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EIGENVALUE ESTIMATE AND COMPACTNESS
FOR CLOSED f-MINIMAL SURFACES

XU CHENG, TITO MEJIA AND DETANG ZHOU

Let 2 be a bounded domain with convex boundary in a complete noncom-
pact Riemannian manifold with Bakry—Emery Ricci curvature bounded be-
low by a positive constant. We prove a lower bound on the first eigenvalue
of the weighted Laplacian for closed embedded f-minimal hypersurfaces
contained in 2. Using this estimate, we prove a compactness theorem for the
space of closed embedded f-minimal surfaces with uniform upper bounds
on genus and diameter in a complete 3-manifold with Bakry-Emery Ricci
curvature bounded below by a positive constant and admitting an exhaus-
tion by bounded domains with convex boundary.

1. Introduction

A hypersurface ¥ immersed in a Riemannian manifold (M, g) is said to be
f-minimal if its mean curvature H satisfies, for any p € X,

H=(V/fv),

where v is the unit normal at p € X, f is a smooth function defined on M, and
V£ denotes the gradient of f on M. When f is a constant function, an f-minimal
hypersurface is just a minimal hypersurface. One nontrivial class of f-minimal
hypersurfaces is that of self-shrinkers. Recall that a self-shrinker (for the mean
curvature flow in the Euclidean space ([Ri”‘H , @can)) 18 a hypersurface immersed in
(R**1, g.an) satisfying

H = %(x, V),

where x is the position vector in R”*!. Hence a self-shrinker is an f-minimal
hypersurface ¥ with /' = |x|?/4 (see more information on self-shrinkers in [Colding
and Minicozzi 2012a] and references therein).

In the study of f-minimal hypersurfaces, it is convenient to consider the ambient
space as a smooth metric measure space (M, g, e=f du), where du is the volume
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form of g. For (M, g, e~/ du), an important and natural tensor is the Bakry—Emery
Ricci curvature Ric fi= Ric+ V2f. There are many interesting examples of smooth
metric measure spaces (M, g, e~/ du) with Ric # >k, for a positive constant k. A
nontrivial class of examples is the shrinking gradient Ricci solitons. It is known
that, after a normalization, a shrinking gradient Ricci soliton (M, g, f) satisfies the
equation Ric + V2f = g/2 or, equivalently, Ric = % We refer to [Cao 2010], a
survey of this topic where some compact and noncompact examples are explained.
Even though the asymptotic growth of the potential function f of a noncompact
shrinking gradient Ricci soliton is the same as that of a Gaussian shrinking soliton
[Cao and Zhou 2010], both the geometry and topology can be quite different from
known examples. We may consider f-minimal hypersurfaces in a shrinking gradient
Ricci soliton. For instance, a self-shrinker in R"*1 can be viewed as an f-minimal
hypersurface in the Gaussian shrinking soliton (R" !, g..n, |x]2/4).

There are other examples of f-minimal hypersurfaces. Let M be the hyperbolic
space H”t1(—1). Let r denote the distance function from a fixed point p € M and
f(x)=nar?(x), where a > 0 is a constant. Then lq'cf >n(2a—1), and the geodesic
sphere of radius r centered at p in H”*1(—1) is an f-minimal hypersurface if it
satisfies 2ar = cothr.

An f-minimal hypersurface ¥ has two aspects to view. One is that ¥ is
f-minimal if and only if X is a critical point of the weighted volume func-
tional e/ do, where do is the volume element of X. Another one is that X is
/-minimal if and only if ¥ is minimal in the new conformal metric § =e~2//"g (see
Section 2). f-minimal hypersurfaces, even more general stationary hypersurfaces
for parametric elliptic functionals, have been studied before. See, for instance, the
work of White [1987] and Colding and Minicozzi [2002].

In this paper, we will first estimate the lower bound on the first eigenvalue of
the weighted Laplacian Ay = A —(Vf, V .) for closed (i.e., compact and without
boundary) embedded f-minimal hypersurfaces in a complete metric measure space
(M, g, e/ du). Subsequently using the eigenvalue estimate, we study compactness
for the space of closed embedded f-minimal surfaces in a complete noncompact
3-manifold. To explain our result, we give some background.

Choi and Wang [1983] estimated the lower bound for the first eigenvalue of closed
minimal hypersurfaces in a complete Riemannian manifold with Ricci curvature
bounded below by a positive constant and proved the following:

Theorem 1. If M is a simply connected complete Riemannian manifold with Ricci
curvature bounded below by a constant k > 0 and X is a closed embedded minimal
hypersurface, then the first eigenvalue of the Laplacian A on X is at least k /2.

Later, using a covering argument, Choi and Schoen [1985] proved that the
assumption that M is simply connected is not needed. Recently Ma and Du [2010]
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extended Theorem 1 to the first eigenvalue of the weighted Laplacian Ay on a
closed embedded f-minimal hypersurface in a simply connected compact manifold
with positive Bakry—Emery Ricci curvature Ric . Very recently Li and Wei [2012]
also used the covering argument to delete the assumption that the ambient space is
simply connected in the result of Ma and Du.

The Bonnet—Myers theorem says that a complete manifold with Ricci curvature
bounded below by a positive constant must be compact. But the corresponding
result is not true for complete manifolds with Bakry—Emery Ricci curvature Ric £
bounded below by a positive constant. One example is the Gaussian shrinking
soliton (R"*1!, g, e_|x|2/4du), with R_icf = % Hence the theorems of Ma and
Du and Li and Wei cannot be applied to self-shrinkers.

For self-shrinkers, Ding and Xin [2013] recently obtained a lower bound on the
first eigenvalue A1 (¥) of the weighted Laplacian £ = A — (x,V-)/2 (i.e., Ar) on
a closed n-dimensional embedded self-shrinker in the Euclidean space R”*!, that
is, A (%) > 1.

We will discuss a lower bound for the first eigenvalue of Ay of a closed embed-
ded f-minimal hypersurface in the case that the ambient space is complete and
noncompact. Precisely, we prove the following:

Theorem 2. Let (M1, g, e f du) be a complete noncompact smooth metric
measure space with Bakry—Emery Ricci curvature Ric ¢ = k, where k is a positive
constant. Let ¥ be a closed embedded f-minimal hypersurface in M. If there is a
bounded domain D in M with convex boundary oD so that ¥ is contained in D,
then the first eigenvalue A1(Ar) of the weighted Laplacian Ay on ¥ satisfies

k
)] AM(Ap) = 5

Here and below the boundary 9D is called convex if, for any p € dD, the second
fundamental form A of dD at p is nonnegative with respect to the outer unit normal
of dD.

A closed self-shrinker X" in R"T1 satisfies the assumption of Theorem 2 since
there always exists a ball D of R"*!containing ¥. Therefore Theorem 2 implies
the result of Ding and Xin for self-shrinkers mentioned before. Also we give a
different and hence alternative proof of their result.

Remark. If M is a Cartan—Hadamard manifold, all geodesic balls are convex. If
M is a complete noncompact Riemannian manifold with nonnegative sectional
curvature, the work of Cheeger and Gromoll [1972] asserts that M admits an
exhaustion by convex domains.

Choi and Wang [1983] used the lower bound estimate of the first eigenvalue
in Theorem 1 to obtain an upper bound on the area of a simply connected closed
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embedded minimal surface ¥ in a 3-manifold, depending on the genus g of X
and the positive lower bound k of Ricci curvature of M . Further the lower bound
on the first eigenvalue and the upper bound on the area were used in [Choi and
Schoen 1985] to prove a smooth compactness theorem for the space of closed
embedded minimal surfaces of genus g in a closed 3-manifold M3 with positive
Ricci curvature. Very recently Li and Wei [2012] proved a compactness theorem for
closed embedded f-minimal surfaces in a compact 3-manifold with Bakry—Emery
Ricci curvature Ric r = k, for a constant k > 0.

On the other hand, Ding and Xin [2013] recently applied the lower bound
estimate of the first eigenvalue of the weighted Laplacian on a self-shrinker to prove
a compactness theorem for closed self-shrinkers in R with uniform bounds on
genus and diameter. As was mentioned before, a self-shrinker in R3 is an f-minimal
surface in a complete noncompact R3 with Ric r = % Motivated by this example, we
consider compactness for f-minimal surfaces in a complete noncompact manifold.
We prove:

Theorem 3. Let (M3, g, e~/ dw) be a complete noncompact smooth metric mea-
sure space with Ric ¢ > k, where k is a positive constant. Assume that M admits
an exhaustion by bounded domains with convex boundary. Then the space, denoted
by Sp,g, of closed embedded f-minimal surfaces in M with genus at most g and
diameter at most D is compact in the C'™ topology, for any m > 2. Namely any
sequence in Sp ¢ has a subsequence that converges in the C™ topology on compact
subsets to a surface in Sp g, for any m > 2.

Theorem 3 implies especially the compactness theorem of Ding and Xin for
self-shrinkers. We also prove the following compactness theorem, which implies
Theorem 3.

Theorem 4. Let (M3, g, et di) be a complete noncompact smooth metric mea-
sure space with Ric ¢ = k, where k is a positive constant. Given a bounded domain
QC M, let S be the space of closed embedded f-minimal surfaces in M with genus
at most g and contained in the closure Q. If there is a bounded domain U C M
with convex boundary so that @ C U, then S is compact in the C™ topology, for
any m > 2. Namely any sequence in S has a subsequence that converges in the C™
topology on compact subsets to a surface in S, for any m > 2.

If M admits an exhaustion by bounded domains with convex boundary, such
U as in Theorem 4 always exists. Also the assumption that f-minimal surfaces
are contained in the closure of a bounded domain €2 in Theorem 4 is equivalent to
there being a uniform upper bound on the extrinsic diameter of f-minimal surfaces
(see remark on page 361).

We mention that, for self-shrinkers in R3, Colding and Minicozzi [2012b] proved
a smooth compactness theorem for complete embedded self-shrinkers with uniform
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upper bound on genus and uniform scale-invariant area growth. In [Cheng et al.
2012], we generalized their result to the complete embedded f-minimal surfaces in
a complete noncompact smooth metric measure space with Ric r =k, for a constant
k > 0.

Theorems 3 and 4 have some immediate corollaries. First they imply the corre-
sponding compactness theorems for embedded closed f-minimal surfaces of fixed
topological type and bounded diameter; see Theorems 7 and 8. Second, by using an
argument as in [Choi and Schoen 1985], we have the following uniform curvature
estimates:

Corollary of Theorem 3. Ler (M3, g, e~/ dp) be a complete smooth metric mea-
sure space with Ric ¢ > k, where k is a positive constant. Assume that M admits
an exhaustion by bounded domains with convex boundary. Then, for any integer g
and a positive constant D, there exists a constant C depending only on M , g and
D such that if ¥ is a closed embedded f-minimal surface of genus g and diameter
at most D in M, the norm | A| of the second fundamental form of ¥ satisfies

max |A| < C.
X€EX

Corollary of Theorem 4. Let (M3, g, e~/ du) be a complete noncompact smooth
metric measure space with Ric £ > k, where k is a positive constant. Let 2 be a
bounded domain whose closure is contained in a bounded domain U with convex
boundary. Then, for any integer g, there exists a constant C depending only on U,
g such that if ¥ is a closed embedded f-minimal surface of genus g contained in S,
the norm | A| of the second fundamental form of X satisfies

max |A| < C.

X€X

An argument similar to the proof of Theorem 2 also works for the case where

the ambient space is a compact manifold with convex boundary. Hence we have
the following estimate:

Theorem 5. Let (M”11, g) be a simply connected compact manifold with convex
boundary M and f a nonconstant smooth function on M. Assume that Ric >k,
where k is a positive constant. If X is a closed f-minimal hypersurface embedded
in M and does not intersect the boundary 0M , then the first eigenvalue of the
weighted Laplacian on X satisfies

k

Here we give a remark: the assumption in Theorem 5 that f is a nonconstant
smooth function on M is necessary. The reason is that under the assumption
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Ric > k > 0, any closed minimal hypersurface ¥ must intersect the convex bound-
ary M by a standard argument similar to the one in Frankel’s intersection theorem.

The rest of this paper is organized as follows: In Section 2, some definitions and
notation are given. In Section 3, we give some facts which will be used later. In
Section 4, we prove Theorems 2 and 5. In Section 6, we prove Theorems 3 and 4.
For completeness, we give in an appendix the proof of the known Reilly formula
for a weighted metric measure space.

2. Definitions and notation

In general, a smooth metric measure space, denoted by (N, g,e”"dvol), is a
Riemannian manifold (N, g) together with a weighted volume form e~ dvol
on N, where w is a smooth function on N and dvol the volume element induced
by the Riemannian metric g. The associated weighted Laplacian Ay, is defined by

Aywu := Au—(Vw, Vu),

where A and V are the Laplacian and gradient on (N, g), respectively.

The second-order operator Ay, is a self-adjoint operator on the space of square
integrable functions on N with respect to the measure e~"dvol. For a closed
manifold N, the first eigenvalue of Ay, denoted by A;(Ay), is the lowest nonzero
real number A; satisfying

Apyu =—Aiu, onhN.

It is well known that the definition of A;(Ay) is equivalent to

Vu|?e™ dvol
A(Ay) = inf In 2| M
[y ue=? dvol=0 [ u?e=¥ dvol
u#0

The co-Bakry—Emery Ricci curvature tensor Ricy, (for simplicity, Bakry—Emery
Ricci curvature) on (N, g, e~ % dvol) is defined by

Ricy, := Ric + V2w,

where Ric denotes the Ricci curvature of (N, g) and V2w is the Hessian of w on N.
If w is constant, Ay, and Ric,, are the Laplacian A and Ricci curvature Ric on NV,
respectively.

Now let (M"*! g) be an (n + 1)-dimensional Riemannian manifold. Assume
that f is a smooth function on M so that (M"+!, g, e~/ du) is a smooth metric
measure space, where du is the volume element induced by g.

Leti: X" — M"! be an n-dimensional smooth immersion. Then

P (2" i*g) > (M"T g)
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is an isometric immersion with the induced metric i *g. For simplicity, we still
denote i *g by g whenever there is no confusion. Let do denote the volume element
of (., ). Then the function f induces a weighted measure ¢~/ do on X. Thus
we have an induced smooth metric measure space (2", g, e~/ do).

In this paper, unless otherwise specified, we denote by a bar all quantities
on (M, g), for instance by V and Ric, the Levi-Civita connection and the Ricci
curvature tensor of (M, g), respectively. Also we denote, for example, by V, Ric, A
and Ay, the Levi-Civita connection, the Ricci curvature tensor, the Laplacian, and
the weighted Laplacian on (X, g), respectively. Let p € 3 and v a unit normal at p.
The second fundamental form A, the mean curvature H, and the mean curvature
vector H of hypersurface (X, g) are defined, respectively, by

A: Ty - TpE, AX):=Vxv, XeT,%,
n
H:=trA= —Z(ﬁeiei, v), H:=-—Hv.
i=1
Define the weighted mean curvature vector Hy and the weighted mean curvature Hy
of (X, g) by
Hy:=H—-(Vf)* and Hy=-Hv,

where L denotes the projection to the normal bundle of X. It follows that
Hy = H—(Vf,v).

Definition. A hypersurface ¥ immersed in (M"*', g, e~/ du) with the induced
metric g is called f-minimal if its weighted mean curvature H vanishes identically
or, equivalently, if it satisfies

3) H=(Vfv).

Definition. The weighted volume of (X, g) is defined by

) Vp(D) = / e/ do.
z

It is well known that ¥ is f-minimal if and only if X is a critical point of the
weighted volume functional. Namely it holds that

Proposition 1. If T is a compactly supported normal variational vector field on ¥
(i.e., T = T), then the first variation formula of the weighted volume of (X, ) is
given by

d

(&) EVf(Ez)

1=

- —/ (T, Hp)ze™ do.
0 by
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On the other hand, an f-minimal hypersurface can be viewed as a minimal
hypersurface under a conformal metric. More precisely, define the new metric
g =e2f/ng on M, which is conformal to g. Then the immersion i : ¥ — M
induces a metric i *g on X from (M, g). In the following, i * g is still denoted by &
for simplicity of notation. The volume of (X, g) is

(6) V() :=/E d&:/ze—f do = V(%).

Hence Proposition 1 and (6) imply that
(7) / (T,H)z dé = / (T, Hy)ze™ do,
z =

where d6 = ¢~/do and H denote the volume element and the mean curvature
vector of X with respect to the conformal metric g, respectively.

Equation (7) implies that H = ¢2inHg . Therefore (X, g) is f-minimal
in (M, g) if and only if (X, g) is minimal in (M, g).

In this paper, for a closed hypersurface, we choose v to be the outer unit normal.

3. Some facts on the weighted Laplacian and f-minimal hypersurfaces

In this section, we give some known results which will be used later in this paper.
Recall that Reilly [1977] proved an integral version of the Bochner formula for
compact domains of a Riemannian manifold, which is called the Reilly formula.
Ma and Du [2010] obtained a Reilly formula for metric measure spaces, which
is the following proposition. We include its proof in an appendix for the sake of
completeness.

Proposition 2. Let Q be a compact Riemannian manifold with boundary 02 and
(2, g, e du) a smooth metric measure space. Then

(8) /(qu)ze—f:/ |€2u|2e—f+/ Rics (Vu, Vuye™
Q Q Q
+2/ u,,(Afu)e_f+/ A(Vu,Vu)e_f—i-/ u]Z,er_f,
Q2 aQ oQ

where v is the outward pointing unit normal to 02 and A is the second fundamental
form of 02 with respect to the normal v, the quantities with bars denote the ones
on (2, g) (for instance, Ric  denotes the Bakry—Emery Ricci curvature on (2, g)),
and Ay and Hy denote the weighted Laplacian on 02 and the weighted mean
curvature of 092, respectively.

A Riemannian manifold with Bakry—Emery Ricci curvature bounded below by a
positive constant has some properties similar to a Riemannian manifold with Ricci
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curvature bounded below by a positive constant. We refer to [Wei and Wylie 2009;
Munteanu and Wang 2014; 2012] and the references therein.

Proposition 3 [Morgan 2005] (see also [Wei and Wylie 2009, Corollary 5.1]). Ifa
complete smooth metric measure space (N, g,e~®d) has Ricy, >k, where k is a
positive constant, then N has finite weighted volume and finite fundamental group.

For f-minimal hypersurfaces, the following intersection theorem holds.

Proposition 4 [Wei and Wylie 2009, Theorem 7.4]. Any two closed f-minimal hy-
persurfaces immersed in a complete smooth metric measure space (M, g, e=f du)
with Ric ¢ > 0 must intersect. Thus a closed f-minimal hypersurface in M must be
connected.

In [Cheng and Zhou 2013] it was proved that the weighted volume of a self-
shrinker X" immersed in R being finite implies it is properly immersed. This
result extends to f-minimal submanifolds:

Proposition 5 [Cheng et al. 2012]. Let X" be an n-dimensional complete f-minimal
submanifold immersed in an m-dimensional Riemannian manifold M™, n < m.
If ¥ has finite weighted volume, then 3 is properly immersed in M.

An f-minimal hypersurface is an f-minimal submanifold with codimension 1.
See more properties of f-minimal submanifolds in [Cheng et al. 2012].

4. Lower bound for A1 (A ¢)

In this section, we apply the Reilly formula for metric measure spaces to prove
Theorems 2 and 5.

Proof of Theorem 2. Since Ric # = k, where k > 0 is constant, Proposition 3 implies
that M has finite fundamental group. We first assume that M is simply connected.
Since ¥ is connected (Proposition 4) and embedded in M, ¥ is orientable and
divides M into two components (see its proof in [Choi and Schoen 1985]). Thus %
divides D into two bounded components 2; and 2,. Thatis D\X = Q; U R,
with 021 = X and 92, = dD U X.

For simplicity, we denote by A the first eigenvalue A{(Ay) of the weighted
Laplacian Ay on X. Let & be a corresponding eigenfunction so that on X

Afh-i-)xlh:() With/ h2€_f=
)

Consider the solution of the Dirichlet problem on €2 so that
{Z ru=0 inQy,
u=nh ondQ2 = X.
Substitute 21 for € and put the solution u# of (9) in Proposition 2. Then the

€))
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assumption on Ric ¢ implies that
0>k |vu|2e—f—2x1/ uvhe_f—i—/ A(Vh,Vhye 7,
Q) = by

where v is the outer unit normal of ¥ with respect to 2. By Stokes’ theorem
and (9),

/uvhe_f:/ (|§u|2+uﬁfu)e_f:/ |Vu|?e=/.
x Q1 Q)
Thus
oz(k—le)/ |vu|2e—f+/ A(Vh,Vhye .
Q b

If [ A(Vh,Vh)e™/ =0, by u # C, we have
k
A > —.
2
If [x A(Vh, Vh)e=/ <0, we consider the compact domain 2, with the boundary
02, = XU dD. Let u be the solution of the mixed problem
Aju=0 inQy,
(10) u=nh on X,
uy = on dD,

where ¥ denotes the outer unit normal of 0D with respect to 2,.
Substituting €2, for €2 and putting the solution u of (10) in Proposition 2, we
have

0> / |V2u|?e™/ +k/ |Vu|?e™/ =214 / huge™/
Q> Q; b
+/ A(Vh,Vh)e S +/ A(Vu,Vu)e ™/,
z oD
where ¥ denotes the outer unit normal of X with respect to €2, and A denotes the

second fundamental form of X with respect to the normal ¥.
On the other hand, Stokes’ theorem and (10) imply

[ |vu|2e_f=[ uuge_f=[ huze™ .
Q23 022 )

(11) oz(k—le)/ |vu|2e—f+/ /T(Vh,wz)e—f+/ A(Vu,Vuye/ .
Q, = aD

Thus we have

Since dD is assumed convex, the last term on the right side of (11) is nonnegative.
Observe that the orientations of X are opposite for €21 and 2,. Namely v = —v.
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Then /T(Vu, Vu) = —A(Vu,Vu) on X. This implies that the second term on the
right side of (11) is nonnegative. Thus

oz(k—le)/ Vul|?e=/
Q>

Since u is not a constant function, we conclude that £k —2A; < 0. Again we have

Mzt
2
Therefore we obtain that A (Ay) > k /2 if M is simply connected.

Second, if M is not simply connected, we consider its universal covering M,
Which is a finite |7 |-fold covering. M is simply connected and the covering map
n:M—>Misa locally 1sometry

Take f f om. Obviously M has Ric ; iz k, and the lift T of X is also f
minimal, embedded and closed. By Proposition 4, $ must be connected. Since
M is simply connected the closed embedded connected S must be orlentable and
thus divides M into two components. Moreover the connectedness of by implies
that the lift D of D is also a connected domain. Also 9D = D is smooth and
convex. Hence the assertion obtained for the simply connected ambient space can
be applied here. Thus the first eigenvalue of the weighted Laplacian A 7 on )
satisfies AI(A 2) > k/2.

Observing the lift of the first eigenfunction of X is also an eigenfunction of M,
we have

- k
M(Af)i)»l(Af)iz- O

Remark. In Theorem 2, the boundary dD is not necessarily smooth. dD can be
assumed to be C'!, which is sufficient for the existence of the solution of the mixed
problem (10).

Theorem 5 holds by the same argument as that of Theorem 2.

5. Upper bound on area and total curvature of f-minimal surfaces

In this section, we study surfaces in a 3-manifold. First we estimate the correspond-
ing upper bounds on the area and weighted area of an embedded closed f-minimal
surface by applying the first eigenvalue estimate in Section 4. Next we discuss the
upper bound on the total curvature. We begin with a result of Yang and Yau [1980]:

Proposition 6. Let X2 be a closed orientable Riemannian surface with genus g.
Then the first eigenvalue A1(A) of the Laplacian A on X satisfies

A (A) Area(X) < 8x(1 + g).
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Using Theorem 2 and Proposition 6, we obtain the following area estimates for
closed embedded f-minimal surfaces if the ambient space is simply connected.

Proposition 7. Let (M3, g, e~/ d) be a simply connected complete smooth metric
measure space with R_in > k, where k is a positive constant. Let ©*> C M be a
closed embedded f-minimal surface with genus g. If X is contained in a bounded
domain D with convex boundary 0D, then its area and weighted area satisfy

lon(l+g)
k

oscs f

(12) Area(X) <

and

167 (1 4
(13) Areas (%) < we—mfz f,
where oscy, f = supy, f —infy f.

Proof. Consider the conformal metric § = ¢~/ g on M. Let A, (Z) be the first
eigenvalue of the Laplacian A on (X, g), which satisfies

- |Vu|2 dé
@)= inf fz—zg
Jsuds=0 [xu?d&
u#0

where A, V and d& are the Laplacian, gradient and area element of 3 with respect
to the metric g, respectively.

On the other hand, the first eigenvalue of the weighted Laplacian A{(Af)
on (X, g) satisfies

I |Vu|§-,e_f do

rM(AF) = inf
(A7) [z ue=! do=0 [yu?e™/ do
u#0
Since Vu = ¢/ Vu, d6 = ¢~/ do and g=e'g,
~ |Vu|2 do
(A) = inf fz—g
[sue=' do=0 fE u2e=f do
u#0
Vu|2e=/ itz () 4o
> inf Jz IVl
[sue ! do=0 ./Z u2e=/ do
u#0
=M=/ )1 (Ap).

By this inequality, Theorem 2 and Proposition 6, we have the estimate

167[(1 +g)e_inf2(f)

(14) Area(X, g) < .
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Since Areas(X) = [x e~/ do = Area(Z, §),

Areaf(z) S %—i_g)e_infz(f)’
which is (13). Thus

Area(z) < MQSHPE (f)—infs (f) — Me()sc;;(f).
- k k

That is, (12) holds. g

Now, suppose that M is not simply connected. We use a covering argument as
in [Choi and Schoen 1985].

Proposition 8. Ler (M3, g, e/ du) be a complete smooth metric measure space
with Iﬁ:f > k, where k is a positive constant. Let %2 be a closed embedded
f-minimal surface. If X is contained in a bounded domain D of M with convex
boundary oD, then

16 (2 1 .
15 A N < — 2 _Zy(x) e infs f
" ) = (1)
and
(16) Area(X) < 1o (2 _ lx(E) eoses /|
k \|my| 2

where |7y| is the order of the fundamental group of M, and x(X) is the Euler
characteristic of X.

Proof. Let M be the universal covering manifold of M. By Proposition 3, the
covering is a finite |7r;|-fold covering. Let S be the lifting of X. In the proof of
Theorem 2, we have shown that £ is orientable and satisfies the assumption of
Theorem 2. Hence Theorem 2 implies that the first eigenvalue of the weighted
Laplacian of T satisfies A; (ﬁ f) > k /2, where f is the lift of f. By Proposition 7,
we conclude that

- 16 (7
Area(S) < Tn(z — Ly(®))ees )
and

fay _ ¢ 167[ 1 fa —_3 f’\ £
Area};(E) = /f; e de' < 7(2— Ex(E))e mn Z(f).
Thus (15) and (16) follow from the equalities
X(2) =|mi|-x(2). infg(/) =infs(f). oseg(f) = osex (/).
Area(f]) = |my|-Area(X) and Areaf(fl) = |my|- Areas(X). O
In the following, we will give the upper bound for the total curvature of f-minimal
surfaces. Here the term the total curvature of ¥ means [s, |A|* do not [, K do.



360 XU CHENG, TITO MEJIA AND DETANG ZHOU

Proposition 9. Let (M3, g, e~/ dw) be a complete smooth metric measure space
with Ric £ >k, where k is a positive constant. Let 2 C M be a closed embedded
f-minimal surface with genus g. If X is contained in a bounded domain D of M
with convex boundary 0D, then ¥ satisfies

(17) / |A|>do < C,
x

where A is the second fundamental form of (X2, g) and C is a constant depending
on the genus g of X, the order |7y| of the fundamental group of M , the maxi-
mum Supy, K of the sectional curvature of M on X, the lower bound k of the Bakry—
Emery Ricci curvature of M, the oscillation oscx (f) and the maximum sups, |V f |
on X.

Proof. By the Gauss equation and Gauss—Bonnet formula,

2.5 _ 2 ) — S 2 7
/E|A| do—/EH 2/E(K K)—/E(Vf,n) 471)((2)4—2/2[(
< (supy, IV f)? Area(Z) + 87(g — 1) + 2(supy, K) Area(X).

Using (16), we have the conclusion of the theorem. O

To prove the compactness theorem in Section 6, we need the following total
curvature estimate for (X, g), which is a minimal surface in (M, g).

Proposition 10. Let (M3, g, e~/ dw) be a complete smooth metric measure space
with Ric £ >k, where k is a positive constant. Let X2 C M be a closed embedded
f-minimal surface with genus g. If X is contained in a bounded domain D of M
with convex boundary 0S2, then X satisfies

(18) [ 1aizas <c.
z

where A is the second SJundamental form of (X, &) with respect to the conformal
metric § = e=f g of M and C is a constant depending on the genus g of X, the
order |11 | of the fundamental group of M , the maximum sups, K of the sectional
curvature of (M, ) on I, the lower bound k of the Bakry—Emery Ricci curvature
of M and the oscillation oscx (f) on X.

Proof. By the Gauss equation and the Gauss—Bonnet formula, we have

/ |Z|§d6=/ ﬁ2_2/(EE—EM)d5=—4nX(2)+2/ Kds
p p) p) )

<8m(g—1) +2(supy K) Area((Z, §))
=8n(g—1)+2(supg I?) Areay(X).
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We have used H = efo =0 and Area((X, g)) = Areas(X). Now (18) follows
from (15). O

6. Compactness of compact f-minimal surfaces

We will prove some compactness theorems for closed embedded f-minimal surfaces
in a 3-manifold. We have two ways to prove Theorem 4.

The first proof roughly follows the one in [Colding and Minicozzi 2011] (cf.
[Choi and Schoen 1985]) with some modifications. The modifications can be made
because we have the assumptions that f-minimal surfaces are contained in the
closure of a bounded domain  of M and € is contained in a bounded domain U
with convex boundary. The second proof will need a compactness theorem of
complete embedded f-minimal surfaces that was proved in [Cheng et al. 2012].

We prefer to give two proofs here since the first one is independent of the
compactness theorem of complete embedded f-minimal surfaces. But the compact-
ness theorem of complete embedded f-minimal surfaces needs a theorem about
nonexistence of L y-stable minimal surfaces (see [Cheng et al. 2012, Theorem 3]).

First proof. We first prove a singular compactness theorem, which is a variation
of a result from [Choi and Schoen 1985] (compare [Colding and Minicozzi 2011,
Proposition 7.14; Anderson 1985; White 1987]):

Proposition 11. Let (M 3, §) be a 3-manifold. Assume that Q is a bounded domain
in M. Let X; be a sequence of closed embedded minimal surfaces contained in S,
with genus g, and satisfying

(19) Area(X;) < C

and

(20) / |45,1* < C.
DR

Then there exists a finite set of points ¥ C Q and a subsequence, still denoted by %;,
that converges uniformly in the C'™ topology (m > 2) on compact subsets of M\S
to a complete minimal surface ¥ C Q (possibly with multiplicity).

The subsequence also converges to X in extrinsic Hausdorff distance. X is
smooth, embedded in M , has genus at most g and satisfies (19) and (20).

Proof. We may use the same argument as that of [Colding and Minicozzi 2011,
Proposition 7.14]. Moreover X; C €2 implies that the singular set S C €2 and the
smooth surface ¥ C 2. Here we omit the details of proof. O

We can apply Proposition 11 to the f-minimal surfaces which are minimal in
the conformal metric.
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Lemma. Let (M3, g, e~/ du) be a smooth metric measure space. Assume that S is
a bounded domain in M. Let X; C Q be a sequence of closed embedded f-minimal
surfaces of genus g. Suppose that § = e~1 g on M and (X;, §) satisfy

(21) Area((X;, g)) = Arear(Z;) < C
and
(22) / Az, |} d5 < C,,

E.

1

where A x; and dc denote the second fundamental form and the volume element
of (Zi,8), respectively. Then there exists a finite set of points ¥ C Q and a
subsequence, still denoted by X;, that converges uniformly in the C™ topology
(m > 2) on compact subsets of M\ to a complete f-minimal surface ¥ C Q
(possibly with multiplicity).

The subsequence also converges to 3 in extrinsic Hausdorff distance. % is
smooth, embedded in M, has genus at most g, and satisfies (21) and (22).

Proof. Since an f-minimal surface in the original metric g is equivalent to it
being minimal in the conformal metric g, we can apply Proposition 11 to get the
conclusion of the lemma. O

Proof of Theorem 4. First assume M is simply connected. Since X; C Q C U, we
see from Proposition 7 and Proposition 10 that

Area((S;. §)) = Area (S) < Cy
and

[ 15,2 dog < 2

1

where Cy and C; depend on g, supg f, supg; K and k.

By the lemma, there exists a finite set of points & C Q and a subsequence X;
that converges uniformly in the C™ topology (any m > 2) on compact subsets
of M\ to a complete f-minimal surface ¥ C € without boundary (possibly with
multiplicity). ¥ is smooth, embedded in M and has genus at most g. Equivalently,
with respect to the conformal metric g, a subsequence X;; of minimal surfaces
converges uniformly in the C™ topology on compact subsets of M \¥ to a complete
minimal surface ¥, where ¥ C Q.

Since complete embedded = C Q satisfies (21), it must be properly embedded
(Proposition 5), thus closed and orientable.

We need to prove that the convergence is smooth across the points &. By Allard’s
regularity theorem, it suffices to prove that the convergence has multiplicity one. If
the multiplicity is not one, by a proof similar to that of [Choi and Schoen 1985]
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(see also [Colding and Minicozzi 2011, p. 249]), we can show that there is an i big
enough and a ¥; in the convergent subsequence, so that the first eigenvalue of the
Laplacian A% on %; with the conformal metric & satisfies A1 (AZ7) < kel f /2.
We have
o o s
M (AF) = inf{m—‘p"‘?fla,
Js, 9%d5 s,

fz‘, |Vo|*do s
| gy o =0

> h(ageme ).

¢d&=o}

By Theorem 2, ¥; C Q C U implies A, (A?" ) > k /2. Thus we have a contra-
diction.

When M is not simply connected, we use a covering argument. The assumption
of Rle > k, where k > 0 is constant, implies that M has finite fundamental
group 1 (Proposition 3). We consider the finite-fold universal covenng M. By the
proof of Theorem 2, we know that the corresponding lifts of %;, Q and U satisfy
$;cQcU. Then Propositions 8 and 10 give uniform bounds on the area and total
curvature in the conformal metric g on M. By the assertion on the simply connected
ambient manifold before, we have the smooth convergence of a subsequence of E,.
This implies the smooth convergence of a subsequence of ¥;. O

Second Proof. In [Cheng et al. 2012], we proved the following:

Theorem 6. Let (M3, g, e f d) be a complete smooth metric measure space with
Ricy > k, where k is a positive constant. Given an integer g > 0 and a constant
V' >0, the space Sg v of smooth complete embedded f-minimal surfaces ¥ C M
with

* genus at most g,

e 0¥ =, and

o [seldo<V
is compact in the C™ topology, for any m > 2. Namely any sequence of Sgy has a

subsequence that converges in the C™ topology on compact subsets to a surface
in Sp.g, forany m > 2.

Proof of Theorem 4. Since a surface in S is contained in  C U, by Proposition 8, we
have the uniform bound V of the weighted volume of closed embedded f-minimal
surfaces in S. Hence Theorem 6 can be applied. Moreover X; C Q implies that
the smooth limit surface ¥ C Q. Otherwise, since the subsequence {X;} converges
uniformly in the C™ topology (m > 2) on any compact subset of M to X, there is
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a surface ¥; (with index i big enough) in the subsequence that would not satisfy
Y C Q.
By Proposition 5, 3 must be properly embedded. Thus ¥ must be closed. [

To prove Theorem 3 we require a lemma.

Lemma. Ler (M3, 3, e~/ dp) be a complete noncompact smooth metric measure
space with R_in >k > 0. If X is any closed f-minimal surface in M with genus
at most g and diameter at most D, then ¥ C B, (p) for some r > 0 (independent
of X), where B, (p) is a ball in M with radius r centered at p € M.

Proof. Fix a closed f-minimal surface X,. Obviously X¢ C B;,(p) for some
ro > 0. Proposition 4 says that ¥ and X, must intersect. Then, for x € %,

d(p,x) =d(p,xo) +d(x9,x) <ro+ D, xo € Xp.
Taking r =rg + D, wehaveECE,mLD. O

Remark. In the lemma and hence in Theorem 3, D is a bound on the intrinsic
diameter of closed f-minimal surfaces or a bound on the extrinsic diameter of
closed f-minimal surfaces. Also, by Proposition 4, the assumption that f-minimal
surfaces are contained in the closure of a bounded domain €2 in Theorem 4 is
equivalent to that of a uniform upper bound on the extrinsic diameter of f-minimal
surfaces.

Proof of Theorem 3. By the lemma immediately above, we may apply Theorem 4 to
the space Sp,¢. Next the closed embedded limit ¥ must have diameter at most D.
Otherwise, since the subsequence {X;} converges uniformly in the C™ topology
(m = 2) on any compact subset of M to X, there is a surface X; (with the index i
big enough) in the subsequence that would have diameter greater than D. So X
must be in Sp ¢. O

As a corollary, Theorem 3 implies:

Theorem 7. Let (M3, g, e~/ dw) be a complete noncompact smooth metric mea-
sure space with Ric r = k, where k is a positive constant. Assume that M admits
an exhaustion by bounded domains with convex boundary. Then the space of closed
embedded f-minimal surface in M of fixed topological type and diameter at most D
is compact in the C™ topology, for any m > 2.

Proof of Theorem 7. By Theorem 3, it suffices to prove that the limit f-minimal
surface of a convergent subsequence in the given space has the same topological
type, which holds by the Gauss—Bonnet formula and smooth convergence. O

Similar to the proof of Theorem 7, Theorem 4 implies:
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Theorem 8. Let (M3, g, e~/ dw) be a complete noncompact smooth metric mea-
sure space with l@:f > k, where k is a positive constant. Assume that Q is a
bounded domain and U is a bounded domain with convex boundary so that @ C U.
Then the space of closed embedded f-minimal surface in M of fixed topological
type and contained in the closure Q is compact in the C™ topology, for any m > 2.

Appendix: Proof of Proposition 2

The Bochner formula implies that

AL IVul? = (Vu,V(Agu)) = |V?u|* + Ricy (Vu, Vu).

Integrating this equation on 2 with respect to the weighted measure e~/ dyu, we
obtain

/Q (3871Vul> = (Vu,V(Agu)))e f V2| e~ fQ Ric/ (Vu. Vuye™/
On the other hand, by the divergence formula, we have

3AfIVul> = (Vu, V(Agu))
= %(ﬁ/(e_fﬁﬁmz)ef —cﬁl(e_fﬁf(u)vu)ef + (Efu)z.

Integrating and applying Stokes’ theorem, we have

(23) /Q(%Efﬁbdz—(vu,ﬁ(ﬁfu)))e_f
:/{;Q(%|vu|3—(5fu)uv)e_f—{-/Q(qu)ze_f

Then

Q4 3

s — (Agu)uy

VoVu,Vu) — (Afu)u,, = (VVuVu V) — (Afu)u,,

VoVu, vyuy + (Vv Vu,v) — (Aru)uy

((v Vu,v)—Au + (Vf, vu))uv +(Vu, Vuy,) — (Vu, Vy,v)

( Au—Hu,+(Vf,Vu)+(V/, v)uv)uv—l—(Vu,Vuv)—(Vu,vvuv)
= —(Apu+ Hyuy)uy + (Vu, Vuy) — A(Vu, Vu),

u
=
=
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where Hr = H — (V f,v). By substituting (24) into (23), we obtain
/Q (LA 1Vul? — (Vu. T (A su)))e
:—[ (Afu)uve_f—/ Hfu%e_f+f ((Vu,Vuv)—A(Vu,Vu))e_f
R a2 R

= 2o
+[Q(Afu)e

:—2/ (Afu)uve_f—/ Hfu%e_f—/ A(Vu, Vu)e_f—l—/ (qu)ze_f.
R R a1 Q

This immediately implies (8).

References

[Anderson 1985] M. T. Anderson, “Curvature estimates for minimal surfaces in 3-manifolds”, Ann.
Sci. Ecole Norm. Sup. (4) 18:1 (1985), 89-105. MR 87¢:53098 Zbl 0578.49027

[Cao 2010] H.-D. Cao, “Recent progress on Ricci solitons”, pp. 1-38 in Recent advances in geometric
analysis (Taipei, 2007), edited by Y.-I. Lee et al., Adv. Lect. Math. 11, International Press, Somerville,
MA, 2010. MR 2011d:53061 Zbl 1201.53046 arXiv 0908.2006

[Cao and Zhou 2010] H.-D. Cao and D. Zhou, “On complete gradient shrinking Ricci solitons”, J.
Differential Geom. 85:2 (2010), 175-185. MR 2011k:53040 Zbl 1246.53051

[Cheeger and Gromoll 1972] J. Cheeger and D. Gromoll, “On the structure of complete manifolds of
nonnegative curvature”, Ann. of Math. (2) 96 (1972), 413—443. MR 46 #8121 Zbl 0246.53049

[Cheng and Zhou 2013] X. Cheng and D. Zhou, “Volume estimate about shrinkers”, Proc. Amer.
Math. Soc. 141:2 (2013), 687-696. MR 2996973 Zbl 1262.53030

[Cheng et al. 2012] X. Cheng, T. Mejia, and D. Zhou, “Stability and compactness for complete
f-minimal surfaces”, preprint, 2012. To appear in Trans. Amer. Math. Soc. arXiv 1210.8076

[Choi and Schoen 1985] H. L. Choi and R. Schoen, “The space of minimal embeddings of a surface
into a three-dimensional manifold of positive Ricci curvature”, Invent. Math. 81:3 (1985), 387-394.
MR 87a:58040 Zbl 0577.53044

[Choi and Wang 1983] H. I. Choi and A. N. Wang, “A first eigenvalue estimate for minimal hypersur-
faces”, J. Differential Geom. 18:3 (1983), 559-562. MR 85d:53028 Zbl 0523.53055

[Colding and Minicozzi 2002] T. H. Colding and W. P. Minicozzi, II, “Estimates for parametric
elliptic integrands”, Int. Math. Res. Not. 2002:6 (2002), 291-297. MR 2002k:53060 Zbl 1002.53035

[Colding and Minicozzi 2011] T. H. Colding and W. P. Minicozzi, II, A course in minimal surfaces,
Graduate Studies in Mathematics 121, American Mathematical Society, Providence, RI, 2011.
MR 2780140 Zbl 1242.53007

[Colding and Minicozzi 2012a] T. H. Colding and W. P. Minicozzi, II, “Generic mean curvature flow,
I: Generic singularities”, Ann. of Math. (2) 175:2 (2012), 755-833. MR 2993752 Zbl 1239.53084

[Colding and Minicozzi 2012b] T. H. Colding and W. P. Minicozzi, II, “Smooth compactness of
self-shrinkers”, Comment. Math. Helv. 87:2 (2012), 463—-475. MR 2914856 Zbl 1258.53069

[Ding and Xin 2013] Q. Ding and Y. L. Xin, “Volume growth, eigenvalue and compactness for
self-shrinkers”, Asian J. Math. 17:3 (2013), 443-456. MR 3119795 Zbl 1283.53062


http://www.numdam.org/item?id=ASENS_1985_4_18_1_89_0
http://msp.org/idx/mr/87e:53098
http://msp.org/idx/zbl/0578.49027
http://msp.org/idx/mr/2011d:53061
http://msp.org/idx/zbl/1201.53046
http://msp.org/idx/arx/0908.2006
http://projecteuclid.org/euclid.jdg/1287580963
http://msp.org/idx/mr/2011k:53040
http://msp.org/idx/zbl/1246.53051
http://dx.doi.org/10.2307/1970819
http://dx.doi.org/10.2307/1970819
http://msp.org/idx/mr/46:8121
http://msp.org/idx/zbl/0246.53049
http://dx.doi.org/10.1090/S0002-9939-2012-11922-7
http://msp.org/idx/mr/2996973
http://msp.org/idx/zbl/1262.53030
http://msp.org/idx/arx/1210.8076
http://dx.doi.org/10.1007/BF01388577
http://dx.doi.org/10.1007/BF01388577
http://msp.org/idx/mr/87a:58040
http://msp.org/idx/zbl/0577.53044
http://projecteuclid.org/euclid.jdg/1214437788
http://projecteuclid.org/euclid.jdg/1214437788
http://msp.org/idx/mr/85d:53028
http://msp.org/idx/zbl/0523.53055
http://dx.doi.org/10.1155/S1073792802106106
http://dx.doi.org/10.1155/S1073792802106106
http://msp.org/idx/mr/2002k:53060
http://msp.org/idx/zbl/1002.53035
http://books.google.com?id=k4ODAwAAQBAJ
http://msp.org/idx/mr/2780140
http://msp.org/idx/zbl/1242.53007
http://dx.doi.org/10.4007/annals.2012.175.2.7
http://dx.doi.org/10.4007/annals.2012.175.2.7
http://msp.org/idx/mr/2993752
http://msp.org/idx/zbl/1239.53084
http://dx.doi.org/10.4171/CMH/260
http://dx.doi.org/10.4171/CMH/260
http://msp.org/idx/mr/2914856
http://msp.org/idx/zbl/1258.53069
http://dx.doi.org/10.4310/AJM.2013.v17.n3.a3
http://dx.doi.org/10.4310/AJM.2013.v17.n3.a3
http://msp.org/idx/mr/3119795
http://msp.org/idx/zbl/1283.53062

EIGENVALUE ESTIMATE AND COMPACTNESS FOR f-MINIMAL SURFACES 367

[Li and Wei 2012] H. Li and Y. Wei, “ f'-minimal surface and manifold with positive m-Bakry—Emery
Ricci curvature”, preprint, 2012. To appear in J. Geom. Anal. arXiv 1209.0895v1

[Ma and Du 2010] L. Ma and S.-H. Du, “Extension of Reilly formula with applications to eigenvalue
estimates for drifting Laplacians”, C. R. Math. Acad. Sci. Paris 348:21-22 (2010), 1203-1206.
MR 2011m:58051 Zbl 1208.58028

[Morgan 2005] F. Morgan, “Manifolds with density”, Notices Amer. Math. Soc. 52:8 (2005), 853-858.
MR 2006g:53044 Zbl 1118.53022

[Munteanu and Wang 2012] O. Munteanu and J. Wang, “Analysis of weighted Laplacian and applica-
tions to Ricci solitons”, Comm. Anal. Geom. 20:1 (2012), 55-94. MR 2903101 Zbl 1245.53039

[Munteanu and Wang 2014] O. Munteanu and J. Wang, “Geometry of manifolds with densities”, Adv.
Math. 259 (2014), 269-305. MR 3197658 Zbl 1290.53048

[Reilly 1977] R. C. Reilly, “Applications of the Hessian operator in a Riemannian manifold”, Indiana
Univ. Math. J. 26:3 (1977), 459-472. MR 57 #13799 Zbl 0391.53019

[Wei and Wylie 2009] G. Wei and W. Wylie, “Comparison geometry for the Bakry—Emery Ricci
tensor”, J. Differential Geom. 83:2 (2009), 377-405. MR 2011a:53064 Zbl 1189.53036

[White 1987] B. White, “Curvature estimates and compactness theorems in 3-manifolds for sur-
faces that are stationary for parametric elliptic functionals”, Invent. Math. 88:2 (1987), 243-256.
MR 88¢2:58037 Zbl 0615.53044

[Yang and Yau 1980] P. C. Yang and S. T. Yau, “Eigenvalues of the Laplacian of compact Riemann
surfaces and minimal submanifolds”, Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 7:1 (1980), 55-63.
MR 81m:58084 Zbl 0446.58017

Received July 4, 2013. Revised May 14, 2014.

XU CHENG

INSTITUTO DE MATEMATICA E ESTATISTICA
UNIVERSIDADE FEDERAL FLUMINENSE - UFF
24020-140 CENTRO, NITEROI-R]J

BRAZIL

xcheng @impa.br

TITO MEJIA

INSTITUTO DE MATEMATICA E ESTATISTICA
UNIVERSIDADE FEDERAL FLUMINENSE - UFF
24020-140 CENTRO, NITEROI-RJ

BRAZIL

tmejia.uff @gmail.com

DETANG ZHOU

INSTITUTO DE MATEMATICA E ESTATISTICA
UNIVERSIDADE FEDERAL FLUMINENSE - UFF
24020-140 CENTRO, NITEROI-RJ

BRAZIL

zhou@impa.br


http://dx.doi.org/10.1007/s12220-013-9434-5
http://dx.doi.org/10.1007/s12220-013-9434-5
http://msp.org/idx/arx/1209.0895v1
http://dx.doi.org/10.1016/j.crma.2010.10.003
http://dx.doi.org/10.1016/j.crma.2010.10.003
http://msp.org/idx/mr/2011m:58051
http://msp.org/idx/zbl/1208.58028
http://www.ams.org/notices/200508/fea-morgan.pdf
http://msp.org/idx/mr/2006g:53044
http://msp.org/idx/zbl/1118.53022
http://dx.doi.org/10.4310/CAG.2012.v20.n1.a3
http://dx.doi.org/10.4310/CAG.2012.v20.n1.a3
http://msp.org/idx/mr/2903101
http://msp.org/idx/zbl/1245.53039
http://dx.doi.org/10.1016/j.aim.2014.03.023
http://msp.org/idx/mr/3197658
http://msp.org/idx/zbl/1290.53048
http://dx.doi.org/10.1512/iumj.1977.26.26036
http://msp.org/idx/mr/57:13799
http://msp.org/idx/zbl/0391.53019
http://projecteuclid.org/euclid.jdg/1261495336
http://projecteuclid.org/euclid.jdg/1261495336
http://msp.org/idx/mr/2011a:53064
http://msp.org/idx/zbl/1189.53036
http://dx.doi.org/10.1007/BF01388908
http://dx.doi.org/10.1007/BF01388908
http://msp.org/idx/mr/88g:58037
http://msp.org/idx/zbl/0615.53044
http://www.numdam.org/item?id=ASNSP_1980_4_7_1_55_0
http://www.numdam.org/item?id=ASNSP_1980_4_7_1_55_0
http://msp.org/idx/mr/81m:58084
http://msp.org/idx/zbl/0446.58017
mailto:xcheng@impa.br
mailto:tmejia.uff@gmail.com
mailto:zhou@impa.br




PACIFIC JOURNAL OF MATHEMATICS

msp.org/pjm

Founded in 1951 by E. F. Beckenbach (1906-1982) and F. Wolf (1904-1989)

Paul Balmer
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
balmer@math.ucla.edu

Robert Finn
Department of Mathematics
Stanford University
Stanford, CA 94305-2125
finn@math.stanford.edu

Sorin Popa
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
popa@math.ucla.edu

Silvio Levy, Scientific Editor, production@msp.org

ACADEMIA SINICA, TAIPEI

CALIFORNIA INST. OF TECHNOLOGY
INST. DE MATEMATICA PURA E APLICADA
KEIO UNIVERSITY

MATH. SCIENCES RESEARCH INSTITUTE

EDITORS

Don Blasius (Managing Editor)
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
blasius@math.ucla.edu

Vyjayanthi Chari
Department of Mathematics
University of California
Riverside, CA 92521-0135
chari@math.ucr.edu

Kefeng Liu
Department of Mathematics
University of California
Los Angeles, CA 90095-1555
liu@math.ucla.edu

Jie Qing
Department of Mathematics
University of California
Santa Cruz, CA 95064
qing@cats.ucsc.edu

PRODUCTION

SUPPORTING INSTITUTIONS

STANFORD UNIVERSITY
UNIV. OF BRITISH COLUMBIA

UNIV. OF CALIFORNIA, BERKELEY

UNIV. OF CALIFORNIA, DAVIS

NEW MEXICO STATE UNIV.
OREGON STATE UNIV.

UNIV. OF CALIFORNIA, LOS ANGELES
UNIV.
UNIV.
UNIV.

OF CALIFORNIA, RIVERSIDE
OF CALIFORNIA, SAN DIEGO
OF CALIF., SANTA BARBARA

Daryl Cooper

Department of Mathematics
University of California
Santa Barbara, CA 93106-3080

coop!

er @math.ucsb.edu

Jiang-Hua Lu

Department of Mathematics
The University of Hong Kong
Pokfulam Rd., Hong Kong
jhlu@maths.hku.hk

Paul Yang

Department of Mathematics
Princeton University
Princeton NJ 08544-1000
yang @math.princeton.edu

UNIV.

UNIV.
UNIV.
UNIV.
UNIV.
UNIV.

. OF CALIF., SANTA CRUZ

OF MONTANA

OF OREGON

OF SOUTHERN CALIFORNIA
OF UTAH

OF WASHINGTON

WASHINGTON STATE UNIVERSITY

These supporting institutions contribute to the cost of publication of this Journal, but they are not owners or publishers and have no

responsibility for its contents or policies.

See inside back cover or msp.org/pjm for submission instructions.

The subscription price for 2014 is US $410/year for the electronic version, and $535/year for print and electronic.

Subscriptions, requests for back issues and changes of subscribers address should be sent to Pacific Journal of Mathematics, P.O. Box
4163, Berkeley, CA 94704-0163, U.S.A. The Pacific Journal of Mathematics is indexed by Mathematical Reviews, Zentralblatt MATH,
PASCAL CNRS Index, Referativnyi Zhurnal, Current Mathematical Publications and Web of Knowledge (Science Citation Index).

The Pacific Journal of Mathematics (ISSN 0030-8730) at the University of California, c/o Department of Mathematics, 798 Evans Hall
#3840, Berkeley, CA 94720-3840, is published twelve times a year. Periodical rate postage paid at Berkeley, CA 94704, and additional
mailing offices. POSTMASTER: send address changes to Pacific Journal of Mathematics, P.O. Box 4163, Berkeley, CA 94704-0163.

PIM peer review and production are managed by EditFLow® from Mathematical Sciences Publishers.

PUBLISHED BY

nonprofit scientific publishing

http://msp.org/

© 2014 Mathematical Sciences Publishers

:l mathematical sciences publishers


http://msp.org/pjm/
mailto:balmer@math.ucla.edu
mailto:finn@math.stanford.edu
mailto:popa@math.ucla.edu
mailto:blasius@math.ucla.edu
mailto:chari@math.ucr.edu
mailto:liu@math.ucla.edu
mailto:qing@cats.ucsc.edu
mailto:cooper@math.ucsb.edu
mailto:jhlu@maths.hku.hk
mailto:yang@math.princeton.edu
mailto:production@msp.org
http://msp.org/pjm/
http://www.ams.org/mathscinet
http://www.emis.de/ZMATH/
http://www.viniti.ru/math_new.html
http://www.ams.org/bookstore-getitem/item=cmp
http://apps.isiknowledge.com
http://msp.org/
http://msp.org/

graphs
MARTINA LANINI

Unitary representations of GL(n, K') distinguished by a Galois 445
involution for a p-adic field K
NADIR MATRINGE

On f-biharmonic maps and f-biharmonic submanifolds 461
YE-LIN OU
Unitary principal series of split orthogonal groups 479

ALESSANDRA PANTANO, ANNEGRET PAUL and SUSANA
SALAMANCA RIBA

0030-8730(201410)271:2;1-6



	1. Introduction
	2. Definitions and notation
	3. Some facts on the weighted Laplacian and f`-minimal hypersurfaces
	4. Lower bound for 1(f)
	5. Upper bound on area and total curvature of f`-minimal surfaces
	6. Compactness of compact f`-minimal surfaces
	Appendix: Proof of 0=prop.221=Proposition 2
	References
	
	

