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DIMENSION JUMPS
IN BOTT-CHERN AND AEPPLI COHOMOLOGY GROUPS

JIEZHU LIN AND XUANMING YE

Let X be a compact complex manifold, and let 7 : ¥ — B be a small deforma-
tion of X, the dimensions of the Bott—Chern cohomology groups H]f(’:q X))
and Aeppli cohomology groups H : ‘(X (t)) may vary under this deforma-
tion. In this paper, we will study the deformation obstructions of a (p, q)
class in the central fiber X. In particular, we obtain an explicit formula for
the obstructions and apply this formula to the study of small deformations
of the Iwasawa manifold.

1. Introduction

Let X be a compact complex manifold and 7 : ¥ — B be a family of complex
manifolds such that 7=!(0) = X, where ¥ is a complex manifold and B is a
neighborhood of the origin. Let X; = 7 ~!(¢) denote the fiber of 7 over the point
t € B. In [Ye 2008], the author studied the jumping phenomenon of Hodge numbers
h?-1 of X by studying the deformation obstructions of a (p, g) class in the central
fiber X. In particular, the author obtained an explicit formula for the obstructions
and applied it to the study of small deformations of the Iwasawa manifold. Besides
the Hodge numbers, the dimensions of Bott—Chern cohomology groups and the
dimensions of Aeppli cohomology groups are also important invariants of complex
structures. D. Angella [2013] studied the small deformations of the Iwasawa
manifold and found that the dimensions of Bott—Chern and Aeppli cohomology
groups are not deformation invariants.

In this paper, we will study the Bott—Chern and Aeppli cohomologies by study-
ing the hypercohomology of the complex %}, , constructed in [Schweitzer 2007].
M. Schweitzer [2007] proved that

HEN(X) = HPY(X, Byq) and  HYY(X) ZHPTN(X, Bhir,g41).
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As in [Ye 2008], we will study the jumping phenomenons from the viewpoint
of obstruction theory. More precisely, for a certain small deformation & of X
parameterized by a base B and a certain class [0] of the hypercohomology group
H! (X, B3 .q), we will try to find out the obstruction to extend it to an element of
the relative hypercohomology group H' (%, % ».q:%/8). We will call those elements
which have nontrivial obstruction the obstructed elements. And then we will see that
these elements will play an important role when we study the jumping phenomenon,
because we will see that the existence of obstructed elements is a sufficient condition
for the variation of the dimensions of Bott—Chern and Aeppli cohomologies.

In Section 2 we will summarize the results of M. Schweitzer about Bott—Chern
and Aeppli cohomologies, from which we can define the relative Bott—Chern and
Aeppli cohomologies on X,,, where X, is the n-th order deformation of 7 : & — B.
We will also introduce some important maps which will be used in the calculation
of the obstructions in Section 4. In Section 3 we will try to explain why we need to
consider the obstructed elements. The relation between the jumping phenomenon
of the dimensions of Bott—Chern and Aeppli cohomologies and the obstructed
elements is the following.

Theorem 3.1. Let w : X — B be a small deformation of the central fiber compact
complex manifold X. Now we consider dim M (X (t), B} 4.1) as a function of
t € B. It jumps at t = 0 if there exists an element [0] either in H (X, Bp.q) or
in H=1(X, Bp.q) and a minimal natural number n > 1 such that the n-th order
obstruction is nonzero:

0, ([0]) # 0.

In Section 4 we will get a formula for the obstruction to the extension we
mentioned above.

Theorem 4.4. Let 7 : ¥ — B be a deformation of w~'(0) = X, where X is a
compact complex manifold. Let 7w, : X, — B, be the n-th order deformation of X.
For arbitrary [0] belongs to H (X, B%.q), suppose we can extend [0] to order n — 1
in H (X, _1, B.q:X,_1/Bar)- Denote such element by [6,—1]. The obstruction of the
extension of [0] to n-th order is given by

0n (0D ==0%" 5 ok o0’ 1y (01 D=3%" 5 0Faody’ n (61,

n]

where Kk, is the n-th order Kodaira—Spencer class and i,, is the n -th order Kodaira—

Spencer class of the deformation @ : ¥ — B. The maps 8 ~ /Bn 0 82(’5/: By 1
8}9(3131/3’1_1 and axn—l/Bn—l are defined in Section 2.

In Section 5 we will use this formula to study carefully the example given by Iku
Nakamura and D. Angella, that is, the small deformation of the Iwasawa manifold
and discuss some phenomena.
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2. The relative Bott—Chern and Aeppli cohomologies of X,, and the
representation of their cohomology classes

2A. The Bott—Chern and Aeppli cohomologies and hypercohomologies. All the
details of this subsection can be found in [Schweitzer 2007]. Let X be a compact
complex manifold. The Dolbeault cohomology groups H; P-9(X), and more generally
the terms E/?(X) in the Frolicher spectral sequence [Frohcher 1955], are well-
known finite dimensional invariants of the complex manifold X. On the other hand,
the Bott—Chern and Aeppli cohomologies define additional complex invariants of X
given, respectively, by [Bott and Chern 1965; Aeppli 1965]

ker{d: AP(X) — APTIt (X))
im{99: dr—14-1(X) — P4 (X)}’

HP 4( )
and

ker{9d: AP 1(X) — APTLaH (X))

HPN(X) = — :
im{d: AP~1.9(X) — AP-9(X)} +im{d: AP 9 1(X) — AP-9(X)}

By the Hodge theory developed in [Schweitzer 2007], all these complex invariants
are also finite dimensional, and H Pl(x) = I;ch "7P(X). Notice that Hg&p (X) is
isomorphic to Hlfcq (X) by complex conjugation. For any r > 1 and for any p, ¢,
there are natural maps

Hyd(X) — EP9(X) and EP9(X) — HYY(X).

Recall that E Pax)y is isomorphic to H P9(X) and that the terms for r = oo provide
a decomposmon of the de Rham cohomology of X: R(X CO=®piqg= EE1(X).
From now on we shall denote by hg’g (X) the dimension of the cohomology group
Hé’éq (X). The Hodge numbers will be denoted simply by /#7-7(X) and the Betti
numbers by b (X). For any given p > 1, g > 1, we define the complex of sheaves
Lp.q by

Fhe= P 4™ iftk<ptq-2. L, =@ 4" ifk=p+q,

r+s=k r+s=k
r<p,s<q r=p,s=q

and the differential
pryi o d pry2 o d

0 P.q P4 k2 33 k—1 d;
SNPPQ 7 ‘5817‘1 7 ESNP iqu 55817[1 T

where s{"* are the sheaves of smooth (r, s)-forms and pr is the projection operator.
Then by the above construction, we have the following isomorphisms:

HE(X) = HPT7 N (85, (X)) = HPHH(X, $5,.0),

HYU(X) = HP U Lyi1,4+1(X) EHPTU(X, Lpi1.g41),
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because £% , are soft.
We define a sub complex ¥ , of &£3, , by

(P, 3):0>Q ... 5 Q' 50, 9,0):0-Q' ... 5 Q11 0,
Sy a=Fp+97 0+0-QleQ' - ... 5> @ Q5 QP ... 5 Q1750

Note that the inclusion ¥* C &* is a quasiisomorphism [Schweitzer 2007]. There is
another complex B ; used in [Schweitzer 2007], defined by

RB.g: C 000 0'a0 ... QP labr G — ... 01 .
and the following morphism from %3, , to ¥ 4[1] is a quasiisomorphism [Schweitzer
2007]:
@ @ (&) 0 — Q! [asy Ql -
i I+ J
0 — 040 - QaQ! - .
Therefore we have
Hé’éq(X) ~ P (X, P, 401]) = HP (X, % 4[1]) = HP (X, B ),
and

HY(X) ZHPHX, Ly g1) ZHPX, Fping) EHIVTN X, Bl g41).

2B. The relative Bott—Chern and Aeppli cohomologies of X,. Here we make
some definitions in order to construct the relative Bott—Chern and Aeppli coho-
mologies of X,. Suppose X is a compact complex manifold.

e Let 7 : % — B be a deformation of 7~ (0) =

« For every integer n > 0, set B, = SpecOp o/ m”Jrl — the n-th order infinitesimal
neighborhood of the closed point O of the base B.

e Let X,, C ¥ be the complex space over B;,.

e Letm, : X, — B, be the n-th order deformation of X, and denote 7 *(mg) by Jdlo.

o Complex conjugation gives another complex structure of the differential manifold
of &; we denote this manifold by ¥, and 7 induces a deformation 7 : ¥ — B of
X. Then we have X,, and 7, : X,, — B,.

o Let 6% be the sheaf of C-valued real analytic functions on B.

o Set 05 = *(6%), @‘gg = 7% (6%); let m be the maximal ideal of €%, and let
MG = m*(mg), Mg = 7T*(mg

o For any sheaf of Og- (resp. Oy-) modules %, set F* = F ®q, 05 (resp. F* =
F @5, 0%).

» Let 03 =09 /(M§)" " and 0% = 0% o/ (Mg)™*1.
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» For any sheaf of Oy, (resp. O, ) modules F, set ¥ = F ®q,, 0% (resp. FO =
% ®@)7n @6}%").
» For any given p > 1, g > 1, we define the complex ¥ /B, = Ip.q: X, /B, DY
. 1
(S x5 Ox,8,) 0%, = Q40p — = Q& 0,

1
(Equ /Bn,ax /B) @ —) QX /Ba —> s —> Q?("/BZ)—)O,
Dy aixatBe = Ipxossy + Lixoss, - 0%, + 0% = Q5 p @ QY0 — -
p—Lo . 5p la) ol Lo
—>QX/B EBQX/B —>QX/B—> —>an/Bn—>0.

» Finally, define %5 4:x,/8, by

Bo,q: Xu/Bn Cw @w EB@w — Q B EBQX /B,
- Q5 ® Q% 5 — Qf{% == Q0.
where C =7~ 1(6% o/ (m§)" ).

Now we are ready to define the relative Bott—Chern and Aeppli cohomologies
of X,:

HE (X, /By) HPYU(X, 55 g:x,/8,[1]) = HP (X, Bg:x,/8,):
and
Hf,q(xn/Bn) = H[’"‘Q (X’ 9>I;+]sq+]§xn/3n) = |]_|]P+(1+1 (Xn’ %.p+1»Q+1§X)1/Bn)'

2C. Representation of the relative Bott—Chern and Aeppli cohomology classes.
In this subsection we will follow [Schweitzer 2007] to construct a hypercocy-
cle in ZPH4(X, %B%.q) to represent the relative Bott—Chern cohomology classes.
Let [0] be an element of Hé’éq (X), represented by a closed (p, g)-form 6. It
is defined in HP™9(X, £, ,[1]°) by a hypercocycle, still denoted by ¢ and de-
fined by 677 = 0|y, and 0™ = 0 otherwise. For given p > 1 and ¢ > 1, there
exists a hypercocycle w = (c; u"0;v0%) e ZPta (X %Bp.q) and an hypercochain
a=("%)e Cra- I(x, £Lpql11%) such that 0 = §a + w. We represent the data in
the following table:

0,g—1
0,4
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The equality & = o 4+ w corresponds to the relations
074 = §go 1!
(=1 8™ = da ! + do 1
(—1)*3a®* = 50— 0
(—1)" (SarO 970 + 9o 10
=6,0+6)°
593’0 =0,

where 1 <r < p—1and 1 <s <g — 1. Note that these relations involve relations
of the hypercocycles for 6, and 6,:

(—1)"8670 = 9710 (—1)*50%% = 9%+,
with the same conditions on r and s. If ¢ = 0, we simply have
0 < (6,000, ...,00710)
with the relations
070 =a0r=10  (—1)"8070 = 96710, 5600 =94,
for 1 <r < p — 1. Similarly, if p = 0, we have
0 < (6,000, ...,0%471)
with the relations (where 1 <s <g —1)
0% = —30%971 (=1)°800* =300, —8000 =6..
Similarly, let [0] be an element of Hj! (X,,/By), then it can be represented by a
Cech hypercocycle 6,, 6, and 6, of z p+‘7 (X, %' . X /B ) with the relations
(—1)780;0 = 90,710 (=1)*800 = 900!
90 0_p.. 90 0_g.,
where 1 <r < p—1and1 <s <g—1; while for an element [0] of H/f’q(Xn/Bn), it

can be represented by a Cech hypercocycle 6, and 6, of Zptatl (X, Bp+1,9+1:X,/B,)
with the relations

(—1)"5670 = 967710 (—1)*86% = §p%s~!
5690 =g, A
where ] <r <pand1<s <gq.

Before the end of this section, we will introduce some important maps which
will be used in the computation in Section 4.
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Define
5,% . _1; . .
Oy g, - H* (X, Q% ") = WP (X, Bi.g:x,/8,)

as follows. Let [0] be an element of H*(X,, Qf(
by a cocycle of Z*(X, Q’;;/lj_,;:)), we define 8)8(’"9/33'1 ([#]) to be the cohomology class
associated to the hypercocycle in ZP**(X, B3 4.x,/8,) given by

]1;9:)) then 6 can be represented

n

6r~10=9, 970=0 for0<r<p-2 6% =0 for0<s<g—1, and 6.=0.
When « < 0, 82”?/53" is defined to be 0.

Lemma 2.1. The map 3}5(;19]/33” is well defined.

Proof. It is easy to check that the hypercochain given by 6,, 8, and 6, is a hyper-

cocycle. On the other hand, suppose there exists a cochain «’ in Cc(x, Qf(:/;;:’)

such that o’ = 6. Then if we take a hypercochain o in CPT*~1(X, B.q:X,/By)

given by a{,’_l’o = (-1, a;’o =0for0<r <p-2, 058" =0for0<s<g-—1,
and o = 0, we have dar = 9y ), ([0]). Therefore 3%, ([6]) = 0. O

Similarly, we can define
a e a O _11 L] .
a?inngn LH (X, Q?(,./BZ)) — H™(X,,, Bhp.q:Xu/B,)

as follows. Let [#] be an element of H*(X,, S_Z?(:/IB‘;) Then 6 can be represented
by a cocycle of 7 (X, S_ZSI(;/I&:’); we define 5?523}1 ([8]) to be the cohomology class
associated to the hypercocycle in 7+ (X, B%.q:X,/B,) given by 9,?"1_1 =6,00"=0
forall0<r<g-2, 9;’0=Of0ra1105r < p—1,and 6, =0 (when « < 0, this map
is defined to be 0). This map is also well defined and the proof is just as Lemma 2.1.
Define B
0 HTP (X, By g:x,m,) = H (X, Q05 )

as follows. Let [0] be an element of H*"7(X,, 8% 4:x,/8,)- Then 6 can be rep-
resented by a hypercocycle of ZP**(X, B 4:x,/8,), and we define 8)9?”’?3” [en
to be the cohomology class associated to the cocycle in 7 (X, Q[;(T/)Bn) given by
dx, /8,0 _l’o(when + < 0, this map is defined to be 0).

Lemma 2.2. The map 8;‘?;?3” is well defined.

Proof. First we check that the cochain given by 0y, 5, oF 1045 a cocycle. In fact,

since 6 is a hypercocycle in 7P (X, 973;)’ 4 X /Bn)’ we have

(=D)P71367 710 = oy, /m,60 2",
therefore

80x,/8,00 """ = (=1)?0x,, 0 0x,/5,00 " =0.

n-u
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On the other hand, suppose there exists ahypercochaina eC er'_I(X Bp,g: X /Ba)
such that 8o = 6. Then if we take a cochain o’ € C* -1(x, Q B ) given by

o = (—1)1”8;(”/3,105{,7 1’0, we have
8o/ = (=1)P8dy, p,00 "0 = (—=1)P 3y, g, 8l ™0

— (_1)17+1+p—18Xn/Bn01£)—1,0 — 8)97(3’;?,3"([0])
Therefore 3y’ ([01) =0. O

Similarly, we can define
5%;’(;3 H.—i_q(Xnv 973p q; X,,/B,,) — H* (Xm QX /Bn)

Let [0] be an element of H* (X, BY.4:x,/8,) then 0 can be represented by a
hypercocycle of Za+e (X, B.q:x,, /By ), we deﬁne 3% X /B ([6) to be the cohomology
class associated to the cocycle in VA (X, Q% X, /B ) given by 9 X /By 9 (when <0,
this map is defined to be 0). This map is also well defined and the proof is just as
Lemma 2.2.

Remark 2.3. The natural maps from Hé’éq (X,/By) to H1(X,,, Qf(;a/)Bn) and from

HI(X,, Q%“;Bn) to H{?(X, /B,) mentioned in Section 2A respectively are exactly
the map

00 TP (X, By gox,8,) (2 HEE (X /B)) — HI(X,, Q)

0%t HY (X, Q5 ) — HIPH (X, Byt g1:x,/8,) (& HY (X, /Bu),

and we denote these maps by rzc 5 and rj 4.
We also denote the maps

8% HY (X, Q1) — WP (X, B i, 5,)(Z HEE (X /By)),
Ox 0s MO, By g1:x,/8,) (& HY (X /Ba)) — HI (X, Q150
9,BC A,d

by dy 5, and 9y /p .

The following lemma is an important observation which will be used for the
computation in Section 4.
Lemma 2.4. Let [0] be an element of H' (X,,, B 4:x,/8,) Which is represented by
an element 6 € Z1(X, BY.4:x,/8,) given by 6, 6, and 6. Then dx, 5, (6 — 6L ~"")
is a hypercoboundary.
Proof. The hypercochain dx, /5, (6 — 62 ~"") is given by (dx, /5, (6 — 67 ~"%)0 =
0x, /8,050 for 0 <r < p—1, (dx, /5,005 N0 =0, Dy, /5, O—0) ")) =0
for0 <s <q—1, and (dx,/5,(0 —67"*)). = 0. Let  be the hypercochain in
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CH(X, B g:x./8,) givenby a0 = —r070 for0<r < p—1,a%5 =0for0<s <g—1,
and o, = 0. It is easy to see that

()0 = (=1)" 80 + dx, /g0
= (=1)"8(=r)0;° — dx,,(r — DO, "0
= dx,/5,0, "

= dx, /5,0 — 07700, forO<r <p-—1,

u 9
B30 =0 =dx,/5,(0 — 077000,
(8a)2* =0 =10y, /5,0 —67"0% for0<s<g—1 and

(Sa). =0=dx,/5,(0 —67~"0)..

Therefore do = dy,, /8,0 —07 ~1.9) and dx, /8,0 —04 ~10 is a hypercoboundary. O
The following lemma can be proven similarly.

Lemma 2.5. Let [0] be an element of H' (X ,, BY.q:X,/B,) Which is represented by
an element 0 in Z'(X, By.q:x,/8,) given by Oy, 0y and 6, then dx,,/5,(® — 6,1~

is a hypercoboundary.

3. The jumping phenomenon and obstructions

There is a Hodge theory also for Bott—-Chern and Aeppli cohomologies, see
[Schweitzer 2007]. More precisely, for a fixed Hermitian metric on X,

Hg (X)) ~ ker Apc and Hy* (X) >~ ker A,
where
Apc = (39)(33)* + (39)"(39) + (3*3) (3*3)* + (9"3)*(3*3) + 979 + 8"9,
Ap = 00% 439" +(39)*(39) + (89)(39)* + (90%)*(39™) + (30%)(30*)*
are 4-th order elliptic self-adjoint differential operators. In particular,
dime H;*(X) < +oo for t € {9, 0, BC, A}.

Let 7 : ¥ — B be a deformation of 7 ~!(0) = X, where X is a compact complex
manifold and B is a neighborhood of the origin in C. Note that h]’;’é’ (X (1)) and
hZ’q (X (1)) are semicontinuous functions of r € B where X (r) = ' (¢) [Schweitzer
2007]. Denote the Agc operator and the A on X (t) by A pc.r and A At From
the proof of the semicontinuity of 257 (X (¢)) (resp. h?(X (1)) in [Schweitzer
2007], we can see that kb7 (X (¢)) (resp. hy? (X (1))) does not jump at the point
t = 0 if and only if all the A Bc.o- (resp. A 4.0)-harmonic forms on X can be
extended to relative A BC.i- (resp. A A.r)-harmonic forms on a neighborhood of
0 € B which are real analytic in the direction of B, since the A Bc,: (resp. A At)
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varies real analytically on B. The above condition is equivalent to the following:
all the cohomology classes [0] in Hé’(’:q (X) (resp. H :’q(X )) can be extended to
a relative d;, — closed (resp. 9,0; — closed) forms 6(¢) such that [0(¢)] # 0 on a
neighborhood of 0 € B which are real analytic on the direction of B. Therefore in
order to study the jumping phenomenon, we need to study the extension obstructions.
So we need to study the obstructions of the extension of the cohomology classes in
H* (X, BY,4) to the relative cohomology classes in H*(X,,, B} 4:x,./8,)- Set

ME /MY @ By 4:x, 1/

n—1

=7 m@/(mym+

N J‘/Lw/(Mm)n+l ® QX /B @Mw/(Mw)n+l ® QX /B

/(Ma))n-i-l ®@w @M /(Mw)ll+l ®©a)

Mw/(Mw)n+l ® Qé’( /ll;w @ J‘/Lw/(-/‘/tg))n+l ® Q[)}n/lé:)
— Mw/(Mw)n+1 ® QX /B, N MS)/(M(S))H-H X STZ?(;/léz) e 0
Now we consider the exact sequence
0 — MG/ M) @B g:X,_1/Bs 1 = Bp.g: X8, = B.q:Xo/Bo = 0,

which induces a long exact sequence

0— HO(Xn’ /‘/U(’)J/(*/‘/Lg)wrl ® %}J,q;xn-l/Bn_l) - HO(Xn, %%,q;xn/Bn)
- [H]O(X’ 9737!7,q;Xo/Bo) — H (Xn, MSJ/(MBU)HH ® %Tv,q;XH/BH) >

Let [#] be a cohomology class in H' (X, B3, 4:x,/8,)- The obstruction for the ex-
tension of [A] to a relative cohomology classes in H'(X,,, B%.4:x,/8,) comes from
the nontrivial image of the connecting homomorphism 8* : H (X, B% 4: x,/8,) —
HF (X, ME /(M) @ B g: X, /B,_,)- We denote this obstruction by o0, ([6]).
On the other hand, for a given real direction d/dx on B, if there exits n € N,
such that 0;([8]) = O for all i < n and 0,([8]) # O, then let 8,_; be a n — 1-st
order extension of 6 to a relative cohomology class in H’(X,_, B.q: X1 /Bu_1)-
Then 30,1_1 = 0 up to order n — 1. Now, it is easy to check that Sén_l/x" is an
extension of a nontrivial cohomology class [39,1_1 /x"(0)] in H*Y(X, Bp.q), while
[SGn_l/x”(xo)] is trivial in X (xg) as a cohomology classes in H (X (x0), Bp.gixo)
if xog # 0. The above discussion leads to the following theorem.

Theorem 3.1. Let 7 : & — B be a small deformation of the central fiber compact
complex manifold X. Now we consider dim H' (X (1), MBp.q:1) as a function of t € B.
This function jumps at t = 0 if there exists an element [0] either in H (X, Bp.q)
orin W'=Y (X, B3,.,) and a minimal natural number n > 1 such that the n-th order
obstruction satisfies

0, ([0]) # 0.
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4. The formula for the obstructions

Since the obstructions we discussed in the previous section are so important when
we consider the problem of jumping phenomenon of Bott—Chern cohomology and
Aeppli cohomology, in this section we try to find an explicit calculation for such
obstructions. As in [Ye 2008, §3], we need some preparation. Cover X by open
sets U; such that, for arbitrary i, U; is small enough. More precisely, U; is Stein
and the following exact sequence splits:

0— 7, (Q2p, )“’(U)—)Q“’ (U)—>S2 %,8,(Ui) = 0,
0— nn(an)“’(U,-) — Q‘)‘(ln(U,-) — an/Bn(U,-) — 0.
So we have a map ¢; : Q% (Ui) @ ﬁ%n/Bn(Ui) - Q% (U@ SZ‘)‘?’ (U;) such that

vilay , w)(Q%, 5, U)) &7, (Qp,)"(Ui) = Q% (Ui,
vilge (%, 8, (UN) &7 (25 )" (Uy) = Q% (Ud).
This decomposition determines a local decomposition of the exterior derivative dx,
(resp. dx,) in QY (resp. S_ZX:’) on each U;:
dx, =0 +0% 5 (resp. 0x, =0 + 0, /p)-

By definition, dyx, /g, and 5Xn/Bn are given by (pi_ o aXn/Bn o@; and (pl._vl o égfn/Bn 0.

Denote the set of alternating g-cochains g with values in & by C9(U, %), that
is, to each g + 1-tuple, ig < iy --- < iy, B assigns a section B(ig, i1, ..., iq) of F
over U;,NU;, N---NUj,. Let us still use ¢; to denote the map

JT(QB)/\Q B(U)@ 2 (Qp )/\Q B(U)
- QW) ey W
W1 ABy A AB T ARy A AB > ot Agi(Bi) A Agi(Bi,)

+o2 A@i(B;) A A@i(B).
Define

0 CI(U. ()" AR, O, (R, ) AR g ) — C1(U. Q5T @2T)

forall,Bqu(U 7, (2p, )“’/\QX /B, e (Qp )“’/\Q X, /Bn ), where ip <iy <---<iy.
Define the total Lie derivative with respect to B,:

Lo, EO(U. 9 0 ) = 10,2 2 A2
by Lp,(B)(o,i1,...,ig) = Bg’n(ﬁ(ig, iy eeeyig))
for g€ C1(U, QY ® QL), where ig < i) < -+ < i (see [Katz and Oda 1968]).
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Define, for each U;, the total interior product with respect to B,

I': QY7 (U @ QF (U — Q57 (U @ Q57 (U))
by
Ii(ulaxngl ANOx, 82N+ A aXngp —|—[L28)?ng; A 8§ngé ZARERIVAN 8)7ng;)

P
=W Z 9x,81 A= N0x,8j—1 A g (8;) Adx,8j+1 A+ A0x,&p
j=1
P

+M223§ngi Ao NOg g5 /\a%n(g;)/\a)?ng;+l A+ N0, &)
j=1

When p =0, we put I/ = 0 (see [Katz and Oda 1968]). Finally, define
s ; ; Sg+1 ; ;
LU, QY @ Q") > CTTHU. Q"9 QFY)
by ()0, -+ vigsn) = IO = I")BG1, -+ igi1)
forall B € C1(U, Q5" @ QE).
This gives the following lemma, proved identically to [Ye 2008, Lemma 3.1].
Lemma 4.1. Aogpg=68op—q@ol.

With the above preparation, we are ready to study the jumping phenomenon
of the dimensions of Bott—Chern or Aeppli cohomology groups. Suppose we can
extend an arbitrary [0] € H! (X, Bp.q) to order n — 1 in H (X,,_1, Bo.g; Xn_1/Bu_t)-
Denote such an element by [6,_;]. In what follows, we try to find the obstruction
of the extension of [6,_1] to n-th order. Consider the exact sequence

0= (MG /(MG @ Bpg: X018y = B.gis/8, = B, 1/, = 0
which induces a long exact sequence
0 = HO (X0, (MU' /(MG @ By g:x0/80) = HO (X, B, /8, )
— HO (X1, Bpgi X1 /B,r) = H(Xs (U /(MG @ By g:x0/80) = -+

Let [6] be a cohomology class in H' (X, B3, 4: x,/8,)-
The obstruction for [6,,—1] comes from the nontrivial image of the connecting
homomorphism

8%t H (X1, Bgix,1/8,) = B (X (MGY" /(MG @B g:x0/8,).

Now we are ready to calculate the formula for the obstructions. Let 6 be an
element of C'(U, B3.4:x,/8,) such that its quotient image in C'(U, B% 4:x, /B, 1)
is 6,_1. Then 8*([6,—11)= [8(9)], which is an element of

HH (X, (U™ /(M) T @B 4: x0/8,) = ()" /() T @HT (X, B, g5 x0/8) -
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Let rx, be the restriction to the space X3’ (the topological space X with structure
sheaf @‘)‘;n) and set

* 0] ow .
7,1 (2, | By T Q% |B,,_1) ABp.q: X1 /Burs

-1 —
=T (QB IBn 1 + Q%nan—l)
(7’+) 0 Q° 0®
- ( B, IBH 1 + Bn‘anl) ® Xn—1

®T[”_](QL§n|B +§2gn|3n—l)®©§%

n—1 n—1

—”7;—1(9(1;“3" +QB |B,— )/\Q Xu—1/Bn-1

S, 1(Q3,5,_, + 2,5, |)AQ Xyot/Bat

n—1

* w ow p—lLow
= 7,1 (B8, , T LB,18,_) N2y, 8,

O (G 5 +Q% 5 IAQE!

Xn- I/Bn 1
= T (8, + 95,5, ) AR 5,
— T (15, + 5,15, /\Qqn]173 — 0,
where
Tn 1 (2515, + 95,8, ) =7, (e By 25,18, D @1 oy O,

=k 0] oW - 1) oW w
Tt (15, + Qb5 =7, (15, + Q5 15,) ©r 1 @) 0%, -

In order to give the obstructions an explicit calculation, we need to consider the
map
p o H (X, (M) /(MG @ B g:x0/8)
— H (an, 7, 1(2p,5, , + 5_2(13,,|B,,_1) A %.Pv(ﬁxn—l/Bn—])
which is defined by p[o] = [(p‘1
quotient map

orx,,o(Lp,+Lg)og(o)], where @~ ! is the

C (U nl’l I(QB | By — 1+S_2§n|3n71)/\g2§;6rx @ﬁn 1(QB [Bn— 1+S_Zg"|B )/\QI;(H(TXVL 1)

— C ( (QB |Bn 1+QBn|Bn I)AQPn I/Bn 1

7,1 (15, +2%,15, )N 5, )-
And we have the following lemmas; the proofs are identical to those of [Ye 2008,
Lemma 3.2 and Lemma 3.3].
Lemma 4.2. The map p is well defined.

Lemma 4.3. Furthermore, ,0([3 (67)]) is exactly 0,([0]) in Section 3.



474 JIEZHU LIN AND XUANMING YE

Now consider the following exact sequence. The connecting homomorphism
of the associated long exact sequence gives the Kodaira—Spencer class of order n
[Voisin 1996, §1.3.2];

* w w w
0 - Trn—l(QBn‘anl) - QX,,|X,,_| - QX,,_]/B,,_] g 0

If we wedge the above exact sequence with Qp /B _,» We getanew exact sequence.
The connecting homomorphism of such an exact sequence glves us a map from
Hq(Xn 1> Qp w]/B ) to Hq+1(Xn 1, T (QB |Bn 1) /\Qpn 1/Bn— ])

Denote such a map by «,., for it is simply the inner product with the Kodaira—
Spencer class of order n. With the above preparation, we are ready to prove the
main theorem of this section.

Theorem 4.4. Let m : ¥ — B be a deformation of m~'(0) = X, where X is a
compact complex manifold. Let m, : X, — B, be the n-th order deformation
of X. Suppose we can extend an arbitrary [6] € H (X, B,q) to order n — 1 in
H (X,—1, By.g:X,_1/B,1)- Denote such an element by [0,_1]. The obstruction of
the extension of [0] to n-th order is given by

([6n—1D),

n—1

0n (10D ==0%" 5 okaody’ b ([0 1D—0%" 5 oKaody’ p

where k,, is the n-th order Kodaim—Spencer class and i, is the n -th order Kodaira—

Spencer class of the deformation & : X — B. The maps 8 X, /Bn " _Z;(’f]il By 1
B,d
d

X, 1 /By, A1 nd 8Xn_|/3n_| are those defined in Section 2.

Proof. Note that 0,([0]) = p 0 8() =9 o rx,_, o (L, +Lg )o@ o8]
Because (L p, —{-Lgn +3Xn/Bn +5Xn/Bn) o S = —S o (Lp, —I-Lgn +8Xn/3n +5Xn/Bn)’

rx,., o (L, +Lz)opod@
=rx,,0(Lg,+L5)o@Eop—1op)@d)
=ry, ,o(Lg,+Lz)odop®)
= —rx,, o (3%,,5, 08 +8 0% 5, +0% 5, 08 +80d% 5
+80(Lp,+Lg))op®)
=—ry,, 0 (dy, 5 08 +80dy 5 +3%, 5 08+803% 15)0w®)
~8§orx,_, o(Lg,+Lj)op®).
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Therefore
[p ' orx,, o(L,+Lg)opod®)]

= [—gp_l ory, , o (83(,,/3,1 08480 83("/3’1 +53(n/Bn 08480 53(,1/3,,) o (p(é)]

= —[0x, /8, , 09 'orx, , 0800@) +dx, /5,00  ory,  080p@)

—_~—
e~

+9 orx, ,0800@x, 5, 0i1)+¢ orx, 0809@x, /8,0 1)).

Since, forO<r <p—1,

(¢ orx, ,0809@) ™0 =(p""orx, 08005

=8 ory, ,0800@) =0,

n—1

and5(p ' ory,  080¢@)% =0for0<s <g—1, we know that

0X, /8,1 0@ 07, 0800B)+dx, m,, 00  orx,  080p®)
zéocp_l ory oSo<p(0~).

n—1

Therefore, [dx, /B, ;0 (p_l orx, ,o 5o ¢(9~)+5X,1,1/B,1,1 o (p_l orx, ,o 5o (p(é)] =0.

And from Lemma 2.4 and Lemma 2.5,

[p~" orx, , 08 09®x, /5, 6r-1)]
= [<P_1 orx,_, © §o <P(3X,.71/Bn71 (On—1— 95__11;’3) + aanl/BH@:—_ll;f)]
=[¢ " orx,_, 080 0(dx,_ 5,00 \0)]

and

[p~'orx, 080 <P(5X,1,1;;79n—1))]

— 4 3 o 0,g—1 3 0,g—1
= [(p ! ° an—l © 6 © (p(axn—l/Bn—l (en_l - en:]l;v) + aXn—l/Bn—len:II;v )]

—_~—

“lory, 080 w(éxn_l/Bn_ler?fﬂi)]

= ¢

By the definition of the maps 83’%1 JBy1? 8;“?21 /8,_, and [Ye 2008, Lemma 3.4],

-1 p—1,0 B

o anfl © S ° gﬂ(axn—l/anlen—l;u )] = 8)8(,171/3,1,1 O KpL © 830?’?1/3,1,1([9”_1])

n

[o

and similarly, we have

B . _ /—\_/0’ 1 =2, 3 — "

[(p o rx, , 080 (p(axnfl/gnfﬂn_ql;v )] = 82(?:/3"71 oKpL O a?nil/anl([e”*l])'
Finally,
[¢~"orx, o (Lp,+Lg)ogod®)]

=—8§f7731/3n710 Kn-© 8)9?25)1/3)171([9”_1])_5%57%1/37171o Enl_o 537?;1?1/37171([9"_1]) ‘:’
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We apply the above theorem and Theorem 3.1 in order to study the jumping
phenomenon of the dimensions of Bott—Chern(Aeppli) cohomology groups, and
obtain the following theorems.

Theorem 4.5. Let 7 : ¥ — B be a deformation of w~'(0) = X, where X is a
compact complex manifold. Let i, : X, — B, be the n-th order deformation of X.
If there exists an element [6'] in Hé’éq (X) or an element [0?] in H/f_l’q_l (X) and
a minimal natural number n > 1 such that the n-th order obstruction 0,([0']) #0
or 0,([6%]) # 0, then the h];‘;‘g (X (2)) will jump at the point t = 0. The formulas for
the obstructions are given by

0u(10') = —3y” 5 oanorBCg([e,i,l])—éa’%l/g o orpc.s([6)_11);
0, (102D =—05 2, orurody? 5 (162 1)—05"C )y okwody” p (162D

Theorem 4.6. Let v : % — B be a deformation of w~'(0) = X, where X is a compact
complex manifold. Let r,, : X,, — B, be the n-th order deformation of X. If there
exists an element [0'] in H/f’q(X) or an element [0?] in HPT4(X, By+1,9+1) and a
minimal natural number n > 1 such that the n-th order obstruction 0,([0']) #0or
0,([0%]) # 0, then the h/;’q (X (t)) will jump at the point t = 0. The formulas for the
obstructions are given by

on([al])=_33ff/3 on,,Loa F I/B (16}, n—a% BIC/B oanoa o I/B ({0,_1D.

n—1
0, ([0%]) = —r3.4 OKnLoa 1/Bn 1([0,, D —raa olcn|_08 1/Bn 1([05_1]).
By these theorems, we can deduce the following corollaries immediately.

Corollary 4.7. Let v : ¥ — B be a deformation of 1 =1 (0) = X, where X is a com-
pact complex manifold. Suppose that up to order n, the maps rc 5: Hé’éq (Xn/Bn)—
Hi(X,, Q?:;Bn) and rpc.y - Hé’éq (X, /By) — HP(X,, S_Z()];:(;Bn) are 0. Any element
[0] e Héjéq (X) can be extended to order n + 1 in Hé]éq (Xn+1/Bn+1)-

Proof. This result can be shown by induction on k.

Suppose that the corollary is proved for k£ — 1, then we can extend [#] to and
element [6;_1] in H (Xx—1/Bi—1). By Theorem 4.5 , the obstruction for the
extension of [6] to k- th order comes from:

o ([0]) = Xk /By @ Kk o Tge 5([Ok—1]) — Xk%l/Bk L okkLorpc,y([Ok-1]).

By the assumption, rpc: Hé’éq (Xx—1/Bi—1) > H1 (X1, Qf(;/::/kal) and rpc.y :

Hé’éq(Xk_l/Bk_l) — HP(Xy_1, S_Z?(;k“il/Bk_l) are 0, where k <n+ 1. So we have
rgc,y([6xk=1]) =0 and ch,é([gk—l 1) = 0. So the obstruction 04 ([#]) is trivial which
means [0] can be extended to k-th order. O
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Since ~
s 1;
0% 08, HY (X /By) — HY (X, Q1 57)

is the composition of
, 1,
858 H(X,/By) — H{Z " (Xa/B) and

1, L
reca: Hic 4 (Xu/By) = HY(X,, Q7 5%).

With the same proof of the above corollary, we have the following result and we

omit the proof.

Corollary 4.8. Let 7 : & — B be a deformation of w1 ~'(0) = X, where X is a com-
pact complex manifold. Suppose, up to order n, the maps rpc 5 : Hé’gl’q (Xn/Bn) —

HY (X, Q5% and rgey « HE (X /By) — HP (X, Q4750 is 0. Any [0]
that belongs to H:’q(X) can be extended to order n + 1 in Hlf’q (Xyn+1/Bn+1)-

5. An example

In this section, we will use the formulas in Theorems 4.5 and 4.6 to study the jumping
phenomenon of the dimensions of Bott—Chern and Aeppli cohomology groups hgg
and hfi’q, respectively, of small deformations of Iwasawa manifold. It was Kodaira
who first calculated small deformations of Iwasawa manifold [Nakamura 1975]. In
the first part of this section, let us recall his result.

Set
1 22 23
G={[01 z1]:z;eC} =,
00 1

1 wy w3
I'= 01 w1 |:wjeZ+7Z/—14.
00 1

The multiplication is defined by

1 z2 z3\ (1 w2 w3 l 224+wy 23+ w122+ w3
01 zyy 01 w]=10 1 71 twp
00 1 00 1 0 0 1

X = G/T is called the Iwasawa manifold. We may consider X = C3/T". The
element g € " operates on C? as follows:

=+, H=u+wm, B=un+toz+tws

where g = (w1, wp, w3) and 7' =z - g.
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There exist holomorphic 1-forms ¢, @2, ¢3 which are linearly independent at
every point on X and are given by

v1=dz1, ¢2=dza, @3=dz3—21d22,

so that
dpi=dp; =0, dgz=—¢1 N

On the other hand we have holomorphic vector fields 61, 6,, 63 on X given by

U I S B
= —, = — 71—, = —
YT P e T oz

It is easily seen that
[01,02] = —[62,0:1]1 =05, [01,05] =1[602,63]=0.

In view of [Nakamura 1975, Theorem 3], H' (X, Oy) is spanned by ¢, ¢,. Since
® is isomorphic to 03, HY(X, Ty) is spanned by 6;p,,i =1,2,3,A=1,2.
Consider the small deformation of X given by

32

YO =YY 106ifat — (tutr — tn12)03pat’.

i=1 r=1
We summarize the numerical characters of deformations. The deformations are
divided into the following three classes, which are characterized by the following
values of the parameters (all the details can be found in [Angella 2013]):
class (i): Hi=ty=Hth] =ty =0;
class (ii):  D(¢#) =0 and (t11, t12, 21, t22) # (0,0, 0, 0);
class (ii.a): D(t) =0 and rank § = 1;
class (ii.b): D(¢) =0 and rank S = 2;
class (iii): D(t) £ 0;
class (iii.a): D(¢) # 0 and rank S = 1;
class (iii.b): D(¢) # 0 and rank S = 2;

where the matrix § is defined by
S = (Gli 02 912 ‘721)
011 022 021 912

where 0,7, 0,3, 0,7, 055 € C and o1, € C are complex numbers depending only on ¢
such that

de} =: 0120, N @] +0110{ NP, + 0130, NG} + 05707 NG|+ 0y30] NG}
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Hig [by by bs by bs
Iz and (i), (ii), ()| 4 8 10 8 4

H h;“ hg’l hg"’ h;’l hg’z hg"’ hg’l h%’z hg’3 hg’l hg’z h%’3 hg’z hg’3
lyand@| 3 2|3 6 2|1 6 6 1|2 6 3|2 3
(ii) 2 202 5 201 5 5 1/l2 5 2|2 2
(iii) 2 201 5 201 4 4 112 5 1|2 2
Hy. |hg? Wy |hpd hye hd |h3? hie hyd hpd byl hpd hgd|hpd hid
lyandG@| 2 2|3 4 3|1 6 6 1|2 8 2|3 3
Gia) |2 22 4 2|1 6 6 1|2 7 23 3
Gib) |2 212 4 211 6 6 1]2 6 23 3
Gia) |2 21 4 1]1 6 6 1|2 7 2113 3
Gib) |2 2]1 4 11 6 6 1|2 6 2|3 3
Hy  [hy® h%' {20 ni' on%? (30 n2' ny? n%? |n)' n3? nk? | nd? nd?
lyand@| 3 3|2 8 2|1 6 6 1|3 4 3|2 2
Gia) |3 3|2 7 211 6 6 1|2 4 2|2 2
Gby |3 3]/2 6 21 6 6 1|2 4 212 2
Gia) |3 3|2 7 2]1 6 6 1|1 4 1|2 2
Gib) |3 3|2 6 21 6 6 1|1 4 1|2 2

Table 1. Dimensions of the cohomologies of the Iwasawa manifold
and of its small deformations [Angella 2013].

The first order asymptotic behavior of 012, 0,7, 0,3, 0,7, 0,5 for £ near 0 in classes
(1), (ii) or (iii) is
opp=—l+o(tht oj=ni1+o(thDt o =rtn+o(t]t
o1 = —tn +o([tDt o0y = —t12+o(|t])t.

From Table 1, we know that the jumping phenomenon happens in h%’g , hg’é and
hZB’é of the Bott—Chern cohomology and symmetrically happens in nt, hk3 and
hkl of the Aeppli cohomology. Now let us explain the jumping phenomenon of
the dimensions of Bott—Chern and Aeppli cohomologies by using the obstruction
formula. From [Angella 2013, §4], it follows that the Bott—Chern cohomology
groups in bidegree (2, 0), (0, 2), (2, 2) are
Héé)(X) = Spanc{[¢1 A@2], [p2 A @3], [@3 A@1]],

Hye (X) = Spanc{[@1 A @2, [§2 7831, [@3 AG11),

Hye (X) = Spanc{[g2 A g3 AP1 AB2]. [03 A @1 AGL AP,
o1 A2 AQ2 A @3], [P2 A3 AP A @3], [p3 AL AP2 A @3],
(01 A2 AG3AD1LL (92 A3 AB3 AGL), (03 A1 AB3AD1T
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and the Aeppli cohomology groups in bidegree (3, 1), (1, 3), (1, 1) are

Hy'(X) = Spanc{lg1 A@2 A @3 AG1], [91 A2 A@3 ABal, [01 A2 A3 AG3]),
H,*(X) = Spang{[g1 AB1 AG2 A@3]. (2 AB1 AB2 AB3], [93 A B1 A2 AP3]),
Hy' (X) = Spang{[g1 A@1], [91 AB2l, [01 A3, [92 APl
(92 A @], [92 A 3], (93 AB1 L [93 Aol
For example, let us first consider hlzg’g under a class (ii) deformation. The Kodaira—
Spencer class of the this deformation is ¥ (1) = 2?21 Zi:l 126 %, and ¥ {(¢) =
2?21 Zi:l 1i20i@y., with 111125 — 121112 = 0. It is easy to check that
01(p1 Ag2) = —3(int(y1 (1)) (@1 A p2)) — 0(nt(Y1 (1) (@1 A 92)) =0,
01(f11¢2 A3 — 191 Ag3) = —3((t11t2 — 1t12) @3 A 92) =0,
01(p2 A @3) =191 A2 NP1+ 10P1 A2 A @2,
01(p1 A@3) =t1P1 A2 A Q1L+ 1@ A2 A @)
Therefore, for an element of the subspace Spang{[¢1 A@2], [f1192 A@3 —t2101 A@3]},
the first order obstruction is trivial, while, since (11, t12, t21, t22) 7 (0, 0, 0, 0), at
least one of the obstructions 01(¢y A ¢3), 01(¢1 A ¢3) is nontrivial. This partly
explains why the Hodge number th’g jumps from 3 to 2. For another example,
let us consider hkl under a class (ii) deformation. It is easy to check that all the
first order obstructions of the cohomology classes are trivial. However, if we want
to study the jumping phenomenon, we also need to consider the obstructions that
come from H?(X, B3 5). It is easy to check that
H* (X, B3 ,) = Spanc{lgs], [@31),
01(p3) =12 A @1+ 11202 A P2 — 01@1 A @1 — @1 A @2,
01(@3) = 111P2 A @1 + 11202 A2 — 12101 A1 — 12201 A 2.
Note that the first order of S is
(f21 —ty I —?11)
i —tp —tn tn )’
If the rank of the first order of S is 1, then there exist ¢y, ¢2 such that
o1(c193 + c2903) # 0.
If the rank of the first order of S is 2, then for all ¢y, ¢
o1(c193 +c203) #0,

and exactly these obstructions make hkl jump from 8 to 7 in class (ii.a) and from 8
to 6 in class (ii.b).
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To end the section, we give the following observation as an application of the
formulas in Theorems 4.5 and 4.6.

Proposition 5.1. Let X be a non-Kdhler nilpotent complex parallelisable manifold
whose dimension is more than 2, and w : & — B be the versal deformation family
of X. Then the number hkl will jump in any neighborhood of 0 € B.

Proof. Let ¢;, fori =1, ..., m =dimc X, be the linearly independent holomorphic
1-forms of X. It is easy to check that @; are d3-closed and therefore each @;
represents an element of H/g’] (X). On the other hand, by [Macri 2013, Theorem 3],
we know that the dimension of H 0’I(X ) is less than or equal to m. Therefore ¢;,
i=1,...,n, give us a base of Hy''(X). So d: Hy'(X) - H'(X, Q) is trivial.
Then we know that EE HY(X, Qx) — H/i’l(X) is injective. From the proof of
[Ye 2008, Proposition 4.2], we know there exists an element [0] in H (X, Qx)
whose 01([6]) # 0. Since 90 =0, 6 also represents an element in H2(X, B3 2); let
us denote it by [0]g. By Theorem 4.6 one can see that oy ([0]g) = —Fg,A(Ol ((Z2)))
in this case. From the injectivity of r3.a WE know that 01([0]g) # 0. Therefore the
number hkl will jump in any neighborhood of 0 € B. U
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