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ON DEMAZURE AND LOCAL WEYL MODULES
FOR AFFINE HYPERALGEBRAS

ANGELO BIANCHI, TIAGO MACEDO AND ADRIANO MOURA

We establish the existence of Demazure flags for graded local Weyl modules
for hyper current algebras in positive characteristic. If the underlying sim-
ple Lie algebra is simply laced, the flag has length one; that is, the graded
local Weyl modules are isomorphic to Demazure modules. This extends to
the positive characteristic setting results of Chari and Loktev, Fourier and
Littelmann, and Naoi for current algebras in characteristic zero. Using this
result, we prove that the character of local Weyl modules for hyper loop
algebras depend only on the highest weight, but not on the (algebraically
closed) ground field, and deduce a tensor product factorization for them.

Introduction

Let g be a semisimple finite-dimensional Lie algebra over the complex numbers
and, given an algebraically closed field F, let G be a connected, simply connected,
semisimple algebraic group over F of the same Lie type as g. The category of
finite-dimensional Gf-modules is equivalent to that of the hyperalgebra Ur(g). The
hyperalgebra is a Hopf algebra obtained from the universal enveloping algebra of g
by first choosing a certain integral form and then changing scalars to [ (this process
is often referred to as reduction modulo p). If the characteristic of F is positive,
the category of finite-dimensional G-modules is not semisimple, and the modules
obtained by reduction modulo p of simple g-modules — called Weyl modules —
provide examples of indecomposable, reducible modules. The Weyl modules have
several interesting properties which are independent of F such as: a description in
terms of generators and relations, being the universal highest-weight modules of
the category of finite-dimensional Gr-modules, their characters are given by the
Weyl character formula.

Consider now the loop algebra § = g ® C[¢, ~']. The finite-dimensional rep-
resentation theory of g was initiated by Chari and Presley [1986], where the
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simple modules were classified in terms of tensor products of evaluation modules.
Differently from the category of finite-dimensional g-modules, the category of
finite-dimensional g-modules is not semisimple. Therefore, it is natural to ask
if there is a notion analogue to that of Weyl modules for g. Chari and Presley
[2001] proved that the simple finite-dimensional g-modules are highest-weight in
an appropriate sense and introduced the Weyl modules for § in terms of generator
and relations which are the natural analogues of the relations for the original Weyl
modules. The highest-weight vector is now an eigenvector for the action of the loop
algebra b over the Cartan subalgebra h of g. Because of this, it eventually became
common practice to use the terms £-weight and highest-¢-weight. In particular, it
was shown in [Chari and Pressley 2001] that the just-introduced Weyl modules share
a second property with their older relatives: they are the universal finite-dimensional
highest-£-weight modules. These results were immediately quantized and, still in
the same paper, the notion of Weyl modules for the quantum loop algebra U, (g)
was introduced. Chari and Presley conjectured (and proved for g = sl,) that the
Weyl modules for g were classical limits of quantum Weyl modules. Moreover, all
Weyl modules for g could be obtained as classical limits of quantum Weyl modules
which are actually irreducible. This can be viewed as the analogue of the property
that the original Weyl modules are obtained by reduction modulo p from simple
g-modules.

Motivated by bringing the discussion of the last paragraph to the positive charac-
teristic setting, [Jakeli¢ and Moura 2007] initiated the study of the finite-dimensional
representation theory of the hyperalgebras associated to g, which we refer to as
hyper loop algebras. Several basic properties of the underlying abelian category
were established and, in particular, the notion of Weyl modules was introduced.
Moreover, it was shown that certain Weyl modules for g can be reduced modulo p.
In analogy with the previous paragraphs, it is natural to conjecture that the reduction
modulo p of a Weyl module is again a Weyl module (the difference is that now we
cannot restrict attention to Weyl modules which are irreducible since there are too
few of these).

In the meantime, two partial proofs of Chari and Presley’s conjecture appeared
[Chari and Loktev 2006; Fourier and Littelmann 2007]. Namely, it follows from a
tensor product factorization of the Weyl modules for g proved in [Chari and Pressley
2001] together with the fact that the irreducible quantum Weyl modules are tensor
products of fundamental modules, that it suffices to compute the dimension of
graded analogues of Weyl modules for the current algebra g[7] = g ® C[z]. These
graded analogues of Weyl modules were introduced in [Feigin and Loktev 2004] as
a particular case of a class of modules (named local Weyl modules) for algebras
of the form g ® A, where A is a commutative associative algebra (see also [Chari
et al. 2010; Fourier et al. 2012] and references therein for more on the recent
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development of the representation theory of such algebras). For g of type A, the
dimensions of the graded Weyl modules were computed in [Chari and Loktev 2006]
by explicitly exhibiting a vector space basis. As a consequence, it was observed that
they are isomorphic to certain Demazure modules. For a general simply-laced Lie
algebra, this isomorphism was proved in [Fourier and Littelmann 2007] by using a
certain presentation of Demazure modules by generators and relations as well as by
studying fusion products. In particular, the dimension of the graded Weyl modules
could be computed resulting in a proof of the conjecture. It was also shown in
[Fourier and Littelmann 2007] that such isomorphisms do not exist in general in
the non-simply laced case. It was pointed out by Nakajima that the general case
could be deduced by using global bases theory (this proof remains unpublished, but
a brief sketch is given in the introduction of [Fourier and Littelmann 2007]). The
relation with Demazure modules in the nonsimply laced case was finally established
in completely generality in [Naoi 2012] where it was shown that the graded Weyl
modules for g[f] admit Demazure flags, that is, filtrations whose quotients are
Demazure modules. Such flags are actually obtained from results of Joseph [2003;
2006] (see also [Littelmann 1998]) on global bases for tensor products of Demazure
modules. Therefore, in the nonsimply laced case, the relation between Weyl and
Demazure modules is, so far, dependent on the theory of global bases, although in
a different manner than Nakajima’s proposed proof.

The goal of the present paper is to extend to the positive characteristic context
the results of [Fourier and Littelmann 2007; Naoi 2012] and prove the conjecture of
[Jakeli¢ and Moura 2007] on reduction modulo p of Weyl modules for hyper loop
algebras. Moreover, we prove a tensor product factorization of Weyl modules —
the hyperalgebraic analogue of that proved in [Chari and Pressley 2001]. However,
due to the extra technical difficulties which arise when dealing with hyperalgebras
in positive characteristic, there are several differences in our proofs from those
used in the characteristic zero setting. For instance, the tensor product factorization
was originally used to restrict the study to computing the dimension of the graded
Weyl modules for current algebras. In the positive characteristic setting, we actually
deduce the tensor product factorization from the computation of the dimension.
Also, for proving the existence of the Demazure flags, some arguments used in [Naoi
2012] do not admit a hyperalgebraic analogue. Our approach to overcome these
issues actually makes use of the characteristic-zero version of the same statements.
We also use the fact proved in [Mathieu 1988; 1989] that the characters of Demazure
modules do not depend on the ground field. Different presentations of Demazure
modules in terms of generator and relations are needed for different parts of the
argument. For g of type G, technical issues for proving one of these presentations
require that we restrict ourselves to characteristic different than 2 and 3. Outside
type G, there is no restriction in the characteristic of the ground field.
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While this paper was being finished, new ideas for studying Demazure, local
Weyl modules, and Kirillov—Reshetikhin modules are introduced. In particular,
several results of [Chari and Pressley 2001; Fourier and Littelmann 2007; Naoi
2012] are recovered and generalized. Moreover, new (and simpler) presentations in
terms of generators and relations for Demazure modules are obtained. It will be
interesting to study if the ideas and results of [Chari and Venkatesh 2014] can be
brought to the positive characteristic setting as well.

The paper is organized as follows. We start Section 1 fixing the notation regarding
finite and affine types, Kac—Moody algebras and reviewing the construction of the
hyperalgebras. Next, using generators and relations, we define the Weyl modules
for hyper loop algebras, their graded analogues for hyper current algebras, and
the subclass of the class of Demazure modules which is relevant for us. We then
state our main result (Theorem 1.5.2) and recall the precise statement (1.5.4) of the
conjecture in [Jakeli¢ and Moura 2007]. Theorem 1.5.2 is stated in 4 parts. Part
(a) states the isomorphism between graded Weyl modules and Demazure modules
for simply laced g. Part (b) states the existence of Demazure flags for graded Weyl
modules. Part (c) establishes an isomorphism between a given graded Weyl module
and a twist of certain Weyl module for the hyper loop algebra. Finally, part (d) is
the aforementioned tensor product factorization. In Section 2, we fix some further
notation and establish a few technical results needed in the proofs.

Section 3.1 brings a review of the finite-dimensional representation theory of
the finite-type hyperalgebras while Section 3.2 gives a very brief account of the
relevant results from [Jakeli¢ and Moura 2007]. Section 3.3 is concerned with the
category of finite-dimensional graded modules for the hyper current algebras. The
main results of this subsection are Theorem 3.3.4, where the basic properties of
the category are established, and Corollary 3.3.3 which states that the graded Weyl
modules for g[¢] admit integral forms. Assuming Theorem 1.5.2(b), we prove (1.5.4)
in Section 3.4. The proof actually makes use of the characteristic-zero version
of all parts of Theorem 1.5.2 as well as [Naoi 2012, Corollary A] (stated here as
Proposition 3.4.1). In Section 3.5, we prove a second presentation of Demazure
modules in terms of generator and relations. It basically replaces a highest-weight
generator by a lowest-weight one. This is the presentation which allows us to
use the results of [Mathieu 1988; 1989] on the independence of the characters of
Demazure modules on the ground field.

In the first three subsections of Section 4 we collect the results of [Joseph 2003;
2006] on crystal and global bases which we need to prove Theorem 4.4.1 which is
an integral analogue of [Naoi 2012, Corollary 4.16] on the existence of higher level
Demazure flags for Demazure modules when the underlying simple Lie algebra
g is simply laced. We remark that the proof of Theorem 4.4.1 is the only one
where the theory of global bases is used. We further remark that, in order to prove
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Theorem 1.5.2(b), we only need the statement of Theorem 4.4.1 for g of type A. We
observe that the only other place quantum groups are being used here is in the proof
of the characteristic-zero version of Theorem 1.5.2(c); [Fourier and Littelmann
2007, Lemmas 1 and 3 and Equation (15)].

Theorem 1.5.2 is proved in Section 5. In particular, in Section 5.2, we prove a
positive characteristic analogue of [Naoi 2012, Proposition 4.1] which is a third
presentation of Demazure modules in terms of generator and relations in the case
that g is not simply laced. This is where the restriction on the characteristic of the
ground field for type G, appears. Parts (b) and (c) of Theorem 1.5.2 are proved in
Sections 5.3 and 5.4, respectively. Finally, in Sections 5.5 and 5.6, we prove that
the tensor product of finite-dimensional highest-£-weight modules for hyper loop
algebras with relatively prime highest ¢-weights is itself a highest-£-weight module
and deduce Theorem 1.5.2(d). As an application of Theorem 1.5.2, we end the
paper proving that the graded Weyl modules are fusion products of Weyl modules
with “smaller” highest weights (Proposition 5.7.1).

1. The main results

1.1. Finite-type data. Let g be a finite-dimensional simple Lie algebra over C with
a fixed Cartan subalgebra h C g. The associated root system will be denoted by
R C bh*. We fix a simple system A = {«; :i € I} C R and denote the corresponding
set of positive roots by RT. The Borel subalgebra associated to R* will be denoted
by b* C g and the opposite Borel subalgebra will be denoted by b~ C g. We fix
a Chevalley basis of the Lie algebra g consisting of xT € g, for each « € R,
and h; € b, for each i € I. We also define hy € h, € RT, by hy =[x}, x]
(in particular, h; = hqy,,i € I) and set RY = {hy € b : @ € R}. We often simplify
notation and write xl.i in place of x(;'f, iel. Let(, )denote the invariant symmetric
bilinear form on g such that (hg, hy) = 2, where 6 is the highest root of g. Let
v : b — b* be the linear isomorphism induced by (, ) and keep denoting by (, )
the nondegenerate bilinear form induced by v on h*. Notice that

_ 2
1.1.1 + = for all RT
( ) Xy, Xy) @) orall o €
and
2 if o 18 1
(1.1.2) (@, &) = s ons
2/rY if a is short,

where r¥ € {1, 2, 3} is the lacing number of g. For notational convenience, set

2 I, if «islong,
1.1.3 v — =
( ) o (o, @) {rv, if o is short.
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We shall need the following fact [Carter 1972, Section 4.2]. Given « € R, let
Xq =xia according to whether « € =R ™. Fora, B € R let p=max{n: 8 —na € R}.
Then there exists € € {—1, 1} such that

(1.1.4) [Xe, Xgl =€(p+ Dxg1p.

We define the weight lattice P = {A € h* : A(h,) € Z for all @ € R}, the subset
of dominant weights P = {1 € P : A(hy) € N for all « € R}, the coweight lattice
PY =1{h € h:a(h) € Zforall @ € R}, and the subset of dominant coweights
PVt ={h e PY:a(h) € Nforall« € RT}. We denote the fundamental weights
by w;, i € I, the root lattice of g by Q, and we let Q" = Z-oR™. We consider the
usual partial order on h*: u < A if and only if A — i € Q. The Weyl group W of g
is the subgroup of Autc (h*) generated by the simple reflections s;, i € I, defined by
s;() = w— u(h;)a; for all u € h*. As usual, wy denotes the longest element in W',

1.2. Affine-type data. Consider the loop algebra § = g®C][t, t '], with Lie bracket
givenby [x @1, y®@t ] =[x, y]®¢t 5, forany x,y € g, r, s € Z. We identify g
with the subalgebra g ® 1 of g. The subalgebra g[z] = g ® C[¢] is the current algebra
of g. If a is a subalgebra of g, let a = a ® C[z, t~1] and a[f] = a ® C[t]. Let also
altls ;== a® ¢F'C[rE']). In particular, as vector spaces,

g=A"@hoat and gltl=n"[11®Hlz] BT[]

The affine Kac-Moody algebra § is the 2-dimensional extension g := g CcdCd
of g with Lie bracket given by

x®@1", yRt' =[x, Y@t +78 _s(x, y)c,
[c,g1={0}, and [d,x®!]=rx®t"

for any x, y € g, r, s € Z. Observe that if §' = [g, g] is the derived subalgebra of g,
then §' = g @ Cc, and we have a nonsplit short exact sequence of Lie algebras
0—>Cc—g —>g—0.

Set 6’ = bh & Cc. Notice that g, g[z], and g[f]+ remain subalgebras of §. Set

h=h®CcdCd, AT=nT@g[r]le, and b =AT@h.

The root system, positive root system, and set of simple roots associated to the
triangular decomposition § = A~ @ h @ A+ will be denoted by R, RT and A,
respectively. Let I=1Iu {0} and hg = c — hg, so that {h; : i € f} U {d} is a basis
of 6 Identify h* with the subspace {A € 6* :A(c) = A(d) =0}. Letalso § € 6*
be such that §(d) =1 and §(h;) =0 for all i € [ and define a9 =6 — 6. Then
A={aj:iel),R"=R"Ufa+rs:a e RU{0},r € Z-o}, and §oirs = g, Q1"
ifaeR,reZ, and §,s =h®1t",if r € Z\ {0}. Observe that

(1.2.1) a(c) =0 forall € R.
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A root y € R is called real if y = (o +ré) with ¢ € R, r € Z, and imaginary if
y =r8 withr € Z\ {0}. Setxjf, =xIT®t , hyr =hy @t , 0 € RT,r €Z. We
often simplify notation and write xiﬂ; and A; , in place of x;—tyr and hy, i€l re”.
Observe that {xir, hi,:a € RT,iel,reZ}isabasis of §. Given « € RT and
r ez, set

+ - - _.F [+ - _ Y
x:i:a+r8 - xoz,r’ x:i:oHrrB - xa,—r’ h:l:oH—rS - [X:I:(H»ré’ x:l:a+r8] - :I:ha + rrycC.

Define also A; € 6*,1’ € f, by the requirement A;(d) = 0, A;(hj) = §;; for
alli, jel. Set P=28@ @, ;ZN;, PT =780 @, ;NA;, P' =@, ; ZA;, and
Pt = P'N P*. Notice that

Aogh)=0 <= hehdCd and A; —w; = w;(hg)Ay foralli € I.

Hence, P= ZAo® P DZS. Given A € ﬁ, the number A (c) is called the level of A.
By (1.2.1), the level of A depends only on its class modulo the root lattice Q Set
also Ot = ZEOIQJr and let W denote the affine Weyl group, which is generated by
the simple reflections s;, i € I. Finally, observe that {Ag, 6} U A is a basis of 6*

1.3. Integral forms and hyperalgebras. We use the following notation. Given a
(D-algebra U with unity, an element x € U, and k € N, set

W _ 1k <x>_l D —
X _k!x and X _k!x(x D---(x—k+1).

In the case U = U (g), we also introduce elements A, 1, € U(g),x € g, 7 €N, by
the following identity of power series in the variable u:

Af(u) = Z Ay wpu’ = eXP(— Z a @;tis uS).

r>0 s>0

Most of the time we will work with such elements with x = h, for some o € R™.

We then simplify notation and write Agf (n) = A}i (u), and if « = o; for some i € I,

we simply write Aii(u) = Ai_ (u). To shorten notation, we also set A, (1) = Aj (u).
Consider the Z-subalgebra Uz(§') of U(g’) generated by the set

(g )P :aeR reZ keN}.

By [Garland 1978, Theorem 5.8], it is a free Z-submodule of U (§’) and satisfies
C®zUz(g")=U(g). Inother words, Uz(g’) is an integral form of U (§'). Moreover,
the image of Uz(g’) in U(g) is an integral form of U (g) denoted by Uz(§). For a
Lie subalgebra a of g’ set

Uz(a) = U(a) N Uz(§),
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and similarly for subalgebras of g. The subalgebra Uz(g) coincides with the Z-
subalgebra of U (§) generated by {(x)® : o € RT, k € N}. The subalgebra Uz (n%)
of Uz(g) is generated, as a Z-subalgebra, by the set {(x5)®) : o € R, k € N}
while Uz(h) is generated, as a Z-subalgebra, by {(’Z) ciel ke N}. Similarly,
the subalgebra Uz (n*[1]) of Uz(glt]) is generated, as a Z-subalgebra, by the set
{(xjf,)(k) ca € RT, ke N, r € Z-o} while Uz(h[t]y) is generated by {A;, :i €
I, r € Z-¢}. In fact, the latter is free commutative over the given set. The Poincaré—
Birkhoff-Witt (PBW) theorem implies that multiplication establishes isomorphisms
of Z-modules

Uz(§) = Uz(87) @ Uz(h) ® Uz (/F),
Uz(§) = Uz(77) @ Uz(h) @ Uz (7T),
Uz(glt]) = Uz(n"[t]) ® Uz (h[t]) ® Uz (nF[1]).

Moreover, restricted to Uz(h) this gives rise to an isomorphism of Z-algebras

Uz(B) = Uz(blr]-) ® Uz(h) @ Uz(b[t]).

In general, it may not be true that Uz (a) is an integral form of U (a). However, if a
has a basis consisting of real root vectors, an elementary use of the PBW theorem
implies that this is true. We shall make use of algebras of this form later on.

Given a field [, define the F-hyperalgebra of a by Ur(a) = F ®z Uz(a), where a
is any of the Lie algebras with Z-forms defined above. Clearly, if the characteristic
of [F is zero, the algebra Up(g) is naturally isomorphic to U (gF) where gr =F®z gz
and gz is the Z-span of the Chevalley basis of g, and similarly for all algebras a
we have considered. For fields of positive characteristic we just have an algebra
homomorphism U (ay) — U (a) which is neither injective nor surjective. We will
keep denoting by x the image of an element x € Uz(a) in Ur(a). Notice that we
have Ur(§) = Ur("7)Ur(h) Up (7).

Given an algebraically closed field F, let A be a Henselian discrete valuation
ring of characteristic zero having [F as its residue field. Set Ua(a) = A ®z Uz(a).
Clearly Ur(a) = F ®a Ua(a). We shall also fix an algebraic closure K of the field
of fractions of A. For an explanation why we shall need to move from integral
forms to A-forms, see Remark 1.5.5 (and [Jakeli¢ and Moura 2007, Section 4C]).
As mentioned in the introduction, we assume the characteristic of [ is either zero
or at least 5 if g is of type G».

Notice that the Hopf algebra structure of the universal enveloping algebras induce
such structure on the hyperalgebras. For any Hopf algebra H, denote by H its
augmentation ideal.

1.4. The L-weight lattice. For aring A, we shall denote by A its set of unities.
Consider the set QP; consisting of |/|-tuples @ = (®;);c;, Where w; € F[u] and
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®;(0) =1 for all i € I. Endowed with coordinatewise polynomial multiplication,
9]‘@L is a monoid. We denote by P the multiplicative abelian group associated to @’;
which will be referred to as the £-weight lattice associated to g. One can describe
%P in another way. Given u € P and a € [*, let w,, , be the element of P defined
as

(@p,a)i(u)=(1— au)*") foralli e 1.

If u = w; is a fundamental weight, we simplify notation and write @, ; = ®; . We
refer to w; , as a fundamental £-weight, for all i € [ and a € F*. Notice that Pr is
the free abelian group on the set of fundamental ¢-weights. One defines P in the
obvious way. Let also 2 be the submonoid of 9’& generated by w; 4,1 € [, a € A™.

Let wt : F — P be the unique group homomorphism such that wt(w; ,) = w;
foralli € I,a € F*. Let also @ — @~ be the unique group automorphism of P
mapping ®; , to w; ,~1 for all i € I,a € F*. For notational convenience we set
ot =w.

The abelian group Pf can be identified with a subgroup of the monoid of |/ |-tuples
of formal power series with coefficients in | by identifying the rational function
(1 —au)~" with the corresponding geometric formal power series Y n>olau)™. This
allows us to define an inclusion Pf — U[F(F))*. Indeed, if @ € Pf is such that
wii(u) = Zrzo w; +ru” € Pr, set

w((i)) - (Wt(“z(h")>, ©(Aiy) =iy, foralliel,rkeZ k>0,

and w(xy) = w(x)w(y), forallx,ye U[F(f)).

1.5. Demazure and local Weyl modules. Given w € P, the local Weyl module
WE(w) is the quotient of Ur(g) by the left ideal generated by

UsHY, h—wh), (x;)® forall h e Up(h), @ € RY, k > wt(w) (hq).

It is known that the local Weyl modules are finite-dimensional (see Theorem 3.2.1(c)).
For A € P, the graded local Weyl module W§ () is the quotient of Ug(g[t]) by
the left ideal /¢ (1) generated by

(1.5.1) Us'eD)®,  Urhlel)°, h—a(h), (x)H)®
forall h € Up(h), o € RY, k > A(hy).

Also, given ¢ > 0, let Dg(€, 1) denote the quotient of Ur(g[¢]) by the left ideal
I (€, 1) generated by I (1) together with

(1.5.2) (xg ) ® foralla € RY, 5,k € Z>0, k > max{0, A(he) —stry}.

In particular, Dg(£, 1) is a quotient of W (A).
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The algebra Up(g[¢]) inherits a Z-grading from the grading on the polynomial
algebra Cl[¢]. The ideals /(1) and If(€, A) are clearly graded and, hence, the
modules W{(X) and Dg (¢, 1) are graded. If V is a graded module, let V[r] be
its r-th graded piece. Given m € Z, let t,,(V) be the Ug(g[t])-module such that
o (V)[rl=V[r—m]forall r € Z. Set

Dr(€, A, m) = 1, (DF (£, A)).

Remark 1.5.1. Local Weyl modules were simply called Weyl modules in [Chari and
Pressley 2001]. Certain infinite-dimensional modules, which were called maximal
integrable modules in the same work, are now called global Weyl modules. The
modern names, local and global Weyl modules were coined in [Feigin and Loktev
2004], where the authors introduced these modules in the context of generalized
current algebras. We will not consider the global Weyl modules in this paper. We
refer the reader to [Chari et al. 2010; Fourier et al. 2012; Fourier et al. 2014] and
references therein for recent developments in the theory of global and local Weyl
modules for (equivariant) map algebras. See also [Chamberlin 2013] for the initial
steps in the study of the hyperalgebras of (equivariant) map algebras.

We are ready to state the main theorem of the paper.
Theorem 1.5.2. Let A € PT.
(a) Ifgissimply laced, then Dg(1, L) and Wi (1) are isomorphic Ug(g[t])-modules.

(b) There existk > 1,m; € Z>9, and A € P*t,j=1,...,k, (independent of )
such that the Ug(g[t])-module W{ (L) admits a filtration (0) = Wy C W C
e C W C W= W[E()L), with

Wj/Wj_l = Dﬂ:(l, kj, m]').

(¢) For any a € F*, there exists an automorphism ¢, of Ur(g[t]) such that the
pull-back of W (@;..a) by @4 is isomorphic to W{(L).

@ Ifw= ]_[Tzlwkj’ajforsome m=>0,Aj € P aj eF*,j=1,...,m, with
a; #aj fori # j, then

Wi (@) = Q) Wi (@),.q,)-
j=1

Assume the characteristic of [ is zero. Then part (a) of this theorem was proved
in [Chari and Pressley 2001] for g = sl,, in [Chari and Loktev 2006] for type A,
and in [Fourier and Littelmann 2007] for types ADE. Part (b) was proved in [Naoi
2012]. Part (c) for simply-laced g was proved in [Fourier and Littelmann 2007]
using part (a) (see Lemmas 1 and 3 and Equation (15) of that reference). The same
proof works in the nonsimply laced case once part (b) is established. The last part
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was proved in [Chari and Pressley 2001]. We will make use of Theorem 1.5.2 in
the characteristic zero setting for extending it to the positive characteristic context.
Both [Chari and Loktev 2006] and [Fourier and Littelmann 2007] use the sl,-case
of part (a) in the proofs. A characteristic-free proof of Theorem 1.5.2(a) for sl, was
given in [Jakeli¢ and Moura 2014].

We will see in Section 3.5 that the class of modules Dg (£, A) form a subclass
of the class of Demazure modules. In particular, it follows from [Mathieu 1988,
Lemme 8] that dim(Dg(¢, 1)) depends only on £ and A, but not on F (see also
the remark on page 56 of [Mathieu 1989] and references therein). Together with
Theorem 1.5.2(b), this implies the following corollary.

Corollary 1.5.3. Forall » € P, we have dim W§ (1) = dim WE). O

As an application of this corollary, we will prove a conjecture of Jakeli¢ and
Moura, which we recall after quoting a theorem of theirs.

Theorem 1.5.4 [Jakeli¢ and Moura 2007]. Suppose @ € @g and let . = wt(w), v
be the image of 1 in Wi (w), and La(w) = Up(g)v. Then La(w) is a free A-module
such that K @p La(w) = Wk (). O

Let w be the image of @ in P. It easily follows that F ®a La(®) is a quotient
of Wr(w) and, hence,

(1.5.3) dim Wk (@) < dim Wg(@).

It was conjectured in [Jakeli¢ and Moura 2007] that

(1.5.4) FQa La(w) = Wr(w).

We will prove (1.5.4) in Section 3.4. In particular, it follows that
(1.5.5) dim Wr(w) = dim Wg(3).

Remark 1.5.5. Theorem 1.5.2(d) was also conjectured in [Jakeli¢ and Moura 2007]
and it is false if F were not algebraically closed (see [Jakeli¢ and Moura 2010] in
that case). Observe that for all w € 9;; there exists @ € P such that w is the image
of @ in Pr. This is the main reason for considering A-forms instead of Z-forms.
The block decomposition of the categories of finite-dimensional representations of
hyper loop algebras was established in [Jakeli¢ and Moura 2007; 2010] assuming
(1.5.4) and Theorem 1.5.2(d). The proof of one part of [Bianchi and Moura 2014,
Theorem 4.1] also relies on these two results. Therefore, by proving (1.5.4) and
Theorem 1.5.2(d), we confirm these results of [Bianchi and Moura 2014; Jakelié
and Moura 2007; 2010]. A version of Theorem 1.5.2 for twisted affine Kac—-Moody
algebras was obtained in [Fourier and Kus 2013] in the characteristic-zero setting.
We will consider the characteristic-free twisted version of Theorem 1.5.2 elsewhere.
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2. Further notation and technical lemmas

2.1. Some commutation relations. We begin recalling the following well-known
relation in Uz(g)

min{k,/}

(2.1.1) HO )P = Z (xa—)(k—m)<ha—k—l+2m
m=0

|—
e
for all € R*, [,k € Z». Since for all @ € R*, s € Z, the span of x} 1, h is a
subalgebra isomorphic to sl,, we get the following relation in Uz(g)

min{k,/}

- _ o he—k—14+2m
(2.1.2) (x;:s)(l)(xa,—s)(k) — Z (xoz,—s)(k m)< a
m=0

o)

Next, we consider the case when the grades of the elements in the left-hand side is
not symmetric.

Given m > 0, consider the Lie algebra endomorphism t,, of g induced by the
ring endomorphism of C[¢, #~!],  — ™. Notice that the restriction of t,, to g[t]
gives rise to an endomorphism of g[¢]. Moreover, denoting by t,, its extension
to an algebra endomorphism of U(g), notice that Uz(a) is invariant under T,
for a = g, n*, b, &%, b, n¥[r], ble], blels. In fact 7, ((xF)®) = (xZ,,)® and
Tn(Ag,r) satisfies Do T (Ag,Ju" = exp(— D sl h““;’” us) for all r,m € Z and
a € R™. Consider the power series

oo
Xoms @)= xg oy and A, () =T (A ).
r=1

Lemma2.1.1. Leta € RT,k, 1 >0,m > 0,s € Z. Then
G )Py ) = (DX @) DAL, ), mod Uz(@)Uz@)°,

where the subindex k denotes the coefficient of u* of the above power series. More-
over, if 0 < s < m, the same holds modulo Uz(g[t])Uz(nJr[t])%.

Proof. The case m =1, s =0 was proved in [Garland 1978, Lemma 7.5] (see [Jakeli¢
and Moura 2007, Equation (1-11)]). Consider the Lie algebra endomorphism
oy : sly — sl, given by xoj:, — x;tﬁFx. The first statement of the lemma is obtained
from the case m = 1, s = 0 by applying (o5 o 7,,). The second statement is then

clear. O

Sometimes it will be convenient to work with a smaller set of generators for the
hyperalgebras.

Proposition 2.1.2 [Mitzman 1985, Corollary 4.4.12). The ring Uz(g') is generated
by (xl.i)(k), iel,k>0andUz(g) is generated by (xl-i)(k), iel,k>0. O
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2.2. On certain automorphisms of hyper current algebras. Let a, b be such that
Uz(a) have been defined. Then, given a homomorphism of A-algebras f : Up(a) —
U (b), we have an induced homomorphism Ug(a) — Up(b). We will now use this
procedure to define certain homomorphism between hyperalgebras. As a rule, we
shall use the same symbol to denote the induced homomorphism in the hyperalgebra
level.

Recall that there exists a unique involutive Lie algebra automorphism i of g
such that xijE — xf and h; — —h; for all i € I. It admits a unique extension to an
automorphism of g[#] such that ¥ (x ® f(¢)) =¥ (x) ® f(¢) forall x € g, f € Cl[z].
Keep denoting by i its extension to an automorphism of U (g[t]). In particular, it
easily follows that

(2.2.1) V(o)) =)W foralla € RY, r k> 0.

Since Uz(g[t]) is generated by the elements (xoﬂlfr)(k), it follows that the restriction
of ¥ to Uz(a) induces an automorphism of Uz(a), for a = g, b, glz], blz], blz]+.
We have an inclusion P < Homyz(Uz(h), Z) determined by

hi (hy)
@22) w((})=("%") and ey =pwm

foralliel,k>0,x,y e Uz().
Therefore,

(2.2.3) ”“(‘”((}Z ))) — (_“k(h")) foralli € I,k >0, € P.

Suppose now that y is a Dynkin diagram automorphism of g and keep denoting
by y the g-automorphism determined by xijE — x;E(i), hi+— hy),i € 1. It admits a
unique extension to an automorphism of g[¢] such that y(x ® f(¢)) =y (x) ® f(¥)
for all x € g, f € C[t]. Keep denoting by y its extension to an automorphism
of U(g[t]). Let y also denote the associated automorphism of P determined by
Y(w;) = wy ), i € I. In particular, y (o;) = oy (), i € I. It then follows that for
each @ € RT, k > 0, there exist 8; « € {—1, 1} (depending on how the Chevalley
basis was chosen) such that

(2.2.4) y (O ®) = e (e, )® forall r > 0.

This implies that the restriction of y to Uz(a) induces an automorphism of Uz (a),
for any a in the set {g, nt, b, glt], nE[r], hlt], blt]+}. It is also easy to see that

(2.2.5) M(y((%))) = <(y_1('l]j))(hi)) foralliel,k>0,ueP.

We conclude this subsection by constructing the automorphism mentioned in
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Theorem 1.5.2(c). Thus, let a € F and a € A be such that the image of a in F is «,
and @; the Lie algebra automorphism of g[#]k givenby x ® 1 — x ® (f —a). Keep
denoting by ¢; the induced automorphism of Uy (g[z]) and observe that ¢; is the
identity on Uyk(g). One easily checks that

wa(0E)®) = Y H( )S(—d)"f(’—”(x;'fs)(’“)ewg[z]).

ko+---+k,=k s=0

Hence, ¢; induces an automorphism of Ua(g[¢]). Notice that in the hyperalgebra
level we have

(2.2.6) EHPIIIEY H(: >ks(_a)kx(r—s)(xis)(ks).

Ko+ +ky =k s=0

This justifies a change of notation from ¢; to ¢,.

2.3. Subalgebras of rank 1 and 2. Forany o € R™, consider the Lie subalgebra of g
generated by xj which is isomorphic to sl,. Denote this subalgebra by sl,. Consider
also n(f = Cx(f, b, = Ch, and bojf = Ch, ® ijf. Notice that Uz(g) N U (sly)
coincides with the Z-subalgebra Uz (sly) of U(g) generated by (xX)® k > 0
(see details in [Macedo 2013]). This implies that Uz(g) N U (sl,) is naturally
isomorphic to Uz(sl) and, hence, the corresponding subalgebra U (sl,) of Ur(g)
is naturally isomorphic to Ug(sly). Similarly, for any « € R*,r € Z, the Lie
subalgebra s, , of g generated by x;ir is isomorphic to sl, and Uz(g) N U (sly,,)
coincides with the Z-subalgebra of U (g) generated by (xfi,)(k) k > 0. We shall
denote the correspondlng subalgebra of Ur(g) by Ur(sl, ). We also consider
the subalgebra sly of § g generated by xa .7 €Z and the subalgebra sly[t] of g[t]
generated by xa .7 >0. The correspondlng subalgebras U[p(sl ) and Ug(sl,[t])
of Ur(g) are naturally isomorphic to U[p(slg) and U (sl[1]).

We will also need to work with root subsystems of rank 2. Suppose «, B € R
form a simple system of a root subsystem R’ of rank 2 and let t denote a simple
Lie algebra of type R’. Denote by g, 4 the subalgebra of g generated by xE and
xl:gt, which is isomorphic to t. Notice that, for r, s € Z, the subalgebra ggfﬁ of g
generated by x;ir and xéc’ 4+, 18 also isomorphic to t. Let U7 (g, ) be the subalgebra
of Uz(g) generated by (x)®, (xﬂi)(k), k>0, and U;(g;’s) the subalgebra of Uz(§)
generated by (xii,)(k), (xiis)(k), k > 0. Proposition 2.1.2 implies that U%(ga’ﬁ)
and U ( g;’fﬂ) are naturally isomorphic to Uz(t). Recall that if a is a subalgebra
of U(g), then Uz(a) = U(a) NUz(g). As in the rank-1 case, we have

(2.3.1) Uy(9a.p) =Uz(gap) and  Uz(gh's) = Uz(gy’s).
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The details can be found in [Macedo 2013]. It follows from (2.3.1) that Ur(g, g) =
F®z Uz(84.5) < Ur(g) and U[F(ggfﬁ) =F®;z Uz(g;”sﬂ) C Ug(g) are isomorphic
to Ur(%).

2.4. The algebra gg,. Another important subalgebra used in the proof of our main
result is the subalgebra g, generated by the root vectors associated to short simple
roots.

Let Agy = { € A: (o, @) < 2} denote the set of simple short roots. In particular,
if g is simply laced, Ay = @. Let RSJB =ZA4NRY and Ry, =Z AN R (and notice
that if g is not simply laced, Ryh Z{oe € R: (o, @) <2}). Set Iyy ={i € [ : ot; € Agp}
and define Py, = @l cly Zw; and P:}: = Pgh N P*. Consider also the subalgebras
bsh = @161}1 Chl ’ bsh - bﬂl@nsh’ where nsh - @:l:(XER+ Ya> and Osh = sheahsh@nsh'
Then if Ay, # 9, gg, 1s a simply laced Lie subalgebra of g with Cartan subalgebra b,
and Agp can be identified with the choice of simple roots associated to the given
triangular decomposition. The subsets O, Qqh, and the Weyl group Wy, are
defined in the obvious way. The restriction of (, ) to gy, is an invariant symmetric
and nondegenerate bilinear form on gg,, but the normalization is not the same as the
one we fixed for g. Indeed, (o, @) =2/r" for all « € Ry,. The set {x hi:ae R;{l,
i € Iy} is a Chevalley basis for gg,.

Observe that Uz(g) N U (g,) coincides with the Z-subalgebra of U (g) generated
by (xX)®, o € Ag; and, hence, Proposition 2.1.2 implies that Ug(gg,) can be
naturally identified with a subalgebra of Ur(g). Similar observation apply to Uz (a)
fora = n;i, Dsh-

Consider the linear map b* — b , A+ A, given by restriction and let i, : h%, — b*
be the linear map such that igp (&) = o for all @ € Ag,. In particular, igy (1) = p for
all u € hg,. Given A € P, consider the function 1, : Py, — P given by

(24.1) M) = isn () + A — ign(A).
Lemma 2.4.1. If . € P, p e P}, and p < X, then n () € P

Proof. For each i € I, take m; € Z>¢ such that u = A — Zi el Mili. In particular,
m(u)=xr— Zielsh m;a;. Then for j € Iy, we have n; (n)(hj) = pu(hj) > 0, while
for j € I'\ Iy, we have n;, (n)(h;) =A(h;) — Zielsh ma;(h;) > A(h;) > 0. O

The affine Kac—Moody algebra associated to g, is naturally isomorphic to the
subalgebra

Gsh := g ®Clt, 7@ Cc® Cd

of g, and under this 1som0rphlsm hgh is identified with by, @ Cc @ Cd. The sub-
algebras gg,[¢] and ngh, as well as Psh, Qbh, etc., are defined in the obvious way.
Moreover, Ur(gsy) and Up(gg,[f]) can be naturally identified with a subalgebra
of Up(g).
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3. Finite-dimensional modules

3.1. Modules for hyperalgebras. We now review the finite-dimensional represen-
tation theory of Ur(g). If the characteristic of [F is zero, then Ur(g) = U (gf) and
the results stated here can be found in [Humphreys 1978]. The literature for the
positive characteristic setting is more often found in the context of algebraic groups,
in which case Up(g) is known as the hyperalgebra or algebra of distributions of an
algebraic group of the same Lie type as g (see Part II of [Jantzen 2003]). A more
detailed review in the present context can be found in [Jakeli¢ and Moura 2007,
Section 2].

Let V be a Ur(g)-module. A nonzero vector v € V is called a weight vector
if there exists u € Ur(h)* such that hv = p(h)v for all & € Ur(h). The subspace
consisting of weight vectors of weight p is called a weight space of weight © and it
will be denoted by V,,. If V = ®MEUF(h)* V.., then V is said to be a weight module.
If V,, #0, p is said to be a weight of V and wt(V) = {u € Up(h)* : V, # 0} is said
to be the set of weights of V. Notice that the inclusion (2.2.2) induces an inclusion
P — Ug(h)*. In particular, we can consider the partial order < on Up(h)* given
by u <Aif A —p € QF and we have

(3.1.1) PV, CVysry foralla € RT, k>0, u € Up(h)*.

If V is a weight-module with finite-dimensional weight spaces, its character is the
function ch(V) : Ug(h)* — Z given by ch(V)(u) =dim V,,. As usual, if V is finite-
dimensional, ch(V) can be regarded as an element of the group ring Z[Up(h)*]
where we denote the element corresponding to p € Ur(h)* by e*. By the inclusion
(2.2.2) the group ring Z[ P] can be regarded as a subring of Z[U (h)*] and, moreover,
the action of W on P induces an action of W on Z[ P] by ring automorphisms
where w - et = e"H.

If v € V is weight vector such that (x;)®v =0 for all @ € R*, k > 0, then v is
said to be a highest-weight vector. If V is generated by a highest-weight vector,
then it is said to be a highest-weight module. Similarly, one defines the notions of
lowest-weight vectors and modules by replacing (x;)® by (x;)®.

Theorem 3.1.1. Let V be a Ug(g)-module.

(a) If V is finite-dimensional, then V is a weight-module, wt(V) € P, and
dimV, =dim V;, forall o € W, u € Up(h)*. In particular, ch(V) € Z[P1V.

(b) If V is a highest-weight module of highest weight A, then dim(V,) = 1 and
V.. is nonzero only if © < A. Moreover, V has a unique maximal proper
submodule and, hence, also a unique irreducible quotient. In particular, V is
indecomposable.
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(c) For each ) € P, the Ug(g)-module Wg(\) given by the quotient of Ug(g) by
the left ideal Iy ()\) generated by

UrmM°,  h—ah) and (x;)®, forallh € Ug(h),a € RT, k > A(hy),

is nonzero and finite-dimensional. Moreover, every finite-dimensional highest-
weight module of highest weight A is a quotient of Wg(A).

(d) If V is finite-dimensional and irreducible, then there exists a unique ) € P™
such that V is isomorphic to the irreducible quotient Vi()) of Wg(A). If the
characteristic of F is zero, then Wg()) is irreducible.

(e) For each ) € P*, ch(WE(}L)) is given by the Weyl character formula. In
particular, u € wt(Wr(X)) if and only if op < X for all o € W. Moreover,
WEA) is a lowest-weight module with lowest weight woA. O

Remark 3.1.2. The module Wg(A) defined in Theorem 3.1.1(c) is called the
Weyl module (or costandard module) of highest weight A. The known proofs
of Theorem 3.1.1(e) make use of geometric results such as Kempf’s Vanishing
Theorem.

We shall need the following lemma in the proof of Lemma 5.2.5 below.

Lemma 3.1.3. Let V be a finite-dimensional Ug(g)-module, u € P, and o € R™.
If v e V, \ {0} is such that (x;)(k)v =0 forall k > 0, then u(hy) € Z<o and
(x;')(_ﬂ(ha))v £ 0. O

Remark 3.1.4. In characteristic zero, it is well known that the following stronger
statement holds: if v € V,, \ {0} is such that 1(hy) € Z<g, then (x;)THBDy £,
In positive characteristic this stronger statement is not true for all finite-dimensional
representations.

The next lemma can be proved exactly as in [Naoi 2012, Lemma 4.5].

Lemma 3.1.5. Let m; € Z>p,i € I, V be a finite-dimensional Ug(nw™)-module, and
suppose v € V satisfies (xl._)(k)v =O0foralli € I,k > m;. Then, givena € R, we
have (x;)®v =0 for all k > Y ics him; where n; are such that hy = _;; nih;.0)
3.2. Modules for hyper loop algebras. We now recall some basic results about
the category of finite-dimensional Ug(g)-modules in the same spirit as Section 3.1.
The results of this subsection can be found in [Jakeli¢ and Moura 2007, Section 3]
and references therein.
Given a Up(g)-module V and & € U[F(F))*, let

Ve={veV:forallx e U[F(G), there exists k > 0 such that (x — S(x))kv = 0}.
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We say that V is an £-weight module if V = @ V,,. In this case, regarding V as a
Ur(g)-module, we have wePy

V= @ Ve forallue P and V=@VM.

WEPE: neprP
wi(w)=p

A nonzero element of V,, is said to be an £-weight vector of £-weight . An £-weight
vector v is said to be a highest-£-weight vector if U[F(E)v =[Fv and (x;r)(k)v =0
foralla € Rt and all r, k € Z, k > 0. If V is generated by a highest-¢-weight vector
of £-weight w, V is said to be a highest-£-weight module of highest £-weight .

Theorem 3.2.1. Let V be a Up(g)-module.

(a) If V is finite-dimensional, then V is an £-weight module. Moreover, if V is
finite-dimensional and irreducible, then V is a highest-£-weight module whose
highest £-weight lies in 9’;.

(b) If V is a highest-£-weight module of highest £-weight @ € P, then dim V,, = 1
and V,, # 0 only if © < wt(w). Moreover, V has a unique maximal proper
submodule and, hence, also a unique irreducible quotient. In particular, V is
indecomposable.

(c) For each € P7, the local Weyl module W (w) is nonzero and has finite
dimension. Moreover, every finite-dimensional highest-£-weight module of
highest £-weight  is a quotient of Wi (w).

(d) IV is finite-dimensional and irreducible, then there exists a unique @ € @’;
such that V is isomorphic to the irreducible quotient Vi (w) of W (w).

(e) For we P and w € P, w is in wt(Wg(@)) if and only if i € wt(Wg(wt(w))),
or equivalently if wu < wt(w) for all w € W. U

3.3. Graded modules for hyper current algebras. Recall the following elementary
fact.

Lemma 3.3.1. Let A be aring, I C A aleft ideal, B=TF ®z A an F-algebra, and
J the image of I in B, that is, J is the F-span of {(1 ® a) € B : a € I}. Then
F®z (A/I) is a left B-module, J is a left ideal of B, and we have an isomorphism
of left B-modules B/J =F ®z (A/I). ([
We shall use Lemma 3.3.1 with A being one of the integral forms so that B is
the corresponding hyperalgebra.
Given A € P, let I;(X) C Uz(g[t]) be the left ideal generated by

Uz [1D)°,  Uz(bl114)°  h—ah),  (x)®,
forall h € Uz(h),a € RT, k > A(hy), and set
WS = Uz(gle) /15 (%)
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Similarly, if £ > 0 is also given, let Iz(£, A) be the left ideal of Uz(g[¢]) generated
by

Uz [e)°, Uz0[610)°,  h—ah), ()™,
for all h € Uz(h), @ € RY, s, k € Z~0, k > max{0, A(hy) — ] Cs}.

Then set
Dz(€, A) = Uz(glt]D/1z(€, 1).

Notice that W7 (1) and Dz (¢, 1) are weight modules.

Since the ideals defining W (A) and D (£, 1) (see Section 1.5) are the images of
I7(A) and Iz(¢, 1) in Ug(g[t]), respectively, an application of Lemma 3.3.1 gives
isomorphisms of Ug(g[¢])-modules

WEO) ZF®, W(h) and D6, 1) = F®z Dz(E, A).

As before, Dz(¢, 1) is a quotient of W7 () for all A € Pt and all £ > 0. We
shall see next (Proposition 3.3.2) that the latter is a finitely generated Z-module
and, hence, so is the former. Together with Corollary 1.5.3, this implies that

(3.3.1) Dz (¢, )\) is a free Z-module.

The proof of the next proposition is an adaptation of that of [Jakeli¢ and Moura
2007, Theorem 3.11]. The extra details can be found in [Macedo 2013].

Proposition 3.3.2. For every A € PY, the Uz(g[t])-module W3(A) is a finitely
generated Z-module.

We now prove an analogue of Theorem 1.5.4 for graded local Weyl modules.

Corollary 3.3.3. Let A € P and v be the image of 1 in WE). Then Uz(glt]v is
a free Z-module of rank dim(W¢(1)). Moreover, Uz(g[t])v = EBueP(UZ(Q[t])U N
We) ). In particular, Uz (gt v is an integral form for Wg(3).

Proof. To simplify notation, set L = Uz(n")v. Let also # be as in the proof of
Proposition 3.3.2. Since v satisfies the relations satisfied by ¢, it follows that there
exists an epimorphism of Uz (g[¢])-modules Wz(A) — L, » — v. Since Wz(1) is
finitely generated, it follows that so is L. On the other hand, since L € W{(R), itis
also torsion free and, hence, a free Z-module of finite rank. Since Uz(n™) spans
U(m™) and Wg(A) = U(n™)v, it follows that L contains a basis of W{(A). This
implies that the rank of L is at least dim(Wg(2)). On the other hand, C ®z L is
a g[t]-module generated by the vector 1 ® v which satisfies the relations (1.5.1).
Therefore, it is a quotient of W{(A). Since dim(C ®z L) = rank(L), the first and
the last statements follow. The second statement is clear since L is obviously a
weight module. U
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Consider the category 4r of Z-graded finite-dimensional representations of
Ur(g[t]). Recall the functors t,, defined in the paragraph preceding Remark 1.5.1.
For each Ur(g)-module V, let evg(V) be the module in Yy obtained by extending
the action of Ur(g) to one of Ur(g[t]) on V by setting Ur(g[t]+)V = 0. For
re P, reZ, set Vi(h, r) =ev,(VF(L)) where ev, = T, o evy.

Theorem 3.3.4. Let . € P*.

(a) If V € g is simple, then it is isomorphic to Vg (A, r) for unique (A, r) € PT x Z.
(b) W{ Q) is finite-dimensional.

(c) If V is a graded finite-dimensional Ug(g[t])-module generated by a weight

vector v of weight A satisfying Ur(n™[t])% = U[F(b[t]Jr)Ov =0, thenV isa
quotient of Wg (3).

Proof. To prove part (a), suppose V € 4 is simple. If V[r], V[s]#Ofors <r €Z,
(D;~, VIk]) would be a proper submodule of V, contradicting the fact that it is
simpfe. Thus there must exist a unique r € Z such that V[r] # 0. Since Ur(g[t]+)
changes degrees, V = V[r] must be a simple Ur(g)-module. This shows that
V = Vg(A,r) forsome A € P, r € Z.

To prove part (b), observe that Wi (1) =F ®z W5 (L) (see Lemma 3.3.1). Thus
the dimension of W (1) must be at most the number of generators of W7 (1), which
is proved to be finite in Proposition 3.3.2.

To prove part (c), observe that the Ur(g)-submodule V' = Ug(g)v C V is a finite-
dimensional highest-weight module of highest weight A. Thus, by Theorem 3.1.1(c),
V' is a quotient of Wi (). The statement follows by comparing the defining relations
of V and W{(A). O

Remark 3.3.5. Denote by v the image of 1 in Wf (A). From the defining relations
(1.5.1) it follows that F ®z Uz(g[t])v is a quotient of Wg(A). It follows from
Theorem 1.5.2(b) that F ®7 Uz(g[t])v = W{(A) for all » € PT (see Section 3.4
below). Moreover, since F ®7 Wz(1) = W{ (L), Theorem 1.5.2(b) also implies that
Wz()) is free.

3.4. Proof of (1.5.4). The argument of the proof will use Corollary 1.5.3, the
characteristic-zero version of parts (c¢) and (d) of Theorem 1.5.2, and the following
proposition.

Proposition 3.4.1 [Naoi 2012, Corollary A]. Let A € P*. Then dim We) =
[Tic; (dim WE (@), O

We shall also need the following general construction. Given a Zo-filtered
Ur(g[t])-module W, we can consider the associated Ur(g[f])-module gr(W) =
D,-¢ W5/ W_, which obviously has the same dimension as W. Suppose now
that W is any cyclic Up(g[t])-module and fix a generator w. Then the Z-grading
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on Up(g[t]) induces a filtration on W. Namely, set w to have degree zero and
define the s-th filtered piece of W by W, = F*Ur(glt]))w where FUp(g[t]) =
D, -, Ur(gltD[r]. Then gr(W) is cyclic since it is generated by the image of w in
gr(W).

Recall the notation fixed for (1.5.4): @ € P, A = wt(w), @ is the image of @ in
Pr. Also recall that, using (1.5.3), (1.5.4) will be proved if we show that

dim Wi (w) < dim Wk(w).

Fix w € Wg(w); \ {0}. Not only does w generate Wr(w) as a Up(g)-module,
but it also follows from the proof of [Jakeli¢ and Moura 2007, Theorem 3.11] (with
a correction incorporated in the proof of [Jakeli¢ and Moura 2010, Theorem 3.7])
that Ur(n~[t])w = W (w'). Hence, we can apply the general construction reviewed
above to Wrg(w). Set V = gr(Wg(w)) and denote the image of w in V by wv.
The module V is finite-dimensional and v is a highest-weight vector of weight A
satisfying U[F(f)[t]+)0v = 0 (the latter follows since dim(V;,) =1, V is graded, and
Ur(b[t]) is commutative). Hence, v satisfies the defining relations (1.5.1) of W (&).
In particular,

dim Wi(w) < dim Wf ().

Since dim W (1) = dim W (1) by Corollary 1.5.3, it now suffices to show that
dim Wi (1) = dim Wi(®).

For proving this, consider the decomposition of @ of the form

m

= l_[ W3;.a
j=1

for some m > 0,a; € K*, a; #aj fori # j, »j € P* such that A = 3", &;. By
Theorem 1.5.2(d), in characteristic zero, Wi (w) = ’;1:1 Wi (@3;.4;)- In character-
istic zero, Theorem 1.5.2(c) implies that dim Wi (@, 4;) = dim Wi (4;). Hence,

dim Wic(@) = [ [ dim Wg(xj) = [ ] ] dim Wig (i)™
j=1 j=liel
= [ Wi (@)** = dim Wi (3).
iel

Here, the second and last equality follow from Proposition 3.4.1 and the others are
clear. This completes the proof of (1.5.4).

Notice that all equalities of dimensions proved here actually imply the corre-
sponding equalities of characters. In particular, it follows that

(3:4.1) ch(We(®@)) = [ [ch(Wg @)™ @@ for all w € @

iel
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3.5. Joseph—Mathieu—Polo relations for Demazure modules. We now explain the
reason we call the module Dg(¢, A) a Demazure module. We begin with the
following lemma. Let y be the Dynkin diagram automorphism of g induced by wg
and recall from Section 2.2 that it induces an automorphism of U (g[¢]) also denoted
by y.

Lemma 3.5.1. Let A € PT, £ > 0, and set \* = —woh. Let W be the pull-back of
Dr(L,\*) by y. Then Dp(£, L) =W

Proof. Let v € Dp(€, A*),=\ {0}. By (1.5.1) and (1.5.2) we have
Ur* (1) = Us(Blt1:) 0 =0, hv =2"(hv,  (x,)“v =0,

forall h € Ur(h),x € R, s, k € Z>¢, k > max{0, A*(hg) —str, }. Denote by w the
vector v regarded as an element of W. Evidently, W = Ur(g[¢])w. Since y restricts
to automorphisms of Ur(n*[¢]) and of Ug(h[t]), it follows that Ur(n*[])'w =
U[F(b[t]_l,_)ow = 0, while (2.2.5) implies that w € W,. Finally, (2.2.4) and (2.2.5)
together imply that

(xy ) Pw=0 foralla € RY, s,k € Zo, k > max{0, A(hq) — sry }.

This shows that w satisfies the defining relations of Dp(¢, A) and, hence, there
exists an epimorphism from Dg(¢, 1) onto W. Since (A*)* = X, reversing the
roles of A and A* we get an epimorphism on the other direction. Since these are
finite-dimensional modules, we are done. |

In order to continue, we need the concepts of weight vectors, weight spaces,
weight modules and integrable modules for Ug(g§") which are similar to those for
Ur(g) (see Section 3.1) by replacing I with [ and P with P'. Also, using the
obvious analogue of (2.2.2), we obtain an inclusion P UF(EA)/ )*. Let V be a
Z-graded Up(g')-module whose weights lie in P'. As before, let V[r] denote the
r-th graded piece of V. For u € P, say u = +mé8 with u’ € P meZ, set

V,={veViml:hv=p (h) forall h € Us(§)}.

If V,, # 0 we shall say that p is a weight of V and let wt(V) = {u € P V. #0}.
We record the following partial affine analogue of Theorem 3.1.1.

Theorem 3.5.2. Let V be a graded Ug(g')-module.

(a) If V is integrable, then V is a welght module and wt(V) C P. Moreover,
dimV, =dimV,, for all o eW,ueb.

(b) If V is a highest-weight module of highest weight A, dim(V,) =1and V,, #0
only if @ < L. Moreover, V has a unique maximal proper submodule and,
hence, also a unique irreducible quotient. In particular, V is indecomposable.
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(c) Let A € P and m = A(d). Then the Ur(g§')-module WE(A) generated by a
vector v of degree m satisfying the defining relations

UraH =0, hv=AMh)v and (xi_)(k)vzo

forall h € U[F(fA)/), i €l, k> A(h;), is nonzero and integrable. Moreover, for
every positive real root o, we have

(3.5.1) (x;)®v =0 forall k > A(hy).

Furthermore, every integrable highest-weight module of highest weight A is a
quotient of WE(A). [l

Given A € P+, o € W, the Demazure module VZ (A) is defined as the Ur(6'1)-
submodule generated by W[F(A)a A (see [Fourier and Littelmann 2007; Mathieu
1989; Naoi 2012]). In particular, V7 (A) = V[g/(A) if o A = o’ A for some o’ € W.
Our focus is on the Demazure modules which are stable under the action of Up(g).
Since V7 (A) is defined as a U[F([;’ *)-module, it is stable under the action of Up(g)
if, and only if,

(3.5.2) U ™) Wg(A)gp =0

In particular, since V (A) is an integrable Uf (sl )-module for any o € RT, itfollows
that (60 A)(hy) < 0 for all « € RT. Conversely, using the exchange condition for
Coxeter groups (see [Humphreys 1990, Section 5.8]), one easily deduces that, for
alli e f, we have

x5O Wg(A)gp =0 forall k > 0

where e =+ if o A(h;) >0and e = — if 0 A (h;) <0. This implies that if o A (h;) <0
for all i € I, then VZ (A) is Ug(g)-stable. Thus, henceforth, assume (o A)(h;) <0
for all i € I and observe that this implies that ¢ A must have the form

(353) oA =4LAg+wor+m8 forsome A€ Pt ,meZ, and £ = A(c).

Conversely, given £ € Z>0, A€ Pt andm €7, since W acts simply transitively on
the set of alcoves of f)* (see [Humphreys 1990 Theorem 4.5. (c)]) there exists a
unique A € P such that £Ag +wor +mé € WA. Thus, if o € W and A € P+ are
such that

(3.5.4) oA =LAo+ wor +m$,

then V7 (A) is Up(g)-stable. Henceforth, we fix o, A, wo, A, and m as in (3.5.4).
Notice that if y = +a + 58 € Rt with o € R™, then

o A(hy) = Fwor(he) + stry .
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The following lemma is a rewriting of [Mathieu 1989, Lemme 26] using the above
fixed notation.

Lemma 3.5.3. The Uz (b'")-module V(M) is isomorphic to the Ur(6'")-module
generated by a vector v of degree m satisfying the following defining relations:
hv = o A(h)v, h € U (i), Us(b[1]4)°v = Up(n~[1]4)°v = 0, and

3.5.5) (i )®v=0 foralle € R, s >0,k > max{0, —woA(hy) —stry}. O

Remark 3.5.4. Mathieu [1989] attributes Lemma 3.5.3 to Joseph and Polo. This
is the reason for the title of this subsection. The original version of this lemma in
[Mathieu 1989] gives generator and relations for any Demazure module, not only
for the Up(g)-stable ones.

The following is the main result of this subsection.

Proposition 3.5.5. The graded Ug(g[t])-modules V (A) and Dg (£, A, m) are iso-
morphic.

Proof. It suffices to prove the statement for m = 0, so for simplicity we assume that
this is the case. Proceeding as in [Fourier and Littelmann 2007, Corollary 1] (see
also [Naoi 2012, Proposition 3.6]) we show that V (A) is a quotient of Dg(¢, A).
Namely, let v be a nonzero vector in We(A) x Where u = woo A. Quite clearly v
generates V7 (A). It follows that v is an extremal weight vector and, hence, satisfies
the relations

(3.5.6) (x;)®v =0 for all k > max{0, Fpu(hy)}

and all positive real roots y. In particular, taking y = o + s8 with o € R™ and
s > 0, it follows that

—u(hy) = —A(hg) —Lrys <0,
showing (x;)®v =0 for all k > 0. Similarly, taking y = —a + 58, we get
_M(hy) = A(hy) — Er(;/S,

which shows that v satisfies the relations determined by (1.5.2). It remains to be
shown that U[F(h[t]+)0v = 0. This can be proved as in [Mathieu 1989, Lemme 26].
Alternatively, this can also be shown by proving that there exists a surjective
map from D (£, 1*) to the pull-back of V{7 (A) by the automorphism v defined in
Section 2.2 (similarly to what we do in the next paragraph), and then comparing
weights (one uses a vector as in Lemma 3.5.3 to prove the existence of such a map).
It now suffices to show that dim(Dg (¢, 1)) < dim(V (A)).

Now let v be in Dg (£, 1*),« \ {0}, W be the pull-back of Dg(€, A*) by v, and
w denote v when regarded as an element of W. Since Uy (n*[1])° = 0, and since
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(3.5.2) implies that ¥ (Ur(n~[t])?) = Up(nt[£])?, it follows that Up(n~[¢])°w = 0.
Also, ¥ restricts to an automorphism of Ur(h[z]+) and, hence, U[F(h[t]+)0w =0.
Since hv = A*(h)v for all & € Up(h), (2.2.3) implies that hAw = wor(h)w for all
h € Ur(h). Finally, the defining relations of v and (2.2.1) imply that

(xis)(k)w = (x(;s)(k)v =0 foralla € R", s >0, k > max{0, A*(hy) — s€r,)}.

Thus w satisfies all the defining relations of V| (A) in Lemma 3.5.3. Hence, W is a
quotient of V7 (A) and therefore dim(W) < dim(V{ (A)). Since dim(Dg(£, 1)) =
dim(Dg (€, A)) by Lemma 3.5.1, we are done. U

Corollary 3.5.6. D (¢, 1) is isomorphic to the quotient of Ug(g[t]) by the left ideal
Iy (¢, 1) generated by h —woh(h), h € Ug(b), Ur(bl]4)°, Us(n™[])°, and

(x(j’s)(k) foralla € RT, s >0, k > max{0, —wor(hy) — slr, }. O

Remark 3.5.7. Observe that the difference between our first definition of Dg(£, 1)
and the one given by Corollary 3.5.6 lies on exchanging a “highest-weight generator”
by a “lowest-weight” one. More precisely, let v be as in Lemma 3.5.3. Then the
isomorphism of Proposition 3.5.5 must send v to a nonzero element in Dg (£, A) .
In particular, if w is in Df(€, A)y,a, it satisfies the relations listed in Lemma 3.5.3.
The second part of our proof of Proposition 3.5.5 differs from the one given in
[Fourier and Littelmann 2007, Corollary 1] in characteristic zero. It is claimed
there that a vector in Dg (€, 1),,,, must satisfy several relations, including (3.5.5),
without further justification. Proposition 3.5.5 implies that this is true, but we do
not see how to deduce it so directly (even in characteristic zero) since we cannot
use extremal-weight vector theory to such vectors Dg (£, 1) a priori contained in an
integrable module for the full affine hyperalgebra.

Corollary 3.5.8. Let g = sly and consider the subalgebra a = n™[t] ® h[t] &
n[t]y C glt]. For £, € Z>y, let I[E(E, A) be the left ideal of Ur(a) generated
by the generators of Ir(£, L) which lie in Ug(a). Then, given k,l,s € Z>y with
k > max{0, A — s€}, we have

(3.5.7) @O )W € Us()Urm®)’ @ I(L, 1)
where i is the unique element of 1.

Proof. The statement is a hyperalgebraic version of [Naoi 2012, Lemma 4.10] and
the proof follows a similar outline. Namely, by using the automorphism of g[]
determined by xij; — xf .1 €1,r €Z>p, we observe that (3.5.7) is equivalent to
(3.5.8) )PP € Up(a)Us () + I (€, 1)

forall k,1, s € Z>¢, k > max{0, A — s¢}, where a~ =n"[t]; ® h[¢] ®nT[¢] and
17 (€, 1) is the left ideal of Ur(a™) generated by the generators of Iy (¢, A) given
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in Corollary 3.5.6 which lie in Ug(a™). Since g[t] = a~ & n~, the PBW theorem
implies that

Ur(glr]) = U@ )Ur(n )" @ Ur(a7),
and, hence, (x;)®(x;[)® = u+u" with u € Up(a™)Ur(n™")° and u’ € Ug(a").

Consider the Demazure module Dr(¢, A) and let w € Dg(€, A)_; \ {0}. It follows
from the proof of Proposition 3.5.5 that if £ > max{0, A — s¥¢}, then

w'w= ()P xH® —u)yw =0.
Since bt = a~ ® Cc and a™ is an ideal of E’*, it follows from Lemma 3.5.3 that
If (€, 1) is the annihilating ideal of w inside Ug(a), and, hence, u’ € Iy (¢, ). [
4. Joseph’s Demazure flags

4.1. Quantum groups. Let C(g) be the field of rational functions on an indeter-
minate ¢g. Let also C = (Cij)i,jei be the Cartan matrix of g, and d;, with i € f, be
nonnegative relatively prime integers such that the matrix DC, with D =diag(d;);e;y,
is symmetric. Set g; = qd" and form,neZ,n >0, set

(mly, = T )y = [l = 1]y, -+ (1],
qgi —4q;
|:mi| _ [mlg[m—1g, ... [m —n+1],
nl, [n]g,! '

The quantum group U, (g') is a C(g)-associative algebra (with 1) with generators

X, klﬂ, iel subject to the following defining relations for all i, j I:

_ ki — k!

[x,‘ X 1= Sij—71,
qgi —4q;

1—cij

Z( 1)m|: _Cijj| (xi:t)l—c‘,,—m :l:(x )m_ l#]
qi

m=0

:I:c,, +
l ] ’

kik7 ' =1, kikj=kiki, kixik =

Let U, (A*) be the subalgebra generated by xl.i, iel, and U, (Ei) be the subalgebra
generated by U, (f%) together with k', i € I.

We shall need an integral form of U (§ ) LetZ, =Zlq,q ~11, Uz, (7%) be the
Z4-subalgebra of U, (7%) generated by (x )/ (Imlg ), i € I m >0, and Uz, (g)
be the Z, subalgebra of U, (g) generated by Uz, (7*) and k,, i € I. Let also
Uz, (bi) =U, (bi) NUz, (g"). Then Uz, (a), Where a=g, at bi is a free Z,-
module such that the natural map C(q) ®z, Uz, (@) — Uy(a) is a C(q)- algebra
isomorphism. In other words, Uz, (a) is a Z,-form of U,(a). Moreover, letting
Z be a Z,-module where g acts as 1, there exists an epimorphism of Z-algebras
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Z®z, Uz, (a) — Uz(a), which is an 1somorph1sm if a = A*, and whose kernel is
the 1deal generated byki—1,i € I, fora= g, b

Given A € PT, let V,(A) be the simple (type 1) U,(g')-module of highest
weight A. Given a highest-weight vector v € Va(D), set Vz,(A) = Ug, R,
which is a Z,-form of V,(A). Given o € W and a nonzero vector v € V,(A)
of welght aA set VZ (A) = Uz, (n)v, which is a free Z4-module as well as a
Uz, (b+) module, and C®Z V" (A) VZ(A). In partlcular

4.1.1) V7 (A) =7 ®z, VZU,, (A)
is an integral form of VZ(A).

4.2. Crystals. A normal crystal associated to the root data of g defined as a set B
equipped with maps ¢;, f; : B — BU{0},¢;,¢; : B — Z, for each i € I, and
wt : B — P satisfying

(1) &;(b) =max{n : e;b # 0}, ¢;(b) = max{n : fib # 0}, forall i € I,be B;

(2) ¢i(b) —&i(b) = wt(b)(h;), for all i € I, b € B;

(3) forb,b' € B, b' = &b if and only if f;b' =

4)ifbeBandi e [ are such that eib # 0, then wt(e;b) = wt(b) + «;.

For convenience, we extend ¢;, f,-, &, ¢, wt to BLI{0} by setting them to map O to 0.
Denote by ¢ the submonoid of the monoid of maps B LI {0} — B U {0} generated
by {e; :i € I}, and similarly define . A normal crystal is said to be of highest
weight A € P if there exists by € B satisfying

wt(bp) = A, by =1{0), and Fby =B

Given B’ C B and u € P, define B, = {b € B’ : wt(b) = 11} and define the character

of B as ch(B') = Zﬂep #B) el € Z[P]
Given crystals By and B;, a morphism from Bj to B; is amap i : By — B, {0}

satisfying

(1) if ¥ (b) # 0, then wt(y (b)) = wt(b), &i (¥ (b)) = &i (D), ¢i (¥ (b)) = ¢ (b), for

alli eI,

(2) if e;b #0, then Y (e;b) = &; Y (b);

(3) if fib #0, then ¥ (fib) = fivr (b).
The set B| x B, admits a structure of crystal denoted by B} ® B, (see [Joseph 2003,
Section 2.4]). There is, up to isomorphism, exactly one family {B(A): A € P*} of
normal highest-weight crystals such that for all A, u € P, the crystal structure of

B(A) ® B(u) induces a crystal structure on its subset F(b, ® b,,), the inclusion is a
homomorphism of crystals, and ¥ (b, ® b,) = B(A + ).
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Given a crystal B and 0 € W with a fixed reduced expression o = §;, ...sj,,
define

€ =(e".. & :mjeNyC¢ and F={f" .. f":m;eN}CF
If B=B(A), A € P* and o € W, define the Demazure subset B® (A) = F°by C
B(A). Then B?(A) is é-stable: €B° (A) C B (A) L {0}. It was proved in [Joseph
2003, Section 4.6] that ch(VZ (A)) = ch(B?(A)). This fact and the following

theorem are the main results of [Joseph 2003] that we shall need.

Theorem 4.2.1/.\ Let A, u € P*. For any o € W, there exist a finite set J and
elements o; € W, b; € B°(A) for each j € J, satisfying

(1) b, ® B°(A) =UjeyBj where B; := %% (b, ®bj);

(2) €, ®bj) ={0};

(3) ch(B;) =ch(B° (v;)), where v; = u+wt(b;) € p.

Remark 4.2.2. The proof of Theorem 4.2.1 establishes an algorithm to find the
set J and the elements o}, b;.

4.3. Globalizing. The theory of global basis of Kashiwara shows, in particular,
that for each A € P, there is amap G : B(A) — V,(A) such that

(4.3.1) Vz,(M) = @ 7,6).
beB(A)
the weight of G(b) is wt(b) and G (b, ) is a highest-weight vector of V,(A).

Fix A, u € P, 0 € W and let J, bj,oj,vj, j bein J, be as in Theorem 4.2.1.
Let b be in B(A),5 and set Vi‘q (A) = Uz, (@")G(b). Similarly, let b;. be the
unique element of B; such that wt(b;.) = o;v;. Choose a linear order on J such
that wt(b;) < wt(bi) only if j > k. For j € J, let Y; be the Z,-submodule of
V() ® V;(A) spanned by G(b,) ® G(b) with b € By, k < j, and set

(43.2) yi =Gb,) @ G()).
Letalso Z; = Zkfj Uz,(87)(G(b,)®G (by)). Since J is linearly ordered and finite,
say #J = n and identify it with {1, ..., n}. For convenience, set Yo = {0}. Observe

that 0 =Yy C Y| C--- C Yy is a filtration of the Uzq(6+)—module G(bp,)® Vi'q (A).
The following result was proved in [Joseph 2006, Corollary 5.10].

Theorem 4.3.1. Suppose g is simply laced and w(h;) <1 foralli I. Then:
(a) The Z,-module Y; is Uz, (8%)-stable for all j € J.

(b) Forall j € J,Y;/Y;_y is isomorphic to VZ (vj). In particular, Y;/Y;_isa
free Z,-module.
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(c) Forall j € J, the image of {G(b,) ® G(b) :b € B;}inY;/Y;_y is a Z,-basis
Oij/Yj_l.
(d) Foreach jeJ,Zjis Uz, (§')-stable and Y; = Z; N (G(bﬂ) ® VZ’q (A)).

Remark 4.3.2. The above theorem was proved in [Joseph 2006] for any simply-
laced symmetric Kac—-Moody Lie algebra. However, as pointed out in [Naoi 2012,
Remark 4.15], the proof also holds for sl,.

It follows from Theorem 4.3.1 and the fact that G(b,,) is a highest-weight vector
of V,(A) (4.3.1) that

(4.3.3) Yj=> Uz, {)y;.
k<j

4.4. Simply laced Demazure flags. Given {>0,Lc PT, meZ,let Dg(¢, ., m) =
Tn(DE(¢, 1)) and Dz (£, &, m) = 1,,(Dz(£, 1)).

Theorem 4.4.1. Suppose g is simply laced, let . be in PT and £’ > € > 0. Then
there existk >0, w1, ..., ux € Pt my, ..., my € Z>¢, and a filtration of Uz (g[t])-
modules 0 = Dy C Dy C --- C Dy = Dz(¢, u) such that D; and D;/D;_y are free
Z-modules forall j =1,..., k,and Dj/D;_1 = Dy (¥, wj, mj). Moreover, for all
J € J, there exists v; € D; such that

(i) the image of v; in D;/D;_ satisfies the defining relations of Dz({', i, m;);
(i) Dj =3 yo; Uz~ [t])os.

Proof. The proof follows closely that of [Naoi 2012, Corollary 4.16]. First notice
that it is enough to prove the theorem for £ = £+ 1. Then let A € Pt and w e W be
such that wA = £Ag + wou, and let Vw (A) =Ug, ()G (b) where b € B(A)ya.

From Section 4.3, we know that the Uz, (b+) submodule G(bp,) ® Vw (A) C
Vy(Ao) ® V4 (A) admits a filtration 0 =Yy C Yy C--- C Y. Foreach j = 1 Lk,
let Dj =7 ®z, Y;, and observe that

=7 ®z, (G(ba,) ®2, V7. (N))
= (Z2®z2,Gbay) ®7 (282, V7, (M) = Zs, ®2 Dz (L, W),

where Z,, is a Uz(b+)-module on which Uz(f1)° and Uz(g)° act trivially and
UZ(G) acts by Ag. Moreover, as a Z-module it is free of rank 1. Thus Dy is
isomorphic to Dz (£, 1) as a Uz(g[t])-module. It follows from Theorem 4.3.1(d)
that D; is a Uz(g[t])-module for all j =1, ..., k and, hence, sois D;/D;_;. So
we have a filtration of Uz(g[¢])-modules 0 = Dy C D; C - C Dy = DZ(E nw.
By Theorem 4.3. l(b) Y;/Y; 1= V (vj) for some o; € W and vj € P. By
4.1.1) D;/D;_, = V (vJ) Thus J/D —1 is isomorphic to Dz(€;, u;, m;)
for some p; € Pt ,mj € Z and £; = v;(c); see (3.5.3). Since all the weights
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of V,(Ag) ® V,4(A) are of the form A + Ao — n for some 1 € O, and a;(c) =0
for all i € I, it follows that £; = £+ 1 for all j.

Keep denoting the image of y; in D; by y; (see (4.3.2)). It follows that D; =
Zkfj Uz(7")y; by (4.3.3). Asin Remark 3.5.7, we now replace the “lowest-weight”
generators y; by “highest-weight generators”. Thus, let b;.’ be the unique element
of B; such that wt(b;.’) =woojv;j =+ 1)Ag+ nj+m ;8 and let v; be defined
similarly to y; by replacing b; by b’ O

The next corollary is now immediate.

Corollary 4.4.2. Let g, u, 0, €, k, j, j =1, ..., k, be as in Theorem 4.4.1. Then
there exists a filtration of Ug(g[t])-modules 0 = Dy € D1 C --- € Dy = Dr(¢, ),
suchthat Dj/Dj_y = Dg({', u;) forall j=1,... k. O

5. Proof of Theorem 1.5.2

5.1. The isomorphism between Demazure and graded local Weyl modules. Re-
call that for g = sl,, a characteristic-free proof of Theorem 1.5.2(a) was given in
[Jakeli¢ and Moura 2014]. Thus, assume g is simply laced of rank higher than 1
and recall from Remark 1.5.1 that Dg(1, 1) is a quotient of W (). To prove the
converse, let w be the image of 1 in W (4). In order to show that Wg(A) is a
quotient of D¢ (1, A), it remains to prove that

(5.1.1) (xg ) ®Pw=0 foralla € RT, s > 0, k > max{0, A(hq) — s}.

Given o € R™, consider the subalgebra Up(sl,[?]) (see Section 2.3) and let W,, be
the Up(sly[?])-submodule of Wi (A) generated by w. Clearly, W, is a quotient of
the graded local Weyl module for Ug(sl,[¢]) with highest weight A(h,), where we
have identified the weight lattice of sl, with Z as usual. Since we already know
that the theorem holds for slp, it follows that w must satisfy the same relations as
the generator of the corresponding Demazure module for Up(sl,[¢]). In particular,
(5.1.1) holds and so does Theorem 1.5.2(a).

5.2. A smaller set of relations for nonsimply laced Demazure modules. In this
subsection we assume g is not simply laced and prove the following analogue of
[Naoi 2012, Proposition 4.1].

Proposition 5.2.1. For all . € P, Dg(1, A) is isomorphic to the quotient of
Ur(glt]) by the left ideal Ir()\) generated by

(5.2.1) Ur™ D)’ Ue(blr])’, h—ah),  )H)®, (g )"

forallh € Up(h),i € I\ Iy, & € RS, s = 0,k > A(h;), £ > max{0, A(hg) —srV}.

Let w be in Dp(1, 1), \ {0} and V be the Ur(g[t])-module generated by a vector
v with defining relations given by (5.2.1). In particular, there exists a unique
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epimorphism V — Dr(1, A) mapping v to w. To prove the converse, observe
first that since (x; YOy =0 foralli €I,k > A(h;), Lemma 3.1.5 implies that
(x;)®v=0foralla € R*, k > A(hy). In particular, V is a quotient of W (1) and,
hence, it is finite-dimensional. It remains to show that

(xg)®Pv=0 forall € RT\ R}, s >0,k > max{0, A(hy) — s }.
These relations will follow from the next few lemmas.

Lemma 5.2.2. Let V be a finite-dimensional Ug(g[t])-module, A be in PT, and
suppose v € Vy, satisfies Up(nT[t])% = Up(h[t]4)°v = 0. If « € RY is long, then
(xozs)(k)v =0 forall s >0, k > max{0, L(hy) — s}.

Proof. Consider the subalgebra Up(sl,[?]) (see Section 2.3). By Theorem 3.3.4
(c), the submodule W = Ug(sl,[¢])v is a quotient of the local graded Weyl module
for Ur(sly[f]) with highest weight A(hy). Theorem 1.5.2 (a) implies that W =
Dy (1, A(hy)) where the latter is the corresponding Demazure module for Up (sl []).
In particular, v satisfies the relations (1.5.2). U

Lemma 5.2.3. Assume g is not of type G,. Let V be a finite-dimensional Ug(g[t])-
module, ) be in PT, and suppose v € Vj, satisfies Ur(n*[t])°v = Up(h[t]4+)°v =0
and (xozs)(k)v =0foralla € R;g, k > max{0, A(hy) — 2s}. Then for every short
root y, we have (x,, )®v =0 for all s > 0, k > max{0, A(h,) — 2s).

Proof. The proof will proceed by induction on ht(y). If ht(y) = 1, then y is simple
and, hence, y € R;l:. Thus, suppose ht(y) > 1 and that y ¢ RSJ]Z. By [Naoi 2012,
Lemma 4.6], there exist o, 8 € R such that y = a + 8 with o long and 8 short.
Notice that {or, } form a simple system of a rank-two root subsystem. In particular,
h, =2hy + hg and, hence, A(h,) = 2A(hy) + A(hp).

Fix s > 0 and suppose first that A(h,) —2s > 0. In this case, we can choose
a, b € Z>¢ such that

a+b=s, A(hy)—a=>0, and A(hg)—2b=>0.

Indeed, b = max{0,s — A(hy)} and a = s — b satisfy these conditions. Then
Lemma 5.2.2 implies that (x;, a)(k)v =0 for all k > A(hy) — a, while the induction
hypothesis implies that (x,)® v =0for all k > A(hg) —2b. Applying Lemma 3.1.5
to the subalgebra U[F(gZ:Z) (see Section 2.3), it follows that (x): S)(k)v =0 for all
k >2(A(hg) —a) + (A(hg) —2b) = A(h,) — 2s.

Now suppose A(h, ) —2s < 0; this implies s — A(hy) =5 — %()\(hy) —A(hg)) >
A(hg)/2 > 0. We need to show that (x;,s)(k)v =0 for all k > 0. Letting a = A(hg)
and b = s — A(h,), we have

a+b=s, A(hgy)—a =<0, and A(hg)—2b<0.
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Then Lemma 5.2.2 implies that (x,, a)(k)v = 0 for all £ > 0, while the induction
hypothesis implies that (xg, b)(k)v = 0 for all £ > 0. The result follows from an
application of Lemma 3.1.5 as before. (]

It remains to prove an analogue of Lemma 5.2.3 for g of type G,. This is much
more technically complicated and will require that we assume that characteristic of
[ is at least 5. For the remainder of this subsection we assume g is of type G, and
set I = {1, 2} so that « is short. Given y = sa; +la, € RT, set s, =s. Set also

sy—1
.= P Pyl nTil=P PCx,. a=n @bt
yERT 525y yeRT s=0

and observe that n*[¢]. and n™[f]_ are subalgebras of n™[¢] such that n*[t] =
nt[t]. @nT[t]-. The hyperalgebras Ur(n*[t]>), Ur(n"[t].), and Ug(a) are then
defined in the usual way (see Section 1.3) and the PBW theorem implies that

(5.2.2) Ur(n" 1) = Up(n*[1]2) @ Up T 1D Us (n*[1]2)°.
We now prove a version of [Naoi 2012, Lemma 4.11] for hyperalgebras.

Lemma 5.2.4. Given A € P, let I{.(A) be the left ideal of Ug(a) generated by the
generators of I (L) described in (5.2.1) which lie in Ug(a). Then

I () C IF (V) @ Up(@) Up (0 [1]2)°.

Proof. Recall that Ip(2) is the left ideal of Up(g[t]) generated by the set $ whose
elements are the elements in Up(n*[7])°, U[p(h[t]+)0, together with the elements

(V)= e w®

foriel, k,l,m,s €Zso, m > i(h), k> max{0, A(h;)—3s}. To simplify notation,
set U =Ur(n™[t]-) and J = I} (M) ®Up (a) Up(nT[1]-)°. Observe that Up(a)J C J.
Therefore, since Up(g[t]) = Ur(a)U~ by (5.2.2) and we clearly have $ C J, it
suffices to show that

uls cu.

We will decompose the set $ into parts, and prove the inclusion for each part.
Namely, we first decompose $ into ($ N U™ [1])Up(h[])) U ($NUp(n"[¢])), and
then we further decompose $ N Up(n~[¢]) as

()™ im > M)} u{(x D™ 15 € Z20, k > max{0, A(h)) — 3s}}.

Since h[t] @ n™[¢] is a subalgebra of g[t], the PBW theorem tells us that
Ur(n"[¢t])Ur(b[t]) = Ur(h[tD Ur(n"[¢]), and therefore

U2(9 N U™ (1) Up (9lt])) S Up(IDUp(n™[2]).
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Now, by (5.2.2), Up(b[tDUr(n*[t]) € J, so UL($ N U [tDUE(H[t]) S J. In
particular, we have shown that

(5.2.3) Us (gltDUr (0 [1])° < .
It remains to show that

U($NUr(n"[t]) € J.

We begin by proving that U Ur(n,) € J, where n, is the subalgebra spanned
by x, . Consider the natural Q-grading on Up(g[?]), and for n € Q let Ur(g[]);
denote the corresponding graded piece. Observe that m; := n*[r]- & n; is a
subalgebra of g[f] and that

UU(n3) € @D Uk (my),,
n

where the sum runs over Z. oo @ Zop. Together with the PBW theorem, this
implies that
U Up(ny) € Ur(ny)U° € Up(a)U2 C J.
Finally, we show that US% C J, where $| = (9 NUr(n, [t])) and n; is the
subalgebra spanned by x;". Consider

sy—1

L= @ Py

yeRT\{a1} s=0

which is a subalgebra of n™[¢] such that n*[t]. =n &nT[z]L, where nj = Cx;".
Moreover, mj :=n" [t]l< @n, [¢] is a subalgebra of g[7] such that U (my), # 0 only
if n € Zoy @ Z>pa2 and U(my)g = C. This implies that

Ur(™ D) Up (] [1]) = Up () 1D Up (0 [11L)°.
Since U2 = Ur(m)Ur(n™[1]11)° @ Ur(n)P, we get
U291 € (UsmHUr 111" + Up()°) 94
C Urm) U] D Us (™ [11D)° + Up ()" 9
€ Us(gltDUr (™ [1D° + Ur () 9.

The first summand in the last line is in J by (5.2.3) while the second one is in J by
Corollary 3.5.8 (with A = A(h;) and £ = 3) together with (5.2.3). O

Seth; =Ch;,i € I,and b =n"[t] D b[t]+ ® b, ®n'[r].. Observe that b is an
ideal of a such that a = b @ b;. One easily checks that there exists a unique Lie
algebra homomorphism ¢ : b — g[¢] such that

P(x,,) = x;fersy forall y € RY.
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Moreover, ¢ is the identity on h[z]+ + sl,,. Also, ¢ can be extended to a Lie
algebra map a — U (g[t]) by setting ¢ (h1) = h; — 3 (see [Naoi 2012, Section 4.2]).
Proceeding as in Section 2.2, one sees that ¢ induces an algebra homomorphism
Ur(a) — Ug(g[t]) also denoted by ¢.

We are ready to prove the analogue of Lemma 5.2.3 for type G».

Lemma 5.2.5. Let V be a finite-dimensional Up(g[t])-module, . € P, and suppose
v € V, satisfies Ur(mt[t])% = U[F([][t]+)0v = 0 and (xis)(k)v =0 for all k >
max{0, A(h{) — 3s}. Then for every short root vy, we have (x}:S)(k)v = 0 for all
s >0, k > max{0, A(h,) — 3s}.

Proof. Notice that the conclusion of the lemma is equivalent to
(x;)® € Ig() forall s > 0, k > max{0, A(h,) — 3s}

for every short root y. Recall that the short roots in R are ay, @ := a; +a, and
¥ ;= 2a1 + ap while the long roots are oy, B := 3a; + ap and 6 := 31 + 2a. For
y =, we have h,, = hy + 3h, and the proof is similar to that of Lemma 5.2.3 (the
details can be found in [Macedo 2013]). We shall use that the lemma holds for
y = « in the remainder of the proof. It remains to show that the lemma holds with
y = ¢'. Notice that hy = 2h| + 3h, and thus we want to prove that

(524)  (x; )W € Iz() forall s >0, k > max{0, 24 (hy) + 3A(h2) — 3s}.

We prove (5.2.4) by induction on A(41). Following [Naoi 2012], we prove the cases
A(hy) €{0, 1, 2} and then we show that (5.2.4) for A — 3w in place of A implies it
for A. To shorten notation, set a = A(h1), b = A(hy).

(1) Assume a = 0. Since oy € R}, it follows that (x;)®v = 0 for all k > 0.
By Lemma 5.2.2, we have (x; )®v = 0 for all kK > max{0, b — s}. Applying
Lemma 3.1.5 to the subalgebra U[F(gg*lfaz), it follows that (xl; S)(k)v = 0 for all
k > 3 max{0, b — s} = max{0, 2a + 3b — 3s} as desired.

(2) Assume a = 1. This time we have (xl_)(k)v =0 forall k > 1. We split in 3
subcases.

(2.1) Suppose b > s — 1, and notice 2a 4+ 3b — 3s > 0. Lemma 5.2.2 implies
(x3,)®v = 0 for all k > max{0, b —s} = b —s. Applying Lemma 3.1.5 to the
subalgebra Ug(gJ?*,,). it follows that (x; )®v =0 forall k > 2+3(b —s) =
2a +3b — 3s.

(2.2) Suppose b =s — 1, in which case 2a +3b —3s < 0. Notice that hg = h| + hy
and, hence, A(hg) =a+b=s. Lemma 5.2.2 then implies that (xﬂ_’s)(k)v =0 for all
k > 0. Notice that {—o, §} form a basis for R. Since, (xfr)(k)v =0 for all £k > 0,
Lemma 3.1.5 applied to the subalgebra Ur( g(l’;l’ ) implies that (x; S)(k)v =0 for
all k > 0.
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(2.3) Suppose b < s — 1, in which case 2a + 3b — 3s < 0. This time we apply
Lemma 3.1.5 to the subalgebra Us(gl*,2). Indeed, we have (x D®v =0 for
all k > max{0, a — 3} = 0 and Lemma 5.2.2 implies that (x, )( )y = 0 for all
k > max{0,b — (s —2)} = 0. Thus, since3(b —s) < —3 and a = 1, we have
max{0, 2a 4 3b —3s} = 0 and Lemma 3.1.5 implies that (x; )®'v = 0 for all k > 0.

(3) Assume a = 2. We split in subcases as before.

(3.1) If b > s — 1, the proof is similar to that of step (2.1).

(3.2) Suppose b = s — 1, and notice that 2a 4+ 3b — 3s = 1. Hence, we want
to show that (5.2.4) holds for k > 1. For k > 3 we apply Lemma 3.1.5 to the
subalgebra Uf (g}x’l“;zz) in a similar fashion as we did in step (2.3) (the same can be
conclude using the argument from step (2.2). For k € {2, 3} we need our hypothesis
on the characteristic of F. Assume we have chosen the Chevalley basis so that
Xy = [x1+, xﬂ_] and observe that (1.1.4) implies that [x1+, xy | = 22x, . Using this,
one easily checks that

N D— Q2 -\ - -
(xﬁ,s)( )= (ler)( )(xﬂ,s)( ) %xr(xﬂ,s)( )x1+ - lxﬁ sxﬂ sler :Fxﬁ sXa,s

Using the case y = « and Lemma 5.2.2 we see that x, v = (xg )(Z)U = 0. Hence,
since 2 € F*, (5.2.4) holds for k = 2. For k = 3, we have (X5, )<3> = 1xy (xy )@
and, since 3 € F*, (5.2.4) also holds for £k = 3.

(3.3) If b < s — 1 the proof is similar to that of step (2.3).

(4) Assume a > 3 and that (5.2.4) holds for A — 3w;.
(4.1) Suppose s > 2 and recall the definition of the map ¢ : Ug(a) — Ug(g[¢]). The
induction hypothesis together with Lemma 5.2.4 implies that

(x5,_)" € I{(L —3w)) for all k > max{0, 2a + 3b — 3s},
and therefore
(x5 )0 = ((xy,_)Y) € pUF(L — 3wy)) for all k > max{0, 2a + 3b — 3s}.

One easily checks that ¢ sends the generators of I/ (A —3w;) to generators of Ir(1),
completing the proof of (5.2.4) for s > 2.
(4.2) For s = 0, notice that Ur(g)v is a quotient of W (1), and (5.2.4) follows.
Equivalently, apply Lemma 3.1.5 to U[p(ggfaz) = U (g) and the proof is similar to
that of step (2.1).
(43) If s =1 and b > 1, we have 2a + 3b — 3s > 0 and the usual application of
Lemma 3.1.5 to U[p(ga az) completes the proof of (5.2.4). If s =1 and b =0, we
need to show that (xﬂ’l)(k)v =0 for k > 2a — 3.

Consider the subalgebra Uy (sly[t]) = Ur(sly[¢]) defined in Section 2.3. Since
A(hy) =2a, it follows that W := U (sly[t])v is a quotient of the Up(sl,[¢])-module
Wi (2a), where we identified the weight lattice of sl, with Z as usual. Since
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W¢(2a) = Dg(1,2a) by Theorem 1.5.2(a), the defining relations of Dg(1, 2a)
imply (x; )®v =0 for k > 2a — 1. It remains to check that (x; )®v = 0 for
ke{2a—2,2a—1}.

Suppose by contradiction that (x 1)(2“—1)1) = 0, and notice that
(5.2.5) )P (xy )@ Dy =0 forall k > 0.

Indeed,
(x5)® (xy )P Vv € WE2a) —2a-24-1)

is a vector of degree 2a — 1 > 1 for all k > 0. By the Weyl group invariance of
the character of Wi (2a), we know that W (2a)_2,—24—1) = 0 if kK > 1, and that
Wi (2a) _2q4—24-1) is one-dimensional concentrated in degree zero if k = 1. This
proves (5.2.5). Then Lemma 3.1.3 implies that

(xl-;-)(Za—Z) (xl;’ . )(Za—l)v ;ﬁ 0.
On the other hand, it follows from Lemma 2.1.1 that
(x)a=2 (x;’l)aa’l)v =X} 041 V-

Since 2a —1 > 2 and 2a —3(2a — 1) = —4a + 3 < 0, it follows from step (4.1) that
Xy, = 0 yielding a contradiction as desired.
Similarly, assume by contradiction that (x| )4~y £ 0 and notice that

() ® ;)@ v =0 forall k > 1.

Suppose first that x,, (xl;I)(za_z)v =0 as well. It then follows from Lemma 3.1.3

that
(x;)(2a—4) (xl;’l)(za—Z)v # 0.

On the other hand, Lemma 2.1.1 implies that
2a-2
(xl;r)(z‘l*‘t) (xl;’l)(zafz)v = (xl;’ail)(z)v + Z X9 202Xy, V-

r=a

Since a—1> 2, step (4.1) implies that (x;,)®v=0forall r >a—1, k >0, implying

that the right-hand side is zero, which is a contradiction. It remains to check the

possibility that x; (x;,)*~?v 0. In this case it follows that x; (x; ) ** 2 v is a

lowest-weight vector for the algebra Up(sly) and, hence, Lemma 3.1.3 implies that
()P Py (xy P Pv £ 0.

Using (2.1.1) we get
(xl;-)(ZafZ)x; (xz;’l)(2072)v — (xl; (x;)(zafZ) 4 (x;)(2a73))(x19—’1)(2a72)vl

Lemma 2.1.1 together with step (4.1) will again imply that the right-hand side is
zero. This completes the proof. U
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5.3. Existence of Demazure flag. 1f g is simply laced, Theorem 1.5.2(b) follows
immediately from part (a) with k = 1. Thus, assume from now on that g is not
simply laced and recall the notation introduced in Section 2.4.

Given A € Pt let u = X € P;ﬁ and v be the image of 1 in Wg (). Consider
W= U (gglt])v and W3 := Uz (gg[#])v. By [Naoi 2012, Lemma 4.17], there is
an isomorphism of U (gg,[])-modules W' = D¢ (1, ). By Corollary 3.3.3, Wgh
is an integral form of Wg(u) = Dc(1, u). Hence, we have an isomorphism of
Uz(ggn[t])-modules W3' = Dz(1, ).

Since gg, is of type A, Theorem 4.4.1 implies that there existk >0, w1, ..., g €
P;ﬁ, mi,...,my € Z>o, and a filtration of Uz(gg,[¢])-modules 0 = Dy € D; C
- C D= WZSh, such that D; and D;/D;_; are free Z-modules, and D;/D;_| =
Dz(r¥, wj,mj) forall j=1,..., k. In particular,

(5.3.1) W‘Zgh/Dj is a free Z-module for all j =0, ..., k.

Set A; = n(uj) € Pt where n, is defined in (2.4.1), W% = Uz(gl[t])D; and
W! =F®z Wy. It is easy to see that we have 0 = W2 C W} C ... C W¥, and
Ax = A since u; = . Hence, we are left to show that

Wl /W = De(1, 0, m)) forall j=1,...,k, and WF=WEQ).
Notice that Wé‘ = Uz(g[t])v. Then Corollary 3.3.3 implies that Wg is an
integral form of W{(A). Since Z is a PID and Wg is a finitely generated, free
Z-module, it follows that Wé is a free Z-module of finite rank for all j =1, ..., k.
Set Wé = U(g[t])D;. It follows from [Naoi 2012, Proposition 4.18] (which is
Theorem 1.5.2(b) in characteristic zero) that Wé / Wé_l = Dc(1, 1j, m;) for all
j=1,..., k. Moreover, since Wé =C®z W%, we have

C®z (W /Wy =W/ WL = De(1, A, m)).
Therefore, W% / Wé_l is a finitely generated Z-module of rank dim(D¢ (1, A;, m;))
forall j=1,...,k. Since W/ W/~ =F®; (Wj/W; "), it follows that
dim(W{ /W ™") = dim(De(1, Aj, m)) = dim(Dg(1, A}, m ).

Now, letv; € D; be as in Theorem 4.4.1, w be the image of v in W[é‘, ujeUz(nglr])
be such that v; = u;v, and w; = u;w. It follows that

W)=Y Uz(glthv, and W/ =" Ug(gltDwy.
n<j n<j
We will show that the image w; of w; in W[g. / W[g__l satisfies the relations described
in Proposition 5.2.1, which implies that W[g / W[g isa quotient of Dg(1,A;, m )
and, hence, W/ /W/ ™' = Dg(1,7;,m;) forall j =1,..., k.
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By construction, v; is a weight vector of weight A ; and degree m ;, and so is w.
Since Dj/Dj—l = Dz(l"v, Hjs mj), it follows that

UrE )0 = Up(bg[1]) w0; =0 and (x; )P, =0

for all o € R:}:, s >0,k > max{0, A(hy) —srY}, j =1, ..., k. Thus, it remains to
show that
CF ™MW = A0 = () )Pw; =0

foralla € RF\ R}, s>0,r,m>0,k>x;(h;), j=1,..., k. Since,
(5.3.2) Aj+moa¢gr—QF foralla € RT\RL m>0,

we get (x;fs)(’”)wj =0 for all m > 0, s > 0. In particular, it follows that w; is
a highest-weight vector of weight 4; and, hence, (x;)®w; =0 for all « € R,
k > A(hy). Finally, we show that

(5.3.3) Aiyin; =0 foralli e I\I,r>0,j=1,... k

Observe that
Ajyuj € Uz(ng)Uz(Blt]4).

In particular, A; ,v; € Wgh N Wé. We will show that A; ,v; € D;_; which implies
(5.3.3). Let y; € Uz(ny) be such that A; ,u; = y; modulo Uz(ns_h)UZ(b[t]Jr)O.
Thus, we want to show that

(534) yjv e Dj—l-
We prove this recursively on j =1, ..., k. Notice that since C ®z ( Wé / sz _1) =
D¢ (1, Aj,m;), there exists n; € Z-¢ such that n;y;v € Wé_l,j =1,...,k. In

particular, since Wg =0 and WZ1 is a torsion-free Z-module, (5.3.4) follows for
j = 1. Next, we show that (5.3.4) implies

(5.3.5) WiNws=D;.
Indeed, it follows from (5.3.2) and (5.3.4) that
W3 = Uz(n~ [1DUz(galtDv; + Wy~

Since Uz(bsh[t]Jr)OUz(n:%)ovj € D;_ and, by the induction hypothesis, W£_1 N
Wit = D;_y, (5.3.5) follows by observing that

Uz~ [1hvy) NW3" € D;

(which is easily verified by weight considerations). Finally, observe that since
Njy1yj+1v 18 in Wé N WZSh = Dj, (5.3.1) implies that y; v € D;. Thus, (5.3.5) for
j implies (5.3.4) for j + 1 and the recursive step is proved.
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Remark 5.3.1. It follows from the above that WJ / W] ">~ pr(1, A j»m;) for any
field F. Hence, WZ / Wé ! must be isomorphic to Dz(l Aj,mj)forall j=1,..., k.

It remains to show that W[é‘ = Wg(A). Since Theorem 3.3.4(c) implies that
we have a projection W (L) — Wk of Ur(g[t])-modules, it suffices to show that
dim(W¢ (k)) < dlm(W" ). This follows if we show that there exists a filtration 0 =
WO C Wl c...C Wk Wi (1) such that WJ/WJ Vis aquotlent of Dg(1, A], mj)
for all j=1,...,k. Let w’ be the i 1mage of 1in Wf(R), w _ujw e WE(L), W[F
P U[F(g[t])w C WE (), and w'; be the image of w'; in WJ/WJ ! Observe that
Wk W (X). We need to show that w’, | satisfies the deﬁmng relations of Dg(1, A ;)
listed in Proposition 5.2.1. Let D =F®zD; and D/ Zn<} Ur(gsn[t])w),. Notice
that D/ is a quotient of W (u) = Dk and let 7 : Dk — D be a Ur(gg,[?])-module
epimorphism such that v — w; (we keep denoting the image of v; in D by
v;). In particular, w; = m(v;) and 7 induces an epimorphism D i = D; for all
j=1,...,k. Hence,

xw} € D;-_l for all x € Uz(gg[7]) such that xv; € Dj_;.
This immediately implies that
Us(nh (1) @ = Up(blr1:)"@; =0 and  (x, ) V@) =0

forall @ € R;{l, s >0, k >max{0, A(hy) —sr”}, j =1, ..., k. Note that (5.3.4) has
been used here. The relations

()™M = ()P =0

forall @ € R+\Rgh,z €l\Ilp,s>0,m>0,k>A;h;),j=1,...,k follow from
(5.3.2) as before.

5.4. The isomorphism between local Weyl modules and graded local Weyl mod-
ules. We now prove Theorem 1.5.2(c). Recall the definition of the automorphism ¢,
of Ug(g[t]) from Section 2.2. In particular, let a € A* be such that its image in F is a.
Denote by ¢ (WE(w; ,)) the pull-back of Wr(w, ) (regarded as a Ur(g[¢])-module)

by ¢4
Notice that

dim Wi(®;, o) = dim Wik (®; ;) = dim Wi (L) = dim Wf ().

Here, the first equality follows from (1.5.4), the second from (3.4.1) (with F =
) together with Proposition 3.4.1, and the third from Corollary 1.5.3. Since
dim ¢} (Wr(®y,4)) = dim Wg(w; ), Theorem 1.5.2(c) follows if we show that
@, (WE(@;.4)) is a quotient of W (1).

Let w € Wr(w;. )5 \ {0} and use the symbol w, to denote w when regarded as an
element of ¢ (Wr(wy.,4)). Since Wr(w;, o) = Ur(g[t])w and ¢, is an automorphism
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of Ur(glt]), it follows that ¢} Wr(w;, ) = Ur(gl[t])w,. Thus, we need to show
that w, satisfies the defining relations (1.5.1) of Wf(X). Since ¢, fixes every
element of Ug(g), w, is a vector of weight A annihilated by (x;)® for all « €
R*,k > A(hy). Equation (2.2.6) implies that ¢, maps Up(n™[¢]) to itself and,
hence, Ur(nt[¢])°w, = 0. Therefore, it remains to show that

Ur (h[t15) w, = 0.

To show this, let v be in Wig(w;, )1 \ {0} and L = Un(g[t])v. By (1.54), F®Qa L =
WE(®y ¢). In particular, the action of Ug(b[t14+)° on @ (WE (@) 4)) is obtained from
the action of UA(P)[t]Jr)O on (p:{(WK (w;.z)) which, in turn, is obtained from the
action of Uy (h[t]4)°. Since Uk (h[t];) is generated by h; ,,i € I,r > 0, we are
left to show that

hi,rva =0,

where v, is the vector v regarded as an element of ¢~ (Wi (@; 3)). It is well known
that the irreducible quotient of Wic(w; ;) is the evaluation module with evaluation
parameter a (see [Jakeli¢ and Moura 2007, Section 3B]). Hence, h; ;v = a*A(h;)v
foralli € I, s € Z. Using this, it follows that, for all i € I, r > 0, we have

hisrva = (hi ® (1 = @) v = i(;)ea)%,r_sv = 1)@ i(;y—m) =0.

s=0 s=0

5.5. A tensor product theorem. We say that w, T € P} are relatively prime if for
all i, j € I the polynomials w; () and 7 ;(u) are relatively prime in F[u]. The goal
of this subsection is to prove the following theorem from which we will deduce
Theorem 1.5.2(d).

Theorem 5.5.1. Suppose o, € @; are relatively prime and that V and W are
quotients of Wr(w) and W (i), respectively. Then V ® W is generated by its top
weight space.

Theorem 5.5.1 was proved in [Chari and Pressley 2001] in the case F = C.
Although the proof we present here follows the same general lines, there are several
extra technical issues to be taken care of arising from the fact that Ug(g) is generated
by x;t,r, a € RY, r € Z, while, in the case of Up(§), we also need arbitrarily large
divided powers of these elements. We start the proof by establishing a few technical

lemmas. Recall the definition of X (u) in Section 2.1 and set

o,m,s
X<;;s (I,t) = X;,l,s-i-l (u)

To shorten notation, we shall often write X . instead of X . (u).
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Fix @ € ?* and let w be a highest-£-weight vector of W(w). Given B8 € R,
define wg(u) € Flu] by
wg()w = Ag(u)w.

One can easily check (see [Chari and Pressley 2001, Lemma 3.1]) that if ¢ is the
highest short root of g and g € R™, then there exists wy g € P such that

Wy = WgWy g.
Lemma 5.5.2. Forall e R, k,l,s €Z,0< <k, k > A(hg), we have

(k—l))

(wﬁ XE;S k+deg(wﬁ)w =0.

Proof. We will need the following particular case of Lemma 2.1.1:
(5.5.1)

()P0, D = (DX, @) P Apw)), mod Uz(§)Uz ()’
forall k,l,s € Z,0 <1 < k. It follows from (5.5.1) and the definition of wg that
(5.5.2) (@pX5, ") w=0 forallk,I.s €Z,0 <l <k k> Alhp).

Hence, for such &, [, s, we have

(kfl)) (kfl))

(@s X Bis kt+deg(@y ) (@9,p0pX ., ket deg(@p p)
deg(wyp,p)
_ (k=)
= Z (wl‘/‘,ﬂ)j (wﬂxﬁ;s )k+deg(w0,ﬁ)—jw =0,
j=0

where the last equality follows from (5.5.2) since k + deg(wy,g) — j > A(hg). U

Let ® = RY x Z x Z~( and E be the set of functions & : N — R given by
Jj & = (Bj,sj,kj), such that k; = 0 for all j sufficiently large. Define the
degree of £ tobe d(§) =D jkj. Let Bg be the subset of functions of degree d and
E7 =Uy-qg Ba- Given & € E such that §; = (B, s, k;) forall j e Nand k; =0
for j > m, set

(5.5.3) =g ) ) and w® = xfw,

1,51

It will be convenient to write deg(w®) = d(£) = deg(x%). The next lemma is an
easy consequence of [Mitzman 1985, Lemma 4.2.13].

Lemma 5.5.3. Let « be in RT,s € Z, d, k be in Zso, and § be in E4. Then
xs(x(;s)(k) is in the span of

(g ) ®PxF U g e B7 ) 0
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Lemma 5.54. Let Bbein RT, kinZ,d,r,s inZsg,r <s,s > Ahg) and § in Eq.
Then (Q)ﬁXlg;k(r))s w? is in the span of vectors of the form wS with ¢ € Ea
Proof. If d =0, it follows from (5.5.2) that (@y X E; k(r)) swé =0, which proves the
lemma in this case. We now proceed by induction on d. Thus, let d > 0 and write
wf = (x/;m)ﬁm e (x/;m)@w with k; # 0. Let also £’ € E be such that

. i #1,

P lBL s, 0), if =1

Then, by Lemma 5.5.3, we have

- - — k ! — k - ! !
(@ Xz, ) wi=(@s X5, ), 0 )W =0xg, ) (@5 X5, ) w0 +Xw"

where X is in the span of {x* : ¢ € E7,,; }. In particular, Xw? is in the span of
vectors of the desired form. Since d(§') =d — k; < d, the induction hypothesis
implies that (@ X;, k(r)) Swé/ is in the span of vectors associated to elements of
Ef+d_k1. Therefore, (X,EI,SI)(kl)(wﬂ Xg;k(r))swf/ is in the span of vectors associated

to elements of E7, ; as desired. [l
Proof of Theorem 5.5.1. Let w,, and w, be highest-¢-weight vectors for V and W,

respectively. Let also
M = Up(8)(we ® wr) = Up(n™ ) (we @ wy).

Our goal is to show that M =V ® W. Since the vectors wf,, 029 wi/, £,& € B span
V ® W, it suffices to show that these vectors are in M. We do this by induction
on d (&) + d (&) which obviously starts when d (&) + d (&) = 0 since, in this case,
wi@wi = Wy ® Wy

Let n > 0, and suppose, by induction hypothesis, that
(5.5.4) wt @ws € M forall £, &' € E such that d(§) +d(&') <n.
In order to complete the induction step, it suffices to show that

(5.5.5) wh ® (xp )Pwh e M and  ((x5)Vwh) @wh € M

forall Be RT,r,leZ,r>1,& & € E,suchthatd(é) +dE)+r=n+1. We
prove (5.5.5) by a further induction on r > 1. Henceforth we fix 8 € R™.
Observe that the hypothesis on @ and & implies that wy and &y are relatively
prime. Therefore, we can choose R, S € [F[u] such that
Rwy + Sy = 1.
Set
§ =deg(Rwy) =deg(Smy) and m =max{wt(w)(hg), wt(m)(hg)}.

We claim that for all £ € E and k € Z,

(5.56)  (RwygX;, ") owh € span({wg : € Eje,)) forall s > m+3.
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Indeed,
deg R

(Roe X5, "ol = > Rj@s X5, s jw
j=0

and, since s — j > m+68 — j > m+deg(wy) > wt(w) (hpg), the claim follows from
Lemma 5.5.4. Similarly one proves that

(5.5.7) (SJT&X )S e span({ws, : ¢ € Ej(s)Jrr}) for all s > m + 8.

We are ready to start the proof of (5.5.5). Suppose d(&) + d(&') = n and let
¢ >m+34. Then
(Rwy X5, )e(wh, @ w)
= (Rwy X 5,)ews) @ wh +wh @ (1 — Smy) X5, ewh
= (Rwp X5, )ewh) @ wh — wh ® (Smp X )ewsy + why ®x;€+kw$/
It follows from (5.5.6), (5.5.7) and (5.5.4) that ((Rwng k)e ww) ® w,, and ww
(SzrgXﬂ k)gw,, are in M. Since (RwﬂXﬂ k)g(ww ® w,,) is in M by definition, it
follows that wi ®Xg.p i wi is in M for all k € Z, which proves the first statement
in (5.5.5) with » = 1. The second statement is proved similarly by looking at
(S79 X 5,0 (Wio ® Wi ).
Letr >1,& & € Ebesuchthat r +d(§) +d(E) =n+1 and set £ = r¢’ with
¢ such that £ > m + 8. Then
(R X5, e (wh, @ w)

(r))zwﬁ,) Qu +uwt ® (Rwy X 5 )ew o

= ((R(z),}XE;k
= (Roy X7, "ouwt ¥ L wf ®((1 = Smy) X7 &

(( wﬁ IB’]( )wa)®w7[ +ww®(( Jtl?) ﬁ’k )ewy[ +U
= (Roy X, )ewd) @ wh — wh @ (Smy X, ) ewy

(r)) ws +v

+ w ® (Xﬂ k
= ((Rw,;Xg;k(r))gwf)) ® wi/ - w(i ® (SnlyXl;k )gwn
+w§)®(x,;’5/+k)(’)wi/ +wt @ Xwé +v

where v is in the span of vectors of the form
(H(xﬂ_’si)(“”)wi) (H(x Dy ) with 1 <a;.bj <.y ai+y bj=r.
i i j

and X is in the span of elements of the form

(g ) g )P (g ) withri 4y =1 O<rj<r.
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Again, (Rwy X5, ) e(wi, ® wy ) is in M by definition, while (5.5.6), (5.5.7), and
(5.5.4), imply that

(Rwp X5, NewE) @ws e M and  wi® (Smy X )ews € M.

By induction hypothesis on r, it follows that v and wf, ®X wf,/ are in M, which
then implies that w(i ® (x/; v +k)(’ )wi/ is in M for all k € Z, completing the proof of
the first statement of (5.5.5). The second statement is proved similarly by looking
at (S7p X, e (wl @ ). O

5.6. The tensor product factorization of local Weyl modules. Theorem 1.5.2(d)
clearly follows if we prove

(5.6.1) Wi (@) @ Wr(w2) = Wr(w1@2)

whenever wy, W € ?ﬁF are relatively prime.

In order to show (5.6.1), let wg, and w4, be highest-£-weight vectors for Wg(w)
and Wr(w3), respectively. It is well known that w4, ® v, satisfies the defining
relations of Wg(w|®3), so there exists a Up(g)-module map ¢ : Wg(ww2) —
Wr(w1) @ Wi(w2) that sends weg,w, 10 Wg, @ Wg,. Theorem 5.5.1 implies that ¢
is surjective. Hence, it suffices to show that

(5.6.2) dim(Wr(w@2)) = dim(Wr(w1) @ Wr(®2)).

In fact, recall from Remark 1.5.5 that there exist w, @, € @g such that w; and @,
are the images of @; and @, in 97’;, respectively. It then follows from (1.5.4) that

dim(Wp(w;®3)) = dim(Wk(wi®>)) and

(5.6.3)
dim(Wi (@;)) = dim(Wg(w;)), i =1, 2.

On the other hand, it follows from Theorem 1.5.2(d) in characteristic zero that
5.6.4) dim(Wk(@1®»)) = dim(Wik(w;)) dim(Wi(@»)).
Since (5.6.3) and (5.6.4) clearly imply (5.6.2), we are done.

5.7. Fusion products. We finish the paper with an application of Theorems 1.5.2
and 5.5.1 related to the concept of fusion products originally introduced in the
characteristic-zero setting. Namely, we deduce the positive characteristic counterpart
of [Naoi 2012, Corollary B] (compare [Fourier and Littelmann 2007, Corollary A]
for simply-laced g).

Let V and W be as in Theorem 5.5.1, set A = wt(®w) 4+ wt(x), and fix v €
(V® W), \ {0}. Then Theorem 5.5.1 implies that V ® W = Ur(g)v. In fact, as
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mentioned in Section 3.4, we actually have
VW =Ur(n [t]Dv.

Define the fusion product of V and W, denoted V x W, as the Ur(g[t])-module
gr(V ® W) with the module structure determined by v as described in the paragraph
after Proposition 3.4.1. Evidently, if we have a collection @1, . .., @, of relatively
prime elements of 9’; and, for each j € {1,...,m}, V; is a quotient of Wr(w;),
we can define the fusion product V; - - - %V, in a similar way.

Proposition 5.7.1. Let A € PT,m € Z-( and wj € 97’;, j=1,...,m,be relatively
prime and such that A = Z;": | Wt(@;). Then
Wi = Wi (@1) * - - - Wi(@p).

Proof. One easily checks that a vector in (Wp(w1) * - - - % Wr(®,)), satisfies the
defining relations of Wy () (compare the proof of (1.5.4) in Section 3.4), showing
that Wr(w1) * - - - * Wg(w,,) is a quotient of W (X). On the other hand, setting
@ =[]_; @;, we have
dim(Wg(@1) * - - - % Wr(wp))

=dim(Wg(w1) ® - - - ® Wr(@y)) = dim(Wg(w)) = dim(Wg (1)). U

The following corollary, which is the characteristic-free version of [Naoi 2012,
Corollary B], is now easily deduced.

Corollary 5.7.2. Letm € Z-o, Aj € PT and aj € F*, j =1, ..., m, be such that
a; #aj fori # j. Then, for » = 27’:1 Lj, WEL) = Wi(@y,,a,) %+ - % Wr(@,,.a,)-
O
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