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In 2000, Colliot-Thélene and Poonen showed how to construct algebraic
families of genus-one curves violating the Hasse principle. Poonen explicitly
constructed such a family of cubic curves using the general method devel-
oped by Colliot-Thélene and himself. The main result in this paper gen-
eralizes the result of Colliot-Thélene and Poonen to arbitrarily high genus
hyperelliptic curves. More precisely, for » > 5 and n # 0 (mod 4), we show
that there is an explicit algebraic family of hyperelliptic curves of genus n
that are counterexamples to the Hasse principle explained by the Brauer—
Manin obstruction.
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1. Introduction

The aim of this article is to prove the following result.

Theorem 1.1 (see Theorem 6.8). Let n > 5 be an integer such that n % 0 (mod 4).
Then there is an algebraic family C; of hyperelliptic curves of genus n such that C, is
a counterexample to the Hasse principle explained by the Brauer—Manin obstruction
for all t € Q. Furthermore, C; contains no zero-cycles of odd degree over Q for all
teQ
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We will shortly relate this theorem to existing results in literature, and sketch
the ideas of the proof of Theorem 1.1. Let us begin by briefly recalling some
terminology which appears in many places in this paper. For a basic introduction
to the Brauer—Manin obstruction, see [Skorobogatov 2001; Poonen 2008].

Recall from [Poonen 2001] that an algebraic family of curves is a family of
curves depending on a parameter 7" such that substituting any rational number for T’
results in a smooth curve over Q.

A smooth geometrically irreducible curve C over Q is said to satisfy the Hasse
principle if the everywhere local solvability of C is equivalent to the global solvability
of C. In more concrete terms, this means that

C(Q) # @ if and only if C(Q,) # @ for every prime p including p = co.

If C has points locally everywhere but has no rational points, we say that C is a
counterexample to the Hasse principle. Furthermore, if we also have C(Ag)?" = @
(see [Poonen 2008], or [Skorobogatov 2001] for the definition of C (Ag)BN), we
say that C is a counterexample to the Hasse principle explained by the Brauer—
Manin obstruction. The Hasse principle fails in general. The first counterexamples
of genus-one curves to the Hasse principle were discovered by Lind [1940] and
independently shortly thereafter by Reichardt [1942].

Let us relate Theorem 1.1 to existing results in literature. For n = 1, Colliot-
Thélene and Poonen [2000] showed how to produce one-parameter families of curves
of genus one violating the Hasse principle. Poonen [2001] explicitly constructed an
algebraic family of genus-one cubic curves violating the Hasse principle using the
general method developed in [Colliot-Thélene and Poonen 2000]. It is not known
whether there exists an algebraic family of curves of genus n violating the Hasse
principle for all n > 2.

Here, as throughout the article, we say that a smooth geometrically irreducible
variety V over () satisfies CHP if it is a counterexample to the Hasse principle
explained by the Brauer—Manin obstruction. A smooth geometrically irreducible
variety V over Q is said to satisfy NZC if it contains no zero-cycles of odd degree
over Q.

Coray and Manoil [1996] showed that for each positive integer n > 2, the smooth
projective model of the affine curve defined by

(D) 2% =605 - 10°x*"+2 4 (18x% — 4400) (45x — 8800)

satisfies CHP and NZC. The Coray—Manoil family of curves is the first family
of hyperelliptic curves of varying genus that satisfies CHP and NZC. Although
the authors restricted themselves to constructing only one hyperelliptic curve of
genus n satisfying CHP and NZC for each integer n > 2, it seems plausible that
their approach can be modified to produce algebraic families of hyperelliptic curves
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of arbitrary genus satisfying CHP and NZC. Since we will follow the approach of
Coray and Manoil with some modifications to prove Theorem 1.1, we briefly recall
their main ideas for constructing the family (1).

Colliot-Thélene, Coray and Sansuc [Colliot-Thélene et al. 1980] proved that the
threefold y(s,l,l) in P?;D’ defined by

Y -{”?—51)12:2)6%
G.1.1) * u3 — 503 = 2(x +20y) (x +25y),

satisfies CHP and NZC. Building on this result, Coray and Manoil [1996] introduced
a geometric construction of hyperelliptic curves that allows to smoothly embed the
family of curves defined by (1) into the threefold )5 i 1. It follows immediately
from functoriality that the Coray—Manoil family of curves satisfies CHP and NZC.

In order to generalize the result of Coray and Manoil, we first construct a family
of threefolds in P?Q that satisfies CHP and NZC and has the threefold )5 1 1) as
a member. The construction of such threefolds is achieved by building on that
of the threefold )5 1,1). In order to show that the Brauer-Manin obstruction for
these threefolds is nonempty, we also need to show the existence of infinitely many
primes p and g satisfying certain quadratic equations. We do this by calling on the
result of [Iwaniec 1974] that a quadratic polynomial in two variables represents
infinitely many primes. Since the existence of certain threefolds in [P’(IS;D satisfying
CHP and NZC is of interest in its own right, we state this result here.

Theorem 1.2. Let p be a prime such that p =5 (mod 8) and 3 is quadratic non-
residue in I]:;. Then there exist infinitely many pairs (b, d) € 7* such that any
smooth and proper Q-model Z of the smooth Q-variety X in A, defined by

O#u%—pv%:Zx,
0 # u3 — pv3 =2(x +4pb?)(x + p*d?),
satisfies CHP and NZC.

The next step is to choose a family of hyperelliptic curves of arbitrary genus that
can be smoothly embedded into the family of threefolds in Theorem 1.2 using the
geometric construction of Coray and Manoil. For each n > 2, we define a family of
hyperelliptic curves of genus n of the shape

) 2% = pa? Q2 x*"? 4 2b° Px* + BQ)(d* p Px* +2BQ),

where «, 8, y are certain rational numbers, and P, Q depend on «, 8, y, p, b, d.
In order to apply the geometric construction of hyperelliptic curves of Coray and
Manoil, the polynomials on the right-hand side of (2) are required to be separable.

In order to smoothly embed these hyperelliptic curves into the threefolds in
Theorem 1.2, we impose certain conditions on «, 8, y such that these rational
numbers satisfy certain local congruences and certain conics in [P’qz1 constructed
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from sextuples (p, b, d, «, B, y) possess at least one nontrivial rational point. Lem-
mas 5.1 and 5.4 show that there are infinitely many sextuples (p, b,d, «, B, v)
satisfying these conditions. For any such sextuple, it follows from functoriality
and Theorem 1.2 that the family of hyperelliptic curves of genus n defined by (2)
satisfies CHP and NZC for each n > 2.

In the last step, the main difficulty is to show the existence of rational functions in
Q(T) that parametrize rational numbers «, 8, y such that for each integer n > 2, sub-
stituting any rational number for T in the polynomials on the right-hand side of (2)
results in a separable polynomial of degree 2n+2 over Q. We do this by calling on a
separability criterion from [Dong Quan 2014], which will be reviewed in Section 6.

After this article was finished, the author learned that Bhargava, Gross, and
Wang [Bhargava et al. 2013] showed that for any integer n > 1, there is a positive
proportion of everywhere locally solvable hyperelliptic curves over Q of genus n
that have no points over any number field of odd degree over Q. Despite this
remarkable result, it cannot determine whether an explicit hyperelliptic curve over
Q satisfies CHP and NZC. The main theorem of this article describes an explicit
algebraic family of such curves of genus n with gcd(n,4) =1 and n > 5.

2. The Hasse principle for certain threefolds in Pa

In this section, we will construct families of threefolds satisfying CHP and NZC.
We begin by stating some lemmas that we will need in the proof of the main results
throughout the paper.

Lemma 2.1 (see [Coray and Manoil 1996, Lemma 4.8]). Let k be a number field,
and let V| and V, be (proper) k-varieties. Assume that there is a k-morphism
oV — Vo and Vo(A)B = @. Then Vi (AP = @.

Lemma 2.2 (see, for example, [Corn 2007, Proposition 6.4]). Let X be a smooth F -
variety. Let L/ F be a cyclic extension, and let F (X)) be the function field of X. Let
f be an element of F (X)), and let X = X X g L. Then the class of the cyclic algebra
(L/F, f) e Br(F(X)) lies in the image of the inclusion Br(X) «— Br(F (X)) if and
only if div(f) = Normy (D) for some D € Div(Xp).

Lemma 2.3 (Lang—Nishimura, [Colliot-Thélene et al. 1980, p. 164, Lemme 3.1.1]).
Let F be a field, and let X be an integral F-variety. Let ) be a proper F-variety,
and let f : X —> Y be an F-rational map. If X (F) contains a regular F-point,
then Y(F) is nonempty. In particular, the condition X (F) # & is an F-birational
invariant in the category of smooth, proper and integral F-varieties X.

We now describe a construction of certain Azumaya algebras on certain threefolds.
Lemma 2.4. Let p be a prime such that p =5 (mod 8). Assume that:

(A1) 3 is a quadratic nonresidue in [F;.
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(B) There exists a pair (b, ¢) € 7% such that ged(b,c) =1, b #0 (mod p), and
q :=|pc —4b?| is either 1 or an odd power of an odd prime. Here | - | denotes
the absolute value in Q. Furthermore, if b =0 (mod 3), then ¢ =2 (mod 3).

Let V be a smooth, proper Q-model of the smooth Q-variety U in A?;o defined by

0 # uj — pvi = 2x,
3) U: #Mé pvé ) 2 2
0 # u5 — pvy =2(x +4pb°)(x + p“o).

Let Q(V) be the function field of V, and let A be the class of the quaternion algebra
(p, x +4pb?). Then A is an Azumaya algebra of V, that is, A belongs to the
subgroup Br(V) of Br(Q(V)).

Proof. Let K = Q(,/p). Let I be the divisor defined over Q(,/p) and lying on V
defined by

C: fi=x+4ph*> =0, uy—/pvy=0, u%—pv%:—Spbz.

Let o be a generator of Gal(K/Q). We see that div(f) = I' + o', and it thus
follows from Lemma 2.2 that A is in the image of Br(}) < Br(Q(V)). O

Lemma 2.5. Let p be a prime such that p =5 (mod 8). Assume that conditions
(A1) and (B) in Lemma 2.4 are true. Then there exists a nonzero integer a such that

4) ged((@® +2pb*)(2a* + p*e), 32b* + po)) = 1.

Proof. Assume that H, :=2b”> + pc = + [T, i, where [; are distinct primes and
a; € Z-g. Note that since ¢ = |pc — 4b?| is either 1 or an odd power of an odd
prime, c is odd. Thus H; is odd, and therefore /; # 2 for each 1 <i <m. We also
have that /; # p for each 1 <i < m; otherwise, [; = p for some integer 1 <i <m.
Since 2b% 4+ pc =0 (mod [;) and [; = p, it follows that 5 = 0 (mod p), which is a

contradiction. We consider the following cases:

Case 1. b =0 (mod 3).

By assumption (B), one knows that ¢ =2 (mod 3). Define a := ]_[;":1 l;. We
contend that a satisfies (4). Indeed, we have that /; # 3 for each 1 <i <m; otherwise,
[; =3 for some integer 1 <i <m. Since b =0 (mod 3) and p # 3, it follows that
¢ =0 (mod 3), which is a contradiction.

Let Hy :=a’+2pb? and Hs :=2a’+ p’c. We see that a® = [T, li2 =1 (mod 3).
Since p # 3, we deduce that H, =1 (mod 3) and H; =2+ c¢ =1 (mod 3), and
thus H, H; =1 (mod 3).

Suppose that /; divides H, for some integer 1 < j <m. Since a = [[/L,; =
0 (mod ), it follows that b = 0 (mod /;). Thus ¢ =0 (mod /;), which is a contra-
diction to (B).
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Suppose that /; divides Hz for some integer 1 < j <m. Since a = [[/L,; =
0 (mod!;) and /; # p, it follows that c =0 (mod ;). Hence b =0 (mod /;), which
is a contradiction to (B). Therefore, in any event, (4) holds.

Case 2. b # 0 (mod 3) and ¢ =0 (mod 3).
Leta :=[]'_, ;. By (Al), we know that p =2 (mod 3). Hence repeating in the
same manner as in Case 1, we deduce that (4) holds.

Case 3. b # 0 (mod 3) and c % 0 (mod 3).
Leta :=3[[/L, ;. The same arguments as in Case 1 show that (4) holds. I

Following the techniques in the proof of [Colliot-Thélene et al. 1980, Proposi-
tion 7.1], we now prove the main theorem in this section.

Theorem 2.6. We maintain the same notation as in Lemma 2.4. Let p be a prime
such that p =5 (mod 8). Assume further that (A1) and (B) are true. Let U and V
be the Q-varieties defined in Lemma 2.4. Let T be the singular Q-variety in I]J’(IS;D
defined by

2_ 2
5) T:{ul pvy =2xy,

u3 — pv3 =2(x +4pb*y)(x + p*cy).

Then U,V and T satisfy CHP and NZC.

Proof. The proof of Theorem 2.6 is divided into several steps.
Step 1. 4(Q) =T (Q).

It is clear that U/ (Q) € 7 (Q). Assume that there is a point

P:=((x:y:u:vi:ux:vp)eT(Q).

Suppose first that y = 0. Then u; = v; = 0. If furthermore x = 0, then u; = v, =0,
which is a contradiction. Hence x # 0, and thus 2 = (u2/x)? — p(v2/x)?. Hence 2
is the norm of an element in Q(,/p)*, and therefore 2 is the norm of an element in
Q,(/p)*. Thus the local Hilbert symbol (2, p), is 1. On the other hand, using
[Cohen 2007, p. 296, Theorem 5.2.7] and p =5 (mod 8), we deduce that

2
2, p)p (p) 1,
which is a contradiction.
Now we assume that y % 0, and with no loss of generality, assume further that
y = 1. We consider the following cases:

Case 1. x =0.

The second equation of (5) implies that u% — pv% = 8p3b%c. Thus 8p3bc is the
norm of an element in Q> (,/p)*, and hence the local Hilbert symbol (8 p3b2c, P
is 1. Since ¢ = | pc — 4b?| is either 1 or an odd power of an odd prime, ¢ is odd.
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Hence v,(8 p3b2c) = 3 4 2v,(b), which is an odd integer. Using [Cohen 2007,
loc. cit.], we deduce that

(8pb2c, p)r = (g) =1,

which is a contradiction.

Case 2. x = —4pb°.

It follows from (5) that u% — pvl2 = —8pb?. Using the same arguments as in
Case 1, we deduce that —8 ph? is not the norm of any element in Q2(/p)*, which
is a contradiction to the last identity.

Case 3. x = —p*c.

We see from (5) that u% — pvf = —2p’c. Using the same arguments as in Case 1,
we deduce that —2p?c is not the norm of any element in @,(,/p)*, which is a
contradiction to the last identity.

Therefore, in any event, we have shown that if the point P :=(x:y:u:vy:uz:v2)
belongs to 7(Q), then y =1, x # 0, x +4pb? # 0 and x + p’c # 0. In other words,
the point P satisfies

{0 #u? — pvi =2x,

0 # u% — pv% =2(x +4pb2)(x + pzc),
and thus P € U(Q). Therefore U (Q) = T (Q).

Step 2. U, V, and T are everywhere locally solvable.

We now prove that ¢/, V and 7 are everywhere locally solvable. By Lemma 2.3,
it suffices to prove that I/ is everywhere locally solvable. Recall that by Lemma 2.5,
there is a nonzero integer a such that

ged((@? +2pb*)(2a* + pe), 326 + pe)) = 1.

Hence it suffices to consider the following cases:

Case I. 1 is a prime such that | # p and gcd(l, (a* +2pb®)(2a® + pc)) = 1.
Let x = 2a®. Since 2x = 4a? is a square in Z, we see that the local Hilbert
symbol (2x, p); satisfies

(2x, p); = (4a%, p) = 1.

Thus 2x is the norm of an element in Q;(,/p)™.
We see that

v (2(x +4pb*) (x + p*e)) = v (4(a® +2pb?*)(2a* + p*e))
= 2u;(2) + v ((a® +2pb*) (2a* + p*c)) = 2u/(2).



148 NGUYEN NGOC DONG QUAN

Hence, using [Cohen 2007, loc. cit.], we deduce that the local Hilbert symbol
(2(x +4pb?)(x + p*c), p); equals 1. Thus 2(x 4+ 4pb?)(x + p?c) is the norm of
an element in Q;(,/p)™. Therefore ¢/ is locally solvable at /.

Case I1. | is a prime such that gcd(l, 3(2b* + pc)) = 1. Note that p is among these
primes.

Assume first that [ = p, and set x = 2pb>. We see that 2x = p(2b)?, and
2(x +4pb*)(x + p*c) = p*(12b*)(2b* + pc). Note that (2b)? % 0 (mod p) and
(12b%)(2b* + pc) = 6(2b%)? % 0 (mod p). Hence, using [Cohen 2007, loc. cit.],
we deduce that the local Hilbert symbol (2x, p), satisfies

2
Q2x, p)p = (—1)"’”/2(—(2? ) =1.

Hence 2x is the norm of an element in @, (,/p).

By (A1), we know that 6 is quadratic residue in [F;. Since (12b°)(2b* + pc) =
6(2b%)% (mod p), we see that (126%)(2b* + pc) is a quadratic residue in I]:;. Thus
using the same arguments as above, we deduce that

Q2(x +4pb*)(x + p*c), p)p = (p*(12b%)(2b* + pc), p), = 1.

Therefore 2(x + 4 pb?)(x + p>c) is the norm of an element in Q@ »(/P). Hence U
is locally solvable at p.
Suppose that [ # p, and set x = 2pb*. We see that

v (2x) = vy (4pb*) = vi(p) + 2v,(2b) = 2v;(2b),
v Q2(x +4pb*) (x + p*e)) = v (p*(126*) (2b* + pe))
= 20, (2b) + v (3(2b* + pc)) = 2v;(2b).

Using the same arguments as in Case I, we deduce that I/ is locally solvable at /.
It is not difficult to see that U/ (R) # &. It follows from Cases I and II that ¢/ is
everywhere locally solvable, and thus ¢/, V and T are everywhere locally solvable.

Step 3. V satisfies CHP.

We will prove that V(Ag)B" = @. Let @Q(V) be the function field of V, and
let A be the class of quaternion algebra (p, x + 4pb?) in Br(Q(V)). It follows
from Lemma 2.4 that A is an Azumaya algebra of V. We will prove that for any
Prev(@),

. 0 ifl#£2,
©) invy (A(P) = { g

Ioifr=2.

Since V is smooth, we know that U/ (Q;) is [-adically dense in V(Q;). It is well-
known (see, for example, [Viray 2012, Lemma 3.2]) that inv;(A(FP;)) is a continuous
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function on V(@) with the /-adic topology. Hence it suffices to prove (6) for
P eud(@Q)).

Suppose that [ = oo, or [ is an odd prime such that / #= p and p is a square
in Q. We see that p € @lz’x, and hence the local Hilbert symbol (p, ); is 1 for
any ¢t € Q;°. Thus inv;(A(P)) is 0.

Suppose that [ is an odd prime such that/ # p and p is not a square in Q. Let P, €
U(Qy), and let x = x(P;). It follows from (3) and [Cohen 2007, loc. cit.] that v;(x)
and v;((x+4pb?)(x + p*c)) are even, and hence the sum v; (x +4 pb?) +v; (x + p*c)
is even. Assume first that v;(x) < 0. We deduce that v;(x + 4pb2) = v;(x), and
hence it is even. Suppose now that v;(x) > 0. We then see that v;(x +4 pb?) >0
and v;(x + p?c) > 0. We contend that at least one of the last two numbers is zero.
Otherwise, since x € Z;, one sees that x+4pb*> =0 (mod ) and x+ p*>c=0 (mod [).
Hence [ divides p(pc—4b?), and thus by condition (B), we deduce that / divides pgq.

If ¢ is 1, then [ = p, which is a contradiction. If ¢ is an odd power of an odd
prime, say qlszrl for some odd prime g and m € Z>, then / = g;. By condition (B),
we know that ¢ = q12m+1 = 44b% # 0 (mod p). Hence

2b\?
l=q = :I:(—m> (mod p).
q

Since —1 is a square in [, it follows from the congruence above that [ is a
square in [ 7. By the quadratic reciprocity law, p is a square in Q/, which is a
contradiction. Since the sum v;(x + 4 pb?) + v;(x 4+ p*c) is even and at least one
of the two summands is even, we deduce that each of them is even. Hence, using
[Cohen 2007, loc. cit.], we deduce that the local Hilbert symbol (p, x +4 pbz)l is 1.
Therefore inv; (A(F;)) is O.

Suppose that [ = p. Let P, € U(Q,) and x = x(P,). Since the local Hilbert
symbol (p, 2), is —1, we deduce from (3) and [Cohen 2007, loc. cit.] that

@
p

) x=pta withneZ,an;and( )=—1,
(x +4pbH)(x + p’c) =p"B withmeZ, B e Z; and (%) =-—1.

Assume that n < 0. We see that p~™"x = « (mod p). Hence p~"(x + 4pb?) =
a (mod p) and p~"(x + p?c) = a (mod p). Thus the product of the two last
congruences contradicts the second equation of (7). Hence, with no loss of generality,
we may assume that n > 1. Assume first that n = 1. We deduce that p~!x =
a (mod p), and hence p~'(x + p?c) = p~'x + pc = a (mod p). Thus, by (7),
there exists an integer k € Z such that p* (x +4pb?) = Ba~! (mod p). We see that
(M) = 1. Hence, using [Cohen 2007, loc. cit.], we deduce that the local Hilbert

p
symbol (p, x + 4pb2)p satisfies

(p.x +4pbY), = (/’0;_1) _ 1
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Therefore inv, (A(P))) is 0.
Suppose now that n > 2. We see that

p~l(x +4pb*) = p"la +4b* = 4b* (mod p).

Hence, using the same arguments as above, we deduce that the local Hilbert symbol
(p,x —|—4pb2)p is 1, and thus inv, (A(P,)) equals 0.

Therefore, in any event, we see that inv, (A(P,)) =0.

Suppose that [ = 2. Let P, € U(Q,), and let x = x(P,). Since the local Hilbert
symbol (p, 2), satisfies

(p.22=(5)=—1.

we deduce from (3) and [Cohen 2007, loc. cit.] that
(p.X)2=(p, (x +4pb*) (x + p°c))y = —1.

Hence v, (x) and v, ((x +4 pb?)(x + p>c)) are odd. Thus vy (x +4pb?)+v2(x + p*c)
is odd. We contend that v,(x) > 0. Otherwise, we deduce that

v2(x +4pb?) + va(x + p*e) = 2v2(x),

which is a contradiction since the left-hand side is odd whereas the right-hand side
is even. Since vy (x) is odd and vy (x) > 0, we see that vo(x) > 1. Since ¢ is odd, it
follows that v, (p%c) = 0. Hence vy (x + p*c) = va(p*c) =0, and thus v (x +4pb?)
is odd. Since p =5 (mod 8), the local Hilbert symbol (p, x + 4 pb?), satisfies

(p.x+4pp = (5) =-1.

Therefore inv, (A(P,)) equals %
Thus, in any event, Y inv; A(P;) = § for any (P;); € V(Ag). Thus V(Ag)® = 2.
I

Step 4. U and T satisfy CHP.

For any point P; € U(Qy), let x = x(P;). By the definition of U, we see that
x +4pb? is nonzero. By what we have proved in Step 3, we know that the local
Hilbert symbol (p, x +4pb?); satisfies

1 ifl#£2,

,x +4pb?), =
(p.x+4pbo {—1 i1 =2.

Hence it follows that x 4+ 4pb? is the norm of an element of Q({/p) for every
I # 2 including [ = oo, and that x 4 4 pb? is not a local norm of any element of
Q@2(/p). Thus we deduce that

®) [ 1, x +4pb> =—1,
1
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where the product is taken over every prime [, including / = co. Therefore it
follows from the product formula [Cohen 2007, Theorem 5.3.1] that /(Q) is empty;
otherwise there exists a rational point P € U/(Q). Thus the element x + 4 pb? is
in @*, where x = x(P). Hence, by the product formula, we see that

[[(p.x+4pb*) =1,
I

which is a contradiction to (8). Hence U/ satisfies CHP, and it thus follows from
Step 1 that T satisfies CHP.

Step 5. U,V and T satisfy NZC.

Note that since 7 (Q) = @, it follows from the Amer—Brumer theorem [Amer
1976; Brumer 1978] that 7 does not contain any zero-cycle of odd degree over (D.
Thus U, V and T satisfy NZC, and hence our contention follows. O

The following result plays a key role in constructing algebraic families of curves
satisfying CHP and NZC.

Theorem 2.7. Let p be a prime such that p=5 (mod 8). Assume (A1), and assume
further that the following is true:

(A2) There exists a pair (b, d) of integers such that b, d are odd, b # 0 (mod 3),
b #£0 (mod p) and g = |pd* — 4b?| is either 1 or an odd prime.

Let Z be a smooth and proper Q-model of the smooth Q-variety X in Aqszp defined by

0 # u? — pv? =2x,
©) X:{ ? > P > 2 2 52
0 # u5 — pvy =2(x +4pb°)(x + p“d*).
LetY C Pa be the singular Q-variety defined by
2 2
uy — pvy =2xvy,
(10) y:{ > P > 2 2 12
uy — pvy =2(x +4pb°y)(x + p=d-y).

Then X, Y and Z satisfy CHP and NZC.

Remark 2.8. In Section 3, we will prove that there are infinitely many triples
(p, b, d) satistying (A1) and (A2).

Proof. Let ¢ = d*>. We contend that the pair (b, ¢) satisfies (B) in Lemma 2.4.
Indeed, we note that gcd(b, d) = 1; otherwise, there exists an odd prime / such that
b =1b; and d = ld, for some integers by, d; € Z. Hence q = lflpdl2 — 4b%|, which
is a contradiction to (A2). Thus ged(b, d) = 1, and it follows that gcd(b, ¢) = 1.
We know that ¢ = | pc —4b?| is either 1 or an odd prime, and that b % 0 (mod 3)
and b # 0 (mod p). Hence the pair (b, c) satisfies (B). Thus by Theorem 2.6, we
deduce that X, Y and Z satisfy CHP and NZC. O
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3. Infinitude of triples (p, b, d).

In this section, we will prove that there are infinitely many triples (p, b, d) satisfying
(A1) and (A2). We begin by recalling a theorem of Iwaniec’s.

Let P(x, y) be a quadratic polynomial in two variables x and y. We say that P
depends essentially on two variables if 0P /dx and dP /0y are linearly independent
as elements of the (Q-vector space (D[x, y].

Theorem 3.1 [Iwaniec 1974, p. 443]. Let P(x, y) =ax*+bxy+cy*+ex+ fy+g
be a quadratic polynomial defined over Q, and assume that the following are true:

(1) a,b,c,e, f,gareinZ and gcd(a, b, c, e, f,g) = 1.

(i1) P(x, y) is irreducible in Q[x, y], represents arbitrarily large odd numbers and
depends essentially on two variables.

(iii) D =af*—bef +ce> + (b> —4ac)g =0 or A = b*> — 4ac is a perfect square.
Then

N
o < > L

p=N, p=P(x,y)
p prime

We now prove the main lemma in this section.

Lemma 3.2. Let p be a prime such that p = 5 (mod 8), and assume that 3 is
a quadratic nonresidue in F. Then there are infinitely many triples (p, b, d)
satisfying (A1) and (A2).

Proof. The result follows immediately by applying Theorem 3.1 to
P(x,y) = p(2x +1)* = 4(6py +bo)* € Qlx, y1,
where bg is an odd integer such that gcd(bg, 3p) = 1. O

Example 3.3. Let (p, b, d) = (5,1, 1). We see that the triple (p, b, d) satisfies
(Al) and (A2). Let YVs,1,1) be the singular Q-threefold in Pas;p defined by

SUf =2xy,
2 _

Sv; =2(x +20y)(x +25y).
By Theorem 2.7, Ys.1,1y satisfies CHP and NZC. The threefold Vs 1,1y is the

well-known Colliot-Thélene—Coray—Sansuc threefold [Colliot-Thélene et al. 1980,
p. 186, Proposition 7.1].

2
u —

Vs { )
M2—

Example 3.4. Let (p, b,d) = (29, 1, 3). We see that

g =|pd*—4b* =129-3*—4.1% =257,
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which is an odd prime. Hence (29, 1, 3) satisfies (A1) and (A2). Let V29,1,3) be
the singular (D-threefold in [P’%D defined by

u% — 291)% =2xYy,

V(29,1,3) : {u% —29v3 =2(x + 116y)(x + 7569y).

By Theorem 2.7, Y(29.1,3) satisfies CHP and NZC.

4. Hyperelliptic curves violating the Hasse principle

In this section, we give a sufficient condition under which, for each integer n > 2
and n # 0 (mod 4), there exist hyperelliptic curves of genus n that lie on the
threefolds ) in Theorem 2.7, and satisfy CHP and NZC. The sufficient condition is
in terms of the existence of certain sextuples (p, b, d, a, B, y), and obtained using
the geometric construction of hyperelliptic curves due to [Coray and Manoil 1996,
Proposition 4.2].

Theorem 4.1. Let p be a prime such that p =5 (mod 8), and let (p, b, d) € 7> be
a triple of integers satisfying (A1) and (A2). Let n be an integer such that n > 2,
and let (, B, y) € Q3 be a triple of rational numbers such that afy # 0. Assume
further that the following are true:

(A3) We have

(11) P := pa®+2B%—2py? £0,
(12) Q :=4bdpy —4b°B —d’ pp #0,

and the conic Q; C P2, defined by
Qi :pU*—V>—(BPQ)T* =0,

has a point (u, v,t) € 73 with uvt # 0 and ged(u, v, t) = 1.
(S) The polynomial Py p 4.4.p,y (x) € Q[x], defined by

Ppbd.apy (%) = pa’ Q232 4+ Qb Px* + Q) (d* pPx* +2Q),
Let C be the smooth projective model of the affine curve defined by
(13) C: 72 = pa?Q%x ¥ 2+ 202 Px* + BO)(d*pPx* +2B0).

Then C(Q;) # @ for every prime | # 2, p, and C(Ag)®" = @. Furthermore, C
satisfies NZC.
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Proof. The proof follows closely that of [Coray and Manoil 1996, Proposition 4.2].
We begin by recalling the geometric construction of hyperelliptic curves due to
Coray and Manoil.

LetC, C A%( be the affine curve defined by 72 = P(x), where P(x) is a separable
polynomial of degree 2n 42 and K is a number field. Recall from [Silverman 1986,
Chapter II, Exercise 2.14] that the smooth projective model of C, can be described
as the closure of the image of C, under the mapping

n—+2
Co — P,

(x,2)—~ (1,x, .. .,x"+1,z).

Following [Coray and Manoil 1996, Proposition 4.2], we will index the coordinates
of I]3>’}gL2 in such a way that z; corresponds to x’ for 0 <i <n+1 and z,,» corresponds
to z.

Using the above arguments, we deduce from (13) that C can be smoothly embed-
ded into the intersection of quadrics defined by

(14 {z,%H = pa?Q%z; |+ (2b* P2y + BQz0)(d*p P22+ 2B Qz0).

7 =220

Recall that (u, v, 1) € 73 is the point on the conic Q; defined in (A3) that is
assumed to exist. Upon letting

1 t 2p 1
J=—Uuy, 22=-—7Y, n+l=—=V2, Zpy2=1Uy,

= —X,
BO u P aQ

we deduce from (14) that

<0

BP Q1
(15) pu?
u% — pv% =2(x +4pb2y)(x + pzdzy).

u% =2xy,

We see that (15) defines a singular del Pezzo surface D C Pa. We contend that
D(Ag)P" = @ and D does not contain any zero-cycle of odd degree over Q. Indeed,
upon letting

v
vy = —Uyp,
pu

we deduce from the first equation of (15) and (A3) that

v, BPOP?
M1=

2 2_ 2 2
Uy=—pvy =iy —p—>-5 5y =2xy.
pru pu
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Therefore D is a hyperplane section of the threefold ) in Theorem 2.7. Hence there
exists a sequence of Q-morphisms

C—D— ).

Hence it follows from Lemma 2.1 and Theorem 2.7 that D(Ag)®" = @. Thus
C(Ag)P" = @. Furthermore, since ) does not contain any zero-cycle of odd degree
over (O, neither do C and D.

We now prove that C is locally solvable at primes [ with [ # 2, p. We consider
the following cases:

Case 1. | = oo or | is an odd prime such that | # p and (%) =1.
We know that the curve C*, defined by

C*: 72 = pa? Q% x ¥ 2 4y 2207 Px* 4+ BQYH)(d* p Px* + 28 0y?),

is an open subscheme of C. We see that Poo = (x : y:z) = (1:0: /pa Q) belongs
to C*(Qy) € C(Qy), and hence C is locally solvable at /.

Case Il. | is an odd prime such that (%) =1.
It follows from (13) that the point P; = (x, z) = (0, V2B0) belongs to C(C).

Case 111. | is an odd prime such that | # p and (ZTP) =1.
Let F(x, z) be the defining polynomial of C, defined by

F(x,z) = pa?Q*x¥2 4 Qb2 Px>+ BO)(d*pPx> +2B0) — 2.

We see that
F(1,y/2p(y Q+bdP))

= (pa® Q% +2p(bd P)* +4b*BPQ + fpP Qd* + 2> 0%) —2p(y Q + bd P)*.
Hence, it follows from (11) and (12) that

pa’Q* +4b*BPQ + BpP Qd* +2B° Q% =2py* Q> +4p(y Q) (bd P).
Thus
212 2 2 2 212 2
paQ°+2p(bdP)”+4b"BPQ + BpPQd” +2B°Q° =2p(yQ +bdP)".

Hence, we deduce that F (1, v/2p(y Q +bd P)) = 0, and therefore the point P, =
(1, s/2p(y Q + bd P)) belongs to C(Q).

Thus, in any event, C is locally solvable at primes [ with [ £ 2, p, which proves
our contention. O

Remark 4.2. Theorem 4.1 constructs hyperelliptic curves of genus at least two
such that they satisfy NZC and all conditions in CHP except the local solvability at
2 and p. The rest of this section presents certain sufficient conditions for which
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those hyperelliptic curves arising from Theorem 4.1 are locally solvable at 2 and p,
and hence satisfy CHP and NZC.

Lemma 4.3. Let p be a prime such that p=5 (mod 8), and let (b, d) € 7> be a pair
of integers satisfying (A1) and (A2). Assume that there is a triple («, B, y) € Q3
satisfying (A3) in Theorem 4.1, and assume further that o, B, y € Z,,. Then there is
a rational number B € Q such that B = pB and p € Zp.

Proof. Let Q; be the conic defined in (A3). Assume that (u, v, t) € 7> belongs to
Q1(Q) such that uvt # 0 and ged(u, v, r) = 1. We see that

pu’ —v?>—BPQ* =0,

where P and Q are defined by (11) and (12), respectively. Taking the identity above
modulo p, it follows that

v? = 8b%B*? (mod p).

Since 2 is a quadratic nonresidue in I]:; and b # 0 (mod p), we deduce from the
congruence above that
v= Bt =0 (mod p).

Assume that 8 =% 0 (mod p). Then v =¢ = 0 (mod p), and hence v = pv; and
t = pt; for some integers vy, #1. Substituting v and ¢ into the defining equation of
the conic 9, we get

u? — pvi — ppP Q1 =0,

and hence it follows that p divides u. Thus p divides gcd(u, v, t), which is a
contradiction. Therefore there is a rational number 8 € Q such that 8 = pf and
BezZ,. O

Remark 4.4. By Lemma 4.3, one knows that if («, 8, y) € Q7 satisfies (A3) and
a, B,y € Z,, then there is a rational number B suchthat B=pBand B €Z p- Hence
one sees that P = pP; and Q = pQ1, where

P =a’+ 2p/§2 - 2)/2,
Q) :=4bdy —4b*B — d*pp.
We also see that P; and Q belong to Z,,.

In the proofs of Corollaries 4.6 and 4.8 below, we will use Hensel’s lemma to
deduce the local solvability at primes 2 and p. For the sake of self-containedness,
we recall the statement of Hensel’s lemma.

Theorem 4.5 [Borevich and Shafarevich 1966, Section 5.2, Theorem 3]. Let p
be a prime. Let F(x1,Xx2,...,Xxn) € Zp[x1,X2,...,X,] be a polynomial whose
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coefficients are p-adic integers. Let 5 be a nonnegative integer. Assume that there

are p-adic integers ay, ay, . . ., a, such that for some integer 1 < k < n, we have
F(al7 az, e eey an) = 0 (mod p28+1)’
a_F(al, @, ..., a,) =0 (mod p’),
axk
E(m, a, ..., ay) Z0 (mod p®1).
axk

Then there exist p-adic integers 01, 65, . .., 6, such that F(6,, 6>, ...,6,) =0.

The following result provides a sufficient condition under which certain hyperel-
liptic curves of odd genus satisfy CHP and NZC.

Corollary 4.6. We maintain the same notation and assumptions as in Theorem 4.1.
Assume (A1)—(A3) and (S). Assume further that the following are true:

(A4) a,B,yeZ), a,y,de Z} and B € Z,.
(A5) y Q1 +bdP; =0 (mod p?), where B, P; and Q, are defined as in Remark 4.4.
(A6) n £ —2()//05)2 (mod p), n > 3 and n is odd.

Let C be the smooth projective model of the affine curve defined by (13). Then C
satisfies CHP and NZC.

Proof. By Theorem 4.1, it suffices to prove that C is locally solvable at 2 and p.
Step 1. C is locally solvable at p.

We will use Theorem 4.5 with the exponent 6 = 3 to prove the local solvability
of C at p. We consider the system of equations

F(x,2) = pa? Q*x*" 2 + 2b* Px* + BQ)(d*pPx* +2BQ) — 2*
=0 (mod p7),
%(x, 2) = Q2n+2)pa’ Q> x* N 4 4b2 Px(d*pPx> +280)

(16) +2d*pPx(2b* Px* 4+ B Q)

=0 (mod p3),

oF 4
E(x, z) #0 (mod p”).

Repeating the same arguments as in Case III of the proof of Theorem 4.1, we
deduce that
F(1,0) =2p(y Q +bd P)*.

By Remark 4.4, one knows that P = pP; and Q = pQ;. Hence

(17) F(1,0) =2p*(y Q1 +bd P1)*.
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Thus it follows from (AS) and (17) that F(1,0) =0 (mod p’). On the other hand,
we see that

(18) %(1,0)=p3(<2n+2>a2Q%+4b2P1<d2P1+2BQ1>
+2d*P1 (20> P + pBQY)).

Since «, B, ¥ and Py, Q; are in Z,, one obtains that
%(1, 0) =0 (mod p?).

Assume that

1 /9F _
(19) F(a(l, 0)) =0 (mod p).

Since y € Z%, it follows from (AS5) that
bd
(20) 0= —7P1 (mod p).

Upon replacing Q1 by —(bd/y) P in (19), we deduce that

2P}lbd
yz

((n+ Da’bd + y(4bdy — 4b*B —d*pB)) =0 (mod p).

Thus it follows from the definition of Q; in Remark 4.4 that

2

2P{bd 5
2 ((n+Da“bd+y Q1) =0 (mod p).

Note that P; € Z*; otherwise, we deduce from the definition of P; in Remark 4.4 that
2 2_p _
a—=2y“= P =0 (mod p).

Since a, y € Z%, it follows from the congruence above that 2 = («/y)? (mod p),
which is a contradiction to the fact that p = 5 (mod 8). Thus P; € Z;. Since
2,b,d,y and Pj are in Z*, we obtain that

(n+ Da*bd +y Q1 =0 (mod p).
Since y Q1 = —bd Py (mod p) and b, d € Z*;, we deduce from this congruence that
(n+ Da? = P = (o> —2y?%) (mod p).

Since a, y € Z}, it follows that n = —2(y/a)? (mod p), which is a contradiction
to (A6). Thus the system (16) has a solution (x, z) = (1, 0). By Hensel’s lemma, C
is locally solvable at p.

Step 2. C is locally solvable at 2.
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We will use Theorem 4.5 with the exponent § = 1 to prove the local solvability
of C at 2. We consider the system of equations
F(x,2z) =0 (mod 2%),

20 g—i(X,Z)EO (mod 2),

IF 2
oy (x,2) #0 (mod 2°).
We see from (17) and the definitions of P; and Q; that
F(1,0) = 2p*(y (4bdy — 4b*B — d* pP) + bd (a® + 2% — 2y)".

Since B isin Z5 and p # 2, we see that B is also in Z. Since b, d, p, a, B,y € Z5,
we see that
—d?pBy +bda* =0 (mod 2).

Let v, denote the 2-adic valuation. We see that
va(y (4bdy — 4b*B —d*pP) +bd (@” +2pp* —2y?))
= vy ((4y (bdy —b*B) +2bd(pB* — v*)) + (=d’ pBy + bda?))
> min(v2(dy (bdy — b*B) +2bd(pB* — y*)), va(—d* pBy + bda?)) > 1.
Hence F(1,0) =0 (mod 2%). On the other hand, we know from (18) that
9F (1,0)=0 (mod 2).
ox
Since n is odd, (2n+2) =2(n+ 1) =0 (mod 22). Hence, it follows from (18) that
2—1;(1, 0) =2d2p*BP,0; (mod22).
By (A4) and the definitions of P; and O, we know that
d*p*BP Q1 #0 (mod2).

Hence we deduce that (dF /dx)(1,0) # 0 (mod 22). Thus the system (21) has a
solution (x, z) = (1, 0). By Hensel’s lemma, C is locally solvable at 2, and hence
our contention follows. O

Remark 4.7. Assume (A1)-(A3), (AS) and (S). Following closely the proof of
Corollary 4.6, we note that the following are true:

(1) fa,B,y € ZZX and n is odd, then C is locally solvable at 2.

Q) fa,y,deZ;,BeZ,,n=2andn # —2(y/a)* (mod p), then C is locally
solvable at p.

We now prove a sufficient condition under which certain hyperelliptic curves of
genus n =2 (mod 4) satisfy CHP and NZC.
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Corollary 4.8. We maintain the same notation as in Theorem 4.1 and Corollary 4.6.
Assume (A1)—(AS) and (S). Assume further that the following are true:

(B1) bd — By =0 (mod 4).
(B2) n £ —2(y /a)? (mod p), n > 2 and n =2 (mod 4).

Let C be the smooth projective model defined by (13). Then C satisfies CHP
and NZC.

Proof. By Theorem 4.1 and Remark 4.7, it suffices to prove that C is locally solvable
at 2. We will use Theorem 4.5 with the exponent § = 2 to prove the local solvability
of C at 2. We consider the system of equations

F(x,z) =0 (mod 2°),

OF
22) 5 (1,2) =0 (mod 2?),

oF 3
E(X’Z) # (0 (mod 2°),

where F(x, z) denotes the polynomial in the variables x, z defined in (16). Since
A Z; , we know thata =1 (mod 4) or =3 (mod 4). Hence «?>=1 (mod 4). Sim-
ilarly we know that 82, 2, b, d*>=1 (mod 4). Since p =5 (mod 8), it follows that

Py =1 (mod4),
Q1 =—f (mod4).
By (B1), we know that
yQ1+bdP, =bd — By =0 (mod4),

and hence we deduce from (17) that F(1,0) =0 (mod 2°).
Since n =2 (mod 4), there is a nonnegative integer / such that n =4/ +2. We
know that

4b* P (d* Py +2BQ1) +2d* Py (20> Py + pB Q1)
= 80*d* P} +8b*B P Q| +2pd*B P Q).

Hence, it follows from (18) that
%(1, 0) =262Q% + 2pd*BP Q1 =2 — 2B =0 (mod 22).
Similarly, one sees that

%(1, 0) = 5(8] +6)a’* Q% 4+ 10pd* P Q1 (mod 2%).
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Since «, B, y,b,d € Z;, we deduce that o2, Bz, yz, b2, d*=1 (mod 2%). Since
p =5 (mod 2%) and bdy — b*B =0 (mod 2), it follows from the definitions of P,
and Q; that

P =1 (mod2?),

Q1 =4(bdy —b*B) — 5B = —5B (mod 2°).
Thus we see that
%—f(l, 0) =30 — 25082 =4 0 (mod 2%).

Therefore the system (22) has a solution (x, z) = (1, 0). By Hensel’s lemma, C is
locally solvable at 2, which proves our contention. U

5. Infinitude of sextuples (p, b, d, a, B8, y)

By Corollaries 4.6 and 4.8, we know that in order to construct algebraic families of
hyperelliptic curves satisfying CHP and NZC, we need to find certain sextuples of
rational functions in Q(7") that parametrize sextuples (p, b, d, «, B, y) satisfying
(A1)—(AS), (S) and (B1). In this section, we show how to produce infinitely many
sextuples (p, b, d, «, B, y) satistying (A1)-(AS5) and (B1) from the known ones.

Lemma 5.1. Let (p, b, d) be a triple of integers satisfying (Al) and (A2). As-
sume that there is a triple (g, Bo, Vo) € Q3 satisfying (A3)—(AS) and (B1). Let
(uo, vo, o) € Z3 be a point on the conic Q(lao’ﬁo’y‘)) such that ugvoty # 0 and
gcd(ug, vo, o) = 1, where the conic Qiao’ﬁo’y") is defined by

QED‘Os/SOyVO) : pU2 _ V2 _ ,BOPOQOTZ — 0
with ) ) )
Po = pay +26) = 2pvq

Qo = 4bdpyo — 4b> fo — d” pfo.
Let A, B € Q be rational numbers, and assume that the following are true:
(C1) A, Be€Z,and B> — pA* € Z;.
(C2) AeZyand B € Z},.
(C3) u:=ug+AC #0and v:=vo+ BC # 0, where
Coo 2pugA —2v9B — 4p3aoBot? Qo
' B2~ pA2+4p°Botg Qo

(23)

Define
ai=a+2p’C, B:=Pho, V=

Then the triple (o, B, y) € @ satisfies (A3)—(A5) and (B1).
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Remark 5.2. In order to use Theorem 4.1 to show the existence of algebraic
families of hyperelliptic curves satisfying CHP and NZC, one of the crucial steps
is to describe a parametrization of triples (¢, B, ¥) such that the conics associated
to these triples in (A3) has a nontrivial rational point. Assuming the existence of
one triple (ag, Bo, yo) satisfying (A3)—(AS) and (B1), Lemma 5.1 shows how to
construct families of triples («, 8, y) satisfying the same conditions as the triple

(@0, Pos ¥0)-
Proof. We first prove that («, B, y) satisfies (A4). Since A € Z,, B € Z; and
the triple (o, Bo. yo) satisfies (A4), it follows that B> — pA* 4+ 4p>Botg Qo € 7.

Hence by (23) and (C2), we see that C € Z,,. Thus a = o + 2p°C € Z,. Hence it
follows that

o =009 #0 (mod p),

which proves that o € Z;. By assumption, one knows that the triple («g, Bo, 10)
satisfies (A4). Since B = By and y = yy, we deduce that 8,y € Z), B € Z,, and
y.d € Z;. Hence it remains to prove that o € Z5 . By assumptions and (C1), we
know that Q¢ € Z, and B* — pA2 € Z;. Hence it follows that
B — pA* +4p°Bo12 Qo = B> — pA? #0 (mod 2).
Thus B2 — pA2 —|—4p5,30t§Q0 € 75, and hence we deduce that C € Z,. Thus,
a=0ay+2p*C=ay#0 (mod?2).

Therefore « € Z;, and hence («, B, y) satisfies (A4).

Now we prove that («, B, y) satisfies (A3). By what we have proved above, we
know that «, B, y € Z5. This implies that «, B, y # 0. Let P and Q be the rational
numbers defined by (11) and (12), respectively. One knows that Q = Q¢ # 0. Since
a, B,y € Z, it follows that P € Z,. Hence we deduce that

P = pa® #£0 (mod 2),

which proves that P € Z. Note that P # 0 since P € 7.
Let Q) C % be the conic defined by

Q,:pU*—V?2—BPQT?=0.

We prove that the point P := (u, v, t) € @ belongs to Q;(Q), where u and v are
defined in (C3) and ¢ := (. Indeed, since 8 = Bp, ¥ = yo and Q = Qyp, we deduce
from (11) that

—BPQt* = —BotZ Qo(p(ao +2p*C)* +282 — 2p¥d)
= —(4P5,30t§ Q0)C? — (4P30!0ﬂ0t§ Q0)C — (BoPo Qo)fg-
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Hence

pu*—v>—BP Q1> = p(up+AC)*—(vo+BC)* — (4p° Boty Qo) C?
—(4p’apPoty Q0)C —(BoPoQo)ty
= (pA>—B*—4p’Bot Qo) C?
+(2puoA—2v9B —4pagfotg Qo) C+ (pug— vy — Bo Po Qotd).

Since (1o, vo, fg) belongs to QE“"’&”VO)(@), we see that

pu(z) — U% — ﬂ()P() Qotg =0.
Hence it follows from (23) that

pu2 —? = ,BPQt2
= (pA% — B? —4p° Bot3 Q0)C? + (2pug A — 209 B — 4p e otg Qo) C = 0.

Thus P € Q;(Q). Since Q; is a nonsingular conic in [P’é, 01(Q) # & and uvr #0,
it follows that («, B, y) satisfies (A3).

We now prove that («, 8, y) satisfies (A5). Indeed, we have shown that («, 8, y)
satisfies (A3), (A4). This implies that o, 8,y € Z,. By Lemma 4.3, we know
that there is a rational number B € @ such that 8 = pB and 8 € Z p- Similarly,
since (ag, Bo, ¥o) satisfies (A3) and (A4), there is a rational number 50 such that
Bo = pPo and By € Z,. Since B = By, we deduce that B = Bo.

Let P; and Q; be the rational numbers defined in Remark 4.4 and let Pl(o)
and ng) be the rational numbers defined by the same equations as Py, Q| with
(ag, Bo, vo) in the role of (&, B, y). By assumption, one knows that the triple
(a0, Bo, vo) satisfies (AS), that is,

100 +bd P =0 (mod p?).

We will prove that
yQ1+bdPy =0 (mod p?).

Indeed, one can check that
Py =a’+2pB* -2y =4p*C? +4p*ayC + P°

and Q| = Q(IO). Since «, B, y are in Z,, we deduce that P; € Z,. Recall that
C €Z,. Hence

P =4p*C? +4p*apC + P” = P (mod p?),
and thus we deduce that

yQ1+bdP =10\” +bd P” =0 (mod p?).
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Therefore («, B, y) satisfies (AS).
Finally, since («g, Bo, yo) satisfies (B1), we see that

bd — By =bd — Boyo =0 (mod 4).
Thus («, B, y) satisfies (B1), which proves our contention. ]

Lemma 5.3. Let (p, b, d) be a triple of integers satisfying (Al) and (A2). As-
sume that there is a triple (o, Po, Yo) € Q3 satisfying (A3)—(AS) and (B1). Let
(uo, vo, o) € Z3 be a point on the conic Q(lao’ﬁo’y‘)) such that ugvoty # 0 and
gcd(ug, v, to) = 1, where Py, Qo and the conic Q(lao’ﬁo’y(’) are defined as in
Lemma 5.1. Let I be the set defined by

I :={(A, B) € Q*: (A, B) satisfies (C1)~(C3) in Lemma 5.1}.
Then I is of infinite cardinality.

Proof. Let By be an integer such that gcd(Byp, 2p) = 1. For each x € Z, define
B =2px+ By. We see that B € Z5 and B € Z;f. The latter implies that B # 0. Let
A =0, and let C be the rational number defined by (23). Define

u:=uyo+ AC = uy,
v:=v9+ BC.

By assumption, we know that u = ug # 0. Assume that v = 0. Since B # 0, it
follows from (23) and the definition of v that
c__ Y _ ~2wB— 4p’aoBot; Qo
B B24+4p5poi2 Qo
Hence we deduce that B is a zero of the quadratic polynomial B(T') € Q[T], where
B(T) is defined by

(24) B(T) :=voT? + (4p>aoPoti Qo) T — 4p° Bovots Qo.

Hence, upon letting 77 and 75 be the zeros of B(T), we deduce that (0, B) sat-
isfies (C3) if and only if B # T; and B # T,. The latter holds if and only if
x # (T1 — Bp)/(2p) and x # (T» — By)/(2p). This implies that if Ty, T, & Z, then
(0, B) automatically satisfies (C3) for any integer x € Z. Furthermore we see that
B% — pA? = B* € Z}. Hence (0, B) satisfies (C1) and (C2). Thus J is a subset
of I, where J is defined by

J::{(O,B):er,x;éTl_Bo TZ_BO}.

and x #
2p

Since J is of infinite cardinality, so is I. Hence our contention follows. U

Using Lemmas 5.1 and 5.3, we prove the main result in this section.
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Lemma 5.4. There are infinitely many sextuples (p, b, d, a, B, y) satisfying (Al)—
(AS) and (B1).

Proof. Assume that there is a sextuple (p, b, d, o, Bo, Yo) satisfying (A1)—(AS)
and (B1). Let (ug, vo, fo) € Z> be a point on the conic Qi“o’ﬂo’m) such that uovotg # 0
and gcd(ug, vo, t) = 1, where Py, Q¢ and the conic Q(IO‘O”SO’VO) are defined as in
Lemma 5.1. Let J be the set defined in the proof of Lemma 5.3. We construct an
infinite sequence (0, B,)nez., of elements of J as follows.

Let (0, By) be an arbitrary element of J, and assume that the elements (0, B;)
of J with 1 <i <n are already constructed. Since J is infinite, we can choose an
element (0, B, 1) of J such that B, # B; for 1 <i <n and B, is not a zero
of any of the polynomials H;(T) for 1 <i <n, where for each 1 <i <n,

(25) H;:(T)=(voB;+2p>aoPot Qo) T+2p a0 foty Qo Bi—4p° Bovots Qo € QIT].

Indeed, we see that 2p3o¢0,30t§QoB,- — 4p5,30vot§Q0 # 0 for every 1 <i < n;
otherwise, there is an integer 1 <i < n such that

ooB; = 2p21)0.

Hence agB; ¢ Z;, which is a contradiction since «g and B; are in Z;. Hence
H;(T) is nonzero and of degree at most 1 for each 1 <i <n. Thus H;(T) has at
most one zero in Z for each 1 <i < n; hence, excluding these n zeros (if existing)
and the integers B; for 1 < i < n out of the infinite set J, one can choose an
element (0, B,41) as desired. Therefore we have inductively constructed an infinite
sequence {(0, B;)},>1 of elements of J. We contend that for any two distinct
members (0, B,,) and (0, B,,) of the sequence with m < n, the triples (&, Bo, Y0)
and («y, Bo, yo) are distinct, that is, o, # oy, Where

U 1= 0y + 2P Cmyy 1= g +2p*Ciry,
and C,, C(y) are defined as in (23) with (0, B,,) and (0, B,) in the role of (A, B),

respectively. Assume the contrary, that is, o, = o, It follows that
—2v9 By — 4p>aofotg Qo —2vB, —4papBoti Qo
B2 +4p3Bot? Qo B2 +4p5pot2 Q0
Hence we deduce that

2(By — Bu)((vo By + 2p o Poty Qo) By + 2p e oty QoBim — 4p° Bovoty Qo) = 0.

Since B, # B,,, we deduce that B, is a zero of H,,(T'), where H,,(T) is defined
by (25), which is a contradiction to the choice of B,. Thus we have shown that
there are infinitely many sextuples (p, b, d, «, B, v) satisfying (A1)—(AS5) and (B1)
provided that there exists one sextuple (p, b, d, oo, Bo, Yo) satisfying (A1)—(AS)
and (B1). On the other hand, in the proof of Theorem 6.8(i) below, we will show

=Cm=Cw) =
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that the sextuple (p, b, d, agp, Bo, y0) = (29, 1, 3,7, 261, 15) satisfies (A1)—(AS5)
and (B1), and hence our contention follows. U

6. Algebraic families of hyperelliptic curves violating the Hasse principle

Let n be an integer such that n > 5 and n £ 0 (mod 4). In this section, using the
results in the last section, we will show how to construct algebraic families of
hyperelliptic curves of genus n satisfying CHP and NZC. We begin by proving:

Lemma 6.1. Let S be a finite set of primes, and let G(t) € Q(t) be a nonzero
rational function. Let Z be the finite set of rational zeros and poles of G(t), that is,
Z consists of the rational numbers z € Q for which G(2) is either zero or infinity.
Forany z € Z, let a,, b; be integers such that b, # 0, gcd(a,, b;) =1and z =a,/b;.
Assume that the following is true:

(D) Let z be any element in Z such that a;, # 0. Then a; # 0 (mod[) for each
primel € S.

Then there is a rational function F (t) € Q(t) such that the following are true:
(1) F(t,) € ZIX for each prime | € S and each t, € Q; and
(2) G(F(t,)) is defined (that is, not infinity) and nonzero for each t, € Q.
Proof. We consider two cases:

Case 1. Z is nonempty.

By the Chinese remainder theorem, there exists an integer € such that € =
2 (mod 4) and € is a quadratic nonresidue in [, for each odd prime / € S with
[ #2. Let pg be an odd prime such that:

@) po £ S;
(i1) b, # 0 (mod pg) for every z € Z; and
(iii) for any element z in Z such that a, # 0, we have a, £ 0 (mod py).
For each z € Z, we define
(26) D; = pob;sign(a;) [ max(l, law]) €Z.
weZ\{z})

where sign( - ) denotes the usual sign function of R, that is, sign(x) =1 if x >0, and
sign(x) = —1if x < 0. We see that | D;| > po > 3 for each z € Z. This implies that
|D, — 1] > 1 for every z € Z. We will prove that the rational function F () € Q(z),
defined by

4 ! D, —1
27 F(t):= (po [ [ max, Iaz|)> (1 + [les. 12! 1]:cz( )>’

2 .2
z€Z t Po€
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satisfies (1) and (2) in Lemma 6.1. Indeed, take any rational number ¢,, and write
t, =t /th, where t|, 1) € Z, t; # 0 and gcd(#(, t) = 1. For each prime /, denote
by v; the /-adic valuation of ;. For each prime / € S with [ # 2, one knows that

1
U] (2—2) = vl(tzz) — vl(tl2 — tzzp(z)e).
t* - poé

Assume that tlz - tzz p%e =0 (mod ). Since pg # [ and € is a quadratic nonresidue
in I]:IX, it follows that t; = r, = 0 (mod /), which is a contradiction. Hence we
deduce that v; (tl2 — tzz p(z)e) = 0. Thus we see that

1
(i <2—2) = Ul(fzz) >0.
1y — Po€

€ Z;, and hence we deduce that

n 4 lies 2! [iez(D: = 1)
12— pge

Therefore 3
12— pge

1

el+17,.

By assumption (D) and the choice of po, one knows that po [ .., max(1, |a.|) € Z]".
Hence it follows that for each prime [ € S with [ # 2, F(t,) € Z;* for every t, € Q.
Thus we have shown that if 2 & S, then F(¢) satisfies (1) in Lemma 6.1. Hence it
remains to show that if 2 € S, then F(z,) € Z; for every t, € Q.

Let us first assume that #; is even. Hence f, is odd, and then one sees that
t12 — t22 pge =2 (mod 4). Thus v, (tl2 — t22 p%e) = 1. Hence it follows that

2
vz(z—z) =14 v2(53) — 020t} — 15 pge) =0,
t* - pOG
which implies that 2/(t2 — pie) € Z, for all t, € Q.
Now assume that #; is odd. Since € is even, one sees that tlz — t22 p(z)e is odd.
Hence it follows that

v2<%) =140 — v —Bpie)=1+u013) > 1.
Iy — po€
Thus we have shown that 2/ (tf - p(z)e) € Z, for all t, € Q. By the definition of
F (t) and assumption (D), we deduce that F (z,) € ZZX for all #, € Q. Hence the
rational function F(¢) satisfies Lemma 6.1(1).

Now we prove that F(¢) satisfies Lemma 6.1(2). Since z is a rational zero or
pole of G(t) for each z € Z, we see that if F(t,) # z for every z € Z and all ¢, € Q,
then G (F (t,)) is defined, namely, not infinity, and nonzero for all ¢, € Q.

Assume that there is a rational number t, € Q such that F(z,) = z for some
z=ua,/b, € Z. We consider two subcases:

Subcase 1. a; # 0.
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We see that max(1, |a;|) = |a;|. Hence it follows that

4 ! (D, —1)
Dz<1+ [liesizol [Tpez(Duw >:1

2
12— pge

Upon multiplying both sides by #2 — p(z)e and simplifying, we deduce that
t}=pie—4D. ] 1 ] Du—-D.

€8, 1£2 weZ\{z}

Hence it follows from (26) that

tf:p0<poé—4bzsign(az) [] max(Ljawh) [T 7 ] (Dw—1)>.

weZ\{z} [€S,1#£2 weZ\{z}

This implies that 7, € Z and 7, =0 (mod py). Hence v, (tf) = 2vp, (tx) = 2. Thus,

poe —4b sign(a;) [] max(l.law) [] ¢ J] @w—1) =0 (mod pp).

weZ\{z} 1eS,1#2 weZ\{z}
Hence
4bsign(a;) [] max(Llawh) [] ¢ ] (Dw—1)=0 (mod po).
weZ\({z} 1€S,1#£2 weZ\{z}

By (26), one knows that D,, =0 (mod pg) for every w € Z. Hence
[[ (Pw—1=1D"" (mod po).
weZ\{z}
Thus we deduce that
(—1)’"*14bz sign(a;) 1_[ max(1, |ayl) 1_[ [ =0 (mod py),
weZ\{z} leS, [#2
which is a contradiction to the choice of pg. Therefore F(t,) # z for all ¢, € Q.

Subcase 2. a, = 0.
We see that F(t,) =a,/b, =0. Hence we deduce from the definition of F (z,) that

2=ppe—4 [] [T]Dw-D.
€S, 1#2 weZ

This implies that ¢, € Z. Hence we deduce that
tf = p%e (mod /)

for each prime / € S with [ # 2. Since € is a quadratic nonresidue in F;, it follows
that #, = po =0 (mod /), which is a contradiction to the choice of pg. Thus, in any
event, F(t,) # z for all ¢, € Q. Therefore F(t,) satisfies Lemma 6.1(2).
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Case2. 7 =02.
In this case, let € be the same as in Case 1, and let py be an odd prime such that
po € S. Let F(t) € Q(t) be the rational function defined by

4 HleS,l;éZl

(28) F(t):=1+ :
12 — pge

Using the same arguments as in Case 1, one can show that F (¢) satisfies (1) and (2)
in Lemma 6.1. O

Lemma 6.2. Let D(t) € Q(t) be a nonzero rational function of the form

D(t) = at* +bt*> +¢
Cdtt e+ f’

where a, b, c,d, e, f are integers. Let g be an odd prime. Assume that there exists

an integer to such that

aty + bt +c¢=0 (mod q),
aty +btg +c #0 (mod ¢?),
dtg—l—etg—l-f # 0 (mod g).

Then there exists a rational function I (t) € Q(¢t) such that for all t,, € Q, D(I'(t,))
belongs to qZ, but does not belong to qZZq.

Proof. Let € be an integer such that € is a quadratic nonresidue in F7. Let go be an
odd prime such that gy # g. We will show that the rational function I' () € Q(z),
defined by

4>
(29) C) =10+ 5
12 —qge

satisfies the assertions in Lemma 6.2.

Since € is not a square in [, it follows that > — gZe is nonzero for each t, € Q,
and hence I'(¢,) is well defined, namely, not infinity for all 7, € Q.

We now prove that I'(z,) belongs to 7o+ q2Zq for all ¢, € Q. Indeed, take any
rational number ¢,, and write t, = t|/t>, where ?{, t, are integers such that f, # 0

and ged(z, 1) = 1. We see that

1 15
v (_) =, (#) =, (tzz) — vy (tl2 — qgetzz).

12 —qe 1} —qlet3
If , = 0 (mod g), then it follows that t; # 0 (mod ¢). Hence we deduce that

v, (17 — gietd) = min(v, (1), vy (gdet?)) = min(0, v, (13)) =0,
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and thus

1
Uq( 2_ 2 )=”q(t22)_vq(f12 goety) =2vy(t) = 2.
12 —qle

Therefore 1/ (tf — qée) belongs to Z,, and hence it follows from (29) that I"(¢,)
belongs to o + qZZ

If £, # 0 (mod g), then v, (t ) = 0. We contend that tl qgetz2 # 0 (mod gq).
Assume the contrary, that is, tl — q06t2 =0 (mod gq). Since 1, # 0 (mod ¢g) and

qo # q, we deduce that
1 2
=|——) (modg),
qot2

which contradicts the choice of €. This establishes that tlz — qgetzz # 0 (mod gq),
and thus

1
v — | = v, v, (1 €l =
q(l‘f—q%) q(z) q(l ‘IO 2)

0

Therefore 1/ (tf — qge) belongs to Z*, and hence it follows from (29) that I'(z,)
belongs to 7y + qZZq.
Since I'(z,) belongs to 7o+ qZZq, we see that
a(C &) 4+ b0 (1)) +c = atg +btg + ¢ =0 (mod g),
a(C ) 4+ b(L (1)) +c=aty + b3 +c £ 0 (mod ¢?),
d(T (t))* +e(T(1.))* + f = dig +etg + f#0 (mod g).

The last congruence shows that

1
c(C(t))* +d(T (1)) +e

belongs to Z ¢, and hence we deduce that for every z, € Q,

a(C(t:)* +b(T (1)) +¢
d(L(t))* +e(T ) + f

D(I'(t,)) =

belongs to g7, but does not belong to qZZq. Thus our contention follows. O
The next two examples will be used in proving the main theorem in this section.
Example 6.3. Let D (T) € Q(T) be the rational function defined by

45588894173298T* —16412008908859207 2 +14770814323798008
—5477180725633679T4+197178506122812676 T2 —1774606555105302716

(30) D(T):=
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and define

(31) Di(T):=7+1682D(T)
—38340254920051483T*+1380250355610428708 T2 —12422263806891130444
T 5477180725633679T4—197178506122812676 T2 +1774606555105302716

Let Tp =0, and let ¢ = 31. Since
12422263806891130444 =22 .73 . 31 - 4333299 - 10589 - 19309,
it follows that
v, (—12422263806891130444) = v3; (—12422263806891130444) = 1,

and we deduce that for T = Ty = 0 the numerator of the fraction in (31) is divisible
by ¢, but not by ¢>. Since

1774606555105302716 = 22 - 7% - 47 - 192640746320593,

we see that for T = Ty = 0 the denominator in (31) is not divisible by g.
Let € = 3, and let gg = 5. Following the proof of Lemma 6.2, we define the
rational function '} (T') € Q(T) by (29), that is,

q° 961
2gle T?-T5

(32) DT =T+ T
Applying Lemma 6.2 with D{(T') in the role of D(z), we deduce that for all T}, € Q,
D7 (T",(T,)) belongs to 31731, but does not belong to 31275, where

¥1,1(T)
212(T)

(33) DI (' (T)) =
with

e Q(T)

(34) X,.1(T) = —12422263806891130444T% + 37266791420673391332007°
4 855438785181123078355868T* — 1702409581254260270018802007'>
—25922975674046723162225380003

and

(35) £1.,(T) = 1774606555105302716T° — 5323819665315908148007°
— 122205519918242118687196T* +24320125111216714469579400T>
+3703283999134302153081910439.

Example 6.4. Let D,(T) € Q(T) be the rational function defined by

—64380401708754T*+23176936231188807 2—20859235062503544
4070970808924017 4 —14655494912126204T 2+131899454209147204 "

(36)  Dx(T):=
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and define

(37) Di(T):=133+1682D,(T)
—54143923915434895T44+1949179850773171028T 2 — 175426059653 14382876
o 407097080892401 T4 —14655494912126204T24+131899454209147204 ’

Let Ty =0, and let ¢ = 11. Since
17542605965314382876 =22 -7 - 11 - 56956512874397347,

it follows that for T = T, the numerator in (37) is divisible by 11, but not by 112
Since

131899454209147204 = 8 £ 0 (mod 11),

for T = Ty the denominator in (37) is not divisible by 11.
Let € =7, and let gg = 3. Following the proof of Lemma 6.2, we define the
rational function [',(T) € Q(T) by (29), that is,

> 121
T2 —gle T?—63

(38) Do(T) :=To+
Applying Lemma 6.2 with D3 (T') in the role of D(t), we deduce that for all 7 € Q,
D} (I'>(T)) belongs to 11Z;1, but does not belong to 1127, where

¥ 1(T)
30 2(T)

(39) D3 (I'»(T)) = € Q(T)

with

(40) =,(T) = —17542605965314382876 T + 4420736703259224484752T°
—389221676262826716788116T* + 13950123258644442355341240T°
— 174687125980796870729105719

and

(41) 2,,(T) = 131899454209147204T% — 33238662460705095408T°
+2926482501528191763292T* — 104888292579475114826088 T
+ 1313439132893945928914009.

The next result is a mild generalization of Theorem 2.1 of [Dong Quan 2014].
The only difference between these two theorems is that in the latter, a, b, ¢, d, e
are assumed to be integers, whereas here we only assume that a, b, ¢, d, e belong
to Z,. Upon examining closely the proof of [loc. cit.], we see that it is sufficient to
assume that a, b, ¢, d, e are in Z,, and hence Theorem 6.5 follows immediately
from the proof of that result.
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Theorem 6.5 (separability criterion [Dong Quan 2014]). Let n, m, k be positive
integers, and let a, b, ¢, d, e be rational numbers such that a # 0. Let p be an odd
prime such that a, b, ¢, d, e belong to Z,, and a =0 (mod p). Let F(x) € Q[x] be
the polynomial defined by
(42) F(x) :=ax®""2 4 (bx™ 4 ¢)(dx* +e).
Define

ny = (m+ k) (vp(@) —vy(bd)) +m+k— 1,

ny = m+k)(wy(a) —v,(b)) +m—1,

ny:=m-+k)(wy(a) —v,(d)) +k—1,

ng = (m+kjvy(a)—1,

ns:=vy(a) —v,(bd) +m+k—1.
Suppose that the following are true:
(S1) n>m+k—1andn > max(n;, ny, n3, n4, ns).
(S2) ce #0 (mod p), km %0 (mod p), and bke™ + (—1)"H*+1ckg™ £ 0 (mod p).

Then F is separable, that is, it has exactly 2n + 2 distinct roots in C. O

Using Theorem 6.5, we prove the following corollaries that are crucial in con-
structing algebraic families of curves violating the Hasse principle.

Corollary 6.6. We maintain the same notation as in Example 6.3. Let D(T),
Di(T), '(T) € Q(T) be the rational functions defined by (30), (31), (32), respec-
tively. Let n be a positive integer such that n > 5. For each rational number T, € Q,
let P11, (x) € Q[x] be the polynomial of degree 2n 4 2 given by
(43) Py, (x) := 118579927725(D} (T (T,)))* x>+

+ (2(29(DT(F1(T*)))2 + 123192)x? — 16689645)

X (261(29(D} (T'1(T,)))* + 123192)x? — 33379290),
where the composition rational function DY(I'1(T)) of D{(T) and I'(T) is given
by (33). Then for all T, € Q, the polynomial P) 1 (x) is separable, that is, it has
exactly 2n + 2 distinct roots in C.

Proof. Throughout the proof, we maintain the same notation as in Theorem 6.5.
Take any rational number T, € (3, and define

a:= 118579927725(DT(F1(T*)))z,
b:= 2(29(D’f(r‘1(T*)))2 +123192),
c:=—16689645,

d:= 261(29(DT(F1(T*)))2 + 123192),



174 NGUYEN NGOC DONG QUAN

e := —33379290.

Let p=31,and letm =k = 1. Since 118579927725 =27 #0 (mod 31), 123192 =
29 #£ 0 (mod 31), it follows from Example 6.3 that

vp(a) = v31 (118579927725(D7 (I (T:)))?) = 2v31 (D} (I (T3))) = 2,
v, (b) = v31(2(29(D’1"(F1(T>,<)))2 +123192)) = v31(123192) =0,
vp(d) = v31(261(29(D} (T (T)))? +123192)) = v3;(123192) = 0.
We see that
ny:=m+k)(wy,(a) —v,(bd))+m+k—1=2v,(a)+1=5,
ny:=m+k)(w,(a)—v,(b)) +m—1=2v,(a) =4,
n3y:=m+k)(vy(a)—v,(d)+k—1=2v,(a) =4,
ng:=m+kyvy(a)—1=2v,(a)—1=3,
ns:=v,(a) —v,(bd)+m+k—-1=2+1=3,
and hence
max(ni, ny, n3, n4, n5) = S.
By assumption, we know that
n >5=max(ny, nz, n3, na, ns),
and hence condition (S1) is satisfied.
It is obvious that km =1 £ 0 (mod 31) and
ce = (—16689645) - (—33379290) =25 £ 0 (mod 31).
Furthermore, since D} (I"1(7%)) belongs to 31731, we deduce that
bke™ 4 (=1L ckgm — pe — cd
= (2(29(D}(I'|(Ty)))* + 123192))(—33379290)
— (—16689645)(261(29(D} (' (T)))? +123192))
=2-123192-(—33379290) 4+ 16689645 - 261 - 123192
=120 (mod 31).

Therefore condition (S2) is satisfied, and hence the polynomial Py r, (x) is separable.
Since Ty is an arbitrary rational number, our contention follows. O

Corollary 6.7. We maintain the same notation as in Example 6.4. Let D(T),
D3(T), 'y (T) € Q(T) be the rational functions defined by (36), (37), (38), respec-
tively. Let n be a positive integer such that n > 5. For each rational number T, € Q,
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let P> 1, (x) € Q[x] be the polynomial of degree 2n + 2 given by
(44)  Por (x) :=84898109(D3 (' (T,)))*x*"+2
+ (2(29(D3‘(F2(T*)))2 — 40600)x2 4 49619)
X (261(29(D5 (T2(T,)))? — 40600)x% 4 99238),
where the composition rational function D3(I'y(T)) of D5(T) and I'(T) is given

by (39). Then for all T, € Q, the polynomial P> 1,(x) is separable, that is, it has
exactly 2n + 2 distinct roots in C.

Proof. Throughout the proof, we maintain the same notation as in Theorem 6.5.
Take any rational number 7, € Q, and define

= 84898109( D3 (I'y(T})))>,

S

b :=2(29(D3(I'2(Ty)))* — 40600),
c:=49619,

d :=261(29(D3(T2(T})))* — 40600),
e :=99238.

Let p=11, and let m =k = 1. Since 84898109 =10 # 0 (mod 11), 40600 = 10 %
0 (mod 11), it follows from Example 6.4 that

vp(@) = v11(84898109(D3 (M2(T)))?) = 2v11 (D3 (T2(T)) =2,
vy (b) = v11(229(D5 (T2(T,)))* — 40600)) = v11(40600) = 0,
vp(d) = v31(261(29(D3(T'2(T,)))* — 40600)) = vy (40600) = 0.

We see that
nyi=m+k)(wy(a)—v,(bd))+m+k—1=2v,(a)+1=3,
ny:=m+k)(w,(a)—v,(b)) +m—1=2v,(a) =4,
n3y:=m+k)(v,(a)—v,(d)+k—1=2v,(a) =4,
ng:=m+kvya) —1=2v,(a) —1=3,

ns:=vy,(a) —v,(bd)+m+k—-1=2+1=3,
and hence
max(np, ny, n3, n4, ns) = 5.

By assumption, we know that
n>5=max(ni, ny, n3, n4, ns),

and hence condition (S1) is satisfied.
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It is obvious that km =1 # 0 (mod 11) and
ce =49619-99238 =8 £ 0 (mod 11).
Since D3 (I'2(T%)) belongs to 1171, we deduce that
pre™ 4+ (= 1)Lk gm = pe — cd
= (2(29(D; (T2(Ty)))? — 40600))(99238)
—(49619)(261(29(D; (T2(T)))* — 40600))
= 2. (—40600) - 99238 — (49619) - 261 - (—40600)
=8=£0 (mod 11).

Therefore condition (S2) is satisfied, and hence the polynomial P; 7, (x) is separable.
Since T is an arbitrary rational number, our contention follows. |

For the rest of this section, let

Ay:={neZ:n>5n=*#0 (mod4) and n £ 21 (mod 29)},
Ar:={neZ:n>5n=%#0 (mod4) and n £ 8 (mod 29)}.

We see that
45) AlUA,={neZ:n>5andn #0 (mod4)}.
We now prove the main theorem in this section.

Theorem 6.8. For each n € A| and each rational number T, € Q, let Py 1,(x) €
Q[x] be the polynomial of degree 2n + 2 defined by (43). For each n € A, and each
rational number T, € Q, let Py 1,(x) € Q[x] be the polynomial of degree 2n + 2
defined by (44). Then:

(i) For each n € Ay and each rational number T, € Q, the hyperelliptic curve
C,(:Ti ?(155.51),3) of genus n satisfies CHP and NZC, where Cyé ?(12’;’51)’3) is the

smooth projective model of the affine curve defined by

(1.261,15) . 2 _
Cn,T*,(29,1,3) 127 =P, (x).

(ii) For each n € A; and each rational number T, € Q, the hyperelliptic curve
C,(ll;f’égézf )3) of genus n satisfies CHP and NZC, where Cfllgf’(zfg’zf )3) is the

smooth projective model of the affine curve defined by

(133.2027) . 2 _
Cn,T*,(29,1,3) 175 =Py 1,(x).

Remark 6.9. By (45) and Theorem 6.8, Theorem 1.1 follows immediately.
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Proof. Throughout the proof of Theorem 6.8, we will use the same notation as in
Theorem 4.1 and Lemma 5.1. We first prove that Theorem 6.8(i) holds.

Let (p, b,d, oo, Bo, v0) = (29, 1,3,7,261, 15). Let n be any integer such that
n € A;. We see that ,B_o = 9. One can check that the sextuple (p, b, d, «g, Bo, Y0)
satisfies (A1)—(AS) and (B1). Indeed, (A1), (A2), (A4), (AS5) and (B1) are obvious.
It remains to prove that (p, b, d, o, Bo, yo) satisfies (A3). By (11) and (12), we
know that

Py =124613, Qo= —63945.

The conic Q§7’261’15) in (A3) of Theorem 4.1 defined by
Q12019 292 — V2 4 2079746732385T% = 0

has a point (ug, vo, o) = (166257, 3020031, 2), and hence (p, b, d, o, o, Yo)
satisfies (A3).

Let S := {2, 29}, and let C(T) be the rational function in Q(7") defined by the
same equation (23) of C with (0, T) in the role of (A, B), that is,

—200T — 4p3aofot3 Qo —6040062T + 45588900213360
T2 +4p5ppt2Qo T2 —5477180725633680

C(T) =

Let G{(T) € Q(T) be the rational function defined by

(46) G(T)=vo+TC(T)
_ —302003172 +45588900213360T — 16541255584016208244080
B T? — 5477180725633680 '

Since the numerator and denominator of G(7') are irreducible polynomials over Q,
the set Z; of rational zeros and poles of G (T') is empty. Hence, applying Lemma 6.1
for the triple (S, G1(T), Z;), we know that F(T') satisfies (1) and (2) in Lemma 6.1,
where F(T) is the rational function defined by (28) with (pg, €) = (3, 2) and
(S, G(T), Zy) in the role of (S, G(T), Z), that is,

41 es, 122! 116 T?+98
F(T):=1 . =1 = .
S T2—ple  TP-18 T2-18
Let ') (T) € Q(T) be the rational function defined by (32). Recall that
961
r'T)=——.
1(T) 7775

It is known that I'{ (7}) is well-defined, namely, not infinity for all 7, € Q.

Take an arbitrary rational number T, € Q, and let (A, B) = (0, F1(I"1(T))). By
Lemma 6.1, we know that (0, F;(T,)) satisfies (C1) and (C2) in Lemma 5.1, and it
thus follows that (A, B) = (0, F;(I"'1(Ty))) also satisfies (C1) and (C2).
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Let D{(I"{(T)) be the rational function in Q(7") defined by the same equation (23)
of C with (0, F1(I'{(T))) in the role of (A, B), that is,

@7 D(I'(T)) := C(F (I'1(T)))
45588894173298(I"; (T))* — 1641200890885920(T"; (T))2 + 14770814323798008
 5477180725633679(T; (T))* + 197178506122812676(T" (T))% — 1774606555105302716

Note that (A, B) = (0, F1(I'1 (T}))) satisfies (C1) and (C2). Hence, using the same
arguments as in the proof of Lemma 5.1, one knows that D (I'{(Ty)) € Z9.
We see that

u:=uyg+AD (I'1(Ty)) = ug = 166257 #£ 0.
Furthermore, it follows from Lemma 6.1(2), (46) and (47) that
v:=vg+ BD(I'1(T})) = G (F1(I'1(T%)))

is well-defined, namely, not infinity and nonzero. Hence (A, B) = (0, Fi(I"'1(T%)))
satisfies (C3) in Lemma 5.1.
Set

o =09+ 2p*Dy(T'1(Ty)) =7+ 1682D,(T'1(T,)) = Di(T'1(T),
B = Bo =261,
y =y =15,

where D} (I'1(T)) € Q(T) is the rational function defined by (33). Recall from

there that
21,1(T)

T12(T)
where X1 1(T), X12(T) are defined by (34), (35), respectively.

By Lemma 5.1, we know that («, 8, y) satisfies (A1)-(A5) and (B1). By (11)
and (12), we know that

Di(I'(T)) =

P =29(7+1682D,(T'|(T})))* + 123192 = 29(D* (' (T.)))* + 123192,
0 = Qp = —63945.

It is not difficult to see that the curve C,(j’é 6(12;51) 3) defined in Theorem 6.8(1) is the

smooth projective model of the affine curve defined by (13).
By Corollary 6.6, we know that P 7, (x) is separable, and hence we deduce that
condition (S) in Theorem 4.1 is true. Since D (I"{(Ty)) € Z»9, we see that

—2(92 =21 (mod 29).
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Since n € A, we deduce that

n# —2(92 (mod 29).

Thus (A6) holds if n is odd, and (B2) holds if n =2 (mod 4). By Corollaries 4.6
and 4.8, we deduce that for each n € A1, the curve CSTZ ?(12’;’51)’3) satisfies CHP and
NZC. Since T is an arbitrary rational number, Theorem 6.8(1) follows.

We now prove Theorem 6.8(ii). We will use the same notation as in the proof of
part (i) as long as it does not cause any confusion. We will use the same arguments
as in the proof of part (i) to construct an algebraic family of hyperelliptic curves of
genus n satisfying CHP and NZC for each n € A».

Let (p, b, d, ap, Bo, Yo) = (29, 1, 3, 133,29, 27). Let n be any integer such that
n € A,. We see that 8y = 1. One can check that the sextuple (p, b, d, ag, Bo, Y0)
satisfies (A1)—-(AS5) and (B1). Indeed (A1), (A2), (A4), (AS) and (B1) are obvious.

It remains to prove that the sextuple satisfies (A3). By (11) and (12), we know that
Py =472381, Qp=1711.
The conic 95133’29’27) in (A3) of Theorem 4.1 defined by
Q{33221 292 — v2 — 2343907283972 = 0

has a point (ug, vo, tp) = (728799, 3613777, 10), and thus (p, b, d, ap, Bo, Yo)
satisfies (A3).

Let S := {2, 29}, and let C(T") € Q(T) be the rational function defined by the
same equation (23) of C with (0, T) in the role of (A, B), that is,

—200T —4p3aofot3 Qo —7227554T — 64380394481200
T24+4p5Bpi2Qo  T?+407097080892400

C(T) =

Let G»(T) € Q(T) be the rational function defined by

(48) G(T)=vo+TC(T)
—3613777T2 — 643803944812007 4 147115806769609459480
o 72 + 407097080892400 ’

Since the numerator and denominator of G,(T') are irreducible polynomials over Q,
the set Z, of rational zeros and poles of G2 (T') is empty. Hence, applying Lemma 6.1
for the triple (S, G2(T'), Z,), we know that F»(T) satisfies (1) and (2) in Lemma 6.1,
where F,(T) is the rational function defined by (28) with (pg, €) = (3, 2) and
(S, Go(T), Z,) in the role of (S, G(T), Z), that is,

41_1165,[7521_1 116 _T2+98

F(T):=1 = .
=1t e T2—18  T?—18
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Let I',(T) € Q(T) be the rational function defined by (38). Recall that

121
T2 -63°
It is known that ', (T) is well defined, namely, not infinity for each rational number
T, € Q.

Now take an arbitrary rational number T, € Q, and let (A, B) = (0, F2(['2(T%))).
By Lemma 6.1, we know that (0, F>(T})) satisfies (C1) and (C2) in Lemma 5.1,
and it thus follows that (A, B) = (0, F»(I'»(T))) also satisfies (C1) and (C2).

Let D,(I"2(T)) be the rational function in Q(7") defined by the same equation
(23) of C with (0, F»(I'2(T))) in the role of (A, B), that is,

Fz(T) =

(49) Dy(I'2(T)) := Co(Fa(T(T)))
—64380401708754(", (T))* +2317693623118880(I"5 (T))2 — 20859235062503544
407097080892401 (I (T))* — 14655494912126204(T'5 (T'))2 + 131899454209147204

Note that (A, B) = (0, F>(I'>2(T}))) satisfies (C1) and (C2). Hence, using the same
arguments as in the proof of Lemma 5.1, one knows that D, (" (Ty)) € Z59.
We see that

u:=ug+AD|(T((Ty)) = ug=728799 £ 0.
Furthermore, it follows from Lemma 6.1(2), (48) and (49) that
v:=vg+ BDy(I'2(T%)) = G2(F2(T2(T%)))

is defined, namely, not infinity and nonzero. Hence (A, B) = (0, F2(I'2(T%)))
satisfies Lemma 5.1(C3).

Set
o :=ag+2p° Da(To(Ty)) = 133+ 1682D,(T5(Ty)) = D3 (To(Ty)),
B = Bo =29,
y =y =27,

where D3 (I'2(T)) € Q(T) is the rational function defined by (39). Recall from

there that
20,1(T)

¥2(T)’

where X5 (1), X22(T) are defined by (40), (41), respectively.
By Lemma 5.1, we know that («, 8, y) satisfies (A1)-(AS5) and (B1). By (11)
and (12), we know that

P =29(133 + 1682D,(T'5(T,.)))* — 40600 = 29(D3 (T2 (T5)))* — 40600,
0 =Q=1711.

D3 (I'x(T)) =
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It is not difficult to see that the curve 621;3(2299217 )3) defined in Theorem 6.8(ii) is the
smooth projective model of the affine curve defined by (13).
By Corollary 6.7, we know that P 7, (x) is separable, and hence we deduce that

condition (S) in Theorem 4.1 is true. Since D> (I"2(Ty)) € Z»9, we see that
2
—2(1) =8 (mod 29).
o

Since n € A,, we deduce that

n# —2(5)2 (mod 29).

Thus (A6) holds if n is odd, and (B2) holds if » =2 (mod 4). By Corollaries 4.6
and 4.8, we deduce that for each n € A,, the curve 621;3(2299217 )3) satisfies CHP and
NZC. Since T, is an arbitrary rational number, Theorem 6.8(ii) follows. O
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