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NONCONCORDANT LINKS WITH HOMOLOGY COBORDANT
ZERO-FRAMED SURGERY MANIFOLDS

JAE CHOON CHA AND MARK POWELL

We use topological surgery theory to give sufficient conditions for the zero-
framed surgery manifold of a 3-component link to be homology cobordant
to the zero-framed surgery on the Borromean rings (also known as the 3-
torus) via a topological homology cobordism preserving the free homotopy
classes of the meridians.

This enables us to give examples of 3-component links with unknotted
components and vanishing pairwise linking numbers, such that any two of
these links have homology cobordant zero-surgeries in the above sense, but
the zero-surgery manifolds are not homeomorphic. Moreover, the links are
not concordant to one another, and in fact they can be chosen to be height /
but not height # + 1 symmetric grope concordant, for each 4 which is at
least three.

1. Introduction

It is well known that the study of homology cobordism of 3-manifolds is essential
for understanding the concordance of knots and links: homology cobordism of the
exteriors of links in S is equivalent to concordance in a homology S* x I, and
an additional mild normal generation condition for 7, is equivalent to topological
concordance in S3 x I (this also holds modulo the 4-dimensional Poincaré conjecture
in the smooth case).

We recall the definitions: two m-component links Lo and L in S 3 are said to
be topologically (respectively smoothly) concordant if there exist m locally flat
(respectively smoothly embedded) disjoint annuli in 3 x [0, 1] cobounded by
components of Ly x {0} and —L; x {1}. Two 3-manifolds My and M, bordered by
a 2-manifold X, that is, endowed with a marking u; : X = oM;, are topologically
(respectively smoothly) homology cobordant if there is a topological (respectively
smooth) 4-manifold W with

oW =Mou—-M;UX x[0,1]/(no(x) ~x x {0}, u1(x) ~x x {1}, x € ),

MSC2010: 57M25, 57N70.
Keywords: homology cobordism, zero-framed surgery, topological surgery, link concordance,
symmetric grope concordance.
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such that the inclusions M; — W (i = 0, 1) induce isomorphisms on integral
homology groups. In this paper links are oriented, and link exteriors are always
bordered by |_|,, S! x S! under the zero framing.

In high dimensions, concordance classification results were obtained by studying
homology surgery, with the aim of surgeries being to produce a homology cobordism
of the exteriors (for example, see [Cappell and Shaneson 1974; 1980; Le Dimet
1988]). On the other hand, for knots and links in dimension three, the zero-surgery
manifolds and their 4-dimensional homology cobordisms have been extensively
used in the literature in order to understand the structure peculiar to low dimensions,
especially in the topological category. Recall that performing zero-framed surgery
on a link in §3 yields a closed 3-manifold, called the zero-surgery manifold.

The classical invariants such as the knot signature and Levine’s algebraic knot
concordance class [Levine 1969a; 1969b] are obtained from the zero-surgery man-
ifold of a knot, via the Blanchfield form. Also, higher-order knot concordance
obstructions, such as Casson—Gordon invariants [Casson and Gordon 1978; 1986],
and Cochran—Orr—Teichner L2—signatures [Cochran et al. 2003] are obtained from
the zero-surgery manifold (often together with the homology class of the meridian).

A natural interesting question is whether the homology cobordism class of a
zero-surgery manifold determines the concordance class of a knot or link or if it
determines the homology cobordism class of the exterior.

In this paper we show, in a strong sense involving homotopy of meridians, that
the answer is negative for a large class of links satisfying a certain nonvanishing
condition on Milnor’s fi-invariants, even in the framework of symmetric grope and
Whitney tower generalisations of concordance and homology cobordism in the
sense of [Cochran et al. 2003; Cha 2014]. Also, we employ topological surgery in
dimension 4 to give a new construction of homology cobordisms of zero-surgery
manifolds. Next we state our main theorems, after which we will discuss these
aspects further.

Theorem 1.1. Suppose h > 3. Then there are infinitely many 3-component links
Lo, L1, ..., with vanishing pairwise linking numbers and with unknotted compo-
nents, satisfying the following for any i # j:

(1) The zero-surgery manifolds My, and M., are not homeomorphic.

(2) There is a topological homology cobordism between My, and My, in which
the k-th meridians of L; and L are freely homotopic for eachk =1, 2, 3.

(3) The links L; and L ; are height h but not height h + 1 symmetric grope concor-
dant. In particular, L; and L ; are not concordant.

For a definition of height 2 symmetric grope concordance, see Definition 4.2. Our
links are obtained from the Borromean rings by performing a satellite construction
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along a curve lying in the kernel of the map 71(S3 L) — m;(My) induced by
inclusion.

As a counterpoint to Theorem 1.1, we show that there are infinite families of
links with the same nonvanishing Milnor invariants, with homeomorphic zero-
surgery manifolds preserving the homotopy classes of the meridians, but which are
not concordant.

The Milnor invariant of an m-component link associated to a multi-index / =
ipip---i, withi; € {1,...,m}, as defined in [Milnor 1957], will be denoted by
iz (). We denote its length by |I| :=r. Define k(m) := [log,(m — 1)].

Theorem 1.2. Let I be a multi-index with nonrepeating indices with length m > 2.
For any h > k(m) + 2 there are infinitely many m-component links Lq, L1, ..., with
unknotted components, satisfying the following:

(1) The L; have identical ji-invariants, ir,(I) =1, and jig,(J) =0 for |J| < |I|.

(2) There is a homeomorphism between the zero-surgery manifolds M, and M,
which preserves the homotopy classes of the meridians.

(3) The links L; and L ; are height h but not height h + 1 symmetric grope concor-
dant. In particular, L; and L ; are not concordant.

The case when m > 3 should be compared with Theorem 1.1 since then the
links L; have vanishing pairwise linking numbers. To construct such links we start
with certain iterated Bing doubles constructed using T. Cochran’s algorithm, which
realise the Milnor invariant required. We then perform satellite operations which
affect the concordance class of the link but do not change the homeomorphism type
of the zero-surgery manifold.

We remark that we could also phrase Theorems 1.1 and 1.2 in terms of symmetric
Whitney tower concordance instead of grope concordance.

In the three subsections below, we discuss some features of Theorem 1.1, re-
garding (i) the use of topological surgery in dimension 4, (ii) link concordance
versus zero-surgery homology cobordism, and (iii) link exteriors and the homology
surgery approach.

1A. Topological surgery for 4-dimensional homology cobordism. An interesting
aspect of the proof of Theorem 1.1 is that we employ topological surgery in
dimension 4 to give a sufficient condition for certain zero-surgery manifolds of
3-component links to be homology cobordant. It is well known that topological
surgery in dimension 4 is useful for obtaining homology cobordisms (and con-
sequently concordances), although the current state of the art in terms of “good”
groups, for which the mj-null disc lemma is known, is still insufficient for the
general case. M. Freedman showed that knots of Alexander polynomial one are
concordant to the unknot [Freedman and Quinn 1990, Theorem 11.7B]. J. Davis
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[2006] extended the program to show that 2-component links with Alexander
polynomial one are concordant to the Hopf link. These two cases use topological
surgery over fundamental groups Z and Z?, respectively. Due to the rarity of good
groups for 4-dimensional topological surgery, there are not many other situations
where such positive results on knot and link concordance can currently be proven. As
another case, S. Friedl and P. Teichner [2005] found sufficient conditions for a knot
to be homotopy ribbon, and in particular slice, with a certain ribbon group Z x Z[%]

We give another instance of the utility of topological surgery for constructing
homology cobordisms, using the group Z3, which is manageable from the point
of view of topological surgery in dimension 4. Indeed, our sufficient condition
for zero-surgery manifolds to be homology cobordant focuses on the Borromean
rings as a base link. The zero-surgery manifold Mp,, of the Borromean rings is the
3-torus 73 = S! x S! x §', whose fundamental group is Z>.

To state our result, we with the following notation: Let

A =271 =71", 57 157

Denote the zero-surgery manifold of a link L by M;, as before. For a 3-component
link L with vanishing pairwise linking numbers, there is a canonical homotopy
class of maps f; : My — Mgo = T> which send the homotopy class of the i-th
meridian of L to that of the Borromean rings, namely the i-th circle factor of 7.
After choosing an identification of (T3) = 73, we can use this to define the A-
coefficient homology H{ (M ; A). We say thatamap f: M; — T3isa A-homology
equivalence if f is homotopic to f; and f induces isomorphisms on H,.(—; A).

Theorem 1.3. Suppose L is a 3-component link whose components have trivial
Arf invariants and there exists a A-homology equivalence M; — T3. Then there
is a homology cobordism W between My and T> = Mg, for which the inclusion-
induced maps wi(Mp) — w1 (W) ul 11(T3) are such that the composition from left
to right takes meridians to meridians.

1B. Link concordance versus zero-surgery homology cobordism. We review the
general question of whether links with homology cobordant zero-surgery manifolds
are concordant. The answer to the basic question is easily seen to be no, once one
knows of a result of C. Livingston [1983] that there are knots not concordant to
their reverses. Note that a knot and its reverse have the same zero-surgery manifold.
This leads us to consider some additional conditions on the homology cobordism,
involving the meridians. In what follows, meridians are always positively oriented.

First, observe that the exteriors of two links are homology cobordant if and
only if the zero-framed meridians cobound framed annuli disjointly embedded in a
homology cobordism of the zero-surgery manifolds. (For the if direction, note that
the exterior of the framed annuli is a homology cobordism of the link exteriors.)
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In particular, it holds if two links (or knots) are concordant.

Regarding the knot case, in [Cochran et al. 2013], T. Cochran, B. Franklin,
M. Hedden and P. Horn considered homology cobordisms of zero-surgery manifolds
in which the meridians are homologous: in the smooth category, they showed that the
existence of such a homology cobordism is insufficient for knots to be concordant.
In the topological case this is still left unknown.

Concerning a stronger homotopy analogue, the following is unknown in both the
smooth and topological cases:

Question 1.4. If there is a homology cobordism of zero-surgery manifolds of
two knots in which the meridians are homotopic, are the knots concordant? Or
concordant in a homology S x I?

For the link case, results in the literature give nonconcordant examples whose
zero-surgery manifolds admit a homology cobordism with homotopic meridians.
As a generic example in the topological category, consider a 2-component link
with linking number one. The zero-surgery manifold is a homology 3-sphere,
which bounds a contractible topological 4-manifold by [Freedman and Quinn 1990,
Corollary 9.3C]. Taking the connected sum of such 4-manifolds, one obtains the
following: the zero-surgery manifolds of any two linking number one 2-component
links cobound a simply connected topological homology cobordism. Note that
in this case the meridians are automatically homotopic. There are many linking
number one 2-component links which are not concordant, as can be detected, for
example, by the multivariable Alexander polynomial [Kawauchi 1978; Nakagawa
1978]. For related in-depth study, the reader is referred to, for instance, [Cha and
Ko 1999; Friedl and Powell 2011; Cha 2014]. With our respective coauthors, we
gave nonconcordant linking number one links with two unknotted components, for
which abelian invariants such as the multivariable Alexander polynomial are unable
to obstruct them from being concordant.

There are other examples which have knotted components: in [Cochran et al.
2013, end of Section 1], the authors discuss 2-component linking number zero links
with homeomorphic zero-surgery manifolds which have nonconcordant (knotted)
components. These links are obviously not concordant, and it can be seen that the
homeomorphisms preserve meridians up to homotopy.

By contrast with the above examples, our links have unknotted components
and vanishing pairwise linking numbers. Another feature exhibited by the links of
Theorems 1.1 and 1.2 is that the entire subtlety of symmetric grope concordance of
links can occur, within a single homology cobordism/homeomorphism class of the
zero-surgeries, even modulo local knot tying.

We remark that all the links of Theorems 1.1 and 1.2 lie in the same “k-solv-
equivalence class” for all k in the sense of [Cochran and Kim 2008, Definition 2.5].
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1C. Link exteriors and the homology surgery approach. Our results serve to un-
derline the philosophy that when investigating the relative problem of whether
two links are concordant, and neither of them are the unlink, one should consider
obstructions to homology cobordism of the link exteriors viewed as bordered mani-
folds, rather than to homology cobordism of the zero-surgery manifolds, even in low
dimensions. This was implemented in, for example, [Kawauchi 1978; Nakagawa
1978; Cha 2014] (see also [Friedl and Powell 2011] for a related approach).

Although we stated our results in terms of grope concordance of links in The-
orems 1.1 and 1.2 given above, in fact we show more: the link exteriors are far
from being homology cobordant, as measured in terms of Whitney towers. A more
detailed discussion is given in Section 5. For the purpose of distinguishing exteriors,
we use the amenable Cheeger—Gromov p-invariant technology for bordered 3-
manifolds (particularly for link exteriors) developed in [Cha 2014], generalising
applications of p-invariants to concordance and homology cobordism in [Cochran
et al. 2003; 2009; Cha and Orr 2012].

We will now discuss our results from the viewpoint of the homology surgery
approach to link concordance classification, initiated by S. Cappell and J. Shaneson
[1974; 1980] and implemented in high dimensions by J. Le Dimet [1988] using
P. Vogel’s homology localisation of spaces [1978]. The strategy consists of two
parts. Consider the problem of comparing two given link exteriors. First we decide
whether the exteriors have the same “Poincaré type”, which roughly means that
they have homotopy-equivalent Vogel homology localisations. If so, there is a
common finite target space, into which the exteriors are mapped by homology
equivalences rel. boundary. Once this is the case, a surgery problem is defined,
and one can try to decide whether homology surgery gives a homology cobordism
of the exteriors. The first step is obstructed by homotopy invariants (including
Milnor ji-invariants in low dimension). The failure of the second step is measured
by surgery obstructions, which are not yet fully formulated in low dimension (even
modulo the fact that 4-dimensional surgery might not work), since the fundamental
group plays a more sophisticated central role; see [Powell 2012] for the beginning
of an algebraic surgery approach to this problem in the context of knot slicing.

Our examples illustrate that for many Poincaré types, namely those in Theorems
1.1 and 1.2, we get a rich theory of surgery obstructions within each Poincaré
type, which is invisible via zero-surgery manifolds. We remark that for our links
L; in Theorems 1.1 and 1.2, there is a homology equivalence of the exterior of
each L; into that of a fixed one, say L1, since we use satellite constructions (see
Section 4). It follows that the exteriors have the same Poincaré type in the above
sense. In this paper, (parts of the not yet fully formulated) homology surgery
obstructions in dimension 4 have their incarnation in Theorem 5.2, the Amenable
Signature Theorem.
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Organisation of the paper. In Section 2, we explore the implications of the hy-
pothesis that a homology equivalence f : M; — T as in Theorem 1.3 exists, and
we prove Theorem 1.3 in Section 3. In Section 4, we construct links with a given
Milnor invariant with nonrepeating indices, and perform satellite operations on the
links to construct the links of Theorems 1.1 and 1.2, which are height 7 symmetric
grope concordant. In Section 5, we show that none of these links are height # + 1
grope concordant to one another.

2. Homology type of zero-surgery manifolds and the 3-torus

This section discusses the hypotheses of Theorem 1.3. We begin the section by
briefly reminding the reader who is familiar with Kirby calculus of a nice way to
see the following fact.

Lemma 2.1. The zero-surgery manifold of the Borromean rings is homeomorphic
to the 3-torus.

Proof. Place dots on two components of the Borromean rings and a zero near the
other. Each component of the Borromean rings is a commutator in the meridians of
the other two components, so this is a Kirby diagram for 72 x D?, whose boundary
is 73. The 1-handles (dotted circles) can be replaced with zero-framed 2-handles
without changing the boundary. O

In the following proposition we expand on the meaning and implications of
the condition in Theorem 1.3. Denote the exterior of a link L by X := §3 ~ vL
as before.

Proposition 2.2. Suppose that L is a 3-component link. Then the following are
equivalent:

(1) There is a A-homology equivalence f : My — T>.
(2) The preferred longitudes generate the link module H (X ; A).
(3) The pairwise linking numbers of L vanish and Hy(Mp; A) = 0.

Furthermore, (any of ) the above conditions imply that L has multivariable Alexan-
der polynomial Ay = (t; — 1)(t, — 1)(t3 — 1), and this implies that the Milnor
invariant 17 (123) is equal to £1.

Proof. First we will observe that (2) and (3) are equivalent. Longitudes of L
represent elements in H|(Xp; A) = ﬂ](XL)(l)/Tfl(XL)(z) if and only if they are
zero in Hy(Xp; Z) = 73; that is, the pairwise linking numbers are zero. If this is the
case, H{(Mp; A) is isomorphic to H;(Xr; A)/(longitudes), since M| is obtained
by attaching three 2-handles to E along the longitudes and then attaching three
3-handles along the boundary. It follows that longitudes generate H;(X; A) if and
only if H{(Mp; A) =0.
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Suppose (1) holds. Denote the meridians of L by u; (i =1, 2, 3) and the linking
number of the i-th and j-th components by ¢;;. The i-th longitude A;, which is
homologous to Z#i Liji, is zero in Hi(Mp; Z) = H,(T3: 7). Since {fe(luiD}
forms a basis of H,(T?; Z) = Z°, it follows by linear independence that ¢;; = 0 for
any i and j. Also, Hi(My; A) = H, (T3; A) = 0. This shows that (3) holds.

Suppose (3) holds. Start with a map g : 90X, = |_|; S! x S! — T that sends p;
to the i-th ! factor and A; to a point. Observe that g, : H,(0X; Z) — H\(T>; Z)
factors through the 1nc1us1on 1nduced map iy : H1(0X1; Z) - H\(My; Z) and the
identifications Hy(My;Z) = 73 < H,(T?;7); this follows from the fact that
H (00X ;7)) = 70 is generated by the «; and A; and that both g, and i, are quotient
maps, with their kernels generated by the ;. Since 77 is a K(Z°, 1), elementary
obstruction theory shows that g extends to a map f : M; — T>.

Consider the universal coefficient spectral sequence (see, e.g., [Levine 1977,
Theorem 2.3]) Ef,’q = Ext’;\(Hq(ML; A), A) = H"(My; A). We have Eé’l =0
since Hi(My; A) = 0, and E}, = Exty(Z, A) = H'(T3; A) = 0. It follows
that H'(My; A) = 0. By duality, Hy(M; A) = 0. Also, H3(Mp; A) = 0 since
the Z3-cover of M; is noncompact. Since Hy(M; A) = Z = Hy(T>; A) and
H;(T3; A) =0 for i > 0, it follows that f is a A-homology equivalence. This
completes the proof of the equivalence of (1), (2) and (3).

Suppose (1), (2) and (3) hold. Recall that the scalar multiplication of a loop
by #; in the module H;(X; A) is defined to be conjugation by w;. Since A; and u;
commute, we have (t;, — 1)A; =0in H{(X; A). From this and (2), it follows that
there is an epimorphism of A := @?:1 A/{t; — 1) onto H{(X; A). Since the zero-
th elementary ideal of A is the principal ideal generated by (r; — 1)(t — 1) (3 — 1),
it follows that A is a factor of (r; — 1)(t, — 1)(#3 — 1). We now invoke the Torres
condition (see, e.g., [Kawauchi 1996, Theorem 7.4.1]):

AL(l, 1, 13) = (13265° = D) Ap(ta, 13),

where L' is the sublink of L with the first component deleted and ¢;; is the pairwise
linking number. Since ¢;; = 0 by (3), we have A;(1,1,,13) = 0. It follows
that 1{ — 1 is a factor of Ay. Similarly r, — 1 and 3 — 1 are factors. Therefore
Ap(t, b, 3) = (1 — D)6 — 1) (3 — 1).

To show the last part, suppose that Ay (t1, , 13) = (t; — 1) (& — 1) (13 — 1). By
[Kawauchi 1996, Proposition 7.3.14], the single-variable Alexander polynomial
Ap(t) of L is given by

ALt)=(@—DALEt 1) =0 — D= (VD' =D

It follows that L has Conway polynomial V; (z) = z*, by the standard substitution
7= (1)~ = /1. Cochran [1985, Theorem 5.1] identified the coefficient of z*



NONCONCORDANT LINKS WITH HOMOLOGY COBORDANT ZERO-SURGERIES 9

in V7 (z) with (uz(123))? for 3-component links with pairwise linking number
zero. Applying this to our case, it follows that iy (123) = 1. (I

3. Construction of homology cobordisms using topological surgery

This section gives the proof of Theorem 1.3. The proof will use surgery theory, and
will parallel the proof given by Davis [2006] (see also [Hillman 2002, Section 7.6]).
We will provide some details in order to fill in where the treatment in [Davis 2006]
was terse, and to convince ourselves that the analogous arguments work in the case
of interest.

For the convenience of the reader we restate Theorem 1.3 here.

Theorem 1.3. Suppose L is a 3-component link whose components have trivial
Arf invariants and there exists a A-homology equivalence M — T3. Then there
is a homology cobordism W between My and T3 = Mg, for which the inclusion-
induced maps w1 (Mp) — w1 (W) ul 71 (T?) are such that the composition from left
to right takes meridians to meridians.

Remark 3.2. It is an interesting question to determine whether there are extra
conditions which can be imposed in order to see that the Arf invariants of the
components are forced to vanish by the homological assumptions. In the cases of
knots and 2-component links with Alexander polynomial one, the Arf invariants
of the components are automatically trivial. For knots, Ag(—1) computes the Arf
invariant, by [Levine 1966]. For 2-component links one observes that Ay (¢, 1)
and Ay (1, 1) give the Alexander polynomials of the components, by the Torres
condition, and then applies Levine’s theorem. These arguments do not seem to
extend to the 3-component case of current interest.

The proof of Theorem 1.3 will occupy the rest of this section. In order to produce
a homology cobordism, we will first show that there is a normal cobordism between
normal maps f : M; — T3 and Id : T° — T3. Interestingly, we can work with
smooth manifolds in order to establish the existence of a normal cobordism. This
will make arguments which invoke tangent bundles and transversality easier to
digest. Only at the end of the proof of Theorem 1.3, where we take connected
sums with the Eg-manifold, and where we claim that the vanishing of a surgery
obstruction implies that surgery can be done, do we need to leave the realm of
smooth manifolds.

Definition 3.3. Let X be an n-dimensional manifold with a vector bundle v — X.
A degree-one normal map (F, b) over X is an n-manifold M withamap F: M — X
which induces an isomorphism Fy : H,(M; Z) = H,(X; Z), together with a stable
trivialisation b : TM @ F*v @ &' = &k,
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A degree-one normal cobordism (J, e) between normal maps (F : M — X, b)
and (G : N — X, ¢) is an (n + 1)-dimensional cobordism between M and N with
amap J: W — X x [ extending F : M — X x {0} and G : M — X x {1}, which
induces an isomorphism

Jo: Hypy (W, 0W; Z) —> Hyp1 (X x 1, X x {0, 1}; 2),
together with a stable trivialisation e : TW @ J*(v x I) @ gl = gk

For us, let X = T3, and let v be its tangent bundle. We fix a framing on the stable
tangent bundle of the target torus 7> once and for all. Note that this canonically
determines a trivialisation of the tangent bundle of F*v, for any map F : M — X,
by the following diagram, in which the bottom composition is the constant map,
denoted *, and the top composition is the pull back F*v. The middle composition
is the induced framing.

Mx {0y —2M 30—~ BOM)

| | l

FxId

Mx] ———Tx] ——=BO

| | |

Mx{1)—2M iy —F -~ BO®M)

A framing of the tangent bundle of the domain therefore determines a normal map.

Lemma 3.4. Let L be a link whose components have trivial Arf invariants, and
let f: My — T3 be a degree-one normal map which induces a Z-homology
isomorphism and which maps a chosen meridian u; to the i-th S' factor of T> for
i =1,2,3. We can make a homotopy of f and choose a framing on My so that
f:Mp — T?and1d: T? — T3 are degree-one normal cobordant.

Proof. We need to show that we can choose a framing on M; such that the
disjoint union My LI —T? represent the trivial element of Qgr(T3). We compute this
bordism group:

QNTrH=QEETH) = AN(SPvSPvSivsSivsiv iy s,

with this last isomorphism induced by a homotopy equivalence of spaces. There
is a copy of S'*! for each i-cell of T3, for i = 1,2,3. To see this homotopy
equivalence, we need to see that the attaching maps of the cells are null-homotopic.
The suspension of the 1-skeleton of T3 is %V §? v §2. The Hilton-Milnor theorem
[Hilton 1955, Theorem A] computes the homotopy groups of a wedge of spheres.
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The attaching maps for the 2-cells of T3 become the attaching maps for the 3-cells
of £ T3, namely maps in

1 (S? Vv §? v §%) = @ms% ~ @z,
3 3

where the first isomorphism is by the Hilton—Milnor theorem. The commutator
attaching maps become trivial in the abelian 7,(S?). Therefore the 3-skeleton
of 273 is a wedge S? Vv 2V §2 Vv §3v §3 Vv §3. The attaching map for the 3-cell
of T3 becomes the attaching map for the 4-cell of 73, a map in

m(SPvSivsiv S vsivsh = P mHhe@PmsHhe P ms),
3

1<i<3 I<i<j=<3

again by the Hilton—Milnor theorem, where the last three 773(S>) summands include
into 73(S2 Vv §2 v 82 v §3 v §3 v §3) via composition with the Whitehead product:
let f; : §? — Sl.2 be a generator of nz(Siz), where Sl.2 is the i-th % component
in the wedge. Then the Whitehead product is the homotopy class of the map
[fi, fj] € m3 (Sl.2 \Y, sz), which is the attaching map for the 4-cell in a standard
cellular decomposition of $2 x S2. Since 72 (S1) = m,(S! v §1) =0, the summands
associated to the S? components of the wedge do not arise from a suspension. The
summands associated to the S° components are null-homotopic since the 3-cell
of T3 is attached to each 2-cell twice, once on either side. This completes the
explanation of the claimed homotopy equivalence:
T3> $2vsivsivsivsivsiyist

By Mayer—Vietoris, the bordism group ﬁf{(Sz vSIVvSIvSIvsivsivshis

a direct sum

P asHePalsH el =P Ao Qs e Qs
3 3 3 3
=P fePeaioas
3 3
=P rnoPprez
3 3

Therefore

Adrhz=feP rnePrer=zneP nePr.0z.
3 3 3 3

The isomorphism is given as follows. Let

pr, : T°=8"x ' x §' — &'
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be given by projection onto the i-th factor. Similarly, let
qr; T =8"x §' x §' — s' x §!

be given by forgetting the i-th factor. Let F : M — T? be an element of Qgr(T3).
Making all maps transverse to a point, we obtain an 8-tuple

(IM1, (pr; oF) ' (%), (pry oF) ' (%), (pr3 oF) ™' (%),
(ary oF) ' (%), (qr, oF) (%), (qry oF) ' (%), F~' (%))
cfoP fo@Pieai=zuod eoP oz
3 3 3 3

We consider each of the summands in turn.

By choosing the appropriate orientation on M, and making the degree-one normal
maps transverse to a point, one can arrange for the disjoint union £~ (x)Li— Id ! (%)
to be equal to {pt} LU —{pt} =0 € Qg.

As observed in [Davis 2006, proof of the lemma], we can change the framing
so that the elements of Qﬁr agree. First, we change the framing on each of three
chosen meridians u; to the link components L;.

Orientable k-plane vector bundles over S! are classified by homotopy classes of
maps [S I BSO(k)]. Consider the exact sequence

71,(BSO) — 7, (BSO, BSO(k)) —> 71 (BSO(k)) AN m1(BSO).

A stably trivial vector bundle over S ! gives us an element of ker(y). A choice of
trivialisation of the vector bundle gives us a null homotopy and therefore an element
of m,(BSO, BSO(k)). The possible choices of stable trivialisations, or framings,
are indexed by 7, (BSO) = 71(SO) = 7Z5.

We can therefore, if necessary, change the framing on each y; to be the bounding
framing using an element of 71 (SO(2)) which maps to the nontrivial element of
11(SO). Use the element of 771 (SO(2)) to change the framing on the normal bundle
of u; in My. We claim that these changes in the framing can be extended to the
whole of M. To see this, we argue as follows. The dual of the inclusion map
H'(My; Z)— H'(u;; Z) is surjective, since each [11;] is a generator of H, (M ; Z).
The change of framing map u; — SO(2) represents a homotopy class of maps in
[i, S'] and therefore an element of H'!(u;; Z). Since this pulls back to an element
of H'(My; Z), which can in turn produce a map M; — SO(2), the change of
framing map can be extended as claimed.

Let N; C M, be the submanifolds given by (qr; o f)~! (%), after perturbing f to
make qr; o f transverse to a point. As the inverse image of the i-th S! factor of 7
(e.g., FHS! x {%} x {*})), N; is a collection of circles. After a homotopy of f, it
can be arranged, by the assumption on f, that N; is a single meridian u;, which has
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the bounding framing and therefore represents the zero element in SZ?. To make
this arrangement, it suffices to be able to remove circles N; whose image in T
is null-homologous. But in 73, a null-homologous curve is also null-homotopic.
Therefore we can make a homotopy of f so that N; misses S! x {%} x {x}.

After another homotopy, the inverse image (pr; o f)~! () can be arranged to be
a capped-off Seifert surface F; U D?, where F; is a Seifert surface for L; (possibly
with closed connected components). To see this, we again use our assumption
that f sends the i-th meridian u; to the i-th circle. This assumption enables us
to homotope f so that pr; o f sends a regular neighbourhood w; x D? to S' by
projection onto the first factor. Then the inverse image is as desired. A homotopy
of f preserves the framed bordism class of (pr; o f)~! (), and the class [F; U D?] €
Qgr is determined by the Arf invariant of L;. By hypothesis, this vanishes.

Finally, again following [Davis 2006] (see also [Freedman and Quinn 1990,
proof of Lemma 11.6B]), the framing can be altered in the neighbourhood of
a point to change the element [M] € Qgr to the trivial element. We recall the
definition of the J-homomorphism J : 73(SO) — 7y = QU for the convenience of
the reader, where J't,f is the k-th stable homotopy group of spheres. (Incidentally,
73(SO) = Z and 7139 = 754.) Given 6 : S3 — SO, choose a k sufficiently large so
that we can represent 6 by a map 6 : S — SO(k). We proceed to construct a map
(J(©) : S¥3 — 5 e 7§ So:

§k+3 = §3 x D Ugs» pr—1 D* x §k1.

Define a map
j©) :83x D¥ — §3x D*
(x,y) = (x, 0(x)(y)),

since 6(x) € SO(k) acts on D* by identifying D* with the unit ball in R¥. This
map extends to a homeomorphism j (6) of $* x D¥ Ugs, pie1 D* x S¥~1. Form the
composition

j (6
§k3 = §3 x D Ugsw pk-1 D* x §k-! Q §% x Dk Ugs» pr—1 D* x sk1

col

proj
=5 8% x sk 5

sk,
where col is the collapse map which squashes D* x S¥~! and proj, is the projection
onto the first factor. This gives an element of n3S , which is the image of 6 under
J : 13(S0) — n§ = QfF.

This J-homomorphism is onto [Adams 1966, Example 7.17], so that composing
the framing in a neighbourhood D? of a point with the choice of map 6 € 73(SO) =
[(D3,3D%), (SO, )] such that —J(0) = [M] € Q‘;r changes the class in Qgr as
desired.
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This shows the existence of a normal cobordism W’. To see that this is of degree
one, note that the map to 7> which extends over W’ can be used to define a map
to 73 x I, by defining a map g : W — I such that g(M;) = {0} and g(T?3) = {1}.
Now consider the commutative diagram

Hy(W', 0W'; Z) Hy(oW'; 2)

| |

Hy(T3 x I, T3 x{0,1}; Z) — H3(T? x {0, 1}; Z)

Going right, then down, the fundamental class [W’, 9W'] maps to
(1,—=1) e Hy(T* x {0,1}; ) = Z @ Z.

By commutativity, the relative fundamental class [W’, 9W'] must map to a generator
of Hy(T? x I, T3 x {0, 1}; 2). O

A A-homology equivalence is also an integral homology equivalence, by the
following argument. By definition (see above the statement of Theorem 1.3), a
A-homology equivalence induces an isomorphism on Hj(—; Z). By duality, we
also have an isomorphism on H,(—; Z). It remains to see that f : M; — T3isa
degree-one map. The assumption that

fo: Ho(Mp; A) —> Ho(T3; A)

is an isomorphism implies that the relative homology vanishes: H, (T3, My; A) =0.
The universal coefficient spectral sequence then implies that H, (T3, M;; Z) =0
since all the E? terms Torl’} (Hq(T3, My ; A), Z) vanish. Therefore a A-homology
equivalence as in Theorem 1.3 is a degree-one map.

Lemma 3.4 then establishes the existence of a choice of stable framing b on M/,
such that there is a degree-one normal cobordism

(F W —T3x1,¢)

between (f : My — T3,b) and (Id: T3 — T3, ¢). Choosing such a framing, we
proceed to apply surgery theory to alter W’ into a homology cobordism. Davis’
observation [2006] was that the framing on W’ is not an intrinsic part of the
concordance problem, but rather necessary additional data which is required in
order to be able to apply surgery theory. Without the information provided by the
self-intersection form, it is not possible to obtain algebraic sufficient conditions
which ensure that surgery can be performed. Nevertheless, as we shall see, there is
a certain amount of freedom in the choice of framing data.

Before giving the proof of Theorem 1.3, we first give the definition of the Wall
even-dimensional surgery obstruction groups, which we will use in the proof.
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Definition 3.5 [Wall 1999, Chapter 5]. Let A be a ring with involution. A (—1)k-
Hermitian sesquilinear quadratic form on a free based A-module M is a (—1)*-
Hermitian sesquilinear form A : M x M — A together with a quadratic enhancement.
A quadratic enhancement of a form A : M x M — A is a function u : M —
A/{a — (—1*a | a € A} such that

(1) A0x, %) = (@) + (),

(2) p(x+y) —pux) —puy) =2x, y),
(3) mnlax) =ap(x)a,

forall x, y € M and for all a € A.

A hyperbolic quadratic form is a direct sum of standard hyperbolic forms, where
the standard hyperbolic form (H, x, v) is given by

(404 (S o) 2@ 0N =0=000.17)).

The even-dimensional surgery obstruction group L, (A) is defined to be the Witt
group of nonsingular (— 1)¥-Hermitian sesquilinear quadratic forms on free based A-
modules, where addition in the Witt group is by direct sum, and the equivalence class
of the hyperbolic forms is the identity element, where the equivalence relation is as
follows. Quadratic forms (M, A, ) and (M’, A/, ') are said to be equivalent if there
are hyperbolic forms (H, x, v) and (H’, x’, V") such that there is an isomorphism
of forms MO H, A D x, u®V)=EM ®H', N D x',  ®v'). This completes the
definition of Ly;(A).

For us, A will be the group ring Z[rr] of some group 7; initially = will be Z>,
so that we take A = Z[Z3] = A. We omit the definition of the odd-dimensional
L-groups since they will only play a peripheral rdle in the proof of Theorem 1.3.

Proof of Theorem 1.3. First, do surgery below the middle dimension [ibid., Chap-
ter 1] on (W’, F’, €' to create a normal cobordism (F : W — T3 x I, ¢) which is
2-connected, i.e., W is connected and 7 (W) = 7;(T3) = Z3. The induced map
Fo:m(W) — m(T3 x I) is automatically surjective since T3 is aspherical.

The Wall surgery obstruction [ibid., Chapter 5] of the normal cobordism (F :
W — T3 x I, e) is now defined in L4(Z[Z?]) to be given by the intersection form

Aw  Ho(W's A) x Hy(W'; A) — A,
together with the quadratic enhancement
piHy (Wi ) — ZIZ)la=a | a € ZIZ*))

defined by counting the self-intersections of an immersion of a sphere S? ¢ W
representing an element of Hy(W; A) = mp (W), where the regular homotopy class



16 JAE CHOON CHA AND MARK POWELL

of the immersion is fixed by the framing e to be the unique class of immersions for
which the induced trivialisation of T'S? extends over the null-homotopy of S in T°3.

The fact that the homology of the boundary H;(M; A) = H j(T3; A) vanishes
for j =1, 2, is used crucially here to see that the intersection form Ay is nonsingular,
as observed by the surgeon in the “dialogue” of [Davis 2006].

By [Wall 1999, Proposition 13B.8], which is based on Shaneson’s formula
L,Z|lx x 7]) = L,(Z[x]) & L,—1(Z[x]), when & has trivial Whitehead group
[Shaneson 1969] we have that

3
L@z 2P} L@ e P L e@ Lo s L@
3 3

i
i=0

= Lo@) o @ L),
3

where the last isomorphism is by periodicity of the L-groups and the fact that
the odd-dimensional simply connected L-groups vanish. The even-dimensional
simply connected L-groups Lo (Z) are computed [Kervaire and Milnor 1963], when
k=0mod 2, as
Lo(Z) > Z
M, ,u) —» c(RQz M,Id®A1)/8,

while for the dimensions where k£ = 1 mod 2 they are computed via

L(2) > 7,
(M, 7, 1) — Arf(Zo®7 M, 1d @, [d®puw).

We need to see that we can make further alterations to W in order to make the
surgery obstruction vanish.

First, we take the connected sum with —o (W)/8 copies of the Eg manifold,
namely the simply connected 4-manifold which is constructed by plumbing disc
bundles D? x D? according to the Eg lattice. It turns out that the boundary of
the resulting 4-manifold is the Poincaré homology sphere. One then caps off with
the contractible topological 4-manifold whose boundary is the Poincaré homology
sphere [Freedman and Quinn 1990, Corollary 9.3C]. This produces the Eg manifold,
a closed topological 4-manifold. It has a nonsingular intersection form, with a
quadratic enhancement induced from a normal map to S, and its signature is 8.
By a negative copy of this 4-manifold we of course mean the same manifold but
with the opposite choice of orientation. By making such a modification to W, we
obtain a new normal map, which by abuse of notation we again denote by (W, F, e),
for which the obstruction in L¢(Z) is trivial. Note that W still has fundamental
group 73 since 7; (Eg manifold) = {1}, and moreover dW is unchanged.



NONCONCORDANT LINKS WITH HOMOLOGY COBORDANT ZERO-SURGERIES 17

Next, we may need to alter W again, so that the three Arf invariant obstructions
in L(Z) vanish. For i =1, 2, 3, define maps

qri:T3><I=SlxSlelxI—)Sle1

which forget the i-th S' factor and the I factor. Perform a homotopy of F to ensure
that gr; oF is transverse to * € S' x S!, and such that

Ffl(S1 X {x} x {*} x {0[}) —> st x {x} x {x} x {oI'}

is a homotopy equivalence (and similarly with the * terms moved appropriately
for i = 2,3). This homotopy equivalence was already arranged in the proof of
Lemma 3.4, when we saw that the elements of Qﬁr can be removed. Let S; be the
surfaces (qr; oF )~ !(%); each surface has boundary 3S; given by the meridian y;
and the corresponding S! factor of T3.

Letpr; : T3 x I =S' x 8! x S! x I — §' x I be the map which remembers the
i-th S! factor and the I factor. Making F transverse to a point, (pr; o' Yy~ l(x) is a
surface ; C W. Since F(S; N X;) is a single point and F is of degree one, we can
assume that S; and X; intersect in a single point. By choosing different points in
the I factor, we can ensure that the X; are all distinct.

Now, as in [Davis 2006], for each i with nonzero-surgery obstruction in the
corresponding L,(Z) summand of L4(Z[Z3]), remove a neighbourhood ¥; x D?
of ¥; and replace it with =; x cI(S' x §' ~. D?). That is, replace the D? factor
with a punctured torus, but define the framing on the torus to be the framing which
yields Arf invariant one, that is, the Lie framing on both § I factors. Since X; is
dual to S;, this adds one to the Arf invariant of the element of L,(Z) represented
by S;, and so changes the Arf invariant one summands to having Arf invariant zero.

After these alterations we have a normal map (G’ : V' — T3 x I, k'), with
vanishing surgery obstruction. Since the fundamental group Z° is good in the
sense of Freedman (polycyclic groups are good [Freedman and Quinn 1990, Theo-
rem 5.1A]), the surgery sequence is exact in the topological category — see [ibid.,
Theorem 11.3A]. We can therefore find embedded two-spheres representing a
half-basis for m,(G’), perform surgery, and obtain a topological 4-manifold V
which is homotopy equivalent to 73 x I; in particular, V is a homology cobordism
between M, and T3.

Moreover, the following diagram commutes:

(ML) ——— (V) =—— m1(T?)

A

(T3 —— (T3 x I) =— 11 (T?)
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Since the meridians p; of L are mapped to standard generators of 71 (T?>), an easy
diagram chase shows that the homotopy classes of the meridians are preserved in
the homology cobordism V. ([

4. Construction of links and grope concordance

In this section we give constructions of certain links with a given Milnor invariant,
and construct grope concordances, using the methods of [Cochran 1990] and [Cha
2014].

4A. Iterated Bing doubles with a prescribed Milnor invariant. Let I be a multi-
index with nonrepeating indices with length m := |I| > 2. We describe a rooted
binary tree T (m) associated to m > 2, which has m leaves: the right subtree of
the root just consists of a single vertex, and the left subtree 77 (m) is the complete
binary tree of height 4 (m) := [log,(m — 1)] with the rightmost 2(m — h(m) — 1)
pairs of leaves (and edges ending at these) removed. (By convention, a binary tree is
always embedded in a plane with the root on the top.) That is, 77 () is a minimal
height binary tree with m — 1 leaves. For example, T (m) for m = 7 is shown in
Figure 1.

Figure 1. The tree T (m) for m =7, labelled with I = 1234567.

Following the proof of [Cochran 1990, Theorem 7.2], a rooted binary tree T
describes a link with components corresponding to the leaves of 7. First, a complete
binary tree of height one is associated to a Hopf link. If 7 is obtained from 7’ by
attaching two new leaves to a leaf v of 7’, then the link associated to 7 is obtained
from that of T by Bing doubling the component corresponding to v.

Consider the link described by the tree T (m). Labelling the leaves of T (m) from
left to right with the multi-index I (see Figure 1 for I = 1234567), the components
of the link are ordered. We denote this ordered link by L;. Then, by [Cochran
1990, Theorem 8.1], the link L; has iy, (I) ==£1 and i, (I") =0 for |I'| < |1].

4B. Satellite construction and grope concordance of links. To construct links
which are grope concordant, we employ the method of [Cha 2014, Section 4]. We
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begin by giving the definition of grope concordance. The use of gropes in this
context first appeared in [Cochran et al. 2003].

Definition 4.1 [Freedman and Teichner 1995]. A grope is a pair (2-complex, base
circle) of a certain type described below. A grope has a height 7 e N. Forh=1a
grope is precisely a compact oriented surface ¥ with a single boundary component
which is the base circle. A grope of height /2 4 1 is defined inductively as follows:
let {o; |i =1,...,2-genus} be a standard symplectic basis of circles for X. Then
a grope of height 4 + 1 is formed by attaching gropes of height & to each «; along
the base circles.

An annular grope is defined by replacing the bottom stage surface by a surface
with two boundary components.

Definition 4.2 [Cha 2014, Definition 2.16]. Two m-component links L and L’ in
S3 are height n grope concordant if there are m framed annular gropes G; of height
n,i =1,...,m,disjointly embedded in $3 x [0, 1], with the boundary of G; the
zero-framed i-th component of L; C S* x {0} and —L;C S3 x {1}.

As mentioned in the introduction, we could also phrase our theorems in terms
of Whitney towers, but for simplicity of exposition we stick to gropes. See [ibid.,
Section 2] for an exposition on gropes, Whitney towers, and n-solvable cobordisms
(our Section 5 also contains a limited discussion of n-solvable cobordisms).

We recall that a capped grope of height k is a grope of height k together with
2-discs attached along each of the standard symplectic basis curves of the top-layer
surfaces. The attached 2-discs are called caps, and the grope itself is called the
body. We always assume that a capped grope embedded in a 4-manifold is framed.

We denote the exterior of a link L by X . If L is a link in $3, n is an unknotted
circle in S3 disjoint from L, and K is a knot, then we denote the satellite link
of L with axis n and companion K by L(n, K); this is the image of L under the
homeomorphism X, Uy Xk = S3, where the gluing identifies the longitude of 1
with the meridian of K, and vice versa.

Following [ibid., Definition 4.2], we call (L, n) a satellite configuration of
height k if L is a link in S3, 7 is an unknotted circle in S* disjoint from L, and
the O-linking parallel of n in X, = X, x {0} bounds a capped grope of height k
embedded in X, x [0, 1] with body disjoint from L x [0, 1]. The caps should be
embedded in X, x [0, 1] but may intersect L x [0, 1].

Lemma 4.3, stated below, describes how iterated satellite constructions using
satellite configurations give us grope concordant links. The setup is as follows.
Fix n. (To obtain Theorems 1.1 and 1.2, set & = n + 2.) Suppose that (Lo, n) is a
satellite configuration of height k¥ < n. (Later we will use the link L; described
above as Lo.) Suppose that (K;, «;) is a satellite configuration of height one,
with K; a slice knot, fori = 0,...,n —k — 1. Let J({ be the connected sum
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of N; copies of the knot described in [Cochran and Teichner 2007, Figure 3.6],
where {N;} is an increasing sequence of integers which will be specified later.
(Indeed, these will be given in terms of the Cheeger—Gromov bound on the p-
invariants and, for the links of Theorem 1.1, in terms of the Kneser—-Haken bound
on the number of disjoint nonparallel incompressible surfaces. See Section 5,
Just before the proof of Theorem 5.3, and Section 4D, just before Lemma 4.7.)
Define Jl.] = K,-_l(a,-_l, Jij_l) inductively for i = 1,...,n — k. Finally define
Lj:=Lo(n, J ).

Lemma 4.3 [Cha 2014, Proposition 4.7]. The link L; is height n 42 grope concor-
dant to L for all j.

Proof. The same as the proof of [loc. cit.], except that L replaces the Hopf link in
the last sentence. (]

The following observation on the satellite construction is useful.

Lemma 4.4. If L' = L(n, K) is obtained from L by a satellite construction, then L
and L' have the same Milnor [i-invariants.

Proof. 1t is well known that a satellite construction L’ = L(n, K) comes with
an integral homology equivalence f : (X, 0Xp) — (X, dX ) which restricts
to a homeomorphism on the boundary preserving longitudes and meridians (see,
e.g., [Cha 2010, proof of Proposition 4.8; Cha and Orr 2013, Lemma 5.3]). As
in [Cha et al. 2012, Lemma 2.1], by [Stallings 1965] it follows that f induces
an isomorphism 771 (X ) /m1(X1)y = m1(Xp)/m1(X 1), that preserves the classes
of meridians and longitudes for any ¢, and consequently L and L’ have identical
jL-invariants. O

4C. Satellite configuration of iterated Bing doubles. Now we consider again the
link L described in Section 4A. Recall that k(m) := |log,(m — 1) |, where m = |I|.
Let n be the zero-framed longitude of the component of L; labelled with m, namely
the component of the original Hopf link that is never Bing doubled in the construction
of L[ .

Lemma 4.5. (1) The pair (L;, n) is a satellite configuration of height k(m).
(2) The curve n is nonzero in wy (L) /m(L1)nm.

(3) For any knot K, the link L;(n, K) has zero-surgery manifold homeomorphic
to the zero-surgery manifold of L.

We remark that Lemma 4.5(2) will be used in Section 5.
Proof. Denote L := L for this proof.

(1) We go back to the construction of L, and construct the grope as we construct L.
We begin with the Hopf link (i.e., m = 2), and the curve n as a longitude of L.
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We also begin with a thickened cap D? x [—1, 1], such that dD? x {0} = n. This
intersects the other component of the Hopf link in a single point.

Every time a component K is Bing doubled in the construction of L, we arrange
that one of the clasps lies in D? x [—1, 1], and then replace the thickened cap that
intersected K with a genus-one capped surface with a single boundary component,
whose body surface misses the new Bing doubled components, and such that each
cap intersects one of the two new components. See Figure 2, which is somewhat
reminiscent of a figure in [Freedman and Quinn 1990, Chapter 2.1].

Figure 2. Replacing a cap with a capped surface.

Since a complete binary tree of height k(m) can be embedded in 7 (m), we obtain
a symmetric embedded capped grope of the required height, with the body lying in
the link exterior X; and the caps intersecting the link transversely.

(2) The nonvanishing of the Milnor invariant itz (1) implies that all of the longitudes
of L are nontrivial in 71 (X ) /m1(X1)1/-

(3) A Kirby diagram for the 3-manifold M given by zero-framed surgery on L can
be produced by putting a 0 next to every component of L. If we perform a satellite
construction with pattern K and with n as axis, this is equivalent to tying all the
strands of L which intersect a disc D, whose boundary is 7, in the knot K, with
framing zero. In other words, replace the trivial string link in D x [0, 1] with the
string link obtained by taking suitably many parallel copies of K.

But we can make a crossing change of these parallel copies of K at will, by
performing handle slides, sliding the parallel strands over the zero-framed 2-handle
attached along the component parallel to 5. This gives a Kirby presentation of a
homeomorphic 3-manifold.

By making sufficiently many such crossing changes/handle slides, all the par-
allel strands which the satellite construction ties in the knot K can be unknotted,
recovering the link L. Thus the zero-surgery manifolds of the satellite link and the
original link are homeomorphic. It is easy to see that the homotopy classes of the
meridians of L are preserved under such homeomorphisms. ]
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Now, let n > k(|I|) = k(m). Let L be the links obtained by the construction just
before Lemma 4.3, using our (L;, n) as (Lo, ), and using the Stevedore satellite
configuration described in [Cha 2014, Figure 6], which for the reader’s convenience
is shown in Figure 3, as the (K;, «;). Then by Lemma 4.3 and Lemma 4.5(1), the
links L ; are height n + 2 grope concordant to the link Lo = L;.

<5

Figure 3. Stevedore satellite configuration (K;, ¢;).

Lemma 4.4 shows that the links L ; satisfy Theorem 1.2(1). They also satisfy
Theorem 1.2(2) by Lemma 4.5(3). We have also proved, in Lemma 4.3, the first
part of Theorem 1.2(3): the links L ; are mutually height n + 2 grope concordant.
The second part of Theorem 1.2(3), namely the failure of the links to be pairwise
height n + 3 grope concordant, will be shown in Section 5.

4D. Examples with nonhomeomorphic zero-surgery manifolds. In order to pro-
duce examples satisfying Theorem 1.1(1), we alter the construction of Sections 4B
and 4C to give examples with nonhomeomorphic zero-surgery manifolds. We
consider the case of m =3 and I = 123 only. Then the link L := L; described in
Section 4A is the Borromean rings. Let 7 be the simple closed curve in S\ L
shown in Figure 4; x, y, and z denote the components of L.

The pair (L, ) also has two of the properties stated in Lemma 4.5, for m = 3:

Lemma 4.6. (1) The pair (L, n) is a satellite configuration of height one.

) In m(X1), n =[x, ylllx, y], x], where x, y, and z are the Wirtinger gener-
ators corresponding to the dotted arcs in Figure 4. Also, n is nontrivial in

m1(XL)/m1(XL)3.
Here [a, b] denotes the commutator aba ‘b1,

Proof. (1) Tubing the obvious disc bounded by 1 along the components of L that
intersect it, we obtain a genus-two surface V with boundary n which is shown in
Figure 5. This is the body of the desired capped grope. The whole capped grope is
the body taken together with the four caps shown in Figure 5 as shaded discs.

(2) The claim that n = [x, y][[x, ¥], x] follows from a straightforward computation
in terms of the Wirtinger generators, reading undercrossings of 7 starting from the
dot on n in Figure 4. Since L has vanishing linking number, due to Milnor [1957]
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>

Figure 4. A satellite configuration on the Borromean rings.

(see also [Stallings 1965]), m1(X)/m1(X )3 is isomorphic to F/F3, where F is
the free group generated by x, y, and z. Consequently, [[x, y], x] € m1(X )3 and
[x, y] ¢ m1(X1)3. From this the second conclusion follows. Ol

As in Section 4C, we apply the construction described just before Lemma 4.3, us-
ing our (L, n) as the seed link (Lg, ) and using the Stevedore satellite configuration
described in [Cha 2014, Figure 6] (see our Figure 3) as (K;, ;) fori =0, ..., n—2
as above. Let the resulting links be the L ;. Then by Lemma 4.3, the L ; are height

Figure 5. The capped grope bounded by 7.
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n + 2 grope concordant to the Borromean rings L, so these satisfy the first part of
Theorem 1.1(3). The second part of Theorem 1.1(3), on the failure of the links to
be pairwise height n + 3 grope concordant, will be shown in Section 5.

Furthermore, the links L ; satisfies the hypothesis of Theorem 1.3. First note that
since our satellite operation does not change the knot type of the components, L ; has
unknotted components. In particular, the Arf invariants of the components vanish.
Recall from the proof of Lemma 4.4 that there is a homology equivalence f: X, —
X, obtained from the satellite construction L ; = Lo(7, J,{_l); indeed, f is obtained
by gluing the identity map of X, with the standard homology equivalence

(X, 09X, ) —> (8" x D? 8 x s

along S' x S'. Since our curve n C S — L lies in the commutator subgroup of
m1(S? — L), f is indeed a A-homology equivalence X L; — Xir,, by a Mayer—
Vietoris argument. Filling it in with 3 solid tori, we obtain a A-homology equiva-
lence M, — T3=M L, as desired. Therefore, by applying Theorem 1.3, it follows
that the links L ; satisfy Theorem 1.1(2). We need to confirm that the L ; satisfy
Theorem 1.1(1), namely, that the M ; are not homeomorphic. The underlying idea
is as follows. Recall that L; is defined by a satellite construction, starting with
a knot Joj . In many cases, the JSJ pieces of the exterior of Jd become parts of
the JSJ decomposition of M ;, so that the My ; have distinct JSJ decompositions.
Since a complete proof of this seems to require complicated arguments (a technical
issue is that an essential torus might not be parallel to a JSJ torus, because of
Seifert fibred pieces), we will present a simpler argument using only the number of
incompressible tori; this is enough for our purpose.

We need the following. The Kneser—Haken finiteness theorem [Haken 1961]
states that for each 3-manifold M, there is a bound, say Ck g (M), on the number of
disjoint pairwise nonparallel incompressible surfaces that can be embedded in M.
Recall that the knot J({ used in the construction of the link L ; is a connected sum of
N knots, where {N;} was an increasing sequence to be specified (see the paragraph
before Lemma 4.3). Here is the first requirement on the N;: we choose the N
inductively in such a way that N; > max{Cxy (M) | k=0,1,...,j—1}.

Lemma 4.7. The zero-surgery manifolds My, and My,; are not homeomorphic
fori # j.

Proof. Recall that M, = M|, is the 3-torus T3. Consider Y := M} ~ v(n), where
v(n) is an open tubular neighbourhood of 5. For notational convenience, denote the
exterior of Jr{_l by X := X/ . The 3-manifold My, is obtained by glueing ¥ and
X along their boundaries. Let 7 = dY = 0X be the common boundary torus. Note
that My, can also be described in the same way, using J;?—1 := unknot; in this case,
the torus 7" is compressible in My, since X is a solid torus.
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Claim. For j > 1, the torus T is incompressible in Y .

Using the claim, we will show that the 3-manifolds M ; are not pairwise home-
omorphic. Suppose j > 1. Since the knot J, J _, is obtained from an iterated satellite
construction with the first-stage knot JO] a connected sum of N; nontrivial knots, the
exterior X of J_ / | has at least N; incompressible tori, including the boundary 7.
Since M L, =Y UT X and T is incompressible in Y, it follows that there are N
nonparallel incompressible tori in M L, For any k < j,since N; > Cxy(Mp,), it
follows that M L is not homeomorphlc to Myg,.

Now, to complete the proof, we will verify the claim. If there is an essential
curve on T which bounds a disc in Y, then it must be a zero-linking longitude,
say 1/, of n, since the meridian of 7 is a generator of H;(Y \ 1) = Z*. By the
following lemma, we have a contradiction. (Il

Lemma 4.8. The class of ' is nontrivial in the fundamental group (Y ~ n).

Proof. We consider a Wirtinger presentation of 7;(Y ~ n) given as follows: it
has 24 generators, denoted by xi, ..., x4, associated to arcs in Figure 4. Here
(x1,...,x10), (x11, X12), (X13, ..., X16), and (x17, ..., Xp4) are those associated to
the arcs of the components x, y, z, and 7, respectively. In each component, the arc
with a dot on it is the first one, and other arcs are ordered along the orientation.
There are 27 relators:
X1X11X1X12, X11X1X11X2, X2X18X2X19, X19X2X19X3, X3X20X3X2],
X3X23X3X22, X22X4X22X3, X21X4X21X5, X5X16X5X13, X13X5X13X6,
X11X7X11X6, X7X11X7X12, X13X8X13X7, X8X16X8X 5, X21X9X21X§,
X02X9X22X10, X10X23X10X24, X10X20X10X19, X19X1X19X10, X1X18X1X17,
X15X22X15X21, X22X15X22X 14, X24X13X24X 14, X13X24X13X17,
X11X19X22X21X 13X11X13X21X22X19, X1X7, X24X22X8X5.
Indeed, the first 24 are the standard Wirtinger relators for the 4-component link

L U n (thus one of these may be omitted), and the last 3 relators arise from the
zero-surgery performed along L. It is straightforward to read off the curve n’:

/ - - - -
N = X1X2X10X3X15X3X10X 13-

We define a representation p : (Y . 1) — SL(2, Z5) by mapping the above 24
generators, respectively, to:

(23] [H8) [95]L
2] ) [36]

(520 1820 Todl-

AW DWW O
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It can be verified that all the relators are sent to the identity, by a straightforward
computation. (We found the representation p using a computer program.) Also, we

have that
N |31
p(n) = [4 0

is not the identity. This completes the proof. ([

5. Grope concordance and amenable signatures

In this section we show that the links described in Sections 4C and 4D are not
height n + 3 grope concordant by using amenable signature obstructions from [Cha
2014]. In fact, the amenable signatures we use are obstructions to being n-solvably
cobordant, which is a relative analogue for manifolds with boundary, or bordered
manifolds, of the notion of n-solvability of [Cochran et al. 2003]. For our purpose
it suffices to consider the case of link exteriors; an n-solvable cobordism between
the exteriors X and X’ of two links with the same number of components is a
4-manifold W with W = X Uy — X’ satisfying the conditions described in [Cha
2014, Definition 2.8], where the boundary tori of X and X’ are identified along
the zero framing. Since we do not use the defining condition right now, instead
of spelling it out here, we begin with its relationship to grope concordance. The
following theorem originates from [Cochran et al. 2003, Theorem 8.11], and was
given in our context in [Cha 2014].

Theorem 5.1 [ibid., Theorems 2.16 and 2.13, and Remark 2.11]. If two links are
height n 4+ 2 grope concordant, then their exteriors are n-solvably cobordant as
bordered 3-manifolds.

As our key ingredient to detect nonsolvably cobordant 3-manifolds and therefore
non-grope-concordant links, we will use the Amenable Signature Theorem, which
was first introduced in [Cha and Orr 2012] for homology cobordism of closed
3-manifolds and then generalised to n-solvable cobordisms of bordered 3-manifolds
in [Cha 2014]. We state a special case which will be sufficient for our purpose.
For a closed 3-manifold M and a homomorphism ¢ : 7, (M) — G, denote the von
Neumann—Cheeger—Gromov p-invariant by p® (M, ¢) € R. See, e.g., [Cochran
et al. 2003, Section 5] as well as [Chang and Weinberger 2003; Harvey 2008;
Cha 2008; Cha and Orr 2012] for definitions and useful properties of p® (M, ¢).
Precise references for the properties that we need will be recalled as we go along.

Theorem 5.2 (A special case of [Cha 2014, Amenable Signature Theorem 3.2]).
Suppose W is an (n + 1)-solvable cobordism between two bordered 3-manifolds X
and X', and G admits a subnormal series

G=GyD>G DG, DG,y =le}
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with each quotient G;/ Gy torsion-free abelian. Then p® (X Uy —X', ¢) = 0 for
any ¢ : m (X Uy —X') — G which factors through w1 (W).

Recall that in our construction of the links L ;, the knot J({ was the connected sum
of N; copies of Cochran and Teichner’s knot, say J. Now we proceed to specify
the integers N;. Denote by pP(K) = f ¢1 0k (0) do the integral of the Levine—
Tristram signature function over the circle normalised to length one. We have
p(z)(Joj )=N j,o(z)(J ) =4N,/3 by additivity under connected sum and [Cochran
and Teichner 2007, Lemma 4.5]. Due to Cheeger and Gromov [1985], for any
closed 3-manifold Y there is a constant Cy > 0 such that [p® (Y, ¥)| < Cy for
any . From now on we abbreviate £ :=n — k(m). Define

-1
R := CXLOUa—XLO +2 Z CMKi .
i=0
We choose the large integers N; inductively in such a way that
N;>3R/4+max{N; | k < j}.

Then we have .
p@Ud) > R+pP ()

whenever j > k. For Theorem 1.1, we make these choices so that the condition in
the preamble to Lemma 4.7 relating to the Kneser—Haken bound is simultaneously
satisfied.

Now we start the proof that our links L ; are not height n + 3 grope concordant
to one another. Let X and X’ be the exteriors of L; and Ly, respectively. To
distinguish them in the notation, we denote the axis curve  in X by n;, and we
denote the corresponding axis curve in X’ by ny.

Recall that m = |I| and that k(m) = [log,(m — 1)]. Also note that k(m) + 1=
[log,(m)]. By Theorem 5.1, it suffices to show the following:

Theorem 5.3. For n > k(m), the bordered 3-manifolds X and X' are not (n + 1)-
solvably cobordant when j # k.

By Theorem 5.1, it then follows that our links L ; and L are not height n + 3
grope concordant when j # k.

Proof. The proof proceeds almost identically to that of [Cha 2014, Theorem 4.8],
which combines the Amenable Signature Theorem of that reference with a higher-
order Blanchfield duality argument for a certain 4-dimensional cobordism introduced
in [Cochran et al. 2009] (see our Wy below). So we will give an outline for our
case and discuss differences from [Cha 2014, Theorem 4.8].

Suppose W is an (n + 1)-solvable cobordism with aW = X Uy —X’. Similarly to
[ibid., Section 4.3] (see the paragraph entitled “Cobordism associated to an iterated
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satellite construction’), we consider a cobordism V with

/ !/
8V = M, U—M e U Mg, U—Mp, U---UMg,  U—~M, |

LI(XLO Uy —XLO) L —(X Uy —X/)

which is built by stacking cobordisms associated to satellite constructions [Cochran
et al. 2009, p. 1429], where M }{i is a copy of Mk, and then construct a cobordism
Wy with

OWo =M ;U =M ;i LI Mg, U —My, U UMk, U—=Mp, U (X1, Uy —Xpr,)

by attaching V to W along X Uy —X’. We omit the detailed construction of V
and Wy but state a couple of useful facts which can be verified as in [Cha 2014,
Section 4.3]. Let {?" G} be the rational derived series of a group G, i.e., ?°G := G
and "G is the kernel of "G — H|(?"G; Q). Let ¢y be the quotient map
T (Wy) = G :=m (WO)/@”“m (Wp). Also we denote by ¢g the restrictions of ¢q
to the components of dWy and to W C W), as an abuse of notation. Then we have
the following facts:

(1) P2 (M, d0) = p@ (M e po) + P (X1, Us —X1,. ¢0)

-1 -1
+ 3 0P M d0) = Y 0P (M, ) = o2 (X Uy =X, do).
i=0 i=0

(2) The image of the meridian of J({ in M Ji C dWj under ¢y is a nontrivial element
in the torsion-free abelian subgroup %" (W) /9]’"+1n1(W) of G. Similarly
for k instead of j.

The proof of (1) is completely identical to that given in [Cha 2014, Section 4.3] (see
the paragraphs entitled “Cobordism associated to an iterated satellite construction”
and “Applications of Amenable Signature Theorem”): briefly, the p®-invariant
of dWj, which is the left-hand side of (1), is equal to the L?-signature defect of
Wo =V Uxy,—x’ W (this is a standard fact from index theory, or can be taken as the
definition of p®). It turns out that V has no contribution to the L?-signature defect,
by [Cochran et al. 2009, Lemma 2.4]. So the left-hand side of (1) is equal to the
L2-signature defect of W, which is the p®-invariant of 3W, namely the right-hand
side of (1).

The proof of (2) is almost identical to that given in [Cha 2014, Theorem 4.10].
Only the following change is required: in the initial step of the inductive argument
in that result, it was shown that the image of (a parallel copy of) n C X C W
is nontrivial under the quotient map (W) — 1 (W)/P%m (W) (see the fourth
paragraph of the proof) using a Blanchfield duality argument.
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In our case, instead we use Lemma 5.4 below, which is a generalisation of
[Cha et al. 2012, Lemma 3.5], to show that the image of n is nontrivial in the
quotient 771 (W)/P*W+Dx, (W), The argument used in Lemma 5.4 is essentially
an application of Dwyer’s theorem.

Lemma 5.4. If W is an n-solvable cobordism between two link exteriors (or, more
generally, bordered 3-manifolds) X and X', then the inclusions induce isomorphisms

1 (X)/m1(X)g Em (W) /T (W) E (X)) /m1(X),
forqg <2" 4 1.

Proof. Recall Dwyer’s theorem [1975]: if f : X — Y induces an isomorphism
H\(X; Z) = H,(Y; Z) and an epimorphism

Hy(X; 2) — Hy(Y; )/ Im{Hy(Y; Z[mry (W) /1 (W)y]) — Hao(Y; D)},

then f induces an isomorphism 71 (X),/m1(X)g+1 =71 (Y)g/m1(¥)g41.

In our case, by the definition of an n-solvable cobordism [Cha 2014, Defini-
tion 2.8], we have H(X; Z) = H|(W; Z) = H(X'; Z). Also, by the same definition,
there are elements ¢y, ..., ¢,,dy, ..., d, lyingin Hy(W; Z[m(W)/m(W)(”)]) such
that the images of ¢; and d; generate Hy(W; Z). Since 71 (W)™ is contained in
71 (W)on, the H, condition of Dwyer’s theorem is satisfied. Therefore, it follows that

T (X)g/m1(X)g+1 ETIW)g /1 (W)gi1 11 (X g /711 (X )g 41

for g < 2" by Dwyer’s theorem. From this the desired conclusion follows by the
five lemma. O

Recall that Lemma 4.5(2) implies that » C X represents a nontrivial element in
m1(X) /7 (X);m. Since the above isomorphisms preserve longitudes (and meridians),
n; C X represents a nontrivial element in 771 (W) /w1 (W),,. Since L ; has vanishing
Milnor invariants of length less than |/| = m, we have 71 (X) /71 (X)) = F/Fp,
where F is the free group with rank m, by [Milnor 1957, Theorem 4]. Consequently
T (W) /m (W), is torsion-free.

We note that for any group 7, we have 7 *(@+D = 7 (og (@D < 4. Therefore
there is a quotient map m(W)/m(W)("(’")H) — (W) /m(W),,, and this map
factors through 771 (W)/P*+D 7 (W) by the definition of P*™+D and the fact
that the codomain is torsion-free. Since 7; is nontrivial in 71 (W) /71 (W), n; is
also nontrivial in 771 (W)/P*+Dz (W). By replacing j with k and X with X’
we obtain the corresponding fact for n; in X'.

To complete the proof of Theorem 5.3, we proceed as in [Cha 2014, Section 4.3].
Observe that for the normal subgroups G; := Pl (Wo)/ P+l (Wo) of our G, the
quotient G;/ G4 is torsion-free abelian. So by Amenable Signature Theorem 5.2
we have p® (X Uy —X’) = 0. Since the curve 7 j represents a nontrivial element
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in a torsion-free abelian normal subgroup of G, the image of (M 73 in G under
¢o is the infinite cyclic group. By L?-induction (see, e.g., [Cheeger and Gromov
1985, page 8(2.3); Cochran et al. 2003, Proposition 5.13]) and [Cochran et al. 2004,
Proposition 5.1], we have p® (M 7l ®0) = ,0(2)(1(')’ ), and similarly for Jé‘. Now,
combining these two facts with (1), we obtain

3 pPUD =P +pP (X1, Uy — X1y, d0)

l—1 —1
+> 0P (M, ¢o) — Y p@P (M, . ¢o) =0.

i=0 i=0

Recall that

—1 —1
PP (X1, Uy —X1o ¢0) + Y 0P (M, d0) — Y p@ (M., do)

i=0 i=0 1
<R:=Cx, U-x0y +2 Y Cuty,
i=0

and in the preamble to Theorem 5.3, we chose N; so that |[p® (J§) — p® (J({ )| >R
whenever k # j. Therefore (3) implies that j = k. Thus the existence of the
(n + 1)-solvable cobordism W implies that j = k, which is the contrapositive of
the desired statement. ([
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CERTAIN SELF-HOMOTOPY EQUIVALENCES
ON WEDGE PRODUCTS OF MOORE SPACES

Ho WoN CHOI AND KEE YOUNG LEE

For a based 1-connected finite CW-complex X, let £(X) denote the group
of homotopy classes of self-homotopy equivalences on X, and 8;“"“" (X) the
subgroup of £(X) of homotopy classes of self-homotopy equivalences on X
that induce the identity homomorphism on the homotopy groups of X in
dimensions < dim X 4 r. For two given Moore spaces My = M(Z,,n+1)
and M, = M(Z,,n) with n > 5, we investigate the subsets of [M;, M,]
and [M,, M;] consisting of homotopy classes of maps that induce the trivial
homomorphism between the homotopy groups of M; and those of M, in di-
mensions < dim X + r. Using the results of this investigation, we completely
determine the subgroups Efim“ (M(Z;,n+1)vM(Z,,n)), where p and ¢
are positive integers, forn > Sand r =0, 1.

1. Introduction

If X and Y are based topological spaces, let [X, Y] denote the set of homotopy
classes of based maps from X to Y, let £(X) denote the subset of [ X, X] that consists
of homotopy classes of self-homotopy equivalences of X and let Et?im” (X) denote
the set of homotopy classes of self-homotopy equivalences that induce the identity
on the homotopy groups of X in dimensions at most dim X + r. Then, £(X) is a
group with a group operation given by the composition of homotopy classes, and
S;ﬁm”(x ) is a subgroup of £(X). The group £(X) and certain natural subgroups
including Sfierr (X) are fundamental objects in homotopy theory and have been
studied extensively. For a survey of the known results and applications of £(X),
see [Arkowitz 1990].

When G is an abelian group, we let M (G, n) denote the Moore space, that is,
the space with G as a single nonvanishing homology group at n-level. Also, in this
case, M (G, n) is a simply connected space. We note that if n > 3, then M (G, n) is
characterized by
G ifi=n,

Hi(M(G.m) = {0 ifi£n

This work was supported by a Korea University Grant.
MSC2010: primary 55P10, 55Q05, 55Q20; secondary 55Q40, 55Q52.
Keywords: self-homotopy equivalence, Moore space, homotopy group.
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Let C(G, n) denote the co-Moore space of type (G, n) defined by

G ifi=n,

ﬁi(c(G’"));{o ifi£n

If G is a finitely generated abelian group and G = F @ T, where F is a free
abelian group of rank » and T is a finite group, then M (G, n) = M(F,n)v M (T, n)
and C(G,n)=M(F,n)vM(T,n—1) forn > 3.

Arkowitz and Maruyama [1998] showed that £/"™(M (G, n)) = &5 Z; and
EglmH(M(G, n)) =1 for n > 3, where r is the rank of G and s is the number of
2-torsion summands in G. Moreover, they completely determined Egim(C (G, n))
for n > 3 by means of 2 x 2 matrices, where G is a finitely generated abelian group.

Jeong [2010] computed the groups Séﬁm(Y) forY =M(Z,,n+1)VvM(Z,,n),
n > 5 as follows:

zZ, if p is odd,
egmwmy={ z,02, if p=2 (mod 4),
Zr®ZrydZy, if p=0 (mod4).

In this paper we study the self-homotopy equivalences on the wedge product
X=M(Z;,n+1)VM(Z,,n) forn>5, where p and g are positive integers. For two
given Moore spaces M| =M (Z,, n+1) and My =M(Z,, n), we compute [M1, M,]
and [M,, M;] and find their generators. Moreover, we investigate the subset of
[My, M>] or [My, M] that consists of elements whose induced homomorphisms
are trivial between the homotopy groups of M, and those of M, in dimensions at
most dim X 4 r with r =0, 1. Using these results, we completely determine the
groups Eéﬁm” (X) for r =0, 1. As a result, we obtain Table 1 and the following:

1 ifgisoddor pisodd (d =1),
Zg if g isodd or p is odd (d # 1),

SgimH(X) ~ Zap® 2> %fp =0 (mod4) and (p,24) =4 or 12(d # 1),
Zap if p=0 (mod4) and (p,24) =8 or24(d # 1),
Zd/z ifq 52, P =2 (mod4),
Zd/QEBZz ifg=0, p=2 (mod4),

where d is the greatest common divisor of p and g.
The space X is neither a Moore space nor a co-Moore space but is characterized
by finite homology groups and cohomology groups. That is,

Z, ifi=n,
Hi(X)=412Z, ifi=n+1,
0  otherwise,
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g s odd =2 (mod 4 =0 (mod 4
d=1 d#1 g =2 (mod 4) g =0 (mod 4)
pisodd (d=1) 1 . Z) Z)
pisodd (d #1) . Zy Zr®7Z, VAYS YA
p =2 (mod4) 1 Zg Zz@Zd/z@Zz Zz@zd/2@24

p =0 (mod 4) 1 Zg 2y@Zyp®Zr®Zy Zo®Zypn®Zr®07Z,

Table 1. Isomorphism class of the groups Eéﬁm(X ).

and
Hom(Z,, m) ifi =n,
fii(x, )= | BXZp ) @Hom(Zg, 1) i =n+1,
Ext(zq’ﬂ) 1fl=n—i—2,
0 otherwise.

From this perspective, X is an interesting space for studying self-homotopy
equivalences.

Throughout this paper, all topological spaces are based and have the based
homotopy type of a finite l-connected CW-complex. All maps and homotopies
will preserve base points. For the spaces X and Y, we denote by [X, Y] the set
of homotopy classes of maps from X to Y. We do not distinguish between the
notation of a map X — Y and that of its homotopy class in [ X, Y]. If a group G
is generated by a set {ay, ..., a,}, then we denote the group by G{ay, ..., ay} or
G={a,...,a).

2. Preliminaries

Let X be a space. Then, we denote by SX the suspension of X and by S X the
iterated suspension defined by §”X = S(5"~!X). Let f : A — B be a map and
let Cy = B Uy CA be the mapping cone of f. Then, we have a Puppe sequence
[1958] for f,

A f p_i n Sf Si Sw S*f

SA—>SB 5 5C; > A2 §2B—» .

Cy

such that the following sequence is exact for any space X:
Sm* Sf* T* i* I
w—>[S8Cy, X]—=[SB, X]—[SA, X]—[Cy, X]—[B, X]—[A, X],
where S” f is a suspension map induced by f.
If A is m-connected and B is n-connected, then we have the following exact
sequence for any CW-complex Y with dimension at most m + n as a dual sequence
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of the above sequence [Blakers and Massey 1952]:
[Y, A] — [YB]—>[YCf]—>[YSA] —— Y, SB] —— - .
Both sequences will be called the exact sequences associated with the cofibration

B— C;— SA.

Proposition 2.1 [Arkowitz and Maruyama 1998]. If X is (k — 1)-connected, Y is
(I — 1)-connected, k,l =2 and dim P < k+1 — 1, then the projections X VY — X
and X V'Y — Y induce a bijection

[P,XVY]— [P, X]®[P, Y]

Proposition 2.1 is a consequence of [Spanier 1966, p. 405] since the inclusion
XVY — X xYisa (k+1— 1)-equivalence.

Next, we consider abelian groups G| and G, and Moore spaces M| =M (G, ny)
and My = M (G2, ny). Let X = M v M. We denote by i; : M; — X the inclusion
and by p; : X — M; the projection, where j =1,2. If f: X — X, then we define
fik : My — M; by fix =pjfiifor jk=1,2.

If f:X — Y is amap, then fi, : m,(X) — m,(Y) denotes the induced homo-
morphism in dimension 7.

Proposition 2.2 [Arkowitz and Maruyama 1998]. The function 6 that assigns to
each f € [X, X] the 2 x 2 matrix

0(f) = <f11 flz)’

1 f2

where fji € [My, M;], is a bijection. In addition:

(D) 6(f+2)=06(f)+60(g), so 08 is an isomorphism [ X, X| — @j,k:I,Z[Mk’ M;].

2) 6(fg) =0(f)0(g), where fg denotes composition in [X, X] and 6(f)0(g)
denotes matrix multiplication.

B) If oy - 1, (My) ® 7w, (M) — 7, (M) vV M>) is the homomorphism induced by
the inclusions and B, : w,(M| vV M») — m,.(My) ® 7, (M>) the homomorphism
induced by the projections respectively, then

,Brfjjrar(xv Y) = (fll nr(x) + fl2 ur()’), f21 ]:tr(x) + f22 nr()’))
forx € m- (M) and y € . (M>).
Proposition 2.3 [Araki and Toda 1965]. (1) m, (M(Zy,n)) = Z, forall q.

0 ifqgisodd,

() pp1(M(Zyg, n)) = {22 if q is even
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0 if q is odd,
(3) mp2(M(Zg,n)) = | Z4 ifg =2 (mod4),
Zr®7Zy ifg=0 (mod4).

~ | Zg.24 if q is odd,
4) Tny3(M(Zy, n)) = { @24 fq '
Zgowy®Zy ifq iseven.

The generators of [S"* $"] can be summarized thus [Toda 1962]:
i<0 i=0 i=1 i=2 i=3 i=4,5

[S™Ti, 8] 0 z Z Z> Zy
Generator l n n> v 0

Proposition 2.4 [Araki and Toda 1965].

0 if g is odd,
(1) [M(Zg.n), §"] = { fai
Zy ifq iseven.
0 if g is odd,
) [M(Zy,n+1), 8" =1 Z4 if g =2 (mod 4),

Zo®7Zy ifqg=0 (mod4).

39

Proposition 2.5 [Arkowitz and Maruyama 1998]. For the Moore space X =

M (G, n):

(1 Egim(X) = @U+95 7, where r is the rank of G and s is the number of 2-

torsion summands in G.

Q) EM X)) =1ifn > 3.

Proposition 2.6 (universal coefficient theorem for homotopy groups with coeffi-

cients [Hilton 1965]). There is an exact sequence

0 — Ext(G, m,4+1(X)) = m,(G; X) - Hom(G, 7, (X)) — 0,

where w,(G; X), the n-th homotopy group of X with coefficients in G, is given by

m,(G; X) =[M(G, n), X], where M(G, n) is a Moore space.

3. Generators of the sets of homotopy classes on Moore spaces

In this section, we find generators of homotopy groups of Moore spaces and the

sets of homotopy classes between two Moore spaces. Let

My=M(Zyn+1)=8""U,e"™ and My=M(Z,,n)=S5"U,e" ™,

with p, g > 1. Then, there are two mapping cone sequences

q i q
‘1 " Sn—i—l Uq en+2 71 Sn+2 ‘1 Sn+2

Sn+1 Sn—H
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and

D i T D
s 2 s 2 s Up el 2 sn+l 2 Sn—i—l’

where p,, and ¢, are maps with degree p and g respectively.

Remark 3.1. We find generators of 7,,(M(Z,, n)), forn <m <n+2.
Recall that 7,(M (Z,, n)) = Z,. From the mapping cone sequence

sn s L M(Z,, ) - n

1 1
snt s+l

we obtain the long exact sequence

Ta(S™) —m Ty (S7) e Ty (M(Zy s 1)) —m T4 (S7H1) —m 7, (S7H1).

By the results in [Toda 1962], we have the sequence

Zi) e Z() — e (M(Z, ) —— O,

so iy is surjective. Thus, m,(M(Z,,n)) = Z{t}/Im(r,z). Let iz(1) =i. Then, we
can take i as a generator of w,(M(Z,, n)).

Next, we find a generator of 7, (M (Z,, n)). There are two cases according to
the parity of the positive integer r. If r is odd, then 7, (M (Z,, n)) is trivial. If r
is even, then we can take i;(n) as a generator of 7,41 (M (Z,, n)), where 7 is the
generator of m,1(S").

Finally, we find a generator of 7,42 (M (Z,, n)). Consider the exact sequence

Ty iﬁ Ty T
T 42(8") —> T 2(8") —> T2 (M(Zy, 1)) —> T 2(S" ) —> 1, 12(S" ).

Then by the results in [Toda 1962], we have the exact sequence

2 Iy 2 iz Ty qit
Zr{n"} —— Zo{n?} ——= w2 (M(Z,, n)) —— Zo{n} —— Zr{n}.

Since r is an even number, we obtain the exact sequence

2, I m
0 —— Z2{n"} ——=mp2(M(Z,, n)) — Zr{n} — 0.

If r =2 (mod 4), then 7,42 (M (Z,, n)) = Z4{7} such that is(n*) =27 and 7+ (7) = 1.
On the other hand, if » =0 (mod 4), then 7,2 (M(Z,, n)) = Z> ® Z>{n1, 12} such
that iz (n?) = 1 and 7 (12) = 1.

By Remark 3.1, it follows that
7Tn+l(Ml);Zq{il}a ﬂn(MZ);Zp{iZ},
Tny2(My) = Zo{i(m)}, Tn1(M2) = Zo{ins ()}

Moreover, 1,2 (M3) = Z4{n} or my2(M2) = Zy ® Z2{n1, n2}.
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Lemma 3.2. Let p and g be positive integers and (p, q) be the greatest common
divisor of p and q. Consequently, if (p, q) =d # 1, then [M>, M\] = Z {7} (i1)}
and if (p, q) =1, then [M,, M1] = 0.

Proof. Consider the mapping cone sequence of M,

Py, in i Py,
Sn S sn Up en+1 Sn+1 SnJrl.

This sequence induces the following exact sequence:
Ptz* To% ip% pl2>i<
Tp1 (M) —— mpp 1 (M) —— [Ma, Mi] —— 7, (M) —— m,(M)).

Since 7,1 (M) = Z,{i1} and 7, (M;) = 0, the exact sequence above becomes

«
P, bioe

2
Zyiny — Zy it} —— [Ma, M] — 0.

If (p, g) =1, the first pL*2 is an isomorphism, so [M», M1] = 0. Let (p,q) =d # 1.

Then, since 75 is surjective and pj‘z(i 1) = pi1, we have
[Mz,Ml]:imj'rfEZq{il}/imp;“2 = Za{mi (i)} O

Lemma 3.3. If p or q is odd, then [M, M>] = 0.

Proof. Consider the mapping cone sequence of M,

i

a,

Sn+1 Sn+1

Sn+1qun+2 T gn+2 i gn+2.

Then, we have the exact sequence

* *

q, ¥ i* q,
T2 (Ma) — 70, 42(M3) —— [My, My] —— 7,41 (M) — 70, 11(M>).

Let p=2 (mod 4) and let ¢ be odd. Then, since 7,1 (M>) = Z; and 7,12 (M3) = Z4,
we have the sequence
%, i it %,
Zy — Zy — My, Mb] — Zr — 2.
Furthermore, since (¢,4) =1 and (g, 2) = 1, each q: is an isomorphism. Thus we
have the exact sequence

0— [M;, M2] — 0.

Therefore, [M;, M>] = 0.
In the case where p =0 (mod 4) and ¢ is odd, we can give a similar proof.
Next, let p be odd. Since m,41(M3) and m,2(M>) are trivial groups, so is
[M, M;] by exactness. O
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Let p and g be even. From the exact sequences associated with the cofibrations
Sl M — §"*2 and §" — M, — S"*!, we have the following commutative
diagram with exact rows and columns:

* - *
1

q, * q,
[§7+2.57] — Lo [§742,§7] Lo [M},§"] — = [$"F] §7] — L [$7H] §7]

pLZ* PLZ* pLZ* pLZ* PLZ*
* *

my i

q, q,
[$7F28"] —— [$§"F28"] —— [M},8"] —— [§"+]§"] — = [§"+], §"]

i i i i2% 02
*

n+2 ‘11*1 n+2 i i n+1 1 n+1
[S"T5My] —— [S"T Mo —— [M(,M] —— [S"" My —— [S"™, M>]

T02x T02x% T02x% T02x T02x%

* *

[Sn+2,Sn+l] 2 [Sn+2,Sn+l] il [M],Sn+l] i [Sn+l’Sn+l] 2 [Sn+l,Sn+l]

Ptz* PLZ* PLZ* Ptz* pLZ*

*

[Sn+2’Sn+l] 1 [Sn+2’Sn+l] il [M],Sn+1] i [Sn+l’Sn+l] 1 [Sn+1’Sn+l]
Lemma 3.4. Let (p, q) # 1. Then, if either p =0 (mod 4) and ¢ =2 (mod 4) or
p =2 (mod4) and g =0 (mod 4), we have [M|, M] = Z4 ® Z,.

Proof. Suppose that p =0 (mod 4) and g =2 (mod 4). With the results in [Araki
and Toda 1965], we obtain the following diagram from the above diagram:

0

Zy
iZ*
0—>Zz®22l>[M1,Mz]—>Zz—>0
T4

Z;

0

Thus, [M, M>] is isomorphic to one of three groups: Zg, Z4B Zr or Zor® Zr @ Z».
Since iy is injective, [My, M>] has an element of order 4. However, Z, & Z, ® Z,
does not have an element of order 4. Since 7" is injective, [M;, M>] has a subgroup
which is not cyclic. It follows that [M, M,] # Zg. Therefore, [M|, M3] = Z4 & Z>.
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Now, let p =2 (mod 4) and g =0 (mod 4). With the results in [Araki and Toda
1965], we obtain the following diagram from the above commutative diagram:

0

Z>® 7,

i2>~<

0—= Z4 — > [My, My] —= Zy —> 0
T2

Zy

0

Thus, [M;, M;] is isomorphic to one of the three groups: Zg, Z4®Zy or Zo®Z,D 2.
Since 7} is injective, [M1, M>] has an element of order 4. However, Z, ® Z, @ Z»
does not have an element of order 4. Since iy, is injective, [M, M>] has a subgroup
which is not cyclic. It follows that [M, M;] # Zg. Thus, [M|, My] = Z4 & Z,. U

By Lemma 3.4, [M,, M)1=Z,&Z,. However, [M, M,] has different generators
under different conditions. Here we determine the generators.

If p =0 (mod4) and g =2 (mod4), then [M;, M3] = Z4 ® Zr{a, m{ (n2)},
where 7{(n1) = 2a and i} () = i2:(n).

If p=2 (mod 4) and g =0 (mod 4), then [M, M2]= Z4® Z>{n{ (1), B}, where
it (B) = in: ().

For a given homomorphism 4 : G; — G, we have from Proposition 2.6 the
commutative diagram

0 — Ext(G2, my41(X)) — m,(G2; X) — Hom(G2, m,(X)) —=0

SO

0 — Ext(Gy, mp41(X)) — m,(G1; X) — Hom(G, 7, (X)) —=0

where 4% and h* are induced by /& and h* is associated with i. This shows that the
nonuniqueness of i#* is substantially limited. The measure of choice is bounded by
the group

Hom(Hom(G2, 7, (X)), Ext(Gy, my41(X))).

Lemma 3.5. If (p, q) =d # 1, we have

Zr® 7y ifp=2and g =2 (mod4),

[Ml,Mz]’E{ i
7, ®Z,®7Z, ifp=0andqg =0 (mod4).
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Proof. Suppose that p =2 (mod 4) and ¢ =2 (mod 4). By the universal coefficient
theorem for homotopy groups with coefficients, we have the short exact sequence

0 — Ext(Z,, Z4) — [M;, M2] — Hom(Z,, Z;) — 0.

Since Ext(Z,, Z4) = Z 4.4y = Z» and Hom(Z,, Z,) = Z(, 2) = Z», this sequence
becomes
0— Z,— [My,M2]— Z, — 0.

Let M3 =M (Z,, n+1). By the universal coefficient theorem for homotopy with
coefficients, we have the sequence

0 — Ext(Z,, Z4) — [M3, M] — Hom(Z,, Z,) — 0.
Similarly, this sequence becomes
0— Zy > [M3, My] — Z, — 0.

We may assume that ¢ > p. Let ¢ = kd and p = Id, where (k,[) = 1. Then
both k and [ are odd. We define h: Z, — Z, by h(1) = with§ =s +rZ € Z,.
Then, im(h) is congruent to Z; in Z,, and h is a nontrivial homomorphism since
(¢, p) =d # 1. Thus, we have the commutative diagram

0 ——2) —— [M3, M)] —= Z, ——0

F )

0 ——2) —— M|, M3] —= 2, ——0

where h* :Ext(Z,, Z4) — Ext(Z,, Z4) and ht :Hom(Z,, Z) — Hom(Z,, Z>) are
induced by #.

To show that 4* : Hom(Z p» Z2)—Hom(Z,, Z,) is an isomorphism, it is sufficient
to show that A" is nontrivial. Let o be an nonzero element in Hom(Z p» Z2) such
that (1) = 1. Since h*(a) = @ o h € Hom(Z,, Z») and @ o h(1) = a(l) =1 =1,
where [ is odd, it follows that 4%(«) is a nontrivial homomorphism.

Next, we show that 4% : Ext(Z p» Z4) —> Ext(Z,, Z4) is an isomorphism. Consider
the resolutions of Z, and Z,. Then we have following commutative diagram:

0—z-2toz- Ltz — 0
\hl \hz jh
p I
0—sz-Loz- Loz, ——0

See [Gray 1975, Lemma 25.3]. Now, we give precise definitions of the maps
hi,hy and h®. Since [ = h(1) = h o B(1) = B'(hy(1)), we have h, given by
h,(1) = 1. Moreover, we can obtain & using h,. Since p o hy = hy o g, we have
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ph1(1)=hy(q) =qh,(1) =dkl = pk. Thus, h is given by i1 (1) =k. If we consider
the three homomorphisms he, h? and hg induced by ki, k| and h respectively, we
have the following commutative diagram:

0 — Hom(Z,, Z4) 2 Hom(Z, Zs) —~~ Hom(Z, Z,)

h:T hgT hi]:
1% *

0 — Hom(Z,, Z4) = Hom(Z, Zs) 2~ Hom(Z, Z4)

Next, we show that htl1 is an isomorphism. We choose a generator o of Hom(Z, Z4)
such that (1) = 1. Then h?(oz)(l) = (xoh)(1) = a(k) # 0 (mod 2) since k is
odd. Therefore, h?(a) is a generator of Hom(Z, Z4). Thus, h? is an isomorphism.

By using hu, we determine the homomorphism /° : Ext(Z,, Z4) — Ext(Z,, Z4).
Since ¢ = p =2 (mod 4) and

Ext(Z,, Zs)=Hom(Z, Z4)/im(p*) and Ext(Z,, Zs)=Hom(Z, Z4)/im(q™),
we have
Ext(Z,, Z4) = (@ +{2a}) and Ext(Z,, Z4) = (@ + {2a}).

By well-known facts of homological algebra, h?:Ext(Z pr Z4) — ExXt(Zy, Z4)
is given by At (o 4+ {2a}) = a0 hy 4 {2a} # 0. Therefore, i* is nontrivial. Thus, A*
is an isomorphism.

By the five lemma, A* : [M|, M>] — [M3, M>] is an isomorphism. From [Araki
and Toda 1965], we have [M3, M2 = Z, ® Z,. Therefore, (M1, M3] = Z, @ Z5.

Next, we suppose that ¢ =0 and p =0 (mod 4).

From [Araki and Toda 1965] and the commutative diagram above Lemma 3.4,
we obtain the following commutative diagram:

0 0
f if L
0 Z> 22@22$22—>0

LiZ* 124 9[12*
b4 if

0—= 2, ®7Zy —— [My, My) ——= Z, —=0
T2

Z>
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Since the second row is a split exact sequence, there exists r : [S*tL S — M, S"]
such that i{or =idgn+1 gn. Moreover, since the third i, is an isomorphism, there ex-
ists 0 : [S"T!, Mp]— [S"F!, $"] such that § oiy, =idjgu+1 gn) and in,08 =idjgn+1 pp,1-

We define the map & : [S™H My — My, M>] by k =iz, or 0o6. Then, we have

ifok=i{oiyorof
=iy, 0ijorof
=0 id[Sn+1’5n] of
=i, 00 =idgnt1 -
Therefore, the third row is a split exact sequence. Hence,
My, Mol =Z,® Z2 D Z,. O

Now, we determine the generators of [M, M>] when either p =2 (mod 4) and
g=2 (mod4)or p=0 (mod4) and g =0 (mod 4).

Let p =2 (mod 4) and g =2 (mod 4). By using the Puppe exact sequence, we
have the following exact sequence:

q, ¥ i¥ P,
Tni2(My) — 71, 12(Ma) —— [M, Ma] —— 70,41 (M3) —— 7,11 (M2).

By exactness, we obtain the exact sequence

f if
0—— 2, —[M,M2] —= Z, — 0.

Thus, [My, Myl = Z, ® Zo{n{ (), B}, where i{(B) = i2z(n).
Next, we let p =0 (mod 4) and ¢ =0 (mod 4). By a similar method we obtain
My, M2] = Z, @ Zo ® Zo {r{ (m), 7] (n2), e}, where i (@) = iz (n).

Remark 3.6. Here we determine the generators of m,,3(M(Z,, n)). By using the
mapping cone sequence of the Moore space

T qu

S 9 S i M(Zq, I’l) Sn+1 Sn-i—l’

we obtain a long exact sequence

qus i Ty qut
Tn43(S™) —> 713 (8") —>= T 3(M(Zy, 1)) —> 743 (S" ) —> 11, 43(S" ).

From the work by Toda [1962], we have
q. iy Ty qiz
Zoa{v) —> Zoa{v}) —— 70i3(M(Zy, 1)) —— Zo{n?} —— Za{n?}.

Thus, if g is odd, then 7, 3(M(Z,,n)) = Z, 24){iz(v)}, and if ¢ is even, then
Tu3(M(Zg, 1) = Z g 24) @ Zaliz(v), n2} where 7,(n2) = .
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Based on Remarks 3.1 and 3.6, we obtain for M, the table

q odd qg =2 (mod 4) g =0 (mod 4)
TTn13(M1) 0 Zy Z,®Z>
Generator n N3, N4
Relation i) =20, mzM =n i) =n3, w13(04) =7

while for M, we obtain
podd p=2(mod4) p=0 (mod4)

Tni3(M2)  Zpoay  Zpoa® 22 Zp.2a)® 22
Generator  i;(v) i2z(v), n2 i2:(v), n?
Relation m2:(n2) = n? mas(n2) = n*

By Lemmas 3.4 and 3.5, we have the following table, where nf‘(m) = 2a,
i} (a) =i2z(n) and i} (B) = izx(n):

(M, M;] Generator
either ¢ odd or p odd 0
g=2,p=0 (mod4) Z4® Z> o, 71 (12)
g=0, p=2 (mod4) Z4D 7y T (), B
g=p=2 (mod4) Zr® 7, T (M, B

g =p =0 (mod4) Zr®Z,®Zy 7w (), 7w (), a

4. Computation of 8;1im+’(M(Zq, n+1)vM(Z,,n)) forr=0,1

In this section, we compute Sfim”(M] vV M), where M; = M(Z;,n+ 1) =
Sy, "2 and My = M(Z,, n) = §" U, "™ with p, g > 1. In [Jeong 2010],
these groups were computed in the case of p = g. However, we compute those
groups in the general case, that is, p # g and r = 0, 1. Throughout this section
we assume that X = M| v M,. Note that 7, 1 (M V M3) = 741 (M) ® wp41 (M>)
for k < n by Proposition 2.1. Moreover, from Proposition 2.2, we can identify
f €[X, X] with the 2 x 2 matrix

1 /2
where f11 € [My, M1], fi2 € [Ma, M1], fo1 € [My, M>], and f2 € [My, M;].
Lemma 4.1. Let f € [X, X] be given by

(S Sz
f_<f21 f22)'

0(f) = (fll flz)’
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Then f € E(X) if and only if f11 € E(M)) and frn € E(M,). Additionally, if
[ eEM™(X), then fr =1.

Proof. Let us denote by h,, : H,(U) — H,(V) the induced homomorphism on
the homology group from 4 : U — V. Then, f € £(X) if and only if f, is an
isomorphism if and only if fi14,+1 and fo., are isomorphisms if and only if
fi11 € EMy) and fr; € E(M>). For the proof of the second statement, see [Jeong
2010, Lemma 3.3]. O

Let us denote by gy, : w5 (U) — 75(V) the homomorphism induced by g: U — V.
It is clear from Lemma 4.1 that if f € £(X), then fip4k) : Tpk(X) = Tpik(X) i
given by
f _ (fl 1£(n+k) lej(n+k)>
t(n+k) = s

Fatsnky 2280k
where fi1s(n44) and f22:(n+k) are isomorphisms and k < n.

Lemma 4.2. If f € £(X) and either q is odd or p is odd, then fios = O for
k=1,2,...,n4+2.

Proof. Since M, is n-connected, we have (M) =0 fork=1,2,...,n. Thus it
is sufficient to show that fioy =0fork=n+1,n+42.

If p is odd, then 7,41 (M>) and 7,12 (M>) are trivial groups. Thus, fiopn+1) =
J12s0+2) = 0.

Suppose that g is odd, p isevenand (p, g) =d # 1. Then, 7,41 (M2) = Z{i2s(n)}.
Since [M3, M1] = Zy4{n5(i1)}, we have fi2¢,41 = 175 (i1); for some integer ¢ such
that 1 <t <d. Thus, we have

1241 (2 ()) = 15 (i1) (i25(n)) =t(ijomp0iz0on) =0

because 1, o iy is homotopic to a constant map. Hence, fioz41) =0. If d =1,
[M>, M;] =0 and it is trivial.
For k =n + 2, we are done since 7, 1,(M;) = 0. O

Here we introduce certain generators and elements of [M, M ] and Egim“ (My)
for r = —1,0, 1 as described in [Jeong 2010].

Remark 4.3. Let M; = M(Z,,n + 1) be a Moore space with g is even. By
Proposition 2.5, Efim(M 1) = Z, and EéﬁmH(M 1) = 1. In this remark, we describe
the generator of Sgim(M 1) explicitly.

Consider the mapping cone sequence

gn+l qu gn+l i T gn+2 i sn+2

Sn-H Uq en+2

Then, we have the following exact sequence:

* *

q, ¥k i¥ q,
Tni2(My) —=> 71,42(My) —— [My, M{] —— 7,4 1(M}) ——> 70,41 (M)) .
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Since 7,42(M1) = Zo{in} and 7w, (M) = Z, {1}, we have the short exact sequence

0 — Zofitn} —— [My, Mi] —— Z,{1} —= 0.
By [Araki and Toda 1965, Theorem 4.1],

| Z, {1 if g =2 (mod 4),
My, M\]= (1) . ) 7 )

Z,®Zy{l,ijonom} ifg=0 (mod4),
and

mi(iyon) =ijonom €M, Mi].

Letijonom =e€. Then, € has order 2 and 1+ € € [M;, M;]. Since n > 5, we have
that 1 + € is a suspension map. Thus,

(+€)o(l+e)~lo(l+e)+eo(l+€)=1+€c+e+ecoe=1+2e+¢.

If g =2 (mod 4), then iy onom; =gl and €2 =i onom oij onom. Since
71 0i; =0 and € has order 2, we have 2¢ =0 and €> = 0. Thus, (1+€)o(l4+¢€)~1
and 1 4+¢€ € E(M)).

Since each o € m,4,(M1) is a suspension map, for r = 1, 2, 3, we have

(1+ée)(a)=a+e€oa.

Since m,11(My) = Z,{i1} and €;:(i1) =ijonomoip =0, we have 1 +¢€ €
g l)-
Since m,2(M1) = Zo{i1z(n)} and €:(i1z(n)) =i onom oij on =0, we have
1 +ee&™My).
Since 7,,3(M1) = Z4{n} and

() =ionomof=ijonon=ion’=27#0,
we have 1 +¢ ¢ SgimH (My).
We obtain similar results in the case of ¢ =0 (mod 4).
Theorem 4.4. If X = M|V M and (p, q) =1, then

1 ifqgisodd,

gfmx) = o .
Z> ifqisevenand p is odd.

Proof. Let (g, p) = 1. Then, either g or p is odd. By Lemmas 3.2 and 3.3, we have
[M>, M1]=0 and [M;, M>] =0.

If ¢ is odd, then ggim.(Ml) =1 and &™(M,) = 1 by Proposition 2.5 and
Lemma 4.1. Therefore 5§Im(X )=1.
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If p is odd and ¢ is even, then Efim(Ml) = Z{1 + €} and 5§im(M2) =1by
Proposition 2.5, Lemma 4.1, and Remark 4.3. Thus, we have

- 1
(7]

where 7 is the generator of o (S7H1). O
Theorem 4.5. If X =MV My and (p,q) =d # 1, then

Zy if q is odd,
Z,®Z; ifqisevenand p is odd.

€€y {imm}},

efimx) = {

Proof. By Lemmas 3.2 and 3.3, we have [M>, M] = Z ;{7 (i1)} and [M{, M>] =0.
Moreover, fios =0fork=1,2,...,n+2by Lemma 4.2.
Thus, if ¢ is odd, then we have

gdim(x) = {(1 f”) ‘ fi2 € Zq (3 (11)}}

but if ¢ is even and p is odd, then we have

o1 1)

Let f12 be an element of [M>, M]= Zy4{n5(i1)}, Then f1, =sm) (i) for 1 <s <d.

Lemma 4.6. For f = (gi ;Z) € E(X), let p and q be even. Then, fio4 = 0 for
k=1,2,...,n+1.

Proof. Since M, is n-connected, my(M;) = 0 for k = 1,2,...,n. Thus, it is
sufficient to show that fi24(,41) = 0. Since [M2, M1] = Zy4{n(i1)} by Lemma 3.2
and fi2 belongs to [M>, M1], we have fi, =sm} (i1) for some 1 <s < d. Moreover,
Tn+1 (M) = Zo{izs(n)} by Remark 3.1. Thus, we have

fi2 € Zg {7y (i)}, € € Zy {imﬂl}}- O

J12s41) (25 () = 5705 (i1) (i2g (n)) = s ({1 o2 002 01) =0
since 7, o iy is homotopic to the constant map. ]

Lemma 4.7. Let p and q be even and fi, = st5(i1) be an element of [M2, M1] =

Zg{mi (i)} for 1 <s <d. Then, fiazui2) # 0if s is odd, and fian12) =0 if s
is even.

Proof. First, we note that 7w, 2(M1) = Z>{iz1 (1)}
Suppose that p =0 (mod 4). Since 7,412(M32) = Zr & Z2{n1, 12}, we have

(i) = 15 (i) () = 75 (i) (iag(?) = i om0z 0> =0
and
75 (1) () =ijomony=ijon #0.
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Thus, fi2¢(n+2)(m1) = 0 for all fi,. Moreover, if s = 2/ for some 1 </ < d/2, then
Sﬂ;(il)(f)z) = Sil Oy 0Ny = 2111 on = 0.

Therefore, each element in (275 (i1)) = Z4/2 induces the trivial homomorphism
on 1,2(M>). However, if s =2/ 4 1 for some 0 </ < d/2 — 1, then

sty (i) () = sijomony = QI+ Dijon=ijon #0.

Thus, if f1, does not belong to (275 (i1)) = Zay2, then fiozn42) #O.
Suppose that p =2 (mod 4). Since 7,42(M3) = Z4{1}, we have

75 (i1)g () =ijomon =iy on=1i(n) #0.
If s =2k for some 1 <[ <d/2, then
Sﬂ;(il)ﬁ(ﬁ) = Sil o T Oﬁ = Sil on= 2li1ﬁ(1’]) =0.

Thus, each element in (277} (i1)) = Z,4 /> induces the trivial homomorphism on 7 +2.
However, if s =2/ 4+ 1 for some 0 </ <d/2 — 1, then

sy (i1)3(7) = sijomon=siyon = 21+ 1)iiz(n) =i1:(n) #O0.

Thus if f1, does not belong to (275 (i1)) = Z42, then fi24(n42) # 0. O
Theorem 4.8. Let p and q be even and let X = M~V M». Then if (p,q) =d # 1,
we have

ZzEBZd/QGBZz@Zz ifg=2, p=0 (mod4),
Zr®Zip®Zy ifq=0,p=2 (mod4),
Z®Zip®Zs ifq=2,p=2 (mod4),
2@ Zip®Zr®7Zy ifq=0,p=0 (mod4).

efim(x) =

Proof. By Proposition 2.5, Eéﬁm (M) = Z, and St‘tﬁm (M) = 1. By Lemma 4.6, for
each f = (2: j:;) € £(X), wehave flos =0fork=1,2,...,n+1. By Lemma4.7,
each element in (2775 (i1)) = Z4/2 induces the trivial homomorphism on 7,12 (M>).
Furthermore, if f1, does not belong to (2775 (i1)) = Zg/2, then fi24(n42) # 0. Thus,

it is sufficient to investigate f21]:1n’ f21]:1(n+1) and f21ﬁ(n+2)-

Case 1. Let ¢ =2 (mod4) and p = 0 (mod 4). From Lemma 3.4, we obtain
(M, M2] = Z4 @ Zo{a, i (n2)}, where 71 (1) = 2« and i} (&) = i24(n).

Since M is n-connected, 7,(M1) = 0. Thus, f>1z, =0.

Since 7,4.1(M1) = Z,{i1}, we have 7 (72)¢(i1) =momoi; =0.

Conversely, since m,1(M2) = Za{izz(n)} and ay(i1) = a o iy = ix(n) # 0,
we have (2a); = 0 and (3r); # 0. Moreover, since m,42(M1) = Zo{iiz(n)}, we
have 7 (12)¢(i13(n)) = n2 0oy oij on = 0. Hence, (fl21 (1)) belongs to 5§im(X) if
21 €Zo® 220, 1 (12)}.
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Therefore,

5§im(X) = {(lf—: fllz) ‘ fi2 € 2n3(i1)), fo1 € Qo) & (”ik(m))}’

where € € (i|nmy).

Case 2. Let g =0 (mod4) and p = 2 (mod 4). From Lemma 3.4, we obtain
(M1, M) = Zs @ Zo{m{ (7)), B}, where i} (B) = ins(1).

Since 7,(M) =0, we have f>1z, = 0. However, since m,41(M) = Z,{i1} and
1 (M) = Zolizg(n)}, we have [ ()¢ (i1) =nomioi; =0, but B;(i1) =Poi| =
i25(n) # 0.

For the generator 7y (7)) of [M, M>] = Z4 ® Z»{m{ (1)), B} and the generator
i13(n) of Tni2(M1) = Zafirz(n)}, we have 7 (7); i1z (1)) = 7 o 71 0 d15(17) = 0.

Hence, (fil (1)) belongs to Eg‘m(X) if fo1 € (7 (@)).

Therefore,

£9m(x) = {(1}: flﬂ) ‘ fi2 € RaFGD), for € <nf‘<ﬁ>>},

where € € (ijnmy).

Case 3. Let ¢ =2 (mod4) and p = 2 (mod4). From Lemma 3.5, we obtain
(M, Myl = Z, ® Zo{mr{ (7)), B}, where i (B) = i2z(n).

First, we recall that f514, = 0 since 7,(M;) =0.

Since 7,4.1(M1) = Zy4{i1} and 7,11 (M2) = Zo{izz(n)}, we have [ (1):(i1) =
nomoi;p =0, but B:(i1) = B oi; =ixy(n) # 0. Moreover, since m,2(M;) =
Zo{i1z(n)}, we have 7{' ()3 (i13(n)) =nomoiyon=0.

Hence, if f1 € (7] (7)), then (fiu ?) belongs to Séhm(X). However, if f>1 € (B),
this cannot be the case. Therefore,

Efm(x) = {(lgf fllz) ‘ fi2 € 275 (i1)), fa1 € (ﬂf(ﬁ))},

where € € (i{nmy).

Case 4. Let g =0 (mod4) and p = 0 (mod 4). From Lemma 3.5, we obtain
(M1, M2] = Zy® Zr® Zo{mr (n1), m{ (n2), a}, where i} (o) =i2:(n). First, we note
that f>14, = 0 since 7, (M;) = 0.

Since m,11(M1) = Z,{i1} and 7,41(M2) = Z>{izz(n)}, we have 7" (n1)¢(i1) =
11 0T ol = 0 and ﬂik(nz)u(il) =0T oi| = O, but Olu(i]) =qoi] = iZj(n) ;ﬁ 0.
Also, since 7, 12(M1) = Z>{i13(n)}, we have 7 (171)¢(i12(n)) = n1omoiyz(n) =0
and 71 (2)z(i15(n)) = 2oy 0d1z(n) = 0.

Hence, if f21 € ({(n1)) @ ({(n2)), then (fl21 (1)) belongs to 5€im(X). However,
if f>1 € (), this cannot be the case. Therefore,
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- 1
| )

where € € (i;nm). [l

fi2 € 2ry(i1)), for € 7 ((m) @ (772))},

From Theorems 4.4—4.8, we obtain Table 1 (see page 37).

Theorem 4.9. Let X = M|V M>,n > 5 and (q, p) = d. Then we have

1 if g isoddor pisodd(d=1),
Z4 if g isoddor pisodd(d#1),
gdim+1(X) ~ Zyp®Zy if p=0(mod4)and (p,24) =4 or12(d # 1),
# Zap if p=0 (mod 4) and (p,24) =8 or 24(d # 1),
Zd/2 l'quZ,pzz(mOd4),
Zap®Zy ifq=0,p=2 (mod4).

Proof. By virtue of Remark 4.3, Theorem 4.4 and the fact that E;hmH (X)C Egim(X ),
we have £™(X) = Lif (p, q) =1.

By Proposition 2.5, we have 5udlm+l (M) = 1. Thus, it is sufficient to identify
f128(+3) and fo15(,43). First, we note that [M>, M1 = Z,{7}(i;)} by Lemma 3.2.

Case 1. Suppose that g is odd or p is odd and (p, g) =d # 1. Since [M|, M] =0
by Lemma 3.3, we only investigate f12:(,+3).

If g is odd, fi2pm+3) = O since m,13(M;) = 0. If g is even and p is odd,
Tn3(Ma) = Z(p 24){i2z(v)}. Since

N;(il)ﬁ(izﬁ(l))) = i1 o T Oi2 oV = 0,

we have f124(n+3) = 0 for each fi» € [M>, M;]. Therefore,

6§im+l(X) ~ {((1) f]l2)

Case 2. Suppose that ¢ =2 (mod 4) and p =0 (mod 4). First, we note that

fiz € (”;(il)>}~

Ton3(Ma) = Z .22y ® Za {ing(v), 72}

and that m,3(M7) = Z4{7)} by Proposition 2.3. Let fio = s} (i1). If s =2l for
some 1 <[/ <d/2, then
sy (i) (12) = 213 (i) (n2) = 417y = 0
since
75 (i1)s(i23(v)) = ijomoizov =0
and
73 (i1): () = iromyon? = irz(°) = 27 # 0 € mysa(M1) = Zs.
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Further, if s =2/ + 1 for some 0 <[ <d/2 — 1, then
513 (1) (02) = 21+ Dy (i) (n2) = 4l + 24 = 27 # 0.

Thus, each fi € (27} (i1)) = Z4/2 induces the trivial homomorphism on 7,4 3(M>).
However, if f, does not belong to (275 (i1)), then fi2s(,43) # 0.

Let us investigate f13,+3). Note that [M, My] = Z4 ® Zr{a, { (12)} and
Tn3(My) = Za{f)} with 75 (1) =20, i} (@) = i), i15(n*) = 27) and 715 (7)) = 1.
Since maz(n2on) = n?, we have

7 () (7)) =momof=mon#0.
Moreover, since 1° = 4v [Toda 1962, (5.5)], we have

2as(f) =200 =momof=nion=1i(N*) on=1iron’ =4ixyv).

Therefore, oy (1) = 2i2:(v). Since (p,24) is a multiple of 4, we have oy () =
2ip4(v) # 0 and 3 (1)) = 6ias(v) # 0.

Since v is 2-primary, if (p,24) = 4 or (p, 24) = 12, then 2a4(17) = 0, and if
(p,24) =8 or (p, 24) =24, then 204(7) # 0. Thus, each f»; € (2a) induces the
trivial homomorphism on 7, 3(M;) provided that (p, 24) =4 or (p, 24) = 12.

Therefore, if (p, 24) =4 or (p, 24) = 12, we have

gdimtl(x) = {(fl2 le) ‘ fiz € 2y (i), far € (2Ol>}

and if (p, 24) = 8 or 24, we have
im ~ 1
EfimHl (x) = {( f”) ‘ fi € 27} (11))}

Case 3. Suppose that g =0 (mod 4) and p =2 (mod 4). We note that

T3 (Ma) = Z(p2a) @ Zaling(v), 02},
Tn3(M1) = Zr ® Zr{n3, n4}

and [My, My] = Z4 ® Z>{n (1), B}. First, we investigate fi2z(,43). Let fi2 =
sy (i) € [My, M1 = Zy{m; (i1)}. Then, we have

ﬂ;(il)ﬂ(izﬁ(v)) = i1 ompoipoV = 0
and
w3 (i)s(m2) =ijomon2 =ijon® #0.

If s =2/ for some 1 <[ < d/2, then 2ln2*(i1)ﬁ(17_2) = 2lij o nz = 0, because
i1o n2 =n3 € m+3(M7). However, if s =2/ + 1 for some 0 </ <d/2 — 1, then
QL+ D73 (i1):(n2) = 2k + Dijon* =ijon* #0.

Thus, any fi2 € (27} (i1)) = Z4/2 induces the trivial homomorphism on 7, 3(M>).
However, for f12 ¢ (2m5(i1)), we have fi24,43 # 0.
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Next, we investigate friz,+3). Because [Mi, M>] = Z4 ® Zo{m{ (1), B} and
B:n+2) # 0, we check only the generators 7 (77). For 13, we have

i ()z(n3) =fomonz=Tom oiz(n®) =0
For n4, we have
T (M) =Nomons=non#0

since mpz(fon) = n* #0.
However, 2 (i))z (n4) = 7j 0 1 0 2113 = .
Thus, every f2; € (27 (7)) induces the trivial homomorphism on 7 + 3.
Therefore, we have

géﬁm“(x) ~ {(flz f12) ‘ fi2 € (25 (i1)), fa1 € (27] (’7)>}

Case 4. Suppose that g =2 (mod 4) and p =2 (mod 4). Note that 7,1 3(M>) =
Zp,24)® Zolizg(v), n?} and m,3(M) = Z4{n}. First, we investigate f124(,43). For
the generator 772* (i1) of [M,, M ], we have

ﬂ;(il)n(iZt(v)) = il oo Oi2 ov=_0
and

(i) (n2) =i omon2 =ijon* =27 #0.

Let fio =smj(iy). If s =2l for 1 <1 <d/2, then snik(il)n(n_Z) =4ln =0, and if
s=2l+1for0<[<d/2—1,then sn;(il)n(n_% =@l+2)n=2n#0.

Thus, each f1; € (27 (i1)) = Zy/2 induces the trivial homomorphism on 7 + 3.
However, for f1, & (27 (i1)), we have fi24(,43) # 0.

Next, we investigate f214(,43). Note that [My, My] = Z, @ Z>{n{ (%), B}. Since
Bens2 # 0, we consider only the generator ;" (7).

Since 74 (ijon) =monon = n? #0, we have 7} (7)) () = fjom  off =7fjon #0.
Therefore, no f,; induces a trivial homomorphism.

Thus, we have
€§im+1(X) ~ {(1 flz) ‘ fi2 € 2m5 (ll))}

Case 5. Suppose that ¢ =0 (mod 4) and p = 0 (mod 4). Note that 7,1 3(M>) =
Z(p.24) ® Zolizg(v), n2} and 7,43(M1) = Zo @ Za{n3, na}.
First, we investigate fi2z(,43). For the generator 75 (i1) of [M>, M], we have
ﬂ;(il)n(izj:(v)) = i] o7y O iz ov=>0
and
75 (0 () =irompon2 =iron’ #0.
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Let fi, = sm}(iy). If s =21 for 1 <1 <d/2, then
s (i) (n2) = 2liy on* =123 = 0.
However, if s =2[+1for0 <[/ <d/2—1, then
s73 (i) (2) = (21 + )iy o = 3 #0.

Thus, each f1; € (275 (i1)) = Zg/2 induces the trivial homomorphism on 7 + 3.
However, for fi, & (271;(1'1)), we have f124,+3) # 0.
Next, we consider f213(,+3). Note that

(M, Mol = Zo®Zr ® Zo { i (1), 7w (n2), @}

Since org(,42) = 0, we consider only the generators 7z (1) and 7{ (12). For 7r{(n1),
we have
T )s(m) =momonz=n omoin’ =0
and
(D2 (14) = Mo w04 =1 0N = iz (%) 0 = 4 (v).
Thus, if (p,24) =4 or (p, 24) = 12, then 7] (n1):(ns) = 4i13(v) = 0, and if
(p,24) =8 or (p,24) =24, then ] (n1)z(ns) = 4i1z(v) #0.

Since 7; (112 0 1) = 1%, we have 7} (12)5(114) = mom ong =na0n #0.
Therefore, if (p, 24) =4 or (p, 24) = 12, we have

gfimtl (x) = {<f121 fi2> f12 € 2m5(i1)), fo1 € (”;(’71»}’

and if (p, 24) =8 or (p, 24) = 24, we have

el = {(1 f12) ‘ fi2 € 25 (ll)>} =
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MODULAR TRANSFORMATIONS INVOLVING THE
MORDELL INTEGRAL IN RAMANUJAN’S LOST NOTEBOOK

YOUN-SEO CHOI

For my teacher Bruce C. Berndt on his 75th birthday.

In his “lost notebook” (p. 202 of the 1988 edition), S. Ramanujan recorded
modular transformations involving the Mordell integral, ¢-hypergeometric
series, and generalized Lambert series. He gave no proofs; here we prove
these formulas and use them to derive modular transformations of third-
order mock theta functions. Mordell’s formula, the properties of ¢-hyper-
geometric series and Appell-Lerch sums play central roles in the proofs.

1. Introduction

For a complex number ¢ with |¢| < 1, we define the notation

m .
(@:q)oo 1= 1_[ (I1—aq™) and (a;q)y:= % for any integer n.
) o0

m=0

L. J. Mordell [1920; 1933] studied the integral

oo eat2+bt
/ <
oo €1+ d
where N (a) < 0. This integral appeared in the work of L. Kronecker [1889a; 1889b]
and B. Riemann (as described by C. L. Siegel [1932]). However, Mordell was the

first to analyze its behavior relative to modular transformations, so we refer to it as
the Mordell integral. In [Mordell 1920] he derived the formula

mrt2 2nxt
(1) / dt

e2nt —62’”9
i (62T420x426) Fl(x +01)/t,—1/t]+itF(x + 0t, ‘L’)
011(x +01,7)
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where, for J(r) > 0 and setting g = e™'7,

00 (_l)mqm2+m+1/4e(2m+l)m’x
iF(x,7):= ,
( ) m=2—:oo 1—|—q2”’+1
. S m,_ m2+m+1/4 QCm+1)mwix
i01(x,7):= > (-1)"q e .
m=—o00

To get (1), he mainly used functional equations satisfied by the functions F(x, )
and 011 (x, 7).

S. Ramanujan studied definite integrals and recorded modular transformations in-
volving the Mordell integral. In his lost notebook [1988, p. 9], he stated two modular
transformations involving Mordell integrals and his tenth-order mock theta functions

D(q): =30 0 4" "D/ (¢ gP)ppr and Y (q) =3 00 o ¢PTVEHD/2/ (g1 ¢?) s

2

oo e~ Tnx J 1 s oz
——e5n — n
/0 o G x+ﬁe Y(—e )

hz’TT;‘Jr -
5+2ﬁ % (e ‘””)—{j_l e Fip(—en),

2

/OO T v+ Lefiy—e )
x+—e5n e n

0 cosh 27X 4 1f Jn

5T

=B e—”")+ff1e (e,

In [Choi 2002], we proved these equations. In the lost notebook Ramanujan [1988,
p- 202] also wrote (without proofs) two equations involving a Mordell integral,
hypergeometric series and generalized Lambert series. Namely, for g; = e~ 3 and

q=6—3nn
m—1)2
Sx COS TtX 1 X (](2 o
2rx 2xx d‘x :qlS Z
f T 14 F m=1 (—emq31q)m(—e g3 1qd),
_37rt2 1 3(2m—1)2
L f°f; a7
it it
Vi w2t (e g S m(—e T 43 g0 m
1
__9°* {%(_1)m+1 2o 11 ( 1 I 1)
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We prove these equations in this paper. Proving these identities is equivalent to
proving the following two theorems.

. — _ T
Theorem 1. For a positive number n, set q = e >*" and q; = e~ 3n. For a number t

such that gH(%) + % €7 and ‘R(%) + % &7, we have

wnx2 em—1?2
3 cosmix 1 > qg 6
f/ an _2mx dxqus Z 1 2 ¢
+14e773 m=1 (—e™ g3 g3 ) m(—e 31 ),
3
o %i g3’
+ it it *
VI m=t (—e g3 S m(—e T 3 g8 m

—3rn

.. _ T
Theorem 2. For a positive number n, set ¢ = e and g1 = e~ 3n. We have

em—1)2
6

L
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T M2

m=1 (—e™q3:q3)m(—e"q3 g% )m

I\) W

)
3
e n

7

§ qlg(zm—m
it _zit
m=1 (=1 q3:q)m(—e""n q3:4%)m
1
36 oo m—1)2
= zq 2 {Z (_1)m+1q(2 41) ( 1 =i+ 1 2m—1 _1)
343 )00 \m=1 l14e7tqg™3 l4+e 7lg™ 3

® 2(2m—1)2 1 1
> (="t} ( =i -t i - —1)}-
1 1+ethl3(2m h) 1+e_thf(2m b))

m=1

1
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+

G. E. Andrews [1981] also studied modular transformations consisting of the
Mordell integral and the three functions

1o%s) 2n2+n o0 q2n2—n
M = W M = _—
1(9) n=Z—ool+q2n 2(9) nzZ_oquz,,_l
Iy 00 q2n2+2n
0= 2 T

These functions are related to the classical theta functions 9, (0, g¢) and ¥4(0, ¢),
and the first two of them appear in Ramanujan’s lost notebook.
In [Choi 2011], we made the definition

[e%s) m2—3mam 2m

. . R q -
flzg)= 3 (=2 Dm(~Z: )’

If we let o = z = ¢, we see that f(q, ¢; ¢) is one of Ramanujan’s famous third-order
mock theta functions, f(g), from his letter [Berndt and Rankin 1995]. We can
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rewrite the right-hand side of the equation in Theorem 1 in terms of f(«, z; g),

namely,
32 2
4n ql 2rmit ¢

_ mit
Tf(e noqp,en Qfﬂ]f .

g5 f(e g3 ™ g3 q5) +

Ramanujan’s equations involve the hypergeometric series

(2m—1)2

q
m=1 (—e™q3;q3 ) m(—e g3 g3 ),

3(2m—1)?
1

i M2

|M8

it

m=1 (—e i ql ql)m( e~ ‘I?;qf)m
These are special cases of the function

) 00 qm(m—l)
@ P N P e

Andrews and F. G. Garvan [1989] called attention to what they called the “mock
theta conjectures”, which roughly say that Ramanujan’s fifth-order mock theta
functions are not, in fact, theta functions. These were proved by D. Hickerson
[1988]; though he did not use the function (2) in the proof, he remarked that he
could express the conjectures in terms of it. Since then g3 and a couple of other
so-called universal mock theta functions have acquired a central role in the study
of mock theta functions; see the survey by B. Gordon and R. McIntosh [2012] for
discussion.

The function g3 also satisfies certain modular transformations [Gordon and

Meclntosh 2012]. For ¢ = e~%, q; = e~ ">/, and

m(3m+1)
4sin*mr X (=D"q

(Q»Q)oo m=—00 (1 —627”’ m)(l —e 27Tqum)’

one of the modular transformations satisfied by g3 is

3 a1 _1
g2 2g5(¢7 q) = | [o eser g, Cha (@ g,

_ /3_0[/Ooe_gaxzcosh(?)r—1)ax+cosh(3r Dax ,
2r J, cosh 2ax

With the function g3(z, ¢), we can rewrite the right-hand side of Ramanujan’s first
equation (page 60) as

h ( 2nlr’q) —

_3nt2 2
2 12 e 4n ¢ wit
q9g3(—e”’q3,q3)+71g3(—6 ngiigd
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Ramanujan listed four third-order mock theta functions f(q), ¢(¢), ¥(q), and
x(q) in his last letter to G. H. Hardy [Berndt and Rankin 1995]. G. N. Watson
[1936] later added three further third-order mock theta functions w(gq), v(g) and
p(q), and derived modular transformations for the seven third-order mock theta
functions using Cauchy’s theorem. One of the modular transformations is

q 24f(Q)—2\/ qla)( 2)+4‘/3O‘/ x2 sinhax
sinh 2 X

where ¢ = ¢™* and ¢; = —?/a. Gordon and McIntosh [2003; 2012] introduced
two more third-order mock theta functions £(¢g) and p(g) and their modular trans-
formations.

In his thesis, S. Zwegers [2002] studied the normalized Appell-Lerch sum which
is defined by

1 00 (_1)menim(m+1)r+2nimv

/j'(u’ v, T) - f(_eZJTiv’ _62711'1:—271iv) m=Z—oo 1 — e2mwimt+2miu
where u, v &€ Zt + 7 and 7 € ¥. He showed the symmetry property, the elliptic
transformation properties, and the modular transformation properties satisfied by
the normalized Appell-Lerch sum. One of the modular transformation properties
contains the Mordell integral, namely,

1

T\~ 2 miw—vw? u v, 1 ) 1 [ enixzt—an(u—v)
(l_) ¢ M(;’?’_?> ——u(u,v,r)+§/_oo cosh rx dx.

With these properties, Zwegers explained that u(u, v; T) behaves nearly like a
Jacobi form of weight 1/2 in two variables.
Recently, B. Chern and R. C. Rhoades [2012] proved the modular transformation

3miz2

o0
= et ~iz 1 _zmit 2 cosh2mtx
R(z;t)— R(—;——) =e 3 isin2nz @3TiTX bz FOP ALY
Jit Tt oo cosh rx
_mit e PImiTx?— 6mzx Sinh 2w Tx
+e 3 cos2mz —_—
—00 coshmx

where
mit 00 2witm?
R(Z )= ie12 3 e
2sinmz meo (ean(z—i—t); eZmr)m (6—2711(2—‘(); eth)m

They employed the results in Zwegers’ thesis [2002] to prove this equation. By
results in [Garvan 1988], we can rewrite R in terms of g3:
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E(z;r)
. mit . B
_ e (l—eZ”iZ) | 4 o2miz io: e2mitm(m—1)
2sinmwz e (eZniz; eZnir)m(e—Zni(z—r); eZnir)m
ie% 2miz 2miz 2wiz ,2mit
= O (1T (14 ATy (2T 7).

In their paper, Chern and Rhoades [2012] also discussed and proved two more
identities involving the Mordell integral and partial theta functions. In this paper,
Ramanujan’s theta function f'(a, b) is used instead of the Jacobi theta functions.
The definition of Ramanujan’s theta functions is, for |ab| < 1,

f(a,b) = %o: gMm+1/2pmm—1)/2

m=—0o0

By the Jacobi triple product identity, this equals (—a; ab) oo (—b; ab) o (ab; ab) .

In Section 2, we introduce Lemmas 1 and 2. The identities in these lemmas
include generalized Lambert series which are the Appell-Lerch sums. The trans-
formation for the Appell-Lerch sum in [Zwegers 2002] plays a central role in the
proofs of Lemmas 1 and 2. In Section 3, we prove Theorem 1 twice with distinct
methods. We first prove Theorem 1 by using Lemmas 1 and 2, Mordell’s formula,
the modular transformation for a theta function 671, and the evaluations of the
contour integrals. Secondly, we prove Theorem 1 by proving

L2 .
miTx< 3miz

e 3 2wzx

2

3) L/oo — —dx=g(z;71)+ € i g(_i;_l)
V3o o5 4 14e Veitth T

where

2wit

e 3 00 (_1)me3m'rm(m+1)

;1) = . . .
g( ) (ezynr;eZn'l‘L')oo m=—oo | _{_eZniz-l-Zn'ir(WZ-i-%)

To prove the equation above, we discuss the elliptic transformation properties of
g(z; 1), evaluate the contour integrals, and employ Liouville’s theorem. In Section 4,
we prove Theorem 2 by using Equation (6) and some results in the first proof of
Theorem 1. In Section 5, with Theorem 1, we derive modular transformations for
third-order mock theta functions which are similar to the modular transformations
for tenth-order mock theta functions in the lost notebook [1988, p. 9].

2. Lemmas

To prove Theorems 1 and 2, we require the following lemmas.



RAMANUJAN’S MODULAR TRANSFORMATIONS FOR THE MORDELL INTEGRAL 65

Lemma 1. For a complex number g with |q| < 1, we have

2m@m—1)
3

S q
> T 1
m=1 (=tq3;q3)m(—t"1¢3;45)m
B tq% o0 (_l)mqm2+%mt3m
f(=3¢3,—173g3 )y m==0  14+¢>"*!
[—lq% oo (_l)mqm2+%mt—3m (q2;q2)c3>o
_ 4 2 2m+1 2 2 _
f(=t73g3,—13g3) m==c0  14g" (@3:43)o0 f(t3q,173q)

1 1 s PR _
q3(q*: 933/ (q3.9%) (r A 3q%—t3) 12 f(=13q%—t 3))
2. 2 4
(43:93) 0 f(q.9) f(t73g,13q) f(—t3qS,—t—3q3) [ (17345, —t3q3)
Proof. Garvan [1988] showed that, for |¢| < |z| < |¢|™! and z # 1,

m2 3rn(r£t+1)

)_ 1 X (=1)"q
(45900 m=—00  1—q™z

q
@Z(E+Z@mmwmm

Hickerson [1988, p. 649] remarked that

| 00 qmz 00 qm(m—l)
5) z- (—1 + > ) =), .
m=0 C:Dm+1@/2:Dm)  m=1 @ OmE 4 Dm
Combining the two results above, we have
3m(m+l)
00 qm(m—l) 1 00 ( ])m
(6) Z =

1 @ @m(z™ Y9 q)m B (9: @)oo m=o0 1 —zg™

We also see this equation in [Gordon and MclIntosh 2012, p. 104]. Now, replacing

q and z by q2/ 3 and —tql/ 3, respectively, (6) becomes
@ Y ¢ L @ (cymgminty

m=1 (_tq%;q%)m(_[_lq%ﬂ]%)m - (q%§q%)oo m=-oo ] +q%m+%t '
In [Choi 2004, p. 378], the author showed that

00 —1m m(m+1) 2. .2)\2
®) (=D™q B (475975

m=o 1=q*z  (2:¢%)00(q*/7: ¢V o0

which was also recorded by Ramanujan [1988, p. 59] in the lost notebook without
proofs. Using (8) with z replaced by —3¢, the Jacobi triple product identity and a
straightforward calculation show that
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© § (—l)mqm(m"'l) B 00 (_1)mqm(m+l)(1 _q%m—i-%t +q%m+%t2)
m=—o0 | -{-q%m"'%[ m=—00 1 +q2’"+1t3
%993 o (—1ymgmi it

f(t3q,l_3q) Mo 1+q2m+1t_3
1) (_l)mqm2+%m+%t2

+ 2

meo 1+ g2mtis3

The two sums on the right side of the equation above are Appell-Lerch sums. In
his thesis, Zwegers [2002] showed that the normalized Appell-Lerch sum satisfies

w0 g 1" ey
f(—=hz, —}?—Z) m=—00 1 —g™tz 1 00 (—l)mqmwyl)

S h =) mEeo hM1—gmMt

_ (@3 )3 f (=htz,—79) (=2, —2)
St =S Ch =iz = f hz. =)

where g = e27IT Jy = 271V = 27l gnd 7 = 277 guch that v, u, z’ € Z and
u, v, u+z,v+z €7t + 7. Hence, employing the Jacobi triple product identity,
using (7) and (9), applying (10) with ¢, ¢, &, and z replaced by ¢, —¢, t_3q4/3,
and £3, respectively, then again with ¢, ¢, /1, and z replaced by qz, —q, t3q4/ 3 and
173, respectively, and employing the fact that 1'(¢7/3,¢q='/3) =¢'/3 f(¢'/3,¢°/3),
we obtain Lemma 1 after a slight rearrangement. O

2mi

Lemma 2. Set w = ¢ 73 . For a complex number q with |q| < 1, we have

) § q6m(m—1)
an q -
m=1 (=143 q)m(—t71¢3;¢%)m
i 1 00 —_1)m m2+mw2mt—m
L _ ¥ (=D"q
U f(0?t71¢%, —072t) m==o | 4 g2m+1
00 —1)ym m2+m 2mtm
+ 3 (—D"q w _1}
f(—0?tq?, —072t7) m=w 1 + g2m+1
_ (% q9®3,
3(¢%: %) 00 f(tq.t " 1q)
L b (% gD f(—t,—t71¢?)

V3 —w?)f(q.9) f(q.4°) f(tq.t1q)

1 11
X(f(—a)zt_lqz,—a)l) B f(—a)thz,—a)l_l))'
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Proof. We first consider the left side of (11). Employing the Jacobi triple product
identity, we easily verify that

2.2 6. 6
Fewt —00) = (1= 090 O [(Pg.0q) = CLU e,

(0?7 —wtq?) = —0*t7 ! f(—0?tT1¢?, —wt).

Then, using (10) with ¢, A, ¢, and z replaced by g2, w?t~!, —¢, and ¢, respectively,
applying the equations above, and rearranging terms, we obtain
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A straightforward calculation and the Jacobi triple product identity lead us to
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Using (12), again using (12) with ¢ replaced by t~!, and applying (13), we obtain
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We now consider

6m(m—1)+2

i": q
(15)
ma1 (1434 m(—171¢3, %) m

i 00 (_l)mqm(m-i-l)(me +wm+l)
+ .
V3(1—w)(q5:¢%)0 m=o0 I +g>m+h

An elementary calculation shows that (1 + w)/(1 —w) =i/+/3 and w?/(l —w) =
—i/+/3. Using these, we find that

1 00 (_1)mqm(m+1)(w2m +wm+1)
(16) —— > o
i 00 (_l)mq9m2+3m 2i 00 (_l)mq9m2+9m+2
=— 2 >
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i 00 (_l)mq9m2+15m+6

+_
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Therefore, applying (6) with ¢ and z replaced by ¢° and —t¢3, respectively, (16),
and (8) with z replaced by —tg, we deduce that (15) equals
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In conclusion, by combining (14) and (17) we have derived Lemma 2. O

3. The proofs of the first identity

First proof of Theorem 1. By a simple calculation and integration by substitution,
we obtain



RAMANUJAN’S MODULAR TRANSFORMATIONS FOR THE MORDELL INTEGRAL 69

3X CoS TixX
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For a sufficiently large positive number d, we consider the integral

/ —3nny
- dy
y eZn(y—i-zz‘—n) +e%’

taken around the rectangle y whose vertices are at the points +d and +d — i 2’—n

We easily verify that
e~ 3nny 2

.t [
e27r(y+zﬂ) +e%’

has 81mple poles at i (— + —|— k) for integers k. Assume that ?R( ) > 0. Since

Eﬁ(ﬁ) + 1 3 & Z and iﬁ(ﬁ) :l: 3 & Z, after some elementary manipulation and
employing Cauchy’s residue theorem, we find that
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. 2m 37rt _ _4_j2_4
— Z ie +2 = 2 — 37ttkq k*—3k
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we find that the sum of these integrals tends to 0 as d tends to oo. Thus, letting
d — oo we verify that

Since
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00—i 57 e—37rny2
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We can also establish similar results for the other three integrals in (18) for ?ﬁ(%) > 0.
We then apply these results to (18) and collect the sums to obtain

- ¥ e—zm—3mkq—g—k2—%k _ 3 ezm+3mkq—g—k2—j%k
0<k<R5—2 —RL—Z<k=<—1
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Replacing k by —k — 1 in the second and fourth sums above, we find that the four
sums above cancel. Thus, for ?R(%) > 0,

(19) / n3x cosntxx dx

o5 +1+e 5

\/_ { 7?/00( e—3nny2 N e—37rny2 )d
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_ 2 _ 2
oz [oe] e 3nny e 3mny
—e 3 2 . 1 i + 2 . 1 i dy :
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For ER(%) < 0, a similar process also brings us to (19). Also, for Eﬁ(%) =0, we
directly derive (19) from (18). Therefore, for any positive number n and any
number ¢ such that W(L) £ 1 ¢ 7 and R(L) + % ¢ Z, we obtain (19).

Next we must evaluate the integrals on the right side of (19). We need the
modular transformation formula for 61

(20) 011(?[_6,—1) :—l.\/—l.‘fenixz/tgll(x,f).

T

Additionally, F(x, t) and 6 satisfy the transformation formulas
O11(x. 1) = =011 (x + 1.1) = =01 (—x, 1) = =™ T (x + 7. 7).
Fx,1)=—-Fx+1,1)=—-F(x+r1,1)+011(x,7) =—F(—x+1,1)
= F(=x,7) + 011 (x, 7).

We employ these formulas to evaluate the four integrals on the right-hand side of
(19). Recall that g; = e~ 31 and g = e 3™" We first consider the first integral on
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the right side of (19). Replacing t, x, and 8 by 3in, 0, and %—
Mordell’s formula (1), we find that

0o —3Jrny2 it [ee) e,—37rny2
/ dy —e n dy
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t . .
30 respectively, in

3m) 3nFQin—i3L > ,3zn)

3zn911(21n—l%,3zn)

2 .
3t _znt_ﬂ 4 F(3 211’

We are able to establish a similar result for each of the remaining three integrals.
From (20), we deduce that

3
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6 (in—éiz, 3in) =
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Using the evaluations of the four integrals, employing the above modular transfor-
mations for 81 and the formulas satisfied by 6;; and F, simplifying terms, and
employing the definitions of 61 and F, we obtain

x2
3 cosmix

1) f - X
V3 Fop e F
eﬂ.’tq§

f(—e3’”q%,—e_37”q%) m=—oo 1 4 g2m+1

00 (_1)mqm2+%me3mnt

e—ntq% 00 (_l)mqm2+%m€—3mnt

f(_e—37rtq%’ _e3ntq%) m=—00 | + g2m+1
1 . ( l)m m +mw2m _mmt

X
{f(—a)2€ :rtli qlz —a)_zenrit)m_z—oo 1+q2m+1

mit

fos) ( l)mm+m 2m

—

f( w2e’n ql,—a) —20~ ””)m_—oo 1+q2m+1 }

We are now ready to complete the proof. Use Lemma 1 with ¢ replaced by e™
and employ Lemma 2 with ¢ and 7 replaced by ¢; and e =t , respectively. After
some elementary manipulations, we find that the sum of the new left-hand sides of
Lemma 1 and (11) equals
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and the sum of the new right-hand sides of Lemma 1 and (11) equals
(23)
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e—27‘[t e—nt

X [—
(f(—e3”’q§,—e_3”fq%) f(—e_3”’q§,—e3”’q§))}
_371t2

e “in (4%;9%)3
+ {_ 1 1700

i

mit _mit
3(4%:4%) o0 fle ™ qr. e qy)
it

(3 qD)e f(—en  —e _J_TT”qf)
2) fq1,90) f(q1.4) f (e g1, e q1)

1
+_
V3(-w
1 Lll

e
X( it it it _mit )}
fw2e™ 5 g3 —0e™) [~ g} —we ")

Next we prove that (23) is identically equal to zero. Using the definition of 6,
the Jacobi triple product identity, and the transformation formula (20) for 6;, we
deduce the following formula for Ramanujan’s theta function f:

. . : . 2_ o — .
f(_ean(x—i-r), _e—2mx) — lite—m(x+£+x = x+ﬁ)f(_e xrl i _e—anf)'
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Set T = 3in, and recall that ¢; = ¢~ 3 and ¢ = ¢~3"" to obtain

(24)

i —o7i I 1 i T 1y2 27x _27x
f(_e2qu2’_e 2mx> _ 3nq G Tix—3;(x—3) f(—e3n C]f,—é’ 3n).
Since lim, (1 —e_%x)/(l — e~ 27Xy = _j/(3n), dividing both sides of (24) by

1 — 27X and tending x to 0 leads us to find that

1 1 1
(25) (@%q%)3 = 472t (g3 4D

3n+/3n

Applying (24) twice with x = % — %i n— %it and x = —in, respectively, (25), and

Tl

the fact that i v/3(1 —w)e ™3
we obtain

3, and employing the Jacobi triple product identity,

2 _3m12
7°(q%gH)3 e an @3 43)3
it

2 2 - it _mit .
(@34 )0 f (@7 q,e37tg) N1 3(g8¢8) 00 S g1, e 1)

(26)

Applying (24) with x replaced by %— %in, % %—%in, —%il—in, and %it—in,

respectively, and employing the Jacobi triple product,we obtain

27)
1@3.q%) = J%q‘éf(—e‘?q1, —Vq1) = \/13—,14_‘5 (qlz;q;)(z(j;)qf)m,
28) f(—eTg? —e¥") = —lq_iqﬁei;—:ﬂz_% f(=e™ =T,
(29) fq.q) = J%f(ql,ql),

(B0) f(=e™q5, —e 3 gF)

Employing (26)—(31) and using the fact that e = V3i/(1 —w?), we conclude
that
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45 (g% g3 f(q5.q3) f(—e 37 g2 —3m1)
314500 f(q.9) [(e7371q, €371 q)

e—Znt e—nt
X —

f(_e3ntq% —e_37”q%) f(_e—3ntq§’_e3ntq%))

(32)

_ 32 it it
_ € n 1 (ql’ql oof( en,—e Qf)
it

VI3 (1=0?) f(q1.90) £ @140 f (€5 g1 e qy)

it

1 e

X( i i i )
fewle 2 —we™)  f—we ™ q? —we )

N

As a result, combining (26) and (32), we know that (23) equals 0. Thus, (22)
equals 0. Therefore, comparing (21) and (22), we have proved Theorem 1. O

Second proof of Theorem 1. We now consider the equation

2

J'rtrx 3miz

—2mwzXx et - 1
R dx— g+ (- 2-))
«/_ o0 e 2z +1+e —2zx ) —iT T T

where

2mit

e 3 00 (_1)me3n’irm(m+l)

;1) = . . .
g( ) (eZmr; eth)oo m=—c0 | + eZT[iZ-i—ZT[it(er‘%)

Comparing the definitions of g and g3, we find that

2 . . .
g(z; _[) — e%gB(ezmz—i-m(r—H)’ eZmr)'

We now set T = in, ¢ = ¢ 2™ and ¢, = e~ n . Using (6) with = replaced by
eZm'z’ we get
1 3m(m+1)
. q§ 00 ( l)m
g(ziin) = — 3
(4: @)oo m=—o0 | + eZmzq(m—i-j)
1 X qm(m—l)
= q3 Z : T ' n ‘
m=1 (_e27nzq 2; Q)m (—6_27”Zq 3 Q)m

m(@m—1)
iz 1 1 X q
g(—;—)=qf > !

271'2 1
qiiq)m(—e o ql q1)m

Applying these results to (33), we easily verify that proving (33) is equivalent to
proving the equation in Theorem 1. So, we prove (33) instead of Theorem 1.
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We first discuss the right-hand side of (33). From the definition of g(z; t), we
see that g(z; t) is a meromorphic function of z with simple poles in (% +Z)t +
% + Z. By a direct calculation, we can determine that its residue at —%r — %
is —¢'/3/(27i(¢: ¢)oo). We will find two functional equations for the function

g(z; 7). By the definition of g(z; ), we easily get
(34) gz+ ;1) =g(z; 7).

Using the definition of g(z; t) and the Jacobi triple product identity, we obtain

5”3” +2miz oo (_l)mem'r(3m2—m)
gz+t0) = (€277, @27iT) ) (S | 4 o2miz+2mit(mtd)
— 65713” +2mwiz eSiTSir +47r.iz x (_l)menir(3m2+m)
(e2mit; e2miTy o £2 0 1 _i_ezniz—i-zmr(m—i—%)
_ e¥+2m’z _ 687131'1 +47iz + e3””+6”izg(z; r).
In particular,
(35) g(z+1:7) _e3nit+6nizg(z; 7) = esgi’ +2miz _88”3” +amiz

Let G(z; t) denote the right-hand side of (33). Then, using the functional equations
(34) and (35), we get

e T
Gz+1Lr)=g(z+ 1)+ (— ;—
( ) =2zl ) VA G
3mi(z+1)2

e T
=80+ —F—

Nt U (-Z:-D)}

Thus,
e T Smi_ 2miz 8mi __ 4miz
(36) G+ —Gzn) = e (T F T R,
( )—G(z:7) Nt
Again, using the functional equations (34) and (35), we obtain

3mi(z+1)2

J—it g( T T

Smit : 8mit : : :
3 +2mz_e 3 +4mz+e3mr+6mz

G(Z+r;f)=g(z+r;r)+e _zte. 1)

g(z:1)

iz2 . .
37’%+6n12+3mr

=e€

e

+ N g(_?;_%)'
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So,

(37 G(z +1;7) — 3TITHOTIZG (5. 1) — o PRTH2wiz _ PR Hdwiz

Therefore, G(z; ) satisfies the functional equations (36) and (37). Recall that
the residue of the function g(z; t) at _ET -5 Lis —¢/3/27i(q:¢)oo). A simple

calculation shows that the residue of the function ( 3” iz?/t /A —i r) (—— ——) at

—%‘L’—% is ¢'/3 /(271 (¢: q)oo). Using these results and the two functional equations

satisfied by G(z; 7), we easily verify that G(z; t) is a holomorphic function of z.
Now we discuss the left-hand side of (33). Let H(z:; t) denote the left-hand side
of (33). Then, by the definition of H(z; 1), we get

JTITX

—27tZX(€—271x 1)
H(z+1;7)—H(z;1) = / s dx
V3 Tl
wi(3z42)2
e~ 3

o0
/ J'[lf{x+ (3z+2)}2 dx

rn(32+1)

_ o LBz DY g
e

Recall that T = in. If z is a real number then we easily show that each of two
integrals equals /3i/t. Assume that z is a complex number such that J(z) # 0.
We consider the first integral on the right-hand side of the equation above.

 mitg 13422 ot t(3242) .,
/ e3{x+r(z+}dx=[ _ e 3 X dx.
—o0 —oo+1(3z+2)

V3

For a positive number 7, we consider the integral

TlT
/e3xdx
2

taken around the rectangle y whose vertices are at the points £¢ and £t + %(32 +2).
By Cauchy’s residue theorem, we easily get that the integral above equals 0. We

first evaluate ‘
—1+£(3z+2) .
/ e 3 dx.
—t
Let z = a + bi where a and b are real and b # 0. We only need to consider three
cases: Ba+2)/n=0, Ba+2)/n>0,and 3a+2)/n<0.If BGa+2)/n=0,

then LGz42)
—t+L(3z+ . 3p 37b2
‘ / SR T2y 302

=—e
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Thus, f__tt+?(3z+2) ¢™55%% dx tends to 0 as £ tends to co. If (3a 4+ 2)/n is positive
(or negative) then there is a real number ¢ such that —t < ¢ < —t 4+ (3a +2)/n (or

—t+@Ba+2)/n<c<—t)and

—4+1 (3z+2) A

Vv (3a+2)2 4 9p2 —mn 2 dab?
e no
n

—t++ (3z+2) mit .2
e

Thus, the integral |, 3 %" dx tends to 0 as ¢ tends to co. Similarly,

t+-(03z+2) =mic
i £ (z+2) ¢™5*% dx tends to 0 as ¢ tends to co. Therefore, we see that
co+L(3z+2 . o ]
[ T.( )eﬂ.;»txzde/ e 5 dx = 3—1
—oo+1(3z42) —00 t

After a simple calculation, we obtain

3mi(z+1?
e T _S5mi_ 2miz _8mi__4miz
H(Z-{-I;T)—H(Z;‘[):— e 3t T —e 3t T )

V=it

Next, we discuss e 37T =67iZ [ (7 4 ¢; 1) — H(z; 7). After simple calculations
and integration by substitution, we get

e 3MITOTIZ (2 4 1 7) — H(z;7)

oco+3i ’“”‘ —2mzx ’”” —2mzx
[ o dx——/ S dx.
\/_ cot3i ¢25* L ld4e 5 0 ¢ 5~ +14+e 73

For a positive number s, we consider the integral

e Lgxz —2wzXx
/ 2:rx _2nx dx
+14e 3
taken around the rectangle § whose vertices are at the points s and +s + 3i. By

Cauchy’s residue theorem, after some elementary algebra, we find that the integral
above equals \/ge_%_m”.z(l — e TITT27IZ) W first evaluate

. P2
s+3i TLTX" _Jmwzx
e 3
/ 2rx _2nx d’x’
s e 3 +14+e 3

We again recall that T = in. Since, for any y such that 0 < y < 3,

(s pi)2 .
67””“;'”) —2mz(s+yi)

2 (s+yi) _ 2w (s+yi)
e 3 +1+e 3
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tends to 0 as s tends to co, we easily find that the integral above tends to 0 as s
tends to co. Similarly, we deduce that

2
—s43i e’”§ —2mzx
/ dx
I TX

2nx _2
—s e 3 +14e 3

tends to 0 as s tends to co. Therefore, we obtain
—3mwit—6mwiz . . _ —TT_niz —mwit—2mwiz
e Hz+t,t1)—H(z;t)=e¢ 3 (1—e ).

After some elementary algebra and elementary manipulation, we find that H(z; )
also satisfies the same functional equations as G(z; t) and is a holomorphic function
of z.

Let F(z;t):= H(z;t)— G(z; t). Then, by the functional equations satisfied by
H and G, we obtain

F(z+1:1)=F(z;t) and F(z+1;7) = 3FTH07iZp(2: 1),

Let T be a set of complex numbers such that for any t € 7, 0 < %i(¢) < 1 and
0 < 3(¢) < n. Since T is a compact set, F(z;t) is bounded on 7. For any
t" € C\ T, there are two integers k and / and a complex number ¢ such that t € T
and t" =t + k7 + /. Thus, using repeatedly the functional equations satisfied by
F(z; 1),

F(t)=F(t +kt+1) = F(t +kt) = e~ 3mnk>+6mitk gy,
Hence,

(38) |F(l/)| — e—3n’nk2—6nk3t|F([)| < €_3ﬂn{(|k|_1)2_1}|F(I)|.

So, we are able to say that F is bounded on C. Therefore, by Liouville’s theorem,
F(z;7) is a constant. In (38), F tends to 0 as k tends to co. This implies that
F(z; t) = 0. Finally, we have proved (33). |

4. The proof of the second identity

Proof of Theorem 2. Employing (6) with a moderate modification, we derive

(39)

2m@m—1)
oo 3

1 00 (_l)mqm(m+l)

=1 (g g m—e g i qhm (gigT)ee mo0 1 g it iemt
(40)
3 i I S

i it = (6.6 =il
m=1(—en q?;qf)m(_e " q%»Q?)m (ql,ql)oo m=—00 1+q16m+3€ L
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By a straightforward calculation, we easily find that
(41)
00 (_1)mqm(m+1)
m=—oc0 ] +q%m+%e”t
00 (_1)m+1qm(m—1) 00 (_l)mqm(m—l)

m=1 1+q%m_%e’” m=1 1+q_%m+%e’”
00 (_l)m—}—lqm(m—l) 00 (_l)mqm(m—l)(q%m—%e—nt N 1)
=2 2, 1 + 2. 1
m=1 1+¢g3M 37! m=1 1+¢g3M 3¢ 7!
o (—1 m+1,m@m—1) o (—1 m+1,m(@m—1) 00
— Z ( ) < q l + Z ( ) < ql _ Z (_1)m+1qm(m—1)
m=1 14 ¢3M 37! m=1 14¢3M" 3¢ m=1

Similarly, we obtain

00 ( l)m 9m?2 +9m

[e.°]
(42) 7'[1 711
m—Z—oo 1+q6m+3 L mgl 1+q6m 3.5

(_1)m+1 9m2—9m

o0 (- 1)m+1 9m>—9m .
+Z _Z ( 1)m+1 9m?— m
m=1 1—|—q6m 3 _T m=1

We previously derived that

a6g7 e T (gf1qde0 and i(1—w)e” T = V3,
Thus, using these, we obtain
T 2
q~ 36 q_l _ 93
(@3:q%)e0 " VH@]4D)00
Combining equations (39)—(43) completes the proof. O

(43)

5. Modular transformations derived from Ramanujan’s identity

In this section, we derive modular transformations for third-order mock theta
functions from Theorem 1.
Ramanujan’s third-order mock theta functions are defined by

o0 qmz . o0 qm2 . o0 qm2
/) = mZO E—— ¢(q) —m;) Caram v(q) —m; Yo
x(q) = % 9

m=0 (0@ Om(—0* @)m
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Watson’s third-order mock theta functions are defined by

io: q2m(m—1) io: qm(m—l)

w(g) = —— v(g) = —_—,

m=1 (4:9*)7, m=1 (—=4:9®)m
plg)= 3

m=1 (@©q:¢*)m(@?¢:q*)m’
Gordon and Mclntosh’s third-order mock theta functions are defined by

6m(m—1) 3m(m—1)

q q
=142 ,
s@=1+ mZI (@:99)m(@%:q%)m @)= mzl( 40 m (=% 03 m’

To apply Theorem 1 directly to these functions, we first need new representations
for Ramanujan’s mock theta functions. With his formula for basic hypergeometric
series, Watson [1936] gave new representations for ¢(g) and 1 (¢), namely,

1 ( l)m(l +qm)qm(3m+1)/2)
44 = 1+2 )
(44) ¢(q) (q;q)oo( mZI T g2m
00 (_l)mq6m(m+1)+1
(45) W(Q) ( 4 4)oo me— oo 1 _q4m+1

Then, using the definition of f(¢) and applying (5) with z replaced by —1, we

deduce that
m(m—1)

q

Jg)=2-2 Z y CLOm(—a Dm

Using the definition of ¢(¢) and applying (5) with z replaced by i and —i, respec-
tively, we obtain

@=-n(1+7 3 A0
P == ( 2 G Dm (i m

N & gmh
= +z)( —zm; (_i;q)m(iq;q)m)

Using (45) and applying (6) with ¢ and z replaced by ¢* and ¢, respectively, we
deduce that
4m(m—1)

_ q
RPN o wrrm

Using the definition of x(¢) and applying (5) with z replaced by —» and —w?,
respectively, we have
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1 qm(m 1)
x(q) = ( +w)( e 21( —0; ) m(—w2q; q)m)

_(1 2) 1 2 X qm(m b )
e ( ~ L o oot D

We are now ready to derive modular transformations from Theorem 1. We
record here the ones which are derived directly from Theorem 1 and expressed in
terms of Mordell integrals and third-order mock theta functions. Similar modular
transformations can be found in [Gordon and McIntosh 2012].

Using Theorem 1 with ¢ replaced by n — % and n + %, respectively, we obtain

00 o= nn3x2 COSJT(H—%)X 2 ¢(q%) ) «/_q q176 3

dx = ¢d ]

f/ B ! (1+i +’) (DN
00 o~ nnsxz cosn(n—f—z)x ¢(‘]3) . \/_q ql% 3

dx = 1

\/—/ 2:rrx +1 +e_27fTX X ( 1—1i l) l)\/_ W(ql)

Adding the two results above and calculating straightforwardly, we have

2
4 0 o= ™5= cos wnx cosh ZX 5 5 2, _L 3
46) — 2 dx =qgd¢p(q3)—+/ Zqgig. 1© 2y
(46) ﬁ/<> L q9¢(q3) \/nq 4, "°¥(a;)

Using Theorem 1 with ¢ replaced by 5 —i and —5 — i, respectively, we obtain

ﬂn.XZ
© e "3 cosm(5 —i)x
/F 2mx ‘ix
\/_ + 14+e 3 1 1

l J7 —_ ~/4
N AL . 6q14€7”

= 18 6)— _% s

q yy(q ) \/E?_ qb(ql) Q/GE

rnx?
2 /Ooe_ 37 cosm(s +i)x
3 0 2mwx _2nx
V3 + e ot -4 o gteq deits
= g18 6)— —+
q yﬁ q Q/EZ_ qb ql «/75

Adding the two results above and calculating straightforwardly, we find that

nnx2 1

) /°° e~ 3 cos %coshnx P ‘SW( 6)
+1+e 7= )

NH

(¢(q )= 1.
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Using Theorem 1 with ¢ replaced by n + %i and —n + %i, respectively, we obtain

0 o~ ”nsxz cosn(n+ Fi)x 2
f/ o dx = q% (0® + x(q3 ))_2f(§(41)_1)

T 4l4e 5
J'!nxz 2
/ooe 3 cosn(n——i)xd 9( +x( 1
X X =g wr xX\9q
V3 T4 F 2«/_

Adding the two results above and calculating straightforwardly, we find that

2

4 /00 e_nsx COS TNX coshznTx 2 1 q4 6]1
- ——dx =¢5(2x(¢3)—1)— (E(q1)—1).
V3 Tl v
Using Theorem 1 with ¢ replaced by n, 7, i, 0, ’2 g, 23’ , and %, respectively,
we obtain,
n3x o lqz
STHX 2
—dx =¢%(1— —f(q) —Loq)),
«/_/ + | —}—e_ZT ( ) «/_ 1
nnx cos X 1 1 (]117661
(48) / JTX 27rx dx = _QKW(_qE) + L U(q )
3 + 4o 5 N

_1
1

5= coshnx 2 1 9, 6
dx =¢g9 3 1__
f/ 2ﬂx+1+e 2 x X q C()(q )+ﬁ( f( ))

3

7TI’lX2 2

@ [T dr=dhetgh + Lo,
\/_ M+X1+e_T \i_
(50) / L SN N TR
V3 Tl e S «/_ !
_wnx? 7
/ b dx = ¢ p(g* )+—40(q)
«/_ 7= +14+e™ 7 N !
/ e con % dx =% p(—q3) + 2T (E(—q1) — 1),
V3 54 1 te 5" 2«/_
e 3 cos’zﬂ ql
% ez,?Tx+1+e_2,§x dx = g3 (%) + 2 NG p(q7)-

Here, using (46)—(50), we give evaluations for specific Mordell integrals and
new representations for Ramanujan’s third-order mock theta functions ¢, ¥, and w.
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Replacing n by % in (46) we obtain

00 o~ 6 cos Z* cosh ZX x _ _
(51) / e 2 mz dx =e 3s{p(e™™) = 2qy (e ™)}.
NG T4 B

Replacing n by 2 in (47) and multiplying 2 to both sides of (47), we find

(52) / - 371 cosnxcosLthxd %{2(]1#(6 ) _ ¢(e_”)—|—1}
NG +14e 73

Adding (51) and (52), we obtain

00 _rrxz X X ) _271)(2
4 e~ 6 cos 5= cosh 5= e~ 3 cosmxcoshmx =z
- 2ﬂ dx+ 2 dx |=e 3.
0 0

\/g 2 x 2mx

Thlde S Thl4e S
Replacing 7 by 2 in (48) and replacing 7 by 1 5 in (50), we obtain

3 COS TX x e 2™
53 / dx =—e 3y (—e ")+ v(e™™
&) V3 + e vEe™ V2 ™)
- 6 hH b4 T
(54) / cos 2 _dx=e¢3v(e ™) - V2e25y (—e™7).
V3 T hl4e T

Comparing (53) and (54), we have

271x2 3 _7!X2
/°° e~ "3 cosmx e 8T [ 776 cosh%
0

X =
sz+1+e_me V2 Jo ezﬂTx-i-l—i-e_]fo
Ramanujan [1988] recorded

(=4 =) oo
O
which was proved by Watson [1936]. The right-hand side of (55) can be expressed in

terms of theta functions. Using (51), (52), and (55), we obtain new representations
for ¢ and ¥ which are

(55) ¢(q) +2v(q) =

- =ie% e~ =g cos 5= cosh 5+ l(—e‘”;—e‘”)oo
¢( ) 2 x 2rx —7 —m)2
V3 Jo e flte S 2 (e7™; —e"T)2,
2nx
1 = [ e_ 3 cosmxcoshmx 1 (—e ™ ™;—e™ "
w(e—ﬂ)z__esz — X+—( — — )200
V3 0 T l4e 5 4 (e7™ —e )5,

Replacing n by 1 in (49), we obtain a new representation for w, namely,

JTXZ

1 T o0 e 3
w(—e ") = —623[ e —5nx dx.
0 +14e 73
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THE D-TOPOLOGY FOR DIFFEOLOGICAL SPACES

J. DANIEL CHRISTENSEN, GORDON SINNAMON AND ENXIN WU

Diffeological spaces are generalizations of smooth manifolds which include
singular spaces and function spaces. For each diffeological space, Iglesias-
Zemmour introduced a natural topology called the D-topology. However,
the D-topology has not yet been studied seriously in the existing literature.
In this paper, we develop the basic theory of the D-topology for diffeological
spaces. We explain that the topological spaces that arise as the D-topology
of a diffeological space are exactly the A-generated spaces and give results
and examples which help to determine when a space is A-generated. Our
most substantial results show how the D-topology on the function space
C*(M, N) between smooth manifolds compares to other well-known topol-

ogies.
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1. Introduction

Smooth manifolds are some of the most important objects in mathematics. They
contain a wealth of geometric information, such as tangent spaces, tangent bundles,
differential forms, de Rham cohomology, etc., and this information can be put to
great use in proving theorems and making calculations. However, the category of
smooth manifolds and smooth maps is not closed under many useful constructions,
such as subspaces, quotients, function spaces, etc. On the other hand, various
convenient categories of topological spaces are closed under these constructions,
but the geometric information is missing. Can we have the best of both worlds?
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Since the 1970s, the category of smooth manifolds has been enlarged in several
different ways to a well-behaved category as described above, and these approaches
are nicely summarized and compared in [Stacey 2011]. In this paper, we work with
diffeological spaces, which were introduced by J. Souriau [1980; 1984], and in
particular we study the natural topology that any diffeological space has.

A diffeological space is a set X along with a specified set of maps U — X for
each open set U in R" and each n € N, satisfying a presheaf condition, a sheaf
condition, and a nontriviality condition (see Definition 2.1). Given a diffeological
space X, the D-topology on X is the largest topology making all of the specified
maps U — X continuous. In this paper, we make the first detailed study of the
D-topology. Our results include theorems giving properties and characterizations
of the D-topology as well as many examples which show the behavior that can
occur and which rule out some natural conjectures.

Our interest in these topics comes from several directions. First, it is known that
the topological spaces which arise as the D-topology of diffeological spaces are
precisely the A-generated spaces [Shimakawa et al. 2010], which were introduced
by Jeff Smith as a possible convenient category for homotopy theory and were
studied in [Dugger 2003; Fajstrup and Rosicky 2008]. Some of our results help
to further understand which spaces are A-generated, and we include illustrative
examples.

Second, for any diffeological spaces X and Y, the set C*°(X, Y) of smooth
maps from X to Y is itself a diffeological space in a natural way and thus can be
endowed with the D-topology. Since the topology arises completely canonically, it
is instructive to compare it with other topologies that arise in geometry and analysis
when X and Y are taken to be smooth manifolds. A large part of this paper is devoted
to this comparison, and again we give both theorems and illustrative examples.

Finally, this paper arose from work on the homotopy theory of diffeological
spaces [Christensen and Wu 2014] and can be viewed as the topological groundwork
for this project. It is for this reason that we need to focus on an approach that
produces a well-behaved category, rather than working with a theory of infinite-
dimensional manifolds, such as the one thoroughly developed in the book [Kriegl
and Michor 1997]. We will, however, make use of results from that book, as many
of the underlying ideas are related.

Here is an outline of the paper, with a summary of the main results:

In Section 2, we review some basics of diffeological spaces. For example, we
recall that the category of diffeological spaces is complete, cocomplete and cartesian
closed, and that it contains the category of smooth manifolds as a full subcategory.
Moreover, like smooth manifolds, every diffeological space is formed by gluing
together open subsets of R", with the difference that n can vary and that the gluings
are not necessarily via diffeomorphisms.
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In Section 3, we study the D-topology of a diffeological space, which was intro-
duced by Iglesias-Zemmour in [1985]. We show that the D-topology is determined
by the smooth curves (Theorem 3.7), while diffeologies are not (Example 3.8). We
recall a result of [Shimakawa et al. 2010] which says that the topological spaces
arising as the D-topology of a diffeological space are exactly the A-generated
spaces (Proposition 3.10). We give a necessary condition and a sufficient condition
for a space to be A-generated (Propositions 3.4 and 3.11) and show that neither is
necessary and sufficient (Proposition 3.12 and Example 3.14). We can associate
two topologies to a subset of a diffeological space. We discuss some conditions
under which the two topologies coincide (Lemmas 3.17 and 3.18, Proposition 3.21,
and Corollary 4.15).

Section 4 contains our most substantial results. We compare the D-topology
on function spaces between smooth manifolds with other well-known topologies.
The results are (1) the D-topology is almost always strictly finer than the compact-
open topology (Proposition 4.2 and Example 4.5); (2) the D-topology is always
finer than the weak topology (Proposition 4.4) and always coarser than the strong
topology (Theorem 4.13); (3) we give a full characterization of the D-topology as
the smallest A-generated topology containing the weak topology (Theorem 4.7);
(4) as a consequence, we show that the weak topology is equal to the D-topology
if and only if the weak topology is locally path-connected (Corollary 4.9); (5) in
particular, when the codomain is R” or the domain is compact, the D-topology
coincides with the weak topology (Corollary 4.10 and Corollary 4.14), but not
always (Example 4.6).

All smooth manifolds in this paper are assumed to be Hausdorff, finite-dimen-
sional, second-countable and without boundary.

2. Background on diffeological spaces

Here is some background on diffeological spaces. While we often cite early sources,
almost all of the material in this section is in the book [Iglesias-Zemmour 2013],
which we recommend as a good reference.

Definition 2.1 [Souriau 1984]. A diffeological space is a set X together with a
specified set @ x of maps U — X (called plots) for each open set U in R" and for
each n € N, such that for all open subsets U C R" and V € R™:

(1) (Covering) Every constant map U — X is a plot.

(2) (Smooth compatibility) If U — X is a plot and V — U is smooth, then the
composition V — U — X is also a plot.

(3) (Sheaf condition) If U = | J; U; is an open cover and U — X is a set map such
that each restriction U; — X is a plot, then U — X is a plot.
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We usually use the underlying set X to denote the diffeological space (X, D).

Definition 2.2 [Souriau 1984]. Let X and Y be two diffeological spaces, and let
f:X — Y be aset map. We say that f is smooth if for every plot p : U — X of X,
the composition f o p is a plot of Y.

The collection of all diffeological spaces with smooth maps forms a category,
which we denote Diff. Given two diffeological spaces X and Y, we write C*°(X, Y)
for the set of all smooth maps from X to Y. An isomorphism in Diff will be called
a diffeomorphism.

Every smooth manifold M is canonically a diffeological space with the same
underlying set and plots taken to be all smooth maps U — M in the usual sense.
We call this the standard diffeology on M. By using charts, it is easy to see that
smooth maps in the usual sense between smooth manifolds coincide with smooth
maps between them with the standard diffeology. This gives the following standard
result, which can be found, for example, in [Iglesias-Zemmour 2013, Section 4.3].

Theorem 2.3. There is a fully faithful functor from the category of smooth manifolds
to Diff.

From now on, unless we say otherwise, every smooth manifold considered as a
diffeological space is equipped with the standard diffeology.

Proposition 2.4 [Iglesias-Zemmour 1985]. Given a set X, let 9 be the set of all
diffeologies on X ordered by inclusion. Then % is a complete lattice.

This follows from the fact that 9 is closed under arbitrary (small) intersection.
The largest element in 9D is called the indiscrete diffeology on X, which consists of
all set maps U — X, and the smallest element in & is called the discrete diffeology
on X, which consists of all locally constant maps U — X.

The smallest diffeology on X containing a set of maps A = {U; — X}ies i
called the diffeology generated by A. It consists of all maps f : V — X such that
there exists an open cover {V;} of V with the property that f restricted to each
V is either constant or factors through some element U; — X in A via a smooth
map V; — U;. The standard diffeology on a smooth manifold is generated by any
smooth atlas on the manifold. For every diffeological space X, @y is generated by
Unen CX(R?, X).

Generalizing the previous paragraph, let A ={f; : X; — X} ¢, be a set of func-
tions from some diffeological spaces to a fixed set X. Then there exists a smallest
diffeology on X making all f; smooth, and we call it the final diffeology defined by
A. For a diffeological space X with an equivalence relation ~, the final diffeology
defined by the quotient map {X — X /~} is called the quotient diffeology. Similarly,
let B={gi:Y — Yi}rek be asetof functions from a fixed set ¥ to some diffeological
spaces. Then there exists a largest diffeology on Y making all g smooth, and we
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call it the initial diffeology defined by B. For a diffeological space X and a subset
A of X, the initial diffeology defined by the inclusion map {A < X} is called the
subset diffeology. More generally, we have the following well-known result:

Theorem 2.5. The category Diff is both complete and cocomplete.

This is proved in [Baez and Hoffnung 2011] but can be found implicitly in
earlier work. We give a brief sketch here. The forgetful functor Diff — Get to
the category of sets preserves both limits and colimits since it has both left and
right adjoints, given by the discrete and indiscrete diffeologies. The diffeology on
the (co)limit is the initial (final) diffeology defined by the natural maps. In more
detail, let F : J — Diff be a functor from a small category J and write F for the
composite J — Diff — Get. Then U — lim F is a plot if and only if the composite
U — lim F — F(j) is a plot of F(j) for each j € Obj(J). It is not hard to check
directly that lim F with this diffeology is lim F. Similarly, p : U — colim F is a
plot if and only if there is an open cover {U;} of U such that the restriction p|y,
factors as U; — F(j) — colim F for some j € Obj(J), with the first map a plot
of F(j). Itis not hard to check directly that colim F with this diffeology is colim F.

The category of diffeological spaces also enjoys another convenient property:

Theorem 2.6 [Iglesias-Zemmour 1985]. The category Diff is cartesian closed.

Given two diffeological spaces X and Y, the set of maps
({U— C®(X,Y) | U x X — Y is smooth}

forms a diffeology on C*°(X, Y). We call it the functional diffeology on C*°(X,Y),
and we always equip hom-sets with the functional diffeology. Furthermore, for
each diffeological space Y, — x Y : Diff = Diff : C*°(Y, —) is an adjoint pair.

A smooth manifold of dimension n is formed by gluing together some open
subsets of R"” via diffeomorphisms. A diffeological space is also formed by gluing
together open subsets of R" (with the standard diffeology) via smooth maps, possibly
for all n € N. To make this precise, we introduce the following concept:

Let 9 be the category with objects all open subsets of R" for all n € N and
morphisms the smooth maps between them. Given a diffeological space X, we
define 9/ X to be the category with objects all plots of X and morphisms the

commutative triangles
U N Vv
N /o
X

with p, g plots of X and f a smooth map. We call 9%/ X the category of plots
of X. It is equipped with a forgetful functor F : 9¥/X — Diff sending a plot
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U — X to U regarded as a diffeological space and sending the morphism displayed
above to f. We can use F to show that any diffeological space X can be built out
of Euclidean spaces.

Proposition 2.7. The colimit of the functor F : 929/ X — Diff is X.

Proof. Clearly there is a natural cocone FF — X sending the above commutative
triangle to itself. For each diffeological space Y and cocone g : F — Y, we define
asetmap h: X — Y by sending x € X to g(x)(R"), where by abuse of notation
the second x denotes the plot R® — X with image x € X. Note that / induces a
(unique) cocone map since A(p(u)) = g(p(u)) = g(p) ou for each plot p: U — X
and each u € U, which also implies the smoothness of /. U

The result is essentially the same as [Iglesias-Zemmour 2013, Exercise 33].

Given a diffeological space X, the category &%/ X can be used to define geo-
metric structures on X. See [Iglesias-Zemmour 2013; Souriau 1985; Laubinger
2006] for a discussion of differential forms and the de Rham cohomology of a
diffeological space, and see [Hector 1995; Laubinger 2006] for tangent spaces and
tangent bundles.

3. The D-topology

We can associate to every diffeological space the following interesting topology:

Definition 3.1 [Iglesias-Zemmour 1985; 2013, Chapter 2]. Given a diffeological
space X, the final topology induced by its plots, where each domain is equipped
with the standard topology, is called the D-fopology on X.

In more detail, if (X, @) is a diffeological space, then a subset A of X is open in
the D-topology of X if and only if p~'(A) is open for each p € %. We call such
subsets D-open. If 9 is generated by a subset @', then A is D-open if and only if
p~'(A) is open for each p € &'

A smooth map X — X’ is continuous when X and X’ are equipped with the
D-topology, and so this defines a functor D : Diff — Top to the category of
topological spaces.

Example 3.2. (1) The D-topology on a smooth manifold with the standard diffeol-
ogy coincides with the usual topology on the manifold.

(2) The D-topology on a discrete diffeological space is discrete, and the D-
topology on an indiscrete diffeological space is indiscrete.

Every topological space Y has a natural diffeology, called the continuous diffeol-
ogy, whose plots U — Y are the continuous maps. This was defined in [Donato
1984, Section 2.8]. A continuous map ¥ — Y’ between topological spaces is smooth
when Y and Y’ are equipped with the continuous diffeology, and so this defines a
functor C : Top — Diff.
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Proposition 3.3. The functors D : Diff = Top : C are adjoint, and we have
CoDoC=Cand DoCoD=D.

Proof. The adjointness is [Shimakawa et al. 2010, Proposition 3.1], and the rest is
easy. (I

Proposition 3.4 [Hector 1995; Laubinger 2006]. For each diffeological space, the
D-topology is locally path-connected.

However, not every locally path-connected space comes from a diffeological
space; see Example 3.14.

3.1. The D-topology is determined by smooth curves.

Definition 3.5. We say that a sequence x,, in R" converges fast to x in R" if for
each k € N the sequence m*(x,, — x) is bounded.

Note that every convergent sequence has a subsequence which converges fast.

Lemma 3.6 (Special Curve Lemma [Kriegl and Michor 1997, p. 18]). Let x,, be a
sequence which converges fast to x in R". Then there is a smooth curve ¢ : R — R"
such that ¢(t) = x fort <0, c(t) = x; fort > 1, c(1/m) = x,, for eachm € 7+,
and ¢ maps [1/(m + 1), 1/m] to the line segment joining x,,+1 and x,.

Theorem 3.7. The D-topology on a diffeological space X is determined by the set
C*®(R, X), in the sense that a subset A of X is D-open if and only if p~'(A) is
open for every p € C*°(R, X).

Proof. (=) This follows from the definition of the D-topology.

(<) Suppose that p~!(A) is open for every p € C®(R, X). Consider a plot
g :U — X, and let x € g~ '(A). Suppose that {x,,} converges fast to x. By the
Special Curve Lemma, there is a smooth curve ¢ : R — U such that ¢(1/m) = x,, for
each m and ¢(0) = x. Since c "' (g~!(A)) is open, x,, is in g ' (A) form sufficiently
large. So ¢~'(A) is open in U. ]

Example 3.8. Let X be R? with the standard diffeology, and let Y be the set R? with
the diffeology generated by C*®(R, R?). Then D(X) is homeomorphic to D(Y)
since C*(R, X) =C*(R, Y), but X and Y are not diffeomorphic since the identity
map R? — R? does not locally factor through curves. In other words, the D-topology
is determined by smooth curves, but the diffeology is not.

In this example, Y has the smallest diffeology such that C*®(R, R?) consists of
the usual smooth curves. In contrast, by Boman’s theorem [Kriegl and Michor 1997,
Corollary 3.14], X has the largest diffeology such that C*®(R, R?) consists of the
usual smooth curves. That is, p : U — X is a plot if and only if for every smooth
function ¢ : R — U, the composite p oc is in C*(R, X).
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3.2. Relationship with A-generated topological spaces. Write A" for the standard
n-simplex in Top.

Definition 3.9. A topological space X is called A-generated if the following
condition holds: A C X is open if and only if f~!(A) is open in A" for each
continuous map f : A” — X and eachn € N.

It is not hard to show that being A-generated is the same as being R-generated
or [0, 1]-generated; that is, one can determine the open sets of a A-generated space
using just the continuous maps R — X or [0, 1] — X. This follows from the
existence of a surjective continuous map R — A" that exhibits A" as a quotient
of R. Note the similarity to Theorem 3.7. More on A-generated topological spaces
can be found in [Dugger 2003; Fajstrup and Rosicky 2008].

Proposition 3.10 [Shimakawa et al. 2010]. The spaces in the image of the functor D
are exactly the A-generated topological spaces.

Since the argument is easy, we include a proof.

Proof. Let X be a diffeological space, and consider A € D(X). Suppose f~!(A)
is open in R for all continuous f : R — D(X). Then f1(A) is open in R for all
smooth f : R — X. Thus A is open in D(X), and so D(X) is A-generated.
Suppose that Y is A-generated. By adjointness, the identity map D(C(Y)) — Y
is continuous. We claim that it is a homeomorphism, and so Y is in the image of D.
Indeed, suppose A € D(C(Y)) is open. Thatis, f~!(A) is open in R for all smooth
f:R— C(Y). Thatis, f~'(A) is open in R for all continuous f : R — Y. Then,
since Y is A-generated, A is openin Y. (]

Because of this, it will be helpful to better understand which topological spaces
are A-generated.

Proposition 3.11. Every locally path-connected first-countable topological space
is A-generated.

Proof. Let (X, t) be a locally path-connected first-countable topological space.
Then for each x € X, there exists a neighborhood basis {A;}7°, of x such that

(1) each A; is path-connected; and
(2) Aiq1 C AL

This is because for a neighborhood basis {B;}72, of x, we can define A; to be the

path-component of By containing x and A; to be the path-component of A;_; N B;
containing x for i > 2. Since X is locally path-connected, each A; is open.

Now let 7’ be the final topology on X for all continuous maps A" — (X, t) for
all n € N. Clearly t € t’. Suppose A is not in . This means that there exists x € A
such that for each U € © which is a neighborhood of x, there exists xy € U \ A.
Let {A;}72, be a neighborhood basis for x with the above two properties, and
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write x, € A, \ A accordingly. Define f : [0, 1] — X by letting f{1/i+1),1/i) be a
continuous path connecting x; 4 to x; in A;, and f(0) = x. It is easy to see that f
is continuous for (X, ), but f~!(A) is not openin [0, 1]. So Aisnotin /. O

It follows from Propositions 3.4 and 3.10 that every A-generated space is locally
path-connected. However, not every A-generated space is first-countable.

Proposition 3.12. Let X be a set with the complement-finite topology. We write
card(X) for its cardinality. Then

(1) X is A-generated if card(X) < card(N) or card(X) > card(R);
(2) X is not A-generated if card(X) = card(N).

Note that X is not first-countable when card(X) > card(R). This provides a
counterexample to the converse of Proposition 3.11.

Proof. (1) If X is a finite set, then the complement-finite topology is the discrete
topology. Hence X is A-generated.

Assume card(X) > card(R), and let B be a nonclosed subset of X, thatis, B #£ X
and card(B) > card(N). We must construct a continuous map f : R — X such
that £~!(B) is not closed in R. Note that in this case, every injection R — X is
continuous.

Take an injection f : {1/n},cz+ — B. We can extend this to an injection
f :R— X with f(0) € X\ B. This map is what we are looking for.

(2) If card(X) = card(N), then every continuous map [0, 1] — X is constant.
Otherwise, since every point in X is closed, [0, 1] would be a disjoint union of at
least two and at most countably many nonempty closed subsets, which contradicts
a theorem of Sierpiniski (see, e.g., [van Mill 2001, A.10.6] or the slick argument
posted by Gowers [2010]). Since X is not discrete, it is not A-generated. O

Remark 3.13. Assume the continuum hypothesis. Then the above proposition says
that a set X with the complement-finite topology is A-generated if and only if X is
not an infinite countable set.

Here is an example showing that not every locally path-connected topological
space is the D-topology of a diffeological space:

Example 3.14. As a set, let X be the disjoint union of copies of the closed unit
interval indexed by the set J of countable ordinals. We write elements in X as x,
withx € [0, 1] and a € J. Let Y be the quotient set X /~, where the only nontrivial
relations are 1, ~ 1, for all @, b € J. Since we will only work with Y, we denote
the elements of Y in the same way as those of X. The topology on Y is generated
by the following basis:
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(1) the open interval (x,, y,) foreachO<x <y <landae€ J;
(2) the set Ug,x :=(Uy<pes (05> 15])U(Ueoq (xe, 1c]) foreacha € J and x € [0, 1).

One can show that Y is locally path-connected (but not first-countable). However,
Y is not A-generated. Indeed, let A = UaEJ(Oa, 1,]. Then A is not open in Y. For
every continuous map f : A" — X, we claim that f~!(A) is open in A”. Otherwise,
there exists u € f ! (A) such that no open neighborhood of u is contained in f~!(A).
Since the intervals (x,, y,) are open, we must have f(u) = 1,, the common point.
Choose a sequence (u;) converging to u such that each u; is not in f~'(A). Then
f(u;) =0, for some countable ordinals ;. Let b be a countable ordinal larger than
each b;. Then Uy o is an open set containing f («) but none of the f(u;), so f(u;)
is not convergent to f(u) = 1,, which contradicts the continuity of f.

3.3. Two topologies related to a subset of a diffeological space. Let X be a diffe-
ological space, and let Y be a quotient set of X. Then we can give Y two topologies:

(1) the D-topology of the quotient diffeology on Y;
(2) the quotient topology of the D-topology on X.

Since D : Diff — Top is a left adjoint, these two topologies are the same.
Similarly, let X be a diffeological space, and let A be a subset of X. Then we
can give A two topologies:

(1) 71(A): the D-topology of the subset diffeology on A;
(2) 1(A): the subtopology of the D-topology on X.

However, these two topologies are not always the same. In general, we can only
conclude that 7,(A) C 71 (A).

Example 3.15. (1) Let A be a subset of R. Then 71 (A) is discrete if and only if A is
totally disconnected under the subtopology of R. In particular, if A = (D, then 7;(Q)
is the discrete topology, which is strictly finer than the subtopology 7 (Q).

(2) Let f : R — R be a continuous and nowhere differentiable function, and let
A ={(x, f(x)) | x € R} be its graph, equipped with the subset diffeology of R2.
Then t;(A) is the discrete topology, which is strictly finer than the subtopology
of R%. Here is the proof. Let g : R — R? be a smooth map whose image is in A,
and define y,z : R — R by g(#) = (y(¢), z(¢)). Assume that y'(a) # O for some
a € R. Then by the inverse function theorem, y : R — R is a local diffeomorphism
around a. Since Im(g) € A, we have z = f o y, which implies that f =z 0 y~!
around y(a), contradicting nowhere-differentiability of f. Therefore, any plot of
the form R — A is constant. By Theorem 3.7, 71 (A) is discrete. On the other hand,

the subtopology 12(A) is homeomorphic to the usual topology on R.
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Definition 3.16 [Iglesias-Zemmour 2013, 2.14]. When t;(A) = 12(A), we say
that A is an embedded subset of X.

We are interested in conditions under which this holds.

Lemma 3.17. Let A be a convex subset of R". Then A is an embedded subset
of R".

Proof. Following the idea of the proof of [Kriegl and Michor 1997, Lemma 24.6(3)],
let B C A be closed in the 71 (A)-topology, and let B be the closure of B in A for
the 1, (A)-topology. Note that the 7, (A)-topology is the same as the subtopology
of R". Hence, for any b € B, we can find a sequence b, in B which converges fast
to b. Since A is convex, the Special Curve Lemma (Lemma 3.6) says that there
is a smooth curve ¢ : R — A such that ¢(0) = b and ¢(1/n) = b, for eachn € Z*.
Therefore, b € B by the definition of the D-topology. O

Lemma 3.18. If A is a D-open subset of a diffeological space X, then A is an
embedded subset of X.

Proof. Let B be in 71(A). To show that B is in 72(A), it suffices to show that B is
D-openin X. Let p: U — X be an arbitrary plot of X. Since A is D-open in X,
p~1(A) is an open subset of U. Hence, the composition of p N (A)—>U— Xis
also a plot for X, which factors through the inclusion map A < X. Since B € t1(A),
(plp—l(A))il(B) is open in p*I(A), which implies that p*I(B) is open in U. Thus
B is D-open in X, as required. |

Example 3.19. GL(n, R) is D-openin M (n, R) = R”z, so it is an embedded subset.

Also see Corollary 4.15 for another example. Note that Lemma 3.18 is not true
if we change D-open to D-closed.

Example 3.20. Let A = {1/n},cz+ U{0} C R. Then A is D-closed in R. It is easy
to check that 71 (A) is discrete and is strictly finer than 75 (A).

Proposition 3.21. Let X be a diffeological space and let A be a subset of X. If
there exists a D-open neighborhood C of A in X together with a smooth retraction
r:C — A, then A is embedded in X. (Here both C and A are equipped with the
subset diffeologies from X.)

Proof. Let B € 1;(A). Then r~'(B) € 7,(C) = 1o(C) is D-open in X. Therefore,
B=ANr"Y(B) e nn(A). O

Example 3.22. Given a smooth manifold M of dimension n > 0, by the strong
Whitney embedding theorem, there is a smooth embedding M < R>*. If we
view M as a subset of R?", then it is an embedded subset, since there is an open
tubular neighborhood U of M in R*" together with a smooth retraction U — M.
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4. The D-topology on function spaces

Let M and N be smooth manifolds. Recall that the set C>°(M, N) of smooth maps
from M to N has a functional diffeology described just after Theorem 2.6. In
this section, we consider the topological space obtained by taking the D-topology
associated to this diffeology, and we compare it to other well-known topologies on
this set: the compact-open topology, the weak topology, and the strong topology.

Here is a review of these three topologies and their relationship. The books
[Hirsch 1976; Kriegl and Michor 1997; Michor 1980] are good references for the
weak and strong topologies.

The compact-open topology on C*°(M, N) has a subbasis which consists of the
sets A(K, W)={f e C®*(M,N) | f(K)C W}, where K is a nonempty compact
subset of M and W is an open subset of N. (This makes sense for any diffeological
spaces M and N, where K is then required to be compact in D(M) and W to be
open in D(N).)

We now describe a subbasis for the weak topology on C*°(M, N). For r € N,
(U, ¢) a chart of M, (V,¢) a chart of N, K C U compact, f € C*(M, N)
with f(K) C V, and € > 0, we define the set N"(f, (U, ¢), (V,¥), K, €) to be
{§€C™(M,N)|g(K)CV and | D' (Yo fod™!)(x)— D (Yogop™")(x)| <e for
each x € ¢ (K) and each multi-index i with |i| < r}. These sets form a subbasis for
the weak topology. Here i = (i1, ..., i,;) is @ multi-index in N”* with m = dim(M),
li| =iy +---+im, and D' is the differential operator 3/ /(8x!" - - - dxiy).

A subbasis for the strong topology on C*°(M, N) is similar, but it allows con-
straints using multiple charts. More precisely, if N"(f, (U;, ¢:), (Vi, Vi), K, €;) is
a family of subbasic sets for the weak topology such that the collection {U;} is locally
finite, then the intersection of this family is a subbasic set for the strong topology.
In fact, one can show that these intersections form a base for the strong topology.

Each of these is at least as fine as the previous one, that is,

compact-open topology € weak topology C strong topology.

The first inclusion is proved in Lemma A.2, and the second is clear. The compact-
open topology and the weak topology coincide if and only if M or N is zero-
dimensional (see Example 4.5). Moreover, the weak topology and the strong
topology coincide if the domain M is compact and are different if M is noncompact
and N has positive dimension (see [Hirsch 1976, pp. 35-36]).

Now we start our comparison of the D-topology with these topologies. The
following lemma is needed for the subsequent proposition.

Lemma 4.1. Let X and Y be two diffeological spaces such that D(X) is locally
compact Hausdorff. Then the natural bijection D(X x Y) — D(X) x D(Y) is a
homeomorphism.
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Note that when X is a smooth manifold, D(X) is locally compact Hausdorff.

Proof. First observe that the natural bijection D(U x V) — D(U) x D(V) is a
homeomorphism for U and V open subsets of Euclidean spaces, since in this case the
D-topology is the usual topology. The functors D : Diff — Top, Z x — : Diff — Diff
for any diffeological space Z and W x — : Top — Top for any locally compact
Hausdorff space W all preserve colimits since they are left adjoints. Thus the claim
follows from Proposition 2.7, using that D(X) is locally compact Hausdorff, as is
each D(U) for U an open subset of some Euclidean space. O

For general X and Y, one can show using a similar argument that the D-topology
on D(X x Y) corresponds under the bijection above to the smallest A-generated
topology containing the product topology on D(X) x D(Y).

Proposition 4.2. For diffeological spaces X and Y, the D-topology on C*°(X,Y)
contains the compact-open topology.

This result is a stepping stone to proving the stronger statement that the
D-topology contains the weak topology.

Proof. Recall that the compact-open topology has a subbasis which consists of the
sets A(K, W)={f e C®(X,Y) | f(K) C W}, where K is a nonempty compact
subset of D(X) and W is an open subset of D(Y). We will show that each A(K, W)
is D-open. Let ¢ : U — C*(X, Y) be a plot of C*°(X, Y). Since the corresponding
map ¢ :U x X — Y is smooth, ¢~ (W) is open in D(U x X). So for each
u e ¢ '(A(K,W)), {u} x K is in the open set ¢~ '(W). Note that the natural
map D(U x X) - D(U) x D(X) is a homeomorphism by Lemma 4.1. By the
compactness of K and the definition of the product topology, V x K € ¢~ (W) for
some open neighborhood V of u in U, which implies that ¢ ~'(A(K, W)) is open
in U. Thus A(K, W) is open in the D-topology. U

We will see in Example 4.5 that the D-topology is almost always strictly finer
than the compact-open topology.

The next lemma will be used to show that the D-topology contains the weak
topology for function spaces between smooth manifolds.

Lemma 4.3. Let U be an open subset in R" and let i be a multi-index in N". Then
D' : C®(U,R) — C®(U, R) is smooth.

Proof. Let ¢ : V — C*®(U,R) be a plot with dim(V) = m. This means that
the associated map ¢V x U — R defined by d(v, u) = ¢(v)(u) is smooth.
Write j for the multi-index (0,,, i) € N™*"_ with 0,, a sequence of m zeros. Then
D/ (¢): V x U — R is smooth. Since D/ (¢)(v, u) = D' (¢ (v))(u), D' 0 is a plot,
which implies the smoothness of D', O
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Note that the smoothness of D does not imply its continuity in general. It is an
easy exercise that for |i| > 0 and n > 0, D' is not continuous in the compact-open
topology but is continuous in both the weak and strong topologies.

Now we can compare the D-topology with the weak topology for function spaces
between smooth manifolds.

Proposition 4.4. Let M and N be smooth manifolds. Then the D-topology on
C°(M, N) contains the weak topology.

Proof. Recall that the weak topology on C*°(M, N) has the sets
N'(f. (U, 9), (V. ¥), K, €),

described at the beginning of Section 4, as a subbasis.
Let p: W — C*(M, N) be a plot, that is,

p:WxM— N givenby p(w, x) = p(w)(x)

is smooth. If w € p~'(N"(f, (U, ¢), (V,¥), K, €)), then by Proposition 4.2,
Lemma 4.3, and the facts that ¢ and ¢ are diffeomorphisms, only finitely many
differentials are considered, K is compact and V is open, it is not hard to see that
there exists an open neighborhood W’ of w in W such that

W' S p ' (N'(f. (U.¢). (V. 9). K, €)).
Therefore, N (f, (U, ¢), (V,¥), K, €) is D-open. |

Since the weak topology is almost always strictly finer than the compact-open
topology, so is the D-topology.

Example 4.5. The D-topology on C*°(R, R) is strictly finer than the compact-open
topology. To prove this, consider U = Nl(f), (R, id), (R, id), [—1, 1], 1), where 0is
the zero function. This is open in the weak topology and thus is open in the
D-topology. We claim that no open neighborhood of 0in the compact-open topology
of C*°(R, R) is contained in U. Otherwise, we may assume 0c AK, (—€,6))CU
for some € > 0 and some compact K, since if0 e AKy, Wp)N---NA(K,,, W,),
then 0 € W; for each i and

OGA(KIU"’UKm, Wlm"'me)gA(Klv Wl)m"'mA(Kmy Wm)

Then clearly f : R — R defined by f(x) = (¢/2) sin(2x/¢) is in A(K, (—¢, €)) for
any K. But f is not in U since f'(0) = 1.

Using a similar argument, with bump functions, one can show that when M
and N are smooth manifolds of dimension at least 1, then the weak topology is
strictly finer than the compact-open topology. Thus the D-topology is strictly finer
than the compact-open topology in this situation.
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In general, the weak topology is different from the D-topology on C*°(M, N).

Example 4.6. (1) Let N and {0, 1} be equipped with the discrete diffeologies.
Let f : N — {0, 1} be the constant function sending everything to 0, and let
fu N — {0, 1} be defined by f,7'(0) = {0, 1, ..., n}. Note that f, converges to f
in the weak topology for the following reason. Since each element in the subbasis
of the weak topology depends only on the values of the function and its derivatives
on a compact subset of N, any of them containing f must contain all f, for n large
enough.

On the other hand, we claim that for each n there does not exist a continuous path
F:[0,1] > C*(N, {0, 1}) with F(0) = f,, and F (1) = f, where the codomain
is given the weak topology. Since the weak topology contains the compact-open
topology, such an F gives rise to a continuous function [0, 1] x N — {0, 1}, that is,
a homotopy from D( f,,) to D(f). Since these maps are clearly not homotopic, no
such F exists.

Thus the weak topology is not locally path-connected. It follows from Proposition
3.4 that the weak topology is different from the D-topology on C*°(N, {0, 1}).

The above argument in fact shows that every continuous path in C*°(N, {0, 1})
with respect to a topology containing the compact-open topology is constant. In
particular, this holds for the D-topology, and since the D-topology is A-generated,
it must be discrete.

(2) Let X be a countable disjoint union of copies of S'; that is, X = [ [,y X; with
each X; = S!. Then the weak topology on C*®(X, S') is not locally path-connected,
by a similar argument with f : X — S! defined by f|y, =id: X; — S! and
fn: X — S! defined by

id ifi=0,1,...,n,
—id otherwise.

fan,— = {

(3) The weak topology on C ®(R2\ ({0} x Z), S!) is not locally path-connected, by
a similar argument with f : R?\ ({0} x Z) — S! defined by

1— eZn(x—Hy)
fl,y)= T

and f, : R?\ ({0} x Z) — S defined by
fn(xv )’) = f(x’ ¢n()’)),

where ¢, : R — R is a strictly increasing smooth function with ¢, () = ¢ for |t| <n
and |¢, ()| <n+1 for all ¢.

These examples all show that the weak topology is not locally path-connected,
and, in particular, that it is not A-generated. The D-topology is a A-generated
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topology containing the weak topology, and the following theorem says that, given
this, it is as close to the weak topology as possible.

Theorem 4.7. For M and N smooth manifolds, the D-topology on C*°(M, N) is
the smallest A-generated topology containing the weak topology.

Proof. First note that by Proposition 4.4, the D-topology contains the weak topology,
and by Proposition 3.10, the D-topology is A-generated. So we must prove that the
D-topology on C* (M, N) is contained in every A-generated topology containing
the weak topology.

So let T be a A-generated topology containing the weak topology and assume that
A C C*®(M, N) is not open in 7. Since T is A-generated, there is a T-continuous
map p : R— C>®(M, N) such that p~!(A) is not open in R. Since T contains the
weak topology, p is weakly continuous. By composing with a translation in R, we
can assume that O is a noninterior point of p_1 (A). Thus we can find a sequence f,
of real numbers converging to 0 so that p(z,) € A for each r. By Theorem A.5,
there is a smooth curve g : R — C®(M, N) such that g(27/) = p(t;) ¢ A for
each j and ¢(0) = p(0). This shows that A is not open in the D-topology. (]

Since every A-generated space is locally path-connected (see Propositions 3.4
and 3.10), the previous result is in fact a special case of the next result.

Theorem 4.8. Let M and N be smooth manifolds. Then the D-topology on
C*®(M, N) is the smallest locally path-connected topology containing the weak
topology.

Proof. Suppose 7 is a locally path-connected topology that contains the weak
topology, A is not T-open, and f € A is not t-interior to A. Since the weak topology
on C*®(M, N) is first-countable, there is a countable weak neighborhood basis
(W;)22, of f. Contained in each W, there is a path-connected z-neighborhood 7,
of f. For each r, choose an f, € T, \ A and a t-continuous (and therefore weakly
continuous) path from f to f, lying entirely in 7, € W,. We can concatenate these
paths to produce a weakly continuous path p such that p(0) = f and p(27") = f,.
By Theorem A.5, there is a smooth curve g : R — C*°(M, N) such that ¢g(0) = f
and g(277) = Jr;- Then g~ '(A) contains 0 but not 2~/ for any j, so A is not open
in the D-topology. U

As a corollary, we have the following necessary and sufficient condition for the
weak topology to be equal to the D-topology.

Corollary 4.9. Let M and N be smooth manifolds. Then the weak topology on
C*°(M, N) coincides with the D-topology if and only if the weak topology is locally
path-connected.

Proof. This follows from Theorem 4.8 (or from Theorem 4.7, using that the weak
topology is second-countable [Hirsch 1976, pp. 35-36]). U
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This allows us to give a situation in which the D-topology and the weak topology
coincide. (See also Corollary 4.14.)

Corollary 4.10. For M a smooth manifold, the weak topology on C>*(M,R")
coincides with the D-topology.

Proof. By Lemma A.3, the weak topology on C*°(M, R") has a basis of convex
sets. A linear path is smooth and hence weakly continuous, so it follows that this
topology is locally path-connected. (Il

Our next goal is to show that the D-topology is contained in the strong topology.
We first need some preliminary results.

Lemma 4.11. Let M be a smooth manifold and let N be an open subset of RY.
Then the D-topology on C*°(M, N) is contained in any topology that contains the
weak topology and has a basis of convex sets.

Here we say that a subset of C*°(M, N) is convex if it is convex when regarded
as a subset of the real vector space C*°(M, R4).

Proof. A convex set isn’t necessarily path-connected, since linear paths may not
be continuous. Thus Theorem 4.8 doesn’t apply directly. However, in the proof of
Theorem 4.8, all that is used is that the subsets 7, are path-connected in the weak
topology. Since linear paths are smooth, they are weakly continuous, and so the
proof goes through. O

Lemma 4.12. Let M be a smooth manifold and let N be an open subset of R?.
Then C*®(M, N) is an open subspace of C>°(M, R?) when both are equipped with
the strong topology.

Proof. We first prove that the strong topology on C*°(M, N) is the subspace topol-
ogy of the strong topology on C* (M, R?). Since the inclusion map N — R¢ induces
a continuous map in the strong topologies (see [Hirsch 1976, Exercise 10(b), p. 65]),
the intersection of a strong open set in C*°(M, RY) with C®(M, N) is open in
C*>®(M, N). On the other hand, the data for each weak subbasic set A in C*°(M, N)
defines a weak subbasic set in C>°(M, R?) whose intersection with C>(M, N)
is A. Since the strong subbasic sets are certain intersections of the weak subbasic
sets, our claim follows.

Now we show that C>°(M, N) is an open subset of C*® (M, RY), following the
argument in Lemma A.2. For f € C*°(M, N), choose charts for M and N and
compact sets K; € M as described in Lemma A.1(b). Then

fe[\NO(f. Ui ¢i). (N.id), K;, 1) € C®(M, N),

i=1

where each NO(f, (U;, ¢;), (N, id), K;, 1) is understood to be a subbasic set for
C>®(M,R%). So C®(M, N) is open in the strong topology. O
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Theorem 4.13. Let M and N be smooth manifolds. Then the D-topology on
C®(M, N) is contained in the strong topology.

Proof. Choose an embedding N < R?, and let U be an open tubular neighborhood
of N in R?, so that the inclusion i : N — U has a smooth retract r : U — N.
Since i and r induce continuous maps in both the strong topology (see [Hirsch
1976, Exercise 10, p. 65]) and the D-topology (an easy argument), C*°(M, N) is
a subspace of C*°(M, U) when both are equipped with either of these topologies.
So if these topologies agree on C*°(M, U), then they agree on C*°(M, N). Thus
it suffices to prove the result when N is open in R?. Assume that this is the case.

We first prove that the strong topology on C*(M, R%) has a basis of convex
sets. If A :=("); N"(f, (Ui, ¢i), (Vi, ¥i), K, €) is a basic open set of the strong
topology, as described at the beginning of Section 4, and if g € A, then by the proof
of Lemma A.3,

ge[\N'(g. (Ui, ). (R, id), K;, €]') C A,

1

which shows that A is covered by convex strong open sets.

By Lemma 4.12, C>®*(M, N) is open in C>®°(M, R?), so it too has a basis of
convex sets. Thus, by Lemma 4.11, the D-topology on C*°(M, N) is contained in
the strong topology. (]

Corollary 4.14. Let M and N be smooth manifolds with M compact. Then the
D-topology on C*°(M, N) coincides with the weak topology.

Proof. The D-topology is trapped between the weak topology (Proposition 4.4) and
the strong topology (Theorem 4.13), and these coincide when M is compact. [J

Here is one application of our results:

Corollary 4.15. Let M be a smooth compact manifold, and let Ditff(M) be the set
of all diffeomorphisms from M to itself with the subset diffeology of C*°(M, M).
Then Dift(M) is D-open in C*°(M, M). Hence, Diff(M) is an embedded subset of
C®(M, M) (see Definition 3.16).

Proof. As mentioned in Corollary 4.14, when M is compact, the weak, strong and
D-topologies on C*° (M, M) all coincide. The first claim is then the restatement of
[Hirsch 1976, Theorem 2.1.7], and the second part follows from Lemma 3.18. [

Similarly, many results in [Hirsch 1976, Chapter 2] can be translated into results
for the D-topology.

When M is noncompact and N has positive dimension, the weak topology is dif-
ferent from the strong topology [Hirsch 1976, pp. 35-36]. Since the weak topology
and the D-topology coincide for C*° (M, R"), it follows that the D-topology and
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the strong topology are different for C°°(M, R") when M is noncompact. We can
make this explicit in the next example.

Example 4.16. It is not hard to show that the strong topology on C*°(R, R) has a
basis {Bg(f) |k €N, §:R— R" continuous, f € C®°(R, R)}, where

k

BY(f) = {g € C®(R,R) ‘ Z (FP(x) — g (x)? < 8(x) foreach x € R }
i=0

On the other hand, the D-topology agrees with the weak topology on C*®(R, R),

so it has a basis {Ef(f) |k eN, e eR", f e C®(R, R)}, where

k
BY(f) = {g € C®[R,R) ‘ Z(f“')(x) — gD (x))? < e for each x in [—k, k]}.
i=0

It follows that the strong topology is strictly finer than the D-topology on C*° (R, R).

On the other hand, it can be the case that the D-topology is different from the
weak topology but agrees with the strong topology. For example, this happens in
case (1) of Example 4.6, where it is easy to see that the strong topology is also
discrete.

Remark 4.17. The book [Kriegl and Michor 1997] also studies function spaces
between smooth manifolds, but uses a different smooth structure on the function
space to ensure that the resulting object has the desired local models. By Lemma 42.5
of that book, their smooth structure has fewer smooth curves than the diffeology
studied here, and as a result the natural topology discussed in their Remark 42.2 is
larger than the D-topology. In fact, according to that remark, it is larger than the
strong topology (which they call the WO -topology).

Appendix: The weak topology on function spaces

In this appendix, our goal is to prove a theorem about the weak topology on function
spaces which is analogous to the Special Curve Lemma (Lemma 3.6). This is
Theorem A.5. Before proving the theorem, we collect together and prove some basic
results about the weak topology on function spaces and state the following lemma.

Lemma A.1. Let M and N be smooth manifolds.

(a) There exist a locally finite countable atlas {(U;, ¢;)}ien of M and a compact
set K; C U;, for each i, such that M = | J; I%,-, where K; denotes the interior
Of Kl'.

(b) For any smooth map f : M — N, there exist {(U;, ¢;i, K;)}ien as in (a) and
a countable atlas {(V;, Vi) }ien of N such that f(K;) C V; for each .
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Recall that for M and N smooth manifolds, the weak topology on C*°(M, N)
has as subbasic neighborhoods the sets N"(f, (U, ¢), (V, ), K, €) described at
the beginning of Section 4.

Lemma A.2. Let M and N be smooth manifolds. Then the weak topology on
C>®(M, N) contains the compact-open topology.

Proof. Consider A(K, W) = {g € C*°(M, N) | g(K) € W}, where K C M is
compact and W € N is open. Let f € A(K, W). Choose charts for M and N and
compact sets K; as described in Lemma A.1(b). Choose j so that K C U'l.’zl K;.
Then

J
Fe\NOU. Wi, ). (Vi NV, i), Ki N K. 1) S ACK, W),

i=1
so A(K, W) is open in the weak topology. O

Lemma A.3. Let M be a smooth manifold. The sets N"(f, (U, ¢), (R?,id), K, €),
wherer € N, f € C*(M, Rd), (U, ¢) is a chart of M, K C U is compact and
€ > 0, form a subbasis for the weak topology on C®(M, R?Y). In particular, the
weak topology on C*® (M, RY) has a basis of convex sets.

Proof. Consider a subbasic set A := N"(f, (U, ¢), (V,¥), K, €) containing a
function g. First observe that g € A’ := N" (g, (U, ¢), (V,¥),K,€') C A for
some €', since these sets are determined by comparing finitely many norms on a
compact set. One can then show that A” := N" (g, (U, ¢), (V,id), K, €”) C A’ for
some €”, using bounds on the derivatives of ¥ on g(K). Finally, we claim that
A" :=N"(g, (U, ¢), (R?,id), K, ") € A” for some €". To see this, cover g(K)
by finitely many open balls By, ..., B, such that 2B, C V for each ¢, and let €”” be
the minimum of the radii and €”. Then if h € A”" and x € K, we have g(x) € By
for some ¢ and |g(x) —h(x)| <€”,s0 h(x) €2B, C V. O

For N open in R, we will implicitly use that the inclusion map induces a
continuous map C*°(M, N) C C*(M, R9) in the weak topologies, which follows
from the fact that the weak topology is functorial in the second variable (see [Hirsch
1976, Exercise 10(a), p. 64]). (In fact, the weak topology and the subspace topology
on C*(M, N) agree, but we won’t need this.) Although C*°(M, N) need not be
an open subset of C>°(M, R?), it has the following weaker property.

Lemma A4. Let M be a smooth manifold and let N be an open subset of R%.
If fisin C®(M, N) and K is a compact subset of M, then there is a convex basic
weak C® (M, RY)-neighborhood of f whose elements map K into N.
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Proof. The set {g € C*(M, RY) | g(K) € N} is open in the compact-open topology
on C®°(M, R?) and so is open in the weak topology by Lemma A.2. By Lemma A.3,
the weak topology on C*(M, R?) has a basis of convex sets. Thus any f: M — N
has such a convex basic set as a weak neighborhood. (I

Theorem A.5. Let M and N be smooth manifolds. Suppose p : R — C*(M, N)
is weakly continuous and t, is a sequence of real numbers converging to zero.
Then there is a subsequence t,; and a smooth curve q : R — C*(M, N) such that

q(2~7) = p(t,,) for each j and q(0) = p(0).

Proof. We first reduce to the case where N is open in R?. As in Theorem 4.13,
choose an embedding N < R?, and let U be an open tubular neighborhood of N
in R?, so that the inclusion i : N — U has a smooth retract » : U — N. By [Hirsch
1976, Exercise 10(a), p. 64], the map R — C*°(M, U) sending ¢ to i o p(¢) is weakly
continuous, so if the theorem holds for C*°(M, U), then there is a smooth curve
q :R— C®(M,U) such that g(27/) =i o p(t,,) for each j and ¢(0) =i o p(0).
Then the map sending 7 to r o g(¢) is smooth, r 0o g(277) = p(t,;) for each j, and
r oq(0) = p(0), so we are done. Thus we may assume that N is open in R?.

If ¢, is eventually constant, we may take g to be a constant function, so suppose
it is not. Choose charts (Uy, ¢x); for M and compact sets Ky € Uy as described
in Lemma A.1(a). Let f = p(0). For j =1, 2, ..., the sets,

J
Aj =[N/ (f, Wi b0, R, id), Ki, 2~UH1)
k=1

are weak C*° (M, R%)-neighborhoods of f, so we may choose a strictly monotone
subsequence #,; such that p(z,;) € A; for each j. Set f; = p(t,;). Now compose p
with a continuous function taking 27/ to #,; for each j to obtain a weakly continuous
function py that satisfies po(27/) = f; for j =1,2,... and po(0) = f.

Fix k. By Lemma A.4, for each ¢t € [0, 1], there is a convex neighborhood
of po(t) whose elements map Ky into N. By compactness, there is a §; > 0 such
that any subinterval of [0, 1] of length at most 25, is mapped by p¢ into one of
these neighborhoods. Thus, for each ¢, any convex combination of elements in
p([t — &, t + 8,1 N[0, 1]) maps K into N. Let 79, 71, ... be the strictly decreasing
sequence obtained by ordering the set {1, 1/2, 1/4, ...} U {8k, 28k, ..., [1/6x )6k}
Note that o =1and 7, —7; < g for j =1,2,....

Fix a nondecreasing y € C*°(R, [0, 1]) such that u = 0 in a neighborhood of
(—00,0] and u =1 in a neighborhood of [1, co). Let

My = 1+ 2 max max |,uw)(t)|.
o<t 1e[0,1]

Define g; : R — C®(M, RY) by qi (1) = po(0) for t <0, gx(t) = po(1) fort > 1,
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and

g() = po()) + u(t—fJ)(po(r,-_l) — po(ey)

Tji—1 —Tj

fort; <t <7t;_1, j=1,2,.... Note that for each 7 € (0, 1], gx(¢) is a convex
combination of elements of po([t — &, t + 8] N[0, 1]). Clearly, g is constant on
(=00, 0] and constant on [1, co0). The choice of w ensures that it is constant in
a neighborhood of 7;_; for each j and smooth on (7}, r;_1). Thus, g is smooth
on (R\ {0}) x M. To see that it is also smooth at ¢t = 0, fix a positive integer «,
set F=f o¢K_1, Fi=f o¢>K_l for each j, and Q(z, s) = qk(t)(qﬁk_l(s)) — F(s).
It will suffice to show that all partial derivatives of Q exist and equal zero on
S = {0} x ¢ (Ky). Certainly Q = 0 there, and if % is any composition of partial
differentiation operators such that % Q vanishes on S, then the partial derivative
of 9 Q with respect to any of sy, ..., s, also vanishes there. To complete the
induction, it is enough to show that the partial derivative of % Q with respect to ¢
also vanishes on S.

Where Q is C*, the order of mixed partials is unimportant, so @Q = D! Di Q
off S for some ¢ > 0 and some multi-index i. Choose J so that 27/ < §;. Then
27, 2==1 2=7-2 s a tail of the sequence Ty, T1,.... So if j > J and
277 <t <27/ then

qe(t) = f; + 1@t = D(f-1— f),
and, for s € ¢, (U,),

(D{(Fj=F))($)+1Q/t=1)(Di(Fj-1—F)(s) if £=0,

¢ -
(D; DgO)(t,5) = {M(Z)(Zj[—l)zzj(Dé(Fj—l_Fj))(s) if¢>1.

If j > max(J, «, |i|, £+ 2), then

fi € Aj SNI(f, (U, po), RY,id), K, 270+,

and
a , L
fi—1 € Aj_i SN/, (Ue, ¢, (R, id), K\, 2777),
SO
IDi(Fj— F)| <270tV <277 and |Di(Fj_ — F)| <277
on ¢, (K, ). Thus, for any s € qbk(lé,(),
(@), 5) — (BQ)O, 5)| = [(DEDLQ)(t, 5)| < M¢29 277 < Myt?,

where we have used that £ < j — 2 in the last inequality. Since j can be arbitrarily
large, this inequality holds for all sufficiently small ¢, so the partial derivative of &% Q
with respect to ¢ (from the right) exists and equals zero. The partial derivative
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from the left is trivially zero. This completes the induction and the proof that gy is
smooth.

Before allowing k to vary, observe that gx(t;) = po(t;) for each j, and in
particular, g (27/) = po(27/) = f; for each j.

Let (vx)72, be a smooth partition of unity on M with v, supported in I%k and
define g by g (¢)(x) = Z/(:; vr(x)qr(t)(x). Theng : R — C*(M, R9) is a smooth
curve such that q(2‘j )= fj= p(t,j) for each j, and of course g(0) = p(0). It
remains to show that ¢g(¢) takes values in N for each r € R. Let x € M. There
are finitely many k such that v (x) # 0; among them, choose &’ so that & is as
large as possible. Then, for any ¢ and any k such that vi(x) # 0, g (¢) is a convex
combination of elements of po([t — 8y, t + 6] N[0, 1]). Thus, Z,fil Ve (0)qr (t) is
also a convex combination of elements of po([t — 8y, t + 81N [0, 1]), and therefore
maps Ky’ to N. But v (x) #0, so x € K. Hence, Z,‘:il v (x)gqr(t)(x) € N, that is,
qg(t)(x) € N. We conclude that ¢ : R — C°°(M, N). This completes the proof. [
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ON THE ATKIN POLYNOMIALS

AHMAD EL-GUINDY AND MOURAD E. H. ISMAIL

We identify the Atkin polynomials in terms of associated Jacobi polynomi-
als. Our identification then takes advantage of the theory of orthogonal
polynomials and their asymptotics to establish many new properties of the
Atkin polynomials. This shows that corecursive polynomials may lead to
interesting sets of orthogonal polynomials.

1. Introduction

In unpublished work, Oliver Atkin introduced a family of orthogonal polynomials
with fascinating number-theoretic properties: They are the unique family of monic
orthogonal polynomials corresponding to a unique scalar product on the space
of polynomials in the modular j-invariant for which all Hecke operators are self-
adjoint. Furthermore, their reductions modulo a prime p > 5 are also very significant
in the theory of elliptic curves, as they match the supersingular polynomial at p
whenever the degrees agree. For all the number-theoretic definitions, as well as
beautiful proofs of these and other facts about the Atkin polynomials, we refer
the reader to the excellent [Kaneko and Zagier 1998], where Atkin’s results were
popularized, simplified, and expanded upon.
The Atkin polynomials are generated by the recurrence relation

LD A [y 1440729
(1I-1) n+1(x)—|:X— m] n(X)
_36(12n—13)(12n—7)(12n—5)(12n—|—1)

nn—1)2n—1)2 A,_1(x), n>1,

through the initial conditions

(1-2) Ag(x) =1, Aj(x)=x—720, Ay(x)=x*—1640x+269280.
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The polynomials {A, (x)} are orthogonal with respect to an absolutely continuous
measure supported on [0, 1728] (see Section 7).

In this paper we show that the Atkin polynomials are related to the associ-
ated Jacobi polynomials of Wimp [1987] and of Ismail and Masson [1991]. This
identification leads to many new properties of the polynomials {A, (x)}.

It is worth pointing out that the way the Atkin polynomials are defined, that
is, defining Py(x), P;(x) and P»(x), then using a recurrence relation to generate
the rest, is not unusual in the literature on orthogonal polynomials. The idea is
to start with two monic polynomials, Py (x) and Pyy1(x), of degrees k and k+ 1,
respectively, with real, simple and interlacing zeros. Then use the division algorithm
to generate the monic polynomials P,(x), 0 <n < k; we are guaranteed to have a
sequence of monic orthogonal polynomials {P;(x) : 0 < j < k+1}. Now use any
three-term recurrence relation of the form

(1-3) Prp1(x) = (x—ay) Py (x) + B Pp—1(x),

where «,, € R and 8, > 0 for n > k, to generate the polynomials { P, (x)} for n > k+1.
The construction above is referred to as “Wendroff’s Theorem” in the orthogonal
polynomial literature. The interested reader may consult [Ismail 2009] or [Chihara
1978] for the precise statement and the detailed proof of Wendroff’s theorem. This
is also related to the concept of corecursive polynomials [Chihara 1978].

In Section 2, we recall some preliminary facts about associated Jacobi polynomi-
als and orthogonal polynomials in general. In Section 3, we obtain a representation
of (a scaled version of) the Atkin polynomials as a linear combination of the
associated Jacobi polynomials of Wimp [1987] and of Ismail and Masson [1991].
Building on that, we provide an explicit representation of the coefficients of the
Atkin polynomials in Section 4, a representation in terms of certain hypergeometric
functions and an asymptotic expansion in Section 5, and a generating function
identity in Section 6. Lastly, in Section 7 we give an explicit description of the
weight function in terms of certain , F; functions.

We shall follow the standard notation for hypergeometric functions and orthog-
onal polynomials as in [Andrews et al. 1999; Ismail 2009; Luke 1969; Rainville
1960; Szegd 1975]. In particular we use F(“c’,b ’ z) to mean to mean , F} (“;b ‘ z).

2. Preliminaries

Let {A,} and {u,} be the birth and death rates of a birth and death process; that
is, A, > 0 and w,41 > 0 for all n > 0, with g > 0. Such a process generates a
sequence of orthogonal polynomials through a three-term recurrence relation

2-1 —X0,(X) =2, Qnp1(X) = A+ 1) Qn(X) + 1, Qn—1(x), n>0,
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with the initial conditions

(2-2) Qo(x) =1, Q1(x) = (Ao+wuo—x) /A0
The corresponding monic polynomials satisfy
(2-3) %0 () = Ons1 4 On 1) O (00) = 120 O 1 (),

with Qo(x) =1, Ql (x) = x —Xo— mo. When pg # 0 there is a second natural
birth and death process with birth rates {A,} and death rates {{i,} with i, = u,
for n > 0 but fig = O [Ismail et al. 1988]. The latter birth and death generate a
second family of orthogonal polynomials satisfying (2-1) but with initial conditions
Qo(x) =1, Q1(x) = (Ao—x)/Xro. This observation is due to Ismail, Letessier and
Valent [Ismail et al. 1988].

The associated polynomials of {Q, (x)} correspond to the birth and death rates
{An+c} and death rates {{¢,+.}, when such rates are well defined. Since we consider
¢ >0, usually u. > 0. Thus we usually have two families of associated polynomials.
One is defined when . is defined from the pattern of p,,. When u, # 0, a second
family arises if p,4., when n =0 is interpreted as zero.

Recall that the Jacobi polynomials {Pn(“’ﬁ ) (x)} can be defined by the three-term
recurrence relation

2-4) 20+ D@n+at+p+D(a+p+2m) PSP (x)
= (a+B+2n+1D)[(@> =) +x(a+B+2n+2)(a+B+2n) | PP (x)

—2(a+n)(B+n)(a+B+2n+2) PP (x),
for n > 0, with Pg’ﬁ)(x) =0, Po(a’ﬂ)(x) = 1. We now set

nl(a+pB+1),
(@+B+1)2

n!

(2-5) VP (x) = PP (2x—1)

= P@*Px-1).
(n+a+p+1), "

One can easily verify that the polynomials {Vn(a’ﬁ )(x)} are monic birth and death
process polynomials Q,,, with rates

4B+ DH(nt+a+p+1)
 Qnta+B+D)Cn+a+p+2)’
_ nn+ow)
 Qn4a+B)n+a+p+1)"

Wimp [1987] considered the recurrence relation obtained by formally replacing n

n

(2-6)

[n

by n+c in (2-4), and he showed that the new relation has two linearly independent
solutions P*P (x; ¢) and Pn(o_ll’3 )(x; ¢+ 1). Tsmail and Masson [1991] identified
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the birth and death rates corresponding to that three-term recurrence relation and
provided two linearly independent solutions P,.*? (x: ¢) and P (x; ¢). They
then used the notation

27 R*P(x;o)=P*P2x—1;0), ReP(x;0) =P*P(2x—1;0).

‘We shall use the notation

1 n 1 n
V@R (s ¢) = ET DN PEE D iy o),
(a+B+2c+1)2,
) (c+ Dale+ftct1)
V@B (x; ) = - “RP) (x; c).
(a+:3+26+1)2n

To lighten our notation, we shall occasionally omit the parameters when the context
is clear. We consider the birth and death rates

_ n+c+B+1)(n+c+a+p+1) -0
2.9 " @n2c+a+B+D2n42c+a+p+2)° -
= n+c)(n+c+a) Y
@n+2c+a+B)2n+2c+a+pL+1)
with
clc+a) for V.
(2-10) wo =1 Qeta+p)QLc+a+p+1)
0 for V.

3. The Atkin polynomials

In order to compare the Atkin polynomials with other results in the literature we
need to renormalize them. Let

3-1) A, (1728y) = (1728)" A, (y).
The polynomials s, are now generated by the recurrence
(3-2)  Any1(x)

TS VRS IO 0 YRS P
n-—1 2n(2n—1)*(2n—-2)

for n > 1. The initial conditions are

(3-3) dox) =1, dh(x)=x—3, sy(x)=x>—x4 25

Kaneko and Zagier [1998] wrote the recurrence relation (1-1) in the monic form (2-3).
Indeed their (19), when written in terms of the s,,, corresponds to (2-3) with

L R (e LR E )

3—4 )\«n == ) n —
-4 2n2n+1) H 2m2n—1)
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From (2-8), we see that V,,(a’ﬂ )(x; ¢) and °V§,a’ﬁ )(x; c) satisfy the second-order
difference equation

2 p2

(3-5) Tn+1(x):(x+a B (2n+2c+o¢—|—ﬁ)(2n+2c+o¢+,3+2))Tn()
22n+2c+a+B)2n+2c+a+B+2)

B m+on+ct+to)yn+c+p)(n+c+a+p)

Cn+2c+a+B—-1)2n+2c+a+p)22n+2c+a+B+1)

Tn—l(x)

for n > 1, with the initial conditions Vo) =%y =1 and

56 VP (x; ) = x = (ho+p0),
VP (x: 0) = x — Ao,

where A, and u, are defined as in (2-9)—(2-10). On the other hand, we see that the
sequence {s,41(x)}>° _, is a solution of the second-order difference equation

GT) Tpar(x) = (x— 7+36(2”+1)(2”+3))Tn<x>

72C2n+1)2n+3)
(= 13) (n+53) (n+55) (1+ 13)

B T T R

for n > 1. It is not hard to check that (3-7) is identical to (3-5) in exactly four cases,
namely,

@pes={(-3-5n):6-5%) 255 G5B}

Theorem 3.1. Forn > 0 and (a, B, ¢) € S, we have the following representations
Sor A4 (x):

(3-8) 1 (0) = (x = Z) VSO (x; 0) = 5y VO (s e +1),
(3-9) App1(x) = (x =8) VT2 (xy ) Ay (/223 (¢ 5y
(3-10) Api1 (x) = x V272 (o TY = Sy V2223 () Ty

Proof. 1t is straightforward to check that for any (e, 8, ¢) € S,
VP s o), VP (x 0)
is a basis of solutions of (3-7), and the same is true for
VP 0), VP (s e+ 1)

The results follow by simple linear algebra on the equations corresponding to n =0
andn =1. O
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We note that Vn(a’ﬁ )(x; ¢) is the same for the four triples in S, whereas we have

two possibilities for 0‘/’(10(,,3 )(x; c), depending on whether 8 = % or B = —%. For

convenience we explicitly write down the first few of these polynomials:
VP (ks 0) =1,

(3-11) V(Ol’ﬂ) A &

1 e) =x =75,

(@pf) ..\ _ 2 187 11621,

Vy s 0) = X7 — 1ggX + 55506

Vioi’ﬂ)(x; c+1)=0,
(3-12) VP (s e+1) =1,

VP (et ) =x— 337

(1/2’72/3) AN (71/2,72/3) 13y
N (x: 13) =V (i) =1,
(1/2.22/3) (v Ty _oqp(=1/222/3) (L 13) o 187
(3-13) 0‘/‘1 (x, ﬁ) _on ()C, E) =X~ g
(L/2,=2/3) (. T\ _oqp(=1/2-2/3) ¢ 13\ _ .2 _ 347 124729 .
e (xc; )= (x: 55) = X" — 556% + 2isesop:

°(/(()1/2’2/3)(X' 7_21) :o‘/(()*l/2,2/3)(x. % 1,
G ) S ) e
LV;I/Z,Z/B)(X; __1) :ng—l/Z,Z/S)(x; 15_2) x

—_

—

2 169 ., 108965
~ 160~ 1 297664

12

One can check the first few cases of Theorem 3.1 using the equalities
s (x) =x— 3,

_ 2205 935
(3-15) Ay (x) = x” — 756X + 15365
_ 31312, 28277 124729
A3 (x) = x" — 55% "+ 55596 X — 3971968 -
. Explicit representations
4. Explicit tat)

Wimp [1987, p. 987] gave an explicit formula for R,E“’ﬂ ) (x; ¢). When translated in
terms of the V,, polynomials it becomes

(c+Dn(Btc+ 1),
(a+B+2c+n+1),n!

n

3 CRk 2kt
(C+1)k(C+,3+1)k

@-1) v@P(x;c)=(-1)"

A F k—n,n+k+a+B+2c+1,c+8,¢c
O k4 B+c+1 ket a4 B+2¢

1)
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On the other hand, Ismail and Masson [1991, Theorem 3.3] gave a similar formula
for R*P (x: ¢), which leads to

4-2) VP (x;c)

_ Ly e DuB ety

(a+B+2c+n+1),n!
2”: (= +2cta+ B+ 1
(c+Dr(c+B+1k

< iF k—n,n+k+a+pB+2c+1,c+B+1,c
YU\ k+B+c+1 k4t a+B+2c+1

k=0

1)

The following theorem establishes an analogous representation of s, 11 (x):
Theorem 4.1. For n > 0, we have

(4-3) App1(x) =
(12)(2),
(n +2)n (_n)n

7
8 |:3F2( —n,n+2, 15

19
12° 2

)
+X”:( n)k(n+2)kxk+1{g4F <k n, an1<+2,9}—2,;—25
)k(lZ)k k+12’k+_2

)

-1 =5

l4F3(k n, n+k+2, 12, 12
k+ 1 k+13.1

i

Proof. From (3-10) we have
1 (6) = 2V (e D)= SO (e 1) om0
we see that the coefficient of x**! in &, (x) is given by
(12)a(12) (=men+2
19\ (11

+2nnt (1), (12)

k—n,n+k+2, 53, 5
% |:4F3< 712

I

“4-4) (=D"

1) 7

5 (k—n)(n+k+2) (k+1 non+k+3, 11, =
1A 413
12 (k+33) (k+13) K1+ k14182

)]
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)

5y (k=m)(n+k+2) ( +l—n,n+k+3, 1T )
413
12 (k+8)(k+ 1) k+1+H k+14+12,2

The coefficient of y™

k—n,n+k+2, 33, 5
4F3( 12 12

11 19

is
(k=) 1+k+2)m (33) 0 (F3)
(o), (13), b
_5m (k=n)(n+k+2) k=nt D1 (1+k+3)m-1(13),01 (7)o
12 (k) (bt 13) - (k14 53) g (k14 53) @ ()
Using the identity (z),, = z(z+1),—1, we get that this coefficient is

(k=) (24,42 (33) 1 (75) <1+ (1—25)(—12’"))
(k+13),, (k+13),,(m)? (5+m—1)

(4-5)

B (k—n)m(n+k+2)m(;—;)m(;_§)
(k1) (k+13),,0m)?

(1-Fm)

1 (k—=m)m(n+k+2m(3),, . 11 .
5 (k+%)m(k+%)m(m!)2 (6(22), = (72)):

In the last equality, we used

() (=) = (2) [ =13) + 5] = =5 (1), + 5 ()

It now follows that

k—n,n+k+2, —— l
(4-6) [m( 12712

11 19

—
—_

Sy k=m@tk+2) (k+1—n ntk+3, 4, T )]
12 (k) k+0) N k1 k14,2

)
» 3(k n, n+k+2, =3 y)
SO0 ke

The result now follows by substituting (4-6) with y =1 into (4-4) . U

1 =5
_94F3(k n,ntk+2 1, 5
-5 11 19
k+125k+ﬁ71
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Remark 4.2. There is another explicit representation of a somewhat different form
than (4-3) for the Atkin polynomials. Indeed, it follows from Theorem 4(ii) in
[Kaneko and Zagier 1998] that

no i —1 =5 1 7 -1
v S +5\(n—)\[(2n—1 ,
4-7) sl (x) = _pm( ™ 2 \("T1z 12 n—i.
=2 2o ( 55 ()0
5. Asymptotics

Wimp [1987, Proof of Theorem 1] showed that the functions u, and y, (u#, and v,
in his notation) defined by

r 1 —n— 1
WP (x; ) = (1) (n+pB+c+1) ( n—c,n+a+p+c+ ‘x)

. T(ntctl) 148
Cortatet]) (—n—p—cntatetl
@B) (v oy — (1)
i) = D R e D ( 1-p ‘x)

satisfy the same recurrence relation satisfied by R, and R,,, and thus the latter
can be represented as linear combinations of the former. We shall slightly modify
these functions so as to replace the gamma factors by rising factorials (thus getting
rational rather than transcendental coefficients when the parameters are rational) as
follows. Set

C(c+1)

U@P (x: ¢) = @) (x: ),
n (x5 0) FBrcaD™ (x; ©)
(5-2) C(a+B+c+]1)
YR (x: 0) = @B (x: o).
2P (x; o) Fatern (x; ¢)

Thus we have

U,E“’ﬂ)(x;c):(—1)"('B+C+l)n (—n—c,n—i—a—i—ﬁ—l—c—l—l ‘x)

(@+c+ 1Dy —n—B—c,n+a+c+1
@By p) = (1P 287
Y (x; ¢) = (=) (oz+,8+c+1)nF( e ‘x)

Note that since the factors multiplied by u, and y, in (5-2) are independent of #,

U, and Y, satisfy the same recurrence as R, and RR,,. Indeed, after a simple Kummer

transformation, Formula (28) on p. 988 of [Wimp 1987] can be written as
(B+c)(a+B+c) F( ¢, 1—(@+B+c)

x>U,,
Bla+pB+2c) 1-8
cla+c) (,8+c,1—(a+c)
T p
Bla+B+2c) 1+8

(54 R,=

x)Yn.
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Similarly, Theorem 3.10 of [Ismail and Masson 1991] leads to

),

cla+c) F< 1+B+c,1—(a+c)

—(a¢+pB+c)
—B

(5-5) R, = F<

CBB+D 2+p

x)Y,,.

The following theorem provides the analogous representation for the Atkin polyno-
mials:

Theorem 5.1. Let U, and Y, be as in (5-3), and set

(c+Dyla+B+c+1),

UP (x; ) = U (x; 0),

(5 6) (a+,8+2c+1)2n
?(a’ﬂ)(x; ) (C+1)n(a+,3+c+l)n (a ﬂ)( )

" (@+B+2c+ 1),

Then we have
57 dpp1 () =C@UN> 7P (x; F)+ DOV (x; ), n=0,

with C(x) and D(x) given by

_1 =5 =5
C0) =25 (24F< e
3

-1 -1
91 T
D(x) := 384 (4F(

(5-8)

Proof. From (5-4) and (5-5), we see that

1/2,-2/3 .7 5 1/2,-2/3 .7
(5-9) xRM> 7 (x; L) = SR (x; )

5 2 yarn 2/%)()6’ u)((I_zl)

n X
G -

EAYRES -1 -l
_xYn(l/Z,—2/3)(x; %)((12)(1 )F( 1211

Expanding the hypergeometric series in powers of x, we get, after some computation,
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U(1/2 —2/3) 7
12

Y<1/2 —2/3) 7
12

and the result follows from (3-10). O

1/2,-2/3 5 1/2,-2/3 .1

(5-10) xR{/Z7(x; L) = SRV/272 (x; L)
1 =5 =5 =5 =5

UqFE( 127 12 Fl 1221

“a (e (7 ) o (7

9L o7
+384x<4F(

Theorem 5.1 enables us to obtain an asymptotic formula for the Atkin polynomials:

Theorem 5.2. Let C(x) and D(x) be as in (5-8). For fixed 0 € (0, 17/2), the
following asymptotic formula holds as n — oc:

(5-11)  Ayy1(sin’ 0)
(—=1)" (1) (sing)*
1

=C( 0)
22n+1(cos 9)(s1n0)6 sin’ (}_2)

NS V. cos[z(n— 16— 7—”}
M($)r(5) 12

Proof. We start by recalling the following asymptotic formula, due to Watson, [Luke
1969, (8), p. 237] (all of our asymptotic formulas will be as n — 00).

sin® 9)

[(d)n=*> (cos@)d—a—b=>

b4 1
VT (sing)! = COS[MHa e E(d_ 5)]

for fixed 6 € (0, 7). Note that Stirling’s formula can be written as

cos|:2(n— 1o+ 12:|

+D(sm 0)

(5-12) F(b—n,n+a

(5-13) 'n+a) ~V2x n"+”_%e_” as n — 00,
from which we deduce
I'n+a) o oa-b
C'(n+b) '
Hence
1
—D"I"'(1 f)~“2 1
un(sin? 6y ~ (T T (L) cose) e cos|:2n9—(a+ﬁ+2c+1)9_z(ﬂ+_>]’
Jn(sinf)P+2 2 2
1
—D'r(1— 0) 2 1
Yn(sin? 0) ~ (DT =A)cos )1 coS[ZnG—(a+ﬁ+2c+l)0+z(ﬂ__)]'
Jrn(sing)~F+2 2 2
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Also, from (5-13) we get

(c+Du(a+B+c+1),
(@+p+2c+ 1)
_ T@+p+2c+1) Tm+c+ DI (n+a+p+c+1)
T+ DD (@+B+c+1) FQ2n4+a+B+2c+1)
MNa+B+2c+1) 1 2n+a+5+26
F(c—i—l)f‘(ot—i-ﬂ—i-c—i-l)m( )

(5-14)

Substituting (e, B, ¢) = (3, ’Tz, %), we see that
~ —1)"T () (sin@)/®
Un(sin29)~ D (3)(11 ) 7
22n+1 cog QF(E)F(E
(5—15) ( 1)"F(5)( . 9)—7/6
- — 2)(sin
Y, (sin? ) ~ 3

221+1 cos 0T (B)I(12)

) cos |:2(n —1Ho+ %]

cos|2(n—1)0 I
" 2]

and the result follows from (5-7) and (5-8). U

6. Generating functions

We start by recalling a remarkable identity of Flensted-Jensen and Koornwinder
[1973]. The interested reader could also consult [Wimp 1987] for more details on
various other authors who presented variants of this identity as well as other proofs.

Lemma 6.1. Let t, x, a, b, d be complex numbers with x ¢ [1, c0) and

1
6-1 _—
(6-1) |t|<|ﬁ+ =i
Then
(d+a)n(b)n —n—a,n+b (="
(62 Z (a+b+1), ( d 'x) Py

2t a+b+1

s e
21 2t d
where z1 =1 —+/(14+1)2—4xt and zo = 1 ++/ (1 +1)%2 —4xt.

To simplify notation we shall write, for ¢ # 0,

t+21 (1+t) \/(1+t)2 4xt

6=
2t

_ itz (1+t)+\/(1+t)2 4xt

2t

t+Z1) (a+d,a+1

2t )
t+z22)°

(6-3)
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We clearly have
(6-4) t(y—8)(y—e€) =ty*—(1+1)y+x.

Obviously z,+f = 2te, and we also have zp —t = 2¢ (e — 1). Furthermore we have
de = x/t. Thus we can rewrite (6-2) for x # 0 as

(6-5) Z (d+a)n(b)n (—n—a,n—i—b x) (—nt')”

(a+b+1), d
_ (X—l5)a+d_b5bF —a,b s\ F a+d,a+1
o xa+d d a+b+1

t
5).
X

Proposition 6.2. Let U, and Y, be as in (5-2). Let t and x be such that x ¢ [1, 00)
is nonzero and |t (/X ++/Xx — D?| < 1, and set 8 as in (6-3). Then:

The following proposition provides a generating function for U, and Y,,:

[e.¢]
(x+B+c+1),(c+1), "
6-6) > Un(x)—
= (x+B+2c+2), n!
o setpetd —c.a+Btetl| o Bretl et |18
 xPretl(x —t8)e 1+8 a+p4+2c+2 | x )0
[e.0]
1), D, t"
67) (a+pB+c+1),(c+1) Y, ()
= (a+B4+2c+2), n!
. gatetl —B—c,a+c+1 c+1, Btc+1 |18
T Xt (x—18)@ 1-8 atp+2c4+2 | x )

Proof. From (5-1), we see that

6-8) C(c+1) (a+ﬂ+c+1)n(c+1)nu
FB+c+1)  (a+B+2c+2), "
_ (C+,3+1)n(0!+,3+c+1)nF<—n—c,n+oz+,3+c+l ‘x)

(a+pB+2c+2), 1+

and

6-9) Ca+p+c+1) (a+B+c+1),(c+1),
Tatetl)  (@t+B+20+2), "
_ (C+1)n(a+c+1)nF< —n—B—c,n+a+c+1 'x)

(a+B+2c+2), 1-8

The identities (6-6) and (6-7) follow from applying (6-5) with the choices (a, b, d) =
(c,a+B+c+1,8+1)and (a,b,d) = (B+c,a+c+1,1—p), respectively. [
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Remark 6.3. The result in Proposition 6.2 is essentially due to Wimp. However,
we take this opportunity to correct a misprint in the statement of Theorem 5 in
[Wimp 1987]: In the first line of page 999, the parameter “y +c+ 8 should be
replaced by “y +c¢— B” (in our notation, the later is @ + ¢+ 1 while the former
would be «+c+1+28, which indeed doesn’t ever seem to figure in the theory).

We next obtain a generating function identity for the Atkin polynomials scaled
by a rather unexpected appearance of the Catalan numbers. The right-hand side of
the generating series has four summands; each is up to a relatively simple multiple
a product of three hypergeometric functions in the variables x, § and 1/e =1§/x.
Theorem 6.4. Let C(x) and D(x) be as in (5-8), and § as in (6-3). Furthermore,
let {Cn =1/(n+ 1)(2:) }n denote the sequence of Catalan numbers.

00 s17/12 119
(6-10) Y Cogrolsr (01" = (

t6>
Fl 1201

11/12 _

e x 2, [x —1§ 3 X

=7 17
x[C(x)F(ﬁiﬁ 8>+D(x)(§)2/3F< nyn
3

(1) ForO0<x < 1and |t| <1, we have

W

(2) For|t| < 1, we have

o
6-11) 3 Coritur1 (0)(—1)" = ;—;F( B
n=0
and consequently for n > 0, we have
(12)(12)
6-12 A (0) = (=) (=) 12/ n 11270
(6-12) nr1(0) = (=" () Qnt )]

Proof. Note that for 0 < x < 1, we have
IWx4+vVx =17 = [Vx+iv1—x]* =1,
so (6-1) indeed translates into |¢| < 1. Now, using (5-6), we see that

(@+B+c+Dulc+Dn . (@+B+2c+ Do ~

6-13 U, =
(6-13) (@+B+2c+2), " (@+B+2c+2), "
(x+B+2c+14n), ~
=(a+B+2c+1 U,,
(+p )(a+ﬂ+20+1+n) "
with a similar identity for Y,,, and (6-10) now follows from (5-7) and Proposition 6.2

by substituting (a, B, ¢) = (%, —?2, 17_2)

When x = 0 and |#| < 1, then, in the notation of (6-2), we have t+2z; =0 and
zo+t =2(1+1), and hence z, —t = 2. Furthermore, we have C(0) = T—zs and
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D(0) = 0. It thus follows from (6-2) and (5-7) that

619 22 (a0 = e R L
=\ n Y T T 2kt 3 | 14¢4)

Replacing ¢ with (—¢) and applying the Pfaff-Kummer transformation [Erdélyi
et al. 1953, Formula (2) on p. 105], we obtain (6-11), from which (6-12) follows by
comparing coefficients and simplifying. U

Remark 6.5. Formula (6-12) can also be obtained directly from the defining recur-
sion of the Atkin polynomials, as in Proposition 6 of [Kaneko and Zagier 1998]. In
that same proposition, and again using only the defining recurrence (1-1), Kaneko
and Zagier also obtain a formula equivalent to

7 (2)u(R)
6-15 A 1) = — ==,
(6-15) n+1(1) B 2nt D)
Taking a hint from (6-11), it is straightforward to prove directly from (6-15) that
for |f| < 1, we have

/)

Alternatively, one can prove (6-16) in a manner similar to (6-11), bearing in mind
that we have C(1) = D(1) = 0, whereas Uy/> ™% (x; L) and V,{'/> 7%V (x; 1)
have simple poles at x = 1, and thus their product is to be interpreted in the limit
x — 17 as the derivative of the former multiplied by the residue of the latter.

s 7 119
; n_ gl 210
(6-16) EOCnﬂsﬂnH(l)t = 12F( 3
n=

7. The weight function for the Atkin polynomials

Kaneko and Zagier [1998] gave the weight function for the Atkin polynomials
A, (j) on [0, 1728] as

6
(7-1) w(j) ==0(j),
T

where 6 : [0, 1728] — [t /3, 7 /2] is the inverse of the monotone increasing function
0 — j(e'?), where j(7) is the usual modular j-invariant from the theory of modular
forms. In this section we derive an explicit description of the weight function in
terms of hypergeometric series. Formula (25) on p. 20 of [Erdélyi et al. 1953] states
that an inverse for the scaled j-invariant given by

_i®

J(z) =
(@) =128
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is obtainable by the formula

27'[1/3 F— )\.e”—[/:;.]l/%F*

(7'2) = F — e in/3 J1/3 p*’
where
1L
F(J):2F1(12’212 )
3
3 3
(7-3) F*(J) = 2F1( 1212 )
3
r 5 2\r2( 1L
L _PEr@)rs) (_f)() *(12)

2
3
4 1 :
F(?)F(_)F(lz) (3)F (12)
We must note that this is one inverse of many as J is invariant under modular
transformations. This particular formula gives, easily, that z(0) = ¢>™//3. In order

to use the same intervals as in [Kaneko and Zagier 1998], we consider another
inverse, corresponding to applying z +— —1/z, thus obtaining

ni/SF_)‘e_in/S‘IlﬁF*
F —)ein/3 J1/3 = '

(7-4) z(J)=e

It is straightforward to verify that using (7-4), we get z(0) = ¢™/3 and z(1) = €™/,
For 0 < J <1, F and F* are computed in terms of the converging hypergeometric
series and hence are real. Thus in the ratio

F(J)—=ne B3 JIBF*()
F(J)=xeim/3JU3F*(])

the denominator is the complex conjugate of the numerator. Hence the ratio has
absolute value equal to 1, and is of the form ¢'”. We will show below that 0 < p <7 /6.
Thus an explicit description of the function 6(j) : [0, 1728] — [7/3, 7 /2] is given
by 6(j) = ¢ (j/1728), where ¢ (J) : [0, 1] — [/3, m/2] is defined by

=210

F(J)—/\e—f"/311/3F*(J)>
3

T,
o) =7 log( F(I)— ™3 JBFA(T)

and we have

— iﬂ/3 1/3 * _ 71‘7.[/3 1/3 * ,
(7-5) ¢/(J):_.F(J) AT JIBE () (F(J) re~iT3 F(J))

"FD)—re—BIBE(IY\ F(J)—re™BIBET)

) W (J)

_ . ,
\F(J)—he— 173 JIBF(])2

where W (J) is given explicitly by
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(7-6) W(J)
_(F(J) )\.eln/?’Jl/?)F*(J))(F/(J) )\.e_in/?’Jl/:;(F*)/(J) A —iJT/3J—2/3F*(J))
—(F)—=re ™ TBIVBF* D)) (F' ()= 1™ PIV3(F*Y (1) 2P TP F*()))
= 2772 BiN3(F)F*()+3J F(J)(F*) (J)=3J F'(J)F* (J)).

We also note that W is the Wronskian of two linearly independent solutions for the

equation
d’u

z(l—z) +(c (l—l-a—l—b)z)——abu_
where here a = b = % and ¢ = 5. It follows that W itself satisfies the equation
-7) -0 = (@ +b+ D= W.
On the open interval (0, 1), (7-7) has solution

(7-8) W(J)=BJ 231 —-1)""2,

To determine the constant B we compare the coefficient of J~2/3 in (7-8) and (7-6)
to get

S
= ﬁ
Hence
Ao JBRA—)T
(7-9) ¢'(J) = ( )

VBIF() = e " BIVBF*(I)]2

The fact that the derivative is positive for 0 < J <1 implies that ¢ (J) is monotone in-
creasing, and hence that it is bounded between ¢ (0) and ¢ (1), as we claimed above.
Note that

17287 " \ 1728
6r  12(12%j7)((1728— j)~112°7?)
. 2.
172873 |12F () — he—in A ()|

6 6 j
(7-10) w(j) = _0'() = ¢’<L)

We have thus proved the following theorem:

Theorem 7.1. Let A be as in (7-3). Then the normalized weight function for the
Atkin polynomials A, (j) on the interval [0, 1728] is given by

1442 JTHR728— )72
1) w()=— .

L L . i i
’12F( 2% 2 #28) re—in/3 1/3F< 2‘3_1 2
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EVOLVING CONVEX CURVES TO CONSTANT-WIDTH ONES
BY A PERIMETER-PRESERVING FLOW

LAIYUAN GAO AND SHENGLIANG PAN

This paper deals with a curve evolution problem which, if the curvature
of the initial convex curve satisfies a certain pinching condition, keeps the
convexity and preserves the perimeter, while increasing the enclosed area of
the evolving curve, and which leads to a limiting curve of constant width.
In particular, under this flow the limiting curve is a circle if and only if the
initial convex curve is centrosymmetric.

1. Introduction

Denote by S the unit circle centered at the origin of the Euclidean plane R2.
Let Xo(¢), ¢ € ST, be a closed C™ curve in the plane. A curve evolution problem
is usually defined as

(0X/01)(@.1) = Blo.1)N(p,1). (@.1) € S' x(0,T),
X((/’,O)ZXO((P)s gDESl,

where X(p,t) = (x(p,t), y(p,t)) is the position vector of the evolving curve,
N(g, t) its unit normal vector field and B(¢, ) some geometric quantity depending
on the evolving curve. Such problems arise in many fields, such as image processing
[Cao 2003], phase transitions [Gurtin 1993], etc. In fact, the above evolution problem
has been studied extensively, for example, for the popular curve-shortening flow
[Gage 1984; Gage and Hamilton 1986; Grayson 1987], the area-preserving flows
[Gage 1986; Mao et al. 2013; Ma and Cheng 2014], the perimeter-preserving flows
[Pan and Yang 2008; Ma and Zhu 2012] and in other related research [Angenent
1991; Chow and Tsai 1996; Andrews 1998; Urbas 1999; Chao et al. 2013]. One
can find more background material in the book [Chou and Zhu 2001].

Let 6 be the tangential angle, i.e., the oriented angle from the positive x-axis to
the unit tangential vector of the curve. If the initial curve Xy is strictly convex then
it can be parameterized by 6. In this paper, we will focus on the following curve

This work is supported by the National Science Foundation of China (grant 11171254).
MSC2010: 35K15, 35K55, 53A04.
Keywords: convex curves, curves of constant width, perimeter-preserving curve flow.
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evolution problem in the plane R?:
(0X/0t)(0,1) = (w(B,t) —n(0,t))N(0,1), (0,t) € S' x(0,T),
X(6,0) = Xo(0), fesSt,
where w(8, t) is the width of the evolving curve and n(0,t) is p(6,t) + p(0 + 7, t);
here p(0,t) is the radius of curvature of the curve. Using the Minkowski support
function of a convex curve (see [Hsiung 1981; Schneider 1993; Groemer 1996]),
one can easily see that w(f, ) —n (6, t) = —(3%w/06?)(6, t), and thus it is obvious
that constant-width curves are invariant (i.e., stable) under this flow.
The following theorem is the main result of our paper.

(1-1)

Main Theorem. Let Xo(0) be a strictly convex smooth curve in the plane R? which
evolves according to the flow (1-1). Denote by po(0) the radius of curvature of
Xo(0) and set

M =max{pg(0) |0 € S'}, m=min{po(0) |0 cS}.
If the pinching condition
(1-2) M <3m

holds for Xo(9), i.e., * <m/M <1, then (1-1) has a global solution X(0,1) for
(0,1) € S x [0, 00). As time passes, the flow keeps the convexity, preserves the
perimeter while increasing the enclosed area of the evolving curve, and makes
the curve more and more circular. As the time t goes to infinity, the curve X(-,t)
evolves smoothly to a curve of constant width Lo/, where Lg is the perimeter of
the initial convex curve Xo(0). In particular, the limiting curve is a circle if and
only if the initial curve is centrosymmetric.

If a smooth simple closed curve evolves under the curve shortening flow then
it converges to a round point (see [Gage 1984; Gage and Hamilton 1986; Grayson
1987]). In the cases of nonlocal flows for convex curves, the limiting curves are finite
circles (see [Gage 1986; Jiang and Pan 2008; Pan and Zhang 2010; Ma and Cheng
2014]). Forming a striking contrast to these researches, although in the present case
the evolving curve keeps its convexity and becomes more and more circular, the
limiting curve of the flow is only of constant width rather than being a circle.

This paper is organized as follows. In Section 2, we will compute the evolution
equations of the commonly used geometric quantities, and reduce the nonlinear
problem (1-1) to the Cauchy problem

(0p/91)(0, 1) = (921/06%)(6. 1),
(0n/01)(0.1) = 2(3°n/362)(8. 1),
p(0.0) = po(6).

n(6,0) = 10(6).

1-3)
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where 6 is the tangential angle and (6, t) is in S ! x[0, T7'). In Section 3, we will show
that the Cauchy problem (1-3) has a bounded positive solution in S x [0, 4+00),
provided that condition (1-2) holds. We will prove that the evolving curve maintains
its convexity and is of the same length as the initial convex curve. As time tends
to infinity, the asymptotic behavior of the evolving curve will be considered. In
Section 4 we will give several examples.

2. Some preparations

In this section, we will first calculate the evolution equations of the commonly used
geometric quantities, and then give the equivalence between the curve evolution
problem (1-1) and the Cauchy problem (1-3). Now, we suppose that there exists a
family of convex curves X (¢, t) evolving according to (1-1).

To make the tangential angle 8 a variable independent of time ¢, let us consider
the following flow instead of (1-1):

(0X/01)(0.1) = a(0.0)T (0. 1) + (w(B, 1) — (0, 1))N(B. 1),

2-1) ~
X(6,0) = Xo(0),

where o = «(0, 1) is to be determined. Set 8(0,¢) = w(6,t) —n(8,t). By [Chou
and Zhu 2001, Proposition 1.1, p. 6], the solution of (2-1), X (-,1), differs from
the solution of (1-1), X(-,?), only by altering the parametrization. Therefore, we
just need to calculate the evolution equations of p and 7 under the flow (2-1).

Let s be the arc length of the curve X (+,t). The metric of the curve is given by
g(.1) =||dX /d¢||. From the Frenet formulae it follows that

dg 1[0 93X X 1
98 _ (282 PN LT + BN
o g<ara¢’a¢> g< @I +FN). >

0.4
dp
1/ 0
=—<g—(aT+ﬁN),gT>=( ) g
g\~ 0ds
Therefore, one gets

99 A 13\  1dagd 1939
aa—a—t(g@)— 22 0t 9 | g 0t 9g
13gd 1998 [ da A
__§E$+§%§_(_£+ﬂ")a_+&§
and
T 3 X 93X da X
oA es o or (‘a ﬂ)a

= 3(azT +BN) + (_B_a +,3/<)T = (ouc + %)N
s as as
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T
8_N: a—N,T T+ aﬂ,N N =-— N,a— T+0=-— OCK+% T.
ot ot ot ot as

Since the Frenet frame can be expressed via the tangential 6 as T = (cos 8, sin 8),
N = (—sin 6, cos 6), one can obtain the Frenet formulae

oT oN
(2-2) =N = —T.
The definition of curvature k implies that d6/ds = k or ds/d6 = p. Noticing that
(ouc + %)N = 88—7; = %(cos 0,sin ) = (—sin 8, cos 9)% = E;—fN,
one obtains that
(2-3) % = oKk + %
ot as

From (2-3), if we set & = —(1/x)(3f/0ds) = —0dB /a0, then the tangential angle 0
is independent of ¢ and so are 7" and N. The evolution equation of the Minkowski
support function p of the evolving curve is given by

p 9 9X

ot 8z< N <8z’N>+O p=n-w
Since

ap 9X IN

o ([ NV (x. = (x.T

36 <39’N> <’ae> (X T),
2-4) 5

P Dy = (8 P\ vy =

962 90" T\ o5 00 =P D
one gets

82p
P= 92 TP

and

n(0.1) = p(0.2) + p(0 + 7.1)

0%p 0%p
=pO.0)+ 5500+ pO+m0)+ 5 0 +7.1)
0%w
= W(Q’ 1) +w(0,1).

From the evolution equation of the support function p and from the definition of
width, w(0,1) := p(0,t) + p(0 + 7, 1), we have

ow 92w

Wy =22"
o TN T %02



EVOLVING CONVEX CURVES BY A PERIMETER-PRESERVING FLOW 135

and
Bp d (0%p B 0% dp  ap _ 02
ot 81(892+ )_Wﬁ"‘g—w(ﬂ—w)%—(n—w)
32 82w 3277
2-5 _on_ow =20
(2-5) 502 " g0z TNV =500
an 0 921

(p(e D+pl+m1)=2—

o 992

Now, we can conclude that if there is a family of convex curves X (-, ¢) evolving
according to the flow (2-1), then the Cauchy problem (1-3) is solvable for some
T > 0. The following theorem can tell us that the contrary also holds.

Theorem 2.1. The curve evolution problem (1-1) is equivalent to the Cauchy prob-
lem (1-3) for some T > 0, if the initial curve X (¢, 0) = Xo(@) is smooth and strictly
convex.

Proof. We just need to prove that if the Cauchy problem (1-3) has a solution 7(8, t)
for some T > 0 then the evolution problem (2-1) is solvable for (6,¢) € S x [0, T).
Define a family of curves X (0,¢) = (x(6,1), y(0,1t)) + (C1(¢), C2(¢)) by setting

7] %)
5(0.1) = /0 plp. 1) cos b do. 50.1) = [0 p(. 1) sin b d.
t 8 a t
Cit) = /0 (%(O,T)—%(O,T)) dr, Ca(1) = /O (w(0, ) — (0, 7)) d.

Direct computation gives us

/a—(qb 1) cos § dp = [8¢2(¢,r)cos¢d¢

ad

—%cos@——(o t)+nsinf — /ncos¢d¢
an

:@0059— (0 t)+nsinf — 8¢2—|—w cos ¢ do
on _ dw cos @ (O 1) (0 £+ ( ) sin 0
— — —| = - — inf.
20~ 90 ae ’ ae ’ (e

And similarly, one can get

ay _(on ow) .
i (@— @) sinf + (n(0,7) —w(0,1)) + (w —n) cos 6.
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So the curve X (6, ) satisfies

X 9
e —a—G(UJ—U)T‘i‘(W—’?)N,

where {T, N} is the Frenet frame of the curve X, which implies that the flow (2-1)
has a solution since we have chosen o = —(1/x)(98/ds) = —dpf/d6. Therefore
the original problem (1-2) is also solvable on S x [0, T). |

3. Global existence and convergence of the flow

Because we can reduce the curve evolution problem (1-1) to a Cauchy problem
(1-3) for small ¢, the local existence of the flow (1-1) is a direct corollary of the
classical theory of heat equations. In this section, we will first prove that problem
(1-1) has a unique, convex and smooth solution curve X (¢, ) on S' x [0, 4+00);
i.e., the Cauchy problem (1-3) has a positive and smooth solution (p(-,?),n(-,1))
for t > 0, provided that the pinching condition (1-2) holds for the initial curve. Then
we will show that the curve X(-,¢) evolves to a constant-width curve smoothly.

Lemma 3.1. The Cauchy problem (1-3) has a global solution p(-,t) fort > 0. If
the pinching condition (1-2) holds, then there exist two positive constants C1 and
C, such that

(3-1) Ci1=<p(0,1)<Cy

for (0,1) € ST x [0, +00).

Proof. The local and global existence of solutions for the Cauchy problem (1-3)
is a direct corollary of the classical theory for heat equations. Suppose (1-3)
has a positive solution p(6,7) on S! x [0, T) for some T > 0. Since dn/dt =
20%1/062 and 1(6, 0) = 1o () is a positive smooth function, we know that (6, ¢)
is defined on S x [0, 4-00) and is smooth. Furthermore, by the maximum principle,
n<n(@,t) <N, where n:=min{ne(9) |0 € S'}, N := max{no(9) | # € S'}. By
the evolution equation of 1 and Writinger’s inequality, we have

d 27 8k 27 3k+177 2 27 ak
— do =—4 do <-16 do,
dl/o (39") /o (39k+1) B /o (39k)

where k is a positive integer. And thus

27 s ak . \2 21
[ GG ) e
0 06k 0 06k

Hence, by Sobolev’s inequality, one gets

k

Al —8¢
or| = Ce™,

(3-2) max
6€[0,27]
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where

27 sakny N2 \3 27 ak+1, N2 \3

ewr= (- () o) v ([ (Gt ) )

Notice that dp/dt = 3%1/06% < C(2)e™ % i.e.,
p(60.1) < po(8) + C(2)g(1 —e™™) < M + 5C(2).

where M = max{po(9) | 6 € S'}. Letting C, = M + %C(Z) gives us
(3-3) p(0,1) < C,.
From (1-3), we get dp/d1 = 8°n/d6% = 30n/dt, which yields
(3-4) p = po+ 3(1=10).

By the maximum principle, we know that 1(#, ) > min{no(0) | 6 € S'} > 0. If
no(0) attains its minimum 7 at 6, then one has

p(6.1) = po(0) + 53 (n(6.1) —no(6))
> po(0) + 5(n—po(6) — po(6 + 7))
3 (00(8) + po(6n) + po (6 + 1) — po(6 + 7))
Gm—M) > 0.

SN

=
Namely, there exists a positive constant C; = %(3m — M) such that
(3-5) p(0,1) > Cq.

Combining (3-3) and (3-5), we complete the proof of (3-1). O

Corollary 3.2. If the pinching condition (1-2) holds for the strictly convex initial
curve Xo(@), then the problem (1-1) has a unique global solution X(p,t) on
S1x[0,4+00) and X(-,t) is a strictly convex curve for all t > 0.

Lemma 3.3. Under the condition of Corollary 3.2, the convex evolving curve
converges to a constant-width curve smoothly.

Proof. By the evolution equation of w and the closing condition of the evolving
curve, we have almost the same estimate for w as that for 7:
k

a0k

where C (X, k) is a positive constant depending only on the initial data X and k.

(3-6) < C(Xo, k)e™™,

max
0€l0,2x]

By the Arzela—Ascoli theorem, there exists a subsequence {w(#,#;)} convergent
as t; goes to infinity. Since lim; oo [0w /00| = 0, lim, 00 w(0, #;) equals some
constant.
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Noticing that f02” w(6,1)df = 2Lg, we obtain that limy, 0o w(0,7;) = Lo/7.
Since this equality holds for any convergent subsequence of {w(6, )}, we can claim
that {w(0,t)} is convergent:

L
(3-7) lim w(d, 1) = =2,
t—>00 T
Similarly, we also have
L
(3-8) lim n(0,1) = —2.
t—>00 T
From (3-4) it follows that
. Lo 1
(3-9) lim p(6.1) = > + ~(po(8) — po(8 + m)).
F—00 2 2
Since M < 3m (condition (1-2)), one gets
(3-10) lim p(6.1) >m+ $(m—M) > 0.
t—>00

By (3-6) and (3-10), the limit of the evolving curve is convex and is of constant
width. By (3-4) and (3-9), we have

1 L
p(6.0)= Jim p(6.0) =3 (6.0~ 22 ),
t—00
Thus that the evolving curve converges smoothly is a corollary of (3-2). O

Lemma 3.4. Under the condition of Corollary 3.2, the flow (1-1) keeps the perime-
ter of the evolving curve X and increases the enclosed area.

Proof. Let L(t) be the perimeter of the evolving curve X (-, ¢) and A(¢) the enclosed
area. The variational formulae of L(¢) and A(¢) in [Gage 1986] give us

dL L dA L
3-11 = ds, — =— ds.
-1 dt /oﬁK Y /0'3 ’

Under the flow (1-1), the perimeter evolves according to

2n 271
(3-12) / (w(O, 1) —n(0,1))dd = / 22(9 1)do =0,
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which implies that the flow (1-1) keeps the perimeter of the evolving curve. By
Gage’s variational formulae (3-11), the enclosed area evolves according to

dA 2 2 aZw
= @En=n@.000.0d0 =/0 S5 (6.00(6.1) d6
T 2w 2m 92
:/0 W(G,t)p(@,t)d9+/ﬂ a2 0:0p(0. 1) db
T 52w T 92w
:/0 G5z @ 0pO.0d6+ | S € b p(E + o) de
T 92w
:/0 75 0.0(p(0.1) + (6 + 7.1)) O
T 82 82
:/O %(e,t)(a%(e,z)w(e,z)) d6

T 2w 2 T ow 2
=/(; (W(Q,t)) d@—/o (%(Q,t)) do,

where the fact that w(6, t) is a periodic function with period 7 with respect to 0
is used. Now, the Wirtinger inequality implies dA/dt > 0. Namely, flow (1-1)
increases the area enclosed by the evolving curve. O

From the previous lemma, it follows that
d
—(L*—4mA) <0,
o )=

which tells us that the isoperimetric deficit of the evolving curve is decreasing and
thus the curve becomes more and more circular during the evolution process.

Generally speaking, the pinching condition (1-2) can not be omitted, because we
have a lot of convex curves such that the right-hand side of (3-9) is negative for
some 6. However, an example in the next section shows that the pinching inequality
(1-2) is just a sufficient condition to guarantee the global existence of convex curve
X(-,t). We do not know how to weaken this condition.

Next, we will follow the idea from [Lin and Tsai 2009] to study the geometric
behavior of the flow (1-1) (using Fourier series). Now suppose that (1-1) has a
global solution on S! x [0, +-00) and that each evolving curve is strictly convex.

The Fourier expansion of the support function p(8, t) of the evolving curve can
be written as

p(0,1) = 2L—72 + > lax(t) cos(kB) + by (1) sin(kO)].
k=1
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where 0 is the tangential angle. By the definitions of width and radius of curvature,
we have

0?p

0,1) = —>
p(0.1) =22

0,t)+p0,t) = ;—72 + Z [ar () cos(k0)+by (t) sin(k6)](1—k?),
k=1

w(b,t)=pO,t)+p@+m,t)= %—{—2 Z[azk(l) cos(2k0)+ b,y () sin(2k9)].
k=1

Since dw/dt = 2(0%w/d6?), we have, by comparing the coefficients of both sides,

G-13) w1 = % +2 )" [a2(0) c0s(2K0) + by (0) sin(2k6)]e .

k=1
Therefore,
0%w
no,t) = W(Q, t)+w(b,1)
Lo ad . 2y —8k2t
=—+2 Z[azk(O) cos(2k0) + by (0) sin(2k0)](1 — 4k~)e ,
b4
k=1
and thus

p(0,1) = 2L_7(r) + Y lazk—1(0) cos((2k —1)0) + b1 (0) sin((2k —1)0)](4k —4k?)
k=1

+ > [a2(0) cos(2Kk ) + by (0) sin(2K0)](1 — 4k2)e 3K
k=1

As we know, dp/0t = n—w = 3°w/060? = %(aw/at). Integrating this yields

(3-14) p(o,1)= ;—; + Z [a2k—1(0) cos((2k —1)0) + bpg—1(0) sin((2k —1)0)]
k=1

o0
+ > [a2(0) co8(2Kk) + by (0) sin(2k6)]e 5K,
k=1
The formula above is useful because we can use (2-4) and the definition of the
support function to draw the graph of the evolving curve X = (x, y) according to
the following parametrization of convex curves (see [Green and Osher 1999]):

9
X = (X, T)T + (X, N)N = %T—pN

= (psin9+§—§cos9, —pcos@—i—g—gsine).
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At the end of this section, we prove the last part of the Main Theorem.

Lemma 3.5. If the initial curve Xg is centrosymmetric, then the flow (1-1) has a
global solution on S x [0, 00) and the limiting curve is a circle, and vice versa.

Proof. If the initial curve Xy is centrosymmetric and the symmetric center is the
origin of the plane, then the support function and the radius of curvature of Xy
satisfy

po(0) = po(0 +m), po(0) = po(t + 7).

By the evolution equations of p and 5 (see (2-5)), 8/8t(p(0, t)— %n(@, t)) =0.
Thus we get

p(8.1) = 51(8,1) = po(8) — 310(8) = po(8) — 5 (po(8) + po(8 + 7)) = 0.

The maximum principle tells us that 0 < %n <p(0,t) < %N (n, N are defined in
the proof of Lemma 3.1). Since %n(@, t) converges to Lo/2m, p(0,t) also tends to
Lo/2m as t — oo. Therefore, the limiting curve is a circle.

If the flow (1-1) has a global solution on S x [0, 00) and the limiting curve is a
circle, then (3-14) implies that a1 (0) =boi_1(0)=0fork =1,2,.... Therefore

po(0) = po(0 + ).
Namely, Xy is centrosymmetric with respect to the origin. O
Now, combining Corollary 3.2 and Lemmas 3.3-3.5, we complete the proof of
the Main Theorem.
4. Examples

In this section, we will illustrate several examples. We have said that the pinching
condition (1-2) cannot be omitted in the Main Theorem. In the following, a convex
curve is given to show that (3-9) is negative for some 6. Define a function on S! by

po(0) =10 —cos(26) + cos(30) + % cos(50) for 6 €0, 2x].

We can construct a closed curve Xo(0) = (x(6), y(6)) by setting
d d
x=posin9+%cose, y:—pocose—k%sin@.

The support function of X¢(6) is po(@), and we claim that Xy is convex, since we
can find that the minimum of the radius of curvature

d2P0

po(0) = 02 + po = 10+ 3 cos(28) — 8 cos(36) — 3 cos(56)
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Figure 1. po(6).

25

20

Figure 2. poo(0).

is 1.4409. .., with the help of Matlab 7.8.0. However, the minimum of

Poo(0) := 5—; + %(po(G) —po(8 + 7)) = 10—8cos(30) — 3 cos(56)

is —1. Figures 1 and 2 are the images of functions pg(6) and pso(8), respectively.
A part of the “limiting curve” is given in Figure 3, in which singularities and
self-intersections may occur near x = 0.

If we set the support function of a convex curve X to be

po(0) =194 2cos(20) + cos(30), for 6 € [0, 2],
then the radius of curvature is

po(0) = 19—6cos(26) — 8 cos(30),
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convex curve
T

-11.06 b

-11.07[

-11.08

-11.09

-11.1F

>

1111

-11.12F

-11.13|

-11.14 —

-11.15F 4

_11.16 L L L L L L L
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
X

Figure 3. A portion of the limiting curve, with singularities and
self-intersection near x = 0.

Figure 4. Convergence to a curve of constant width 38.

with minimum equal to 5 and maximum equal to 30.6366. . ., again using Matlab.
Although this convex curve does not satisfy the pinching condition of the Main The-
orem, numerical experiment shows that, under the flow (1-1), it keeps its convexity
(Pmin(?) = 5, for every ¢ € [0, 00)) and converges to a curve of constant width 38.
Figure 4 describes the evolution process.

Our last example is a centrosymmetric convex curve X¢ with support function

po(0) =15+ 3cos(28), for 8 €[0,2x].

If Xy evolves according to the flow (1-1) then the family of evolving curves con-
verges to a circle. The evolution process is demonstrated in Figure 5.
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0
X

Figure 5. Convergence to a circle.
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HILBERT SERIES OF CERTAIN JET SCHEMES
OF DETERMINANTAL VARIETIES

SUDHIR R. GHORPADE, BOYAN JONOV AND B. A. SETHURAMAN

We consider the affine variety 77';" of first-order jets over %5"", where %5""
is the classical determinantal variety given by the vanishing of all 2 x 2
minors of a generic m x n matrix. When 2 < m < n, this jet scheme %;" 5 has
two irreducible components: a trivial component, isomorphic to an affine
space, and a nontrivial component that is the closure of the jets supported
over the smooth locus of %5"". This second component is referred to as the
principal component of EEZ'" 5’5 itis, in fact, a cone and can also be regarded as
a projective subvariety of P?""~1, We prove that the degree of the principal
component of %" is the square of the degree of %" and, more generally,
the Hilbert series of the principal component of %7"" is the square of the
Hilbert series of ZX;"’". As an application, we compute the a-invariant of
the principal component of 2{;"’2" and show that the principal component of
%, is Gorenstein if and only if m = n.

1. Introduction

Let [ be an algebraically closed field and m, n, r be integers with 1 <r <m <n.
Let " denote the affine variety in A" defined by the vanishing of all r x r
minors of an m x n matrix whose entries are independent indeterminates over F.
Equivalently &"" is the locus of m x n matrices over | of rank < r. This is a
classical and well-studied object and a number of its properties are known. For
example, we know that Z"" is irreducible, rational, arithmetically Cohen—-Macaulay
and projectively normal. Moreover the multiplicity of %" (at its vertex, since %"
is evidently a cone) or, equivalently, the degree of the corresponding projective
subvariety of P?”_l is given by the following elegant formula (see [Abhyankar 1988,
Remarks 20.18 and 20.19] or [Ghorpade 1994, Corollary 6.2]; see also [Herzog
and Trung 1992] for an alternative proof and [Arbarello et al. 1985, Chapter 2, §4]
or [Ghorpade and Krattenthaler 2004, p. 352] for an alternative approach and a
different formula):

MSC2010: primary 14M12; secondary 05E40.
Keywords: jet schemes, Hilbert series, determinantal varieties.
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m4+n—i—j
(1) e@mMy = det ( tn—t J) .
1<i,j<r—1 m—i

More generally, the Hilbert series of Z"-" (or, more precisely, of the corresponding
projective subvariety of Pp" ~1) is also known and is explicitly given by

Zkzohktk
11—~

where d = (r —1)(m +n —r 4 1) is the dimension of ™" (as an affine variety),
and the coefficients /4 are given by sums of binomial determinants as follows:

hy = Z X lfi,djestr—l (<mkl_l)(kz’:l|‘_liJ)>

kyeoth 1=

2

For a proof of this formula, we refer to [Ghorpade 1996] (see also [Galligo 1985]
and [Conca and Herzog 1994]). Using this, or otherwise (see [Svanes 1974]), it
can be shown that Z"" is Gorenstein if and only if m = n. Moreover one can also
show that the a-invariant of the (homogeneous) coordinate ring of Z"* (which,
by definition, is the least degree of a generator of its graded canonical module) is
n(l —r); see, e.g., [Griabe 1988] or [Ghorpade 1996, Theorem 4].

We now turn to jet schemes, which have been of much recent interest due in large
part to Nash’s suggestion [1995] that jet schemes should give information about
singularities of the base; see, e.g., [Mustatd 2001; 2002; Ein and Mustatd 2009].
If % is a scheme of finite type over F and k a positive integer, then a (k — 1)-jet
on % is a morphism Spec F[#]/(t*) — %. The set of (k — 1)-jets on % forms a
scheme of finite type over [, denoted $—1(%¥) and called the (k — 1)-th jet scheme
of #. A little more concretely, suppose ¥ is the affine scheme Spec S/I defined
by the ideal I = (f1, ..., f;) in the polynomial ring S = F[ X1, ..., Xn]. Consider
independent indeterminates ¢ and X l.([) (i=1,...,Nand £ =0, ..., k—1)over
and the corresponding polynomial ring S® in the Nk variables X l.(e). For each
j=1,...,s, the polynomial

Fi(X0pex A0 O pex (A EY)
is of the form

FO 41D D modulo (1)

for unique fj(g) € S® (0 <€ <k). Then $x_; (%) is the affine scheme Spec s©/r,
where [’ is the ideal generated by all f /.(Z), 1 <j<s,0<{ <k, (Often in the
literature, authors conflate the algebraic set in AV* consisting of the zeros of the
polynomials f j(e) with $r_1(%) itself. This is generally harmless, especially when
considering topological properties such as components, since the points of this
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algebraic set correspond bijectively with the set of closed points of $,_1(%¥) as [ is
algebraically closed, and the set of closed points of an affine scheme is dense in the
scheme. See [Liu 2002, Chapter 2, Remark 3.49], for instance.)

When % is smooth of dimension d, the jet scheme $;_1(#) is known to be smooth
of dimension kd. In general, $;_1(%¥) can have multiple irreducible components,
and these include a principal component that corresponds to the closure of the set
of jets supported over the smooth points of the base scheme %. These components
are usually quite complicated and interesting. In fact, very little seems to be known
about the structure of these components and their numerical invariants such as mul-
tiplicities. For example, even when % is a monomial scheme such as the one given
by X1 X5 - X, =0, where e < N, determining the irreducible components and the
multiplicity of $;_1(%¥) appears to require some effort; see, e.g., [Goward and Smith
2006] and [Yuen 2007b]. Irreducible components of jet schemes of toric surfaces are
discussed in [Mourtada 2011], while the irreducibility of jet schemes of the commut-
ing matrix pairs scheme is discussed in [Sethuraman and Sivic 2009]. In a more re-
cent work [Bruschek et al. 2011], the Hilbert series of arc spaces (that are, in a sense,
limits of k-th jet schemes as k — 00) of seemingly simple objects such as the double
line y? = 0 are shown to have connections with the Rogers—Ramanujan identities.

Now determinantal varieties such as Z"* above are natural examples of singular
algebraic varieties, and it is not surprising that the study of their jet schemes has
been of considerable interest. This was done first by KoSir and Sethuraman [2005a;
2005b] (see also [Yuen 2007a]). To describe the related results, henceforth we
fix positive integers r, k, m, n with r < m < n, and let ii':?,’c" denote the (k — 1)-th
jet scheme on Z*". It was shown in [KoSir and Sethuraman 2005a] that Zf':f,’{"
is irreducible of codimension k(n — m + 1) when r = m, and if r < m, then
it can have > 1 4 |k/2] irreducible components with equality when » = 2 or
k = 2. A more unified result was obtained in [Docampo 2013], showing that
EE’:,’{" has exactly k + 1 — [k/r] irreducible components. At any rate, the best
understood case with multiple components is %3"”2", where 2 < m < n. In this
case ZZ;" 5y = ZyU Z;, where Z; is isomorphic to A"™" while Z is the principal
component which is the closure of the jets supported over the smooth points of
the base variety %g’" Here it will be convenient to consider 2mn indeterminates,
denoted x; j, y;j for 1 <i <m, 1 < j < n, and the corresponding polynomial
ring R=F[x; j,yij:1<i<m,1<j<n] Alsolet $ = 9'2'6’2" and $g denote,
respectively, the ideals of R corresponding to the jet scheme %g’zn and its principal
component Zg. In [KoSir and Sethuraman 2005b], it was shown that both $ and $¢
are homogeneous radical ideals of R (so that $g is prime), and moreover their
Grobner bases were explicitly determined. The leading term ideal LT (%) of %
with respect to this Grobner basis is generated by squarefree monomials and hence
R/LT(9$9) is the Stanley—Reisner ring of a simplicial complex Ag. Jonov [2011]
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subsequently studied this simplicial complex. He showed that A is shellable and
thus deduced that R/$( is Cohen—Macaulay. (This last result was independently
obtained in [Smith and Weyman 2007] as well, using a geometric technique for
computing syzygies.) Jonov also found a formula for the multiplicity of R/$,

namely,
iy (17) ("72)
_ m+n—i—j) i—1 m—1
@ i) =33 (") det (i123) (")
i=1 j= P _
i) m.n) i=2 m—2

Equation (3) above is the starting point of the present paper. We first show that
the right side of this equation simplifies remarkably to yield the pretty result

m+n—2

2
) =e@ym

e(R/90) =
(this was already alluded to in [Jonov 2011, Remark 2.8]). Next we proceed to
determine the Hilbert series of R/ or of the principal component Zy. We use the
well-known connections between the Hilbert series of R/$¢, that of R/LT($g) and
the shelling of the facets of the simplicial complex A obtained in [Jonov 2011].
With some effort we are led to an initial formula for the Hilbert series of R/$(, which
is enormously complicated and involves multiple sums of products of binomials
in the same vein as the right side of (3). But we persist with the combinatorics
and are eventually rewarded with the main result of this paper. Namely, just like
the multiplicity, the Hilbert series of R/$¢ is precisely the square of the Hilbert
series of the base determinantal variety %7"". As a corollary of this, we are able
to determine the a-invariant of R/$( and the Hilbert series of its graded canonical
module. Moreover we show that, as in the case of classical determinantal varieties,
Zy is Gorenstein if and only if m = n.

The proofs given here are completely elementary but highly combinatorial and
rather intricate. Heuristically it appears to us that up to some flat deformation (such
as the Grobner deformation of $¢ to LT($¢), which preserves the Hilbert series),
the coordinate ring of the principal component (suitably deformed) should look like
the tensor product of the coordinate ring of the base (similarly deformed) with itself.
(This would reflect the fact that, at the smooth points, the base variety locally looks
like its tangent space.) It would follow then that the Hilbert series of the principal
component is the square of that of %"". We emphasize that this is only heuristics
(with all of its ever-present dangers); nevertheless we suspect that analogous results
relating the Hilbert series of the principal component to that of the base scheme
should hold more generally for all ii:" ", and possibly also for jet schemes over a
wider class of affine base schemes. We do not know how to prove this, and leave it
open for investigation.
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2. Binomials and lattice paths

In this section we collect some preliminaries concerning binomial coefficients,
alterations of summations, and lattice paths. These will be useful in the sequel.

2.1. Binomials. To begin with, let us recall that the binomial coefficient (; ) is
defined for any integer parameters s, a (and with the standard convention that the
empty product is taken as 1) as follows:

(o) =

In fact, this definition makes sense not only for any s € Z but also for s in any
overring of Z and in particular, s can be an indeterminate over (Q in which case (2)
is a polynomial in s of degree a, provided a > 0. Now let s, a € Z. Note that

ifa >0,

a!

s(s—1)---(s—a+1)
{0 ifa <O.

@ (2)=0<=>eithera<00ra>szo.

One has to be careful with the validity of some of the familiar identities; for example,

&) (s)=< s )(z)eitherszoors<a<0,

a sS—a

whereas some standard identities such as the Pascal triangle identity or its alternative
equivalent version below are valid for arbitrary integer parameters:

s s\ _ (s+1 s+a s+a\ _ (s+a+1
© (a—1>+(a) _< a ) and ( a )+<a+1> _( a+1 )
The equivalence of the two identities above follows from the simple fact below,
which is also valid for arbitrary integer parameters:

D CE) () e ()= ()

We now record some basic facts, which are often used in later sections. Proofs are
easy and are briefly outlined for the sake of completeness.

Lemma 1. Foranye,s,t € Z with s <t, we have
Z (d)_<t+1)_(s+l>
e)  \e+l e+1/’
s<d<t

Proof. Induct on ¢ — s, using the first identity in (6) to rewrite (2::) O

The following result is a version of the so-called Chu—Vandermonde identity.
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Lemma 2. Foranys,t,a, B € Z, we have

®) ;<aij>(ﬁij):<;ilt3>

and

o SCEE) )

where, in view of (4), the summation on the left in (8) as well as in (9) is essentially
finite in the sense that all except finitely many summands are zero.

Proof. Let X be an indeterminate over (. Use the binomial theorem, namely,

o0
d_ d\ i
1+ X) _Z<i>X’
1=
which is valid in the formal power series ring Q[ X ] for any d € Z, and compare the
coefficients of X**# on the two sides of the identity (1 + X)*(1 4+ X)" = (1 4+ X)**
to obtain (8). Now (8) and (7) imply (9). O

2.2. Alterations of summations. As in (8) and (9) above, we will often deal with
summations that are essentially finite, by which we mean that the parameters in the
sum range over an infinite set, but the summand is zero for all except finitely many
values of parameters, and so the summation is, in fact, finite. It is, however, very
useful that the parameters range freely over a seemingly infinite set so that useful
alterations such as the ones listed below can be readily made. These are too obvious
to be stated as lemmas and proved formally. But for ease of reference, we record
below some elementary transformations of essentially finite summations. In what
follows, f : Z*> — Q will denote a rational-valued function of two integer parameters
with the property that the support of f, namely, the set {(s1, s2) € Z%: f(s1, 52) # 0}
is finite or more generally, it is diagonally finite, that is, for each k € Z, the set
{(s1,52) € Z%: 51 + 52 =k and f(s1, 82) # 0} is finite. In this case, for any v € Z
and any «, B € Z such that o + 8 = v, we have

(10) Yo fGus)= Y fhi—an—p),

S1+sr=k—v t+t=k
where writing 51 4 s, = k — v below the first summation indicates that the sum is
over all (s, 5) € Z? satisfying s; + 52 = k — v. A similar meaning applies for the
second summation and in fact, for all such summations appearing in the sequel.
Since the “diagonal condition” #; + f, = k is symmetric, we also have

(11) Yoo f) =) [l ).
k

t+t=k H+h=
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Figure 1. A lattice path from A = (1, 1) to £ = (4,5).

Thus, for example, using (10) and (11), we find
Yo f)= Y ft+ln—D= Y fu+ln-1.

ti+h=k ti+h=k ti+h=k

2.3. Lattice paths. Let A=(a, a’) and E = (e, ¢’) be points in the integer lattice Z>.
By a lattice path from A to E we mean a finite sequence L = (Py, Py, ..., P;) of
points in 7? with Py= A, P, = E and

P,—P_1=(1,000r(0,1) fori=1,...,¢.

The lattice path L can and will be identified with its point set {P; : 0 < j < t};
indeed L is obtained by simply arranging the elements of this set in a lexicographic
order. The point A = Py is called the initial point of L while E = P; is called the
end point of L. We say that a point P; is a NE-turn of the lattice path L if 0 < j <¢
and P; — P;_1 = (0, 1) while P;;; — P; = (1, 0). Note that a lattice path is also
determined by its NE turns.

In more intuitive terms, a lattice path consists of vertical or horizontal steps of
length 1, and a NE-turn is simply a northeast turn. For example, a lattice path from
A=(1,1)to E = (4, 5) may be depicted as in Figure 1, and it may be noted that
the points (1, 2) and (2, 4) are its NE turns.

If we let (A — E) denote the set of lattice paths from A = (a, a’) to E = (e, €’)
and, for any k € Z, let (A — E) denote the subset of (A — E) consisting of
lattice paths with exactly k NE turns, then it is easily seen that

P(A — E)| = (e—a+e —a )

e—a

A~ Bl= () ()

where as usual, for a finite set %, we denote by || the cardinality of ?. Given
any two d-tuples sd = (Ay, ..., Ay) and € = (Ey, ..., E4) of points in 72, by
a lattice path from s to ‘€ we mean a d-tuple £ = (L, ..., Lg), where L, is a
lattice path from A, to E,, for 1 <r <d. We call & to be nonintersecting if no

(12)
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two of the paths Ly, ..., L; have a point in common. We say that & has k£ NE
turns if the total number of NE turns in the d paths L, ..., Ly is k. The set of
nonintersecting lattice paths from o = (A, ..., Ag) to € = (Ey, ..., Eg) will be
denoted by (A} — Ei, ..., Aqg — E;) or simply by P (s — €), and its subset
consisting of nonintersecting lattice paths with exactly & NE turns will be denoted
by P (A1 — E1, ..., Ag — Eg) or simply by Py (A — €).

Proposition 3. Let d be a positive integer and let A, = (a,, a.) and E, = (e, e,.),
r=1,...,d, be points in7%. Also let A = (Ar,...,Ap)and €= (E, ..., Ey).

(i) Suppose
ay<---<aq, ey<---<eq and ay=--->ay €/ >--->ey.

Then the number of nonintersecting lattice paths from s to € is equal to

. / _ /
(13) det((ef aite; “i) )
€j—di 1<i,j<d

(i1) Let k € Z and suppose
aj<---<aq, eg<---<eq and a;>--->a,, € >--->eé,.

Then the number of nonintersecting lattice paths from A to € with exactly k
NE turns is equal to

14 deu (ST ) (¢G4 )
(14) k1+-§;<d:k ( ki+i—j k; i j=d

Part (i) of the above proposition is due to Gessel and Viennot [1985, Theorem 1],
although some of the ideas can be traced back to Chaundy [1932], Karlin and
McGregor [1959], and Lindstrom [1973]. The statement here is a little more
general than that of [Gessel and Viennot 1985], and a proof can be found, for
example, in [Ghorpade 2001, §3] or [Krattenthaler 1995b, §2.2]. Part (ii) was
proved independently by Modak [1992], Krattenthaler [1995a] and Kulkarni [1996]
(see also [Ghorpade 1996]), although the hypothesis in [Modak 1992] and [Kulkarni
1996] on the coordinates of the initial and the end points is slightly more restrictive
than in (ii) above where we follow [Krattenthaler 1995a, Theorem 1]. The following
consequence is frequently used in Section 4.

Corollary 4. For any a,b,c,d,s € Z with a < ¢ and b > d, the cardinality of
P((1,2) > (a,b), (1,1) = (¢, d)) is given by

SIJFZVZ::Y (as—ll)(bs—lzxcs—zl)(ds—zl) B <s23—1)<bs—22)(;—_21><ds—11)‘

Proof. This is just a special case of part (ii) of Proposition 3. U
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3. Multiplicity

As in the Introduction, we fix in the remainder of this paper an algebraically closed
field [ and integers m, n with2 <m <n. Also let x; j, y; j, 1 <i < m,1 < j <n,
be independent indeterminates over . Denote by V, the set

{xij:1<i<mand1<j<nj}

of the “x-variables”, and by V, a similar set of the “y-variables”. Let V =V, UV,
and let R = [F[V] be the corresponding polynomial ring in 2mn variables; also let
R, =F[V,] and R, =[F[V)] be the corresponding polynomial rings in mn variables.
By the support of a monomial F in R, denoted supp(F’), we mean the subset of V
consisting of the variables appearing in F. Clearly a monomial F in R can be
uniquely written as

(15) F=F,F,, where Fy, F, are monomials with F,, € R, and F, € Ry,

and moreover F is squarefree if and only if both Fy and F) are squarefree. Note
that squarefree monomials can be identified with their supports, and in particular,
faces of a simplicial complex A with vertex set V can be viewed as squarefree
monomials in R. With this in view, we may not distinguish between a squarefree
monomial and its support, and we may sometimes write x; ; € G rather than x; ; | G
when G is a squarefree monomial in R and x; ; is a variable appearing in it. A
monomial G in R, will be called a lattice path monomial in R, if there is a positive
integer ¢ and variables x;, j,, ..., X;, j in V, such that

t
(16) G = Hx,-bjs with (iy —is—1, js— js—1) =(1,0) or (0, 1) for 1 <s <t.
s=1
In this case G is called a lattice path monomial from x;, j, to x;, j,, and we will refer
to x;,,j, as the leader of G and denote it by 1 (G). Note that u(G) = x;,,j, depends
only on G (and not on the given ordering of the variables appearing in it) since
(i1, j1) is lexicographically the least among the pairs (i, j) for which x; ; € supp(G).
A variable x;_; in supp(G) will be called an ES-turn of G if 1 <s <, iy =is_1,
and j; = js4+1. Analogously a variable x;_; in supp(G) will be called a SE-turn
of Gif 1 <s <t, jy = js—1,and iy =i;1 1. Moreover we will call a variable x;_;
in supp(G) the midpoint of a segment in G if 1 < s <t and either i;_| =iy = i;1
(horizontal segment) or j,_1 = j; = js4+1 (vertical segment). It may be noted that a
variable x; ; with 1 <s <1 is either an ES-turn or a SE-turn or the midpoint of a
segment in G.
Evidently lattice path monomials in R, correspond to lattice paths in the sense
of Section 2.3 if we turn the m x n rectangular matrix (x; ;) left by 90° and identify
the variable x; ; with the lattice point (i, j). In this way leaders correspond to initial
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Figure 2. Lattice path monomials F, and F) = F}P Fy'- in Proposition 5.

points while ES turns correspond to NE turns. Lattice path monomials in R, together
with their leaders, ES turns, SE turns, and midpoints of segments are similarly
defined (and similarly identified with lattice paths in the sense of Section 2.3).

We have noted in the introduction that a Grébner basis (with respect to reverse
lexicographic order on monomials with the 2mn variables arranged suitably) of the
ideal $ of the variety #7';" of first-order jets over %,"", as well as of the ideal g
of the principal component Z; of %';’2", was determined in [KoSir and Sethuraman
2005b]. As a consequence, one can write down the generators of the leading
term ideal of $q (see [Jonov 2011, Proposition 1.1]), say LT($g), and deduce that
R/LT(9$y) is the Stanley—Reisner ring of a simplicial complex Ao with V as its set
of vertices. A precise description of the facets of Ag was given by Jonov [2011,
§2], and we recall it below.

Proposition 5. A squarefree monomial F, decomposed as in (15) above, is a facet
of Ay if and only if there is a unique (i, j) € 7%, withl<i<m,1< Jj <n, such
that (i, j) # (m, n) and FY is a lattice path monomial from x; j to X, ,, whereas
Fy,= FyU FyL, where FyU is a lattice path monomial from y; 1 to yi n, Fy'- is a lattice
path monomial from y; | t0 yn, j, and the supports of FyU and Fy" are disjoint.

The lattice path monomials F and Fy = F}L,J FyL are illustrated in Figure 2 by the
corresponding “paths” in rectangular matrices.

Using Proposition 5 together with the first identity in (12) and part (i) of
Proposition 3, Jonov showed that the simplicial complex Ag is pure (i.e., all its
facets have the same dimension) and deduced the dimension and the formula stated
in the introduction for the multiplicity of the coordinate ring R/$¢ of Zj.

Corollary 6. The (Krull) dimension of R/%q is 2(m +n — 1) and the multiplicity
of R/%q is given by (3).

Now here is the pretty result about the multiplicity that was alluded to in the
introduction, namely, that the formula (3) admits a remarkable simplification.
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Theorem 7. The multiplicity of R/%¢ is given by

m—l—n—2>2
m—1 )

(17) e(R/90) = (

Proof. For 1 <i <mand 1 < j <n, let A; ; denote the 2 x 2 determinant in (3).
Observe that if (i, j) = (m, n), then A; ; = 0. Thus, by expanding this determinant
and rearranging the summands, we can write

e(R/%)—Z(””” 2)2&1 i(’*” 3)2%
i=1 i=1

where, for 1 <i <m and 1 < j <n, we have put

Si’j:<m+n—l— )<m+]23> and Tl_’j:<m+n—l— ><m+] 2)‘

m—i m—i —1

Rewriting §; ; using (5) and then noting that the resulting product is zero if j < 1
or j > n, thanks to (4), we see from Equation (9) in Lemma 2 that

n

o m+n—i—j)(m+j—3> _ <2m+n—i—2)
ZIS”’_Z( n—j j=1 )= e )
j= j

foreachi =1, ..., m. In a similar manner,
n
o m—l—n—i—j)(m—l—j—Z)_<2m—|—n—i—1)
ZTM—Z( n—j j=1 )= a1 )
Jj=1 J
foreachi =1, ..., m. It follows that e(R /%) is given by the telescoping sum

m
B - o (i+tn=2\(2m+n—i-2
€(R/-.930)—2(a1 al—l)v where a _( i—1 )( n—1 )’
i=

—2\2
m’:ﬁl 2) , we obtain the desired result.

for0 <i <m. Sincea0=0andam=<
[l

It may be noted that in view of (1) and (17), the multiplicity of the principal

component Zj is precisely the square of the multiplicity of the base variety %5".

4. Hilbert series

Let us begin by recalling that a shelling of a pure simplicial complex A is a linear

ordering F1, ..., F, of its facets such that for all positive integers i, j, with j <i <e,
there exist some v € F; \ F; and some positive integer k < i such that F; \ Fy = {v}.
Given such a shelling and any ¢ € {1, ..., e}, we let

c(F;) = {v € F; : there exists s < t such that F; \ Fy = {v}}.
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Elements of c(F;) will be referred to as the corners of F;. It may be noted that
c(Fy) is nonempty if and only if # > 1. Recall also that a simplicial complex A is
said to be shellable if it is pure and it has a shelling. The following result is well
known (see [Bruns and Conca 2003, Theorem 6.3]).

Proposition 8. Let A be a shellable simplicial complex and let Ra denote its
Stanley—Reisner ring. Then:

(1) Ra is Cohen—Macaulay and its (Krull) dimension dim Rp is 1 4+ dim A.

(i1) Suppose d = dim Ra and Fy, ..., F, is a shelling of A. Then the Hilbert
series of R is given by

Z j=0 hj z/
(1-2)
Jonov [2011] showed that the simplicial complex Ag mentioned in the previous
section is shellable and concluded using part (i) of Proposition 8 that the coordinate
ring of R/ % of the principal component Z of 23?”2" is Cohen—Macaulay. We shall
now proceed to use part (ii) of Proposition 8 to determine the Hilbert series of R/$.
We will use the notation and terminology introduced at the beginning of Section 3.
Further we introduce the following “antilexicographic” linear order on V,, that is,
on the x-variables. For any x, p, x. 4 € Vi, define

, whereh;=|{te{l,...,e}:|c(F)|=j}| forj=0.

Xab <Xeq <> eithera>c or a=candb>d.

Given a lattice path monomial G as in (16), the spread of G, denoted sp(G), is the
set of variables that are on or below the corresponding lattice path; more precisely,

sp(G) ={xyp:is<a<mand 1 <b < j;forsomes=1,...,¢t}.

The notion of spread is defined for lattice path monomials in Ry in exactly the same
manner. It may be observed that if G, H are lattice path monomials (both in R, or
both in R)), then the condition sp(G) C sp(H) means, roughly speaking, that H is
to the right of G; moreover, if ©(G) = u(H) and sp(G) = sp(H), then we must
have G = H.

Notice that the lattice path monomials FyU and Fy'- of Proposition 5 have the
property that sp(F’ yL) C sp(F ;,J).

Following [Jonov 2011], we now define a partial order on the facets of Ag.

Definition 9. For any facets P, Q of Ag with decompositions P = P, PyU P}',- and
0 = 0« Q;J Qk as in Proposition 5, define P < Q if one of the following four
conditions hold: (i) u(Py) < u(Qyx), (1) u(Py) = u(Qy) and sp(Pyr) < sp(Qx),
(iii) P, = Q. and sp(PY) Csp(QY), (iv) Py = Ox, PV = QY and sp(PL) C sp(QY).

The next result is a consequence of [Jonov 2011, Theorem 3.2] and its proof.
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Proposition 10. The relation < in Definition 9 defines a partial order and any
extension of it to a total order on the facets of Ag gives a shelling of Ay.

The terminology of ES turns can be extended from lattice path monomials to
facets of Ag as follows. For any facet F' of A having a decomposition F' = Fy FyU F!
as in Proposition 5, by an ES-turn of F we shall mean an ES-turn of either F or F
or FyU. It turns out that the corners of a facet of Ag are essentially its ES turns or
the leader of its x-component. There are, however, some subtleties involved and a
precise relation is given below.

Lemma 11. Let F be a facet of Ag and F = F, FyU FyL be its decomposition as in
Proposition 5. Also let v € V be a vertex of Ag. Then:

(1) If v € c¢(F), then either v = w(Fy) or v is an ES-turn of F. In particular,
Xmn €c(F)and yy,., & c(F).
(i) If w(FyY) = x;j, with (i, j) # (m,n — 1), then u(Fy) € c(F). Moreover
Xmn—1 & c(F).
(ii1) If v is an ES-turn of Fy, then v € c(F).
(iv) If v is an ES-turn of FyU or of FL, then v € c(F), except when v is an ES-turn

of FyU such that v =y 2 or when v is an ES-turn of FyU such that v=yu,_1, j+1
and ju(Fy) = xp, j for some j < n.

Proof. (i) Let P = P, P} P} be a facet of Ag such that F\ P = {v} and F > P.
The latter implies that one of the four possibilities in Definition 9 must arise. First
suppose u(Py) < w(Fy). Then w(F,) is a vertex of F that is smaller than w(Py) in
the standard lexicographic order, and hence w(F,) ¢ Py; consequently v = w(F,),
and we are done. Now suppose p(Py) = u(Fy) and sp(Py) C sp(Fx). Then P, # Fy
and hence F, \ P, = {v}. Note that since w(Fy) and x,, , are in Py, the vertex v is
an ES-turn, SE-turn, or the midpoint of a segment of F,. In case it is the midpoint
of a segment of Fy, the other two vertices in that segment must be in P, and
since Py is a lattice path monomial, we see that v € P,, which is a contradiction.
Also if v = xi; (say) is a SE-turn of Fy, then x;_;; and x; ;41 must be in F, and
hence in P,. But then P, must contain x;_; 4+, which is a contradiction since
Xk—1.1+1 € sSp(Fy). It follows that v is an ES-turn of F,. Next suppose P, = Fy
and sp(P)) C sp(F}). Then F)\ P = {v}. Since u(P,) = (Fy), in view of
Proposition 5, we see that the initial and the terminal variables of P;’ and F;,J
coincide, and so v is neither of these. Arguing as in the preceding case, we can rule
out the possibilities that v is a SE-turn or the midpoint of a segment of F yU Hence
v is an ES-turn of Fyl,J. In a similar manner, we see that if P, = F, P;,J = FyU and
sp(P}) C sp(Fy), then v is a ES-turn of F\. Thus (i) is proved.

(ii) Let w(Fy) = x; j with (i, j) # (m, n—1). Then either x; ;| € Fy or x;41,j € Fx.
First suppose x; j+1 € F,. We define a new facet P as follows. Let P, = F \ {x; ;}
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and P'- F U{Ym, j+1}. To define PV, we take PU FU in the case yy, j+1 ¢ F )
If yu,jtr1 € F y , then this must mean that i = m, and hence j<n—1. We therefore
define PyU = (FyU \ {ym.j+1D) U{ym—1,j+2}. Observe that P = PXP;,JP},L is a facet
of Ay and since u(P,) < w(Fy), we have P < F. It follows that w(Fy) € c(F).
Next suppose x;41,; € Fy. We first assume that (i, j) # (m — 1, n). Now define
a new facet P as follows. First we let P, = Fx \ {x,-,j}. If yivin ¢ FL, then we

let PU F U{yi+1.»} and PL LIf Yitln L then j must equal n. If now
i<m-—2, then we let P = (FL\{y,+1n})U{y,+2n 1}. We are left with the
special case i =m —1, j =n. HereweletP ={Xmn_1> Xm.n}» PU FUU{ymn},

and P; = F\ {y.n}. In all three cases, it is easy to verify that P = P PP Pl is

a facet of Ao such that '\ P = {x; ;} and P < F. Consequently wu(Fy) e c(F).
Finally we show that x,, ,_1 ¢ c(F). Assume, on the contrary, that there is a facet
P of Ag such that F\ P = {x,, ,—1}. By (i) above, u(F) = x,,,.,—1 because there
can be no ES-turn at x,, ,—1. In view of Proposition 5, P must contain at least one
variable other than x,, ,, and since x,, ,—1 € P, it follows that x,,_; , € P. This
forces w(Fy) < w(Py), which violates the fact that P < F. Thus (ii) is proved.

(iii) Let v = x;; be an ES-turn of F,. Define Py = Fy \ {xx;} U {x¢4+1,-1} and
Py, =F,. Itis clear that P = P, P, is a facet of A¢ such that P < F and F\ P = {v}.
This proves (iii).

(iv) First suppose v = yj; is an ES-turn of Fy'-. Then k < m and [ > 1. Define
P, = F,, PyU = F;,J, and Py'- = FyL \ {1} YU {yk+10-1}. It is easy to see that
P=P PyU PyL is facet of Ag such that P < F and F \ P = {v}. Next suppose
v = Yk 1s an ES-turn of FU Then once again k < m and [ > 1. In case yxy1-1
is not in F)-, we define P = Fy, P = Fy, and P = F)\ {y)} U {ykyr0-1),
whereas in case Vk+1,7—1 18 in FL and also k <m—1 andl > 2, we define P, = F,,
P;,J \{ykl}U{yk_H -1} and PL FL\{yk_H 1—1}U{¥k42.1-2}. We verify that
in both the cases, P = P, PPl isa facet of Ag such that P < F and F \ P = {v}.

When [ =2, it is easy to see that v = yj » can be an ES-turn of F. yU only when
k=1 lest F)L,J and FyL intersect at yx 1. We now show that y; ; is not a corner of F.
Suppose that P = P, PyU Py'- is a facet of Ag such that F\ P = {v}, v =1y; 2 and
F > P. By Proposition 5, PyU must start at y; 1 and Py'- must start at y, 1. For pPY
to avoid v = yj », it must be the case that PyU contains y, 1. But this contradicts the
fact that P’ and P~ do not intersect.

We are left with the situation where k =m — 1 and v = y; is an ES-turn of F’ yU
and moreover y,, ;-1 € F}-. Now since F)’ has an ES-turn at y,, 1, we see that
! > 1 and both y,,_1,-1 and y,,; are in FyU. In particular, y,,; & Fy'- and since
Ym.i—1 € FL, in view of Proposition 5, it follows that F}': ends at y,, ;_1, while F;,J
ends at y,, , and also that w(Fy) = x,, ;—1. Now if there were a facet P = P, PUPL
of Ag such that F\ P = {v} and F > P, then P, = F, and P} = Fy, whereas
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FyU \ PyU = {ym_1,4}. But then PyU is a lattice path monomial that contains both
Ym—1,—1 and y,,; and does not contain y,,_; ;; so it must contain y,, ;—;. This is
a contradiction since y,, ;1 € FyL = PyL and the monomials P;J and PyL have no
variable in common. This completes the proof. (I

For any integers i, j, k withk > 0,1 <i <m and 1 < j <n, we define C{fj to
be the number of facets F = F, F, of Ag such that u(F,) = x; ; and F has exactly
k ES turns that are in c(F). We state a useful consequence of Lemma 11:

Corollary 12. The Hilbert series of the coordinate ring R/$o of the principal
component Zy of %3")" is given by

Zkzo hkzk

(18) 0= 2)men

where hg = 1, and for k > 1,

(19) he=Cpuat Y. Gl
(@, HF#m,n—1)
(i, ))#(m,n)
where the last sum is over all pairs (i, j) of integers satisfying 1 <i < m and
1l <j<n,with (i, j) # (m,n—1) and (i, j) # (m, n).

Proof. 1t is well-known that the (Krull) dimension as well as the Hilbert series
of R/%¢ coincides with that of R/LT($y) (see, e.g., [Bruns and Conca 2003, §3]),
where LT($g) denotes the leading term ideal of $¢ as in [KoSir and Sethuraman
2005b] and [Jonov 2011, Proposition 1.1]. Now Ay is precisely the simplicial
complex such that R/LT($¢) is the Stanley—Reisner ring of Ag. Thus it follows
from Corollary 6 and part (ii) of Proposition 8 that the Hilbert series of R/ % is
given by (18), where hg = 1, and for k > 1,

hi = |{F : F a facet of Ag with [c(F)| =k}|.

Partitioning the facets F' = F, F) in the above set in accordance with the values
of u(Fy) and noting from Proposition 5 that u(Fy) # (m, n), and then applying
Lemma 11, we obtain the desired result. O

We have seen in Section 3 that lattice path monomials can be related to lattice
paths in the sense of Section 2.3 if we rotate to the left by 90° and identify the
variable x; ; with the point (i, j) of Z?. Also recall that for any (a, a'), (e, €') € Z>
and s € Z, we denote by P ((a, a’) — (e, €’)) the set of lattice paths from (a, a’) to
(e, ¢’) with s NE turns. Likewise if (a;, a)), (e;, €}) € Z2fori=1,2and s € Z, then
by Ps((a1, a}) — (e1, €)), (a2, a5) — (e, €5)) we denote the set of pairs (L1, Ly)
of nonintersecting lattice paths such that L; is from (a;, a) to (e;, €}) fori =1, 2,
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(i,‘n)
:

(ij)f-o § =1-(m)

. PO R N R .

P R |

Figure 3. Lattice paths L and (L, L;) corresponding to Fy and (F v, FyL).

and the paths L and L, together have exactly s NE turns. Evidently these sets are
empty (and hence of cardinality 0) when s < 0.

Lemma 13. Lets,i, je Zwiths >0,1 <i<mand1 < j <n.

() If i #m, then
Gl ;= Z P, (G, ) = (m, )| |Ps,((1,2) > (G, n), (1, 1) > (m, j))

S1+s2=s

9’

where the sum is over pairs (s1, sp) of nonnegative integers with s; + s, = s.

(i) If 1 < j <n—1, then

m—1 n—1
Coi=Y. D |21, = (p.g), (1, 1) = (m, )]
p=1g=j+1

m—2
+ Z |P5-1((1,2) = (p, j). (1, 1) > (m, )|
p=1

+|P((1,2) > (m— 1, j), (1, 1) > (m, j))|.

(iii) €3, | = (”;2)(’";1) and
m—2
Chnt = S |P1((1,2) > (pon = 1), (1, 1) = (m,n — 1)
p=1

+]9((1,2) > (m—1,n=1), (1, 1) > (m,n— 1))|.

Proof. Leti,jeZwithl <i <m,1<j <n,and (i, j) # (m,n). By a 90°
rotation to the left, we see from Proposition 5 that the facets F = F\ F), of Ay
with ((Fy) = x; ; are in one-to-one correspondence with the triples (L, L7, L%)
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of lattice paths, where L is from (i, j) to (m, n), while L] is from (1, 1) to (i, n)
and L3 is from (2, 1) to (m, j), and moreover L}, L3 are nonintersecting. We will
now modify L7, L} slightly keeping in mind the hypothesis in Corollary 4. To this
end, first note that (1,2) € L7 since 2 < m < n. Thus if we let Ly := L]\ {(1, 1)}
and Ly := L3 U {(1, 1)}, then (L}, L}) and (L1, L) are pairs of nonintersecting
lattice paths that determine each other and have exactly the same NE turns, except
that if L} had a NE turn at (1, 2), then L; will not have a NE turn at (1, 2). Note
though that, by Lemma 11 (iv), y; 2 is not a corner of any facet, and this switch
will therefore not affect the count of corners. Consequently the facets F' = F, Fy of
Ao with i (Fy) = x; ; are in one-to-one correspondence with

P, j) = (m,n) x P((1,2) — (i, n), (1, 1) = (m, j)).

The lattice paths L and (L, L,) corresponding to the components Fy and (FV, Fy'-)
of the facet F' = F\ F) are illustrated in Figure 3; these may be compared with
Figure 2 that depicts the lattice path monomials F, and Fy = FJ Fy.

(i) Suppose i #m. Then, from Lemma 11, we see that, for every facet F = F, F)
of Ag with j(Fy) =x; j, all the ES turns of Fy, F or F that are in ¢(F) correspond
to the NE turns of the corresponding lattice paths L, L or L;. From this, we readily
obtain the formula in (i).

(i1) Suppose i =m and 1 < j <n — 1. Then for a facet F = F\ F, of Ay with
w(Fy) = xp,, j, the lattice path L corresponding to F) is from (m, j) to (m, n) and
evidently this has no NE turns. Consider in #((1, 2) — (i,n), (1,1) — (m, j))
the pair (L, L») corresponding to (FY, Fy'-). Suppose the last NE-turn of L is at
(p,q +1). Note that if g < j, then we must have (m, j) € L, which contradicts
the fact that L, L, are nonintersecting. Thus 1 < p<m—1and j < g < n.
Moreover if ¢ = j, then by part (iv) of Lemma 11, we see that either p <m —2
or the NE-turn (p, ¢ + 1) is not in ¢(F). It follows that L; can be replaced by its
truncation L1, which is a lattice path from (1, 2) to (p, q) such that L1 and L, are
nonintersecting. Moreover the number of NE turns of Ly in ¢(F) are exactly one
less than the number of NE turns of L in ¢(F), except when (p, q) = (m — 1, j)
in which case they are the same. Thus by varying (p, g) over an appropriate range,
we obtain the formula in (ii).

(i) If (i, j) = (m, 1) and F = F\ F) is a facet of Ag with u(Fy) = xp,. 1, then the
path L corresponding to F, as well as the path L, corresponding to F' yL have no NE
turns. Moreover every NE-turn of the path L € ((1, 2) — (m, n)) corresponding
to FY is necessarily in c(F), thanks to Lemma 11. Thus, in view of (12), we
see that C,, | = (";2) (" 1) Finally if (i, j) = (m,n — 1), then arguing as in (ii)
above, we see that for a facet F = F, F, of Ay with u(Fy) = x, »—1, the lattice
path L corresponding to F, has no NE turns and the last NE-turn of the lattice
path L; corresponding to FyU must be (p, n) for some p=1, ..., m— 1. Moreover
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by Lemma 11, this turn is counted as a corner (i.e., x, , € c(F)) if and only if
p < m — 1. Thus upon replacing L; by its truncation up to (p, n — 1), we obtain
the desired formula for Cfn’n_l in (iii). O

We can already use the results obtained thus far to write down an explicit formula
for the Hilbert series of the graded ring R /% corresponding to Zy. Indeed it suffices
to combine Corollary 12, Lemma 13, and Corollary 4. However the resulting formula
is much too complicated and we will instead use results in Section 2 for simplifying
various terms in (19) so as to eventually arrive at an elegant formula for (18).

Lemma 14. Let k be a positive integer. Then C,’;,n_l is equal to
Z (m—2><n—2)<m—1)(n—2) . <m—1)(n—2)(m—2)<n—2>
n h 15} f Hh+1 1) Hh—1 ] )
t+n=k

Proof. For s € Z, let f(s) := <ms—1)(l’l;2) and g(s) := (’?:f)(”;2> By
Corollary 4,

m—2

20) > |Puc1((1,2) > (p.n—1), (1,1) > (m,n—1))]

=X 2 ()0 e ()0 e

p=1s1+s3=k—1

- T (ZO)C - (E (L))

s1+s2=k—1 " p'=

X GO () (e

- (- (s

t1+t=k

]

where the penultimate equality follows from Lemma 1 since (sl(—)H) =0= (s;rz) for
s1, 52 > 0, and also since ("5_13)f(s2) =0= ("5_23)g(s1) if s1 < 0 or s, <0, while
the last equality follows by altering the summations (twice!) as in (10). On the
other hand, by Corollary 4, (?;((1,2) > im—1,n—1),(1,1) — (m,n — 1))| is
equal to

m—2\(n-3 m—1\/n-3
@D Z ( n )( I )fm)_(tz—i-l)( i} )g(ﬁ)'

1 +t=k

Now combining (20) and (21), using (6), and then using part (iii) of Lemma 13, we
obtain the desired result. O
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m—=1 n
Lemma 15. Let k be a positive integer. Then ) Y C;; K1 is equal to
i=1 j=l1

2 (GG -G

m—1 n

Proof. Using (12) and part (i) of Lemma 13, we see that ) Y C equals
i=1 j=1

Yy E (WE)ee@ 2> @m0 0 o)
i=1 j=1ki+ky=

Applying Corollary 4 and then suitably interchanging summations and noting that
the summands below are zero if k1 < 0 or s; < 0 or s, < 0, this can be written as

@ 3w (" () (T (7,7)
kit+s1+sa=k—1
ki,51,52>0

where, for any given kp, 51, s > 0, we have temporarily put

=2 (D =X N0 = ()

i= J=
m—1 n
S0 SO )
M2_2< ki )(sz-l-l)’ NZ—Z;( ki )( st /o \ki+si+1)°
= J=

and where the simplified expressions for Ny, N, follow by rewriting each of the
summands in Ny and N, using (5), invoking (4) (noting that &y, s1, so > 0), and
then applying (9) for suitable values of s, ¢, @ and 8. A similar simplification is
possible in M and M, if we add and subtract the term corresponding to i = m, and
in view of (4), this is only necessary if k; = 0. Thus

_ m m—1 _( m+1 N m
1_(k1+s1+1)_60’k‘( 51 ) and MZ_(k1+S2+2) 80’k1<S2+1)’

where § is the Kronecker delta. Substituting the simplified values of M, Ny, M», N,
in (22), and letting

o= (")) mons= (1))

for 51, 50 € Z, we see that (22) is of the form E3 + S3, where

B= 2 (2 () A0 = () (1) B,

ki+si1+so=k—1
ki,s1,52>0

and S3 is the part where the Kronecker delta is nonzero:
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SR T LR o R YO

s1+sr=k—1
Altering the summation as in (10), we see that S3 can be written as
m n m—2\(n—2 m—1\/n\/m—-1\/n-2
(23) Z (t2><t1+l)(t1—1>(t2—1)_< f )(tz)<t2—1)( t )
H+nh=

On the other hand, in view of (4) and (11), we can write

Es= Z Z (k S1)(ka2>A(s2’sl)_<kT:1_-}-1><ka2>B(S1’S2)'

£=0 s1+s2=¢
By (6), we have

(kTsTJlrl) = (kﬁn) + (k_<Zf—1>)-

Using this to split the second summand in E3 into two parts and combining one of
the parts with the first summand in E3 and then applying (6) once again, we see
that

k-1
E; :Z Z f(s1,82) — f(s1—1,52),

£=0 s1+s2=¢(

s = (") () ()

for s1, 5o € Z. Now in view of (10), we find that E3 is given by the telescoping sum

where

k—1
E3:ZFE—FZ_1, where F; := Z f(s1,8) forl eZ.
=0 S1+so=¢

From the definition of f, we see that F_; =0, and thus E3 = Fj,_, that is,
m n m—=2\(n—2
Es= Z <k—sl><k—sz)( 51 )< 52 )
s1+x2:k—

Now we can replace k — s1, kK — 52 by 55 + 1, 51 4 1, respectively, in the above
summand, and then alter the summation using (10) to obtain

> = 3 (M6

Finally, by adding (24) and (23) termwise and using (6), we obtain the desired
formula for E3 + S3, i.e., for Z;";ll Z?:l Cl{fj_.l. O



HILBERT SERIES OF CERTAIN JET SCHEMES OF DETERMINANTAL VARIETIES 167

n—2
Lemma 16. Let k be a positive integer. Then ) C,’;,_jl is equal to
j=l1

2 (OG- GRG0

Proof. The desired result is easily verified when n < 3 and so we assume that n > 3.
For j,s € Z, let

Lo=("N0Y. ="

In view of parts (iii) and (ii) of Lemma 13 together with (4) and Corollary 4, we
see that

es) it =(4C f)( ) and Zc,’;jj1=s4+55+sﬁ,

where
n—-2m—1 n—1

54222 Z Z (ps11><6] 2>f’( 2)_<s2+1>(qs_22>gj(sl)’

j=2 p=1 g=j+1 si+s2=k—2
s1,52>0

n—2m-—2

SS:ZZ Z (S1 )( )f,(z) <S2+1)(jsz )g,(1)

j=2 p=1 si+sr=k-2

51,52>0
-2
S S ol [ (o LT Gt e O

Interchanging s1 and s, in the second summand for S¢ as in (11), we can write
m—2\(/m—1 m—1\/m-—2
e se= X aea((" (D) -GEDGID)
s1+so=k—1

where, for 51, s, € Z, we let

l\)

n—

A1, 52) :=. <JS12>( 52 )

J

||
S

Next, by Lemma 1,

m—2
3= (00)=(052)
2( st )= s+l and Z 52+1 52+2 for s1, s > 0.

p=

Consequently, by interchanging summations and rearranging terms, we find
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o 5= X (e (e

Jj=2 si+s2=k—2

51,52>0
=Sl+§::k_2)»(s1,sz)((z;%><m51> B (Zf;é)(g:%))
=SI+SZZ:k_1)»(S1 —1, S2)<<m§2)(ms;1) _ (’;’:;i)(g:%)),

where the penultimate equality follows from (4) and (11) by interchanging s; and s;
in the second summand of the preceding formula, while the last equality follows
from (10). Now, using (6), we easily see that

A(st — 1, 52) + A(s1, 52) = v(s1,s2) forany sy, €7,

where
n—2

-E0005)
V(Sl,Sz)-—Z< 5t 5 )
j=2
Hence we can combine (27) and (26) to obtain
m—2\(m—1 m—1\/m-—2
(28) S5+ 8¢ = Z V(Sl,sz)(< 51 )( 5 )‘(SH_])(SZ_]))'
S1+sr=k—1

It remains to consider Sy or rather Crljfll + S4. This is a little more complicated, but
it can be handled using arguments similar to those in the proof of Lemma 15 as
follows. First, by interchanging summations and using Lemma 1, we find

n—2
S=y 3 2 (2 )eesien— (1 ,)ees 60,

where, for s € Z, we have let

_(n=2\_ (j—1
06s) = (s—l—l) (H—l)'
Now observe that if s1 < 0 or so < 0, then 0(s1) fj(s2) =0 = 6(s2)g;(s1). Thus

we may drop the condition 57, s, > 0 in the above expression for S4, and then alter
each of the two summations over (s, s2) using (10) to write

n—2
si=y 2 ("N =i = ()02 = D,

j=2 s1+s2=k—1

Next we collate the terms involving j and bring the summation over j inside, and
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n—2
s+1

Sy= sl+§k_l<m§l><ns_12><ms;1) ((snzfl) - 50&)
() )
— (ms71><m;1)v(s1, 52) + (sﬁ_l)(;?::%)v(sl, 52).
2

Since (;’::1) =0 when 51 =0, the only contribution of the terms involving Kronecker
delta is when s, = 0, and it is —('Z__ll )(Z:f), that is, precisely —CfnTll. It follows

that C,l;’_ll + S84 = S; + E4, where

si= 2 (ORGS0

) — 8p,5 for any s > 0. This yields

n—2 i—1
note that, by Lemma 1, ) (J s ) = (
j=2

s1+so=k—1
and
e eim 2 ()G -(RL)
s1+sa=k—1
= ¥ oG -(5()

where the last equality follows by interchanging s; and s, while noting that v is
symmetric in sy, §2.

Now combining (28) and (29), and then, making an easy calculation using (6),
we see that

E4+ S5+ S6 = Z vist, S2)((ms71>(’snz:?) B (Z:%)("Z;g) -
s1+so=k—1

where the last equality follows by interchanging s; and s, in one of the summations
above. Thus Z;’;f C,’;TJ.I = . Finally, using (10), we readily see that S is precisely

the desired formula in the statement of the lemma. O
n—2
Corollary 17. Let k be a positive integer. Then C,];’n_l + > C,/;’_jl is equal to
j=1
Z (m—l)(n—Z)(m—l)(n—2) . (m—l)(n—2)(m—1)<n—2>
h h 1) I5) H+1 1) t—1 /)
H+nh=

n—2
Proof. Consider the formula for ) C f;fjl given by Lemma 16. This is a difference
j=1
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of two summations over (¢1, ;) € Z* with t; + t» = k. Alter the first of these
summations by interchanging #; and 7, while putting (,"} ) = (m;) +(7 +1) in the
second summation to split it into two summations. Then, using (6), we readily see
that the formula for Z']j C f;fjl becomes
Z <m—2><n—2><m—l)(n—2) _ (m—l)(n—Z)(m—Z)(n—Z)
t—1 h I5) ) H+1 ) H—=2 n )
H+n=
This can be added termwise, using (6) once again, with the formula for Cm a1
given by Lemma 14, to obtain the desired result. ([

We are now ready for our main theorem.
Theorem 18. The Hilbert series of R/%q is given by
(2;101 (mzl)("zl)zey

(30) (1 _ Z)m+n—1

2m—2
Proof. First note that (30) is of the form (1 — z)~2("+"=D k;) h;c‘zk , Where

e =3 ("D, ferkez.
t+h=

On the other hand, by Corollary 12, we see that the Hilbert series of R/$g is given
by (1 —z)=2m+n=D 3" hiz*, where hg =1, and

m—1 n

n—2
k—1 k—1
I CTEE 37 IS 39 BV T S et
j=1

i=1 j=1

It is clear that A = 1 = hg and so it suffices to show that h}f = hy forall k > 1. In
view of Corollary 17 and Lemma 15, this is equivalent to showing that

Z Pi(t1, 1) — Pa(t1, 1) + P3(t1, 1) — Py(t1, ) — P(t1, 1) =0 fork > 1,
t+n=k

where P;(t, ) fori =1,...,4, and P(t], t2) are the relevant summands, namely,
= (" () ))
Py(t1, 1) _(tz—l-l)( 15} )(’;1:11)(”;2),
P31, 1) = ()(z1+1)<m;1><g:21)’
(" DEGEDCL)

Py(t1, 1) :=
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L (m=1\(/n—=1\/m—-1\/n—1
P, 0) = ( 1 )( t )( 153 >( 153 )
for 1, 1, € Z. To this end, we will make an extensive use of alterations as in (10)
and (11); more specifically, the fact that

Y fm= Y flt)= Y fitl.n—D= Y fl+l.n-1)

t1+th=k t1+n=k t+n=k t+nh=k

and

for any f : 7> — Q with finite support and any k € Z. Now fix any positive integer k
and any (t1, ) € Z? with t; + t, = k. Observe that

Pt =t 0 =raen = () () ()77

. . . n—2 n—2 n—1 ny .
Using (6) twice, we may substitute ( " ) + (tl _1> + (11 _1> for (t1> in the

right-hand side of the above identity to obtain

=P, )+ P31 — 1,0+ 1) — Pyu(t2, 1) = Q1(t1, ) + Q2(11, 12),

where
o= (D)
=) () E))

Finally observe that P (¢), ) + Q1(t1 + 1, — 1)+ OQ2(ta+ 1,81 — 1) = P(t1, ).
This yields the desired result. (]

It may be noted that in view of (2) and (30), the Hilbert series of the principal
component Zj is precisely the square of the Hilbert series of the base variety %5"",
and, as such, Theorem 7 could be deduced as a consequence of Theorem 18.

As an application of Theorem 18, we will now compute the a-invariant of the
coordinate ring R/ % of the principal component Zy of %’;’2" and determine when
Zy is Gorenstein. Recall that if A is a finitely generated, positively graded Cohen—
Macaulay algebra over a field, then A admits a graded canonical module w4 and the
a-invariant of A is defined as the negative of the least degree of a generator of w4.
If the Hilbert series of A is given by Ha(z) = h(z)/(1 — 2)4, where d = dim A
and h(z) € Q[z] with A(1) # 0, then the a-invariant of A is the order of the pole
of Hy(z) at infinity, which is —(d — deg h(z)). Moreover the Hilbert series of w4
is given by H,,,(z) = (—D9Hx(z7"). As a general reference for these notions
and results, one may consult [Bruns and Herzog 1993], especially Sections 3.6
and 4.4. The following result is an analogue of a theorem of Gribe [1988] (see also
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[Ghorpade 1996, Theorem 4]) for classical determinantal varieties which says that
if 1 <r <m < n, then the a-invariant of (the coordinate ring of) " is —(r — 1)n.

Corollary 19. The a-invariant of R/% is equal to —2n and the Hilbert series of
the graded canonical module of R/9% is given by

(2';:& (mel)("el)zm“—e—l)?

(1 _ Z)m+n71

(33)

Proof. We know from [Jonov 2011, Theorem 1.2] that A= R/$¢ is Cohen—Macaulay
and it is obviously a finitely generated, positively graded F-algebra. Moreover, by
Theorem 18, the Hilbert series of A is given by ho(z)/(1 — z)2 =D where

m—1 2
ho(2) = (Z (’";l)(";l)f) .
e=0
Since 2 < m < n, we see that hp(z) is a polynomial in z of degree 2(m — 1),
with leading coefficient (;’1:11)2, and all other coefficients nonnegative integers; in

particular, ho(1) # 0. Hence the a-invariant of A = R/ % is
2m—1)—-2(m+n—1) = —2n,
and also that the Hilbert series of wy4 is given by (33). O

The following result is an analogue of a theorem of Svanes [1974] (see also
[Conca and Herzog 1994]) for classical determinantal varieties which says that for
any r > 1, (the coordinate ring of) &"-" is Gorenstein if and only if m = n.

Corollary 20. The coordinate ring R/$q of Zy is Gorenstein if and only if m = n.

Proof. By [Jonov 2011, Theorem 1.2] and [KoSir and Sethuraman 2005b, Proposi-
tion 3.3], A = R/9$g is a Cohen—Macaulay domain. Hence from a well-known result
of Stanley [1978, Theorem 4.4] (see also [Bruns and Herzog 1993, Corollary 4.4.6]),
we see that A is Gorenstein if and only if Hy(z) = (— 1)4z%Ha(z~ ") for some a € Z.
Moreover, in this case, the integer a is necessarily the a-invariant of A. Thus, from
Corollary 19, we see that R/$ is Gorenstein if and only if

m—1 1 | 2 m—1 1 1 2
m— n— e _ m— n— m—1—e
(Z(e><e>z)_(z<e)(e)z )
= e=0
Since both the polynomials inside the square brackets on the two sides of the above
equality have positive leading coefficients, it follows that R/$( is Gorenstein if and
only if (";") = (,";",) foralle=0,1,...,m—1. Since l <m —1<n—1, the
latter clearly holds if and only if m = n. O
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ON A LIU-YAU TYPE INEQUALITY FOR SURFACES

OUSSAMA HIJAZI, SEBASTIAN MONTIEL AND SIMON RAULOT

Let 2 be a compact mean-convex domain with smooth boundary ¥ := 92,
in an initial data set (M3, g, K), which has no apparent horizon in its inte-
rior. If X is spacelike in a spacetime (¢4, g¢) with spacelike mean curvature
vector ¥ such that ¥ admits an isometric and isospin immersion into R3
with mean curvature H, then

2

f |%]| dX My dx
< —dx.
z “Jx %]

If equality occurs, we prove that there exists a local isometric immersion
of @ in R3! (the Minkowski spacetime) with second fundamental form
given by K. We also examine, under weaker conditions, the case where the
spacetime is the (n 4 2)-dimensional Minkowski space R”*1:1 and establish
a stronger rigidity result.

1. Introduction

Let (€4, g¢) be a spacetime satisfying the Einstein field equations; that is, (€4, g%)
is a 4-dimensional time-oriented Lorentzian manifold such that

Ricg —3 Rege =T,

where Ry (respectively, Ricg) denotes the scalar curvature (respectively, the Ricci
curvature) of (€, g¢), and J is the energy-momentum tensor which describes the
matter content of the ambient spacetime. We also assume that (€%, g«) satisfies the
dominant energy condition; that is, its energy-momentum tensor J has the property
that, for every future-directed causal vector n € I'(T'€), the vector field dual to the
one-form —J (n, - ) is a future-directed causal vector of 7.

Let M3 be an immersed spacelike hypersurface of (€4, g¢) with induced Rie-
mannian metric g. Assume that 7T is the future-directed timelike normal vec-
tor to M and denote by K the associated second fundamental form defined by
K(X.Y) = ge(VLT.Y) forall X,Y € I'(TM). Here V¥ denotes the Levi-Civita

S. Montiel was partially supported by the Spanish MEC-FEDER grant no. MTM2011-22547.

MSC2010: 53C27, 53C40, 53C80.

Keywords: manifolds with boundary, Dirac operator, Einstein equations, initial data set, mean
curvature, holographic principle.
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connection of the spacetime. Then the Gauss, Codazzi and Einstein equations
provide constraint equations on M, given by

{“ = L(R— K2, + (trpr (K))2),
J =—8(K —trpr(K)g),

where R is the scalar curvature of (M3, g), |K|? and tr(K) denote the squared
norm and the trace of K with respect to g, and § is the divergence on M. Here
and J are the energy and momentum density of the matter fields, and are given by

w=9(T,T) and J;i=9(e;,T)

for 1 <i <3, where {e, e, e3} is a local basis of the spatial tangent space of M .
The dominant energy condition for the spacetime implies that u > |J| as functions
on M. A triplet (M3, g, K) which satisfies the dominant energy condition is called
an initial data set.

Now we consider a codimension-two spacelike orientable surface X2 in the
spacetime €4. We will represent by # the mean curvature vector field on X2,
defined as

H=trll,

where I is the second fundamental form of this immersion. Since the normal
space at each point of %2 is a Lorentzian plane, it can be spanned by two future-
directed null normal vector fields N4 and N_, normalized in such a way that
Ny, N2) = —%. We denote by 64 and 6_ the components of # with respect
to N+ and N_. They are the so-called future-directed null expansions of ¥, and
measure the area growth when %2 varies in the corresponding directions. It is clear
that
19> = —0,.6_.

If 64 and 6_ are both negative, the surface will be called a trapped surface. A
surface with 64 = 0 or 6— = 0 is called an apparent horizon (or a marginally
trapped surface). Note that if X2 is trapped or marginally trapped, then the mean
curvature vector # is a causal vector at each point. This is why the mean curvature
field 7€ being spacelike everywhere is equivalent to X being an untrapped surface.
In the case that X2 spans a spacelike hypersurface in the spacetime, that is, when
there exists a spacelike hypersurface Q3 immersed in €* such that 3Q3 = X2, the
normal null vector fields N'; and N'— may be ordered in such a way that they project
onto directions tangent to 3 which are, respectively, outer and inner normal at
each point of X2. In other words, if N is the inner normal unit vector field on X2
tangent to % and T is the future-directed timelike normal to 3 in €*, we put

Ny=3(T-N) and N_=L(T+N).
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The second fundamental form of £2 in €* is given in terms of the Lorentzian basis
of the normal bundle the hypersurface 2 by

H(X.,Y)=g(AX,Y)N + g(BX.Y)T

forall X,Y € I'(T'Y), where AX := —Vx N denotes the shape operator of %2
in Q3 and V is the Levi-Civita connection of the Riemannian metric g on M. The
mean curvature vector field # of ¥ in € can be reexpressed by

H=04N_+0_Nr=HN+trg (K) T,

where H = tr A is the mean curvature of X2 in Q3 and try; (K) is the trace on %2
of the shape operator K of Q3 in ¢*. The norm of % can be also reexpressed as

(1) |%#|* = H? —trs (K)* = —04.0-,

where 0+ = try (K) £ H are the future-directed null expansions of #. The
spacelike surfaces with 64 < 0 (respectively, 6— < 0) are referred to as outer
(respectively, inner) trapped surfaces. It is easy to see that untrapped submanifolds,
that is, codimension-two spacelike submanifolds of a spacetime with spacelike
mean curvature vector field, naturally divide into two disjoint classes:

Lemma 1. Let X% be a compact spacelike codimension-two submanifold embedded
in a spacetime €*. Suppose that its mean curvature vector field ¥ is spacelike and
that $? is the boundary of a spacelike hypersurface Q3 in €*. Then Q3 is either
mean-convex or mean-concave.

Proof. Tt suffices to take into account that if (64, 6_) are the future-directed null
expansions of the mean curvature vector field % associated to the embedding of %2
in the domain €3, we have, from (D),

0<|%)>=—646_ and 6y —6_=2H,

where H is the inner mean curvature function of X2 in Q3. The first of these two
equalities implies that 64 and 6_ have opposite signs everywhere on 2. Then,
from the second one, we have that either H > 0 or H < 0 on the whole of X2. O

Note that this fact obviously holds for higher-dimensional initial data sets. In
the following, an untrapped surface (respectively, a codimension-two untrapped
submanifold) which bounds a compact, connected and mean-convex spacelike
hypersurface will be referred to as an outer untrapped surface (respectively, an
outer untrapped submanifold). It is worth noting that round spheres in Euclidean
slices are untrapped surfaces. The same occurs in general for large radial spheres
in asymptotically flat spacelike hypersurfaces.

We now give the precise statement of our main result:
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Theorem 2. Let Q2 be a compact domain with an outer untrapped boundary surface
Y := 0Q in an initial data set (M3, g, K). If Q has no apparent horizon in its
interior, then for all ¢ € T'($X),

I 19%] )
2 —|Do|* — —|¢*) d= >0,
@ [ (Gg1per - 5o az =

where $X is the extrinsic spinor bundle on ¥ and I is the extrinsic Dirac operator
(see Section 2). Moreover, if equality occurs, then there exists a local isometric
immersion of Q in R>! with K as second fundamental form.

As a direct application, we prove the following result:

Theorem 3. Under the conditions of Theorem 2, assume furthermore that ¥ admits
an isometric and isospin immersion into R with mean curvature Hy. Then

HZ
(3) /|?€|d2§/ 0 gs.
) s %]

Moreover, if equality occurs, then X is connected and there exists a local isometric
immersion of Q in R>! with second fundamental form given by K and mean
curvature vector of X satisfying |#| = Hy.

If we consider the case of codimension-two outer untrapped submanifolds in the
(n+2)-dimensional Minkowski spacetime R” -1, we prove that we can remove the
assumption on the nonexistence of apparent horizons (see Theorem 14). Moreover,
in this situation, we completely characterize the equality case. Namely:

Theorem 4. Let ¥ be a codimension-two outer untrapped submanifold in R*+1-1,
If  admits an isometric and isospin immersion into R"+1 with mean curvature H,
then inequality (3) holds and equality is achieved if and only if ¥ lies in a hyperplane
in R" L1 and 3 is connected.

Remark 5. In Theorems 3 and 4, we assumed that the boundary hypersurface of
a compact domain in a certain spin manifold admits an isospin immersion into
a Euclidean space. In general, an (n 4+ 1)-dimensional spin manifold induces
a spin structure on each of its orientable immersed hypersurfaces through their
corresponding immersions (see Section 2.2 below). Two distinct immersions of
an orientable manifold X" into two (possibly different) (n + 1)-dimensional spin
manifolds are said to be isospin when the spin structures induced on X" from the
corresponding ambient manifolds coincide (up to an equivalence). Recall that spin
structures on X" are parametrized by the cohomology group H' (X", Z,). Thus,
for example, if X" is a simply connected manifold, any two immersions of X" in
two arbitrary (n + 1)-dimensional spin manifolds must be isospin. Consequently if
the surface ¥ in Theorem 3 has genus zero or the hypersurface ¥ in Theorem 4 is
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simply connected, we only need to suppose that they are mean-convex in their initial
data sets and that they can be immersed as hypersurfaces in a Euclidean space.

Also it is clear that when the two immersions defined on X" lie in the same
ambient space and are regularly homotopic, the associated induced spin structures
are equivalent. In fact, two immersions are said to be regularly homotopic (isofopic,
according to Pinkall [1985] and others) if we may pass continuously from one to
the other through a family of immersions. Consequently they determine the same
class in H' (X", Z,). Indeed in the case n = 2, two spin structures induced from
the spin structure of the 3-dimensional spin ambient space through two different
embeddings are equivalent if and only if they are regularly homotopic (besides the
previous reference, see [Hass and Hughes 1985, pp. 104-105] and [Benedetti and
Silhol 1995, p. 656]).

Then take any compact mean-convex surface ¥ embedded in R3. This surface
bounds a compact domain in three-dimensional Euclidean space which is a totally
geodesic initial data set in the Minkowski space R*!1. If we slightly deform this
surface, the positivity of the mean curvature is preserved by continuity, and, from
the arguments above, the same holds for the induced spin structure. So there are
examples of mean-convex boundaries in initial data sets of spacetimes admitting
isospin immersions in Euclidean spaces. Many of them are nonconvex. In fact,
take X to be, for instance, a right cylinder with two half-spheres closing its extremes
(after smoothing) or a torus of revolution thin enough (if we want to have some
point with negative Gauss curvature).

Note that if X is not convex, we cannot use the Weyl theorem and so we do not
know whether it is possible to immerse ¥ isometrically in Euclidean space R3. This
is why in this case, Theorems 3 and 4 should be viewed as comparison theorems for
the mean curvatures of two immersions in the spirit of a classical result by Herglotz.
Indeed, Herglotz [1943] gave a succinct proof of Cohn-Vossen’s rigidity result for
convex surfaces based on an integral inequality involving the second fundamental
forms of two embeddings (see, e.g., [Montiel and Ros 1997, Section 7.4]). Our
Theorem 3 provides an inequality of this type which could be a first step in enlarging
the Cohn-Vossen theorem to include Euclidean mean-convex compact surfaces.

In this direction, one can easily see that Theorem 4 implies that the integral
of the mean curvature is preserved through bendings of compact mean-convex
hypersurfaces embedded in a Euclidean space. This was first proved by Almgren
and Rivin [1998] (see also [Rivin and Schlenker 1999]).

Recall that Liu and Yau [2006] (see also [Liu and Yau 2003]) proved the following
positivity result: Let (22, g, K) be an initial data set for the Einstein equation.
Suppose that the boundary d€2 has finitely many components X;, 1 <i </, each
of which has positive Gauss curvature and spacelike mean curvature vector in the
spacetime. Then for all 7,
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@) / |%|d2§/ Hy ds.
5, 5,

Moreover, if equality occurs for some i € {1,...,/}, then 02 is connected and the
spacetime is flat along €.

The proof of this result relies on a generalized version of the positive mass
theorem and on the resolution of the Jang equation. One of the key ingredients in
the proof is provided by the Weyl embedding theorem [1916], which asserts that
the condition that ¥ embeds isometrically as a strictly convex hypersurface in R3 is
equivalent to 3 having positive Gauss curvature. Note that by the Cauchy—Schwarz
inequality, inequality (4) implies (3).

More recently, Eichmair, Miao and Wang [Eichmair et al. 2012] generalized
inequality (4) for time-symmetric initial data under weaker convexity assumptions
for the embedding of ¥ in R®. We point out that, in contrast to Liu and Yau’s result,
we do not assume that the immersion is a strictly convex embedding. In particular,
the mean curvature Hj is not assumed to be positive.

2. The Riemannian setting

2.1. Preliminaries on spin manifolds. Let (M, g) be an (n + 1)-dimensional Rie-
mannian spin manifold, which we will suppose from now on to be connected, and
denote by V the Levi-Civita connection on its tangent bundle 7M. We choose a spin
structure on M and consider the corresponding spinor bundle SM, a rank-21+1)/2
complex vector bundle. Denote by y the Clifford multiplication

(5) y :CL(M) —> End(SM),

which is a fiber-preserving algebra morphism. Then SM becomes a bundle of
complex left modules over the Clifford bundle C{(M) over the manifold M.
When (n + 1) is even, the spinor bundle splits into the direct sum of the positive
and negative chiral subbundles:

(6) SM =SMT&SM™,

where SM * are defined to be the +1-eigenspaces of the endomorphism v(0n+1),
with wy41 =i T2/ 2¢,e5 - e, the complex volume form.

On the spinor bundle SM , one has (see [Lawson and Michelsohn 1989]) a natural
Hermitian metric, denoted by (-, -), and the spinorial Levi-Civita connection V
acting on spinor fields. It is well-known that the Hermitian scalar product, the
Levi-Civita connection V and the Clifford multiplication (5) satisfy, for any spinor
fields v, ¢ € I'(SM ) and any tangent vector fields X, Y € I'(TM), the compatibility

conditions
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(7) (Y (XY y(X)e) = X2 (Y. ¢),
(®) X (¥, 0) =(Vx¥,0) + (¥, Vxo),
&) Vx(y(X)¥) =y(VxY)¥ + y(Y)Vx .

Since Vw,+1 = 0, for n 4 1 even, the decomposition (6) is orthogonal and V
preserves this decomposition.

The Dirac operator D on SM is the first-order elliptic differential operator
locally given by

n+1
D= y(e)Ve,
i=1
where {eq, ..., e,+1} is a local orthonormal frame of TM. When (n + 1) is even,

the Dirac operator interchanges positive and negative spinor fields; that is,
D:T(SM*)—T(SMT).

2.2. Hypersurfaces and induced structures. In this section, we compare the res-
trictions $X of the spinor bundle SM of a spin manifold M to an orientable
hypersurface ¥ immersed into M, and its Dirac-type operator J) to the intrinsic
spinor bundle S¥ of the induced spin structure on ¥ and its fundamental Dirac
operator Dy. A fundamental case will be when the hypersurface X is just the
boundary M of a manifold M. These facts are in general well-known (see, for
example, [Bure§ 1993; Trautman 1995; Bir 1998; Baum et al. 1990; Hijazi et al.
2001a; 2001b; 2002; Hijazi and Montiel 2014]). For completeness, we introduce
the notation and key facts.

Denote by Y the Levi-Civita connection associated with the induced Riemannian
metric on X. The Gauss formula says that

(10) YxY =VxY —g(AX.Y)N,

where X, Y are vector fields tangent to the hypersurface X, the vector field N is a
global unit field normal to 3, and A stands for the shape operator corresponding
to N; that is,

(11) VyN =—AX forall X e [(TY).

We have that the restriction
%Z =SM |E

is a left module over C{(X) for the induced Clifford multiplication

¥ : CL(X) — End($X)



184 OUSSAMA HIJAZI, SEBASTIAN MONTIEL AND SIMON RAULOT

given by

(12) YOy =y(X)y(N)y

for every ¥ € I'($X) and X € I'(T'X). (Note that a spinor field on the ambient
manifold M and its restriction to the hypersurface ¥ will be denoted by the same
symbol.) Consider the Hermitian metric (-,-) on $¥ induced from that of SM .
This metric immediately satisfies the compatibility condition (7) if one considers
the Riemannian metric on X induced from M and the Clifford multiplication y
defined in (12). Now the Gauss formula (10) implies that the spin connection Y
on $X is given by the spinorial Gauss formula

(13) Yx¥ =Vxy —1p(AX)y = Vxy — 2y (AX)y(N)y

for every ¥ € I'($X) and X € I'(TX). Note that the compatibility conditions (7),
(8) and (9) are satisfied by ($Z,y,(-.-). V).

Denote by P : I'($X) — I'($X) the Dirac operator associated with the Dirac
bundle $X over the hypersurface. It is a well-known fact that ) is a first-order
elliptic differential operator which is formally L2-selfadjoint. By (13), for any
spinor field ¢ € T'(SM),

DYy =) pe)Ve, ¥ =3HY —y(N) Y y(e))Ve; ¥,

Jj=1 j=1

where {eq, ..., ey} is a local orthonormal frame of 7% and H = tr A is the mean
curvature of X corresponding to the orientation N. Using (13) and (11), it is
straightforward to see that the skew-commutativity rule

(14) Dy(N)Y) = —y(N) Dy

holds for any spinor field ¥ € I'($X). It is important to point out that, from this
fact, the spectrum of I is always symmetric with respect to zero, while this is the
case for the Dirac operator Dy, of the intrinsic spinor bundle only when n is even.
Indeed, in this case, we have an isomorphism of Dirac bundles

(BX,y. D) =(SZ,ys. Dx),
and the decomposition $% = $XT @ $X, given by
$TF = {y € BT |iy(N)y = £y},

corresponds to the chiral decomposition of the spinor bundle SX. Hence J inter-
changes $> 1 and $X~.

When 7 is odd the spectrum of Dy is not necessarily symmetric. In fact, in
this case, the spectrum of J) is just the symmetrization of the spectrum of Dsy..
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This is why the decomposition of SM into positive and negative chiral spinors
induces an orthogonal and y, J-invariant decomposition $% = $X | @ X _, with
$T 4 = (SM )5, in such a way that

(gzi, ya ¢|$Zi) = (52’ :l:VZ, :l:DE)

Also, y(N) interchanges the decomposition, and both maps y(N) : $X 1 — $X -
are isomorphisms.

Consequently, studying the spectrum of the induced operator J) is equivalent to
studying the spectrum of the Dirac operator Dy, of the Riemannian spin structure
induced on the hypersurface X.

2.3. A spinorial Reilly-type inequality for manifolds with boundary. Here, we
prove a spinorial Reilly-type inequality (see [Liu and Yau 2003] and [Raulot 2013]).

Recall that on a compact (n + 1)-dimensional Riemannian spin manifold M with
boundary ¥ = dM, for any spinor field € I'(SM ), the fundamental Schrédinger—
Lichnerowicz formula is given by:

H
as) [ (wvonr-Fiwi)az = [ GRE 997 D) au,

where R is the scalar curvature of M. Note that the assumption R > 0 is quite
natural and has been used intensively to get, in particular, lower bounds on both D
and ). However, in our situation (see Section 3.1), we have a weaker assumption
on the scalar curvature. More precisely, we assume that there exists a smooth vector
field X € I'(TM) such that

(16) R >2|X|* +25(X),
where | X |? = g(X, X) and § is the divergence of X = ZXjej € I'(TM), locally
given by j=1
n+1 )
§(X) == ei(X").

i=1
Then we prove an adapted Reilly-type inequality. Namely:

Proposition 6. Let M a compact Riemannian spin manifold with boundary % such
that there exists a smooth vector field X € I'(TM) satisfying (16). Then

an [Py L+ e Ny p)dz = [ GIV9R D) di.
Moreover, equality occurs if and only if the spinor field W satisfies

(18) Vyy =—g(X. Y)Yy
forallY € T'(TM).
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Proof. First note that, since

81y X) = =X (1y*) + |y ]?8(X).
the Stokes formula gives

[ Bwwpar = [ (R-Jsco)wpam+ ] [ scowran

=5 | R=20wRar+ 5 [ xauRyam

1 2
+§/Eg(X,N)|1ﬂ| dx.

Inserting this identity in (15) leads to
[ By =+ g(x. ) y) a3

=/ (LR 2B [WP + L Xy 1?) dM +[ (VY 1?— |DYI?) dM
M M

and, using (16), we conclude that
(19) /E(mw—%(H+g<X,N)),w)dz
z/M(é|X|2|w|2+%X(|w|2)) dM+/M(|w|2—|Dw|2)dM.

If we let ﬁyw = Vy ¥ + g(X, Y), it is straightforward to compute
VY12 = VY2 + X Py +2Re(Vxy. v).
and since 2Re(Vy v, ) = X(|¥]?), we get
XY = —31Vy P = 31X Py 2,

with equality if and only if %w = 0. Combining this last inequality with (19)
finishes the proof. |

2.4. A local boundary elliptic condition for the Dirac operator. As before, ¥ is
the boundary of an (n + 1)-dimensional Riemannian spin compact manifold M .
We define two pointwise projections

Py %Y — %%
on the induced Dirac bundle over the hypersurface by

(20) Py = 3 (dgy iy (N)).
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It is a well-known fact that these two orthogonal projections P4 acting on the
spin bundle $X provide local elliptic boundary conditions for the Dirac operator D
of M. The ellipticity of these boundary conditions and that of the Dirac operator D
allow us to solve boundary value problems for D on M by prescribing, on the
boundary 3, the corresponding P4 -projections of the solutions. Namely, we have:

Proposition 7 [Hijazi and Montiel 2014]. Let M be a compact Riemannian spin
manifold with boundary a hypersurface . If ¢ € T'($X) is a smooth spinor field
of the induced Dirac bundle, then the boundary value problem

{Dw =0 on M,
Pi(Y1x)=Pryp onX

for the Dirac operator has a unique smooth solution € I'(SM).

For a more general discussion on boundary conditions for the Dirac operator, we
refer to [BooB-Bavnbek and Wojciechowski 1993], [Ballmann and Bér 2012] or
[Bartnik and Chrusciel 2005].

2.5. A holographic principle for the existence of parallel spinors. It is by now
standard (see [Hijazi et al. 2001b; 2002]) to make use of (15) for a compact
Riemannian spin manifold M with nonnegative scalar curvature R, together with
the solution of an appropriate boundary value problem for the Dirac operator D
of M, in order to establish a certain integral inequality for the induced Dirac
operator J) of the boundary hypersurface dM = X. Raulot [2013] uses such
arguments for compact manifolds whose scalar curvature satisfies (16). In this
section, we generalize the holographic principle for the existence of parallel spinors
proved in [Hijazi and Montiel 2014] in the context studied in [Raulot 2013].
First we need to recall the following fact:

Lemma 8 [Hijazi et al. 2002]. For any smooth spinor field ¢ € T ($X),

/ww,w)dz:z/ (PP, P_y)dX.
z x

The proof simply relies on the self-adjointness of the Dirac operator /) and on
the identities

@1 PPy = P+ DD,
which are obtained using (14) and (20).

Proposition 9. Let M be a compact Riemannian spin manifold with scalar curva-
ture satisfying (16) such that

F:=H+g(X,N)>0.
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For any ¢ € T ($X), one has

1 F
(22) 0< L(;mmwlz—zlmwﬁ) ds.

Moreover equality holds if and only if there exists a parallel spinor field € I'(SM)
such that Py = P @ along the boundary hypersurface ¥ and the vector field X
vanishes identically on M.

Proof. Take any spinor field ¢ € I'($X) of the induced spinor bundle on the
hypersurface and consider the boundary value problem

Dy =0 on M,
Py =Prp onkX

for the Dirac operator D and the boundary condition P4. The existence and
uniqueness of a smooth solution i € I'(SM) for this boundary problem is ensured
by Proposition 7. This solution ¥, inserted in inequality (17), translates to

l 2 _E 2)
(23) osszlwfl dMs/E(mw,xm v P?)ds.

Note that if equality is achieved, then ¥ is a parallel spinor field satisfying (18).
Since such a spinor field has no zeros, the vector field X vanishes identically on
the whole of M . Inequality (23) combined with Lemma 8, together with the fact
that the decomposition

Y=Piy+Py
is pointwise orthogonal, imply
F » F 2
(24) 0= - Z(IDP+W,P—¢)—E|P+W| —5|P—W| dx.
Since the function F is assumed to be positive on X, it follows that

2 F
ffors-zrs

In other words,

2
0=

2 F
= ZIDPey P+ Py P = 2ADPyy, P-y).

F 2
2P Py, P_y) — 5|1’_w|2 < ;|1DP+¢|2,

which, when combined with inequality (24), implies inequality (22). Now, if
equality holds, we already noticed that the spinor field ¥ must be parallel with
Py =Prpand X =0.

Conversely, if we assume that there is a parallel spinor field ¥ on M and X =0,
then we are in the situation covered in [Hijazi and Montiel 2014]. O
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With this, we are ready to state the main result of this section:

Theorem 10. Let M be a compact Riemannian spin (n 4 1)-dimensional manifold,
and X € T'(TM) such that

R>2|X|>+28(X) and F:=H+g(X,N)>0.
Then, for any spinor field ¢ € T ($X), one has

1 2_5 2
(25) 05/2(F|Ego| 4|go| )dZ.

Equality holds if and only if there exist two parallel spinor fields ¥, ¥~ € T'(SM)
such that Py W+ = P, ¢ and P_V™ = P_g on the boundary and X = 0.

Proof. From the symmetry between the two boundary conditions P4 and P_ for
the Dirac operator on M (see Proposition 7 and Lemma 8), one can repeat the
proof of Proposition 9 to get the inequality corresponding to (22) where the positive
projection P is replaced by the negative one P_. Hence, for any spinor field
¢ € T($X), we also have

1 2_5 2
26) 0< /E(fmp_w 1Pl )dz.

Taking into account the relation (21) and the pointwise orthogonality of the projec-
tions Py, the sum of the two inequalities (22) and (26) yields (25). The equality
case is a consequence of Proposition 9. O

Remark 11. Note that, as observed in [Hijazi and Montiel 2014], equality in (25)
does not imply that the two parallel spinors in Theorem 10 coincide.

We should also mention that inequality (25) has a nice interpretation in terms
of the first eigenvalue of the boundary Dirac operator /) associated with the
conformal metric g = F2g. More precisely:

Corollary 12. Let (M"T!, g) be an (n + 1)-dimensional compact connected Rie-
mannian spin manifold satisfying the assumptions of Theorem 10. Then the first
nonnegative eigenvalue )1 (I g) of the Dirac operator corresponding to the confor-
mal metric g = F?g satisfies

M(DF) = %

and equality holds if and only if M admits a nontrivial parallel spinor (and
X = 0). In this case, the eigenspace corresponding to A (P f) = % consists of
restrictions to X of parallel spinor fields on M multiplied by the function F —(n=1)/2,
Furthermore the boundary hypersurface ¥ has to be connected.

The proof is omitted since it is similar to [Hijazi and Montiel 2014, Theorem 1].
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2.6. A discussion on quasilocal masses. In this section, we consider a 3-dimen-
sional compact connected Riemannian manifold (M 3, g) with nonnegative scalar
curvature, whose boundary %2 has positive mean curvature H. Note that since M
is a 3-dimensional manifold, it is necessarily spin. Moreover we also assume that
there exists an immersion (¢ of the surface ¥ in R3 with mean curvature H.

One of the fundamental results in classical general relativity is certainly the proof
of the positivity of the total energy by Schoen and Yau [1981] and Witten [1981].
This led to the more ambitious claim of associating energy to extended, but finite,
spacetime domains, that is, at the quasilocal level. Obviously the quasilocal data
could provide a more detailed characterization of the states of the gravitational
field than the global ones, so they are interesting in their own right. For a complete
review of these topics, we refer to [Szabados 2004]. It is currently required that a
quasilocal mass satisfies natural properties, among which are:

(I) Nonnegativity: M(X) = 0.
(II) Rigidity: M(X) = 0 if and only if X is in the Minkowski spacetime.

() Monotonicity: If ¥1 = dM; and X, = dM, such that M; C M,, then
M(Eq) = M(Z2).

(V) ADM limit: 1f (X},) is a sequence of surfaces that exhaust an asymptotically
flat manifold (N3, g), then

lim M(Zg) = mapm(g),
k—o00

where mapm(g) is the ADM mass of (N, g).
(V) Black hole limit: If ¥ is a horizon in an asymptotically flat manifold (N3, g),

then
[ A
M) = ] —,
(%) 167

Brown and York [1993] proposed the following definition for the quasilocal mass
of a surface X (now called the Brown—York mass):

where A is the area of X.

mBy(E) = %/;:(HO—H) dx.

The nonnegativity of mpy (X) is proved in [Shi and Tam 2002] under additional
assumptions. Indeed they impose that ¢ is a strictly convex isometric embedding,
which by the Weyl embedding theorem [1916] is equivalent to the fact that X has
positive Gauss curvature. Moreover, in this situation, the embedding ¢ is unique
up to an isometry of R>.
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Recently Lam [2011] proposed in his thesis the definition

1 1
i=— | —(H?—H»dX.
mp(X) ™ EHo( 0 )

He proves that my (X) has several interesting properties for certain surfaces in
complete asymptotically flat Riemannian manifolds that are the graphs of smooth
functions over R? (see the same work for a precise description). More precisely, it
satisfies Properties (1), (II), (IV) and (V). Moreover, using the Cauchy—Schwarz
inequality, it is straightforward to check that mpy (X) > mp (X).

From [Hijazi and Montiel 2014], we can define a quasilocal mass similar to the
Brown—York and Lam masses, and prove its nonnegativity in the more general
context described in the beginning of this section. Indeed, if we let

1 1
mE):=— [ —(H; - H?*dx,
167 Jx H

then, from the immersion ¢, there exists a spinor field ¥ € I'($X) satisfying the
Dirac equation

H
m‘l—‘() = 70\110 and |\IJ()| =1.

It is obtained by taking the restriction to ¥ of a parallel spinor field on R3. Now
taking Wy in inequality (25) with X = 0 and F = H gives m(X) > 0. Moreover,
from the same reference, m(X) = 0 if and only if M is a Euclidean domain and
the embedding of ¥ in M and its immersion in R? are congruent. In other words,
properties (I) and (II) are satisfied.

Note that if we assume that X has positive Gauss curvature (which is a stronger as-
sumption) then using the Cauchy—Schwarz inequality implies that m(X) > mpy (%),
and the nonnegativity of m(X) follows from the nonnegativity of the Brown—York
mass. On the other hand, it is also proved in [Hijazi and Montiel 2014, Proof of
Corollary 10] that (IV) holds. However it is clear from the definition that the
mass m(X) is not defined for minimal surfaces (and so for apparent horizons).
Moreover the monotonicity property (III) is not satisfied in general. Take for example
the 3-dimensional Schwarzschild manifold (N3, g) = (R* \ {0}, u*geuc1), where
u:=1+ M/2r, M >0, and gey is the Euclidean metric. For a sphere S2 in N3,
its isometric image in R? is Sfuz. Thus Hy = 2/ru? and since the Schwarzschild
metric is conformal to the Euclidean metric,

_2(2 48u)
H=u2[Z422).
roouor
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A direct computation gives

r+Mj/2

2
=mT
mS) =M

and so m(S?) is monotonically decreasing to the ADM mass M as r goes to
infinity.

3. Spacelike surfaces in initial data sets

3.1. The Jang equation. In this section, we recall some well-known facts about
the Jang equation (for more details, we refer to [Schoen and Yau 1981], [ Yau 2001]
or [Andersson et al. 2011]). This equation first was used by Jang [1978] in his
attempt to prove the positive mass theorem using the inverse mean curvature flow.
However, as shown by Schoen and Yau [1981], this equation can be used to reduce
the proof of the general positive mass theorem to the case of time-symmetric initial
data sets (that is, K;; = 0) previously obtained by the same authors [1979]. More
recently, Liu and Yau [2003; 2006] defined a quasilocal mass, generalizing the
Brown—York quasilocal mass, and proved its positivity using the Jang equation.
Other similar applications of the Jang equation can be found in, for example, [Wang
and Yau 2007; 2009].

The problem can be stated as follows: Let (M3, g, K) be an initial data set for
the Einstein equation and consider the four-dimensional manifold M x R equipped
with the Riemannian metric (-,-) := g @ dt>. The problem is to find a smooth
function # : M — R such that the hypersurface M of M x R obtained by taking
the graph of u over M satisfies the equation

HIV[ = tI’M(K),

where H g denotes the mean curvature of M in (M xR, (-,-)) and tr; () is
the trace on M with respect to the induced metric. This geometric problem is
equivalent to solving the nonlinear second-order elliptic equation

3

. iy V2u);j
27 ij uu )( ( 1] _Kl”):()»
e 2 (¢~ S Y

i,j=1

where V (respectively, V2) denotes the Levi-Civita connection (respectively, the
Hessian) of the metric g, u’ = g/ u j and u; = ej(u). Note that the metric induced
by (-,-) on M is

8ij = gij T uiuj
and can be viewed as a deformation of the metric g on M. In the following,
we adopt the convention that M and M denote, respectively, the Riemannian
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manifolds (M g)and (M, ). Analogously, if V denotes the Levi-Civita connection
for M, then V denotes that on M and so on. Since we assume that the initial data
set (M3, g, K) comes from a spacetime satisfying the dominant energy condition,
we have that the relation

(28) 0<2(u—|J]) < R—2|X[3-25(X)
holds on M , Where
(29) X =w—Vlog(f),

w is the tangent part of the vector field dual to —K(-,V), f = —(ds,V) and ¥
denotes the unit normal vector field to A/ in M x R. All the quantities K;j, u
and J are defined on M x R by parallel transport along the R-factor. Moreover
equality occurs in (28) if and only if u = |J| and the second fundamental form
of M in M xRis K.

It is important to note here that in Theorem 2 we assume that there is no apparent
horizon in the interior of €2 so that there exists a global solution of the Jang equation
which does not blow up.

3.2. Proof of Theorem 2. From [Yau 2001], and since we assumed that 2 has no
apparent horizon in its interior, there exists a smooth solution u on €2 of the Jang
equation (27), defined with the Dirichlet boundary condition

M|Z = 0.

This boundary condition ensures that the metrics g and g coincide on the boundary X
so that the Dirac operators /) acting on $X and /) on $X also coincide. Moreover,
from a calculation in the same work,

H—3(X,N)= f~"H—o|Vu|trs(K),

where N denotes the unit outward normal vector field of £ in Q and o € {£1}.
From this equality and since /' = —(d;,D) = 1/4/1 + |Vu|?, we easily see that

(30) F:=H—3(X.N)>|% =/ H?—trs(K)2.

Since we assume that ¥ has a spacelike mean curvature vector #(, this implies
that the function F is positive on X. From the discussion of Section 3.1, we also
have that the resulting Riemannian manifold Q satisfies the condition (16) because
of (28), the vector field X being defined here by (29). Clearly all the assumptions
of Theorem 10 are fulfilled and we deduce that for all ¢ € I'($X),

1 F
0=< — 2_Z9l?)dz,
_/E(F|¢§0| 4|§0|)
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which by inequality (30) implies inequality (2).

Now assume that equality is achieved. Once again we apply Theorem 10, and
then € has at least a parallel spinor field ®. In particular, Q is Ricci-flat, and since
it is a 3-dimensional domain, it is flat. Moreover, if we have equality in (28), then
the second fundamental form of Q in M xR is K. ij- S0 we can choose a coordinate
system X = (X1, X2, X3) in a neighborhood U of a point p € €2 such that g;; = §;;.
In this chart,

_s du ou
8ij = 0ij — a_??z a_)?j’
and this shows that if (X1, X3, X3, ) denotes coordinates in the Minkowski spacetime,
the graph of u over A isometrically embeds in R3>! with second fundamental form
given by K;;. Then it is clear that €2 locally embeds in the Minkowski spacetime
with K as second fundamental form as asserted. O

As a first consequence, we have the estimate proved by Raulot [2013] for the

first eigenvalue of the Dirac operator on X.

Corollary 13. Under the same conditions of Theorem 2, the first eigenvalue A1 (Dy)
of the Dirac operator satisfies

A1(Ds)? > Linf|9¢|2.
1( 2)_41121||

Moreover, if equality occurs, then X is connected and there exists a local isometric
embedding of Q as a spacelike hypersurface in R*! with K as second fundamental
form.

Proof. The inequality on A;(Dyx) follows directly by taking ¢ = ® € T'($X)
in (2), where ® is an eigenspinor for the Dirac operator J) associated with the
eigenvalue A (D) (which equals A (Dyx)). On the other hand, the second part of
the equality case follows directly from Theorem 2. For the connectedness of X, it
is enough to remark that, from [Hijazi et al. 2001a], the eigenspace associated to
A1(D) corresponds to the restriction to 3 of the space of parallel spinor fields on the
domain € obtained by solving the Jang equation. Then, assuming that ¥ has several
connected components, we fix one of them, say X, and define a spinor field on X by

q)() on 20,
0 on X — X,

o=

where @ is an eigenspinor for the extrinsic Dirac operator D associated to the eigen-
value A1 (). It is then straightforward to check that @ is also an elgensplnor associ-
ated to A1 (D) so that it comes from the restriction of a parallel spinor on Q. However,
since such a spinor field has constant norm, it is impossible unless X is connected. [l
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Proof of Theorem 3. In order to establish inequality (3) it is sufficient to apply
inequality (2) to the restriction to ¥ of a parallel spinor field on R*. From the
equality case of Theorem 2, we deduce that €2 locally embeds in the Minkowski
spacetime with K as a second fundamental form. On the other hand, we have
equality in (30) so that H= |#|, and then equality in (3) now reads

~  H?
/ (H—T") dx = 0.
b)) H

We conclude by applying the rigidity part of [Hijazi and Montiel 2014, Theorem 3]
to the compact Ricci-flat manifold €2 to deduce that X is connected and |#| = Hy.
O

3.3. Codimension-two outer untrapped submanifolds in the Minkowski space-
time. In this section, we prove that inequality (2) holds in the case of codimension-
two outer untrapped submanifolds of the Minkowski spacetime without any as-
sumption on the existence of apparent horizon. More precisely, we prove:

Theorem 14. Let X" be a codimension-two outer untrapped submanifold of the
(n + 2)-dimensional Minkowski spacetime (R"T11 (. .)). Then inequality (2)
holds. Moreover equality holds if and only if X lies in a hyperplane of R+ 11,

Proof. First we note that by assumption ¥ factorizes through a compact and
connected spacelike hypersurface © of R”T1:1. This factorization provides us a
Lorentzian orthonormal reference {7, N} for the normal plane of ¥ in R”T1.1,
and, since X is the boundary of a mean-convex domain €2 and has spacelike mean
curvature vector, we deduce that the corresponding future-directed null expansions
satisfy 64 > 0 and 6— < 0. On the other hand, from the work of Bartnik and
Simon [1982] and a straightforward generalization in [Miao et al. 2010, Lemma 4.1],
the submanifold X spans a compact, smoothly immersed, maximal hypersurface Q’
in R"*1-1 This means that ¥ factorizes through another spacelike hypersurface Q'
of R"*1:1 The new factorization provides us a different Lorentzian orthonormal
reference {7, N’} for the normal plane of ¥ in R"*1-1 1In fact, it is obvious that
there must be a function f € C°°(X) such that

T' = (cosh )T —(sinh /)N and N’ = —(sinh /)T + (cosh f)N.

It is clear that this new reference determines a new pair of null vectors 7/ + N’
and a new future-directed null expansion of #

(1) 0, =e/6y and 0 =eT6_,

which satisfies 6} > 0 and 6’ < 0. In particular, we get that 2H" = 6, — 6. > 0.
Moreover, since ' is maximal, we have tr(K’) = 0, and the Gauss formula gives
R’ = |K’'|?> > 0. Here R’ is the scalar curvature of ' equipped with the metric
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induced by the Minkowski spacetime, and K’ is the associated second fundamental
form. On the other hand, since X has a spacelike mean curvature vector, we deduce

(32) 0< |3 = \/—0/, 6" = \/mf H.

so we conclude that Q' is such that R” > 0 and H' > 0. Now we can apply
Theorem 10 to ' with X = 0, and then for all ¢ € ['($X),

1 1
63) 0= [[ (G 1pe - 3110 .

Inequality (2) follows using inequality (32). Assume now that equality is achieved.
From the equality case of (33), we deduce that Q' has at least a parallel spinor so that
Q' is Ricci-flat. In particular, it has zero scalar curvature, and since R’ = |K'|?> =0,
Q' has to be totally geodesic in R**1-! hence ¥ lies in a hyperplane of R”+1-1,
Conversely, if X is a codimension-two submanifold with spacelike mean curvature
vector which lies in a hyperplane R”*1-1, then its second fundamental form K is
zero since a hyperplane P"T! is totally geodesic. In particular, the squared norm
of the mean curvature vector of X satisfies

(34) 1%)*> = H*> —trs(K)* = H?,

where H is the mean curvature of X in the hyperplane P. Note that || > 0 since
H > 0. Consider now a parallel spinor field ®o on R**1:!. The spinorial Gauss
formula from the totally geodesic immersion of the hyperplane P**1 in R?+1.1
and then the one from X" into P"*! tell us that ® satisfies

Yy ®o = —37(AY) Do

for all Y € T'(T'X), where A is the Weingarten map of X" in P"*!. Taking the
trace of this identity gives

DDy = L HOo = 53| Do.
where the last equality comes from (34). It is now straightforward to check that
equality holds in (2) for ¢ = ®,. O

Note that Theorem 4 is obtained as a direct application of the previous result.
As an application we obtain the n-dimensional counterpart of Corollary 13 in the
Minkowski spacetime with an optimal rigidity statement:

Corollary 15. Let X" be a codimension-two outer untrapped submanifold in R+ 1-1
Then

[A1(D)| = Linf ]
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Moreover equality occurs if and only if ¥ is a totally umbilical round sphere in a
spacelike hyperplane of R*T 11,

Proof. It is enough to apply the previous theorem to an eigenspinor for J) associated
with the eigenvalue A1 (), and we directly have the result. From Theorem 14,
¥ lies in a totally geodesic spacelike hyperplane P! with constant positive mean
curvature H. Then the Alexandrov theorem allows to conclude that ¥ is a totally
umbilical sphere in P"T!. The converse is clear by taking the restriction of a
parallel spinor of the Minkowski space to X via the totally geodesic immersion of
Rn-l—l in Rn—i—l,l' O
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NONLINEAR EULER SUMS

ISTVAN MEZO

We work out some formulas for nonlinear Euler sums involving multiple
zeta values. As applications of these formulas, we give new closed form
sums of several nonlinear Euler series, we present sums for powers of the
digamma function and deduce the Landen identities for the polylogarithms
by finite combinatorial identities.
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1. Introduction

In a letter from Goldbach to Euler, Goldbach proposed to investigate infinite series
n

of the form
1 1
o w
n=1 k=1

See for the historical details. In 1742 and 1743 Euler presented a number of closed
form expression for such sums and their variations. The most fundamental one is
the following [Borwein and Bradley 2006]:

00 1 [e'9) 1 00 0—1)"
(D 2 =) —=8) —

n=1 1 n=1 n=1

1

3
|

3
|

-

o~
Il

| =
b

Il

| =

1

The research of Istvan Mez6 was supported by the Scientific Research Foundation of Nanjing

University of Information Science and Technology.

MSC2010: 33B15, 11M32.

Keywords: Euler sums, nonlinear Euler sums, polygamma functions, polylogarithm functions,
Landen’s identities, multiple zeta values.

201


http://msp.org/pjm/
http://dx.doi.org/10.2140/pjm.2014.272-1
http://dx.doi.org/10.2140/pjm.2014.272.201

202 ISTVAN MEZ0

The sum in the middle is a zeta function value and in the present day we consider
the value of this series as a “fundamental constant”, which cannot be traced back to
“more fundamental” ones.

In the past two hundred years it had been apparent that the above sums and their
generalizations — nowadays they are called Euler sums— often can be traced back
to zeta function values. To treat these sums, we adopt the modern notations and
notions. The multiple polylogarithm is defined by

ni

Z
(2) C(s1,82, -0 Sm3 2) = Z T
O<ny<---<ny 1772 m

with the appropriate restriction on the powers to get a convergent series. In particular,

o
;mnqm=2%(m»n

n=1
is the classical Riemann zeta function [Andrews et al. 1999]. Typically z is set to 1
or —1, in which cases we are dealing with a multiple zeta function or alternating
multiple zeta function, respectively. We remark that in the literature there exists a
more general version of the above multiple zeta function, called the colored multiple
zeta function [Bigotte et al. 2002]. It is defined as

ny __nj nm
O‘] 0'2 - Oy

;(SI,SZa---,Sm;al,o'Zv---aUm): Z S1..82

Sm°
nyny - Ny

O<n,y, <--<ny

The sum
m
DS
i=1

is the weight of the zeta function, while m is the depth. A brief survey on multiple
polylogarithms can be found in [Bowman and Bradley 2001].

The finite sums inside the sums are called generalized harmonic numbers and
are denoted by H,, , (or H,Er), but we use the former, because our expressions will
involve powers):

n
1%=Z%(QLQ&
k=1
with the convention Hy, =0 for all r = 1,2, .... The numbers H, | =: H, are
called harmonic numbers.
With these, the above relations under (1) can be written in the short form

o0

H,_
(2.1)=) ] T =(3) =802, D).

n=1
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For Euler’s original proof, see [Euler 1776]. These relations were rediscovered
many times, as the references [Briggs et al. 1955; Bruckman 1982; Farnum and
Tissier 1999; Klamkin and Steinberg 1952] show.
We mention that the general expression in terms of zeta values of the sum
o0

Hy

na
n=1

was known already to Euler, who found that

00 a=2
Hn a 1
3) Zn—az<1+§)C(a+l)—EZE(k-l—l){(a—k) @>2).
n= k=1

Naturally, then, researchers after Euler have turned to generalizations and alter-
ations of these sums. In the next section we present some existing directions, then
we show in which direction we proceed.

2. Existing results and research directions

2.1. Alternating Euler sums. In the past and present, the alternating Euler sums
and their modifications and generalizations have attracted the attention of a large
number of mathematicians. For example, the alternating Euler sums, like
2 X
n=1 k=1
are investigated in [Bailey et al. 1994; de Doelder 1991; Li 2011; Sitaramachan-
dra Rao 1987], to name a few. We mention one sum from [Li 2011, Proposition 3.2]:

1 n -1 k+1
1 L:%g(z)logz—gﬁ)-
=1

In [Sitaramachandra Rao 1987] one can find an exhaustive bibliography on alter-
nating Euler sums. It turns out that these sums are reducible to zeta values in many
cases, see [Flajolet and Salvy 1998, Theorem 7.1].

2.2. Analytic extension of Euler sums. T. Apostol and T. H. Vu [1984] started to
investigate Euler sums as functions of the power of n:

(o)
H,
h(s)=) —.

n=1 n
They showed that this function can be continued to the whole s-plane as a mero-
morphic function with a second-order pole at s = 1, and simple poles at s =0 and

at the negative odd integers.
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In the same paper this result was extended to the function

o0

H,
h(s,2) =)~

n=1

These results were further specified and extended by Boyadzhiev [2008; 2009] to

X (_1\n+l
=3 "y,

ns
n=1

o] _ln+1 1 1 _ln+1
v(s)=Z( n)s (1—§+§+---+( n) )

n=1

1 1 1 —1)ntl

n=1

2.3. Nonlinear Euler sums up to now. Another direction of investigation is the
nonlinear case. In this case one considers sums like

) Z

n=1

Hn 11 Hn N ['In,r,7

These are called nonlinear Euler sums. In this case just sporadic results are known;
one can find some of them in the references [Borwein and Borwein 1995; Chu 1997,
de Doelder 1991; Shen 1995; Sofo and Hassani 2012]. Moreover, V. Adamchik
[1997] investigated the relation between such nonlinear Euler sums and several
sums on the Stirling numbers of the fist kind. D. F. Connon [2008a; 2008b; 2008c;
2008d; 2008e; 2008f; 2008g; 2008h] has found a large number of connections
between specific nonlinear Euler sums and the Riemann and Hurwitz zeta functions.
To mention two beautiful results, we cite an expression for ¢ (4) and ¢ (5) [Connon
2008c, formulas (4.3.45f) and (4.3.57b)]:

4OES

CJ\I

n2

o0
+H 2 1 2H,3+3H,H 2+H
Z 2 () =55 Z ~ =

n:l

To present some additional examples from the literature, we cite two sums from
[Borwein and Borwein 1995]:

— H> 17 o HyHyp1 x
Do h =L, ij nrp = X@ =755
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and from [Flajolet and Salvy 1998]:

— H} 231
> =T 4(7)——;(3){(4)+zc(2>¢(5)
n=1
>t =180 - Leaea +500¢5).
= (n+1)3

That all of these sums can be expressed as multiple zeta values is not known. The
only available result concerns quadratic sums:

Theorem 1 [Flajolet and Salvy 1998, p. 25, Theorem 4.2]. If p1 + p2 + q is even,
and p1 > 1, p» > 1, g > 1, the quadratic sums

o0
Z Hn,m Hn,m
n4

n=1
are reducible to linear sums.

The theorem exactly gives the reduction, but the formulas are rather complicated
to cite.

Finally, we cite a nice example of a nonlinear alternating sum from [Borwein
and Borwein 1995]:

S 1 -1 n+1
Zn2<1—%+ +( 2 ) =—§§(4)+ §(2)log 24 L log* 2+2Lis(3).

12
n=1
Here
. 2, "
(5) Liz(z) = ; S =Lk)

is a special multiple zeta function, called the polylogarithm. (The special value
L14( ) like ¢(3), does not seem to be evaluable in terms of more fundamental
constants.)
No general reduction formula is known for nonlinear alternating sums, but
computer-based calculations are available in several cases; see [Bailey et al. 1994].
An exhaustive and up-to-date bibliography on Euler sums and their generaliza-
tions can be found at http://www.usna.edu/Users/math/meh/biblio.html .

3. New nonlinear Euler sum formulas

Now we turn to our own results.
In this section we demonstrate how we can trace back some specific quadratic
Euler sums to linear ones. To express these sums in a convenient form, we use the


http://www.usna.edu/Users/math/meh/biblio.html
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concept of E. A. Ulanskii, who defined the nonstrict multiple polylogarithm [2003]

as follows:
n

Z
Le(slv---asm)(z) = Z ns1 52 Sm °

I<ny=<--<n 1 n2 "t

As it can be seen, this definition differs from the multiple polylogarithm function
in the nonstrictness of the relations. We shall always set the parameter z to 1, and
we refer to the function

..... sm)(l) = Le(sl’ ey Sm)

as the nonstrict multiple zeta function. Ulanskii did not deal with the specific values
of these sums but with the functional relations among them. For example, he proved
the following theorem, which will be extremely useful for us.

Theorem 2. The nonstrict multiple polylogarithm function can be written as a sum
of multiple polylogarithms as

where p runs through all sets of the form (s *- - - xsp,), the symbol x standing either
for + or the comma;, the total number of such sets is 2", Moreover, ¢ is defined
under (2).

For further reference we specify this theorem with m =2 and m =3, with z =1
(in which form these relations has appeared in [Hoffman 1992]):

(6) Le(s1, 52) = ¢(s1,52) + ¢ (51 + 52),
(7) Le(s1,52,53) = C(s1,52,53) + & (51 + 52+ 53) + (51,52 +53) + ¢ (51 + 52, 53).
Finally, we introduce the notations

o0

Hiaby=) o,

na

n=1
00

H(a,b,c)=)

n=1

Hn,an,c
n4 ’

o0

H(a,b,c.d)=_

n=1

Hn,an,cHn,d

na

We can call these sums ordinary (or first-order), quadratic (or second-order) and
cubic Euler sums, respectively.
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3.1. Quadratic sums: the homogeneous case. We now show how we can trace
back H (a, b, b) to nonstrict multiple zeta function—and so, by Theorem 2, to
multiple zeta values—and H (a, b). Since there are extensive tables for multiple
zeta values and many results for H (a, b), we can calculate sums like

o8] 2

H
H(a,bb)y=>) —

na

n=1
with a relatively small effort.

Theorem 3. For homogeneous quadratic Euler sums we have the reduction
H(a,b,b)=2Le(a, b,b) — H(a,?2b),

or, if we write out the definitions,

oo 2 (,¢]

H H,
nb n,2b
E > =2Le(a,b,b) — E o

n=1 n=1

Proof. Let us write out the sums:

[ele] sz o0 1 n 1 n 1
n, J—
H@b b=}~ =) 0D s D
n=1 n=1 m=1 k=1
On the other hand,
o0 n m
1 1 1
Le@b:D=) 12D or 2w

Geometrically, the sum H(a, b, b) runs through a two dimensional square with
integer coordinates. On the other hand, Le(a, b, b) runs through the lower triangle
of this square, including the diagonal. By symmetry of the terms of the sums,
the lattice points of this square are equal if we mirror them with respect to the
main diagonal of the square. Therefore the sum H (a, b, b) equals twice Le(a, b, b)
minus the diagonal, which is counted twice. At the diagonal the inner sums equal

>
m2b’
m=1
Summing on the index n, we have our relation. (Il
Employing the above theorem, in the next subsection we provide a concrete

example. This example is chosen to be very typical. It uses almost all the usual
tricks which lead to the zeta expression of an Euler sum.
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3.2. The homogeneous quadratic sums H(2,2,2), H2,1,1) and H(3, 1, 1).
According to the theorem of Flajolet and Salvy (in this paper Theorem 1), the sum
2
> Hn 2

2.

n=1

reduces to zeta values. Without using the evaluations of Flajolet and Salvy, we
employ our above theorem. This implies the next representation.

=H7, 19 )
Theorem 4. Z nz’ =ﬂ€(6)+§ (3).

n=1

Proof. The sum in the left-hand side equals
H2,2,2)=2L1e(2,2,2)— H(2,4).
Our goal is to reduce the expression on the right to Riemann zeta values. By (7),
Le(2,2,2)=¢(6)+¢(4,2)+¢(2,4)+¢(2,2,2).

All the values ¢(4, 2), ¢(2,4) and ¢ (2, 2, 2) can be found in [Li 2011]:

(4 =20 - 306, (2 H=-2®+20©0. 12.2.2=:2¢0).
Altogether,

3,

15120"

Now we deal with the sum H (2, 4). We could not find in the literature directly this
sum, but in [Flajolet and Salvy 1998, p. 16, formula (b)] we can find that

31
Le(2,2,2) = E{(@ =

H(4,2) = £3(3) = 3¢(6).
We now apply the reflection formula [Boyadzhiev 2002; Flajolet and Salvy 1998]
H@a,b)+Hb,a)=¢(a)¢b)+¢(a+b)
to obtain
HQ.4) =)@ +¢(6) — Hb, ) = 32¢(6) — £*(3).
(Here we used the fact that £(2)¢(4) = 1¢(6).) Hence
H2,2,2)=2-200) - (3200 - 23) = 5300 +26).

This is what we wanted to prove. U
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Connon [2007] gave an “elementary” evaluation for the sum H (2, 1, 1), which
was evaluated earlier by de Doelder [1991]. Their result is

OOH2
H@LD=Z;L=%@

n=1

Once we have Theorem 3, the evaluation of this sum reduces to looking for the
appropriate values of the multiple zeta. These values can be found in [Borwein and
Girgensohn 1996], hence our method gives a third (and the easiest) proof.

In the same paper Connon notes that he could not evaluate the sum H (3, 1, 1).
Our method and the multiple zeta values from the paper [Borwein and Girgensohn
1996] give immediately that

© 12
HG 1 1) = 2:—%=%a$—§QMG)

However, Mathematica can evaluate this sum automatically.
Connon gave an integral representation for H (g, 1, 1) for integer g > 1:

"'Ligo((1 = 1)(1 —u)) logt logu
/ / =01 —u) dudr.

By the results above for ¢ = 3 and knowing that Li; (x) = —log(1 — x), we get the
closed form of the following integral:

/ /1 log(1 = (1 —1)(1 —u))logtlogu

— _7
d—0 —u) dudt =£(2)¢(3) = 5¢(5).

3.3. Quadratic sums: the inhomogeneous case. Another kind of approach helps
us to evaluate inhomogeneous quadratic sums, i.e., sums of the form

00
Z Hn,an,c

n¢ ’
n=1

Namely, the next theorem is true.

Theorem 5. Inhomogeneous quadratic Euler sums can be expressed by the nonstrict
multiple zeta function as

H(a, b, c) =Le(a, b, c) +Le(a, c, b) —Le(a, b+c).

If ¢ = b this formula reduces to the formula presented in Theorem 3.
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n

Proof. H(a,b,c)—i annC iia(zmi)(zki>
-1 =

() () 2w (Z) (X 8)

The first sum is nothing but Le(a, b, ¢), while the second can be rearranged as
00 n n oo n k—1
1 1 1 1 1 1
(T (X )T () ()
n=1 m=1 k=m+1 n=1 k=2 m=1

Since the sum over m is empty if k = 1, we can start the sum over k from 1. Hence,
at this point, we have that

H(a,b,c) :Le(a,b,c)—l-zn—a(zﬁ)(Z W)
n=1 k=1 m=1

The latter sum almost equals Le(a, c, b), but here the sum on m runs up to k — 1
instead of k. We can resolve this as follows:
00 n k—1 00 n k [ee) n
1 1 1 1 1 1 1 1
S (i () T () (o) - e (X )
n=1 k=1 m=1 n=1 k=1 m=1 n=1 k=1

The right-hand side equals Le(a, ¢, b) — Le(a, ¢ 4+ b). Substituting this into the
ultimate expression of H (a, b, c), we are done. |

3.4. Two nonhomogeneous quadratic sums: H (2,1, 2) and H (2,2, 3). By us-
ing the theorem of the last subsection, we evaluate the next inhomogeneous quadratic
sums.

Theorem 6. We have

=2(2)5(3)+£05),

n=1

> l’l Hl’l
Z 22 = Bleay - 2e@06) - Searc .

Note that the theorem of Flajolet and Salvy does not apply to these sums.

Proof. These proofs are again instructive. First,

> Han,2
) Z ) =HQ2,1,2)=Le(2,1,2)+Le(2,2,1) —Le(2, 3).

n=1
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Moreover, according to (7),
Le(2,1,2) =¢(5)+¢(3,2)+¢(2,3)+¢(2, 1,2).
In [Borwein and Girgensohn 1996] we find that

(2,1, =30(5) - 2% QC(3), £3,2)=—51(5) +3(QE0).

We could not find the value of ¢(2, 3) directly, but it can be easily deduced by a
result of Boyadzhiev [2002]. Namely,

o0

(2= H;;"3 => i 22 (5).

n=1 n=1

The zeta expression of the harmonic sum on the right — and even a more general
form —is worked out by Boyadzhiev in the same paper:

> Hn,3 _ 11
Y =5t =22 03).

n=1

(In general, he found that

p+

“2 = e+ (145 e (3 Zk(k+1>¢(k+2>;(p k+1)

nP
n—=

— 3PP+ DH(p+2,1) = 2TH(p+1,2)+(p+ D@,

if p is even.)
So

(10) £2,3) = %4(5)—24(2)5(3)-
Altogether, we get that
Le(2,1,2) = 50(5) = ¢ 3).
We also need the value of Le(2, 2, 1). Again, employing (7),
Le(2,2,)=¢(O)+¢@&, 1)+¢(2,3)+¢(2,2,1).
Using the tables in [Borwein and Girgensohn 1996], we find that
(41D =200 -¢@2)¢@3), ¢(2,2, D)= —%E(S) +38(2)¢3).

Applying to (10) the value of ¢ (2, 3) calculated above, we get the simple zeta value
of Le(2,2,1):
Le(2,2,1) =2¢(5).
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The last undetermined zeta value in (9) does not cause any problem:

Le(2.3) = £(5) +£(2.3) = £(5) + 30(5) — 202 (3) = 52 (5) — 202 (3).

Collecting the nonstrict zeta values in (9) for H(2, 1, 2), we find that they really
sum to £(5) +¢(2)¢(3).
Now we turn to the second nonlinear Euler sum H (2, 2, 3). It equals

(11) Le(2,2,3)+Le(2,3,2) —Le(2,5).
We follow the same pattern as above:
Le(2,2,3)=¢(7)+¢(4,3)+¢(2,5 +¢(2,2,3).

The zeta expressions of ¢ (4, 3) and ¢ (2, 5) can be calculated from the results in
[Bailey et al. 1994], under the notations o (3, 4) and o03,(5, 2), respectively. They
equal

(12) ¢(4,3)=17¢(7) — 10¢(2)¢ (5),

(13) £(2,5) =10¢(7) —2£(3)¢(4) — 4£(2)¢(5).

(In fact, the next expressions are deduced in [Bailey et al. 1994] and by the same
authors in [Borwein et al. 1995]:

a4y comm =2(("3") = 1)e0m+m +me

2 m
m+n

2j—2 2
—Z(( /= ) (nf ));(21—1);(m+n—2j+1)
if m is odd and » is even, while

com,my=—2((" )+ 1)e0n+m)
+ni<<2nf__12) +(Y70))e@i-vemrn—2j+1
j=1
if m is even and n is odd.)

The value of ¢(2, 2, 3) is listed in [Borwein and Girgensohn 1996]:

02,23 =21 - 200 + 1200 5).

Hence

(1s) Le2,3) = 2Len —20¢5) - Le3)e @),
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The calculation of Le(2, 3, 2) needs a bit less work, because
Le(2,3,2) =¢(N+¢(5,2) +¢(2,5 +¢(2,3,2),
and we can apply the reflection formula [Wan 2012]

¢(a,b)+5(b,a) =t5(a)t(b) —g(a+b).
We have that
£(5,2)+¢(2,5) =52)¢5) —¢(7),
and so
Le(2,3,2) =¢(2)¢(5)+¢(2,3,2).
The value

02,3, =2c) - Le@is)

can be found in [Borwein and Girgensohn 1996]. Hence

(16) Le(2.3,2) = 2¢() - 2¢()¢(5),
Only Le(2, 5) is missing in (11).
A7) Le@5) = +12.5) = 112(7) 425 — 2 A ().

as we can see from (13).
Substituting (15), (16), and (17) into (11), we have the second sum in Theorem 6.
[l

3.5. Homogeneous cubic sums. The geometric approach we applied in Section 3.1
to homogeneous quadratic sums can be generalized to homogeneous cubic sums as
well.

Theorem 7. The homogeneous cubic Euler sums can be reduced to multiple zeta
values of depth 3 and 4, and to Euler sums of order one and two. Namely,

H(a,b,b,b)=6¢(a,b,b,b)+6¢(a+b,b,b)+3H(a,b,2b)—2H((a, 3D).
Proof. The sum

°°1 1 1 1

can be considered as a sum on the infinite cubic lattice with positive integer co-
ordinates. We subtract from this the second-order sums on the principal planes
m =k, k=1and m =[. Since we have subtracted the main diagonal m =k =1
three times, we can add it two times. Then, by symmetry, we have six times the
sum in the “lower” part of the cube, with (integer) coordinates m = 1,2, ..., n,
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k=1,....m—landl=1,..., k—1. Again, by symmetry, the second-order sums
on the principal planes m =k, k =1 and m = are identical and equal H (a, b, 2b);
and the main diagonal m = k = [ corresponds to the sum H (a, 3b). Hence, we have
the relation

H(a’b’ b9b)_3H(avbv 2b)+2H(a,3b) . i 1 1 m—1 1 -1 1

6 nd mb kb - b

».

n

The sum on the right-hand side can be easily rewritten as a multiple zeta expression,

if we separate the terms m =1,2,...,n— 1 and m = n:
1 m—1 1 k—1 1
Z Z—Z—b & =¢(a,b,b,b)+¢(a+b,b,b),
mb b
n=1 m=1 k=1 I=1

Substituting this into the above relation and rearranging we have our theorem. [

3.6. The inhomogeneous quadratic sum H (4, 1,2). We apply the theorem of the
above section to prove the next identity.

HHnZ

Theorem 8. Z

n=1

= —§(3)§(4) +28(2)5(5) - —{(7)

Note that here the reduction theorem of Flajolet and Salvy does not apply.

Proof. We specialize Theorem 7 to a =4 and b = 1. Then
(18) H@&,1,1,1)=6¢4,1,1,1)+6¢(5,1,1)+3H4,1,2) —2H (4, 3).

The sum on the left-hand side equals

(19 H@ L1 D=3 20 =2 ea) - 2@ +20@)6),

n=1
as one can find in [Flajolet and Salvy 1998, p. 16]. Moreover, an important
simplification can be done on the right-hand side, since

(20) c@4,1,1,1)=¢(5,1,1).

This is an observation of J. Borwein, D. Bradley and D. Broadhurst, see the
paragraph after formula (30) in [1997]. The general version that they proved is the
following:

gm =2, {1}) = C(n+2, {1}n),

where {1}, means that we repeat the argument n times. Identity (20) comes if we
substitute m = 2 and n = 3. Other examples are

(2, () =¢(n+2), G, {})=2¢®n+2,1),
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and so on.
The value of ¢(5, 1, 1) can be found in [Borwein and Girgensohn 1996]:

¢G5, 1, )= —%((3)4(4) +58(7) = 2¢(5)¢(2).
Thus, with respect to (18) and (19) we have the temporary result

e - 2Le@ed +20)e()

= —15¢(3)$(4) +60¢(7) —24£(5)¢(2) +3H(4,1,2) —2H (4, 3),
which can be rearranged:
@) 3H@4,1,2) = 729;(7) + LN @) +26£()¢(5) +2H (4, 3),
The sum H (4, 3) can be deduced from the formula of Bailey, Borwein, and Girgen-

sohn (14):

]

o His o Henis o Has 1/ 1P
H(4,3)—; i —g(n+l)4—§ T ISR OF

By using (12),
H(4,3)=18¢(7) — 10¢(2)¢(5).

Substituting this into (21), we are done. U

4. Generating functions of nonlinear Euler sums

Up to this point, we were interested in closed form expression for quadratic and
cubic Euler sums. In several cases, using polylogarithms and several tricks, we
can involve a free parameter z in these sums and express them with known special
functions. To be more concrete, we can find the generating functions for H? and
H? as well. We shall deduce the formulas in the next theorem.

Theorem 9. For any |z| < 1 the ordinary generating functions of an and H,f are

(22) ZHz "= (le(z)—i-log (1-2)),

(23) ZH3 " —%(——log(l—x)—log (1—z)+—10g (1-2z)logz
n=1

+3Lis(1 — 2) + Lis(2) — 3;(3)).

The first relation is easy to prove and is not new; one can find it, for example, in
[Mez6 2013]. For the sake of completeness, we give its proof. To our knowledge,
the second formula is new.
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2 1\2 2, 1 H,
Proof. Note that H; | = (Hn - r_z> = H, + — —2—, whence
n n

00 00 00 o © g

2 _n__ 2_n > _non

(24) X;Hn_lz —X;an +X;n2 22; Pt
n= n= n= n=

The second sum is Liy(z) (see definition (5)), while the last sum equals

>\ H,
(25) D =Lia@) + jlog’(1-2),

n=1

by [Borwein and Borwein 1995]. If we temporarily introduce the function

o
f@=) H}",
n=1
then (24) and (25) imply that

z2f(z) = f(z) +Li2(z) — 2(Li2(z) + % log?(1 —z));

hence
o0

f@=) H}7"=

n=1

Lis(z) +log?(1 — 2)
1—-z ’

Let us prove the second formula. Our initial point is almost the same as above:

3 1\3 3 2 1 1 1
Hy = (Hoo+5) = i #3023 +3H, 5+

n

This time we set
o

f)=Y H"
n=1
Then

2 = _n_ntl T ot e ().
(26) f(@) zf(z)+3gn+lz +3§(n+1)21 +Lis(2)

To calculate the first sum, we utilize the first formula of the theorem:

> H? 2 (Lis(x) + log?(1 — x)
@7) Zn+lz 0 ( 1—x ) *

n=0

2
= T og(l—z)— %10g3(1 — ) +log?(1 —2)logz

3
+log(1 —z) Lio(z) + 2 Li3(1 — z) — 2¢(3).

This can be seen directly by differentiation. The integration constant 2¢(3) comes
if we substitute z = 0.
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Now we deal with the second sum on the right-hand side of (26).

“ log*(1 —
/Z X" dx /de
I’l+1 0 2x

= %log (I —z)logz+log(l —z) Lio(1 —z) — Liz(1 —z) +¢(3).

Taking the derivative of the right-hand side, this can be justified. The integration
constant comes if we substitute z = 0.
Substituting (27) and (28) into (26) and utilizing [Lewin 1991, formula (1.5)]

Liz(z) + Liz(1 —z) = £(2) — log z log(1 — z)
to simplify, we have proven Theorem 9. U

It is interesting that S. Ramanujan dealt with a similar function as in (28), but in
the denominator there is (n + 1)3 in place of (n + 1)? in his function:

o0

H,
h(@) =) TN o
n=1

He could not provide a closed form for this function but he showed that it can be
analytically continued to the whole complex plane in z and proved some functional
equations for i. Details can be found in [Berndt 1985, p. 253]. Such generating
functions also appear in a beautiful paper of Guillera and Sondow [2008].

4.1. Some series as consequences of Theorem 9. We note an interesting alternat-
ing nonlinear sum as a corollary of formula (27) in the proof of Theorem 9:

+1 1
Z( )" 471 10g2—§10g 2—-§(3)
The proof can be done by substituting z = —1 into (27) and handling the occurring
imaginary values. One of them is log(—1), the other one is Liz(2). By a formula
of Lewin’s book [1981, (6.7), p. 154],

2
Li3(2):Li3(%)+%10g2 61og 2—2

Since log(—1) = ix in the principal branch, the imaginary parts cancel — as they
must — and then we can finish the proof using the special values

imlog? 2.

2

. T . 1
Lir(—1) = -3 Liz(3) = ﬂ(410g3(2) +21¢(3) —27%log2).
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Another consequence of the calculations in (28) is the classic result of Euler,
which is nothing but (1):

i b )
o (n+1)2 '

To prove this we let z tend to 1 from the left. (Taking the limit is not straightforward,
we have to check the Taylor series around 1 to see that we have the right to do this.
Finally we see that all the terms cancel, and just the constant term ¢ (3) remains.)

Nice sums of infinite series involving the square and third power of the digamma
function are consequences of Theorem 9. This function is the logarithmic derivative
of the Euler I" function and can be defined by the sum [Gradshteyn and Ryzhik
2007]

Y(x) =—y +§(n-1|-1 — n}rx) (x € R\ {0, -1, -2, .. }).

n

Here y = — lim (1ogn -y %) ~ 0.577215664901533 is the Euler-Mascheroni
constant. . k=1

The derivatives of the digamma function /', ¥”, ... are called trigamma, tetra-
gamma functions, etc. In general, these derivatives are called polygamma functions

and denoted by ¥, (Yo =, ¥y =¥/, ...). Since
(29) Ye(n) = (=D (C k1) — Hyo ),

it is straightforward to see that the polygamma functions have the generating
functions

Do vk = - DR Ui @) 2k D) (2l <1 k=120,

n=1

If £k =0, we have that

> W = v +log(1 ~ ).
n=1

From the general representation (29) it follows that at a positive integer n the
digamma function equals

(30) Y(n)=Hy,—1 —y.
We have infinite series for the second and third power of the digamma function:

00 2
1
Zmzy2_4ylog2+10g22+§(2)’

2}1

n=1
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S 3 1 2 2
Z % = %10g2+%10g32+§(3) — %y —3ylog?2+6y2log2 —y°.
n=1
It is interesting that the second formula includes all the most frequently appearing
constants: m, y, e, £(3), and log 2.

We shall prove just the second identity, because the first one is similar but simpler.
Using Theorem 9, we can see that

() H3 712

n

T3

n=1

log2+%log32+§(3)

and
0 112
H 2
Z _2: =7(2)+log?2 = % +log?2.

n=1

From the generating function

log(1 —
Z ann = - Og( Z),
1—z
n=1
it is obvious that
o
H,

n=1
Since
Y (n+1)=H) —3yH+3y*H, — >,

the result follows after dividing by 2" and summing over n.

5. The Landen functional equations of the dilogarithm
and trilogarithm functions

As an application of generating functions of the above nonlinear Euler sums we give
proofs for the functional equations of the dilogarithm and trilogarithm functions.
The proof relies on finite identities and on a result of Euler with respect to binomial
transforms.

More concretely, we shall reprove the functional equation of the dilogarithm
function:

31) Liz( ) - —%logz(l 4 x) — Lia(—x).

1+x
This is called Landen’s equation [Lewin 1981, (1.12), p. 5].
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We also show a new proof of the Landen functional equation for the trilogarithm:

(32) Li3<1 ix) = £(3) + £(2) log(1 + x) — L log*(1 + x) Tog(—x)

+ tlog? (1 +x) — Liz(—x) + Liz(1 +x).

This is proved in [Lewin 1981, p. 155].

We remark that these equations are also presented in [Lewin 1991] on p. 2, but
there is a typo there: in equation (1.13) in place of the coefficient é there is %,
which is incorrect.

The known proofs are analytic. We present proofs which are based on finite
combinatorial identities. Moreover, we show a reason why there probably does not
exist a functional equation of Landen type for higher-order polylogarithms.

Closed-form expressions for Liz(%) and Lig(%) are also known [Lewin 1991,
pages 1 and 2]:

2

2
Lir(3) =13 -3 log 2, Lis(3)= g¢@3) — {7 log2— clog2.
But there is no such formula for Li4(%); see the remark after equation (7.92) in
[Lewin 1981, p. 211].

We try to get closer to the constant Li4(%) and we show that

(33) Lis(3)

HH,,Q

= i _ 1 _ n+1
180+481 g2~ 5 log"2 10g(2)§(3)+ Z( 1)

n=1

The last sum on the right does not seem to be reducible to known constants. When
we tried to reduce it, we found that in its expression L14( ) appears, so we would
get a 0 = O-type identity upon substituting this into (33).

The new proofs of the Landen identities are based on the representations of the
generalized harmonic numbers:

(34) Hyo = Z(’,Z)(—l)k“%,
=
k+1
(35) Hy, 3= 22( )( D (H{ + Hy ),
k+1
(36) iy = 62( ) 4 3H 2, )

foralln > 1. (It is mterestmg that in the last sum, the term Hk3 +3H,H,»+2H, 3
appears in [Adamchik 1997; Connon 2008a]. To see how to derive identities like
this, we refer to [Connon 2008c].)
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To prove (31) and (32) we need an identity, due to Euler, giving the generating
function of a sequence’s binomial transform. Recall that for an arbitrary real
sequence a,, the binomial transform of a, is the sequence b, defined by

by = Z(Z)ak, or, equivalently, a, = Z(Z)(_l)nfkbk'
k=0 pors

If a, has the generating function a(x), that is, Z a,x" = a(x), then b, has the
n=0

S =)

For more information on binomial transforms and Euler’s result, see [Dumont
1981; Mez6 and Dil 2009; Seidel 1877].

generating function

5.1. The Landen equation for the dilogarithm. 1t is straightforward to see that

o0 .

Li(x
Z Hn,kxn _ k( )’
=1

1—x

and from (34) we also know that H,, » is the inverse binomial transform of —H, /n.
Hence

Lip(x) 1 ( X )

= a s

1—x l—x \l—x

where a(x) is the generating function of H,,/n. The denominator 1 + x cancels,
and we apply the substitution x — x /(1 + x) to get

Li2<1 —T—x) =a(x).

Finally, to prove (31) we realize that

a(x)=— Z(_ ! _—Z( 1)"( H,_ 1+1>

n=1
Z (=" n Z (— 1)”
= — 2 " anlx n2

n=1

The last two sums equal respectively % 10g2(1 + x) and Liy(—x) (in the latter case
by definition). These prove (31).

5.2. The Landen equation for the trilogarithm. ldentity (35) shows that

()= e T e

n=1
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Let us deal with the first sum. We prove that

00 H2
38) Y " = Lis (x) + 2Liz(1 = ) log(1 —x) 4 Lia(x) log(1 )
n=1

— Iog?(1 —x) +2logx log*(1 — x) — 4% log(1 — x)

for all |x| < 1.
Applying (22), we have that

H? / Lix(y) f log*(y)
Znoen — — = dy+ ——d
n o y(I—y) Y o y(I—y) Y

These integrands have primitive functions:

o0

n=1

(39) / (lziy;)d =2Li3(1 — x) + Liz(x) 4+ Liz (x) log(1 — x)
+logx log*(1 —x) — 2% log(1 — x) —2¢(3),

X
1
(40) f ‘Elg (y)) — —2Li5(1 — x) +2Lis(1 — x) log(1 — x)
yi=y
— 1log?(1 — x) +log x log*(1 — x) +2¢(3),
as can be seen by differentiation. (The integration constants come if we substitute
x =0.) These two integrals together give (38).
Similarly,

o0

@1 Z H;,an :fox Liz (y) dy

- y—=y)

This integral is the same as (39).
Collecting the results under (38) and (41) (considering (39)) and putting them
into (37), we get the Landen equation for the trilogarithm, after a simplification.

5.3. The Landen equation for the tetralogarithm and higher-order polylogs. Let
us go to the tetralogarithm Lis(x). Identity (36) immediately gives

Li4(1+x> :ég

This shows why finding a functional equation of Landen type for Lis(x) is not

)n+1

(H}+3H,H,»+2H,3)x"

hopeful: the product H, H, » does not seem to have a generating function expressible
by standard functions for all |x| < 1. This is probably true for higher-order polylog-
arithms as well, because those harmonic number expressions probably contain H?
and other powers and products of generalized harmonic numbers.



We note that Theorem 1 of [Ulanskii 2003] does provide a general Landen
functional equation for these polylogarithms. However, that equation uses multiple
zeta functions, which probably cannot be reduced to polylogarithms and ordinary
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logarithms.

6. Collected sums

We close the paper collecting the calculated sums.

We also present some other sums without proof. The methods of Sections 4

SH2 17 o Hy 7

(o.¢]

> an,z 19 Hy Hy
3 o :ﬁ§(6)+§2(3), > =) +¢0),

n=1 n=1

. H,,H,
> = Blea-2c@1e6) - 3c00c@,

n=1

o0

Z Han 2
4

3 51
=788 +2¢(2)¢0) = 7£4(D,

[e.e]
n+l1 n _l —
X_:( D . 12 10g2 31og 2 4(3)
0 00 H2
> oon - ——10g2+—10g 2)+¢3), 2—:—;(2)+1og 2.
n=1 n=1

and 5 can help get these as well.

>

(_l)n—H 1
H) =

=14
CU = 192t = o),
b Hyo = Lloee®) -~ Ll @) - 120),
0 b tyo = 0@~ 1062 2Ly () + T log?2 — Tlog23).

(7* + 1877 log” 2 — 36 log* 2 + 162 10g(2)¢ (3)),
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To conclude, we record the amusing identity of sums

ad -t 7 & 1
Y Hyp——=——y ——

n! 6e (n+1)*n!
=1 n=0

Here !n is the subfactorial of n (the number of permutations on n elements that don’t
fix any of them) and e = exp(1). The reader can look for a proof as a challenge.
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BOUNDARY LIMITS FOR FRACTIONAL POISSON
a-EXTENSIONS OF L? BOUNDARY FUNCTIONS IN A CONE

LEI QIAO AND TAO ZHAO

If one replaces the Poisson kernel of a cone by the Poisson a-kernel, then
normalized Poisson integrals with respect to the stationary Schrodinger
operator converge along approach regions wider than the ordinary non-
tangential cones. In this paper we present new and simplified proofs of
these results. We also generalize the result by Mizuta and Shimomura to
the smooth cones.

1. Introduction and main results

Let R and R be the set of all real numbers and the set of all positive real numbers,
respectively. We denote by R" (n > 2) the n-dimensional Euclidean space. A point
in R" is denoted by P = (X, x,,), X = (x1, X2, ..., X,—1). The Euclidean distance of
two points P and Q in R" is denoted by |P — Q|. Also |P — O|, with O the origin
of R”", is simply denoted by | P|. The boundary, the closure and the complement of
aset S in R” are denoted by 35, S and S¢, respectively.

We introduce a system of spherical coordinates (r, ®), ® = (01, 602, ...,60,-1),
in R" which are related to cartesian coordinates (x, X2, ..., X,—1, X,) by

n—1
X1 =r<1_[ sinej), X, =r cosfy,
j=1

for n > 2, and for n > 3,

m—1

Xnomt1 :r(l—[ sin9j> cosb, (Q<m<n-—1),
j=1
where 0 < r < 400, —m/2 < 6,1 <3m/2, andif n > 3, then 0 < 6; < m
(I1<j=n-2).

This work was supported by the National Natural Science Foundation of China (grants U1304102 and
11301140.)
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The unit sphere and the upper unit half-sphere are denoted by §"~! and Si_l,
respectively. For simplicity, a point (1, ®) on §"~! and the set {®; (1, ®) € Q}, for
aset 2 C §"~!, are often identified with ® and , respectively. For two sets E C R
and Q C §" !, the set {(r, ®) e R"; r € E, (1, ®) € Q} in R" is simply denoted by
E x Q. In particular, the half-space R x Sf’[l ={(X, x,) € R"*; x,, > 0} will be
denoted by T,.

By C,(S2), we denote the set Ry x € in R” with the domain € on §"~!. We
call it a cone. Then T,, is a special cone obtained by putting 2 = Si_l. We denote
the sets I x €2 and I x d€2, with [ an interval on R, by C,,(€2; I) and S, (€2; I). By
S, (2), we denote S, (€2; (0, +00)), which is 9C, (2) — {O}.

For positive functions 4 and hj, we say that hy < hy if hy < Mh; for some
constant M > 0. If by < hy and hy < hy, we say that iy = hy.

This article is devoted to the stationary Schrodinger operator

SSE, =—-A+a(P)l,

where A is the Laplace operator and [ is the identity operator. We assume hereafter
that the potential a(P) is a nonnegative, locally integrable function in C,(£2),
namely, 0 <a € Lf’OC(C,,(Q)), withb >n/2ifn>4,and withb =2 if n =2 or 3.
We denote this class of potentials by .

If a € «d, then the operator SSE, can be extended in the usual way from the
space C3°(C,(2)) to an essentially self-adjoint operator on L%(C,(2)) (see [Reed
and Simon 1979, Chapter 13]). We shall denote the extended operator by SSE,, as
well. The latter has Green function G§ (P, Q) vanishing almost everywhere at the
boundary and possessing all the analytic properties. For | P — Q| — 0, we normalize
itsuch that ¢, GG (P, Q) ~ —log |P— Q| whenn=2,0rc,G4(P, Q) ~|P— QP
when n > 3. Here ¢, =27, ¢, = (n — 2)s, when n > 3, and s, is the surface areca
272 (n/2))~! of $"~!. The Green function G§(P, Q) is positive on C,(S2)
and its inner normal derivative 0G (P, Q)/dnp > 0. We denote this derivative by
PIS, (P, Q), which is called the Poisson a-kernel with respect to C,,(€2). Then the
Poisson a-integral PI¢, f(P) (P € C,(£2)) is defined by

Pﬁzf(P)==/‘ PL,(P. 0) £(Q) dog,

Sn(S2)
where

d
PI4(P, Q) = %G‘é(ﬂ Q).

feLP@C,(2)) (1 < p <o0)and dog is the surface area element on S, (£2).
Remark 1 [Yoshida 1991]. Let Q2 = Si_l and a = 0. Then

log|P — Q% —log|P— Q| n=2,

G (P Q) =
(50 {W—QP"—W—QW" n>3,
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where Q* = (Y, —y,); that is, O* is the mirror image of Q = (Y, y,) with respect
to d7,. Hence, for the two points P = (X, x,) € T,, and Q = (Y, y,) € 0T,,, we have

2|P - Q| %x, n=2,

0 _
PIST‘(P’ Q)= {2(n —2)|P— Q| "x, n>3.

Let Q be a domain on §”~! with smooth boundary. Consider the Dirichlet
problem

(Ap+2)¢=0 ong,
=0 ond,

where A, is the spherical part of the Laplace operator

n—19 3 A,
T or oz g2
We denote the least positive eigenvalue of this boundary value problem by A and the
normalized positive eigenfunction corresponding to A by ¢(®); fQ 0*(®) dog =1,
where dog is the surface area on S"~!.

To simplify our consideration in the following, we shall assume that if n > 3, then
Qis a C>%-domain (0 < o < 1) on $"~! surrounded by a finite number of mutually
disjoint closed hypersurfaces (e.g., see [Gilbarg and Trudinger 1977, pp. 88—89]
for the definition of C>“-domain). Then by modifying Miranda’s method [1970,
pp. 7-8], we can prove the inequality (see [Yoshida 1991, p. 373])

Ap

(1-1) @(®) ~dist(®,02) (O Q).
For any (1, ®) € 2, we have (see [Courant and Hilbert 1953])

9(©) ~ dist((1, ©), 3C,()),
which yields that
(1-2) §(P)~re(0),
where §(P) = dist(P, 3C,(R2)) and P = (r, ®) € C,, ().

Solutions of the ordinary differential equation

3 —0'm-"on+ (:‘—2 +a<r>) 0 =0, 0<r<os,

with a parameter A play an essential role in these questions. It is known (see, for
example, [Verzhbinskii and Maz’ya 1971]) that if the potential a belongs to A,
then (1-3) has a fundamental system of positive solutions {V, W} such that V is
nondecreasing with

0<VO+)<V(@) /00 asr— 4oo,
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and W is monotonically decreasing with
+oo=W(O+) > W)\ 0 asr— +oo.

We will also consider the class 9B, consisting of the potentials a € o such that there
exists a finite limit lim,_, o 72a(r) = k € [0, co) and moreover r~!|ra(r) — k| €
L(1, 00). If a € B, then the (sub)superfunctions are continuous (see [Simon 1982]).

In the rest of paper, we assume that a € % and we shall suppress this assumption
for simplicity.

Denote

L 2-nEJ/(—2)2+4(k+1)
Lk —_— 3
2
then the solutions to (1-3) have the asymptotics (see [Hartman 1964])

(1-4) V(r)~ r":r, W) ~r%, asr— oo.

Let u(r, ®) be a function on C,(£2). For any given r € R, the integral

f u(r, ©)p(®)dSs;,

Q

is denoted by N, (r), when it exists. The finite or infinite limit
lim V='(r)N,(r)
r—00

is denoted by U,, when it exists.
We fix an open, nonempty and bounded set G C dC,,(£2). In C,,(£2), we normalize
the extension, with respect to G, by

o oy PIGF(P)
Pof(P)= —PI?Z <o (P)’
Let

F@)={P=(,0)eC(Q) : |(r,®) =] S(P)}

be a nontangential cone in C, (£2) with vertex ¢ € 9C, (L2).
We define

1 1/p
Np(fi1, P) = (ln_l /B(P ) |f(Q>|"doQ>

and
Ef(G)=(PeG : Ry(f— f(P),l, P) > 0asl— 0}.

Note that if f € LP(0C,(£2)), then |G\[E?(G)| = (0 (almost every point is a
Lebesgue point).
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In the proof we need inequalities between the Green function G¢, (P, Q) and
that of the Laplacian, hereafter denoted by G (P, Q). It is well known that, for
any potential a(P) > 0,

(1-5) (P, Q) =Ga(P, Q).

The inverse inequality is much more elaborate. Cranston, Fabes and Zhao (see
[Cranston et al. 1988]; the case n = 2 is implicitly contained in [Cranston 1989])
have proved

(1-6) o(P, Q)= M(Q)Ga(P, Q),

where M (2) = M (L2, a(P)) is a positive constant and does not depend on points P
and Q in C,(2). If @ = 0, then obviously M (Q2) = 1.
So we have

Go(P, Q) ~ Gq(P, Q),
from (1-5) and (1-6), which yields that
(1-7) PIG(P, Q) ~ Pla(P, Q).

Now we state our results, which are due to Qiao [2012] in the case a = 0 by the
remark. For related results in the half-space and the unit disc, we refer readers to
[Mizuta and Shimomura 2003, Theorem 3; Sjogren 1984; 1997; Ronning 1997;
Brundin 1999].

Theorem 2. Let 1 < p < oo and f € LP(dC,(2)). Then, for any { € E?(G)
(in particular, for a.e. ¢ € G), one has that P, f (P) — f(¢) as P — ¢ along T'(¢).
2. Some lemmas
Lemma 1. For any P = (r, ®) € C,(2) and any Q = (¢, D) € S,,(Q) satisfying

O<t/r< ;1 (resp. 0 <r/t < %),

2-1) PIG(P, Q) ~ 1~ V(W (r)p(©)

(2-2) (resp. PIS(P, Q) ~ V(r)t "' W(t)p(®)).

Forany P = (r, ®) € C,(2) and any Q = (t, D) € §,(2; (4r/5, 5r/4)),

re(®)

2-3 PIL (P, N —,
(2-3) GP. OV~ o

Proof. These immediately follow from [A. Escassut and Yang 2008, Chapter 11], [Es-
sén and Lewis 1973, Lemma 2], [Azarin 1969, Lemma 4 and Remark] and (1-7). U
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Lemma 2. PI§, 1(P) =0(l)as P - ¢ €G.
Proof. Write
PI%, 1(P) = / +f +f = Uy(P)+ Us(P) + Us(P),
E| E> E3
where
B =@ (0.%). Ea=8,(@[3nw). Ev=s,( (n3r).

By (1-4), (2-1) and (2-2), we have the estimates

-1 Sn 5
4 D) RWR©) [ 1T dog =W (3)e©).
E] k
Sn 4
@5 Py~ FV(5)e©).
o \S
Next we shall estimate Us(P). Take a sufficiently small positive number k such
that
So(@:(5r3r)c U B(P.y),
P=(r,®)eA k)
where

AKk) = {P:(r, ®)eC,(R) : Zig})%l(l,@)—(l,z)l <k,0<r <oo}.

Since P — ¢ € G, we only consider the case P € A(k). Now, put
Hi(P)={QeE;:27'5(P) <|P— 0| <2'8(P)}.

Since S, (2)N{Q eR" : |P— Q| <3§(P)} =, we have by (1-5) and (2-3) that

i(P)

re(©)
U*(P)”Z/WP o 17

where i (P) is a positive integer satisfying 2/")~1§(P) < r/2 < 2/P)§(P).
By (1-2) we have

ro(©) 1 re(®) sy Sn
————dog X re(0) ——dog = <~ 51P)
) 1P — QO H,(p) 8(P) §(P) 2ith) 2P
fori=1,2,...,i(P).
So
(2-6) Us(P) ~ O(1).

Combining (2-4)—(2-6), Lemma 2 is proved. U
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Lemma 3. PI% x(P) =PI% 1(P)+ O(1) as P — ¢ € G.

Proof. In fact, we only need to prove
(2-7) Us(P) =/ PIG(P, Q)dog S O().
S (-G

Write

Uy(P) = / + / n f
(8, (2)—G)NE; (85, (2)—G)NE, (8, (R2)—G)NE;3

=Us(P)+ Us(P) + U;(P).
Obviously
(2-8) Us(P) S Ui(P)~ O(1),
(2-9) Us(P) S Us(P) ~ O(1).

Further, we have by (2-3) that
1
—d
(Sa(Q)—G)nE; | P — 0"
Sn
S ;|C|¢(®) (P = €G),

(2-10) U7(P) = rp(©) oQ

where d = ianEaCn(Q)_G |Q —¢].
Combining (2-8)—(2-10), (2-7) holds, which gives the conclusion. O
3. Proof of the theorem

As P —> ¢ €@,
PI%, x6(P) = O(1) #0,

from Lemmas 2 and 3.

Now let f € LP(0C,(2)) and ¢ € [E?(G) be given. We may, without loss of
generality, assume that f({) = 0. Furthermore we assume that P = (r, ®) € I'(¢).
Lets = |(r, ®) — Z|. We write

g rey= [+ of af
E E, E3NB(¢,2s) E3NB°(¢,2s)

=Vif(P)+Vof(P)+V3f(P)+ Vaf(P).
By using Holder’s inequality, (1-4), (2-1) and (2-2), we have the estimates

IVif(P)| < W(r)go(@)fE V@) dog SR f,

IVaf (P Sr P f .
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Similar to the estimate of U3(P) in Lemma 2, we only consider the following
inequality by (1-2):

® 1
/ 19Oy~ re(©) ————doy
Hp) [P — QI Hipy (2718 (P))"

<r‘o<o<®)f to N F(Qldog SrP £,

fori =0,1,2,...,i(P), which is similar to the estimate of V, f(P).
So

V3 f(PY S r P £,

Notice that [P — Q] > %|{ — Q] in the case Q € E3N B°(¢,2s). By (1-2) and
(2-3), we have

FQI

\Vaf(P)I S6(P) —
EsnBee,2s) 1P — OI"

o]

|f(O)I
< 5(P —d
~ o )Z/1530<B(;,2i+1s)\3(;,2is>) ¢ — Q" 70
<S8(P) Z(Z - |f(Q)]dog

E3NB(£,2Fs)

<8(P)ZN1(f 215, ¢) <6<P>Z/

55(1’)/ NMULD g < sep) OOMCH
s ! 3(P) [

2% m(f Lo)

Thus it follows that

1
Paf(P) S m[wlf(m FIV2f (P + V3 f (P +1Vaf(P)I]
< =0y £ +8(P)/°° Nl(fl E)
Using the fact that s < §(P) < reo(@®), we get

o Nl(fal’ C) dl

[P f(P) SRS, 25, 8) +8(P) ;
5(P)

It is clear that

/OO Ri(f,1,¢) di
S5(P) l

is a convergent integral, since
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Ri(f, 1,
# ST ST UL s

from Holder’s inequality.

Now, as §(P) — 0, we also have s — 0. Since f(¢) = 0 and since we have
assumed that ¢ € [E?(G) (and thus that ¢ € [Ej,(G)), it follows that Pg, f (P) —
0= f(¢)as P=(r,®) — ¢ along I'(¢). This concludes the proof.
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JACOBI-TRUDI DETERMINANTS
AND CHARACTERS OF MINIMAL AFFINIZATIONS

STEVEN V SAM

In their study of characters of minimal affinizations of representations of
orthogonal and symplectic Lie algebras, Chari and Greenstein conjectured
that certain Jacobi-Trudi determinants satisfy an alternating sum formula.
In this note, we prove their conjecture and slightly more. The proof relies
on some symmetries of the ring of symmetric functions discovered by Koike
and Terada. Using results of Hernandez, Mukhin and Young, and Naoi, this
implies that the characters of minimal affinizations in types B, C, and D are
given by a Jacobi-Trudi determinant.

Introduction

In [Chari and Greenstein 2011] (henceforth abbreviated [CG]), the authors study
a class of modules over the current algebra g ® C[¢], where g is either a special
orthogonal or symplectic Lie algebra (over the complex numbers). These modules
are related to the minimal affinizations, a class of irreducible representations for
the quantum loop algebra U, (g ® C[t, t~1). We refer the reader to [CG, §3] for
background and references. A character formula, which is similar to a Jacobi—Trudi
determinant, for these modules is conjectured in [CG, Conjecture 1.13]. This is
inspired by [Nakai and Nakanishi 2006], which conjectures that the characters of
minimal affinizations are given by such determinants (see also [Nakai and Nakanishi
2007a; 2007b] for related work).

The aim of this note is to prove [CG, Conjecture 1.13] (see Theorem 1.1). We will
give a uniform proof for all types. The conjecture reduces to a combinatorial state-
ment about characters of g, so we will not need to discuss current or loop algebras
any further. In fact, we will prove an extension of the combinatorial statement which
removes a restriction on the highest weights considered. Furthermore, using results
of Hernandez, Mukhin and Young, and Naoi, this gives a character formula for
minimal affinizations of representations of g in types B, C, and D (see Remark 1.3).

The method of proof involves passing to a suitable limit (with respect to the rank
of the Lie algebra) to take advantage of additional symmetries. This suggests that
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there should be a connection to the categories Rep(O) and Rep(Sp) studied in [Sam
and Snowden 2013, §4] and a suitable categorification of the involutions ig and
isp used in Section 3 (which were introduced in [Koike and Terada 1987]), but we
have been unable to find one so far.

1. Notation

We need some basic terminology of partitions [Macdonald 1995, §1.1]. A partition A
is a sequence of integers (A1, ..., A,) with A >--->2,>0. Weset [A| =), A;
and £(A) = max{i | A; # 0}. We write u C A if u; < A; for all i and also say that
A contains . The notation a” means the sequence (a, a, . .., a) where a appears
b times. We use A" to denote the transpose partition of A, i.e., AZ =#jlr; =i}
(in terms of Young diagrams, we are flipping across the diagonal). Let S, denote
the corresponding Schur functor [Fulton and Harris 1991, §6.1]; for the purposes
of this note, S is a functor from the category of complex vector spaces to itself.
Special cases are symmetric powers S; = Sym* and exterior powers Sy = N
We use s, to denote the Schur function indexed by A [Macdonald 1995, §1.3] (it is
the character of ). The product of two Schur functions is a linear combination of

Schur functions:
_ A
SuSy = E ClivSh-
A

The c/ﬁ’v are the Littlewood—Richardson coefficients [Macdonald 1995, §1.9]. If
cfw #0, then |A| = ||+ |v] and also u C X and v C A.

Let G be a complex classical group of type B,, C,, or D, 1, i.e., G is either
02,41(C), Sp,,(C), or O2,42(C), respectively. Let g be the Lie algebra of G. Let
rank(g) be the rank of g; i.e., it is n in the cases of type B and C, and it is n + 1
in the case of type D. We use these groups rather than their Lie algebras to avoid
having to make technical remarks later. For the representations considered in [CG],
this choice will not be important. We number the nodes of the Dynkin diagram
according to Bourbaki notation:

B,: O—O0— +++ —0O0—0 =0
1 2 n—2 n-—1 n
C, O—0O0— — O —0 <=0
1 2 n—2 n—1 n

O
n+1
Dyy1: oO—0o0— +«+ —0O0—0—0
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Let w; be the fundamental weights, and let A be a dominant integral weight which is
a linear combination of w1, ..., w,—1 (so in particular, we avoid the spin represen-
tations in the orthogonal case). We will use a basis eq, .. ., emnk(g) for the weight
lattice of G (see [Fulton and Harris 1991, §16.1, §18.1] for details; there the basis
is denoted Ly, ..., Lynk())- Given A = ajwy + - - - +a,_1w,—1, We associate to it
the partition

(@ +--+ap_1,a0+---+an_1,...,a,-1).

So in particular, the notation A; = a; + --- + a,—1 is defined. Then we have
A=Xtiei+- - -+Ar,—1e,—1. Let V, be the corresponding highest weight representation
of G. We will denote V = Vi, the vector representation. We sometimes use the
notation VAO or VASp to emphasize that we are dealing with the orthogonal or
symplectic case, respectively.

In general, all finite-dimensional irreducible representations V; of G can be
indexed by partitions A (see [Fulton and Harris 1991, §17.3, §19.5] or [Sam and
Snowden 2013, §4.1]). We may assume that £(A) < rank(g) as long as we are
ambivalent about the presence of the sign representation in the orthogonal group
case. (The reason we do not use the special orthogonal group is because some
irreducible representations of the even orthogonal group are not irreducible when
restricted to the special orthogonal group, and so the latter group does not behave
as well from the perspective of stability.)

Now we rephrase the definitions in [CG, §1.13] in this notation. First, we have
i, = £(1). In the orthogonal case, ¥, ={e; +¢; |1 <i < j <£(1)}, and in the
symplectic case, W, = {e; +¢; | 1 <i < j < {(A)}. Define the set

Tk, W) = {(w) A=t Y npBongeZo Y ny =s}-
Bew, Bev;
By the definitions of W, , we see that (u, s) € I'(A, W) implies that s = (|A| —|u|) /2.
Define h; = Char(VkO) in the orthogonal case and h; = Zog <2 char(VkSBZr)
in the symplectic case. In both cases, define the Jacobi—Trudi determinant

H, = det(h)”._i_;_j).
For (v, s) € I'(A, Wy), define
Cﬁ"\, = dimhomg (V,, N\'(g) ® V})

(see [CG, §2.7], but there it is ¢ instead of C; we use c¢ for Littlewood—Richardson
coefficients).

All of the above definitions make sense for any partition A with £(A) < rank(g).
To make this clear, we spell out the conversion between partitions and weights now.
Let r =rank(g) and let A = (A1, ..., A,) be a partition.
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o If G = Sp,, (C), then V;, is irreducible with highest weight

r—1

Z()»i —Aip )W + Ay,

i=1

o If G = 0y,41(C), then V,, is irreducible with highest weight

r—1
Z(ki —Air )i +2A,0;.
i=1

o If G = 0,,(C), then there are two cases. In both cases, V, is an irreducible
representation of Oy, (C), but we distinguish between what happens when we
pass to the Lie algebra so,, (C).

— If A, =0, then V,, is an irreducible representation of s0,,(C) with highest
weight
r—2
D0 = kg )wi + hpi (@1 + @)
i=1

— If A, > 0, then as a representation of s0,,(C), Vj is the direct sum of
irreducible representations with highest weights

r—2
DO = hig); + Ot = )0t + Gt + A)
i=l1
and
r—2
Y i = AisD)oi + (ot + Aot + (oot — Aoy

i=1

In the orthogonal case, let ) be the multiplicity of VvSp in S, (VSP): here VP is
the vector representation for Sp(2n) with n > ¢(A) and S,.(VSP) is considered as
a representation of Sp(2n). By [Koike and Terada 1987, Proposition 1.5.3], this
multiplicity is independent of n as long as n > £()), and we have

r_ 2
d, = ch,an)'*"

n

Similarly, in the symplectic case, let d* be the multiplicity of V© in S, (V)
(note that we are using branching rules for the other group in both cases). Then
we have

A A
dy = Cyap-

n
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When £()) < n — 1, the following main result proves [CG, Conjecture 1.13].
Theorem 1.1. Let A be a partition with £().) <rank(g). Then

(1.2) > (=1)'C},H, = char(V}).

(w,s)el (A, ;)
Also H, =" d* char(V,).

Remark 1.3. Under the restriction £(A) < n — 1, Chari and Greenstein constructed
the module P (X, 0)'* ¥+ in [CG], and Theorem 1.1 together with [CG, Theorem 2]
shows that its character is H,. In types B and C, Naoi [2013, Remark 4.7] shows
that these modules are the “graded limits” of the minimal affinizations of the
corresponding simple modules V, of g. A similar result is obtained for a special class
of highest weights in type D in [Naoi 2014]. In particular, the characters (considered
as representations of g) of both modules are the same. So the character of the
minimal affinization is also H,. In type B, this follows from [Hernandez 2007] (see
[Naoi 2013, Remark 4.7]) or from [Mukhin and Young 2012, Corollary 7.6]. [l

2. Some identities

Let Q_; be the set of partitions with the following inductive definition. The
empty partition belongs to O _;. A nonempty partition u belongs to Q_; if and
only if the number of rows in w is one more than the number of columns, i.e.,
£(n) = 1 + 1, and the partition obtained by deleting the first row and column of u,
ie, (u2—1,..., e — 1), belongs to Q_;. The first few partitions in Q_; are 0,
(1,1, (2,1, 1), (2,2,2). Define Q1 ={A | Ate 0_1}. We record this definition as
the following formula:

2.1) 0l=0_1.

The significance of these sets are the following decompositions (see [Macdonald
1995, 1LA.7, Examples 4, 5]):

22) N Sym*(E) = €D Su(E).
neQ
|p|=2i
2.3) N(E) = P Su(E).
ne@—g
[p]=2i
We need two of Littlewood’s identities [Koike and Terada 1987, Proposition 1.5.3]:
(2.4) char(V) = ) (- 1)|“|/ZZC
neQ
2.5) char(V;P)= D (=DM s,
ne@—y v
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Lemma 2.6. Fix (v,s) € ['(A, W,), where £(X) < rank(g) and s = (|A] — |v|)/2.
Then Cy =" L0 C/}l,v in the orthogonal case (for the symplectic case, use Q1
instead of Q_1).

Conversely, if this sum is nonzero, then (v, s) € I'(A, W) for s = (|A| — [v])/2.

Proof. In the orthogonal case, we have g = V| | = /\Z(V). So we need to calculate
the multiplicity of V, in /\’ (/\Z(V)) ® V., where s = (JA| — |[v])/2. By (2.3), we get

NINW) = P suv).
neQ_y
[ul=2s
(In the symplectic case we instead have g = V> = Sym?(V), so all of the following
statements will hold if we replace Q_; with Q1.) We claim that the multiplicity
of V, in §,,(V) ® V. is the Littlewood—Richardson coefficient C;Aw

If £() <rank(g), then as a representation of the orthogonal group (also in the
symplectic case), S, (V) is the sum of V,, and other V,, where |«| < || up to
twisting V,, with a sign character (this follows from the explicit formula in [Koike
and Terada 1987, Proposition 2.5.1]). Also, if V, appears in V, ® V,, then we
must have |v| > |A| — |«| by a basic argument with weights. This implies that the
multiplicity of V,, in S,,(V) ® Vj is the same as the multiplicity of V, in V,, ® Vy
under our hypothesis that |v| + || = |A|. Furthermore, the multiplicity in this case
is the Littlewood—Richardson coefficient cf;’v [ibid., Proposition 2.5.2].

If £(p0) > rank(g), then the multiplicity of V, in §,(V) ® V; is 0 since all V,
in §, (V) satisfy || < |u]. Also, Cﬁ,v = ( since u £ A. This proves the claim and
the second sentence of the lemma.

Now we handle the last sentence of the lemma. So suppose that cﬁyu = 0 for
some p € Q_j. Set s = (|]A| — |[v])/2 = |u|/2. The weights of S, (V) C /\'(g) are
linear combinations of s roots of g. In particular, A is the sum of v and s roots

ai, ..., o of g. The possible roots of g are e; ¢ and +e¢;. Since [v+e; —e| = |v|
and |v = ¢;| = [v| £ 1, the s roots a1, ..., oy must all be of the form ¢; +e;, so
(v,s) e"'(A, Wy). O

3. Proof of main theorem

Lemma 3.1. Pick X € {B, C, D}. Fix a partition A with £().) <n. Then (1.2) is true
for the representation V, for X,, if and only if it is true for the representation V),
for X, for any m > n.

Proof. By [Koike and Terada 1987, Corollary 2.5.3], the tensor product decomposi-
tion V; ® V), is independent of m if m > £(A) + £(u), and in this case, the tensor
product decomposes as a sum of V,, with £(«) < £(A) 4 £(u). The definition of H),
involves multiplying at most £(A) < m characters, all indexed by one-row partitions,
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so its definition is independent of m. Certainly the set I'(A, W, ) does not depend
onm if m > £(1). So it remains to show that the coefficients C ; are independent
of m, but this follows from Lemma 2.6. O

In particular, we may assume that n = oco. In this limit, we can use some
additional symmetries of the character ring A of g. Then A is the ring of symmetric
functions, but is equipped with a new basis which was studied in [ibid.]. Write
spy = char(V,). We use s[sﬁ or s[a] if we need to emphasize the group. Then
the s7,], as A ranges over all partitions, forms a basis for this character ring. The
idea is to use (2.4) or (2.5) to exhibit the change of basis between s[;; and the usual
Schur functions s, = char(S,(V)). There is an involution (which is an algebra
automorphism), denoted i¢ in the orthogonal case and i in the symplectic case,
that sends sy;) to s, [ibid., Theorem 2.3.4]. Also, we recall that the linear map
w: s > 5+ 1s an algebra automorphism [Macdonald 1995, §1.3]. We need the
following identity [Koike and Terada 1987, Theorem 2.3.2]:

(3.2) w (s[sﬁ) = s8+].

Lemma 3.3. The involution ig or isp sends H, to the Schur function s,:.

Proof. In the orthogonal case, io(hy) = spx = char(/\kV) = sk, and in the
symplectic case,

iSp(hk) = Z S[k-2r] = char(/\kV) =Sk

0<r<k/2

by basic properties of the decomposition of exterior powers under the action of
the symplectic group. Since ip and is, are algebra homomorphisms, we see that
H, =det(h,,_;4;) gets sent to det(sv-i+;), which is the Schur function s,: by the
Jacobi-Trudi formula [Macdonald 1995, §1.3, equation (3.5)]. O

Now we focus on the orthogonal case (the symplectic case is almost identical).

By (2.4),
Spg = Z (_1)|//«|/2 Zc;ﬁ,usv-
v

HeQ)
Since Cﬁ,v = C,ﬁt,w (use that 5,5, =), cﬁ,vsk [Macdonald 1995, §1.9] and the
involution w defined above), and QJ{ = Q_1 (2.1), we can rewrite this as
S[)L%] = Z (_1)'/”/2 ZCI)’LL»USVT'
ne@—g v
In particular, the coefficient of s, is ZMEQ—I (—1)(|)‘|_‘“‘)/2ci‘w. By Lemma 2.6,
we get

St = Z (=1)°C) yspr.

(v,s)ell (A, ¥y)
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Finally, apply the involution ig to this equation and use Lemma 3.3 to get (1.2).
The last part of the theorem follows directly from Lemma 3.3 and (3.2).
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NORMAL FAMILIES OF HOLOMORPHIC MAPPINGS INTO
COMPLEX PROJECTIVE SPACE CONCERNING
SHARED HYPERPLANES

LIU YANG, CAIYUN FANG AND XUECHENG PANG

We prove new criteria for normality for holomorphic mappings into the
complex projective space using the generalized Zalcman lemma. This im-
proves previous results in one complex variable. An example is included to
complement our theory.

1. Introduction

Recall that a family & of meromorphic functions on a plane domain D C C is normal
on D if every sequence in & contains a subsequence that converges uniformly on D
(with respect to the spherical metric) to a meromorphic function or to co.

The following Picard-type theorem is a consequence of the second main theorem
of value distribution theory.

Theorem A [Bergweiler 2006, pp. 78-80] . Let f be a meromorphic function on
the complex plane C. If there exist three mutually distinct points ay, ar and az on
the Riemann sphere such that f(z) —aj (for j =1, 2, 3) has no zero on the complex
plane then f(z) is a constant.

A heuristic principle, bearing Bloch’s name and playing an important role in the
theory of normal families, says that if the only meromorphic function with a certain
property are constant, then a family of meromorphic functions in a plane domain
possessing this property is likely to be normal [Bergweiler 2006, pp. 78-80]. For
example, the Montel-type theorem associated with Theorem A is true:

Theorem B [Bergweiler 2006, pp. 78-80]. Let & be a family of meromorphic
Jfunctions on a plane domain D. Suppose that there exist three mutually distinct
points ai, ay and a3 on the Riemann sphere such that f(z) —a; (for j =1,2,3)
has no zero on D for each f € ¥. Then ¥ is a normal family on D.

We say that two meromorphic functions f and g on a domain D share the value
a (a = oo is allowed) if f )= g '(a) as sets (ignoring multiplicities). There
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are many results concerning this notion in value distribution theory, such as R.
Nevanlinna’s famous theorem [1926] that two meromorphic functions on the com-
plex plane sharing five distinct values coincide identically. (The number 5 cannot
be reduced, as the pair €%, e~ %, with shared values 0, 1, —1, oo, demonstrates; but
Nevanlinna [1926] also showed that if four values are shared and the multiplicities
with which these each of these values is taken are the same for the two functions,
the two functions differ only by a Mobius transformation. The condition that the
multiplicities are the same cannot be relaxed; see [Gundersen 1979].)

More generally, the maximum modulus principle and Montel’s theorem yield
this extension of Theorem B:

Theorem C. Let F be a family of meromorphic functions on a plane domain D.
Suppose that there exist three mutually distinct points ay, a, and a3 on the Riemann
sphere such that for each f, g € F, f and g share a; (for j =1,2,3) on D. Then
% is normal on D.

The following question arises naturally from Theorem C. Suppose two families of
meromorphic functions share some values a;. If one is normal, is the other normal?
Recently the problem was solved by Pang and Liu, who showed that if two families
of meromorphic functions share four values, the normality of one family implies the
normality of the other. They also gave a counterexample to show that the number 4
is sharp.

Theorem D [Liu et al. 2013]. Let F and 4 be two families of meromorphic functions
on a plane domain D. Suppose that there exist four mutually distinct points ay, a, as
and a4 on the Riemann sphere such that for each f € %, there exists g € G such
that f and g share aj for j =1,...,4on D. If Gis normal on D, then ¥ is also
normal on D.

The classical Zalcman lemma plays a central role in normal family theory of one
complex variable. On the other hand, the study of normal families for holomorphic
mappings was initiated by H. Wu in his well-known paper in Acta Math [1967].
Much attention has been given to find the correct generalization of Zalcman’s result
to several complex variables. In this paper we prove some new normality criteria
for holomorphic mappings from plane domains into P¥(C) using the generalized
Zalcman lemma. An example will be included to complement our theory.

2. Basic notions and main results

Basic notions. We start with relevant definitions. For details see [Mai et al. 2005;
Shabat 1985, pp. 99-106; Ru 2001, pp. 99-102].

Let P*(C) be a complex s-dimensional projective space and p : C*+1\ {0} — P*(C)
be the standard projective mapping. A subset H of P*(C) is called a hyperplane if
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there is a s-dimensional linear subspace H of C**! such that
p(H—{0})=H.

For a fixed system of homogeneous coordinates Z =[Zy: Z; :- - -: Zs], a hyperplane
H of P*(C) can be written as

H={[Zy:Zy:-+:Z]eP'(©) | (Z,a) =0},
where
(Z,a) :=apZo+---tasZs
and o = (ao, . .., as) € C°T! is a nonzero vector. We write it as

H={{(Z, a) =0}

for convenience. In particular, we can take o € B, where B is the set of Euclidean
unit vectors in C*11.
Let Hy, ..., Hyy be hyperplanes in P*(C). Let oj = (ajo, . .., ajs) € B be such
that
Hj={(Z,a;)=0}

for j=1,...,5s+ 1. Define
D(Hi, ..., Hyy) i= |det(e] , ..., 0l )]
which only depends on H; but does not depend on the choice of «; € B.

Definition 2.1. Let Hy, ..., H,, with ¢ > s + 1, be hyperplanes in P*(C). Define

D(H,,....Hp):= ] |dettal.....al )I.

Ji’ > Js+1
I<ji<-<Js+1=q
We say the hyperplane family Hy, ..., H,;, g > s+1, in P°(C) is in general position
if D(Hy, ..., Hy) > 0.

Let M and N be connected Hermitian manifolds of dimension m and s with
Hermitian metrics hy; and Ay, respectively. The space €(M; N) of continuous
mappings between M and N endowed with the compact-open topology is second
countable so that a metric can be furnished in ‘6(M; N) which induces the compact-
open topology.

Remark 2.2. A sequence {f,} in €(M; N) converges to f in €(M; N) in this
topology if and only if { f;;} converges to f uniformly on compact subset of M.

The space #(M; N) of holomorphic mappings from M into N is a closed
subspace of €(M; N).



248 LIU YANG, CAIYUN FANG AND XUECHENG PANG

Definition 2.3. A family & C #(M; N) is called normal on M if any sequence
n ¥ contains a subsequence which is relatively compact in #(M; N), that is, if
any sequence { f,} C & contains a subsequence which converges to f € #(M; N)
uniformly on every compact subset of M.

Throughout this paper, we consider the special case where M is a plane domain
and N is a complex projective space.

Let f: D — P%(C) be a holomorphic map and U be an open set in D. Any
holomorphic mapping f : U — C**! such that p o f(z) = f(z) in U is called
a representatlon of f on U. For a fixed system of homogeneous coordinates
[Zo:Z;: 1 Zs] we set

Vi={[Zo:Z\:---:Z]|Z; #0}, fori=0,...,s.

Then every a € D has a neighborhood U of a such that f(U) C V; for some i, and
f has a representation

f:(f()a---vfi—l’lafi-i-l’---’fs)

on U with holomorphic functions fy, ..., fi—1, fi+1,--.» fs-
Definition 2.4. For an open subset U of D we call a representation f = (fo, ..., fs)
a reduced representation of f on U if fy, ..., f; are holomorphic functions on U

and have no common zero.

Remark 2.5. Every holomorphic map of D into [P*(C) has a reduced representation
on some neighborhood of each point in D. Moreover, let f = (fo,..., f5) bea
reduced representation of f. For an arbitrary nowhere zero holomorphic function
h, (foh, ..., fsh) is also a reduced representation of f. Conversely, for every
reduced representation (go, ..., &) of f, each g; can be written as g; = hf; for
some nowhere zero holomorphic function 4.

Remark 2.6. Every f € #(D; P*(C)) has a reduced representation on the totality
of D [Fujimoto 1974].

We now give the definition of sharing hyperplanes, which extends the definition
of sharing values. Take f € #(D; P*(C)). Let H = {(Z, o) = 0} be a hyperplane
in P*(C), where « = (g, . . ., a;) € C°T' —{0}. Let f = (fo, ..., f;) be a reduced
representation of f. We consider the holomorphic function on D

f(Z) H) :=agfo+---+asfs.

Definition 2.7. Suppose f, g are in #(D; P*(C)) and H is a hyperplane in P*(C).
If there exist some (thus all) reduced representations of f and g respectively such
that ( f(z), H) and (g(z), H) share 0 on D, we say that f and g share H on D.
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By Remark 2.5, f (z), H) =0is indeed independent of the choice of the reduced
representation of f. Therefore sharing hyperplanes is well defined.

We will use the notation ( f(z), H) when some properties are independent of the
choice of the reduced representation of f. For example, we can say that { f(z), H)
has finite zeros on D.

H. Fujimoto [1974] gave the relation between m-convergence and quasiregularity.
In the case of holomorphic maps, we have the following properties. Suppose
{fu} C #(D; P5(C)); then { f,} converges uniformly on compact subsets of D to a
holomorphic mapping f of D into P*(C) if and only if, for any a € D, each f,, has
a reduced representation

Foo = 0y fats ooy fus)

on some fixed neighborhood U of a in D such that { f;,;} converges uniformly on
compact subsets of U to a holomorphic function f; on U,i =0, 1, ..., s, with the
property that

f:(vaflv--~9fY)

is a reduced representation of f on U.

Main results. Here we shall improve both Theorem C and Theorem D and obtain
the following results.

Theorem 2.8. Suppose ¥ C #(D; P*(C)). Let Hy, ..., H,;, with q > 25 + 1, be
hyperplanes in P*(C) located in general position. Suppose that for each f, g € &,
fand g share H; on D, for j =1, ...,q. Then ¥ is normal on D.

Corollary 2.9. Suppose & C #(D; P*(C)). Let Hy, ..., H;, withq > 2s + 1, be
hyperplanes in P*(C) located in general position. Suppose that for each f € %,
fomits Hi on D, for j =1,...,q. Then F is normal on D.

Proof. Each H; (j =1, ..., q) is a shared value of all f € %, since f‘l(Hj) =0.
Thus, the family & satisfies the assumptions of Theorem 2.8. O

Theorem 2.10. Suppose &, 6 C H(D; P°(C)). Let g > 3s + 1 be a integer, and
suppose the following three conditions are satisfied:

(1) Foreach [ € F, there exist g €4 and q hyperplanes H, y, ..., H, y (which
may depend on f) such that f and g share H; y on D, for j =1, ...,q.

(i) inf{D(H; 7, ..., Hy ¢): f € F} > 0.
(iii) 9 is normal on D.
Then & is a normal family on D.

By Theorem 2.10 we immediately have the following corollary.
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Corollary 2.11. Suppose ¥, C #(D; P*(C)). Let Hy, ..., H;, with g > 3s + 1,
be hyperplanes in P*(C) located in general position. Suppose that for each f € F
there exists g € G such that f and g share H; on D, j =1, ..., q. If G is normal
on D, then & is also normal on D.

The following example shows that the number 3s + 1 in Theorem 2.10 is sharp
when s = 2.

Example 1. Let A be the unit disk. Let & = { f,,(z)}, where

fu(@) =[v/—1cosnz :sinnz :sinnz].

We denote by z,,1, 24,2, ..., Znk, the zeros of sinnz in A. Let 9 = {g,(2)},
where

72— Zni Z— Zn,
wo=[1: [T 5 [T 2]
1k, LTIt g, T It

Let
H] ={[Z()IZ] v4) |3Zo+Zl+2ZZ=0},

Z5]
Hy={[20:Zy:Z2]| =520+ Z,+4Z, =0},
Hy={[Zo:Z:Z2]|TZo+ Z1 +6Z, =0},
Hy=A{[Zo:Z: 2211 =920+ Z, +8Z, =0},
Hs ={[Zo:Z\:Z,]1Z,=0},
Ho={[Zo:Z1:Z2]1Z,=0}.

2
2

Then these hyperplanes are in general position.

One can verify that f, and g, share H; on A for j = 1,...,6. Clearly, ¢
is normal on A. However, & fails to be normal on any neighborhood of 0 by
Lemma 3.2 in next section.

3. Some lemmas

The following is the general version of the Zalcman lemma.

Lemma 3.1 [Thai et al. 2003]. Let & be a family of holomorphic mappings of a
domain Q2 in C™ into P*(C). The family & is not normal on Q2 if and only if there
exist sequences { f,} C F, {z,} C Q with z, — zo € Q, and {p,} with p, > 0 and
on — 0 such that

hn(§) = fu(zn + pné)

converges uniformly on compact subsets of C to a nonconstant holomorphic map-
ping h of C into P5(C).
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Lemma 3.2 [Osserman and Ru 1997]. Let M be a Riemann surface, and f, : M —
P*(C) be a sequence of holomorphic maps converging uniformly on every compact
subset of M to a holomorphic map f : M — P*(C). Given a, b € P*(C*), let f,
be the meromorphic function defined by

(f.a)
(f,B)
where f is a reduced representation of f on U, and «, B € (C°TY)* are such that
a=p(a),b=p(B). Assume that B(f) £ 0 on some U. Let p € M be such that
B(f)(p) # 0, and U, be a neighborhood of p such that B(f)(z) # 0 for z € U,,.

Then { f,,,} converges uniformly on U, to the meromorphic function fq .

fa,b =

Let 1 > 0 be an integer. The holomorphic map f € #(C; P*(C)) is said to be
ramified over a hyperplane H = {( Z, o) = 0} with multiplicity at least y if all zeros
of ( f(z), ) =0 have orders at least u, where f is a local reduced representation
of f (it is easy to check that this definition is independent of the choice of reduced
representation). If either the image of f completely omits H or f(C) C H, we
shall say that f is ramified over H with multiplicity oo.

Nochka [1983] improved the result of Green [1977] and proved H. Cartan’s
conjecture.

Lemma 3.3 [Nochka 1983]. Suppose that q(> 2s + 1) hyperplanes Hy, ..., H,
are given in general position in P*(C), along with q positive integers my, . .., my
(some of them may be o). If

(1--2)>s+1,
: m;

j=1
then there does not exist a nonconstant holomorphic mapping f : C — P*(C) such
that f intersects H; with multiplicity at leastm, j =1, ...,q.

Lemma 3.4 (first main theorem [Fujimoto 1993, Corollary 3.1.16]). Let f : C —
P*(C) be a holomorphic map. Let H be a hyperplane in P*(C). If f(C) € H, then

Tr(r)=mys(r, H)+ Nys(r, H)+ O(1).
The second main theorem about linearly degenerated case is also required.

Lemma 3.5 (degenerate second main theorem [Ru 2001, Theorem A3.4.4]). Let
f=lfo:--: fs]: C— P*(C) be a holomorphic map whose image is contained in
some k-dimensional subspace but not in any subspace of dimension lower than k.
Let Hy, ..., H, be hyperplanes in general position. Assume that f(C) ¢ H;, for
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j=1,...,q. Then the inequality
! n+1
me(r, Hj)+ mN(Rf, r)<Q2n—k+1)Ts(r)+ O(logTr(r))
j=1

holds for all r outside a set E with finite Lebesgue measure. Here N (R, r) is the
ramification term.

Lemma 3.6 [Fujimoto 1974]. Let f € 3(C; P*(C)). The map f is rational, namely,

f is representable as f = [fo:---: fs] with polynomial f;,i =0, ...,s, if and
only if
T.
lim s
r—00 logr

Lemma 3.7. Let f € #(C; P°(C)), and Hy, ..., Hy11 be hyperplanes in P5(C)
located in general position. If for each hyperplane H;, j =1, ...,2s + 1, either
f(C) C Hjor(f(z), Hj) has finite zeros in C (no zero point is allowed), then the
map f is rational.

Proof. Let f = (fo, ..., f;) be a reduced representation of f on C. We set the
rank of the vector group {fo, ..., fs} tobe k+ 1, with 0 < k <. Thus, f(C) is
contained in some k-dimensional subspace of P*(C) but not in any subspace of
dimension lower than k.

Let I be a subset of {1, ...,2s+ 1} such that{ is in [ if and only if f(C) C H;,

and let
X;=()H.
iel
We can identify X; with a projective space of dimension s — k;, where k; = #1. So
0 < k; <s —k. According to the definition, the restrictions of

HY:=H;(\X;. jélI

are hyperplanes which are still in general position in X; = P*~*1(C).

Applying Lemma 3.5to f =[fo:---: f;]: C — P*7%1(C) and the hyperplanes
Hj’.“, j & I, and using the first main theorem about holomorphic curves, it follows
that the inequality

@5 —ki+DT(r) <Y Ny(r, HY) + Qs — k1) =k + DTy (r) + O(log T (r))
Jél
holds for all r outside a set with finite Lebesgue measure. Since ( f(z), H]’.‘) has
finite zeros in C, this yields the inequality

(ki +k)T7(r) < O(log Tf(r)) + O (logr).
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If k = k; = 0, the rank of the vector group { fo, ..., fs} is 1, which means that
f is a constant map.

If k1 + k > 0. Together with Lemma 3.6, the above inequality implies that f is
rational. Hence, the lemma is proved. (I

4. Proofs of the theorems

Proof of Theorem 2.8. Fix g € %. Suppose that & is not normal on some point
z0 € D. Suppose there are k hyperplanes Hj,, [ =1, ..., k, such that

k
g(zo) (| Hj-
=1
Then k < s. For otherwise k > s + 1, and because Hi, ..., H;, g > 25 + 1, are
hyperplanes in P*(C) located in general position, it follows that g =[0:0:---:0].
This is a contradiction. Therefore, k < s. Without loss of generality, we assume
that there exists a neighborhood U (z¢9) C D such that for/ =1, ..., ky,

g(U(z0)) C Hy,

foruw=k +1,...,k,
g(U(z0)) NHy, = {g(z0)},

and forv=k+1,...,25 +1,
g(D(z0))NH, = ¢.

In other words, these hyperplanes are divided into three groups.

Observing that normality is a local property, we may suppose that U (zg) is the
unit disk A, and zg = 0. Then by Lemma 3.1 there exist points z,, with z, — zg € D,
positive numbers p, with p, — 0, and functions f, € & such that

hn(§) := fu(zn + Pn6)

converges uniformly on compact subsets of C to a nonconstant holomorphic map-
ping & of C into P*(C). Here & € C satisfies z, + p,€ € A.

We consider two cases.

If z,,/ pn — 00, then for each & € C, z,, + p,& # zo when n is large enough. It
follows that fori =k;+1,...,2s +1,

(fu(zn + pn&), H;) #0.

The Hurwitz theorem implies that fori =k; +1,...,2s + 1, (h(§), H;) #0 or
(h(&), H;) =0. Thus, (h(§), H;) #0or (h(€), Hj)=0for j=1,...,2s+ 1. By
Lemma 3.3, 4 is a constant holomorphic mapping. This contradicts the claim that
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h is a nonconstant holomorphic mapping.
If z,/p, /> 00, taking a subsequence and renumbering, we may assume that
Zn/pn — ¢, ¢ € C. Then

Frlon&) = (& =)

n

converges uniformly on compact subsets of C to a nonconstant holomorphic mapping
h(¢ — ¢). Since for each hyperplane H;, j = 1,...,2s + 1, either 1(C) C H;
or (h(§ — ¢)(z), H;) has finite zeros in C, h(§ — c) is rational by Lemma 3.7.
Since h(§ — ¢) is a holomorphic mapping, there exist some constants c,, with
v=k+1,...,2s+1, such that

(h(§ —0)(2), Hy) = cy.

Note that 2s —k +1> s+ 1, and {H;} are in general position. Hence we see that
h(§& — c) is a constant map. Again, this a contradiction. And hence the family % is
normal on D. (]

Proof of Theorem 2.10. If F is not normal on D, then by Lemma 3.1, there exist
points z, — zo € D, positive numbers p, — 0 and functions f;, € %, such that

hn(§) = fu(zn + pnb),

where & € C satisfies z, + p,& € D, converges uniformly on compact subsets of C
to a nonconstant holomorphic mapping % of C into P*(C).

By condition (i), there exist g hyperplane sequences {H;  }°, and {g,} C %
such thatforze D, j=1,...,q,

(gn(2), Hj z,) =0
whenever
(fn(z), Hjs)=0, zeD.

For j=1,...,q, take {a;,},2 | C B satisfying

Since B is a compact subset of Cs*tL there exist a; = (ajo,...,ajs) € B for
j=1,...,q,and subsequences which (to avoid complication in notation) we again
call {a,} satisfying that o;, — «; as n — oo. Let

Hj={(Z,aj)=0)
be hyperplanes of P*(C), j =1, ..., g. From condition (i), it follows that
D(Hy, ..., H;)) > liminf D(H, ¢,,..., Hy r,) > 0.
n—oo

Thus, the hyperplanes H;, j =1, ..., g, are located in general position.
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Claim. There exist at most 2s hyperplanes such that for each hyperplane H,
either the image of h completely omits H or h(C) C H. If not, Lemma 3.3 shows
that % is a constant holomorphic mapping, which is a contradiction. So there exist
at least s 4+ 1 hyperplanes of H;, j = 1,...,¢q, such that fori =1,...,5s + 1,
h(C)NH; # ¢ and h(C) € H;.

For a fixed i € {1,...,s + 1}, suppose that & € h(C) N H;. Choose a small
neighborhood U (§;) of &; such that #(C) N H; = {&;}. Hence (fz(é,-), H) =0 and
(fz(&), H) #£ 0, where h is a local reduced representation. Since /i, converges
uniformly to 4 on U (§;), h, has a local reduced representation ﬁn = (hu0, ..., )
such that 4, uniformly converges to a reduced representation i = (hq, . .., hy)
of h on U (&;). Obviously, h,; converges uniformly to a; on U (§;) for each k =
0,...,s. Therefore (fz,,(é), o) converges uniformly to (fz(é), a;) on U(&;). By
the Hurwitz theorem, there exist &, — & such that (ﬁn(é‘,-n), ain) = 0, that is,
(fn(@Zn + pn&in), &in) = 0.

On the other hand, applying condition (iii), we can find subsequences of {g,}
(again denoted by themselves) such that g, converges uniformly to g on D, where
g is a holomorphic mapping of D into PP*(C). As we noted earlier, g, has a local
reduced representation g, = (g0, - - - , gns) such that g, uniformly converges to a
reduced representation g = (go, ..., &) of g on U(zp). It follows that

<<§Yl (zn + pn%—in)y ain) =0.

As n — 00, we have

(8(20), o) = 0.
So there exist s + 1 hyperplanes H;,i =1, ..., s+ 1, which intersect at one point
0(€(z0)). This contradicts the claim that the hyperplanes H;, j = 1,..., g, are
located in general position. This finishes the proof. (Il
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