharp relations among the weak notions of
the partial differential inequalities Hess f < A and Af < «:

barrier sense = —  viscosity sense <=  distributional sense.
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NOETHER’S PROBLEM FOR ABELIAN EXTENSIONS
OF CYCLIC p-GROUPS

Ivo M. MICHAILOV

In loving memory of my dear mother

Let K be a field and G a finite group. Let G act on the rational function field
K(x(g): g € G) by K-automorphisms defined by g - x (k) = x(gh) for any g,
h € G. Denote by K (G) the fixed field K (x(g) : g € G). Noether’s problem
then asks whether K (G) is rational (i.e., purely transcendental) over K. The
first main result of this article is that K (G) is rational over K for a certain
class of p-groups having an abelian subgroup of index p. The second main
result is that K (G) is rational over K for any group of order p° or p® (where
p is an odd prime) having an abelian normal subgroup such that its quotient
group is cyclic. (In both theorems we assume that if char K # p then K
contains a primitive p®-th root of unity, where p° is the exponent of G.)

1. Introduction

Let K be a field. A field extension L of K is called rational over K (or K -rational,
for short) if L >~ K(x1, ..., x,) for some integer n, with x1, ..., x, algebraically
independent over K. Now let G be a finite group. Let G act on the rational
function field K (x(g) : g € G) by K -automorphisms defined by g - x(h) = x(gh)
for any g, h € G. Denote by K(G) the fixed field K(x(g) : g € G)°. Noether’s
problem then asks whether K (G) is rational over K. This is related to the inverse
Galois problem, to the existence of generic G-Galois extensions over K, and to the
existence of versal G-torsors over K -rational field extensions [Swan 1983; Saltman
1982; Garibaldi et al. 2003, §33.1, p. 86]. Noether’s problem for abelian groups was
studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc. The
reader is referred to [Swan 1983] for a survey of this problem. Fischer’s theorem is a
starting point of investigating Noether’s problem for finite abelian groups in general.

Theorem 1.1 (Fischer [Swan 1983, Theorem 6.1]). Let G be a finite abelian group
of exponent e. Assume that (i) either char K = 0 or char K > 0 with char K { e, and
(i1) K contains a primitive e-th root of unity. Then K (G) is rational over K.

MSC2010: primary 14E08, 14M20; secondary 13A50, 12F12.
Keywords: Noether’s problem, rationality problem, metabelian group actions.
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On the other hand, just a handful of results about Noether’s problem have been
obtained when the groups are nonabelian. This is the case even when the group G
is a p-group. The reader is referred to [Chu and Kang 2001; Hu and Kang 2010;
Kang 2006; 2011; 2009] for previous results on Noether’s problem for p-groups.
The following theorem of Kang generalizes Fischer’s theorem for the metacyclic

p-groups.
Theorem 1.2 [Kang 2006, Theorem 1.5]. Let G be a metacyclic p-group with

exponent p¢, and let K be any field such that (i) char K = p, or (ii) char K # p and
K contains a primitive p°-th root of unity. Then K (G) is rational over K.

The next job is to study Noether’s problem for metabelian groups. Three results
due to Haeuslein, Hajja and Kang, respectively, are known.

Theorem 1.3 [Haeuslein 1971]. Let K be a field and G be a finite group. Assume
that (i) G contains an abelian normal subgroup H such that G/ H is cyclic of prime
order p, (ii) Z[&,] is a unique factorization domain, and (iii) {pe € K, where e is
the exponent of G. If G — GL(V) is any finite-dimensional linear representation
of G over K, then K ( V)Y is rational over K.

Theorem 1.4 [Hajja 1983]. Let K be a field and G be a finite group. Assume that
(i) G contains an abelian normal subgroup H such that G/ H is cyclic of order n,
(1) Z[&,] is a unique factorization domain, and (iii) K is algebraically closed with
char K = 0. If G — GL(V) is any finite-dimensional linear representation of G
over K, then K (V)€ is rational over K.

Theorem 1.5 [Kang 2009, Theorem 1.4]. Let K be a field and G be a finite group.
Assume that () G contains an abelian normal subgroup H such that G/H is cyclic
of order n, (ii) Z[¢,] is a unique factorization domain, and (iii) {, € K, where e is
the exponent of G. If G — GL(V) is any finite-dimensional linear representation
of G over K, then K (V)Y is rational over K.

Note that those integers n for which Z[¢,] is a unique factorization domain are
determined by Masley and Montgomery.

Theorem 1.6 [Masley and Montgomery 1976]. Z[¢,] is a unique factorization
domain if and only if 1 <n <22, 0rn =24,25,26,27, 28, 30, 32, 33, 34, 35, 36,
38, 40, 42, 45, 48, 50, 54, 60, 66, 70, 84, 90.

Therefore, Theorem 1.3 holds only for primes p such that 1 < p <19. One of
the goals of our paper is to show that the this condition can be waived, under some
additional assumptions regarding the structure of the abelian subgroup H.

Consider the following situation. Let G be a group of order p” for n > 2 with an
abelian subgroup H of order p"~'. Bender [1927/28] determined some interesting
properties of these groups. We study further the case when the p-th lower central
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subgroup G ) is trivial. (Recall that Gy = G and G;) =[G, G(_1)] fori > 1
form the so-called lower central series.) For our purposes we need to classify with
generators and relations these groups. We achieve this in the following lemma.

Lemma 1.7. Let G be a group of order p" for n > 2 with an abelian subgroup H of
order p"~!. Choose any a € G such that o generates G/H, that is, o ¢ H, a” € H.
Define H(p)={he H:h? =1,h ¢ HP}U{1}, and assume that [H (p), a] C H(p).
Assume also that the p-th lower central subgroup G () is trivial. Then H is a direct
product of normal subgroups of G belonging to four types:

(1) (Cp)*® for some s > 1. There exist generators a, . .., as of (Cp)* such that
laj,al=ajyi for1 < j <s—1anda, € Z(G).

a—1

(2) Cpa for some a > 1. There exists a generator B of Cpa such that [B, a] = Br
forsomeb:0<b<p-—1.

(3) Cpu x Cpar X -+ x Cpax X (Cp)* for some k > 1, a; > 2, s > 1. There

exist generators oy, 021, ..., 0 of Cpa X Cpar X -+ X Cpa such that
[oi1, o] = a{’fﬁq € Z(G) fori=1,...,k— 1. There also exist generators
Qk2y o5 k51 Of (Cp)® such that [ay j,a] = oy j+1 for 1 < j < s and
as+1 € Z(G).

4) Cput X Cpar X -+ x Cpax for some k >2,a; > 2. Foranyi:1 <i <k there
. a;—1
exists a generator ai’ll ofthefactlor Cpa such that [a; 1, a] = O‘ip+1,1 e Z(G)
ap— ap—
and[ak,l,a]e<af’ll ,...,oz,f’]k )

The first main result of this paper is a generalization of Theorem 1.3:

Theorem 1.8. Let G be a group of order p" for n > 2 with an abelian subgroup H
of order p"~', and let G be of exponent p¢. Choose any o € G such that a generates
G/H,thatis,a ¢ H,a? € H. Define H(p)={he H:h? =1,h ¢ HP}U {1}, and
assume that [H (p), a] C H(p). Let the p-th lower central subgroup G, be trivial.
Assume that (i) char K = p > 0, or (ii) char K # p and K contains a primitive

p¢-th root of unity. Then K (G) is rational over K.

The key idea to prove Theorem 1.8 is to find a faithful G-subspace W of the
regular representation space P g K -x(g) and to show that WO is rational over K.
The subspace W is obtained as an induced representation from H by applying
Lemma 1.7.

The next goal of our article is to study Noether’s problem for some groups of
orders p° and p® for any odd prime p. We use the list of generators and relations
for these groups, given by James [1980]. It is known that K (G) is always rational
if G is a p-group of order at most p* and ¢, € K, where e is the exponent of G



170 IVO M. MICHAILOV

(see [Chu and Kang 2001]). However, in [Hoshi and Kang 2011] it is shown that
there exists a group G of order p> such that C(G) is not rational over C.

The second main result of this article is the following rationality criterion for

the groups of orders p> and p® having an abelian normal subgroup such that its
quotient group is cyclic.
Theorem 1.9. Let G be a group of order p" for n < 6 with an abelian normal
subgroup H such that G/H is cyclic. Let G be of exponent p°. Assume that
(i) char K = p > 0, or (ii) char K # p and K contains a primitive p°-th root of
unity. Then K (G) is rational over K.

We do not know whether Theorem 1.9 holds for any n > 7. However, we should
not “overgeneralize” Theorem 1.9 to the case of any metabelian group because of
the following theorem of Saltman.

Theorem 1.10 [Saltman 1984]. For any prime number p and for any field K with
char K # p (in particular, K may be an algebraically closed field), there is a
metabelian p-group G of order p° such that K (G) is not rational over K.

We organize this paper as follows. We recall some preliminaries in Section 2
that will be used in the proofs of Theorems 1.8 and 1.9. There we also prove
Lemma 2.5, which is a generalization of Kang’s argument [2011, Case 5, Step
II]. In Section 3 we prove Lemma 1.7, which is of independent interest, since it
provides a list of generators and relations for any p-group G having an abelian
subgroup H of index p, provided that [H (p), «] C H(p) and G(,) = 1. Our main
results — Theorems 1.8 and 1.9 —are proved in Sections 4 and 5, respectively.

2. Preliminaries

We list several results which will be used in the sequel.

Theorem 2.1 [Hajja and Kang 1995, Theorem 1]. Let G be a finite group acting on
L(xy, ..., xn), the rational function field of m variables over a field L, such that

(1) foranyo € G,o(L) C L,
(2) the restriction of the action of G to L is faithful,
3) forany o € G,
o(x1) X1
=A@ | : | +Bw.
o (Xm) X

where A(o) € GL,,(L) and B(o) is an m x 1 matrix over L. Then there exist
Zls ey Zm € L(X1, ..., Xm) suchthat L(xy, ..., xn)° = L%z, ..., 2,) and
o(zj)=ziforanyoc € Gand 1 <i <m.
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Theorem 2.2 [Ahmad et al. 2000, Theorem 3.1]. Let G be a finite group acting on
L(x), the rational function field of one variable over a field L. Assume that, for
anyo € G,o(L) C L and o (x) = axx + b, for any ay, b, € L with a, # 0. Then
L(x)¢ = LY(z) for some z € L[x].

Theorem 2.3 [Chu and Kang 2001, Theorem 1.7]. Ifchar K = p >0and G is a
finite p-group, then K (G) is rational over K.

The following lemma can be extracted from some proofs in [Kang 2011; Hu and
Kang 2010].

Lemma 2.4. Let (1) be a cyclic group of order n > 1, acting on K (vy, ..., vy—1),
the rational function field of n — 1 variables over a field K, such that

r:vlr—>v2|—>---|—>vn_1|—>(vl---v,,_l)_lr—>v1.

Suppose that K contains a primitive n-th root of unity §&. Then K (v, ..., v,—1) =
K(s1,...,Sn—1), where T :s; — Eis; for1 <i <n—1.

Proof. Define wo =1+vi+viva+---4viv2- - V1, wy = (1/wo) = 1/n, w11 =
(vivy - vi/we) —1/nfor1 <i <m—1. Thus K(vy, ..., v,—1) = K(wy, ..., w,)
with wi +wy+---+w, =0 and

T:WH> Wy > Wy — W, — wWip.

Deﬁnesi=215j5n$_ijwj forl<i<n—1.Thent:s;— &'s;forl<i<n—1
and K(wq, ..., w,) =K(s1,...,8:-1). U

Next, generalizing an argument used in [Kang 2011, Case 5, Step II], we obtain
a result that will play an important role in our work.

Lemma 2.5. Let k > 1, let p be any prime and let () be a cyclic group of order p,
acting on K (y1i, Y2is - - -, Yki - 1 <i < p—1), the rational function field of k(p — 1)
variables over a field K, such that

@Y Yo Vgt (Vj1yie s Yjp—1) T for 1< j <k

Assume that K (v1;, v2i, ..., 0 : 1 <i<p—1D) =K1, Y2ir - -, Vi : 1 <i < p—1)
where for any j : 1 < j <k and for any i : 1 <i < p — 1 the variable vj; is a
monomial in the variables yi;, yai, ..., Yri. Assume also that the action of « on
KWy, vaiy ..., 05 0 1 <i < p—1)is given by

p—2 2 )—1

o P . . (P!
oIV VY, Vo > V)3 |—>v”,,1|—>AJ(vJ1Uj2 Vi3 Vi1

for 1 < j <k, where Aj is some monomial in vy;, ...,v;_1; for2 < j <k and
A1 = 1. If K contains a primitive p-th root of unity ¢, then

K(UliaUZi,---,Ukii1SiSP_1)=K(Sli,52ia---,Ski31§i§]’_1),
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where o :sji+> C'sjifor1 <j<k,1<i<p-—1.

Proof. We write the additive version of the multiplication action of «; that is,
consider the Z[r ]-module M =@, _,, -, (@1951)—1 Z-vp;), where v = (o). Define
submodules M; = @151115/(@151'5;:—1 Z - vy;) for 1 < j < k. Thus o has the
following additive action

oV vjl—i-png,
VipgF—=> Vi3> - > Vjp_1 I—)Aj—vjl—(p—l)vjz—(p—Z)Ujg;—-'-—21)]'[,,1,

where Aj S Mj_l.
By Lemma 2.4, M; is isomorphic to the Z[x]-module N = @15i5p—1 Z - u;,

1

where u; = vpp, u; =o'~ v for2<i < p—1, and

QiU U > > Up | > U — U — = Up_] > UJ.

Let ®,(T) € Z[T] be the p-th cyclotomic polynomial. Since Z[ ] is isomorphic
to Z[T]/(T? — 1), we find that Z[7]/®,(a) = Z[T]/®,(T) =~ Z[w], the ring of
p-th cyclotomic integers. As ®,(«) - x =0 for any x € N, the Z[m]-module N
can be regarded as a Z[w]-module through the morphism Z[7] — Z[n]/®,(«).
When N is regarded as a Z[w]-module, we have N ~ Z[w], the rank-one free
Z[w]-module.

We claim that M itself can be regarded as a Z[w]-module, that is, ®,(a) - M =0.

We return to multiplicative notation. Note that all v;; are monomials in the yj;.
The action of « on yj; given in the statement satisfies [ [,_,,<,_; @™ (y;i) = 1 for
any 1 < j <k,1<i < p— 1. Using the additive notations, we get ®,(a)-y;; =0.
Hence ®,(a)-M =0.

Define M’ = M /M,._;. We have a short exact sequence of Z[7]-modules

2-1) 0= M1 —>M—>M —0.

Since M is a Z[w]-module, (2-1) is a short exact sequence of Z[w]-modules. Pro-
ceeding by induction, we obtain that M is a direct sum of free Z[w]-modules
isomorphic to N. Hence, M >~ (P, _ ;. N;, where N; > N is a free Z[w]-module
and so a Z[x]-module also (for 1 < j <k).

Finally, we interpret the additive version of M ~ H 1<j<k Nj= N *in terms of
the multiplicative version as follows: There exist wj; that are monomials in v;; for
1<j<k/ 1<i<p-—1suchthat K(w;;)=K(vj;) and « acts as

) -1 :
QWi Wi > > Wi > (Wiiw - Wip—1) forl <j <k.

According to Lemma 2.4, the above action can be linearized as pointed out in the
statement. ]
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Now, let G be any metacyclic p-group generated by two elements o and 7 with
relations o 7* =1, = and t~loT =0+t where e =1 if pisodd, e ==1if
p=2,6=0,1anda, b, c, r >0 are subject to some restrictions. For the description
of these restrictions see, for example, [Kang 2006, p. 564].

Theorem 2.6 [Kang 2006, Theorem 4.1]. Let p be a prime number, m, n and r
positive integers, k =1+ p" if (p,r) Z2, ) ork=—-14+2"ifp=2andr = 2.
Let G be a split metacyclic p-group of order p™™™" and exponent p° defined by
G=(o,t:0" =1 =1, Yot =0k). Let K be any field such that char K # p
and K contains a primitive p°-th root of unity, and let ¢ be a primitive p"-th
root of unity. Then K (xg, x1, ..., xpn_l)G is rational over K, where G acts on
X0, ..., Xpn_1 by

i
a:xi|—>§kx,-, TIXQF> X| > -+ > Xpn_| > X0.

3. Proof of Lemma 1.7

It is well known that H is a normal subgroup of G. We divide the proof into steps.

Step 1. Let B be any element of H that is not central. Since G () = {1}, there exist
B2, ..., Br€ Hforsomek:2<k<psuchthat[B;,a] =811, where 1 <j <k—1
and By # 1 is central. We are going to show now that the order of §; is not greater
than p. In particular, from the multiplication rule [a, «][b, ] = [ab, «] (for any
a,b € H) it follows that all p-th powers are contained in the center of G.

From [B;, a] = B+ there follows the well known formula

P P P
(3-1) o =i BY - 8V,
where we put i1 =--- = B,41 = 1. Since «? is in H, we obtain the formula
P 14 P
'32])1332 .. 'ﬂk(k_l) — 1

Hence (,32‘]—[ 2 ﬂ;" )p =1 for some integers a;. Itis not hard to see that this identity
is impossible if the order of 8, exceeds p. Indeed, if £ =max{; : /357 = 1}, then ,Bf is
in the subgroup generated by ﬂg, e ,35,1- Thus [,Bé’, al= [,352[’ e é’l:lll” al=
BYP ... Bl'P £ 1 for some by, ..., by_y € Z,. On the other hand, [B/, a] =

/Bé7 41 = I, which is a contradiction.

Step II. Let us write the decomposition of H as a direct product of cyclic subgroups
(not necessarily normal in G): H >~ (C,)" x Cpa X Cpar X -+ X Cpas for 0 <,
2<a; <ay <--- <a,. Choose a generator oj| € Cpar. Since G(,y = {1}, there
exist a2, ..., a1x € H for some k : 2 < k < p such that [«;;, o] = @141, Where
1 <j<k—1and oy # 1 is central. From Step I it follows that the order of
a2 is not greater than p. We are going to define a normal subgroup of G which
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depends on the nature of the element . We will denote it by ((«¢11)), and call it
the commutator chain of «1. Simultaneously, we will define a complement in H
denoted by ({or11)).

Case II.1. Let arqn _a“ lcl for some c; : 0 <c¢; < p— 1. Define ((«11)) = (a11)
and {(11)) = (Cp) -{a21, ..., ag1). Clearly, ((aq1)) is a normal subgroup of type 2.

Case I1.2. Let ajp ¢ H”. According to the assumptions of our lemma, we have
[H(p),a]lNHP = {1}, so a1j ¢ H? for all j. Define ((o11)) = (11, ..., @1k).
Then ((a11)) =~ Cpa x (C,)*~! is a normal subgroup of type 3. Define (o)) =
(Cp)' M1 Aayy, ..., ag1), where (C,)' =¥ is the complement of (C,)*~!in (C,)".
Case I1.3. Let a;p € H?. Then ajp = [[;c4 al.pla'vfld", where A C {1,2,...,s},
1 <d;<p-—1.Putipg=min{i € A}.

If ig = 1, then o = (atf] ]_[leA Y P g ) A replace the generator oy

pl 414,
with o} = o} [ica i1
so this case is reduced to Case 1.

di Clearly, orda}, =orday; and [o],, a] € (o],),

. di pai—aiodi pao—]
Ifig>1, then o= ( o] ]_[leA iio @h ) . We replace the genera}tor Q1
i~ Od —
with o} | = alol [Ticaizi, @b . Clearly, ord e | = ord ;1 and o} S =on
Abusing notation we will assume henceforth that ip = 2 and a21 = .

Consider oy = [ara1, a]. We have three possibilities now.

Subcase I1.3.1. If oy € (a{’fl : 0‘21 ) define ({(c11)) = (o117, oez1). Then ((a11)) =~
Cpa x Cpay is a normal subgroup of type 4.

Subcase 11.3.2. If apy ¢ H?, there exist ap, ..., 0y € H forsome £:2 <{¢<p
such that [, @] = apj41, where 1 < j < £ —1 and oy, # 1 is central. Define
{(a11)) = (11, @21, @22, - . ., a2¢). Then ((or11)) 2 Cpar X Cpax x (C )¢~ is a normal
subgroup of type 3.

Subcase 11.3.3. ap; € H”. According to the observations we have just made, this

subcase leads to the following two ﬁnal possibilities.

a 1 1 ar—1
cap=af’ ... a_pn= ocfl , 0 € (oe“1 so.,al" ). Define ((a11)) =

(o1, 021, ..., 01). Then ((orgq)) = Cpar X Cpaz X -+ - X Cpar is a normal subgroup
of type 4. Define (e = (€)' arsins ).

az—1
can=aof’ ... aq_pn=af"

4 a,z ¢ HP. Then there exist o, ..., 00 € H
for some £ : 2 < IZ < p such that [, a] = a,jy1, where 1 < j < £ —1 and
oy 7= 1 is central. Define ((«11)) = (11, ®21, ..., 1, X2, ..., re). In this case
({o11)) = Cpar x Cpar X =+ + X Cpar X (Cp)g_1 is a normal subgroup of type 3.
Define ((or11)) = (Cp) =+ - (@411, - - ., &51), where (Cp,) =+ is the complement

of (C,)*in (C,)".

Step I11. Put H; = {(«11)) and H, = {{a11)). Note that H; N H, = {1}. However, H;
may not be a normal subgroup of G. That is why we need to show that there exist
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a commutator chain #; and a normal subgroup #, of G such that H = 3| x #,.
In this step, we will describe a somewhat algorithmic approach which replaces the
generators of H until the desired result is obtained.

Assume henceforth that H; is not normal in G. Then there exists a generator
B € H; such that oFl,Boz = hh, for some h € Hy, hy € Hy, h| ¢ H;. Since h = hy
for some hy € Hy, we get [B, a] = hihs.

Let us assume first that ord 8 = p. If h; € H?, then hy ¢ [H(p), «]; otherwise
[H(p),a]N HP # {1}. In other words, &, does not appear in similar chains, so we
can simply put hh,, instead of h;, as a generator of H;. In this way we obtain a
group that is G-isomorphic to H;. Thus we get that [B, «] is in this new copy of
H,. Similarly, if hy € H(p) and hy ¢ [H(p), «], we can obtain a new copy of Hj
such that [, «] is in Hy. If hy € [H(p), «], we may assume that [8, «] € H;. In
this case ((cry1)) must be of type 3. Let ({(ar11)) = Cpar X Cpar X -+ - X Cpax X (Cp)*
be generated by elements oy, ..., &1, X2, . . . , Crs+1 With relations given in the
statement of the lemma. Assume that oy = [B,a] for some £ :2 < { < s+ 1.
If £ > 2, replace B with 8’ = ,Bozk_elil. Hence [B', ] = 1. If £ = 2, we can put
0‘1;1 =i B —1 instead of oy, as a generator of H;. In this way we obtain a group of
type 4, since [oz,/d, o] = 1. Clearly, [8, «] is not in this new commutator chain ;.
It is not hard to see that with similar replacements we can treat the general case

[B.al=]];« ]_[ akj. Thus we obtain the decomposition H = #; x ¥,
where #; and 2‘62 are normal subgroups of G.

Next, we are going to assume that ord 8 > p. According to the definition of the
commutator chain of «;; we need to consider the three cases of Step II separately.
Case III.1. ayp = oz”]a'_l"' for some ¢y : 1 < ¢y < p — 1. Here we must have
h = a{’l' "4 for some dy : 1 <dj < p — 1. We can replace g with g’ = B, d‘/cl,
so [B/, a] = hy.

Case lII.2. oy ¢ HP. If hy = ]_[J>2a1]' for some d; : 0 <d; < p—1, we can
replace B with 8’ = B[] j=2 ]d ,- Hence [B’, a] = hy. This reduces the analysis to
the case | = oz{’l ~'d for some d; :0<d; < p—1. We now have three possibilities
for 5.

Subcase 111.2.1. Let hy ¢ H? and h, ¢ [H, a]. We can put hh,, instead of h;, as
a generator of Hj. In this way we obtain a group that is G-isomorphic to H,. Thus
we get that [, «] is in this new copy of H,.

Subcase II1.2.2. Let hy ¢ H? and h; € [H, «], that is, there exists y ¢ H? such that
[y,al=hy. Put B/ = ,By_l Then [B/, a] = hy =a{’1"1_1d1. Hence the commutator
chain of o is contained in the commutator chain ((8)) which is a normal subgroup
of G of type 3.

Subcase II1.2.3. Let hp € H?; thatis, hy = ]_[ieB all’la"fld", where B ={i :a;1 € H»},
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0<di<p - 11. We can replace oy with o}, = ozfi [Lics a{’la"fald". Now we have
[8,a] = aﬁ """, so the commutator chain of oz{l is contained in the commutator
chain ((8)), which is a normal subgroup of G of type 3.

Case I11.3. a2 € H”. We have that either ((o1)) = Cpar X Cpar X -+ - X Cpar is @
normal subgroup of type 4, or (1)) >~ Cpa X Cpar X « -+ X Cpar X (CP)E_1 isa
normal subgroup of type 3.

Similarly to Case IIL.2, if /; is a product of elements of order p that are not in
(oz{’lu - ), by a suitable change of the generator 8 we will obtain [8, o] = h;. Thus we
again reduce the considerations to the case 1| = a{’la "4 for some di:0<d<p—1.
We have three possibilities for /,, which are identical to the three subcases in
Case I11.2. The only slight difference is that the new commutator chain here can be
of type 3 or type 4.

In this way, we have investigated all possibilities for the proper construction of
the normal factors of H. The construction is algorithmic in nature. When we define
a new commutator chain {({8’)) or {{8)) (as in Subcases II1.2.2 and II1.2.3), we have
to start the same process all over again until we can not get a new commutator chain
that contains the previous one. Denote by #; the last commutator chain obtained by
the described algorithm from H;. We have that #; is a normal subgroup of G of one
of the types 1-4. Denote by #, the subgroup obtained from H, by the replacements
described above. Then H is a direct product of #; and #,, where ¥, is normal in G.
Proceeding by induction we will obtain the decomposition given in the statement.

4. Proof of Theorem 1.8

If char K = p > 0, we can apply Theorem 2.3. Therefore, we will assume that
char K # p.

According to Lemma 1.7, H >~ #; x --- x #;, where ¥, ..., ¥, are normal
subgroups of G that are isomorphic to any of the four types described in Lemma 1.7.

Let V be a K -vector space whose dual space V* is defined as V* =& gec K-x(8),
where G acts on V* by & - x(g) = x(hg) for any h, g € G. Therefore K (V)¢ =
K(x(g):8€ G =K(G).

Now, for any subgroup #; (1 <i <) we can define a faithful representation
subspace V; = P, <j<k; K -Y;, where k; is the number of the generators of #; as
an abelian group. (For details see Cases I-IV.) Therefore, P, _,_, V; is a faithful
representation space of the subgroup H. o

Next, for any subgroup #; (1 <i <t) we define x; = ok Y;forl <j<k,
0<k<p-—1. DefineW; =@, K xjx CV* Then W =P, W is
a faithful G-subspace of V*. Thus, by Theorem 2.1 it suffices to show that
WY is rational over K. Note that W& = (WH)®) = (... (wH)¥a.. yHiyle) —
((---(Wlw1 @D wy)le... )il = ... = P (Wjej)(m. Therefore, we need

2<j<t l<j=t
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to calculate W " when J€; is isomorphic to any of the four types described in
Lemma 1.7. Flnally, we erl show that the action of @ on W# can be linearized.

Case 1. Assume that ¥ is of type 3; that is, for some k > 1, a; > 2, s > 1,
#H1 = Cpar X Cpaz x -+ x Cpax x (Cp)*. Denote by «ay, ..., o the generators of
Cpu X ++- X Cpa, and by gy, ..., o the generators of (Cp)*. According to
Lemma 1.7, we have the relations [e;, ] = aﬂr']“ e Z(G)forl <i<k-1;
[okyj, ]l =gy jq1 for 0 < j <s—1; and x5 € Z(G). Because of the frequent
use of k + s in this case, we put r =k +s.

We divide the proof into several steps.

Step 1. Define X1, X»,..., X, € V* by
X;= Z x(l_[af") forl<j<r
Ok, i)

Note that ; - X ; = X; for j #i. Let {,« € K be a primitive p“-th root of unity

for 1 <i <k, and let ¢ be a primitive p-th root of unity. Define Yy, Y»,..., Y, € V*
by
“1 —1 p—l
Z ; m Y, = ¢ X,
m=0

forl <i<kandk+1<j<r.
It follows that

i Yir>CpaYi, Yj>Y; forj#iand1<i <k,
aj: Y=Y, Y=Y fori A#jandk+1<j<r.

Thus Vi =D, j=r K -Y; is a faithful representation space of the subgroup ;.
Define x;; =a'-Y; for 1 < j <rand 0 <i < p — 1. Recall that [o;, o] =

f’+'1“ = Z(G) for 1 <i <k —1; [og4j, @] = gy jp1 for 0 < j <5 —1; and
o, € Z(G). Hence
. . Fodiy1—1
oz_’ozj(x’:ajaljilﬂ forl<j<k—-1,1<i<p-1
and
oz_iozjai =oejocj(+)105,(i)2 Ot(r ) fork<j<r—1,1<i<p-—1.

It follows that
Qp t X > CpuXeiy Xopti B> Xoqri, Xjib> X for 1 <€<k—1,j#¢0+1,

i
Q& Xgi > CpaXkis Xywi H> §(w—k)xw,-, Xpib> xyi for 1 <v<k-—1,
k+1<w=<r,
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i
& Xyi > §(ufm)xu,~, Xypi > Xpi for k+1<m<r,
l<v<m—-1m<u<r,

b; .
oc.xjol—>xj1|—>---r—>xjp_1+—>§ppjxjo forl<j<r,

where 0 <i < p—1, and ¢}, b; are some integers such that 0 < b; < p“ < p%.
Let W, = K -xji C V*. As noted at the start of the proof, we must find WI%I.
i
Step2. For 1 < j <r and for 1 <i < p — 1 define y;; = x;;/xj;—1. Thus
Wi =K(xjo,yji:1<j=<r,1<i<p-—1)andforevery g € G,

g XjoeEK(yji:1<j=<rl1=<i<p—-1)-xjp forl <j=<r,

while the subfield K (y;; :1 < j <r,1<i < p—1) isinvariant by the action of G,
that is,

O Yer1i B> Ve tis Vji B> Yji for 1<f<k-—1,
jECH,
i—1
O Yui > C(“—’"—')yui, Vi > Yui for k<m<r—1,
1 <v<m,

m+1<u<r,

Oy > Yoi B> Yoi forl<v<r,
b; _ .
@iyjii Y Yipot b E e (Vi Yjp-1) ' oforl<j<r

From Theorem 2.2 it follows that if K(y;; : 1 < j<r,1<i<p-— l)G is rational
over K, sois K(xjo,yji: 1 <j<r,1<i<p—1)%over K.

Since K contains a primitive p°-th root of unity ¢,e, where p° is the exponent
of G, K contains as well a primitive p¢/*!-th root of unity, and we may replace the
variables y;; by y;i/ §ij 41 so that we obtain a more convenient action of « without

changing the actions of the ;. Namely we may assume that

a: yjiE> Yyt >y > (yjlyjz---yjp_l)_l forl<j<r.
Define u,1 =y, uyi = yyi/yri—1 for2 <i < p—1. Then
K(ji,uri:1<j<r—11<i<p-D=K(@y:1<j<rl1<i<p-D,

From Theorem 2.2 it follows that if K (yj;,u,:1<j<r—-1,2<i<p-— l)G 18
rational over K, s0is K(yjj, uyi:1<j<r—1,1<i<p-— 1)G over K. We have
the actions

O i Upj > Uy forl <?¢<k-—1,

-2
am:ur,-l—>§(rfm72)ur,- for2<i<p—1l,k<m<r-2,
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QU > U3 > o > Upp | >

p—1 p-2 2 —1 p—2 p-3 2
(Urittyy Uy " U ) Upllyy Uy T Uy lrp—t

For 2 <i < p — 1 define

B -1 1 (_l)rfk (_1)r7k+l
Uri = UriYy 13 Yr=2iYp—3; """ Vpt2i  Yierli .

and put v, = u,1.
With the aid of the well known property (") — (*~') = ("*_}), it is not hard to
verify the identity

i—2 i—1 i—1 i—1
(r—m—Z)_(r—m—2)+(r—m—3)_(r—m—4>+.“
_1yr—m—1 i—1 _1\r—m i—1 _1yr—m+1 i—1 _

+(=1) < ) )—I—( 1) ( : >+( 1) ( 0 )—0.

It follows that

Oy & Upj > Uy forl<i<p—landl<m<r-2,
. p—1 p=2 2 -1
A V2> V3> o> U1 > A (V1Y) U ---vrp_l) .

where A, is some monomial in y;; for2<j<r—1,1<i<p-—1.
Define u, 11 =y, #r—1i = Yr—1i/Yr—1i—1 for 2 <i < p — 1. Then

K(yjisur—1i:1<j<r=2,1<i<p-D)=K(y:1<j<r—1,1<i<p—1)-2),

From Theorem 2.2 it follows that if K(yj;, u,—1;: 1 <j<r—2,2<i<p-— HC
is rational over K, sois K(yjj,u,—1; : 1 < j<r—-2,1<i<p-— 1S over K.
Similarly to the definition of v,;, we can define v,_y; so that «,, (v,_1;) = v,_y; for
2<i<p-—1land1 <m <r—3. Itis obvious that we can proceed in the same
way, defining elements v,_j;, v,_3;, . . ., Ux4+1; such that ¢, acts trivially on all the
vjifork <m <r—3.

Recall that the actions of ay on the y;; for 1 <¢ <k —1 are

gt Yerli = CVegtis Vi Yjis forl<i<p—11<€<k—-1,j#L+1.

For any 1 < ¢ < k — 1 define vpy1] = yf+11’ Vetli = Ye+1i/Ye+1i—1, where
2<i<p-—1.Putalsov;; =y for1 <i < p—1. Then

Kwj:l<j<rl<i<p—-D=K@j:l<j<rl<i<p-1)".

The action of « is given by
. -1 p
Qv v > Vo B (VU2 Vip—1) , Upl B> Up gV

m2°

p—1 p=2 2 )—1
9

U2 B> U3 B> - 2 Upp 1 > A (Ui Uy U3 0 “Up—1
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for 2 <m <r, where A,, is some monomial in vgyi;, ..., Vy—1; fork+2<m<r
and A = A3 =---= Ay = 1. From Lemmas 2.4 and 2.5 it follows that the action
ofaon K(vj;:1<j=<r1=<i<p-—1)canbe linearized.

Case I1. Assume that ¥ is of type 1; that is, #; ~ (C p)s+1 for some s > 0. Denote
by i1, ..., Bs+1 the generators of (C p)s“. According to Lemma 1.7, we have the
relations [B;, a] = Bj41 for 1 < j <s and B;11 € Z(G).

Define X1, X5,..., X;+1 € V* by

;= Y x(]]87)
Lrylsrr m#E]

for 1 < j <s+ 1. Note that 8; - X; = X; for j #i. Let ¢ be a primitive p-th root
of unity. Define Yy, Y», ..., Y11 € V* by

p—1
Yi=Y B X;
r=0

forl <j<s+1.
It follows that

Bj:Yi—=>¢Y;, Yi—Y, fori&jandl <j<s+1.

Thus V| = @1§j§s+1 K -Y; is a representation space of the subgroup ;.
Define x;; =o' -Y; for1 < j<s+1,0<i < p—1. Recall that [B8;, o] = 8;_1.
Hence
—i ] i ! (A‘ i—')
a”'Bja! :ﬂjﬁ§£1ﬁ522"'ﬂs++ll "
It follows that
B1:x1i — {xui, Xji > C(jl’l)x]'i for2<j<s+1,0<i<p-—1,
Bj : xei H> X, xmng(ij)xmi for 1<f<j—1,
J<m=<s+1,0<i<p-1,
AIXjo> Xj1b> > Xjp I—){b-ij'o fOl‘lSjSS—l—l,Ofbj <p-—1.
Compare the actions of «, By, ..., Bs+1 With the actions of o, o, . . ., agts from
Case I, Step 1. They are almost the same. Apply the proof of Case I.

Case III. Assume that 3¢, is of type 2; that is, ¥ ~ Cpa for some a > 1. Denote
by B the generator of Cp«. Then [B, o] = ﬁbPH forsome b:0<b<p—1. Let
{pe € K be a primitive p“-th root of unity, and let ¢ be a primitive p-th root of
unity. Define X =), {;ix(ﬁ"). Then B(X) = ¢« X, and define x; = a' - X for
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0<i<p-—1. It follows that
ﬁ:xir—>§pa§"bxi forO<i<p-—1,
a:x0+—>x1+—>---r—>xp_1r—>§;axo forO0<c=<p?—1.

Define W) = @, K - x; C V*. For 1 <i < p — 1 define y; = x;/x;—;. Thus
Wi =K(xp,yi:1<i<p—1)andforevery g € G

g-xoeK(@Qy;:1<i<p—1)-x,
while the subfield K (y; : 1 <i < p —1) is invariant by the action of G, that is,
B:yi> ¢y forl<i<p-—1,

aiyi v Ly ype) T for0<c<pt—1.

From Theorem 2.2 it follows that if K(y; : 1 <i < p— 1)Y is rational over K, so
is K(xg, y;: 1 Sifp—l)c over K.

Since K contains a primitive p°-th root of unity e, where p° is the exponent
of G, K contains ;I‘;a +1 as well. We may replace the variables y; by y;/ ;I‘;a +1 so that
we obtain

aiyi=>nt—= = yp_1— ()’1)’2"')’17—1)_1-

Deﬁneu1=yf,u,-=y,-/y,-_1 for2<i<p—1.Then K(u;:1<i<p-—-1)=
K(y;:1<i<p—1)# The action of « is given by

-1 p-2 _
oz:uu—)ulug, u2+—>u3|—>--'r—>up_1r—>(u1u§ ug ---uz_l) L

From Lemma 2.4 (or 2.5) it follows that the action of o can be linearized.

Case IV. Assume that #; is of type 4, that is, 7| ~ Cpa X Cpar X -+ - X Cpe for

some k > 2. Denote by o1, ..., o the generators of #;. According to Lemma 1.7,
a; 1 1—1

we have the relations [«o;, a] = a{’+’1“ e Z(G)forl <i<k-—1and [, ] =

]‘[’;:1 a;’a’_lc.f € Z(G) forsome 0 <c; <p—1.

Similarly to the previous cases, define Y1, Y5, ..., Y € V* so that
a;: Yir>CpaYi, Yj=>Y; forj#iand1<i<k.
Thus Vi = P, <j<x K - Yj is a faithful representation space of the subgroup ;.
Next, define x j; =ao- Y;forl1 <j<k,0<i<p-—1. Note that

l-paj+171

a_iajai:ajajH forl<j<k—-1,1<i<p-1

and

k
_; ; ip%ite; .
o ’aka’zaknajp foforl<i<p-1.
j=1
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It follows that
Qg1 Xei B> CpmXaiy Xog1i > Cxogri, Xji> xj; for 1 <€<k—1,j#€,0+1,
s Xk P> Ly d S xg, xji b EIX forl <j<k-—1,
“:xfo'_’le'—’"‘ijp—lHé“,},’i_;xjo for 1 < j <k,
where0<i<p—-10<c¢j<p-—land0<bh; <p% —1.

Define W; = EBJ-J- K -x;; CV* andfor 1 <i < p—1define y; = x; /x;_1. Thus
Wi =K(xjo,yji:1<j=<k,1<i<p—1)andforevery g € G,

g xjo€K(yji:1<j<k,1<i<p-1)-xj0 forl <j<=<k,

while the subfield K (y;; : 1 < j <k,1=<i < p—1) is invariant by the action of G,
that is,

Q¢ Yerli > EYertis Yji B> Vi forl <i<p-—1,
1<l<k—1,j#L+1,
o yji > ¢y forl<i<p—1,1<j<k,

b; _
o YjL Y b Vgt e 0 (e Vjp-)

From Theorem 2.2 it follows thatif K(y;; : 1 <j<k,1<i<p— 1)Y is rational
over K,s0is K(xjo,yji: 1 <j<k,1<i<p-— I)G over K. As before, we can
again assume that o acts in this way:

s Y ya b Yot e (Vv Yip-1)

Now, assume that 0 < ¢; < p—1. For 2 < j <k choose e; such that cie; +c¢; =
0 (mod p), and define uy; = yy;, uj; = yle{yji. It follows that

Qg g1 F> Sy, Wji B> U forl<i<p-—1,
1<tl<k—1,j£04+1,

oty > Mg, wji g forl<i<p-—1,2<j<k.
Define v =ufl,vj,~ =uji/ujifor2<i<p-—1,1=<j=<k. Then
Kjitl<j<kl<i<sp-D=K@;:1<j<kl<i<p-D".
The action of « is given by
@UjI VIV, Va3 e Vg (vjlv‘fglv‘fgz---vfp_l)_l

for2 < j <k. Lemma 2.5 implies the actionof c on K (v;; : 1 < j <k, 1<i<p-—1)
can be linearized.
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Finally, let ¢y =0. Define v =u§71, vji=uji/uji—1for2<i<p-1,2<j=<k.
Then K (ui;, vji :2< j<k1<i<p-D=K@;:1<j<kl1<i<p-D".
The action of o again can be linearized as before. We are done.

5. Proof of Theorem 1.9

By studying the classification of all groups of order p> made by James [1980], we
see that the nonabelian groups with an abelian subgroup of index p and that are not
direct products of smaller groups are precisely the groups from the isoclinic families
with numbers 2, 3, 4 and 9. Notice that all these groups satisfy the conditions of
Theorem 1.8. The isoclinic family 8 contains only the group ®5(32) which is
metacyclic, so we can apply Theorem 1.2. It is not hard to see that there are no
other groups of order p° containing a normal abelian subgroup H such that G/H
is cyclic.

The groups of order p® with an abelian subgroup of index p and that are not direct
products of smaller groups are precisely the groups from the isoclinic families with
numbers 2, 3,4 and 9. Again, all these groups satisfy the conditions of Theorem 1.8.
The groups of order p®, containing a normal abelian subgroup H such that G/ H
is cyclic of order > p are precisely the groups from the isoclinic families with
numbers 8 and 14. Note that the groups ®g(42), ®g(33), P14(42) are metacyclic,
and the group ®5(321)a is a direct product of the metacyclic group $g(32) and
the cyclic group C,. Therefore, we need to consider the remaining groups, whose
presentations we write down for convenience of the reader.

D5(32D)b= (a1, a2, B, y :[ar, o]l =B=al, [B,aa] =" =y", of =B =1),
®3(321)¢, = (a1, @2, B: a1, @2l =B, [B, anl”*! ﬂ"““) af’, aé’z r=1),

Dg(321)cp—1=(a1, a2, B:lar, a2] =B, [B, 042]—,3”—0!2 P=pgri=t),
®5(222) = (@1, @2, B: a1, a2l =B, [B, 2] =B”, of’ =a5 T=pri=1),
D14(321) = (a1, @2, B:[on, a] =B, of ' =p7, of " =pP" =1),
®14(222) = (1, s, B:[a1, a2l =B, af =af =g =1).

Casel. G = ®3(321)b. Denote by H the abelian normal subgroup of G generated
by aj and y. Then H = (a1, yB~") ~ C s x Cp and G/H = (a2) ~ C .

Let V be a K -vector space whose dual space V* is defined as V* =D, K-x(g),
where G acts on V* by h-x(g) = x(hg) for any h, g € G. Thus we have K(V)¢ =
K(x(g):8€G)° =K(G).

Define X1, X, € V* by

pP-1

p—1
Xi=) x((B™H), Xa=)_ x(@).

i=0 i=0
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Note that y,B_l - X1 =X and a; - Xp = X>.
Let ¢, € K be a primitive p>-th root of unity and put ¢ = ¢ ;)’32, a primitive p-th
root of unity. Define Y1, Y, € V* by

pP=1 p-1
Yi=) ¢lal-Xi, Ya=) ¢ X
i=0 i=0

It follows that

o Y= §p3Y1, Yo Yo,
ERED R S Y= e 3
y:Y1— é'sz], Yo Y.
Thus K - Y1 + K - Y5 is a representation space of the subgroup H.
Define x; = aé Y,y = océ Yo forO<i< p2 — 1. From the relations ozlocg =
abay g1 BR)7 it follows that

o)X > §p3§;z§(2)xi, Yi = Vi,
Y Xi > L, Yi = Cyi,

QX X[ > - > X2 > X0,

p
Yo=> Y1 o> yp2q = Yo,
for0<i<p>—1.
We find that ¥ = (@< 2 K - xi) ® (Bo<i<,2_ s K - i) is a faithful G-sub-
space of V*. Thus, by Theorem 2.1, it suffices to show that K (x;, y; :0<i < p>*—1)¢

is rational over K.
Forl <i < p2 — 1, define u; = x;/x;—1 and v; = y;/y;—1. Thus

K(xi,yi:0<i<p?—1)=K(xo, yo, ui, v; : 1 <i < p*—1)
and for every g € G
g-x0 €Ki, vi:1<i<p®—1)-x0, g-yo€ K, v;: 1 <i<p*—1)-yp,

while the subfield K (u;, v; : 1 <i < p> — 1) is invariant by the action of G. Thus
K,y :0<i §p2—1)G =Ku;,v:1<i sz—l)G(u, v) for some u, v such
that ¢ (v) =y (v) = ax(v) = v and 1 (1) = y (u) = a2 (1) = u. We now have

oy Ui — ;ngi—lui’ v; = v,

Y L uj = uj, v; = vy,
(5-1) .
QiU > U > U (uluz---upz_l) ,

V> 0> > U > (vlvg---vpz_l)_l,
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forl <i< p2— IL.IEKu;,v;:1<i< p2— 1)G(u, v) is rational over K, it follows
from Theorem 2.2 that K (x;, y; : 0 <i < p2 — I)G is rational over K.
Since y acts trivially on K (u;, v; : 1 <i < p2 — 1), we find that

Kui,vi:1<i < p’ =D =K, v :1<i < p>=1Dere,
Now, consider the metacyclic p-group
5:(0,r:op3=rp2=1,r_lor=ok,k=l+]?).
Define X = ) { Ix(0h), V=1 X for0<i < p? — 1. It follows that
0<j<p3—1
o Vit CuVi,

T: Vo Vi > Vo > V.

Note that K (Vp, Vi, ..., sz_l)5 is rational by Theorem 2.6.
Define U; = V;/Vi_j for 1 <i < p* — 1. Then K(Vo, Vi, ..., Ve N =
KU1, Uy, ..., Up_NY(U), where

01 U U, U 570,
U U, U U Up > U0y Up_ )7

Notice that kK’ — k' = (14 p)~lp= 1+ (@G —1)p)p (mod p?), so ; -

;“:r(’ Dp Compare the first and thlrd entries of (5-1) (i.e., the actions of a1 oy on
Ku;:1<i fp —1))W1ththeact10nsofG0n KWU;:1<i fp —1). They are
the same. Hence, according to Theorem 2.6, we get that K (uy, .. ., upz_l)G(u) =
KU,..., Upz_l)G(U) =KW, Vi,..., sz_l)G is rational over K. Since by
Lemma 2.4 we can linearize the action of ap on K(v; : 1 <i < p2 — 1), we finally
obtain that K (u;, v; : 1 <i < p2 — 1)<"“""2> is rational over K.
Case Il. G = ®g(321)c,. Denote by H the abelian normal subgroup of G generated
by aj and B. Then H = (ay, a; ") > C 3 x C,y and G/H = (o) = C 2. Let
a=@r+1D"le Z 2, hence B = afp (ozl_p,B’“)“. Similarly to Case I, we can define
Yy, Y, € V* such that

o Y= §p3Y1, Yo Ys,
aPBT Vi Y, Yas (Y,
B: Y — {zzYl, Y, £4Ys.
Thus K - Y; 4+ K - Y, is a representation space of the subgroup H.

Define x; = ozé Y,y = ozé Yo forO<i< p2 — 1. From the relations alaé =
abay B BOP and Bad = b B P it follows that, for 0 <i < p® — 1,
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o X §p3§Z£§a(12)xi’ yi > £y,

B:xir> C;’zé““ixi, yi = ¢y,

az:x0|—>x1|—>---r—>xpz_1r—>xo,
Yor=> Y1 > o> yp2_1 = Yo.

We find that ¥ = (@< 2 K - %) ® (Po<i<,2_s K - i) is a faithful G-sub-
space of V*. Thus, by Theorem 2.1, it suffices to show that K (x;, y; :0<i < pz—l)G
is rational over K.

Forl <i < p2 — 1, define u; = x;/x;—1 and v; = y;/y;—1. We now have

. i—1
o Mi'—>§Zz§a(l u;, v > %y,
B:uir>u, v v,

QiU U > U > (u1u2-~-upz_1)_],

p

V> V> > V2 (vlv2~--vpz_1)_1,

p

forl1 <i< pz— 1. Theorem 2.2 implies that if K (u;, v; 11 <i < p2— DS (u, v) is
rational over K, sois K(x;, y; :0<i < p2 —1)% over K.
Since B acts in the same way as ozf on K(u;,v;:1<i < p2 — 1), we find that
K@i, vi:1<i<p’=1D)=K@,v:1<i<p>—1lre)
Forl<i< p2 — 1 define V; = vi/uf’. It follows that, for 1 <i < p2 -1,
apcoup > fzzfa(i_l)ui, Vi Vi,
(5-2) oy u1|—>u2»—>---|—>upz,1|—>(uluz---upz,l)_l,

Vi Vo o> Vi > (Vo Ve )7l

Compare (5-2) with (5-1). They look almost the same. Apply the proof of Case I.
Case IIl. G = ®g(321)c,_;. Denote by H the abelian normal subgroup of G
generated by oy and 8. Then H >~ C > X C},» and G/H =~ C . Similarly to Case I,
we can define Y1, Y> € V* such that
oY — {pzyl, Yo~ 1,
B:YV1—Y, NnH é'szz.
Thus K - Y1 + K - Y5 is a representation space of the subgroup H.
Define x; = aé Y,y = aé Yo forO<i< p2 — 1. From the relations alaé =
aéalﬁ’ﬂ@f’ and Bob = b B1TP it follows that, for 0 <i < p? — 1,

o1 X > L, yi > 41’;2{(2)%,

Bixi> X,  yir> Ly,
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o XgH> X1 > > X,2_| = Xp,

P
Yo Y1 o= Y = §yo.

Forl<i < p2 — 1, define u; = x; /x;—1 and v; = y;/y;—1. We now have

. [ —1
a1 Ui — u;g, U,‘I-)é'pzé'l v;,
B:ui—ui, v v,

QiU > U > - > U > (uluz-wupz,l)_l,

p
V> U > U Z(vjug - - vl,z_l)_l,

for 1 <i < p?>—1. Since B acts in the same way as af on K (uj,v;:1<i<p*—1),
we find that K (u;, v; : 1 <i < p?> =19 =K(u;,v; : 1 <i < p*>— 1)@

Let 3 € K be a primitive p>-th root of unity such that ¢ ;’32 =¢. Forl<i<p’-1
define w; = v;/¢)3. It follows that

. i—1
U U, Wi el w;g,

(5-3) Wy U > Us > > U z_1+—>(u1u2---ul,z_1)_1,

p
Wi > Wy k> > W (wlwz---wpz_l)_l,

forl <i < p*—1. Compare (5-3) with (5-1) or (5-2). They look almost the same.
Apply the proof of Case I.
Case IV. G = $g(222). Denote by H the abelian normal subgroup of G generated

by ; and B. Then H >~ C > x C},» and G/H =~ C 2. The proof henceforth is almost
the same as Case III.

Case V. G = ®14(321). Denote by H the abelian normal subgroup of G generated
by az and B. Then H ~C 2 x C2 and G/H >~ C 0.
As before, we can define Yq, Y € V* such that

oy er—>{sz1, Yo~ Y5,
B: Y — Y, er—>§sz2.

Thus K - Y1 + K - Y5 is a representation space of the subgroup H.
Define x; = aﬁ' Y,y = a’i Yo forO<i< p2 — 1. From the relations azoz’i =
ol B it follows that, for 0 <i < p* — 1,

ot X > EpeXi, Yi> Cp_z'yi,
B:xit>xi,  yit>§yi,

Al XgF> X1 > - > X0 > X,

P
Yo Y1 o> Y2 > $Yo.
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Forl <i < p2 — 1, define u; = x;/x;—1 and v; = y;/y;—1. We now have
. -1
0yt Ui > Uiy V> E v
ﬂ! u; — u;, v;—v;,
QLU > U > > U (uluz---upz_l)fl,
V> Vb > U2 > g‘(vlvz---vpz_l)_l,
forl <i < pz— 1. Since B acts trivially on K (u;, v; : 1 <i < p2— 1), we find that

K@i, vi:1<i<p’=1)%=Ku,v:1<i<p?—1le
Define w; = v{’zg“_l, w; =v; /v for2 <i < p2 — 1. We now have

Ky, ..., vpz_l)(o‘2> =K(wy,..., wpz_l)

and

pz
o] - wp — w; wi,

2 2
Wy > W3 > s Wy > 1/ (wiwd 1w§’ 2---w§271).

Define z; = wy, z; =)' -wa for2 <i < p?>—1. Then K (w; : 1 <i < p?>—1)=
K(zi:1<i<p?’—1)and

-1
ar:zi 2o b o e (21220 Zp2)

The action of ¢y can be linearized by Lemma 2.4. Thus K (u;, z; : 1 <i < p2 —1)fen)
is rational over K by Theorem 2.1. We are done.

Case VI. G = ®14(222). Denote by H the abelian normal subgroup of G generated
by oz and B. Then H >~ C > x C (2 and G/H =~ C ,». The proof henceforth is almost
the same as Case V.
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LEGENDRIAN 6-GRAPHS

DANIELLE O’ DONNOL AND ELENA PAVELESCU

We give necessary and sufficient conditions for two triples of integers to be
realized as the Thurston-Bennequin number and the rotation number of a
Legendrian #-graph with all cycles unknotted. We show that these invari-
ants are not enough to determine the Legendrian class of a topologically
planar #-graph. We define the transverse push-off of a Legendrian graph,
and we determine its self linking number for Legendrian #-graphs. In the
case of topologically planar 6-graphs, we prove that the topological type of
the transverse push-off is that of a pretzel link.

1. Introduction

In this paper, we continue the systematic study of Legendrian graphs in (R?, &q)
initiated in [O’Donnol and Pavelescu 2012]. Legendrian graphs have appeared
naturally in several important contexts in the study of contact manifolds. They are
used in Giroux’s proof [2002] of existence of open book decompositions compatible
with a given contact structure. Legendrian graphs also appeared in Eliashberg and
Fraser’s proof [2009] of the Legendrian simplicity of the unknot.

In this article we focus on Legendrian 8-graphs. We predominantly work with
topologically planar embeddings and embeddings where all the cycles are unknots.
In the first part, we investigate questions about realizability of the classical invariants
and whether the Legendrian type can be determined by these invariants. In the
second part, we introduce the transverse push-off a Legendrian graph and investigate
its properties in the case of 6-graphs.

O’Donnol and Pavelescu [2012] extended the classical invariants Thurston—
Bennequin number, tb, and rotation number, rot, from Legendrian knots to Leg-
endrian graphs. Here we prove that all possible pairs of (tb, rot) for a 6-graph
with unknotted cycles are realized. It is easily shown that all pairs of integers
(tb, rot) of different parities and such that tb 4 |rot| < —1 can be realized as the
Thurston—Bennequin number and the rotation number of a Legendrian unknot. We
call a pair of integers acceptable if they satisfy the two restrictions above. For

O’Donnol was supported in part by an AMS-Simons Travel Grant.
MSC2010: primary 57M25, 57M50; secondary 05C10.
Keywords: Legendrian graph, Thurston—Bennequin number, rotation number, 6-graph.
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Figure 1. Non-Legendrian isotopic graphs with the same invariants.

6-graphs, we show the following:

Theorem 1. Any two triples of integers (tby, tby, tb3) and (roty, roty, rots) for which
(tb;, rot;) are acceptable and R = rot; — roty 4+ rotz € {0, —1} can be realized as
the Thurston—Bennequin number and the rotation number of a Legendrian 0-graph
with all cycles unknotted.

It is known that certain Legendrian knots and links are determined by the invari-
ants tb and rot: the unknot [Eliashberg and Fraser 2009], torus knots and the figure
eight knot [Etnyre and Honda 2001], and links consisting of an unknot and a cable
of that unknot [Ding and Geiges 2007]. To ask the same question in the context
of Legendrian graphs, we restrict to topologically planar Legendrian 6-graphs. A
topologically planar graph is one which is ambient isotopic to a planar embedding.
The answer is no, the Thurston—-Bennequin number and the rotation number do
not determine the Legendrian type of a topologically planar 8-graph. The pair of
graphs in Figure 1 provides a counterexample.

The second part of this article is concerned with Legendrian ribbons of Legendrian
6-graphs and their boundary. Roughly, a ribbon of a Legendrian graph g is a
compact oriented surface R, containing g in its interior, such that there is a natural
contraction of R, to g and d Ry is a transverse knot or link. We define the rransverse
push-off of g to be the boundary of R,. This introduces two new invariants of
Legendrian graphs, the transverse push-off and its self linking number. In the case
of a Legendrian knot, this definition gives a two component link consisting of
both the positive and the negative transverse push-offs. However, with graphs the
transverse push-off can have various numbers of components, depending on the
structure of the abstract graph and Legendrian type.

We show the push-off of a Legendrian 6-graph is either a transverse knot K with
sl =1 or a three component transverse link whose three components are the positive
transverse push-offs of the three Legendrian cycles given the correct orientation.
For topologically planar graphs, the topological type of d R, is determined solely
by the Thurston—-Bennequin number of g, thus:

Theorem 2. Let G represent a topologically planar Legendrian 6-graph with
tb = (tby, tby, tb3). Then the transverse push-off of G is an (ay, az, az)-pretzel link,
where a; = tby + tby — tbs, ap = tby + tbs — tby, a3 = tby + tby — tb;.
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This elegant relation is specific to 6-graphs and does not generalize to 6,,-graphs
for n > 3. We give examples to sustain this claim in the last part of the article. This
phenomenon is due to the relationship between flat vertex graphs and pliable vertex
graphs in the special case of all vertices of degree at most three.

2. Background

We give a short overview of contact structures, Legendrian and transverse knots and
their invariants. We recall how the invariants of Legendrian knots can be extended
to Legendrian graphs. Let M be an oriented 3-manifold and let £ be a 2-plane
field on M. If & = ker @ for some 1-form o on M satisfying o A do > 0, then &
is a contact structure on M. On R>, the 1-form o = dz — y dx defines a contact
structure called the standard contact structure, £gq. Throughout this article we work
in (R?, £qa)-

Aknot K C (M, &) is called Legendrian if, for all p € K, the tangent T),K is
contained in the contact plane &, at p. A spatial graph G is called Legendrian if all
its edges are Legendrian curves that are nontangent to each other at the vertices.
If all edges around a vertex are oriented outward, then no two tangent vectors at
the vertex coincide in the contact plane. However, two tangent vectors may have
the same direction but different orientations resulting in a smooth arc through the
vertex. It is a result of this structure that the order of the edges around a vertex in a
contact plane is not changed up to cyclic permutation under Legendrian isotopy.
We study Legendrian knots and graphs via their front projection, the projection on
the xz-plane. Two generic front projections of a Legendrian graph are related by
Reidemeister moves I, II and III, together with three moves IV, V and VI, given by
the mutual position of vertices and edges [Baader and Ishikawa 2009]; see Figure 2.
Here forward we will refer to these moves as RI, RII, RIII, RIV, RV and RVI.

Apart from the topological knot class, there are two classical invariants of
Legendrian knots: the Thurston—Bennequin number, tb, and the rotation number,
rot. The Thurston—Bennequin number is independent of the orientation on K and
measures the twisting of the contact framing on K with respect to the Seifert framing.
To compute tb of a Legendrian knot K, consider a nonzero vector field v transverse
to &, take the push-off K’ of K in the direction of v, and define tb(K) :=1k(K, K').
For a Legendrian knot K, tb(K) can be computed in terms of the writhe and the
number of cusps in its front projection K as

th(K) = writhe([Z) — %cusps([g).

To define the rotation number, rot(K), consider the positively oriented trivial-
ization {d; = 9/9dy,dr = —y 0/0z — d/0dx} for £yq. Let v be a nonzero vector field
tangent to K pointing in the direction of the orientation on K. The winding number
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Figure 2. Legendrian isotopy moves for graphs: RI, RII and RIII,
a vertex passing through a cusp (RIV), an edge passing under or
over a vertex (RV), an edge adjacent to a vertex rotates to the
other side of the vertex (RVI). Reflections of these moves that are
Legendrian front projections are also allowed.
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of v about the origin with respect to this trivialization is the rotation number of K,
denoted rot(K). One can check that for K the front projection for K,

rot(K) = %(¢cusps(l€) — Tcusps(k)),

where | cusps (1 cusps) denotes the number of down (up) cusps in the diagram.

Given a Legendrian knot K, Legendrian knots in the same topological class as
K can be obtained by stabilizations. A stabilization means replacing a strand of K
in the front projection of K by one of the zig-zags in Figure 3. The stabilization
is said to be positive if down cusps are introduced and negative if up cusps are
introduced. The Legendrian isotopy type of K changes through stabilization and so
do the Thurston—-Bennequin number and rotation number: tb(S1+(K)) =tb(K) — 1
and rot(S+(K)) =rot(K) + 1.

Both the Thurston—Bennequin number and the rotation number can be extended
to piecewise smooth Legendrian knots and to Legendrian graphs [O’Donnol and
Pavelescu 2012]. For a Legendrian graph G, fix an order on the cycles of G and

54 (K) /Z/
/V
~a

S_(K) \g\

Figure 3. Positive and negative stabilizations in the front projection.

Y =X
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define tb(G) as the ordered list of Thurston—-Bennequin numbers of the cycles of G.
Once we fix an order on the cycles of G with orientation, we define rot(G) to be
the ordered list of rotation numbers of the cycles of G. If G has no cycles, define
both tb(G) and rot(G) to be the empty list.

An oriented knot ¢ C (R3, &sq) 1s called transverse if, for all p € ¢, the tangent
Tt is positively transverse to the contact plane &, at p. If 7 is transverse, we let
Y be an oriented surface with t = 0X. Then, &|x is trivial, so there is a nonzero
vector field v over X in &. If ¢’ is obtained by pushing ¢ slightly in the direction
of v, then the self linking number of t is sl(t) = 1k(z, t'). It is easily seen that if 7 is
the front projection of z, then sl(¢) = writhe(7).

For an embedded surface £ c (R3, &std), the intersection [, = T, X N &, is a line
for most x € X, except where the contact plane and the plane tangent to ¥ coincide.
We denote by [ :=|_J I, C T ¥ this singular line field, where the union includes lines
of intersection only. Then, there is a singular foliation %, called the characteristic
foliation on ¥, whose leaves are tangent to /. The characteristic foliation is used in
the precise definition of Legendrian ribbon, given in Section 4.

3. Realization theorem

In this section we find which triples of integers can be realized as tb and rot of
Legendrian 6-graphs with all cycles unknotted. Both the structure of the 6-graph
and the required unknotted cycles impose restrictions on these integers. We also
investigate whether tb and rot uniquely determine the Legendrian type.

Eliashberg and Fraser [2009] showed that a Legendrian unknot K is Legendrian
isotopic to a unique unknot in standard form. The standard forms are shown in
Figure 4. The number of cusps and the number of crossings of the unknot in
standard form are uniquely determined by tb(K') and rot(K) as follows:

(1) If rot(K) # 0 (Figure 4, left), then tb(K) = —(2r + 1 + ) and

rot(K) = { s if the leftmost cusp is a down cusp,

—s  if the leftmost cusp is an up cusp.
(2) If rot(K) = 0 (Figure 4, right), then

tb(K)=—-Q2t+1).

The following lemma identifies restrictions on the invariants of Legendrian
unknots.

Lemma 3. A pair of integers (tb, rot) can be realized as the Thurston—Bennequin
number and the rotation number of a Legendrian unknot if and only if they are of
different parities and

tb + |rot] < —1.
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2t+1 2t
—_—
OO

Figure 4. Legendrian unknot in standard form. Left: rot(K) > 0
(the reverse orientation gives rot(K) < 0). Right: rot(K) = 0.

Proof. We know from [Eliashberg 1992] that for a Legendrian unknot K in (R3, Estd)s
we have tb(K) + |rot(K)| < —1. From [Eliashberg and Fraser 2009], explained
above, we see that tb and rot have different parities.

For a pair (tb, rot):

o If rot > 0, the pair (tb, rot) is realized via the Legendrian unknot with front
projection as in Figure 4, left, for (¢, s) = (—%(tb +rot+ 1), rot).

o If rot < 0, the pair (tb, rot) is realized via the Legendrian unknot with front
projection as in Figure 4, left, for (¢, s) = (—3(tb —rot + 1), —rot).

o If rot = 0, the pair (tb, rot) is realized via the Legendrian unknot with front
projection as in Figure 4, right, for t = —%(tb +1). U

We have described the pairs (tb, rot) that can occur for the unknot.
Towards the proof of Theorem 1, we show in the next lemma that Legendrian
6-graphs can be standardized near their two vertices.

Lemma 4. Any Legendrian 6-graph G can be Legendrian isotoped to a graph G
whose front projection looks as in Figure 5 in the neighborhood of its two vertices.

Proof. Label the vertices of G by a and b. In the front projection of G, use RVI,
if necessary, to move the three strands on the right of vertex a while near a and
on the left of vertex b while near b. Then, small enough neighborhoods of the two
vertices look as in Figure 5. U

For the remainder of this section, we assume that near its two vertices, a and b,
the front projection of the graph looks as in Figure 5. We fix notation: ey, e, e3 are

Figure S. A Legendrian 6-graph near its two vertices.
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e

Figure 6. Moving edge e, at the right vertex.

respectively the top, middle, and lower strands at a in the front projection; € is
the oriented cycle going out of vertex a along e; and into a along e;; €, exits a
along e; and enters a along e3; and ‘63 exits a along e, and enters a along e3. We
note that there is no consistent way of orienting the three edges which gives three
oriented cycles. It should also be noted that the above edge labeling is given after
the graph is embedded. If a labeled graph is embedded, relabeling of the graph and
reorienting of the cycles may be necessary in order to have Lemma 6 apply.

Remark 5. Once the edges at the left vertex a are labeled ey, e;, e3 from top to
bottom, the edges can be moved around the right vertex (using a combination of RVI
and RIV) so that edge e; is also in top position at vertex b in the front projection.
An example of moving e; from bottom position to top position next to b is shown in
Figure 6. There are two possibilities for the order of edges at the right vertex b. The
first case, where the edges are ey, e3, e3 from top to bottom, we will call parallel
vertices. The second case, where the edges are ey, e3, e from top to bottom, we
will call antiparallel vertices.

In the next lemma we show what additional restrictions occur as a result of the
structure of the 6-graph.

Lemma 6. Let rot|, roty and roty be integers representing rotation numbers for
cycles 6, €, and €3, in the above notation. Then rot; — rot, +rotz € {0, —1}.

Proof. Consider an arbitrary Legendrian 6-graph in front projection that has been
labeled and isotoped as described above. For i =1, 2, 3, let k; (klf ) represent the
number of down (up) cusps along the edge e¢; when oriented from vertex a to vertex
b. Lets; := %(ki — klf) for i = 1,2, 3. Then, since €| has a down cusp at b, we
know rot; = s; — sp; since 6, has a down cusp at b, we know rot, = s; — s3; and

rots — §) — 83 if ‘63 has a down cusp at b (parallel vertices),
3T sp —s3— 1 if €3 has an up cusp at b (antiparallel vertices).

This gives two possible values for R = rot; — rotp 4 rots € {0, —1}. U

Remark 7. The proof of Lemma 6 implies for Legendrian 6-graphs that the cyclic
order of the edges at one vertex is determined by the cyclic order of edges at the
other vertex and the parity of the sum of the rotation numbers.
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rot; roty rot3 R=0 R=-1
(1) + + + r1—r2—|—r3:O r1+r3+1:r2
(i1) + + — ri—rp—r3=0 ri+l=r+r;
(iii) + — + rit+r+r=0 r+rn+r3+1=0
(iv) + - — ri+ra—r3=0 ri+rn+l=r;
(v) — + +  —ri—ra+r3=0 rit+rn=r+l1
(vi) — + — —ri—rp—r3=0 ri+rn+r=1
(vii) — — + —r1+rn+r=0 ri=ra+ry+1
(vii) — — - - —ri+r—r3=0 r+r=r+l

Table 1. The + stands for rot; > 0, and the — stands for rot; < 0.

Theorem 8. Any two triples of integers (tby, tby, tb3) and (roty, roty, rot3) for which
tb; + |rot;| < —1, tb; and rot; are of different parities for i = 1,2,3 and R =
rot; —roty +rotz € {0, —1} can be realized as the Thurston—Bennequin number and
the rotation number of a Legendrian 6-graph with all cycles unknotted.

Proof. Let tb = (tby, tby, tb3) and rot = (roty, rotp, rots) be triples of integers as in
the hypothesis. We give front projections of Legendrian 6-graphs realizing these
triples. In these projections the edges at vertex a are labeled ey, e;, e3 from top
to bottom and are in varying order at vertex b. Let r; := |rot;| fori = 1,2, 3. We
differentiate our examples according to the values of rot;, rot, and rot3 and the
relationship between ry, r, and r3.

When R = 0, for the sign combinations (i)—(viii) shown in Table 1 there is a
choice of indices i, j, k with {i, j, k} = {1, 2, 3} such that r; > r; + r; (in fact,
ri=rj+rg).

When R = —1, for the sign combinations (i), (iv), (vi) and (vii) there is a choice
of indices i, j, k with {i, j, k} = {1, 2, 3} such that r; > r; + r;; combination (iii)
is not realized; and for each combination (ii), (v) and (viii), there is a choice of
indices i, j, k with {i, j, k} ={1,2,3} such that r; + 1 =r; +ry.

Thus any realizable (roty, rot;, rot3) falls into at least one of the following six
cases: () ri=r+r, @ rn>rn+r, G rn>r+rn @ rn+l=r+rs,
S)rm+1=ri+r;and (6) 3+ 1 =r; +ry. We describe ways of realizing the
invariants for these six cases.

The cycles €1, 6, and €5 are as described earlier. The choice of orientations for
the three cycles implies that e; is oriented from a to b in both €| and €,, while e3
is oriented from b to a in both €, and 6€3. A box along a single strand designates
the number of stabilizations along the strand. We take

« r; positive stabilizations if rot; > 0,

 r; negative stabilizations if rot; < 0,
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when edges ey, e; and e3 are oriented as in cycle 6;. A box along a pair of strands
designates the number of crossings between the two strands. All the crossings are
as those in Figure 4.

Case 1 (r; > rp +r3). The figure represents the front projection of a Legendrian
6-graph with the prescribed tb and rot.

€1

—tby —rp,—r;—1
—tb;—r3—1

€3

Since tb; + |rot;| < —1, the integers —tb, —r» — 1 and —tb3 —r3 — 1 are nonnegative.
Since r{ > rp +r3, we have —tb; —rp —r3 —1 > —tb; —r; — 1 > 0. So all of the
indicated number of half twists are nonnegative integers as needed. The number
—tb; — rp — r3 — 1 changes parity according to whether rot; — rot, + rotz equals
—1or0.

We check that the Thurston—-Bennequin number and the rotation number for this
embedding have the correct values. For a cycle 6 we use

th(‘6) = w(6) — Scusps(6), rot(6) = 5 ({cusps(6) — tcusps(€)),

where w = writhe, cusps = total number of cusps, | cusps = number of down cusps,
4 cusps = number of up cusps.

o tb(6)) = w(®;) — Jeusps(6y) = (tby +r2+r3+3) — (2 +r3+3) =tby.
« th(6) = w(6) — Jeusps(6y) = (tby + 12 +3) — (r2 + 3) = thy.
« th(63) = w(63) — jcusps(63) = (b3 +r3+1) — (r3 + 1) = tbs.
If rot; —roty +rot3 =0, then —tb; —rp —r3 — 1 has the same parity as —tb; —r; — 1.

They are both even, since tb; and rot; have different parities. This implies that at
vertex b the upper strand is e; and the middle strand is e;.

* 10t(€1) = 5 (J cusps(€;) — tcusps(€;))
= %(2 -sgn(roty) - ro + 3 — 2 - sgn(rots) - r3 — 3) = roty — rotz = rot;.
e rot(6;) = %(¢cusps(<€2) — fcusps(6y)) = %(2 -sgn(roty) - rp + 3 — 3) =roty.
e rot(63) = %(¢cusps((€3) — fcusps(€3)) = %(2 -sgn(rot3) -r3+ 1 —1) =rots.
If rot; —roty +rots = —1, then—tb; —r, —r3—1 has different parity than —tb; —r; —1.
Since tb; and rot; have different parities, —tb; —r; — 1 is even and —tb; —rp; —r3 —1

is odd. This implies that at vertex b the upper strand is e, and the middle strand
is e;. Computations for rot(6,) and rot(‘é3) are the same as above.

« 10t(61) = 5 (L cusps(€1) — teusps(61))
= %(2 -sgn(roty) -, +2 —2-sgn(rotz) - r3 —4) =roty —rot3 — 1 =rot;.
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In the remaining cases, a similar check may be done to verify that they have the
correct tb and rot.

Case 2 (rp > r1 + r3). The figure below represents the front projection of a
Legendrian 6-graph with the prescribed tb and rot. Since rp > r; + r3, we have
—tbhy—ri—r3—1>—tbp—rp,—1>0.

e1 2
e - —tbl—rl—l - - I /
—b3—r3— /

/ —tby—r1—r3

Case 3 (r3 > r; + rp). Again, the figure represents the front projection of a
Legendrian 6-graph with the prescribed tb and rot. Since r3 > r; 4+ ry, we have
—tbs—ri—r—1>—tbs—rz;—1=>0.

€1

J—tb3—}’1—}’2—1

/

—tb, —rp—1

Case 4 (r; +1 = ro +r3). In this case the graph below realizes (tb, rot). Since

ro+r3=r1+1, we have —tb; —rp —r3=—tby —r; —1>0.
el )
=2 —thi—r—r; | i [~tby—r—1
e J —tb; —r3 L
es

Case 5 (;, + 1 = r; +r3). For this case the graph below realizes (tb, rot). Given
r +’”3=rz—|—1,wehave —tby — 1 —r3+1:_tb2_r2 = 0.

—tb; —ry —thy —r3
| —thy—ri—rs 1

Case 6 (r3 + 1 =r; +ry). In this case the graph below realizes (tb, rot). Since
ri4+rm=r;+1, wehave —tbs —rj —rp, = —tb3 —r; — 1 > 0.

This completes the proof. (]
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3.1. Topologically planar 0-graphs are not Legendrian simple. We ask whether
the invariants tb and rot determine the Legendrian type of a planar 8-graph. If we
do not require that the cyclic order of the edges around the vertex a (or b) is the
same in both embeddings, the answer is negative. We give a counterexample:

Example 9. The two graphs in Figure 1 have the same invariants but they are not
Legendrian isotopic. Let €1, €, and €3 be the three cycles of G determined by the
pairs of edges {e}, e2}, {e1, e3} and {e, e3}, respectively. Let €, €, and 6/, be the
three cycles of G’ determined by { /2, f1}, { /2, f3} and { f1, f3}, respectively. The
cycles have tb(€) = tb(€) = —1, th(6,) = tb(€}) = —5, tb(€3) = tb(€;) = -3
and rot(€;) =rot(€;) =0 fori =1,2, 3.

Assume the two graphs are Legendrian isotopic. Since the cycles with same
invariants should correspond to each other via the Legendrian isotopy (which we
denote by ), the edges correspond as e; <> t(e1) = f>, ex <> t(ez) = f1 and
e3 <> t(e3) = f3. But at both vertices of G the (counterclockwise) order of edges in
the contact plane is e; —ey —e3 and at both vertices of G’ the (counterclockwise) order
of edges in the contact plane is t(e;) — t(e3) — t(e2). This leads to a contradiction,
since a Legendrian isotopy preserves the cyclic order of edges at each vertex.

Corollary 10. The invariants tb and rot are not enough to distinguish the Legen-
drian class of an 6,-graph for n > 3.

Proof. For n > 4, a pair of graphs with the same invariants but of different Legendrian
type can be obtained from (G, G’) in Example 9 by adding n — 3 unknotted edges
at the top of the three existing ones. (|

4. Legendrian ribbons and transverse push-offs

In this section we work with Legendrian ribbons of 6-graphs. We examine the
relationship between the Legendrian graph and the boundary of its ribbon, the
transverse push-off. The transverse push-off is another invariant of Legendrian
graphs. We explore whether it contains more information than the classical invariants
rotation number and Thurston—Bennequin number. We determine the number of
components and the self linking number for the push-off of a Legendrian 6-graph.
In the special case of topologically planar graphs, we prove that the topological
type of the transverse push-off of a 6-graph is that of a pretzel-type curve whose
coefficients are determined by the Thurston—Bennequin invariant of the graph.

Let g be a Legendrian graph. A ribbon for g is a compact oriented surface R,
such that:

(1) g in contained in the interior of Ry;

(2) there exists a choice of orientations for R, such that § has no negative tangency
with Ry;
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(a) (b) (©) (d) (e)

Figure 6. Attaching a ribbon surface to a Legendrian graph. The
two sides of the surface are marked by different colors.

(3) there exists a vector field X on R, tangent to the characteristic foliation whose
time flow ¢, satisfies ﬂtzo ¢/ (Rg) = g; and

(4) the boundary of R, is transverse to the contact structure.

The following is a construction which takes a graph in the front projection and
produces its ribbon viewed in the front projection. Portions of this construction
were previously examined by Avdek [2013, Algorithm 2, Steps 4-6]. Starting with
a front projection of the graph, we construct a ribbon surface containing the graph
as described in Figure 6:

(a) To each arc between consecutive cusps of an edge we attach a band with a
single negative half twist.

(b) To each left and right cusp along a strand we attach disks containing a positive
half twist.

(c,d) To each vertex we attach twisted disks as in Figure 6(c,d).

(e) Crossings in the diagram of the graph are preserved.

Legendrian ribbons were first introduced by Giroux [2002] to have a well-
defined way to contract a contact handlebody onto the Legendrian graph at the core
of the handlebody. We are interested in some particular features of Legendrian
ribbons. The boundary of a Legendrian ribbon is an oriented transverse link with
the orientation inherited from the ribbon surface. The ribbon associated with a
given Legendrian graph is unique up to isotopy and therefore gives a natural way
to associate a transverse link to the graph.

Definition 11. The transverse push-off of a Legendrian graph is the boundary of
its ribbon.

In the case of Legendrian knots the above definition gives a two component link
of both the positive and negative transverse push-offs. However, with graphs the
transverse push-off can have various numbers of components, depending on the
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Figure 7. Transverse push-off: (a) at cusps and crossings (b) of
a Legendrian 6-graph with one component (c) of a Legendrian
0-graph with three components.

abstract graph and Legendrian type. The transverse push-off is a new invariant of
Legendrian graphs.

4.1. Self linking of transverse push-offs. Here we determine possible self linking
numbers and the number of components of the transverse push-off of a Legendrian
6-graph.

Theorem 12. The transverse push-off of a Legendrian 6-graph is either a transverse
knot K with sl =1 or a three component transverse link whose three components are
the transverse push-offs of the three Legendrian cycles given the correct orientation.

Proof. Given an arbitrary Legendrian 6-graph, by Lemma 4, it can be isotoped to an
embedding where near the vertices it has a projection like that shown in Figure 5,
where the edges at the left vertex are labeled ey, e, e3 from top to bottom. Then
using Remark 5, move the edges around the right vertex so that edge e; is also in
the top position in the front projection. There are two possibilities for the order of
edges at the right vertex: parallel vertices, shown in Figure 7(b), and antiparallel
vertices, shown in Figure 7(c).

Now we will focus on the number of components of the transverse push-off.
For simplicity of bookkeeping we will place the negative half twists that occur on
each arc between consecutive cusps to the left on that portion of the edge. For
the projections shown in Figure 7(b,c) the portion of the graph not pictured could
have any number of crossings and cusps. Along each edge, the top and bottom
positions of the strands are preserved through cusps and crossings. See Figure 7(a).
So we see that the arc of the transverse push-off which lies above (resp. below) the
Legendrian arc in the projection on one side of the diagram still lies above (resp.
below) on the other side. Thus the number of components in the transverse push-off
can be determined by a careful tracing of the diagrams in Figure 7(b,c). Graphs
with parallel vertices have a transverse push-off with one component, and graphs
with antiparallel vertices have a transverse push-off with three components.
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If the boundary of the Legendrian ribbon is a knot T, then sl(7T") equals the
signed count of crossings in a front diagram for 7'. Crossings in the diagram of the
graph and cusps along the three edges do not contribute to this count. A crossing in
the diagram of the graph contributes two negative and two positive crossings. A
cusp contributes a canceling pair of positive and negative crossings; see Figure 7(a).
Apart from these, there is one positive crossing along each edge and one negative
crossing for every disk at each vertex, giving sl(T) = 1; see Figure 7(b).

If the boundary has three components 77, T, and T3, then they have the same self
linking as the transverse push-offs of the cycles of the Legendrian graph with the
correct orientation. Let ; be the cycle 6; with the opposite orientation. Then 77,
T, and T3, are the positive transverse push-offs of @, 6, and €3, respectively. [

4.2. Topologically planar Legendrian 6-graphs. To be able to better understand
the topological type of a Legendrian ribbon and the transverse push-off (its boundary)
we will model the ribbon with a flat vertex graph. A flat vertex graph (or rigid
vertex graph) is an embedded graph where the vertices are rigid disks with the edges
being flexible tubes or strings between the vertices. This is in contrast with pliable
vertex graphs (or just spatial graphs) where the edges have freedom of motion at
the vertices. Both flat vertex and pliable vertex graphs are studied up to ambient
isotopy and have sets of five Reidemeister moves. For both of them, the first three
Reidemeister moves are the same as those for knots and links and RIV consists of
moving an edge over or under a vertex; see Figure 8. For flat vertex graphs, RV is
the move where the flat vertex is flipped over. For pliable vertex graphs, RV is the
move where two of the edges are moved near the vertex in such a way that their
order around the vertex is changed in the projection.

For a Legendrian ribbon, the associated flat vertex graph is given by the following
construction: a vertex is placed on each twisted disk where the original vertices
were, and an edge replaces each band in the ribbon. The information that is lost
with this model is the amount of twisting that occurs on each edge. The flat vertex
graph model is particularly useful when working with the 6-graph because it is a
trivalent graph. We see with the following lemma the relationship between trivalent
flat vertex and trivalent pliable vertex graphs.

Lemma 13. For graphs with all vertices of degree 3 or less, the set of equivalent
diagrams is the same for both pliable and flat vertex spatial graphs.

Proof. We follow notation in [Kauffman 1989, pages 699, 704]. The lemma can
be reformulated to say, given the diagrams of two ambient isotopic pliable vertex
graphs with maximal degree 3, these are also ambient isotopic as flat vertex graphs,
and vice versa. The Reidemeister moves for pliable vertex graphs and flat vertex
graphs differ only in RV; see Figure 8. For pliable vertex graphs, RV is the move
where two of the edges are moved near the vertex in such a way that this changes
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Figure 8. RIV and RV for pliable and flat vertex graphs.

their order around the vertex in the projection. For flat vertex graphs, RV is the move
where the flat vertex is flipped over. For vertices of valence at most 3, these two
moves give the same diagrammatic results. Thus the same sequence of Reidemeister
moves can be used in the special case of graphs with maximal degree 3. ([

Here we set up the notation that will be used in the following theorem. For a
Legendrian 6-graph G, we consider a front projection in which the neighborhoods
of the two vertices are as those in Figure 5 and we denote its three cycles by
%1, 62 and €3, following the notation of Section 2. Let crle;, e;] be the signed
intersection count of edges e; and e; in the cycle €1, 6, or 63 which they determine.
Let cr[e;] be the signed self-intersection count of e;. Let tby, tb, and tbs be the
Thurston—-Bennequin numbers of €, €, and €5.

Theorem 14. Let G represent a topologically planar Legendrian 0-graph with
tb = (tby, tby, tb3). Then the transverse push-off of G is an (ay, ay, az)-pretzel link,
where a; = tby + tby — tbs, ap = tb; +tbs — tby and az = tby + tb; — tb.

Proof. The proof will be done in two parts. First, the transverse push-off will be
shown to be a pretzel knot or link. Second, it will be shown to be of a particular
type of pretzel link, an (a;, as, az)-pretzel knot or link.

We first look at the ribbon as a topological object. If the ribbon can be moved
through ambient isotopy to a projection where the three bands do not cross over each
other and come together along a flat disk, then the boundary of the ribbon would be
a pretzel link with crossings only occurring as twists on each band. If we model the
ribbon with a flat vertex graph this simplifies our question to whether the resulting
flat vertex graph can be moved so that it is embedded in the plane. The resulting
graph is topologically planar because it is coming from a topologically planar
Legendrian graph. Thus by Lemma 13, it can be moved to a planar embedding.
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In order to show the pretzel knot (or link) is an (ay, az, a3)-pretzel link, we will
look at what happens to the ribbon as the associated flat vertex graph is moved to a
planar embedding. We will work with the Legendrian 6-graph in the form shown in
Figure 5 near its vertices. We need to count the number of twists in the bands of the
Legendrian ribbon once it has been moved to the embedding where the associated
flat vertex graph is planar. We will prove a; = tb; + tb, — tb3 by writing each of
these numbers in terms of the number of cusps and the number of signed crossings
between the edges of the Legendrian graph. The proofs for a, and a3 are similar.

We will use the following observations to be able to write a;, the number of half
twists in the band associated with edge ej, in terms of the number of cusps, cre;]
and crle;, e;].

(1) Based on the construction of the ribbon surface, ¢ cusps on one of the edges
contribute with ¢ + 1 negative half twists to the corresponding band.

(2) We look at each of the Reidemeister moves for flat vertex graphs and see how
they change the number of twists on the associated band of the ribbon surface.

(a) A positive (negative) RI adds a full positive (negative) twist to the band;
see Figure 9(a,b).

(b) RIL, RIII and RIV do not change the number of twists in any of the bands.

(c) RV adds a half twist on each of the three bands; see Figure 9(c,d). The sign
of the half twists depends on the crossing and which bands are crossed. If
two bands have a positive (resp. negative) crossing, then they each have
the addition of a positive (resp. negative) half twist, and the third band has
the addition of a negative (resp. positive) half twist.

— _.;@N D@ = —» \O))~D@®<T
(@

_— < 4 L
=< — <X > =<<—=CX->q
(©) ()

Figure 9. (a) A positive RI adds a full positive twist to the band.
(b) A negative RI adds a full negative twist to the band. (c,d) RV
adds a half twist on each of the three bands.
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Since we proved earlier that the flat vertex graph can be moved to a planar
embedding, we know that all of the crossings between edges will be eventually
removed through Reidemeister moves. Thus this gives

a; = —[cusps on e;] — 1 + 2 cr[e;] 4 crley, ex] 4 crley, e3] — crlen, e3].

This count is easily seen to be invariant under RII and RIII, since these do not
change the signed crossing of the diagram. We show it is invariant under RIV at
the end of the proof.

Next, we describe tb; 4tb, —tbs in terms of the number of cusps and the crossings
between the edges. Recall that, for a cycle 6,

tb(¢) = w(6) — Scusps(6).
Thus,
tby+tby —tb; = w(6)— %cusps(‘@l)—i—w(c(éz)— %cusps(cég)—w(‘@3)+%cusps(cﬁg)
=crley, €2]+CI‘[€1]+CI‘[€2]—%([CuSpS on e ]+[cusps on ez]+2)
+crley, e3]+cr[el]—|—cr[e3]—%([cusps on ej]+[cusps on e3]+2)
— (cr[ez, eg]+cr[eg]+cr[e3])+%([cusps on ez]+[cusps on €3]+2)
= —[cusps on e;]—142crle;]+crley, ex]+crler, e3]—crles, e3].
Thus, a; = tb; + tby — tbs.

Claim. The sum 2crle;] + crley, ex] + crley, e3] — crlen, e3] is unchanged under
RIV.

Proof of claim. Let by =2cr[e|]+crle;, ex]+crleq, e3]—crles, e3]. Let d represent
the strand that is moved past the vertex. We distinguish two cases, (a) and (b),
according to the number of crossings on each side of the vertex; see Figure 10. We
check that the contributions to b; of the crossing before the move (left) is the same
as the contribution to b; of the crossings after the move (right). The strand d can
be part of e}, e, or e3. For both cases (a) and (b), the equality is shown step by step
for d = e; and d = e3. In a similar way b, is unchanged if d = e5.

Case (ay): If d is part of ey, then by jer = 2cr[e] +crleq, e2] = crley], since the two
crossings have opposite sign when seen in the cycle determined by e; and e,; and
b1 right = crley, e3] = crleq].

e (! wooa /! o oy @ ¢
—_— 2 -
Pt e
a

Figure 10. RIV changes crossings between different pairs of edges.
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Case (ap): If d is part of e3, then by 1t =cr[eq, €3] —crlea, e3] =crlen, e3] —crlez] =
O, and bl,right =0.

Case (by): If d is part of ey, then by 1o = 2cr[e;] 4 crley, ea] 4 crley, e3] = 0, and
D1 right = 0.

Case (by): If d is part of e3, then by 1ot = crey, e3] —crlea, e3] = 0, since both these
crossings have sign opposite to cres]; and by righe = 0.
This completes the proof of the claim and the theorem. O

The combination of Theorem 12 and Theorem 14 gives a complete picture of
the possible transverse push-offs of topologically planar Legendrian 6-graphs. In
this case, the transverse push-off is completely described by the tb of the graph. So
while this does not add to our ability to distinguish topologically planar Legendrian
6-graphs, it does add to our understanding of the interaction between a Legendrian
graph and its transverse push-off.

It is worth noting that Theorem 14 also implies that the transverse push-off
will either have one or three components. The possible transverse push-offs of
a topologically planar Legendrian #-graph are more restricted than it may first
appear. Not all pretzel links will occur in this way. In Theorem 14, we found the
pretzel coefficients as linear combinations with coefficients 41 or —1 of tby, tby
and tbs. We note that the three pretzel coefficients have the same parity, restricting
the number of components the transverse push-off can have. If exactly one of or all
three of tby, tb, and tbs are odd, then all pretzel coefficients are odd and the pretzel
curve is a knot. If none or exactly two of tby, tb, and tbs are odd, then all pretzel
coefficients are even and the pretzel curve is a three component link. The pairwise
linking between its components is equal to the number of full twists between the
corresponding pair of strands in the pretzel presentation, i.e., a;/2, ap/2 and asz/2.

4.3. The transverse push-off of 6,,-graphs. We give examples showing the bound-
ary of the Legendrian ribbon associated to an 6,,-graph, n > 3, is not necessarily a
pretzel-type link. Independent of n, each component of an n-pretzel type link is
linked with at most two other components. The transverse push-offs of the graphs
in Figure 11 have at least one component linking more than two other components
of the link. The characterization as a pretzel curve of the topological type of the
push-off is therefore exclusive to the case n = 3, that of 6-graphs.

For n =2k, k > 2, let Ly be the Legendrian 6,;-graph whose front projection
is the one in Figure 11, top left. The transverse push-off has the topological type of
the link L U Ly, in Figure 11, top right. If £ is odd, L has one component and it links
all k > 3 components of L. If k is even, L has two components where each of the
two components links all £ > 2 components of L; and the other component of L.

For n =2k + 1,k > 3, let Lyt be the Legendrian 6y 1-graph whose front
projection is the one in Figure 11, middle left. The transverse push-off has the
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Figure 11. The 6,-graphs on the left have the transverse push-offs
shown on the right, which do not have the topological type of a
pretzel-type curve.

topological type of the link L U L in Figure 11, middle right. If & is even, L has
one component and it links all £k > 3 components of L. If k is odd, L has two
components where each of the two components links all £ > 3 components of Ly
and the other component of L.

For n =35, the link just discussed is a pretzel link and we give a different example
in this case; see the bottom row of Figure 11. The highlighted component of the
transverse push-off links three other components.
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A CLASS OF NEUMANN PROBLEMS ARISING
IN CONFORMAL GEOMETRY

WEIMIN SHENG AND LI-XIA YUAN

In this paper, we solve a class of Neumann problems on a manifold with
totally geodesic smooth boundary. As a consequence, we also solve the
prescribing k-curvature problem of the modified Schouten tensor on such
manifolds; that is, if the initial k-curvature of the modified Schouten tensor
is positive for T > n — 1 or negative for T < 1, then there exists a conformal
metric such that its k-curvature defined by the modified Schouten tensor
equals some prescribed function and the boundary remains totally geodesic.

1. Introduction

Let (M", g), n > 3, be a compact, smooth Riemannian manifold. The modified

Schouten tensor
AT = 1 (Ric, — K
¢ T 2\ T ) 8

was introduced by Gursky and Viaclovsky [2003] and A. Li and Y.-Y. Li [2003]
independently, where T € R and Ric,, R, are the Ricci tensor and the scalar curvature
of g, respectively. Clearly, Ag is the Ricci tensor, Ag_l is the Einstein tensor and
A} is just the Schouten tensor.

Denote by )»(g_lA;) the eigenvalues of A;. The k-curvature (or o} curvature) of
Ag, is defined as oy, ()\(g_1 A;)), where oy is the k-th elementary symmetric function
defined by

ox(W)= > ki forall LeR",

1<ij<-<ip<n

for any 1 <k <n. We will use oy (AZ,) =0y ()L(g_lA;,)) for convenience.
The prescribing k-curvature problem of the modified Schouten tensor A} in
conformal geometry is to find a metric g in the conformal class [g] of g satisfying
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the equation
(1-1) oM (AD) = (),
where ¢ is a given smooth function on M. If t =1 =k and ¢ is constant, (1-1) is
just the Yamabe problem, which has been solved by Yamabe, Trudinger, Aubin and
Schoen (see [Lee and Parker 1987]). When t =1, kK > 2 and ¢ is constant, then (1-1)
is called k-Yamabe problem, which has attracted enormous interest [Chang et al.
2002; Ge and Wang 2006; Guan and Wang 2003a; 2003b; Gursky and Viaclovsky
2007; Li and Li 2003; 2005; Sheng et al. 2007; Trudinger and Wang 2009; 2010;
Viaclovsky 2000], etc. There are many interesting works on the Yamabe problem
and k-Yamabe problem on a manifold with boundary [Chen 2007; 2009; Escobar
1992b; 1992a; Han and Li 1999; 2000; He and Sheng 2011a; 2011b; 2013; Jin et al.
2007; Jin 2007], etc.

Note that (1-1) is a fully nonlinear partial differential equation for k > 2. In order
to study this problem, we need the following conceptions. Let

IF={=0,A,....,.0) eR" |0;(A) >0,1 < j <k}.

Therefore, we have I, ¢ " | C --- C I'{. For a 2-symmetric form B defined
on (M",g), B € F,j means that the eigenvalues of B, say A(g~'B), lie in F,j. Set
r,=-T/.

According to [Caffarelli et al. 1985], (1-1) is an elliptic equation for A; € F,j
or Az, el'y. Whent <1, A;, € I'y and ¢ < 0, Gursky and Viaclovsky [2003]
proved that there exists a unique conformal metric g € [g] satisfying (1-1) on a
closed manifold. Li and Sheng [2005] studied the same problem by a parabolic
argument. Using a similar argument, Sheng and Zhang [2007] studied the case of
T>n—1,A; € F,j and ¢ > 0. For the manifold with boundary, Li and Sheng
[2011] considered a Dirichlet problem of (1-1) for ¢ > n — 1 and A; € F,j; He and
Sheng [2013] discussed more general equations and obtained many useful local
estimates for both 7 < 1 and T > n — 1. In [Sheng and Yuan 2013], we investigated
a Neumann problem of (1-1) by a conformal flow and proved:

Theorem 1.1 [Sheng and Yuan 2013]. Let (A7[ ", g),n >3, be a compact manifold
with smooth totally geodesic boundary oM. IfA; € FZ andt >n—1, or A;, el
and t < 1, then there exists a smooth metric g € [g] satisfying (1-1) for ¢ constant
and such that dM is still totally geodesic.

In this paper, we are interested in solving a class of Neumann problems on the
manifold with totally geodesic boundary.

Let (M, g) be a compact manifold with smooth boundary 8 M. Denote the second
fundamental form and the mean curvature of 9 M by L and . Under the conformal
change of metric g = ¢?“g, the second fundamental form L with respect to its unit
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inward normal v satisfies

f,e_“——a—u
= g+L.
av

The boundary is called umbilic if L = pg, and then totally geodesic if u = 0. Note
that the umbilicity is conformally invariant. Then the mean curvature changes as

- ou —u
(1-2) p=|—-—=—+nunje".
av
Under the same conformal change, the modified Schouten tensor changes according

to the formula

T T—

2
> |Vu|?g + AT,

-1
(1-3) AE,: 2Aug—V2u+du ®du +

where the covariant derivatives and norms are taken with respect to the background
metric g. Let the boundary d M be totally geodesic with respect to the metric g. In
order to preserve the boundary being totally geodesic under the conformal change,
i = 0. Hence, the two partial differential equations corresponding to Theorem 1.1
are

1k t—1 ) T—2 ) .
o (—n_ZAug Vu+du®du+—2 [Vul g—l—Ag)

(1-4) = e const. in M,
8_u:0 on dM,
v

fort >n—1, and
ol V2u~|—I_—tAug—st@du—l-z;thulzg—A’
k n—2 2 g

(1-5) = e const. in M,
a—u=0 on oM,
av

for T < 1, respectively.

Now, we consider more general equations than (1-4) and (1-5). Let ' C R”"
be an open convex cone with vertex at the origin satisfying I',, C I' C I'y, and
F :R" — R be a general smooth, symmetric, homogeneous function of degree one
in [ normalized by F(e) = F(1,...,1) = 1. Moreover, F = 0 on dI" and satisfies
the following structure conditions in I':

(C1) F is positive.
(C2) F is concave (i.e., 9*F /(0A;0A ) is negative semidefinite).
(C3) F is monotone (i.e., d F/dA; is positive).
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According to [Lin and Trudinger 1994; Trudinger 1990], for any 0 </ < k <n,
the elementary symmetric functions and their quotients (o} /o) !/ *=" with oy = 1
satisfy all the properties and structure conditions above on F,j.

For some positive function ®(x, z) € C®(M) x R, we study the equation

F(g~'VIul) = ®(x,u) inM,

1-6
(1-6) 3—”:0 on oM,
ov

where for constant 6 := (1 — 1)/ n—2)>1,a,b e C>®(M), and the smooth
symmetric 2-tensor S € I, the matrix (V [u]) is defined by

(1-7) Viul =0Aug — Vu +a(x)du @du+b(x)|Vul>’g+S.
We call a function v € C*(M) admissible if (g~ 'V[v]) e T.

Assume S is the symmetric 2-tensor on M satisfying one of the following
conditions:
(S1) S(v, X) =0, for any X € T(0M).
(82) S=A,.
Theorem 1.2 (main result). Let (M", g), n >3, be a compact manifold with smooth

totally geodesic boundary M. Suppose 6 > 1 and the positive function ®(x, z) €
C>®(M) x R satisfies

(1-8) 9,d > 0, lim ®(x,z) =400, lim ®(x,z)=0.
7—>+00 7—>—00

Then for any functions a, b € C* (M)and S €T satisfying (S1) or (S2), there exists
a function u € C*°(M) solving the equation (1-6).

For the other elliptic branch (1-5), we consider the equation

19 F(g~'Wlu]) = ®(x,u) inM,
(1-9) u =0 on oM,
av

where for constant 6 := (1 — 7)/(n —2) > 0, a,b € C>®(M), and the smooth
symmetric 2-tensor T € I', the matrix (W[u]) is defined by

(1-10) Wiul = V2u +60Aug +a(x)du @ du + b(x)|Vul>g + T.

Theorem 1.3. Let (M", g), n > 3, be a compact manifold with smooth totally geo-
desic boundary M. Suppose 6 > 0 and the positive function ®(x, z) € C®(M) xR
satisfies (1-8). Then for any functions a, b € C®(M) and T € T with (S1) or
T = —Az,, there exists a function u € C® (M) solving the equation (1-9).

Applying Theorems 1.2 and 1.3 to the quotient of the elementary symmetric
functions, i.e., F = (o} /01)1/ *=D on F,j, we have the following corollaries.
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Corollary 1.4. Let (M", g), n > 3, be a compact manifold with smooth totally
geodesic boundary OM. If t > n — 1 and A; € F;‘, then for any smooth function
@ > 0, there exists a smooth metric g € [g] preserving oM totally geodesic and

satisfying

1
Ok

(1-11) (—)H(A;;):go(x) inM.
01

Corollary 1.5. Let (A7I ", 8), n >3, be a compact manifold with smooth totally
geodesic boundary OM. If T < 1 and Ay € ', then for any smooth function ¢ <0,
there exists a smooth metric g € [g] preserving d M totally geodesic and satisfying
(1-11).

Remark 1.6. By choosing / = 0 and ¢ constant in Corollaries 1.4 and 1.5, we can
get Theorem 1.1 directly. Different from the results in [Li and Sheng 2011; Sheng
et al. 2007], we need not subjoin any restriction on a(x) and b(x) in Theorems 1.2
and 1.3. Contrary to this fact, [Sheng et al. 2007] gives a counterexample to show
that there is no regularity if a(x) =0 and b(x) > 0 when 7 =1 and A; el .

This paper is organized as follows. We introduce some lemmas in Section 2.
By use of these lemmas, we can get the a priori global C° estimate for (1-6) in
Section 3. Then we obtain the a priori global gradient and Hessian derivatives
estimates in Section 4 and Section 5 respectively. By the a priori estimates and the
standard continuity method, we show Theorem 1.2 in Section 6. In the last section,
we consider (1-9) by the similar arguments in Sections 3—6, and prove Theorem 1.3.

2. Preliminaries

In this section, we first recall some facts of the function F satisfying the structure
conditions (C1)—(C3) in I".

Lemma 2.1 (see [Chen 2005; 2009]). Let I" be an open convex cone with vertex at
the origin satisfying U;f C T, and lete = (1, ..., 1) be the identity. Suppose that F
is a homogeneous symmetric function of degree one normalized with F (e) = 1, and
that F is concave in I'. Then:

(@) >, 1idF(2)/d%; = F(A), for L €T.
(b) 3, 8F () /9% = F(e) =1, for > €T.
To get the boundary estimates, we need some facts. For any point xo € M,

we consider Fermi coordinates {x;}1<;<, around xo, where d/dx, is the unit inner
normal with respect to the background metric g. A half-ball centered at xg of
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radius r is defined by

E;’ = {xn >0, (Zx,z) < rZ}.
i=1

Denote the boundary of E:r on oM by ¥, = {xn =0, Zl- xi2 < r2}.

Throughout this paper, the Greek letters «, B8, y,...=1,...,n — 1 stand for
the tangential direction indices, while the Latin letters i, j, k,... =1, ..., n stand
for the full indices. In Fermi coordinates {x;}<;<,, the metric is expressed as
g = gup dxo dxp + (dx,)?. Then the Christoffel symbols on the boundary satisfy

@-1) Thg=Lag, Th =—Layg’, Tp,=0, T =0, T} =0, Th=Il,

an opf =

on the boundary, where we denote the tensors and covariant differentiation with
respect to the induced metric g,4 on the boundary by a tilde (e.g., FO}: 50 Mgp)- When
the boundary is totally geodesic, we have

(2-2) Ty, =0, Tf =0 Tj, =0.

Lemma 2.2 [Chen 2007; He and Sheng 2013]. Suppose 0 M is totally geodesic and
u, =0on dM. Then we have on the boundary that

(2-3) Upe =0 and ugp, =0.

Lemma 2.3 [He and Sheng 2013]. Let (M, g) be a compact Riemannian manifold
with boundary and dimension n > 3. Assume the boundary 0 M is totally geodesic.
Then at any boundary point P € d M, there exists a conformal metric § = e*" g such
that (i) u, =0 on 0 M and the boundary 0 M is still totally geodesic, (ii) Eij (P)=0
for 1 <i, j <n, (iii) Ryya(P) =0, Rynpg(P) =0,1 <a, B <n—1, and
(iv) Rypn(P)=0,1<a,B<n—1.

3. Ellipticity and the global C° estimates

We first sketch the ellipticity properties of operator F'; see [Li and Sheng 2011] for
details.
For any function 4 on M, we define

Plh]:= F(V[h]) — ®(x, h).
Then any solution u of (1-6) satisfies P[u] = 0. Denote u; = u + sv, s € R. The
linearized operator of (1-6) is

_d
ds
= Pijvij +2aFijv,~uj +2bviu; T — 0, P (x, u)v,

(3-1) Lo = —Plus]| _,
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where F'/ := OF/0Vi))(VIul), T = tr(F) = Fijg,-j and
P :=6Jg"7 —FJ > (6 —1)Tg".

Since u is admissible, (F) is positive definite [Caffarelli et al. 1985]. Denote
g0:=6 —1 > 0. Hence, (PY) is positive definite, too.

Note that the coefficient of the zero order term in (3-1) is negative when 9, P is
positive on M x R.

Lemma 3.1. Equation (1-6) is elliptic at any admissible solution. If d,® is positive
on M x R, then the linearized operator & C2*(M) — C*(M)0 <a < 1) is
invertible.

Now, we use the compactness of the manifold to get the global C° estimates of
(1-6).

Proposition 3.2. Suppose S € T and the positive function ®(x, z) € C*(M) x R
satisfies (1-8). Then for any admissible solution u € C*(M) of (1-6), we have

sup |u| =< Co,
M

where the constant Co depends only on S and .

Proof. Suppose xo be the maximum point of # on M. Denote umgyx = u(xo).

If xo € d M, at this point we have u,,(xg) < 0, which contradicts with the boundary
condition u, |3y = 0. Hence, xo must be an interior point of M. Then at this point
we have

(3-2) Vu=0 and VZu>0.
Substituting (3-2) into (1-6), we have

@ (x0, Umax) < F(S)(x0) < max F(S) <C.
xeM

Now, by the condition 9,® > 0 and lim,_, ; o, (x, z) = 400, we know that

maxu = Umax < C.
xeM

By a similar argument, we can get the lower bound of u by considering its
minimum point on M and using the other condition of ®. ([

4. Gradient estimates

In this section we first consider the boundary gradient estimates of (1-6), then derive
the global estimates.
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For any point yo € dM, let E;’r and E:“ﬂ be any two half-balls centered at yg in
the Fermi coordinates {x;};<;<,. Choosing a cutoff function n depending only on r
suchthat 0 <n<1,n=11n E:r/z, n = 0 outside E:’. Moreover,

1/2 b
n 2 0
(4-1) IVnl <bp—— and |V7p| < —,
r r2
for a universal constant by, where the covariant derivatives and the norms | - | are

taken with respect to g. Since n only depends on r, we have

a
(4-2) a_ 0 ondM.
on
We also need the function ¥ : R — R defined in [Gursky and Viaclovsky 2003]

by

(4-3) V() =a(ar+5)’, =8 <s<d,

where the positive constants §; and §, are given, and the constants o, op and p
will be fixed as follows. We have

p—1
ar+s

v

Y =pai(ea+5)P™" and Y =p(p—Daj(er+5)P* =

Let ap and p be positive constants satisfying oy > 6 and p > 3. Take
1

“r= p?max{(a —I—S)P};
then
1 , " ” __ w/ —_1— w—/p
(4-4) Wfp_’ ¥ >0 and y7—y _az—i-s(p ! pw)22(0lz+s)'

Proposition 4.1. Suppose u is a C? solution of (1-6) on E:“. Then there is a positive
constant C depending onlyonn, k,0, g, r, |S|C1(E,+)’ |¢|C'(E,+)><[—C0,Co]’ |a|c‘(1§,+)’
|blc1 g+ and Co such that

sup |Vulg < C.

B+
Br/2

Proof. Consider the auxiliary function
G = el |VulP,  B:=x,+y @),

where the function ¢ defined by (4-3). Let xo be the maximum point of G on E:r.
Without loss of generality, we may assume r = 1 and |Vu| (xo) > 1.
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Suppose xo € 2,. Then G, (x¢) < 0. However, by (4-2), the boundary condition
u, =0 and Lemma 2.2, we have

n—1

Gp(xo) = e’ ((1 ) [Vl + 2uyty +2 ) uu) (x0)
a=1

= 1e¥|Vul*(xo) > 0.

It is a contradiction. Hence xo must be an interior point of E;’. Then at xg, for
1 <i <n, we have
0=(logG);, 0= (ogG);j,

that is,
2ugug ni
and
nij nin; 2usjusi +2“susij 4”s”si”l”lj
46) 0= (T _ _
o 0= < : >+ﬂ” VuP Vul

Substituting (4-5) into (4-6), we have

2Ltsjl/tsi + 21451451']'
|Vul|?

47 0= ("7] _ ﬁ) By — BB+

By (4-7), we have

1
_;(Uiﬂj'i‘njﬁi)-

N _

(4-8) 0> Pij<
n

’7;7’7’) + PU(Bij — BiB))

+—— Pl
Vul?

where P/ =0T g'/ — FiJ is positive definite. It follows from (4-1) and (4-8) that
2

4-9 0>
) ~ |Vul?

. . 2 .. c
us PYusij + PY(Bij — BiB)) — ;P”mﬂj - ;9,

where the constant C depends only on n and by.
Differentiating (1-6), we have

(4-10) Vi@ = PYu;js+ FY (aguiuj+2auisuj + Sij,s ) + (bs|Vul* +2busu))J.

Then by (4-10) and Ricci identities ug;; = u;js + Risjput p, we obtain

us F (agujuj+2au;su ;)

ug Pugi; > ——ugVy® —
|vu|2 S st — |Vu|2 svs |Vu|2

1
bg|V 2b J-C(l+—)9.
|V |2”S( | u| +2busug)T ( +|V |)
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where the constant C depends only on n, g and |V S]|.
Since Vi@ = &, 4 &, uy, by (4-5) and the inequality above, we have
2a5ug

Ny g (i
- Fluu+2aFiu; [ 2+
VPR ujuj+2a u](n +,31)

4-11) usPYug;>20,+

u
|Vu|2™

|
— 2bsusg+2b(& n ,BS)MS?T - C<1 n —>ﬁ
n [Vul

|Vul?

. C
>C*+2aF"uipfi +2busfsT — — 1+ |Vu|)T,
Vi

where the constant C* depends only on |®,|, |®,|, Cy, and C depends on n, by,
lalct, |b|cr and [V S].
Then by (4-9) and (4-11), we obtain

(4-12) 0> C*+2aF"u;B; +2bu,p;T
Py = i) — 2L PR - C—(Vul + 1)T
4 1 .
J J n J \/ﬁ
Since B := x, + ¥ (1), we have
Bi = 8in+V'ui,  Bij =" win+ '
and
Bij — BiBj =V uij + (W — ¥ uju; — ' Ginttj + 8jnthi) — 8in8n-

Therefore, we have the inequalities

(4-13) 2aFYu;B; =2aF u;(8in + ¥'u;) > 2ay' Flusuj — C|VulT,

(4-14) 2bus BT = 2buy (8 + V)T > 2% |Vul*T — C|Vu|T,
20 2 . C

(4-15) ——PYB;=——PUni($jn+VY'u;) = ——=(IVul+ DT,
R SN

4-16)  PY(Bi; — BiBy) = ¥ P uj+ (" — )P uju; — C(|Vu|+ 1)T.
Plugging (4-13)—(4-16) into (4-12), we have
@-17) 0> C*+y'PYu;j + " — ) Puju; +2ay' Fluju;
C
+2b%|Vul*T — —(|Vu| + 1T
VN
By Lemma 2.1, we know that Fi Vij = F(V) = ®. Then

(4-18) W' PYuj; = FiVi; — ' FY(au;uj+b|Vul*gij + Sij)
> ' ® —ay' Fluu; — by'|Vul>T — CT.
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Substituting (4-18) into (4-17), we get
4-19) 0> C*+y¢/'d+ " — P uju;+ay' Fluju;
C
+ by |Vul?T — —(|Vu|+ DT
Vi
=C*+y' o+ W — ¢ —ay)PUuu;
- C
+ (af + b)Y |Vu|>’T — —(|Vu| + 1D T.
NG
Claim 4.2. If —6; < u < 8y, then there exist positive constants o1, ®y and p
depending only on 0,81, 5, |a|L°<>(M) and IbILw(M), such that ' > 0, and
(4-20) (" =% —lal=y)eo — @lalL~ + b)Y’ > &1 >0,
for some constant | depending only on 6, 8; and 8.

Note that ® > 0. Then by Claim 4.2, we have

c
0>C*+¢|Vul?T——(|Vul| + 1)T.
VN

Multiplying 1? both sides of the inequality above, we have
(4-21) e1n?|Vul>’T <2C|Vu|T + C*.
By Lemma 2.1, J > 1. Then (4-21) implies the gradient estimates.
Proof of Claim 4.2. Since —8; < u < ;. By (4-4), for
S1+6

<ay <3, p>max{3,38alL=d},

we have oy = 1/(p?(28,)P), ' > 0, and

v =y —ay =y (L —al~ ) =
- 46,
Furthermore, we can choose
16 -
p > maxj 3, 8|a|~8, 8—(9|0|L°° +1b|1=)d2 ¢,
0

such that

(" — " —alL=y")eo — Blalr + bl )Y’
/ _ p—]
DEO - Y’ peg - €0(82 — 81)

> A 9_ 9 b 0
_lﬂ(852 (Blalr~+1blL ))_ 63, = 2033,

>e>0. O
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Remark 4.3. If E:r and E:r/z are replaced by two local geodesic open balls in the
interior of M and 8 = ¥ (u) in the auxiliary function G, we can get the interior
gradient estimates for (1-6) by the proof of Proposition 4.1.

Since M is a compact manifold, by Proposition 4.1 and Remark 4.3, we can
derive the global gradient estimate of (1-6).

Proposition 4.4. Let u be a C3 solution of (1-6) on M. Then there is a positive
constant Cy depending only on n, k, 0, g,a,b, ®, S and Cy such that

(4-22) sup |Vul, < Cj.
M

5. Estimates for the second derivatives

Lemma 5.1. Let u be a C* solution of (1-6). Then there is a positive constant C’
depending 0”1)’ onn, k» 0» 8> |S|Cl(§;f')a |a|cl(1§;_+), |b|cl(§j—)’ |CD|C1(1§3')><[—C0,C0] and
Cy, such that

(5-1) Upun = —C' on OM.

Proof. We consider this lemma for S satisfying condition (S1) or (S2), respectively.

(i) Suppose S satisfy (S1). Then Sy, = S(9/0x4, 3/9x,) = 0 on the boundary d M.
By the boundary condition u,, = 0 and the Lemma 2.2, we have V[u]y, = Sqn =0.
Applying an argument of Lemma 13 in [Chen 2009], we know that

(5-2) F*'(V[u]) =0.
Also by Lemma 2.2, we calculate that

(5-3)  Viulupn = Ottnnngap + Ottyyn8ap — Uapn + 2algntig + antiglig
+ 2bUgntta §up + 2bUnnttn§ap + bal Vi|* gup + Sap n
= Ottpnn8ap + Anttatip + by | Vie|*gup + Sup.n
< Ottpungap + C,

where the constant C depends only on |Va|, |Vb|, Ci, g and |V S].
Similarly, we have

5-4) Vulumn = éuyyn + éunnn — Uppn + anuz +2au,tpy + 2bugptiy
+ 2bunuy, + bn|VLt|2 + Snn,n

< Ouppn — Uppn + C.
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By differentiating (1-6) along the normal direction the on boundary, using (5-2)—
(5-4), we have

Vo ® = F""V{ulppn + Faﬁv[”]aﬁn
<F™ (éunnn — Unpn) + éurmn Faﬂgaﬂ +CT
= —F" Uy +éunnng+ CT,

where we have used g,, =0 and g,, = 1. Since 7 > 1, we have
(5-5) 0< _anurmn + (éunnn +C)T,
where C also depends on |V ®|.

If Quppn + C > 0, we get up,, > —C /60, which implies (5-1). If Ou,p, + C < 0,
by F" < J we have

0<—F"uppn + (éunnn +O)F" = ((9_ — Dutppn + C)F™.
Since F'™ > 0, we have
(5-6) @ — Dty +C > 0.

Note that 6 — 1 = gy > 0; then (5-6) implies (5-1).

(i1) Suppose S = A;. For any xo € dM, using the metric g in Lemma 2.3, we
consider a metric § = Vg such that u = it + v is a solution of (1-6). Now,

(5-7) V[u]ij = G_Aﬁgij +9_Avg,-j — ﬁij — Vjj —I—a(ﬁ,-ﬁj +L_tivj + viﬁj + vivj)
+b(|Vit|* +2(Vii, Vv) + [Vo[*)gij + (AD)i;.

By (1-3), we have

n—2)0—1

(5-8) (ADij =0Aug;; — iy + it j + 5

|Vii|*gi; + (AQ)ij-
Substituting (5-8) into (5-7), we obtain

V[M]ij = Q_Avgij — Vjj +a(12ivj + U,'ﬁj + vivj) + (a — l)l/_t,'ﬁj
(n—2)6—1

+b(2(Vii, Vv) +|Vv[H) g + (b— 5

)szgi,- + (A
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Since g = ¢*'g, we have
(5-9) VIulij =040vgi; — Vv +08" (T5(3) — Th(8)vedi
— (T — TH(@) v +av; + viit j + v;v;)
+ (a — Ditzit; +b2(Vit, Vo)g + [Vv[3)g,,

n—20—1\ __,_
- (b — f)wu@gﬁ + (AD);).

Denote \_/[v],-j := V[u];;. Then (1-6) becomes

{F(V[v]) =d(x,i+v) inM,
(5-10)

ov =0 on M.

on
By the boundary condition u,, =0, u, = 0 and Lemma 2.2, we have

(5-11) Upg =0, UaBn = 0, itne =0, L_‘aﬂn =0.

Therefore v, =0, vy =0 and veg, =0 on IM. Since gu, = o2 gun = 0, we have

VIvlen = =Vo,0— (T5,(3) —T3,(2.)vs + (AD)an.

It follows from (2-2) and the boundary condition u,, = 0 that

(5-12) Ten(® =Tg,(@) =0, Tgu=Tg =0 T}, =T, =0
Then
(5-13) Vorl=Uon =0 and ¥V, V70 =1v4p, =0.

By Lemma 2.3, we get

AT - (& R ) =0
( g)om(XO)—_nTz an_mgo{n =V
Hence, V[v]gn(x0) = 0. Then
F"(V[v]) =0.

Now differentiating (5-10) along the normal direction and taking its value at x,
we have

(5-14) Vo @, it +v) = F"™V pn + FP V.
Since gijn = 5_",!1 =0, by (5-11)—(5-13), we have

‘_/[v]ozﬁn
= Ovanngap — (Tog(8) — Top()).vs + 0" (T (2) — T2(2) nVs8up + (A ap.n-
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Since d M is totally geodesic, using Fermi coordinates, we have on 0 M
Top()n=Tos(8)n=0
(see [He and Sheng 2013]). By Lemma 2.3 again,
Ry (x0) = " Rap.n (x0) + 8" Ran.n (x0) + 8" Run.n (x0) =

Therefore

(AT (10) = ——— (R — =0 ) (0) =
apnt 0=\ e T o — 1) 88 )0
Hence, we obtain
(5'15) V[v]aﬂn (XO) = évnnngaﬂ-
Similarly, we have
(5-16) V[v]nnn (x0) = évnnngnn (x0) = Vunn (x0).
Denote T F‘/(V[v])g,] > 1. Plugging (5-15) and (5-16) into (5-14), we obtain
(5-17) 0<C+ Qvnnn (XO)JO— - anvnnn (x0) = (C+ Qvnnn (XO))g - anvnnn<x0)-

If C 4 Ovypn (x0) > 0, then we have vy, (xo) > —C /9_ , which implies that
Unnn(X0) = Uppn(X0) — 5 > —C'.

If C 4+ 6v,,,(x0) < 0, then by (5-17) we have
0<(C+ (0_ - l)vnnn<x0))an-

Since F™ > 0 and 6 > 1, we have v,,,(xo) > —C/(6 — 1), which also implies the
lower bound of u;,,,, (xg). O

Proposition 5.2. Let u be a C* solution of (1-6) on E:r. Then there is a positive
constant Cy depending only onn, k, 0,1, 8,1S|c25+)> [Pl c2(5+)x[-cy.cop 1@l c2(B)>
|b|cz(g:r), and Cy, such that

(5-18) sup |VZul, < Cy.
B+
r/2

Proof. We control the bound of Au at first. Since V[u] € I' C I';, we have
0 <tr(V[u]) = n0 — 1) Au+ (a +nb)|Vu|> +tr S,

which implies that Au has a lower bound by Proposition 4.4. We may assume
Au > 0.
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Consider the auxiliary function
G = ne’ (Au+m|Vul?),

where 7 satisfies (4-1) and (4-2), and m is a larger constant to be fixed. We may
assume r = 1, and

K = Au+m|Vu|2 > 1.

Step 1. We may assume G attains its maximum at an interior point xo € B,". If
X € X,, by Lemmas 2.2 and 5.1 we have

Gn(x0) = K + tpnp + ttyyn + 2mugpug + 2muy,u, > K — C'.

If K — C’' <0, we then get the bound of Au. If K — C’ > 0, it contradicts with the
maximum of G at the boundary point x.

Step 2. We must get an upper bound for Au. By step 1, the maximum point xy of
G is an interior point in B;'. Then at xo we have

G; =0 and G,‘j <0,

that is,
(5-19) ui +2muguy; = K; = —<% + 8in>K,
and
0=Gyj =77€x"{(ﬂ—m—zj)l(+ (ﬂ—l—&'n)Kj—l-Kij}.
n n n

Substituting (5-19) into the inequality above, by the definition of n in (4-1), we
have
0= Gij =ne™ (Kij + AijK),

where
nij ming 1 c
ij= % - # - ;(niajn +18in) = 8indjn = —;51‘]‘,

and C depends only on by. Then we have

A

(5-20) 0>e " PYG;; >nPYK;; —CKJ.
Note that
(5-21) K,'j = uyij + 2muliu1j + 2mulu1,'j.

By Ricci identities, we have

2
luiji —uijl < C and  uijpg —uyij| < C(\V7ul +1).
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Then we have

(5-22)  PYKij > PYuiji+2mPYujug; 4 2mu PYu;j — C(|Vu| + 1)7.

By (4-10), we have

(5-23) 2mu PV u;j
= 2mu; Vi ® — F (aquju; + 2auu; + Sij.i ) — (b |Vu|* 4 2bujsu) T
> —C(IV?ul+ )7,

since V& =@, +2D,,u;+D,uy>—C+P,Au> —C(|V2u|+1). Differentiating
the equation (1-6) twice, using the concavity of F, we have

(5-24)  PYu;jy > Vi ® — FY (ayuiuj +dapuzuj + 2auuj + 2auuji + Sijoi)
— (bu|Vul* + 4bjuysus + 2bugyug + 2b|V2u*)T
> —2aFiju,~lluj — 2aFiju,~1uj1 —2bug T
—2b|V2ul?T — C(IV?ul + 1)T.
By Ricci identities again, and (5-19) and (5-24), we get

(5-25) Py > —2aFYuyujp — 2b|Vul*T — 1—/2(|V2u| +1)T.
n

Now, plugging (5-23) and (5-25) into (5-22), and choosing

4
m > max{ZlalLoc, 8—(9|0|L°° + |b|L°°)},
0

we obtain
(5-26) PYK;
y - C
> —2aF"ujuj; —2b|V*ul*T +2m P ujuy; — 1/2(|V2u| +1)T
=2(m +a) P uju;; —2(ab +b)|Vul*T — 1/2(|V2u|+1)J
> 2((m — lal=)e0 — (Blal L~ + |b| 1)) [V?u*T — 1/2<|v2u|+1>J
n

meo 2 20 2
22(7—(9|a|Lw+|b|Lw))|v ul*T - 1/2<IV ul+ DI

me
> T|V2u|2 1/2(|V2u| + 1)T.

It follows from (5-20) and (5-26) that

me
270|v2u|297 < C(IV2u|+ 1T,
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which implies that n|V?u| < C.

Step 3. We get the Hessian bound of u. As in [Chen 2009], we consider the
maximum of
G =n(x)e" (V2u +mdu @ du)

over the set (x,&) € (E:r, S"). Let G attain its maximum at some point xo and the
direction & € T,,M N'S". Denote Kz = ¢ —|—mu§. We may assume K > C’ > 0,
where C’ is the one in Lemma 5.1.

Now, we can also show that x¢ does not belong to the boundary. Suppose xg € ;.
If £ is a tangential vector, without loss of generality we may assume & = 9/0x.
By Lemma 2.2, we have on the boundary that

(e (ury +mu)), = ne™ ((ury +mut) +uyi, + 2muuy,)
zull—l—mu%:I(l >0
Therefore, we get a contradiction. If £ is in the normal direction, by Lemma 2.2
and Lemma 5.1, we also have
(ﬂex” (tnn + mui))n = ﬂex" ((tnn + mui) + Uppn + 2muy Upy)
Zurm—c/an—C/>0.
Thus xo must be an interior point. By similar calculations as before, we can get the
Hessian bounds. We omit the details here. O

Remark 5.3. Let B, and B, /; be two local geodesic balls in the interior of M, and
G = n(Au + m|Vu|?). The same calculations in steps 2 and 3 yield the interior
Hessian estimates for (1-6).

Therefore we have the following global estimates.

Proposition 5.4. Let u be a C* solution of (1-6) on M. Then there is a positive
constant Co depending only on n, k, 0, g,a,b, ®, S and Cy, such that

suplvzulg < Cs.
M

6. Proof of Theorem 1.2

We use the continuity method to prove the existence of (1-6). Since the argument is
standard (see [Li and Sheng 2011]), we only sketch it here.
For ¢ € [0, 1], consider the equation

6-1,) F(g'(OLug — Viu+ax)du ®du+b(x)|Vul*g +S;)) = O, (x, u),

where

1—1
S, =tS+——g and ®,;(x,u)=(1—1)e* +1d(x,u).
F(e)
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Clearly, S; and &, satisfy the following conditions:

o S; €' and [S¢| a7, < C, where the constant C is independent of 7.

o S; satisfies (S1) or S; = tA;, when t # 0 and Sy = %g as long as § satisfies
(S1) or (S2).

e &,(x,u)>0,0,9 >0, lim &,(x,z) > +o0,and lim PD,(x,z) — 0.
z—>+00 =

1@/l c2izxi_c.cp < C» where C is independent of 7.

It follows from Sections 3, 4 and 5 that for each ¢, the admissible solution of
(6-1,) has uniform a priori C 2 estimates (independent of ). Then we obtain the
uniform C>¢ estimates by Evans—Krylov theory [Krylov 1985]. Define

I ={t €0, 1] | (6-1,) has admissible solution}.

Clearly, u = 0 is the unique admissible solution of (6.1y). Hence, I # &. By
Lemma 3.1, I C [0, 1] is open. By the uniform a priori C>* estimates and the
standard degree theory, we conclude that 7 is also closed. Then for t =1, (1-6) is
solvable. O

7. Proof of Theorem 1.3

Before proving Theorem 1.3, we first calculate a priori estimates for (1-9).

Proposition 7.1. Suppose T € I and the positive function ®(x, z) € C*°(M) x R
satisfy (1-8). Then there exists a constant Cy only depending on T and ®, such that
any solution u € C*(M) of (1-9) satisfies

sup u| < Co.
M

The proof is similar to that of Proposition 3.2. We omit it here.

Proposition 7.2. Suppose u is a C> solution of (1-9) on Ef. Then there is a positive
constant C depending only onn, k, 0, 8,1, |T|c1(g+) |Plc1 5y x1—co.cor 1@l 1 (BF)>
bl 151y and Co, such that

sup |Vul, < C.
R+

Br/Z

Proof. Consider the auxiliary functions

G :=nef |Vul’,  Bi= x4+ v W),
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Then G can not attain its maximum at a boundary point xo € ¥, by the same
arguments in the proof of Proposition 4.1. Since the maximum point x¢ is an
interior point, we can also get (4-5)—(4-7). Now, the difference from the proof of
Proposition 4.1 is that we replace the operator P/ in (4-8) by the operator

(7-1) QY :=FY +6Jg".
Then by similar calculations as in (4-9)—(4-16), we obtain
(72) 0>C*+v'QYui; + (" — ¥ Q" ujuj +2ay’ QY u;u;
C
+ 20y |Vul>’T — —(|Vu| + DT
Jn
Since
(7-3) W' QY uij = W' FIW;; — ' FY (auuj + b|Vul*gij + T;j)
> ' ® —ay' Fluu; — by'|Vul* — CT.
Substituting (7-3) into (7-2), we get
(7-4) 0=C*+y' O+ " =¥ Q" uuj+ay'Fluu,
C
+ by |Vul?T — —(|Vu|+ DT
NI
=C*"l_w/q)'i‘(w”_w/z'i_aw/)Fijuiuj

+OW" =) +by) | Vul*T — £(|W| +1)7.
Nz

By the similar argument as in Claim 4.2, we know that there exist positive constants
o1, ap and p depending only on 6, Cy, |a|L<>°(M) and |b|L°°(1l7I)’ such that

W' >0, Y=y —lali=y' >0, O —¢?) — by =& >0,

where the constant &, only depends on o, @» and p. Then we have

C
(7-5) 0> C*+ & |Vul?T — —(|Vu| + 1.
NI

Then multiplying by n? both sides of the inequality above and 7 > 1, we have
ean?|Vul*T < C|Vu|T + C*,
which implies the gradient estimates. (]

To get the boundary Hessian estimates, we first prove the following:
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Lemma 7.3. Let u be a C* solution of (1-9). Then there is a positive constant C’
depending onlyonn, k, 9, g, |T|C‘(E,+)’ |a|C1(l§:r), |b|C'(E¢)’ |©|C‘(E,+)><[—CO,C0] and
Cy such that on M, we have

Unnpn = -C'.

Proof. (i) Let T satisty the condition (S1). Then 7, = 0 on the boundary. Hence
Wlulen = Ten = 0. Therefore F*"(W[u]) = 0. By the similar calculations in
Lemma 5.1, we have

(7-6) W[u]aﬂ,n = Qunnng(xﬂ +C
and
(7-7) Wlulpnn < tpnn +Otpnn + C,

where the constants C depend on n, k, g, |T |15y, lalc1(gr), 1PIc1 51y and Ci.
Now, differentiating (1-9) along the normal direction and taking the value on the
boundary, we have

(7-8) Va® = F"" W{ulynn + FP Wulupn
< F" (pnn + Ottpnn) + Ottyun F*P gop + CT
= F"unpn + OunpnT + CT,
that is,
(7-9) 0 < F"tppn + OttyunT + CT = F™ Uy + Ottyn + C)T,

where the constant C also depends on |P[c1 g+ (—c,.col.
If Ou,p, + C > 0, then we get uy,,, > —C/0. If Qupy, +C <0, by F < J and
(7-9), we have

0= anunnn + (Ouppn + C)an = (0 + Duppn + C)an

Since F"' > 0, we get
Note 6 > 0. Then we obtain u,,, > —C’ again.

(ii) Suppose 7' = —A%. Using the metric g in Lemma 2.3, we consider a new metric
& = e”g such that u = it + w is a solution of (1-9). Then similar to the calculation
in the proof of Lemma 5.1, we have

Wluli; = 0Awg;; + Viw+ 08" (T () — Ty (@) widij + (TF(3) — T (e)wi
+ (a — Ditgitj + a(iizw; + wiitj +wiw;) +b(2(Vit, Vw)g + [Vwl3) g

I+(—20\ = .
+ (b - f) |Vu|§gij — (Apij-
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Denote V_V[w],-.,- := Wlul;;. Now, (1-9) becomes

F(W[w]) = ®(x, i +w) in M,
(7-10) %—l:l) =0 on M.

By Lemma 2.3, we find (A;)a,, (x0) = 0. Then we have W[w]y,(xo) =0 by
Lemma 2.2 and (5-11)—(5-13), which implies F**(W[w]) = 0. By Lemma 2.2
again, we obtain

W{wlapn(X0) = OWpnnGap (X0),
and
W w]inn (X0) = OWpnnGnn (X0) + Wynn (X0).-
Then by differentiating (7-10) along the normal direction and taking its value at x,
we have

0< F"Wuun+ F*PWep, +C
< F""Wypn (x0) + (Owpnn (x0) + C)JG_~

If Owyp,(x0) + C > 0, we have uy,,(xg) > —C’ immediately. Now consider
OWynn (x0) + C < 0. Since T > F™ > 0, we have

0< anwnnn (x0) + (Owpnn (x0) + C)Frm < ((0 + Dwppn(x0) + C)an

Hence, we must have w,,;,,, (xg) > —C/(0 + 1). Therefore, u,,, (x¢) > —C’. O

Proposition 7.4. Let u be a C* solution of (1-9) on E;’r Then there is a positive con-
stant C depending only on n, k,0, 8,7, |T|c25+), |Plc2 gty x—co.cor 1@l c2(B)>
|blc2 gy and Cy such that

sup |VZuly < Ca.

B+
Br/Z

Proof. We first estimate the bound of Au. By Wlu] € F,j C I'y, we have
O0<trWlu]) = 6+ 1)Au+ (a +nb)|Vu|2 +trT,

which implies that Au has lower bound. Hence, we may assume Au > 0.
Consider the same auxiliary function in Proposition 5.2

G := net™ (Au+m|Vul?),
where 7 satisfies (4-1) and (4-2), m is a larger constant to be fixed. We may assume
r=1and K := Au+m|Vu|> > 1.

Step 1. We show the maximum of G must be attained at an interior point of E:r. If
the maximum point xg of G belong to ¥,, then by Lemma 2.2, Lemma 7.3 and the
same calculations in Proposition 5.2, we know that G, (xo) > 0. It is a contradiction.
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Step 2. We must get an upper bound for Au. Since the maximum point of G is an
interior point of B} by step 1. Then at the maximum point xo, we can get similar
inequalities as in (5-19)—(5-24) by replacing P¥/ by Q%. Corresponding to (5-26),
for m > max{|al w37y, (1Dl 37y +€3)/6}, €3 > 0, we obtain

(7-11) QY K;;

C
(Vul+ 1T

> —2aFijuilujl — 2b|V2u|29+2injuliulj — m

C

= 2(m — a) FYujuy; +2(m0 — b)|VZu|*T — mqum + 1T

C

2

> 2(m — |a| =) F ujiugj +2(m6 — |b| )| V2u|*T —

C

2

> 263 V2ul?T —
It follows from (5-20) for Q¥ and (7-11) that 2n?e3|V2u|*’T < C(|V?u| + )7,
which implies that n|V2u| < C. O

Step 3. By Lemma 7.3 and the same argument in the step 3 of the proof of
Proposition 5.2, we can get the Hessian estimates of u.

Remark 7.5. We can also get the interior gradient and Hessian estimates for the
solutions of (1-9) by the same arguments in Remarks 4.3 and 5.3.

Proof of Theorem 1.3. Since the operator Q'/ in (7-1) is positive, by the argument
in Section 3, we know that (1-9) is elliptic at any admissible solutions and its
linearized operator is invertible as d,® > 0. Combining Propositions 7.1, 7.2, 7.4
and Remark 7.5, we can obtain

(7-12) |”|C2(M) <C,

where the constant C depends only on n, k, 6, g, S, ®, a and b. By the global
a priori C? estimates (7-12), we can prove Theorem 1.3 by a same argument in
Section 6. [l
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Let G be a connected reductive algebraic group defined over a number
field k. In this paper, we introduce the Ryshkov domain R for the arith-
metical minimum function mg defined from a height function associated to
a maximal k-parabolic subgroup Q of G. The domain R is a Q (k)-invariant
subset of the adele group G(A). We show that a fundamental domain 2 for
0 (k)\R yields a fundamental domain for G(k)\G(A). We also see that any
local maximum of my is attained on the boundary of 2.

Introduction

Let P, be the cone of positive definite n by n real symmetric matrices, and let
m(A) be the arithmetical minimum mingyezn xAx of A € P,. The function
7 Ar>m(A4)/(det A)Y/" on P,, is called the Hermite invariant. Since the maximum
of f gives the Hermite constant y, for dimension n, the determination of local
maxima of f is a fundamental problem of lattice sphere packings in Euclidean
spaces and the arithmetic theory of quadratic forms. Voronoi’s theorem [1908,
Théoreme 17] states that f attains a local maximum at a point A if and only
if A is perfect and eutactic. Moreover, perfect forms play an essential role in
Voronoi’s reduction theory of P, with respect to the action of GL, (Z) (see, e.g.,
[Martinet 2003] and [Schiirmann 2009]). Ryshkov [1970] introduced a locally finite
polyhedron R(m) in P, defined by the condition m(A) > 1. It is not difficult to
show that A is perfect with m(A4) = 1 if and only if A is a vertex of the boundary
of R(m). In particular, any local maximum of the Hermite invariant f is attained
on the boundary of R(m). In this sense, we can say that the Ryshkov polyhedron
R(m) is well matched with f.

Let G be a connected isotropic reductive algebraic group defined over a number
field k, and let Q be a maximal k-parabolic subgroup of G. In previous papers
[Watanabe 2000; 2003], we investigated a constant y (G, Q, k) as a generalization
of Hermite’s constant y,. Precisely, the constant y (G, Q,k) is defined to be

MSC2010: primary 11HS5; secondary 11F06, 22E40.
Keywords: reduction theory, fundamental domain, Hermite constant.
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the maximum of the function my (g) = minyep\c) Ho(xg) on G(K\G(A),
where Hg denotes the height function associated to Q. To prove the existence of
the maximum of mg, we used Borel and Harish-Chandra’s reduction theory for the
adele group G(A) with respect to G (k). However, a Siegel set in G(A) is not well
matched with my in a sense that one cannot obtain any information on locations of
extreme points of my, in a Siegel set.

The purpose of this paper is to construct a fundamental domain of G(A)! with
respect to G (k) which is well matched with m,. We first consider an analog of
the Ryshkov polyhedron. We set Xo(g) = {x € Q(k)\G(k) :my(g) = Ho(xg)}
for a given g € G(A)!. This is a finite subset of Q(k)\G (k) and is regarded as an
analog of the set of minimal vectors of a positive definite real quadratic form. We
define the domain R(mg) as follows:

R(mg) ={g € GA)' :é€ Xp(g)}.

where € denotes the trivial class Q (k) in Q(k)\G (k). The set R(mg) is a left O (k)-
invariant closed set with nonempty interior. The interior of R(mg) is just a subset
Ry consisting of g € R(my) such that X¢(g) is the one-point set {e}. We denote
by R} the closure of Ry in G(A)!. Both Ry and R7 are also left Q(k)-invariant. By
Baer and Levi’s theorem [1931, Satz 7], there exists an open fundamental domain
Qo of Ry with respect to Q(k), that is, Q¢ is a relatively open subset of Ry
satisfying

* Q(k)Qé = R}, where Qé denotes the closure of 2¢ in R, and
e yQopnN Qé =@ forany y € Q(k) \ {e}.

Let Q"Q denote the interior of Q¢ in G(A)!. Then our main theorem is stated as
follows:

Theorem. The set §2°Q is an open fundamental domain of G(A)! with respect to
G (k). Any local maximum of m o is attained on the intersection of the boundary of
Q"Q and the boundary of Ry .

If we denote by rg the k-rank of the commutator subgroup of G, then G has
r¢ standard maximal k-parabolic subgroups. Since £2¢ depends on Q, we obtain
r¢ different kinds of fundamental domains of G(A)! with respect to G (k). The
method to construct 29 may be viewed as a generalization of the highest point
method (see [Grenier 1988] and [Terras 1988, §4,4]). For example, let k = @,
G = GL, and Q be a standard maximal Q-parabolic subgroup such that Q\G
is a projective space. Then our construction gives a fundamental domain Q¢
whose Archimedean part is isomorphic with Grenier’s fundamental domain. If we
choose another standard maximal Q-parabolic subgroup of GL, as Q, then the
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Archimedean part of Q¢ yields a new kind of fundamental domain of P, with
respect to GL, (Z) (see Example 3 in Section 7).

Notation. For a given ring 2, the set of all n by k matrices with entries in 2/ is
denoted by M, x(2(). We write My () for My » (). The transpose of a given
matrix a € My x () is denoted by ‘a. In this paper, k denotes an algebraic number
field of finite degree over Q and o the ring of integers of k. The sets of all infinite
and finite places of k are denoted by peo and py, respectively. For o € peo U py,
ko denotes the completion of k at 0. For 0 € py, os denotes the closure of o in
ko. The étale R-algebra koo = k ®g R is identified with ]_[aepoo ko. Let A and A%
denote the adele ring and the idéle group of k, respectively. The idéle norm of A
is denoted by | - |a.

1. Height functions

Let G be a connected affine algebraic group defined over k. For any k-algebra
2A, G(2A) stands for the set of A-rational points of G. Let X *(G)x be the free
Z-module consisting of all k-rational characters of G. For each g € G(A), we
define the homomorphism g (g) : X*(G)x — R=¢ by ¥ (g)(x) = |x(g)|a for
¥ € X*(G)y. Then ¥ is a homomorphism from G(A) into Homz (X *(G)x, R=0).
We write G(A)! for the kernel of ¥¢.

In the following, let G be a connected isotropic reductive group defined over k.
We fix a maximal k-split torus S of G and a minimal k-parabolic subgroup Py of G
containing S. Denote by ®y and Ay the relative root system of G with respect to S
and the set of simple roots of ®, corresponding to Py, respectively. Let My be the
centralizer of S in G. Then Py has a Levi decomposition Py = MUy, where Uy
is the unipotent radical of Py. A k-parabolic subgroup of G containing Py is called
a standard k-parabolic subgroup of G. Every standard k-parabolic subgroup R of
G has a unique Levi subgroup Mg containing M. We denote by Ug the unipotent
radical of R and by Z g the greatest central k-split torus in M g. Throughout this
paper, we fix a maximal compact subgroup K =[], epo, Ko X ]_[Uep_ ; Ky of G(A)
satisfying the following property: for every standard k-parabolic subgroup R of G,
K N Mpg(A) is a maximal compact subgroup of Mg(A), and Mr(A) possesses an
Iwasawa decomposition (Mg (A) N Up(A)) Mo(A)(K N Mg (A)).

Let Q be a standard proper maximal k-parabolic subgroup of G. There is only
one simple root cg € Ay such that the restriction of oo to Z¢ is nontrivial. Let ng
be the positive integer such that nélag| Zo isaZ-basis of X*(Z g/ Zg)«. We write
ag for néla0|zg and d¢ for dAQnéloco|zQ, where

dg =1X*(Zg/Za): X*(Mg/Z)Wl-
Then &g is a Z-basis of the submodule X* (Mo /Zg )k of X*(Zo/Zg)«. Define
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the map zo : G(A) > Zg (R) Mo (R) \Mg(A) by 29 (g) = Zg(A) Mo(A)'m if
g =umh withu € Ug(A), m € Mg (A) and h € K. This is well defined and left
Z6(A)Q(A) -invariant. Since Zg(A)! = Zg(A) N GA)! € Mo (A)!, zg gives
rise to a map from Yo = Q(A)'\G(A)! to Mg (A)!'\(Mo(A) N G(A)!). Namely,
we have the following commutative diagram, whose vertical arrows are natural
maps:

Yo —Z2, Mo(A)\(Mo(R) N G(A))

! !

Z(MOM)NGA) —25  Zg(A)Mo(B)'\Mg(A).

We define the height function Hg : G(A) — Rxo by Ho(g) = |@g(z0(g))|5" for
g € G(A). We notice that the restriction of Hg to Mg (A) is a homomorphism
from Mg (A) onto Rxg.

Example 1. Let G be a general linear group GL,, defined over the rational number
field Q, Py the group of upper triangular matrices in G and S the group of diagonal
matrices in G. We fix an integer k € {1, ... ,n — 1}, and let

0(Q) = { (g z) : @ € GLi(Q), b € My n(Q), d €GL, (@) .

Then Q is a standard maximal Q-parabolic subgroup of G. The rational character
0o and the height Ho are given by

do ((g 2)) = (deta) @07 (detd) /"

and
[

where r denotes the greatest common divisor of k and n — k. The height Hp has
another expression. To explain this, let Q" be an n-dimensional column vector
space over Q with standard basis e, ... ,e,. The maximal parabolic subgroup
Q(Q) stabilizes the subspace spanned by e, ... ,e,. Let V, x(Q) = /\k@” be
the k-th exterior product of Q". We set V}, x(A) =V}, x(Q) ®gA and V}, 1 (Qs) =
Vi ke (Q) ®a Q5 for 0 € poo Upr. A Q-basis of V), x(Q) is formed by the elements
e;=e;, A---Ane, with] = {i1 <ip < -+ <i} CA{l,...,n}. For aunique
infinite place 0o € poo, We define the local height Hoo : Vj, £ (Qo0) — Rxg by

1/2

Hoo(;a,e,) _ (; |a,|go) ,
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where | - | denotes the usual absolute value of Qs = R. For each finite prime
P € ps, we define the local height H), : V, 1 (Qp) — Rxo by

HP(Zalel) = 8111p|a1|p,
I

where | - |, denotes the p-adic absolute value of QQ, normalized so that |p|, = p~
Then the global height H,, i : V;, x(Q) — R is defined to be a product of all
local heights, that is, H, y(x) = HUEpooUpf Hg(x) for x € V, 1 (Q). This Hy,
is immediately extended to the subset GL(V}, x(A))V}, x (Q) of the adele space
Vo ke (A) by

1

Hyp(Ax)= [] Ho(4ox)
0E€pooUpy
for A = (As) € GL(V, x(A)) and x € V}, x(Q). In particular, for g € G(A) =
GL» (A), we can take the value Hy, x(ge; Age, A -+- Age, ). We choose a maximal
compact subgroup Koo of G(Quo) as {g € G(Quo) : g™ = g}. Let

Ky = ]_[ GLn(Zp) and K = Koo x K.
DEpr

Then, by elementary computations, we have

H, x(geg Ngey N --- Ngep) = |deta|n ifg=h (g z)

with h € K, a € GLg(A), b € Mk »—«(A) and d € GL,_¢(A). Therefore, if
g € G(A)!, that is, |det g|n = 1, then

Ho(g) = Hn,k(g_lel /\g_lezf\ /\g_lek)n/r'

2. Twisted height functions restricted to one parameter subgroups

Let Ng(S) be the normalizer of S in G and Wg = Ng(S)(k)/ Mp(k) the Weyl
group of G with respect to S. For a simple root o € Ay, sq € W denotes the
simple reflection corresponding to . Then {sq}qen, generates Wg. We denote
by WGQ the subgroup of Wg generated by {54 }xea,\{ag}- FOr each w € Wg, we
use the same notation w for a representative of w in Ng(S)(k). The following
cell decomposition of G (k) holds via Bruhat decomposition [Borel and Tits 1965,
Proposition 4.10, Corollaire 5.20]:

G(k) = ] o®wowm.

WwleWS\We/WE

where [w] stands for the class WGQ wWGQ in WGQ \Wg/ WGQ .
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The Weyl group Wg acts on X *(S)k by w-y : ¢t — )((w_ltw) for w € Wg and
X € X*(S)k. We consider the restriction &g |s of the rational character @p of Mg
to S.

Lemma 1. The subgroup of Wg fixing dg|s is equal to WGQ.

Proof. Put W' ={w e W5 : w-Qg|s =0dg|s}. Since a representative of we WG

is contained in Mg (k) we have do (w™ ltw) = do(w)” aQ(t)aQ(w) =0dg(t)
forall 7 € S. Hence WG is contained in W’. By [Humphreys 1990, §1.12 Theorem
(a) and (c)] , W’ is generated by a subset W' N {sq}aea, Of simple reflections.
From WGQ C W', it follows {sa}aeA\fao} C W' N {Sa}aca, C {Sataea,. Since
0o is nontrivial on S/ Zg, W' N {54 }aea, must equal {sq}geA,\{ay}- Therefore
W’ coincides with W2. m

Let X« (S)k be the free Z-module consisting of all k-rational cocharacters of S.
A natural pairing
<‘,') X*(S)kXX*(S)k%Z
defined as in [Borel 1991, §8.6] is a regular pairing over Z.

Lemma 2. Let wy and wy be elements of Wg such that wl_l WGQ F W, 1 WGQ . Then
there exist a cocharacter § = &y, w, € X«(S)k such that

Ho(wiEMwit) > Ho (wab(Mw3 ")

holds for all A € AZ |, where AZ | denotes the set of A € A satisfying |A|a > 1.

>1>

Proof. Since wi'-@p|s —w;!-@g|s # 0 by Lemma 1, there is a & € X (S)x such
that (wl_l 0gls —w2_1 -0gl|s. &) <0. The value £ = (wl_l 0gls —w2_1 0gls. &)
is a negative integer. We have

Go(wiEMwih)-@o(wak(Mwy )™t = At
for all A € Gy,. Therefore,
Ho(wiE(MwiHHo(waE(Mwy H ™! = [A7¢ > 1

holds for all A € AZ,. O

3. The Hermite function associated to Q and minimal points

We set Xg = Q(k)\G(k), which is regarded as a subset of Yg = OA)"\GA)L.
Let mx : G(k) = X be the natural quotient map. The symbol e = nrx (e) € X
denotes the class of the unit element e € G (k). The Hermite function

mg : G(A)' - R
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is defined to be
—_ i H .
mo(g) rénn 0(xg)

By definition, m is a positive valued continuous function on G(k\GA)/K.
For each g € G(A)!, we put

Xo(g) ={x € Xg :mp(g) = Ho(xg)},
which is a finite subset of X . Thus we can define the counting function ny (g) =
#XQ (2).

Lemma 3. For any g € G(A)!, y € G(k) and h € K, one has Xo(ygh) =
Xo (g)y~ L. Especially, the counting function ng is left G(k)-invariant and right
K-invariant.

The following lemma is proved by the same method as in [Watanabe 2012, Proof
of Proposition 4.1].
Lemma 4. For g € G(A)!, there is a neighborhood W of g in G(A)! such that
Xo(g') C Xgo(g)forall g’ €.
Example 2. Let G be a general linear group GL,, defined over (2. We keep notations
used in Example 1. In this case, we can express mg in terms of some minimum

of positive definite symmetric matrices. Since GL, /Q is of class number one,
G(A)! = {g € GL,(A) : |det g|a = 1} has the following decomposition:

GA)' = G(Q)(G(Qc0)" x Ky).

where G(Qoo)' = {g € GLA(Qoo) : detg = £1} and Ky = [],¢,, GLa(Z). We
fix g = 8(goo X g£) € G(A)! with § € G(Q), goo € G(Quo)! and g7 € Ky. From
the left G(Q)-invariance and the right K-invariance of mg, it follows that

m =m = min Hop(x = min H .
0(8) = mg(ge) = min Ho(xgeo) = min Ho(yseo)

Furthermore, since G(Q) = Q(Q) GL,(Z) and H is left Q(Q)-invariant, we have

= min H .
mgp(g) L 0(78c0)

An elementary proof of the decomposition G(Q) = Q(Q) GL,(Z) is found in
[Shimura 1994, Theorem 3]. By Example 1,

Ho(ygoo) = Hui(gody "er Ao Agady e )"
= Hoo(g;olj/_le1 ANEEE /\ggoly_lek)n/r ]_[ Hp()/_le1 AR /\y_lek)n/r
pEps
—1 —1 n/r

= Hoo(g0 v 'er A Agdy ey)
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Here we notice that Hp()/_le1 A A y_lek) = 1forall p € pr and y € GL,(2).
For a given y € GL,(Z), X,, stands for the n by k matrix consisting of the first k
columns of y. Binet’s formula (see [Bombieri and Gubler 2006, Proposition 2.8.8])
yields

1 1/2

Hoo(ggoly_ I PWANEE /\ggol)/_lek) = det(th_n tgo_olgo_ole_l)
As a consequence, we obtain
m = min  det(*X e lolXx n/2r’
&)=, ) (X800 820 X)

where My, x(Z)* denotes the set of X y forall y € GL,(Z). In the case of k =1,
My, 1(2)* is just the set of primitive vectors of the lattice Z", and hence mg(g)
coincides with the n/2 power of the arithmetical minimum of the positive definite
symmetric matrix ‘go g}l

4. The Ryshkov domain of G associated to Q

We define the Ryshkov domain R = R(mg) of my by
R=R(mp) ={g€GA) :my(g)/Hp(g) > 1}.

Since my (g) < Ho(g) holds forall g € G(A)!, we have

R={geGA) :my(g) = Ho(2)}
={geGA) :eeXp(g)}
Since both Hgp and mg are continuous, R is a closed subset in G(A)!.
Lemma 5. One has Q(k\RK =R and G(A)! = G(k)R.

Proof. The first assertion is obvious by the definition of Hg. To prove the second
assertion, we choose a minimal point x € X (g) for a given g € G(A)!. There is

ay € G(k) such that x = x (y). Then Hg(xg) = Ho(yg) =mp(g) =mp(rg)
since my is left G (k)-invariant. Therefore, y g € R. O

Lemma 6. Let C be an arbitrary subset of G(A)Y, and let g € G(A)! and y € G(k).

(1) yg €Rifand only if wx (v) € X ().

(2) Xo(g) =nx({y € G(K) :yg €R)).

(3) yC CRifand only if wx (y) € Ngec Xo(g):
4) Nger Xo(2) = (&

(5) YRCRifand only if y € Q(k).
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Proof. By definition, y g € Rif and only if my (y g) = Hg (y £). This is equivalent to
nx () € Xo(g) because mp (¥ g) = mp(g). Both (2) and (3) follow from (1). For
apointx =my(y) € ﬂgeR Xo(g), we have y O (k)R CR; in other words, xQ (k) C
(Nger X0(g)- Since xQ (k) is an infinite set for x # ¢ by Bruhat decomposition,
we must have x = e. This shows (4). Item (5) follows from (3) and (4). O

Lemma 7. Let go € R be an element such that nQ(go) > 1 and x¢ an arbitrary
element in X g (go). Then, any neighborhood . of g¢ in G(A)! contains a point g
such that X (g) C Xg(go) and xo & Xo(g).

Proof. We may assume AU satisfies Xo(g) C Xp(go) for all g € U by Lemma 4.
Since ny(go) > 1, there is an x € X (go) such that x # e. This x is of the form
wx (wy) with w € Wg \ WG and y € Q(k). By Lemma 2, there is a cocharacter
£ =Ew,e € X«(S)k such that Hyp (wE()\)w_l) > Ho(£(A)) holds for all A € AZ
Let A € A* be an element sufficiently close to 1 so that g; = y~1£(1)ygo is
contained in U. We have

Ho(gx) = Ho(5(A)ygo) = Ho(§(1))Ho(y 8o)
=Ho(§(A)Hg(g0) = Ho(5(1))mg(go)
and
Ho(xgy) = Ho(wE M)y go) = Ho(wEMw™") Ho (wy go)
= Ho(wEM)w™Hmy (o).

If xo = &, then we choose A sufficiently close to 1 satisfying A~1 € AZ,. Since

Xo(g1) C Xg(g0) andmg (g:) < Ho(xg3) < Ho(g1). X (g5) does not contain
e. If xo # e, then we choose x as xg and A € Ail sufficiently close to 1. Since

mo(82) < Hp(gx) < Hg(x084), X0(g2) does not contain xo. O
Lemma 8. mingeG(A)l nQ(g) = minger nQ(g) =1L

Proof. From Lemma 5 and the G (k)-invariance of ny, it follows that

min n mmn
26! Q(g) Q(g)

If go € R satisfies minger np(g) = np(go) > 1, then by Lemmas 5 and 7, there
exist a point g1 € G(A)! and ¥1 € G(k) such that ny (y,81) = ng(g1) <ngp(go)
and y, g1 € R. This is a contradiction. O

We define the subset R; of R by

Ri={geRing(g) =1} ={g € G(A)' : Xo(g) = {¢}}.

Lemma 9. Ry coincides with the interior R° of R in G(A)!.
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Proof. For g € Ry, we choose a neighborhood A of g in G(A)! as in Lemma 4.
Then AU C Ry. Therefore, Ry is open and is contained in R°. If there exists an
element gg € R° such that no (go) > 1, then, by Lemma 7, R® contains an element
g satisfying e ¢ X (g). This contradicts g € R. d

It is obvious that G(k)Ry = {g € G(A)! :ny(g) = 1}.
Lemma 10. G(k)R; is open and dense in G(A)!.

Proof. Since Ry is open in G(A)!, so is G(k)R;. We assume G(A)!\ G(k)R; has an
interior point ggo. Let U be a neighborhood of g¢ in G(A)! so that WN G (k)R; = @.
By Lemma 5, we can take y, € G(k) such that y580 € R. Since ny(yyg0) =
np(go) > 1, by Lemmas 5 and 7, there exist g1 € U and y; € G(k) such that
np(g1) <ng(go) and y; g1 € R. If np(g1) > 1, then there exist g2 € y;,U and
¥» € G(k) such that ny(g2) <ngp(g1) and y,g> € R. This process terminates after
finitely many iterations. At the last step, we obtain an element gg € y,_, -+ YU
such that ny(g¢) = 1. Then (y,_; --- yo)_lgg is contained in U N G(k)Ry. This
contradicts U N G(k)R; = @. Therefore, G(A)! \ G(k)R; is nowhere dense in
G(A)L. O

Lemma 11. Fory € G(k), Ry NyR # & if and only if y € Q (k).
Proof. If Ri Ny R has an element g, then 7rx (y~!) € X (g) = {&} by Lemma 6. O
Lemma 12. Let R be the closure of Ry. Then we have the following subdivision
of G(A)!:
GA)! = g YRy.
Yy QG (Kk)/Q (k)

Proof. We fix an arbitrary ¢ € G(A)!. By Lemma 10, there exists a sequence
{gn} C G(K)Ry such that lim,—,~c gn = g. We take a neighborhood AU of g as in
Lemma 4 and may assume that {g,} C U. Since g, € G(k)R1, Xp(gn) consists
of a single element wx(y, ), where y, € G(k). From g, € AU, it follows that
x (y,) € Xo(g) for all n. Since X¢(g) is a finite set, we can take a subsequence
{gn; } such that Hx()/nj) =nx(y) € Xg(g) forall nj. Then {g,,} C Y 'Ry, and
g is contained in the closure of y~!R;. O

For g € G(A)!, we put
So(g) =nx({y € G(k): yg €R[}).
By Lemmas 6 and 12, Sp(g) is a nonempty subset of X (g).

Lemma 13. For gg € G(A)!, there is a neighborhood O of go in G(A)! such that
So(g) C So(go) forall g €.
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Proof. Let AU be a neighborhood of gg such that Xo(g) C Xo(go) for all g € U.
Since go € y ! R} for any mx (y) € Xp(go) \ So(go), we can take a sufficiently
small A so that U N y~! Ry = forall mx (y) € Xp(go) \ Sp(go). Then, for any

g €U, Sp(g) N Xo(go)\ So(go) is empty; that is, Sp(g) C Sp(go). O

Remark. We do not know whether R] = R holds or not in general. If it does, then
So(g) = Xp(g) holds for all g.

5. A fundamental domain of G(A)! with respect to G(k)

Definition. Let 7" be a locally compact Hausdorff space and I" be a discrete group
acting on 7" from the left. Assume that the action of I" on T is properly discontinuous.
An open subset 2 of T is called an open fundamental domain of 7" with respect to
I" if Q satisfies the following conditions:

(1) T =TQ™, where 2~ stands for the closure of 2 in T', and
2 QnyQ~=gify eI\ {e}.

A subset F of T is called a fundamental domain of 7" with respect to I' if there is
an open fundamental domain 2 as above such that Q CF C Q7.

By Baer and Levi’s theorem [1931] (see also [van der Waerden 1935, §10]),
an open fundamental domain of 7" with respect to I' exists if the set of points
stabilized by some nontrivial element of I" is discrete in 7'. Thus there exists an
open fundamental domain ¢ of Ry with respect to Q (k). For a given subset A
of Ry, A° and A~ denote the interior and the closure of A in G(A)!, respectively.
Since R7 is closed in G(A)!, the closure of A in R} coincides with A™.

Lemma 14. Let Q¢ be an open fundamental domain of R with respect to Q (k).
Then one has Q"Q = Qo NRy and Qé =(QgNRy)™.

Proof. Since €2 ¢ is an open set in R} with respect to the relative topology, there is an
open set AU in G(A)! such that Qo =R NAU. Therefore, 29 NR; =UNRy is open
in G(A)!, and hence Q"Q = Qo NRy. Since Ry is dense in R and €2 g is relatively
open in R, the closure of £ MRy in R} contains Q ¢, thatis, Qg C (29 NRy)™.
Hence Qé =(QoNRy)™. O
Theorem 15. Let Q2 g be an open fundamental domain of Ry with respect to Q (k).
Then Q"Q is an open fundamental domain of G(A)! with respect to G (k).

Proof. From R7 = Q(k)Qé and Lemma 12, it follows G(A)! = G(k)Qé. For
y € G(k), we assume Q"Q N )/Qé # &. By Lemma 11, y is contained in Q (k).
Since Q¢ is an open fundamental domain of R} with respect to Q(k), y must be
equal to e. O

For a given subset 4 of G(A)!, we denote by 94 the boundary of A.
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Lemma 16. If go € Ry arttains a local maximum of mg, then go is in oR7.

Proof. Suppose go € Ry. Since Ry is open, zgo is contained in Ry if z € Zg(A) is
sufficiently close to e. Then

mgo(zg0) = Ho(z80) = Ho(2) Hg(go) = Ho(2)mgp(go).

Since Hg(z) can vary on the interval (1 — €, 1 + ¢€) for a sufficiently small € > 0,
mg (go) is not a local maximum of my,. d

Since (Qé)° = S2°Q C Ry, the following theorem immediately follows from
Lemma 16.

Theorem 17. Let Q¢ be the same as in Theorem 15. If go € Qé attains a local
maximum of mg, then gg is in BQQ NoR7.

Remark. A point gg € G(A)! is said to be extreme if g¢ attains a local maximum
of my. By Theorem 17, any extreme point is contained in G(k)(BQé NAJRY). A
candidate of the notion analogous to perfect quadratic forms is the following: a
point g € G(A)! is said to be Q-perfect if there is a neighborhood 9 of g such that

an () §'Ry ={g}
nx (8)eSo(g)

6. The case when G is of class number one

We put Ky = [[ge,, Kos Ga,oo = Glkoo) X Ky, Gj o = Gaoo N G(A)! and
Go = G(k) N Ga,00- By identifying G(kso) with the subgroup

1(goc) € G(A): g =eforallo € pr}

of G(A), we put G(koo)! = G(koo) N G(A)!. The number 7, (G) of double cosets
in G(A) modulo G(k) and Ga, is called the class number of G. For example,
nk(GLy) is equal to the class number of k. If G is almost k-simple, k-isotropic
and simply connected, then n,(G) = 1 by the strong approximation theorem. In
this section, we assume that n,(G) = 1. Then G(A)! = G(K)Gy . Let hg
be the number of double cosets of G(k) modulo Q(k) and G,. By [Borel 1963,
Proposition 7.5], h g is equal to the class number of Mg. Let{§1 =¢,82, ... ,§p,}
be a complete system of representatives of Q(k)\G(k)/G,. For each §;, we define

Re 00 = {goo € G(koo)1 : mQ(goo) = HQ(i:igoo)}-
Since G (k) is a disjoint union of Q(k)§; G, fori =1, ... o, mp(gso) equals

min min Hop(&§ .
1<i<hgp §€G, Q(gl goo)
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ho

Lemma 18. R=]| | 00& Ry, 00 x Ky).
i=1

Proof. For each i, Q(k)&; (Rg; 0o X Kr) C Ris trivial. Since

ho
GAY' =] | Q&G o
i=1
by [Borel 1963, §7], a given g € R is represented as g = y§; (goo X &) for some
i,y € Q(k)and goo X g € GA’OO. Then my(g) = Hp(g) implies mp(goo) =
Hg(§igo0). Therefore, goo € Re; oo d

We write Q; for the conjugate &~ L& of Q. This Q; is a maximal k-parabolic
subgroup of G. We put Q; , = Q;(k) N Ga,c0-
Lemma 19. If g(Rg; oo X Kr) N (Rg; oo X Kr) is nonempty for g € Q;(k), then
g€ Qi,o-
Proof. If there is an h € Rg, o, X K¢ such that gh € R¢; o, X K, then

g c (Réi,oo X Kf)h_l C Ga,o0- ]

It is easy to prove that the group Q; . stabilizes R, o, X K¢ by left multiplication.
We fix a complete system {y; ; }; of representatives of Q;(k)/Q; . It follows from
Lemma 19 that y,; (Re; 00 X Kf) Ny (Rg; 00 X Kf) = @ if j # k. Therefore, we
obtain the following subdivision of R:

ho
(1) R=| || ]&7i;,(Re .00 x Kp).

i=1 j

Let Rg be the interior of R, o, and R* o the closure of Rg in G(keo)!. Since

I

the union of (1) is disjoint, it is obvious that

ho
) Ry = ||| |&vi; RE oo x Kp).

i=1 j
Proposition 20. Let Q; o be an open fundamental domain of R; oo With respect
to Qjofori =1,... hg. Then the set

ho

Q=] |&(QicoxKy)

i=1

gives an open fundamental domain of Ry with respect to Q (k).
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Proof. Let Q7 denote the closure of 2; o in G (koo)!. For g € O(k), we assume
QNgQ~ # @. Then, for some i, j,

3) €i (2,00 X Kr) N g&j (2 o x Ky) # 2.
There exist Yik and 6 € Q;, such that §j_1g§j = yij. Then (3) is the same as

§i (Qi,00 X Kf) NEjy; (02 o X Ky) # 2.

By (1), we have i = j, y; = e and Qj0 N 62 o # @. Since Qj oo is an

open fundamental domain of R} o With respect to Qj o, § must be equal to e.
yE

Therefore, 2 N gQ™ # & implies g = e. Finally, Q(k)2™ = Ry follows from (2)

and Q,-,OQEOO = R;’oo. O

By Theorem 17, we obtain the following.

Corollary 21. If go € Q2™ attains a local maximum of mg, then g¢ is contained in
the set

ho
|_| £ (09 00 NORE, ) X Kr).

i=1

We consider the infinite part 2o, of €2 given in Proposition 20, that is,

ho
Qoo = U EiQi,oo-

i=1

Let Q2 and Q2 be the interior and the closure of Qoo in G (keo) !, respectively. The
projection from G(A)! = G(k)G&’oo to the infinite component G(keo)! gives an
isomorphism G (k)\G(A)! /K = Go\G(koo)!. Since Q is a fundamental domain
of G(A)! with respect to G(k) by Theorem 15, we have G,Q5, = G(koo)!.

Corollary 22. If hg = 1, then Qoo is a fundamental domain of G(keo)! with
respect to G,,.

Proof. Since Qo0 = Q1,00 is a relatively open set in R} ., we have QF, =

Qo0 NR oo Thus the closure of 28, coincides with Q. If 5, N gQ, # @ for
g € G, then (23, x K¢) N g(R2g, x Ky) # & because gKy = K. This implies
g = e since Q3 x Ky is an open fundamental domain of G(A)! with respect to
G (k). O

7. Examples

Example 3. Let G be a general linear group GL,, defined over (. We continue an
illustration given in Examples 1 and 2. We fix an integer k € {1, ... ,n —1}, and
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let

0(Q) = { (g Z) :a € GLy(Q), b € Myn1(Q), d €GL, (@)} .

Since hg =1, we have §; =e and Q1 = Q.

Let P, be the cone of positive definite n by n real symmetric matrices, and
let P! be the intersection of P, and SL,(R). The group G(Qs) = GL,(R) acts
on P, from the right by (4, g) — A[g] = ‘gAg for (A, g) € P, x G(Qo). The
maximal compact subgroup K of G(Qx), defined as in Example 2, stabilizes the
identity matrix I, € P,,. The map 7 : g — ‘g7 1g~! from G(Q4) onto P, gives
an isomorphism between G(Qe0)/ Koo and Py,. Since

G(Qoo)! ={g € G(Qs) : detg = £1},

we have G(Qoo)!/ Koo = 7(G(Qx0)') = P). An element A4 € P, is written as

A= I, O v O\ (I u
S\ L )\Ow)\O I,_+)

where v € Py, w € P,_g and u € Mg ,—k (R). We write ug, Alkl and App—g for u,
v and w, respectively.

By definition, Gz = G(Q) N Ga,0 and Q7 = O(Q) N G o are just the groups
GL,(Z) and Q(Q) N GL,(Z) of unimodular integral matrices in G(Q) and Q(Q),
respectively. As in Example 2, X, stands for the n by k matrix consisting of the
first k-columns of y € Gz, and M,, x(Z)* stands for the set of X y forally € Gz.
We define the closed subset F, ;. of P, as follows:

Foi = {4 € Py det A < det("XAX) for all X € M, 1 (2)*}.
In Example 2, we showed
Ho(yg) = det("X,-17(2)X,—1)"*
for any y € Gz and g € G(Qq)!. Since Hgp(g) = (detn(g)[k])n/zr, we obtain
Re,00/ Koo = m(Re,00) = Fp x N SLy (R).
Therefore, Q7\Re, 00/ Koo is isomorphic to (F, x N SL,(R))/Qz. If y € Q7 is of

the form
_f(a b
Y=o d

with a € GLy(Z), d € GL,,_¢(Z) and b € M, ,—(Z), then components of “y Ay
for A € P, are given by

_ k
Uty g4y =a Yuyd +b), (t)/Ay)[ 1 ta Ay, (tyAy) tdA[n_k]d.

[n—k] —
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Let © and € be arbitrary fundamental domains for the quotients Py /GL (Z) and
Pn—k/GL,_k(Z), respectively. We define the subset F,, x (D, €) of F, x as

For(®,€)={AeF,: A e®, 4, pee,

ug = (uij), —% <ujj < % for alli, j, and0 < wuq1}.

Since F, x (D, €) is a fundamental domain of F, ; with respect to Q7, the inverse
image n_l(Fn’k (D, €) N SL,(R)) of Fpy (D, €) N SL,(R) gives a fundamental
domain of R o with respect to Q7. As a consequence of Theorem 15 and
Proposition 20, the set

7 Fpk (D, €) NSL,(R) x K

gives a fundamental domain of G(A)! with respect to G(Q). Moreover, from
Corollary 22, it follows that F,, 3 (D, €) is a fundamental domain of P,, with respect
to GL, (2).

In the case of k = 1, this gives an inductive construction of a fundamental domain
2, of P, with respect to GL, (Z) as follows. First, put 22 = F5 1(P1, P1). By def-
inition, €25 is Minkowski’s fundamental domain of P,. Then we define inductively
Q3 =F3,1(P1,R22), ..., 2y =Fy,1(P1,2,-1). The domain 2, coincides with
Grenier’s fundamental domain [1988].

Finally, we show that, in the case of k = 1, R, 00/ Koo corresponds to a face of
the Ryshkov polyhedron R(m) = {A € Py :m(A) = mingxyezn xAx > 1}. For
A € Py, let S(A) denote the set of minimal integral vectors of A:

S(A) ={x €Z" : m(A) = 'xAx}.

We take e; = (1,0, ... ,0) € Z". It is obvious that the subset {4 € P, : e, €
S(A)} of P, coincides with F, ;. As was shown in [Watanabe 2012, Lemma 1.5],
Fley =FnaN dR(m) = {4 € Fy,1 : m(A) = 1} is a face of R(m). It is easy to
see that the map A — m(A)~! A gives a bijection from F, 1 N SL,(R) onto Fle }
Therefore, Re 00/ Koo & 7(Re,00) corresponds to Fy, e

Example 4. Let k be a totally real number field of degree r and n = 2m be an even
integer. We consider a symplectic group

G(K) = Sp,(k) = { g € GLam(K) : ‘g (z?n _ém) £ (I(r)n _ém)} '

For a fixed k € {1,2, ... ,m}, let Q denote the maximal parabolic subgroup of G
given by

Q(k) = U(k)M (k).
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where
a O 0 0
0 b11 0 b12 a EGLk(k),
M) =<6(a,b) = _ :
W=10@D =10 0 w1 0 | * b= b)) € Spamry®
I, * *
_ 0 Iy * 0
Uk) = 0 0 I 0 € G(k)
0 0 * Ly i

The module of k-rational characters X * (M), of M is a free Z-module of rank 1
generated by the character

8o (8(a. b)) = deta.

The height Hp : G(A) — Rxg is given by Hp(g) = |deta|g1 if g =ué(a,b)h
with u € U(A), §(a,b) € M(A) and h € K.
We restrict ourselves to the case k = m. An element of M (A) is denoted by

a 0
8(a) = (0 ’a_l) , a€GLy,A).
Let
Hn ={Z e Mm(C) : 'Z=2Z, ImZ € Py}

be the Siegel upper half space and H}, the direct product of r copies of H,,. For
Z =(Zs)oepos €H},, ReZ, ImZ and det Z stand for (ReZs)geps, IMZs)oepos
and (det Z4)gepy, » respectively. The group G(keo) acts transitively on H}, by

g(Z) = ((aozo +bo)(coZo + da)_l)
for Z = (Z,) € H;, and

0 €pco

ag b
g=1(g0)= ( ¢ da) € G(keo).
Co Qg 0€poo
The stabilizer Koo of Zog = (V—11p, ..., v/—11p) € H, in G(ks) is @ maximal

compact subgroup of G(keo). We choose K as Koo X ]_[Gepf Sp,,(0s). The map
T 8oo F> &(Zo) from G(keo) onto H, gives an isomorphism G (keo)/ Koo = HJ,,
and hence G(k)\G(A)/K = G,\H},. Since Im{(u8(a)h){Zo)} = a'a holds for
U € U(koo), a € GL;, (ko) and 1 € Koo, We have

—1/2
Ho(go0) = Nry_ ym(detIm{goo(Zo)}) ™% = ( [1 detlm{gaw—_um)})

0 €poo

for any goo = (g0) € G(keo), where N1, __ /g denotes the norm of ke, over R.
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The class number hg of M = GL,, defined over k is equal to the class number
hy of k. We assume &, = 1 for simplicity. Then G(k) = Q(k)G, and G(A) =
0(k)Ga,00, and hence

mQ(goo) = min HQ(Vgoo)~
v€G,
Since

N /r(detim{y(Z)}) = [] |det(o(c)Zo + 0(d))|*Nry_, /p(det ImZ)
for Z = (Zy) € HY,, and T €Poo

y=(7 ) €Go=5p,00.

the condition mp (g00) = Hp (g0) Of oo 1s equivalent with the following condition
of Z = goo{Zo):

[T ldetc(©)Zs +o(@)| =1  forall (: ;) € Go.

0 €pco

Therefore, the domain R, o, modulo K4, is isomorphic to

F=:(Zs)eH,, : l_[ |det(o(¢)Zs +0(d))| > 1 for all (* :;) € Go} .
0 €pco ¢
Let € be an arbitrary fundamental domain of the additive group My, (kso) With
respect to My, (0), and let © be an arbitrary fundamental domain of P}, with respect
to GL,, (0). It is easy to see that

F(C€,D)={Z€cF:ReZ e, ImZ € D}

is a fundamental domain of F with respect to Q,. By Corollary 22, F(&,D) is a
fundamental domain of HJ, with respect to G,.

If k = @ and ® is Minkowski’s fundamental domain, then F(€, ®) coincides
with Siegel’s fundamental domain [1939].

Acknowledgments. The author would like to thank Professor Takahiro Hayata
for useful discussions.
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