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MEAN VALUES OF L-FUNCTIONS OVER FUNCTION FIELDS

JEFFREY LIN THUNDER

For a fixed global function field, positive integer and complex number, we
prove estimates for mean values of L-functions evaluated at the given com-
plex number, where the averaging is done over quadratic extensions of the
given function field with genus equal to the given positive integer. To ac-
complish this we utilize our previous results on certain quadratic character
sums over function fields.

1. Introduction

In modern number theory L-series play a prominent role. They encode many
deep properties of number fields and primes and are objects of intense interest.
The analogous L-functions over global function fields play an equally prominent
role. Here we will prove estimates for mean values of such L-functions, where
the averaging is done over quadratic extensions of a fixed global function field.
Our estimates cover a much wider range of cases than the similar estimates of
Hoffstein and Rosen [1992] and those of Andrade and Keating (for values on
the critical line) [2012]. Our methods are akin to those used by Siegel [1944],
where he estimates the average number of quadratic forms with given discriminant
and signature.

For a prime p, let [, denote the finite field with p elements and let X be
transcendental over [, so that [,(X) is a field of rational functions. Fix algebraic
closures [l?p of [, and [F,TX) D [l?p of [,(X). In what follows, by global function
field (or simply function field) we mean a finite algebraic extension K 2 [F,(X)
contained in [F,,TX) For such a field K we have K N Fp = [FqK for some finite field
[y, with g elements; this field is called the field of constants of K. We write gg
for the genus of K and Jg for the number of divisor classes of degree 0. We denote
the set of places of K by M (K) and the divisor group (i.e., the free abelian group
generated by the places) by DivK. The reader can refer to Chapters I and V of
[Stichtenoth 1993] for a thorough background on these notions. We will use capital
script German letters to denote divisors I, B, etc., with the sole exception of the
zero divisor 0. For any divisor 2 € DivK we write 2 = > ord, (%) - v, where the
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sum is over all places v € M (K). The support Supp 2l of a divisor 2 € DivK is the
finite (possibly empty) set of places v € M (K) where ord, () # 0. We say 2 is
effective if % > 0, i.e., ord, () > 0 for all places v € M(K). The degree map on
Div K, normalized to have image Z (see Chapter V of [Stichtenoth 1993] again)
will be denoted deg.

With the above notation, the zeta function ¢k is given by

k()= ) g e

AeDivK
A>0
Since
Jk j+l—gk
0) 2. l=—gx -
AeDivK qK
A>0, deg A=

for all integers j > 2gx — 1 by the Riemann—Roch Theorem (see [Stichtenoth 1993,
Lemma V.1.4], for example), the series defining ¢k (s) converges for all s € C with
M(s) > 1. The L-function Lk is given by

Lk (s)

L) =(1—qg*)(1—qgl™ T (s
k(qg) =1 —qx )1 —gg )k (s) &r, (x)(8)

It is well known that L is a polynomial of degree 2gx in g,° and all its zeros
have N(s) = % (see [Stichtenoth 1993, Chapter V], for example).

For a fixed function field K and integer m > 0, we will be concerned with sums
over quadratic extensions of K with genus m and the same field of constants [, .
We first denote the number of such quadratic extensions

Nk (m) = Z 1.

[F:K]=2
8F=m, qr=qK
We note that Nk (m) is asymptotically q,%mZJqu(_SgK/g‘K 2)(gx — 1) asm — o0
(see Proposition 1 below). We will investigate the arithmetic mean of the set
of values Lr(g~°) over the quadratic extensions F O K of genus m, and higher
moments as well. It will prove convenient to multiply these means by the L-function
value of the ground field K, Thus, for a fixed s € C and integer n > 1, we set

My (s,m,n)=(Ng(m)~™" > Lp(g™)"Lkx(g™)™"
[F:K]=2
8r=m, qr=qkK
provided Nk (m) > 0, and set Mg (s, m,n) = 0 otherwise. We will prove the
following estimates:
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Theorem 1. Let K be a function field with field of constants [,. For all positive
integers n and all s € C with N(s) > %, set

Pn(q—s deg v)
ox.m= ] (‘ T =D g —q—ZSdeg”V') ’

veM(K)
where P,(X) € Z[X] is given by

A" X" /(=X Pu(X)
dxn-1 (=X

Then for all integers m > 0,all € > 0and all s € C with R(s) > 1+ (n— 1)e ifq is
odd, or R(s) > 1 +ne —1/2n if q is even, we have

C(e)n(q—m +q—4m(.‘)i(s)—l—(n—l)e)) lfq is Odd,

|MK (S, m, n) — 0K (s, n)l S {c(e)"(qm + qumn(.‘)t(é‘)7176+l/2n)) l‘fq l.s even,
where the constant c(€) > 0 depends only on K and €.

We obtain stronger estimates (i.e., better error terms) when we consider the case
n=1:

Theorem 2. Let K be a function field with field of constants F, and let m be an
integer withm > gg. Then Mg (s, m, 1) is a polynomial of degree 2(m — gg) in
q~* satisfying the same functional equation as the L-function,

Mg (s,m, 1) =g 8k g=s2Mm=8 M (1 — 5, m, 1).
Further, Mg (s, m, 1) is an even function in g~ with
My (s,m, 1) =14axq >+ + @rmgi)q > " %K.
We have axn—gy— j) = qm_g’(_zjazj forall j=0,...,m—gg,and, for all e > 0,
B B O(g™" 2j(5/44+€) i is Odd,
wmi= Y [ (+q degv)l+{ (¢ "q ) ifq

O (g "mg%(1+e) if g is even
0 veSuppe (g"q ) ifgq ,
degC=j

where the implicit constants depend only on K and €. Finally,

Z 1_[ (1+q—degv)—1

C>0 wveSuppC
degC=j Jegl—8k
Jkq Ktk (2) _ _ ;
:qj — 1_[ (1—2q 2degv+q 3degv)+0(qej)
q veM(K)

for all j =0, where the implicit constant depends only on K and €.
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Corollary 1. Let K be a function field with field of constants F, and let m be a
positive integer. Then for all € > 0 and all s € C with N(s) > %

q—m(2/3—e)(29i(s)—1)
0(

1— ¢ 2® ) if q is odd,

Mg (s,m, 1) =o0k(s, 1)+

g~ (1= @(s)-1)
0( 1—¢l-290) ) if q is even,

where the implicit constants depend only on K and €. In particular, setting s = 1

we have
(Ngm)™ > Jrg™#r
[F:K]=2
§F=m, 4r=q
=Jkq " @k @)? [] (1—g72er —gmider g gmdder)
Ve L [0@ R ifq is odd,
O(qg~m1=9)  ifq is even.

Mean values similar to those in Corollary 1 were previously considered by
Hoffstein and Rosen [1992], but only in the case where the field K is a field of
rational functions and only in odd characteristic. More general cases were considered
by Fisher and Friedberg [2004], with further refinements by Chinta, Friedberg and
Hoffstein [Chinta et al. 2006], but again only in odd characteristic. The higher
moments in Theorem 1 have not been previously estimated to our knowledge.
Our approach differs from those previous by utilizing more general estimates for
quadratic characters over function fields, including estimates in characteristic 2
(which is clearly special when considering quadratic extensions).

Theorem 2 can also be used to estimate the “average” of L ¢ (g~ V%) (cf. [Goldfeld
and Hoffstein 1985, Theorem 1] for the case where K is replaced by Q). As alluded
to above, such a result is proven in [Andrade and Keating 2012], though again
only in certain special cases where the ground field is a field of rational functions
(specifically, for g congruent to 1 modulo 4).

Corollary 2. Let K be a function field with field of constants |, and let m be an
integer withm > gg. Setm' =m — gg and

Jrkq T8k (2
CK) = Kq _fK() l_[ (1—2g2degv | o—3deguy
q veM(K)
Then the series

C/(K)=Z( Z q—deg¢ 1_[ (1+q—degv)—1>_C(K)

j=0 >0 veSupp €
degC=j
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converges and, for all € > 0,

O(q—"1/4=9) ifq is odd,

Mg (3,m, 1) = (m' + DC(K) +2C'(K) +
K(z ) ( )C(K) (K) 0(g~™1/2=9Y if g is even,
where the implicit constants depend only on K and €.

Finally, we note that Theorem 2 can also be used to give the “average” number
of places of degree 1.

Corollary 3. Let K be a function field with field of constants F,. Then (assuming

Nk (m) # 0)
(Nkm)™" " #weM(F):degw=1}=#veM(K):degv=1).
[F:K]=2
8F=m,qr=4q

One can compare this with the famous estimate due to Drinfeld and Vladut
[Stichtenoth 1993, Theorem V.3.5],

— 1.

#HweM(F):d =1
limsup max tw (F) : degw }§q1/2

m— 00 FDOK m
§F=m,qr=q

2. Preparatory Results

We briefly discuss separability issues before proceeding further. If K is a function
field and F D K is a quadratic extension, then F is clearly a separable extension
if gk is odd. If gk is even this is not necessarily the case. However, it turns out
that there is exactly one inseparable quadratic extension F O K with gr = gk
when gg is even; it satisfies K = {«?:« € F} and gr = gk by [Stichtenoth 1993,
Proposition I11.9.2]. Therefore we can safely ignore this inseparable extension and
tacitly assume in what follows that all quadratic extensions that appear are separable
extensions.
If K is a function field, v € M(K) and F is a quadratic extension of K with

gr = (g, We set

0 if v ramifies in F,

x(F/v)y=11 if v isinertin F,
—1 if vsplitsin F.

This is extended to effective divisors 2 € DivK by

xEy= ] (x(F/w)™®.

veSupp A

The following is shown in [Thunder 2013, §1]:
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Lemma 1. Ler K be a function field with field with field of constants [, and F > K
be a quadratic extension with qgp = q. Then

Lr(q™)=Lk(q™) Y x(F/%q %=,

AeDivK
A>0
so that
_-'d Q:
Nxk(m)Mk(s,m,n) = E E g ® E x(F/€).
¢eDivk A; >0 [F:K]=2
€0 Aj4-42A,=C gF=M,qr=qg

It turns out that the sums in Lemma 1 where deg € is odd vanish entirely and,
when deg € is even, the € € 2 DivK dominate.

Lemma 2 [Thunder 2013, Lemma 9]. Suppose K is a function field with field of
constants F, and m is a nonnegative integer. Then for all effective divisors € € DivK
of odd degree,

> x(F/e)=o.

[F:K]=2
8§F=m,qr=q

Proposition 1 [Thunder 2013, Proposition 7]. Let K be a function field with field
of constants [, and m be a nonnegative integer. Set
2m ZJKq375gK
tk2)(g—1)
For all effective divisors € € DivK and all e > 0

Ni(m)=gq

‘ > x(F2O =Nigm) [ (4q %!

[F:K]=2 veSupp €
8F=m,qr=q :

c/(é)q(1/2+e)mqedeg€ if q is odd,
(€)(gmge et +q™) ifq is even,
where ¢'(€) > 0 depends only on K and €. In particular,
c'(e)gM/Fom if g is odd,
INg(m) = Ng(m)| <1, =~ o
c'(g if q is even.

Proposition 2 [Thunder 2013, Proposition 5]. Suppose K is a function field with
gk = q odd and let € € DivK be an effective divisor with € ¢ 2DivK. Then, for
all nonnegative integers m and all € > 0, we have

‘ > x(F/O

[F:K]=2
8F=m,qr=q

< c//(e)qmq(6+l/4) deg G’

where the constant ¢” (€) > 0 depends only on K and €.
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Proposition 3 [Thunder 2013, Proposition 6]. Suppose K is a function field with
gk = q even and let € € DivK be an effective divisor with € € 2DivK. Then, for
all nonnegative integers m and all € > 0, we have

‘ > x(F/O

[F:K]=2
§F=m, qr=q

< c”(e)qm edeg@

where the constant ¢ (¢) > 0 depends only on K and €.
We also have the following elementary estimates:

Lemma 3. Suppose K is a function field with field of constants ;. Let € € DivK
be an effective divisor. For all integers n > 1 and all € > 0,

Z 1<C1(€)n 1 (n l)edeg@

QliZO
Ap -+ 1A, =€

where the constant c1(€) > 0 depends only on K and €. Also, for all positive integers
m and all € > 0,

Z q(e—l)degQ( < i_zqem’ Z q—(l-l-e)degQ[ < %q—em’

A>0 2A>0
deg A<m degA>m

waro<(2)
€ - ’
K T\ €

where the constant ¢y > 0 depends only on K.

and

Proof. We prove the first part by induction on n. The case n = 2 follows directly
from [Thunder 2013, Lemma 0]. Now assume n > 2. Then

SEEESD SIS SR

Q[i ZO OSQ[n SQ: Ql[ 20 =C—9
A+ 4+2A,=C A+ A1 "
< Z ¢l (E)n—2q(n—2)deg(¢—91n)
0<%, <¢
< Cl(e)n72q(n72)e deg® Z
0=, <

< (E)n—lq(n—l)e deg 6‘

For the next two inequalities, we see by (0) that there is a positive constant c,
depending only on the field K, such that for all nonnegative integers j we have

Zlfcqj.

A>0
deg A=
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Finally, by the Euler product representation of the zeta function, we have

Lk (8) < (8r, () () KT
for all real s > 1. (See [Thunder and Widmer 2013, Lemma 2], for example.) Using
the well-known formula
1
(1—g=)(1—q'%)

Lr,x)(s) =

and substituting s = 1 + € gives

o\ K (X))
I
tx(l4e€) < (e)

for some positive constant ¢’ depending only on ¢. Setting ¢, to be the maximum
of ¢ and ¢’ completes the proof. ([

3. Proof of Theorem 1

We first deal with the summands in Lemma 1 where € € 2DivK. This is done in
two steps.

Lemma 4. Suppose K is a function field with field of constants [, and s € C with
N(s) > % Then, for all integersn > 1,

Z Z q725deg€ l_[ a _}_qfdegv)fl = ok (s, n).

>0 A; >0 veSupp €
Ap 4+, =2C

Proof. Set
9’1(6) :q—2sdeg¢ 1_[ (1 +q—degv)—l Z 1

veSupp € A; >0
Ry o 2,y =2€

Note that 6, (€ 4+ D) = 6,(€)60, (D) for all n whenever €, ® € DivK have disjoint
support. Thus

(1) Yo ou@ =] <1+29n(ku)).

€=0 veM(K) k=1
For all positive integers k and all places v € M (K),

O (kv) = (1 + g~ vy~ lg=2hsdeev £ o) ),

where

. _(m+1)---(m+n—1)
fm.n) = Z}) = n—1)!
i|+--{-‘:in:m
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for integers m > 0 and n > 1. Therefore

S gl o Qk+1)---Qk+n—1)
2 0, (kv) = (1+ degvy—1 2ks degv ‘
) ; (kv) = (14¢~ %) ];q —

Differentiating term-by-term n — 1 times yields

dnfl Zl:il x2k+n71
dxn—l

=Y x*@k+1) - Qk+n—1).
k=1

3)

On the other hand,

dnfl Z]?i] x2k+n71 B dnflxnfl Zliil x2k
dx—1 - dx—1
B dnflanrl ZI?iO x2k
- dx—1
B dnflxn+l/(1 _x2)
N dxn—1
= Pu(x)(1 =x*)7",

“)

The lemma follows from (1)—(4). O

Lemma 5. Let K be a function field with field of constants F,. Suppose m is a
nonnegative integer such that Nx (m) > 0. Then, for all € > 0 and all s € C with
N(s) > (1 +ne)/2,

1 —2sdeg @
> g7 > X(F/28) —ok(s.n)
‘NK(m) €0 A>0 [F:K]=2
Ay 442, =2C 8§F=m,qr=q
- c3(e)Hg™mB/12=9)  if g is odd,
“les(e)tg™™ if q is even,

where c3(€) > 0 depends only on K and €.

Proof. We have

G Y. D gFEC Y x(F/2€) — Nk (m)ox (s, n)
>0 2A; >0 [F:K]=2
Ap 442, =2C gF=m, qr=q
<> D g FeEC " X(F/2€) — Ng(m)ok (s, n)
>0 A; >0 [F:K]=2
Ay +---+2,=2¢ §F=m, r=q

+ [Nk (m) — N (m)| |ok (s, n)].
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By Lemma 3 and using 29(s) — (n — 1)e > 1 +¢,

—2sd —d —1
© X X ez [T aree
¢>0 A >0 veSupp €
A2, =2
SZ Z q—2m(s)deg¢
>0 A; >0
Ay +2, =2€
ey ! (—29(s)+(n—1)e) deg €
=a5)
€0
€ n—1
<a(§) wa+o
< c4€",

where ¢4 (€) = max{c;(€/2), (c2/€) KT},
Now, by Proposition 1, Lemma 4 and (6),

Tay D D g > X(F/2€) = N (m)ok(s,n)
>0 A; >0 [F:K]=2
Ap -2, =2¢ SF=m.qr=q
< C/(E)q(1/2+e)m Z Z q—2.‘)i(s) deg® < C/(E)C4(€)nq(l/2+e)m
¢>0 A;>0
Ap+---+2A, =2¢

if g is odd, and

by > D g P Y X(F/28) = Ni(m)ok (s, n)
>0 A >0 [F:K]=2
A+, =2 8F=mM. qr=q
<< C/(l)qm Z Z q—Z*H(s)degQ S c/(l)c4(€)nqm
>0 A >0
Ap 4+, =2¢C

if g is even. Also, by Proposition 1, Lemma 4 and (6)

’ n, (1/24€e)m if gi dd
8)  INk(m) — Nig(m)| log (s, )] < | (4()d fq1s odd,
c'(eq(e)" g™ if g is even.
Finally, if Nk (m) isn’t zero, then
©) esq™™ < N (m) < ceq™

by Proposition 1, where cs, cg > 0 depend only on K. The lemma follows from (5)
and (7a)—(9) when q is odd, and (5), (7b), (8) and (9) when ¢ is even. O

With the sums over the main terms done, we now turn to the sums over the error
terms, i.e., the sums where 2; + - - - + %2, € 2DivK. We have the following:
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Lemma 6. Suppose K is a function field with field of constants by, and m is a
nonnegative integer. Fix an integer n > 2 and an € > 0. Suppose that s € C with
N(s) > % + (n — 1)e. Then, for any quadratic extension F O K with gr = m and

qr =49,

Z q—m(s) deg(Aj+--4+2A,—1)
Ql,'ZO

Z q—s deng,,X (F/Q[) < c7€n—|-1q—2:11(9{(5)—1/2)7

A, >0
deg A, >2m—2gk
Ap+---+2A, €2 DivK

where the constant c7(€) > 0 depends only on K and €.

Proof. For the moment, fix 2;,...,%,—; and set B =2A; +---+2A,_;. Write
B =B’ +2%B", where B’ and B” are both effective divisors and ord, (B’) = 1 for
all v € Supp®B’. Fix an integer j > 2m — 2gg. As shown in the proof of [Thunder
2013, Lemma 25],

(10) ‘ Z X (F/2)g~s 98 | < coq™ deg(%’)/zq—j(ﬁt(s)—l/z)

A, >0
deg Ay :]
B-+90, £2 DivK

for some cg > 0 depending only on K. Now, since i (s) — % > (n—1)e,

(11) Z g I O=1/2) Z g De

j>2m—2gg j>2m—2gg
< C9q—2m(n—l)é Zq—j(n—l)e
j=0
—2m(N(s)—1/2 —(n—1)ey—1
= coq m(N(s) /)(1 —q (n )6)

< cociog "IV (= D),

where cg, 19 > 0 depend only on K. By Lemma 3,

(12) Z Z q—f)i(s) deg ‘Bq—deg(%’)/Z

B>0 A; >0
A4+, 1=B

<c (E)n—Z Z q((n—Z)e—ﬂi(s)) deg %q—deg(%’)/Z

B>0

=] (6)1’1—2 Z q((’l—2)€—1/2—m(s)) deg%/qZ((Vl—Z)é—m(s)) deg*B”
B>0

< c (é)n—Z Z q((n—Z)e—l/Z—m(s))degsB/ Z q2((n—2)s—f7{(s)) deg%”
B'>0 B>0

<c1(e)" 2k (1+e)¢k(142€) < cpi(e),

where c11(€) = max{c; (€), (c2/€) XTI} The lemma follows from (10)—(12). O
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Proof of Theorem 1. Suppose first that g is odd. Since the cases n =2 and n =1 of
Theorem 1 follow directly from [Thunder 2013, Theorem 1, Corollary 1], we will
assume that n > 3. We may also assume that Ng (m) > 0. Rearranging the sums
and then using Lemma 6 yields

(13) ‘NK(m) > > Yo qT X (F /)

>0 A; >0 [F:K]=2
CLL2DivK  Aj+-42,=C 8Fr=m,qr=q
deg A, >2m—2gx < C7(€)n+1q—2m(m(s)—1/2)

whenever N(s) > % +(m—1e.
Let § > 0, to be chosen later. Using Proposition 2 and setting B =24, +- - -+, _;
in what follows, we have

(14) ‘ > Yo gies Z <F/c:)‘

>0 A; >0 [F:K]=
CL2DivK A +-+A,=C gr=m, ‘IF =q
deg €<4m deg 2, <2m—2gk

< c”(S)qm Z q(8+1/4—9t(s)) deg 2,
A, >0

deg A, <2m—2
eg A, <2m—2gx « Z Z g H1/4=0(s) deg B

A >0
deg%<4m deg Ay, Ay 4+ ™

< C//(S)Cl (B)n—qu Z q(8+1/4—ﬂ\(s)) deg A, Zq((n—l)8+l/4—m(s)) deg%_

A,>0 B>0
deg 2, <2m—2gg deg B <4m—deg 2,

IfN(s) < %+ (n—2)e we set § = € above. Since %—i— (n—1)e —N(s) > €, Lemma 3
implies that

—S Ap (n—=1)e+1/4—9%(s)) degB
(15) Z q(6+1/4 Ni(s)) deg Z q
A, >0 B>0
deg A, <2m—2gg deg B <4m—deg,
< C_2q4m(5/4+(n71)67.‘)t(s)) Z q7(1+(n72)e) deg 2,

€
A, >0
deg 2, <2m—2gg

C
< ?2§K(1 + (n = 2)e)g O/ n=De=N(s)

e (¢ [K:F(X)] N
< _(_) q4m(5/4+(n71)ef.h(s)).
€ €

If R(s) > % + (n—1)e we set né = R(s) — % and note that § > (n —2)e/n > ¢€/3
since N(s) > 1 + (n — 1)e. We thus may assume that ¢”(8)c{(8)" 2 < c12(€)" 2
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for some cj2(€) > 0 depending only on K and €. Also, by Lemma 3,

(16) Z g O H1/A=() deg Ay Z (= DO+ /4-91()) deg B
A, =0 B>0
deg 2, <2m—2gx deg B <dm—deg 2,
< Z g~ (n=D3+1)deg, g~ G+DdegD
2A, =0 B>0

<tx(1+ =18k (1+9)

£y \ 2K F (0]
E J—
)
3y \ 2K T (0]
< e .
€

When deg € > 4m, we trivially estimate

(17) ‘ > Yo gt Y X(F/Q)‘

¢>0 A >0 [F:K]=2
CL2DivK  Aj+--42A,=C gF=m,qr=q
deg €>4m deg A, <2m—2gk

< Nk (m) Z g ) dee Z Z g i) deg B

A, >0 B>0 A; >0
deg 2, <2m—2gg deg B>4m—deg A, Aj+---+2A,_1=B
< Ng(m)c; (6)"72 Z qfﬁ)%(s) deg A, Z q((an)ef.‘){(s)) deg B )
A, >0 B>0
deg2(, <2m—2gg deg B>4m—deg A,

Since NR(s) > 14 (n — 1)e by hypothesis, Lemma 3 implies that

(18) Z g((=De=N@)degB 2 @dm—deg ) (1-De+1-9()
B>0 €
deg B>4m—deg,
and also
19 —i(s) deg Ay, , (N(s)—1—(n—2)€) deg Ay,
(19) mZO q q o
>
degQ[,ZSnZ_m—ZgK <lg(1+(n—2)) < <?> .

Combining (9) with (13)—(19) yields

1 —S§ de,
R e

¢>0 A;>0 [F:K]=2
Cg2DivK Ay +-+A,=C §F=m, gr=¢4

< C13(€)n+1(61_m +q—4m(§Yt(x)—l—(n—l)e))
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for some c13(¢) > 0 depending only on K and €. The case where ¢ is odd (and
n > 3) in Theorem 1 follows from Lemma 1, Lemma 5 and (20).
Suppose now that g is even. This time we use Lemma 6 to get

1 —sde
@1 ‘NK(m) > > Yo qEX(F /)

>0 ;>0 [F:K]=2
¢Z2DivK A+ +A,=C gr=m, qr=q
deg; >2m—2gg for some i

< neq(e)'+ g~ O=1/2)

Let § > 0, to be chosen later. By Proposition 3,

@) | Y YooogEt Y X(F/@i)‘
¢>0 Ai >0 [F:K]=2
CL2DivK  Aj+---+2,=C 8F=m,qr=q

degA; <2m—2gk

n
< c”(é)qm( Z q(é—.‘)i(s))deng) ]

A>0
degA<2m—2gg

If9N(s) <14¢€/2 wesetd =e€. Since 1 +¢€ — N(s) > €/2, Lemma 3 implies that

(23) Z g€ M) deg @qam—zg,{)(we—m(s)) < c14(e)g~ O —1=0),
2A>0 €
degA<2m—2gg
where c14(€) > 0 depends only on K and €. If N(s) > 1+ ¢/2 then we set § = €/4.

We now have ¢”(8) = c¢15(¢) and, by Lemma 3,

N Ao \[KFy(X)]
(24) Y OO (1 4e/) < (ﬂ) .
€

A>0
degA<2m—2gg

Combining (9) and (21)—(24) gives
1

—sdeg €
e ED SEED DEND IV R TS]

¢>0 A; >0 [F:K1=2
CZ2DivK A+ +A,=C gFr=m, gr=¢q

< cie(€)" (g™ + g~ Hmn ) lmet ]/

(25)

for some cjg(€) > 0 depending only on K and €. The case where g is even in
Theorem 1 follows from Lemma 1, Lemma 5 and (25). ([l

4. Proof of Theorem 2 and Corollaries

Proof of Theorem 2. We know that Mg (s, m, 1) is a polynomial in ¢ —* thanks to
a theorem of Weil (see [Rosen 2002, Theorem 9.16B]). It’s an even function of
g by Lemma 2 and Lemma 1. Also, ag = 1 since x (F/0) = 1 by definition. The
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functional equation for Mk (s, m, 1) follows directly from the functional equations
for Lx(g~°) and Lr(g~*) for all quadratic extensions F O K. The identity

— 72 .
Wm—gi—j =q" K Vaz;, j=0,...,m—gg,

follows immediately from the functional equation.
Similar to the proof of Lemma 4, for an effective divisor € € DivK set

Q(Q:) :qfsdegQ l_[ (1 +q7degv)71
veSupp €

and set f(s) = ZGzO 0(€). Since 0(C+ ) = 6(€)H(D) whenever € and D have
disjoint support,

fo=T] (1 + Z@(kv))
k=1

veM(K)
q—sdegv
veM(K) (1 +q—2degv)(1 _q—sdegv)
=k (2)tk (s) 1_[ ((]_q—2degv)(1_q—sdegv)+q—sdegv(l_q—degv))
veM(K)
=Lk (2)¢k () 1_[ (1 — g 2degv _ g=(+hdegv | o —(s+2)deguy
veM(K)

For any € >0, f(s) is holomorphicon {s e C: %(s) > €, —m/log g <J(s) <7 /log g}
except for a simple pole at s = 1, where the residue is

Res,—i () =¢k(2) [] (1—2g72%" +477*€") Res,= Lk (5)

veM(K)
_ Txq' 8k g (2) l—[ (1 —2g~2deev | 4 —3degvy
(g —Dlogg k)

(see [Weil 1974, Chapter VII], for example, for the residue of the zeta function).
Now by a Tauberian argument (see [Rosen 2002, Theorem 17.1], for example)

Z 1_[ (l_}_qfdegv)fl

¢>0 wveSupp€
degC=j

Jragl—8K 2 .
ij qu_i‘K( ) 1_[ (1_q—2degv+q—3degv)+O(quj)’
veM(K)
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where the implicit constant is absolute and

M = max | f(s)l,
9 (s)=e

which is clearly bounded above by a constant that depends only on K and e.
Therefore

26 Y. [ a+qg =t

¢>0 veSupp€
degC=j

Jxq' T8 Lk (2)
Vi S i 1—
- [] a-q

—2degv +q—3degv)+0(qej)’

veM(K)

where the implicit constant depends only on K and €.

We may assume that Ng (m) > 0. For the remainder of the proof, all implicit
constants depend only on K and €. Fix an index j between 0 and m — gx and an
€ > 0. Then by Lemma 1 (separating out those divisors of degree 2 that are twice
an effective divisor and those that aren’t)

@7)  Ngmay= Y. > x(F/Q

>0 [F:K]=2
deg €=2j §r=m, 4r=q

=Y > xFRO+> 3 xFo.

>0 [F:K]=2 >0 [F:K]=2
deg C=j gr=m, 4r=q Cg2DivK §F=m, qr=q
deg€=2j

Now, by (0) and Proposition 1,

@8 Y D> x(FRO=Ngm)Y  J] d+g e

¢>0 [F:K]=2 ¢>0 veSupp€
deg€=j gr=m, qr=q degC=j

0 (g/2+emg+ey if ¢ is odd,
O(q™q’ +qmq1*9J) if q is even.

Using the estimate for | N (m) — Nx (m)] in Proposition 1 and (26), we get

29) N> ] d+q %!

¢>0 wveSupp€
degC=j

Cdesvaet | | O@FTOmgTy if g is odd,
e Y [ gty [0 i
€>0 veSupp€ q9"q’) if g is even.

degC=j
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Combining (28), (29) and (9) yields

(B0) (Ngm)™' > > x(F/20)

>0 [F:K]=2
deg C=j §r=m, qr=q

Yo [Ja+ —degv>—1+{0<q<3/“”"q“+€>f> if ¢ is odd,
d%o veSupp € 0@ "q’) if ¢ is even.
egC=j

Using (0) in conjunction with Propositions 2 and 3, we get

0(g"mg®/*t927y  if ¢ is odd,
> X are={oe ‘

¢>0 [F:K]=2 0(q"qt9%))y  if ¢ is even.
¢Z2DivK gr=m, qr=q
deg€=2;
Combining this with (9) yields

0(g~"mq®/*+92]y if ¢ is odd,

-1 _
B (Nk(m)) Z Z x(F/8) = {O(q—mq(H'eﬂJ') if ¢ is even.

¢>0 [F:K]=2
CZ2DivK §F=m, qr=q
deg€=2j

Finally, by (27), (30) and (31),

- - O(q "qC/*+92]y if ¢ is odd,
— degvy—1
aj= ), J] g +{ e

€=0 veSupp€ 0@ "q )  if g is even.
deg €=

This completes the proof of Theorem 2. (|
Proof of Corollary 1. Set m" = m — gk in what follows for notational convenience.

We first note that ay ; = O (g7) forall j =0, ..., m’' by Theorem 2, where the implicit
constant depends only on K. Let x < 1 to be chosen later. Then, whenever Ri(s) > 1,

(32) Mg(s.m D= ) axg™> +0( > q‘“”“”‘“)

Jj<xm’ j>xm’

0y q—xm’(Z.Wi(s)—l)
_ . —2sj -
= Z a2jq + 0( [ — ¢1=296) )’

j<xm’
where the implicit constants depend only on K. Also, by Theorem 2, for any § > 0,

(33) Z azjq_2sj= Z Z q—2sdeg¢ 1_[ (1+q—degv)—1

j<xm' j<xm' d QZQO ) veSupp €
eg =y

O(@™ X jcom a7 IH7HD) if g s even,
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— Z Z q—2sdeg€ l_[ (1+q—degv>—l

j<xm’' €>0 veSupp €
degC=j

O (g™ (1 +g>™m C/A+=0EDy) if g is odd,
O(q™™(1 + g™ (+3=9GDY)y  if g is even,

where the implicit constants depend only on K and 6. We may assume that € < é.
We now choose x and § such that

1 2 e
o 3/]2—|—28_§_6 if ¢ is odd,
1—|——28:1_€ if g is even,

so that
—m'+2xm’' (3 +8 —N(s)) if g is odd,

—xm'QNR(s) —1) = e
—m' +2xm'(1+8 —R(s)) if g is even.

Then, by (32), (33) and the definition of m’,
(34) Mg(s,m, 1) = Z Z q—ZSdegC 1_[ (1+q—degv)—1

jgxm’d E%:O ) veSupp €
egl=y

g~m@/3-@NRE-1)
0 ( T—29(s)
(I =g —=")

q—m(l—e)(Z.‘)'\‘(s)—l)
O< 1—29(s)
(I =g =)

where the implicit constants depend only on K and €. Also, by Theorem 2,

(35) Z Z q—2sdeg¢ 1_[ (1+q—degv)—1

) if ¢ is odd,
+

) if g is even,

jgxm/dG%O ) veSupp €
eg €=
:Zq72sdeg€ l_[ (1+qdegv)l+0( Z qj(Zﬂi(s)l))
>0 veSupp € Jj>xm'
_ —2sdeg€ 1_[ —degvy—1
=Y q (14¢~ %)
>0 veSupp €
q—m(2/3—e)(29'i(s)—l)
0< 1= 4 ) if g is odd,
+ q—m(l—e)(2.‘)i(s)—l)
0 if g is even.
Finally, by L 3 ( (1 =g >
inally, by Lemma 3,
(36) doaFeEe [T atg ) =ox(s. D).
>0 veSupp €

Corollary 1 follows from (34)—(36). O
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Proof of Corollary 2. Set m" = m — gk again. By Theorem 2,

OIS ( Yooa =t ] <1+q—“*”y4)-—C<K>

j=m'/2 >0 veSupp €
degC=j

_ 0( Z q—j(l—ze)> _ O(Q—m/(l/z—é)),

jzm'/2

where the implicit constant depends only on K and €. This shows that the series
C’'(K) converges. Also, by Theorem 2,

—7 . /o
(38) MK(%,m, 1): {22j<m//2a2j61{ o ?fm/ %s odd,
221<m//2612jq I +awqg m' /2 if m' is even,
and
) 2 aygi=23 3 g% T (14q %!
j<m'/2 Jj<m’/2 T>0 veSupp €
deg €=
—i—O( Z q—M’qj(3/2+26)>
j<m'/2
) Z Z q—deg€ 1—[ (1+q—degv)—1
j<m’[2 T=0 veSupp € ,
degC=j + O(q—m (1/4—5))

if ¢ is odd. If ¢ is even, similar estimates give

B9b) 23 ag =2 g% [T d+q ke

j<m'/2 j<m'/2 de?@ij veSupp € + O(q—m/(l/z—é)).
Now, by (37),
(40) 2 Z Z q—deg€ l_[ (1+q—degv)—l
j<m'/2 €>0 veSupp €
degC=j
=2C"(K)+2 Y C(K)
j<m'/2
_2 Z ( Z q—deg€ 1_[ (1+q_degv)_1)—C(K)
j=m’/2 >0 veSupp €
degC=j

m'C(K) if m’ is even,

—2C(K 0 —m'(1/2—¢)
(K)+0(q )Tl + )CK) i m’ is odd.

Finally, if m’ is even, Theorem 2 gives

(41) amq™"? = C(K)+ 0(q~" /279,
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The remainder of Corollary 2 follows from (38)—(41). O

Proof of Corollary 3. 1t is well known that #{v € M (F) :degv =1} —g — 1 is equal
to the coefficient of ¢ ~* in the polynomial L (g ~*) for all function fields F' with
gr = q. (See [Stichtenoth 1993, Theorem V.1.15], for example.) By Theorem 2,
the coefficient of ¢ —° in the polynomial Lk (¢ ~*)Mk (s, m, 1) is just the coefficient
of g° in the polynomial Lg(g™*). ]
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