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PROPER HOLOMORPHIC MAPS BETWEEN
BOUNDED SYMMETRIC DOMAINS REVISITED

GAUTAM BHARALI AND JAIKRISHNAN JANARDHANAN

We prove that a proper holomorphic map between two nonplanar bounded
symmetric domains of the same dimension, one of them being irreducible, is
a biholomorphism. Our methods allow us to give a single, all-encompassing
argument that unifies the various special cases in which this result is known.
We discuss an application of these methods to domains having noncompact
automorphism groups that are not assumed to act transitively.

1. Introduction and statement of results

The primary objective of this paper is to prove the following result:

Theorem 1.1. Let D| and D, be two bounded symmetric domains of complex
dimension n > 2. Assume that either Dy or D; is irreducible. Then, any proper
holomorphic mapping of Dy into D, is a biholomorphism.

This theorem is known in several special cases. For D; = D, = B", the (Eu-
clidean) ball in C" with n > 2, the result was established by Alexander [1977]. This is
a pioneering work that has motivated several generalizations to proper holomorphic
maps between certain types of smoothly bounded pseudoconvex domains. Henkin
and Novikov [1984] described a method for proving the result when Dy = Dy =: D
where D is a bounded symmetric domain that is not of tube type. Later, Tsai
[1993] established the result for Dy and D, as above, provided D is irreducible
and rank Dy > rank D, > 2.

Tsai’s result is a broad metric-rigidity theorem (under the Bergman metric) for
proper holomorphic maps of D; into D,, where D and D, are as above but not
necessarily equidimensional. In such a result, the condition rank D; > rank D, > 2
is indispensable. Adapting Tsai’s ideas to the equidimensional case, Tu [2002]
established Theorem 1.1 in the higher-rank case, assuming D is irreducible. In
using Tsai’s ideas, the assumption that D is irreducible is essential — see [Tu 2002,
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Proposition 3.3] —and it is not clear that a small mutation of those ideas allows
one to weaken this assumption. In our work, we are able to assume either D; or
D, to be irreducible precisely by not relying too heavily on the fine structure of
these domains. Indeed, we wish to emphasize that the focus of this work is not
on mopping up the residual cases in Theorem 1.1. The methods in [Henkin and
Novikov 1984] (which rely on [Tumanov and Khenkin 1982]), [Tsai 1993] and
[Tu 2002] are tied, in a rather maximalistic way, to the fine structure of a bounded
symmetric domain. In contrast, we present some ideas that make very mild use
of the underlying orbit structure of the bounded symmetric domains. They could
therefore be applied to manifolds whose automorphism groups are not assumed to
act transitively but are merely “large enough”. Theorem 1.5 is an illustration of
this notion. These ideas also provide a unified argument, irrespective of rank or
reducibility, for Theorem 1.1.

We need to be more precise about the preceding remarks. This requires some
elaboration on the objects of interest. A bounded symmetric domain in C” is the
holomorphic imbedding in C" of some Hermitian symmetric space of noncompact
type. It is irreducible if it is not a product of bounded symmetric domains of lower
dimension. Cartan studied Hermitian symmetric spaces of noncompact type and
classified the irreducible ones, showing that they are one of six types of homogeneous
spaces. An outcome of [Harish-Chandra 1956] is that these homogeneous spaces
(and products thereof) can be imbedded in C" as bounded convex balanced domains
(we say that a domain D C C" is balanced if, for any z € D, we have {z € D for
each ¢ in the closed unit disc centered at 0 € C). This imbedding is unique up to a
linear isomorphism of C". Such a realization of a bounded symmetric domain is
called a Harish-Chandra realization.

The three main features that we wish to emphasize about this work are:

(a) The arguments in [Alexander 1977] involve estimates showing how a proper
mapping maps conical regions with vertex on dB" into the “admissible” ap-
proach regions of Kordnyi [1969]. Boundary approach, in a somewhat different
sense, plus Chern—-Moser theory [1974] make an appearance in [Tumanov and
Khenkin 1982]. In contrast, apart from, and owing to, a result of Bell [1982]
on boundary behavior, our proof involves rather “soft” methods.

(b) The techniques underlying [Tsai 1993] and [Tu 2002] rely almost entirely on
the fine structure of a bounded symmetric domain. Specifically, they involve
studying the effect of a proper holomorphic map on the characteristic symmetric
subspaces of a bounded symmetric domain of rank at least 2. In contrast, our
techniques rely on only a coarse distinction between the different strata that
comprise the boundary of an irreducible bounded symmetric domain (e.g., see
Remark 4.8 below).
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(c) An advantage of arguments that rely on only a coarse resolution of a bounded
symmetric domain is that some of them are potentially applicable to the study of
domains that have noncompact automorphism groups but are not assumed to be
symmetric. A demonstration this viewpoint is the proof of Theorem 1.5 below.

Let D be a bounded symmetric domain. The main technical tool that facilitates
our study of the structure of dD, and describes certain elements of Aut(D) with
the optimal degree of explicitness, is the notion of Jordan triple systems. The
application of Jordan triple systems to geometry appears to have been pioneered
by Koecher [1999]. Our reference on this subject is the lecture notes of Loos
[1977], which are devoted specifically to bounded symmetric domains. Jordan triple
systems and versions of the Schwarz lemma are our primary tools. We present next
an outline of how we use these tools.

An important lemma, which is inspired by Alexander’s work, is the following.

Key Lemma 1.2. Let D be a realization of an irreducible bounded symmetric
domain of dimension n > 2 as a bounded convex balanced domain in C". For
z€ D\{0},let A, :={¢z:¢ € Cand ¢z € D}. Let Wi and W, be two regions in D
such that 0 € Wi N\W, and let F : D — D be a holomorphic map. Assume that:

(1) F maps Wy biholomorphically onto W, with F(0) = 0.

(i) There exists a nonempty open set U C Wi \ {0} such that, for each z € U,
A, C Wyand Apizy C W

Then, F is an automorphism of D.

This is a consequence of Vigué’s Schwarz lemma [1991] (see Result 4.6 below),
and the irreducibility of D is essential to the lemma.

Our proof of Theorem 1.1 may be summarized as follows (we will assume here
that D; and D, are Harish-Chandra realizations of the domains in question):

o By Bell’s theorem [1982, Theorem 2], F extends to a neighborhood of D and
we can find a point p in the Bergman—Shilov boundary of D, and a small ball
B around it, such that F|p is a biholomorphism.

o We may assume that F(0) = 0. Let {a;} be a sequence in Dy N B converging
to p and let by := F(ay). Let ¢)</ € Aut(D;) be an automorphism that maps 0
to ai if j =1 and to by if j = 2. It turns out that both p and F(p) are peak
points, whence ¢ — p(/) uniformly on compact subsets, where p(") := p and
p? = F(p).

o Using the Schwarz lemma for convex balanced domains (Result 4.5 below)
we show that a subsequence of {(¢12.)_] oFo qb}} converges to a linear map
and that, owing to the tautness of D; and D», this map is a biholomorphism
of D; onto D».
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e We may now take D; = D, = D. We shall use our Key Lemma 1.2 with
Wi = (¢})"' (DN B) and W> = (¢)~1(D N F(B)) for k sufficiently large.

* Since the analytic discs A; and A p(;) are not relatively compact in D, the mode
of convergence of {d),{} isn’t a priori good enough to infer that appropriate
families of these discs will be swallowed up by W;, j =1, 2. By Bell’s theorem,
each ¢,§ extends to some neighborhood of D. We show that {¢,{ }, passing to a
subsequence and relabeling if necessary, converges uniformly on certain special
circular subsets of D that are adherent to dD. This is enough to overcome the
difficulty just described.

Let us define a term that we used in the sketch above, which we shall also need
in stating our next theorem.

Definition 1.3. Let D & C" be a domain and let p € 0D. We say that p is a peak
point if there exists a function 7 € 0(D)N%6(D; C) such that 4(p) =1 and |h(z)| <1
for all z € D \ {p}. The function 4 is called a peak function for p.

When a domain D is bounded, the noncompactness of Aut(D) (in the compact-
open topology) is equivalent to D having a boundary orbit-accumulation point; see
[Narasimhan 1971].

Definition 1.4. Let D & C" be a domain and let p € dD. We say that p is a
boundary orbit-accumulation point if there exist a point a € D and a sequence of
automorphisms {¢y} of D such that limy_, o ¢r(a) = p.

With the last two definitions, we are in a position to state our second theorem.
Note that D, is not assumed to be a bounded symmetric domain. Yet, some of the
techniques sketched above (versions of which have been used to remarkable effect
in the literature in this field) are general enough to be applicable to the following
situation.

Theorem 1.5. Let Dy be a bounded convex balanced domain in C" whose automor-
phism group is noncompact and let p be a boundary orbit-accumulation point. Let
D» be a realization of a bounded symmetric domain as a bounded convex balanced
domain in C". Assume that there is a neighborhood U of p and a biholomorphic
map F : U — C" such that F(U N D) C Dy and F(U NAD;) C dD;,. Assume
that either p or F (p) is a peak point. Then, there exists a linear map that maps D
biholomorphically onto D,.

Remark 1.6. Theorem 1.5 (together with Bell’s theorem [1982]) gives a very
short proof of the rigidity theorem of Mok and Tsai [1992] under the additional
assumption that the convex domain D in their result is also circular. There is
extensive literature on rigidity theorems relating to bounded symmetric domains,
but we shall not dwell any further on it.
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Remark 1.7. A version of this result can be proved without assuming that D,
is either balanced or convex. D; merely needs to be complete Kobayashi hy-
perbolic. However, in this case, the biholomorphism of D; onto D, will not, in
general, be linear. We prefer the above version: the conclusion that there exists a
linear equivalence places Theorem 1.5 among the rigidity theorems alluded to in
Remark 1.6.

The layout of this paper is as follows. Since Jordan triple systems play a vital role
in describing not just the structure of the boundary of a bounded symmetric domain,
but also some of its key automorphisms, we begin with a primer on Jordan triple
systems. Readers who are familiar with Jordan triple systems can skip to Section 3,
where we discuss the boundary geometry of bounded symmetric domains. Section 4
is devoted to stating and proving certain propositions that are essential to our proofs.
Finally, in Sections 5 and 6, we present the proofs of the results stated above.

2. A primer on Jordan triple systems

There is a natural connection between bounded symmetric domains and certain
Hermitian Jordan triple systems. This section collects several definitions and results
that are required to give a coherent description of the boundary of a bounded
symmetric domain (which we shall discuss in the next section).

Unless otherwise stated, the results in this section can be found in the UC Irvine
lectures by Loos [1977] describing how Jordan triple systems can be used to study
the geometry of bounded symmetric domains.

Definition 2.1. A Hermitian Jordan triple system is a complex vector space V
endowed with a triple product (x, y, z) — {x, y, z} that is symmetric and bilinear
in x and z and conjugate-linear in y and satisfies the Jordan identity

{X, Y, {M, v, U)}} —{M, v, {X, Y, U)}} = {{X, Y, M}, v, U)}—{M, {yvxv U}, U)}

forall x, y,u,v,weV.

Such a system is said to be positive if for each x € V \ {0} for which {x, x, x} = Ax
(where A is a scalar), we have A > 0.

As mentioned in Section 1, a bounded symmetric domain of complex dimension n
has a realization D as a bounded convex balanced domain in C". Let (z;, ..., 2,)
be the global holomorphic coordinates coming from the product structure on C"
and let (€4, ..., €,) denote the standard ordered basis of C". Let Kp denote the
Bergman kernel of (the above realization of) D and hp the Bergman metric. The
function {-, -, -} : C" x C" x C" — C" obtained by the requirement

d*log Kp(z, 2)

2-1 hp(ei, €, €}, €) = z 2l
2-1) p({ei €, €}, €) 0z 02 02k 021 |
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and by extending C-linearly in the first and third variables and C-antilinearly in the
second, has the property that (C", {-, -, -}) is a positive Hermitian Jordan triple
system (abbreviated hereafter as PHJTS). This relationship is a one-to-one corre-
spondence between finite-dimensional PHJTSs and bounded symmetric domains —
which we shall make more precise in Section 3.

Let (V,{-,-,-}) bean HITS. It will be convenient to work with the operators

(2-2) D(x, y)z=Q(x,2)y ={x,y, z}.

We define the operator Q : V — End(V) by Q(x)y := Q(x, x)y/2. Forany x € V,
we can define the so-called odd powers of x recursively by

xPi=x  and  x®PD .= )x®V if p>1.

A vector e € V is called a tripotent if e® = e.
Tripotents are important to this discussion because:

« A finite-dimensional PHJTS has plenty of nonzero tripotents.

e Given a finite-dimensional PHITS (V,{-, -, -}), any vector V has a certain
canonical decomposition as a linear combination of tripotents.

e In a finite-dimensional PHJTS, the set of tripotents forms a real-analytic
submanifold.

We refer the interested reader to [Loos 1977, Chapter 3] for details of the first fact.
As for the second fact, we need a couple of new notions. First, given an HITS
(V,{-,-,-}), we say that two tripotents e;, e, € V are orthogonal if D(ey, e;) = 0.
Second, given x € V, we define the real vector space < x> by

Lx>i=spang(x?P™V: p=0,1,2,...}.
These two notions allow us to state the following:

Result 2.2 (spectral decomposition theorem). Let (V, {-, -, - }) be a finite-dimen-
sional PHJTS. Then, each x € V \ {0} can be written uniquely as

(2-3) x =Are; +- -+ Ageg,

where Ay > Ay > -+ > Ay > 0 and {ey, ..., es} is an R-basis of Kx>> comprising
pairwise orthogonal tripotents.

The decomposition of x € V as given by Result 2.2 is called the spectral decom-
position of x. The assignment x — A;(x), where A{(x) is as given by (2-3), is a
well-defined function and can be shown to be a norm on V. This norm is called the
spectral normon V.

Next, we present another decomposition, which gives us the second ingredient
needed to describe the boundary geometry of a bounded symmetric domain.
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Result 2.3 (Pierce decomposition). Let (V,{-,-,-}) be an HITS and let e € V be
a tripotent. Then, the spectrum of D(e, e) is a subset of {0, 1, 2}. Let

Vi=Vi(e):={x eV :D(e,e)x = jx}, jeL.
Then:

@ V=VeVie V.
(b) Ife #0, then e € V,.
(¢) We have the relation {V,, Vg, V,} C Vy_pg1y.

(d) Wy, Vi and V, are Hermitian Jordan subsystems of { -, -, - }.

The direct-sum decomposition (a) given by this result is called the Pierce de-
composition of V with respect to the tripotent e. The ideas that go into proving the
Pierce decomposition theorem allow us to construct a special partial order on the
set of tripotents of V. In order to avoid statements that are vacuously true, unless
stated otherwise, we take (V, {-, -, -}) to be a PHITS. Let e, ¢’ € V be tripotents.
We say that e is dominated by ¢’ (e < ¢’) if there is a tripotent e; orthogonal to e
such that ¢’ = e + 1. We say that e is strongly dominated by ¢’ (e < ¢') if e < ¢’
and e # ¢'. The result of interest, in this regard, is the following:

Result 2.4. Let (V,{-,-,-}) be an HITS. Let e1, ey € V be orthogonal tripotents
and let e = e + ey. If ¢’ € V is a tripotent orthogonal to e, then €' is orthogonal to
e1 and es.

Now suppose { -, -, -} is positive. Then, the relation < is a partial order on the
set of tripotents.

Definition 2.5. A tripotent is said to be minimal (or primitive) if it is minimal for <
among nonzero tripotents. It is said to be maximal if it is maximal for <.

Result 2.6. Consider the tripotents of V partially ordered by <.

(1) A tripotent e is maximal if and only if the Pierce space Vy(e) equals 0.

(2) If, for a tripotent e, the Pierce space V,(e) equals Ce, then e is primitive.

Let us now also assume that (V,{-, -, -}) is finite-dimensional. Given any
nonzero tripotent e, it follows from finite-dimensionality and the repeated application
of Result 2.4 that e can be written as a sum of mutually orthogonal primitive
tripotents. This brings us to the final concept in this primer: the rank of a tripotent e
is the minimum number of primitive tripotents required for such a decomposition
of e, while the rank of (V, {-, -, - }) is the highest rank that a tripotent of V can have.
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3. The boundary geometry of bounded symmetric domains

In this section we describe the boundary of a bounded symmetric domain in terms
of the positive Hermitian Jordan triple system associated to it. Thus, we shall follow
the notation introduced in Section 2. Recall that a bounded symmetric domain D
has a realization as a bounded convex balanced domain. When we say ‘“Hermitian
Jordan triple system associated to D”, it is implicit that D is this realization and
the association is the one given by (2-1). This is a one-to-one correspondence,
described as follows:

Result 3.1 [Loos 1977, Theorem 4.1]. Let D be a realization of a bounded symmet-
ric domain as a bounded convex balanced domain in C" for some n € Z. Then,
D is the open unit ball in C" with respect to the spectral norm determined by the
PHJTS associated to D. Conversely, given a PHJTS (C",{-, -, -}), the open unit
ball with respect to the spectral norm determined by it is a bounded symmetric
domain D, and the PHJITS associated to D by the rule (2-1) is (C", {-,-,-}).

In what follows, whenever we mention a bounded symmetric domain D, it will
be understood that D is a bounded convex balanced realization.

The boundary of a bounded symmetric domain D C C" has a certain stratification
into real-analytic submanifolds that can be described in terms of the PHITS associ-
ated to D. The first part of this section is devoted to describing this stratification.
Fix a bounded symmetric domain D C C" and let (C", {-, -, - }p) be the PHJTS
associated to it. It turns out (see [Loos 1977, Theorem 5.6]) that the set Mp
of tripotents of C" with respect to {-, -, -}p is a disjoint union of real-analytic
submanifolds of C". For each e € Mp, let Mp , denote the connected component
of Mp containing e. The tangent space T,(Mp ), viewed extrinsically (i.e., so that
e+ T,(Mp,.) is the affine subspace of all tangents to Mp , at e), is

Te(MD,e) =iA(e) ® Vi(e),

where A(e) is determined by the relation Vy(e) = {x +iy € C" : x, y € A(e)} and
V;(e) is the eigenspace of j =0, 1, 2 in the Pierce decomposition of C" with respect
to e.
Let M7, be the set of all nonzero tripotents and let || - ||p denote the spectral
norm determined by {-, -, - }p. Define
Ep:={(e,v) eC"xC":e € M}, and v € Vp(e)},
Bp:={(e,v) € Ep:lvllp <1}

We can write B p as a disjoint union of the form

(3-1) Bp:=| | Bp.a

aee
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where € is the set of connected components of M7, and each B , is a connected,
real-analytic submanifold of C" x C”" that is a real-analytic fiber bundle whose
fibers are unit || - || p-discs. The key theorem about the boundary of D is as follows:

Result 3.2 [Loos 1977, Chapter 6]. Let D be a bounded symmetric domain in C"
and let f : B p — C" be defined by f(e, v) := e +v. Then:

() flw,, is an imbedding for each o € €.

(i) D = c¢ Mp o, where Mp o :=f(Bp ).

(iii) In the above stratification of dD, if M p  is of dimension d,, then it is a closed,
connected, real-analytic imbedded submanifold of the open set

c \ Uﬁ;dimR(mDﬂkda Mp.p-

Furthermore, when D is an irreducible bounded symmetric domain in C", then
we can provide further information. Here, the rank of a bounded symmetric domain
is the rank of the Jordan triple system (C", {-, -, - }p).

Result 3.3 [Loos 1977, Chapter 6; Vigué¢ 1991, Théoreme 7.3]. Let D be an
irreducible bounded symmetric domain in C" of rank r, and let € denote the set of
connected components of B p. Then:

(1) 6 has cardinality r.

(i) Each connected component of the decomposition (3-1) is a bundle over a

submanifold of nonzero tripotents of rank j, j € {1,...,r}. Denoting this
bundle asBp, ;, j€{l,2,...,r}, we can express the stratification of 9D given
by Result 3.2 (ii) as
-
oD = |tp, ;.
j=1

where Mp, j :=Ff(Bp, ;), and each Mp, ; is connected.
(iii) The stratum Mp 1 is dense in 9D.

The other goal of this section is to describe the structure of the germs of complex-
analytic varieties contained in the boundary of a bounded symmetric domain D.
This structure can be described in extremely minute detail; see, for instance, [Wolf
1972]. In fact, the papers about higher-rank bounded symmetric domains mentioned
in Section 1 make extensive use of this fine structure. However, in this work, we
only need very coarse information about the complex analytic structure of oD,
specifically, the distinction between the Bergman—Shilov boundary of D and its
complement in 0D.

We denote the Bergman—Shilov boundary of D by dgD. We shall not formally
define here the notion of the Shilov boundary of a uniform algebra; we shall merely
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state that the Bergman—Shilov boundary of a bounded domain D &€ C" is the Shilov
boundary of the uniform algebra A(D) := 0(D)N%(D). However, we do carefully
state the following definition:

Definition 3.4. Let D be a bounded domain in C*. An affine dD-component is an
equivalence class under the equivalence relation ~4 on dD given by

x ~4y <= x and y can be joined by a chain of segments lying in D,

where a segment is a subset of C" of the form {u +tv:r € (0, D)}, u,v e C". A
holomorphic arc component of dD is an equivalence class under the equivalence
relation ~g on dD given by

X ~py <= x and y can be joined by a chain of analytic discs lying in dD.

Roughly speaking, given a bounded domain D € C" and a point x € dD, the
holomorphic arc component of dD containing x is the largest (germ of a) complex-
analytic variety lying in dD that contains x. The information that we require about
holomorphic boundary components is:

Result 3.5 [Loos 1977, Theorem 6.3]. Let D be the realization of a bounded
symmetric domain as a bounded convex balanced domain in C".

(1) The affine 0D-components and the holomorphic arc components of 0D coin-
cide.

(i1) A boundary component containing a point x € 0D is a nonempty open region
in some C-affine subspace of positive dimension passing through x unless x is
a maximal tripotent.

Finally, we mention the following description of the Bergman—Shilov boundary
of a bounded symmetric domain:

Result 3.6 [Loos 1977, Theorem 6.5]. Let D € C" be as in Result 3.5. The
Bergman—Shilov boundary of D coincides with each of the following sets:

(i) the set of maximal tripotents of C" with respect to {-, -, - }p;
(ii) the set of extreme points of D;

(iii) the set of points of D having the maximum Euclidean distance from 0 € C".

4. Some essential propositions

This section contains several lemmas and propositions — some being simple con-
sequences of known results, and some requiring substantial work — that will be
needed to prove our theorems. We begin with the following result of Bell:
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Result 4.1 [Bell 1982, Theorem 2]. Suppose [ : Dy — D, is a proper holomorphic
map between bounded circular domains. Suppose further that D, contains the
origin and that the Bergman kernel K (w, z) associated to Dy is such that for
each compact subset G of Dy, there is an open set U= U (G) containing D such
that K (-, z) extends to be holomorphic on U for each 7 € G. Then f extends
holomorphically to a neighborhood of D.

Now let D be any bounded balanced domain (not necessarily convex) in C". If D
is not convex, it will not be a unit ball with respect to some norm on C". However,
we do have a function that has the same homogeneity property as a norm, with
respect to which D is the “unit ball”. The function Mp : C* — [0, co) defined by

Mp(z) :=inf{t > 0:z/t € D}

is called the Minkowski functional for D. Assume that the intersection of each
complex line passing through 0 € C" with 9D is a circle. Let G be a compact
subset of D. Then, as Mp is upper semicontinuous, there exists rg € (0, 1) such
that G C {z € C" : Mp(z) < rg} and the latter is an open set. Hence z/rg € D for
allz € G. Clearly, r¢w € D forall w e {z€ C": Mp(z) < 1/rg} =: U(G). By our
assumptions, D c U(G). Let Kp be the Bergman kernel of D. We recall that

Kpw,2)=Y_ y,(w)¥,(z) forall (w,z)e D x D,
veN
where the right-hand side converges absolutely and uniformly on any compact
subset of D x D and {,,},en is any complete orthonormal system for the Bergman
space of D. Then — owing to the fact that the collection {Cyz* : @ € N"} (where
Cy > 0 are suitable normalization constants) is a complete orthonormal system for
the Bergman space of D — we can infer two things. First, the functions

(4-1) ¢.(w) ;= Kp(rgw, z/rg), weU(G),
are well-defined by power series for each z € G. Secondly,
Kp(gw,z/rg) = Kp(w,z) forall (w,z)e D xG.

Comparing this with (4-1), we see that each ¢, extends K p( -, z) holomorphically.
In view of Result 4.1, we have just deduced:

Lemma 4.2. Let f : Dy — D, be a proper holomorphic map between bounded
circular domains. Suppose Dy and D, are both balanced. Assume that the intersec-
tion of every complex line passing through 0 with 0D is a circle. Then f extends
holomorphically to a neighborhood of D.

We remark that the above conclusion also follows from [Bell 1993].
Let D be a bounded symmetric domain in C"*. Let (C", {-, -, - } p) be the Jordan
triple system associated to D (as in other places in this paper, we assume that D
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is a Harish-Chandra realization). Let Dp and Qp be the maps (2-2) for the triple
product { -, -, - }p. We define the linear operators Bp (x, y) : C* — C", where

BD(X,J’) = 'dD—DD(x,y)‘i‘Q(X)Q(y)» x’ye(]:n‘

Consider the sesquilinear form (x, y) — Tr[Dp(x, y)] on C". It turns out that the
positivity of { -, -, - } p is equivalent to this sesquilinear form being an inner product
on C"; see [Loos 1977, Chapter 3]. Furthermore with respect to this inner product,
we have

Bp(x,y)" = Bp(y,x) forall x,yeC".

It is now easy to deduce that Bp(a, a) is a self-adjoint, positive semidefinite linear
operator. Consequently, Bp(a, @) admits a unique positive semidefinite square root,
which we denote by Bp(a, a)'/2. Having made these two definitions, we can state
the following useful facts about the geometry of D.

Result 4.3 [Loos 1977, Proposition 9.8; Roos 2000, Proposition I11.4.1]. Let D be
the realization of a bounded symmetric domain as a convex balanced domain in C".
Fix a point a € D and let

2.(2) :=a+Bp(a,a)"*(idp +Dp(z,a)) "' (z) forall z€D.

Then, g, € Aut(D), g,(0) = a, and g/,(z) = Bp(a, a)'/? o Bp(z, —a)~'. Further-
more, ga_1 =g 4

Various versions of the following lemma have been known for a long time. We
refer the reader to [Rudin 1980, Lemma 15.2.2] for a proof.

Lemma 4.4. Let D be a bounded domain in C" and let p € dD. Assume that there
exists a ball B centered at p and a function h € O(BN D) N €(B N D; C) such that
h(p)=1and |h(z)| <1 forallz€ BN D\{p}. Let ag € D and {¢y} be a sequence
of automorphisms of D such that ¢r(ag) — p as k — oo. Then, {¢} converges
uniformly on compact subsets of D to const, —the map that takes the constant
value p.

We now state a version of Schwarz’s lemma for convex balanced domains and
then a version of Schwarz’s lemma for irreducible bounded symmetric domains,
both of which are needed in the proof of our Key Lemma 1.2 (see Section 1).

Result 4.5 [Rudin 1980, Theorem 8.1.2]. Let 21 and 2, be balanced regions in
C" and C™ respectively, and let F : Q) — Q2 be a holomorphic map. Suppose 2
is convex and bounded. Then:

(1) F'(0) maps Q2 into Q.
1) For)Cr2 0<r<1)if F)=0.
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Result 4.6 [Vigué 1991, Théoreme 7.4]. Let D be an irreducible bounded symmetric
domain in C" in its Harish-Chandra realization (whence it is the unit ball in C" for
the associated spectral norm || - ||). Let F : D — D be a holomorphic map such that
F(0) = 0. Assume that for some nonempty open set U C D, we have || F(2)] = ||z||
forall z € U. Then F is an automorphism of D.

With these two results, we can now give a proof of our Key Lemma 1.2:

The proof of the Key Lemma 1.2. Let z € U, and set w := F(z). By hypothesis,
F maps A, into D and (F|w,)~!' maps A, into D. Applying Result 4.5 to Fla,
and to (F|w,)~! |Aw’ we have | F(z)|| = ||z]| for every z € U. Thus by the Schwarz
lemma for irreducible bounded symmetric domains, F' is an automorphism of D. [J

We now state and prove a technical proposition regarding the invertibility of the
operator Bp at certain off-diagonal points in dD x dD, where D is an irreducible
bounded symmetric domain of dimension at least 2. Here Alp ; denotes the stratum
of 0D described by Result 3.3. This result and our Key Lemma 1.2 are the central
ingredients in the proof of our main theorem.

Proposition 4.7. Let D be the realization of an irreducible bounded symmetric
domain of dimension n as a bounded convex balanced domain in C", n > 2. Let
p € dD. For each 7o € Mp,| and each Mp 1-open neighborhood U > zy, there exists
a point w € U such that detBp (-, p) is nonzero on the set {Cw : ¢ € C, [¢]| = 1}.

Remark 4.8. In the following proof, we argue by assuming that the conclusion is
false. We can instantly arrive at a contradiction at the point (o) in the proof below
if we invoke results on the fine structure of 0D; see [Wolf and Koranyi 1965] or
[Wolf 1972], for instance. However, we provide an elementary argument beyond
(e) to complete the proof in the hope that appropriate analogues of Proposition 4.7
may be formulated in other contexts.

Proof. Let us denote detBp(z, p) by h(z), where z € C". Let us assume that the
result is false. Then, there exist a point zg € Jp 1 and an J p ;-open neighborhood
U > zp such that for each w € U, there exists a {, € {¢ € C: |¢| =1} with (&, w) =0.
Let g denote the quotient map ¢ : C" \ {0} — CP"~!. Also write

Zp=h"Y0}, Z:=2Z,Nlp,;.

Our assumption implies that ¢(Z) contains a nonempty open set ¥ C CP*~!. Let
A:={zeC":1—¢ < |zl < 1+¢}, where || - || denotes the spectral norm relative
to which D is the unit ball and ¢ is a fixed number in (0, 1). As V' C g(«A), it is
easy to see that V" can be covered by finitely many holomorphic coordinate patches
(U, ¥1), ..., (Up, ¥y) such that the maps

qj =vjoqly1wnu: ¢ "(Upnsd—c!
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are Lipschitz maps. Since Lipschitz maps cannot increase Hausdorff dimension (see
[Rudin 1980, Proposition 14.4.4], for instance) and dimg (7") = 2n —2, the preceding
discussion shows that the Hausdorff dimension of Z (and hence the dimension of Z
as a real-analytic set) is 2n — 2. As Z, is a complex analytic subvariety, its singular
locus is of complex dimension at most n — 2. Thus, we can find a point xy € Z that
is a regular point of Z; and an open ball B around xg that is so small that:

e Mp 1N B is a submanifold of B;
e BN Z, is an (n — 1)-dimensional complex submanifold of B;

o the dimension of BN Z is 2n — 2.

These three facts imply that M := BNZ;, C M p,;. We can deduce this by considering
a local defining function pp : B — R for Jlp ; and observing that, by Lojasiewicz’s
theorem [1959], ppl) =0. If D = B", we already have a contradiction and, hence,
the proof.

Since Jlp ; is a real-analytic submanifold of C" \ |_] =2 Mp, j, where Mp, ; are
the strata of dD discussed in Section 3, we can define the Levi-form of Mp ; —
denoted by £(z, V), where z € Mp, 1, V € H;(Mp, 1). A few words about notation:
in this proof, we shall work with the tangent bundle of M p ; defined extrinsically.
So, when referring to vectors in 7T, (M p 1), we shall view them either as real or as
complex vectors, as convenient, such that z + T, (Al p,1) is the hyperplane tangent
to Mp,1 at z € Mp ;1. In this scheme,

H,(Mp,):=T,(Mp,1)NiT,(Mp 7).

As dimg(M) =n—1, we have £(z,-) =0for all z€ M. The curve y : (—¢, &) —>
Mp, 1 (for & > O suitably small), y(¢) := exp(it)z, is transverse to M at z. This is
because if y'(0) =iz were in H,(JMp 1), then

iy'(0) =~z € H;(Mp,1) C T;(Mp,1),

which contradicts the convexity of D. Consequently, for gy > O sufficiently small,
the set {exp(it)z : t € (—&o, €0), 2 € M} contains an Jilp -open neighborhood of xo.
Thus, Mp ;| is Levi-flat at xo. As A p ; is real-analytic, it is a Levi-flat hypersurface.

We shall now show that the Levi-flatness of lp ; leads to a contradiction. Let
us pick an x € Jlp ;. Owing to Levi-flatness, we can find a ball B,, centered at x,
such that

D;:=DNB,, D!:=B.\D

are both pseudoconvex. Let n, denote the unit outward normal vector to dD at x
(x € Mp.1). Owing to convexity of D, we can find an &9 > 0 and a §y > 0 such that

Hy(80;8) :==x+8n, +{V € Hy(Mp,) : |V| < e} C D
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for each 6 € (0, §p). Here, | - | denotes the Euclidean norm. As H, (gg; &) is a copy
of a complex (n — 1)-dimensional ball and as D' is taut— see [Kerzman and Rosay
1981, Proposition 2.1]—it follows that H,(go; 0) C Mp, ;. To summarize, Ap
has the following property:

(o) Ateach x € Mp 1, a germ of the set (x + H,(Mp 1)) lies in JMp 1.

Let us now pick and fix a point yO € Mp 1. Let (z1, ..., z,) be global holomor-
phic coordinates in C", associated to an appropriate rigid motion of D, such that
y0=(0,...,0), DC{Rez; >0} and Hyo(Mp,1) = {z1 = 0} relative to these coordi-
nates. Let W be a nonzero vector in Hyo(Mp, 1) and let Dy := D Nspanc{W, no}.
Clearly, Dy is convex and by (e), Mp 1 Nspanc{W, ry o} =: My has the property
that for each point y € Jly, the germ of a complex line through y, call it A w, lies
in M. Let us view Dy as lying in C2, whence a portion of Jly near (0, 0) can be
parametrized by three real variables as follows:

r(t,u,v) =p)+a(t)(u+iv), 1] <er, |ul, |v] < e,

where p : (—¢q, €1) — My is a smooth curve through (0, 0) such that p/(¢) is
orthogonal to A ;) w foreachz,and a: (—¢1, £1) > C? is such that a(?) is parallel
to A y(),w for each ¢. For the remainder of this paragraph, n(z, u, v) will denote the
inward unit normal to Dy atr (¢, u, v), and - will denote the standard inner product
on R*. Define the matrix-valued function I' : (—&y, &1) X (—&2, £2)> — R33 by

I'(z,U, V) := Hess; ,, ,(r(t,u,v) -n(zr, U, V))i(t,u,v)=(r,U,V) .

The convexity of Dy implies that I'(z, U, V) is positive semidefinite at each
(r, U, V) (recall that n(zt, U, V) is the inward normal at r(z, U, V)). By choosing
€1, & > 0 small enough, we can ensure that (n%+n%)(z, u, v) # 0 for every (¢, u, v),
where we write n = (n1, ny, n3, n4), and that a is of the form a(¢) = (a(z) +iB (), 1).
We compute to observe that two of the principal minors of I' turn out to be
—(nia’ +nyB)? and —(nae’ — n1B’)?, which must be nonnegative. This gives
us the system of equations

”1o‘/+”2ﬁ/|(r,uv> =0
i +nad| =0 forall (z,U, V).
By our assumption on n, this implies that @' = 8’ = 0. Restating this geometrically,
there is a small Jly-open neighborhood of 0 € dDw such that, for every y in this

neighborhood, Ay w is parallel to the vector W. This holds true for each nonzero
W e Hyo (Mp.1). Thus, there is an JMp 1-open patch w > yo such that

(4-2) x+ H,(Mp,y) is parallel to {z; = 0} for every x € w.
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By Result 3.3, Jlp 1 is connected. Thus, if y # y € M p 1, then y can be joined
to y° by a chain of .llp ;-open patches wy, . .., wy, where wy equals the patch w
in(4-2), wj1jNw; #3, j=1,...,N, and wy > y. By a standard argument
of real-analytic continuation, we deduce that (4-2) holds with wy replacing w
(where z; comes from the global system of coordinates fixed at the beginning of the
previous paragraph). Hence, x + H, (M p 1) is parallel to {z; = 0} for each x € Al p ;.
As Mp,; is dense in 9D and D is bounded, we can find a § € D and a vector
W= Wy,..., W,) with W; =0 such that the ray {§ +¢W : t > 0} intersects 0D at
apointin lp, ;. Then, this ray must be tangential to A p 1 at the point of intersection,
which is absurd as D is convex. Hence, our initial assumption must be false. [l

5. The proof of Theorem 1.1

Before we proceed further, we clarify our notation for the different norms that will

be used in the proof of Theorem 1.1. With D; and D, as in Theorem 1.1, || - ||;
will denote the spectral norm such that D; is the unit || - ||;-ball in C", j =1, 2.
The Euclidean norm on C* will be denoted by | - |. We will also need to impose

norms on certain linear operators on C". We shall use the operator norm induced
by the Euclidean norm: for a C-linear operator A on C", we set

| Allop = sup |Ax].

lx|=1
Proof of Theorem 1.1. We shall take D; and D, to be Harish-Chandra realizations
of the given bounded symmetric domains. We may assume, composing F with
suitable automorphisms if necessary, that F(0) = 0.

By Lemma 4.2, F extends to a holomorphic map defined on a neighborhood N
of D;. For simplicity of notation, we shall denote this extension also by F. The
complex Jacobian Jacg F is holomorphic on N and Jacc F % 0 on D;. Hence, by
the maximum principle, Jacc F % 0 on dD;. By definition, we can find a point
p € ds Dy such that

sup |Jacc F| = |Jacc F(p)| #0.

D,
By the inverse function theorem, we can find a ball B(p, r) C N such that F'|g,,
is injective. Let us write

Qi :=B(p,r)NDy, :=F(B(p,r))ND,.

We shall use our Key Lemma 1.2 (see Section 1 and its proof in Section 4) to deduce
the result. The regions W; and W, of that lemma will be constructed by applying
suitable automorphisms to €2; and €2;.

Claim. F(p) € 9sD».
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Suppose F(p) & dsD,. It follows from Result 3.5 and Result 3.6 that there are a
vector V € C"\ {0} and neighborhood w of 0 € C such that ¥ (w) C F(B(p, r))NadD,,
where ¥ : w3 ¢ +— F(p)+ ¢ V. Next, define

V= (Flp(p) " oy
Since F|p, is proper and F'|p(p ) is injective,
F(z) e F(B(p,r))NdD, < z€ B(p,r)NaDy.

Thus {E(w) C dD;. Furthermore, J is nonconstant and @(O) = p. By definition,
each point of 1; (w)\{p} lies in the holomorphic arc component of 9D containing p.
This is a contradiction since p, being an extreme point, is a one-point affine 0D -
component and thus, by Result 3.5, a one-point holomorphic arc component of dD;.
Hence the claim.

Let us now take a sequence {a;} C 21 such that a; — p, and let by := F(ax).
Let d),l € Aut(Dy) denote an automorphism that maps 0 to a. Let qﬁ,f € Aut(D,) be
an automorphism that maps O to b;. Owing to Result 3.6 and to convexity, we can
construct a peak function for p on D;. Likewise (in view of the last claim) F( p)is
a peak point of D,. By Lemma 4.4, we get

(5-1) ¢,{ — const,; uniformly on compacts, j=1,2,

where p! := p and p? := F(p).
We now define
Q=)@ j=12 keZ,.
Given any r > 0, write r D; :={z € C" : ||z||; < r}, j =1, 2. By (5-1), there exists
a sequence k| < kp < k3 < --- in Z4 such that

¢ (1—1/5)D)) CQy forall v=s, s€Z;.

By (5-1) again, we can extract a sequence of indices v(1) < v(2) < v(3) < ---
such that
G, (1= 1/5)D2) CQy forall 1 >5, s€Zy.

In the interest of readability of notation, let us reindex {k,)}sez, as {kn}mez. .
Then, the above can be summarized as

(*) With the sequences of maps {¢,1} C Aut(D;) and {d),f} C Aut(D») as described
above, there are a sequence {k;, }uez, C Z4 and a strictly increasing Z-valued
function v* such that

(1—1/s)D; c Q" forall m>s, s €7,
(1—1/v*(s) Dy C Q5" forall m>s, s €Z,.
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Step 1. Analyzing the family {(qb,fm)_1 oFo ¢,lm}mez Y
Consider the maps G, : Dy — D, defined by
(¢k )_ oF °¢k

m

By Montel’s theorem, and passing to a subsequence and relabeling if necessary, we
getamap G € O(Dy; C") such that G,,;, — G uniformly on compact subsets. Let us
fixan s € Z. By (x), we infer that there exists M € Z such that (1— 1/s)5 C Qk’”
forallm > My, j =1, 2. Note that G, |ka is a biholomorphism, whence G, (0) 18
invertible for each m. Hence, by the Schwarz lemma for convex balanced domains
(i.e., Result 4.5 above) G/, (0) maps (1 — 1/s)D; into D, and G, (0)~ ! maps
(1—1/s) D, into Dy for all m > M. We claim that this implies that G’ (0) is invertible.
Suppose not. Then we would find a zo with ||zo|l; = (1 —2/s) such that G’ (0)zo =0
Note that G/, (0) — G'(0) in norm, whence, given any ¢ > 0, |G}, (0)zol|2 < & for
every sufficiently large m. If we now choose ¢ < (1 —2/s)2, we see that

GO~ ({lwlla = (1—-2/5)}) ¢ D

for all sufficiently large m. This is a contradiction. Hence the claim.

Now that it is established that G’(0) is invertible, it follows that G;n(O)*1 —
G'(0)~! in norm. Hence, G’(0)~! maps (1 — 1/s)D, into D;. Recall that s € Z,
was arbitrarily chosen and that the function v* in (x) is strictly increasing. Thus,
G'(0)~! maps D, into D;. By construction, G(D;) C D,. Now, D, is complete
(Kobayashi) hyperbolic. Hence D; is taut; see [Kiernan 1970]. As G(0) =0 € D,
G maps D; to D,. So, the holomorphic map G'(0)~ 165G : Dy — D, satisfies all
the conditions of Cartan’s uniqueness theorem. Thus,

G'0) oG =idp,,

which means that G = G'(0)|p, .

Step 2. Showing that D and D, are biholomorphically equivalent.

We have shown in Step 1 that G’(0)~! maps (1 — 1/s)D, into D;. As G’(0) is
injective, this means that G’(0)(D) contains (1 — 1/s)D; for arbitrarily large
s € Z+. Thus G maps D; onto D». It follows that D is biholomorphic to D5.

It would help to simplify our notation somewhat. By the nature of the argument
in Step 1, it is clear that we can assume that the sequences {a;} C 21 and {b} C Q2>
are so selected that (x) is true with {k;,}mez, = {1,2,3,...}. Owing to Step 2, we
may now assume D; = D, =: D. The argument we will make in Step 3 below
is valid regardless of the specific sequence {a;} or {by}. Hence, in the next three
paragraphs following this, the sequence {Ax} will stand for either {ax} or {b;}, and
the point g will stand for either p or F(p). Also, we will abbreviate ¢f4k to ¢r.
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Step 3. Producing subsequences of {¢y} that converge on “large” subsets of oD.
By Result 4.3 we may take ¢y = ga,, whence

(5-2) ¢ (2) =Bp(Ax, AY)/? 0Bp(—z, Ap) ™'

In the argument that follows, it is implicit that each ¢ is defined as a holomorphic
map on some neighborhood (which depends on ¢;) of D; see Lemma 4.2. By
Proposition 4.7 we can find a point & € Jlp ; such that

detBp (e, q) #£0 forall 6 € R.

By continuity, there exist a D-open neighborhood I' of ¢, an .Ilp_-open neighbor-
hood W of &, and a D-open set V with the following properties:

(@) zeV = e%2eVforalld eR,

(b) VNabD=S'-w,

(¢c) zeV = tzeVforalte[l, 1/|zl]
(now || - || is the spectral norm associated to D), such that
(5-3) detBp(z, w) #0 forall (z,w) eV xT.

Here, given a set X C C", S'. X stands for the set {¢/x : x € X, 6 € R}. Let us call
any pair (V, W), where V is a 5—0pen set and W is an Jlp ;-open set, a truncated
prism with base S' - W if (V, W) satisfies properties (a)—(c) above.

We can find V/ and W', with W/ C W, such that (V’, W’) is a truncated prism
with base S' - W’ with the properties

eV CV;

« there exists a 8y < 1 such that for z;,z, € V’, the segment [z1,z2] C V

whenever |z — 22| < §p.

Owing to holomorphicity and convexity,

1
(5-4) ¢k(Zl)—¢k(Z2)=/ ¢ (z1+t(z2—21)) (2 —z1)dt, z1,22€ D.
0

We can find a K = K (W) such that, in view of (5-3), {Bp(z, Ax) :k> K (W), ze V}
is a compact family in GL(n, C). Hence, in view of (5-2) (and since {Bp (A, Ag) :
k € Z.} is a relatively compact family in C**"), there exists a constant C > 0 such
that

lgr (@ llop < C  forall z e Vandk> K.

By our construction of V’ and from (5-4), we conclude that
¢k (z1) — i (z2)] < Clzi — 22| forall z1,22 € V', |21 — 22| < &, and k > K.

In short, {¢y |y} C @(V’; C") is an equicontinuous family.
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By the Arzela—Ascoli theorem, we can find a subsequence of {¢;} that converges
uniformly to ¢ on V'. For simplicity of notation, let us continue to denote this
subsequence by {¢;}. Then there exists a K| € Z. such that ¢, (V') C € (which
denotes either 2 or ;) for all k > K. Furthermore, we may assume that K is
so large that, thanks to (%),

(1—1/s)D C ¢; ' (Q) forall k > Kj,

where s is so large that (1 — 1/s)D N V' is a nonempty open set. By construction,
zeV'ND = A, c(1-1/s)DUV’.

Hence A, C ¢ 1(Q) for all k > K. We summarize this paragraph as follows:

(x*) Given any truncated prism (V, W) with base S' - W such that Bp(z, Az) #0
on V for all k sufficiently large, we can find a K; € Z, and a truncated
prism (V’, W') with V' C V such that A, C ¢ ' (Q) for each z € V' N D and
each k > K.

Step 4. Completing the proof.

By Proposition 4.7 and (x%), we can find a truncated prism (V’, W’) with base
S'. W’ which has all the properties stated in (). Let s € Z, be so large that
(1—1/s)DNV’:=U’is a nonempty open set. As Gy — G uniformly on U’ (by
Step 1), there exist a point wg € G(U’), K, € Z and a ¢ > 0 such that

B(wo, ¢) C G(UNNGL(U") and B(wp,c) C Q& forall k > K.

Write || - || for the spectral norm associated to D. Let R : C"\ 0 — 9D be given by
R(w):=w/||lw||. By Proposition 4.7 and (%), we can find an Jlp 1-open subset w;
such that

w2 C R(B(wo, ¢)),

a truncated prism (V,, w,) with base S ' w,, and a K3 € Z such that A, C Q’S for
each w € V,N D and each k > K3. Let us now set U := G~/ (R~ (w2) N B(wy, ¢)),
and K* := max(K, K;, K3). Finally, we set

W= (o5 Q). j=1.2

with the understanding that ¢} = g,, and ¢? = gy, .
As U C V', we have A, C W for each z € U. By construction,

Gk+(2) € B(wg,c) C Wy forall zeU.

Finally, by construction, for each z € U, there exists a point w, € Ag,. () that belongs
to V2N D. Thus, Ag.(;) C Wa. Recall that G g+ |y, : Wy — W, is a biholomorphism
and Gg+(0) = 0. By our Key Lemma 1.2, G+, and consequently F, must be a
biholomorphism. 0
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6. The proof of Theorem 1.5

As p is an orbit accumulation point, there is a point ap € D; and a sequence
{édr} C Aut(Dy) such that ¢¢(ap) — p. Regardless of whether p is a peak point or
F(p) is a peak point, let us denote the relevant peak function as H. Let B denote a
small ball centered at p, with B € U, if p is a peak point, and centered at F(p),
with B € F(U), if F(p) is a peak point. Depending on whether p or F(p) is a
peak point, set G := F~! or G := F, respectively. Finally, set

oo HoGlgap, if pisapeak point,
" | HoGlgap, if F(p) isa peak point.

By our hypothesis on F, it follows that /& satisfies all the conditions required of
the function / in Lemma 4.4 for the appropriate choice of (D, p) depending on
whether p or F(p) is a peak point.

Let us now denote the automorphisms discussed above by qb,l, k=1,2,3,....
Then, using H or the function & constructed above, depending on whether p or
F(p) is a peak point, we deduce by Lemma 4.4 that ¢,§ — const;, uniformly on
compact subsets of Dj. Set a; := d),l (0). As ap — p, we may assume without loss of
generality that a; € U. Let by := F(ay), and let ¢,% € Aut(D,) be an automorphism
that maps 0 to by (which is possible as Aut(D») acts transitively on D;). Repeating
the above argument, ¢,§ — const () uniformly on compact subsets of D>. We have
arrived at the same result as in (5-1). Thereafter, if we define

Q=)@ j=12 kez,,

where Q1 := U and Q; := F (U), then, reasoning exactly as in the passage following
(5-1), we deduce that () from Section 5 holds true for our present setup.
With {k;,} ez, as given by (x), let us define the maps G, : Q]fm — Q’;’” by

Gu:=(pp) 'oFog, .
By construction, each G, is a biholomorphic map. In particular,
(6-1) Gn(0)=0 and G,,(0) € GL(n,C).

We may assume, owing to (5-1), that the sequences {Q];’”}mez . are increasing
sequences. By Montel’s theorem, and arguing by induction, we can find sequences
{G1.»} and holomorphic maps I'; : Qllq — Dj such that for/=1,2,3,...,

* {G1,m}mez., 1s asubsequence of {G,},cz, and {G11,m}mez, is a subsequence
of {Gl,v}veZ+§

e Giim { Qzlc, — I'; as m — o0, uniformly on compact subsets of 911" .
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Owing to this construction, the rule
I'z)=Tikz) ifze Qlf’

gives a well-defined holomorphic map I' : D — D».

Let us define H; := G;;. Now suppose I'(D) N dD, # &. Then, there exists
& e D;suchthat I'(§) € 0D;. Let M € Z, be so large that SZIIM 3£ AsDyisa
bounded symmetric domain, it is taut. Thus, by focusing attention on the sequence

(Hil g =M, M+1,M+2,...} COQ; Dy),

we conclude, by assumption, that F(QII‘M ) C dD,. But, by (6-1), I'(0) =0 ¢ dD».
This is a contradiction, from which we infer:

(a) The range of I" is a subset of D;.
Now observe that, by (x), we have:

(b) The sequence {H; : [ = s,5s + 1,5 + 2,...} converges uniformly to I on
(1—-1/s)Dy,s € Zy;
(©) Hl_1 maps 0to 0 and (1—1/v*(1)) D, into Dy (since dom(H[_l) =range(H;) D
Q4.
In view of (6-1) and the fact that D; and D, are balanced, (a)—(c) are precisely the

ingredients required to repeat the argument in Step 1 of the proof of Theorem 1.1
to infer that I'/(0) is invertible, I''(0)~! : D, — D; and

I'0)'ol =idp,.

Thus, by (a), I''(0)(D;) C D,. One of the consequences of repeating the
argument contained in Step 1 in Theorem 1.1 is, in view of (c), that ' 0)~!
maps (1 — 1/v*(l)) D, into D, for every [ € Z. As v* is strictly increasing and
Z -valued, and as I'’(0) is injective, this means that I'/(0)(D;) contains (1—1/s) D5
for arbitrarily large s € Z, whence I''(0) maps D; onto D,. Hence, I''(0)|p, is a
biholomorphism of D; onto D. U
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AN EXPLICIT MAJORANA REPRESENTATION
OF THE GROUP 32:2 OF 3C-PURE TYPE

HSIAN-YANG CHEN AND CHING HUNG LAM

We study a coset vertex operator algebra (VOA) W in the lattice VOA VE3
We show that the coset VOA W is generated by nine Ising vectors such that
any two Ising vectors generate a 3C subVOA Usjc, and the group generated
by the corresponding Miyamoto involutions has shape 3%:2. This gives an
explicit example for Majorana representations of the group 3%:2 of 3C-pure

type.

1. Introduction

A vertex operator algebra (VOA) V = @577, V, is said to be of moonshine type if
dim(Vp) = 1 and V| = 0. In this case, the weight-2 subspace V, has a commutative
nonassociative product defined by a - b = ab for a, b € V, and it has a symmetric
invariant bilinear form (-, -) given by (a, b)1 = a3b for a, b € V, [Frenkel et al.
1988]. The algebra (V;, -, (-, -)) is often called the Griess algebra of V. An
element e € V5 is called an Ising vector if e - e = 2e and the subVOA generated by e
is isomorphic to the simple Virasoro VOA L(%, 0) of central charge % In [Miyamoto
1996], the basic properties of Ising vectors have been studied. Miyamoto also gave
a simple method to construct involutive automorphisms of a VOA V from Ising
vectors. These automorphisms are often called Miyamoto involutions. When V is
the famous Moonshine VOA V2, Miyamoto [2004] showed that there is a one-to-one
correspondence between the 2 A-involutions of the Monster group and Ising vectors
in V% (see also [Hohn 2010]). This correspondence is very useful for studying
some mysterious phenomena of the Monster group and many problems about
2 A-involutions in the Monster group may also be translated into questions about
Ising vectors. For example, McKay’s observation on the affine Eg-diagram was
studied in [Lam et al. 2007] using Miyamoto involutions and certain VOAs generated
by two Ising vectors were constructed. Nine VOAs were constructed, denoted by
Uia, Uza, Uap, Usa, Usc, Usa, Usp, Usa, and Ugy because of their connection
to the 6-transposition property of the Monster group (see [ibid., Introduction]),
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MSC2010: primary 17B69; secondary 20B25.
Keywords: vertex operator algebras, Ising vectors, Majorana representation.

25


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.271-1
http://dx.doi.org/10.2140/pjm.2014.271.25

26 HSIAN-YANG CHEN AND CHING HUNG LAM

where 1A, 2A, ..., 6A are the labels for certain conjugacy classes of the Monster
as denoted in [Conway et al. 1985]. In [Sakuma 2007], Griess algebras generated
by two Ising vectors contained in a moonshine-type VOA over R with a positive
definite invariant form are classified. There are also nine possible cases, and they
correspond exactly to the Griess algebras YU, x of the nine VOAs U, x, for nX in
{1A,2A,2B,3A,3C,4A,4B,5A, 6A}. Therefore, there is again a correspondence
between the dihedral subgroups generated by two 2A-involutions, up to conjugacy
and the Griess subalgebras generated by two Ising vectors in V¥, up to isomorphism.
It is also conjectured that the subVOA generated by two Ising vectors is isomorphic
to one of the U, x, fornX € {1A,2A,2B,3A,3C,4A,4B,5A, 6A}. However, this
conjecture is still open except for the cases 1A, 2A, 2B, 3A, and 4B.

Motivated by [Sakuma 2007], Ivanov [2009] axiomatized the properties of Ising
vectors and introduced the notion of Majorana representations for finite groups.
Ivanov and his research group also initiated a program on classifying the Majorana
representations for various finite groups [Ivanov et al. 2010; Ivanov 2011a; 2011b;
Ivanov and Seress 2012]. In particular, the famous 196884-dimensional Monster
Griess algebra constructed by Griess [1982] is a Majorana representation of the
Monster simple group. In fact, most known examples of Majorana representations
are constructed as certain subalgebras of this Monster Griess algebra.

In this article, we construct explicitly a moonshine-type VOA W in the lattice
VOA V3. We show that the VOA W is generated by nine Ising vectors such that
(1) any two of them generate a 3C subVOA Usc; and (2) the group generated by
the corresponding Miyamoto involutions has the shape 32:2. Thus, we obtain an
example for a Majorana representation of the group 3%:2 of 3C-pure type. Recall
that the centralizer of a 3C-element in the Monster is isomorphic to 3 x Th, where
Th is the Thompson simple group [Conway et al. 1985]. The Thompson group Th
has exactly three conjugacy classes of order 3 and by the character table, one can
show that the Th conjugacy classes 3A, 3B, 3C are of the classes 3A, 3B, 3B in
the Monster, respectively (see [ibid.] and [Wilson 1988, Section 4]). Therefore,
there are no 3C-pure 32 subgroups in the Monster and hence the VOA that we
constructed cannot be embedded into the Moonshine VOA.

Our method is essentially a combination of the construction of the so-called
dihedral subVOA from [Lam et al. 2007] and the construction of E Eg pairs from
[Griess and Lam 2011]. In fact, it is quite straightforward to find Ising vectors
satisfying our hypotheses. The main difficulty is to show that the subVOA generated
by these Ising vectors has zero weight-1 subspace.

The organization of this article is as follows. In Section 2, we recall some basic
definitions and notation. We also review the structure of the so-called 3C-algebra
from [Lam et al. 2005; 2007]. In Section 3, we give an explicit construction
of a coset subVOA W in the lattice Viz. We also construct explicitly several
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Ising vectors satisfying our main hypotheses and show that the subVOA W they
generate is of moonshine type. In Section 4, we show that the VOA W is isomor-
phic to the commutant subVOA W= ComVEg (L3iy(c)(3, 0)) using the theory of
parafermion VOA. The decomposition of W as a sum of irreducible modules of
the parafermion VOA K (s13(C), 9) is also obtained. In Section 5, we give several
structural results about Griess algebras generated by Ising vectors. We show that
the Griess algebra generated by Ising vectors such that the subgroup generated by
the corresponding Miyamoto involutions has the shape 3%:2 and is of 3C-pure type
is uniquely determined, up to isomorphisms. We also show that the VOA generated
by these Ising vectors has central charge 4 and has a full subVOA isomorphic to
L(%, 0)® L(%, 0)® L(%, 0). In the Appendix, we explain several results which
are used to show that dim(ﬁfz) =9.

2. Preliminaries

First we will recall some definitions and review several basic facts.

Definition 2.1. Let V be a VOA. A bilinear ({ -, - )) form on V is said to be invariant
(or contragredient; see [Frenkel et al. 1993]) if

(2-1) (Y(a, 2)u, v) = (u, Y (D (=z7H O, 7o)

forany a,u,v e V.

Definition 2.2. Let V be a VOA over C. A real form of V is a subVOA Vg of
V over R (with the same vacuum and Virasoro elements) such that V = Vg ® C.
A real form Vp is said to be positive definite if the invariant form ({ -, - )) restricted
to Vg is real-valued and positive definite.

Definition 2.3. Let V be a VOA. An element v € V; is called a simple Virasoro
vector of central charge c if the subVOA Vir(v) generated by e is isomorphic to
the simple Virasoro VOA L(c, 0) of central charge c.

Definition 2.4. A simple Virasoro vector of central charge % is called an Ising
vector.

Remark 2.5. It is well known that the VOA L(%, 0) is rational and has exactly
three irreducible modules L(%, 0), L(%, %), and L(%, %) (see [Dong et al. 1994;
Miyamoto 1996]).

Remark 2.6. Let V be a VOA and let e € V be an Ising vector. Then we have the

decomposition
V= Ve(0) ® Ve(3) ® Velip),

where V,(h) denotes the sum of all irreducible Vir(e)-submodules of V isomorphic

to L(3, h) for h € {0, 1, L}.
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Theorem 2.7 [Miyamoto 1996]. The linear map 1, : V — V defined by

1
2-2) 7 -={ [ on Vel OVela).
—1 on Ve(l_(,),

is an automorphism of V.

Remark 2.8. On the fixed point subspace V% of t,, we have V% = V,(0) & Ve(%).
The linear map o, : V% — V% which acts as 1 on V,(0) and —1 on Ve(%) also
defines an automorphism of V™ [ibid.]. Nevertheless, we do not need this fact in
this article.

The 3C-algebra. We recall the properties of the 3C-algebra Us;¢ from [Lam et al.
2005, Section 3.9] (see also [Sakuma 2007]).

Lemma 2.9. Let U = Usc be the 3C-algebra. Then:
(1) Uy =0and U is generated by its weight-2 subspace U, as a VOA.
(2) dim Uy = 3 and it is spanned by three Ising vectors.

1

(3) There exist exactly three Ising vectors in U,, say, eY el 2. Moreover, we have

)(e) =5 +el —e) and (¢, ) =%

fori # jandfi, j, k} ={0, 1,2}
(4) Let g = t,0T,1. Then g has order 3. Moreover, e' = ge® and e* = g?e® = ge'.
(5) The Virasoro element of U is given by
%(eo +el +e?).
(6) Leta = g—%(eo +e'+e?) —e Thenaisa simple Virasoro vector of central

charge % Moreover, the subVOA generated by €° and a is isomorphic to
L(3,0)® L(3},0).

3. Commutant subVOAs in Vg, g1 g

In this section, we shall construct explicitly a VOA W inside the lattice VOA
VEs1 Es 1 Eg Such that (1) W is generated by nine Ising vectors and any two Ising vec-
tors generate a 3C subVOA Usc; and (2) the group generated by the corresponding
Miyamoto involutions has the shape 3%:2.

Our notation for the lattice vertex operator algebra

(-1 Vi=M(1)QC{L}

associated with a positive definite even lattice L is standard [Frenkel et al. 1988].
In particular, h = C ®7 L is an abelian Lie algebra and we extend the bilinear
form to b by C-linearity. Also, h = h ® C[t, t~'] @ Ck is the corresponding affine
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algebra and Ck is the one-dimensional center of 6 The subspace M (1) given by
Cla;j(n)|1<i<d,n <0]forabasis {«], ..., as} of h, where a(n) =a ®t", is the
unique irreducible ﬁ—module such that «(n) - 1 = 0 for all @ € h and n nonnegative,
and k = 1. Also, C{L} =span{e? | B € L} is the twisted group algebra of the additive
group L such that efe® = (—1)@Pe%eP for any «, B € L. The vacuum vector 1 of
V; is 1 ® €° and the Virasoro element w;, is % Zflzl ,8,~(—1)2 -1 where {84, ..., B4}
is an orthonormal basis of f. For the explicit definition of the corresponding vertex
operators, we shall refer to [ibid.] for details.

Definition 3.1. Let A and B be integral lattices with the inner products (, )4 and
(,)B, respectively. The tensor product of the lattices A and B is defined to be the
integral lattice which is isomorphic to A ®z B as a Z-module and has the inner
product given by

(@B, 0’ ®B)=(a,a)a-(B,B')p, foranya,a'eA, p,p €B.
We simply denote the tensor product of the lattices A and B by A ® B.

N2 Eg-sublattices. Let L = Eg | Eg | Eg be the orthogonal sum of 3 copies of
the root lattice of type Eg. Set

M ={(a, -, 0) |a € Eg} < L,

(3-2)
N={0,0a,—a)|ae Eg} <L.

Then M =N = ﬁEg and M + N = A, ® Eg (see [Griess and Lam 2011]). We
also define
(3-3) E:=Anmny(M+N)={BeL|{(B,B)=0forall B € M+ N}.
Note that £ = {(«, @, &) | @ € Eg} < L and there is a third V2 Es-sublattice
N ={(,0,—a)|a e Es} <M+ N.
We shall fix a (bilinear) 2-cocycle gg : Eg x Eg — Z5 such that

go(at, o) = 3 {at, &) mod 2,
go(e, B) —eo(B, ) = (a, B) mod 2,

for all o, B € Eg. Note that such a 2-cocycle exists (see [Frenkel et al. 1988,
(6.1.27)—(6.1.29)]). Moreover, e®e~% = —e° for any « € Eg such that (o, o) = 2.
We shall extend &g to L by defining

eo(a, o, "), (B, B, B")) = eo(ex, B) + &0, B') +e0(a”, B7).

(3-4)

It is easy to check by direct calculations that g is trivial on M, N, or N.
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Affine vertex operator algebras. We recall the notion of affine vertex operator
algebras [Frenkel and Zhu 1992; Dong and Lepowsky 1993]. Let g be a finite-
dimensional simple Lie algebra and § the affine Kac—-Moody Lie algebra associated
with g. Let IT = {a, ..., a,} be a set of simple roots and 6 the highest root. Let
Q be the root lattice of g. For any positive integer k, we set

Pf(g):{Ae@®ZQ|(al-,A)eZzoforallizl,...,nand 0, A) <k},

the set of dominant integral weights for g with level k.

Let Ly(k, A) be the irreducible module of g with highest weight A and level k.
Then Lg(k, 0) forms a simple VOA with the Virasoro element given by the Sugawara
construction

1 i
(3-5) Qg,k = W Z(”i)—l” ,

where 4" is the dual Coxeter number, {u;} is a basis of g and {u’ := (u;)*} is the
dual basis of {u;} with respect to the normalized Killing form (see [Frenkel and
Zhu 1992]). Moreover, the central charge of L(k, 0) is

kdimg

k+h

A commutant subVOA. Consider the lattice VOA

(3-6)

Vi = Vi, ® Vi, ® Vi,
and let a be an element of Eg such that
K:={BeEg|(B,a)e3Z} = Ag.
Then, we have an embedding
Vkikik EVk Q@ Vk Q Vg — V.

It is also well known that Vx = V4, is an irreducible level-1 representation of the
affine Lie algebra ag (C) [Frenkel et al. 1988]. Moreover, the weight-1 subspace
(Vk)1 is a simple Lie algebra isomorphic to slg(C).

Letn,: K-> K LK LK,i=1,2,3, be the embedding of K into the i-th direct
summand of K 1 K | K, 1i.e.,

m) =(«,0,0), () =(0,a,0), n3(@)=1(0,0,0),
forany o € K.
Notation 3.2. Forany o € K(2) :={x € K | (&, o) =2}, set
Hy = (o, 0, 0)(—1) -1,
E, = M@ o pm(@) 4 pm3(@)
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Then {H,, E, | « € K(2)} generates a subVOA isomorphic to the affine VOA
L3i,c)(3,0) in Vi (see [Frenkel and Zhu 1992; Dong and Lepowsky 1993, Propo-
sition 13.1]). Moreover, the Virasoro element of Lz, (c)(3, 0) is given by

k pk pk 2
2(3+9)[Z<h WD 14 Y (Ea)oi (- E_a)]

ack(2)
where {h!, ..., h8} is an orthonormal basis of K ® C = Eg ® C. Note that the dual
vector of E, is —E_,.

Lemma 3.3. Let M, N and E be defined as in (3-2) and (3-3) and denote the
Virasoro element of a lattice VOA Vg by ws. Then we have

Q=wg+ %a)M-i-N - ﬁ Z eli@=n;@),
aeK(2)
1<i,j<3,i#j

Proof. Let {h', ..., h®} be an orthonormal basis of Ag @ C = Eg ® C. Then

k pk pk 2
2(3+9)[Z(h he =D

_ Z (em(ﬂl) +em@ +en3(06))_1(e—771(0t) 4@ +e—ﬂ3(a)):|

aek(2)
. 3
= — Loy, —9). ; —_12.1)— ni () —n; ()
=52 [6wE+ D0 @@ (=) 1+ mie) (=17 1) =2 Y M@ ]
wek(2) i=1 aek(2)
1<i,j<3
1 18 1 (@) =1 (@) i
= J0E+ 30L — 13 Z e
weK (2)
1<i,j<3,i#]
Since w;, = wy4+n + wE, we have
Q=wg+ %CUM-i—N - 11—2 Z e @) =n;j (@)
aeK(2)
1<i,j=<3,i#]j
as desired. ]

Theorem 3.4. Let
W = Comy, (Lgi,c)(3,0)) ={ve VL | x,v=0forall x € L3,c)(3,0),n > 0}

be the commutant subVOA of Lgi,c)(3,0) in Vi. Then the central charge of W is 4.
Moreover, Wi = 0.

Proof. By (3-6), the central charge of Lz, c)(3, 0) is 3(80)/(3 +9) = 20. Hence,
the central charge of W = Comy, (Lgi,c)(3, 0)) is 4 (= 24 — 20).
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We now show that 17171 =0. Since h(—1) -1 € Lgy)(3,0) forall h € E,
W = COII]VL (L?Ig(C) 3, 0)) C Vman.

Therefore, it suffices to show wn (Vman)1 =0.
Recall that M + N = A, ® Eg has no roots. Thus,

(Vmin)1 =spang{h(=1)-1|h e (M +N)QC}.
However, by Lemma 3.3,
Qih(=1)-1= <a)E+§wM+N—1‘—2 Z e""(“)_”f(“)) h(—1)-1=3h(—1)-1#£0
aek (2) 1
1<i,j<3,i#]
forany 0 £#h € (M + N) @ C. Thus, Wwn (Vm+n)1 =0 and we have Wl =0. O
Ising vectors. Next we shall define explicitly some Ising vectors in V.
Definition 3.5. Let a be an element of Eg such that
K ={BeEs|(B,a)e3l}=As.
Set a = (a, —a, 0) and define an automorphism p of V; by
o= exp(%&(O)).
Then p has order 3 and the fixed point subspace V! =V faAg

Notation 3.6. Let M and N be defined as in (3-2). Set

aeM@)
f :eN:%a)N—i—% Ze"‘,
aeN®4)
R T |
eN _EwN—i_ﬁ Z eOl’
aeN®@)
e :=ple).

It is shown in [Dong et al. 1998] that e, f and ey are Ising vectors and hence
e’ = p(e) is also an Ising vector (see also [Lam et al. 2005; 2007]).

The following lemma can be proved by direct calculations (see [Lam et al. 2005;
2007; Griess and Lam 2011]).
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Lemma 3.7. We have (e, f) = (e, e') = (f, €') = 1/28. Moreover, the subVOAs
VOAC(e, f), VOA(e, g), VOA(f, g) generated by {e, [}, {e, €'}, and {f, €'}, are
isomorphic to the 3C-algebra Usc. We also have ey - ey = %(eM +ey —ep), and
hence t.(f) = ey.

Notation 3.8. Let W := VOA(e, f, ¢’) be the subVOA generated by e, f, and ¢’
We also denote h = 7,77 and g = 7.7.,. Then g and h both have order 3. Note also
that e, f, s Vusn and thus W < Vyon = VA2®E3'

Lemma 3.9. The elements g and h commute as automorphisms of W.

Proof. Recall that g = 7,7, = p on V[, (see [Lam et al. 2007]). Also, h(e) = f =en
and h2(e) = ey .
By a direct calculation, we have

hg(e) = hgh™'h(e) = p" (en),

where p" = hph™! = exp(%(o, a, —a)(O)).
Since ((07 /37 _ﬁ)’ (07 a, _a)> :2’(}37 a) and ((Ov ﬂ7 _ﬂ)9 (a9 —a, 0)) == _<ﬂv a)’

we have

gh(e) = plen) = p" (en) = hg(e).
Similarly, we have
hg(e) =hg(e) = (p")*(en), gh(e') = ghg(e) = g(p"(en)) = (p")*(en)
and
hg(f) = hgh(e) = (hgh®)h*(e) = p"(efy).  gh(f) = glex) = pleg).
Hence gh = hg on W. O

Notation 3.10. For any 0 <i, j <2, denote

e = g'hi (e).
In particular, we have
eO’O=eM, %! =eéen, 30’2=eﬁv
"0 = pey, el = pey, ol:2 = peg,
20 = p2ey, 21 = pley, 2?2 = pey.

Remark 3.11. By the same methods as in [Lam et al. 2007; Griess and Lam 2011],
it is quite straightforward to verify that (e*/, ¢!y = % whenever (i, j) # (i’, j').
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Lemma 3.12. Let G be the subgroup of Aut(W) generated by 1., Ty and t,.. Then

G = (g, h) : (1.), where (g, h) is elementary abelian of order 3% and T, inverts g
and h.

Proof. By Lemma 3.9, we know that the group (g, h) generated by g and &
is elementary abelian of order 32. Also, 7, inverts g and h because 1,87, =
Te(TeTe)Te = To/ T, = g_1 and Thte = To(TeTf)Te = TfTe = h.

First, we shall prove that (g, /) is normal in G. By Lemma 3.9 we have gh = hg
and hence T/ 7, T =TeT.Tr. Thus TrhTr =15 T T T = Te"[e‘(]% =1,7,=h’€ (g, h).
Similar computation gives that (g, &) is normal in G.

Next we show that G = (g, h)(z.). Recall that 7., 74 and 7/ are involutions.
Thus every nonidentity element in G has the form

Talfaz e Tak,

where a; =e, f,ore’ anda; #a; fori=1,...,k—1.

Note also that 7,7, = g, T.Tf = h, 157, = h~'g, and g and A have order 3.
Hence, 7,7, € (g, h) for any a, a’ € {e, f, ¢’}. Therefore, 7,74, - - - Tq, € (g, h) if
kiseven and 7,4, Ta, - - Toy = (TaTay * * " Tq, Te) Te € (g, h){(Te) if k 15 0odd. Thus we
have G = (g, h)(t,).

Since |(g, k)| =3 and |(1.)| =2, we get (g, h)N(t.) =1. Hence G = (g, h) : (Te)
as desired. U

Lemma 3.13. Let Q be the Virasoro element of Lgi,c)(3,0). Then
Q:a)L—g Z e
0<i,j<2
Proof. By Lemma 3.3, we have
Q=0+ i0omiN— 15 Z e @=nj@)
ack (2)
1<i,j<3,i#j

Now let us set Al :=={B € Eg(2) | (a, B) =i mod 3Z} fori =0, 1, 2. Note that
A% = K (2). Then we have

2
60’0 =epy = %Q)M + 31—2 E E e(a,fot,O),
i=0 aeAi

2
1,0 _ _ 1 1 2i ,—a,0
10— pew = hom -+ 4 30 3 £Heed)
i=0 aeAl

2
20 = pley = %O)M + % Z Z glole—a0),
i=0 aeA!
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Hence
Ze’o (14 p+p")em = Fou+55 Y, e 0.
aek(2)
A similar computation gives

Z e = 13—6(a)M +oy +oF) + 33—2 Z M @=ni@,
0<i,j<2 ack (2)
1<i,j<3,i#]
Recall that M + N = A, ® Eg. It contains a full rank sublattice isometric to
(\/EAZ)8 and hence wys4n is the sum of the conformal elements of each tensor
copy of V& . We also note that the conformal element of the lattice VOA V34, is

V24,
given by

030, = § (1 (=1 +aa(=17 +az(=1)%) -1

S (Y (=)

where o, ap, a3 are positive roots of a root lattice type A, [Dong et al. 1998].
Thus wpy+ny = %(a)M +wy +wg) and we get
— _8 iJ
QL=wr, 9 Z e/,
0<i,j<2
as desired. Note that w; = wg + oy +N- O

Lemma 3.14. For any 0 < i, j < 2, we have e e W = Comy, (L;lg((]:)(?a, O)).
Hence W C W and W, =0.

Proof. Since e/ € Vy; .y and E = {(a, a, o) | a € Eg} is orthogonal to M + N, it
is clear that (Hy),e"/ =0 for all n > 0. It is also clear that (E,),e"/ = 0 for any

roota € K and n > 2.
Recall from [Frenkel et al. 1988] that

Y%, z)= exp( Z a(;n)z”) exp( %z_")e“z“.

neZ+t neZ+

Now let o = (123) be a 3-cycle. Then by direct calculation, we have

(Eq)1e"™) = (Eq)1(p'h enr)
_ (o) n2(c) 173 (ct)
— (6711 4 M@ 4 s )1
(16a)h/(M)+32 Z (ngj(b 775](2))(‘1)+e (775](1) '70](2))(0‘)))
(XEA+(E8)

= Lo, )2 (" 0@ oMl 0®) 4 Lo, —a) (e 0@ 4 i @)

=)

’
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and

(Ey)oe™! = (em(ot) +em@ 4 en3(a))0

aeAT(Eg)

= 15 (2. @ (100 @ (= D™ 0 1y @) (= D))

—2(et, @) (Mg (1) = Nes ) (@) (= DT 0@

— (oiqy = ’70/(2))(01)(—l)e"n-f(z)(“)))

+ S e@, =) (Mg ) (@) (= 1)e™ 0@ 4y 4 (@) (= Delei0 @)
=0

for any root o € K. Therefore, (E,),e”/ = 0 for all n > 0. Since L (3,0) is
generated by E, and H,, we have the desired conclusion. (]

Remark 3.15. Note that the lattice VOA V| also contains a subVOA isomorphic
to Lz, (3, 0), the level-3 affine VOA associated to the Kac-Moody Lie algebra of
type Eél). The central charge of Comy, (L, (3, 0)) is %, which is the same as Usc.
In fact, it can be shown by the similar calculation as Lemma 3.14 that e); and ey

defined in Notation 3.6 are contained in Comy, (L £, (3, 0)). Moreover,

Usc = VOA(EM, eN) = COl'IlVL (LE8 (3, 0))

4. Parafermion VOA and W

In this section, we shall show that the VOA W defined in Notation 3.8 is, in
fact, equal to the commutant subVOA W = Comy, (Lg[g(c) (3, 0)). Recall that the
lattice VOA VA§ contains a full subVOA K (s3(C), 9) ® Lsi,c)(3. 0) (see [Lam
2014]), where K (s[3(C), 9) is the parafermion VOA associated to the affine VOA
L3i;0)(9, 0). Therefore, the VOA W contains a full subVOA isomorphic to the
parafermion VOA K (s(3(C), 9).

Parafermion VOA. First, we recall the definition of parafermion VOA from [Dong
and Wang 2010], henceforth abbreviated [DW] (cf. [Dong et al. 2009; 2010]).

Let g be a finite-dimensional simple Lie algebra and § the affine Kac-Moody
Lie algebra associated with g. The level-k affine vertex operator algebra L;(k, 0)
contains a Heisenberg vertex operator algebra corresponding to a Cartan subalgebra
h of g. Let Mﬁ (k, 0) be the vertex operator subalgebra of L;(k, 0) generated by
h(—1) -1 for h € hh. The commutant K (g, k) of Mﬁ(k, 0) in Lg(k, 0) is called a
parafermion vertex operator algebra.
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The VOA Lj(k, 0) is completely reducible as an Mﬁ (k, 0)-module and we have
a decomposition (see [DW]).

Lemma 4.1. For any ) € b*, let M (k M) be the irreducible highest weight module
for h with a highest weight vector U)L such that h(0)v, = A(h)v, for h € . Set

Kg (M) = Kg1(0, 1) = {v e Ly(k, 0) | h(m)v = A(h)8 v for h € b, m > 0}.

Then we have

Ly(k,0) = P Ko () ® My (k, 1),
reQ

where Q is the root lattice of g.

Similarly, for any dominant integral weight A € Pf (g), we also have the decom-
position.

Lemma 4.2. Set
Kgx(A,2) ={ve Lyk, A) | h(m)v = A(h)8 0v for h € h, m > 0}.

Then
Lik, A= @ Kox(A,2)®M;(k, 2).
rAeA+Q

A generating set. In [DW], it is shown that the parafermion VOA K (g, k) is gener-
ated by subVOAs isomorphic to K (sl,(C), k). We first give a brief review of their
work.

Let h be a Cartan subalgebra of g and let A be the set of all positive roots of g.
Then

g:b® @ (Cxa@ﬂ:xfa),

aeA;
where x4 € g1o ={u € g | [h, u] = £a(h)u for all h € h}.

Notation 4.3. For any o € A4, let hy =[xy, X_o]. Then S, = span{hy, xo, Xx—q}
is a Lie subalgebra of g isomorphic to sl,(C). Define

1
0u = 3y (kha(=2)1 = ha (= D21+ 2kxa (=10 (= D)D)

and
W2 = k2hy (—3)1 4 3khg (—2)he (— 1)1 + 2k, (—1)31
— 6khy(—1D)xg (—Dxg (=11 + 3k%x0 (—2)x0 (— 1)1 — 3k%x0 (— 1) x4 (—2)1.

We use P, to denote the vertex operator subalgebra of K (g, k) generated by w,
and W2 fora € A.
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Theorem 4.4 [DW, Theorem 4.2]. The simple vertex operator algebra K (g, k) is
generated by P, @ € Ay and P, is a simple vertex operator algebra isomorphic to
the parafermion vertex operator algebra K (sl,(C), k) associated to sl,(C).

The lattice VOA Vk+1. Next we recall an embedding of the VOA
K (sl n+ D)@ Ly, ok +1,0)
into the lattice VOA V4k+1 from [Lam 2014].
We use the standard model for the root lattice of type A,. In particular,
£+1
= {Zaié,‘ € ZZ-H ‘ a; € Z and Z a; IO},
i=1

where ¢; is the row vector whose i-th entry is 1 and all other entries are 0. The dual
lattice

4
Ar = a, () + Ay,

i=0
|tk e+1
where y4,(i) = E—I—l( Z iej— Y (E+1—i)ej) fori =0,...,%.
j=t41—i+1

Notation 4.5. Let n and k be positive integers. We shall consider two injective
maps 1; : 2" — 70 FDEAD and y; : 7K 5 70HDED defined by

Ni(€;) = €m+nyi-n+; and  (;(€;) = €mt1)(j—1)+i

fori=1,....k+1,j=1,....n+1.

Let
k+1 n+l
disy = Z nj g+l DD o Pnil = ZL/ gkl 7DD
Jj=1 ]

Then we have
dk-i—l(al, ... ,an—i-l) = (Cll, Y < S N7 5 RIRIRIPN ¢ 7 N /) P .,Cln+1),

Mnt1(ai, ... axp1) =@y, ...,a1,a2,...,a2, ..., Agq1, ., Qfyl)-

Set X =di11(Ay) and Y = py41(Ag). Then X =Vk+ 1A, and Y = 4/n + 1 Ag.
Moreover, we have

k+1

AnnA(n+l)(k+1)—1 Y)= @ ni(A,) = Aﬁ‘H,
i=1
n+1

AnnA(ﬁl)(kH)q (X)= @Lj(Ak) = A’]:Jrl’
j=1

(4-1)
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where Anny (B)={x € A|(x, y)=0 for all y € B} is the annihilator of a sublattice B
in an integral lattice A.

By the same construction as in Notation 3.2 (see also [Dong and Lepowsky
1993, Chapter 13]), one can obtain subVOAs isomorphic to L;[”H(C) (k+1,0) and
Ly, ..+ 1,0) in the lattice VOA V4,441

The next proposition is well known in the literature [Kac and Wakimoto 1988;
Nakanishi and Tsuchiya 1992; Lam 2014].

Proposition 4.6. The VOAs L3 © (k+1,0) and L3, © (n+ 1, 0) are mutually
commutative in the lattice VOA Va1 - Moreover,

LE’\[»HI(C) k+1,00® L;[kJrl(C) (n+1,0)
is a full subVOA of Vi 1y41)—1-

Remark 4.7. It is also known that the VOA V, . (4,) is contained in the affine
VOA L;‘[HI(C)(I’[ +1,0) and K(slz11(C),n+ 1) = ComLakH(Q(nJrl,O)(Vun+1(Ak))
(see [Lam 2014, Lemma 4.1]). Moreover, for any A € P”+ +1(5[k+1(([3)), we have
the decomposition

42) Ly, n+1,0)= P K@t (A, 04+ DA @ Vigp, an

5l

e a1 (A+Ay)
Mnt1(Ak)

as amodule of V|
(see [ibid., Lemma 4.3]).

Note that it is shown in [Dong and Lepowsky 1993, Theorem 14.20] that
s @t 1 (A, (1 + DR, for A € PIH(sly 1 (©)), & € (s1(Ap)*, are irre-

ducible K (slx+1(C), n 4+ 1)-modules.

4 ® K (L4 1(C), n+1) (L € 5 A}) such that 41 (X) = A

Next we consider the case n =8,k =2. Then (n+1)(k+1) — 1 = 26. We shall
study the decomposition of W = ComvEg (L3iyc)(3,0)) as a K (s[3(C), 9)-module.
Set

Vi=n—mn2, V2=1nN2—10n3
and define = 3 : 73 — 7% by
u(ay, ay,a3) =(ay,...,ay, a,...,0az,4as,...as).
Note that ¥ = 1 (A,) =3A, and
Anng, (Y) = {o € Ay | (@, B) =0 forany g € Y} = A3,

Next we discuss the coset decomposition Y + Ag in Ajg.
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Lemmad4.8. Let oy = (1, —1, 0) and oy = (0, 1, —1) be roots of Ap. Then we have

Aze = U (=5 Gpla) + ju(@) +Y) + (1 (Yag (D)) + v2(ya () + A3))-

0=<i,j=<8

Proof. First we note that [Ay : Y + Ag] =./(9%-3)-93/27 = 9%. Moreover, we
have

9 9
—5 (i) + jpu@)) + vi(a )+ a ) = D wle)+ Y wle).
k=10—i k'=10—i

Note that 22:10—5 lap) €Y + Ag for any i # 0, p =1, 2. Therefore,

(—2Gm(en) + ju@2)) +Y) + (v1(ra, () + v2(vag () + A7),

fori,j=0,...,8, give 92 distinct cosets in Az /(Y + Ag). Thus, we have the
desired conclusion. O
Lemma 4.9. Let § = y4,(3) = 1(1%, (=2)%) € A}. Then for any k, £ =0, £1, we
have

Comv(kvlJrlvz)(S)JrAg (L;[9(@) (3’ O)) = {U € V(’<“1+£”2)(5)+A§ | an = Ofol" all n 2 O}
= Koi,0),9(0, =3(kay + La)).
Proof. By Lemma 4.8,

Vi = VoLt +intn+Y @ Voi(rag 0)+va(rag (1)+43-
0<i,j<8

Moreover, by (4-2),
Lg,(9,0) =Comy, (Laye)3,0)= @D Visr ® Keyc) (0, 9).

1
Take i = 3k and j = 3¢. Then we have regl/Y

COMYity, iy 3 (Lalo© 3, 0)) = Kity(0).9(0. 9 —5(3kers +3¢a))
= Ks13(0),9(0, =3 (kay + La2))
as desired. -

Lemma 4.10. We have the decomposition

W = Comy,s (Lay)3,0) = @D Ken©.900, 31 + ja)).
i,j=0,%1
Proof. First we note that M + N = A, ® Eg and

M+N= [ ((kvi+£02)(8) + A2 ® Ay).
0<k,t<2
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Since Ay, ® Ag = AnnAg (d3(Ag)) and Vd3(Ag) C Lg[g(@) (3, 0), we have
W = Comy,; (Lziy© 3, 0)) < Virn
The conclusion now follows from Lemma 4.9. O

Now let @ € A, be a root. Then Za = A; and

9

L(a) = P 1j(Ze) = AT C A
j=1

Let H, and E, be defined as in Notation 3.2. Then {H,, E,, —E_,} forms a
slp-triple in the lattice VOA Va2 < Vg Moreover, it generates a sSubVOA £,
isomorphic to the affine VOA L, (c)(9, 0). Let M, (9, 0) be the subVOA generated
by H,. Then

Ho :=Comg, (My(9,0)) = K(s2(C), 9).

Note also that 3, = Comg, (My(9, 0)) < ComL;%(Q(g,o)(VMAz)) = K (sl5(C), 9).

Set h, = Hy, x, = E, and x_, = —E_,. Then the elements w, and W(f defined
in Notation 4.3 are contained in ¥,. In fact, %, is generated by w, and W(f (see
[Dong et al. 2009]).

Theorem 4.11. The VOA W defined in Notation 3.8 contains a full subVOA isomor-
phic to K (sl5(C), 9).

Proof. Recall that W = (et |0 <i, j<2). We also have

M= (n—m)(Es), N=@n—m)(Es), N=—n3)(Es).

Let oy = (1,—-1,0), ap = (0,1, —1) and a3 = o; + a» = (1,0, —1) be the
positive roots of A,. Then by the same calculations as in [Lam et al. 2007], it is
straightforward to verify that

Hoy < VOA(em, pem), o, < VOA(en, pen), oy < VOA(ey, peg),

where ey, ey, e5 and p are defined as in Notation 3.6.

Now by Theorem 4.4, J,,, 5y, and H,, generate a subVOA isomorphic to
K (sl3(C),9) in W. It is a full subVOA of W because they have the same central
charge. O

Theorem 4.12. We have W = W = Comy, (Lgiy(c) (3, 0)).

Proof. By the previous lemma, the subVOA W contains K (s[3(C), 9) as a full
subVOA.

Therefore, it suffices to show that K, (c),9(0, 3(far; + jorz)) is contained in W
for any i, j =0, 1.
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By [Lam et al. 2007, Proposition 2.2],

+ 1 — 1
X, =5 Z e/ and X =% Z e’
yevi(8)+v1(Ag) y€—v1(8)+vi(Asg)
(v, y)=4 (r.y)=4

are contained in VOA ey, pey) < W. Moreover, it is straightforward to verify that

Xt e Comy, ), 43 (Lsiy©) (3, 0)) = Ksty0),9(0, —31)

and
XV_I € ComV—v1<5)+A§ (Lﬁg(C)(?), 0) = K5[3(C),9(0, 3a1).

Therefore, W contains K, (c),0(0, £3c1) as K (sl3(C), 9)-submodules. Similarly,
W also contains K5[3(@)’9(0, :]:3(12) and K5[3(@)’9(0, :|:3(Ol1 + Olz)) as K(5[3 (C), 9)—
submodules.

Moreover, it is clear that 0 # (X 1) 3(X,)) € Vi, —1y)5)+43- Since X\ and X
are contained in the commutant of Lgj,c)(3, 0), we have

(X)) 3(X;) € Comy,, i, (Liyc) (3. 0).

Hence W contains Ky, (c),0(0, 3(a¢p — a2)). Similarly, K (c),0(0, 3(a2 — aq)) is
contained in W, also. U

Remark 4.13. Recall that "/ € VES’ 0<i,j< 2~, are fixed by the diagonal action
of the Weyl group of K. Therefore, the VOA W is fixed by the Weyl group of
K pointwise. Using this fact and Lemma 4.9, it is straightforward to show that
dim(Ksic),0(0, 3a)2) = 1 for any root « of Ag, dim(Ks(,(c),9(0,0)2) = 3, and
dim(Kspc),0(0, £3(a1 — @2))2) = 0 (see the Appendix). Thus, dim(Vsz) =9 and
W, is spanned by {¢"/ |0 <i, j <2}.

A positive definite real form. Next we shall show that the Ising vectors e/, for
0 <i, j <2, are contained in a positive definite real form of VEg.

First we recall that the lattice VOA constructed in [Frenkel et al. 1988] can be
defined over R. Let V, r = § (6@ ) ® R{L} be the real lattice VOA associated to an

even positive definite lattice, where h = R ®z L, 6_ = ®,cz+h @ Rt ™", As usual,
we use x(—n) to denote x @t " forx chandn € Z+.

Notation 4.14. Let 0 : V. g — V. r be defined by
O(x(—ny) - x(—ng) ®e*) = (=D x(—nyp) - x(—np) @ e ™.

Then 6 is an automorphism of Vg, which is a lift of the (—1)-isometry of L [ibid.].
We shall denote the (+1)-eigenspaces of 6 on V; p by V;R.

The following result is well-known [Frenkel et al. 1988; Miyamoto 2004].
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Proposition 4.15 (cf. Proposition 2.7 of [Miyamoto 2004]). Let L be an even
positive definite lattice. Then the real subspace V; p = VLJF’ R ® V=1V pisareal
form of V. Furthermore, the invariant form on VL,R is positive definite.

Now apply the above theorem to the case L = E g We have the following result.

ogs 7 _ v+ — — 7 . . .
Proposition 4.16. Let VEg’R = VE;REB\/ IVE;R. Then VEQ,R is a positive definite
real form of VE3.

The next lemma is clear by the definitions of ey, ey, and e .
Lemma 4.17. The Ising vectors ey, en and ey defined in Notation 3.6 lie in VEE,,R.

Recall the automorphism p = exp(%(a, —a, 0)(0)) defined in Definition 3.5,
where a is an element of Eg such that K = {8 € Eg | (B, a) € 37} = Ag. Then we
have the coset decomposition

Eg=AgU(b+ Ag) U(—b+ Ay),

where b is a root of Eg such that (b, a) = 1 mod 3.
Note that
M ={(a, —,0) |« € Eg} = v2Ej,

K ={(a, —,0) | € K} = +/2As.
Set
XO . l(e 2
= z(em +pey +p em),
X' = Yem +Epen +Epen),
X? = 3(em +&%pey +Ep%em),

where & = exp 23ﬂ = %(—1 ++/—3).
The next lemma can be proved by the same calculations as in [Lam et al. 2007].
Note that pX° = X°, pX! = £2X" and pX? = £X>.

Lemma 4.18. The vector X° is contained in VA',; r- Moreover,

Xlzé Z e’ and X2:31—2 Z ev.

yeb,—b,0)+K ye—(b,—b,0)+K
(v,y)=4 (y,y)=4

Therefore, X' + X*> € Vi p and X' — X* € Vy; .
Lemma 4.19. The Ising vectors e 0<i, Jj <2, are all contained in VE;R.

Proof. By the discussion above, we have

pey = X0 —L(X'+ X%+ 1V/=3(X" — x?).
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Since X! + X2 € VJR and X' — X2 € Vi.r» We have pey € VEQ,R. Similarly, we
have pzeM, pen, ,ozeN, pey, ,oze,;', € VEg,R as desired. O

5. Griess algebras generated by Ising vectors

In this section, we shall give few structural results about Griess algebras generated
by Ising vectors in a moonshine-type VOA V over R such that the invariant bilinear
form is positive definite. Our setting is as follows.

Notation 5.1. Let e, ¢/, ¢” be three distinct Ising vectors in V. Assume that
D) (e, e') =(e,e') = (e, ") = 1/28 and 7,7, TeTer, Te T are of order 3.

Then each of {t,, to'}, {Te, Ter}, and {7, To»} generates a dihedral group of order
6 and the Griess algebras generated by {e, €'}, {e, ¢”}, and {¢’, ¢”} are isomorphic
to the Griess algebra GUs¢ of the 3C-algebra Usc.

Let g = 7.7 and h = 7,7,». We shall assume that

(II) the subgroup H generated by g and / is elementary abelian of order 32,

1.0 and

For any 0 < i, j < 2, denote e’/ := g'h/e. Note that ¢’ = ge = e
¢” = he = ¢%! by Lemma 2.9(4). Furthermore, we assume that
(I) (%0, -1y = 1/28.

Therefore, the Griess subalgebra generated by e%0, e!'! is also isomorphic to
(QU3c.

Lemma 5.2. Let G be the subgroup generated by t,, t./, and t.». Then G = H : (t,),

where H = 32 is normal in G and t, inverts every element in H, i.e., T,yT, = y~!

forally e H.

Proof. The proof is essentially the same as Lemma 3.12 because H = (g, h) is
elementary abelian of order 32 by our assumption. U

Lemma 5.3. Forany (i, j) # (i, j'), we have (e, "'y = 1/28.

./

Proof. By definition, (¢/, ey = (g'hie, g"'hi'e) = (e, g ~'hi'" "I e).
By our assumption, we have
(. ge) = (e, g7 'e) = (e, he) = (e, h™'e) = 1/2°,
(e, gh™"e) = (e, g~ 'he) = (ge, he) = (¢, ") =1/2°,
(e, ghe) = (e, g 'hte) = 1/28.

Thus, ("7, ey = 1/28 if (i, j) # (', ). 0

Lemma 5.4. Let 4 be the Griess subalgebra generated by {e, ¢, e"}. Then G is
spanned by {€"/ | 0 <i, j <2} and dim% =9. The algebra structure of 4 is unique.
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Proof. Recall that g commutes with & and for any (i, j) and (i’, j’), we have

T Ty =8 h g h g 't g ' h = g'hig' it rg T g h T

— iR
By Lemma 2.9(3) and (4), we know that
5-1) e T = g R ey = e e — 326 T
if (i, j) # (i’j'). Therefore, e/~ ~/=I" € 4{e"/ ¢"J'}, the Griess subalgebra
generated by {e/, ¢'"J'}. Hence,
020 = 0.0 4 p1.0 30,00 410 0.2 _ 0.0 0.1 _ 39,00 01

and e>? = !0 4+ 01 —32¢1:0. %1 are in 4.

Similarly, we also have ell e CQ{eo*o, 62’2} <4, el 2 e %{eo’z, ez,z} < %, and

e>! € g{e*0, ¢>?) < 4. Thus, all €'/, 0 <, j <2, are in 4. In addition, by (5-1),
we have

gid ol {%(6’” el =) it ) # 6T,
2"/ if (i, j) = @"j"),
where i +i’4+i” = j + j' 4+ j” = 0 mod 3. Therefore, span{e’/ |0 <i, j <2} is

closed under the Griess algebra product and % = span{e’/ | 0 <i, j <2}. By our
assumption, we have the Gram matrix

I 1 1

3 38 2

11 1

.. . 2 4 - 28
i,j Hihj' _

(e, e >)05i,/‘,icj/§2_ oo :

1 1 1

2’ B 3

It has rank 9 and hence {¢// |0 <i,j <2}isa linearly independent set and
dim%4 =09. O

Next, we shall give some information about the VOA W generated by {e’/}.

Lemma 5.5. Let

Then w is a Virasoro vector of central charge 4. Moreover, w - e/ = €'/ . @ = 2¢-J
forany O <i, j <2. In other words, w/2 is the identity element in .

Proof. This follows from a straightforward calculation using Lemma 2.9. ]
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Lemma 5.6. Let

pt=38 el — 3200 4 01 4 02y,
9 33

Then b! is a Virasoro vector of central charge %. Moreover, e*°, a', and b" are

mutually orthogonal and @ = €% + a' + b'. Therefore, W has a full subVOA
isomorphic to the tensor product of Virasoro VOA

L(3.0)®L(%.0) ® L(3}.0).
Proof. It follows from (4) and (5) of Lemma 2.9 and Lemma 5.5. O

Remark 5.7. Because of Lemma 4.10 and Theorem 4.12, we conjecture that the
subVOA VOA(e, ¢/, ¢”) generated by {e, ¢/, ¢’} is isomorphic to

= P Ke©.000, 3G + jorr)).
i,j=0,£1

Recall from [Lam 2014] that the parafermion VOA K, (c),0(0, 0) contains a full
subVOA Wy(1, 1) ® Wy (2, 1), where Wy(1, 1) has central Charge and Wy(2, 1)
has central charge . Therefore, we believe that the subVOA VOA(e e, e") also
contains a full subVOA isomorphic to L(z, 0)® L(22, 0) ® Wo(2, 1), which is
expected to be rational. However, we are not aware of any uniqueness results of the
parafermion VOA K, (c),9(0, 0) nor the W-algebra Wy (2, 1) in terms of generators
and relations. Therefore, it is unclear if VOA(e, €', ¢”) contains K, (c),9(0, 0) or
L(3,0)® L(33,0) ® Wo(2, 1) as a full subVOA.

Finally, we describe explicitly several highest weight vectors of the subVOA
vir(e®?) ® vir(a') ® vir(b").

Lemma 5.8. With respect to the subVOA vir(e®?) @ vir(a') ® vir(b'), we have the
following highest weight vectors.

(1) The vectors a'—al,i, je{2,3,4),i # j, are highest weight vectors of weight
(0, T 11) where

al — 33(€oo+eo 1 +eO 2) 60’0, a2: %(60,04_61,04_62,0) —60’0,

a3 =32 (600-‘1-61 1 +€2 2) 60’0, a4= %(60’04-61’2 -‘1-62’1) —60’0.

01 _ ,02; : ; : 131
(2) The vector e™" — e~ is a highest weight vector of weight (1¢, 15, 0).
(3) The vector (e'° + el 4el2) — (0 +e> +e*?)isa highest weight vector
of weight (1. {7, 17)-
(4) The vectors (eb'! — e*?) — (e!'? — * 1) and ("0 — 20y — (¢! — e22) are
highest weight vectors of weight (% 76" 11)
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Proof. (1) By Lemma 2.9, it is straightforward to show that
a-al = 33(2a +2a’ —a* —ab,
forany i # j and {i, j, k, £} = {1, 2, 3, 4}. Thus,
all(ai —aj) = %[(Zal +2a' —a’ —ak) — (2a1 +2a’ —a' —ak)] = l—ll(ai —aj),

where {i, j, k} = {2, 3, 4}.
Since e(l)’oai =0and wya’ =2a’ foralli, a’ —a’ is a highest weight vector of
weight (0, -, 21) with respect to vir(e®?) @ vir(a!) ® vir(b").

(2) By direct calculations, we have

e(l),O(eO,l 0 2) 312[(60’0 4+ eO,l _ 60’2)—(80’0 +€O’2 _ eO,l)] — %(60’1 _ 60’2)

and
%(60,0 101 +eo,2)l (eO,l _eo,z) _ 2(60,1 _ 60,2).
Since a'! (e0 040l 4692y — 00 and p! = w — %(60,0 +¢%1 +¢02), we have
all(eo’l — 60,2) = ?—é(em — 60,2) and b{(eo’1 — 60,2) =0.

(3), (4) By the same calculations as in (2), (e!'0—e??), (e!'! —e??), and (e!? —e>)
are %—eigenvectors of e(l)’o. By Lemma 2.9, we also have

2 (001601 402 (11— 22) = L (41— 22) 4 (10— 20) 4 (12— e21)).
Let v=(e"04el! 4 e12) — (¢20 4 21 4 ¢22). Then

25(00+€01+€02)U—%3(4+1+1) — 2

»—l

Thus, a v_(———)v—
Moreover

gg( 0.0 4 0.1 4 0. 2) ((81,1 _82,2) _ (61,2_62,1))
= =DM ) = 2 =) =

Thus, we have

a11((61,1 _62,2) _ (61,2 _ez,l)) _ 13_6((61’1 _ez,z) _ (61,2 _62,1))

21 1 2y, _ 20
Fgvand bjv =2 — {)v=jv.

|

((81’1 —62’2) o (61’2 . 62’1)).

—_

and

Pl((eH — ) = (2 =)o = (e —2) — (12— )

The remaining cases can be proved similarly. U
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Appendix: Dimensions of K;c),9(0, 3G a1 + joz))2

In this appendix, we shall compute the dimension of K, (c),9(0, 3(ia + jap)), for
all 0 <i, j <?2. First we recall a result from [Frenkel et al. 1988, Chapter 8].
Let o, 8 have norm 4 in a lattice L. Then

Ja(=D*-1 if B=—a,
(A-1) evef = {e(a, Bt if (B, a) = -2,
0 otherwise.

Lemma A.1. Forany k, ¢ =0, =1, we have dim(Ks;(c),9(0, 3(kay +£az))2) =1
if (k,£) = (0, £1), (£1, 0), or (£1, £1) and dim(Ks;(c),9(0, 3(kary 4+ £an))2) =0
if (k, ) = (£1, FD).

Proof. Recall that

K5[3(C),9(0’ —3(k(X1 +£a2)) = ComV(kU]+eU2)(a)+Ag (LEIQ(C) (3, O)) < VM+N-

Moreover, by Lemma 3.3, the conformal vector 2 of Lgj,c)(3, 0) is given by

3 1 i()—n;
Q=owpg+30M+N — 13 Z e (@)= (@)
a€As(2)
1<i,j<3,i#j

Thus, for any X € (Vyr4+n)2, 21X = 0 if and only if

(A-2) ( Z e”"<">—'71<“>)X=18X.
1

a€Ag(2)
1<i,j<3,i#j

Let W ={y € (kv 4+ €v2)(S) +Ag | {y,y)=4}. Then

Vv, +evn)6)443)2 = spanfe” | y € W}.

Moreover, ¥ = {(kvi +£v2)(8 + B) | B € As(2), (B, ) = —1} if (k, £) = (0, £1),
(£1,0), or (£1, £1) and ¥ = @ if (k, £) = (&1, F1).

Suppose X = Zye\lf a, e’ be an element in Ky, (c),9(0, —3(kay +£az))2. Then
by (A-1) and (A-2), we must have a,, = a, for all y, y’ € W. Note that there are
exactly 18 roots in Ag such that (8, 8) = —1 and W is fixed pointwise by the Weyl
group of K = Ag.

Hence, K, (c),0(0, —3(kay 4 £as))s is spanned by Zyell—f eV if (k, £) = (0, £1),
(£1, 0), or (£1, £1) and is zero if (k, £) = (&1, F1). ([

Next we consider the Griess algebra Kq,(c),9(0, 0)2. The next lemma follows
immediately from (A-1) and the choice of the 2-cocycle gy( , ).
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Lemma A.2. Let 8 be a root of Ag and 1 <k, <3. Then

( Z e(m—flj)(oé)) =) (B)
1

(¥€A8(2)
i#j
— Z e(nk*nz)(oﬁﬂ)_i_%(nk(ﬁ)_w(ﬂ))(_1)2,1_2e(m*mz)(ﬂ)_ze(nk*nj)(ﬁ)_
acAs(2) i#k e
(a,B)=—1

The next lemma can also be proved easily by the definition of vertex operators
[Frenkel et al. 1988].

Lemma A.3. Let € Ag. Then

( > e(”""’f““)) (k= 1) (B (=11
1

acAg(2)
i#] N
= 3 (G =)@, O — o) (B)) 2@,
acAg(2)
i#j
Lemma A.4. The Griess algebra Ki;(c),9(0, 0)2 has dimension 3 and is spanned

by {wals a)az’ a)a1+a2}-

Proof. Let

X= Y (anja(ni@ —nj@)(-2)-1
1<i<j<3,
A3 (2 (@)=
aeayd) +bija (i (e) =1 (@) (=1)% - Lt ¢, j ™7
be an element in Kq(,(c),9(0, 0)2.

Since X is fixed by the Weyl group of Ag, we have a; j o =a; j g, bi j.« = bi,j g
and Ci,joa = Ci,j,B for any roots o, B € Ag. Set aij = 4i jas bi,j = bi,j,a, and

Ci,j = Ci j« for any root o € Ag. Then, forany 1 <i < j <3,

> i ja(ni@ —nj@)(=2)=ai; Y (@) —nj@)(—2)=0

a€As(2) acAg(2)

X= 3y (b,-,j Y (it —mi@) (=D 14c; Y e"""”‘"-f(“)).

1<i<j<3 acAg(2) acAg(2)

Moreover, ( Z e”i("‘)_”f(“)) X = 18X since X € Ksp5(c).9(0, 0)2.
1

acAg(2)
1<i,j <3, i#]
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By Lemmas A.2 and A.3, itis straightforward to show X e span{wy,, ®a,, ®a;+ay}
and dim(th(qj),g(O, 0)2) =3. U
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SOFIC GROUPS: GRAPH PRODUCTS
AND GRAPHS OF GROUPS

LAURA CIOBANU, DEREK F. HOLT AND SARAH REES

We prove that graph products of sofic groups are sofic, as are graphs of
groups for which vertex groups are sofic and edge groups are amenable.

1. Introduction

We prove the following results.
Theorem 1.1. A graph product of sofic groups is sofic.

Theorem 1.2. The fundamental group of a graph of groups is sofic if each vertex
group is sofic and each edge group is amenable.

Theorem 1.1 generalizes Theorem 1 of [Elek and Szab6 2006], and our proof is
based on ideas used in the proof of that theorem. Theorem 1.2 is an extension of the
result that free products of sofic groups amalgamated over amenable subgroups are
sofic, proved independently in [Elek and Szabé 2011, Theorem 1] and [Paunescu
2011, Corollary 2.3]; most of the argument needed to extend the result is already
found in [Collins and Dykema 2011, Corollary 3.6].

The term “sofic groups” is attributed to Weiss [2000] and applied to a definition
due to Gromov [1999]; this is a class of groups which, together with the related
class of hyperlinear groups, has inspired much recent study through its connections
to a variety of different mathematical areas. A very useful introduction to sofic
groups is provided by [Pestov 2008]. There are many open questions, including the
question of whether all groups are sofic.

A number of quite distinct, but equivalent, definitions exist for sofic groups
and are proved equivalent in [Pestov 2008]. The definition in [Weiss 2000] for
finitely generated groups involves finite subsets of the Cayley graph of the group
and is essentially the same as the definition in [Gromov 1999] of the Cayley graph
being initially subamenable. An alternative and equivalent definition of [Pestov
2008] defines a group to be sofic if it embeds as a subgroup in an ultraproduct
of symmetric groups. Another (equivalent) definition, found in [Elek and Szabé
2006], is phrased in terms of quasi-actions. We shall work with a variation of that

MSC2010: 20F65, 37B05.
Keywords: sofic, graph products, free and direct products, groups of graphs.
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definition, given below as Definition 1.4; we phrase it in terms of (what we call)
special quasi-actions. That this is equivalent to the definition of [Elek and Szabé
2006] (and hence to the others) follows from Lemma 2.1 of the same paper.

For a finite set A, let S(A) be the group of all permutations of A. For € > 0,
we say that two elements fi, f> of S(A) are e-similar if the number of elements
a € A for which fi(a) # f>(a) is at most €|A|. Note that for € > 1 this condition
is always satisfied.

Definition 1.3. Suppose that G is a group, € > 0 is a real number and F C G is a
finite subset of G. A special (F, €)-quasi-action of G on a finite set A is a function
¢ : G — S(A) with the following properties:

(@ ¢(1)=1.

(b) ¢(g)"' =¢(g™") forall g € G.

(c) For g € F\ {1}, ¢(g) has no fixed points.

(d) For g1, go € F the map ¢(g1g2) is e-similar to ¢ (g1)p(g2).
Fora € A, g € G, we write a?® for the image of a under ¢ (g).

Definition 1.4. A group G is sofic if, for each number € € (0, 1) and any finite
subset F' € G, G admits a special (F, €)-quasi-action.

It is immediate from the definition that a group is sofic precisely if every one of
its finitely generated subgroups is sofic. We note at this stage also the following
elementary result, which will be useful to us later.

Lemma 1.5. Let ¢; be special (F, €)-quasi-actions of G on A; for 1 <i <n,let A=
Ay XX Ay, and define ¢ : G — S(A) by (ay, . .., a,)?® = (a‘lf’l(g), L a®),
Then ¢ is a special (F, ne)-quasi-action.

Proof. The conditions (a), (b) and (c) of the definition are straightforward to check

for ¢. The equality (ay, ..., a,)?®?®) = (g, ..., a,)?®18) holds whenever
a?i (&0i(g2) _ al.d’i (8182) for each a;, which is the case for at least (1—¢)" |A| elements
(ay, ...,a,) € A. The result now follows since (1 —€)” > 1—ne foralln > 1. I

This article contains two additional sections; Section 2 contains the proof of
Theorem 1.1 and Section 3 the proof of Theorem 1.2.

2. Proof of the graph product theorem

Let I' be a simple graph and, for each vertex v of I', let G, be a group. The graph
product of the groups G, with respect to I' is defined to be the quotient of their free
product by the normal closure of the relators [g,, g] for all g, € G, gw € G, for
which {v, w} is an edge of I". Graph products were introduced by Green [1990] in
her Ph.D. thesis, and their basic properties are established there. For a graph product
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of vertex groups G, ..., G, with respect to a finite graph I" with vertices 1, ..., n,
and for J C {1, ...,n}, we define G; := (G, | j € J). By [loc. cit., Proposition
3.31], G, is isomorphic to the graph product of the groups G; (j € J) on the full
subgraph of I" with vertex set J. Note that G is the trivial group.

Green only considered graph products of finitely many vertex groups, but the
definition applies equally well to graphs with infinite vertex sets /. Since any
relation in a group is a consequence of finitely many defining relations, the property
that, for any J C I, the group G, is isomorphic to the graph product of G; (j € J)
on the full subgraph of I" with vertex set J, extends to graph products with infinitely
many vertex groups. Hence, since a group is sofic if and only if all of its finitely
generated subgroups are sofic, it suffices to prove Theorem 1.1 for graph products
of finitely many groups, so we shall assume from now on that the graph I' is finite.

Any nonidentity element in a graph product can be written as a product g; - - - g
for some / > 1, where each g; is a nontrivial element of a vertex group G j,. By
[Green 1990, Theorem 3.9], we can get from any such expression of minimal length
to any other by swapping the order in the expression of elements g;, gi+; from
commuting vertex groups. Hence every minimal length expression for an element g
has the same length /, which we call the syllable length of g, and involves the
same set {g1, g2, ..., &} of vertex group elements with the same multiplicities, the
syllables of g. Whenever g; - - - g; is a minimal length expression for g, we call
each product g; - - - g; a left divisor of g and each product g; 1 - - - g, a right divisor
of g for0<i <n.

We also note that, for any finite subset of a graph product of groups G;, there
is a bound N on the syllable lengths of its elements, and there are finite subsets
F; of the vertex groups G, that contain all the syllables of those elements. Hence
Theorem 1.1 follows from the following proposition.

Proposition 2.1. There is a function f : N — N with the following property. Let
Gy, ..., Gy be sofic groups and G be their graph product with respect to a finite
graph I'. Let € > 0 be given, and for eachi =1, .. .n, let F; be a finite subset of G,
let A; be a finite set, and suppose that ¥; : G; — S(A;) is a special (F;, €)-quasi-
action of G; on A,.

Then, for any N € N, G has a special (F, f(n)€)-quasi-action ¢ on a finite set C,
where F is the set of elements of G of syllable length at most N for which each
syllable is in some F;, such that the following additional properties hold:

(1) whenever x, y are in distinct vertex groups, ¢ (xy) = ¢ (x)¢(y);

(2) C admits equivalence relations ~1, ..., ~, such that, foreachc € C, g € F
and J C{1,...,n},
@~ 0 = g€Gy

(where ~ is the join of those equivalence relations ~ ; for which j € J).
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Note, by definition, a ~; b if and only if there is a sequence a =cy,...,cn =b
of elements with ¢; ~, ¢;11 for some j; € J. In particular, x ~5 y <= x =y.

Note that the conditions (1) and (2) imposed on the special quasi-action ¢ are
necessary for the inductive proof of the proposition, rather than to deduce the
theorem. Condition (1) ensures in particular that ¢ (x)¢ (y) = ¢ (y)¢ (x) whenever
x, y are from commuting vertex groups.

Proof. The proof is by induction on n. Suppose first that » = 1. Then G = G
and F = F; (for any value of N € N). We put F := F; and C := A, and define
the equivalence relation ~| by ¢ ~1 d for all ¢, d € C. Then ¢ is a special (F, €)-
quasi-action on C, and the additional property (1) holds vacuously. To see that the
additional property (2) also holds, note that there are only two possibilities for J:
J={1}and J =@. If J = {1}, then G = Gy, so the left- and right-hand sides of
the equivalence in (2) are true for all g € G. If J = & then, by the definition of a
special (F, €)-quasi-action, both the left and right hand sides of the equivalence
are true if and only if g = 1. So the property (2) holds, and the statement of the
proposition is true with f(n) = 1.

Now we proceed to prove the inductive step. We shall prove that the result holds
with f(n) =n(nf(n—1)+1).

Write I ={1,2,...,n},and foreach k € I, let I, = I \ {k}. For each k € I, let
Hy := Gy, be the subgroup of G that is the graph product of the groups G; for
i # k with respect to the appropriate subgraph of I'. By the induction hypothesis,
we may assume that, for €’ := f(n — 1)e and Fp, := F N Hy, the subgroup Hj has
a special (Fp,, €’)-quasi-action 6 on a set Dy admitting equivalence relations :i.‘
for each i # k, such that

(1) B (xy) = 6k (x)6r(y) for x, y in distinct vertex groups of Hy; and
(2) ford € Dy, h € Fy,, and J C I;, we have d%m :’} d<hedqGy.

For each k € I, we shall build a set Cj related to Dy, admitting equivalence
relations ~f.‘ for each i € I, and then construct a special quasi-action ¢ of G
on Cy that satisfies (1) and more. We shall then construct ¢ and the equivalence
relations ~1, ..., ~, on the set C := C; x Cy X - -+ x C, in terms of the special
quasi-actions ¢y and the equivalence relations Nf using Lemma 1.5.

For k € I, let Ly C I be the set of vertices joined in I to k. Let ~;, be the join
of the equivalence relations :i.‘ for i € Ly, and let ; be the projection from Dy
to its set of equivalence classes under ~~;, (for which the image of d € Dy is its
equivalence class).

Now, using ideas from [Elek and Szabé 2006, Theorem 1], we choose a finite
group Vi, with generating set my(Dy) x Ay, for which all relators among the
generators have length greater than N, and we let the C := Dy X Ay X V.
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We define equivalence relations Ni.‘ on Cy for i # k by the rules
d.a,v)~ (d,d V) < d~fd, a=d, v="0"

Then we define ~],§ on Cy by specifying its equivalence classes: for d € Dy, v € Vy,
the class ax (d, v) is the subset {(d, a, vo(mx(d), a)) :a € Ay} of Cx. Multiplication o
within the third component is the group multiplication of V.

We define a special quasi-action ¢ of G on Cy as a composite of natural
extensions to Cy of the special quasi-actions 6, ¥ of Hy and Gy on Dy, Ag.

For h € Hy, we define

d,a, )™ = @%" q, v).
Then, for g € Gy, we define
d,a,v)?® =(d,a"®, vo (m(d), a) " o (mp(d), a?*®)).

Now it follows, essentially from [Green 1990, Lemma 3.20], that each element
g € G has a unique expression as a product g = x1yy - - - X, Ym, With each x; € H,
each y; € Gy, x; nontrivial for i > 1, y; nontrivial for i < m, and such that, for
i > 1, x; has no nontrivial left divisor in the subgroup G, ; we call this expression
the normal form for g (with respect to k). We note that the y; are syllables, the x;
are products of syllables and the number of terms is at most the syllable length of g.
We use that expression for g to extend to G the definitions of ¢ on Hy and Gy;

that is, ¢k (8) := @r(x1) Pk (¥1) - - - Pr (X )Pk (ym) for g € G.
We need now the following lemma, whose proof we defer.

Lemma 2.2, Let €” := (nf (n — 1) + 1)e. Then, for each k, the map ¢y is a special
(F, €)-quasi-action of G on Cy, such that

(1) whenever x, y are in distinct vertex groups, ¢x(xy) = ¢r(X)dr (¥);

(2') for each ¢ € Cy, g € F, we have g € G; = ¢#(® NI} cforall J C 1, and
cP(®) NI} c=geGyforall J CI.

Let C:=Cx---xC,. Now we defineamap ¢:G — S(C) by (ci, ..., c,)?® =
(c‘{Sl (g), el cff”(g)). It follows from Lemma 1.5 that this is a (F, f(n)e)-quasi-action
with f(n) =n(nf(n — 1)+ 1). Condition (1) of the proposition is inherited from
the maps ¢.

We define equivalence relations ~1, ..., ~, on C by (c1, ..., ¢,)~j (c], ..., ¢p)
if and only if ¢ N’; c;c for 1 <k <n. We need now to verify condition (2).

Let J C I. The fact that g € G; implies that ¢?® ~; ¢ for all ¢ € C is
inherited from the maps ¢. If J = I, then G = G; and the converse statement is
immediate. Otherwise we have J C [ for some k with 1 <k <n. If g € G; and
c=(cy,...,cy) €C, then c,‘fk(g) 74’} cx and hence c¢?® +£; c.

So the proof of the proposition will be complete once we prove Lemma 2.2. []
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Proof of Lemma 2.2: Note that since 6 is a special (Fp,, €')-quasi-action for Hy,
it is clear that the restriction of ¢y to Hy is as well. Certainly that restriction
preserves each of the ~f equivalence classes with i # k. Since ¥y is a special
(F N Gy, €)-quasi-action for Gy, it is clear that the restriction of ¢ to Gy is as
well. That restriction preserves the ~§ equivalence classes, since both (d, a, v) and
(d,a, v)®*® are in ay(d, v o (e (d), a)™ V).

The equation (d, a, v)#le) = (d, a, v) follows immediately from (d, a, v)¢k(h) =
(d%™  a,v) for h € Hy, and hence condition (a) of Definition 1.3 is verified for ¢y.

We shall verify the remaining conditions in the order (c), (1), (b), (d), (2').

First we introduce some notation. We need to consider ¢ (g) for a general
element g in the graph product, written in normal form as x;y; - - - X, ym. For
0 <i <m, we write O (x, i) for the product G (x1) - - - O (x;) and W (y, i) for the
product Y (y1) - - - Y (i), where Ok (x, 0) = Wi (y, 0) = 1.

We see then that

d,a, v)¢k(g) =,a, v)¢k(xl)¢k(y1)"‘¢k(xm)¢k(y:n) — (d@)k(x,m)’ a‘lfk(y,m)’ vou),

where

0= H(nk(d(“)k(x,i))’ a¥ O =)=l (g (O Dy g YO0y
i=1
unless y,, is the identity, in which case the product for u is fromi =1tom — 1.

Our next step is to establish condition (c) of Definition 1.3 for ¢. Let g be
a nontrivial element of F with normal form x;y; - - - x,;,¥,,. Then 2m < N, and
x; € Fg,and y; € Fy for 1 <i <m.

Suppose first that u«, in the above expression, is not the empty word. Since
is a special quasi-action, condition (c) for v implies that g%+ /=1 =£ g¥+(.D for
each i. Since x;11 € G, it follows from the induction hypothesis that 0 (x; ;1)
cannot map any element of Dy to an element in the same 2, equivalence class,
and hence 7y (d®*D) = 7 (d®**+1D), Thus no generator in the word of length
2m representing u can freely cancel with the generator either before it or after it.
The fact that V admits no short relators now ensures that « is nontrivial. In that
case certainly (d, a, v)*® £ (d, a, v).

Now suppose that u is empty. Then m = 1, y; is trivial and g = x;. Since 1 # g,
we have @%@ # d and again we have (d, a, )8 = (%D g, v) #d,a,v).

Hence we have shown that the map ¢, from G to S(Cy) allows no nonidentity
element of length less than N in F to fix any element of Cy, and so condition (c) is
verified for ¢y.

In order to establish condition (1) of the lemma for ¢, we suppose first that
x € G, and y € Gg. By definition, ¢ (xy) = ¢r (x)¢r(y), and

d,a, v)¢k(x)¢k(y) — (dek(x)’ a‘//k(y), v o (g (dek(x))’ a)_l ° (JTk(dH"(X)), a\ﬂk(}‘)))’
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while

d, a, U)¢k()’)¢k(x) =, a’*» yo (i (d), a)_l) o (mp(d), al//k()’)))¢k(X)
= @™, a" vo (m(d). a)™" o (mi(d), a")).

Then since d ~, d%©)  we have 7 (d) = 73 (d% ™), and so

d,a, v)¢k(X)¢k(y) =,a, v)¢k(y)¢k(x);

that is, for x € G, y € Gk, we have ¢ (xy) = ¢ (X)Pr(y) = ¢ (y)Prc(x).
Now suppose that x, y are in distinct vertex groups G;, G;. If i, j # k then

condition (1) follows immediately by induction applied to G;. If j =k, orifi =k
and G;, G; do not commute, then xy is in normal form, and condition (1) follows
from the definition of ¢. Finally if i = k and G;, G; commute, then x € Gy,
y € Gp,, and we can deduce condition (1) for ¢ from the result above.

Next suppose that g = x1y; - - - X Ym € G, where the expression is in normal

form. We compare ¢ (g) ! and ¢y (¢~"). We have g~!
-1

—1,— —1, -1
=ymlxml~~y1 x, . The

expression for g~' need not be in normal form because some of the xl._1 could have
left divisors in G, , but we can put it into normal form by splitting any such x,” Linto
syllables and then applying commuting relations to move left divisors of xl._] inGp,
past y; L By the results of the preceding two paragraphs, if we apply the correspond-
ing transformations to ¢k(y,;l)¢>k (x,;l) e (yfl)qbk (xfl), then we do not change
the resulting permutation. Hence ¢y (g™h = qﬁk(y,;])qﬁk(x,;]) ) (yl_l)qﬁk (xl_l).
It follows from condition (b) of Definition 1.3 that ¢y (y;” 1) is inverse to ¢ (y;)
and from the induction hypothesis on H; that ¢y (xl._l) is inverse to ¢ (x;). Hence
de (g™ = ¢ (g) ™", which verifies condition (b) for ¢y.

We proceed now to verify condition (d) of Definition 1.3 for ¢, that is, to
show that ¢y (g1g2) is €”-similar to ¢ (g1)¢r(g2) for all g1, g, € F. Let g1 =
X1Y1 " XmYms §2 = XYy X,y, be the normal forms of gi, g2 € F. In the
following discussion, we refer to an element of Hj or of Gy as a block, and to a
product of blocks as an expression. The normal form for g g» is derived from the
concatenation X1 yy - - - Xp YmX{ Y] - - -x;, y;) by a sequence of moves, each of which
is one of four types:

(a) deletion of a block that is equal to the identity;

(b) cancellation (that is, merger of two adjacent mutually inverse blocks that are
either both in H or both in Gy);

(c) expression of a block in Hj as a product of a left divisor in G, and a right
divisor, and moving the left divisor to the left, past a block in Gy;

(d) merger of two adjacent blocks that are either both in H or both in G, and
whose product is not the identity, to give a new block from that same subgroup.



60 LAURA CIOBANU, DEREK F. HOLT AND SARAH REES

Note that in (c) the left and right divisors of a block in H; are simply subblocks
whose concatenation is a permutation of the original block; that is, the (multi)set
of syllables of the block in H is the union of the (multi)sets of syllables of those
left and right divisors. By contrast, a move of type (d) will normally change the
(multi)set of syllables in an expression. Starting with the permutation

Dk (0P (31) + - - Dk X) B V)P (XD i (0] - - - e (X)) i (1),

we study the sequence of composites of permutations of Cy defined by the various
expressions that arise when we apply the corresponding operations to this expression
of images during this rewrite process and keep track of the proportion of elements
of Cy on which they differ. We note that, as a consequence of what we have proved
so far, two expressions that differ only on moves of types (a), (b) and (c) correspond
to composites of permutations that have the same effect on all points of Cy. Hence
we only need to concern ourselves with moves of type (d).

Suppose that a move converts an expression w to an expression w’. Let o, o’ be
the permutations corresponding to the two expressions. If the move merges two
blocks from Gy, then the permutations o and ¢ differ on the same proportion of
elements of Cj as do permutations for the quasi-action of G on the set Ay, that is,
on at most €|Cy| of the elements, by the hypothesis.

If the move merges two blocks from Hj, then the permutations o and o’ differ
on the same proportion of elements of Cy as do permutations for the quasi-action of
H; on the set Dy, that is, on at most f(n — 1)€|Cy| of the elements by the induction
hypothesis. Notice however that if the two blocks z;, z» being merged are left and
right divisors of z1z, (or, equivalently, if the syllable length of z;z; is the sum of
the syllable lengths of z; and z,), then our induction hypothesis on Hj ensures
that ¢ (z122) = ¢dr(z1)Pr(z2). We shall call such mergers nonreducing, and other
mergers, for which this equality is not guaranteed to hold, reducing. Condition (d)
of Definition 1.3 can now be now established by applying the following lemma.

Lemma 2.3. During the rewrite process, we perform at most n reducing mergers
of blocks of Hy and at most one reducing merger of blocks of Gy.

Proof. We may assume that m, p > 0 (since otherwise one of g1, g» is the identity)
and split the proof into three cases (1) 1 # y,, and x| & G1,; (2) y, = 1; and (3)
1 #y,and x| € Gp,.

We deal with Case 1 first, proving by induction on m that in this case the product
can be rewritten using at most | Ly | mergers, all of which are within H. Using that
result we deal with the remaining two cases together, also using induction on m.

Case 1: 1 # y, and x| & Gr,. Let x| =z122, where z; is the longest left divisor
of x; in G,. Suppose that z; € G for some L’ € L;. We prove by induction
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on m that this product can be rewritten using at most |L’| (< |Li|) Hy-mergers and
no G-mergers.

If m = 1 then there can be at most one Hy-merger x;z;, so the result is clear.
So suppose that m > 1; then y,,—; # 1, and x,, is nontrivial with no left divisor
in Gp. If z; commutes with x,,, then the claim follows by induction applied to
the product (X1 y1 - - Xp—1Ym—1) (21 XmYm22Y] - - -x;,y;). Otherwise, we can write
71 = 211212, Where z;; (which may be trivial) is the longest left divisor of z; that
commutes with x,,. So z;; € Gp» with [L”| < |L’|. We can then perform the
rewriting by performing an Hy-merger x,,z12 (if necessary) and, by induction, at
most |L”| further Hy-mergers resulting from moving z1; further to the left. This
completes the proof of the claim and of the lemma in Case 1.

So now we may assume that m, p > 0, and that we are in Case 2 or 3.

Case 2: y, = 1. If m =1, then there is at most one Hy-merger x1xi, and the
result holds. So suppose that m > 1 and hence that y,,_; # 1, and x,, is nontrivial
with no left divisor in G,.

If xmx{ ¢ Gr,, then we perform an Hji-merger (if necessary) on xmx{, and
now observe that the product (x;y1 - - - Xm—1Ym—1) (XmX] Y] - - -x;y;,) satisfies the
conditions of Case 1 and thus can be rewritten using at most | Ly | further Hy-mergers
and no G-mergers. So in this case too, the lemma is proved.

If xmxi € Gy, then, since x,, has no left divisor in G, the product xmxi can
be evaluated by writing x,, and x| as products of syllables and then performing
commuting and cancellation moves only so we can rewrite x,,x; as z € G, without
performing any mergers, to arrive at the product

(X1Y1 - X1 Ym—1) @Y -+ XY,

which satisfies the conditions of Case 3 for m — 1. The lemma now follows by
induction applied to that product.

Case 3: 1 # y,, and x| € Gr,. If y,y] # 1, we perform the Gy-merger y,,y| and
the Hj-merger xmxi (which cannot be in G, since x,,, € G, xi € Gr,). Then we
apply the result of Case 1 to the product (x1 1« * Xpm—1Ym—1) XmX] Ym Y| =+ X, ¥),)
and the proof is complete.

If y,,y; =1 then the result is clear if p = 1 and otherwise, since x} has no left
divisor in G, the merger x|x} is nonreducing, so the result follows by applying
Case 2 to the product (x1y1 - - - Xp—1Ym—1%m) (X]X5Y5 - - -x},y;,). O

This completes the proof of condition (d), and hence we see that ¢y is a special
(F, €”)-quasi-action, with €” = (nf (n — 1) + 1)e.

It remains to verify condition (2"). We have shown already that, for each i € I,
the action of ¢ (G;) on C preserves each of the Nf.‘ -equivalence classes, from which
it follows immediately that g € G; with J C I implies ¢ (&) Nl} c.
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Now suppose that J C I, ¢ = (d, a, v) € Cy, g € F, and that ¢®® ~* ¢ Since
k & J, it is immediate from the definition of ~’; for j € J that

d,a,v) NI} d,ad,v) = d:'} d,a=d, v="'.
Now, arguing as in our earlier proof of condition (c) of Definition 1.3 for ¢
that (d, a, v)?*® # (d,a,v) for 1 # g € F, we find that, for g € F, we have
(d,a,v)?® ~* (d,a,v)if and only if g € Hy and d%(® ~X d. By our inductive
hypothesis, this is true if and only if g € G;. Hence condition (2") holds. (]

3. Graphs of groups

In this section we prove Theorem 1.2. We start by recalling the definition of a graph
of groups, which arises from the work of Bass and Serre (see [Serre 1977]).

Definition 3.1. A graph of groups G consists of

(1) a connected graph I' (in which loops are allowed, but no multiple edges), with
vertex set V, edge set E,

(2) a collection of vertex groups G, : v € V and edge groups G, :e € E,
(3) monomorphisms 961 :G,— Gy, and 962 : G, — G,, for each edge e = {vy, v2}.

The fundamental group 71(G) of a graph of groups G can defined in various
different (but equivalent) ways. The following definition is essentially [Dicks and
Dunwoody 1989, Definition 1.3.4]. The definition is given in terms of a selected
spanning tree 7" of I, but (up to isomorphism) the resulting group is independent of
this choice. The associated fundamental group 71 (G, T') is then the group generated
by the groups G, : v € V together with generators 7,, one for each (oriented) edge
in E), given the following relations:

(1) all the relations of the groups G,
() ;7' (g)t, = 02(g) foreache € E, g € G,,
(3) t.=1foreachedgee of T.

From this description it is not hard to see that 7r; (G, T) is isomorphic to a multiple
HNN extension, with stable letters ¢, for e € E(T), of the amalgamated product
of the groups G, in which 6! (g) and 2(g) are identified for all e € E(T), g € G,.
Independent results of Elek and Szabé [2011, Theorem 1] and Paunescu [2011,
Corollary 2.3] already prove that the amalgamated product of two sofic groups
over an amenable subgroup is sofic. Hence Theorem 1.2 follows immediately by
combining that result with the following proposition.

Proposition 3.2. An HNN extension of a sofic group H over an amenable subgroup
K is sofic.
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We deduce Proposition 3.2 as a corollary of the amalgamated product result. We
note that the argument to do this was already provided by Collins and Dykema [2011]
in order to deduce Corollary 3.6 from their Theorem 3.4, that is to deduce the same
result as above in the situation where the associated subgroups (in both amalgamated
products and HNN extensions) are monotileably amenable. This argument goes
through without any modification, when monotileability of the associated subgroup
is dropped, to deduce the proposition from the results of [Elek and Szabé 2011;
Paunescu 2011], but we include the argument here for completeness.

Proof. Let G be an HNN extension of H over K, as in the proposition, and let L
be the subgroup t~'Kt. Define H; =t 'Ht', K; =t 'Kt', Ly =t "' Lt for each
i € Z, and define S := (H; | i € Z). Then G can be expressed as an extension of
S by Z. Since Z is amenable, and by [Elek and Szabé 2006, Theorem 1(3)] an
extension of a sofic group by an amenable group is sofic, in order to prove G is
sofic it is enough to prove S is sofic.

Now S can be expressed as an iterated amalgamated product of the (countably
many) H; with amalgamation over subgroups isomorphic to K. More precisely,
S is the fundamental group of the graph of groups H associated with the graph
of the integers, where H; is the vertex group of the vertex i, each edge group is
isomorphic to K, and the copy of K associated with edge {i, i 4+ 1} maps to the
subgroup L; of H; and the subgroup K;;| of H;1. Here is a diagram of H:

L,’,1<J L)I(,‘ L,‘(—" "—)K,'+1 Li+1<—" L)I(H,z

< Hi H; Hi Hiyp -

To prove S is sofic we now need to verify soficity for each of its finitely generated
subgroups. So let M be such a subgroup. Then, for some k, /, all the generators
of M are within vertex subgroups H; for k <i </; that is, M is a subgroup of the
amalgamated product Hj *r;=k,,, Hj11%L,, =k, %+ *L,_,=k, H. Since this is
sofic, by [Elek and Szab6 2011; Paunescu 2011], so is M. O
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PERTURBATIONS OF A CRITICAL FRACTIONAL EQUATION

EDUARDO COLORADO, ARTURO DE PABLO AND URKO SANCHEZ

We deal with the following fractional critical problem:

(=A)*y = |u>/N-Yy 4 f(x) in€L,
u=>0 on 9%2,

where € c RY is a regular bounded domain, 0 < « <2 and N > «. Under
appropriate conditions on the size of f, we prove existence and multiplicity
of solutions.

1. Introduction

It is well known, using the Pohozhaev identity [1970], that the critical problem

{—Au =u¥Ny inQ,

1-1
(- u=>0 on 092

has no positive solution whenever €2 is a star-shaped domain. Starting from this
nonexistence result, in the last decades several perturbations of this problem have
been investigated in order to obtain a solution and understand the criticality of
the problem. A pioneering work in that sense is the one performed by Brézis and
Nirenberg [1983], in which the authors study the existence of positive solutions of
the problem

(1-2) {—Au:|u|4/(N_2)u+f(x,u) in Q,

u=~0 on 0%2,

where f(x,u) = f(u) = Au, with A € R and N > 2. Among other extensions, we
highlight the work [Ambrosetti et al. 1994], where the authors studied the case
f(u) = Alul?%>u with 1 < ¢ < 2, as well as [Tarantello 1992], in which the case
f(x,u) = f(x) was investigated; see also [Rey 1992].

Our purpose here is to study the similar situation that occurs for the fractional
Laplacian in a bounded domain and the corresponding critical power.

E. Colorado is partially supported by Spanish Research Projects Ref. MTM2009-10878 and
MTM2010-18128. A. de Pablo is partially supported by Spanish Research Project Ref. MTM2011-
25287.

MSC2010: 35A15, 49]35, 35R11.
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We define the fractional Laplacian in a bounded domain €2 via its spectral
decomposition, namely

2
(0 Pu=>"a;p! ;.

where {p;, ¢;} is the spectral decomposition of the operator —A in £ under zero
Dirichlet boundary conditions and the a; are the coefficients of u for the base
{gj}in L*(Q). A more precise notation would be (—A)‘;Z/ 2, because the operator
strongly depends on the domain €2, but we omit the subscript since the domain
is fixed throughout the paper. We also recall that in the case where the domain
under consideration is the whole space R", the associated fractional Laplacian
operator (—A);/ 2 is defined via Fourier transformation for functions in the Schwartz
class:

[(—0)%%e] () = 1€1"4(5),

which gives a different operator.
The critical problem corresponding to (1-2) with the fractional Laplacian is

(13) {<—A>"‘/2u — W[V 4 f(xu) in €

u=20 on 012.

First, there is again a (fractional) Pohozhaev-type identity, which in the case f =0
yields, as for the classical problem (1-1), the nonexistence of positive solutions
whenever 2 is a star-shaped domain; see [Brindle et al. 2013]. Note that

20
N—«a

2N
N—«

=2"—2, where 2} :=

is the critical Sobolev exponent associated to «.
Next, in the case f(x, u) = f(u), we point out [Barrios et al. 2012], in which
an existence and multiplicity result was proved for positive solutions when

2N
f@)=Aul?%u, A>0, O<a<2, N>« and 1<q<N

The case @ = 1 and ¢ = 2 was studied previously in [Tan 2011].

In this paper we investigate zero order perturbations, f(x, u) = f(x) small in
(1-3), of the critical problem f = 0, in relation to the results of [Tarantello 1992]
for the classical Laplace operator. Thus, we consider the following problem:

(P) i(—A)“/Zu = ulP"2u+ f(x) inQ,

u=0 on 0%2,

where 0 <o <2, N >a, p= and f belongs to a suitable space.

2N
N—«o
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In order to establish the functional setting, we define the function space Hg / 2(Q)
as the completion of 67°(£2) endowed with the norm

2
g = (=) ullz = (D a2nf”)

The operator L(u) = (—A)Y*?y — |u|P~2u is well defined from HS/Z(SZ) into its
dual H=*%(Q) by the Sobolev inequality; see (2-3) below. Thus it is natural to
consider data f in that space: we have f € H~%/>(Q) if and only if f = (—A)*/%g
with g € Hg/z(SZ); the associated norm is given by || /|| g2 = [|gll ng/>.

Throughout, we will consider solutions of the problem (P) in the following sense:

172

Definition 1.1. Let f € H~*/?(Q). We say that u Hg/Z(Q) is an energy solution
to the problem (P) if

(1-4) /Q (=AU () (= Ay (x) dx = fQ (u) P 2u(x) + £ )Y (x) dx

for every ¢ € Hg/Z(Q).

In the sequel we use the simplified notation [ f = [ f(x) dx when no confusion
can arise.

The paper is organized as follows: In Section 2 we state the main existence
results and establish some preliminaries, and Sections 3 and 4 contain the proofs.

2. Main results and preliminaries

We will focus on functions f € H~%/?(R2) that are small in the following sense:
2-1) f fo < cl@, Mgl forall ¢ € Hy(Q) with llg]l, =1,
Q

where i

N+a
2a (N—a\ 5"
c(@, N)sza(NJrZ)za ‘

The main result of the paper is the following:

Theorem 2.1. Assume f # 0 satisfies (2-1). Then the problem (P) has at least two
solutions. Moreover, if f > 0 a.e. in 2, then these solutions are nonnegative a.e.
in Q.

We will also prove that, if we relax the strict inequality in condition (2-1) by
replacing it with the condition

(2-2) / fo = cle, Mgl forall ¢ € Hy"*(Q) with ], =1,
Q

then we still obtain the existence of at least one solution:
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Theorem 2.2. Assume f # 0 satisfies (2-2). Then the problem (P) has at least one
solution. Moreover, if f is nonnegative a.e. in 2 then this solution is nonnegative
a.e. in 2.

For the fractional Laplacian defined above and N > «, the following Sobolev
inequality holds:
N—«a

N
ey | |(—A>“/4<p|225<a,1v><f9 |<o|2N/<N—°‘>) for all ¢ € H().

See, for example, [Brindle et al. 2013], where the inequality is proved as a conse-
quence of the Hardy-Littlewood—Sobolev inequality [Hardy and Littlewood 1928;
Sobolev 1938]. In the case of RY and (—A)gﬂ, it takes the form

N—«a

"N
e [ I8Pz s N)( [, |¢|2N/<N“>) for all ¢ € SRY).
R R

The value of S(«, N) can be seen, for instance, in [Lieb 1983]. It is independent
of the domain and is not attained in any bounded domain, although it is attained
in RV,

The condition (2-1) is equivalent to

(N+a)/a
Il "
(2-5) fo < c(a, N)—N/a for all ¢ € Hy'"(2)\{0}.
Q lellp
Moreover, since
(2-6) / Fo = Iflla—erllelme?,
Q

using the Sobolev inequality (2-3) we obtain the following sufficient condition for f
to satisfy (2-1):

(2-7) I £l -ar < c(a, N)S(at, N)N/?.

Remarks. (1) An assumption on the size of f like (2-1) is necessary in order to
find solutions of problem (P). For example, if f is a sufficiently large positive
constant, then problem (P) has no solutions.

(2) Condition (2-7) seems not to be sharp, in view of the result in [Castro and
Zuluaga 1993] for the case o = 2, which could also be proved in our func-
tional framework.

The associated energy functional to problem (P) is given by

1(u)=%/Q|(—A)“/4u|2—%/Qlulp—fgfu.
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Clearly, critical points of I correspond to solutions of (P) in the sense of (1-4).
Indeed, one of the solutions we will construct in the proof of Theorem 2.1 is a local
minimum of / in Hg/z(Q).

3. Proof of Theorem 2.1

First solution. We start with the definition of the Nehari manifold associated to

problem (P):

a/2

={ueHy () :u#0, (I'(w,u)=0}.

It is natural to look for solutions in this manifold. Note that the condition u € N is
equivalent to the identity

(3-1) g = il + [ .
Q

Therefore the functional [ restricted to N takes the equivalent forms

G2 1w =l N+“/f —IIMII”——/fu

We will use both expressions in the sequel. In particular, using the first one we
deduce that the functional / is bounded from below on N

N+a N—I—a)
(3) 160z S lulln — ok WA )2,

where the last step is a consequence of the minimization of the function

o W M- ull g = —

at> — (N + )| f |l g-wot.
Remark. Taking (3-3) into account, it makes sense to define
(3-4) co =infy I > —o0,
although the functional is not bounded from below in the whole space Hg / 2(Q).
Note that if u( is a local minimum of 7 in Hg / 2(Q), then necessarily
luollzger2 = (p = Dlluollfy = 0.
In fact, as we will prove in Lemma 3.4, this inequality is strict; namely,
(3-5) luollzgr = (= Dluolly > 0.
In the same way, if ug is a local maximum of /, we have

(3-6) ol e — (p = Dlluolly < 0.
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Thus, we first minimize the restriction of the functional / to N in order to find
a critical point and therefore a solution to the problem (P). As we will see, cg is
achieved. To prove that, we start with some preliminary results.

Lemma 3.1. Let f 0 satisfy (2-1). Givenu € Hg/Z(Q), assume fQ fu>0. Then

there exist unique numbers 6 = o (u) > 0and t = t(u) > o withou, tu € N and
such that (3-5) is satisfied with ug = ou and (3-6) with uy = tu.

Proof. Let 0(t) = t||u||%10a/z - tl’_1||u||§. The maximum value of this function

occurs at N
(N =) Julfe \ 5
M=\—o—— ,
(N + ) ul}
and
N+ N+
. = bty
M —_ — N —_ N N
NzadNFel o ulp Jully

Note that 6 is a concave function, increasing on (0, 37) and decreasing on (¢, 00),
with lim;_, o 6 () = —00. By (2-5) we get 0 < fQ fu < 0(tpr). Thus there exist
two unique values 0 < o < f); < t such that

(3-7) 9(r)=/fu:9(0), 0'(t) <0< 6'(0).
Q

Multiplying in the previous expression by 7, we have

0=rto(0) 7 | fu=lrulfyge ~ teulf~ [ fu
Q Q
thus Tu € N. Moreover,
Izl Fer — (p = Dllzullh = 7°0'(x) < 0.
Arguing in a similar way for o, we obtain ou € N and
loullfer = (p = Dloulll = o?6'(o) > 0. O

Observe that without the condition fQ fu > 0 we still can find a value 7 > 0
with Tu € N satisfying (3-5). Conversely, the condition fQ fu > 0 is guaranteed
for any function u € N that satisfies (3-5).

We notice that the purpose of the strict condition (2-1) on f is just to obtain
fQ fu < 6(ty). It also appears to be of importance in Lemma 3.3 below. It is
known that, when one deals with the problem associated to the standard Laplacian,
and under certain hypotheses, the condition (2-1) is not sharp; see [Castro and
Zuluaga 1993]. We suspect that a similar fact can occur in our case.
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Corollary 3.2. Under the hypotheses of Lemma 3.1, we have

I(tu) =Itn>ax I(tu) and I(ou)= min I(tu).

0<t<t

Proof. 1t is straightforward once we notice that the function g(¢) = I (tu) satisfies
g(t)=0(t)— [q fu. O

The next property uses a technical result analogous to Lemma 2.2 in [Tarantello
1992]. The proof follows almost word by word the one in that paper; see also [Brézis
and Nirenberg 1989]. We only have to adapt the calculations to the functional
framework of the fractional Laplacian. We leave the details to the interested reader.

Lemma 3.3. Let f #£ 0 satisfy (2-1). Then

(3-8) po:= inf (c(a,mnun%ﬁ“”"‘— / fu)
ueHy* () 0 Q
lull p=1

is achieved, and moreover 1o > 0.

The proof of this lemma is a straightforward adaptation to our setting of the similar
one in the classical case; see Lemma 2.2 in [Tarantello 1992], which is inspired by
the corresponding result in [Brézis and Nirenberg 1989].

The following lemma establishes a crucial property for minima of the functional;
see inequality (3-5).

Lemma 3.4. Let f #£ 0 satisfy (2-1) and let u € N. Then
el e = (p = Dllully #0.

Proof. Consider the functional, defined for u € Hg / 2(Q), u #=0, by

(N+a)/a
ol e

¢ ) = cla, N)———— [ fu.
el o

If [|ul|, = 1, we have

¢ (tu) = r(o(a, N)lull g — / fu>-
Q
Thus, given y > 0 (to be chosen later), by Lemma 3.3 we have

(3-9) inf ¢ (u) =y po.

lullp=y

Note that this infimum is also positive.
Now we suppose, for a contradiction, that there exists u € N such that

(3-10) leel| o2 = (p = Dlullh =0.
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By the Sobolev inequality (2-3), we obtain
S(e, Nllully — (p = Dlullb <0,
which implies

S(a, N)\/(P=2)
||u||pz(—<°‘ >) —y

p—1
Now, substituting (3-10) into (3-1), we get
G100l — el = [ fu =2y~ [ fu.

Finally, by (3-9) and (3-11), we conclude that

(N+a)/a
N+
O<V,UJOS¢(M):(‘D_2)<N_Q> 20[0( ”M”Hg]i; B )
N+Ol ”M” /o Q
N
== (N_Q)NM bl Sy
= N+Ol ”u”N/a
M
o] (AW E T
=p—=2)lu D il o,
PI\ (N +a)llullp
which is a contradiction. .

Lemma 3.5. Let f #£ 0 be a function satisfying (2-1). Given u € N, there exists a
positive function [, : Hg / 2(SZ) — R, differentiable in a neighborhood Wy of the
origin in Hg/z(Q), such that

me0) =1, pu()(u—2z)eN,
and

lell g2 — (p = Dllull

(3-12) (u,(0),2) =
forall 7z € Uy.
Proof. Consider the function
Ft.2) =l = 2y = w0 =2l — [ fo).
Q
By Lemma 3.4, we have
oF
o (1 O = llullger = (p = Dllll #0.

We complete the proof by applying the implicit function theorem to the function F
at the point (1, 0). O
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We are now in a position to prove one of the main results of the paper.

Proposition 3.6. The functional I possesses a local minimum in Hg / 2(Q). In
particular, (P) has a solution. Moreover, if f is nonnegative a.e. in 2, this solution
is nonnegative a.e. in 2.

Proof. Consider v, the unique solution to the equation (—A)*/?v = f in Hg / 2(Q).
Let 0 = o (v) be as defined in Lemma 3.1. Since o (v)v € N, we have

2 p
o 2 o 2
(3-13) Iov) = —-|vliggr — > vl —ollvllze-

Ty N+a 0 vp
=—5 IIUIIHg/z+ N C vl

2
oo oo 2
< — v 2 = = —a/2.
2N || ||H°‘/ 2N ||f||H a/2

Then, by (3-3) and (3-13), the infimum in (3-4) satisfies the estimate

2 2
R [ )
The expression (3-2) shows that the restriction of the functional I to N is weakly
lower semicontinuous. Therefore, by Ekeland’s variational principle [1974], we
obtain a minimizing sequence of the functional / constrained to N, i.e., {u,} C N

such that, for every n € N,
1) I(u,) <co+ % and (ii) %Hun — U||Hg/2 > 1(u,)—I(v) forall veN.

Combining (i), (3-14) and (3-2), we have
N —i—oz

I(u,) = Ilun IIH«/2

/ Sfun <Co+— <——||f||H a2

for n large enough. Therefore

2
N
19 o = [ fun and e < 22 [ pu,

These inequalities, together with (2-6), give

I f Nl e

2
N
(3-16) o Lo < g < =2

Thus, we have (for a subsequence) that u,, — uo weakly in H @/2(Q), with ug #£0. We
claim that || 1’ (ug)|| g-«r2 = 0. Take z € Hg/Z(Q) with ||z][ gg/2 = 1. By Lemma 3.5,
for every n € N, there exists a positive function u,, such that

ws = Uy, (82)(up —8z2) € N

for § > 0 small enough. Set #,(6) = py, (6z). Putting v = w; in (ii) and using the
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mean value theorem, we have
1
p lws — unll g = (1= 1,(8) (1" (ws), un) + 81, (8) (I (ws), z) + 0(8).

Dividing by § and taking the limit as § goes to 0, we have

1
;(1 + 11, O) | unll rgr2) = 1 () | r-or2

with [t (0)] = (u;, (0), z), so that, by (3-16), we get

(3-17) 1 ()| g—or2 < %(1 £

)1 If 1)
Thus we are done once we prove that |z, (0)| is uniformly bounded. By Lemma 3.5
and (3-16) we obtain

C

Har = (= Dllunll3]

1,0)] <
[ llenl

for some constant C. Assume, for a contradiction, that
(3-18) lnll3ggr — (p = Dlluallhy = 0 as n — oo.

From (3-18) and (3-1) we deduce the estimate

/qun = (p = Dllunll}, +o(1).

Moreover, from (3-16) we derive that ||u,||, > y for some constant y > 0. Thus,
reasoning as in Lemma 3.4, we get

(N+a)/2

N
0 <y ™20 < fluy e ()

N — n 2 an N(_x
:(p_z)[(< )l ||HO/)2

o

Nta — (||un||g><N—“)/2“} — 0,

which leads to a contradiction. Therefore ||I'(ug)|| g—«2 = 0, and we have obtained
a weak solution of (P).

To obtain strong convergence, we proceed as usual. Recalling that  is weakly
lower semicontinuous in N, we get

co < I(ug) < lim I(u,) = cop.
n—oo
This implies, using (3-2), the limits
Tim g g = luwollggrz,  tim lunll, = o]l

To see that ug is a local minimum in Hg / Z(Q), we first show that (3-5) holds. In fact,
since ug € N and also fQ Sfugp > 0by (3-15), it is clear that one of the values o (uq)
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or 7 (ug) given by Lemma 3.1 equals 1. Assume, for a contradiction (see Lemma 3.4),
that u satisfies (3-6), i.e., 0 (ug) < t(ug) =1. By Corollary 3.2, I (o (ug)ug) < I (ug),
which contradicts the fact that u is the infimum in N. Hence ug satisfies (3-5) and
o (ug) = 1. We remark that having the strict inequality in (2-5) is crucial in the
present argument. In particular, we have obtained 1 = o (1g) <ty < t(up), or

(N — ) ol e\ 5
(3-19) 1 < ( ‘;, ) ,
(N +a)lluollp
which is the same. Take & > 0 small enough such that
(N — &) [lug — zll 3o \ 5
(3-20) 1< ( 0 ) =ty
(N +a)lup —zllp

for ||z|| HEl2 <E. By Lemma 3.5, there exists a positive function 1, : Hg/z(Q) - R
such that p,,(z)(#o — z) € N for every ||Z||Hg/2 < ¢, with ¢ smaller if necessary.
Indeed, by continuity we have p,,(z) < tay for ¢ > 0 sufficiently small. Thus we
get that p,,(z)(uo — z) satisfies (3-5), and as a consequence of Lemma 3.1 and
Corollary 3.2 applied to uy — z, we obtain

I(s(uo —2)) = I(puy(2) (o —2)) = I (o) forall s € (0, tar,).

Since by (3-20) we can take s = 1, we conclude that I (ug — z) > I (ug) for every
. . .. . /2
lzll e <€, 1.e,upis a local minimum in Hy""(£2).
To finish, we assume that f > 0. Then it follows that fQ fluol > 0. Take
o =0a(Jugl) > 0and T = 7(Jug|) > 0. We have

2
[ +/fuo = lluol3gr > (p = Dlluoll?
Q
and, since t|ug| satisfies (3-6), we get
2 2
rﬂ||uo||5+rff|uo|=r [0l [ g2 < (= DT ol
Q

Thus,
(p=Dluolly < [ fuo= [ fluol = p =27 uol,
which implies v > 1. Therefore, by Corollary 3.2, we have
I(uo) < I(o|uol) < I(Jugl).

On the other hand, by the generalized Stroock—Varopoulos inequality [de Pablo
et al. 2012], we have

2
/|<—A)“/“|uo|| sf |(—A)Huo|?,
Q Q
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which implies I (Jug|) < I(ug). As a consequence, I (ug) = I (Jug|), o =1, and
thus |ug| € N is a solution. O

Second solution. We will look for the second solution using a classical approach
that relies on the well-known mountain pass theorem; see [Ambrosetti and Rabi-
nowitz 1973]. Recall that {u, } C Hg / 2(Q) is a Palais—Smale (PS for short) sequence
of level ¢ for I if I (u,) — c and || I'(u,)||g-er2 — 0 as n — 0o. Moreover, we say
that / satisfies a PS condition of level c (PS, for short) if every PS sequence of level ¢
for I has a convergent subsequence in Hg / 2(Q). As is usual in critical problems,
the functional / does not satisfy a global PS condition, i.e., a PS, condition for
every c. Our aim is to prove that / satisfies a PS, condition for ¢ below a precise
critical level ¢*. We define

- *— o N/a
(3-21) c co+2NS(a, N,

This value, which is obtained in the next lemma, also appears in several other
contexts, for instance when one applies the concentration-compactness principle
to critical problems; see [Ambrosetti et al. 1994; Brézis and Nirenberg 1983;
Hardy and Littlewood 1928; Lions 1985] for the standard case, and, for example,
[Barrios et al. 2012] for the fractional case, and [Barrios et al. 2014; Servadei
and Valdinoci > 2014] for different nonlocal operators which include a different
fractional Laplacian.

Lemma 3.7. The functional I satisfies a local PS. condition for any ¢ < c*.

Proof. Let {u,} C Hg / 2(Q) be a PS sequence of level ¢ < ¢*. It is easy to check
that the u,, are uniformly bounded in H%/?(2). Thus, there exists a subsequence
(still denoted by u,) such that u, — z¢ weakly in Hg / 2(Q). As a consequence,
70 € H(‘)x/Z(Q) is a solution of (P).

We rewrite u, as u, = ug + ¢, with ¢, - 0. Applying the Brézis—Lieb lemma
[1983] we get

(3-22) lutall2 = o2+ g2+ o(1).
On one hand, by (3-22) and taking n large enough we have
1 1
¢" > 1(un) = 1(u0) + 316 lggr2 = I9ullf +0(1)
> o+ 219l — 19l + ().
2 0 P p
Hence, by the definition of ¢* in (3-21), we obtain

_ 1 2 1 p_ 9 N/a
(3-23) 2”¢n”]—161/2 p||¢>n||p<2NS(Oé,N) +o(l).



PERTURBATIONS OF A CRITICAL FRACTIONAL EQUATION 77
Taking into account that {u,} is a PS sequence, we have
324 o) =) un) = lunliyge = lual} = [ fu,
= lluoll g2 — lluoll}y — /quo+ 77> = I allfy +o(1)
= (I'(uo), uo) + l|gullzer — gl +o0(1)

= gl — Ipnllf +o(1).

Now we want to prove that {¢,} has a subsequence strongly converging to 0
in H, of 2(52) Suppose, on the contrary, that there are C k > 0 such that ||¢, || Her=C
for all n > k. Using (2-3) in (3-24), we get ||¢,,|| > S(a, N) +o(1) and hence

(3-25) pnllt = S(ar, NN/ 4 0(1).
From (3-23) and (3-25), we have

1
—S((x NN/ < 2N S 1Pnllh +0(1) = |I¢n||%1(«)x/2 — E“d’n”ﬁ +o(1)

@ N/a
< 2NS(O(,N) ,

which is a contradiction. Il
It is known (see, for instance, [Chen et al. 2006]) that the minimizers for the
Sobolev inequality (2-4) are given by the two-parameter family of functions
g(N=)/2

(3-26) ua,xo(x) = (Ix — X0|2 + 82)(N—ot)/2 ’

where xo € R, ¢ > 0. In what follows we will use the notation

172
(3-27) A= uexllps =[I(— A)a/4ug,xollz = (ANIEI“Iﬁs,xO(E)I2d§) .

Note that the last quantity defines a norm in the homogeneous fractional Sobolev
space H*/2(RN)). Both numbers A and B are clearly independent of ¢ and xo, and
moreover B = S(a, N)A2.

Without loss of generality we may assume that 0 € Q. We define a cut-off
function 0 € €°(RY) by 0(x) = 6o(|x|/p) with p > 0, where 6y € €°(R) is a
nonincreasing function satisfying

Oo(s)=1 if s<3, 6(s)=0 if s>1.

We now recall that, if ug is the solution constructed in the previous subsection,
we can find a set ¥ C Q2 of positive Lebesgue measure such that ug > v > 0 a.e.
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in ¥ (replace ug with —ug and f with — f if necessary). For xo € X, we set
~ /2
Ugxy = Oue xy € Hy'"(£2).

Proposition 3.8. In the above notation, for a.e. xy € X there exists €* = £*(xg) > 0
sufficiently small such that
(3-28) sup I (uo +tie x,) <c* forall 0 <e <e*.
t>0

We observe that when one evaluates the functional in (3-28), one needs to
evaluate [|ig x| HE'2; i.e., one needs to evaluate the fractional Laplacian of a product
of functions. This requires the use of a different, but equivalent, norm which does
not involve directly the fractional Laplacian. It uses the so-called «-harmonic
extension of [Caffarelli and Silvestre 2007] for (—A)g;/ 4, adapted to the bounded
domain setting in [Bréandle et al. 2013; Cabré and Tan 2010; Stinga and Torrea
2010].

Consider the semi-infinite cylinder € = {(x, y) :x € Q, y > 0} C [RRTrl and its
lateral boundary 9;%q = 92 x (0, 0o). For a function u € Hg / 2(Q), we denote its
o-harmonic extension to € by w = E, (1), defined as the solution to the problem

div(y!™*Vw) =0 in 6q,
(3-29) w=0 on d0;%6q,
w=1u on Q x {y =0}.
Then the equation

0
—Ky lim o (—=A)*?u
yN\O dy

holds, with k, a positive constant. Let X{j (6q) be the completion of 65° (2% [0, 00))
under the norm

1/2
||¢||Xg=(/<a/ yl—“|v¢(x,y)|2dxdy> .
(GQ

In the case Q = R" the corresponding space for functions in the upper half-
space [F\RTFI is X “(Rf“), which can be defined in the same way with the integral
extended to Rﬁ *1_ The extension operator can be characterized also as a minimiza-
tion of the X{-norm (equivalently, the X* norm) for all the functions with common
trace at y = 0. Note that the extension operator is an isometry from Hg / 2(SZ) to
X (g) and from H*/2(RV) to X*(RY*); that is,

(3-30) IEa(W)lixg = 1 llugr forall ¥ € Hy'* (<),
(3-31) IEe (W) llxe = I¥ ]l g2 for all ¢ € HY2RY).
This means that

(3-32) lwlixg = llw(-, 0)llggr2 forall w € X5 (6e)
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and
(3-33) lwllxe > w(-,0)||ger forall we X*(RY).

See [Brindle et al. 2013] for the details.

We define the family w, ,, = Eq (¢ x,), With u, , given in (3-26). We want
to find a family of modified minimizers in the extended space, by using a cutoff
function in 6g. To do that we take

(lx = xo> +yH'?
P ) ’
where 6 is defined above. With this notation we define w;, », = ¢pwe,x, € X7 (6q)
and ﬁ)e,xo(’ ,0)= ﬁs,xo( -).

In [Barrios et al. 2012, Lemma 3.8] the following estimates for w; ,, are proved:

¢(x9 y) :90<

(3-34) 19,30 1% = | we, 5ol o + OV 7).

In view of (3-30), (3-32) and (3-34), we have

(3-35) ldie,xo I Fe> < B>+ O (V™).
Moreover,
(3-36) e, I, = A7 + O (™).

We now state a result that will be useful in the proof of Proposition 3.8. Its
proof follows the same arguments as in [Brézis and Nirenberg 1989], with obvious
changes for our setting, so we omit the details.

Lemma 3.9. Assume that a, b > 0 and that ug, u. x, are defined as above. For
t € [a, b], we have

~ ~ 2~
(3-37) Nug + tiiexy |5, = lolZ + 17 e, |12+ pt f Juol?~2uoie v,
Q

+ plp_I/ |l’~‘£,x0|p_2’2£,x0u0 + O(S(N_a)/2)~
Q

Proof of Proposition 3.8. On the one hand, since I (1o 4 tite x))|i=0 = co < c*, by a
continuity argument we can find #g, &9 > 0 both small enough such that

T(uo+tie ) <c* forall 1€ (0, 1) and all & € (0, ).

On the other hand, by Lemma 3.9, together with (3-36) and the fact that A and B
are independent of ¢, we have

I(uo+tig ) > —00ast — oo forall e >0.
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Hence there exists #; > 0 large enough that
I(up+tie ) <co<c* forall t+>1 and all e € (0, &).
Thus, we just need to prove that there exists ¢* € (0, &g) such that

sup 1 (ug+tie ) <c*
to<t<t|

for every 0 < ¢ < g*.
Take ¢ € [tg, t;]. Clearly, we have

- 1 - 2.
(3-38) I(”0+t”s,xo)=E||”0||%qg/2+I/Q(—A)“/4MO(_A)“/4M8,XO+E||”8,XO||%J{{/2

1 ~ -
__||M0+tua,xo||5_/fu0_t/ qu,XO'
p Q Q

Since S(a, N) is attained for the function u, ,,, substituting (3-35), (3-36) and
(3-37) in (3-38) we have

. 1 , 1?
I(uo+tig x,) < —||uo||%j,(¢)x/z + t/ (—A)a/4u0(—A)a/4ue,x0 + 532
Q

1 p_ ' p p-2, =~ p—1[ 1= p-1
— —lluoll, = —A" —t | |uol” “uotte x, —1 [tte xo|” ™ 10
p p Q Q

- / fuo—t f fie sy +0(eN™97%),
Q Q
On the other hand, since ug is solution of (P), we get
2 P
(3-39) 1 (uo+tity, ) <1 (o) +75 B2 =17~ |ﬁ8,xo|f’—1uo—%AP+o<e<N—“>/2>.
Q

Extending ug by zero outside €2, we get
g(N+a)/2

o -1, p—1
/;zlue,x0| uO—ANMO(x)G (X)(|X—XQ|2+82)(N+O‘)/2

:8(N—a)/2/ uo(x)gp—l(x)iNn(x_)%)’
RN & &

with n(x) = (Jx|*> 4+ 1)"N+9/2_ Thus, there exists a constant v > 0 such that

/RNuou)e"—l(x)giNn(";xo) > Kv

for every ¢ > 0 sufficiently small, xo € ¥ and K = fRN n(x) < oo. Therefore
(3-40) / e o P g = NV Kv 4 o(s MO,

Q
Substituting (3-40) in (3-39), we have

2 P
(B-41) 1o+t ag) < o+ 5 B2 =17 e N 02Ky — %A” +o(eV2),
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Let us now define the function

2 p
g(s) = %Bz P WN=)2 gy, %A” for s > 0,

and let s, > 0 be the point of global maximum, i.e.,
(3-42) 0=2g'(se) =s5:B>— (p— 1)sP2eW=0/2 Ky — 5P~ 1AL,

We denote Sy = (BZ/AP)l/(P_Z). Note that 0 < 5. < Sy and s, — Sy as € N\ O.
Let 8, > 0 be such that s, = So(1 —8,). Since B>/AP = Sg_z, by (3-42) we have

B2(r—D\1/(p=2)
(%)
which implies

(1=8,—(1=8)""H—(p—1)SL (1 =8,)" 2 N-012 gy =0,

B2(p—D\1/(p—2)
343 (»r-2(55—)
By (3-41) with t = s, and (3-43), we have

2 p
S
(o + Selic.xy) < Co+ 5‘932 — P02y, %A” +o(eN=0/2)

8e = (p— 1)SI2eN=02 gy 4 o(sNV=)/2),

2

p
=co+ %BZ —sp N2y 50 4 + 0(eN70/2)
p

=co+ %S(a, NN/« — Sg_ls(N*“)/sz +o(e V=012

=c*— Sg_lg(N*“)/sz +0(eN=9/2),
Taking ¢ sufficiently small, this finishes the proof. ]
Lemma 3.10. Assume f £ 0 satisfies (2-1). Then the functional I possesses a

critical point different from ug. In particular, (P) has a second solution. Moreover,
if f>0a.e. in Q2 then this solution is nonnegative a.e. in S2.

Proof. Set ne y = uo + Mii, x,, with 0 < & < ¢* and xp € X so that (3-28) holds.
Assume that M > 0 is large enough such that 7 (n. ») < co.
Now we set

[ ={y : [0, 11— Hy"*() such that y (0) = uo, y (1) =1 u}.
By Proposition 3.8 we have

co < ¢y = inf max I(y(t)) < c*.
yel'te[0,1]

Thus, using the mountain pass theorem, we obtain a PS sequence of level ¢, and
as a consequence of Lemma 3.7 we can find a critical point «#; in Hg / 2(Q) with
energy level c; > cy, i.e., u; is a solution of (P) with u; # uy.
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To prove that the solution is positive in the case that f > 0, we set
= {u € N : u satisfies (3-6)}
and c; = infj; I. Is easy to see that, taking a larger M if necessary, we can assume
(3-44) co<cy<c<c”

Now, using Ekeland’s variational principle and following the steps of the proof
of Proposition 3.6, we can obtain a PS sequence of level c¢,. Again, Lemma 3.7
implies the existence of a solution u, € N such that 7 (uy) = . Put 7 = 7(Juy|) > 0.
Then 7|us| € N. Finally, by Corollary 3.2,

inf I = I(up) =max I (tuy) > I(tuy) > I(t|us|),
I >ty

which finishes the proof. O
Remark. Note that u, could coincide with u;.

4. Proof of Theorem 2.2

When f satisfies condition (2-2) instead of (2-1), we use an approximation argument.

Proof of Theorem 2.2. Consider a sequence of numbers {e }ren C (0, 1) such that
& \( 0 as k — oo, and define fy = (1 —¢&g) f. Clearly f; satisfies condition (2-1)
for every k € N. We define [; and N in a natural way:

L) = f|< A ul? /W /fku

={ue H*(Q):u#0, (I{(u),u) =
Let uy € Ny be the local minimum found via Theorem 2.1, namely,

Ik(uk) = i‘NI;lfIk = Ck.
In particular, we have ¢

(4-1) (I (), z) =0 forall ze HY*(R),
and moreover

(4-2) ek 172 — ek 1) — / feuk =0
Q

which, by (2-3) and (2-6), implies that ||uk||%1g/z < C for any k € N and some
constant C > 0 independent of k. Take u € N satisfying (3-5). Then

/fku>0 for all k € N.
Q
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Applying Lemma 3.1 with f = f; and N = Ny, we find the values 0 < oy <y, <
such that oyu, Tyu € Ny. Since u satisfies the inequality (3-5), we have 7z > 1.
Thus, by Corollary 3.2 we have I (oxu) < Ix(u), which leads to

cr < Ir(oxu) < I(u) < T(u) + el flla-erlull merr < I(u) + Ce.

In particular, ¢ < cg+ Cey. Finally, reasoning as in (3-13) with f = f;, we obtain

(N +a) _(N+a)? 2
—a — —app <k < cp+ Cey.
L1 e anvg  Nill-er = ce = co+ Cex
After passing to a subsequence, we can assume that ¢, converges to some value ¢’

such that
(N +a)?

8Na
Moreover, since ||uy||3 Ha/z is uniformly bounded, again for a subsequence if neces-
sary, we have u; — u* weakly in H, of 2(Q) Then by (4-1) we have

I f113-a2 < ¢’ < co.

(I'u),z) =0 forall z e H*(Q),

and I (u™*) < c¢o. This implies u* € N and I (u*) = cg, which finishes the proof. The
positivity of the solution when the datum f is taken nonnegative follows from the
same argument as in the proof of Theorem 2.1. (Il

We finally remark that the solution constructed in this way is not necessarily a
minimum of the functional. Therefore we cannot prove the mountain pass geometry
in order to find a second solution.
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A DENSITY THEOREM
IN PARAMETRIZED DIFFERENTIAL GALOIS THEORY

THOMAS DREYFUS

We study parametrized linear differential equations with coefficients de-
pending meromorphically upon the parameters. As a main result, anal-
ogously to the unparametrized density theorem of Ramis, we show that
the parametrized monodromy, the parametrized exponential torus and the
parametrized Stokes operators are topological generators in the Kolchin
topology for the parametrized differential Galois group introduced by Cas-
sidy and Singer. We prove an analogous result for the global parametrized
differential Galois group, which generalizes a result by Mitschi and Singer.
These authors give also a necessary condition on a group for being a global
parametrized differential Galois group; as a corollary of the density the-
orem, we prove that their condition is also sufficient. As an application,
we give a characterization of completely integrable equations, and we give
a partial answer to a question of Sibuya about the transcendence proper-
ties of a given Stokes matrix. Moreover, using a parametrized Hukuhara—
Turrittin theorem, we show that the Galois group descends to a smaller field,
whose field of constants is not differentially closed.
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Introduction

Let us consider a linear differential system of the form
3:Y(z2) = AD)Y (2),

where 0, = d/dz, and A(z) is an m X m matrix whose entries are germs of mero-
morphic functions in a neighborhood of a point, say O to fix ideas. The differential
Galois group, which measures the algebraic dependencies among the solutions, can
be viewed as an algebraic subgroup of GL,,(C) via the injective group morphism

ou : Gal - GL,,(C),
o U() 'o(U(2)),

where U (z) is some arbitrary fundamental solution, i.e., an invertible solution matrix.

Let U(z) be a fundamental solution contained in a Picard—Vessiot extension
of the equation 9,Y (z) = A(z)Y (z). The linear differential equation is said to be
regular singular at O if there exists an invertible matrix P (z) whose entries are
germs of meromorphic functions such that W(z) = P(z)U (z) satisfies

Ap
. W(z) = 7W(Z),

where Ag is a matrix with constant complex entries. In this case, W(z) usually
involves multivalued functions. Analytic continuation of W(z) along any simple
loop y around O yields another fundamental solution W (z)M, . The matrix M,,
which is a monodromy matrix, has complex entries and depends only on the
homotopy class of . The Schlesinger theorem says that the Zariski closure of
the group generated by the monodromy matrix is the Galois group. In the general
case, i.e., in the presence of an irregular singularity, the monodromy is no longer
sufficient to provide a complete collection of topological generators. Ramis has
shown that the group generated by the monodromy, the exponential torus and the
Stokes operators, which is defined in a transcendental way as a subgroup of the
differential Galois group, is dense in the latter in the Zariski topology.
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More recently, a Galois theory for parametrized linear differential equations of
the form

(%) 0. Y (z,1) = A(z, DY (2, 1),

where t = (#1,...,1,) are parameters and A is a matrix whose entries lie in a
certain field (specified explicitly throughout), has been developed in [Cassidy and
Singer 2007] (henceforth abbreviated [CS]); see also [Hardouin and Singer 2008;
Landesman 2008; Robinson 1959; Umemura 1996]. Namely, the Galois group,
which measures the (9;,, ..., J;,)-differential and algebraic dependencies among
the solutions, can be seen as a differential group in the sense of Kolchin, that is,
a group of matrices whose entries lie in a differential field and satisfy a set of
polynomial differential equations in the variables ¢, ..., t,; see [Cassidy 1972;
1989; Kolchin 1973; 1985; Minchenko and Ovchinnikov 2011]. The theory from
[CS] requires the field of constants with respect to d, to be of characteristic 0 and
differentially closed (see Section 2A). The drawback of this latter assumption is
that a differentially closed field is a very big field, and cannot be interpreted as a
field of functions.

There is a link between the parametrized differential Galois theory and isomon-
odromy for equations with only regular singular poles (see [Cassidy and Singer
2007; Mitschi and Singer 2012; 2013]. Let

D(to, r) ={(z1,...,20) €C" | |zi — t9;| < r foralli <n}

be an open polydisc in C”?, let & be an open subset of C, and let A(z,t) be a
matrix whose entries are analytic on 9 x %(fy, r). We consider open disks D;
that cover %, and solutions Uj(z, t) of (x) that are analytic on D; x %(t, r).
If D; N D; # &, we define the connection matrices C; () = U;(z, t)_lUj (z,1).
Following Definition 5.2 in [CS] (see also [Bolibruch 1997; Malgrange 1983]),
the parametrized linear differential equation (%) is said to be isomonodromic if
there is a choice of (D;) covering @ and of the solutions U; (z, t) of (x), analytic on
D; x 9(ty, r), such that the connection matrices are independent of ¢. In this case,
the matrix of the monodromy is constant on the polydisc %(zy, r). When A(z, t) is
of the form Zf: 1 Ai(t)/(z — u;) such that all the A;(¢) have analytic entries on U
and u; € 9, the following statements are equivalent (see [CS], Propositions 5.3
and 5.4):

» The Galois group is conjugate over a differentially closed field (Definition 2.2)
to a group of constant matrices.

o The parametrized linear differential equation is isomonodromic in the above
sense.
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o The parametrized linear differential equation is completely integrable (see
Definition 3.1).

We are interested in the case where the parametrized linear differential equation
may have irregular singularities, in a sense we are going to explain. The main
result of this paper is a parametrized analogue of the density theorem of Ramis:
we give topological generators for the Galois group in the Kolchin topology (in
which closed sets are zero sets of differential algebraic polynomials). As an appli-
cation of our main result, we improve Proposition 3.9 in [CS] (see Remark 3.4):
a parametrized linear differential equation is completely integrable if and only if
the topological generators for the Galois group just mentioned are conjugate to
constant matrices over a field of meromorphic functions. Notice that the latter is
not differentially closed.

The article is organized as follows. In the first section we study parametrized
linear differential systems from an analytic point of view. The parameters will vary
in U, anonempty polydiscin C*. Lett = (¢1, ..., t,) € U denote the multiparameter.
Let Jly be the field of meromorphic functions on U and let K v=Mylzl[z""]. The
Hukuhara-Turrittin theorem in this case gives the following result (see Remark 1.6
for a discussion of a similar result present in [Schifke 2001]):

Proposition 1.3. Consider the equation 3,Y (z,t) = A(z, )Y (z,t), with A(z,t) €
M,, (I% v) (that is, an m x m matrix with entries in K v)- Then there exist a nonempty
polydisc U' C U and v € N* such that we have a fundamental solution F(z,t) of
the form

F(z,1) = H(z,1)7-WelED,

where:
e H(z,1) € GL,,(Kyr[2'/']).
o L(t) e M,,,(My).
o ¢9@N = Diag(e?@N), with g;(z,t) € 27V My [z7].
e Moreover, we have 7" eQ@1 = QG0 7L®),

See Remark 1.4 for a discussion about the uniqueness of a fundamental solution
of (x) written in this way.

In Section 1C, we briefly review the Stokes phenomenon in the unparametrized
case. We have solutions that are analytic in some sector and Gevrey asymptotic to
the formal part of the solution in the Hukuhara—Turrittin canonical form. The fact
that various asymptotic solutions do not glue to a single solution on the Riemann
surface of the logarithm is called the Stokes phenomenon.

Let U be a nonempty polydisc in C" and let f(z,1) = fi(t)7' € Ky. We say
that f(z, t) belongs to Oy ({z}) if forallz € U, z+ ) fi(t)z' is the germ of a
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meromorphic function at 0. Remark that if
fz 0 €0y({zh) C Myllzllz™1= Ky,

then the z-coefficients f;(¢) of f(z,t) are analytic on U.

In Section 1D, we study the Stokes phenomenon for equations of the form (x)
with A(z,t) € M,,(0Oy ({z})). In particular, we prove that the asymptotic solutions
depend analytically (under mild conditions) upon the parameters.

In the second section, we use the parametrized Hukuhara—Turrittin theorem to
deduce some Galois-theoretic properties of parametrized linear differential equations
in coefficients in Oy ({z}). We first recall some facts from [CS] about parametrized
differential Galois theory. The problem is that the theory in this reference cannot
be applied here, since Jly, our field of constants with respect to 9, is a field of
functions that are meromorphic in ¢, .. ., f,, and this field is not differentially closed
(see Section 2A). In the papers [Gillet et al. 2013; Wibmer 2012], the authors prove
the existence of parametrized Picard—Vessiot extensions under weaker assumptions
than in [CS]. See also [Chatzidakis et al. 2008; Pe6n Nieto 2011]. We do not use
these latter results because we need a parametrized Hukuhara—Turrittin theorem
(which proves directly that a parametrized Picard—Vessiot extension exists, not
necessarily unique) in order to study the parametrized Stokes phenomenon. This
allow us to define a group that we will call, by abuse of language, the parametrized
differential Galois group; see Remark 2.8. In Section 2D we consider the local case
of (%), with A(z, 1) € M,,,(0y ({z})). We state and show the main result:

Theorem 2.20 (parametrized analogue of the density theorem of Ramis). The group
generated by the parametrized monodromy, the parametrized exponential torus and
the parametrized Stokes operators is dense in the parametrized differential Galois
group for the Kolchin topology.

Then, we turn to the global case. We consider equations with coefficients
in My (z) and study their global Galois group. We prove a density theorem in this
global setting; see Theorem 2.24. The proof in the unparametrized case can be
found in [Mitschi 1996]. In Section 2F, we give various examples of calculations.

In the third section, we give three applications. First, we prove a criterion for
the integrability of differential systems (see Definition 3.1):

Proposition 3.2. Let A(z,t) € M,,,(My (2)). Then the linear differential equation
0,Y(z,t) = A(z,1)Y (z,t) is completely integrable if and only if there exists a
Jundamental solution such that the matrices of the parametrized monodromy, the
parametrized exponential torus and the parametrized Stokes operators for all the
singularities are constant, i.e., do not depend on z.

As a second application, we give a partial answer to a question of Sibuya
[1975] regarding the differential transcendence properties of a Stokes matrix of the
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parametrized linear differential equation

Y@\ (0 1\( Y@
32Y@z 1) \Z2+10)\o.Y(zn)

Sibuya was asking whether an entry of a given Stokes matrix at infinity is ;-
differentially transcendental, i.e., satisfies no differential polynomial equation. We
prove that it is at least not d;-finite, i.e., that it satisfies no linear differential equation.

As a last application, we deal with the inverse problem. We prove that if G is the
global parametrized differential Galois group of some equation having coefficients in
k(z) (see Section 3C), then G contains a finitely generated Kolchin-dense subgroup.
The converse of this latter assertion has been proved in Corollary 5.2 of [Mitschi
and Singer 2012], and we obtain a result on the inverse problem:

Theorem 3.11. G is the global parametrized differential Galois group of some
equation having coefficients in k(z) if and only if G contains a finitely generated
Kolchin-dense subgroup.

In the Appendix, we prove the following result:

Theorem A.l1. Consider the equation 9,Y (z,t) = A(z,1)Y(z,t), with A(z,t) €
M,,(Ky). Then there exists a nonempty polydisc U’ C U such that we have a
Jfundamental solution F(z,t) of the form

F(z.1t)= P(z,1)70e?C",

where:

« P(z.1) € GLu(Ky),

» C(1) e M, (Myy),

o Q@) = Diag(e? @), with q;(z,t) € 2~V My [z71/"], for some v € N*,

Remark that contrary to Proposition 1.3, the entries of the formal part are not
ramified. On the other hand, z¢® and ¢?@" do not commute anymore. This
theorem is not necessary for the proof of the main result of the paper; this is the
reason why we give the proof in the Appendix. However, this result is important

since it permits one to determine the equivalence classes (see [van der Put and
Singer 2003, p. 7]) of parametrized linear differential systems in coefficients in Ky, .

1. Local analytic linear differential systems depending upon parameters

In Section 1A, we define the field to which the entries of the fundamental solution,
in the Hukuhara—Turrittin canonical form, will belong. In Section 1B, we prove a
parametrized version of the Hukuhara—Turrittin theorem. In Section 1C, we briefly
review the Stokes phenomenon in the unparametrized case. In Section 1D, we study
the Stokes phenomenon in the parametrized case.
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1A. Definition of the fields. Let us consider a linear differential system of the
form 0,Y (z) = A(z)Y (z), where A(z) is an m x m matrix whose entries belongs to
Clzl[z~']. We know we can find a formal fundamental solution in the Hukuhara—
Turrittin canonical form H (2)zLe?@ where:

o H (z) is a matrix of formal power series in z!/V for some v € N*,
e L e M, (C).

* Q(z) = Diag(qi(2)), with g; (z) € z7/"C[z~'/"].

o Moreover, we have zLe@®) = ¢Q@ L,

Notice that this formulation is trivially equivalent to Theorem 3.1 in [van der Put
and Singer 2003]. Let U be a nonempty polydisc of C", and define Ky and Jly as
on page 90. We want to construct a field containing a fundamental set of solutions

of (%), where A(z,t) € Mm(I%U). Let A; ={0;,...,0;,} and let
Ey=J 27ty
veN*

We define formally the (9,, A;)-ring, i.e., a ring equipped with n + 1 derivations
0z, 0y, - .., 0y, a priori not required to commute with each other, to be

Ry = Ku[log, (*Maeny 1(e(q(z. D)gnery |
with the following rules:

(1) The symbols log, (z“(’))a(,)eMU and (e(q(z,1)))q(z,1)eE, only satisfy the fol-
lowing relations:

Za(t)-i—b(t) — Za(t)zb(l)’ A =7¢ I%U for a € Z,
e(q1(z,1) +q2(z, 1) = e(q1(z,1)e(q2(z, 1)), e(0)=1.

(2) The following rules of differentiation:

3. log = Z—l ., 0, log=0, azza(t) — @Za(t)’ atiza(l) =9, (a(1))log Za(l)’
d.e(q(z, 1)) = 0:(q(z, 1))e(q(z, 1)), d,e(q(z, 1)) =09;,(q(z,1))e(q(z, 1)),

equip the ring with a (9,, A;)-differential structure, since these rules descend
to the quotient, as can be readily checked.

The intuitive interpretations of these symbols are: log = log(z), z¢() = ¢4 102()
and e(g(z, 1)) = 9@, Let f(z,t) be one these latter functions. Then f(z, ) has
a natural interpretation as an analytic function on C x U’, where C is the Riemann
surface of the logarithm and U’ is some nonempty polydisc contained in U. We will
use the analytic function instead of the symbol when we will consider asymptotic
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solutions (see Section 1C and Section 1D). For the time being, however, we see
them only as symbols.

Let Aly be the algebraic closure of My . In the same way as for Ry, we construct
the (9;, A;)-ring

Ry = My 2z~ 1[log, *D) ety - (€@ D)gnety ]
where
ey = itylz7").

veN*

and its field of fractions has field of constants with respect to 9, equal to Jly.
Since Ry C Ry, Ry is also an integral domain. Therefore, we may consider the
(0;, Ay)-fields

Kry = MyQog, 2*ameiy);

Kry = Ky(og, @*)aemy),
and

(Ko = Ky (1og, @D awettys (€(q(z, )))geky )-

In the definition of the fields Kr y and K F.U» the subscript F stands for Fuchsian.
Since (Ky)” is contained in the field of fractions of Ry, its field of constants with
respect to 9, is equal to My N EK)" = My.

We have defined (9;, A,)-fields where all the derivations commute with each
other. We have the following inclusions of (d;, A,)-fields:

Kruy

/! N

MU — I%U e I%F,U e (KU)/\-

Remark 1.1. Any algebraic function over .ly can be seen as an element of My
for some nonempty U’ C U. Therefore, a finite extension of Jly can be embedded
in Jly  for a convenient choice of U’ C U. We will use this fact in the rest of
the paper.

Lemma 1.2. Let U C C" be a nonempty polydisc, and let L(t) € M,,(My),
where My is the algebraic closure of My. There exist a nonempty polydisc U' C U
and 710 € GL,, (K F.y’) satisfying

5,710 = Léf) LLO — L0 Lét)'

Proof. Let
L(1) = P(t)(D(1) + N@))P~' (1)
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be the Jordan decomposition of L(t), where D(t) = Diag(d;(t)) with d;(t) € My,
N(t) is nilpotent, D(1)N(t) = N(¢t)D(z) and P(t) € GL,, (My).

Due to Remark 1.1, there exists a nonempty polydisc U’ C U such that d; (¢) € My
and P(¢) € GL,,(My). We may restrict U’ and assume that N (¢) does not depend
upon 7 in U’. Let us write N := N (¢). Then the matrix

ZF® = P(1) Diag(z%®)eN e p~1 (1)
belongs to GL,,, (K r,y), and 7L® satisfies

azzL(t) — MZLU) — LL® L(t)' -
< z
Leta(t) € My and let (a(t)) € M| (My) be the corresponding matrix. Then we
have z¢®) = z(@®),

1B. The Hukuhara-Turrittin theorem in the parametrized case. The goal of this
subsection is to give the parametrized version of the Hukuhara—Turrittin theorem.
In the Appendix, we prove a slightly different result, which is not needed in the
paper; see Theorem A.1.

Proposition 1.3. Let U be a nonempty polydisc in C" and consider the equation
0.Y(z,1) =A(z, )Y (z, 1),

with A(z,t) € Mm(Ie v). There exists a nonempty polydisc U' C U such that we
have a fundamental solution F(z,t) € GL,,(Ky)") of the form

F(z. 1) = H(z nz"Ve(Q(. 1),
where:
o« H(z, 1) € GLy(Ky [2'/°]), for some v € N*,
e L(1) € My (lly).
» ¢(Q(z, 1)) =Diag(e(qi(z, 1)), with g;(z, t) € Eyr.
* Moreover, we have e(Q(z, 1))zF" = zLWe(Q(z, 1)).

Furthermore, if A(z, t) € M,,,(Oy ({z})), there exists a nonempty polydisc U" C U’
such that we may assume that the z-coefficients of H(z, t) are all analytic on U".

Remark 1.4. Remark that we have no uniqueness of the fundamental solution
written in this way, since z* H (z, 1) zFO7%Q@D §5 also a fundamental solution
for all k € Z. However, by the construction of (Ky)", if Ifli (z, )z De(Q;(z, 1))
are fundamental solutions of () written in this way for i = 1, 2, then, up to a
permutation, O and Q> have the same entries.
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Example 1.5 [Schifke 2001, Introduction]. If we consider

20.Y(z1) = (l 1) Yz 1),
z 0

we get the solution

1t —1/z
(1-1) ((3 _1t>+0(z)> (Z o Z_Om)

for ¢ # 0, and the solution

11 10 o) (e 0
(Zl/z _Zl/z) ((0 1)4—0(1 ))( 0 L1/

for t = 0. The latter is not the specialization of (1-1) at t = 0. The problem is
that the level of the unparametrized system (see Section 1C for the definition) at
t =01is 1 and the level of the unparametrized system for ¢ # O is % This example
shows that we cannot get a solution in the parametrized Hukuhara—Turrittin form
that remains valid for all values of the parameter ¢. This is the reason why we have
to restrict the subset of the parameter space.

Remark 1.6. Similar results to Proposition 1.3 have been proved in Theorem 4.2 of
[Schifke 2001]. We now explain the result of Schifke. Let U be an open connected
subset of C" that contains O, and let A(z, ) = Zf; A;(t), with s € Z and A;(¢)
analytic in U. In particular, A(z, t) € Mm(le v). Assume that, for all r € U, there
exists a solution I:I, (z)zL1e(Q(z, 1)) to (x) given in the classical Hukuhara—Turrittin
canonical form, i.e., such that:

o The z-coefficients of the g;(z, t) are analytic functions in r € U.
o The degree in 77V of qi(z,t) —qj(z,t) is independent of ¢ in U.
e If gi(z,1) #q;(z, 1), then g;(z, 0) # qo(z, 0).

Under these assumptions, Schifke concludes that there exists an open neighborhood
U’ C U of 0 in the 7-plane such that there exists a solution

H(z,1)z"Pe(Q(z, 1)) € GL, (Ky)™)

with Fl(z, t) = Z?io FI;(I) and such that the maps ¢ — I-All(t), L(t) are analytic.
Notice that Schifke gives a necessary and sufficient condition, that can be algo-
rithmically checked, for well-behaved exponential part. See [ibid., Theorem 5.2].
Using Schifke’s theorem, we can deduce Proposition 1.3 only in the particular case
where A(z, t) has entries with z-coefficients analytic in U. Note that [ibid.] does
not allow us to deduce the general case. See also [Babbitt and Varadarajan 1985,
§10, Theorem 1] for another result of this nature.
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Proof of Proposition 1.3. Let K = Clizl[z~"], where C is an algebraically closed
field of characteristic 0, equipped with a derivation 0, that acts trivially on C and
with 9,(z) = 1. The Hukuhara—Turrittin theorem (see Theorem 3.1 in [van der Put
and Singer 2003]) is valid for linear differential system with entries in K. We apply
it with C = My, the algebraic closure of Jly.

Let us consider the matrices L(t) € M,,(My) and Q(z, 1) = Diag(qi(z, 1)),
with g;(z,1) € Y My [z="] for some v € N. Because of Remark 1.1 and
Lemma 1.2, there exists a nonempty polydisc U’ C U such that we may define
710 € GL,, (K F.y) satisfying

L(t L(t
5,710 = i )ZL(t) _ ZL(’)%,

L(t) e M,,(My) and g;(z, t) € Eyr. Hence, the Hukuhara—Turrittin theorem gives
a fundamental solution

F'(z,0)= H'(z, 7" Ve(Q(z, 1)
on U’, where:
e H'(z,1) € GL,, (Mg [[z/"1[z~"/"]), for some v € N.
o L(t) e M, (My).
* ¢(Q(z,1)) = Diag(e(qi(z, 1)), with g;(z, 1) € Ey.
« Moreover, we have e(Q(z, 1)zt® = zLVe(Q(z, 1)).
Let us prove now that we may find H (z,1) € GLm(I% u'[z"/*]) such that
F(z,1) = H(z,0z"Ve(Q(z, 1)
is a fundamental solution. The matrix
F'(z,t) = H'(z,1))2"Pe(Q(z, 1))
satisfies the parametrized linear differential equation
0. F'(z,t) =A(z, ) F'(z, 1),
and the matrix z/e(Q(z, 1)) satisfies the parametrized linear differential equation
0:2"Ve(Q(z, 1) = (7 L) +8:0(z. D)z Ve(Q(z, 1)
=100z, ) (z7'L() +8,0(z, 1)).

Hence
0 H'(z,1) = Az, OH' (2. t) — H'(z, ) (z 7' L(1) + 9.0z, 1))
We write H’(z, 1) as a column vector H'(z, 1) of size m?2. Let

C(z,1) e M,p (K [2'D),
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with v € N* such that H’ (z, t) satisfies the parametrized linear differential system

9.H'(z,1) = C(z,1)H'(z, 1).

Let us write

H(z.)=)Y H/®" and CG.)=) G0,

i=N i=M

where M, N € Z. Then, by 1dent1fy1ng the coefﬁments of the z//V-terms of the
power series in the equation d, H (z,1) =C(z, t)H (z,1), we find that

. i—M
(’; n 1)ﬁi’+v(t) =" G H ).
I=N

By the definition of K vz, every C;(t) belongs to M,, (Jly+). The fact that there
exists a fundamental solution H (z, 1)z-@e(Q(z, 1)) with H(z, t) € GL, (K [z1/*])
is now clear.

Assume now that A(z, t) € M,,(0y ({z})). Let U” be a nonempty polydisc with
U” C U’ such that for z # 0 fixed, the entries of the z-coefficients of

L) +3:0(z, 1)

are analytic on U"”. Then the entries of the z-coefficients of C(z, t) are all analytic
on U”. Hence, we may assume that the entries of the z-coefficients of H(z, t) are
all analytic on U”. O

Remark 1.7. If we take a smaller nonempty polydisc U, we may assume that if we
consider the equation (x) with A(z, t) € M,,,(Oy ({z})), then the fundamental solution
of Proposition 1.3 belongs to GL,, ((Ky)”"), and the entries of the z-coefficients
of H(z, ) are all analytic on U.

1C. Review of the Stokes phenomenon in the unparametrized case. In this sub-
section we will briefly review the Stokes phenomenon in the unparametrized case.
See [Cano and Ramis 1995; Ecalle 1981 Loday-Richaud 1990; 1994; 1995; Loday-
Richaud and Remy 2011; Malgrange 1991; 1995; Malgrange and Ramis 1992;
Ramis 1980; 1985; Rasoamanana 2010; Remy 2012; Ramis and Sibuya 1989;
Singer 2009; Wasow 1965], and in particular Chapter 8 of [van der Put and Singer
2003] for more details. We will generalize some results concerning the summation
of divergent series in the parametrized case in Section 1D. First we treat the example
of the Euler equation

2Y@)+Y(@) =z,
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which admits as a solution the formal series f (7)) = Zio(—l)”n!z”“. Classical
methods of differential equations give another solution:

Z o0
_ 1z,~1/1dt _ Ry
f(@ /0 e'‘e ; /(; l—i—ue du,

where 1/t — 1/z = u/z. The solution f (z) is divergent and the solution f(z) can
be extended to an analytic function on the sector V = ¥ (—3x/2, 37/2), where,
here and throughout, we use the notation

S(a, B) :={z € C | arg(2) € la, BI}

to represent sectors in C. On this sector, f(2) is 1-Gevrey asymptotic to f (z): for
every closed subsector W of V, there exist Ay € R and ¢ > 0 such that for all N
and all z € W with |z] < &,
N—1
'f(Z) =Y (=D"ntz"t!

n=0

< (Ap)NTHN + DYz VL

We can also consider f (e*7z), which is an asymptotic solution on the sector
V'=3%(/2,77/2).

The two asymptotic solutions do not glue to a single asymptotic solution on V U V",
In fact, the residue theorem implies that the difference in VNV’ of the two asymptotic
solutions is

2imel/?,

The fact that various asymptotic solutions do not glue to a single analytic solution
is called the Stokes phenomenon.

More generally, let us consider a linear differential equation 9,Y (z) = A(z)Y (2)
such that the entries of A(z) are germs of meromorphic functions in a neighborhood
of 0. Let H(z)z%¢(Q(z)) be a fundamental solution in the Hukuhara—Turrittin
canonical form, with Q(z) = Diag(g;(z)). Since

H(2)z"e(0(2)) = H(z) Diag(z")z- e (Q(2))

for all k € N, we may assume that H(z) has no pole at z = 0. The levels of
0;Y(z) = A(2)Y(z) are the degrees in z~! of the ¢;(z) — q;(z) (the levels are
positive rational numbers and are well-defined because of Remark 1.4). Consider

q@D =gz "+ gz e VeV

with v € N. The real number d is called singular for ¢(z) if gye~'4/"

is a positive
idy .
real number. These correspond to the arguments d such that 7 > ¢97¢) increases

fastest as r tends to 0. The singular directions of 9,Y (z) = A(2)Y (z) (we will
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write singular directions when no confusion is likely to arise) are the real numbers
that are singular for one of the ¢;(z) — ¢;(z), with i # j. Notice that the set
of singular directions is finite modulo 2wv for some v € N. Let ky < --- < k;
be the levels of the linear differential equation. There exists a decomposition
H(z) = I:IkI @+--+ I'}k, (z) such that for d not a singular direction, there exists
an unique r-tuple of matrices (H,f’1 @), ..., H,fr (z)) such that H,ff_ (z) is analytic on
the sector

Vi=3(d—7/2ki,d+m/2k),

and is k;-Gevrey asymptotic to ﬁk[ (@)=Y ,en ﬁn,k,. z" on V,: for every closed
subsector W of V, there exist Ay € R and & > 0 such that for all N and all z e W
with |z] < e,

N-1
A N
HE@ = Y Aar2"| = (AT (142 )12,
n=0 '

where I" denotes the gamma function. Until the end of the paper, we will denote a
fixed branch of the complex logarithm by log(z). Furthermore, the matrix

(1-2) (HI?; (Z) 4. 4+ H/?; (Z))eLlog(Z)eQ(z) — Hd(Z)eLIOg(Z)eQ(Z),

which is analytic on the sector X(d — 7 /2k,,d + 7 /2k,), is a solution of 9,Y (z) =
A(2)Y (z). As a matter of fact, H (z) is k;-Gevrey asymptotic to Hk (z) on the
larger sector

X(d) —m/2ki, di41 +7/2k;),

where dj, d;1| are two singular directions such that ]d;, d;y[ contains no singu-
lar directions. Therefore, we can construct an analytic solution on the sector
Y (d; —m/2ky, di+1 +1/2k,). Let d € R, and choose d¥ such that

N T — + T
d 2kr<d <d<d <d+2kr

and such that there are no singular directions in [d™, d[ U ]d,d"]. We get two
matrices, H?' (z)e=10¢@¢Q® and HY (7)e-106@¢Q®)  which are germs of analytic
solutions on the sectors

Yd” —m/2k.,d+mn/2k,) and X(d —m/2k,,d" +m/2k,),

respectively. The two matrices are, in particular, germs of solutions of 9,Y (z) =
A(2)Y (z) on the sector

X(d —m/2k,,d 47 /2k;).
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A computation shows that there exists a matrix St; € GL,,(C), which we call the
Stokes matrix in the direction d, such that

g (Z)eLlog(z)eQ(z) — g (Z)eLlog(z)eQ(z) Sty .

Proposition 1.8. The following statements are equivalent:

(1) The entries of H (z) converge.
(2) Sty =Id foralld € R.
(3) Sty =1d for all singular directions.

Proof. From what is preceding, we deduce that if d is not a singular direction,
then St; = Id. Therefore, the statements (2) and (3) are equivalent. If the entries
of H(z) converge, then, since H (z) is Gevrey asymptotic to itself on every sector
of C Hi(z) = H(z) for all d € R, and (2) holds. Assume now that Sty = Id for all
singular directions. From the proof of [van der Put and Singer 2003, Theorem 8.10],
we obtain that the entries of H (z) converge. U

We can compute the asymptotic solutions using the Laplace and the Borel
transformations. See Chapters 2 and 3 of [Balser 1994] for more details.

Definition 1.9. (1) Let £k € Q. The formal Borel transform @3;{ is the map that
transforms the formal power series ) _ a,z" into the formal power series

()= rn

2)Letd e R, k € Q, ¢ > 0 and let f be analytic on the sector X(d —&,d +¢). We
assume that there exist A, B > 0 such that

£ (@) < AeBH

for arg(z) = d. Then the following integral is the germ of an analytic function on
¥ (d —n/2k,d+ m/2k) (see [ibid., p. 13], for a proof), and is called the Laplace
transform of order k in the direction d of f:

ooeld

Fa(N@ = | f(u)e’(“/Z)kd((%)k)

For a proof of the following proposition, see Section 7.2 of [ibid.].

Proposition 1.10. Let k| < --- < k, be the levels of 0,Y (z) = A(z)Y (z) and set
kr+1 = +o00. Suppose that d € R is not a singular direction, and let h(z) be an entry
of H(z). Define (ky, ...,k;) by

-1 1
ki =k =k
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The series QAS,Q 0---0 9?3,(1 (ﬁ) converges, and there exist 1, A1, By > 0 such that it
has an analytic continuation h| on the sector £(d —¢&1,d + €1), and

Ih1(z)| < APl

in this sector. Moreover, for j =2, ...,r there exist £j, A;, Bj > 0 such that the
Junction hjiy =%, a(h;) is analytic on the sector ¥(d —¢j,d +¢;), and

hj(z)] < AjePil”

on this sector. Therefore, we may apply £, 4o -0, 40 9?3,(,‘ 0---0 9?3,(1 fo every
entry of H(z). We have the following equality:

Hd(z) =33K,,d0"'0§£;<1,d09?3;<, o--~0973,q(1:1).

1D. Stokes phenomenon in the parametrized case. Consider the equation (x),
with A(z, t) € M,,(Oy ({z})) (see page 90), where U is a nonempty polydisc in C”,
and consider F(z, 1) = H(z, )z*We(Q(z, 1)), with Q(z, t) = Diag(qi(z, 1)), the
fundamental solution of Proposition 1.3. Since for all k € N, F(z, ¢) is equal to
ﬁ(z, 1) Diag(zk)zL(’)_“de(Q(z, 1)), we may assume that I:I(z, t) has no pole at
7z =0. We define the levels of the system (x) as the levels of the specialized system.
The levels may depend upon ¢, but they are invariant on the complement of a closed
set with empty interior. We want to extend the definition of the singular directions
to the parametrized case. Consider ¢(z, 1) = g ()2 */* +-- -+ q1()z"'/" € Ey.
A continuous function d : U — R is called singular for g (z, t) if

qe(De 4O e R=0 forall 1 e U.

In general, the positive number gy (t)e 4O/ depends on ¢ if d(t) is a singular
direction for g(z, t). The singular directions of () (we will just write singular
directions when no confusion is likely to arise) are the directions that are singular
for one of the ¢;(z,t) —q;(z, 1), with i # j.

Remark 1.11. (1) It may happen that for some 7y € U, the singular directions
of (x) evaluated at 7y are not equal to the singular directions of the specialized
system 93, Y (z, to) = A(z, t0)Y (2, tp). Take for example n =1, U =C, o =0 and
Az, 1) = Diag(—2tz_3 —z72,2tz73 4+ z7%). The two exponentials are

e(q1(z, 1)) = e(tz_2 + z_l) and e(qa(z, 1)) = e(—tz_2 — z_l).

However, there exists V C U, a closed set with empty interior, such that for all
o in U \ V, the singular directions of () evaluated at fy are equal to the singular
directions of the specialized system d,Y (z, t9) = A(z, t0)Y (2, t).

(2) Unfortunately, two different singular directions may be equal on a subset of U.
For example, for n = 1, U = C*, and A(z, t) = Diag(z™2, 1772, —tz~2), we find
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three exponentials: e~!/% ¢/ and e™"/%. For t € R>?, the singular directions
of (2t)z ! are the same as the singular directions of (t 4+ 1)z~ L.

Let (d;(2))ien be the singular directions, and
% = {t € U | there exist j, j' € N such that di #djy and d;(t) =dj(t)}.

Lemma 1.12. 9 is a closed subset of U with empty interior.

Proof. Assume that there exist a nonempty polydisc D C % and two singular
directions d(t), d(t) such that d;(t) = d;(t) on D. Then there exist a nonempty
polydisc D’ C D and ¢(¢), ¢’ (t) € M that do not vanish on D’ such that g (¢)/q’(t)
has constant argument on D’. An analytic function with constant argument on a
polydisc is constant. Hence, we deduce that d;(t) = d;/(t) on a polydisc, which
implies that d;(t) = d;/(t) on U. Since the set of singular directions is finite
modulo 27 v with v € N*, &% has empty interior. ]

Thus, if we take a smaller nonempty polydisc U, we may assume the following:
e P =0.
o The levels of (x) are independent of ¢

 For all 7y € U, the singular directions of (x) evaluated at #y are equal to the
singular directions of the specialized system 0,Y (z, o) = A(z, tp) Y (2, tp).

Let H(z, )zkWe(Q(z, 1)) € GL,, (Ky)™) be a fundamental solution to the param-
etrized linear differential system (x) in the same form as in Proposition 1.3, where
we consider A(z,t) € M,,(0y({z})). Let d(¢) be a singular direction, and let
ki1 <--- <k, be the levels of (x). For ¢ belonging to U, we define the parametrized
Stokes matrix Stg(;) (we will just call it the Stokes matrix when no confusion is
likely to arise) as t — Sty(;), where Sty(;) is the Stokes matrix of the specialized
system defined just before Proposition 1.8.

Proposition 1.13. Let d(t) be continuous in t such that for all ty in U, d(ty) is not
a singular direction of the unparametrized linear differential equation 9,Y (z, ty) =
A(z, 10)Y (2, ty). We define t — HO (z, 1)el 0108 0@1 g the solution (1-2) of
the specialized system. Let d|(t), d2(t) be two singular directions such that for all
teU,d | (t) <d(t) <dr(t) and )d,(t), d2(t)[ contains no singular directions. Then,
there exists a map U — R0 ¢ > &(t), which is not necessarily continuous, such
that HO (z, 1)el 01080 e 0@D g meromorphic in (z, t) for

ze€X(d(t) —m/2k,,dr(t) +7/2k,) withO < |z| <&(t) and teU.

Notice that the facts that 9 = @ and that the singular directions are continuous
in ¢ implies the existence of a continuous function d(¢) such that, for all 75 in U,
d(tp) is not a singular direction of the unparametrized linear differential equation
0.Y (z, 10) = A(z, 10)Y (2, t0).
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Proof. We recall that we have assumed that for all 7y € U, the singular directions
of (x) evaluated at #( are equal to the singular directions of the specialized system
9,.Y (z, 1) = A(z, t9)Y (z, to). We have seen in Section 1C that, for ¢ fixed, the
asymptotic solution is a germ of meromorphic function on the sector

S(di (1) — /2Ky, do(t) + 70 /2K,).

We may replace d(¢) by any function, possibly discontinuous, such that for all t € U,
di(t) < d(t) < d»(t). Since the singular directions are continuous in ¢, we may
assume that d(¢) is locally constant. Since for z # 0, t > el (D108 0ED ¢
this is now a consequence of Proposition 1.10 and Lemma 1.14 below. (]

Lemma 1.14. We keep the same notation as in Definition 1.9 and Proposition 1.10.
Let ft(z, t) be one of the entries ofI:I(z, t). Let V.C U be a nonempty polydisc, and
let d € R such that for all t € V, d is not an unparametrized singular direction of ().
Then there exists a map U — R0, ¢ > e(t), which is not necessarily continuous,
such that

A A

Prdo- 0L, 0B, 0 0By, (h)
is meromorphic in (z,t) for
z€X(d—m/2k,,d+7/2k)with0 < |z| <e(t) and teV.
Moreover, for all j <n,
L0 -0 Liy. 0By, 0 - 0By, (8,1) = 8, (L, a0 0L 0By, 0+ - 0By, ().

Proof. We will proceed in two steps.

Step 1: We recall that A(z, 1) € Ky[z!/"] (where v € N* has been defined in
Proposition 1.3) and (see Remark 1.7) all the z-coefficients are analytic on U.
Because of Proposition 1.10, for ¢ fixed, QAS,Q 0---0 QASKI (ﬁ) is a germ of a mero-
morphic function. Therefore, it belongs to Oy ({zD[z'/"]. Let h; be the analytic
continuation defined in Proposition 1.10. In particular, for all z € C with arg(z) =d,
t — hi(z,t) € My. The fact that we have a meromorphic function allows us to
differentiate termwise, and for all j <n, 9;,h is equal to the analytic continuation of

By, 0+ 0By, (3, h).

Step 2: Let hy, ..., h, be the successive Laplace transforms that were defined in
Proposition 1.10. Let fp € V, let W;, be a compact neighborhood of foin V, leti <r,
and assume that for z € C with arg(z) =d, t — h;(z, t) is meromorphic on W,,. It
is sufficient to prove that, for all z € C with arg(z) € |d — w/2k;, d + 7 /2x;| and
|z| sufficiently small, t +— h;1(z, t) is meromorphic on Wy, and for all j <n,

tgKl',d(atjh’l.) = alj (ik,,d(hl)) = at/h’l+l
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The function &, 4(h;) is an integral of a meromorphic function depending analyti-
cally upon parameters, and we just have to prove that it is possible to find a function f
such that, for all r € Wy, |h; (u, t)| < | f (u)| and for arg(z) € 1d — 7 /2k;, d + 7w/ 2k,
|z| sufficiently small, £, 4(| f1)(z) < co. From Proposition 1.10, we obtain the
existence of A(t), B(t) > 0 such that for arg(u) = d, |h;(u, )| < A(t)eBOm",
Since h;(u, t) is meromorphic, we may assume that A(¢) and B(¢) are continuous
on W;,. The functions A(¢) and B(¢) admit a maximum A and B on the compact
set W;,. Finally, for arg(z) € |d — n/2«;, d + 7 /2x;[ and |z| sufficiently small,

ooeid o
[ it neeoa(L) )\
0 Z
o0 U Ki
5/ AeB'"'K"|e—<"/Z>”"|d<(—) )<oo. O
0 Z

2. Parametrized differential Galois theory

|$K,',dhi| -

In this section we are interested in parametrized differential Galois theory: this is
a generalization of differential Galois theory for parametrized linear differential
equations. In Section 2A, we review the parametrized differential Galois theory de-
veloped in [CS]. In Section 2B, we prove that some of the results of Section 2A stay
valid without the assumption that the field of constants is differentially closed. This
will help us in Section 2C to prove that the local analytic parametrized differential
Galois group descends to a smaller field, whose field of constants is not differentially
closed. In Section 2D, we explain the main result of the paper: we show an analogue
of the density theorem of Ramis in the parametrized case. In Section 2E, we give
a similar result for the global parametrized differential Galois group. We end by
giving various examples of computation of parametrized differential Galois groups
using the parametrized density theorem.

2A. Basic facts. We recall some facts from [CS] about Galois theory of parametr-
ized linear differential equations. Classical Galois theory of unparametrized linear
differential equation is presented in some books, such as [van der Put and Singer
2003; Magid 1994].

Let K be a differential field of characteristic 0 with n 4+ 1 commuting derivations
do, - .., 0,. We want to study differential equations of the form dpY = AY, with
A € M;,,(K). Let Ck be the field of constants with respect to dyg. Since all the
derivations commute with dy, (Cg, 91, ..., d,) is a differential field. By abuse of
notation, we will sometimes start from a (91, . . ., 9, )-differential field Cx and build
a (0o, ..., 0y)-differential field extension K of Cg, such that Cg is the field of
constants with respect to dg.

Example 2.1. If K = Ky, then 8y = d,, {91, ..., 9} = A,, and Cx = Jly.
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A parametrized Picard—Vessiot extension for the parametrized linear differential
equation dpY = AY on K is a (dy, ..., d,)-differential field extension K|K with
the following properties:

e There exists a fundamental solution for dpY = AY in K , 1.e., an invertible
matrix U = (u;,j), with entries in K, such that doU = AU.

o K=K )a...on i€, K is the (3, ..., 8,)-differential field generated by
K and the u; ;.

« The field of constants of K with respect to dy is Ck.

Let L bea (91, ..., d,)-field of characteristic 0 with commuting derivations. The
(91, ..., 0y)-differential ring L{y, ..., Y&}s,....s, of differential polynomials in k
indeterminates over L is the usual polynomial ring in the infinite set of variables

;€N
{8;1 P a;l)ny‘]}“])fek )
and with derivations extending those in {9y, ..., d,} on L, defined by
(3" ..oy =01 ... 9 gy,

Definition 2.2 [Cassidy and Singer 2007, Definition 3.2]. We say that the field
(Ck, 01, ..., 0y) is differentially closed if it has the following property: for any
k,l eNandforall Pi,..., Pr € Cx{y1,...,yi}a,...5,, the system

.....

Pl(Oll,...,Oll)ZO

Piy(ag,...,a) =0
Pi(ay, ..., o) #0,

has a solution in Cg as soon as it has a solution in a (91, ..., d,)-differential field
containing Ckg.

For simplicity of notation, we will say that Cg is differentially closed rather than
that (Cg, 91, ..., d,) is differentially closed. Note that there exists a differentially
closed extension of Ck; see [CS, Section 9.1]. By definition, a differentially closed
field is algebraically closed.

Proposition 2.3 [CS, Theorem 9.5]. Assume that Cg is differentially closed. Then
the parametrized Picard—Vessiot extension for dgY = AY exists and is unique up to
(0o, . . ., Oy)-differential isomorphism.

Until the end of the Section 2A, we assume that Cg is differentially closed.
Consider dgY = AY with A € M,,,(K), and let K|K be a parametrized Picard—
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the group of field automorphisms of K which induce the identity on K and commute
with all the derivations. This latter is independent of the choice of the parametrized
Picard—Vessiot extension, since all the parametrized Picard—Vessiot extensions are
(9o, . .., 0y)-differentially isomorphic. In the unparametrized case, the differential
Galois group is an algebraic subgroup of GL,,(Ck). In the parametrized case, we
find a linear differential algebraic subgroup:

Definition 2.4. Let us consider m? indeterminates (Xi,j)i,j<m- We say that a
subgroup G of GL,,(Ck) is a linear differential algebraic group if there exist
Pi, ..., Pr € Cg{X, j}s,...a, such that for A = (g; ;) € GL,,(Cg),

AEG¢>P](ai’j)=-"=Pk(ai’j)=0.

Let U be a fundamental solution of dpY = AY. One proves directly that the map

¢ — U o),

is an injective group morphism. A fundamental fact is that

is a linear differential algebraic subgroup of GL,,(Ck) (see Theorem 9.5 in [CS]).
If we take a different fundamental solution in K, we obtain a conjugate linear

with a linear differential algebraic subgroup of GL,,(Cg) for a chosen fundamental
solution. We put a topology on GL,,(Ck), called the Kolchin topology, for which
the closed sets are defined as the zero loci of finite sets of differential polynomials
with coefficients in Cg.

Example 2.5 [CS, Example 3.1]. Letn=1, let (Cg, 9;) be a differentially closed 9,-
field that contains (C(¢), 9;), and let us consider K = C (z), the (9,, 9;)-differential
field of rational functions in the indeterminate z with coefficients in Cg, where z
is a d,-constant with d,z = 1, Ck is the field of constants with respect to 9., and
d, commutes with d;. Let us consider the parametrized differential equation

8,Y (2, 1) = §Y<z, 0.

The fundamental solution is (z'), and K (z’, log) is a parametrized Picard—Vessiot
extension (see Section 1A for the notation). Here we have added log because we
want the extension to be closed under the derivations 9, and 9;. Using the fact that
the Galois group commutes with d, and 9, we find that the Galois group is given by

{feCk|f#0and f37f — (3 f)*=0}.
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We can see that if we take Cx = C(¢) or Cg = Jl¢ (see page 90), which are not dif-
ferentially closed, then we find two different groups of differential automorphisms:

{feC@ | f#0and f8]f — (3 f)*=0}=C"

and
{fedc|f#0and f3}f — (3 f)* =0} ={ce” |beC,ceC"),

which shows the importance of considering a Galois group defined over a differen-
tially closed field. See Example 2.26 for the resolution of this ambiguity using the
parametrized density theorem.

There is a Galois correspondence theorem for parametrized differential Galois

KS={aeK|o(@) =aforalo cG).

Then the theorem says that the Kolchin-closed subgroups of Galg(‘) """ % (E |K) are
in bijection with the (dp, .. ., d,)-differential subfields of K containing K via the
map

G KC.

The inverse map is given by

the identity map on M. In particular, we have the following corollary:

Corollary 2.6. Let G be an arbitrary subgroup of Galg(l) """ On (I? |K). Then K¢ =K
if and only if G is dense for the Kolchin topology in Galg(‘) """ On (K|K).

Let L|M|K be (01, ..., 0,)-differential field extensions. Notice that we do not
exclude L = M = K. All the definitions that we give before the next proposition
come from [Hardouin and Singer 2008, §6.2.3].

We remark that P(ay, ..., a,) is well-defined for P € M{X1, ..., Xi}s,,....5, and
ai, ...,ar € L. Then we may define the (dy, ..., d,)-differential transcendence
degree of L over M as the maximum number of elements ay, ..., a; of L such that

P(al,...,ak);éo,

for all nonzero (91, ..., d,)-differential polynomials P with coefficients in M. The
(a1, ..., 0y)-differential transcendence degree of an integral domain over another
integral domain is defined to be the (91, ..., d,)-differential transcendence degree
of the fraction field of the first one over the fraction field of the second one.
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Let us consider m? indeterminates (Xi,j)i,j<m- Let (p) be a prime (31, ..., d,)-
differential ideal of Cx{X; j}5,...4,, 1.6., a prime ideal stable under the deriva-
tions dq, ..., d,. The (a1, ..., d,)-dimension of (p) over Ck is defined to be the
(01, ..., 0y)-differential transcendence degree of the quotient ring

Cxi{Xijlay....0./(P)

over Cg.

Let (r) be a radical (91, ..., d,)-differential ideal of Ck{X; ;}s,,...,
radical ideal stable under the derivations 9, ..., d,. Let (p1), ..., (py) withv €
N* be the prime (i, ..., d,)-differential ideals such that (r) = (),-,(px). The
(01, ..., 0y)-dimension of (r) over Ck is defined to be the maximum in k of the
(01, ..., 0y)-dimension of (p;) over Ck.

Assume that M C K. Let (g) be the radical (91, ..., d,)-differential ideal of

9,» 1.€., a

.....

over Ck as the (91, ..., d,)-dimension of (g) over Cg.
Proposition 2.7 [Hardouin and Singer 2008, Proposition 6.26]. The (91, ..., 9,)-
differential transcendence degree of K over M is equal to the (01, ..., d,)-differen-

tial dimension ofGalg(l)""’a” (K|M) over Ck.

Example 2.5 revisited. Let us keep the same notation as in Example 2.5. The
parametrized Picard—Vessiot extension is K (z’, log) and the Galois group is

{feCk|f#0and f37f — (3, f)* =0}

We may directly check that the d;-differential dimension of the Galois group is 0,
and therefore 7' satisfies a d;-differential polynomial equation with coefficients
in C K-

2B. Parametrized differential Galois theory for a nondifferentially closed field
of constants. Let K be a differential field of characteristic O with n + 1 commuting
derivations dy, . .., d,. Let Ck be the field of constants with respect to dg. Note
that we do not assume Ck to be differentially closed. Consider dpY = AY, with
A € M,,,(K), and assume the existence of K |K, a parametrized Picard—Vessiot
extension for dgY = AY (see Section 2A). This means in particular that the field
of constants of K with respect to dy is Cx. Let F = (F; ;) € GLm(kv) be a

.....

theorem that guarantees the uniqueness of the parametrized Picard—Vessiot extension
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K|K, since Ck is not differentially closed. However, we will call it the parametrized
differential Galois group, or Galois group, if no confusion is likely to arise.

We extend Definition 2.4 for the field Cx. Let us consider m? indetermi-
nates (X; ;)i j<m. We say that a subgroup G of GL,,(Ck) is a linear differ-
ential algebraic group if there exist Py, ..., P € Cg{X; ;}s,,..s, such that for
A =(a; ;) € GL,;,(Ckg),

AeG & Pl(ai,j) =...= Pk(ai,j) =0.
The goal of the subsection is to prove:

Proposition 2.9. (1) Let us consider the injective group morphism

Then

a chosen fundamental solution. The image is independent of this choice, up to
conjugacy by an element of GL,,(Cx).

Autg(l)""’a” (K|K) for the Kolchin topology.

Remark that, contrary to Corollary 2.6, the converse of (2) is false when Cg is not
differentially closed. See [CS, Example 3.1]. Before showing the proposition, we

point out two facts we will use in the proof. Let L|K be a (dy, . .., d,)-differential
field extension and aq, ..., a; € L.
« Asin the case where Ck is differentially closed (see Section 2A), P(ay, ..., ar)

is well-defined for P € K{X\, ..., X«}a,.....3,-
e Theset {P(aj,...,ar) | P € K{Xy,..., Xk}s,....0,} 15 a (9o, . . ., 9,)-differen-
tial field extension we will denote by L{a, ..., ai}s,
Proof of Proposition 2.9.
Part (1): We follow here the proof of Proposition 9.10 in [CS]. We consider the
differential polynomial ring

R=K{X; ;, 1/det(X; j)}s...0,

and endow it with the dyp-differential structure defined by do(X; ;) = A(X; ;). Let
us consider
S = K{F; ;, 1/det(F; j)}a.....5,
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the (g, ..., d,)-differential subring of K generated by the F; ; and 1/ det(F; ;)
over K. Itis an integral domain. Let g be the obvious prime (dy, . . ., 9, )-differential
ideal such that R/g >~ S. Let Z; ; be the image of X; ; in § C K, so that (Z;j)isa
fundamental solution for dgY = AY in S. Consider the following rings:

Ki{Xi ;. 1/det(X; Do,,.0, = K{¥ij, 1/det(Yi o,
U U
K{X; ;, 1/det(X; )}a,.....a, Ckl{Yij, 1/ det(Yi )}a,.....0,5

where the indeterminates Y; ; are defined by (X; ;) = (Z; ;)(Y; ;). We remark that
do(Y;, ;) =0. Since we consider fields that are of characteristic 0, the differential ideal

.....

.....

is a radical (dy, . .., d,)-differential ideal (see Corollary A.17 in [van der Put and
Singer 2003]). The next lemma is an adaptation of Lemma 9.8 in [CS] without the
assumption that the field of constants is differentially closed.

Lemma 2.10. The (3, .. ., 3,)-ideal gK {Y; j, 1/ det(Y; ;)}a,

.....

.....

Proof. Let (e;);cp be a basis of Cx{Y; ;, 1/det(Y; j)}s,,...a, over Ck. Let

n
f= Zmiei € qgK{Y; ;, 1/det(Yi )}a,.....,
i—1

with m; € K. By induction on n we will show that f € I. If n =0 or 1 there is
nothing to prove. We assume that n > 1. We can suppose that m| =1 and m; ¢ Ck.
Then, since the field of constants of K with respect to 9, is Cg,

i=2
Then, by induction, dy(f) € I. By the same argument,
do(my' f)el.

Then 3y(m; ") f = do(m "' f) —m5 '8y f € I. Since dy(m;") # 0, we obtain that
fel. O

By Lemma 2.10, g K (X, 1/ det(X; ;)}a,

.....

..........
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Clearly, I is a (9, ..., d,)-radical ideal of Cg{Y; ;, 1/det(Y; j)},,..5,. Let C =
(Ci,j) € GL,,(Ck). The following statements are equivalent:

(1) (Ci.j) € Auty"(K|K).

(2) The map K{X; ;, 1/det(X; j)}a,....0, > K{X; ;, 1/det(X; j)}s,...s, defined

by (X;,j) > (Xi j)(Ci j) :== (O _j; XixCr,j) leaves g invariant.

(3) The map K {X; j, 1/det(X; )}s,....a, — K defined by (X; ;) — (Z: ;)(Ci.})
sends ¢ to 0.

(4) The map K {X; j, 1/det(X; })}a,....a, — K defined by (X; ;) — (Zi ;)(Ci.})
sends ¢ K {X;j, 1/ det(X; )}a,....0, = g K {Y: ;. 1/ det(Y; )},

(5) The map K{Y; j, 1/det(Y; )}a,...a
qK{Y: j, 1/ det(Y; )},

.....

— K defined by (Y; ;) — (Ci_j) sends

n

.....

generated by 1, a (91, ..., d,)-radical ideal of Cg(Y; ;, 1/det(Y; j)}s,.....5,-

Part (2): We follow the proof of Proposition 9.10 in [CS], and use the same notation
as before. By construction, the ideal / of Lemma 2.10 above is the differential
ideal that defines the Galois group. Assume that the Kolchin closure of G is not the
whole Galois group. Then there exists P € Cg{Y; ;, 1/det(Y; j)}s,,....5, such that
P ¢ 1 and P(g) =0 forall g € G. Lemma 2.10 implies that

.....

P ¢J=qK{Yi, 1/det(Yi )}a,...5,-

Let T consist of all Q € If(v{X,-,j, 1/ det(X; j)}s,,....5, such that Q ¢ J and

.....

0((Zi,j)(gi,j)) =0 forall g=(g;;)€Gq.

Since P € T, T # {0}. Anelement Q € T can be written as

O0=fi01+--+ £, 0,

.....

such that:
. fl =1,

« all the f; are nonzero,

e v is minimal.

Forall g€ G,let Q¢ = ff Q1+ -+ ff 0, €T. Let g € G. Since Q — Q¢ is
shorter than Q, and satisfies (Q — Q%)((Z; ;)(gi,;)) =0, we have Q — Q¢ € J. If
Q — 08 #£0, there exists [ € K such that 0 —1(Q — Q%) is shorter than Q. Since
0 —1(Q — Q%) €T, this is not possible unless Q — Q% = 0. Therefore, Q = Q%,
forall g € G,and so Q € K{X; ;, 1/det(X; j)}s,,..a,- Since Q(Z; ;) =0, we have
Q € J. This completes the proof of Proposition 2.9. U
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2C. A result of descent for the local analytic parametrized differential Galois
group. We keep the notations of Section 1. Consider the equation () with A(z, t) €
M, (Cy ({z})), where U is a nonempty polydisc in C", and Oy ({z}) has been defined
on page 90.

Remark 2.11. Note that Oy ({z}) is a ring but not a field in general. For example, if
n=1,(z—1)"!¢0y({z}). However, we have (z —1)~! € Oc+({z}). More generally
let a(z,t) € Oy({z}). For t € U, let be R(t) minimal such that |a(z, t)| # O for
0 < |z] < R(z). There exist a nonempty polydisc U’ and ¢ > 0 with R(¢) > ¢ on
U’. In particular, we have «/(z, N~ e 0y ({z)).

Since Oy ({z}) C I%U, which is a field, Oy ({z}) is an integral domain, and we can
define Ky as the fraction field of Oy ({z}). We have

{aeKy|da=0={aeKy|da=0}=My.
Let
F(z,t) = (F;)) = H(z, )z*Ve(Q(z, 1)) € GL,((Ky)")  (see Section 1A)
be the fundamental solution given in Proposition 1.3. Let us denote
Ky (Fij)o.a, = (Ky)~,

which is a (9,, A,)-differential subfield of (Ky)”. We have seen in Section 1A
that (Ky)” has field of constants with respect to 9, equal to Jly. Then we deduce
that (Ky )~ | Ky is a parametrized Picard—Vessiot extension. Therefore, the results
of Section 2B may be applied here; and we can define a parametrized differential
Galois group AutaAf ((Ky)™|Ky), which will be identified with a linear differential
algebraic subgroui:) of GL,,(My). We want to prove now that it is the “same” as
the one of Section 2A.

Let C be a (A,)-differentially closed field that contains M. Let us define
Clizl[z™ "], the (0;, Ay)-differential field, where z is a (A;)-constant with 9,z = 1,
C is the field of constants with respect to d,, and 9, commutes with all the derivations.
We define the ring Ky ® 4, C with the differential structure given by

9(aQ@u, ¢) =0aQu, c+a®u, dc forall ae Ky,ceC,9 e {d;, A}.

This (., A,)-differential ring can be naturally embedded into C[[z]][z~'], which
implies that it is an integral domain. Therefore we may define J¢ y, the field of
fractions of Ky ® 4, C. We see now J{c, y (resp. Ky Q. C) as a subfield (resp.
subring) of C Mzliz~".

Proposition 2.12. Let us keep the same notation. Consider the equation 3,Y (z,t) =
A(z, )Y (z,t) with A(z,t) € M,,,(0Oy ({z})). The extension field

HevlFi o alHev=Hev) [ Hev
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is a parametrized Picard—Vessiot extension for 9,Y (z,t) = A(z, )Y (z, t). Moreover,
there exist Py, ..., Py € My{X; J} A, such that the image of the representation of
Gal, ’((%C v)” |‘:7{c u) (resp. Auta’((KU) |K7)) associated to F(z,t) is the set
of C rational points (resp. My - rational points) of the linear differential algebraic
subgroup of GL,,(C) (resp. GL,,(My)) defined by Py, ..., P.. More explicitly,

(F™'o(F) | ¢ € Galy" (e, 0) ™ 1%c,0))
={A=(a;;) €GL,(C) | Pi(a; ;) =---= P(a; ;) =0}

and

(F~'o(F) | ¢ € Auty’ (Ky)™|Ky))
={A =(a;;) € GL,,(My) | Pi(a; j) = -+ = Pr(a; ;) = 0}.

Proof. We follow the proof of [Mitschi and Singer 2012, Proposition 3.3]. Let (dy)
be an Jly-basis of C. Let us prove that the dj are linearly independent over (Ky)™.
Write D, di P = 0 with 0 # Py € (Ky)™, « > 2 minimal and P, = 1. We
have Zk<;_1 dydo, Py =0. If « =2, then 9, P; = 0. If ¥ > 2, the minimality of «
implies that d; Py =0 for all k. Since (Ky)~|Ky is a parametrized Picard—Vessiot
extension, P € My for all k, and the d; are linearly independent over (Ky)™.

Now, we prove that J{c v (F; j)s. a,|Hc v is a parametrized Picard—Vessiot ex-
tension for 0,Y (z,t) = A(z, )Y (z,1). Let e € X,y (F; j)a,, A, With ;a0 =0. We
may assume that « = Y dj P, where P, € (Ky)~. We have 0, = ) _ d;d. P = 0.
Since the dj are linearly independent over (Ky)~, we find 9, P, = 0. Hence,
Py e My, because (Ky) ™| Ky is a parametrized Picard—Vessiot extension. Therefore,
a € Cand K¢ y(F; j)a, a|Hcu is a parametrized Picard—Vessiot extension for
20, Y(z,t) =A(z, )Y (z,1).

Let Y; ; be a set of m? indeterminates and let Iy, I; be (0, A,)-differential ideals
such that

Ro = Ky{Fi ls.a, = KulYijle..a,/lo,
Ry =JculF jYo.a =HculYijlo, a /i

The group Auta’((KU) |Ky) (resp. Gal "(Hceu)"|Hcv)) is the set of B €
GL,,(My) (resp. B € GL,,(C)) such that (Fl j)B is again a zero of Iy (resp. Iy).
We just have to prove that I} = Cly. The inclusion Cly C I; is clear. Let us prove
the other inclusion. Let P € I;. Without loss of generality, we may assume that
P € (Ky ®u, O)Y; 1. Let us write P = ) _di P, where P, € Ky[Y; j]. One
finds that

P(Fij) =) dcPu(Fij)=0
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Since the dj are linearly independent over (Ky)™, one finds that P (F; ;) =0, and
therefore Iy = C 1. O

2D. An analogue of the density theorem in the parametrized case. Let us con-
sider the equation (), with A(z, t) € M,,,(0y ({z})), where U is a nonempty poly-
disc in C". We want to find topological generators for AutaAf ((Ky)~|Ky) for the
Kolchin topology. N

We now define the parametrized monodromy. The notion of monodromy in the
unparametrized case is well explained in [van der Put and Singer 2003]. For more
details about parametrized monodromy, see [Cassidy and Singer 2007; Mitschi and
Singer 2012; 2013; Sibuya 1990].

Definition 2.13. The notations are introduced in Section 1A. We define m, the
formal parametrized monodromy, as follows:

« m(H(z, 1)) = H(z,t) forall H(z, 1) € Ky.

o m(z%0) = XmaD 700 for all a(r) € My.

e m(log) =2im +log.

e Forall g(z,1) =) a,z7" € Ey =, g0 My [z71/7], we define

me(q(z, 1)) = e(Z ane_zi”"z_").

From the construction of Ky [log, (z“(’))a(,)emU (e(q(z,1)))g(z,n)eEy |, it is easy
to check that 7 induces a well defined (9,, A;)-differential ring automorphism
of I%U[log, @ DN ayemy (e(q(z, 1)))¢(z,eEy ], and then it can be extended as a
(9;, A;)-differential field automorphism of (Ky)” keeping Ky invariant. Since
(Ky)~™ c (Ky)”, and since (Ky)™ is stable under m, m induces an element of
Auty’ (Ky)™|Ky).

Remark 2.14. In the regular singular case with one singularity at 0, the definition
of formal parametrized monodromy restricts to the definition given in [Mitschi and
Singer 2012].

We now introduce the parametrized exponential torus, which is a subgroup of
AutaAf ((Ky)~|Ky) consisting of elements that act on the e(g (z, ¢)) withg(z, 1) €eEy.

Definition 2.15. Let o be a character of E;;. We define 1, as follows:
* T4 is the identity on K F.U-
* T4(e(q(z, 1)) = alg(z, 1)e(q(z, 1)) forall g(z,1) € Ey.

From the construction of Ky [log, (z“(’))a(;)emu (e(q(z,1)))q(z,1)eEy ], it is easy to
check that 7, induces a well defined (9;, A,)-differential ring automorphism of
I%U [log, (z“(’))a(,)eMU (e(q(z,1)))q(z,neEy |, and then it can be extended to a (9;, A,)-
differential field automorphism of (Ky)” keeping Ky invariant. Since (Ky)™ C



116 THOMAS DREYFUS

(Ky)”, and since (Ky)™ is stable under 7, the map 7, induces an element of
Auty' (Ku)™|Kv).

The parametrized exponential torus (or simply, the exponential torus) is the
subgroup of AutaAf ((Ky)~|Ky) consisting of the 7, where « is a character of E.
Notice that the matrices of the exponential torus belongs to GL,,(C), while the
coefficients of the matrix of 7 depend upon ¢.

Example 2.16. Let r = (¢1, ;) and let us consider

3 (Y] (z, l)) . (—tlz_2 0 ) (Y] (z, t)>
N Yo(z, t) o 0 —l‘zZ_2 Yo(z, 1))’
ef1/z

which admits ( 0 e,(z)/z) as fundamental solution. The parametrized exponential
torus and the parametrized differential Galois group are both equal to

{(g g) ‘a,ﬂe@*}.

Remark that the unparametrized exponential torus (see p. 80 of [van der Put and
Singer 2003]) and the unparametrized differential Galois group are isomorphic to
(C*)? if and only if #; and t, are linearly independent over Q. In particular, the
matrices of the parametrized exponential torus evaluated at a specialized value
(u, v) of the parameter are not always equal to the matrices of the unparametrized
exponential torus of the system

g (V1@ uv)) _ —uz™? 0 Yi(z,u,v)
‘A\neuv)) U 0 -z \n@Euuv)
This is a difference between the exponential torus and the two other generators of

the parametrized differential Galois group: the monodromy and the Stokes operators
(see Definition 2.18 below).

Lemma 2.17. Let d(t) be a singular direction of (x) (see Section 1D). The Stokes
matrix Sty(y) induces an element ofAutaAf ((Ky)~|Kyp).

Proof. Let us recall the construction of the Stokes matrices. Let d(¢) be a singular
direction and let &, be the biggest level of (x). The assumption we have made on %
(see Section 1D) tells us that there exists f — d*(¢), continuous in ¢, such that

LI + LN
d(t) % <d (1) <d(@) <d™ () <d(t)+ T
with no singular directions in [d~ (), d()[U1d(¢), d " (¢)]. From the construction
of Sty(, and Section 1C, we know that

HO (2, 1)l 01080000 — jd=(0 (1), L0102 , 00 g,
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By construction, the Stokes matrix induces the identity on Ky. To prove that
the Stokes matrices are elements of AutaAz’((K v)”|Ky), we have to prove that
the maps i * that send H(z, 1)z-@e(Q(z, 1)) to HT O (7, 1)l ®108() 0G0 jnduce
(0, Ay)-field isomorphisms. From the unparametrized case (see Theorem 2, §6.4
of [Balser 1994]), and the relations satisfied by the symbols log, (z“(’))a(t)E ity and
(e(q(z,1)))q(z,neE, (see Section 1A), i * induce d,-field isomorphisms.

We want now to prove that if H (z,t) admits H di(’)(z , 1) as asymptotic sum in
the direction d*(¢), then 0y, H(z, 1) admits o, H =) (z, t) as asymptotic sum in the
direction d*(¢) for all i <n. This is a consequence of Lemma 1.14 and the fact that
we may assume that the d*(¢) are locally constant. Hence i* commute with d,,,
and i* induce (3,, A,)-field isomorphisms. U

Definition 2.18. Let d(¢) be a singular direction of (). Then the element of
AutaAf ((Ky)~|Kyp) induced by the Stokes matrix in the direction d () is the Stokes
operﬁtor in the direction d(t). For simplicity of notation, we write Sty(;) for both
the Stokes operator and the Stokes matrix in the direction d (¢).

Proposition 2.19. If g(z, t) € (Ky)~ is fixed by all the Stokes operators Sty(s), the
monodromy and the exponential torus, then g(z,t) € Ky.

Proof. Let My be the algebraic closure of Jly. Proposition 3.25 of [van der
Put and Singer 2003] implies that if g(z, 1) € (Ky)” is fixed by the monodromy
and the exponential torus, then g(z,7) € (Ky)* N Mylzllz~" = I%U. Since
(Ky)~ C (Ky)”, we have to prove that if g(z, t) € (Ky)~ N IQU is fixed by all the
Stokes operators, then g(z,1) € Ky. Let g(z,t) € (Ky)™ N I%U be fixed by all the
Stokes operators. Let F(z, 1) = H(z, 1)z*@e(Q(z, 1)) be the fundamental solution
defined in Proposition 1.3, and let (Ifll-, ;) be the entries of the matrix H (z,t). There
exists P € Ky (X, j)s, a, such that P(ﬁ,-,j) = g(z,t). Let d(¢) satisfy the same
properties as in Proposition 1.13. Because of Proposition 1.13, there exists a map
U — R> ¢ > &(r) (which is not necessarily continuous) such that P(Hiflj(.’)) is
meromorphic in (z, t) for

z2€X(d(t) —m/2ky, dr(t) +7/2k,) with O < |z] <e(t) and reU,

where d;(t), d»(t) are two singular directions. Since P(H, .j) is fixed by all
the Stokes operators, P (H, (t)) is meromorphic in (z, ¢) for 0 < |z| < &(¢) and
(z,1) € CxU. Moreover, P(Hd(’))(z t) = P(Hd(t))(ez”fz, t) on its domain of
definition, which means that P(H ) is meromorphlc in (z,t) for 0 < |z] < &(t)
and (z,1) € C x U. We recall that K u consists of elements f(z,t) € K v such that
for 0 < |z] < &(t), the function t — f(z, t) lies in JMy. We have P(Hd(t)) € Ky.
We have seen in Lemma 2.17 that the map that sends H (z, t)zL(’)e(Q(z 1)) to
HAD (7, 1)elW102@) Q@D induces a (d,, A,;)-field isomorphism. Since this map
leaves Ky invariant, this implies that P(bAll-, j)=2g(z, 1) € Ky. [l
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We can now prove the main theorem of this paper. We recall some notation. Let
Consider the equation (x) with A(z, t) € M,,,(Oy ({z})) (see page 90), let K; be the
fraction field of Oy ({z}), and let (Ky)™~|Ky be the parametrized Picard—Vessiot
extension defined in the beginning of Section 2D. Let AutaAf ((Ky)~|Ky) be the
field automorphisms of (Ky)~ which commute with all the derivations and leave
Ky invariant.

Theorem 2.20 (parametrized analogue of the density theorem of Ramis). The group
generated by the monodromy, the exponential torus and the Stokes operators is
dense for the Kolchin topology in AutaAf ((Ky)~|Kp).

Proof. First of all, we have already pointed out that the monodromy, the expo-
nential torus and the Stokes operators are elements of AutaAf ((Ky)~|Ky). Using
Proposition 2.9, we just have to prove that if a(z,t) € (kU)” is fixed by the
monodromy, the exponential torus and the Stokes operators, then it belongs to K.
This is exactly Proposition 2.19. O

Remark 2.21. (1) Let C(#){z} be the subset of Oy ({z}) consisting of elements of the
form ) ,_yai (1)z', with a;(t) € C(¢t) and N € Z. Let us consider the equation (x)
with A(z, t) e M,,,(C(¢){z}) p. Even if we were able to define a parametrized Picard—
Vessiot extension over C(¢){z}, we would not have a parametrized analogue of the
density theorem of Ramis, because the monodromy is not defined in this case. In
general, we have

n’;l(zot(t)) — eZiJTOl(t)ZOl(t) ¢ C(I){Z}(Za(t))

This is why we take a larger field of constants with respect to d,.

(2) Similarly, we can prove that the group generated by the monodromy and the
exponential torus is dense for the Kolchin topology in Autﬁ‘ (Kp)~ Ky N (Ky)™).

Corollary 2.22. Autﬁ’((K v)"|Ky) contains a finitely generated Kolchin-dense
subgroup.

Proof. Let q1(z, 1), ..., qp(z, t) € Ey be Q-linearly independent such that

(Ku)~ C Kry(e(qi(z, 1)), ..., e(qp(z, 1))

Let 7; be an element of the exponential torus that fixes the e(g;(z, 1)) for j # 1,
and that sends e(g;(z, t)) to ae(q;(z, t)), with a not a root of unity.

By definition of the singular directions (see Section 1D), there exists v € N* such
that there are finitely many singular directions modulo 2vr. Let d(¢), ..., di(?)
be continuous singular directions such that, if d(¢) is a singular direction, then
d(t) is equal to one of the d;(t) modulo 2vrr. Let g(z,¢t) € (Ky)~ be fixed by
the monodromy, 71, ..., 7, and Sty, (1), . . . , Stg,(+). Using Proposition 2.9(2), it is
sufficient to prove that g(z,¢) € Ky .
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We can write g(z, t) as an element of

Kru(e(qi(z, 1), ..., e(gp-1(z, D))(e(qp(z, 1))

Since the g;(z, t) € Ey are Q-linearly independent, we know by construction that
the e(Ngg(z, 1)), with N € Z, are C-linearly independent over

Kru(e(qi(z, 1), ..., elqs_1(z, 1))

If we add the fact that g(z, 1) is fixed by 74, we obtain

gz, 1) e Kpy(e(qi(z, 1), ..., e(qs—1(z,1))).

We apply the same argument g times to conclude that g(z,¢) € K FuN(Ky)™.
By the construction of the Stokes operators, we have that Sty = Id if and only
if Stoy7 44y = Id, where v € N* has been defined in the proof. Proposition 2.19
allows us to conclude that g(z, t) € Ky. O

2E. The density theorem for the global parametrized differential Galois group.
In this subsection, we consider parametrized linear differential equations of the
form (%), with A(z, t) € M,,,(My (z)). We want to prove a density theorem for the
global parametrized differential Galois group. The result in the unparametrized
case is due to Ramis, and a proof can be found for instance in [Mitschi 1996,
Proposition 1.3]. The parametrized singularities of (x) (that is, the poles of A(z, t)
as a rational function in z, possibly including co) belong to the algebraic closure
of My. Because of Remark 1.1, after taking a smaller nonempty polydisc U, we
may assume that the set of parametrized singularities belongs to /My . We will write
“singularity” instead of “parametrized singularity” when no confusion is likely to
arise. Let S = {a1(¢), ..., o (t)} C P;(My) be the set of the singularities of (x).
For any singularity «(¢) of this equation, we may define its levels and its set of
singular directions by considering

0, Y(z—a(),t)=Az—a(), )Y (z—a(t),t) if co£a(t)eS
and
Y =AY 1) if co=a(r)€S.

Let (d; ;(t)) be the singular directions of «;(¢). As in Section 1D, we define
Daiy = {t € U | there exist j, j' € Nsuch thatd; ; £d; j and d; j(t) = d; j(1)}.

From Lemma 1.12, all the %, ;) are closed sets with empty interior. After taking a
smaller nonempty polydisc U, we may assume that:

o There exists ¢ > 0 such that for all ¢t € U and for all i # j,

|ai (1) —aj(2)| > &.
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* Do,y = foralli <k.
« For all singularities of (x), the levels are independent of ¢.

« For all fp € U and all singularities co # «(¢) € S, the singular directions of
the equation d,Y (z —a(t),t) = A(z —a(t), )Y (z—a(t), t) evaluated at 1y are
equal to the singular directions of the specialized system 0,Y (z — «(?), tp) =
Az —a(t), t0)Y (z —a(t), to).

« Similarly, for all #, € U, the singular directions of the equation .Y (z~!, fy) =
A(z7', t0)Y (z71, 1) evaluated at £ are equal to the singular directions of the
specialized system 3.Y (z7!, 19) = A(z™!, 1) Y (z 7, 19).

» Every entry of every z-coefficient of A(z, t) is analytic on U.

Let xo(¢) € My and let & > 0 such that
lxo(t) —aj(t)| >¢ and |o;(t) —a;()|>¢ forallteU,i<j<k.

For all i <k and all t € U, we define Uy, (), the polydisc in the z-plane with
center o; (t) and with radius €. Let d,, (t) be a continuous ray from «; (¢) in Uy, (),
let by, (¢) be the continuous point of dy, (t) with |by, (t) —c; ()| =€, and let y,, (t) be
a continuous path in P (Mly) from xo(7) to by, (¢) such that |yy, (1) —aj(t)] > €/2
forall € U and all j < k. Analytic continuation of F(z, t) = (F; ;), thatis, a germ
of solution at xo(¢) with the path yy, (f) and d,, (¢), provides a fundamental solution
Fei Dz, t)ona germ of open sector with vertex «; (¢) bisected by d,, (7).

Let (My (2))” =My (X)(F; ;)s.,a,- From the assumptions we have made on x¢(7),
we deduce that this field has a field of constants with respect to d, equal to Jily.
Therefore, we deduce that (Mg (z))|My(z) is a parametrized Picard—Vessiot ex-
tension. The results of Section 2B may be applied here and we can define a
parametrized differential Galois group AutaAf((Jl/LU (2))7|My(z)), which will be
identified with a linear differential algebraic s{lbgroup of GL,, (My ). We will make
the same abuse of language as in the local case (see Remark 2.8) and call it the
parametrized linear differential Galois group, or Galois group, if no confusion is
likely to arise. As in Proposition 2.12, we want to prove now that it is the “same’
as the one of Section 2A.

Let C be a (A,)-differentially closed field that contains Jly, and let C(z) denote
the (9, A;)-differential field of rational functions in the indeterminate z with
coefficients in C, where z is a (A,)-constant with d,z =1, C is the field of constants
with respect to d,, and 9, commutes with all the derivations. The next proposition
is the analogue in the global case of Proposition 2.12.

2

Proposition 2.23. Let us keep the same notation. Consider the equation 3,Y (z,t) =
A(z, )Y (z,t), with A(z, t) € M,,,(My (2)). The extension field

C(2)(Fi,j)o,.a,1C(2) :=(C(2)7|C(2)



A DENSITY THEOREM IN PARAMETRIZED DIFFERENTIAL GALOIS THEORY 121

is a parametrized Picard—Vessiot extension for 9,Y (z,t) = A(z,t)Y (z, t). Moreover,
there exist Py, ..., P, € My{X; j}a, such that the image of the representation of
Galﬁ’ ((C(2))~71C(2)) (resp. AutaAf ((My(2))~ | My (2))) associated to F(z,t) is the
set ofC -rational points (resp. ./(/LU:rational points) of the linear differential algebraic
subgroup of GL,,,(C) (resp. GL,, (My)) defined by Py, ..., P.. More explicitly:

(F7lo(F) | ¢ € Galy' (C(2)”IC(2))}

={A=(a; ;) € GL,(C) | Pi(a; ;) =--- = Pi(a; ;) =0},

(F~'p(F) | ¢ € Auty ((lly (2)) My (2)))
={A=(a;;) € GL,,(My) | Pi(a; ;) == Pi(a; ;) =0}.
Proof. This is exactly the same reasoning as in Proposition 2.12. (I

We want to find topological generators for AutaAf((Jl/LU (2))7|My (z)) for the
Kolchin topology.
For a(t) € My, let

Kuawy ={fz—a(),t)| f(z.1) € Ky}
and let
Kuoo=1{f" )| f(z,1) € Ky}

Let a(t) € S and let AutaAz’((./(/tU(z))NlKU,a(t) N (My(z))™) be the local Galois
group for the fundamental solution F%® (z, r) described above. If we conjugate
AutaAZ’ ((My ()~ |Ky,a@) N (My(z))™) by the differential isomorphism defined by
analytic continuation of F(z, t) described above, we get an injective morphism of
linear differential algebraic groups

Auty’ (My ()™ 1Ky N (My(2)™) = Autg” (Mg (2) [y (2)).

Using the maps i* defined in the proof of Lemma 2.17 and the injection above, we
can define the monodromy, the exponential torus and the Stokes operators for any
singularities in S as elements of

Auty (M (2)) [ My (2)).

Theorem 2.24 (global parametrized analogue of the density theorem of Ramis).
Consider the equation 9,Y (z,t) = A(z,1)Y (z, t), where A(z, t) € M, (My (z)). For
a(t) € S, let Gy be the subgroup of

Auty’ (Mg ()™ 1K y.ae N (My (2))7)

generated by the monodromy, the exponential torus and the Stokes operators. Let G
be the subgroup ofAutaAj ((My(2))~ | My (2)) generated by the Gy )y with a(t) € S.
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Then G in dense for the Kolchin topology in
Auty’ (M ()™ My ().

Proof. We use (2) of Proposition 2.9. We have to prove that the subfield of (M (z))™
fixed by G is My (z). Let f(z,¢t) € (My(z))~ be fixed by G. Then, by the same
reasoning as in Proposition 2.19, it follows that f(z,t) belongs to Ky «() for
«(t) € S. Therefore, we deduce that f(z, ¢) is meromorphic in (z, ) on P1(C) x U
and has a finite number of poles in the z-plane for ¢ fixed. Hence f(z, t) € My (2).

O

In particular, this generalizes Theorem 4.2 in [Mitschi and Singer 2012], which
says that if the equation has only regular singular poles, then the group gen-
erated by the monodromy at each pole is dense for the Kolchin topology in
Auty (M (2))™ My (2)).

Corollary 2.25. Autﬁ’((/l/(u (2))” My (z)) contains a finitely generated Kolchin-
dense subgroup.

Proof. In the proof of Theorem 2.24, we see that the global parametrized differential
Galois group is generated by all local parametrized differential Galois groups. Since
there is a finite number of singularities, this is a consequence of Corollary 2.22. [

2F. Examples. In all the examples, we will compute the global parametrized dif-
ferential Galois group. This means that the base field is Jily (z).

Example 2.26. Let us consider the equation d,Y (z, t) =(¢/z)Y (z, t). This example
was considered by direct computations in Example 2.5, but we will compute here
Autﬁ’ ((My (z))~ | My (z)) using the parametrized density theorem. The fundamen-
tal solution is (z") and the parametrized Picard—Vessiot extension over My (z) is
My (z, 7', log) (we want the extension to be closed under the derivations 9, and 9;).
The exponential torus and the Stokes matrices are trivial. The monodromy sends z’
to €% 2", The element %™ satisfies the differential equation

ateZinI
8,( elint > =0.

Therefore, the Kolchin closure of the monodromy is contained in

{GEMU

at(af")} —{ce” |beC,ceCH.

a

Conversely, the map z' — ce?’ 7' is an element of AutaAf ((My (2))~ | My (z)). Finally,



A DENSITY THEOREM IN PARAMETRIZED DIFFERENTIAL GALOIS THEORY 123

viewed as a linear differential algebraic subgroup of GL; (),

Aut (My (2)) My (2)) = {a e My at(a;") _ 0}
={a e My |a+#0and ad’a — (3,a)* =0}
C GL; (ly).

Example 2.27 (parametrized Euler equation). Let f(¢#) be an analytic function
different from 0, and let us consider the equation

P+ (= g )Y @D+ V(1) =
Z

f (t)

which can be seen as a system:

a(Y(z,t))_ 0 1 (Y(z,t))
No.ve.n)  \557 702 — 1) \oven)

If f =1, we recognize the Euler equation. A fundamental solution is

L F@n fe(53) 0
1 2 s
W 8ZF(Z, t) 0 1

where F (z,t) = — ano n!(f(t)z)"*!. The only singularity is 0. The monodromy
is trivial. Let T be an element of the exponential torus. Then the image of the
fundamental solution under 7 is

1 I:l(z, 1) oze(f?tl)z) 0
Toz 0F@ 0o 1)

with o € C*. Therefore, the matrices of the elements of the exponential torus are
of the form Diag(«, 1), with @« € C*. The only level of the system is 1 and the
singular directions are the arg(f(¢)~') 4+ 2km, with k € Z. As we have seen in
Proposition 1.10, we can compute the Stokes matrix with the Laplace and the Borel
transforms. It follows from the definition of the formal Borel transform that

Bi(F(z, 1) =log(1 — f(1)2).

Let 0 < ¢ < /2 be such that there are no singular directions in

[arg(F ()™ — e, arg(f ()™ H[ U Jarg(f(H) ™), arg(f ()™ +¢].

Then the following matrices are fundamental solutions:

_1
} gl,arg(f(t)_])+e(10g(1 — f()2)) ef®Mz
702 %L1 are(ron+elogl = f(1)2)) o 1/’

f()3
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—1
L 2y agrin-1y-edog(l = f(D)2) ) (702 ¢
w7 L1 a0 (l0g(1 = f(D)2) o 1)

To compute the Stokes matrix in the direction arg( f ()~ 1), we have to compute
L are(rty e 1021 = f()2)) = L1 arg(r)-1)—e l0g(1 — f(1)2)).
We have

L1 arg(f ()46 1081 = f()2)) — Ly arg(r 1)1y —e (0g(1 — f(2)2))
. /ooi(arg(.f(z>1)+s>

=z log(1 — f(u)e™/*d (u)

0
ooi (arg(f (1)~ —e)
—z! / log(1 — f(Hu)e /*d(u).
0

Integration by parts and the residue theorem imply that

__1
L arg (D4 1021 =F ()2)) =L arg(p(0)-1)—e l0g(1=f (1)2)) =2im f (t)e [z,

12in

0 lf (t)). Finally, we obtain

Therefore, the Stokes matrix in this direction is (

Au o @ L@ = { (5 7

=17

Example 2.28 (Bessel equation). We are interested in the parametrized linear
differential equation

3 Y0y _( 0 1 Y(z,1)
Noven) ~\5== 2oy n)

This equation has two singularities: 0 and co. Let U be a nonempty disc such that
UN(/2+ 7)) = o. First we will compute the local group at 0,

Auty (My ()™ 1Ky,0 N (My (2)7).

Ift+1/2 ¢ Z, the two solutions

Ji(z) = <%)t

rio=(5)

) ‘ae@*andbe@}

g =0, %0 and a,(?) =o}.

(—1)kZ2k
K\T(t+k+1)2k°

(_l)kZZk
KT (=1 +k + 1)25°

M 1M

~
Il

0
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are linearly independent (see [Watson 1944, p. 43]) and we have a fundamental
solution of the specialized system. The equation is regular singular at z = 0, and
therefore the group generated by the monodromy s is dense for the Kolchin topology
in the parametrized differential Galois group AutaAf (My @)~ 1KyoN (My(2))7).
By the same reasoning as in Example 2.26, )

a 0

Aut” ((ly () 1Ko 0 (Mo (2)7) = {(O It

) ‘oz £0, a2 — (3)> :0}.

We now turn to the singularity at infinity. We have

Yz 1) U Y70
9; -1 =12 1 -1 -1 .
.Y (z7 ', 1) i S .Yz 1)
In order to compute the matrices of the monodromy, the elements of the exponential

torus and the Stokes operators, we make use of another basis of solutions:

Jo (Y —e g (z7h)

H(l) —1 — ,
o @) i sin(tm)
J_ -1y _ itﬂJ -1
B =G A )
—i sin(tm)

In [Watson 1944, p. 198], we find that on the sector |—m, 27|, Ht(l)(z_l) is asymp-
totic to

2z>1/2e,'(fum/zfn/4) i (DT +k+1/2)2F
k=0

gD~y _ (22
H, '(z )—(n QYT (t —k+1/2)

Similarly, on the sector |—2x, 7|, Ht(z) (z7 is asymptotic to

o0 k
~0), 1, (2z)1/2 i —tr)2—7/4) F'et+k+1/2)z
H™(z7) = e kE_O 2

T DFEIT(t—k+1/2)

It follows that in the basis (2" (z71), H'® (z~1)), the matrix of the monodromy is

-1 0
0 -1
and the matrices of the elements of the exponential torus are of the form

(g a(zl)’ where « € C*.

The only level is 1, and due to the expression of ﬁtl (z7") and ﬁtz (z71), the singular
directions are the directions 7 /2 + km, with k € Z. By definition, the Stokes matrix
in the direction /2 + k7 is the matrix that sends the asymptotic representation
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defined on the sector ](k — 1)m, (k 4+ 1)7[ to the asymptotic representation defined
on the sector |k, (k + 2)7[. In [Ramis and Martinet 1990, §3.4.12] (see also
[Bertrand 1992]), we find that in the basis (H,1 (b, th(z’l)) the Stokes matrix

in the direction /2 + 2k is
1 0
2e%7 cos(rt) 1)°

and the Stokes matrix in the direction —m /2 + 2k is

1 —2e %7 cos(t)
0 1 '

An application of the local and global density theorems (Theorems 2.24 and 2.20)
gives that

Auty" (My ()7 1Ky,o0 N (My (2)))  and — Auty” ((y (2)) | My (2)

are linear differential algebraic subgroups of SL, (Al ), because all the matrices we
have computed are in SL, (M), which is closed in the Kolchin topology.

Let C be a differentially closed field that contains .ily;, and consider the parametr-
ized differential Galois group GalaAf((C (2))7|C(z)) defined in Proposition 2.23.
First, we are going to compute the Zariski closure G of GalaAf ((C(2)"1C(2)). Let

= C\ {0}. From the classification of linear algebraic subéroups of SL,(C) (see
[van der Put and Singer 2003, Theorem 4.29]), there are four possibilities:

(1) G is conjugate to a subgroup of B = {(0 _1) laeC* be (D}

(2) G is conjugate to a subgroup of Doo = { (¢ %)) la e C*}U{(’, 01) |becC*}.
(3) G is finite.

(4) G =SLy(0O).

From Proposition 2.23, every matrix that belongs to Aut? "y "((My(2))~ | My (z)) be-
longs also to GalA’((C(z)) |C(z)). Since G must contain

1 0 and 1 —2e %7 cos(mt)
227 cos(nt) 1 0 1 ’

we find that the only possibility is that GalBAf((C (2))71C(2)) is Zariski-dense in
SL,(C). Cassidy [1972, Proposition 42] classified the Zariski-dense differential
algebraic subgroups of SL,(C). Finally, we have two possibilities:

. GalaAZ’((C(z))”lC(z)) is conjugate to SL,(Cy) over SL,(C), where
Co={aeC(z)]|0,a=0a=0}.
. GalaAz’((C(Z))NIC(Z)) = SL,(C).
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If Galﬁ’((C(z))NlC(z)) is conjugate to SL,(Cp) over SL,(C), the matrix of the
monodfomy of the singularity O is conjugate to a matrix M € SL,(Cp) over SL,(C).
Similar matrices have the same eigenvalues, so the eigenvalues of M are ¢*™' and
e~27" which is not possible if M belongs to SL,(Cy). Because of Proposition 2.23,
we find that

Auty! ((My () My (2)) = SLa (o).

3. Applications

We now give three applications of parametrized differential Galois theory. In
Section 3A, we deal with linear differential equations that are completely integrable
(see Definition 3.1). It was proved in [CS] that an equation is completely integrable if
and only if its parametrized differential Galois group is conjugate over a differentially
closed field to a group of constant matrices. We use the global density theorem
(Theorem 2.24) to prove that the equation is completely integrable if and only
if there exists a fundamental solution such that the matrices of the topological
generators for the Galois group appearing in the global density theorem are constant
matrices. As a corollary, we deduce that the equation is completely integrable if and
only if the matrices of the topological generators for the Galois group given in the
parametrized density theorem are conjugate over GL,, (/Mg ) to constant matrices.
In Section 3B, we study an entry of a Stokes operator at the singularity at infinity
of the equation
RY (@)= +0Y(z.1).

In particular, we prove that it is not d;-finite: it satisfies no parametrized linear
differential equation. This partially answers a question by Sibuya. In Section 3C, we
deal with the inverse problem in parametrized differential Galois theory. Let k be a
so-called universal (A,)-field (see Section 3B). We give a necessary condition for a
linear differential algebraic subgroup of GL,, (k) to be the global parametrized differ-
ential Galois group for some equation having coefficients in k(z). The corresponding
sufficient condition was proved in [Mitschi and Singer 2012, Corollary 5.2].

3A. Completely integrable equations. In this subsection, we study completely
integrable equations. See also [Gorchinskiy and Ovchinnikov 2013] for an approach
from the point of view of differential Tannakian categories.

Definition 3.1. Let Ag € M,,,(My(z)). We say that the linear differential equation
d0Y = ApY is completely integrable if there exist Ay, ..., A, € M,,(My (z)) such
that, forall 0 < i, j <n,

0, A;— 3 Ai = AiA; — AjA;,

with 9, = 9..
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Sibuya [1990, Theorem A.5.2.3] has shown that if the parametrized linear dif-
ferential equation (x) is regular singular, then it is isomonodromic (see page 89
for the definition) if and only if it is completely integrable. This result is not true
in the irregular case. The main reason is the fact that there are more topological
generators in the parametrized differential Galois group.

Proposition 3.2. Let Ag(z, t) e M,, (My (z)) and let (My (z))” | My (z) be the param-
etrized Picard—Vessiot extension for 0, Y (z,t) = Ao(z,1)Y (2, t) defined in Section 2E.
The linear differential equation 3.Y (z,t) = Ao(z, t)Y (z, t) is completely integrable
if and only if there is a fundamental solution F(z, t) in (My(z))~ such that the im-
ages of the topological generators of AutaAf ((My (2))" | My (2)) (see Theorem 2.24)
with respect to the representation associated to F (z, t) belong to GL,,(C).

Proof. Let C be a differentially closed field that contains Jly and let us consider C(z)
as in Section 2E. Let (C(z))”|C(z) be the parametrized Picard—Vessiot extension
for 0,Y (z,t) = Ap(z,1)Y(z,t), and let Galg‘f ((C(2))7|C(2)) be the parametrized
differential Galois group defined in Section 2A. We recall that if we take a differ-
ent fundamental solution in (JMly (z))™ to compute the Galois group, we obtain a
conjugate linear differential algebraic subgroup of GL,, (My).

Using the global density theorem (Theorem 2.24), we find that there exists a
fundamental solution such that the matrices of the topological generators for the
Galois group appearing in the global density theorem are constant if and only if
AutaAz’((Jl/LU (z))”|My(z)) is conjugate over GL,, (g ) to a subgroup of GL,, (C).

Using Proposition 2.23, we find that Auté’((ﬂ/ty (2))7|My (z)) is conjugate over

GL,, (My ) to a subgroup of GL,, (C) if and only if GalaAj ((C(2))7]C(2)) is conjugate

over GL,, (C) to a subgroup of GL,,(Cyp), where
Co={aeC(z)|0,a=0,a="---=09,a=0}.

Proposition 3.9 of [CS] says that this occurs if and only if there exist Ay, ..., A, €
M,,(C(z)) such that, for all 0 <i, j <n,

0, Aj— 0 Ai = AiA; — AjA;,

with 9;, = 9,. To finish, we follow the proof of Proposition 1.24 in [Di Vizio and
Hardouin 2012]. Let O < i < n and let us consider

0;A; — 0, Ag = ApA; — A Ao.

By clearing the denominators, we obtain that every entry of every z-coefficient
of A; satisfies a finite set of polynomial equations with coefficients in Jly. Since
the polynomial equations have a solution in C, they must have a solution in the
algebraic closure of Jly. Using Remark 1.1, we find a nonempty polydisc U’ C U
such that all the A; belong to M,,, (Mg (z)). This concludes the proof. U
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In the proof of Proposition 3.2, we have proved:

Corollary 3.3. Let A(z, t) e M, (My (2)). The equation (x) is completely integrable
if and only if the matrices of the topological generators for the Galois group
appearing in Theorem 2.24 are conjugate over GL,, (My ) to constant matrices.

Remark 3.4. This corollary improves Proposition 3.9 in [CS]. The conjugation
occurs in a field that is not differentially closed. Furthermore, we do not need the
entire parametrized differential Galois group to be conjugate to a group of constant
matrices in order to deduce that the equation () is completely integrable.

Gorchinskiy and Ovchinnikov [2013] studied completely integrable parametrized
linear differential equations using differential Tannakian categories. In particular,
they proved that the notion of integrability with respect to all the parameters is
equivalent to the notion of integrability with respect to each parameter separately,
which generalizes [Dreyfus 2013, Proposition 9]. Furthermore, they improve
Proposition 3.9 in [CS] by avoiding the assumption that the field of constants is
differentially closed.

3B. On the hypertranscendence of a Stokes matrix. In this subsection, we will
study the parametrized linear differential equation

(3-1) RY (@)= +0Y(z.1).

Sibuya [1975, Chapter 2] showed that there exists a formal solution yo(z, ) which
admits an asymptotic representation yy(z, ¢) on the sector

¥ (=37/5,31/5)

(see [ibid., Theorem 6.1]). We easily check that, for k € Z,

Yk(Z» l) — yo(e—Zkirr/SZ, e—6kiﬂ/5t)

is a solution of (3-1) which has the asymptotic representation

yk(z’ t) — &O(e—Zkiﬂ/SZ, e—6ki7‘[/5t)

on the sector S;_; U S; U Sk+1, where
Sy =2 (R2k—1Dm/5, Qk+ 1) /5)

and Sy is its closure.

The asymptotic representation y(z, ¢) is bounded uniformly on each compact
set in the ¢-plane as |z| tends to infinity on the sector S, and tends to infinity
uniformly on each compact set in the #-plane as |z| tends to infinity on the sectors
Sk—1 and Si4+1. As we see in [ibid., p. 83], yk+1(z, t) and yry2(z, t) are linearly
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Figure 1. Left: the sectors S;. Middle: the singular directions.
Right: the sectors S and the singular directions.

independent, and we can write yx(z, ¢) as an Jlgc-linear combination of yg41(z, t)
and yr42(z, 1):

(3-2) (@) = Ce)yes1 @ 1) + Ce)yesa(z 1) forall keN, z,1 €C,
where 5;( (t), Ci(t) € Mc. By Theorem 21.1 in [ibid.], we obtain that
Ce(t) =—e¥™> and  Cr(t) = Co(e™ ™).

Sibuya [1975] asked if Co(z) is differentially transcendental, i.e., satisfies no
differential polynomial equations. We will use Galois theory to prove that for
every nonempty polydisc U, Cy(¢) is not d;-finite over Jly, i.e., satisfies no linear
differential equations in coefficients in Jly .

The singularity of the system is at infinity. Let W(z, t) = z¥ (z !, ). We obtain
the parametrized linear differential equation

(3-3) J32W(z, 1) = (1 +12)W(z, 1),

which can be written in the form

3 Wi (0 1 Wiz, 1)
Nowen) ~ 2 o) \o.w@n)

Let k be a so-called universal (A;)-field of characteristic 0: for any (A,)-field
ko C k, (A)-finitely generated over (0, and any (A,)-finitely generated extension
k1 of ko, there is a (A,)-differential kg-isomorphism of k| into k. See Chapter 3, §7
of [Kolchin 1973] for more details. In particular, k is (A;)-differentially closed.
Let k(z) denote the (d,, A,)-differential field of rational functions in the indetermi-
nate z with coefficients in k, where z is a (A,)-constant with d,z = 1, k is the field
of constants with respect to d,, and d, commutes with all the derivations.

Let
@1 0 1
A(z, 1) = 3 .
Z 1 Z;Z% 0
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The two solutions zy;(z ™!, 1), zy2(z~', 1) admit asymptotic representations and the
only singularity is 0. Therefore,

My @G0, 27N D)o s My (2) = My (2) My (2)

is a parametrized Picard—Vessiot extension for d,W(z,t) = A(z,t)W(z,t). By
Proposition 2.23,

(k@) Tk(z) =k@) (310, 27 D)0, k()
is a parametrized Picard—Vessiot extension.
Lemma 3.5. Galy" ((k(2))™[k(z)) = SLa (k).

Notice that the differential equation is of the form 3Z2W(Z, t)=r(z,)W(z, 1),
where r(z,t) € k(z). In this case, we can compute the Galois group using a
parametrized version of Kovacic’s algorithm; see [Arreche 2012; Dreyfus 2013].
See also [Acosta-Humanez 2009; Acosta-Humanez et al. 2011]. In order to have a
self contained proof, we will perform the calculations explicitly.

Proof. If we apply Kovacic’s algorithm [1986], we find that the unparametrized
differential Galois group Galy, ((k(z))™|k(z)) is equal to SL> (k). We apply Propo-
sition 6.26 in [Hardouin and Singer 2008], to deduce that GalaAf (k(2))7k(2)) 1s
Zariski-dense in SL, (k). By Proposition 42 in [Cassidy 1972], we deduce that there
are two possibilities:

. GalaAzt((k(Z))~|k(Z)) = SLy(k)
. Gali’((k(z))wlk(z)) is conjugate to SL; (ko) over SL;(k), where
ko =1{a € k(z) | 9,a = d;:a = 0}.

We see in [Dreyfus 2013, Remark 4.4] that the last case occurs if and only if the
following parametrized differential equation has a solution in My (z), for some
nonempty polydisc U in C":

444173 44417 A4

3 —

With the algorithm presented in [van der Put and Singer 2003, p. 100], we find that
this does not happen, so

Galy' ((k(2))~1k(2)) = SLa (k). .
Lemma 3.6. The singular directions of (3-3) are

{2km /5 | k € Z}.
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Proof. Let k € Z. The matrix

( Zyk(z_l,t) zyk+1(z‘1,t) )
B2y 1) Bzye (27 1)

is a fundamental solution for the equation

4 W) (0 1 Wi(z, 1)
Nowe,n) ~ = o) \awen)

The fundamental solution admits an asymptotic representation on the sectors
3((2k— )m/5, 2k +3)m/5).

The only level is % From Proposition 1.13 and the construction of the singular
directions, we find that the singular directions are {2k /5 | k € Z}. O

Example 3.7. We want to compute the Stokes matrix in the direction 877/5 for the
fundamental solution

(71 Zyz(z_l,t)>
d.zy1(z ™l 1) Bz 1))

We recall the construction of the Stokes matrices. See Section 1C for the notation.
Let H(z, 1)z¥e(Q(z, 1)) be a fundamental solution in parametrized Hukuhara—
Turrittin canonical form. Let H(z, t) and H"(z, t)) be the matrices such that

H™ (2, )ebO10e@ 0G0 ang [+ (7, 1)l ®1026) 000
are the germs of asymptotic solutions on the sectors
¥(w7,9/5) and X(7m/5,117/5),
respectively. The Stokes matrix in the direction 8 /5 is the matrix that sends

H™ (z t)eL(t)log(Z)eQ(Z,l) to H+(Z,l‘)eL(t)]Og(Z)eQ(Z’t).

With the domain of definition of the asymptotic representation of zy;(z~!, 1), we
deduce from the definition of the Stokes operators that

(3-4) Stsr/s(zyi(z™ ) =z ).
We first write Stgz/s (zy2(z~", 1)) in the basis

@y 0,z ).
There exist a(t) and b(t) € My such that

Ste/s(zy2(z7, 1) = a®)zyoz™", ) + bz (271, 1).
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By the construction of the asymptotic solutions with Laplace and Borel transforms
(see Proposition 1.10), the asymptotic representation of Stgr/5(zy2 (z=", 1)) has to
be bounded in some sector of |77 /5, 117 /5[, which means that there exist

7%<a</8<11?” and >0

such that Stg; /5 (zy2(z~', 1)) is uniformly bounded for arg(z) € Jo, B[ and z < |g].
Therefore, a(t) = 0 or b(¢) = 0. Since the Stokes operators are automorphisms, we
get b(t) = 0. Lemma 3.5 says that the parametrized differential Galois group is
SL, (k). Therefore, because of Proposition 2.23 and Lemma 2.17, the determinant
of the matrix has to be 1. Thus by (3-2), we get that the Stokes matrix in direction

877/5 is
1 —Co(r)e¥™/
Stgr/5 = (O 0(1) ) )

Lemma 3.8. Ler Cy(t) be defined as above. Assume that Cy(t) is 9,-finite over k.
Then the 0;-differential transcendence degree (see Section 2A for definition) of
(k(2))~ over k(z) is at most 2.

Proof. The extension (k(z))™ is generated over k(z) by y;(z~', 1) and y,(z7', 1).
By the parametrized differential Galois correspondence (see Theorem 9.5 in [CS]),
the Kolchin closure of the group generated by Stg,/5 is equal to

Galy" ((k(2)) | F),

where F is the subfield of (k(z))™ fixed by Stgr /5. Using (3-4), we deduce that F
contains

k(z)(y1(z™", )0,

Because Cy(¢) satisfies a linear differential equation with coefficients in k, there
exists a linear differential polynomial P such that this group is of the form

{(65) | er=0=rcuon}

and has 0,-differential dimension over k equal to 0. Therefore by Proposition 2.7 the
d;-differential transcendence degree of (k(z))™ over F is equal to 0. Since F con-
tains k(z) (y1 (z ™!, 1))s..s,» there exists a differential polynomial Q with coefficients
in k(z) such that

O LD, »mE L)) =0=00,(1E"" 1), 90" D).

Therefore, the d;-differential transcendence degree of (k(z))™ over k(z) is at most 2,
because (k(z))™ is generated as a 9d,-differential field over k(z) by

L0, e L0, .01 D), 3,00, D)) O
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Theorem 3.9. The function Cy(t) is not 0;-finite over k.

Proof. As we see from Lemma 3.5,
Galy (k(2)”|k(2)) = SLa (k).

Therefore, by Proposition 2.7, the d;-differential transcendence degree of (k(z))™
over k(z) is 3. If Cy(¢) was 9,-finite over k, because of Lemma 3.8, the d,-differential
transcendence degree of (k(z))™ over k(z) would be smaller than 3. Therefore,
Co(1) is not 9,-finite over k. U

3C. Which linear differential algebraic groups are parametrized differential Ga-
lois groups? As in Section 3B, let k be a universal (A;)-field of characteristic 0.
Let us consider the equation (x) with A(z, t) € M,,,(k(2)), let (k(z))~|k(z) be the
parametrized Picard—Vessiot extension, and let

G = Galy" ((k(2))™|k(z)) C GLy (k)

be the parametrized differential Galois group defined in Section 2A. The following
theorem of Seidenberg, applied with Ko = Q and K the (A,)-field generated by Q
and the z-coefficients of A(z, t), tells us that there exists a nonempty polydisc U
such that A(z, t) may be seen as an element of M,, (My (2)).

Theorem 3.10 [Seidenberg 1958; 1969]. Let Q C Ko C K be finitely generated
(Ay)-differential extensions of Q, and assume that Ky consists of meromorphic
functions on some domain U of C". Then K is isomorphic to the field K{ of
meromorphic functions on a nonempty polydisc U' C U such that Ko|y C K7,
and the derivations in A, can be identified with the derivations with respect to the
coordinates on U'.

Let (My(z))~|My(z) be the parametrized Picard—Vessiot extension defined in
Section 2E and let AutaAf ((My (z))~ |My (z)) be the parametrized differential Galois

group. Using Corollary 2.25, we find that AutaAZ’((./MU (2))7|My(z)) contains a
finitely generated subgroup that is Kolchin-dense in Autﬁ’ ((My (2)~ | My (z)). With
Proposition 2.23, we find that G contains a finitely éenerated subgroup that is
Kolchin-dense in G. Combined with Corollary 5.2 in [Mitschi and Singer 2012],
which gives the sufficiency of the condition, this yields the following result:

Theorem 3.11 (inverse problem). Let G be a linear differential algebraic subgroup
of GL,, (k). Then G is the global parametrized differential Galois group of some
equation having coefficients in k(z) if and only if G contains a finitely generated
subgroup that is Kolchin-dense in G.
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In the unparametrized case, any linear algebraic group defined over C is a Galois
group of a Picard—Vessiot extension (see [Tretkoff and Tretkoff 1979]). In fact,
every linear algebraic group defined over C contains a finitely generated subgroup
that is Zariski-dense, which means that Theorem 3.11 is a generalization of the
result in the previous reference.

The situation is more complicated in the parametrized case. For example, the

additive group
l o
((o1) <]

is not the global parametrized differential Galois group of any equation having
coefficients in k(z) (see Section 7 of [CS]). In the parametrized case with only
regular singular poles, the problem was solved in [Mitschi and Singer 2012, Corol-
lary 5.2]: they obtain the same necessary and sufficient condition on the group
as in Theorem 3.11. Singer [2013] characterized the linear algebraic subgroups
of GL,, (k) that appear as the global parametrized differential Galois groups of
some equation having coefficients in k(z): they are the groups such that the identity
component has no quotient isomorphic to the additive group (k, +) or multiplicative
group (k*, x) of k.

Appendix

Let us keep the same notation as in Section 1A and Section 1B. The goal of the
appendix is to prove the following theorem. Notice that our proof closely follows the
unparametrized case; see [Balser et al. 1980; Loday-Richaud 2001]. See Remark 1.6
for a discussion of another similar result.

Theorem A.1. Consider the equation 9,Y (z,t) = A(z,1)Y(z,t) with A(z,t) €
M, (Ky). There exists a nonempty polydisc U' C U such that we have a fundamental
solution of the form
P(z, 0z Ve(Q(z, 1)) € GLu (Ky)"),

with:

« P(z,1) € GL, (K,

o C(1) e My, (My),

» ¢(Q(z, 1)) = Diag(e(qi(z, 1)), with qi(z, 1) € Epr.

Moreover, we may choose the same nonempty polydisc U’ as in Proposition 1.3.
Combined with Remark 1.6, if A(z,t) € M,,,(Oy ({z})), this gives a sufficient condi-
tion on tg € U to have a fundamental solution 13(2, Nz¢De(Q(z, 1)) e GL,, (Ky)™)
in the same form as above with ty € U'.
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Remark that, contrary to Proposition 1.3, H (z,1) € GLm(I% v’). On the other
hand, we lose the commutation between z¢® and e(Q(z, t)). Before giving the
proof of the theorem, we state and prove two lemmas.

Lemma A.2. Let U' C U be a nonempty polydisc. Let a(t) € My and a(z,t) €
Krp.y such that m(a(z,t)) = a(t)a(z,t). Then there exist h(z,t) € Ky and
b(t) € My such that a(z, t) = h(z, t)z*®.

Proof. Let a(z,t) € IQF,U/ such that m(a(z, 1)) = a(t)a(z, t). The element «(z, 1)
belongs to the fraction field of a free polynomial ring

P = Kyllog, 22, ... x®.

Write a(z,t) = a1(z, t)/az(z, t), where a; and a, have ged 1 in P. Using the
relations in K g ¢/, and applying m to o1 (z, t) /a2 (z, t), we find that (z, 1) contains
no terms in log. One can normalize o, (z, t) such that it contains a term of the form
gMb1@+4mbie(®) with coefficient 1 and n; € Z. Using

m(ay(z, 1) /aa(z, 1) = a(t)ai(z, t)/aa(z, 1),
we find that

2im(nyby (£)+-+niby (1))

m(ax(z, 1) =e or(z, 1)

and
(o (2, 1) = a(eX M OEm gy (2, 1),

which is impossible unless

eZimmbi(+-+nibe(®) _ 1

This means that ay(z, 1) € I%U/ and we may assume o,(z,t) = 1. Applying m
to aq(z, t), one finds that «;(z, ) contains at most one term, that is, a(z,t) =
h(z, )zP®, with h(z, t) € Ky and b(¢) € My satisfying €% = a(1). O

Lemma A.3. Let U' C U be a nonempty polydisc. Let A(z,1) € Mm(IeU/). Let
Fi(z,t)e(Q1(z,1)) and F»(z,t)e(Q2(z,1)) be two fundamental solutions of the
equation (x) such that, fori = 1,2, we have

Fi(z.t) € GLy(Kry) and Qi(z.t) = Diaglg: ; (z. )],
where the q; j(z,t) belong to Eyr. Then Fi(z, 1) ' Fy(z, t) € GL,, ().
Proof. A straightforward computation shows that

0:8((F1(z,e(Q1(z. 1))~ Fa(z. )e(Q2(z. 1)g) =0.
By Proposition 2.19,

(Fi(z, De(Q1(z, )~ Falz, e(Qa(z, 1)) = C(1) € GLy, (Myy).
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Hence, we have the equality

e(Q1(z, NCMe(=0a(z, ) = Fi(z, ™ Fa(z, D).
The entries of e(Q1(z,t))C(t)e(—Q2(z, t)) are of the form

Ci,j()e(qr,j(z, 1) —q2,j(z, 1)),

with C; ;(¢) € My, and the matrix F(z, 1)~ F>(z, t) belongs to GL,, (I%F,U/). By
construction, IQF’U/ N My ((e(q(z, 1)))g(z.1)eE,,) = My, and we obtain

Fi(z,1)" ' Fa(z, 1) € GLy, (Myp). O

Proof of Theorem A.1. By Proposition 1.3, we know that we have a fundamental
solution of the parametrized linear differential equation (x) of the form

H(z, 0zt e(Q(z, 1)),

with H(z, t) € GL,,(Ky/[z'/"]) and v € N*. From Definition 2.13, /i commutes with
the derivation 9,, and therefore (I:I (z, )zLDe(Q(z, 1))) is another fundamental so-
lution. From the construction of 72, we deduce that n%(l:l (z, 7Ly e GL,, (I% F.U")
and we can apply Lemma A.3 to deduce the existence of M (t) e GL,,,(My-) such that

(A-1) m(H(z, )20y = H(z, PO M (1).

Let us consider M (t) = D(t)U(¢t), with D(t) diagonalizable and U (¢) unipotent
such that D(t)U (t) = U(¢t)D(¢) is the multiplicative analogue of the Jordan de-
composition of M (t). If a(¢) is an eigenvalue of D(¢) (and therefore an eigenvalue
of M(t)), then there exists 0 # a(z,t) € I%p’U/ such that m(a(z, 1)) = a(t)a(z, 1),
because of the relation (A-1). By Lemma A.2, a(z, t) is equal to A (z, 1)z°®, with
b(1) € My satisfying €2 = q(¢) and h(z, t) € Ky. This implies that a(7) and
all the eigenvalues of D(¢) are of the form ), with B(¢) € My. So we have
proved the existence of C(t) € M,, (My-) such that eHTCM) = N (1). Let

P(z.1) = H(z, 1)7-W €O,
A computation shows that the monodromy of z¢® is
i (ZCD) = HTCO CO) — C1)2imCO)
The matrix 13(z, t) is fixed by the monodromy and therefore belongs to GLm(IQ' v,
by Proposition 2.19. Finally,

P(z,0)2°Ve(0(z, 1))

is a fundamental solution of the parametrized linear differential equation () that
has the required property. U
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ON THE CLASSIFICATION OF COMPLETE
AREA-STATIONARY AND STABLE SURFACES IN THE
SUBRIEMANNIAN SOL MANIFOLD

MATTEO GALLI

We study the classification of area-stationary and stable C? regular surfaces
in the space of the rigid motions of the Minkowski plane E (1, 1), equipped
with its subriemannian structure. We construct examples of area-stationary
surfaces that are not foliated by subriemannian geodesics. We also prove
that there exist an infinite number of C? area-stationary surfaces with a
singular curve. Finally we show the stability of C? area-stationary surfaces
foliated by subriemannian geodesics.

1. Introduction

The study of the subriemannian area functional in three-dimensional pseudohermi-
tian manifolds and in other subriemannian spaces has been largely investigated in
the last years, see [Ambrosio et al. 2006; Barbieri and Citti 2011; Barone Adesi
et al. 2007; Bigolin and Cassano 2010; Capogna et al. 2009; Cheng and Hwang
2010; Cheng et al. 2012; 2005; 2007; Danielli et al. 2007; 2008; 2009; Galli 2013;
Galli and Ritoré 2013; Garofalo and Nhieu 1996; Hladky and Pauls 2008; Hurtado
et al. 2010; Hurtado and Rosales 2008; > 2014; Ritoré 2009; Ritoré and Rosales
2008; Rosales 2012; Shcherbakova 2009], among others.

One of the more interesting questions concerning the subriemannian area func-
tional is this:

Problem 1. Which are the area-minimizing surfaces in a given three-dimensional
contact subriemannian manifold?

A surface ¥ is area-minimizing if A(X) < A(Z), for any compact deformation
Y of . To answer the previous question, a natural preliminary step is to study the
area-stationary surfaces, the critical points of the area functional.
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Problem 2. Which are the area-stationary surfaces in a given three-dimensional
contact subriemannian manifold?

We will consider these questions in the class of C? regular surfaces. For a general
introduction about the study of the area functional in subriemannian spaces, we
refer the interested reader to [Capogna et al. 2007] and [Galli 2012], which treat
the case of H" and the contact subriemannian manifolds respectively.

In Sasakian space forms, the classification of C? area stationary surfaces was
given in [Hurtado et al. 2010] in the case of the Heisenberg group H! and in [Rosales
2012] for the Sasakian structures of S and SL,(R). In the case of pseudohermitian
three-manifolds that are not Sasakian, the only known results concerning Problem 1
and Problem 2 are given in [Galli 2013], where the group of the rigid motions of
the Euclidean plane E(2) is studied.

Concerning the three-dimensional pseudohermitian manifolds, we have the fol-
lowing classification result, [Perrone 1998, Theorem 3.1], in terms of the Webster
scalar curvature W and of the pseudohermitian torsion t:

Proposition 1.1. Let M be a simply connected contact 3-manifold that is homo-
geneous (in the sense of [Boothby and Wang 1958]). The following possibilities
arise:
1. If M is unimodular, it is
(i) the first Heisenberg group H' when W = |t| = 0;

(ii) the three-sphere group SU(2) when W > 2|1|;

(iii) the group Siz([R{) when =2|t| # W < 2]|t|;

(iv) the group EN(Z), universal cover of the group of rigid motions of the

Euclidean plane, when W =2|t| > 0;

(v) the group E(1, 1) of rigid motions of Minkowski 2-space, when W =
—2|t] < 0;

2. If M is not unimodular, the Lie algebra is given by
(X, Y]=aY+2T, [X,T]l=yY, [Y,T]=0, oa#0,

where {X, Y} is an orthonormal basis of #, J(X) =Y and T is the Reeb
vector field. In this case W < 2|t| and when y = 0 the structure is Sasakian
and W = —a’.

The only case for which Problems 1 and 2 have not been investigated is that of
Sol geometry, modeled by the space E(1, 1). Its study is the aim of the present
work.

After some preliminaries, the paper is organized as follows.



COMPLETE AREA-STATIONARY AND STABLE SURFACES IN SOL 145

In Section 3, we compute explicitly the coordinates of the characteristic curves
with given initial conditions. These curves play an important role in the study of
area-stationary surfaces, since the regular part ¥ — X of a surface X is foliated by
characteristic curves, that are not in general subriemannian geodesics, since E(1, 1)
is characterized by a nonvanishing pseudohermitian torsion.

Section 4 is the core of the paper. We first characterize the C> complete, area-
stationary surfaces immersed in E (1, 1) with singular points or singular curves
that are subriemannian geodesics. On the other hand, for the first time in the
three-dimensional pseudohermitian setting, we also find examples of area-stationary
surfaces that are not foliated by subriemannian geodesics. We stress that these
examples form an infinite family; that is, given an horizontal curve I, we can
construct an area-stationary surface having I" as singular set X.

Finally in Section 5 we prove that complete area-stationary surfaces with non-
empty singular set, whose characteristic curves are subriemannian geodesics, are
stable. We also find three families of nonsingular planes that are area-minimizing,
using a calibration argument.

We remark that Section 5 opens two interesting questions. Is a stable complete
area-stationary surface in E(1, 1) with a singular curve always foliated by sub-
riemannian geodesics in X — Xy? Do some other complete stable area-stationary
surfaces in E(1, 1) with empty singular set exist?

2. Preliminaries

The group E(1, 1) of rigid motions of the Minkowski plane. We consider the
group of rigid motions of the Minkowski plane E(1, 1), a unimodular Lie group
with a natural subriemannian structure. As a model of E(1, 1) we choose the
underlying manifold R? with the following orthonormal basis of left-invariant
vector fields:

_ _ 0 _ L (e d 20 D Y O e
2-1) X_az, Y_ﬁ< e +e >, T—ﬁ<eax+e 3y )

We have that {X, Y} is an orthonormal basis of the horizontal distribution # and
T is the Reeb vector field. The scalar product of two vector fields W and V with
respect to the metric induced by the basis {X, Y, T'} will be often denoted by (W, V).
This structure of E(1, 1) is characterized by the following Lie brackets, [Milnor
1976],

(2-2) [(X,Y]=-T, [X,T]=-Y, [Y,T]=0.

In fact, applying [Galli 2013, (9.1) and (9.3)] we obtain that the Webster scalar
curvature is W = —% and the matrix of the pseudohermitian torsion 7 inthe X, ¥, T
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basis is

1

50
00
00

o= O

The following derivatives can be easily computed:
23 VxX=0, VyX=0, VrX=1Y,
Vx¥Y =0, VyY=0, Vy¥=-1X,

where V denotes the pseudohermitian connection; see [Dragomir and Tomassini
2006]. Moreover we have —2|7|> = W < 0, which characterizes E(1, 1); see

[Perrone 1998]. We also define the involution J on %, called the complex structure,
by J(X)=Y and J(Y) = —X.

The geometry of regular surfaces in E(1,1). Consider a C' surface ¥ immersed
in E(1, 1). We define the subriemannian area of X as

A<E>=/ NI,
)

where N, denotes the projection of the Riemannian unit normal N to ¥ and d ¥
denotes the Riemannian area element on X. In the sequel we always denote by N
the inner unit normal. The singular set X is composed of the points in which 7%
coincides with #. Outside X, we can define the horizontal unit normal as
N,
Vp i=m ——

[Nl
and the characteristic vector field as Z := J (vy,). It is straightforward to verify that
{Z, S} is an orthonormal basis of 7% outside X, where

S = (N, T)vh - |Nh|T.
Finally, outside X, we define the mean curvature of X by
2-4) H:=—(Vzv, Z).

Given a surface X as the zero level set of a function u : 2 C E(1, 1) — R, we can
express
u X + %(—ezux +e tuy)Y

2-5) vy =

\/ug + 3 (—etuy + e~2uy)?
and . . .
26) S, E(—e uy +e “uy)X —uY

\/ug + 2 (—etuy +e~2uy)?
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We define a minimal surface as a surface with vanishing mean curvature H.

Proposition 2.1. Let ¥ be a minimal surface defined as the zero level set of a C?
Junctionu : Q2 C E(1,1) — R. Then u satisfies the equation

2-7) uz(—e‘u, + e_zuy)2 + u?(—ezzu” —2uyy + e_zzuyy)
—u(—e‘uy+e “uy)(—2euy;, —e‘uy +2e ‘uy, —e ‘uy) =0
on .

Proof. From (2-4), (2-5) and (2-6) we find that u has to satisfy

(2-8)

Y (u)?X (X () =Y @)X @)Y (X () = Y )X @)X (Y () + X )*Y (Y (1)) =0
on 2. Now, using (2-1), we can transform (2-8) into (2-7). O

We will call (2-7) the minimal surface equation.

Remark 2.2. From (2-8), we immediately note that a surface X satisfying u, =0
or —e‘u, +e “uy =0 is always minimal.

In the following lemma, we compute some important quantities related to the
torsion and the geometry of a surface. The lemma follows from [Galli 2013, (9.8)].

Lemma 2.3. Let X be a C' surface in E(1, 1). Then we have
(1(2),Z) = —(Z, X){Z,Y) = (vn, X)(vn, Y) = —(t(vp), Vi),
(T(2),vh) = 3(Z,Y)? = (Z, X)?).

3. Characteristic curves in E(1, 1)

In this section we will study the equation of the integral curves of Z on X, known as
characteristic curves. It is well-known that a surface with constant mean curvature
H is foliated by characteristic curves in X — Xg. In general, a characteristic curve is
an arc-length parametrized horizontal curve y in E(1, 1) that satisfies the equation

(3-1) Vy,y+HJ(y)=0,

where y denotes the tangent vector along y and H is the (constant) curvature of y.
We stress that a curve y satisfying (3-1) is not a subriemannian geodesic. In fact
a characteristic curve y is a subriemannian geodesic if and only if H =0 and y
satisfies the additional equation

(3-2) (z().7) =0,

see [Rumin 1994, Proposition 15], which forces y to be an integral curve of X
or Y, by Lemma 2.3.
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Proposition 3.1. Let y be a characteristic curve in E(1, 1) with curvature H = 0.
Then y belongs to the family of curves

(3-3) y () = (xo + Xot, Yo + Yot, 20)
or to the family
i o .
G4 y0= (xo FRE 1), y0 = e = 1),z +zOz>,
0 0

where y (0) = (xo, Yo, z0) and y (0) = (X9, Yo, Z0)-

Proof. We consider the curve y : I — X, where I denotes an interval. We express
y () = (x(1), y(1), z(¢)) and we get

. .0 .0 .0
(3-5) PO =g+ igs iy
. 1 . . 1 .. .
=zX+ —@@e*—xe )Y + —=(et +xe )T,
N7k Noh
since 5 | 5 |
_:_e_ZT—Y’ —:—eZY+T.
x 2 ( ) Iy V2 ( )

From (3-5) and the fact that y is horizontal, we have
(3-6) yvet +xe t =0.
Now V, ¥ = 0 is equivalent to the system

Z =20,
ye* —xe * =y,

(3-7) :

where z( and c( are constants. We distinguish two cases. The first one corresponds
to zo = 0. This means which z = zg, with zg € R, and so (3-6) and (3-7) reduce to

2y = e ¢y,
2x = —e“0¢y,

(3-8)

which implies y (1) = (xo — e (co/2)t, yo + e °(co/2)t, z0), Where co # 0 and
X0, Yo € R.

The second possibility is zg # 0, which implies z(¢) = zg + zot, with zg € R. In
this case integrating (3-8) we obtain

cpe® ¢ coe 0 ¢p

- ety 4 -
2Z0 2Z0 y 220 220

y(t) = (X(H- PRCAE +Zot),

where y (0) = (xg, Yo, z0). Finally, to conclude the result, we note that

o . .
5 = Yoe® = —Xpe . O
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4. Complete area-stationary surfaces with nonempty singular set in E(1, 1)

Complete area-stationary surfaces containing isolated singular points. The local
structure of a C! surface ¥ with prescribed mean curvature H € C, in a neighbor-
hood of an isolated singular point, is well understood [Cheng et al. 2012, Theorem D
and Corollary E]. In the less general case of a bounded mean curvature surface of
class C2, applying [Cheng et al. 2005, Theorem B and Section 7], we have:

Lemma 4.1. Let X be a C? oriented immersed surface with constant mean curva-
ture H in E(1,1). If p € Xg is an isolated singular point, then there exists r > 0
and X € R such that the set

Dy (p)={y () veT,=, v|=1,5€[0,r)},

is an open neighborhood of p in X, where yfv denotes the characteristic curve
starting from p in the direction v with curvature H.

First we construct the unique example, up to contact isometries, of a minimal
surface with isolated singular points.

Proposition 4.2. Let X be a C* complete, area-stationary surface immersed in
E(,1) with H = 0 and with an isolated singular point pg = (xo, Yo, 20). Then
Y ={(x,y,2) € E(I, 1) : e7%(y — yo) +x —xo = O}.

Proof. By Lemma 4.1, the only possible way to construct a complete area-stationary
surface, with a singular point pog, is to consider the union of all characteristic
curves y of curvature 0 with initial conditions y (0) = pg and y(0) € T, X =%,
|y (0)] = 1. We can suppose pg = 0, since E(1, 1) is homogeneous.

We consider the initial velocities

Y2(0) = cosa X (0) + sina Y (0)
_ 9 0 sina 9 0 9 0
= cosa -0+ "2 (- L0+ F0).

for a € [0, 27[. In this way we obtain as characteristic curves

(4-1) va(0)

sin o sin o .
— (_—(eCOS(Ot)t _ 1)’ _—(e—COS(Ol)t _ 1)’ COS(O[)I),

«/ECOSO[ \/ECOSOK

for a € ]0, 27[ and y,(t) = (0, 0, t) when o = 0. At this point it is easy show that
Y is the zero level set of the function e*y + x (or equivalently e *x + y), which
satisfies (2-7). O
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Complete area-stationary surfaces containing singular curves.

Lemma 4.3 [Galli 2013, Corollary 5.4]. Let ¥ be a C?> minimal surface with
nonempty singular set ¥y immersed in E(1, 1). Then X is area stationary if and
only if the characteristic curves meet the singular curves orthogonally with respect
the metric ( , ), induced by the orthonormal basis (2-1).

A minimal area-stationary surface cannot contain more than one singular curve:

Lemma 4.4. Let ¥ be a C? complete, minimal, area-stationary surface, containing
a singular curve I' immersed in E(1,1). Then ¥ cannot contain more singular
curves.

Proof. We consider a singular curve

T(e) = (x(e), y(e), 2(8))

in . Since ¥ is foliated by characteristic curves, we can parametrize it by the map

F(‘S’ t) = Ve(t) = ()C((S', t)7 )’(8» t)7 Z(87 t))y
where y,(t) is the characteristic curve with initial data y,(0) = I'(¢) and

@2 70 =JTE) =) (X) + () —i(e)e™ ) (¥)

—2(e)e*®, 2(e)e @, k(e)e™*® —y()e®).

—_ 1L
o ﬁ(
We define
oF
Ve(t) := a—(t, €),
£

which is a smooth Jacobi-like vector field along y. (¢); see [Galli 2013, Section 4].
At a singular point (¢, t), the vertical component of V, vanishes:

9 d
Ve, TY (e, 1) = = (e, e=2@0 1 2 (g, e — 0
de de

We suppose that I is not an integral curve of X or Y. Then from the expressions of
the component of F'(e, t), which are

2E)e’® OO VE )

XE 0=t e —jee®

ie)e =) (e OOV
(4-3) y(e,t)=y(8)—x(g)e_z(g)_y.(g)ez(g)(e Hee e - D,

X(g)e @) — )'z(s)eZ(s)t

z(e, 1) = z(e) + 7 ,
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we have
(VE! T)(E, t)

PR 10) 40 () — (e)e™)
= (x(e)e + x(e)e=2&) — y(g)ez® N (X (e)e=2(&) — y(g)ex(®)2 )

N oGO F@E) I HEe)eT I —je)e ) I )

. 2

z(e (s —z(8) _y, 2(e)y L v —z(e) _y, 2(e)y L

(e) S (e (x(e)e y(e)e )JE e(x(s)e y(e)e )JE _2)’
()'c(s)e—Z(S)—j)(s)eZ(a))

which, when ¢ is positive, vanishes only for the values (g, 0). On the other hand, if
I" is an integral curve of ¥ we get

Y —z(e) _ 5, z(e)
4-4) x(e, t)=x(), yE, )=y, z(et) :Z(8)+x(€)€ y(e)e .

NG )

and if I is an integral curve of X we have

4-5) x(e,t)=x(e)— Mt’ y(e, t)= y(s)—i—Mt, z(e, 1) =z(¢).
V2 V2

In both cases, the singular set is only the curve I'(¢g). U

The vertical component of V, can be computed more directly using [Galli 2013,
Proposition 4.3], since H = 0. On the other hand, the explicit computation of the
components of the parametrization F (s, t) allows us to characterize all C? area-
stationary complete surfaces with a singular curve that is a characteristic curve
of curvature 0. We stress that, when the characteristic curves are subriemannian
geodesics, these examples can also be constructed from Remark 2.2.

Proposition 4.5. Let ¥ be an area-stationary surface with H = 0, with a singular
curve I that is a characteristic curve of curvature 0. Then, if T is a subriemannian
geodesic, ¥ belongs to one of the following families:

1) fax+by+c=0:(x,y,2) € E(1,1),a,b,c eR};
(11) {ez_zo(y _yO) +eZO—Z(x —X()) = 0 : (x7 Yy, Z) € E(ls 1)7 X0, Y0, 20 S |:R}

Otherwise, we suppose that I is a characteristic curve passing through (xo, Yo, 20)
with velocity (xg, Yo, 20), X0, Yo, 20 7 0. We can parametrize ¥ by F : R?2— E(1,1),
with F(e,t) = (x (e, 1), y(e, t), z(e, t)) and
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y : +z0e

X0, ; Z0€e e
x(e, 1) = Xg + 1o (€90° — 1) o (et IV
20 Xpe 0 — ype0

Y . > "0 LE .
(4-6)  y(e.1) = yo— 2o (e TN — 1) — (om0
20 Xpe™ %0 — ype*o
Xoe %0 — ype®
z(e, 1) = z0 + 206 + T T ner,

V2

Remark 4.6. The surfaces parametrized by (4-6) are the first examples of area-
stationary surfaces that are not foliated by subriemannian geodesics in three-
dimensional contact subriemannian manifolds, up to our knowledge. In fact this
phenomenon does not appear in the group of rigid motions [Galli 2013, Lemma 10.4],
even if its pseudohermitian torsion is nonvanishing. In that case, the presence of
two singular curves forces the surface to be foliated by subriemannian geodesics or
to be not area-stationary. On the other hand, it is well-known that a minimal surface
is foliated by subriemannian geodesics in any three-dimensional Sasakian manifold.

Remark 4.7. Given any horizontal curve I' = (x(¢), y(¢), z(¢)) in E(1, 1), we
stress that (4-3) provides a parametrization F(e,t) : R> > X C E(1,1) of a
complete area-stationary surface X with 3o =T".

5. Complete area-minimizing surfaces in E£(1, 1)

Complete area-minimizing surfaces with empty singular set. Proposition 9.8 of
[Galli 2013] gave a general necessary condition for the stability of a nonsingular
surface in pseudohermitian Lie groups. This condition states that the quantity

W—=(2(Z),vp) = (v, Y)> = 1=(Z, X)> =1

must be always nonpositive. This condition is trivial in E(1, 1) due to the negativity
of the Webster scalar curvature. On the other hand it has been used crucially in
the classification of the stable, area-stationary surfaces without singular points in
the manifolds H!, SU(2) and ETZ), see [Galli 2013; Hurtado et al. 2010; Rosales
2012]. In any case, we can prove:

Proposition 5.1. The families of planes
G {(x+c=0:(x,y,20€ E(1,1),ceR},
() {y+c=0:(x,y,2) € E(1,1),c e R},
(i) {z4+c=0:(x,y,2) € E(1,1),c e R},
are area-stationary, foliated by subriemannian geodesics, and area-minimizing.
Proof. We prove the result for ¥ ={x =0: (x, y, z) € E(1, 1)}, since all the cases

are similar. In this case, from (2-5) and (2-6) we have

v,=Y, Z=-X.
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So the integral curves of Z are subriemannian geodesics and Xy = @. Now
Remark 2.2 implies that X is area-stationary. Finally we can foliate a neighborhood
of ¥ in E(1, 1) by translating X. We obtain a foliation by area-stationary surfaces,
and a standard calibration argument implies that ¥ is area-minimizing; see, for
example, [Barone Adesi et al. 2007; Ritoré 2009; Ritoré and Rosales 2008, § 5]. [J

Remark 5.2. The planes in the family
fax+by+cz4+d=0:(x,y,z2) € E(1,1),a,b,c,d € R}
are not minimal, since they do not satisfy (2-7).

A very natural question is: are the planes in Proposition 5.1 the unique complete
area-minimizing surfaces with empty singular set in £(1, 1)? We have only been
able to find the following sufficient condition:

Lemma 5.3. Let X be a C? complete oriented minimal surface immersed in E(1, 1),
with empty singular set Xo. If (N, T) < 0 holds on X, then X is stable.

Proof. Taking into account the expression of the stability operator for nonsingular
surfaces in [Galli 2013, Lemma 8.3], we only need to show that
(N, T)

|NK|

ZZ(G)+G2<O on X, where G :=

Given a point p in X, let I be an open interval containing the origin and leta: [ — X
be a piece of the integral curve of S passing through p. Consider the characteristic
curve Y (s) of ¥ with y.(0) = a(e). We define the map F : I x R — X by
F(e,s)=1y.(s) and set V(s) := (dF/0d¢)(0, s), which is a Jacobi-like vector field
along y,; see [ibid., Proposition 4.3]. Let " represent differentiation with respect to
s. Using [ibid., Lemma 3.1, (4.4) and (4.5)] we get

(5-1) (V,T)(©0) = —|Nyl,
(5-2) (V,T)Y(0)=—(N,T),
(5-3) (V, T)'(0) = =Ny |[(Z(G) + G?).

It is easy to show that g(V, T') never vanishes along y,, since Xy is empty; see
[ibid., proof of Proposition 9.5]. On the other hand, by [ibid., Proposition 4.3] and
Lemma 2.3, we have that (V, T') satisfies the ordinary differential equation

(V. T)"(s) = (Z, X)*(V, T)'(s) =0

along y,. We suppose that (Z, X) # 0. Taking into account the initial conditions
(5-1), (5-2) and (5-3), we obtain

(V, T)(s) =acosh(|(Z, X)|s)+bsinh(|(Z, X)|s) +c,
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where

INI@Z@G+G . (NT)
a= 5 , b=——, c¢=—|Ny|—a.
(X.Z) Z, X)]

We have that (V, T')(s) # 0 implies
_ INW(Z(6)+G*) _ (N.T)

+b <0.
(X,Z)? (Z, X)|
Then we can conclude that
2 2 (N, T)
2Z2(G)+ G <2(Z(G)+G7) < 2l(Z, X)) A <
h

on y,. Now since the choice of p is arbitrary, we get the statement.
If (Z, X) =0, we conclude that X is stable if and only if (N, T') =0, by [Galli
2013, Proposition 9.8]. U

Remark 5.4. The surfaces described in the points (i), (ii) and (iii) of Proposition 5.1
are characterized by (N, T) = —€%//2, (N, T)=—¢%/+/2 and (N, T) =0, respec-
tively, where N denotes the inward unit normal on X. In the third family the planes
are vertical surfaces and they satisfy W — (t(Z), v,) =0.

Taking into account the geometric invariants of E(1, 1), we expect the existence
of other examples of complete oriented minimal surface with empty singular set.
Complete area-minimizing surfaces with nonempty singular set. 'We consider the

stability operator constructed in [Galli 2013, Theorem 8.6].

Lemma 5.5. Let X be a C? oriented minimal surface immersed in E(1,1), with
singular set o and 0¥ = . If X is stable then, for any function u € Cé (X) such
that Z(u) = 0 in a tubular neighborhood of a singular curve and constant in a
tubular neighborhood of an isolated singular point, we have Q(u) > 0, where

QW) =
/E{|Nh|—‘2(u)2+|Nh|(<1+<Z, Y))—(INW (= (Z, V)) = Vs, 2)))u?} d=

+4f (N, T){Z, Y)Z(Z,v)uzd(Eo)c—i-/ Su)?d(Zop)e.
(= (=

0)e 0)e

Here d(Xg). is the Riemannian length measure on (Xg). and v is the external unit
normal to (Xg)..

Corollary 5.6. Let X be a plane in the family
fax+by+c=0:(x,y,z) € E(1,1),a,b,c e R}.
Then X is stable.
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Proof. We know that X is area-stationary with a singular line, obtained intersecting
Y. with the plane z = log /b/a. From (2-6) we get
_ —be*t+ae™*
| —ber+ae~7|
N,
which is orthogonal to the singular line. Since (Vsvy, Z) = (VsY, X) = %, the
stability operator

0 = [ (N7 2P + 1NN TV as + [ s dss
= %o
is always nonnegative for any admissible test function u. U

Remark 5.7. The planes {ax +by+c=0:(x,y,z) € E(1,1),a,b,c € R} are
also area-minimizing, by calibration arguments.

Corollary 5.8. The surface ¥ ={e*y+e*x=0:(x,y,z) € E(1, 1)} is stable.
Proof. From (2-6) we get

7 (efy —e *x)Y
le*y —e x|
and X9 =1{(0,0,2): (x,y,2) € E(1, 1)}. From (2-3) we have
[Nl

(Vsvn, Z) = (VgY, X) = 5
which implies

Q(u)=f{|Nh|_IZ(u)2+2|Nh|2u2}d2+/ S(u)2d20+4/ u?dxy >0,
> =

0 %o

for all admissible u. U
Corollary 5.9. The surfaces defined in Proposition 4.2 are stable.

Proof. For simplicity we will prove the statement in the case of xo = yg = zo = 0.
We note that, since X = (0, 0, 0), the argument in the proof of Lemma 5.3 works
and the condition (N, T) = —(1 + ¢€%)/ V2 < 0 is sufficient for the stability in
the complement of any tubular neighborhood of X. Finally we observe that the
stability operator in Lemma 5.5 makes no contribution to the singular set in the
case of isolated singular points. O
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We consider Hamiltonian diffeomorphisms of symplectic Euclidean spaces,
generated by compactly supported time-dependent perturbations of hyper-
bolic quadratic forms. We prove that, under some natural assumptions,
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1. Introduction and main results

Introduction. In this paper we consider time-dependent Hamiltonians H on R2"
which, outside a compact set, are autonomous and coincide with a hyperbolic
quadratic form (i.e., a nondegenerate quadratic form whose Hamiltonian vector
field has no purely imaginary eigenvalues). We prove that, under some additional
conditions, the Hamiltonian diffeomorphism ¢z must have simple (i.e., uniterated)
periodic orbits of arbitrarily large (prime) period when it has certain “homologically
unnecessary” fixed points. In particular, ¢z then has infinitely many periodic orbits.
To be more precise, this result holds provided that ¢z has at least one nondegenerate
(or even homologically nontrivial) fixed point with nonzero mean index, and the
quadratic form (i.e., the corresponding linear Hamiltonian vector field) has only
real eigenvalues. (See Remark 3.3 for the case of complex eigenvalues.)

Our main motivation for studying this question comes from a variant of the
Conley conjecture applicable to manifolds for which the standard Conley conjecture
fails. Recall in this connection that the latter asserts the existence of infinitely

The work is partially supported by the NSF grants DMS-0906204 and DMS-1207680.
MSC2010: 37J10, 53D40.
Keywords: periodic orbits, Hamiltonian flows, Floer homology, Conley conjecture.
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many periodic orbits for every Hamiltonian diffeomorphism of a closed symplectic
manifold. This is the case for manifolds with spherically vanishing first Chern class
(of the tangent bundle) and also for negative monotone manifolds; see [Chance
et al. 2013; Ginzburg and Giirel 2009a; Hein 2012] and also [Franks and Handel
2003; Ginzburg 2010; Ginzburg and Giirel 2012; Hingston 2009; Le Calvez 2006;
Salamon and Zehnder 1992]. However the Conley conjecture, as stated, fails for
some simple manifolds, such as S2: an irrational rotation of S? about the z-axis
has only two periodic orbits, which are also the fixed points; these are the poles. In
fact, any manifold that admits a Hamiltonian torus action with isolated fixed points
also admits a Hamiltonian diffeomorphism with finitely many periodic orbits. In
particular, CP", the Grassmannians and, more generally, most of the coadjoint orbits
of compact Lie groups as well as symplectic toric manifolds all admit Hamiltonian
diffeomorphisms with finitely many periodic orbits.

A viable alternative to the Conley conjecture for such manifolds is the conjecture
that a Hamiltonian diffeomorphism with more fixed points than necessarily required
by the (weak) Arnold conjecture has infinitely many periodic orbits. (It is possible
that in this conjecture one might need to impose some kind of nondegeneracy
condition (e.g., homological nontriviality) on the fixed points, as is the case for the
version considered in this paper.) For CP”, the expected threshold is n 4+ 1. This
conjecture is inspired by a celebrated theorem of Franks [1992; 1996] stating that a
Hamiltonian diffeomorphism (or even an area preserving homeomorphism) of S?2
with at least three fixed points must have infinitely many periodic orbits; see also
[Franks and Handel 2003; Le Calvez 2006] for further refinements and [Bramham
and Hofer 2012; Collier et al. 2012; Kerman 2012] for symplectic topological
proofs. We will refer to this analogue of the Conley conjecture as the HZ conjecture
since, to the best of our knowledge, the first written account of the assertion is in
[Hofer and Zehnder 1994, p. 263].

We find it useful to view the HZ conjecture in a broader context. Namely it
appears that the presence of a fixed point that is unnecessary from a homological or
geometrical perspective is already sufficient to force the existence of infinitely many
periodic orbits. For instance, a theorem from [Ginzburg and Giirel 2014] asserts that
for a certain class of closed monotone symplectic manifolds including CP”, any
Hamiltonian diffeomorphism with a hyperbolic fixed point must necessarily have
infinitely many periodic orbits. (Note that the original HZ conjecture, at least for non-
degenerate Hamiltonian diffeomorphisms of C[P”, would follow if one could replace
a hyperbolic fixed point with a nonelliptic one in this theorem.) Furthermore there
are obvious analogues of the HZ conjecture for symplectomorphisms or noncon-
tractible periodic orbits of Hamiltonian diffeomorphisms. These analogues are also
of interest and in some instances more accessible than the original HZ conjecture;
see, for example, [Batoreo 2013; Ginzburg and Giirel 2009b; 2014; Giirel 2013].
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The generalized HZ conjecture is also the central theme of this paper, although
here we focus on a different aspect of the problem. Our main result, Theorem 1.1,
can be viewed as a “local version” of this conjecture, and it holds in all dimensions.
Namely we prove a variant of the HZ conjecture for Hamiltonians on R?” which are
compactly supported perturbations of certain quadratic forms. Working with R?”
allows us to circumvent a number of symplectic topological obstacles to proving
the HZ conjecture and concentrate on what we interpret as the dynamical part of
the problem, which is still quite nontrivial. This is a key difference, technical and
conceptual, between the present work and the approach taken in [Ginzburg and
Giirel 2014], where the symplectic topology of the ambient manifold plays a central
role. We use Floer-theoretical techniques in the proofs. Deferring a more detailed
discussion of our method to Section 1, we merely mention at this point that for
technical reasons the quadratic form needs to be hyperbolic. Finally it should also be
noted that Hamiltonian systems on R?” with a controlled (e.g., asymptotically linear)
behavior at infinity have been extensively studied in the context of Hamiltonian
mechanics by classical variational methods; see, for example, [Abbondandolo 2001;
Amann and Zehnder 1980; Antonacci 1997; Cornea 2001; Mawhin and Willem
1989; Rabinowitz 1980; Zhang and Liu 2011; Zou 2001] and references therein.
However, to the best of our knowledge, there is no overlap between that approach
and the present work, including the results.

Main results. To state the main results of the paper, recall that the mean index
A (x) € R of a periodic orbit x of the Hamiltonian flow of H measures, roughly
speaking, the total angle swept out by certain eigenvalues with absolute value one
of the linearized flow d(p}l along x; see [Long 2002; Salamon and Zehnder 1992]
and also [Entov and Polterovich 2009, Section 3.3] and references therein for a
more detailed discussion. For instance, the mean index is zero when dg’, has
no eigenvalues on the unit circle for any ¢ # 0, and hence the orbit is hyperbolic.
Finally denote by Fix(¢g) the collection of fixed points of ¢gr.

Theorem 1.1. Let H : S! x R?” — R be a Hamiltonian which is equal to a
hyperbolic quadratic form Q at infinity (i.e., outside a compact set) such that Q
has only real eigenvalues. Assume that g has a nondegenerate fixed point with
nonzero mean index and Fix(¢gr) is finite. Then g has simple, that is, uniterated,
periodic orbits of arbitrarily large period.

As a consequence, ¢ has infinitely many simple periodic orbits regardless of
whether Fix (¢ ) is finite or not. In fact, the nondegeneracy condition in Theorem 1.1
can be relaxed and replaced by a much weaker, albeit more technical, condition that
the point is isolated and homologically nontrivial, that is, its local Floer homology
is nonzero. This is Theorem 4.1.

Remark 1.2. Theorems 1.1 and 1.4 (below), and their generalizations discussed
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in Section 4, also hold when the quadratic form Q has complex eigenvalues o,
provided that |[Re o| > |Im o|; see Remark 3.3.

Remark 1.3. From the perspective of the generalized HZ-conjecture, observe that
the nondegenerate (or homologically nontrivial) fixed point with nonzero mean
index in Theorem 1.1 is the “unnecessary” point. Moreover the presence of one
such point x implies the existence of at least two other (homologically nontrivial)
orbits. Indeed the Floer homology for all iterations of H is concentrated in degree
zero (see Section 3), and once k is so large that the index of the iterated orbit xk is
outside the range [—n, n], another orbit must take over generating the homology.
Furthermore there should be at least one more periodic orbit to cancel out the
contribution of x* to the homology in higher degrees.

Hypothetically results similar to Theorem 1.1 and other theorems discussed in
this section hold when a hyperbolic quadratic form is replaced by any (autonomous)
quadratic form Q without nontrivial periodic orbits. For instance in this case, one
can expect to have infinitely many periodic orbits whenever ¢ g has a nondegenerate
fixed point with mean index different from A (0) or has at least two nondegenerate
fixed points; cf. Remark 4.6. (The latter conjecture, which was the starting point of
this work, is due to Alberto Abbondandolo.)

As has been pointed out above, the proof of Theorem 1.1 is based on Floer
theory. However for a general quadratic form Q, even when the Floer homology
exists, continuation maps fail to have the desired properties and the homology is
not invariant under iterations. This is the case, for instance, for positive or negative
definite QO (see Remark 3.6) and the main reason why we restrict our attention to
hyperbolic quadratic forms. Even for such forms some foundational aspects of
Floer theory have to be reexamined. We do this in Section 3, using, as one could
expect, a version of the maximum principle.

The condition that the fixed point is nondegenerate (and that it has nonzero
mean index) is essential in Theorem 1.1. For instance, starting with the flow of
O(x, y) = xy on R?, it is easy to introduce degenerate (homologically trivial) fixed
points by slightly perturbing the flow away from the saddle. This way one can
create an arbitrarily large number of fixed points without generating infinitely many
periodic orbits. In fact, we expect some form of nondegeneracy (e.g., homological
nontriviality) to be essential in the HZ conjecture beyond the case of S2.

In low dimensions, Theorem 1.1 combined with simple index analysis implies
the HZ conjecture in its original form for Hamiltonians in question. To state the
result, recall first that ¢z is said to be strongly nondegenerate if all iterations of
¢ are nondegenerate.

Theorem 1.4. Let H : S x R*" — R, with 2n = 2 or 4, be a Hamiltonian which
is equal to a hyperbolic quadratic form Q at infinity such that Q has only real
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eigenvalues. Assume that @ is strongly nondegenerate and has at least two fixed
points, and Fix(¢g) is finite. Then g has simple periodic orbits of arbitrarily
large period.

Note that strong nondegeneracy is a C °°-generic condition in the class of Hamil-
tonians under consideration. Let us also point out that, in contrast with many closed
manifolds (see, e.g., [Ginzburg and Giirel 2009b]), the existence of infinitely many
periodic orbits is obviously not a C*- or even C2-generic property of Hamiltonians
in Theorem 1.4: one has to have an extra periodic orbit which serves as a seed
eventually “spawning an infinitude of offspring”.

In dimension two, the strong nondegeneracy requirement can be relaxed. It suf-
fices to just assume that ¢z has at least two isolated homologically nontrivial fixed
points; see Theorem 4.5. (Also note that in this case the eigenvalues of a hyperbolic
quadratic form are automatically real.) However in dimension four, nondegeneracy
enters the proof in a crucial way. Finally note that the two-dimensional case of
Theorem 1.4 is intimately related to Franks’s theorem; see Remarks 4.6 and 4.7.

Remark 1.5. A more general version of Theorem 1.4 for 2n = 2 was proved in
[Abbondandolo 2001, Theorem 5.1.9].

Organization of the paper. In Section 2, we set conventions and notation, and
briefly recall some of the tools used in the paper and provide relevant references.
We establish a version of the maximum principle and show that the Floer homology,
as well as the relevant continuation maps, are defined for the class of Hamiltonians
in question in Section 3. Finally in Section 4, we prove Theorems 1.1 and 1.4.

2. Conventions and notation

Throughout the paper, we will be working with the symplectic manifold (R?”, w),
where o is the standard symplectic form. All Hamiltonians H considered here
are assumed to be one-periodic in time, that is, H : S I ¥« R2" — R, and we set
H,=H(t, ) fort € S! =R/Z. The Hamiltonian vector field Xz of H is defined by
ix,; w=—dH. The (time-dependent) flow of X is denoted by <p}1 and its time-one
map by ¢g. Such time-one maps are referred to as Hamiltonian diffeomorphisms.

The action of a one-periodic Hamiltonian H on a loop y : S — R2” is defined by
dn() == [w+ [ HOO)
z Sl

where z : D? — M is such that z | g1= y. The least action principle asserts that the
critical points of sz on the space of all smooth maps y : S — R?" are exactly
the one-periodic orbits of go;l.



164 BASAK Z. GUREL

Let K and H be two one-periodic Hamiltonians. The composition K {j H is
defined by the formula

(2-1) (Kt H); =K+ Hyo(pk)™!,

and the flow of K] H is <p§( ocp;I. We set H' = Hj---i) H (k times). Abusing
terminology, we will refer to H U as the k-th iteration of H. Clearly H We = kH
when H is autonomous. (Note that the flow ¢}, = ((p%)k, t €[0, 1], is homotopic
with fixed end-points to the flow ¢, t € [0, k]. Also, in general, H ik is not
one-periodic, even when H is.) Furthermore, setting

2-2) |Fllg = f sup | F| dt
Sl B

for a bounded set B C R?", we have || H'¥||p = k| H| p when H is autonomous.
Note that || F|| g is a variant of the Hofer norm. (When F' is compactly supported
on R?", we will also use the notation || F||g2» with the obvious meaning.)

The k-th iteration of a one-periodic orbit y of H will be denoted by yk . More
specifically, yX (1) = ‘P;{uk (v(0)), where ¢ € [0, 1]. We can think of y¥ as the k-
periodic orbit y(¢), t €[0, k], of H. Hence there is an action-preserving one-to-one
correspondence between one-periodic orbits of H bk and k-periodic orbits of H.

The action spectrum S (H) of H is the set of critical values of o . This is a zero
measure, closed (hence nowhere dense) set; see, for example, [Hofer and Zehnder
1994]. Clearly the action functional is homogeneous with respect to iteration:

Aok (V5 = kst (v).

A periodic orbit y of H is said to be nondegenerate if the linearized return map
dog : TyyM — T, )M has no eigenvalues equal to one. A Hamiltonian is
called nondegenerate if all its one-periodic orbits are nondegenerate and strongly
nondegenerate if all k-periodic orbits (for all k) are nondegenerate.

Let y be a nondegenerate periodic orbit. The Conley—Zehnder index, denoted
by uc(H,y) € Z, is defined, up to a sign, as in [Salamon 1999; Salamon and
Zehnder 1992]. (When H is clear from the context we use the notation i, (y).)
More specifically, in this paper, the Conley—Zehnder index is the negative of that
in [Salamon 1999]. In other words, we normalize jic, so that e (y) = n when y
is a nondegenerate maximum of an autonomous Hamiltonian with small Hessian.
Furthermore recall that the mean index A g (y) is defined regardless of whether y
is degenerate or not, and A g (y) depends continuously on H and y in the obvious
sense. When y is nondegenerate, we have

0=<|Ap(y)—pc(H, y)| <n.
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Furthermore the mean index is also homogeneous with respect to iteration:
k
A (v®) =kAg(y).

3. Maximum principle and Floer homology

Our goal in this section is to show that the Floer homology is defined and has
the standard properties for the class of Hamiltonians in question. In our setting,
essentially the only issue to deal with is the compactness of moduli spaces of Floer
trajectories, which we establish by proving a version of the maximum principle.

Floer homology. Let Q be a hyperbolic quadratic form on R?”, that is, Q is
nondegenerate and has no eigenvalues on i R. (Recall that throughout the paper
by eigenvalues of O we mean the eigenvalues of the linear Hamiltonian vector
field Xp.) Assume further that all eigenvalues of Q are real. (See Remark 3.3
for a variant of the maximum principle when Q has complex eigenvalues.) De-
note by %, the set of one-periodic Hamiltonians H : S! x R?” — R which are
compactly supported time-dependent perturbations of Q. Let J = J; be a time-
dependent almost complex structure compatible with w. We are interested in
solutions u : R x ST — R2” of the Floer equation

(3-1) dsu + J(u)0ru = =V Hy(u),

where u = u(s, t) with coordinates (s, ) on R x S! and the gradient is taken with
respect to the one-periodic in time metric (-,-) = w(-, J -) on R*".
In this setting we have:

Theorem 3.1. Let Q be a hyperbolic quadratic form on (R*", w) with only real
eigenvalues. Then there exists a linear complex structure Jo compatible with
such that whenever J = Jo and H = Q outside an open ball B with respect to
the metric (-,-) g := o(-, Jo-), any solution of (3-1) for the pair (H, J) that is
asymptotic to periodic orbits of H in B is necessarily contained in B.

More generally, consider now solutions u :  — R?" of (3-1), where @ C Rx S'!
is an open connected subset. Theorem 3.1 is an immediate consequence of the
following proposition:

Proposition 3.2 (maximum principle). Let Q be a hyperbolic quadratic form on
(R2", w) with only real eigenvalues. Then there exists a linear complex structure
Jo compatible with @ such that for any solution u (with domain Q@ C Rx S') of
the Floer equation (3-1) for (Q, Jo), the function p = ||u||?/2, where the norm is
induced by the metric (-,-) = (-, Jo ), cannot attain a maximum at an interior
point of 2 unless p is constant.
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Proof of Proposition 3.2. Below we first introduce J, and then prove that p is
subharmonic on €2, that is, Ap > 0, where the Laplacian is taken with respect to
metric w(-, Jo*).

Since we will be changing the basis and the inner product on the ambient space
throughout the proof, it is more convenient to work with a hyperbolic quadratic
form Q on a finite-dimensional symplectic vector space (V 2", w). Equip V with a
symplectic basis

(ap,aq) == (apl,...,apn,aql,...,aqn)

such that in the corresponding coordinates (p, ¢) on R?”, the quadratic form Q is
expressed as

(3-2) 0(p.q) =(Ap.q).

Here A is a nondegenerate lower triangular # X n matrix, and (-, -) is the standard
inner product on R”. Indeed, since Q is nondegenerate with only real eigenvalues, it
can be expressed in some symplectic basis (0, d4) as the direct sum of the normal
forms

m m—1
o ZPiCIi - Z Pidi+1,

i=1 i=1
where o ranges over the positive eigenvalues of Q and m is the multiplicity of o; see
[Arnold 1978; Williamson 1936]. We emphasize that p’s and ¢’s are treated here
as vectors in R" using the bases (d,) and (dg4), respectively. (It is clear from this
formula that A4 is indeed lower triangular.) Note that with this choice all diagonal
entries of A, that is, the eigenvalues of A, are positive.

Let A = D + E, where D is the diagonal part of A and F is the strictly lower
triangular part. By rescaling the basis vectors (0,, d4), while still keeping the basis
symplectic and keeping (3-2), we can make E arbitrarily small. (We will specify
shortly how small E has to be. Here we merely note that the rescaling does not
affect D and that, in fact, E is required to be small compared to D.) We keep the
notation (dp, d4) for the new basis and (p, g) for the resulting linear coordinates.

The complex structure Jo, is defined by the requirement J,0d, = —d4. This
structure is compatible with @, and we denote by (-, - ) o the resulting inner product
(-, Jo-)on V, thatis, (-,-)p := @(-, Jo'). From now on we identify (V, )
with the standard symplectic R?” using the basis (0p, d¢). Under this identification,
Jo becomes the standard complex structure on R?” = C”, and (-, - ) o turns into
the standard inner product. Note also that the restriction of (-, -) g to the subspaces
generated by 0, and 9, respectively, is the inner product (-, -) on R". Finally we
emphasize that all these structures, except for w, depend on the choice of the basis
(dp, d4) which is to be finalized below (after we state how small E needs to be).
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In what follows, we calculate the Laplacian with respect to the metric (-, )¢,
where we set u(s,t) = (p, q) and use the Floer equation (3-1):

(3-3) Ap = pss + pre
= [lus|® + lull® — (u. 0,V O (u)) o + (u. Jod: VQ(w)) 0
= llus|® + llus|* + (4% p. p) + (A%q.q)
+(p. (A= AT)qs) — (g. (A— AT) ps)
= llusl® + lull* + | Dpl* + 1D 11> + (E* p. p) + (E*q.q)
+{((DE+ ED)p,py+{(DE+ ED)q,q)
+(p.(E—ET)qs) — (q.(E—ET) py).

Next we specify the requirements on E. To this end, let A := min A; > 0, where
the A; are the eigenvalues of 4 (or D). Then we have

(3-4) | Dx|*> > A?||x||*> forany x € R".
Now E is required to be so small that:
(i) [(E2x,x)| <A%|x||*/10 for any x € R",
(i) |(DE x,x)| <A%|x|?/20 and |{ED x, x)| < A%||x||*/20 for any x € R”,
(i) [{x,(E —ET)p)| <Allx|||y]/8 for any x and y € R".

Using (3-4), and (i) and (ii) for x = p and x = ¢, and (iii) for (x, y) = (p, ¢s)
and (x, y) = (¢, ps) in (3-3), it is straightforward to show that

372 A2 A
65 o= el sl 4 Sl S
32, A 2o
> - > 2 Jul? > 0. O
= T+ (sl = ) = 2 =

Remark 3.3. It is not hard to see that Proposition 3.2 still holds when the quadratic
form Q has complex eigenvalues o, provided that |Re o| > |Im & | or, equivalently,
Re o2 > 0 for all eigenvalues. However in general without this assumption (or when
Q is elliptic but not positive definite), there seems to be no reason to expect the
maximum principle to hold. There are also several other variants of the maximum
principle which hold for solutions of the Floer equation for Q. For instance, it
holds for the functions || p|| and ||g||? separately.

As a consequence of Theorem 3.1, the total and filtered Floer homology groups
of H € ¥, denoted by HF(H) and HF@ 5 (F), respectively, are defined and have
properties similar to those for closed symplectically aspherical manifolds; see, for
example, [Hofer and Zehnder 1994; McDuff and Salamon 2004]. (For the sake
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of simplicity all homology groups are taken over Z,.) Likewise the local Floer
homology HF(H, y) of H at an isolated periodic orbit y is also defined and has the
usual properties; see, for example, [Floer 1989a; 1989b; Ginzburg 2010; Ginzburg
and Giirel 2010]. (Here J is an w-compatible almost complex structure which
is generic within the class of almost complex structures equal outside a compact
set to some Jo, as in Theorem 3.1. We will discuss the dependence of the Floer
homology on J shortly.)

Our next goal is to define the continuation maps induced by homotopies of
Hamiltonians in # . To this end, we say that a homotopy Fy = Q + f; in #, from
H) to H; is compactly supported if | J, supp fy is bounded. (Observe that this is
not automatically the case.) Then we have a continuation map

(3-6) U : HF@ D) (Hy) — HF@D+C (f1))

for any Hy and H; in ¥, induced by a homotopy F in #,. Here (a, b) + C
stands for (¢ + C, b+ C), and

o0 (e}
(3-7) C > / / SUPR2n aSFS dtds = / / SUPR2n 8sf:g dt dS,
—o0 JS§1 —oo0 JS1

with dg Fs = 0 when [s| is large; see [Ginzburg 2007, Section 3.2.2]. Note that the
suprema in (3-7) exist since the homotopy is compactly supported.

We now have HF(H) = HF(Q) = Z,, concentrated in degree i (Q,0) =0. It
is clear that the filtered Floer homology HF(% b) (H) is independent of the almost
complex structure J as long as J, is fixed. However it is not obvious at all whether
this homology is independent of the choice of J,. In what follows, we will always
have J,, fixed and suppress this hypothetical dependence in the notation.

Continuation maps beyond ¥ . The class 3, is not closed under iteration. For
instance, H™ € .0 when H € #,. To incorporate iteration into the picture, we
consider a broader class §€Q which is the union of the classes ¥, for all real £ > 0.
Clearly this class is now closed under iteration. Moreover one can see from the
proof of Proposition 3.2 that there exists a common almost complex structure, Jo,
for which Theorem 3.1 holds for all Hamiltonians in §€Q or, to be more precise,
any Jo can also be taken as Jo. (The reason is that J,, is determined by the
requirement that the off-diagonal part £ of A is small compared to D, rather than
just small. Thus if conditions (i), (ii) and (iii) are satisfied for Q, they are also
automatically satisfied in the same basis for £Q for any £ > 0.) From now on we
fix Jo.

As above, we say that a homotopy Fs = k(s)Q + fs in §€Q is compactly
supported if | J; supp f5 is bounded and call the closure of this union the support
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of the homotopy. A homotopy is called slow if it is compactly supported and, say,

K'(s)| _3x% . [lx]|?
<— inf ,
(k(s))?2 — 20 xer2n\{o} |Q(x)|

where A = min A; is as in Section 3; cf. [Cieliebak et al. 1995]. Clearly the right-
hand side in (3-8) is positive. (In fact, the infimum in (3-8) is equal to 1/Amax,
where Amax 1S the largest of the absolute values of the eigenvalues of Q with respect
to ||x||%. This follows from the Courant—Fischer minimax theorem; see, for example,
[Demmel 1997, Chapter 5].) Recall also that a homotopy Fy from H, to Hj is
called linear if Fy = (1 — g(s))Hy + g(s) Hy, where g : R — R is an increasing
smooth function equal to zero for s < 0 and one for s > 1.

(3-8)

Theorem 3.4. Let Fy be a slow homotopy in §€Q from Hy to Hy, supported in a
ball B with respect to the metric (-,-) g = @(-, Jo ). The continuation map W as
in (3-6) is defined, where C satisfies

o0
(3-9) c> / / supg s F di ds.
—00 /S

This map is independent of the slow homotopy. Furthermore, for a linear slow
homotopy, we can take C = ||Hy — Ho|| g := [¢1 supp |Hy — Ho| dt.

It is not hard to see that any compactly supported homotopy in §€Q can be
reparametrized to make it slow without changing the right-hand side in (3-9). Note
also that although the notion of a slow homotopy is independent of the size of the
support, the lower bound in (3-9) does depend in general on the ball B containing
the support and increases with the size of B. However one can show that the
continuation map W is independent of the ball B in the following sense: whenever
for a fixed homotopy and two different balls C satisfies (3-9) for both of the balls,
the resulting continuation map is independent of the ball. (In what follows, we will
not use this fact.)

The continuation maps W have properties similar to their counterparts in the
ordinary Floer homology. For instance, the continuation map induced by a concate-
nation of homotopies is equal to the composition of the continuation maps, and
continuation maps commute with the maps in the long exact sequence in filtered
Floer homology. (See [Ginzburg 2007] for a detailed account on the so-called
C-bounded homotopies in filtered Floer homology.) Note however that here, as in
(3-6), the almost complex structure Jy is independent of s outside B.

Remark 3.5. We emphasize that the continuation map W is not necessarily defined
when the homotopy is not slow.
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Proof of Theorem 3.4. To prove that W is well-defined, it suffices to show that the
maximum principle, Proposition 3.2, extends to solutions of the Floer equation
for slow homotopies Qs = k(s)Q connecting Q¢ = koQ and Q1 = k; Q, where
ko = k(0) and k; = k(1). To this end, note that Q5 = k(s)(Ap, g) and recall that,
as was noted above, we can take J;o to be J,. Calculating the Laplacian with
respect to the metric (-,-)p = @(-, Jo ) in this setting, we obtain
Ap = llug + lue ] + k) (. (A= AT)gs) = (. (A= A7) py))
+ (k())2((A%p, p) + (Aq,q)) = 2K'(s)(4p. q)
= llusl® + el + &)U DpII* + 1 D> + (E? p, p) + (E*q,4))
+ (k())*(((DE + ED) p, p) + ((DE + ED) q,q))

+k(s)({p, (E— ET)qs) — {q. (E— ET) ps)) — 2k’ (s){Ap. q)

2 2
= Tkl + (sl - 2l ) -2 0110w
Hence Ap > 0 by (3-8).

That we can take C satisfying (3-9) for a general slow homotopy and that
C = ||Hy — Hy|| g satisfies (3-9) for a linear slow homotopy is established by a
standard calculation (see, e.g., [Ginzburg 2007; Schwarz 2000]) combined with the
observation that homotopy trajectories (i.e., solutions of (3-1) for the pair (F§, J;))
are confined to B due to the maximum principle. O

Remark 3.6. The maximum principle is also known to hold for positive definite
quadratic Hamiltonians; see [McDuff 1991; Viterbo 1999] and also [Seidel 2008].
This fact underlies the definition of symplectic homology, and in fact, it was the
motivation of our approach in this paper. However it is worth pointing out that in
this case the continuation map between a Hamiltonian equal to k£Q at infinity and
the one equal to (k + 1) Q at infinity is defined only in one direction and this map,
depending on Q, may be zero. This is the main reason why our approach to the
proof of Theorem 1.1 does not carry over to positive definite quadratic Hamiltonians.

4. Proofs and generalizations

Proof of Theorem 1.1. As has been mentioned in the introduction, we establish a
more general result. To state it, recall again that an isolated periodic orbit x is said
to be homologically nontrivial if the local Floer homology of H at x is nonzero. For
instance, a nondegenerate fixed point is homologically nontrivial. More generally, an
isolated fixed point with nonvanishing topological index is homologically nontrivial,
for this index is equal, up to a sign, to the Euler characteristic of the local Floer
homology. The notion of homological nontriviality seems to be particularly well
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suited for use in the context of HZ and Conley conjectures; see, for example,
Remark 1.3. Theorem 1.1 is an immediate consequence of the following result.

Theorem 4.1. Let H : S! x R?” — R be a Hamiltonian which is equal to a
hyperbolic quadratic form Q at infinity (i.e., outside a compact set) such that Q has
only real eigenvalues. Assume that o has an isolated homologically nontrivial
fixed point x with nonzero mean index and Fix () is finite. Then ¢ has simple
periodic orbits of arbitrarily large period.

Proof. In what follows, for the sake of brevity, we suppress the 7-dependence when
taking a supremum or specifying the support of a function. For instance, when we
say that a function is supported in ¥ C R?”, we mean that the support is in S' x Y.
Likewise two functions being equal on ¥ means that they are equal on S! x Y, etc.
Finally the supremum, without a set specified, will stand for the supremum over R?”.

Let H= Q + f as in the statement of the theorem. Pick a polyball P = B" x B"
containing supp f and a ball V' > P. Throughout the proof, as in Section 3, we
assume that the off-diagonal part £ of A is small enough when compared to the
diagonal part D. In particular, every integral curve of the flow of Q intersects P
along a connected set. Before we actually turn to the proof of the theorem, we need
to first modify H, without essentially changing its dynamics, to control the energy
shift resulting from the homotopy between different iterations of H.

Lemma 4.2. There exist constants C; > 0 and C, > 0, depending only on the
quadratic form Q and the ball V, such that for every € € (0, 1], there exists an
autonomous Hamiltonian Q with the following properties:

@) Q =QonlV.
(i) O = €Q outside a ball Ve D V of radius R = Cy / {/e.
(iii) supy, |0] = C
(iv) The Hamiltonian flow of Q has no periodic orbits other than the origin, and
every integral curve of its flow intersects P along a connected set.

The essential point here is that the constants C7 and C, are independent of € while

R = C;/+/€ (but not, say, of order 1/¢). We will prove this lemma by g1v1ng an

explicit construction of Q after the proof of Theorem 4.1. One can think of Q as

a family of Hamiltonians smoothly parametrized by € with Q =Qfore=1.
Consider now the Hamiltonian

H=0+f=€0+(0—€Q)+ f=€Q+h,

where h = (Q —€Q) + f is supported in V. Observe that He §€Q. Furthermore
H = H in V, the ball where the Hamiltonians have nontrivial dynamics. Moreover
for every period, H and H have exactly the same periodic orbits by Lemma 4.2(iv),
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and the orbits have the same actions and indices. In fact, one might expect these
Hamiltonians to have exactly the same filtered Floer homology with isomorphism in-
duced by a slow linear homotopy. However we have not been able to prove this fact.

The next lemma concerns the iterations % and an estimate, independent of k, of
the difference H'*+0 — F% which will be essential for the proof of Theorem 4.1.

Lemma 4.3. The Hamiltonian H'% satisfies the following conditions:

() H% ¢ %Q and is equal to ke Q OlitlSlde the ball By of radius ||¢e(k 1)||R
centered at the origin, where goQ( - is viewed as a linear operator

(i1) Assume that k, £ and € are such that ||(pe(k+e b | <2. Then
(4-1) | ZYHO — B, = Cat.
where C3 is independent of k, £ and €, and the norm is as defined in (2-2).

Proof of Lemma 4.3. Denote by B; the ball V, from Lemma 4.2, that is, By is the
ball of radius R = Cy/ /€ centered at the origin. Consider the nested sets

Ye= | ol (B forken.
t€fo, 1]

Let By = B(Ry) be the ball of radius Ry = ¢ " [[R. Clearly By > Y.

Recall that H = €Q + h, where h = (0 —e Q) + [ is supported in By. Observe
that H% can be expressed as

k—1 k—1
K—keQ+) ho(9) 7 +e) (Qo(9) ™ — Q) =keQ+hy.
j=0 j=0

We now show that supp /i C Yy, which settles (i). Since supp 2 C By, a point x
can be in supp(h o ((p%[)_j) only if ((pE’Q)_j (x) € B; for some t € [0, #]. This
implies that

xe(wip) T By =wloBc | ¢lpB) =Y.
tef0, 1]
Hence the first term in /i is supported in Y. Dealing with the second term in /1,
we first note that

Qo)™ —0)=€(Qo(p!z) /= 0o(ely)™)

since Q is autonomous. Now it is clear that ((pH) J(x) # (¢! . Q) J(x) only when
the integral curve of € Q through x for [z, 0] enters By, thatis, (¢} Q) J(x)e B;
for some 7 € [0, ¢]. Hence, similarly to the first term, the second term in /4, is also
supported in Y, and we have supp A C Y.
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To establish (ii), denote by B(1) the unit ball and observe that

supg, ., [ho (9%5) ™| = supg, |0 —€0 + f]

<supg, |O| +esupg, |Q| +sup|f]
2

C

=G +€?1 supp(1) | Q|+ sup | f]|

= Cy + C7 suppg(y) | Q| +sup| £
forany j = k,...,k+£—1. Furthermore, by the energy conservation law, we have

supp, ., | Qo (0%5) ™ — 0| =supp,,, |00 (¢3)™ = Qolply) /|
= supp, |Qo(¢lz)™ — Qo l(ply) ™|
cr

<2supp, |0| = 2? supp(1) | Ol

Now recall that k, £ and € are such that ||<p€Q(k+e_1)|| < 2. Thus Byy¢ C 2B;y.

Setting M = supp(y) | Q| and using the above estimates, we have

sup, , , |10+ — k|

k+e—1 o ket .
=supp, |LeQ+ ) holpp) e ) (0ol ~0)
j=k j=k
<{esup,p, 0|
k+£-1 ‘ k+£—1 _
+ Z supg, ., lho (<Ptg)_1| +€ Z Supg, ., ‘(Q ° (90;7)—1 _ Q)‘
j=k j=k

C? , C? ,
54&?1M+6(C2+C12M+sup |j|)+2£eT1M <(7CEM+Cy+sup | f)L.
Setting C3 := 7C12M 4+ C, + sup | f], we then have
@-2)  |HTO g%, =/ supg, ,, |[HE+0 — {1 | dr < ¢y,
Sl

with C3 independent of k, £ and €, as required. O

From now on we will work with the Hamiltonians H, and at this stage we prefer
not to specify the parameter € yet. These Hamiltonians have the same periodic
orbits with the same actions and indices, and up to the point when the homotopy
between the iterated Hamiltonians is considered, the argument applies to any of
the Hamiltonians H.
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It is worth mentioning again that the Hamiltonians H'% are not one-periodic
in time even though H is. This issue however is quite standard and can be dealt
with in a straightforward way. Namely consider a Hamiltonian G = K + g, where
g = g; is time-dependent for 7 € [0, 1] and K is any autonomous Hamiltonian. The
Hamiltonian diffeomorphism ¢g can be generated by a one-periodic Hamiltonian

G=K+)\ (t)gx(z)"(/’ut) ’

where A : [0, 1] — [0, 1] is an increasing function equal to zero for ¢ & 0 and one for
t =~ 1. We apply this procedure to H'% with K = keQ and g = hy. The actions, the
Conley—Zehnder indices and the mean indices of the periodic orbits do not change.
The change of the set By can be made arbitrarily small, of the order ||[1 —A'(¢)]/ 1.
As a consequence, the upper bound (4-1) can also be adjusted by an arbitrarily small
amount independent of k. In what follows, we will treat the Hamiltonians H a5
one-periodic in time, allowing for these straightforward modifications.

Now we are in a position to proceed with the proof of Theorem 4.1. It suffices
to show that there exist arbitrarily large primes which occur as periods of simple
periodic orbits. Arguing by contradiction, assume that only finitely many prime
numbers are attained as the periods. From now on, we always denote by p or p;
a prime number greater than the largest period. Let H= Q + f, where Q is any
Hamiltonian from Lemma 4.2. Then for any such prime p, all p-periodic orbits of
¢ 7 are iterations of fixed points of ¢, and hence $(H") = p $(H). Recall in this
connection that ¢z is assumed to have finitely many fixed points. Next let us note
that all sufficiently large prime numbers are admissible in the sense of [Ginzburg
and Giirel 2010]. Thus under such iterations of H , the orbit x stays isolated, and

HF(H", x?) = HF(H", x) = HF(H, x)

up to, in the second equality, a shift of degree determined by the order of itera-
tion p; see [Ginzburg and Giirel 2010, Theorem 1.1]. In particular, in our case,
HF(H"?, xP) # 0 since HF(H, x) # 0.

As has been mentioned above, A 7(x) = Apg(x), and let us assume that
A g (x) > 0, for the argument is similar if Ag(x) < 0. Moreover let us assume for
the sake of simplicity that # g (x) = 0 and hence o 7 (x) = 0. (The general case
can be dealt with in a similar fashion and requires only notational modifications.)
Consequently s 7, (x?) =0 for all iterations p. Leta > 0 be outside ¥ (f] )=%(H)
such that 0 is the only point in (—a, a)NS(H) and therefore in (—ap, ap) ﬂH’(H”p)
Then we have

(4-3) HF{ 2 “P)([{%P) = HF, (H"? , x?) @ - - - ,

where the dots represent the local Floer homology contributions from the fixed
points with zero action other than x. Furthermore we henceforth focus on degrees *



PERIODIC ORBITS OF HAMILTONIAN SYSTEMS AT INFINITY 175

such that | % | > n. This guarantees that the fixed points with zero mean index do not
contribute to Hka_ap +ap) (H'P), for their local Floer homology groups are supported
in [—n, n)], where the support is by definition the set of degrees for which the local
Floer homology groups are nonzero. Thus all terms on the right-hand side of (4-3)
come from fixed points with nonzero mean index. Moreover we can further restrict
so that only the fixed points y having the same mean index as x contribute to the
right-hand side of (4-3). This is possible since the supports of local Floer homology
groups coming from fixed points with other nonzero mean indices are separated from
supp HF4 (H" , xP) C[pA g (x)—n, pAg (x)+n] whenever p is sufficiently large.

From now on, we work with primes p > 2 which are as large as is needed above.
Let us order these prime numbers as p; < p, < ---. In what follows, p; always
denotes a prime from this sequence.

Next recall that Ag (x) > 0 and let m € N be such that m > n/Ag(x). Then
using the fact that p; 4, — pi = 2m, we see that the supports of HF(H":i | yPi)
and HF(HPi+m yPi+m) are disjoint for all i and for all fixed points y of g with
Ag(y)=0and Ag(y) = Ag(x). This is because

[PiAg(X)—n, piAg(X) +n]0[pitmAu(X)—n, pitmAn(x)+n]=2,

where the first interval contains supp HF(H ipi yPi) and the second one contains
supp HF(HPi+m yPi+m)  Moreover for any p;, there exists an integer s; such
that HF, (H Upi xPi) £ 0, as is mentioned earlier and proved in [Ginzburg and
Giirel 2010]. Thus we see that

(4-4) HF;, (HWi, xPi) 40 and HF, (H"Pitm yPi+m) =

for all fixed points y as above since s; is outside supp HF(H bPitm yPi+m) for all
such y.

Choose p; so large that pja > 6C3(pi+m — pi), where Cs is introduced in
Lemma 4.3. That one can do so is guaranteed by the equality p;1 — p;i = o(pi);
see [Baker et al. 2001]. (Obviously one can write p;4+,, — p; as a telescoping
sum of the differences of two consecutive primes, and hence by a simple inductive
argument, pj 4, — pi = o(p;i).) Now pick o > 0, depending on m and i, such that

—pia <=0 <=0+ 2C3(pi+m — pi) <0 <o <o +2C3(pi+m — pi) < pia.

For instance, o satisfying pja —4C3(pi+m — pi) < &« < pia —2C3(Pi+m — Pi)
would work. As a consequence, we also have

—Pi+md < =0+ C3(pi+m — pi) <0 <o+ C3(pi+m — pi) < Pi+ma.

Finally let us specify Q, and in turn H. To this end, we choose € > 0 so small

that II%(” i+m~1|| <2 and hence (4-1) is satisfied with k = p; and k +7 = pism
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in the second assertion of Lemma 4.3. Set § := C3(pj+m — pi). Then for a linear
homotopy, which we may assume to be slow in the sense of Section 3, from H hpi
to H%i+m  we have the induced map

HFC% @) (firiy _ gRC@ O+ fipitm),

Here the fact that § is the correct action shift follows from Theorem 3.4 and
Lemma 4.3. Likewise the linear-homotopy map from H'Pi+m to H'"Pi results in
another action shift in §. Consider now the following commutative diagram:

HF§,‘“ a)+é (HWPi+m) =0

/\

0 # HE; ) (%) HE % ® 25 (fipr)

2

Here the top group is zero due to our choice of the degree s;. On the other hand,
Hng—Ol, a) (ﬁﬂlh) — HFS,' (Hupi , xpi) P--- ?é O’

and the horizontal arrow is induced by the natural quotient-inclusion map; see, for
example, [Ginzburg 2007]. This is indeed an isomorphism by the stability of filtered
Floer homology (see, e.g., [Ginzburg and Giirel 2010]) because 0 is the only action
value in the intervals (—«, «) and (—c, o) + 26. To summarize, a nonzero isomor-
phism factors through a zero group in the diagram. This contradiction completes
the proof of Theorem 4.1, modulo a proof of Lemma 4.2, which is given below. [J

Remark 4.4. Notice that we have actually established the existence of a simple
periodic orbit of either H'2i or HPi+m _In particular, starting with a sufficiently
large prime number, among every m consecutive primes, there exists at least one
prime which is the period of a simple periodic orbit of .

Furthermore for an infinite sequence of simple p;-periodic orbits x; of ¢z found
this way, where p; — 0o, we have A 15, (x7)/ p; — A g (x). Hence in some sense,
the mean index Ay (x) is an accumulation point in the union of normalized index
spectra for H and its all iterations. (Of course, A g (x) could possibly be isolated,
but then A ;4p, (x7)/ p1 = A (x).) A similar fact also holds for the action.

Finally note that the condition that the eigenvalues o of Q are real can be relaxed
and replaced by the requirement that |Re o| > |Im o|; cf. Remark 3.3.

Proof of Lemma 4.2. We construct the function é in three steps and then show
that Q has the required properties.

Step 1. Set ¢ = supy |Q|. Let n: R — R be an odd smooth function that equals
the identity in [—c, ¢] and satisfies ’ > €/2 everywhere and

n(x) =ex when |x|>c =2c/e.
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It is easy to see that such a function exists. Note that to have a monotone function
n such that n(x) = x when |x| < ¢ and n(x) = ex when |x| > ¢/, we must have
¢’ > c¢/e. This is the main reason why the radius R in the statement of the lemma
must be of order 1/+/€. To start off the construction of Q, we replace Q by no Q.

Step 2. In the second step, we appropriately cut off n o Q and define a new
Hamiltonian Q which is a linear transition from 1o Q to €Q in the g-direction.
Namely let » > 0 be the radius of the ball V and set a9 = r/+/€ and a; = 2ay. (So
r < ag < ay.) The modification of 1o Q takes place on the domain ag < ||g| < a;.
To this end, choose a smooth monotone increasing function ¢ : [0, o0) — R such
that ¢ (x) = 0 when x <ag, ¢(x) =1 when x >ay, and |¢'| <2/|a; —ag| =2/aq.
We then set

0 =9(lql)e@ + (1—¢(lglh)ne Q.

Step 3. In the third step, we suitably cut off Q and finally define the desired
Hamiltonian Q. To this end, let by = max{r,32¢/Ar+/e} and by = 2by. Here, as
in Section 3, A = min A; > 0, where A;’s are the eigenvalues of A. (The reason for
this choice of by will be clear at the end of the proof.) Choose a smooth monotone
increasing function ¥ : [0, 00) — R such that ¥ (x) = 0 when x < by and ¥ (x) =1
when x > b;. Define

0=v(lpheQ+ (1-v(lp)0.

Checking conditions (i)-(iv). Since no Q = Q on V by the definition of ¢, and
ag > r and by > r, we clearly have Q = (Q on the ball V. Furthermore Q =eQ
outside the ball of radius R = ~/ a% + bf. Let V¢ be this ball. It is clear from our
choice of a; and b; that R has the form C;/./e, where C; is independent of €.
This proves (i) and (ii).

To establish (iii), observe first that

(4-5) sup [1(x) — x| = suppo 1 [n(x) —ex| < n(c’) + ec’

=2ec’ =4dec/e = 4c.
Thus

supy, |Q] < supy, [eQ| + supy, | Q| < 2supy, |€Q| + supy, [no Q|

< 3supy, [€Q|+supy, [no Q—€Q|
< 2
< 36T suppg(y) | Q] +4c =3C{ supp(y) | Q] +4c =: (3,

with C; independent of €. This is where replacing Q by no Q in Step 1 is essential.
To verify condition (iv), note that without loss of generality we may assume that
the off-diagonal part of A4 is so small that
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£xolpI> = =AllpI? and  £x,llqll* < —Allg)*.

(Here we dropped the factor of 2 on the right-hand side of the inequalities to
account for the off-diagonal terms.) In particular, every integral curve of Q enters
the polyball P through the “side” part, || p|| = const, of the boundary dP and leaves
it through the “top”, ||¢|| = const, of JP.

We will show that

(a) the flow of O is equal to the flow of Q on P and on the disk ¢ =0, || p|| < bo,
(b) £X@ llgl> > 0 when || p|| < by, with strict inequality when ¢ # 0,
(©) £x4llp1? <0 when || p|| = bo.

It is not hard to see that (iv) readily follows from these assertions.

Assertion (a) is obvious since O = Q in the region where |Q| < ¢ and ||¢|| < ao
and || p|| < bo, containing V' O P and the disk ¢ = 0, || p|| < by. It remains to
check (b) and (c), that is, that the function ||¢||? increases along the flow of Q when
| 2|l < bo, and the function || p||*> decreases along the flow of Q when || p|| > by,
unless ¢ = 0.

To prove (b), first note that Q = Q in the region where || p|| < bo. Also recall
that ” > €/2, and hence

ep(lglD) + (1 =9 (lgID)(n' 0 Q) = €/2.

Therefore since ¢ (]|¢||) is independent of p, we have
£x5llq1? = £x,l41? = €@ (I pD£xo g1 + (1=l pID) (0" 0 Q)£x, g
er
> — > 0.
= gl 2

Let us now establish (c), which is somewhat more involved than (b) due to the

g-dependence of ¢. Writing ¥ for ¥ (|| p||) and ¢ for ¢(||¢||) and ¢’ for ¢’(||¢|]),
we have

£x5 1P = evtxo I pII* + (1= ¥)x,llpl1?
= eVix, | Pl + (1 =) (edtx, | pII* + (1= ) (1 0 Q)kx, |l pII?)
+ (1 =¥)(€Q —no Q)p'£x,,, I P
=[ev + (=) (ep + (1 =) 0 0))J£x, I 1P
+(1=¥)(€Q—no Q)p'£x,, | P>

To bound from above the first term in this expression, note that the coefficient of
£x, | p||? is positive and satisfies

Y+ (1—P)(ep+ (1= 0 Q) zey + (=) = (1 +¥) 2 5.
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Therefore
A
[ev+ 1 =)(e@ + (1=9)0'© O) Jexo I PI* = = I PII*.

Bounding from above the second term, our choices of @y = r/+/€ and a; = 24,
and also the requirement that |¢’| <2/|a; —ag| = 2/aq enter the picture. Then by
(4-5), we have

2 16¢ 16¢4/e
2leQ - 77°Q||¢|||P||<80| . |||P||——||P||<

Thus in the region where || p|| > bg = 32¢/Ar /€, we have
16¢ f

Ipll-

A
2 2
£xslpl <—€§||p|| Ipll <

completing the proof of (c). (Note that bq is chosen exactly to make (c) hold.) O

Proof of Theorem 1.4. As pointed out in the introduction, we have a more general
result in dimension two:

Theorem 4.5. Let H : S' xR? — R be a Hamiltonian which is equal to a hyperbolic
quadratic form at infinity. Assume that ¢ g has at least two isolated homologically
nontrivial fixed points and Fix(@pr) is finite. Then @ has simple periodic orbits of
arbitrarily large period.

Remark 4.6. A similar two-dimensional result holds when H is elliptic quadratic at
infinity. (In fact, the requirement that the fixed points be homologically nontrivial is
not needed in this case.) Indeed since the Hamiltonian is elliptic outside a compact
set, a sufficiently large sublevel will be invariant under the flow. Then Franks’s
theorem [1992] stating that an area-preserving map of the two-disk has either one
or infinitely many periodic points implies the result.

Remark 4.7. Using Theorem 4.5, we can also prove a weaker version of Franks’s
theorem on S2, asserting that a Hamiltonian diffeomorphism of S with a hyperbolic
fixed point must necessarily have infinitely many periodic orbits. However the
argument is somewhat involved, and we omit it since this result also follows from
the main theorem of [Ginzburg and Giirel 2014], and as has been mentioned in the
introduction, at least two other symplectic proofs of Franks’s theorem are available;
see [Bramham and Hofer 2012; Collier et al. 2012; Kerman 2012].

Proof of Theorem 4.5. Observe that if ¢z has a homologically nontrivial fixed
point with nonzero mean index, then the theorem follows from Theorem 4.1. So
let us assume that there are at least two isolated homologically nontrivial fixed
points with zero mean index. Notice that all of these points cannot have nonzero
local Floer homology concentrated in degree zero: HF(H) = 0 when * 7% 0 and
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HFy(H) = Z,. Thus ¢g must have at least one fixed point with zero mean index
and nonzero local Floer homology in degree 1. Such an orbit is a symplectically
degenerate maximum, and its presence implies that gz has simple periodic orbits
of arbitrarily large prime period; see [Ginzburg and Giirel 2009a; 2010] and also
[Ginzburg 2010; Hein 2012; Hingston 2009]. (Strictly speaking, the latter fact has
been established only for (a broad class of) closed symplectic manifolds. However
since the Hamiltonian in our case is a compactly supported perturbation of a
hyperbolic quadratic form on R2”, having periodic orbits only within the support
of the perturbation, the proof in the case of closed manifolds, for instance, the one
in [Ginzburg and Giirel 2009a], goes through word for word.) O

Proof of Theorem 1.4 in dimension four. Recall that the homology is concentrated
in degree zero and HFy(H) = Z,. Hence one of the fixed points of ¢ must have
nonzero Conley—Zehnder index. By a straightforward index analysis, it is easy to
see that in dimension four such an orbit must necessarily have nonzero mean index.
(Indeed observe that in dimension four the mean index of a nondegenerate fixed
point is zero if and only if the linearization is hyperbolic or its eigenvalues comprise
two pairs “conjugate” to each other. It is clear that in both cases the Conley—Zehnder
index is zero.) Finally applying Theorem 4.1, we obtain the existence of simple
periodic orbits with arbitrarily large prime period. O
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NONSPLITTABILITY OF THE RATIONAL HOMOLOGY
COBORDISM GROUP OF 3-MANIFOLDS

SE-G0O KiM AND CHARLES LIVINGSTON

Let Z[1/p] denote the ring of integers with the prime p inverted. There is a
canonical homomorphism ¥ : @ ©3,, . — ©7, where @ denotes the
three-dimensional smooth R-homology cobordism group of R-homology
spheres and the direct sum is over all prime integers. Gauge-theoretic meth-
ods prove the Kkernel is infinitely generated. Here we prove that ¥ is not
surjective, with cokernel infinitely generated. As a basic example we show
that for p and ¢ distinct primes, there is no rational homology cobordism
from the lens space L(pq,1) to any M, # M,, where Hy(M,) = Z, and
Hy(My) = Z4. More subtle examples include cases in which a cobordism to
such a connected sum exists topologically but not smoothly. (Conjecturally
such a splitting always exists topologically.) Further examples can be chosen
to represent 2-torsion in @3 Let 5 denote the kernel of ®3 - 03 o» Where
@3 denotes the topologlcal homology cobordism group. Freedman proved
that ®3 C K. A corollary of results here is that 7/ @3 is infinitely generated.
We also demonstrate the failure in dimension three of splitting theorems
that apply to higher-dimensional knot concordance groups.

1. Introduction

Furuta [1990] applied instanton gauge theory to reveal unexpectedly deep structure
in the homology cobordism group of smooth homology 3-spheres, @%. Here we will
use the added algebraic structures associated to Heegaard—Floer theory to identify
further complications in the rational cobordism group, 6%.

As a simple example, an application of the rational homology cobordism classi-
fication of lens spaces [Lisca 2007] implies that for p and g relatively prime,
the lens space L(pg,1) is not @-homology cobordant to any connected sum
L(p,a)# L(gq,b). A simple consequence of the work here is that L(pg, 1) is
not Q-homology cobordant to any connected sum M), # M, where H1(Mp) = Z,

This work was supported in part by the National Science Foundation under Grant 1007196 and by
the National Research Foundation of Korea (NRF) grant funded by the Korea government (MEST)
NRF-2011-0012893.

MSC2010: primary 57M27; secondary 57TM25.
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and Hy(My) = Z;. We let ©3 denote the R-homology cobordism group of
three-dimensional R-homology spheres. Note that @%[1 /7] is generated by three-
manifolds M with Hy(M) p-torsion. There is a canonical map

. 3 3
®: D Oln/p — Ot
DEP

Rochlin’s theorem and Furuta’s result imply that the kernel of & is infinitely
generated. To simplify notation, we abbreviate the summation by € ®,; our main
result is the following:

Proposition. The cokernel of ©, @%D /®(P Op), contains a free subgroup of in-
finite rank generated by lens spaces of the form L(pg,1). It also contains an
infinite subgroup generated by elements of order two: lens spaces of the form
L(4n? + 1,2n). An infinite subgroup is also generated by three-manifolds that
bound Q-homology balls topologically.

We also present applications to the study of knot concordance and present
families of elements in the kernel ©3,/ ©3 — @%, where (:)éD denotes the topological
cobordism group. Similar examples were presented in [Hedden et al. 2012], with
the additional condition that bordisms were assumed to be spin.

An important perspective is provided by considering the torsion linking form of
three-manifolds, which yields a homomorphism @% — W(Q/Z), the Witt group
of nondegenerate symmetric Q/Z-valued bilinear forms on finite abelian groups.
According to [Kawauchi and Kojima 1980] this homomorphism is surjective. Again
by Rochlin’s theorem and Furuta’s result, it has infinitely generated kernel (in
the topological category it is conjecturally an isomorphism). There is a canon-
ical isomorphism B,y W(Fp) — W(Q/Z), where W([Fp) is the Witt group of
nondegenerate symmetry bilinear forms on [,-vector spaces and % is the set of
prime integers. The conjecture that topological cobordism is determined by the
linking form implies that @433 has a corresponding primary decomposition. One
thrust of our work here is to display the extent of the failure of the existence of
such a primary decomposition in the smooth setting.

The commutative diagram in Figure 1 organizes the groups of interest.

The proposition above states that @éb /Image(®) is infinitely generated containing
an infinite free subgroup and infinite two-torsion and that, furthermore, the image
of i in @é /Image(®) similarly contains an infinite subgroup.

Definition. A three-manifold M is said to split if it represents a class in the image
of ®. That is, a manifold does not split if it is nontrivial in the cokernel of ®.

Outline. In Sections 2, 3, and 4 we present some of the basic definitions used
throughout the paper, isolate a basic result concerning metabolizers of nondegenerate
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D6, — @6, — DWE)

lcp l@ e lg

% - 0 - @3 — W(@Q/2)

Figure 1. Groups of interest. Hats denote the topological category
and J{ denotes the kernel of the canonical homomorphism from
the smooth to the topological Q-homology cobordism group. With
the exception of the inclusion of the kernel, all horizontal arrows
are surjective. Conjecturally the right square consists of isomor-
phisms.

symmetric bilinear forms, and discuss Spin¢ structures. Section 5 presents one of
our main results, describing an obstruction based on Heegaard—Floer d -invariants
to a class in @% being in the image ®(P ©). Following this we provide a series
of examples:

e Section 6 demonstrates that lens spaces L(pg, 1) with p and g square-free
and relatively prime do not split, and extends this to finite connected sums of
such lens spaces, with all p and ¢ distinct, thus proving that @% /P(D Bp)
is infinite. Section 7 further extends this, demonstrating that the set of lens
spaces of the form L(pgq, 1) (with p and ¢ now required to be prime) generate
an infinite free subgroup of infinite rank contained in 63 /P(D Op).

* Section 8 considers specific lens spaces of the form L(4n? + 1,2n) to pro-
vide elements of order 2 in @% that do not split, in particular showing that
(903Q /®(P ®,) contains 2-torsion. Section 9 expands on this, providing an
infinite family of independent elements of order 2.

e Section 10 begins the examination of the failure of splittings among manifolds
that do split topologically; that is, we consider manifolds representing classes
in %. The main example is built from surgery on the connected sum of
the torus knot 73 s and the untwisted Whitehead double of the trefoil knot,
Wh(T2,3) = D. We show that S135(T3,5 # D) splits topologically but not
smoothly. Section 11 generalizes that example to an infinite family, using
(p, p + 2) torus knots, with p odd.

e Section 12 applies the results of Section 6 to demonstrate the failure of a
splitting theorem for knot concordance which, by a result of Stoltzfus [1977],
applies algebraically and in dimensions greater than 3.

e According to [Freedman 1982; Freedman and Quinn 1990], all homology
spheres bound contractible 4-manifolds topologically, so ®2 C K. In Section 13
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we outline the proof that the quotient 3/ ®% contains an infinitely generated free
subgroup. This was proved in [Hedden et al. 2012] with the added constraint
that one restricts the cobordism groups by considering only manifolds that are
Z,-homology spheres or by requiring that all spaces have spin structures. We
briefly indicate how results here permit one to remove those restrictions in the
argument in the same reference.

2. Definitions

We will consider @-homology 3-spheres: these are closed 3-manifolds M3 with
H,(M3,Q) = H,(S3,Q) for all n. For each such M there is a symmetric linking
form B : Hi(M) x Hi(M) — Q/Z which is nondegenerate in the sense that the
induced map B* : H; (M) — Hom(H{ (M), Q/Z) is an isomorphism. If M = X4,
where X is a compact 4-manifold and H, (X, Q) = H,(B*, Q) for all n, then the
kernel Al of the map H; (M) — H;(X) is a metabolizer for B (see [Casson and
Gordon 1986]). That is, M = ., and in particular |Al|> = |H;(M)|. The Witt
group W(Q/Z) is built from the set of all pairs (G, 8) where G is a finite abelian
group and J is a nondegenerate symmetric bilinear form taking values in Q/Z.
There is an equivalence relation on this set: (G, ) ~(G’, ) if (G G',Bd—p')
has a metabolizer, and under this relation it becomes an abelian group under direct
sum, denoted W(Q/Z). Tt can be proved (for instance, see [Alexander et al. 1976])
that a pair (G, ) is Witt trivial if and only if it has a metabolizer. The proof of this
fact includes the following, which we will be using.

Proposition 1. If (G1, B1) ® (G2, B2) has metabolizer M and (G, B2) has metab-
olizer My, then M1 = {g € G1 | (g, h) € M for some h € Mp} is a metabolizer for

(G1, B1)-

The Witt groups W(Q/Z, (p)) are defined as is W(Q/Z), considering only
p-torsion abelian groups, and the decomposition W(Q/Z) = @pe@ wW(@Q/z,{p))
is easily proved. The Witt group of nondegenerate symmetric forms on [,-vector
spaces is denoted W([F,). The inclusion W(F,) — W(Q/Z, (p)) is an isomor-
phism. In the proof of this, the inclusion is clearly injective, and an inverse map
W(@Q/z,(p)) — W(Fp) is explicitly constructed via “devissage” [Alexander et al.
1976; Milnor and Husemoller 1973].

Let R be a commutative ring. Two closed 3-manifolds, M; and M>, are called
R-homology cobordant if there is a compact smooth 4-manifold X with boundary
the disjoint union My U—M> such that the inclusions H«(M;, R) — H. (X, R) are
isomorphisms. Equivalently they are R-cobordant, written M| ~g M>, if M1#—M>
bounds an R-homology 4-ball. The set of R-cobordism classes of R-homology
spheres forms an abelian group with operation induced by connected sum. This
group is denoted @%.
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The ring Z[1/ p] is the ring of integers with p inverted, consisting of all ra-
tional numbers with denominator a power of p. A closed 3-manifold M is a
Z[1/ p]-homology sphere if and only if H;(M) is p-torsion. The linking form
provides well-defined homomorphisms @a — W(Q/Z) and ©3 — W(F,) for

Z[1/p]
which the following diagram commutes. As in the introduction, we abbreviate

92[1/1)] by ©,.
Do, — DWEp)

l@ PEP lg
e} — W(Q/z)

If we switch to the topological category, all these maps are conjecturally isomor-
phisms.

3. Metabolizers for connected sums

3.1. Metabolizers. If a connected sum of 3-manifolds bounds a rational homology
ball, the associated metabolizer of the linking form does not necessarily split relative
to the connected sum. As a simple example, for the connected sum of lens spaces
L(p,1)#—L(p, 1) with p prime, the only metabolizers for the linking form on
Z, ® 7, are the diagonal and skew diagonal subgroups, generated by (1, 1).
However the existence of the connected sum decomposition does place constraints
on the metabolizer.

Theorem 2. If p is prime, G is a finite abelian group, and a given nondegenerate
symmetric bilinear form B1 @ B2 on Z, ® G has metabolizer M, then for some
aeG,(l,a) e M.

Proof. Let G, denote the p-torsion in G. There is a metabolizer .Jil,, for the form
restricted to Z, @ Gp,. If M, C Gp, then it would represent a metabolizer for the
linking form restricted to G, implying that the order of G, is an even power of p.
But since the form on Z,, & G, is metabolic, the order of G, must be an odd power
of p. It follows that there is an element (a’, a”) € ., with a’ # 0. Multiplying by
(a’)~! mod p, we see that (1,a) € M, C M for some a € Gp. O

In the following corollary, for each integer k, G denotes a finite abelian group
of order dividing a power of k.

Corollary 3. If m is a square-free integer, Gy ® Gy, is a finite abelian group with
ged(m, n) = 1 and a given nondegenerate symmetric bilinear form 1 @ B> @ B3
onZm ® Gy ® Gy, has metabolizer M, then for some a € Gy, (1,a,0) € M.

Proof. Write £y, = Zp, ®- - -®Zp, witheach p; prime. (Since m is square-free, there
are no prime powers in the factorization of m and all p; are distinct.) By Theorem 2,
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the projection of .l to each Z,, summand is surjective. Since the p; are relatively
prime, the projection to Z,, is similarly surjective. |

In order to construct elements of infinite order, we will need to consider multiples
of linking forms. Without loss of generality, we will be able to assume that the
multiplicative factors are divisible by four.

Theorem 4. Suppose that p is prime and a nondegenerate symmetric bilinear form
4k(B1 ® B2) on (Z, & G)** has a metabolizer M. Then M contains an element
of the form (1,1,...,1,czk+1,...,04%) ® b for some set of a; € Z,, and some
b e G**.

Proof. The Witt group W(Q/Z) is 4-torsion [Milnor and Husemoller 1973],
and thus 4kfB, has a metabolizer Jl'. By Proposition 1, the set of elements x
such that (x,y) € M for some y € A is a metabolizer, denoted N, for 4kB,
and thus is 2k-dimensional. As argued in [Livingston and Naik 1999], a sim-
ple application of the Gauss—Jordan algorithm applied to a generating set for N
yields a generating set consisting of vectors of the form (1,0,0,0,...,0, %, *,...),
(0,1,0,0,...,0,%,%,...), (0,0,1,0,...,0,%,%,...), ..., where each initial se-
quence of a 1 and Os is of length 2k.

By adding these vectors together, we find that the metabolizer N contains an ele-

ment of the form (1,1, ..., 1,02k +1,...,04k) € Z;k. Finally, since each element
in N pairs with an element in the metabolizer Jl’ to give an element in Jl, we get
the desired element b. |

4. Spin® structures

We need the following facts about Spin€(Y'), the set of Spin® structures on mani-
folds.

e The first Chern class is a map c; : Spin°(Y) — H?(Y).
o There is a transitive action H2(Y )xSpin°(Y)— Spin°(Y) denoted («, §)— - 5.

e For Y C W a codimension-one submanifold with trivial normal bundle, such
as a boundary component of W, the restriction map r is functorial: If s €
Spin®(W), a € H*(W), then

r(a-s) =r(a)-r(s).

e Foralla € H2(Y) and s € Spin°(Y), ¢1(a - 5) — c1(s) = 2a.

e As a corollary, if | H2(Y)| is finite and odd, then ¢ : Spin©(Y) — H?*(Y) is a
bijection.

e There is a canonical bijection Spin® (Y7 #Y2) — Spin© (Y1) x Spin®(Y3).
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For every smooth 4-manifold W, the set Spin® (W) is nonempty. (See [Gompf
and Stipsicz 1999] for a proof.) As a consequence, we have the following.

Theorem 5. Let N = 0X and let s € Spin® (N ) be the restriction of a Spin® structure
on X. Then the Spin® structures on N which extend to X are those of the form o - s
for a in the image of the restriction map r : H*(X) — H?(N).

4.1. Identifying Hy(N) and H*(N). Let N be a rational homology 3-sphere
bounding a rational homology ball X . Then, by Poincaré duality, Hy(N) = H?(N).
We have denoted the kernel of H;(N) — H;(X) by . Via duality, it corresponds
to the image of H2(X) in H?(N). Thus we will use .Il to denote this subgroup
of H2(N).

4.2. Spin structures. If the order |H1(M)| is odd, then there is a unique spin
structure on M that lifts to a canonical Spin® structure that we will denote so. With
this, there is a natural identification of H?(M) with Spin°(M). However we face
the complication that in assuming that M bounds a rational homology 4-ball X, we
cannot assume that X has a spin structure. The following result permits us to adapt
to this possibility. (In addition to playing a role in considering splittings of classes
in @a, in Section 13 we will use this result to extend a theorem from [Hedden et al.
2012] in which an added hypothesis was needed to ensure the existence of a spin
structure on X.)

Theorem 6. Suppose that N1# N, = 0X for some smooth rational homology 4-ball
X and that the order of Hi(N1) is odd. Then the image of the restriction map
Spin¢(X) — Spin®(N1) contains the spin structure so € Spin(Ny). In particu-
lar, every element in the image of this restriction map is of the form o - sg for
a € Image(H?(X) — H?(Ny)).

Proof. Let H =Image(H?(X) — H?(N1)), S = Image(Spin° (X ) — Spin®(Np)).
As usual, the choice of an element s € S determines a bijection between H and S.
In particular, the number of elements in S is the same as in H, which is odd.
Conjugation defines an involution on S which commutes with restriction. Thus
since S is odd, conjugation has a fixed point in S. But the only fixed element under
conjugation is the spin structure, since ¢ (5) = —c1(s). d

5. Basic obstructions from d -invariants

To each rational homology 3-sphere M and s € Spin® (M) there is associated an
invariant d (M, s) € Q, defined in [Ozsvath and Szab6 2003]. It is additive under
connected sum: d(M # N, (s1,52)) =d(M ,s1) + d(N, s2). A key result relating
the d-invariant and bordism is the following, taken from the same reference.
Theorem 7. If M = 0X with H«(X,Q) = H.(B*, Q), and t € Spin®(X), then
d(M,t|p) =0.
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5.1. Obstruction theorem. Suppose that |H1(M)| is odd and sy is the unique spin
structure on M. For a € H?(M), we abbreviate d(M, o - 59) by d(M, at).

Definition 8. d(M,«a) = d(M,«)—d(M,0).

The following result will be sufficient to prove that @% / ®(P ©p) is infinite.
Theorem 9. Suppose {M; } is a set of 3-manifolds for which Hy(M;) = Zm,; ® Zn,,
where the m; and n; are square-free and odd, and the elements of the full set
{m;,n;} are pairwise relatively prime. If a finite connected sum #,]cvz1 +M;,

represents a class in ®<13ZD that is in the image (P Op), then foralli =iy, 1 <k <N,
and for all (a,b) € Zy, ® Zp,,

d(M;, (a,b)) = d(M;, (a,0)) +d (M;, (0,b)).

Proof. Let Y = #; £M;, . We consider k = 1, abbreviating M;, = M and
H{(M) = Z,, ® Zy,. Suppose that Y is in the image of ®. Then Y #Y,, = 0X
for some collection of Z[p;” 1-homology spheres Yy, and a rational homology
ball X. Collecting summands, we can write M # N, # N, # N = 0X, where the
prime factors of | Hy (Ny,)| all divide m, the prime factors of | H1(N,)| all divide n,
and |Hy(N)| is relatively prime to mn. Let (sg, 51, 52, ) € Image(Spin®(X)). (By
Theorem 6 we can assume that the structure so € Spin®(M) is the spin structure.)
Then, by Corollary 3, for all a € Z,, and b € Z,, there are elements a’ € H(Ny,)
and b’ € Hy(Ny) such that:

e ((a,0)-59,a’ 51,52, 54) € Image(Spin®(X)).
e ((0,b)-50,51,b" - 52, 54) € Image(Spin€ (X)).
e ((a,b)-s9,a’-s1,b" - 53, 54) € Image(Spin®(X)).
Thus we have the following vanishing conditions on the d -invariants:
e d(M,s0) +d(Np,51) +d(Ny,52) + d(N,s5%) =0.
e d(M,(a,0)-59) + d(Np,a'-s51) +d(Ny,52) +d(N,sx) =0.
e d(M,(0,b)-50) + d(Nm.51) +d(Ny, b -52) + d(N,sx) = 0.
e d(M,(a,b)-s9) +d(Nm,a’-s1) +d(Ny,b'-s2) +d(N,s4) =0.

Subtracting the second and third equality from the sum of the first and fourth
yields

d(M,(a,b)-so)—d(M,(a,0)-s9) —d(M, (0,b)-50) +d(M,sp) =0.
Recalling that d (M, o) denotes d (M, o - 59) — d (M, s¢), this can be rewritten as
d(M, (a,b))—d (M, (a,0))—d(M,(0,b)) = 0.

Repeating for each M; completes the proof of the theorem. O
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6. Lens space examples: L(pgq,1).

Let (pi, g;) be pairs of relatively prime square-free odd integers such the products
piqi are pairwise relatively prime. We prove:

Theorem 10. No finite linear combination #j £L(pi, qi, , 1) represents an ele-
ment in the image ®(P V) C ®a.

Proof. To simplify notation, we use L, to denote L(n, 1). Assume there is such a
finite linear combination. We consider the first term L, 4, and simplify notation by
writing p = p1 and g = g1. By Theorem 9 we would have for all (a,b) € Z, & 7,

d(Lpq, (@,b)) = d(Lpg, (@,0)) +d(Lpq, (0,)).
According to [Ozsvath and Szab6 2003], for some enumeration of Spin® structures
on L(m,n), denoted s;, 0 <i <m, if we let D(m,n,i) = d(—L(m,n),s;), there
is the recursive formula
mn— Qi +1—m—n)?

D(m,n,i)= P

—D(n,m’,i’),

where the primes denote reductions modulo n, 0 <n <m, and 0 <i <m. The base
case in the recursion is by definition D(1,0,0) = 0. For every Spin® structure s
there is a conjugate structure s for which d(M, s) = d(M, 5) and s # s unless s is
the spin structure. We claim that for L, the Spin® structure s¢ does correspond to
the spin structure. Indeed, an algebraic computation shows that 4pgD(pg, 1,i) =
—4i%2 4+ 4pqi + pq(1 — pq), and in particular, pgD(pgq.1,0) = pg(1 — pq). The
difference,
4pgD(pq.1,i) —4pqD(pq.1,0) = 4i(pq —1i),

does not take on the value O for any 0 <i < pg. Since the value of D(pg, 1,0)
is unique among the d-invariants, it must correspond to the spin structure. In
applying Theorem 9, we identify 7, ® Z, = 7,4, so that the pair (a,b) € Z, ® 7,
corresponds to ag + bp € Zp4. In this case, the criterion becomes

D(pg,1,ap+bq)— D(pg,1,ap)— D(pg,1,bq) + D(pgq,1,0) =0.

Certainly p +¢ < pq, so we can apply the formula for D with a = b = 1. However,
in this case, the sum is immediately calculated to equal —2, which is not 0. O

7. Infinite order examples

The examples of the previous section are sufficient to demonstrate that the quotient
@% /®( Op) is infinite. We now present an argument to show it contains an
infinitely generated free subgroup. To carry out this argument we need to make
the additional assumption of primeness for the relevant p and ¢g. Let {p;,q;} be a
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set of distinct odd prime pairs with all elements distinct. We continue to denote
L(n, 1) by L. This section is devoted to the proof of the following theorem.

Theorem 11. The lens spaces Ly, q; are linearly independent in the quotient group
03/ D(D Op).

7.1. Notation. Suppose that ) ; b; L, 4, C Image ($). We can assume that by # 0.
We simplify notation, writing p and g for p; and g1, respectively. There is no loss
of generality in assuming that for all i, b; = 4k; for some k;, and write k = k.

Following our earlier approach, we will show that a contradiction arises from the
assumption that N =4k L, #Mp#M #M, = 0X for some rational homology 4-ball
X, where the orders of H1(Mp) and H{(M,) are powers of p and ¢, respectively,
and the order of Hy(M.) is relatively prime to pgq.

According to Theorem 4, the p-primary part of the associated metabolizer, .,
includes a vector A = ((1,..., 1,00k 4+1,...,04k), &) € (Zp)4k ® H1(Mp). Sim-
ilarly the g-primary part of the associated metabolizer, Jlg, includes a vector

B = ((1’ (RS ) 1’ 132k+1? s 7134k)7h) € (Zq)4k S Hl(Mq)

7.2. Constraints on the d-invariants. We let the spin structures on L(pq, 1), M),
and M, be s, 5’0 and 53 , respectively. Consider now the vectors 0, a A, bB, and
aA+ bB € Jl. Computing the d -invariant associated to each, we find that each of
the following sums is 0:

4k
i=2k+1

4k
2kd(Lpg,aq-s0)+ Y. d(Lpg.aqaiso)+d(My,ag-sy)+d(Mg,s50)+d(My,t),
i=2k+1

4k
2%kd(Lpg.bp-so)+ S, d(Lpg.bpBi-s0)+d(Mp.sy)+d (Mg, bh-sl)+d(My. 1),
i=2k+1
4k /
2kd(Lpg, (aqg+bp)-so)+ Y. d(Lpg,(aqai+bpBi)-so)+d(Mp,ag-sq)
L
S +d(My.bh-s1) +d (M. 1).

Note. We have again used that the inclusion Z,, C Z,, takes « to ag, and similarly
for Z, and B. We now take the sum of the first and last equation, and subtract the
sum of the middle two. As before, we continue abbreviating d(M, a-s¢) by d(M, a).
The result is that, for some set of a; and b;,

2k (d(Lpq.aq +bp) —d(Lpg.aq) —d(Lpg.bp) + d(Lpq.0))
4k

+ Z (d(quaaiq +bip)_d(qu,aiCI)_d(qu,bip) +d(qu’O)) =0.
i=2k+1
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We now introduce further notation. Let
8(Lpg.a,b) =d(Lpg,aq+bp)—d(Lpg.aq) —d(Lpgq,bp)+d(Lpg.0).
With this, we have proved the following lemma.

Lemma 12. If the lens spaces Lp,q4; are linearly dependent in @a/d)(@ @g), and,
for p = p1 and q = q1, Lpq has nonzero coefficient in some linear relation, then
for all a and b there are k, a; and b; such that

4k
2%k8(Lpg.a.b)+ > 8(Lpg.ai.bi) =0.
i=2k+1

7.3. Computation of bounds on 8§(L pg4,a,b). Note that §(Lyg,a,b)=0ifa=0
or b =0. Given Lemma 12, the proof of Theorem 11 is completed with the following
result.

Lemma 13. Foralla #0 mod p and b # 0 mod ¢, §(Lpg.a,b) <O.

Proof. All Spin® structures are included by considering the range

—(p—1/2<a=<(p—-1)/2 and —(¢g—1)/2=<b=<(g—1)/2.

By symmetry we can exclude the case a < 0. Since the formula for the d-invariant
d(Lpg,i) assumes i > 0, there are three cases to consider.

(1) a>0,b>0.
2)a>0,—-aq/p<b<0.
(3)a>0,b<—aq/p.
The formula for the d-invariant in the current case is
4n(d(Lp.i))=n— Qi +1—n—12?=n—n?+4ni —4i>

for 0 <i <n. We now compute 4pgd(Lyq,aq + bp) in each of the three cases.
First note that

Applying the formula for the d-invariant, taking care that i is positive in the
calculation of d(L,i) we find in the first case, § = —8abpgq, which is negative.
In the second case we compute § = —8h(a — p) pq, which is again negative (since
b <0anda < (p—1)/2). In the third case, § = —8apq (b + q), which is negative
since b > —(q — 1)/2. This completes the proof. d
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a b=0 1 2 3 4 5 6
2 =52 -112 32 72 28 8 2
1
0

52 -8 58 32-128 18 -28

0o 70 20 20 80 -70 -80
-1 52 -8 72 32 2 112 -28
-2 =52 18 -32 58 28 8 128

Table 1. 65d(L(65,8), 13a + 5b).

a b=0 1 2 3 4 5 6
2 0 =2 0 0 0o 2 2
1 o -2 2 0 4 0 O
0 0 0 0 0 0o 0 O
-1 0 -2 o o -2 2 0
-2 0 0 0 2 0o 2 4

Table 2. d(L(65,8), 13a + 5b) —d(L(65,8), 13a) — d(L(65,8), 5b).

8. An order-2 lens space that does not split

We now consider a lens space that represents 2-torsion in @é. Let M = L(65,8);
since 82 = —1 mod 65, we have M = —M and 2M =0 € 6%. We show that M
does not split. It follows quickly from the fact that L(65, 8) is of finite order in @%
that, for the spin structure s*, d(L(65, 8),5*) = 0. One can compute directly from
the formula for D given above that the value O is realized only by s36. Thus, in
applying Theorem 9, we identify the homology class x € Hy (L (65, 8)) with the
Spin€ structure s3¢+x, where the index is taken modulo 65. Table 1 presents the
values of d(L(65, 8), 13a + 5b) (multiplied by 65 to clear denominators). Rows
correspond to the values of a and columns to b. The central row and left column
correspond to a = 0 and b = 0, respectively. Symmetry permits us to list only
the values with » > 0. In Table 2 we list the differences, d (L (65,8), 13a + 5b) —
d(L(65,8),13a) — d(L(65,8),5b), with the nonzero entries demonstrating the
failure of additivity.

9. Infinite 2-torsion

We now generalize the previous example to describe an infinite subgroup of @gp
consisting of 2-torsion that injects into the quotient @%2 /®(P ©p). Consider the
family N, = L(4(5n + 1) +1,2(51n + 1)); for n = —1 we have —L (65, 8) as
in the previous section, but we simplify the computations by restricting to n > 0.
Expanding, we have N, = L(5(20n% +8n +1),2(52 +1)). If n # 3 mod 5, then
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2012 4 8n + 1 is not divisible by 5. By Appendix A we can further assume that the
number 7 are selected so that 7 is divisible by 5, and the integers 2012 + 8n + 1
are pairwise relatively prime and square-free. We enumerate the set of such n as n;
and abbreviate the corresponding lens spaces as L(5p;, q;) = Np,;. The remainder
of this section is devoted to proving the following.

Theorem 14. The set {N,, } generates an infinite subgroup consisting of elements
of order 2 in ©F,/ ®(EP Op).

To begin, we need to identify the spin structure. We use the recursion formula

n—Q2i+1—m—n)?
4dmn

D(m,n,i)zm —D(n,m',i’)

to compute relevant d -invariants. We are interested in the lens spaces L(4r2+1,2r).

One step of the recursion reduces this to L(2r, 1), and another step reduces it to S3.

Since we need to reduce modulo 2r, for 0 <i < 4r2 + 1, let y be the remainder of

i modulo 2r and x the quotient so that 2rx + y = i. So we write Spin® structures

as Sopx+y for0<y <2rand 0 <2rx+y < 4r2 4 1. Carrying out the arithmetic

yields:

Lemma 15. Foranyr >0, x and y with0 <y <2r and 0 <2rx +y < 4r? + 1:

(rx +(y—rQr+1)x—r(y*—Q2r—1)y— r))

4r2+1

(2) The discriminant of the numerator, viewed as a quadratic polynomial in the
variable x, is 4(y —r)?(4r? 4+ 1). Moreover it is the square of an integer if
andonly if y =r.

(3) d(L(4r% +1,2r),52rx+y) =0 ifand only ifx =r and y = r.

(4) The spin structure on L(4r? 4+ 1,2r) is Sop24pe

(1) d(L(4r%+1,2r), 507 x4y) =

In our case r = 5n + 1 and the spin structure is $5¢,24+25,+3-

Proof of Theorem 14. For each n, we write N, = L(5py, g») and assume that some
linear combination )_ N, =0 € 63,/ @(@pe@ ®z[1 /p))- We write the first term
in the sum as N = L(5p, q), where p = 20n? + 8n + 1. Since the sum splits, for
some collection of primes r; and manifolds M, y with Hy (M, j) rj-torsion, we have
N# # Ny, ##Mrj = dX,
i>1

where X is a rational homology ball. We can collect terms as N # M, # M, = 0X
where M), includes all the M;; for which r; divides p, and My, contains all the
other summands, including all the Ny, with i > 1.

The homology of this connected sum of three-manifolds splits into the direct sum
of three groups: (Zs ®7Z,) ® Gp ® G, where the order of G, is a product of prime
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factors of p, 5 does not divide the order of G, and the orders of G, and G, are
relatively prime. It follows that the 5-torsion in the metabolizer, .5, is contained
in (Z5,0) ® 0 ® Gy,. The direct sum of all primary parts of the metabolizer for
primes that divide p, J,, is contained in M, = (0,Z,) ® G, © 0.

As in our previous arguments, 5 contains an element of the form (1,0)®0da”,
and J,, contains an element (0, 1) ® b” @ 0. Continuing as in the early proofs, we
find that for all ¢ and b,

d(L(5p.q).(a,b)) =d(L(5p.q).(a,0)) + d(L(5p.q).(0.b)).

Or, writing Z5 @ Z) as Zsp,
d(L(5p.q). pa + 5b) = d(L(5p.q), pa) +d (L(5p.q).5b).

Since L(5p, q) is of order two, for the spin structure, the d-invariant vanishes so
the d-invariant is the same as the d-invariant. We let @ = 1 and b = —1 and arrive
at a contradiction by showing the following equality does not hold:

d(L(5p.q). p—5) = d(L(5p.q). p) +d(L(5p.q).—5).
To apply Lemma 15 we need to express each of
(50n% +25n4+3)+p—5, (50n®>+25n+3)+p and (50n%+251+3)—5

as 2(5n + 1)x 4+ y. Simple algebra yields the following pairs (x, y) for these three
respective Spin© structures:

cea=1,b=—-1: (x,y)=0n+1,9%-3).
cea=1,b=0: (x,y)=On+1,9+2).
cea=0,b=—-1: (x,y)=0n+1,5n—-4).

Finally one uses these expressions to determine that for all n

d(L(5p,q), p—5)—d(L(5p,q), p) —d(L(5p,q),—5) = 4.

Since the difference is not zero, no splitting exists and the proof of Theorem 14 is
complete. O

10. Topologically split examples

In this section, we apply Theorem 9 to find examples of manifolds that split
topologically but not smoothly. We begin by carefully examining an example in
which the splitting exists smoothly, focusing on the computation of the d -invariants
and next illustrate the modifications which do not change its topological cobordism
class but alter it smoothly. The deepest aspect of the work is in the determination of
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the d-invariants. In brief, the manifold we look at is 15-surgery on the (3, 5)-torus
knot, T3 5, denoted by S 135(T3,5). This is homeomorphic to the connected sum
L(3,5) #—L(5,3). Next, letting D denote the untwisted double of the trefoil knot
(D = Wh(T3,3)), which is topologically slice, we consider S 135(T3,5#D) and prove
that it does not split in the cobordism group.

In this section and the next, and also in Appendix B, we develop properties of
the Heegaard—Floer complex of specific torus knots and tensor products of certain
of these complexes. More extensive computations appear in [Hancock et al. 2013].

10.1. d(S 135 (T3,5),i)). We now determine the doubly filtered Heegaard—Floer
complex CFK® (53, T3 5). This complex is by definition a doubly filtered, graded
chain complex over F,. Thus a set of filtered generators can be illustrated on a grid
with the coordinates representing the filtration levels and the grading marked. There
is an action of Z on the complex, and if we let U be the generator, this makes the
complex a F»[U, U~!]-module. The action of U on the complex lowers filtration
levels by 1 and gradings by 2.

We now show that CFK*(S3, T3 5) is as illustrated in Figure 2. In order to
find this decomposition, we start by focusing on the central column (for which the
top-most generator is at filtration level j = 4 and is labeled with its grading 0).
The vertical column, i = 0, represents the subquotient complex C/F\K(S 3.Ts5).
We begin by explaining why it appears as it does in the illustration. According to
[Ozsvéth and Szabé 2005, Theorem 1.2], since for torus knots there is an integer
surgery that yields a lens space, }fﬁ((S 3. T35, j), the quotient of the j-filtration
level by the (j — 1)-filtration level is completely determined by the Alexander
polynomial,

Ary5(1) = - "+ )+ +3) = +1%).

This explains the location of the generators of C/FT((S 3 T3 5). Similarly the same
work determines the grading of the generators. The fact the complex (ﬁ:\K(S 3. Ts5)
is a filtration of the complex CF (S3), which has homology [F, with its generator
at grading level 0, forces the vertical arrows, presenting the boundary maps, to
be as illustrated. To build the CFK*® diagram from the CFK diagram, we first
apply the action of U to fill in the generators as well as the all the vertical arrows.
We next note that the homology groups H/F\K(T3,5, i) can be computed using the
horizontal slice j = 0 instead of the vertical slice, and this forces the existence
of the horizontal arrows as drawn. With this much of the diagram drawn and the
action of U lowering grading by 2, the gradings of all the elements in the diagram
are determined. Finally we note that the fact that the boundary map lowers gradings
by 1 rules out the possibility of any other arrows.
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Figure 2. The case s = —4 with the quotienting subgroup shaded.

According to [Ozsvath and Szabd 2004], the complex CFK™ (S 135(T3,5), s), for
—7 <s <7, 1is given by the quotient

CFK*®(S?, T3,5)/ CFK™ (S, T3,5)i <0, <s[1.

where 7 is a grading shift:

_ —(2s—15%+15
= 60 ‘
Figure 2 illustrates the case s = —4 with the quotienting subgroup shaded in the
diagram. By definition, the d-invariant is the minimal grading among all classes in
the group HFK ™ (S7(T3,5), 5), which are in the image of U" for all n. From the dia-
gram, without shifting the gradings, we see this minimum for HFK* (S75(73,5), —4)
is —8: one generator of grading level —10 has been killed, and all such generators
are homologous. The values for all Spin® structures, s = —7,—6, ..., 6,7 are given
in order as

{—14,-12,-10,-8,—-8,—6,—4,—4,-2,-2,-2,0,0,0, 0}.
After the grading shift, the values are all of the form a; /30, where, in order, the a; are
{-7,-3,5,17,-27,-7,17,—15,17,-7,-27,17,5, -3, —7}.

Finally to compute d, we subtract —15/30 (the value for the spin structure) from
each entry and find that the values of d are given by b; /30 for the following values
of b; in order:

{8,12,20,32,-12,8,32,0,32,8,—12, 32,20, 12, 8}.

We have listed these values in Table 3, in which we write each value of s as 5a + 3b
mod 15for—1<a<1land -2<b <2.
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a b=-2 -1 0 1 2

1 32 8 20 8 32
0 12 -12 0 -12 12
-1 32 8 20 8 32

Table 3. 30d(S35(T3,5), 5a + 3b).

Since 5135(T3,5) is the connected sum of lens spaces, Theorem 9 predicts a
pattern in the chart: each element should be the sum of the entries of its projection
on the main axes. This is the case. Notice for instance that the top-right entry 32
in position (a,b) = (1,2) € Z3 & Z5 (which represents 1(5) +2(3) = 11 € Z;5) is
the sum of the entries in positions (2, 0) and (0, 1), 12 and 20, respectively.

10.2. d(S 135 (T'3 s#D),s). Inorder to compute the d-invariants that are associated
to surgery on the connected sum, we first must compute CFK® for the connected
sum of knots. The complex CFK*°(73 3) is illustrated in Figure 3, left, and it
follows from [Hedden 2007] that, modulo acyclic subcomplexes, the chain complex
for D is the same. (The results of the same article are focused on the hat complex
CFK(K) but extend to the full CFK* complex. For more details, see [Hedden et al.
2014].)
At this point we need to analyze the tensor product

C = CFK™®(T3,5) ®¢y,y—1] CFK®(T2,3).

This complex is fairly complicated, containing 21 generators, but it is easily seen
that it contains a subcomplex C’ as illustrated in Figure 3, right. This subcomplex

Lo
2 40»7 .
, F‘T [ )
. FT [ ]
- .*AT [ ]
.**4? [ )
_g*f o
_&f 1)
.

Figure 3. Left: the complex CFK*°(T 3). Right: The subcom-
plex C’ of CFKOO(T3,5) ®[F[U,U_1] CFKOO(T2,3).
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a b=-2 -1 0 1 2

1 | 28 8 20 8 -28
0 12 -12 0 -12 12
1 | 28 8 20 8 -28

Table 4. 30d(S}5(T3,5# D), 5a + 3b).

carries the homology of the overall complex but does not contain all generators of
a given grading. However, by examining the full complex with 21 generators, we
have the following observation.

The complex C; <, j <n contains a generator of grading 0 if and only if C/ <m,j<n
contains a generator of grading 0. In particular, d-invariants for C can be computed
using C’.

Using this diagram to compute the minimal gradings of classes in

CFK™(T35# D)/ CFK™(T3,5# D)i<0,j<s
for —7 < s <7, we get the following:
{—14,-12,-10,-10,-8,—-6,—6,—4,—4,—-2,—-2,-2,0,0, 0}.

After shifting gradings by —n, the values are of the form a; /30, where the a; are,
in order,

{—7,-3,5,—43,-27,—7,—43,—15,—-43,-7,-27,-43,5, -3, -7}.

To compute d, we add 15 /30 to each term, yielding the values b; /30, where the b;
are
{8,12,20,-28,—-12,8,—-28,0,—28, 8, —12, 28,20, 12, 8}.

We can arrange these in a chart as in Table 4.

Notice that the entries on the axes are unchanged, but the underlined entries
are no longer the sum of the values of the projections; that is, —28 # 12 + 20.
Thus, according to Theorem 9, this manifold is not @-homology cobordant to any
manifold of the form M3 # Ms# M,.

10.3. Second example. As a second example we consider the case of S335 (Ts,7)
and S;’S(ng # D) and illustrate the analogous charts as above (this time multiplied
by 70 to clear denominators). The first chart, Table 5, necessarily demonstrates
additivity; the second, in Table 6, upon examination does not. This becomes more
apparent by considering the third chart, in Table 7, formed as the difference of
the first two, but not multiplied by 70. The underlined entries illustrate the failure
of additivity. Considering this difference is a simplifying approach of the general
proof in the next section.
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b=-3 -2 -1 0 1 2 3

a

2 —-68 —-108 48 -28 -48 -108 -68
1 -12 -52 8 28 8 52 -12
0 —40 -80 -20 0 20 -80 -40
1

2

-12 -52 8 28 8 52 -12
—-68 -108 48 -28 -48 -108 -68

Table 5. 70d (S35(Ts,7), 7a + 5b).

a b=-3 2 -1 0 1 2 3
2 720032 92 112 92 32 72
1
0

128 8 8 28 8 83 128
100 60 20 0 -20 60 100
1 128 8 8 28 8 83 128
2 720032 92 112 92 32 72

Table 6. 70d (S35(Ts,7# D), 7a + 5b).

a b=-3 2 -1 0 1 2 3
2 2 2 2 2 2 2 2
1 2 2 0 0 0 2 2
0 2 2 0 0 0 2 2
-1 2 2 0 0 0 2 2
-2 2 2 2 2 2 2 2

Table 7. d(S3s(Ts7#D),7a + 5b) —d (S3s(Ts,7), Ta + 5b).

11. Topologically split examples, general case

We now wish to generalize the examples of the previous section. To do so, we
begin by choosing an infinite set of integers {p;} with the following properties:
(1) all the p; are odd; (2) the elements of the full set {p; } U {p; + 2} are pairwise
relatively prime; and (3) each p; and p; + 2 is square-free. The existence of such
a set is demonstrated in Appendix A, and throughout this section we assume all
p are selected from this set. In the previous example we needed to track grading
shifts. It will simplify our discussion if we avoid dealing the grading shifts as
follows. Define c?(S,?(K), s) =d(S2(K),s)+n. That is, d is computed as is the
d-invariant, except without the grading shift, the induced grading on

CFK T (S3(K),s) = CFK*(S?, K)/ CFK®°(S?, K){i <0,j <s}-
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Since p is odd, we can write p =2n+1 and let ¢ = p 42 = 2n + 3. Our manifolds
of interest are S ng (Tp,g) and S ;’q (Tp,q # D). We collect here the results of a few
elementary calculations.

Theorem 16.

(1) The surgery coefficient is pq = 4n® + 8n + 3.

(2) The three-genus satisfies

g(Tpg) =2n(n+1)=2n*+2n and g(Tpy#D)=2n*+2n+1.
(3) Spin® structures are parameterized by s, with
—Q2n*+4n+1)<s<Q@n®+4n+1).
(4) Generators of (ﬁ:\K(Tp,q) have filtration level j, where
—2n(n+1)<j <2n(n+1).
The main result of this section is the following.
Theorem 17. c;(qu (Tp,q# D), s) does not satisfy additivity as given in Theorem 9.

Proof. The space S ;q(Tp,q) satisfies the additive property as in Theorem 9. Sup-
pose that Sp3q(Tp,q # D) also satisfies the additivity property. Then the difference
ci(qu (Tp,q). (a.b)) —d_(SIfq (_Tp,q #D), (cz, b)) also satisfies the additivity property.
We denote this difference by d’(a, b) or d’(ag + bp). Note that it is unnecessary
to add the grading shift 7 to the amount we get from the diagram when computing
either of the values d(qu(Tp,q), (a,b)) or d(qu(Tp,q # D), (a, b)) since they
have the same grading shift. Namely
d'(a.0) = d(S;4(T(p.q)). (@.b)) = d (S (Tp.q # D). (a. b))
—d(S),(Tpg).0) +d(Sp,(Tpq#D).0).
From our choice of p and ¢, we have (n + 1) p 4+ (—n)g = 1. Thus the additivity
property implies the equality
d'(1)=d'((n+1)p)+d'(-nq),
or, equivalently,
(1-1) d(S3,(Tpg). 1) —d(S3,(Tpq# D). 1)
= d(Spg(Tp.g): (1 +1D)p) = d (S (Tp.q# D). (n +1)p)
+d(S3,(Tpqg).—nq) —d (S}, (Tpq# D). —nq)
—d(S3,(Tp.q).0) +d(S3,(Tpq#D),0).
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Since (n+ 1) p = 2n% 4 3n + 1 lies between the genus of T(p, ¢) (and of T 4 # D)
and the upper bound on the parameters for the Spin® structures,

2n2+2n+1<2n?+3n+1<2n%>+4n+1,

the values of the d-invariants are easily seen to be 0. On the other hand, the
number —ng is greater than the lower bound on the parameters for the Spin®
structures and less than the negative of the genus,

—@2n?+4n+1) <—2n*>+3n) < —2n>+2n+1),

and thus one sees that the d-invariants associated to —ngq take the same value
—25 = 2(2n? + 3n) for both T, 4 and Ty 4 # D. Thus, in contradicting additivity,
it remains to show that the equality

d(Spy(Tp,g) D =d(Spy(Tpg#D), 1) = =d(Sp,(Tp.q),0) +d (Spy(Tp,g#D),0)

does not hold.

Now we will compute d of both spaces for Spin® structures 0 and 1. Observe
that within width 1 from the diagonal j = i, the complex CFK*(S3, Tp,q) looks
like CFK® (83, T, 3) if n is odd or CFK™(S3, T, 5) if n is even. This depends
on the fact that near the origin the complex CFK*(S3, T}, ;) looks like that of
the (2, k)-torus knots. In Appendix B we prove that the Alexander polynomial
of Tp, p42 isof the form 1 +) ;_,a; (t7' +1"), where a; = &1 fori < (p—1)/2.
As in the example of the previous section, this determines the “zig-zag” feature of
the CFK® complex near the origin. Tensoring with the trefoil complex does not
alter this pattern.

The generators of the same grading 2/ of [x, —1,0] if n is odd (or [x,0,0] if n
is even) lies above the antidiagonal i 4+ j = —1 (or i 4+ j = 0). So, in order to
compute d (S gq(T( P.q)),s) for s =0, 1, we may assume in the computations that
the complex we are considering is one of

CFK®(S3,T>3) ifnisodd,
CFK®(S3,T,5) if niseven.

It is now easy to compute

K} ‘ n odd n even
d(S3,(Tpg).5)= 1| 20+2 2
0 21 21

Near the diagonal j = i, the complex CFK*°(S3, T, , # D) looks like

CFK*® (83, T, 5) if n is odd,
CFK®(S83,T» 3)[-2] ifn is even.
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The grading of [x,—1,0] is 2/ — 2 if n is even and the grading of [x, 0, 0] is 2/ if n
is odd. Thus we have

s ‘ n odd n even
d(S3,(Tpg#D).s)= 1| 2l 21
0 21 21-2

We see that

‘ n odd n even

2 0
0 2

s
g(SSq(Tp,q)v s)— j(qu(Tp,q #D),s)= 1
0

This shows that (11-1) cannot be satisfied. We conclude that the space Sg’q (Tp.q#D)
does not satisfy the additive property of Theorem 9. O

11.1. The image of ¥ in Qé /®(@ ©)) is infinite. This is a consequence of the
following result.

Theorem 18. The spaces Np 4 = Ssq(Tp,q #D)# —qu(Tp,q) € K are distinct in
the quotient O3/ ©(EP Op).

Proof. Observe that Slfq (Tp,q#D)#— qu (Tp,q) € I since the knots are topologically
concordant. We next observe that these manifolds have the property that no linear
combination with all coefficients %1 is trivial in the quotient. Suppose that some
such linear combination was trivial. Then focusing on any particular pair (p, q),
we would have that qu (Tp,q#D)# M, # My # My, = 0X for a rational homology
ball X, where the order of M), is a product of prime factors of p, the order of M,
is a product of prime factors of ¢, and the order of M, is relatively prime to pgq.
(This uses the fact that S Sq(Tp,q) does split as a connected sum.)

The existence of this connected sum decomposition implies the additivity for

d-invariants of qu (Tp,q # D) in a way that contradicts Theorem 17. O

12. Knot concordance

We denote by € the classical smooth knot concordance group. Levine [1969]
defined the algebraic concordance group ¢ and the rational algebraic concordance
group, 42. He also defined a surjective homomorphism € — %, proved that the
natural map % — 4% is injective, and proved that 42 is isomorphic to an infinite
direct sum of groups isomorphic to Z, Z, and Z4. He also proved that the image
of %4 in 42 is isomorphic to a similar infinite direct sum. In the same article it
is observed that 4@ has a natural decomposition as a direct sum ®YQ n» Where
the p(¢) are symmetric irreducible rational polynomials. We will not present the
details here, but note that if the Alexander polynomial of K, Ak (¢), is irreducible,
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then the image of K in 42 is in the ‘9%0) summand. Stoltzfus [1977] observed that
the algebraic concordance group % does not have a similar splitting. Thus there
is not an immediate analog in concordance for the decompositions we have been
studying for homology cobordism. However he did prove that in some cases such
a splitting exists. The following, from Corollary 6.5 of the same work, is stated
in terms of knot concordance, but, given the isomorphism of higher-dimensional
concordance and 97, the same splitting theorem holds in the algebraic concordance
group.

Theorem 19. If K is an n-dimensional knot for n > 1 and Ag(t) factors as
p(t)q(t) with p(t) and q(t) symmetric and the resultant Res(p(t),q(t)) = 1,
then K is concordant to a connected sum K # Ko, with Ak, (t) = p(t) and
Ak, (1) =4 ().

Here we observe that this result does not hold in dimension 3.

Example. Consider the ten-crossing knot K = 10s. It has Alexander polynomial
A=A—t+13H)A =2t +22 =13 4214 —21° +19).
These two factors are irreducible and have resultant 1.

Theorem 20. The knot 105 is not concordant to any connected sum K1 # K,, where
Ak, =1—t+1t2and Ag, = 1 =2t +2t2 — 13 4+ 2t* - 21> +¢1°.

Proof. The 2-fold branched cover of K is the lens space L(33, 13). If the desired
concordance existed, then L (33, 13) would split in rational cobordism as a connected
sum M3 # My, with Hy(M3) = 73 and H{(M11) = Z11. In order to compute the
relevant d -invariants, one first identifies s¢ as the spin structure s by computing that
the value of d(L(33, 13), 5¢) = 33, a value that is not attained by any other Spin®
structure. The values of the d -invariants, d(L (33, 13), (a,b)-5«)—d(L(33,13), 54)
for (a,b) € Z3 & 71, are given in the chart in Table 8 (multiplied by 33 to clear
denominators).
The next chart, in Table 9, presents the values

§(L(33,13), (a,b)) = d(L(33,13), (a, b)) — d(L(33,13), (a, 0))
—ad(L(33,13),(0,b)) + d(L(33,13), (0,0)).

a b=0 1 2 3 4 5

1 22 10 40 46 28 52
0 0 54 18 24 6 30
-1 22 10 40 20 28 -14

Table 8. 33 d(L(33,13), 11a + 3b).
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a b=0 1 2 3 4 5
1 0o 2 0 0 0 O
0 o o0 0 0 o0 o
-1 o 2 0 2 0 2

Table 9. §(L(33,13), (a, b)).

The presence of the nonzero entries implies the nonsplittability of the manifold,
as desired. |

Note. In [Livingston 2002], the second author constructed similar but much more
complicated examples in the topological category.

13. Topologically trivial bordism

In [Hedden et al. 2012] the quotient @Q spin / G)@ spin Was studied. Here the cobor-
dism group has been restricted to spin 3-manifolds and spin bordisms which have
the rational homology of S3. The notation @T Q,spin denotes the subgroup generated
by representatives which bound topological homology balls and @Q spin is generated
by those that are cobordant to Z-homology spheres. (Note that we have changed
the notation from that of the same reference to be consistent with the results of the
current paper.) There is also a similar result in the same work replacing (Q, spin),
with Z,. Recall that every orientable 3-manifold has trivial tangent bundle, so is
spin, and that every Z, homology 3-sphere has a unique spin structure.

Here we observe that Theorem 6 permits us to eliminate the need to constrain
the cobordism group to being spin or to use Z, coefficients. Let @g denote the
subgroup of @% generated by rational homology spheres that are trivial in the
topological rational cobordism group, that is, the kernel of XK.

Theorem 21. The quotient group @5 / @% is infinitely generated.

We outline how the argument in [Hedden et al. 2012] can be generalized.

In this work there is a family of rational homology spheres, M2, constructed
for an infinite set of primes p. These are constructed so that they bound topological
balls. The proof of the theorem consists of showing that no linear combination
N=#,a;M 2#M0 bounds a spin rational homology ball (or Z, homology ball) W,
where My is aZ- homology sphere. The existence of a unique spin structure was
used to identify Spin® of the relevant manifolds with the second homology.

If all p are odd, then there is a unique Spin® structure on N, and according to
Theorem 6, it is the restriction of a Spin® structure on W. Given this, Proposition
2.1 of the same reference, which required that W be spin, continues to apply to
identify the Spin® structures on N which extend to W with a metabolizer of the
linking form on H;(N). That identification is what is used to obstruct the existence
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of W via d-invariants, as described in Theorem 3.2 of the same work. Thus the
remainder of the proof goes through as in that paper.

Appendix A. Finding the p;

The proof of Theorem 17 requires a sequence of odd pairs { p;, p; + 2} such that
the elements of the full set {p;} U {p; + 2} are pairwise relatively prime and
square-free. Since p; and p; + 2 are relatively prime, we need to choose the p; so
that all elements of {p;(p; + 2)} are pairwise relatively prime and each element is
square-free. If we let p; =n; — 1, then p; (p; +2) = nl2 — 1, and so we are seeking
an infinite sequence of positive integers {n;} such that:

(1) n; is even for all i.

(2) All elements of {nl2 — 1} are relatively prime.

(3) Each ”12 — 1 is square-free.

In Section 9 we need a sequence of integers n; such that n; = 0 mod 5 with the

property that the integers 20”1'2 +8n; + 1 are relatively prime and square-free. Here
is a theorem that covers both cases.

Theorem 22. Let f(x) € Z[t] be an quadratic polynomial with constant term 1 that
is not the square of a linear polynomial. Let a be a fixed integer and s, = an be an
arithmetic sequence. There exists an infinite set of s; such that values of f(s;) are
pairwise relatively prime and square-free.

Proof. 1t is known that if g(n) is a quadratic polynomial that is not a square of
a linear polynomial and which has the property that its coefficients have greatest
common divisor one, then g(n) is square-free for an infinite set of n (see, for
example, [Erd6s 1953]). We wish to construct the sequence of s; inductively. To
find 51, let f1(n) = f(an), which is irreducible with constant term one. Choose 7
so that fi(nq) is square-free. Let s1 = an. Assume that s; has been defined for
i < k. We find s; with the desired properties as follows. Let P = ]_[f:_ll f(si).
Consider the function f;(n) = f(aPn). Again this polynomial is irreducible with
constant term one so there exists an ny for which fi (ny) is square-free. Since
fre(np) = f(aPny), we let s = aPny. Notice that f(ePn) =1 mod p for each
prime divisor p of P, since evaluating f at «Pn gives a quadratic polynomial in 7,
with the quadratic term and linear term divisible by P and the constant term one. It
follows that f(sg) is relatively prime to all f(s;),i < k. d

Appendix B. The Alexander polynomial of T, 2

Normalized to be symmetric, the Alexander polynomial of a knot can be written in
the form Ag(t) =ao+Y 1—; ai (17" +1"), where ag+2 Y a; = +1. In Section 11
we use the following fact.
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Theorem 23. If K = T), 51> with p odd then

(r*-1)/2 o
AT, , ) =ao+ > ait™ +1"),
i=1

where a; = +1 fori <(p—1)/2.

Note. With more care, all the coefficients or Az, ., (#) can be described in closed
form.

Proof. As a polynomial (as opposed to the normalized Laurent polynomial) with
nonzero constant term, the Alexander polynomial of 7}, 4 is

(1=tPH)(1—1)/(A—1tP)(1 —19).

Expanding each term of the denominator in a power series and noting that multi-
plying by the 79 term in the numerators does not affect terms of the product of
degree less than 2g = (p — 1)(¢ — 1), the degree of the Alexander polynomial, we
can focus on the expression

(I=)A+tP +122 432 4 A+ 19 4129 4.0,

which we write as the product

w .
(1=1)) bt
i=0

Here b; is the number of solutions to xp + yg =i, with x, y > 0. In the case of
interest, ¢ = p + 2 and the genus g = (p? — 1)/2. We will now show that for i in
the range g — A <i < g, the values b; are alternately 0 and 1, where A is a constant
to be determined. Thus, using the fact that the Alexander polynomial is symmetric,
upon multiplying by (1 —¢) we have the coefficients of the Alexander polynomial
are all =1 near t8. To show that the coefficients b; alternate between 0 and 1 for
g— A <i < g, we first observe that in a given range of i, all b; > 1 for i even. To
see this, write p = 2n + 1 and ¢ = 2n + 3; thus g = 2n? + 2n. Consider the sum

n—+j n—j

2 P

where j is selected to have the same parity as n. (We require here that j < n; that
is, we need A < (p —1)/2.) To complete the argument, we next observe that the
difference |b; —b;| < 1if |i — j| < 1. Suppose otherwise. That is, suppose that
there are distinct nonnegative solutions to the equations

qg=2n>+2n—j,

xXp+yq=i
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and
xX'p+y'q=
with x, y, x’, y'>0,]i —j| <1,and i, j <g. The conditions thati < g and y >0

imply that xp < g = (pq— p—q —1)/2, which implies that x < (¢ —1)/2. We first
consider the case that i # j. After possibly reordering, the difference would give

(x=x)p+(y-y)g=1
One solution to this equation is

q—1 p—1 _ 1
) Pmd=

Every other solution is given by adding a multiple of (—¢, p) to the coefficient vector
(note that —g(p) + p(q) = 0 is a primitive solution since p and ¢ are relatively
prime). Thus the solutions with the smallest absolute values of the x-coordinate to
the unital equation are the one above and

q+1 p+1

—1.
; P4

That is, the smallest possible value for (x —x’) is x —x” = (¢ — 1)/2. But, since
x and x’ both are nonnegative and less than (¢ — 1)/2, this is impossible. As an
example, if p =21 and g = 23 (so g = 220), we have the solutions

1121)—10(23) =1
and

—1221) +11(23) = 1,

with g = 220. We also have x(21) + y(23) < 220 which implies that x < 220/21,
$0 0 < x < 10. Similarly for x’, so it is not possible for |x — x’| = 11. Finally we
consider the case i = j. Thus our coefficients would satisfy

(x=x)p+(y—yHg=0.

This implies that x — x’ is a multiple of g. But this would imply that they are equal
since under our assumptions both are nonnegative and also xp < pg—p—q+1 < pq,
sox <qand x’' <gq.

In summary, if we write the Alexander polynomial of the 7}, 4 torus knot, with
g—p=2as+tlasag +Z}g:1 a;(t' +1t7"), then for i < (p—1)/2, we have shown
that a; = (—1)". O
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BIHARMONIC SURFACES OF CONSTANT MEAN CURVATURE

ERrIC LOUBEAU AND CEZAR ONICIUC

We compute a Simons-type formula for the stress-energy tensor of bihar-
monic maps from surfaces. Specializing to Riemannian immersions, we
prove several rigidity results for biharmonic CMC surfaces, putting in evi-
dence the influence of the Gaussian curvature on pseudoumbilicity. Finally
the condition of biharmonicity is shown to enable an extension of the classi-
cal Hopf theorem to CMC surfaces in any ambient Riemannian manifold.

1. Introduction

While harmonic maps between abstract Riemannian manifolds are a generaliza-
tion of minimal submanifolds, their study on two-dimensional domains remained
nonetheless very valuable and brought new light to both theories. When, for
topological or geometrical reasons, harmonic maps are nonexistent or unsatisfactory,
one can then measure the failure of harmonicity with the bienergy functional

Ex(¢) = %/M 7)1 v,

where M is compact, ¢ : (M, g) — (N, h) is a smooth map and t(¢) = trace Vd¢
is the tension field. Usual arguments (see [Jiang 1986]) show that critical points
of E», called biharmonic maps, are solutions of

7 (¢) = —At($) — trace RN (dp (-), T(¢))dp(-) =0,

and we will use the adjective proper to designate nonharmonic biharmonic maps.

Whilst the interconnections between harmonic maps and minimal surfaces are
clear and well-established, in many cases, but not always, biharmonic Riemannian
immersions have constant mean curvature (CMC). However, this link is not as
clear as harmonicity and minimality, and the principal objective of this article
is to explain how biharmonicity constrains CMC surfaces in an abstract ambient

C. Oniciuc was supported by a grant of the Romanian National Authority for Scientific Research,
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manifold. This is particularly well-illustrated on compact biharmonic CMC surfaces
whose Gaussian curvature has constant sign. They must be flat or pseudoumbilical
if K™ is nonnegative (Corollary 11); otherwise they have pseudoumbilical points
(Theorem 12). The role of pseudoumbilical points in relaxing curvature constraints
is further felt in the noncompact case, as their absence forces the CMC surface to
be conformally flat (Theorem 12).

For complete surfaces, nonnegative Gaussian curvature and an upper bound on
the sectional curvature of the ambient space will cause the surface to be flat or
pseudoumbilical, but note that both can occur simultaneously (Proposition 18).
When the ambient manifold is a three-dimensional space form, the surface must be
umbilical (Corollary 14); consult [Montaldo and Oniciuc 2006] for the classification.

Our approach is to derive, in Proposition 3, a Simons-type formula for the
biharmonic stress-energy tensor, valid for all smooth maps. As cumbersome as
this equation is in the general case, on biharmonic maps from surfaces it simplifies
enough (Proposition 5) to enable the use of a divergence argument (Theorem 6) and
draw some consequences (Corollaries 8 and 9). However, the main consequences
are for CMC biharmonic surfaces.

To close the article, we show that, in any ambient space, the condition of bihar-
monicity preserves the holomorphicity of the Hopf differential of CMC surfaces
(Theorem 20).

Biharmonic CMC surfaces were also studied in [Fetcu and Pinheiro 2013; Ou
and Wang 2011] and [Sasahara 2007].

The conventions we adopt are that the Riemann curvature tensor is

R(X,Y)=[Vx, Vy]=Vix
while its (0, 4) counterpart is
R(X,Y,Z, W)= (R(X, Y)W, Z).

The choice of sign for the Laplacians on sections and functions is the same, and on
the real line Af = — f”.

All objects, unless specified, are smooth and we assume summation on repeated
indices, when apt.

2. The biharmonic stress-energy tensor on surfaces

Since biharmonic maps stem from a variational problem, one can apply the general
principle of studying the same functional but under variations of the domain metric.
This idea taken up on the bienergy leads to the biharmonic stress-energy tensor,
which is symmetric and of type (0, 2); see [Loubeau et al. 2008].
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Definition 1. Let (M, g) and (N, h) be Riemannian manifolds and ¢ : M — N a
smooth map. The biharmonic stress-energy tensor of ¢ is

()
2

where T'(X, Y) = (d¢(X), VyT(¢)) + (dp(Y), VxT()).

S2(X, Y)={ +<d¢,VT(¢))}g(X, Y)-T(X,Y),

The main feature of S is satisfying Hilbert’s principle of being divergence-free
at critical points [Loubeau et al. 2008; Jiang 1987]; that is, div S, = —(d¢, 12(9)).

In order to exploit the biharmonicity of the map ¢, we compute the rough
Laplacian of its biharmonic stress-energy tensor. This second-order operator on
(0, 2)-tensors will reveal curvature terms which combine with the bitension field, and
formulas will involve swapping vector positions in the third fundamental form of ¢,
with curvature appearing according to a lemma we quote separately, without proof.

Lemma 2. Let ¢ : (M™, g) — (N", h) be a smooth map. Then
(VZdo) (X, Y, Z)— (V2de)(Z,Y, X) = R(X, Z)d¢(Y) —dp(RM(X, Z)Y)
forany X, Y, Z € C(TM).

Proposition 3 (the rough Laplacian of ). Let (M, g) and (N, h) be Riemannian
manifolds and ¢ : M — N a smooth map; then the (rough) Laplacian of S, is the
symmetric (0, 2)-tensor

(ARS) (X, Y)
= ((AT(9), T(®)) = 2IVT(P)I* =2 Y (R(Xi, Xj)dp(X)), Vx,T($))
— 2(d¢ (Ricci™ (1)), V() T(9)) — 2(Vdp, V2T (9)) + (do, V(AT($)))
— (V(trace RN (d¢p (-), T(¢)d (+)), dp)
— (trace R (d¢p(-), T($)dd (). T($)))g (X, Y)
+2(VxT(®), VyT(9)) + Y (R(Xi, X)d¢(X,), VyT(9))
+ 3 (R(X:, Y)dp(X;), VxT(9)) + (d¢ (Ricci™ (X)), VyT(9))
+ (do Ricci™ (Y)), VxT(¢)) +2 Y (Vdp (X, X), (VT () (X;, Y))
+23°(Vd$(Xi, Y), (V2T ()(Xi, X)) — (dp(X), Vy (AT(9)))
—(dp(Y), Vx(AT()) + Y (d$(X), R(X;, Y)Vx,T())
+3(dp(Y), R(X;, X)Vx, T(#)) + D (dp(X), Vx,R(X;, Y)T($))
+3(dp(Y), Vx, R(Xi, X)T($)) + (d$(X), Viioeitt (1) T ()
+{dP (). Viieei¥ )T (@),

where {X;} is a geodesic frame around the point p € M.
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Proof. Let ¢ : (M, g) — (N, h) be a smooth map between Riemannian manifolds.
We will work with a geodesic frame {X;} around the point p € M and evaluate at p.
Writing out the Laplacian in the geodesic frame yields

A(d, VT($)))
— — Y {(Vx, [Vd$ (Xi, X1, Vi, 1)) +2(Vd$ (Xi, X)), (V2T (@) (Xi, X))
+{d (X)), Vi, Vx, Vi, 7(@)) — (dd (X)), Vi, Voy, x,7@))]

and by the symmetry formula of the third fundamental form, we have
> Vx,[Vde(Xi, X)) = Vx,T(¢) + Y. R(Xi, X;))d$(X;) +dop (Ricci (X)),
and

> (Vx, Vx, Vi, T(®) — Vx, Vv, x,T(9))
=>{Vx, Vx, Vx, T (@) + Vix,.x ) Vx, T (@) + R(X;, X)) Vx, T(¢)
+ Vx, R(Xi, Xj)t(¢)
- (vajxi VX, T(@) +Vix, vy, x1T(9) + R(X;, Vi, X)t(@)}
= —Vx, (A1) + Z{ (VT @)X}, Vx, X)) + R(Xi, X )Vx,T()
+Vx,R(Xi, X )T (@)}
+ VRicei¥ (x ) T (#)>
since
YIXi, Vx, Xi1=3 Vx,Vx,X; — Ricci¥ (X ).

Therefore

A((do, VT(9)))
==Y (Vx,T(®), Vx,T($)) — D (R(X;, X;)dp(X;), Vx,T(9))

— Y (doRicci™ (X)), Vx,T(9))

—2(Vdg, VT ($)) + X (dp(X ;). Vx,(AT(9)))

— > ((dp (X)), R(Xi, X)) Vx, (t(#))) + (dp(X ), Vx,R(Xi, X)) T($))

+(dp (X)), Viicaitt (x T(@))),

but
> (dp(X)), Vx,R(Xi, X))T($))

=Y Xi(trace RN (d¢p (), T(@)d$ (), dp(X;)) — (Vdg, R(-,)T())

= (V(trace RV (d¢ (), T(¢))do(-)), d¢)

+ (trace RV (d¢p(-), T(¢))dp(-), T(9)),
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and

Y ARX:, X))do(X:), Vx,T(9)) = ) _(R(Xi, X;)Vx,T($), dp(X)),
whilst
> (d¢Ricci™ (+)), VT (@) = > (dp (), VRicei (T (@),

so the Laplacian of the scalar term is

2
A(@+ (d, Vr(q>>>>

= (AT($), T(9)) —2IVT(@P)
— 2> (R(Xi, X))d¢(X:), Vx,T(¢)) — 2(d$ Ricci¥ (), V() T(9))
—2(Vdg, V’T($)) + (do(-), Vi) (AT()))
— (V(trace RN (dp(-), 1(@)do(-)), do)
— (trace RN (dp (-), 1(@)dp(-), T()).

On the other hand, to compute the (rough) Laplacian of the symmetric two-tensor

T(X,Y)=(d¢(X), Vyt(9)) +(dp(Y), VxT()),

we put X = X; and ¥ = X; and obtain, still evaluating expressions at the point p,

—(ART)(X,Y) =Y ((Vx, Vx,d¢(X), VyT(9)) +2(Vx,d¢(X), Vx, Vy T())
+(dd(X), Vx, Vx, VyT(9)) + (Vx, Vx,dp (Y), VxT(¢))
+2(Vx,do(Y), Vx, Vx1(9)) + (dp(Y), Vx,Vx, VxT(9))

— (dp(Y), Vx,Vyy xT(9)) — (d$(X), Vx, Vv, yT(9))),

since Vx, Vx, X ; vanishes at the point p. This last expression simplifies further if
we use the symmetries properties of the third fundamental form of ¢ to obtain

> Vx, Vx,dp(X) = Y(V2d¢)(Xi, Xi, X)
= Vx7(¢) + X R(Xi, X)d(X:) +do (Ricei (X)),
and the curvature tensor of the pullback bundle for
S ((do(X), Vx, Vx,VyT(¢)) — (dd(X), Vx, Vv, yT(¢)))

= — (dp(X), Vy(AT($))) + Y(dd (X). R(X;, ¥)Vy, 7(9))
+(dd(X), Vi, R(Xj, VIT(@)) + (d(X), Viicev (1) T(@)).
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The Laplacian of the tensor 7 is then equal to

—(ARTY(X, V)
=(VxT(9). VyT(#)) + X (R(X;, X)dp(X;), VyT($))

+ (d¢ Ricci™ (X)), VyT(9)) +2 3 (Vde(Xi, X), (V> T($)(X;, ¥))
—(dp(X), Vy(AT(9))) + Y (dp(X), R(X;, Y)Vx,T())
+Y(dp(X), Vx, R(Xi, V)T(9)) + (A (X), Viieei (1) T (D))
+(VyT(9), VxT(9)) + Y (R(Xi, Y)do(X:), VxT(9))
+ (do Ricci” (Y)), VxT(9)) +2 Y (Vdp (X, Y), (VT ($)(Xi, X))
—(d¢(Y), Vx (AT($))) + Y (dp(Y), R(X;, X)Vx,T())
+3°(dp(Y), Vx, R(X;, X)T(9)) + (A (Y), Viiceitt (x) T ()

Summing the various parts together yields the proposition. U

Remark 4. In order to see the geometric meaning of the term ) Vx, R(X;, X)7(¢),
we can rewrite it as Y _(VR)(X;, Xi, X, 1(¢)) +Y_ R(X;, X)Vx, T ().

While the general expression for the rough Laplacian of §; at first seems unwieldy,
in a manner reminiscent of its harmonic counterpart (see [Baird et al. 2011])
it becomes amenable when the domain is a surface and the map biharmonic. The
final formula only involves three ingredients: the tensor S itself, the Gaussian
curvature and the norm of the tension field of the map. This paves the way for a
series of propositions and corollaries for both maps and Riemannian immersions,
where topological and curvature conditions restrict the existence of biharmonic
maps.

Proposition 5. Let ¢ : (M?, g) — (N, h) be a biharmonic map defined on a surface
M?. The Laplacian of its biharmonic stress-energy tensor is

AR Sy = =2KM S, + Vd (|t @) ) +{KY [T (@) + Alt(@))s.
where KM is the Gaussian curvature of (M?, g).

Proof. Since dim M =2, its Ricci curvature is Ricci® = KM, with KM € C®(M).
We will work with a geodesic frame {X, X»} around a point p € M 2 and evaluate
all expressions at this point.

As ARS, isa symmetric (0, 2)-tensor, there are only two cases to consider, and,
from the previous proposition, combined with basic symmetries of the curvature
tensor and the biharmonicity condition, we have
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(ARS)(X1, X2)
=2(Vx, T(9). Vx,T(#)) — (d$(X2), Vx, (AT(9)))
+2KM{(dp (X)), Vx,T(9)) + (dp(X2), Vx, T())}
+2(Vdp(X1, X2), —AT($)) +2(Vde (X1, X1), (VT ($) (X1, X2))
+2(Vd$ (X2, X2), (VZT($)) (X2, X1)) — (d$(X1), Vx,(AT($)))
+({dp(X1), Vx, R(X1, X2)T(¢)) +({dp(X2), Vx,R(X2, X1)T())
=2(Vx, T(9). Vi, 7)) +2K" {{dp (X1), Vx,T()) + (d¢(X2), Vi, T($))}
F2(Vde (X1, X1), (V2T (@) (X1, X2))+2(Vdp(X2, X2), (VZT(9))(X2, X))
—(Vx,dp(X1), R(X1, X2)T()) — (Vx,d(X2), R(X2, X1)T()).
But
2(Vdp(X1, X1), (V2 T(9)(X1, X2)) — (Vdp(X1, X1), R(X1, X2)T($))
= (Vdo (X1, X1),2Vx, Vx,T(¢p) — Vx, Vx,T(¢) + Vx, Vx, T(d)),
SO
(ARS)(X1, X2) =2KM{(d¢ (X)), Vx,T(9))+{dd(X2), Vx,T(9))}
+2(Vx, T(#), Vx, () +(T(®), Vx, Vx,T(¢)+Vx, Vx, T()).
Since
(Vd|t ()1 (X1, X2)
= (Vx, Vi, T(®) + Vx, Vx, T(#), T(#)) + 2(Vx,T(), Vx,T($)),

we deduce that
(ARS) (X1, X2) = —2KM$,(X 1, Xa) + (Vd|T (@) (X1, X2).

The other case to look at is when the two vectors are the same, and then Proposition 3
shows that, using the symmetries of R,

(ARS) (X1, X1)

= —2(RN(do(X1), T($))dp(X1), ()
—2(RN(d¢(X2), T($))d (X2), T($))—2(Vx,T($), Vx,T())
—2KM(d¢(X2), Vi, T($))—2(Vdp(X2, X2), (V?T($))(X2, X))
—2(Vde (X1, X2), (V2 T(9) (X1, X2))+2(d¢ (X1), Vx, (AT(9)))
+2(d¢ (X2), Vi, (AT(@))+2KM (dp (X)), Vx, T($))
+2(Vdp(X1, X1), (VT($) (X1, X)) H2(Vd$ (X2, X1), (V2T ($)) (X2, X1))
—2(d¢(X1), Vx,(AT($)))+2(d¢ (X1), Vx, R(X2, X )T (9))
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= —2|Vx,7(®)|* = 2KM(d¢ (X2), Vx,T(#)) + 2K (dp (X)), Vx,T(9))
—2(RV(dp (X)), T($))dp(X1), Vdp (X1, X1))
—2X5(d¢(X2), RN (d¢(X1), T(¢))dop (X))
—2(RV(d$(X2), T($))d(X2), Vd (X1, X1))
—2(Vdp(X2, X2), (V?T())(X2, X2))
+2(Vde (X1, X1), (V2T (@) (X1, X1)) —2(Vde (X1, X2), R(X1, X2)T())
+2(d¢(X1), Vx,R(X2, X1)T(9)),
since
i) —2(Vdp(X1, X2), (V’T(9))(X1, X2)
+2(Vdp(X2, X1), (V?T(9))(X2, X1))
= —2(Vd$(X1, X2). R(X1, X2)T(9)),
i) —2(RV(d¢(X1), T(¢))dp(X1), T(9))
—2(d¢(X2), Vx, RV (dp(X1), T()d(X1))
= —2(R"(d¢(X1), T($))dp(X1), Vx,dp(X1))
—2RN(d$(X1), T($))d(X1), Vx,dop(X2))
—2X2(d¢(X2), R¥(d¢p(X1), T(¢))dep (X))
+2(Vx,d$(X2), RN (d¢p(X1), T(¢))dp(X))),

i) —2(RN(d¢(X2). T(#))dp(X2), T(9))
—2(dp(X2), Vx, R (dp(X2), T($)d(X2))
= —2(RN(d¢(X2), T($)d¢(X2), Vdp(X1, X1)).
Observe that
—Xa(d¢(X2), RY (dp (X)), T($))dp(X1)) 4 (dp(X1), Vx,R(X2, X1)T(9))
= —XoR" (d¢(X2), d¢(X1), d$ (X)), T())

+X2RY (dp(X2), dp(X1), dp(X1), T($))+(Vdp(X1, X2), R(X1, X2)T(9))
SO

(ARS)(X1, X1)
= =2|Vx,T(9)]* = 2K (d¢ (X2), Vx,T(9))
+2KM(d¢(X1), Vx, T(#)) — 2(RN (dp(X1), T(#))dp (X)), Vdp (X1, X1))
+2(Vde (X1, X1), (V2T (@) (X1, X1))
—2(RN(d¢(X2), T($))dep(X2), Vdp (X1, X1))
—2(Vd¢ (X2, X2), (V?T(¢))(X2, X2)).
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But
(T(9), Vx, Vx, () = —3 Alt (@) — X1 X1 (IT(9) D) — [ Vx, T (@),
SO
(ARS) (X1, X1) = —2KM S (X1, X)) + { KM [t (@)]* + Alt (@) P} (X1, X1)
+(Vd|t (@) (X1, X1),

with a similar expression for (ARS,) (X3, X5). Therefore

ARS, = 2kM S8 +Vd(|t(9)[H) +{KM|t(@))* + Alt(#)]*)g. O

The expression for the Laplacian of the biharmonic stress-energy tensor on a
surface is simple enough to be contracted with §, itself and combined with the
divergence theorem, if the domain is assumed to be compact. The ensuing integral
formula tightly binds the tensor S;, the Gaussian curvature and the norm of the
tension field together, and conditions on two of them determine the third.

More geometrical applications will be found for Riemannian immersions in the
next section.

Theorem 6. Let ¢ : M> — N" be a biharmonic map and assume M? is compact.

Then
4
/|vsz|2vg+2/ KM(|S2|2—"(§)' )vg=/ (@) P v,
M M M

where KM is the Gaussian curvature of (M )

Proof. Observe that
div(Sa, d(IT(9)1P) = (div S, d(|T($)P) + (Sa, Hess(|(#)[*)).
As div §» =0, we have
/M (S2. Hess(|7 (#))) v, = /M div{(Sz. d(17(@)2)) v, =0,

which combined with the classical equality

f (AR S, $)) vg=/ VS,12 v,
M M

gives the theorem. O

Remark 7. Note that the term 2|S>|> — |7 (¢)|* is always nonnegative since it is
equal to ($2(X1, X1) — $2(X2, X2))? +455(X1, X2), and |$:|* = [t (¢)[*/2 if and
only if $, =|z(¢)[*g/2.
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A biharmonic map with parallel stress-energy tensor must have a tension field of
constant norm [Loubeau et al. 2008], but Proposition 5 shows greater restrictions
for two-dimensional domains.

Corollary 8. Let ¢ : M> — N" be a biharmonic map, and assume M is compact
and V Sy = 0. Then |t(¢)| is constant and fM KM ve=00r$ = Iz (p)|>g/2.

Proof. If VS, = 0, then its norm and trace, |t (¢)|?, are constant, hence

4
<|Sz|2—@)/MKMUg=o. 0

If the norm of the tension field is constant, we can deduce a partial converse for
nonnegative curvature.

Corollary 9. Let ¢ : (M?, g) — (N, h) be a proper -biharmonic map with |t (¢) |2
constant. Assume M is compact and K™ > 0. Then S, is parallel and M is flat or
S =t(®)g/2.

3. Constant mean curvature surfaces

To be able to offer conditions with greater geometrical content, we concentrate our
applications on Riemannian immersions. The recurrent condition on the map is
pseudoumbilicity, as an equality between the shape operator A g in the direction of
the mean curvature vector field H and the metric.

The pivotal role of pseudoumbilical immersions, already observed in the study
of the biharmonic stress-energy tensor (see [Loubeau et al. 2008]), emerges again
in connection with the curvature of the domain surface, sometimes to the extent of
determining its topology.

In the absence of compactness, the divergence theorem is substituted with a
parabolicity argument on constant mean curvature surfaces, associated with a bound
on the curvature tensor of the target space.

Finally, working with complex coordinates on a Riemann surface, the (2, 0)-part
of the H-component of the second fundamental form B is shown to be holomorphic
if and only if the mean curvature is constant.

Recall that if ¢ : M> — N is a pseudoumbilical proper-biharmonic Riemannian
immersion then it is CMC. As a consequence, and since S, = —2|H g +4Apy, a
rewording of Corollaries 8 and 9 is as follows:

Corollary 10. Let ¢ : (M?, g) — (N", h) be a proper-biharmonic Riemannian
immersion from a compact oriented surface, with VAg =0. Then M is topologically
a torus or pseudoumbilical.
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Corollary 11. Let ¢ : (M?, g) — (N, h) be a CMC proper-biharmonic Riemann-
ian immersion. Assume M is compact and K M > 0. Then VAy =0 and M is flat
or pseudoumbilical.

The next result shows that pseudoumbilical points allow some flexibility of the
curvature; since away from these points special coordinates exist in which the metric
is conformally flat (with a globally defined factor), the shape operator has a simple
expression, while its eigenvalues can be computed from the mean curvature vector
field (see [Hasanis and Vlachos 1996] for a similar result).

Theorem 12. Let ¢ : (M?, g) — (N, h) be a CMC proper-biharmonic Riemannian
immersion. We denote by A\ and A; the principal curvatures of M corresponding
to Ay, with Ay > Ay, and let u = Ay — Ay. Consider p € M such that u(p) > 0;
that is, p is a nonpseudoumbilical point. Then, around p there is a local chart
(U; x, y) which is both isothermal and a line of curvature coordinate system for
Ay. We have, on U,

[ 2 1 2 2
g=;(dx +dy?), (AH(')»'>=;()\ldx + A2 dy”),

2
> RY(X;, H,X;, H) = |V"H|* =2|H|* > 0,
i=1

and

2 2
k1=IH|2+£\/Z. RN(X;, H,X;, H)— |V-H2 = 2|H|*,
2 i=1

2 2
by =|H| ~ %/221 RN(Xi, H, X, H) — [VAH]? —2|H|*,

with X1 = /it 0x, Xo = /i dy. Moreover

2
Aln(z RN(X;, H, X;, H) - |V*H|* - 2|H|4) = —4KM
i=1

and, in codimension one, the Gauss equation becomes

Riem" (X1, X») = KM —2|H)® + Ricci (H, H).

2|H|?
Proof. Let A1 and X, be the principal curvatures in the direction of H; that is, A
and A, are the eigenvalues of Ay . In an open neighborhood U around a nonpseu-
doumbilical point p, A; > Xy on U and A, Ap € C*°(U) (in general they are only
continuous), and therefore = A; — A, is a positive smooth function on U.
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Let {X1, X»} be a local orthonormal frame on U such that Ay (X;) = A1X; and
A (X5) = A2 X5. We consider w% w% e AL (U) defined by

VX =wiX, and VX;=wiX|.

Clearly w% = —a);. If we put X = Z = X; and Y = X>, the Codazzi equation
becomes

RY (X1, H, X2, X))
= —wy (X)) — Xoh1 — (B(X2, X1), Vi, H) + (B(X1, X1), Vi, H).

Recall that, since |H| is constant, the tangent part of the biharmonic equation is
trace Ay () +trace(R™ (d¢ (), H)dp(-))" =0
Taking the inner product with X;, we have

(B(X2, X1), Vi, H) + (B(X2, X2), Vi, H) + RV (X1, H, X5, X1) =0

thus
oy (X1)p+ Xoh =2(H, Vi, H) =0
and
XoA
w0y (X)) = ———.
Note that
X2(A2) = X2(AH(X2), X2) = X2(B(X2, X2), H) = —XoAy,
therefore
1/ Xoh  Xoho 1 Xou
w%(X1)=—<— + =——
2 j I 2 u
Exchanging X; and X;, we similarly obtain
1 XlM
wy(Xy) = = ——
2 u
therefore
1 1 Xon 1 X1
> ——w+-—w)
2 un 2 n

The Gauss equation implies that
doy (X1, X2) = KM;
that is,

KM =11 X1 Inpe+ XoXa In ) — (@03(X1))* — (@03(X2)),
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but
Vi Xi=300I0Xs, (Vi XD(np) = 3(X2 Inpw)?,
(@3(X1))* = §(X2In ) = 3(Vyx, X1)(In ),
while
VXo=3XiInwX,  (VX2)(np) = 3(X1 Inp?,
(@3(X2))* = 1 (X1 Inp)* = §(Vx, X2)(In ).
Therefore
Alnp=—2KM.
Since

1
X } 0.
there exist coordinate functions (x, y) on U such that 3/dx = X/,/i and 9/9y =
X2//i. Moreover, the normal part of the biharmonicity equation

ALtH +trace B(-, Ay - ) +trace(RV (-, H) )t =

implies, when H is constant,

2
IVEHP + AP =) RN(X;, H, X;, H) =0
i=1
and, since
MAA=2/H> and A?+25=|Ay|%

we deduce that

(A1 — A2)?
|AH|2—2|H|4=T,

hence

2
Al—xzzﬁ\/zizl RN(X;, H,X;, H)— |VLH|>=2|H|* O

Remark 13. i) If n =3, we can replace Ziz=1 RN(X;,H, X;, H) by RicciN(H, H).

ii) Let ¢ : (M?, g) — (N, h) be a CMC proper-biharmonic Riemannian immersion.
If (M?, g) is complete and has no pseudoumbilical point then its universal cover is
(globally) conformally equivalent to R2.

Corollary 14. Let ¢ : (M?, g) — N>(c¢) be a CMC proper-biharmonic Riemannian
immersion in a three-dimensional real space form. Then it is umbilical.
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Proof. If there exists a nonumbilical point pg € M, then, around pg, we have

Riem™ (X1, Xo) = KM —2|H)* + Ricci™ (H, H)

2HP
and
KM = —1AIn(Ricci™ (H, H) —2|H|"),

but Ricci™ (H, H) = 2¢|H|? is constant, so K™ is zero. On the other hand, the first
equation implies that c = K™ — 2| H|? + ¢, which contradicts K¥ = 0. (]

As the formulas for A; and A; in Theorem 12 remain valid also for pseudoumbil-
ical points, we deduce:

Corollary 15. Let ¢: (M?, g) — (N>, h) be a CMC proper-biharmonic Riemannian
immersion. Assume that there exists ¢ > 0 such that Ricci (U, U) > ¢|U|? with
|H|? € (0, ¢/2). Then M? has no pseudoumbilical point.

Corollary 16. Let ¢ : (M?, g) — (N", h) be a CMC proper-biharmonic Riemann-
ian immersion. Assume M is compact, oriented and has no pseudoumbilical point;
then M is topologically a torus.

Corollary 17. Let ¢ : (M?, g) — (N", h) be a proper-biharmonic Riemannian
immersion. Assume that .| and ,, are constant; then VAg = 0, and M is flat or
pseudoumbilical.

If M is not compact, we need some assumption on the curvature of the target
space (see also [Fetcu and Pinheiro 2013, Proposition 4.6 and 4.7]).

Proposition 18. Let ¢ : (M?, g) — (N", h) be a CMC proper-biharmonic Riemann-
ian immersion. Assume M is noncompact and complete and KM is nonnegative.
Assume that Riem" < K, where Ko > 0 (in the sense that RN (U, V,U, V) < K
forall {U, V} orthonormal). Then VAy =0, and M is flat or pseudoumbilical.

Proof. By the previous formulas for the Laplacian of S,, we have
—3 81827 = —(A%S), $) + VS
= K" QISP ~ 1@ +1VS[,

which must be nonnegative (Remark 7); therefore |S»|? is a subharmonic function
and bounded from above since, for Riemannian immersions,

121> =82 Au[* —3|HI")
and |A|? is itself bounded from above. Indeed if ¢ is biharmonic, then

A H +trace B(-, Ay -) +trace(RV (-, H) -)* =0;
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thus
2
|Aul? =~V HI*+ ) RY(X;, H. X;, H)
i=1

2
<> RN(X:, H, X;, H) <2|H|*Ko,
i=1

and |Ag|? < 2Ko|H|>. As M is complete with K M nonnegative, it is parabolic
and |S,|?, a subharmonic function bounded from above, must be constant (see
[Huber 1957]):

KM(Anl? —41HI*) =0,

while VAy = 0; in particular, |A gy |2 1s constant. O

Remark 19. When the dimension of the target is three, we can replace the curvature
condition by an upper bound on the Ricci tensor.

The Hopf theorem [1983] shows that a compact simply connected CMC surface
immersed in a three-dimensional Euclidean space must be umbilical, hence an
embedded round sphere, and the condition of biharmonicity allows us to extend
this to any codomain. This result has some strict implications on the set of pseu-
doumbilical points and hints at the difficulties of working with non-CMC surfaces.
An interesting parallel can be drawn with [Fetcu and Pinheiro 2013].

Theorem 20. Let ¢ : (M?, g) — (N", h) be a proper-biharmonic Riemannian
immersion with mean curvature vector field H, with M?* oriented. Let z be a
complex coordinate on M?; then the function (B(dz, 3z), H) is holomorphic if and
only if the norm of H is constant.

Proof. The tangent part of the biharmonic equation is

grad g +trace Ay () +trace(RY (de (-), H)dg(-))" =0.
Let g = A%(dx? 4+ dy?) and
30x(|H))3x + 30y (|H))3y + Az y (0x) + Ags 4 (8y)
+(RN(dx, H)dx + RN (3y, H)day)T =0;
therefore

)\,2
20X (HP) + (Agy (00, 83) + (Agy 5 (09), 0x) + RY @y, H, 8, 83) =0,

and

)\‘2
38y<|H|2> +(Ags g (82), 9y) + (AyL 5 (3y), 3y) + R (3x, H, 9y, dx) =0,
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which is equivalent to

)\‘2
(D Eax(lle)Jr(B(ax,ax),V$H>+<B(8x,8y),V$H>
+RN(dy, H, dx,dy) =0,

and

(2) %28y(|H|2) +(B(dy, 0x), V3, H) + (B(dy, dy), Vy, H)
+RN(9x, H, 3y, dx) = 0.
Since 0z = (dx —idy)/2 and 9z = (dx +idy)/2, we see that
B(dz,3z) = 1(A*H — B(dy, dy) —i B(dx, 3y))
and
(B(dz,9z), H) = 5(\*|H|> — (B(dy. dy), H) — i(B(9x, dy), H)).
Next we compute dz(B(dz, 0z), H):
(9x +idy) (W H > — (B(dy, dy), H) —i(B(dx, dy), H))
A 2 2 2 1 1
=20 [H[* +220x (| HI?) = (V, By, 9y), H) = (B(dy, 9y), V3, H)
+ (V3 B(dx, dy), H) + (B(dx, dy), Vi, H)
+i{2xg—’y\|H|2 + 220y (|H|*) — (V3,B(dy. dy), H) — (B(dy. 9y), Vj, H)
— (V5. B(3x, dy), H) — (B(3x, dy), v;xm}
=A+iB.

With (1),

dA
A= 2)»5|H|2 + 32%0x(|H|?) — (Vy, B3y, dy), H) — (B(dy, 3y), Vi, H)

+ (V3LyB(8x, ay), Hy — (B(dx, dx), VaLxH) — R(0dy, H, dx, dy)
oA
ox
—(2)%H, V3. H) — R(dy, H, dx, dy)

= 20— |HI> + 3220x(|H|*) — (V5. B@y, 9y), H) + (V3 B(3x, 8y), H)

—2A%|H|2—lf\zax(|H|2)—<le(a dy). H) + (V3;,B(dx, dy), H)
- ox 2 ax 2L0Y5 0Y), ay PLOX, 0Y),
— R(dy, H, 0x, dy).
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From the Codazzi equation,
(V3 B(0x, dy), H)
= ((V3;,B)(3x, dy), H) + (B(Vaydx, dy), H) + (B(dx, Vaydy), H)
= (V3. B(3y. 9y), H) — 2(B(Vady, dy). H) + R(dy. dx, H, dy)
+ (B(Vjsy0x, 0y), H) + (B(dx, Vy,0y), H);

therefore
_ 8_)* 2 142 2N ol 1
A =202 HPP = 3220 (|HP) = (V3 B3y, 0y), H) + (Vi B(dy. 9y). H)

— (B(Vyxdy, dy), H) + (B(dx, Vy,3dy), H) + R(dy, dx, H, dy)
- R(a)’, H7 8-xa aJ’)

2,\8)\|H|2 I22ox(|H)?) — (B ! a)‘a +8)‘a ay ), H
=20 — —5A70x - —| —9x+—dy), ,
dx 2 A\ dy ax Y Y

+{B ! 02 ox + 02 dy ], 0 H
—| —7o9x P , 0X ],
A ax ay Y
= —12%x(|H|?).
Identical arguments for the imaginary part B, using (2), yield
B=12ay(H|?). O

Remark 21. If ¢ : (M?, g) — (N", h) is a CMC proper-biharmonic Riemannian
immersion, with M? oriented. Then (B(dz, 9z), H)dz? is globally defined and, if
M? has no pseudoumbilical point, it is equal to dz>/4 and therefore M? is an affine
manifold.

Corollary 22. Let ¢ : (M?,g) — (N", h) be a CMC proper-biharmonic Rie-
mannian immersion, with M* oriented. If M? is not pseudoumbilical, then its
pseudoumbilical points are isolated.

Theorem 20 yields:

Theorem 23. Let ¢ : (M?, g) — (N", h) be a CMC proper-biharmonic Riemannian
immersion. If M is a topological sphere S?, then M is pseudoumbilical.

Proof. Since (B(dz, dz), H) = 0, we have
(B(dx, dx) — B(dy,dy), H)=0 and (B(dx,dy), H) =0,
which is equivalent to

(Ag(9x),0x) = (Ag(dy),dy) and (Ap(dx),dy)=(An(dy),dx)=0. U
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FOLIATIONS OF A SMOOTH METRIC MEASURE SPACE
BY HYPERSURFACES
WITH CONSTANT f-MEAN CURVATURE

JUNCHEOL PYO

We study smooth codimension-one foliations 7 of a smooth metric measure
space whose leaves have the same constant f-mean curvature. Firstly, we
show that all the leaves of % are f-minimal hypersurfaces when either
the smooth metric measure space is compact and has nonnegative Bakry—
Emery Ricci curvature, or the limit of the ratio of the weighted volume of
a geodesic ball B and the weighted area of a geodesic sphere dB vanishes.
Secondly, we prove that every leaf of F is strongly f-stable. Lastly, we
show that there is no complete proper foliation of the Gaussian space whose
leaves have the same constant f-mean curvature. In particular, there are
no foliations of R"+! whose leaves are complete proper self-similar solutions
for mean curvature flow.

1. Introduction and the statement of results

The study of smooth codimension-one foliations of manifolds has a long history in
mathematics (see [Lawson 1974] and reference therein). In [Barbosa et al. 1987,
1991; Meeks 1988; Oshikiri 1981], there are very interesting results on foliations
whose leaves have constant mean curvature. In this paper, we consider foliations of
a smooth metric measure space whose leaves are hypersurfaces having the same
f-mean curvatures. The main questions we consider here concern the rigidity and
f-minimality of such foliations of a smooth metric measure space. Extending
the classical results (i.e., when f is constant) to a smooth metric measure space
requires f or |Vf| to be bounded in many cases; see [Morgan 2005; Wei and Wylie
2009], for example. Our proof follows the one from the case where f is constant
[Barbosa et al. 1987; 1991] but without any further assumption on f. Moreover,
for particular weight functions f, we get rigidity results for self-similar surfaces or
translating solitons which are models for singularities of mean curvature flow.

This work was supported by a Two-Year Research Grant from Pusan National University.
MSC2010: primary 53C12; secondary 53C42.
Keywords: foliation, constant f-mean curvature, f-stable, smooth metric measure space.
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Recall that a smooth metric measure space (M"+!, g, f) is a smooth Riemannian
manifold (M"*!, g) with a positive density e~/ used to weight the volume of
domains and the area of hypersurfaces. Let ¥ be an isometrically immersed
hypersurface in (M"*+!, g). Denote by dv and dA the Riemannian volume forms
on M and ¥ with respect to g and the induced metric g = i*g, respectively. Then
the weighted volume and area are given by dv,, = e~/ dv and dA,, = e~/ dA,
respectively.

Smooth metric measure spaces naturally arise in various fields. The Gaussian
space, i.e., Euclidean space with the Gaussian density e™” |x|2, appears in the study
of probability and statistics. Many interesting solitons in geometric flows (e.g.,
self-similar solutions and translating solitons to the mean curvature flow, and Ricci
solitons to the Ricci flow) are represented by f-minimal hypersurfaces in a smooth
metric measure space (see [Bakry and Emery 1985; Cheng et al. 2012; Colding and
Minicozzi 2012; Huisken and Sinestrari 1999; Morgan 2005; Pyo 2014] and the
references therein).

With the upper bar, we denote the geometric quantities on the ambient space
(M1, g). For example, V., d, V2, A, div and Ric, denote the Levi-Civita connec-
tion, exterior differentiation, Hessian, Laplacian, divergence and Ricci tensor of
(M"*1, g), respectively. For a smooth metric measure space, we naturally consider
the Bakry—Emery Ricci tensor R_icf, which is defined by

Ric, = Ric + V2,

and the f-Laplacian A = A —g(Vf, V) on M, which is a selfadjoint operator with
respect to the weighted measure dv,,. For a smooth vector field &, the f-divergence
of £ is defined by

div e = el div(e /¢).

Let v be a unit normal vector field to ¥ in M. With the induced metric g = i*g
on X, the second fundamental form of (X, g) is given by A(X, Y) = g(VxY,v) for
any two tangent vectors X and Y on X, and the mean curvature by H = tr(A). For
the hypersurface ¥ in (M, g, f), we define the f-mean curvature H; with respect
to v as follows:

Hy=H+g(Vf,v),

which is obtained by the first variation formula of the weighted area. For (¥, g), V,
d, A and div denote the Levi-Civita connection, exterior differentiation, Laplacian
and divergence on X, respectively.

The following is proved for foliations of a compact smooth metric measure space
with nonnegative Bakry—Emery Ricci curvature:
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Theorem 2. Let (M nt+l g, f) be a compact smooth metric measure space with
nonnegative Bakry—Emery Ricci curvature and % a codimension-one smooth folia-
tion of M whose leaves have the same constant f-mean curvature. Then every leaf
of F is a totally geodesic and f-minimal hypersurface with vanishing Bakry—Emery
Ricci curvature in the normal direction.

In a smooth metric measure space (M ntl g, f), we define the ratio
_ vol 7 (0B, (R))

A (R, o ,
r(R.p) vol; (B, (R))

where \Elf (B,(R)) and vol 7 (0B, (R)) are the weighted volume of the geodesic
ball B,(R) and the geodesic sphere 9B, (R) for a point p, respectively. For smooth
metric measure spaces of vanishing A ¢(R, p) as R — 00, we show:

Theorem 6. Let & be an orientable codimension-one foliation of (M"*!, g, f)
such that every orientable leaf L of F has the same constant f-mean curvature.
Iflimg_.oo = Af(R, p) = 0 for some p € M, then leaves of F are f-minimal
hypersurfaces of (M"*!, g, f).

We remark that the Gaussian space and (R"*!, dsg, f = x,41) enjoy the property
that, for any point p, the ratio A (R, p) vanishes as R — oo.
In Section 3, we prove:

Theorem 11. Let (M™*!, g, f) be an orientable smooth metric measure space
and F a smooth codimension-one foliation of M by orientable leaves. If each
leaf of F has the same constant f-mean curvature, then each leaf of F is strongly
f-stable.

Theorem 13. There are no complete proper foliations in the Gaussian space
(R"*1, dso, f = |X|?/2) whose leaves have the same constant f-mean curvature.
In particular, there are no foliations of R"*! whose leaves are complete proper
self-similar solutions for mean curvature flow.

2. Foliation whose leaves are f-minimal hypersurfaces

Let us start with the key lemma about the f-divergence of V,v. The proof is
analogous to that of Proposition 2.14 in [Barbosa et al. 1991], but we include its
proof in the Appendix for the sake of completeness.

Lemma 1. Let & be a smooth codimension-one foliation of a smooth metric mea-
sure space (M™*', g, f) and v a unit normal vector field to the leaves of F in some
open subset U of M. Define a tangent vector field § = V,v. Then on U, we have:

(a) cﬁlfv = —Hy;
(b) divsg =divy & — |E[2;
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() divy & = &2+ |A[> +Ricy (v, v) — vH;.

Theorem 2. Let (M, g, f) be a compact smooth metric measure space with
nonnegative Bakry—Emery Ricci curvature and % a codimension-one smooth folia-
tion of M whose leaves have the same constant f-mean curvature. Then every leaf
of % is a totally geodesic and f-minimal hypersurface with vanishing Bakry—Emery
Ricci curvature in the normal direction.

Proof. Since Hy is constant in M, v(Hy) = 0. Then Lemma 1(c) implies that
divy £ = |AP + £ ]2 + Rics (v, v)
on any leaf of &, and therefore Lemma 1(b) implies that
div ;& = |A[* +Rics (v, v).

Recall that dv,, = e~/ dv. Integrating both sides and applying Stokes’ theorem
on M, we get

0=/ cvasdvmzf |A|* 4+ Ric s (v, v) dvy,
M M ’

that is, |A|?> = 0 and Ric (v, v)=0o0n M. Therefore, every leaf is a totally geodesic
hypersurface with vanishing Bakry—Emery Ricci curvature in the normal direction.

Since M is compact, there exists a point m € M such that f(m) = maxy f.
At m, we have Vf(m) = 0. Therefore H;(L) = —g(Vf(m), v) = 0, where L is
the leaf which contains the point m. So, Hy = 0 on any leaf of %. This completes
the proof. U

Remark 3. (1) The compactness condition in Theorem 2 is necessary. The smooth
metric measure space (R"*!, dso, f = x,41) has vanishing Bakry—Emery Ricci
curvature and is noncompact. Translating solitons under the mean curvature flow
do not change shape and are just translated in a direction with a constant speed. Up
to rotating and scaling, they are represented by x,4;-minimal hypersurfaces in the
smooth metric measure space (R dso, f = Xn+1) (see [Huisken and Sinestrari
1999]). By [Altschuler and Wu 1994] for n =2, and [Gui, Jian and Ju 2010] for n > 3,
there exists an entire rotationally symmetric strictly convex graphical hypersurface
U, which gives a foliation by x,4;-minimal hypersurfaces. But clearly U is not a
totally geodesic hypersurface.

(2) The theorem of (Bonnet and) Myers [1941] says that a complete Riemannian
manifold M is compact when M has Ricci curvature bounded from below by a
positive constant. But this does not hold in general for a smooth metric measure
space. One such example is the Gaussian space (R dsy, f =|X|?/2). There are
some generalizations of the Bonnet—-Myers theorem with conditions on f [Morgan
2005; Wei and Wylie 2009].
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Theorem 4. Letr (M n+l g, ) be a smooth metric measure space with positive
Bakry—Emery Ricci curvature. Any smooth codimension-one foliation of M whose
leaves have the same constant f-mean curvature cannot have a compact leaf.

Proof. Suppose that, on the contrary, there exists a compact leaf L in the foliation %.
Lemma 1(c) implies that

divy & = €[>+ |A]* +Ricy (v, v)
on L. Weighting both sides by dA,, = e~/ dA, integrating, and applying Stokes’
theorem on L, we get a contradiction. O

Let % be a smooth orientable codimension-one foliation and L a leaf of &. The
weighted volume element dA,, = ¢ of L is defined as follows:

or(X1, .., X)) =e Tg(Xi A A Xy, v),

where the X; are tangent vector fields (i =1, ..., n).

With a positively oriented frame field {e1, ..., e,, e,+1 = v}, and its dual coframe
{wi1, ..., waq1}, the weighted volume elements dA,, = ¢y and dv, = ®, are
expressed by

<pf:e_fa)1/\---/\a)n,
<I>f:e_fa)1/\---/\a)n+1.

Both these weighted volume elements are related by the Rummler-type identity
[Rummler 1979] as follows:

Lemma 5. Let (M"*', g, f) be an orientable smooth metric measure space and F
a smooth codimension-one foliation of M by orientable leaves. Then

dps = (=1)""'Hy @y,
where @ ¢ is a weighted volume element of leaves of F.
Proof. Taking exterior differentiation on ¢, we have

g‘ﬂf=—e_fCZwal/\---/\wn+e_fcz(a)1A---Awn).

Since
df =ejfor+-- +epp1 fOnt
and
dwi A Awy) = (D" T Hoy Ao Awpgr,
we have

dor=(—D""e  (enp1 ot A+ Aoy + (=DM e THoy A A
=(—1)""Hy oy O
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Let p be a pointin M, and B, (R) a geodesic ball in (M, g) of radius R centered
at p. The boundary of B, (R) is denoted by dB,,(R). Define the ratio of the weighted
volume of B,(R) and dB,(R) as follows:

vol £(0B,(R))

Af(R, p)= =L
volr(B,(R))

where \Elf(Bp(R)) and vol (3B, (R)) are the weighted volumes of B,(R) and
0B, (R), respectively.
Theorem 6. Let F be an orientable codimension-one foliation of (M"™*!, g, f)
such that every orientable leaf L of & has the same constant f-mean curvature. If
limg_ o0 Af(R, p) =0 for some p € M, then leaves of F are f-minimal hypersur-
faces of (M"*, g, f).
Proof. Suppose not. Then, choosing a normal vector field, we may assume that

(=) H, > 0.

Let oy be a weighted volume element of 9B, (R). That is, for a local orthonormal
frame field {X1, ..., X,,} which is tangent to 0B, (R),

or(X1, ..., X)) =e 7.

On 0B, (R), we have ¢ < oy.
By Lemma 5, we have

. (_1)n+1 _
VOlf(Bp(R)) = CDf = —d(pf
By(R) B,R) Hy

(_1)n+1 /
Hy  Jo,(Rr)

-1 n+1
Hy  Jos,(r)

(_1)n+1
=—0 vol (0B, (R)).
Therefore L (3B, (R))
0<(-1"H, < voly (3B, (R)) _ A (R, p).
vol¢(B,(R))
As R goes to 0o, we get a contradiction, and this completes the proof. U
Let X = (x1, ..., x,+1) be the position vector in R"*+! and | X |? =x12+- . -+x3+1.

Self-shrinkers under the mean curvature flow in R"*! are represented by |X|?/2-
minimal hypersurfaces in the Gaussian space (R dso, f=1XI?/2) (see [Colding
and Minicozzi 2012]).



FOLIATIONS OF A SMOOTH METRIC MEASURE SPACE 237

By direct computation,
1 (0B, (R
m W OBR)
R—00 volr(B,(R))
in the Gaussian space, and therefore the following corollary is obtained:

Corollary 7. Let & be an orientable codimension-one foliation of the Gaussian
space such that every orientable leaf L of & has the same constant f-mean curvature.
Then leaves of F are self-shrinkers.

By direct computation,
1+(0B,(R
im M =0
R—o0 volr(B,(R))

also holds in (R"*!, dsg, f = x,41), and therefore the following corollary is ob-
tained:

Corollary 8. Let & be an orientable codimension-one foliation of (R"*!, dso, f =
Xn+1) such that every orientable leaf L of & has the same constant f-mean curva-
ture. Then leaves of & are translating solitons.

Let ¥ be a hypersurface in (R dso, f =x,41) and Hy its f-mean curvature.
Translating ¥ in the direction of e, = (0,...,0,1) € R"*+! the f-mean curvature
does not change. Using this property we get a Bernstein-type theorem for constant
f-mean curvature surfaces.

Corollary 9. Let x,+1 = F(x1,...,x,) be a hypersurface of constant f-mean
curvature defined on {x,4+1 = 0} in (R"*!, dso, f = x,41). Then the f-mean
curvature must be zero.

Proof. Consider the graph graph(F) of the function F. The family

{graph(F) + te,+1}ier

gives a foliation whose leaves are hypersurfaces in (R dso, f = x;41) with the
same constant f-mean curvature. From Corollary 8, H; vanishes. O

When f is a constant, then Corollary 9 becomes the corollary from p. 82 of
[Chern 1965].

3. Stability of foliations whose leaves have the same constant f-mean
curvature

Let " be a constant f-mean curvature hypersurface in (M"*!, g, f). The f-
stability operator L s is defined as

Ly:=As+|A* +Rics (v, v),
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where v is a unit normal vector field of X (see [Cheng et al. 2012; Colding and
Minicozzi 2012; Espinar 2012]).

Definition 10. A two-sided hypersurface ¥ in (M"*!, g, f) with constant f-mean
curvature is said to be strongly f-stable if for any compactly supported smooth
function u € C°(X), it satisfies

—/ uL judA, =/ |Vu|? — (JA]> +Ric s (v, v))u? dvy, > 0.
b)) b

If ¥ is an f-minimal hypersurface, then strong f-stability is equivalent to usual
f-stability.

Theorem 11. Let (M"*!, g, f) be an orientable smooth metric measure space
and & a smooth codimension-one foliation of M by orientable leaves. If each
leaf of F has the same constant f-mean curvature, then each leaf of F is strongly
f-stable.

Proof. Let L be a leaf of & and u a smooth real-valued function which is compactly
supported on a domain D in L (therefore, u is zero on dD). Then

—uLyu=—ulsu— (AP +Ricy (v, V))u? = —uh ju+u’ divy & +u’ (€[

Here we apply equation (c) in Lemma 1.
Since divf(uzé) =2ug(Vu, &)+ u? divy &, we get

—uLpu=—ulyu—2ug(Vu, &)+ u’|E[; +divy(u’é).

Weighting both sides by dv,,, integrating over D, and applying Stokes’ theorem
twice for the first and the last terms, we have

/D—uqudvm=/D—MA_,»M—2ug(w,g)+u2|g|§+divf(u2§)dvm
=f IVul? — 2ug (Vu, &) + £ 2 du,
D

=/ |V — u& [ dvy, > 0.
D

Since u is an arbitrary function, we conclude that L is f-stable. (]

Remark 12. Let ¥ be a graph over a domain Q C {x,,1 =0} in (R"*!, dso, f =
Xn+1) having constant f-mean curvature. Denote ¥; = ¥ +te,41, t € R. Then,
by Theorem 11, every ¥ is strongly f-stable. For example, the family of “grim
reapers” X, = {(x1, ..., x,,t —Incosxy : |x1| < w/2)} is a foliation in the open
manifold {(x1, ..., xy41) : |x1| <7/2)}in (R dso, f= Xn+1)- S0, every grim
reaper is strongly f-stable.
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Let & be a foliation of the Gaussian space (R"*!, dso, f = |X|*>/2). If every
leaf of & is proper (respectively, complete), then % is said to be proper (respec-
tively, complete).

Theorem 13. There are no complete proper foliations in the Gaussian space
(R dsg, f =|X|?/2) whose leaves have the same constant f-mean curvature.
In particular, there are no foliations of R"T! whose leaves are complete proper
self-similar solutions for mean curvature flow.

Recall Colding and Minicozzi’s result for self-shrinkers in the Gaussian space:

Theorem 14 [Colding and Minicozzi 2012]. There are no f-stable complete self-
shrinkers without boundary and with polynomial volume growth in the Gauss-
ian space.

Proof of Theorem 13. Suppose, on the contrary, that & is a complete, proper foliation
whose leaves have the same f-mean curvature. By Corollary 7 and foliated structure,
every leaf L of & is a self-shrinker without boundary. By Theorem 11, L is f-stable.
Cheng and Zhou [2013] proved that for self-shrinkers, properness is equivalent
to polynomial volume growth. Therefore, L is an f-stable complete self-shrinker
without boundary and with polynomial volume growth in the Gaussian space. This
contradicts Theorem 14. (]

Appendix

Let & be a smooth codimension-one foliation of a smooth metric measure space
(M"*1, g, f). On a leaf of %, the induced metric is denoted by g = i*g, where i
is the inclusion map. Let {ej, ..., e,+1} be a locally defined orthonormal frame
field of the tangent bundle of M such that e, is normal to the leaves of F. Let us
denote the dual coframe field by {wy, ..., w,11}, thatis, wa(ep) =45.

The connection one-forms w4 p are given by exterior differentiation d of the wy,
and are uniquely defined by Cartan’s first structure equations:

dwp =wap ANwp, wap+wpa=0.
Cartan’s second structure equations yield the curvature tensor

(D dwap = wac Aocp + Qap,
where

1
Qap = 3Racpwp N
Throughout, we adopt Einstein’s convention and the following indexing convention:

1<i, jkjl<n, 1<A,B,C,D<n+]l.
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The second fundamental form A of the leaves of & is given by

(2 wpy1i = —hjjwj,
where

hij =g(Alei, €)), ent1) = §(Veej, €nti).
The mean curvature is H =), h;;.

Proof of Lemma 1. Consider an adapted orthonormal frame field {ey, ..., e +1}
on U such that ¢, | = v. We have

cﬁlfv =e/dive ™ v) = efg(ﬁme_fv, eq)
= —g(eafv,ea) +&(Ve,v, ea)

Therefore, the equation (a) holds.
Furthermore,

div & = e/ div(e /&)
=e/g(Vee /8, e) +3(Ve,, e E ens1)
=divi & — 3, Ve, enr1) =divy & — &2

Therefore, the equation (b) holds.
Since du = du + en+1(U)w, 11 for any smooth function u in U, from (2) we get

3 wpy1i = —hjjo; + g, e))wpy1.
On the one hand, from (1), we have

5 1
dwni1i = Ont1j A©ji + Ry 1in+1k0k A Opy1 + 5 Ryt 1ije 0k A @

= (—hjrwji(ent1) — (&, e)wji(ex) + Rus1int1k) Ok A Wnyi
+ terms with w; A ;.

On the other hand, from (3),
(;Cl)n—i-li = _(dhl] +en+lhijwn+1) /\CL)I _hljw]k A Wy _hl'ja)jn-i—l A Wpi1
+dg(§, ) w1 + 8§, D) wpy1j Awj

= (ent1hix + hijojk(ens1) — hijhjx +dg(&, e;)(ex)
—g(&,e)g(§, ej)) Wk A Wpy1 +terms with wp A @y.

By investigating both of the coefficients of w; A W, in dw,1;, we have
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4) g, e)gE, er)+hijhjx+ Rytting1k — (dhix +hijojx +hjrwj)(€q41)
= (dg(&, e) +8(&, ewji) (ex).

Since dg(&, e;)(ex) =dg(&, ej)(ex) and g(Vo,&, €;) =dg(&, &) + g(&, ¢j)wji(e:),
divp & =e/div(e /&) = dive — g(Vf, &)
= Z(dg(é,ei)+g(%'7 ej)w;ji)(e;) —g(Vf, &)

=g, e’ + AP +Ric(v,v) —vH — g(Vf. §) (by (4))

= |§|§ +|A? +Ric(v, v) —vH — vg(Vf,v) +vg(Vf,v) — g(Vf, &)
= €12 + |AI* = vH + Ric(v, v) + V2f (v, v)
= |&]} + |A]* = vH; +Rics (v, v).

This completes the proof. ]
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ON THE EXISTENCE
OF LARGE DEGREE GALOIS REPRESENTATIONS
FOR FIELDS OF SMALL DISCRIMINANT

JEREMY ROUSE AND FRANK THORNE

Let L /K be a Galois extension of number fields. We prove two lower bounds
on the maximum of the degrees of the irreducible complex representations
of Gal(L/K), the sharper of which is conditional on the Artin conjecture
and the generalized Riemann hypothesis. Our bound is nontrivial when [K :
(] is small and L has small root discriminant, and might be summarized as
saying that such fields can’t be ‘“too abelian”.

1. Introduction

It is known that the discriminant of a number field cannot be too small. Minkowski’s
work on the geometry of numbers implies that
el

IDisc(K)| > (T —o(1)

we write this bound as rdx > e’w/4 — o(1), where rdg := (|Disc(K)|) /1K@l
is the root discriminant of K. These bounds can be improved by using analytic
properties of the Dedekind zeta function of K, and this was noticed by Stark (see the
parenthetical comment in the proof of Lemma 4 on page 140 of [Stark 1974]), and
worked out in detail by Andrew Odlyzko [1976] in his MIT dissertation (supervised
by Stark). The sharpest known bounds, due to Poitou [1977] (see also [Odlyzko
1990]), are

’

)[KZ@]

(1-1)  rdg > (60.8395...)"/IK: Q22 3816 ...)>2/1K:Ql _ oK : @7/,

where [K : Q] = r; + 2rp, and r; and r, are the numbers of real and complex
embeddings of K, respectively. (The error term in (1-1) can be improved.) If one
assumes the generalized Riemann hypothesis, the constants above can be improved
to 215.3325... and 44.7632. .. respectively.

Conversely, Golod and Shafarevich [1964] proved that these bounds are sharp
apart from the constants, by establishing the existence of infinite class field towers

MSC2010: primary 11R29; secondary 11R42.
Keywords: Artin L-function, Galois representation, Rankin—Selberg L-function.
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Ky € Ky € K3 € --- where each K;;/K; is abelian and unramified, so that
each field K; has the same root discriminant. Martinet [1979] gave the example
K =Q + {1’11, +/—46), which has an infinite 2-class field tower of root dis-
criminant 92.2 . .., and Hajir and Maire [2001; 2002] constructed a tower of fields
with root discriminants bounded by 82.2, in which tame ramification is allowed.

It is expected that fields of small discriminant should be uncommon. For example,
Odlyzko [1990] asked whether there are infinitely many fields of prime degree
of bounded root discriminant; such fields cannot be constructed via class field
towers. Several researchers have studied this question in small degree. Jones and
Roberts [2007] studied the set of Galois number fields K /Q with certain fixed
Galois groups G; for a variety of groups, including A4, As, A¢, S4, S5, S6, they
proved that rdg > 44.7632 ... apart from a finite list of fields K which they compute
explicitly. Voight [2008] studied the set of all totally real number fields K with
rdx < 14, finding that there are exactly 1229 such fields, each with [K : Q] <9.

In light of this work, it is natural to ask whether Galois extensions of small
absolute discriminant must have any special algebraic properties. (The analogous
problems for nonnormal extensions are much more delicate.) The easiest result to
prove is that they cannot be abelian, and we carry this out over @ in the introduction
(starting with (1-4)). In [Leshin 2013], it is proven that, given a number field
K, a positive integer n, and real number N, there are only finitely many Galois
extensions L/K with Gal(L/K) solvable with derived length <n and withrd; < N.
In this paper, we study the representation theory of Galois groups of extensions of
small discriminant, and prove that such Galois groups must have (relatively) large
degree complex representations.

We will prove two versions of this result. The first is the following:

Theorem 1.1. Let L/K be a Galois extension and let r be the maximum of the
degrees of the irreducible complex representations of Gal(L/K). Then there is a
constant C so that

(1-2)

1 loglog[L : Q]
r= Ci
logrdy, logloglog[L : Q]

Remark. The bound of course only makes sense for large [ L : (2]. A straightforward
but somewhat lengthy calculation shows that we may take C; = % provided
[L:Q]=>e".

The basic idea of the proof is to regard L as an abelian extension of an intermediate
field F of small degree. The existence of such an F follows from Theorem 12.23 of
[Isaacs 2006], which states that if G is a finite group with the property that all of its
irreducible representations have degree < r, then G must have an abelian subgroup
of index < (r!)2. (There is also a converse given in Problem 2.9 of [Isaacs 2006]:
if G has an irreducible representation of degree > r, then G cannot have an abelian

—log[K : @]).
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subgroup of index < r.) We may then adapt our proof for the abelian case to prove
that either L has small root discriminant, or F has relatively large degree.

It is also possible to study the representations of Gal(L/Q) directly, without first
passing to an intermediate extension F, via Artin L-functions. We were unable to
improve upon Theorem 1.1 this way, but under the hypothesis that Artin L-functions
are well behaved we prove the following improvement of Theorem 1.1:

Theorem 1.2. Assume that all Artin L-functions are entire and satisfy the Riemann
hypothesis. There is a positive constant C so that if L/ K is any Galois extension
of number fields of degree d, then Gal(L/K) must have an irreducible complex
representation of degree at least

Ca(log[L : QD'

(1-3) (logrd, )25 [K : QF/5°

Remark. Two issues arise when attempting to prove an unconditional version of
this result. The first is that the unconditional zero-free regions for L-functions
have implied constants that depend quite badly on the degree of the L-function
involved. (See for example Theorem 5.33 of [Iwaniec and Kowalski 2004].) The
second is the presence of the possible exceptional zero. Without accounting for the
exceptional zero issue, it seems that the best lower bound we can obtain using the
zero-free regions mentioned above is r > ,/loglog[L : @], for an implied constant
depending on K and on rd;.

We now illustrate the nature of our question by handling the case where L/Q is
abelian of degree > 2. By Kronecker—Weber we have L C (0(¢,) for some n, and

[L:Q)]

(1-4) tra)=¢0) [ L, x),

i=2

where y; are Dirichlet characters of conductor N; for some N;|n. We have
Disc(L) =[], N;, and therefore

[L:Q]
lo N,‘.
[L:Q] ; g

(1-5) logrd; =

Let M := /[L : Q]/2. There are at most M 2 Dirichlet characters with conduc-
tor < M, so that with [L : Q] = 2M? the right side of (1-5) is greater than %log M,
so that

(1-6) rd, > exp (5 log (5[L : @1)),

a bound of the same shape as our theorems. Although this proof is not complicated,
it makes essential use of class field theory and it seems that the use of sophisticated
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tools cannot be avoided. We could improve our bound somewhat, but note that it is
already stronger than the (conditional) bound logrd; > C>(log[L : Qp's implied
by Theorem 1.2. Observe also that for L = Q(¢,) we have rd;, = p?=2/(=D and
[L:Q]=p—1=~rd, implying a limit on the scope for improvement.

As an application of Theorem 1.2 we can say something about unramified
extensions of a fixed number field K. Of course, the maximal unramified abelian
extension of K is the Hilbert class field of K and the degree of this extension
is hg, the order of the ideal class group. However, there are number fields K
with Galois extensions L unramified at all finite primes so that Gal(L/K) has no
nontrivial abelian quotients. One of Artin’s favorite examples is K = (0(+/2869),
where if L is the splitting field of x> — x — 1 over @, then L/K is unramified and
Gal(L/K) = As.

Corollary 1.3. Assume that all Artin L-functions are entire and satisfy the Riemann
hypothesis. Let L1/K, Ly/K, ..., Ly/K be linearly disjoint unramified Galois ex-
tensions and suppose that Gal(L;/K) has an irreducible representation of degree r
for 1 <i < N. Then there is a constant Cs so that

log N < C37° log?(|Disc(K) ) [K : Q].

Remark. The main theorem proven in [Ellenberg and Venkatesh 2006] shows that
the number M of degree n unramified extensions of K satisfies

log M < n®(nlog|Disc(K)| + C4[K : Q])

for a constant C4 depending on n. Because the power of log|Disc(K)| is smaller,
this result is better for fixed n and varying K. However, since the size of Cy is not
specified, our result is better for fixed K and varying n.

Remark. Another potential application occurs in the case when r =2 and K = Q.
Our theorem gives bounds on the number of degree-2 Artin L-functions with
conductor bounded by ¢g. In the odd case, these arise from weight-1 newforms
of level ¢, and in the even case, these arise (conjecturally) from Maass forms
with eigenvalue Alf. However, we obtain bounds that are worse than polynomial
in g. Michel and Venkatesh [2002] used the Petersson—Kuznetsov formula to
obtain bounds of the form g“*¢, where c is a constant depending on the type of
representation (dihedral, tetrahedral, octahedral, or icosahedral).

Throughout the paper we use the notation |Disc(K)| for the absolute value of
the discriminant of K, Ok for the ring of integers of K, rdx = |Disc(K)|1/[K:@],
Nk a(a) for the norm from K to Q of an ideal of Ok, hi for the order of the ideal
class group of Ok, and 0, /¢ for the relative discriminant of L over K. We denote
by Ci, Ca, ... asequence of absolute constants. We also occasionally write f < g
to mean f < Cg for some constant C, absolute unless otherwise noted.
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We provide a little bit of preliminary background in Section 2, and then we prove
Theorem 1.1 in Section 3 and Theorem 1.2 and Corollary 1.3 in Section 4.

2. Background on number fields, discriminants, and conductors

In this section we briefly recall a few facts related to zeta and L-functions associated
to number fields, used in the proofs of both Theorem 1.1 and Theorem 1.2.
The Dedekind zeta function of a number field L is given by the Dirichlet series

2-1) () =Y Neo@™,

where the sum is over integral ideals of O . For a Galois extension L/K, this zeta
function enjoys the factorization

(2-2) @ == [ L ™,

pelr(Gal(L/K))

where p varies over all irreducible complex representations of G := Gal(L/K), and
L(s, p) is the associated Artin L-function. (For background on Artin L-functions
see [Neukirch 1999]; see p. 524 for the proof of (2-2) in particular.)

This formula is the nonabelian generalization of (1-4). In general, it is not known
that the L(s, p) are “proper” L-functions (as defined on [Iwaniec and Kowalski
2004, p. 94] for example) and in particular that they are holomorphic in the critical
strip. However, this was conjectured by Artin; we refer to this assumption as the
Artin conjecture and assume its truth in Section 4.

Remark. As a consequence of Brauer’s theorem on group characters [Neukirch
1999, p. 522], it is known that the Artin L-functions are quotients of Hecke L-
functions, and therefore meromorphic, and this suffices in many applications. For
example, Lagarias and Odlyzko [1977] used this fact to prove an unconditional and
effective version of the Chebotarev density theorem.

If Gal(L/K) is abelian, then the representations are all one-dimensional, and
class field theory establishes that the characters of Gal(L/K) coincide with Hecke
characters of L/K, so that (2-2) becomes

[L:K]

(2-3) Coyk () =2k () [T LG, x0),

i=2

where the product ranges over Hecke characters of K. As in our application of
(1-4), we will argue that there cannot be too many characters x or representations p
of small conductor (and, in the latter case, of bounded degree).
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We can use (2-2) to derive more general versions of (1-5): it follows [Neukirch
1999, p. 527] from (2-2) that the relative discriminant 0(L /K) satisfies the formula

(2-4) aL/K)y =[] #o*er,
pelr(G)

where the ideal f(po) of K is the Artin conductor associated to p.
If L/K is abelian then we can write this as 9(L/K) =[] X f(xi). Taking norms
down to Q and using the relation [Neukirch 1999, p. 202]

(2-5) IDisc(L)| = |Disc(K) "5 INg 0 @1/k),
we obtain

1
(2-6) logrd, = logrdy +—. > log N jaf(xi)-

If L/K is not necessarily abelian, then the conductor g (p) of L(s, p) is related
to f(p) by the formula

2-7) q(p) = Disc(K)|*** Nk ja f(p).
Taking absolute norms in (2-4), multiplying by |Disc(K)|¢, and again using (2-5)
we obtain

(2-8) Dise(L)| = [] ate)*e".
pelr(G)

3. Proof of Theorem 1.1

We first prove a lemma bounding some quantities which occur in the proof.
Lemma 3.1. For a number field F of degree f, the following hold.:
(1) The number of ideals a of O with N(a) < Y is bounded by eY (1 + log Y)/.
(2) We have hp < e|Disc(F)|'/?(1 + 3 log|Disc(F)|)f.

Proof. This is standard and we give an easy proof inspired by [Cojocaru and Murty
2006, p. 68]. We have that ¢r(s) = > oo | a,(F)/n®, where a,(F) is the number

n=1
of integral ideals of norm n in Of. The coefficientwise bound ¢r(s) < () =

Y . df(m)n~* yields that, for o > 1,
D dpm) <) drm(¥/n)’ =Y ¢(0).

n<Y n
We now choose 0 =1+ 1/logY, and use the fact that ¢ (o) < 1+ ﬁ for o > 1.
The second part follows from the classical Minkowski bound (see for example
[Neukirch 1999, Chapter 1.6]), which implies that each ideal class in O is repre-
sented by an ideal a with N'(a) < /|Disc(F)]. O



GALOIS REPRESENTATIONS FOR FIELDS OF SMALL DISCRIMINANT 249

Proof of Theorem 1.1. The proof is similar to that of (1-6), but we will need to work
with messier inequalities.

By the character theory remarks after the theorem, L has a subfield F for which
L/F is abelian, such that [F : K] < (rH? < r¥. We assume that [L : Q] and
therefore rd; are bounded below by absolute constants ([L : Q] > " suffices).
Depending on the relative sizes of these quantities, we will see that either

loglog[L : Q]

-1 —log[K :
G-1) 5log loglog[L : Q] oglk = Cl
or

(3-2) logrd; > Cgloglog[L : Q]

for positive constants Cs and Cg, implying the theorem. There is no obstacle
to determining particular values for these constants, but for simplicity we omit
the details.

We begin with the generalization (2-6) of (1-5), which said that

1
[L: Q]

(3-3) logrd, = logrdr + > log N rjaf(xi),

l
where yx; are distinct Hecke characters of . The number of characters of con-
ductor m is less than 2[7:®1; - N'(m) [Milne 2011, Theorem V.1.7, p. 146], and
Lemma 3.1 bounds both 4 and the number of m which can appear, so that for
Y > 1 the number of characters whose conductor has norm <Y is bounded above by
e’Y?|Disc(F)|"/?(2 4+ log(Y? Disc(F)]))*F2.

Given [L : Q] and [F : @], suppose that ¥ > ¢~!|Disc(F)|~'/? is defined by

the equation

L:Q .
(3-4) ﬁ = Y Disc(F)|'"/(2 + log(¥? |Disc(F)])) Y,
. [L:Q]
so that in (3-3) there are at least —2[ F O] characters of conductor > Y, and hence
1
3-5 logrd; > logrdp +————logY.
G->) BIOL = 08I T F q) 8

(Observe that we do not necessarily have Y > 1, for example if L is the Hilbert
class field of F.) We divide our analysis of (3-5) into three cases and prove that
each implies (3-1) or (3-2).

Large discriminant. 1If Disc(F)>[L: Q]9 we ignore (3-5) and instead note that
logrdr > log[L : Q]/(10[F : Q]), and so

(3-6) log[L : Q],

1
logrd, > —
OBTCL = 10,7 [K - O
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and we obtain at least one of (3-1) and (3-2) depending on whether r¥[K : Q] >
(log[L : QD2 or not.

We assume henceforth that Disc(F) < [L : @]'/1°, which implies that [F : Q] <
% log[L : Q] for [F : @] > 3, and write Y’ :=max (Y, 100) and Z := Y'?|Disc(F)|'/2.

Small discriminant and large degree. Assume to start with that either Z < (2 +
2log Z)?F: @ or ¥ < 100. Applying our upper bounds on Disc(F), [F : @], and Z,
we see that
(3-7) [L: Q1*° < Cy(41og(Y"? |Disc(F)|))*FQl.
Taking logarithms and applying the bound! Y’?|Disc(F)| < [L : @], we obtain
(3-8) log[L : Q] < Cg[F : Q]loglog[L : @],
so that log[L : @]/loglog[L : Q] < Cy[K : Q]r?", which implies that
loglog[L : Q]
r=Cio
logloglog[L : Q]

—log[K : Q].

Small discriminant and small degree. Finally, assume that Z > (242 log Z)21F:@l
and Y > 100. Then [F : Q] < Cy;log Z/loglog Z, and our bound on Disc(F)
implies that log Z < Cjzlog Y, so that [F : Q] < C3log Y/loglog Y. We thus have
logY/Q2[F : Q]) = Ci4loglog Y, and so, by (3-5),

1
logrd; > logrdp +———1logY >logrdr +Ci4loglog?.
grd; = logrdr 2[F: Q] g1 = logrdr 14 loglog

Finally, (3-4) implies that log Y < %log[L : Q], giving us
(3-9) logrd; > logrdr +Cj5loglog[L : Q].

This completes our list of cases, and hence the proof. (]

4. Proof of Theorem 1.2

In the proof we will assume familiarity with Artin L-functions and Rankin—Selberg
convolutions, as described in [Neukirch 1999] (and Section 2) and [Iwaniec and
Kowalski 2004], respectively. We also assume the truth of the Artin conjecture.
There is no theoretical obstacle to carrying out the methods of this section without
any unproved hypotheses, but when we tried this the error terms in (4-6) were too
large to be of interest.

As in the nonabelian case, we need to bound the number of possible g(p) of
bounded conductor (and now also of bounded degree). However, in general the
representations p are not (yet!) known to correspond to arithmetic objects which

11f ¥/ = 100, this follows from Disc(F) < [L : @]}/10. If ¥/ = Y, this follows from (3-4).
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might be more easily counted. Instead, in Proposition 4.1 we (conditionally) bound
the number of possible L-functions. Assuming GRH and the Artin conjecture, we
will see that any two such Artin L-functions must have rather different Dirichlet
series representations, because their Rankin—Selberg convolution cannot have a pole.
A pigeonhole-type argument will then allow us to bound the number of possible
L-functions.

After proving Proposition 4.1 we will conclude as before. In brief, if L/K is a
Galois extension of large degree with many representations of small degree, then
many of these representations will have large conductor, and so L will have large
discriminant.

Proposition 4.1. Assume that the Artin conjecture and Riemann hypothesis hold for
Artin L-functions, and let p and p’ be distinct irreducible nontrivial representations
of Gal(L/K) of degree r and conductor < q (as defined in (2-7)). The Artin L-series
of p and p' have Euler products

d

d
L. o =[][](1~e,mN®=) ", L. oH=[][](1~ei., N@=)"".

poi=1 poi=l1

Assume that1og g > r[K : Q). Then, for X > Ci¢r*log® q, we have

X
4-1) Z Z loti o (P) — iy (P)| = m-
Npel[X,2X] 1<i<r
p unramified

Furthermore, the number of representations of degree < r and conductor < q is
at most

3log?(q)[K:Q
(4-2) C{7 og” ()l ]’

for an absolute constant C17.

Remark. The bound (4-2) is rather simple-minded, and we could remove the factor
[K : Q] by instead insisting that g be sufficiently large in terms of K.

Proof. This is essentially Proposition 5.22 of [Iwaniec and Kowalski 2004]; although
our conclusion is stronger, our proof is essentially the same.

Consider the tensor product representations p ® p and p ® p’, whose L-functions
are equal to the Rankin—Selberg convolutions L(s, p ® p) and L(s, p ® ,& ) (so that
the notation is not ambiguous). A simple character-theoretic argument shows that the
trivial representation does not occur in p ® p’, while it occurs with multiplicity one
in p ® p. Assuming the Artin conjecture, then, L(s, p ® p’) and L(s, p ® p)¢(s) ™!
are entire functions.

Let ¢ be a smooth test function with support in [1, 2], image in [0, 1], and
$(0) = f 12 ¢(t)dt € (3, 1); throughout this section, all implied constants (including
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Cis, etc.) depend on our fixed choice of ¢. Also, let X > 2, with stricter lower
bounds to be imposed later. Then, using the “explicit formula” [ibid., Theorem 5.11]
we find (see p. 118 of [ibid.]) that, assuming GRH and the Artin conjecture,

(4-3)

> Ap@p/(n)qb(n/X)‘ < VXloga(p® ),

(4-4)

> Apepmp(n/X) — dT(O)X‘ < VXlogq(p®p),
n
where the coefficients A are defined, for any L-function L(f, s), by the relation

S Asmn==-E(r).

Also, q(p) =q(p) ]_[;-:1 (Ix ]+ 3) denotes the analytic conductor of p defined by
equation (5.8) of [ibid.]. To bound this analytic conductor, we require information
about the gamma factors of Artin L-functions and the conductor of p ® ¥ (where
¥ =p or p').

The fact that the L(s, p) are factors of the Dedekind zeta function and the fact that
the Dedekind zeta function only has gamma factors I'(s/2) and I"((s 4+ 1) /2) imply
that 0 <«; < 1/2 for all j. We have ¢ (p®yr) = |Disc(K)|9€PEVIN g 0 (f(o @),

where
o0

ioow =TTr . ey =3 Scotimvi,

pfoo i=0

Here V,gy is a vector space affording the representation p ® ¥, G; is the i-th
ramification group, and g; = |G;| (this definition is from p. 527 of [Neukirch 1999]).
It is easy to see that codim Vpcé,w < rcodim VpG" + r codim Vwa ", It follows from
this and the formulas

o0 o0

& . G & . G

folp) = E g—(’)codlm VPG' and  fo(¢) = E g—;cod1m VwG )
i=0 i=0

that f,(p ® ¥) < r(fy(p) + fo(¥)) and
(4-5) q(p ® V) < IDisc(K)|” Nk /2 (F(0)f(¥)).
Combining these estimates for the analytic conductor yields the bound

logq(p ® ¥) < (2r* 4 r*log|Disc(K)| + r log N /o (f(0)f(¥))) < 3rlogg.

Let @; , and ;v be the Frobenius eigenvalues for p and p’ respectively, for 1 <i <r.
Then, unpacking the definition of the Rankin—Selberg convolution (or, equivalently,



GALOIS REPRESENTATIONS FOR FIELDS OF SMALL DISCRIMINANT 253

the tensor product representation), we conclude that

@-6) Y D ey () — i, (P, b))

NpelX.2X] 1<i,j<r
. 2OX Cisv'X
~ log(2X) log X

(rlogq).

The sum above is over prime ideals; we have removed the prime powers which
contribute (assuming X is large) less than

2r2[K - QWX B 2r log(q)vVX
log X logX

which is contained in the error term above. Next, we remove the terms coming from
“ramified primes”, those for which «; ,(p) = 0 for some i. These occur precisely at
the primes for which p|f(p), and the number of these between X and 2X is at most
log g /log X. Noting that for a prime p that is unramified in L/K, |o; ,(p)| =1 for
all i, we get

| | P0)X VXlogg+rlogg
4-7) Z Z ltj.p(P) =t pr (P)| = r1og(2X) —C19( log X )

Npe[X,2X] 1<j<r
p unramified
If X > Ci6r% log?(q) with C16 = max(2!4, 100C%), the error term above is at most
X /(5rlog X) and the main term is at least 7X/(10r log X), establishing the first
part of the proposition.
The second part follows easily from the first. Let M be the number of primes in
the above sum; then, if

. — o <
|at,p(p) Qi p P =< 22 log(X)M
for all i and unramified p, then (4-1) is contradicted. Note that since p is unramified,
a; »(p) and «; ,(p) lie on the unit circle. No more than 27 Y points can be placed
on the unit circle with pairwise distances at least 1/Y. Hence, by the pigeonhole
principle, there can be at most

47T}’210g(X)M r(mrg 2X)—mk (X))
v=(T)

Artin L-functions of degree r and conductor < g. Here, mx (X) is the number
of prime ideals of Ok of norm at most X. We have M < mx(2X) — mg(X) <
2[K : Q@] X/log X and so

2rX[K : Q]

(log(8mr?) +log[K : Q).
log X

logN <
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We have
log X > log2'* 4+ 2logr +2loglogg > log 87 + 2logr +log[K : Q],

and hence
log N < 2Ci6r° log?(q)[K : Q].

As " 108 @IK:Q] jncreases rapidly in r, the number of representations of conductor
. 2 .

at most ¢ and degree r’ < r is bounded by C7.'°2"@IK:@1 for some absolute constant

Ci7. O

We now prove Theorem 1.2 using Proposition 4.1.

Proof of Theorem 1.2. Assume L/K is a Galois extension whose irreducible
complex representations all have degree at most r. Choose the smallest A > e
such that

. r .
4-8) [L:K] - Z C;*;(r—z)logQ(Az)[K:@].

2rz2 T 4
i=1

We wish to estimate A in terms of |Disc(L)|. By Proposition 4.1, the number of
representations with degree r —i and conductor < A%/~ is at most

N3 1n02( A2F/ (=N R - 20, - 2 AN K-
C{r7 i)’ log”(A )K:Q] _ Cil; (r—i)log”(A )[K.@]'

Every other representation has g(p)%€” > A%". There are at least [L : K]/2r* of
these, and so (2-8) gives

|Disc(L)| = l_[ g(p)'er > (A2r)[L:K]/2r2 — AlLKYr
pelr(Gal(L/K))

Thus, log A < (r/[L : K])log|Disc(L)| =r-[K : Q]log rdy, .
Equation (4-8) gives

[L:K] 3 log? (A2)[K :0]
2r2 =2Cy ’

enlarging C7 if necessary so that Cf; > 2, which gives
log[L : K] <log(4r?) +r’log*(A)[K : Q]log Cy7
< (log4+1log C17) - r [K : Q@ (logrdy)?.
Hence, there is an absolute constant C, so that

(log[L : K])'/
rz e anss 25
[K : Q35 (logrdy )2

Finally, we prove Corollary 1.3 using Proposition 4.1.
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Proof of Corollary 1.3. Let L be the compositum of the L;. Then we have

N
Gal(L/K) = HGal(Ll-/K).
i=1

From Theorem 4.21 of [Isaacs 2006], if p; : Gal(L;/K) — GL, (C) is an irreducible
representation, then the map p;(g) = p;(g|r,) is also an irreducible representation
of Gal(L/K) which is distinct from p; for i # j. All of these representations have
conductor ¢ = |Disc(K)|", and Proposition 4.1 implies that there is an absolute
constant C3 so that

log N < C3r° log?(|Disc(K)|) [K : @],

as desired. O
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