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UNITARY PRINCIPAL SERIES
OF SPLIT ORTHOGONAL GROUPS

ALESSANDRA PANTANO, ANNEGRET PAUL AND SUSANA SALAMANCA RIBA

We prove the nonunitarity of a large set of parameters for Langlands quo-
tients of minimal principal series of the orthogonal group SO(n+1, n), by
showing that the set of unitary principal series parameters of SO(n+1, n)
embeds into a (known) union of spherical unitary parameters for certain
split orthogonal groups. In an earlier paper, we proved the nonunitarity
of the genuine principal series of the metaplectic group Mp(2n) attached
to the same set of parameters. We conjecture that the set of parameters is
complete in both cases and prove the conjecture for small rank groups and
in the case of unipotent parameters.

1. Introduction

For G = SO(n+1, n) or the real metaplectic group Mp(2n), let M A be the Levi
factor of a minimal parabolic subgroup of G. For every irreducible representation δ
of M and every real character ν of A, we choose a minimal parabolic subgroup
P = M AN of G making ν weakly dominant, and we denote by

(1-1) IG(δ, ν) := IndG
P (δ⊗ ν)

the (minimal) principal series representation of G induced from the representation
δ ⊗ ν ⊗ triv of P . In the case of the metaplectic group, we assume that the
representation is genuine, that is, does not factor to the symplectic group. Let
JG(δ, ν) be the Langlands quotient of IG(δ, ν), that is, the distinguished irreducible
composition factor containing the minimal K -type. We are interested in determining
for which pairs (δ, ν) the irreducible representation JG(δ, ν) is unitarizable. We
call this set the complementary series CS(G) of G. The spherical complementary
series of SO(n+1, n)0 (with δ trivial) is denoted CS(SO(n+1, n)0, δ0). Our work
is motivated by the following conjecture.
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Conjecture 1. There is a natural, well-defined bijection

CS(G) ←→
⋃

p+q=n

CS(SO(p+1, p)0, δ0)×CS(SO(q+1, q)0, δ0).

Because the spherical unitary dual of every split orthogonal group is known, by
[Barbasch 2010], this would give a complete description of the unitary principal
series for these two families of groups G.

For the two groups under consideration, A is isomorphic to Rn , and M is
isomorphic to (Z/2Z)n , in the case of SO(n+1, n), and to Z/4Z × (Z/2Z)n−1

for Mp(2n); moreover there is a natural one-to-one correspondence between M-
types (i.e., irreducible representations of M) of SO(n+1, n) and genuine M-types
of Mp(2n). Every M-type of SO(n+1, n) and every genuine M-type of Mp(2n) is
contained in a unique fine K -type for G. Fix an M-type δ. We call the set of real
parameters ν for which JG(δ, ν) is unitary the δ-complementary series of G:

(1-2) CS(G, δ) := {ν ∈ a∗R | JG(δ, ν) is unitary}.

For all w ∈W , JG(δ, ν)' JG(wδ,wν); hence

(1-3) CS(G, w · δ)= w−1
·CS(G, δ).

It follows that CS(G, δ) is invariant under the action of the stabilizer W δ of δ in W
and depends only on the orbit of the M-type δ under the action of W . Here W is
the Weyl group of A in G, which may be identified with the Weyl group of the root
system of G.

The Weyl groups of SO(n+1, n) and of Mp(2n) are isomorphic. Moreover if
an M-type of SO(n+1, n) and a genuine M-type of Mp(2n) correspond to each
other in the above mentioned bijection, then their stabilizers are also isomorphic.
The W -orbits of M-types of SO(n+1, n) and of genuine M-types of Mp(2n) are
parametrized by pairs of nonnegative integers (p, q) with p+ q = n; we choose
a representative δ p,q in each orbit (see (2-15)). Then the W δ p,q

-action leads to
a natural splitting of each real parameter ν into a pair (ν p, νq) ∈ Rp

× Rq (see
Section 3).

In [Pantano et al. 2010], we proved that the δ p,q -complementary series of Mp(2n)
embeds into the product of the spherical complementary series of SO(p+1, p)0 with
that of SO(q+1, q)0. In this paper, we show the analogous result for SO(n+1, n).
In particular, the following theorem and the corresponding result for Mp(2n) make
Conjecture 1 more precise.

Theorem 2. Let G = SO(n+1, n), and let ν = (ν1, . . . , νn) be a real character
of A. For each pair of nonnegative integers (p,q) such that p + q = n, write
ν = (ν p

|νq) with
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(1-4) ν p
:= (ν1, . . . , νp) and νq

:= (νp+1, . . . , νn).

The map

(1-5) CS(G, δ p,q)→ CS(SO(p+1, p)0, δ0)×CS(SO(q+1, q)0, δ0)

taking ν to (ν p, νq) is a well-defined injection. Here δ0 denotes the trivial M-type.

The theorem asserts that if the (Hermitian) Langlands quotient J (δ p,q , (ν p
|νq))

of G is unitary, then the spherical (Hermitian) Langlands quotients J (δ0, ν
p) of

SO(p+1, p)0 and J (δ0, ν
q) of SO(q+1, q)0 must both be unitary. Due to [Barbasch

2010], these conditions can be explicitly checked. We give a description of the
spherical unitary parameters for SO(p+1, p)0 in Section 8.

Corollary 3. Let G = SO(n+1, n) and let ν = (ν p
|νq) be a real character of A,

as in (1-4). If the spherical Langlands quotient J (δ0, ν
p) of SO(p+1, p)0 or the

spherical Langlands quotient J (δ0, ν
q) of SO(q+1, q)0 is not unitary, then the

Langlands quotient J (δ p,q , (ν p
|νq)) of SO(n+1, n) is also not unitary.

The theorem gives nonunitarity certificates for SO(n+1, n). In general, proving
the unitarity of a representation is much harder than showing that it is not unitary. We
conjecture that the spherical complementary series of SO(p+1, p)0×SO(q+1, q)0
gives an exhaustive parametrization of unitary parameters for the Langlands quo-
tients of the δ p,q -principal series of both G =Mp(2n) and SO(n+1, n). To prove
this we must show that, for each pair of parameters

ν p
∈ CS(SO(p+1, p)0, δ0) and νq

∈ CS(SO(q+1, q)0, δ0),

the Langlands quotient JG(δ
p,q , (ν p

|νq)) of G is unitary for both G =Mp(2n) and
SO(n+1, n). In this paper, we show that it is sufficient to prove this for one of the
two families of groups.

Theorem 4. Suppose the Langlands quotient JG(δ
p,q , (ν p

|νq)) is unitary for all
ν p
∈ CS(SO(p+1, p)0, δ0) and νq

∈ CS(SO(q+1, q)0, δ0), and all p+ q = n, for
G =Mp(2n). Then the same is true for G = SO(n+1, n); and vice versa.

In [Pantano et al. 2010], we proved the unitarity of the principal series of Mp(2n)
attached to our list of parameters for some small rank cases; for the general case,
we exhibited two large families of spherical unitary parameters for the product
SO(p+1, p)0 × SO(q+1, q)0, which give rise to δ p,q-complementary series of
Mp(2n). In this paper, we show some of the SO(n+1, n) analogues of these results.
In particular, we obtain:

Theorem 5. Let n = p + q ≤ 4 and take elements ν p
∈ CS(SO(p+1, p)0, δ0)

and νq
∈ CS(SO(q+1, q)0, δ0). Then JG(δ

p,q , (ν p
|νq)) of G is unitary for both

G =Mp(2n) and SO(n+1, n).
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Proving the unitarity of the δ-principal series for our collection of parameters
might use the ideas for Barbasch’s proof [2010] in the spherical case. First using
normalized parabolic induction and deformation of parameters, Barbasch reduces the
question of unitarity to unipotent parameters. These are parameters that correspond
to special unipotent representations, that is, those that are attached to unipotent
Arthur parameters [1989]. Then he proves the unitarity of these special unipotent
representations.

Arthur packets and “unipotent” parameters are defined for linear groups only;
for genuine (p, q)-principal series representations of the metaplectic group, we call
a parameter ν = (ν p

|νq) unipotent if it is a unipotent parameter for SO(n+1, n).
In his recent book [Arthur 2013], the author proves that for split classical groups,

all special unipotent representations are unitary. We check that JSO(n+1,n)(δ
p,q , ν)

is special unipotent if and only if ν p and νq are spherical unipotent parameters for
SO(p+1, p)0 and SO(q+1, q)0, respectively. Using the theta correspondence for
dual pairs of the form (O(r, s),Sp(2m,R)), we prove that the unitarity of the special
unipotent principal series of SO(n+1, n) implies the unitarity of the corresponding
representation of Mp(2n). We obtain the following result.

Theorem 6. If ν p, νq are spherical unipotent parameters for SO(p+1, p)0 and
SO(q+1, q)0, respectively, then ν = (ν p

|νq) ∈ CS(G, δ p,q) for G =Mp(2n) and
SO(n+1, n).

Sections 2 through 4 of this paper contain the proof of Theorem 2. In Section 2,
we collect some structural facts about our groups and the K -types. Section 3
contains a careful outline of the main argument. Here we reduce the proof of our
main theorem to an explicit matching of W -types (Theorem 9). The heart of the
calculations is in Section 4, with the proof of Theorem 9. In Sections 5 through 7,
we address what we know about the unitarity of the δ-principal series. Section 5 is
devoted to proving Theorem 5. In Section 6, we use the theta correspondence to
relate the complementary series of SO(n+1, n) and Mp(2n) to each other. Unipotent
parameters and their unitarity are discussed in Section 7, and in Section 8, we give
a description of the spherical unitary parameters for SO(n+1, n).

2. The structure of SO(n+1, n)

Let G = SO(n+1, n) be defined by

(2-1) G = SO(n+ 1, n) := {g ∈ SL(2n+ 1,R) : (gt)Jg = J },

with J = diag(−In+1, In). Here Is denotes the identity matrix of size s × s. We
denote by g0 the Lie algebra of G, and by g its complexification. Let k0 be the
maximal compact Cartan subalgebra of g0 corresponding to the Cartan involution
θ(X) = −X t , and let K = S(O(n + 1)× O(n)) be the corresponding compact



UNITARY PRINCIPAL SERIES OF SPLIT ORTHOGONAL GROUPS 483

subgroup of G. Write g0 = k0⊕ p0 for the Cartan decomposition of g0, and let a0

be the maximal abelian subspace

(2-2) a0 =


X (B) :=

(
0 B
B t 0

)
: B =



0 0 . . . 0 0
0 0 . . . 0 sn

0 0 . . . sn−1 0
...
...
. . .

...
...

0 s2 . . . 0 0
s1 0 . . . 0 0


, s1, . . . , sn ∈ R


of p0. For all i = 1, . . . , n, let εi ∈ a∗0 be defined by εi (X (B)) = si . Then the
restricted roots are

(2-3) 1(g0, a0)= {±εi ± ε j }1≤i< j≤n ∪ {±εk}k=1,...,n.

They form a root system 1 of type Bn . The corresponding Weyl group W =W (1)

is isomorphic to Sn n (Z/2Z)n , and consists of all permutations and sign changes
on n coordinates. Note that W can be realized as NK (A)/Z K (A), where A is the
vector group exp(a0).

For each root α ∈1 we choose a Lie algebra homomorphism

(2-4) φα : sl(2,R)→ g0 = so(n+1, n),

as in [Vogan 1981, (4.3.6)], and we let Gα be the corresponding connected subgroup
of SO(n+1, n). Moreover we define

Zα := φα

(
0 1

–1 0

)
,(2-5)

σα := exp
(
π

2
Zα
)
,(2-6)

mα := exp(π Zα)= σ 2
α .(2-7)

We make the following choices:

Zεi+ε j=(En+2− j,n+2−i−En+2−i,n+2− j )+(En+1+i,n+1+ j−En+1+ j,n+1+i ),

Zεi−ε j = (En+2− j,n+2−i − En+2−i,n+2− j )−(En+1+i,n+1+ j − En+1+ j,n+1+i )

Zεk = 2E1,n+2−k − 2En+2−k,1.

Then
σεk = I − 2(E1,1+ En+2−k,n+2−k), mεk = I,

and for α = εi ± ε j ,

σα = I − (En+2−i,n+2−i + En+2− j,n+2− j + En+1+i,n+1+i + En+1+ j,n+1+ j )+ Zα,

mα = I − 2(En+2−i,n+2−i + En+2− j,n+2− j + En+1+i,n+1+i + En+1+ j,n+1+ j ).
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As usual, the symbol Ei, j denotes the (i, j)-elementary matrix.
The centralizer of A in K is denoted by M , and consists of all elements

(2-8) T (t1, . . . , tn)= diag(1; tn, tn−1, . . . , t1; t1, t2, . . . , tn),

with t1, . . . , tn = ±1. It is an abelian group of order 2n , isomorphic to (Z/2Z)n .
The dual group M̂ is generated by the M-types {δi : 1≤ i ≤ n}, where

(2-9) δi (T (t1, . . . , tn)) := ti .

For every subset S of {1, 2, . . . , n}, we denote by δS the irreducible representation
of M satisfying

(2-10) δS(T (t1, . . . , tn))=
∏
i∈S

ti .

The Weyl group W acts on the set of irreducible representations of M by

(2-11) (sα · δ)(m) := δ(σ−1
α mσα) for all m ∈ M and α ∈1.

The stabilizer of δ in W is the subgroup

(2-12) W δ
:= {w ∈W : w · δ ' δ}

of W . It is easy to check that

(2-13) sεk · δS = δS and sεi±ε j · δS =

{
δS if i, j ∈ S or i, j ∈ SC ,
δSM{i, j} otherwise,

for all 1≤ i < j ≤ n and all k = 1, . . . , n. Here SC denotes the complement of S
in {1, 2, . . . , n}, and the symbol (S M T ) denotes the symmetric difference of the
two subsets. If q = #S (the cardinality of S) and p = #(SC), this is the Weyl group
of a root system of type Bp× Bq .

Equation (2-13) also shows that

(2-14) W · δS = {δT : #S = #T }.

This implies that the Weyl group orbits of M̂ can be parametrized by pairs of
nonnegative integers (p, q) with p + q = n; for each such pair, we choose a
representative

(2-15) δ p,q
:= δ{p+1,p+2,...,n} = δp+1 · δp+2 · · · δn.

With this notation, W δ p,q
=W (Bp)×W (Bq), and the trivial M-type is δn,0.

Let δ be an irreducible representation of M . A root α ∈1 is called “good” for δ
if δ(mα) 6= −1. Otherwise we say that α is a “bad root” for δ. The set of good
roots for δ = δS is

(2-16) 1δS = {±εi ± ε j : i, j ∈ S or i, j ∈ SC
} ∪ {±εk : 1≤ k ≤ n}.
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If q = #S and p = #(SC), this is a root system of type Bp× Bq .

Remark 7. For every M-type δ, the Weyl group of the root system 1δ coincides
with the stabilizer W δ of δ in W .

Recall the definition of fine K -types given in [Vogan 1981, Section 4] (see also
[Adams et al. 2007, Definition 4.9]). The fine K -types of SO(n+1, n) are given by

(2-17) µp,q = triv⊗3q(Cn)

for each value of 0≤ q ≤ n. The restriction of µp,q to M is

W · δ p,q

(see (2-15)), and its highest weight is
(0, . . . , 0; 1, . . . , 1︸ ︷︷ ︸

q

, 0, . . . , 0;+) if q ≤ n/2,

(0, . . . , 0; 1, . . . , 1︸ ︷︷ ︸
n−q

, 0, . . . , 0;−) otherwise.

Recall that since K = S(O(n+1)×O(n)) is disconnected, the highest weight does
not necessarily determine the K -type uniquely, so we use a sign to distinguish two
representations with the same highest weight.

Remark 8. (a) The restriction of a fine K -type to M consists of the W -orbit of
a single M-type.

(b) Every M-type δ is contained in the restriction to M of a unique fine K -type µδ .

3. Nonunitarity certificates for complementary series of SO(n+1, n)

For G = SO(n+1, n), recall the definition of the δ-complementary series CS(G, δ)
in (1-2). This is a closed set because unitarity is a closed condition. As seen in
Section 2, it suffices to consider the complementary series attached to a single
M-type in each W -orbit for the action of the Weyl group on M̂ . Such orbits are
parametrized by pairs of nonnegative integers (p, q) with p + q = n. In each
orbit, we choose the representative δ p,q introduced in (2-15); the corresponding
fine K -type is µδ p,q (see (2-17)). The stabilizer W δ p,q ∼=W (Bp)×W (Bq) acts on
a (real) continuous parameter ν ∈ a∗R by sign changes and separate permutations
of the first p and the last q coordinates. This leads to a natural splitting of each
parameter ν into a pair (ν p

|νq) as in Theorem 2.
Theorem 2 gives a comparison between the set of (real) unitary parameters for

principal series representations of different groups. On the one hand, we have a
δ p,q-principal series of the group G = SO(n+1, n); on the other hand, we have a
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spherical principal series for the group

Gδ p,q
= SO(p+1, p)0×SO(q+1, q)0.

This group is intrinsically related to the M-type δ p,q of G, and only depends on
the system of good roots 1δ p,q (see (2-16)) associated to this M-type. Precisely,
Gδ p,q

is the connected real split group corresponding to the root system

1(Gδ p,q
) :=1δ p,q .

Consider a parameter ν = (ν p
|νq) as in Theorem 2. Write IGδ p,q (δ0, ν) for the

spherical principal series of Gδ p,q
with parameter ν, and consider the possibly

nonspherical representation I (δ p,q , ν) of SO(n+1, n) with the same parameter.
The long Weyl group element of both G and Gδ p,q

is equal to −Id, hence

(3-1) w0 · ν =−ν, w0 · δ0 = δ0, w0 · δ
p,q
= δ p,q .

These are exactly the conditions that ν, δ0 and δ p,q must satisfy so that the above
mentioned principal series representations admit an invariant Hermitian form. If
ν is (weakly) dominant, then the Langlands quotients JGδ p,q (δ0, ν) and J (δ p,q , ν)

are the quotients of the appropriate principal series by the radical of the Hermitian
form. Hence they inherit a nondegenerate Hermitian form, and they are unitary if
and only if the original form on the principal series is (positive) semidefinite.

To study the unitarity of a Langlands quotient, one needs to look at the signature
of the Hermitian intertwining operators on the principal series which induce the
form. Luckily these intertwining operators are very well understood. A thorough
description can be found in [Barbasch et al. 2008] for split linear groups (such as
SO(n+1, n) and Gδ p,q

). We will not review the theory here but only recall the main
results. The interested reader may consult the reference above for details.

First consider the spherical Langlands quotient JGδ p,q (δ0, ν) of the group Gδ p,q
.

Hecke algebra considerations reduce the study of the unitarity of JGδ p,q (δ0, ν) to
the analysis of the signature of certain (relatively simple) “algebraic” operators.
Precisely there is one operator A(w0, ψ, ν) for every representation ψ of the Weyl
group of Gδ p,q

; the representation JGδ p,q (δ0, ν) is unitary if and only if

A(w0, ψ, ν) is positive semidefinite, for all ψ ∈ ̂W (Gδ p,q
).

Barbasch [2010] has identified a small set of W (Gδ p,q
)-types (called “relevant”)

that detect unitarity, in the sense that JGδ p,q (δ0, ν) is unitary if and only if

(3-2) A(w0, ψ, ν) is positive semidefinite, for all relevant ψ ∈ ̂W (Gδ p,q
).
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Next we consider the Langlands quotient J (δ p,q , ν) of SO(n+1, n). For every
K -type µ, there is a family of (much harder) “analytic” intertwining operators

(3-3) T (w0, µ, δ
p,q , ν),

with the property that the Langlands quotient J (δ p,q , ν) is unitary if and only if

T (w0, µ, δ
p,q , ν) is positive semidefinite, for all µ ∈ K̂ .

The operator T (w0, µ, δ
p,q , ν) is defined on the space HomK (µ, IG(δ

p,q , ν)),
which is isomorphic to

Vµ[δ p,q
] := HomM(µ, δ

p,q)

by Frobenius reciprocity. The stabilizer W δ p,q
of the M-type δ p,q acts naturally on

this space. Note that the group W δ p,q
coincides with the Weyl group of the system

1δ p,q of good roots for δ p,q :

W (1δ p,q )'W (Bp)×W (Bq)'W (Gδ p,q
).

Hence, for every K -type µ, we obtain a representation ψµ of the Weyl group
of Gδ p,q

on the domain Vµ[δ p,q
] of the intertwining operator T (w0, µ, δ

p,q , ν).
The operator T (w0, µ, δ

p,q , ν) is in general hard to compute, but if the K -
type µ is sufficiently small (more precisely, “petite”; see [Barbasch et al. 2008,
Sections 4.5 and 4.6] for a precise definition), then T (w0, µ, δ

p,q , ν) depends only
on the W (1δ p,q )-structure of Vµ[δ p,q

]. One measure of the size of a K -type is its
level (see Definition 11).

The following facts are crucial:

(1) Every K -type of level at most 2 is automatically petite.

(2) If µ is petite, then the “analytic” operator on µ coincides with the “algebraic”
operator on the W (1δ p,q )-type Vµ[δ p,q

]:

T (w0, µ, δ
p,q , ν)= A(w0, Vµ[δ p,q

], δ0, ν).

(3) For G = SO(n+1, n), every relevant W (1δ p,q )-type ψ occurs in the represen-
tation of W (1δ p,q ) on the space Vµ[δ p,q

] for some petite K -type µ (of level 2).

The first two claims are well known; the proof already appears in [Barbasch
et al. 2008] (see also [Pantano et al. 2010] for the corresponding results for double
covers of split groups such as Mp(2n)). The third claim is Theorem 9 below.

Theorem 9. For every relevant W δ p,q
-type ψ , there exists a K -type µ of level at

most 2 such that

(3-4) ψµ ∼= ψ.
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The proof of Theorem 9 is given in Section 4. This concludes the proof of
Theorem 2.

Because the spherical unitary dual of split groups of type B is known, Theorem 2
and Corollary 3 provide a set of nonunitarity certificates for (Langlands quotients
of) minimal principal series of SO(n+1, n). We give an example.

By [Adams et al. 2007, Lemma 14.6], the spherical Langlands quotient of
O(k+1, k), with parameter, (a1 ≥ a2 ≥ · · · ≥ ak) is not unitary if the last coordi-
nate ak is strictly greater than 1

2 , or if there is a jump strictly greater than 1 between
two consecutive coordinates. Because O(k+1, k) and SO(k+1, k)0 have the same
spherical complementary series, Corollary 3 implies that an analogous result must
be true for SO(n+1, n).

Proposition 10. Let G = SO(n+1, n) and let ν = (ν1, . . . , νn) be a real character
of A. We may assume that

ν1 ≥ · · · ≥ νp ≥ 0 and νp+1 ≥ · · · ≥ νn ≥ 0.

Suppose that any of the following conditions holds:

(1) νp >
1
2 or νn >

1
2 , or

(2) νi − νi+1 > 1, for some i with 1≤ i ≤ p− 1, or p+ 1≤ i ≤ n− 1.

Then the Langlands quotient J (δ p,q , ν) of SO(n+1, n) is not unitary.

4. A matching of petite K -types with relevant W δ-types

Given δ p,q as in the previous section, recall the stabilizer of δ p,q in W

W δ p,q
'W (Bp)×W (Bq)⊆W (Bn).

We let W (Bp) act on the first p coordinates, and W (Bq) on the last q coordinates.
The M-type δ p,q is contained in the (unique) fine K -type

µδ p,q = triv⊗3q(Cn).

Here Cn represents the standard representation of O(n) with (standard) basis
{v1, v2, . . . , vn}. For every K -type µ whose restriction to M contains δ p,q , we
denote by Eµ the vector space carrying the K -type µ and by Eµ(δ p,q) the isotypic
component of the M-type δ p,q inside Eµ. In particular, when µ is the fine K -type
µδ p,q , we set

Eµδ p,q =3
q(Cn),

and we let Eµδ p,q (δ
p,q) be the one-dimensional space of 3q(Cn) spanned by the

vector

(4-1) u = vp+1 ∧ vp+2 ∧ · · · ∧ vn.
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Given the M-type δ p,q and a K -type µ containing δ p,q , one can look at the repre-
sentation ψµ of W δ p,q

on HomM(µ, δ
p,q), or, equivalently, on

Vµ[δ p,q
] := HomC(Eµ(δ p,q), Eµδ p,q (δ

p,q)).

For each [σ ] ∈W δ p,q
we choose a representative σ in K . Then, for T ∈ Vµ[δ p,q

],
we define ψµ([σ ])(T ) to be the map from Eµ(δ p,q) to Eµδ p,q (δ

p,q) given by

(4-2)
(
ψµ([σ ])(T )

)
(w)= µδ p,q (σ )

(
T (µ(σ−1)w)

)
for all w ∈ Eµ(δ p,q).

We are interested in computing the set of representations ψµ associated to petite
K -types µ.

The notion of “petite” K -type for real split groups is carefully explained in
[Barbasch et al. 2008, Sections 4.5 and 4.6]. For the purpose of this paper, it
is sufficient to consider K -types of level at most 2, which are necessarily petite.
We recall the definition of the “level” of a K -type. Recall the elements Zα from
Section 2.

Definition 11 [Adams et al. 2007, Section 4]. An irreducible representation µ of K
is said to be level k if |γ | ≤ k for every root α and every eigenvalue γ of dµ(i Zα).

Recall that W δ p,q
is isomorphic to the Weyl group of the group

Gδ p,q
= SO(p+1, p)0×SO(q+1, q)0.

The relevant W δ p,q
-types are a minimal set of irreducible representations of W δ p,q

that detect nonunitarity for spherical Langlands quotients of Gδ p,q
(see (3-2)).

Theorem 12 [Barbasch 2004]. The following is a set of relevant W (Bk)-types for
the group SO(k+1, k)0:

(4-3) {(k−m,m)× (0) : 0≤ m ≤ [k/2]} ∪ {(k−m)× (m) : 0≤ m ≤ k}.

Relevant W (Bp)×W (Bq)-types of SO(p+1, p)0×SO(q+1, q)0 are of the form

(4-4) ψ ⊗ triv or triv⊗τ,

with ψ and τ a relevant W -type for SO(p+1, p)0 and SO(q+1, q)0, respectively.

The parametrization of W (Bk)-types in terms of pairs of partitions can be found,
for example, in [Pantano et al. 2010, Section 9]. We give here just a short description
of the W (Bk)-types we need. Recall that W (Bk) is a semidirect product of the
symmetric group Sk by the abelian normal subgroup (Z/2Z)k . The irreducible
representations of Sk are parametrized by partitions of k, with the trivial partition (k)
corresponding to the trivial representation of Sk . If c+ d = k, with d ≤ c, then
the symbol (c, d)× (0) (or simply (c, d)) denotes the pullback to W (Bk) of the
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irreducible representation of Sk corresponding to the partition (c, d). This represen-
tation is a summand of dimension

(k
c

)
(k− 2c+ 1)/(k− c+ 1) of the permutation

module M (c,d)
= IndSk

Sc×Sd
(triv), with (Z/2Z)k acting trivially.

If a and b are nonnegative integers with a + b = k then the symbol (a)× (b)
denotes the irreducible representation of W (Bk) of dimension

(k
a

)
induced from

the one-dimensional representation of (Sa × Sb)n (Z/2Z)k in which Sa , Sb, and
(Z/2Z)a act trivially, and (Z/2Z)b acts by sign. Here (Sa × Sb) is the stabilizer
in Sk of the character (triv)a ⊗ (sign)b of (Z/2Z)k .

Theorem 9 asserts that, for every M-type δ p,q of SO(n+1, n) and every relevant
W δ p,q

-type ψ , there exists a K -type µ of level at most 2 such that

ψµ ∼= ψ.

We now describe the matching explicitly. We may restrict our attention to the
case p ≥ q . Indeed, for all choices of the parameters, we have

(4-5) J (δq,p, (νq
|ν p))' J (δ p,q , (ν p

|νq))⊗χ,

with χ the nontrivial unitary character of SO(n+1, n).
The matching is presented in Table 1 (and will be proved in the next few sections).
Here we use partitions to parametrize some of the representations of O(n) (and

later of O(n,C) and GL(n,C)). See, for example, [Fulton and Harris 1991, Lec-
tures 6 and 19]. For example, if the partition λ= (λ1, . . . λk) has at most n/2 parts,
it parametrizes a representation of O(n) with highest weight (λ1, . . . , λk, 0, . . . , 0).

Remark 13. All K -types recorded in this table are level at most 2.

Proof. By definition, fine K -types have level at most 1; hence every irreducible
constituent of the tensor product of two fine K -types is of level at most two. This

The relevant W δ p,q
-type ψ A petite K -type µ such that ψµ = ψ

((p− k)× (k))⊗ triv 3k(Cn+1)⊗3q+k(Cn)

(p− k, k)⊗ triv ResO(n+1,C)×O(n,C)
S(O(n+1)×O(n))

[
triv⊗

(
V O(n)
(2k ,1q )

)]
triv⊗((q − k)× (k)) 3k(Cn+1)⊗3q−k(Cn)

triv⊗(q − k, k) ResO(n+1,C)×O(n,C)
S(O(n+1)×O(n))

[
triv⊗

(
V O(n)
(2k ,1q−2k)

)]
Table 1. Matching.
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implies, for example, that the K -types

ResO(n+1,C)×O(n,C)
S(O(n+1)×O(n))

[
triv⊗

(
V O(n)
(2k ,1q−2k)

)]
⊆
[
triv⊗3k(Cn)

]
⊗
[
triv⊗3q−k(Cn)

]
and

ResO(n+1,C)×O(n,C)
S(O(n+1)×O(n))

[
triv⊗

(
V O(n)
(2k ,1q )

)]
⊆
[
triv⊗3k(Cn)

]
⊗
[
triv⊗3q+k(Cn)

]
are level at most 2. Every K -type of the form

3a(Cn+1)⊗3b(Cn)

is also level at most 2, since Zεk acts trivially on 3b(Cn) and it acts on 3a(Cn+1)

with eigenvalues 0,±2i and Zεi±ε j acts on both 3b(Cn) and 3a(Cn+1) with eigen-
values 0,±i . �

4.1. The W(Bq)-type (q− k)× (k). Consider the K -type

(4-6) µ :=3k(Cn+1)⊗3q−k(Cn),

where Cn+1 and Cn are the standard representations of O(n+ 1) and O(n), respec-
tively, with bases {e1, e2, . . . , en+1} and {v1, v2, . . . , vn}.

The restriction of µ to M contains the M-type δ p,q with multiplicity
(q

k

)
. The

δ p,q -isotypic component inside µ is spanned by the vectors:

(4-7) wJ := eq+2−ik ∧ eq+2−ik−1 ∧ · · · ∧ eq+2−i1 ⊗ vp+ j1 ∧ vp+ j2 ∧ · · · ∧ vp+ jq−k ,

where J = {1≤ j1 < j2 < · · ·< jq−k ≤ q} is a subset of {1, 2, . . . , q} of cardinality
q− k, and I = {1≤ i1 < i2 < · · ·< ik ≤ q} is the complement of J in the same set.
Indeed one can check that

(4-8) T (t1, t2, . . . , tn) ·wJ = δ
p,q(T (t1, t2, . . . , tn)) ·wJ

for all T (t1, t2, . . . , tn) in M , and that this is the entire δ p,q -isotypic subspace of µ.
We study the representation ψµ of W δ p,q

on the
(q

k

)
-dimensional space

Vµ[δ p,q
] = HomM(µ, δ

p,q).

For each L = {l1 < l2 < · · ·< lq−k} ⊂ {1, 2, . . . , q}, set

(4-9) TL(wJ )=

{
u if J = L ,
0 otherwise.

Recall that the vector u = vp+1 ∧ vp+2 ∧ · · · ∧ vn is a basis for the δ p,q-isotypic
inside µδ p,q . The maps {TL} form a basis of Vµ[δ p,q

]. Note that

(4-10) σεl · vs =+vs and σεl · et =

{
−et if t = 1 or t = n+ 2− l,
+et otherwise,
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for all l, s = 1, . . . , n and t = 1, . . . , n+ 1. Hence:

• µδ p,q (σεl )u = u.

• µ(σεl )wJ = µ(σ
−1
εl
)wJ =

{
−wJ if l ∈ p+{1, 2, . . . , q} \ J ,
+wJ otherwise,

and consequently

(4-11) ψµ(sεl )TJ =

{
−TJ if l ∈ p+{1, 2, . . . , q} \ J ,
+TJ otherwise.

Similarly we observe that

(4-12) σεl−εl+1 · vs =


vs+1 if s = l,
−vs−1 if s = l + 1,
vs if s 6= l, l + 1,

and

(4-13) σεl−εl+1 · et =


+et−1 if t = n+ 2− l,
−et+1 if t = n+ 2− (l + 1),
+et if t 6= n+ 2− l, n+ 2− (l + 1)

for s = 1, . . . , n, t = 1, . . . , n + 1 and l = 1, . . . , p− 1 or l = p+ 1, . . . , n − 1.
Hence:

• µδ p,q (σεl−εl+1)u = u.

• µ(σεl−εl+1)wJ =


+wJ if l < p,
+wJ if l > p and either l, l+1 ∈ p+J

or l, l+1∈ p+{1, 2, . . . , q} \ J ,
−wJ4{l−p,l+1−p} otherwise,

and since µ(σεl−εl+1)wJ = µ(σ
−1
εl−εl+1

)wJ ,

(4-14) ψµ(σεl−εl+1)TJ =


+TJ if l < p,
+TJ if l > p and either l, l+1 ∈ p+J

or l, l+1∈ p+{1, 2, . . . , q} \ J ,
−TJ4{l−p,l+1−p} otherwise.

This information is enough to characterize the representation ψµ of W δ p,q

on Vµ[δ p,q
]. Recall that W (Bp) and W (Bq) are realized as the (appropriate)

subgroups of W (Bn) acting on the coordinates {1, . . . , p} and {p + 1, . . . , n},
respectively. Let Sq−k and (Z/2Z)q−k be the subgroups of W (Bq) acting on the
first q − k coordinates {p+ 1, p+ 2, . . . , n− k}, and let Sk , (Z/2Z)k be the ones
acting on the last k coordinates {n−k+1, n−k+2, . . . , n}. Here the Z/2Z factors
are generated by the σεl , and the symmetric groups by the σεl−εl+1 . Note that:
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• The restriction of ψµ to W (Bp) is trivial, hence ψµ is of the form triv⊗ψ ′ for
some representation ψ ′ of W (Bq).

• The groups Sq−k , Sk and (Z/2Z)q−k act trivially on the vector T{1,...,q−k},
and (Z/2Z)k acts on it by sign. Hence the restriction of ψ ′ to the group
(Sq−k × Sk)n (Z/2Z)q contains the one-dimensional representation

(4-15) [(q − k)⊗ (k)] · [(triv)q−k
⊗ (sign)k].

By Frobenius reciprocity, ψ ′ contains the irreducible representation

(4-16) (q− k)× (k) := IndW (Bq )

(Sq−k×Sk)n(Z/2Z)q [(q− k)⊗ (k)] · [(triv)q−k
⊗ (sign)k].

Actually ψ ′ = (q − k)× (k) for dimensional reasons.

We conclude that ψµ = triv⊗((q − k)× (k)), as claimed.

4.2. The W(Bq)-type (q− k, k). Consider the (possibly reducible) representation

(4-17) µ := triv⊗[3k(Cn)⊗3q−k(Cn)]

of K , where triv denotes the trivial representation of O(n+ 1) and Cn denotes the
standard representation of O(n) (with basis {v1, v2, . . . , vn}).

Note that µ contains the M-type δ p,q with multiplicity
(q

k

)
. For every subset

J = {1≤ j1 < j2 < · · ·< jq−k ≤ q}, let I = {i1 < i2 < · · ·< ik} be its complement
in the set {1, 2, . . . , q}, and let

(4-18) wJ := vp+i1 ∧ vp+i2 ∧ · · · ∧ vp+ik ⊗ vp+ j1 ∧ vp+ j2 ∧ · · · ∧ vp+ jq−k .

Then the vectors {wJ } span the δ p,q -isotypic component inside µ.
We study the representation ψµ of W δ p,q

on the
(q

k

)
-dimensional space Vµ[δ p,q

].
For all L = {1≤ l1 < l2 < · · ·< lq−k ≤ q}, set

(4-19) TL(wJ )=

{
u if J = L ,
0 otherwise.

Then the maps {TL} form a basis of Vµ[δ p,q
]. Note that

(4-20) σεl · vs =+vs for all l, s = 1, . . . , n;

hence

(4-21) µδ p,q (σεl )u = u and µ(σεl )wJ = wJ for all J.

This implies that

(4-22) ψµ(sεl )TJ = TJ for all J,

so ψµ is really a representation of Sp× Sq . Next we show that Sp acts trivially.
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Recall from (4-12) that for all s = 1, . . . , n and all l = 1, . . . , p−1 or l = p+1,
. . . , n− 1, we have

(4-23) σεl−εl+1 · vs =


vs+1 if s = l,
−vs−1 if s = l + 1,
vs if s 6= l, l + 1.

Hence:

• µδ p,q (σεl−εl+1)u = u.

• µ(σεl−εl+1)wJ =


+wJ if l < p,
+wJ if l > p and either l, l+1 ∈ p+J

or l, l+1∈ p+{1, 2, . . . , q} \ J ,
−wJ4{l−p,l+1−p} otherwise,

and since µ(σεl−εl+1)wJ = µ(σ
−1
εl−εl+1

)wJ ,

(4-24) ψµ(σεl−εl+1)TJ =


+TJ if l < p,
+TJ if l > p and either l, l+1 ∈ p+J

or l, l+1∈ p+{1, 2, . . . , q} \ J ,
−TJ4{l−p,l+1−p} otherwise.

Therefore Sp acts indeed trivially, so ψµ is of the form triv⊗ψ ′ for some rep-
resentation ψ ′ of Sq . Finally we prove that ψ ′ equals the permutation module
IndSq

Sq−k×Sk
triv= M (q−k,k). Write

(4-25) HomM(µ, δ
p,q)=

⊕
L⊆{1,...,q}
|L|=q−k

UL ,

with UL := CTL . The symmetric group Sq permutes the subspaces UL transitively.
Set L0 := {1, 2, . . . , q − k} and U0 :=UL0 , and let H be the stabilizer of U0 in Sq

(i.e., the set of all η in Sq such that ηU0 =U0). Note that

• H ' Sq−k × Sk . (We identify Sq−k and Sk with the subgroups of Sq acting on
the first q − k coordinates and the last k coordinates, respectively.)

• U0 is stable under H and carries the trivial representation of H .

• The Sq -module Vµ[δ p,q
] is induced from the H -module U0 (see [Serre 1977,

Proposition 19]).

Therefore

(4-26) ψ ′ = IndSq
Sq−k×Sk

triv= M (q−k,k),

and ψµ = triv⊗M (q−k,k).
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The representation triv⊗M (q−k,k) is clearly reducible because the permutation
module M (q−k,k) of Sq decomposes as a direct sum of Specht modules

(4-27) M (q−k,k)
=

⊕
λD(q−k,k)

Sλ =

k⊕
a=0

S(q−a,a).

HereD denotes the dominance (partial) ordering on partitions: If λ= (λ1, λ2, . . . )

and µ= (µ1, µ2, . . . ) are partitions of N then λDµ if
∑r

i=1 λi ≥
∑r

i=1 µi for all
r . With abuse of notation, we let (q − 0, 0) denote the trivial partition. Then

(4-28) triv⊗M (q−k,k)
=

k⊕
a=0

triv⊗(q − a, a).

The module ψµ = Vµ[δ p,q
] is also reducible because the representation µ of K

decomposes as a direct sum of K -types. We need to identify the irreducible
component of µ containing (q − k, k).

The first task is to compute the decomposition of the tensor product

3k(Cn)⊗3q−k(Cn)

into O(n)-types. We do this in three steps: First we decompose3k(Cn)⊗3q−k(Cn)

into irreducible representations of GL(n,C). Then we decompose each GL(n,C)-
type occurring in such a decomposition as a direct sum of O(n,C)-types. Finally
we restrict to O(n).

We will use Weyl’s construction of irreducible representations of GL(n,C) and
O(n,C) (see, for example, [Fulton and Harris 1991, Lectures 6 and 19]). By Pieri’s
formula,

(4-29) 3k(Cn)⊗3q−k(Cn)= V GL(n)
(1k)

⊗ V GL(n)
(1q−k)

=

k⊕
a=0

V GL(n)
(2a,1q−2a)

.

Note that the partitions (2a, 1q−2a) have at most

(4-30) a+ (q − 2a)= q − a ≤ q ≤ n/2

parts, so we can apply Littlewood’s restriction formula [1944]:

ResGL(n,C)
O(n,C) V GL(n)

(2a,1q−2a)
(4-31)

=

⊕
ν : #parts≤n/2

( ∑
ξ : even parts

Nν,ξ,(2a,1q−2a)

)
V O(n)
ν

=

a⊕
b=0

N(2b,1q−2a),(2a−b),(2a,1q−2a)︸ ︷︷ ︸
=1

V O(n)
(2b,1q−2a)

=

a⊕
b=0

V O(n)
(2b,1q−2a)

.
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Here the Nν,ξ,λ are the Littlewood–Richardson numbers. We deduce that

(4-32) 3k(Cn)⊗3q−k(Cn)=

k⊕
a=0

( a⊕
b=0

V O(n)
(2b,1q−2a)

)
(as a representation of O(n,C)), and

µ := triv⊗
[
3k(Cn)⊗3q−k(Cn)

]
(4-33)

=

k⊕
a=0

( a⊕
b=0

ResO(n+1,C)×O(n,C)
S(O(n+1)×O(n)) triv⊗V O(n)

(2b,1q−2a)

)
(as a representation of K = S(O(n+ 1)× O(n))). Note that the K -representation

(4-34) ResO(n+1,C)×O(n,C)
S(O(n+1)×O(n)) triv⊗V O(n)

(2b,1q−2a)

embeds in the tensor product

(4-35)
[
triv⊗3b(Cn)

]
⊗
[
triv⊗3q−2a+b(Cn)

]
.

Every M-type δr,s appearing in this tensor product satisfies

(4-36) s ≤ q − 2a+ 2b ≤ q

hence δr,s
6= δ p,q for all b 6= a, and

(4-37) HomM
(
ResO(n+1,C)×O(n,C)

S(O(n+1)×O(n)) triv⊗V O(n)
(2b,1q−2a)

, δ p,q)
= {0} for all b 6= a.

It follows that, as a representation of W δ p,q
,

ψµ = HomM(µ, δ
p,q)(4-38)

=

k⊕
a=0

( a⊕
b=0

HomM
(
ResO(n+1,C)×O(n,C)

S(O(n+1)×O(n)) triv⊗V O(n)
(2b,1q−2a)

, δ p,q))

=

k⊕
a=0

HomM
(
ResO(n+1,C)×O(n,C)

S(O(n+1)×O(n)) triv⊗V O(n)
(2a,1q−2a)

, δ p,q).
We also know that

(4-39) ψµ =

k⊕
a=0

triv⊗(q − a, a).

Equations (4-38) and (4-39) hold for all k = 0, . . . , [q/2]. A simple induction
argument shows that

(4-40) HomM
(
ResO(n+1,C)×O(n,C)

S(O(n+1)×O(n)) triv⊗V O(n)
(2a,1q−2a)

, δ p,q)
= triv⊗(q − a, a),
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for all a = 1 . . . k. In particular,

(4-41) HomM
(
ResO(n+1,C)×O(n,C)

S(O(n+1)×O(n)) triv⊗V O(n)
(2k ,1q−2k)

, δ p,q)
= triv⊗(q − k, k).

4.3. The W(Bp)-types ( p− k, k) and ( p− k)× (k). The calculations are similar
to the ones done in Sections 4.2 and 4.1, respectively. We leave the details to the
diligent reader.

5. Some small rank examples

In [Pantano et al. 2010], we proved Theorem 5 for metaplectic groups, except for
the case (p, q)= (2, 2) and ν p

= νq
= (3

2 ,
1
2). In this case, JMp(8)(δ

2,2, ν) coincides
with the lowest K -type constituent of a weakly fair Aq(λ) module with q= l+ u,
where L ∼= Ũ (2, 2) and λ = −ρ(u). As a constituent of an Aq(λ) module in the
weakly fair range, it is unitary by a result of Vogan [1993] (see [Knapp and Vogan
1995, Theorem 0.54]). The unitarity of this representation will also follow from
Theorem 6 since ν is a unipotent parameter (see Definition 27). This completes the
proof of Theorem 5 for metaplectic groups.

In this section, we prove Theorem 5 for orthogonal groups as well. The proof is
analogous to the one for the metaplectic groups.

For nonnegative integers (p, q) such that p+q ≤ 4, and parameters ν = (ν p
|νq)

with ν p
∈ CS(SO(p+1, p)0, δ0) and νq

∈ CS(SO(q+1, q)0, δ0), we need to show
that J (δ p,q , ν) is unitary.

The main tool for the proof is unitary induction with deformation of parameters.
In all cases except one, we think of J (δ p,q , ν) as an irreducible subquotient of an
induced representation

(5-1) I (νq)= IndG
PI

(
J (δ p,0, ν p)⊗ δ0,q

⊗ νq),
where PI = MI AI NI is a parabolic subgroup of G with Levi factor

MI AI ∼= SO(p+1, p)×GL(1,R)q .

Here δ0,q is the product of q sign characters on the Z/2Z parts of GL(1,R). The
idea is to irreducibly deform the parameter νq to 0. Since J (δ p,0, ν p) is unitary,
and the Hermitian form on the induced representation can change signature only at
reducibility points, this will prove that J (δ p,q , ν) is unitary. For this, we need to
know when an induced representation stays irreducible under deformation.

Let P = M AN be a minimal parabolic subgroup of SO(n+1, n), and let PI =

MI AI NI be a parabolic subgroup containing P . Then

(5-2) P ∩MI = M AM NM
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is a minimal parabolic subgroup of MI , and A = AM AI . For each pair of (real)
characters νM ∈ a∗M,R and νI ∈ a∗I,R, write ν = (νM |νI ) for the corresponding
character of A. Let δ be a character of M , and let JMI (δ, νM) be the Langlands
subquotient of the principal series

(5-3) IndMI
M AM NM

(δ⊗ νM).

Note that JMI (δ, νM) is always irreducible.
Recall the notion of good and bad roots from page 484 (see (2-16)).

Proposition 14. Consider the induced representation

(5-4) I (νI ) := IndSO(n+1,n)
MI AI NI

(
JMI (δ, νM)⊗ νI

)
of SO(n+1, n). Set ν = (νM |νI ), and assume that νI satisfies

(5-5)
{
〈ν, β∨〉 6∈ 2Z+ 1 for all β ∈1(nI ) that are good for δ,
〈ν, β∨〉 6∈ 2Z−{0} for all β ∈1(nI ) that are bad for δ.

Then I (νI ) is irreducible.

Proof. We claim that under the conditions (5-5), the operator T (w0, µ, δ
p,q , ν)

(see (3-3)) has no zero eigenvalues for any K -type µ containing δ p,q and hence
is invertible. This easily follows from [Barbasch et al. 2008, Theorem 2.10].
Then, as for the corresponding result for the metaplectic group [Pantano et al. 2010,
Proposition 8.9], the proposition follows from (the proof of) [Knapp and Zuckerman
1977, Theorem 8] and [Speh and Vogan 1980, Corollary 3.9]. �

As for Mp(2n) in [Pantano et al. 2010], we have the following consequence.

Corollary 15. In the setting of Proposition 14, let J (νI ) be the (irreducible) Lang-
lands subquotient of I (νI ). Let R⊂a∗I,R be any connected region in the complement
of the hyperplane arrangement defined in (5-5). If J (νI ) is unitary for some value
of νI in R, then J (ν) is unitary throughout the closure of R. In particular, for ν in
the unit cube (i.e., if 0≤ |νi | ≤

1
2 for i = 1 . . . n), J (ν) is unitary.

Theorem 16. Let G = SO(n+1, n). Choose (p, q) with p+ q = n, and let ν =
(ν p
|νq), with ν p

= (a1, . . . , ap) and νq
= (ap+1, . . . , an), be a character of A such

that

(5-6) ν p
∈ CS(SO(p+1, p)0, δ0) and νq

∈ CS(SO(q+1, q)0, δ0).

Suppose that

• For all j = 1, . . . , p, either 0≤ |a j | ≤ 3/2 or a j ∈ Z+ 1
2 .

• For all j = p+ 1, . . . , n, 0≤ |a j | ≤
1
2 (i.e., νq belongs to the unit cube).

Then the Langlands subquotient J (δ p,q , ν) of SO(n+1, n) is unitary.
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Proof. The proof is completely analogous to the proof of [Pantano et al. 2010,
Theorem 8.11]. If PI = MI AI NI and I (νq) are as given in (5-1), then up to sign,
the roots of NI are

εi for p+ 1≤ i ≤ n,
εi ± ε j for p+ 1≤ i < j ≤ n,
εi ± ε j for 1≤ i ≤ p and p+ 1≤ j ≤ n.

The roots in the first two rows are good for δ p,q , the remaining ones are bad. Under
our assumptions on ν p, if νq is in the interior of the unit cube, then the conditions
(5-5) are satisfied. By Proposition 14, I (νq) is irreducible. Moreover J (0)= I (0)
is unitary. By Corollary 15, J (δ p,q , ν) is unitary for all νq in the (closed) unit
cube. �

The spherical complementary series parameters for SO(p+1, p)0 for p= 1, 2, 3
are given at the end of Section 8. It is easily checked that they all satisfy the hypothe-
ses of the theorem, and for q = 1, 2, the spherical complementary series parameters
all belong to the unit cube, except for the isolated point ( 3

2 ,
1
2). Consequently

Theorem 16 now implies the unitarity of all representations under consideration
(for n ≤ 4) except J (δ2,2, ν), with ν p

= νq
= ( 3

2 ,
1
2). Just as for the corresponding

representation of Mp(8), we can realize it as a constituent of an Aq(λ)-module at the
edge of the weakly fair range, which proves that it is unitary. See [Knapp and Vogan
1995, Example 3, Chapter VIII, §5] for a detailed discussion of this (reducible)
module of SO(5, 4). Note that its unitarity also follows from Theorem 29.

Collecting all these results, we have now proved Theorem 5.

6. The theta correspondence

For the case p = n, q = 0, the authors of [Adams et al. 2007] use the theta corre-
spondence to prove that if ν is a spherical unitary parameter for SO(n+ 1, n) then
ν ∈CS(Mp(2n), δn,0). We will generalize the argument to relate the complementary
series of the two families of groups to each other in more generality.

First we collect the facts about the theta correspondence that we need (some of
them were already recalled in [Pantano et al. 2010]).

Let (G,G ′) be a reductive dual pair in Sp(2N ,R), that is, G and G ′ are reductive
subgroups of Sp(2N ,R) which are mutual centralizers. Write G̃ and G̃ ′ for the
preimages of G and G ′ in Mp(2N ) under the covering map. Howe [1989] defines a
correspondence between irreducible representations of G̃ and those of G̃ ′, and shows
that this correspondence is a bijection between subsets of the genuine admissible
duals of the two groups. Moreover subjugated to the correspondence is a bijection
between K - and K ′-types in the space of joint harmonics H. Here K and K ′ are
maximal compact subgroups of G̃ and G̃ ′, respectively. The K - and K ′-types are
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assigned a degree and the correspondence satisfies the following property: If π
corresponds to π ′ in the correspondence for the dual pair (G,G ′), and µ is a K -
type of minimal degree occurring in π , then µ occurs in H, and corresponds to a
K ′-type µ′ which occurs in and is of minimal degree in π ′.

In general, the theta correspondence does not preserve unitarity. However we
have preservation of unitarity in the stable range.

Definition 17. The dual pair (O(r, s),Sp(2n,R)) is said to be in the stable range
with O(r, s) the smaller member if n≥ r+s. It is in the stable range with Sp(2n,R)

the smaller member if min{r, s} ≥ 2n.

Theorem 18 [Li 1989c]. Suppose (G,G ′) is a dual pair in the stable range with
G the smaller member. If π is an irreducible genuine unitary representation of G̃,
then π occurs in the correspondence for the dual pair and corresponds to a unitary
representation of G̃ ′.

Theorem 19 [Li 1989a]. Let G ′ be a reductive group which is a member of some
Type I reductive dual pairs. Let π ′ be a unitary irreducible genuine representation of
G̃ ′, of low rank (in the sense of [Howe 1982]). Then there exist a unitary character ξ
of G̃ ′, a reductive group G such that (G,G ′) is a dual pair in the stable range with
G the smaller member, and a unitary genuine representation π of G̃ such that π
corresponds to π ′⊗ ξ .

As explained in [Pantano et al. 2010, Section 8.1], the correspondence for
dual pairs of the form (Sp(2n,R), O(r, s)) with r + s odd can be regarded as
a correspondence between genuine irreducible representations of Mp(2n) and
irreducible representations of O(r, s). This depends on some choices, which we
make the same way as we did in [Pantano et al. 2010].

For principal series representations of O(m+1,m), we use the following nota-
tion. For each pair of nonnegative integers (p, q) such that p+ q = m, we write
IO(m+1,m)(δ

p,q , ν) for the principal series representation of O(m+1,m)with lowest
(O(m+ 1)× O(m))-type

(0, . . . , 0;+)⊗ (1, . . . , 1︸ ︷︷ ︸
j

, 0, . . . , 0; ε),

with ( j, ε)= (q,+) if p ≥ q, and (p,−) if p < q. The corresponding Langlands
subquotient will be denoted JO(m+1,m)(δ

p,q , ν). We say that a parameter ν be-
longs to the complementary series CS(O(m+1,m), δ p,q) if JO(m+1,m)(δ

p,q , ν) is
unitarizable (as a representation of O(m+1,m) or SO(m+1,m)).

For each positive integer m, write ρm for the infinitesimal character of the trivial
representation of SO(2m + 1). If ν ∈ Cn , then (ρm |ν) denotes the (m + n)-tuple
obtained by tacking the coordinates of ν onto ρm :
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(ρm |ν)=
(
m− 1

2 ,m− 3
2 , . . . ,

3
2 ,

1
2 , ν1, . . . , νn

)
.

For dual pairs of the form under consideration, the theta correspondence gives
rise to the following correspondence of infinitesimal characters.

Theorem 20 [Przebinda 1996]. Let (G,G ′) be a reductive dual pair with G an
odd orthogonal group, and G ′ a symplectic group, or vice versa. Let π and π ′ be
representations of G̃ and G̃ ′, with infinitesimal characters γ and γ ′, respectively,
which correspond to each other. Assume that the rank r of G is greater than or
equal to the rank r ′ of G ′. Then γ = (ρr−r ′ |γ

′).

We need two more results about the correspondence for symplectic-orthogonal
pairs.

Theorem 21 [Adams and Barbasch 1998]. Let n≤m, and write m= n+k. Let p+
q = n, and let ν = (ν p

|νq) ∈Rn . Let (G(m),G ′(n))= (Sp(2m,R), O(n+1, n)) or
(O(m+1,m),Sp(2n,R)). In the correspondence for the dual pair (G(m),G ′(n)),

JG(m)(δ
p+k,q , (ρk |ν))←→ JG ′(n)(δ

p,q , ν).

Proposition 22 [Adams and Barbasch 1998]. Suppose that π and π ′ map to each
other in the theta correspondence for the dual pair (G,G ′)= (Sp(2n,R), O(r, s))
with r+s odd. If 2n> r+s, then the lowest Ũ (n)-types of π are of minimal degree
in π . Similarly, if 2n < r + s, then the lowest (O(r)× O(s))-types of π ′ are of
minimal degree in π ′.

Instead of recalling Howe’s definition of the rank of a representation (see [Howe
1982]), we give a theorem which leads to an alternative definition of “low rank”.

Theorem 23 [Li 1989b; 1997]. Let G be Mp(2n) or O(n+1, n), and let π be an
irreducible unitary representation of G. Set

(6-1) rG =

{
n if G =Mp(2n) or if G = O(n+1, n) with n even,
n− 1 if G = O(n+1, n) with n odd.

Let W F(π)⊆ g∗0 ' g0 denote the wave front set of π , and write rank(W F(π)) for
the maximal rank of the elements of W F(π) as matrices. Then π is of “low rank”
in the sense of Howe if and only if

rank(W F(π)) < rG .

Proposition 24. Let (p, q) be a pair of nonnegative integers such that p+ q = n,
and let k be any integer satisfying k ≥ n+ 2.

(1) For all parameters ν = (ν p
|νq), if(

(ρk |ν
p)|νq)

∈ CS(SO(n+ k+ 1, n+ k), δ p+k,q),

then JO(n+k+1,n+k)(δ
p+k,q , ((ρk |ν

p)|νq)) is of low rank.
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(2) For all parameters ν = (ν p
|νq), if(

(ρk |ν
p)|νq)

∈ CS(Mp(2(n+ k)), δ p+k,q),

then JMp(2(n+k))(δ
p+k,q , ((ρk |ν

p)|νq)) is of low rank.

Proof. For part (1), note that for q = 0 this result already appears in [Adams et al.
2007, Fact 2, Section 14]; the same argument applied there goes over word for
word if q > 0. The first step is to realize JO(n+k+1,n+k)(δ

p+k,q , ((ρk |ν
p)|νq)) as a

composition factor of an induced representation

IndO(n+k+1,n+k)
L (triv⊗ξ),

where L = O(k+1, k) × GL(1,R)n , and ξ is a one-dimensional character of
GL(1,R)n . The wave front set is then contained in the closure of the Richardson
orbit for L , hence its rank is bounded above by the rank of that orbit. The same
calculation done in [Adams et al. 2007] shows that this rank is strictly less than
n+ k− 1. By Theorem 23, the representation JO(n+k+1,n+k)(δ

p+k,q , ((ρk |ν
p)|νq))

of O(n+ k+ 1, n+ k) is of low rank.
For part (2), Theorem 21 implies that the Langlands quotient

JMp(2(n+k))(δ
p+k,q , ((ρk |ν

p)|νq)) corresponds to JO(n+1,n)(δ
p,q , ν) in the corre-

spondence for the pair (Sp(2(n+k),R), O(n+1, n)). By [Li 1989b, Proposition 1],
if π is any representation of Mp(2(n+k)) coming from the duality correspondence
with some representation of O(n+1, n), then the rank of the wave front set of π is
at most 2n+ 1. In particular,

rank
(
W F(JMp(2(n+k))(δ

p+k,q , ((ρk |ν
p)|νq)))

)
≤ 2n+ 1.

If k > n + 1 (as in our assumptions), then this is strictly less than the split rank
of Mp(2(n+k)), hence the representation JMp(2(n+k))(δ

p+k,q , (ρk |ν)) of Mp(2(n+
k)) is of low rank by Theorem 23. �

One consequence of Conjecture 1 would be that the (p, q)-complementary series
of SO(n+1, n) and the genuine (p, q)-complementary series of Mp(2n) coincide.
We would like to show that if ν is a unitary parameter for one of the groups (for
a given choice of p and q), then it is unitary for the other group as well. The
theta correspondence provides such an argument if we know that a closely related
parameter ν ′ for a larger group of the same type is also unitary.

Theorem 25. (1) Let ν = (ν p
|νq) ∈ CS(SO(n+1, n), δ p,q). If (ρn+2|ν) is in

CS(SO(2n+ 3, 2n+ 2), δ p+n+2,q) then ν ∈ CS(Mp(2n), δ p,q).

(2) Let ν = (ν p
|νq) ∈ CS(Mp(2n), δ p,q). If

(ρn+2|ν) ∈ CS(Mp(4n+ 4), δ p+n+2,q)

then ν ∈ CS(SO(n+1, n), δ p,q).
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Proof. For part (1), assume ν = (ν p
|νq) ∈ CS(SO(n+1, n), δ p,q), and (ρn+2|ν)

is in CS(SO(2n + 3, 2n + 2), δ p+n+2,q). We want to show that JMp(2n)(δ
p,q , ν)

is unitary. By our assumption, πs = JO(2n+3,2n+2)(δ
p+n+2,q , (ρn+2|ν)) is unitary.

By Proposition 24 (1), πs is of low rank. Theorem 19 implies that there are a
character ξ of O(2n+ 3, 2n+ 2), a group Mp(2m) with m ≤ n+ 1, and a unitary
representation π of Mp(2m) such that π ↔ πs ⊗ ξ in the theta correspondence for
the dual pair (Sp(2m,R), O(2n+3, 2n+2)). By Proposition 22, the lowest K -type
of πs ⊗ ξ is of minimal degree for the dual pair, and must therefore occur in H.
By the explicit correspondence in H (see [Adams and Barbasch 1998, Proposition
2.1]), ξ must be trivial. If we can show that m = n then we are done, since by
Theorem 21, πs corresponds to JMp(2n)(δ

p,q , ν) in the correspondence for the dual
pair (Sp(2n,R), O(2n+ 3, 2n+ 2)), so that JMp(2n)(δ

p,q , ν) must be unitary.
So suppose m > n. Then m = n+ 1. Theorem 21 tells us that πs corresponds to

JMp(2n+2)(δ
p+1,q , ν ′) for this dual pair, where ν ′ = (n+ 3

2 , ν1, . . . , νn) (since it is
obtained from (ρn+2|ν) by removing the coordinates of ρn+1). By [Pantano et al.
2010, Proposition 7.7] (the analog, for the metaplectic group, of Proposition 10),
this is not a unitary parameter for any principal series of Mp(2n+ 2). So m ≤ n.

Now suppose that m < n, say n = m + k. By Theorem 20, the infinitesimal
character of π is obtained from (ρn+2|ν) by removing the coordinates of ρ2n+2−m =

ρn+2+k . If k > 0 then this means that ν contains a coordinate n+ 5
2 . This implies

that one of the conditions of Proposition 10 holds, hence ν is not a unitary parameter.
This contradicts our assumption, so we must have m=n, and so π= JMp(2n)(δ

p,q , ν)

is unitary.
For part (2), let ν = (ν p

|νq) ∈ CS(Mp(2n), δ p,q), and assume (ρn+2|ν) is in
CS(Mp(4n + 4), δ p+n+2,q). We want to show that JO(n+1,n)(δ

p,q , ν), and hence
JSO(n+1,n)(δ

p,q , ν), is unitary. By our assumption,

πs = JMp(4n+4)(δ
n+p+2,q , (ρn+2|ν))

is unitary. By Proposition 24 (2), πs is of low rank. Theorem 19 implies that
there are a character ξ of Mp(4n + 4), a group O(r, s) with r + s ≤ 2n + 2 and
r + s odd, and a unitary representation π of O(r, s) such that πs ⊗ ξ ↔ π in the
correspondence for the pair (Sp(4n+ 4,R), O(r, s)). The group Mp(4n+ 4) has
no nontrivial characters, so ξ must be trivial. Also, by Proposition 22, the fine
K -type of πs occurs in H. By the correspondence in H, this can only happen when
r = s+ 1. We want to show that s = n; then π = JO(n+1,n)(δ

p,q , ν) is unitary.
The condition r+s≤2n+2 implies 2s+1≤2n+2. By integrality, s≤n. Assume

s < n. By Theorem 20 , the infinitesimal character of π is obtained from (ρn+2|ν)

by removing the coordinates of ρ2n+2−s . If s < n then this contains a coordinate
n+ 5

2 , which must come from ν. Then ν satisfies one of the conditions of [Pantano
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et al. 2010, Proposition 7.7], hence is not a unitary parameter. Consequently s = n,
and the theorem is proved. �

The following is a direct consequence of the description of the spherical unitary
parameters for the split groups of type B (see Section 8).

Proposition 26 [Barbasch 2010]. If ν ∈ CS(SO(n+1, n), δ0), then

(ρm |ν) ∈ CS(SO(n+m+ 1, n+m), δ0) for all m > 0.

Using this observation, Theorem 25 now immediately implies Theorem 4.

7. Unipotent representations

In this section, we identify the principal series parameters which are attached to
special unipotent representations of SO(n+1, n), and discuss the unitarity of these
modules.

Barbasch [2010] attaches parameters of spherical principal series representa-
tions of SO(n+1, n)0 to nilpotent orbits in sp(2n,C). Fix a Cartan subalgebra h∨

of sp(2n,C). This algebra is naturally isomorphic to a∗. Given a nilpotent orbit O∨,
let {e∨, h∨, f ∨} be an sl2 triple with f ∨ ∈ O∨ and h∨ ∈ h∨. Then the corresponding
spherical parameters are of the form

ν =
h∨

2
+ γ,

where γ ∈ z({e∨, h∨, f ∨}), the centralizer of the triple. A spherical parameter ν
is called unipotent if it is of the form ν = h∨/2 (see Definition 34). Since our
(p, q)-principal series parameters are given by pairs of spherical parameters (for
SO(p+1, p)0 and SO(q+1, q)0), we can attach them to pairs of nilpotent orbits
analogously.

Definition 27. Fix nonnegative integers p and q such that p+ q = n. A parameter
ν = (ν p

|νq) for a (p, q)-principal series of SO(n+1, n) (or Mp(2n)) is called
unipotent if both ν p and νq are spherical unipotent parameters for SO(p+1, p)0
and SO(q+1, q)0, respectively.

Proposition 28. Given p and q such that p + q = n, a parameter ν = (ν p
|νq)

is unipotent if and only if J (δ p,q , ν) is a special unipotent representation of
SO(n+ 1, n).

Proof. Recall first that a Langlands parameter [Langlands 1970] for G=SO(n+1, n)
is a conjugacy class by Sp(2n,C) of homomorphisms

ϕ :WR −→ Sp(2n,C)×0,
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satisfying certain conditions. Here 0 = {γ, 1} is the Galois group of C over R, and
WR is the Weil group of R, the group generated by C× and an element τ , subject to
the relations τ zτ−1

= z for z ∈C×, τ 2
=−1. To each such parameter ϕ is associated

an “L-packet”, which is a finite set 5ϕ of irreducible admissible representations of
G. The assignment is explained in detail in [Borel 1979].

For principal series representations of SO(n+1, n), the L-packets are in fact
singletons. Fix a maximal torus T of Sp(2n,C), and π = J (δ p,q , ν). Then the
Langlands parameter ϕ of π can be chosen to be

ϕ(τ)=
(
(1, . . . , 1︸ ︷︷ ︸

p

,−1, . . . ,−1︸ ︷︷ ︸
q

), γ
)
∈ T ×0;(7-1a)

ϕ(reiθ )= r2ν
=
(
(r2ν1, . . . , r2νn ), 1

)
.(7-1b)

Now recall from [Arthur 1989, §4] (see also [Adams et al. 1992, Chapters 22
and 26]) that an Arthur parameter for G = SO(n+1, n) is a conjugacy class by
Sp(2n,C) of certain maps

ψ :WR×SL(2,C)−→ Sp(2n,C)×0,

whose restriction to SL(2,C)must be a holomorphic homomorphism into Sp(2n,C).
To each Arthur parameter is attached a finite set of irreducible admissible represen-
tations, called an Arthur packet. If ψ is an Arthur parameter, then

(7-2) ϕψ :WR −→ Sp(2n,C)×0,

defined by

(7-3) ϕψ(w)= ψ

(
w,

(
|w|

1
2 0

0 |w|−
1
2

))
for all w ∈ WR, is a Langlands parameter. Here, if w = zτ then |w| = |z|.

An Arthur parameter ψ is called unipotent if

(7-4) ψ(C×)= {(1, 1)}.

We call representations which are contained in an L-packet 5ϕψ for ψ a unipotent
parameter special unipotent. If the principal series representation π = J (δ p,q , ν) is
special unipotent, then the corresponding Arthur parameter ψ must satisfy (7-4)
and (7-1a), and the image of SL(2,C) must lie in the centralizer C of ψ(τ). This
centralizer is isomorphic to Sp(2p,C)× Sp(2q,C). It follows that our parameters
are in 1-1 correspondence with C-orbits of holomorphic maps of SL(2,C) into C .
The nontrivial orbits are given by C-conjugacy classes of embeddings of sl(2,C)

into sp(2p,C) ⊕ sp(2q,C), and such classes of embeddings are in turn in 1-1
correspondence with nonzero nilpotent C-orbits on sp(2p,C)⊕ sp(2q,C), so that
the set of Arthur parameters under consideration is indeed in 1-1 correspondence
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with pairs of nilpotent orbits as claimed. Unwinding the definitions, we see that given
such a pair of orbits (O∨p ,O∨q ), the corresponding Arthur parameter ψ determines
a Langlands parameter ϕψ which is the parameter of a (p, q)-principal series.
Moreover

(7-5) dψ
(( 1

2 0
0 −1

2

))
,

which, in the case of principal series, is the continuous parameter of the repre-
sentations attached to ϕψ , is then (h∨p/2, h∨q /2), where h∨p and h∨q are the middle
elements of sl2 triples for O∨p and O∨q , respectively. This completes the proof of our
proposition. �

In his recent book, Arthur [2013] reformulates and proves several of the conjec-
tures of [Arthur 1989]. In particular, for certain quasisplit classical groups including
SO(n+1, n), he proves that all representations in certain Arthur packets are local
components of automorphic representations, and therefore unitary (see Theorem 1.5).
These include the Arthur packets attached to unipotent Arthur parameters. Moreover
he proves (see Proposition 7.4.1) that these Arthur packets contain the L-packets
that are attached to them. Consequently, we obtain the following result.

Theorem 29 [Arthur 2013]. Special unipotent representations of SO(n+1, n) are
unitary.

Theorem 29, Proposition 28, part (1) of Theorem 25, and the observation that if
ν is a unipotent parameter, then so is (ρn+2|ν), now easily imply Theorem 6.

8. The spherical unitary dual of SO(n+1, n)0.

In this section, we give an explicit description of the spherical unitary dual of split
groups of type B. All the results are known, and due to D. Barbasch [2010; 2008].
See also [Pantano et al. 2010, Section 11] for a more detailed account.

Let G = SO(n+1, n)0, and let ǧ= sp(2n,C) be the complex dual Lie algebra,
with Cartan subalgebra ȟ. The spherical unitary dual of G is a disjoint union of
sets, parametrized by nilpotent orbits in ǧ. Recall that nilpotent orbits in sp(2n,C)

are parametrized by partitions of 2n in which every odd part occurs with even
multiplicity.

Definition 30. Let ν be a real parameter in ȟ, and let O be a nilpotent orbit in ǧ.
Let ȟ ∈ ȟ be the middle element of an sl(2) triple associated to O. We say that ν is
attached to O if

(1) ν = ȟ/2+ κ , for some semisimple element κ in the centralizer Zǧ(O), and

(2) whenever O′ is another nilpotent orbit in ǧ such that ν = ȟ′/2+ κ ′, for some
κ ′ ∈ Zǧ(Ǒ′) semisimple, then O′ ⊂ Ō.
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If ν is a real parameter in ȟ, we can identify ν with an element of a∗R, and consider
the irreducible spherical representation J (δ0, ν) of G.

Definition 31. A parameter ν ∈ a∗R is in the O-complementary series if

(1) ν is attached to O, and

(2) J (δ0, ν) is unitary.

The zero-complementary series, that is, the complementary series attached to
the trivial nilpotent orbit plays a special role.

Theorem 32 [Barbasch 2010]. For every nilpotent orbit O in ǧ, let G0(O) be the
connected real split group whose complex dual Lie algebra is Zǧ(O). Let ν= ȟ/2+κ
be a parameter attached to the nilpotent orbit O. Then ν is in the O-complementary
series for the group G if and only if κ is in the zero-complementary series for the
group G0(O).

The zero-complementary series of all real split groups is known, thanks to D. Bar-
basch. We recall the result for the groups we need.

Theorem 33 [Barbasch 2010]. The zero-complementary series for split groups of
type Bk , Ck and Dk consists of the following dominant parameters:

Bk . The set of all ν = (κ1, . . . , κk) such that 0≤ κ1 ≤ κ2 ≤ · · · ≤ κk <
1
2 .

Ck . The set of all ν = (κ1, . . . , κk) such that there exists an index i = 2, . . . , k with
the property that

0≤ κ1 ≤ · · · ≤ κi < 1− κi−1 < κi+1 < · · ·< κk < 1,

and, for every i ≤ j < k, there is an odd number of κl with 1≤ l < i such that
κ j < 1− κl < κ j+1.

Dk . Similar to type Ck . If k is even, replace every occurrence of κ1 by |κ1|. If k is
odd, replace every occurrence of κ1 by 0.

Note that the choice of dominant parameters is not the standard one.
To compute Zǧ(O), let λ be the partition corresponding to O; denote the parts

of λ by al , and their multiplicity by rl (rl is even if al is odd):

λ= (a1, . . . , a1︸ ︷︷ ︸
r1

, . . . , am, . . . , am︸ ︷︷ ︸
rm

).

Then Zǧ(O) is a product of symplectic and orthogonal Lie algebras. There is a
factor sp(rl) for each odd part, and a factor so(rl) for each even part.

We describe the contribution of an odd part a of λ to ν; we refer the reader to the
appendix of [Pantano et al. 2010] for the other cases. If ra = 2na , the partition λ
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contains na pairs of the form (a, a). The j-th pair (a, a) contributes a string

−

(
a− 1

2

)
,−

(
a− 3

2

)
, . . . ,−1, 0,+1, . . . ,+

(
a− 3

2

)
,+

(
a− 1

2

)
(of length a) to ȟ/2, and a string

(
κ
(a)
j , κ

(a)
j , . . . , κ

(a)
j

)
(also of length a) to κ .

Moreover the part a contributes a factor sp(2na) to the stabilizer of the orbit, and
a factor SO(na + 1, na)0 to the group G0(Ǒ). For ν to be a unitary parameter,
we impose the condition that the parameter

(
κ
(a)
1 , . . . , κ

(a)
na

)
belongs to the zero-

complementary series for SO(na + 1, na)0 (see Theorem 33).

Definition 34 (Barbasch). A parameter ν = ȟ/2+ κ is called spherical unipotent
if κ = 0.

Finally we give an explicit list of the spherical unitary parameters (in the funda-
mental Weyl chamber, FWC) for SO(n+1, n)0 with n ≤ 3.

(1) For n = 1, the closed interval [0, 1
2 ].

(2) For n = 2,
• The intersection of the unit cube with the FWC: {0≤ ν2 ≤ ν1 ≤

1
2},

• The isolated point (3
2 ,

1
2).

(3) For n = 3,
• The intersection of the unit cube with the FWC: {0≤ ν3 ≤ ν2 ≤ ν1 ≤

1
2}.

• The segment from ( 1
2 ,

1
2 ,

1
2) to (1, 1

2 , 0):{
(1

2 + t, 1
2 ,

1
2 − t), for 0≤ t ≤ 1

2

}
.

• The segment from (1, 1
2 , 0) to ( 3

2 ,
1
2 ,

1
2):{

(1+ t, 1
2 , t), for 0≤ t ≤ 1

2

}
.

• The segment from (1, 1, 0) to (3
2 ,

1
2 ,

1
2):{

(1+ t, 1− t, t), for 0≤ t ≤ 1
2

}
.

• The segment from ( 3
2 ,

1
2 , 0) to (3

2 ,
1
2 ,

1
2):{

(3
2 ,

1
2 , t), for 0≤ t ≤ 1

2

}
.

• The isolated point (5
2 ,

3
2 ,

1
2).
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