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DISJOINTIFICATION INEQUALITIES IN SYMMETRIC
QUASI-BANACH SPACES AND THEIR APPLICATIONS

SERGEY ASTASHKIN, FEDOR A. SUKOCHEV AND DMITRIY ZANIN

We demonstrate the relevance of the Prokhorov inequality to the study of
Khintchine-type inequalities in symmetric function spaces. Our main result
shows that the latter inequalities hold for a pair of quasi-Banach symmetric
function spaces X and Y if and only if the Kruglov operator K acts from X
to Y. We also obtain an extension of von Bahr-Esseen and Esseen—Janson
L ,-estimates for sums of independent mean zero random variables to the
class of quasi-Banach symmetric spaces. In particular, in contrast to the
well-known Esseen—Janson theorem, we do not assume that the summands
are equidistributed.

1. Introduction

The classical Khintchine inequality [1923] describes the span of independent
centered {%1}-valued Bernoulli random variables in quasi-Banach L ,-spaces.
A particular case of the latter sequence is given by the Rademacher functions
ra(t) ;= sgnsin(2"xt), t € [0,1), n = 1. In this case, for all p € (0,00) the
sequence {ry |52 | in the Ly-spaces on the interval (0, 1) (equipped with Lebesgue
measure /1) is equivalent to the unit vector basis {e, }72 ; of /3. A famous extension
of this inequality to a more general case of random variables was given later by
Marcinkiewicz and Zygmund (see [1937, Theorem 13, p. 87] and [1938, Theorem 5,
p. 109]): for every 1 < p < oo there are constants A, > 0 and B, > 0 such that
for any n € N and for an arbitrary sequence of independent mean zero random
variables ( fx)xen from L,(0, 1) we have

In the special setting of Banach symmetric function spaces Johnson and Schecht-

(1) 4, <B,

p

=
p p

man [1988] proved a far reaching generalization of the Marcinkiewicz—Zygmund
inequality (1). More precisely, they established that if such a space X is either
separable or has the Fatou property (for the relevant definitions see the following
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section) and the lower Boyd index of X is strictly positive, then (1) holds (even
for a more general case of martingale differences). Later on, Astashkin [2008]
showed that inequality (1) holds in a Banach symmetric space X if and only if
X satisfies the so-called Kruglov property. The latter property, introduced by
Braverman [1994], has its origin in a remarkable result due to Rosenthal [1970] that
for sequences { f}°2 , of independent mean zero random variables in L, (0, 1),
p = 2, the mapping f, — fu(t—n+1)X[n—1,2) (1), t €R, extends to an isomorphism
between the closed linear span [ /]2, (taken in L, (0, 1)) and the closed linear
span [ fu(t —n+ 1) X[n—1,n]—, (takenin L, (0,00) N L3(0, 00)). The main focus
of the present paper is to establish optimal conditions on a quasinormed symmetric
function space in which inequalities of the type (1) hold. Our techniques are
centered around the so-called Kruglov operator, a natural generalization of the
Kruglov property, which was introduced in [Astashkin and Sukochev 2005] (see
also [Astashkin and Sukochev 2010]). The usage of this operator allows us to
make a straightforward connection between sums of independent random variables
and their disjoint translates. Another major ingredient of our approach consists in
utilizing Prokhorov’s famous inequality [1959] (see also Theorem 17 below) which
allows us to treat the problem in the full generality.

Using our present method, we also provide a far-reaching extension of the well-
known von Bahr-Esseen and Esseen—Janson L ,-estimates for sums of independent
mean zero random variables (see [von Bahr and Esseen 1965] and [Esseen and
Janson 1985]). We extend inequalities of such type to the class of quasi-Banach
symmetric spaces, and, at the same time, we do not assume that the summands are
equally distributed (which is in strong contrast with Esseen and Janson’s approach
[1985, Theorem 4]). Note that earlier, Braverman [1994, § I1.2] generalized the von
Bahr-Esseen inequality to (Banach) symmetric spaces with the Kruglov property.

2. Preliminaries

2.1. Quasi-Banach spaces. Let X be alinear space over the field of real numbers R.
A function || - ||x : X — R is called a quasinorm if the following conditions hold:

@ |lx+yllx = C(lxllx + |yllx) for every x, y € X and some constant C > 0.
(b) |lex|lx = |c|- ||x||x for every x € X and ¢ € R.
(©) |Ix|lx = 0. Moreover, ||x||x = 0 if and only if x = 0.
The least of all constants C satisfying condition (a) above is called the modulus of
concavity of the quasinorm || - ||x and is denoted by C(X).
If X is a linear space over R and if | - ||x : X — R is a quasinorm, then

X = (X, | - llx) is called a quasinormed space. If every Cauchy sequence in a
quasinormed space X converges, then X is called a quasi-Banach space.
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For example, L,(0,1) and L,(0,00), 0 < p < 1, are quasi-Banach spaces with
modulus of concavity C(p) = C(Lp) = 21/p=1,

Recall that a quasinorm || - ||x in X is said to be a p-norm, 0 < p < 1, if for any
X1, X2 € X we have

lx1 +x2 )% < Ixill% + Ix20%-

By the Aoki—Rolewicz theorem [Kalton et al. 1984], for any quasinorm || - ||x there
exists 0 < p < 1 such that || - ||x is a p-norm.

2.2. Symmetric function spaces. We are interested in those quasi-Banach spaces
which consist of Lebesgue-measurable functions either on (0, 1) or on (0, 00).

For a Lebesgue-measurable, a.e. finite function x on (0, 1) (or (0, 00)) we define
its distribution function by

dx(s):=m{t: x(@)>s}), seR,

where m stands for Lebesgue measure. Let S(0, 1) (respectively, S(0, c0)) denote
the space of all Lebesgue-measurable functions x on (0, 1) (respectively, on (0, c0)
with d||(s) < oo for sufficiently large s).

Two measurable functions x and y are called equimeasurable (written x ~ y) if
their distribution functions d and dy, coincide. In particular, for every measurable
function x, the function |x| is equimeasurable with its decreasing rearrangement
x*, defined by the formula

x*(t) :=inf{r >0 : djy(x) <1}, ¢>0.

If x, y >0, then x* = y* if and only if x and y are equimeasurable. We recall that
a function Xx is said to be symmetrically distributed if x and —x are equimeasurable.

As it is traditional in probability theory, we denote by ¢ the characteristic
function of an element x € S(0, 1); that is, ¢x(¢) = fol e!1X) g Recall that
functions x, y € S(0,1) are equimeasurable if and only if their characteristic
functions ¢ and ¢, coincide.

Definition 1. Let X C S(0, 1) (or X C S(0, 00)) be a quasi-Banach space.

(a) X is said to be a quasi-Banach function space if, from x € X, y € S(0, 1) (or
y € §(0,00)) and |y| < |x]|, it follows that y € X and || y|x < ||x|x.

(b) A quasi-Banach function space X is said to be symmetric if, for every x € X
and any measurable function y, the assumption y* = x* implies that y € X’

and [|y[lx = [lxllx-

Without loss of generality, in what follows we assume that || x(o,1)l|x = 1, where
x £ denotes the indicator function of a Lebesgue measurable set E.
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The following assertion is well known in the Banach-space setting (see, for
instance, [Lindenstrauss and Tzafriri 1979, Proposition 1.d.2]). For the reader’s
convenience, we provide a short proof.

Lemma 2. Let X be a quasi-Banach function space. If 0 < x and y € X, then
/2. ,1/2

1o 21y < COONE 21

Proof. 1t is easy to see that

(xy)l/2 < %(Qx +671y), 6>o0,

and, therefore,
C(X)
2

Taking the infimum over all 8 > 0, we infer

1) V3| < Olxlx + 6" 1y lx)-

1) 2 lx < COOXIY 212 m

Let X be a quasi-Banach symmetric function space and let x, € X, n € N, be
such that sup,,cp || Xr|lx < oo and x,, — x almost everywhere. If, for every such
sequence, we have x € X and || x| x <liminf,— s ||Xn|x, then X is said to satisfy
the Fatou property.

Suppose that X is a separable quasi-Banach symmetric space on (0, 1). Denote by
X the set of all x € S(0, 1) such that limg—s 4 oo || [||]allx < 00, where [|x|]q := |x|
if |x| < a and [|x]]s := 0 if |x| > a. The set X, equipped with the norm x|l :=
limg— +o00 || [|1X]]allx, becomes a quasi-Banach symmetric space with the Fatou
property. Moreover, X embeds isometrically into X. It can be easily checked that
for every quasi-Banach symmetric space X on (0, 1) the continuous embedding
X D Lx(0,1) holds. Then, the closure of Lo (0,1) in X, denoted by Xj, is
a separable quasi-Banach symmetric space with the norm || - ||y whenever X #
L(0,1).

If T > 0, the dilation operator o7 is defined by setting o;x(s) = x(s/7), s > 0,
in the case of the semiaxis. In the case of the interval (0, 1), the operator o7 is
defined by
x(s/t) ifs <min{l, t},

0 fr<s=<1.

orx(s) = {

Below we shall often consider the probability product space

(Q,P):= [0, 1), myp),

k=0

(my, is the Lebesgue measure on (0,1), & > 0). Observe that in an arbitrary
symmetric space the norms of any two elements with identical distribution coincide.
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Hence, using a one-to-one measure-preserving transformation between measure
spaces (€2, P) and ((0, 1), m), we will identify an arbitrary measurable function
x(w) = x(wg, w1, ...,wn,...)on (2, P) with the corresponding element from
S(0, 1). Since a particular form of the measure-preserving transformation used in
such identification is not important, we completely suppress it from the notations.
Thus, we will view the set Q as (0, 1) and any measurable function on (€2, P) as a
function from S(0, 1) and vice versa. A reader interested in more details of such
identification is referred to [Astashkin and Sukochev 2010].

Let x4, k = 0, be elements from S(0, 1) and let y; € S(0, 00), k > 0, be their
disjoint copies; that is, x; ~ yy for all k£ > 0, and y; y,, = 0 if [ £ m. For the
function ) ;- yk, which is frequently called the disjoint sum of xy, k > 0, we
shall use the suggestive notation @) -, Xx. It is important to observe that the
distribution function of a disjoint sum € >, X does not depend on the particular
choice of elements yg, k > 0. In the special case when Y ; _; m(supp(xg)) <1,
n €N, it is convenient to view the sum @, -, Xk as a measurable function on (0, 1).

The following useful construction was introduced in [Johnson et al. 1979] (see
also [Lindenstrauss and Tzafriri 1979, 2.f]). If X is a quasi-Banach symmetric
function space on (0, 1) and 0 < p < oo, then the set Z )1; consists of all 1 € .S(0, co0)
such that

1/l z2 == 11/ xo,nllx + I min{ /™, f*(D)}Hp < oo
It can be easily checked that the functional || - || z2 is a quasinorm on Z )1}.

2.3. Kruglov operator and Kruglov property. The Kruglov property was intro-
duced by Braverman [1994] when he compared sums of independent functions with
sums of their disjoint copies in (Banach) symmetric spaces. Such terminology stems
from related probabilistic constructions, due to Kruglov [1970], used in the study of
infinitely divisible distributions (e.g., in analysis of the classical Levy—Khintchine
formula).

Let x € S(0,1). By m(x) we denote the random variable Zf\;l xi, where x;,
i =1,..., N, are independent copies of x and N is a random variable having Pois-
son distribution with parameter 1 and independent with respect to the sequence {x;}.

Definition 3. A quasi-Banach symmetric space X on (0, 1) is said to have the
Kruglov property (X € K) if from x € X it follows that 7(x) € X.

Simplifying the situation, the Kruglov property holds for spaces sufficiently
“remote” from the space L (0, 1). For example, if a symmetric Banach function
space X contains L, (0, 1) for some p < 0o, then X possesses the Kruglov property
(see, e.g., [Braverman 1994, Theorem 1.2] or [Astashkin and Sukochev 2010]). For
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a more precise characterization of various classes of (Banach) symmetric function
spaces possessing the Kruglov property, we refer the reader to [Astashkin and
Sukochev 2005; 2007; 2010; Braverman 1994].

Now, we recall the definition of the Kruglov operator, which can be viewed
as a natural generalization of the notion of the Kruglov property. Let {By}>>
be a fixed sequence of mutually disjoint measurable subsets of (0, 1) such that
m(By) = 1/(en!). Define the operator K : S(0, 1) — S(0, 1) by setting

Kx(@):= )Y x(wx)xs, (o).

n=1k=1

It is not difficult to see that

2) Prx(1) = x(x) (1) = exp(x (1) — 1), 1€R.

Therefore, by the definition of the Kruglov property, a quasi-Banach symmetric
function space X has the Kruglov property if and only if the operator K acts
boundedly in X'. Though the following crucial theorem originated in [Astashkin and
Sukochev 2005], the first explicit statement (with a proof) appeared in [Astashkin
et al. 2011].

Theorem 4. If a sequence {xy};_, C S(0,1), n € N, consists of disjointly sup-
ported functions, then the sequence { Kxy }y _, consists of independent functions.

We will need also the following assertion, which is an immediate consequence
of [Astashkin and Sukochev 2010, Theorem 15].

Theorem 5. If X is a separable quasi-Banach symmetric space on (0, 1) such that
K:X—X,thenK: X — Xand |K|x-x =Klz_ %

3. Disjointification inequalities for positive functions

We will use the following approximation to the function Kx, where x is an arbitrary
measurable function on the interval (0, 1). For every n € N define the operator
H,:S5(0,1) - S(0, 1) by the formula

n
3) Hyx(@) =Y _(01/nX)(@p).
k=1
The following result is well known (see the proof of Lemma 1.6 in [Braverman
1994] or of Theorem 22 in [Astashkin and Sukochev 2010]). However, we present
its proof for the reader’s convenience.

Lemma 6. The sequence of functions { Hyx} 2

distribution.

| converges to the function Kx in
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Proof. It is not difficult to see that ¢ppr, x = ¢J nx- On the other hand,

L 1 1
¢61/nx(z) _ /0 eltO’l/nX(S) ds = (1 — _) + Z(px(t)_

n

Therefore, by (2), we obtain

¢x —1Y"
¢an =1+ " —exp(px — 1) = dxx-
Since the convergence of distributions follows from the convergence of characteristic
functions [Borovkov 1998, Theorem 6.2.1], the result follows. O

Theorem 7. Let X and Y be quasi-Banach symmetric spaces on (0, 1) and let Y
have the Fatou property. Suppose that there exists a positive constant C > 0 such
that for every sequence of nonnegative independent functions {xy, }Z=1 CX,neN,
with Y g —, m(supp(xx)) < 1, we have

n

>

k=1

n

D

k=1

<C-
Y

“)

X

Then the operator K maps X into Y and | K||x—y < C.
The assertion remains valid under the assumption that the inequality (4) holds
for X =Y ,where X is a separable quasi-Banach symmetric space.

Proof. For every x € X, let us define xx(w) = (01/,Xx)(wk), ® € Q. It follows
from the definition of disjoint sum that

n
@xk ~x forevery neN.
k=1

Therefore, applying (3) and (4), we obtain || H,x| r < C||x| g. Furthermore, by
Lemma 6, the sequence { H,x},>1 converges to the function Kx in distribution
when n — oo and hence (Hy,x)* — (Kx)* almost everywhere on (0, 1). Since Y
has the Fatou property, it follows that Kx € Y and || Kx|y < C|x|x.

Suppose now that X is a separable quasi-Banach symmetric space such that
(4) holds for every sequence of nonnegative independent functions {xx}y _; C X
such that 7 _; m(supp(xx)) < 1, n € N. From the definition of the space X
(see Section 2), it follows that a similar inequality with the same constant C holds
also for every sequence of nonnegative independent functions i, C X with
> %=1 m(supp(xg)) < 1, n € N. Therefore, since X has the Fatou property, by
the first part of theorem, we conclude that K : X — X and || K|| 737 =C. An
application of Theorem 5 completes the proof. O
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Our next purpose is to establish the main result of this section (Theorem 16),
which is in a sense converse to the assertion of the preceding theorem. The first
step in its proof is Proposition 9 below. We also need some preparatory results.

Lemma 8. For every positive x € S(0, 1), we have 01 /,x* < (Kx)*.

Proof. Let By, n > 1, be the sets from the definition of the Kruglov operator K.
Since the By, are pairwise disjoint and

Z m(By) = _1 l

we may select a measurable set B C | J,,>; By such that m(B) = 1/2. It is clear
that (Kx)(w) = x(w1) xB(wg) for every w € Q. Since the function x (w1) xg(wo)
is equimeasurable with the function o ,,x*, the assertion follows immediately. []

Proposition 9. Suppose that the operator K maps boundedly X into Y, where
X and Y are quasi-Banach symmetric spaces on (0,1). If {xx}7_,,n €N, isa
sequence of independent functions from X and if ¥y _, m(supp(xg)) < 1, then

n

D ¥

k=1

n

D

k=1

=2CM)[IKlx—y
Y

X

Proof. Without loss of generality, it may be assumed that x; >0, 1 <k <n. Let
Yk € S(0, 1) be pairwise disjoint copies of xz, 1 <k <n. By Theorem 4, the se-
quence {Kyy }7_, consists of independent functions. Observing that K (DBr—1 xx)
is equimeasurable with Y 7_; Kyx, and the latter is equimeasurable with the
function Y 7 _; (Kxg)*(wy), we arrive at

Z Kyk

n

Z(ka)*(wk)

k=1

n

D

k=1

< |Klx->y

X

By Lemma 8, we have
n n
Y 1250 (@) < Y (Kxp) (@p),

and, therefore,
n

D

k=1

&)

= IKllx—>y
Y X

For an arbitrary k € N, let x(l) and x(z) be disjointly supported elements of

S(0, 1) equimeasurable with the functlon 01 /zx;:. A moment’s reflection shows
that the sum x,(cl) + x](cz) is equimeasurable with the function xl’:, k € N. Hence, the
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n
function ) xj is equimeasurable with the sum yo + y;, where
k=1

n
yi):= > xPD(wp), =01,
k=1

which immediately implies

n n
D xi| =lyotyilly <CO)yolly+lIyilly) <2CX)| > o172 (wx)
k=1 'Y k=1 Y
The assertion follows now from inequality (5). O

Our next objective is to omit the assumption Yy _; m(supp(xx)) < 1. The
main step is a disjointification inequality for bounded functions obtained below in
Proposition 14. Let us start with some technical lemmas.

Lemma 10. Let

1
Sk = —‘, k eN
— en
Then 4k sy > s for every k € N.
Proof. Clearly,
(k +1)? (k +1)? 1 k+1 1
4k > 7 > . = . )
Sk+1 = e ) VA Sy
On the other hand, since k! (k + 1)" < (k + n)!, we have that
k+1 11 1
k ekl e-k! 1—1/(k+1)
1 1 1 = 1
= 1 . > —_— |
e~k!( +k+1+(k+1)2+ )_;e-n!

By the definition of the Kruglov operator, the function Kx[o,1] has the Poisson
distribution with parameter 1. Let

t
Vol() 5:/0 (KX[Q,l])*(S)dS.

It is clear that K : Loo(0,1) — My, and ||K||Loo—>Mw0: 1. Here My, is the
Marcinkiewicz space consisting of all elements x € S(0, 1) such that

fot x*(s)ds
Ixllat,, == sup =———— <
07 ozt Yold)
Lemma 11. The following inequality holds:

!
1n M 2 l
o<t<l—1/e Yo(?) 4
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Proof. Let s; be as in Lemma 10. Since w(’) = (Kx[0,1])* is a Poisson random
variable with parameter 1, it follows that

V() =k forallt € (sgy1,5%), k €N.

Therefore,
Sk+1 S n ©
= [ viodi= Y =Y s ke
0 e-n! e-n!
n=k+1 n=k

Now, let 0 < < 1—1/e. Then ¢ € [sg1.5;) for some k > 1, and so ¥ (¢) = k.
Since ¢ is concave, the function ¢ /vy (¢) increases. Therefore, by Lemma 10,
o)kt ksger ksgen 1
Vo) Yol) ~ Volsk+1) sk 4

Lemma 12. If Y is a quasi-Banach symmetric space on (0, 1) such that the operator
K maps Loo(0,1) into Y, then Y D My, and

O

Ixlly =8CT) lIxlm,,  IKllLosy. X €My,

Proof. It follows from Lemma 11 that
1 ! tx*(1r)
Ixllar, = sup ( / x*(s)ds)z sup ( )
"0 o<1t \Wo(@) Jo o<t<1/2\ Yo(?)
1Yy (t *(t 1 *(t
> inf ( Wo()). sup (x,())z— sup (x/()).
o<t<1/2\ Yo(1) ) o<i<1/2\ V() 4 0<r<172\ V(1)

X*(0) < dllxllagy, Vo). 0<r<1,

Therefore,

whence
x*(1) < oax*(1) < 4||x||MwO02w(’)(t), 0<t=<l.

Combining the last inequality with the obvious equalities

1K ooy = I Kxpo,11lly = o lly.

we obtain

Ixlly < lloax*lly <4llxllag, lloavolly =8 C)lxlay, IKlLe—y. O

In the following lemma, we use the classical notion of majorization. Let 0 <

x,y € L1(0,1). We write y < x if fot y*(s)ds < fé x*(s)ds forall t € (0,1) and
fol y*(s)ds = fol x*(s)ds.
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Lemma 13. Let {x;}y_, and {yr}y_,, n € N, be sequences of positive and inde-
pendent functions from L1(0,1). If yi < x for each k, then

n n
D VK= )
k=1 k=1
Proof. Define the functions x, y € L1(0, 1) by setting

x(@) =) xp(@r),  y@):=" yi(wp).
k=1

k=1

It follows from the assumption that for every 1 < k < n there exists a bistochastic
operator A (on L{(0,1)) such that Agx; = y; [Bennett and Sharpley 1988,
Proposition 3.2.9]. A moment’s reflection shows that the operator 4 := @y _; Ax
is a bistochastic operator on L1 (€2, P) (which we identify with L{(0, 1)) and that
Ax = Y }_; Arxy(wg). Applying Proposition 3.2.4 of the same reference, we
arrive at

n
y= Z Apxp(wp) = Ax < x.
k=1

Since >y Xk (respectively, >y _; yk) is equimeasurable with x (respectively, ),
the assertion follows. O

Proposition 14. [f {x;}}_,,n €N, is a sequence of bounded independent functions,

then
n

D

k=1

n
<2 Xk

k=1

Mw() LlnLOO(O’oo)
Proof. Without loss of generality, we can assume that x; > 0 for | <k <n. Suppose
that

n

D

k=1

=1 and |xg|1 =o.
o0

Ifo =) ;o > 1, then x4 < ®X[0,0—1ay] fOr I <k <n. Applying Lemma 13,
we obtain

n n
Dok <D Kol (@k)-
k=1 k=1

From the definition of the norm of a Marcinkiewicz space, Proposition 9 and the
equalities ||K||Loo_>Mw0 =1 and C(My,) = 1, we obtain
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n n
D%k =e] Y Xoa-ta (@)
k=1 My, k=1 My,
n n
(0) =2« @ Xlo.ate ]| =2 @ Xk :
k=1 0o k=1 1L1(0,00)

Ifa= ZZ=1 ay < 1, then xg < x[0,¢,] for 1 <k <n. It follows from Lemma 13

that
n n
D%k <Y X0l (@r).
k=1 k=1

Therefore, by Proposition 9, we have

n n n
> <" xpo.e1(@r) <2| P xpo.rl| =2
k=1 "My, =y Moy k=1 o0
Combining this estimate with inequality (6), we are done. O

The following statement is an immediate consequence of Proposition 14 and
Lemma 12.

Corollary 15. Let Y be a quasi-Banach symmetric space on (0, 1) such that the
operator K maps Loo(0, 1) into Y. If {xx}}_,, n € N, is a sequence of bounded
and independent functions, then

n

>

k=1

n

D

k=1

=16CY) K| Los—y
Y

LiNLoo(0,00)

Now, we are ready to prove the main result of this section related to the compar-
ison of sums of independent functions and their disjoint copies in quasi-Banach
symmetric function spaces.

Theorem 16. Let X and Y be quasi-Banach symmetric spaces on (0, 1) such that
the operator K acts boundedly from X into Y. If {xy }} _, C X, n € N is a sequence
of independent functions, then

n

>

k=1

n

=M

k=1

<16C*(Y) |K|x>y
Y

)

1
ZX

n
Proof. Let us write x for @ xj. Define the functions
k=1

X1 o= Xk X |>x* (1)) Xk,2 =Xk — X1, 1<k Zn.

The functions xg ;, 1 <k <n, are independent, as are the functions xx 5, 1 <k <n.
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Moreover, it is easy to see that

n n
B xi1l~x* x@1 and @D Ixial ~ x*X(1,00)-
k=1 k=1

Since Loo(0,1) C X and ||x||x =< ||X]lcos X € Loo(0, 1), it follows from the as-
sumption of the theorem that K : Loo(0,1) — Y and |K||z -y < | K|x>¥-
Therefore, applying Proposition 9 and Corollary 15, we obtain

n n
Z Xk, 1 Z Xk,2 )
k=1 k=1 Y

n n
<1620 K oy (| Do) +|B e
k=1 X =y

<16 C*(N)|IK |lx—v (Ix* x0.1) lx + [l min{x* x* (D} £, AL oo (0.00))-
]

n

>

k=1

+
Y

= C(Y)(

Y

LlﬂLoo(O,oo))

4. Disjointification inequalities for symmetrically distributed
(mean zero) functions

If we assume that the independent functions xz, 1 <k < n, in the statement of
Theorem 16 are symmetrically distributed, then the disjointification inequality (7)
can be significantly improved. In particular, we are able to extend estimates from
[Astashkin and Sukochev 2007] for symmetric Banach function spaces to the
quasi-Banach setting. Our main tool is the following remarkable inequality due to
Prokhorov [1959], which we restate here using the direct sum notation.

Theorem 17. If {xy}y_, (n € N) is a sequence of bounded independent symmetri-
cally distributed random variables on (0, 1), then for all t > 0

n n
(8) m({z X > t}) < exp(— — ! arcsinh M)
k=1 2| D=1 k] o 2| D=1 x5

Let the function ¢ be as in the previous section.

Proposition 18. If {x;}} _,,n € N, is a sequence of bounded independent symmet-
rically distributed functions on (0, 1), then

n

>

k=1

n

D

k=1

= Cabs
M. Vo

L>NLoo(0,00)

for some absolute constant Cyp.
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Proof. For every m > 1, we define a linear operator Ay, : Ly N Lo (0, 00) — My,
by setting for x € Ly N L (0, 00)

m

Amx(@) =Y x(k =1+ wgp—1)r (@),
k=1

where r(¢) =1if0 <t < % and r(z) = —1 if% <t < 1. It is clear that

lAmllLnLa—>my, <m, meN.

Our objective is to show that for every fixed x€ LN Loo(0,00) the orbit { A x}00_,
is uniformly bounded in My, . Provided we have done so, the uniform bounded-
ness principle guarantees that the sequence {||Am || L,NLoo—M,, } 5y is uniformly
bounded, and the assertion of the theorem would follow from this fact since the sum
> % — xx for a given sequence {xj }%—, of bounded independent symmetrically

distributed functions on (0, 1) is equidistributed with the function 4,z, where

n
zZ = @ X -
k=1
Fix x € L, N Loo(0, 00), and set
I xg0.113
@(x) = [[xloo + sup 012
n 1% X10,n1ll oo
(here, 0/0 is set to be 0). Clearly, a(x) < oo and our objective would be achieved
if we show that
) [Amx|Iar,,, <4e-a(x) forall meN.

Fix m € N. Since
m

(@ x(k—1+ wzk—l)”(wzk)) = (X x[0,m]) "

k=1
it follows from (8) that for every # > 0, we have

ta(x)

t
m{ Apx| > ta(x)}) < exp(— arcsinh “(x)”xX[°””]”°°).

2lx xgo,milloo 20X x10.mll3
Combining this estimate with the obvious inequalities

to(x t o ta(x)||x Lt
() > —, arcsinh Sl X[O’m]Hoo > arcsinh —,

2[|x xp0,mjlloc — 2 2|1x xgo,mll3 2

we arrive at

(10) m{{|Amx| > ta(x)}) < exp(—% arcsinh %)
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The right-hand side of the preceding inequality is in fact directly related to the
distribution function of the function ;. Indeed, in the proof of Lemma 11 we
have already pointed out that w(’) := (K[0,17)* is a Poisson random variable with
parameter 1. A direct calculation yields the estimate

m({yq > t}) > exp(—1 — 2t -arcsinh(2r)), ¢ >0,
which, in turn, implies

m({ay} > t}) > exp(—l - % arcsinh %) 1> 0.
Combining this with (10), we infer

m({|Amx| > ta(x)}) < e-m({4y > 1}).

Since ¥ | m(yo) = 1. from the preceding estimate and [Braverman 1994, Proposi-
tion 1.2], inequality (9) follows. O

The corollary below follows from Proposition 18 and Lemma 12.

Corollary 19. Let Y be a quasi-Banach symmetric space on (0, 1) such that the
operator K maps Loo(0,1) into Y. If {xp}y_,, n €N, is a sequence of bounded
independent symmetrically distributed functions, then

n
D

k=1

n

>

k=1

<8Cus CY) 1K Loy

Y L>NLoo(0,00)

We need the following assertion proved by Braverman [1994, Proposition 1.11]
in the Banach setting. The proof in the quasi-Banach setting is identical.

Lemma 20. If a quasi-Banach symmetric space X on (0, 1) embeds into L1(0, 1),
then there exists a constant Cy(X) such that

lxllx = Co(X) [x(w1) —x(@2)llx
for every mean zero function x € X.
We are now ready to present the main result of this section.

Theorem 21. Let X and Y be quasi-Banach symmetric spaces on (0, 1) such that
K:X—>Y.

(@) If{xk ;= C X, n €N, isasequence of independent symmetrically distributed
functions, then

n

>

k=1

n

D

k=1

<8Cus C*(V) | K [ x ¥
Y

(11

zz
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(b) If X C L(0,1), then the inequality

n

D

k=1

n

D

k=1

(12) < 16 Caps Co(Y) C*(Y) C(X) | K | x>y

Y

2
ZX

holds for every sequence {xi }} _,, n € N, of independent mean zero functions
from X.

Proof. The proof of the first assertion is similar to the proof of Theorem 16, with
the only difference being that the reference to Corollary 15 should be replaced with
a reference to Corollary 19.

In the proof of the second assertion we use the standard symmetrization trick.
Define the functions y; € X, 1 <k <n, by setting

V(@) = X (@2p—1) — Xi (021).

By Lemma 20,
n n n n
D x| CoM) | D xp(wau—1)— Y xp(@)| =Co(¥)| D vk
k=1 Y k=1 k=1 Y k=1 Y

Evidently, yr, 1 <k <n, are independent and symmetrically distributed. Therefore,
by (a), we obtain

n
PR i
k=1 Zx
Observing that for every ¢ > 0, we have

o)< 1)

and appealing to the fact that Z )2( is a quasi-Banach symmetric space with modulus
of concavity C(X), we infer

n
P

k=1

<8Cus C*(V) K| x—¥
Y

n

D

k=1

n n
D =200 D x|
k=1 "Zx k=1 "Zx
Combining these inequalities, we conclude the proof. O

5. Khintchine inequality in quasi-Banach spaces

In this section, we provide an extension of the classical Khintchine inequality to
general quasi-Banach symmetric function spaces. We begin with the formulation
of the main results of this section.
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Theorem 22. Let X and Y be quasi-Banach symmetric spaces on the interval
(0, 1) such that the operator K is bounded from X into Y. If {x}; _,.-n €N, isa
sequence of independent symmetrically distributed random variables from X , then

(34)"

k=1

n

>

k=1

(13) <512 Cas C8(X) C*(V) | K ||l x >y

Y

X
The next theorem shows that in the case when X = Y the boundedness of the
Kruglov operator is a necessary and sufficient condition for the inequalities of

the type (13). In the Banach setting, an analogous result was earlier proved in
[Astashkin 2008].

Theorem 23. Let X be a quasi-Banach symmetric function space on (0, 1) which
is separable or has the Fatou property. The following conditions are equivalent:

(a) There is a constant C > 0 such that the inequality

=e|(2)

n

>

k=1 X k=1 X
holds for every sequence {xy}} _; C X, n €N, of independent symmetrically
distributed functions.
b) K: X - X.

For the proof we will need a series of lemmas. The first two of them are well
known; however, we present their short proofs for the reader’s convenience.

Lemma 24. Let X be a quasi-Banach symmetric space on (0, 1). If we set p 1=
1 log; 1 (2C (X)), then X C Lp(0,1) and
Ixl, <8C°(X) x|y, xe€X.

Proof. Define an increasing function ¥ on (0, 1) by the formula v (1) := || x[0,4]llx >
0 <u < 1. It follows from the definition of a quasinorm that

YQRu) <2C(X)¥(u), O0<uc=<l,
whence
vy >=Q2CcX)™, n=0.
If u € (0, 1] is arbitrary, then u € [27"~!, 27"] for some n > 0. Hence,
1
- y—n—ly > 2—(n+1)10g2(2C(X)) - log2(2C(X))‘
v(u) =y ( )= S Yok

If x € X, then for every 0 < ¢ < 1 we have

1
> | x*(¢ > x* (1) ——— l0222C(X))
¥l = ¥ Oxpoale = 5" 0550,
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Hence,
x*(1) <2 ||x|lx C(X) 7 1022QC) g <f <.

The assertion follows immediately. O

Lemma 25. If0 < p < 1 and x,y € L(0,1) are positive, then from y < x it
fottows that [yl = 1]

Proof. Fix ¢ > 0. Passing to step-function approximation, we easily infer that there
exist n € N and a function

n n
z::Zkkxk with xx >0, x; =x" and Zkkzl, Ak >0,

such that |y — z||; < e. It follows now from the Minkowski inequality that
n

D Mk

k=1

Since & > 0 is arbitrarily small and the quasinorm in L,(0,1), 0 < p < 1, is
continuous with respect to L-convergence, the proof is complete. O

Izll, =

n
>3 hellxellp = llxlp.
P k=1

Lemma 26. Let 0 < p < 1 and let {y;}} _,, n € N, be a sequence of positive
bounded independent functions on (0, 1). We have
)

sup | yillo =1, lyklli =k, 1=k=n.

1<k=n

n

P »«

k=1

n
>k

k=1

(14)

<o1lp max{ sup (3 oo

1 1<k=n

Proof. Without loss of generality, we can assume that

n
Leto = ) . If @ <1, then the assertion is evident. If @ > 1, then
k=1
Yk <0X[0,a ey | = k <n.

From Lemma 13 it follows that

n n
Dok <Y Xio.a e @)
k=1 k=1

whence, according to Lemma 25, we have

n
>
k=1

>
p

n
Y Xt @0 -
k=1 p
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Combining this inequality with [Johnson and Schechtman 1989, Lemma 3], we
infer

> o

p

2C(p) =a.

p

n
> vk
k=1

n
@ X[0,0— 1oy ]
k=1

Since C(p) = 21/P~1 for 0 < p < 1, the assertion follows. O

Lemma 27. Let X be a quasi-Banach symmetric space on (0, 1). If {xx}}_,C X,
n €N, is a sequence of bounded independent functions, then
)

n 1/2
532C5(X)max{ sup |1 x%k |l oo ”(Zx,%)
k=1

1<k=<n

n

=M

k=1

2

Proof. If p = % log;1 (2C(X)), then by Lemma 24 we have

n 1/2 n 1/2 n 1/2
enl(X) | =|(24) | -2
k=1 X k=1 P =y lp/2
Clearly,
n n 1/2
P xx = P x? o and Ixklloo = 1211557,

k=1 k=1

Now, applying Lemma 26 to the functions y; = x,%, 1 < k < n, we obtain the
result. O

Lemma 28. Let X be a quasi-Banach symmetric space on (0, 1). If {xx}};_,;C X,
n € N, is a sequence of independent functions and if x := @}, _; X, then

n 1/2
anl(£4
k=1 X

Proof. A simple argument shows that it is sufficient to consider the case when

> x*(1).

(15) Z m(supp(xg)) = 1.
k=1

Since x| > x* (1) Xsupp(xy)» | <k <n, we have

n n
Z X]% > (x*(l))z Z Ksupp(xg)-
k=1 k=1
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Since the functions xg, 1 <k < n, are independent, the support of the function at
the right-hand side of the inequality above has Lebesgue measure equal to

n

1= [T (1—=m(supp(xp))).

k=1

which is bigger than % (thanks to the condition (15) and to the arithmetic-geometric
mean inequality). Therefore, since || x(o.1)llx = 1, we obtain

n 1/2 * 1
2 > ¥ 1 > X ( )
H(,;x") = Wloal 2 3o
and the proof is complete. O

Let 1 < p < oo and let X be a quasi-Banach symmetric function space on (0, 1)
or (0,00). The p-concavification of X, X'/P_ is defined by

X' = {x €5(0.1) (or S(0.00)) : x| € X}, |xllyum == |l x| 115

Note that the space X /7, equipped with the quasinorm || - || y-1/», is also a quasi-
Banach symmetric function space (see, for instance, [Lindenstrauss and Tzafriri
1979]).

We are now ready to prove the main result of this section.
Proof of Theorem 22. Setting x := @} _, Xk, by Theorem 21, we have

n

D

k=1

(16) <8 Cabs C2(V) | Kllx >y (I¥* x0.1) llx + 15 X(1.00) 1 2)-

Y

Arguing in the same way as in the proof of Theorem 16, we can define two
sequences of independent functions {xx 1} and {xg »} such that x;z + X2x = X,
|xg 1] < |xkls |Xk2| < |xg|, for 1 < k < n, and the disjoint sums D) _; [xx 1]
and @} _, |Xk,2| are equimeasurable with the functions x* x(o,1y and x* x(1,00)
respectively. Applying Lemma 27 to the sequence {x >} _,, We obtain

n
@ Xk,2
k=1

IX* x(1,00)I2 =

2

532C5(X)max{ sup [|xk.2/loos ‘

1<k=n

o

n 1/2
Z 2
k=1

<x*(1) for 1 <k <n. Using Lemma 28, we obtain

Note that [[xg 200

n 1/2
a7 I raeoll <6450 | (3 7)
k=1

X
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On the other hand,
n n 1/2
* 2
X" x0,nllx = @Xk,l = @xk,l .
k=1 x o X1z
and
n 1/2 n 1/2 n 1/2
2 2 — 2
(2x2) "] =|(2) ) =[x .
k=1 X k=1 X k=1 X

Applying [Johnson and Schechtman 1989, Lemma 3] to the space X '/2 and the

functions x,% s we obtain
n 1/2
2

k=1

Ix*xo.nllx < @C(X1Y2)1/2

X

Since C(X1/2) <4C2(X), the assertion follows now from the last inequality and
inequalities (16) and (17). O

Lemma 29. Let x € S(0,1), x >0, and letn € N. If x;, k =1,2,...,2n, are
independent copies of the function o1 ,,x, then for all sufficiently large n € N we

have
n

( > xzk)* <o3 ( 2Zn(—1)kxk)*.
k=1

k=1

Proof. Tt is clear that the functions x,;_1 — X2k, 1 < k < n, are independent.
Therefore,

m({z”: Xof —Xok—1 > f}) Em({é Xop > 1, ,éXZk_l 20})

g
(-2l

Hence, for all sufficiently large n € N,
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Proof of Theorem 23. We have to prove only the implication (a) = (b).
Let x € X, x > 0, and n € N. Taking for x;, k = 1,2,...,2n, independent
copies of the function 0y, x, by Lemma 29 we have

2n 2n
o) =sca et
k=1 X k=1

On the other hand, the functions Xx,;_1 — X2x, | < k < n, are independent and
symmetrically distributed. Therefore, by the assumption, we have

2n n 1/2
Y o=Drx| < C“ ( > (ak-1 —x2k>2)
k=1 X k=1 X

(£ (Ea)

k=1
n 1/2
§2C-C(X)H(Zx§k)
k=1 X

Combining these inequalities, we obtain

n

Z X2k

k=1

=
X

X

X

n n 1/2
Y x| <6C-C(X)? (ngk)
k=1 k=1 X
n 1/2
<6C-C(X)> :
= (X) (lgllfénxzk /;xzk) v

It follows now from Lemma 2 that
n 1/2

D X2k

k=1

n 1/2
<oc-c0* | mps el 3 v
== k=1 X

X

Hence,

n
D X
k=1

Appealing to the definition of xj, | <k < 2n, we obtain

<36C2C(X)8 H max kaHX <36C2C(X)}
1<k=n

X X

n
@sz
k=1

n

(@ xzk)* =x* and ( Z xzk)* = (Hyx)*,
k=1

k=1

where the operator H, is defined by (3).
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Recall that, by Lemma 6, (H,x)* — (Kx)* almost everywhere on (0, 1). There-
fore, if X has the Fatou property, it follows that || Kx|xy <36C?C(X)8||x|x, and
the proof in this case is complete. If X is separable, we can repeat almost verbatim
the arguments used in the second part of the proof of Theorem 7. O

6. Von Bahr-Esseen type inequalities

We have the following remarkable theorem.

Theorem 30 [von Bahr and Esseen 1965, Theorem 2]. If 1 < p <2 and { f.}; _, C
Ly(0,1),n €N, is a sequence of independent mean zero functions, then

n n 1/p
S i s(zznfkn;:) |
k=1 k=1

In [Braverman 1994, §II,2], Theorem 30 is extended to Banach symmetric
function spaces with the Kruglov property. Versions of disjointification inequalities

(18)

p

obtained in Sections 3 and 4 for quasi-Banach symmetric spaces allow us to extend
Braverman'’s result to the quasi-Banach setting. Moreover, we shall consider differ-
ent quasinorms at the left- and right-hand sides of (18). Our proofs appear to be
more straightforward (and simpler) than the proofs for the special case considered
in [Braverman 1994].

Definition 31. Quasi-Banach symmetric function spaces X and Y (in this order)
satisfy the von Bahr—Esseen r-estimate (written (X, Y) € (BE),) if there exists a
constant B > 0 such that

19)

n n 1/r
AN B(Z ||fk||;)
k=1 Y k=1

for every sequence of independent symmetrically distributed functions { fz }} _, C X,
n € N. If, in addition, X = Y, then we say that X satisfies the von Bahr—Esseen
r-estimate (written X € (BE),).

In view of this definition, we may restate Theorem 30 as L, (0, 1) € (BE),.

Remark 32. If Y C L;(0, 1), then an application of Lemma 20 yields the estimate
(19) for all mean zero independent functions.

Clearly, (X,Y) € (BE), implies that X C Y. Taking Rademacher functions
(see Section 1) as the f, it is easy to see that we always have 0 < r < 2. Finally, if
X is p-normed, then p <r <2.
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Recall that a quasi-Banach lattice X satisfies an upper r-estimate, r > 0, if there
is a constant C > 0 such that
n

PR

k=1

n 1/r
< C(Z ||xk||§()
X k=1

for every sequence of mutually disjoint elements {xz}7_, C X,n eN.
Recall also that a quasi-Banach symmetric space L, oo, ¥ > 0, consists of all
x € 5(0, 1) such that

1/r

[x]lr,00 := sup x*(1)t'/" < oo.

0<t=<1

Theorem 33. Let 0 < r < 2. For all quasi-Banach symmetric function spaces X
and Y the following statements hold:

(@) If K : X — Y and X satisfies an upper r-estimate, then (X,Y) € (BE),.

() If K :Y — Y and, for some C > 0 and for every sequence of mutually disjoint
functions { fi.}; _, C X (n € N), we have

n n 1/r
>oa| =c(X )
k=1 Y k=1

then (X,Y) € (BE);.

(©) If (X,Y) € (BE);, then (20) holds for every sequence of mutually disjoint
functions { fi-}; _,C X,neN.

(20)

The main part of the proof of Theorem 33 is given below in Lemma 36.

LetO0 < p <r <2andletr > 1. Recall that L, « satisfies an upper r-estimate
(see, for example, [Braverman 1994, Theorem 1.12]) and that K : L, oo — Ly 00
by Theorem 1.3 of the same reference. Setting X = L, oo and ¥ = L,(0, 1) and
taking into account Remark 32, we obtain the well-known Esseen—Janson theorem
(see [Esseen and Janson 1985, Theorem 4]). It is worth noting that, in contrast to
the previous reference, we do not require that the functions f; are equidistributed.

Lemma 34. Letr > 0 and let X and Y be quasi-Banach symmetric function spaces.
Suppose that there is a constant C > 0 such that for every sequence of mutually
disjoint functions { fi}3—, C X, n €N, inequality (20) holds. Then X C Ly co.

Proof. Fix t € (0,1] and let n € N be such that 1/2 < nt < 1. Since x(o,1n)=

> k=1 X(t(k—1),tk)» the functions @x (t) := || X0, lx and @y () := || x(0,n)|l¥ sat-
isfy the estimate

n 1/r
gy (in) < C( > IIX(z(k—l),tk)HS() =Cox(t)n'/",
k=1
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by (20). Hence, we obtain that
ox (1) = C oy tmyn™" = C oy (1/2) V7 = c MV
whence for every x € X
Ixllx = x*@) X0 llx = x*Oex () = 7 x* )7, 0<i<1.
Therefore, ||x||,00 < Ci||x||x for all x € X and the proof is completed. d

Lemma 35. Let X be a quasi-Banach symmetric function space on (0, 1) satisfying
an upper r-estimate, 0 < r < 2. There exists Cx > 0 such that for every sequence
XK}z C X we have

oo

D

k=1

o] 1/r
< CX( T ||xk||;) .
k=1

Proof. By Lemma 34, we have X C L, . Therefore, x; < | xg
&) = t_l/’, 0 <t <1, whence

Ly,co

r,00 &r, Where

o0 o0
P x« =C|Dlxlirootr|
k=1 ZLr.oo k=1 ZLr.oo
Note that for any a; > 0 we have
00 00 1/r
P aér ~ (Za,i) E.
k=1 k=1
Hence,
00 00 1/r 00 1/r
x =C Xk 7 &l 72 <C'll& | 22 Ik My
k 2 kllr,co d ZLr o " ZLroo kllx ’
k=1 "Zi, k=1 ’ T N k=1
and the result follows. O

Lemma 36. Let X be a quasi-Banach symmetric function space on (0, 1) satisfying
an upper r-estimate, 0 < r < 2. There exists a constant By > 0 such that for every
sequence {xp}p | C X we have

o0

D

k=1

00 1/r
= BX(Z ||xk||;() .
k=1

ZX
Proof. By the definition of the quasinorm in Z2, we have that

@ 12122 < 1=*X@mlx +lzlz2 . zeZ}.
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Denote D= |xx| by x, for brevity. Without loss of generality, we can assume
that x* does not have any interval of constancy. Setting yx = X X{|x, |>x*(1)}» W€
have

o0
@ Vil ~ X*X(o,l)-
k=1

Therefore, since X satisfies an upper r-estimate, we obtain

00 00 1/r 00 1/r
Ix*x0.nlx = | €D sc(z ||yk||5() SC(Z ||xk||5()
k=1 X k=1 k=1
The assertion follows now from inequality (21) and the preceding lemma. O

Proof of Theorem 33. The first assertion follows from Theorem 21 and Lemma 36.
The proof of the second assertion is identical.

Now, we prove the third assertion. Suppose that (X,Y) € (BE),. Let the
functions f; € X, 1 < k < n, be pairwise disjoint and let gz, 1 < k < n, be
their independent copies. Without loss of generality, we can assume that the f;
(and therefore the g; as well) are symmetrically distributed. By [Johnson and
Schechtman 1989, Theorem 1], we have

n n n n 1/r
> Ik > Jk > gk = C’B(Z ||fk||§() ,
k=1 k=1 k=1 Y k=1

which is (20) with C = C’B. g

If X =Y, then estimate (20) means that X satisfies an upper r-estimate and we
obtain the following corollary.

Y

<C’
2
ZY

Corollary 37. Let 0 < r < 2 and let X be a quasi-Banach symmetric function
space such that K : X — X. Then X € (BE), if and only if X satisfies an upper
r-estimate.

In the Banach-space setting this result may be found in [Braverman 1994, Theo-
rem 2.3].
For r = 2, we have the following result.

Theorem 38. Let X and Y be quasi-Banach symmetric function spaces.

(a) Suppose that X D L,(0,1). If K: X — Y and X satisfies an upper 2-estimate,
orif K:Y — Y and for some C > 0 and for every sequence of mutually
disjoint functions { f}3_; C X, n € N, we have

n n 1/2
S EC(anku}) ,
k=1 Y k=1

then (X,Y) € (BE)5>.

(22)
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(b) If (X,Y) € (BE),, then X D L,(0,1) and inequality (22) holds for some
C > 0 and for every sequence of mutually disjoint functions { fi.}; _, C X,
neN.

Proof. (a) The proof is identical to that of the preceding theorem, substituting the
reference to Lemma 36 with the reference to the following assertion.

Lemma 39. Let a quasi-Banach symmetric space X satisfy an upper 2-estimate
and let X D L,(0, 1). There exists a constant By > 0 such that for every sequence
{Xk}52, C X we have

oo

D

k=1

00 1/2
= BX( 3 ||xk||§() |
k=1

Zy

(b) Inequality (22) can be proved in exactly the same way as in Theorem 33.
Therefore, it remains to show that X C L, (0, 1).

Let /' € X be symmetrically distributed and let { /i }72, be a sequence of its
independent copies. By assumption, (X, Y') € (BE), and, therefore,

n
w2y fi
k=1

By Lemma 24, there exists p > 0 such that Y C L,(0, 1). Hence, by the previous
inequality, we have
1
sup /
n=1J0

Applying [Esseen and Janson 1985, Theorem 2], we obtain that f € L, (0, 1). Since
both X and L, (0, 1) are symmetric, the assertion follows. O

n 1/2
5C(”_IZIIkaI§() =Clfllx., n=12,....
Y k=1

P
dt < oo.

n2N i)
k=1

Corollary 40. Let X be a quasi-Banach symmetric space such that K : X — X.
Then X € (BE), if and only if X satisfies an upper 2-estimate and X C L,(0, 1).

This assertion was proved by Braverman [1994, Theorem 2.4] in the Banach
setting.

Remark 41. Though the condition K : X' — X is essential in both Theorem 33
and Theorem 38, it is not necessary. For example, Exp L, € (BE), [Braverman
1994, Theorem 2.9], but K : Exp L, /A Exp L,.
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HAMILTONIAN EVOLUTIONS OF TWISTED POLYGONS
IN PARABOLIC MANIFOLDS:
THE LAGRANGIAN GRASSMANNIAN

GLORIA MARI BEFFA

We show that the moduli space of twisted polygons in G /P, where G is
semisimple and P parabolic, and where g has two coordinated gradations
has a natural Poisson bracket that is directly linked to G -invariant evo-
lutions of polygons. This structure is obtained by reducing the quotient
twisted bracket on G” (as defined by M. Semenov-Tian-Shansky) to the
moduli space GV/P~. We prove that any Hamiltonian evolution with re-
spect to this bracket is induced on G¥/P" by an invariant evolution of
polygons. We describe in detail the Lagrangian Grassmannian case (G =
Sp(2n)) and we describe a submanifold of Lagrangian subspaces where the
reduced bracket becomes a decoupled system of Volterra Hamiltonian struc-
tures. We also describe a very simple evolution of polygons whose invariants
evolve following a decoupled system of Volterra equations.

1. Introduction

The difference geometry of lattices, although a relatively young subject, has been
known to be related to completely integrable systems almost from its conception.
Indeed, parallel to the well-known fact that the sine-Gordon equation describes
surfaces with constant negative Gauss curvature, the work of Bobenko and others
on difference geometry of lattices (see for instance [Bobenko and Suris 2008])
consistently relates certain types of 2-lattices to completely integrable lattice systems.
While in the continuous case the sine-Gordon equation appears as the Codazzi—
Mainardi equation of the surface in appropriately chosen coordinates, in the lattice
case they are described as the compatibility condition of special types of lattices, with
the different properties of lattices playing the role of specially chosen coordinates.

More recently, a flurry of work on the pentagram map, its generalizations and
related subjects (see, for example, [Ovsienko et al. 2010; Mari Beffa 2013; Khesin
and Soloviev 2013], although the bibliography on this subject is quite vast) has
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clearly pointed at a relation between dynamics of polygons, rather than 2-lattices,
and completely integrable systems. Indeed the pentagram map, a map defined on
projective planar polygons (both twisted and closed), was proven to be completely
integrable and a discretization of the Boussinesq equation when written in terms
of the discrete projective invariants of the polygons [Ovsienko et al. 2010; 2013;
Soloviev 2013].

A plethora of work in the continuous case takes us in this same direction when
one works with curves rather than surfaces. Most, if not all, well-known completely
integrable PDEs have been realized as systems induced on differential invariants
by a flow of curves in some homogeneous manifold. For example, the KdV
equation is induced on the Schwarzian derivative of a flow in RP! solution of the
so-called Schwarzian-KdV equation (this is a classical result that one can check by
hand). Similarly Adler—Gel’fand—Dikii flows are induced on projective differential
invariants of flows in RP” by some known evolutions (see [Mari Beffa 1999]).
Likewise the literature shows realizations of mKdV [Terng and Thorbergsson 2001],
NLS [Terng and Uhlenbeck 2006] Sawada—Kotera [Chou and Qu 2002], modified
Sawada—Kotera [Chou and Qu 2003], vector sine-Gordon [Wang 2002] and most
other well-known systems as flows of curves in several different manifolds. This
list is by no means exhaustive and many equations are realized as a curve flow in
more than one geometry; see, for example, [Calini et al. 2009; Chou and Qu 2002;
2003].

Inspired by the recent developments in discrete maps, we studied in [Mansfield
et al. 2013] the relation between evolutions of twisted polygons in homogeneous
manifolds and completely integrable lattice systems on the geometric invariants
of the flow. In particular we found an evolution of projective planar polygons
that when written in terms of projective curvatures becomes a modified Volterra
lattice. We also found realizations of the Toda lattice as evolution of polygons
in the centro-affine plane; an integrable discretization of the Toda lattice induced
by a centro-affine map; and a realization of a Volterra-type equation as evolution
of polygons on the homogeneous 2-sphere. In [Mari Beffa and Wang 2013] we
proved that one can obtain a Hamiltonian structure on the moduli space of twisted
polygons in RP” through the reduction of a twisted Poisson bracket on lattices
defined by Semenov-Tian-Shansky [1985], and that any Hamiltonian with respect
to the reduced bracket was induced on invariants by an evolution of polygons in
RP", with the gradient of the Hamiltonian defining the evolution in a direct and
simple fashion. The reduced bracket was a Hamiltonian structure for an integrable
discretization of Wjy-algebras, and this discretization was induced on projective
invariants by a rather simple polygon evolution. We also found a second structure
for the system via reduction of the right bracket, a structure that was not originally
Poisson.
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This paper can be viewed as a second part to [Mari Beffa and Wang 2013]. Here
we consider the case of polygons in G/ P, with G semisimple, P parabolic, and g
a |1|-graded algebra (and Lie algebra with parabolic gradation g = g; ® go ® g—1,
P = g1 D go)- These include many of the well-known nonaffine geometries (confor-
mal n-sphere, RP”, Grassmannians, Lagrangian Grassmannians, pure spinors and
other flag manifolds). We assume that the parabolic gradation is coordinated with
a second gradation of the form g4 & h & g—, with h commutative. We prove that
the twisted Poisson bracket of Semenov-Tian-Shansky defined and associated to
this second gradation can also be reduced to the moduli space of polygons in G/ P
resulting on a natural Poisson structure on the space of polygon invariants. We
also prove that there are simple ways to connect the reduced Hamiltonian structure
to evolutions of polygons with evolutions inducing Hamiltonian systems on the
invariants of the flow. In particular, we prove that any Hamiltonian evolution is
induced on invariants by an evolution of polygons in G/ P. This result is valid also
in more general settings, and we discuss this fact in our last section.

We study in detail the example of the Lagrangian Grassmannian, that is, polygons
of Lagrangian subspaces in R?"*, M = Sp(2n)/ P, with P a parabolic subgroup.
We find an appropriate discrete moving frame along twisted polygons, and we
define the Schwarzian difference of Lagrangian planes (a discrete analogue of the
Schwarzian derivative defined in [Ovsienko 1993].) The frame provides us with a
complete description of the invariants and produces a generating set that includes the
eigenvalues of the Schwarzian difference. We then apply our general theorem to find
a Hamiltonian structure on the space of invariants associated to our moving frame.
We show that the reduced Poisson bracket can be reduced once more to the space of
polygons for which the nonschwarzian invariants are equal to the identity, and we
show that this reduction decouples into a system of # second Hamiltonian structures
for the Volterra chain [Khanizadeh et al. 2013]. Using this information we define
evolutions of Lagrangian planes inducing the Volterra chain on the eigenvalues of
the Schwarzian difference of the flow. The continuous analogue of this study can
be found in [Mari Beffa 2007].

Section 2 includes background definitions and results that will be used in the
paper, both in the subject of discrete moving frames and on Poisson Lie groups and
Semenov-Tian-Shansky’s bracket. Section 3 proves the existence of the Poisson
bracket on the moduli space (as represented by the discrete invariants) and its
relation to the Sklyanin bracket (Theorem 3.4). In Section 4 we describe in detail the
direct relation between polygon evolutions and reduced Hamiltonians; in particular
we prove that any Hamiltonian is induced on invariants by a polygon evolution
and we give the direct connection between both (Theorem 4.2). We study the
Lagrangian Grassmannian in Section 5 while Section 6 summarizes the paper
and discusses generalizations to other homogeneous manifolds and some open
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problems. Recall that in the projective case [Mari Beffa and Wang 2013] the
Poisson structures obtained in the planar case were not preserved by the pentagram
map (the bihamiltonian nature of the map is still an open problem, as far as we
know). This was also pointed out by Marshall [2010].

2. Background and definitions

As a starting point we will give a brief description of discrete moving frames and
their associated invariants. The description is taken from [Mansfield et al. 2013]
and can also be found in [Mari Beffa and Wang 2013], but we include it here for
completeness.

Discrete moving frames. Let G be a Lie group and let g be its Lie algebra (it can
be real or complex). Let M be a manifold and let G x M — M be the action of
the group G on M.

Definition 2.1 (twisted N-gon). A twisted N-gon in M is amap ¢ : Z — M such
that p(p+ N) = g-¢(p) for some fixed g € G and for all p € Z. (The dot notation
represents the action of G on M.) The element g € G is called the monodromy
of the polygon. We will denote a twisted N -gon by its image x = (x;), where

Xs = ¢(s).

The main reason to work with twisted polygons is our desire to work with
periodic invariants (in order to have a finite number of them). One could restrict
further to closed polygons, but since the solution of a periodic discrete equation
is, in general, twisted, restricting to closed polygons creates additional technical
problems we would like to avoid here. We will denote by Py the space of twisted
N-gons in M. Clearly Py = M™, and since G acts on M, it also acts on Py
with the diagonal action g - (x5) = (g - X5).

Definition 2.2 (discrete moving frame). Let GV denote the Cartesian product of N
copies of the group G. Elements of G will be denoted by (g5). Allow G to act on
the right of G using the inverse diagonal action g - (g5) = (gsg~ ') (respectively
left, using the diagonal action g - (g5) = (ggs)). We say a map

,OPN—>GN

is a right (respectively left) discrete moving frame if p is equivariant with respect to
the diagonal action of G on Py and the right inverse (respectively left) diagonal
action of G on GV. Whenever p(x) € GV, we will denote by pj its s-th component;
that is p = (ps), where ps(x) € G for all s, x = (x;). Clearly, if p = (p5) is a right
moving frame, then p~!
moving frame associates an element of the group to each vertex of the polygon in

= (,os_l) is a left moving frame, and vice versa. Thus, a
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an equivariant fashion. In our examples the moving frame will be invariant under
the shift 7x; = x4 1, but this need not be the case in general.

Proposition 2.3 [Mansfield et al. 2013]. Let 6 be a collection 61, ...,86yN of local
cross-sections to the orbit of G through xy,...,xnN. Let p = (ps) € G be uniquely
determined by the condition

(1) ps - (xr) € 6
forany s. Then p = (ps((x,))) € G is a right moving frame along the N -gon (x).

Discrete moving frames carry the invariant information of the polygon, as we
see next.

Definition 2.4 (discrete invariant). Let / : Pyy — R be a function defined on N -gons.
We say that [ is a scalar discrete invariant if

2 1((g - x5)) = I((xs))
for any g € G and any x = (x5) € Py.

We will naturally refer to vector invariants when considering vectors whose
components are scalar invariants. Although not necessary, for simplicity of notation
we will assume from now on that G C GL(n, R). Nevertheless, results are also true
for some exceptional Lie algebras, as we will see later.

Definition 2.5 (Maurer—Cartan matrix). Let p be a right (respectively left) discrete
moving frame evaluated along a twisted N -gon. The element of the group

K =psy1p; ' (respectively pj ' psy1)

is called the right (respectively left) s-Maurer—Cartan matrix for p. We will
call the equation o541 = Kyps the right s-Serret—Frenet equation (respectively
ps+1 = ps Ky is the left one). The element K = (K) € GV is called the right
(respectively left) Maurer—Cartan matrix for p.

One can directly check that if K = (Kj) is a Maurer—Cartan matrix for the right
frame p, then (Ks_l) is a left one for the left frame p~! = (,os_1 ), and vice versa. The
entries of a Maurer—Cartan matrix are functional generators of all discrete invariants
of polygons, as it was shown in [Mansfield et al. 2013]. This fact is an immediate
consequence of the following recursion formulas: Let’s denote by p, - xg = I] the
so-called basic invariants. One can check directly from the definitions that if K is
a right Maurer—Cartan matrix, then

(3) K, -1l =171



292 GLORIA MARI BEFFA

for any 7, s. The basic invariants with r fixed generate other invariants since from (2),
if I is an invariant,

I((pr - xs)) = 1((xs5)) = 1(I}).

From this and (3), one concludes that the entries of K are generators also (see
[Mansfield et al. 2013]).

Assume next that M = G/H, with G acting on M via left multiplication on
representatives of the class. Let us denote by o € M the class of H.

The following theorem, which can be found in [Mansfield et al. 2013], describes
how to write a general invariant polygon evolution in terms of moving frames.
Denote by @, : G/H — G/H the map defined by the action of g € G on G/H,
that is, ®g(x) = g - x.

Theorem 2.6. Let p be a right moving frame, and for simplicity assume that
ps - Xs = o for all s. Any G-invariant evolution can be written as

4 (xs5)r = dép;l(o)(vs)y

where vg(x) € Tx, M is an invariant vector.

Notice that if, in general, ps- X5 = y5 7 0, one can easily change ps to ps = g5 s,
where g5 - ys = o (the action is transitive). The frame pg will also be a right moving
frame and thus one can always find a frame with the condition given by the theorem.
This fact will greatly simplify both notations and calculations.

If a family of polygons x (¢) is evolving according to (4), there is a simple process
to describe the evolution induced on the Maurer—Cartan matrices and hence on a
generating set of invariants. It is described in the following theorem, which can
also be found in [Mansfield et al. 2013], slightly modified.

Before our next theorem, let us settle some notation and choices. Assume

) g=m®h,

where m is a linear complement to fj. Consider ¢ : G/H — G to be a section
of G/H such that ¢(0) = ¢ € G and m is the tangent to the image of ¢. Let p
be a right moving frame coordinated with ¢. That is, assume py - X3 = 0 so that
Ps = ,oflg(xs)_l, for some ,osH e H.

Let K be a right Maurer—Cartan matrix and define Ny = (p5); ,os_1 € g to describe
the time evolution of the frame.

Theorem 2.7. Assume x(t) is a flow of polygons solution of (4). Then
(6) (Ks)r = Ny+1Ks — Ky N

and, if Ny = Nsh + N* splits according to (5), then

(7) NS = —dc(0)vs.
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In most examples Equation (6) and condition (7) completely determine N and
the evolution of K, even if we do not know the moving frame explicitly. This will
be clear later in our Lagrangian example.

Finally, in [Mari Beffa and Wang 2013], we proved the following theorem, which
is true for any homogeneous manifold. Assume we have a nondegenerate twisted
polygon x = (x;) in a manifold M = G/H with associated right moving frame p
such that ps - xg = o for all 5. By nondegenerate we mean a polygon for which a
moving frame can be constructed, but we can also think of generic cases. (It was
shown in [Boutin 2002] that generically a moving frame always exists for N large
enough.) Let us assume that the subgroup H” acts naturally on G via the gauge
transformation

(g5) = (hsy185h3 ")
(assuming /hg4 n = hy for all s).

Theorem 2.8. In a neighborhood of a nondegenerate polygon, the right Maurer—
Cartan matrices K associated to right moving frames p describe a section of the
quotient GN/HN. That is, let x € GN/HN be a nondegenerate twisted polygon,
WU with x € W an open set of GV JH N containing nondegenerate twisted polygons,
and let ¥ be the set of all the Maurer—Cartan matrices in G associated to right
moving frames for elements in W and determined by a fixed transverse section as in
Proposition 2.3. Then the map

@®) *—GN/HN, (Ky) = [(Ky)]
is a section of the quotient, a local isomorphism.

For more details, see [Mansfield et al. 2013].

Semenov-Tian-Shansky’s twisted Poisson brackets. In this section we will assume
that g is semisimple and that (-, -) is a nondegenerate inner product in g that allows
us to identify g and g* (a multiple of the one generated by the Killing form). Denote
by E; ; the matrix with Os everywhere except for the (i, j) entry, where it has a 1.
Since we are assuming that G C GL(n, R), we can assume that, for example, the
inner product is the trace of the product of matrices, so that £ l* ;= E i The
following definitions and descriptions are due to Drinfeld [1983].

Definition 2.9 (Poisson-Lie group). A Poisson—Lie group is a Lie group equipped
with a Poisson bracket such that the multiplication map G x G — G is a Poisson
map, where we consider the manifold G x G with the product Poisson bracket.

Definition 2.10 (Lie bialgebra). Let g be a Lie algebra such that g* also has a Lie
algebra structure given by a bracket [, -]«. Let § : g — A?g be the dual map to the
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dual Lie bracket, that is,

(8(v). (€ Am) = ([6. nl«. v)
for all £, 1 € g*, v € g. Assume that § is a one-cocycle, that is
S(v,w)=PvR1+1v,é(w)]—-[wel+1xw,di()]
for all v, w € g. Then (g, g*) is called a Lie bialgebra.

If G is a Lie—Poisson group, the linearization of the Poisson bracket at the identity
defines a Lie bracket in g*. The map § is called the cobracket. The inverse result
(any Lie bialgebra corresponds to a Lie—Poisson group) is also true for connected
and simply connected Lie groups, as shown in [Drinfeld 1983].

Definition 2.11 (admissible subgroup). Let M be a Poisson manifold, G a Poisson—
Lie group and G x M — M a Poisson action. A subgroup H C G is called
admissible if the space C®°(M)H of H-invariant functions on M is a Poisson
subalgebra of C*°(M).

The following proposition describes admissible subgroups.

Proposition 2.12 [Semenov-Tian-Shansky 1985]. Let (g, g*) be the tangent Lie
bialgebra of a Poisson Lie group G. A Lie subgroup H C G with Lie algebra h C g
is admissible if h° C g* is a Lie subalgebra, where h° is the annihilator of b.

We will now describe the Poisson brackets that will be at the center of our study.

Definition 2.13 (factorizable Lie bialgebras and R-matrices). A Lie bialgebra
(g, g*) is called factorizable if the following two conditions hold:

(a) g is equipped with an invariant bilinear form (-, -) so that g* can be identified
with g via § € g* — v € g with £(-) = (v, )
(b) the Lie bracket on g* = g is given by

©) 6.7 = 3(RE). 1 +[€. RO,

where R € End(g) is a skew-symmetric operator satisfying the modified clas-
sical Yang—Baxter equation

R is called a classical R-matrix. Let r be the 2-tensor image of R under the
identification g ® g =~ g ® g* =~ End(g). That is,

(10) r(§Amn) = (& R(m).

The tensor r is often referred to as the R-matrix also.
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The simplest example of an R-matrix is as follows: assume that g has a splitting
of the form g = g+ ® ho & g—, where g+ and g_ are subalgebras dual of each other
and where b is commutative (for example, hy could be the Cartan subalgebra).
Then it is well-known that the map R : g — g given by

(1 R(E+ +&o +6-) = 56+ — &)

defines a classical R-matrix.

Given a Poisson Lie group G and its associated factorizable Lie bialgebra (g, g*),
we can define an induced Poisson structure on G¥, as explained in [Semenov-Tian-
Shansky 1985]. Indeed, we equip g"¥ = @y g with a nondegenerate inner product
given by

N
Z)(k Yi)

and we extend R € End(g) to R € End(g"V) using R((Xy)) = (R(Xj)). Then GV
is a Poisson Lie-group (with the product Poisson structure) and (gV, g% ) is its
factorizable Lie bialgebra, where gg denotes g with Lie bracket (9). Note that we
are abusing notation, using (-,-) and R to denote both the inner product and the
R-matrix in g and g”v. We will point out the difference only when it is not clear
from the context and notation.

Definition 2.14 (left and right gradients). Let % : G — R be a differentiable
function. We define the left gradient of ¥ at L = (L) € GV as the element of gV
denoted by VF(L) = (VsF(L)), with VF(L) satisfying

d
2ol F((exp(e€s) Ls)) = (VsF(L), &)
€ le=0

for all s and any & = (&) € gV
Analogously, we define the right gradient of % at L as the element of g”V denoted
by V'F(L) = (V% (L)), with V;F(L) satisfying
d
Te oo T (Lsexp(egy))) = (VsF(L), &)
€le=0

for all s and any & = (&) € gV. Clearly
(12) ViIF(L) = L'V, F(L)Ly.

If r is given as in (10) for some R-matrix R, the Poisson structure in GV given
by the formula

N
(13) {F. G (L) =Y F(VsFAVG) =Y HViF AV

s=1 s=1

4
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is called the Sklyanin bracket. Now, given a factorizable Lie bialgebra, Semenov-
Tian-Shansky [1985] defined what is called a twisted Poisson structure on GN.
Here we will give the definition of this structure, and we refer the reader to the
same reference for explanations on how to obtain it and to [Frenkel et al. 1998,
Theorem 1] for the explicit formula.

Let #,%: G — R be two functions. Let 7 be the shift operator 7(X;) = Xy 1.
We define the 7-twisted Poisson bracket as

N N
(14) {F.G(L) =) r(VFAVs9 + > r(V;F AV

s=1 s=1

N N
= @RI (V;FR V9 + > _(r ®id)(r)(V;4® V,F).
s=1

s=1

In [Frenkel et al. 1998; Semenov-Tian-Shansky 1985] it was proved that not only
is this a Poisson bracket but the gauge action of G¥ on itself, that is, the action
GN x GN — GV given by

(15) (Ls) = (gs+1Lsg5 "),

is a Poisson map and the gauge orbits are Poisson submanifolds. This is the relevant
bracket to our study of polygon evolutions.

3. A Hamiltonian bracket on the moduli space
of twisted polygons in parabolic manifolds

Let G be a semisimple group and g its Lie algebra. Assume g has a gradation of
the form

(16) g=01900Dg-1,

where g and g_; are dual to each other with respect to an adjoint-invariant inner
product. Let G; be the subgroup of G with Lie algebra g;, and P C G the parabolic
subgroup of G with Lie algebra p = g1 & go.

Consider the space of polygons in the homogeneous manifold M = G/P. In
this section we will show that under some assumptions, (14), defined in G N , can
be reduced to the quotient G/ P¥ to define a Poisson structure on the space of
Maurer—Cartan matrices associated to polygons in M, and hence on the space of
invariants as shown in Theorem 2.8.

Before we go into our main theorem, we will recall some known facts about
the action of G on G/ P when g is a |1|-graded algebra as in (16). The following
descriptions can be found, for example, in [Ochiai 1970]. Let Gy and G_; be the
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connected Lie subgroups of G corresponding to g; and g_1, respectively. We define
Gy to be the normalizer of gq in P, that is, Gog = {a € P|Ad(a)(go) = go}-

Proposition 3.1. The exponential mappings exp: g1 — G andexp:g—1 = G
are bijective. Furthermore, Gy is also the normalizer of g—1 in P and P is the
semidirect product of Gy and G1.

The subgroup Gy is called the linear isotropy subgroup of the semisimple homo-
geneous space G/ P and it is clearly locally bijective, via the exponential map, to gg.
Perhaps a more important description for this paper is the following well-known
result. It can be obtained from [Ochiai 1970], although here it is simplified for a
clearer exposition.

Proposition 3.2. Let G x M — M be the action of G on M = G/ P given by
left multiplication on class representatives. Let G; and g; be given as above,
i =1,0,—1. Then the infinitesimal action of g_ is constant in x, the one of gg is
linear in x and the one of g is quadratic in x.

Next, assume that g can be endowed with two different splittings: the original
parabolic gradation (16), and a splitting of the form

(17) g=g-Obdgy,

where b is commutative and g— and g4 are dual to each other. Assume also that
this splitting can be chosen so that gy C g4+, g—1 C g— and b C go, while go will
have, in general, intersection with all g4+, b and g—.

Remark 3.3. This assumption is not too restrictive. For example, in the complex
case, given a simple Lie algebra (a semisimple one will be the sum of its simple
terms) one can always find two gradations related as above, a pair per root with
weight equal to 1. One way to find the gradations is as follows:! Let b be a
choice of Cartan subalgebra and A = {«;, }le a simple root system associated
to h. Let ®* be the set of positive roots and ®~ the set of negative roots. Let
A € A have weight 1 and let ®; = {& € ®Twith A in its linear expansion} and ®_,
the negative analogue. Define g1 = Pyep, 9o and g—1 = Pyeo_, 9a- Let go
be the sum of the root spaces associated to the remaining roots (the ones that do
not contain A). We see that g; is commutative since A cannot appear in any linear
expansion with a coefficient higher than one, and if «, 8 € @1, then the coefficient
of o + B would be 2. Likewise with ®_;. The second gradation is simply given by
9+ = Dyeco+ 9ar 9— = Dgeo- 9o and b, ensuring that g; C g4 and g—; C g—.

Not all algebras have such roots. The ones that do are: A4, (with r different
choices of roots), B, (one choice), C, (one choice), D, (3 choices), E¢ (two

I'The author is very grateful to Professor Georgia Benkart for the description and discussions on
this matter.
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choices), E7 (one choice). In the case of a simple real Lie algebra, Kobayashi and
Nagano [1964; 1965] described all semisimple real Lie algebras with gradations
(16) as direct sums of simple ones belonging to the following list:

(1) g=sl(p +q,R) with gg = sl(p,R) dsl(g,R) D R;

(2) g =so(n,n) with go = gl(n, R);

3) g=so(p+1,q+1) with gg =s0(p +¢q) O R;

4) g =sp(2n, R) with gg = gl(n, R);

5) g= Eé with gog = 50(5,5) ® R;

(6) g= El withgo = E{ ®R.

Using their representations, one can see that the standard finest gradation inherited
from gl(n, R) with n = p + ¢ will work as gradation (17) for (1); case (2) is very
similar to (4), which we will describe in detail in our last section, while cases (3),

(5) and (6) are not clear to us. As the reader can see, some of the exceptional cases
satisfy our assumptions.

We are now ready for our main theorem.

Theorem 3.4. Assume G and g are as above. The twisted Poisson structure (14)
defined on GV, with r associated to (17) as in (11), is locally reducible to the
quotient G/ PN | and the reduced bracket coincides with the reduction of the
Sklyanin bracket (13) with tensor

f(é’ 77) = <'§—17 nl)’
where £_1 and 1y correspond to the parabolic gradation (16) defining M .

Notice that 7 is not an R-matrix and hence the Sklyanin bracket is not Poisson
before reduction.

Proof. The proof is similar to the one for RP” that appeared in [Mari Beffa and
Wang 2013], with some differences. From Theorem 2.8, the quotient is locally
a manifold, and as explained in [Semenov-Tian-Shansky 1985] the gauge action
is a Poisson action for the twisted bracket, whose symplectic leaves are gauge
orbits. Therefore, using the same reasoning as the one used in [Mari Beffa and
Wang 2013, Theorem 5.5] we conclude that the bracket can be reduced whenever
P is admissible (see Definition 2.11). According to Proposition 2.12, this is true
whenever p® = g; is a Lie subalgebra of g*, and this is the only condition we need
to check to prove the first part of the theorem.

The Lie bracket in g* is defined by the linearization of the twisted Poisson
bracket at the identity e € G. That is,

[detp, de@ls = de{p, 0} € g~
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Since p° = gy, we will look for functions <p§ such that decp;' generate g;.

First of all, we can locally identify M with the section represented by G_
through a map x — £(x) € G_;. Let ¢ : U C M — R" be local coordinates around o
defined as follows: choose coordinates for G_; given by the exponential map
composed with linear coordinates in g, and define ¢ (£(x)) = ¢(x). Assume ¢ are
the components of ¢; that is, if w; are generators of g_, then £(x) = IT;exp(o; w;)
and ¢’ (x) =aj, i =1,...,n (recall that G_; is commutative). Now, let L € GV be
close enough to e € GN sothat L = (L) can be factored as Ly = LY L{L{ with
LIS. € G, according to the gradation (16). We choose x5 € U C M such that L5 | =
£(x), and define ¢/ (L) = (¢ (Ly)) = (¢ (L })) = (¢ (£(x,))) = (¢ (xs)). Since
de¢' is in the dual of the tangent to M at the identity (which we can identify with
g—1, with dual equal to g;) and ¢ are coordinates, the elements degoi, i=1,...,n,
must generate g; = p°. Now we only need to check that if {-,-} is the quotient
bracket in (14), then

[de¢’, deg’ | = dele’ 07} 9% = g1
This will imply that P is admissible.
Identify M with the section represented by G]_V1 via the map
(x5) = (L(xs)) € GN,.
Then the action of GV on M is uniquely determined by the relation

(18) gst(xs) = L(gs - Xs) ps

for some ps € P. Let & € g and Vs = exp(e&s). As before, assume Ly = L% | LyLj
with LY | = £(x;) for some x; € M. Let Vs = exp(e&s). Using (18), we obtain

o(VsLs) = ‘/’(VsLs_l) = @(Vsl(xs)) = p(l(Vs - x5)) = (Vs - Xs).

(1) If & € g—; and given that the infinitesimal action of g_; on M is constant,
we have that

d
(19) % 5=0¢(VSLS) = (VS(P(Ls)vés>

is constant in Lg. That is to say, if Vyp(Ly) splits according to the parabolic
gradation (16), then its g; component is constant for any L and for all s.

(2) If &£ € go, then (Vs Ly) is again ¢(Vs - x4) as above. The infinitesimal action
is now linear, and hence V¢ (L;) has a go-component that is linear in L? | =
£(xy), for all s. This will vanish at x; = 0, or what is the same, at Ly = e.

(3) If £ € g4, the infinitesimal action will be quadratic, and hence Vsp(Lg) will
have a g_; component that is quadratic in L* | = £(x;), for all 5. Thus, it
vanishes at x;, =0 or Ly = e.
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We now calculate d,{¢’, ¢/} where {-,-} is the twisted bracket (14) with the
r-matrix given by (11). We want to show that d,{¢’, ¢/} € p° and so we need to
show that %‘;0{%, (psj}(eeg) =0 vyheneverf;‘ €p=g1 D go.

Given that (de@})—1 = 0 and (Vgi(L))—; is quadratic in £(xy) (with £(0) = e)
we can conclude that % ’€=0(V¢§(655))_1 =0.

Also, V'¢i(e6) = e <6V i (e€)e<t, and therefore

. . d .
“ V/léé::dl, _’ Vze&"
| V) = degh &+ | _ Veie)
Since d¢! € g, whenever £ € p we have that [d,¢!, £] € p and hence

d

4| (), =0

e=0

Furthermore, (d,¢!)o = 0 also. Finally, we split
(Viol Vogl) = (Vigl. V_19]) + (VS 0l. VO0i).

where V_?r ¢! and Vgcpé are the components of V+(p§ and V+(p§ in go. Substituting
this splitting in the definition of the twisted bracket and going over each one of
its terms, we get that they all vanish, % ‘€=0{(p§, @1 3(e¥) = 0, and hence p° is a
subalgebra of g*.

We now look at the second assertion of the theorem. The reduced bracket is
calculated as follows: let f, /4 : X — R be two functions on the quotient space J =
UN/PN, where PV is acting on the open set UN ¢ M by gauge transformations.
Consider two extensions of f,/ to U™, call them % and %, constant on the gauge
leaves of P. That means

F(pst1Kspy ') = F(Ky) = f(ks)

for any ps € P, where kg are coordinates for K (i.e., a generating system of
invariants defined by Kj). Choosing ps = exp(eé;), & € p and differentiating, we
get that

N
Y (-ViF+ 17V F &) =0.
s=1
That is,
-1 o\N N
(20) —V'F+17'VFe p°)" =g .
Likewise for #. The reduced bracket is then defined as

2 U hhiny (K) = {F, HH(K).
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We now use this description to finish the proof. Since tV'%—VF € (p°)N = gjlv
and g— C g_1 @ go, we have that 7(V'F)_ = (VF)_, and from this the reduced
Poisson bracket can be expressed as

{3 (k) = 3((VF)—, (VIO +) — (VF)+, (VI)-)
H(V'F)—, (V'H)4) = (VF)+, (VH)-))
—(t(V'F)—, (VI) 1) + (e (V'H) -, (VF)4)
= 3 (—((VF)—, (VI 1) + (VF)+, (VI)-)
F{(V'F)—, (V'H)4) = (V'F)1, (V'H)-))
— 3 (~{(VF)—, (VI 1) + (VF)+, (VH)-)
F{(V'F)—, (V'H)4) = (V'F)1, (V'F)-))
= H(VI)—, (VF) s — 1(V'F) 1) — L(VF)—. (V)4 — (V') 4).
Since g; C g+, this is equal to
(VIO 1, (VF)1 =t (V'F)1) = 5 (VF)-1, (VI)1 — T(V'50)1),
and from this we can go back to
— 3 (~((VF) -1, (VIO + (V)1 (V50)-1)
+((V'F) =1, (V'H) 1) — (V' F)1, (V'H)_1)).

which coincides with the evaluation of (13) defined by the parabolic gradation (16)
on the extensions & and 7. O

4. Polygon evolutions inducing a Hamiltonian evolution on invariants

In this section we will study which invariant evolutions of polygons induce an evo-
lution on & which is Hamiltonian with respect to the reduced bracket we described
in our previous section. In particular, we will link the invariant vector vy describing
the evolution (4), to the gradient of the Hamiltonian f* determining the evolution of
the invariants. The relation is simple and straightforward and we will show that any
Hamiltonian flow on the invariants is induced by a polygon evolution.

First of all, recall that if (xy) evolves under (4), then the evolution of the Maurer—
Cartan invariants is given by (6), where N = p;p~! € g/ satisfies the condition

(N5)—1 = —dg(0)vs.

Lemma 4.1. Let h be a function of the invariants k, and let % be an extension of h
constant on the gauge orbits of P. Assume that, for a fixed function f,
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N
Z(Vs%, (Ks)th_l) ={f, h}in (k) for any function h.
s=1

Then K; K~1 defines a { -, - }iny-Hamiltonian evolution on the coordinates k, with
Hamiltonian f.

Proof. Let k = (ks) and ks = (ké) be coordinates for K (we write Ky = K(k)),
and assume x evolves according to (4). The evolution induced on K (through k)
is given by the relation

Kk = 3 Yk ki

r=1i=1

On the other hand, let /& be a function of k and ¥ an extension constant on the
leaves of P. If Z; = K (k' (¢)) K1 (k.), with k. (0) = k' and js c—0 kL (0) =i,
we have

(22) i
de

e=0%(ZSKS) - Xs: <VS?C(K), %L:OZS)

on the one side, while on the other side

d d i — d i —
| HZK) = | K = o-| _ k€)= >3

dele=0 8k’

r=1i=1

We further see that

ZZvrakl

r=1i=1

Comparing the two sides of (22), which must be equal for any values of vﬁ, we
arrive at

Bk’ N Z <VS%(K) >
Finally, assume that
N
D (Vs (K) K'Y = {f. Diny (K)
s=1

for any /. Then

3 Z((k'» ) = S Ky = U b B

s=1r=1i=1

for any /1, and hence, by definition, k evolves via a Hamiltonian evolution, with
Hamiltonian function f. O
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Theorem 4.2. Let (x5) evolve using an evolution of the form (4), for some invariant
vector vg, and let ¢ be a section such that ps = pSPg(xs)_l, ,of € P, for any s.
Assume that there exits a function f(k), with extension F constant on the gauge
orbits of P, and such that

(23) dg(0)vg = ™ (VsF)-1.

The evolution induced on k by (4) is Hamiltonian with respect to { -, - }iny, With
Hamiltonian f.

Proof. Using (6) and (21), we have that, on the one hand

N N
(24) Y (KK Vsd) = Y (Noyr — Ko N K1 Vi),

s=1 s=1

and on the other hand
1 N
Wi (k) = 5 D (V530 -1, (Vs F =1V F)1) — (Vs F) 1. (V¥ — TV,50)1).
s=1

Now, since ViF — tV,F € gy, and g_; is the dual of gy, we have
(VsH)—1, (VsF — TV F)1) = (Vs9, VsF — tV.F)
= (V3, VsF) — (Vs ¥, TV F).
Also, since (-, -) is invariant under the adjoint action and under the shift operator,

> (V¥ VF) =3 (t V¥, tV;F). Substituting this in our calculations we get

(Vs90)_1, (VsF—tV.F)) = S (V. %, tV.F) — (V9. TV F)
S S N S

N N

=Y (TVi¥ - V¥, TV, F)
N

= ((x Vi — V901, (Vi F) 1)
N

=Y (V% — V301, (VsF)_1),
S

where we have used that (Vy%)_; = (tV,;%)_; since VsF — 1V, F € gy. Therefore

N
L e (k) = =Y (VsF) 1. (V53— TV;30)1.

s=1

Back to (24). Since
D (KgNgK' Vo) = > (N5, K 'VsdKs) = Y (tN;. 1(K; ' Vs#Ky)).

N N N
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we have

(TNs, Vi# — 1 (K 'V #Ky))

M=

N
D (Noy1— KN K, Vi) =
s=1

=l
Il
_

M-

(TNs, V53t — TV, %)

1=
Il
R

e

((tNg)—1, (Vs# —TV[%0)1).

=Y
Il
R

But, if t¢(0)vs = V_1F (and since (N;)—1 = —d c(0)vs by (7)), we get (tNy)—1 =
—(V%)_1, and hence

N N
D {(Ks) K7 V) = =Y (Vs F) 1. (VsH —TV90)1) = { [ h}iny (K).
s=1 s=1
Using our previous lemma, we conclude the proof. O

Remark 4.3. In all examples we can think of the values of (Ny)_; = —dc(0)vy
and condition (4) as determining Ng uniquely. This means that if x; induces an
evolution on k& which is Hamiltonian with respect to { -, - }iny with Hamiltonian f,
then necessarily 7(Ns)—; =—(Vs%)_1, since this choice induces the same evolution
and N is unique given those determining values. Hence, assuming that N is
uniquely determined by (Ns)—1, s =1,..., N, and (4), the converse of the theorem
is also true.

5. The Lagrangian Grassmannian example:
the Lagrangian Schwarzian difference and Volterra evolutions

In this section we apply the previous construction to the case of the Lagrangian
Grassmannian. In this example G = Sp(2n) and the parabolic gradation of the
algebra is given by

00 A4 0 0Y
(25) (Z 0)691, (0 _AT)Ego, (0 0)69—1,

where 0 is the zero n x n block, Z and Y are symmetric matrices, and A is a general
n x n matrix. Here p = go @ g1. The associated local factorization of the group is
given by

I 0\ /G 0 IS
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with ® € GL(n, R), S and S symmetric. Also, P = GGy and G/ P is the
Lagrangian Grassmannian. For a more geometric definition, consider n vectors
defining a given n-dimensional subspace x of R2”. We can find n such vectors so
that when placed as columns in a matrix, the matrix will look like

(1)

If the subspace is Lagrangian, # will be symmetric. We identify this subspace with
the matrix

@) co=(g 1) <6

which defines a section of the quotient G/ P.
The second gradation (17) is given by

A 0 d 0 Ay B
(28) (C—Ag)ng“ (O_d)eh, (O_Ag)eg_,

where Ay is strictly lower triangular, Ay is strictly upper triangular, and d is
diagonal. One can readily see that g4, g— and b are all subalgebras of g. Also clearly
b is commutative, g; C g+, g—1 C g— and b C go, so that we can apply Theorem 3.4
to obtain a Poisson bracket on the moduli space of Lagrangian Grassmannian
polygons. This structure is, in general, very complicated. What we want to do in
this section is to show that some of the invariants of Lagrangian polygons behave
in familiar and interesting ways under selected evolutions. For this we will go into
details, constructing explicitly the invariants and their evolutions. We will then
restrict the reduced bracket further to a submanifold generated by these special
invariants.

A moving frame along Lagrangian Grassmannian polygons. Let g be factored
as in (26). If we identify M with symmetric matrices u, using the section (27),
and given that the action of Sp(2n) on M is determined by (18), we can write the
action explicitly as

(29) g u=0u+S)O T +S0w+S)".

Assume we factor our right moving frame p = (ps) € Sp(2n)" according to (26) as

(1 0\ [(O; 0 I S;
Ps=\8 1)\ o o;7)\o 1)
If we define transverse sections as in (1) through the normalizations

ps-us =0, ps-us—y=—1I, ps-usy1 =1,
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we obtain the equations
us+ Ss =0,
Os(ts41+ S5) = O; T + 83O (g1 + ).
O (i1 + S5) = ~(O; T + 8,0 (us—1 + 55)).

These can be solved for

Sy =—us, Sy=I-0;T(ugy1—us)'0;!

and
(30) O O5 = 3 (g1 —us) ™' + (s —us—1) ™) = U;".

Equation (30) determines ® completely up to an orthogonal factor, assuming that
Ul = %((usH —ug) 4 (uy — us_l)_l) is positive definite. In fact, we have
Oy = 0, Us_l/ 2 where 05 € O(n) and U s_l/ 2 is a square root of a symmetric matrix
as defined in [Ovsienko 1993], unique up to the action of the orthogonal group.
Thatis, Uy */2U; '/ = U1,

To determine the last factor 6, and with it the rest of the moving frame, we need
to choose one more normalization, thus completing the definition of the transverse
section. Let’s choose ps - s+ to be diagonal. After substituting all the values we
have already found we get

_ _ 1y —1
ps stz = (I + O T ((uggr —us) ™" = (U1 —ug)"HO™H) .

Definition 5.1 (Lagrangian Schwarzian difference). Given a generic polygon of
Lagrangian planes ug, we define S(u) = (Ss(u)) to be

_ _ _ —1\—1,,—
Ss(u) = U (U + (g —ug) ™" = (s —us) ™) 7 U772
_ _ _ =1y,
=Uj 1/2[(us+2_“s) 1_%(us+1_us) ! +%(us_”s—l) 1] U T/2
and we call it the Lagrangian Schwarzian difference of u, where Us is as in (30).

This definition is the discrete analogue to the Lagrangian Schwarzian derivative
defined in [Ovsienko 1993] for curves of Lagrangian planes. In fact, if we denote
u(s + k) = y(x + ke), a long but standard calculation shows that the continuous
limit of Sg(u) is indeed a multiple of the Lagrangian Schwarzian derivative defined
in the same reference. Now, in order to diagonalize ps - 54, we need to choose 6
to be an element of the orthogonal group that diagonalizes the symmetric matrix
Ss(u). If we call

(31) Dy = 6585 (w)6T,
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then ps-ug4o = D will be diagonal. These normalization choices describe transverse
sections as in (1), and they « determlne the moving frame p uniquely. From now on
we will denote Dg = I — D; !, and hence 15, =+ Ds)~".

Maurer—Cartan invariants and their evolutions. Once we have determined a mov-
ing frame, we would like to describe the right Maurer—Cartan matrix associated to
it. To do this we will use the recursion equations (3)

Ko I} =131

Using the choices I =0, ISS_'_1 1, Is ,=—1and Is = (I + D)~ ', we select
the equations
(32) Ki-0=—-1I, K;-1=0, K;- IssJr2 I,

as those determining K. Assume that K factorizes as

k(1 0)(Kso 0 I K5
TT\K 1)\ 0 (Ke)T)\0 1)

Straightforward calculations using formula (29) show that the three recursion
equations (32) determine the values

_ T _ _1p-1 _ T p—1
Ky—1=~1, KioKso=—3D;", Ks1=K;oK;o—1.

Assuming that Dy is negative definite, we obtain the solutions
(33) Ky _1=—-1 Kso= Ies,oﬁs, K1 =—-(+ 2125,0Dsf<\s7:0)’
where

A~ 1 _1/2 ~
34 Dy =—(-D , Kso€0(n).
( ) N ﬁ( S) 5,0 ( )

Remark 5.2. the negative definite condition imposed on Dy can be removed by
merely choosing different normalizations. Indeed, if we choose arbitrary values

for I, the relations between the different invariants determined by equations (32)
become

K@, )7 =) YKo =—(I5, )2 D;

Thus, if Dy is positive definite, we could choose ss = —I and 1 ss_l = [ instead.
We can also change the sign of the different entries in /, depending on the sign of
the different eigenvalues of S(u). For simplicity we will keep the choices above.

The following theorem summarizes our findings.
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Theorem 5.3. There exists a right moving frame along polygons of Lagrangian
subspaces such that its associated Maurer—Cartan matrix is of the form

I 0\ (KsoDs 0 I -1
(35) Ks = ((1+2Ks0Ds 0) 1)( 0 KT )(0 1)

where 53 is given as in (34). The entries of Ds and K 5,0 functionally generate all
invariants of Lagrangian polygons.

Next we turn to the study of invariant evolutions of Lagrangian polygons (that is,
those for which Sp(2n) takes solutions to solutions) and the equations they induce
on the invariants. Assume (u4(?)), with ug(¢) symmetric, represents a family of
polygons of Lagrangian planes, and assume it is a solution of an invariant evolution.
According to Theorem 2.6, the equation can be written in terms of our moving
frame. Since the linearization at o of the action (29) is given by

vis OeT

1/2

and having in mind that the G factor of ,0_1 is Ug QT from (4) we conclude

that any invariant evolution can be written as
(36) (ug), = U207 vs0,UT/?

for symmetric matrices vy depending on the entries of (D;) and (12 r,0), and where
s diagonalizes the Lagrangian Schwarzian difference of the flow. From now on
we will assume that Dy = diag(d?), with d; # djs foralli # j.

Theorem 5.4. Let vg be diagonal, and assume the initial condition ug(0) satisfies
ff\s,o = I. Then K\s,o = I is preserved by the flow (36) and whenever vy =
—%(1 + =YDV f for some Hamiltonian function f, Dy satisfies a Hamiltonian
equation with respect to the Poisson structure

(37) @=) Dy(Dst™'=Dst+2(r~'=1)+17 ' Dy—1Ds+17 ' Dyr '~ Dy7) Dy
N

with Hamiltonian f. Assume vy = —I (and hence Vs f = Ds_l). Then, as polygons
evolve following

(us)e = 2((us — 1) ™" = (s —us—1) ") 7",

the eigenvalues of the Lagrangian Schwarzian difference evolve following a decou-
pled system of Volterra equations.

Proof. From now on, and to avoid cluttering, we will drop the subindex s and will
only use it if needed to avoid confusion. Thus, Ng4; will become t N, Ny will
become N, D will become D, and so on.
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We will use Theorem 2.7. Consider the section ¢ : M — G_; given by

c=(5 1)

It satisfies p = pPc(u) ™! with pf € P. Theorem 2.7 tells us that N = p; p~

be of the form
N() -0
N =
(Nl _NOT)

for some Ny € gl(n), N; symmetric and for some symmetric matrix v depending
on the invariants. A straightforward calculation shows that if K is as in (35), and if
Ky =1, then

v (1 0) D(No—N)D™' D(No+ NI =Ny —v)D\( I 0)
C\K T D™'N; D! D~Y(N; —NI)D —-K; I)’

1 must

where K; = —(I + 2D). To simplify formulas we will conjugate (4) by (—21 (I))

Direct, although longer, calculations show that if Ky = 1
I 0 1 O (Ko):—1 D' D, 0
KIK = = -~ -~ 1 -1 5
—K 1 Ky 1 2(=D¢+D(Ko)t—(Ko)¢ D) (Ko)t+5D" Dy
where we have used the relationship

B_l (13)1‘ = —%D_lDt.

Also
I 0\ (tNy —tv I 0y
—Ky I)J\tNy —NJJ\K, 1)~
tNo+tv(l +2D) —Tv
tN1+tNo+T NI +2DtNg+2TNI D+ (I+2D)*tv —tNJ—(I+2D)tv )’

Substituting these values in the conjugation of 2.7 by (_21 ?). and equating the
different entries, we arrive at the equations

tv =D+ N, — No—NI)D,
D™'D, =D(Ng— N))D™' + DN = N))D —2(I +2D)tv —tNy —tN{,
2(Ko)r =tNI —tNo+ D(No — N))D~' + DY (N; = NI) D,
2(D(Ko)¢ — (Ko): D — D;) = tNy + tNg + TN 4+ 2(DtNo + tNI D)
+ (I +2D)*tv—D7'N, D"

The last three equations result in a compatibility condition that can be obtained as
follows: we use the second equation and we multiply once on the left and once
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on the right by D, thus obtaining two equations. We substitute the sum of these
two equations in place of 2D, in the last equation, and use the third equation to
substitute (Kg);. After some straightforward work we obtain

TNy +tNo + NI = D' (Ng+ NI — Ny)D™' —to(I —4D?).
We now use the first equation, and we get
(38) TNy = —(t(Dtv) 4+ v + D).

From this, if v is diagonal, so is N;. The first equation implies that Ny + NOT is
also diagonal. Back to the second equation, we see that 5N0 D'+ D! NOTﬁ is
once more diagonal, which with our assumption d; # d; implies that N is diagonal.
If Ny and N; are diagonal, the third equation tells us that (I%O)t = 0, proving the
first assertion of the theorem.

We can now find D;. Using (38) and the first equation we have

2Ny = (Dt — 1" ' D)w,
and substituting everything into the second equation we get
(39) D'D;=(D—-1tDt+1t'D—Dt+2-27)v.
Finally, if we substitute v = %(1 + 1t 1) DVf, we have
40) D;=iD(Dr™'-Dr+2(z7'—1)+7 ' D—tD+7 ' D' —tD7) DV/.
which is a Hamiltonian equation with respect to the Hamiltonian structure
®=D(Dr'—Dr+2(t' =) +7 'D—tD+7"' D' —D7)D.
This is the second Hamiltonian structure for the Volterra equation
Di=D(x—1t"YD

(see [Khanizadeh et al. 2013]), which we obtain whenever v = [ and Vf = D1
Adopting subindices again and using (36) and (30), if vy = I, the corresponding
evolution for uy is given by

(s)e = U P07 = U7t = (1 —u) ™+ (ug —ug-) ™)™
concluding the proof of the theorem. O
Of course, we did not guess the relation

1) v=1(1+7")DVS;



HAMILTONIAN EVOLUTIONS OF TWISTED POLYGONS 311

it was given to us by the general reduction process and the compatibility condition
(23). We will describe the reduction next for our particular example and see how
we arrived to relation (41).

The reduced bracket and the double reduction to D. Before we prove that the
reduced bracket found in the previous section is further reducible to D, we will
describe the reduced bracket itself in a little more detail. Once more we are dropping
the subindex to avoid cluttering. As explained in (21), to calculate the reduction one
considers two functions f and / defined on the invariants (coordinates) generating
D and K,. Let us denote these invariants by d = (d;) and k; j, i < j. Let us
also denote by §; f the diagonal matrix §; f = diagdf/dd;, and by &gy f a skew
symmetric matrix generated by df/0k; ;j. (The precise form of 6o f* will become
clear along the process, therefore we will postpone the description until relevant.)
Set

_(Fo F4
(42) VF = (F1 —FoT)

and let us split Fy as
(43) Fo=FJ + FS¥ + F¢,

where o indicates the symmetric diagonal free components, ok is the skew-
symmetric component, and d the diagonal. Likewise for F_; and F; (clearly
Ff’f = F7 k = 0). Let us denote by K(D, 120) the family of matrices (35), and
consider the element of Sp(2n)™V

Z(e) = K(D+¢V, Ko)K(D, Ko)™",

where V is an arbitrary diagonal matrix. Let us call v the diagonal of V', written as
a vector. On the one hand, direct calculations show that when Ky = 1,

—5D7'V 0
p~lv IDp7 v )"

de

Z(e) = (

e=0
On the other hand Z(¢) K = K(D + €V, 120) and since % is an extension of f
F(Z(e)K) = F(K(D + €V, Ko)) = f(d + ev. ki j).

Differentiating with respect to €,
1 -1
—D7V 0 -
(e (300" oty ) )= @ EO =0
2

This is true for any value of V', and therefore

(44) F4 —F¢ =Dé, f.
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Likewise, we can choose Z(¢) such that
F(Z(e)K) = F(D, Ko(e)) = /(d. ki,j(€))

with k; j(0) = k;,j and %L:Oki’j (¢) = w;,j. Indeed Z(e) = K(D, 120(6))K_1,
with 120(6) chosen so that I’{\O(O) = 120 and I/{\O_I%LZOI/(\O =W, W = (w;).
(One can be more specific and create Z(¢) using the exponential function, but any
such family can be used and the precise form is not relevant.)

Differentiating with respect to €, we have

<w, (VOV V"V) > = (2F0. W) = {0 f. W).

and hence Fj = %80 f. We can now determine how the matrix &y f is created: it
is defined as the skew-symmetric matrix such that

d
%L:of(d’ki,f (€)) = {80/, W)

with W = (w;, ;) (thatis, (8o f)i,; = 0f/0dk; ;). With this in mind, we proceed to
our last theorem.

Theorem 5.5. The reduced Poisson bracket (21) can be further reduced to the
submanifold 120 = I. When using the coordinates given by the invariants D, the
resulting bracket is a decoupled system of Hamiltonian structures for the Volterra
equation as in (37).

Proof. More precisely, what we will show is that if f is independent of k; ; and &
is independent of d;, at 120 = [ their reduced bracket vanishes, while the reduced
bracket of two functions that only depend on D is given by the second Volterra
structure. Once again, and as explained in (21), if f and A are two functions
depending on D and I’(\O, their reduced bracket is defined as

{f hYiny = (V) -1, (VF) —t(V'F)1) — 3 (VF)—1. (VH) 1 — T (V'50)1),

where & and # are two extensions satisfying (20). Assume V& is given as in
(42) with the splitting (43). After conjugating V'% back to V¥ and simplifying,
condition (20) results in two equations at Ko = I, namely
45) 1t 'Fy= D' (Fo—F_1K,)D+D(F,+ K, Fo+ FI K\ =K, F_K)D,
46) v 'F_y=D(F_,—FI)D™'—t7'F,.

Case 1: Assume that | depends only on D. Then ng = %80]‘ = 0. Using (45),

0=1"Y(Fo—FI)=D"Y(Fo— F_1K\)D - D(Fl —K,F_)D".
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Using that Ky =1 — 5_2, we get

0=D"'(Fo— F_\)D—D(Fl —F_;)D !,
which, under the condition d; # d;, implies

Fg =F°,.

Substituting this in (45) we get

20F° =D 'F°, D' = D7'F°, D71 =0
and, therefore,

F?, =Fj =0.

This implies that F; and F{ are both diagonal. If we now look at (45) we clearly
see that F is also diagonal. These diagonals can easily be found from (45)-(46)
and the relation Ffl =D f+ Fg. They are

47) Fé =1+ D)Ds, f
(48) F¢ = a-nDs f
(49) F¢ = (Dt 'D+ D*~ 1D+ 3 D)8, f.

Case 2: Assume that f does not depend on D. Then Ffl = Fg + D&, f = F4,
and equating the diagonals in (46) we get Ffl = Fg = 0. Doing the same with
(45), we have that Ffi = 0 also.

Now, assume that f depends on D, while & doesn’t. Then, both (V%)_; and
(VF — tV'%F)1, whose only nonconstant block is given by

Fi—t(D(F) + K, Fo+ F K, — K, F_, K,) D),

are diagonal, while (V#)_; and (V¥ — tV'¥); are diagonal free. Therefore as
one can readily see from the formula in (21),

{f’ h}inv =0.

If both f and / depend on D only, we can substitute (47)-(48)-(49) in (21) to find
the double reduction. It is given by

{f’h}inv(D)
=81, D( ' =)D+ D' =) +2( =)+ ' D! — D7) DSy f),

which is a decoupled system of second Hamiltonian structures for the Volterra
lattice, as stated. O
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We can now see where the relation vy = %(I + 71 D8, f came from: F_; =
%(T + 1)Dé; f and tvg = F_q, according to (23).

6. Conclusion and further study

In this paper we have shown that, if G is semisimple and g is a |1|-graded Lie algebra
with a parabolic gradation compatible with a second grading of the form (17), then
the moduli space of polygons in G/ P is endowed with a natural Poisson bracket that
can be linked to invariantizations of polygon evolutions. As an example we described
in detail the case of polygons of Lagrangian subspaces in R?>”. We show that
under some nondegeneracy conditions the Poisson bracket can be restricted further
to a certain submanifold of Lagrangian planes, and that on this submanifold the
eigenvalues of the Lagrangian Schwarzian difference evolve following a Hamiltonian
evolution, one that becomes a decoupled system of Volterra equations when a proper
Hamiltonian is chosen.

In the continuous case, the existence of a Poisson structure on the moduli space
of curves is guaranteed not only for the case of |1|-graded Lie algebras but also for
general homogeneous manifolds of the form G/H with G semisimple [Mari Beffa
2010] and for semidirect products [Mari Beffa 2006]. It is well possible that the
same is true for the discrete counterpart, but the discrete case is more difficult to
study. The main obstacle is the need to rely on R-matrices to define the Poisson
Lie group at the beginning of our construction. If we consider a general case
G/H, with 6 being the Lie algebra of H, then to be able to use these Poisson
structures we will need to coordinate 6 with a gradation of the form (17), with
60 C g+: on the one hand (17) is used to define the R-matrix, and on the other
hand 6 is used for the reduction itself, so both need to be coordinated throughout
calculations. Not only that, if m is a linear complement for 6, SO g = 6 @ m, in
order for the proof of Theorem 3.4 to go through, one can check that we would
need the condition m* N'm = 0. At first sight, this seems to not be always possible
since choosing 6 = g, (instead of 6 = g1 D go) provides a simple counterexample.
Furthermore, in the general case, the action of G on G/H will also determine
whether or not the bracket reduces. Indeed, the fact that the infinitesimal action
was either constant, linear or quadratic, depending on which subgroup of G we
were using, was fundamental to the admissibility of p (we need the action to vanish
at zero, and the derivative of the infinitesimal action of 60 to also vanish at zero).
Hence, one will have to decide which actions qualify and which ones don’t. Thus,
although a more general theorem is true for those other cases that satisfy these
three conditions, it would not be as general as the theorem for curve evolutions.
Surprisingly, the case of the homogeneous 2-sphere SO(3)/SO(2) does not satisfy
these three conditions (one can check that if m is a linear complement m* N'm # 0),
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but nevertheless in [Mansfield et al. 2013], we described polygon evolutions on
the 2-sphere SO(3)/SO(2) inducing an equation of Volterra type on the discrete
curvature of the polygon. Thus, perhaps a somehow different approach is needed to
increase the generality. Work in that direction is under way.

A different and very interesting question is how one can get a second Hamiltonian
structure, a companion for the reduction, to be used for integrability of difference
evolutions. This point is not at all clear: in the continuous case it is know that
it comes from a reduction of a second Hamiltonian structure (see [Mari Beffa
2010]), but it is also known that this second structure is not always reducible
(a counterexample can be found in [Mari Beffa 2007]). No such natural second
structure seems to exist in the discrete case and the situation becomes more murky.
In [Mari Beffa and Wang 2013] we showed that in the case of RP”, even though
the right bracket (the portion of the Sklyanin bracket involving right gradients
only) is not Poisson, when reduced to G/ P the result is Poisson and a second
Hamiltonian structure for integrable discretizations of W;-algebras. It seems to be
a similar situation as having the Sklyanin bracket reduce to a Poisson bracket, even
though it is not a Poisson bracket with our choice of parabolic gradation. Thus,
perhaps there is an underlying bracket that coordinates with the right bracket to
give the same result, but what bracket this might be is unknown to us.
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ON SCHWARZ-CHRISTOFFEL MAPPINGS

MARTIN CHUAQUI AND CHRISTIAN POMMERENKE

We extend previous work on Schwarz—Christoffel mappings, including the
special cases when the image is a convex polygon or its complement. We
center our analysis on the relationship between the pre-Schwarzian of such
mappings and Blaschke products. For arbitrary Schwarz—Christoffel map-
pings, we resolve an open question from earlier work of Chuaqui, Duren
and Osgood that relates the degrees of the associated Blaschke products
with the number of convex and concave vertices of the polygon. In addi-
tion, we obtain a sharp sufficient condition in terms of the exterior angles
for the injectivity of a mapping given by the Schwarz-Christoffel formula,
and study the geometric interplay between the location of the zeros of the
Blaschke products and the separation of the prevertices.

1. Introduction

The purpose of this paper is to provide further information about Schwarz—Christoffel
mappings that adds to the results obtained in [Chuaqui et al. 2011; 2012]. We refer
the reader to [Bhowmik et al. 2009] for related interesting work on concave func-
tions.

Let f be a Schwarz—Christoffel mapping of the unit disk D onto the interior of
an (n+1)-gon. In other words, f is a conformal map onto a domain in the extended
complex plane whose boundary consists of finitely many line segments, rays or
lines. In [Chuaqui et al. 2012], it is shown that the pre-Schwarzian of f has the form

/" 2Bi/B,
f' 1—2zBi/B,
for some finite Blaschke products By, B, without common zeros, with respective

degrees d, d; satisfying d; + dy = n. The polygon is convex if and only if d, =0
(see also [Chuaqui et al. 2011]). The representation for f”/f’ is obtained from a

(1-1)
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well-known formula:

” n+1
(1-2) f— =2 Z P

Z_Zk

where each z; is a prevertex and 27 B, is the exterior angle at z; (that is, 7 minus
the interior angle); we have Z”H Br = 1. The formula (1-2) remains valid for
polygons with one vertex at infinity. (The angle at infinity between two sides is,
by definition, —1 times the angle determined, at their crossing in the plane, by the
lines containing the sides.)

As a consequence of (1-1) and (1-2), the prevertices are shown to be the roots of
the equation

zBi(z) _
By(z)

It is interesting that (1-3) corresponds to a polynomial equation of degree n + 1
for which all roots are simple and lie on |z| = 1. This is a particular feature of the
pair of Blaschke products By, B; arising from Schwarz—Christoffel mappings. Note
that the topological degree of zB; /By on 0D is 1+ d| — d>, so that zB; /B, must
be traversing in the negative sense at many of the prevertices. In fact, as the proof
of Theorem 2 shows, at a prevertex zx, B/ B3 is traversing oD in the positive or
negative sense according to whether f(z;) is a convex or a concave vertex. It is
also interesting to observe that when d, = 0, any solution of (1-1) will result in a
univalent mapping because 1+Re{zf"”/f’} = 0. In this paper we answer the natural
question of finding a geometric interpretation for the degree d5, and show that this
integer coincides with the number of concave vertices of the polygon.

In Section 2, we also address the case of Schwarz—Christoffel mappings f onto
the exterior of an (n-+2)-gon, with the normalization f(0) = co. In [Chuaqui et al.
2012], we showed that the pre-Schwarzian of such a mapping is given by

f// 2
I =S5 s

[ Z2(Bi/By)—1
for finite Blaschke products By, B, without common zeros, with degrees dy, d»,
respectively, for which d; 4+ d, = n. The polygon is convex if and only if d =0
and, as before, we show in this paper that d, is equal to the number of concave
vertices of the polygon.

Another issue we address in this paper is the question of when a solution of (1-2),

or equivalently, of

(1-3)

(1-4)

n+1 n+1

fo=[lec-2 > A=l
k=1

k=1
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does indeed correspond to a univalent mapping. In Theorem 4 below we obtain the
sharp sufficient condition ZZ:% |Bk| < 2 for univalence. The result is optimal in
the sense that there are nonunivalent solutions of (1-2) for which ZZI% | Br| differs
from 2 by an arbitrarily small amount.

In Section 3 we obtain results on the separation of the prevertices of convex or
concave Schwarz—Christoffel mappings, expressed in terms of the location of the
zeros aip, . . ., a, of the Blaschke product B; that appears in (1-1) or (1-4) (recall
that, in this case, d, = 0). The results are sharp, and show, for example, that the
prevertices tend to be uniformly separated on D when all |a | are very small. Finally,
in Section 4 we derive some necessary conditions for the location of the zeros of

the Blaschke products By, B in (1-1) and (1-4) for arbitrary polygonal mappings.

2. Blaschke products and univalence

In [Chuaqui et al. 2011] we revisit the classical theme of convex mappings. The
starting point is the observation that such mappings correspond exactly to the
solutions of

f// 2%

? C1—zh’
for some function /4 analytic in D and bounded by 1. The image f (D) is the interior
of a polygon if and only if / is a finite Blaschke product. We can express £ in terms

of p=f"/f"as
P

h= ,
2+2zp

and draw the following result.

Theorem 1. Let h be analytic in D with |h(z)| < 1 everywhere. Then there exists
a sequence {B,},eN of finite Blaschke products converging to h locally uniformly
in D.

Proof. Let f be the convex mapping corresponding to & as above, and let 2, be
a sequence of convex polygons converging to f (D) in the sense of Carathéodory.
Properly normalized Schwarz—Christoffel mappings f, of D onto €2, will converge
locally uniformly to f. Each mapping f, satisfies (1-1) for a certain finite Blaschke
product By = B, and B, = 1. The theorem now follows by expressing Bj , in
terms of the pre-Schwarzian of f,. (|

Next, we give an answer to an important issue left unresolved in [Chuaqui et al.
2012], namely the connection between the degrees d;, d» and the number of convex
and concave vertices of the polygon.

Theorem 2. Let f map D onto the interior of an (n+1)-gon, and let By, B; be the
corresponding Blaschke products in the representation (1-1). Then d; is equal to the
number of concave vertices, while dy + 1 is equal to the number of convex vertices.
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Proof. Let
— it ﬁ it
(2-1 @(t) =argye” o~(e),
B,

with a well-defined branch of the argument once its value has been assigned at one
given vertex. In any case,

(B . B, . . .

(2-2) o) =1+e"( L") —2(")) =1+1B](e")] — Bye")].

B B;
On the other hand, we see from (1-1) and (1-2) that

Bi/B; _’il B

ZB]/Bz—l k=1Z_Zk,

hence
. By/B; By/B; 1

2-3 =lim(z—z = k) = ,
G A=l e e T T @B By Y T g

where we have written z; = e'’*. We say that z; is convex or concave according
to whether the polygon is convex or concave at f(z;). We conclude that ¢'(f;) is
positive at convex prevertices and negative at concave prevertices. Furthermore, the
points z; are the solutions of (1-3). Hence we see from (2-1) that, for all k,

o(ty) =2mjr, jr€Z, and @(t) #2nj, t # 1.
It follows now that
21 when zi, zx+1 are both convex,

Tyl
(2-4) / o t)=10 when zi, zx+1 are one convex and one concave,
17
k —2m  when z, zx4+1 are both concave.

Let a be the number of consecutive convex prevertices, b the number of instances
a vertex of one type is followed by one of the other type, and ¢ the number of
consecutive concave prevertices. Then a + b +c =n + 1, and we see by (2-4) that

2
/ ') dt =2n(1+d, —dp) =2m(a — ).
0
Hence we have
1+di+do=n+1=a+b+c, 1+di—dr=a—c.

We conclude that b
14+d; :a—l—é, dy=c+ =.

2 2
To obtain the theorem, we claim that ¢ 4 (b/2) is equal to the number of concave
vertices (or prevertices). To see this, let zg, . .., z; be any maximal chain of con-

secutive concave prevertices. Hence z;_; and z;4; are convex prevertices. The
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collection z, ..., z; of concave prevertices contributes [ — k to the count of ¢ and
contributes 2 to the count of ». Thus its contribution in the count of ¢ + (b/2) is
exactly the number of points in the chain. This proves the claim, and completes the
proof of the theorem. O

Similar results hold for mappings f onto the exterior of an (n+2)-gon, having
the important normalization f(0) = co. For such mappings we have that

S B
L)

=1 Z— 2k

where, as before, z; are the prevertices and 278 are the exterior angles, which
satisfy —1 < B¢ < 1 and ZZ;Z Br = 1. In [Chuaqui et al. 2012], this was shown to
lead to ,

f 2

7T 2Bi/B) -1
for Blaschke products By, B, of degree di, d> satisfying d| 4+ d, = n. Again, the
case d, = 0 corresponds exactly to when the polygon is convex. The prevertices
appear as the solutions of the equation z2B| = Bs, yet no further information was
provided in connection with the degrees of the Blaschke products. With a similar
argument as in the proof of Theorem 2, one can show:

Theorem 3. Let f map D onto the exterior of an (n+2)-gon, and let B, B, be the
corresponding Blaschke products in the representation (1-4). Then d; is equal to the
number of concave vertices, while dy + 2 is equal to the number of convex vertices.

Next, we address the question of the univalence of solutions of (1-2).
Theoremd4. Let0<t) <---<t,p1 <2m, zx=e€"% reR k=1,...,n+1, and let

n+1 n+1

(2-5) YoBe=1, Y Ikl=2.
k=1 k=1

Then the function f defined by

n+1

(2-6) f@=a]]c-2* aeC a#0,

k=1
is univalent in D.

Observe that there exist polygons with Y |Bx| arbitrarily large for which f
remains univalent. For example, one can consider a polygon inscribed between
two disjoint logarithmic spirals. On the other hand, once ZZI } | Bk | is allowed to
exceed 2, then the sum of exterior angles at concave vertices will be larger than
in absolute value, thus making it possible for the image f (D) to intersect itself.
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Proof of Theorem 4. Let f be given as in (2-6) and suppose that (2-5) holds. Then f
is locally injective in D, and we will show that f is univalent there, and, in fact, that
it is close-to-convex. Among the various equivalent formulations of this geometric
property (see, e.g., [Duren 1983, p. 48]), we will show for 0 < 0, < 6, < 2x that

"

02 f .
I:I(01,92)=/ Re{1+z—/(z)}d9>—7r, z=reé'’.
o1 f

To prove this, observe that

Re{l—i—z%(z)} ZﬂkRe{Zk+Z} Z,B L-r

lzx — 2|

In trying to obtain a lower bound for / we can discard the terms with g; > 0. For
the other terms, we have that

6> 1— i‘2
———db <27
~/91 |Zk - relel2
because of the properties of the Poisson kernel. Hence
I >2m Z Br > —m,
Bi<0
as desired. U
Example. Avkhadiev and Wirths [2002; 2005; 2007] initiated the study of the
so-called concave mappings, that is, univalent mappings of the disk D) onto the
complement of a convex set. As an example of Theorem 4 we can consider a convex
polygon P with oo € P and the conformal mapping of D onto the complement of P.

Let A be the angle of f (D) at oo, with 1 <A < 2. It follows from [Avkhadiev and
Wirths 2005] that

f@=a@z—m) " [[e-2" D wn=r-
k=1

k=1
that is, By = %yk fork=1,...,n,and 8,411 = %(1 + X). Therefore

n+1

Y Bl =30+ D+3i0 - =1re[l,2].

k=1

Next, we establish the following variant of Theorem 4:

n+1
Theorem 5. Let f be defined by (2-6) with Y Br = 1, and suppose that
k=1
I
2-7) M@} o for 12 < 1. Imfz) 0.

Im{z}
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Let 01 be the interior angles of the polygon f (D) at f(£1). If

n+1
1 1
(2-8) ; Bl < 3+ — max(6; — 7, 0) + — max(0- —.0),

then f is univalent.

The expression on the right-hand side of (2-8) lies in [3, 5], and it is easy to see
that any value in this range can be achieved. Therefore, Theorem 5 gives a better
result than Theorem 4 under the stronger assumption (2-7). The condition (2-7)
implies, in particular, that (D) is symmetric with respect to R.

Proof of Theorem 5. By (2-7), the polygon P = f(dD) is symmetric with respect
to R. Hence m :=(n+1)/2 € N. We may assume that z; =1, zp = —1in (2-6). Then

_1_04 _1_ 6
,31—2 27{7 132—2 o

which satisfy |B81], |f2] < % It follows that
1
- max (04 —m, 0) = max(—281,0) = |B]| — B1,

%max(G_ — 7, 0) = max(—28, 0) = | Ba| — Ba.

Let ¢+ be the conformal mappings of D onto the semidiscs {z € D : Imz = 0}
such that ¢+ (1) =1, ¢+ (—1) = —1 and ¢4 (£i) = +£i. Then

(2-9) Py = f(p+(0D)) = fODN{Imz 2 0} U[f(=1), f(+D]

are the upper and lower parts of P union [ f(—1), f(1)]. We may also assume
that B, k =3, ..., m+ 1, belong to the vertices of P that lie in Py.
Consider the upper polygon P.. The values y, of P corresponding to the B are

yk:{}ﬁ%ﬁkzo k=1,2,

- B k=3,...,m+1,
(for which ) yx = 1). In light of the symmetry with respect to R, we get
met nt1 nt1
2Y Il =14 B4 B+ ) 1Bl =14 1Bl — (1Bl = B1) — (B2l = Ba).
k=1 k=3 k=1

Using (2-8), we conclude that
m+1

2) Inl <4,
k=1

and it follows from Theorem 4 that f o ¢ is univalent in D. The same holds
for fop_.
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By (2-9) we have

fD)=(fep)MU f((=1,D)U(fop_)(D),

which are disjoint unions by (2-7). Hence f is univalent in D. (]

3. Separation of prevertices

Let f be a Schwarz—Christoffel mapping taking [ onto a convex (n-+1)-gon.

Recall that

f_”()_ 2B(z)
[ T T

where B(z) is a Blaschke product of degree n. We write

where |c| =1 and all |ai| < 1. The prevertices zy, ..., z,41 correspond to the roots
of the equation zB(z) = 1, and after rotating f, we may assume that ¢ = 1. Recall
also that, in this case, any choice of Blaschke product B = B(z) will result in a
univalent mapping f. The separation of consecutive prevertices zx, Zx+1 1S to be
understood as arg{zxzx+1} € (0, 27).

Theorem 6. Suppose that |ay| <r < 1 for all k. Then:

(i) The minimum separation in argument of consecutive prevertices is given by 20,
where 0 is the unique root in (0, w/2) of the equation

(3-1) T=60+4+2n arctan{litang}.
1—r 2
The result is sharp. The optimal configuration occurs whena; = ---=a, =rc

nt+l _

for some root of the equation c —1, and the lower bound is attained for

the prevertices e'%c, e7'%c. The distance between any other pair of consecutive

prevertices will be larger.

(ii) The maximum separation in argument of consecutive prevertices is given by 2,
where \ is the unique root in (0, ) of the equation

. 1—r v }
(3-2) T=v+4+2n arctan{—H_r tan Bk
The result is sharp. The optimal configuration occurs whena; =---=a, =rd

for some root of the equation d"+' = (—=1)", and the upper bound is attained
for the prevertices —e'Vd, —e™Vd. The distance between any other pair of
consecutive prevertices will be larger.
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Proof. We must estimate the distance between two consecutive roots a = ¢'%, b =¢'P
of the equation zB(z) = 1. Because zB(z) traces the boundary 0D for z € dD in a
monotonic way, we must have from (2-2) and (2-4) that

B
(3-3) / (1+1|B'(e"M))) dt =2,
with }

n 2
. 1—
B =Y e

— | —ar|?

(Equation (3-3) shows that 0 < 8 — o < 27.) We claim that for «, g fixed, the
contribution of any single summand

F1—a |
3-4 — dt
G- /a el —ay|?

will be maximal if |ax| = r and ay/|ax| is the midpoint ¢ of the shorter arc joining
a and b. Let ry = |ai| and write a; = rre'’*. Then

P1—|ax)? S N
———dt = ——dt.
a |elt _aklz a—ty |1 _’/'kelt|2

For ry <r given, this integral is maximal when 1 € 9D is the midpoint of the shorter
arc between ¢/ @~%) and ¢!#~) The integral is then equal to

6 1_’,2
/ — k4 =4arctan{ 147 tang},
_g |1 —reelt)? l—rp 2

where 260 = 8 — «, and becomes maximal if r; = r. In other words,

B 11— 2
(3-5) / A dt < 4a.rctan{ I+r tan Q}
o et —ag)? I—r 2

which proves our claim for the contribution of any single term, and therefore the
minimum separation between consecutive roots will occur if this holds for all
k=1,...,n. Equation (3-1) follows. The analysis shows that for the extremal
configuration, all a; = rc are equal and that e* ¢ are roots of the equation zB(z) = 1.
Because B(c) = ¢, then ¢B(c¢) = ¢*t!, and since zB(z) traces the arc between the
two roots in symmetric fashion with respect to the midpoint, we conclude that
c"t!1 = —1. This proves part (i).

For part (ii), we observe that, for ry = |ag| fixed, (3-4) will be minimal provided
—1 € 3D is the midpoint of the shorter arc between e/~ and ¢/#~*), The integral
is then equal to

T2 —
f —]‘.Zdt=4arctan{1 "k tan ﬂ}
a—y |1 —rre'| I+ry 2
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where 2y = 8 — «, and becomes minimal when r; = r. Thus,

(3-6) fﬁﬂ dt >4 arctan{ 1=r tan o }

o« le —arl? I+r 2
Therefore, the maximum separation between consecutive roots will occur if, for
all k =1,...,n, we have that |a;| = r and a;/r is equal to the midpoint of the
longer arc between a and b. From this, (3-2) follows. As before, the analysis of
the extremal configuration gives a; = rd for all k. The points —e®¥d are roots of
zB(z) = 1, which by symmetry as before implies that d"*! = (—1)". O

Corollary 7. Suppose that |ax| < € for all k. Then the maximum separation 2y
and minimum separation 260 between consecutive prevertices satisfy

T T
3-7 N Y o B e — 02, 0.
CD i g20n T =0V S0 50, 7O <
Proof. For fixed x € [0, /2], let F(§) = arctan((1 4 §) tanx). Then F(0) = x,
F'(0) =sinx cosx = % sin2x and F”(0) = —2sin’ x cos x, hence

F(8) =x+4sin2x§ + 0(8%), §— 0.

Using that (1 4+r)/(1 —r)=142r + O(r?), r — 0, and that sin 2x < 2x, we see
from (3-1) that the minimum separation 6 satisfies

T<0+ 2n<% +e5in(0) + 0(e) = (14 (1+26)m0 + O(eD).
This implies the lower bound in (3-7). A similar analysis applies to the maximum
separation ¥, and the upper bound in (3-7) obtains. ([

Suppose now that f is a Schwarz—Christoffel mapping taking [ onto the com-
plement of a bounded convex (n+2)-gon, with the normalization f(0) = co. In
this situation, we know that

f// 2
7T 2B -

where B(z) again is a Blaschke product of degree n. We write

B(z)—cl_[

where |c| =1 and all |ai| < 1. The prevertices zi, ..., zZ,4+2 are now given by the

— akZ

roots of the equation z2B(z) = 1, and after a rotation of f, we may assume that
c = 1. The following result is obtained in a way similar to Theorem 6, and the
proof will be omitted.

Theorem 8. Suppose that |ay| <r < 1 for all k. Then:
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(1) The minimum separation in argument of consecutive prevertices is given by 20,
where 0 is the unique root in (0, w/2) of the equation

T =20+2n arctan{li tan Q}
1—r 2
The result is sharp. The optimal configuration occurs whenay =--- =, =rc
for some root of the equation ¢"+* = —1, and the lower bound is attained for

the prevertices €'’ c, e~ c. The distance between any other pair of consecutive
prevertices will be larger.

(i1) The maximum separation in argument of consecutive prevertices is given by
2yr, where r is the unique root in (0, w/2) of the equation

T =2y +2n a.rctan“%: tan%}.
The result is sharp. The optimal configuration occurs when o) =--- =, =rd

for some root of the equation d"T? = (—1)"*!, and the upper bound is attained
for the prevertices —e'Vd, —e~'Vd. The distance between any other pair of
consecutive prevertices will be larger.

A statement similar to Corollary 7 can be made in this case. If |ai| < € then the
maximum and minimum separation between prevertices satisfy

T T
38) — o) <f<v<— L0, 0.
8 gz 0=V s i o, TOED) €=

We finish this section with some remarks on the separation of prevertices for
arbitrary polygonal mappings. Suppose f is a mapping of the form given by (1-1),
where after rotation, we may assume expressions for By, B, given by

di z a dy z b
—ay — by
Bi(z) = —, B(2)= = -
]!:[1 l_akz ]!:[1 1 —ka
Then
dy 2 dy 2
. . 1—|ak| 1—|bk|
") =1+ |B(e'")]| — |B5('")| =1+ —_ — _— .
(P() | 1( )| | 2( )| ;len_akIQ ;le”—bklz

Let a = ¢!“, b = ¢'P be consecutive convex prevertices, with separation  — o = 28,
and let r be the radius of the smallest centered subdisk that contains the zeros
of By, B>. We deduce from (2-4) and the estimates (3-5), (3-6), that
(3-9) 4+ 2d, arctan ; —2d, arctan(Ax) <

< 8 + 2d; arctan(Ax) — 2d, arctan ;—i,
14+r

—r

where A = and x = tan % Thus, for example, with given dy, d,, a relatively
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small separation 26 can only occur if r is rather close to 1. Because the univalence
of f is no longer guaranteed when B, B; are chosen arbitrarily, it seems of interest
to determine under which circumstances the inequalities (3-9) remain sharp. We
provide here a simple example where one can show sharpness in the right-hand
side of (3-9) when dy =d, = 1.

Example. Consider the Blaschke products B;, B, given by

_ ztr _ z—r
B =11 B@={——. re0.D,
and let f be defined, up to an affine change, by
" 2Bi/By 20z +r)(1—rz)

T 1=zBi/B, G—r)(4r)—zz+n(1—rz)

In analyzing the roots of z B| = B,, we observe that z3 =1 is one immediate solution.
The other solutions are the roots of

rz2+(r2—i—2r—l)z—|—r:O,

which are given by

(1=2r =r2) /=1 =r) (2 +4r 1)
2r ’

{12 =

For r > ro = /5 —2=0.236.. .., the discriminant is negative and |z12| =1, with
z1 = z2(= —1) only for r = 1. In the partial fraction decomposition
"
f_/=_2< LI - S ;¢ )
f 7—21 Z—22 Z—2Z3
we must have 8| = B, because of symmetry, while 81 + 8, + 83 = 1 by equating

coefficients with the above representation for f”/f’. Recall (2-3), which relates
the exterior angles 2 8 with the boundary function ¢(#). Here

/(t)—1+ 1—r2 1—r2 )
A T e 2 1 —rer 2
hence | |
—r +r
"0)y=1+ — :
#10) I+r 1—r

One readily verifies that ¢’ (0) < —2 precisely when r > r; = (14++/13)/(5++/13) =
0.535..., in which case p3 € (—4%,0) and B = B> € (3, 3). Thus, for r > ry,
we deduce from Theorem 4 that f is univalent, and z; » are convex prevertices,
while z3 is a concave prevertex. The convex vertices f(z;2) are at infinity, and
the image f (D) corresponds to a half-plane minus a symmetric slit ending at the
concave vertex when r = ry, or a wedge when r > ry.
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Finally, to show sharpness in the right-hand side of (3-9), observe that for r > ry
the conjugate points z; = 7, have negative real part, and thus their separation 26
will correspond to the root 6 € (0, 7 /2) of the equation

X
6 + 2 arctan(Ax) — 2 arctan n =T.
For consecutive concave prevertices, we deduce in similar fashion that

(3-10) &+ 2d, arctan ;—i —2dy arctan(Ax) < —m

< 8§ + 2d; arctan(Ax) — 2d, arctan JXC

once again forcing r to be very close to 1 if a small separation is to happen.

A similar analysis can be carried through to obtain information about the sepa-
ration between consecutive convex or concave prevertices in the case of exterior
mappings. The resulting inequalities are analogous to (3-9) and (3-10), with the
single term § replaced by 28. The proof will be omitted.

4. Location of zeros

In this section we study the location of the zeros of the Blaschke products appearing
in the representation formulas (1-1) and (1-4) of Schwarz—Christoffel mappings.
Convex or concave mappings impose no restriction on the location of the zeros,
since in the absence of the Blaschke product B;, (1-1) and (1-4) will always render
univalent mappings. It is probably an ambitious task to determine conditions on B
and B, that are both necessary and sufficient for all mappings of the form (1-1) and
(1-4) to be univalent. Nevertheless, some necessary conditions can be established.
We deal first with the case of mappings arising from (1-1). Because 1 +Re{zf"/f’}
will be positive or negative according to whether |zB;| < |Bz| or |zB1| > |By|, it
follows readily from the radius of convexity for the class & that we must have

B1(2)] < |B@)|, |z <2—+3.

In particular, all zeros of B, must lie in the region |z| > 2 — /3.

Theorem 9. Let f be given by (1-1), with dy, d, the degrees of the Blaschke prod-
ucts By, By, respectively, and suppose that dy > 1. Suppose that all the zeros
of By, By are contained in the subdisk |z| <r < 1. Then

Vadid, ¥+9+3—2d, 2dr — 1 —J/1+4d\d, }
Vadid, ¥9+3+42d, 2dr + 1+ V1+4ddr )

In particular, if dy = 1 then

4-1) r Zmax{

- Van+5+1

4-2 p> YT
-2 C VAn+5+5

> 1
-2
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The estimate (4-2) is sharp for the Koebe function.

Proof. Recall the boundary function ¢(t) in (2-2). At a concave prevertex e'0, the
exterior angle 27 By lies in [—z, 0), and hence Sy lies in [—% O). It follows from
(2-3) that

@ (t9) < —2.
If we write
dy 1—a 1) z—b
—ag — Dk
Bi(z) =c —, By(7)=c —,
1(2) 1k|:|1 1 arz 2(2) 2k|:|1 bz
then

d 2 dy 2

1 lal LIl

=1 . - . .
YOI+l ~ L

After evaluating at t = 1y, a simple estimate gives

1—r 147
l+di—L —dy-t < 2.
MR FE e

With s = (1+r)/(1 —r), we obtain
d2S2 —3s—d; >0,

which implies (4-1). If d, = 1, then d; = n — 1, which proves the first estimate
in (4-2).

In order to obtain the second estimate, we observe that at a convex prevertex eth,
the exterior angle 2778 is positive, and therefore ¢’(¢;) > 0. This now gives

1+r

1+d11—r_

d>

1—r 0.
1+r
and the second estimate follows.

To show sharpness, we consider the Koebe function k(z) = z/(1 — z)?. Then
K'(z) = (1+2)/(1 —z)3, and thus

KoL 3

k' z+1  z—1’
which is consistent with a polygonal mapping onto a 2-gon with a concave vertex
with exterior angle —m at k(—1) = —%, and a convex vertex with exterior angle 37
at k(1) = co. A calculation gives

K" 1/B>(z)

YO T B

with By (z) = (Z + %)/ (1 + %z) Then r = %, which coincides with the lower bound
in (4-2) withn = 1. O
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Remark. The first estimate in (4-1) is the better one when d; > d,, while the
second will provide better information for d, > d;.

The final theorem describes the analogous situation for mappings of the form
(1-4) onto the complement of polygons. The corresponding boundary function is
now given by

o) = arg L) .
for which
¢'(1) =2+|Bj ()] — By (e")].
Since the proof is based on an almost identical analysis, it will be omitted.

Theorem 10. Let f be given by (1-4), with dy, d, the degrees of the Blaschke
products By, By, respectively, and suppose that d, > 1. Suppose that all the zeros
of By, By are contained in the subdisk |z| <r < 1. Then

Jdidy +4+2—d; dz—l—«/l-i—dldz}
Vdidy +44+2+d," do+1+/T+did> )
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VANISHING VISCOSITY IN THE PLANE
FOR NONDECAYING VELOCITY AND VORTICITY, II

ELAINE Co0zzI

We consider solutions to the two-dimensional incompressible Navier—Stokes
and Euler equations for which velocity and vorticity are bounded in the
plane. We show that for every 7 > 0, the Navier-Stokes velocity converges
in L*®([0, T]; L>(R?)) as viscosity approaches 0 to the Euler velocity gen-
erated from the same initial data. This improves our earlier results to the
effect that the vanishing viscosity limit holds on a sufficiently short time
interval, or for all time under the assumption of decay of the velocity vector
field at infinity.

1. Introduction

In this paper, we study the vanishing viscosity limit of solutions to the two-
dimensional incompressible Navier—Stokes equations. Recall that the Navier—Stokes
equations modeling incompressible viscous fluid flow on R" are given by

oy +uy - Vi, —vAu, =—Vp,,
(NS) divu, =0,

Uyli—o = Mg-
When v = 0, the Navier—Stokes equations reduce to the Euler equations modeling
incompressible inviscid fluid flow on R":

oju+u-Vu=—-Vp,
(E) divu =0,

ul—o = u®.
There are a number of results addressing the vanishing viscosity limit of solutions
of (NS) on R" under various assumptions on the initial data (see, for example,
[Constantin 1986; Masmoudi 2007; Kelliher 2004; Chemin 1996; Kato 1972;
Swann 1971]). Here we focus our attention on solutions to (NS) and (E) in the plane
with bounded velocity and vorticity which do not necessarily decay at infinity. We
show that such solutions to (NS) converge to solutions of (E) with the same initial

MSC2010: 76D0S.
Keywords: fluid mechanics, inviscid limit.
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data in the L°°-norm, where convergence is uniform over any finite time interval.
This result builds upon and is a continuation of work in [Cozzi 2009; 2010]. For
this reason, we will often refer to these articles for background information and
useful estimates.

The existence and uniqueness of solutions to (NS) without any decay assumptions
on the initial velocity is considered by Giga, Inui, and Matsui in [Giga et al. 1999].
The authors establish the short-time existence and uniqueness of mild solutions v,
to (NS) in the space C([0, Tp]; BUC(R")) when initial velocity is in BUC(R")
and n > 2. Here BUC(R") denotes the space of bounded uniformly continuous
functions on R”. In [Giga et al. 2001], Giga, Matsui, and Sawada prove that
when n = 2, the unique solution can be extended globally in time. Existence and
uniqueness of solutions to (E) with bounded velocity and vorticity with n =2 is
due to Serfati [1995]. We briefly discuss these results in Section 2.

In this paper we prove that solutions u,, to (NS) of [Giga et al. 2001] converge
uniformly on R? to Serfati solutions to (E) as viscosity approaches 0, where con-
vergence is uniform over any finite time interval (see Theorem 3). To establish
the result, we apply Littlewood—Paley theory and Bony’s paradifferential calculus
[1981] and follow the general strategy of [Cozzi 2009; 2010]. Specifically, we
consider low and high frequencies of the difference between the solutions to (NS)
and (E) separately. We first show that for fixed ¢ and for any positive integer n,

(1.3) lluy () —u@ e < nlluy(®) —u@®llpo,  +27"lov(t) —w@)lL~,

where w, = curlu, and w = curlu. (See [Cozzi 2009] for a definition of the
Besov space Bgo,oo') Letting n be a function of v such that n approaches oo
as v approaches 0, we show that the right-hand side of (1.3) approaches O as n
approaches co. Since the second term on the right in (1.3) can be bounded above by
27" (lwy () || L + |lw(t)]| L), we have essentially reduced the problem to proving
that the vanishing viscosity limit holds in the Bgo’oo—norm. Since L*° embeds
continuously into Bgo’oo,
vanishing viscosity limit holds in the L°°-norm; however, we must establish a rate
of convergence sufficiently fast to combat the growth of the factor of n in front of
the Besov norm.

we expect this problem to be easier than proving that the

Working in the Besov space BSO’OO has several advantages over working in L*°.
Recall that for two-dimensional fluids we can express the Euler velocity gradient in
terms of its vorticity by the relation Vi = VV+A~!w. We can also express the Euler
pressure in terms of velocity by the equality p(t) = 212 j=1 RiRju;juj(t), where R;
denotes the Riesz operator (similar relations hold for the Navier—Stokes velocity,
vorticity, and pressure). The main mathematical obstacle when studying solutions
to fluid equations in L*° is the lack of boundedness of the Calderon—Zygmund
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operators VV+A~! and R;R; on L. However, if we let A ; denote the Littlewood—
Paley operator which projects in frequency space onto an annulus with inner and
outer radius of order 2/, then for any j >0, f € &', and Calderon—Zygmund
operator A, we have

(1.4) [AjAf Lo < 1A fllze.

Therefore, when proving estimates in the Bgo’oo—norm, we can localize the frequen-
cies of (NS) and (E) by applying the Littlewood—Paley operator A ; to the equations.
We can then estimate the difference A ;(u, —u) in the L*°-norm using (1.4). The
presence of the Littlewood—Paley operator thus facilitates estimates for velocity
gradients and pressure terms.

In [Cozzi 2009] we proved that when u, u,,, @ and w,, belong to L
there exists 7 > 0 such that

(R L®(R?),

loc

(15) ||Mv — u||L°°([0,T];L°°(R2)) —0asv—0.

To show (1.5), we reduced the problem to showing that the vanishing viscosity limit
holds in the homogeneous Bgoﬂoo—norm, but we were only able to show convergence
in this norm for short time. In this paper, we show that (1.5) holds for every T > 0 by
showing that the vanishing viscosity limit holds in the inhomogeneous Bgovoo—norm
on any finite time interval [0, T'].

We remark that this improvement of our previous result is not a consequence
of using the inhomogeneous norm in place of the homogeneous norm. In fact, we
are able to prove the same convergence result regardless of which Besov norm we
use (the proof using the inhomogeneous norm is cleaner). Rather, in this paper
we are able to improve upon the results in [Cozzi 2009] because we change our
approach when estimating the commutator resulting from an application of the
Littlewood—Paley operator to the nonlinear terms in (NS) and (E). Our approach
here is similar to those in [Vishik 1999; Bahouri and Chemin 1994; Taniuchi et al.
2010]. As a result of our methods, we are able to prove the estimate

t
(1.6) Ny —w)®)llpg, = C(T)27"™ +/0 CQ™ P+ pluy —u)($)lg, )

for any p € [2, 00). By choosing p as a logarithmic function of |lu, —ul/go _, we
are able to apply Osgood’s lemma, yielding a rate of convergence. In [Cozz1 2009]
our methods only allow us to prove an estimate similar to (1.6) with # in place of p.
Since n is a function of viscosity, we must apply Gronwall’s lemma and introduce a
factor of ¢ on the right hand side, which prevents us from proving that the inviscid
limit holds on any finite time interval.

The paper is organized as follows. In Section 2, we review properties of nonde-
caying solutions to the fluid equations. In Section 3 and Section 4, we state and
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prove the main result; we devote Section 4 entirely to showing that the vanishing
viscosity limit holds in the Bgo’oo—norm.

For background information on Littlewood—Paley theory, Bony’s paraproduct
decomposition, Besov spaces, and technical lemmas used throughout the paper, we
refer the reader to Section 2 of [Cozzi 2009].

2. Existence and uniqueness of nondecaying solutions to the fluid equations

In this section, we briefly summarize what is known about nondecaying solutions
to (NS) and (E). We begin with the mild solutions to (NS) established in [Giga et al.
1999]. By a mild solution to (NS), we mean a solution «, of the integral equation

t
2.1) uy (1, x) =e”AuS—/ e"TIVAP®u, - Vuy)(s) ds.
0

In (2.1), ™2 denotes convolution with the Gauss kernel; that is, for fes,
e"VA f =Gy x f, where G, (x) = 1/(4Tv) exp(—|x|2/(4rv)). Also, P denotes
the Helmholtz projection operator with 7, j component given by §;; + R; R, where
R; = (—A)~1/2§; is the Riesz operator. Giga, Inui, and Matsui proved the following
result regarding mild solutions in R"*, n > 2:

Theorem 1 [Giga et al. 1999]. Let BUC denote the space of bounded uniformly
continuous functions, and assume ug belongs to BUC(R") for fixed n > 2. There
exists To > 0 and a unique solution to (2.1) in the space C ([0, Tp]; BUC(R"))
with initial data u®. Moreover, if we assume divu® = 0, and if we define p,(t) =
szzl RiRju,ju,i(t) for each t € [0, Tyl, then u, belongs to C*([0, To] x R")
and solves (NS).

Remark 2.2. For the main theorem of this paper, we assume that u® and »° are
bounded on R? and that divu® = 0. These assumptions imply that u° belongs to
C*(R?) for every o < 1 and is therefore in BUC (R?) (see, for example, Lemma 4
of [Cozzi 2009]).

Giga, Matsui, and Sawada [2001] showed that when n = 2, the solution to (NS)
established in Theorem 1 can be extended to a global-in-time smooth solution.
Sawada and Taniuchi [2007] showed that if ug and wg belong to L*®(R?), then the
following exponential estimate holds:

0
(2.3) iy ()| oo < Cllud|ooeC v

For ideal incompressible fluids, we have the following result:

Theorem 2 [Serfati 1995]. Ler u® and o° belong to L%®(R?), and let ¢ € R. For
every T > 0, there exists a unique solution (u, p) to (E) in the space

L>([0, T1; L®(R%) x L=([0, T1; C(R?))
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with w € L*®([0, T]; L*®(R?)), p(0) = ¢, and with p(t, x)/|x| = 0 as |x| = oo.
Serfati also proved an estimate analogous to (2.3) for his solutions:
2.4) (@)l < Cllul eI,

Finally, we recall that we have a uniform bound in time on the L°-norms of the
vorticities corresponding to the solutions of (NS) and (E). For fixed v > 0, we have
that

(2.5) ey ()]l < || L

for all # > 0. One can prove this bound by applying the maximum principle to
the vorticity formulations of (NS) and (E). We refer the reader to Lemma 3.1 of
[Sawada and Taniuchi 2007] for a detailed proof.

3. Statement and proof of the main result

We are now prepared to state the main theorem:

Theorem 3. Let u, be the unique solution to (NS) and u the unique solution to (E),
both with initial data u® and «° belonging to L*®(R?), and with p, and p satisfying
the conditions of Theorems 1 and 2, respectively. Let M be defined by (3.2) below
and let T > 0 be fixed. Then there exists a constant Cy 1, increasing with both M
and T, such that the following estimate holds for any fixed a € (0, 1):

—c —c
(3.1) luy — ull Lo qo.79: 10 m2)) < Cmr,1 (2 —log(v/v)* M'T)(\/;)M "

Proof. Throughout the proof of Theorem 3, we let M denote a constant, dependent
on T, which satisfies

(3.2) M=1+ SISP (v @) [z + ()2 + v (@) | e 4l (@) [l o).
1€[0,T]

We note that the value of M will change throughout the proof but will always
satisfy (3.2). The existence results in Section 2 imply that M will be finite for any
T >0.

Let u be the unique Serfati solution to (E), and let u, be the unique solution
to (NS) given by [Giga et al. 2001]. We fix n to be a positive integer and we fix
T > 0. We will eventually choose n = —% log, v so that as v approaches 0, n
approaches oo.
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We begin with the following inequality:

n

(3.3) Iy — ullzoqo.riy < Y 1Aty — )]l qo,77:L%)
j=1

o0
+ Z | A (uy —u) |l Lo 0,77, 1¢)-
j=n+1

We can estimate the second term on the right-hand side of (3.3) using Bernstein’s
lemma and the estimate

3.4) IA;Vullpo < [|Ajwlp~ for j>0.

(Both (3.4) and Bernstein’s lemma can be found in Section 2 of [Cozzi 2009].) We
obtain the inequality

o o0
(B35 Y Ay —w s < Y 27 1A (Vuy = Vi)l Lo, 71:L%)
Jj=n+1 j=n+1

<M2™".
To estimate the first term on the right-hand side of (3.3), we use the definition of

Bgo’ ~ o observe that

n
B6) D NA @y —w)lLeqo. ey < Crlluy — el oo, ry80, -
j=—1

After substituting (3.6) and (3.5) into (3.3), we conclude that
(3.7) Iy — ullLoo,r1;2) < Cnlluy — ull Lo, 1y 8, ) +M27"

We must estimate the difference of u, and u in the BY, . -norm. We temporarily
assume that the following estimate holds for all @ € (0, 1):

(3.8) s = ull o,y 80, ) < Cor,r (2 —log 277 M7 )pmnae T,

Assuming that (3.8) holds, we see from (3.7) and (3.8) that

_ CMT\A_ —Cm,T
luy — ull oo, 71; 200y < Car,7 (2 —log 277 1) mnee )

The estimate (3.1) follows after setting v = 272", Therefore, to complete the proof
of Theorem 3, it remains to prove (3.8).
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4. Proof of (3.8)

Let u, = Syu, w, = Spo(u), u, =u, —u,, and ®, = ®, — w,. Throughout most
of the proof of (3.8), the time ¢ is fixed and suppressed in the calculations.

Fix p € (1, 00) (to be chosen later). We apply Bernstein’s lemma and (3.4) to
establish the estimate

(4.1) luy —ullpy < sup [[Ar(uy —u)llr=+ sup 27N A (wy — @) | L~
' —1<i<2 3<i<p

+sup 27| Ay (@ — )| 1o
I>p

The separation of frequencies at / = 2 will simplify estimates in what follows.

We will first consider the difference sup;_; - » 27N A (wy — w)|| 1. We will
eventually need to estimate the viscosity term v|| Aw|| <. To facilitate this estimate,
we smooth out the Euler vorticity and write

4.2) sup 27| A(wy—w)llre < sup 27| Ay |l + sup 27| Ay(wy — )|l 1o
3<i<p 3<i<p 3<i<p

< sup 27| Ay |l o +sup 27 | A (@p — @) || 1

3<i<p Izn

< sup 27| Ay |l e +M27",
3<i<p

where we used properties of the Fourier support of w, to get the second inequality.
We now estimate sup; ;- » 27 Ayéon || L. We note that @, and w, satisfy

4.3) 0wy, +uy - Vo, —vAw, =0
and
“4.4) 0w, +u, -V, =V - 1,(u, o),

where t,(u, ) = (u — u,)(w — w,) —r,(u, w) and

ot ) = f Fo (s —27"y) — u () (@(x —27"y) — w(x)) dy.

Here vy denotes the Fourier multiplier associated with the Littlewood-Paley operator
A_1. Equation (4.4) was utilized by Constantin and Wu [1996] and by Constantin,
E, and Titi in a proof of Onsager’s conjecture in [Constantin et al. 1994]. We
subtract (4.4) from (4.3) and, for fixed /, we apply the Littlewood—Paley operator
A; to the difference of the two equations. After adding (S;_su,) - VA;@, to both
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sides of the resulting equation, we obtain

4.5) 0 Awy + (Sj—2uy) - VA0, — VAN ®,
= (S1-2uy) - VA @, — Aj(uy - Vo)
— A[(l/_tn . V(Un) +VvAAw, — AV - ‘L’,,(u, a))

Borrowing notation from [Taniuchi et al. 2010], we define
4.6) 1" = (S M)A, — AN Wh@,) and T = 8 A (@ w,).
From (4.5), we see that

4.7 0 Ajw, + (S;_ouy) - VA0, — VAN @,
2
- Z(ﬂ’k + I+ vA A0, — AV - T (1, ).
k=1

Since S;_pu, belongs to L]IOC([R*; Lip(Rz)) and is divergence-free, we can apply

the following lemma for the transport diffusion equation from [Hmidi 2005].

Lemma 4. Let p € [1, oo], and let u be a divergence-free vector field belonging to
Llloc([RJr; Lip([Rd)). Moreover, assume the function f belongs to L1 (R™; L?(R%))

loc
and the function a° belongs to L? (R?). Then any solution a to the problem

:a,a—l—u-Va—vAa = f,
Cll[:() zao,

satisfies the estimate

t
la@llzr < lla®||Lr +/ ILf ()l ds.
0

An application of Lemma 4 to (4.7) yields

2

4.8) [ A1@n (D)l < [ A1B2 0+ fo (Z(Hll’k(s)llLoo + ||Jl’k(s)||Loo)> ds

k=1

+/0 I AA@a ()2 + 1 A1V - T (u, @) (5) || L) ds.

Our goal is to establish an upper bound for sup;_;_, 27 Ay (1) || L. In what
follows, we will estimate each term on the right-hand side of (4.8), multiply by
27!, and take the supremum over / satisfying 3 </ < p. Estimates for the last two
terms on the right-hand side of (4.8) follow from work in [Cozzi 2009]. Indeed, in
that paper we used boundedness of the Euler vorticity and membership of the Euler
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velocity in C%(R?) for any « € (0, 1) to show that for such «,

4.9) sup 27| AV - 1 (u, @) [ 1 < |V - T (1, @) 100 < M27"

=0
We also showed there, using Bernstein’s lemma and properties of the Fourier support
of w,, that
(4.10) sup2~ V[ A AW, [l < 2" [lwgllre < M27",

1>0

where we set v = 272", To estimate the initial data, we used the Fourier support of
) = S,° to write
(4.11) sup 27| A, (0) [ 2 < sup 27| Ay, (0) ]| Lo < M27".

3<i<p I>n
Multiplying (4.8) by 27/, taking the supremum of (4.8) over [ satisfying 3 <1 < p,
and applying the estimates (4.9), (4.10), and (4.11) gives
(4.12)  sup 27| Aoy (1)

3<i<p
2

<M@+1)27"+ sup 27 / (Z(uﬂ”‘mnm + ||J“<<s)||Loo)) ds.
0

3<i<p k=1

It remains to estimate /"* and J“*. We begin with J"¥. We again borrow notation
from [Taniuchi et al. 2010] and use Bony’s paraproduct decomposition to write

(4.13) T =—aA Y Siiis Ao,

lj—=11<3
j=1

— A Y Atk S owy

lj—11=3
izl

— %A Y AjiIkAjo,

lj—J'1=1
max{j, ' }>[-3

1,k 1,k 1,k
=Jm+ L+ U5
We estimate J ll *_ Several applications of Bernstein’s lemma give

(4.14) 17 e <2 > 1S -aitn L 1A joon [l

lj—11=<3
j=1

<2 Y Aol Y Al

lj—11<3 k<j-2
j=1
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Multiplying by 2~/ and taking the supremum over [ satisfying 3 <[ < p, we
conclude that

(4.15) sup 27171 ¥ | < Mpllidnllpo .
3<i<p '

We now estimate le’k. We write

(4.16) 15 e <28 ) IAK(A it Sj -2 [l

lj—11=<3
izl

l -
<2 D N AjiinllLllSj—2n L

[j=11<3
j=1

so that

(4.17) sup 271 U5 | < Mllitnllgo .
3<l<p '

To estimate Jé K we use properties of Littlewood—Paley operators to observe that

@18) (155 <2 Y A jinlle 1A el

li—J'1=1
max{j, j'}>I-3

I ~ l ~
<C2 3" Azl | Aol < C2 ol il -
Jj=l-3

We estimate the Bgo -norm of u, as follows: We bound the low frequencies using

the definition of BQO’ «> and we estimate the high frequencies using Bernstein’s

lemma, (3.4), and boundedness of vorticity. We have the series of estimates

14
@.19) llinllgo < Y 1A i+ 277 1A ;@ullz> < Cpllinllgg,  +M27".
j==1 i>p

Substituting this estimate into (4.18), multiplying by 2~/ and taking the supremum
over [ between 3 and p yields the estimate

(4.20) sup 27 Iy [l < MQ7P + pllitall o).
3<i<p ’

Combining the estimates for (4.15), (4.17), and (4.20), we conclude that

2
(4.21) sup 27 Y 1T K|l < MQTP + pllinllpo ).
3<i<p k=1 '
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We now estimate 1'* for [ satisfying 3 < < p. We apply Theorem 6.1 of [Vishik
1999] to write

2
DMl <€ > 182Vl | Ajuy [l

k=1 lj—11=3
+ D UISj2Vuy Lol A jéou
lj—11=3
+C2" > 27 A V||| A jidn L
J=1-3
lji—j'l=1

= X| + X5+ X5,

To estimate X 11 keeping in mind that / > 3, we use Bernstein’s lemma and (3.4) to
write

- l -
D S aVanlliellAjuylle < C2° Y 1S it llLx A joyll o~
lj—11=3 [j=11=3

The remainder of the estimate for X 11 is identical to that for J f *, Multiplying by 2~
and taking the supremum over / between 3 and p, we conclude that

(4.22) sup 27X} < Mpliiy |l go__.
3<i<p ’

To estimate Xl2 for 3 <[ < p, we again apply Bernstein’s lemma and (3.4) to
write

(4.23) Xy= > 1S 2Vl A jion | L
lj—l1=<3
<C2' Y (luslize + G = Dllowllze) 1A jitnll
lj—l1=<3
<MI2" Y (A
lj—11=3

To get the first inequality above, we bounded the term ||S;_>Vu, || ~ above by the
sum resulting from the §;_, operator. We then applied (3.4). After multiplying
(4.23) by 27! and taking the supremum over [ satisfying 3 </ < p, we find that

(4.24) sup 27 X5 < Mpliiy |l go .
3<l=zp '
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The estimate for X é 1s similar to that for Jé’k. For [ satisfying 3 <[ < p, we write

(4.25) Xy=C2" Y 27NA Vi [l A iyl
J=1-3
lji—Jj'l=1

l -
<C2' Y A wullLllA i L,
j=1-3

where we used Bernstein’s lemma and (3.4) to get the last inequality. We now use
the same argument as in (4.18) and (4.19) to conclude that

(4.26) sup 271 X5 < MQ7P + pllinllpo ).
3<i<p o

Combining the above estimates for X!, X 12 and X 13 we have

2

(4.27) sup 271 ) 1"l < M@+ plliiall gy, )-
3<I<p k=1 ,

Applying the estimates (4.21) and (4.27) to (4.12), we conclude that
t
(4.28) sup 27| A)@u (D) [l < Ct+1)27" +M/ Q7P+ plIWs) g ) ds
3<i<p 0 ‘

for any « € (0, 1). We substitute (4.28) into (4.2). This gives

(4.29) sup 27 [ Ay(@y — @) (0|~ < C(t 4+ 127"
3<i<p

t
M@l gy ).
O |

Inspection of (4.1) reveals that we must still estimate sup_j<j<p 1A (uy —u) (@) || L=
and sup;.. » 27| Aj(wy — @) (1) || L. These two terms are more straightforward. We
estimate the term sup;.. 27 ANy — @) (@) 1 by observing that

(4.30) sup 27| Ap(wy — ) (1) [l < M27P.
I>p

To estimate sup_ ;- [|Aj(uy —u) (1) | L, we use the velocity formulation. Setting
p = py,— p and u = u, — u, we subtract (E) from (NS). This gives

(4.31) u+u, - Viu+u-Vu—vAu=—-Vp+vAu,.
We apply A; to (4.31) for —1 <[ < 2. This gives

(4.32) 8, Ajii + (M) - VA — vA Al = (Ajuy) - VA — Ay (uy - Vit
— Ay(ii - Vu) — AV p+ VA Auy.
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Again by Lemma 4, we have
(4.33)  [1Au@)|| Lo
t
=< / (A, - VA ()l L 4 | A1y - Vi) (5) ]| L
0
A @ - Vu)($) Lo 4+ 1AV D)l + VI A Auy (5)ll <) ds.
We have the following straightforward estimates, all which follow from Bernstein’s
lemma and the divergence-free property of the velocity:
(A1) -V Agitl| e < Clluy [l 2| gt e < M2 L,
A1y - Vi)l oo < C2'uy || oo ]| oo < M2 Jit]| o,
1A G- V)l o < 2 fil| oo lluell oo < M2 [l o,

VA Auy ||z < Cv2% |Juy || e < MV2¥,

(4.34)

To estimate the pressure, we follow an argument in [Taniuchi et al. 2010]. For
0 <1 <2,if ¢ is the Fourier multiplier associated with A, then

2
(4.35) 1AV plle = || YRRV A (i'u’ +ubi)
i,i'=1

<R RVl ||L_¢i“i, +uliit

LOO

| oo = M2,
where we applied the estimates || R; R V|| 1 < |Ri Ry V@l < IV @illap < C2!
to get the last inequality. For the case / = —1, we apply the same series of estimates
as in (4.35) with v in place of ¢.

Substituting the estimates (4.34) and (4.35) into (4.33) and taking the supremum
over —1 <[ <2 yields

t

(436) sup (|0 < M [ (il +2720,
—1=<i=<2 0

where we used the equality v = 272", We now apply the embedding Bgo’l — L*,

along with (4.19), to conclude that

t
(4.37) sup [ Agii(t) || < Mt272" + Mf (plla(s)lipy,  +277)ds.
—1<i<2 0 '

We substitute the estimates (4.37), (4.29), and (4.30) into (4.1). We conclude that

(4.38) sup | A (t)l|lpe < M(T +1)27"% + M277

[>—1

t
+ [ M@+ plEOlg ) ds.
i |
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To complete the proof of (3.8), we will apply Osgood’s lemma to (4.38). We first
note that by the embedding L>° — Bgo’oo,
lu@llgy, = Nu@llre < lluy (@)L~ +llu@)llLe <M

for all r € [0, T']. For each r € [0, T, set
Jo i)l o _ds

5 < 1

MT -

and set p =2 —log §(¢). Then (4.38) reduces to

’

(4.39) 8(t) =

(4.40) [la(0)llgy, . < M(T + 127" + M(T + 1)3(1) + M*T (2 — log, 8())8(1).

Integrating both sides over [0, ¢] and dividing both sides by M T yields the inequality

(4.41) Sty < (T+ 127"+ (% + M) / (2 —1log, 6(s))é(s) ds.
0

We are now in a position to use Osgood’s lemma (see [Chemin and Lerner 1995]):

Lemma 5 (Osgood’s lemma). Let p be a measurable positive function, let y be a
locally integrable positive function, and let u be a continuous increasing function.
Assume that for some number B > 0, the function p satisfies

p(t) < B + / Y ($)n(p(s)) ds.

o 1

Then —¢(p(t)) +¢d(B) < / y(s)ds, where ¢ (x) :/ ﬁ dr.
We set u(r) =r(2—1logr), p()=248(t), B=(T+1)27"% and

y()="1E 4 M= con, 1),

and we apply Osgood’s lemma to obtain, for any t < T,

—log(2 —logd(r)) +1log(2 —log((T + 1)27"%)) < Co(M, T)t.
Taking the exponential twice gives
_CO(M'T)'((T n 1)2—na)e_C0(M’T)"

The inequality (3.8) follows after substituting (4.42) into (4.40) and letting v = Pl
O

(4.42) 8(r) < e* %
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AFFINE QUANTUM SCHUR ALGEBRAS
AND AFFINE HECKE ALGEBRAS

QIANG FU

Let F be the Schur functor from the category of finite-dimensional 7€, (r)c-
modules to that of finite-dimensional ¥,(n, r)c-modules, where 7, (r)c is
the extended affine Hecke algebra of type A over C and S,(n, r)c is the
affine quantum Schur algebras over C. The Drinfeld polynomials associ-
ated with F(V), where V is an irreducible 7, (r)c-module, have been previ-
ously determined when n > r. Here we generalize these results to the case
n < r. As an application, we recover the classification of finite-dimensional
irreducible ¥,(n, r)c-modules proved by Deng, Du and Fu using a different
method. As another application, we generalize a result of Green to the affine
case.

1. Introduction

Finite-dimensional irreducible modules for quantum affine algebras were classified
by Chari and Pressley [1991; 1994; 1995; 1997] in terms of Drinfeld polynomials.
Finite-dimensional irreducible modules for #,(r)c were classified in [Zelevinsky
1980; Rogawski 1985], where 7, (r)c is the extended affine Hecke algebra of type A
over the complex field C with a non-root of unity. The category of finite-dimensional
A (r)c-modules and the category of finite-dimensional Ug (5/[\,,)—modules which are
of level r are related by a functor & defined in [Chari and Pressley 1996, §4.2].
Here Uc (5’[\,,) is quantum affine sl,, over C. Chari and Pressley [loc. cit.] proved that
% is an equivalence of categories if n > r. Furthermore the Drinfeld polynomials
associated with & (V') were determined in [loc. cit., §7.6] in the case of n > r, where
V is an irreducible #,(r)c-module.

Let Uc (g/[\n) be quantum affine gl, over C. In [Frenkel and Mukhin 2002], finite-
dimensional irreducible polynomial representations of Ug (g’[\n) were classified. It
was proved in [Deng, Du and Fu 2012, Theorem 3.8.1] that the natural algebra
homomorphism ¢, from Ug (g/[\n) to the affine quantum Schur algebra Fa(n, r)c is
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surjective. Every $(n, r)c-module can be regarded as a Ug (g/[;,)—module via ¢;.
Let F be the Schur functor from the category of finite-dimensional #,(r)c-modules
to the category of finite-dimensional $,(n, r)c-modules. It was proved in [Deng,
Du and Fu 2012, Theorem 4.1.3 and Proposition 4.2.1] that F is an equivalence of
categories in the case of n > r and that F(V)|u.(1,) is isomorphic to % (V) for any
A (r)c-module V. Furthermore, using [Chari and Pressley 1996, §7.6], the Drinfeld
polynomials associated with F(V) were determined in [Deng, Du and Fu 2012,
Theorem 4.4.2] in the case of n > r, where V is an irreducible #,(r)c-module. We
will generalize these results to the case of n < r in Theorem 4.9. Using this result,
we will prove in Corollary 4.10 the classification theorem of finite-dimensional
irreducible $A(n, r)c-modules, which was established in [Deng, Du and Fu 2012,
Theorem 4.6.8]. Finally, we will relate the parametrization of irreducible FA(N, r)c-
modules, via the functor G defined in (4.10.1), to the parametrization of irreducible
Sn(n, r)c-modules in Theorem 4.11. This result is the affine version of [Green
2007, (6.51)].

2. Quantum affine gl,,

Let v € C* be a complex number which is not a root of unity, where C* = C\ {0}.
Let (c;,j) be the Cartan matrix of affine type A, _;. We recall the Drinfeld’s new
realization of quantum affine gl,, as follows.

Definition 2.1. The quantum loop algebra U (gT ) (or quantum affine gl,)) is the
C-algebra generated by xl (U <i<n,se?), kil, andg; , (1<i<n,1e€Z\{0})
with the following relations:

-1 -1
(QLAD kk; =1=k k;, [k, k;]1=0,
(QLA2) kx; = véu—ux™ k.. [k g; 1=0,

0 ifi#j, j+1,
(QLA3) [g; ,, xj,1 =1 +v7/%( [s]/s)x] oy ifi=],

Fv fs([s]/s)xj’Ht ifi=j+1,
(QLA4) [ gis 8j, [] =0,
(QLAS) [ 1,5’ Jt _81 J(¢l s+t ¢;A+l)/(v - 71 ’

(QLAG) x,s X =% X, for|i—j|>1, and [x ,Hl,x,,] sy ==X 1 Ky ke
+ + + +
(QLA7) [x e X x L =% (%, x ] ], for i —j|=1,

where [x, y], =xy —ayx, [s] = (v° — v_s)/(v — v 1), and the ¢i’s are defined via
generating functions in the indeterminate u by

OFu) =k exp(i(v —v ) hi,ﬂ:m”im> =D diu*

m=>1 s=>0
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with k; = k;/ki11 (ky+1 = ki) and h; 4, = vEC"Dmg, 2 Dmg, |\
(1<i<n).

The algebra Ug (g/[\n) has another presentation which we now describe. Let
D c(n) be the double Ringel-Hall algebra of the cyclic quiver A(n). By [Deng,
Du and Fu 2012, Theorem 2.3.1], the algebra ©, ¢ (n) has the following presentation.

Lemma 2.2. The double Ringel-Hall algebra @A@(n) of the cyclic quiver A(n) is
the C-algebra generated by E;, F;, K;, K., +, L for1 <i<n,se 7%, and
relations:

(QGL1) K;K; =K;K;, K;K; ' =1,

(QGL2) K,E; = v~ E;K;, K;Fj=v ot F;K;,

(QGL3) E;F; — F;E; =8 ;(K; — K; 1)/ (v —v™Y), where K; = KiK.},

(QGL4) Y (—1)“[_ac’*f]E;*EjEfZOfori;éj,

a+b=17c,-.]-

(QGLS) > (=) [ C”]E“F;E”=0fori#j,
a+b=1—c; ;
(QGL6) z/7 =7z, z;z; =z, 7, 7}z, =7, z,

(QGL7) Kv,'Z;L = ZjK,‘, Ki2; = Z;Ki,
(QGLY) E;z} =z'E;, Eiz; =z E;, Fiz; =z, F;, and z} F; = F;z,

where 1 <i,j<n, s,t€Z", and
a c—s+1 —c+s—1
c v —v
= orce /.
[a} 1_[ vS i v—S f

s=1

It is a Hopf algebra with comultiplication A, counit ¢, and antipode o defined by

AE)=E®K +1®E, AF)=F®1+K '®F,
AKTY =K' @K, A =z0l+1®,
e(E)=e(F)=0=¢e(z), eK)=1,
o(E)=—EK™", oF)=-KF, oKk")=K, o@E)=-zF,

N

where |l <i<nandseZ" .

Let qu(ﬁ/[;) be the subalgebra of D, c(n) generated by E;, F,, Ei, Ei’l for
i € [1 n]. Beck [1994] proved that U@(s/r,,) is isomorphic to the subalgebra of
Uec (g[ ) generated by all xl o , and h; . The following result extends Beck’s
isomorphism.

i



354 QIANG FU

Lemma 2.3 [Deng, Du and Fu 2012, Proposition 4.4.1]. There is a Hopf algebra
isomorphism

f:Dpcn) — Ue(gl,)
such that

+1 +1 + - . .
K™ =k, Ej|—>xj,0, Fj|—>xj,0 1<ign, 1 <j<n),

E, > v¥k,, F, vk 'Y, 5 75005 (5> 1),

S
where

1
Ots = :Fm(gl,j:s + - +gn,j:s)’

x* = [X;—l,o’ [X;fz,Ov e, [xio, XII]U—I AR ey
Y=I[-- [[XT,—I’ XZO]U’ X;O]vv cees X:—I,O]v‘
We now review the classification theorem of finite-dimensional irreducible poly-
nomial Ug (g/[\,l)—modules. We first need to introduce the elements 2; ; € Uc (g/[\,l),

which will be used to define pseudo-highest weight modules. For 1 <i < n and
s € Z, define the elements 2; ; € U@(g/[\n) through the generating functions

1 —
9 (u) 1= exp (— > —g,-,i,wu)i’) =9 ™ € Ue(al)lu, u™"1],

t>1 [t] s=0

For a representation V of Uc(gl,), a nonzero vector w € V is called a pseudo-highest
weight vector if there exists some Q; ; € C such that

(2.3.1) xFw=0, 2 w=0iw, kw=v"w

forall1<i<nand1<j<n—1andseZ. Themodule V is called a pseudo-highest
weight module if V. =Ug (g’[\n)w for some pseudo-highest weight vector w. We also
write the short form Sll.i (Ww = Ql.i(u)w for the relations 2; ;w = Q; sw (s € Z),
where

OF ()= Qixu™.

520

Let V be a finite-dimensional polynomial representation of Ug(gl,) of type 1.
Then V = @jene Vi, where

V)\={XGV|ij=U}ij,1<j<n},

and, since all 2; ; commute with the k;, each V; is a direct sum of generalized
eigenspaces of the form

(232) Vi, ={xeVi|lQis—vis)’x=0 forsome p(l <i<n,seZ)},

where y = (y; ;) with y; € C. Let Fii(u) = Zyi’isuis.

5s=>0
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A finite-dimensional Ug (g/[\n)—module V is called a polynomial representation
if the restriction of V to Uc(gl,,) is a polynomial representation of type 1 and, for
every weight A = (A, ..., A,) € N” of V, the formal power series Fl.i (u) associated
to the eigenvalues (y; ;)sez defining the generalized eigenspaces V; , as given
in (2.3.2), are polynomials in u™ of degree A; so that the zeroes of the functions
I (u) and ' (u) are the same.

Following [Frenkel and Mukhin 2002], an n-tuple of polynomials

0=(Qi1W),..., Ou(u)

with constant terms 1 is called dominant if, for each 1 < i < n — 1, the ratio
Qi(v"_]u)/QiH(vi“u) is a polynomial. Let 9.(n) be the set of dominant n-tuples

of polynomials.
For g(u) = [] (1 —a;u) € Clu] with constant term 1 and a; € C*, define
1<i<m
(2.3.3) gy = [] a—gu®.

1<is<m
For Q =(Q1(u), ..., Q,(u)) € 2(n), define Q; ; € C,for 1 <i <nands eZ, by
the formula
O ()= Qi xu™,
s=0

where Qii(u) is defined using (2.3.3). Let 1(Q) be the left ideal of U@(g/[\n)
generated by XL, Sliys — Qs and k; — v*, for 1 <j<g<n—1,1<i<n,ands €Z,
where A; = deg Q;(u), and define

M(Q) =Uc(gl,)/1(Q).

Then M (Q) has a unique irreducible quotient, denoted by L( Q). The polynomi-
als Q;(u) are called Drinfeld polynomials associated with L( Q).

Theorem 2.4 [Frenkel and Mukhin 2002]. The Ug¢ (g/[\n)-modules L(Q) with Q €
9(n) are all nonisomorphic finite-dimensional irreducible polynomial representa-
tions of Ug (g/[\n).

If @, Q' €9(n) satisfies Q ;(v/"'u)/Q; W/ Tu) = Q" (/1 u)/ Q' (/T u)
and deg Q; (1) —deg Q)= deg Q’j(u) —deg Q}+1(u) for 1 < j<n-—1,then
L(D)|ucest) = L(Q"|uest,)» by [Deng, Du and Fu 2012, Lemma 4.7.1, Corollary
4.7.2]. Thus we can denote L(Q)|uc(sl,) by L(P), where P = (P, (u), ..., P,_1(u))
with Pj(u) = Q;(v/~"u)/ Q1 (v w).

Let ®(n) be the set of (n — 1)-tuples of polynomials with constant term 1. The
following result is due to Chari and Pressley [1991; 1994; 1995].

Theorem 2.5. The modules L(P) with P € ®(n) are all nonisomorphic finite-
dimensional irreducible Ug(s\,,)-modules of type 1.
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3. Affine quantum Schur algebras

In this section we collect some facts about extended affine Hecke algebras and
affine quantum Schur algebras, which will be used in Section 4. The extended
affine Hecke algebra #,(r)c is defined to be the algebra generated by

T, Xi' (<i<r—1,1<j<n),
and relations
(T; + 1)(T; —v?) =0,
LLTinT,=TinT:Tiv, T,T;=T,T; (li—j| > 1),
XX '=1=X7"X;, X;X;=X;X,
TiXiTi =v' X1, X;Ti=TX;(j#i.i+]D).

Let G, be the symmetric group with generators s; := (i,i + 1) for 1 <i <r —1.
Let I(n,r) ={(i1,...,i;) € Z" | 1 <i} < n, Yk}. The symmetric group &, acts
on the set / (n, r) by place permutation:

iwz(iw(l),...,iw(r)), for i el(n,r) andweG,.

Let Q¢ be a vector space over C with basis {w; | i € Z}. Fori = (iy,...,i,) €Z",
write

Wi =, Qu;, Q-+ Qu;, =w;wj, W, EQC :

The tensor space Qgr admits a right #,(r)c-module structure defined by

—1 .

wi - X; = W, O i, W], foralli e 7",
viw; if iy = igy1,

w; - Ty = { vwig, if iy <igyy, foralliel(m,r),

voig + (V2 — Dy if igy1 <ig,

where l <k<r—land 1<t <r.
The algebra

Fa(n, r)c :=Endy, ). (Ta(n, r))

is called an affine g-Schur algebra, where Tx(n, r) = Q%r. Let €2, c be the subspace
of Q¢ spanned by w; with 1 <i <n and #(r)¢ be the subalgebra of #,(r)¢ generated
by Tj for 1 < k <r — 1. Then the algebra ¥(n, r)c := Endy(r). (T (n, r)) is called
a g-Schur algebra, where J (n, r) = Qfl%.

The algebras U (gl,,) and Fx(n, r)¢ are related by an algebra homomorphism ¢,
which we now describe. For i € Z, let 1 denotes the corresponding integer modulo 7.
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The complex vector space Q¢ is a natural D, ¢ (n)-module with the action

+1 +6
Ei-wg=96 sWs—1, Fi oy = SZ,EQ)S-H» K[ Wy =V

RS
(3.0.1) N o

Z, Wy = Ws—tn, Z; *Wsg = Wstpn-

7,5
wSa

The Hopf algebra structure induces a ©, ¢ (n)-module Q%r . By [Deng, Du and Fu
2012, Proposition 3.5.5], the actions of ©, ¢(n) and HA(r)c on Q%r are commute.
We will identify ©, c(n) and Uec(gl,) via the algebra isomorphism f defined in
Lemma 2.3. Consequently, there is an algebra homomorphism

¢ Ue(gl,) = Doc(n) — $aln, rc.

It is proved in [Deng, Du and Fu 2012, Theorem 3.8.1] that ¢, is surjective. Let
Uc(gl,) be the subalgebra of ®, ¢ (n) generated by E,, F;, Kj, Kj_1 for1<i<n—1
and 1 < j < n. The restriction of ¢ to Uc(gl,) induces a surjective algebra
homomorphism ¢, : Ug(gl,) — F(n, r)c (see [Jimbo 1986]). Every Si(n, r)c-
module (resp., ¥(n, r)c-module) will be inflated into a U@(g/[;)—module (resp.,
Uc(gl,,)-module) via &,.

The following easy lemma relates Q" with SfofD.

Lemma 3.1 [Deng, Du and Fu 2012, Lemma 4.1.1]. There is a Uc(gl,,)-#A(r)c-
bimodule isomorphism

Q;?fc ®3(r)c #ar)c = Q% x®h+ xh.

The irreducible #,(r)c-modules were classified in [Zelevinsky 1980; Rogawski
1985], which we now describe. For a = (ay, ..., a,) € (C*)", let My = H\(r)c/ Ja,
where J, is the left ideal of #,(r)c generated by X; —a; for 1 < j <r.

A segment s with center a € C* is by definition an ordered sequence

s=(av ! qvF3 @ e (CHR.
Here k is called the length of the segment, denoted by |s|. If s = {sy,...,s,} is an
unordered collection of segments, define g (s) to be the partition associated with the
sequence (|sil, ..., [spl). Thatis, p(s) = (Is; |, ..., Is;, ) with [s;| = --- = s; |,
where [s;, |, ..., [s;,| is a permutation of [si], ..., [s,|. We also call |s| := | (s)]

the length of s.

Let &, be the set of unordered collections of segments s with |s| = r. Then
S = UMGM(,) Fru, where &, ={s € ¥, | p(s) = u} and AT (r) is the set of
partitions of r.

If w=sjsi,---si,isreduced let T, = T;,T;, - - - T;,,. For p > 1 let

G.1.1) A(p,r)z{ueN”‘ > Mi:I"}

1<i<p
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For uw € A(p,r) let G, be the corresponding standard Young subgroup of the
symmetric group &,, and let 9, = {d € &, | {(wd) = £(w) + £(d) for w € G, }.
For u e A(p,r) let

(3.1.2) S =#HT)cyu,

where
= ()T, e Hir)e.

wed,

Fors={s1,...,sp} €%, leta(s)=(si,...,s,) € (C*)" be the r-tuple obtained by
juxtaposing the segments in 5. Let ¢ : %(r)c — M) be the natural F(r)c-module
isomorphism defined by sending 4 to 4. Let

I =1Iy) = H(r)cTu = Ha(r)e -

Then,
(313) %(r)(@yu ;Eu@ <® ml),pLEU>v
oA

where E, is the left cell module defined by the Kazhdan—Lusztig’s C-basis [1979]
associated with the left cell containing wy ,,.

Let Vi be the unique composition factor of the ¥, (r)c-module #x(r)cy, such
that the multiplicity of E, in Vj as an #(r)c-module is nonzero.

The following classification theorem is due to [Zelevinsky 1980; Rogawski
1985].

Theorem 3.2. The modules Vs with s € ¥, are all nonisomorphic finite-dimensional
irreducible #,(r)c-modules.

Let $x(n, r)c-mod (resp., #(r)c-mod) be the category of finite-dimensional
Fa(n, r)c-modules (resp., #,(r)c-modules). The categories Sa(n, r)c-mod and
A (r)c-mod are related by the Schur functor F, which we now define. Using the
SPa(n, r)c-F,(r)c-bimodule Q?r, we define a functor

(3.2.1)  F=F,, : #u(r)c-mod — Fa(n, r)c-mod, V> Q& @, V.
Let
SN =(s={s1,...,sp} €S, p=1, |s;| <n, Vi}.

The following classification theorem is given in [Deng, Du and Fu 2012, Theo-
rems 4.3.4 and 4.5.3].

Lemma 3.3. Fors € ¥, we have F(Vy) # 0 if and only if s € 9™ Furthermore,
the set
(F(Vo) | s € 97
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is a complete set of nonisomorphic finite-dimensional irreducible $(n, r)c-modules.

The following result, which will be used in Theorem 4.9, is taken from [Chari
and Pressley 1996, §7.6; Deng, Du and Fu 2012, Theorem 4.4.2 and Lemma 4.6.5].

Let s = (av™"t av™"3, ... av"™") be a single

Lemma 3.4. Assume n > r.
= (r). Then Vg = ju and F(Vy) = L(Q), where Q =

segment and | =  (s)
(Ql(u)’ sy Qn(u)) with

0n () = (1 —av™" y)onr,

Qi(uv'™h)

—.:(l—au)‘s"*’ for1<i<n—1.
Qiy1(uvith)

4. Identification of irreducible ¥,(n, r)c-modules

In this section we will prove that F(Szp(s)) is isomorphic to the tensor product
of irreducible ¥5(n, r)c-modules for s € ™ and F($p(s)) =0 for s ¢ g™ in
Proposition 4.6. Using this result, we will relate the parametrization of irreducible
¥ (r)c-modules, via the functor F defined in (3.2.1), to the parametrization of finite-
dimensional irreducible polynomial representations of Ug (g@) in Theorem 4.9. As
applications, we will classify finite-dimensional irreducible $(n, r)c-modules in
Corollary 4.10, and generalize [Green 2007, (6.5f)] to the affine case.

To compute F(@ms)), we need Proposition 4.3 of [Rogawski 1985], which we
now describe. For 1 < j < p, let %, ; be the subalgebra of 3(r)c generated by T;
with s; € &), where

M(j) = (1=, g, 17,

and pp1,j) = p1 +pa + -+ 1. Since %, ; = %) for 1 < j < p and Q¢
is a right 9€(u j)c-module, Q?fg can be also regarded as a right ¥, ;-module.
Recall the notation $,, defined in (3.1.2). For u € A(p,r) and 1 < j < p let

Fu= | | H(r)eCi, Fuj= | | Hy,jCi, and I ;=9 jyuom.
5i€6 5 €60
1<i<r—1 1<i<r—1

where C; = v™'T; — v and V) = > (—v®)~tw, By Proposition 4.3 of
[Rogawski 1985] we have: wes, ()

Lemma 4.1. We have $,, = $,., $,.,j = $u.j fornw e A(p,r)and 1 < j < p.

Lemma 4.2. Assume [ is a left ideal of #(r)c. Then Qf??: Q%) I = Q%:I.
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Proof. Since #(r)c is semisimple, there exist a left ideal J of #(r)¢ such that
¥(r)c=1@®J. Then Q7 = S2®§3 ®(rye H(r)e = Q®E; e I © L Dure J-
Thus the natural linear map f : Qn,C Qe I — Qn, defined by sendlng w®hto
wh is injective. Consequently, Q¥ ®uye I =Im(f) = QT O

By Lemmas 3.1, 4.1, and 4.2 we conclude that F($,,) = sz®r @ Fn QI
where u = g (s) for some s € ¥.. We now compute Q;?FC} “-

Lemma 4.3. For u € A(p, r), we have
. ®p
Q®®}M:Q®M}M1® Q0 M,}Ml’

Proof. Since $,, = N<jc, Futr We have Q205 € Mg, (AP u0). Fur-
thermore by Lemma 4.1 we have $,5) = $,50 = X ;jFu; = Xy j$u.j wWhere
Xy, j=span{T, |w e QD_(lj)}. This implies that

QS%}W) = c:c% i= QM c® - ® Q ®MI<%J ® Q?Em ®:® Q®MP

for 1 < j < p. Thus,
Q%D;pu C m (QZ,IC R ® QM@ Q Q®M]}M; Q Q®M/+l Q@ Q@;Lp)
1<j<p
= Q%G1 ® @ I p
On the other hand, we assume wih; ®--- Q@ w,h, € Q®“1§M Q8 Q®MP§# .
where w; € Q®M] and hj € }u j- Since hkhz = hihy for any k, [l and hj € §,, ;,

we have hihy - - p = (h1 hj_1hjy1---hphj € H(r)cu,; S %(I’)@Ci for
I1<i<r—1,1<j<pwiths; €& This implies that h1hy---h), € $,,.

w)-
It follows that wyh ® c@wph, = (W1 @+ @wp)hy---h, € QTLF,. The
assertion follows. O
For u e A(p,r)and 1 < j < p, let %M j be the subalgebra of #x(r)c generated

by 7; and Xy, ;1415 - - - XM1 ;) with s; € Gu(“ Smce %M j= = ¥p(1j)c and ¢ BHJ
is a right 3,(u j)c-module, one can regard Q / as aright %M j-module.

Fors ={si,...,sp} €%, leta=(s,...,s,) € (C*)" be the r-tuple obtained
by juxtaposing the segments in s. For 1 < j < p let J, ; be the left ideal of %76% j
generated by Xy —ay for ppy j—1)+1 <k <y ). Letej 09, ; — %u,j/ju,j be
the natural ¥, ;-module isomorphism defined by sending / to h. Let

I =) =W jFu0 = Hopu ;500
By Lemma 4.3 we have the following corollary.

Corollary 4.4. Maintain the notation above. There is a Uc(gl,,)-module isomor-
phism
- ® _ -
¢ Q" O, ) ®- - ® Q" O, ,Fu.p) = F(Iu)
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such that ¢ (w QR - - Qw), ®hp) =W ® - -Qw, Qhi---h, pforw; e Q®M’
andh; € 9, ; with1 < j < p.

Proof. Combining Lemmas 3.1, 4.1 with 4.2 yields F($,) = Qf?j: Qurye Fu =

Wi .
Q¥ g, and Q5" @5 5 = Q0 ®u,, Fuj = QL Fpuj for 1 <j < p. This,
together with Lemma 4 3, implies the assertion. ([

We now prove that ¢ is in fact a Uc (g/[\n)—module isomorphism.

Lemma 4.5. The map ¢ is a Uc (g’[\n)-module homomorphism.

Proof. Letu € Uc(gh,) and w = w1 @11 ® - @, ®h, € (" @5, F,.1) ®
‘® (Q@w” ®%, ju »), Where w; € infé" and h; € $,,; for 1 <i < p. Assume

A(” ”(u)—Z(L,)ul@ (@, uiw; =3, Wik ik and gighi =35 gikiji X
WherewlkleQ s 8ik; E%W,andg,k‘je%w,X e%,“ Then

8ik: (6 (hi)) = gixhi = Z aj,8ik;.ji-
Ji
Hence,

ww=Y ww @ @ @uyw,®h,
(u)

=Z Z wl,kl®g1,k1f_l1®---®wp,k,,®gp,k,,f_lp

=Z Z aij, - wlk1®gl ki ji @ Q@ Wpk, D Epk,y, i, -

Since

8k~ &pkyh - hpy=gukhi - gpi,hp = Z Ajy A, 81k ji " Epkpojps

.....

we conclude that

QW)=Y " > @, Wik @ ®@Wpk, ® &y 1 Epkyi,

(u) kikp
Jseensdp

=Y Wik ® ®Wpk, ® &Lk Gpkyh1

W) kir...kp
=Zu1w1 @ - Qupyw,@hy---hp
(w)

=u(w @ - -Qw,hy---hp)
= up(w). O
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We can now describe F($ o(s)) as follows.

Proposition 4.6. Let s = {sy,...,s,} € &, , withs; = (@v™H 1 qo=Hit3
aivh =Y. Then F(3,) =0 fors ¢ S and F(3,) = L(Q) ® -+ L(Qp)for

s € 9, where Qi = (Qi (W), ..., Qin(w) with Ql,n(m = (1 —av "“u)“m

and Q;. J(uv )/Q, J+1(uvf+1) = (1 a;ju)’ini for1<i<pandl <j<n—1.

Proof. Since § w = Vs, for 1 <i < p, by Corollary 4.4 and Lemma 4.5 we conclude
that F(3,,) = Fur (3,0) S Fpy (Ve) @ - ®@Fp i, (Vi) If s & F1”, then there exists
1 < k < p such that |s;| = puy > n. By Lemma 3.3 we have F,, ,, (V) = 0 and
hence F($,,) =0. If s € $, then by Lemma 3.4 we have F, . (V) = L(Q;) for
1 <i < p. Consequently, F($,) =EL(Q1)®---QL(Q)). [l

We now turn to studying F(Vy) for s € Ef’ﬁ"). To compute F(Vy), we need to
generalize [Chari and Pressley 1996, §7.2] to the case of n < r. Recall the notation
A(n,r) definedin (3.1.1). Let AT (n,r) = A(n,r)NAT(r). For A e N" let L()) be
the irreducible Ug (gl,,)-module with highest weight 1. For 1 <i <n, let¥; =¢,.(K;)

and
e[,o He,v—v“ ey !
— v N :

s=1

For e N" let £, = [ MO] . [Eu. ]- The following result is the generalization of
[Chari and Pressley 1996, §7.2].

Lemma 4.7. Let 1 € AY(r). Then QP Qi) Eu # 0 if and only if ' €
A(n, r), where u' is the dual partition of ju. Furthermore if ' € At (n, r), then
Q?% ®%(r)¢; E,u = L(/L/)~

Proof. We choose N such that N > max{n, r}. Let e = ZueA(N) E, e PN, r)c.
It is well known that for u € A*T(N, r), eL(11) # 0 if and only if u € A(n, r) (see
[Green 2007, (6.5f)]). Furthermore by [Chari and Pressley 1996, §7.2; Deng, Du and
Fu 2012, Lemma 4.3.3] we have Q®€: Qe En Ze(QF Ve e En) Ze(L(i))).
Thus Q®C ®%¢y)e Ex # 0 if and only if ' € A(n,r). If pu' € AT (n,r), then

Q2L @ En Ze(L (W) = L(i). 0

In the case of n > r, the Drinfeld polynomials associated with F(Vy) were
calculated for s € Ei’ﬁ") in [Chari and Pressley 1996, §7.6; Deng, Du and Fu 2012,
Theorem 4.4.2]. We are now prepared to use Proposition 4.6 and Lemma 4.7 to
generalize these results to the case of n < r in Theorem 4.9.

Let 9(n), = {Q € 2(n) | Y <;, deg Qi) = r}. Fors = {si,...,sp} € #\"
with

si = (qu Mt gt gty e (CHM,
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define Qs = (Q1(u), ..., Q,(u)) by setting Q,(u) = ]_[ (1 —aq;uv™"*") and

Qi) = Piwv ™M P v ) o Pyl uv" %) 0, (uv? D)
for 1 <i<n-—1, where

Py = []A—aju.

1<j<p
wj=i

Then

> deg Qi(u) =ndeg Qu(u)+ Y idegPi(u)= Y ui=r.

1<isn 1<i<n—1 I<i<p

So Qs € 2(n),. Consequently, we obtain a map 9, , : 8’5") — 9(n), defined by
sending s to Q.

Lemma 4.8. The map 9, : ng") — 9(n), is bijective.

Proof. It is clear that 9, , is injective. Let O = (Q((u), ..., O, (u)) € 2(n), and
let . € A(n,r), with A; =deg Q;(u). For 1 < j<n—1let

Q;(uv/™h

Q1 (uv/th

and v; =deg Pj(u) =A; — Ajq1. We write, for 1 <i <n—1,

Pj(u) =

Pi (l/t) = (1 - aU1+'--+vi71+lu)(1 - aU1+'-'+Vi71+2u) e (1 - av1+---+v,-,1+v,~”),

and Q,(u) =1 —bju)--- (1 —b;,u). Let p' = Zlgign—l viand p=p'+,. Let
s ={si,...,sp}, where

{(aiv_"f+1,aiv_“i+3, coavthy for 1 <i < p,
S; =
Vi b b v D) for pr+ 1< < p,
and (u1, ..., pupy) =1", ..., (n—1)""). Since
Yolsil= D mjtnk= Y ivitni= Y ki=r
1<i<p 1<j<p! 1<i<n—1 1<i<n
we have s € 51’5"). It is easy to see that 9, ,.(s) = Q. Thus 9, , is surjective. O
Theorem 4.9. For s = {s1,...,s,} € 9’91) with s; = (gt go=H+3

a;vhi 1), we have F(Vy) = L(Qy), where Qg = 8,,.,(s). In particular, we have
F(Vs)|U@(5/[;,) = L(P), where

Pwy= [] A —aju) for1<i<n-—1.

I<jsp
//,j:[
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Proof. Let W = F(@M). By Proposition 4.6 we have W = L(Q1)®---Q L(Q)),
where Qi = (Qi.1(), ..., Qin(W)) with Qi () = (1 —av™"+u)’i and

Q; j(uv/~1)
Qi j+1(uv/+h)
forl<i<pand1l<j<n—1 Wewillidentify W with L(Q1)®---Q L(Q)).
Letw=w®:--Qw, € W, where w; is the pseudo-highest weight vector in L(Q;).
Then by [Chari and Pressley 1996, §6.3; Frenkel and Mukhin 2002, Lemma 4.1]

we conclude that w is the pseudo-highest weight vector in W such that k;w = v*
and Slfc(u)w = ch(u)w for 1 <i < n, where A, =deg Q;r(u),

0Fu) = 1_[ an(u): l_[ (1 — (au)= v +D)un

1<i<p 1<i<p

— 1_[ (1 _ (aiu)i]vi(—n-i‘]))

I<i<p
ni=n

P (u):= = (1 —a;u)’ini

A7)

and o
Q7 (v u)
Piw =iy = 11 25w
Qj+1(v' I/l) lgigp
= ] 0= @’ = [T 0 - @w*
1<i<p I<i<p

Hi=J]

for 1 < j < n— 1. By definition we have Qg = (Qf(u), e, Q,J{(u)). Since

rj=deg QT ) =r,+ Y degPra)=|{1<i<pluw>j}
j<s<n—1
for1<j<n,wehave A= (Ay,...,A,) =u'.
Let L =F(Vy). Since Vs is a semisimple #(r)c-module, by Lemmas 3.1 and 4.7
we have [L : LOW] = [L : Q¢ Qe End = [QFE Qe Vs 1 Q' @sirye Eul =
[Vs: E ] =1. Thus

4.9.1) dimL; = 1.

Since Vj is the irreducible subquotient of .$ - there is a surjective Ug (g/[\n)—module
homomorphism f : M — L, where M is a certain submodule of W. Since 1 =
dim L; < dim M, < dim W, =1, we conclude that dim M; = dim W, = 1. Hence
M, = W, =span{w} and L, = span{ f(w)}. By (4.9.1) we have f(w) # 0. Since
fisa U@(g/[\n)-module homomorphism, f(w) is the pseudo-highest weight vector
in L such that k; f(w) = f(w) = v* f(w) and 9" () f(w) = fOQF (w)w) =
Q?E(u) f(w) for 1 <i < n. This implies that L is the irreducible quotient module
of M(Qy) and hence L = L(Qy). O
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Combining Lemmas 3.3, 4.8 with 4.9 yields the following classification theorem
of irreducible $(n, r)c-modules, which was proved as Theorem 4.6.8 in [Deng,
Du and Fu 2012] using a different approach.

Corollary 4.10. The set {L(Q) | Q € 9(n),} is a complete set of nonisomorphic
finite-dimensional irreducible $x(n, r)c-modules.

Finally we will use Theorem 4.9 to generalize [Green 2007, (6.5f)] to the affine
case in Theorem 4.11. Assume N >n. Lete =}, ,(, ) &1 € Sa(N, r)c. Then
eSA(N,r)ce = Fa(n, r)c. Consequently, the categories eFA(N, r)ce-mod and
Fa(n, r)c-mod may be identified. With this identification, we define a functor

(4.10.1) G=Gnn, : IA(N,r)c-mod — Fp(n, r)c-mod, V> eV.

Then by definition we have Gy , , o Fy , =F, . For O =(Q1(u), ..., 0,(u)) €

9(n), let Q=(Q1(), ..., Qu), 1,...,1)€QN),. Letd(n),={ Q| Q € An),)}
C 9(N),. Clearly, by definition, we have

(4.10.2) ., (s) = Bpr(s) forse ™,

Theorem 4.11. Assume N~> n. Then G(L(é)) = L(Q) for Q € 2(n),. In
particular we have dim L(Q), = dim L(Q), for o € A(n,r). Furthermore, for
Q' € 2(N),, G(L(Q")) #0ifand only if Q" € 2.(n),.

Proof. If Q € 9(n), then by Lemma 4.8 we conclude that there exist s € ™ such
that Q =9, ,(s). By Theorem 4.9 and (4.10.2) we have L(Q) =T x(N, 1) Q. (r)c Vs-
So by [Deng, Du and Fu 2012, Lemma 4.3.3] and Theorem 4.9 we have

G(L(Q)) = (eTA(N, 1)) Q1) Vs = Taln, 1) Qy,ne Vs = L(Q).

By [Green 2007, (6.2g)], the set {G(L(Q")) #0| Q' € 9(N), } forms a complete set
of non-isomorphic irreducible F5(n, r)c-modules. This together with Corollary 4.10
implies that {G(L(Q")) #0| Q' € 2(N),} ={G(L( Q)) | Q@ €9(n),}. Consequently,
G(L(Q")) #0if and only if Q' € ﬁ(n),. O

References

[Beck 1994] J. Beck, “Braid group action and quantum affine algebras”, Comm. Math. Phys. 165:3
(1994), 555-568. MR 95i:17011 Zbl 0807.17013

[Chari and Pressley 1991] V. Chari and A. Pressley, “Quantum affine algebras”, Comm. Math. Phys.
142:2 (1991), 261-283. MR 93d:17017 Zbl 0739.17004

[Chari and Pressley 1994] V. Chari and A. Pressley, A guide to quantum groups, Cambridge University
Press, 1994. MR 95j:17010 Zbl 0839.17009

[Chari and Pressley 1995] V. Chari and A. Pressley, “Quantum affine algebras and their representa-
tions”, pp. 59-78 in Representations of groups (Banft, AB, 1994), edited by B. N. Allison and G. H.
Clift, CMS Conf. Proc. 16, Amer. Math. Soc., Providence, RI, 1995. MR 96j:17009 Zbl 0855.17009


http://dx.doi.org/10.1007/BF02099423
http://msp.org/idx/mr/95i:17011
http://msp.org/idx/zbl/0807.17013
http://dx.doi.org/10.1007/BF02102063
http://msp.org/idx/mr/93d:17017
http://msp.org/idx/zbl/0739.17004
http://msp.org/idx/mr/95j:17010
http://msp.org/idx/zbl/0839.17009
http://msp.org/idx/mr/96j:17009
http://msp.org/idx/zbl/0855.17009

366 QIANG FU

[Chari and Pressley 1996] V. Chari and A. Pressley, “Quantum affine algebras and affine Hecke
algebras”, Pacific J. Math. 174:2 (1996), 295-326. MR 97i:17011 Zbl 0881.17011

[Chari and Pressley 1997] V. Chari and A. Pressley, “Quantum affine algebras at roots of unity”,
Represent. Theory 1 (1997), 280-328. MR 98e:17018 Zbl 0891.17013

[Deng, Du and Fu 2012] B. Deng, J. Du, and Q. Fu, A double Hall algebra approach to affine
quantum Schur—Weyl theory, London Mathematical Society Lecture Note Series 401, Cambridge
University Press, 2012. MR 3113018 Zbl 1269.20045

[Frenkel and Mukhin 2002] E. Frenkel and E. Mukhin, “The Hopf algebra Rep Uy aloo”, Selecta
Math. (N.S.) 8:4 (2002), 537-635. MR 2003k:17019 Zbl 1034.17009

[Green 2007] J. A. Green, Polynomial representations of GL,,, Lecture Notes in Mathematics 830,
Springer, Berlin, 2007. MR 2009b:20084 Zbl 1108.20044

[Jimbo 1986] M. Jimbo, “A g-analogue of U (gl(N + 1)), Hecke algebra, and the Yang—Baxter
equation”, Lett. Math. Phys. 11:3 (1986), 247-252. MR 87k:17011 Zbl 0602.17005

[Kazhdan and Lusztig 1979] D. Kazhdan and G. Lusztig, “Representations of Coxeter groups and
Hecke algebras”, Invent. Math. 53:2 (1979), 165-184. MR 81j:20066 Zbl 0499.20035

[Rogawski 1985] J. D. Rogawski, “On modules over the Hecke algebra of a p-adic group”, Invent.
Math. 79:3 (1985), 443—465. MR 86j:22028 Zbl 0579.20037

[Zelevinsky 1980] A. V. Zelevinsky, “Induced representations of reductive p-adic groups, II: On
irreducible representations of GL(n)”, Ann. Sci. Ecole Norm. Sup. (4) 13:2 (1980), 165-210.
MR 83g:22012 Zbl 0441.22014

Received May 31, 2013.

QIANG Fu

DEPARTMENT OF MATHEMATICS
TONGJI UNIVERSITY
SHANGHAI, 200092

CHINA

g-.fu@tongji.edu.cn

q.fu@hotmail.com


http://projecteuclid.org/euclid.pjm/1102365173
http://projecteuclid.org/euclid.pjm/1102365173
http://msp.org/idx/mr/97i:17011
http://msp.org/idx/zbl/0881.17011
http://dx.doi.org/10.1090/S1088-4165-97-00030-7
http://msp.org/idx/mr/98e:17018
http://msp.org/idx/zbl/0891.17013
http://dx.doi.org/10.1017/CBO9781139226660
http://dx.doi.org/10.1017/CBO9781139226660
http://msp.org/idx/mr/3113018
http://msp.org/idx/zbl/1269.20045
http://dx.doi.org/10.1007/PL00012603
http://msp.org/idx/mr/2003k:17019
http://msp.org/idx/zbl/1034.17009
http://msp.org/idx/mr/2009b:20084
http://msp.org/idx/zbl/1108.20044
http://dx.doi.org/10.1007/BF00400222
http://dx.doi.org/10.1007/BF00400222
http://msp.org/idx/mr/87k:17011
http://msp.org/idx/zbl/0602.17005
http://dx.doi.org/10.1007/BF01390031
http://dx.doi.org/10.1007/BF01390031
http://msp.org/idx/mr/81j:20066
http://msp.org/idx/zbl/0499.20035
http://dx.doi.org/10.1007/BF01388516
http://msp.org/idx/mr/86j:22028
http://msp.org/idx/zbl/0579.20037
http://www.numdam.org/item?id=ASENS_1980_4_13_2_165_0
http://www.numdam.org/item?id=ASENS_1980_4_13_2_165_0
http://msp.org/idx/mr/83g:22012
http://msp.org/idx/zbl/0441.22014
mailto:q.fu@tongji.edu.cn
mailto:q.fu@hotmail.com

PACIFIC JOURNAL OF MATHEMATICS
Vol. 270, No. 2, 2014

dx.doi.org/10.2140/pjm.2014.270.367

ON THE CLASSIFICATION OF KILLING SUBMERSIONS
AND THEIR ISOMETRIES

JOSE M. MANZANO

A Killing submersion is a Riemannian submersion from an orientable 3-
manifold to an orientable surface whose fibers are the integral curves of a
unit Killing vector field in the 3-manifold. We classify all Killing submer-
sions over simply connected Riemannian surfaces and give explicit models
for many Killing submersions, including those over simply connected con-
stant Gaussian curvature surfaces. We also fully describe the isometries
of the total space preserving the vertical direction. As a consequence, we
prove that the only simply connected homogeneous 3-manifolds which ad-
mit a structure of Killing submersion are the [F(«, t)-spaces, whose isometry
group has dimension at least 4.

1. Introduction

Simply connected homogeneous Riemannian 3-manifolds with an isometry group
of dimension 4 or 6 different from H* can be represented by a 2-parameter family
E(k, 7), where x, 7 € R. They include R3, S3, H? xR, S? x R, the Heisenberg
group, the Berger spheres and the universal cover of the special linear group SL, (R)
endowed with a left-invariant metric (see [Daniel 2007; Daniel et al. 2009; Meeks
and Pérez 2012]). The E(«, t)-spaces are 3-manifolds admitting a global unit
Killing vector field whose integral curves are the fibers of a certain Riemannian
submersion over the simply connected constant Gaussian curvature surface M? (k).
In the Riemannian product 3-manifolds M x R, the projection over the first factor
is a Riemannian submersion whose fibers are also the trajectories of a unit Killing
vector field. In general, Riemannian submersions sharing this property will be
called Killing submersions (see [Espinar and de Oliveira 2013; Rosenberg et al.
2010] and Definition 1.1 below).

Constant mean curvature surfaces in E(x, 7) and M x R have been extensively
studied during the last decade and many results have been recently extended to the
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Killing submersion setting (e.g., see [Dajczer and de Lira 2009, 2012; Espinar and
de Oliveira 2013; Leandro and Rosenberg 2009; Rosenberg et al. 2010; Merofio
and Ortiz 2014]). Nevertheless, apart from the aforementioned spaces, the theory
of Killing submersions suffers from a lack of examples. It is necessary to mention
that these 3-manifolds are well-understood at the level of differential topology
(see [Besse 2008; Greub et al. 1976; Steenrod 1951]) since the projection defines
principal bundles with totally geodesic fibers. Nevertheless, the objective of this
paper is to classify them in the Riemannian category provided that the base is simply
connected, and give explicit models depending on the base surface and a special
geometric function, the so-called bundle curvature.

The bundle curvature has proved to be a very natural function in the surface
theory of Killing submersions. For instance, a Calabi-type correspondence for
surfaces which are graphs in the direction of the unit Killing field has been obtained
recently [Lee and Manzano 2013], swapping the bundle curvature and the mean
curvature of the graph. Note that Killing submersions also have dual Lorentzian
counterparts when the Killing vector field is assumed to be timelike: they lead
to interesting stationary spacetimes and are also related to Finsler metrics (see
[Javaloyes et al. 2013]).

Let m : E — M be a differentiable submersion from a Riemannian 3-manifold E
onto a surface M. A vector v € T'E will be called vertical when v € ker(dr) and
horizontal when v € ker(dr)®. The submersion 7 is Riemannian when it preserves
the length of horizontal vectors.

Definition 1.1. The Riemannian submersion 7w : E — M, where E and M are
connected and orientable, is called a Killing submersion if it admits a complete
vertical unit Killing vector field.

As a matter of fact, any 3-manifold M admitting a unit Killing vector field & is
locally isometric to the total space of a certain Killing submersion, so the definition
is not as restrictive as it may seem.

The bundle curvature of a Killing submersion 7 : E — M is defined (see
Lemma 2.1) as the unique function t € €°°(F) satisfying

Vx&é =tX AE forall X € X(E),

where A is the cross product in E, £ is a vertical unit Killing vector field, and V
denotes the Levi-Civita connection in E. The bundle curvature is constant along
the fibers of 7 so it can be seen as a function t € €°° (M) (see Propositions 3.3
and 4.6 for other geometric interpretations of 7). This gives rise to some natural
questions: Given a Riemannian surface M and t € €°°(M), does there exist a
Killing submersion over M with bundle curvature t? Is it unique? The main aim
of Sections 2 and 4 will be to give affirmative answers to these questions when M
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is simply connected. More specifically, we will classify Killing submersions up to
isomorphism, in the following sense:

Definition 1.2. Let 7 : £ — M and n’ : ' — M’ be two Killing submersions. A
(local) isomorphism of Killing submersions from 7 to 7’ is a pair (f, &), where
h:M — M’ is an isometry and f : E — F' is a (local) isometry, such that
7'of =hom.

Note that if ( £, /1) is an isomorphism of Killing submersions, then f maps fibers
of 7 into fibers of 7/, and, if we consider a unit vertical Killing vector field & in E,
then fi& is also a unit vertical Killing vector field in E'.

Given a simply connected Riemannian surface M and t € €°°(M), we will
show that there exists a Killing submersion over M with bundle curvature 7, and it
is unique (up to isomorphism) if the total space E is also simply connected. In the
process, it will turn out that the bundle curvature determines locally the geometry
of the submersion, but the topology of [ is also conditioned by the bundle curvature.
More explicitly:

e If M is a topological disk, then the submersion is isomorphic to the projection
w1 M xR— M, ni(p,t) = p, for some Riemannian metric on M X R such
that d; is a unit vertical Killing vector field. In particular, the fibers of the
submersion have infinite length.

* If, on the contrary, M = (S?, g) for some Riemannian metric g, then we shall
distinguish cases depending on whether the roral bundle curvature T = |, M7
vanishes or not:

— If T = 0, then 7 is isomorphic to 7y : S2 xR — (S2, g), m1(p.t) = p,
for some metric on S? x R such that 9, is a unit vertical Killing vector
field, so the fibers have infinite length.

- If T # 0, then 7 is isomorphic to THopf S? — (S?%, 9), THopf(Z, W) =
2z, |z|> — |w|?), where S* C C? is endowed with a metric such that
(m/T)(iz,iw) is a unit vertical Killing vector field. In this case, the fibers
have length |27T|.

When the total space is not simply connected, Killing submersions over M are also
classified as the quotients of those listed above under a vertical translation (i.e., an
element of the 1-parameter group of isometries associated to the unit Killing vector
field).

Though this theoretical description is exhaustive, we will give explicit models for
a wide class of Killing submersions. Firstly, for those over a disk with a conformal
metric in terms of the conformal factor, the obtained examples will generalize the
metrics for the E(«, t)-spaces in [Daniel 2007]. Secondly, we will obtain a general
method to produce trivial Killing submersions (i.e., admitting a global smooth
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section) over any surface by isometrically embedding it in R” for some n > 3.
Finally, explicit models will also be obtained for Killing submersions over the
round sphere S? (k) via the Hopf fibration (generalizing the metrics of the Berger
spheres in [Torralbo 2012]).

The geometries of M and E of a Killing submersion 7 : E — M are well-related,
and geodesics or isometries are good samples of that. On the one hand, geodesics
of [ can be divided into three different types: vertical ones, horizontal ones (which
are horizontal lifts of geodesics of M) and those which are neither vertical nor
horizontal, each of which makes a constant angle with the vertical direction and
whose projection is well-understood (see Proposition 3.6). In particular, M is
complete if and only if E is complete. On the other hand, a beautiful classification
result is obtained when we look for Killing isometries (i.e., isometries of E preserving
the vertical direction). More explicitly, if E and M are simply connected, and
7 € 6°° (M) denotes the bundle curvature, then:

(a) Given a Killing isometry f :[E — [F, there exists a unique isometry /i : M — M
such that w o f = homw. Moreover, t o h = t if f is orientation-preserving
and t o h = —t if it is orientation-reversing.

(b) Conversely, given an isometry i : M — M and pg, qo € E with h(w(pg)) =
1(qo), the following properties hold:

e If 1 o h = 1, then there is a unique orientation-preserving Killing isometry
f:E—Ewithmo f =homand f(pg) = qo.

e If 1 0o h = —1, then there is a unique orientation-reversing Killing isometry
f i E—Ewithmo f=homand f(po) = qo-

This construction provides a surjective group morphism from the group of Killing
isometries of [ to the group of isometries of M which either preserve t or map
it to —7. Its kernel consists of isometries of [ that leave the fibers invariant (i.e.,
vertical translations, and also symmetries with respect to a horizontal slice when
7 = 0). In particular, 1-parameter groups of isometries of M preserving t give
rise to 1-parameter groups of isometries in E. Such groups have proven to be
essential in surface theory, leading to many geometric features, e.g., they are related
to holomorphic quadratic differentials (see [Abresch and Rosenberg 2005]) and
conjugate constructions (see [Manzano and Torralbo 2012]).

Finally, note that simply connected homogeneous 3-manifolds are classified:
they are all isometric to Lie groups endowed with left-invariant metrics except for
S? (k) xR, where « > 0 (see [Meeks and Pérez 2012, Theorem 2.4]). In Section 5, we
will characterize the homogeneous spaces E(k, t) as the only simply connected ho-
mogeneous 3-manifolds admitting a Killing submersion structure (see Theorem 5.2).
Hence, the only Killing submersions whose total space is isometric to a Lie group
endowed with a left invariant metric are the E(k, 7)-spaces, except for S? (k) x R.
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2. Uniqueness results

The bundle curvature. The next result can be found in [Espinar and de Oliveira
2013; Souam and Van der Veken 2012], but we will include the proof here for
completeness.

Lemma 2.1. Let 7 : E — M be a Killing submersion. Then there exists a function
T € () such that Vy& = tX A& for all X € X(E).
The function T will be called the bundle curvature of the submersion.

Proof. First of all, note that ?55 = (. Indeed, given X € X(E), we have

(Ve£, X) = —(Vx£.£) = —3 X (£,£) =0,

since £ is Killing and unitary.

Let us now take X € X([) linearly independent of £. On the one hand, it is clear
that (Vy £, £) = 0 and, on the other hand, (Vy£, X) = 0 since £ is Killing. Then
there exists a unique function ty, € 6°°(E) such that Vyé= Ty X A&, so it suffices
to prove that 7, does not depend on X. It is clear that 7, only depends on the
horizontal part of X so it will be enough to prove that t,, = 7y for all X, Y € X(E)
horizontal. By using again that £ is a Killing vector field, we get

(Y AEX) = (VyE X) = —(Vx£,Y) =~y (X AL Y) = 1y (Y AL, X),

SO Ty = Ty, Where X and Y are linearly independent. Elsewhere, the identity
Ty = Ty follows from the linearity of the connection. O

Observe that the function 7 in the conditions of Lemma 2.1 is unique and its sign
depends on the choice of orientation in E. We will give now some consequences of
this result in order to fix some notation.

Remark 2.2. (1) The condition ?gg = ( implies that the fibers of the submersion
are geodesics of E, which will be called vertical geodesics.

(2) The elements of the 1-parameter group of isometries {¢;};cr associated to the
Killing vector field £ will be called vertical translations.
Note that ¢; preserves the Killing field £ and the orientation in E. Thus, if
we apply d¢; to the identity in Lemma 2.1, we easily get t = 7 o ¢; for all
t € R. This means that the bundle curvature is constant along the fibers and,
hence, it may be considered as a function either in [E or in the base M .

(3) More generally, let (£, #) be an isomorphism between two Killing submersions
7:E— M and n’ : F' — M’ (see Definition 1.2) and define t € 6°°(E) and
7/ € 6°°(I’) as their bundle curvatures with respect to some orientations in E
and [, respectively. Then 7 o /' = 7 when f preserves the orientation, and
1o f = —1’ when [ reverses the orientation.
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In the product spaces M x R the projection over the first factor is a Killing
submersion, so its bundle curvature is T = 0 (from Lemma 2.1 it is easy to deduce
that 7 = 0 in a Killing submersion if and only if the horizontal distribution in
the total space is integrable). Given «, 7 € R, there exists a Killing submersion
7 E(k, ) — M?(x) with constant bundle curvature 7. If k > 0 and 7 # 0, the
projection is the Hopf fibration and we obtain the Berger spheres; in the remaining
cases the fibers have infinite length. We refer the reader to [Daniel 2007] for a
description of these examples, although Berger spheres from a global point of view
can be found in [Torralbo 2012].

Other examples derived from the aforementioned ones are their Riemannian
quotients by a convenient vertical translation. Thus the length of the fibers will
play an important role in the theory. Since fibers are geodesics, the following result
follows from [Besse 2008, Theorem 9.56].

Lemma 2.3. Let 7w : E — M be a Killing submersion. Then all the fibers of w share
the same (finite or infinite) length.

Local representation of a Killing submersion. Given a surface M and t € €°°(M),
we are interested in finding all Killing submersions over M with bundle curvature t.
Let us begin by giving a useful technical tool that will simplify some arguments
throughout the paper.

Proposition 2.4. Let 7 : E — M be a Killing submersion, and suppose that M is
noncompact. Then w admits a global smooth section F : M — E. Hence,

V:MxR—E W(p.1)=e¢:(F(p)),

is a local diffeomorphism, where {¢;} denotes the 1-parameter group of vertical
translations. Moreover, V is a global diffeomorphism if and only if the fibers of &
have infinite length.

Proof. We can suppose that the fibers of m have finite length (otherwise, we
take a quotient of 7 under a vertical translation ¢; for some ¢ > 0). Then r is a
codimension-one circle bundle over a noncompact surface and [Greub et al. 1976,
Section VIIL.5] yields the existence of a global smooth section. Moreover, W is a
local diffeomorphism since its differential is injective at every point.

Finally, note that W is a global diffeomorphism if and only if it is injective, but
W(p',t")y=W(p,t)implies p = p’ since W(p',t") and W(p, t) belong to the same
fiber of 7, so the last assertion in the statement holds. O

This result will be mostly used to ensure that there exists a smooth section
F : U — E for any coordinate chart (U, ¢) in M, but it also implies that exceptional
topologies for the total space may only arise when the base is compact. Note that,
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if the base is compact, then Proposition 2.4 no longer holds, as the Hopf fibration
from S3 to S? shows.

The following result will be the cornerstone of the subsequent development
yielding a standard way of describing 7 in terms of M and .

Proposition 2.5. Let 7 : £ — M be a Killing submersion. Let U C M be an open
set such that there is a conformal diffeomorphism ¢ : U — Q C R2. Then:

(@) Given a smooth section Fy: U — 7~ 1(U), the transformation

2-1) [iQxR—>a" N U)., (x.3.1) > ¢:(Fole™ " (x. ),

is a local diffeomorphism and satisfies w o f = ¢ oy in 2 X R, where
w1 : 2 xR — Q is the projection over the first factor.

(b) Let us write the induced metric in Q as dsi = A2(dx? +dy?) for some positive
A € €°(R2). Then there exist a,b € €°°(2) such that the metric in Q x R
which makes [ a local isometry can be expressed as

(2-2) ds? = A%(dx? 4+ dy?) + (dr — A(a dx + b dy))>.

() m (L xR,ds?) - (2, ds)%) is a Killing submersion with unit Killing vector
field 3;, and (f, ¢~ ") is a local isomorphism from 1y to .

Moreover, if the fibers of m have infinite length, then f is a global diffeomorphism.

Proof. We deduce from Proposition 2.4 that ¥ : U x R — 7~ 1(U) given by
U(p,t) = ¢:(Fo(p)) is a local diffeomorphism, so f = Wo (¢~ ! xidg) is also a
local diffeomorphism, and it obviously satisfies the condition ¢ o 11 = mw o f, so (a)
is proved. Note that Proposition 2.4 also ensures that f is a global diffeomorphism
if the fibers of 7 have infinite length.

To prove (b), consider the unique Riemannian metric ds? in ¢(U) x R making
f alocal isometry. The condition ¢ o 7y = 7 o f implies that 7y is a Killing
submersion. Vertical translations for 7 correspond (through f) to isometries of the
form (x, y,t) — (x, y.t + ), u € R, in (¢(U) x R, ds?). In particular, 9, is a unit
vertical Killing vector field in (¢(U) x R, ds?).

Let {e1, e5} be the orthonormal frame in (¢(U), ds}%), where e; = (1/A) dx and
ex = (1/A) dy, and let { £y, E,} be the horizontal lift of {e;, e;} with respect to
w1 and E3 = d;. Since 7 is the projection over the first two variables, there exist
a,b € € (¢p(U)) such that

1
(El)(x,y,t) = m dx +a(x,y) oy,

- 1
(29 (B2 = 555y O H000 0 00

(E3)(x,y,t) = at«



374 JOSE M. MANZANO

Note that {E;, E,, E3} is an orthonormal frame in (¢(U) x R, ds?) which can
be supposed positively oriented after possibly swapping e; and e;. Now it is
straightforward to show that the global frame (2-3) is orthonormal for ds? if and
only if ds? is the metric given by (2-2). O

Regardless of the values of the functions a, b € €°°(2), the Riemannian metric
given by (2-2) has the property that the projection over the first two variables is a
Killing submersion over (€2, ds)%).

Definition 2.6 (canonical example). Given anopenset 2 CR?and A, a, b c€>®(Q)
with A > 0, the Killing submersion
m (2 x [R,ds)%’a’b) > (Q,ds)%), mi(x,y.2) = (x,¥),
ds3 4 p =A2(dx? +dy?) + (dz — Madx + b dy))*,
will be called the canonical example associated to (A, a, b).

Equation (2-3) defines a global orthonormal frame {E;, E,, E3} for dsi ab’
where E; and E, are horizontal, and E3 is a unit vertical Killing field. It is easy
to check that [Eq, E3] =[E,, E3] =0 and
Ax

A
[Ey, Eol= 73 E1 - 2

1 1
22 E; + (k_z(bkx_a)\y)‘f’x(bx_ay))E&

Taking into account Lemma 2.1, we can compute the bundle curvature t associated
to this canonical example as

24 2t=(Vg, By E3) — (VE, E1. E3) = ([E1, E2]. E3)
1 1 1
= A_z(b)\x —aky) + - (bx—ay) = ﬁ(o‘b)x —(Aa)y).
This divergence formula will come in handy in the sequel.

Lemma 2.7 (classification of canonical examples). Let Q@ € R? be a simply con-
nected open set and A, ag,ay, by, by € €°°(Q) such that . > 0. The following
assertions are equivalent:

(1) There exists d € €°°(2) such that the pair (fz,idg), where

s Ja (Q@xRds?, )= (@xR.ds, ).
(x.y.2) > (x,y.z2—d(x,y)),
is an isomorphism of Killing submersions.
(i) There exists d € 6°°(2) such that dy = A(ay —ao) and d, = A(b; — by).

(iii) The bundle curvatures 1y, 11 € 6°°(2) of the two submersions coincide.
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Proof. Tt is easy to check that f; is an isometry if and only if d satisfies (ii), so
the equivalence between (i) and (ii) is proved. Since f; preserves the orientation
in Q2 x R, we get that (i) implies (iii) from Remark 2.2. Finally, to prove that (iii)
implies (ii), observe that 9 = 71 means (Abg)x — (Aag)y = (Ab1)x — (Aay)y in
view of (2-4). Equivalently, we have (A(a; —ag))y = (A(b; —bo))x, so (ii) follows
from Poincaré’s lemma and the fact that €2 is simply connected. O

We remark that condition (i) in the statement is equivalent to the fact that
the canonical examples for (A, ag, by) and (A,aq, by) represent the same Killing
submersion for different initial sections. The function d is, up to an additive
constant, the vertical distance between such sections.

Lemma 2.7 is actually a local classification result for Killing submersions, since
we have proved that all Killing submersions are locally equivalent to canonical
examples. We will now give the general version.

Theorem 2.8 (uniqueness). Fori € {0, 1}, let w; : E; — M; be a Killing submersion,
M; being simply connected, with bundle curvature t; € €°°(M;) for a given
orientation in E;. Suppose that the fibers of o and the fibers of w1 have the same
length and there exists an isometry h : My — M. Let py € Eg and py € Ey be such

that h(wo(po)) = w1 (p1)-

(a) If t1 o h = 19, then there exists a unique orientation-preserving isometry
f :Eg — Eq such that myo f = homg and f(po) = p1.

(b) If 11 o h = —1y, then there exists a unique orientation-reversing isometry
f:Eog— Ey suchthat myo f = homgand f(po) = p1.

Proof. Let us first consider the case of M; being a topological disk, so there exist
conformal diffeomorphisms ¢; : M; — Q such that /1 0 ¢y = ¢, where Q C R?
is an open set. For i € {0, 1}, Proposition 2.4 guarantees the existence of a global
smooth section F; : M; — [F; and a local diffeomorphism f; : Q@ x R — [F;, given
by fi(x,y,t) = ¢>§(F,-(<pi_1(x,y))) as in Proposition 2.5, where {qﬁ{} is the 1-
parameter group of vertical translations associated to ;. In other words, we obtain
a commutative diagram as in Figure 1, where 7 : 2 x R — €2 is the projection over
the first factor.

Observe that ¢ and ¢, induce the same metric A?(dx? 4+ dy?) on , and fo
and f] induce canonical metrics ds}%’ao, bo and ds)%’al, b, ON Q x R, respectively.
Moreover, the condition 7; o &4 = 7 ensures that both canonical examples for
(A, bg,ap) and (A, by, ay) have the same bundle curvature, so Lemma 2.7 yields
the existence of a isometry

fi(2x R’ds)%,ao,bo) — (2 x R’dsi,al,h)
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o

Eo My
fo ®o
QxR —7F Q

’ 7 H h
: v -
QxR Q

v / k

E,q - M,

Figure 1. Horizontal and vertical arrows represent Killing submer-
sions and isometries, respectively. Diagonal ones relate the original
diagram with the canonical examples.

of the form f(x, v,z)= f(x,y,z+d(x, y)) for some d € €>°(R2), so of =7.
If 71 oh = —1y, the canonical examples for (A, by, ag) and (A, by, a;) have opposite
bundle curvatures, so it is easy to see that there exists an isometry of the form
f(x, v,z) = f(x,y,—z—d(x, y)) for some d € €°°(Q2).

In both cases, the isometry f induces an isometry from the quotient of

2
(2 x R’dsk,ao,bo)

by a vertical translation to the quotient of (2 x R, dsi,al’ b1) by the same vertical
translation. Adjusting the translation so that the length of the fibers of the quotient
is the same as in Ey or Eq, the isometry in the quotient provides an isometry
f :Eg — [Eq such that my o f = homy. We get f(po) = p1 by just composing f
with a vertical translation.

Finally, suppose that My and M are topological 2-spheres. Let Uy = My \ {qo}
for some go # mo(po) and Uy = h(Uy) = M1\ {h(qo)}. Note that i : Uy — Uj is
an isometry in the conditions of the disk case so it lifts to an isometry f : Vo — Vi,
where V; :n_l(U,) fori € {0, 1}, satisfying w1 o f =homgin Vg and f(pg) = p1.
Now, let pg € Vy be such that 7 (po) #mo(po), and p P= f(ﬁo) Now take g € My
such that o ¢ {7o(Po). o} and Uy = Mo \ {Go}, Uy = h(To) = My \ {h(Go)}.
The same reasoning above gives an 1sometry f Vo — Vl, where V; = T 1(U,) for
ie{l,2}, satisfying the condition 7 o f homg in VO and f(po) =p1 = f(Po).

Since V = VNV, is connected, we have f(po) = f(po) and (df) 5, = (df)pO
(because both f and f preserve the vertical direction and r o f homg=myof
in V), and we conclude that f= j inV. As VyU Vo = [y, we deduce that f
can be extended (by f ) to an isometry from [Eg to Eq, and it trivially satisfies the
conditions in the statement. O
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Killing isometries. We will now specialize some of the results in the previous
section to study isometries of the total space of a Killing submersion 7 : E — M
preserving the Killing submersion structure, i.e., those preserving the direction of a
unit vertical Killing vector field &.

Definition 2.9. In the previous notation, the isometries of [ satisfying fix& = & or
f«& = —& will be called Killing isometries.

The definition does not depend on the choice of £. If fi.& = & (resp. fié = —§),
then f is said to preserve (resp. reverse) the orientation of the fibers. Note that
preserving the orientation of the fibers is not related to preserving or reversing the
orientation of the total space E.

Lemma 2.10. Let 7 : E — M be a Killing submersion with bundle curvature
T €6 (M), and let [ :F — [ be a Killing isometry. Then:

(a) There exists a unique isometry h: M — M such thatwo f =hom.
(b) If f preserves the orientation in E, then toh = 1.
(¢c) If f reverses the orientation in [, then t o h = —rt.

Proof. Ttem (a) follows from the fact that f maps fibers to fibers and from the fact
that drr is an isometry when restricted to the horizontal distribution. Now, it is easy
to see that (f, i) is an isomorphism of Killing submersions (see Definition 1.2), so
(b) and (c) follow from Remark 2.2. O

In fact, the map f +— h defined by (a) of Lemma 2.10 can be easily proved to be
a group morphism from the group of Killing isometries to the group of isometries
of M with t o h = 1. Moreover, the normal subgroup of orientation-preserving
isometries is mapped to those isometries of M which preserve t. As an application
of Theorem 2.8, we can prove that this morphism is surjective and its kernel consists
of the vertical translations and, for T = 0, also the symmetries with respect to a slice.

Corollary 2.11. Let & : E — M be a Killing submersion with bundle curvature
T € 6°°(M) and suppose that M is simply connected. Let h : M — M be an
isometry and take pg, qo € E such that h(nw(pg)) = 7(qo).

(@) If toh =t in M, then there exists a unique orientation-preserving Killing
isometry [ :E— Esuchthatmo f =hom and f(pg) = qo.

(b) If toh = —t in M, then there exists a unique orientation-reversing Killing
isometry f :E— Esuchthat wo f =hom and f(po) = qo.

As an immediate consequence, in the following two situations there do not exist
Killing isometries reversing the orientation of the total space:

e If the bundle curvature is a nonzero constant.

e If M is a Riemannian 2-sphere and |’ uw T#DO.
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3. Curves in Killing submersions
The horizontal lift of a curve.

Definition 3.1. Let 7 : F — M be a Killing submersion and « : [¢,d] - M a
%!-curve. A horizontal (or Legendrian) lift of & is a ¢!-curve @ : [c, d] — [ such
that @’ is always horizontal and 7 o&@ = « in [c, d].

This concept extends to piecewise ¢!-curves « : [c,d] — M, i.e., @ such that
there is a partition ¢ = #g < t; < ... <1, = d so that a;_, ;] is @! for all
i €{l,...,n}. A horizontal lift of « is a continuous curve & : [c, d] — [E such that
®)[1;_, ;] is a horizontal lift of o, ,, foralli € {1,...,n}.

Lemma 3.2. Let o : [c,d] — M be a piecewise €' -curve. Given pq € E such that
7w (po) = a(c), there exists a unique horizontal lift & of a such that @(c) = py.

Proof. Letc =ty <ty <...<ty =d be a partition such that a5, _, ;,]is a @!-curve.
We can refine the partition so that «([t;—1,;]) C U; for some conformal chart
(Ui, @i) of M for all i. Thus, we can assume that « is contained in such a chart
(U, ¢), so @ will be contained in 7~1(U).

This allows us to work in the canonical example given in Definition 2.6 for
Q = ¢U) and some A,a,b € €*°(p(U)) with A > 0. Writing in coordinates
a(t) = (x(t), y(t)) € (U), a horizontal lift of @ must be of the form a(t) =
(x(2), y(t), z(2)) for some z : [c, d] — R, and must satisfy (&', d,) = 0. This last
condition can be developed as

(3-1) 2 =Ax,y) - (a(x, y)x"+b(x, y)y").

Since m(pg) = a(c), we have py = (x(¢), y(¢), z¢) for some zo € R. We deduce
that there exists a unique ¢!-function z(¢) satisfying (3-1) with initial condition
z(c) = zg, so the horizontal lift exists and is unique. O

We can now give a geometric meaning of the bundle curvature in terms of the
difference of heights of the endpoints of the horizontal lift of closed curves (see
also [Daniel et al. 2009, Proposition 1.6.2]). Supposing that the fibers have infinite
length will be necessary for the difference of heights to make sense.

Proposition 3.3. Let w : E — M be a Killing submersion whose fibers have infinite
length. Given a simple piecewise €' -curve a : [c,d] — M bounding an orientable
relatively compact open set G C M and a horizontal lift @ of a, we have

o=t

where h is the length of the vertical segment joining &(c) and &(d).
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Proof. Let us consider an atlas of M consisting of conformal charts. We will first
suppose that G is contained in one of the charts (U, ¢), so we can suppose that we are
working in the canonical example given by Definition 2.6 for A, a,b € € (¢(U))
with A > 0. Moreover, (2-4) allows us to write T as a divergence in ¢(G). The
divergence theorem yields

b a b a
e[ an(Pa-2a)=[ (oo
/<p(G> o(G) Ao dpG)\A A !

where 7 is the outer unit conormal to ¢(G) along its boundary. We write in
coordinates o = (x, y) and & = (x, y, z), and suppose « is parametrized by arc-
length (i.e., (x")2 + () = 1/A?). Hence n = —y’ dx + x’ 9, up to a sign, so we
deduce from (3-1) that
d
J.#
c

/2‘17
G

As h = |z(d) — z(c)| in this model, we are done.
If G does not lie in a single chart, we can triangulate G by a finite number of

d
:/ A-(ax’ +by")| = = |z(d) —z(c)|.

triangles with piecewise ¢! boundaries so each triangle is contained in a coordinate
chart of the atlas (see, for instance, the proof of [Jost 2002, Theorem 2.3.A.1]) and
o can be expressed as a finite sum of the boundaries of these triangles. As G is
orientable, such boundaries can be oriented so that the interior ones cancel out in
pairs. The argument above applied to each triangle together with the divergence
theorem gives the desired result. O

Geodesics. Let m : E — M be a Killing submersion. Given two vector fields
X,Y € X(M), we can consider their horizontal lifts X,Y € X(E). Then the
following equality holds (see [do Carmo 1992, pp. 185-187]):

(3-2) VgY =VxY +[X. Y],

where V and V are the Levi-Civita connections in M and [, respectively, VyY is
the horizontal lift of VY and [X, Y]V is the vertical part of [X, Y].

From (3-2) we deduce that the horizontal lift of a geodesic in M is a geodesic in E.
Since not all geodesics are horizontal or vertical, we will need a slight improvement
of this argument to classify them all.

Lemma 3.4. Geodesics in E make a constant angle with a vertical Killing vector
field &.

Proof. Given a geodesic y in E, we can compute

y B _
S VLE) = (Vv B+ (V. Vyk).
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The first term on the right-hand side vanishes since y is a geodesic, and the second
one also vanishes because ﬁy/é =1y’ A€ (see Lemma 2.1). O

Given a real number i € R and a smooth curve « : [a, b] — M, we can consider
the smooth curve

(3-3) yila.bl =& y() = gu (@),

where {¢;} is the group of vertical translations associated to a unit vertical vector
field £. The chain rule allows us to compute

V(1) = 1€y ey + (ddus)a@ (@' (1)),

so y makes a constant angle with £ and will be our candidate to geodesic. Taking
into account that [@’, £] = 0 and (3-2), we get

(3-4) Vyy' =2utd@ AE+ V.

Let us suppose that @ has unit speed and consider J the +(7r/2)-rotation in TM
(the sign will be chosen below). Then there exists a function kg : [a, b] — R, the
geodesic curvature, such that Vora' = kg - Jo'. The horizontal lift of Jo' is a
horizontal and unitary vector field along &, orthogonal to &@’. Hence, we can choose
the sign of J so the horizontal lift of Jo' is equal to —a@’ A . Now (3-4) implies
that y is a geodesic if and only if

(3-5) e (1) = 2 T(@ (1))

Lemma 3.5. Given n € R, p e M and v € T, M, there exist ¢ > 0 and a unique
unit-speed smooth curve o : |—¢, [ — M such that a(0) = p, &/(0) = v and
satisfying (3-5).

Moreover, if M is complete then o extends to the whole real line.

Proof. We will work in a conformal parametrization ¢ : U C R?> — M compatible
with the orientation fixed above, where U is a neighborhood of p. Then we identify
o with the coordinates (x, y) = ¢~ !
smooth function @ such that x’ =11 cos 6 and y’ = A~ ! sin §, where A denotes the
conformal factor. The geodesic curvature of « with respect to Ja' = —3" dx +x’ 9y
is given by

ow. Since « has unit speed, there must exist a

A A
Kg=9/+}\—);sin9—)\—;0089.

Now, (3-5) becomes the first-order ODE system
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P 1
=) cos 6,
(3—6) y/ = Mx;y)sinQ
;o Al y) Ay(x,y)
0" =2ut(x,y) . )2 no + —Az(x ) cos 6.

The general theory of ODEs guarantees the existence of a unique smooth solution
in a neighborhood of the origin when prescribing «(0), @’ (0) (note that these initial
data are equivalent to x(0), y(0) and 6(0)). Observe that the solution can be
extended as long as « is contained in U, so if M is complete and we take an atlas
consisting of conformal parametrizations compatible with the orientation, then ¢
extends to the whole real line. O

It is important to notice that the curve y given by Lemma 3.5 satisfies ||y/||> =
1 + u?, so after a reparametrization by arc-length, we obtain (y’, &) = u/+/1 4+ u2.
This last expression varies in | — 1, 1] when u € R, so this construction covers all
geodesics in [E, except for the vertical ones.

Proposition 3.6. Given p €[, all geodesics in E passing through p are of one (and
only one) of the following types:

(1) vertical geodesics (fibers of the submersion),
(2) horizontal lifts of geodesics in M passing through w(p),

(3) of the form y(t) = ¢ (A(t)), where & is a horizontal lift of « in M such that
a(0) = (p) and satisfying (3-5) for some |1 # 0.

In particular, if M is complete, then so is E.

Remark 3.7. When the bundle curvature is constant, nonvertical geodesics project
into curves with constant geodesic curvature. Moreover, the geodesic is horizontal
if and only if its projection is also a geodesic. This gives an easy way to compute
geodesics in the E(k, t)-spaces.

4. Existence results

When the base is simply connected, Theorem 2.8 gives a uniqueness result for
Killing submersions; in this section we will investigate the existence problem and
prove that we can fix beforehand any bundle curvature under the same assumption
of simple connectedness.

Killing submersions over a disk. Given an open set @ C R? and 1,7 € €*°(Q)
with A > 0, we wonder whether it is possible to solve for @ and b in (2-4). An
explicit way of doing so when €2 is star-shaped is given in the following lemma by
just taking § = 2A%.
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Lemma 4.1. Let Q C R be open and star-shaped with respect to the origin, and
8 € €°°(R2). Then n € €°°(2), given by

1
n(x, ) = / 5 8(xs. ys) ds,
0

satisfies the identity § = (xn)x + (¥y1)y.
Proof. 1t is a direct computation. O

Theorem 4.2. Let 2 C R? be an open set star-shaped with respect to the origin and
A, Te@®(Q)withd > 0. Ifr : E— (R, A2(dx? 4+ dy?)) is a Killing submersion
with bundle curvature t and E is simply connected, then it is isomorphic to the
canonical example

71 (2 xR, ds?) = (Q,A2dx2 +dp?),  m(x, y.2) = (x, ),
ds® = A(x, »)*(dx? +dy?) + (dz + n(x, y)(y dx — x dy))?,

where the function n € €°°(2) is given by

1
4-1) n(x,y) = 2/ s T(xs, ps) A(xs, ys)? ds.
0

Remark 4.3. Note that star-shapeness makes everything explicit but an existence
and uniqueness theorem also holds in the (more general) simply connected case. It
suffices to conformally parametrize such a simply connected domain by a disk and
apply Theorem 4.2.

Remark 4.4. If we drop the condition that E is simply connected, it can be easily
shown that any Killing submersion 7 : E— €2 is isomorphic to a Riemannian quotient
of the Killing submersion constructed in Theorem 4.2 by a vertical translation. In
particular, [E is diffeomorphic to  x S'.

It is interesting to specialize Theorem 4.2 to the case M = M? (), the complete
simply connected surface with constant Gaussian curvature k € R, to get models
for all Killing submersions over R?, H?(x) and S?(k) minus a point. Given k € R,
we define A, € 6°°(Q) as

-1
Ml ) = (1 +oa+ yz)) ,
where

O, — {(x,y) eR?: x2+ y? < —4/k} ifk <O,
T\ w2 if K > 0.

Then the metric A2(dx? + dy?) in , has constant Gaussian curvature k. If
T is constant, then n = t A, in (4-1), and we obtain the metrics of the spaces
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E(k, 1) = Q, x R given in [Daniel 2007, Section 2.3]:
k,%(dxz +dy?) + (dz + 7 A (v dx —x dy))>.

Recall that we are not considering a whole fiber of a point in $? (k) for k > 0. The
global case will be treated in the next section.

Killing submersions over a 2-sphere. We can define Killing submersions over S2
as different as the Riemannian products S? x R and S? xS (both with T = 0) or the
Berger spheres and the lens spaces L(n, 1) via the Hopf projection (see Remark 4.8
below). Throughout this section, we will suppose that the surface playing the role
of base surface is (S?, g) for some Riemannian metric g.

Unlike in the cases treated above, this surface is compact. Hence, given a Killing
submersion 7 : E — (S2, g) and its bundle curvature t € 6 (M), the total bundle

curvature
T=/ T
M

is well-defined and finite. This quantity will make the difference between the
possible topologies of the total space.

The case T = 0.

Proposition 4.5. Let 7w : E — (S?, g) be a Killing submersion with total bundle
curvature T = 0. Then the submersion admits a global smooth section.

(a) If the length of the fibers of & is infinite, then it is isomorphic to
711 (S* xR, ds?) > (§%,¢), mi(p.1) = p,

for some Riemannian metric ds? defined in S* x R and such that 9, is a unit
vertical Killing vector field.

(b) Otherwise, the Killing submersion is isomorphic to the Riemannian quotient of
the example in (a) by some vertical translation.

Proof. The condition T = 0 guarantees the existence of an equator I' C S? such
that D and D,, the two open components of S? \ T, satisfy

/’[=/ T =0.
D D>

Let ' CEbe any horizontal lift of I". If the fibers of 7 have infinite length, then
Proposition 3.3 implies that T is a closed curve in [E. Fori € {1,2}, as T lies in the
boundary of 7~ (D;) and projects one-to-one by 7 onto I', there exists a section
F; : D; — E with F;(T) = T. Thus F : S?> — E defined by F = F; in D; is a
global continuous section, and there is no loss of generality in supposing that F
is smooth (just by perturbing it in a neighborhood of I'). Then ¥ : S? xR — [
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given by WV (p,t) = ¢:(F(p)) is a global diffeomorphism, where ¢; denotes the
1-parameter group of vertical isometries. The induced metric ds? in $? x R through
W satisfies the requirements of (a).

In the case that the length of the fibers of 7 is finite, we can work in the universal
cover of 7~ 1(Dy), for i € {1,2}, repeat the arguments above, and finally take a
convenient quotient by a vertical translation. O

The rest of this section is devoted to obtaining explicit models for the metrics in
S? x R making the projection over the first factor a Killing submersion. This will
show that Proposition 4.5 is sharp, but we will also obtain a quite general method
for constructing Killing submersions.

Inspired by the canonical metrics in (2-2), let us consider arbitrary functions
ai,...,an € €%°(R") and the projection over the first n coordinates

7 (R ds?) - R

Here, we endow R” with the usual metric and

n n 2
(4-2) ds? =) " dx? + (dt - dxk) ,
k=1 k=1

where we denote by (x1, ..., X, ?) the usual coordinates of R”t1. Then 7 is a
Riemannian submersion whose fibers are the integral curves of the unit Killing
vector field 9, in (R*T1, ds?).

Given a smooth orientable surface X, we can isometrically embed it in R” for
some n € N by the Nash embedding theorem [1956]. Then we shall consider the
metric induced by (4-2) in ¥ xR C RA+1 Obviously, 7 restricts to a Killing
submersion ¥ x R — 3. We will now compute its bundle curvature in terms of
the functions ay, but we will first need a convention for the orientation in X x R:
if a local frame {eq, e;} in X is positively oriented, then { £, E,, d;} will be said
positively oriented in ¥ x R, where E; is the horizontal lift of ¢; for i € {1, 2}.

Proposition 4.6. Let X be a smooth oriented surface isometrically embedded in R".
The Killing submersion X x R — X defined above has bundle curvature

T =2divg(JT).
where T = (3;) T € X(X) is the component of 3; tangent to = = X x {0} C R*+1
with respect to ds?, and J : ¥(X) — X(X) is a (w/2)-rotation in T X.

Proof. Let X : Q C R> — X be a local conformal parametrization of ¥ with
conformal factor A € €°°(R2), and such that {(1/A) Xy, (1/1) Xy} is a positively
oriented orthonormal frame of TX. Let { £, E;} C X(X(2) x R) be a horizontal
lift of the frame {(1/1) X}, (1/1) X, } which, together with E3 = 9, is a positively
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oriented orthonormal frame in X (2) x R. As in (2-4), we can compute T from
the identity 2t = ([E1, E>], E3). Note that there exist f, g € 6°°(X(2)) such that
Ei=0/M)X,+ f0sand Ey = (1/A) Xy + g 9, so

1 1 1 1 .
[Eq, E;] = |:XXu, XXU:| + [qu,gat] + |:f s, XX”:| +[f 0.8 0¢]

1 1
= A_3()\vXu _)LuXv) + X(gu - fv) 0.

Moreover, since 0 = (E, E3) = ((1/A) X, + f 9¢, 0;), we deduce that (X, d;) =
—Af and, analogously, (X, d;) = —Ag. Hence,

1 .
2t = ([E1. E2]. E3) = -5 ((Ag)u — (W) )o) = divs(Y).
where Y € X(X) is the vector field (g/A) X, — (f/A)Xy. From here, it is easy to
check that Y = JT and we are done. O

Remark 4.7. If X is compact, then |5, v = (1/2) [5 div(JT) = 0 as an application
of the divergence theorem. Conversely, every function on a compact orientable
surface ¥ with zero integral is well-known to be the divergence of some vector
field on X.

As a particular case, we may consider the round sphere
1
S?(k) = {(x,y,z) eR?: x? +y2 +z2= —} c R3,
K
and endow S? x R C R* with the metric given by (4-2) for n = 3 and some

ay,as,az €€ (R?). The stereographic projection X : R2 — S2(k)\{(0,0, 1//x)}
defined by

2u 2v 1 «k?+0v?)—1
k(w2 +v2)+1 k@2 +v2)+ 1" Ve kW2 +0v2) +1
allows us to work out the bundle curvature t of the induced Killing submersion
S?(k) x R — S?(k) as in the proof of Proposition 4.6. We get

(4-3) X(u,v) = (

2t = k((yaz —zaz)x + (zay — xaz)y + (xaz — yay);).
The case T # 0. Let us consider the 3-sphere

S’ ={(z,w) eC*: |z]* + |w|* = 1} C C?,
and S?(k) = {(z,1) : |z|*> +t*> = 1/k} C C x R for k¥ > 0. The submersion

1
(4-4) THopt : S° = S%(k),  (z,w) > — 2z, |z|* — |w|?),
K

7

is known as the Hopf projection. The fiber passing through (z, w) € S* is given
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by {(¢'’z,e"w) : t € R} and the orbit of a point under the 1-parameter group of
diffeomorphisms
¢z w) = (e"'z.e""w), 1ER,

coincides with its fiber with respect to the submersion.

Remark 4.8. Given a natural number n € N, we can consider the quotient of S*
under the group of diffeomorphisms G, = {¢2k/n : k € {1,...,n}}, which is
cyclic and has order n. The quotient S*/G,, is known as the lens space L(n, 1).
The condition myepr © ¢ = THepr guarantees that myeps induces a submersion
7n 2 L(n, 1) = S%(k). Observe that, for any n € N, the space L(n, 1) is orientable
and its fundamental group is isomorphic to the cyclic group of order 7, so two lens
spaces L(n, 1) and L(m, 1) are not homeomorphic for m # n (see [Saveliev 1999]
for a more detailed description).

If we endow S* with a metric making mHepf a Killing submersion, then the fibers
of mHep have finite length (they are compact) and it is easy to check that ;, is a
Killing submersion when we consider the quotient metric, for all n. Moreover, the
length of the fibers of mepr in S3 is n times the length of the corresponding fibers
of m, in L(n, 1).

Proposition 4.9. Let v : E — (S?, g) be a Killing submersion with total bundle

curvature T # 0. Then there exists n € N such that the length of the fibers is equal
to |2T|/n.

@) Ifn =1, then w : E — (S?, g) is isomorphic to the Hopf fibration
THopt : (S7,ds?) — (S%,2),  THopt(z, w) = 2z, |z|* — |w|?),
for some Riemannian metric ds? in S3 such that Ew) = (/T)(iz,iw)isa
unit Killing vector field.
(b) Ifn > 1, then w : E — (S?, g) is isomorphic to the Riemannian quotient of a
submersion as in (a) by a vertical translation of length |2T |/ n.

Proof. As in the proof of Proposition 4.5, let us take a geodesic I which divides
S? in two hemispheres D and D, such that

o= =3
T = T=—.
D, D> 2

We parametrize I as y :[a, b] — S? and a horizontal lift T of T" as 7 : [, b] — E. The
universal Riemannian covering space of 7 ~1(D;), for i € {1, 2}, will be denoted by
W; = D; xR, and is a closed solid cylinder. The curve T can be lifted to both Wi
and W,. Since the outer conormal vector fields to 51 and 52 along their boundary
have opposite directions, the difference of heights between y(a) and ¥ (b) when
we consider them in W; or W, is equal to |T'|, but they have opposite signs (see
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Figure 2. The curve T is represented in the solid cylinders W
and W, covering 71 (D) and 7~ 1(D,), respectively, and its
endpoints lie on the vertical geodesic containing the vertical arrow
representing a global vertical Killing vector field. After gluing
along this geodesic, we conclude that the length of the fibers is an
integer divisor of |27|.

the proof of Proposition 3.3). In other words, we will arrive at y(b) after traveling
vertically from ¥ (a) a distance of |T'|, and, if we continue from ¥ (b), we will arrive
again at ¥ (a) after the same distance (see Figure 2). Thus, the length of the fibers
is an integer divisor of |2T|. In particular, 7' (D;) and 7~ (D,) are solid tori.
Now, observe that the curve I determines how 7! (D) and 7~ 1(D,) must be
glued together, and [ turns # times in the vertical direction, so we can work in a
n-sheet vertical covering space of both tori where T will look like Figure 2 after
identifying the top and bottom faces of the cylinders. This way of gluing the two
tori along I" provides a manifold diffeomorphic to S3, and the induced fibration is
the Hopf fibration (see [Saveliev 1999]). By pulling the metric in E back via this
diffeomorphism, (a) in the statement follows. Item (b) is also proved since we only
need to undo the covering space procedure by taking a quotient with respect to a
vertical translation of length [27°|/n. O

We can now combine the local existence given by Theorem 4.2 with Proposi-
tions 4.5 and 4.9 to obtain a description of all Killing submersions over a Riemannian
2-sphere.

Theorem 4.10. Let g be a Riemannian metric on S* and t € €*°(S?). Up to
isomorphism, there exists a unique Killing submersion over (S?, g) with bundle
curvature T and whose total space is simply connected.

Proof. The uniqueness is a consequence of Theorem 2.8 and the description of
the length of the fibers in Propositions 4.5 and 4.9. We will now assume that
T = f(gz o) T = 0 (the case T = 0 is similar) and prove its existence.
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Consider an equator I' C S? splitting S? in two hemispheres D; and D,. By
applying Theorem 4.2 in a neighborhood of D and D,, we obtain Killing submer-
sions 1 and m, over such neighborhoods with the desired bundle curvature and
noncompact fibers. The argument in Proposition 4.9 guarantees that, after taking
the quotient by vertical translations of length |27|, the two submersions can be
glued together along 7~ !(T") to produce a (continuous) submersion 7 : S3 — S2.
In order to prove that 7 is smooth along 7z ~!(I"), observe that both 7; and 7, are
defined in a neighborhood of I" where they share the same bundle curvature. Thus
they locally coincide by Theorem 2.8 in a neighborhood of each p € z~1(I"). O

In the previous section, we showed a constructive method to obtain trivial Killing
submersions in a global way. Now, we will do the same for Killing submersions
with 7" # 0 for round spheres S? (k) as base surfaces, though the method can be
also adapted to the case 7' = 0.

Let us consider the Hopf fibration given by (4-4) and the global frame in S C C?
defined by

(El)(z,w) = (—zI),Z), (E2)(z,w) = (—iﬁ),if), (E3)(z,w) = (iz,iw).

This frame is orthonormal when we endow S3 with the round metric of curvature
one. Let T € €°(S?(k)) be a function with integral 7' # 0. Note that 7 induces a
function in 7 € €®° (R?) via the stereographic projection given by (4-3). Theorem 4.2
allows us to construct a Killing submersion over S? (k) \ {(0, 0, 1//k)} with bundle
curvature 7. To do this, we calculate the associated function 7j € €*°(R?) given by

1 S-T(sx,s8y)

) = 2/0 0+ (/D52 (2 4y >

which extends smoothly to infinity since T extends smoothly to infinity, and thus
induces n € €°°(S?(k)) by pulling back via the stereographic projection again.
Hence this construction induces a Riemannian metric in S* minus the fiber of
(0,0, 1/4/x) but can be extended to the whole S3. It can be shown that this metric
in S3 is the determined by the fact that

VK B Im(zw)(/cT|w|2 — 4 n(Hopi (2, w)))

Y = —E E ,
T 27 Kk |w|* 3
Im(zw) (kT |w|? — 4 n(r Z, W
Y, = \/_EE2 + ( )( |w] 77: Hopt ( ))) Es.
2 27 J/k|w|
b4
Y3 =7E3,

defines a global orthonormal frame. If 7 is constant, then k7" = 47t and

n(”Hopf(Za w)) = |w|2‘Ea
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so the coefficients of E3 in Y; and Y, vanish, and we get the metrics of the Berger
spheres given by Torralbo [2012].

5. Characterization of homogeneous Killing submersions

Recall that a Riemannian manifold is said to be homogeneous when its isometry
group acts transitively on the manifold. In this section, we will characterize the
E(x, 7)-spaces as the only simply connected homogeneous 3-manifolds admitting
the structure of a Killing submersion.

In order to obtain this result, we will compute the Riemannian curvature of the
total space E of a Killing submersion 7 : E — M in terms of M and the bundle
curvature t. Since the computation is purely local, we will work in a canonical
example (see Definition 2.6) associated to some functions A, a, b € 6°°(2) with
A > 0 and Q C R? (a different approach can be found in [Espinar and de Oliveira
2013]). The Koszul formula yields the Levi-Civita connection in the canonical
orthonormal frame { £, E,, E3} given by (2-3):

- A _ A _
VE1E1=—)\—J2/E2, VE1E2=)\—)2)E1+‘L'E3, VE1E3=—1’E2,
- A _ A _

(5-1) Ve, By = 5E—7Es, Ve Ey=—3F1, Vi, E; =E),
Ve, E1 =—1E;, Ve, Ey =1E;, Ve, E3=0.

Since the Gaussian curvature Kjs of M can be written in terms of the conformal
factor as

_ Ag(logh)  AZHAS dyx + Ay,
- 22 T4 A3 g

it is easy to work out any sectional curvature in [E.

Lemma 5.1. Let w : E — M be a Killing submersion and p € E. Given a linear
plane T1 C T, E with normal vector N € TyL, its sectional curvature is

K(T) = v3(Kpr — 313 + (1 —v3)1? = 20(N A&, (VT),),

where v = (N, &p), & denotes the unit Killing vector field, Ky is the Gaussian
curvature of M at w(p), and t is the bundle curvature at p.

The sectional curvature is K7 — 372 for horizontal planes (i.e., planes which
are orthogonal to &) and t2 for vertical planes (i.e., planes containing the direction
£). In particular, we deduce that hyperbolic 3-space, H3, does not admit a Killing
submersion structure since H3 has constant sectional curvature of —1 and vertical
planes in a Killing submersion always have nonnegative sectional curvature.
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On the other hand, given v € T, with [|v|| = 1, the Ricci curvature of v can be
easily deduced from Lemma 5.1 as

(5-2)  Ric(v) = (Kpr —27%) — (v,£p) 2 (Kpr —47%) +2(v, &) (v A &p, V).
The scalar curvature is p = 2(Kps — 72).

Theorem 5.2. Let 7 : E — M be a Killing submersion. If E is homogeneous,
then both the Gaussian curvature of M and the bundle curvature are constant. In
particular, E is a E(k, T)-space or its quotient by a vertical translation.

Proof. Given p € E and v € T,E with ||v| = 1, we can decompose v = u + 0&,,
where u is horizontal and o € R. From (5-2), we get

Ric(v) = (Kpr —27%) + 0 - ((u A&p, (V1)) — (Kpp —47%)0).

Let Up = {v € THE: ||v|| = 1} and 4, = {v € U, : Ric(v) = Kps —272}. Observe
that the vectors v € U, satisfying o = 0 form a great circle and the same happens
for (u A&y, (ﬁt)p) —(Kpy —41t2)o =0if (?r)p # 0 or Ky # 412, We deduce

Up if Kpr =472 and (V1), =0,
(5-3) Ap = { a great circle if Kpr # 412 and (V1), =0,
two great circles if (V7), # 0.

Let f :E— E be an isometry. Since any two great circles in a sphere intersect and
d f» maps great circles in U, to great circles in Uy (), we deduce that d f,(A4,) and
Ay (p) intersect. As a consequence, Kps — 272 attains the same value at the points
p and f(p). If E is homogeneous, then this implies that K7 — 272 is constant, but
on the other hand, the scalar curvature 2(K s — t2) is also constant; hence both
Kps and 7 are constant. O

Remark 5.3. Given a 3-dimensional metric Lie group G (i.e., it is endowed with
a left-invariant metric) with isometry group of dimension 3, it is homogeneous.
We deduce that the set of points where a Killing vector field (i.e., a right-invariant
vector field) is unitary has empty interior. Otherwise, this open subset would be
locally isometric to a E(k, t)-space, and this is impossible (see [Meeks and Pérez
2012] for a detailed description of metric Lie groups).

Finally, let us mention that the condition K7 = 472 does not imply that E has
constant sectional curvature (unless t is constant), but it says that horizontal and
vertical planes have the same sectional curvature. Note that, if (V7), # 0 and
Kar = 41? at some p € M, then the set Ap in (5-3) consists of two orthogonal
great circles in the unit sphere U,,.
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LOCALLY LIPSCHITZ CONTRACTIBILITY OF ALEXANDROV
SPACES AND ITS APPLICATIONS

AYATO MITSUISHI AND TAKAO YAMAGUCHI

We prove that any finite-dimensional Alexandrov space with a lower curva-
ture bound is locally Lipschitz contractible. As an application, we obtain a
sufficient condition for solving the Plateau problem in an Alexandrov space,
as considered by Mese and Zulkowski.

1. Introduction

Alexandrov spaces appear naturally in the collapsing and convergence theory of
Riemannian manifolds and play an important role in Riemannian geometry. In this
paper, when we say simply an Alexandrov space, we mean an Alexandrov space of
curvature bounded from below locally and of finite dimension. The fundamental
properties of such spaces were well studied in [Burago et al. 1992]. Perelman [1991]
carried out a remarkable study of topological structures for Alexandrov spaces,
proving a topological stability theorem: if two compact Alexandrov spaces of the
same dimension are very close in the Gromov—Hausdorff topology, then they are
homeomorphic. See also [Kapovitch 2007]. This further implies that, for any point
in an Alexandrov space, its small open ball is homeomorphic to its tangent cone.
In particular, an open ball of small radius with respect to its center is contractible.
It is expected by geometers that corresponding statements obtained by replacing
homeomorphic by bi-Lipschitz homeomorphic could be proved. Until now, we did
not know any Lipschitz structure of an Alexandrov space around singular points.
The main purpose of this paper is to prove that any finite-dimensional Alexandrov
space with a lower curvature bound is strongly locally Lipschitz contractible in the
sense defined later. For short, SLLC denotes this property. The SLLC-condition
is a strong version of the LLC-condition introduced in [Yamaguchi 1997] (see
Remark 4.5).

We define strongly locally Lipschitz contractibility. We denote by U (p, r) an
open ball centered at p of radius r in a metric space.

MSC2010: 53C20, 53C21, 53C23.
Keywords: Alexandrov space, Lipschitz contractibility.
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Definition 1.1. A metric space X is strongly locally Lipschitz contractible, or SLLC,
if for every point p € X, there exists r > 0 and a map

h:U(p,r)x[0,1]—= U(p,r)

such that & is a homotopy from A( -, 0) =idy(,, ) to A(-, 1) = p and h is Lipschitz
(i.e., there exists C, C’ > 0 such that

d(h(x,s), h(y,1)) <Cd(x,y)+C'|s — 1]

for every x, y € U(p, r) and s, ¢ € [0, 1]) and such that for every " < r, the image
of h restricted to U(p, r’) x [0, 1]is U(p, r').

We call such a ball U(p, r) a Lipschitz contractible ball and & a Lipschitz
contraction on U (p, r).

A main result in the present paper is the following.

Theorem 1.2. Any finite-dimensional Alexandrov space is strongly locally Lipschitz
contractible.

In [Yamaguchi 1997], a weaker form of Theorem 1.2 was conjectured.

For metric spaces P and X and possibly empty subsets Q C P and A C X, we
denote by f : (P, Q) — (X, A) amap from P to X with f(Q) C A. Two maps
f and g from (P, Q) to (X, A) are homotopic (resp. Lipschitz homotopic) if there
exists a continuous (resp. Lipschitz) map

h:(Px[0,1], 0 x[0,1]) — (X, A)

such that i(x, 0) = f(x) and h(x, 1) = g(x) for all x € P. Then, we write f ~ g
(resp. f ~Lip &) Let us denote by

(P, Q),(X,A)] and [(P,Q), (X, A)lLip

respectively the set of all homotopy classes of continuous maps from (P, Q) to
(X, A) and the set of all Lipschitz homotopy classes of Lipschitz maps from (P, Q)
to (X, A).

Let us consider a Lipschitz simplicial complex: a metric space which admits
a triangulation such that each simplex is a bi-Lipschitz image of a simplex in a
Euclidean space. For a precise definition, see Section 4.

Corollary 1.3. Let P be a finite Lipschitz simplicial complex and Q a possibly
empty subcomplex of P. Let X be an Alexandrov space and A an open subset of X.
Then, the natural map from [(P, Q), (X, A)lLip to [(P, Q), (X, A)] is bijective.

For a metric space X, a point xg € X, a_nd k € N, we define the k-th Lipschitz
homotopy group n,flp(X, Xo) by setting n,i“lp(X, x0) = [(S, %), (X, X0)]Lip as sets,
where * € S is an arbitrary point; it is equipped with the group operation of the
usual homotopy groups.
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Corollary 1.4. For an Alexandrov space X, a point xy € X, and k € N, the natural
map .
ﬂ;{Llp(X, x0) = mr(X, x0).

is an isomorphism of groups.

Application: the Plateau problem. The Plateau problem in an Alexandrov space
was considered by Mese and Zulkowski [2010] as follows. Let W2(D?, X) denote
the (1, 2)-Sobolev space from D? to an Alexandrov space X, in the sense of the
Sobolev space of a metric space target defined by Korevaar and Schoen [1993].
Giving a closed Jordan curve I in X, we set

Fr = {u e WH(D?*, X)NC(D?, X) | ulyp> parametrizes I' monotonically}.

Mese and Zulkowski defined the area A(u) of a Sobolev map u € wh2(D?, X).
Under these settings, the Plateau problem is stated as follows:

Find a map u € W“2(D?, X) such that A(u) = inf{A(v) | v € Fr}.

Theorem 1.5 [Mese and Zulkowski 2010]. Let X be a finite-dimensional compact
Alexandrov space and T a closed Jordan curve in X. If Fr # O, then there exists a
solution to the Plateau problem.

For Alexandrov spaces, no condition on I implying % # & was known. As an
application of Theorem 1.2, we can obtain such a condition of T".

Corollary 1.6. Let I" be a rectifiable closed Jordan curve in an Alexandrov space X.
If T is topologically contractible in X, then Fr # O.

Application: simplicial volume. Yamaguchi [1997, Theorem 0.5] proved, assum-
ing an LLC-condition on an Alexandrov space, an inequality between Gromov’s
simplicial volume and the Hausdorff measure of the Alexandrov space. As an
immediate consequence of Theorem 1.2, we obtain:

Corollary 1.7 [Gromov 1982; Yamaguchi 1997]. Let X be a compact orientable
n-dimensional Alexandrov space without boundary, of curvature > « for k < Q.
Then | X|| <n!(n—1)"/—=« " %" (X).

Here, || X|| is Gromov’s simplicial volume, which is the £;-norm of the fun-
damental class of X, and " denotes the n-dimensional Hausdorff measure. For
precise terminology, we refer to [Gromov 1982; Yamaguchi 1997].

Further, if we assume “a lower Ricci curvature bound” for X in the sense of
[Bacher and Sturm 2010], then we obtain the following:

Theorem 1.8. Let X be a compact orientable n-dimensional Alexandrov space
without boundary. Let m be a locally finite Borel measure on X with full support
that is absolutely continuous with respect to #". If the metric measure space
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(X, m) satisfies the reduced curvature-dimension condition CD*(K, N) locally for
K, N eRwith N>1and K <0, then

IXII <n!y/=(N = DK "%" (X).

Theorem 1.8 is new even if X is a manifold, because a reference measure m can
be freely chosen.

Organization. We review fundamental properties of Alexandrov spaces in Section 2.
In particular, we recall the theory of the gradient flow of distance functions on an
Alexandrov space, established in [Petrunin 1995] and [Perelman and Petrunin 1994].
In Section 3, we prove that the distance function from a metric sphere at each point
in an Alexandrov space is regular on a much smaller concentric punctured ball.
Then, using the gradient flow of the distance function, we prove Theorem 1.2. In
Section 4, we recall precise terminology of the applications in the introduction,
and prove Corollaries 1.3, 1.4 and 1.6. In Section 5, we note that our proof given
in Section 3 also works for infinite-dimensional Alexandrov spaces whenever the
space of directions is compact. In Section 6, we recall several notions of a lower
Ricci curvature bound on a metric space together with a Borel measure and their
relation. By using the Bishop—Gromov-type volume growth inequality, we prove
Theorem 1.8.

2. Preliminaries

This section consists of a review of the definition of Alexandrov spaces and a
somewhat detailed review of the gradient flow theory of semiconcave functions on
Alexandrov spaces. For further details, we refer to [Burago et al. 1992; 2001] or
[Petrunin 2007].

We recall the definition of Alexandrov spaces:

Definition 2.1 [Burago et al. 1992; 2001]. Let x € R. We call a complete metric
space X an Alexandrov space of curvature > i if it satisfies the following:

(1) X is a geodesic space; i.e., for every x and y in X, there is a curve y :
[0, |x, ¥|] = X such that y (0) = x, y(|x, y]) =y, and the length of y equals
|x, y|. Here, |x, y| denotes the distance between x and y, written also as |xy|
or d(x,y). We call such a curve y a geodesic between x and y, and denote it
by xy.

(2) X has curvature > «; i.e., for every p, g, r € X (with |p, g+ g, r|+|r, p| <
27 //k if k > 0) and every x in a geodesic gr between g and r, taking a
comparison triangle ApG7 = A pgr in a simply connected complete surface
M, of constant curvature ¥ and a corresponding point X in g7, we have

lp, x| = |p, X|.
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We simply say that a complete metric space X is an Alexandrov space if it is a
geodesic space, and for any p € X, there exist a neighborhood U of p and k € R
such that U has curvature > « in the sense that it satisfies condition (2); i.e., any
triangle in U (whose sides are contained in U) is not thinner than its comparison
triangle in M.

If X is compact, then it has a uniform lower curvature bound. Throughout
the paper, we do not need a uniform lower curvature bound, since we are mainly
interested in local properties. It is known that if X has a uniform lower curvature
bound, say «, then X has curvature > « [Burago et al. 1992].

Semiconcave functions. In this subsection, we refer to [Petrunin 2007; 1995].

Definition 2.2. Let / be an interval and A € R. We say a function f : I — R is
A-concave if the function

_ A 2
f(f)=f(f)—§l
is concave on /. That is, for any t < ¢’ <t” in I, we have

feh—fo _ fah-ra)

t—t - t"—t

We say a function f : I — R is A-concave in the barrier sense if for any ty €int /,
there exist a neighborhood Iy of #p in I and a twice-differentiable function g : Ip — R
such that

g(to) = f(ty), g > fand g” < A on int].

Lemma 2.3 [Petrunin 1995]. Let f : I — R be a continuous function on an interval
I and A € R. Then the following are equivalent:

(1) f is A-concave in the sense of Definition 2.2.

(2) Forany ty € I, there is A € R such that

A
ﬂﬂsﬂm+AU—m+§U—m2

foranyt el
(3) f is A-concave in the barrier sense.
Proof. By considering f(¢) — (A/2) t?, we may assume that A = 0.

Let us prove the implication (1) = (2). Let us take #y € I, not equal to the
supremum of /. By the concavity of f, the value

A— lim f(to+¢)— f(t)
e—0+ &
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is well-defined. And, the concavity of f implies

f@) = f(to) + At —19).

When #y € I is the supremum of /, we obtain the same inequality as above by
replacing A with lim._, o4 (f(fo — &) — f (%)) /&.

The implication (2) = (3) is trivial.

Let us assume that f satisfies (3), and take 7y in the interior of /. Then there
exists a twice-differentiable function g : I — R such that

g(to) = f(t), g = f and g" <0.
Hence, for any ¢’ <ty <, we have

fm—fm»<gm—gm><mm—gwx<ﬂm—fw)

t—1 - t—1 - to—t' - to—t'

Therefore, f is concave. ([

Let X be a geodesic space and U be an open subset of X. Let f : U — R be
a function. We say that f is A-concave on U if for every geodesic y : I — U,
the function f oy : I — R is A-concave on /. For a function g : U — R, we say
that f is g-concave if for any p € U and ¢ > 0, there is an open neighborhood
V of p in U, such that f is (g(p) + ¢)-concave on V. We say that f : U — R is
g-concave in the barrier sense if for any p € U and ¢ > 0, there exists an open
neighborhood V of p in U such that for every geodesic y contained in V, foy
is (g(p) + e)-concave in the barrier sense. By an argument similar to the proof of
Lemma 2.3, f is g-concave if and only if f is g-concave in the barrier sense.

From now on, we fix an Alexandrov space X. We use results and notions on
Alexandrov spaces obtained in [Burago et al. 1992], and we refer to [Burago et al.
2001] and [Petrunin 2007]. T, X denotes the tangent cone of X at p and X,X
denotes the space of directions of X at p.

For any A-concave function f : U — R on an open subset U of X, p € U, and
8 >0, a function f5:8~'U — R is defined as the same function f5 = f on the same
domain §7'U = U as sets. Since the metric of ™' U is the metric of U multiplied
by 87!, f5 is 82A-concave on 8 ~'U. In addition, if f is Lipschitz near p, then the
blow-up d,, f : T, X — R, that is, the limit with respect to some sequence §; — 0,

lim f5 : lim (8;'U, p) » R
1—> 00 1—>00

is O-concave on T,X. We call d, f the differential of f at p. Note that the
differential of a locally Lipschitz semiconcave function always exists and does not
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depend on the choice of sequence (;). Actually, d,, f(§) is calculated by

f(exp,(t§)) — f(p)
t

)= i,

if§ e E;, is a geodesic direction, where exp,(1§) denotes the geodesic starting
from p with the direction &.

Distance functions as semiconcave functions. For any real number &, let us define
“trigonometric functions” sn, and cs, by the following ODE:

s, (1) +k sne () =0, sn(0)=0, sn, (0)=1;
csi(t)+rese (1) =0, cs(0)=1, cs.(0)=0.

They are explicitly represented as follows.

1
—sin(y/k t) if K >0,
o (=0)" 2n+1 Vi
() = — " = if €k =0,
sy (¢) X_:O(Zn+l)! | t ifk =0
"= sinh(v—k 1) ifx <O,
=K
© ey cos(/k 1) if k >0,
—K " .
ese() =sn () =) "ot = 1 if i =0,
n=0 :
cosh(y/—«t) ifk <O.

These functions are elementary for the space form M, in the sense that they satisfy
the following: Let us take any points p, g,r € M, with |pqg| + |gr| + |rp| <
2diam M, and set 6 := /gpr. Let y be the geodesic pr with y(0) = p and
y(lp,r]) =r. Weset £(t) = |q, y(t)|. When « # 0, the cosine formula states

cs, (£(2)) =csi |pglcse t +k sng | pg|sn, t cosB.
Also, we have
(2-1) (csic (£(1)))" + K cs,c(£(1)) = 0.

Lemma 2.4 [Perelman and Petrunin 1994]. The distance function d 4 from a closed
subset A in an Alexandrov space X of curvature > i is (cs,(da)/ sn,(d4))-concave
on (X —A)N{ds < /(2+/k)}. Here, if k <0, then we consider 7w /(2/k) as +0o0,
and if k =0, then we consider cs,(da)/ sne(ds) as 1/dy.

Proof. We consider the case that ¥ % 0. Let us take any geodesic y contained in
(X —A)N{dy < 7/(2/k)}. We take x on y and reparametrize y as x = y(0).
We choose w € A such that |Ax| = |wx|. We set £(¢) := |A, y(¢)|. Let us take a
geodesic y and a point w in the x-plane M, such that [wy (0)| = |wx| and Z(Tg’
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. 7H(0) = £(1Y, y1(0)). Let us set £(r) := |, 7(t)|. By Alexandrov convexity,
£@1t) < 0(r).
From (2-1), a standard calculation implies
cse (0) CSyc (5)

'="(1-)»<
sn (€) sn(f)

Therefore, £ is (cs, (£)/ sn, (£))-concave. The proof is complete if ¥ # 0. When X
has nonnegative curvature, taking a negative number « as a lower curvature bound
of X and letting « tend to 0, we obtain cs, (d4)/ sne(da) — 1/da. O

Gradient flows. For vectors v, w in the tangent cone T}, X, setting 0 = 0, the origin
of T, X, we define |v| = |o, v| and

( - [v]|w] cos Zvow if |v], lw| > 0,
o otherwise.

Definition 2.5 [Perelman and Petrunin 1994; Petrunin 1995]. Let f be a A-concave
function on an open subset U of X. We say that a vector g e T,X at pe U is a
gradient of f at p if it satisfies

(D) df,(v) < (v, g) forallveT,X;

(2) dfp(g) = (g 8)-
We recall that a unique such g exists, which is denoted by V,, f =V f(p).
We say that f is regular at p if d, f (v) > 0 for some v € T), X, or equivalently,

[V, f1 > 0. Otherwise, f is said to be critical at p.
Definition 2.6 [Perelman and Petrunin 1994; Petrunin 1995]. Let f : U — R be a
semiconcave function on an open subset U of an Alexandrov space. A Lipschitz
curve y : [0, @) — X on an interval [0, a) is said to be a gradient curve on U for f
if for any ¢ € [0, a) with y(t) € U,

i Ler@te —foy®

im
e—0+ &

exists and is equal to |Vf|2(y(t)).

Note that if f is critical at y (¢), the gradient curve y for f satisfies y (¢') = y (¢)
for any ¢’ > ¢.

The (multivalued) logarithm map log, : X — T}, X is defined for x # p as
log,(x) = |px|-17, where T; is a direction of a geodesic px, and for x = p as
logp (x) =o0p. If y is a gradient curve on U, then for ¢ with y(¢) € U, the forward
direction

vyt = lim logyw (1 +£))
e—0+ &

Ty(t)X

exists and is equal to the gradient V f (v (¢)).
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Proposition 2.7 [Kapovitch et al. 2010; Petrunin 2007; Petrunin 1995; Perelman
and Petrunin 1994]. Letting y and n be gradient curves starting from x = y (0) and
y =1n(0) in an open subset U for a h-concave function f : U — R, we obtain

ly )] < e lxy]
for every s > Q.

This proposition implies a gradient curve starting at x € U is unique on its
domain.

Theorem 2.8 [Petrunin 1995; 2007; Perelman and Petrunin 1994]. For any open
subset U of an Alexandrov space, a semiconcave function f on U, and x € U, there
exists a unique maximal gradient curve

y:[0,a) > U

with y (0) = x for f, where y is maximal, if for every gradient curve 1 : [0, b) — U
for f with n(0) = x, we have b < a.

Definition 2.9 [Perelman and Petrunin 1994; Petrunin 1995]. Let U be an open
subset of an Alexandrov space X and f : U — R a semiconcave function. Let
{[0, ay)}xev be a family of intervals for a, > 0. A map

@: | Jx}x[0.a0) > U
xeU

is a gradient flow of f on U (with respect to {[0, a,)},cy) if for every x € U,
®(x, 0) = x and the restriction

d(x,-):[0,a,) > U

is a gradient curve of f on U.
A gradient flow ® is maximal if each domain [0, a,) of the gradient curve is
maximal.

By Theorem 2.8 and Proposition 2.7, a maximal gradient flow on U always
exists and is unique.

Let @ be the gradient flow of a semiconcave function on an open subset U. By
a standard argument, we obtain

S(x,s+1)=D(D(x,s),1)

for every x € U and s, t > 0, wherever the formula is defined.
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3. Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. Let us fix a finite-dimensional
Alexandrov space X. As we show in Section 5, the proof works for an infinite-
dimensional Alexandrov space with an additional assumption.

We first prove the following. Consider the distance function f =d(S(p, R), -)
from a metric sphere S(p, R) = {g € X | |[pg| = R}. We may assume that a
neighborhood of p has curvature > —1 by rescaling the metric of X if necessary.
We denote by B(p, R) the closed ball centered at p of radius R.

Proposition 3.1. Forany p € X and € > 0, there exists R > 0 and 5y = p(e, R) >0
such that the distance function

f=dS(p,R), )
from the metric sphere S(p, R) satisfies
(3-D de f(1P) > cose
forevery x € B(p, 8oR) — {p}. In particular, f is regular on B(p, §oR) — {p}.

Proposition 3.1 is key in our paper, which implies the important Lemma 3.3 later.
For a subset A of an Alexandrov space and x ¢ A, we denote by A’ the set of
all directions of geodesics from x to A of length |x, A|.

Proof of Proposition 3.1. Since the tangent cone T, X is isometric to the metric
cone K(X,) over the space of directions X, there exists a positive constant R
satisfying the following:

(3-2) For any v € X, there is ¢ € S(p, R) such that Z(v, T%) <e.

From now on, we set S := S(p, R). For any x € S(p, §R), fixing a direction
1, € x,,, let us take g1, g2 € S such that

(3-3) |x, g1l = |x, S| :=min|x, g|
qeSs
and
(3-4) Lxpgy=L(T) M) = L1}, S)) = min (1), v).
P

By the condition (3-2), we have
prqz < /lxpgr <e.

Then, by the law of sines, we obtain
sinh R

sinhR | - .
sin Zxpgy; < —————  sine.

3-5 in/pxgy = ————
(3-5) S EpXqa = o lxg| sinh R(1 —4)
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On the other hand, by the law of cosines, we obtain

cosh [xgy| = cosh § R cosh R — sinh § R sinh R cos prq2
< cosh §R cosh R — sinh 6 R sinh R cos &

and

— sinh § R sinh |xg;| cos prqz = cosh R — cosh R cosh |xq> |
> cosh R{1 — cosh? OR} + sinh R sinh R cos .

Therefore, if § is smaller than some constant, then
(3-6) —cos Zpxgs > 0.
By (3-5) and (3-6), we obtain
(3-7) Lpxqr =7 —(1+7(8)e.
Next, let us consider the point g; taken as in (3-3). Then, it satisfies

Lxpq = mln /xpg < mln lxpq < e.
q€

By a similar argument with g; instead of g, we obtain
(3-8) Lpxq > 7 — (1+7(8))e.

By the quadruple condition, with (3-7) and (3-8), we obtain

Lqixqy <27 — Lpxqi — Lpxqy < 2+ T(8))e.
If § is small with respect to ¢, then we obtain
l9192] < 3Re.

Therefore, we obtain
(3-9) Lq1pgr < 4e.

For any y € px — {p, x}, we set g3 = q3(y) € S to be such that

|y, g3l =1y, SI.

By an argument similar to above, we obtain
(3-10) Lpygs = — (L+(|pyl/R)e > w —2e.

Then, we have

nyq3 < 2e.
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By the Gauss—Bonnet theorem, if y is near x, then
Lyxqz > m —3e.

By the first variation formula, we obtain

Syl =18 —
Aty = tim SIS g Y Tl sy
Xp3y—>x |xy| Xp3y—>x |xy|
This completes the proof. ]

We fix §¢ as in the conclusion of Proposition 3.1, and fix § < Jp.
Lemma 3.2. For any x € B(p, §R) —{p}, we have
LV fAD) < g and |V, f, 1P| < ¥/ 2e.
Proof. By Proposition 3.1, we have
df: (1) > cose.
By the definition of the gradient, we obtain
dfs(19) < |Vi fleos L(Vy f, 1]) < cos L(V [, 17).

Therefore, we have /(V, f, 1%) < ¢.
Since f is 1-Lipschitz, |V f| < 1. And, by the above inequality,

IV flx= gn%xdfx(é) >df (1Y) > cose.

Then, we obtain
IV AP 12 < IV +1—=2|Vf|cose <2sin’e.
Therefore, |V f, 17 | < +/2¢. ([
Let us consider the gradient flow @&, of f =d(S, -).
Lemma 3.3. For every x € B(p, 6R),
|, (x), p| < |x, p| —cose -t,

whenever this formula is defined. In particular, for any t > §R/ cos e, we have
D (x) = p.

Proof. Let us set y (1) = ®,(x), the gradient curve for f starting from y (0) = x. If
y (to) # p, then

—_ V4 o
2t b 1210, PL= = (Vo) [ 1)) < —cose.
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Integrating this, we have
| P4 (x), pl —|x, p| < —cose 1.
This completes the proof. ]

Finally, we estimate the Lipschitz constant of the flow ® on B(p, §R). Let us
recall that f is A-concave on B(p, 6 R) for some 1. By Lemma 2.4, A can be given

as follows:
cosh(f) - cosh R

sinh(f) ~ sinh(R(1 —§)) -
By Proposition 2.7, for any x, y € B(p, 6R),

|®(x, 1), D(y, )] < e |xyl.

Since f is 1-Lipschitz, for x € B(p,3R) and ¢’ < t, we have

t +

|<I>(x,t),<b(x,t’)|§[ i D(x,s)
ds

t

ds =/ IVFI(®(x,s))ds <t—t1.
t/

Therefore, we obtain the following:

Lemma 3.4. Forany x,y € B(p,6R) andt >s >0,
|®(x,5), P(y, )| < e™|x, y|+1—s.

Note that, by Lemma 3.3, setting £ = §gR/ cos ¢, the term e can be bounded

from above by a constant arbitrary close to 1 if we choose §p and R small enough.
By Lemma 3.4, we obtain a Lipschitz homotopy

¢ :B(p,éR) x[0,1]— B(p,5R)

with ¢(-, 1) = p, defined by ¢(x,t) = ®(x, €¢) for (x,t) € B(p, 6oR) x [0, 1].
This completes the proof of Theorem 1.2.

Remark 3.5. In the above argument, we employ the distance function from S(p, R)
to prove Theorem 1.2. Similarly, one can use the averaged distance function
constructed in [Perelman 1993] and [Kapovitch 2005] to prove Theorem 1.2.

4. Proof of applications

Proof of Corollaries 1.3 and 1.4. Let V be a metric space, U a subset of V, and
p € V. We say that U is Lipschitz contractible to p in V if there exists a Lipschitz
map
h:Ux[0,1]1—>V
such that
h(x,0)=x and h(x,1)=p
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for any x € U. We call such an & a Lipschitz contraction from U to p in V. We say
that U is Lipschitz contractible in V if U is Lipschitz contractible to some point
inV.

Lemma 4.1. Let U be Lipschitz contractible in a metric space V. For any Lipschitz
map ¢ : 8"~ — U, there exists a Lipschitz map ¢ : D" — V such that | g1 = ¢.

Proof. By definition, there exist p € V and a Lipschitz map
h:Ux[0,1]1—=V

such that
h(x,0)=xand h(x,1)=p

for any x € U. We define a map
o1 : 8" x[0,11>V

by ¢1 = h o (¢ x id). Then, ¢; is Lipschitz with Lipschitz constant at most
Lip (k) - max{1, Lip (¢)}. We define a map

@ D" x{1} >V
by ¢2(v, 1) = p for all v € D". And we consider a space
Y =81 x[0,1]UD" x {1}

equipped with a length metric with respect to a gluing $"~! x {1} 3 (v, )~ (v, 1) €
dD" x {1}. Now we define amap ¢3: Y — V by

@1 onS§"x[0,1],
@3 =
@y on D" x {1}.

This is well-defined. Then, ¢3 is Lip (¢1)-Lipschitz. Indeed, for x € S % 10, 1]
and y € D" x {1}, we have

lp3(x), p3(¥)| = le3(x), pl.

Let x € "~ ! x {1} be the foot of a perpendicular segment from x to S {1}.
We note that |x, x| < |x, y| and ¢3(x) = p. Then, we obtain

lp3(x), pl = l@3(x), @3(X)| = l@1(x), @1 (X)| < Lip (¢1)|x, | < Lip (p1)lx, yl.
Obviously, there exists a bi-Lipschitz homeomorphism
f:D'"—>Y

with f(0) = (0, 1) € D" x {1} preserving the boundaries, in the sense that f(v) =
(v,0) € 8" x {0} for any v € S"~!. Then, we obtain a Lipschitz map ¢ := @30 f
satisfying the desired condition. (]
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Definition 4.2. We say that a metric space Y is a Lipschitz simplicial complex if
there exists a triangulation 7" of Y satisfying the following: For each simplex S € T,
there exists a bi-Lipschitz homeomorphism ¢g : A%™S — S Here, the simplex
AYMS s a standard simplex equipped with the Euclidean metric and S is given the
restricted metric of Y. We say that such a triangulation 7 is a Lipschitz triangulation
of Y. The dimension of Y is given by dim Y = supdim S. We only deal with ¥
such that dim Y < oo. Ser

A Lipschitz simplicial complex Y is called finite if it has a Lipschitz triangulation
consisting of finitely many elements.

Note that a subdivision (for instance, the barycentric one) of a Lipschitz triangu-
lation is also a Lipschitz triangulation.

Proposition 4.3. Let X be an SLLC space, Y a Lipschitz simplicial complex, and
f Y — X a continuous map. Then, there exists a homotopy

h:Yx[0,1]-> X

from hg = f such that hy is Lipschitz on each simplex of Y.
Further, if f is Lipschitz on a subcomplex A of Y, then a homotopy h can be
chosen that is relative to A, that is, satisfying h(a,t) =a foranya € Aandt €0, 1].

Proof. If dim Y =0, then we set i(x,t) = f(x) forx € Y and ¢ € [0, 1]. Then, & is
the desired homotopy.

We assume that the assertion holds for dim ¥ < k — 1. First, we prove that for
any f : AK — X, there exists a homotopy

h:AFx[0,1] > X

from hy = f to a Lipschitz map k. Taking a subdivision if necessary, let us take a
finite Lipschitz triangulation T of A satisfying the following: For any k-simplex
E e T, there exists an open subset Ug of X which is a Lipschitz contractible ball
such that f(E) C Ug. For any simplex F € T of dim F <k — 1, we set

Up = ﬂ Ug.
FCEeT

This is an open subset of X. Let us denote by Z a (k — 1)-skeleton of A with
respect to 7. By the inductive assumption, there exists a homotopy

h:Zx[0,1]1—> X
from hy = f|z such that for every simplex F of Z, the following hold:

o hyi|Fis LipSChitZ.
o h(F x[0,1]) C Uf.
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o If f|F is Lipschitz, then &;|r = f|F for any .

Let E be a k-simplex of AX with respect to 7. We denote by h?% the restriction of
h to 0 E x [0, 1]. Then, the image of hE is contained in UTBFG,E Ur C Ug. Since
the pair (E, 0 E) has the homotopy extension property, there exists a homotopy

hE:Ex[0,11— Ug

from f|g which is an extension of #%F. Then, hf is Lipschitz on 9 E. For another
k-simplex E’ of AF with common face E N E’,

hE =nF

on E N E’ for all . Since Ug is a Lipschitz contractible ball, by Lemma 4.1 there
is a homotopy

hE Ex[0,1]1—> X

relative to JE from ﬁg = hf to a Lipschitz map Ef : E — X. Let us define a
homotopy hE : E — X by

hE(x,t) iftel0,1/2],

A _
h™(x,t) = {EE(X,I) ift e [1/2, 1].

We define /1 : A% x [0, 1] — X by

hix,t) =hE(x, 1)

forx € E € T. Then, ﬁo = f and le is Lipschitz.

Next, we consider a continuous map f : ¥ — X from a Lipschitz simplicial
complex Y with dimY = k. Let Z be a (k — 1)-simplex of Y. By the inductive
assumption, there exists a homotopy

h:Zx[0,1]1—> X

from hy = f|z, and h; is Lipschitz on every simplex of Z. From now on, let us
denote by E a k-skeleton of Y. By using the homotopy extension property for
(E,dE) and Lemma 4.1, we obtain a homotopy

hE Ex[0,1]1—> X

which is an extension of /1|5 «[0,17, With hg = f|Eg. Since hf lag =h1lsE is Lipschitz,
there exists a homotopy

hEEx[0,1]1—> X
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relative to d E from l_zg = h‘f to a Lipschitz map Ef. We set h(x, ) = h(x, 1) for
x € Zandt €0, 1]. And, we define a homotopy h:Y x [0, 1] = X by

h(x,2t) if x € Z and t € [0, 1/2],
e h(x,2t—1) ifxeZandre[l/2,1],
X, 1) = .
hE(x,21) ifxe ECYandrel0,1/2],
hE(x,2t—1) ifxe EcCVYandte[l/2,1].
Then, fzo = f and hy is Lipschitz on every simplex. ([

Corollary 4.4. Let Y be a Lipschitz simplicial complex, X an SLLC space, and
f:Y — X a continuous map. Let T be a Lipschitz triangulation of Y and {UF |
F € T} a family of open subsets of X satisfying the following properties:

e f(F)CUpforFeT.

e Up CUgfor F,Ee€T with F CE.
Then, there exists a homotopy h : Y x [0, 1] = X from hg = f such that for every
FeT:

e hy is Lipschitz on F.

e h(F x[0,1]) C Uf.

o If f is Lipschitz on F, then h, = f on F for all t.

For instance, fixing ¢ > 0 and setting U an e-neighborhood of f (F) for every
F e T, the family {Uf | F € T} satisfies the assumption of Corollary 4.4.

Proof of Corollary 4.4. If dimY = 0, the assertion is trivial. We assume that
Corollary 4.4 holds when dimY < k — 1 for some k > 1. Let Y be a Lipschitz
simplicial complex with dim Y =k and T a Lipschitz triangulation of Y. Let us take
a family {Ur | F € T} of open subsets satisfying the assumption of Corollary 4.4.
By inductive assumption, there exists a homotopy

h:Y® D x[0,1]— X

from hg= f|y«-1, and Ay is Lipschitzoneach F € T of dim <k—1 and h,(F) C Uf
for all ¢. Let us denote by E a k-simplex in 7. By Proposition 4.3, there exists a
homotopy

h*: E x[0,11— Ug

from h = f|g to a Lipschitz map hf such that hf = h, on 9E for all 7. Then, the

concatenation map

h(x,t) ifxey®D,
hE(x,t) ifxekE,
is the desired homotopy. (]

hx,t) = {
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Remark 4.5. We note that Proposition 4.3 and Corollary 4.4 above can be also
proved assuming X is just LLC instead of SLLC. Here, we say that a metric space
X is locally Lipschitz contractible, for short LLC, if for any p € X and ¢ > 0, there
exist r € (0, ] and a Lipschitz contraction ¢ from U (p,r) to p in U(p, €). We
also remark that Corollaries 1.3 and 1.4 are true if X is just LLC.

Let us start to prove Corollaries 1.3 and 1.4.

Proof of Corollaries 1.3 and 1.4. Let us take a finite Lipschitz simplicial complex
pair (P, Q), with Q possibly empty. We prove Corollaries 1.3 and 1.4 assuming
X to be SLLC. Let A be an open subset in X. Let us consider a continuous map
f:(P,Q)— (X, A). By Corollary 4.4 and Theorem 1.2, we obtain a homotopy

@: (P, Q) x[0,1] = (X, A)

from @y = f to a Lipschitz map ¢; : (P, Q) — (X, A). Here, we note that since A
is open in X, the homotopy ¢, can be chosen so that ¢,(Q) C A. Then, we obtain a
correspondence

(4-1) C((P, Q). (X,A))> f— g1 €Lip((P, Q). (X, A)),

where C (x, xx) (resp. Lip(x, %)) denotes the set of all continuous (resp. Lipschitz)
maps from * to .

Let us consider two homotopic continuous maps f and g from (P, Q) to (X, A).
From the correspondence (4-1), we obtain Lipschitz maps f’ and g’ from (P, Q) to
(X, A) which are homotopic to f and g, respectively. Connecting these homotopies,
we obtain a homotopy

H:(P,Q)x[0,1] = (X, A)

between H(-,0) = f"and H(-, 1) = g’. Now, we consider a Lipschitz simplicial
complex P = P x [0, 1] and a subcomplex R = P x {0, 1}. Then, the map H is
Lipschitz on R. Hence, by Proposition 4.3, we obtain a homotopy

I-?:f’x[O,l]—>X

relative to R from [:I(- ,0) = H to a Lipschitz map FI(-, 1). Then, I:I(-, 1)
is a Lipschitz homotopy between f’ and g’. Therefore, we conclude that the
correspondence (4-1) sends a homotopy to a Lipschitz homotopy. This completes
the proof of Corollary 1.3.

Let us consider a pointed n-sphere (8", pg) and an Alexandrov space X with
point xo € X. Then, for any map f : (S", po) — (X, xo), the restriction f|;,, is
always Lipschitz. Hence, by an argument as above and Proposition 4.3, we obtain
the conclusion of Corollary 1.4. (]
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Plateau problem. We first recall the definition of the Sobolev space of a metric
space target in order to state the setting of Plateau problem in an Alexandrov space
as in the introduction, referring to [Korevaar and Schoen 1993] and [Mese and
Zulkowski 2010]. For a complete metric space X and a domain €2 in a Riemannian
manifold having compact closure, a function u : Q — X is said to be an L%-map if
u is Borel measurable and, for some (equivalently, any) point py € X, the integral

f (), pol® die
Q

is finite, where u is the Riemannian volume measure. The set of all L?-maps
from  to X is denoted by L?($2, X). We recall the definition of the energy of
u e L*(Q, X): For any € > 0, we set Q. = {x € Q| d(092, x) > ¢}, and define an
approximate energy density e¥ : Q. — R by

lf du(x), u(y))?* do
S(x,e)

u —_
€ (x) - wp, g2 gn—1°

Here, n = dim 2, S(x, ¢) is the metric sphere around x with radius ¢ and o is the
surface measure on it. By [Korevaar and Schoen 1993, 1.2(iii)], we obtain

/ e (x)du < Ce2.

Qe
Let us take a Borel measure v on the interval (0, 2) satisfying

2
v>0, v((0,2)=1, and /kzdv(k)<w.
0

An averaged approximate energy density , ey (x) is defined by

2
/eﬁg(x)dv()») if x € Qy¢,
0

0 otherwise.

ve?(x) =

Let C.(€2) be the set of all continuous function on €2 with compact support. We
define a functional EY : C.(2) — R by

BN i= [ FO0sel duto).
Q
Then, the energy of u is defined by

E'" = sup limsup E;(f).
feCc() e—0
0<f<I



412 AYATO MITSUISHI AND TAKAO YAMAGUCHI

The (1, 2)-Sobolev space is defined as
WA, X) ={u e L*(Q, X) | E* < 00).
We start to prove Corollary 1.6.

Proof of Corollary 1.6. Let " be a rectifiable closed Jordan curve in an Alexandrov
space X which is topologically contractible. Since I' is rectifiable, we can take a
Lipschitz monotonic parametrization

y:S ' T.
By the contractibility of I', there exists a continuous map
h:Tx[0,1]—> X

such that A(-,0) = idr and h(-,1) = p for some p € X. We define a map
f:S'x[0,11 = X by f(x,t) = h(y(x),t). Further, we set f(y, 1) = p for
y € D?. By taking a reparametrization of f : S' x [0, 1]UD? x {1} = X, we obtain
a continuous map

g: D> — X

such that g|yp2 = y.
By Proposition 4.3, there exists a homotopy

h:D*x[0,1]— X

relative to d D? such that fz( -,0)=g and E( -, 1) is Lipschitz. Thus, we obtain a
Lipschitz map g = h(-, 1) such that glyp2 = y. By the definition of the energy, we
obtain

E(g) <Lip(3)* < oo.

Here, Lip(g) is the Lipschitz constant of g. Therefore, we conclude g € Fr. [

5. A note on the infinite-dimensional case

It is known that the (Hausdorff) dimension of an Alexandrov space is a nonnegative
integer or is infinite. There are only a few works on infinite-dimensional Alexandrov
spaces. It is not known whether an infinite-dimensional Alexandrov space is locally
contractible.

When we consider an Alexandrov space of possibly infinite dimension, we
somewhat generalize Definition 2.1 as follows: A complete metric space X is
called an Alexandrov space if it is a length metric space and satisfies the quadruple
condition locally. Here, a complete metric space X is a length metric space if for
every two points p, g € X and any ¢ > 0, there exists a point r € X satisfying
max{|pr|, |rql} < |pq|/2 + €. Since a length metric space has no geodesics in
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general, to define a notion of a lower curvature bound, we change the triangle
comparison condition to the quadruple condition. Here, an open subset U of a
length space X satisfies the quadruple condition modeled on the «-plane M, if for
any four distinct points pg, p1, p2 and p3 in U, we have

Lp1pop2+ Lpapops + Lpspopr < 2,

where / = Z, denotes the comparison angle modeled on M.

By a standard argument, any geodesic triangle (if one exists) in an Alexandrov
space of possibly infinite dimension satisfies the triangle comparison condition. It
is known that finite-dimensional Alexandrov spaces are proper metric space; in
particular, by Hopf-Rinow theorem, they are geodesic spaces.

Plaut proved that an Alexandrov space of infinite dimension is an “almost”
geodesic space. Precisely:

Theorem 5.1 [Plaut 1996]. Let X be an Alexandrov space of infinite dimension.
For any p € X, the subset J, C X defined by

Jp = ﬂ {g € X — {p} | there exists x € X —{p, q} with qux > — 6}
>0
is a dense Gs-subset in X, and, for every q € J,, there exists a unique geodesic
connecting p and q.

We now show that the compactness of the space of directions at some point
implies Lipschitz contractibility around the point.

Proposition 5.2. Let X be an Alexandrov space of infinite dimension. Suppose that
there exists a point p € X such that the space of directions X, at p is compact.
Then, the following are true:

(1) The pointed Gromov—Hausdorff limit as r — 00 of the scaling space (r X, p)
exists and is isometric to the cone over X,

(ii) X, is a geodesic space.
(iii) X is proper.

(iv) There exists Ry > 0, depending on p, such that for every R < Ry, U(p, R) is
Lipschitz contractible to p in itself.

Proof. (i) Let K = K(X,) be the Euclidean cone over ¥, and B be the unit ball
around the origin o. Let J, be the set defined in Theorem 5.1. For any ¢ > 0,
we take a finite e-net {vy}, C B. We may assume that every v, is contained in
K (Z;) — {o}. That is, there exists r > 0 such that for every «, there is a geodesic
Yo Starting from p having direction v, /|vy |, with length at least . Let x, € B(p, r)
be defined by x, = vy (r|vy|). Then, {x4}s is an e-net in (1/r)B(p, r). Indeed, for
any x € B(p,r)NJ,, setting v = logp(x) € K(X,), we have (1/r)v € B. Then,
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there exists « such that |vy, (1/r)v| < ¢&. Therefore, |rvy, v| <re. We may assume
that a lower curvature bound of X is less than or equal to 0. Then

exp, : B(o, r) ﬂdom(expp) — B(p,r)

is 1-Lipschitz, where dom(exp p) is the domain of exp - Therefore, |xq, x|x <re.
Let us retake r to be small enough that

Ixouxﬂ|

- |v0lv vﬂ| <e.

Then, the map vy — x, implies a Ce-approximation between B and (1/r)B(p, r)
for any small r. Here, C is a constant not depending on any other term. Therefore,
the pointed spaces ((1/r)X, p) are Gromov—Hausdorff convergent to (K (%), 0)
asr — 0.

Clearly (ii) holds by (i) and (iii). We prove (iii). Let us consider any closed
ball B(p, r) centered at p. Let us take any sequence {x;} C B(p,r). We take
yi € B(p,r)NJ, such that |x;, y;| < 1/i. Then, v; = logp(yi) € B(o,r)CTyX is
well-defined. By (i), T, X is proper. Hence, there exists a convergent subsequence
{vn@}i of {v;};. Since exp, is Lipschitz, {x,)} is convergent.

We recall that the proof of Theorem 1.2 started from the assertion (3-2) in the
proof of Proposition 3.1. The assertion (i) guarantees (3-2). Therefore, one can
prove (iv) in the same way as the proof of Theorem 1.2. U

6. An estimation of simplicial volume of Alexandrov spaces

In this section, we consider an Alexandrov space having a lower Ricci curvature
bound, and we prove an estimation of the simplicial volume of such a space as
stated in Theorem 1.8. The original form of Theorem 1.8 was proved by Gromov
[1982] when X is a Riemannian manifold with a lower Ricci curvature bound.
Gromov’s original proof was depending on the well-known Bishop—Gromov
volume inequality. For an Alexandrov space of curvature > « for some x €
R, its Hausdorff measure is known to satisfy the Bishop—Gromov-type volume
growth estimate. The second author’s proof of Corollary 1.7 was depending on
this volume growth estimate [ Yamaguchi 1997]. It is known that several natural
generalized notions of a lower Ricci curvature bound induce a volume growth
estimate. Among them, the local reduced curvature-dimension condition introduced
by Bacher and Sturm [2010] can be used as a general condition implying the
inequality in Theorem 1.8. For completeness, we recall the definitions of several
generalized notions of lower Ricci curvature bound, and prove Theorem 1.8.

Several notions of lower Ricci curvature bound. We recall several generalized
notions of a lower bound of Ricci curvature, defined on a pair consisting of a metric



LLC CONDITION FOR ALEXANDROV SPACES 415

space and a Borel measure on it. For the theory, history and undefined terms of the
following, we refer to [Sturm 2006a; 2006b; Bacher and Sturm 2010; Cavalletti
and Sturm 2012; Ohta 2007] and their references.

In this section, we denote by M a complete separable metric space. By P, (M)
we denote the set of all Borel probability measures u on M with finite second
moment. A metric called the L,-Wasserstein distance W, is defined on %, (M). Let
us fix a locally finite Borel measure m on M. Such a pair (M, m) is called a metric
measure space. Let us denote by P.(M, m) the subset of %, (M) consisting of all
measures which are absolutely continuous in m and have bounded support.

From now on, K and N denote real numbers with N > 1. For v € (M, m)
with density p = dv/dm, its Rényi entropy with respect to m is given by

Sy(vlm) := —/ pl_l/N dm = —/ p_]/N dv.
M M

For ¢t € [0, 1], a function OI((I,)N 1 (0, 00) — [0, 00) is defined as

+00 if K62 > N2,
oy (6) = 1 sng/n (t0)
sng /n(6)

otherwise.

And, we set rIg?N(Q) = tl/NUI((t,)N—l(Q)(N_l)/N-

Definition 6.1 [Bacher and Sturm 2010; Cavalletti and Sturm 2012; Sturm 2006b].
Let K and N be real numbers with N > 1. Let (M, m) be a metric measure space.
We say that (M, m) satisfies the reduced curvature-dimension condition CD*(K, N)
locally— denoted by CDj; (K, N) —if for any p € M there exists a neighborhood
M (p) such that for all vy, v; € Po(M, m) supported on M (p), denoting those
densities by pg, p; with respect to m, there exist an optimal coupling g of vy and v;
and a geodesic I' : [0, 1] - P (M, m), parametrized proportionally to arclength,
connecting vp = I'(0) and v; = I'(1), such that

Sn/(D(0)|m) < — f [of W @0, x5 ™ (x0)
MxM

+o ) do, x))py Y ()] dg (xo, x1)

holds for all r € [0, 1] and all N’ > N.

We say that (M, m) satisfies the curvature-dimension condition CD(K, N) lo-
cally— denoted by CDyo.(K, N) —if it satisfies CD} (K, N) with O’I((S’)N, replaced
by rl((s’)N, for each s € [0, 1] and N’ > N.

The (global) conditions CD*(K, N) and CD(K, N) are defined similarly, and
imply corresponding local conditions.
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From the inequality 7’y () > o’y (8), CD(K, N) implies CD*(K, N) (and
CDio.(K, N) implies CDj (K, N)). Further, it is known that the local CD-condi-
tions are equivalent in the following sense:

When a mathematical condition ¢(K) is given for each K € R, we say that an
mathematical object P satisfies (K —) if P satisfies ¢(K') forall K’ < K.

Theorem 6.2 [Bacher and Sturm 2010, Proposition 5.5]. Let K, N e Rwith N > 1
and let (M, m) be a metric measure space. Then, (M, m) satisfies CD}, .(K—, N)
if and only if it satisfies CDjoc (K —, N).

There is another notion of a lower Ricci curvature bound in metric measure
spaces which is called the measure contraction property, denoted by MCP(K, N).
Since we do not use its theory to prove Theorem 1.8 in this paper, we omit its
definition. For the definition and theory, we refer to [Ohta 2007] and [Sturm 2006b].

A metric measure space (M, m) is called nonbranching if M is a geodesic space
and is nonbranching in the sense that for any four points x, y, z1, zo in M, if y is
a common midpoint of x and z; and of x and z;, then z; = z;. It is known that
a nonbranching metric measure space satisfying CD(K, N) satisfies MCP(K, N).
Recently, Cavalletti and Sturm proved:

Theorem 6.3 [2012, Theorem 1.1]. Let (M, m) be a nonbranching metric measure
space. Let K, N € Rwith N > 1. If (M, m) satisfies CDyoc(K, N), then it satisfies
MCP(K, N).

Bishop—Gromov volume growth estimate. Let (M, m) be a metric measure space
and x € supp(m). We set
V() :=m(B(x,r)).

For K, N € R with N > 1, we define
- _ T N—
I)K’N(I")—/ snK/(N_l)(t)dt.
0

A metric measure space (M, m) satisfies the Bishop—Gromov volume growth
estimate BG(K, N) if for any x € supp(m), the function

vx (r) /v N (r)

is nonincreasing in r € (0, 00) (with r < 7w /(N — 1)/K if K > 0).

Since vk n(r) is continuous in K, BG(K —, N) implies BG(K, N). The Bishop-
Gromov volume growth estimate is implied by several lower Ricci curvature bounds,
for instance the measure contraction property.

Theorem 6.4 [Ohta 2007, Theorem 5.1; Sturm 2006b, Remark 5.3]. If (M, m)
satisfies MCP(K, N), then it satisfies BG(K, N).
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Summarizing the above facts, we can state the following implications: Let
K, N € Rwith N > 1. For a nonbranching metric measure space (M, m),

CDj,.(K, N) = CDy, .(K—, N) <= CDjo.(K—, N)

(6-1) loc
= MCP(K —, N) = BG(K—, N) = BG(K, N).

Universal covering space with lifted measure. Let X be a semilocally simply con-
nected space. Then, there is a universal covering 7 : ¥ — X. In addition, if X is a
length space, then Y can also be considered as a length space. The map  becomes
a local isometry.

In addition, we assume that (X, m) is a proper metric measure space. Let V" be
the family of all open sheets of the universal covering & : ¥ — X. We define a set
function my : V" — [0, oco] by

my (V) =m(m(V)).

One can naturally extend my to a Borel measure on Y. We also write this measure
as my, and call it the [ift of m. Since m is locally finite, so is my.

In general, for a geodesic I": [0, 1] — P»(M), if I'(0) and I"(1) are supported
on U(x, r) for some x € X and r > 0, then I'(¢) is supported on U (x, 2r) for every
t € (0, 1) [Sturm 2006a, Lemma 2.11]. Therefore, we obtain:

Proposition 6.5 [Bacher and Sturm 2010, Theorem 7.10]. The local (reduced)
curvature-dimension condition is inherited by the lift. Namely, let K, N € R with
N > 1 and let (X, m) and (Y, my) be as above. If (X, m) satisfies CDjoc (K, N)
(resp. CDy, (K, N)), then (Y, my) also satisfies CDjoc (K, N) (resp. CDj; (K, N)).

Proof of Theorem 1.8. Let X be an n-dimensional compact orientable Alexandrov
space without boundary. Let m be a locally finite Borel measure on X with full
support. We assume that (X, m) satisfies CD; (K, N) for K <0and N > 1. By
Proposition 6.5, the universal covering Y of X with lift my of m also satisfies
CDj.(K, N). And, Y is an n-dimensional Alexandrov space. Since m has full
support, so does my. By the implication (6-1), (Y, my) satisfies BG(K, N). There-
fore, as mentioned in the preface of this section, the original proof of Gromov’s
theorem relying on the Bishop—Gromov volume comparison works in our setting
(see [Gromov 1982, §2; Yamaguchi 1997, Appendix]). Hence, we can prove
Theorem 1.8 with a similar such an argument. For undefined terms appearing and for
facts used in the following argument, we refer to [Gromov 1982; Yamaguchi 1997].

Let M (resp. /M 4) be the Banach space (resp. the set) of all finite signed (resp.
positive) Borel measures on Y, where Jl is equipped with the norm || || = | y dlunle
[0, 00). Due to the general theory established in [Gromov 1982, §2] and [ Yamaguchi
1997, Appendix], if a differentiable averaging operator S : ¥ — Jl; exists, then
for any a € H, (X),
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(6-2) lell1 < n!(L[S])" mass(x)

holds. Here, the value £[S] is defined as follows: For y € Y,

S()—S S,
£S, =limsup M and Z[S] =sup A
2>y d(z,y) yey ISl

We recall a concrete construction of a differentiable averaging operator. For
R>0and yeY, we set Sg(y) € M4 to be

Sr(Y) =1,y -my.

Here, 14 is the characteristic function of A C Y. For € > 0, we define Sg ¢ : ¥ — JM4
by

1 R
Sp.e(y) = —f Sri(y)dR'.
€ JR—¢
Its norm is ||Sg.(Y)|| = (1/€) flf_é vy(R')dR’ and is not less than vy, (R — ¢€).
Here, v,(r) = my(B(z,r)) for z € Y and r > 0. Given the Lipschitz function
Y =Yg : [0, 00) — [0, 1] defined by

1 ift <R —k,
v(@)={(R—1t)/e ifte[R—¢,R],
0 ift > R,

we can write Sg (y) =¥ (d(y,-))my forany y € Y.

We can check Sg ¢ is a differentiable averaging operator as follows: Since my is
71 (X)-invariant, the maps Sg and Sg ¢ are 71 (X)-equivariant. Since m is absolutely
continuous in #'y, so is my in 3} . One can check that Sg ¢ is differentiable my-
almost everywhere with respect to the differentiable structure of Y, where the
differentiable structure on Alexandrov spaces are defined by Otsu and Shioya
[1994]. Indeed, the differential DS R.e(¥T(0)) of Sk at y along a geodesic y
starting from y = y(0) is calculated by

1
(Dy Sk (¥ T(0)))(A) = —f cos L(z), y(0) dmy (2)
€ JANA(y;R—€,R)

for any Borel set A C Y, where A(z; r,r’) is the annulus around z € Y of inner
radius r and outer radius ', for r <r’'.

To estimate L[Sk ], we use the Bishop—Gromov volume growth estimate as
follows. We obtain

my(A(y; R—¢€, R))
sff(SR,e)F%_sug 1Dy Sk ()] < — :
S y
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It follows from BG(K, N) that

éE(SR,e)y < Uy(R) - Uy(R —€)
[SreII — € -vy(R—€)

<Ck,n(R,é€).

Here, setting
R/
U(R") = vg N(R) =/ snK/(N p(de,
0

we have
v(R) —v(R —¢)
e v(R—e)

Since mass([X]) = #"(X) [Yamaguchi 1997, Theorem 0.1], by using (6-2) and
by letting € — 0 and R — oo, we obtain

IX] <nlV/=K®N —1) %" (X).

This completes the proof of Theorem 1.8. ([

Ck.N(R,€):=

Remark 6.6. By [Petrunin 2011] and [Zhang and Zhu 2010], it is known that for
an n-dimensional Alexandrov space X of curvature > x, the metric measure space
(X, #) satisfies the curvature-dimension condition CD((n — 1)k, n). Therefore,
Corollary 1.7 is implied by Theorem 1.8.

If there exists a compact orientable n-dimensional Alexandrov space X, without
boundary, of curvature > «, with k < 0, which has nonnegative Ricci curvature
with respect to some reference measure m such that m < #" and supp(m) = X
then Theorem 1.8 yields || X|| =0
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SEQUENCES OF OPEN RIEMANNIAN MANIFOLDS
WITH BOUNDARY

RAQUEL PERALES AND CHRISTINA SORMANI

We consider sequences of open Riemannian manifolds with boundary that
have no regularity conditions on the boundary. To define a reasonable
notion of a limit of such a sequence, we examine §-inner regions, that avoid
the boundary by a distance §. We prove Gromov-Hausdorff compactness
theorems for sequences of these §-inner regions. We then build “glued limit
spaces” out of the Gromov-Hausdorff limits of §-inner regions and study
the properties of these glued limit spaces. Our main applications assume the
sequence is noncollapsing and has nonnegative Ricci curvature. We include
open questions.

1. Introduction

Recall that Gromov’s Ricci compactness theorem states that a sequence of compact
Riemannian manifolds with nonnegative Ricci curvature and a uniform upper bound
on diameter has a subsequence that converges in the Gromov—Hausdorff sense to
a metric space [8]. When the sequence of manifolds is noncollapsing, Gromov—
Hausdorff limit spaces have a variety of properties, particularly restrictions on their
metrics, their Hausdorff measures, and their topologies. These properties were
proven by Cheeger, Colding, Naber, Wei and the second author [3; 4; 13; 5].

Here we consider an open Riemannian manifold (M™, g) endowed with the
length metric dpy, as in (3). We define the boundary to be

(1) oM = M\ M,

where M is the metric completion of M. For example, (M™, g) may be a smooth
manifold with boundary. However, we do not require any smoothness conditions
on this boundary.

First observe that Gromov’s Ricci compactness theorem does not hold for precom-
pact open manifolds with boundary that have a uniform upper bound on diameter,
even if they are flat and two-dimensional:

Perales is a doctoral student at Stony Brook. Sormani’s research is partially supported by NSF DMS
10060059.
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Figure 1. Models of Example 1.1: M>, M3, M4, ....

Example 1.1. The j-fold covering spaces M; of the annuli Anng(1/j, 1) C E2,
depicted in Figure 1, are flat surfaces such that

) Diam(M;) <2+ and Vol(M;) = j(m —n(1/j)?).

See Remark 5.5 for the proof that there is no subsequence of these spaces with a
Gromov—Hausdorff limit.

Assuming both a uniform upper bound on volume and diameter, we still do not
have Gromov—Hausdorff compactness:

Example 1.2. The smooth regions M; C E? with many spikes, depicted in Figure 2,
have no subsequence with a Gromov—Hausdorff limit. See Example 2.13 for details.

Compactness theorems for sequences of Riemannian manifolds with boundary,
assuming curvature controls on the boundary, have been proven by Kodani [11],
Anderson, Katsuda, Kurylev, Lassas, and Taylor [1], Wong [14] and Knox [10].
A survey of these results has been written by the first author [12]. Since we do
not wish to assume the boundary is smooth, we prove compactness theorems for
regions which avoid the boundary (Theorem 1.4). We then glue together the limits
of these regions (Theorem 6.3) and prove that these glued limit spaces have nice
properties (Theorem 8.8).

Figure 2. Models of Example 1.2: My, Mg, Mg, M1>, . ...
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Definition 1.3. Given an open Riemannian manifold (M, g,,) and § > 0, we define
the §-inner region as

={x e M :dpy(x,dM) > 6},
where 0M is defined as in (1),

3) dy(x,y):=inf{Lg(C) : C:[0,1] = M, C(0) =x, C(1) = y},

and

1
Ly(©)= [ z(c’w.c’wnan

There are two metrics on the §-inner region M 8. the restricted metric dys and
the induced length metric

4)  dys(x,y) :=inf{Lg(C) : C:[0.1] - M?, C(0) =x, C(1) = y}.

Note that d;s is only defined between points in the same connected component of
M3 The intrinsic diameter

Diam(M?, dyrs) = sup{dys(x,y) 1 x,y € M
will be infinite if M? is not connected by rectifiable paths.

Theorem 1.4. Givenm €N, § >0, D >0, V > 0,and 0 > 0, let M3">PV pe
the class of open m-dimensional Riemannian manifolds M with boundary with
nonnegative Ricci curvature, Vol(M) <V, and

(5) Diam(M®, dyy5) < D
that are noncollapsing at a point, in the sense that

(6) Vol(B,(8)) = 08™  for some q € M®.

If(Mj,gj) C Jl/tm 5DV there is a subsequence (M ]‘-i ,d M.ik) such that the metric

completions wzth the restricted metric dy; converge in the Gromov-Hausdorff
sense to a metric space (Y%, d).

Example 1.2 satisfies the conditions of this theorem, demonstrating why we
can only obtain Gromov—Hausdorff convergence of the M 5 instead of the M; [
themselves. The M; § of Example 1.1 do not have Gromov—Hausdorff convergent
subsequences (see Remark 5.5), demonstrating the necessity of the hypothesis
requiring an upper bound on the volume. In Theorem 5.2, we remove the intrinsic
diameter condition (5) and the noncollapsing condition (6), and assume conditions
on closed geodesics and constant sectional curvature instead.
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Theorem 1.4 and Theorem 5.2 are proved in Section 5. We start by reviewing
Gromov—Hausdorff convergence in Section 2. In Sections 3 and 4 we study the
limits of inner regions in sequences of manifolds that have Gromov—Hausdorff
limits. See in particular Theorem 4.1. These sections contain many examples.

In Section 6 we define glued limit spaces for any sequence of open Riemannian
manifolds (M}, g;), assuming that for all § > 0, the (M dj) converge in the
Gromov-Hausdorff sense to a metric space (¥ 8 ds). We bu11d a “glued limit space”
(Y, dy) from these Y% in Theorem 6.1 and Theorem 6.3. The metric completion of
a glued limit space is called a “completed glued limit space.”

Note that this glued limit space may exist even when (M}, d;) has no Gromov—
Hausdorff limit, as in Example 2.13 (see Remark 6.10). The glued limit may not
be precompact even when one has a sequence of flat Riemannian manifolds with
boundary (Examples 6.11 and 6.12).

In general the completed glued limit space of a sequence of M; need not be
unique (Example 6.16). However, if the (M;, dps;) have a Gromov-Hausdorff
limit (X, dx), then the completed glued limit space is unique and is embedded
isometrically into X (Theorem 6.6). The completed glued limit space need not be
isometric to the Gromov—-Hausdorff limit (Example 4.10) even when the (M, g;)
are regions in the Euclidean plane satisfying all the hypothesis of Theorem 1.4
(Remark 6.7). Intuitively, regions which collapse relative to the boundary disappear,
while regions which collapse that lie far from the boundary need not disappear.

In Section 7 we apply Theorems 5.2 and 1.4 to construct glued limit spaces
for sequences of manifolds with curvature bounds (Theorems 7.1 and 7.4). In
Section 8 we explore the properties of these glued limit spaces. First we present
an example where the curvature bounds in the sequence of manifolds is lost in
the Gromov—Hausdorff limit (Example 8.1). Then we prove Proposition 8.4 con-
cerning glued limits of manifolds with constant sectional curvature. We close
with Theorem 8.8, proving that glued limits constructed under the conditions of
Theorem 1.4 have Hausdorff dimension m, Hausdorff measure at most V', and
positive density everywhere. This final theorem is proved using Theorem 8.3,
which proves certain balls in glued limit spaces are the Gromov—Hausdorff limits
of nice balls in the open manifolds, combined with the Bishop—Gromov vol-
ume comparison theorem [8] and Colding’s volume convergence theorem [4].

Throughout the paper we state open questions at 6.14, 8.6, 8.7, 8.10, and 8.9. The
first author is in the process of proving Open question 8.10 as part of her doctoral
dissertation. Please contact us if you would like to work on one of the other open
questions or if you are interested in extending our theorems to the setting where
the sequence has a negative uniform lower Ricci curvature bound or is allowed to
collapse.
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2. Background

Here we review Gromov—Hausdorff convergence and Gromov’s compactness theo-
rem [8]. A good resource for this material is [2].

2A. Hausdorff convergence. In [8], Gromov defined the Gromov—Hausdorff dis-
tance between pairs of compact metric spaces. We review this definition here.

Definition 2.1 (Hausdorff). The Hausdorff distance between two compact subsets
Aq, Ay of a metric space Z with metric dz is defined as

dE(Ay, A2) = inf{r : A1 C T(Az), A2 C Ty (A1)},
where the tubular neighborhood 75 (A) is the set T, (A) ={x € Z : dz(x, A) <r}.

Observe that if one has a sequence of compact subsets A; C Z such that
dr (Aj, Aso) — 0, then for all a € A there exists a; € Aj suchthatlim; .o a; =a.

Lemma 2.2. Suppose A; C Z are compact, dg(Aj,Aoo) =h; - 0,a; € 4
and doo € Aoo such that dz(aj,asc) = 8; — 0. Then for all r > 0 there exist
rj =1 +38; +h; — r such that the closed balls converge:

df (Ba, (rj)) N Aj, Bao (r) N Aos) — 0.
Here we are not assuming that Ao, or A; are length spaces. For completeness
of exposition we include the proof of this well-known lemma:

Proof. Suppose x € B, (r) N Aoo; then dz(x,do0) <7 and x € Ago C Ty; (4)).
So there exists y; € A such that dz(x, y;) < hj. By the triangle inequality,

d(yj,a;j) <d(yj,x)+d(x,ax) +d(aco.a;) <hj +r+68 =r1;.
Thus
Bu (r)N A C Thj(Baj (rj)NA;j).

Now we need only show that for all ¢ > 0 the following inclusion holds for all
sufficiently large j:

Ba; (rj)NAj CTe(Bay,(r) N Aco).
Suppose not. Then there exist &g > 0, a subsequence j — oo and elements
(7 Xj G(Eaj("j)ﬂAj)\Tao(ano(r)ono)-

Since Z is compact and T, (B4, (r) N Axo) is open, a subsequence of the Xj
converges to some

Xoo & Tso(ano (r)NAx).

Since d(xj,a;) <r;, wehave d(xo0,d00) <. Since x; € A;, there exists y; € Ao
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such that d(x;, y;) < h;. By the triangle inequality,
Vj € Bao o (r +hj)N Axo.
Observe that, for our subsequence, y; — Xoo; thus
Xoo € Bao (1) N Aoo C Tey(Bag, () N Aoo),
which is a contradiction. O

2B. Gromov-Hausdorff convergence.

Definition 2.3. An isometric embedding ¢ : (X, dx) — (Z, dz) between metric
spaces is a mapping which preserves distances:

dz(p(x1), p(x2)) = dx (x1, X2).
Definition 2.4 (Gromov). The Gromov—Hausdorff distance between a pair of com-
pact metric spaces, (X1, dx,) and (X2, dx,), is defined as
(®)  dou((X1,dx,). (X2,dx,)) = inf{dz (¢1(X1). ¢2(X2)) : @i : X; > Z}

where the infimum is taken over all isometric embeddings ¢; : X; — Z and all
metric spaces Z.

Gromov proved that the Gromov—Hausdorff distance is a distance on the space of
compact metric spaces. When studying metric spaces X; which are only precompact,
one takes the metric completions X; before comparing such spaces using the
Gromov-Hausdorff distance:

Definition 2.5. Given a precompact metric space (X, dy ), the metric completion
(X, dx) consists of equivalence classes of Cauchy sequences {x1, X3, X3,...} in
X, where

dx ({x},4yi}) =jlirgo dx (xj,yj),

and two Cauchy sequences are equivalent if the distance between them is 0. There
is an isometric embedding

¢: X - X givenby o(x)={x,xx, ...}
In this paper we define the boundary of an open metric space to be
X =X\ X.

When M is a smooth Riemannian manifold with boundary, then this notion of
boundary agrees with the standard notion of boundary. However, if M is a smooth
Riemannian manifold with a singular point removed, then the boundary in our
setting is just the missing singular point.
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2C. Lattices and Gromov-Hausdorff convergence. One technique that can be
applied to produce amazingly complicated Gromov—Hausdorff limits from surfaces
is the construction of lattices. The basic, well-known lemma is as follows:

Lemma 2.6. Let X = [ay,b1] X--- X [ag, bi]| with the taxi product metric

k
dx (X1, ox0), (12 0)) = D 1xi = il.
i=1
Then for any € > 0 there exists a 2-dimensional manifold M, such that
dGH(Mg, X) <é&.
The classic application of this lemma is to construct a Gromov—Hausdorff limit

of Riemannian surfaces which is infinite-dimensional:

Example 2.7. Let X; = [0,1]x [0, 1] x--- x]0, (%)J] with the taxi metric, and let

X =[0,1]x [0, 4] x---x[0, (3)7]x---

be the infinite-dimensional space also with the taxi metric

o0

dy ((r1.x2...). (1. y2...)) = Y |[xi = il

i=1

Then
) don(Xe. X) < Y. (3 = (D) o
j=k+1

Thus, by Lemma 2.6, we have a sequence of surfaces M} converging to X as well.

Since we are interested in manifolds with boundary, we will prove a stronger
version of Lemma 2.6 that can be applied to produce examples later in the paper.

Proposition 2.8. Suppose that X = [ay,b1] X --- X [ag, bi] with the taxi product
metric, and let A C 0X (possibly empty). Then for any € > 0, there exists an open
Riemannian surface M with boundary oM (possibly empty) such that

dGH(M,X)<8 and dGH(aM,A)<8.

Suppose we have a collection of Xy, and Ay C 0X} as above, with subsets By C X},
and isometric embeddings y : Bxy1 — By, and we glue X = X1 U X U---U X
via these isometric embeddings, and set A = | JAr C X. Then for any ¢ > 0 we
have an open Riemannian surface M with boundary 0M (possible empty) such that

dGH(M, X) <& and dGH(BM, A) <eé.
In fact, for any § > 0, using the restricted distances, we have

deu((M \ T5(0M), dpr). (X \ T5(A), dx)) < e.
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Proof. For the first part, we take a lattice Y, C Yz C X such that X C T,/,(Ye).
Here we use Y/ to denote the points and Y, to include 1-dimensional edges between
the points in the lattice. Observe that dy, (y1, y2) = dx (1, y2) because we are
using the taxi norm. Let A; C Y, be chosen such that Ag C T;/2(A), so

(10) dGH(Yg,X)<% and dGH(Ag,A)<§.

Note that we may now view Y, as a graph. For example, if X = [0, 5] x [0, 6],
A =[0,5] x {6}, and ¢ = 1, then the left side of Figure 3 is the graph Y., with A,
depicted in red.

Next we construct a smooth surface M by replacing the lattice points in A, C ¥/
by small hemispheres of diameter < ¢ and lattice points in Y/ \ A, by small spheres
of diameter < . We replace the line segments in Y, by arbitrarily thin cylinders of
the same length, small enough that we can glue them to their corresponding spheres,
smoothly replacing disjoint balls in those spheres or hemispheres. This creates a
smooth manifold M such that dM is a union of the boundaries of the hemispheres,
and such that

don(Ye, M) < % and  dgu(Ag, M) < %

See the right side of Figure 3, where M? is depicted in gray and dM? is in red.
This completes the first claim in the proposition.

To complete the rest, we take M} consisting of tubes joined at spheres and
hemispheres close to Xy, as above, such that

dou(Xg, My) < % and  dgn(Ag, 0My) < %

Note that in the construction above we could have created B;{ C Y,é corresponding
to Bj.. We have ¢/(2k) almost distance-preserving maps 1/f,’€ : B,’C = B;c. So now

we glue together the M to form M as follows. If b € B; maps to ¥, (b) € By,

0
|

i
|
|

0
|

C—C—CiC-C-(
===

C—C—C—&-‘-‘—(

Figure 3. A, C Y, and dM C M as in the proof of Proposition 2.8.
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we connect the sphere or hemisphere corresponding to b in M}, to a sphere or
hemisphere corresponding to ¥ (b) in My by a very short, very thin tube. [

2D. Review of Gromov’s compactness theorem. In [8], Gromov proved a com-
pactness theorem for sequences of compact metric spaces. We review this theorem
and related propositions here.

Theorem 2.9 (Gromov). Given D > 0 and a function N : (0, D] — N, we define
the collection MP-N of compact metric spaces (X, dx ) with diameter < D that can
be covered by N(¢€) balls of radius € > 0:

N(e)

(11 X c | By

i=1
This collection MP-N is compact with respect to the Gromov—Hausdorff distance.

It is standard to determine whether a metric space lies in such a compact collection
by examining maximal collections of disjoint balls:

Proposition 2.10. Given a metric space (X, dx), let N be the maximum number of
pairwise disjoint balls of radius € /2 that can lie in X. Then the minimum number
of balls of radius € required to cover X is at most N.

Proof. Let {Bx;(¢/2) :i =1,..., N} be a maximal collection of pairwise disjoint
balls of radius €/2. Let x € X. Then By, (¢/2) N Bx(€/2) is nonempty for some
ie{l,...,N}. Thus dyx(x,x;) <e, and

N
X c | Bx (o). O

i=1

In a Riemannian manifold or metric measure space, the volumes of balls may
thus be applied to determine the function N.

Proposition 2.11. If there exists ® > 0 such that
Vol(By(€))/ Vol(M) > ©,
then the maximum number of disjoint balls of radius € is at most 1/ 0.

Proof. We have

N N
Vol(M) =Y " Vol(By, (€)) = Y _ © Vol(M) = N© Vol(M). O

i=1 i=1
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Gromov applies his compactness theorem in conjunction with these propositions
to study the compactness of sequences of compact Riemannian manifolds for which
one is able to control the volumes of balls. We will apply the same idea to study
sequences of metric completions of open manifolds.

One of the beauties of Gromov’s compactness theorem is that the converse holds
as well:

Theorem 2.12 (Gromov). Suppose (X, d;) are compact metric spaces. Suppose
that there exists €9 > 0 such that X; contains at least j disjoint balls of radius €.
Then no subsequence of the X; has a Gromov—Hausdorff limit.

In particular, if (X;, dx;) SH (X, dy), then they have a uniform upper bound
on diameter. Nor can they have many spikes, as in the following example:

Example 2.13. Let
M; ={(0,r):0 €S, re(l,3+cos(jh))}

with metric g; = dr? + r2d6?. Then Vol(M;) < w4?, Diam(M,) <3 + 7 + 3,
and M; has 0 sectional curvature.

Observe that in M; the balls of radius 1 about (27k /j, 3) are disjoint because
paths between these points in M; must reach within r < 2 between the spikes
and so have length at least 2(3 —2). Thus, there are j disjoint balls of radius 1
in M;, and no subsequence of the metric completions of the M; converges in the
Gromov—Hausdorff sense.

Example 2.14. Let
(12)  X; = ([0, 1]x [0, 1) u ([0, 1] x [0, ) u---u ([0, 1] x [0, (3)”])

be a disjoint union of spaces with taxicab metrics glued via the map (0, y) = (0, y).
Then X; has no Gromov—Hausdorff convergent subsequence, because it has j
disjoint balls of radius 1 about the points (1,0). If we take the surfaces M; as
constructed in Proposition 2.8, such that

deu(M;, X;) — 0,
they also have no Gromov—Hausdorff convergent subsequence.

In a later paper, Gromov proved the following useful theorem [7, page 65] by
defining an appropriate compact metric space and applying Theorem 2.16.

Theorem 2.15 (Gromov). If one has a sequence of compact metric spaces (X;, dx;)
such that (X;,dx;) SH (X oo, dx_.), then there exists a common compact met-
ric space Z and isometric embeddings ¢; : (Xj,dx;) — (Z,dz) such that
du (9 (X)), Poo(Xoo)) — 0.
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Theorem 2.16 (Blaschke). If Z is a compact metric space then every sequence of
closed subsets of Z has a subsequence that converges in the Hausdorf{f sense to a
closed subset.

Theorem 2.15 implies the Gromov—Hausdorff Arzela—Ascoli theorem:

Theorem 2.17 (Gromov). Assume X; GH X.,Y; GH Y,andlet fj : X; — Y} be
an equicontinuous sequence; i.e., for all € > 0 there exists ¢ > 0 such that

dx;(p.q) <8 = dy,(fi(p). fj(q)) <e.

Then there is a subsequence with a continuous limit function f : X — Y. If the f;
are isometric embeddings, then so is f.

In particular, if the X; are geodesic spaces, then so is the limit space [8].

2E. Gromov’s Ricci compactness theorem. In this section we review Gromov’s
Ricci compactness theorem, which is based on the Bishop—Gromov volume com-
parison theorem [8]:

Theorem 2.18 (Bishop—Gromov). If M is an m-dimensional Riemannian manifold
with boundary having nonnegative Ricci curvature, and B,(R) C M™ does not
reach the boundary, then for all r € (0, R) we have

(13) Vol(Bp(r) (%)m

Vol(B, (R)) ~
Gromov’s Ricci compactness theorem was originally stated for compact mani-
folds without boundary:

Theorem 2.19 (Gromov). Let m € N, D > 0 and let M"™ P be the class of com-
pact m-dimensional Riemannian manifolds M with nonnegative Ricci curvature
and Diam(M) < D. Here the manifolds do not have boundary. Then M™P is
precompact with respect to the Gromov—Hausdorff distance.

In fact, Gromov’s compactness theorem has a commonly used version applied to
balls, which we state as follows:

Theorem 2.20 (Gromov). Let m € N, D > 0 and let M be the class of compact
m-dimensional Riemannian manifolds M with nonnegative Ricci curvature. If
M; € U™ and pj € M; such that d(p;,0M;) > D, there exists a subsequence such
that (Bp;(D/3),dp;) converges in the Gromov—Hausdorff distance.

For completeness of exposition we show how Gromov’s original proof implies
Theorem 2.20.
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Proof. Let g € By, (D/3). Then By, (D/3) C B4(2D/3) C Bp; (D) does not reach
the boundary of M;, so we may apply the Bishop—Gromov volume comparison
theorem to see that

Vol(By(r)) - r™  Vol(B4(2D/3))
Vol(By;(D/3)) = (2D/3)™ Vol(By;(D/3))
r™  Vol(Bp, (D/3)) (Brym
(2D/3)m Vol(By, (D/3))  (D)ym’

So now we may apply Proposition 2.11 to complete the proof. O

2F. Volume convergence theorems. In [4], Colding proved the following volume
convergence theorem:

Theorem 2.21 (Colding). Let M ;" be complete Riemannian manifolds with non-
negative Ricci curvature and p; € M; such that

By, (1) %% Bo(1) C E™,
where E™ is Euclidean space of dimension m. Then

1im Vol(By, (1)) = Vol(Bo(1)).
j—00 :

Remark 2.22. The proof of this theorem does not require global nonnegative Ricci
curvature on a complete manifold. In fact, M; " could be an open manifold as long
as Bp;(2) C M " does not hit the boundary. One may not even need a radius of 2.

Colding applied this theorem to prove a number of theorems, including one in
which the Gromov—Hausdorff limit is an arbitrary compact Riemannian manifold
of the same dimension (also [4]):

Theorem 2.23 (Colding). Let M }" and M} be compact Riemannian manifolds
with nonnegative Ricci curvature for j =1,2,3, ... such that

G
M SE M
Then for all r > 0 and for all p; € M; such that p; — peo, we have

(14) lim Vol(Bp; (r)) = Vol(Bp, (r)).
j—o00 ’

Remark 2.24. Again, Colding’s proof does not really require M; to be complete.
These M; could be open Riemannian manifolds as long as By, (r) C M; does not
hit the boundary. Here we do not need to worry about twice the radius because the
proof involves estimating countable collections of small balls By, ; (€ ;) in By, (r)
and applying Theorem 2.21 to those small balls, and one can always ensure the
By, ;(2¢;,;) avoid the boundary as in Remark 2.22.
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Cheeger and Colding then conducted a study of the properties of Gromov—
Hausdorff limits of manifolds of nonnegative Ricci curvature in [3]. They improve
upon Theorem 2.23, allowing M, to be an arbitrary limit space as long as the
sequence is noncollapsing:

Theorem 2.25 (Cheeger and Colding). Let Vo > 0 and let M ;" be compact Rie-
mannian manifolds with nonnegative Ricci curvature for j = 1,2,3, ..., such that

M SBEMZ and  Nol(M]") = V.
Then for all r > 0 and for all p; € M; such that p; — peo € Mo, we have

(15) lim Vol(Bp, (r)) = #™ (Bp,, (1)),
Jj—=oo

where K™ is the Hausdorff measure of dimension m.

Remark 2.26. Again this theorem is proved locally, so as in Remark 2.24 this
theorem holds when M ;" are open Riemannian manifolds as long as By, (r) C 1\7]”
do not touch the boundary.

Of course, Cheeger and Colding studied more than just manifolds with nonnega-
tive Ricci curvature and more than just noncollapsing sequences in their work, but
these theorems are the only ones needed in this paper. See also work of the second
author with Wei for an adaption of their volume convergence theorem which deals
with Hausdorff measures defined using restricted versus intrinsic distances [13].

3. Properties of inner regions

We defined in Definition 1.3 the inner regions M 8 of an open Riemannian manifold
M . These spaces are open Riemannian manifolds; however, we will study them
using the restricted distance d s rather than the intrinsic length metric d,s defined in
(4). There are natural isometric embeddings of (M § d M) and its metric completion
(MY, dyy) into (M, dyr). Thus the metric completion is, in fact, compact when M
is precompact. This occurs, for example, when M has finite diameter.

Example 3.1. In Figure 4, we depict a single flat manifold M2, which is a flat disk
with a spike attached. For a sequence §; < 8 < 83 < &4, the gray inner regions
depict M 5 For & sufficiently large, M 8 is an empty set.

-0-0 ¢ (o

Figure 4. Example 3.1: Single M, varying §.
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Lemma 3.2. For any sequence §; — 0, we have
(16) M= G M%  andinfact M=) M°.
i=1 §>0
Proof. Let x € M. Since M is open, &€ = dpr(x,dM) > 0. Then x € M*/2, d
Lemma 3.3. Let§ > 68 > 0. If y € MY, then for any ¢ < § —§' we have
B(y,e)={xeM :dy(x,y)<e}C m?

Proof. Let x € B(y,€), so dyr(x,y) <8—38'. Since y € M?, for all z € IM we
have dps(y, z) > 6. By the triangle inequality,

dy(x,2) 2 dy(y,2) —dp (x,y) >§—(§-8) = ¢ O
Inner regions M 8 with restricted metrics dj are not necessarily length spaces:
Example 3.4. In the flat open manifold
M ={(x,y): x>+ y% e (1,25} C E2,
the distance between (3, 1) and (=3, 1) is
du((3.1),(=3,1)) =6

because they are joined by curves of length arbitrarily close to 6. However, for
8 =1 we have
M% ={(x,y): x>+ y? € (4,16)} C E2.

The length of any curve in M between (3, 1) and (=3, 1) must go around (0, 2)
and thus has length at least 24/9+1 > 6.
In fact, inner regions of path connected manifolds need not be connected:

Example 3.5. Let M be the connected union of balls in the Euclidean plane:

M = B(4,0)(5) U B(_4.0)(5) C E*.

Then
oM =A;L UA_,
where
Ay = 0B4,0)(5) N {(x.y) 1 x > 0},
A— = 0B(_4,0)(5) N{(x,y):—x >0}.
Note that

(0,3), (0, —3) € IM.

Thus, for § > 3,
M%N{0,y):yeR = 2.
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However, for § < 5, we have
(4,0), (—4,0) € M?®.

Thus M9 is not connected for § € (3, 5).

4. Manifolds with Gromov—-Hausdorff limits have converging inner regions

In this section we will prove:

Theorem 4.1. Let M; be precompact open metric spaces, (X,dx) a compact
metric space, and assume (M; i dm; ) S (X, dx). For each § > 0, there exists a
sequence of indices {ji} — oo and a compact metric space Y{ iy C X such that
the subsequence of §-inner regions M _converges 1o Y{; 1:

(17) (M}, . du,, )i (Y- ds).
If (17) holds for § = 61 and § = 85, with 0 < 5 < 81, then

) §
Yoo € Y-
Given a sequence of decreasing positive numbers §; — 0, one can choose the
sequence { ji } — oo so that (17) holds for all § = §;; moreover, the union

3
Uit = J Y
i

is an open subset of X .
Given two sequences {0; }, { i } such that (17) holds for all § € {8; } U{B;}, then

(18) Ugsininy = Uiyt

Note that M ng can be an empty space; see Example 4.8. Consider the Gromov—
Hausdorff limit of an empty metric space to be an empty metric space.

Remark 4.2. In Example 4.9 we will see that a subsequence j; may be necessary
to obtain GH convergence of the §-inner regions, and that Ugs,, ¢, depends on
the choice of the subsequence. Even the closure of Uys,y ¢,y may depend on the
choice of subsequence ji; see Example 4.11. The Uy, ¢,y may be disjoint and
not isometric; see Example 4.12.

4A. Hausdorff convergence of §-inner regions. We begin with a basic theorem:

Theorem 4.3. Let (Z,dz) be a compact metric space. Suppose M; C Z are open
metric spaces with the induced metric and X C Z is closed and such that M; 1> X
Then, for each § > 0, there exist a sequence of indices { ji } — oo and a compact
set W{"’;-k} C X such that

a8 _H 8
(19) M Hwd
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If (19) holds for § = 61, 82, with 0 < 85 < 81, then
8 8
Wiy © Wi

Given a sequence of positive numbers §; — 0, there exists a sequence of indices
{jr} — 00 such that (19) holds for all § = 8;; moreover the union

/ _ S;
Utsin.iins = U Wil
1

is an open subset of X.
Given two sequences {6; }, {Bi} such that (19) holds for all § € {6;} U {B;}, we
have

(20) Ulsintioy = Uty

Again here, M ;S‘ can be an empty space. We consider the Hausdorff limit of an
empty metric space to be an empty metric space.
Before we prove this theorem, we provide an example demonstrating that even if

81 _H, /8 7
My Wiy and M2 Wi,

for some 8; > &, > 0, there may be § € (82, 1) for which M ]fi does not converge:

Example 4.4. Fix ¢ < % In 2-dimensional Euclidean space E2, consider the
sequence M;, where M>; is a ball of radius 1 with a spike of width 4¢ attached
to it, as depicted in Figure 4, and M>; 11 is a ball of radius 1 with a spike whose
width decreases from 6¢ to 4e as j — oco. Then M & converges to ball of radius
1 — ¢ with a spike of width 2¢, and M M 3¢ converges to a ball of radius 1 — 3¢ with
no spike attached. But M converges to a ball of radius 1 — 2¢, while M %5 11
converges to a ball of radlus 1 —2¢ with a line segment attached to it. Thus M 28

does not converge in the Hausdorff sense.
In the proof of Theorem 4.3 we will apply the following fact:
Remark 4.5. Recall that if {4, } is a sequence of closed subsets of a metric space A

such that A; 1> A, then

Aso = {a € A:forall j €N, there exist a; € A; such that lim a; —a}
j—o0o

Any subsequence {4, } of {4} also converges in the Hausdorff sense to As,. Then

Ago = {a € A:forall k € N, there exist a;, € Aj, such thatklim aj, = a}.

Proof of Theorem 4.3. Apply Theorem 2.16 to the sequence {M; 8}°° to get a
subsequence {M M8 }k and a compact set W{ ik } such that (19) is satlsﬁed Since
M‘S C M]k, we have W{] y C X. Similarly, W, } c W, {] } when (19) holds for
0 < 82 ) 1-
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Given §; — 0, start with §;. By Theorem 2.16 there exists a sequence of integers
{tx (61)} — oo and a compact set W{‘f}(((;l)} such that
Aré H 8
Micey) = Wiy

For n > 1, there exists a subsequence {tx(6,)}% of {tx(8,—1)}% and a compact set
W{L (8, such that

n H Sn
M 2 W

Define ji = tx(8). Then {jx}72, is a subsequence of {1z (8n)}7=,, and thus (19)
holds for all n.

Let y be an element of U, {8 WAL There exists N € N such that y € W{ I
fori > N Suppose that x € X and dz(x,y) < n/6. Since y € W{] y» choose
Vjx € M such that y =1lim; 0 yj, and dz(y, y;,) < dn /6. Analogously, take
xj € M; such that x = lim; 0 x; and dz(x,x;) <8y /6. Then

Sn
dz (xj.yj) <dz(xj.x)+dz(x,y) +dz(y.yj) < DR

This implies that dz(x;, ,d(M;,)) > 65 /2. Then x € W{‘gjfk} c U/ for some

{8: 3,1k}
i>N.

Given another sequence 8; — 0 such that (19) holds for all § = §;, select for
each i some /(i) such that §;;) < B;. Then

Wiy C Wiig,
/ /
and o Uyg y ;3 CUfs, v Gy C Vs iy Comversely, Ugsy oy CURgy gy O
Definition 4.6. With the hypotheses of Theorem 4.3, define
_ S
21 U{,jk} - U I/V{jk}’

where the union is taken over all § for which M i is a sequence that converges in
the Hausdorff sense to a metric space W{ x> and define

(22) v=_J wi,

§>0
where W9 is the Hausdorff limit space of some convergent subsequence of ]\7]8.
4B. Finding limits of inner regions in the Gromov-Hausdorff limits.

Proof of Theorem 4.1. By Theorem 2.15 there exists a common metric space Z and
isometric embeddings ¢; : (]\7,-, dm;) —>(Z,dz), ¢ (X,dx) — (Z,dz) such that

d#(9j (M)), p(X)) — 0.
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Now we can apply Theorem 4.3. For each § > 0, there exist a subsequence ¢, (]iji )
and a compact set W{Sjk} C ¢(X) such that

178 )
i (M) - Wiy
Let Y7 , = ¢~ '(WJ, ). Clearly, (17) holds and Y , C Y2, when (17) holds

for 0 < 8, < §;1. Given a sequence of positive numbers §; — 0, there exists a
subsequence { i} C N such that

170 8
Pk (Mjk) — Wiy

for all i. Then (17) holds for all i, and U,y (3 = (p_l(U{’S‘} {jk}) is an open
subset of X that does not depend on the sequence ;. O

4C. Unions of limits of inner regions in Gromov—-Hausdorf{f limits. The follow-
ing notion of an “inner union” has some interesting properties.

Definition 4.7. In the situation of Theorem 4.1, let Dy, y denote the set of §>0
such that (17) holds for a given sequence {j;}. We put

)
(23) Uy =U Y
SGD{jk‘r
and call this set an inner union of limits for the sequence {M;}. Observe that,
by (18), we have

24) Uticy = Usi3. 4}
for any sequence {§;} — 0 of elements of Dy, ;.

In Theorem 6.6 we will prove that Uy, 1 is a special case of the glued limits we
will construct in Theorem 6.3. Since it is easy to understand the properties of these
Uy 1, we present a few examples of them here so that we may refer to them later
as examples of glued limit spaces.

Example 4.8. Let M; be a Euclidean disk of radius 1/j. Then M; S X, where X
is a single point. For any é > 0, taking j > 1/6, we have Mf = . Thus the inner
union of limits is empty for any choice of subsequence.

In the following example we see that Uy ;, y depends on the subsequence { ji },
and in the next we see that X is not necessarily contained in the closure of Uy, 1,
even if the closure is nonempty.

Example 4.9. Let M, be the Euclidean disk of radius 1 and M3 11 the Euclidean
disk with the center point removed. Then M; is a closed Euclidean disk as is the
limit space X. Given § € (0, 1), Mg ; is the Euclidean disk of radius 1 —§. Their
metric completions converge to the closed disk of radius 1 —§. Uy, y is the open
Euclidean disk of radius 1. However, M28 i1 is a Euclidean annulus Anng(§, 1 —46),
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and the metric completions converge to the closure of this annulus. Uy 41y is the
open Euclidean disk of radius 1 with the center point removed. In this example
Example 4.10. In 2-dimensional Euclidean space, consider the sequence of balls
with attached spikes depicted in Figure 4. The Gromov—Hausdorff limit of the

sequence is a ball with an interval attached, while the closure of U is just the
closed ball.

In Example 4.9, we saw that Uy, ;) # Uz 413, yet their closures are the same.
This is not always the case; Uy, 1 could even be an empty set.

Example 4.11. For j € N, let M5; be a flat torus (so it has no boundary), and
let the M>; 11 be flat tori with increasingly dense small holes cut out, the holes
getting smaller and smaller so the M2 j+1 still converge to the flat torus X'. Then
Ugzjy = X, but for any § > 0, M. 2 41 becomes an empty set. So Uy 413 is the
empty set.

Example 4.12. For j € N, let M>; be a flat torus S 1 S, with increasingly many
dense small holes in W x S!, where W = (0, 7/4) C S!, and let M; 11 be a flat
torus S! x S, with increasingly many dense small holes in (S \ W) x S!. Then

(25) Upjy = (S"\W)xS' and Uyt =W xS!

with the restricted distance from S! x S, which are disjoint and not isometric to
each other.

Example 4.13. It is possible for a sequence of open Riemannian manifolds M;
to have §-inner regions M; § which converge in the Gromov—Hausdorff sense to
some Y? for all § > 0, and yet the limit has two distinct inner unions Uy, ;) #
Uiz +1y- This can be seen, for example, with the following F-shaped regions:

M;j=(0,1/j)x(=1,0] U (0.1)x(0.3) U [1,3)x(0,1) U [1,3)x(2,3)\ 4;

in the Euclidean plane, where A»; is an increasingly dense collection of increas-
ingly tiny balls in (1, 3) x (0, 1), and A5 41 is an increasingly dense collection of
increasingly tiny balls in (1, 3) x (2, 3). Then

M; S5 x = (0,1)x(0,3) U [1,3)x(0,1) U [1,3)x(2,3).
For § > 0 fixed, taking j large enough that 1/j < 2§, we see that

ME Gy = (8,1-6) x (8.3—8) U [1-8,3-6) x (2+8,3-9),
which is isometric to

MS Y8 = (5.1-8)x(8,3-8) U [1-6,3-6) x (8. 1-5).
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Thus, the M ;S' have a GH limit without taking a subsequence. On the other hand,
the inner unions of limits are not equal, only isometric:

Upjy = (0,1)x(0,3) U [1,3)x(2,3) C X,
Upj+1y=(0,1)x(0,3) U [1,3)x(0,1) C X.

We will prove in Theorem 6.6 that when M jfs have GH limits for all 4, all closures
of inner unions of limits are isometric.

5. Converging inner regions of sequences with curvature bounds

In this section, we prove that §-inner regions converge under certain geometric
hypotheses on the manifolds even when the manifolds themselves have no Gromov—
Hausdorff limits.

5A. Constant sectional curvature. Here we prove that the inner regions of a se-
quence of manifolds in the following class have a subsequence which converges in
the Gromov—Hausdorff sense.

Definition 5.1. Givenm e N, H e R, V > 0, and [ > 0, we define A/LZ’V’I to be
the class of connected open Riemannian manifolds M of dimension at most m with
constant sectional curvature Sectyy = H, Vol(M) <V, and

Lyin(M) =inf{Lg(C) : C is a closed geodesic in M } > [,
where a closed geodesic is any geodesic which starts and ends at the same point.

Recall that complete simply connected manifolds with constant sectional curva-
ture H < 0 have no closed geodesics, by Hadamard’s theorem, while those with
H > 0have L(M) = 2n/~/H. (See [6].) Here we are requiring that the closed
geodesic lies in an open manifold M, and we do not have completeness.

Theorem 5.2. Givenany § > 0, if (M, g;) C Jl/tm Vil , then there is a subsequence
(M; ,dpm; ) such that the metric completion wzth the restrlcted metric converges in
the Gromov—Hausdorﬁ’ sense to a metric space (Y8 d). In particular, the extrinsic
diameters measured using the restricted metric are bounded uniformly:

V V
D § dy. ) <eo———, Diam(Y%, d) < ,
iam(M;, M) EOVm(G()) iam( )_GOVIQ"(EO)
where
min{d, 5, 2=} ifH >0,
26) o= |2 mnt0 s Td
5 m1n{8, 5} otherwise,

and Vi (eo) is the volume of a ball of radius €¢ in the complete simply connected
space with constant sectional curvature H.
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Remark 5.3. There are no closed geodesics in the M; of Examples 1.1 and 1.2,
so L(Mj) = oo. These examples have H = 0 and m = 2. Since Example 1.2
also has a uniform upper bound on volume, it demonstrates why we can only
obtain Gromov—Hausdorff convergence of the M § instead of the M; themselves.
The M § of Example 1.1 do not have GH- convergent subsequences (see Remark 5.5),
demonstratlng the necessity of an upper bound on volume.

Proof of Theorem 5.2. Let M € A/LZ’V’I and pe M 8 In view of (26), we see that
if 0 < € < €, then By (€) does not reach the boundary of M and does not contain
any conjugate point to p, since one does not reach a conjugate point before one
would in the comparison space.

We claim that there are also no cut points to p in Bp(¢€). If there was a cut
point g, then proceeding in a similar way to Klingenberg [9], we see that there exists
a closed geodesic starting at p of length at most 2d(p, q) < 2¢¢. By hypothesis,
the length of this closed geodesic is greater than /, which is a contradiction.

Thus there is a Riemannian isometric diffeomorphism

27) ¥ : Bp(eo) — Bx(e0) C My,

where M7 is the simply connected space of constant sectional curvature H. In
particular, Vol(B,(¢€)) is greater than or equal to the volume of a ball of the same
radius in a simply connected space form of constant curvature H. By combining
Proposition 2.11 with Proposition 2.10 and then Gromov’s compactness theorem,
there is a subsequence (M § d M; ) such that the metric completion with the re-
stricted metric converges in the Gromov—Hausdorff sense to a metric space (Y8 d).
Notice that by Proposition 2.11, the maximum number of disjoint balls of radius €¢ /2
that lie in M is at most (V// V7' )(€0/2). Thus, by Proposition 2.10, the minimum
number of balls of radius €y needed to cover M is at most (V/V7')(eo/2). From
this it follows that

v
D ,d _
M ) = opmie )
Since
Diam( jk,dM )—>Dlam(Y8 d),
we conclude that
|4
Diam(Y‘S, d)<epg————. d

Vi (€0/2)

Remark 5.4. If the injectivity radius for each p € M; § is bounded above by a
positive constant, then the condition on the length of closed geodesics in Theorem 5.2
is satisfied.
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5B. Examples with constant sectional curvature. The volume condition in Theo-
rem 5.2 may not be replaced by a condition on diameter:

Remark 5.5. Let (M, g;) be the j-th covering space of Anng g)(1//,1) C E2.
Since every point in M; has distance less than 1 from the inner boundary, and
the inner boundary has length j2m(1/j) = 27, we know

(28) Diam(M;, dy;) < 27 + 2.

Yet the number of disjoint balls of radius § < % centered on the cover of 9B g o) (%)
is greater than 2j. So there is no subsequence of M j8 which converges in the
Gromov—Hausdorff sense.

This sequence fails to satisfy the volume condition of Theorem 5.2:

2
Vol(M;) = j@1?2—n/j?) = 7'[]]—,1.

It is worth observing that the intrinsic diameters
. s S . 1
Diam(M}, M}) > ]271(8 + 7)
also diverge to infinity.

Remark 5.6. The flat manifolds of Example 1.2, described more explicitly in
Example 2.13, satisfy the hypothesis of Theorem 5.2. See Figure 5. In fact, for
fixed 6 > 0, once (27/j)4 < &, every point with r > 2 lies within a distance § from
the boundary because the spike is less than § wide. So all the M j8 eventually lie
within » < 2, where the metric is just the standard Euclidean metric, and there is a
uniform bound on the number of disjoint balls. So the Gromov—Hausdorff limit
also lies within the Euclidean ball of radius 2. On the other hand, every point within
the ball of radius 1 +6§ <r <2—§ lies in M}, § 5o the Gromov—Hausdorff limit ¥
contains Anng g)(1+8,2—46). In fact, ¥ §is the metric completion of this annulus
with the flat Euclidean metric.

Figure 5. Models of Example 1.2: M‘s, M8 M‘g M{SZ, Mfé, ..
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5C. Manifolds with nonnegative Ricci curvature. Here we prove Theorem 1.4
by applying Gromov’s compactness theorem (Theorem 2.9) combined with the
following proposition:

Proposition 5.7. If (M, g,,) is a compact Riemannian manifold with boundary
having nonnegative Ricci curvature, then for any § > 0 and any € € (0,8/2), the
§-inner region M® contains a finite collection of points {p1, pa. ..., pN} such that

N
M%) By (),

i=1
where

2Dg/e\™
NfN(S,e,Dg,V,Q):%(z : ) ,

m = dim(M), Vol(M) <V, Diam(M?, dy,s) < Dg, and
(29) sup{Vol(B,(8)) : g € M°®} > 65™.

Remark 5.8. In this proposition we can use the volume of any ball centered in M §
to estimate 6 in (29). This allows us to study sequences like those in Example 3.1.
One does not need a Ricci curvature condition if one has a uniform lower bound on
the volumes of all balls centered in M?, as can be seen in Proposition 2.11 in the
review of Gromov—Hausdorff convergence.

Proof of Proposition 5.7. By Propositions 2.10 and 2.11 in the review of Gromov—
Hausdorff convergence, we need only to find a uniform lower bound on the volume
of an arbitrary ball B, (¢) centered at p € M 8,

Fix g as in (6). Then by the fact that B;(5) does not hit M and M has
nonnegative Ricci curvature, we may apply the Bishop—Gromov volume comparison
theorem to see that

5 Yol(By(8)) _ Vol(By(e))

om - em

(30)

because § > 6/2 > €.
LetC:[0,1] > M 8 be the shortest curve from p to g. Then

L = L(C) <Diam(M?, dys) < Ds.
Letn > L/e and x; = C(t;), where t; = jL/n, so that
Xj € M®  and dm(xj—1,x;) =L/n <e.

In particular, By;(2¢) lies within the interior of M and has nonnegative Ricci
curvature. Thus, by the Bishop—Gromov volume comparison theorem,

Vol(By; () > zim Vol(By, (2€)) > 2im Vol(By; ., (€)).
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Applying this repeatedly for j = 1,...,n, and finally applying (30), we have

m

1 1
(€)) = >mDs/e Vol(Bg(€)) = Wgé

The estimate on N (8, €, Dg, V, 8) then follows immediately from Propositions 2.10
and 2.11. 0

6. Glued limit spaces

In this section we define glued limit spaces and completed glued limit spaces and
study their properties without making any curvature assumptions. We begin by
constructing isometric embeddings

©8; 1.8 - ydit1  ydi

between the Gromov-Hausdorff limits Y% of inner regions M 5i (Theorem 6.1).
We then apply these isometric embeddings to glue together the Y‘S' and construct a
glued limit space ¥ = Y({di }, {¢s;, , 5;}) (Theorem 6.3).

We next study sequences of M; which converge in the Gromov—Hausdorff
sense. We prove that if the sequence has a completed glued limit space, then it
is unique (Theorem 6.6). However, the glued limit is not the Gromov—Hausdorff
limit (Remark 6.7), it might even be empty (Remark 6.8), and it need not exist
(Remark 6.9).

Finally, we construct some important examples of glued limit spaces for se-
quences which do not have Gromov-Hausdorff limits. In Remark 6.10 we describe
how the sequence from Example 2.13 has a bounded and precompact glued limit
space. We provide another example with a bounded glued limit space which is not
precompact (Example 6.12). We provide an example where the glued limit space
is not a length space (Example 6.13). We close this section with Example 6.16
demonstrating that these glued limit spaces and their completions depend on the
isometric embeddings used to define them and need not be unique.

6A. Gluing inner regions together. Here we prove the existence of isometric
embeddings which we will later apply as glue to connect inner regions together.

Theorem 6.1. Let §; — 0 be a decreasing sequence and M; a sequence of open
manifolds such that

(31) (M) dpgy) S (% dys;)

for all i, where possibly some of these sequences and their limits are eventually
empty sets. Then there exist subsequential limit isometric embeddings

(32) TRD S Sl
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which are just the identity when §; = §;j+1. If § € (0, 8o], there exists a compact
metric space Y% C Y3 C Y%+1 with the restricted metric dys = dysii, and a
convergent subsequence

(33) (M} dy, )G (Y8, dys),

and when § € (841, 8;), for any such Y° , the restriction map ©s.5; Y% > ¥ and
the inclusion map @5, | 5:Y § 5 ydi+1 gre isometric embeddings.

Proof. By Theorem 2.15, for each i there exists a compact metric space Z; and
isometric embeddings

@ M‘lerl —Z; and @oo: Y0t 5 Z;
such that
—5; .
i (M) A oo (Y 0it),

By Theorem 2.16, we can choose a subsequence { ji } 72 51 such that the ¢;, (M )
converge in the Hausdorff sense to a compact subspace X° C ¢oo (Y S, By (31)

Mo SH yéi,
Jk

Then, by uniqueness, up to an isometry of the Gromov—Hausdorff limit space there
exists an isometric embedding

©8;11.6: Y% — y%i+1 such that ©8; 41,8 (Y‘sl) = 0o 1(X‘gl)

By Theorem 2.12 there is a uniform upper bound D; > 0 of the diameters of
(M ,dm;) and a function N; : (0, D;] —> N such that N; (¢) is an upper bound for

the number of e-balls needed to cover M " for all € € (0, D;] and for all j € N. If
8 € (8i+1,6i), define N : (0, Dj+1/2] — N by N(¢) = N;j+1(2¢). Then

D1am(M8 dm;) <D1arn(M Sit1 »dm;) < Dit1.

Apply Theorem 2.9 to get a subsequence {/x } 22, of {j ]k } 7= such that the ¢y, (M )
converge in the Hausdorff sense to a closed subset X8 c Voo (Y Bit1),
We define

Y% = ol (X5) c Yo+,

The choice of the subsequence {I;} implies that X% < Y%, so Y% < Y. The rest
of the theorem immediately follows. O

Remark 6.2. The choice of isometric embeddings ¢s, 5, is not unique. In
Example 6.16 we provide two distinct isometric embeddings ¢s, . , s, 7 ¢§-+1 5
7 Y1
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6B. Glued limit spaces are defined. We now define a glued limit space for a
sequence of Riemannian manifolds satisfying the hypothesis of Theorem 6.1. We
prove that this glued limit space is a metric space unless it is the empty set. We prove
that it contains isometric images of all Gromov—Hausdorff limits of convergent
subsequences of inner regions (which may be empty). An example of a sequence
of open Riemannian manifolds which has an empty glued limit space will be given
in Remark 6.8. Our definitions of a glued limit space and a completed glued limit
space are stated along with their construction in the following theorem:

Theorem 6.3. Given a sequence of open Riemannian manifolds M; with a sequence
8; — 0 satisfying the hypothesis of Theorem 6.1, one can define a glued limit space
Y using the subsequential limit isometric embeddings of (32) as follows:

G4 ¥ =Y ey a ) =10 U L sy 5, (0)

with the metric

dy(x,y) =
dyso(x,y) ifx,erSO,
dys;pi(x,) if x,y € YO\ g, 5, (YD),
dysir (X, 08, .60(0) if x € Yoi+1\ s 5. (Y®) for some i €N

and y € YSO,

Aysiyjpr (6 @54 10.84, (V) X € Y b+ @54 1.8 (Y%r+7) and
y e Y St \‘P&-ﬁ-l,&(YSi)forsome ijen,

where we have set

8480 = Poitj.bivj—1° " CPEi 11,8

This glued limit is not defined using an arbitrary collection of isometric embeddings,
but rather only those achieved as in Theorem 6.1.

Furthermore, for all § € (0, §o] there exists a subsequence M; 8 \which converges
in the Gromov-Hausdorf{f sense to a compact metric space Y9, and for any such Y9
there exists an isometric embedding

Fs=Fs,: Y >Y
such that for the §; in our sequence we have
Fs,(Y%) C Fs, (Y% +1).
If B is any sequence decreasing to 0, then

Y = Fg,(¥P).

Jj=1
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We say that a sequence of open Riemannian manifolds M; has a glued limit
space Y if there exists a sequence 8; — 0 satisfying the hypothesis of this theorem.
A completed glued limit is defined to be the metric completion Y of a glued limit
space Y , and the boundary of a glued limit space is defined to be the set Y \ Y.

Remark 6.4. In Example 4.10, for sufficiently large o, each limit Y% is a ball in
Euclidean 2-dimensional space. According to Theorem 6.3, the glued limit space
of this sequence is constructed by taking the disjoint union of the ball Y% with the
concentric annulus Y %/i+1\ yo/i,

Remark 6.5. The definition of the glued limit space depends on the choice of §;
and the isometric embeddings in Theorem 6.1. Even if one fixes the sequence
6; — 0, the glued limit need not be unique; see Example 6.16.

Proof of Theorem 6.3. We first prove that dy is positive definite. For the first and
second cases of the definition of dy, we immediately see that dy (x, y) = 0 if and
only if x = y. For the third and fourth cases, notice that

D8i 4 1,841 (V) = (@8; 1 ;41,847 P81 .8i41) (V)
SO
(35) 7 TN S 6 ) KX S (Yoi+)).
Thus x # ¢s;, ;1,8 (y) and
dy (x,y) =dysiy ;010 (X054 541,84, (V) # 0.
Define Fj, : Y% — Y by

y ifi=1,

y ifi>1and yeY? \‘/’Si,Si_l(YSi_l)

(pg_[,lso(y) if i >1 and gog_[,lgo(y) eydo,

(pﬁ_i,l&(y) if 7 >1 and ‘pz’s_i,lsj(y) €Y% \gs, 5, ,(Y-1) for some j >1.

Fs.(y)=

What we are doing in the third and fourth part of the definition of Fy, is the
following. Suppose that y € Y %/7 Then either

yeY®i\gs 5, (Y1)

ory € (p5i>8i—1(Y8i_l)' In the latter case, there exists y;—1 € Y%i-1 such that
Yy =@s; 5, Vi—1). If i —1 > 1, either

yic1 € Y3i-1\gs s (Y%2) or yi_jewps_, 5 ,(Y02).



450 RAQUEL PERALES AND CHRISTINA SORMANI

Proceeding in the same way, if necessary, we find j such that there exists y; € Y
satisfying the condition y; ¢ @5, 5, (Y%-1)if j > 1, and also y = ®s;.6; (Vj)-
It is easy to see that

(36) Fs (Y% =y%u |_|(Y51+1\<p5,+15 (¥57)),
j=1

and for j < i,
Fs, = Fs; 0955,

For arbitrary 8, by Theorem 6.1 there exists a subsequence M; 8 which converges
in the Gromov—Hausdorff sense to a limit Y¥. Define Fs : ¥'¢ —> Y by
Fsy 09508 if 6o <6,
Fs=Feup=yp" 7 -

8i+1°¥8i 1,8 1f8i+1 §8<8i’

where ¢s, 5. ¢s; ., are given in Theorem 6.1.

Observe that in the latter case of the definition of Fs, Fs, = Fs o s 5,. This,
together with the definition of Fjy, gives

8; § §;
37 F(gi(Y )C F5(Y°) C F5i+1(Y +1).

Now that we have B; decreasing to 0, there exists N sufficiently large that
Bj <o, and for all j > N, there exists i such that 8; € [§;+1,6;). From (36) and
(37), taking § = B;, we conclude that

o o
Y=\ Fp,(vP) =) Fg, ()
j=N j=1

because FﬁO(YﬂO) C Fgy (YAN).

To prove that Fj is an isometric embedding, it is enough to prove that each Fy;
is an isometric embedding. Fg, is an isometric embedding by definition of Y.
For Fy;, , we must check three cases. Let x, y € YSi+1,

Case (i):If x, y € Y Si+1 \905,-+1,8,-(Y5i), then Fs,_ (x) =x,and Fs,  (y) =Y.
Case (ii): If x € Yo \(p5i+1,5i(Y8i) and y € ¢8i+1,8i(Y8i), then

i 00) = (p‘g_i-li-hgi-i-l—j (v) € Yoi+i= \ P51 8- (Y %i-7)
for some j, so

dY (FSH_I (X), F5i+1 (y)) = dY8i+1—j (F3i+1 (X), ‘P8i+1,8,-+1_j (F8j+1 ()’)))
= dY8i+1(xvy)~
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Case (iii): If Fy, (x) = ¢5 +1 8i 1k
take k < j. Recall that 8 4 1.8i 41k

dy (Fs; ., (x), F5, ., ()
= dY5i+lfk (F8[+1 (X), (p55+17k,8,'+1,j (F81‘+1 (y)))
= dY5i+1 (¢8i+1:8i+1—k (FS,'.H ()C)), ¢5,‘+1,5,‘+1_j (FSH_] (y)))

= dy5i+1 (x,y).
The triangle inequality follows from the above paragraphs. For x,y,z € Y,
find § such that x, y, z € Fj (Y‘g). The triangle inequality holds for the preimages
of x, y, z, and since Fy is an isometric embedding, it also holds for x, y, z. O

(x) and Fs, () = ¢51 5 (¥). then

CP8ip1—k:biv1—; = Pirr.ivi—jo . 50 we have

6C. Glued limits within Gromov-Hausdorf{f limits. Recall that in Theorem 4.3
we proved that if a sequence of open Riemannian manifolds M; has a Gromov—
Hausdorff limit X, then subsequences of the inner regions M 8 have Gromov—
Hausdorff limits. Here we assume that the M; also have a (p0551b1y empty) com-
pleted glued limit space as in Theorem 6.3. We prove that this completed glued limit
space is unique and provide a precise description as to how to find this completed
glued limit space as a subset of the Gromov—Hausdorff limit (Theorem 6.6).

Note that the completed glued limit need not agree with the Gromov—Hausdorff
limit (Remark 6.7). In fact, we provide an example where the completed glued
limit space is empty (Remark 6.8).

It should be emphasized that we must assume the M; have a completed glued limit
to obtain uniqueness. It is possible that a sequence M; has a Gromov—Hausdorff
limit and that one needs a subsequence to obtain a glued limit, and that different
subsequences provide different completed glued limits (see Remark 6.9).

Theorem 6.6. Let {M;} be a sequence of open manifolds that converges in the
Gromov—Hausdorff sense to a compact metric space (X, dx). Suppose Y is a glued
limit space of the {M } defined as in Theorem 6.3. Then the completed glued limit Y
is isometric to the closure U{jk} C X of any limit’s inner union U j, v C X defined
as in Definition 4.7 for any subsequence ji. In particular, any completed glued
limit and the closure of any of the limit’s inner regions are isometric.

We do not claim all the limit’s inner regions are the same subset of X, and in
fact this is not true, even after taking a closure. They are only isometric to one
another. See Example 4.13.

Proof. Let Y be a glued limit space deﬁned usmg Theorems 6.3 and 6.1 via a
sequence of isometric embeddings ¢; of M C M it into a sequence of compact
metric spaces Z; rather than a single compact metrlc space Z.

Since we have assumed the original sequence of Riemannian manifolds has a
glued limit space Y without requiring a subsequence, the following spaces are
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isometric:
Yis 0 = Yisoy = Yis0

for any pair of subsequences {j;} and {j ,2}.
Recall that Theorem 6.3 provides, for each § > 0, an isometric embedding
Fs5:Y% > Y, with

o0
(38) Y= Fs(¥%) and F5(Y%) cCFs, (Yo,
i=1

Since Y? is the Gromov—Hausdorff limit of the inner regions M § it is isometric
to the limit of the inner regions Y{ 7y C Ugjy € X of Theorem 4 1. Note that we
need a subsequence for each § to produce the limit of the inner regions. We can
produce a diagonal subsequence (also denoted { j; }) such that

Y, CUgjy CX s defined for all § € {§;},
so we have isometric embeddings
Vs, Fs, (Y CcY > Y0, CX.
Since F, (V%) c Fs, ., (Y %i+1), foreach i and any h we may study the restriction
Vs, Fs, (Y CY - Yi4n C Uy C X

Since Fy, (Y% ) and X are compact, we can find a subsequence Ay, depending on i
which converges to a limit isometric embedding:

wi,ooZFgl.(YS")CY—)U{jk}CX.

We may do this for each i and diagonalize the subsequences if we wish. Since ¥, ,
is a restriction of Y5, ., we see that ¥; o is a restriction of ¥/;41,00. Thus we
may define an isometric embedding

VYoo : Y — U{jk} C X.
Extending this, we have an isometric embedding
Joo . 7 — l_f {k}-
Since X is compact, U {jx} 1s compact and thus so is Y.
We need only construct an isometric embedding from U () to Y to prove that

these spaces are isometric, because they are compact metric spaces. We repeat the
same trick as above but now use the fact that we have isometries

Fi Yl > F(r%ycy
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and

o0

Y = F vy,

i=1

with
F, (Y0P ) C Fl (Y)Y,
8 Uk} Siv1 VUK

Since Y{‘gjik} C Y%i+1(ji), we may study for each i and any £ the restriction

/ . v v
Fipn Yy —>YCY.

Since we have shown Y is compact, a subsequence converges for each i (and we
can diagonalize these subsequences), so that we obtain isometric embeddings

/ . v v

Since F/  is a restriction of F/ we can define an isometric embedding

i+1,00°
(39) Flo:Ugy — Y.

This extends to an isometric embedding from U () o Y. Since we have a pair
of isometric embeddings between a pair of compact metric spaces, these metric
spaces are isometric. O

Remark 6.7. It is possible that the completed glued limit is not the same as the
Gromov-Hausdorff limit. Example 4.10 has a glued limit which is an open disk in
Euclidean space; its completed glued limit is the closed disk, while its Gromov—
Hausdorff limit is a disk with a line segment attached.

Remark 6.8. The glued limit of a sequence of open Riemannian manifolds may
exist but be the empty set. See, for example, the sequence M»; 11 in Example 4.11.
This sequence converges in the Gromov—Hausdorff sense but U is an empty set. It
only satisfies the conditions of Theorem 6.1 in a trivial way: for each § > 0 there
exists Ng € N such that M]fg = @ for all j > Njs.

Remark 6.9. A sequence of M; which converges in the Gromov—Hausdorff sense
may not have a glued limit space. In fact, one may need to take a subsequence to
obtain a glued limit, and different subsequences might produce different glued limit
spaces. In Examples 4.9—4.12, the subsequence M>; has a completed glued limit
space which is isometric to U (2j1 and the subsequence M>; 11 has a completed
glued limit space which is isometric to U (2j+1}» but the sequence M; itself does
not have a glued limit space. We thus see that the different glued limits obtained
using different subsequences are quite different. In particular, in Example 4.11
the completed glued limit of the M>; agrees with the Gromov—Hausdorff limit of
the M;, while the completed glued limit of the M>; 11 is empty.
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6D. Glued limit spaces when there are no Gromov—Hausdorff limits. In the set-
ting of Theorem 6.1, the subsequence of manifolds M; such that M f SH y3 need
not have any Gromov—Hausdorff limit. Here we discuss an old example and present
two new examples.

Remark 6.10. The manifolds M; described in Example 2.13 have increasingly
many spikes, and the sequence does not have a Gromov—Hausdorft limit. However,
the sequence M § converges to the metric completion of the annulus Anng o) (146,
2 —§) with the ﬂat metric; see Remark 5.6. Start with o < 5; then

Y% = Anng,g)(1 + 80,2 — 8o)
and
Y30l GEDN s 411,60/ (VPO T) = A1 U Ay,
where
Ay = Anngog)(1+ % - 50) and Az = Anngg ) (2— 870,2— l%)
Thus ¥ = Anng,g)(1,2) with the flat length metric. This glued limit space Y
is precompact.

A similar example, also constructed using flat manifolds M; C E? with no
Gromov—Hausdorff limit, has convergent M st and a glued limit space which is a
flat open manifold that is bounded but not precompact:

Example 6.11. We define a flat open manifold with j spikes of decreasing width:

Mj=UjUVj,
where
(40) Uj=<(rcos9 rsinf): r<4+sm 0 96(271/] 271]}
41) Vi= {(r cosf,rsinf):r<4,0c¢ (O,Zn/j]}.

As in Example 2.13, the (M, dp; ) have no Gromov—Hausdorff limit because they
have increasingly many spikes. Unlike Example 2.13, for any number N, there
exists §y sufficiently small such that M jSN has N spikes. In fact,

(M? . dy,) S8 (v9, dy).
where Y? is the §-inner region of the flat open manifold

Y= {(rcos@ rsinf) : r<4+sm 06(0 271]}

9

Taking the identity maps for the isometric embeddings, we see that Y is also a
glued limit space for the M;, even though it is bounded but not precompact.



SEQUENCES OF OPEN RIEMANNIAN MANIFOLDS WITH BOUNDARY 455

Recall Example 2.14 of a sequence of surfaces having no Gromov—Hausdorff
limit. We modify it to obtain a sequence of manifolds with boundary that has
no Gromov—Hausdorff limit, but whose §-inner regions have Gromov—Hausdorff
limits, and we construct the glued limit space and see that it is also bounded and
not precompact. This glued limit space is not a manifold.

Example 6.12. Let
X; = ([0, 1% [0, 1) ([0, 1] [0, ]) -+ (10, 11 x [0, (3)])

be a disjoint union of spaces with taxicab metrics, glued via the map ¥ (0, y) = (0, y).
One may think of X; as a book with j pages of decreasing height glued along a
spike on the left. Within X, choose A; to be the union of the top edges of each of
the pages. If we take surfaces M as constructed in Proposition 2.8, they now have
boundary, and

don(Mj. X;) —0 and dou(M?, X;\ T5(4;)) — 0.

As in Example 2.14, the M; have no GH-convergent subsequence because the X
have no GH-convergent subsequence.
Observe that there exists kg such that, for all j > kg,

Xj\Ts(4;) = ([0, 1]x[0,8)) U ([0, 1]x [0, 1 —8]) L --- L ([0, 1] x [0, (%)"8—8]).

Since this sequence does not depend on j, it clearly converges in the Gromov—
Hausdorff sense. Thus, the M f converge to the same Gromov—Hausdorff limit
space. In fact, they converge to Xoo \ T5(Aoo), Where

Xoo = (10, 1] %[0, 1]) U ([0, 1] x [0, 1]) L -~ 1 ([0, 1]x[0. (3) P u -,
and A is the union of the tops of all of these pages. In fact, X, is the glued

limit space.

6E. A glued limit space which is not geodesic. Here we present an example whose
glued limit space is not geodesic or even a length space (and neither is its metric
completion):

Example 6.13. In Euclidean space F2, define

(42) = (LD x (L D)\ ([=5. 3] x[0. 1= F]).

Then, for § < g, there is J = J(J) such that
=((—1+8,1—5)x(—1+8,—8)) U ((—1+48,—5 —8) x(=8,1-9))

U ((3—6.1-8)x(=8.1-9))

for j > J.
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Thus ]\7}:. is a constant sequence for j > J, and M f. SH y8 where
Y = [-14+8,1-8]x[-1+8,00 U [-1+8,~L +8]x[0,1-]
U[:-68.1-8]x[0,1-46]
The completed glued limit is not a length space:
Y =[-1,1]x[-1,0) U [-1,=1] x[0,1] U [3,1] x[0,1] C E?.

Note that M; % X =¥ U ({1} x [-1. 3]).
Open question 6.14. Is a glued limit space locally geodesic: for all y € Y, does
there exist €, > 0 such that B(y, €,) is geodesic? If there is a counterexample, what

conditions can be imposed on the space to guarantee that it is locally geodesic?

6F. Balls in glued limit spaces. Recall from Lemma 3.3 that for any p € M  if
X € By(8; —di41) C M, then x € M?i+1_ This is not true for glued limit spaces.
That is, it is possible for p € Fj, (Y% to have an x € B, (8; —8i4+1) C Y such that
x ¢ Fs ., (Y%i+1). In fact, we can take the ball of arbitrarily small radius and still
have x ¢ Fy; (Y8i+1):

Example 6.15. In Example 6.12 we constructed a sequence M; having no Gromov—
Hausdorff limit, but such that the M f converge in the Gromov—Hausdorff sense to
Y% = Xoo \ T (Aoo), where

Xoo = ([0, 11 x [0, 1]) U ([0, 1] x [0, 1]) -~ b ([0, 1x[0, (1) U -+,

where each piece is connected along (0, y) ~ (0, y) and A is the union of the
tops of all of these pages. This X is a glued limit space for this example.

Then F5(Y%) = Xoo \ T5(Aoo). Take any ball about the common point (0, 0)
in Xoo. For any radius r > 0, B(g,0)(r) contains infinitely many points

(43) yi = (5.0) e0.11x 0. (3)].
However, y; ¢ Fs(Y 8) for j sufficiently large that (%)] < 4.

6G. Nonuniqueness of the glued limit space. We now see that glued limit spaces
and completed glued limit spaces are not necessarily unique. Recall that in
Theorem 6.6 we explained that if the M; have a Gromov—Hausdorff limit, then
the completed glued limit space is unique. So we need to construct a sequence
of manifolds M; having no Gromov-Hausdorff limit. In fact, we will imitate
Example 6.12, applying Proposition 2.8 to construct the following example:

Example 6.16. There are a sequence {M; } of Riemannian surfaces with boundary,
a sequence §; — 0, and metric spaces Y% such that

den(M? . Y%) >0,
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with two different glued limit spaces

),

constructed as in Theorem 6.3 and Theorem 6.1, whose metric completions are
not isometric.

Yl = Y(82i’ (P82,-,82,-+2) and Y2 = Y(82i s ¢52is82i+2

Proof. Let

11 :
(44) P; =10, 1]x[—2—j,2—j] for j=1,2,...,
and let

X; =P u(PauPy)u---U(PjU---UP;) (27! copiesof P;,1<i <)

be a disjoint union of N; = 1 +2+ 4+ --- 42/~ spaces endowed with taxicab
metrics, glued via with the map ¥ (0, y) = (0, y). One may think of X; as a book
with N; pages of different heights glued along a spike on the left.

Let H; C P; be defined by

H; = [o. 1]><{—2ij} U {1}x[—2ij,2ij] U o, 1]x{2ij}cpj

and let A; C X; be defined by
Aj = HiU(Hy UHy)U---U(HjU---UH;) 27! copies of H;, 1 <i < j).

If we take surfaces M; as constructed in Proposition 2.8, they now have a
boundary, and we have

dGH(Mj,Xj) —0 and dGH(MJ{S, Xj \ TS(Aj)) — 0.

As in Example 2.14, the M; have no GH-convergent subsequence because the X
have no GH-convergent subsequence.
Now

Xj\Ts(Aj) = (P1\ Ts(Hy)) U (P2\ Ts(H2)) U (P2 \ T5(H>))
U (P3\ Ts(H3)) U -+~ U (P3\ Ts(H3))

L (Pj \Tg(Hj)) e (Pj \Tg(Hj)).
Observe that

| 1
P\ T5(Hj) = [0,1—8] x [—2—j+5,2—j—8].

Taking § = 62; = 1/(2i) and j > i, we have

PTy(Hy) =[0,1-5-] < 0}
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and
Pi\Ts(Hj) =@
Thus
Xi\Ts(Aj) = (P1\Ts(H1)) U (P2 \ Ts(H2)) U (P2 \ T5(H>))
U (P3\ T5(Hz)) U -+ U (P3\ Ts(H3))

U (Pi—i \Ts(Hi—1)) U -+ U (Pi—1 \ T5(Hi—1))
[01 21} X {0} U -- [01 ] (0},
endowed with taxicab metrics and glued together with the map ¥ (0, y) = (0, y).

There are 1 4244 +--- +20~D=1 rectangular pages and 2/~ pages that are just
intervals of length 1 — 1/(2i). Taking j — oo, we get

(45) den(X; \ T5(4)).Y%) >0,
where
Y92 =y V@D = x;\ Ty, (4;) forall j >i.
So
Y32 = (Py\ Tyyiy(H1)) U (P2 \ Tiyain(H2)) U (P2\ Tijiy(Ha))
U (P3\ Tyyi)(H3)) U -+ U (P3\ Ty (H3))

U (P2i—1\ T1@i)(H2i—1)) U -+ (P2i 1\ T1/@iy(H2i-1))
[01 2] O} U - [01 ] o

endowed with taxicab metrics and glued together with the map ¥ (0, y) = (0, y);
there are 1 +2 + 4 4 --- +20=D~1 rectangular pages and 2! ! pages that are just
intervals of length 1 —1/(2i).

If we define @5, 5,; ., Y%2i 5 Y %2i+2 to be the inclusion map and then construct

the glued limit space as in Theorem 6.1, we obtain

Y1 =Y (82, ¢82iy82i+2) =Y
= (P1\ H1) U (P2\ Hy) U (P2\ H>)
U (P3\ H3) U--- U (P3\ H3)

U (P;\Hj) U U (P;\ Hj)-
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endowed with taxicab metrics glued with a gluing map ¥ (0, y) = (0, y). This has
infinitely many pages, all shaped like rectangles.
Now we define (péz. Soiin - Y%2i — Y®2i+2 to be an isometric embedding which
maps a point
(x,) € Pi\ Ts,, (Hg) C Y
for k <i to
(x.7) € P\ Tsyy oy (Hp) C Y2042

via the inclusion map, and which maps

(6 3) € P\ Ty, (H) = [0,1— 5| x {0} c Y™

to

(x,y =82i +82i42) € Pig1\ Ts,, , (Hiy1) = [0, 1— ] x {0} C Y%2i+2,

1
2i4+2
This is possible because we have enough copies of Pj 1\ Ts,, ,,(Hi+1) in YS2i+2,

In particular, go(’gm §;4, APS the interval pages into interval pages. If we then
construct the glued limit space as in Theorem 6.1, we obtain

Yo=Y (.05, =Y U0, 1]x {0} U [0, 1] x {0} U [0,1] x {0} LU --- ,

,52i+2)

which has infinitely many pages that are intervals in addition to all the pages
shaped like rectangles. So we have two distinct glued limit spaces for the sequence
8>; = 1/(2i), and their metric completions are not isometric. O

7. Glued limits under curvature bounds

In this section we prove the existence of glued limits of sequences of manifolds with
certain natural geometric conditions (Theorems 7.1 and 7.4). We do not require the
sequences of manifolds themselves to have Gromov—Hausdorff limits.

7A. Constructing glued limits of manifolds with constant sectional curvature.
In this section we prove that if M; € Jl/tm Yol for all J (see Definition 5.1) then the
sequence has a glued limit space (Theorem 7.1). The sequence need not have a
Gromov—Hausdorff limit (see Remark 7.2).

Theorem 7.1. Given any g > 0, if (M;, g gj) C Jl/Lm Vil , then there is a Gromov—
Hausdorff convergent subsequence {M 0} and a glued limit space Y such that
for all § € (0, 8] there exists a further subsequence {jk} of {Jjx} for which M5
converges in the Gromov—Hausdorf{f sense to a compact metric space Y%, and for
any such Y there exists an isometric embedding

(46) Fs:Y3 5.
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Remark 7.2. The sequences of flat surfaces M; C 2 defined in Example 2.13 and
Example 6.11 have a common finite upper volume bound, but there is no common
finite upper bound for the number of disjoint balls in M of radius less than 1. Thus,
these two sequences do not have a Gromov—Hausdorff limit. Nonetheless, since

Lnin(M;) =inf{L¢(C) : C is a closed geodesic in M; } > [,
Theorem 7.1 demonstrates that we can construct glued limits for these spaces.

Remark 7.3. The choice of a further subsequence {;; } of {ji} in Theorem 7.1 is
necessary. Let (M, g;) C JVL%’V’I be the sequence defined in Example 4.4. Take
80 = 3e. Then {M jo} is a Gromov-Hausdorff convergent sequence. Choosing
2¢ € (0, 8o], we see that M %’j converges in the Gromov—Hausdorff sense but M jz_s

does not.

Proof. Consider the sequence 8¢, §; = 8o/, i € N. Start with §9. By Theorem 5.2,
there exist a sequence {1 (80)} of integers and a compact metric space Y% such
that

(47) (Mo, (50)> Abty 500) 22> (Y20, dy i)

Proceeding as before, for each n € N there is a subsequence {tx (8,) }x of {tx (8n—1)}k
and a compact metric space Y{fz (5,3 such that

7700 G Sn
(Mtk(é’n)’ thk(sn)) SRy,
Define j; = t;(6x). We have
(T3 oy, ) Y

forn=0,1,2,... since {jr}72, is a subsequence of {tx(8,)}7~ . We may now
apply Theorem 6.3 to complete the proof. O

7B. Constructing glued limits with Ricci curvature bounds. Here we prove that
glued limits exist for noncollapsing sequences of manifolds with nonnegative Ricci
curvature and bounded volume which have control on the intrinsic diameters of
their inner regions (defined in (4)):

Theorem 7.4. Given m € N, a decreasing sequence §; — 0, (i > 0), V > 0,
0 > 0,and D; >0, let (M}, g;) be a sequence of m-dimensional open Riemannian
manifolds with nonnegative Ricci curvature such that Vol(M;) <V,

sup{Diam(M". d, 5): j €N} < D; forall i €N,
J
and such that

forall j €N, there exists q; € MJ.SO such that Vol(Bg; (80)) > 057"
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Then there exists a sequence { ji.} — oo such that for all §; the sequence {M ﬁ:}
converges in the Gromov—Hausdorf{f sense to a compact metric space Y% Thus,
the M, have a glued limit space Y such that for all § € (0, §o] there is a further
subsequence {j; } of {jk } for which M 8 converges in the Gromov—Hausdorff sense
to a compact metric space y?s isometrif:ally embedded in Y :

(48) Fs:Y3 >y
Remark 7.5. If there is D > 0 such that

sup {Diam(M? ., dys)} < D,
8€(0,80] 7

then we could take D; = D for all i. But this requirement is unnecessarily strong.

Remark 7.6. The choice of a further subsequence {j ]é} of {ji} in Theorem 7.1 is
necessary. For the sequence (M, g;) defined in Example 4.4, consider a decreasing
sequence §; — 0 such that §o = 3¢ and §; = ¢. Then the hypotheses of the theorem
are satisfied. For all §;, {M f"} converges in the Gromov—Hausdorff sense. However,
for 2¢ € (0, &o], {M st } does not have a Gromov—Hausdorff limit.

Proof of Theorem 7.4. Take § € (0, §o]; by hypothesis and the Bishop—Gromov
volume comparison (Theorem 2.19),

m
Vol(By, (8)) > Vol(By, (50))(8i) > g5m.
0
This and the hypotheses of the theorem imply that, for each i,
,8i,D;,V
(M. g))} C Ay :
Start with §o. By Theorem 1.4 there exists a sequence {tx (3o)} of integers such that

(M,

tx (80)° de(So)) % (YSO, dyﬁo).

Proceeding as before, for each n € N there exists a subsequence {tx(6,)}r of
{tx (6n—1)}r and a compact metric space Y{‘EZ (5,)} such that

.
(M, 5,

Define j; = 11 (6x). We have

de(3}1)) % (YS" ’ dYSn )

(MSH dM )%(st,dYén)

Jk’ Jk

since {jx }7—,, i a subsequence of {x(8,)}72 - Finally, apply Theorem 6.3. [
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8. Properties of glued limit spaces under curvature bounds

In this final section of the paper we consider the local properties of the glued limits
of sequences of manifolds with constant sectional curvature as in Theorem 7.1 and
manifolds with nonnegative Ricci curvature as in Theorem 7.4. We begin with an
example indicating how even when the sequences of manifolds have a Gromov—
Hausdorff limit, one need not retain curvature conditions on the Gromov—Hausdorff
limit space (Example 8.1). This is in sharp contrast with the setting where the
Riemannian manifolds are compact without boundary. In this example, the glued
limit space is empty. Then we have a subsection about balls in glued limit spaces
without any assumption on curvature (Theorem 8.3). We apply this control on
the balls to prove that local curvature properties do persist on glued limit spaces.
In particular, we prove (Proposition 8.4) that the glued limits of manifolds with
constant sectional curvature bounds (and other conditions) are unions of manifolds
with constant sectional curvature. We close with Theorem 8.8, concerning the
metric measure properties of glued limits of manifolds with nonnegative Ricci
curvature.

8A. An example with no curvature control. We now construct a sequence of flat
open manifolds whose Gromov—Hausdorff limit is not flat:

Example 8.1. Let B,(1) C H? be a unit ball in hyperbolic space and By(1) C E?
be the unit ball in Euclidean space. Then exp,, : Bo(1) — Bp(1). Let

(49) Sj={(§,§):i,keZ}ﬂBo(l)C[Ez

and S ]’ = exp,(Sj). Form a graph 4; whose vertices are in S; and whose edges
form a triangulation, by connecting (i/j,k/j) to ((i+1)/j,k/j), (i/j, (k+1)/j)
and (i+1)/j, (k+1)/j). We let A’ = exp,(4;), and set the lengths of the edges
in A; to be the distances between the vertices viewed as points in H2. Then A/
converges to By (1) C H? in the Gromov-Hausdorff sense.

Now define A’ ! to be the simplicial complex formed by filling in the triangles
in A’ with flat Euchdean triangles. Observe that {A/ '} converges to B, (1) C H?
in the Gromov—Hausdorff sense as well. Finally, for each Jj we remove tiny balls
of radius <« 1/j around the vertices in A’ !, to create a flat open manifold M;.
These M; converge in the Gromov—Hausdorff sense to By (1) C H?2.

Remark 8.2. Example 8.1 has an empty glued limit space. In the next subsections
we will see that the glued limit spaces do retain some of the curvature properties
of the initial sequence of manifolds. Thus the glued limit space is a more natural
object of study than the Gromov—Hausdorff limit, even when the Gromov—Hausdorff
limit exists.
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8B. Balls to glued limit spaces. Generally when one wishes to study the properties
of a complete noncompact limit space, one studies balls in the limit space as
Gromov-Hausdorff limits of balls in the sequence. Here we cannot control balls in
the limit space, but we can control balls of radius € < §; —§; 41 centered in Fys, (Y5i)
intersected with Fy; (Y5"+1). This will suffice to study the geometric properties
of the glued limit spaces.

Theorem 8.3. Let Y be a glued limit of a sequence {M; } of Riemannian mamfolds
as in Theorem 6.3. If y € Y% and € < 8;—8; 1, then there exist a subsequence {M 3
containing points yj, and a sequence €j, — € such that

8
(50) B(yji,€j) = {tx € My, tdp(x,yj) <€y C M

and

51 don((BOr0): duy ). (B(Fy, (0,0 N Fs,,, (Y5+1).dy) ) >0,
Note that in Example 6.15 we saw that B(F; (y),€) N Fg, | (Y%+1) need not

be isometric to B(Fs,(y).€) C Y, even when € is taken arbitrarily small.

Proof. Recall that in Theorem 6.1 we found gs, ., 5, defined in the following way.
We picked isometric embeddings

@) M8’+1—>Z and (poo:Y8i+1—>Z

such that
8i 8i
df; (9 (M), goo(Y;"+1)) — 0.
Then we found a subsequence such that
8[ i
dg((pjk(Mjk)’ X9 ) -0
and chose @5, , | 5, to be an isometry such that
05,118 (V) = o3 (X%).
Then there exist
Si 8;
YVix € Mjk C Mjk+1 C M;,
such that
dZ (gajk (yjk)v QDOO (¢8i+1,8i (y)) - 0
Let €/ € (0,8; —8;+1). Then by Lemma 3.3 we have
8
B(yj,€) =1{x € My, rdm(x,yj) <€} C M

From this, and since ¢, : M jk“" — Z is an isometry into its image, we see that

A . . 5;
(B(yjk’é/)’dei’“) is isometric to (B((pjk(yjk),e’)ﬂgojk(l\/ljk+1),dz).
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By Lemma 2.2, for any € € (0,8; — §;+1), there exists €;, — € eventually in
(0,8; —8;+1), such that
5 i = .
Bl i) €ix) Ny (Mjk+l) > B((poo‘p5i+1,5i (».e)N ‘pOO(YSlH)'
Now,
(B(¢oo®s, 41,6 (7). €) Ngoo(Y 1), dz)

18 isometric to
(B((p51+1,5,‘ (y)! 6)1 dY5i+l )’

which is isometric to

(F5i+1 §(§05i+1,5,’ (y)’ 6)’ dF5i+l (Y5i+1))’

which is isometric to

(E(F8i+1 08 11,6 (¥). )N Fy Yo, dY)'

Hence
dan (B €30)-duty, ) (B (P (9,4, 00). ONFy, Y1, dy) ) 0. O

8C. Properties of glued limits of manifolds with constant sectional curvature.
Here we prove a proposition, present a key example and state two open questions
concerning the glued limits of manifolds with constant sectional curvature.
Proposition 8.4. Let Y be a glued limit space obtained as in Theorem 7.1 from a
sequence M; € A/L'I’}’ VL Then there exists a countable collection of sets W; C Y,
each of which is isometric to an m-dimensional smooth open manifold of constant
sectional curvature H , such that

(o, ¢]
(52) Y C U W;.
i=1
In fact,
Fs,(Y%) C W; C F5,, ,(YPi+1) C Y.

See Example 8.5, in which the glued limit space is a countable collection of flat
tori which are not connected to one another but have a metric restricted from a
larger compact metric space of finite volume.

Proof. Recall that any glued limit space Y defined as in Theorem 6.3 depends on
a sequence &; — 0 and gluings @s; 5, Y8i+1 5 Y via the subsequential limit
isometric embeddings of (32). There are isometric embeddings Fs, : ¥ §i 5y
such that

(53) Y c | Fs (¥%)
i=1
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and
(54) F5,(Y%) C Fy,,, (Y1),
Let
. [ h
€ = %mm{&- —8i41, 5 _n;/—}’
where i = H when H > 0 and & = (I /7)? otherwise.
Let

Wi = Te, (Fs,(Y®)) N Fs, (Y®+1) C Y.
First observe that by (54) we have
Fs,(Y%) C W;.

So combined with (53), we have (52). So we need only show W; is a smooth
m-dimensional open manifold of constant sectional curvature H.
For all w € W;, there exists yoo € Fp, (Y% such that w € By (ej) C Y. Since

By, (i) C Te (F5,(Y"))
we have

(55) U = By, (&) N Fs, (YO+) = B, ()N W,.

We need only show that U is isometric to a ball of radius €; in My, the m-
dimensional simply connected manifold with constant sectional curvature H .

There exists y € Y% such that Yoo = F3;(y). By Theorem 8.3, and the fact that
€; < 8; —8i+1, there exists a subsequence M jki containing points y;, and €;, — €;
such that (50) and (51) are satisfied.

Since €; < [/2, we have €;, < [/2 for k sufficiently large, and so by (50)
the M; satisfy the conditions of Theorem 5.2, and by (27) we know there is a
Riemannian isometric diffeomorphism from B(yj, €, ) to a ball in M}, the m-
dimensional simply connected manifold with constant sectional curvature H. Since
€ < VHx /2 when H > 0, we have a convex ball, so that, as metric spaces,

(B(yjk,ejk),dM) is isometric to (B(p,ejk),dM;rIz).

Taking k — oo, the closures of these latter balls converge in the Gromov—
Hausdorff sense to (B (p, €;), dMg)- Thus, by (51) and the uniqueness of GH limits,

(l_?(yoo, €)NFs | (Y‘g”r‘), dy) is isometric to (E(p, €i), dMZr')‘
Thus we have (55), and we are done. O

Example 8.5. In this example we construct a glued limit space Y for a sequence
of manifolds M j’” satisfying the conditions of Theorem 5.2. In addition, the M }"
converge in the Gromov—Hausdorff sense to a metric space X, so that the glued
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limit space is unique. The glued limit Y is a countable union of connected flat
manifolds with the restricted metric from X.

Proof. Let M be two flat square annuli connected by a slanted strip of width 1 and
length ﬁ:

=Co1UC1,1USo1 CR3,

where

Sm—{(x y.2): y)E( 3)x[=3.3] 2 =x 43}
Endowed with the length metric, this is 1sometr10 to an open manifold with constant
sectional curvature 0. Note that, for § > 4

MIS CCo1UCy 1.

Let M, be three flat square annuli of total area at most 4 4+ 4 4 4(%) connected
by two slanted strips of width %:

My = Co,z U C1,2 U C2,2 U S1,2 U S2,2 C R3,

where

\
Ciz2= (((—%’%) X (—%’%))
C22 = (LD x =L D)\ ((-
So2 ={(x,y.2): (x.y) € (—
Sip={(x.y.2): (x,y) € (—3

Endowed with the length metric, this is 1s0metrlc
sectional curvature 0. Note that, for § > ¢ 8

M{ C CopUC12UCan\ (B((0,0),8) x [0, 1]).

Let M; be (j + 1) flat square annuli of total area at most 4 + 4 le:o(%)j,
connected by j slanted strips of width (%)l :

j Jj-1
(56) M=\ JCi;ul s cR,
i=0 [ =0

where, with the notation
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2i +1—j _ 2i —J

3" =)

L= 0 L=[-(G)" ()] aa m=

we define
Co,j = (o x 1o) \ (Ij+1 x I j4+1)) x {0},
= ((Ij—i x L)\ (Ij41 % Lj 1)) x {277},
= ((Tox Io) \ (Ij 11 x I j41)) x {2777},
SO] ={x.y.2):(x,y) ey xIjp1.z=x+(3 )J-H}’

Si,j = {(x,y,z) t(x,y) el ><Ij+1, z :mj(x+ (l)j-H) +2"_j}.

Endowed with the length metric, this is isometric to an open manifold with constant
2
sectional curvature 0. Note that, for § > ( )j *

B

2
MP C CojU---UC;;\ (B((0,0).8) x [0, 1]).

The Gromov—Hausdorff limit of the M; exists and can be see to be

o0
(57) X=[JCuSycRr®,
j=0
where
CO = 10 X I() X {O},
Ci=1ixIj;x {2i_j},
So = {0} x {0} x [0, 1],

endowed with the length metric. The Gromov—Hausdorff limit ¥ § of the M ].5
exists, and

5 < X\ (B((0,0),8) x [0, 1]).
In fact, Y = X \ So. O

Open question 8.6. Are the glued limits of sequences of manifolds with constant
sectional curvature open manifolds with constant sectional curvature? We know
they need not be connected by Example 8.5.

Open question 8.7. Are the glued limits of sequences of manifolds with constant
sectional curvature unique? Perhaps an adaptation of Example 8.5 could be applied
to show that they are not.

8D. Properties of glued limits of manifolds with nonnegative Ricci curvature.
We now prove the final theorem of our paper and state the last two open questions:

Theorem 8.8. Suppose that we have a sequence of m-dimensional open Riemannian
manifolds M; with nonnegative Ricci curvature and Vol(M;) < Vy, and there
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exists a sequence §; — 0 such that the inner regions M converge in the Gromov—
Hausdorff sense as j — oo to Y% without collapsing. Suppose that Y is a glued limit
constructed as in Theorem 6.3. Then Y has Hausdorff dimension m, #™(Y) < Vy,
and its Hausdorff measure has positive lower density everywhere.

Note that this theorem may be applied to study the glued limits of sequences of
manifolds satisfying the conditions of Theorem 7.4.

To prove this theorem we will apply Cheeger and Colding’s volume conver-
gence theorem [3; 4], which was reviewed in Section 2F. See Theorem 2.25 and
Remark 2.26 for the precise statement we will use here.

Proof. First we prove that
Wi =T —s0/2(Fs, (V7)) 0 By (Vo) € Y

have Hausdorff dimension m and have doubling Hausdorff measures. For any
w e W;, let 5i_s
U = B(w, “==1) W

We can find y € Y% such that dy (y, w) < (8; —8;+1)/2. Then we have

(58)  Uw=B(w, %) N B(Fs,(y), 8 —8i+1) N Fs,,, (Yoi+1),

By Theorem 8.3, we have a sequence {jx}, points y; € M fk", and a sequence
{€j.} = € = (8; —8;4+1)/2 satisfying (50) and (51):
dGH((E(yjk,éjk), dek), (B(Fs;(y),€) N Fs,.| (Y9i+n)y, dY)) -0
Combining this with the fact that
w e B(y, %) C B(Fs,(y),e)N Fs,, (YPi+1) C Y,

there exist
— 8 _8 —
Zik € B(yjk, ’T’“) C B(yj-€j) C Mj,
such that

don((B (2. =21 ). duy ). (U d) ) — 0.

Since we assumed this is noncollapsing, then by the Cheeger—Colding volume
convergence theorem mentioned above we have

Hom(Bw (r) NUy) = khm %m(szk (r)

forall r <r; = (6; —8;i+1)/2. By (58) and Bishop’s volume comparison theorem,
we see that

Hon (B () NW;) = Hpy(By (r)NUy) < wpr™ forall r <r;
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is positive and finite for any w € W;. By the Bishop—Gromov volume compari-
son theorem,

Hom (B (r1) NW;) - ﬂ

©3) Yom (Bu (r2) N W) — 11"

forall we W;, ri <ra <r;.

Since W; is a subset of the compact Fy, (Yi+n), it is precompact. Choose a

maximal collection {w1, ..., wxy } C W; such that the B(wj;, r; /2) are disjoint. Then
N
n=1
and
N N
HWi) <D W™ (B(wn.ri) < (3)" D H"(B(wn.ri/4)).
n=1 n=1

But it is not hard to see, examining (50), that B(w,,, r; /2) are the limits of disjoint
balls in M;, so

N
Z #H" (B(wp, i /4)) < limsup %m(M].S") <.

n=1 Jj—00

So W; has Hausdorff dimension m and

Now

oo
Y =Jw.

i=1
so it has Hausdorff dimension m and

%m(Y) <.

Now to see that ¥ has positive density everywhere, we must show

Hom(B(y. 1)

r

O« (y, #™) = liminf 0.
r—0
For fixed i > I, we have

Hm(B(y,r)) = Hm(B(y,r) N W;).
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Combining this with (59), we have
Hm(B(y.r) N Wi)

rm

Hm(B(y,r;)NW;
> lim inf m(B(y n:l) i)
r—0 rl.

. Hn (B(y.ri) NWi)

m
T

O« (y, #™) = liminf
r—0

0. ([l

Open question 8.9. Are glued limit spaces of sequences as in Theorem 8.8 unique?

Open question 8.10. Are glued limit spaces of sequences as in Theorem 8.8
countably #™-rectifiable?
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INVARIANT DIFFERENTIAL OPERATORS
ON A CLASS OF MULTIPLICITY-FREE SPACES

HUBERT RUBENTHALER

If (G, V) is a multiplicity-free space with a one-dimensional quotient, we
give generators and relations for the noncommutative algebra D(V)¢ of in-
variant differential operators under the semisimple part G’ of the reductive
group G. More precisely we show that D(V)¢ is the quotient of a Smith
algebra by a completely described two-sided ideal.

1. Introduction

Let H be a reductive algebraic group over C and let X be a smooth irreducible
H-variety. Let C[X] be the algebra of regular functions on X and let D(X) be the
algebra of differential operators on X. Then the H-action on X extends naturally
to C[X] and D(X). Let C[X ] (resp. D(X)™) be the subalgebras of H-invariants
in C[X] (resp. D(X)). The ring C[X]? is the ring of regular functions on the
categorical quotient X /H. The problem of determining the structure of D(X)
was investigated by several authors [Levasseur and Stafford 1989; Van den Bergh
1996; Schwarz 2002]. On the other hand under the above mentioned hypothesis
there exists an H -equivariant restriction map

§:DX) - D(X/H),

obtained by applying elements in D(X)? to functions in C[X]. It is expected that
D(X)H, as well as its image under § (the so-called algebra of radial components),
should share many properties of enveloping algebras [Schwarz 2002; Levasseur
2009]. In this paper we obtain the precise structure of D(V)G/ in the case where
(G, V) is a so-called multiplicity-free space with a one-dimensional quotient (here
G is reductive and G’ =[G, G] is the derived group). These spaces are defined to be
the multiplicity-free spaces (G, V) for which the quotient V // G’ is one-dimensional.
To be more precise we show that the (noncommutative) algebra D(V)% isa quotient
of a generalized Smith algebra. Over C this kind of algebra was introduced by
S. P. Smith [1990] as a natural generalization of the enveloping algebra of sl,. As a
corollary we describe by generators and relations the algebras of radial components

MSC2010: primary 22E46, 16S32; secondary 11S90.
Keywords: multiplicity-free space, invariant differential operator, Smith algebra.
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attached to the G’-isotypic components in the polynomial algebra C[V] (the image
under & above corresponds to the trivial representation of G”).

According to the classification obtained in [Rubenthaler 2013], the class of
multiplicity-free spaces with a one-dimensional quotient is a rather large class
inside the multiplicity-free spaces. It contains both irreducible and nonirreducible
representations.

The representations (Str(V), V), where V is a simple Jordan algebra over C and
where Str(V) is the structure group of V, are examples of irreducible multiplicity-
free spaces with a one-dimensional quotient (see Remark 2.2.7 and Example 2.3.3
below). Among these there is the natural representation of GL(#, C) on the space
Sym, (C) of n x n symmetric matrices and also the irreducible 27-dimensional
representation of Eg x C*.

The spin representation of Spin(7) x C* and the irreducible 7-dimensional repre-
sentation of G, x C* are other irreducible examples.

The representation (SL(n, C) x (C*?%, A1 ® A%(A})) (n odd and n > 5), where
A is the natural representation of SL(n, C) and A?(A}) is its second exterior
power, provides a nonirreducible example.

Let us now give a more precise description of our paper.

In Section 2 we give basic definitions and properties of, and notation for,
multiplicity-free spaces, including multiplicity-free spaces with a one-dimensional
quotient. If (G, V) is a multiplicity-free space then G has an open orbit on V (i.e.,
(G, V) is a prehomogeneous vector space). We also prove that in the so-called
regular case the G-invariant differential operators on the open orbit of a multiplicity-
free space always have polynomial coefficients (in fact a slightly more general
result is proved; see Theorem 2.2.6).

In Section 3 we introduce the various algebras of differential operators we are
interested in. We define their natural gradings and we define the so-called Bernstein—
Sato polynomial of a homogeneous operator of any degree, not only for degree-zero
operators as usual. We obtain there the first results concerning these algebras.
Using the Harish-Chandra isomorphism for multiplicity-free spaces [Knop 1998],
we prove a key lemma on invariant polynomials under the so-called little Weyl
group which enables us to prove that D(V)Y is a polynomial algebra over the
center %(7) of D(V)Y, with the Euler operator as generator (Theorem 3.2.6). We
also give generators of the center #(J) (Theorem 3.2.10) and obtain some specific
results in the case of prehomogeneous vector spaces of commutative parabolic type
(Theorem 3.3.1).

Section 4, which is the main section, is devoted to the structure of D(V)G/. We
first briefly define and study Smith algebras over a commutative ring A with unit
and no zero divisors (the original definition by Smith was over C). These algebras
are defined by generators and relations (involving a polynomial in A[¢]), and their
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center is a polynomial algebra A[€2;], where €2 is a generalized Casimir element.
Our main result asserts that D(V)%" is isomorphic to the quotient of a Smith algebra
over its center () by the two-sided ideal generated by the element 2;. Concretely,
we give generators and relations for D(V)% (see Theorem 4.2.2).

Section 5 is devoted to the study of the algebras of radial components. By
radial component of a differential operator in D(V)¢" we mean the restriction of
D to a G’-isotypic component of C[V]. As a corollary of the preceding results
we prove that these algebras are quotients of “classical” Smith algebras, that is,
Smith algebras over C (see Theorem 5.2.3). Of course the defining relations depend
on the G’-isotypic component. We also give generators of the kernel of the radial
component map. In the case of the trivial representation of G’, the structure of
the algebra of radial components was first obtained by Levasseur [2009], by other
methods.

2. Multiplicity-free spaces with a one-dimensional quotient

2.1. Prehomogeneous vector spaces, basic definitions and properties. Let G be
a connected algebraic group over C, and let (G, p, V) be a rational representation
of G on the (finite-dimensional) vector space V. Then the triplet (G, p, V) is called
a prehomogeneous vector space (abbreviated to PV) if the action of G on V has a
Zariski open orbit 2 C V. For the general theory of PVs, we refer the reader to
the book of Kimura [2003] or to [Sato and Kimura 1977]. The elements in 2 are
called generic. The PV is said to be irreducible if the corresponding representation
is irreducible. The singular set S of (G, p, V) is defined by S = V \ Q. Elements
in § are called singular. If no confusion can arise we often simply denote the PV
by (G, V). We will also write g.x instead of p(g)x, for g € G and x € V. Itis
easy to see that the condition for a rational representation (G, p, V) to be a PV is
in fact an infinitesimal condition. More precisely let g be the Lie algebra of G and
let dp be the derived representation of p. Then (G, p, V) is a PV if and only if
there exists v € V such that the map

g—V,
X — dp(X)v,

is surjective (we will often write X.v instead of dp(X)v). Therefore we will call
(g, V) a PV if the preceding condition is satisfied.

Let (G, V) be a PV. A rational function f on V is called a relative invariant
of (G, V) if there exists a rational character x of G such that f(g.x) = x(g)P(x)
for g € G and x € V. From the existence of an open orbit it is easy to see that a
character x which is trivial on the isotropy subgroup of an element x € €2 determines
a unique relative invariant P. Let Sy, Ss, . .., Sk denote the irreducible components
of codimension one of the singular set S. Then there exist irreducible polynomials
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Py, P, ..., Pysuchthat §; ={x € V| Pi(x) = 0}. The polynomials P; are unique
up to nonzero constants; they are relative invariants of (G, V) and any nonzero
relative invariant f can be written in a unique way as f = cP|' P,;?--- P, where
n; € Z and ¢ € C*. The polynomials Py, Ps, ..., P are called the fundamental
relative invariants of (G, V). Moreover if the representation (G, V) is irreducible
then there exists at most one irreducible polynomial which is relatively invariant.

The prehomogeneous vector space (G, V) is called regular if there exists a
relative invariant polynomial P whose Hessian Hp(x) is nonzero on 2. If G is
reductive, then (G, V) is regular if and only if the singular set S is a hypersurface, or
if and only if the isotropy subgroup of a generic point is reductive. If the PV (G, V)
is regular, or if G is reductive, then the contragredient representation (G, V*) is
again a PV.

2.2. Multiplicity-free spaces. For the results concerning multiplicity-free spaces
we refer the reader to the survey by Benson and Ratcliff [2004] or to [Knop 1998].
Let (G, V) be a finite-dimensional rational representation of a connected reductive
algebraic group G. Let C[V] be the algebra of polynomials on V. Then G acts on
C[V] by

go(x)=p(g'x) (g€G, peClV]).

As the space C[V]" of homogeneous polynomials of degree n is stable under this
action, the representation (G, C[V]) is completely reducible. Let D(V) be the
algebra of differential operators on V with polynomial coefficients. The group G
acts also on D(V) by

(g-D)(p) =g.(D(g""9)) (g€ G, DeD(V), g eC[V].

Recall the G-equivariant identifications between C[V] and the symmetric algebra
S(V*) of the dual space V* and between C[V*] and the symmetric algebra S(V)
of V. The embedding

V — D(V),
v — Dy,

where D, P(x) = lim,_o(P(x +tv) — P(x))/t, extends uniquely to an embedding
S(V) — D(V) whose image is the ring of differential operators with constant
coefficients. If f € S(V) ~ C[V*] we denote by f(9) the corresponding differential
operator. Another way to construct f(d) for f € C[V*]is to say that f(d) is the
unique differential operator on V satisfying

f@0)e™ = f(y)e™ (xeV, yeVH. (2-2-1)
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Recall also that the C[V ]-module D(V) can be identified with C[V] ® S(V)
through the multiplication map

m:C[VI®S(V) —> D(V),
P® f —> ¢f (9).
The preceding map is in fact G-equivariant and therefore the G-module D(V)
is isomorphic to the G-module C[V] ® S(V). The duality pairing V  V* — C
extends uniquely to the nondegenerate G-equivariant pairing
SWV)®S(V*) ~C[V*]®C[V] — C,
f®e = (f.¢)= f(9)e0),

which gives rise to an embedding C[V*] < C[V]*. It is easy to see that if i # j,
(C'IV*], C/[V]) = {0}

(2-2-2)

Definition 2.2.1. Let G be a connected reductive algebraic group, and let V be
the space of a finite-dimensional (complex) rational representation of G. The
representation (G, V) is said to be multiplicity-free (abbreviated to MF') if each
irreducible representation of G occurs at most once in the representation (G, C[V]).

Remark 2.2.2. Historically the classification of MF spaces goes as follows. Kac
[1980] determined all the MF spaces where the representation (G, V) is irreducible.
Brion [1985] did the case where G’ =[G, G] is (almost) simple. Finally, Benson
and Ratcliff [1996; 2004] and independently Leahy [1998] (see also [Knop 1998])
classified all indecomposable saturated MF spaces up to geometric equivalence.

The following theorem summarizes some basic results concerning MF spaces
(see [Howe and Umeda 1991; Knop 1998; Benson and Ratcliff 2004]):

Theorem 2.2.3. 1) A finite-dimensional representation (G, V) is MF if and only if
(B, V) is a prehomogeneous vector space for any Borel subgroup B of G (and
hence each MF space (G, V) is a PV).

2) A finite-dimensional representation (G, V) is MF if and only if the algebra
D (V)¢ of invariant differential operators with polynomial coefficients is com-
mutative.

3) If (G, V) is a MF space, then the dual space (G, V*) is also MF.

Proof. The first assertion is due to [Vinberg and Kimelfeld 1978]; another proof
can be found in [Knop 1998]. The second assertion is due to [Howe and Umeda
1991, Theorem 7.1]. For the third assertion note that as (C'[V*], C/[V]) = {0} for
i # j, we obtain that f — (f, ) is a G-equivariant isomorphism between CiV*]
and C'[V]*, and hence (G, V*) is multiplicity-free. (]
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Let us be more precise about the decomposition of the polynomials under the
action of the group G or a Borel subgroup. Therefore we need more notation.
We can write G = G'C, where G’ = [G, G] is the subgroup of commutators and
C = Z(G)° ~ (C*)? is the connected component of the center of G. Let T’ be a
maximal torus in G, and let B’ = T'U be a Borel subgroup of G’, where U is the
nilradical of B’ The group 7 = T'C is a maximal torus in G and B =TVU is a
Borel subgroup of G. We will denote by g, ¢/ t, ¥, ¢, b, b/, u the corresponding Lie
algebras. Let R be the set of roots of (g/, t), let A ={«y, ..., a;} be the basis of
simple roots corresponding to b’ and let R be the corresponding set of positive
roots.

Denote by A’ the lattice of weights of (g, t'). Then A’ =Zw, ®Zwn @ - - - Zwy,
where the w; are the fundamental weights. Let A’" = Nw; & Nw, @ - - - ® Nawy be
the set of dominant weights. Denote by X (C) the group of algebraic characters
of C, which we will sometimes consider as linear forms on c. Set

A=AN®X(C), AT=AT@X().

For L € AT (resp. A’ € A'") let us denote by V_j (resp. V_;/) anirreducible g-module
(resp. g’-module) with the highest weight A (resp. A'). We use this unusual notation
because we want to index the modules occurring in C[V] by the character of their
highest weight polynomial, rather than by the highest weight.

For a multiplicity-free space (G, V) we have the decomposition

cvi= @ v,

AEAT

where m(A) =0 or 1. If m(X) = 1, then there exists a uniquely defined positive
integer d(A) such that V_, € C[V]¢?®. The integer d(}) is called the degree of A.
Let us denote by Ag, Ay, ..., Ag, ..., A, the fundamental relative invariants of
the PV (B, V), indexed in such a way that Ag, Ay, ..., Ay are the fundamental
relative invariants of the PV (G, V) and such that the other invariants are ordered
by decreasing degree. We denote by d; the degree of A; i = 0,...,r). Itis
worthwhile noticing that at least A, is of degree one as the highest weight vectors of
the irreducible components of V* must occur. Then any relative invariant of (B, V)
is of the form cA?, where a = (ag, ai, ...,a,) € Z’t! and A® = ASO S A
The nonnegative integer r 4 1 is called the rank of the MF space (G, V). The
algebra of U-invariants is the subalgebra generated by the A;; i.e., C[V]Y is given
by C[Ay, ..., A;]. As the polynomials A; are algebraically independent, this
latter algebra is a polynomial algebra. Let ; be the character of A; (we use the
same notation A; for the character of the group and for its derivative, which is an
element of A™1). Hence the (infinitesimal) character of A% is A, =agro+- - - +a,A,.
Of course by definition the elements A“ (a; >0, i =0, ..., r) are the highest weights
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vectors in C[V']. Due to the fact that the group action on A? is given by g.A%(x) =
A%(g~'x), the infinitesimal highest weight of A% is —A, = —agho — - - - — arAr.
If we set V, = V_,,, we therefore can write

CVl= P Ve (2-2-3)
ap>0,...,a,>0
Sometimes, if A = agho + - -- + a,A,, we simply write V, instead of V,. If we
denote by d; the degree of A;, one can notice that all elements in V, are of degree
d(a) = apdy + a1dy + - - - + a,d,. It is also worthwhile noticing that we have

Vo = Ago Ai“ e Azk VO, 0001ty - (2-2-4)

The proof of the following lemma is straightforward.

Lemma 2.24. Define O ={x € V | Aj(x) #0,i =0,...,k}. Let C[O] be the
ring of regular functions on O (elements of C[O] are just rational functions whose
denominators are of the form Ago - AZ", with ag, . .., ax > 0). As the polynomials
Ao, ..., Ay are relative invariants under G, the open set O is G-stable, and there-
fore G acts on C[0]. Then C[O] decomposes without multiplicities under the action
of G. More precisely the decomposition into irreducibles is given by

col= @ Ve

where Vg = AP AT - A Vo, 0.a141,....a, 1S the irreducible subspace of C[O] gen-
erated by the highest weight vector A* = AP’ A{" - - - A%

Remark 2.2.5. We want to draw the attention of the reader to the fact that if (G, V)
is not a regular PV, then the open set O may be distinct from the open G-orbit €2.

The preceding lemma has the following consequence.

Theorem 2.2.6. Let (G, V) be a multiplicity-free space. As before set
O={xeV]|Aix)#0,i=0,...,k}.

Then D(V)S = D(0)C. In other words any G-invariant differential operator with
coefficients in C[O] has in fact polynomial coefficients.

Proof. Let D € D(0)%. As we know from the preceding lemma that C[0] decom-
poses without multiplicities under G, we obtain that D defines a G-equivariant endo-
morphism on each V,, a € 7K1 5 N' =% Thus D stabilizes C[V] = @aon,...,arzo Va.
It is easy to see that a differential operator with rational coefficients and which
stabilizes the polynomials must have polynomial coefficients. (]
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Remark 2.2.7. Let V be a simple Jordan algebra over C or R. Let 2 be the set of
invertible elements in V and let G be the structure group of V. It is known that
(G, V) is a multiplicity-free space with €2 as open G-orbit. Then the preceding
theorem implies that D(V)Y = D()C. This result was already known in this
context and is usually obtained by computing an explicit set of generators of
D(2)¢ (see [Nomura 1989; Faraut and Koranyi 1994; Yan 2000]). Through the
so-called Kantor—Koecher-Tits construction there is a one-to-one correspondence
between these spaces and the PVs of commutative parabolic type (see Example 2.3.3
below).

Proposition 2.2.8. Let (G, V) be a MF space. For a = (aj+1,...,a,) € N we
define Vi = Vo,....0,ar11,....ar)- Then for a = (ao, ..., ak, axy1, ..., a,) the spaces
Vo= A -+ A}*V; are G'-equivalent if @ is fixed and if (ag, . .. , ax) € Z**1. If we
define

= @ speav W= @ A7

(ao,...,ax)eNKH! (o, ...,ax)€Zk+1

the decompositions of C[V] and C[0] into G'-isotypic components are given by
CVi=@Us. clo1=Ep wa.
a a

Proof. The map P — Ay --- A¥ P is a G'-equivariant isomorphism between V;
and Ay’ - - A Vz; hence all these spaces are G'-equivalent. To prove the second
assertion it is enough to prove that if @ # b, then the spaces V; and Vj are not
G’-equivalent. Suppose that this would be the case and let A% and A? be the
corresponding highest weight vectors with characters Az and Aj respectively. From
the G’-equivalence we know that Aaly = Ab|y and hence P = A%/ AP is a relative
invariant under B whose character is trivial on t'. Therefore it generates a one-
dimensional representation; hence P is a relative invariant under G. Finally we
obtain that A% = AL - - - A{¥ AP, and this is not possible if @ # b. O

As (G, V*) is multiplicity-free (Theorem 2.2.3) and C'[V*] ~ C/[V]*, we have
cvii= @ v (2-2-5)
ap>0,...,a,>0

where V' is the irreducible G-submodule of C[V*] generated by a lowest weight
vector A** € C[V*], defined up to a multiplicative constant, whose character with

respect to the opposite Borel subgroup B~ is equal to —A, = —agho — - - - — arA,.
Let us fix a lowest weight vector A* (i =0, ..., r) with character —; (with respect
to B7). Then we can choose A** = AF™ AT ... A**. Of course the module V,

is the dual module of V, through f +— (f, ) (see (2-2-2)).
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As V, is a G-irreducible module, it is well known that the tensor G-module
V,® V; contains, up to a constant, a unique G-invariant vector R, and that V, ® V'
does not contain any nontrivial G-invariant vector if @ # b (see for example
[Howe and Umeda 1991]). To be more precise we define R, to be the operator
corresponding to the “unit matrix” in V, ® V; >~ Hom(V,, V,). Moreover as
C[V] ® C[V*] is G-isomorphic to D(V), the element R, can be viewed as a
G-invariant differential operator with polynomial coefficients. The operators R, are
sometimes called Capelli operators. They are also called unnormalized canonical
invariants in [Benson and Ratcliff 2004]. Moreover the family of elements R,
(a € N"t1) is a vector basis of the vector space D(V)¢ = D(0)C.

The Capelli operators R; corresponding to the space V,, (i =0, ...,r) will be
of particular importance because of the result below.

Theorem 2.2.9 (Howe and Umeda). Let (G, V) be a MF space. The Capelli opera-
tors R; (i =0, ...,r) are algebraically independent and D(V)Y =C[Ry, ..., R/

Proof. See [Howe and Umeda 1991, Theorem 9.1; Benson and Ratcliff 2004,
Corollary 7.4.4]. (]

Remark 2.2.10. a) Recall that fori =0, 1, ..., k the polynomials Ag, Ay, ..., Ak
are the fundamental relative invariants under the action of the full group G. Once
these polynomials are fixed, let us define the polynomial A* € C[V*] as the
unique fundamental relative invariant of (G, V*) with character A; 1, such that
AT(@)A;(0)=1,fori =0, ..., k. Then the Capelli operators R; (i =0, ..., k) are
given by R; = A;(x) A% (9), and the Capelli operator corresponding to the irreducible
component Vg 4...+a, is a scalar multiple of AQ° (x)- - - A (x) AG(9)“- - - AF(9)*.
More generally the Capelli operator R, corresponding to V,, where

a=aoro+ -+ arrik + a1 dp+1 o+ arky,

is a scalar multiple of AG’(x) -+ A (X) Rag a1+t 2 DG ()™ - - - AF(9)*.

b) Moreover, in the case where (G, V) is irreducible, as A, is the highest weight
vector in V*, the operator R, is nothing but the Euler operator E.

¢) More generally, if V = V| @ --- @ V,, where the representations (G, V;) are
irreducible, the various Euler operators E; on V; are the Capelli operators associated
to the irreducible subspaces V* € C[V]. Of course the global Euler operator E on V
is given by E = E +- - -+ E,. As the highest weight vectors of the spaces (G, V")
occur as the last £ elements of Ag, ..., A,, wehave R,_yy1 =Ey,..., R, = E,.

d) According to b) and c), one can always take {Rg, Ry, ..., R._1, E} as a set of
algebraically independent generators of D(V)%.
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2.3. Multiplicity-free spaces with a one-dimensional quotient. Let us now define
the main objects this paper deals with, namely the MF spaces with a one-dimensional
quotient, which were introduced by T. Levasseur.

Definition 2.3.1 [Levasseur 2009, Sections 3.2 and 4.2]. 1) A prehomogeneous
vector space (G, V) is said to be of rank one™ if there exists a homogeneous
polynomial Ag on V such that Ag ¢ C[V]¢ and C[V]G/ = C[Ao¢].

2) A multiplicity-free space (G, V) is said to have a one-dimensional quotient if it
is a PV of rank one.

Remark 2.3.2. a) The classification of multiplicity-free spaces with a one-dimen-
sional quotient has been obtained in [Rubenthaler 2013].

b) It can be shown that if (G, V) is a PV of rank one, then the polynomial Ag is
the unique fundamental relative invariant of (G, V). More precisely a PV (G, V)
is of rank one if and only if it has a unique fundamental relative invariant [ibid.].
Hence in the notation of Section 2.2 we have k = 0, in other words Ay is the unique
fundamental G relative invariant among the B relative invariants Ag, Ay, ..., A,.

We give now some examples of MF spaces with a one-dimensional quotient.

Example 2.3.3. PVs of commutative parabolic type (for details we refer to [Muller
et al. 1986]; [Rubenthaler and Schiffmann 1987] is also relevant).
Let g be a simple complex Lie algebra. Assume we are given a 3-grading of §:

g=V ®ga V.

Then g is a reductive Lie subalgebra and it is well known that the representation
(g, V1) is prehomogeneous (here g acts on VT via the bracket). Let G be the
adjoint group of g and let G be the connected subgroup of G whose Lie algebra
is g. Then the space (G, V1) is multiplicity-free. Moreover such a space has a
one-dimensional quotient if and only if it is a regular PV. Up to local isomorphism
one obtains the following list:

1) (SL(n,C) x SL(n, C) x C*, M,,(C)) acting via (g1, g2,1).x = tglxgz_l, where
g1, 82 € SL(n, C), t € C*, x € M,,(C); here Ag(x) = det(x).

2) (O(n,C) x C*, C") with the natural action. Here Ag(x) = Q(x) = Z;j x?.

3) (GL(n, C), Sym, (C)), where Sym, (C) denotes the n x n symmetric matrices,
with the action g.x = gx’g. Then Ag(x) = det(x).

4) (GL(n, C), Skew,,(C)), n even, with the action g.x = gx’g, where Skew,,(C)
denotes the n x n skew-symmetric matrices. Then Ay(x) = Pf(x), where Pf (x)
denotes the pfaffian of the even skew-symmetric matrix x.

*If (G, V) is also multiplicity-free, its rank as a PV is not the same as its rank as an MF space.
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5) (E¢ x C*, C?") (the irreducible 27-dimensional representation of Eg). The
fundamental relative invariant is of degree 3; it is known as the Freudenthal
cubic.

Example 2.3.4. We consider (GL(2) x Sp(n), C> ® C>") (tensor product of the
natural representations). Here the action is given by

(81,82). X =2X('51), & €SL(2), g2€Sp(n), X € My,

The relative invariant A is given by Pf (X JX), where

0 I,
/= <—Idn 0 )’
and where Pf(-) is the pfaffian of a 2 x 2 skew symmetric matrix. The rank is

equal to 3 and it is a regular PV. For details see [Howe and Umeda 1991, case 11.6;
Rubenthaler 2013, case 4.1.7].

Example 2.3.5. (GL(n) x GL(n — 1), M, .1 & M, ,—1). The action is given by
(31, 82) (v, X) = (g1v, g1x8> '), 81 €GL(n), g2 € GL(n—1), v € My, 1, X € My 1.

The relative invariant Ag is given by Ag(x) = det(v; x), where (v; x) isthe n x n
matrix obtained by putting the column vector v left to the n x (n — 1) matrix x. The
rank is equal to 2n — 1 and it is a regular PV. For details see [Benson and Ratcliff
2000, case 4.2.4; Rubenthaler 2013, case 4.2.5].

3. Algebras of differential operators

From now on we suppose that (G, V) is an MF space with a one-dimensional
quotient.

3.1. Gradings and Bernstein—Sato polynomials. Recall that Ay, ..., A, denote
the fundamental relative invariants under a fixed Borel subgroup B of G. As the
space has a one-dimensional quotient, Ag is the unique polynomial among them
which is relatively invariant under G (this means that £k = O in the notation of
Section 2.2). We also set 0 = {x € V | Ag(x) # 0}.

Of course the Euler operator E on V, defined for P € C[V] by

EP(x) = 2 P(1x)21 = P00,

is invariant by any element in GL(E).
Once and for all we also define the following two elements in D(V):

X = Ao (multiplication by Ag), Y = Aj(d).
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The operator

X~ (multiplication by Ay b,
which belongs to D(0), will also play an important role. From the definition of the
G action on C[V] and on D(V) we have

gX =2 X, gX '=x@X" gY=»xyY, (3-1-1)

and hence X, Y € D(V)“ and X~! € D(0)Y".
We now introduce some notation used in the rest of the paper:

T =D, To=DV)’=DO°

(the last equality comes from Theorem 2.2.6). Remember that J is a polynomial
algebra in r + 1 variables (Theorem 2.2.9). We have the inclusions

To=D(V)% =D c D(V)? c T = D).

An element D in J is said to be of degree m if [E, D] = mD. As differential
operators in J have coefficients which are fractions whose denominators are
homogeneous (powers of Ag), it is clear that J is graded by its homogeneous
components. But on the other hand any homogeneous element D in J preserves
the G'-isotypic components W = @, .\ Af Va (see Proposition 2.2.8). Therefore
a homogeneous element D maps AgV; on ASH Vs for some j and hence only
multiples of dy (the degree of Ag) occur as homogeneous degrees in . If we define,

forpeZ,J,={DeJ |[E, D] = pdyD}, then

7=, (3-1-2)

pez
(At this point it is not completely evident that the two definitions of 7y coincide,
that is, D(V)® = {D € 7 | [E, D] = 0}. This will be a consequence of the proof of
Proposition 3.1.6 below.)
Similarly if we define

D) ={DeDWV)? |[E, D] = pdyD},

we have D(V)G = P D(V)[C,;/.
pEZ

Definition 3.1.1. For a = (ag, ai, ..., a;) and p € N, we define
at+p=(a+p,a,...,a).

Thenif D € T, the Schur Lemma ensures that if P € V,, we have DP =bp(a)X? P,
where bp(a) € C. It is easy to see that bp is a polynomial in the variables
(ag, ay, ..., a,) (see for example [Knop 1998, proof of Corollary 4.4]). This
polynomial is called the Bernstein—Sato polynomial of D.
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Example 3.1.2. Relations (3-1-1) imply that X € I, X 'eJ_jandY €T _,. And
of course E € Jy. Obviously, from the definition, we have by (a) = bx-1(a) =1,
bg(a) =dpap +dya, + - - - + dra, = the degree of V,, (recall that d; is the degree
of A;). The computation of by is more difficult. However it is known in the
case of PVs of commutative parabolic type (see Example 2.3.3). In this case, for
= (Xo, X1, ..., X,) it is given by
by(X : X X 4 3-1-3

v ( )—le:£< 0o+ </+]§>, (3-1-3)
where the constant ¢ can be made explicit (see [Bopp and Rubenthaler 1993,
Théoreme 3.19]) and where d/2 = (dim(V) — dy)/((do — 1)dp). This explicit
computation of the polynomial by in the particular case of PVs of commutative
parabolic type has been obtained by several authors, using distinct methods (see
[Kostant and Sahi 1991; Wallach 1992; Bopp and Rubenthaler 1993; Faraut and
Korényi 1994]). The constant d is the same as the constant d which is familiar to
specialists of Jordan algebras.

The following lemma is obvious, but useful.
Lemma 3.1.3. Let Dy, D, € & ,. Then Dy = D, if and only if bp, = bp,.
Definition 3.1.4. The automorphlsm T of T = D(0)Y is defined by
1(D)=XDX"' forall DeJ
Proposition 3.1.5. The algebra 7 is stable under t and for any D € Ty we have

XD =1(D)X, (3-1-4)
DY = Y1(D). (3-1-5)

Proof. By definition, 79 = D(V)¢. From relations (3-1-1) we see that if D is
G-invariant so is 7(D). Obviously (D) € D(0)®. But D(0)° = D(V)¢ by
Theorem 2.2.6; hence J is t-stable. Relation (3-1-4) is just the definition of . We
will now prove that (3-1-5) holds on each subspace V,. Let bp be the Bernstein—
Sato polynomial of D. Then an easy calculation shows that the left and right sides
of (3-1-5) acton V, by bp(a — 1)by(a)X~"'. Then Lemma 3.1.3 implies (3-1-5). U

Let us denote by Jg[X, Y] the subalgebra of J generated by 7o, X and Y. From
the preceding proposition and from the fact that XY and Y X belong to Iy we know
that any element D € Jy[ X, Y] can be written as a finite sum D = Zp geN apqXPY4
witha, , € 7, 0 Similarly, let To[X, X~ 1] denote the subalgebra of I generated by

Jo, X and X~ ". Also any element D in To[X, X~ 11 can we written as a finite sum
D=)" pez @ pXP. The followmg proposition shows that D(V)G JolX, Y] and
that I D(@)G To[X, X~ 1] and makes the gradings more precise.
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Proposition 3.1.6. 1) We have

D(V) =TFo[X, Y] = ( D %YP) DT ( D %Xp)
peN* peN*
(in particular D(V)g/ =JoX? if p >0, and D(V)g/ =JgY P ifp <O.
Equivalently,

DV)P =9J[X, Y] (@ YI’JO) 0@(@){!’%).

peN* PeN
2) We have T = D(0)% = To[X, X '1= @ ToX? = @ X’
pez pez
3) Any element D in To[ X, Y] can be written uniquely in the form

D:ZuiYi+ZviXi or D:ZYiui+ZXiv,- (finite sums)
i>0 i>0 i>0 i>0

with u;, v; € 9.
Any element D € J can be written uniquely in the form

D:ZuiXi or D:ZXiui (finite sums)

ieZ ieZ
with u; € Jy.

Proof. 1) For the moment we define 7 by 79 = D(V)C. From Proposition 2.2.8
we know that the decomposition of C[V] into G'-isotypic components is given by

= @ Uz, where Uz = @ Ay Vaanda=(0,ai,...,a).

aeN’" apeN

We will now use the technique of [Howe and Umeda 1991] which we have al-
ready mentioned before Theorem 2.2.9. As C[V]® C[V*] is G’-isomorphic to
D(V), each subspace AV; ® (AP Vz)* will give rise to a unique G’-invariant
differential operator Ry, p,.a. Then by the same arguments as in Remark 2.2.10,
it is easy to see that Ry, p,a = Ao(x)“ORo,oﬁl;AS(a)bo = X%Rg0zY". The el-
ements X®Rg 0aY" (ag, by € N, @ € N) form a vector basis of D(V)°". Re-
mark now that Ry z is in D(V)% = J. Then from Proposition 3.1.5, we get
XRy0.aY" = 1%(Ro.0.4) XY and 1% (Ro04) € To. If now ag < by, then
X®Rg0aYP = RYP=% where R = t%(R,0.3)X“Y% € Jy. If ay > by, then
X®Rg0aYP = RX%™P0, where R = T%(Ry,0,5) T P (XP0Y™) € T. The first
decomposition in assertion 1) is proved. The second decomposition is a consequence
of relations (3-1-4) and (3-1-5).

2) A slight extension of (2-2-2) shows that C[0] ® C[V *] is G-isomorphic to D(0)
through the map ¢ ® f +— ¢f(d). Then the same proof as in 1) above shows that the
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elements X“°Rg 0.4 Y2 (ag e Z, by € N, @ € N') form a vector basis of D(@)G/ =9.
Consider now an element D € J such that [E, D] = 0. Then necessarily D is
a linear combination of elements of the form X“ R o ;Y“ with ap € N. Then,
as announced previously, the two definitions of J coincide (79 = D(V)¢ and
Jo={DeT|[E,D]=0}). Nowif D€ J,,then D=DX"PX?and DX 7 € J.
Hence 7, = JoX? = XPJ.

Assertion 3) is then obvious. O

Remark 3.1.7. The inclusion D(V)G/ C D(@)G/ is obviously strict (note that
X~ e D)%\ D(V)Y), but the preceding results show that these two graded
algebras have the same “positive part” (EB penToX? )

The following proposition, whose proof is straightforward, shows that all the
Bernstein—Sato polynomials are known if one knows the Bernstein—Sato polynomi-
als of Y and of the elements of 7.

Proposition 3.1.8. Let D = DyX" (n € Z) and D' = DyY" (n € N*), Dy € T, be
generic homogeneous elements in T = Jo[ X, XN and To[X, Y]. Then bp(a) =
bDO(a +n) and bp (a) = bDo(a —n)by(a)by(a—1)---by(a—n-+1).

3.2. The Harish-Chandra isomorphism and the center of J. The aim of this
subsection is to describe 7o = D(V)¢ as a module over the center of J. For this
we will use the Harish-Chandra isomorphism for MF spaces due to F. Knop.

Let (G, V) be an MF space with a one-dimensional quotient. Let B be a fixed
Borel subgroup of G. Remember that (B, V') is a PV. Recall also that we denote
by Ag, Ay, ..., A, the set of fundamental relative invariants of (B, V) and that A
is the unique fundamental relative invariant under G. We denote by d; (resp. A;)
the degree (resp. the infinitesimal character) of A;. Let b be the Lie algebra of B,
let t C b be a Cartan subalgebra of g and let £ be the set of roots of the pair (g, t).
Denote by W the Weyl group of X. Denote by X+ the set of positive roots such
thatb=1t+) , v+ g% Let p = % Y wex+ . We define

a*=@@)»,- Ct* and A=a"+pCth
i=0

Let %(g) be the center of the enveloping algebra of g. Denote by C[t*]" the
W-invariant polynomials on t*. One knows that the classical Harish-Chandra
isomorphism is an isomorphism H : %(g) — C[+*]" which can be computed the
following way. For any A € t*, let V, be the irreducible highest weight module with
highest weight A. It is well known that %(g) acts by scalar multiplication on V.
The scalar by which an element z € %(g) acts on V, is precisely H(z)(A + p).

The natural representation of G on C[V] extends to a representation of the
enveloping algebra U(g) on the same space C[V]. Hence z € %(g) acts on V, by the
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scalar H(z)(—Aq + p)," where A, = Y i_pair; (remember that a = (ao, . .., ar)).
Conversely if A =agro+- - -+a,A, we define a), = (agp, ..., a,;) € Ccrtl. By abuse of
notation if bp is the Bernstein—Sato polynomial of D € ¢, we set bp(A) =bp(a,).

On the other hand any D € D(V)Y = T, acts on each V, by the scalar bp(a),
where bp(a) is the Bernstein—Sato polynomial of D. This allows us to define the
map

h: D(V)¢ — C[A],
D — h(D):—A+p+—> h(D)(—A+p)=bp()),

where C[A] denotes the algebra of polynomials on the affine space A =a*+ p C t*.

Let 7 (z) be the operator in D (V)¢ which represents the action of z on C[V]
and let 7 : C[t*]¥ — C[A] be the restriction homomorphism. It is clear from the
definitions that the following diagram commutes:

*(9) CreV

DV)e — . ¢ra]

Theorem 3.2.1 [Knop 1998, Theorem 4.8 and Corollary 4.9; Benson and Ratcliff
2004, Theorem 9.2.1]. The homomorphism h is injective and there exists a finite
group Wy (sometimes called the little Weyl group) which is a subgroup of the
stabilizer of A in W, such that the image of h is C[A]"°. Hence h is an isomorphism
between D(V)C and C[AIW0. The isomorphism h is called the Harish-Chandra
isomorphism for the MF space (G, V). Moreover Wy acts as a reflection group
on a*.

Let us see what is the automorphism of C[A]"° which corresponds to the action
of 7 on D(V)¢ through the Harish-Chandra isomorphism 4. Let D € D(V)C.
Then h(z(D))(=A+ p) = h(XDX ) (=A+p) =bypx-1(L) =bp(r — Ag). This
calculation proves of course that C[A]"? is stable under P (A+p) — P ((A—Xo)+p).
Therefore we make the following definition.

Definition 3.2.2. By abuse of notation T will also denote the automorphism of
C[A]"™ which is defined by T(P)(A + p) = P((A — Xo) + p) (P € C[A]™). Let
C[A]™T denote the set of elements in C[A]"° that are invariant under 7.

Proposition 3.2.3. Let %#(J) be the center of T = D(0)S’. Then %(F) is also the

center of To[X, Y] = D(V)C. Moreover the following assertions are equivalent:
i) De%().

i) D e Jgand t(D)= D (i.e., D commutes with X).

"The change of sign is due to the fact that we consider here characters of relative invariants instead
of highest weights.
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iii) D € T and the Bernstein—Sato polynomial bp(ay, ay, . . ., a,) does not depend
on ay.

iv) D e

v) De

o and D commutes with Y.

o and h(D) € C[A]Yo-".

NS

Proof. 1) = ii): Let D € #(J). Then [E, D] =0, hence D € J, and [D, X] =0.

i) = iii): Let D € . If XD = DX then, from the definitions we have

bxp(ag,ai,...,a;) =bplag,ai,...,a,) =bpx(ap, ai,...,a)

=bplap+1,ai,...,a);

hence bp(ag, ay, ..., a;) does not depend on ag.

iii) = 1): Suppose that for D € J, the Bernstein—Sato polynomial does not
depend on ag. Then the elements X D and DX in J| have the same Bernstein—Sato
polynomial. Hence XD = DX (Lemma 3.1.3). Then from Proposition 3.1.6(2) we
see that D € Z(9).

iii) = iv): Let D € J such that bp does not depend on ay. Then

bpy(ag, a1, ...,a,) =bplap—1,a1,...,a,)by(ag, ay, ..., a)
:bD(a()? al? .. 'aal’)bY(aOaal? .. 'sal’)
=bYD(aO9 a]? "'aar)'

Hence DY =YD.
iv) = 1ii): If DY =YD, then

bpy(ao,ai,...,a;) =bplap—1,a1,...,a,)by(ag, a1, ..., a,)
= byp(ap,ay, ..., a)
:bY(a()? al’ "‘7ar)bD(a0’al’ .. '7a}’)'

Hence bp does not depend on ay.

The equivalence of iii) and v) is obvious since 2(D)(—A + p) = bp(L).
From ii) we obtain that %(9) is also the center of Jy[X, Y]. O

Remark 3.2.4. As a consequence of the preceding proposition it is worthwhile
noticing that if D € D(V)G' (or D € J) commutes with two operators among
(X, E,Y), then D commutes with the third one. This is a well known property
if (X, E, Y) is an slp-triple. But we know from [Igusa 1981] that except if Ag is
quadratic or linear the Lie algebra generated by (X, E, Y) is infinite-dimensional.
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We will see in Theorem 4.2.2 that the associative algebra generated by (X, E, Y)
over %(J) is “similar” to U (sl (%(F)).

Define a linear form p on a* by

wlaoho +---+ayAy) = Zaidi =bp(a) (a=(ap,...,a,) €C™)
i=0

(u is the degree form, as its value on @ = (ay, . .., a,) € N"T! is equal to the degree
of the polynomials in V). Define also

M={rea*|u(r)=0} and M=JM+pCA.

Notethat M ={A+p e A|h(E)(—A+ p) =0}. As h(E) is Wy-invariant, so is the
set M. Set

I1(M)={P eC[A]™ | P},, =0}.
The key lemma is the following.

Lemma 3.2.5. We have I (M) = C[A]"h(E) and
clAl" = crA1™ T @ 1(M).

Proof. Let P € I(M). Then P is a polynomial on the affine subspace A C t*
vanishing on M, the set of zeros of the irreducible polynomial 4 (E). Therefore
P =h(E)Q. As P and h(E) are Wy-invariant, so is also the polynomial Q. Hence
I(M) c C[A]"°h(E). The reverse inclusion is obvious.

Let F =C)p C a*. As obviously a* =& F, we have A = M & F. Remember
that t=c@t, where c is the center of g. The infinitesimal character A is a character
of g, and is therefore trivial on ' C g’. As any wo € W fixes pointwise the center ¢
of g, we see that F is pointwise fixed by Wj.

Let Q € C[M]"°. Define

O(m+ f)=Q(m), forallmeM, feF.

From the preceding discussion we obtain that é is Wy-invariant; in other words
Q € C[A]™. But in fact Q is also r-invariant:

T1(Q)m+ f)=0(m+ f — i) = Q(m) = O(m + f).

Hence é e C[A]"0'T; in other words any Wy-invariant polynomial on M can be
extended to a (W, r)-invarianapolynomial on A~. This extensiorl is in fact unique:
for any t-invariant extension 0 of O we have Q(m + xAig) = O(m + (x + Do)
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and hence Q = é Hence we have proved that the restriction map

CrA"r — cm™,
P — iﬂhﬁ

is bijective (and therefore C[A]"o:* N I (M) = {0}) and the inverse map is Q é
Now for P € C[A]™ we can write
P="Py+(P—Py).
From the discussion above we have ﬁ\;l e C[A1"0T and (P — };HI) el(M). O
Theorem 3.2.6. 1) 7o = D(V)¢ =%(9) ® ET.
2) Any element H € D(V)© can be uniquely written in the form
H=Hy+EH +E*H,+---+ E'H,
where H; € £(J),i =1,2,...,keN.

Proof. Through the Harish-Chandra isomorphism £, the algebra D(V)¢ = J
corresponds to C[A]"0, the algebra %(J) corresponds to C[A]"0T and the ideal
EJ corresponds to I (M). Therefore the first assertion is just the pullback by & of
the decomposition obtained in Lemma 3.2.5.

An element H € D(V)© can therefore be uniquely written H = Hy+ E H', with
Hy € %(7), and H' € J. By induction we obtain a decomposition

H=Hy+EH +E*H+ -+ E"'H_, + EVHY,
where Hy, ..., Hy_; €%(9), and H* € 7. The process stops because if k is greater
than the degree in ag of by, then necessarily H k=0 (see Proposition 3.2.3). [
From this theorem and Proposition 3.1.6 we obtain immediately this consequence:
Corollary 3.2.7. 1) Let D € J. Then D can be written uniquely in the form

D=Y HE‘X* or D= H X*E" (finite sums),
keZ keZ
leN £eN
where Hy o € %(7).
2) Let D € Jy[X, Y]. Then D can be written uniquely in the form
D= Z H E'Y* —i—ZH,/’SESX’ (finite sums) or
keN* reN

£eN seN

D= Z Hk’ngEé—i—ZHr”erEs (finite sums),
keN* reN
LeN seN

where Hy ¢, H) € %(7).
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Corollary 3.2.8. Let P € C[A]"°. Then P can be uniquely written in the form

p
P(=h+p) =Y ai(=h+p)aodo +ardi +- - +a,d,)',
i=0

where a; € C[A]YT and A = aphg +a1ry + - - - +a, 1, € a*.

Proof. As h(E)(—A+ p) = aody + a1dy + - - - + a,d,, the preceding decomposition
is just the image through the Harish-Chandra isomorphism of the decomposition in
Theorem 3.2.6(2). O

Remark 3.2.9. It is easy to see that as Wy stabilizes the affine space A = a*+ p it
also stabilizes a* (this is implicit in Theorem 3.2.1). Moreover if we denote by 0,
the barycenter of the Wy-orbit of p, then 0, is a fixed point of the Wy-action on
A which is in M. As C[A]" = C[a* + p]"* = C[a* 4 0,]"° ~ C[a*]"0, and as
To=D(V)¢ ~C[A]" is a polynomial algebra in r 41 variables by Theorem 2.2.9,
the group W acts as a reflection group on a* by the Shephard—Todd—Chevalley
theorem (this is a part of Knop’s argument for Theorem 3.2.1). Hence by the
theorem of Chevalley, the r + 1 algebraically independent generators of the algebra
C[A]™ ~ C[a*]"0 can be chosen to be homogeneous, either as functions on the
vector space a*, or as functions on A, for the vector space structure on A defined
by taking 0, as origin.

We will now describe more precisely the algebra (7).

Theorem 3.2.10. 1) %(9) is a polynomial algebra in r variables. For D € 7, let
us denote by D the projection of D on %(J) according to the decomposition
To=%(T)DET (. Remember from Theorem 2.2.9 that the set Ry, ..., R._1, R,
of Capelli operators associated to the invariants Ao, Ay, ..., A, ordered by
decreasing degree is a set algebraically independent generators of Jo. Then
{Ro, ..., R_1} is a set of algebraically independent generators of %(J).

2) Let D be an element of Iy and let bp be its Bernstein—Sato polynomial. Then
the Bernstein—Sato polynomial of D is given by

ayd) + - - +a,d, )
,Aly, oo, Ar ).

do

Proof. 1) Let us remark first that %(7) is already known to be a polynomial algebra
from a result of Knop [1994]. He has proved that for a regular action of a reductive
group on a smooth affine variety the center of the ring of invariant differential oper-
ators is always a polynomial algebra. We give here a direct proof and obtain some
extra information. We know from Proposition 3.2.3 that %(9) is isomorphic, through
the Harish-Chandra isomorphism #, to C[A]"0T. From the proof of Lemma 3.2.5
we know that W stabilizes M and that C[A]"0" ~ C[M]W0 = (C[A]WO)‘M. As

bD(ao,al,...,a,):bD(_
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Wy is a reflection group on A (this means that it is generated by the reflec-
tions it contains), so is Wyj,,. Therefore C[M]"0 (and hence %(7)) is a poly-
nomial algebra in » = dim M variables by Chevalley’s Theorem. We know from
Remark 2.2.10(d) that {Ry, . . ., R,—1, E} is also a set algebraically independent gen-
erators of Jg; hence {h(Ryp), ..., h(R,_1), h(E)} is a set of algebraically indepen-
dent generators of C[A]". We obtain that C[M]"0 = C[A(Ro) . - - -, h(Rr—1)|3]
as h(E)‘M = 0. As the transcendence degree of Frac(C[M]"?) over C is r, the
generators h(Ro)‘ Moo h(R,_l)‘ » are algebraically independent. Taking their
inverse image under & gives the first assertion of the theorem.

2) As we have seen the decomposition Jo =% () @ EJ is nothing else but the
inverse image under / of the decomposition C[A]" =C[A|"0 @I (M). Let D € J,.
From the proof of Lemma 3.2.5 we have h(D) = hm, where hm is the
unique (Wp, t)-invariant extension to A of 1(D)),,. For A =apro+---+a, 1, € a*,
we have h(E)(A+p) =bg(—X) = —(apdo+- - - +a,d,) = — () (the degree form).
Remember also that a* = M @ F, where A = ker(u) and F = Clg. Let us write
A = m; 4 akg, according to this decomposition. Then bg (L) = abg(ry) = adp.
Hence o = u())/do and m) = A — (u(X)/do)ro. Then we obtain

b5 (%) = h(D)(—A + p) = h(D)) 3y (=% + p)

e~ A A — A
- h<D>M(—x+ B - &xwp) - h<D>M<—A+ %)Awp)

dy dy
A A
= h (D) (24 gt 0) = w0y (<t P Pog 4 p
do dO
m(r)
=bplrA——Xo .
P ( do 0)
If we translate this into the (ao, . . ., a,)-variables we obtain the second assertion. []

Corollary 3.2.11. Let by be the Bernstein—Sato operator of Y. For any £ € N
the element of End(C[V]) that acts on each space V, as scalar multiplication by
by(—(a1d1+---+a-d)/do+ ¢, ay, ...,a,) is the differential operator

X1=ty Xt e %(7).

Moreover, if (G, V1) is a PV of commutative parabolic type, the differential opera-
tors X1=tYXt (¢ =0, 1, ...,r) are generators of %(7).

Proof. As byi—eyxe(ag, ...,a,) =by(ap+4¢,ay, ..., a,), the first assertion follows
immediately from Theorem 3.2.10. If (G, V1) is a PV of commutative parabolic
type, we know from Theorem 3.3.1 below that the operators X! ‘Y X* (¢ =0, ...,r)
are (algebraically independent) generators of Jg. (]



494 HUBERT RUBENTHALER

3.3. The case of regular PV’s of commutative parabolic type. In the case where
(G, V1) is a regular PV of commutative parabolic type (see Example 2.3.3), we
obtain some specific results.

Theorem 3.3.1. Let (G, V™) be a regular PV of commutative parabolic type.
1) The degree of A is equal to r + 1 which is the rank of (G, V') as a MF space.
More generally the degree of A; is equaltor +1 —1.

2) Fort €7 set Dy = X'"tY X*t. Then Dy, Dy, ..., D, are algebraically indepen-
dent generators of 7o = D(VH)C (i.e., To=C[Dy, Dy, ..., D,]).

3) We have I = D(Q*)G, =C[X, X', Y], where C[X, X!, Y] is the associative
subalgebra of D(Q2") generated by X, X', Y.

4) We have Jy[X,Y] = D(V)G, =C[X,Y,Ry,..., R, ], where the R; are the
Capelli operators introduced before Theorem 2.2.9 and C[X, Y, Ry, ..., R/] is
the associative subalgebra of D(V ™) generated by X, Y, Ry, ..., R,.

Proof. 1) This first assertion is proved in [Muller et al. 1986, Proposition 2.16 and
Lemme 3.7].

2) We need now to use some technical results from the structure theory of commu-
tative PVs of parabolic type. For details see [Muller et al. 1986; Rubenthaler and
Schiffmann 1987]. We need also results concerning the symmetric space structure
of the open G orbit QT in VT; they can be found in [Bopp and Rubenthaler 1993].
Let t be a Cartan subalgebra of g; then t is also a Cartan subalgebra of g (see the
notation in Example 2.3.3). Let ¥ and ¥ be the root systems of (g, t) and (g, t),
respectively. We choose an order on ¥ such that the roots occurring in V't are
positive. We know from Proposition 2.9. in [Bopp and Rubenthaler 1993] that the
open G-orbit QT ={x € V| Ag(x) # 0} is a symmetric space G/H, where H is the
isotropy subgroup of a point /™ € Q% The choice of I+ can be made the following
way. It is known that any maximal set of strongly orthogonal long roots occurring
in VT has r + 1 = rank(G, V) elements. There is a canonical way to construct
such a maximal set, called the “descent”; see [Muller et al. 1986, Theorem 2.7,
p. 101]. If {«g, o1, . . ., o} is such a maximal set of strongly orthogonal long roots,
then the element It = X, + Xg4, + - - - + X4, is generic (here as usual the X, are
nonzero root vectors). Let h = Zy(I") be the Lie algebra of H, and let q be the
orthogonal complement of h in g with respect to the Killing form of g. Let H,, € t
be the coroot of «;. Set a = Z;ZO CH,,. Then a is a maximal abelian subspace
of q [Bopp and Rubenthaler 1993, Proposition 5.4] and the dual space a* can be
identified with the space of restrictions of the fundamental characters Ag, Aq, ..., A,
[ibid., Lemme 2.5]. Hence this definition of a* is coherent with the direct definition
of a* given in Section 3.2 in the general case (a* =Y Cki).
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For A € t¥, we will denote by A the restriction of A to a. Through the “classical”
Harish-Chandra isomorphism y for symmetric spaces [Heckman and Schlichtkrull
1994, Part II, Theorem 4.3] the algebra 7 is isomorphic to S(a)V& = C[a*]W%,
where Wy is the Weyl group of the root system R of (g, a). This root system
is known to be of type A, (the proof is the same as for Theorem 3.11 in [Bopp
and Rubenthaler 2005]). Hence Wy is the symmetric group of r + 1 variables
and it acts by permutations on the &;. We will choose an order on R such that
»+ c R*. Asin [Muller et al. 1986; Rubenthaler and Schiffmann 1987] we
consider here relative invariants Ag, Ay, ..., A, with respect to the Borel subgroup
defined by X~. Define p = %ZﬂeR_ B. It is well known that for D € J and

A=Y _pairi € a¥, Y (D)(—X + p) is equal to the eigenvalue of D acting on
Ay’ -+ A% . In other words we have

y(D)(=A+p) =bp().

From [Rubenthaler and Schiffmann 1990, Lemme 3.9, p. 155], we know that

p:%Z(&i—&j)zﬁg(r_Zi)&i

i<j
and from [ibid., Lemme 3.8, p. 155], we also have
X = apdo+ (ag +a)ay + -+ (ag+ - - -+ a, )@, .*
Let us now make the following change of variables:
si=ag+---~+a;, fori =0,...,r.

Asbp,(A) =by(so+2,....5,+4L) = c]_[:ZO(s,- + £ +id/2) (see Example 3.1.2)
we obtain

r d r
y (D)) = bp (=h+ p) = b, (Z —sili+ g(r - 2i)a,-)

i=0
: d
= cl_[<—s,~ + Zr+£>.
i=0

As expected the polynomials y(Dy) are symmetric in the s; variables (i.e.,
invariant under Wg). Moreover it is easy to prove that these polynomials, for
£=0,...,r,are algebraically independent generators of the algebra of symmetric
polynomials. This proves 2).

*The change of sign with respect to Lemme 3.8 in [Rubenthaler and Schiffmann 1990] is again
due to the fact that we consider here characters of relative invariants instead of the highest weights.
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3) As T = Jo[X, X1 (see Proposition 3.1.6), and as, from 2), the elements of
J are polynomials in X, X —1 Y we obtain that 7 c C[X, X!, Y]. The inverse
inclusion is obvious.

4) The inclusion C[X, Y, Ry, ..., R,] € D(VH)% = J[X, Y] is obvious. Con-
versely, from Theorem 2.2.9 we have Jo[X, Y] = C[Ry, Ry, ..., R/][X, Y]. As
Ro = XY (see Remark 2.2.10), we have 5[ X, Y] C C[X,Y, R, ..., R/]. O

Remark 3.3.2. According to [Terras 1988, p. 208], the operators D, were first
considered by Selberg on positive definite symmetric matrices. They appear also in
[Maal} 1971], in the same context of positive definite symmetric matrices. In the
setting of symmetric cones, the analogue of assertion 2) of the preceding theorem
can be found in [Faraut and Koranyi 1994, Corollary XIV.1.6].

Remark 3.3.3. Note that for PVs of commutative parabolic type we have R, = E.
In the special case where G ~ SO(k) x C* and V* ~ C¥, we have always r = 1,
and assertion 4) of the preceding theorem yields

D(CHSOM = CrQ(x), 0(d), EI,

where Q(x) =X =Y, x2, Q@) =Y =Y *_, 82/dx?.
This was proved by S. Rallis and G. Schiffmann [1980, Lemma 5.2, p. 112].

4. The structure of D(V)G,

4.1. Smith algebras over rings. As usual if a, b are elements of an associative
algebra we define [a, b] = ab — ba.

Definition 4.1.1. Let A be a commutative associative algebra over C, with unit
element 1 and without zero divisors. Let f, u € A[t] be two polynomials in one
variable with coefficients in A. Let n € N*.

1) The Smith algebra S(A, f, n) is the associative algebra over A with generators
(x, y, e) subject to the relations [e, x] = nx, [e, y] = —ny, [y, x] = f(e).

2) The algebra U (A, u, n) is the associative algebra over A with generators (X, y, €)
subject to the relations [e, X] = nX, [e, y] = —ny, Xy = u(e), yx = u(e + n).

Remark 4.1.2. 1) The algebras S(C, f, n) were introduced and intensively studied
by Smith [1990], who called them “algebras similar to U(sl,)”, where U(s(5)
is the enveloping algebra of sl,. In fact they share many interesting properties
with U(sl), in particular they have a very rich representation theory.

2) One can prove, as in [Smith 1990], that if the degree of f is one and n # 0, and
if the leading coefficient is invertible in A, then S(A, f, n) is isomorphic to the
enveloping algebra U (sl (A)).
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Let R be a ring and let o € Aut(R). Let us recall that a o-derivation of R
is an additive map § : B — R such that é(su) = s6(u) + 6(s)o(u). Given a
o -derivation §, the skew polynomial ring over R determined by o and § is the ring
RIt, 0,8] := (R, t)/{st —ta(s) —5(s) | s € R}, where (R, t) stands for the ring
freely generated by % and an element ¢ with the relations given by the ring structure
on R (for details see [McConnell and Robson 1987, Section 1.2, p. 15; Goodearl
and Warfield 2004, p. 34]).

Proposition 4.1.3. Let b the 2-dimensional Lie algebra over A, with basis {¢, o}
and relation (e, a] = no. Let WU(b) be the enveloping algebra of b. Define an auto-
morphism o of W(b) by o («) =« and o (¢) = € —n and define also a o -derivation §
of U(b) by § () = f(e) and §(¢) =0. Then S(A, f, n) ~U)[t, o, 8].

Proof. The proof is almost the same as the one given by Smith [1990, Proposi-

tion 1.2]. The isomorphism S(A, f, n) ~AU(b)[z, o, §] is given by e —~ &, x > «
and y — ¢. U

Corollary 4.1.4. S(A, f, n) is a noetherian domain with A-basis
{y'xiek i, j, k eN}
(or any similar family of ordered monomials obtained by permutation of the elements
(v, x, e)).
Proof. (compare with [Smith 1990, proof of Corollary 1.3, p. 288]). We know

from [McConnell and Robson 1987, Theorem 1.2.9], that as AU(b) is a noetherian
domain, so is S(A, f, n) >~ U(b)[¢, o, §]. Since

Wb)[z, 0, 8] = U(b) B U(b)t DUDbL)> UMD B --- DU & - - -
= AU(b) @ tU(b) B r*U(Db) B PUD) B --- D rUDB) & - - -

(direct sums of A-modules) and since the Poincaré—Birkhoff—Witt theorem is still
true for enveloping algebras of Lie algebras which are free over rings (see [Bourbaki
1971]), the ordered monomials in (y, x, ) beginning or ending with y form a basis
of the algebra S(A, f, n). To obtain the basis {e’ y/x*} or {x¥y/e'} it suffices to
replace the algebra b by the algebra b_ which is generated by e and y. (]

Remark 4.1.5. The adjoint action of e (u > [e, u]) on S(A, f, n) is semisimple
and gives a decomposition of S(A, f, n) into weight spaces:

S(A,f,n) =EP S(A. f.n)",
veZ
where S(A, f,n)" ={ueS(A, f,n)|[e, u]l =vnu}. As[e, x/ y'eF1=n(j—i)y'x/ e,
we obtain, using Corollary 4.1.4, that the ordered monomials of the form x’y’ef
form an A-basis for S(A, f, n)?. Moreover as yx = xy + f(e), it is easy to see
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that S(A, f, n)? = Alxy, el = Alyx, e], where A[xy, e] (resp. A[yx, e]) denotes
the A-subalgebra generated by xy (resp. yx) and e.

The proof of the following lemma is straightforward.

Lemma 4.1.6. Letn e N* and let f € A[t]. There exists an element u € A[t], which
is unique up to addition of an element of A, such that

f@)=u(t+n)—u() (4-1-1)

Proposition 4.1.7 (compare with [Smith 1990, Proposition 1.5]). Let u be as in the
preceding lemma. Define

Q) =xy—ul(e).

Then the center of S(A, f,n) is A[S21] which is isomorphic to the polynomial
algebra Alt].

Proof. Let us now prove that 2; is central. Obviously €2; commutes with e.
From the defining relations of S(A, f, n) we have ex = x(e + n) and therefore,
for any k € N, efx = x(e +n)k.
This implies of course that for any polynomial P € A[¢] we have

Pe)x =xP(e+n) or P(e—n)x =xP(e). (4-1-2)
Similarly one proves that

P(e)y=yP(e—n) or P(e+n)y=yP(e). (4-1-3)
Let us show that £2; commutes with x. Using Lemma 4.1.6 and (4-1-2) we obtain

xQp =x(xy —u(e)) = x"y — xu(e) = x(yx — f(e)) — xu(e)
=x(yx —u(e+n)+u(e)) —xu(e) =xyx —xu(e+n) =xyx —u(e)x
= Qx.

A similar calculation using (4-1-3) shows that €2; commutes also with y. Hence
Q2 belongs to the center of S(A, f, n).

Let now z be a central element of S(A, f, n). Then z € S(A, f, n)°. We have
S(A, f, n)? = Alxy, e] = A[21, e], and hence z can be written as follows:

7= Z ci (e)SZ“1 (finite sum),

where c;(e) € Ale].
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We have

0=[z,x]= [Z ci(e)S, x] = Ylei(e), x1 €
=Y (ci(e)x — xci(e))Q
=Y x(ci(e+n) —c;(e))Q (using (4-1-2))
=x Y (ci(e4n) —ci()Q].

As the algebra S(A, f, n) has no zero divisors we get
> (eile+n) — ci(e)Q =0.

As Q) =xy —u(e), we have Qll = x'y’ modulo monomials of the form e*x?y?
with p < i. Then from Corollary 4.1.4 above we obtain c;(e +n) —c;(e) =0 for all
i. As the elements e are free over A (Corollary 4.1.4) we obtain from Lemma 4.1.6
that ¢; € A, for all . |

Remark 4.1.8. Conversely, let us start with u € A[¢]. Define f € A[t] by f(¢) =
u(t +n) —u(t). From the definitions we have

U(A,u,n)=S(A, f,n)/(xy —u(e)) = S(A, f,n)/(81),

where (xy —u(e)) = (€21) is the ideal generated by xy — u(e) = €2;. Again, as for
S(A, f, n), the adjoint action of ¢ gives a decomposition of U (A, u, n) into weight
spaces:

UA,u.n)=EPUMA u.n) (4-1-4)

veZ
where U(A,u,n)’ ={veU(A,u,n)|[e, v] =vnv}.
Proposition 4.1.9. Let u € A[t] and s € N. The A-linear mappings
o, Alt] > U(A, u,n)
given by
p(P)=3%"P(e), Y(P)=3"P(e)

are injective (in particular the subalgebra Ale] C U(A, u, n) generated by ¢ is a
polynomial algebra).

Proof. Define f(t) =u(t +n) —u(t). Every element of S(A, f, n) can be written
uniquely in the form

kot
>k eme Y™ (arem € A)
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(Corollary 4.1.4). Therefore, from Remark 4.1.8, every element in U (A, u, n) can
be written in the form

Y akem@Z 5" (arem € A).
Let P(t)= Zf:o a;t" (a; € A) be a polynomial such that ¥* P(¢) =0 (i.e., P €ker ).
AsU(A,u,n)=S(A, f,n)/(2), we see that there exists « € S(A, f, n) such that
p .
x* Z aie' =aQ =a(xy —u(e)).
i=0

If o = ageme*x*y™, using the fact that Q; = xy — u(e) is central and relation
(4-1-2) we get

p
XY aiet = (Z g eme*x* ’”) (xy—ue) = aremex (xy—ule)y"

i=0 k,0,m k,t,m
— Z Ak.t.m ek l+1 m+1 Z i mekx u(e)ym
k,,m k,t,m
= aremexTy" =3 " g g metue — tn)xty". (4-1-5)
k,0,m k,t,m

Suppose now that o # 0; then one can define
Lo =max{¢ e N | 3k, m, ax ¢ m # 0}.

Let ko, mq be such that ax, ¢, m, 7 0. From (4-1-5) we get

14
xS Zaiel + Z ak,g,meku(e—ﬁn)xzym Z Ak.o.m k €+1 m+l

i=0 k,&,m k,t,m
Using again (4-1-2) we obtain

p
Za, (e —ns)'x* + Z Ak .0.me ku(e — tn)xty™ Z akgmek trtym+t,

i=0 k,l,m k,l,m

The left side of this equality does not contain the monomial ekoxf+1ymotl pyt
the right side does. As the elements e*x¢y™ are a basis over A (Corollary 4.1.4), we
obtain a contradiction. Therefore @ = 0, and hence x* Y/ a;e' vanishes. Again
from Corollary 4.1.4, we obtain that @; = O for all i. This proves that ker ¢ = {0}.
The proof for  is similar. (]
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Corollary 4.1.10. Every element i in U (A, u, n) can be written uniquely in the

form
~ ~Usk ~msr
U= Z agey e + Z Bm rx"e

£>0, k>0 m=0, r>0
with oy ¢, Bm.r € A.

Proof. We have already noticed that any element in U (A, u, n) can be written (in a
non unique way) as a linear combination, with coefficients in A, of the elements
xiyiek,

Suppose that i > j. Then we have ¥ j/éf = ¥ —/x/§/ek. As X5 = u(é), we see
that ¥/3/ = Q (), where Q; is a polynomial with coefficients in A. Therefore
Fyiek = D yex'=7 &%, with y, € A. Similarly one can prove that if i < j, we have
)Eijzjék =Y, 8¢y/ et with 8, € A. This shows that any element & in U (A, u, n)
can be written in the expected form.

Suppose now that
Z Olk,efzék + Z ,Bm,rimér =0.
£>0, k>0 m>0,r>0

Then, as y‘é* € U(A, u,n)~¢ and i™é" € U(A, u, n)", we deduce from (4-1-4)
that

> o5 =0 forall £>0, > Bu,E"E =0 forall m>0.
k r

Then from Proposition 4.1.9, we deduce that oy =0 and B, , = 0. U

4.2. Generators and relations for D(V)G/. Let %(9)[¢] be the polynomials in one
variable with coefficients in %(9). From the commutation rules [E, X] = dypX and
[E,Y]= —dyY, we easily deduce that for P € %#(7)[¢] we have

YP(E)=P(E+dyY, XP(E)=P(E—-dyX. (4-2-1)

From Theorem 3.2.6 above, we know that any element in D(V)Y can be written
uniquely as a polynomial in E with coefficients in Z(97). As XY and Y X belong to
D(V)C, there exist therefore two uniquely determined polynomials uxy and uyy
in %(9)[t] such that XY =uyxy(E) and YX = uyx(E). From (4-2-1) we obtain
that

YXY = qu(E)Y = Yuxy(E) = thy(E +d0)Y

and therefore
uyx(E) =uxy(E +dp). (4-2-2)

As the polynomial u xy will play an important role in Theorem 4.2.2 below, let
us emphasize the connection between u xy and the Bernstein—Sato polynomial by.
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Remark first that by = bxy. We know from Corollary 3.2.8 that

h(XY)(=d+p) =bxy (1) =by(})
p
=Y ai(=h+p)aodo +ardi + - +a,d,)’
i=0

P
=Y ai(=r+p)(h(E)(=1+p))’
i=0
with uniquely defined polynomials &; € C[A]"0'%. Therefore we obtain
Proposition 4.2.1. Keeping the notation above, we have
p .
uxy ()= h~'(r'.
i=0
Theorem 4.2.2. Let fxy(t) =uxy(t +dy) —uxy(t). The mapping
X—X, y—Y e—E

extends uniquely to an isomorphism of %6(J)-algebras between U (%(T), uxy, do)
(which is isomorphic to S(¥(9), fxy, dy)/(21)) and D(V)G/ =JolX, Y]

Proof. As [E, X]=doX, [E,Y]=—doY, XY =uxy(E)and YX = uxy(E + dp)
(see (4-2-2)), and as from Theorem 3.2.6 the algebra D(V)G/ = Jol[X, Y] is gener-
ated over %2(7) by X, Y, E, we know (universal property) that the mapping

X—X, y—Y, e—E

extends uniquely to a surjective morphism of %(J)-algebras:

¢ UE(T), uxy.do) - D(V)7
From Corollary 4.1.10 any element & in U (¥(9), uxy, dp) can be written uniquely
in the form

i= Y o dé+ D P,
>0, k>0 m=>0,r>0
with o ¢, Bm.r € (7). Suppose now that iz € ker(gp), then
pi)= > Y EX+ Y Bu,X"E =0,
£>0, k>0 m=0,r=0

with ag ¢, Bn.r € Z(F). Then Corollary 3.2.7 implies that ag ¢ = B, » = 0. Hence
¢ is an isomorphism. (]
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5. Radial components

5.1. Radial components and Bernstein-Sato polynomials. Remember that for
a = (ar,az,...,a;) € N we have defined V; = V(04,,...4,)- Remember also
that for a = (ay, ay, . . ., a,) we have V, = A“V;. We know from Proposition 2.2.8
that the spaces Uz = @, Ay’ V; are the G'-isotypic components of C[V] and
that the spaces Wz = @, oz Ay’ Va are the G'-isotypic components of C[0]. There-
fore the algebra D(V)G JolX, Y] stabilizes each space U; and the algebra
D(@)G Tol[X, X~ 1] =T stabilizes each space Wj.
Let us consider the restriction map

D(0)S" — End(W;),
D > ry(D) =Dy, .

Definition 5.1.1. Let D € D(@)G To[X, X '1=9. The operator r; (D) = D\W;,
is called the radial component of D with respect to a.

Example 5.1.2. Consider the case where a = 0. Then W; = C[A¢, A, ]], and
ro(D) is the endomorphism of Clz, =11 defined by D(¢ o Ag) = ro(D) (@) o Ao.
The operator r,(D) is the usual radial component of D (we will see below that it is
a differential operator).

Notice now that the space W; = @uoel Ag“ Va can be viewed as the space of
Laurent polynomials in Ag, with coefficients in Vj, in other words any P € W; can
be written uniquely under the form

P= ZApr

with y, € V5. This can also be written as P = ¢ o (Ag), with ¢(t) = ) 1"y,
in V;[t,t~'] (this being precisely the set of linear combinations " ¢” Yp» With

Vp € Va).
There is a natural action of D(C*) = C[t,¢~!, td/dt] on V;[t,t~!] given by

(d/dt)tPy, = ptP~ly,.

Proposition 5.1.3. Let D € J,, a homogeneous element of degree n. Let bp be its
Bernstein—Sato polynomial. Let ¢ € V;[t,t™']. Then

D(¢o Ag) = ("bp(td/dt,ay, ..., a)¢)o Ay
in other words, ry(D) = t"bp(td/dt,ay,...,a).

Proof. 1t is enough to show that the two operators coincide on elements of the form
Agyp, with y, € V5. Then ¢ =t"y,,. Let us write

bp(@) =) cklar.....a)af.
k
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We have
. d o d \F
<t bD(tE,al,...,ar)<p>oA0_t (%:ck(al,...,ar)(tdt) go)vo
:t”(ch(al,...,ar)pktpyp)vo
k

={"bp(p,ai, ..., ar)tpyp) oAy
=bp(p,ay,..., a,)Ag+nyp
= D(AJyp). O

Corollary 5.14. If (G, V) is a PV of commutative parabolic type of rank r + 1,
then the radial component of Y is given by

p
_ ] d o, .d
ry(Y)=ct l_[<tE +ar+---+aj —{-]5).
j=0
Proof. This is just a consequence of the formula for by given in Example 3.1.2. [J

Example 5.1.5. Consider case 1) in Example 2.3.3: then G = (SL(n) x SL(n)) x C*
actingonx € V=M, (C) by (g1, g2,1).x = tglxgz_l. Then Ag = X =detx and

Y = ALD) = det(%),

where x;; are the coefficients of the matrix X. As in this case d/2 =1 (see [Muller
et al. 1986, Table 2, p. 122]), we have

n—1
by(ap,ai,...,ap-1) = H(ao-l-al +-+a;+J).
=0

Hence the radial component r,(Y) defined by det (%) (p odet) = (ry(Y)g) odet
is given by Y

ro(¥) =17 ﬁ(r%ﬂ').
=0

This radial component has already been calculated by Rais [1972, p. 22], by other
methods. He obtained that r(¥) = []_[';-:2 (td/dt+j )] d/dt. A simple calculation
shows that the two operators are the same.

5.2. Algebras of radial components.

Definition 5.2.1. The radial component algebra R; is the image of D(V)¢ =
JolX, Y] under the map D > r;(D).
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Remember from Proposition 3.2.3 that the elements D in () are characterized
by the fact that the corresponding Bernstein—Sato polynomial bp does not depend
on the ag variable. Therefore such a D acts by the scalar bp (0, @) on Wy; that is,
ra(D)=bp(0,a)ldy, .

Let us consider the polynomial uxy € %(J)[¢] introduced in Section 4.2. If
uxy =y cit', with ¢; € %(7), we define

1

ra(uyy) = Zrﬁ(ci)fi e C[r].

1

Lemma 5.2.2. Leta = (ag, ay, .. ., a,) € Nt Suppose that ag > 0. Then the map
P+ YP from V, to V,_1 is a G'-equivariant isomorphism.

Sketch of proof. It is enough to prove that this map is not 0. As AF® .- A¥* is the
lowest weight vector of V,* C C[V*] we have A§(9)® - - - AF(9)* Ag" - A% (0) #0.
Hence A§(0)Ay -+ A% #£0. O

Theorem 5.2.3. The radial component algebra R; is isomorphic, as an associative
algebra over C, to the algebra U (C, r;(uyy), do) introduced in Definition 4.1.1.

Proof. The algebra R; is generated over C by the elements r,(E), r;(X), r;(Y).
The defining relations of U(C, r;(uyy ), do) are satisfied:

[ra(E), ra(XD)1 =rz([E, X1) = dorz (X)),

[ra(E), rz(N] =ra([E, Y]) = —dorg(Y),
r,;(X)r;,(Y) = rg(XY) = r[,(”xy)(r;,(E))’
ra(Nry(X) =r;(YX) =r;(uyy)(r;(E) +dp).

Therefore the mapping
Xt=>ry(X), Yy 1Y), e ri(E)
extends uniquely to a surjective morphism of C-algebras

From Corollary 4.1.10 any element u in U(C, r;(uyy),do) can be written
uniquely in the form

= ) i+ D i

>0, k>0 m=>0, s>0

with o ¢, Bn.s € C. Suppose now that iz € ker(¢;), then

vali) = ) ez () 1a(EY + Y Busra(X)"rg(E)' =0.

£>0, k>0 m=>0,s>0
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Applying this operator to a function of the form A® P, with P € V;, we obtain

>t (Z ak,(E"A“OP> +y X" (Z ﬁm,sE“‘A“OP> =0.

>0 k>0 m=>0 s>0

As the operators X and Y have degree dy and —d), respectively, this implies that

y* (Z ak,gE"A“OP) =0 forall ¢,
k>0

X" (Z ,Bm,sEsA“OP> =0 forall m.

s>0

Therefore, by Lemma 5.2.2 we obtain Y .,k EXA%P = 0 for all ¢ and all
ap>L,and Y o Bm s E*A“P =0 forall m, ag. As EA® P = (apdy+d(@)) A% P,
where d(a) = a\d + - - - + a,d,, we have > ;. ak.¢(aodo + d(@))* A% P = 0 for
all £ and all ap > ¢, and Zszo Bm.s(aodo + d(cjz))SA“OP = 0 for all m, ag. Hence
Y k=0 o ¢(aodo+d(@))* =0 for all £ and ag > £, and Y =0 Bm.s(aodo+d(a))* =0
for all m, ag. This implies that o ¢ = 0 and By, s = 0 for all £, k, m, s. Hence i =0
and @; is injective. ([

Remark 5.2.4. For a = 0, the preceding result was first obtained by Levasseur
[2009], by other methods.

Now define J, = ker(r&‘D(v)G,). This is a two-sided ideal of D(V)G/ =J9[X, Y].
Remember from Proposition 3.1.6 that any D € D(V)%" can be written uniquely in
the form

D= Z ukYk —i—Z v, X" (finite sums),
keN* neN

where u;, v, € Jo = D(V)C.

Lemma5.2.5. J, = {D =Y ¥ +> v, X" ‘ U, v € J; m%}.

keN* neN
Proof. From Theorem 5.2.3 the algebra R; is isomorphic to U(C, r;(uyy), do). If
ra(DY=>"yone 1 u)r; (V) 43", oy 15 (Wn)r; (X)" =0, then from Corollary 4.1.10
we obtain that r,(u;) = 0 and r;(v,) = 0 for all k and all n. O

Let us now give a set of generators for the ideal ker(r,) in D(V)G =9J[X, Y].
From Proposition 5.1.3 we obtain that r,(E) = do(t d/dt) + d(a). Therefore
r;((E —d(a))/dy) =td/dt. Define Gf’ =R; —bg,((E —d(a))/dy, a), where the
R; are the Capelli operators introduced in Section 2.2. Obviously G? e D(V)% =9,.
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Using Proposition 5.1.3 again we obtain

r(GH =r, (Ri — bg, <E_—d@, Zz))
do
=r&(R,-)—bRi(r (E d(a)> )
e (1L a) b 0.
= DR, (ta,a) R; ([d— a)

Hence the elements G? belong to J; N Jo.

Theorem 5.2.6. The elements Gf are generators of J;:
r _ r _
J. = ker(r&‘D(V)G/) =Y DW)YGI=> GID(V)Y.

Proof. From Lemma 5.2.5, it is now enough to prove that

r r
ToC Y DV)?GI=)"T,G?.
i=0 i=0

Let D € J;NTy. As Ty = C[Ryg, ..., R;] (Theorem 2.2.9), we have also
Jo =C[GE, ..., G% E]. Therefore D =) Q;E', where Q; € C[G{, ..., G%].
Hence Q; € 0;(0) + Y i_, D(V)G?. Then

. d N\
0=ry(D) =3~ 0i(0ry(E) = 37 0i(0) (do(1 5) +d @)
l 4
Therefore Q;(0) =0 (i =0,...,r). Hence Q; € Z{:O D(V)GG?, which yields
DeY ! ,D(V)C¢GY. O
Remark 5.2.7. For a = 0, the result of the preceding theorem is due to [Levasseur
2009, Theorem 4.11(v)].

5.3. Rational radial component algebras.

Definition 5.3.1. The rational radial component algebra R; is the image of
DO =To[X, X =
under the map D + r;(D).

In fact as shown in the following proposition the structure of the algebras R},
is simpler than the structure of Rz, and the ideal I, = ker(r;) C J has the same
generators as J;.

Proposition 5.3.2. 1) For all a, the rational radial component algebra R is iso-
morphic to C[t, t™', td/dt].
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2) I, =ker(r,)) =Y. 9G% = Z G9.

i=0 i=
Proof. 1) We have T = Jo[X, X~!]. And Ty = %(J)[E], from Theorem 3.2.6.
Therefore T = %(J)[X, X', E]. On the other hand we have r;(E(@)) = C,

ry(X)=t,r,(X ") =1""and r;(E) = dy(t d/dt) +d(a). Hence

==l bl ) ] el
s =1;(T) C[t,t ’d()(tdt +d(a) Clt,t ’tdt .
2) Obviously Y i, G’G& C I,. As I is a two-sided ideal of 7, it is easily seen
to be graded. If D € I~ T p, then X PDe TN =ToNJ, =3, Q'OG?.
Therefore D € Y . _, TGY. O

Acknowledgements

I would like to thank Thierry Levasseur for providing me with the manuscript of
[Levasseur 2009]. I would also like to thank Sylvain Rubenthaler who provided me
with a first proof of Proposition 4.1.9 which was important for my understanding.

References

[Benson and Ratcliff 1996] C. Benson and G. Ratcliff, “A classification of multiplicity free actions”,
J. Algebra 181:1 (1996), 152-186. MR 97¢:14046 Zbl 0869.14021

[Benson and Ratcliff 2000] C. Benson and G. Ratcliff, “Rationality of the generalized binomial
coefficients for a multiplicity free action”, J. Austral. Math. Soc. Ser. A 68:3 (2000), 387—410.
MR 2001a:20071 Zbl 0964.20021

[Benson and Ratcliff 2004] C. Benson and G. Ratcliff, “On multiplicity free actions”, pp. 221-304 in
Representations of real and p-adic groups (Singapore, 2002-2003), edited by E.-C. Tan and C.-B.
Zhu, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ. Singap. 2, World Scientific, River Edge, NJ, 2004.
MR 2005k:20107 Zbl 1061.22017

[Van den Bergh 1996] M. Van den Bergh, “Some rings of differential operators for Slp-invariants are
simple”, J. Pure Appl. Algebra 107:2-3 (1996), 309-335. MR 97¢:16032 Zbl 0871.16014

[Bopp and Rubenthaler 1993] N. Bopp and H. Rubenthaler, “Fonction zéta associée a la série
principale sphérique de certains espaces symétriques”, Ann. Sci. Ecole Norm. Sup. (4) 26:6 (1993),
701-745. MR 95£:11095 Zbl 0806.14039

[Bopp and Rubenthaler 2005] N. Bopp and H. Rubenthaler, “Local zeta functions attached to the
minimal spherical series for a class of symmetric spaces”, Mem. Amer. Math. Soc. 174:821 (2005).
MR 2006c:11140 Zbl 1076.11059

[Bourbaki 1971] N. Bourbaki, Groupes et algebres de Lie, chapitre I: Algébres de Lie, 2nd ed.,
Actualités Scientifiques et Industrielles 1285, Hermann, Paris, 1971. MR 42 #6159 Zbl 0213.04103

[Brion 1985] M. Brion, “Représentations exceptionnelles des groupes semi-simples”, Ann. Sci. Ecole
Norm. Sup. (4) 18:2 (1985), 345-387. MR 87e:14043 Zbl 0588.22010

[Faraut and Kordnyi 1994] J. Faraut and A. Kordnyi, Analysis on symmetric cones, Clarendon/Oxford
University Press, New York, 1994. MR 98g:17031 Zbl 0841.43002


http://dx.doi.org/10.1006/jabr.1996.0113
http://msp.org/idx/mr/97c:14046
http://msp.org/idx/zbl/0869.14021
http://dx.doi.org/10.1017/S1446788700001488
http://dx.doi.org/10.1017/S1446788700001488
http://msp.org/idx/mr/2001a:20071
http://msp.org/idx/zbl/0964.20021
http://dx.doi.org/10.1142/9789812562500_0006
http://msp.org/idx/mr/2005k:20107
http://msp.org/idx/zbl/1061.22017
http://dx.doi.org/10.1016/0022-4049(95)00072-0
http://dx.doi.org/10.1016/0022-4049(95)00072-0
http://msp.org/idx/mr/97c:16032
http://msp.org/idx/zbl/0871.16014
http://www.numdam.org/item?id=ASENS_1993_4_26_6_701_0
http://www.numdam.org/item?id=ASENS_1993_4_26_6_701_0
http://msp.org/idx/mr/95f:11095
http://msp.org/idx/zbl/0806.14039
http://dx.doi.org/10.1090/memo/0821
http://dx.doi.org/10.1090/memo/0821
http://msp.org/idx/mr/2006c:11140
http://msp.org/idx/zbl/1076.11059
http://dx.doi.org/10.1007/978-3-540-35337-9
http://msp.org/idx/mr/42:6159
http://msp.org/idx/zbl/0213.04103
http://www.numdam.org/item?id=ASENS_1985_4_18_2_345_0
http://msp.org/idx/mr/87e:14043
http://msp.org/idx/zbl/0588.22010
http://msp.org/idx/mr/98g:17031
http://msp.org/idx/zbl/0841.43002

INVARIANT DIFFERENTIAL OPERATORS ON MULTIPLICITY-FREE SPACES 509

[Goodearl and Warfield 2004] K. R. Goodearl and R. B. Warfield, Jr., An introduction to noncom-
mutative Noetherian rings, 2nd ed., London Mathematical Society Student Texts 61, Cambridge
University Press, 2004. MR 2005b:16001 Zbl 1101.16001

[Heckman and Schlichtkrull 1994] G. Heckman and H. Schlichtkrull, Harmonic analysis and special
functions on symmetric spaces, Perspectives in Mathematics 16, Academic Press, San Diego, CA,
1994. MR 96j:22019 Zbl 0836.43001

[Howe and Umeda 1991] R. Howe and T. Umeda, “The Capelli identity, the double commu-
tant theorem, and multiplicity-free actions”, Math. Ann. 290:3 (1991), 565-619. MR 92j:17004
7Zbl 0733.20019

[Igusa 1981] J.-I. Igusa, “On Lie algebras generated by two differential operators”, pp. 187-195
in Manifolds and Lie groups (Notre Dame, IN, 1980), edited by J. Hano et al., Progr. Math. 14,
Birkhiuser, Boston, 1981. MR 83e:17013 Zbl 0479.17009

[Kac 1980] V. G. Kac, “Some remarks on nilpotent orbits”, J. Algebra 64:1 (1980), 190-213.
MR 81i:17005 Zbl 0431.17007

[Kimura 2003] T. Kimura, Introduction to prehomogeneous vector spaces, Translations of Mathemat-
ical Monographs 215, American Mathematical Society, Providence, RI, 2003. MR 2003k:11180
Zbl 1035.11060

[Knop 1994] F. Knop, “A Harish-Chandra homomorphism for reductive group actions”, Ann. of Math.
(2) 140:2 (1994), 253-288. MR 95h:14045 Zbl 0828.22017

[Knop 1998] F. Knop, “Some remarks on multiplicity free spaces”, pp. 301-317 in Representation
theories and algebraic geometry (Montreal, PQ, 1997), edited by A. Broer and G. Sabidussi, NATO
Adv. Sci. Inst. Ser. C Math. Phys. Sci. 514, Kluwer, Dordrecht, 1998. MR 99i:20056 Zbl 0915.20021

[Kostant and Sahi 1991] B. Kostant and S. Sahi, “The Capelli identity, tube domains, and the
generalized Laplace transform”, Adv. Math. 87:1 (1991), 71-92. MR 92h:22033 Zbl 0748.22008

[Leahy 1998] A.S. Leahy, “A classification of multiplicity free representations”, J. Lie Theory 8:2
(1998), 367-391. MR 2000g:22024 Zbl 0910.22015

[Levasseur 2009] T. Levasseur, “Radial components, prehomogeneous vector spaces, and rational
Cherednik algebras”, Int. Math. Res. Not. 2009:3 (2009), 462-511. MR 2010g:22028 Zbl 1167.
22006

[Levasseur and Stafford 1989] T. Levasseur and J. T. Stafford, “Rings of differential operators on
classical rings of invariants”, Mem. Amer. Math. Soc. 81:412 (1989). MR 90i:17018 Zbl 0691.16019

[MaaB3 1971] H. MaaB, Siegel’s modular forms and Dirichlet series, Lecture Notes in Mathematics
216, Springer, Berlin, 1971. MR 49 #8938 Zbl 0224.10028

[McConnell and Robson 1987] J. C. McConnell and J. C. Robson, Noncommutative Noetherian rings,
Wiley, Chichester, 1987. MR 89j:16023 Zbl 0644.16008

[Muller et al. 1986] 1. Muller, H. Rubenthaler, and G. Schiffmann, “Structure des espaces prého-
mogenes associés a certaines algebres de Lie graduées”, Math. Ann. 274:1 (1986), 95-123. MR 88e:
17025 Zbl 0568.17007

[Nomura 1989] T. Nomura, “Algebraically independent generators of invariant differential operators
on a symmetric cone”, J. Reine Angew. Math. 400 (1989), 122-133. MR 91h:22021 Zbl 0667.43007

[Rais 1972] M. Rais, “Distributions homogenes sur des espaces de matrices”, Mém. Soc. Math.
France 30 (1972), 3-109. MR 58 #22412 Zbl 0245.46045

[Rallis and Schiffmann 1980] S. Rallis and G. Schiffmann, “Weil representation, I: Intertwining
distributions and discrete spectrum”, Mem. Amer. Math. Soc. 25:231 (1980). MR 81;j:22007
Zbl 0442.22006


http://dx.doi.org/10.1017/CBO9780511841699
http://dx.doi.org/10.1017/CBO9780511841699
http://msp.org/idx/mr/2005b:16001
http://msp.org/idx/zbl/1101.16001
http://www.sciencedirect.com/science/book/9780123361707
http://www.sciencedirect.com/science/book/9780123361707
http://msp.org/idx/mr/96j:22019
http://msp.org/idx/zbl/0836.43001
http://dx.doi.org/10.1007/BF01459261
http://dx.doi.org/10.1007/BF01459261
http://msp.org/idx/mr/92j:17004
http://msp.org/idx/zbl/0733.20019
http://dx.doi.org/10.1007/978-1-4612-5987-9_9
http://msp.org/idx/mr/83e:17013
http://msp.org/idx/zbl/0479.17009
http://dx.doi.org/10.1016/0021-8693(80)90141-6
http://msp.org/idx/mr/81i:17005
http://msp.org/idx/zbl/0431.17007
http://msp.org/idx/mr/2003k:11180
http://msp.org/idx/zbl/1035.11060
http://dx.doi.org/10.2307/2118600
http://msp.org/idx/mr/95h:14045
http://msp.org/idx/zbl/0828.22017
http://dx.doi.org/10.1007/978-94-015-9131-7_7
http://msp.org/idx/mr/99i:20056
http://msp.org/idx/zbl/0915.20021
http://dx.doi.org/10.1016/0001-8708(91)90062-C
http://dx.doi.org/10.1016/0001-8708(91)90062-C
http://msp.org/idx/mr/92h:22033
http://msp.org/idx/zbl/0748.22008
http://www.heldermann-verlag.de/jlt/jlt08/LEAHYLAT.PDF
http://msp.org/idx/mr/2000g:22024
http://msp.org/idx/zbl/0910.22015
http://dx.doi.org/10.1093/imrn/rnn137
http://dx.doi.org/10.1093/imrn/rnn137
http://msp.org/idx/mr/2010g:22028
http://msp.org/idx/zbl/1167.22006
http://msp.org/idx/zbl/1167.22006
http://dx.doi.org/10.1090/memo/0412
http://dx.doi.org/10.1090/memo/0412
http://msp.org/idx/mr/90i:17018
http://msp.org/idx/zbl/0691.16019
http://dx.doi.org/10.1007/BFb0058625
http://msp.org/idx/mr/49:8938
http://msp.org/idx/zbl/0224.10028
http://msp.org/idx/mr/89j:16023
http://msp.org/idx/zbl/0644.16008
http://dx.doi.org/10.1007/BF01458019
http://dx.doi.org/10.1007/BF01458019
http://msp.org/idx/mr/88e:17025
http://msp.org/idx/mr/88e:17025
http://msp.org/idx/zbl/0568.17007
http://dx.doi.org/10.1515/crll.1989.400.122
http://dx.doi.org/10.1515/crll.1989.400.122
http://msp.org/idx/mr/91h:22021
http://msp.org/idx/zbl/0667.43007
http://www.numdam.org/item?id=MSMF_1972__30__3_0
http://msp.org/idx/mr/58:22412
http://msp.org/idx/zbl/0245.46045
http://dx.doi.org/10.1090/memo/0231
http://dx.doi.org/10.1090/memo/0231
http://msp.org/idx/mr/81j:22007
http://msp.org/idx/zbl/0442.22006

510 HUBERT RUBENTHALER

[Rubenthaler 2013] H. Rubenthaler, “Multiplicity free spaces with a one-dimensional quotient”, J.
Lie Theory 23:2 (2013), 433-458. MR 3113517 Zbl 1273.14095

[Rubenthaler and Schiffmann 1987] H. Rubenthaler and G. Schiffmann, “Opérateurs différentiels
de Shimura et espaces préhomogenes”, Invent. Math. 90:2 (1987), 409-442. MR 89¢e:11030
7Zbl 0638.10024

[Rubenthaler and Schiffmann 1990] H. Rubenthaler and G. Schiffmann, “SL;-triplet associé a un
polyndme homogene”, J. Reine Angew. Math. 408 (1990), 136-158. MR 91k:22033 Zbl 0694.17004

[Sato and Kimura 1977] M. Sato and T. Kimura, “A classification of irreducible prehomogeneous
vector spaces and their relative invariants”, Nagoya Math. J. 65 (1977), 1-155. MR 55 #3341
7Zbl 0321.14030

[Schwarz 2002] G. W. Schwarz, “Finite-dimensional representations of invariant differential opera-
tors”, J. Algebra 258:1 (2002), 160-204. MR 2004c:16042a Zbl 1020.22005

[Smith 1990] S. P. Smith, “A class of algebras similar to the enveloping algebra of sl(2)”, Trans.
Amer. Math. Soc. 322:1 (1990), 285-314. MR 91b:17013 Zbl 0732.16019

[Terras 1988] A. Terras, Harmonic analysis on symmetric spaces and applications, 11, Springer,
Berlin, 1988. MR 89k:22017 Zbl 0668.10033

[Vinberg and Kimelfeld 1978] E. B. Vinberg and B. N. Kimelfeld, “Odnorodnye oblasti na flagovykh
mnogoobraziyakh i sfericheskie podgruppy poluprostykh grupp Li”, Funktsional. Anal. i Prilozhen.
12:3 (1978), 12-19. Translated as “Homogeneous domains on flag manifolds and spherical subgroups
of semisimple Lie groups”, Funct. Anal. Appl. 12 (1979), 168-174. MR 82e:32042 Zbl 0439.53055

[Wallach 1992] N. R. Wallach, “Polynomial differential operators associated with Hermitian symmet-
ric spaces”, pp. 76-94 in Representation theory of Lie groups and Lie algebras (Fuji-Kawaguchiko,
1990), edited by T. Kawazoe et al., World Scientific, River Edge, NJ, 1992. MR 94a:22031
7Zbl 1226.22018

[Yan 2000] Z. Yan, “Invariant differential operators and holomorphic function spaces”, J. Lie Theory
10:1 (2000), 1-31. MR 2001e:22011 Zbl 0948.43004

Received March 26, 2013. Revised January 8, 2014.

HUBERT RUBENTHALER

INSTITUT DE RECHERCHE MATHEMATIQUE AVANCEE
UNIVERSITE DE STRASBOURG ET CNRS

7 RUE RENE DESCARTES

67084 STRASBOURG CEDEX

FRANCE

rubenth@math.unistra.fr


http://www.heldermann.de/JLT/JLT23/JLT232/jlt23020.htm
http://msp.org/idx/mr/3113517
http://msp.org/idx/zbl/1273.14095
http://dx.doi.org/10.1007/BF01388712
http://dx.doi.org/10.1007/BF01388712
http://msp.org/idx/mr/89e:11030
http://msp.org/idx/zbl/0638.10024
http://eudml.org/doc/153242
http://eudml.org/doc/153242
http://msp.org/idx/mr/91k:22033
http://msp.org/idx/zbl/0694.17004
http://projecteuclid.org/euclid.nmj/1118796150
http://projecteuclid.org/euclid.nmj/1118796150
http://msp.org/idx/mr/55:3341
http://msp.org/idx/zbl/0321.14030
http://dx.doi.org/10.1016/S0021-8693(02)00500-8
http://dx.doi.org/10.1016/S0021-8693(02)00500-8
http://msp.org/idx/mr/2004c:16042a
http://msp.org/idx/zbl/1020.22005
http://dx.doi.org/10.2307/2001532
http://msp.org/idx/mr/91b:17013
http://msp.org/idx/zbl/0732.16019
http://dx.doi.org/10.1007/978-1-4612-3820-1
http://msp.org/idx/mr/89k:22017
http://msp.org/idx/zbl/0668.10033
http://mi.mathnet.ru/rus/faa/v12/i3/p12
http://mi.mathnet.ru/rus/faa/v12/i3/p12
http://dx.doi.org/10.1007/BF01681428
http://dx.doi.org/10.1007/BF01681428
http://msp.org/idx/mr/82e:32042
http://msp.org/idx/zbl/0439.53055
http://msp.org/idx/mr/94a:22031
http://msp.org/idx/zbl/1226.22018
http://www.heldermann-verlag.de/jlt/jlt10/YANLAT.PDF
http://msp.org/idx/mr/2001e:22011
http://msp.org/idx/zbl/0948.43004
mailto:rubenth@math.unistra.fr

CONTENTS

Volume 270, no. 1 and no. 2

Sergey Astashkin, Fedor A. Sukochev and Dmitriy Zanin: Disjointification
inequalities in symmetric quasi-Banach spaces and their applications

Eva Bayer-Fluckiger, Uriya A. First and Daniel A. Moldovan: Hermitian
categories, extension of scalars and systems of sesquilinear forms

Gloria Mari Beffa: Hamiltonian evolutions of twisted polygons in parabolic
manifolds: The Lagrangian Grassmannian

Martin Chuaqui and Christian Pommerenke: On Schwarz—Christoffel mappings

Ben Cox and Elizabeth Jurisich: Realizations of the three-point Lie algebra
sl(2, R) @ (L /dR)

Elaine Cozzi: Vanishing viscosity in the plane for nondecaying velocity and
vorticity, Il

Uriya A. First with Eva Bayer-Fluckiger and Daniel A. Moldovan
Qiang Fu: Affine quantum Schur algebras and affine Hecke algebras

Yuxia Guo and Zhongwei Tang: Multi-bump bound state solutions for the
quasilinear Schrodinger equation with critical frequency

Hatem Hajlaoui, Abdellaziz Harrabi and Dong Ye: On stable solutions of the
biharmonic problem with polynomial growth

Abdellaziz Harrabi with Hatem Hajlaoui and Dong Ye
Zhengyu Hu: Valuative multiplier ideals
Elizabeth Jurisich with Ben Cox

Youngju Kim: Quasiconformal conjugacy classes of parabolic isometries of
complex hyperbolic space

Carlo Mantegazza, Giovanni Mascellani and Gennady Uraltsev: On the
distributional Hessian of the distance function

José M. Manzano: On the classification of Killing submersions and their isometries
Giovanni Mascellani with Carlo Mantegazza and Gennady Uraltsev
Ivo M. Michailov: Noether’s problem for abelian extensions of cyclic p-groups

Ayato Mitsuishi and Takao Yamaguchi: Locally Lipschitz contractibility of
Alexandrov spaces and its applications

257

287
319

27

335

351

49

79
79
95
27

129

151
367
151
167

393



512

Daniel A. Moldovan with Eva Bayer-Fluckiger and Uriya A. First
Danielle O’Donnol and Elena Pavelescu: Legendrian 6-graphs
Elena Pavelescu with Danielle O’Donnol

Raquel Perales and Christina Sormani: Sequences of open Riemannian manifolds
with boundary

Christian Pommerenke with Martin Chuaqui

Hubert Rubenthaler: Invariant differential operators on a class of multiplicity-free
spaces

Weimin Sheng and Li-Xia Yuan: A class of Neumann problems arising in conformal
geometry

Christina Sormani with Raquel Perales

Fedor A. Sukochev with Sergey Astashkin and Dmitriy Zanin
Zhongwei Tang with Yuxia Guo

Gennady Uraltsev with Carlo Mantegazza and Giovanni Mascellani
Takao Watanabe: Ryshkov domains of reductive algebraic groups
Takao Yamaguchi with Ayato Mitsuishi

Dong Ye with Hatem Hajlaoui and Abdellaziz Harrabi

Li-Xia Yuan with Weimin Sheng

Dmitriy Zanin with Sergey Astashkin and Fedor A. Sukochev

191
191

423
319

473

211
423
257

49
151
237
393

79
211
257



Guidelines for Authors

Authors may submit manuscripts at msp.berkeley.edu/pjm/about/journal/submissions.html
and choose an editor at that time. Exceptionally, a paper may be submitted in hard copy to
one of the editors; authors should keep a copy.

By submitting a manuscript you assert that it is original and is not under consideration
for publication elsewhere. Instructions on manuscript preparation are provided below. For
further information, visit the web address above or write to pacific@math.berkeley.edu or
to Pacific Journal of Mathematics, University of California, Los Angeles, CA 90095-1555.
Correspondence by email is requested for convenience and speed.

Manuscripts must be in English, French or German. A brief abstract of about 150 words or
less in English must be included. The abstract should be self-contained and not make any
reference to the bibliography. Also required are keywords and subject classification for the
article, and, for each author, postal address, affiliation (if appropriate) and email address if
available. A home-page URL is optional.

Authors are encouraged to use IATEX, but papers in other varieties of TgX, and exceptionally
in other formats, are acceptable. At submission time only a PDF file is required; follow
the instructions at the web address above. Carefully preserve all relevant files, such as
IATEX sources and individual files for each figure; you will be asked to submit them upon
acceptance of the paper.

Bibliographical references should be listed alphabetically at the end of the paper. All ref-
erences in the bibliography should be cited in the text. Use of BibTgX is preferred but not
required. Any bibliographical citation style may be used but tags will be converted to the
house format (see a current issue for examples).

Figures, whether prepared electronically or hand-drawn, must be of publication quality.
Figures prepared electronically should be submitted in Encapsulated PostScript (EPS) or
in a form that can be converted to EPS, such as GnuPlot, Maple or Mathematica. Many
drawing tools such as Adobe Illustrator and Aldus FreeHand can produce EPS output.
Figures containing bitmaps should be generated at the highest possible resolution. If there
is doubt whether a particular figure is in an acceptable format, the authors should check
with production by sending an email to pacific @math.berkeley.edu.

Each figure should be captioned and numbered, so that it can float. Small figures occupying
no more than three lines of vertical space can be kept in the text (“the curve looks like
this:”). It is acceptable to submit a manuscript will all figures at the end, if their placement
is specified in the text by means of comments such as “Place Figure 1 here”. The same
considerations apply to tables, which should be used sparingly.

Forced line breaks or page breaks should not be inserted in the document. There is no point
in your trying to optimize line and page breaks in the original manuscript. The manuscript
will be reformatted to use the journal’s preferred fonts and layout.

Page proofs will be made available to authors (or to the designated corresponding author)
at a website in PDF format. Failure to acknowledge the receipt of proofs or to return
corrections within the requested deadline may cause publication to be postponed.


http://msp.berkeley.edu/pjm/about/journal/submissions.html
mailto:pacific@math.berkeley.edu
mailto:pacific@math.berkeley.edu

Vanishing viscosity in the plane for nondecaying velocity and
vorticity, 11
ELAINE C0ZzzI

Affine quantum Schur algebras and affine Hecke algebras
QIANG Fu

On the classification of Killing submersions and their isometries
JOSE M. MANZANO

Locally Lipschitz contractibility of Alexandrov spaces and its

applications
AYATO MITSUISHI and TAKAO YAMAGUCHI

Sequences of open Riemannian manifolds with boundary
RAQUEL PERALES and CHRISTINA SORMANI

Invariant differential operators on a class of multiplicity-free spaces
HUBERT RUBENTHALER

335

351

367

393

423

473



	 vol. 270, no. 2, 2014
	Masthead and Copyright
	Sergey Astashkin and Fedor A. Sukochev and Dmitriy Zanin
	1. Introduction
	2. Preliminaries
	2.1. Quasi-Banach spaces
	2.2. Symmetric function spaces
	2.3. Kruglov operator and Kruglov property

	3. Disjointification inequalities for positive functions
	4. Disjointification inequalities for symmetrically distributed (mean zero) functions
	5. Khintchine inequality in quasi-Banach spaces
	6. Von Bahr–Esseen type inequalities
	References

	Gloria Marí Beffa
	1. Introduction
	2. Background and definitions
	3. A Hamiltonian bracket on the moduli space of twisted polygons in parabolic manifolds
	4. Polygon evolutions inducing a Hamiltonian evolution on invariants
	5. The Lagrangian Grassmannian example: the Lagrangian Schwarzian difference and Volterra evolutions
	6. Conclusion and further study
	References

	Martin Chuaqui and Christian Pommerenke
	1. Introduction
	2. Blaschke products and univalence
	3. Separation of prevertices
	4. Location of zeros
	Acknowledgement
	References

	Elaine Cozzi
	1. Introduction
	2. Existence and uniqueness of nondecaying solutions to the fluid equations
	3. Statement and proof of the main result
	4. Proof of thebigoneBesov
	Acknowledgement
	References

	Qiang Fu
	1. Introduction
	2. Quantum affine gln
	3. Affine quantum Schur algebras
	4. Identification of irreducible S(n,r)C-modules
	References

	José M. Manzano
	1. Introduction
	2. Uniqueness results
	3. Curves in Killing submersions
	4. Existence results
	5. Characterization of homogeneous Killing submersions
	Acknowledgements
	References

	Ayato Mitsuishi and Takao Yamaguchi
	1. Introduction
	2. Preliminaries
	3. Proof of 0=theorem.31=Theorem 1.2
	4. Proof of applications
	5. A note on the infinite-dimensional case
	6. An estimation of simplicial volume of Alexandrov spaces
	Acknowledgements
	References

	Raquel Perales and Christina Sormani
	1. Introduction
	2. Background
	2A. Hausdorff convergence
	2B. Gromov–Hausdorff convergence
	2C. Lattices and Gromov–Hausdorff convergence
	2D. Review of Gromov's compactness theorem
	2E. Gromov's Ricci compactness theorem
	2F. Volume convergence theorems

	3. Properties of inner regions
	4. Manifolds with Gromov–Hausdorff limits have converging inner regions
	4A. Hausdorff convergence of -inner regions
	4B. Finding limits of inner regions in the Gromov–Hausdorff limits
	4C. Unions of limits of inner regions in Gromov–Hausdorff limits

	5. Converging inner regions of sequences with curvature bounds
	5A. Constant sectional curvature
	5B. Examples with constant sectional curvature
	5C. Manifolds with nonnegative Ricci curvature

	6. Glued limit spaces
	6A. Gluing inner regions together
	6B. Glued limit spaces are defined
	6C. Glued limits within Gromov–Hausdorff limits
	6D. Glued limit spaces when there are no Gromov–Hausdorff limits
	6E. A glued limit space which is not geodesic
	6F. Balls in glued limit spaces
	6G. Nonuniqueness of the glued limit space

	7. Glued limits under curvature bounds
	7A. Constructing glued limits of manifolds with constant sectional curvature
	7B. Constructing glued limits with Ricci curvature bounds

	8. Properties of glued limit spaces under curvature bounds
	8A. An example with no curvature control
	8B. Balls to glued limit spaces
	8C. Properties of glued limits of manifolds with constant sectional curvature
	8D. Properties of glued limits of manifolds with nonnegative Ricci curvature

	Acknowledgements
	References

	Hubert Rubenthaler
	1. Introduction
	2. Multiplicity-free spaces with a one-dimensional quotient
	2.1. Prehomogeneous vector spaces, basic definitions and properties
	2.2. Multiplicity-free spaces
	2.3. Multiplicity-free spaces with a one-dimensional quotient

	3. Algebras of differential operators
	3.1. Gradings and Bernstein–Sato polynomials
	3.2. The Harish-Chandra isomorphism and the center of T
	3.3. The case of regular PV's of commutative parabolic type

	4. The structure of D(V)G'
	4.1. Smith algebras over rings
	4.2. Generators and relations for D(V)G'

	5. Radial components
	5.1. Radial components and Bernstein–Sato polynomials
	5.2. Algebras of radial components
	5.3. Rational radial component algebras

	Acknowledgements
	References

	Index
	Guidelines for Authors
	Table of Contents

