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We use mirror formulas for the stable quotients analogue of Givental’s J-
function for twisted projective invariants obtained in a previous paper to
obtain mirror formulas for the analogues of the double and triple Givental’s
J-functions (with descendants at all marked points) in this setting. We then
observe that the genus-0 stable quotients invariants need not satisfy the di-
visor, string, or dilaton relations of the Gromov—Witten theory, but they do
possess the integrality properties of the genus-0 three-point Gromov—Witten
invariants of Calabi—Yau manifolds. We also relate the stable quotients in-
variants to the BPS counts arising in Gromov—Witten theory and obtain
mirror formulas for certain twisted Hurwitz numbers.
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1. Introduction

Gromov—Witten invariants of projective varieties are counts of curves that are
conjectured (and known in some cases) to possess a rich structure. In particular,
so-called mirror formulas relate these symplectic invariants of a nonsingular variety
X to complex-geometric invariants of the mirror family of X. In genus O, this
relation is often described by assembling two-point Gromov—Witten invariants (but
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without constraints on the second marked point) into a generating function, known
as Givental’s J-function, and expressing it in terms of an explicit hypergeometric
series. The genus-0 Gromov—Witten invariants of a projective complete intersection
X are equal to the twisted Gromov—Witten invariants of the ambient space associated
to the direct sum of positive line bundles corresponding to X. The genus-0 mirror
formula in Gromov—Witten theory extends to the twisted Gromov—Witten invariants
associated with direct sums of line bundles over projective spaces; see [Elezi 2003;
Givental 1996; Lian et al. 1999]. By [Cooper and Zinger 2014], the analogue of
Givental’s J-function for the twisted stable quotients invariants defined in [Marian
et al. 2011] satisfies a simpler version of the mirror formula from Gromov—Witten
theory. In this paper, we obtain mirror formulas for the stable quotients analogues
of the double and triple Givental’s J-functions for direct sums of line bundles. We
use them to test the stable quotients invariants for the analogues of the standard
properties satisfied by Gromov—Witten invariants. In the future, we intend to
apply the methods of this paper to show that the stable quotients and Gromov—
Witten invariants of projective complete intersections are related by a simple mirror
transform, in all genera, but with at least one marked point.

1A. Stable quotients. The moduli spaces of stable quotients, Q ¢em(X,d), con-
structed in [Marian et al. 2011] and generalized in [Ciocan-Fontanine et al. 2014],
provide an alternative to the moduli spaces of stable maps, ?ﬁg,m(X ,d), for com-
pactifying spaces of degree-d morphisms from genus-g nonsingular curves with
m marked points to a projective variety X (with a choice of polarization). A stable
tuple of quotients is a tuple

(1-1) Coyt, oty S1CC"®0¢, ..., S, CC"®0O¢),
where C is a connected (at worst) nodal curve, yi, ..., ¥, € C* are distinct smooth
points, and

SlC@nl(X)Oc,...,SPCC””@Oc

are subsheaves such that the quotients C"' ® O¢/Si, ..., C" @ O¢/S, are locally
free at the nodes of C and the marked points yy, ..., y,, and the Q-line bundle

w1+ + ym) @ (APSH @+ @ (A'PSH) > C

is ample for all € € Q; this implies that 2g +m > 2.

In this paper, we are concerned only with the case g =0. Form, dy, ..., d, € 7=9
and ny, ...,n, € Z", the moduli space
(1-2) Qom(P" ™ - x Pl (dy, ..., d)))

parameterizing the stable tuples of quotients as in (1-1) with h'(C, Oc) =0, that is,
C is a rational curve, 1k(S;) =1, and deg(S;) = —d, is a nonsingular irreducible
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Deligne—-Mumford stack and

dim Qg (P" ' x - - x P~ (dy,...,d)))
= +Dni+---+d,+Dn,—p—3+m;

see [Cooper and Zinger 2014, Propositions 2.1, 2.2].
As in the case of stable maps, there are evaluation morphisms,

evi: Qom(P" e x P (dy, L dp)) = P o P,

i=1,2,...,m, corresponding to each marked point. There is also a universal
curve

U QP x - x P (dy, ..., d)y))

with m sections oy, ..., 0, (given by the marked points) and p universal rank-1
subsheaves

S cC"®Oy.
In the case p = 1, we will denote S| by S. Foreachi =1,2,...,m, let
Vi = —(07) € H(Qom(P" ™' - x P~ (dy, ... dp)))

be the first chern class of the universal cotangent line bundle as usual.

The twisted invariants of projective spaces that we study in this paper are indexed
by tuples a = (ai, ..., a;) € (Z*)! of nonzero integers, with [ € Z=°. For each such
tuple a, let

: I
|aI=Z|ak|, (a) = Hak/ Hak’ al — Hak!’ aa:l_[allcakl’
k=1 P

ap>0 ar <0 ar>0
va(@=n—la], €@ =|{k: (EDa >0}, £@=¢*@—L (a).
If in addition n,d € Z ™, let

(1-3) Vi =P RS & @D R'7.(S™) — Qom(P"™', d),

ap>0 ar <0

where 7 : U — Qo,m(ﬂ]’”_l, d) is the universal curve and m > 2; these sheaves are
locally free.
By [Ciocan-Fontanine et al. 2014, Theorem 4.5.2 and Proposition 6.2.3],

Qom(P"=1,d)

m
SQ (et vy em) = / eWiD [ [evix, m=2.dez" ¢; ez,
i=1



442 ALEKSEY ZINGER

where x € H?(P"~!) is the hyperplane class, are invariants of the total space X,
of the vector bundle

(1-4) @ O[p)nfl (ak)

ar <0

— X,
X”:(ak)ak -0 n; (ak)tzk>0 ’

where X4, -0 C P"~! is a nonsingular complete intersection of multidegree
(ar)aq;>0. If v, (@) =0, that is, X,,.54 is a Calabi—Yau complete intersection, let

d=0
with ng;a(c) = (a) if |c¢| =n —4 — £(a) +m and 0 otherwise.

1B. SQ invariants and GW invariants. In Gromov—Witten theory, there is a natural
evaluation morphism ev : &/ — P"~! from the universal curve

T:U— Sﬁo,m(ﬂ]’”_l, d).
If n,d € Z, the sheaf
(1-5) Vi =@ R*7,ev* Opa-1 (ar) DEP R msev* Opu-i (ar) — Mo (P, ),
ap>0 ai <0

is locally free. It is well known that

Gwz;a(cl, ey Cm) = /

1 a
E):nO.m([FDn_ ,d)

m

eWNDT]evix, m.c; ez d ez,
i=1

are also invariants of X;,.5. If v,(a) =0 and m > 2, let

oo
GW,. "7 (@) =) 0" GWi (1. cn).
d=0

with GWg.a(c) = (a) if |c¢| =n —4 — £(a) +m and 0 otherwise.
Stable quotients invariants and Gromov—Witten invariants are equal in many
cases, but differ for many Calabi—Yau targets, as we now describe. Let

(1-6) Fpa(w,q)
d —apd—1
= iqdwvn(a)d Hak >0 nszl (apw + r)l_[ak <0 Hr:ag (axw —71)
d=0

e Q(w)[q],
17 (w +r)m — wn) la]

1 9F,.a
Io(q) dw (O,q).

(1-7) Io(q) = Fr:a(0,9),  Jualq) =

The term w” in the denominator in (1-6) above is irrelevant for the purposes of the
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main formulas of Sections 1-3. Its introduction is related to the expansion (4-9),
which is used in an essential way in the proof of (3-14) in Section 10.

Theorem 1. Let n,l € Zt and a € (Z*)! be such that v,(a) = 0. Ifm=2,3and
c € (Z=%™, then

(1-8) d*"SQl., () €Z foralld € Z,
(1-9) GWE..(Q) = Io(@)" > SQS.0 (@) — Sm2(a) Jn:a(q).

where 8, > is the Kronecker delta function and Q = ge’»»@ is the mirror map.
Furthermore, the genus-0 three-marked stable quotients invariants of X ., satisfy the
analogue of the dilaton equation of Gromov—Witten theory if and only if £~ (a) > 0,
and of the divisor and string relations if and only if £~ (a) > 1.

The relation (1-9) follows from the explicit mirror formulas for the stable
quotients analogues of the double and triple Givental’s J-functions provided by
Theorem 2 in Section 2 and similar results in Gromov—Witten theory [Popa 2012;
Zinger 2014]; see Section 2 for more details. By [Ciocan-Fontanine and Kim 2013,
Theorem 1.2.2 and Corollaries 1.4.1, 1.4.2], (1-9) holds for m > 3 as well. As the
mirror formulas of Theorem 2 relate SQ invariants to the hypergeometric series
arising in the B-model of the mirror family without a change of variables, (1-9)
illustrates the principle that the mirror map relating Gromov—Witten theory to the
B-model reflects the choice of the curve-counting theory in the A-model and is not
intrinsic to mirror symmetry itself.

The analogue of (1-8) for GW invariants is well known. By [McDuff and Salamon
2004, Proposition 7.3.2], the genus-0 GW invariants of a Calabi—Yau manifold
with 3+ marked points are integer. The m =2 case of (1-8) for GW invariants is
implied by the m = 3 case and the divisor relation. The m = 2, 3 cases of (1-8) for
SQ invariants follow from the m = 2, 3 cases of (1-8) for GW invariants and from
(1-9), since Iy(q), Q(q) € Z[q]; the integrality of the coefficients of Q(g) whenever
¢~ (a) = 0 is a special case of [Krattenthaler and Rivoal 2010, Theorem 1]." Since
(1-9) extends to m > 3 by [Ciocan-Fontanine and Kim 2013], so does (1-8), but
without the d>~" factors.

Since Io(q) = 1if £~ (a) = 0 and J,.a(q) = 0 if £~ (a) = 0, 1, (1-9) gives the
following corollary.

Corollary 1.1. Letn,l € Z" anda € (Z*)! be such that v,(a) =0 and ak,, Ak, <0
for some ky # ky. If m =2, 3 and ¢ € (ZZ°)", then

GW,.,(Q) =5Q;.,().

IThe integrality of the coefficients of Ib (g) and of Q(q) in the cases £~ (a) > 0 is immediate from
their definitions.
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d dGW?. (1, 1) dsQ? (1, 1)
1 2875 6725
2 4876875 16482625
3 8564575000 44704818125
4 15517926796875 126533974065625
5 28663236110956000 366622331794131725
6 53621944306062201000 1078002594137326617625
7 101216230345800061125625 3201813567943782886368125
8 192323666400003538944396875 9579628267176528143932815625
9 367299732093982242625847031250 28820906443427523291443507328125
10 | 704288164978454714776724365580000 | 87086311562396929291553775833982625

Table 1. Some genus-0 GW and SQ invariants of a quintic three-
fold X 5;(5)-

Furthermore, the genus-0 three-marked stable quotients invariants of X,,.5 satisfy
the analogue of the divisor, dilaton, and string equations of Gromov—Witten theory.

By Theorem 2, the conclusions of Corollary 1.1 also apply to the descendant
invariants. Stable quotients replacements for the divisor, string, or dilaton relations
[Hori et al. 2003, Section 26.3] for an arbitrary Calabi—Yau complete intersection
Xy.a are provided by (2-23), (2-24), and (2-25), respectively. For the sake of
comparison, we list a few genus-0 SQ and GW invariants of the quintic threefold
Xs5.5 C P+ in Table 1; these are obtained from (2-33) and (2-34), respectively.

1C. SQ invariants and BPS states. Using (1-9), the genus-0 two- and three-marked
SQ invariants of a Calabi—Yau complete intersection threefold X,., can be expressed
in terms of the BPS counts of GW theory. For example, by the m =2 case of (1-9),

o
(1-10) SQ,a(@) = (a)Jua(q) — > BPSL (1, 1) In(1 — g¥edns@),

d=1

where BPSi a(1, 1) are the genus-0 two-marked BPS counts for X, defined by

GW,.(0) =—Y BPSZ, (1, 1)In(1 — Q%).
d=1

If all genus-0 curves in X,., of degree at most d were smooth and had normal
bundles O(—1) @ O(—1), the number of degree-d genus-0 curves in X,,.; would
be BPSZ;a(l, 1); see [Voisin 1996, Section 1].
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Under the regularity assumption of the previous paragraph, the moduli space
04’y Xniar d) = {u € Q0 2(Xpnia. d) : evyi(u) € Hy, eva(u) € Ho},

where Hy, H, C P"~! are generic hyperplanes, would split into the topological
components:

o é’l (d) of stable quotients with torsion of degree d and thus corresponding to
a constant map to H; N Ho;

. Zé’l (d) of stable quotients with image in a genus-0 curve C C X,,., of degree
dc < d.

For C C X,,.5 as above, Zé’l(d) consists of the closed subspaces Zélr (d), with
r € Z" and dcr < d, whose generic element has torsion of degree d — dcr. We
note that

dim 25 (d) =2r —2+d —dcr +2=d — (dc - 2)r,

which implies that each Zé’;lr(d) is an irreducible component if dc > 1. When
de=1, Zé’;lr (d) is contained in Zé’;ld (d), but still gives rise to a separate contribution
to SQZ., (1, 1), according to (1-10).

The number SQg; 2(2,0), which arises from the constrained moduli space

003 Xpiar d) = 25°(d) = 2y (d),

is (a) times the coefficient [J,.a(q)]s of g in Jn:a(q); see [Cooper and Zinger
2014, Theorem 1]. The contribution of 2! (d) to SQZ, (2, 0) is the same; this
explains the first term on the right-hand side of (1-10). Under the above regularity
assumption, (1-10) can be rewritten as

o

1-11 SQ? (1, 1) = (a)[ Uy, + L@y
(1-11) Qral. D) = (@) [Jna(@)]a ; ; ol ) PR
where the outer sum is taken over all genus-0 curves C C X,,.5. This suggests that
the contribution of Zé’;lr (d) to SQZ; 2(1,1) s %[[CJ"?*‘(q)]]d—rdc. This contribution
depends on the embedding into P"~!, which is as expected, given the nature of SQ
invariants.

Since the embedding C — P"~! corresponds to an inclusion Opi(—d¢) —

C" ® Op1, each element of Zé’;lr (d) corresponds to a tuple

(C’ Y1, Y25 ScC S/®dca S/ CCZ@OC), where
(€, y1.¥2; SCC*®0¢) € Qo2 (P!, d),  (C,y1,y2: S CC*®Oc) € Q2 (P', 7).
This modular style definition readily extends to arbitrary genus, number of marked

points, and dimension of projective space. The arising deformation-obstruction
theory can be studied as in [Marian et al. 2011, Section 6].
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1D. Outline of the paper. Theorem 1 is a direct consequence of Theorem 2 in
Section 2, which in turn is the nonequivariant specialization of Theorem 3 in
Theorem 3. We adapt the approaches of [Zinger 2009; Popa and Zinger 2014;
Popa 2012] from Gromov—Witten theory, outlined in Sections 5 and 6, to show that
certain equivariant two-point generating functions, including the stable quotients
analogue of the double Givental’s J-function, satisfy certain good properties which
guarantee uniqueness. The proof that these generating functions satisfy the required
properties follows principles similar to the proof of the analogous statements in
[Zinger 2009; Popa and Zinger 2014; Popa 2012] and uses the localization theorem
of [Atiyah and Bott 1984]; it is carried out in Sections 7 and 8.

This approach also implies that certain equivariant three-point generating func-
tions, including the stable quotients analogue of the triple Givental’s J-function,
are determined by three-point primary (without ¥r-classes) SQ invariants. In the
Fano cases, that is, v,(a) > 0, enough of these invariants are essentially trivial for
dimensional reasons to confirm Proposition 3.1 in these cases; see Corollary 9.1.
However, there is no dimensional reason for the vanishing of these invariants to
extend to the Calabi—Yau cases, that is, v,(a) = O; thus, a different argument is
needed in these cases. We employ the same kind of trick as used in [Cooper and
Zinger 2014] to confirm mirror symmetry for the stable quotients analogue of
Givental’s J-function and essentially deduce the Calabi—Yau cases from the Fano
cases. Specifically, we show that the equivariant three-point mirror formula of
Proposition 3.1 is equivalent to the closed formula for twisted three-point Hurwitz
numbers of Proposition 4.1, whenever |a| <n. In Section 9, we show that the validity
of the latter does not depend n; since it holds whenever |a| < n, it follows that it
holds for all a, and so the equivariant three-point mirror formula of Proposition 3.1
holds whenever |a| < n. Along with [Zinger 2014], Proposition 3.1 finally leads
to the mirror formula for the stable quotients analogue of the triple Givental’s
J-function in Theorem 3; see Section 10.

The closed formulas for twisted Hurwitz numbers of Propositions 4.1 and 4.2
are among the key ingredients in computing the genus-1 twisted stable quotients
invariants with 1 marked point. At the same time, this paper and [Zinger 2014]
provide an approach to comparing the (equivariant) genus-g m-fold Givental’s
J-functions,

eV ]
(h] —Wl)"'(hm _wm)
e H* P Hiny', ..., gl

(1-12) qu{evl X o X evm}*[

d=0

in the SQ and GW theories for all g > 0 and m > 1 with 2¢g +m > 2. By
Proposition 6.3 and Lemmas 6.5 and 6.6, in the genus-0 case the restrictions of
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these generating functions to insertions at only one marked point agree whenever
va > 1. In all cases, the approach of [Zinger 2014] can be adapted to show that
(1-12) is a sum over (at least) trivalent m-marked graphs with coefficients that
involve equivariant m’-pointed Hurwitz numbers with m’ < m, which are conversely
completely determined by the stable quotients analogue of the m’-pointed Givental’s
J-function with insertions at only one marked point through relations that do not
involve n. Since these relations hold whenever v, (a) > 0, they hold for all a. We
intend to clarify these points in a future paper.

The Gromov—Witten analogues of Theorem 2 and its equivariant counterpart,
Theorem 3 in Section 3, extend to the so-called concavex vector bundles over
products of projective spaces, that is, vector bundles of the form

I
@ Opni 1y o1 @15 -+ oy G p) — P Pl
k=1
where for each given k = 1,2, ..., [ either ay;1, ..., ar,p € 7=9, with ay.; # 0 for
some i, Or dy.1, ..., ak;p € Z~. The stable quotients analogue of these bundles are

the sheaves

[
(1-13) P SI™ @ @S8,™" > U— QooP" ™ x-- - x P! (dy,....dp))
k=1

with the same condition on ay.;, where S; — U is the universal subsheaf corre-
sponding to the i-th factor. We will comment on the necessary modifications at
each step of the proof.

2. Main theorem

We arrange stable quotients invariants with two and three marked points into
generating functions in Section 2A and give explicit closed formulas for them in
Section 2B. In Section 2C, we use these formulas to relate SQ and GW invariants,
with descendants, and obtain replacements for the divisor, string, and dilaton
relations for SQ invariants.

2A. Givental’s J-functions. For computational purposes, it is convenient to define
variations of the bundle (1-3) by

VO =P R°7. (S (—01) & @) R'mu(S* (=01)) > Qom(P"", d),

ag>0 a <0

VD = P ROm.(5" (~02) & @D R' (S (—02)) = Don(P"~', ),

ap>0 a <0

2-1
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wheren,deZt,m>2,and 7w : U — Qo,m([lj’"_l, d) is the universal curve; these
sheaves are also locally free. Whenever v,(a) > 0, [Cooper and Zinger 2014,
Theorem 1] provides an explicit closed formula for the stable quotients analogue of
Givental’s J-function: the power series

(2-2) Zpa(x, A, q)—1+Zq em[h

where evy : Qo2 (P"~!, d) — P"~! is as before and x € H?(P"~') is the hyperplane
class. In this paper, we obtain a closed formula for the power series
eV,
(2-3) Zna(x, i, q) =1 —1—24] evl*[h wl} e H*®n"q]:
see (2-26).
We also give explicit formulas for the stable quotients analogues of the double
and triple Givental’s J-functions, the power series

(2-4)  Z} (o1, x2, By, B, )

>4 fevi xew) [ ‘O |errs@mt a; g
= X « - €
2 TSR Gy =) (e — ) > 1

(2-5)  Zp,(x1, X2, x3, hiy, By, i3, q)

=3 gl il eVyia ]
= LA SRS ) (a— o) (s — ) |

where x; =7 x is the pullback of the hyperplane class in P"~! by the i-th projection

map and
evy x eva : Qo (P d) > P x Pl
(2-6) -1 1 1 1
evi xevy xevy: Qo3P d) — P x Pl P

are the total evaluation maps. Let

Z.n;a(xl, -xz’ hl7 h2s Q)

S1 .82 7%
§ xllxz >+Zn;a(x1,x2,h1,h2, Q),
$1,52>0
s1+so=n—1

<711 + ho

(2_7) Zn;a(x17x27x3vhl’h25h3v CI)

1
:( Z xiﬁ 52 33)+Zn a(X1, X2, X3, fiy, hip, Bi3, q).

hihioh
172783 $1,52,53>0

$1,82,53<n—1
S1+s2+s53=2n—-2
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For each s € ZZ°, define

e(]}@)eV;xs
ZE)\(x, b, q) = x° +Zq evl*[;a—] H*®"Ha~ 4],
o —
(2-8) (V(d))
. evix
Z,(lf;(x,h,q)—x +Zq ev1*|:e P wZ ]EH*(Pn_l)[h_l][[q]],
1

where evy, evs : QO’Z(P”_l, d) — P!, Thus, Z(O) Zn a, Z(O)

n;a

Zn a, and

(ﬁ @+s) (ﬁ (@)+s)

E@z O hg) =xB @2 (x, 1, q)

for all s > 0, where
¢t (a) = max(¢(a), 0), ¢, (a) = max(—£(a), 0).

By Theorem 2 below, Z ,(1‘;, z ,(l’;, and the stable quotients analogues of the double and
triple Givental’s J-functions, (2-4) and (2-5), are explicit transforms of Givental’s
J-function Zn; a and its “reflection” Z,,; a; this transform depends only on a (and s

in the first two cases).

2B. Mirror symmetry. Givental’s J-function Z'n; a and its “reflection” Zn; a in the
Gromov—Witten and stable quotients theories are described by the hypergeometric
series (1-6) and

(2-9) Fpa(w,q)
_Zq 4 owal Lo [T @cw + 0T, o[, 24 @ = 1)
Hr:l (w+r)" —w")

€Qw)[q].

These are power series in ¢ with constant term 1 whose coefficients are rational
functions in w which are regular at w = 0. We denote the subgroup of all such
power series by P and define

D: Qw)[g] = Qw)[q], M:P—P by
(2-10) B q d _nfHwW, q9)\.
DH(w,q) = {1 +—d—}H<w 9, MH(w,q)zn(m),

the operator D multiplies the coefficient of g¢ by (w +d)/w. If v,(a) = 0 and
s €770, let

(2-11) I(q) =M F,.0(0,q), () = M*F4(0, q).
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For example, I;(q) = 1 if s < £~ (a), I;(q) =1 if s < £T(a),

0@ T, <o (=D (—ard)!
(d@h"

Ir-y(@) = I+ ) (@) = qun

d=0

if v,(a)=0

and more generally I, @) = I +et(q) for all s > 0. If v,(a) > 0, we set
Is(@). L) =1.

It is also convenient to introduce
(2-12) Fpa(w,q)
d
ziqdwvn(a)d 1_[ak>0 Hr l(akw +7) Hak<01_[ 4 aw — 1)
l_[rzl(w + r)n

€Q(w)[q]

and the associated power series I;(g) = M* F},.5(0, ¢) in the v,(a) = 0 case. In the
case 0 < v,(a) < n, we define Cgfis), € Q with d, s, s’ >0 by

(2-13) Z Zc(d),w q* = w'D* Fya(w, g/w" @)
d=0s'=0 wsDH-Z (a)Fn;a(w,C]/wU"(a))
= wsDS+(+(a)ﬁn'a(w9 q/wvn(a))'

(0

Since ¢, = ds.5', the relations

v ()
(2-14) Z Z s(d,"c(d” 84,085, foralld,s' € 7Z°, s’ <s—v,(a)d,

di,dr>0 =0
d+dr=d

inductively define ¢ c ) € Q in terms of the numbers c(

~ (0)

SS

with d; < d. For example,

5.5 and

- n( ) —1 —ar—1
Sia LI +1—[ [Tooo TS (@w +r) [Ty, o [T.25 (axw —r)

58! (w + 1=t @—C @-—s
s'=0

c ws—v,,(a)-i—l@[[w]] ]

() ~(d)

If s" <0orv,(a) =0,n, we set €', = 84,08,,,7. The coefficients T C y are used
to express the power series (2-7) and (2-8) in terms of derivatives of the power
series (2-2) and (2-3); see Theorem 2.
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For sy, 52, 53, d € ZZ° with s1, 52, 53 <n — 1, let

. . . -1 .
[(—a*g)ls (I, (@I (@) ], ifv,(a) =0
2-15) ¢ = 3 .
( ) 51,82,83 Z (aa)do l—[ (d )e,(a) o (@t @) if v, (a) > 0;
do,dy,d,d3>0 =1
do+d+dr+d3=d
where
n—t*(a) n—L{"(a)
(2-16) k=[] & T= J] & §&=n-1-s,
t=s+1 t=s+1

+ 1.
t,(a) = {E_(a) %ft =1;
{~(a) ift=2,3;

and [f(¢)]a is the coefﬁc1ent of g? of f(q) e @[[q]] In particular, [I; =1if

s>n—L¢*()and ¢ = 1if s > n — £~ (a). Since I, = I, ¢~ (@) = I;1¢+(a)> We find
that

I°(q) = (1 —a%q) lif s < €7 (a), [°(q) = (1 —a%q) " lif s < £T(a);

see [Zinger 2014, Proposition 4.4]. This implies that

o]
(2-17) Y e gt =1ifv@ =0, si+sn+s3=2n-2,
d=0

min(sy, 52, 53) < £~ (a).

We use this observation in Section 2C. Slnce c , =8¢, 63(?)52 5 = L.

Finally, we define ©°Z,.a(x, i, q), ©°Z n,a(x, h, q) € H*(P"~1[h][q] for each
s € Z* inductively by

goz.n;a(xs hv CI) - Zn;a(x, hv Q)’

S _ 1 d s—17
D' Zyalx, b, q) = js(q) {x—i—hqdq }@ Zpa(x, h,q),

(2-18) 05 .
D Znalx, h,q) = Zp:ax, 11, q),

e d 15
D' Zpalx, i, q) = {x‘i‘hQE}@ ]Zn;a(x,thI)-

1
Ii(g)
The operator ® first multiplies the coefficient of g¢ by x +d# and then renormalizes

the power series so that the coefficient of x* becomes 1 in the Calabi—Yau cases
(there is no renormalization in the Fano cases).
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Theorem 2. If] € 7=°, n € Z*, and a € (Z*)', the stable quotients analogue of the
double Givental’s J-function satisfies

. 1 . .

(219) ZuaCri, 3o, b1 10, @) = 57— D 2,5 G m ) 2,5 (o, 1o, ).
! 2 s1,52>0
s1+so=n—1
If in addition v, (a) > 0,
(2_20) Zn;a(xls X2, X3, h’la hz’ h3s Q)
1 ~
s D DI L S G I D 125200
172273 d,s,s2,53>0 =2

51,82,53<n—1
s1+s2+s3+v,(a)d=2n—-2

oo s—vy(a)d

~ d _ o >
@21) Zo@ h ) =Y Y @ TP DY 2 B ),
d=0 s'=0

where (Z,0*) = (Z,£7), (Z, €1).

2C. Some computations. The firstidentity in Theorem 2 also holds for the Gromov—
Witten analogues of the generating series Zn a Zf;, and Z,ES;, see [Popa 2012,
Theorem 1.2] for the general (toric) case. If v,(a) > 2 — £~ (a), the analogues of
(2-20), (2-21), (2-26), and (2-27) hold in Gromov—Witten theory as well. Thus, in
this case the double Givental’s J-functions in Gromov—Witten and stable quotients
theories agree. If v,(a) =1 and £~ (a) =0, the analogue of (2-21) in Gromov—Witten
theory holds with {x +/igd/dq} replaced by {alg +x +figd/dg} in (2-18). Finally,
if v,(@) =0 and £~ (a) < 1, the analogue of (2-21) in Gromov—Witten theory holds
with

s~ II(Q) s—1+

Zn'a ’h’ == h Zn'a 7h9
0Tl . 0= 7 D 4005 |0 Znatx. . ©)
o I(q) s

Zn'a 7h7 = = h Zn'a 7h7
0 Zalr . 0= Dr 4105 |0 Zratx . ©)

for all s € Z*+, where Q = ge’»»(@_ The same comparison applies to the equivariant
version of Theorem 2, Theorem 3 in Section 3, and its Gromov—Witten analogue;
see [Popa 2012, Theorem 4.1] for the general toric case. Thus, just as is the case for
the standard Givental’s J-function, the mirror formulas for the double Givental’s
J-function in the stable quotients theory are simpler versions of the mirror formulas
for the double Givental’s J-function in the Gromov—Witten theory. Furthermore,
just as in Gromov—Witten theory, the generating functions fo;, Z}EY;, and Z*
above do not change when the tuple (ay, ..., a;) is replaced by (ay, ..., a;, 1); th1s
is consistent with [Ciocan-Fontanine et al. 2014, Proposition 4.6.1].



GIVENTAL’S J-FUNCTIONS FOR STABLE QUOTIENTS INVARIANTS 453

Comparing Theorem 2 and [Cooper and Zinger 2014, Equation (1.7)] with [Popa
2012, Theorem 1.2] and the m = 3 case of [Zinger 2014, Theorem A], we find that

(222) ZZW 1, X B B, Q)

= io(q)’71_ze_1n;a(q)(xl/h1+"'+xm/hm)Z‘n.a(xl’ ey x}’nv hl LA ) hm’ Q)
with Q = ge’=2@ as before and m = 2, 3; we intend to extend this comparison to
m > 3 in a future paper. The same relations hold between the generating series Z,,.,
described below. For m = 2, 3 and by, by, b3, ¢1, ¢z, ¢c3 > 0, let

(a) ifby,by,b35=0,c14+cr+c3=n—1—£(a);

SQU..(Th, €1, ThyC2, ThyC3) = .
mat ol ? ? 0 otherwise:

(@) ifb1,br =0, ci+cr=n—2—4(a);
SQg;a(Tblclyszc2): ? lf {blv b2}={07_l}acl+c2=n_l_£(a);
0 otherwise;

m
SQYL o (ThiCly - ThyCm) = / eWD [ (Wl evix) foralld e Z*,
i=1

QO.m ([p)nfl ,d)

o
d od
SQlx C’"(Q)b],...,bm=2 q° SQ.a(Tp 1y - oy Th, Cm).
d=0

For m = 3, the degree-0 terms are as expected; for m = 2, the degree-0 terms are
chosen to insure the necessary recursivity and polynomiality properties, as outlined
in Section 5. Since GW invariants satisfy the divisor, string, and dilaton relations,
(2-22) leads to modified versions of these relations for SQ invariants:

(2-23) Do) F1(@)SQy™ (@)py.pp0 =

d
q@Ssz (@b, + SQZI;:LCZ (@b —1,p, + SQ;E’;ZH (@)by,br—1,
(2-24) 10SQS! > (@)1 5.0 = SQLa (@)by 1.6y + SQ @)y by 1
(2-25) SQ Dby byt = —Inia(@SQLL @y r.0-

The discrepancy from the corresponding relations of GW invariants is exhibited by
the power series io and [ 1 (or equivalently J,,.a(q)).

By (3-12), (3-9), (1-6), and (2-9)
(2-26)

. F.. h, va ()
Zpa(x, h,q) = maCr/ . 4/x )

Io(q)

Fpa(x/h, q/x""@)

’ Zn;a(xs ha Q) = i (q)
0
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if v,(a) > 0.> These two formulas explicitly determine the basic stable quotients
invariants appearing in (2-2) and (2-3). For s € Z™, define

: Fra(w, q) : 1 g d Vs
DF,a(w,q) = =2 "L DE (w,q) =~ 1+ = — 1D . (w, q),
,a(w q) in(@) ,a(w q) IS(C]){ w dg } ,a(w q)

. Foaw,q) g d | ms1p
D, a(w, q) = =21 DF (w,q) = = 1+ = — D . (w, q).
a(w, q) @) a(w, q) Is(q){ w dg } a(w, q)

Combining (2-26) with (2-19) and (2-21), we find that

(2-27)  Zpa(x1, X2, iy, h2, q)

1 s1 (s [ X1 q s (s) q
— X F,l — — . 2F 2 _*r
R+ ko Z 1 " nia fiy xi),,(a) ﬁz xv,,(a)

51,5220
si+sy=n—1

where
00 s—vp@d x(d) q

(2-28) FO\w. q) = Z Z Vuf*;(“in‘(;)ff(j) D Fra(w, ),

with (F, €*) = (F, £7), (F, €7).3 Thus, (2-26) and Theorem 2 provide closed for-
mulas for the twisted genus-0 two-point and three-point SQ invariants of projective
spaces.

The equivariant versions of the generating functions Z'n; a defined in (2-7) are
ideally suited for further computations, such as of genus-0 invariants with more
marked points and of positive-genus twisted invariants with at least one marked point.
However, for the purposes of computing the genus-0 two-point and three-point
invariants, it is more natural to consider the generating functions
(2-29)

o= S gev o]
(X1, x2, By, Ho, = €V] X €Va}y : s
a2 AT 0= 2O (g (hy — )

Z;lk;a(xl, x2, x3’ hl’ h29 h3’ q) =

i ) e(Vf;)
q“{evy x evy x eV3}*|:(h1 — Y1) (hy — Yr) (B3 — WS)]’

d=1

2The right-hand sides of these expressions should be first simplified in Q(x, /)[¢], eliminating
division by x, and then projected to H*(P"~1)[#][¢].

3The right-hand side of (2-27) should be first simplified in Q(xy, x2, 71, i2)[¢], eliminating
division by x; and x,, and then projected to H*(P"~! x P"~1)[, hs][q].
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where Vr(lfi; is given by (1-3) and the evaluation maps are as in (2-6). In the case
£(a) > 0, (2-27) immediately gives
(2_30) Z;:;a(xls X2, hla hz’ Q)

£(a)
{a)x, 5 2 i) q G2 X2 g
- hl +h2 Z xl X +x1 F hl xvn(a) F h_z’ xvn(a)

$1,82>0 2
s1+so=n—1

and similarly for the three-point generating function in (2-29). In general, (3-28),
(3-30), (3-15), the second identity in (3-12), (3-31), the middle identity in (3-13),
and (2-28) give

(a) e X2 g

* _ 51,52 (@) f~(s2)*

(2-31) Z,.,(x1,x2, iy, hay q) = e g 2 X' x5 F B xvn(a)
81,522

s1+sp=n—1

3(3) bz Gox(X1 4 (Sz) X2 q
+ st F T o F T )
X n;a hl xu,,(a) hg x;"(a)

where £ (w, q) = EC)(w, q) —

An analogue of (2- 31) for the three -point generating function in (2-29) can be
similarly obtained from (3-29), the last identity in (3-13), and (2-17). In particular,
in the Calabi—Yau case, v,(a) =0

(2_32) Z;lk;a(-x] » X2, X3, h15 h27 h3’ Q)

(a) s34-€(a) g (s3)% [ X3
= )
hihohs Z x1 x2 X3 73 q

51,82,83>0
s1,82,53<n—1
S1+852+s3=2n—-2

+x Yz-Hf(a) ng(m*(;z’ q)Fnu;)(h ’q>

3
x .o " x
O @B (3 a) TTE (3 q))
t

=2

+ Z xi1+€(a)x52x:§3 3*| 52,53 (CI) l_[ F(St)( ) }7

s1247(a), 52,5320
51,82,83<n—1
s1+s2+s53=2n—2

where
1

(1 —a3g)ie ()T ()<, (q)

4The right-hand side of (2-31) should be first simplified in Q(x{, x2, /i1, #7)[g¢], eliminating
division by x; and x,, and then projected to H*(P"~! x P"~1)[#y, hs][q].

6S1,52,S3 (Q) = 1 +E:1,S2,S3 (q) =
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This presentation of the three-point formula eliminates division by x;, even if
2(a) < 0, since F,fs;*(w q) is divisible by w* @~ for s < £ (a).

In the Calabi—Yau case, that is, v,(a) = 0, we find that
(2-33)

(a)+g %SQZ‘; (@) =@ es1(@),  SQ (g)= @

(1—a%) [[S I ic(g)

whenever 1, ¢z, c3€ 729, ¢;+c» =n—2—£(a) in the first equation, and c;+cr+c3 =
n — 1 — £(a) in the second equation. The c¢; = 0 case of (2-33) agrees with the
W /| G = X,.a case of [Ciocan-Fontanine and Kim 2013, Corollary 5.5.4(bc)].
By (2-33),

max(ci, o) >n—£7 (@) = SQZ;a(cl, c2)(q) =0 foralld € 7+,

max(cy, ca, c3) >n—LH@) = SQz;a(cl, c2,¢3)(q) =0 foralld e Z™,

as the case should be for intrinsic invariants of X,,.,. On the other hand,

i,
)+ 045GWi7(0) = () S

’

2-34 :
(239 {a)lo(q)

(1—a2) [T 5 15 fe(@)

with the same assumptions on ¢y, ¢, c3 as in (2-33) and Q = ge’#*@ | as before;
see [Popa and Zinger 2014, Equation (1.5)] and [Zinger 2014, Equation (1.7)],
respectively.

In the case of products of projective spaces and concavex sheaves (1-13), the
analogues of the above mirror formulas relate power series:

(2-35)  Fuynpia € Qa1 - g
236) Z e HA P - x P Y gn L g,

Ny

GW,!(Q) =

@37) Z% € HA(@ o x P g gl

with F and Z denoting F, F, F, Z, Z, or Z and m = 2,3. The coefficients
of qf] . 'qu in (2-36) and (2-37) are defined by the same pushforwards as in
(2-4), (2-5), (2-8), and (2-29), with the degree d of the stable quotients replaced
by (di, ...,d,) and x* by xI' - - x,. The coefficients of ¢ - - -qz” in (2-35) are
obtained from the coefficients in (1-6), (2-9), and (2-12) by replacing a;d and aix
by ay,1dy + - - - +ax, pd), and ag.1x1 + - - - + ag. px, in the numerator and taking the
product of the denominators with (n, x, d) = (n;, x;,d;) foreachi =1, ..., p;

Xi,...,Xp € H P x ..o x pre—h
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now correspond to the pullbacks of the hyperplane classes by the projection maps. If
£~ (a) =0, the analogue of (2-30) with (a)xt® replaced by the products of ay.1x1.1+
-+« +ay; px1;p and sums over pairs of p-tuples (s1;1,...,51;p) and (s2;1, ..., 52;p)
with s1.; + s2.; = n; — 1 provides a closed formula for Z;zkl,.‘.,np;a‘ In general, the

relation (2-31) extends to this case by replacing (a)xf @ by the products and ratios
of the terms ay;1X;;1 + - - - + ag; pXi:p-

3. Equivariant mirror formulas

We begin this section by reviewing the equivariant setup used in [Zinger 2009;
Popa and Zinger 2014; Cooper and Zinger 2014], closely following [Cooper and
Zinger 2014, Section 3]. After defining equivariant versions of the generating
functions Z,(f;, Z,(f;, Zjl‘ 2> and Z;;k; o and of the hypergeometric series Fn;a and F’n;a,
we state an equivariant version of Theorem 2; see Theorem 3 below. This theorem
immediately implies Theorem 2. The proof of the two-point mirror formulas in
Theorem 3 is outlined in Sections 5 and 6 and completed in Sections 7 and 8. We
conclude this section with a specialization of the three-point formula of Theorem 3
in Proposition 3.1, which is proved in Section 9 and is a key step in the proof of

the full three-point formula of Theorem 3 in Section 10.

3A. Equivariant setup. The quotient of the classifying space for the n-torus T is
BT = (P*°)". Thus, the group cohomology of T is

Hi=H"(BT)=0Qlay, ..., a,],

where a; =7 c1(y*), y — P> is the tautological line bundle, and 7; : (P*°)" — P>
is the projection to the i-th component. The field of fractions of Hy will be denoted
by
Qp =0y, ..., o).

We denote the equivariant (D-cohomology of a topological space M with a T-action
by H{(M). If the T-action on M lifts to an action on a complex vector bundle
V — M, let e(V) € Hf (M) denote the equivariant Euler class of V. A continuous
T-equivariant map f : M — M’ between two compact oriented manifolds induces
a pushforward homomorphism

fet Hf (M) — Hf(M').
The standard action of T on C",
@, .y (2, ) =@z, e,
descends to a T-action on P"~!, which has » fixed points:

3-1) P =I[1,0,...,0], P=I0,1,0,...,0], ..., P,=][0,...,0,1].
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This standard T-action on P"~! lifts to a natural T-action on the tautological line
bundle y — P"~!, since y € P"~! x C" is preserved by the diagonal T-action.
With

x=e(y*) € Hf (P"")
denoting the equivariant hyperplane class, the equivariant cohomology of P"~! is
given by

(3-2) HiP" Y =QIx, 01, ..., 0] /(X —0t1) - - (X — ).

Letx,; € H{F(([P’"‘l)’") be the pullback of x by the #-th projection map.
The standard T-representation on C” (as well as any other representation) induces
T-actions on Qo,m(ﬂj’"_l, d), U, VD P@D - and Vlg‘f;; see (1-3) and (2-1) for the

n;a’> “n;a’
notation. Thus, V,i‘.i;, V,(ld; and V,Sd; have well-defined equivariant Euler classes

(VD). e(V8). e(Vih) € Hi (Do (P, ).

n;a n;a
The universal cotangent line bundle for the i-th marked point also has a well-defined
equivariant Euler class, which will still be denoted by ;.
Similarly to (2-2) and (2-3), let
. ad e(VD)
Zpa(x. hq) =1+ Zq"evl*[ ] e Hy®" H[r', ql,
d=1 h=v

(3-3) .
(Vi)

h—n

00
én;a(Xs h, Q) =1+ quCVl*[

] e Hr(P"H[a™", q].
d=1

For each s € 720, let
e(l'),(lfl;)evﬁxs
h—n

e(i)f))evixs

o0
Z,if;(x, h,q)=x"+ Z qdevl*[

]e HE (P Y, q].
d=1

(3-4)

o0
> (s) _ d

] e Hy (P H[a !, q].
d=1
Similarly to (2-4) and (2-5), we define
(3-5) Zr.(x1. %2, k1, o, q)

) e(]’}(id))

d n;a # n—Iyp—1 -1

= {ev xev}*|: ]EH(P Why ny . ql,

2 a'ten xend| GGy | S HEETDI A ]

d=1

(3-6)  Zk (X1, %2, X3, 71y, i, B3, q)

o0
= qu{evl X vy X eV3}*|:

d=1

Vi) }
(R — Y1) (ha — Y) (A3 — 3) |
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with the total pushforwards by the total evaluation maps taken in equivariant coho-
mology. Similarly to (2-7), let

PD(ALL) | .,

Thghy T+ Zmas b g),

PD(AL) )
hihahs

(B-7)  Zpa(X1, X2, Ay, iy, q) =

Zn;a(xl, XZa X3» hlv h27 h3a Q) - + Z:;a(xla XZa X37 hlv h27 h3a Q),

where PD(Agl),l) and PD(Ag},I) are the equivariant Poincaré duals of the (small)
diagonals in P*~! x P"~! and P"~! x P"~! x P"~!, respectively.

The above Poincaré duals can be written as

(3-8)
) P oS1oS2
PD(A[FM—I) = E (=1 X Xy,
1,582,720
s1+s2+r=n—1
3 N _ (2) 51 o523
PD(Aan) = E S, X Xy Xy
$1,82,83,r>0
S1+s2+s3+r=2n—2
rit+ra+r 51 52 53
= E E (_1) e 377rosrlsrzsrle X X3 ’
$1,82,83,r>0 ro,r1,r2,r3>0
51,82,83<n—1 r1<81,r2<8,,r3<83
si+so+s3+r=2n—-2  ro+ri+ratr3=r
2 . C .
where s;, 1, S£ ) e Qlay, .. ., a,] are the r-th elementary symmetric polynomial in
o1, ..., 0y, the sum of all degree-r monomials in ¢y, . . ., «,, and the degree-r term
in (1 —s; +s3 — - --)?, respectively. All three expressions for the Poincaré duals

can be confirmed by pairing them with x|} and x| x7x5, with #1,t, 3 <n — 1,

and using the localization theorem of [Atiyah and Bott 1984] on (P"~!)” and
the residue theorem on S? to reduce the equivariant integrals of x** on P"~! to
the polynomials 7,; these are the homogeneous polynomials in the power series
expansion of 1/(1 —a)(1 — ay)---. The coefficient of x]'x3’x3’ in the second
expression for PD(ASJ,I) is precisely 55{12 53(0), with Es(lr)Sz s; as in Theorem 3;
see the end of Section 3B. This provides a direct check of the degree-0 term in
(3-14).

3B. Equivariant mirror symmetry. The equivariant analogues of the power series
in (1-6) and (2-9) are given by

(3-9) yn;a(X, i, q) = i C]d ]—[ak>;) 1—[1:/\:611 (arx+rh) ]—[ak<0 Hr_:aé‘)d_l(akx —rh)
d=0 I_Ir:1<l_IZ:1(X—ak+rh) —nzzl(x—ak))
€Qlay, ..., an xI[A7 1, q],
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ard—1 ard _
S = $ge ol ot o 1
Hr 1<1—[k | (X —ag+rh) — nk:1(x—ak))
E@[al,...,an,x][[h_l,q]].

The second products in the denominators above are irrelevant for the statements in
this section, but are material to (4 9) and thus to the proof of (3-14) in this paper

Foreach s € Z", we define @SZ,, ax, 7, q), D° Zn a(X, fi, q) € Hf (P"~ N 4]
inductively by

D° Zpa(x, . q) = Zypa(x. 1, q),
S = _ 1 s—1
0 Zyaln hoa) = 7 S ha g |9 Zras o,

(3-10) 03 .
:D Zl’l;a(xv h? C]) = Zn;a(X, h q)

.. 1
D' Zpax, h,q) = =

o g |2 Zra )

The next theorem is the equivariant analogue of Theorem 2. It expresses the equi-
variant stable quotient invariants in (3-5) and (3-6) in terms of the basic equivariant
stable quotient invariants in (3-3).

Theorem 3. If1 € 7=°, n € 7", and a € (Z*)', then

(3-11)  Zpa(x1, X2, fiy, h2, q)

1 . e
= Y s 2 i by ) 202 (%2, 2. ),
s1,82,r>0
s1+s2+r=n—1
where s, € Q is the r-th elementary symmetric polynomial in a1, ..., a,. If in
addition v, (a) > 0,
. X, h X, i
G1)  Zuaxhq=DaERD g gy Y )
Io(q) Io(q)
and there exist Q(rs)/ df?sb% € Qlay, ..., a,1[q] with s, s, s1, 52, 53, 1 € Z=° such
that
(3-13) C)(0) = 80,08,

N( n( )d) ~(d) 'n d — d
[[C vnid (Q)|a Oﬂd = s s [[Cgrs(za?ﬁ)(q)hl O]]d Cé{l )52 $3°
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the coefficients of q? in C ¢ v(q) and C§1 52,53 (q) are homogeneous symmetric poly-
nomials in ay, o2, ..., 0y, ofdegree r —v,(a)d, and

(3-14) Z'n;a<xl,xZ,X3,hl,hz,hg,q)

1 .
=75 2. @25 (i h, q)]_[Z“"(x,,h,,
17273 7,81,82,83>0

s1,52,83<n—1
S1+s2+853+r=2n—2

N

(15 Zaxhg) =) ch @t @ 1D Za(x. 1 ),
r=0 s'=0

where (Z,0%) = (Z,07), (Z, 7).

Setting @ = 0 in (3-11), (3-12), (3-14), and (3-15), we obtain (2-19), (2-26),
(2-20) and (2-21), respectively.

We now completely describe the power series C s(rs), of Theorem 3; it will be
shown in Section 5 that they indeed satisfy (3-15). Let

(3-16) D°V,.a(x, A, q)

i [Tapo [T @ + i) Ty 2 T1% (akx—rm
10(61 o ]_[r ey X — g +rh)

Fors eZ™, let

GAT) DVpatx b ) = 1 [x g |9 Vi hg)

1
I5(q)
ex' +q-Qlay, ..., a, xI[AI[A7, q].
Comparing with (2-12), we find that

(3-18) D Vua(X, b, q)| ,_y = XD’ Fra(x/h, q/x""™),  where
Fp.a(w, q) 1 q d _
QOFn' , — ’a—’ @an' , — 1 1 ¢ @S an. ,
alw.q) == aw )= 0 )

forall s € Z*. Forr, s, s’ > 0, define Csrs) € Qlay, ..., a,][¢] by

00 !

(3-19) Y SO (X T =D Vya(x, B ).

s'=0 r=0

By (3-16), (3-17), and (3-19), the coefficient of qd in Cs(’rs), is a degree-r — v, (a)d
homogeneous symmetric polynomial in «. By (3-17) and (3-18),

0 r
(3-20) O =1, ) =0 fors>s", C)(0)=508s.
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By the first two statements above, the relations

S§—ri

G20 Y Y P @C, @) =bn0ds forrs’ €27, r <5 <5,

ri,r2>0 t=0
ri+ry=r

inductively define EA‘(,rs),_r € Qlay, ..., a,][g] with r <s’ < in terms of the power

series (1“,1) with 7| <rorry=r andt <s' —r. By (3-20) and (3-21),
53(5)3)/ = 05,575 552/ 0) = 37,005,

and the coefficient of ¢¢ in éc(rq), is a degree-r — v, (a)d homogeneous symmetric
polynomial in «. If ' < 0, we set Q(rs)/ = 8,085.5- If v,(a) > 0,

(v (@)d) _ @ d /
Cy |a:0—csﬁs,_vn(a)dq for all s’ > v, (a)d

by (3-19), (3-18), and (2-13). Thus, setting « = 0 in (3-21) and comparing with
(2-14) with s’ replaced by s’ — v, (a)d, we obtain the second identity in (3-13).

We next completely describe the power series 5s(1r)s2 s; of Theorem 3; it will
be shown in Section 10 that they indeed satisfy (3-14). For each r € 7=°, let
pr. H") € Q[z1, z2, .. .] be such that

(3-22) prlan, @, ..y =af+a5+---=H(s1, 80, ...).

For r, v € 729, we define H” € QI[s;, s,, .. J[z] by

(3-23)
(1—2)""! ifv=0,r =0;
HO @) = HAHO (1 -7 s, (1 -2 'sa, . ) ifv=0r=1
A1 st s, 8 — (=12, 804150 ifv >0,

In particular, the coefficient of z¢ in H(z) is a degree-r — vd homogeneous
symmetric polynomial in o,

(3-24) HOO) =n. [H@)| ), =1

The second identity above follows from [Zinger 2014, Lemma B.3]. Using induction
via Newton’s identity [Artin 1991, page 577], the first identity in (3-24) can be
reduced to

r r
DD s =0, Y (=D = On,—ys; = p, forallr e Z*;
t=0 t=0
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these two identities are equivalent to

(1) (I —aou) -+ _
(=) (=) -+

i (1 —oju)(1 —opu)---
dz (1 —aquz) (1 —auz) - - -

1,

oalu (0527

= +
=0 l—amu l—au
Let

(3-25) C. . (q)

51,582,583
(ro) (,a
=y M@ e e,
05 (DU, 4, (@I 1, (@) 2 »

ro,r1,r2,r3>0
r1<8§1,r2<8,r3<83

ro+ri+ratr3=r

where

(3-26) = 1 sr/cs('r—r)’—f*(a),s—r—f*(a) @)
r/’r//zo
r'+r"=r

with (é ) = (C A7), (C" , £1). Since the coefficients of qd in H‘(f) and in 5?3, are
degree-r — v, (a)d homogeneous symmetric polynomials in «, the coefficient of ¢¢
in Es(f)sZ s; 1s also a degree-r — v, (a)d homogeneous symmetric polynomial in o.
The last identity in (3-13) follows from (3-25), the second identity in (3-24), the
middle identity in (3-13), and (2-15).

3C. Related mirror formulas. Similarly to (2-29), we define

. ) e(V(d))
Z*. X , X , h , h s = €v] X eV * n;a }a
na (X1 X2, A1, fia, q) ;q {evi 2} [(hl—wl)(ﬁz—lﬂz)

(3-27) Z,,(x1,%2, X3, A1, iz, 113, q)

o0
= qu{evl X evy X eV3}*[

d=1

e(V,a) }

(hy = Y1) (hy — ¥) (B3 — 3) |

with the evaluation maps as in (2-6). For each s € 779, let

e(Vf;)evﬁxs
=

e(%‘ﬁ)evﬁxs

h—n

o
z;‘j;*(x,h,q)zzqdevl*[ ]e HE P Y[R, 4],
d=1

o
2}5?;*()(, h,q) = Z qdev1*|:

] e Hr P H[a™", q].
d=1
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Since X1, X2 € HFf (P! x P"~1) @qja,,....a,] Qo are invertible, the first equation in

.....

(3-8) gives
@ > (s E0 (0, b g)
s1,82,r>0
si+sybr=n—1 00 e(V(d)) {id x eva}* (PD(Apn-1)x, )
Z {id x ev }4
2 h—n
o *e(V( )) {id x ev @
2 2} (PD(Apn I)Xl )
= Z {id x ev}4
o h—1n
=X X (. b g),
Sl,xz,rZO
S1+s2+r=n—1

where 7, : P! x Qoyz(ﬂj’”_l, d) — Qo,z([lj’"_l, d) is the projection map. Combin-
ing the last identity with (3-11), we obtain

(3 28) Z*a(XI’XZahlvh2,q)

1
(Sz)*
— E (=1)"s, (x]' Z,2" (X2, 12, q)
hy 4+ Ao S1.53 750 r( !
sl+s’z+’r=_n71

+ Z,if;)*(xl, hy, q)z,ff,) (x2, 2, 9)).

Similar reasoning gives

(3 29) Z*a(XI’XZaX’%hl’h2sh3 CI)

1
_ ~(r) 52 (S%)*
= hiiahs E Csi 553 0)x)'x} Z,7"(x3, 113, q)
r,51,52,53>0
51,82,83<n—1
S1+s2+s3+r=2n—2

+Ci i OX) 272 (%2, o, q)z<f3)<X3, h3.q)

Cs(lr)sz 53 (O)Zr(zfl)*(xl hy,q) 1_[ Z(S’)(X,, b, q

+@x; VCOL (@25 (xi. R q) H 280 (%, by, q)),

r)%

where Cs(1 52,53 (Q) = Cs(1 152,53 (Q) és(r,)sz,g (O)
On the other hand, by (3-15) and the first identity in (3-12),

(3-30) 20 (x.h,q)

s Ss—=r

=—(@x @+ @x @Y N0 @B T T D Va(x B g),
r=0s'=0
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where

. j}n' thv
goyn;a(x’hs C]) - M
Io(q)
. 1
D Vpa(X, 1, q) = v~ X+ g 1D " Vya(x, i, q)
15<q>{ dg }
for all s € Z* and (Jv), i) = (37, i), (y, I). By (3-9), (1-6), and (2-9),
(3-31) D Vusa(x, 11, )| ,_y = XD Fysa(x/h, ¢/x"" @), where
. Fra(w, ) y 1 q d 1y
DOF,a(w,q)= 22222 DE . (w,q) =~ 1+ D Fra(w, q)
=T @ g 1s<q>{ wig) i

forall s € Z+, with (V, F, ) = (Y, F, ), (Y, F, I). Simplifying the right-hand
side of (3-30) in Q,(x, 7)[A ", ¢] to eliminate division by x and setting o = 0, we
obtain (2-31).

3D. Other three-point generating functions. The main step in the proof of the
mirror formula (3-14) for the stable quotients analogue of the triple Givental’s
J-function involves determining a mirror formula for the generating function

(d)
e(V,..)
332) 200 h,q) _1+§ :q ev1*|:h wl

} e Hr(P"H[a ", q].

where ev; : Qo 3(P"!, d) — P"! is the evaluation map at the first marked point;
the meaning of the superscript (0, 1) is explained in (6-7). By (3-33), the SQ
invariants do not satisfy the string relation [Hori et al. 2003, Section 26.3] in the
pure Calabi—Yau cases, v,(a) =0 and £~ (a) = 0 (when io(q) # 1), even though
the relevant forgetful morphism, f> 3 below, is defined. Since in these cases the
twisted invariants of P"~! are intrinsic invariants of the corresponding complete
intersection X,,.,, this implies that the construction of virtual fundamental class in
[Ciocan-Fontanine et al. 2014] does not respect the forgetful morphism

f3:003(Xniar d) = 00.2(Xnias d),
at least in the Calabi—Yau cases.

Proposition 3.1. If1 € 7Z° n e 7", and a € (Z*)! are such that v, (a) > 0, then

Zn; (X’h’ )
r(loal%(x h,q) = a q ‘
Io(q)

In principle, this proposition is contained in [Ciocan-Fontanine and Kim 2013,
Corollary 1.4.1]. We give a direct proof, along the lines of [Cooper and Zinger
2014]. In the process of proving this proposition, we establish the mirror formula
for equivariant Hurwitz numbers in Proposition 4.1. This in turn allows us to

(3-33)
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derive (3-14) from (3-11) and (3-15) following the approach of [Zinger 2014]; see
Section 10.
Similarly to (3-32), let

(334 200k, q)_1+Zq
d=1

f2*3e<1>,54;>]
5 5 c H*([Fpn—l) h_l, ,
|: h— T [ q]
where ev : Qo,g(ﬂj’”_l, d) — P! is the evaluation map at the first marked point
and

3 Q03P d) — Qoa(P" !, d)

is the forgetful morphism. By the proof of the string relation [Hori et al. 2003,
Section 26.3],

(3-35) 200, 0, q) =h" Zpa(x, B, q).

We use this identity to establish the mirror formula for Hurwitz numbers in
Proposition 4.2.

As stated in Section 1, Theorem 3 generalizes to products of projective spaces
and concavex sheaves (1-13). The relevant torus action is then the product of the
actions on the components described above. If its weights are denoted by «;; ;, with
i=1,...,pand j=1,...,n;, the analogues of the above mirror formulas relate
power series

(3_36) :-)v)nl np'aGQ[al'ls""ap;npsxlv"'sXp][[h_17ql7"'squ|7
(3-37) Z0 ”) e HEP" T xx PN g1 g,
(3-38) Z:lwnp;a € Hi(P" V- ox P ym[ayt, o hyt s qrs - gl

with JVJ and Z denoting ), y j}, Z,Z, or Zand m = 2, 3. The coefficients
of qfl . qi" in (3-37) and (3-38) are defined by the same pushforwards as in
(3-4), (3-5), (3-6), and (3- 27) w1th the degree d of the stable quotlents replaced
by (di, ...,dp) and X° by X1 xp . The coefficients of q1 qp in (3-36) are
obtained from the coefficients in (3-9) and (3-16) by replacmg axd and aix by
ag;1dy + -+ -+ ag; pdp and ag;1Xy + - - - + ay; pXp in the numerator and taking the
product of the denominators with (n, X, d) = (n;, X;,d;) foreachs =1, ..., p; in
the i-th factor, «y is also replaced by «;.x;

Xi,...,Xp € H{F([P’"'_1 X -+ x Pl

now correspond to the pullbacks of the equivariant hyperplane classes by the
projection maps. The statements of Theorem 3, (3-28), and (3-29) extend by
replacing the symmetric polynomials by products of symmetric polynomials in the
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p different sets of variables and (a)x‘® by the products and ratios of the terms
ax;1X1 + - - - + ag; pX; our proofs extend directly to this situation.

4. Equivariant twisted Hurwitz numbers

The fixed loci of the T-action on Qo’m(ﬂj’”_l, d) involve moduli spaces of weighted

curves and certain vector bundles, which we describe in this section. As a corollary

of the proof of Theorem 3, we obtain closed formulas for Euler classes of these

vector bundles in some cases. These formulas, described in Propositions 4.1 and

4.2 below, are a key ingredient in computing the genus-1 stable quotients invariants.
A stable d-tuple of flecks on a quasistable m-marked curve is a tuple

(4_1) (valv"'aym;.?l""’j}d)a

where C is a connected (at worst) nodal curve, yi, ..., y, € C* are distinct smooth
points, and y1, ..., yg € C* —{y1, ..., ym}, such that the Q-line bundle

weci+-+ym+eQi+---+3a) > C

is ample for all € € Q™ ; this again implies that 2g +m > 2. An isomorphism

S (Coyiseey Yy Vo ees 3a) = (C Yooy Vs Tl ey I)

between curves with m marked points and d flecks is an isomorphism ¢ : C — C’
such that

p(yi) =y foralli=1,....m, ¢@;)=3; forall j=1,...,d.

The automorphism group of any stable curve with m marked points and d flecks
is finite. For g, m,d € Z=°, the moduli space M ¢,m|ld parameterizing the stable
d-tuples of flecks as in (4-1) with 4!'(C, Oc) = g is a nonsingular irreducible
proper Deligne-Mumford stack; see [Cooper and Zinger 2014, Proposition 2.3]. If
m>m' >2,let
fm’,m : Mo,m\d - Mo,m/ld-i-m—m/,
Coyisee s Y3 1o ee s J) > €Y1 ooy Yoy D1s ooy Ids Y ds -5 Ym),

be the morphism converting the last m — m’ marked points into the last m — m’

flecks and contracting components of C if necessary.
Any tuple as in (4-1) induces a quasistable quotient

Oc(=F1— - —3a) COc=C'® Oc.

For any ordered partition d =d; +---+d, withd;, ... ,d, € 7=9 this correspon-
dence gives rise to a morphism

Memia = QP x - xP° (dy,...,dp)).



468 ALEKSEY ZINGER

In turn, this morphism induces an isomorphism
42) ¢ Mema/Sa <+ xSa, > QgmP’ x - x P, (d,....dp)),

with the symmetric group Sy, acting on M ¢,m|a by permuting the points y1, ..., Yq,,
Sy, acting on M, ;¢ by permuting the points Yy, 41, . .., Yd,+d, €tc.
There is again a universal curve

iU —> Mg mia
with sections o1, ..., 0, and &1, ...0,. Let
N A2 2,754
Y = _77*((7,' ), ¥i = —JT*(O‘I- )eEH (Mg,mld)

be the first chern classes of the universal cotangent line bundles. For m > 2,
d',deZ* withd <d,andr=(r1,...,rs) € (ZZ°)7, let

Se=0(=61—+—6a—q — MNby—ars1 — - —ra6a) > U —> Mo mia.
If B € H2, denote by
(4-3) SE(B) = U — Mo mpa
the sheaf S with the T-action so that
e(SH(B)) = B x 1+1 x e(S)) € HYU) = H ® H*U).

Similarly to (2-1), let

(4-4)
Vil (B) = EP R°7.(S;(B)™ (—on)) & @D R'm(S;(BY™ (—01)) = Momia-
ar>0 ar <0
VLB = D RO (S; ()™ (—02)) & €D R' (S5 (BY* (—02)) — Momia-
ar>0 ar <0

where 7 : U — /\_/lo,mw is the projection as before; these sheaves are locally free.
Ifm eZt,2<m' <m,andr e (ZZ%)"" let

45 VOB = £ .02 B VDB = £ Vi (B) - Moma-

m’,m " a;r ,m Y ar

In the case m’ = m, we will denote the bundles V)(8) and V% (8) by Vi (8)
and ]')éd) (B), respectively. ’ ’

The equivariant Euler classes of the bundles V;‘? (B) and V;dr) (B) enter into the
localization computations in Sections 7-9. As a corollary of these computations, we
obtain closed formulas for the Euler classes of these bundles in the case m = 3; see
Propositions 4.1 and 4.2 below. These formulas are a key ingredient in computing
the genus-0 three-point and genus-1 SQ invariants.
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If f € Qylg] and d € Z=°, let [ f]4:a € Qu denote the coefficient of ¢¢ in f.
If f = f(2) is a rational function in z and possibly some other variables, for any
z0 € P! D Clet

(4-6) ENCESCY FICTS

where the integral is taken over a positively oriented loop around z = zo with no other
singular points of f dz, denote the residue of the 1-form fdz. If zy, ..., zx € P! is
any collection of points, let

4-7

(4-7) R @)= Z R f@)

be the sum of the corresponding residues.
For any variable y and r € Z=°, let s, (y) denote the r-th elementary symmetric
polynomial in {y — ot }. We define power series L:a, &1:a € Qu[X][g] by

Lya € x+¢Qu[xl[q].  $0(Lua(x. 9)) —ga®Lua(x, ) =s,(x),
O g a@ulNlal, x+ q%sn;a(x, 9) = Lua(%, ).
By [Zinger 2014, Remark 4.5], the coefficients of the power series
e 5@ DR Y, (i 1, q) € Qulh][g]

are regular at # = 0. Thus, there is an expansion
(4-9) e @ DM Y, aloy, B g) = Z AL

with q'Dfl?L(x, q)—1, CiJS;;(X, q), dD,(lz;;(x, q), - € qQ4[x][gq]. Furthermore,

(4-10) &) (x. )

£(a)+1

=( X - Sp—1(X) ) ( na(x 6])) 2 5
Lya(X, @) Su—1(Ln:a(X, q)) — |alga®L,.a(x, ¢)! X '

Proposition 4.1. If1 € 7Z° n € 7T, and a € (Z*)!, then for everyi =1, ..., n

Z / e’ (@)
Mo g €V (0 — ) (= 91) (ha — ) (hs — ¥3)

eén;a(aisq)/hl‘i‘grl:a(aiyq)/h2+$n;a(0‘[sq)/h3 1 1 1
= '(0) G@a[[h ,hz ,Fl3 ,q]]
hihohis @, 5 (ai, q)

5Only the case £~ (a) = 0 is explicitly considered in [Zinger 2014], but the argument is the same
in all cases.
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Proposition 4.2. If] € 77 neZ*,anda e (Z*), then foreveryi =1,...,n

- (d RV

qd / e(V;;r)(a,‘))l//f %hzo(hh%[[yn;@(ai, h, Q)]]q;rqr

oS Mo T e (@ — ) (= Y1) (ha — 42)
e‘fn;a(aisq)/hl+$n:a(ai’q)/h2

hyho

e Qun, " 1yt q].

5. Outline of the proof of Theorem 3

The first identity in (3-12) is the subject of [Cooper and Zinger 2014, Theorem 3].
The proof of the remaining statements of Theorem 3 follows the same principle as
the proof of [Popa and Zinger 2014, Theorem 4]; it is outlined below. However, its
adaptation to the present situation requires a number of modifications. In particular,
the twisted stable quotients invariants are not known to satisfy the analogue of the
string relation of Gromov—Witten theory (in fact, by Proposition 3.1, in general they
do not). This requires a direct proof of the key properties for the stable quotients
analogue of double Givental’s J-function described in Lemmas 6.5 and 6.6 below; in
Gromov—Witten theory, these properties are deduced from the analogous properties
for three-point invariants, which simplifies the argument. We thus describe the
argument in detail.

Let Q,[[#]] = Qu[A '] 4+ Qq[#] denote the Q,-algebra of Laurent series in /™!
(with finite principal part). We will view the Q,-algebra (U, (%) of rational functions
in /i with coefficients in Q, as a subalgebra of Q,[[#]] via the embedding given by
taking the Laurent series of rational functions at A~ = 0. If

Fh,g)=Y_ Y FOUDh"q" € Quf[n]|[q]

d=0r=—Ny

for some N, € Z and F)(d) € Qy, we define
oo p—l1

Fhog)=) > FOA™ (mod h™7),

d=0r=—Ny,

that is we drop /i ~” and higher powers of A~ instead of higher powers of /.
For1 <i,j<nwithi # jandd € Z™, let

(5-1)
d j— —apd—1 j—0t
& @y = Hazo [0 (@t 7 257) Tl o L2067 (e =r 257)
/ - (Y o
l dnf=1 HZ:l(ai —otr a'lda[)
(rk)#d,j)
ard—1 ) oi—o —ard N
Q:,](d) = 1_[a/<>0 nr:O (akal +r jd ) l_[ak<0 nr:l (akal r ]d ) = @a.

AT Tl (o — o+ r )
(r.k)#(d, )
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We will follow the five steps in [Zinger 2009, Section 1.3] to verify (3-11), the
second statement in (3-12), and (3-15):

Ma) if F, 7' € Hx(P""YH[aT[q].
Fx=a;,h,q) € Quh)[q] C Quflfi]l[g] foralli=1,2,...,n

F' is recursive in the sense of Definition 6.1, and F and F’ satisfy a mutual
polynomiality condition (MPC) of Definition 6.2, then the transforms of F” of
Lemma 6.4 are also recursive and satisfy the same MPC with respect to F;

(Mb) if F, F' € HF (P H[aT[q],
Fx=ow,h,q)€Q)+q-Quh)|q] C Quf[Aa][g] foralli=1,2,...,n

F’ is recursive in the sense of Definition 6.1, and F and F’ satisfy a fixed
MPC, then F' is determined by its “mod ~! part”;

(Mc) the two sides of the second identity in (3-12) and the Z case in (3-15) are
¢-recursive in the sense of Definition 6.1 with € as in (5-1), while the two
sides of the Z case in (3-15) are ¢-recursive in the sense of Definition 6.1 with
¢ as in (5-1);

(Md) the two sides of each of the equations in (3-12) and (3-15) satisfy the same
n-MPC (dependent on the equation) with respect to J'/,l; ax, i, q);

(Me) the two sides of each of the four equations in (3-12) and (3-15), viewed as
elements of H; (P"~H[[A] [¢], agree mod A"

The first two claims, (Ma) and (Mb), sum up Lemma 6.4 and Proposition 6.3,
respectively By Lemmas 6.5 and 6.6, the stable quotients generating functions

(S) and Z (S) are €-recursive and €-recursive and satisfy MPCs with respect to

n;a(x, h, q). Along with the first identity in (3-12), the latter implies that they
satisfy MPCs with respect to 37”; a- It is immediate from (3-4) that

>(s) Z(s) ~ -1 >0
52 20 hq), Z80x. hq) =x* (mod h7Y) for all s € 72"

By the proof of the first 1dent1ty in (3-12), as well as of its Gromov—Witten analogue,
the power series yn als ¢-recursive and satisfies the same MPC with respect to y,, a
as Zr(f;, see [Cooper and Zinger 2014, Lemma 5.4]. A nearly identical argument
shows that the power series y,, als ¢-recursive and satisfies the same MPC with
respect to yn a as Z,(l ;, see [Popa and Zinger 2014, Section 4.3] for the £~ (a) =
case. Since

Vua(X, i, q) =1 (mod i1,

this establishes the second identity in (3-12). Along with (3-12), the admissibility
of transforms (i) and (ii) in Lemma 6.4 implies that both sides of the Z equation in
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(3-15) are ¢-recursive and satisfy the same MPC with respect to )7,,; a, NO matter
what the coefficients Es(rs), are. Similarly, both sides of the zZ equation in (3-15) are
¢-recursive and satisfy the same MPC with respect to 37”; a- By (3-10), (3-12), (3-9),
(3-21), (3-19), (3-17), and (3-16),

s S§—r

Z Z ésr_)z—(a),s/—z—(a) (q) hs_r_S/Qs,Zn;a(X, i, q) =x’ (mod h_l)’
r=0s'=0

s S—=r

DD @@ T D Zpa(x B ) =X (mod 7).
r=0 s'=0

(5-3)

Thus, (3-15) follows from (Mb).
The proof of (3-11) follows the same principle, which we apply to a multiple of
(3-11). Foreachi =1,2,...,n,let

(5-4) ¢ =] [x—aw) e HF @ ).
ki

By [Atiyah and Bott 1984, localization theorem], ¢; is the equivariant Poincaré
dual of the fixed point P; € Pr—1: see [Zinger 2009, Section 3.1]. Since X|p, = o,

(5-5) Zupalay, o, ki, 2, q)

=/ Zpa(X1, X2, By, H2, q)
P,'XPj

:f Zpa(X1, X0, iy, By, Q)i X b
Pn—1xpn—1

‘5(d
e(Va) evigi evio;

1 > d/
— o)+ :
hi+ho 1_[(05, %) Zq 0o @1,y (B1 — Y1) (2 — ¥2)

ki d=1

the last equality holds by the defining property of the cohomology push-forward
[Zinger 2009, Equation (3.11)]. By Lemmas 6.5 and 6.6, Zn;a(xl, X3, fiy, hia, q) is
¢-recursive and satisfies the same MPC as Zn;a with respect to Zn;a(x, h, q) for
(x,h) = (x1, 1) and X, = @ fixed.” It is also C-recursive and satisfies the same

MPC as 2"n;a with respect to Zn;a(x, h, q) for (x, h) = (xo, ip) and x| = «; fixed.

OThe left-hand side of (3-21) with s replaced by s — £~ (a) is the coefficient of A%x~" (x/h)’ @
in the first identity in (5-3) if s > ¢~ (a); The left-hand side of (3-21) with s replaced by s — £7 (a) is
the coefficient of #*x~" (x/h)* T¢" @ in the second identity in (5-3) if s > ¢+ (a).

"In other words, the coefficient of every power of h; Lin Zn;a(x, aj, h, by, q)is ¢-recursive and
satisfies the same MPC as Z,.,(x, 71, q) with respect to Z,,.5(X, i, q).
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By (Ma) and (Mb), it is thus sufficient to compare

(5-6) (hy + h2) Zya(X1, %2, iy, B, q)  and
D s Z) i ) 202 (%0, 1o )
s1,52,r>0
s1+sa+r=n—1
for all x| = a; and x, = «j with i, j =1,2,...,n modulo hl_lz

(1 +12) Zyalei, @), 1y, o, ) »
e(V}E ;)evﬂl‘¢>iev§¢j'

00
~ S| s d :
= 3 e [ S

s1,82,5>0 d—=1 Qo2(P"—1.d) 2 2
s1+so+r=n—1

D G VAR CIN TR F-AC T8 P

s1,82,7 >0 -
S1+s2+r=n—1 = E (—l)rSrOl;I Z,ES;) (C(j, Flz, q)
51,52,r>0
s1+s2+r=n—1

In order to see that the two right-hand side power series are the same, it is sufficient
to compare them modulo 7, L,

oo
Y sale?+ )y g f

“(d
e(VIS;;)eVT@-eV;(ﬁj

51,52,7>0 d=1 Qo2(P"~".d) hy =¥
S1+s2+r=n—1 s s
= E (=D'sre;' e
s1,52,r>0
s1+s2+r=n—1
r 51 5(s2) ~ r 51,82
E (=D'sra; Zn;a (aj, iz, q) = E (=D'sra; .
s1,82,7>0 51,852,720
s1+sy+r=n—1 s1+sr+r=n—1

From this we conclude that the two expressions in (5-6) are the same; this proves
(3-11).

By Proposition 6.3 and Lemmas 6.5 and 6.6, the stable quotients analogue of
triple Givental’s J-function is determined by the primary three-point SQ invariants.
Since all such invariants are related to the corresponding GW invariants by [Ciocan-
Fontanine and Kim 2013, Theorem 1.2.2 and Corollaries 1.4.1, 1.4.2], a version
of (3-14) can be proved by comparing it to its GW analogue provided by [Zinger
2014, Theorem B]. We instead prove (3-14) directly in Section 10 by reducing the
computation to the two-point formulas of Theorem 3 and the mirror formula for
Hurwitz numbers in Propositions 4.1. In the process, we obtain a precise description
of the equivariant structure coefficients appearing in (3-14), which is not done in
[Zinger 2014].
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6. Recursivity, polynomiality, and admissible transforms

This section describes the algebraic observations used in the proof of Theorem 3. It
is based on [Zinger 2009, Sections 2.1, 2.2] and [Popa and Zinger 2014, Section 4.1].
Let

[n]1={1,2,...,n}.

Definition 6.1. Let C = (C :] (d))q.i,jez+ be any collection of elements of Q. A
power series F € Hi (P"~1)[[i] [¢q] is C-recursive if the following holds: if d* € Z=°
is such that

[Fx=ai i, )], 4—q € Qu(h) C Qq[[7i]] foralld € [d], i € [n],
and [F(ai, i, q)],., is regular at & = (o — ;) /d for all d < d* and i # j, then

& ¢l
6-1) V@ﬁﬂmmfZE:EI;ZEQV@Mﬂ%W%b@ww

d=1 j#i
€ Qulh, i1 C Qu[[A].

Thus, if F € Hf (P"~")[[A][¢] is C-recursive, for any collection C, then
Fx=a;,h,q) € Quh)|q] C Qu[i]|[q] foralli € [n],
as can be seen by induction on d, and

(6-2) Flai,h, 61)

00 J
—XjZFWWW+Z§j Ci () —— = F(aj. (@j—a)/d. q)

d=0r=—N, d=1 j#i —(@j—ai)/d

for all i € [n], for some F/ (d) € Q. The nominal issue with defining C-recursivity
by (6-2), as is normally done, is that a priori the evaluation of F(«;, i, q) at
h = (a; — ;) /d need not be well defined, since F(«;, /i, q) is a power series with
coefficients in Q, [~ ']); a priori they may not converge anywhere. However, taking
the coefficient of each power of g in (6-2) shows by induction on the degree d that
this evaluation does make sense; this is the substance of Definition 6.1.

Definition 6.2. Let n € Q4 (x) be such that n(x = «;) € Q, is well defined
and nonzero for every i € [n]. For any F = F(x,h,q), F = F(X,h,q) €
Hy (P H[aT[q], let

(6_3) q)_r;:,]-‘/(h’ <, CI)

"L ()t

=Y ——————F(a;, h, qe")F (i, =1, ) € Qo [[1][2, q].-
i l_[k#i(ai —ay)
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If F, F' € H¥(P"~") [k [¢]. the pair (F, F') satisfies the n mutual polynomiality
condition (7-MPC) if @’ ,, € Q,[4][z, q].

If 7, 7 € Hf(P" ) [h] [¢] and
(6-4) Fx=a;, h,q), F(x=a;, h,q) € Qu(h)[q] forallie[n],

then the pair (F, F) satisfies the n-MPC if and only if the pair (F', F) does; see
[Zinger 2009, Lemma 2.2] for the n = 1, £*(a) = 1, £~ (a) = 0 case (the proof
readily carries over to the general case). Thus, if (6-4) holds, the statement that F
and F' satisfy the MPC is unambiguous.

Proposition 6.3. Let n € Q,(x) be such that n(x = «;) € Qy is well defined and
nonzero for every i € [n). If F, F' € Hf (P H[a 4],

Fx=a;,h,q) € Qi +q-Qu)|q] C Quf[ATl[g] foralli € [n],

F' is recursive, and F and F' satisfy the n-MPC, then F' =0 (mod ii~') if and
only if F/ = 0.

This is essentially [Zinger 2009, Proposition 2.1], with the assumptions corrected
in [Popa and Zinger 2014, Footnote 3]. The proof in [Zinger 2009], which treats
the n = 1 case, readily extends to the general case; see also the paragraph following
[Popa and Zinger 2014, Proposition 4.3].

Lemma 6.4. Let C = (Cij (d))a.i,jez+ be any collection of elements of Qy and
n € Qg (X) be such that n(x = ;) € Qy is well defined and nonzero for every i € [n].

If F, F' e H P H[aNq],
Fx=a;,h,q) € Quh)|q] C Qu[]|[q] foralli € [n],
F'is C-recursive (and satisfies the n-MPC with respect to F), then
(i) {x+hqd/dq}F is C-recursive (and satisfies the n-MPC with respect to F);
(i) if f € Qulhl]q], then fF' is C-recursive (and satisfies the n-MPC with respect
to F).

This lemma is essentially contained in [Zinger 2009, Lemma 2.3]. The proof in
[Zinger 2009], which treats the n = 1 case, readily extends to the general case; see
also the paragraph following [Popa and Zinger 2014, Lemma 4.4].

The next two sections establish Lemmas 6.5 and 6.6 below, the m = 2 cases of
which complete the proofs of (3-11), the second statement in (3-12), and (3-15).

The m = 3 cases of these lemmas are used in the proof of Proposition 3.1 and 4.1
in Section 9. If m > m’ > 2, let

(6-5) Fwrm: QomP" 1 d) — Qow(P"", d)
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denote the forgetful morphism dropping the last m — m’ points; this morphism is
defined if m" > 2 or d > 0. With the bundles

V(d) V(d)—> QOm(Pn 1 d)

n;a’

defined by (2-1), let
B Vs = Qom P, d).

,m "~ n;a

d (d d
66 VD L =fh VO VD~

Forb= (bs,...,by) € Z=)"'and w = (w3, ..., wy) € HE (P "1, let
(6-7)

Sb.o) eVran) T b, s oI p—1
Z0m(x.h,q) = Zq evl*[ s H(w/evjw,o}eHT(P" )~ "1lq].
j=2

]_m

e( idim)
Z07) (x, 1, q) = Zq evl*[ H(W ev; ZUJ):| e Hi (P""H[n™[q].
=

where ev; : Qo,m(l])"_l, d) — P"~! is the evaluation map at the j-th marked point
and the degree-0 terms in the m’ = 2 case are defined by

e(Viny).e(Vin,) =1 ifm >3,
e(V, (O) a:2)

ev e(V(O) )

1% h_ l// h_ TI’
Lemma 6.5. Letl € ZZ°, m,m’',n € Z* withm > m’ > 2, and a € (Z*). For all
be (7= and w e H*([P’” 1)"‘ U the power series Z( w)/ an dZ(b @) o defined
by (6-7) are ¢ and E-recursive, respectively.

— 2 (b ev’z“wz)i|,evl*|: (2 evng)]:(—h)bzm if m=2.

Lemma 6.6. Let [ € 7Z%, m,m',n € Z*+ withm >m’ > 2, a € (Z*),

n(x) = (a)x‘®, i) =1
Forallbe (ZZ" ' and w € HT*([P’”*I)’”*I, the power series

220« hg) and R"TEZ®7) (x, b, g)

nam nam

satisfy the n and ij-MPC, respectively, with respect to the power series Z,, a(X, hi, q)
defined by (3-3).

By Lemma 6.5, the power series Z (s ) and Z (s ) defined by (3-4) are €- and
¢-recursive, respectively. Furthermore, the power serles Z,, .a defined by (3-7) is
¢-recursive for (x, i) = (x1, 1) and xo = «; fixed and is ¢-recursive for x,h) =
(x2, ir) and x; = «; fixed. By Lemma 6.6, Zr(f; and Z,EY; satisfy the 7- and 7j-
MPC, respectively, with respect to the power series Z,.a(X, /i, g) defined by (3-3).
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Furthermore, the power series Zn;a defined by (3-7) satisfies the 7n-MPC with respect
to Zn;a(x, h, q) for (x, i) = (x1, ii1) and X, = «; fixed and the 7j-MPC with respect
to Zn;a(x, h, q) for (x, 1) = (x2, fix) and x| = «; fixed.

In the case of products of projective spaces and concavex sheaves (1-13), the

.. . ) d
above Definition 6.1 becomes inductive on the total degree d;+- - -+d, of qfl gy
The power series F is evaluated at (X1, ..., X,) = (a1, - - -, Apii,) for the purposes

of the C-recursivity condition (6-1) and (6-2). The relevant structure coefficients,
extending (5-1), are given by

(s;d)
l Lp
) A;sd P Qe i—t —ag;sd—1 p e
[T 11 ( > QksiOlpsi, + 1 = Sh) [T I <Zak;t0lt;i, —r—s”d S”S>
ag;1>0 r=1 t=1 ax;1<0 r=0 t=1
= d ng s
Qy; j — ;i
‘1l T (o, — o i)
r=1k=1
rO#(d, )
(s;d)
l Ldp
1- ak:sd—l )4 e i —at —ak;sd p o
l_[ l_[ (Zaktatl,+r $iJ Tlé)l_[ H(Zak,a”l_ _V’]d&l_y)
ag1=0 r=0 \ =1 i1 <0 r=1

- ’

d ng -
d H H (O‘S:is — Ok +7’W)
r=1k=1
(rly#d, j)
with s € [p] and j # i;. The double sums in these equations are then replaced by

triple sums over s € [p], j € [ng] — iy, and d € Z", and with F evaluated at

ag,; ift=s; Oy, j — O,
Xt = . 1=————
apq, it #s; d
The secondary coefficients /' (d) in (6-2) now become f " (dl, ..., dp), with
is € [ns] and dy; € ZZ°. In the analogue of Definition 6. 2 77 e R(x1,...,Xp) is
such that the evaluation of n at (a1, ..., ®p;,) for all elements (i1, ..., ip) of
[n1]x --- x [np] is well defined and not zero, ® r is a power series in 7y, ..., 2,
and qy, ..., qp, the sum is taken over all elements (i, ..., i,) of [n1] X --- X [n,],

the leading fraction is replaced by

n(iy, - -, Olp;ip)ea"*”Zl+"'+a1"il’zl’

1_[5:1 Hk;ﬁiJ (0ts;iy — Qsik) ’

and the ge”*-insertion in the first power series is replaced by g;e
Lemma 6.6 holds with

hz1

h
. qpe"r

l_[ak;lzo Zf:] ak;SXS
Hak;|<0 Zf:l Afe; s X5

X, ..., Xp) =
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7. Recursivity for stable quotients

In this section, we use the classical localization theorem [Atiyah and Bott 1984] to
show that the generating functions Zr(:;zf, and Zflbaa;) defined in (6-7) are recursive.
The argument is similar to the proof in [Cooper and Zinger 2014, Section 6] of
recursivity for the generating function Zn; a defined by (3-3), but requires some
modifications.

If T acts smoothly on a smooth compact oriented manifold M, there is a well-
defined integration-along-the-fiber homomorphism

/ : Hf (M) — Hy
M

for the fiber bundle BM — BT. The classical localization theorem of [Atiyah
and Bott 1984] relates it to integration along the fixed locus of the T-action. The
latter is a union of smooth compact orientable manifolds F; T acts on the normal
bundle A'F of each F. Once an orientation of F is chosen, there is a well-defined
integration-along-the-fiber homomorphism

/ . Hi(F) — H.
F

The localization theorem states that

_ nlr .
(7-1) /MH_XF:/Fe(NF) € Q, forall ne Hi(M),

where the sum is taken over all components F of the fixed locus of T. Part of the
statement of (7-1) is that e(N F) is invertible in Hj (F) ®qyq,,....a,] Qq- In the case
of the standard action of T on P"~!, (7-1) implies that

.....

(7-2) nle =f 1n<z>,- € Qqy
Pr—=
forall n € Hy(P"™Y),i=1,2,...,n, with ¢; as in (5-4).

7A. Fixed locus data. The proof of Lemma 6.5 involves a localization computation
on Qo,m(l])"*l, d). Thus, we need to describe the fixed loci of the T-action on
Qo,m (P!, d), their normal bundles, and the restrictions of the relevant cohomology
classes to these fixed loci.

As in the case of stable maps described in [Hori et al. 2003, Section 27.3], the
fixed loci of the T-action on Qq,(P"~', d) are indexed by decorated graphs,

(7_3) I'= (Vera Edg’ M, aa 29)9
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where (Ver, Edg) is a connected graph that has no loops, with Ver and Edg denoting
its sets of vertices and edges, and

w:Ver— [n], 0:VeruEdg— 77°, and ¥: [m] — Ver
are maps such that
(7-4) w(vy) # u(vy) if {vy, v} € Edg, 0(e) #0 forall e € Edg,
val(v) = |9 ' (v)| + |{e € Edg: v € e}| + 0(v) > 2 for all v € Ver.

In Figure 1, the vertices of a decorated graph I' are indicated by dots. The values
of the map (u, 0) on some of the vertices are indicated next to those vertices.
Similarly, the values of the map 0 on some of the edges are indicated next to them.
The elements of the sets [m] are shown in bold face; they are linked by line segments
to their images under . By (7-4), no two consecutive vertices have the same first
label and thus j #1i.

With I" as in (7-3), let

ITl= )" 2w+ Y ae)

veVer ecEdg
be the degree of I'. For each v € Ver, let
E,={ecEdg:vee}

be the set of edges leaving from v. There is a unique partial order < on Ver that
has a unique minimal element vy, such that vy, = 9 (1) and v < w if there exist
distinct vertices vy, ..., vx € Ver such that

U € {Umin, V15 - .., U1}, W =1, and
{vmin» Ul}’ {U], vz}a e {Uk_], vk} € Edga

in other words, v lies between vy, and w in (Ver, Edg). If e = {vy, v} € Edg is
any edge in I' with v| < vy, let

FE = ({vlv U2}7 {e}a /’LE’ 069 06)7
be the decorated graph as in (7-3) given by
He=le, 0e(€e)=0(e),0.]e=0, U.:{1,2}—e, V.(1)=v1, D(2)=012;

see Figure 2.
With m’ < m as in Lemmas 6.5 and 6.6, let

Ver,y = {v € Ver: v < 9 (i) for some i € [m']},

Edg,, = {{vi, v2} € Bdg: vi, v € Ver,, }.
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1 2 1 2 2
N d S d d
@0 (4,0 @0 (,2 (G, dy) (,0) (k,5)
F,‘j(d) 3 d() ezZ*

Figure 1. Two trees with val(vpi,) = 2 and a tree with val(vpi,) > 3.
1 2 1 2
w W

@0 (J,0) (,0) (k, 0)

Figure 2. The subtrees corresponding to the edges of the last graph
in Figure 1.

In particular, the graph (Ver,, Edg,,) is a tree; it is obtained from the original
graph (Ver, Edg) by discarding the branches that do not end at a vertex with a
marked point labeled by i < m’. For each v € Ver,,, define

Tmv By _Edgm/ — 7+ by me;v({v, U/}) = Z o({vr, ) + Z o(w),

{v1,v2}€Edg weVer
v <vy v <w
W @)=+ D Fmn(e).
ecE,—Edg,/

This construction increases the degree d(v) of a vertex v € Ver,, by the total degree
of all branches of I" cut off at v to form the graph (Ver,,, Edg,,). The motivation
for this construction is described at the end of the next paragraph.

As is described in [Marian et al. 2011, Section 7.3], the fixed locus Qr of
Q0. (P"~1,|T'|) corresponding to a decorated graph I' consists of the stable quo-
tients

Coy1seeesym; SCC'®Oc)

over quasistable rational m-marked curves that satisfy the following conditions. The
components of C on which the corresponding quotient is torsion free are rational and
correspond to the edges of I'; the restriction of S to any such component corresponds
to a morphism to P"~! of the opposite degree to that of the subsheaf. Furthermore,
if e = {v1, v} is an edge, the corresponding morphism f, is a degree-0(e) cover of
the line

P}L(Ul)sﬂ(vz) cpr!

passing through the fixed points P, ) and Py, (y,); it is ramified only over P, (,,) and
P (vy)- In particular, f, is unique up to isomorphism. The remaining components
of C are indexed by the vertices v € Ver of valence val(v) > 3. The restriction
of S to such a component C, of C (or possibly a connected union of irreducible
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components) is a subsheaf of the trivial subsheaf P, ) C C" ® O¢, of degree —0(v);
thus, the induced morphism takes C, to the fixed point P, € P"~!. Each such
component C, also carries |9~ (v)| + |E,| marked points, corresponding to the
marked points and/or the nodes of C; we index these points by the set 9~ (v) UE,
in the canonical way. Thus, as stacks,

Or~ 1_[ QO,|19*1(U)|+\EU\([FD07a(v))X l_[ Or,

veVer ecEdg
val(v)>3
~ 1_[ Mo 191 )| +IE, [p0) / Sow) X l_[ Or,
(7'5) veVer ecEdg
val(v)>3
*( [1 Mo,ﬂ'(v>|+|Ev|a(v)/§a<v>)/ [ 2o
veVer ecEdg
val(v)>3

with each cyclic group Zy() acting trivially. For example, in the case of the last
diagram in Figure 1,

Or~ (/\_/IO,ZIdo/Sdo X /\_40,2|5/55)/Zd X 2y

is a fixed locus in Qg2 (P"~!,dy+5+d +d’). If m' < m is as in Lemmas 6.5 and
6.6, the morphism f;, ,, in (6-5) sends the locus Qr of Qo,m(ﬂ:"”_l, d) to (a subset
of) the locus Qr , of Qo,m/([P’”_l, d), where

L = (VCI'm/, Edgm’; ,U/|Verm/a O/, 19|[m’])a

as fm.m contracts the ends of the elements of Qo’m/([P’"_l, d) that do not carry any
of the marked points indexed by the set [m].

If v € Ver and val(v) > 3, for the purposes of definitions (4-4) and (4-5) we identify
[|® ' (v)| + |E,|] with the set ® ~'(v) LUE, indexing the marked points on C, so that
the element 1 in the former is identified with 1 € [m] if ¢ (1) = v and with the unique
edge e, = {v_, v} with v~ < v separating v from the marked point 1 otherwise.
Similarly, if v <9 (2), we associate the element 2 of [0~ (v)| +|E,|] with 2 € [m]
if ¥(2) = v and with the unique edge e = {v, v4} with v} < ¥(2) separating v
from the marked point 2 otherwise. Finally, if m’ < m is as in Lemmas 6.5 and 6.6
and v € Ver,,, we associate the |E, — Edg,,| largest elements of [19~ " (v)] + [Eyl]
with the subset E,, — Edg,,,, of ¥~ (v) UE,.

If I' is a decorated graph as above and e = {vy, v2} € Edg with v; < v, let

T Qr — Or, C Qo2 (P"", 0(e))

be the projection in the decomposition (7-5) and

2
We:y; = _77:1#1» We:v, = _nZWZ € H°(Qr).
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Similarly, for each v € Ver such that val(v) > 3, let

Ty Or —> MO,W"(v)|+|EUHD(v)/§D(U)
be the corresponding projection and
Ve =5y, € H*(Qr) forall v € E,.
By [Hori et al. 2003, Section 27.2],

07 ) — O .
(7-6) e, = % i=1,2.

By [Marian et al. 2011, Section 7.4], the Euler class of the normal bundle of Qr in
Qo.m(P"~1,|T"|) is described by

e(NVOr)
e(TM(Umin) [FDH*])

=[1 TI7re0 @uw—a)] [rre(H (£ TP" @ O(=y1)/C)

(7-7)

veVer k;ﬁu(v) ecEdg
val(v)>
X | | <§ CUe;v) | | (l |(w8;v_‘pv;e))»
veVer ecE, veVer “e€E,
val(v)=2,9 " (v)=2 val(v)>3

where C ¢ H( fIXTP" ® O(—y1)) denotes the trivial T-representation. The terms
on the first line correspond to the deformations of the sheaf without changing the
domain, while the terms on the second line correspond to the deformations of the
domain. By (6-6), (2-1), (4-4), and (4-5),

arn @) *50(¢)
e(Vn a; m/) 1_[ T e(Va Font (al/«(v))) ’ 1_[ n:e(vn;a )’
veVer,, ecEdg,,/
val(v)>3
(IFI) @) D(e)
(7-8) e( nam/) 1_[ (Var/ (ot )) 1_[7[ e(V
- veVer, ecEdg,
val(v)>3
(D(U)) 0(e)
X l_[ nve( ar,. (O{M( ))) 1_[ nee(vn,a )
veVer,,, —Ver ecEdg, —Edg,
val(v)>3

By [Hori et al. 2003, Section 27.2], for all e = {vy, vy} with v; < vy

e(Va(e)) .
/ 5 : L2 (e)),
or, e(HO(f;TP"® O(—y1)/C)

e(VS;(S)) _gn
/Qre e(HO(f+TP" ® O(—y1))/C) uion @(€)),

(7-9)
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with €402 (2(e)) and &4+ (d(e)) given by (5-1).

7B. Proof of Lemma 6.5. We apply the localization theorem to

) ° e(l.)@. Devigp M,
2P (i h,q) = qd/ —nam 717 T evior),
n;a;m i L; Qo,m(P”_l,d) h_wl 11:[2 J JjJ
7-10
( ) 0 w)( b i d/ e(\.},(ﬁl;.m,)ev’fqbi ﬁ(lﬂbj .
oo,y q) = q _ evimi),
s = Jopetay = ;o

j=2
where ¢; is the equivariant Poincaré dual of the fixed point P; € P"~!, as in (5-4),
and the degree-0 terms in the m = 2 case are defined by

(d) «

eV, am)eVidi

/ L(%ze@wz) = (—h)bzwzlpi,
QoaP-10)  h—1n

(d) *
/ M(%’Zev;m) = (=) p,.
Goo@-10) =

Since ¢;|p; = 0 unless j = i, a decorated graph as in (7-3) contributes to the
two expressions in (7-10) only if the first marked point is attached to a vertex
labeled i, that is, i (vmin) = i for the smallest element vy, € Ver. We show that,
just as for Givental’s J-function, the (d, j)-summand in (6-2) with C = ¢, ¢ and
F = Z(b’w),, é(b’w),, that is,

n;a,m n;a;m
D
mzn:ésm/(ai’ (¢j —a;)/d,q) and
(7-11)
¢ (d)q?

mzn(?;?n)r(aj, (aj—ai)/d, q),

respectively, is the sum over all graphs such that p(vni,) = i, that is, the first
marked point is mapped to the fixed point P; € P"=1 v, is a bivalent vertex, that
is, 0(Vmin) = 0, ¥ ' (vmin) = {1}, the only edge leaving this vertex is labeled d,
and the other vertex of this edge is labeled j. We also show that the first sum on
the right-hand side of (6-2) is the sum over all graphs such that u(vyi) =i and
val(vmin) > 3.

If I' is a decorated graph with p(vmin) =i as above,

(7-12) evigily. = [(@i — o) = (TP ™.
ki

Suppose in addition that val(vpyin) = 2 and |E,_, | = 1. Let v; = (vpmin)+ be the
immediate successor of vpiy in I and e; = {vnin, v} be the edge leaving vpiy. If
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(i, 0) (j, 0) (Jj,2)
Fl FZ 3

Figure 3. The two subgraphs of the second graph in Figure 1.

|Edg| > 1 or val(vy) > 2, that is, I" is not as in the first diagram in Figure 1, we
break I' at v; into two “subgraphs’:

(1) I't =T, consisting of the vertices vyin < v1, the edge {vmin, v1}, with the
0-value of O at both vertices, and a marked point at v and vy;

(i) I'; consisting of all vertices, edges, and marked points of I', other than the
vertex vnmin and the edge {vmin, v1}, and with the marked point 1 attached at vy;

see Figure 3. By (7-5),
(7-13) Or ~ Qr, X Or,.

Let my, m2 : Or — Or,, Or, be the component projection maps. By (7-7) and
(7-8),

e(NQr) *< eNOr) ) ' *< e(NOr,)

—_——— =7 S A
e(Tp P~ "' \e(TpP1)) "2 \e(Tp,, P

) . (a)e;vl - n;wﬂ,

eV ) o, = mre(VI") - mye(VIR) ),
eV )y, = mie(VI) - mze(VI2D).

Combining the above splittings with (7-6), (7-9), and (7-12), we find that

eV yevrg, i=m 1
IT| n;a;m 171 ?_,ev%w.
K /Q h— J-llw’] ! J))Qre(NQr)

_ M @e)g e
—h— (o) — i) /0(er)

j=m

*5(IT21) *
e(V .2 )evig , 1
(o] [ SR Moo os ] L)
or, h— ik e(MQr,) h= O

the same identity holds with V replaced by V and Qif* (vl)(O(el)) by Qfﬁ‘ (U‘)(D(el)).
By the first equation in (7-10) with i replaced by w(v1) and the localization formula
(7-1), the sum of the last factor above over all possibilities for I',, with I'; held
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fixed, is

by
, ) .
Zn am’ (Om(vl), () —ai)/der), q) — Sm,Z(Tl)l) D2 Py

if V is replaced by V, then the sum becomes

by
b, & — Xpvr)
Z,,( aa:n) () @uy) — i) /d(er), q) — Sm,Z(I—M) D2 Py -

0(eq)

In the m = 2 case, the contributions of the one-edge graph I';,(»,)(0(e;)) such as
0(vy) =0, as in the first diagram in Figure 1, to the two expressions in (7-10) are

éffl(vl)(0(6’1))610(61) & — o)\
w2|PM(v1) and
Ry — (o) — ;i) /0(er) 0(ey)

éﬁl(vl)(b(el))qb(el) (ai _au(vl))bz 2|
Py
Ry — (@u) —ai)/0(er) 0(er) nen)

respectively. Thus, the contributions to the two expressions in (7-10) from all graphs
" such that 9(vmin) =0, u(vy) = j, and 0(e;) = d are given by (7-11), that is, they
are the (d, j)-summands in the recursions (6-2) for Z(b w), and Zr(lbaa,;)

Suppose next that I" is a graph such that u(vpni,) = i and val(vpyi,) > 3. If
|Ver| > 1, that is, I is not as in the first diagram in Figure 4, we break I' at vy,

into “subgraphs”:

(1) o consisting of the vertex {vmin} only, with the same x and d-values as in I,
with the same marked points as before, along with a marked point e for each
edge e € E,_ . from vpy;p;

Umin
(ii) for each e € E, , , I'c. consisting of the branch of I' beginning with the edge
e at vy, with the 0-value of vy, replaced by 0, and with one marked point at

Umins

see Figure 4 and 8. By (7-5),

(7-14)  Or~0r, x [] Qr.. = Moo /Sowmn) X [ | Cre-

ecE ecE

Ymin Ymin

where  mg = | (Vmin)| + |Eu,. |-

Let o, 7. be the component projection maps in (7-14). Since ¥1|g. = wiv1, T
acts trivially on Mo oo (wmin)»

U1 =1 x ¥y € Hf (Momgpom) = Hi @ H* (Mo mojo ()
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Figure 4. The two subgraphs of the last graph in Figure 1.

that is, T acts trivially on the universal cotangent line bundle for the first marked
point on Mo o /o(um)» and the dimension of Mo oo (ua) 1S 720 + 0 (Vmin) —

mo+0(Vmin)—3

Z h_(r"'l)ﬂglﬁf.

r=0

h—
Since mg~+0(Vmin) <m—+|I'| and I" contributes to the coefﬁcient of ¢/"in (7-10), it
follows that (6-2) holds with  replaced by 2. and Z7) with Ny =m+d -2,

Cl.j (d)= Cl] (d) in the first case, and Cij d) = (’:{ (d) in the second case.
The argument in this section extends to products of projective spaces and concavex
sheaves (1-13) as described in [Cooper and Zinger 2014, Section 6].

8. Polynomiality for stable quotients

In this section, we use the classical localization theorem [Atiyah and Bott 1984] to
show that the generating functions 7”227 and A"~2Z™®) defined in (6-7)

n;a, m’ n;a, m’
satisfy specific mutual polynomiality conditions of Definition 6.2 with respect to

the generating function Zn; a defined in (3-3). The argument is similar to the proof
in [Cooper and Zinger 2014, Section 7] of self-polynomiality for the generating
function Z,., defined in (3-3), but requires some modifications.

8A. Proof of Lemma 6.6. The proof involves applying the classical localization
theorem [Atiyah and Bott 1984] with (n + 1)-torus

T=C*xT,

where T = (C*)" as before. We denote the weight of the standard action of the
one-torus C* on C by #. Thus, by Section 3A,

HE ~Qlh],  Hi ~Qlh, ay, ..., o).

Throughout this section, V = C @ C denotes the representation of C* with the
weights 0 and —/%. The induced action on PV has two fixed points:

q1=[1,0], ¢2=10,1].
With y; — PV denoting the tautological line bundle,
(8-1) e(yf‘)!ql =0, e(yl*)|q2 =—h, eT,PV)=h, eT,PV)=-h;
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this follows from our definition of the weights in [Cooper and Zinger 2014, Sec-
tion 3].
For each d € ZZ°, the action of T on C"* ® Sym?V* induces an action on

X, =P(C"®SymiV*).
It has (d + 1)n fixed points:
Piry=[P@u’™"v"], ielnlre{0}Uld],

if (u, v) are the standard coordinates on V and 15,- € C" is the i-th coordinate vector
(so that [P;] = P; € P"1). Let

Q=e(y*) € H (X))

denote the equivariant hyperplane class.
Foralli € [n] and r € {0} U[d],

d n
82 Qpep =ait+rh,  e(TppXa) = i TTI] ©@-o- sh)}
s=0k=1 Q=0;+rh
(s.k)#(r,i)
Since
BX; =P(B(C"®@ Sym?V*)) - BT and
d n
c(B(C"@Sym?v*) =[] - (e +sh)) € H*(BT),
s=0k=1
the TT—equivariant cohomology of X, is given by
B _ d n
HZ (Xq) = H*(BXg) = H*BDIR1 [ T[] (@ - (@ +sm)
s=0k=1
d n
~@[sz,h,a1,...,an]/]_[]_[(sz—ak—sh)

s=0k=1

d n
C Qulh, Q]/l—[l—[(Q—ock —sh).

s=0k=1

In particular, every element of H%‘ (X,) is a polynomial in  with coefficients in
Qg [#] of degree at most (d + 1)n — 1.
For each d € 779, let
(8-3)
X =1{be QomPV xP" ' (1,d):evi(b) € g1 x P" ' eva(b) € ¢ x P71}
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A general element of b of X/, determines a morphism
(f.8):P'— ®V,P"™D,
up to an automorphism of the domain P'. Thus, the morphism
gof l:PV - pr-!

is well defined and determines an element 6 (b) € X4. By [Cooper and Zinger 2014,
Section 7], this morphism extends to a T-equivariant morphism

9:94:%21—>§d.8
If d € 7, there is also a natural forgetful morphism
F:X,— Qou(P" ', d),
which drops the first sheaf in the pair and contracts one component of the domain if
necessary. If in addition m > m’ > 2, f, » is as in (6-5), and fo; is as in (1-3), let

y@

n;a;m’

= £5 VD = Qg P d).

n;a

From the usual short exact sequence for the restriction along oy, we find that

(8-4) eV )= (a)evix'@e(V\) ) e H{ (Qom(P"", d)).

n;a;m
In the case d = 0, we set

Fre(W" )= (@)evi(l x x‘®) e H*(Qon(PV x P"~!, (1,0))),

n;aim

Fre(VY) ) =1€ H*(QomPV x P"~!, (1,0))).

n;a;m

Lemma 8.1. Let [ € ZZ°, m,m',n € Z* withm > m’ > 2, and a € (Z*)'. With

Zpay 200 ZOD) 40 in (3-3) and (6-7),

n;a;m’? “n;a;m’

8-5) (=m" 2L, (h2,9)

—
n;a;m’ >y a 0/

o m
* v.(d b b;
= qu / el Q)ZF*e(V,i;;;m,) V) evr 1_[ wj’evj(e(yl*)zzrj).
X/ ,
d=0 d j=3

with (2, V., 7) = (2, V. 1), (£, V. ).
Since the right-hand sides of the above expressions lie in H[z, ¢] C Qu[#1[z, 4],

this lemma is a more precise version of Lemma 6.6.

8This morphism is the composition of the morphism 6, defined in [Cooper and Zinger 2014] in
the m = 2 case with the forgetful morphism

Qom(PV xP""1 (1, d)) = Qp2(PV x P! (1,a)).
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1 3

N 4 e S

(L4) 0.0 L2 (.0 (1.3
Figure 5. A graph representing a fixed locus in X/,; i # 1, 3.

8B. Proof of Lemma 8.1. We apply the localization theorem of [Atiyah and Bott
1984] to the T-action on %;,. We show that each fixed locus of the T-action on
X/, contributing to the right-hand sides in (8-5) corresponds to a pair (I'y, I'2) of
decorated graphs as in (7-3), with I'; and I'; contributing to the two generating
functions in the subscript of the corresponding correlator ® evaluated at x = «; for
some i € [n].

Similarly to Section 7, the fixed loci of the T-action on Qo, n(PV <P (d' d))
correspond to decorated graphs I' with m marked points distributed between the
ends of I'. The map 0 should now take values in pairs of nonnegative integers,
indicating the degrees of the two subsheaves. The map p should similarly take
values in the pairs (i, j) with i € [2] and j € [n], indicating the fixed point (g;, P;)
to which the vertex is mapped. The p-values on consecutive vertices must differ by
precisely one of the two components.

The situation for the T-action on

X, C Qom(PV x P! (1,d))

is simpler, however. There is a unique edge of positive PV -degree; we draw it as a
thick line in Figure 5. The first component of the value of ? on all other edges and
on all vertices must be 0; so we drop it. The first component of the value of x on
the vertices changes only when the thick edge is crossed. Thus, we drop the first
components of the vertex labels as well, with the convention that these components
are 1 on the left side of the thick edge and 2 on the right. In particular, the vertices
to the left of the thick edge (including the left endpoint) lie in ¢; x P"~! and the
vertices to its right lie in go x P"~!. Thus, by (8-3), the marked point 1 is attached
to a vertex to the left of the thick edge and the marked point 2 is attached to a vertex
to the right. By the localization formula (7-1) and the first equation in (8-1), I does
not contribute to the right-hand sides in (8-5) unless the marked points indexed
by j > 3 are also attached to vertices to the right of the thick edge. Finally, the
remaining, second component of y takes the same value i € [r] on the two vertices
of the thick edge.

Let A; denote the set of graphs as above so that the j.-value on the two endpoints
of the thick edge is labeled i; see Figure 5. We break each graph I" € A; into three
subgraphs:

(1) I'y consisting of all vertices of I" to the left of the thick edge, including its left
vertex v with its 0-value, and a new marked point attached to vy;
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Figure 6. The three subgraphs of the graph in Figure 5.

(i) I'o consisting of the thick edge ey, its two vertices v; and v, with d-values set
to 0, and new marked points 1 and 2 attached to v; and v,, respectively;

(iii) I'; consisting of all vertices to the right of the thick edge, including its right
vertex vy with its 0-value, and a new marked point attached to vy;

see Figure 6. From (7-5), we then obtain a splitting of the fixed locus in X,
corresponding to I':

(8-6)

Or ~ Qr, x Qr, x Qr, € Qo2(P"™", IT1]) x Qo2(PV. 1) x Qo (P" ™, T2]).

The exceptional cases are |I'{| =0 and m = 2, |I';| = 0; the above isomorphism
then holds with the corresponding component replaced by a point.

Let 7y, 7, and m, denote the three component projection maps in (8-6). By
(7_7)7

(8-7) e(NQr)

e(Tpi [|:Dn—l)
e(NQr,) e(NQr,)
:”*<e<rpuﬂm—'1>>'”*(e<rppn—21> (@i =Y @y =m3Y1).
Since for every j =m’ + 1, ..., m the closest vertex of Ver,, lies to the right of
the thick edge, by (7-8) and (8-4),
rp r 21
wn  CeOMg = ieome( eV,
) F*e (V(\FI) ) = i) (V(Irl\))n*e(v(\rzl) )
n;a;m’ 77 i) e 2 n;a;m’

Since Qr, consists of a degree-1 map, by the last two identities in (8-1)
(8-9) Weg:vy =N, Wepivy, = —Hi.

The morphism 6 takes the locus Qr to a fixed point Py (r) € X,. It is immediate
that k = i. By continuity considerations, r = |I'{|. Thus, by the first identity in
(8_2)7

(8-10) G*Q\Qr =q; + ||k

Combining (8-7)—(8-10) and the second equation in (8-1), we obtain
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8-11) ¢! / e(e*sz)zF*e(Vr(ll;l;jL,) ‘/fgzeV§ZU2 1—1?23 w,b-jerf ey w))
! Or e(NQr)
(—h)™ 25 (o )e%i* { Ty [hz |F1/ e().)r(llgl;ll))evﬁqbi 1 }
[ (i = ) or, h—=1» or, e(N Qr,)
X{ F2|‘/ e(v'glil;?flr)l/)evT¢i HTzz(wf/ CV7Wj) 1 }
! or, (=h) —yn Or, E(NQFZ) ’

This identity remains valid with [I";| = 0 and/or m = 2, [I';| = O if we set the
corresponding integral to 1 or to /i”a| p,, respectively.

We now sum up the last identity over all I' € 4;. This is the same as summing
over all pairs (I'y, I'y) of decorated graphs such that

(1) T'y is a 2-pointed graph of degree d; > 0 such that the marked point 2 is
attached to a vertex labeled i;

(2) ' is an m-pointed graph of degree d» > 0 such that the marked point 1 is
attached to a vertex labeled i.

By the localization formula (7-1) and symmetry,

O.}(‘,Fll))eV*(,bi
1 hz |r1|{/ €Vnia 2 }
F L@ ], B eV

> e(i}(fi))ev’z‘d)i .
=1+ (ge")" / —hey, = Zmalei b qe™);
i Qo.2(P~1,d) 2

“5(IT2]) * m bj  x
S 2k 7|5 +qu2|{/ eV am)eVidi [ [ (¥ erwf)}
’ o or, e(NQOr,)(—h — )

- (I b
/ e, eV [T/ (0 evim))
Qom(P"="d) (=h—y1)

00
= 8m,2thZD2|pi + Z C]d
d=max(3—m,0)

= Z‘(byW)/ (O(ia _h7 Q)-

n;a;m

Combining with this with (7-1), we obtain

o0 m

d * d b bj
> g //e(e Dpre(V N Urevion [ v evie)m))
=0 “Y%Xa j=3

e ile)et hzy 2 (b.m)
= (—h)" 2 E —Z a0y, B, qge"Z 7" (g, —H,
o = [l (@i — ) aleis 1 GE) S (€ D

D 2]
— (—h)m cbgma,z.(b,. /

niaim

(A, z,q),
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as claimed in the Z identity in (8-5).

From (8-7)—(8-10), we also find that (8-11) holds with V and V replaced by
V and n by #j, with the same conventions in the |[I'j| = 0and m =2, || =0
cases. We then sum up the resulting identity over all pairs (I'y, I'2) of decorated
graphs as in the previous paragraph. The sum of the terms in the first curly brackets
over all possibilities for '} is exactly the same as before, while the sum of the
terms in the second curly brackets over all possibilities for I'; is described by the
same expression as before with Vlill;z,z, and Z,i[;’;fn), replaced by V,E“;Z,Q/ and Z}Ebau;)
respectively. Thus,

e m

* ©(d b b
qu/x/ e Q)ZF*e(VrE;;;m') vy evamn | | Wj]erf(e()/l*)wj)
d=0 d i=3

n . .
B Y nia;)e”s . hzy 5(b.w)
= D e ey e 10 Z e

- (_h)m_ZanZn;a,Z(b'm) (h’ Z q)’

n;a;m’

as claimed in the Z identity in (8-5).
In the case of products of projective spaces and concavex sheaves (1-13), the
spaces

Qom(PV xP"' (1,d)) and X,;=P(C"®Sym’V*)
are replaced by

Qo,m(IPV x Pl o x I]J’"P_l, (1,dy,...,dp)) and
P(C" @ Sym™ V*) x -+ x P(C" ® Sym“r V*),

respectively. Lemma 8.1 extends to this situation by replacing z and ¢ in (8-5)
withzy. ...z, and 1. ... qp. g with g - gy, X with X}, . e®"%9) with
e@" QD21++0"2)2p and the indices d and n on the bundles V, V with (dy, . . ., dy)
and (ny,...,np,), and summing over dy, ..., d, > 0 instead of d > 0. The vertices
of the thick edge in Figure 5 are now labeled by a tuple (iy, ..., i,) with is € [n,],
as needed for the extension of Definition 6.2 described at the end of Section 6. The
relation (8-10) becomes

Q*Qs’Qr = ;i + |Fl|sh,

where |I'|; is the sum of the s-th components of the values of 0 on the vertices
and edges of I'; (corresponding to the degree of the maps to P™»~!). Otherwise,
the proof is identical.
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9. Stable quotients vs. Hurwitz numbers

Our proof of Propositions 4.1 and 4.2 that describe twisted Hurwitz numbers on
./\_/lo,3|d is analogous to the proof of [Cooper and Zinger 2014, Theorem 4], which
describes similar integrals on /\_/lO,Z\d- In particular, we show that it is sufficient
to verify the statements of Propositions 4.1 and 4.2 for each fixed a and for all n
sufficiently large (compared to |a|). For v,(a) > 0, we obtain the statements of
Propositions 4.1 and 4.2 by analyzing the secondary (middle) terms in the recursion
(6-2) for the three-point generating functions Z,(loal; and Z,E()al% defined in (3-32) and
(3-34), respectively. We also use (3-35) and (3-33). The latter is the string equation
for stable quotients invariants; in Proposition 9.3, we show that it is equivalent
to Proposition 4.2 whenever v,(a) > 0. In Proposition 9.2, we show that (3-33)
is equivalent to Proposition 4.1 whenever v,(a) > 0. We confirm Proposition 4.1
whenever v, (a) > 0 using Proposition 6.3; see Corollary 9.1. Since it is sufficient
to verify the statement of Proposition 4.1 with v,(a) > 0, the v,(a) = 0 case of
Proposition 4.1 then concludes the proof of (3-33).

9A. Proof of Propositions 3.1, 4.1, and 4.2. With n and a as in Propositions 4.1
and 4.2 and by, by, by, r € 729, let

]_-(bl,bz,hg)(a_ 7) =iﬁf e(f/éd)(oti))llffu//é’zwén
A" Jion T eV (@1 — )

5(d) by by b3
]:(bl,bz,bz)(w q) = i ﬂ / e(Va;r (i)Y' 221&3%
q: Iy - o . .
- = dY Mo [Tisi e(Vl(d) (i —ayg))
By [Cooper and Zinger 2014, Remark 8.5],

. b1+br+b3
(b1,b2,b3) ;- _ Ena(@i, q)
9-1) Foa (@i, q) = PP

0,0,0
FolO (@i, q);
thus, it is sufficient to show that

(9-2) frig;o’o) (i, q) = —+—.
; )
D, (i, q)

By the same reasoning as in [Cooper and Zinger 2014, Remarks 8.4, 8.5],

b1+by
by.bab Ensalay, )7 0,0,b
]:’(l.;.rz 3)(0[!_, q) = “l—}—r(rav 3)(011‘, 9):
;a; by b, a

thus, it is sufficient to show that

00 IRV
O3 DY FO (@, q) R {(hb—ﬁl[[yn;@(ai, h, q)ﬂq;rq’} 1.

h=0
b=0 r=0
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Corollary 9.1. Letl € 72°,n € 7+, and a € (Z*)'. If v,(a) > 0,
20D & h, ) = h7" Zpax, b q) € HEE" D[, q].

Proof. By Lemma 6.4(ii) and Lemmas 6.5 and 6.6, the series hZéoaI% (x, h, g) and

Zn; a(X, i, q) are C-recursive and satisfy the n-MPC with respect to Zn; a(x, h,q),
no matter what n and a are. It is immediate that

Zpa(X, 1, q) =1 (mod A7),
If v,(a) >0and d € Z,

dim Qo3(P"~', d) —tkV s = vy@d + (n — 1) > n — 1 = dim P"~".
s ;3

Thus,
hZ00x, h,g) =1 (mod A7),
whenever v, (a) > 0. The claim now follows from Proposition 6.3. U

Proposition 9.2. Ifl € 7Z% n e Z*, and a € (Z*)! are such that v,(a) > 0, then

Zpa(X, 1,
O4)  Z0Bwh g = Zra D)
lo(q)

if and only if (9-2) holds for all i € [n].

e (Hy (P [r!, ¢]

Proposition 9.3. If/ € 7Z% n e Z*, and a € (Z*)! are such that v,(a) > n, then
(9-5) 200, q) =07 Zpa(x, h,q) € (HF P q]
if and only if (9-3) holds for all i € [n].

For any ¢,¢' € [d] with t £ 1/, let A,y € Hz(ﬂo,mw) denote the class of the
diagonal divisor

{[C’ yla sym’ 5}1’ 75)d] E/Wg,mldzj\]t =§)l/}‘

A, = ZA”/.

t'>t

For any t € [d], let

We denote by s, 57, ... the elementary symmetric polynomials in

Bt ={(i —ar) ™"k #i}

for any given number of formal variables f;. Let

ay Ay —ay ,—ag Aa(ai)
Aae) = [ [ @af) T @ a7 ™, Anal) =

a;>0 ar <0
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Proof of (9-2). By (1) in the proof of [Cooper and Zinger 2014, Proposition 8.3],

[Fra @i @lgia

(9-6)
A (@)
d Ay )\‘& A d —dk—l )\‘1/} A
T =224 20 T T (14 55+ 27)
_/ a>0t=1r=1 a0/ g 20r=1 =0 arc; o
Moz I ﬁ(l i LA )
ki 1=1 O =0 O — 0k
=Ha;d(ai_la519 ---95d)
for some Ha.q € Q[y, 51, ...,54] dependent only on a and d, but not on n.’
Similarly, for any d, d’ € 7Y there exists Va:a.ar € Qly, 51, ..., 54], independent

of n, such that
9-7) 7 [Vsa(etis By @) gsalnsa = AZ;a(ai)j)a;d,d/ (y,51,...,54).

Thus, by (4-9), there exist &,.4, Cbg?)d € Qly, s1, ..., s4], independent of n, such
that

[Enaei. @)]g:a = R og Va(@i b, gz = Ay @wa(@ ' 51, 5a-1),
[[cbr(z(;);(ai, D]gia = hgjo%ﬂe—én;a(%q)/h j}n;a(‘xi’ i, @)]g.a
= AL () D) (" 51, ... 5q).
We conclude that (9-2) is equivalent to

> Haa, @), =64, foralld € Z7°.
dy,d»>0
d+dr=d

By Corollary 9.1 and Proposition 9.2, these relations hold whenever v,(a) > 0;
since they do not involve n, they thus hold for all pairs (7, a). ]

Proof of (9-3). For t € [d + 1] and r € Z=°, we define v, A]., € H*(Mo 3/4) by

(i‘— 1)f2*;3A,,d+1 ift <d;

A/: >(< A’ A, = *A
U = fo30n v = f23 t+{0 ift=d+1.

9Whatever polynomial works for n > d works for all n; this can be seen by setting the extra i ’s
to 0.
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Similarly to (1) in the proof of [Cooper and Zinger 2014, Proposition 8.3],

rag

a>0 = e(v;?r(a,))—]'[]'[(akal—wt+akA, 2 | [ =23, )

t=1 =1 r=1
—ai—1 —rag—1
a <0 = e(v;fL(a,))—]_[ [ ] (i + 2, + e,y - [T ares + 24,
t=1 A=0 A=0

Thus, similarly to (9-6),

0,0,b
[[]:rE ar )(a,, ‘1)]]4:61 2 ®
Apza(oi) Aaey)” Hacra

(', s1,...,54)

for some ’Hgi;d € Q[y, 51, ..., s4] dependent only on a, r, b, and d, but not on n.
Thus, by (9-7) with a = &, (9-3) is equivalent to

o0
Z Z(_l)bH;?;z;dl y@§d2742+b =3dq,0 foralld € 7>°.
dy,d>»>0 b=0
di+dy=d
By (3-35) and Proposition 9.3, these relations hold whenever v, (a) > 0; since they
do not involve n, they thus hold for all pairs (n, a). O

9B. Proof of Proposition 9.2. We study the secondary (middle) terms in the recur-
sions (6-2) for

1 Zn;a(X, n,q)
ly(q)

We show that (9-4) implies (9-2) by considering the r = —1 coefficients in these
recursions. Conversely, if (9-2) holds, we show that the r = —1 coefficients
in these recursions are described in the same degree-recursive way in terms of
th(eoclg)rresponding power series; Proposition 6.3 and Lemma 6.5 then imply that
Z 2, 10

é\';n;a(X,th) = and Z(O 1%(X n,q).

n;a;3 —
By Lemmas 6.4 and 6.5,
9-3)
Zn;a(ai’ h, Q)
oo Ng—1 J
S _ ¢/ (d)g?
=Y Y Eualj(@h +ZZ Eya—— Zpaloy, (a; —a)/d. q),
d=0r=0 d=1 j#i aj —a /

10The same argument, with slightly more notation, can be used to show that all secondary
coefficients are described in the same degree-recursive way, thus bypassing Proposition 6.3 and
Lemma 6.5.
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Zpalai h,q)
oo N,
d @’(d)ez
= {Zn ali (d)h™ ’qd+ Zpalaj, (a; —a)/d, q),

for some Ny € Zt and {Z,. ali (d), (Z, na); (d) € Qq. It is immediate that

In(@) Y 1 Znall @g* =Y {Zual (d)g"

d=0 d= 0
¢! (d)q?
=_ZZ( _ )/d n;a(Olj,(Olj—Oll‘)/d,q)
d= lj;él oj =
:_ZZ R {n~ Zn ala, , q)}
A=l jAi h=(aj—a;)/d

L0 et @)} = R0 Za(en b)) — 1
the first and second equalities above follow from the first equation in (9-8), while
the third from the residue theorem on P! and (9-8) again, which implies that the
coefficients of qd in Zn;a(ai, h, q) are regular in /i away from /i = (a; — ;) /d
withd € Z" and j #i and h = 0, co. Combining the last identity with the first
statement in (3-12), and (4-9), we obtain

©09) S (Zall@a’ = (O)(Q)—Zg”(q) {(h”b Zyaloi,h, q)}
By Lemma 63,

200 @i h.q)

=ZNZ{Z,§";;} [(d)h™ ’q"+22 &’ 200 (@) (aj—ai)/d.q).

_ na3
d=0r=1 d=1 j#i — (aj—ei)/d

for some Ny € Z* and {Z ©. 1;}’ (d) € Q. By Section 7B, the secondary coefficients
{Z(0 1%}’ (d) arise from the contributions of decorated graphs I' as in (7-3) such
that the vertex Umin to which the first marked point is attached is of valence 3 or
higher. In this case, there are four types of such graphs, as shown in Figure 7:
(i) single-vertex graphs;
(ii) graphs with either marked point 2 or 3, but not both, attached to vy, that is,
|l9_1(vmin)| =2
(iii) graphs with two edges leaving vpip, that is, |E

(iv) graphs with |9~ (vmin)|, |E

Umin | = 29

| = 1, but 9(vmin) > O.

Umin



498 ALEKSEY ZINGER

1 1 3
d
2 (l» dO) (lv d()) .
(J> %)
3 2
1 (J2, *) s 1 5
d>
(iv dO) d3 (lv d()) (]s *)
R 3 d() ezZ* 3
(J3, %)

Figure 7. The four types of graphs determining the secondary
coefficients {Z(0 1%} d).

By (7-7), (7-8), and (7-12), the contribution of the graphs of type (i) to the sum
SalolZ @ s

X g4 Hd)
(9-10) Z q_‘ / e(V'a(d)(Ol,)) — FOLO (G o,
1—0 d! Jam, 3ld Hk;éi eV, (o —ayg)) '

In the three remaining cases, we split each decorated graph I" into subgraphs as on
page 485; see Figure 8. Let 7, .., denote the projection maps in the decomposition
(7-14). By (7-7) and (7-8),

(9-11)
VO s piob e(NOr,,) .
e(TP’_u])n—l) —’gﬂoe(vl (a; Otk)) eel;[ nce—e(T pr 1)( e:vmin — 00 Ye) |
(V(lrl))|Qp V(\Fol)(a ) l_[ ”c ee V(\l“cel) .
eeElmln

Thus, the contribution of I" to ZZOZO{Z ©. 1%} (d)g? is
e )evig,
(9-12) qr'/ Vria JeVi#rlor
or e(NOr) »
> (qdo / eV @) [Neeg, Ve
o' J Mongay Tles € V1 (@ — )

be (Z20%)Evmin

(T ciel)
X l_[ qlrc;ea)_(b”+l)/ €Viia )CVT¢1'>
€; Unmin Qr*c:e e(NQ[‘C;e) )

e€Ey .

where mo = |9~ (Vmin)| + |E,, .| (which equals 3 if I" is of type (ii) or (iii), or 2 if
I" is of type (iv) above) and dy = 0(Vmin)-
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; ! 3 1 1 —OAO—O— 2
0 0.
2% (i, do) \LO—O/ p) (i. do) (1,0) (j2, %)
@ 0) (., %) ; 4
(i,0) (j3, %)

Figure 8. The subgraphs of the second and third graphs in Figure 7.

We now sum up (9-12) over all possibilities for I' of each of the three types. For
each e € E, . , let v, € Ver denote the vertex of e other than vp;,. By (7-6) and
Section 7B, the sum of the factor corresponding to e € E,, . over all possibilities
for ', with 0(e) =d, and u(v.) = j. fixed is

Umin

—DPrt o m Gt 2oy, 1, ),
(-1 he(a; —Dli/de){ (o q) }
where Z = Zn;a in cases (ii) and (iii) and Z= Zr(llao; in case (iv). Thus, by the
residue theorem on P! and Lemma 6.5, the sum of the factors corresponding to
e € E, ,, over all possibilities for I, is

(9-13) ) .
Z(ai, h, q) b Z(a;, h,q) 8b,,0 1n cases (ii), (iii);

—pbe gy J 20T D pyhegp | 20T DO O

=D h:O,oo{ fibet] } =D { fibet! } {0 in case (iv).

Combining (9-12) and (9-13) with (9-1), the first equation in (3-12), and (4-9), we
find that the contribution to Zf,io{Zéoal%} (d)g“ from all graphs I of types (ii)
and (iii) above is given by

0. (—Enalei, 9)" 1
For o g) Y oy [T(% o Znialeis 1) =850

be(Z0)Evmin e€Ey .
1 Sn:a@i9) |E”min|
0,0,0 _
=2 (B e e 1)
L) B |
@, (@i, q) Eumin
=P (S )
’ lo(q)
with |E,, | = 1 in (ii) and |E,,, | = 2 in (iii). Using [Cooper and Zinger 2014,

Theorem 4] instead of (9-1), we find that the contribution to Y"5° ({Z\%}}! ()¢
from all graphs I of type (iv) above is given by

>\ (—Epalai, @))PF!
g Dy hmo{hbﬂzm*(a”h’@}

Z%’ a(az,CI) 1{(—1) rgoal%( h. q)}

b
b=1 h
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Putting this all together and taking into account that there are two flavors of type (ii)
graphs, we conclude that

(0

®' (o1, 9)?

o
©O-14) Y 200N @q! = F? (i, )"
= lo(q)

00 a(cts, )b _]b .
3 b o |1 s ).

b! h=0
b=1
This is the same degree-recursive relation as (9-9) if and only if (9-2) holds.

9C. Proof of Proposition 9.3. We next apply the same argument to the power

series
Zra @) =h"" Za(x, i q) and 2D (x, 1, q).
In this case, (9-9) becomes
o ci)(())(q) 00 f ( )b (—1)b~
9-15 Z dyg? = 2Ly Smad 9%! Z, o, b, }
(9-15) ;{ ali@q’ =75 ; oD T a1 0)

The graphs contributing to {Zn; a); (d) are the same as before, as are the decom-
position (7-14) and the first splitting in (9-11). However, the second splitting in
(9-11) changes. For graphs I' of type (i) and (ii) with ©(3) = vpn, it becomes

(U] (ITol) 5 (Cciel)
e(Vn;a;Z) | Or = ﬂge(Va;OO (Ot,')) : n:;ee(vn;a )

with the second factor being 1 for the graphs of type (i) and e € E,, . denoting the

unique element for the graphs of type (ii). For graphs of type (ii) with ©#(2) = vin,

graphs of type (iii), and graphs of type (iv), it becomes

e(Vra)lor = moe(Va i (@),

e, = oL, ) 201,

eVl = o™V @) - e(V5").
respectively. 00
' Thus, like (9-10), the contribution of the graphs of type (i) to EO{Z'YE?;;}} (d)qd
is =

i q° / eV @)
=0 d! J o3 nk;ﬁi e(l.)fd)(oti —ag))

00 ( 1)b

0,0,b — 7

= E :}-;E;a;o )(ai’ q)hDEO{W[[Z";Z(ai’ B, q)]]q;oqo}-
b=0
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Similarly to (9-13), the sum of the factor corresponding to an edge e € E,_. in the

analogue of (9-12) over all possibilities for I', is

Umin

hs)%o{ W} 8.0 in case (ii) with 9 (3) = vpin, (iii) with e = e3;

(1] | Z@ b0 5, i case (i) with 9(2) = vy, (i) with e = ex;
AN i, . .
hﬂ_ﬁio{ % } in case (iv).

Thus, the contribution to 2310{2,5‘;’;;}} (d)q“ from all graphs I of types (ii) with

¥ (3) = Vmin and 9 (2) = vpin 1S

o0 h s
(0,0,0) (—én.a(ai, q)) Zy.alag, b, q)
Fromo @)Y - RN = — 85,0
b=0

X0)
®, .., q)
- (—a ‘ —1)]—",5?;?60)(%,61)
l(q)

and
Zoo Zoo (0,0,b) o DL
Uy r
L L Fn;a;r (aia q)hg:{(){ hb+1 IIZI’!;Q(ab h» Q)]]q;rq }a

respectively. Similarly, the contribution from all graphs I' of type (iii) is

0o 00 b :
0,0,b3) (_Sn;a(ai» q))” Zn;a(aia n,q)
Z Focar (@ Q)( by! hgjo pb2t1 ~ 8.0

by,b3>0 r=1

(D™ ,
X hf)jo Wﬂzmﬁ(aia h@)]g:rq

O a) ) S (—1)
n;ar"h (0,0,b) , r
= (#q) — 1) Z Z]:n;a;, (ot Q)hiﬁo{w[[zn;@(ai, h,@)]g:ra }

b=0 r=1

Finally, the contribution from all graphs I' of type (iv) is given by

= n;a\&j, b -1 b 3
_ZS, (@i, q) 9‘{{( )Z,g?;%(a,-,h,q)}.

b! =1 b
b=1 h

Putting this all together and using the first equation in (3-12), but now with a = &
and thus io =1, we conclude that
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o0

Z{Z(o 1%} (d)q
d=0 (0)
(I) (Clz,LI) 0.0.5) {(_1)b ' r}
%, q 1 WWn; i h, -
10(61) ;ZOF’”” (e ERO Pyl [Vo:olai, b, q)]g:rq

N Epalai, q)° (=P (0 D
_Z b! hgjo{ Z, w2 (@is s Q)}'

b
b=1 h

This is the same degree-recursive relation as (9-15) if and only if (9-3) holds.

10. Proof of (3-14)
The equivariant cohomology of P"~! x P"~! x P"~! is given by

HT*(Pn_l % I]:Dn—l % Pn_l)
n n n
= @[als <oy Oy, X1, X0, X3]/{1_[(X1 _ak)7 H(X2 _ak)’ H(X3 _ak)}
k=1 k=1 k=1

Thus, by the defining property of the cohomology pushforward [Zinger 2009,
Equation (3.11)], the three-point power series Z,., in (3-3) is completely determined
by the 1> power series

(10_1) Zﬂ;a(ail’ai27ai3ahl7h2ah3yq)

o0

= qd / e(vr[zl;a> eVT¢i1 ev;¢i2 ev§¢,~3
Dos®@1.ay (B — Y1) (i — ) (3 — ¥3)

The localization formula (7-1) reduces this expression to a sum over decorated
trees as in Section 7. Each of these trees has a unique special vertex vg: the vertex
where the branches from the three marked points come together (one or more of the
marked points may be attached to this vertex). We compute this sum by breaking
each such tree I at vy into up to 4 “subgraphs”:

d=0

(1) I'o consisting of the vertex vg only, with 3 marked points and with the same p
and 0-values as in I';

(i1) for each marked point r = 1, 2, 3 of I with ¥ (¢) # vg, I'; consisting of the
branch of I" running between the vertices ¢ (¢#) and vy, with the d-value of vg
replaced by 0 and with one new marked point attached to vo;

see Figure 9. The contribution of the vertex graphs (i) is accounted for by the
Hurwitz numbers of Proposition 4.1, while the contribution of each of the strands
is accounted for by the SQ analogue of the double Givental’s J-function computed
by (3-11), (3-12), and (3-15). Putting these contributions together, we will obtain
(3-14).
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r

(i, 0) 2
2

1 2 2 ) €2

d Vi
, 1 & 1 (i. do)

(i,0)  (,2)  (i,0) 1 .

e3 3
3 : 3

r I j
1 0 i,0) ry

Figure 9. The four subgraphs of the second graph in Figure 1,
with label i replaced by i;.

Leti = (vg) and dy =0(vg). Foreacht =1, 2, 3 with 9 (¢) # v, let e; = {vg, v}
be the edge leaving vy in the direction of ¥ (¢). By (7-5),

3 3
(10-2) Or ~ Or, x [ | @r, = Mo3ia,/Sap) x [ | Or.-
t=1 t=1
where the z-th factor is defined to be a point if #(¢) = vg. Let 7, ..., 73 be the
component projection maps in (10-2). By (7-7) and (7-8),
(10-3)
3
e(NQr) - (do) - e(NQr,)
W = gﬂge(yl 0 (Oli —ak)) . E njm(a)g,;vo —_ nglﬁt) .
3

(V)| 5, = eV @) - re(VIE).
=1

with the r-factor defined to be 1 if 9 (¢) = vy. Thus, the contribution of I" to (10-1)
is

(10-4)
1 3 (q_do f eV @) [Ty "
ITk#iﬁxi__ak)bthb3zo dO! ﬁﬂaﬂq)ITk¢ie(i§¢”(ai——ak))

3

*(IT1]) % * ‘(1T ) * *
X q'r‘]a)_(blﬁ‘li/‘ e(Vn;al )€V1¢ileV2¢i l_[qrya)_(br-‘rlf/ e(Vn;a )eV1¢i th ¢ir)
w0 Jo eV Or) (i —¥1) 1 Jor oW Or) (e —y) )1

=2

where the ¢-th factor on the second line is defined to be 7/, Gt g D (1) = vp.
We next sum up (10-4) over all possibilities for I'. Let

Zn§a(ai17ai’hlath) 1ft=1,

Z.‘ h, [ ,h 5 = >
l( al[ ! q) {Zn;a(ai»ainh» ht’ q) 1ft=2’ 3
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By (7-6) and Section 7B, the sum of the factor in (10-4) corresponding to each
t =1, 2,3 over all possibilities for I'; with 0(e;) = d; and p(v,) = j; fixed is

— 1)l R F— D) 2. h o, by, )

O R iR, i, ey )
Thus, by the residue theorem on P! and Lemma 6.5, the sum of the factor in (10-4)
corresponding to each ¢t =1, 2, 3 over all possibilities for I'; nontrivial is

{Z',-m, ai,, hy, q) }

b
D7 2 bt

h=0,00,—H,

Zi(h,oz,-,,h s ) —(b,
= (—l)b'hi)jo{—fq} —h " T @, —aw).

bit1
h ki

Since the last term above is the contribution from the trivial subgraph I';, the sum
of the factor in (10-4) corresponding to each r = 1, 2, 3 over all possibilities for I';
with w(vg) =i fixed is

' Zi(h, i, By, q)
(10-5) Z [t-factor in (10-4)] = (_1)brh§§0{ Tl’q };

Iy

this takes into account the graphs I with 9 (¢) =i.
By (10-4), (10-5), and Proposition 4.1,
(10_6) Z.ﬂ;a(ailsaiZ’ai3ahl’EZshSaq)
n 1 3
=) : I1, 0{ —5":a<“f*q)/hzi<h,a,-,,rm)}.

0
i=1 snfl(ai)cb,(l;;(ai’ [:1

By (3-11), (3-15), (3-12), and (4-9),

U e on ,
ﬁo{ﬁe g";a(a“whzﬂh’aiwhwﬂ}: 2 <(—1)’rsr;

s7,8¢,17>0
s{+si+ri=n—1
s/ Ci)(o) (o . s;—r;
a(@is @) Lpa(ai, )"
I N e AT )
S st lo(q) -~ Iy (q)
/=

for t =2, 3. Combining this with (3-26), [Popa 2013, Proposition 4.4], and (2-16),
we find that

(10-7) % {%e—é‘n;a(ai,q)/ﬁ Zi(h’ o, by, q)}

—1 § + (0 5,
e, <I>f,;3(a,~,q>Ln-a<ai,q)* ¢

=226 @

A T D)
s;=0r;=0 s,+r, (f])
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for t =2, 3. By the same reasoning,

(10-8) R {%e—&:a(““‘”/h Zi(h, oy, iy, q)}

n—1 § C'I'D(O) (i , §1—r1
. iy @) Lya(ai, q) .
=Y Y GV 200 (@i L q),
s1=0r;=0 |]S1+r1 (q)
where
. Lyaai, )\ @ .
(10-9) b)) (@i, q) = (—) &) (@, ).
1

On the other hand, by (4-10) and (4-8),

+ (0 _
" 0 (@, 9) Lyalei, q)° (Ln;a(ai, q)) @
o

= sum1(@) (@i q)
n

1 _jajdL

=_§ Lpaag, q) ==

at i=1 (@i ) dg

1d

lnl_[?=1 Ln;a(‘xi,CZ) if s =|a| —1;
~atdg

s++_|a| Y Lya(ei, @) ™71 otherwise.

The collection {L,.a(;, g)~'} is the set of n roots y of the equation
1—s1y+---+(=1)"s,y" —a?qy"® = 0.

Thus, if s >0and s + 1 < |a|,

n
d _
- E L.. . s+1—a
dq < nia(Qi, q)

— i’H(Ial—s—l) (_ Sn—1 , Sn—2 e, (_l)lal—s—l Svn(a)+s+l) =0,
dg Si Su Sn

where H") is as in (3-22). If |a| = n, {Ly.a(;, q)} is the set of n roots y of the
equation

Yy —(1—2a*) 's1y" '+ (1—a%q) sy 2 — -+ (=1)"(1 —a*q) " 's, = 0.

Thus, if s+ 1 < |a| =n,

- ) —| \d_L . (s+1—n)
(10-10) D Lualei, @) MG = a"H, 7" @),

vy ()
i=1
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where ’H.(f) is as in (3-23). If |a] < n, {L,.a(@;, q)} is the set of n roots y of the

equation

Y =siy" T e (DO s gy 4 (=)@ (s, — (1) Pa’q )y
+ (=@ YT e (- 1)s, = 0.

Thus, if s + 1 < |a] < n, (10-10) still holds. Combining the equations in this
paragraph, we find that

" (o, ) Lusaleti, q)° (Ln;a(oei, q))—“a)

: (0
= sm1(@) ) (@i q)

o
_ 5igl)7n)(aaq) ifs>n—1;
0o ifo<s<n—1.

Combining this with (10-6)—(10-9) and (3-25), we obtain (3-14).
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