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For a based 1-connected finite CW-complex X, let £(X) denote the group
of homotopy classes of self-homotopy equivalences on X, and 6;““”" (X) the
subgroup of £(X) of homotopy classes of self-homotopy equivalences on X
that induce the identity homomorphism on the homotopy groups of X in
dimensions < dim X + r. For two given Moore spaces M\ = M(Z,,n+1)
and M, = M(Z,,n) with n > 5, we investigate the subsets of [M;, M;]
and [M,, M;] consisting of homotopy classes of maps that induce the trivial
homomorphism between the homotopy groups of M; and those of M, in di-
mensions < dim X + r. Using the results of this investigation, we completely
determine the subgroups S;ﬁm*" (M(Zy,n+1)vM(Z,,n)), where p and ¢
are positive integers, for n > Sand r =0, 1.

1. Introduction

If X and Y are based topological spaces, let [X, Y] denote the set of homotopy
classes of based maps from X to Y, let £(X) denote the subset of [ X, X] that consists
of homotopy classes of self-homotopy equivalences of X and let Eéﬁm” (X) denote
the set of homotopy classes of self-homotopy equivalences that induce the identity
on the homotopy groups of X in dimensions at most dim X + r. Then, £(X) is a
group with a group operation given by the composition of homotopy classes, and
SgimH (X) is a subgroup of £(X). The group £(X) and certain natural subgroups
including Egim“(X ) are fundamental objects in homotopy theory and have been
studied extensively. For a survey of the known results and applications of £(X),
see [Arkowitz 1990].

When G is an abelian group, we let M (G, n) denote the Moore space, that is,
the space with G as a single nonvanishing homology group at n-level. Also, in this
case, M (G, n) is a simply connected space. We note that if n > 3, then M (G, n) is
characterized by
G ifi=n,

Hi(M(G.m) = { 0 ifi#n
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Let C(G, n) denote the co-Moore space of type (G, n) defined by

G ifi=n,

H'(C(G.my = { 0 ifi#n

If G is a finitely generated abelian group and G = F @ T, where F is a free
abelian group of rank r and T is a finite group, then M (G, n) =M (F,n)VM(T, n)
and C(G,n)=M(F,n)vM(T,n—1) forn > 3.

Arkowitz and Maruyama [1998] showed that Efim(M (G,n)) Z@"+95Z, and
Séhm“(M(G, n)) = 1 for n > 3, where r is the rank of G and s is the number of
2-torsion summands in G. Moreover, they completely determined Sfim(C(G, n))
for n > 3 by means of 2 x 2 matrices, where G is a finitely generated abelian group.

Jeong [2010] computed the groups Sgim(Y) forY=M(Z,,n+1)vM(Z,,n),
n > 5 as follows:

Z, if p is odd,
Emy =] 2,02, if p=2 (mod4),
Zo®Z,dZ, if p=0 (mod4).

In this paper we study the self-homotopy equivalences on the wedge product
X=M(Z;,n+1)VM(Z,,n) forn >5, where p and g are positive integers. For two
given Moore spaces M| =M (Z,, n+1) and M, =M(Z, n), we compute [M;, M,]
and [M;, M ] and find their generators. Moreover, we investigate the subset of
[My, M>] or [M;, M] that consists of elements whose induced homomorphisms
are trivial between the homotopy groups of M| and those of M, in dimensions at
most dim X + r with r =0, 1. Using these results, we completely determine the
groups EéiimJ” (X) for r =0, 1. As a result, we obtain Table 1 and the following:

1 ifgisoddor pisodd (d =1),
Zg if g is odd or p is odd (d # 1),
gdim+1(X) ~ Zap®Zy if p=0 (mod4)and (p,24)=4or12(d #1),
' Zap if p=0 (mod4) and (p,24) =8 or 24 (d # 1),
Zd/2 ifq EZ, p = 2 (m0d4),
Zd/Z@ZZ ifg=0, p=2 (mod4),

where d is the greatest common divisor of p and g.
The space X is neither a Moore space nor a co-Moore space but is characterized
by finite homology groups and cohomology groups. That is,

Z, ifi=n,
Hi(X)=4{ 2, ifi=n+1l,
0  otherwise,
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g is odd =2 (mod 4 =0 (mod 4
d=1 d#]1 g=2( ) g=0( )
pisodd (d=1) 1 . Z Zy
pisodd (d #1) . Zg Zr®7Z, Zr®7Z,
p =2 (mod4) 1 Zq Zy®Zypn®Z> Zo®Zyp®Zy

p =0 (mod 4) 1 Za ZIo®Zyp®Zr®Zy ZyDZLipDZo®Z,

Table 1. Isomorphism class of the groups Eﬁdim(X ).

and
Hom(Z,, m) ifi =n,
Fix.m = | BXUZpm) @Hom(Zy, ) ifi=n+1,
EXt(Zq,JT) lfl:n+2,
0 otherwise.

From this perspective, X is an interesting space for studying self-homotopy
equivalences.

Throughout this paper, all topological spaces are based and have the based
homotopy type of a finite 1-connected CW-complex. All maps and homotopies
will preserve base points. For the spaces X and Y, we denote by [X, Y] the set
of homotopy classes of maps from X to Y. We do not distinguish between the
notation of a map X — Y and that of its homotopy class in [ X, Y]. If a group G
is generated by a set {ay, ..., a,}, then we denote the group by G{ay, ..., az} or
G={ay,...,a,).

2. Preliminaries

Let X be a space. Then, we denote by SX the suspension of X and by $" X the
iterated suspension defined by S"X = S(5§""'X). Let f : A — B be a map and
let Cy = BU; CA be the mapping cone of f. Then, we have a Puppe sequence
[1958] for f,

f i S2f

S .
A B Cf T f Si Sm

SA SB SCy S2A

S’B e
such that the following sequence is exact for any space X:
Sn* Sf* * i* f*
~—>=[8Cy, X]—[SB, X]—[SA, X]—[Cy, X]—[B, X]—[A, X],

where S” f is a suspension map induced by f.
If A is m-connected and B is n-connected, then we have the following exact
sequence for any CW-complex Y with dimension at most m 4 n as a dual sequence
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of the above sequence [Blakers and Massey 1952]:
Y, Al Lo [y, Bl — v, ) - Y, SA] L [y, SB] —— .
Both sequences will be called the exact sequences associated with the cofibration
B— Cr— SA.

Proposition 2.1 [Arkowitz and Maruyama 1998]. If X is (k — 1)-connected, Y is
(I — 1)-connected, k,l > 2 and dim P < k+1 — 1, then the projections X VY — X
and X VY — Y induce a bijection

[P, XVY]— [P, X]®[P, Y]

Proposition 2.1 is a consequence of [Spanier 1966, p. 405] since the inclusion
XVY — X xYisa (k+1—1)-equivalence.

Next, we consider abelian groups G| and G, and Moore spaces M| =M (G, ny)
and M = M (G2, ny). Let X = M| v M>. We denote by i : M; — X the inclusion
and by p; : X — M the projection, where j =1, 2. If f: X — X, then we define
fjk My — Mj by fjk = ijik for ],k =1,2.

If f:X — Y is amap, then f;, : 7,(X) — 7,(Y) denotes the induced homo-
morphism in dimension 7.

Proposition 2.2 [Arkowitz and Maruyama 1998]. The function 6 that assigns to
each f € [X, X] the 2 x 2 matrix

f f12)
far )’

where fj; € [My, M;], is a bijection. In addition:

() 6(f+g)=06(f)+6(g), so 0 is an isomorphism [ X, X] — @j,k=1,2[Mk’ M;].

(2) 8(fg) =06(f)0(g), where fg denotes composition in [ X, X] and 6(f)6(g)
denotes matrix multiplication.

B) Ifa, : 1, (My) @ (M) — 7. (M1 Vv M) is the homomorphism induced by
the inclusions and B, : 7, (M| vV M) — (M) @ 7, (M3) the homomorphism
induced by the projections respectively, then

Br farar (x, y) = (f11 20 (0) + f12 5 (05 f21 5 (0) + f22 5 ()
forx e m(My) and y € m.(M>).

9(f)=<

Proposition 2.3 [Araki and Toda 1965]. (1) n,(M(Z,,n)) = Z, for all q.
0 if q is odd,

() 1 (M (Zg, n)) = {Zz ifq is even
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0 if q is odd,
(3) Tn2(M(Zy, 1)) = | Z4 if g =2 (mod 4),
Zr®7Zy ifqg=0 (mod4).

Z . . dd
(4) mpy3(M(Zy,n)) = { (4.24) {fq is odd,
Zy24)® Zy ifqiseven.

The generators of [S7+i, §*] can be summarized thus [Toda 1962]:
i<0 =0 i=1 i=2 i=3 i=4,5

[S"F, 8] 0 zZ Z; V4) VA
Generator l n n v 0

Proposition 2.4 [Araki and Toda 1965].

~ |0 ifqgisodd,
(1) [M(Zg.n), 5" = { yai
Z> ifq is even.
0 if q is odd,
(2) IM(Zg,n+1),8"1=124 ifqg=2 (mod4),

Z,®Z; ifqg=0 (mod4).

Proposition 2.5 [Arkowitz and Maruyama 1998]. For the Moore space X =
M(G,n):

(D) Séﬁm(X) = @957, where r is the rank of G and s is the number of 2-
torsion summands in G.

Q) &M X)) =1ifn> 3.

Proposition 2.6 (universal coefficient theorem for homotopy groups with coeffi-
cients [Hilton 1965]). There is an exact sequence

0 — Ext(G, my+1(X)) = 7,(G; X) - Hom(G, m,(X)) — 0,
where w,(G; X), the n-th homotopy group of X with coefficients in G, is given by
7. (G; X) =[M(G, n), X], where M(G, n) is a Moore space.
3. Generators of the sets of homotopy classes on Moore spaces

In this section, we find generators of homotopy groups of Moore spaces and the
sets of homotopy classes between two Moore spaces. Let

My=M(Zyn+1)=8""U,e"™ and My=M(Z,,n)=S5"U,e" ",
with p, g > 1. Then, there are two mapping cone sequences

gntl o gn+l i

q
sntl Uq eht2 i sn+2 ‘1 snt2
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and
Py i2 | ™ Py

sn o en__ 2 gn Up en-i— Sn+1

Sn+1

where p,, and g, are maps with degree p and g respectively.

Remark 3.1. We find generators of ,,(M(Z,, n)),forn <m <n+2.
Recall that 7,,(M(Z,, n)) = Z,. From the mapping cone sequence

i T

st s L Mz, n) gntl T gntl

we obtain the long exact sequence

(8™ — Ty (87— 7y (M(Zy, 1)) —m 7y (S"H1) — 7, (S7H1).

By the results in [Toda 1962], we have the sequence

ZW) e 2y — e 2 (M(Zy, ) — 0,

so iy is surjective. Thus, mw,(M(Z,,n)) = Z{t}/Im(r,;). Let iz(1) =i. Then, we
can take i as a generator of w,(M(Z,, n)).

Next, we find a generator of (M (Z,, n)). There are two cases according to
the parity of the positive integer r. If r is odd, then 7, (M (Z,, n)) is trivial. If r
is even, then we can take i;(n) as a generator of 7,41 (M(Z,, n)), where 7 is the
generator of 7, 1(S").

Finally, we find a generator of 7, 1»(M(Z,, n)). Consider the exact sequence

r i Ty T
Tn2(8") —> Ty 2(8") —= T g2 (M(Zy, 1)) —= T 42 (S™1) — 7,42 (S7H1).

Then by the results in [Toda 1962], we have the exact sequence

Zo(?) L Zo(n?) o 2 (M(Zy. 1)) > Za(n) —2> Za(n).

Since r is an even number, we obtain the exact sequence

i T
0 — Zo(n?} —— M i2(M(Z,, n)) — Za{n) 0.

If r =2 (mod 4), then 7, 12(M(Z,, n)) = Z4{7j} such that iy (n*) =27 and 7; () =1.
On the other hand, if =0 (mod 4), then 7,1 2(M(Z,, n)) = Z» ® Z>{n1, n2} such
that iz (n?) = 1 and 75 (n2) = 7.

By Remark 3.1, it follows that
1 (M) = Zg{in}, T (M2) = Zplin},
Tnp2(M1) = Zofing(m)}, a1 (M2) = Zo{ing ()}
Moreover, m,42(M2) = Z4{n} or m,42(M2) = Zr @ Zo{n1, n2}.
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Lemma 3.2. Let p and g be positive integers and (p, q) be the greatest common
divisor of p and q. Consequently, if (p, q) =d # 1, then [Ma, M1] = Z{7;(i1)}
and if (p, q) =1, then [M,, M1] = 0.

Proof. Consider the mapping cone sequence of M»,

Ptz i 5 Ptz
sn S sn Up en-i—] Sn-H Sn+1 .

This sequence induces the following exact sequence:

Diy* Ty % ip%* Py
Tpr1(My) —— (M) —— [My, M1] —— m,(M1) —— m,(M).

Since m,11(M1) = Z,{i1} and m,(M;) = 0, the exact sequence above becomes

5
*
pl2 T

2
Zyiy) — Zy{i1} —— [M2, M1] — 0.

If (p,q) =1, the first pt*2 is an isomorphism, so [M>, M]=0. Let (p,q) =d # 1.
Then, since 75 is surjective and pz'; (i1) = piy, we have

[Mz,M1]=iij;§Zq{i1}/impl*z%Zd{ﬂ;(il)}. 0
Lemma 3.3. If p or q is odd, then [My, M>] = 0.
Proof. Consider the mapping cone sequence of My,

Sn+1 qtl

i q
st gty et T gn2 L g2,

Then, we have the exact sequence

* * *

qt g i* qt
Tni2(Ma) — > 70,42(My) —— [M, My) —— 7,4 1(My) — 1, 11(M>).

Let p=2 (mod 4) and let ¢ be odd. Then, since 7,1 (M>) = Z; and 77,12 (M3) = Z4,
we have the sequence

q‘*l T i qt*l
Zy —— 24— My, My ——= Z, —— 7.

Furthermore, since (¢,4) =1 and (¢, 2) =1, each q[kl is an isomorphism. Thus we

have the exact sequence
0— [M,, Mp] — 0.

Therefore, [M;, M;] = 0.
In the case where p =0 (mod 4) and ¢ is odd, we can give a similar proof.
Next, let p be odd. Since m,41(M3) and m,42(M>) are trivial groups, so is
[M1, M>] by exactness. O
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Let p and g be even. From the exact sequences associated with the cofibrations
S+l My — §"? and §" — M, — S"*!, we have the following commutative
diagram with exact rows and columns:

* . *

n+2 on o, n+2 Qn i n i n+1 ¢n o, n+1 ¢n
[§"758"] —— [§"T58"] —— [M1,§"] ——[§"",§"] ——[§"7,§"]

ptz* ptz* ptz* ptz* ptz*

* *

n+2 on o, n+2 qn i n i n+1 ¢n o, n+1 ¢n
[§"758"] ——[§"T58"] —— [M1,§"] ——[§"",§"] ——=[§"7,§"]

i2* iZ* iZ* i2* iZ*
* . *

qL * * ql
(42 My] — = [S"2 Ma] — > [My,Ma] — > [S"+L, My] — > [§"+],M]

T4 T4 T4 T4 T4

* * . *

9, i 9,
[Sn+2 Sn—H] [Sn+2 Sn—l—l] 5 [Ml Sn—H] [Sn—H Sn—H] [SrH-l’Sn-i—l]

Puyx Puyx Puyx Puyx Puyx

* * *

9, 4
[Sn+2 Sn—H] [Sn+2 Sn—l—l] [Ml Sn—H] [Sn—H Sn—H] [Sn—H Sn+1]

Lemma 3.4. Let (p, q) # 1. Then, if either p =0 (mod 4) and g =2 (mod 4) or
p=2 (mod4) and g =0 (mod 4), we have (M|, M1 = Z4® Z,.

Proof. Suppose that p =0 (mod 4) and g =2 (mod 4). With the results in [Araki
and Toda 1965], we obtain the following diagram from the above diagram:

0

Zy
i2>s<

f if
0——= 20072, — M|, M3] —=Z, ——=0
T2

Z;

0

Thus, [M, M>] is isomorphic to one of three groups: Zg, Z4b Zr or Zr B Zr D Z5.
Since ip, is injective, [M, M>] has an element of order 4. However, Z, & Z, ® Z,
does not have an element of order 4. Since nf is injective, [M, M>] has a subgroup
which is not cyclic. It follows that [M, M>] # Zg. Therefore, [M|, My = Z4® Z>.
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Now, let p =2 (mod 4) and ¢ =0 (mod 4). With the results in [Araki and Toda
1965], we obtain the following diagram from the above commutative diagram:

0

Z,® 7,
i2*
0—>Z4L>[M1,M2]—>Zz—>0
T4

Z;

0

Thus, [M;, M;] is isomorphic to one of the three groups: Zg, Z4BZ, or Zr®Z,DZ;.
Since nf‘ is injective, [M1, M>] has an element of order 4. However, Z, ® Z> & Z;
does not have an element of order 4. Since iy, is injective, [M, M>] has a subgroup
which is not cyclic. It follows that [M|, M>] # Zg. Thus, [M, M| = Z4 & Z,. O

By Lemma 3.4, [M, My]= Z4®Z,. However, [M, M,] has different generators
under different conditions. Here we determine the generators.

If p=0 (mod4) and g =2 (mod4), then [My, M2] = Z4 ® Zr{a, { (n2)},
where 7 (1) = 2a and i} (@) = i2:(n).

If p=2 (mod4) and g =0 (mod 4), then [M, M>]= Z4® Z> {7 | (1), B}, where
17(B) = i ().

For a given homomorphism % : G; — G,, we have from Proposition 2.6 the
commutative diagram

0 — Ext(G3, my41(X)) — m,(G2; X) — Hom(G2, 7, (X)) —=0

ST

0 — Ext(Gy, mp41(X)) — mp(G1; X) — Hom(Gy, (X)) —= 0

where h* and A" are induced by & and h* is associated with /. This shows that the
nonuniqueness of i&* is substantially limited. The measure of choice is bounded by
the group

Hom(Hom(G2, 71,(X)), EXt(G 1, 7s41(X))).
Lemma 3.5. If (p, q) =d # 1, we have

Z,®DZy if p=2and g =2 (mod4),

[MI,MZ]E{ ,
2B Z,®Z> ifp=0andq=0 (mod4).
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Proof. Suppose that p =2 (mod 4) and ¢ =2 (mod 4). By the universal coefficient
theorem for homotopy groups with coefficients, we have the short exact sequence

0 — Ext(Z,, Z4) — [M;, M3] — Hom(Z,, Z>) — 0.

Since Ext(Z,, Z4) = Z 4,4y = Z> and Hom(Z,, Z;) = Z(,2) = Z», this sequence
becomes
0—>Z)— [My,My]— Z, — 0.

Let M3 =M (Z,, n+1). By the universal coefficient theorem for homotopy with
coefficients, we have the sequence

0 — Ext(Z,, Z4) — [M3, M] — Hom(Z,, Z;) — 0.
Similarly, this sequence becomes
0—>Zz—> [M3,M2]—>Zz—>0.

We may assume that ¢ > p. Let ¢ = kd and p = Id, where (k,l) = 1. Then
both k and / are odd. We define h: Z, — Z, by h(h)=Iwiths=s+rZ € Z,.
Then, im(h) is congruent to Z; in Z,, and h is a nontrivial homomorphism since
(g, p) =d # 1. Thus, we have the commutative diagram

0——2 — M3, M3] —= Z, ——0

-l

00— 2 — M, M3] —=Z, —=0

where h? :Ext(Z,, Z4) — Ext(Z,, Z4) and ht :Hom(Z,, Z,) — Hom(Z,, Z,) are
induced by /.

To show that 4% : Hom(Z p» Z2) —Hom(Z,, Z,) is an isomorphism, it is sufficient
to show that A" is nontrivial. Let & be an nonzero element in Hom(Z p» Z2) such
that a(1) = 1. Since h*(e) = 0 h € Hom(Z,, Z>) and e o h(1) = a(l) =1 =1,
where [ is odd, it follows that 4%(a) is a nontrivial homomorphism.

Next, we show that 4% : Ext(Z p» Z4) — Bxt(Z,, Z4) is an isomorphism. Consider
the resolutions of Z, and Z,. Then we have following commutative diagram:

0——z-ez P oz 0
jhl jhz jh
P B
0—z-Loz- 7,0

See [Gray 1975, Lemma 25.3]. Now, we give precise definitions of the maps
hi,hy and h®. Since [ = h(1) = ho B(1) = B'(hy(1)), we have h, given by
h,(1) = 1. Moreover, we can obtain /| using h,. Since p o hy = hy o g, we have
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phi(1)=hy(q)=qh>(1) =dkl = pk. Thus, h| is given by h (1) =k. If we consider
the three homomorphisms A, h? and hg induced by ki, k| and h respectively, we
have the following commutative diagram:

0 — Hom(Z,, Zs) —— Hom(Z, Z) —~ Hom(Z, Z4)

h”T hgT hi]%
% *

0 —— Hom(Z,, Z4) ﬂ—> Hom(Z, Z4) £, Hom(Z, Z4)

Next, we show that hﬁt is an isomorphism. We choose a generator o of Hom(Z, Z4)
such that (1) = 1. Then htli(oc)(l) =(xohy)(1) = a(k) # 0 (mod 2) since k is
odd. Therefore, hf(oz) is a generator of Hom(Z, Z4). Thus, h? is an isomorphism.

By using hﬁ, we determine the homomorphism ht: Ext(Z,, Z4) — Ext(Z,, Z4).
Since g = p =2 (mod 4) and

Ext(Z,, Z4)=Hom(Z, Z4)/ im(p*) and Ext(Z,, Z4)=Hom(Z, Z4)/ im(g™),
we have
Ext(Z,, Z4) = (@ +{2a}) and Ext(Z,, Z4) = (@ + {2a}).

By well-known facts of homological algebra, h” : Ext(Z pr Z4) > Ext(Z,, Z4)
is given by h(a+{2a)) =aoh; + {2a) = (. Therefore, h*® is nontrivial. Thus, A*
is an isomorphism.

By the five lemma, h* : [M|, M>] — [M3, M>] is an isomorphism. From [Araki
and Toda 1965], we have [M3, M| = Z, @ Z,. Therefore, (M, Mx1 = Z, ® Z>.

Next, we suppose that ¢ =0 and p =0 (mod 4).

From [Araki and Toda 1965] and the commutative diagram above Lemma 3.4,
we obtain the following commutative diagram:

0 0
m if L
0 Z> Zz@ZzﬁZg—>0
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Since the second row is a split exact sequence, there exists r : [S*t1) s — M, S"]
such that i{or =idgn+1_gn. Moreover, since the third i, is an isomorphism, there ex-
ists 0 : [S"T, Mp]— [S"F1, §"] such that O oiz, =idjgu+1 gij and in,08 =idgn+1 1.
We define the map & : (S My — My, M>] by k = ip, or 0. Then, we have
ifok=ifoiyorof
=iy, 0ijorof
== iz* o id[anrl’SVL] [¢] 9

= iz* ol = id[S”*‘,Mz]'
Therefore, the third row is a split exact sequence. Hence,
My, Mol =Z,® Z2® Z5. O

Now, we determine the generators of [M1, M;] when either p =2 (mod 4) and
g =2 (mod4)or p=0 (mod4) and g =0 (mod 4).
Let p =2 (mod 4) and ¢ =2 (mod 4). By using the Puppe exact sequence, we
have the following exact sequence:
{ i

ql T 1 pl
T2 (M) —— 71, 42(Ma) —— [My, My] —— 7,4 1(M3) — 1,11 (M>).

By exactness, we obtain the exact sequence

0 ——= Zy — > (M, My] —> Zy — 0.

Thus, [My, M) = Z, @ Zy{nr{ (1), B}, where i} (B) = i2:(n).
Next, we let p =0 (mod 4) and ¢ =0 (mod 4). By a similar method we obtain
(M, Myl = Z, @ Zo ® Zo {7 (m), w{ (n2), o}, where i (o) = i2z(n).

Remark 3.6. Here we determine the generators of m,3(M(Z,, n)). By using the
mapping cone sequence of the Moore space

q. i e q.

§" —— 8" —— M (Zy,n) N s,

we obtain a long exact sequence

Qs iy Ty Qi
T3 (8") —= 743 (S") —> Ty 3(M(Zy, ) —> 74 3(S" ) —>1,43(S" ).

From the work by Toda [1962], we have

qus iy Ty quz
Zo4{v} Zo4f{v} Tus3(M(Zg, n)) — Zo{n*} — Zo{n?}.

Thus, if ¢ is odd, then 7, (3(M(Z,,n)) = Z 24){iz(v)}, and if ¢ is even, then
Tn3(M(Zg, 1)) = Zg.20) ® Zaliz(v), n2} where 7;(n2) = 0.
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Based on Remarks 3.1 and 3.6, we obtain for M| the table

g odd g =2 (mod4) g =0 (mod4)
TTnt3(My) 0 Zy Z,® 72,
Generator n N3, N4
Relation i) =20, ms(M =0 i1z(n*) =n3, T12(04) =1

while for M, we obtain
podd p=2(mod4) p=0 (mod4)

Tut3(M2)  Z(p24) Z(p24)® 2> Z(p24) D 2o
Generator i2(v) inx(v), n? ir(v), n?
Relation s (n2) = n? m2:(n2) = n?

By Lemmas 3.4 and 3.5, we have the following table, where 7 (n1) = 2a,
i (a) =i23(n) and i} (B) = izn(n):

(M, M3] Generator
either ¢ odd or p odd 0
g=2,p=0 (mod4) Zy® 7, o, 7y (12)
g=0,p=2 (mod4) Z4® 7, (), B
g=p=2 (mod4) Zr® 7y (M), B

g=p=0 (mod4) 2, ®Z0Zy  7wi(m),wi(m), o

4. Computation of £;"™*" (M(Z,, n +1)v M(Z,, n)) for r =0, 1

In this section, we compute S&jim”(Ml V M), where My = M(Z,;,n+ 1) =
ST U, et and My = M(Z,, n) = S" U, e"*! with p, g > 1. In [Jeong 2010],
these groups were computed in the case of p = g. However, we compute those
groups in the general case, that is, p # g and r = 0, 1. Throughout this section
we assume that X = M v M;. Note that 7, (M| VvV M3) = 7,1 (M) ® 050 (M>)
for k < n by Proposition 2.1. Moreover, from Proposition 2.2, we can identify
f € [X, X] with the 2 x 2 matrix

_(fu fi2
()= <f21 fzz)’

where f11 € [M1, M1], fi2 € [M2, M1], f>1 € [M1, M>], and fr € [M, Mi].
Lemma 4.1. Ler f € [X, X] be given by

(S fi2
f_(le fzz)'
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Then f € E(X) if and only if fi1 € E(My) and fr, € E(M>,). Additionally, if
[ eEM™X), then frn =1.

Proof. Let us denote by h,, : H,(U) — H,(V) the induced homomorphism on
the homology group from 4 : U — V. Then, f € £(X) if and only if f, is an
isomorphism if and only if fi14,+1 and f2., are isomorphisms if and only if
fi11 € EMy) and fry € E(M»). For the proof of the second statement, see [Jeong
2010, Lemma 3.3]. U

Let us denote by g, : 73 (U) — m,(V) the homomorphism induced by g : U — V.
It is clear from Lemma 4.1 that if f € £(X), then fip44) @ Tnk (X) = Tpi(X) is
given by

| fiisasn Fr2emen
frth = ,
Paismk) 226040

where fi1sm+k) and fa2p(n+k) are isomorphisms and k < n.

Lemma 4.2. If f € £(X) and either q is odd or p is odd, then fios = 0 for
k=1,2,...,n42.

Proof. Since M| is n-connected, we have m (M) =0fork=1,2,...,n. Thus it
is sufficient to show that fiop =0fork=n+1,n+2.

If p is odd, then 7,11 (M>) and 7,42(M>) are trivial groups. Thus, fi2zn+1) =
S122m+2) =0.

Suppose that g is odd, pisevenand (p, g) =d # 1. Then, 7,41 (M2) = Z>{i2z(n)}.
Since [M>, M1 = Zy{n5(i1)}, we have fi2z,41 =t} (i1); for some integer # such
that 1 <t <d. Thus, we have

f12e4+1) (28() =ty (i1) (25 (7)) =t (i omp0ir0m) =0

because 7, o i> is homotopic to a constant map. Hence, fiozu41) =0. If d =1,
[M,, M;] =0 and it is trivial.
For k = n 4 2, we are done since m,4,(M;) =0. O

Here we introduce certain generators and elements of [M;, M ] and Egim” (M)
for r = —1,0, 1 as described in [Jeong 2010].

Remark 4.3. Let My = M(Z,,n + 1) be a Moore space with g is even. By
Proposition 2.5, £™(M,) = Z, and Eéﬁm“(Ml) = 1. In this remark, we describe
the generator of é’fim(M 1) explicitly.

Consider the mapping cone sequence
1

qy

q
sn+l gntl sn+l Uq ent2 i gn+2 1 snt+2

Then, we have the following exact sequence:

* *
*
T

q, ¥ q,
Tnia(My) —= 7,02(My) —— [My, M{] —— 70, 41(M}) ——> 70,11 (M}) .
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Since 7,42 (M1) = Zo{iyn} and 7,1 (M) = Z,{1}, we have the short exact sequence

7.[* l'*
0 — Zoli1n} —— [My, Mj] —— Z,{1} —=0 .

By [Araki and Toda 1965, Theorem 4.1],

Zr.{1 ifg=2 4
oy o = | 2l =2 (mods.

Z,® Zr{l,ijonom} ifg=0 (mod4),
and

mi(iyon) =ijonom €My, Mi].

Letijonom =¢€. Then, € has order 2 and 1 +€ € [M;, M]. Since n > 5, we have
that 1 + € is a suspension map. Thus,

(I+€)o(l+e)~lo(l+e)+eo(l+e)=14+€c+e+ecoe=1+2¢+e.

If g =2 (mod 4), thenijonom =gl and €2 =ijonom oijonom. Since
w1 0ip =0 and € has order 2, we have 2¢ =0 and €2 =0. Thus, (1+€)o(l+¢€)~1
and 1 +¢€ € E(My).

Since each « € m,4,(M) is a suspension map, for r =1, 2, 3, we have

(I1+ée)(@) =a+eoa.

Since 7,41(M1) = Z4{i1} and €:(i1) =ijonom oi; =0, we have 1 +¢€ €
gdim—l(M
f 1)-
Since 7,42(M1) = Z{i1z(n)} and €;(i14(n)) =iy onom oiy on =0, we have
1+ee&fmMy).
Since m,3(M1) = Z4{n} and

e:(f) =ijonomofi=ijonon=ijon* =27 #0,
we have 1+ ¢ ¢ EéﬁmH(Ml).
We obtain similar results in the case of ¢ =0 (mod 4).
Theorem 4.4. I[f X = MV M, and (p, q) =1, then

1 ifqisodd,

EM(X) = { o .
Z, ifqisevenand p is odd.

Proof. Let (q, p) = 1. Then, either g or p is odd. By Lemmas 3.2 and 3.3, we have
[M>, M1] =0 and [M;, M>] =0.

If ¢ is odd, then £™(M)) = 1 and /™ (M) = 1 by Proposition 2.5 and
Lemma 4.1. Therefore Eéhm(X )y=1.
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If p is odd and g is even, then £™(M,) = Zy{1 + €} and ™ (M,) = 1 by
Proposition 2.5, Lemma 4.1, and Remark 4.3. Thus, we have

(1)

where 7 is the generator of nn+2(S”“). O
Theorem 4.5. If X = M|V M and (p, q) =d # 1, then

Za if q is odd,

Zo®Z; ifqisevenand pisodd.

Proof. By Lemmas 3.2 and 3.3, we have [M>, M1 = Zy{n5 (i)} and [M;, M>] =0.

Moreover, fiosp =0fork=1,2,...,n+2 by Lemma 4.2.
Thus, if ¢ is odd, then we have

gﬁdlm(x) >~ {(é fiz) ‘ f]Z € Zd {ﬂ;(l])}},

€€z {ilnﬁl}},

gfimx) = {

but if ¢ is even and p is odd, then we have

e (15 1)

fir € Zy (D)€ € Zo {imm}}. -

Let f12 be an element of [M>, M{]= Z4{7 (i1)}, Then fio =sm) (i) for1 <s <d.
Lemma 4.6. For f = (]fc; }Z) € £(X), let p and q be even. Then, fi2s = 0 for
k=1,2,...,n+1.

Proof. Since M is n-connected, m;(M;) = 0 for k = 1,2,...,n. Thus, it is
sufficient to show that fi24,+1) = 0. Since [M>, M1] = Z4{n; (i)} by Lemma 3.2

and f1, belongs to [M>, M], we have f12 =sm;(iy) for some 1 <s <d. Moreover,
Tnt1 (M) = Zo{izs(n)} by Remark 3.1. Thus, we have

12z (g () = s75 (i1) (i2z(n)) = s(ij o 0ip0m) =0
since 7, o ip is homotopic to the constant map. ([

Lemma 4.7. Let p and q be even and fi, = s7} (i) be an element of [M>, M1] =
Zy{m)(i1)} for 1 <s <d. Then, fiosnt2) # 0if s is odd, and fioz(42) =0 if s
is even.

Proof. First, we note that m,12(M;) = Zs{iz1(n)}.
Suppose that p =0 (mod 4). Since 7, 12(M2) = Zr ® Z1{n1, n2}, we have

w5 (iy) = 15 (i) () = 75 (1) (ias(P) = iy om0 g 0> =0
and
7y (1) () =ijomom=ijon#0.
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Thus, fi2pn+2)(n1) = 0 for all fi2. Moreover, if s =2/ for some 1 <1 < d/2, then
s75(i1)(n2) = sijompony =2lijon=0.

Therefore, each element in (27 (i1)) = Z4/> induces the trivial homomorphism
on m,12(M>). However, if s =2/ 4+ 1 for some 0 </ < d/2 — 1, then

sy (i1)(n2) = sijomony = Q2+ Dijon=ijon#0.

Thus, if fi> does not belong to (2775 (i1)) = Z4/2, then fi2:(,42) # 0.
Suppose that p =2 (mod 4). Since m,42(M3) = Z4{n}, we have

my (i) () =i1omof =ijon=i(n) #0.
If s = 2k for some 1 <[ <d/2, then
Sﬂ;(il)ﬁ(ﬁ) = Si] o Tl Oﬁ = Si] on= 2li1ﬁ(77) =0.

Thus, each element in (277} (i1)) = Z,4 /2 induces the trivial homomorphism on 7 +2.
However, if s = 2]+ 1 for some 0 <[ <d/2 — 1, then

sy (i1)g() = sijomon=sijon = 20+ )iz(n) =i1z(n) #O0.

Thus if f15 does not belong to (27} (i1)) = Zy/2, then fiz¢(n42) # 0. O
Theorem 4.8. Let p and q be even and let X = MV M. Then if (p,q) =d # 1,
we have

ZQ@Zd/z@Zz@ZQ ifg=2, p=0 (mod4),
ZQ@Zd/z@Z4 ifgq=0, p=2 (mod4),
Zz@Zd/z@Zg ifg=2,p=2 (mod4),
2D Zyp®Zo®Zy ifqg=0,p=0 (mod4).

£fm(x) =

Proof. By Proposition 2.5, £J™(M,) = Z, and £/™ (M) = 1. By Lemma 4.6, for
each f = (21 ;;) e &(X), wehave fiop =0fork=1,2,...,n+1. By Lemma4.7,
each element in (277 (i1)) = Z4/> induces the trivial homomorphism on 7,2 (M>).
Furthermore, if f, does not belong to (275 (i1)) = Zg/2, then fi24(n42) # 0. Thus,

it is sufficient to investigate f21zn, f218(n+1) and f215(n42)-

Case 1. Let g =2 (mod4) and p = 0 (mod4). From Lemma 3.4, we obtain
My, M2l = Z4 ® Zo{a, " (n2)}, where 77 (171) = 2o and i (o) = inz ().

Since M is n-connected, w,(M;) = 0. Thus, f214, =0.

Since 7Tn+1(M1) = Zq{il}, we have ﬂf(nz)ﬁ(il) =1NnoTmo i1 =0.

Conversely, since m,11(M2) = Z>{izz(n)} and ax(i1) = a o i1 = i(n) # 0,
we have (2a); = 0 and (Ba); # 0. Moreover, since m,42(M1) = Zo{iiz(n)}, we
have 7 (n2)¢(i1:(n)) = n2 0y 0ij on = 0. Hence, (fil (1)) belongs to Eéiim(X) if
f21 € Zr® 220, w{ (m2)}.



52 HO WON CHOI aND KEE YOUNG LEE

Therefore,

. 1
(11 %)

fi2 € 273 (i1)), fo1 € 20) ® (Jrl*(nz))},

where € € (i|nmy).

Case 2. Let g =0 (mod4) and p = 2 (mod4). From Lemma 3.4, we obtain
My, Ma] = Z4® Zo{ne} (1), B}, where i (B) = i2:(n).

Since 7, (M) =0, we have f>13, = 0. However, since m,,1(M;) = Z,{i1} and
g1 (M2) = Zo{izz ()}, we have [ (7)z(i1) =nomoi; =0, but B:(i1) = Boi; =
iz () # 0.

For the generator (7)) of [M, M2] = Z4 @ Z>{m{ (1)), B} and the generator
i1z(n) of mu2(My) = Zo{irz(n)}, we have 7y (7):(i1:(n)) =nomoiz(n) =0

Hence, (fl2| (1)) belongs to €§im(X) if fo1 € (m{(1)).

Therefore,

£m (x) = {(l;zre le) ‘ fi2 € Qui(in), for € (7} (77))}

where € € (i|nmy).

Case 3. Let g =2 (mod4) and p = 2 (mod 4). From Lemma 3.5, we obtain
(M1, M2] = Z, ® Zo{m{ (1), B}, where if (B) = i2:(1).

First, we recall that f>14, = 0 since m,(M;) = 0.

Since w4 1(My) = Z,{i1} and 7,1 (M2) = Z>{iz:(n)}, we have 7y (7)z(i1) =
nomoip =0, but B:(i1) = B oi; =ixy(n) #0. Moreover, since m,42(M;) =
Zo{irz(m)}, we have 7y (7)z(i1:(n) =Nomoiyon=0.

Hence, if f21 € (7] (7)), then (f; (1)) belongs to Eéhm(X). However, if f>; € (B),
this cannot be the case. Therefore,

£dim (x) = { (1;16 f‘z) ‘ fia € QEiGD), for € () (n))}

where € € (i|nmy).

Case 4. Let ¢ =0 (mod4) and p = 0 (mod4). From Lemma 3.5, we obtain
(M, Myl = Zr® Zo® Zo{r (1), 1 (n2), a}, where i} (o) = ip4(n). First, we note
that f214, = 0 since 7, (M) =0.

Since 7,1 (M) = Zg{ir} and 7,41 (M2) = Za{izg ()}, we have mr{ (1) (i1) =
niomoi; =0and Tl’ik(nz)]j(l'l) =nyomoi; =0, but Ol]j(il) =qoi] = izn(ﬂ) #0.
Also, since 7, 12(M1) = Zo{i13(n)}, we have (1) (i12(n)) = n1omoiyz(n) =0
and 7§ (m2)z(i15(n)) = momy oiyz(n) =0.

Hence, if fo1 € (] (n1)) @ (7 (2)), then (f 1) belongs to Sd‘m(X) However,
if f>1 € (), this cannot be the case. Therefore,
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sl )

where € € (ijnmy). O

fiz € Qr3(i1)), for € i ((m) ® (772))},

From Theorems 4.4-4.8, we obtain Table 1 (see page 37).
Theorem 4.9. Let X = M|V M), n > 5 and (q, p) = d. Then we have

1 if g is odd or p is odd (d = 1),
Z4 ifqisoddor pisodd(d+#1),
gdim+1(x) = | Zap®Zr if p=0(mod4)and(p,24) =4o0rl12(d #1),
! Za) if p=0 (mod4) and (p,24) =8 or24(d # 1),
Zap ifg=2, p=2 (mod4),
Zip®Zy ifg=0,p=2 (mod4).

Proof. By virtue of Remark 4.3, Theorem 4.4 and the fact that 5?‘““ (X)) < Eﬁdim(X ),
we have £"™ (X) = 1 if (p, q) =1.

By Proposition 2.5, we have EglmH(M 1) = 1. Thus, it is sufficient to identify
f128a43) and fa1¢(n43). First, we note that [M>, M{] = Z;{n;(i;)} by Lemma 3.2.

Case 1. Suppose that ¢ is odd or p is odd and (p, g) =d # 1. Since [M|, M] =0
by Lemma 3.3, we only investigate f124(,43).

If g is odd, fi23(1+3) = O since m,3(M1) = 0. If g is even and p is odd,
Tn+3(M2) = Z(p 24 {izz(v)}. Since

JTz*(il)ﬁ(izﬁ(l))) = il (o2v] %) Oi2 oV = O,

we have fi24n+3) = 0 for each fi2 € [M>, M;]. Therefore,

5;1im+1(X) ~ {((1) fllz>

Case 2. Suppose that g =2 (mod 4) and p =0 (mod 4). First, we note that

fir e (772*(1'1))}-

Tn43(M2) = Z(p 24y ® Z2 {ing(v), 02}
and that 7, 3(M1) = Z4{n} by Proposition 2.3. Let fio = sm;(i1). If s =2/ for
some 1 </ <d/2, then

sty (i) (n2) = 217y (i) (12) = 47 = 0

since

ﬂ;(il)j(izﬁ(l))) =ijomoipoV = 0
and

735 (P2) =i1omon? =iy(n*) =2/ #0 € muy3(M)) = Zs.
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Further, if s =2/ 4 1 for some 0 </ <d/2 —1, then
sy (1) (%) = 2+ D7y (i1)y(n2) = 417 420 = 27) # 0.

Thus, each fi> € (275 (i1)) = Z4/2 induces the trivial homomorphism on 7,13 (M>).
However, if f15 does not belong to (2} (i1)), then fi2z(n43) # 0.

Let us investigate f213,+3). Note that [M, M3] = Z4 ® Zr{a, i (n2)} and
a3 (My) = Za{il} with 7 (i) = 20, i (@) = ins (). i13(n*) = 27} and 715 (7) = 1.
Since mpz (2o n) = n%, we have

7 () (N) =momof=mnon#0.
Moreover, since 773 =4y [Toda 1962, (5.5)], we have

2a5(f) =200 =momon=nion=iz(n*) on=iron’ =4dir(v).

Therefore, oy (1) = 2i:(v). Since (p,24) is a multiple of 4, we have oy () =
21'21(1)) 7& 0 and 30(11(75) = 6i2ﬂ(v) # 0.

Since v is 2-primary, if (p, 24) = 4 or (p, 24) = 12, then 2a;(#) = 0, and if
(p,24) =8 or (p, 24) =24, then 204(7) # 0. Thus, each f»; € (2) induces the
trivial homomorphism on 7, 43(M;) provided that (p, 24) =4 or (p, 24) = 12.

Therefore, if (p, 24) =4 or (p, 24) = 12, we have

g;ﬁm“(x) x~ {(fi f12> ’ fiz € 2m5 (1)), for € (ZW)}

and if (p, 24) = 8 or 24, we have
im ~ 1
£9mH (x) = {( f”) ‘ fio € 2} <u)>}

Case 3. Suppose that ¢ =0 (mod 4) and p =2 (mod 4). We note that

Tn3(M2) = Z(p 22y ® Zoling (v), n2},

Ta3(M1) = Zo @ Zo{n3, n4)
and (M, Mh] = Z4 @ Zg{nl*(ﬁ), B}. First, we investigate fiop,+43). Let fi2 =
sy (i) € [My, M) = Zy{n5(i1)}. Then, we have

ﬂ;(il)j(izﬁ(v)) = i1 OJlp O i2 ov=0
and

w3 ():(2) =ijomon2=ijon® #0.
If s = 2/ for some 1 <[ < d/2, then 2I7}(i1):(n2) = 2li; o n* = 0, because
i1 on* =n3 € m3(M;). However, if s =2/ 4+ 1 for some 0 <[ < d/2 — 1, then
QL+ D73 (i) (n2) = 2k + Diyon* = i1 on* #0.
Thus, any f12 € (275 (i1)) = Z 42 induces the trivial homomorphism on 77,4 3(M>).

However, for f1, ¢ (2m5(i1)), we have fi24,13 # 0.
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Next, we investigate f21z,4+3). Because [M1, Ma] = Z4 @ Zo{7{ (7)), B} and
Ben+2) # 0, we check only the generators 7] (77). For 13, we have

mi(Me(n3) =nomony =nom oiz(n?) =0
For 14, we have

7 (M) =Nomons=1n0n#0

since o (o n) =n* #0.
However, 27 (1)z(n4) =nom 02ns =0.
Thus, every f21 € (2] (7)) induces the trivial homomorphism on 7 + 3.
Therefore, we have

gamt1 (x) = {(flz f12) ‘ fi2 € 23 (i1)), fo € 2ny (TI))}

Case 4. Suppose that ¢ =2 (mod 4) and p =2 (mod 4). Note that 7, 3(M>) =
Zp.24)® Zolizs(v), n2} and m,3(M) = Z4{n}. First, we investigate f124(,43). For
the generator 5 (i1) of [M>, M], we have

ﬂ;(il)j(izﬁ(v)) = il o Ty Oi2 ov=_0
and

(i) (2) =iy omyon2 =iy on? =24 #0.

Let fip =smy(i1). If s =2l for 1 <1 <d/2, then srr;‘(il)u(n_z) =411 =0, and if
s=2l+1for0<[<d/2—1, then sm}(i1)s(n2) = (4l +2)i) = 27} # 0.

Thus, each f1; € (277 (i1)) = Zy /2 induces the trivial homomorphism on 7 + 3.
HOWCVCI’, for f12 Q’ (27‘[2* (il)), we have le]:I(n+3) ;ﬁ 0.

Next, we investigate f13(,+3). Note that [My, Ma] = Z, ® Zy{n{ (1)), B}. Since
Ben+2 # 0, we consider only the generator (7).

Since 13 (o) =my0fjon =n* #0, we have 7} (7)3 (7)) =fom o on #0.
Therefore, no f>; induces a trivial homomorphism.

Thus, we have
EgimH(X) x~ {(1 f12) ‘ fi2 € 2n5 (ll)>}

Case 5. Suppose that g =0 (mod 4) and p = 0 (mod 4). Note that 7,1 3(M;) =
Zp.2a) D Zaling(v), n?} and 7, 13(M1) = Zo @ Zo{n3, 14}
First, we investigate f121(,43). For the generator 715k (i1) of [M,, M], we have

ﬂ;(il)j(izﬁ(v)) = i1 o) oi2 ov=0
and
73 (i): () =i omon? =ijon® #0.
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Let fio =smy(i1). If s =2 for 1 <1 <d/2, then
s} (i) (2) = 2liy o n® =213 = 0.
However, if s =21+ 1 for 0 <[/ <d/2 — 1, then
sy (i3 (12) = 2L + Diy o n* =13 #0.

Thus, each f1; € (27} (i1)) = Z4/> induces the trivial homomorphism on n + 3.
However, for f1> & (27} (i1)), we have fi24(n43) # 0.
Next, we consider f>13(,+3). Note that

(M, My] = Z, & Zo ® Zo { i (m), 701 (n2), o).

Since a3(,42) = 0, we consider only the generators 7 (1) and 7r{ (12). For 7 (n1),
we have
mFm):(n3) = omonz =niomoiin® =0
and
F (1):(a) = n1 oy 0 g = 1 o = inz (%) 01 = dins (V).
Thus, if (p,24) =4 or (p,24) = 12, then 7 (11):(n4) = 4i1z(v) =0, and if
(p,24) =8 or (p,24) =24, then ni“(m)n(m) =4i13(v) #0.

Since 7; (172 0 1) = 1%, we have 7} (12)5(114) = m o 0Ny =na0n #O0.
Therefore, if (p, 24) =4 or (p, 24) = 12, we have

5§im+1(X) ~ {(fil fllz> fi2 € 23 (1)), fa € (772*(’71»}’

and if (p, 24) = 8 or (p, 24) = 24, we have

gglim-i-l(X) = {(1 f12) ‘ fiz € 27T2 (H))} =
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