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TAUT FOLIATIONS IN SURFACE BUNDLES
WITH MULTIPLE BOUNDARY COMPONENTS

TEJAS KALELKAR AND RACHEL ROBERTS

Let M be a fibered 3-manifold with multiple boundary components. We
show that the fiber structure of M transforms to closely related transversely
oriented taut foliations realizing all rational multislopes in some open neigh-
borhood of the multislope of the fiber. Each such foliation extends to a taut
foliation in the closed 3-manifold obtained by Dehn filling along its bound-
ary multislope. The existence of these foliations implies that certain contact
structures are weakly symplectically fillable.

1. Introduction

Any closed, orientable 3-manifold can be realized by Dehn filling a 3-manifold
which is fibered over S! [Alexander 1920; Myers 1978]. In other words, any closed
oriented 3-manifold can be realized by Dehn filling a 3-manifold My, where M
has the form of a mapping torus

My= S x[0,1]/ ~,

where § is a compact orientable surface with nonempty boundary and ~ is an
equivalence relation given by (x, 1) ~ (h(x), 0) for some orientation-preserving
homeomorphism 4 : § — § which fixes the components of dS setwise. Although
we shall not appeal to this fact in this paper, it is interesting to note that it is
possible to assume that £ is pseudo-Anosov [Colin and Honda 2008] and hence M
is hyperbolic [Thurston 1988]. It is also possible to assume that S has positive
genus. Any nonorientable closed 3-manifold admits a double cover of this form.
Taut codimension-one foliations are topological objects which have proved very
useful in the study of 3-manifolds. The problem of determining when a 3-manifold
contains a taut foliation appears to be a very difficult one. A complete classification
exists for Seifert fibered manifolds [Brittenham 1993; Eisenbud et al. 1981; Jankins
and Neumann 1985; Naimi 1994], but relatively little is known for the case of
hyperbolic 3-manifolds. There are many partial results demonstrating existence

MSC2010: 57M50.
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(see, for example, [Calegari and Dunfield 2003; Delman and Roberts 1999; Gabai
1983; 1987a; 1987b; Li 2002; Li and Roberts 2013; Roberts 1995; 2001a; 2001b])
and partial results demonstrating nonexistence [Jun 2004; Kronheimer and Mrowka
2007; Kronheimer et al. 2007; Roberts et al. 2003]. In this paper, we investigate the
existence of taut codimension-one foliations in closed orientable 3-manifolds by
first constructing taut codimension-one foliations in corresponding mapping tori M.
In contrast with [Roberts 2001a; 2001b], we consider the case that the boundary
of M is not connected. We obtain the following results. Precise definitions will
follow in Section 2.

Theorem 1.1. Given an orientable, fibered compact 3-manifold, a fibration with
fiber surface of positive genus can be modified to yield transversely oriented taut
foliations realizing a neighborhood of rational boundary multislopes about the
boundary multislope of the fibration.

As an immediate corollary for closed manifolds we therefore have:

Corollary 1.2. Let M = ]\//[\o(rj ) be the closed manifold obtained from My by Dehn
filling My along the multicurve with rational multislope (rj)];:]. When (r7) is
sufficiently close to the multislope of the fibration, M admits a transversely oriented
taut foliation.

Dehn filling My along the slope of the fiber gives a mapping torus of a closed
surface with the fibration as the obvious taut foliation. This corollary shows that
Dehn filling My along slopes sufficiently close to the multislope of the fiber also
gives a closed manifold with a taut foliation.

When the surgery coefficients r/ are all meridians, the description of M as a
Dehn filling of M gives an open book decomposition (S, /) of M. The foliations of
Corollary 1.2 can be approximated by a pair of contact structures, one positive and
one negative, both naturally related to the contact structure &g ) compatible with the
open book decomposition (S, /) [Eliashberg and Thurston 1998; Kazez and Roberts
2014]. It follows that the contact structure &(s ;) is weakly symplectically fillable.

Corollary 1.3. Let M have open book decomposition (S, h). Then M is obtained
by Dehn filling My along the multicurve with rational multislope (r/ )']‘.:1, where
the r/ are all meridians. When (r/) is sufficiently close to the multislope of the

fibration, & y is weakly symplectically fillable and hence universally tight.

It is natural to ask whether the qualifier “sufficiently close” can be made precise.

Honda, Kazez, and Mati¢ [Honda et al. 2008] proved that when an open book
with connected binding has monodromy with fractional Dehn twist coefficient ¢ at
least one, it supports a contact structure which is close to a coorientable taut foliation.
Note that ¢ > 1 is sufficient but not always necessary to guarantee that &g ;) is
close to a coorientable taut foliation.
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For an open book with multiple binding components, there is no such global lower
bound on the fractional Dehn twist coefficients sufficient to guarantee that &(s ;)
is close to a coorientable taut foliation. This was shown by Baldwin and Etnyre
[2013], who constructed a sequence of open books with arbitrarily large fractional
Dehn twist coefficients and disconnected bindings that support contact structures
which are not deformations of a taut foliation. So we cannot expect to obtain a
neighborhood around the slope of the fiber which would satisfy our criteria of
“sufficiently close” for every open book decomposition. At the end of the paper, in
Section 4, we explicitly compute a neighborhood around the multislope of the fiber
realizable by our construction for the Baldwin—Etnyre examples.

2. Preliminaries

In this section we introduce basic definitions and fix conventions used in the rest of
the paper.

Foliations. Roughly speaking, a codimension-one foliation & of a 3-manifold M
is a disjoint union of injectively immersed surfaces such that (M, &) looks locally
like (R?, R x R).

Definition 2.1. Let M be a closed C* 3-manifold and let r be a nonnegative integer
or infinity. A C" codimension-one foliation % of (or in) M is a union of disjoint
connected surfaces L;, called the leaves of ¥, in M such that

() U; Li=M, and

(2) there exists a C" atlas s on M which contains all C* charts and with respect
to which & satisfies the following local product structure: for every p € M,
there exists a coordinate chart (U, (x, v, z)) in & about p such that U ~ R3
and the restriction of & to U is the union of planes given by z = constant.

When r = 0, we require also that the tangent plane field 7% be C°.

A taut foliation [Gabai 1983] is a codimension-one foliation of a 3-manifold for
which there exists a transverse simple closed curve that has nonempty intersection
with each leaf of the foliation. Although every 3-manifold contains a codimension-
one foliation [Lickorish 1965; Novikov 1965; Wood 1969], it is not true that every
3-manifold contains a codimension-one taut foliation. In fact, the existence of a taut
foliation in a closed orientable 3-manifold has important topological consequences
for the manifold. For example, if M is a closed, orientable 3-manifold that has a
taut foliation with no sphere leaves then M is covered by R® [Palmeira 1978], M
is irreducible [Rosenberg 1968] and has an infinite fundamental group [Haefliger
1962]. In fact, its fundamental group acts nontrivially on interesting 1-dimensional
objects (see, for example, [Thurston 1998; Calegari and Dunfield 2003; Palmeira
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Figure 1. Local model of a standard spine.

1978; Roberts et al. 2003]). Moreover, taut foliations can be perturbed to weakly
symplectically fillable contact structures [Eliashberg and Thurston 1998] and hence
can be used to obtain Heegaard—Floer information [Ozsvath and Szab6 2004].

Multislopes. Let F be a compact oriented surface of positive genus and with
nonempty boundary consisting of kK components. Let / be an orientation-preserving
homeomorphism of F which fixes each boundary component pointwise. Let

M=FxI/(x,1)~ (h(x),0),

and denote the k (toral) boundary components of dM by T', T2, ..., T

We use the given surface bundle structure on M to fix a coordinate system on each
of the boundary tori, as follows. (See, for example, [Rolfsen 1976, Section 9.G]
for a definition and description of this coordinate system.) For each j we choose
as longitude A/ = 9F N T/, with orientation inherited from the orientation of F.
For each j, we then fix as meridian w; an oriented simple closed curve dual to A ;.
Although, as described in [Kazez and Roberts 2014; Roberts 2001b], it is possible
to use the homeomorphism % to uniquely specify such simple closed curves w ;, we
choose not to do so in this paper, as all theorem statements are independent of the
choice of meridional multislope.

We say a taut foliation & in M realizes boundary multislope (m’ )lj‘.:1 if for
each j, 1 <j <k, &N T/ is a foliation of T/ of slope m/ in the chosen coordinate
system of T/,

Spines and branched surfaces.

Definition 2.2. A standard spine [Casler 1965] is a space X locally modeled on
one of the spaces of Figure 1. The critical locus of X is the 1-complex of points
of X where the spine is not locally a manifold.

Definition 2.3. A branched surface (see [Williams 1974] and [Oertel 1984; 1988])
is a space B locally modeled on the spaces of Figure 2. The branching locus L of B
is the 1-complex of points of B where B is not locally a manifold. The components
of B\ L are called the sectors of B. The points where L is not locally a manifold
are called double points of L.
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Figure 2. Local model of a branched surface.

A standard spine X together with an orientation in a neighborhood of the critical
locus determines a branched surface B in the sense illustrated in Figure 3.

Example 2.4. Let Fy := F x {0} be a fiber of M = F x I /(x,1) ~ (h(x), 0).
Let o;, 1 <i <k, be pairwise disjoint, properly embedded arcs in Fyp, and set
D; =a; x I in M. Isotope the image arcs /(c;) as necessary so that the intersection
(Uai) N (Y; h(ei)) is transverse and minimal. Assign an orientation to F and to
each D;. Then X = Fy U J; D; is a transversely oriented spine. We will denote by
B = (F U, Dl-) the transversely oriented branched surface associated with X.

Similarly, <U i Fi U j D} ) will denote the transversely oriented branched surface
associated to the transversely oriented standard spine

X=FRUFRU---UF,_ Ul ] D
L’j

where F; = F x {i/n} and Dij = ozl.j X [i/n, (i +1)/n] for some set of arcs ozl.]

properly embedded in F so that the intersection (U j ozl.j_l) N (U j aij ) is transverse
and minimal.

Definition 2.5. A lamination carried by a branched surface B in M is a closed
subset A of an /-fibered regular neighborhood N (B) of B, such that X is a disjoint
union of injectively immersed 2-manifolds (called leaves) that intersect the /-fibers
of N(B) transversely.

Laminar branched surfaces. 1i [2002; 2003] introduced the fundamental notions
of sink disk and half sink disk.

Definition 2.6 [Li 2002; 2003]. Let B be a branched surface in a 3-manifold M.
Let L be the branching locus of B and let X denote the union of double points of L.
Associate to each component of L \ X a vector (in B) pointing in the direction of
the cusp. A sink disk is a disk branch sector D of B for which the branch direction

i . i

Figure 3. Oriented spine to oriented branched surface.
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Figure 4. A sink disk.

of each component of (L \ X) N D points into D (as shown in Figure 4). A half
sink disk is a sink disk which has nonempty intersection with oM.

Sink disks and half sink disks play a key role in Li’s notion of laminar branched
surface.

Definition 2.7 [Li 2002, Definition 1.3]. Let D; and D, be the two disk components
of the horizontal boundary of a D? x I region in M \ int N (B). If the projection
7 : N(B) — B restricted to the interior of DU D; is injective, that is, the intersection
of any [-fiber of N(B) with int D; Uint D; is either empty or a single point, then
we say that 7 (D U Dy) forms a trivial bubble in B.

Definition 2.8 [Li 2002, Definition 1.4]. A branched surface B in a closed 3-mani-
fold M is called a laminar branched surface if it satisfies the following conditions:

(1) 9, N (B) is incompressible in M \ int N(B), no component of d,N(B) is a
sphere and M \ B is irreducible.

(2) There is no monogon in M \ int N (B), that is, no disk D C M \ int N(B) with
oD =DNN(B)=aUPpB, where o C 9, N(B) is in an interval fiber of 9, N (B)
and 8 C o, N(B)

(3) There is no Reeb component; that is, B does not carry a torus that bounds a
solid torus in M.

(4) B has no trivial bubbles.
(5) B has no sink disk or half sink disk.

Gabai and Oertel [1989] introduced essential branched surfaces and proved
that any lamination fully carried by an essential branched surface is an essential
lamination and, conversely, any essential lamination is fully carried by an essential
branched surface. In practice, to check if a manifold has an essential lamination, the
tricky part often is to verify that a candidate branched surface does in fact fully carry
a lamination. Li [2002] uses laminar branched surfaces to relax this requirement
and prove the following:

Theorem 2.9 [Li 2002, Theorem 1]. Suppose that M is a closed and orientable
3-manifold. Then:
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(1) Every laminar branched surface in M fully carries an essential lamination.

(2) Any essential lamination in M that is not a lamination by planes is fully carried
by a laminar branched surface.

Li [2003] noticed that if a branched surface has no half sink disk, then it can be
arbitrarily split in a neighborhood of its boundary train track without introducing
any sink disk (or half sink disk). He was therefore able to conclude the following.

Theorem 2.10 [Li 2003, Theorem 2.2]. Let M be an irreducible and orientable
3-manifold whose boundary is a union of incompressible tori. Suppose B is a
laminar branched surface and M \ 0B is a union of bigons. Then, for any multislope
(51, ..., 8 € (QU{oo)¥ that can be realized by the train track 3B, if B does not
carry a torus that bounds a solid torus in M(sl, ..., Sk), then B fully carries a
lamination A, ... 5,y whose boundary consists of the multislope (s1, ..., sx), and
A(sy,....s) can be extended to an essential lamination in M (51, ..., 8K).

We note that Li stated Theorem 2.2 only for the case that dM is connected.
However, as Li has observed and is easily seen, his proof extends immediately
to the case that dM consists of multiple toral boundary components. Key is the
fact that splitting B open, to a branched surface B’ say, in a neighborhood of
its boundary, so that dB’ consists of multislopes (s1, ..., sx), does not introduce
s/i\nk disks. Therefore, capping B’ off to B yields a laminar branched surface in
M(si, ..., St).

Good oriented sequence of arcs. In this section we introduce some definitions that
will be used in the rest of the paper.

Definition 2.11. Let («!, ..., &) be a tuple of pairwise disjoint simple arcs prop-
erly embedded in F with da/ C T/. Such a tuple will be called parallel if
F\{a!,...,a*} has k components, k — 1 of which are annuli {A/} with dA/
containing {e/, @/} and one of which is a surface S of genus g — 1 with 3 con-
taining {o!, «*}. Furthermore, all &/ are oriented in parallel, that is, the orientation
of dA/ agrees with {—a/, /*!} and the orientation of 8S agrees with {—a*, a'}.
Note that, in particular, each «/ is nonseparating. See Figure 5 for an example of a
parallel tuple.

Definition 2.12. A pair of tuples (a');—1.._ and (B/) =1,k will be called good if
both are parallel tuples and o' and 8/ have exactly one (interior) point of intersection
when i # j, while o is disjoint from 8/ when i = j.
A sequence of parallel tuples
o= ((a(l),a%,...,ag), (ozll,ozlz,...,af),...,(a,ll,ozg,...,aﬁ)),
also shortened to

(@), (@), ..., (@)
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Figure 5. A parallel tuple () on the surface F.

or )
@) > (@),

will be called good if, for each fixed j, 1 < j <k, the pair ((ozj ), (a7, {)) is good.

t+1)

Definition 2.13. We say a good pair ((a/), (87)) is positively oriented if for each
j €{l1,..., k} aneighborhood of the j-th boundary component in F' is as shown
on the right in Figure 6. Similarly, we say a good pair ((a/), (87)) is negatively
oriented if for each j € {1, ..., k} a neighborhood of the j-th boundary component
in F is as shown on the left in Figure 6.

We say a good sequence o = ((ozo.) (aj ), - (a,; )) is positively oriented if .each
pair ((a’ ), (al +1)) is positively oriented. Slmllarly, o= ((oﬂ ), (0‘2) (o)) is
negatively oriented if each pair ((oz] ), (al +1)) 1s negatively oriented. We say the
sequence o is oriented if it is positively or negatively oriented. See Figure 7 for an
example of a negatively oriented good pair in F.

Preferred generators. Let

Heok =11, M5 ..., M2g—24k,> V125 Y24 V46> V68> - - - »
Y2g—420-2, By B1s B2y ooy Be—1, 81,82, ..., Sk—1}

o o

= 7O

Figure 6. Left: a negatively oriented pair of arcs («, 8). Right: a
positively oriented pair of arcs («, 8).
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Figure 7. Neighborhood of F' with a good negatively oriented pair
((a’), (B7)) in the oriented spine X.

be the curves on F as shown in Figure 8. Then by [Gervais 2001, Proposition 1
and Theorem 1] the mapping class group MCG(F, oF) of F (fixing boundary) is
generated by Dehn twists about curves in ¥, ;.

Theorem (Gervais). The mapping class group MCG(F, 0F) of F is generated by
Dehn twists about the curves in 3, ;.

As Dehn twists about §; are isotopic to the identity via an isotopy that does not
fix the boundary, we have the following obvious corollary:

Corollary 2.14. The mapping class group MCG(F') of F (not fixing the boundary
pointwise) is generated by Dehn twists about the curves in

9, ;= o i\ (81, ..., Si—1).

3. Main theorem

Definition 3.1. Let (¢!, ..., «%) be a parallel tuple in F. Orient F so that the
normal vector 7 induced by the orientation of M points in the direction of increasing
t €0, 1]. Let D/ =a’ x [0, 1] in M;, with the orientation induced by orientations
of @/ and F; that is, if v/ is tangent to o/ then (v/, 1) gives the orientation of D/,
Let X = FUJ; D/ be an oriented standard spine and B, = (F; J ; D/} the
transversely oriented branched surface associated with X.

Notice that the multislope of the fibration is 0. In order to prove Theorem 1.1,
we shall prove the following:
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Figure 8. Generators of the mapping class group.

Theorem 3.2. There is an open neighborhood L of 0 € R¥ such that, for each point
(m!
multislope (m’). These laminations extend to taut foliations which also intersect
the boundary in foliations with multislope (m?).

e mk) € U N QF, there exists a lamination carried by B, with boundary

This gives us the following corollary for closed manifolds.

Corollary 3.3. Let M (r’) denote the closed manifold obtained from M by a Dehn
filling along a multicurve with rational multislope (rj)ljc.zl. For each tuple (r/)

in WNQF, the closed manifold M (r/) also has a transversely oriented taut foliation.
We outline the proof of Theorem 3.2 with details worked out in the lemmas.

Proof. In Lemma 3.4 we show that there is a good positively oriented sequence
(i) = (h~"()), or equivalently from (i (et;)) — (o). In Lemma 3.6 we show
that whenever there exists such a positive sequence there is a splitting of the branched
surface B, to a branched surface B, that is laminar and that therefore carries
laminations realizing every multislope in some open neighborhood of 0 € R. Finally,
in Lemma 3.8 we show that these laminations extend to taut foliations on all of M. [
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Lemma 3.4. Let (a/) be a parallel tuple in F and let h € Aut™ (F). Then there is
a good positively oriented sequence (a’) Z (h(a)).

Proof. By Corollary 2.14 to Gervais’s theorem, h ~ h,hy,—1 - - - hohy for twists h;
about curves in %;,’k. Set h' = h,,h,,—1 - - - hohy, and notice that M, = M),.

By changing the handle decomposition of F as necessary, we may assume that
the parallel tuple (/) is as shown in Figure 8. Let b denote the Dehn twist about
B e %76;,’ - Notice that any 4; in the factorization of I is either b, b1 or a twist
about a curve disjoint from all components of «/. Thus ((«/), (h;(a’)) is either a
good positive pair, a good negative pair, or a pair of equal tuples.

Now, if ((ae/), (B7)) is a good pair then so is ((hi(a?)), (hi(B7))); therefore,
each of the pairs

(@), b (a?)),
((hm (@), (hmhm—1(a’))),
((hmhm—1(@?)), (hphm—1hm—2(a'))),

((hmhm—1 - ho(@?)), (hmhm—1 - - - hoh1(@’) = h(a’))),

is either a good oriented pair or a pair of equal tuples.

If at least one of the &; is b or b1 then, ignoring the equal tuples, we get a good
oriented sequence ((ozé), (a{), e, (ai_l), (o) = h((aé))) or (af) 2 (h(a)) as
required. The length of this sequence is equal to the number of times 4; equals b
or b~!, thatis, n = n, +n_, where n is the sum of the positive powers of b in
this expression of 4’ and n_ is the magnitude of the sum of negative powers of b.

If none of the &; are Dehn twists about 8 then (a/) = (h(«/)). In this case,
o = ((a’), (b(a’)), (b~ 'b(a!) = (@/))) is a good oriented sequence.

If ((a’), (B7)) is a positively oriented good pair then ((a/), (—B7), (—a/), (B9))
is a negatively oriented good sequence. Performing n_ such substitutions, we get a

positively oriented good sequence (a/) Z (h(ad)). Ol
Definition 3.5. Let 0 = (h(oz,’,') = aé, a{ s oz,{_l, a,ﬂ) .be a good oriented se-

quence. Let F; = F x {i/n} for 0 <i < n and let Dl.] =ozl.] x [i/n, (i +1)/n], for
0<i<n,in M. Let

X=(UF)U (Ui,j Dij)’

and orient F; and Dl.j as in Definition 3.1. Define

By =<UiFi§Ui,j Dz]>

as the associated branched surface. Figure 7 shows the neighborhood of F in X,
while Figure 9 shows a neighborhood of F in the associated branched surface.



268 TEJAS KALELKAR AND RACHEL ROBERTS

N N NS i
Z ij, oy

N
\‘/

Figure 9. A neighborhood of one of the fibers in the branched
surface B. The small circles along the diagonal represent longitudes
of the boundary tori. The vertical subarcs of the boundaries of the
vertical disk sectors lie on these boundary tori. Compare with
Figure 7.

Lemma 3.6. Let o = (h(oz,{) = aé, oz{ - 01,{_1, a,{) be a good oriented sequence
in F and B, the associated branched surface in My,. Then B, has no sink disk or

half sink disk.

Proof. As the sequence o is good and oriented for each fixed i, the tuple of arcs
(e is parallel and |} Nk || = 8%, so a neighborhood of F; in B, is as shown in
Figure 9. . '

The se(':tors.of B, consist of disks DiJ = ozl.] X [i/n, (i +1)/n] and components
of F;\{o/ Ua}_ }j=1,.. k. As F;_1 and F; both have a coorientation in the direction
of increasing ¢ for (x, t) € My, so for any orientation of DZ.J , 8Dij is the union of
two arcs in 0M},, together with one arc with the direction of the cusp pointing into
the disk and one arc with the direction of the cusp pointing outwards. Similarly, as
aij and ai]H are oriented in parallel, each disk component of F; \ {ozij, al.j_l Jim1,k
has a boundary arc with cusp direction pointing outwards. Therefore, no branch
sector in B,; is a sink disk or a half sink disk. U
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Figure 10. The weighted boundary train track when n = 4.

Remark 3.7. Notice that B, = (U Fi; U, D]> is a splitting (see [Oertel 1988])
of the original branched surface B, = (F U D/ > and, equivalently, B, collapses
to B,. So, in particular, laminations carried by B, are also carried by B,.

Now consider the train tracks t/ = B, N T/. Focus on one of the t/. Recall
that we fixed a coordinate system (A/, u’/) on T7. For simplicity of exposition, we
now make a second choice /LO of meridian. This choice is dictated by the form of
7/ namely, we choose [LO to be disjoint from the disks DJ so that 7/ has the form
shown in Figure 10. Notice that there is a change of coordinates homeomorphism
taking slopes in terms of the coordinate system (A7, ,ué) to slopes in terms of the
coordinate system (A/, /). Since A/ is unchanged, this homeomorphism takes
an open interval about O to an open interval about 0. Assign to 7/ the measure
determined by weights x, y shown in Figure 10. In terms of the coordinate system
(A, ,u(j)), t/ carries all slopes realizable by

X =Yy
n(l+y)

for some x, y > 0. Therefore, in terms of the coordinate system (M, Mé), 7/ carries
all slopes in (—1/n, 0o). Converting to the coordinate system (A/, /), 7/ carries
all slopes in some open neighborhood of 0. Repeat for all j. By Theorem 2.10, we
see that the branched surface B, carries laminations Az 3 realizing multislopes

(Xl—yl X2 — Y2 Xk—yk)
n(l+y) n(l+y2) " n(1+y)
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for any strictly positive values of xi, ..., xg, y1, ..., Y&, and hence realizing all
rational multislopes in some open neighborhood of 0 € R*.

Lemma 3.8. Suppose the weights x, y are distinct and have strictly positive coordi-
nates. Then each lamination Ax 3 contains only noncompact leaves. Furthermore,
each lamination Az 3 extends to a taut foliation ¥z 3, which realizes the same
multislope.

Proof. Suppose that Az 5) contains a compact leaf L. Such a leaf determines a
transversely invariant measure on B given by counting intersections with L.

Now focus on any i, j, where 0 <1i, j <n. By considering, for example, a simple
closed curve in F; parallel to the arc ozl.] , we see that there is an oriented simple
closed curve in F; which intersects the branching locus of B, exactly k times and
which has orientation consistent with the branched locus. Since this is true for all
possible i, j, it follows that the only transversely invariant measure B can support
is the one with all weights on the branches D/ necessarily 0. But this means that
A5 realizes multislope 0 and hence that X = 3.

The complementary regions to the lamination Az 5 are product regions. Filling
these up with product fibrations, we get the required foliation %z 3, which also
has no compact leaves and is therefore taut. (]

4. Example

As discussed in the introduction, an open book with connected binding and mon-
odromy with fractional Dehn twist coefficient more than one supports a contact
structure which is the deformation of a coorientable taut foliation [Honda et al. 2008].
However, for open books with disconnected binding there is no such universal lower
bound on the fractional Dehn twist coefficient. This was illustrated by Baldwin
and Etnyre [2013] who constructed a sequence of open books with arbitrarily large
fractional Dehn twist coefficients and disconnected binding that support contact
structures which are not deformations of a taut foliation. This shows, in particular,
that there is no global neighborhood about the multislope of the fiber of a surface
bundle such that Dehn filling along rational slopes in that neighborhood produces
closed manifolds with taut foliations.

The notion of “sufficiently close” in Corollary 1.2 can, however, be bounded
below for a given manifold. Deleting a neighborhood of the binding in the Baldwin—
Etnyre examples gives a surface bundle, and using the techniques developed in
the previous sections we now calculate a neighborhood of multislopes realized by
taut foliations around the multislope of the fiber in this fibration. In particular, we
observe that this neighborhood does not contain the meridional multislope. So
Dehn filling along these slopes does not give a taut foliation of the sequence of
Baldwin—Etnyre manifolds, as is to be expected.
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Figure 11. The Baldwin-Etnyre examples.

The following is a description of the Baldwin—Etnyre examples [2013]. Let T’
denote the genus one surface with two boundary components, By and B,. Let i be
the diffeomorphisms of 7 given by the product of Dehn twists,

v =D,D,'D.D}",

where a, b, c and d are the curves shown in Figure 11 (reproduced from Figure 1
of [Baldwin and Etnyre 2013]). Then i is pseudo-Anosov by a well-known
construction of Penner [1988]. We define

k1 ~k
1ﬂn,kl,kz = Dsll DsZan,

where 61 and §, are curves parallel to the boundary components By and B, of T.

Let My, k, x, be the open book (T, ¥, , k,). Let N(B1), N (Bz) be regular neigh-
borhoods of B; and B; in M, i, x, and let Mr/l’khk2 =M, 1, 1, \ (N(B1) UN(By)).
Let Ay, Ap be the closed curves in T N E)M,;’kl’k2 represented by Bj, By, with
induced orientation. The monodromy v, k, x, is freely isotopic to the pseudo-
Anosov map ¥". Let w;, uy be the suspension flow of a point in A; and A,,
respectively, under the monodromy . As " is the identity on 3T, u; = p; x S!
in OM), , = (B1 x S")U(By x §') for p; € .

We use these pairs of dual curves (A1, ;1) and (A3, t2) as coordinates to calculate
the slope of curves on the boundary tori of Mz;, ki .k, s detailed in Section 2.

If Dy is the meridional disk of a regular neighborhood N (By) of By in My, i, i,
then 0D = . Similarly, for D, a meridional disk of a regular neighborhood of B,
in My i, ky, 0D2 = 2.

In order to express the monodromy of the surface bundle in terms of the Gervais
generators we use the pseudo-Anosov monodromy " = v, 9o which is freely
isotopic to ¥y, k, k,» With the observation that Dehn filling M,’l’o,0 along slopes —1/ky
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Figure 12. The Gervais star-relation.

and —1/k, gives the manifold M, , r,. So for Mr/,.o,o we have slope(dD;) = —1/ky,
slope(dD») = —1/k. '

As shown in Theorem 1.16 of [Baldwin and Etnyre 2013], for any N > O there
exist n, k; > N such that the corresponding open book in M,, , » has a compatible
contact structure that is not a deformation of the tangent bundle of a taut foliation.
We shall now show that the slope —1/n lies outside the interval of perturbation that
gives slopes of taut foliations via our construction. Hence, the manifolds M, x, »
cannot be obtained by capping off the taut foliations realized by our interval of
boundary slopes around the fibration.

To obtain the branched surface required in our construction in the previous
sections we need a good sequence of arcs o/ — ¢~ !(a/), where ¢ =¥, j =1, 2.
These arcs are used to construct product disks which we then smooth along copies
of the fiber surface to get the required branched surface.

Following the method outlined in Lemma 3.4, we need to express ¢! in terms
of the Gervais generators. The curves a, b and ¢ correspond to the generating
curves 11, B and 1, among the Gervais generators, as can be seen in Figure 8. We
now need to express the curve d in terms of these generating curves.

Definition 4.1. Let S, , be a surface of genus g and n boundary components.
Consider a subsurface of S, , homeomorphic to S 3. Then for curves «;, B, y; as
shown in Figure 12 (reproduced from Figure 2 of [Gervais 2001]), the star-relation is

(DalDazDasDﬂ)3 = Dy, Dy, Dy,
where D represents Dehn-twist along the corresponding curves.

Let S be the component of T \ d which is homeomorphic to a once-punctured
torus. Let y; =d and y», y3 be curves bounding disjoint disks D and D; in S so
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that S\ (D; U D,) is homeomorphic to S; 3. As y», y3 are trivial in 7', y; =d and
o] = ap = a3 = a, so the star relation reduces to D; = (DS Dy)3.

Hence, the monodromy v in terms of the Gervais generators is the word =
D,D; ' D.(D2Dy)~3, which gives us ' = D3D,D3D, D3 D, D' D, D, Take
arcs o1, ap as shown in Figure 8, where a = n;, b = B and ¢ = n,. Then, as
(aj, Dp(a;)) is a negatively oriented pair and o; = D,(c;), a; = D.(aj) so we
have a negatively oriented good sequence (a1, o) — (¥~ !(a1), ¥~ (a2)) obtained
by taking the sequence of arcs

o = (aj, D}Dy(a;j), DIDyD}Dy(a;), D}DyD}DyD;Dy(ct;),
D.D,D.D,D}DyD; ' DD, (j) =¥ (aj)) for j=1,2.

Let B, be the branched surface corresponding to this good oriented sequence, as
in Definition 3.5. The weighted train track 7, = B, N anl’O’o on the boundary tori
is as shown in Figure 10.

The slope of this measured boundary lamination is (x — y)/(4(1 4 y)), so the
interval of slopes that are realized by taut foliations is (—%, oo)

When the monodromy is ¥" (instead of 1), by a similar argument, we get the
slope of the measured lamination on the boundary as (x — y)/(4n(1 4+ y)) so that
the interval of slopes realized by taut foliations is (—1/4n, o). And we observe
that the point (—1/k;, —1/n) does not lie in (—1/4n, co) x (—1/4n, co); that is,
the taut foliations from our construction cannot be capped off to give a taut foliation
of the Baldwin—Etnyre examples.
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SOME RESULTS ON
ARCHIMEDEAN RANKIN-SELBERG INTEGRALS

JINGSONG CHAI

We use a notion of derivatives of smooth representations of moderate growth
of GL(n, R) and exceptional poles to study local Rankin—Selberg integrals.
We obtain various results which are archimedean analogs of p-adic results
obtained by Cogdell and Piatetski-Shapiro.

1. Introduction

Let F be a p-adic field, = a smooth admissible representation of GL(n, F'). J. Bern-
stein and A. Zelevinsky [1977] defined the notion of derivatives for &, denoted
by 7® n >k >0, which is a useful tool to study properties of 7.

If 7’ is another smooth admissible representation of GL(n, F'), when both
and 7/ are generic with associated Whittaker models W (7, ¥) and W (z’, ¥~ 1),
where ¥ is a fixed nontrivial additive character of F, we have the following local
Rankin-Selberg integrals:

(. W, W', &) = [ W(g)W'(g)®(eng)|det gl* dg
Nu\GLy

for W e W(m,y), W e W(x',¥), ® € (F") a Schwartz function, s a complex
number, and €, = (0,0,...,1) € F".

By the work of H. Jacquet, J. Shalika and Piatetski-Shapiro [1983], these integrals
converge in some right half-plane of s, and have a meromorphic continuation to the
whole plane. Suppose s¢ is a pole with the expansion

Bs, (W, W', ®)
(¢ =g
Note that the Schwartz function space ¥ (F") has a filtration

I(s, W,W' &) =

0C P2 g(FM),

MSC2010: primary 11F70; secondary 22E46.
Keywords: archimedean derivatives, exceptional poles, Rankin—Selberg integrals.
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where 90 = {® € S(F") : ®(0) = 0}. Cogdell and Piatetski-Shapiro [> 2015]
defined s to be an exceptional pole if the leading coefficient By, (W, W/, ®) van-
ishes identically on $°, and used it together with derivatives to analyze the poles
of local Rankin—Selberg integrals. As a consequence, they can compute the local
L-factor for a pair of generic representations on general linear groups in terms of
L-functions of the inducing datum.

It is interesting to see if there is an analogous theory for GL(#, R), and there is
in fact some work in this direction; for example, [Chang and Cogdell 1999]. In
this paper, we will take one more step towards such an archimedean theory, based
on results in that reference. There are a couple of difficulties in the archimedean
case. First of all, we need an appropriate theory of “derivatives”. In a recent
preprint, A. Aizenbud, D. Gourevitch and S. Sahi [Aizenbud et al. 2012] defined
the derivatives for smooth representations of moderate growth on GL(n, R) as the
inverse limit of certain coinvariants. But this seems complicated for our applications
to local Rankin—Selberg integrals.

Here we simply take the naive analog of p-adic derivatives as our archimedean
derivatives. It is a component in the n-homology, where n is the nilradical of some
parabolic subalgebra. The advantages of this definition are that it is relatively easier
to deal with, and compatible with Rankin—Selberg integrals. But it is also interesting
to see if one can relate the derivatives defined in [ibid.] to integrals I(s, W, W', ®)
in some way.

For the exceptional poles, the situation again is a little more complicated. The
leading coefficients in the expansion of I(s, W, W', ®) at a pole will involve a
finite-dimensional representation of GL(7, R), due to the nature of the differences
between Schwartz functions on R and the p-adic field F. To be more precise, the
Schwartz function space &, = &, (R") has a natural filtration. Let

gt ={f €% f vanishes to order at least m at zero}.
Then each ¥} is a closed subspace, and we have a filtration
Fn=F"oglo..o9m 5.

where ¥ /$™+1 i5 isomorphic to the space of homogeneous polynomials on R”

of degree m, denoted as E]' — a finite-dimensional representation of GL(n, R).
At a pole sg, I(s, W, W', ®) has an expansion

B, (W, W', ®)
(¢*—qd

and we say so is an exceptional pole of type 1 and level m if By, vanishes identically

on ¥*1 but not on ¥,

I(s, W, W', ®) =

’
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In general, we say sq is an exceptional pole of type 2 and level m, for & and 7/,
if there exists a continuous trilinear form

[:VxV'xE"~C
such that, for g € GL(n, R),
l(g-W,g- W, g -®,) = |detg| ol (W, W' d,).

It follows that an exceptional pole of type 1 is also of type 2.

We can now state our main results. We say = is in general position as in [Chang
and Cogdell 1999] (or see Section 2 for more details). We refer to page 294 for a
definition of depth of exceptional poles of type 1.

Theorem. Let  and '’ be irreducible generic Casselman—Wallach representations
of GL, (R) and GL,(R) in general position.

Case m = n: Any pole of the Rankin—Selberg integrals for m and 7’ is an
exceptional pole of type 2 for a pair of components of 7® and n'® 0<k<n—1.
On the other hand, any exceptional pole of type 1 of depth O for a pair of components
ofn(k) and 7'® 0<k <n—1,isa pole of the Rankin—Selberg integrals of
and 7',

Case m < n: Any pole of the Rankin—-Selberg integrals for m and ©' is an
exceptional pole of type 2 for a pair of components of =0 and 7/m=0) 1 <
k <m. On the other hand, any exceptional pole of type 1 of depth O for a pair of
components of 7" and 7'™=K) 1 < k < m, is a pole of the Rankin-Selberg
integrals of w and 7’. O

The first remark is that these are not the exact archimedean analog we are seeking.
We expect that the poles of Rankin—Selberg integrals are exactly exceptional poles
of type 1 for pairs of components of derivatives of 7 and r’. A missing point here
is that we haven’t obtained the asymptotic results analogous to those in [Cogdell
and Piatetski-Shapiro > 2015, Section 1.4]; this will be addressed in the future.

We also remark here that the same ideas and techniques of this paper can also be
applied to local exterior square L-integrals in [Jacquet and Shalika 1990]; this will
appear in a forthcoming paper.

The paper is organized as follows. In Section 2 we review some preliminaries.
In Section 3 we define the derivatives and obtain some basic properties. Section 4 is
devoted to the study of exceptional poles. We obtain the main results in Section 5 for
GL, (R) x GL,(R), and in Section 6 we discuss the case GL, (R) x GL,(R), m <n.

2. Notations and preliminaries

In this section, we introduce some notations and results needed in this paper.
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Let G, = GL,(R) be the general linear group of invertible n X n matrices over R,
and K = K, = O(n) be the orthogonal subgroup of G, which is a maximal compact
subgroup of G,,. We use g = g,, £ = &, to denote the complexified Lie algebras
of G, and K, respectively. Let N, be the upper triangular unipotent subgroup
of G,,. Fix ¥ as the additive character of R given by ¥ (x) = exp(27 +v/—1x), and
define a character on N,, still denoted as ¥, by

v(u) = W(Z ui,i+1),

where u = (u;;) € Ny. Let  be the differential of v; then w is a linear form on n,,
the Lie algebra of Ny, vanishing on [n,, ny].

A smooth representation (s, V') is called generic if it admits a nontrivial Whittaker
functional. A Whittaker functional A with respect to i on (77, V') is a continuous
linear functional on V' satisfying

A@(X)v) = w(X)A(v)

forall X en,,velV.

If 7 is generic, let A be the Whittaker functional on 7, and for any v € V' define
a function Wy, : G, — C by Wy, (g) = A(mr(g)v). Then W, is called the Whittaker
function on G, corresponding to v, and the space W (m, ) = {W, :v € V}is called
the Whittaker model of .

Throughout the paper, we will work with smooth representations of moderate
growth. Suppose V is a Fréchet space. A smooth representation (, V') is called
a representation of moderate growth if, for every seminorm p on V, there exists a
positive integer N and a seminorm v such that for every g € G,, v € V, we have

17(@)vlp < g™ vlv,

where || g|| = Tr(g’g) + Tr(g~'g") and g* = ‘g~ !. If in addition every irreducible
representation of K has finite multiplicity in 7, we will say  is admissible.
We have the following important result of Casselman and Wallach.

Theorem 2.1. For any finitely generated admissible (g, K)-module W, there exists
exactly one smooth representation of moderate growth on a Fréchet space V, up
to canonical topological isomorphism, such that the underlying (g, K)-module Vi
is isomorphic to W. Moreover, the assignment W — V is an exact functor from
the category of finitely generated admissible modules to the category of smooth
admissible finitely generated Fréchet representations of moderate growth.

Proof. See, for example, [Wallach 1992, Chapter 12]. O
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Remark. We refer to V in this theorem as the completion or globalization of W,
and we refer to smooth admissible finitely generated Fréchet representations of
moderate growth (7, V') as Casselman—Wallach representations.

For irreducible Casselman—Wallach representations, by results of J. Shalika
[1974], there exists at most one Whittaker functional with respect to a given
nontrivial 1, unique up to a scalar.

For a given smooth representation V' of G, and a nilpotent subalgebra n of g, we
use Ho(n, V) to denote the quotient of V' by the closure of the subspace spanned by
{X-v:Xen,veV} When Wisa (g, K)-module, use Hy(n, W) to denote W/nW.
Similarly, if N is a unipotent subgroup of G, denote by Ho(N, V') the quotient
of V' by the closure of the subspace spanned by vectors {w(u)v—v:u € N,ve V}.

If (7, V) is an irreducible Casselman—Wallach representation of G, Vk denotes
its K-finite vectors. If P is a standard parabolic subgroup of G, denote its Levi
decomposition by P = M N, where N is the unipotent subgroup of P and M is
the Levi component. Let p, m, n be their complexified Lie algebras, respectively.
It is a result of B. Casselman that Hy(n, Vx) is nonzero. By results of Stafford
and N. Wallach it is an admissible (m, K N M) module. Moreover, it is finitely
generated over U(m); here U(m) denotes the universal enveloping algebra of m.
See, for example, [Borel and Wallach 2000] for more details.

For Hy(n, V), M acts naturally on this quotient, which is also a Fréchet space.
This gives a smooth representation of M, which is also of moderate growth.

Naturally Ho(n, Vk) embeds into Ho(n, V), sending v +nVk to v +nV for any
v € Vk. Moreover, we have the following.

Proposition 2.2. Hy(n, V) is a Casselman—Wallach representation of M, and its
K N M -finite vectors are exactly Hy(n, Vi ); so it is the completion of Ho(n, Vi).

Proof. The image of the embedding Ho(n, Vx) — Ho(n, V) isa (m, K N M)-
module, and is dense in Ho(n, V). Hence Ho(n, V) can be identified with the
underlying (m, K N M)-module of Ho(n, V). As Ho(n, Vg) is nonzero, finitely
generated and admissible, so is Ho(n, V). Hence Hy(n, V') is the completion of
Ho(n, Vk). O

Remark. According to an unpublished result of B. Casselman, H«(n, V) is the
completion of H«(n, Vk); see [Bunke and Olbrich 1997, Theorem 1.5].

For any two smooth representations of moderate growth (7, V') and (p, W) of
G, and G, respectively, denote by (7®p, V®W) the complete projective tensor
product. It is also a smooth representation of moderate growth on G, X Gy,.

Now if 7 (or r’) is an irreducible admissible representation of G, (or G,), by the
local Langlands correspondence 7 (or r’) corresponds to an n- (or m-) dimensional
semisimple representation of the Weil group W, denoted as p (or p’). Now consider
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the tensor product p ® p’, which defines a semisimple representation of Wy with
dimension mn. Then one can associate a local L-factor, denoted by L(s, 7 x '), to
p ® p’, which is a product of gamma functions. For more details, see, for example,
[Knapp 1994].

For any W, € W (i, ¥), define Wy (g) = Wy (wng"), where

0--- 1
(X)n: .
1---0

and g' = ‘g~!. Then by [Jacquet and Shalika 1981], it is known that {W, : v € V}
is a Whittaker model for 7 with respect to v, the contragredient of 7.

To introduce the local Rankin—Selberg integrals, assume (7, V) and (7/, V') are
generic irreducible Casselman—Wallach representations of G, and G, respectively,
with Whittaker models W (7, ¥) and W' (r’, ). Let $(R") be the space of Schwartz
functions on R”.

If m = n, set

(5. W, W', &) = / W(g)W'(g)®(eng)|det gI° dg

H\Gﬂ

for W e W(m, ), W e W(x', ), ® e $(R"), and €, = (0,0,...,1) e R".
If n > m, set

o= [ w (80 Jwieear 5 de,
Nm\Gm 0 In_m
In general, for 0 < j <n—m—1, set
]j (S, w, W/)
g 0 0 -
=/ / wWlx 1, 0 |W(gldetg]~"2" dgdx.
M@mxj,R) J Nu\Gm 0 0 In—m—j

The following theorem is due to Jacquet and Shalika; see, for example, [Jacquet
2009].

Theorem 2.3. (1) These integrals converge for Re(s) > 0.

(2) Each integral has a meromorphic continuation to all s € C, which is a holo-
morphic multiple of L(s, w x ).

(3) The following functional equations are satisfied:
LA—=s, W, W)= (=1)" (s, m x ', ) ly—m—1—j (s, W, W')

and
IA=s, W, W ®)=o'(-1)"" s, W, W, o),
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where ® is the Fourier transform of ®, given by
D(X) = [ Y)Y (—Tr('XY))dY. O

Now we recall some results from [Cogdell and Piatetski-Shapiro 2004] which
are essential in Section 4, which studies exceptional poles.

The first result is an extension of the Dixmier—Malliavin theorem. Let (7, V') be
a continuous representation of G, on a Fréchet space V. Still use 7 to denote the
smooth representation of G, induced from 7 on the smooth vectors V*° of V.

Proposition 2.4 [Cogdell and Piatetski-Shapiro 2004, Proposition 1.1]. Let vy —
Vo be a convergent sequence in V>°. Then there exists a finite set of functions
fj €62°(Gy) and a collection of vectors vy ;j € V' such that vy = Zj 7(fj)vk,;
forall k > 0, and such that vi_; — vo,;j as k — oo for each j. O

The second result is about the continuity of archimedean Rankin—Selberg in-
tegrals. Let (7, V) and (7/, V') be generic irreducible Casselman—Wallach rep-
resentations of G, and G, respectively. For W € W (x, ), W € W(x', v~ 1),
® € F(R"), we have:

Theorem 2.5. The linear functionals

I(s, W, W’

Ay =TEV I,
L(mwxnx")
I(s, W, W',k ®)

As=————— n=m,
L(m xn’)

are uniformly continuous in s on compact sets with respect to the topologies involved.
Proof. See [Cogdell and Piatetski-Shapiro 2004, Theorem 1.1]. O

Remark. As noted in [Cogdell and Piatetski-Shapiro 2004], here we claim the
result is true for all s.

To end this section, let’s explain irreducible representations in general position,
following [Chang and Cogdell 1999]. Let P = M N be a parabolic subgroup
of Gy, with M = Gf X Gg and p + 2g = n. Write C, for the cyclic group {£1},
G1 >~ RspxCyand G >~ R X SLZi, where SL;E stands for the subgroup of G,
consisting of matrices with determinant 1. So M = (Rx¢)? 19 x C2p X (SLgE)q.

Let T}, be the discrete series of SLT with parameter m € Z~q. We will use
notation (s1,...,Sp) to denote the character on (R>o)? sending (x1,...,xp) to
]_[f’ —1 xlfvi . And let € be a character on C,. Then form the tensor product

(7=(sl,...,sp,2t1,...,2[q)®(61®-~®€p®Tm1®-'-®qu)-
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This is a representation on M, and then we get the normalized parabolic induced
representation Ind(c’). We say = = Ind(0) is a representation in general position if

si,tj,si—s; ¢Z fori #j, ti—t; §§%Z fori #j, si—tj ¢%Z

It is known that these induced representations are irreducible and generic, see
[Chang and Cogdell 1999] for more information.

3. Archimedean derivatives

In this section we introduce archimedean derivatives. First we need more notation.
For any 1 </ <n, let U,_;4 be the unipotent radical of the standard parabolic
subgroup associated to the partition (n —/, 1,..., 1), that is, the subgroup of N,
consisting of matrices having the form

L, x
0 u)’

where x is a (n —[) x [ matrix and u € N; is an upper triangular matrix with 1
on the diagonal. Note that Uy = N,. Denote by u,_; the corresponding Lie
algebras. Define a linear form p,_;4q on each u,_;4; by

Mn—1+1(X) = u(Xp_141,n—142 + -+ Xnu—1,n)-

Now let (7, V') be a Casselman—Wallach representation of G, Vi its underlying
(g, K)-module. For 1 <[ < n, let V; be the closure of the subspace spanned by
(X v—ppgr1(X)v:v eV, X €uyyy1}.

Definition. For each integer 0 </ < n, we define the /-th derivative of 7, denoted
by (n(l), V(l)), as follows:

(1) If 1l =0, put (@, VO = (7, V).

2) If1 <l <n,put vy = V/V;, and define the action x® by

7D(g)-(w+V)) =|detg|2n(g)v+V; forany ge G,

To continue, we need more notation. Use P,_; ; to denote the standard parabolic
subgroup of G, associated to the partition (n —1, /) of n. It has Levi decomposition
Py_11=M,_; 1Ny, with Levi component M,,_; ; isomorphic to G,_; X G
and unipotent part N,,_; ;. Let p,_; ;, m,_;; and n,_; ; be their complexified Lie
algebras, respectively.

Note that we have the decomposition

L1 x _ i1 O\ (In—1 x
0 v 0 v 0o I;)°
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so we can write U, _j 41 = V,_j 41N, 1, where V,,_; 1 is the standard unipotent
subgroup N; of G; embedded in G, in the right lower corner.

Let v,_;4 1 be the complexified Lie algebra of V,,_; . Note that the character
Mn—1+1 1s trivial on n,,_; ;. Let ¥; be the closure of the space spanned by

X 0—ppg 1 (X)V: X €0yy41,0 € Ho(np—y 1, V)5

Since VW = V/V; and

Vl = {X ‘U —Mn_[+1(X)U veV, X e un_[+1},
note that u,_; 41 =v,_;41 +n,_;;. Then
Ho(mn—1,1,V)/ Y]
= (V/tp— ) V)/({X -0 — plp—i 1 (X0 : X €Up_j 1, 0EV /1y, V) = V/ V.
Thus, we have verified the following proposition.

Proposition 3.1. VD = Ho(my_11,V)/ Y. O

The following result states that the derivatives a® belong to a nice class of
representations.

Proposition 3.2. For each I, 7D is a Casselman—Wallach representation of G,_;.
Proof. This follows from the fact that the n-homology Ho(n, V') is admissible. [

Now assume (7, V') is an irreducible smooth admissible generic representation
of moderate growth on G, in general position as in Section 2. Denote by Vx its K-
finite vectors, which is an irreducible admissible (g, K)-module. For the rest of this
section, unless otherwise stated, we will drop the subscript for the standard upper
triangular parabolic subgroup P = M N associated with the partition (n — k, k)
of n, to simplify notation.

By [Chang and Cogdell 1999, Theorem 4.2] the n-homology Vx /nVk is nonzero
and is a semisimple (m, K N M )-module. By Proposition 2.2, V/nV is the smooth
completion of Vi /nVi. It follows that V/nV is also semisimple, so we can write

r
v/nV =P A
i=1
where each A; is an irreducible smooth admissible representation of moderate
growth on M and hence, by results of D. Gourevitch and A. Kemarsky [2013],
isomorphic to p; ®0;, where each pi and o; are irreducible smooth representations
of moderate growth on G,,_; and Gy, respectively. Note that it is possible to have
A;j = Aj fori # j. We use p; g and 0; g to denote the representations on the
underlying K-finite modules. Let p; be the natural projection from Vg /nVg onto
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pi.K ®0; K, and also be the projection from V/ nV onto Pi ®0;. We will also use p
to denote the projections V — V/nV.

Lemma 3.3. For eachi, p; and o; are generic representations.

Proof. This follows from [Chang and Cogdell 1999, Theorem 4.2]. See Remarks 4.3
there. O

Denote by W(p;, ) the Whittaker model for p;.

Proposition 3.4. For every W; € W(p;, V) and every ® € $(R" %), there is a
Whittaker function Wy € W (x, ) such that

(5 1)) = Wi e

Proof. The projection p; from Vx/nVk onto p; k ® 0; x induces an injective
intertwining map Vg — Ind(|det|_k/2p,~’K ® |det|(”_k)/20,~’K). This extends to an
injective map

V — Ind(|det| */2 p; ® |det| "9/ 26;).

Denote by Q its quotient; we have a short exact sequence of smooth representa-
tions of moderate growth

(1) 0 —> V —> Ind(|det| */2p; ® |det| /26,y — 0 —> 0.
The underlying (g, K)-modules also form a short exact sequence
2)  0—> Vg —> Ind(|det| */2p; g ® |det|*/2q; ) — Qg —> 0.

By taking the dual (contragredient representation) of the short exact sequence (2),
we have

0—> Ok — (Ind(|det| */2p; x ® |det| "™/20; k)" — VE —> 0.
By [Wallach 1988, Lemma 4.5.2], we have
0— Qx — Ind((|det|_k/2p,-,K)* ® (|det|("_k)/2(7,-,K)*) — Vg — 0,
which induces a short exact sequence for their smooth completions:
(3)  0—> Q* — Ind((|det| /2 p;)*&(|det| " 0/26;)*) — V* — 0.

Now for any representation (t, U), define representation (t*,U) by t5(g) - u =
t(‘g™Y)-u forany g € G, u € U; then t° is isomorphic to t* when 7 is irreducible,
by [Aizenbud et al. 2008, Theorem 2.4.2]. Note that we are working in the same
space, but simply changing the action. So if we have a short exact sequence

0— (11, U1) — (12, Uz) — (13, U3) — 0,
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applying the operation ‘s’, we then have a new exact sequence
0— (¢7.U1) — (15, Uz) —> (13, U3) — 0.

Now apply operation ‘s’ to the sequence (3); then we have
(4) 0—> (Q")° —> (Ind((|det| ™*/%0;)* & (|det|*/201)*))" — (V*)* —>0.
It follows that the sequence (4) becomes

0—> (0*)* —> Ind%7 ((|det| /2 p;)* & (|det| "~/ 26;)*) — (V*)* — 0.
Since &, p; and o; are irreducible, the above is
0— (0% — Indg7 (|det| %2 p; @ |det| * 0/ 26;,) — vV — 0.

Let A be the unique (up to a constant) continuous Whittaker functional on V.
Composed with the projection

IndIG,’](|det|_k/2p,~®|det|("_k)/2oi) —V,
we get a nontrivial continuous Whittaker functional A’ on
nd$7 (|det| ™72 p; @ |det| "9/ 26;).

By the last conclusion of [Wallach 1992, Theorem 15.4.1], there is a linear
bijection between the space of Whittaker functionals on

Ind$7 (|det| /2 p; ®|det| "2 ;)
and the space of Whittaker functionals on
|det| ™*/2 p; @] det| /20

By Lemma 3.3, the latter space has dimension 1, thus there is a unique (up to a
constant) continuous Whittaker functional on IndIG,’f (|det|*/2 p; & |det|*—K)/2¢;),
and it must be A’. Then we can conclude that the space of Whittaker functions
W (s, V) for 7 and that for Ind}G,i1 (|det|~%/2 p; ® |det| **)/25;), are the same.

So in order to prove the existence of W, in W (s, V) as in the proposition, it
suffices to find some Whittaker function for Indgi’ (|det|7*/2p; ® |det| =)/ 25;)
with the required property. Now this follows from [Jacquet 2009, Proposition 14.1],
which finishes the proof. O

Corollary 3.5. For every Whittaker function W; in any irreducible component
of 7% and any Schwartz function ® on R" K we can always find some W, €
W (s, ¥) such that

0
Wy (57 ) = Wi(e)®(enrg)ldet g|F/2.
0 I
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Proof. This follows from the fact that 77 ®) is isomorphic to |det|~*/2 PD; pi. O

4. Exceptional poles

In this section, we will introduce two types of exceptional poles and discuss their
basic properties. Set

g ={f €F: f vanishes to order at least m at zero};

then we have a filtration of closed subspaces for the Schwartz function space
Fn=F0DF D DI

g/ SJ’Z’H is isomorphic to the space of homogeneous polynomials on R” of
degree m, denoted by E}". The group G, acts on ¥, from the right, which preserves
this filtration, and therefore induces an action on E].

Let = and 7" be irreducible generic Casselman—Wallach representations on G,.
The Rankin—Selberg integrals for 7 and 7/, are given by

e WW.0) = [ W (@0ene)det gl dg
n\Gn
for W e W(m,¥), W eW(xn', v 1), e, where e, = (0,0,...,1) e R*, s € C.
By Theorem 2.3, these integrals converge when s is in some right half-plane, and
have a meromorphic continuation to the whole complex plane.
For any integer 1 <k <n, forv e mr, v € n’ and ® € ¥, we define the following
family of integrals:

Ik(S,Wv,Wv’ch) :/

Wy (g 0 ) Wy (g 0 )(D(ekg)|detg|s_n+k dg.
Nk \Gk

0 In—k 0 In—g

Lemma 4.1. The integrals I}, belong to the space of Rankin—Selberg integrals for
7 and 7',

Proof. This follows from [Jacquet 2009, Proposition 6.1 and Lemma 14.1]. O

Thus it follows that I; converges when Re(s) is large and has a meromorphic
continuation to the whole complex plane. Suppose s¢ is a pole of order d for the
integral I (s, W, W', ®), with Laurent expansion
By, k(W W', @)

(s —s0)4

where B, i (W, W', ®) is a trilinear form on V' x V' x ¥} satisfying the following
invariance property:

I (s, W, W' ®) =

’

By i(g-W.g- W g-®) =|detg| "By 1 (W, W', @)
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forany g € Gx, W € W(m, ¢), W e W(xn', ¥~ 1), ® € %4.

Proposition 4.2. The trilinear form By, i is continuous with respect to the topolo-
gies involved.

Proof. When k = n, the continuity of By, , follows from Theorem 2.5. When
k < n, we will use the constructions in the proof of [Jacquet 2009, Lemma 14.1] to
prove the continuity.

Now suppose v; — v, v; — v’ and ®; — ®; then write

By i (vy, vy, @)
(s —s0)¢

Iie(s. Wy Wy @) =

and
Bk (v, V', @)

(s —s0)?

Then we want to show that By, x (v;, v), @) — By, x (v, V', @) as | — o0.

Ik(s’ an Wv/s q)) =

Let ¥; and W be Schwartz functions on R¥ whose Fourier transforms are given
by \Ifl D, U = &. Since Fourier transform is a topological isomorphism on
Schwartz function space, it follows that ¥; — W. Now we set

]k X 0
Uy =/JT 01 0 vV (x)dx
0 0 Ik
and
Ik X 0
uz/zr 01 0 vW(x)dx.
0 0 In—k—1

Claim 1. If f is a Schwartz function on R¥ the map ( f,v) — 7(f)v is a continu-
ous map from V x ¥y to V, where

w(f)v :/[Rk fo)m(x)vdx.

Proof of Claim 1. Suppose f; — f in Fi, v; — v in V. We want to show that
n(fpvr = w(f)v.

Because (7, V) is of moderate growth, for any seminorm |- |; on V there exists
a seminorm |- |, on V, a positive integer Ny, and a positive number C, such that
for any v € V and x € R¥, we have |7(x)v|; < C(1 + ||x||?)M|v|,. Here we
identify x with

01 0 € Gy,
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and |x|| denotes the usual Euclidean norm of x. Then we have
(i —m(f)olr = e fiyv = (vl + (o —x(fyoly
< [15i0= @Il dr+ [ 10 -0 dx
= Clurla [0~ 0l + ) d
+Clu—vls [I7@IA+ eI Ydx.

Since v; — v, |v;|2 is bounded for any /, and |v; —v|, — 0 as [ — co. Because
f1— fin%g,

/Ifz(X)—f(X)I(1+IIXIIZ)Nde—>0 as [ — oo,

Hence 7 ( f;)v; — 7n(f)v as [ — oo, which proves the claim. O

So, by Claim 1, u; — u. And by the first conclusion of [Jacquet 2009, Proposi-

tion 6.1], we have
g 0\ _ g 0
Wul (O In—k) - WUI (0 In—k) q)l (Ekg)

g 0 g 0
= ® )
Wi, (0 In—k) Wy (0 In—k) (exg)

and

Thus

0 0 ~
Ik(S, WUI’ Wv;’ qDl) = / Wuz (g I k) Wv; (g I k) |detg|s n+k dg
n— n—

and

I (s, Wy, Wy, @) = | Wy, g 0 Wy g 0 |detg|s_”+kdg.
0 Ik 0 I«

We will view w; =u; ® v; as an element in 0 = 7 ®n’; consequently Wy, (g) =
W, (8)Wy, (g) € W(x®x', ¥ ® Y~"), and we have

0 0 B
) Iels Way Wogo00) = [ Wy ((5’0’ , k)(g , k)) det g~ dg.
n— n—
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Similarly, write w = u ® v'€ 0 = 7®@7’; then we have w; — w and

(6) Ik(s, Wv,WU’, cI)):»/~Ww 8 0 s g 0 |detg|s_”+k dg

Now by Proposition 2.4! applied to the group Rk x R*, there exists a finite set of
functions f;(x,h) € (GSO(Rk x R*) and vectors w; ; € 7@’ with [ > 0 such that

wy =Zo(fj)wl’j forall [ > 1, w=Zo(fj)wo,j,

J J

and w; ; — wy,; for each ;.
More precisely, we can write

a l(h) 0 0 a l(h) 0 0
w; :Z/a x h 0 , x h O wy,; fi(x.h)dxd™h
J 0 0 In—k—1 0 0 In—k—1
and
al(h)y 0 0 al(h)y 0 0
w:Z/o* x h 0 , x h 0 wo,; fj(x,h)dxd™h,
7 0 01, 4, 0 01, ;4

where a(h) = diag(h, 1,...,1).
Then the integrals (5) and (6) now become

Tic(s, Wy, , Wy, @p)

ga"Y(h) 0 0 ga Y (h) 0 0
= Z/ W, ; X h 0 , X h 0
J 0 0 In—k—1 0 0 In—k—1

X fj(x, h)|det g[Sk dg dx d*n,
and

Ik(sv WU’ Wv’, q))

ga Y (h) 0 0 ga"Y(h) 0 0
= Z/ Wao.; x h 0 |, x h 0
J 0 0 I—k—1 0 0 I—g—1

x fj(x,h)|det g|* "k dg dx d*h.

IThere is a change of topology for the convergence in Proposition 2.4 in general, but in our special
case considered here, the topologies involved are the same.
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Make the change of variable ga~! (k) — g; we have the integrals

7 Ti(s. Wo,. Wiy @)

g0 0 g0 0
:Z[le-i x h 0 A x h 0
J 00 I 00 In—g—1
X fj(x, h)|det g|S "R |pSTITE Gg dx d*h
and
(8) Ik(S’WUaWU/aq))
g 0 0 g 0 0
:Z/Www xh 0 |, [xh o0
J 00 In_j_y 00 Iy

X fi(x, h)|det g[S RS TR gg dx d .

Now we will view f; (x, h) as Schwartz functions on R*k+1 which vanish on
R % {0}. Then let

Iggry O Iyeyry O
el —/o o 1 o J.f o 1 o0 wy,j Jj (v) dy
0 0 In—k—2 0 0 In—k—2
and
Igyry O Igpry O
eo,j =/o o 1 o J.flo 1 o0 wo,; fj (¥) dy,
0 0 Ik 0 0 Iy—k—2

where y = (x, h) € RE+1,
Thus it follows that, ¢; ; — ep,; for each j, and we have

9 Ik(s’ sz’ va q)l)

g 0 0 g 0 0
=Z/Weu xh 0 |, [xk 0
J 00 In_g—1 00 In_g—1
x |detg|s—n+k|hls+1—n+k dg dx d*h
and
(10) Ik(s’ Wv,Wv’,q))
g 0 0 g 0 0
:Z/Weo,j x h 0 , 1 X h 0
J 00 Ij—x—1 00 I,

% |detgls—n+k|h|s+l—n+k dg dXdX]’l.
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As in [Jacquet 2009, Lemma 14.1],

ro [

gives an invariant measure on Ng 11\ Gg+1. Thus, we can rewrite these integrals as

0
h
0

O = 09

0
0 dx|detg|™' d*n
—k—

]n 1

(1) I (s, Wy,, Wv;, d;)

2 e (20 0))
- Nik+1\Gr+1 - 0 Il’l—k—l 0 In—k—l

J

x |detg|s+1—n+k dg
and

(12) Ik(sv WU’WU/’¢)

2o (@050) (650
j Ni4+1\Gi+1 ' 0 In—k—l 0 In—k—l

% |detg|s+1_n+k dg.

which are the same type integrals as (5) and (6) belonging to [ 1.
So by induction, we may assume k = n — 1 in the integrals (5) and (6); then
integrals (7) and (8) now become

(13)  T(s, Wy, . Wy, @)

0 0 _
:Z/qu ((i h),(i h))fj(x,h)|detg|s Yh|* dg dx d*h
J

and

(14)  Ir (s, Wy, Wy, @)

0 0 _ «
=Z/Ww0,j ((i h),(i h))fj(x,h)|detg|s Ynls dg dx d*h.
J

Write

and view f;(x, h) as Schwartz functions on R” which vanish on R"~! x {0}; then
the above integrals now become

1. Wy W @) = 3 [ W (68 £ engldeng*ldeng| " dg'dxdh
J



294 JINGSONG CHAI

and

I (s, Wy, Wy, @) = Z/ Wwo (8. &) fi(eng))|detg’|*|detg’| " dg’ dx d*h.
J
Again, as in [Jacquet 2009, Lemma 14.1],

fis f £(g') dxdetg'| " d*h

gives an invariant measure on N, \ G,. We can rewrite the above integrals as

A9 1 W W @0 = 3 [ W, (&) fy eng et 't i’
and !
(16)  Ir(s, Wy, Wy, @) = Z/G W, (&' &) fi(eng)ldet g'* dg'.

It follows that !

BSo,k(vl7 U;v CDI) = Z BSO,n(wlaj’ j})’
J
and similarly

By (0.0, @) = > Byyn(wo,j. f7)-
J

Since wy ; — wo,; for each j, and the form By, , is continuous, we conclude that
By, x is continuous. This completes the proof. O

Definition. We say a pole s¢ is an exceptional pole of type 1, with level m and
depth n — k, if the corresponding By, x is zero on 3’;{”“, but not identically
zero on 7. In this case, we also say s¢ is an exceptional pole for the integrals
I (s, Wy, Wy, ).

Remark. If sg is an exceptional pole of order m, then By, defines a continuous
linear formon V x V' x E ¢ such that, for any g € Gy,

By i(g-W,g-W' g-®) = |detg| 0" kB (W, W', ).

Definition. We say a complex number s is an exceptional pole of type 2, with
level m, for w and 5/, if there exists a continuous trilinear form

[:VxV' xE"~C
such that for g € G,

l(g-W,g- W, g -®,) = |detg|ol(W, W' &,).
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Remark. It follows that an exceptional pole of type 1 with level m and depth O is
also of type 2 with level m.

Next we want to relate the exceptional poles for the integrals [} to the exceptional
poles of type 2 for the components of 7 #~%) and 7/®*=k).

Lemma 4.3. If X = (X;;) € ng i, then there exists a linear form Px on R¥ such
that for any v € V we have

0 0
Wn(X)'v (g ]n—k) = Px(ex )Wy ((g In—k) .

Proof. First, it is easy to see that

g O _i‘ g 0 I tX
Waxy (o I,,_k) = Tl ((0 ik )\ O I,_&
— 0
=2 ngj Xjk+1Wo (O I k)
n—

So define a linear form Px(ay,...,ar) =2n+/— Z —1 Xjk+1a;j on R¥: then
Px(erg) =2n+/— Z/_l 8kj X k+1, which proves the lemma. O

Proposition 4.4. Let so be an exceptional pole of level m for the integrals Iy;
then the continuous trilinear form By i defines a continuous trilinear form on
VoV x V' /aV/ x EL.

Proof. It suffices to show that the form By, ; vanishes on nV and nV’ when
restricted to 7.
For any Wy (x).y, X €n, any Wy, and any ® € #7", by Lemma 4.3 we have

g 0 )\_ g 0
W (x)v (0 In_k)—PX(Gkg)Wv (0 In—k)

for some linear form Py on Rk,
It follows that

Iie (s, Wr(x)v> W, )

_ g 0 g 0 s—k+n
—/WH(X)U (O ]n_k) Wy (0 ]n_k) O(erg)|det g dg

0 0 _
[ w8, ) (5 ,) vl ag,
Ni\Gk n—k n—k

where Wy (€, g) = Px(exg2)P(€rg).
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Since ® € ¥}’ thus W = Py ® € H’Z’ *1 Note that s is an exceptional pole with
level m, so

Bso,k(Wn(X)q)’ Wv/v CI)) = BS(),k(WU7 WU/’ \Ijk) = O
Similarly, By, s vanishes when v’ € nV’. Thus the proposition follows. O

Theorem 4.5. If 5 is an exceptional pole of type 1 with level m and depthn — k,

then sg is an exceptional pole of type 2 with level m for some components of k)

and 7'k

Proof. Note that we have the decompositions
Vi =D, (pi. A& (01 Bi)
and

V[V =P, (oi. A& (o]. B).
By Proposition 4.4, if 59 is an exceptional pole of level m for Iy, By, ; defines a
nontrivial continuous trilinear form on V/nV x V//aV’ x E ¢ - Thus it has to be
nontrivial on some components

Byok : (pir AD)®(0i. B;) x (0}, A7) (0}, B}) x EJ' —> C,

which implies it is also nontrivial on the subspace A; ® B; x A; ® Blf x E ,’c"

Now fix v € B;, v} € B, so that By x is nontrivial on 4; ® vz X A} ® v} X ET.
Then the restriction of By,  to this subspace induces a nontrivial continuous trilinear
form, still denoted as By x, on A; X A; X E]’C", with

Bso,k(g V1,8 v/l ,8.9) = |detg|_so+n_kBso,k(vl» v/l’ )
for any vy € A;, v} € A}, ®; € E and g € Gi. Note that |det|®=k)/2p; is a
component for 7=k thus we have proved the theorem. O
5. Rankin-Selberg integrals: G, x G,

Suppose a pole sg is not exceptional for the integrals /5, and that we have the
Laurent expansion
B, (W, W', ®)

(s —s0)4

and By, is continuous on V x V' x E™ with the invariance property

I,(s, W, w’, D) = .,
Bso,n(g W, g- W/» g-®) = |detg|_s0Bso,n(W, W/’ D).

Since s is not exceptional, for any integer m, we can find some ® € ¥ such
that the form By, , (W, W', ®) is nonzero for some choices of W and W'. Because
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of the continuity of By, ,, we may further assume W and W' are both K, -finite.
By Iwasawa decomposition, we have

Li(s, W,W' ®)
:/ / W(pk)W’(pk)ldetp|s_1/ w(a)w'(a)|a|™ (eyak) d™a dp dk.
n ﬂ\Pn RX

Take {W;} to be some base vectors in the K-span subspace of W, and we write
W(gk) = _; fi(k)W;(g), where f; are continuous functions on K. Similarly,
write W'(gk) =3, f/(k)W/(g), where {Wj’ } are some base vectors of the K-span
subspace of W', and f;’ are continuous functions on K. Now I(s, W, W', @) equals

Z//N\P W)W, (p)ldetpI”™" /R _o@o/@lal"

x / i (k) ] (k) ®(enak) dk d*a dp.
K

Lemma 5.1. For any continuous function f(k) on K, the function
Y(a) = / f(k)P(epak) dk
K

belongs to ™ (R) if @ is in S™(R™).

Proof. We will only check that W(a) vanishes at least to order m around 0; other
verifications are routine and will be omitted. Since ® vanishes at 0 at least to
order m, by [Treves 1967, Theorem 38.1] there exists a homogeneous polynomial
P(x1,...,xn) of degree m such that the Taylor expansion of ® at 0 has the form

D(x1,...,x0) = P(x1,...,x0)+ .
Then

\If(a)=[Kf(k)<b(enak)dk=/Kf(k)P(enak) dk +---

— am/ F)P(enk) dk + - .
K

This shows that W(a) vanishes at least to order m at 0, which finishes the proof. [

Lemma 5.2. If ® € $"(R) for some m > 0, then as a function of s € C, the function
o0
/ a’*®(a)d”a
0

is holomorphic in the half-plane Re(s) > —m.

Proof. Since @ is a Schwartz function, the integral

o0
/ a’®(a)d”a
€
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is holomorphic in s, when € is away from 0.
In a neighborhood of 0, when Re(s) > —m and ® € ¥™(R), the function a®*®(a)
is continuous. Thus

€
/ a’®(a)d”a
0
is also holomorphic in s. O

By Lemma 5.1, as a function of a, the integral

[ w0 @0(eab ak

belongs to 7" (R), and by Lemma 5.2, when we choose m large enough, the function

/ a)(a)a)/(a)|a|”s/ ﬁ(k)];/(k)q)(eak)dxa dk
R K

is holomorphic in the half-plane containing so. Hence the pole s¢ has to occur in
the sum

> [ wew et ap.
i 7 n\Pn
J
and we may assume one of the terms

/ Wi(p)W/(p)|det p|*~" dp
No\P

contains the pole so. But this integral descends to the integral

g0 ’ s—1
W, ( ) W, ( ) det g~ dg
[Vn—l\Gn—l O 1 O 1

on Ny—1\ Gp—1.
Each W, (g (1)) can be written as a finite sum

Z Wi (g (1)) ;i (en—18)

for some functions W; € W' (i, ¥) and Schwartz functions ®; on R*~!. Thus the
above integral becomes

g 0) /(g 0) s—1
w ®D;(ep—18)|det g|° ™" dg,
Z/n I\Gn 1 (0 1 O 1 l "

which are integrals belonging to /,—;1. So we have the following corollary.

Proposition 5.3. If a pole sg of I, of order d is not exceptional of type 1, then it
occurs as a pole of order d for the integrals I,—1.
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In general, we have the following reduction result.

Proposition 5.4. If a pole sg of I is not an exceptional pole for the integrals Iy,
then it is a pole for I _;.

Proof. By [Jacquet and Shalika 1990, Proposition 2], there exists a finite set of func-
tions {£} on (R*)¥, which have the form £(zy, ..., z;) = H;c:l xj(zj)(og|z; )",
where y; is a character on R, and Schwartz functions ¢¢ on Rk x O(n), such that

Wolax) = Elar.....ap)de(ar.....ax. %),
3

where x € O(n) and
o =diag(ay ---ag,az---ag,...,ar_14k,a),
which will be viewed as
diag(ay ---ag,az - ag,...,a_10k,ag, 1, ..., 1) € Gy.
Since ¢¢ is a Schwartz function, for each x, it has a Taylor expansion around 0,
¢e(ar,....ax, x) = f(x)Pglay,....ax)+---,

where f(x) is some continuous function of x, and P¢ denotes the sum of leading
coefficients in the Taylor expansion, which is a polynomial in ay, ..., ag.
It follows that, around 0, we can write

(17) Wylex) =Y {f(0E(ar, ... ax) Pelar, ... ax) +---}.
3

Similarly, around 0, we have

(18)  Wylax) =) {f ()€ @1,....ap) Pelar, ... .axp) +---}.
5/

By Iwasawa decomposition, we have

pax 0 pax O)
I, = | W, Wy
“ / ”(0 In_k) ”(0 Ik
x @(egax)|det p|s "KL g K640 gp dx d*a,

with p € Ny \ Pg, where Py is the mirabolic subgroup in Gg, x € O(k), a € R*.
Note that N \ Pr = Nir_1 \ Gr_1, so we can write pax = nj_joyx for some
ng—1 € Ng—1,

o« =diag(ay ---agp_a,...,ar_1a,a,1,...,1),

and y € O(k—1).
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Thus by (17), around 0 we have

Wy(pax) =y(ng) Y {f(yx)E(ar. ... ax—1.a) Pg(ar. ... . ax_y.a) +---}
and S

Wy (pax) =y~ (ne) Y _{f'(y0)E @ar.....ax1.a) P (ar, ... ax_y,a)+--}.
S/

Note that the poles of I are caused by the integration around 0, and in a
neighborhood of 0, the integral is

> [ FOx) £/ () dy dx / (EPsE Pe)ar, ... ap1. )
£&
x ®(egax)|alFETm O qy |0 ag | d¥a - d¥ag—y -

where cp, ..., cr_1 are some complex numbers depending on s.

First, since s¢ is a pole for this integral and O(k), O(k — 1) are compact, it
follows that this pole occurs as a pole for the integral with respect to the variables
ai,...,ag,,a, and the integrals with respect to x, y are nonzero.

Since s is not an exceptional pole, we can choose the Schwartz function ® so that
the integral on a in the above expression is holomorphic in a region containing Sg.
Thus the pole is caused by the integration with respect to the variables ay, ..., a_1.
This implies that the integral

g 0 ) ’ (g 0 ) s—n+k—1
W, |14 det d
/ Y (0 In—k+1 v \0 In—k+1 | gl &

has the pole s¢. This integral belongs to the integrals I;_;, and the proposition
follows. ([l

Corollary 5.5. Any pole of the Rankin—Selberg integrals I,, for m and 7’ is an
exceptional pole of type 2 for some components of 7® and #'® 0 <k <n.

For the other direction, suppose ¢ and ¢’ are a pair of components of 7® and
7'®) respectively.

Proposition 5.6. Any Rankin—Selberg integral of 0 and o’ can be written as a sum
of Rankin—Selberg integrals of = and 7’

Proof. For any Wy, € W(o, V), Wy € W(o', 1), and ® € &,,_i, we have the
Rankin—Selberg integral for o and o

16 Wy Wy @) = | Wo (8) Wy, (8)®(6ni 8) det gl d.

Nn—k\Gn—k
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By Corollary 3.5, there exists some W, € W (s, ) such that

0
(5 1)) = Won (01006 et 2

Thus, the above integral is

I(Sa WU1’WU17CI)):/

g 0 _
v ( ) ‘U/l (g)|detg|s k/2 dg7
“n—k\Gn—k

0 I

which can be written as
(s )5 )
J
with W; € W(z, ), and Schwartz functions ®; on R"k . So we have
1(s, Woy, W, @) = ) / W; (f)’ ,‘1 ) Wi () (€n—k g)|det g* /% dg.
J

Using Corollary 3.5 again, we have

_ (g O (& O s—k
I(s, WUI,WU/I,@)—Z/W/ (0 Ik)Wj (0 Ik) |detg|" ™" dg
J

for some Wj’ e W(x', ). Then by [Jacquet 2009, Lemma 14.1], each integral
on the right side can be written as a Rankin—Selberg integral for 7 and 7’. Thus
the proposition follows. O

Corollary 5.7. Any exceptional pole of type 1 of depth O for Rankin—Selberg inte-
grals of o and o' is a pole of the Rankin—Selberg integrals I, for m and 7.

Summarizing the above, we obtain the main result of this section.

Theorem 5.8. Let w and 7’ be irreducible generic Casselman—Wallach representa-
tions of Gy, in general position. Then any pole of the Rankin—Selberg integrals for w
and 7’ is an exceptional pole of type 2 for a pair of components of 7® and 7' ®),
0 <k <n— 1. On the other hand, any exceptional pole of type 1 of depth 0 for a
pair of components of 7® and 7'® 0<k <n—1,isa pole of the Rankin—Selberg
integrals of w and 7'

6. Case G, xGy,m <n

This section is devoted to the case G, X G;,, m < n, using the same ideas and
techniques as in the previous section. We will indicate the necessary changes and
omit details.
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Now suppose 7 and 7’ are generic irreducible Casselman—Wallach representa-
tions of G, and G, in general position, respectively. Let W (i, ) and W' (', 1)
be their Whittaker models. The family of integrals is given by

—m

o W(g ! )W’(g)ldetgls_”zdg,

I(s, W,W') = / 0
n—m

Nm
andfor1 <j<n-—-m-—1

I (s, W,W')

g 0 0

:/ / wlx 1, o |W(gldetg]*"2"dgdX,
M(mxj,R)J N \Gm 00 In—m—j

with W € W(m,¢) and W' € W(n’,~!). We will only consider the inte-
grals I(s, W, W’) since they have the same poles with the same multiplicities
as I/ (s, W, W') for each ;.

For each 1 <k <m, let ® be a Schwartz function on Rk, and introduce

Ik(s? W’ W/a ¢)

:/ W(g 0 )W’ (g 0 )CD(ekg)|detg|s_”§m+k dg.
N\Ge \0 Tn_g 0 Ik

By [Jacquet 2009, Lemma 14.1], the integrals I; belong to the family I,
which implies that they are convergent when Re(s) is large, and have meromorphic
continuations to the whole plane.

At a pole sg for I (s, W, W', ®), we have an expansion

BSO,k(W’ W', ®)
(s —s0)?

where By x (W, W', ®) is a trilinear form on V' x V' x ¥} satisfying the following
invariance property: for any g € Gy,

I (s, W, W' ®) =

T

Byoi(g-W.g- W', g- ®) = |detg| 0+ 5" ¥ By o (W, W', ).
Similar to Proposition 4.2, we can show B ; is continuous.

Definition. We say a pole s¢ is an exceptional pole of type 1, with level / and depth
m—k, if the corresponding By, x is zero on Sf’iﬂ, but not identically zero on 9’5{. In
this case, we also say s¢ is an exceptional pole for the integrals Iy (s, Wy, Wy, ®).

Definition. We say a complex number s is an exceptional pole of type 2, with
level I, for  and 7/, if there exists a continuous trilinear form

l:VxV'xE,lc—ﬂE
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such that
n—m

(W, W, D).

I(g-W,g-W . g-®) =|detg| 0"

Remark. If s5¢ is an exceptional pole of type 1 with level [ and depth 0, then sg is
also an exceptional pole of type 2 with level / for = and 7’.

Along the same lines, we have the following theorem.

Theorem 6.1. If sq is an exceptional pole of type 1 with level | and depth m — k,
then s is an exceptional pole of type 2 with level | for some components of 7=k
and /™=K

The main reduction step is the following analog to Proposition 5.4, with essen-
tially the same proof.

Proposition 6.2. If a pole so of Iy is not an exceptional pole for these integrals,
then it is a pole of Ij_4.

As a corollary, we have:

Corollary 6.3. Any pole of the Rankin—Selberg integrals I, for m and ©’ is an
exceptional pole of type 2 for some components of 1 "%) and 7"m=%) 0 <k < m.

A converse statement is also true.

Proposition 6.4. Any exceptional pole of type 1 of depth O for a pair of components
of 7=k and 7' ™=K s a pole of the Rankin—Selberg integrals I, for = and 7'.

The main result of this section is the following.

Theorem 6.5. Let w and i’ be irreducible generic Casselman—Wallach represen-
tations of Gy and G, in general position. Then any pole of the Rankin—Selberg
integrals for w and 7' is an exceptional pole of type 2 for a pair of components of
7K and 7'M=K) 1 < k < m. On the other hand, any exceptional pole of type 1
of depth 0 for a pair of components of 1% and 7'M=%) 1 <k <m, is a pole of
the Rankin—Selberg integrals of m and 7’'.
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PRESCRIBING THE BOUNDARY GEODESIC CURVATURE
ON A COMPACT SCALAR-FLAT RIEMANN SURFACE
VIA A FLOW METHOD

ZHANG HONG

We study the problem of prescribing the boundary geodesic curvature on
a compact scalar-flat Riemann surface. We use the negative gradient flow
method. We prove the global existence and the convergence of the flow as
time goes to infinity under sufficient conditions on the prescribed function.

1. Introduction

Let (M, go) be a compact Riemann surface with boundary equipped with a scalar-
flat metric gg. Given a function f on d M, does there exist a scalar-flat metric g
which is pointwise conformal to g, i.e., a g = > go such that f is the geodesic
curvature of 9 M under the metric g? This problem is equivalent to solving the
boundary value problem

(1-1) Agu=0 in M,
Opt +ko= fe* on oM,

where d,, is the outward-pointing normal derivative operator with respect to gg and
ko is the geodesic curvature of 9 M under the metric gg. We may assume without
loss of generality that k is a constant since there always exists such a metric in the
conformal class of gg. Let us first derive necessary conditions for (1-1) to have a
solution. By integrating (1-1), we obtain

(1-2) / e dsg, = ko2 (OM),
M

where L(0M) = £(0M, go) is the arc length of 0 M, and
(1-3) / fdsg, =— f |Vgout|*e ™ dAg, + ko f e " dsg,.
aM M aM

MSC2010: primary 53C44; secondary 35J65.
Keywords: prescribed geodesic curvature, negative gradient flow.
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Depending on the sign of kg, with the help of (1-2) and (1-3), we conclude that the
geodesic curvature candidate f should satisfy the conditions

(1) max f(x)>0 when ko > 0,

xedM
(1-4) (i) ){23})&1 f(x) >0 and /3M fdsg; <0 when kg =0,
(iii) / f(x)dsg, <0 when kg < 0.

aM

Remark 1.1. Notice that for ky = 0, it is not hard to see that if (1-1) has a solution,
then either f =0 or maxycypy f(x) > 0 and faM fdsg, < 0. However, we do not
include the case f =0 in (ii). This is because (1-1) becomes trivial in that case.
Hence, we only consider the case f 0 in this paper.

To the author’s knowledge, there are very few papers concerned with sufficient
conditions on f for the existence of a solution to problem (1-1). Cherrier [1984]
studied the regularity issue for (1-1), and for ky =0 he showed that if condition (ii) in
(1-4) holds then the equation has a nontrivial solution. This implies that condition (ii)
is necessary and sufficient for (1-1) to have a nontrivial solution. Kazdan and Warner
[1975] found the similar condition in the prescribed Gaussian curvature problem on
Riemann surfaces without boundary. For ky < 0, Ho [2011] proved that (1-1) has
a solution provided the prescribed function f is strictly negative by using a flow
method. He considered the evolution problem

9
a—f — (@) f—k)g inoM,
K=0 on M,

(1-5)

where a(t) =2m x(M)/ ( f om J dsg), and k and K are the geodesic curvature and
Gaussian curvature of the time metric g(¢). Such a flow has been used in many works;
see for instance [Brendle 2002a; 2003; Struwe 2005; Malchiodi and Struwe 20006;
Chen and Xu 2012] and the literature therein. When kg > 0 and M = D (the unit
disc in the plane), Liu and Huang [2005] showed that there exists a solution of (1-1)
if f possesses some kind of symmetries, while for a more general smooth function,
Chang and Liu [1996] obtained an existence result through the Morse theory method.

In this paper, we will use the negative gradient flow introduced in [Baird et al.
2004; 2006] to investigate the problem of prescribing the geodesic curvature when
the candidate curvature function f is not necessarily of constant sign. This gradient
flow will be different from (1-5). To be precise, it is introduced in the following
way. Motivated by [Chang and Liu 1996], we consider the functional

J(u):/ 18,114~M+k0udsgo
am 2
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on the Sobolev space H :={u € H (M) : Ag,u =0 in M} under the constraint

ueX::{ueH:L(u):zf
d

e" fdsg, = k0§E(8M)}.
oM

Note that the set X is not empty, thanks to the conditions in (1-4). From the
Moser—Trudinger inequality with boundary [Li and Liu 2005, Theorem A]

. 1 1
(1—6) /;Me ngOSCGXP{E/I;|Vu|2dAgo+m‘/aMungo},

where the constant C depends on M and gy, it follows that L is well-defined on H.
Since H is restricted to the set of harmonic functions, we may assume that H is
equipped with the scalar product

(u,v):/ Oplt -V +u-vdsg,,
oM

for u, v € H. Hence the associated norm on H is given by

lul® = f Ot - w4 u” dsg,.
oM

The functionals J and L are analytic, and their gradients are given by

(1-7) (VJ (), ¢) = / (Oput + ko) dsg, forall ¢ € H,
oM

which implies that
VJIw) =0y + 1) 0pu + ko),
and
(1-8) (VL(u), ¢) :/ e fodsg forall ¢ e H,
oM

which implies that
VL@) =@+ D7 (" f),

where [ is the identity transformation.
Since VL(u) # 0 for all u € X by the hypothesis (1-4), the set X is a regular
hypersurface of H. A unit normal field at a point u in X is given by

(1-9) N@u) = L(”)
VL@

The gradient of the functional J with respect to the hypersurface X is thus defined by

(1-10) VX T () =VJu)— (VJ (@), N@u))Nu).
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Then the negative gradient flow of J with respect to the hypersurface X is

{a,u =-VXI),
u(0) =upe X.

If the flow (1-11) exists for all time and converges at infinity, then the limit func-
tion u ., produces a solution of (1-1) and so defines a metric of geodesic curvature f.
In this paper, we will show the long-time existence of a solution of (1-11) and its
convergence as ¢t — oo under sufficient conditions on the prescribed function f.
We also describe the asymptotic behavior of the flow at infinity.

(1-11)

2. Statement of the results

We will first show the long-time existence of the solution to (1-11).

Theorem 2.1. Let (M, go) be a compact scalar-flat Riemann surface with boundary
and let f € C°(dM) satisfy the appropriate condition in (1-4). Then for any ug € X,
there exists a unique global solution u € C*°([0, co[, H) of (1-11). In addition, the
energy identity

(2-1) /O 18:u(D)|1* dT + J () = J (uo),

holds for all t > 0.

We will study the convergence of the global solution depending on the sign of k.
When ko > 0, we only consider the case M = D, the unit disc. Let up € X and
u : [0, oo[ — X be the solution of (1-11) obtained in Theorem 2.1.

Theorem 2.2. Suppose that ko = 0. Let f € CO(dM) satisfy the conditions

max f(x) >0 and / f(x)dsg, <0;
xeoM oM

then u converges in H as t — o0 to a function us, € HNC*(d M) with the property
that the function v = Uso + A is a solution of

Ago Voo = 0 in M,
OpVoo +ko = fe'> on oM,

for some constant A. Moreover, there exist two constants 8, § > 0 such that
() = uscll < BA+17°

forallt > 0.

Corollary 2.3. Suppose that kg = 0. Let f € C°(dM) satisfy the conditions
maxyeyy f(x) > 0 and .[BM f(x)dsg, < 0; then there exists a metric conformal
to go with associated geodesic curvature f.

For the negative case, we have:
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Theorem 2.4. Suppose that kg < 0. Let f € C°(dM) satisfy the condition
fa vy J(X)dsg, < O, then there exists a positive constant C depending only on
the function f~(x) = max(— f(x), 0), go and M, such that if ug satisfies

(2-2) Elol® max f(x)<C,
xeoM

where £ > 1 is a constant depending only on go and M, then u converges in H
ast — 00 to a solution usc € HNC*(OM) of (1-1). Moreover, there exist two
constants B, § > 0 such that

() = uooll < BA+1)~°
forallt = 0. In particular, if f <0, then u converges in H as t — o0 to a solution
Uoo € HNCY(OM) of (1-1) and ||u(t) —usoll < B(1 +t)_5f0r allt > 0.

Corollary 2.5. Suppose that kg < 0. Let f € C°(dM) satisfy the condition
fa wf(xX)dsg, < 0. There exists a positive constant C depending only on the
function f~, go and M, such that if f satisfies

max f(x) <C,
xeaM

then (1-1) admits a solution u € H N C*(0M). In particular, if f <0, then (1-1)
admits a solutionu € HNC*(0M).

We now consider the positive case. In this case, we assume that M = D, the
unit disc. Suppose that the function f is invariant under a group G of isometries of
dD = S' (f is a G-invariant function). Then we can establish the convergence.

Recall that a function on S' is said to be G-invariant if it satisfies

f(ox)= f(x) forall xe S'ando €G.
Let X denote the set of fixed points of G, that is,
Y={xeS':ox=xforallo € G};
we have the following result:

Theorem 2.6. Let f € CO(dM) be a function invariant under a group G of isome-
tries of S with max, g1 f (x) > 0, and let ug € X also be invariant under G. If either
(1) =9, o0r

(i) maxpex f(p) <e W0/,

then u converges in H as t — oo to a G-invariant solution us, € H N C*(S")
of (1-1). Moreover, there exist two constants 3, 5 > 0 such that

lu(t) — usll < B(L+1)7°
forallt > 0.
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Let a € D and denote by @, the Mdbius transformation given by
z2+a

- az+1

For a suitable choice of the initial data ug, we have the following:

Corollary 2.7. Let f € C°(S") be a function with max,.q f(x) > 0 which is
invariant under a group of isometries of S. If either

1) X=9,o0r

a

(1) there exists ag € X such that
(2-3) max f(p) < max(O,][ fo®, dsg0>,
pEX sl
then (1-6) admits a G-invariant solution u € H N C*(S"). In particular, if
(2-4) max f(p) < max (0,][ fdsgo),
PEX N
then (1-6) admits a G-invariant solution u € H N C*(S").

3. Long-time existence

In this section, we first show that the solution of the flow (1-11) is well-defined
on [0, oo[. Then we show the convergence of the flow under the assumption of
uniform boundedness of the conformal factor u. To do so, we will first prove:

Lemma 3.1. The linear mapping (3, + 1)~ : L?>(OM) — H is compact.

Proof. Let S be a bounded set in L?>(dM). Then there exists a sequence (¢;); C S
that weakly converges to a function ¢ in L?(OM). Define u; = (3, + I )_1¢,~ and
Uoo = (3, + 1) 'poo. We then have

O + D (Uj —Ux) = Pi — Poo-

Hence, u; weakly converges to i, in H. By the compact embedding H < L>(d M),
u; strongly converges to u, in L>(dM). Now, a simple calculation, Holder’s
inequality and boundedness of ¢; and ¢ in L>(dM) yield

i =0l = [ @t D = 1) s = ) s
oM
= f (@i — Poo) - (Ui —ueo) dsgy < Cllu; —ucollL2¢3ar) — 0.
oM
Hence, (9, + 1)~ '¢; strongly converges to (3, + I) !¢ in H. This implies that

@+ D) is relatively compact in H. Therefore, the linear mapping (9, + [ )y~
is compact. (]
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Proof of Theorem 2.1. Since the functionals J and L are C*° on H and VL(u) #0
for all u € H, it follows that VX J is C* on H, and the short-time existence follows
from the classical Cauchy-Lipschitz theorem. We now extend this short-time
solution to [0, ool.

Since VJ (u) = — (3, + 1)~ ' (u — ko) +u and (8, + I)~! is a bounded linear map
by Lemma 3.1, it follows that

1Bull = V¥T@)|| < IV @)l < Collull + Co.
From the inequality above, we deduce that, for all t < T,
lu@)l < (luoll + 1eT,

which ensures that the solution u is globally defined on [0, ool.
Now, using (1-9)—(1-11) we can obtain
dJ(u)
(3-1) dt

= (VJ(u), du) = (VJ ), —V*J (u))
=—VXI@)|* = —llaul*.

Integrating the equality above from O to ¢ yields the energy identity (2-1), which
completes the proof. ([

Next, we wish to establish convergence at infinity under the assumption of
uniform boundedness of the global solution u# in H. For this we will prove:

Lemma 3.2. Let u : [0, oo — H be the solution of (1-11). If u satisfies
(3-2) lu@®l <C

for all t > 0, where C is a positive constant independent of t, then u(t) converges
in Hast — ootoafunctionus, € HNC*(OM) (0 <a < 1). If kg # 0, then uso
is a solution of (1-1). If ko = 0, then the function vs = U + A is a solution of

e " (I Vo0 + ko) = f,
for some constant A. Moreover, there exist two constants B, § > 0 such that
lu(r) = ool < B +1)7°
forallt = 0.

Proof. The energy identity (2-1) and (3-2) imply that

o0
/ Vel dt < J(ug) + e sup ()] < J (o) + Cr.
0 t
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where C; > 0 is a constant depending on M, go and the constant C in (3-2). Thus,
there exists a sequence #; — oo such that

(3-3) 18, (@) | = VX I (w(@ )| = 0.

From (3-2), we have |lu(t;)|| < C; hence there exist a function u,, € H and a
subsequence of #; (again denoted by #), such that

u(ty) > uoo weakly in H,

(3-4) L
u(ty) > oo strongly in L= (0 M).

It follows from (3-2) and (1-6) that for all p € R, there exists a positive constant
C(p) such that

(3-5) / el ds, < C(p).
oM
A straightforward computation from (3-4) and (3-5) shows that for all p > 1,
(3-6) lim | fe""™ — fe"=||Locam) = 0.
k— 00
Since u(t;) € X, which means that
/ fe' ™ ds, = koL(dM),
oM

we conclude from (3-6) that u,, € X.
Next, we show that VX J (us,) = 0. Recall that

(3-7) VXTI @) = VI @) — (VI u®)), vuw»)m
IV L(@u())||?

with

(3-8) VL) = @+ D' (fe"?)

and

(3-9) VIu@®)=—[@n+ D" = Nu+ @+ 1 ko

Since (3, +I)~': L2(dM) — H is compact by Lemma 3.1, we deduce from (3-4)
and (3-6), as well as from (3-7)—(3-9) above, that VX J (u (1)) weakly converges
in H to VX J (us). It follows from (3-3) that VX J (us) = 0. Therefore,

(O + D7 Bnttoo + ko) = n(ttoc) @n + 1)1 (fe),
where 1(u) is a constant. Hence,

(3-10) Inttos + ko =1 (uoo) fe'.
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From (3-6) , (3-10) and [Brendle 2002b, Lemma 3.2], it follows that || Vo || Lr (o) <
C. Since u, € H, we have, by the Sobolev embedding theorem, u, € L? for all
2 < p < 0. Hence us € WHP(dM) with 2 < p < co. By the Sobolev embedding
theorem again, we obtain u,, € H NC*(dM) forall 0 <« < 1.

Suppose that ky # O; then since u,, € X, by integrating (3-10), we deduce
that n(us) = 1 and u is a solution of (1-1). On the other hand, for ky = 0, if
N(us) = 0, then d,us = 0 and hence u is a constant, contradicting (1-4) and
the fact proved above that u, € X; if n(uso) < 0, then veo = U +10g(—1(Uxo))
is a solution of e™"~9,v, = —f. However, by integrating this equation, one
has [}, fdsg, = [}, €7"°|Vuso|* dsg, > 0, contradicting (1-4). Hence, the only
possibility is n(#«) > 0, and for this case, one can see that vy, = Uoo +10g N (Ueo)
is a solution of eV (9, v + ko) = f.

In order to prove the asymptotic behavior of the flow, we need to show that

(3-11) klim |u(ty) —usol = 0.
Since VX J (uso) = 0, it follows from (3-7) and (3-9) that
lu(t) — tooll < IVXT @@+ 1130 + D~ wty) — uoo) |
+C@n+ D7 (fe™ — fe") |+ Inut)) — n(uss)).

At this point, (3-11) follows from (3-3), Lemma 3.1 and (3-6).
Finally, we will end the proof of the lemma by showing that there exist two
constants 8, § > 0 such that for all # > 0,

(3-12) () — usll < B +17°.
Before doing this, we will cite a version of the L.ojasiewicz—Simon inequality:

Lemma 3.3 [Baird et al. 2004]. Let X be an analytic manifold modeled on a Hilbert
space ¥ and suppose that $ : X — R is an analytic function on a neighborhood of
a point u € X satisfying:

i) VE@) =0.

(i) V2$@): T; X — T; X is a Fredholm operator.

Here, V $ denotes the gradient in X of $ and we consider the second derivative
V2$(it) as a linear map V*$(ii) : T; X — T3 X by using the inner product on T;X.
Then there exist constants 1 >0 and 0 <6 < % such that if u € B(u, ) (the geodesic
ball of radius p centered on i), we have

V@) > |$u) — $a@)|' .

Now we apply Lemma 3.3 to the functional J in a neighborhood of the point .
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Since L is an analytic function on H, X is an analytic manifold. Moreover,
J : X C H— R is analytic and VX T () = 0. Let n,, :H— T, X be the
projection onto 7, X. From (3-7)—(3-9), it follows that for all v € 7, X,

V2T (eo) (W) = (I 4+ T, A)(v),

where A : H — H is defined by

AW) = —(0 +1>—1<v)—<v1<u ) M><a + 1) (fetu)
" NS TEY
N <v Sy, VL) ><v V||VL<uoo)||>VL(uoo).
VL) P\ VL)l

It is not difficult to check that A is a compact operator since (8, + )~ is a
compact operator. Since I, is a continuous map, it follows that IT, A is also
compact. Hence, we conclude that V2J () is a Fredholm operator. It follows
from Lemma 3.3 that there exist constants 4 > 0 and 0 < 0 < % such that if
lu(t) —usoll < w, then

(3-13) IVET @)l = (J @) — J (uso))' 7.

We may assume that J (u(t) — J (o)) > O for all £ > 0. Otherwise, if there exists
> 0 such that J(u(f)) = J (uso), then since J is nonincreasing and the solution
of (1-1) is unique, it follows that u(#) = u«, for all ¢ > . Therefore the solution
is stationary and the estimate (3-12) is trivial. In view of (3-1), we have

dJ(u(r))
dt
From (3-11), we deduce that for all € > 0, there exists N > 0 such that

(3-14) = VX @) I3 u@)]l.

u(tn) — ttoo|] < g and %(J(u(tn)) — J(us))’ < g forall n > N.

Lete = %,u and t* = sup{t >ty : ||u(t) —usoll < u forall t € [ty, t]}. Suppose
that * < oo. It follows from (3-13) and (3-14) that

d
= @) = T o)1 = 018, (@)]
for all ¢ € [ty, t*]. Integrating (3-15) and using the monotonicity of J yields

(3-15)

™) = (o) | < / [8cu(0) 1 dT < 2 (J wtn) — T ()’ < 5.

N

Recalling that € = % W, we have

lu(t™) — ool < Nu (™) —ultp) || + llu(ty) —ussll < %
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which contradicts the definition of #*. Hence * = oo. This implies that estimate
(3-13) holds for all t > #y. Now, set h(t) = J(u(t)) — J(4~). Then from (3-13)
and (3-14) again, it follows that

_dh(@)

o= IVXT@@)|? = >0,

or, equivalently,

d
Zh”—l(r) > (1-26),

forall t > ty. Since 0 < 6 < % we can deduce that
(3-16) h(t) < (W7 aw) + (1 =20) (1 — tx )PV < ¢,

where 8’ = 1/(1 —20) and C are positive constants. We fix ¢ > 7y and integrate
(3-15) from ¢ to t, (with n sufficiently large) to obtain, by estimate (3-16),

) =)l = [ IOl dr = @) - ) = G0 < ger.

By letting n — oo, we obtain

Ju(®) | < 5C1

for all t+ > ty. However, for r < ty, ||u(t) — us|| is bounded, so there exist two
positive constants § = 68" and B with

lu(t) — ool < B(L+1)7°

forall r > 0. O

4. Convergence

In this section, we will apply Lemma 3.2 to obtain convergence. We thus only
need to prove uniform boundedness in H of the global solution « : [0, c0) — H
in Theorem 2.1.

Proof of Theorem 2.2. Suppose that kg = 0. Writing 1 for the constant function, in
view of (1-7) and (1-8) we have for u € X that

(VI 1) = /

Ot - 1dsg, =0 and (VL(u), 1) =/ e"f-1dsg, =0.
oM

oM

From this it follows that

0= (o;u,1) :/ (0, 0iu + 0;u)1 dsg,,
aM
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which implies that
oy / u(t)dsg, = 0.
M

Hence,

(4-1 / u(t,-)dsg0=/ uodsg,.
oM M

From now on, we set u = (1/£(dM)) faM udsg,. Since kg = 0, the energy identity
(2-1) yields

4-2) J(u) = %/3 Ot -udsg, < J(uo).
M

In order to show that ||u(z)|| < C, it remains to bound faM u? dsg,. By Poincaré’s
inequality, we have

4-3) hu — 12, sxl“/ it u dsg,,
aM
where A is the first nonzero Steklov eigenvalue. From (4-3) and (4-1), it follows that

/ uzdsgog)ql/ it - u dsgy + L(AM)it*
oM oM

=k1_1/ - u dsgy + L(AM)itg*.
oM

Hence, we deduce from (4-2) that [, u® ds, is bounded. O

Proof of Theorem 2.4. Suppose that ky < 0; without loss of generality we assume
that ko = —1. We first prove that the solution u satisfies a nonconcentration lemma:

Lemma 4.1. Let K be a measurable subset of 0 M with £(K) > 0. Then there exist
a constant « > 1 depending on M and gy and a constant Cx > 1 depending on M,
go and £(K) such that

o
/ e dsg < CKe”‘”“0||2 max((/ et dsg0> , 1).
aM K

Proof. Step 1. We claim that there exists a positive constant C depending on M
and g such that, for any measurable subset K of M with £(K) > 0, we have

C  2V2%0M)
(4-4) /aM”dngSU(”O)|+§g(K)+ 2(K) max(fKudsgo,O).

Fix ¢ > 0. Suppose that |, gp U dsgy > 0, otherwise estimate (4-4) is trivial. By the
energy identity (2-1), we have

4-5) %/m Butt - u dsg, < J (o) + /BM udsg,.
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It follows from (4-5) and (4-3) that

2 2 1 2
(4-6) f u’ds §—J(u)+—/ udse + (/ uds )
M =0T om0 2OM\ Sy

Now, we consider the following two cases:
Case (i): [ u(r)dsg, <0. Then

2 2
( f udsgo) < ( / udsg0> <LK | u?dsg,
oM K¢ oM

where K¢ denotes the compliment of K in d M. Plugging this inequality into (4-6)
yields

L(K)
LOM) Jom
On the other hand, by Young’s inequality, we have

f udsg,
oM

Taking € = A F(K)/(4£(dM)) and substituting into (4-7) gives

5 4%(dM) 2%3(0M)
(4-8) /mu dngS—M&E(K) (o) —A§§£2(K)'

Since )
(/ udsgo) §£E(E)M)/ u2dsg0,
M aM

it follows from (4-8) that
2 2 4
492(AM) 2$4(OM)
d <—>=7] + =
</3M” SgO) = e "t Eex)
49* M) 29*OM)
MFAK) ALK

4-7)

2 2
142alsg0 < —J(uo)—l-—/ udsg,.
Al A Jom

56/ u? dsg, + (4e) 'L (OM).
oM

< |J(uo)|* +

Therefore,

C
udse < |J(uy)| +—,
/BM g0_| (O)| $(K)

where C is a constant depending on £(0M) and go. This establishes case (i).
Case (ii): [} udsg, > 0. Rewrite (4-6) as

2 2 2
u-dsgy < —J(uo) + — udsg,
oM A At Jom

(o) + ([ wt) +2( o) ([ )}
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By Young’s inequality and the fact that

2
(f ua’sgo) §§E(Kc)f uzdsgo,
c oM
we have
o[ (, s0) = i ([ se) + 752 [ o
uds uds, | < ——— uds — u-ds,,.
% 80 Ke 80 g(K) K 80 2 oM 80

Hence we arrive at

LK) 2ds,, < 21( )+ 2/ dsg, + 2 / d ’
_— u S — u — udas sam— udas .
220M) Jorr o T Y T S R ey ST

By Young’s inequality again, we obtain

MEK 292(OM
/ udsgo S 1—() uz dsgo ﬁ.
oM 8L(OM) Jym ME(K)

Therefore,

) 8L(0M) 16£3(0M)  8L(IM) (f )2
/BM u-dsg, < NEEK) J (uo) + )\%332([() + 2 \Jx udsg| -

2
(/ udsg0> <¥0OM) (/ u? dsg0>,
aM aM
it follows that

(/ p >2<8§£2(8M)|J( )|+16§£4(8M)+8§£2(3M)(/ p )2
o) = ) T Reea) T2y Ut )

Since

which implies that

C 2V2L(OM)
£L(K) ZL(K)

[ sy <1swol+ udsg.
oM

for a constant C depending on M and go. This establishes (4-4).
Step 2. We are in position to establish the lemma using the result in Step 1.

The energy identity (2-1) yields

1

—/ 3nu-udsg0§J(uo)+/ udsg,
2 Jom aM

:J(uo)+££(8M)ﬁ+/ (U —u)dsg,.
aM
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From the Young and Poincaré inequalities, it follows that

1 1
—/ Onlt - udsg, < J(uo)+$(8M)ﬁ+—§E(8M)+e (u—ﬁ)zdsgo
2 Jom M

< J(ug)+L(O@OM)u + §E(3M) + — : / Opt -udsg,.
1
Taking € = %)\1 gives
4
/ Ot -udsgy <4J(ug) +4LOM)u + —L(0OM).
M Al
Using the inequality (1-6), we deduce that

" J(ug) LOM) 1 1
4-9) /aMe dsgy < Cexp{ - + e + ($(BM) + ;)/zwudsgo}.

Notice that we have

J (uo) =/ (%8nu0— g dsg,
oM

5/ 8nu0-uodsg0+/ u(z)dsgo—l—i(aM)
aM M

= |luo|* + L(OM).

Plugging this inequality into (4-9) yields

u luol*
e dsq, < Cexp + B udsg, t,
am T aM

where B and C are positive constants depending on M and go.
It follows from (4-4) that

B,
“ds, < C A _— ds,. .0},
/(;Me Sgo = KeXP: 1||M0|| +£E(K) max(fKu Sgo )}

where A, By depend on M and gy and C) is a positive constant depending on M,
ZL(K) and go. Moreover, we set « = max(Aj, By) + 1. Then we have

4-10 “dsg, < C; — dsg,,0]t.
( ) /azwe Sgp < Kexp{a”uoll +££(K)max(/l<u Sgo )}

By Jensen’s inequality, we have

1 1 .
Xp{%/;(udsgo} ST[()/Ke ngO
XP{L/ udsgo} < (L/ e”dsgo) .

L(K) Jk L(K) Jk

Hence
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exp{%max(/l(udsgo,O)} =maX<€Xp{$/K”dsgo}’ 1)

o) 1)
<max(| —— [ €“ds, ) ,1).
((se(K) ko
Inequality (4-10) thus implies that

1 o o
e ds, <C, e lluoll® max((—) , 1) X max((f e ds ) , 1)
,/(;M 80 K 2([{) K 80
o
=< CKe"‘””"”2 max((/ e dsgo) , 1),
K

where Ck is a constant depending on £(K), M and gg, which we can suppose to
be greater than 1. This completes the proof. ([

But

The estimate of Lemma 4.1 will allow us to uniformly bound [, e" dsg,. Let
ft=max(f,0) and K = {x €OM: f(x) <} min f(x)}.
Notice that we have ug € X. Then
LOM) = / —fe"dsg, = / fe"dsg, —/ freds,,
M oM M

implies that

M
@-11) SO [ enas,,
—mingeym f(X) ~ Jom

However,

/uodsgoff u(z)dsgo—l—&E(&M),
aM aM

which, together with inequality (1-6), implies that

(4-12) / e dsg, < Cy exp{Cl </ Onto - Ug dsg, +f u(z) dsg0>}
aM aM aM

Cilluol?
=Cie il 0||’

where C, which we may assume to be greater than 1, is a constant depending on
M and go. Hence,
L(OM)

(4-13) < (el lluoll®
—minyeyy f(x) —
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Now sety =Cg (8C1)"‘e(c'Jrl)‘)‘”“o”2 (Ckg > 1and « > 1 are constants in Lemma 4.1).
Suppose that condition (2-2) of Theorem 2.4,

eé\luol\z max f(x) < E’
xeoM

holds, with C = —min,cyp f(x)/(8°‘CKC‘1"71) and £ = a(C1+ 1) — C;. We wish
to show that

(4-14) / " ds,, <2y forall >0,
oM

Let
I= {t 20:/ "™ ds, <2y forall T € [0, t]}.
oM

From (4-12), it follows that 0 € I. Let T = sup /. Suppose T < oo. Then by
continuity of the map t — [, oM e ™ dsg,, we have

(4-15) /a . "D dsg =2y.

We consider two cases:

Case (i): /a B fre M ds,, < % /8 B fre" M ds,, .

Using the fact that u(T) € X, we get

(4-16) / fre"Ddsey <=2 | fe"D dsy, =2%(3M).
oM oM

Since f~(x) > %(— min,ecypy f(x)) forall x € K, it follows from (4-16) and (4-11)
that
4%£(0M)

2
eu(T) ds, < ‘ §4C1€C1 lluoll~
fK %7 —mineegm f(x)

We thus deduce from Lemma 4.1 that

o
/ Py dsg, < C1<e"‘“”°”2 max((/ et dsg0> , 1)
aM K

< CKewHuoll2 max((2C;)%e®C Huollz’ 1

— CK(2C1)016(C1+1)0!HM0H2 <y,

which contradicts (4-15).
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Case (ii): /8 e dsy, > : /8 e M sy,

Since f~(x) > %(— min,eypy f(x)) for all x € K, it follows from (4-15) that

_ minyeay f(0) / D) g, < / e ds,,
) % ~Jom

<2 f fre"™ ds,, < 4y max f(x).
oM xeaM
Then condition (2-2) of Theorem 2.4 implies that

/ eu(T) ngO S 8)/ me.lXXE(r)M f(x) S 8CleC| ||M()H2
K — minyeym f(x)

As before, by Lemma 4.1, we have

/ ) dsg, <,
aM

which contradicts (4-15) again. We thus conclude that (4-14) holds.
Now from Jensen’s inequality, (4-14) implies that

1
4-17 TES ) dsg, < C,
(4-17) u ££(8M)/3Mu() Sgy <
where C is a constant depending on M, go, f and ug. The energy identity gives
(4-18) 1 Ot -udsg, — (u—u)dsg, —LOM)u < J(uop).
2 Jom oM

On the other hand, Young’s inequality gives

/ (u —u)dsyg,
oM

Setting € = J—‘)\l and using Poincaré’s inequality, we deduce from (4-18) and (4-19)
that

1
(4-19) §e||u—ﬁ||iz+£§£(8M).

1 1
(4-20) —/ Opu -udsgo —FOM)u < J(ug) + —£0OM).
4 Jom Al

Using (4-17), we have

/ Opu-udsg < C.
oM

To show that ||u(?)] < C, it remains to bound / u’ dsg,. From (4-20), it follows
that oM

—-F(@OM)u < C;
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hence, we deduce that u > C. Combining this with (4-17) yields
lul < C.

Now Poincaré’s inequality implies that
—2 1
lu—ull;. < — Oqu-udsg < C.
A Jam

Thus, [,,, u*dsg, < C. 0

Proofs of Theorem 2.6 and Corollary 2.7. Suppose that kg > 0. In this case,
we consider M = D, the unit disc. Then ky = 1. Hence, if u € X, we have

Sapy S dsgy =2m.

Proof of Theorem 2.6. Let v, = u o &, + log|P, |, where &, is the Mobius
transformation. From [Chang and Liu 1996, Theorem 2.1] and (2-1), it follows that

(4-21) J(va) = J(u) = J (uo),

and since u € X, we have

(22 /51 [o®qe™ dsg, = /Sl fe'dsg, =2m.

From (4-22), we deduce that

2
4-23 Vo dsy > ———
( ) fsl ¢ @0 = max, g f(x)

It is well-known that for all r > 0, there exists a(t) € D such that
(4-24) / xie" 0 dsgy =0 for i =1,2.
Sl

Set v(t) = vy(r) and ®(¢) = P4(;). From now on, we assume that C is a constant
only depending on up and sup, ¢t f(x). In view of (4-23) and (4-24), it follows
from the Osgood—Phillips—Sarnak inequality (see [Osgood et al. 1988]) that

(4-25) C< ][ " ds,, < exp{ ][ (%8,,1)0) + l)v(t)dsgo}.
S! Sl

It follows from (4-21) and (4-25) that

(4-26) %/Sl 0,v(1) - v(t)dngJr/Sl v(t)dsg, < C,

and

(4-27) ‘1‘/5' 0, v(t) - v(t) dsg, + /sl v(t) dsg, > C.
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By taking the difference between (4-26) and (4-27), we obtain
(4-28) /S B0(0) 001 dsgy < C.

Now, combining (4-26) and (4-27) yields

(4-29) ‘ / bty dsy| < C.
Sl

Therefore, by the Lebedev—Milin inequality (see [Chang and Liu 1996, (1.12)]),
we deduce from (4-28) and (4-29) that for all p > 1,

(4-30) fs P Oldsg, < C(p).

It follows from (4-30) that

/ V(1) dsg, < C,
Sl

which, together with (4-28), implies that

(4-31) vl < C.

Next, we wish to prove that u is uniformly bounded in H. To do so, we first
establish the following lemma.

Lemma 4.2. Either:

(1) there exists a constant C such that ||u(t)| < C; or,
(i) there exists a sequence t, — oo and a point as, € S such that for all r > 0,
(4-32) lim fe' ™ dsy =27,

n—oo g)(aoo»r)

where $(auo, 1) is an arc in S centered at a, and with radius r. Moreover,
forall g € S"\{aso} and all 0 < r < dist(q, as), we have

lim fe'™ dsg, = 0.
n—oo y;(q’r)
Proof. There are two possibilities:

Case (i): limsup,_, o, |a(#)| < 1. Then we have for all > 0 that 0 < C; < |®'| < C,.
Hence, it follows from (4-31) that

(4-33) / lu(t)|dsg, < C.
Sl
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Combining (4-33) with the energy identity (2-1) yields

(4-34) / Opu(t) - u(t)dsg, < C.
S1
Hence, using Poincaré’s inequality, we deduce from (4-33) and (4-34) that

lu(®)|l < C.

Case (ii): there exist a sequence f, — 00 and deo € S such that a(t,) — doo.
From the estimate (4-31), it follows that there exist a subsequence of t,, still
denoted by #,,, and a function vy, € H, such that

v(t,) > v Wweakly in H,
v(ty) = Voo strongly in L2,

Let r > 0 and set K, = (®(#,)) " (P(aso, 7). Then we have

'/ fo®(t)e’ ™ ds,g, —/ fo®(ty)e"™ ds,,
St K,
1
2
<max f(x)| L(KS) / el s, ) .
xes! st

Since lim;_, oo @ (1,)(x) = aoo a.e., it follows that lim,,_, oo £(K,,) = 2. Thus, we
deduce from (4-30) that

(4-35) /y) — fe' ™ ds, = /K fo®@(ty)e"™ ds,,

2/1 fo®(ty)e"™ dsg, + €,
S

with lim €, = 0. In view of (4-22), we have
n—oo

/1 fo®(t,)e" ™ dsy, = 2.
S

Therefore, it follows from (4-35) that (4-32) holds. O

Now, we suppose that u(¢) #~ ug for all ¢+ > 0 (otherwise the solution is stationary
and the convergence is obvious). Since ug is G-invariant, by using the uniqueness
of the solution u, it is not hard to conclude that u is also G-invariant. Again from
the uniqueness of u, we can see from the energy identity (2-1) that

(4-36) Jw() < Jw(t)) fort>t.
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Case (i): X =@. Suppose that u is not uniformly bounded in H. So from Lemma 4.2,
there exists a point as, € S' satisfying (4-32) for all r > 0. Since ¥ = @, there
exists 0 € G such that 0 (ds) 7 deo. Now, for all ¥ > 0, we have

lim fe"™ ds, = lim fe'™ dsg, =2,
=0 JS (0 (a00).1r) =00 JP(aus,r)

which contradicts Lemma 4.2(ii).

Case (ii): ¥ # @. Suppose that u# is not uniformly bounded in H. So from
Lemma 4.2, there exists a point a,, € S' satisfying (4-32) for all r > 0. If as, € 2,
then in the same way as in case (i) above, we arrive at a contradiction. Otherwise,
we have for all r > 0 that

(4-37) / fe'™dsg, < max  f(x) e ds,,
F(doosr) xS (doo,r) F(doosr)

Smax( max f(x),O)/ e”(t")dsg0
F(aoo,r)

xe¥(aso,r)

gmax( max f(x),O)/ e”(’")dsgo.
Sl

xeF(axo,r)

Now, we may write the Lebedev—Milin inequality as
u(tn) d < J(u(tn))/Zn
][S 1 e Sgp <€ ,
which, together with (4-36), yields
(4-38) ][ M) s, < ! W)/ < gl w)/2x,
S1
Plugging (4-38) into (4-37) and letting n — oo, we obtain

(4-39) 2 <21 max( max  f(x), O)e" (w)/27

xe€F(aco,r)
Estimate (4-39) implies that f(ax) > 0 so that
1 < flas)e "/,

Hence

f(ag) > &= @27

which contradicts assumption (ii) of the theorem. This establishes Theorem 2.6. [
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Proof of Corollary 2.7. If ¥ = @, then the result of Corollary 2.7 is a direct conse-
quence of Theorem 2.6. Suppose now that ¥ # & and let f satisfy inequality (2-3): if
fsl fo®y,dsg, <0, then SUp e f(p) <0; so condition (ii) of Theorem 2.6 is satis-
fied. Otherwise, if fsl fo®y dsg, >0, weletu*=log |<I>;O |. Then we have J (u™) =
0 (see [Chang and Liu 1996]). Now set ug =u*+C, where C is a constant satisfying

eC | fo®ydsy =2m.
s1

This implies that ug € X. Since ag € X, it is not difficult to see that u¢ is G-invariant.
Hence we conclude that condition (ii) of Theorem 2.6 is equivalent to

max f(p) 5][ fo®y,dsg,.
pex s1
This completes the proof of Corollary 2.7. ([

Acknowledgements

The author would like to thank his academic advisor, Professor Xu Xingwang, for
reading the manuscript and providing valuable comments, and for his constant
support and encouragement. The author also would like to thank the anonymous
referee for the critical comments.

References

[Baird et al. 2004] P. Baird, A. Fardoun, and R. Regbaoui, “The evolution of the scalar curvature
of a surface to a prescribed function”, Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 3:1 (2004), 17-38.
MR 2005e:53100 Zbl 1170.58306

[Baird et al. 2006] P. Baird, A. Fardoun, and R. Regbaoui, “Q-curvature flow on 4-manifolds”, Calc.
Var. Partial Differential Equations 27:1 (2006), 75-104. MR 2007d:53107 Zbl 1094.53024

[Brendle 2002a] S. Brendle, “Curvature flows on surfaces with boundary”, Math. Ann. 324:3 (2002),
491-519. MR 2003j:53103 Zbl 1024.53045

[Brendle 2002b] S. Brendle, “A generalization of the Yamabe flow for manifolds with boundary”,
Asian J. Math. 6:4 (2002), 625-644. MR 2003m:53052 Zbl 1039.53035

[Brendle 2003] S. Brendle, “Global existence and convergence for a higher order flow in conformal
geometry”, Ann. of Math. (2) 158:1 (2003), 323-343. MR 2004e:53098 Zbl 1042.53016

[Chang and Liu 1996] K. C. Chang and J. Q. Liu, “A prescribing geodesic curvature problem”, Math.
Z.223:2 (1996), 343-365. MR 97h:53043 Zbl 0865.53033

[Chen and Xu 2012] X. Chen and X. Xu, “The scalar curvature flow on S”—perturbation theorem
revisited”, Invent. Math. 187:2 (2012), 395-506. MR 2885623 Zbl 1275.53056

[Cherrier 1984] P. Cherrier, “Problemes de Neumann non linéaires sur les variétés Riemanniennes”,
J. Funct. Anal. 57:2 (1984), 154-206. MR 86¢:58154 Zbl 0552.58032

[Ho 2011] P. T. Ho, “Prescribed curvature flow on surfaces”, Indiana Univ. Math. J. 60:5 (2011),
1517-1542. MR 2996999 Zbl 06122677


http://eudml.org/doc/84525
http://eudml.org/doc/84525
http://msp.org/idx/mr/2005e:53100
http://msp.org/idx/zbl/1170.58306
http://dx.doi.org/10.1007/s00526-006-0024-2
http://msp.org/idx/mr/2007d:53107
http://msp.org/idx/zbl/1094.53024
http://dx.doi.org/10.1007/s00208-002-0350-4
http://msp.org/idx/mr/2003j:53103
http://msp.org/idx/zbl/1024.53045
http://msp.org/idx/mr/2003m:53052
http://msp.org/idx/zbl/1039.53035
http://dx.doi.org/10.4007/annals.2003.158.323
http://dx.doi.org/10.4007/annals.2003.158.323
http://msp.org/idx/mr/2004e:53098
http://msp.org/idx/zbl/1042.53016
http://dx.doi.org/10.1007/PL00004564
http://msp.org/idx/mr/97h:53043
http://msp.org/idx/zbl/0865.53033
http://dx.doi.org/10.1007/s00222-011-0335-6
http://dx.doi.org/10.1007/s00222-011-0335-6
http://msp.org/idx/mr/2885623
http://msp.org/idx/zbl/1275.53056
http://dx.doi.org/10.1016/0022-1236(84)90094-6
http://msp.org/idx/mr/86c:58154
http://msp.org/idx/zbl/0552.58032
http://dx.doi.org/10.1512/iumj.2011.60.4413
http://msp.org/idx/mr/2996999
http://msp.org/idx/zbl/06122677

330 ZHANG HONG

[Kazdan and Warner 1975] J. L. Kazdan and F. W. Warner, “Existence and conformal deformation of
metrics with prescribed Gaussian and scalar curvatures”, Ann. of Math. (2) 101 (1975), 317-331.
MR 51 #11349 Zbl 0297.53020

[Li and Liu 2005] Y. Li and P. Liu, “A Moser—Trudinger inequality on the boundary of a compact
Riemann surface”, Math. Z. 250:2 (2005), 363-386. MR 2007b:58036 Zbl 1070.26017

[Liu and Huang 2005] P. Liu and W. Huang, “On prescribing geodesic curvature on D?”, Nonlinear
Anal. 60:3 (2005), 465-473. MR 2005h:53057 Zbl 1086.53054

[Malchiodi and Struwe 2006] A. Malchiodi and M. Struwe, “Q-curvature flow on S4”, J. Differential
Geom. 73:1 (2006), 1-44. MR 2007¢:53087 Zbl 1099.53034

[Osgood et al. 1988] B. Osgood, R. Phillips, and P. Sarnak, “Extremals of determinants of Laplacians”,
J. Funct. Anal. 80:1 (1988), 148-211. MR 90d:58159 Zbl 0653.53022

[Struwe 2005] M. Struwe, “A flow approach to Nirenberg’s problem”, Duke Math. J. 128:1 (2005),
19-64. MR 2005m:53125 Zbl 1087.53034

Received November 19, 2013. Revised July 30, 2014.

HONG ZHANG

DEPARTMENT OF MATHEMATICS
NATIONAL UNIVERSITY OF SINGAPORE
SINGAPORE, 119076

SINGAPORE

hzhang @nus.edu.sg


http://dx.doi.org/10.2307/1970993
http://dx.doi.org/10.2307/1970993
http://msp.org/idx/mr/51:11349
http://msp.org/idx/zbl/0297.53020
http://dx.doi.org/10.1007/s00209-004-0756-7
http://dx.doi.org/10.1007/s00209-004-0756-7
http://msp.org/idx/mr/2007b:58036
http://msp.org/idx/zbl/1070.26017
http://dx.doi.org/10.1016/j.na.2004.09.013
http://msp.org/idx/mr/2005h:53057
http://msp.org/idx/zbl/1086.53054
http://projecteuclid.org/euclid.jdg/1146680511
http://msp.org/idx/mr/2007c:53087
http://msp.org/idx/zbl/1099.53034
http://dx.doi.org/10.1016/0022-1236(88)90070-5
http://msp.org/idx/mr/90d:58159
http://msp.org/idx/zbl/0653.53022
http://dx.doi.org/10.1215/S0012-7094-04-12812-X
http://msp.org/idx/mr/2005m:53125
http://msp.org/idx/zbl/1087.53034
mailto:hzhang@nus.edu.sg

PACIFIC JOURNAL OF MATHEMATICS
Vol. 273, No. 2, 2015

dx.doi.org/10.2140/pjm.2015.273.331

—1-PHENOMENA FOR THE PLURI yx,-GENUS
AND ELLIPTIC GENUS

PING L1

Several independent articles have observed that the Hirzebruch y,-genus
has an important feature, which we call —1-phenomenon and which tells
us that the coefficients of the Taylor expansion of the x,-genus at y = —1
have explicit expressions. Hirzebruch’s original x,-genus can be extended
towards two directions: the pluri-case and the case of elliptic genus. This
paper contains two parts, in which we investigate the —1-phenomena in
these two generalized cases and show that in each case there exists a —1-
phenomenon in a suitable sense. Our main results in the first part have an
application, which states that all characteristic numbers (Chern numbers
and Pontrjagin numbers) on manifolds can be expressed, in a very explicit
way, in terms of some rational linear combination of indices of some elliptic
operators. This gives an analytic interpretation of characteristic numbers
and affirmatively answers a question posed by the author several years ago.
The second part contains our attempt to generalize this —1-phenomenon to
the elliptic genus, a modern version of the x,-genus. We first extend the el-
liptic genus of an almost-complex manifold to a twisted version where an ex-
tra complex vector bundle is involved, and show that it is a weak Jacobi form
under some assumptions. A suitable manipulation on the theory of Jacobi
forms will produce new modular forms from this weak Jacobi form, and
thus much arithmetic information related to the underlying manifold can be
obtained, in which the —1-phenomenon of the original x,-genus is hidden.
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1. Introduction

The Hirzebruch x -genus and its —1-phenomenon. In his highly influential book,
Hirzebruch [1966] defined a polynomial with integral coefficients x,(M) given
a projective manifold M, which encodes the information of indices of Dolbeault
complexes and is now called the Hirzebruch x,-genus. After the discovery of the
general index theorem due to Atiyah and Singer, we know that x, (-) can be defined
on compact almost-complex manifolds and computed in terms of Chern numbers
as follows.

Suppose (M, J) is a compact connected almost-complex manifold with an
almost-complex structure J. The choice of an almost Hermitian metric on M
enables us to define the Hodge star operator * and the formal adjoint 3* = — % 9%
of the d-operator. For each pair 0 < p, g < d, we denote by

QPIUM) =T (APT*M Q@ A1T*M)

the complex vector space which consists of smooth complex-valued (p, ¢)-forms.
Here T*M is the dual of the holomorphic tangent bundle 7M in the sense of J.
Then for each 0 < p < d, we have the Dolbeault-type elliptic differential operator

(3+3%)
Q}Q%%M)——J$€BQ%%ML
g even g odd

whose index is denoted by x” (M) in the notation of [Hirzebruch 1966]. Then the
Hirzebruch x,-genus of M is nothing but the generating function of the indices
x?(M) (0<p<=<d):

d
Xy(M) =) " xP(M)-yP.

p=0
Let us denote by x1, ..., x4 the formal Chern roots of TM. This means that the
i-th elementary symmetric polynomial of x1, ..., x4 represents the i-th Chern class

c¢; of TM. Then the general form of the Hirzebruch—Riemann—Roch theorem (first
proved by Hirzebruch [1966] for projective manifolds, and in the general case by
Atiyah and Singer [1968]) tells us that

d )
i(1 s
(1-1) xy<M>=/M1_[x(+—ye_)-

Among other things, the Hirzebruch y,-genus has an important feature, which we
call the “—1-phenomenon” and has been noticed, implicitly or explicitly, in several
independent articles [Narasimhan and Ramanan 1975; Libgober and Wood 1990;
Salamon 1996]. This —1-phenomenon says that at y = —1, the coefficients of the
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Taylor expansion of x,(M) have explicit expressions. To be more precise, if we
write

d
(1-2) Xy(M) =:) " a;(M)- (y+ 1),
i=0

then these a; (M) can be given explicit expressions in terms of Chern numbers of
(M*, J) as

ao(M) = cq,
ar(M) = —3deq,
(1-3) ax(M) = $5[3d(3d = 5)ca+cica-1],

az(M) = —5;[3d(d —2)(d — 3)cq + (d — 2)crcq-1].

By definition, these a; (M) are integers. Thus, immediate consequences of their
expressions include divisibility properties of Chern numbers. The derivation of
these expressions is direct, i.e., by expanding the right-hand side of (1-1) at y = —1
and expressing the coefficients in terms of elementary symmetric polynomials of
X1,...,xq4. The calculations of ag and a; are quite easy. The calculation of a»
appears implicitly in [Narasimhan and Ramanan 1975, p. 18] and explicitly in
[Libgober and Wood 1990, p. 141-143]. Narasimhan and Ramanan used a; to
give a topological restriction on some moduli spaces of stable vector bundles on
smooth projective varieties. Libgober and Wood used a; to prove the uniqueness
of the complex structure on Kihler manifolds of certain homotopy types. Inspired
by [Narasimhan and Ramanan 1975], Salamon applied a; [1996, Corollary 3.4]
to obtain a restriction on the Betti numbers of hyper-Kéhler manifolds [ibid.,
Theorem 4.1]. The expressions of a3 and a4 are also included in [ibid., p. 145].
Hirzebruch [1999] used a;, a; and a3 to obtain a divisibility result on the Euler
characteristic of those almost-complex manifolds where cicy—; = 0. In particular,
those almost-complex manifolds with ¢; = 0 satisfy this property.

Pluri- x y-genus. Some acquaintance with index theory will lead to the observation
that x, (M) is the index of the Todd operator (whose index is the Todd genus)

(1-4) Qoeven (pr) (3+—3*)\0) QU047

twisted by €2, (M), with

d
QM) =Y AP(T*M)-yP € K(M)[y],
p=0
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where A?P(-) and K (-) denote the p-th exterior power and K-group. Therefore
Xy(M) can be rewritten as

X (M) = Tnd((@ +3%)o ® 2,(M)) =: x (M, 2,(M)).

Here, for simplicity we denote by the standard notation y (M, (-)) the index of
the Todd operator (1-4) twisted by an element (-) € K(M).

We can also consider, for an arbitrarily fixed positive integer g, the pluri x ,-genus
Xy(M) by using sufficiently many forms of the type

(1-5)  QM):= Y AP(TTM)®--- @ AP (T M) -yl -yt

=QyM)®---®Qy (M) € K(M)[y1, ..., y]
to twist (3 4 8%)]o, i.e.,
Xy (M) :=Ind((d +8%) 0 ® 2y (M)) = x (M, 2y (M)),

which specializes to Hirzebruch’s original x,-genus when g = 1.

Inspired by the above-mentioned —1-phenomenon of the x,-genus, we may ask
what the coefficients look like if we expand x,(M) at y; =--- =y, = —1. Our
first main observation in this article is that the coefficients of (y 4+ 1)P' - - - (y 4 1)Ps
in x,(M) can be divided into three parts, which is our main result in Section 3
(Theorem 2.2). Moreover, we can do a similar manipulation for signature operator
on closed smooth oriented manifolds, and their coefficients also have a similar
feature (Theorem 2.3). A direct corollary of these two theorems is that any Chern
number of (M>¢, J) or any Pontrjagin number of a closed smooth oriented manifold
can be written explicitly as a rational linear combination of indices of some elliptic
operators, which provides an analytic interpretation of characteristic numbers and
answers [Li 2011, Question 1.1] affirmatively.

Elliptic genus. Elliptic genera of oriented differentiable manifolds and almost-
complex manifolds were first constructed by Ochanine, Landweber, Stong and
Hirzebruch in a topological way; Witten gave it a geometric interpretation, in which
they can be viewed as the loop space analogues of the Hirzebruch L-genus and
xy-genus (see [Landweber 1988] and the references therein). The most remarkable
property of elliptic genera is their rigidity for spin manifolds and almost-complex
Calabi—Yau manifolds (in the very weak sense that c¢; vanishes up to torsion, i.e.,
c1 =0 e H*(M, R)), which was conjectured by Witten and generalizes the famous
rigidity property of the original L-genus, A-genus [Atiyah and Hirzebruch 1970]
and x,-genus [Lusztig 1971]. The first rigorous proof was presented in [Bott
and Taubes 1989; Taubes 1989]. A quite simple, unified and enlightening proof
was discovered by Liu [1996], in which modular invariance of the four classical
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Jacobi theta functions and their various transformation laws play key roles. Later
on, this modular invariance property, its various remarkable extensions and relation
with vertex operator algebra were established by Liu and his coauthors from various
perspectives [Liu 1995a; 1995b; Liu and Ma 2000; Liu et al. 2001; 2003; Han and
Zhang 2004; Dong et al. 2005; Chen and Han 2009; Chen et al. 2011; Han et al.
2012; Han and Liu 2014].

We are concerned in this paper with the elliptic genus of almost-complex mani-
folds. The elliptic genus of a compact, almost-complex manifold (M?¢, J), which
we denote by Ell(M, t, z), is defined as a function of two variables (7, z) € H x C,
where H is the upper half plane. To be more precise, Ell(M, t, z) is defined to be
the index of the Todd operator (1-4) twisted by

Y RA 1 T*®A_y1n T RS T* @Sy T) =: By,

n>1

ie,BIl(M,t,2):=x(M,E, ), where g = eVt y= V=l and T (resp. T%)
is the holomorphic (resp. dual of the holomorphic) tangent bundle of M in the sense
of J. Here, for any complex vector bundle W,

A (W) = @ A (W) and S, (W) := @ SH(W)

i>0 i>0

denote the generating series of the exterior and symmetric powers of W, respectively.
According to the Atiyah—Singer index theorem, we have

Ell(M, 7, 2)
= / td(M) - ch(E,.,)
M

=y (M) +q- Ty 2y (M, T*A =)+ T (L —y " NI+4> (),

where

d
Xi
(M) := ]1 o
is the Todd class of M and ch(-) is the Chern character.

Thus, the elliptic genus Ell(M, t, z) can be viewed as a generalization of the
Hirzebruch y,-genus, in the sense that the g°-term of the Fourier expansion of
Ell(M, 7, z) is essentially x,(M). If (M 24 J) is Calabi—Yau, the coefficients of ¢-
expansion of Ell(M, 7, z) are rigid for arbitrary y [Liu 1996, Theorem B]. Moreover,
in this case, Ell(M, t, 7) itself is a weak Jacobi form of weight 0 and index %d
[Gritsenko 1999b, Proposition 1.2; Borisov and Libgober 2000, Theorem 2.2].
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As we have mentioned above, the elliptic genus Ell(M, 7, z) can be viewed as a
generalization of x, (M), and also has a rigidity property when M is Calabi—Yau.
So we may ask in the Calabi—Yau case whether Ell(M, 7, z7) has some kind of
arithmetic phenomenon which extends the original —1-phenomenon of x,(M).
Note that, strictly speaking, EIl(M, 7, z) is a generalization of y_, (M) rather than
Xy(M), as the g°-term of Ell(M, 1, 7) is y*d/zx_y(M). So if there exists some
kind of phenomenon which extends the original —1-phenomenon of x, (M), the
parameter y = " V=12 ghould correspond to 1 rather than —1. Thus the variable z
should correspond to 0. Indeed, there does exist such a kind of generalization, which
depends on some arithmetic properties of Jacobi forms and has been implicitly
used by Gritsenko [1999b]. Our aim in Section 3 is twofold. On the one hand,
given a compact almost-complex manifold (M?¢, J) and a rank-/ complex vector
bundle W over it, we construct a generalized elliptic genus Ell(M, W, 7, z), which
is defined to be the index of the Todd operator (1-4) twisted by

00 2(d-1)
[]‘[(1 — ql):| PR Ay WAy 1 W RS T* @Sy T),
i=1

n>1

and show that it is a weak Jacobi form of weight d — [ and index %l if the first
Pontrjagin classes p;(M) equals p;(W) and the first Chern class ¢; (W) is O in
H*(M, R). On the other hand, we highlight a well-known manipulation in Jacobi
forms to obtain modular forms from Ell(M, W, 1, z), whose arithmetic information
will in turn give geometric results on M and W. Some examples are given to
illustrate this observation.

2. —1-phenomenon of the pluri- ,-genus

Statements of the main results related to the pluri- x ,-genus. Let (M 2n_J) (resp.
X?") be a compact almost-complex manifold of complex dimension 7 (resp. smooth,
closed oriented manifold of real dimension 2n). As before, we use (3 + 3*)|o to
denote the Todd operator on (M?", J), whose index is the Todd genus of M. We
denote by D the signature operator on X, whose index is the signature of X"
[Atiyah and Singer 1968, Section 6]. By definition Ind(D) is zero unless n is even.

Let W be a complex vector bundle over M or X. By means of a connection on
W, the elliptic operator (34 9%)|p and D can be extended to a new elliptic operator
((043%)|0)® W and DQ W, whose indices via the Atiyah—Singer index theorem are

X (M. W) = Ind(((3 +3)]o) ® W) = /M [td(M) - ch(W)]

n X;
B /M|:E 1—e 'Ch(W)]
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and
n
Xi
Ind((D®W)) = / [( —) -Ch(W)}
X E tanh (x; /2)
respectively. Here we use the i-th elementary symmetric polynomial of x, ..., x,
(resp. xlz, Cl, x,%) to denote the i-th Chern class (resp. Pontrjagin class) of (M T
(resp. X,
Definition 2.1. For an arbitrary fixed positive integer g, we define
Q;(M) — Z Ap‘(T*M)®--'®Apg(T*M)-yf71'--yé{)g
0=pi1,.-, Pg=n
= le(M) Q- ®ng(M) € K(M)[YI’ RN} yg],
QH;(X) — Z Apl(TgX)®--'®Apg(T€X)-yf71 "'}’£g

= Q5 (X)®--- @) (X) € (KOX)®O)y1, ..., ¥l

where
2n

QF(X) = AP(TEX) - yP
p=0

and T X is the dual of the complexified tangent bundle of X, and

Xy(M) := Z Ind[(3 + 3]0 ® (AP(T*M) ® - -- @ APs(T*M))]
0<pi,..., Pe=<n
PP yP ke
- / ]_[ T ch(R, (M)
- M e 1 _efx,- X
Dy(X) := Z Ind[D® (AP(TEX)® -+ @ AP (TEX)] -y -+ yg*
0<pi,....,pg<2n

- n x—l . R
a /X[(E tanh (x; /2)> ch(Qy (X))],

Our main result in this section is:

Theorem 2.2. The coefficient of (1 +y1)" 9" --- (14 yg)" "9 in X;’(M) is equal to
0 if 2?721 qi > n,
g
/ chi(M) ifo:l qgi =n,
M

a rational linear combination of Chern numbers of M if Zle qgi <n.

We have a similar result for smooth manifolds.
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Theorem 2.3. Ifn is even, the coefficient of
1+ y1)2(fl_q1) G +yg)2(n—qg)
in DX (X) is equal to
0 . if Y8, qi > 3n,
(—D"/2.2m. fX [ra if Y5 qi =3,
a rational linearlc:olmbination of Pontrjagin numbers of X if Zf: 149i < %n,
where p;(X) is the i-th Pontrjagin class of X.

Clearly, a direct corollary of this theorem is the following result, which gives an
affirmative answer to [Li 2011, Question 1.1].

Corollary 2.4. Any Chern number (resp. Pontrjagin number) on a compact almost-
complex manifold (resp. compact smooth manifold) can be expressed in an explicit
way in terms of the indices of some elliptic differential operators over this manifold.

Proofs of Theorems 2.2 and 2.3. Abusing notation, we use ¢,(---) to denote
both the g-th Chern class of an almost-complex manifold and the ¢-th elementary
symmetric polynomial of the variables in the bracket.

The proofs of Theorems 2.2 and 2.3 depend on the following lemma:

Lemma 2.5. If we assign each x; (1 <i < n) the same degree, then we have:

n
(1) the coefficient of (1+ )" 9 (0<qg <n)in [[(1+ye ™) is
i=1

cq(x1, ..., X,) + higher-degree terms;

(2) the coefficient of (1 + y)21=9) (0 < g<n)in [[(A+ye ™)1+ ye*i) is
i=1

G (xlz, e xi) + higher-degree terms.
Proof. We have
n n n
[Ja+ye ) =]]ld—e)+A+ye 1= []l(e" =)+ 1+ )]
i=1 i=1 i=1
Thus the coefficient of (14 y)"~9 in []/_, (1 + ye ™) is

e Vocy(e" —1,...,e" —1)=cy(x1, ..., x,) + higher-degree terms.
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Similarly,

n

[Tt +ye™ ) +ye™) =it — D+ 1+ e = 1+ A+ )],

i=l i=1

and the coefficient of (1 + y)?*~¢ is

g =1, .., e =1, e —1,..., e —1)
=cq(x1,..., Xy, —=X1, ..., —X,) + higher-degree terms.
Note that
0 if ¢ is odd,
Calits oo =0 ) = {(—1)4/2cq/2(x12, ., x2) if g is even,
This gives the desired property. U

Now we can prove Theorems 2.2 and 2.3.

Proof. If we use xy, ..., x, (resp. xy, ..., X, —X{, ..., —X) to denote the formal
Chern roots of TM (resp. Tc X), then we have (see [Hirzebruch et al. 1992, p. 11])

ch(Qy (M) = 1‘[[]‘[(1 +yje) }

j=1
and
g n
ch(Q (X)) = ]‘[[]_[(1 +yje (1 +y;et ]
j=1ti=1
Thus,
n Xi
Xy (M) = /M [(1] — e) -ch(szy<M>>]
n g n
~ [ \(T=) T[T e
and
R _ - Xi ) R
tnd(Dy (%)) = /X[(H tanh(x,-/z)) ity (X))]

i=1

= I

n

8
/{(HW) ]_[[]_[(1+yje_x")(1+y,~e’“)]}.
! =1ti=1
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Note that the constant terms of

Xi Xi _xi(I+e™)

=14+-.. d — =24...
—en T M /2 l—e +
are 1 and 2 respectively. So by Lemma 2.5, when considering the Taylor expansions
of Ind(Dy(M)) and Ind(D”yQ(X)) at y; =--- = yg = —1, the coefficients before the

terms (14 ;)" --- (1 _Fyg)n—qg and (14 ;)= ... (1 4 )2~ are

g
/ {(1 + higher-degree terms) - H[C‘b‘ (x1, ..., x,) + higher-degree terms]}
M ,
j=1

g
= / ch,. (M) + / (higher-degree terms)
M M

and

g
/ {(2"+higher—degree terms)-l_[[(—l)qf Cq, (x12, - x,f)—l—higher degree terms]}
X . .
Jj=1

g
=2". (—1)Z§=1 4 f 1_[ Pg: (X) +f (higher degree terms),
X X
j=1

respectively, which give the desired proofs of Theorems 2.2 and 2.3. (]

3. The generalized elliptic genus and its —1-phenomenon

The generalized elliptic genus of almost-complex manifolds. In this subsection,
we extend the original definition of the elliptic genus of almost-complex manifolds
by considering an extra complex vector bundle and showing that it is a weak Jacobi
form. As before, let (M??, J) be a compact almost-complex manifold and W a
rank-/ complex vector bundle over it.

Definition 3.1. The generalized elliptic genus of (M?¢, J) with respect to W, which
we denote by Ell(M, W, 1, z), is defined to be the index of the Todd operator

QO,even(M) (8+0")o QO,odd(M)
twisted by

Dy Ayt W* @ A_y10 W @ Sn T* @ Sn T) =: E(W. g, ),
n>1

where

2w/ =1t _ eZﬂ./—lz
k) - k]

q=e y

and for simplicity ¢ := [, (1 — g"). If W = T, this definition degenerates to the
original elliptic genus.
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Our first observation in this section is the following, which extends [Gritsenko
1999b, Proposition 1.2; Borisov and Libgober 2000, Theorem 2.2], in which W =T

Theorem 3.2. The generalized elliptic genus EN(M, W, t, ) is a weak Jacobi form
of weight d — | and index %l provided that the first Pontrjagin classes p1(M) equals
p1(W) and the first Chern class c;(W) is 0 in H*(M, R).

Remark 3.3. (1) A two-variable function ¢(t, z) for (7, z) € Hx C is called a weak
Jacobi form of weight k and index m for k € Z and m € Z/2 if it is a holomorphic
function with respect to the two variables t and z, has no negative powers of ¢
in its Fourier expansion in terms of ¢’ y/ and satisfies some transformation laws
involving k and m; the precise definition can be found in [Eichler and Zagier 1985,
p- 9, p. 104]. There, only the integral indices are considered. However, with minor
modifications of inserting a character, this notion can be easily extended to the case
where the index is allowed to be a half-integer (see [Gritsenko 1999b, p. 102]).

(2) Motivated by his ingenious proof of the rigidity theorem, Liu constructed a
two-variable function for (M, J) and W and showed that it is a weak Jacobi form
under some assumptions, and the original Witten theorem exactly corresponds to
the case where the index is equal to zero [Liu 1995b, Theorem 3, Corollary 3.1].
This construction later was generalized to the family case by Liu and Ma [2000,
Theorem 3.1]. So our theorem has a similar flavor to their work.

(3) Gritsenko [1999a, Theorem 1.2] further extended the original elliptic genus to
another case where an extra complex bundle is involved. But his construction is
different from ours as it is still of weight zero.

The Atiyah—Singer index theorem tells us that
UM, W, 7.2) = [ (M) -ch(EW.q. )
M

In particular, if J is integrable, EIl(M, W, t, 7) is the holomorphic Euler charac-
teristic of the (virtual) bundle E(W, ¢, y).
Let us recall one of the Jacobi-theta series [Chandrasekharan 1985, Chapter 5]:

0(r,2) = Z(—])”q("+1/2>2/2yn+1/2

nez

o¢]
=2cq' P sin(rz) [ [ —q" (A —¢"y™")

n=1

=2¢q"/* sinh(7+/~12) 1_[(1 —q"y)(1—q"y™h

n=1

0
=2cq"/* sinh(m v/~ 12) [ [(1 = ¢"e™V 1) (1 — g"e ™27V,

n=1
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The following lemma says that Ell(M, W, t, z) can be expressed in terms of
0(t, 2).

Lemma 3.4. If we denote by 2t/ —1x; (1 <i <d)and2n~/—1w; (1 <i <) the
Chern roots of TM and W, respectively, then we have

Ell(M, W, 7,2)

d
:A[exp(w).(n(z))“‘i’ 1_[ 27/~ 1 1_[9(1' wj— }

0(t, x;)

where

o.¢]
(@) =q"* c=q"* 14"

is the famous Dedekind eta function. In particular, EN(M, W, t, 7) is a holomorphic
Sfunction with respect to the two variables t and z and has no negative powers of q
in its Fourier expansion.

Proof. We have
ch(E(W.q, y))

I
_ C2(d—l)y—l/2 1—[(1 _ ye—znﬁw,)

j=1
lo_O[Hlj:l(l_yqne—Zn\/—ilw_/)(l y lqneZJTFW)
X
n=1

H?:l(l — qne—Zﬂ\/?lx,-)(l _ anZU\/jlx,-)

l
_ CZ(d—l)y—l/z 1—[(1 _ ye—znﬁw,-)

j=1
8 li[ O(t,wj—2) li[ 2¢q'/® sinh(7r /—1x;)
il 2¢q"/8 sinh(r /= 1(w; — 2)) ple 0(z, xi)
ci(M) — ¢ (W) o e A

j=1

The last equality is due to the fact that

d /
Cl(M) :ZZJT«/—_IXZ' and Cl(W) = Z?JT«/—_IIU]'.

i=1 j=1
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Therefore,
Ell(M, W, 1,2)
2 /= 1x;
3 / td(M) - ch(E(W. q. y)) = / Hl_”i;);x, ch(E(W. ¢, 7))
d
:flw[exp(—CI(M)EQ(W)) '(77(7))3(d_l)'1_[ n(\/j% He(f wj = }
i=1 2 j

The holomorphicity of Ell(M, W, 1, z) is now clear from this expression, as
the Jacobi theta function 6 (7, z) only has zeroes of order 1 along z =m;| +mat
(m1, my € Z) [Chandrasekharan 1985, p. 59]. Also it is obvious from this expression
that EIl(M, W, 7, z) has no negative powers of ¢ in its Fourier expansion. U

Proof of Theorem 3.2. SL,(Z) is generated by the two matrices

0 -1 1 1
(1 0) and (0 1) .
To verify that EIl(M, W, t, z) satisfies the required transformation laws, it suffices
to show the four identities

(3-1)  EU(M,W,t+1,z) =EI(M, W, 1, 2),

(3-2)  EIN(M,W,t,z+1)=(=D'EI(M, W, 7, 2),

(3-3)  EINM, W, 1,z+1) = (=D exp (—m~/—1I(t +22)) EIl(M, W, 1, 2),
(3-4) EIU(M, W, —1/7,z/t) = % exp(mrv/—1122/T) El(M, W, T, 2).

For Dedekind eta function n(t) and Jacobi theta function 6(z, z) we have trans-
formation laws [Chandrasekharan 1985]:

1 T 3/2
3 _ 3
n (—;) = (ﬁ) n(7),

P +1) = exp(”‘ﬁ__l)n%),

0(t,z+1)=—-0(z, 2),
0(t,z24+1)=—q exp(—2nv/—12)0(1, 2),

1
O(r+1,7) = exp(”*i_>9(r, 2),

| c \I/2 )
9(_;, Z) = _\/__1(«/——_1) exp(mv/—1tz2)0 (1, 12).
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The first three identities (3-1)—(3-3) are easy to verify by using the transformation
laws above. Here we only need to check (3-4) carefully. Indeed,

d

d 1/2
(3-5) ]‘[9(—%, xl-) - ]3 —\/—_1<\/L__1> exp(r/—Ttx2)6(z, Tx;)

i=1
p1 (M) d ( T )1/2
= | |—«/—1 — 0.
eXp<4nJ_ —1) i V=1 6(z. 7xi)

Here, we use the assumption that

d
pi(M) =) Qr/~1x)%.
i=1

Similarly,

1 z
(3-6) ]‘[0(—;, w; — ;)

! 2
= l_[ —\/—_1(\/L__1)1/2 eXp(T[\/—_l‘L' (U)j - %) )9(7, TW; —2)
=1

(0TI [

1/2
\/_> O(t, Tw; —2).

In the last equality, we used the assumption that
!
c1(W) = 2m/—Tw; =0.
j=1

Combining the transformation law of n(t), (3-5), (3-6) and the fact that p; (M) =
p1(W) leads to

Eu(M, w, -1 5)
T T

G (O
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dei <7T«/—llzz>
exp[ ———
T

c1(M) —c1 (W) 2/ —1x;
X/M[exp(f)( ())*“~ “1_[ FTe U@(r Tw; — ]

o)
T

=T

=T ' exp

c1(M) —ci (W) 27/—1(tx;)
></M|:exp<f)( (r))*“~ ”1_[ prom— H@(r rwj—z)]

d-1 <7T*/—_”ZZ>

=1°""exp

c1 (M) —c1 (W) 21/~ 1x;
X/M[e’(p(f)( (1))}~ 1)1_[ o l:[e(r wj—z)]

V=11z?
e exp(u> EI(M, W, 7, 2)
T
The penultimate equality is due to the fact that in the integrand we are only
concerned with the homogeneous part of degree d (deg(x;) = deg(w;) = 1). This

completes the proof of Theorem 3.2. ]

Algebraic preliminaries. Before discussing the arithmetic properties of the gener-

alized elliptic genus Ell(M, W, , z), we need to review a well-known manipulation

in algebraic number theory which helps derive modular forms from Jacobi forms.
Recall that the Eisenstein series Gy (t) are defined to be

B o0

2%

Gou (1) := i + ZUZk—l(n) -q",
n=1

[Hirzebruch et al. 1992, p. 131], where

or(n) = Z mF

i
and the By, are the Bernoulli numbers.

These Gy (t) carry rich arithmetic information. It is well-known that Gy ()
(k = 2) are modular forms of weight 2k over the full modular group SL;(Z) and
the whole graded ring of modular forms over SL,(Z) are generated by G4(7) and
Ge(t). However, G,(t) is not a modular form but a quasimodular form, as it
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transforms as [Hirzebruch et al. 1992, p. 138]

at+b
ct+d

c(ct+d)
4/ —1
The next proposition, which is a well-known fact in algebraic number theory

and has been used implicitly by Gritsenko in the proof of [1999b, Lemma 1.6],
provides us with a method for deriving modular forms from Jacobi forms.

(3-7) Gz( ) =(ct +d)2G2(7:) — for all (i Z) € SLy(Z).

Proposition 3.5. Suppose a function ¢(zt, z7) : H x C — C satisfies

at+b Z X 27 /—1mcz?
3-8 , = d =2 )0, 2),
(3-8) (p(cr+d cT —i—d) (ct+d) exp( ct+d ¢(@.2)

for all (f Z) € SLy(2), i.e., p(z, z) transforms like a Jacobi form of weight k and
index m.
Then, if we define

d(1,2):= exp(—8n2mG2(r)zz)<p(r, 2),

we have

aTt ‘Jl‘b Z k
3-9 () , = ) d(t, 7).
(3-9) <C‘L’+d cr—i—d) (T +d) (7 2)

This means that if we set

O(1,2) =) an(v)-7",

neZ

then

at+b
a, (CT - d) = (ct + )" a, (v).

In particular, if ¢(t, 7) is a weak Jacobi form of weight k and index m, then
these a, (1) are modular forms of weight k 4+ n over SL,(Z).

Proof. Equation (3-9) can be verified directly by using the assumption (3-8) and
the transformation law (3-7). If, moreover, ¢(t, z) is a weak Jacobi form, then
(7, z) and thus ® (7, z) are holomorphic and have no negative powers of g when
considering their Fourier expansions in terms of ¢ and y. This implies that these
an(t) are also holomorphic and have no negative powers of ¢ when considering
the Fourier expansions of g, which gives the desired proof. ([

With the assumptions in Theorem 3.2 understood, we know that EIl(M, W, 7, z)
is a weak Jacobi form of weight d —/ and index %l . Then Proposition 3.5 tells us:
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Proposition 3.6. The series a,(M, W, T) determined by
expll - Ga(7) - (27r«/—1z)2] -EIl(M, W, t,2) = Zan(M, W, 1) Qav—12)"

n>0

are modular forms of weight d — | + n over SLo(Z). Furthermore, the first three
series of a,(M, W, T) are of the form

ag(M,W,t) = x(M,A_1W¥)
+q-x (M, A W*Q(=2(d—1) =W =W*+T+T*)+q*(---),

l
ar(M,W,7) = (=17 (p= 3 )X (M APW) -0,
p=0

! 2
@ (M, W) = =L (M A W) +3 3 (07 (p=2 ) X (M, AP W) g- ().
p=0

Proof. The first statement is a direct application of Proposition 3.5 as EIl(M, W, t, z)
is a weak Jacobi form of weight d — [ and index %l . For the second one, if we set

exp[lG2 () 2nv/—12)* 1 =: Ag() + A1(y) g+ (---)-¢°
and
Ell(M, W, 7,2) = Bo(y) +B1(y) ¢+ (---)-¢°,

we can easily deduce from their explicit expressions that
Ao(y) = eXp[_ZIj(zﬂV —12)2] =1- 21—4(271\/—_1@2 4o,
2
M) =10V = L @a/ =T -

I
Bo(y) =Y (=1)! (M, APW*)yP~!/?
p=0

1
=) (=D x(M, APW¥)

p=0 5
« [1 n (p _ %)(Zn\/—_lz) n %(p - %) Qrv/—17)% +- ]
Bi(y) = x(M, ALyW*® (=2(d —1) =W — W*+ T +T%)) + 2w/ 1z(---).
Note that

Y an(M, W, 1)/~ 12)" = Ao(y) Bo(»)+[Ao(3) B1 () +A1 () Bo(»lg+ - -+ ;

n>0

then it is easy to deduce the expressions in Proposition 3.6 in terms of those of
Ao(y), A1(y), Bo(y) and B;(y). U
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—1-phenomenon of the generalized elliptic genus. Here, using Proposition 3.6,
presented in the last subsection, we investigate the arithmetic information of the
generalized elliptic genus Ell(M, W, 7, z), which can be viewed as an appropriate
—1-phenomenon of EIl(M, W, t, z).

We will present one proposition and two examples related to ax(M, W, 1),
ao(M, W, t)and a; (M, W, 1), respectively, to illustrate an appropriate — 1-phenom-
enon of the generalized elliptic genus Ell(M, W, 7, 7).

Our next proposition related to ax(M, W, t) gives the “reason” why these
a,(M, W, t) should be the —1-phenomenon of Ell(M, W, t, z).

Proposition 3.7. a,(M, W, ) is a modular form of weight d — 1 + 2 over SL,(Z)
provided that py(M) = p1(W) and c; (W) =0in H*(M, R). Consequently, if either
()d—lisodd,or(ii)d <l butd —1 # —2, we have

l
1 1P<——) M, APW*) = = x (M, A_
(3-10) Z( 7 (p =LY xm, arwy = Ly, asw.
=0
Moreover, if W =T and ciy(M) = 0 in H*(M, R), (3-10) is nothing but the
original —1-phenomenon of the Hirzebruch x.-genus.

Proof. If either (i) d —l isodd or (i) d <l butd —1 # -2, a,(M, W, t) is a modular

form over SL,(Z) whose weight is either (i) odd or (ii) no more than 2 but not zero.

This means a; (M, W, t) = 0; then its expression in Proposition 3.6 gives (3-10).
If W =T, then the right-hand side of (3-10) is

d ) _d

12 2%
However, the left-hand side of (3-10) is

Xd}—l)”(p—‘—zl)zx”(M)
p=0

. 2
= Z(—l)p[z'wﬂl—dﬂﬂrd—

4}X”(M)

d2
= 2a2(M)—(1—d)a1(M)+ZaO(M)

d(3d—5) (1—=d)d d? )

= Tcd(M)—l- 5 cd(M)—i-ch(M) (via (1-3) and ¢; (M) = 0)
d

= ﬁcd (M) = the right-hand side of (3-10). ]

The next two examples, related to ag(M, W, t) and a; (M, W, t), give much
arithmetic information about M and W.
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Example 3.8. By Proposition 3.6, we know that ag(M, W, t) is a modular form
of weight d — [ over SL;(Z) provided that p;(M) = p1(W) and ¢;(M) =0 in
H?(M, R). Consequently:

(1) If either d — [ is odd or d — I < 2 but is nonzero, we have

XM, AW =x (M, AL W*Q(=2(d—1) =W —W*+T +T%) =0.
Q) Ifd—1=4, ay(M, W, 1) is proportional to the Eisenstein series

By 1
G4(T)=_?+C]+"'=%+C]+"',

and so
X(M A WFQ(=2(d—1) — W — W*+ T +T%) =240 (M, A_;W").

B)Ifd—-1=6,ap(M, W, 1) is proportional to the Eisenstein series

Beg 1
G(,(t):—ﬁ—i—q—l—---:—ﬂ—l—q—%-“,

and so
XM, AW QR (=2(d—1)—W —W*"+T+T%)=-504x(M, A_; W¥).

@ Iftd—-1=28,ap(M, W, 1) is proportional to

1 S 1
Gt = | — | e — g
[Ga(e)] [240 tat } 2402 T 12077

and so
X(M, AW Q(=2(d =) — W —W*+ T +T%) =480x (M, A_;W™).

Example 3.9. By Proposition 3.6, we know that a; (M, W, t) is a modular form
of weight d — [ + 1 over SL,(Z) provided that p; (M) = p;(W) and ¢; (M) =0 in
H?(M, R). Consequently, if either d — I is even or d —I < 1 but d — # —1, we have

I
S0P (p=5)x, arw =0,
p=0
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ON THE GEOMETRY OF PRUFER INTERSECTIONS
OF VALUATION RINGS

BRUCE OLBERDING

Let F be afield, let D be a subring of F and let Z be an irreducible subspace
of the space of all valuation rings between D and F that have quotient
field . Then Z is a locally ringed space whose ring of global sections is
A =(\ycz V. All rings between D and F that are integrally closed in
F arise in such a way. Motivated by applications in areas such as mul-
tiplicative ideal theory and real algebraic geometry, a number of authors
have formulated criteria for when A is a Priifer domain. We give geometric
criteria for when A is a Priifer domain that reduce this issue to questions
of prime avoidance. These criteria, which unify and extend a variety of
different results in the literature, are framed in terms of morphisms of Z
into the projective line P},.

1. Introduction

A subring V of a field F is a valuation ring of F if for each nonzero x € F, x or x !

is in V; equivalently, the ideals of V are linearly ordered by inclusion and V has
quotient field F. Although the ideal theory of valuation rings is straightforward, an
intersection of valuation rings in F can be quite complicated. Indeed, by a theorem
of Krull [Matsumura 1980, Theorem 10.4], every integrally closed subring of F is
an intersection of valuation rings of F. In this article, we describe a geometrical
approach to determining when an intersection A of valuation rings of F is a Priifer
domain, meaning that for each prime ideal P of A, the localization A p is a valuation
ring of F. Whether an intersection of valuation rings is Priifer is of consequence in
multiplicative ideal theory, where Priifer domains are of central importance, and
real algebraic geometry, where the real holomorphy ring is a Priifer domain that
expresses properties of fields involving sums of squares; see the discussion below.
Over the past eighty years, Priifer domains have been extensively studied from
ideal-theoretic, homological and module-theoretic points of view; see, for example,
[Fontana et al. 1997; Fuchs and Salce 2001; Gilmer 1968; Knebusch and Zhang
2002; Larsen and McCarthy 1971].
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Throughout the paper F denotes a field, D is a subring of F that need not have
quotient field F, and Z is a subspace of the Zariski—Riemann space X of F/D,
the space of all valuation rings of F that contain D. The topology on X is given
by declaring the basic open sets to be those of the form {V € X : 11, ...,t, € V},
where t1, ..., t, € F. We assume for technical convenience that F' € Z. With this
notation fixed, the focus of this article is the holomorphy ring! A =, V of
the subspace Z. Such a ring is integrally closed in F, and, as noted above, every
ring between D and F that is integrally closed in F' occurs as the holomorphy
ring of a subspace of X. In general it is difficult to determine the structure of A
from properties of Z, topological or otherwise; see [Olberding 2007; 2008; 2011],
where the emphasis is on the case in which D is a two-dimensional Noetherian
domain with quotient field F. In this direction, there are a number of results that
are concerned with when the holomorphy ring A is a Priifer domain with quotient
field F. Geometrically, this is equivalent to Spec(A) being an affine scheme
in X. Moreover, by virtue of the valuative criterion for properness, A is a Priifer
domain with quotient field F if and only if there are no nontrivial proper birational
morphisms into the scheme Spec(A), an observation that motivates Temkin and
Tyomkin’s notion [2013] of Priifer algebraic spaces.

We show in this article that the morphisms of Z (viewed as a locally ringed
space) into the projective line [P’}) determine whether the holomorphy ring A of Z
is a Priifer domain. A goal in doing so is to provide a unifying explanation for an
interesting variety of results in the literature. By way of motivation, and because
we will refer to them later, we recall these results here.

(1) Perhaps the earliest result in this direction is due to Nagata [1962, (11.11)]:
When Z is finite, the holomorphy ring A of Z is a Priifer domain with quotient
field F.

(2) Gilmer [1969, Theorem 2.2] shows that when f is a nonconstant monic poly-
nomial over D having no root in F and each valuation ring in Z contains the set
S:={1/f():t € F}, then A is a Priifer domain with torsion Picard group and
quotient field . Rush [2001, Theorem 1.4] has since generalized this by allowing
the polynomial f to vary with the choice of ¢, but at the (necessary) expense of
requiring the rational functions in S to have certain numerators other than 1. Gilmer
was motivated by a special case of this theorem due to Dress [1965], which states
that when the field F is formally real (meaning that —1 is not a sum of squares), then
the subring of F generated by {(1+¢?)~' :# € F} is a Priifer domain with quotient
field F whose set of valuation overrings is precisely the set of valuation rings of F

I This terminology is due to Roquette [1973, p. 362]. Viewing Z as consisting of places rather than
valuation rings, the elements of A are precisely the elements of F that have no poles (i.e., do not have
value infinity) at the places in Z.
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for which —1 is not a square in the residue field. In the literature of real algebraic
geometry, the Priifer domain thus constructed is the real holomorphy ring of F/D.
The fact that such rings are Priifer has a number of interesting consequences for
real algebraic geometry and sums of powers of elements of F'; see, for example,
[Becker 1982; Schiilting 1982]. These rings are also the only known source of
Priifer domains having finitely generated ideals that cannot be generated by two
elements, as was shown by Schiilting [1979] and Swan [1984]; the related literature
on this aspect of holomorphy rings is discussed in [Olberding and Roitman 2006].
The notion of existential closure leads to more general results on Priifer holomorphy
rings in function fields. For references on this generalization, see [Olberding 2006].

(3) Roquette [1973, Theorem 1] proves that when there exists a nonconstant monic
polynomial f € A[T] which has no root in the residue field of V for each valuation
ring V € Z (i.e., the residue fields are “uniformly algebraically non-closed”), A is
a Priifer domain with torsion Picard group and quotient field . Roquette [1973,
p- 362] developed these ideas as a general explanation for his principal ideal theorem,
which states that the ring of totally p-integral elements of a formally p-adic field is
a Bézout domain; that is, every finitely generated ideal is principal. In particular,
if there is a bound on the size of the residue fields of the valuation rings in Z,
then A is a Bézout domain [Roquette 1973, Theorem 3]. Motivated by just such
a situation, Loper [1994] independently proved similar results in order to apply
them to the ring of integer-valued polynomials of a domain R with quotient field
F:Int(R)={g(T) € F[T]: g(R) C R}.

(4) In [Olberding and Roitman 2006] it is shown that if the holomorphy ring A of
Z contains a field of cardinality greater than that of Z, then A is a Bézout domain.

In this article we offer a geometric explanation for these results that reduces all
the arguments to a question of homogeneous prime avoidance in the projective line
IPE := Proj(D|[Ty, T1]). Nagata’s theorem in (1) reduces to the observation that a
finite set of points of IP’}) is contained in an affine open subset of IPE. The example
in (4) is explained similarly by showing that a “small” enough set of points in P})
is contained in an affine open set. And finally, in cases (2) and (3), the condition
on the residue fields guarantees that the image of each D-morphism Z — [P’lD is
contained in the open affine subset (IP})) ¢» Where g is the homogenization of f.

To frame things geometrically, we view Z as a locally ringed space. Its structure
sheaf O is defined for each nonempty open subset U of Z by O7(U) =( )y, V.,
while the ring of sections of the empty set is defined to be the trivial ring with 0 = 1;
thus Oy is the holomorphy sheaf of Z. The restriction maps on O off the empty
set are simply set inclusion, and the stalks of O are the valuation rings in Z. The
standing assumption that F' is one of the valuation rings in Z guarantees that Z
is an irreducible space; irreducibility in turn guarantees that Oz is a sheaf. (Note
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that since we are interested in the ring A = (1), V, the assumption F € Z is no
limitation.) When considering irreducible subspaces Y of X, we similarly treat ¥
as a locally ringed space with structure sheaf defined in this way.

By a morphism we always mean a morphism in the category of locally ringed
spaces. If X and Y are locally ringed spaces with fixed morphisms « : X — Spec(D)
and B : Y — Spec(D), then a morphism ¢ : X — Y is a D-morphism if o« = o ¢.
A scheme X is a D-scheme if a morphism ¢ : X — Spec(D) is fixed. There is a
morphism § = (d, d*) : Z — Spec(D) defined by letting d be the continuous map that
sends a valuation ring in Z to its center in D, and by letting dt . Ospec(p) — dx07
be the sheaf morphism defined for each open subset U of Spec(D) by the set
inclusion dfj : Ospec(p)(U) — 0z(d ~1(U)). Thus when considering D-morphisms
from Z to X, with X a D-scheme, we always assume that the structure morphism
Z — Spec(D) is the one defined above.

2. Morphisms into projective space

In this section we describe the D-morphisms of Z into projective space by proving
an analogue of the fact that morphisms from schemes into projective space are
determined by invertible sheaves. Our main technical device in describing such
morphisms is the notion of a projective model, as defined in [Zariski and Samuel
1975, Chapter VI, §17]. Let ¢, ..., t, be nonzero elements of F, and for each
i =0,1,...,n, define D; = D[ty/t;, ..., t,/t;] and U; = Spec(D;). Then the
projective model of F /D defined by tg, ..., 1t, is

X ={(Dj)p: P eSpec(D;),i=0,1,...,n}.

The projective model X is a topological space whose basic open sets are of the
form {R € X : ug, ..., un € R}, where uo, ..., u, € F, and which is covered by
the open subsets {(D;)p : P € U;},i =0, 1, ..., n. Define a sheaf Ox of rings on
X for each nonempty open subset U of X by Ox(U) =()zcy R, and let the ring
of sections of the empty set be the trivial ring with 0 = 1. Since X is irreducible,
Oy is a sheaf and hence (X, Oy) is a scheme, and in light of the following remark,
it is a projective scheme.

Remark 2.1. If X is a projective model defined by n + 1 elements, then there
is a closed immersion X — P',. For let X be the projective model defined by
to,...,t, € F.Foreachi =0,1,...,n,letb; : D[Ty/T;,...,T,/T;] - D; be the
D-algebra homomorphism that sends 7;/T; to t;/t;, and let

a; : Spec(D;) — Spec(D[To/T;, . .., To/T;])

be the induced continuous map of topological spaces. Then the scheme morphisms
(a;, b;) : Spec(D;) — Spec(D|[Tp/T;, ..., T,/T;]) glue together to a morphism
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¢ : X — P’} [Hartshorne 1977, p. 88], which, by virtue of the way it is constructed,
is a closed immersion [de Jong et al. 2005—, Lemma 01QO].

Letr, ..., t, be nonzero elements of F, and let X be the projective model of F/D
defined by 19, ..., t,. For each valuation ring V in Z, there exists i =0, 1,...,n
such thatz;/¢; € V for all j, and it follows that each valuation ring V' in Z dominates
a unique local ring R in the model X, meaning that R € V and the maximal
ideal of R is contained in the maximal ideal of V. The domination morphism
8§ =(d,d") : Z — X is defined by letting d be the continuous map that sends
a valuation ring in Z to the local ring in X that it dominates, and by letting
d* : Ox — d,07 be the sheaf morphism defined for each open subset U of Z by
the set inclusion df/ :0x(U) = 02(d~1(U)).

Let y : X — P, be the closed immersion defined in Remark 2.1, and let
8 : Z — X denote the domination morphism. Then we say that the D-morphism
y 06 is the morphism defined by 1y, . . ., t,. We show in Proposition 2.3 that each
D-morphism Z — [P’ arises in this way. Our standing assumption F € Z is used
in a strong way here, in that the proposition relies on a lemma which shows that
the D-morphisms from Z into projective space are calibrated by the inclusion
morphism Spec(F) — Z.

Lemma 2.2. Let ¢ : Spec(F) — Z be the canonical morphism, let ¢ = (f, f*) :
Z— Xandy = (g, g% : Z — X be morphisms of locally ringed spaces, where X
is a separated scheme, and let n = f(F). Then ¢ =y ifand only if pot =y ot if
and only ifn = f(F) = g(F) and f,f = gﬁ.

Proof. Suppose that n = f(F) = g(F) and f = gf. Let U be an affine open
subset of X containing 1, and let Y = f~!(U). Then Y is a locally ringed space
with structure sheaf Oy defined for each open set W in Y by Oy (W) = Oz(W).
We claim that ¢|y = y|y. Since U is affine and Y is a locally ringed space, the
morphisms ¢|y and y |y are equal if and only if fﬁ = gﬁ [Holme 2012, Theorem
10.8, p. 200]. Now since Oz(Y) € Oz r = F and the restriction maps on the sheaf
07 are set inclusions, for each s € Ox(U) we have fl’ﬁ (s)= f,f(s) = gf;(s) = g@ (s).
Thus fl#] = gﬁ, and hence ¢|y = y|y. Finally, let {U;} be the collection of all affine
open subsets of X that contain . Then {f ~1(U;)} is a cover of Z, and we have
shown that ¢ and y restrict to the same morphism on each of these open sets, so
we conclude that ¢ = y. It is straightforward to verify that ¢ ot = y ot if and only
if f(F)=g(F)and f} =g}, so the lemma follows. O

Proposition 2.3. If ¢ : Z — P', is a D-morphism, then there exist ty, ..., t, € F
such that ¢ is defined by ty, . . ., t,.

Proof. Write ¢ = (f, f#), let n = f(F), and let § = P, = Proj(D[Ty, ..., T,]). For
eachi =0, ..., n, let U; be the open affine set S, so that S=UyU---UU,. Let
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o= (a,a"): Spec(F) — S be the composition of ¢ with the canonical morphism
Spec(F) — Z, and note that for each i, we have aa (s) = fin(s) for all s €
Os(U;). Since « is a morphism of schemes into projective n-space over D, there
exist tg, ..., 1, € F such that fgi(Tj/T}) = t;/t; for each i, j; see the proof of
Theorem I1.7.1 of [Hartshorne 1977, p. 150]. Let X be the projective model of
F/D defined by tg, ..., t,. Then g, ..., t, can be viewed as global sections of an
invertible sheaf on X that is the image of the twisting sheaf (1) of S. By the theorem
just cited and its proof, there is then a unique D-morphism y = (g, g*): X — S
such that gz = flﬁ for each open set U of S and g : X — S is the continuous
map that for eachi =0, ..., n sends the equivalence class of a prime ideal P in
Spec(Dlty/ti, ..., t,/t;]) € X to the equivalence class of the prime ideal (fli Yy~ (P)
in U; =Spec(D[Ty/T;, ..., T,/T;]). Then, with § = (d, d"): Z — X the domination
morphism, y 06 : Z — § is a D-morphism. Moreover, g(d(F)) =g(F)=n= f(F)
and (viewing F as a point in both X and Z), (d* o g*)p = djf o g% = f}. Therefore,
by Lemma 2.2, ¢ =y 0. ([

Corollary 2.4. Every D-morphism ¢ : Z — P, lifts to a unique D-morphism
¢: X — P},

Proof. Let ¢ : Z — P}, be a D-morphism. Then by Proposition 2.3, there exist a
projective model X of /D and a D-morphism y : X — P, such that ¢ =y 0§z,
where 6 : Z — X is the domination map. Since X is a projective model of F'/ D, each
valuation ring in X dominates X, and hence § : Z — X extends to the domination
morphism §:X — X. Thus ¢ = y o 8 lifts ¢. If there is another morphism
Y : X — P, that lifts ¢, then with ¢ : Spec(F) — Z the canonical morphism,
1//oL=¢ot=$oL,sothatbyLemmaZ.Z,w:a. [l

Remark 2.5. By Lemma 2.2, the D-morphisms Z — [P, are determined by their
composition with the morphism Spec(F) — P’,. Conversely, by Corollary 2.4,
each D-morphism Spec(F) — Z lifts to a unique morphism Z — X. Thus the
D-morphisms Z — [P, are in one-to-one correspondence with the F-valued points
of P’,.

3. A geometrical characterization of Priifer domains

We show in this section that if Z has the property that the image of every D-
morphism Z — IP}) of locally ringed spaces factors through an affine scheme, then
the holomorphy ring A of Z is a Priifer domain. A special case in which this is
satisfied is when there is a homogeneous polynomial f(7y, T}) of positive degree
d such that the image of each such morphism is contained in (IPE) 7. In this case,
we show that the Priifer domain A has torsion Picard group.
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Theorem 3.1. The ring A = (), V is a Priifer domain with quotient field F if
and only if every D-morphism Z — [P’ID factors through an affine scheme.

Proof. Suppose A is a Priifer domain, and let ¢ : Z — IP"D be a D-morphism.
By Proposition 2.3, there exist a projective model X of /D and a D-morphism
y: X — Pb such that ¢ = y 0§, where 6 : Z — X is the domination morphism.
Since A is a Priifer domain with quotient field F, every localization of A is a
valuation domain and hence dominates a local ring in X. Since every valuation ring
in Z contains A, it follows that ¢ factors through the affine scheme Spec(A).

Conversely, suppose that every D-morphism Z — [P’}) factors through an affine
scheme. Let P be a prime ideal of A. To prove that Ap is a valuation domain
with quotient field F, it suffices to show that for each 0 #¢ € F we haver € Ap
ort™' e Ap. Let 0 # ¢ € F, and let X be the projective model of F/D defined
by 1,¢. Then by Remark 2.1, there is a closed immersion of X into IP%). Let
b= fH:Z— [P’}) be the D-morphism that results from composing this closed
immersion with the domination morphism Z — X. In particular, with v = f(F),
we have f#(Ty/Ty) =t and f#(Ty/T) =t~

By assumption, there are a ring R and D-morphisms 8 = (d, d¥) : Z — Spec(R)
and y = (g, g*) : Spec(R) — I]:D}) such that ¢ = y 0§. By replacing R with its image
in F under d;* , where n =d(F), we may assume by Lemma 2.2 that R is a subring of
F and that § is the domination morphism. Then since R is the ring of global sections
of Spec(R) and A is the ring of global sections of Z, it follows that R C A, and hence
Q = RN P is a prime ideal of R. Let x = g(Q). Then x € (P},)7, or x € (P},)7,. In
the former case, f(T\/To) =t, and in the latter, f#(To/T)) =¢"!. But f*=d*og"
and d* restricts on each nonempty open subset of Spec(R) to the inclusion mapping,
so either x € (P}))7,, so that t = f(T1/To) =g*(T1/To) e Rg C Ap, or x € (P))1,,
sothat ! = ff(To/Tl) = gﬁ(To/Tl) € Rp € Ap. This proves that A is a Priifer
domain with quotient field F. U

Nagata’s theorem discussed in (1) follows then from prime avoidance:

Corollary 3.2 [Nagata 1962, (11.11)]. If Z is a finite set, then A is a Priifer domain
with quotient field F.

Proof. Let¢ : Z — [P’}) be a D-morphism. Then the image of ¢ in [P’lD is finite,
so by homogeneous prime avoidance [Bruns and Herzog 1993, Lemma 1.5.10],
there exists a homogeneous polynomial f (necessarily of positive degree) in the
irrelevant ideal (7p, T7) of D[Ty, T1] such that f is not in the union of the finitely
many homogeneous prime ideals corresponding to the image of Z in PL; i.e., the
image of ¢ is contained in (IPE) . This subset is affine [Eisenbud and Harris 2000,
Exercise II1.10, p. 99], so by Theorem 3.1, A is a Priifer domain with quotient
field F. (]
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In fact, when Z is finite, A is a Bézout domain: If M is a maximal ideal of A,
then A, is a valuation domain, but since Z is finite, Ay = ﬂVEZ VA, which,
since Ay is a valuation domain, forces Ay; = V for some V € Z. Therefore, A has
only finitely many maximal ideals, so that every invertible ideal is principal, and
hence A is a Bézout domain.

In Theorem 3.5, we give a criterion for when A is a Priifer domain with torsion
Picard group. In this case, each D-morphism Z — IP’}) not only factors through
an affine scheme, but has image in an affine open subscheme of [P’b. For lack of a
precise reference, we note the following standard observation.

Lemma 3.3. Let X be a projective model of F/D defined by ty, ..., t, € F, and
let f(Ty, ..., T,) € D[Ty, ..., T,] be homogeneous of positive degree d such that
f(to, ..., 1) #0. Let

h(to, ..., 1)

S o, -5 )¢
Then {Rp : P € Spec(R)} is an open affine subset of X.

R={O}Ui

:e > 0and h is a homogeneous form of degree de }

Proof. Let S = P},. Then S is an open affine subset of S [Eisenbud and Harris
2000, Exercise 1I1.10, p. 99]. By Remark 2.1, there is a closed immersion y =
(g, &%) : X — S such that with n = g(F), we have gﬁ(Tj/T,-) =t;/t; foreach i, j.
Since S is an open affine subset of S and y is a closed immersion, g 1S ) is an
open affine subset of X whose ring of sections is gﬁ(@S(S 1)) [de Jong et al. 2005-,
Lemma O1IN]. Now Og(S) is the ring consisting of 0 and the rational functions of
the form &/ f¢, where e > 0 and & is a homogeneous form of degree de. Moreover,
for such a rational function, since f(t, ..., t,) # 0, we have that f(Ty, ..., T,) is
a unit in Oy, and

#<h(T0,...,Tn)>: hito, - tn)
Nf(To.....Ty° ) flo.....t)°

Thus gg(@S(Sf)) = R, which proves the lemma. U

Lemma 3.4. Let 1y, 11, ..., 1, be nonzero elements of F, and let f be a homoge-
neous polynomial in D[Ty, ..., T,] of positive degree d. Then the following are
equivalent.

(D) g, tde fto, ... . t)A.
2) (to, ..., tn) " A= f(to, ..., tn)A.
(3) The image of the morphism Z — P, defined by ty, ..., t, is in (P}) .

Proof. Letu= f(ty, ..., t,). First we claim that (1) implies (2). If V € Z, then there
is i such that #; divides in V each of 1o, . .., f,,. It follows that when ) ; e; = d for
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nonnegative integers e;, we have £, ... t;" €tV Thus by (1), 15°t]" .. .t;" €uV,
so that 75°1{" ... #;" € uA. Statement (2) now follows.

To see that (2) implies (3), let y = (g, g :Z— [P, be the morphism defined
by to, ..., 1. By 2), u = f(t, ..., t,) is nonzero. Define

h(to, ..., tn)
ue

={0}uU :e >0 and & is a homogeneous form of degree a’e},

WTo.....T,)

S={0}Uy ————+—
© {f(To,---,Tn)e

e > 0 and h is a homogeneous form of degree de},
so that (P',) y = Spec(S). Let a = (a, a#) Spec(R) — Spec(S) be the morphism
induced by the ring homomorphism a* : S — R given by evaluation at 1y, ..., t,.
Observe that R C A, since if /1 is a homogeneous form in D[ Ty, . .., T, ] of degree de,
then by (2), h(tg, ..., t,) € (fo, . . ., tn)d"’A =u®A,sothat RC A. Nowlet8:Z —
Spec(R) be the induced domination morphism. We claim that y = « o 8. Indeed,
by Lemma 3.3, Spec(R) is an affine submodel of the projective model X of F/D
defined by 1o, ..., t,, and y factors through X. Since f is the domination mapping,
it follows that y =« o 8, and hence the image of y is contained in Spec(S) = (P') ;.
Finally, to see that (3) implies (1), let U = (P',) r and let y = (g, ghH:Z—> P
be the morphism defined by #, ..., t,. By 3), Z € g~!'(U), so S, the ring of
sections of U, is mapped via gﬁ into the holomorphy ring A of Z. But the image
of gﬁ is R, so R C A, and hence every element of F of the form tid /u is an element
of A, from which (1) follows. U

Theorem 3.5. The ring A={( ., V is a Priifer domain with torsion Picard group
and quotient field F if and only if for each A-morphism ¢ : Z — Pi‘ there is a
homogeneous polynomial f € A[To, T1] of positive degree such that the image of ¢
isin ([P’ )f-

Proof. The choice of the subring D of F was arbitrary, so for the sake of this
proof we may assume without loss of generality that D = A and apply then the
preceding results to A. Suppose that for each A-morphism ¢ : Z — I]j’i\ there
exists a homogeneous polynomial f € A[Tp, T7] of positive degree such that the
image of ¢ is in the affine subset ([P’ )r- By Theorem 3.1, A is a Priifer domain
with quotient field F. Thus, to prove that A has torsion Picard group, it suffices
to show that for each two-generated ideal (#g, t;) A of A, there exists e > 0 such
that (zp, #1)° A is a principal ideal (see, for example, the proof of Theorem 2.2 of
[Gilmer 1969]). Let tg,t; € F, and let ¢ : Z — I]j’},‘ be the morphism defined by
fo, t1. Then by assumption, there exists a homogeneous polynomial f € A[Ty, T1]
of positive degree d such that the image of Z in [P’ is contained in ([P’ ) 7. Thus
by Lemma 3.4, (1o, t;)? A is a principal ideal.
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Conversely, let ¢ : Z — P}x be an A-morphism. Then by Proposition 2.3, there
exist tg, t; € F such that ¢ is defined by 1y, #;. Since A has torsion Picard group and
quotient field F, there exists d > 0 such that (7o, 11)?A=uA for some u € (ty, 1)? A.
Since u is an element of (fy, #;)¢ A, there exists a homogeneous polynomial f e
A[Ty, T1] of degree d such that f (19, t;) = u, and hence by Lemma 3.4, the image
of the morphism ¢ is contained in (P}) . O

For applications such as those discussed in (2) and (3) of the introduction, one
needs to work with D-morphisms into the projective line over D, rather than A.
This involves a change of base, but causes no difficulties when verifying that A is a
Priifer domain. However, the converse of Theorem 3.5 (which is not needed in the
applications in (2) and (3) of the introduction) is lost in the base change.

Corollary 3.6. If for each D-morphism ¢ : Z — I]j’b there exists a homogeneous
polynomial f € D[To, T1] of positive degree such that the image of Z is contained
in ([F"},)f, then A is a Priifer domain with torsion Picard group and quotient field F.

Proof. Let¢: Z — [P’}L‘ be a D-morphism, and let « : [P’IIL‘ — [P’}) be the change of base
morphism. By assumption, there exists a homogeneous polynomial f € D[Ty, T1]
such that the image of @ o¢ is contained in (IP})) . Then the image of ¢ is contained
in (IP},‘) r» and the corollary follows from Theorem 3.1. ([

Let n be a positive integer. An abelian group G is an n-group if each element of
G has finite order and this order is divisible by only such primes that also appear as
factors of n. If A is a Priifer domain with quotient field F', then the Picard group of
A is an n-group if and only if for each ¢ € F there exists k > 0 such that (A + tA)"k
is a principal fractional ideal of A [Roquette 1973, Lemma 1].

Remark 3.7. If each homogeneous polynomial f arising as in the statement of
the corollary can be chosen with degree < n (n fixed), then the Picard group of
the Priifer domain A is an n-group. For when r € F and ¢ : Z — [P’lD is the
D-morphism defined by 1, ¢, then with f the polynomial of degree < n given
by the corollary, Lemma 3.4 shows that (A +tA)" is a principal fractional ideal
of A. In particular, when for each D-morphism ¢ : Z — IP}) there exists a linear
homogeneous polynomial f € A[Ty, T1] such that the image of ¢ is contained in
(PY), the ring A is a Bézout domain with quotient field .

The next corollary is a stronger version of statement (4) in the introduction.

Corollary 3.8. If D is a local domain and Z has cardinality less than that of the
residue field of D, then A is a Bézout domain with quotient field F.

Proof. Let ¢ : Z — IP’}) be a D-morphism. For each P € Proj(D[Ty, T1]), let
Ap={d € D:Ty+dT, € P}. Then all the elements of A p have the same image
in the residue field of D. Indeed, if d;, d, € Ap, then
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(di—dr))Ti = (To+diTh) — (To+doTy) € P.

If T € P, then since To+d;T; € P, this forces (Tp, T1) € P, a contradiction to the
fact that P € Proj(D[Ty, T1]). Therefore, 71 ¢ P,sothatdy —d, e PN D Cm:=
maximal ideal of D, which shows that all the elements of A p have the same image in
the residue field of D. Let X denote the image of ¢ in IP’}). Then since | X| < |D/m|,
there exists d € D\ |Jp.y Ap, and hence f(Ty, T1) :=To+dT, ¢ P forall P € X.
Thus the image of ¢ is in (I]J’E)f, and by Corollary 3.6 and Remark 3.7, A is a
Bézout domain with quotient field F. ([l

The following corollary is a small improvement of a theorem of Rush [2001,
Theorem 1.4]. Whereas the theorem of Rush requires that 1, ¢, 2., 1% e fi(®A,
we need only that 1, t% € f,(1)A.

Corollary 3.9. The ring A is a Priifer domain with torsion Picard group and
quotient field F if and only if for each 0 #t € F, there is a polynomial f;(T) € A[T]
of positive degree d, such that 1,t% € f,(t)A.

Proof. If A is a Priifer domain with torsion Picard group and quotient field F, then
for each 0 # ¢ € F, there is d; > 0 such that (1, r)% A is a principal fractional ideal
of A. Since A is a Priifer domain, local verification shows that (1, 1)% A = (1, t%)A,
and it follows that there is a polynomial f;(T) € A[T] of positive degree d; such
that 1, 1% € f;(1) A.

To prove the converse, we use Theorem 3.5. Let ¢ : Z — I]j’b be a D-morphism.
Then by Proposition 2.3, there exists 0 # ¢ € F such that ¢ is defined by 1, t. By
assumption, there is a polynomial f;(7") € A[T] of positive degree d; such that
1, 1% e fi@®)A. Set g,(Ty, Th) = fi(Ty/ Tl)Td’, so that g,(Ty, T1) is a homogeneous
form of positive degree. Then 1, r% € g;(t, 1)A, and by Lemma 3.4, the image of
¢ is in (I]J’i\) ¢- By Theorem 3.5, A is a Priifer domain with torsion Picard group
and quotient field F. O

Rush [2001, Theorem 2.2] proves that when f is a monic polynomial of positive
degree in A[T], then (a) {1/f(¢) :t € F} C A if and only if (b) the image of f in
(V/My)[T] has no root in V /My for each V € Z if and only if (c) A is a Priifer
domain and f(a) is a unit in A for each a € A. As Rush points out, Gilmer’s
theorem discussed in (2) of the introduction follows quickly from the equivalence
of (a) and (b) and Corollary 3.9; see the discussion on pp. 314-315 of [Rush 2001].
Similarly, the results of Loper and Roquette described in (3) of the introduction
also follow from Corollary 3.9 and the equivalence of (a) and (b). Thus all the
constructions in (1)—(4) of the introduction are recovered by the results in this
section.
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4. The case where D is a local ring

This section focuses on the case where D is a local ring that is integrally closed
in F. (By alocal ring, we mean a ring that has a unique maximal ideal; in particular,
we do not require local rings to be Noetherian.) In such a case, as is noted in the
proof of Theorem 4.2, every proper subset of closed points of P}, is contained
in an affine open subset of PL | a fact which leads to a stronger result than could
be obtained in the last section. To prove the theorem, we need a coset version of
homogeneous prime avoidance. The proof of the lemma follows Gabber, Liu and
Lorenzini [Gabber et al. 2013] but involves a slight modification to permit cosets.

Lemma 4.1. (cf. [Gabber et al. 2013, Lemma 4.11]) Let R = @?io R; be a graded
ring, and let Py, ..., P, be incomparable homogeneous prime ideals not contain-
ing Ri. Let I = @2, I; be a homogeneous ideal of R such that I € P; for each
i=1,...,n. Then there exists ey > 0 such that for all e > ey and ry, ..., r, € R,

Lo Z\Jj_ (P +1p).

Proof. The proof is by induction on n. For the case n = 1, let s be a homogeneous
element in 1 \ Pj, let ¢g = degs, let e > e¢g and let t € Ry \ P;. Suppose that
ri € R and I, € P; + ri. Then since O € I,, this forces r; € P; and hence
st¢=% ¢ [, C Pp, a contradiction to the fact that neither s nor ¢ is in P;. Thus
I, £ Py +ry. Next, let n > 1, and suppose that the lemma holds for n — 1. Then
since the P; are incomparable, IP; ... P,_; € P,, and by the case n = 1, there exists
fo > 0 such that for all f > fo andr, € R we have (IPy... P,_1) s & (P, +ry).
Also, by the induction hypothesis, there exists gg > 0 such that for all g > gg
and ry,...,r,—1 € R we have (IP,), & U?;ll(Pi + r;). Let eg = max{ fy, go},

let e > eg and let rq, ..., 7, € R. Then in light of the above considerations, we
may choosea € (IPy... P,—_1).\ (P, +ry,)and b € (IP,). \ U?:_II(Pi +r;). Then
a+bele\U;’:1(P,-+r,-). O

Theorem 4.2. Suppose D is local and integrally closed in F and only finitely many
valuation rings in Z do not dominate D. If no D-morphism Z — I]:"lD has every
closed point of [P’lD in its image, then A = ()., V is a Priifer domain with torsion
Picard group and quotient field F.

Proof. Let S = D[Ty, T;]. By Corollary 3.6, it suffices to show that for each
D-morphism ¢ : Z — PL, there is a homogeneous polynomial f € S of positive
degree such that the image of ¢ is in (P},) ;. To this end, let ¢ : Z — P}, be a
D-morphism. By assumption, there is a closed point x € Pb not in the image of ¢.
Let : IP’}) — Spec(D) be the structure morphism. Since 7 is a proper morphism,
7 is closed and hence 7 (x) is a closed point in Spec(D). Thus since D is local,
7 (x) is the maximal ideal m of D. Let K be the residue field of D. Then, with
Q the homogeneous prime ideal in § corresponding to x, we must have m C Q,
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and hence Proj(K[Ty, T1]) is isomorphic to a closed subset of IP}) containing Q.
Since a homogeneous prime ideal in Proj(K[7p, 77]) is generated by a homogeneous
polynomial in K[7p, 7], it follows that there is a homogeneous polynomial g € S
of positive degree d such that Q = (m, g)S. Since, as noted above, every prime
ideal in I]I’}) = Proj(S) corresponding to a closed point in [P’b contains m, it follows
that every closed point in IPID distinct from x is contained in ([P’})) ¢ Thus if every
valuation ring in Z other than F' dominates D, then the image of ¢ is contained in
(IP})) ¢» Which proves the theorem.

It remains to consider the case where Z also contains, in addition to the valuation
ring F, valuation rings Vi, ..., V, that are not centered on the maximal ideal m
of D. Let Py, ..., P, be the homogeneous prime ideals of S that are the images
under ¢ of Vi, ..., V,, respectively. Let I = mS. No V; dominates D, so since
¢ is a morphism of locally ringed spaces, I £ P; foralli =1,...,n. We may
assume Py, ..., P, are the prime ideals that are maximal in the set { Py, ..., P,}.
Then by Lemma 4.1, there exists e > 0 such that 1;, € Ule (P; +g°). Let h be
a homogeneous element in 7z, \ Ule (P; + g°). Since Py, ..., P, are maximal in
{P, ..., P}, itfollows that h € Iz \|J/_,(P; +g°). Set f =h—g°. Then f & P,
for all i. In particular, f # 0, and hence f is homogeneous of degree de. Since
fe¢PU---UP,, wehave P, ..., P, e([P’}))f.

Finally we show that every closed point of [P’}) distinct from x is in ([P’})) r. Let
L be a prime ideal in Proj(S) corresponding to a closed point distinct from x. Then
L # O, and to finish the proof, we need only show that f ¢ L. As noted above,
mC L,soif f € L, then since h € mS, we have g¢ € L. Butthen 0 =(m, g)SC L,
forcing Q = L since Q is maximal in Proj(S). This contradiction implies that
f ¢ L, and hence every closed point of Pb distinct from x is in (IP}:,) f» which
completes the proof. (]

Remark 4.3. When the valuation rings in Z do not dominate D, the theorem can
still be applied if there exists ¥ € X containing F such that (a) each valuation
ring in Y other than F dominates D, (b) each valuation ring in Z specializes to a
valuation ring in Y, and (c) no D-morphism ¢ : ¥ — [P’}) has every closed point in
its image. For by the theorem, the holomorphy ring of Y is a Priifer domain with
torsion Picard group and quotient field F. As an overring of the holomorphy ring
of Y, the holomorphy ring of Z has these same properties also.

The following corollary shows how the theorem can be used to prove that real
holomorphy rings can be intersected with finitely many nondominating valuation
rings and the result remains a Priifer domain with quotient field F. In general
an intersection of a Priifer domain and a valuation domain need not be a Priifer
domain. For example, when D is a two-dimensional local Noetherian UFD with
quotient field F" and f is an irreducible element of D, then D is a PID and Dy,
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is a valuation ring, but D = D N D), so that the intersection is not Priifer. This
example can be modified to show more generally that for this choice of D, there
exist quasicompact schemes in X that are not affine.

Corollary 4.4. Suppose D is essentially of finite type over a real-closed field and
that F and the residue field of D are formally real. Let H be the real holomorphy
ring of F/D. Then for any valuation rings Vi, ..., V, € X not dominating D, the
ring HNVyN---NV, is a Priifer domain with torsion Picard group and quotient
field F.

Proof. Each formally real valuation ring in X specializes to a formally real val-
uation ring dominating D (this can be deduced, for example, from Theorem 23
of [Kuhlmann 2004]). Let Y be the set of all the formally real valuation rings
dominating D,let Z=Y U{F, V,..., V,},andlet¢: Z — [P’lD be a D-morphism.
Then the image of Y under ¢ is contained in ([P’ID) r» where f(To, T1) = TO2 + T12.
Because Vi, ..., V, do not dominate D, they are not mapped by ¢ to closed points
of IP’}). Thus the corollary follows from Theorem 4.2. ([

We include the last corollary as more of a curiosity than an application. Suppose
that D has quotient field F'. A valuation ring V in X admits local uniformization if
there exists a projective model X of F/D such that V dominates a regular local
ring in X. Thus if Spec(D) has a resolution of singularities, then every valuation
ring in X admits local uniformization. If D is essentially of finite type over a field
k of characteristic 0, then D has a resolution of singularities by the theorem of
Hironaka, but when & has positive characteristic, it is not known in general whether
local uniformization holds in dimension greater than 3; see, for example, [Cutkosky
2004; Temkin 2013].

Corollary 4.5. Suppose that D is a quasiexcellent integrally closed local Noether-
ian domain with quotient field F. If there exists a valuation ring in X that dominates
D but does not admit local uniformization, and Y consists of all such valuation
rings, then the holomorphy ring of Y is a Priifer domain with torsion Picard group.

Proof. Let Z =Y U{F}, and let ¢ : Z — IP’}) be a D-morphism. Then by
Proposition 2.3, ¢ factors through a projective model X of F/D. Since Y is
nonempty, the projective model X has a singularity, and thus since D is quasiex-
cellent, the singular points of X are contained in a proper nonempty closed subset
of X. In particular, there are closed points of X that are not in the image of the
domination map Z — X, and hence there are closed points of [P’lD that are not in the
image of ¢. Therefore, by Theorem 4.2, A is a Priifer domain with torsion Picard
group and quotient field F. O

In particular, all the valuation rings that dominate D and do not admit local
uniformization lie in an affine scheme in X.
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NON-KAHLER EXPANDING RICCI SOLITONS,
EINSTEIN METRICS, AND EXOTIC CONE STRUCTURES

MARIA BUZANO, ANDREW S. DANCER,
MICHAEL GALLAUGHER AND MCKENZIE WANG

We consider complete multiple warped product type Riemannian metrics
on manifolds of the form R* x M, x --- x M,, where r > 2 and M; are
arbitrary closed Einstein spaces with positive scalar curvature. We con-
struct on these spaces a family of non-Kihler, non-Einstein, expanding gra-
dient Ricci solitons with conical asymptotics as well as a family of Einstein
metrics with negative scalar curvature. The 2-dimensional Euclidean space
factor allows us to obtain homeomorphic but not diffeomorphic examples
which have analogous cone structure behaviour at infinity. We also produce
numerical evidence for complete expanding solitons on the vector bundles
whose sphere bundles are the twistor or Sp(1) bundles over quaternionic
projective space.

0. Introduction

In [Buzano et al. 2013] we constructed complete steady gradient Ricci soliton
structures (including Ricci-flat metrics) on manifolds of the form RZx My x---xM,,
where M;, 2 <i <r, are arbitrary closed Einstein manifolds with positive scalar
curvature. We also produced numerical solutions of the steady gradient Ricci soliton
equation on certain nontrivial R* and R* bundles over quaternionic projective spaces.
In the current paper we will present the analogous results for the case of expanding
solitons on the same underlying manifolds.

Recall that a gradient Ricci soliton is a manifold M together with a smooth
Riemannian metric g and a smooth function «, called the soliton potential, which
give a solution to the equation

0.1 Ric(g) + Hess(u) + % g=0

for some constant €. The soliton is then called expanding, steady, or shrinking
according to whether € is greater than, equal to, or less than zero.
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A gradient Ricci soliton is called complete if the metric g is complete. The
completeness of the vector field Vu follows from that of the metric; see [Zhang
2009]. If the metric of a gradient Ricci soliton is Einstein, then either Hessu = 0
(i.e., Vu is parallel) or we are in the case of the Gaussian soliton; see [Petersen and
Wylie 2009; Pigola et al. 2011].

At present most examples of non-Kihlerian expanding solitons arise from left-
invariant metrics on nilpotent and solvable Lie groups (resp. nilsolitons, solvsoli-
tons), as a result of work by J. Lauret [2001; 2011], M. Jablonski [2013], and many
others (see the survey [Lauret 2009]). These expanders are however not of gradient
type, i.e., they satisfy the more general equation

€

0.2) Ric(g) + % Lxg+5

=0,
where X is a vector field on M and L denotes Lie differentiation.

A large class of complete, non-Einstein, non-Kihlerian expanders of gradient
type (with dimension > 3) consists of an r-parameter family of solutions to (0.1)
on R % My x - -+ x M, where k > 1 and M; are positive Einstein manifolds. The
special case r = 1 (i.e., no M;) is due to R. Bryant [2005] and the solitons have
positive sectional curvature. The r = 2 case is due to Gastel and Kronz [2004],
who adapted Bohm’s construction of complete Einstein metrics with negative scalar
curvature to the soliton case. The case of arbitrary r was treated in [Dancer and
Wang 2009a] via a generalization of the dynamical system studied by Bryant. The
soliton metrics in this family are all of multiple warped product type. In other
words, the manifold is thought of as being foliated by hypersurfaces of the form
Sk x My x - - - x M, each equipped with a product metric depending smoothly on a
real parameter f. As k > 2 in these works, the hypersurfaces and the asymptotic
cones have finite fundamental group.

More recently, Schulze and Simon [2013] constructed expanding gradient Ricci
solitons with nonnegative curvature operator in arbitrary dimensions by studying
the scaling limits of the Ricci flow on complete open Riemannian manifolds with
nonnegative bounded curvature operator and positive asymptotic volume ratio.

As pointed out in [Buzano et al. 2013], the situation of multiple warped products
on nonnegative Einstein manifolds is rather special because of the automatic lower
bound on the scalar curvature of the hypersurfaces. This leads, in the case where
all factors have positive scalar curvature, k > 1, to definiteness of certain energy
functionals occurring in the analysis of the dynamical system arising from (0.1),
and hence to coercive estimates on the flow. In the present case, where one factor is
a circle, i.e., k = 1, we can pass, as in [Buzano et al. 2013], to a subsystem where
coercivity holds, and this is enough for the analysis to proceed. The new solitons
obtained, like those of [Dancer and Wang 2009a], have conical asymptotics and are
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not of Kédhler type (Theorem 2.14). We note that the lowest-dimensional solitons we
obtain form a 2-parameter family on R? x §2. The special case r = 1 was analysed
earlier by the physicists Gutperle, Headrick, Minwalla and Schomerus [Gutperle
et al. 2003].

As in [Buzano et al. 2013], we also obtain a family of solutions to our soli-
ton equations that yield complete Einstein metrics of negative scalar curvature
(Theorem 3.1). These are analogous to the metrics discovered by Bohm [1999].
Recall that for Bohm’s construction the fact that the hyperbolic cone over the
product Einstein metric on the hypersurface acts as an attractor plays an important
role in the convergence proof for the Einstein trajectories. When k = 1, however, no
product metric on the hypersurface can be Einstein with positive scalar curvature,
so the hyperbolic cone construction cannot be exploited directly. It turns out that
the analysis of the soliton case already contains most of the analysis required for
the Einstein case. The new Einstein metrics we obtain have exponential volume
growth.

The fact that k = 1 (rather than k > 1) allows for some new phenomena displayed
by the asymptotic cones of some of our expander and Einstein examples. This
is a consequence of the striking observation of Kwasik and Schultz [2002] that
for an exotic sphere ¥ and the standard sphere S of the same dimension, R? x X
is not diffeomorphic to R? x S, but if we replace R? by R? in the products the
resulting spaces do become diffeomorphic. In fact, the open cones Ry x S! x ¥ and
Ry x S' x S are also homeomorphic but not diffeomorphic. As a result, we obtain
examples of pairs of expanders and negative Einstein manifolds whose asymptotic
cones are also homeomorphic but not diffeomorphic. These results are described in
greater detail at the end of Section 3; see Corollary 3.2 and Proposition 3.3.

To make further progress in the search for expanders, we need to consider more
complicated hypersurface types where the scalar curvature may not be bounded
below. In [Buzano et al. 2013] we carried out numerical investigations of steady
solitons where the hypersurfaces are the total spaces of Riemannian submersions
for which the hypersurface metric involves two functions, one scaling the base and
one the fibre of the submersion. We now look numerically at expanding solitons
with such hypersurface types, in particular where the hypersurfaces are S> or §3
bundles over quaternionic projective space. We produce numerical evidence of
complete expanding gradient Ricci soliton structures in these cases.

Before undertaking our theoretical and numerical investigations, we first prove
some general results about expanding solitons of cohomogeneity one type. Some
of the results follow from properties of general expanding gradient Ricci solitons.
However, the proofs are much simpler and sometimes the statements are sharper,
which is helpful in numerical studies. The results include monotonicity and con-
cavity properties for the soliton potential similar to those proved in [Buzano et al.
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2013] in the steady case, as well as an upper bound for the mean curvature of the
hypersurfaces. To derive this bound, we need to know that complete non-Einstein
expanding gradient Ricci solitons have infinite volume. We include a proof of this
fact here (Proposition 1.22) since we were not able to find an explicit statement in
the literature. Finally we derive an asymptotic lower bound for the gradient of the
soliton potential, which is in turn used to exhibit a general Lyapunov function for
the cohomogeneity one expander equations.

1. Background on cohomogeneity one expanding solitons

We briefly review the formalism [Dancer and Wang 2011] for Ricci solitons of
cohomogeneity one. We work on a manifold M with an open dense set foliated by
equidistant diffeomorphic hypersurfaces P; of real dimension n. The dimension
of M, the manifold where we construct the soliton, is therefore n + 1. The metric
is then of the form g = dt> 4 g,, where g, is a metric on P; and ¢ is the arclength
coordinate along a geodesic orthogonal to the hypersurfaces. This set-up is more
general than the cohomogeneity one ansatz, as it allows us to consider metrics with
no symmetry provided that appropriate additional conditions on P; are satisfied;
see the following as well as [Dancer and Wang 2011, Remarks 2.18, 3.18]. We will
also suppose that u is a function of ¢ only.

We let r; denote the Ricci endomorphism of g;, defined by Ric(g,)(X,Y) =
g:(r(X),Y) and viewed as an endomorphism via g;. Also let L; be the shape
operator of the hypersurfaces, defined by the equation g, = 2g,L, where g; is
regarded as an endomorphism with respect to a fixed background metric Q. The
Levi-Civita connections of g and g; will be denoted by V and V respectively. The
relative volume v(z) is defined by dug, = v(t) dug

We assume that the scalar curvature S, = tr(r,) and the mean curvature tr(L,)
(with respect to the normal v = 9/d¢) are constant on each hypersurface. These
assumptions hold, for example, if M is of cohomogeneity one with respect to an
isometric Lie group action. They are satisfied also when M is a multiple warped
product over an interval.

The gradient Ricci soliton equation now becomes the system

(1.1) —tr L —tr(L?) +ii + € =0,
(1.2) r—(rL)L—L+iLl+1el=0,
(1.3) d(trL)+8VL =0.

The first two equations represent the components of the equation in the directions
normal and tangent to the hypersurfaces P, respectively. The third equation repre-
sents the equation in mixed directions — here 8V L denotes the codifferential for
T P-valued 1-forms.
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In the warped product case the final equation involving the codifferential automat-
ically holds. This is also true for cohomogeneity one metrics that are monotypic, i.e.,
when there are no repeated real irreducible summands in the isotropy representation
of the principal orbits; see [Bérard-Bergery 1982, Proposition 3.18].

There is a conservation law

(1.4) i+ (—u+trL)iw—eu=C
for some constant C. Using our equations we may rewrite this as
(L.5) S+t(L?) — (it —trL)? —eu+ 3(n— e =C.

where S := tr(r;) is the scalar curvature S of the principal orbits. If R denotes the
scalar curvature of the ambient metric g, then

R=-2trL —tr(L*) — (tr L)* +S.
We can deduce the equality
(1.6) E+a2+eu=—C—§(n+1).
We let & denote the dilaton mean curvature
E:=—u+trL.

This is the mean curvature of the dilaton volume element e™"d 3. It is often useful
to define a new independent variable s by

d _1d

(1.7) & S Ear

and use a prime to denote d/ds. We note that (1.1) implies that S =—tr(L®) + €/2.
It is also useful, following [Dancer et al. 2013], to introduce the quantity
E:=CHeu.
The conservation law may now be rewritten (for nonzero €) as
(1.8) E+EE—€£=0.

Note that, for a function 7 — f (), the quantity f +& f is just the u-Laplacian in
the sense of metric measure spaces.
Another useful quantity is the normalised mean curvature

tr L 7}
=142
§ §
which was introduced in [Dancer and Wang 2009a; Dancer et al. 2013].

H = =1—|—u/’
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We now specialise to the case of expanding solitons, that is,
€>0.

We shall consider complete noncompact expanding solitons with one special orbit.
We may take the interval / over which ¢ ranges to be [0, co) with the special orbit
placed at t = 0. Let k£ denote the dimension of the collapsing sphere at t = 0. We
will moreover assume in this section that #(0) = 0, since adding a constant to the
soliton potential does not affect the equations.

A basic result of B.-L. Chen [2009] together with the strong maximum principle
says that for a non-Einstein expanding gradient Ricci soliton R > —5(m+1). So
we deduce from (1.6) that

E<0 and @)% < —E&:=—(C+eu).

Using the first inequality and the smoothness conditions at = 0, we find as in the
steady case that ii(0) = C/(k+ 1) < 0, so completeness imposes restrictions on our
initial conditions.

Integrating the second inequality and using the initial conditions yield

(1.9) 0<—u(t) < gzz +v/—=Ct
and
(1.10) li| < %t—i—\/—C.

These are just the cohomogeneity one versions of general estimates of the potential
due to Z.-H. Zhang [2009].

Proposition 1.11. For a non-Einstein, complete, expanding gradient Ricci soliton of
cohomogeneity one with a special orbit, the soliton potential u is strictly decreasing
and strictly concave on (0, 00).

Proof. The conservation law (1.8) and the fact that £ is negative and € is positive
show that u is strictly concave on a neighbourhood of each critical point #9. As
we noted above, we also have concavity at the special orbit # = 0. Now, as in the
steady case [Buzano et al. 2013], we see there are no critical points of  in (0, 00).
As u(0) =0, we see u is strictly decreasing on (0, 00).

Now set y = & and differentiate (1.4); using (1.1) we obtain

F4gy—(§+uad)y=o.
In particular, y + £y < 0, since y is negative. Integrating shows ve™*y is strictly
decreasing, where we recall that v is the relative volume. As ¢ tends to O, the
smoothness conditions imply that ve™y tends to 0, so y = ii is negative, as
required. (]
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Our next result is inspired by the work of Munteanu and Sesum [2013] for the
case of steady solitons.

Proposition 1.12. For a non-Einstein, complete, expanding gradient Ricci soliton
of cohomogeneity one with a special orbit, the volume growth is at least logarithmic.

Proof. Let M, = 7-1([0, t]), where 7 is the projection of M onto the orbit space 1.
We consider the integral

F(6) = /M (E+ St 1)) dyi;

As we are considering non-Einstein solitons the integrand is positive.
Let o > 0 and let b := f(tp). Using the trace of the soliton equation and also
the divergence theorem we have, for ¢ > 1y,

O<b§f(t)=—/ Audug

M,
= 0
- aM,(Vu)'<_§) d’ugiaMr
= |u| v(t)

< <§t + J—_C)v(t)

where we use (1.10) in the last line. Hence v(r) > b/(5t ++/—C), and integrating
yields

vol(M;) > vol(M,,) — 2e_b log(%to + —C) + 2€—b 10g<%t + —C). O

Proposition 1.13. Let (M, g, u) be a non-Einstein, complete, expanding gradient
Ricci soliton of cohomogeneity one with a special orbit. Then there exists t; > 0
such that on (t;, 00) we have tr L < \/ne /2.

Proof. By Cauchy—Schwartz and the concavity result, we have
d € 2 e 1 2
fhadl R < - _ =

(1.14) t(trL) < 5 tr(L~) 2 n(trL) .

Note that by the smoothness conditions tr L is strictly decreasing near t = 0, and
its limit as ¢ tends to zero from above is +oc.

(i) First let us assume that d(tr L)/dt is nonnegative at some ¢;. The inequality
above shows that |tr L|> < Snatt=ty.
Let us consider the solutions of the equation

(1.15) h=€_1p2
2 n

These are the family of increasing functions
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en aexp(t/2¢/n) —1
h()=,/—= :
2 aexp(ty/2¢/n)+1
where a is a positive constant, as well as the constant functions +=+/en/2 which

form the bounding envelope for this family. Hence tr L < h*(t) < /en/2, where
h*(t) is the solution to (1.15) which agrees with tr L at #.

(i1) Next suppose that d(tr L) /dt is always negative. Now if tr L is ever zero then it is
negative and bounded away from zero on some semi-infinite interval. Recalling that
tr L = v/v and integrating, we see that the soliton volume is finite, which contradicts
Proposition 1.12. So tr L is positive on (0, oo) and, using Proposition 1.11, we
see £ is also positive on this interval. By [Pigola et al. 2011, Theorem 11], £ tends
to infinity as ¢ tends to co. But £ also tends to infinity as ¢ tends to zero, so we
have a minimum #; where S vanishes. Now (1.1) shows tr(L?) = €/2 at t; and
Cauchy-Schwartz shows (tr L)? < ne/2 at t;. As tr L is decreasing, we have the
desired result. U

Remark 1.16. This bound on tr L is best possible, at least if we allow the solitons
to be Einstein. Indeed, the negative scalar curvature Einstein metrics of Bohm
[1999] give exactly this bound, as tr L is asymptotic to ne/2.

Next we consider properties of the Lyapunov function %, which was introduced
by Bohm [1999] for the Einstein case and was subsequently studied in [Dancer
et al. 2013; Buzano et al. 2013] for the soliton case. Note that this function was
denoted by & in [Dancer et al. 2013].

Proposition 1.17. Let F( denote the function p32/n (S + tr((L(O))z)) defined on the
velocity phase space of the cohomogeneity one expanding gradient Ricci soliton
equations, with L9 representing the trace-free part of L. Then along the trajectory
of a complete smooth non-Einstein expanding soliton, ¥ is nonincreasing for
sufficiently large t.

Proof. The formula for d%(/dt in [Dancer et al. 2013, Proposition 2.17] shows
that the proposition would follow if, for sufficiently large 7, one can show that

é—ltrL=—L't+n_1
n

trL > 0.

We first note that tr L is eventually bounded below by —\/en/2. Otherwise, at
some t =1 > 0, tr L < —/en/2 and (1.14) shows that this inequality continues
to hold from #; onwards. But this would imply that the soliton has finite volume,
contradicting Proposition 1.12.

We are now done since part (i) of the next proposition shows that |i| = —u
grows at least linearly for sufficiently large ¢. In particular, for large enough ¢, 7
fails to be strictly decreasing iff the shape operator of the hypersurfaces become
diagonal. (]
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Proposition 1.18. Let (M, g, u) be a complete, non-Einstein, expanding gradient
Ricci soliton of cohomogeneity one with a special orbit. Suppose t| > 2./5/€ and
on [t1, +00) we have an upper bound Ao > 0 for tr L. Set a := Lo+ /—C. Then on
[t1, +00) we have

NS 9 (—ut)\ (e
) |Vu| = —i(t) > 1—0<§t1+a)(§t+a>,

. € . (D D € 9 u()
€E__R -(— LA T .
(ii) u+2 icg 8t’8t>§2< +10§t1+a)

Proof. By assumption and the upper bound (1.10) we have & < 5t +a. Since
y=1ii <0and y =u < 0 by Proposition 1.11, we see that y satisfies the differential
inequality

y+ (%t+a)y— %y <0.

We will now compare y with solutions of the corresponding equation

. € . €
(1.19) x+<§t+a)x—§x_0,

which can be solved explicitly. This is because, if we differentiate this equation,
we obtain

Py (Srra)i=0
ar T\ TA)EED

from which we can solve for X. Accordingly, upon integration and using (1.19), we
obtain

—(6/4)‘[2—(1‘[
€0 412 +ar e
1.20 x(t :—(gt—i—a)( — e/ ‘/ —dt),
(1.20) ®) 2 Sth+a : n (5T+a)?

where ¢y and ¢ are arbitrary constants.

In order to apply [Protter and Weinberger 1984, Theorem 13, p. 26], we must
choose x(t1) > y(t;) = u(t;) and x(¢1) > y(t;) = ii(¢;). Since x(t;) = —cp, We can
maximize co by choosing x(#1) = u(t1). It follows that

o = —i(1) = —%x(tl) + (%tl —|—a))'c(t1) > —% i(t) + (%zl +a)ii(t1).

In particular, an admissible choice for ¢ is ¢; = %co > (0. With this choice, it
remains to find an upper bound for the integral in (1.20).
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To do this, we integrate by parts three times and then throw away the resulting
term involving integration (this term is negative). Specifically, we have

r ,—0%/e

/e 5 do

A o

(- B (-3 260))
=2\ U2l -G 2

Using the change of independent variable A := 5t +a and the fact that

_3e, 1522<_3_€> Sloo 17
I=gxt e ={1-7%) * 6 20
we obtain
_ 2_
e(e/4)t|2+atl /t e—(€/HT —art .
€ 2
f (ET‘H’)

! <1 € 3 e 15 17(?1 +a)3e(€/4)t12+“’1)
S Y P B 1 .
(5t1+a)? 2(Sti+a)> \2/ (Sn+a)* 20\ 5t+a ) ele/vrta

If we substitute the information above together with the choice c; = %co in the
comparison inequality u(¢) < x(¢) (for ¢t > t1), we obtain

—u(t)

u(tr) (e ( € 1 ( € 3 e\ 15
L e N(hie L (e 3 (e 13
Sti+a\2 2 (St +a)? 2(Sti+a)>  \2/ (51 +a)*
u() (e ( € 1 )
> — =t+ a> l—-—
Stital\2 2(&n +a)?
9 u(ty) €
e =t
g 10( 4 +a)(2 +“>
where for the last inequality we used the hypothesis that #; > 2./5/¢, so that
$ti+a > +/5e. This completes the proof of (i).
The proof of (ii) follows by applying the same estimates to the comparison
inequality ii(z) = y(t) < x(¢) for t > t;. Note that by [Dancer and Wang 2000,

(2.2)] and (1.2), the quantity ii + 5 is precisely the negative of the Ricci curvature
of the soliton metric in the direction d/9t. ([l

Remark 1.21. In the above proof we can of course take Ag to be /en/2 by
Proposition 1.13. Notice, however, that in part (ii) of the proof of Proposition 1.13
one automatically has an upper bound on tr L. So one can apply Proposition 1.18
instead of [Pigola et al. 2011, Theorem 11] to obtain a self-contained proof for
Proposition 1.13.
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Note also that neither Proposition 1.13 nor 1.18 requires any curvature bounds.

We end this section with a simple generalization of Proposition 1.12 which, as far
as we know, has not been explicitly observed in the literature. An analogous result
for steady gradient Ricci solitons is [Munteanu and Sesum 2013, Theorem 5.1].

Proposition 1.22. A complete non-Einstein expanding gradient Ricci soliton has at
least logarithmic volume growth.

We shall give a sketch of the proof only since the basic outline is the same as that
for the cohomogeneity one case. One replaces M; in the proof of Proposition 1.12
by the metric ball B, (¢) of radius 7 from an arbitrary but fixed point p € M. The
integrand in the boundary integral that is left after applying Stokes’ theorem can be
bounded by ¢ ( +2) vol,_1(dB,(t)) where ¢ is a positive constant which depends
only on n and €; see [Zhang 2009]. One then obtains the inequality

2y S VOl 1OM, ).
Integrating this inequality and applying the coarea formula, one deduces that the
volume of B, (t) grows at least logarithmically in 7.

The main technical point in the above is to justify the use of Stokes’ theorem as
the distance function from p is only Lipschitz continuous. For this one can use the
well-known fact that Stokes’ theorem holds for Lipschitz domains (see [McLean
2000, Theorem 3.34]), or one can use the approximation arguments of Gaffney
[1954] as in [Yau 1976, p. 660] to get a compact exhaustion of the underlying
manifold with sufficiently good properties for applying the usual version of Stokes’
theorem (see the version of this paper at arXiv:1311.5097).

Remark 1.23. Of course there are noncompact negative Einstein manifolds with
finite volume. It is quite probable though that for nontrivial expanders the above
volume lower bound is not sharp. Most lower bounds for the volume in the literature
involve additional assumptions on the curvature. For example, in [Carrillo and
Ni 2009, Proposition 5.1(b)] or [Chen 2012, Theorem 1] a lower bound on the
(average) scalar curvature is assumed.

2. Multiple warped product expanders

In this section, we specialise to multiple warped products, that is, metrics of the
form

2.1) g=dr*+) gl h;

i=1

onl x My x---x M,, where I is an interval in R, r > 2 and (M;, h;) are Einstein
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manifolds with real dimensions d; and Einstein constants A;. We observe that
n =), d; is greater than or equal to 3 as long as some M; is nonflat.

The Ricci endomorphism is now diagonal with components given by blocks
(xi/ gl.z)I]d,., where i =1, ..., r and [,, denotes the identity matrix of size m. We
work with the variables

22) x, =Yg
& g
23) y= Y4l
& gi
1 1
2.4) Weoim
& —u+trL

fori =1, ..., r. The definition of Y¥; in [Dancer and Wang 2009a; 2009b] differs
from that above by a scale factor of 4/A;. This choice reflects the fact that we are
now allowing one of the A; to be zero. As in [Buzano et al. 2013] we have

ZXZ tr(L ) and ZA Y2 tr(r,)

As mentioned earlier, we shall introduce the new independent variable s defined
by (1.7) and use a prime to denote differentiation with respect to s.
In these new variables the Ricci soliton system (1.1)—(1.2) becomes

d A € 2
(2.5) X! =X,~(§ X2 - 1) + LY 4 S (Vd = X)W?,
j=1 ! Vdi 2

4 Xi € 1,2
(2.6) Y-/=Y-( Xz.————W>,
=675

2.7) W/=W<ZX§—§W2>,

fori =1, ..., r. Note that, in the warped product situation, (1.3) is automatically
satisfied.

As in [Buzano et al. 2013] we use G to denote Y ._; X 12 The quantity H=W tr L
becomes Y ;_; +/d; X; in our new variables. We further have the equation

’r_ . 1 _€wn2
H-1D =MH 1)<g 1 2W )+Q,
where

(2.8) Q=> (X} +nYD)+ w2 —1.

i=1

cn—1)
2
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As explained in [Dancer and Wang 2009a], Q serves as an energy functional in the
expanding case, modifying the Lyapunov functional

2.9) L= (X7 +nY)—1,

i=1

which plays a key role in the steady case; see [Dancer and Wang 2009b; Buzano
et al. 2013]. The general conservation law (1.5) then becomes Q = (C + eu) W2.

Note that, in our situation, the quantity Q is no longer a Lyapunov function.
However, we do have the equations

H-=1D"=fitH=D+ £Q
Q= f(H—-1)+ f1Q,

where fi=G —1—-5W?2, =1, f3=€eW?, and f3 =2(G — $W?). The crucial
point for us is that in the expanding case both f, and f3 are positive, so the phase
plane diagram in the (H — 1, Q)-plane shows that the regions {# < 1, Q < 0} and
{H > 1, @ > 0} are both flow-invariant. Furthermore, the region {Q =0, H = 1} of
phase space corresponds to Einstein metrics of negative Einstein constant and is of
course also flow-invariant.

The above observations are in fact valid for the general monotypic cohomogeneity
one expanding soliton equations, not just for the warped product case, provided we
make the general definition

Q= W€ = WZ(C—i-eu) and H:=WtrL.

(The conservation law shows that this is consistent with the earlier formula for Q
that we gave in the warped product case; see [Dancer et al. 2013, (4.6)].) We refer
to [Dancer et al. 2013] for a discussion of this topic as well as the qualitatively
different situation of shrinking solitons, where € is negative. However, apart from
the multiple warped product case, these formulae for Q involve polynomial or
rational expressions in the X; and Y; variables which need not be definite, so the
estimates obtained are not coercive.

In the warped product case with all A; positive, which was the situation examined
in [Dancer and Wang 2009a], Q is, as explained above, a positive definite form
(up to an additive constant) in the X;, Y;, so we obtained coercive estimates which
allowed us to analyse the flow. For the rest of this section, we shall look at the case
where the collapsing factor M is S I sod;=1,Ar; =0, and the remaining Einstein
constants A; are positive. Then the equation for X| becomes

.
X| = Xl(z X3 1) + %(1 — X)) W2
j=1
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As Q now does not include a Y; term, the region Q < 0 is no longer precompact.
However, we will see by using similar ideas to those in [Buzano et al. 2013] that
we can still analyse the flow.

It is clear that we can recover ¢ and g; from a solution X, Y, W of the above
system via the relation dt = W ds and the formulae (2.2), (2.3), (2.4). As usual we
choose ¢ = 0 to correspond to s = —oo. The soliton potential u is recovered by
integrating

1 —1 T VX —1
(2.10) PO il Lizi .
w w w

We next compute the critical points of the soliton system (2.5)—(2.7).

Lemma 2.11. Letd, =1and d; > 1 fori > 1, so that »; =0 iff i = 1. The stationary
points of (2.5), (2.6), 2.7) in X, Y, W-space consist of

(i) the origin
(ii) points with W =0, Y; =0 forall i,and Y ;_; X? =1
(iii) points given by

d4
W=0, Xi=ydipa, Y/ = pa(l=ps), i€A
1

and X; =Y; =0fori ¢ A, where A is any nonempty subset of {2, ..., r},
and pp = (ZjeA dj)_l

(iv) the line where W =0, X; =0 foralli,and Y; =0 fori > 1

(v) the line where W =0, X1 =1,and X;, Y; =0 fori > 1.

(vi) the points E+ with coordinates

Jd: [2
X,=>2", Y,=0, W=4=4,/—. O
ne

Note that £ equals —1 in case (i) and (iv), equals O in case (ii), (iii) and (v), and
equals (1 —n)/n in case(vi). Also Q is —1 in cases (i) and (iv) and O otherwise.
Cases (i1)—(v) arose in [Buzano et al. 2013] in the steady case. Case (vi) is special
to the expanding case and arose in [Dancer and Wang 2009a]. Again the origin is
no longer an isolated critical point.

The analysis of the equations is quite similar to that in [Dancer and Wang 2009a],
with appropriate changes as in [Buzano et al. 2013] to reflect the fact that one
factor M of the product hypersurface is flat. Accordingly, we shall be brief in our
discussion.

We look for solutions where the flat factor M; = S! collapses at the end cor-
responding to t = 0 (that is, s = —o0). In our new variables, this translates into
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considering trajectories in the unstable manifold of the critical point P of (2.5)-(2.7)
(of type (v)) given by

wW=0, Xi=1, =1 X,=Y=0 (G>1.

Note that at this critical point we have L= Q9 =0and G =H = 1.
The linearisation about this critical point is the system

x; = 2x1,
yi=x1,

xi=0 (i=2),
yi=vi (22,
w' =w

with eigenvalues 2, 1 (r times), and O (r times).

The results of [Buzano 2011] now show we have an r-parameter family of
trajectories y (s) emanating from P and pointing into the region {Q < 0, H < 1}.
Moreover, by the arguments above, such trajectories stay in this region. We can
choose the trajectories to have W, Y; positive for all time, as the loci {¥; = 0} or
{W = 0} are flow-invariant and the equations are invariant under changing the sign
of W and/or of any Y;.

As mentioned above, as M, is flat and Y; does not appear in Q, the region
{Q < 0} is no longer precompact. However, since the variable Y; only enters into
the equations through the equation for Y;, we may follow [Buzano et al. 2013]
and consider the subsystem obtained by omitting the i = 1 equation in (2.6). The
result is a system of equationsin W, X; (i =1,...,r)and ¥; i =2,...,r), and
on this 2r-dimensional phase space the locus {Q < 0} is precompact. Once we have
a long-time solution to the subsystem, Y| may be recovered via

s T
Yl(S)ZYl(So)eXP(/ ZX?—X1—§W2>,
50 j=1

where sg is a fixed but arbitrary constant.

The critical points of the subsystem are obtained by removing the Y;-coordinate
from those of the full system. In particular, the origin becomes an isolated critical
point, and case (v) of Lemma 2.11 gives rise to the special critical point P with
W=0X1=1,X,=0G>1),Y,=0(@G(=2,...,r), from which emanates an
r-parameter family of local solutions lying in the region

{(W=>0,Y;>00(>1),0<0,H<1}.

The r parameters may be thought of as g;(0), i > 1, and the constant C in the
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conservation law (which has to be negative under the assumption that u(0) = 0).
Homothetic solutions are eliminated by fixing the value of €.

Precompactness of the region where the subsystem flow lives shows that the
variables are bounded, so that the flow exists for all s. Hence the same is true for the
original flow also. As in [Dancer and Wang 2009a, Lemma 2.2] we can show that
the X; are positive for all s. It follows that H > 0 and X; < 1/./d;. Furthermore,

we still have the equation
( >/ i ( )
Y; Ja\Y: )

including the possibility i = 1. So W/Y; increases monotonically to a limit
o; € (0, oo]. (We shall presently show that the o; must all be equal to +00.)

As the trajectories of interest lie in a precompact set, each of them has a nonempty
w-limit set €2, where we suppressed the dependence on the trajectory. Moreover,
each 2 is compact, connected, and invariant under both forward and backward
flows.

As in [Dancer and Wang 2009a, p. 1115] we can show that €2 lies in the locus
{Y; =0, 2 <i <r}. Now, on this locus the flow is just the same as that in [Dancer and
Wang 2009a], and the arguments there (see pp. 1116-1120) show as before that Q2
contains the origin (in the phase space for the subsystem). The centre manifold
argument in [Dancer and Wang 2009a, pp. 1121-1122] then shows the origin is a
nonlinear sink, so in fact the trajectory converges to the origin.

Now we can follow the arguments of for Lemma 3.13 in [Dancer and Wang
2009a] to show that

X; A

. i L i E ]
(2.12) Jim 5= A= ey +5Vd;,

where A; > 0. This is valid in particular for i = 1, in which case A| = % In fact,
the proof of [Dancer and Wang 2009a, Lemma 3.15] shows that o; cannot be finite,
and so A;/+/d; = 5 for all i. Applying this fact to the relation

g 1 Xi 1 XiW
o W Jgw"

it follows that the hypersurfaces have asymptotically decaying principal curvatures.

The limits (2.12) also imply that, for sufficiently large s, there exist a;, ap > 0 such
that a; W* < G <a, W*, from which we deduce completeness of the soliton metric by
using the relation dt = W ds and the equation (from (2.7)) Wds =dW /(G — %Wz).
We further have W ~ 1/,/es and s ~ jet2.
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The asymptotics for g;, i > 1, are deduced as in [Dancer and Wang 2009a]. As

( ) >/ - A /(; < i )

and X; ~ %Wz ~ 1/(2s) show that gy = W/Y| is also asymptotically linear in ¢,
so we have conical asymptotics for all factors.

Remark 2.13. This contrasts with the steady case, where the asymptotic geometry
for n = 1, r = 1 (the cigar) is different from the paraboloid asymptotics for the
Bryant solitons with n > 1, r = 1. In the steady case with » > 1 our work in [Buzano
et al. 2013] yielded solitons of mixed asymptotic type, where g; tends to a positive
constant and g; behaves like +/f for i > 1.

In the expanding case, both the n =1, r = 1 case (due to [Gutperle et al. 2003])
and the n > 1, r = 1 case (due to R. Bryant) have conical asymptotics, and our
solutions here for the r > 1 case also exhibit conical behaviour.

We summarise the discussion in this section by the following:

Theorem 2.14. Let M», ..., M, be closed Einstein manifolds with positive scalar
curvature. There is an r-parameter family of nonhomothetic complete smooth
expanding gradient Ricci soliton structures on the trivial rank 2 vector bundle over
Mj x - - - X M, with conical asymptotics in the sense given above. (]

Remark 2.15. As in [Dancer and Wang 2009a] we can see directly from the
equations that the soliton potential u is concave, in accordance with Proposition 1.11.
We can similarly deduce directly that Ric(g) + 5 g is positive semidefinite, so —u
is subharmonic.

Next we note that when r > 2 the sectional curvatures k (X AY), for X, Y tangent
to different Einstein factors, satisfy —c;/ 2 < K(XAY)<—cy/ % < 0 for certain
positive constants c1, ¢p. This shows that the hypothesis of lim;_, o ?|sect| = 0
in many results in [Chen 2012] is not satisfied by our examples. In particular,
the simplest hypersurface type in our examples is S! x §"~!; see [Chen 2012,
Theorem 4].

Furthermore, all sectional curvatures decay faster than =279 for an arbitarily
small 8 > 0. Hence the ambient scalar curvature R tends to zero. Finally we note
that none of the hypotheses (topological or metric) in the recent rigidity theorem of
Chodosh [2014] are satisfied by our examples.

3. Complete Einstein metrics with negative scalar curvature

We may also consider the flow of equations (2.5)—(2.7) in the variety {Q =0, H = 1}.
Such solutions of course correspond to Einstein metrics with negative scalar curva-
ture, the soliton potential now being constant. In the case when d; > 1 for all i, such
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metrics were constructed earlier in [Bohm 1999] by dynamical systems methods as
well. In [Dancer and Wang 2009a, Remark 4.13] we pointed out that a simpler proof
of Bohm’s result can be obtained using our special variables and the embedding of
the Einstein system within the soliton system.

In the present situation, where d; = 1, the hypersurfaces in the multiple warped
product no longer admit a positive Einstein product metric whose hyperbolic cone
acts as an attractor for the Einstein system. Nevertheless our setup allows us easily
to deduce the following:

Theorem 3.1. Let M>, ..., M, be compact Einstein manifolds with positive scalar
curvature. There is an r —1-parameter family of nonhomothetic complete smooth
Einstein metrics on the trivial rank 2 vector bundle over My x - - - x M,.

To prove the theorem, we consider the r—1-parameter family of trajectories
emanating from the critical point P and lying in the variety {Q = 0, H{ = 1}. Note
that this variety is smooth.

As in the previous section, we see that the flow is defined for all s by first
restricting to the subsystem obtained by omitting the equation for Y| and observing
that the locus {Q = 0} is compact. As usual we can take Y;, W positive on our
trajectories, and we can show the X; are positive also. In the following we will
work with the subsystem.

The w-limit set €2 of a fixed trajectory lies within the locus {Y; =0:i =2, ..., r}
by the same argument as in the soliton case. However, the difference now is that no
point in € can have W-coordinate equal to 0. Otherwise, G = 1 and such a point
is a critical point of type (ii) in Lemma 2.11. The argument in the last part of the
proof of [Dancer and Wang 2009a, Proposition 3.6] then leads to a contradiction.
This in particular implies that the only critical point of the flow lying in Q is E
(since W > 0 along our trajectory).

We next consider the trajectory starting from a noncritical point in €2.

Recall from [Dancer and Wang 2009a] that on the locus {Q =0,H=1,Y =0},
the quantity J := G — %Wz satisfies 0 < J < 1 and the equation

J'=2JJ —1).

Moreover, J =1 exactly when W =0 and G = 1, and J = 0 exactly at the critical
points E (of type (vi) in Lemma 2.11). Points with W > 0 (resp. W < 0) flow to
E4 (resp. E_) and flow backwards to W = 0.

For our trajectory, W is necessarily positive, so we obtain a contradiction since
Q is compact, flow-invariant, and contains no point with zero W-coordinate. We
therefore deduce that 2 is { £ }. Now it was observed in [Dancer and Wang 2009a,
Lemma 3.8] that for the flow on {Q = 0, H = 1} the point E is a sink, so our
(original) trajectory converges to E .
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As dt =W ds and W is converging to a positive constant we deduce the metric
is complete. Using (2.2) we see that the metric components gl.2 grow exponentially
fast asymptotically.

We end this section with some consequences of combining our existence theorems
with a study of the differential topology of some of our examples.

We will focus on the case where r = 2 and M is a homotopy sphere. Recall that
Boyer, Galicki and Kollar [Boyer et al. 2005a; 2005b] have constructed Sasakian
Einstein metrics with positive scalar curvature on all Kervaire spheres (with di-
mension 4m + 1) and those homotopy spheres of dimension 7, 11 or 15 which
bound parallelizable manifolds. As in [Buzano et al. 2013] we can take these
Einstein manifolds or the standard sphere as M, in our constructions in Section 2
and Section 3. Since it follows from the independent work of K. Kawakubo [1969]
and R. Schultz [1969] that the manifolds R? x M, and R? x S are not diffeomorphic
if M, is an exotic sphere (see [Kwasik and Schultz 2002]), we deduce the following:

Corollary 3.2. In dimensions 9, 13, 17 and all dimensions 4m + 3 withm #0, 1, 3,
7,15, 31, there exist pairs of homeomorphic but not diffeomorphic manifolds both
of which admit non-Einstein, complete, expanding gradient Ricci soliton structures.
The same holds for complete Einstein metrics with negative scalar curvature. ([

Note also that our expanding gradient Ricci solitons and negative Einstein man-
ifolds exhibit conical asymptotics. The corresponding cones are differentially of
the form Ry x S' x M,, where R, is the set of positive real numbers. We are
indebted to Ian Hambleton for providing an outline of the proof of the following
consequence of the above-mentioned work of Kawakubo and Schultz.

Proposition 3.3. Let X9 and S? be, respectively, a nonstandard homotopy sphere
and the standard q-sphere. Then the open cones Ry x S' x ¥ and Ry x S' x §¢
are not diffeomorphic.

Proof (1. Hambleton). Let
$:R.xS'x 21— R xS x84
be an orientation-preserving diffeomorphism. For convenience, let
X=8'x%, X,={a}xX,
Y=58"x5, Y,={b)}xY.

By compactness, ¢ (X1) C (a, b) x Y for some 0 < a < b. Moreover, by Alexander
duality (applied to (a, b) x Y with the ends capped off by attaching D3 x Y, for
example), ¢ (X;) is a two-sided hypersurface that separates (a, b) x Y into two
path-connected open submanifolds of R} x Y.
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Let W denote the closures of these path components. Then, using the diffeomor-
phism ¢, which has to preserve the ends of R4 x X and R4 x Y, one easily sees that
W_ (resp. W) is a compact manifold whose boundary consists of ¥, and ¢ (X)
(resp. ¢ (X 1) and Y},). Moreover, by composition with suitable retractions and the
restrictions of ¢ or ¢! to suitable subsets, one also sees easily that the inclusion
of the boundary components into W_ are homotopy equivalences, i.e., W_ is an
h-cobordism between its boundary components. Noting that the Whitehead group
of m(S' x §9) = Z is trivial and applying the s-cobordism theorem, we get a
contradiction to the result of Kawakubo and Schultz that S' x ¢ and S' x S are
not diffeomorphic. U

Hence we obtain for the dimensions given in Corollary 3.2 pairs of non-Einstein,
complete, expanding gradient Ricci solitons (or complete negative Einstein mani-
folds) whose asymptotic cones are homeomorphic but not diffeomorphic.

4. Numerical examples

We shall now look at some numerical solutions of the equations (1.1)—(1.3). The
Ricci soliton equation in the cohomogeneity one setting has an irregular singular
point at + = 0. We therefore follow the procedure in [Dancer et al. 2013, § 5;
Buzano et al. 2013]. That is, we first find a series solution in a neighbourhood
of the singular orbit satisfying the appropriate smoothness conditions. We then
truncate the series and use the values of the resulting functions at some small 79 > 0
as initial values to generate solutions of the equations for ¢ > fy via a fourth-order
Runge—Kutta scheme. Because the manifolds we are considering are noncompact,
we check the numerics obtained against the general asymptotic properties given in
Section 1.

The explicit cases that we shall look at are those where the hypersurface is the
twistor space of quaternionic projective space and the total space of the correspond-
ing Sp(1) bundle. For these examples, the estimates Q < 0 and H < 1 do not give
coercive estimates, and we do not yet have analytical existence proofs. However the
numerics give a strong indication that complete expanding solitons exist in these
cases.

Let us recall the equations that will be analysed numerically, following [Buzano
et al. 2013]. We consider cohomogeneity one manifolds with principal orbits
G /K whose isotropy representation consists of two inequivalent Ad(K)-invariant
irreducible real summands. We assume that K C H C G, where H, K are closed
subgroups of the compact Lie group G such that H/K is a sphere. A G-invariant
background metric b is chosen on G /K such that it induces the constant curvature 1
metric on H/K. The cohomogeneity one manifolds are then the vector bundles
G x g R4+ where H/K C R+ is regarded as the unit sphere.
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Let g = £ ® p be an Ad(K)-invariant decomposition of the Lie algebra of G,
so that p is identified with the tangent space of G/K at the base point. We can
further decompose p into irreducible K-modules, thus p = p; @ p,, where p; and
po are respectively the tangent spaces (at the base point) to the sphere H/K and
the singular orbit G/ H. Their respective dimensions are denoted by d; and d5.

The metrics of cohomogeneity one take the form

g=dr* + g1(1)? blp1 + £2(t)? blpa.

Letting (z1, ..., 26) := (g1, g1, &2, &2, u, it), the gradient Ricci soliton equations
become
21 =22,
. Z% 2224 di—1 Aj z? €
== -D)=—-db—+22+ — 5t
21 23 z1 dizz 2
73 =24,
. 2224 1 Ay 1 A3 e
u=—d——(—D—t+uw+—-——-2—=+52,
2 23 dy 73 dyz; 2
75 = 26,
. Z z
Ze = —26(d1—2 +d2—4> +22+4ez5+C,
21 23

where the A; are positive constants which appear in the scalar curvature function
of the principal orbit. Note that, because of the backgound metric chosen, the
coefficient A|/d; of the 1/z; term in the second equation becomes d; — 1, and for
expanding solitons we have € > 0.

Recall also the general relation (d; + 1) ii(0) = C + €u, which follows from
the conservation law and the smoothness conditions at # = 0. In generating the
numerics, we find it convenient to eliminate homothetic solutions by choosing € to
be 1. Furthermore, rather than setting u(0) = 0, as was done throughout Section 1,
we now set the constant C to be zero. It then follows from the necessary condition
& < 0 that in the series solution we must arrange for ii(0) = u(0)/(d; + 1) <0,
with #(0) as an otherwise arbitrary parameter.

Example 1. We set G = Sp(m + 1), H = Sp(m) x Sp(1), and K = Sp(m) x U(1).
The principal orbit G/K is diffeomorphic to CP?"*! and the singular orbit G/ H
is HP™. So d; =2, dy = 4m, and Ay = 2m(m + 2), Az = m/2 (with b chosen
to be —2tr(XY)). The initial values of (zy, ..., z¢) are given by (0, 1, h,0,i,0),
where & > 0 and i < 0. These give rise to a 2-parameter family of numerical
solutions.

In Figure 1 on the next page we plot the functions g; and u for the cases m = 1
and m = 2, with parameter values 4 =6 and it = —1.



390 BUZANO, DANCER, GALLAUGHER AND WANG

-500—

-1000—

-1500—

-2000—

-1000{—

-1500—

-2000—

| | | | | | | | |
10 20 30 40 50 60 70 80 90 100
t

-2500
0

Figure 1. Plots of g; (blue), g, (red) and u (green) for m =1 (top)
and m = 2 (bottom).

Note that the soliton potential is concave down and becomes approximately
quadratic, in accordance with Proposition 1.11 and Proposition 1.18. The g; are
asymptotically linear.

We have also plotted the quantities

against ¢ in Figures 2 and 3 for the cases m = 1 and m = 2 respectively. They all
converge quickly to 0.

In Figure 4 we plot the ratios X 1/ X > and Y 1/ ?2. Note that the second ratio is
g2/&1, which tends to a positive constant. The first ratio is the ratio of the principal
curvatures, (g2/g2) / (£1/g1), and we see that it quickly approaches 1.

Similar numerical results hold for larger values of m.

Example 2. We next set
G =Sp(m +1) x Sp(1),
H = Sp(m) x Sp(1) x Sp(1),
K =Sp(m) x ASp(1).
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Figure 2. Plots of X; (left) and ¥; (right) for i =1 (blue) and i =2
(red), in the case m = 1.
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Figure 3. Plots of X; (left) and ¥; (right) for i =1 (blue) and i =2
(red), in the case m = 2.

The principal orbit G/K is diffeomorphic to $*"*3 and the singular orbit G/H is
again HP™. So d| = 3, d» = 4m, and Ay = 4m(m + 2), Az = 3m/4 (where b is
given by —2 tr(XY) on both of the simple factors). The initial values of (z1, ..., z¢)
are given by (0, 1, h,0, i, 0), where h>0and i < 0.

For this case we obtain graphs very similar to those in Example 1.
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Figure 4. Plots of X / ;(2 (lower curve) and Y| / 172 (upper curve).

Based on the last two examples, we would conjecture that on the vector bundles
G x gy Rt where (G, H, K) are as above, there is a 2-parameter family of
nonhomothetic complete expanding gradient Ricci solitons.
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A NOTE ON L-PACKETS AND ABELIAN VARIETIES
OVER LOCAL FIELDS

JEFFREY D. ACHTER AND CLIFTON CUNNINGHAM

A polarized abelian variety (X, 1) of dimension g and good reduction over a
local field K determines an admissible representation of GSpin,,;(K). We
show that the restriction of this representation to Spin,,(K) is reducible
if and only if X is isogenous to its twist by the quadratic unramified exten-
sion of K. When g =1 and K = Q,, we recover the well-known fact that
the admissible GL,(K)-representation attached to an elliptic curve E with
good reduction is reducible upon restriction to SL,(K) if and only if E has
supersingular reduction.

Introduction

Consider an elliptic curve E/Q), with good reduction. Let 7 be the unramified
principal series representation of GL,(Q,) with the same Euler factor as E. Al-
though 7 is irreducible, the restriction of g from GL,(Q),) to its derived group,
SL,>(Q,), need not be irreducible. In fact, it is not hard to show that 7| SLy(@,) 18
reducible if and only if the reduction of E is supersingular; see [Anandavardhanan
and Prasad 2006, 2.1], for example.

This note generalizes the observation above, as follows. Let K be a non-
Archimedean local field with finite residue field and let (X, A) be a polarized
abelian variety over K of dimension g with good reduction. Fix a rational prime £
invertible in the residue field of K. Then the associated Galois representation on the
rational £-adic Tate module of X takes values in GSp(V, X, (-, -);,) = Gszg (Qyp).
The eigenvalues of the image of Frobenius under this unramified representation
determine an irreducible principal series representation 7y, of GSpin,, ,;(K) with
the same Euler factor as X. Note that the dual group to GSpin,,,; is GSp,,; note
also that GSpin; = GL, and GSpins = GSp,, accidentally. In this note we show
that the restriction of wy ; from GSpinzg 11(K) to its derived group Spinzg 11(K)
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is reducible if and only if X is isogenous to its twist by the quadratic unramified
extension of K.

Furthermore, we identify the Langlands parameter ¢y ; for mwx ; and then show
that the corresponding L-packet [Ty ; contains the equivalence class of y ; only.
Then we show that we can detect when X is isogenous to its quadratic unramified
twist directly from the local L-packet H(}ffk determined by transferring the Langlands
parameter ¢y ; to the derived group Spin,, ;(K) of GSpin,,(K).

1. Abelian varieties

In this section, we collect some useful facts about abelian varieties, especially
over finite fields. Many of the attributes discussed here are isogeny invariants.
We write X ~ Y if X and Y are isogenous abelian varieties, and End®(X) for the
endomorphism algebra End(X)®zQ of X.

1A. Base change of abelian varieties. Let X/, be an abelian variety of dimen-
sion g. Associated to it are the characteristic polynomial Py, (7) and minimal
polynomial Mxr, (T) of Frobenius. Then Pxr, (T) € Z[T] is monic of degree 2g,
and Mxr, (T) 1s the radical of Px/r, (T).

The isogeny class of X is completely determined by Py, (T) [Tate 1966]. It is
thus possible to detect from Py, (7)) whether X is simple, but even easier to decide
if X is isotypic, which is to say, isogenous to the self-product of a simple abelian
variety. Indeed, let ZEnd’(X) c End®(X) be the center of the endomorphism
algebra of X. Then

(1-1) ZEnd"(X) = QIT1/(Mxs,(T)),

and X is isotypic if and only if M, (T) is irreducible. While it is possible for a
simple abelian variety to become reducible after extension of scalars of the base
field, isotypicality is preserved by base extension (see [Oort 2008, Claim 10.8], for
example).

For a monic polynomial g(7) =[], <j< ~ (T — ;) and a natural number r, set
g"N(T) = [Ti<j<n(T —}). It is not hard to check that

Pxe, (T) = P (T).

Lemma 1.1. Suppose X/, is isotypic, and let T /T, be a finite extension. Let Y
be a simple factor of Xy ,. Then there exists some m | r such that

M;;/)[Fq (T) = My, (T)" and dim ZEnd®(X) = m dim ZEndO(X[qu)'
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Proof. Write Xy, ~ Y" with ¥ simple. Then we have two different factorizations
of Px/r,, (T):

Pxye, (T) = (M{)p (T))*,

Pxr, (T) = (Myr,, (T))".
Since My [Fyr (T) is irreducible (and all polynomials considered here are monic),
there exists some integer m such that

MY)s, (T) = Myje, (T)".

Note that
_ deg Myr, (T)

m=———""1"" —[7End*(X) : ZEnd® (X} ,)).
deg My g, (T) !

Let 7 be aroot of Mx ¢, (T). Then t" is a root of M)(;}[Fq(T), and thus of My ¢ (T);

and the inclusion of fields ZEnd® (X [qu) C ZEnd®(X) is isomorphic to the inclusion
of fields Q(z") € Q(t), under (1-1). In particular, m = [Q@(7) : Q(z")]. Since t
satisfies the equation §” — t” over Q(t"), its degree over Q(z") divides r. O

1B. Even abelian varieties. Call an abelian variety X /[, even if its characteristic
polynomial is even:

Pxr, (T) = Pxr, (=T).

If X is simple, then it admits a unique nontrivial quadratic twist X'/F,. For an
arbitrary X/F,, let X'/F, be the quadratic twist associated to the cocycle

Gal(F,) — Aut(X), Fry— [—1]
corresponding to a nontrivial quadratic twist of all simple factors of X.
For future use, we record the following elementary observation:

Lemma 1.2. Let X/, be an abelian variety. Then X is even if and only if X and
X' are isogenous.

Proof. Use the (canonical, given our construction) isomorphism X . = X ﬁqu to
identify V; X and V,X’. Then one knows (see [Serre and Tate 1968, p. 506], for
example) that px/r, (Fr,) = —px/r, (Fry), and thus that

Px 5, (T) = Pxr, (—=T).
The asserted equivalence now follows from Tate’s theorem [1966, Theorem 1]. [J

To a large extent, evenness of X is captured by the behavior of the center of
End®(X) upon quadratic base extension.

Lemma 1.3. If X/[, is even, then

dim ZEnd’(X) = 2 dim ZEndO(X[FqZ ).
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Proof. Suppose X /I, is even. Then the multiset {7y, ..., 72, } of eigenvalues of
Frobenius of X is stable under multiplication by —1, and in particular the set of
distinct eigenvalues of Frobenius is stable under multiplication by —1. Moreover,

this action has no fixed points; and thus {tlz, ey rzzg}, the set of eigenvalues of
X /F 2, has half as many distinct elements as the original set. The claim now follows
from characterization (1-1) of ZEnd®(X). U

The converse is almost true.

Proposition 1.4. Suppose X is isotypic. Then X is even if and only if
dim ZEnd®(X) = 2 dim ZEndO(X[qu).

Proof. Suppose dim ZEnd’(X) = 2 dim ZEnd’(X [qu) and let Y be a simple factor
of X[qu. By Lemma 1.1,

(1-2) M), (T) = My, (T)*.
Factor the minimal polynomials of X and Y as

My, (T)= [ (T -1,
1<j<2h

My, (D) = [T(T-8p.

1<j<h

By (1-2), we may order the roots of Mxr, (T) so that, for each 1 < j < h, we have

2_ 2 _p.
T =Ty = Bj

so that 7;4; = *7;. In fact, 7y = —7;; for otherwise, Mxr, (T) would have
a repeated root, which contradicts the known semisimplicity of Frobenius. Now,
Pxr, (T) = Mx g, (T)? for some d. The multiset of eigenvalues of Frobenius of X
is thus stable under multiplication by —1, and X /[, is even. O

Note that evenness is an assertion about the multiset of eigenvalues of Frobe-
nius, while the calculation of dim ZEnd®(X [th,) only detects the set of eigenvalues.
Consequently, if one drops the isotypicality assumption in Proposition 1.4, it is
easy to write down examples of abelian varieties which are not even but satisfy the
criterion on dimensions of centers of endomorphism rings.

Example 1.5. Let E/[F, be an ordinary elliptic curve; then E is not isogenous to
E’ over F, but End’(E) = End’(E’) = L, a quadratic imaginary field. Set X =
E x E x E’. Then X is not even, since X' = E' x E' x E, but ZEnd®(X) = L x L
while ZEnd®(X [Fzz) = L. Therefore, X/F, satisfies the dimension criterion of
Proposition 1.4 but is not even.
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Example 1.6. Consider a supersingular elliptic curve E/[F,, where g is an odd
power of the prime p. Then End(E) = Q(/—p), while End®(Ef ,) is the quater-
nion algebra ramified at p and oco. In particular, ZEnd’(E) is a quaeratic imaginary
field, while ZEndO(E[qu) = Q. Therefore, E/F, is even.

Example 1.7. In contrast, if X/[, is an absolutely simple ordinary abelian variety,
then End®(X) =End®(X f,»)- (This is a consequence of Theorem 7.2 of [Waterhouse
1969], which unfortunately omits the necessary hypothesis of absolute simplicity.)

Example 1.8. Now consider an arbitrary abelian variety X/[F, and its preferred
quadratic twist X’. Then the sum X x X’ is visibly isomorphic to its own quadratic
twist, and thus even.

Example 1.9. Let X /T, be an abelian variety of dimension g. Suppose there is an
integer N > 3, relatively prime to ¢, such that X[N](F,) = (Z/N )?¢. Then X is not
even. Indeed, if an abelian variety Y over a field £ has maximal k-rational N-torsion
for N > 3 and N is invertible in k, then End’(Y) = End®(Y}) [Silverberg 1992,
Theorem 2.4]. By the criterion of Lemma 1.3, if X /[, satisfies the hypotheses of
the present lemma, then X cannot be even.

1C. Abelian varieties over local fields. Now let K be a local field with residue
field [, and let X/K be an abelian variety with good reduction Xo/F,. As in 1B,
we define a canonical quadratic twist X’ of X, associated to the unique nontrivial
character

Gal(K/K) — Gal(K""™™/K) — {[£1]} C Aut(X).

Proposition 1.10. Let X /K be an abelian variety with good reduction Xo/F,. The
following are equivalent:

(a) X and X' are isogenous;

(b) Xo/Fy and X /F, are isogenous;

() Xo/F, is even.
Proof. By hypothesis, X spreads out to an abelian scheme ¥ /0 (its Néron model)
with special fiber X /F,; the automorphism [—1] € End(X) extends to an automor-
phism of ¥ and the corresponding twist &’ has generic and special fibers X" and

(Xo)'/Fg, respectively. This compatibility explains the equivalence of (a) and (b);
the equivalence of (b) and (c) is Lemma 1.2. O

Call X/K even if X has good reduction and satisfies any of the equivalent
statements in Proposition 1.10.
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2. L-packets attached to abelian varieties

2A. Polarizations. Let X/k be an abelian variety over an arbitrary field k. Let A
be a polarization on X, i.e., a symmetric isogeny X — X which arises from an
ample line bundle on X. Fix a rational prime £ invertible in k. The polarization A on
X induces a nondegenerate skew-symmetric pairing ( -, - ), on the Tate module 7Ty X
and on the rational Tate module V, X. Let GSp(V¢ X, (-, -),) be the group of sym-
plectic similitudes of V, X with respect to this pairing; note that GSp(V, X, (-, -);)
comes with a representation r; ; : GSp(V¢X, (-, -);) — GL(V,X). Let px :
Gal(k) — GL(V;X) be the representation on the rational Tate module and let
oa.e - Gal(k) — GSp(VeX, (-, -),) be the continuous homomorphism such that
PX,6 =71),00Px,e-

Gal(k/ k) GL(VeX)

@-n T
PX 1l e

GSp(VgX, ( s " ))L)

2B. Admissible representations attached to abelian varieties with good reduction.
Let K be a local field. Fix a rational prime £ invertible in the residue field of K,
and thus in K. It will be comforting, though not even remotely necessary, to fix an
isomorphism @, = C. We will indicate the corresponding complex-valued versions
of px.¢, ps.¢, and r ¢ from Section 2A by eliding the subscript £.

In the rest of the paper we will commonly employ the notation G := GSpin,,_ |;
note that the dual group to G is G = GSp,,- The derived group Gger = Spinyg .y,
which is semisimple and simply connected, will play a role below, as will its dual
Gua = PGSp,,. which is of adjoint type.

Proposition 2.1. Let X/K be an abelian variety of dimension g with good reduction
and let A be a polarization on X. There is an irreducible unramified principal series
representation 7y 5 of GSpiny,,(K), unique up to equivalence, such that

L(z, px) = L(z, x5, 13)-
-1/2 L
Moreover, | | '~ ® x ;. is unitary.

Proof. This is a very small and well-known part of the local Langlands correspon-
dence for G = GSpin,,,; over K which, in this case, matches unramified principal
series representations of GV(K ) = GSpin,, | (K) with unramified Langlands pa-
rameters taking values in G(C) = Gszg (©). For completeness and to introduce
notation for later use, we include the details here.

We begin by describing L(z, px). By [Serre and Tate 1968], the Galois represen-
tation px ¢ is unramified and the characteristic polynomial of px ¢(Fr,) has rational



A NOTE ON L-PACKETS AND ABELIAN VARIETIES OVER LOCAL FIELDS 401

coefficients. Accordingly, the Euler factor for px ¢ takes the form

(q*)*

L(s, = —
(s, px) Prose. @)

Let {71, ..., 124} be the (complex) roots of Py, /F, (T). Also by [Serre and Tate
1968], the £-adic realization py ¢(Fr,) € GL(V;X) of the Frobenius endomorphism
of X is semisimple of weight 1, so each eigenvalue satisfies |7;| = ,/g. Label
the roots in such a way that, for each 1 < j < g, we have 7,4 ; = qrj_l; and
1, = /qe*™ % where 1 > 01 >0, > -+ >0, > 0.

Let T be a K-split maximal torus in G; let T be the dual torus. Then the Lie
algebra of the torus T(C) may be identified with X*(7T) ® C through the function

exp: X"(T)®C — 7(C)

defined by & (exp(x)) = *™!{%%) for each root & for G with respect to T. The Lie
algebra of the compact part of T(C), denoted by T (C)" below, is then identified
with X*(T') ® R under exp. We pick a basis {e, ..., eg} for X*(T') that identifies
e with the similitude character for G and write {fo, ..., f,} for the dual basis for
X.(T) = X*(f). Set 6y :=0 and set 6 := Z§=O fje;; note that 0 € X*(T) Q R, so
exp(0) lies in T(C)“. Then py ;. (Fry) = . /q exp(0).

Let Wk be the Weil group for K. The L-group for T is LT = T((C) x Wk since
T is K-split. Consider the Langlands parameter

¢ Wg — LT

defined by ¢ (Fry) = px ;.(Fry) = /g exp(0) x Fr,. Let x : T(K) — C* be the
quasicharacter of 7'(K) matching ¢ under the local Langlands correspondence
for algebraic tori [Yu 2009]. The character x" :=| |}1/ ’® x corresponds to the
unramified Langlands parameter

¢u Wi — LT
defined by ¢"(Fr,) = exp(6) x Fry.
Now pick a Borel subgroup B C G over K with reductive quotient 7 and set

G(K
X = IndB((K)) X-

Then my ; is an irreducible, unramified principal series representation of G(K).

In the same way, the unitary character x" : K* — C* determines the irreducible

principal series representation

— G(K)
my ;o= Indp gy x".
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This admissible representation 7y , is unitary and enjoys

—1/2
7y, =1 ®nxa,

as promised.

Having identified the irreducible principal series representation 7y ; of G(K)
attached to (X, A), we turn to the L function L (s, 7wy , r»). For this it will be helpful
to go back and say a few words about the representation ry ¢ : GSp(V¢ X, (-, -);) —
GL(V;X).

Let S be a maximal torus in GSp(V,X, (-, -),) containing px ¢(Fr,) and let S’
be a maximal torus in GL(V, X) containing r) _¢(S). Let F; be the splitting extension
of S’ in Qg; observe that this contains the splitting extension of Px,r,(T) € Q[T]
in Q. Passing from Q; to F;, we may choose bases { fo, f1, f2, ..., f¢} for X*(S)
and {f{, f3, ..., fz’g} for X*(§’) such that the map X*(S’) - X*(S) induced by
the representation ry ¢ is given, for j =1, ..., g, by

(2-2) X*(8) = X*(8),  fir> fis forj > fo— femjar-

Note that this determines a basis for V, X ®q, F}.
Passing from F; to C, we have now identified a basis for V; X ®q, C which
defines

GSp(VeX ®q, T, (-, );) = GSpy,(C) = G(C)
inducing S ®q, C = T and also gives
GL(V¢ X ®q, C) = GLy,(0O).

Now (2-1) extends to

px

Gal(K /K) GL4, (C)
(2-3) /
PX, % s
G(C)
It follows immediately that
2g 2
1 q (¢°)*
L(s, x5, 1) = = = — = L(s, px),
l_[ I —1ig™ l_[q -1 PXO/[Fq(CF)

concluding the proof of Proposition 2.1. (]
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2C. R-groups. The irreducible representation wx ; of G(K) in Proposition 2.1
is obtained by parabolic induction from an unramified quasicharacter of a split
maximal torus T (K). In Section 2E we will use the restriction of this represen-
tation to the derived group G4 (K) = Spin2g+1(K) of G(K) = GSpinng(K) to
study X. While the resulting representation of Gy (K) is again an unramified
principal series representation, it need not be irreducible; in fact, we will glean
information about X from the components of this representation of G4e(K). With
this application in mind, here we review some basic facts about reducible principal
series representations of Gger(K).

As in the proof of Proposition 2.1, let B be a Borel subgroup of G with reductive
quotient 7', a split maximal torus in G. Set Bger = G4erN B. This is a Borel subgroup
of G ger with reductive quotient Tger = T N G ger, @ split maximal torus in Gye,. Let o
be a character of Ty (K). The component structure of the admissible representation
Indg::((f)) o is governed by the commuting algebra End(Indg::r'(([I(()) o), which, in
turn, is given by the group algebra C[R(c)], where R(o) is the Knapp—Stein R-
group; see [Keys 1982, Introduction] for a summary and references to original
sources, including [Silberger 1979].

The Knapp-Stein R-group R(o) is determined as follows, as explained in [Keys
1982, §3]. Let R be the root system for G with respect to T and let W be the
corresponding Weyl group for G. The root system for G4, may be identified
with R; see Table 1. Set W, = {w € W | Yo = o}. For each root o € R, let o,
be the restriction of o to the rank-1 subtorus 7;, € 7. Consider the root system
Ry ={a € R|oy=1}. Then R(c) ={w € W, | w(R,) = R;}. The exact sequence

1> W, —> W, > R(o)—> 1

determines R(o), with W, :={wq | @ € R, }, the Weyl group of the root system R, ;
see [Keys 1982, §3].

We will need the following alternate characterization of R(o). Let s € YV"ad (C) be
the semisimple element of éad (©) corresponding to the character o of Tger(K). By
Proposition 4 of [Steinberg 1974, §3.5] (see also [Humphreys 1995, §2.2, Theorem]),
Z& 4 (s) is a reductive group with root system Rs ={a € R |a(s) = 1}. The
bijection between R and R which comes with the root datum for G restricts to a
bijection between R, and Iés. Moreover, by that same Proposition 4, the component
group of the reductiye group Ze ¢, (s) is Wy/Wo, where W is the Weyl group
for the root system Ry and Wy = {w € W | w(s) =s}:

1= W, — W, — 70(Zg o)) — L.

Here we have identified the Weyl group W for R with the Weyl group for R. Under
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that identification, Wy = W, and W, = W¢, so

R(o) = nO(Zéad(@) (s)),

canonically,

2D. Component group calculations. Now we calculate the group mo(Z Ga(©) (s)).

Proposition 2.2. Suppose t € GSp,,(C) is semisimple and all eigenvalues have
complex modulus 1. Let s € PGszg (C) be the image of t under Gszg ©) —»
PGSp,,(C). Then, if and only if the characteristic polynomial of r,(t) is even,

70 (ZpGspy, (©) (5)) = 2/2Z;
otherwise, JT()(ZP(}sng(@) (s)) is trivial.

Proof. Using the notation in the proof of Proposition 2.1, pick x € X*(T) ® R with
exp(x) = t; of course, x is not uniquely determined by ¢, as the kernel of exp :
X*(TY®R — T(CD) is the weight lattice for 7', which, in this case, is the character
lattice X*(T) itself; see Table 1. Let v € X*(Tger) ® R be the image of x under the
map X*(T) ® R - X*(Tyer) ® R induced from X*(T) — X*(Tyer); see Table 1.
Note that exp(v) = s, where now exp refers to the map exp : X*(Tger) — T(C)
defined as above. Using this map we may identify Lie fad((C) with X*(Tger) ® C;
under this identification, the Lie algebra of the compact subtorus of Tad(C) may be
identified with X*(Tye;) ® R, henceforth denoted by V.

Let Rger be the root system for Gyer and let (Rger) be the lattice generated by
Rger- By [Reeder 2010, §2.2],

(2-4) 70(Z ) = {y € X*(Tae) /(Raex) | ¥ () = v},

for a canonical action of X™*(Tger)/{(Rger) on V, which we will use to calculate
wo(Z (@) (s)). Even before describing this action, however, we remark that (2-4),
together with the calculation of X*(7Tyer)/(Rder) in Table 1, already gives us good
information about 7y(Z Eaa(©) (s)): this component group is trivial or Z/27Z, and in
particular, abelian.

In order to describe the action of X*(T4er)/{Rger) on V and calculate the right-
hand side of (2-4), we must introduce yet more notation. Adapting [Bourbaki
1968, VI, §2], let Wagr:= (Rger) X W be the affine Weyl group for éad and let
Wext 1= X*(Tger) © W be the extended affine Weyl group for éad. (Here we use the
coincidence of the weight lattice for G4 with the character lattice for Gger.) Then
Wext is a semidirect product of the Coxeter group Wy by X ™ (Tger)/{Rder)-

(2-5) I — Wagr — Wexe — X*(Tder)/<Rder> — 1.

The quotient X*(Tyer)/{ Rder) coincides with the fundamental group (éad) of Gad
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~ Semisimple, Type: B Adjoint
simply connected "8
Gder = Spingg 1 — G = GSpingg - Gad = SO2g+41
Tger = an — T= anJrl - Taa= G;gn
Z(Gger) = u2 — Z(G)=Gm - Z(Gaa) =1
X*(Tger) ={e1,...,€g) |0<ieg| X*(T)={(eg,e1,...,eg) — X*(Taa) = {1, ..., ag)
Rier := R(Gder» Tder) R:=R(G,T) Rad = R(Gad, Tad)
= (g, ..., 0g) =(ay,...,0g) = (g, ..., 0g)
oap=ep—e odp=ep—ep
o) =e)—e3 a3 =ej3—e3
oy | =eg | —eg Ug_|=eg_|—eg
g =eg g =eg
X*(Tger)/(Raer)=2/22 X*(T)/(R)=Z X*(Taq) = (Raq)
. . * . . * X*(Tad)
weight lattice =X (Tger) weight lattice = X (T) — =7/2Z
weight lattice
.. . Semisimple,
Adjoint Type: C¢ simply connected
Gaa=PGSpy, “ G =GSpy, — G der =Spag
Tad = an « T= G§n+l — fder = G’fn
Z(Gaa) =1 “ Z(G)=6m — Z(Gger) =2
X*(Tog) = (61, &) | — | X*D)={fo. fi.-- fo) | for> O X*(Taer) = (f1. -, fg)
]éad = R(éads 7V‘ad) R:= R(é, 7v’) Iéder = R(éders 7V‘der)
=(dy,...,dg) =(dy,...,dg) =(@],...,d)
a1 =fi—fa @ =fi—r
a=fr—f3 dy=fr—f3
Gg_1=fo—1—fg Gy y = fe—1— fe
ag=2fg— fo Gy =2fg

X*(Tha) = (Raq)
X*(Toq)

= Z/zz
weight lattice

X*(T)/(R)=Z

weight lattice = (Ié)

X*(Tger)/(Raer) = 2/2Z

weight lattice = X* (Tyer)

Table 1. Based root data for GSpin,, ;, Spin,,; and SO+ 1.

(see [Steinberg 1968, p. 45] for a table of these finite abelian groups by type). By
[Bourbaki 1968, VI, §2.4, Corollary], the minuscule coweights for G,q4 determine a
set of representatives for X*(Tger)/(Rger). The basis in Table 1 for the root system
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Rad determines the alcove
C={veV|{x,v)>0,0<i<n)

in V, where & is the affine root for which 1 — ¢y is the longest root with respect
to the given basis for kad; see [Bourbaki 1968, VI, §2.3]. The closure C of C is
a fundamental domain for the action of Wy on V. The affine Weyl group Wy
acts freely and transitively on the set of alcoves in V. The extended affine Weyl
group Wey acts transitively on the set of alcoves, but generally not freely. Since
minuscule coweights for éad determine a set of representatives for X*(7Tger)/{ Rder),
and since each such coweight may be identified with a vertex of C (not all vertices
arise this way), we have

(2-6) {w € Wext | w(C) = C} = X*(Taer)/{Rater).

canonically. This describes the action of X*(Tyer)/{Rder) on V.
The calculation of {y € X*(Tger)/(Rder) | ¥ (v) = v} now follows easily. Let

{@1, ..., T}

be the basis of weights for X*(Tye,) dual to the basis Rug = (&1, ..., &g} for
X *(Tad) = X, (Tyer); set wo = 0. The closure C of the alcove C is the convex hull
of the vertices {vg, vy, ..., v} defined by v; = (1/b;)w ;, where by =1 and the other
integers b; are determined by the longest root in Rud according to & = Zf.: (bja;.
In the case at hand, the longest root is & = 2a; + 2dp + - - - + 2d,—1 + &g, SO
by=2,...,bs_1 =2, b, = 1. Note that exactly two vertices in {vg, v1, ..., vg} are
hyperspecial: vy and v,. Since Wex, acts transitively on the alcoves in V' and since
exp:V — Tad(C) is Wex-invariant, we may now suppose v € C. Express v € V in
the basis of weights for X*(Tyer):

g
2-7) v:ijwj;
j=1

note that the coefficients in this expansion are precisely the root values x; = &; (v).
Then v € C exactly means x; > 0. Set bp=1 and define xo > 0 so that ijo bixj=1,
in other words,

g
V= ijwj, Xo+2x) 4+ +2xe_1 +xg=1.
j=0
Under the isomorphism (2-6), the nontrivial element of X™*(Tger)/{Rger) corresponds
to p € Wex defined by v; + v, for j =0, ..., g. In terms of the fundamental
weights {wy, @1, ..., @}, this affine transformation is defined by @; > @,_;
for j =0,...,g. Thus, {y € X*(T4er)/(Rder) | Y (v) = v} is nontrivial if and only
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if p(v) = v, which is to say,
(2-8) x;j>0, j=1,...,¢8

and |
xl+"‘+xg—l +xg =7

Xj=Xxg_j, j=1,...,g—1

It only remains to translate the conditions above into conditions on the eigenvalues
of t € G(C). To do that we pass from root values x; = (&;, x) to character values
yj:={fj,x). Again using Table 1, we see that these conditions are equivalent to

Yo

=

(2-9) VIZY2 = 2y >

and |
Y1+Yg =3+ Yo,

Vi = Yj+1 =Yg—j — Vg—j+1, J=1,...,g—1

When combined, these last two conditions take a very simple form:

1 :
(2-10) yo—yj=§+yg_j+1, j=1,...,g—1

Finally, we calculate the characteristic polynomial of r; (z). Observe that r) (1) =
ri(exp(x)) = exp(dry(x)), where dr; : X*(T) — X*(G%,f) is given by (2-2). Set

tj = e?™i for j =0, ..., g. Then constraint (2-10) is equivalent to
(2-11) rozj—‘z—tg,jﬂ, j=1,...,g—1.
The characteristic polynomial of r (¢) is
8 g
(2-12) P =@ -t - o7,
j=1 j=1

When combined with (2-11), it is clear that P, )(T) is even:

8 8
Py =] [T =tp [ (T +tg-j), @11

j=1 j=1

8 8
[Ja=)[[T+1). j—>g—i+1
j=1

i=1

We have now seen that if nO(Zstng(q;) (s)) is nontrivial, then Py, (T is even.
To see the converse, suppose Py, 1)(T') (2-12) is even. Without loss of generality,
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we may assume the similitude factor #y is trivial. Then, after relabeling if necessary,
the symplectic characteristic polynomial Py, )(T) is even if and only if it takes the
form P, »n(T) = ile(T2 - rjz), with rj_] = —r4(;) for some permutation o of
{1, ..., g}. Since the roots are the eigenvalues of ¢, which are unitary by hypothesis,
we can order them by angular components, as in (2-9), while replacing o with the
permutation j — g — j + 1, thus bringing us back to (2-10). This concludes the
proof of Proposition 2.2. (]

2E. Restriction to the derived group. In this section we show how to recognize
when X /K is even through a simple property of the admissible representation 7y j
of G(K).

Theorem 2.3. Let X/K be an abelian variety of dimension g with good reduction
and let & be a polarization on X. The restriction of mx,, from GSpin,, | (K) to
Spin,, | (K) is reducible if and only if X is even.

Proof. With reference to notation from the proof of Proposition 2.1, set t = exp(f)
andlet s € Tad be the image of ¢ under T — Tad The restriction of wy ; from G(K)
to Gger(K) decomposes into irreducible representations indexed by the component
group 7o(Z Eu(©) (s)). Indeed, the irreducible representations of Gge-(K) that arise
in this way are precisely the irreducible representations appearing in Indg(‘l'e'((K)) Xders
where Byer(K) is a Borel subgroup containing Tyger(K) and xgqer 1s the unramified
quasicharacter of Ty (K) corresponding to f,q € Tad(([)). The R-group for this
unramified principal series representation is 7o(Z ¢ (s)). By Proposition 2.2, this
group is either trivial or a group of order 2, so either mx ; |G, (k) 1s irreducible or
contains two irreducible admissible representations; also by Proposition 2.2, the
latter case occurs if and only if the characteristic polynomial Py, (T) is even, in
which case X/K itself is even (Proposition 1.10). ([

2F. L-packet interpretation. In this section we show how to recognize even abelian
varieties over local fields through associated L-packets.

As discussed in Section 2A, every polarized abelian variety (X, ) over K
determines an £-adic Galois representation px » ¢ :Gal(I?/K) —GSp(Ve X, (-, )5)-
Let W be the Weil-Deligne group for K [Tate 1979, §4.1]. Let ¢x 5.0 : Wy —
Gal(K /K) — GSp(Vy X, (-, -);) be the Weil-Deligne homomorphism obtained by
applying [Deligne 1973, Theorem 8.2] to px_;.¢. We note that LG = G(C) x Wg =
Gszg(C) x Wg. Let

bxs: Wi — Gal(K/K) — ©

be the admissible homomorphism determined by ¢x ; ¢ and the basis for V; X ®q, C
identified in the proof of Proposition 2.1. The equivalence class of the admissible
homomorphism ¢y , is the Langlands parameter for the polarized abelian variety
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(X, 1) over K. We remark that this recipe is valid for all polarized abelian varieties
over K, not just those of good reduction. But here we are interested in the case
when X has good reduction, in which case py , is unramified in the strongest sense:
the local monodromy operator for the Langlands parameter ¢y , is trivial (¢x ;
factors through W;( — Wk) and ¢y, is trivial on the inertia subgroup /x of Wg.

Although the full local Langlands correspondence for G = GSpin,,; is not
yet known, the part which pertains to unramified principal series representations
is, allowing us to consider the L-packet I1x ; for the Langlands parameter ¢y ;.
Indeed, we have seen that this L-packet contains the equivalence class of wy ),
only.

Theorem 2.3 shows that we can detect when X is K-isogenous to its twist over
the quadratic unramified extension of K by restricting 7x ; from G(K) to Gger(K).
On the Langlands parameter side, this restriction corresponds to post-composing
¢x.;. with LG — LG,q. Let qﬁ%‘j be the Langlands parameter for Gge;/K defined
by the diagram below and let HS‘Z& be the corresponding L-packet.

W;( Ox,1 LG

(2-13) /
P A

Corollary 2.4. Let X/K be an abelian variety of dimension g with good reduc-

der

tion and let A be a polarization on X. The L-packet T’ for Spin,,(K) has
cardinality 2 exactly when X is even; otherwise, it has cardinality 1.

Proof. This follows directly from the fact that the R-group for any representation
in the restriction of 7wy, to Gger(K) coincides with the Langlands component
group attached to ([)‘;;frk. (See [Ban and Goldberg 2012] for more instances of this
coincidence.) Namely, equivalence classes of representations that live in H‘;ﬁ are

parametrized by irreducible representations of the group
Pt = Z5 S5/ 255, @55)" (ZGaa)"™.

Since G ger is K -split, the action of Wi on G4 is trivial, and since ¢§erl\ is unramified,

Zéad (¢§fa) =7 o (tad), Where t,q = ¢§%rk (Fry); thus,
Sf(p?(e& = T[O(Zédd (tdd))v

which is precisely the R-group for 7x 1 |c,. (k) calculated in Theorem 2.3. g
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3. Concluding remarks

It is natural to ask how the story above extends to include abelian varieties X over
local fields which do not necessarily have good reduction, keeping track of the
relation between the ¢-adic Tate module 7, X and the associated Weil-Deligne
representations, generalizing [Rohrlich 1994], and the corresponding L-packets.
For this it would be helpful to know the full local Langlands correspondence
for GSpin,,(K), not just the part which pertains to unramified principal series
representations. Since the full local Langlands correspondence for GSpin,, (K)
is almost certainly within reach by an adaptation of Arthur’s work [2013] on the
endoscopic classification of representations, following [Arthur 2004], we have, for
the moment, postponed looking into such questions until Arthur’s ideas have been
adapted to general spin groups.

At the heart of this note we have used a very simple instance of what is, according
to a conjecture of Arthur [1989], a very general phenomenon: the coincidence of
Knapp-Stein R-groups with the component groups attached to Langlands parame-
ters, sometimes known as Arthur R-groups, as in [Ban and Zhang 2005]. While
most known cases of this coincidence appear or are summarized in [Ban and
Goldberg 2012], as remarked at the end of the introduction to that paper, there is
work remaining for general spin groups.

When some of these missing pieces are available, we intend to use the local results
in this note to explore the connection between abelian varieties over number fields
and global L-packets of automorphic representations of spin groups and general
spin groups, generalizing the results of [Anandavardhanan and Prasad 2006, §2].
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ROTATING DROPS WITH HELICOIDAL SYMMETRY

BENNETT PALMER AND OSCAR M. PERDOMO

It is known that, if we ignore gravitational forces, the shape of an equi-
librium drop in R3 rotating about the z-axis is a surface that satisfies the
equation 2H = Ay — %aRZ, where H is the mean curvature and R is the
distance from a point in the surface to the z-axis. We consider helicoidal
immersions in R? that satisfy the rotating drop equation. We prove the
existence of properly immersed solutions that contain the z-axis. We also
show the existence of several families of embedded examples. We describe
the set of possible solutions and we show that most of these solutions are
not properly immersed and are dense in the region bounded by two concen-
tric cylinders. We show that all properly immersed solutions, besides being
invariant under a one-parameter helicoidal group, are invariant under a
cyclic group of rotations of the variables x and y.

The second variation of energy for the volume constrained problem with
Dirichlet boundary conditions is also studied.

1. Introduction

In this paper we study the equilibrium shape of a rotating liquid drop or liquid film
which is invariant under a helicoidal motion of the three dimensional Euclidean
space. The subject of rotating drops has been studied by many authors, including
Chandrasekhar [1965], Brown and Scriven [1980], Solonnikov [2004]. Our main
objective here is to use a new construction, recently developed in [Perdomo 2012],
to construct an abundant supply of examples. This construction is closely related to
Delaunay’s classical construction of the axially symmetric constant mean curvature
surfaces whose generating curves are produced by rolling a conic section. A special
case of the type of surface which we study here occurs when the rotating drop is a
cylinder over a plane curve. We treat that case in detail in [Palmer and Perdomo
2014].

If a rigid object is moved from one position in space to another, this repositioning
can be realized via a helicoidal motion of R?. If this motion is then successively
repeated, one arrives at a configuration which is invariant under a helicoidal motion.

MSC2000: 53C43, 53C42, 53C10.
Keywords: rotating drops, mean curvature, helicoidal surfaces.
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Figure 1. A rotating helicoidal drop.

The simple idea that helicoidal motions give all repeated motions of a rigid object,
known in the physical sciences as Pauling’s theorem [Cahill 2005; Pauling et al.
1951], is behind many of the occurrences of helicoidal symmetry in nature [Barros
and Ferrandez 2009], since it allows for extensive growth with a minimal amount
of information.

We will consider the equilibrium shape of a liquid drop rotating in a zero gravity
environment with a constant angular velocity 2 about a vertical axis. The surface
of the drop, which we denote by X, is represented as a smooth surface. The bulk of
the drop is assumed to be occupied by an incompressible liquid of a constant mass
density p;, while the drop is surrounded by a fluid of constant mass density p».
Since the drop is liquid, its free surface energy is proportional to its surface area s,
and we take the constant of proportionality to be one. The downward gravitational
force is neglected. This is justified if the volume of the drop is sufficiently small
compared to the other parameters. The rotation contributes a second energy term
of the form —Q2A$, where A$ is difference of moments of inertia about the
vertical axis:

A9 = (p) — pz)/ R? dv.
U

This term represents twice the rotational kinetic energy.
The total energy is thus of the form
QZ

(1-1) %::&i—TAﬁ—i-A(fV,

where 7" denotes the volume of the drop and A is a Lagrange multiplier. Let
Ap := p; — p2; then by introducing a constant a := (Ap)Q%, we can write the
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functional in the form

Cang =S — %/ R2dV + AV,
U

where U is the three-dimensional region occupied by the bulk of the drop and
R:=v xl2 + x%.

Since we want to consider both embedded and immersed surfaces, we will
precisely define the last two terms in the energy in the following way. First, define
vector fields on R3 by

R* R? R?
W=V'Te="0002,0), W=V =3x1,x,0).

If V'- denotes the divergence operator on R3, then it is easily checked that V- Wy =1
and V' - W = R? hold. We then define

v::/ Wo-vdx, /dev::/ W.vdx.
) U >

The definitions are valid as long as ¥ is immersed and oriented.
We will next derive the first variation of the functional given above. Let

Xe=X+e@Wv+T)+--

be a variation of X, where ¥ is a smooth function, v is the unit normal to the
surface and T is a tangent vector field along X. The first variation formula for the
area gives

5&&:—/2H¢d2+¢ T-nds:—/ZHWdE‘F?g dX xv-T.
)y X ) X

We will show in the Appendix that
(1-2) S/RZdV=/¢R2d2+7§ dX x W -8X,
Q p) )

where W is a vector field satisfying V/- W = R? on R?, and it is well known that
the first variation of volume is

(1-3) 8°V=/1//a’2+y§ dX x Wy - 5X.
b D>
By combining the last three formulas, we arrive at

(1-4) S%Q,Aozf dXx(v—%W+AoWo)-8X.

(—2H—‘—’R2+Ao)wdz+f
. 2

0%
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Regardless of the boundary conditions, a necessary condition for an equilibrium
is that the equation

(1-5) 2H = —%Rz + Ao

holds in the interior of X.

If we assume that the surface has free boundary contained in a supporting
surface S having outward unit normal N, then the admissible variations must satisfy
the condition §X - N =0 on dX. In order for the boundary integral in (1-4) to vanish
for all admissible variations, dX x v must be parallel to N along the boundary,
which means that the surface ¥ meets the supporting surface S in a right angle.

We now assume that an equilibrium surface X, i.e., a surface satisfying (1-5), is
invariant under a helicoidal motion

(1-6) (x1 +ix2, x3) > (67" (x1 +ix2), x3+1),

and we will derive a conservation law which characterizes the equilibrium surfaces.
We do not assume that the angular velocity w which determines the pitch of the
helicoidal surface is the same as the angular velocity 2 appearing above.

Let ¥, denote the compact region in X bounded on the sides by two integral
curves C; and C; of the Killing field

H(X):=—wE3 x X+ E3
and bounded below and above by the horizontal planes x3 = 0 and x3 = 27/ w.
Then X, is a compact surface with oriented boundary C| 4+« — C> — a2, where o

and a, are congruent arcs in the planes x3 = 27 /w and x3 = 0, respectively. By the
calculations in the Appendix, we have, using (1-5),

(1-7) 5E€[o] :f X x <v _ Ly —|—A0WO) .5X.
9%, 2

If we take the variation with §X = E3 then, since E3 generates a translation, the
first variation will vanish. Consequently, we obtain

(1-8) 0 y{ dx “v’R4+A vEY &
- = Xx|v—=V— — |- Es.
- 2716 Y g 3

Note that the integration over the 1-chain «; — a» yields zero since the two arcs
are congruent and are traversed in opposite directions. On C;, i = 1, 2, we have
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‘;—f = (—1)*1%. Hence
dX x u—fv’R—4+A0v’R—2  Es
2 16 4

i+1 a /R4 /R2
=(—1)""(—wE3 x X+ E3) x V—EVE-FA()VT - Esdt

. R4 R2
— (=1)/(—~wE3 x X + E3) x E3 - <v - %V’E +A0V’T> di

_ o qNiHl 4, ﬂ
==D" w1, x2,0) (v 8R (x1,x2,0) + 2(X1,X2,0) dt

, AogR?
=(—1)’“w((Q—x3v3>—§R4+ 02 )dr,

where Q = X - v is the support function of the surface. Setting 0 := Q — x3v3, we
can conclude from this that the integral

-~ a AoR?
——R* dt
/c,.(Q s T )

is independent of i. Also, it is easily checked that the integrand is, in fact, constant
on each helix C;, and we obtain the result that

R R*
(1-9) 20 4+ AoR* — a-- = constant.

Proposition 1.1. Let X be a helicoidal surface. A necessary and sufficient condition
that ¥ is a critical point for the functional €, , is that (1-9) holds.

Proof. The necessity was shown above, so we now show that the condition is
sufficient. We can assume that the helicoidal symmetry group of the surface fixes
the vertical axis.

Any helicoidal surface arises as the orbit of a planar “generating curve” « under
a helicoidal motion. We let s be the arc-length coordinate of « and we let ¢ denote
a coordinate for the helices which are the orbits of points in «. Local calculations
which can be found in [Perdomo 2012] show that the mean curvature H and the
third component of the normal vz are functions of s alone. Also, it is clear that the
function R? only depends on s.

It is easy to see that if v3 vanishes on any arc of «, then this arc is necessarily
circular. It is clear that the orbit of a circular arc satisfying (1-9) is an equilibrium
surface for the functional €, »,. Now consider a connected arc n C o on which
(say) v3 > 0 holds almost everywhere. If (1-5) does not hold on «, we can assume,
by replacing o with a subarc if necessary, that —2H —aR?/2 + Ao > 0 also holds
almost everywhere on «. Let 3| denote the compact domain consisting of the orbit
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of the arc o for 0 <t <27 /w. The boundary of ¥ consists of two helices Cy, C»
together with two arcs «y, o, both congruent to «.

We take the first variation of €, 5, with the variation field being the constant
vector E3. Since E3 is the generator of a one-parameter family of isometries, this
first variation vanishes. We express the first variation as in (1-4). Taking into
account (1-9), the contribution to the boundary integral is zero since it is given by
the right-hand side of (1-8), which vanishes. Also, the integrals over «; and o
cancel each other since these arcs are congruent and are traversed in opposite
directions. We then obtain from the calculations given above that

0= / (—2H — JaR* + Ag)v3 d=,
P

which is a contradiction since the integrand is positive almost everywhere on X;. [
This result can easily be modified for axially symmetric surfaces. In that case,
the Killing field used is simply E3 x X, and the helices are replaced by circles and
(1-9) still holds.
2. Treadmill sled coordinates analysis
We will be considering immersions of the form
P(s, 1) = (x(s) cos wr + y(s) sinwt, —x(s) sinwt + y(s) cos wt, 1),

with the curve a(s) = (x(s), y(s)) parametrized by arc length. We will refer to the
curve « as the profile curve of the surface. The surface given as the image of ¢ is
the orbit of o under the helicoidal motion (1-6). For 6(s) defined by

x'(s) =cosf(s) and y'(s) =sinf(s),
following [Perdomo 2012] we define the treadmill sled coordinates &(s), &>(s) by
(2-1) &1(s)=x(s)cosB(s)+y(s)sinb(s), &x(s)=x(s)sinB(s)—y(s)cosb(s).

The Gauss map of the immersion ¢ is given by

V= %(sin(@ —wt), —cos(f — wt), —wé}),

V14w’ i
and so, by a direct calculation, we obtain Q =&/V1+ wzélz. Finally, using that

R? =x24+y? = 512 + 522, we see from (1-9) that the immersion ¢ represents a
rotating helicoidal drop if and only if there holds

2 a
2 >+ /\0(5;“12 +§22) — Z(Ef +522)2 = constant =: C.

2-2) G(&, =
(2-2) G(1,82) Niprere:
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A direct computation shows that the equation 2H = Ag — %a R? reduces to
2w’ —2A0(1 +wED)Y? +a(E] +6)(1 + w’g))*?
1+ w(EF +£9) '

From the definitions of £, & and 6, we get that §f = 1 —&0" and &, = £,6'.
Using (2-3), we conclude that &; and &, must satisfy

23) ()=

2-4)
¢ - e e 2 + w22 (24 V1 + wPE (200 — a(E? +£2)))
PR 21+ w2(E2 + £2)) ’
2-5)

£ (2w?s —2A0(1 + w?8))° +a(&] + &) (1 + w?E))Y?)
2(1+w2(E7 +85))
This system of ordinary differential equations for & and &, provides a different

proof of the fact that the G (§(s), &>(s)) must be constant, because we can check
directly that

G 2+2w(El+E) G 242w (EL+&))
A&, - 1+ w2§;12)3/2 A& - 1+ w2$12)3/2
Remark 2.1. The level sets of G are symmetric with respect to the &;-axis. There-

fore, in order to understand the level set of G, it is enough to understand those
points in the level set with & > 0.

& = fr(&1, &) =

f2 fi.

In order to study the level sets of the function G we replace the variables &; and
& with the variables r and &,, where

r=&+¢&.
Making this change, we obtain that the equation G = C reduces to

2
52 —|—Aor—gr2:C.
V14w — a)zég 4
In fact, this equation is exactly the one appearing in (1-9).
We have

4C +r(—4Ao+ar))V1+rao?
2 p— .
V644 (4C +r(—4Ao +ar))? o?

By Remark 2.1, it is enough to consider those points with &, > 0. Since & =

vVr— 522, we get that

£ = Jpra, A, C)
r({— 0 260
: V644 (4C +r(—4Ag +ar))? v?
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where
(2-6) p(r,a, A, C)=—16C>+64r+32C Agr—16A3r*—8aCr*4+8aAor’ —a’r*.

Remark 2.2. Since p(r,a, A, C) is a polynomial in r of degree 4 with negative
leading coefficient when a # 0 and p is a polynomial of degree two when a =0,
we get that the values of r for which p(r, a, A, C) is positive are bounded. Since
r= 512 + 522 = x2 4+ y?, we conclude that the profile curve of any helicoidal rotating
drop is bounded.

Definition 2.3. Let r; and r, be nonnegative values such that p(r;) = p(r;) =0
and p(r) > 0 for all » € (r1, r2). We define p : [ry, r2] — R2 by

(r) = ( Vp(ra. A C) (4C +r(—4Ao+ar)V1+re? )
e V64 + (4C +r(—4Ao+ar)?w? /64 + (4C +r(—4Ag+ar))2w?/)

Remark 2.4. As pointed out before, all the level sets of the function G are bounded.
The map p parametrizes half of the level set G = C.

Definition 2.5. In the case that the level set G = C is a regular closed curve or a
union of regular closed curves, we define a fundamental piece of the profile curve as
a simple connected part of the profile curve such that the parametrized curve (&1, &),
given by (2-1), corresponds to exactly one closed curve in the level set of G = C.

Remark 2.6. From the definition of treadmill sled given in [Perdomo 2012], we
obtain that the profile curve of the solutions of the helicoidal rotational drop equation
are characterized by the property that their treadmill sleds are the level sets of G.
In other words, using the notation of [ibid.], we have T S(«) = §, where S is a
parametrization of a connected component of the level set of G = C and « is the
profile curve of the helicoidal rotating drop. We will see that, for a few exceptional
examples, the profile curve is a bounded complete curve having a circle as a limit
cycle. For the nonexceptional examples we can define an initial and final point of the
fundamental piece, and the whole profile curve is the union of rotated fundamental
pieces. If Ry = min{|m| : m € TS(«v)} and R, = max{|m| : m € TS(x)} and
Ad is the variation of the angle between (E)l and (E, where p; and p; are the
initial and final points of a fundamental piece, then, the profile curve is properly
immersed if AG/x is a rational number, otherwise the profile curve is dense in the
set {(x,y) € R*: Ry < [(x,y)| < Ra}.

We compute the variation Af in terms of the parameter r. We assume that o (s)
is the profile curve of a helicoidal rotational drop. Recall that we are assuming
that s is the arc-length parameter for the curve «. If B(s) = (§1(s), &2(s)), then
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5‘\\

Figure 2. Top left: a helicoidal rotational drop. Top right: the
corresponding profile curve, emphasizing the fundamental piece.
Here c =0.5,a =1, Ag =1 and w = 1.1805. Bottom left: the
(algebraic) level set G = C, i.e., the solution set to the equation

26>
T+ 1180582

Bottom right: how treadmill sled of the profile curve produces the
level set G = C. In this example the treadmill sled of the profile
curve will go over the level set G = C two times.

+E+HED - LEF+eD? =1

B(o(r)) = p(r) for some function s = o (r). By the chain rule, we have

ds do  |p'(s)] lp' ()2
2.7 Dy 27 _ -y
&7 dr dr  |B'(s)] FE() + f3()
1 \/ 64+ (4C + r(—4Ag + ar))2w?

S 2 p(r,a, C)

If § denotes the polar angle of the profile curve, that is, if 6(s) satisfies the equation
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a(s) = (x(s), y(s)) = R(s)(cos 6(s), sinB(s)), then 6/(s) = &(s)/r, and

df dods 1 (4C+ar?—4Aor)V1+re?
dr dsdr 2 ry/p(r,a, C)
Since the map p : [ry, r2] — R2 parametrizes half of the treadmill sled of the

fundamental piece of the profile curve, we obtain the following expression for
function A6 defined in Remark 2.6:

(2-8)

r.

)= A "2 (4C +ar? — 4N or)V1 + ro?
29 A6=A0(C,a,w,r1,12) =/ @C+ar oVT+re?
n r/p(r,a, C)

Remark 2.7. If we have a helicoidal rotational drop ¥ and we multiply every
point by a positive fixed number A, that is, if we consider the surface A%, then
this new surface satisfies the equation of the rotating drop for some other values
of Ag and a. If we change the orientation of the profile curve of a surface ¥
that satisfies the equation of the rotating drop with values Ay, @ and H, then the
reparametrized surface satisfies the equation with values —Ag, —a and —H. With
these two observations in mind, in order to consider all the helicoidal rotational
drops, up to parametrizations, rigid motions and dilations, it is enough to consider
two cases: (I) Ag =0and a = —1, and (I) Ap =1 and a is any real number.

CaseI: Ag =0 and a = —1. In this case, the polynomial p(r, a, A, C) reduces to
g =q(r,C) = —16C*+64r +8Cr* —r*.

Recall that we are interested in finding two consecutive positive roots of the
polynomial g. Notice that when C is a negative large number then the polynomial g
has no roots, and when C is a positive large number then the polynomial g has more
than one root. In every case, g (0) = —16C 2 <0, and the limit when r — 0o of ¢ (r)
is negative infinity. The following lemma was proven in [Palmer and Perdomo
2014] and provides the number of possible roots of g(r, C) in terms of the values
of C. For completeness reasons we will present the proof in this paper as well.

Lemma 2.8. For any C > Co = —3/2%3, the polynomial q(r, C) has exactly two
nonnegative real roots. When C = Cy, ~/4 is the only real root of q(r, C), and when
C < Cy, q(r, C) has no real roots.

Proof. We have ¢'(r) = 64+ 16Cr —4r>. A direct computation shows that the only
real solution of the system

g(r,C)=0 and ¢'(r,C)=0

is C = —3/2%/3 and r = 2%/3. This also follows from the fact that a Grobner basis
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of the polynomials {q, ¢’} is the set {27 +4C>, —4C? 4 9r}. Since
g (223 = —48 2 <0,

the polynomial ¢ has either 0, 1 or 2 real roots for values of (C, r) near (—3/ J4, \3/2).
A direct computation shows that the only roots of ¢ when C = 0 are r = 0 and
r =4, and that g has no real roots when C = —2. By continuity, we conclude that
the lemma holds. Recall that ¢(0) = —16C? and g(r) — —o0c as r — 0o. Notice
that, if for some value of C the polynomial g (r, C) has more than 2 roots, there
should exist another solution of the equations {g(r, C) =0, ¢’(r, C) = 0}, which is
impossible. ([

Now we will compute the limit of AG when C goes to Cy. We will use the
following lemma from [Perdomo 2010].

Lemma 2.9. Let f(c,r) and g(r, c) be smooth functions such that
80 C) = B0, =0 and T (Co.r) =24,
where A > 0. If {C,}, {u,} and {v,} are sequences such that
C,— Co, upn, vy, — 1y,
with
Uy <ro<vy, gy, cy)=gWn,c,)=0 and g(r,c,)>0forallre (u,,v,),

then
U f(c,r)dr £(Co. 70) T
—— 0,10)—=
PRVEICND VA
Notice that helicoidal rotating drops are defined when C takes values from
Co = —3/~/4 to co. When C = Cj, the only root of the polynomial g is ro = /4.
If we apply Lemma 2.9 with

_ (4C—r)V1+re?

r

as n— OoQ.

f(r, o) and g(r,c)=q(r, C)

to the integral given in (2-9), we obtain that

~ 2 3
(2-10) lim A = B(w) = ———\/1 + V42
C—>C0+ \/§

Remark 2.10. Recall that whenever A6 = n2m/m for some pair of integers m
and n, then the entire profile curve is properly immersed and it is invariant under
the group Z,,.
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w

C

-3/2%

Figure 3. Moduli space of the helicoidal drops with a = —1 and
A = 0. All points on the vertical red line correspond to a single
surface, a round cylinder. Points on the vertical yellow line correspond
to helicoidal rotational drops that contain the axis of symmetry. Points
on the horizontal blue line correspond to cylindrical rotational drops.

Remark 2.11. Up to dilations and rigid motions, the moduli space for all helicoidal
rotating drops with Ag = 0 is the plane region

{(C,w):C>Cy=—3/V4, w>0}.

Moreover, for any w > 0, the surface associated with the point (C, w) = (Cy, w) is
a round cylinder of radius ~/2, because it can be easily checked that when C = Cy,
then, for any w, the level set G = C reduces to the point {(0, —«/E)}.

Case II: Ay = 1. First note that the case a = 0 corresponds to a helicoidal surface
with constant mean curvature. These surfaces were studied using similar techniques
in [Perdomo 2012], and for this reason we will assume here that a 7~ 0. In this case,
the polynomial p(r, a, A, C) reduces to

(2-11) ¢ =¢q(r, C,a) = —16C? + 64r + 32Cr — 16r> —8aCr?* + 8ar> — a*r*.

Recall that we are interested in finding two consecutive positive roots of the
polynomial g. The roots of the polynomial g given in (2-11) were analyzed in
[Palmer and Perdomo 2014]. In order to describe the roots of g we need to define
the following functions.

Definition 2.12. Let #1(R) =2(R—1)/R3, and define the functions R; : R\ {0} — R,
Ry:(0, %] > Rand R3: (0, 5] > Rby
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R<1 ifi=1,
Ri(a)=R suchthat h(R)=a, with {1 <R<3 ifi=2,

J<R<oo ifi=3.
We also define the functions ry : R\ {0} - R, r, : (0, 2—87] — Randr3: (0, %] — Rby
ri(@) =Ri(a), rya)=R3(). ri(a)=R;a).

The following lemma was proven in [Palmer and Perdomo 2014] and provides
the number of roots of ¢ depending on the values a and C.
Lemma 2.13. Let ry, rp and r3 be as in Definition 2.12 and fori = 1, 2, 3 define
C - 16 — 8r; + 6ar;%2 — a*r;3
T 4(=2+ar;)

and
qg=q(r,a,C)= —16C? 4+ 64r +32Cr — 16r* — 8aCr? + 8ar’® — a*r*.

Recall that the domain of C; is the same domain of r;. That is, the domain of Ci(a)
is R\ {0} and the domain of C,(a) and Cs(a) is the interval (O, %] Forany a #0
and any C, the polynomial q has nonnegative real roots whose multiplicities are as
follows. Let N(q) denote the number of distinct real roots of q. There are four cases

to consider:

Case 1: Ifa <0, then Ci(a) <0, and

0 ifC <Ci(a),
N(g) =31 ifC=Ci(a),
2 ifC > Ci(a).

Case2: If0<a< %, then

Ca(a) <0, Ci(a) >0, Caa) <C3(a) < Ci(a),
and
if C > Ci(a),
if C =Ci(a),
if C3(a) < C < Cy(a),
if C = Cs(a),
if C2(a) < C < C3(a),
if C = Ca(a),
3 ifC < Cy(a).
When C = Cs(a), the second root has multiplicity two. When C = Cy(a), the first
root has multiplicity two.

N(g) =

W~ W = O
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Case 3: Ifa =2, then

27°
Ci(a)=9, Ci(a)=Cs(a)=—3,
and ' 0
2 lfc < —g,
2 lfC = -3
N@g)={2 if—3<C<9,
1 ifC=09,
0 ifC=>09.
When C = —%, the roots are % with multiplicity three and 84—1 with multiplicity one.

When C =9, the only real root is 9, with multiplicity two.

Case 4: Ifa > %, then Ci(a) > 0, and

0 ifC>Cia),
Ng@) =41 ifC=Ci(a),
2 ifC < Ci(a).
Now that we have discussed the roots of the polynomial ¢ we can describe the

moduli space of all helicoidal rotating drops with A = 1.

Theorem 2.14. Let Ao = 1 and let A8 be the function defined in (2-9). Let
Q={@a,C,w):C>Ci(a), a<0, w> 0},
Q0 ={(a,C,w):Cra) <C<Csa),0<a<, o>0},
Q={@@a,C,w):C <Ci(a), a>0, w> 0},
Q=QUQ3\ Q2
B1={@a,C,w):C=Ci(a), a+#0, o > 0},
ﬂzz{(a,C,a)):Czcz(a), O<ac< %, a)>0},
;33:{(a,C,a)):C:C3(a), O<a< %, a)>0}.
Under the convention that a point (a, C, w) represents a helicoidal rotating drop if
the treadmill sled of its profile curve is contained in the level set G = C, we have:

(1) Every point (a, C, w) in the interior of 2 represents a helicoidal rotating drop
with its fundamental piece having finite length. The treadmill sleds of the
profile curves of these surfaces are parametrized by p defined for values of r
between the only two roots of the polynomial q(r, a, C).

(ii) Every point in Q2 represents two helicoidal rotating drops, both having funda-
mental pieces of finite length. The treadmill sleds of the profile curves of these
surfaces are parametrized by p defined for those values of r that lie between
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the first and second root of the polynomial q(r, a, C) and the third and fourth
root of the polynomial q(r, a, C) respectively.

(iii) Every point (a, C, ) in the set B represents a circular helicoidal rotating
drop. This cylinder is the same for all values of w.

(iv) Every point (a, C, w) in the set B, represents two helicoidal rotating drops:
a circular cylinder and a noncircular cylinder with bounded length of its
Sfundamental piece. The circular cylinder is the same for all values of w.

(v) Every point in the set B3 represents three helicoidal rotating drops. One is a
circular cylinder, which is the same for all values of w. The second one has a
treadmill sled parametrized by p defined for those values of r that lie between
the first and second root of the polynomial q(r, a, C). Recall that the second
root has multiplicity two. The third surface has a treadmill sled parametrized
by p defined for those values of r that lie between the second and third root
of the polynomial q(r, a, C). The second and third surfaces are not properly
immersed and their profile curves have a circle as a limit cycle and they have
infinite winding number with respect to a point interior to this circle. Solutions
whose profile curves possess a circle as a limit cycle will be called helicoidal
drops of exceptional type.

(vi) Points of the form (a, C, w) = (%, —%, a)) represent two helicoidal rotating
drops: a circular cylinder, which is the same for all values of w, and one

helicoidal drop of exceptional type.
(vil) Up to a rigid motion, every helicoidal drop falls into one of the cases above.

(viii) Every helicoidal drop that is not exceptional is either properly immersed (When
Ab(a, C, w)/m is a rational number) or it is dense in the region bounded by
two round cylinders (when A6 (a, C, w)/m is an irrational number).

Proof. We already know that the treadmill sled of the profile curve of any helicoidal
rotating drop satisfies the equation

28,
V1+w?E?

We also know that, up to rigid motions, the treadmill sled of a curve determines
the curve; see [Perdomo 2012]. Since any level set of G can be parametrized using
the map p given in Definition 2.3, and every parametrization of a level set of G
is defined for values of r where the polynomial ¢ is positive, it then follows from
Lemma 2.13 that every helicoidal rotating drop can be represented as one of the
cases (1), (ii), (iii), (iv), (v) and (vi). It is worth recalling (see Remark 2.4) that the
parametrization p only covers half of the level set of the map G. Each one of these

G(E). &) = + Ag(E2+ED) — f;‘(f% +E))?=C.
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C

y=C(a)

\y=c3(a)

27

=
y=C1 (a)/ 3 Y Cz(a)

Figure 4. Graphs of the functions Cy, C, and Cs; these functions
are used in Theorem 2.14 to describe the moduli space of all
helicoidal rotational drops with Ag = 1.

level sets is symmetric with respect to the &-axis, and the parametrization p covers
the half on the right.

Notice that when the profile curve is a circle, the level set G = C reduces to a
point. In this case we will take the parametrization p to be defined just in a point, a
root with multiplicity two of the polynomial g.

When case (i) occurs, g has only two simple roots, x; and x,, with x; < x,. We
can check that the derivative of g at x is positive while the derivative of g at x; is
negative, so the length of the fundamental piece, according to (2-7), reduces to

/‘xz 64 + (4C +r(—4Ao +ar))*w? 4
r’
X q(r,a,C)

which converges. Therefore the length of the fundamental piece is finite.

For values of C, w and a that fall into case (ii), the polynomial g has four roots
X1 < Xp < X3 < X4, and g is positive from x; to x; and from x3 to x4. Also, the level
set of G has two connected components. Half of each connected component of
G = C can be parametrized using the map p. One half of the connected component
of G = C uses the domain (x{, xp) for p and the half of the other connected
component of G = C uses the domain (x3, x4) for p. The proof that the length of
the fundamental piece of each surface is finite follows as in the proof in case (i).

For values of (a, C, w) that satisfy the case (iii), the polynomial g has only one
root x| = ry with multiplicity two. We take R = ,/x1. A direct calculation shows
that if @ > 0, then R;(a) = —R and if we consider the profile curve

.8 S
a(s) = (R sin R’ —Rcos E)’
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then
§1=0, &£=R and G(&, &) =2R+ AR’ jaR".

Using the definition of C; and the fact that R;(a) = —R, we can check that the
expression G (&1, &) reduces to C = Cy(a), which was our goal in order to show
that the point (a, C, w) represents a round cylinder. Similarly, a direct verification
shows that if a < 0, then R;(a) = R and if we consider the profile curve

als) = (R sin % R cos %)
then £ =0, & =—R and G (&, &) = —2R+ AgR?— JaR*. Using the definition of
C) and the fact that R;(a) = R, we can check that the expression G (£, &) reduces
to C = Cy(a). Since r; is independent of w these cylinders are independent of the
value of w. This finish the proof of part (iii).

For values of (a, C, w) that fall into case (iv), the polynomial ¢ has three roots
X1 < x3 < x3, where x; = r; has multiplicity two and x; and x3 are simple. The
polynomial ¢ is positive for r € (x2, x3). In this case the level set G = C is the union
of the point (0, —,/x1) and a closed curve. If we consider the cylinder of radius
/X1 oriented by the inward-pointing normal, then a direct computation shows that
its mean curvature is 2H =1 — %arl. Therefore this circular cylinder is a helicoidal
rotating drop for the given parameters. Note that this cylinder is independent of w.
The treadmill sled of the profile curve of the other rotating drop is the level closed
curve component of G = C; half of this part can be parametrized by the map p
with domain (x5, x3).

For values of (a, C, w) in case (v), the polynomial g has only three roots
X1 < x3 < x3, where x; = ryp has multiplicity two and x; and x3 are simple. The
polynomial g is positive for r € (x1, x2) U (x3, x3). In this case the level set G = C
is connected but it self-intersects at the point (0, —,/x2). Any part of a curve that
crosses the &;-axis nonhorizontally cannot be the treadmill sled of a regular curve
(see Proposition 2.11 in [Perdomo 2013]). Therefore the correct way to view the
level set G = C in this case is not as a connected closed curve that self-intersects
but as the union of two curves and a point. Figure 5 shows one of these level sets.

One can check that the circular cylinder with radius /7>, oriented by the inward-
pointing normal, satisfies the equation 2H =1— %arz; therefore this circular cylinder
is a helicoidal rotating drop for the given parameters. The treadmill sled associated
with the profile curve of this round cylinder reduces to the point (0, —,/x2). The
set G = C \ {(0, —/x2)} has two connected components. One of these connected
components can be parametrized using the map p with r € (x1, x») and the other
using the map p with r € (x2, x3). Each of these connected components is the
treadmill sled of the fundamental curve for a rotating helicoidal drop whose length
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6F

—6h I I | | I |
6 4 ) 0 2 4 6

Figure 5. The level set G = C whena =0.2, o =3, Ag=1 and
C = (C3(0.2). For helicoidal drops in case (v) of Theorem 2.14, the
level set of G should be regarded as the union of two curves and a
point. Each curve is the treadmill sled of an exceptional helicoidal
rotating drop and the point is the treadmill sled of a circular cylinder.

is unbounded. Specifically, their lengths are given by the divergent integrals

/XZ 64+ (4C +r(—4A +ar))?w? 4
r
xi q(r,a,C)

and

fX3 / 64+ (4C + (4o +ar)’e? |
X
2 q(r,a,C)

respectively. Moreover, using the definition of treadmill sled, we notice that the
function giving the distance to the origin of the profile curve, |(x(s), y(s)|, agrees
with the function giving the distance to the origin of the level set G = C given
by [(&1(s), &2(s5))| = |p(c~1(s))|. Therefore, as r approaches ro, s = o (r) goes
to —oo and the function |(x(s), y(x)| approaches ,/r>. Since polar angle of the
profile curve can be calculated by integrating the expression in (2-8), we conclude
that 6 (r) also goes to —oo as r approaches r». We conclude that the profile curve
has a circle of radius /7 as a limit cycle and it has infinite winding number with
respect to a point interior to this circle.

For values of (a, C, w) that satisfy the case (vi), the polynomial g has only
two roots x; < xp, where x; = % has multiplicity three and x; = 84—1 is simple.
The polynomial g is positive for r € (x1, x2). In this case the level set G = C
is connected but it has a singularity at the point (O, —%) We can check that the
circular cylinder with radius % oriented by the inward-pointing normal satisfies the

equation2H =1— %arl; therefore this circular cylinder is a helicoidal rotating drop.
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The treadmill sled associated to the profile curve of this round cylinder reduces to
the point (O, —%) The set G = C minus the point (0, —%) is connected and half of
it can be parametrized using the map p with r € (%, 84—1) This part of the set G = C
is the treadmill sled of the fundamental curve of a rotating helicoidal drop whose
length is not bounded.

Since we know that the profile curve of every rotating helicoidal drop satisfies
the integral equation G = C and cases (i)—(vi) cover all the possibilities for the
level sets of G, then every rotating helicoidal drop falls into one of the first six
cases of this proposition. This proves (vii).

In order to prove (viii) we notice that when a helicoidal rotating drop is not
exceptional, it has a fundamental piece with finite length whose treadmill sled is a
closed regular curve (a connected component of the set G = C). By the properties
of the treadmill sled operator (in particular, the one that states that the treadmill sled
inverse is unique up to rotations about the origin), we have that the whole profile
curve is a union of rotations of the fundamental piece. The angle of rotation is
given by AD = AO (C,a,w, x1, x2). The profile curve is invariant under the group
G of rotations of the form

(2-12) (1, y2) > (cos(nAB)y; + sin(nA)y,, — sin(nAf)y; + cos(nAb)y,),

where n € Z. It is clear that if A/ is a rational number then the group G is
finite and the helicoidal surface is properly immersed. Moreover, if A8 /7 is not a
rational number, then the group G is not finite and the helicoidal drop is dense in
the region bounded by the two cylinders of radius ,/r1 and ,/r>. A more detailed
explanation of this last statement can be found in [Perdomo 2012]. O

Embedded and properly embedded examples. In this subsection we will find some
embedded examples and we will show their profile curves. As pointed out before,
when the helicoidal drop is not exceptional, its profile curve is a union of rotations
of fundamental pieces that ends up being invariant under the group G of rotations
defined by (2-12). It is not difficult to see that a necessary condition for the helicoidal
drop to be embedded is that A = 27t /m for some integer m. We will show that
this condition is not sufficient. In order to catch the potentially embedded examples
we need to understand the function AG(C, a, w, x1, x2). As a very elementary
technique to solve the equation A = 27r/m, we will use the intermediate value
theorem. We know that for any a, there is a first (or last) value of C, Cy(a, x1, X2),
for which the function A6 is defined. We will compute the limit of A6 when C
goes to Cp using Lemma 2.9. The graphs shown in this paper were generated using
the software Mathematica 8.
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sk

Figure 6. Top left, top right, bottom left: graphs of A6 in terms of
Cwhena=—-1,A0=1; =0, w=1, and w = 1.5, respectively.
Bottom right: graph of B in terms of @ when a = —1, Ay = 0.
This shows how the beginnings of the other three graphs change
when w changes. The highlighted points in this graph (o =0, 1 and
1.5) correspond to the highlighted points in the other three graphs.
For w = 0 there is no solution of the equation A6 = —27/m
with negative values of C. We see that, for some values of w,
the equation AG = —27 has a solution with C negative, which is
responsible for the existence of embedded examples with Ag =0
and a = —1.

Embedded examples with Ay = 0 and a = —1. From Lemma 2.8 we know that
the polynomial p has two nonnegative roots if and only if C > Cy = —3/v/4. A
direct application of Lemma 2.9 shows:

Proposition 2.15. If Ag = 0, a = —1 and for any C > Cy, x| and x; denote the
two roots of the polynomial q(r, C) = —16C?* 4 64r + 8Cr? — r*, then

2 (4C —rH)V1+re? 0
1 ra/q(r,C)

27V 1 + 4>
5

Using the intermediate value theorem, we can numerically solve the equation
AO = —27 for values of w and C. The images in Figures 7 and 8 show some of

lim A@(C,a),xl,xz):/
c—cf x
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Figure 7. Profile curves of some embedded helicoidal rotating
drops when Ag =0 and a = —1. Left: C = —1.5, » = 1.17684.
Middle: C = 0.6, w = 3.04646. Right: C =0.735, v = 4.65615.
When C is close to the critical value Cy, the embedded examples
are close to a round cylinder. As C increases, the shape develops a
self-intersection.

the resulting profile curves and the corresponding surfaces. They also show the
values of C and w that solve the equation A6 = —27.

Embedded examples with Ag = 1 and a # 0. We now show some embedded
examples in this case. Again, the intermediate value theorem is used to numerically
solve the equation A8 = 2m/m. A direct application of Lemma 2.9 shows:

Proposition 2.16. Let ry, ry and r3 be as in Definition 2.12 and let Cy, C; and C3
be as in Lemma 2.13. Let us define the two bounds

n(4C; +ar? —4r)y/ 1+ riw?

rin/16 +8a(C —3r;) + 6a%r?

bi(a,w) = =1,2.

(@) Ifa <O then limc_, ¢, )+ Aé(C, a, xi, xy) = by (a), where x| and x; are the
first two roots of the polynomial q(r, C, a)

(b) If a > O then limc_, ¢, (a)- Aé(C, a, xi1, xp) = by(a), where x| and x, are the
first two roots of the polynomial q(r, C, a)

Figure 8. Surfaces associated with the profile curve in Figure 7.
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5L

Figure 9. The graph of the function AG when a =0.2 and w=0.15.
In this case C, ~ —1.065, by ~ —7.66, C3 ~ —0.698, C; ~ 11.76
and by & 2.23. The points (C,, b,) and (Cq, b;) have been high-
lighted.

(¢) If a > 0 then limc_, ¢, (a)+ Aé(C, a, xi, x2) = by(a), where x; and x, are the
first two roots of the polynomial q(r, C, a).

Proof. Since

AG /x2 (4C 4+ ar? —4r)V1 + ro? 4
e r,
X rJq

in every case, when C approaches the limit value, the two roots approach r; (i =1, 2),
which is a root of g with multiplicity two. Therefore Lemma 2.9 applies and the
proposition follows. Notice that the value A in Lemma 2.9 is given by

A:—%q//(l’i):16+8a(C—3ri)+602”i2~ -

Remark 2.17. When 0 < a < 2, the domain of A8 is (C»(a), C;(a)), and

27°

lim A6(C)=by(a,w), lim  AO(C)=b(a,w).
C—Cr(a)t C—Ci(a)~

There is a vertical asymptote at C = C3(a) and a jump discontinuity at C = 0.

Taking a look at Figure 9, we notice that, when w = 0.15 and a = 0.2, and for
any integer m > 2, the equation A@ = 277/m has a solution. We have numerically
solved this equation for m =4 and m = 8. Figures 10 and 11 provides a picture of
the profile curves of the properly immersed examples.

If we decrease the value of a while keeping the value of w constant, we can
again solve the equation A6 = 77 /4, but this time the helicoidal rotational drop is
embedded. See Figure 12.

Finally, we would like to show that if we increase w then it is possible to solve
the equation Af = 27 (see Figure 13).
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Figure 10. The embedded helicoidal rotational drop obtained by
solving the equation A = 5 when a = 0.2 and @ = 0.15. In the
middle graph, Ag =1 and C =4.72283.

Figure 11. The properly immersed helicoidal rotational drop ob-
tained by solving the equation Af = 7 whena =0.2 and  =0.15.
In the graph on the right, Ao = 1 and C = 1.7453.

%
LN WL R A

T N B V|
=5

&

Figure 12. The embedded helicoidal rotational drop obtained by
solving the equation Af = 7 when a = 0.05 and w = 0.15. In the
graph on the right, Ag =1 and C = 15.3877.
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1B

Figure 13. The embedded helicoidal rotational drop obtained by
solving the equation A6 = 27 when a = 0.2 and @ = 2. In the
middle graph, Ag =1 and C =4.0134.

3. Second variation

For any sufficiently smooth surface, we define an invariant £ =2H + %aRz. The
first variation formula (1-4) restricted to compactly supported variations can then
be expressed as

8a,ng = —/ (€ — Aoy dX,
z

where ¢ := §X - v. We assume that the surface is in equilibrium, so that £ — Ay =0
holds. The second variation is thus

§%€an, = —fz v (80)dx.
A well-known formula for the pointwise variation of the mean curvature is
(3-1) 28H = L[] +2VH - 58X,
where . = A + |dv|?. Also

SRP=2 " xi8X - E; =2 xi(yvi+©6X)" E)=2¢0+2V'R*- (6X)",
i=1,2 i=12

where Q = x1V1 + x2v2. Combining this with (3-1), we have
(3-2) =L[y]+VE-T,

where L[] = Ay + (|dv|> +a Q) . Since we are assuming £ = Ay = constant,
the second term above vanishes and the second variation formula for variations
vanishing on 0% then reads

(3-3) 8€a,ng=— L VL[y]dYE = —/E ¥ (AY + (dv* +aQy)) d

=/ VY= (dvP +ad)y dx.
)
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This formula can be found in [L6pez 2010]. As usual, an equilibrium surface will
be called stable if the second variation is nonnegative for all compactly supported
variations satisfying the additional condition

3-4) / Ydx =0.
by
This is just the first-order condition which is necessary and sufficient for the variation

to be volume-preserving.
For a part of the surface of the form o« x [—h/2, h/2], this can be written

h/2
(3-5) €0, = / / ( ([1+? R21Y? — 20Ex sy +7)
h)2 1—|—w2§1
— (4H? = 2K +a&)V1 + w2€12w2) dt ds,

where K denotes the Gaussian curvature. Choosing ¥ = sin(27¢/h) gives

21
IV |?ds = / ds
/E h o vl—i—a)zélz

In addition, for this choice of i, we have ¢y = 0 on the boundary and the mean
value of ¢ on @ x [—h/2, h/2] is zero.

Lemma 3.1. We have

/K\/l—i—a)zéjlzds:O,
o

and hence

/ Kd¥ =0.
ax[—h/2,h/2]

Proof. From calculations found in [Perdomo 2012], one finds

_ —o*(l4xk)  —o*(E);s
(4D (1Lt wEd)?

o)
2
fK\/I—i—a) £2 ds_/ o s oo,
(1+ %)%
since the last integrand is the s-derivative of a function of &;. U

Proposition 3.2. A necessary condition for the stability of @ x [—h/2, h/2] for the
fixed boundary problem is that

4H>NV 1+ 0*E} ds +asd

(3-6) f st > /
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holds. Equivalently, this can be expressed as

(3-7) ds > / AHdY +aV(a x [—h/2, h/2]).
ax[—h/2,h/2]

272 1

h? fa V1+o’g}
Proof. We choose i = sin(2r¢/ h) in the second variation formula. For this choice
of ¥, we have { =0 on the boundary and the mean value of ¥ on o x [—h /2, h/2]
is zero. The result then follows directly from (3-5) and the previous lemma.  [J

The bound (3-6) gives a condition on the maximum height of a stable helicoidal
surface in terms of the geometry of the generating curve.

There is no possible way to obtain a positive lower bound for the right-hand side
of (3-6). For a round cylinder of radius R, the equation

2% + AgR?> — ﬂ =
V1+ ot} 4
becomes A
2R+A0R2—% =c,

so for arbitrary a, we can simply define ¢ by this equation, and hence the cylinder
will be an equilibrium surface. For a cylinder, the potential in the second variation
formula is

A1
4H2—2K+aQ=ﬁ—|—aR,

so for a <« 0 the potential is nonpositive and the cylinder is stable for arbitrary
heights.

We will now give an upper bound for the height of a stable helicoidal equilibrium
surface which is valid for any such surface which is not a cylinder over a planar
curve. This upper bound will only depend on the generating curve. In [Palmer and
Perdomo 2014], this estimate is modified so that it applies to noncircular cylindrical
equilibrium surfaces as well.

Theorem 3.3. For a helicoidal surface which is not a round cylinder, a necessary
condition for the stability of the part of the surface between horizontal planes
separated by a distance h is that

2 [ A+ ”RH)(1+k6)?
et Ju (1+0’])2

hr = % 1
——ds
a 1+CI)2§1

The result also holds true if a = 0, i.e., if the surface has constant mean curvature.

(3-8) (> w?).

Remark. In [Palmer and Perdomo 2014] a similar estimate is given for cylindrical
surfaces which are not round cylinders.
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Proof. To begin, note that the third component of the normal vs satisfies L[v3] =0
since vertical translation is a symmetry of the normal. Also, this function will
vanish identically if and only if the surface is a cylinder.

The function vz can be written as [Perdomo 2012]

wé|
VIt o€
so v3 is a function of s only. Using local coordinate expressions found in [Perdomo
2012], we can write

V3 =

0=Llvs]= ig(@g“(vg)x)s + (v + ag)vs

7

! [”“’ZRZ (v)] + (dv P + ag)vs = Fvs]
= s a = .
V1+ 0?62 LV + 0’} . . ’

Note that (|dv|? + a&) only depends on s. For any smooth function u = u(s),
there holds

Fle"] = " (Llul+g''u) = " (Llul + (1 + wR)u3).
If we now take ¥ = ") sin(27¢/ h), then (3-4) holds, and from (3-5) we get

) 272 e23 h €23 (1 + w?R?)
S%a‘A():_ ﬁds—— —_—————
o 1+ w2é 2Je V1t

; ((v3))° ds.
Using —1 <v3 <1 and using

(13)s = (& (1 + 7)) = (EDso (1 +0?E8) 2 = w (1 +x &) (1 +0?E]) 73/

yields the result. U

Appendix

We assume that ¥ is contained in a three-dimensional region 2 and that 9% is
contained in a supporting surface S which is part of 2. We assume that there is a
(not necessarily connected) domain S; C S such that ¥ U S| bounds a subregion
Q1 C Q. The volume of ©; will be denoted by V.

Let ¢ be a solution of A’¢p =1 in Q with V'¢- N =0 on S, where N is the
outward-pointing normal to S. This boundary value problem is underdetermined
and is solvable provided S is not closed.

We subject the surface to a variation that keeps 0% on S. We write §X =:
T +yv L N along 9%, and

°V=/ V¢ vdy.
)
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We have

8°V=/ V/T+¢,vv’¢-u+v’¢.5vd2+f V¢ -v(V-T —2HY)dS
) )
=/wv;v/d)-u—zﬂwv/(/)-u—v¢-v¢d2+?§ (V'¢ - V)T -nds
) X

=/ wv;v’¢-v—2va/¢-v+wA¢dz+f (V'¢- V)T — Vo) -nds.
> 0

A well-known formula relating the Laplacian on a submanifold to the Laplacian on
the ambient space gives A'¢ =V, V'¢p-v —2HV'¢ + A¢. Therefore we obtain

w:/ z/fdz+?§dXxv/¢-3X.
X

However, all of dX, V'¢ and X are perpendicular to N on 9%, so the line integral
above vanishes.

To obtain (1-2), we let W be a vector field on Q satisfying V- W = R? and
W .N =0 along S. This boundary value problem is underdetermined and is solvable
provided S is not closed. Then, by the divergence theorem,

/ R2d3x=/ W.vdx,
Q >

8/9 R2d3x:f T+\//VW v+ W. 8vd2—|—f W-vw(V-T-2Hy)dXZ
1

so that

:fwv;vv-u—w.vw—zm/fw-vdmf (W-v)T -nds
> X
:fwv/-WdZ+?§ (W -0)T —yW)-nds

> )

=/¢R2d2+7§ dX x W -8X.
) X

Again, all of dX, W and 6X are perpendicular to N along 9% so the line integral
will vanish.

If the pair (¢, W) used above are replaced by another pair (¢, W) satisfying the
same equations (A’¢ = 1 and V'W = R?), the divergence theorem yields

/V’¢-vd2=°lf+c1 and /W-vdZ:/ R*d*x + ¢
) R z Q)

for constants c¢; and c,. Thus, these replacements will not affect the variational
formulas for these integrals.
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THE BIDUAL OF A RADICAL OPERATOR ALGEBRA
CAN BE SEMISIMPLE

CHARLES JOHN READ

The paper of Sidney (Denny) L. Gulick (‘“‘Commutativity and ideals in the
biduals of topological algebras™, Pacific J. Math. 18, 1966) contains some
good mathematics, but it also contains an error. It claims that for a Banach
algebra A, the intersection of the Jacobson radical of A** with A is precisely
the radical of A (this is claimed for either of the Arens products on A**). In
this paper we begin with a simple counterexample to that claim, in which A
is a radical operator algebra, but not every element of A lies in the radical
of A**. We then develop a more complicated example s/, which, once again,
is a radical operator algebra, but s{** is semisimple. So rad s{** N o is zero,
but rad s{ = s{. We conclude by examining the uses Gulick’s paper has been
put to since 1966 (at least 8 subsequent papers refer to it), and we find that
most authors have used the correct material from that paper, and avoided
using the wrong result. We reckon, then, that we are not the first to suspect
that the result rad A** N A = rad A was wrong; but we believe we are the
first to provide ‘“neat” counterexamples as described.

1. Introduction

The theorem in which Gulick [1966] makes the claim rad A** N A = rad A is
Theorem 4.6. We believe that the place where his proof breaks down is nearby, in
the proof of Lemma 4.5, the seventh line: “note that Mg is once again a maximal
regular left ideal in £°. We could not see why this should be so, and Theorem 4.6
is definitely false; this introductory section contains a counterexample.

We shall always be working with operator algebras (norm-closed subalgebras of
the algebra B(H) of all operators on a Hilbert space H), so the question of which
Arens product is involved need never be addressed, for as is well known, every
operator algebra is Arens regular — the two products coincide.

Let us conclude this introduction with the simpler counterexample mentioned in
the abstract.

Read is grateful for support from UK Research Council grant EP/K019546/1, and for helpful sugges-
tions from David Blecher.
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Let H be a Hilbert space with orthonormal basis (e;);en. Let To : H — H be
the operator with

ey

€i+1 ifiis Odd,
Tpe; = e
0 if i is even.

Forn e N, let T, : H — H be the rank-1 operator with

{e,-+1 ifi =2n,

2 T e =
@ nl 0 otherwise.

Let A denote the operator algebra (the norm-closed subalgebra of B(H)) generated
by {T,, : n € Np}.

Lemma 1.1. A is radical.

Proof. First, TO2 = 0 and each 7, (n > 1) has rank 1, so everything in A is of
form ATy + K, where A € C and K is a compact operator. Second, the subspaces
E, = E{ei :1 > k} C H are invariant for every 7, (and hence for every T € A);
indeed, every T € A maps Ej into Exy1 (k € Ng). So,let T = ATy + K € A, with
A e Cand K € K(H). It is enough to show that T is quasinilpotent. Since K
is compact, the norms ¢, = H K|Eg, ” tend to zero as n — oo. Furthermore, since
T3 =0, we have

3) 1721k, | <2Ale, +e2 =38,

= |AToK +AK Ty + K|,

with 8, — 0 as n — oo. Now T = T2|g, ,T?|g,_, ... T?|E,T?|E,; hence

k—1
2k
1T < [T 825,
j=0

1/k

so ||T2k)|"" — 0. Plainly T2, and hence T itself, is quasinilpotent. ([l

Theorem 1.2. T ¢ rad A**, s0 A=rad A C ANrad A*.

Proof. Now A C B(H), and B(H) is of course a dual Banach algebra, so there is a
natural projection from B(H)** (the third dual of the Banach space of trace class
operators on H) onto B(H). This projection is an algebra homomorphism, so when
we restrict it to A*™ C B(H)**, we get a representation of A** acting on H, such
that the canonical image A C A™* acts on H in its usual way, and the representation
of A** consists of the weak-* closure of A in B(H).

Among the operators in this weak-* closure is the weak-* convergent sum
T =Y 72T, with

4

ei+1 ifiiseven,
Te = e
0 if i is odd.
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The product TTy has TToe; = e+ (if i is odd) or TTpe; = 0 (if i is even); so
(T Tp)*|| = 1 for all k, and indeed 1 is in the spectrum of T'Ty. If T € A** is any
element represented as 7T by this representation, then 1 € Sp(t7p). So Tp does
not lie in the Jacobson radical of A**, by a well-known characterization of that
radical. ([

Note that the proof given above does not depend on the faithfulness (injectiv-
ity) of the natural representation of A** in B(H). However, when we give the
more complicated counterexample — when we make the claim that the bidual of
our radical algebra s is semisimple — we will have to show that the analogous
representation for the bidual of that algebra is indeed faithful.

2. The main construction

We now seek to develop the example given in the introduction into an example s
where o is radical but o{** is semisimple.

Definition 2.1. Let S denote the free unital semigroup on two generators g, h. If
seSwiths =y, Y—1... 271 = ]_[';;(l)yn,j, and each y; € {g, h}, we define the
length I(s) = n and the depth p(s) =#{i : 1 <i <n, y; = h}; and if n > 0O (that
is, if s 7% 1, the unit), we define the predecessor p(s) = ]_[;f;{yn_ j- We define
ST =8\({1}.

We define the Cayley graph G of S to be an abstract directed graph with vertex
set S, and a directed edge p(s) — s foreach s € §™.

Note that G is an infinite tree with root vertex 1, such that every vertex s € S has
two outward edges leaving it (the edges s — gs and s — hs) and every vertex s € S~
has a single edge entering it (the edge p(s) — s). If [(s) =k, the unique directed path
from 1 to s consists of k + 1 vertices 1 — pK~1(s) = p*2(s) = --- = p(s) — s.

Definition 2.2. For s € S we define the weight w(s) =277, and if [(s) = we
define

-1

5) wes) =] Jwp’s).

Jj=0

We define a Hilbert space # = I2(S, W) to be the collection of all formal sums
X =) . gXs s with x; € C and
(6) ) =" W(s)?x|* < oo.

seS

We define a particular subset € C S, the colour set

(7) ¢={g":keNYU{g*hs ke Ny, s €S, 1+I(s) |k}
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(here and elsewhere we use “1 4+ I(s) | k” for “1 +[(s) divides k7).

We define a colour map u : S~ — € recursively as follows:

3)
u(s) = {

K if s €6,
w(p"*y) ifs=gkhy, ye S, 1(y)=n, 1<k’ <n,k=kmodn+1.

Note that (8) really “works” as a recursive definition, because if s ¢ €, we necessarily
have s = gkhy for some k € N such that 1 +1(y){k; so writing n = [(y), there is a
unique k” € [1, n] such that k' = k (mod n+1). The iterated predecessor p" 'y will
not be equal to 1 because k' > 0 and I(y) = n, so u( p"_k/ y) will be (recursively)
defined. Note that for s € S, the colour w(hs) is always equal to As, while the
colour p(gs) is either gs itself, or one of the iterated predecessors of gs. So we
never have p(gs) = w(hs) for any s € S.

Definition 2.3. For each colour ¢ € €, we define a linear map 7, € B(¥) by its
action on the basis S: for each s € S, we define

gs if u(gs) =c,
9) T.(s)=1{hs if uhs)=c,

0  otherwise.

Each T, is a weighted shift operator (for S is an orthogonal, though not an
orthonormal, basis of H). Writing e; = W(s)~!-s (s € S) for the corresponding
orthonormal basis, and giving due regard to the fact that W(s)/ W (p(s)) = w(s)
for each s € 7, we have

w(gs)egs if u(gs) =c,
(10) T.(es) = Y w(hs)ey, if u(hs) =c,

0 otherwise.
This implies that for each ¢ € €,
(1D IT. ]l = max{w(x) : u(x) = ¢} = w(c) =277,

Definition 2.4. We define two families of coordinatewise orthogonal projections
on ¥. For n € Ny, P, is the orthogonal projection onto lin{s € S : p(s) = n}, and
P, = Z?:OPI'; while 7, is the orthogonal projection onto lin{s € S : /(s) = n}, and
Tn = i—oTn-

We also define, for n € N, a subgraph G of G, obtained from G by deleting
some of the edges. Specifically, G™ is a graph with vertex set S and a directed
edge p(s) — s for every s € S such that the colour depth pu(s) is no greater than
n. (Equivalently, we obtain G by deleting from G every edge p(s) — s such that
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the colour depth pu(s) is greater than n). If K C G™ is a connected component,
we define the coordinatewise projection Q, g by

s ifsek,
(12) On,k(s) = { (s €9).

0 otherwise
We define H, x = O, k (30).

Note that while m,, has finite rank 2", the projection P, always has infinite rank
(even when n = 0, when it is the orthogonal projection onto lin{g* : k > 0}).

Definition 2.5. We define an algebra sdg C B(#). s is the nonunital subalgebra
of B(#) generated by the operators T (¢ € €). We define the operator algebra
o = Ay, the norm closure of Ag in B(%). We define 4™ C s to be the linear span
of products T =T, 1., ,... 1., T;, = ]_[i.‘;(} T, . such that ¢; € € and max{p(c;) :
1 <i <k}=n. We define A" = Zfzo&d(’), the subalgebra of sdy generated by
maps 1. (c € €) with p(c) <n.

Forn,r>0,letS, ,={seS : the path from 1 to s in G contains exactly r edges
p(u) — u with colour depth pu(u) > n}. Let P, , be the orthogonal projection

onto lin(S, ), and let P, , = > /_ Pu.s.
Note that S, o ={s € S: p(s) <n},s0 P,o= P, for each n € N.

Lemma 2.6. (a) For each n € Ny, the subspaces ker P, kerw, C ¥ are invariant
for A. Further, sl maps ker 7, into ker 7,4 for each n.

(b) For each component K of G™, the subspace H,, k is invariant for A™ and also
for the hermitian conjugate (4"™)*. The component of G containing 1 is S, 0,
and the associated projection is P,,.

(¢) Every map T, with p(c) > n maps ¥ into ker P,.

(d) For T € Ay, the decomposition T = Zf,i] T with T™ e A™, is unique and
continuous; writing T = Z?ZOT(i), we have |[T™| < |T || for every n and T}
in fact T™ = > 22 o Pur TPy » in the strong operator topology, while T — TwW =
Z;?i()(l - Fn,r)TPn,r-

(e) Forall s € S we have pu(s) < p(s), with equality if s € hS.

Proof. (a) is obvious because the generating maps 7, all map an element s € S
to gs, hs, or zero; and we have p(gs) > p(s), p(hs) > p(s) and I(gs) =1(s) + 1,
[(hs)=1I(s)+1foralls €S.

For ¢ € 6, we have (T.s,t) #0 (s, t € S) only when there is an edge s — ¢ in G,
and (1) = c¢. So if T is in 4, the algebra generated by maps 7. with p(c) < n,
and if (T's, t) # 0, then there is a path from s to ¢ in G, and each edge p(u) — u
in that path has pu(u) < n, so the edge p(u) — u is present in the graph G™.
Thus s, ¢ belong to the same component of G™. So for a connected component
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K c G™, the associated subspace H, g is invariant for both A™ and (A™)*,
establishing the first part of (b).

The component of G™ containing 1 is the set of s € S such that the path from
1 to s in G contains only edges p(u) — u with pu(u) <n. Now for any u € S,
w(u) is either u itself or one of the iterated predecessors p’(u); taking predecessors
cannot increase the depth p(u), so pu(u) < p(u) for all u. If s € S with p(s) <n,
then every edge p(u) — u in the path from 1 to s has colour depth pu (1) < n also,
so s lies in the component of G™ containing 1. Conversely, if p(s) > n then we
have s = g*ht for some ¢ € S and k € No; the edge ¢ — ht is part of the path from 1
to s, and it € € by (7), so the colour depth satisfies pu(ht) = p(ht) = p(s) > n, and
therefore s is not in the connected component of G containing 1. Therefore that
component is precisely {s : p(s) < n}, and the associated coordinatewise projection
is P,. Thus we have established the second part of (b), and also part (e).

For part (c), note that 7. maps ¥ into lin{x € S : u(x) = ¢}; if p(c) > n then this
subspace is contained in lin{x € S : pu(x) > n} C lin{x € S: p(x) > n} C ker P,,,
where the first C depends on part (e).

To prove part (d), we note that the edges of G include the edge p(u) — u only
if pu(u) < n; hence the set S, , is a union of some of the components K of G,
So by part (b) of this lemma, each image P, % is «{"”-invariant; but for ¢ € 6 with
p(c) > n, T, maps P, 3 into P, ,11¥ because (T,s,t) #0 (s, t € §) only when
s = p(t) and the colour depth pu(t) is greater than n. Now take any T € ¢ and
write 7 =Y, T® with each T € 4D, We have T ="' [ T® € s4™, 50 each
P, ¥ isa T ™ _invariant subspace; but 7' — T™ maps P, % into @firHPn,,-%.
Therefore we have

00 () 00
(13) T(n) = Zf(n)Pn,r = ZPn,rT(n)Pn,r = ZPn,rTPn,ra
r=0 r=0 r=0

while T —T™ =3"%° (1— P, ,)TP,, as required by the lemma. This shows that
the decomposition 7' = Z?ioT(i ) is indeed unique, and furthermore the compression
T™ as given by (13) plainly satisfies |7 || < ||T||. Thus the lemma is proved. [J

Definition 2.7. Let us write 3™ (B™) for the norm closure of {™ (s4) in
B(%). Let us write A, for the map sy — A™ with A,(T) the unique element
T e 4™ such that T = fo:OT(”); and let A, : sdg — A" be the map Yo oA

The maps A,, A, are uniformly norm-bounded by part (d) of the previous
lemma; so they extend continuously to maps A, : 4 — B™ and A, : f — B™;
and because of the uniform bound on ||A,]| (each A, is contractive), we have
T =Y 0AT =32, TW, with T™ € B™, for all T € sd. The formulae
AT =T"W =% P,,TP,,and T —T™ =3>"°° (1 — P, ,)TP,, remain true
in the strong operator topology.
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3. 4 is radical

In order to prove that our algebra o is radical, the main theorem we need is the
following:

Theorem 3.1. Every T € A", or the norm closure thereof, satisfies

(14) (1-7)P, T -0 as k— oo.

Indeed, P, T is a compact operator. Furthermore, every T € A™ satisfies
(15) ITI=1IPTPyl.

Proof of Theorem 3.1, first part. From Definition 2.2, we find that if s # ¢ but
u(s) = c, then we must have s = g¥hyc for some k € Ny and y € S. In particular,
p(s) > p(c). So if p(c) = n, then the map P, T, in fact has rank 1; it maps p(c)
to ¢, and all other s € S to zero. Any product 7 = ]_[f:é T, , with ¢; € € and
max{p(c;) : 1 <i < k} = n accordingly satisfies P,T = ]_[f-:(; P, T, , (because
ker P, is an invariant subspace for each TCJ.) so the rank of P, T is at most 1. <
is the linear span of such maps, so any T € &, or its norm closure, will have
P,T a compact operator; hence ||(1 — 7)) P,T| — 0as k — oo. ([l

To prove the second part of the theorem, we need certain preliminaries, which
we give in the following two lemmas, the first of which is rather elementary:

Lemma 3.2. Let M € M,;,+1(C) be a strictly lower triangular matrix, and let

|- 1l and ||| be two norms on €™ with [0, k1. ... Al = (Xrgef |2 ) /2
and || ho, M, ..., Al = (Zl’-"zo(w;)zlkilz)l/z for positive constants w;, w; (with
i=1,...,m). Suppose we have
/
'
(16) i+l 1 @it
W] 2 w;

foreachi =0,...,m—1. Then
(17) IM|I" < IM].

Proof. Let (e;)7_, be the unit vectors of C"t | and write Me; = > i M;j;e;j. We
may assume || M| =1, in which case |M; ;| < |le;||/lle;l| = w;/w; for alli and j.
For k € [1, m], the weighted shift matrix M® with

M; i ie; ifi+k<m,
(18) M(k)ei — i+k,i€i+k o +k <

0 ifi+k>m
satisfies

/ /
wi '\ @
MO = max M, o e EE e
i€l0, a)l i€[0,m—k]\ Wjk w;
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m m
by (16). Then M = > M® so | M|/ < Y. 27% < 1. O
k=1 k=1
Lemma 3.3. (a) Let K be a connected component of G™. Then either K equals
Sn.0, the component which contains 1, or K consists of a path

2
y—>gy—>gy—>--—>g"y

for some y € S and m € N such that the colour depths satisfy pu(y) > n and
p,u(g’”“y) > n, but pu(giy) <n fori € (1, m]. Furthermore, there is a path s) —
§1 — -+ — Sy, in the component S, o such that the colours satisfy u(s;) = /L(giy)
foreachi € [1,m].

(b) For every T € A, we have ||(1 — P)T| — 0asn— oo.

Proof. (a) Suppose K # S, 0. Since K cannot meet S, o, every vertex x € K must
have p(x) > n. Butif x — x’ is an edge in K, we must have pu(x") < n, and
therefore u(x’) # x’, so x’ ¢ €, so x' = gkhz for some z € § and k > 0 with
p(hz) = p(x’) > n. Indeed, we must have 1 +1(z) 1k. Every edge of K must be
of form x — gx rather than x — hx, so K does indeed consist of a path (finite or
infinite) of form g"hz — g"t'hz — g"*?hz — - - -, for some r > 0. But we have
the condition 1+ 1(z) {k for any k such that k > r and g¥hz is in the path; so the
path is finite. Its last vertex must be g’z for some ¢ with t —r < 1 +1(z). Writing
m=t—randy=g" hz, weseethat K ={g'y:i=0,...,m}.

If r > 0, we must have pu(y) = pu(g"hz) > n or we could continue the path in
K backwards to include the vertex g’ ~'hy. If r = 0, we have u(y) = u(hz) = hz,
so pu(y) > n anyway. Also, we must have pn(g' T hy) > n or we could include the
vertex g'T!hy in our component K. For i € (r, t] we have puu(g'hy) < n because
the edge g’ ~'hy — g'hy lies in K. Thus the component K is as described in part
(a) of this lemma.

To complete the proof of part (a), we claim that there is a sequence sog — s; —
-+ — 8§y € Spo such that u(s;) = w(g'y) for each i € [1, m]. This is proved by
induction on /(y) =min{l/(u) : u € K}. If [(y) <n, there is nothing to prove because
the component is S, o after all. If the component K is not S, o, write K = {g'hz:
r <i <r+m}. We return to (8) to compute the colours u(g'hz) fori € (r, r +m].
Writing [ = I(z) and z = [['_gz1—i (z; € {g, h}), we find that if i’ € [1, (] is the
unique integer with i’ =i (mod 1+ 1), then u(g'hz) = u(]_[?;ézi/,j) =u(p'~"'7).
If ro € [0, [] satisfies ro = r (mod [ + 1), then the sequence u(g'y) i =1,...,m)
is the sequence p(p'~"7'z) (i =1, ..., m). The vertices (pl”o’iz)Tzo form a path
in G which, since it involves the same colours for i > 0, is also a path in G™. So
this path is part of a component K’ of G™. If K’ = S, o we are done; if not, we
note that the minimum length of an element of K’ is strictly less than /(y), so the
result follows by induction hypothesis.
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(b) Let ¢ € €. From (10), for s € S we have

w(gs)egs 1if p(gs) =c and p(gs) > n,
(1—=P,)T.es = 3 w(hs)en if u(hs) =c and p(hs) > n,

0 otherwise.

But w(x) =2 so ||(1 — P,)T.|| <27"!. We will also have ||(1 — P,)T|| — 0
for any operator T in the norm-closed right ideal generated by the operators 7.
But this right ideal is the entire algebra . U

Proof of Theorem 3.1, second part. By Lemma 2.6(b), when T € s{™ we have
T =) g OnkTQy k, where the sum is taken over the connected components K
of G™. So

(19) 1Tl = sup 1On.kTOn.xll-

If K equals S, o, the component containing 1, then the norm || Q, x TQ, k|| equals
| P,TP,|.If K is any other component, we claim that the norm is at most || P, TP,,].
By Lemma 3.3(a), we can write K = {g’y : 0 < i < m} for suitable y € S and m;
writing y; for the colour u(g'y), there is also aset k = {s; : 0 <i <m} C Sn.0
such that the colour wu(s;) equals y; for i € [1, m]. Let g denote the orthogonal
(coordinatewise) projection onto lin(x). If ¢, ¢z, . .., ¢ € 6, then the compression
11=Q0n kT, Te ... To;OQnk sends g'y to g™y, ifi +r <m and ¢; = y,4; for
eachi =1, ..., r; otherwise, we have 1; gi y = 0. Similarly, the compression 1, =
qT., 1., ,...T. g sends s; to s;4, if i +r <m and ¢; = y,4; foreachi =1, ...,r;
otherwise, we have 12s; = 0. So the compressions 7; and 1, are intertwined by
the map 7 sending g’y to s; for each i. Indeed, if T € 4, the compressions
7= 0, xkTQ, k and v/ = qTq are intertwined, with nt = t'n. So t has the same
(m+1) x (m+ 1) matrix M with respect to the basis (g"y);.":O of O, k%, as 7’ has
with respect to the basis (s;);_, of gJ. M is strictly lower triangular, because all
such compressions g7 g map s; into lin{s; : j > i} for each i. The norm on g is
given by ” Yo ohiSi ” = (Z;":Oa)%l)w |2)1/2, where w; = W (s;). The norm on Q,, x %
is likewise given by | Y /L rig'y| = (3o @)?1i1%)/2, where w] = W(g'y).
For 0 <i < m, the ratio w; 4+ /w; equals W (s;y+1)/ W(s;) = w(s;+1) because there is
an edge s; — s;4+1 in G; and w(s;4+1) > 27" because sj4+1 € Sp.0 50 p(si+1) <n. On
the other hand, the ratio o, | /o] equals W (g™ y)/W(g'y) = w(g™y) <2771,
because gy ¢ S,.050 p(g'!y) > n+1. We deduce that o/ | /) < §-wj41/w;. By
Lemma 3.2, we have ||Q, k TQn x|l = lIt|| < |I7|l, and of course || 7’| < || P, TP,
because the orthogonal projection satisfies ¢ < P,. By (19), the norm of T is
the supremum of || P,TP,| and the norms || 0, kTQ, k|| for all other connected
components K C G™;so |T|| = ||P,TP,| as claimed by the theorem. O
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We can now prove the main theorem of this section:
Theorem 3.4. o is radical.

Proof. If not, let T € o have spectral radius at least 1. By Lemma 3.3, there
is an n € N such that ||(1 — P,)T| < % We claim that the spectral radius of
the compression P,TP, is at least 1. For by Lemma 2.6(a), for each k € N we
have T = P,T*P, + (11— P,)T* (any k € N) because ker P, is an invariant
subspace for «; indeed, T = (P,TP,)*+ (1 — P,)T*, because the compression
map T — P,TP, is an algebra homomorphism on sf. So for all k > 0, T" =
(P, TP+ (1 —P,)T -T*!, and hence

1T < (PR TP I+ 5 - 11T
< (P, TP )X+ L 1P, T B 1+ 1752
k—1

<278 Y DR TP .
j=0

A

If the spectral radius of P, TP, is less than 1, we can find » < 1 and C > 0 such that
I(P.TP,)7|| < Cr/ forall j €N, sowehave 1 < ||T¥|| <27%+ Y XZjC 277 .k~
<27k kC max(%, r)k for all k£ € N. This is a contradiction for large k, so the
spectral radius of the compression P, TP, must be at least 1.

It is thus sufficient to show that for each T € s and n € N, the compression
P, TP, is quasinilpotent. Let us prove this by induction on n, beginning with the
not-quite-trivial case n = 0.

By Lemma 2.6(d) (and its generalisation to T €  rather than T € o as discussed
after Definition 2.7), we have PoTPo= PoT Y Py= PoT @ P for any T € s4; and
TO e O, By Theorem 3.1, we have (1 — 71)PoT© — 0, and by Lemma 2.6(a),
7O maps ker 7 into ker w4 for every k. Writing ¢ = ||(1 — ﬁk)ﬁoT(O)H, we
have g — 0, and

(PoTPo)* = (PoT O Pyt
= (1 =T PoT V(1 = Tp2) PoT V(1 = 7y—3)
L PoTOU =70) PeTO Py,
so |[(PoTPy)¥| < ]_[l;;(l)el,-, and hence PoTPy is indeed quasinilpotent. o
Proceeding to the case of a general n € N, we note that for T € «, P,TP, =
P, T"P, =P, (T™+T"D)P, where T™ € 3™ and T~V e B~

Writing t = T@=D, we have tF € B~ for all k, so by Theorem 3.1, 75| =
| P,_1t*P,_|| for all k. But ker P,_; is an invariant subspace for A, so

}_)n—lkon—l = (I_)n—lfﬁn—l)k;
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and our induction hypothesis tell us that P,_;tP,_; is quasinilpotent. Thus
||‘L'k||1/k—> 0 as k — oo, and also ||(13n7:]_’n)k||l/k = ||13nrk13n||1/k — 0as k — oo.
So P, T~V is quasinilpotent.
Meanwhile o = P, T is a compact operator by Theorem 3.1, satisfying &; =
|(1 — 7)o || = 0 as k — oo; and both o and v map ker 774 into ker 7w for each k.
Let us pick an arbitrary § > 0 and choose C > 0 such that || (P, 7"~ )*|| < C -8k
for all k € Ng. Then for any k € N, we have

(P,TP,)* = (F 70D 4 5)kp,

_Z Z (P T (= l))zo l_[o, (P T (= 1))1

r=0 ig+iy+-+ir=k—r
ij ENO

and writing u; = Z;:j(l +i;) — 1, the product from j = 1 to r is equal to
[Tj= —u;)o (PyT" D)5 s0

k r
WP, TP <Y Y s ] e,

r=0 iotij++ir=k—r j=1
ijeNy

Now u; > j — 1 in all cases, so writing n; = ]_[;-:lej_l, we have

k

k
R k
P,TP, ki < CH_I(Sk_r .= Cr+18k—r .
¢ >l = E E n ;—O . n

r=0 ig+iy+-+ir=k—r
ijeNo

But nl " — 0, so we can choose D > 0 such that n, < D-(8/C)" for all r; substituting
this in the previous equation, we find that (P, TP)*| < Z ( )CD(Sk CD -
(28)F. So the spectral radius of P, TP, is at most 28; but § > 0 was arbitrary, so
P, TP, is quasinilpotent. Therefore every T € s is quasinilpotent; s{ is a radical
Banach algebra. O

4. A™* is semisimple

We wish to prove the second half of our main result, namely that the bidual #**
is semisimple. We shall do this by showing that the weak-* closure s{** of s{ in
B(%) is semisimple, and then show that the natural representation 6 : s{** — B(¥),
whose image is s{*, is faithful, so that s4** itself is semisimple. (Our “natural
representation” is the restriction to §** of the natural projection I*** — J*, where
I are the trace-class operators on ¥, and J* = B(9(), I*** = B(3)*).

In this section, we show that {**, very unlike o itself, is semisimple.



454 CHARLES JOHN READ

Definition 4.1. Let €= be the collection of all finite sequences (¢, ¢2, ..., C)
of colours ¢; € €, for m € N (we exclude m = 0). For ¢ = (¢, ¢, ..., ¢cp) € €=,
let T, denote the operator ]_[;": It € SAp. Let Sy C €= be the set of ¢ € 6 such
that 7, £ 0.

We think of Sy as the “support” of s, because clearly every T € s is equal to
a sum

(20) T=Y iT

ceSy
the coefficients A, € C being finitely nonzero.

Lemma 4.2. Given T € Ay, the coefficients Ao(T) such that T =
are unique, and they are weak-* continuous linear functionals of T

Proof. For ¢ € €, (10) tells us that (T.es, ¢;) # 0 if and only if s = p(¢) and the
colour u(t) = ¢, in which case it is equal to w(¢). Any easy induction then tells
us that for ¢ = (c1, 2, ..., cm) € Sa, (Tees, e;) # 0 if and only if s = p™(¢) and,
foreachi =1, ..., m, the colour /L(pi_lt) equals ¢;. In that case, (Tces, ¢;) =
HT:Blw(pit) =W(t)/W(s). So for fixed s, ¢, the colour sequence ¢ € Sy such that
(Tees, €;) # 0 is unique if it exists; and since T, #~ 0 for ¢ € Sy, for fixed ¢ € Sy
there is at least one pair s, t € S such that (T,ey, e;) # 0.

GivenT € g, T =) Ae - Te, we therefore have

W(s)
W(t)

where s, t is any pair such that (T,e;, ;) 0. Now A, is indeed uniquely determined
by T, and it is indeed a weak-* continuous function of 7; (21) even equates

he(T)- T,

ceSy

ceSy

1) he=2c(T) = (Tey, ),

Me € B(H), with an element of J of rank 1. O
Given two elements ¢ = (¢, ..., ¢n),d = (dy, ...d,) in €, we can define the
product ¢ - d to be the sequence (cy, ..., cn,d1, ...,d,). From (20), we see that
for T, T' € Ay, we have
(22) Me(TT) =Y ra(T)-xe(T),
d,eeSs,l,
dGe=c

where the product d O e denotes concatenation of sequences. The sum is always
finite (it has m — 1 terms when ¢ = (cy, ..., ¢»)), SO (22) remains true even when
we extend A, to the weak-* closure A%* of <.

Now for each ¢ € €6, (10) tells us that the left support projection /(7,) for the
operator T, is the orthogonal projection onto lin{e; : t € S~, ju(t) = c}. We also have
| T.|| = w(c) =277 < 1. These left support projections are mutually orthogonal
for different colours ¢. The corresponding right support projection r(7;) is the
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projection onto lin{ey : s € S, s = p(t), u(t) = c}. These right support projections
are not mutually orthogonal, but nevertheless, for each s € § there are only two
t € §7 such that s = p(¢), so the norm of any sum Zcesﬂ Acr(T,) 1s at most
2 -sup{|r¢| : ¢ € S4}. Hence for any sequence x € [°°(Sy), the formal sum

(23) T=Y .1,
We
ceSy
satisfies
X x4 |xc|?
T"T =Y “CLTHIINTNT =Y ~STITe < Y (T,
c.deSy e cesy e ceSy

in particular |T*T| < 2- ||x||§o. So the sum 7 in fact converges in the weak-*
topology to an element of ¢** of norm at most V2- 1% || oo -

Theorem 4.3. s{** is semisimple.

Proof. Let T € sd¥*, T # 0. We claim that T ¢ rad s{**. Let us choose s, € S
such that (Tey, e;) # 0.

Suppose first that s = 1. Let [y = I(s) > 0, and for i =1, ..., [y, write d; =
n(p'~ls) = u(p'™™=1t). Writingd = (dy, .. ., dj,) € 6=, we will have Ty (1) =s,
sod € Sy and the product T/ =T - Ty satisfies (T'ey, ;) # 0. Furthermore, in order
to show T ¢ rad s4** it is enough to show that 7’ ¢ rad s{*’*, because the radical is
an ideal. So, we can replace T with T if necessary, and assume that (Tey, ¢;) # 0.

Then A.(T) # 0, where ¢ = (cy, 2, ..., c1) € Sy is the unique sequence such
that I = I(¢) (so 1 = p't), and the colours u(p'~'t) (i=1,...,1) are ¢;. Write
£, =g DUHDpr and let E C 6 be the collection {&,, : m € Ny} (noting from (7)
that these elements are truly elements of the colour set 6). Let us also note that the
weight wg, = 27°6n) = 2=+, jg independent of m. So U =Y, T. € A™*
(for U is a weak-* convergent sum like 7 in (23)). We claim that the product
U -T e si”* is not quasinilpotent, so UT and T itself are not in the radical of
A™*. To prove this, we compute the inner product ((UT)"ey, eg,,) for every m € N.
Obviously 14 (U) =1 (if d € E) or zero otherwise.

Now the length L equals [(&,,) = m(1 +1), and the colour sequence u(p'~'&,)
(withi =1, ..., L)is obtained from (8) as follows: if 14/ |i —1, we have pi_lém =
g Dy (with r = (i = /(1 41) € [0,m)), and u(p'~'&,) = p'~ 16, =
En—r € E. Butif 1 +11i — 1, then writing i — 1 =r( 4+ 1)+ j (withr € [0, m), j €
[1,1]), if r =m — 1 we have p'~'&,, = p/ht = p/~'t, so u(p’~'&,) = c;; but if
r <m —1 we have pi~lg,, = g2 U+DH+1=ipt and the recursive definition in
(8) tells us that u(p'~1&,) = u(p'~*1=Dt) = u(p/~'t) = ¢; also. So for all i,
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1 <i <L, wehave

Enr€E ifi—1=r(4+1),

24 I ES
(24) w(p'™ &m) {cﬂéE ifi—1=j@modl+1),1=<j<I.

The full sequence (u(p'~'&,)), € Sy is the concatenation @;";01 Em—r ©0),
where we slightly abuse notation by writing &,,_, for the sequence of length 1 in
€©=>°. Now from (21), we have the inner product

(25) (UT)"er, eg,) = W(Em) - Ag,, (UT)™);

and using (22) 2m times, we have

m
he, (UT)™) = > [ Jra0 @aco (D).
dD (D), am) cmesy,, —i=1

O @D =" En—roo

But the coefficient A4(U) can only be nonzero if the sequence d has length 1 and
consists of one of the colours &; € E (in which case the coefficient is equal to 1).
There are only m such colours in the sequence @'rnzl (&,_r ®¢), and the rest of the
sequence consists precisely of m copies of ¢, so in fact

(26) Ae, (UT)™) = Ae(T)™.

Equation (26) makes the rest of the proof rather straightforward. Substituting it
in (25), we have [[(UT)" || > [{(UT)"e1, eg, )| = |Ae(T)|™ - W(&,,); where writing
L =m(1+1) as usual, we have W (§,,) = H]L:lw(pj_lgm) = 2_25:1"(”'/_15'"), from
Definition 2.2. But &,, = g™ DD pt 5o p(E,) =14 p(t). And p(p'&Ey) < p(En)
for all i >0, so for all m € N,

[CUT)Y™|| > [Ae(T)|™ - 27 EHPO) — 3 ()™ . 2~ AHDUH+PO),

Accordingly UT € s{¥* is not a quasinilpotent operator, and 7' ¢ rad #**. O

5. «4** is semisimple

Let 6y : T*** — J* = B(#) be the natural projection, which is an algebra homo-
morphism, and let & = 6|4+ be the restriction, which is a representation of &{**. If
7 € A** is a weak-* limit of operators T, in s, then for each 5, ¢ € 9, we have
@(t)n, ¢)=1limy (Tyn, ¢), so O(t) is the o (B(¥), I)-limit of the operators 7, and
the image 0 (s4**) is contained in the weak-* closure #** of & in B(%). Conversely,
the image of the unit ball of &{**, being the weak-* continuous image of a weak-*
compact set, is weak-* compact, and therefore contains the weak-* closure B** of
the unit ball of . It is a consequence of the Hahn-Banach theorem that s{** is
equal to the union | J - ,n - B™*, so we have 6 (s4**) = s{**, which by Theorem 4.3
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is semisimple. To deduce that s{** is semisimple, we need only prove that 6 is a
faithful (injective) representation.

Theorem 5.1. The representation 0 : A** — B(H) is faithful.

Proof. Let t € 0™ with ||7]|| = 1. We claim that 8(t) # 0. To establish this, we
first prove the following lemma:

Lemma 5.2. If t € 4™ with ||t|| = 1, then for every ¢ > 0, there are n € N and
¢ € B(H)* with ||¢|| = 1, such that the compression ¢, = P, ¢ P, satisfies
(T, dn)| > 1—e.

Proof. If a, b € B(H) and Q is an orthogonal projection, then simple calculations
yield the inequalities

laQ +b(1 — Q)1 </ 1a QI+ Ib(1 — Q).
10a+(1— )bl < /Il Qall> + (1 — Q)b

When these are dualized, the directions of the inequalities are reversed: if ¢, ¢ €
B(H)*, then

l¢-Q+v-(1-0 Z\/II¢-Q||2+||1#-(1—Q)||2,

27) 10-¢+(1—0)- ¥l =10 $I2+(1— Q) - yII”.

For every n > 0O there is a ¢ € #{* such that ||¢|| = 1 and (7,¢) > 1 — 1.
There is also a witness 7 € & such that |T|| =1 and {(¢,T) > 1 — n. By
Lemma 3.3(b) there is an n € N such that || (1 — P,,))T|| <. Hence, |(¢p — ¢, T)| <
(1 =P)T|+IP,T(1—Py)| =]|(1—P,)T]| <n also (because ker P,, is an in-
variant subspace for &), and so ||, || > [{¢n, T)| > 1—2n. By (27) we therefore have
(1 =Pu)-¢ll. ll¢p- (1= Pyl < /1—(1—2n)% <2/7, and hence ||¢ — ¢, <
4./n. Since (7, ¢) > 1 —n, we have (T, pp)| > 1 —n—|l¢p —dull = 1 —n—4/n.
Appropriate choice of n > 0 yields |(z, ¢,)| > 1 — ¢ as required. U

We now prove Theorem 5.1. Let t € 0™ with ||| = 1, and assume towards a
contradiction that () =0. Write y, =sup{|(P, - ¢ - P,,, T)|:¢ € B(H)*, ||¢|| =1}.
The sequence y, is nondecreasing, and by Lemma 5.2 we have y,, — 1. Pick then
N € N such that yy > 0, and let n < N be the least natural number such that y,, = yy.
For each ¢ > 0 we can find ¢ € B(H)*, ||¢|| =1 such that (P,, - ¢ - P,,, T) > yn —&.

Given such an ¢ > 0 and ¢, we write ¢, for a weak-* accumulation point
of the functionals 77 - ¢; but actually, we claim that ¢; is the norm-convergent
limit of 74 - ¢. For the norms ||y - ¢| are a nondecreasing sequence tending to
a limit /; (27), with Q = 7 and ¥ = 7, - ¢, tells us that for m > k we have
1Tk - @17+ 1T = Th) - DI = 1T - DI, 50 (T — Tk) - DIl — O as k, m — 003
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so the sequence (T - ¢)ren satisfies the Cauchy criterion and is norm-convergent.
Each projection 7y, is of finite rank, so 7 - ¢ belongs to the trace-class operators J.
Therefore, ¢ € J. But the difference ¢ — ¢ = limg (1 — 7 ) - ¢ will annihilate any
compact operator.

We therefore claim that n > 1. For by Theorem 3.1, whenever 7' € s the operator
P\T =P T is a compact operator, so (P, T Py, ¢) = (P, T Py, ¢1). We may write
as a weak-* convergent limit T = limy,, T, for T,, € o with || Ty || = 1. Then yy —¢e <
(Pr-¢- P, 1) =limg(Ty, Py -¢- P1) = limg (P T, Py, ¢) = limy (P T, Py, ¢1) =
limy (T, P1-¢1 - P1)=(t, P -¢1- P1). For small ¢ this implies (t, P| - ¢; - P1) #0.
But P;-¢-P1 € T = B(H),, so8(7) is not the zero operator in B(H ), a contradiction.
Therefore we have n > 1.

Given n > 1, we again pick ¢ > 0 and find ¢ € B(H)*, ||¢|| = 1 such that

(28) <Fn'¢‘Fn»T>ZVN_8>O-

The norm limit ¢; =limy 74 -¢ is again in J. However, the difference ¢ — ¢; will not
necessarily annihilate P,TP, for T € s, because though ¢ — ¢ annihilates K (H),
the operator P, TP, need not be compact. Rather, for T € & we have P,TP, =
P,T™P,, where T"™ = A, (T) as in Definition 2.7; and T = T7®=D 4 7
where the operator P,T™ is compact by Theorem 3.1. So (P, T™ P,, ¢— @)=
0 for all T € 4. Writing T = lim, T, for a suitable net (7,) in &, we have
(TS Po(¢p — d1)Py) = O for all a. Because ¢ € T and 6(z) =0 by hypothesis,
if we write B = limg (TS ", Po(d — ¢1) Py), we will have 0 = (P, Pp, T) =
(Pnd Py, T) — limg (P, (¢ — $1) P, Ty) = (Pndp Py, ) — B. By (28), we have
1Bl = yn —e¢.

For each T € ol and n > 1, the norms of 7"~D and P,_, T®* VP, _
P,_1TP,_, are the same by (15). Thus there is a unique map 7 : P, &ﬁ P,, 1=
=D which is a right inverse to the compression p : s — P,_i-dA-P,_; with
p(T)=P,_ \TP,_i (T € ); and Inll = 1. We will have n- p = A,_i. Let us
write ¥ = (P, (¢ — ¢1)Py) on. Then y € (P_y - s+ Pp_p)* with [[y]| < 1.

By the Hahn—Banach theorem, we can extend i to P,_1-B(H)- P,_; with the
same norm; and then extend to all of B(H) so that i = 1 o p (where we abuse
notation slightly by writing p for the compression B(H) — P,_1-B(H) -P,_;
also).

Then for T € o4 we have ¢ (T) = ¢ o np(T) = ¥ (A,—1(T)); so

(. D) =lm (Y, Ayi To)| = lim [(Po(¢ — 1) Pu, T V) = 1Bl = vy — .
Since y =Y op=P,_1-¥ - P,_1, we find that

Va1 =Sup{|{Pn_1-¢-P,_1,7)| : ¢ € BLH)", ] = 1)
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is at least yny — €. But ¢ > 0 is arbitrary, so y,—; = y¥n, and n was not the minimal
integer with y,, = yy, contrary to hypothesis. This contradiction proves the theorem.
O

6. References to Gulick’s paper

Having established that the result rad A** N A =rad A of Gulick is wrong, let us
look at papers which have referenced [Gulick 1966] and try to establish that no
further damage has been done.

The lengthy paper of Dales and Lau [2005] refers to [Gulick 1966], but does
not use the false Theorem 4.6; private communication with my colleague Garth
Dales reveals a history of previous suspicion about that result, but no actual coun-
terexamples as presented here. The paper of Daws, Haydon, Schlumprecht and
White [Daws et al. 2012] refers to (the proof of) Theorem 3.3 of [Gulick 1966],
which we believe to be completely correct. Likewise the paper of Bouziad and
Filali [2011] quotes the proof, given by Gulick [1966, Lemma 5.2], that the radical
of L*°(G)* is nonseparable for any nondiscrete locally compact group G. This
proof also is perfectly valid. The earlier paper of Granirer [1973] makes reference
to that same, correct, lemma. Tomiuk [1981] likewise refers to Gulick’s untainted
Theorem 5.5. A. Ulger [1987] solves one of the problems posed by Gulick [1966].
Finally, Tomiuk and Wong [1970] make a passing reference to [Gulick 1966] in
their paper on Arens products.

We have not found a case in which another author has used the false Theorem
4.6 from Gulick’s paper, or anything tainted by it. This chimes with our reckoning
that more than one author apart from ourselves has suspected that that theorem is
false. So, the general literature on Banach algebras is not seriously harmed; but it
was nonetheless high time that these counterexamples were made known so that
such errors will not occur in the future.
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DIMENSION JUMPS
IN BOTT-CHERN AND AEPPLI COHOMOLOGY GROUPS

JIEZHU LIN AND XUANMING YE

Let X be a compact complex manifold, and let 7 : ¥ — B be a small deforma-
tion of X, the dimensions of the Bott—Chern cohomology groups H]f(’:q X))
and Aeppli cohomology groups H : ‘(X (t)) may vary under this deforma-
tion. In this paper, we will study the deformation obstructions of a (p, q)
class in the central fiber X. In particular, we obtain an explicit formula for
the obstructions and apply this formula to the study of small deformations
of the Iwasawa manifold.

1. Introduction

Let X be a compact complex manifold and 7 : ¥ — B be a family of complex
manifolds such that 7=!(0) = X, where ¥ is a complex manifold and B is a
neighborhood of the origin. Let X; = 7 ~!(¢) denote the fiber of 7 over the point
t € B. In [Ye 2008], the author studied the jumping phenomenon of Hodge numbers
h?-1 of X by studying the deformation obstructions of a (p, g) class in the central
fiber X. In particular, the author obtained an explicit formula for the obstructions
and applied it to the study of small deformations of the Iwasawa manifold. Besides
the Hodge numbers, the dimensions of Bott—Chern cohomology groups and the
dimensions of Aeppli cohomology groups are also important invariants of complex
structures. D. Angella [2013] studied the small deformations of the Iwasawa
manifold and found that the dimensions of Bott—Chern and Aeppli cohomology
groups are not deformation invariants.

In this paper, we will study the Bott—Chern and Aeppli cohomologies by study-
ing the hypercohomology of the complex %}, , constructed in [Schweitzer 2007].
M. Schweitzer [2007] proved that

HEN(X) = HPY(X, Byq) and  HYY(X) ZHPTN(X, Bhir,g41).
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As in [Ye 2008], we will study the jumping phenomenons from the viewpoint
of obstruction theory. More precisely, for a certain small deformation & of X
parameterized by a base B and a certain class [0] of the hypercohomology group
H! (X, B3 .q), we will try to find out the obstruction to extend it to an element of
the relative hypercohomology group H' (%, % ».q:%/8). We will call those elements
which have nontrivial obstruction the obstructed elements. And then we will see that
these elements will play an important role when we study the jumping phenomenon,
because we will see that the existence of obstructed elements is a sufficient condition
for the variation of the dimensions of Bott—Chern and Aeppli cohomologies.

In Section 2 we will summarize the results of M. Schweitzer about Bott—Chern
and Aeppli cohomologies, from which we can define the relative Bott—Chern and
Aeppli cohomologies on X,,, where X, is the n-th order deformation of 7 : & — B.
We will also introduce some important maps which will be used in the calculation
of the obstructions in Section 4. In Section 3 we will try to explain why we need to
consider the obstructed elements. The relation between the jumping phenomenon
of the dimensions of Bott—Chern and Aeppli cohomologies and the obstructed
elements is the following.

Theorem 3.1. Let w : X — B be a small deformation of the central fiber compact
complex manifold X. Now we consider dim M (X (t), B} 4.1) as a function of
t € B. It jumps at t = 0 if there exists an element [0] either in H (X, Bp.q) or
in H=1(X, Bp.q) and a minimal natural number n > 1 such that the n-th order
obstruction is nonzero:

0, ([0]) # 0.

In Section 4 we will get a formula for the obstruction to the extension we
mentioned above.

Theorem 4.4. Let 7 : ¥ — B be a deformation of w~'(0) = X, where X is a
compact complex manifold. Let 7w, : X, — B, be the n-th order deformation of X.
For arbitrary [0] belongs to H (X, B%.q), suppose we can extend [0] to order n — 1
in H (X, _1, B.q:X,_1/Bar)- Denote such element by [6,—1]. The obstruction of the
extension of [0] to n-th order is given by

0n (0D ==0%" 5 ok o0’ 1y (01 D=3%" 5 0Faody’ n (61,

n]

where Kk, is the n-th order Kodaira—Spencer class and i,, is the n -th order Kodaira—

Spencer class of the deformation @ : ¥ — B. The maps 8 ~ /Bn 0 82(’5/: By 1
8}9(3131/3’1_1 and axn—l/Bn—l are defined in Section 2.

In Section 5 we will use this formula to study carefully the example given by Iku
Nakamura and D. Angella, that is, the small deformation of the Iwasawa manifold
and discuss some phenomena.
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2. The relative Bott—Chern and Aeppli cohomologies of X,, and the
representation of their cohomology classes

2A. The Bott—Chern and Aeppli cohomologies and hypercohomologies. All the
details of this subsection can be found in [Schweitzer 2007]. Let X be a compact
complex manifold. The Dolbeault cohomology groups H; P-9(X), and more generally
the terms E/?(X) in the Frolicher spectral sequence [Frohcher 1955], are well-
known finite dimensional invariants of the complex manifold X. On the other hand,
the Bott—Chern and Aeppli cohomologies define additional complex invariants of X
given, respectively, by [Bott and Chern 1965; Aeppli 1965]

ker{d: AP(X) — APTIt (X))
im{99: dr—14-1(X) — P4 (X)}’

HP 4( )
and

ker{9d: AP 1(X) — APTLaH (X))

HPN(X) = — :
im{d: AP~1.9(X) — AP-9(X)} +im{d: AP 9 1(X) — AP-9(X)}

By the Hodge theory developed in [Schweitzer 2007], all these complex invariants
are also finite dimensional, and H Pl(x) = I;ch "7P(X). Notice that Hg&p (X) is
isomorphic to Hlfcq (X) by complex conjugation. For any r > 1 and for any p, ¢,
there are natural maps

Hyd(X) — EP9(X) and EP9(X) — HYY(X).

Recall that E Pax)y is isomorphic to H P9(X) and that the terms for r = oo provide
a decomposmon of the de Rham cohomology of X: R(X CO=®piqg= EE1(X).
From now on we shall denote by hg’g (X) the dimension of the cohomology group
Hé’éq (X). The Hodge numbers will be denoted simply by /#7-7(X) and the Betti
numbers by b (X). For any given p > 1, g > 1, we define the complex of sheaves
Lp.q by

Fhe= P 4™ iftk<ptq-2. L, =@ 4" ifk=p+q,

r+s=k r+s=k
r<p,s<q r=p,s=q

and the differential
pryi o d pry2 o d

0 P.q P4 k2 33 k—1 d;
SNPPQ 7 ‘5817‘1 7 ESNP iqu 55817[1 T

where s{"* are the sheaves of smooth (r, s)-forms and pr is the projection operator.
Then by the above construction, we have the following isomorphisms:

HE(X) = HPT7 N (85, (X)) = HPHH(X, $5,.0),

HYU(X) = HP U Lyi1,4+1(X) EHPTU(X, Lpi1.g41),
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because £% , are soft.
We define a sub complex ¥ , of &£3, , by

(P, 3):0>Q ... 5 Q' 50, 9,0):0-Q' ... 5 Q11 0,
Sy a=Fp+97 0+0-QleQ' - ... 5> @ Q5 QP ... 5 Q1750

Note that the inclusion ¥* C &* is a quasiisomorphism [Schweitzer 2007]. There is
another complex B ; used in [Schweitzer 2007], defined by

RB.g: C 000 0'a0 ... QP labr G — ... 01 .
and the following morphism from %3, , to ¥ 4[1] is a quasiisomorphism [Schweitzer
2007]:
@ @ (&) 0 — Q! [asy Ql -
i I+ J
0 — 040 - QaQ! - .
Therefore we have
Hé’éq(X) ~ P (X, P, 401]) = HP (X, % 4[1]) = HP (X, B ),
and

HY(X) ZHPHX, Ly g1) ZHPX, Fping) EHIVTN X, Bl g41).

2B. The relative Bott—Chern and Aeppli cohomologies of X,. Here we make
some definitions in order to construct the relative Bott—Chern and Aeppli coho-
mologies of X,. Suppose X is a compact complex manifold.

e Let 7 : % — B be a deformation of 7~ (0) =

« For every integer n > 0, set B, = SpecOp o/ m”Jrl — the n-th order infinitesimal
neighborhood of the closed point O of the base B.

e Let X,, C ¥ be the complex space over B;,.

e Letm, : X, — B, be the n-th order deformation of X, and denote 7 *(mg) by Jdlo.

o Complex conjugation gives another complex structure of the differential manifold
of &; we denote this manifold by ¥, and 7 induces a deformation 7 : ¥ — B of
X. Then we have X,, and 7, : X,, — B,.

o Let 6% be the sheaf of C-valued real analytic functions on B.

o Set 05 = *(6%), @‘gg = 7% (6%); let m be the maximal ideal of €%, and let
MG = m*(mg), Mg = 7T*(mg

o For any sheaf of Og- (resp. Oy-) modules %, set F* = F ®q, 05 (resp. F* =
F @5, 0%).

» Let 03 =09 /(M§)" " and 0% = 0% o/ (Mg)™*1.
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» For any sheaf of Oy, (resp. O, ) modules F, set ¥ = F ®q,, 0% (resp. FO =
% ®@)7n @6}%").
» For any given p > 1, g > 1, we define the complex ¥ /B, = Ip.q: X, /B, DY
. 1
(S x5 Ox,8,) 0%, = Q40p — = Q& 0,

1
(Equ /Bn,ax /B) @ —) QX /Ba —> s —> Q?("/BZ)—)O,
Dy aixatBe = Ipxossy + Lixoss, - 0%, + 0% = Q5 p @ QY0 — -
p—Lo . 5p la) ol Lo
—>QX/B EBQX/B —>QX/B—> —>an/Bn—>0.

» Finally, define %5 4:x,/8, by

Bo,q: Xu/Bn Cw @w EB@w — Q B EBQX /B,
- Q5 ® Q% 5 — Qf{% == Q0.
where C =7~ 1(6% o/ (m§)" ).

Now we are ready to define the relative Bott—Chern and Aeppli cohomologies
of X,:

HE (X, /By) HPYU(X, 55 g:x,/8,[1]) = HP (X, Bg:x,/8,):
and
Hf,q(xn/Bn) = H[’"‘Q (X’ 9>I;+]sq+]§xn/3n) = |]_|]P+(1+1 (Xn’ %.p+1»Q+1§X)1/Bn)'

2C. Representation of the relative Bott—Chern and Aeppli cohomology classes.
In this subsection we will follow [Schweitzer 2007] to construct a hypercocy-
cle in ZPH4(X, %B%.q) to represent the relative Bott—Chern cohomology classes.
Let [0] be an element of Hé’éq (X), represented by a closed (p, g)-form 6. It
is defined in HP™9(X, £, ,[1]°) by a hypercocycle, still denoted by ¢ and de-
fined by 677 = 0|y, and 0™ = 0 otherwise. For given p > 1 and ¢ > 1, there
exists a hypercocycle w = (c; u"0;v0%) e ZPta (X %Bp.q) and an hypercochain
a=("%)e Cra- I(x, £Lpql11%) such that 0 = §a + w. We represent the data in
the following table:

0,g—1
0,4
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The equality & = o 4+ w corresponds to the relations
074 = §go 1!
(=1 8™ = da ! + do 1
(—1)*3a®* = 50— 0
(—1)" (SarO 970 + 9o 10
=6,0+6)°
593’0 =0,

where 1 <r < p—1and 1 <s <g — 1. Note that these relations involve relations
of the hypercocycles for 6, and 6,:

(—1)"8670 = 9710 (—1)*50%% = 9%+,
with the same conditions on r and s. If ¢ = 0, we simply have
0 < (6,000, ...,00710)
with the relations
070 =a0r=10  (—1)"8070 = 96710, 5600 =94,
for 1 <r < p — 1. Similarly, if p = 0, we have
0 < (6,000, ...,0%471)
with the relations (where 1 <s <g —1)
0% = —30%971 (=1)°800* =300, —8000 =6..
Similarly, let [0] be an element of Hj! (X,,/By), then it can be represented by a
Cech hypercocycle 6,, 6, and 6, of z p+‘7 (X, %' . X /B ) with the relations
(—1)780;0 = 90,710 (=1)*800 = 900!
90 0_p.. 90 0_g.,
where 1 <r < p—1and1 <s <g—1; while for an element [0] of H/f’q(Xn/Bn), it

can be represented by a Cech hypercocycle 6, and 6, of Zptatl (X, Bp+1,9+1:X,/B,)
with the relations

(—1)"5670 = 967710 (—1)*86% = §p%s~!
5690 =g, A
where ] <r <pand1<s <gq.

Before the end of this section, we will introduce some important maps which
will be used in the computation in Section 4.
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Define
5,% . _1; . .
Oy g, - H* (X, Q% ") = WP (X, Bi.g:x,/8,)

as follows. Let [0] be an element of H*(X,, Qf(
by a cocycle of Z*(X, Q’;;/lj_,;:)), we define 8)8(’"9/33'1 ([#]) to be the cohomology class
associated to the hypercocycle in ZP**(X, B3 4.x,/8,) given by

]1;9:)) then 6 can be represented

n

6r~10=9, 970=0 for0<r<p-2 6% =0 for0<s<g—1, and 6.=0.
When « < 0, 82”?/53" is defined to be 0.

Lemma 2.1. The map 3}5(;19]/33” is well defined.

Proof. It is easy to check that the hypercochain given by 6,, 8, and 6, is a hyper-

cocycle. On the other hand, suppose there exists a cochain «’ in Cc(x, Qf(:/;;:’)

such that o’ = 6. Then if we take a hypercochain o in CPT*~1(X, B.q:X,/By)

given by a{,’_l’o = (-1, a;’o =0for0<r <p-2, 058" =0for0<s<g-—1,
and o = 0, we have dar = 9y ), ([0]). Therefore 3%, ([6]) = 0. O

Similarly, we can define
a e a O _11 L] .
a?inngn LH (X, Q?(,./BZ)) — H™(X,,, Bhp.q:Xu/B,)

as follows. Let [#] be an element of H*(X,, S_Z?(:/IB‘;) Then 6 can be represented
by a cocycle of 7 (X, S_ZSI(;/I&:’); we define 5?523}1 ([8]) to be the cohomology class
associated to the hypercocycle in 7+ (X, B%.q:X,/B,) given by 9,?"1_1 =6,00"=0
forall0<r<g-2, 9;’0=Of0ra1105r < p—1,and 6, =0 (when « < 0, this map
is defined to be 0). This map is also well defined and the proof is just as Lemma 2.1.
Define B
0 HTP (X, By g:x,m,) = H (X, Q05 )

as follows. Let [0] be an element of H*"7(X,, 8% 4:x,/8,)- Then 6 can be rep-
resented by a hypercocycle of ZP**(X, B 4:x,/8,), and we define 8)9?”’?3” [en
to be the cohomology class associated to the cocycle in 7 (X, Q[;(T/)Bn) given by
dx, /8,0 _l’o(when + < 0, this map is defined to be 0).

Lemma 2.2. The map 8;‘?;?3” is well defined.

Proof. First we check that the cochain given by 0y, 5, oF 1045 a cocycle. In fact,

since 6 is a hypercocycle in 7P (X, 973;)’ 4 X /Bn)’ we have

(=D)P71367 710 = oy, /m,60 2",
therefore

80x,/8,00 """ = (=1)?0x,, 0 0x,/5,00 " =0.

n-u
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On the other hand, suppose there exists ahypercochaina eC er'_I(X Bp,g: X /Ba)
such that 8o = 6. Then if we take a cochain o’ € C* -1(x, Q B ) given by

o = (—1)1”8;(”/3,105{,7 1’0, we have
8o/ = (=1)P8dy, p,00 "0 = (—=1)P 3y, g, 8l ™0

— (_1)17+1+p—18Xn/Bn01£)—1,0 — 8)97(3’;?,3"([0])
Therefore 3y’ ([01) =0. O

Similarly, we can define
5%;’(;3 H.—i_q(Xnv 973p q; X,,/B,,) — H* (Xm QX /Bn)

Let [0] be an element of H* (X, BY.4:x,/8,) then 0 can be represented by a
hypercocycle of Za+e (X, B.q:x,, /By ), we deﬁne 3% X /B ([6) to be the cohomology
class associated to the cocycle in VA (X, Q% X, /B ) given by 9 X /By 9 (when <0,
this map is defined to be 0). This map is also well defined and the proof is just as
Lemma 2.2.

Remark 2.3. The natural maps from Hé’éq (X,/By) to H1(X,,, Qf(;a/)Bn) and from

HI(X,, Q%“;Bn) to H{?(X, /B,) mentioned in Section 2A respectively are exactly
the map

00 TP (X, By gox,8,) (2 HEE (X /B)) — HI(X,, Q)

0%t HY (X, Q5 ) — HIPH (X, Byt g1:x,/8,) (& HY (X, /Bu),

and we denote these maps by rzc 5 and rj 4.
We also denote the maps

8% HY (X, Q1) — WP (X, B i, 5,)(Z HEE (X /By)),
Ox 0s MO, By g1:x,/8,) (& HY (X /Ba)) — HI (X, Q150
9,BC A,d

by dy 5, and 9y /p .

The following lemma is an important observation which will be used for the
computation in Section 4.
Lemma 2.4. Let [0] be an element of H' (X,,, B 4:x,/8,) Which is represented by
an element 6 € Z1(X, BY.4:x,/8,) given by 6, 6, and 6. Then dx, 5, (6 — 6L ~"")
is a hypercoboundary.
Proof. The hypercochain dx, /5, (6 — 62 ~"") is given by (dx, /5, (6 — 67 ~"%)0 =
0x, /8,050 for 0 <r < p—1, (dx, /5,005 N0 =0, Dy, /5, O—0) ")) =0
for0 <s <q—1, and (dx,/5,(0 —67"*)). = 0. Let  be the hypercochain in
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CH(X, B g:x./8,) givenby a0 = —r070 for0<r < p—1,a%5 =0for0<s <g—1,
and o, = 0. It is easy to see that

()0 = (=1)" 80 + dx, /g0
= (=1)"8(=r)0;° — dx,,(r — DO, "0
= dx,/5,0, "

= dx, /5,0 — 07700, forO<r <p-—1,

u 9
B30 =0 =dx,/5,(0 — 077000,
(8a)2* =0 =10y, /5,0 —67"0% for0<s<g—1 and

(Sa). =0=dx,/5,(0 —67~"0)..

Therefore do = dy,, /8,0 —07 ~1.9) and dx, /8,0 —04 ~10 is a hypercoboundary. O
The following lemma can be proven similarly.

Lemma 2.5. Let [0] be an element of H' (X ,, BY.q:X,/B,) Which is represented by
an element 0 in Z'(X, By.q:x,/8,) given by Oy, 0y and 6, then dx,,/5,(® — 6,1~

is a hypercoboundary.

3. The jumping phenomenon and obstructions

There is a Hodge theory also for Bott—-Chern and Aeppli cohomologies, see
[Schweitzer 2007]. More precisely, for a fixed Hermitian metric on X,

Hg (X)) ~ ker Apc and Hy* (X) >~ ker A,
where
Apc = (39)(33)* + (39)"(39) + (3*3) (3*3)* + (9"3)*(3*3) + 979 + 8"9,
Ap = 00% 439" +(39)*(39) + (89)(39)* + (90%)*(39™) + (30%)(30*)*
are 4-th order elliptic self-adjoint differential operators. In particular,
dime H;*(X) < +oo for t € {9, 0, BC, A}.

Let 7 : ¥ — B be a deformation of 7 ~!(0) = X, where X is a compact complex
manifold and B is a neighborhood of the origin in C. Note that h]’;’é’ (X (1)) and
hZ’q (X (1)) are semicontinuous functions of r € B where X (r) = ' (¢) [Schweitzer
2007]. Denote the Agc operator and the A on X (t) by A pc.r and A At From
the proof of the semicontinuity of 257 (X (¢)) (resp. h?(X (1)) in [Schweitzer
2007], we can see that kb7 (X (¢)) (resp. hy? (X (1))) does not jump at the point
t = 0 if and only if all the A Bc.o- (resp. A 4.0)-harmonic forms on X can be
extended to relative A BC.i- (resp. A A.r)-harmonic forms on a neighborhood of
0 € B which are real analytic in the direction of B, since the A Bc,: (resp. A At)
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varies real analytically on B. The above condition is equivalent to the following:
all the cohomology classes [0] in Hé’(’:q (X) (resp. H :’q(X )) can be extended to
a relative d;, — closed (resp. 9,0; — closed) forms 6(¢) such that [0(¢)] # 0 on a
neighborhood of 0 € B which are real analytic on the direction of B. Therefore in
order to study the jumping phenomenon, we need to study the extension obstructions.
So we need to study the obstructions of the extension of the cohomology classes in
H* (X, BY,4) to the relative cohomology classes in H*(X,,, B} 4:x,./8,)- Set

ME /MY @ By 4:x, 1/

n—1

=7 m@/(mym+

N J‘/Lw/(Mm)n+l ® QX /B @Mw/(Mw)n+l ® QX /B

/(Ma))n-i-l ®@w @M /(Mw)ll+l ®©a)

Mw/(Mw)n+l ® Qé’( /ll;w @ J‘/Lw/(-/‘/tg))n+l ® Q[)}n/lé:)
— Mw/(Mw)n+1 ® QX /B, N MS)/(M(S))H-H X STZ?(;/léz) e 0
Now we consider the exact sequence
0 — MG/ M) @B g:X,_1/Bs 1 = Bp.g: X8, = B.q:Xo/Bo = 0,

which induces a long exact sequence

0— HO(Xn’ /‘/U(’)J/(*/‘/Lg)wrl ® %}J,q;xn-l/Bn_l) - HO(Xn, %%,q;xn/Bn)
- [H]O(X’ 9737!7,q;Xo/Bo) — H (Xn, MSJ/(MBU)HH ® %Tv,q;XH/BH) >

Let [#] be a cohomology class in H' (X, B3, 4:x,/8,)- The obstruction for the ex-
tension of [A] to a relative cohomology classes in H'(X,,, B%.4:x,/8,) comes from
the nontrivial image of the connecting homomorphism 8* : H (X, B% 4: x,/8,) —
HF (X, ME /(M) @ B g: X, /B,_,)- We denote this obstruction by o0, ([6]).
On the other hand, for a given real direction d/dx on B, if there exits n € N,
such that 0;([8]) = O for all i < n and 0,([8]) # O, then let 8,_; be a n — 1-st
order extension of 6 to a relative cohomology class in H’(X,_, B.q: X1 /Bu_1)-
Then 30,1_1 = 0 up to order n — 1. Now, it is easy to check that Sén_l/x" is an
extension of a nontrivial cohomology class [39,1_1 /x"(0)] in H*Y(X, Bp.q), while
[SGn_l/x”(xo)] is trivial in X (xg) as a cohomology classes in H (X (x0), Bp.gixo)
if xog # 0. The above discussion leads to the following theorem.

Theorem 3.1. Let 7 : & — B be a small deformation of the central fiber compact
complex manifold X. Now we consider dim H' (X (1), MBp.q:1) as a function of t € B.
This function jumps at t = 0 if there exists an element [0] either in H (X, Bp.q)
orin W'=Y (X, B3,.,) and a minimal natural number n > 1 such that the n-th order
obstruction satisfies

0, ([0]) # 0.
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4. The formula for the obstructions

Since the obstructions we discussed in the previous section are so important when
we consider the problem of jumping phenomenon of Bott—Chern cohomology and
Aeppli cohomology, in this section we try to find an explicit calculation for such
obstructions. As in [Ye 2008, §3], we need some preparation. Cover X by open
sets U; such that, for arbitrary i, U; is small enough. More precisely, U; is Stein
and the following exact sequence splits:

0— 7, (Q2p, )“’(U)—)Q“’ (U)—>S2 %,8,(Ui) = 0,
0— nn(an)“’(U,-) — Q‘)‘(ln(U,-) — an/Bn(U,-) — 0.
So we have a map ¢; : Q% (Ui) @ ﬁ%n/Bn(Ui) - Q% (U@ SZ‘)‘?’ (U;) such that

vilay , w)(Q%, 5, U)) &7, (Qp,)"(Ui) = Q% (Ui,
vilge (%, 8, (UN) &7 (25 )" (Uy) = Q% (Ud).
This decomposition determines a local decomposition of the exterior derivative dx,
(resp. dx,) in QY (resp. S_ZX:’) on each U;:
dx, =0 +0% 5 (resp. 0x, =0 + 0, /p)-

By definition, dyx, /g, and 5Xn/Bn are given by (pi_ o aXn/Bn o@; and (pl._vl o égfn/Bn 0.

Denote the set of alternating g-cochains g with values in & by C9(U, %), that
is, to each g + 1-tuple, ig < iy --- < iy, B assigns a section B(ig, i1, ..., iq) of F
over U;,NU;, N---NUj,. Let us still use ¢; to denote the map

JT(QB)/\Q B(U)@ 2 (Qp )/\Q B(U)
- QW) ey W
W1 ABy A AB T ARy A AB > ot Agi(Bi) A Agi(Bi,)

+o2 A@i(B;) A A@i(B).
Define

0 CI(U. ()" AR, O, (R, ) AR g ) — C1(U. Q5T @2T)

forall,Bqu(U 7, (2p, )“’/\QX /B, e (Qp )“’/\Q X, /Bn ), where ip <iy <---<iy.
Define the total Lie derivative with respect to B,:

Lo, EO(U. 9 0 ) = 10,2 2 A2
by Lp,(B)(o,i1,...,ig) = Bg’n(ﬁ(ig, iy eeeyig))
for g€ C1(U, QY ® QL), where ig < i) < -+ < i (see [Katz and Oda 1968]).
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Define, for each U;, the total interior product with respect to B,

I': QY7 (U @ QF (U — Q57 (U @ Q57 (U))
by
Ii(ulaxngl ANOx, 82N+ A aXngp —|—[L28)?ng; A 8§ngé ZARERIVAN 8)7ng;)

P
=W Z 9x,81 A= N0x,8j—1 A g (8;) Adx,8j+1 A+ A0x,&p
j=1
P

+M223§ngi Ao NOg g5 /\a%n(g;)/\a)?ng;+l A+ N0, &)
j=1

When p =0, we put I/ = 0 (see [Katz and Oda 1968]). Finally, define
s ; ; Sg+1 ; ;
LU, QY @ Q") > CTTHU. Q"9 QFY)
by ()0, -+ vigsn) = IO = I")BG1, -+ igi1)
forall B € C1(U, Q5" @ QE).
This gives the following lemma, proved identically to [Ye 2008, Lemma 3.1].
Lemma 4.1. Aogpg=68op—q@ol.

With the above preparation, we are ready to study the jumping phenomenon
of the dimensions of Bott—Chern or Aeppli cohomology groups. Suppose we can
extend an arbitrary [0] € H! (X, Bp.q) to order n — 1 in H (X,,_1, Bo.g; Xn_1/Bu_t)-
Denote such an element by [6,_;]. In what follows, we try to find the obstruction
of the extension of [6,_1] to n-th order. Consider the exact sequence

0= (MG /(MG @ Bpg: X018y = B.gis/8, = B, 1/, = 0
which induces a long exact sequence
0 = HO (X0, (MU' /(MG @ By g:x0/80) = HO (X, B, /8, )
— HO (X1, Bpgi X1 /B,r) = H(Xs (U /(MG @ By g:x0/80) = -+

Let [6] be a cohomology class in H' (X, B3, 4: x,/8,)-
The obstruction for [6,,—1] comes from the nontrivial image of the connecting
homomorphism

8%t H (X1, Bgix,1/8,) = B (X (MGY" /(MG @B g:x0/8,).

Now we are ready to calculate the formula for the obstructions. Let 6 be an
element of C'(U, B3.4:x,/8,) such that its quotient image in C'(U, B% 4:x, /B, 1)
is 6,_1. Then 8*([6,—11)= [8(9)], which is an element of

HH (X, (U™ /(M) T @B 4: x0/8,) = ()" /() T @HT (X, B, g5 x0/8) -
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Let rx, be the restriction to the space X3’ (the topological space X with structure
sheaf @‘)‘;n) and set

* 0] ow .
7,1 (2, | By T Q% |B,,_1) ABp.q: X1 /Burs

-1 —
=T (QB IBn 1 + Q%nan—l)
(7’+) 0 Q° 0®
- ( B, IBH 1 + Bn‘anl) ® Xn—1

®T[”_](QL§n|B +§2gn|3n—l)®©§%

n—1 n—1

—”7;—1(9(1;“3" +QB |B,— )/\Q Xu—1/Bn-1

S, 1(Q3,5,_, + 2,5, |)AQ Xyot/Bat

n—1

* w ow p—lLow
= 7,1 (B8, , T LB,18,_) N2y, 8,

O (G 5 +Q% 5 IAQE!

Xn- I/Bn 1
= T (8, + 95,5, ) AR 5,
— T (15, + 5,15, /\Qqn]173 — 0,
where
Tn 1 (2515, + 95,8, ) =7, (e By 25,18, D @1 oy O,

=k 0] oW - 1) oW w
Tt (15, + Qb5 =7, (15, + Q5 15,) ©r 1 @) 0%, -

In order to give the obstructions an explicit calculation, we need to consider the
map
p o H (X, (M) /(MG @ B g:x0/8)
— H (an, 7, 1(2p,5, , + 5_2(13,,|B,,_1) A %.Pv(ﬁxn—l/Bn—])
which is defined by p[o] = [(p‘1
quotient map

orx,,o(Lp,+Lg)og(o)], where @~ ! is the

C (U nl’l I(QB | By — 1+S_2§n|3n71)/\g2§;6rx @ﬁn 1(QB [Bn— 1+S_Zg"|B )/\QI;(H(TXVL 1)

— C ( (QB |Bn 1+QBn|Bn I)AQPn I/Bn 1

7,1 (15, +2%,15, )N 5, )-
And we have the following lemmas; the proofs are identical to those of [Ye 2008,
Lemma 3.2 and Lemma 3.3].
Lemma 4.2. The map p is well defined.

Lemma 4.3. Furthermore, ,0([3 (67)]) is exactly 0,([0]) in Section 3.
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Now consider the following exact sequence. The connecting homomorphism
of the associated long exact sequence gives the Kodaira—Spencer class of order n
[Voisin 1996, §1.3.2];

* w w w
0 - Trn—l(QBn‘anl) - QX,,|X,,_| - QX,,_]/B,,_] g 0

If we wedge the above exact sequence with Qp /B _,» We getanew exact sequence.
The connecting homomorphism of such an exact sequence glves us a map from
Hq(Xn 1> Qp w]/B ) to Hq+1(Xn 1, T (QB |Bn 1) /\Qpn 1/Bn— ])

Denote such a map by «,., for it is simply the inner product with the Kodaira—
Spencer class of order n. With the above preparation, we are ready to prove the
main theorem of this section.

Theorem 4.4. Let m : ¥ — B be a deformation of m~'(0) = X, where X is a
compact complex manifold. Let m, : X, — B, be the n-th order deformation
of X. Suppose we can extend an arbitrary [6] € H (X, B,q) to order n — 1 in
H (X,—1, By.g:X,_1/B,1)- Denote such an element by [0,_1]. The obstruction of
the extension of [0] to n-th order is given by

([6n—1D),

n—1

0n (10D ==0%" 5 okaody’ b ([0 1D—0%" 5 oKaody’ p

where k,, is the n-th order Kodaim—Spencer class and i, is the n -th order Kodaira—

Spencer class of the deformation & : X — B. The maps 8 X, /Bn " _Z;(’f]il By 1
B,d
d

X, 1 /By, A1 nd 8Xn_|/3n_| are those defined in Section 2.

Proof. Note that 0,([0]) = p 0 8() =9 o rx,_, o (L, +Lg )o@ o8]
Because (L p, —{-Lgn +3Xn/Bn +5Xn/Bn) o S = —S o (Lp, —I-Lgn +8Xn/3n +5Xn/Bn)’

rx,., o (L, +Lz)opod@
=rx,,0(Lg,+L5)o@Eop—1op)@d)
=ry, ,o(Lg,+Lz)odop®)
= —rx,, o (3%,,5, 08 +8 0% 5, +0% 5, 08 +80d% 5
+80(Lp,+Lg))op®)
=—ry,, 0 (dy, 5 08 +80dy 5 +3%, 5 08+803% 15)0w®)
~8§orx,_, o(Lg,+Lj)op®).
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Therefore
[p ' orx,, o(L,+Lg)opod®)]

= [—gp_l ory, , o (83(,,/3,1 08480 83("/3’1 +53(n/Bn 08480 53(,1/3,,) o (p(é)]

= —[0x, /8, , 09 'orx, , 0800@) +dx, /5,00  ory,  080p@)

—_~—
e~

+9 orx, ,0800@x, 5, 0i1)+¢ orx, 0809@x, /8,0 1)).

Since, forO<r <p—1,

(¢ orx, ,0809@) ™0 =(p""orx, 08005

=8 ory, ,0800@) =0,

n—1

and5(p ' ory,  080¢@)% =0for0<s <g—1, we know that

0X, /8,1 0@ 07, 0800B)+dx, m,, 00  orx,  080p®)
zéocp_l ory oSo<p(0~).

n—1

Therefore, [dx, /B, ;0 (p_l orx, ,o 5o ¢(9~)+5X,1,1/B,1,1 o (p_l orx, ,o 5o (p(é)] =0.

And from Lemma 2.4 and Lemma 2.5,

[p~" orx, , 08 09®x, /5, 6r-1)]
= [<P_1 orx,_, © §o <P(3X,.71/Bn71 (On—1— 95__11;’3) + aanl/BH@:—_ll;f)]
=[¢ " orx,_, 080 0(dx,_ 5,00 \0)]

and

[p~'orx, 080 <P(5X,1,1;;79n—1))]

— 4 3 o 0,g—1 3 0,g—1
= [(p ! ° an—l © 6 © (p(axn—l/Bn—l (en_l - en:]l;v) + aXn—l/Bn—len:II;v )]

—_~—

“lory, 080 w(éxn_l/Bn_ler?fﬂi)]

= ¢

By the definition of the maps 83’%1 JBy1? 8;“?21 /8,_, and [Ye 2008, Lemma 3.4],

-1 p—1,0 B

o anfl © S ° gﬂ(axn—l/anlen—l;u )] = 8)8(,171/3,1,1 O KpL © 830?’?1/3,1,1([9”_1])

n

[o

and similarly, we have

B . _ /—\_/0’ 1 =2, 3 — "

[(p o rx, , 080 (p(axnfl/gnfﬂn_ql;v )] = 82(?:/3"71 oKpL O a?nil/anl([e”*l])'
Finally,
[¢~"orx, o (Lp,+Lg)ogod®)]

=—8§f7731/3n710 Kn-© 8)9?25)1/3)171([9”_1])_5%57%1/37171o Enl_o 537?;1?1/37171([9"_1]) ‘:’



476 JIEZHU LIN AND XUANMING YE

We apply the above theorem and Theorem 3.1 in order to study the jumping
phenomenon of the dimensions of Bott—Chern(Aeppli) cohomology groups, and
obtain the following theorems.

Theorem 4.5. Let 7 : ¥ — B be a deformation of w~'(0) = X, where X is a
compact complex manifold. Let i, : X, — B, be the n-th order deformation of X.
If there exists an element [6'] in Hé’éq (X) or an element [0?] in H/f_l’q_l (X) and
a minimal natural number n > 1 such that the n-th order obstruction 0,([0']) #0
or 0,([6%]) # 0, then the h];‘;‘g (X (2)) will jump at the point t = 0. The formulas for
the obstructions are given by

0u(10') = —3y” 5 oanorBCg([e,i,l])—éa’%l/g o orpc.s([6)_11);
0, (102D =—05 2, orurody? 5 (162 1)—05"C )y okwody” p (162D

Theorem 4.6. Let v : % — B be a deformation of w~'(0) = X, where X is a compact
complex manifold. Let r,, : X,, — B, be the n-th order deformation of X. If there
exists an element [0'] in H/f’q(X) or an element [0?] in HPT4(X, By+1,9+1) and a
minimal natural number n > 1 such that the n-th order obstruction 0,([0']) #0or
0,([0%]) # 0, then the h/;’q (X (t)) will jump at the point t = 0. The formulas for the
obstructions are given by

on([al])=_33ff/3 on,,Loa F I/B (16}, n—a% BIC/B oanoa o I/B ({0,_1D.

n—1
0, ([0%]) = —r3.4 OKnLoa 1/Bn 1([0,, D —raa olcn|_08 1/Bn 1([05_1]).
By these theorems, we can deduce the following corollaries immediately.

Corollary 4.7. Let v : ¥ — B be a deformation of 1 =1 (0) = X, where X is a com-
pact complex manifold. Suppose that up to order n, the maps rc 5: Hé’éq (Xn/Bn)—
Hi(X,, Q?:;Bn) and rpc.y - Hé’éq (X, /By) — HP(X,, S_Z()];:(;Bn) are 0. Any element
[0] e Héjéq (X) can be extended to order n + 1 in Hé]éq (Xn+1/Bn+1)-

Proof. This result can be shown by induction on k.

Suppose that the corollary is proved for k£ — 1, then we can extend [#] to and
element [6;_1] in H (Xx—1/Bi—1). By Theorem 4.5 , the obstruction for the
extension of [6] to k- th order comes from:

o ([0]) = Xk /By @ Kk o Tge 5([Ok—1]) — Xk%l/Bk L okkLorpc,y([Ok-1]).

By the assumption, rpc: Hé’éq (Xx—1/Bi—1) > H1 (X1, Qf(;/::/kal) and rpc.y :

Hé’éq(Xk_l/Bk_l) — HP(Xy_1, S_Z?(;k“il/Bk_l) are 0, where k <n+ 1. So we have
rgc,y([6xk=1]) =0 and ch,é([gk—l 1) = 0. So the obstruction 04 ([#]) is trivial which
means [0] can be extended to k-th order. O
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Since ~
s 1;
0% 08, HY (X /By) — HY (X, Q1 57)

is the composition of
, 1,
858 H(X,/By) — H{Z " (Xa/B) and

1, L
reca: Hic 4 (Xu/By) = HY(X,, Q7 5%).

With the same proof of the above corollary, we have the following result and we

omit the proof.

Corollary 4.8. Let 7 : & — B be a deformation of w1 ~'(0) = X, where X is a com-
pact complex manifold. Suppose, up to order n, the maps rpc 5 : Hé’gl’q (Xn/Bn) —

HY (X, Q5% and rgey « HE (X /By) — HP (X, Q4750 is 0. Any [0]
that belongs to H:’q(X) can be extended to order n + 1 in Hlf’q (Xyn+1/Bn+1)-

5. An example

In this section, we will use the formulas in Theorems 4.5 and 4.6 to study the jumping
phenomenon of the dimensions of Bott—Chern and Aeppli cohomology groups hgg
and hfi’q, respectively, of small deformations of Iwasawa manifold. It was Kodaira
who first calculated small deformations of Iwasawa manifold [Nakamura 1975]. In
the first part of this section, let us recall his result.

Set
1 22 23
G={[01 z1]:z;eC} =,
00 1

1 wy w3
I'= 01 w1 |:wjeZ+7Z/—14.
00 1

The multiplication is defined by

1 z2 z3\ (1 w2 w3 l 224+wy 23+ w122+ w3
01 zyy 01 w]=10 1 71 twp
00 1 00 1 0 0 1

X = G/T is called the Iwasawa manifold. We may consider X = C3/T". The
element g € " operates on C? as follows:

=+, H=u+wm, B=un+toz+tws

where g = (w1, wp, w3) and 7' =z - g.
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There exist holomorphic 1-forms ¢, @2, ¢3 which are linearly independent at
every point on X and are given by

v1=dz1, ¢2=dza, @3=dz3—21d22,

so that
dpi=dp; =0, dgz=—¢1 N

On the other hand we have holomorphic vector fields 61, 6,, 63 on X given by

U I S B
= —, = — 71—, = —
YT P e T oz

It is easily seen that
[01,02] = —[62,0:1]1 =05, [01,05] =1[602,63]=0.

In view of [Nakamura 1975, Theorem 3], H' (X, Oy) is spanned by ¢, ¢,. Since
® is isomorphic to 03, HY(X, Ty) is spanned by 6;p,,i =1,2,3,A=1,2.
Consider the small deformation of X given by

32

YO =YY 106ifat — (tutr — tn12)03pat’.

i=1 r=1
We summarize the numerical characters of deformations. The deformations are
divided into the following three classes, which are characterized by the following
values of the parameters (all the details can be found in [Angella 2013]):
class (i): Hi=ty=Hth] =ty =0;
class (ii):  D(¢#) =0 and (t11, t12, 21, t22) # (0,0, 0, 0);
class (ii.a): D(t) =0 and rank § = 1;
class (ii.b): D(¢) =0 and rank S = 2;
class (iii): D(t) £ 0;
class (iii.a): D(¢) # 0 and rank S = 1;
class (iii.b): D(¢) # 0 and rank S = 2;

where the matrix § is defined by
S = (Gli 02 912 ‘721)
011 022 021 912

where 0,7, 0,3, 0,7, 055 € C and o1, € C are complex numbers depending only on ¢
such that

de} =: 0120, N @] +0110{ NP, + 0130, NG} + 05707 NG|+ 0y30] NG}
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Hig [by by bs by bs
Iz and (i), (ii), ()| 4 8 10 8 4

H h;“ hg’l hg"’ h;’l hg’z hg"’ hg’l h%’z hg’3 hg’l hg’z h%’3 hg’z hg’3
lyand@| 3 2|3 6 2|1 6 6 1|2 6 3|2 3
(ii) 2 202 5 201 5 5 1/l2 5 2|2 2
(iii) 2 201 5 201 4 4 112 5 1|2 2
Hy. |hg? Wy |hpd hye hd |h3? hie hyd hpd byl hpd hgd|hpd hid
lyandG@| 2 2|3 4 3|1 6 6 1|2 8 2|3 3
Gia) |2 22 4 2|1 6 6 1|2 7 23 3
Gib) |2 212 4 211 6 6 1]2 6 23 3
Gia) |2 21 4 1]1 6 6 1|2 7 2113 3
Gib) |2 2]1 4 11 6 6 1|2 6 2|3 3
Hy  [hy® h%' {20 ni' on%? (30 n2' ny? n%? |n)' n3? nk? | nd? nd?
lyand@| 3 3|2 8 2|1 6 6 1|3 4 3|2 2
Gia) |3 3|2 7 211 6 6 1|2 4 2|2 2
Gby |3 3]/2 6 21 6 6 1|2 4 212 2
Gia) |3 3|2 7 2]1 6 6 1|1 4 1|2 2
Gib) |3 3|2 6 21 6 6 1|1 4 1|2 2

Table 1. Dimensions of the cohomologies of the Iwasawa manifold
and of its small deformations [Angella 2013].

The first order asymptotic behavior of 012, 0,7, 0,3, 0,7, 0,5 for £ near 0 in classes
(1), (ii) or (iii) is
opp=—l+o(tht oj=ni1+o(thDt o =rtn+o(t]t
o1 = —tn +o([tDt o0y = —t12+o(|t])t.

From Table 1, we know that the jumping phenomenon happens in h%’g , hg’é and
hZB’é of the Bott—Chern cohomology and symmetrically happens in nt, hk3 and
hkl of the Aeppli cohomology. Now let us explain the jumping phenomenon of
the dimensions of Bott—Chern and Aeppli cohomologies by using the obstruction
formula. From [Angella 2013, §4], it follows that the Bott—Chern cohomology
groups in bidegree (2, 0), (0, 2), (2, 2) are
Héé)(X) = Spanc{[¢1 A@2], [p2 A @3], [@3 A@1]],

Hye (X) = Spanc{[@1 A @2, [§2 7831, [@3 AG11),

Hye (X) = Spanc{[g2 A g3 AP1 AB2]. [03 A @1 AGL AP,
o1 A2 AQ2 A @3], [P2 A3 AP A @3], [p3 AL AP2 A @3],
(01 A2 AG3AD1LL (92 A3 AB3 AGL), (03 A1 AB3AD1T
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and the Aeppli cohomology groups in bidegree (3, 1), (1, 3), (1, 1) are

Hy'(X) = Spanc{lg1 A@2 A @3 AG1], [91 A2 A@3 ABal, [01 A2 A3 AG3]),
H,*(X) = Spang{[g1 AB1 AG2 A@3]. (2 AB1 AB2 AB3], [93 A B1 A2 AP3]),
Hy' (X) = Spang{[g1 A@1], [91 AB2l, [01 A3, [92 APl
(92 A @], [92 A 3], (93 AB1 L [93 Aol
For example, let us first consider hlzg’g under a class (ii) deformation. The Kodaira—
Spencer class of the this deformation is ¥ (1) = 2?21 Zi:l 126 %, and ¥ {(¢) =
2?21 Zi:l 1i20i@y., with 111125 — 121112 = 0. It is easy to check that
01(p1 Ag2) = —3(int(y1 (1)) (@1 A p2)) — 0(nt(Y1 (1) (@1 A 92)) =0,
01(f11¢2 A3 — 191 Ag3) = —3((t11t2 — 1t12) @3 A 92) =0,
01(p2 A @3) =191 A2 NP1+ 10P1 A2 A @2,
01(p1 A@3) =t1P1 A2 A Q1L+ 1@ A2 A @)
Therefore, for an element of the subspace Spang{[¢1 A@2], [f1192 A@3 —t2101 A@3]},
the first order obstruction is trivial, while, since (11, t12, t21, t22) 7 (0, 0, 0, 0), at
least one of the obstructions 01(¢y A ¢3), 01(¢1 A ¢3) is nontrivial. This partly
explains why the Hodge number th’g jumps from 3 to 2. For another example,
let us consider hkl under a class (ii) deformation. It is easy to check that all the
first order obstructions of the cohomology classes are trivial. However, if we want
to study the jumping phenomenon, we also need to consider the obstructions that
come from H?(X, B3 5). It is easy to check that
H* (X, B3 ,) = Spanc{lgs], [@31),
01(p3) =12 A @1+ 11202 A P2 — 01@1 A @1 — @1 A @2,
01(@3) = 111P2 A @1 + 11202 A2 — 12101 A1 — 12201 A 2.
Note that the first order of S is
(f21 —ty I —?11)
i —tp —tn tn )’
If the rank of the first order of S is 1, then there exist ¢y, ¢2 such that
o1(c193 + c2903) # 0.
If the rank of the first order of S is 2, then for all ¢y, ¢
o1(c193 +c203) #0,

and exactly these obstructions make hkl jump from 8 to 7 in class (ii.a) and from 8
to 6 in class (ii.b).
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To end the section, we give the following observation as an application of the
formulas in Theorems 4.5 and 4.6.

Proposition 5.1. Let X be a non-Kdhler nilpotent complex parallelisable manifold
whose dimension is more than 2, and w : & — B be the versal deformation family
of X. Then the number hkl will jump in any neighborhood of 0 € B.

Proof. Let ¢;, fori =1, ..., m =dimc X, be the linearly independent holomorphic
1-forms of X. It is easy to check that @; are d3-closed and therefore each @;
represents an element of H/g’] (X). On the other hand, by [Macri 2013, Theorem 3],
we know that the dimension of H 0’I(X ) is less than or equal to m. Therefore ¢;,
i=1,...,n, give us a base of Hy''(X). So d: Hy'(X) - H'(X, Q) is trivial.
Then we know that EE HY(X, Qx) — H/i’l(X) is injective. From the proof of
[Ye 2008, Proposition 4.2], we know there exists an element [0] in H (X, Qx)
whose 01([6]) # 0. Since 90 =0, 6 also represents an element in H2(X, B3 2); let
us denote it by [0]g. By Theorem 4.6 one can see that oy ([0]g) = —Fg,A(Ol ((Z2)))
in this case. From the injectivity of r3.a WE know that 01([0]g) # 0. Therefore the
number hkl will jump in any neighborhood of 0 € B. U

References

[Aeppli 1965] A. Aeppli, “On the cohomology structure of Stein manifolds”, pp. 58-70 in Proceed-
ings of the Conference on Complex Analysis (Minneapolis, MN, 1964), edited by A. Aeppli et al.,
Springer, Berlin, 1965. MR 36 #4588 Zbl 0166.33902

[Angella 2013] D. Angella, “The cohomologies of the Iwasawa manifold and of its small deforma-
tions”, J. Geom. Anal. 23:3 (2013), 1355-1378. MR 3078358 Zbl 1278.32013

[Bott and Chern 1965] R. Bott and S.-S. Chern, “Hermitian vector bundles and the equidistribution
of the zeroes of their holomorphic sections”, Acta Math. 114 (1965), 71-112. MR 32 #3070
7Zbl 0148.31906

[Frolicher 1955] A. Frolicher, “Relations between the cohomology groups of Dolbeault and topologi-
cal invariants”, Proc. Nat. Acad. Sci. USA 41 (1955), 641-644. MR 17,409a Zbl 0065.16502

[Katz and Oda 1968] N. M. Katz and T. Oda, “On the differentiation of de Rham cohomology classes
with respect to parameters”, J. Math. Kyoto Univ. 8 (1968), 199-213. MR 38 #5792 Zbl 0165.54802

[Macri 2013] M. Macri, “Cohomological properties of unimodular six dimensional solvable Lie
algebras”, Differential Geom. Appl. 31:1 (2013), 112-129. MR 3010082 Zbl 1263.53045 arXiv
1111.5958v2

[Nakamura 1975] I. Nakamura, “Complex parallelisable manifolds and their small deformations”, J.
Differential Geometry 10 (1975), 85-112. MR 52 #14389 Zbl 0297.32019

[Schweitzer 2007] M. Schweitzer, “Autour de la cohomologie de Bott—Chern”, preprint, 2007.
arXiv 0709.3528v1

[Voisin 1996] C. Voisin, Symétrie miroir, Panoramas et Syntheses 2, Société Mathématique de France,
Paris, 1996. MR 97i:32026 Zbl 0849.14001

[Ye 2008] X. Ye, “The jumping phenomenon of Hodge numbers”, Pacific J. Math. 235:2 (2008),
379-398. MR 2009a:32016 Zbl 1194.32007


http://dx.doi.org/10.1007/978-3-642-48016-4_7
http://msp.org/idx/mr/36:4588
http://msp.org/idx/zbl/0166.33902
http://dx.doi.org/10.1007/s12220-011-9291-z
http://dx.doi.org/10.1007/s12220-011-9291-z
http://msp.org/idx/mr/3078358
http://msp.org/idx/zbl/1278.32013
http://dx.doi.org/10.1007/BF02391818
http://dx.doi.org/10.1007/BF02391818
http://msp.org/idx/mr/32:3070
http://msp.org/idx/zbl/0148.31906
http://dx.doi.org/10.1073/pnas.41.9.641
http://dx.doi.org/10.1073/pnas.41.9.641
http://msp.org/idx/mr/17,409a
http://msp.org/idx/zbl/0065.16502
http://projecteuclid.org/euclid.kjm/1250524135
http://projecteuclid.org/euclid.kjm/1250524135
http://msp.org/idx/mr/38:5792
http://msp.org/idx/zbl/0165.54802
http://dx.doi.org/10.1016/j.difgeo.2012.10.002
http://dx.doi.org/10.1016/j.difgeo.2012.10.002
http://msp.org/idx/mr/3010082
http://msp.org/idx/zbl/1263.53045
http://msp.org/idx/arx/1111.5958v2
http://msp.org/idx/arx/1111.5958v2
http://projecteuclid.org/euclid.jdg/1214432677
http://msp.org/idx/mr/52:14389
http://msp.org/idx/zbl/0297.32019
http://msp.org/idx/arx/0709.3528v1
http://www.math.polytechnique.fr/~voisin/Articlesweb/Voisin_symetrie_miroir.pdf
http://msp.org/idx/mr/97i:32026
http://msp.org/idx/zbl/0849.14001
http://dx.doi.org/10.2140/pjm.2008.235.379
http://msp.org/idx/mr/2009a:32016
http://msp.org/idx/zbl/1194.32007

482 JIEZHU LIN AND XUANMING YE

Received March 6, 2014. Revised July 27, 2014.

JIEZHU LIN

SCHOOL OF MATHEMATICS AND INFORMATION SCIENCE

GUANGZHOU UNIVERSITY

KEY LABORATORY OF MATHEMATICS AND INTERDISCIPLINARY SCIENCES OF GUANGDONG
HIGHER EDUCATION INSTITUTE

NoO 230, WAIHUAN ROAD WEST

GUANGZHOU, 510006

CHINA

jlin@gzhu.edu.cn

XUANMING YE

SCHOOL OF MATHEMATICS AND COMPUTATIONAL SCIENCE
SUN YAT-SEN UNIVERSITY

GUANGZHOU, 510275

CHINA

yexm3 @mail.sysu.edu.cn


mailto:jlin@gzhu.edu.cn
mailto:yexm3@mail.sysu.edu.cn

PACIFIC JOURNAL OF MATHEMATICS
Vol. 273, No. 2, 2015

dx.doi.org/10.2140/pjm.2015.273.483

FIXED-POINT RESULTS AND THE HYERS-ULAM STABILITY
OF LINEAR EQUATIONS OF HIGHER ORDERS

BING XU, JANUSZ BRZDEK AND WEINIAN ZHANG

We present a general method for investigation of the Hyers—Ulam stability
of linear equations (differential, difference, functional, integral) of higher
orders. It is shown that in many cases, that kind of stability for such equa-
tions is a consequence of a similar property of the corresponding first-order
equations. Some particular examples of applications for differential, in-
tegral, difference and functional equations are described. The method is
based on some fixed-point results that are proved in this paper.

1. Introduction

Sometimes we have to deal with functions that satisfy some equations only approx-
imately. One of the possible ways to treat them is just to replace such functions by
suitably corresponding exact solutions to those equations. Therefore it seems to be
important to know when, why and to what extent we can do this, and what errors
we thus commit. Some tools for evaluation of that issue are offered by the theory
of Ulam-type stability.

Some information on that theory and further references concerning it are given
in Section 3. The following definition somehow describes the main ideas of that
kind of stability (N stands for the set of positive integers, R, := [0, 00), and CP
denotes the family of all functions mapping a set D # & into a set C # ©):

Definition 1.1. Let n € N, A be a nonempty set, (X, d) be a metric space, € C
% c RyA" be nonempty, J be an operator (not necessarily linear) mapping € into
R4, and %, %, be operators (not necessarily linear) mapping a nonempty % C X4
into X4". We say that the operator equation

(D) F1o(X1, ooy Xn) = F20(X1, ..., Xp)
is (€, I)-stable, provided for every ¢ € € and ¢g € @ with
2 dF1o(x1, ..., X0), Fogo(x1,..., %)) < €(X1,...,X), X1,...,Xn €A,

Bing Xu has been supported by NSFC (China) Grant No. 11101295. Weinian Zhang has been
supported by NSFC Grant No. 11231001, SRFDP 20120181110062 and PCSIRT IRT1273.
MSC2010: primary 39B82, 47A63, 47]199; secondary 34K20, 39B12, 47H10.

Keywords: fixed point, Hyers—Ulam stability, linear equation, linear operator, operator equation.
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there exists a solution ¢ € % of (1) such that
(3) d(p(x), po(x)) < Te(x), xe€A.

Roughly speaking, (€, 9)-stability of (1) means that every approximate (in the
sense of (2)) solution of (1) is always close (in the sense of (3)) to an exact solution
to (1).

In the particular case when € contains only all constant functions, (€, J)-stability
is called Hyers—Ulam stability. In this paper we describe (in the terms of fixed
points) a general method for investigation of the Hyers—Ulam stability of various
higher-order linear (differential, integral, difference or functional) equations in a
single variable, that is, for n = 1. In this way we show how to generalize and easily
extend numerous results given in, e.g., [Takahasi et al. 2002; Miura et al. 2003a;
2003b; 2004; 2012; Jung 2004; 2005; 2006; Popa 2005b; Trif 2006; Wang et al.
2008; Brzdek et al. 2008; 2010; 2011b; Li and Shen 2009; Brzdek and Jung 2010].

In what follows, R and C denote the sets of real and complex numbers, respec-
tively. Also, X is a Banach space over a field K € {R, C}, m € N is fixed and in
general we assume that m > 1 (unless explicitly stated otherwise), S is a nonempty
set, and ay, . .., ay—1 € K. Additionally, U is a linear subspace of X $ (the linear
space over [K of all the functions mapping S into X), F €9l is fixed, £: U — X3 is

a linear operator, P,, : C — C is a polynomial given by P,,(z) :=z" + Z'}:l a jzj
and ry, ..., r, € C are the roots of the equation
4 Pu(z) =1.

Moreover, we write U, := {f eﬁleéEif €U fori=1,...,m— 1} and define a
linear operator P, (¥£) : WU, — X5 by P, (£) :=L" + Z'}:O] ajSBj, where £0:= ¢
is the identity operator (i.e., § f = f for f € X5) and $* := Lo P*~! for any k € N.
In the next section we present some fixed-point results for the operator

PE = P (L) +F

(.e., PL(¢) = Ppu(L) (@) + F for ¢ € Wyp).

2. Fixed-point results

For the sake of simplicity we use the notion || f|| :=sup, . | f(x)|| for f € XS,
which can be considered as an extension (because it admits an infinite value) of the
usual supremum norm || - || defined on the linear space (over K) of all bounded
functions from XS. In this section, we write

(5) P =L+A-r)9—v, veXs iefl,...,m)
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(i.e., £/ (@) :=ZL(p) + (1 —rj)¢ — v for ¢ € W), provided rq, ..., r, € K. The next
two fixed-point theorems are the main tools in this paper; we present their proofs at
the end of the paper.

Theorem 2.1. Letry,...,rpeKand§;:Ry — R, fori=1, ..., m. Suppose that
6) 8= 1% es — sl < 00
for some @5 € W, and that the following fixed-point property holds fori =1, ..., m:

(L) For every yr,v € U such that § := | L)Y — || < o0, there is a fixed point
¢ € W of £} such that || — ¢ || <& ().

Then there exists a fixed point ¢ € W, of PL such that

(N los —@ll <&no---0&1(d).

Moreover, if £(W) C WU and there isan L € Ry with |r;| > L fori=1, ..., mand
|LfI < LI fl for f €U, then there is exactly one fixed point ¢ € U of P with

®) llos — @l < 0.

Remark 2.2. From the proof of Theorem 2.1 (see Section 5), ¢ is equal to ¢y,
with ¢, obtained, step by step, by the following procedure.

Write ¢g = — F, ¥, = @5, and wj(z) :ipl//j_;_] —I’j+11//j+1 forj=1,...,.m—1.
Then, fori =1, ..., m, ¢; €U is a fixed point of the operator £+ (1 —r;)$ —¢;_1
with |[Y; — ;|| <&o---0&1(5). By (£), sucha ¢; e U exists foreachi € {1, ..., m}.
In many cases such a ¢; can be described quite precisely (see, e.g., Remark 2.4).

Concerning operators satisfying (£;), some recent results can be found in, e.g.,
[Brzdek and Jung 2011, Theorem 5.1; Badora and Brzdegk 2012, Theorem 2.1].

In what follows, we say that U is closed in the norm || - ||« if U contains every
function f € X3 for which there is a sequence of functions (f,,) in A that is
uniformly convergent to f (i.e., lim, || f — fulloo = 0).

Theorem 2.3. Let £(WU) C U and let W be closed in the norm || - || 0o. Suppose that
there are k € Ry and @5 € U such that (6) holds, that

&) LA =l fIl, fe,

and that one of the following two conditions is valid:
() eKand|ri| >k fori=1,...,m;
B) Iril =2k fori=1,...,m.
Then there is a unique fixed point ¢ € W of PL such that ||gs — ¢|| < 0o; moreover,
)
—oll < :
(Iril—=pK) - (rml — pK)

(10) lls



486 BING XU, JANUSZ BRZDEK AND WEINIAN ZHANG

where

|1 if (@) holds,

N {2 if (B) holds.
Remark 2.4. From the proof of Theorem 2.3 (see Section 6) and Remark 2.2, we
can deduce that the function ¢ can be described analogously to Remark 2.2, with
the functions ¢; (denoted in (£;) by ¢) given by ¢; (x) := lim,—, T ;"¥; (x) for
i=1,...,m, x €S, where J; is defined by (32).

3. Hyers—Ulam stability

Let by, ..., by €K, with b, #0, let Q,, : C — C be given by Q,,(z) := Z’}’ZO bjzj,
and let g1, ..., g € C be the roots of the equation
(11 Om(z) =0.

We define a linear operator Q,, (%) : U, — XS by 0, (&) = Z'}’ZO bj§£j. In this
section, we describe some direct consequences of Theorems 2.1 and 2.3 concerning
the Hyers—Ulam stability of the operator equation

(12) On(@e=G
(for functions ¢ € A, and with a fixed G € X®), under the assumption
(%) G € or (12) has a solution ¢ € AU,,.

Let us mention that Hyers—Ulam stability is related to the notions of shadowing
and controlled chaos (see, e.g., [Pilyugin 1999; Palmer 2000; Hayes and Jackson
2005; Stevic¢ 2008]) as well as the theories of perturbation (see, e.g., [Chang and
Howes 1984; Lin and Zhou 1995]) and optimization. At the moment it is a very popu-
lar subject of investigation (for more details, references and examples of some recent
results, see, e.g., [Hyers 1941; Ulam 1964; Forti 1995; 2007; Hyers et al. 1998; Jung
2001; 2011; Agarwal et al. 2003; Popa 2005a; Jabtofiski and Reich 2006; Bahyrycz
2007; Jung and Rassias 2007; 2008; Moszner 2009; Paneah 2009; Cieplinski 2010;
2011; 2012b; Sikorska 2010; Forti and Sikorska 2011; Piszczek 2013a; 2013b]).

Under suitable assumptions, we have the following natural examples of (12):

o The linear differential equation

(13)  bue"™ (@) +bu19" V(@) + -+ 519 (D) + bop(2) = G2).
o The linear recurrence (or difference) equation

(14) bpen+m)+by_19pn+m—1)+---+bjpn+1)+bopn) = G{n).
o The well-known linear functional equation

(15 bup(f" @) +bn19(f" @)+ +b19(f(2)) + bop(2) = G (2).
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For results on the Hyers—Ulam stability of (13) see [Miura et al. 2003b] (with
G(z) =0). Equation (14) is a discrete case of (15); its Hyers—Ulam stability was
discussed in [Popa 2005a; 2005b; Brzdek et al. 2006; 2010]. Equation (15) is one
of the most important functional equations, and many results on its solutions can
be found in [Kuczma 1968; Kuczma et al. 1990] (see also the references therein);
its Hyers—Ulam stability was discussed, e.g., in [Kim 2000; Trif 2002] for m = 1
and in [Trif 2006; Brzdek et al. 2008; 2011b; Brzdek and Jung 2010] for m > 1.

The fixed-point approach has been already applied in the investigation of the
Hyers—Ulam stability [Baker 1991; Jung and Chang 2005; Jung and Kim 2006;
Mirzavaziri and Moslehian 2006; Jung 2007; Brzdegk et al. 2011a; Brzdek and
Cieplifiski 2011; Cieplifiski 2012a]. In this section we continue this direction and
present two corollaries on such stability, obtained from Theorems 2.1 and 2.3. The
first one corresponds to the results in [Brzdek et al. 2008]. Namely, it states that, in
some cases, the Hyers—Ulam stability of (12) can be derived from the analogous
properties of the corresponding first-order operator equations, which we express in
the form of the following hypothesis:

(#;) p;i : Ry — Ry is a function such that, for every ¢, n € U and § € Ry with
€95 — gips —nll <6, there is ¢ € U such that ||¢; —¢|| < pi(5) and

(16) Lo =qip+n.

For examples of operators satisfying (#(;) see [Brzdek et al. 2010; 2011b] and
Section 4.

Corollary 3.1. Suppose that G € X5, (9) and (¥%;) holdfori =1,...,m,8 € R4,
and @5 € Uy, satisfies

17) 1Om(E)ps — Gl <.

Then there exists a solution ¢ € U, of (12) such that

8
(13) II%—wllfpmo---op]( )
|bﬂ‘l|
Moreover, if £(W) C WU, and there is L € Ry with |£f —FLg| < L||f — gll for
f,g€Wand|\qi| > L fori =1, ..., m, then there is exactly one solution ¢ € U of
(12) with
(19) llos — @l < oo.

Proof. Assume first that G € AU. Let

1 bo bi .
F=———G, aq=—+1, and g =— fori=1,...,m—1.
bm m bm
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Then (17) implies that ||Pnf (L)ps — @s|l < 8/|bm|. Further, it is easily seen that
qi, - - -, qm are the roots of (4) and (¥;) yields (£;) fori =1, ..., m with § = p;.
So, by Theorem 2.1, there is a fixed point ¢ € AU, of Pnf (%) such that (18) holds.
Clearly ¢ is a solution to (12).

Now consider the case where (12) has a solution ¢ € U,,. Let & := ¢y — ¢. Then
Zs € Uy and | @ (£)Es — Goll = [| Qm (L) &l < 8, where Go € X° and Go(x) =0.
Clearly Gy € U. Hence, by the first part of the proof, there exists a solution ¢ € U,
of (12) (with G = Gy) such that

1)
_ < — ).
I|§s §||_,0mO Opl(lbm|>

Now, it is easily seen that ¢ := ¢ + ¢ is a solution of (12), and (18) holds.

It remains to show the statement concerning the uniqueness of ¢. So, suppose
that there is an L € Ry such that ||£f| < L| f]| for f € U and |g;| > L for
i =1,...,m. Then such a ¢ is the unique fixed point of ?! satisfying (19), and

m

therefore it is also the unique solution of (12) such that (19) is valid. U

It is easily seen that [Brzdgk et al. 2008, Theorem 1] is a particular case of our
Corollary 3.1.

Remark 3.2. In the case where |¢;| < L for some i € {1, ..., m}, it follows from
[Brzdek et al. 2010, Theorem 3(c)] that in the general situation we may not have
uniqueness of ¢ in Corollary 3.1.

Corollary 3.3. Let £(WU) C U, G € X5, (9) be valid, U be closed in the supremum
norm || - oo, 8,k € Ry, @5 € WU, (17) hold, and

(20) I1£f —ZLell <kl f—gl. fgel
Assume that one of the following two conditions is valid:

(@) g eKand|qi| >« fori=1,...,m;
B) lgil > 2k fori=1,...,m.

Then there is a unique solution ¢ € U of (12) with ||¢s — ¢|| < 00; moreover,

5
21 — ol < :
@b s = = = o) - (gml = o0
where

._{1 if (@) holds,

P=12 if(B) holds.
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Proof. Arguing analogously as in the proof of Corollary 3.1, we deduce the statement
from Theorem 2.3. U

Ifo:S— Kisbounded, f:S — S, and £g :=ogo f for g € U, then (20)
holds with k := sup,.g |0 (¢)|. So, Corollary 3.3 yields the following result, which
complements (and generalizes to a certain extent) some results in [Trif 2006; Brzdgk
et al. 2008; 2011b]:

Corollary 3.4. Let one of the conditions («), (B) of Corollary 3.3 hold, and let
0:S>K GeX5, f:S—>8,8eR;, ¢5:S— X, k:=sup,cg o) <|g;| for
j=1,...,m,and

m

(22) sup bioi()es(f1 (1) —G@)| <8,
=0

te

where oo(t) = 1 and oj(t) = O’j_l(l‘)O'(fj_l(l‘)) forteS, j=1,...,m. Then
there is a unique solution ¢ : S — X of the functional equation

m
(23) > bjoi(e(f (1) = G(1)
=0
such that (21) holds. Moreover, if S is endowed with a topology and o1, . .., oy

and f are continuous, then the following two statements are valid.:

(1) If s and G are continuous, then ¢ is continuous.

(1) If X = K and @5 and G are Borel measurable, then ¢ is Borel measurable.

Proof. It is enough to take £& = o £ o f for & € X® in Corollary 3.3. Moreover, if
S is endowed with a topology and o1, ..., 0, and f are continuous, then taking
W :={& € X5 : £ is continuous} or AU := {£ € X5 : £ is Borel measurable} we obtain
that ¢ is continuous or Borel measurable, respectively. U

Remark 3.5. The form of o; seems to be a bit complicated for greater m, but for
instance with m = 2, (23) has the simple and quite general form

bao (o (f ()@(f*(1) +bio (e (f (1)) +bop(t) = G (1),

4. Some further consequences

Let I be an open real interval, let C! (1, X) denote the space of strongly differentiable
functions mapping I into X, and let U = C'(/, X) and & = d/dt. In the next
remark we show that, in view of [Miura et al. 2004, Remark 1, Corollaries 2, 3]
(see also [Takahasi et al. 2002]), hypothesis (#;) holds for eachi € {1, ..., m} such
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that Ng; # 0, where Nz denotes the real part of the complex number z for K = C
and Nz = z for K = R, with

(24) i (8) == s eRy.

)
1Rgi|’
Moreover, in the case where [ is finite and fig; =0, (#;) holds foreachi €{1,...,m},
with

(25) pi(8) :=d(I)s, §eRy,

where d (1) denotes the diameter of /; see [Miura et al. 2004, Remark 1, Corollary 4].

Remark 4.1. Fori € {1,...,m} and § € R, we write
d(l)é if Rg; =0and d(]) < o0,
26) (6) = (1) i g, (D
8/|1Mq;| 1f Ng; # 0.

Let £ = d/dt and n € U. Take ¢, € U, i € {1,...,m}, and § € Ry with
1£Los — gips — nll < 4. There is a solution ¢y € U of the equation Loy = q; ¢ + 7.
Write @1 = ¢; —@o. Then ||Lo1 —qi1|| = |Los —qi@s —n|| < 5. Hence, according
to the results in [Miura et al. 2004], there is ¢ € AU such that ||¢; — @|| < p; (8)
and L9 = g;¢. Now, it is easily seen that ¢ := ¢ + ¢ satisfies (16) and that
los — ol = o1 — @Il < pi(8).

If d(1) = oo, then (¥;) may not be valid for i € {1, ..., m} with g, = 0 (see,
e.g., [Takahasi et al. 2002, Theorem 2.1(iii)]).

In view of Remark 4.1, from Theorem 2.1 we can deduce the following corollary,
which generalizes the main result obtained in [Miura et al. 2003b], although it was
proved in that paper by a different method.

Corollary 4.2. Let I be an open real interval, and let G € C°(I, X), q; € K for
i=1,...,m,§ € Ry and ¢; € C" (I, X) satisfy

27) 1Bmel™ + -+ b1¢, + bops — G|l < 6.

Suppose that d(1) < oo or Ng; 0 fori =1, ..., m. Then there exists a solution
@ € C"(I, X) of (13) such that

8 m
(28) los — @l < B U
where

29) D,~={d(1) ifRgi =0and d(I) < oo,

1/INgil  if Rg; #0.
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Proof. There is a function ¢ € C™ (I, X) satisfying the equation

D™ () 4 b 190"V (0) + - - - 4 b19h(x) + bogo(x) = G (x).

Let &5 := @5 — ¢o. Then, by (27),
1B g™ 4 b1 8"V 4+ big + bots|| <8,
i.e., (17) is valid with G(x) = 0. As we have already observed in Remark 4.1,

hypothesis (¥;) holds fori =1, ..., m withW = C'(I, X), £ =d/dt and p; given
by (26). So, by Corollary 3.1, there is a solution ¢ € C™ (I, X) of the equation

b "™ (xX) + b1V (x) + -+ b1 (x) + bog (x) =

such that
5 m
L ]‘[
where D; is given by (29). Now, it is easily seen that ¢ := ¢ 4 ¢ is a solution of
(13), and (28) holds. O

Similar results for integral equations can be derived from [Miura et al. 2012] in
analogous ways. It seems that so far that no paper has been published containing
stability results (of the type discussed in this paper) for linear integral equations
of higher orders.

5. Proof of Theorem 2.1

This proof proceeds via induction with respect to m. The case m =1 is a consequence
of (£1) with v = —F. Assume that the theorem is true for m = k. Let ¢5 € U,
satisfy (6) with m = k + 1, which in view of the Viete formulas can be written in
the form

k
5= 19105 — 0l = Hssz“ws +Y a;Fp+F—g,

Jj=0
k+1

=‘5£k+1<ps+(—1)(zrf)$k<ps+---+(—1>"“r1 """ ”‘*“”SJFFH'
j=1

Let ¢y := L3 — rir19s. Since £ : U — X5 is a linear operator, we have

PPy = LP oy — 11 FP g
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for p=1,...,k, whence
k
Hsfz"ws +<—1><er)sz’<—1ws o D e 1Y+ F —
j=1
k
= Hsffkws +(—1><Z w)if"‘lws o (DR +F“
j=1
k
= H$k+l(ps - I"k_HifngS + (_1)(2 rj) (55"% - rk-HDCBkilq)s)
j=1

o (=D (P — Trr1s) + FH

k+1
= Hsﬁk“ws +<—1><er)££"ws o (D g+ F <6
j=1
Since, by the Viete formulas, 7y, ..., i are the roots of the equation
l=G@—r)@—r) - (z—r)+1
k
=7+ (—1)(Zr,->z“ +o (=D e+ 1020
j=1
by the inductive assumption, there is i € Uy such that
k
30)  y=Fy+ (—D(er)i’"‘]w o (=D A Y+ F
j=1

and LY, 105 — @5 = 1L0; — rip10s — Wl = 1 — Y| < & o+ 0 £1(8). Hence,
in view of (£¢41), there is a fixed point ¢ € U of £Ef+1 with

lgs — @l < &ks1(5k 0 - - 081(5)).
Note that Lo = v + rr11¢, whence Lo € U, which means that ¢ € AU,. Analo-
gously, step by step, finally we get ¢ € Ui1. Consequently, (30) yields

k
0=%%g—r 1 Pro+ (-U(Z rj) (Fro— 1 1)
j=1
+ot (=DEr (Lo —rig19) + F
k+1
=%+ (—D(Z rj>$"<p+ e (D e+ F
j=1

=Pun(L)p+F —o.
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It remains to prove the statement of the uniqueness of ¢. Notice that if ¢, ¢, € U
are both fixed points of P with ||g; — ¢;|| < oo fori =1, 2, then ||¢; — ¢z < oo.
So, it suffices to prove that ¢ = ¢, if @1, ¢, € U are fixed points of 9]’51 such that

(31) M = |lg1 — @2 < o0.

The proof of uniqueness proceeds via induction with respect to m. For m =1 we
have r| = 1 —ag and, therefore, for arbitrary fixed points ¢, g, € W of PF satisfying
(31), we have [r1["|lo1 — @2l = [|£" 91 —FL" @2 || < L" M for n € N, whence ¢; = ¢,
because |ri| > L. We further assume that the fact is true for m = k. Consider fixed
points 1, g2 € W of P, satisfying (31), and write ¢; := Lo —rry1¢; fori =1, 2.
Then, arguing analogously as before for 15, we see that ¢, ¢» € U are fixed points

of I with m = k and appropriate (possibly different) ay, ..., ax—;. Moreover,
ld1 — @2ll < (L+|re+11)M. Hence, according to the inductive assumption, ¢ = ¢,
and, analogously to the case m = 1, finally we obtain that ¢; = ¢,. U

6. Proof of Theorem 2.3

First, consider the case of (). In view of Theorem 2.1, it is enough to show that
(£) holds fori =1,...,m. Fixi € {1,...,m}, v el and ¢ € U and assume that
8o == 1L/ — || < oo. Write

1
(32) Ji=—(E&—v).
ri
In view of (5), |F;¢¥ — || < 8o/ |ri|, and, for every f, g € U,

K
= —If =gl

~ ril

1 1
—Pf ——%g
ri ri

17:if =Tigl = ‘

Define a generalized metric (i.e., admitting an infinite value) d in X5 by d(f, g) =
| f —gll for f, g € X5 (see [Luxemburg 1958]). Applying the fixed-point alternative
of J. B. Diaz and B. Margolis [1968, p. 306-307], we see that (for the generalized
metric d) the limit ¢ := lim,_, o, 7;"¢ exists in X® and ¢ is the unique fixed point
of J; with

gl <2 0
|ril 1—

k/lril  Iril =K’

Since the sequence (7;") converges to ¢ uniformly and A is closed in the norm
[I-lloo, ¢ belongs to AU. Next, £'¢p =Lp+(1—rj)p—v=r;T;p+v+(1—ri))p—v=0¢,
implying that (£;) is valid, which completes the proof in the case of ().

Now, consider the case when () is valid and K = R. As is well-known
(see, e.g., [Fabian et al. 2001, p. 39; Ferrera and Muifioz 2003] or [Kadison and
Ringrose 1997, p. 66, Exercise 1.9.6]), X2 is a complex Banach space with lin-
ear structure defined by the operations (x,y) + (z, w) == (x + z,y + w) and
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(¢ +iB)(x,y) := (ex — By, Bx + ay) and the Taylor norm || - || given by
|G, )7 :=supg<p<o, ll(cOs O)x + (sinO) y|| for x, y, z, w € X, &, B € R. Clearly,

(33) max{[[x[l, Iy} < 1, Wiz < llxll+lyll, x,yeX.

We write p; (w1, wp) :=w; forwy, wp € X,i=1,2and ||p||7 :=sup,cs5 lLX)|T
for w € (X?)S. Let Up:={u:S — X*>: pionweW,ie{l,2}} and Lou(x) :=
(L(p1ow)(x), L(prop)(x)) for €U, x € S. Since £ is linear and U is a linear
subspace of X over K = R, we see that Al is a linear subspace of X2 over C and
¥y is a linear operator (also over C) such that £y(Ug) C Up.

Choose 1 € (X?)% and consider a sequence (u,) in A which is uniformly
convergent to u (in the Taylor norm). Then, by (33),

max{||pi oy, — propll, lp2opmn—propll} <llmp—pllr, neN,

which means that p; o, is uniformly convergent to p; o fori =1, 2. Consequently,
p1oi, ppopu €U, whence u € Ug. Thus, Uy is closed in the supremum norm
connected with the norm || - ||7. Further, according to (9) and (33), we have

ILomllr = 1(E(p1ow), L(prou)llr < I1L(p1owll + I£(p2ow)ll
<kllproull+kllpropl <2k max{||prowll, lp2oull} <2«lnlr

for every u € Up. We write x := (¢s, 0) and vg = (v, 0) for v € U. Then we have
1Lox + (1 —ri)x —vo— xllr = |%Lps + (1 —ri)gs — v — 5|l =& < 00, because
p2ox (x)=0forx e S. So, we have again the case gi(oz), where &, k, g, F, U, QPZ
are replaced with %o, 2k, x, Fo:= (F, 0), U and P} := P, (Lo) + Fo, respectively.
So, by the first part of the proof, there is a fixed point H € Uy of P with

8
1l =26) - (Irm| = 2k)

Observe that ¢ := p; o H is a fixed point of QP,‘Z . Moreover, by (34), (10) holds
with p = 2.

It remains to prove the statement of the uniqueness of ¢. Let ¢ € U be a fixed
point of 9’2 such that [[¢s — ¢o|| < co. Write Ho(x) := (¢o(x), 0) for x € §. Note
that Hy € Uy is a fixed point of PL. Moreover, || x — Hollr = |l¢s — ¢l < co. By
Theorem 2.1 (with L = 2«), we deduce that Hy = H, whence ¢g = pj o Hy =
p1o H = Q. U

(34) Ix =—Hlr =<
(Ir
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COMPLETE CURVATURE HOMOGENEOUS METRICS
ON SL>(R)

BENJAMIN SCHMIDT AND JON WOLFSON

A construction is described that associates to each positive smooth function
F : S > R a smooth Riemannian metric g on SL;(R) = R? x S! that is
complete and curvature homogeneous. The construction respects moduli:
positive smooth functions F and G lie in the same Diff(S") orbit if and only
if the associated metrics gy and g¢ lie in the same Diff(SL;(R)) orbit.

The constructed metrics all have curvature tensor modeled on the same
algebraic curvature tensor. Moreover, the following are shown to be equiva-
lent: F is constant, g is left-invariant, and (SL,(R), gr) Riemannian cov-
ers a finite volume manifold. Applications of the construction are discussed.

1. Introduction

Let (M, g) be a connected Riemannian manifold, V its Levi-Civita connection, and
R its curvature tensor. Then (M, g) is said to be curvature homogeneous of order k
if for every p, g € M there exists a linear isometry I : T, M — T, M such that

I*(V'R), = (V'R),

foreachi = 0,1,...,k. When M is curvature homogeneous of order 0, M is
simply said to be curvature homogeneous. Locally homogeneous (M, g) are clearly
curvature homogeneous of all orders. I. M. Singer proved the converse in a seminal
paper:

Theorem 1.1 [Singer 1960]. A connected and complete d-dimensional Riemannian
manifold (M, g) that is curvature homogeneous of order at least d(d — 1)/2 — 1
is locally homogeneous. If, in addition, M is simply connected, then (M, g) is
homogeneous.

While Singer’s theorem ensures that completeness and curvature homogeneity of
sufficiently large order implies local homogeneity, there exist examples of complete

Schmidt was partially supported by NSF grant DMS-1207655.
MSC2010: primary 53C21; secondary 22F30.
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and curvature homogeneous Riemannian manifolds that are not locally homoge-
neous. We refer the reader to [Boeckx et al. 1996] for an extensive collection of
examples and additional references. In this note we prove:

Theorem 1.2. There is a construction that associates to each positive smooth
function F : S — R a complete and curvature homogeneous Riemannian metric
gr on SLo(R). In this construction, the following are equivalent:

(1) F is constant.
(2) The metric g is left-invariant.
(3) (SLy(R), gr) Riemannian covers a finite volume manifold.

Theorem 1.2 is related to a conjecture attributed to Gromov by Berger [1988]
that we now describe. Let T denote a fixed algebraic curvature tensor on Euclidean
space E" and let M denote a connected, smooth n-manifold. A Riemannian metric
h on M with curvature tensor R is said to be modeled on T if for each x € M there
is a linear isometry [ : TyM — " such that I*(T) = R,. It is clear that such a
Riemannian metric £ is curvature homogeneous and that Diff(M) acts on the space
of such metrics by pullback. Let M(M, T) denote the space of Diff(M) orbits of
complete Riemannian metrics on M with curvature tensor modeled on 7.

Conjecture 1.3 (Gromov). If M is compact, then the moduli space M(M, T) is
finite-dimensional.

It is known that the assumption of compactness in Gromov’s conjecture cannot in
general be replaced by an assumption of completeness on the metrics under consid-
eration. For example, infinite-dimensional moduli spaces of complete metrics with
curvature tensors modeled on certain reducible symmetric spaces are constructed in
[Tricerri and Vanhecke 1989; Kowalski et al. 1992] (see also [Boeckx et al. 1996,
Propositions 4.15-4.16]).

Question [Tricerri and Vanhecke 1989, Problem 2]. Do the isometry classes of the
germs of Riemannian metrics which have the curvature tensor of a given “irreducible”
homogeneous Riemannian manifold depend on a finite number of parameters?

As explained in Section 3, the Riemannian metrics constructed in Theorem 1.2
all have curvature tensors modeled on a fixed algebraic curvature tensor that we will
call T throughout. The algebraic curvature tensor 7' is modeled on the curvature
tensor of an irreducible left-invariant metric on SL,(R). Our next theorem describes
the moduli space of these metrics.

Theorem 1.4. Let F and G be two positive smooth functions on the circle. Then
there exists a diffeomorphism ® : SLy(R) — SL,(R) such that ®*(gg) = gF if and
only if there exists a diffeomorphism ¢ : S' — S' such that F = ¢*(G).
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The space of Diff(S') orbits of positive smooth functions on S' is easily seen to
be infinite-dimensional. Hence, Theorems 1.2 and 1.4 yield the following negative
answer to Tricerri and Vanhecke’s problem:

Corollary 1.5. There is an algebraic curvature tensor T modeled on an irreducible
left-invariant metric on SL;(R) such that the moduli space M(SLy(R), T) is infinite-
dimensional.

Our construction also has an application to the problem of finding isocurved
deformations of homogeneous Riemannian spaces. Let (M, g) be a homogeneous
Riemannian manifold. Kowalski [1999] defines an isocurved deformation of g to
be a family of smooth Riemannian metrics {g, | € [0, 1]} on M satisfying:

(1) Each (M, g;) is a curvature homogeneous space with curvature tensor modeled
on (M, g).

(2) The metrics g; depend smoothly on ¢ and gy = g.
(3) (M, gy,) is not locally isometric to (M, g;,) when 1] # t5.

If, in addition, the metrics g; with ¢ € (0, 1) are not locally homogeneous, then
the isocurved deformation is said to be proper.

A proper isocurved deformation of an irreducible homogeneous metric gy on the
three-dimensional Lie group E(1, 1) is constructed in [Kowalski 1999]. However,
the metric g; in the deformation is not complete, and the completeness of the
intermediate metrics is not determined. Problem 1 in [Kowalski 1999] asks to find a
proper isocurved deformation of an irreducible homogenous Riemannian manifold
through complete Riemannian metrics.

Corollary 1.6. Let F : S' — R be a nonconstant smooth positive function with a
critical value not equal to one, and let F; = (1 —t) +tF. Then the family of metrics

{g:r=gF |t €0, 1]}

is a proper isocurved deformation of the irreducible homogeneous Riemannian
manifold (SLy(R), g1) through complete Riemannian metrics.

Proof. As remarked above, each of the metrics g; is modeled on a fixed algebraic
curvature tensor 7'; their smoothness in the parameter ¢ will be evident from the
construction. The metric gg is homogeneous, each of the metrics g, is complete,
and each of the metrics g; with ¢ > 0 is not locally homogeneous by Theorem 1.2;
the irreducibility of the metric g¢ is clear. It remains to check that the metrics
g: are pairwise nonisometric. This follows from Theorem 1.4 after checking that
the functions F, pairwise lie in different Diff(S!) orbits. This is an immediate
consequence of the fact that the number of critical points and the associated critical
values of smooth functions on S! are Diff(S')-invariants. ([l
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Theorem 1.2 is also related to a classification result for constant vector curvature
three-manifolds contained in [Schmidt and Wolfson 2013] that will be used in
Section 3. A Riemannian manifold (M, g) has constant vector curvature ¢ if each
tangent vector v € TM lies in a tangent plane of sectional curvature €. This curvature
condition was introduced as a pointwise analogue of the higher rank condition for
Riemannian manifolds. Motivated by a number of results on rank-rigidity such
as [Ballmann 1985; Burns and Spatzier 1987; Connell 2002; Constantine 2008;
Hamenstadt 1991; Shankar et al. 2005], the present authors proved the following
rigidity result for constant vector curvature —1 three-manifolds:

Theorem 1.7 [Schmidt and Wolfson 2013, Theorem 1.1]. Suppose that M is a
finite volume three-manifold with constant vector curvature —1. If sec < —1, then
M is real hyperbolic. If sec > —1 and M is not real hyperbolic, then its universal
covering is isometric to a left-invariant metric on one of the Lie groups E(1, 1) or
SL,(R) with sectional curvatures having range [—1, 1].

As will be explained in Section 3, the metrics constructed in Theorem 1.2 all
have constant vector curvature —1 and sectional curvatures having range [—1, 1].
Therefore, it is not possible to remove the finite volume hypothesis in Theorem 1.7
in the case when sec > —1.

2. SL2(R)

Let SL, (R) denote the Lie group consisting of 2 x 2 real matrices of determinant one
and let e € SL»(R) denote the identity element. Its Lie algebra sl (R) = T, SL,(R)
consists of 2 x 2 real matrices with trace equal to zero. Consider the following
three one-parameter subgroups of SL;(R):

cosf sinf
K= (—sin@ cos@) |0€R}’
Ve (1) et
et 0

The multiplication map K x N x A — SL,(R), (k, n, a) — kna is a diffeomor-
phism, yielding the Iwasawa decomposition SL;(R) = K NA.
)
2

Define trace zero matrices E;, E,, E3 € slp(R) by

01 01 :
E]—(_l O), Ez—(o 0), and E3—<0 _

)
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Then {E|, E>, E3} is a basis for the Lie algebra sl (R). Moreover, Eq, E», and
E5 are the infinitesimal generators of the one-parameter subgroups K, N, and A,
respectively. This Lie algebra basis satisfies the bracket relations

(2-1) [E1, E2] =2FE3, [Ey, E3]l=—E>, [E1, E3]=E—2E,.

The vectors E; have unique extensions to left-invariant vector fields on SL,(R)
that we also denote by E;. Declaring the left-invariant framing {E1, E», E3} of
SL>(R) to be orthonormal determines a left-invariant Riemannian metric on SL, (R).
Throughout the remainder of this paper, we let g; denote this left-invariant metric.
The pullback of its curvature tensor via a linear isometry from Euclidean space
E3 to T, SL,(R) defines an algebraic curvature tensor that we denote by 7 in the
remainder of the paper. In the next section, we give the construction of Theorem 1.2.
The metrics constructed will all have curvature tensors modeled on the algebraic
curvature tensor 7.

3. The construction

Note that the subgroup K of SLy(R) is diffeomorphic to S'. Throughout what
follows, we assume that a diffeomorphism between K and S' has been fixed,
identifying positive smooth functions on K with those on S!. A positive smooth
function F : K — R determines a positive smooth function F :SLr(R) — R as
follows. Given g € SL,(R), there is a unique expression g =kna withke K,ne N,
and a € A by the Iwasawa decomposition. Define F(g) = F(kna) = F (k).

Alternatively, the bracket relations (2-1) show that the left-invariant vector fields
E> and E3 span an involutive plane distribution; the foliation of SL,(R) by integral
surfaces of this distribution coincides with the foliation of SL,(R) by left-cosets of
the subgroup NA. As NA is a closed subgroup of SL,(R), the natural projection
map to the space of left-cosets

7 : SL(R) — SLy(R) /NA

is smooth. Note that the space of cosets SL(R) /NA is diffeomorphic to K. Then
F = F o is constant on the leaves of the foliation of SL;(R) by left-cosets of NA.
We summarize this in the following lemma.

Lemma 3.1. Smooth functions F : K — R lift to smooth functions F : SLy(R) — R
satisfying E»(F) = E3(F) =0.

Let F : K — R be a smooth and positive function and F : SLy(R) — R its
associated lift. Define a framing {e, e;, e3} of SLy(R) by

(3-D e1=FE;, ex=E), e3=E;.
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We call such a framing an F-framing. The bracket relations for an F-framing are
easy to deduce from (2-1) and the fact that E>(F)= E3(F)=0. They are given by

(3-2) le1,e2] =2Fe3, [e2, e31=—e2, [e1,e31=e;—2Fe.

Definition 3.2. Given a smooth positive function F : K — R, the F-metric on
SL;(R) is the Riemannian metric denoted by gr which is defined by declaring the
associated F-framing to be gr orthonormal.

Note that for the function F' which is identically one on K, the associated F-
metric is the left-invariant metric g; described in Section 2. We remark that the
space of F-metrics is path connected. Indeed, given two positive functions Fy and
Fi on K, the metrics g(1—)Fy+:F, With t € [0, 1] define the path joining gf, to gf,.
As we shall show, all F-metrics have curvature tensors modeled on the algebraic
curvature tensor 7.

In order to calculate the curvatures of an F-metric, we first calculate the Christof-
fel symbols. As an F-framing is by definition orthonormal for the metric gr,
Koszul’s formula reads

(3-3) gr(Veej, er) = 3{grei, ej1, ex) — gr(lej, exl, e) + gr([ex, eil e))}.
Combining (3-2) and (3-3) yields

Ve e3 =e1 — 2Fes, Ve,03 = —e2,
Ve,e1 =0, Ve,ea =0,

(3-4) Ve,e1 =0, Ve,00 = €3,
Vel€2=2F€3, Ve e1 = —es,
Ve,e3 =0.

We let R;j; denote the component of the curvature tensor
R(eiy ej9 €k, el) = gF(Ve,-Vejek - Vejve,-ek - V[ei,ej]ek, el)

Tedious but straightforward calculations using (3-2), (3-4), and the fact that
e2(F) = e3(F) = 0 show that

(3-5) Ri;p1=1, Riz31=—1=Rp33, Rijkl =0 if three indices are distinct.
The symmetries of the curvature tensor determine its remaining components.

Corollary 3.3. An F-metric g is curvature homogeneous and has curvature tensor
modeled on the algebraic curvature tensor T. An F-framing diagonalizes the Ricci
tensor. If o is a two-plane and v = ZL | Ci€; Is a unit vector orthogonal to o, then

sec(o) = c% — c% - c%.
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Consequently, gr has constant vector curvature —1, e3 lies in the intersection of
all curvature —1 planes, and the range of sectional curvatures for an F-metric is

[—1,1]

Proof. To prove the first claim, note that by (3-5), the curvatures of an F-metric
with respect to an F-framing do not depend on the function F : K — R. Therefore,
they all have curvature tensors modeled on the curvature tensor of the F-metric
corresponding to F' = 1 which is the left-invariant metric g; constructed at the end
of the previous section.

The fact that an F'-framing diagonalizes the Ricci tensor is immediate from (3-5).
This fact and [Schmidt and Wolfson 2013, Lemma 2.2] yield the curvature formula.
The curvature formula implies the last statement. ([

Lemma 3.4. An F-metric gg is complete.

Proof. Let F : K — R be a positive smooth function and gr the associated F'-
metric. As K is compact, there exists M > 1 such that 1/M < F < M. Consider
the Riemannian metrics M ~?g; and M?g; obtained by scaling the left-invariant
metric g;. The induced norms satisfy

-1
M vllgy = lvllm—2g, < llVllgr < llvlla2g, = Mllvllg,

for each tangent vector v € T SL,(R). Consequently, the induced path metrics
satisfy

M_ldgl(p’ q) = dgp(p’ C]) =< Mdgl(p’ Q)

for any pair of points p, g € SL2(R). As d,, Cauchy sequences converge, the same
is true of dg, Cauchy sequences. U

The following lemma may be of interest to some readers. It is not used in the
proof of our main results and may be skipped.

Lemma 3.5. For any F-metric gF, the foliation of SLy(R) by left-cosets of NA is
a foliation by totally geodesic hyperbolic planes.

Proof. Let F : K — R be a smooth positive function, g the associated F'-metric, and
{e1, ez, e3} the associated F-framing. The leaves of the foliation of SL,(R) by left
cosets of NA are precisely the integral surfaces of the involutive plane distribution
ex N e3. These leaves are totally geodesic since by (3-4), V,,e; = V.,e;1 = 0. By
(3-5), Ra33p = —1, so that the leaves are hyperbolic. As NA is diffeomorphic to
R2, the leaves are hyperbolic planes. ([

To complete the proof of Theorem 1.2 from the introduction, it remains to
establish the following proposition.

Proposition 3.6. For a positive smooth function F : K — R, the following are
equivalent:
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(1) F is constant.
(2) The metric g is left-invariant.
3) (SLz(R), gr) Riemannian covers a finite volume manifold.

Proof. Let F : K — R be a positive smooth function and g the associated F-metric
on SL» (R).

(1) = (2): Because F is constant, so is its lift . The associated F -framing
{e1 = FE|, e; = E», e3 = E3} is easily seen to be left-invariant since the framing
{E\, E,, E3} is left-invariant. Therefore g is a left-invariant metric.

(2) = (3): This is an easy consequence of the fact that SL,(R) admits lattice
subgroups.

(3) = (1): Let M denote the finite volume manifold Riemannian covered by
(SL2(R), gr). We first claim that the metric gf is locally homogeneous. Indeed,
by Corollary 3.3, M has constant vector curvature —1 and sectional curvatures with
range [—1, 1]. By Theorem 1.7, the universal covering (SL,(R), gr) is left-invariant
(and homogeneous), whence gr is locally homogeneous.

Let F denote the lift of F to SL,(R) and let {e1, es, e3} be the associated F-
framing. Let p, g € SLy(R) be two points. As g is locally homogeneous, there is
an r > 0 and an isometry I between the balls of radius r centered at p and g with
I(p)=gq:

I:B(p,r)— B(q,r).

The derivative map dI : TB(p, r) — TB(q, r) preserves the line field spanned by
e3 and the perpendicular plane field e; Aej by the curvature formula in Corollary 3.3.
Therefore, there exists a smooth map 6 : B(q, r) — R such that dI (e3) = £e3 and
such that the restriction of dI to the plane field e; A e; has matrix representation

given by either
cosf —sinf or cos 6 sin 6
sin 6 cos 6 sinf —cos6
with respect to the {e;, e»} framing.
By (3-2)7
dl,([e1, e2]p) = dI,(2F (p)e3) = £2F (p)e3 € T, SLy(R),

where the sign is + if dI preserves the orientation of e3 and is — if the orientation
is reversed. A simple calculation yields

gr(ldlp(er), dIp(ed)]y. e3), = *ler, e2ly = +2F(q),

where the sign is + if dI preserves the orientation of the plane field e; A e; and is
— if the orientation is reversed.
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Since dI,([e1, e2],) = [dI,(e1), dI,(e2)],, we have F(p) = £F(q). As F is
everywhere positive, it must be the case that F (p) = F(q). Therefore F is constant,
concluding the proof. ([

We conclude the paper with a proof of Theorem 1.4, restated for the reader’s
convenience, followed by a conjecture.

Theorem 3.7. Let F and G be two positive smooth functions on the circle. Then
there exists a diffeomorphism @ : SLy(R) — SLy(R) such that ®*(gg) = gF if and
only if there exists a diffeomorphism ¢ : S' — S' such that F = ¢*(G).

Proof. Recall that a diffeomorphism between S' and K has been fixed, identifying
positive smooth functions on these two spaces.

First, assume that there is a diffeomorphism ¢ : K — K such that ¢*(G) = F.
Define a diffeomorphism @ : SL,(R) — SL,(R) as follows. By the Iwasawa
decomposition, each g € SL,(R) has a unique expression g = kna; define ®(g) =
@ (kna) = ¢ (k)na. It is routine to check that ®*(gg) = gr.

Assume that @ : SLy(R) — SL,(R) is a diffeomorphism satisfying ®*(gg) = gr.
Let F and G denote the lifts of F and G to SL,(R) and let {e1, e>, e3} and {é, &,, &3}
denote the associated F-framing and G-framing of 7' SL,(R), respectively. Since
ey = é3, e3 = €3, and e and e are positively parallel, these framings induce the
same orientation of SL,(R).

As @ : (SLo(R), gr) — (SL2(R), g¢) is an isometry, it preserves the sectional
curvatures of planes. By Corollary 3.3, it follows that the derivative map

do: TSL(R) — T SLy(R)

satisfies d P (e3) = *e3 and maps the plane field e; A e, isometrically to the plane
field e; A e;. Therefore, there exists a smooth map

0 : (SL2(R), g6) — R
such that the matrix representation of
dq)|e]/\e2 cepNey — 51 /\52
with respect to the ordered framings {ei, e»} and {e1, €} is given by
(cos 6 —sin6 ) or <cos 6 sin 9)
sinf  cosf sinf@ —cos6
depending on whether d ®|,, 1., preserves or reverses orientation.

By (3_2)9
dd([e;, e2]) = d®(2Fe3) = +2Fé;.
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A simple calculation shows that
[d®(e1), dD(ex)] = £(—¢1(0)é1 — e2(0)é2 +2Gé3),

where the sign £ is 4 if and only if d®|,, ., 1S orientation-preserving.
Since d®([ey, e2]) = [dDP(e), dDP(ez)], comparing e3 components, we have
F = £®*(G). As both F and G are positive, we have

(3-6) F = *(G).

Consequently, d®(e3) = e3 if and only if d®P|,, ., is orientation-preserving. In
particular, ® is orientation-preserving.
Comparing ¢; and e, components yields

(3-7) e1(0) =e2(0)=0.
By (3-2) and (3-7),
2Ge3(0) = [1, 821(0) = (€182 — &2¢1)(0) = 0.

As G is nonzero, it follows that é3(6) = 0, whence 6 : (SL»(R), gg) — R is
globally constant. In what follows, we will consider the two cases d®(e3) = e3 and
d®(e3) = —es separately.

Case I: d®(e3) = e3. As @ is orientation-preserving, we have that d®|,, e, is
orientation-preserving. Using (3-2) twice, we obtain successively

gc(d®([er, e3]),e1) =sinf and gg([dP(e2), dP(e3)], €1) = —sinb.

As d®([ey, e3]) = [dDP(er), dP(e3)], it follows that sin® = 0 and that 6 is an
integral multiple of .

As 6 is an integral multiple of 7, the derivative map d® preserves the plane
distribution e, A e3. Consequently, the diffeomorphism & preserves the foliation of
SL,(R) by left-cosets of NA and descends to a diffeomorphism ¢ of K. By (3-6),
F = ¢*(G), concluding the proof in this case.

Case II: dP(e3) = —e3. As & is orientation-preserving, we have that d®|,, »., is
orientation-reversing. Using (3-2) twice, we obtain successively

g6 (d®([e2, e3]), &) =cos@ and gG([dP(er), dD(e3)], &) =2G sinf—cosb.

As d®([ea, e3]) = [dD(e2), dDP(e3)], it follows that cos® = Gsinf. As 0 is
constant, so is G. By (3-6), F = G are equal constants. Hence, F = G are equal
constants, concluding the proof. ([

Conjecture 3.8. The metrics gr constructed in this paper describe all of the com-
plete Riemannian metrics on SLy(R) (up to isometry) that are modeled on the
curvature tensor T.
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